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ABSTRACT 
 

SENSITIVITY AND ERROR ANALYSIS OF A DIFFERENTIAL RECTIFICATION METHOD 
FOR CCD FRAME CAMERAS AND PUSHBROOM SCANNERS 

 
 

Bettemir, Önder Halis 

MSc., Department of Civil Engineering 

Supervisor      : Assoc. Prof. Mahmut Onur Karslıoğlu 

 

September 2006, 252 pages 
 

 

In this thesis, sensitivity and error analysis of a differential rectification method were performed by 

using digital images taken by a frame camera onboard BILSAT and pushbroom scanner on ASTER. 

Three methods were implemented for Sensitivity and Uncertainty analysis: Monte Carlo, covariance 

analysis and FAST (Fourier Amplitude Sensitivity Test).  

 

 A parameter estimation procedure was carried out on the basis of so called Mixed Model extended by 

some suitable additional regularization parameters to stabilize the solution for improper geometrical 

conditions of the imaging system.  

 

The effectiveness and accuracy of the differential rectification method were compared with other 

rectification methods and the results were analyzed. Furthermore the differential method is adapted to 

the pushbroom scanners and software which provides rectified images from raw satellite images was 

developed.   

 

 

Keywords: Orthoimages, rectification, sensitivity analysis, error analysis, Mixed Model (Gauss-

Helmert model) 

 
 
 
 
 
 
 
 
 
 
 

 
 
 



 v

 
 

ÖZ 
 

CCD VE PUSHBROOM KAMERALAR İÇİN GELİŞTİRİLMİŞ DİFERANSİYEL 

REKTİFİKASYON YÖNTEMİNİN DUYARLILIK VE HATA ANALİZİ 

 

 

Bettemir, Önder Halis 

Y. Lisans, İnşaat Mühendisliği Bölümü 

Tez Yöneticisi           : Doç. Dr. Mahmut Onur Karslıoğlu 

 

Eylül 2006, 252 sayfa 

 

 

 

 

Bu tezde BİLSAT üzerindeki Metrik kamera (frame camera) ve ASTER üzerindeki pushbroom tarayıcı 

ile çekilen görüntüler kullanılarak diferansiyel rektifikasyon yönteminin duyarlılık ve hata analizi 

yapıldı. Duyarlılık ve hata analizinde Diferansiyel Analiz, Monte Carlo Hassasiyet Analizi ve Fourier 

Genlik Duyarlılık Testi (FGDT) metodları kullanıldı.  

 

Parametre kestirimi, Karışık Model (Gauss-Helmert) yöntemi ile görüntü alım geometrisinin 

bozukluğundan etkilenen çözümü stabilize etmek için uygun düzeltme yöntemleri kullanılarak yapıldı. 

 

Algoritmanın verimliliği ve duyarlılığı diğer görüntü rektifikasyon methodları ile karşılaştırıldı ve 

sonuçları analiz edildi. Bununla beraber yeni geliştirilen rektifikasyon yöntemi pushbroom tarayıcılara 

uyarlandı ve uydu fotoğraflarının rektifikasyonunu yapan bir yazılım geliştirildi.  

 

 

Anahtar Kelimeler: Sayısal Ortofoto, rektifikasyon (rödresman), duyarlılık 

analizi, hata analizi, Karışık Model (Gauss-Helmert modeli). 
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CHAPTER 1 

 

 

INTRODUCTION 
 

 

 

In this thesis it is aimed to implement and derive the algorithm of the differential rectification 

method (DRM) developed for charge coupled device (CCD) cameras in detail, to adopt DRM to 

pushbroom scanners, to perform a sensitivity and uncertainty analysis of the DRM for both CCD and 

pushbroom scanner images, and to compare the accuracy of DRM with some of the existing 

rectification methods. For the implementation of the algorithm, images taken by BiLSAT and ASTER 

will be used as the data source in the study. 

 

There are many rectification methods and each method has unique algorithms and as a result 

unique accuracy. However, in general the methods project the image coordinates to the earth surface 

considering the earth as a planar surface and then apply the necessary corrections for the curvature of 

the earth. A new differential method (DRM) was proposed for orthorectification [1] that projects the 

pixel coordinates directly on to the reference ellipsoid as an earth model, thus requiring no additional 

corrections. 

 

1.1 Necessity of Rectification 

 

 There are several reasons that prevent an image to be used directly as image map. These are 

explained in the following subsections 

 

1.1.1 Tilted Image 

 

 

 

 

 

 

 

 

 

Figure 1.1 (a) Geometry of a tilted image (b) Appearances of grids in a tilted image [2]. 

(a) (b) 
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Satellites can not always pass exactly over the ground object that is desired to be imaged 

because of the orbit characteristics of satellites. In order to image the intended ground object, imaging 

system of satellite is tilted from the nadir direction. Because of this, the ratio of the distance between 

the sensor and the ground surface, and the ratio of the distance between camera focus and the imaging 

sensor of all image points will not be the same (Figure 1.1a). The scale of the image is directly related 

with this ratio, different ratio results in scale variations in the image. In order to use the image as an 

image map, the scale variations due to tilt should be eliminated [2].  

 

It is easily seen that the ratio of the lines Lb to bB and La to LA (Figure 1.1a) are not the same. 

Because of the tilt of the sensor ration of Lb to bB is smaller, resulting different scales in different 

portions of the image. Figure 1.1b shows the appearance of the same sized grids in a tilted image. The 

scale at the top of the image is considerably smaller than the bottom part which is a good representation 

of the tilt effect on scale. 

 

1.1.2 Earth’s Curvature 

 

         The surface of the earth is not a flat surface and especially satellite images cover a wide area and 

the curvature of the earth becomes an important factor that affects the ratio of the distance between the 

focus and sensor, sensor and the ground point (Figure 1.2). Although the image is not tilted, the ratio of 

Ad to dD is not the same with the ratio of Ac to cC because of the earth’s curvature. In order to keep 

scale constant all over the image, the earth’s curvature effect should be eliminated. 

 

 

 

 

 

 

 

 

 

 

Figure 1.2 Earth curvature effect on the scale of the image 

 

 

1.1.3 Relief Displacements 

 

Relief displacement is the shift or displacement in the photographic position of an image caused 

by the relief, elevation with respect to a selected datum, of the object (Figure 1.3). Relief displacement 

is outward for points whose elevations are above datum and inwards for points whose elevations are 
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below datum [2, p137].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.3 Effect of relief displacement, the exact location of the point A is further from the A’ [2]. 

 

 

 Relief displacements change the relative positions, in other words the relative distance 

between the objects in the image. For this reason the image cannot be used as a map unless the relief 

displacements are eliminated. The relief displacement effect increases if the ground point is further 

from the image center. Furthermore, the displacement direction is same with the direction to the image 

center. 

 

1.1.4 Atmospheric Refraction 

 

Propagation direction of light ray changes (Figure 1.4) when the density of the medium changes [2, 

p102]. It is known that density of the atmosphere decreases with increasing altitude. For this reason, 

light rays do not travel in straight lines through the atmosphere; they are bent according to the Snell’s 

law. Since analytic photogrammetric equations are derived with the assumption of light rays travel in 

straight lines, corrections should be applied in order to eliminate the error caused by atmospheric 

refraction. 
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Figure 1.4 Refraction of light rays while propagating through atmosphere [2] 

 

 

1.1.5 Lens Distortion 

 

Characteristics of camera lens have an important effect on the image. Although they are 

produced very cautiously, some malfunctioning will be present in the device and the lens will distort 

the light rays according to the distance from the image center, causing the changes at the relative 

positions between the ground points. Lens distortion effect can be eliminated by mathematical 

corrections derived after the lens calibration [2, p.97]. 

 

1.2 Common Rectification Methods 

 

In this subchapter some of the widespread rectification methods will be presented. 

 

1.2.1 Helmert Transformation 

 

In 2-D Helmert transformation, there are only four parameters for the scale, shift and rotation. 

Two axes are rotated by same amount so the rotation is orthogonal [3]. The formula of Helmert 

transformation (HT) can be given as; 

 

davbuy
cbvaux
++−=

++=                         (1.1) 
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In Equation 1.1 a and b are the rotation parameters, c and d are translation parameters, u and v 

are the image coordinates. Scale is the norm of a and b. In order to determine the parameters at least 

two GCPs should be collected. Since this is an orthogonal transformation, this method can not be used 

in the rectification of satellite images. HT can not eliminate effect of tilt and curvature of the earth 

successfully. 

 

1.2.2 Affine Transformation 

 

In affine transformation the raw satellite or airborne image is rectified by a transformation 

operation. The transformation parameters are computed after the optimization process of the residuals 

of the GCPs collected at the field. Rotation of the two axes is not the same. In Affine Transformation 

rotation is not orthogonal but parallel lines remains parallel after the rotation [3]. The mathematical 

formula of the transformation can be written as; 

 

fevduY
cbvauX

++=
++=                       (1.2) 

  

In Equation 1.2 a and b are the both rotation and scaling, c is the translation parameters of the x 

axis, similarly d and e are the rotation and scaling parameters and f is the translation parameter for the y 

axis. X and Y are the ground coordinates of the corresponding pixel with respect to a certain datum and 

finally u and v are image coordinates. Totally there are 6 parameters to be solved, so at least 3 GCPs are 

required in order to determine the transformation parameters. 

 

1.2.3 Pseudo Affine Transformation 

 

Pseudo Affine is an eight parameter transformation used for the rectification of satellite images. 

In order to solve eight parameters at least four GCPs are required. This method has three rotation 

parameters and one translation parameter for each axis [3]. The mathematical formula of the Pseudo 

Affine Transform is given as; 

 

8765

4321

avauauvay
avauauvax

+++=
+++=                      (1.3) 

 

Pseudo Affine Transformation is neither an orthogonal transformation nor parallel lines stay 

parallel. Because of a1 and a5 terms rotation and scaling will not be the same for every pixel in the raw 

image. 
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1.2.4 Projective Transformation 

 

Projective transformation is an 8 parameter transformation generally used for the rectification of 

images shot by CCD array. 8 parameters are computed after the optimization process of the GCPs 

collected from the field [2, p548]. The transformation equations are derived from colinearity equations; 
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222

++
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=
ybxa

cybxaY                       (1.4) 

 

In Equation 1.4 X and Y are the rectified coordinates expressed in terms of x and y, which are 

tilted photo coordinates. a1, b1, c1, a2, b2, c2, a3 and b3 are the transformation parameters to be solved. 

The method requires collection of at least four GCPs for the solution of parameters. Projective 

transformation is generally used for the rectification of airborne images. 

 

1.2.5 Second Order Conformal Transform 

 

As its name implies, this method rotates the image axes with same angle but the amount of 

rotation is not the same at every location of the image. In other words rotation amount may not be the 

same for different pixel locations but the both axis will be rotated by the same amount. There are four 

parameters for rotation of the two axes and one parameter for the translation of each axis. In order to 

determine all parameters, at least three GCPs are required [3]. The mathematical formula of the method 

can be written as; 
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When second order conformal transformation is applied, parallel lines may not remain parallel 

after the transformation. 

 

1.2.6 Polynomial Transformation 

 

For the rectification of satellite images, Polynomial Transformations are generally used. The 

order of polynomial can be taken as two or three. Higher order polynomials increase the parameter 

number considerably which results an increase in demand for GCPs. Furthermore higher order terms 

may be correlated with each other and cause rank deficiency in the coefficient matrix leading to 

inaccurate solution. The general formula for the polynomial transform can be written as; 
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 In Equation 1.6 a and b are coefficients to be determined for rectification, u and v are raw 

image coordinates of the ground point and x and y are the assigned ground point for the corresponding 

image point [3].  

 

1.2.7 Orthorectification 

 

In orthorectification method, colinearity equations are applied in order to provide a relationship 

between image and ground points. Additionally, elevation information of the ground points are required 

for the elimination of relief displacements. For this reason, a Digital Elevation Model (DEM) is 

required in orthorectification process. Furthermore computational demand of this method is much 

higher than other rectification methods. On the other hand, if inner and outer orientation parameters of 

the camera are known accurately, the accuracy of the rectification will be better than the other methods. 

To improve the accuracy of these parameters parameter estimation procedure may be carried out within 

the rectification process. Besides, orthorectification provides the elevation information for each pixel of 

the rectified image. 

 

Colinearity equations are usually written with an assumption of a flat earth surface in order to 

make equations easier to solve [4]. After the rectification process corrections are made for curvature of 

the earth (Figure 1.5). DRM directly rectifies the ground points on to reference ellipsoid as an earth 

model and avoids earth curvature corrections [1]. One of the tasks in this thesis is to compare the 

accuracy of DRM with present orthorectification methods for regions with different topographic 

characteristics. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.5 Classical orthorectification methods [4]. 
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1.3 Related Works About Image Rectification 

 

 There are many techniques developed for the rectification of orthoimages. Most commonly 

used technique is affine and polynomial transformation methods. Another widespread technique is 

differential rectification. The literature related with the image rectification is presented briefly as below; 

Besides “ill-conditioned” analytical relationships, an alternative approach was proposed by 

Okamato to the triangulation of satellite line scanner imagery [5]. In his approach an initial 

transformation of the original perspective line image into an affine projection which is then followed by 

a linear transformation from image to object space for stereo geometries is performed. The advantage of 

the method can be considered as avoiding very high correlations arising between the orientation 

parameters due to very narrow view angle of the imaging device. 

 

Direct Linear Transformation (DLT) was suggested by El-Manadili and Novak for the geometric 

modeling of SPOT imagery [6]. DLT approach does not require parameters of the interior and 

ephemeris information. The solution is based only on ground control points. This is advantageous for 

processing of the new high resolution satellite images, especially if their sensor model and ephemeris 

information are not available. DLT is employed after correcting the image coordinates for systematic 

distortions caused by Earth rotation and cell size variations due to off-nadir viewing. Corrections for 

other systematic errors are considered through the adjustment. 

 

The principle of orientation images was used by Kornus for the geometric inflight calibration of 

MOMS-2P imagery [7]. This method is based on extended collinear equations [8]. The exterior 

orientation parameters are determined in the so called orientation images. Between the orientation 

images, parameters of an arbitrary scan line are interpolated using Lagrange polynomials. For modeling 

of the interior orientation for each CCD array, five parameters are introduced. All unknown parameters 

are estimated in a bundle block adjustment using threefold stereo imagery. For the determination of the 

unknown parameters, a large number of tie points is required which are automatically measured. 

 

 An orbital parameter model was suggested by Gugan [9]. The collinear equations are expanded 

by two orbital parameters to model the satellite movement along the path and the earth’s rotation: the 

linear angular changes with time of the true anomaly and the right ascension of the ascending node. The 

attitude variations are modeled by drift rates. This model was successfully adopted by Valadan Zoej 

and Petrie and applied for SPOT level 1A and 1B, MOMS – 02 and IRS-1C imagery [10]. 

 

 For the photogrammetric triangulation using MOMS-02, MOMS-02/D2 and MOMS-

2P/PRIRODA imageries good results are obtained using the program SPOTCHECK+ [11-12]. This 

solution was successfully applied on various sensors eg. SPOT, Landsat, TM5 and JERS-1 [13]. The 

approach is based on a photogrammetric strict sensor model which needs only 10 ground control points. 

Furthermore, the sensor model can be easily extended to process images from other high resolution 

imaging systems as they become available. 
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 Applicability and accuracy of the rectification methods were compared by Ok. A. Ö. in his MS 

thesis [14]. The study examines rectification models including affine transformation to rigorous 

analytical rectification. 

 

 DRM for monoscopic images taken by CCD frame cameras was proposed by Karslıoğlu and 

Friedrich [1]. The method directly assigns the geodetic coordinates of the images by avoiding earth 

curvature corrections. In this thesis, sensitivity and accuracy analysis of DRM will be performed for 

both CCD frame cameras and pushbroom scanners.  

 

1.4 Sensitivity and Uncertainty Analysis 

 

 Sensitivity refers to the variation in output of a mathematical model with respect to changes in 

the values of the model’s parameters. A sensitivity analysis attempts to provide a ranking to the 

assumptions of the model’s parameters with respect to their contribution to model output variability or 

uncertainty [15]. The difficulty of a sensitivity analysis increases when the underlying model is 

nonlinear, non-monotonic or when the input parameters range over several orders of magnitude. In a 

broader sense, sensitivity can refer to how conclusions may change if models, data, or assessment 

assumptions are changed. 

 

 Uncertainty refers to lack of knowledge about specific factors, parameters, or models. 

Uncertainty includes parameter uncertainty, i.e. measurement errors, sampling errors, systematic errors, 

model uncertainty, i.e. uncertainty due to necessary simplification of real-world processes, 

misspecification of the model structure, model misuse, use of inappropriate surrogate variables, and 

scenario uncertainty, i.e. descriptive errors, aggregation errors, errors in professional judgment, and 

incomplete analysis [16]. 

 

 Sensitivity analysis is conducted to determine which input parameters have significant effect 

on the outputs and which parameters contribute most to output variability, thus require more attention 

when performing uncertainty analysis. Sensitivity analyses are often referred to as local or global. Local 

analysis considers one parameter at a time and addresses sensitivity relative to the point estimates of 

parameters. Global analysis examines sensitivity with respect to the entire parameter distribution. 

 

 The main objective of uncertainty analysis is to assess the statistical properties of model 

outputs as a function of stochastic input parameters. Methods generally used for uncertainty analysis 

can be listed as First Order Analysis, Monte Carlo Simulation, Latin Hypercube Sampling, Response 

Surface Methodology, Fourier Amplitude Sensitivity Test and Point Estimate Method [17]. 

 

 In literature there are many works on sensitivity and uncertainty. Some of them are listed 

below; 
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  Rank transformed data had been used by Conover and Iman at covariance analysis which is a 

combination of regression, and analysis of variance [18]. Rank transformed data have properties of 

robustness and power in both regression, and analysis of variance. The authors examined a robust 

ANCOVA procedure based on replacing the data with their ranks and performed the parametric 

calculations with their ranks. 

 

  A Performance Assessment study was made by Helton aiming to find “What occurrences can 

take place?”, “How likely are these occurrences?”, “What are the consequences of individual 

occurrences?” and “How much confidence exists in the answers?” In his study the author divided the 

uncertainty in two components; stochastic (aleatory) uncertainty which arises because the system under 

study can potentially behave in many different ways, and subjective (epistemic) uncertainty, which 

arises from a lack of knowledge about quantities that are assumed to have fixed values within the 

computational implementation of the Performance Assessment [19]. 

 

A Monte Carlo method to study the effect of systematic and random errors on computer 

models mainly dealing with experimental data was presented by Vasques [20]. The uncertainty analysis 

approach presented in his work is based on the analysis of cumulative probability distributions of 

output variables of the models involved taking into account the effect of both random and systematic 

errors. The main objectives of his study were to detect the error source with stochastic dominance on 

the uncertainty propagation, and the combined effect on output variables of the models. 

 

 Uncertainty and sensitivity analysis results obtained with random and Latin Hypercube 

sampling were compared by Helton [21]. In order to assess the stability of the sensitivity analysis 

results caused by inadequate sample size, he used Kendall’s coefficient of concordance and the top 

down coefficient of concordance. 

 

 Some of the variance based methods used in sensitivity analysis to ascertain how much a 

model depends on each or some of its input parameters were reviewed by Chan, Saltelli and Tarantola 

[22]. In their analysis “Correlation ratios or Importance Measures”, “Sobol’ Indices” and FAST 

Indices” are used. At the end of their study they concluded that all the alternative global methods, 

variance-based or not, can offer, at best, a qualitative picture of the model sensitivity. The variance 

based methods such as correlation ratio or importance measures are model independent and can 

evaluate main effect contributions. 

 

 Methods for the sensitivity and uncertainty analysis of signalized intersections had been 

compared by Ji [17]. In his analysis he has used four sensitivity analysis methods; Partial Differential 

Analysis, Partial Correlation Coefficients, Standardized Regression Coefficients and Fourier Amplitude 

Sensitivity Test and four uncertainty analysis methods; First Order Analysis, Monte Carlo Simulation, 

FAST, and Point Estimate Method. 
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 A new method of sensitivity analysis of model output based on Fourier Amplitude Sensitivity 

Test (FAST) had been proposed by Saltelli [23]. The method allows the computation of the total 

contribution of each parameter to the output’s variance. The term “total contribution” means the 

parameters’ main effects, as well as all the interaction terms involving that factor, are included. In his 

study Saltelli addresses the limitations of other sensitivity analysis methods and suggest that the total-

effect indices are ideally suited to perform a global, quantitative, model-independent sensitivity 

analysis. 

 

1.5 Prospects from This Thesis 

 

 In this thesis, it is aimed to find the accuracy and effectiveness of the DRM by comparing it 

with some of the other rectification methods. At the end of the study software which can generate 

orthoimages acquired by CCD frame cameras and Pushbroom scanners will be developed. 

 

Additionally, three sensitivity analysis methods, Differential Sensitivity, Monte Carlo and 

Fourier Amplitude Sensitivity Test (FAST) will be applied to compute the uncertainty in the rectified 

coordinates and the sensitivity of the rectification parameters. These analyses will be performed by 

using both BilSAT and ASTER images and the computed sensitivity will be on the basis of both 

BilSAT and ASTER geometry. 

 

 The new method will be implemented for pushbroom scanners which have continuous attitude 

and position information. In case of missing information in terms of position or attitude, these will be 

predicted by interpolation. 

 

 During the research BilSAT and ASTER images and SRTM DEM will be used as data source 

and Matlab mathematical programming software will be used for programming of the algorithms. 

 

In Chapter 2, reference and time systems used in rectification process are briefly introduced. 

Additionally, assumptions made in the definition of some of the reference frames are explained and 

illustrated. 

 

In Chapter 3, region of analysis is described. Both BilSAT and ASTER images used in the 

analysis are presented. Additionally, Ground Control Points (GCP) distribution is defined and 

measurement method of ground coordinates and image coordinates are explained. 

 

In Chapter 4, derivation of colinearity equations are described for both CCD cameras and 

pushbroom scanners. In this chapter; lens distortion, precession, nutation, polar motion, atmospheric 

refraction and relief displacement corrections are explained. Additionally, all transformation procedures 

in the rectification process explained in detail. In this chapter some modifications on DRM is illustrated 
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also. Convergence of the iteration process is brushed up and the convergence of the method is 

accelerated. 

 

In Chapter 5, parameter estimation procedure used in this thesis is introduced. The solution of 

the parameter estimation equations is not stable because of the weak camera geometry of the satellites 

and correlations between the parameters. This prevents obtaining an accurate solution for the 

parameters. For this reason, solution of the system is stabilized by applying regularization methods. 

Three regularization algorithms used for the stabilization of the solution are introduced in this chapter. 

Furthermore, improvement obtained in the accuracy of the solution by applying regularization methods 

is also tested.  

 

In Chapter 6, the parameter estimation methods are implemented to improve the accuracy of 

the parameters. Additionally, performance of the regularization methods is compared in terms of 

accuracy and convergence. Furthermore, DRM for both CCD frame and pushbroom scanners are 

implemented by using improved parameters. For the CCD frame cameras some constraints are 

introduced to improve the result of the parameter estimation and an outlier test is performed to check 

the result of the parameter estimation and GCPs. 

 

In Chapter 7 DRM is compared with some of the existing rectification methods. The 

comparison is performed in terms of accuracy, speed and complexity of the methods. Additionally, 

changes in the estimated parameters with respect to initial conditions are examined by adding blunders 

to the initial values of the parameters. At the end of the chapter the analysis results are commented. 

 

In Chapter 8 sensitivity and uncertainty analysis is performed for the rectification methods of 

CCD frame camera and pushbroom scanners. First the sensitivity analysis methods used in the analysis 

are introduced then the methods are implemented for both CCD frame cameras and pushbroom 

scanners. The sensitivity and uncertainty results are also commented. 

 

In Chapter 9 an overall discussion of the thesis study is made. Analysis results are commented 

briefly and some recommendations are suggested for future studies related with DRM and sensitivity 

and uncertainty analysis. 
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CHAPTER 2 

 

 

REFERENCE AND TIME SYSTEMS USED IN RECTIFICATION PROCEDURE 
 

 

 

 In this chapter, reference and time systems used in the thesis will be briefly introduced. 

Assumptions in the definition of the reference systems are also clearly illustrated. 

 

 

2.1 REFERENCE SYSTEMS USED IN RECTIFICATION PROCEDURE 

 

 In this section ten reference systems used in the rectification procedure are illustrated. 

 

2.1.1 Image Coordinate System (SIM) 

 

Image coordinate system is denoted by SIM.      

 

This coordinate system is used for positioning the pixels of the image. Since an image is 2 

dimensional, image coordinate system is also 2 dimensional. The origin of this system is at the upper 

left corner of the image, x and y axis are orthogonal to each other. Direction of these axes are shown in 

Figure 2.1. Unit of image coordinate system is pixel; in other words the smallest picture element. SIM is 

a Left Hand coordinate system. 

 

 

 

 

 

 

 

 

 

 

Figure 2.1 Illustration of image coordinate system 
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2.1.2 Photo Coordinate System (SP) 

 

Photo coordinate system is denoted by SP. 

 

Similar to SIM, SP is a 2D coordinate system. Origin of photo coordinate system is the principal 

point of the CCD frame. For the images scanned by pushbroom sensors x coordinate of the origin is the 

principal point of pushbroom scanner and y coordinate of origin is the half of the image height. 

Direction of x axis is same with SIM but y axis is reversed (Figure 2.2). For this reason SP is a Right 

Hand coordinate system. Unit of SP is mm, therefore a scale factor c is required to perform the 

transformation from SIM to SP. Parameters required to transform SIM to SP are: principal coordinates 

(∆x, ∆y), and size of the sensing element (c) of the sensor.  

 

 

 

 

 

 

 

Figure 2.2 Illustration of photo coordinate system 

 

 

2.1.3 Camera Coordinate System (SC) 

 

Camera coordinate system is denoted by SC.  

 

SC is a 3D coordinate system that has the origin at satellite camera focus. In SC direction of x 

and y axes are same with SP. z axis’s direction is defined to complete a 3D right hand reference system. 

Orientation of axis of SC is shown in Figure 2.3. Similar to SP unit of the SC is mm. Transformation 

from SP to SC requires focal length, f, of the camera. 

 

 

 

 

 

 

 

 

 

 

Figure 2.3 Illustration of camera coordinate system 
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2.1.4 Body Fixed Reference System (SB) 

 

Body fixed reference system denoted by SB. 

  

Origin of SB is mass center of the satellite. Axis of body fixed reference system coincide with 

the principal axis of the inertia tensor of the satellite. If a satellite rotates around the earth as earth 

oriented, axis of SB coincide almost with orbital coordinate system and the angles between the two 

corresponding coordinate axes are considered as the attitude angles of the satellite (Figure 2.4). 

Transformation from SC to SB is performed by a rotation of 180o around the x axis and -90o around z 

axis.  

 

 

   

   

  

 

 

 

 

Figure 2.4 Orientation of body fixed reference system and orbital reference system 

 

 

 

2.1.5 Orbital Reference System (SO) 

 

Orbital reference system is denoted by SO.       

 

SO is a reference system with its origin defined at the satellite’s center of mass. Z-axis is 

pointing in the same direction as the satellite’s nadir direction, given in Earth Centered Inertial 

reference frame (Figure 2.5). Y-axis is defined in the opposite direction of the angular momentum 

vector of the satellite orbit. X-axis completes a 3D right hand reference system. In this sense if 

eccentricity of the orbit is too small, direction of the X-axis can be considered as the same direction 

with the velocity vector of the satellite. Transformation from SB to SO is performed by means of a 

rotation matrix constructed by the attitude angles of the satellite [24]. 
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Figure 2.5 Orientation of orbital reference system with respect to inertial reference frame 

 

 

 

2.1.6 Earth Fixed Reference Frame (SE) 

 

      Earth centered earth fixed reference frame is denoted by SE. 

 

 The origin of this reference system is the mass center of the earth. Orientation of this system 

changes with time and with respect to the solid earth’s body as well as to the celestial reference system. 

Z-axis is directed towards a conventional mean terrestrial (north) pole (Figure 2.6). XZ plane is 

generated by the conventional mean meridian plane of Greenwich, which is spanned by the axis of 

rotation and the Greenwich zero meridian. Y axis is directed so as to obtain a right handed system [25, 

p 31]. 

 

 

 

 

 

 

 

 

 

 

Figure 2.6 Illustration of earth centered earth fixed reference frame 
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2.1.7 Quasi Inertial Reference Frame (SI) 

 

         Quasi-Inertial reference system is denoted by SI. 

 

Origin of the Quasi-inertial reference system is the mass center of the Earth. Rotation axis of 

the earth forms the Z axis, direction from mass center of the earth to the true vernal equinox defines the 

X axis and the Y axis completes a 3D right hand coordinate system (Figure 2.7). The unit of SI is 

meters [25, p 25].  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.7 Illustration of the inertial reference frame 

 

 

 

 

2.1.8 Geodetic Reference System (Global Ellipsoidal Reference System) (SG) 

 

Geodetic reference system is denoted by SG. 

 

In Figure 2.8 geocentric ellipsoidal coordinates are shown. WGS84 ellipsoid is used as a datum 

for the reference frame with coordinates expressed in geodetic latitude, longitude and height above the 

reference Earth ellipsoid. Geodetic latitude and longitude are defined as the angle between the ellipsoid 

normal and its projection onto the equator, and the angle between the local meridian and the Greenwich 

meridian respectively. The frame parameters are; 

 

• Semimajor axis a; 6378137 meters 

• Semiminor axis b; 6356752,314 meters 

• Flattening f ; 1/298,257223560 
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Figure 2.8 Illustration of geodetic coordinate system [25, p 93]. 

 

 

 

2.1.9 Local Ellipsoidal Reference Frame (SL) 

 

Local Ellipsoidal Coordinate system is denoted by SL. 

 

SL is defined by the zenith, east and north directions. Zenith direction is the direction of the 

Ellipsoidal normal and defines the direction of the z axis, x axis directs through the North Pole and the 

y axis directs to the East which makes the coordinate system a Left Hand System (Figure 2.9). Origin of 

the SL is taken as the observer’s position [25, p 43]. 

 

 
Figure 2.9 Illustration of local ellipsoidal reference frame [25, p 101] 
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2.1.10 Map Projection Coordinate Frame (SM) 

 

Map projection coordinate system is denoted by SM. 

 

Universal Transverse Mercator (UTM) map projection coordinate system is used in order to 

provide a mapping from latitude and longitude to a plane coordinate system which is an approximation 

to a Cartesian coordinate system for a portion of the Earth’s surface [2, p.571].  

 

These reference and coordinate systems will be used in the orthorectification and error analysis 

of the new differential image rectification method. 

 

 

 

 2.2 TIME SYSTEMS USED IN RECTIFICATION PROCEDURE 

 

 

2.2.1 UTC Time 

 

Coordinated Universal Time (UTC) is a high-precision atomic time standard which 

approximately tracks Universal Time (UT). It is the basis for legal civil time all over the Earth: time 

zones around the world are expressed as positive and negative offsets from UTC. In this role it is also 

referred to as Zulu time (Z), or using the term "Greenwich Mean Time" (GMT). 

 

As a time scale, UTC divides time up into days, and days into hours, minutes, and seconds. 

Days are conventionally identified using the Gregorian calendar, but Julian Day Numbers can also be 

used. Each day contains 24 hours and each hour contains 60 minutes, but the number of seconds in a 

minute is slightly variable. 

 

Most UTC days contain exactly 86400 seconds, with exactly 60 seconds in each minute. 

Occasionally the last minute of a day has 59 or 61 seconds, or prior to 1972 other lengths. These 

irregular days have 86399 seconds, 86401 seconds, or some other number of seconds. The irregular day 

lengths mean that Julian Dates don't work properly with UTC. The intercalary seconds are known as 

"leap seconds" [26]. 

 

2.2.2 Universal Time 

 

UT0 is Universal Time determined at an observatory by observing the diurnal motion of stars 

or extragalactic radio sources, and also from ranging observations of the Moon and artificial Earth 

satellites. It is uncorrected for the displacement of Earth's geographic pole from its rotational pole. This 

displacement, called polar motion, causes the geographic position of any place on Earth to vary by 
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several meters, and different observatories will find a different value for UT0 at the same moment. It is 

thus not, strictly speaking, Universal [27].  

 

UT1 is computed by correcting UT0 for the effect of polar motion on the longitude of the 

observing site. UT1 is the same everywhere on Earth, and defines the true rotation angle of the Earth 

with respect to a fixed frame of reference. Since the rotational speed of the earth is not uniform, UT1 

has an uncertainty of plus or minus 3 milliseconds per day.  

 

 

2.2.3 Unix Time 

 

Unix time, or POSIX time, is a system for describing points in time. It is widely used not only 

on Unix-like operating systems but in many other computing systems, including the Java programming 

language. It is an encoding of UTC, and is sufficiently similar to a linear representation of the passage 

of time that it is frequently mistaken for one. The Unix epoch is the time 00:00:00 UTC on January 1, 

1970 [28]. 
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CHAPTER 3 

 

 

STUDY AREA AND IMAGES 

 

 

 
 Error Analysis of the new orthorectification method is performed around Ankara region in 

Turkey. Bilsat and ASTER images are used in order to test the accuracy of the new method coverage of 

these images are shown by blue rectangle in Figure 3.1. Additionally sensitivity and uncertainty 

analysis are based on the geometry of Ankara images. 

 

 
Figure 3.1 Snapshot of Ankara and Anatolia region. 

 

 

In the Figure 3.1 Ankara and the neighboring cities are shown. In the error Analysis one 

BilSAT and one ASTER images are used each covering approximately 3600 km2. The region is 

mountainous area having up to 2000 meter high top elevations. Elmadağ and Altındağ are the examples 

of the mountains near Ankara. Steep slopes exist in the region and elevation differences up to 1000 

meters can be measured in close regions. However, the region has smooth surfaces near Gölbaşı and 
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Haymana Plato. This property of the study region will allow us to compare the accuracy of the method 

both for mountainous and flat areas.  

 

 

3.1 CCD Frame Camera Image 

 

 Error analysis of the new orthorectification method for CCD arrays is performed with one 

BilSAT image. BilSAT is launched with a cooperation between TÜBİTAK-Bilten and Surrey Satellite 

Technology Limited (SSTL) of Surrey University, UK. It is a technology transfer project aimed at 

acquiring small satellite technologies. BilSAT has the properties represented in Table 3.1 [29]. 

 

 

Table 3.1 Technical properties of BilSAT 

Weight: 129 kg 
Orbit: 686 km, circular, sun synchronous 

Attitude 
Control: 

3-axis stabilized 

Orbit alignment by propulsion engine 

Life 
time: 

(5+10) year 

Multispectral Camera Properties: 

         Ground Sampling Distance : 27,6 m 

         Radiometric ranges: (µm) 
         Band 1: 0.45 - 0.52 ( Blue ) 

         Band 2: 0.52 - 0.60 (Green) 

         Band 3: 0.63 - 0.69 ( Red ) 

Cameras: 

         Band 4: 0.76 - 0.90 (Near Infrared) 
 

 

 

In order to examine the rectification accuracy, Ground Control Points (GCP) are collected from 

several sites seen on the image. Measured and computed coordinates of GCPs are compared during the 

error analysis. During the selection of GCPs some important facts are considered such as; 

 

• GCPs should easily be detectable both in the image and in the ground. 

• GCPs should be stationary and permanent. 

• GCP should be well distributed in the image and cover all image. 

• GCP positions should not be collinear on the image. 
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Bilsat image taken on August 3rd 2005 is used in the analysis. 28 GCPs were collected and 

distribution of GCPs is shown in the Figure 3.2. 

 
Figure 3.2 Distribution of GCPs for the image shot on August 3rd 2005. 

 

 

 

Spatial resolution of BilSAT can be considered as low compared with new generation 

commercial remote sensing satellites. Most of the detectable objects in high resolution satellite images 

was undetectable in Bilsat images. For this reason collecting GCPs was relatively difficult. GCPs are 

collected mainly from highway bridges, road intersections and airports. Building corners, minor roads 

or monuments were impossible to detect from the image. 

 

 

3.2 Pushbroom Scanner Image 

  

An ASTER image is used for the sensitivity and uncertainty analysis and implementation of 

the new method adopted for pushbroom scanners. ASTER is a cooperative effort between NASA and 

Japan's Ministry of Economy Trade and Industry (METI), with the collaboration of scientific and 

industry organizations in both countries [30]. ASTER captures high spatial resolution data in 14 bands, 

from the visible to the thermal infrared wavelengths; and provides stereo viewing capability for digital 

elevation model creation. Technical properties of the Visible Near Infrared (VNIR) band of the ASTER 

is represented in Table 3.2 [30]. 
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Table 3.2 Technical properties of VNIR band of ASTER 

 

Characteristic VNIR 
Band 1: 0.52 - 0.60 µm 

Spectral Range Nadir looking 
Band 2: 0.63 - 0.69 µm 

  Nadir looking 
Band 3: 0.76 - 0.86 µm 

  Nadir looking 
Band 3: 0.76 - 0.86 µm 

  Backward looking 
Ground 

Resolution 15 m 
Swath Width 

(km) 60 
Quantization 

(bits) 8 
 

 

 

 

The image is acquired in August 27th 2002. ASTER has approximately 15 meter ground 

resolution in visible bands. In ASTER images; airports, highways and road intersections can easily be 

detected. If there is a sharp contrast, even the minor roads can also be detected (Figure 3.3). 
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Figure 3.3 Distribution of GCPs of the image shot by ASTER 

 

3.3 GCP Coordinate Measurements 

 

Distribution of GCPs with their geodetic coordinates with respect to WGS 84 datum is shown 

in Figure 3.4. GCPs are collected by means of a hand held Magellan GPS receiver by absolute 

positioning. Accuracy of the GCP coordinates is expected to be within 15 meters. To check if there is a 

blunder in the measurements, the measured ground coordinates are compared by a topographic map and 

it is seen that there is not any considerable error. The snapshot is obtained from Trackmaker software. 
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Figure 3.4 Distribution of ground control points shown on Trackmaker software 

 

 

 

3.4 DEM Data 

 

In this thesis for the elevation data SRTM DEM will be used. The data is produced by The 

Shuttle Radar Topography Mission (SRTM). The mission obtained elevation data on a near-global scale 

to generate the most complete high-resolution digital topographic database of Earth. SRTM consisted of 

a specially modified radar system that flew onboard the Space Shuttle Endeavour during an 11-day 

mission in February of 2000 [31]. 

 

SRTM DEM data has an accuracy of approximately 5 meters for the region of Ankara. 

Elevation accuracy of 5 meters is adequate for the orthorectification of BilSAT and ASTER images, 

since both satellites have coarse spatial resolution and the images are not oblique.  

 

SRTM DEM stores elevation data in 3 arc second intervals. Each DEM file contains 

1201x1201 elevation value thus covers a region of 1 degree of latitude and longitude. 
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CHAPTER 4 

 

 

DRM ALGORITHM FOR CCD FRAME CAMERA AND PUSHBROOM SCANNERS 

 

 

 

4.1 DRM Algorithm for CCD Frame Cameras 

 

 DRM is based on colinearity equations to provide a relationship between pixel positions and 

corresponding positions on ground. Colinearity is the condition which requires that all three points; the 

exposure station of photograph (focus), an object point, and its photo image lie on a straight line 

(Figure 4.1). The equations expressing this condition are called colinearity equations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.1 Illustration of Colinearity Conditions [31] 

 

Abbreviations used in Figure 4.1 are explained as; 

M is the photographic nadir point, 

PP is the principal point, 

P’ is the image position of the object point P and x”, y” are the image coordinates of point P. 

 

Z 
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 Colinearity equations are written with respect to interior and exterior camera parameters 

Interior orientation parameters of the camera can be listed as; 

 

• f  focal length (mm) 

• ∆x, ∆y principal point coordinates (mm) 

• k1, k2 radial lens distortion (1/mm2 and 1/mm4 respectively) 

• p1, p2 asymmetric radial lens distortion (1/mm) 

 

Exterior orientation parameters of the camera can be listed as; 

 

• camcamcam ZYX ,, Object coordinates of camera position with respect to a given datum 

(meter) 

• κϕω ,,  Attitude angles of the SO with respect to SB  

 

 

4.1.1 Transformation from SIM to SP 

 

Implementation of the DRM for CCD frame cameras consists of 6 stages and the data required 

for each step are shown in Figure 4.2, where the transformation steps and required parameters and data 

are explained. To begin the rectification procedure pixel coordinates are obtained from image in SIM. 

 

The first step of the algorithm consists of transformation of image coordinates from SIM to SC. 

Image coordinates are converted to SP by using Equation 4.1. In this transformation, origin of 

coordinate system is translated from left corner to the middle of the CCD array not only by moving half 

of the size of the CCD array but also by applying the correction of the misalignment of the principal 

point to the CCD center by an amount of ∆x and ∆y. Furthermore, direction of y axis is reversed and 

coordinate system is shifted from Left Hand system to Right Hand system. Additionally, unit of this 

coordinate system is converted from pixel to mm by using parameter ‘c’ the size of the sensing element 

in CCD array. Transformation from SIM to SP can be formulated as in Equation 4.1. 
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Figure 4.2 Illustration of the algorithm of DRM 
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where; 

x ′′  and y ′′  are the cartesian coordinates of the image point in pixel read from the digital image (pixel) 

width and height are the image width and image height (pixel) 

∆x, ∆y are the x and y coordinates of the principal point (mm) 

c is the image scale (mm/pixel). 

x′ and y′ are the position in SC (mm) 

START 

Required Parameters: 
Exterior Orientation and 
WGS 84 Parameters 
Atmospheric Parameters 3. WGS 84 

Cartesian 
Coordinates 

2. Camera 
Coordinates 

1. Image 
Coordinates 

4. Ellipsoidal 
Coordinates 

5. Isothermal 
Coordinates 

6. Photomap 
Coordinates 

T1. Pixel by Pixel 
Transformation 
      1 => 2 

T2. Pixel by Pixel 
Transformation 
      2 => 3 

T3. Pixel by Pixel 
Transformation 
  3 => 4 (Iterative) 

T4. Pixel by Pixel 
Transformation 
      4 => 5 

T5. Pixel by Pixel 
Transformation 
      5 => 6 

Required Parameters: 
Inner Orientation 
Parameters 

Required Parameters: 
DEM, and WGS 84 
parameters 

Required Parameters: 
Projection Parameters 

Required Parameters: 
Map Scale, Origin 

END 
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The transformed pixel coordinates from SIM to SP are not the ideal pixel positions. There are 

small displacements in their ideal positions because of the distorting effect of the camera lens. These 

displacements can be corrected by using mathematical models. 

 

 

4.1.2 Lens Distortion Corrections 

 

Lens distortions are corrected by a polynomial model. The radial distortion value is the radial 

displacement from the ideal location to the actual image of the collimator cross, with positive values 

indicating outward displacements. Radial and asymmetric lens distortions are corrected by the 

following formulae [33]; 
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where; 

r is the distance of the corresponding pixel from the principal point on the CCD array (mm)  

x′  is the x coordinate of the image point in SP  

y′  is the y coordinate of the image point in SP 

x, y and z values are the for lens distortion free image coordinates in SC 

k1 and k2 are radial lens distortion parameters 

p1 and p2 are decentering lens distortion parameters 

f is the focal length of the camera  

 

 

4.1.3 Transformation from SP to SC 

 

By using focal length of the camera and pixel positions in SP, transformation to SC can be 

performed. The origin of coordinate system is moved from principal point to focus, for this reason all 

image points’ z coordinates are –f (Equation 4.3). 

 

Direction vector of each pixel with respect to the camera coordinate system is calculated by 

using the formula, 

 

[ ] 222/',, zyxzyxD
C

++=        (4.4) 
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where; 

x and  y are the corrected pixel coordinates in SP and z is the negative value of focal length 
C
D  is the direction vector with respect to SC 

 

 

4.1.4 Computation of Intersection Point 

 

Applying Equation 4.4 completes the first step of the rectification algorithm. Second step of the 

algorithm involves the computation of cartesian coordinates of intersection point with the direction 

vector computed in step 1 with the WGS84 ellipsoid. To compute the cartesian coordinates of the 

intersection point, first the direction vector with respect to SC should be transformed to SE and the 

intersection equation involving the direction vector in SE and camera position should be generated. 

Whole transformation sequence can be illustrated as; 

 

EIOBCEC SSSSSSS →→→→=→  

 

4.1.4.1 Transformation from SC to SB 

 

To transform from SC to SB 180o rotation respect to X axis and - 90o rotation with respect to Z 

axis is required. The orientations of two coordinate systems are shown in Figure 4.3a and 4.3b. 
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where; 
B
D  is the direction vector of the corresponding image point with respect to SB 
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Figure 4.3   (a) Orientation of SC (b) Orientation of SB 

 

4.1.4.2 Transformation from SB to SO 

 

After performing the transformation from SC to SB the next transformation is from SB to SO. To 

perform this transformation, attitude of the satellite is required. 

 

Attitude angles (Roll, Pitch and Yaw (ω, φ, κ)) between SB and SO are obtained from telemetry 

file. By R213(-ω, -φ, -κ) rotation matrix constructed with minus signs of the attitude angles the direction 

vector will be transformed from SC to SO. Transformation from SC to SO can be shown as;  

 

( ) BO SRS κφω −−−= ,,213                       (4.6) 
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  (4.7) 

where; 
O
D is the direction vector of the corresponding image pixel with respect to SO 

 

 In this section transformation equations are explained if the attitude between SB and SO is 

given in rotation angles. However, the transformation parameter can be obtained in terms of quaternion. 

In this case the transformation from SB to SO will be as fallowing; 

 

 Quaternions are given as; 

[ ]′= 4321 qqqqq                       (4.8) 

 

 Rotation matrix in Equation 4.6 required for the transformation can be written in terms of 

quaternions as; 

 

Z 

Y 

X 

Z 

X 

Y 

(a) (b) 



 33
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The rotation matrix defined in Equation 4.9 can be used for the transformation from SB to SO. 

However, if Euler angles are required for comparison by the fallowing procedure Euler angles can be 

computed. By equating two matrix represented in Equations 4.7 and 4.9, the attitude angles can be 

computed by the following equations; 

 

The quaternions can be expressed in terms of Euler angles by the following equations[24]; 
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 The obtained Euler angles are the same with the rotation angles defined in Equation 4.6. For 

this reason, the rotation angles computed by the Equations 4.11 to 4.13 can be substituted into the 

matrix defined in Equation 4.7 and the two attitude angle set can also be compared. 

 

4.1.4.3 Transformation from SO to SE 

 

 To proceed to the next step, direction vector should be transformed from SO to SE, rotation 

matrix of this transformation is calculated by using the definition of SO. 

 

 The orbital reference frame is defined by the position and velocity of the satellite measured in 

the quasi-inertial frame. However, position and velocity are obtained in SE. When performing the 

transformation from SO to SE, position and velocity should be transformed from SE to SI. Then the 

rotation matrix from SO to SI can be computed. After transforming the direction vector with respect to 
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SI, it can be transformed with respect to SE. By using position and velocity vectors in SI direction 

cosines are computed which rotates SO to SI (Figure 4.4). Transformation from SI to SE is performed by 

applying precession, nutation and polar motion corrections and GAST rotation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.4 Orientation of SO with respect to SI 

 

 

Velocity of satellite is computed from two successive position measurement of satellite by the 

GPS receiver installed on the satellite. GPS receiver gives geodetic coordinates of the satellite with 

respect to WGS84 reference ellipsoid. For a small time interval, the angular velocity of the satellite and 

change in altitude can be assumed to be constant. Hence velocity of the satellite can be computed 

without a considerable error. To derive the rate of change of cartesian coordinates with respect to time, 

rate of change of geodetic coordinates with respect to time and rate of change of cartesian coordinates 

with respect to geodetic coordinates are used by applying chain rule for three orthogonal axes. The 

whole equation is shown below. 
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t1 and t2 are the epoch that the coordinates are measured 

 

 The partial derivative equations are derived from the transformation formulae from geodetic 

coordinates to Cartesian coordinates; 

 

( ) λφ coscoshNX +=                                     (4.15) 

( ) λφ sincoshNY +=  

( ) φsin2 hNeNZ +−=  

where [34]; 

 

X, Y and Z are the geocentric coordinates of the satellite with respect to WGS84 reference frame. 
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In these equationsφ , λ and h are geodetic coordinates of the satellite and a is the semimajor 

axis and b is the semiminor axis of the WGS84 ellipsoid. 

 

Position and velocity vectors of the satellite are shown below 

=r  [ zyx rrr ] 

=v [ zyx vvv ] 

where; 

r is the position vector  

v is the velocity vector.  

 

The next step is rotating these vectors from SE to SI. In order to perform this rotation 

precession, nutation and polar motion corrections should be applied and GAST rotation should be 

performed. These procedures are explained briefly as; 

 

 

4.1.4.3.1 Correction Due to Precession 

 

 Precession rotation includes 3 Euler rotations, these are; 

R3(ZA)R2(θ)R3(ζA) 
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[24] where; 

T is the Julian century computed by the equation 

 

36525
dT =                      (4.17) 

where; 

d is the Julian Day computed by the formula [24] 

 

JD = 367 * Y – floor (7 * (Y + floor ((M + 9) / 12)) / 4) + floor (275 * M / 9)  

+ D  + 1721014 + UT1 / 24 - 0.5                   (4.18) 

where; 

Y is year 

M is month 

D is date and UT1 is the time in decimal hours in UT1. 
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4.1.4.3.2 Correction Due to Nutation  

 

 After precession correction, nutation correction is applied. The nutation correction includes 3 

Euler rotations, these are R1(-ε0 – ∆ε)R3(-∆ψ)R1(ε0). Rotation angles are computed by the following 

formulae [24] 
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4.1.4.3.3 Correction Due to Polar Motion  

 

Polar motion is the motion of the rotation axis of the earth relative to the earth’s crust as viewed from 

the earth-fixed reference system. Polar motion directly affects the coordinates of stations on the surface 

of the earth and the gravity vector. The polar motion effect can be eliminated by two rotations about x 

and y axes. The rotation angles can be computed from the formula in degrees [35]; 

 

( ) ( ) ( ) ( )CCAAx sin1327.0cos0632.0sin0131.0cos0599.00417.0 −+−−=  

( ) ( ) ( ) ( )CCAAy sin0632.0cos1327.0sin0530.0cos0115.03475.0 −−+−=               (4.20) 

where; 
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MJD = JD - 2400000.5 

MJD is the modified Julian Date 

 

4.1.4.3.4 GAST (Greenwich Apparent Sidereal Time) 

 

 After the precession and nutation corrections R3(GAST) rotation is performed[24].  
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In Equation 4.21 n is an arbitrary integer which satisfies 240 <≤ GMST . 

where GMST is the Greenwich Mean Sidereal Time. 
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The rotation from earth fixed reference frame to inertial reference frame can be shown as; 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )ppAAAE

I
xRyRGASTRRRRZRRR 21301301323 )(−∆+∆Ψ−−= εεεθζR             (4.22) 

E
E

II
rr R=                       (4.23) 

E

EE

E

II
wrvRv ×+=                      (4.24) 

 When transforming the velocity vector from SE to SI, the term E

E
wr× is added to the velocity 

vector (Equation 4.23). This is because SE is not an inertial reference frame and velocity measured in 

this reference system will be different than the velocity measured in inertial reference frame. Ew is the 

angular velocity of the earth rotation measured in radians and 
E
r is the position vector of the satellite 

measured in SE [36]. 

 

4.1.4.3.5           Transformation from SO to SI 

 

After transforming the position and velocity vectors to SI, the rotation matrix can be 

constructed which transforms from SO to SI. However, it is easier to construct the rotation matrix from 

SI to SO. This rotation matrix is the attitude of the SO with respect to SI and it is represented as [24]. 
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The matrix in Equation 4.25 is constructed in three steps. First the third row is constructed 

which is the direction of the Z axis of SO in SI. By the definition of SO the Z axis is the opposite 

direction of the satellite position vector. 

 

[ ]zyxOI ZZZ
r
rZ =−=                    (4.26) 

where; 

OIZ is the direction vector of the Z axis of the orbital reference frame with respect to SI 

r is the position vector of the satellite with respect to SI 

 

 Y axis of the SO with respect to SI is defined as the perpendicular direction to the both X and Z 

axes satisfying right hand rule. Since X and Z axes span the orbital plane and velocity vector is always 

inside the orbital plane, by this definition the direction vector of Y axis in inertial reference system can 

be computed by the formula; 

 



 39

[ ]zyxOI YYY
vr
vrY =

×
×

−=                    (4.27)  

where; 

OIY is the direction vector of the Y axis of the SO with respect to SI  

v is the velocity vector of the satellite with respect to SI 

 

 Since SO satisfies the right hand rule, the cross product of the Y and Z axes will give the 

direction of the X axis with respect to SI. This is shown by; 

 

=×= OIOIOI ZYX  [ zyx XXX ]                  (4.28) 

 

Transpose of the rotation matrix shown in Equation 4.25 will be the transformation matrix 

from SO to SI. 
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 Direction vector with respect to SI is transformed to SE by applying precession and nutation 

corrections and GAST rotation which can be shown as 

 
I

I
EE

rr R=                       (4.30) 

where;  
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E
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Equation of the rotation from SO to SE can be written as 
O

O

I

I

EE
DRRD =                      (4.31) 

where 
E
D  is the direction vector of the corresponding image point with respect to SE 

Direction vector of corresponding image point with respect to SE is obtained. The direction 

vector goes through from satellite’s camera focus and passes the corresponding sensing element of the 

CCD array and intersects the WGS84 ellipsoid. The intersection point of direction vector with the 

WGS84 ellipsoid surface should be computed in order to complete step 2. Satellite camera’s position is 

known with respect to SE at the instant of the image acquisiton, if the intersection point on the reference 

ellipsoid is assumed as P0 with the coordinates [X0, Y0, Z0 ] then the following equation can be written 

[1]; 
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where; 

X0, Y0, Z0 are the coordinates of the intersection point with respect to SE 

Xcam, Ycam, Zcam are the coordinates of the satellite camera with respect to SE 

s is the distance between satellite’s camera focus and the intersection point on the reference ellipsoid 
XE

D , 
YE

D , 
ZE

D  are the components of direction vector from camera focus to image plane with respect to SE 

 

In Equation 4.32 there are 4 unknowns to be solved which are X0, Y0, Z0 and s. However, 

Equation 4.32 contains only 3 equations which is inadequate for solving the equation set. One more 

equation is required for the solution for the intersection point. Since P0 is on the reference ellipsoid’s 

surface, ellipsoidal surface equation can be written for this point, 
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where;  

a is the semimajor axis  

b is the semiminor axis of the WGS84 reference ellipsoid. 

 This leads to a system of four equations and four unknowns 

 

If Equation 4.32 is substituted into Equation 4.33 the following intersection equation will be obtained, 
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              (4.34) 

 

Solving Equation 4.34 for s will lead to two solutions for s, which are 
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 Among the two s values the shorter one is the proper solution because the bigger distance 

gives the other side of the ellipsoidal surface [1]. The smaller root is substituted into the intersection 

equation and intersection point’s coordinates X0, Y0, Z0 are computed. Solution for the smaller root is 

as following 

 

α
αγββ

2
42 −−−

=s                     (4.36) 

 

If s is substituted into Equation 4.32 Cartesian coordinates of the intersection point can be 

computed. This may be thought as the end of Step 2 but this is not the case. Since the light ray passes 

through the atmosphere which is a dispersive medium, it is refracted and its path is not a straight line 

anymore. For this reason, computed cartesian coordinates of the ground point should be corrected. The 

correction is performed by the zenith angle of the direction vector. In order to compute zenith angle the 

direction vector should be transformed from SE to SL. The rotation matrix of this transformation is 

computed by means of the geodetic coordinates of the corresponding ground point. For this reason, 

cartesian coordinates should be transformed into geodetic coordinates. Cartesian coordinates are 

converted to ellipsoidal coordinates by an iterative method [25, p. 100].  
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 The algorithm shown in Equation 4.37 is an iterative method, in order to start iteration, it is a 

good approximation to take initial value of h as 0 and compute φ  and correct the h. This iteration 

continues until the difference in h is less than a predefined threshold value. 

 

 

4.1.5 Atmospheric Refraction Correction 
 

According to the Snell’s law light rays are bended while traveling through a medium of 

changing refraction index (Figure 4.5). Besides the refractivity of the medium, change in direction is 
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proportional to the entrance angle also. The relation between the entrance and exit angles to the 

boundary is given as; 

 
2211 sinsin θθ nn =                     (4.38) 

where 
 
n1 is the refractivity index of the first medium  

n2 is the refractivity of the second medium 

θ1 is the entrance angle of the light ray to the boundary 

θ2 is the exit angle of the light from the boundary 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4.5 Refraction of a light ray in a dispersive medium [37]. 
 

 

 

 Entrance angle of the light ray will be equal to its zenith angle. Computation of zenith and 

azimuth angles is explained in chapter 4.1.6. 

( ) 6101−= nN                                   (4.39) 

[27, p.120] where  

N is the refractivity and computed for visible light by the formula [25 p. 126] 
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where 

h is the elevation with respect to mean sea level 

p is atmospheric pressure in hPa 

T is the temperature of the atmosphere in Kelvin 

e is humidity measured as the water vapor pressure in hPa 

 

Parameters in the Equation 4.40 are not constant and they should be computed for each 

atmosphere layer. In order to compute the refractivity, the atmosphere is divided into layer of 1 km 

thickness. Within each layer refractivity is considered as constant 
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Atmosphere pressure, p is computed from the barometric formula [38] 

RT
Mgh

epp
−

= 0                      (4.41) 

where;  

h is the height in meter 

P0 is pressure at ground level in hPa 

M is the mass of 1 mole of air 0.029 kg mol-1  

R is the gas constant (8.314 J K-1 mol-1)  

g0 is the acceleration due to gravity (9.81 m s-2 ) 

 

By taking the initial values for temperature as 300 Kelvin, atmospheric pressure as 1023 hPa and 

water vapor pressure as 16 hPa the following values are obtained for the atmospheric conditions for the 

first 85 km. 
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Figure 4.6 Variation of temperature in the atmosphere when ground temperature is 300 Kelvin. 

 

 

 By using the temperature at the corresponding elevation, air pressure is computed for each 

layer. The graph of the pressure variation with increasing elevation is shown in Figure 4.7, 
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Figure 4.7 Variation of pressure in the atmosphere when ground pressure is 1023 Hpa. 
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Figure 4.8 Variation of refractivity of the atmosphere. 
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By using the computed atmospheric parameters, refractivity of each layer can be computed. 

Graph of refractivity is shown in the Figure 4.8 

 

Finally, refraction index is computed for each layer by using refractivity assuming refraction 

index is equal to 1 at the top layer (Figure 4.9). 
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Figure 4.9 Variation of refraction index with respect to elevation 

 

 

4.1.6 Transformation from SE to SL 

 

To perform atmospheric corrections, zenith angle of the direction vector should be computed. 

To compute zenith and azimuth angles, direction vector in SE should be transformed to SL. 

 

In order to transform from SE to SL first from the third axis (Z-axis) the frame is rotated by λ 

degrees and from the second axis (Y-axis) the frame is rotated by 90 – φ degrees. To convert the local 

system to left hand system the first axis is multiplied by -1. The total rotation is [25, p43] 

E
L
R = Q1R2(90 – φ)R3(λ)                   (4.42) 

where 

φ  is the latitude of the point on the ground 

λ  is the longitude of the point on the ground 
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If the matrix multiplications represented in Equation 4.42 are performed, the following matrix 

will be obtained, 

 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−

−−
=

φλφλφ
λλ

φλφλφ

sinsincoscoscos
0cossin

cossinsincossin
E

L
R                  (4.43) 

 

In this matrix sin(90 – φ) is substituted by cos(φ) and cos(90 – φ) is substituted by sin(φ). 
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This can be written in matrix form as; 
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 By using the direction vector with respect to SL, azimuth and zenith angles of the direction line 

can be computed by the following formulae: 
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where 

α  is the azimuth angle 

z is the zenith angle 

 

 

4.1.7 Relief Displacement Correction 

 

The intersection point of the direction vector with the WGS84 ellipsoid is exactly on the 

reference ellipsoid, in other words its ellipsoidal height is zero which is usually not the real case. Height 

differences of the objects with respect to datum cause relief displacements which alter the place of the 

objects in the image. In order to eliminate relief displacements, exact elevation of ground objects 

should be known. While studying with mono images to eliminate relief displacements a DEM is 

required. First at the position of intersection, elevation of that point is read from DEM and a correction 

for relief displacement for the geodetic position is done on reference ellipsoid, then height value of the 

corrected position is read from DEM and another correction is performed considering the elevation 

differences between two successive height values obtained from DEM. The iterative procedure 
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continues until the elevation difference between two successive elevation values reduces to a 

predetermined threshold value [1].  

 

The iteration algorithm is shown in Figure 4.10. The intersection point of direction vector with 

WGS84 ellipsoid is shown as P0 in the figure. From its geodetic coordinates an elevation value is 

obtained from DEM. By using azimuth & zenith angles and ellipsoidal parameters geodetic coordinates 

of the intersection point is corrected [1]. The correction formulae are shown in Equation 4.47. After the 

first iteration the present point is called P1 which has different geodetic coordinates from the previous 

points, this will cause a different ellipsoidal normal as shown in the Figure 4.10. The direction vector is 

again transformed from SE to SL in order to compute the correct zenith and azimuth angles, after 

correcting the zenith and azimuth a new height value obtained from DEM, h1, and geodetic coordinates 

are corrected if the difference between two height values, |h1- h0|, is greater than the pre-defined 

threshold value, ε. Magnitude of the correction is computed by the elevation differences obtained at 

current and previous iteration steps. This is the modification for the DRM which was using only the 

previous elevation data. Iteration procedure continues until the difference between two successive 

height values are below the threshold value. 

 
 

Figure 4.10 Illustration of relief displacement correction algorithm [1] 

 

The procedure can be formulated as; 
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The threshold value to be satisfied is ε<∆ nh , finally 

 

After n iterations final position of the point becomes nλ , nφ  and nh  

 

Geodetic coordinates of the intersection points and the corrected points are not expected to be 

exactly on the DEM grids. For this reason, elevation of the point can not be obtained directly. 

Interpolation is required to predict the elevation of the point. Because of this four nearest grid point’s 

elevation are obtained from DEM and a linear interpolation is applied if Pi is not exactly on the DEM 

grids. 

 

 

4.1.8 Transformation from SG to SM 

 

After computing the geodetic coordinates for each pixel position, the geodetic coordinates are 

converted to Universal Transverse Mercator (UTM) coordinates. Conversion of coordinates between 

the geodetic system of latitude and longitude and the UTM map projection involves complex 

mathematics. A UTM zone has a number of defining constants in addition to the required standard 

ellipsoid parameters. These defining constants are; 

 

k0 is scale factor along the central meridian 

0φ is latitude of the grid origin 

0λ is longitude of the grid origin 

E0: is false easting  

N0: is false northing 

 

The longitude of the gird origin 0λ  is conventionally referred to as the longitude of the central 

meridian. 

 

.,, nanana hh === φφλλ
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UTM conversion equations involve series expansion which is truncated to a limited number of 

terms. For this reason, the accuracy of the transformation is limited not only to the number of 

significant figures in the computations; but also the truncation of the series. When the following 

formulae are used, the accuracy should be satisfactory as long as the points are limited to the defined 

region of the particular UTM zone.  

 

A key parameter involved in UTM conversions is the meridional distance M from the equator 

to a specific latitudeφ . Calculation of M can be performed by a truncated series expansion which is 

given in the following equation [2, p.582]. 
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where; 

M is the meridian distance from the equator to a specific latitude φ, 

a is the semimajor axis, 

e is the eccentricity, 

φ  is the latitude. 

  

 The value of latitudeφ  in the first term must be in radian. This equation is accurate to 1 mm in 

any latitude. 

 

 A forward procedure that can convert latitude φ  and longitude λ of a point to X and Y 

Transverse Mercator coordinates begins by computing the following preliminary quantities T, C, A [2, 

p.582]. 

φ2tan=T                      (4.49) 

φ22' coseC =                      (4.50) 

( ) φλλ cos0−=A                     (4.51) 

where  

λ and 0λ are in radians 

'e  is second eccentricity 

0λ  is the longitude of the grid origin (central meridian) 

The following equations complete the forward conversion to X and Y. 
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[2, p. 583] where;    

k0 is a scale factor at central meridian 

e’ is the second eccentricity 

E0, N0 are false easting and false northing respectively 

M is the meridianal distance at latitude φ  computed from Eq. 46 

M0 is the meridianal distance at latitude 0φ  computed from Eq. 46 

N is the length of ellipsoid normal at latitude φ  expressed in page 35 

 

 

4.1.9 Resampling 

 

 After transforming the geodetic coordinates of the ground point to UTM coordinates, next step 

is to produce the image map. The computed UTM coordinates will be irregularly spaced and placed. To 

obtain a regular shaped and spaced UTM grids, a mapping algorithm should be defined that maps 

Brightness Values of the image with irregular UTM grids to image with regular UTM grids. 

 

 When a digital image is acquired, no attempt is made to have the pixels line up with any 

particular map projection coordinates. It is therefore necessary to perform resampling to obtain a digital 

sample at an intermediate row, column location. Resampling involves interpolation between existing 

pixels’ brightness value (BV) to synthesize pixels that correspond to fractional locations. Determination 

of the appropriate fractional locations is often the result of a coordinate transformation. 

 

 There are several techniques available for resampling digital images. Among these methods 

three of them are widely used which are nearest-neighborhood interpolation, bilinear interpolation and 

bicubic convolution. In this thesis nearest-neighborhood interpolation is used for resampling procedure 

because of its simplicity. As the methods name implies the BV chosen will be that of the image pixel 

whose center is closest to the center of the grid cell. From a computational standpoint, all that is 

required is to round off the fractional row and column values to the nearest integer value [2, p. 563]. 

After performing the resampling all requirements of the algorithm illustrated in Figure 4.2 will be 

accomplished. 
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4.2 DRM Algorithm For Pushbroom Scanners 

 

DRM developed for CCD cameras is adopted for the pushbroom cameras. DRM produces an 

orthoimage from the raw satellite images by directly intersecting the image to ellipsoidal coordinates 

avoiding corrections for the projected image. Furthermore the image is transformed into UTM 

coordinates and by nearest neighborhood resampling algorithm the image pixel positions are computed 

for the UTM coordinates and the orthoimage is produced from the raw pushbroom satellite image. 

Since the image accusation is not immediate in pushbroom cameras; position, attitude and time 

parameters are not constant as in the CCD cameras. Unfortunately these parameters are not available in 

telemetry for small time intervals. To have continuous data for position and attitude, the position data 

obtained from GPS receiver and attitude information obtained from gyroscope or star tracker at a 

constant time interval is interpolated by polynomial functions. Time of the image acquisition is 

computed by using the time of starting the image acquisition and the acquisition frequency of the 

pushbroom camera. 

 

Since almost all imaging satellites have pushbroom scanner onboard, there are many articles 

about rectification of pushbroom imagery in literature [39-51]. 

 

 

4.2.1 Input Data 

 

 To implement the method some assumptions are made about the telemetry data related with 

the position and attitude of the camera. Attitude and position data may vary from satellite to satellite, 

based on the satellite mission requirements. The method is proposed for a certain type of position and 

attitude data but no matter the format of the data, the method can be implemented for all pushbroom 

satellites. The proposed telemetry file data format is given as following; 

 

• Camera position with respect to SE is available in 3 seconds interval. 

• Attitude of the body fixed reference system with respect to the orbital reference system is 

available in Euler angles in the order of x, y and z axes respectively. 

• Time of starting and ending of the image acquisition is given with respect to UT1 time. 

 

 

4.2.2 Computational Procedure 

 

 The registration process will be pixel by pixel. But to register whole image, first one row of 

the image will be registered and then the position and attitude of the camera will be updated. This 

requires the computation of the time of acquisition of the image strip. In order to compute the 

acquisition time of the strip the acquisition frequency f0, should be known. f0 can be computed by the 

following formula; 
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se tt
heightf
−

=0
                      (4.54) 

 

In this equation te is the ending time ts is the starting time of image acquisition. height  is the 

total number of strips in the image, and f0 is the acquisition frequency. Acquisition time of ith strip is 

computed by the formula, 

 

0f
itt si +=                      (4.55) 

in Equation 4.55 i is the strip number. 

 

Position and attitude of the satellite at time ti is computed by interpolation. A curve is fitted to 

the position and attitude data of the camera during image acquisition. A second order polynomial 

interpolation method whose parameters are computed by least squares is used for the satellite position 

and s-pline method is used for the interpolation of attitude angles.  

 

4.2.2.1 Interpolation of Attitude by Spline Method 

 

Spline interpolation method is preferred for the interpolation of attitude angles because spline 

provides smooth curves which pass from the data points. However, spline requires boundary conditions 

for the generation of curves, the rate of change of angles at the start and end of image acquisition is 

difficult to predict. This difficulty can be easily achieved by the property of splines that the effect of 

boundary conditions diminishes after two nodes before or after the boundary. In order to get the 

advantage of this property, data acquisition of the attitude angles starts two epochs before the starting of 

image acquisition and ends two epochs after the ending of the image acquisition. 

 

If there are n+1 epochs during the image acquisition then the spline interpolation method will 

produce n different polynomial functions for the interpolation of the attitude angles at the intermediate 

time values. Characteristics of splines are the two successive spline functions give same value at the 

boundary node and have same slope. For this reason they produce a continuous and smooth curves that 

fits the data [52]. 

General form of spline functions are; 

 

 i Interval    gi(x) 

0 [t0, t1]   ( ) ( ) ( ) 000
2

00
3

00 dttcttbtta +−+−+−               (4.56) 

1 [t1, t2]   ( ) ( ) ( ) 111
2

11
3

11 dttcttbtta +−+−+−  

 :     :         : 

n [tn, tn+1]   ( ) ( ) ( ) nnnnnnn dttcttbtta +−+−+− 23  



 53

where 

n is the number of epochs 

ti is the time at the ith epoch 

t is the time that interpolation will be performed 

a, b, c, d are the coefficients of the polynomials 

 

Computation of ai, bi, ci and di is performed by the following formulae 
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i h
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1 −= +                      (4.57) 

2
i

i
S

b =                       (4.58) 

6
2 11 ++ +

−
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= iiii

i

ii
i

ShSh
h

yy
c                    (4.59) 

ii yd =                       (4.60) 

 

In equations 4.57 to 4.60; 

 

y is the value of the function at the corresponding epoch (radian) 

h is the difference between two successive epoch (second) 

S are the coefficients to be computed by using the data as following 
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where; 

[ ]nn xxf ,1−  is equal to f(xn) – f(xn-1) 

 

If S is solved and substituted into Eq. 4.57, 4.58 and 4.59 the required values of attitude angles 

can be obtained. 

 



 54

4.2.2.2 Interpolation of Camera Position by Least Squares 

 

Position of the push broom camera is interpolated by a 2nd order polynomial in the form of;

  

iii ctbta ++2                          (4.62) 

where; 

ai, bi and ci are the coefficients of the polynomial 

t is the time that the camera position is required 

i = 1,2,3 for x,y and z coordinates respectively 

 

Computation of the coefficients of the polynomial will be performed by Least Squares (LS) 

algorithm. LS computes the coefficients of the polynomial which minimizes the sum of the squares of 

the residuals. This will cause a contradiction that the camera position calculated by interpolation and 

obtained from telemetry will not be same for the time when position data is available. This is not an 

important drawback unless the residuals are very large, moreover it is known that observations are 

prone to error and the LS fit can be considered as the camera position that is corrected from the errors. 

The solution of parameters will be in the following form [53]; 

 

( ) yXXX'β '1−=                     (4.63) 

where; 

i = 1,2,3. 
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in this matrix x, y and z coordinates will be substituted for p  
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4.2.2.3 Rectification of the Image with DRM 

 

After interpolating the position and attitude of the camera, the image strip can be registered by 

DRM. 

 

 First, the image strip is transformed from SI to SP by the following formula; 

 

ycwidthyy ∆−⎟
⎠
⎞

⎜
⎝
⎛ −′′=′ *

2
                   (4.64) 

 

In Equation 4.64; 

y" is the image coordinate with respect to the raw satellite image (pixel) 

width is the width of the image (pixel) 

c is the size of the sensing element (mm/pixel) 

y∆ is the coordinate of the principal point (mm) 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.11 Orientation of image and photo coordinate system with respect to scanner. 

 

 

 

Lens distortion of the camera is eliminated by the following formula 

 

( )ypykykyy ′−′−′−′= 31 4
2

2
1                                  (4.65) 

In Equation 4.65, 

 

k1 and k2 are the symmetric lens distortion parameters (1/mm2, 1/mm4 respectively) 

p is the asymmetric lens distortion parameter (1/mm) 

y is the corrected photo coordinate (mm) 

y" 

x" 
Image coordinate system 

y' 

x' 

Photo coordinate system 
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Camera coordinate system of the pushbroom camera is defined as z axis points through camera 

direction, x axis points through the satellite flight direction and y axis completes a right hand coordinate 

system. Camera coordinate system is shown in Figure 4.12. 

 

 

Figure 4.12 Orientation of camera coordinate system with respect to scanner 

 

 

Direction vector of the line from the camera focus to the center of a certain pixel element in 

camera coordinate system can be written as; 

 

[ ]
22

,,0

fy

fySC
+

=                     (4.66) 

where 

SC is the direction vector with respect to the camera coordinate system 

f is the focal length of the camera 

y is position of the image point in the corresponding strip with respect to SP 

 

Camera may shot an oblique image by an angle µ according to the flight direction. As a result 

the camera coordinate system makes an angle µ with respect to body fixed reference system. In order to 

transform from camera coordinate system to body fixed reference system an R1(-µ) rotation is 

necessary. R1(-µ)  rotation matrix can be written as; 

 

 

( )
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⎥
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⎤

⎢
⎢
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⎡
−=

µµ
µµµ

cossin0
sincos0
001

1R                     (4.67) 

 

x 

z 

y 

Camera coordinate system 

Camera focus 

Linear array 
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Transformation from  

( ) CB SRS µ1=                      (4.68) 

In the next step direction vector with respect to SB is transformed to SO by using the computed 

attitude angles interpolated by spline method at the epoch of acquisition of corresponding strip. The 

transformation from SB to SO is performed by 3 Euler rotation in the order of y, x and z axes with the 

rotation angles for each axis is φ, ω and κ respectively. The transformation from SB to SO is written in 

Equation 4.7. 

 

 By using the position and velocity of the camera and the time of the acquisition of the strip, 

direction vector with respect to SO is converted to SE. The following steps are explained at the 

rectification algorithm of the CCD frame cameras. 

 

• Image strip is intersected with the WGS84 ellipsoid. 

• Atmospheric refraction corrections are applied to the intersection coordinates. 

• Relief displacements are removed by elevation data obtained from DEM. 

• Ellipsoidal coordinates are converted into UTM coordinates. 

• Orthoimage with respect to UTM coordinates is produced from the raw pushbroom scanner 

image by nearest neighboring resampling algorithm. 
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CHAPTER 5 

 

 

PARAMETER ESTIMATION 

 

 
 

Photogrammetry is an art and science of determining the position and shape of objects from 

photographs [32]. To be able to make accurate measurements from images camera calibration and 

rectification of the image must be done. These tasks are performed with the analytical relationship 

between image points and ground points. As mentioned previously the analytical relationship is given 

by the colinearity equations. To possess precise parameters a parameter estimation procedure has to be 

performed. 

 

5.1  Method of Parameter Estimation 

 

A sensible method of estimating unknown parameters is given by minimizing the sum of the 

squares of the deviations of the observations y from the squares of the deviations of the observations y 

from the estimators s[E(y)] of their expected values E(y), which are functions of the unknown 

parameters. Hence, the sum of squares (y – s[E(y)])’ (y – s[E(y)]) shall be minimized. By means of the 

positive definite covariance matrix D(y) = Σ of the observations, this method can be generalized by the 

requirement to minimize the quadratic form (y – s[E(y)])’ -1Σ  (y – s[E(y)]), since small variances of 

the observations correspond to large elements of the inverse -1Σ of the covariance matrix 

corresponding to large weights of the observations. 

 

 Gauss Markoff model can be represented as 

 

eyX +=β   with  ( ) -1P2σ=yD                     (5.1) 

where; 

unX *        (rank X = u) 

u is number of parameters 

n is number of observations 

nnP * is weight matrix with size nn×  

nnyD *)(   variance covariance matrix of the observations 
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 Solution for the fixed parameters will be by the following equation [53] 

 

( ) PyXPXX ′′= −1β  with ( ) ( ) 1ˆ −′= PXXD β                    (5.4) 

 

Replacing the error vector e in the Gauss-Markoff Model, by a linear combination - γZ of the 

unknown random parameters γ , a mixed model on the basis of fixed and random parameters is 

obtained by  

 

γβ ZX +=y    with E( γ ) = 0 and D( γ ) = σ2
γγΣ                   (5.5) 

 

 where 

X is un × and Z is rn × matrix of unknown coefficients with rankZ = n. β is 1×u  vector of 

unknown fixed parameters, γ is an 1×r vector of unknown random parameters as measurements with 

expected value, E( γ ) = 0 and variance covariance matrix, D( γ ) = σ2
γγΣ  with unknown positive 

factor σ2. γγΣ is rr × given positive definite cofactor matrix, y 1×n observation vector. The best 

linear unbiased estimator of the fixed parameter β̂ of β is given by, 

 

( ) yΣXXΣX 111ˆ −−− ′′= yyyyβ                        (5.6) 

 

with covariance matrix of the observations D(y) =D( γβ ZX + ) = σ2 Z γγΣ Z’= σ2
yyΣ  

yyΣ is the variance covariance matrix of the observations.  

 The estimator γ̂ of γ follows with, 

( )βyγ ˆˆ 1 XΣΣ −= −
yyyγ                        (5.7) 
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where yγΣ  is covariance of γ and y  C(γ, y) =C(γ, γβ ZX + ) = σ2 γγΣ Z’= σ2
yγΣ  

In the algorithm represented, y will be the observations, in other words the geodetic coordinates 

of the measured ground control points.  

 β is the vector of satellite’s inner and outer parameters, which is shown as 

 

[ ]′∆∆= camcamcam ZYXppkkcyxf κφω2121β                    (5.8) 

 

where, 

f is the focal length of the camera 

∆x is the x value of the principal point coordinate of the camera 

∆y is the y value of the principal point coordinate of the camera 

c is the size of a sensor on the CCD array 

k1 and k2 are the radial lens distortion parameters 

p1 and p2 are the asymmetric lens distortion parameters 

ω, φ, κ are the attitude angles between SB and SO 

Xcam, Ycam, Zcam are the cartesian coordinates of the camera with respect to SE. 

 

142 ×n  X matrix includes the partial derivatives of the geodetic coordinates with respect to fixed 

parameters where the geodetic coordinates are calculated from the rectification equations. 
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Colinearity equations are not linear equations so they should be linearized by first order Taylor 

expansion. First order Taylor expansion requires the initial approximation values for the parameters and 

the first derivatives of them.  
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So the equation can be written as  

γβ ZXy +∆=∆                              (5.11) 

( ) yXXX yyyy ∆Σ′Σ′=∆ −−− 111β̂                      (5.12) 
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βββ ˆˆ
0 ∆+=                        (5.13) 

Estimated parameters β̂  are substituted into the Equation 5.7 in order to compute estimated 

random parameters. γ vector includes the parameters that are the corrections to pixel coordinates and 

elevation, in other words random errors resulted from the recording of pixel coordinates of digital 

image and elevation of ground point obtained from DEM. γ is given by, 

[ ] nxhyx 31"" ′= ξξξγ                       (5.14) 

 

Z matrix can be constituted as follows, 
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To compute the random parameters a priori information about the correlation of random 

parameters is needed. The variance covariance matrix of random parameters γγΣ should be introduced. 

A reasonable assumption is made when constructing the variance covariance matrix of the random 

parameters, that there is no correlation between the random parameters, not only between the random 

parameters but also between the parameters at measurement sites. This is because obtaining the pixel 

coordinates from the digital image is prone to random errors. It is not expected to make systematic 

errors. However, elevation values of the DEM may have bias and the plus or minus systematic error 

may be present which can not be predicted without a detailed error analysis of DEM. 

 

As a result of these assumptions variance covariance matrix of the random parameters 

becomes a diagonal matrix. Then the variance covariance matrix of random parameters is multiplied by 

Z matrix and yγΣ is computed. The second unknown for the solution of the random parameters is the 

variance covariance matrix of the measurements, yyΣ  which can be computed as 'ZZΣγγ . 

 Parameter estimation is performed usually for fixed parameters in articles [54-72]. In other 

words, fixed parameters are corrected by Gauss Markov model and the random part in the model is 

represented with the residuals. However, by using mixed model pixel coordinates are corrected by 

Fritsch [73]. 
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The matrix inverse in Equation 5.6 can not be computed because of the rank deficiency in the 

X matrix. However, to compute fixed parameters the matrix inverse is had to be taken, for this reason 

some regularization methods are applied to achieve this task. 

 

5.2 Regularization Methods 

 

In order to stabilize the system 3 regularization methods are applied and their performances are 

compared. The regularization methods are fictitious observations, Tikhonov regularization and Singular 

Value Decomposition (SVD). 

 

5.2.1 Fictitious Observations 

 

 A set of fictitious observations,µ , as unknown parameters is added to the system. The system 

with zero fictitious observations can be written as [74, 75] 
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where; 

y observation vector 

µ fictitious observations (µ=0) 

I unit matrix 

v error vector 

V variance covariance matrix of the fixed parameters 

σ2 variance of unit weight. 

 

Solution of Eq.70 for the fixed parameters is performed by the solution  

 

( )( ) ( )( )yZZΣX'PXZZΣX'β -1-1 ''ˆ 1

γγγγ

−
+=                  (5.18) 

where 

P weight matrix for fictitious observations 
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5.2.2 Tikhonov Regularization 

 

Tikhonov regularization which is the most commonly used method of regularization of ill 

posed problems is applied also. Its simplest form is an ill conditioned system of linear equations is as 

follows; 

 

y=βX                       (5.19) 

where; 

X is an mxn matrix 

β  is a column vector of n unknown parameters 

y is a column vector of m entries 

 

Minimization of sum of the squares of the residuals is replaced by the problem of seeking an X 

to minimize [76] 
222 βαβ +− yX                     (5.20) 

 

for some suitably chosen Tikhonov factor α >0. The new form of the problem improves the 

conditioning of the problem, thus enabling a numerical solution. An explicit solution, denoted by β̂  is 

given by; 

 

( ) yI TT XXX 12ˆ −
+= αβ                    (5.21) 

where; 

I is an nxn identity matrix. 

 

If α  is taken as 0 in the Eq. it reduces to the least squares solution of an overdetermined 

problem (m > n). 

 

Although at first, the choice of the solution to this regularized problem may look artificial, and 

indeed the parameter α seems rather arbitrarily, the process can be justified in a Bayesian point of 

view. For an ill posed problem one must necessarily introduce some additional assumptions in order to 

get a stable solution. Statistically it might be assumed that a priori multivariate normal distribution of 

β̂  with errors of zero mean with a standard deviation of xσ . Moreover, the observations are also 

subject to errors with zero mean and standard deviation of yσ . Under these assumptions the Tikhonov 

regularized solution is the most probable solution given the data and the a priori distribution ofβ , 

according to Bayes’ theorem. The Tikhonov parameter is then
βσ

σ
α y= . 
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For general multivariate normal distributions for β  and the data error, a transformation of the 

variables can be applied to reduce to the case as having zero mean. Equivalently, the equation takes the 

form 

 
2

0
22

QP
y ββαβ −+−X                      (5.22) 

where; 

P
β stands for the weighted norm ββ PT . 

In the Bayesian interpretation, P is the inverse covariance matrix of y, 0β is the expected value 

ofβ , and Qα  is the inverse covariance matrix ofβ . 

This can be solved explicitly by the formula; 

 

( ) ( )0
12

0 βαβ XPXPPXX −++
− yTT                    (5.23) 

 

 

5.2.3 Singular Value Decomposition 

 

Ill conditioned problems can be solved by using singular value decomposition method which is 

shown above [77]; 

 
TVUX Σ=                       (5.24) 

where 

Σ is the diagonal matrix of singular values iσ augmented with zeros so as to be mxn 

U and V are left and right singular vectors respectively. 

 

Tikhonov regularized solution can be expressed as  

 

yVDU T=β̂                       (5.25) 

where; 

D is an mxn matrix equal to 
2ασ

σ
+i

i  on the diagonal and zero elsewhere. This demonstrates the effect 

of Tikhonov parameter on the condition number of the regularized problem. 
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5.3  Effect of Regularization 

 

A study has been performed on the condition number of the design matrix with the position of 

the control points on the CCD array. In the first case narrowly distributed GCPs are selected and the 

condition number of the design matrix is computed. In the second run the widely distributed GCPs are 

selected and the condition number of the design matrix is computed.  

 

 

Pixel positions used in the narrower distribution; 

 

Table 5.1 Coordinates of narrow distributed pixel positions 

 

950,950 1000,950 1050,950 

950,1000 1000,1000 1050,1000 

950, 1050 1000,1050 1050,1050 

 

Pixel positions used in the wider distribution; 

 

Table 5.2 Coordinates of wide distributed pixel positions 

 

1,1 1024,1 2048,1 

1, 1024 1024,1024 2048,1024 

1, 2048 1024,2048 2048,2048 

 

 

The condition number of a matrix measures the sensitivity of the solution of a system of linear 

equations to errors in the data. It gives an indication of the accuracy of the results from matrix inversion 

and the linear equation solution. Values close to 1 indicate a well-conditioned matrix. 

 

Condition number of the design matrix is computed from the fallowing formula; 

( ) 1'*' −XXXX                     (5.26) 

 

Where the norm is the Frobenius norm and computed as [78]; 
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In the first case condition number is computed by using narrower GCP distribution is 

computed as; 

6.33073e+038 
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Which is an extremely large number that implies obtaining an accurate solution is impossible. 

 

In the second trial by using the same parameters and same analytical equation but choosing 

widely distributed pixel positions the condition number is computed as; 

3.37508e+030 

 

When two numbers are compared it is seen that choosing widely distributed GCP improves the 

accuracy of the solution but the improvement in geometry is not adequate since the condition number is 

again too high to obtain an accurate solution. To conclude it can be said that, significant improvement 

in accuracy is obtained by choosing GCP widely distributed but brushing up the geometry is not 

adequate to obtain accurate solution. 

 

This is because the rank deficiency was caused not only from the weak geometry but also the 

correlation between the parameters. Improving the geometry can help up to a certain case. In order to 

reach further improvement, mathematical methods should be used. For this reason fictitious 

observations are added into observations and the solution for the equation became as in the Equation 

5.18. The condition number of the matrix to be inversed for the narrow case is computed as; 

8.51589e+014 

 

This means that the improvement is significant compared by the improvement gained from 

strengthening the geometry. Same procedure is applied for the widely distributed pixel positions and 

the following condition number is obtained; 

8.51593e+014 

 

This is a surprising solution that widely distributed solution has slightly weak accuracy 

compared with narrowly distributed solution. But the condition numbers of the two different geometries 

are almost the same, because of this it can be said that when fictitious observations are used the effect 

of geometry fades out. However, the improved condition number is not adequate for accurate solution, 

it still needs improvement. 

 

Ill conditioned situation has occurred not only from the weak geometry but also the correlation 

between the parameters used for the camera calibration. Effect of weak geometry has been eliminated 

by fictitious observations, in order to eliminate the effect of correlation between camera calibration 

parameters some modification has been done on camera parameters. First of all, camera position is 

represented by geodetic coordinates instead of cartesian coordinates. In this model, altitude of the 

camera, size of the sensing element on CCD frame and focal length are correlated. For this reason 

altitude of the camera and size of the sensing element are eliminated from the equation system. 

 

The parameters of the model is as follows 
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[ ] 1212121 ×
′∆∆= camcamppkkyxf λφκφωβ               (5.28) 

 

By using this system with the narrower GCP distribution, condition number of the system is 

computed as 

     2.1533e+033 

 

 Second mathematical model is slightly better than the first model, but the result is quite bad 

for a solution of a desired accuracy. 

 

Second method’s computational accuracy is examined with widely distributed pixel positions. 

The condition number computed for this situation is, 

1.3246e+024 

 

Obtained result has a considerable improvement compared with the narrow distributed pixel 

positions. However current situation is still bad for an accurate solution. The improvement gained by 

choosing widely distributed GCPs is not adequate for obtaining an accurate solution. In order to 

improve the solution accuracy fictitious observations are introduced and for the narrow distributed pixel 

positions the following condition number is obtained as, 

2.8356383e+010 

 

 Condition number computed for narrow model is adequate for solution with computer using 8 

byte double, variables. When compared with the first model it is seen that higher improvement in the 

accuracy of the solution is obtained when a regularization method is applied. The regularization method 

is also applied to the widely distributed pixel positions and the following result is obtained, 

2.8356389e+010 

 

The result is very similar to the first mathematical model in a way that, the condition number 

computed for the widely distributed pixel positions is slightly worse than the narrower pixel positions. 

To conclude the analysis, the distribution of the pixel position has direct impact on the solution 

accuracy if a regularization method had not been applied. For this type of rectification procedures, the 

pixel positions should be selected in a way that they should be distributed as wide as possible. 

However, not an adequate improvement is obtained by selecting widely distributed GCPs in both 

models. To obtain a solution a regularization method should be applied, when a regularization 

technique is applied the effect of GCP distribution on the solution accuracy diminishes. Although, 

narrower distributed GCPs had given slightly better results in both models, since the difference between 

wide and narrow distributed points is very small there is no contradiction in the comment. Furthermore, 

regularization improves the accuracy of the solution considerably more than the improvement gained 

by modifying the imaging geometry. However, when a regularization method is applied the 

convergence of the problem slows down and more iterations are required. 


