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ABSTRACT

SIMULATION OF HUMAN GAIT USING COMPUTED TORQUE
CONTROL METHOD

Fescioglu, Nilgiin
M.S., Department of Mechanical Engineering
Supervisor: Prof. Dr. Turgut Tiimer
Co-Supervisor: Prof. Dr. Kemal Ozgdren

September 1998, 124 pages

The present study is concerned with simulation of the gait cycle including
both the single (stance and swing phases) and double support phases. The inverse
dynamic analysis and the gait control under disturbing features are investigated.

The single support phase foot-flat and heel-off periods, the swing phase and
the double support phase are all modelled by separate linkage systems. Nominal
variations of the joint angles are determined by considering the kinematic constraints

and desired trajectories for the hip and ankle joints.
Dynamic equations are obtained and feedback control is used in the form of

computed torque control as the human body also uses a kind of feedback control to
stabilize its motion during the gait. The control stiffness coefficients of the feedback

iii



control algorithm are determined depending on the amount of tracking error. In the
double support phase, the torque redundancy problem of the system is solved by
weighted least squares optimization method.

Results are presented and compared with three dimensional gait analysis.

Keywords: Gait Simulation, Single Support Phase, Double Support Phase,
Computed Torque Control
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HESAPLANAN TORK DENETIM YONTEMIYLE INSAN YORUYUSUNUN
BENZETIMi

Fesgioglu, Nilgiin
Yiiksek Lisans, Makina Miihendisligi Bolimi
Tez Yoneticisi: Prof. Dr. Turgut Tiimer
Ortak Tez Yoneticisi: Prof. Dr. Kemal Ozgéren

Eyliil 1998, 124 sayfa

Bu galigma, tek destek (durus ve salmim evreleri) ve ¢ift destek evrelerinin
ikisini birden kapsayan bir yiirliylis ¢evriminin benzetimiyle ilgilidir. Evrik dinamik
analiz ve bozucu etkiler altinda yiiriiyilis denetimi incelenmektedir.

Tek destek evresi tiim basma ve topuk kalkig béliimleri,salimm evresi ve ¢ift
destek evresi ayr1 eklem sistemleri kullamlarak modellenmiglerdir. Eklem agilarinm
nominal degisimleri, kinematik kisitlamalar ile kal¢a ve ayak bileginin izlenmesi

istenen yoriingeleri gbz Oniine alinarak belirlenmiglerdir.

Dinamik denklemler elde edilmis ve insan viicudu da yiirliyiiy sirasinda
bareketini dengelemek i¢in bir ¢esit geribeslemeli denetim kullandigindan,
geribeslemeli denetim hesaplanan tork y6ntemiyle kullamilmustir. Geribeslemeli
denetim algoritmasinin denetim sertlii katsayilari, izleme hatasi miktarmna gore



ayarlanarak uygulanmustir.Sistemin ¢ift destek evresindeki tork hesaplanmasmdaki
belirsizlik problemi, afwlklh en kiiglik kareler optimizasyon ydntemiyle
¢Ozllmistiir.

Sonuglar {i¢ boyutlu yiirtime analiziyle kargilagtirmal olarak sunulmugtur.

Anahtar Kelimeler: Yiirliylis Benzetimi, Tek Destek Evresi, Cift Destek Evresi,
Hesaplanan Tork Denetim Y6ntemi



vii

to my parents



ACKNOWLEDGMENTS

I would like to express my thanks to my supervisors Prof. Dr. Turgut Tiimer
and Prof. Dr. Kemal Ozgéren, for their guidance throughout the study.

I am also indebted to Cenk Giiler for his valuable comments and to Dursun
Oner for his helps in my computer program.

Thanks a lot to Nuran Katirci, Giilli Kiziltag, Ali Emre Turgut and all my

friends for their encouragement whenever I was in need.

The greatest thanks of course go to my parents for their endless love and to
Haluk Fesgioglu and Ozgtir Unver for their endless support.

viii



TABLE OF CONTENTS

ABSTRACT ..ovitiiiiiiiiiiieiieeetiittieteterasienenttenensnreaerasasssrersasaessss iii
0 /2R v
ACKNOWLEDGMENTS .....iiiiiiiiiiiiiiieererereenrtaneasannrecnannes viii
TABLE OF CONTENTS ...uiiiiiiiiiiiiiiiiiiiiireiereaiarrceencesansssnsases ix
CHAPTER
1. INTRODUCTION ...ciiiiiniiieieiiirnreninrnrnrnneersanssecncscasoses 1
1.1 Analysis and Simulation of Gait ............cccociiiiiiiiiiinine.. 1
1.2 Description and Phases of Gait .........ccccoeiiiiiiiiiiiiiiannnen 2
1.3 Gait Analysis Methods ........cccoiiiimiiiiiiiiiiiiiiieiecneennne 7
1.4 Previous Studies on Simulation of Gait ...........c.cccceeveeneenane 9
1.5 Purpose and Scope of the Present Study ..........ccccveinenaenen. 13
2. MODELLING OF HUMAN GAIT ....ccccoiuinierininieeierncrnnecenne 14
2.1 Single Support Phase .......ccccooiiiiiiniiiieiiiiiiiiiieiieienane 14
2.1.1 Stance Leg Foot-flat Period (Model 1) ...................... 15
2.1.2 Stance Leg Heel-off Period (Model 2) ..................... 18
2.2 Double Support Phase ........c.ociiiiiiiiiiiiiiiiiiiiiiiaaaae 21
2.3 Kinematic Constraints ........cccoeeeeeiiriiureerenecnereariecenancen 24
2.4 Model Parameters ........cceoeieiiremrniieiiiirninininceeneeenneonens 30
3. DYNAMIC EQUATIONS AND CONTROL WITH COMPUTED
TORQUE METHOD ....uiiiiiiiiiiiiiiiiiieviecereeiceeeereee e e een 39
3.1 Dynamic Equations ...........ccccciiiiiiiiiiiiiiiiiiiiiiieienenee 39
3.1.1 Lagrange Equations for the Single Support Phase ......... 41

3.1.2 Lagrange Equations for the Double Support Phase ........ 48



3.2 Gait Control ........coevviiiniiniiriiiereaee,
3.2.1 Single Support Phase ........................

3.2.2 Double Support Phase .......................

3.2.3 Determination of the Control Stiffness ....

4. RESULTS AND DISCUSSION ......cccovvveruneneen.
4.1 Range of Application of the Dynamic Model ...

42 RESUIS 1.ivieininieieiiiiiii et eae e e aes

..................

..................

..................

.................

------------------

..................

4.2.1 Joint Angle Trajectories (Kinematic Comparison) ...........

4.2.2 Joint Moments (Kinetic Comparison) ..............cc..e......
4.2.3 Disturbed Gait Control ..........ccciiiiiiiiiiiiiiiiiieeeeanens

REFERENCES ...ttt ecer e e e e ses e s eenense

APPENDICES

A.1 The Open Forms of Foot-flat Period Equations .....
A.2 The Open Forms of Heel-off Period Equations ......

A.3 The Open Forms of Double Support Phase Matrices

...................

..................

..................

54
34
55
57
59
59
60
60

69
76
81
83

86
89
93



LIST OF TABLES

TABLE

1.1 Input joint moments applied to the planar models for single and
double Support .......oiiiiiiii e
2.1 Anthropometric data for the human body ............ccceevenenenne.



FIGURES

1.1

1.2

1.3

1.4
1.5

2.1
22
23

24
2.5
2.6
2.7
2.8
29
2.10
2.11
2.12
2.13

LIST OF FIGURES

Positions of the legs during a gait cycle from right heel contact to
right heel contact ......cccoeviiiiiiiiiiiiiiiiiiiiiiirerrre e
Timing of single and double support during a single gait cycle from
right heel contact to right heel contact ..............c..coeiieienennnn.
Flow of data from a camera system and plotting of data in two
different forms ...coeiiiiiiiiiii e
Schematic representation of the model for double support .........
Configuration of the two dimensional model, using feet with curved
SUITACES  +.veireririiiereiiiietieinirerearoasannaasesenssnssnasnsasnes
Model 1: The stance leg foot-flat period of single support phase ...
Forces and moments actingonmodel 1 ...........ccccevvnvnennnen..
Comparison of experimental left and right hip flexion extension
MOMENESH. . SPTITITRY. . ST, | | SN ... .ooveee. .. OTTTY..
Model 2: The stance leg heel-off period of single support phase ....
Detailed model of ankle angle ...........ccooiiiiiiiiiiiiiiiiiiene
Detailed model of the right foot ........cceiiiiiiiiiiiiiieee.
Forces and moments acting onmodel 2 ........c.ecvvvvieneinennnnnns
Model 3: The double support phase .........cccevieiniiiieeninrnnnnen.
The detailed model of the left foot ..........ccooieiiiieniniiniiinis
Forces and moments acting onmodel 3 ........ccciciciiiiinininnene.
Hip-knee-ankle triangle ..........c.cccoiiviiiiiiiiiiiiniiininnn.
ADKIE JOINE  1evvireieiinineeiiiiie ittt e e
Swing leg hip joint angle in foot-flat period ..............cocoiiiiin

Xii

10

12
15
16

17
18
19
19
20
21
22
23
24
30
33



2.14 Swing leg knee joint angle in foot-flat period .............cceen.e.ee.
2.15 Stance leg hip joint angle in foot-flat period ............cc...........
2.16 Stance leg knee joint angle in foot-flat period ..........ccccevvinrnn
2.17 Swing leg hip joint angle in heel-off period ...........ccceeevnenennn.
2.18 Swing leg knee joint angle in heel-off period ..........cceeeenenn...
2.19 Stance leg hip joint angle in heel-off period .......c..ceevnininnnnn.
2.20 Stance leg knee joint angle in heel-off period ...........eeueeeeeeeee.
2.21 Left leg hip joint angle in double support phase .....................
2.22 Left leg knee joint angle in double support phase ...................
2.23 Right leg hip joint angle in double support phase ...................
2.24 Right leg knee joint angle in double support phase ..................
3.1 Modelina floating State ........cccoevievereiiereiieereeieneneensenens
3.2 Swinglegmodel ......cooiiiiiiiiiiiiiiii s
3.3 Foot-flatleg model .....coeominiiminiiiiiiiiiiciiiiereirreeeraenes
3.4 Heelofflegmodel ....oovvevniniiiiiiiiiiiiiiiiiiiiiiiecereeeeans
4.1 Stick diagrams for the model and standard gait analtsis ............
42 Leftleghipjointangle ........ccocooiiiiriiiiiiiiiiiiciiieieinnnnnns
43 Lefilegkneejointangle ......c.cccooiiiiiiiiiiiiiiiiiiiiiiiiiiieaen
44 Rightleghipjointangle .........coioviiiiiiiiiiiiiiiiiiiiir e
4.5 Rightlegkneejointangle ...........ocvoviieieiiieiiiiiiniiiriniienenen
4.6 Right leg hip joint moment ........cccoceciinieiiiiiiiininininieenae,
4.7 Right leg knee joint mOment ..........c.ccciiiiiiiiieieieinieeieiennnn.
4.8 Right leg ankle joint mOmMENt .........ccoeeiiininiiiiiierenireenenens
4.9 Right leg toe joint MOMENt .....cocvieviiriiiieiinirereeeenerenanranes
4.10 Left leg knee joint MOMENt ....ccceeveinrnieenenrnrnrnrecnenoececncnnn
4.11 Left leg ankle joint moment ...........ccoveveveininirieieneniiiiennnnn
4.12 Vertical ground reaction force ...........ccceevviiereriininrniinnnenenans
4.13 Left leg hip joint angle (disturbed) ........c..cccoveiriiiininiiiininin.
4.14 Left leg knee joint angle (disturbed) ........c.cccoimiieiiiiniiiin.
4.15 Right leg hip joint angle (disturbed) .........c.cocciiiiiiiiiiiiinnn.
4.16 Right leg knee joint angle (disturbed) ...........cocveveriiienininnns
4.17 Right leg hip joint moment (disturbed) ............coceriviiiiiinninn

Xiii

33
34
34
35
35
36
36
37
37
38
38
40
42
43
46
61
62
63
63

65
66
66
67
67
68
68
70
)
!
72
73



4.18 Right leg knee joint moment (disturbed)

..............................

4.19 Right leg ankle joint moment (disturbed) ..........cceeeiiiiaiaeen.

4.20 Right leg toe joint moment (disturbed)
421 Left leg knee joint moment (disturbed)
4.22 Left leg ankle joint moment (disturbed)

Xiv

--------------------------------

................................

...............................

73
74
74
75
75



CHAPTER 1

INTRODUCTION

1.1 Analysis and Simulation of Gait

Gait analysis is a systematic study of human walking. The applications are
divided into two main categories: clinical gait analysis and scientific gait analysis.
Clinical gait analysis has the aim of helping individual patients directly, whereas
scientific gait analysis improves our understanding of gait.

Clinical gait analysis involves performing gait analysis on a single person,
with the aim of benefiting that person directly. Documentation of the current status
or planning of treatment or the monitoring of the progress over a period of time can
be done. The results of the analysis may be used to identify the areas where the
treatment is ineffective, or it may define an end point for stopping treatment when
progress appears to have ceased. The shape of ground reaction force curve is
sometimes used to monitor the progress in rehabilitation.

Scientific gait analysis improves our understanding of gait, either normal or
pathological. It includes clinical research and fundamental research. Clinical research
is research involving patients, which is not necessarily expected to benefit those
patients directly, but which will hopefully benefit other patients in the future. An
example to the clinical research is the lower limb prosthetics design studies. It may
be used to examine the effects of changing the design of a prosthetic limb, such as by
altering the mass distribution or using knee joints with different types of braking
mechanisms.



Fundamental research aims to further our knowledge, especially about human
performance and physiology. The study of human performance covers all aspects of
human activity including sporting activities. The ability to estimate the forces
generated by the muscles by using gait analysis has proved to be valuable in the
study of muscle physiology [1].

Beside scientific gait analysis, another tool for improving our understanding
of gait is the simulation of the walking process. Gait simulation is especially
attractive to the pre-test hyphotheses regarding the method of treatment,
rehabilitation and orthotic and prosthetic applications. This, however requires a
succesful simulation of the normal gait, and such an undertaking is far from being
easy. Not only the mechanics of gait is complex, but it also involves precise and
coordinated controls.

With the enhanced computing facilities, gait simulation has recently gained
popularity. Although gait analysis methodology seems to have been well established,
gait simulation is a continuing research area, and several simplified models and

controls are being tested for their performance.

1.2 Description and Phases of Gait

Human walking is a process of locomotion in which the moving body is
supported by one leg and then the other. As the moving body passes over the
supporting leg, the other leg is swinging forward in preparation for its next support
phase. One foot or the other is always on the ground, and during that period, when
the support of the body is transferred from the trailing to the lading leg, there is a
brief period when both feet are on the ground. As a person walks faster, these periods
of double support become smaller and smaller fractions of walking until, eventually
as the person starts to run, they disappear altogether and are replaced by brief periods
when neither foot is on the ground. The cyclic alternations of the support



function of each leg and the existence of a transfer period when both feet are on the
ground, are essential features of the process known as walking. The word gait
describes the manner or style of walking rather then the walking process itself [2].

The gait cycle is defined as the time interval between two successive
occurrences of one of the repetitive events of walking. Although any event could be
chosen to define the beginning of a gait cycle, it is usually convenient to use the heel
contact of one foot. If it is decided to start with the right foot, as shown in Figure 1.1,
then the cycle will last until the next heel contact by the right foot. The left foot goes
through exactly the same series of events as the right, but displaced in time by half a
cycle. Each leg in turn has a swing phase, when it moves towards through the air, and
a stance phase, when the foot is on the ground and the body passes over the top of it.

Stance Swing

phase phase
Heel Foot Mid Heel Toe Mid Heel
contact flat stance off off swing contact

Figure 1.1 Positions of the legs during a single gait cycle from right heel contact to
right heel contact

The following major events are used to divide the gait cycle into convenient
periods:
Heel contact
Foot-flat
Mid stance
Heel-off
Toe off
Mid swing

S AN



The stance phase, which is also called the support phase or contact phase,
lasts from heel contact to toe off. The swing phase lasts from toe off to the next heel
contact. The duration of the complete gait cycle is known as the stride time, it is
divided into the stance time and the swing time.

Figure 1.2 shows the timings of heel contact and toe off for both feet during a
single gait cycle. Heel contact by the right foot occurs while the left foot is still on
the ground, and there is a period of double support between heel contact on the right
and toe off on the left. During the swing phase on the left side, only the right foot is
on the ground, giving a period of right single support, which ends with heel contact
by the left foot. There is then another period of double support, until toe off of the
right side. Left single support corresponds to the right swing phase, and the cycle
ends with the next heel contact on the right.

Left Left ) Left
toe off heel contact time toe off

Left Left Swing Phase Left Stance Phase

Double Rightsingle  [Double Left Single Double
Support|  Support Support|  Support Support

Right Right Stance Phase Right Swing Phase

Right Right Right
heel contact toe off heel contact

Figure 1.2 Timing of single and double support during a single gait cycle from right
heel contact to right heel contact



In each gait cycle, there are thus two periods of double support and two
periods of single support. The stance phase usually lasts for about 60 per cent of the
cycle, the swing phase for about 40 per cent, and each pegiod of double support for
about 10 per cent. However this varies with the speed of walking, the swing phase
becoming proportionally longer, and the stance phase and double support phases
shorter, as the speed increases [1].

During the gait, the upper body moves forwards throughout the gait cycle. Its
velocity varies a little, being fastest during the double support phases and slowest in
the middle of the stance and swing phases. The trunk twists about a vertical axis, the
pelvis and shoulder girdle rotating in opposite directions. The arms swing out of
phase with the legs, so that as the left leg and the left side of the pelvis move
forwards, so do the right arm and the right side of the shoulder girdle. The whole
trunk rises and falls twice during the cycle, through a total range of about S0mm,
being lowest during double support, and highest around mid stance or mid swing.

There are six optimizations used to minimize the excursions of the center of
gravity of the body. These are called the ¢ determinants of gait’. The six determinants
of gait are as follows [1,3]:

1. Pelvic rotation: The first determinant of the gait is the way in which the
pelvis twists about a vertical axis during the gait cycle, bringing the hip joint
forwards as the hip flexes, and backwards as it extends. This means that for a
given stride length, less flexion and extension of the hip is required, since a
proportion of the stride length comes from the forward and backward
movement of the hip joint rather than the angular movement of the leg. The
reduction in the range of hip flexion and extension leads to a reduction in the
vertical movement of the trunk.

2. Pelvic tilt: The second determinant of gait is the way in which the pelvis tilts
from side to side, so that when the hip of the stance phase leg is at its highest
point, the pelvis is inclined, to lower the hip of the swing phase leg. The



height of the trunk depends not on the height of one or the other hip joint but
on the average of the two of them, so the pelvic tilt reduces the total vertical
excursion of the trunk.

3. Knee flexion in stance phase: The third determinant is the stance phase
flexion of the knee. As the femur passes from flexion of the hip into
extension, the hip joint would rise and then fall if the leg remained straight.
However, flexion of the knee shortens the leg in the middle of this movement,

reducing the height of the apex of the curve.

4. Ankle mechanism: Complementary to the way in which the apex of the curve
is reduced by shortening the leg in the middle of the movement from hip
flexion to extension, the beginning of the curve is elevated by lengthening the
leg at the time of heel contact. This is achieved by the fourth determinant of
gait- the ankle mechanism. Because the heel sticks out behind the ankle joint,
it effectively lengthens the leg during the period between the heel contact and
foot-flat.

5. Foot mechanism: In the same way that the heel lengthens the leg at the start
of the stance phase, the forefoot lengthens it at the end, as the fifth

determinant.

6. Lateral displacement of the body: The sixth determinant is concerned with
side to side movement of the center of gravity. By keeping the walking base
narrow, little lateral movement is needed to preserve balance during
walking[1].

The global gait parameters used to describe the placement of feet on the
ground are as follows. The stride length is the distance between two successive
placements of the same foot. It consists of two step lengths, left and right, each of
which is the distance by which the named foot moves forward in front of the other
one. The walking base is the side to side distance between the line of two feet. The



toe out is the angle in degrees between the direction of progression and a reference
line on the sole of the foot. The cadence is the number of steps taken in a given time,
the usual units being steps per minute. The velocity of walking is the distance

covered by the whole body in a given time, in a particular direction.

There also some anatomical terms used to describe the body movements
during gait. These are abduction, adduction, extension, flexion, dorsiflexion, and
plantar flexion. Abduct is defined as to draw a limb away from a position near or
parallel to the center line, abduction is the act of abducting a limb. Adduction is the
act of drawing a limb toward the centerline of the body. Extension is the motion of a
joint when it is being straightened. Flexion is the motion of a joint when it is being
bent. Dorsiflexion is the flexion of a joint toward the back of the part (especially
used in ankle joint). Plantar flexion is the flexion of the ankle in the direction of the
sole of the foot [4].

1.3 Gait Analysis Methods

A complete gait analysis process requires measurement, description, analysis
and assessment steps. Several measurement devices can do measurement of a data
and the description of a data can have many forms such as pen recorder curves, plots
of body coordinates or stick diagrams (Figure 1.3). In the analysis step, any
mathematical operation can be performed on a set of data to present them in another
form or combination of data from several sources can be done to produce a variable
that is not directly measurable. From the analyzed data, information may be extracted

to assist in the assessment stage [4].

In the measurement step, the direct measurement devices generally used are
electrogoniometers, electromyography, accelerometers and force platforms. The
three principle types of electrogoniometers (used for measuring the angle of a joint
during walking) are based on the potentiometer, the flexible strain gauge, and the
resistance of a tube filled with mercury. Electromyography (EMG) is the



measurement of the electrical activity of a contracting muscle by using electrodes.
The force platform, which is also known as force plate, is used to measure the ground

reaction force as a subject walks across it.

The imaging measurement techniques generally used are television/computer
systems, active marker systems and optoelectronic scanners. In the
television/computer systems reflective markers are fixed to the subject’s limbs, either
close to the joint centers, or fixed to the limb segment in such a way so as to identify
its position and orientation. In the active marker systems, light emitting diodes are
used and the camera contains a device that measures the centroid of all the light
falling on it. The optoelectronic scanners system is made up of very high quality

prismatic reflectors and three scanners [1].

The analysis starts with smoothing of the raw data. The converted coordinate
data from imaging measurement devices are called raw data. They contain additive
noise from many sources: electronic noise from optoelectronic devices, spatial
precision of the TV scan or film digitizing system, or human error in film digitizing.
Smoothing and fitting of data can be made by curve-fitting techniques or digital
filtering. From the smooth data, calculation of angles, velocity and acceleration can
be made [4].

Movie X | Description
& [ dove fim_ | Do exroction | ny /\/\

WN21F Velocity: 1.39 m/s Cadence: 106 steps/min

i

Figure 1.3 Flow of data from a camera system and plotting of data in two

different forms



1.4 Previous Studies on Simulation of Gait

Modelling of the human gait problem has been the interests of researchers for
many years. Regardless of the complexity of the models employed, the equations of
motion are derived and the direct and inverse problem is then solved. The gait
simulation is generally taken up in two separate parts, single support phase and
double support phase.

In one of the studies, the problem of developing a model to describe and
study human gait was undertaken using Lagrangian mechanics [5]. The approach is
that of the initial value problem, ie. starting with the initial conditions which are the
limb angles and velocities, and the system inputs which are the applied joint
moments, the system response is found. Seven segments were used to model the
human body with complete three segment lower limbs, and the head and trunk as one
segment. There were six joints, two each at the hips, knees, and ankles. Due to the
differences between the mathematical model and the human body, the calculated
joint moments were not exactly what are required for the link segment model to
progress through a desirable walking cycle. So the joint moments were adjusted
manually to attain a desirable gait[5].

Amirouche, Ider and Trimble modelled the gait with a support phase and a
swing phase. Without the double support phase, the ankle joint of the stance leg was
taken as stationary during the swing, the knee joint of the support leg taken as stiff
(means the knee angle does not change) and the upper body was taken as vertical
through the analysis. Athough the model is presented for gait simulation, its
application was limited to an inverse dynamics problem [6].

Various studies about the single support phase have been presented. The
effects of swing leg dynamics, stance knee flexion-extension, foot and knee
interactions on the gait are closely observed. The high unstability of the system is
clearly seen from the results obtained by changing any of the gait parameters [7].
Berme and Pandy simulated the single support phase, by integrating the equations of



motion for link angular velocities and displacements, Mg the input moments
are known [8]. Also predictions on the optimum trajectory of the swing limb have
been done. Chou, Song and Draganich [9] developed an algorithm to predict the
minimum energy consumption trajectory of the swing limb. A multistage
optimization method was applied to generate the optimum trajectory of the swing
ankle which minimized the mechanical energy required to generate the moments of
the joints of the lower extremities during the single support phase of gait. The results
of this study supported the hypothesis that human gait is energy efficient [9].
Another swing phase study is on the linear approximations for swing leg motion
during gait, in which the time-variant and time-invariant approximations are
compared [10].

Figure 1.4 Schematic representation of the model for double support [8]
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The double support phase simulations are not as clear as the single support
phase simulations because of the redundancy in the system. Berme and Pandy used a
five link planar model for double support as shown in Figure 1.4 [8].

Using the kinematic constraint equations and applied moments, the
coordinates and ground reaction forces were found. The applied joint moments were
chosen on the bases of trial and error. The input moments for the single and double
support phases are as in Table 1.1 [8].

Table 1.1 Input joint moments applied to the planar models for single and double

support [8]
Model Jaint No. Time, (s) Moment (Nm )
Stance knee flexion-extension 1 0<t<0,27 241t

4 0<t<0,27 900.t

5 0<t<0,27 -100.t

1 - 0,0

2 0,27<t< 0,43 200.(t-0,27)+65,0
Foot and knee interaction 3 0,27<t< 0,43 14,0

4 0,0

5 0,38<t< 0,43 -5,0

1 - 0,0

2 0,43<t<0,58 -500.(t-0,43)+80,0
Double Support 3 0,43<t< 0,58 20,0

4 - 0,0

5 0,43<t< 0,58 -1,0

Ju and Mansour used a nonlinear feedback controller in their simulation, to
correct abnormal limb trajectories [11]. Given a set of desired trajectories for the
independent angular accelerations, velocities and displacements, the nonlinear
feedback controller was used to generate a set of joint moments that would produce a
gait pattern that was close to the desired trajectories. The desired trajectories were
specified from experimentally measured kinematic data. The two dimensional model
was made up of seven body links representing the combined head, arms, and torso,
and the left and right thighs, shanks and feet (Figure 1.5). Singular value

decomposition method was used to overcome the redundancy problem [11].
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Figure 1.5 Configuration of the two dimensional model, using feet with curved
surfaces [11]

Planar models mostly use three-dimensional experimental data. The
investigation of the movements of skin markers located on the pelvis shows that
projections can be misleading. Even small rotations about the vertical axes can
appear as horizontal translations in a planar projection. Two-dimensional
representation of three-dimensional pelvic motion may lead to wrong results

especially if the simulations use desired trajectories [12].

Gait simulation studies become extremely important when the design and
control of a lower limb prosthesis is of concern. Prosthetic studies aim exact
simulation of human gait by using different approaches. Passive prostheses use
spring-damper systems, pneumatic dampers or polycentric mechanisms as knee joint,
nonlinear springs (SACH- solid ankle cushioned heel) as heel [13, 14, 15, 16].
Changes in the alignment of knee and ankle joints are made to perfectly duplicate
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human gait [17]. Active prostheses use different control methods for duplication of
gait. Some examples of control mechanisms are adaptive control and artificial reflex
control [18, 19, 20]. The analysis of moments and forces applied to the joints are also
important for both the prosthetic studies and some pathology studies [21, 22].

1.5 Purpose and Scope of the Present Study

The aim of the present study is the simulation of gait including both the single
and double support phases of the swing and the stance leg, ie the complete gait
cycle. Feedback control is used in the form of computed torque control as the human
body also uses a kind of feedback control to stabilize its position during the gait.

Chapter 2 presents the gait models. Three separate planar models are used for
the complete cycle, two models for single support phase and one for the double
support phase. Specification of the desired trajectories that are used in the control
algorithm is also presented in this chapter.

In chapter 3, the dynamic equations and control with computed torque
method is presented. The Lagrangian formulation of single and double support
models are given separately. The weighted least squares optimization method used
for the double support phase is presented in detail. Because of the redundancy
problem in the double support phase, a special technique is used to solve for the
moments. Properly selected weighting constants are used for the calculation of the

moments, which is a technique different from those used in the previous studies.
In chapter 4, the inverse dynamics results and gait control results under
disturbing effects are given. Discussion of the sources of errors and evaluation of the

results is presented.

In chapter 5 the conclusion of this study is given.
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CHAPTER 2

MODELLING OF HUMAN GAIT

In this chapter the physical modelling of human gait is presented. Three
different linkage systems are proposed representing different phases of gait. The
following assumptions are done for the simplicity of the models:

i) The models are two dimensional.

ii) The swinging foot is rigidly connected to the shank.

iii) HAT (head arms and trunk) is not rotating throughout the gait.

iv) The stance leg is pivoted to the ground from its ankle joint, toe and heel during
different periods of gait.

2.1 Single Support Phase

The first phase of the gait cycle is the single support phase, which begins at
the instant of toe-off and ends at the instant of heel strike of the contralateral leg. In
an attempt to model the single support phase, one step is considered in which the left
leg is in swing phase while the right leg is in contact with ground. Gait cycle is
represented by a similar single support phase in which the roles of the two legs
interchange together with two double support phases.

Two models are proposed for the single support phase corresponding to two
stages. The first stage of single support covers almost 60 per cent of the swing phase
of the swing leg and the foot-flat period of the stance leg. The second stage covers
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the period subsequent to the heel-off of the stance leg while the other leg continues
swinging. The gait pattern is described by prescribing the hip joint and the ankle joint
trajectories. In what follows, the models for the two stages of the single support
phase are described.

2.1.1 Stance Leg Foot-flat Period (Model 1)

The stance leg foot-flat period of the single support phase is modelled by
introducing some assumptions. The stance leg (right leg) ankle is taken as connected
to the ground by a revolute joint and the swing leg (left leg) foot is taken as

connected to the shank rigidly. The degree of freedom of this model is four, and
schematically represented as in Figure 2.1. The two hip angles (6, 6,,) and the two
knee angles (6, G) are chosen as the generalized coordinates.

Figure 2.1 Model 1: The stance leg foot-flat period of single support phase

15



The hip joint angle is the flexion angle of the thigh and it is measured from
the vertical. The knee joint angle is the flexion angle of the shank and is measured
from the extension of the thigh.

The limb lengths for each leg are defined such that; b, is the length of thigh,
by is the length of shank, d; is the distance of mass center of thigh from the proximal
end, and d; is the distance of mass center of shank from the proximal end. For the
swinging leg, dr and ¢, define the position of mass center of the foot. They are

perpendicular to each other such that; dris the vertical and cris the horizontal length
from the ankle to the mass center of the foot.

Figure 2.2 Forces and moments acting on model 1
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Inertial properties of each body segment are represented by their mass and
centroidal mass moment of inertia (ms, I, m; I, my I). The mass of HAT (head, arms
and trunk) is lumped at the hip joint. The model is driven by four moments, as shown
in Figure 2.2. Flexion moments (T, Tw) are exerted on the knee joints and
dorsiflexion moment (7,,) is exerted on the ankle joint. The moment exerted on the
hip joint is taken as equal in magnitude and opposite in direction on each leg (7% and
Th), because HAT is assumed to be not rotating throughout the gait. Hence on the
stance leg, flexion moment is taken as positive whereas on the swing leg,
extension moment is taken as positive. This assumption is verified to an appreciable
extent, in view of the hip joint moments obtained from the gait analysis of a normal
subject, as shown in Figure 2.3. The ankle joint reactions R,, and R,, correspond to
the ground reaction forces of the stance leg.

Normalized Hip Fiexion Extension Moment

08
0.6 -
0.4 -
0.2 —o— Left Hip FlexExt Moment

0 frrrrrr T T T T T T Y

Nmkg) T © @€ & 9 8 < —=m—Right Hip FlexExt

041 Moment
-06 1
0,8 1

-1

frame no

Figure 2.3 Comparison of experimental left and right hip flexion extension

moments[23]
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2.1.2 Stance Leg Heel-off Period (Model 2)

Stance leg heel-off period occupies almost 40 per cent of the single support
phase. The stance leg foot begins rotating around its toe and the other leg continues
its swing phase. In this period the swing leg can still be modelled as in the stance leg
foot-flat period but the stance leg model changes. As seen in Figure 2.4 the stance
foot is connected to the ground by a revolute joint from its toe. This brings the
system an additional degree of freedom and makes it five.

Figure 2.4 Model 2: The stance leg heel-off period of single support phase

The hip joint angles and knee joint angles are defined as the same as in stance
leg foot-flat period. In addition to these angles the stance ankle angle is chosen as the
fifth generalized coordinate. The ankle joint angle 6, is measured from the
perpendicular to the extension of shank, to a line parallel to the sole of foot.
Dorsiflexion direction is taken as positive (Figure 2.5).
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Figure 2.5 Detailed model of ankle angle

The detailed model of the foot is shown in Figure 2.6. The length of the link
between the ankle and toe of the right leg is b5. The mass centre of the foot is at the
midpoint of this link. The angle between the base of the foot and the link is a5. This
angle remains constant throughout the gait as it is only related with the geometry of
the foot.

Figure 2.6 The detailed model of the right foot

Moments and external forces exerted on the stance leg heel-off period model

are as shown in Figure 2.7.
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Figure 2.7 Forces and moments acting on model 2

The direction of the moments for this period is exactly the same as the stance
leg foot-flat period. Flexion moments are exerted on the knee joints, dorsiflexion
moment on the ankle joint, and moments of same magnitude but opposite directions
on the swing and stance legs from the hip joint. Ground reaction forces R,, and R,,
act on the distal end of the ankle-toe link. Other than these, an additional moment
acts on the foot from its toe. This moment is T, and positive direction is chosen as
clockwise.
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2.2 Double Support Phase (Model 3)

This phase begins with the heel strike of the swing leg. During double
support, one leg rotates around its heel while the other continues rotating around its
toe. In a gait cycle (starting with toe off and ending with the second toe off of the
same leg), the double support phase occurs twice, with the right and left foot
exchanging their roles and each occupy almost 10 % of the cycle. The model of this
phase is shown in Figure 2.8.

Figure 2.8 Model 3: The double support phase
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In this model both feet are connected to the ground by revolute joints. One
foot is connected from its toe while the other is connected from its heel. Unlike the
single support phase, the left ankle joint now has a freedom The left ankle joint angle
(6a) is measured in the dorsiflexion direction. The degree of freedom of the double
support phase model is four.

The detailed model of the left foot is shown in Figure 2.9. The length of the
link between the ankle and heel of the left leg is bs. The mass center is at the
midpoint of this link. The angle between the base of the foot and the link is ap. As in
the previous phase, this angle remains constant throughout the phase as it is only
related with the geometry of the foot.

Figure 2.9 The detailed model of the left foot

The moments and forces acting on the double support model are shown in
Figure 2.10.



Figure 2.10 Forces and moments acting on model 3

During the double support phase, knee flexion moments (7T and T), ankle
dorsi-flexion moments (7 and T,,) and flexion and extension moments (7 and T},)
continues acting on the knee, ankle and hip joints, respectively. Also, on the right
toe, the clockwise moment T acts. Unlike the other models, ground reaction forces
act on both the left heel (R,; and R,;) and on the right toe (R,, and Ry, ).

As seen in Figure 2.10, there are six moments acting on the four degree of

freedom system This redundancy problem will be handled in Chapter 3, by
introducing a specially developed procedure for this purpose.
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2.3 Kinematic Constraints

The normal gait pattern is described by the hip joint trajectory for the
complete gait cycle, and by the ankle joint trajectory of the swing leg. Knowing the x
and y coordinates of the hip and ankle joints at any instant of time, the corresponding
hip and knee angles can be calculated By utilizing the kinematic constraint equations.

With reference to Figure 2.11, the following loop closure equations are written:

X, =%, —b, sin(@, — 6, ) — b, sin(6},) .1

Yn=Ya +bs COS(Hh —Bk)+b, COS(Bh) (2.2)

Figure 2.11 Hip-knee-ankle triangle
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The following algorithm yields closed form solution of nonlinear equations
(1) and (2) for 6, and 6&:

when x; <x; OF Xp=Xa:

o = arctan[(xa - Xs) / (& - Ya))
s=[0n-ya)* +Ga-x1) 1"’

o = arccos[(b; 2+ bs> - 52) / (2 b b))
6= 180 - az

o= arcsin[bs sin(a) /5]

=0 + a3
when x> X, :

a,= arctan[-(xz - Xx) / n- Ya)]

5= [On-ya) 2+ (xa+2) ]

o, = arccos[(b; 2 + bs 2 - 52/ (2 br b))l
=180 - oz

as= arcsin[bs sin(cz) / s]

6y = (0 -at3)

Differentiating equations (2.1) and (2.2) twice yields the velocity and
acceleration constraint equations which are linear in terms of hip and knee angular

velocities and accelerations.

[e‘h] _ [— b, cos(@), ~Bi) — by cos(6;) b cos(6; 6, )r[sc,, - xa] 23
6. | :

—bs sin(Hh—Gk)—b, Sin(eh) bs Sin(eh_ek) j’h_ya

and
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8,1 _[~bscos(8; —6;)~b,cos(6;,) by cos(B,)]"
[9}:] —[—bs sin(0, — 0 )~ b, sin(6,,) b, Sin(eh):l
. [ic'h ~ £, ~b,sin(d), —0,) - b, sin(9,)6; ] 24
Ih = Ja +bs cos(8, ~6;)? +b, cos(9,)6;>
The above equations yield the hip and knee angles as well as their first and
second derivatives for the swing leg for which both hip and ankle trajectories are
specified.

As mentioned in Chapter 1, desired gait pattern is indicated by a smooth hip
joint trajectory and foot clearance off the ground during swing phase. The control
strategy adapted in this study aims at satisfying these requirements, and therefore a
desired hip trajectory for the complete gait cycle and a desired ankle joint trajectory
for the swing leg are imposed.

A desired hip joint trajectory is obtained by fitting a 10" order and a 4® order
polynomial time function to the experimentally obtained hip joint y and x-
coordinates during a normal gait, respectively. The data used was taken from a GCD
(Gait Cycle Data) output data file of the VICON Clinical Manager [23]. The y-
coordinate equation is derived by using a curve fit program “Jandel Scientific- Table
Curve”, which uses optimization techniques and selects the most appropriate
equation among 8100 equation types. The x-coordinate equation is derived by using
a nonlinear regression analysis program “Sherrod Software- NLREG”. A higher
order polynomial function is not needed for the x-coordinate as the movement along
the x-coordinate is almost a linear function of time. As a result, the following
functions are obtained. Both coordinates are expressed in meters.

x, = 0512 + 1634 1-2864 t2 + 4963 t3-2.691 ¢t* (2.5)

Y, =0875-0070 1 + 2.044 t2-12672 t3 + 49.070 t+-97253 t° +
51117 ¢ + 69554 +7 -36.687 t%-77433 %+ 51981 ¢+ 10 (2.6)
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Hip joint velocity and acceleration expressions are readily obtained by taking

the first and second derivatives of these equations.

A desired ankle joint trajectory of the swing leg is obtained similarly. While
obtaining the swing ankle joint equations, foot clearance is an important constraint.
A 10™ order polynomial time function for the x-direction and a 4® order polynomial
time function for the y-direction are obtained (in meters) by using the same curve
fitting programs;

Xy = 0194 + 0353 £-113912 + 76676 t3 - 410295 ¢* + 943255 t°
- 6599861 6 - 666.734 t7 + 587180 ¢ + 908954 1° -804316 110 Q.7

Va = 0472 + 7892 +-28961 2 + 40887 +3-19994 +4 (2.8)

The equations (2.1-2.4) can also be used for the stance leg with the following

modifications:
i) Stance leg pivoting around ankle (Model 1):

In this case the right ankle is modelled as connected to the ground by a
revolute joint. Hence the x and y coordinates of the right ankle are constant
throughout the single support foot-flat period.

Xar=Xor

Yar=Yor

where xo, and yg, are determined by taking the average of the experimental ankle
joint coordinates through the foot-flat phase

ii) Stance leg pivoting around toe (Model 2-Model 3):

In this case, the foot is connected to the ground from its toe by a revolute
joint so the ankle joint is following a circular path of radius 5. To obtain the
trajectory of the ankle joint , first a time function polynomial of the x-coordinate is
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obtained (in meters). “Sherrod Software-NLREG™ program is used for this purpose.
A special polynomial having the first and second derivatives zero at the beginning of
the heel-off period is used, as during the foot-flat period the velocity and acceleration
of the ankle joint is zero.

Xgp = Xor + 3.831 (t-0.401) % -17.127 (- 0.401) * + 44.817 (¢-0.401)° (2.9)

The ankle joint y-coordinate equation is a function of x,. By this way a
circular path of radius b5 is obtained. The link length by is adjusted by comparing the
experimental y-coordinate data with the function y, and considering the ankle
position in foot-flat period.

Yar = (bp 2-(bs - co8(¢) - (g -%0,)) 2) *° (2.10)

where ¢ =180-a5, which is the angle between the ground and the ankle-toe link at
the beginning of the heel-off period

The velocity and acceleration equations of the y-coordinate are obtained by
taking the first and second derivatives of the y-coordinate equation.

iii) Stance leg pivoting around heel (Model 3):

In the double support phase, the left leg completes its swing phase and starts
rotating around its heel. The left foot is connected to the ground by a revolute joint,
hence the left ankle joint follows a circular trajectory of radius by.

The 10® order polynomial time function used for the x-coordinate of swing
leg can still be used, as the fit was made by using the whole experimental data from
the beginning of the left leg swing till the end of the double support. The first and
second derivatives of this function define the x-direction velocity and acceleration.

The y-coordinate equation is a function of x,.
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Ya = (bg 2 -Gy -xq)2) % (2.13)

where xo; =-by cos(art @)+xzer

@ =Sin"( Yaet/Bs)
xo; is the x-coordinate of the connection point of the ankle-heel link to the ground.
Xaet and Y, are the x and y-coordinates of the left ankle at the end of swing phase
respectively and ¢ is the angle between the ground and the base of foot at the instant
of heel-contact.

The link length by is adjusted such that the function yz is close to the
experimental trajectory. The first and second derivatives of equation 2.13 give the
velocity and acceleration functions of the left ankle joint movement in y-

coordinate,respectively.

For each model, suitable combinations of the above equations are used for the
right and the left leg. Once the required equations are defined, the angles Gy, G G
6y can be calculated as shown before, in Figure 2.11. The ankle angles are calculated
by using the following equations (Figure 2.12).

Xg—%Xg—brcos(@y -0, +0, +as)=0 (2.14)

Ya—bssin(8), —0; +0, +as)=0 2.15)

where xz=x; for the left leg and xz=xo+bs cos(¢) for the right leg
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Figure 2.12 Ankle joint

2.4 Model Parameters

During the modelling of human gait, once the physical models and their
kinematic constraints are obtained, the model parameters are defined. The masses
and centroidal inertias of the links are defined by using the related anthropometric
equations [4]. Table 2.1 shows the anthropometric data for a typical human body.

Table 2.1 Anthropometric data for a typical human body

foot shank thigh
Segment weight /
Total body weight 0,0145 0,0465 0,1
Distance of
center of mass
from distal end / 0,5 0,567 0,347
_ngent Ie%h
nertia (kg.m m (0,475 b,) | m¢ (0,475 b)| m, (0,475 b,)
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Taking the subject’s mass as 80 kg[23], the segment masses are calculated as
follows:

my=1.16kg

ms=3.72kg

m;= 8 kg

my = 80 - 2 (my— ms —my) = 54.24 kg

In order to determine the mass center distances and the mass moment of
inertias, first the limb lengths are to be determined. Determining the limb lengths is a
special and difficult process. The anthropometric equations can not be used because
of the kinematic constraints of the model. During the human gait the heel and toe of
the feet are not actually connected to the ground, the limb lengths calculated with the
anthropometric equations may not satisfy the model’s constraint equations. So in
order to make a complete simulation, longer links are used in order to follow the
trajectory and avoid the break off at the knee joint.

The link lengths are determined by fine tuning the anthropometric data so as
to satisfy the kinematic constraints. The approach used during tuning was finding the
closest link lengths to the anthropometric equations, while avoiding the break off and
matching the experimental and modelled joint trajectories. For example, using a
thigh length of 5~0.43 m instead of 0.438 m (a decrease of 8 mm) would make the
modelled and experimental hip joint and knee joint angles closer in the single support
phase but at the beginning of the double support phase, this would cause a break off
at the left knee joint. When ¢ = 0.590 s., the hip joint coordinates are x; =1.172 m y;
=0.879 m and the left ankle joint coordinates are x; =1.426 m yy =0.078 m
Calculating s (Figure 2.11) at this point gives s =0.8403 m, but b,+5;=0.84 m, so a
break off at the knee joint occurs. Avoiding this break off by increasing the link
lengths takes the modelled angles considerably away from the experimental values.

The link lengths obtained via tuning are then used together with the
anthropometric equations [4] to yield the mass center positions and mass moment of

inertias of the limbs. The location of the pivots (Xor, Yor ) are determined by matching
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the coordinate system of the model with the one used in [23]. The following values
are thus obtained as the remaining model parameters:

5=0.438m b;=041m
d=0789m d;=0.177m
b#=0.160m  by=0.078 m
¢=0.067m dr= 0.035m
ap=70deg. o5 =150 deg.
1,=0.160 kg.m® I, =0.057 kg.m’

1;=0.019 kg.m’
xa,=0.85 m yo,-=0.08 m
Xee1 =1.426 M 4= 0.078 m

After determining the model parameters, the joint angles O, Okr, On, O can
be calculated. The Figures 2.13-2.24 clearly demonstrate the limitations of the
present model. The differences between the measured and the modelled joint angles
are primarily due to the two-dimensional nature of the model As discussed in
Chapter 1, there are six optimizations used to smooth the hip joint trajectory and
three of them are related to out-of plane motions. The measured angles are, therefore,
projections of the three dimensional motion. The present model tries to give the same
trajectory with only sagittal plane motions and this causes the joint angles to deviate
from the measured values. Another reason for the apparent discrepancy is due to the
rigid foot pivoted on the ground. In reality, foot-ground interaction is a contact
between ground and deformable foot of quite irregular shape. Instead of pivoting the
foot around the heel, rolling cylinder constraint was also tried but this too did not
bring any improvement. The Figures 2.13-2.16 show the experimental and modelled
angles for the single support phase foot-flat period (model 1). The time interval for
this period is as given below:

0.189s.<1r<0401s.
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Figure 2.13 Swing Leg Hip Joint Angle in Foot-flat Period
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Figure 2.14 Swing Leg Knee Joint Angle in Foot-flat Period
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Figure 2.15 Stance Leg Hip Joint Angle in Foot-flat Period
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Figure 2.16 Stance Leg Knee Joint Angle in Foot-flat Period
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For the single support heel-off period:

0.401s.<1r<0.590s.

Swing Leg Hip Joint Angle
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Figure 2.17 Swing Leg Hip Joint Angle in Heel-off Period
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Figure 2.18 Swing Leg Knee Joint Angle in Heel-off Period
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Figure 2.19 Stance Leg Hip Joint Angle in Heel-off Period
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Figure 2.20 Stance Leg Knee Joint Angle in Heel-off Period
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For the double support phase:

0.590s.<1<0.684s.
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Figure 2.21 Left Leg Hip Joint Angle in Double Support Phase

Left Leg Knee Joint Angle

25

] ./-r/./.
15 | -
—e—experimental
10 | —a—modelled
5 | /

0 — .
0,580 0,614 0,637 0,661

(deg)

time(sec)

Figure 2.22 Left Leg Knee Joint Angle in Double Support Phase
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Figure 2.23 Right Leg Hip Joint Angle in Double Support Phase
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Figure 2.24 Right Leg Knee Joint Angle in Double Support Phase
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CHAPTER 3

DYNAMIC EQUATIONS AND CONTROL WITH COMPUTED TORQUE
METHOD

In this chapter the dynamic equations of the models described in Chapter 2
are derived, and computed torque method is utilized in order to model the feedback

control activity necessary to stabilize the human gait.

3.1 Dynamic Equations

Lagrange equations are utilized to derive the equations of motion for both the
single support and double support phases. For this purpose it is first necessary to
write down expressions for the kinetic and potential energies of the system. This is
achieved by considering the body in a floating state as shown in Figure 3.1, and each
phase of the gait is then described by introducing appropriate constraints.

For the system shown in Figure 3.1, the vectors of generalized coordinates
are q,eR’, qeR® , queR? ; where subscript r refers to right leg, [ refers to left leg and
b refers to HAT (Head-Arms-Trunk). More specifically:

Onr O
Xp
q, =| q; =| 6y Qp _[J’J
aar eal
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Figure 3.1 Model in a floating state

The total kinetic and potential energies of the system are

K=K, +K; +K; @3.1)
U=Ur+Ul+Ub (3.2)
where;

Kr = Kr«lr’(lb;qr)
K; =K;(4;,939;)

. 1 T, 1 ) .2
Kp =Kb(¢lb)=5mbqg% ='2"mb(xh2 +95°)

and

U, =U,(q,.q)

U; =U,;(q;,95)

Uy =Up(@p) =mpg y,,

where g is the gravitational acceleration
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The expressions for K; , Ky, U, and U; require x and y coordinates for the
mass centers of the thigh, shank and foot of both legs. For the right leg:

XGer = Xp +dt sin(Hh,.) (3.3.a)
YGir =Yp —d; c0s(0y,) (3.3.b)
XGsr =Xy, +b,sin(8,,) +d sin(8,, —6) (3.4.2)
YGsr =Yn —b; c0s(6),) —d; cos(6y, — ) (3.4.b)

xGﬁ. =X +bt sin(Hh,)+bs SiIl(gh,. —Hb.)—dﬁ cos(0h, —910, +0ar +aﬁ.) (3.53)
YGf =Yn —b; cos(8y,) — b, co8(8y, — 0, ) ~d 4 sin(6), — 6, + 6, +ag) (3.5.b)

Differentiation of the above expressions with respect to time yields the
velocity components of the corresponding mass centers. The kinetic and potential
energies are then given as:

. 2, . 2 . 2, . 2 e 2 p .2
K =m Gor *I6e ) Gor +Je) . Fop” *Tep)

r = 2 s 2 f 2
- 2 - _d - 2 - _ . - 2
U, =g(mycy +msyge + MryGs) (3.7

Note that corresponding expressions for the left leg can readily be obtained
when subscript 7 is replaced by subscript /.

3.1.1 Lagrange Equations for the Single Support Phase
During single support phase, it is assumed that the left leg is swinging and the

foot of the leg is not moving relative to the shank. Therefore for the swing leg shown
in Figure 3.2 @ is taken to be a constant (6,=0), i.e. q; becomes a member of R* as
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Figure 3.2 Swing leg model

The coordinates of the mass center of the swinging foot are

Xgn =Xp + bt Siﬂ(ghl) + (bs + df)sm(0h, —Bkl) +¢r cos(eh, —0,d) (3.8.9)
Y =Yp — by cos(@y)— (b +d f)cos(0h, —0y)+cysin(y —6y) (3.8.b)

As described previously, during single support the stance leg undergoes two
periods, i.e. foot-flat and heel-off periods.

i) Foot-flat Period

It is assumed that the right leg is pivoting about the ankle as shown in
Figure3.3. So, &, is no longer a generalized coordinate since 6,y = & - 6 . In this

way q,also becomes a member of R? as

q, = [g”’]
kr
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Figure 3.3 Foot-flat leg model

Since the ankle is fixed, the following constraint equations arise

xp +15(q;) = xq, 3.9
yu+1,(a;) =y, (3.10)
where

£,(q;) = b, sin(@,, —8,.)+b, sin(0,)
fy (q¢) =-b; cos(@), —0y.) ~ b; cos(by,)

Note that with reference to equations (3.5.a) and (3.5.b) these constraints

dictate the following conditions

'x."Gﬁ'=0 and yGﬁ‘ =0
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The virtual variations of these constraint equations are

T
8%, +(ZZX) 3q, =0 3.11)

r

of T
& "{a YJ 8q, =0 (3.12)

r

Introducing the Lagrange multipliers Ax and A, the constraints lead to the
following constraint forces:

i 7\,x ' afx afy )“x
e —[)“y:l < —[aqr aqr}[)")’]

Note that Ax= R, , Ay= Ry, , which are the ground reaction forces on the right foot,

corresponding to the fixed ankle joint.

The active generalized forces are determined by considering the virtual work

expression as follows:

3W =Q,"8q, +Q;"8q;
=T}, 88y, + Ty 80y + Ty 56y ~ T80y + T 66y — 56, (3.13)

where Ty, Tir, Tar, T, Tw are actual joint torques. Hence it is obtained that

(T ~Ta, [-Tw _[o
olni) olw] el



And the constrained Lagrange’s equations become:

( of
df k) &K O =Ty Ty +(af )x +(-—’-)xy (3.14)
dt\ 86, ) 06), 006, 06, 0,,
( of.
4ok &, au =Tb+Ta,+(_af_qxx+(_y_]xy 6.15)
dt\ 86, ) 06, 06, 00, a0,
d(ok ) ok U -1, (3.16)
dt 60,,, 60,,, 60,,,
.U
=T 3.17
( ) 00, To0, ¥ (3.17)
df K
= =1 3.18
dt(axh) oxy, axh * (.18)
i(aK) =1, (3.19)
dt\ oy, ) s ayh

The lefi-hand sides of the equations (3.14-3.19) are processed by
Mathematica and the expressions obtained are presented in Appendix A.1.

Upon elimination of x , y» and the Lagrange multipliers, the Lagrange’s

equations can be written in a more compact form as follows:

Mi+b=Q (3.20)
where

ehr Thr - Tar

o T, +T,
q= kr Q = fr ar

On -Th
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ii) Heel-off Period

In this period, the right foot is pivoting about the toe, which is assumed to be

fixed on the ground, as shown in Figure 3.4. Since, 0, is now included, g, is in R®.

Figure 3.4 Heel-off leg model

The constraint equations for this case are

xp+1,(q,) =xp, +bs cos(180-ap) (3.21)
Yh +fy (qr) =0 (322)
where

fx (q’.) = bs sin(Gh, —-0,,) +bt sin(eh,) —bﬁ' cos(aﬁ +0hr —0,, +9m.)
£y(q,) =—bs cos(@y, — 0. ) — b, cos(8,, )~ b sin(a s + 6y, — 6 +6,,)
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The virtual variations of these constraint equations and the constraint forces

are found by following the same procedure as in the foot-flat period ( equations
(3.11) and (3.12)). Note that again Ax= R, , Ay= Ry, , which are the ground reaction

forces on the right foot, corresponding to the fixed toe joint.

The active generalized forces are determined by considering the virtual work

equation as follows:

8W=Th, 59,,,. +Th’ 80]0. +Tkl 80k1 —Th,60h1 +Tar 80‘,,

+T, (36, -850, —56,,)

(3.23)

where Ty, Ttr, Tar, Tri, T, Ter are actual joint torques. Hence it is obtained that

T =Tt ~T), 0
Q, =\Tp+Tp Qz'—‘[T } Qb=[0]

And the constrained Lagrange’s equations become:

of.
oK —aK+aU=Th,.—T,,+ _6_fo)(+ —L R,
26, ) 09, = 06, 20, 26,

86, 06, 86, 86,
i =T,
dt\ad, ) 06, o6, "
d(K) &K  aU
— === =Ty
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(3.25)

(3.26)

(3.27)
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d| 6K oK dU

—_— — -+ =x -2
dt[a*h) ox, o&x, 3.29)
d| oK JK oU

—|—1|- + =A 3.30
dt(ayh) &y oy -3

The left-hand sides of these equations are presented in Appendix A.2. Upon
elimination of x; , y, and the Lagrange multipliers, the final form of the Lagrange’s
equations will be

Mi+b=Q | (3.31)
where
6 [ Ty =Ty |
O T +T,
q=|0, Q=(T,; —-T,
On ~T,
_akl _‘ L Tkl J

3.1.2 Lagrange Equations for the Double Support Phase

In this phase, the left leg is assumed to be in the heel contact state while the
right leg is still in the heel-off state. As the left leg gets into the foot-flat state, the
right leg lifts off the ground and the next swing phase of the gait begins and this
corresponds to the termination of the double support phase.

Both q; and q, are in R® in this phase. Since both feet are in contact with the
ground, there will be four constraint equations as (equations 3.32-3.35)

xp, +£,(q,)=xp, + bs cos(180-a ) (3.32)
yi+1,(q,)=0 (3.33)
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where,
£x(qr) = by sin(6y, — 6, ) + b, sin(G, ) ~b 5 cos(a ;. + 6, — Oy +6,,)
£y(q) = ~b, cos(8), —Oy.) — b, c0s(0),) ~ b5 sin(a 4. + 6, — 6y, +6,,)

and

xp +8x(q;) = xg (3.34)
Ynt+8y(q)=0 (3.35)
where

8x(qr) = by sin(Oyy — Oy ) + by sin(Gy, )~ b g cos(@ g + 0y — Gy +6,)
8y(Q1) =—b; cos(@y; — Oy ) —b; cos(@ ) — by sin(a g + Gy — Gy +6,)

With the Lagrange multipliers Ax , Ay for the first set, and py , py for the
second set, the constraint forces are obtained as follows:

O Ot BCS Fo M IR -
Ay +Hy " |éq, &q, |7y ' “|oq, g By

Again note that Ax= Ryr , Ay= Ry , ix= Ry , by = Ry are the ground reaction
forces at the toe of the right leg and at the heel of the left leg, respectively.

The active generalized forces can be obtained as described below. The virtual
work equation can be written as

OW = Qrqur + Qlqul
=Thr 80,”. +Tkr 80]0. +Tld 80[‘1 -Thrﬁehl +Ta,. SHa,. +Ta180al
+T, (56, —86,, —30,) (3.36)

Hence,
T, -T, =Ty
0
Q, =T +T, Q =| Ty Qp =[0]
Tar - Ttr TaI
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Then, the constrained Lagrange’s equations can be written as

au of
di k)X | =Ty, T, + Ef—"—kx+ —L
it\ 26, | 06, = 06, 26, 26, |7

( of
4y X J— x U =T, +T, +[@‘—Jxx+(—y—JxY
dt\ 8, ) 96, 86y 30, 00,

( of
d| oK -6K+6U—Ta, T, + Oty A +| == Py
dt\aé,, ) 96, 86, 86, 80,

(k) K _au_,
dt\oz, | ox, o, X O
d(eK) oK U

—| = |- + =hy +Uy
dt\dy,) Yn Oyn

(3.37)

(3.38)

(3.39

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

Upon elimination of s, y» and the Lagrange multipliers Ax, Ay ; the Lagrange

equations can be written in the following compact form:

Mi+b=Q+®"p
p@=e
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The relevant quantities in these equations are defined as follows:

a=[u Oy 6, 6, 64 6,]" P=[Px Py]T

Q=[Q; Q; Q@ Q; Qs Q¢l”

Q) =T
Qy =Ty

Q3 =T} -T,
Q4 =T} +T,
Qs =T,

Q¢ =Tp -7,

4~ ¢,]= g.(a)-f,(q,)
¢y gy (ql) _fy (qr)

. _[xo, -x,, b, cos(180-af,)]
- 0

®=%=[¢11 ¢, O D, D ‘Dl6}
0q [Py Dy Py @y @y Dy

The elements of ® are as given below:

®,, = b, cos(d,)+b, cos(6, —0,)+b, sin(a, +0,, -6,+6,)
®,, =-b, cos(@,, -0,)-b,sin(a, +6,, —0,+6,)

®,; =-b, cos(6,,) - b, cos(8,, —0,.) - b, sin(a, +6,, -0,+6,)
®,, =b, cos(8,, —6,,)+b, sin(a, +6,, —0,+6,,)

O, =b,sin(a, +6, ~0,+6,)

D =-b, sin(a, +6, —0,+6,)
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@y = b, sin(By;) +b, sin(Gpy —0y)—b g cos(a g +6y —y +6,)
Dy =—b,sin(Gp; —Oy)+b g cos(ag +6p — Oy +6,)

D3 =—b; sin(Gy, ) — by sin(Gy, — 0, ) +b 4 cos(@ 4 +6y, -6 +6,,)
D34 = b, sin(Gy, — 6. ) —b 4 cos(@ 4 + 60y, — O +6,,)

Dy5 =—bpcos(ag +0y -y +6,)

Dy =by cos(ay +6y, O, +6,,)

As noticed, due to the constraints, two elements of q are excess coordinates.
Let q be separated as

where
Oni
7
p= akl g = [eal :l
hr ear
Ok

The elements of s are taken as the excess coordinates. Then, s and p can be
eliminated as described below:

Equation 3.45 can be written as

Mp, My [5] [0,]_[Qp], | @7
M HER BRI R 6
where
Q
_|Q =|:Q5jl
% Q3 A Qs
Q4
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From the second line of equation (3.47), p can be solved as

p=@s") Mepp + Mg +ds -Qy) (3.48)

On the other hand, s and its derivatives can be solved from the constraint
equation (3.46) as

s =1f{p) (3.49)
§=-(@,'D,)p (3.50)
§=-(@,0,)p-d (3.51)
where

d=d,(D,p+bg3)

® =[‘I’u Dy, D3 q>14] ® =[(D15 ‘916]
P @y @y @y Dy @y Do

After necessary substitutions into the first line of equation (3.47), the
following equation is obtained:

Hp+B=EQ (3.52)

where

H= [Mpp ~Mpv-v'M, ""VTMS‘V]
B=lbp —vTb, — M, ~v™M )]
=l -]

Y= (Ds‘l<Dp

I is 4x4 identity matrix
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3.2 Gait Control

Walking is a method of locomotion involving the use of the two legs,
alternately, to provide both support and propulsion. The human body applies
feedback control in order to achieve satisfactory gait. Without feedback control, it
would be impossible to stabilize the body in the upright position.

It is possible to model this control in several ways [10,24]. The feedback
control used in this study is in the form of computed torque control [25], which finds
application in the field of robotics as well. The application of this control will be
investigated separately for the single and the double support phases.

3.2.1 Single Support Phase

Both in the foot-flat and heel-off periods, the Lagrange’s equations are in the
following form:
Mi+b=Q (3.53)

It is assumed that the body generates Q as follows:

Q=Ma+b (3.54)
Then, equation (3.53) becomes:
d=a (3.55)

Here, a is the vector of control accelerations to be applied at the joints. The
body can be assumed to generate o according to the PD (proportional + derivative)

control law as

0=§ +C@E ~9+K@Q -9 (3.56)
where q' denotes the reference (or ideal) gait

In the foot - flat period, q € R*.So,
K = diag[mlz 0)22 0)32 (042]
C=2¢&diaglo; ©, o3 o4
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And in the heel - off period, q € R>.So,
K= diag[co12 o2 m32 co42 05’ ]
C=2¢diaglo; 0, o3 04 o]

K and C are diagonal matrices as each joint is assumed to be controlled
according to its own tracking error. Also it is reasonable to assume that the human
responses are fast and non-oscillatory. So it is proper to take £&=1 for the closed loop
system to be critically damped. Substituting £=1 into equation (3.56) leads to the
following error equation:

£+Cé+Ke=0 (3.57)

wheree=q‘ -q

This equation indicates that even if €( tp ) = 0, €(t) will become practically
zero a short while after to.

3.2.2 Double Support Phase

In this phase, the degree of freedom of the system is 4 while there are still 6
torques to be applied as control inputs. So, the human body most probably makes
some kind of an optimization in deciding how to apply them.

Here, it is assumed that the body determines them in such a way that the
following performance function is minimized

I=TTWT (3.58)
where
T=[l Ty Ta Te To Tl

and W is a properly selected diagonal weighting matrix, i.e.
W=diag[W, W, W3 W, W; W]

The elements of the weighting matrix can be selected as appropriate to the

specific needs of the problem in hand.
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The actual torque vector T can be related to the generalized torque vector Q

as follows
T=AQ (3.59)
where
[-1 0 0 0 0 0]
0O 1 0 000
0 0 o
A= 010
1 0 1t 100
-1 0 -1 0 01
-1 0 -1 0 0 0]

So with W = ATWA, the performace function becomes
J=Q"WQ (3.60)

On the other hand, as in the single support phase, it will be assumed that the
body generates the control acceleration vector o so that ;

p=a
According to equation (3.52), this necessitates the following equation to be

satisfied by the joint torques:

Ho+B =EQ (3.61)

Taking this equation as a constraint on Q, the performance function can be

augmented as

J=Q"WQ+y"[Ha+B-EQ] (3.62)
where vy is the vector of associated Lagrange multipliers,

J is minimized if 87 / Q = 0. That is,

WQ-ETy=0 (3.63)
Hence, Q is expressed as
Q=W'E"y (3.64)
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Inserting this expression into equation(3.52 ), is found as
y=EW'ET) " (Ha +p) (3.65)

Hence, the optimal Q vector is found as

Q=B(Ha +p)
where B= W'ET(EW'E"™)™ (3.66)

With this Q, the dynamic equations (3.52) reduce to

p=a
Again, o can be assumed to be generated according to the PD control law as
a=p" +CE" -p)+K@" -p) (3.67)

Which leads to the following error equation:

E+Ce+Ke=0 (3.68)
where

£=p -p
K= diag[‘”lz 0, @ m42]
C=2§diag[0)1 0y Oy 0)4]

With the assumption of critically damped closed loop system, & is again taken as
unity.

3.2.3 Determination of the Control Stiffness Coefficients

As noticed above, the error equation has the same form both in the single
support and in the double support phases. It can be repeated here for the k’th joint
with £€=1 as

E +208, +0, e, =0 (3.69)
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In this equation, it would be very simplistic to assume that wy is constant. It is
most probable that the human body applies a stiffening control such that a—ay’,
which is a low value, when &, gets larger so that the resulting torques do not exceed
the physical capacity and a,—>ay ', which is a high value, when &, approaches zero so
that the robustness is increased against perturbations once the desired gait is
established. In other words, it can be assumed that the body applies some kind of
scheduling on @k depending on the magnitude of €. In this work, this scheduling is

modelled as follows:

0
oy = o + (0 -y )e_oklsk/ak |

(3.70)
where g is the maximum expected error.

The values taken for @’, o, and oy and the simulation results are given in
Chapter 4.
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CHAPTER 4

RESULTS AND DISCUSSION

4.1 Range of Application of the Dynamic Model

The dynamic model described in the previous chapter can be used for the
following applications:

i) Forward Dynamic Analysis:

For the single support phase the equations 3.20 and 3.31, and for the double
support phase the equation 3.52 can be integrated for specified joint torques to
simulate the resulting gait. This requires a suitable integration scheme such as
Runge-Kutta method. The specified joint torques can correspond to those of a normal
or a disabled person, thus enabling to simulate both normal and pathological gait.
Note that such an analysis needs a correlation to be established between the joint
torques and the underlying pathology, such as changes in joint torques for a disabled
person wearing prosthetic or assistive orthotic devices.

ii) Inverse Dynamic Analysis:

The same equations can also be used to calculate the joint torques necessary
to obtain a desired gait. It should, however, be noted that the number of joint torques
exceeds the degrees of freedom of the model for the double support phase, and this
requires some kind of optimization, such as the scheme presented in section 3.2.2, to
be used. Such an analysis may help to propose rehabilitation or surgical treatments
necessary to approach the normal gait.

59



iii) Gait Control:
The computed torque control law presented in this work can be tested for its
effectiveness to stabilize gait under various disturbing features.

In this study results are presented for the third application. However, if there
are no disturbing features in the system, the computed torque gait control algorithm
reduces to the inverse dynamic solution. This is another advantage of modelling the
inherent feed back control action of a human body by means of computed torque
method. Therefore results for the second application are also presented by
introducing zero initial errors and zero disturbances in the control algorithm.

4.2 Results

The gait models presented in this study are developed by using the Gait Cycle
Data (GCD) output file of the VICON Clinical Manager [23], which presents gait
analysis data for a male subject of 80 kg mass and 1.85 m height. Not only the hip
and ankle trajectories representing the “desired gait”, but also switching times
between different phases and stages of the gait as well as the model parameters and
initial conditions are all tuned by utilizing the data of this standard gait analysis. The
same data can also be used to demonstrate how successfully the proposed models
describe the actual gait. For this purpose results are presented for both the modelled
and experimentally measured joint angle trajectories (section 4.2.1), and for the joint
moments (inverse dynamic analysis) obtained from the model and yielded by the gait
analysis (section 4.2.2). Finally results are presented to demonstrate the effectiveness
of the computed torque control strategy as the feedback controller to stabilize the gait
under some disturbing features (section 4.2.3).

4.2.1 Joint Angle Trajectories (Kinematic Comparison)

Figure 4.1 shows the stick diagrams for the model and for the standard gait
analysis. Although the modelled and experimental stick diagrams seem quite
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consistent at the first sight, there are in fact considerable deviations in the joint angle

trajectories.

Stick Diagram of the Model

M

Standard Gait Analysis

Figure 4.1 Stick diagrams for the model and standard gait analysis
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Comparisons of the modelled and measured joint trajectories have already
been presented in Chapter 2. Figures 4.2-4.5 present the same for the complete gait
cycle by combining the results from different models. It is clear that the proposed
models realize the desired gait pattern by considerably different joint angle
trajectories, and as discussed in Chapter 2, this is believed to be primarily due to the
planar nature of the models representing an actually three-dimensional kinematics.

Left Leg Hip Joint Angle
35
30 ]
25 - A—ON
20 -
15 -
@ 10 —e—modelled
2 . —m— experimental
0l J— Sy e
-5 d,18 236 0,283 0,330 0,378 0,425 0,472 0,519 0,566 0,614 0,661
-10 |
15 °3 = >
Swing phase Double support
time(sec) (around heel)

Figure 4.2 Left leg hip joint angle
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Left Leg Knee Joint Angle
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Figure 4.3 Left leg knee joint angle
Right Leg Hip Joint Angle
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-15 :::
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-25 L i o —
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Figure 4.4 Right leg hip joint angle
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Right Leg Knee Joint Angle
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Figure 4.5 Right leg knee joint angle

4.2.2 Joint Moments (Kinetic Comparison)

Figures 4.6-4.11 display the joint moments calculated from the inverse
dynamic analysis of the proposed models. For the double support phase, the inverse
dynamic analysis requires properly selected weighting factors. Exhaustive tests have
been conducted with different weighting factors and the following values are chosen
based on the closeness of model solution and gait analysis results:

W =diag[lo0 80 1500 5 0.1 10]

Note that there exists no toe moment in the standard gait analysis, therefore
Fig. 4.9 does not contain a gait analysis result for comparison. The other figures
demonstrate that the joint torques calculated from the proposed models deviate from
those yielded by the gait analysis especially during double support phase. The
unrealistically high joint moments encountered during double support phase can be
attributed to the modelling strategy. Instant switching from one model to the other,
each possessing different kinematic structures, cause abrupt changes in joint



moments. Differences during other phases are reasonably small and these can be
attributed to both differences in joint angle trajectories as well as inaccuracies
inherent in the standard gait analysis methodology in estimating the joint moments.
Finally the simulated vertical ground reaction force is presented for the complete
stance phase together with the force plate measurement in Fig. 4.12. Here, unlike
joint moments, there is no inaccuracy problem related to the directly measured
ground reaction force, and therefore any deviation is to be attributed to the modelling
errors. In general the expected double humped “ M ” shaped vertical ground reaction
curve is obtained from the model. However, the double support phase again shows
some abrupt changes in vertical ground reaction force. It should also be noted that
force plates with high sampling rates also show some ripples during the initiation of
double support due to the impact of the foot with ground, but not as much as
estimated by the model.

Right Leg Hip Joint Moment
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—B—gait analysis
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Figure 4.6 Right leg hip joint moment
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(Nm)

Right Leg Knee Joint Moment
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Figure 4.7 Right Leg Knee Joint Moment
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Figure 4.8 Right leg ankle joint moment
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Right Leg Toe Joint Moment

100
50 f\‘\
o::;.*#:.::..jr. e . e T

= 4,189 0,236 0,283 0,330 0,378 0,425 0,4 ,519 0,566 0,614 0,66[1

-100 -

-150 | \/\Q\'

~200 - —— —i J

Single support (foot-flat) Single support (heel-off)y  Double support
time(sec) (around toe)
Figure 4.9 Right leg toe joint moment
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Figure 4.10 Left leg knee joint moment
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Left Leg Ankle Joint Moment
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Figure 4.11 Left leg ankle joint moment
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Figure 4.12 Vertical ground reaction force
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4.2.3 Disturbed Gait Control

Effectiveness of the computed torque control proposed in this study is tested
by introducing disturbances in the form of deviation from the desired trajectories.
Such a deviation may be due to the initiation of the gait from a posture which does
not conform with the desired trajectory, or may be due to the subject being stumbled
during gait. To simulate both, two disturbances are artificially introduced at the

beginning and somewhere in the middle of the gait cycle.

As the error differential equation is now excited by these disturbances,
suitable lower and upper bounds for the control stiffnesses (@’ and @ ) as well as
the suitable gain scheduling constant (ox ) need to be chosen. Again several trials
have been conducted and the following values are chosen based on the magnitudes of
the resulting corrective efforts (joint moments) and corresponding fast convergence

to the desired trajectories:

For foot-flat period:
0,, 10 100 4
O, o {10 « |100 4
= = W = g=
16, " =lis 100 4
Oy 15 100 4
For heel-off period:
6, ] [10] 100 4]
O 10 100 4
q=|6, @ =[10 o =|20 oc=\4
O 15 100 4
6y | 15 1100 4
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For double support phase:

O
O
=l o
Oy

q

All through the anaysis the control sampling time is 0.005 sec. and Euler

10 100

10 « (100
o =

15 100

15 100

integration method is used for numerical integration.

Figures 4.13-4.16 display the desired and controlled joint angle trajectories.
Computed torque control strategy proposed in this study seems to be effective in
correcting the gait pattern against the two disturbances introduced artificially.
Despite the considerable disturbance given especially at the initiation of gait cycle,
the feedback controller designed is able to introduce corrective action within one

cycle.
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Figure 4.13 Left leg hip joint angle (disturbed)
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Figure 4.14 Left leg knee joint angle (disturbed)
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Figure 4.15 Right leg hip joint angle (disturbed)
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Figure 4.16 Right leg knee joint angle (disturbed)

Figures 4.17-4.22 show the joint moments necessary to stabilize the gait
against the disturbances. Although the effect of the disturbance at the initiation of the
cycle can be corrected by corrective efforts (joint moments) of reasonable
magnitudes, unrealistically high joint moments are involved as the corrective action
against the disturbance in the middle of the gait (i.e. stumbling). This is probably due
to the sudden stop and movement of the legs at the instant of this disturbance. It is of
course possible to reduce the magnitudes of the corrective efforts by changing the
control stiffnesses, but then the effectiveness of the feedback controller is lost. It is
believed that the primary cause for apparently unrealistic joint moment magnitudes
involved is the discrete modelling strategy (ie. instantly switching from one model
to the other which have different kinematic topologies).
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Figure 4.17 Right leg hip joint moment (disturbed)
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Figure 4.18 Right leg knee joint moment (disturbed)
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Figure 4.20 Right leg toe joint moment (disturbed)
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Figure 4.21 Left leg knee joint moment (disturbed)
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4.3 Discussion

The planar linkage model developed in this study to simulate the normal
human gait has some drawbacks:

i) While the desired trajectories are being followed by the model, somewhat larger
joint rotations occur. This is purely a geometrical problem and is mainly associated
with the planar nature of the model. In fact the human gait is a three dimensional
process. As mentioned in Chapter 1, there are six determinants of gait. Three of these
determinants: the pelvic rotation, the pelvic tilt and lateral body displacement occur
in the third dimension, providing balance throughout the gait. Without taking the
third dimension into consideration, the effects of these out-of plane motions are
ignored, and the required gait pattern is tried to be achieved by the planar
movements. This limitation also entails the use of longer limb lengths, which further
adds to the apparent deviations of joint angles. Furthermore, modelling the foot-
ground interaction by a fixed pivot constraint is also responsible for discrepancies.

ii) The joint torques necessary to maintain the desired gait pattern is reasonably close
to those yielded by gait analysis except at the double support phase. Abnormal joint
moments encountered at the double support phase is due to the sudden switching
from one kinematic model to another having completely different topological
characteristics. The model for the double support phase is a closed loop linkage
while the preceding model is an open loop one. Although displacements are
continuous, higher order derivatives show abrubt changes and the number and nature
of the joint torques change instantly. The present study is a first attempt to simulate
the complete gait cycle. Previous research is limited to only a portion of the gait
cycle, i.e. swing phase, single support or double support phases. Probably it is this
inherent difficulty encountered in this study which directed previous researchers to
study only one aspect of the gait in isolation from other phases.

Apart from the double support phase, joint torques also show some deviations
from gait analysis results, but their magnitudes are at acceptable levels. This means
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that switching from model 1 to model 2 of the single support phase did not create
discontinuity problems as much as it did for switching from single support to double
support phases. This is probably due to the fact that both models 1 and 2 are open
loop linkages differing only with the addition of foot rotation.

Deviations in joint torques during single support phase may be due to several
factors. First of all calculations of the joint torques in the standard gait analysis
methodology also involves considerable inaccuracies. After all, it is a well known
drawback of standard gait methodology that, if continued upwards, it would give rise
to an artificial moment at the top end of the head to satisfy the Newton-Euler
formulation adapted. The extend of this inaccuracy depends on the measurement and

data processing system used.

Another error arises from the fact that, in the human body, mass of the HAT
is not lumped at the hip joint. The mass moment of inertia of the HAT around its
mass center is 10.1 kg.m? for a person of 1.85 m height and 80 kg mass [4]. When
the human gait is examined, continuous movement of the trunk and arms are
observed, providing balance but in this model the trunk and the arms are assumed to
be making no fore and aft movement.

One of the assumptions made during the modelling stage is taking the right
and left hip joint moments equal in magnitude and opposite in direction. As seen in
Figure 2.3 this assumption can be verified to some extend but it still causes error.

Finally the geometrical inconsistency between the modelled and measured

joint angles is also reflected to the joint moments to some extend.

iif) The computed torque control introduced in this study is capable of regaining the
desired gait pattern when it is disturbed. This, however, occurs at the expense of
unrealistically high joint moments, especially for the stumbling disturbance
introduced at the middle of the gait cycle.
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These unrealistic joint moments may also be attributed to the modelling
errors discussed before, rather then the computed torque control stategy adapted in
this study. However gait control strategy also involves some features which may
further be improved.

The gait control stage involves the determination of the control stiffness
coefficients and the weighting constants. As mentioned in Section 3.2, the human
body applies feedback control in order to achieve satisfactory gait. In this study,
feedback control is used in the form of computed torque control. Although feedback
control method is used before [11], there have been no studies made about the
physical control stiffness values of human gait so the values used in this study are
determined on the basis of trial and error. Different from the previous study [11], the
control stiffness values are not taken as constant throughout the gait and are not the
same for all joints. It is most probable that the human body applies a low stiffening
value when the deviation from the desired trajectory is large, and stiffens the control
when the deviation gets smaller. Application of a high stiffening value throughout
the gait would cause the torques to reach undesirably high values and with the
application of a small value, it would take too much time to reach the desired
trajectory.

Using different control stiffness coefficients for different joints is another
advantage of this study. It is probable that the human body also adjusts its control
stiffness according to its need. During the test runs, it was observed that it took more
time for the swing leg joint angles to reach the desired trajectory, when compared
with the stance leg joint angles. So by increasing the lower stiffness boundary for the
swing leg, the time needed is shortened.

The feedback control not only regulates the disturbed gait but also suppresses

the errors of numerical integration. Enlargement of the deviations are prevented by
the feedback control method.
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The second step in the gait control stage is the determination of the weighting
constants. In the double support phase, the degree of freedom of the system is four
and there are six torques applied on the joints. Probably, the human body is applying
some kind of optimization during the application of these torques. In this study,
optimization is done by minimizing the performance function (3.58). The weighting
constants used in this problem are determined according to the specific needs of the
problem in hand. Determining six different constants as appropriate as possible is a
very difficult problem. As no such studies on this problem were available in the
literature, with trial and error, the most appropriate constants are tried to be found.
Changing the weighting constants and the control stiffness coefficients changes the
behaviour of the system completely. Hence the selection of these values should be
handled together and solved as a different problem in the future studies.

When the results of the inverse dynamics analysis are inspected, the effects of
the modelling and gait control stage assumptions are clearly seen. In Figures 4.2 to
4.5 the hip joint and knee joint angles of the gait and in Figures 4.6 to 4.11 the
resulting joint torques are presented. The modelling stage and control stage
assumptions lead to the deviations of the calculated torques from the experimental
results. Although the results obtained are satisfactory to a great extend, the results of
double support phase moments and ground reaction forces may be improved by
changing the weighting constants.

When the results of the disturbed gait control are inspected, it is seen that the
model reaches the desired trajectories in a short time (Figures 4.13 to 4.16). The foot-
flat period starts from a different position and during the heel-off period a second
stumbling disturbance is applied on the model. To shorten the response time, greater
stiffening constants could have been used but in this case the step increases in the
moments at the instant of stumbling would reach to very high values. To prevent the
sharp increases and decreases in the moments, smaller control stiffness coefficients
could be used but this would lengthen the response time.
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The main problem in this study was to decide on the weighting constants and
control stiffness coefficients. As mentioned before, there were no studies made on
the determination of these constants so the values used in this study are found on the
basis of trial and error. After making an enlarged analysis on the weighting constants
and control stiffness coefficients, the results may be improved.

The foregoing discussion implies that modelling of the foot-ground
interaction and confining the body segment motion into a two-dimensional space are

the main causes of poor performance of the model.

In the model, the right foot link is taken as connected to the ground from the
ankle joint in the foot-flat period and from the toe during the heel-off period and
double support phase. The left foot is taken as rigidly connected to the left shank
during the single support phase and to the ground from its heel during the double
support phase. When experimental data for a human of 1.60 m height is examined
[4], it is seen that during the foot-flat and heel-off periods, the center of pressure on
the ground moves 110 mm and 39 mm forward respectively. During the double
support phase the center of pressure of the right leg moves 20 mm and that of the left
leg moves 84 mm forward on the ground. Connecting the links to the ground by a
revolute joint makes this movement impossible and forces the ankle joint to move on
a circular trajectory. This constraint obliges the desired ankle joint trajectory deviate
from the experimental trajectory and hence the desired hip joint and knee joint angels
change. To provide a continuous gait (without break off) the link lengths had to be
increased, which again causes a change in the desired hip and knee joint trajectories.
As a result of these, not only the angels but also their accelerations and velocities
change. It can be clearly seen that modelling the stance legs fixed to the ground
effects the trajectories and the moments and hence the ground reaction forces in both
the single and double support phases. Appropriate modelling of foot-ground

interaction is therefore necessary for the enhancement of gait simulation efforts.
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CHAPTER 5

SUMMARY AND CONCLUSION

The aim of this study was to develop a simulation model of human gait and
investigate the behaviours of the body under various disturbing features. Visual
Basic 5.0 was used for the computer program of this study.

The first step was the physical modelling of human gait. Different linkage
systems were proposed representing different phases of the gait. The desired
trajectories for the joint angles were determined by using the experimental data [23]
and by tuning the anthropometric data so as to satisfy the kinematic constraints.
Computer programs Jandel Scientific-Table Curve and Sherrod Software-NLREG

were used to determine the desired trajectories.

In the second step dynamic equations of the models were obtained by using
Lagrange’s equations. The derivation steps are handled by Mathematica 2.2 and
Mathematica 3.0 computer programs.

The last step was the modelling of gait control. Feedback control was used in
the form of computed torque control, to achieve satisfactory gait in both phases. Gain
scheduling was applied on the control stiffness coefficients so as to achieve
reasonable torques and short response time. The double support phase differs from
the single support, as the degree of freedom of the model is 4 while there are 6
control torques, and the linkage system is closed loop. For the solution, the weighted
least squares optimization method was introduced. By this method, the elements of
the weighting matrix can be selected according to the problem.
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Results demonstrated that the computed torque control can be a potentially

effective feedback controller describing the actual controls applied by a human body.

However, in some instances the necessary controls (joint torques) reached
unrealistically high values. These problems were associated with unrealistic
assumptions involved in modelling.

In order to improve the present study in view of approaching a more realistic

gait simulation model, following future works are recommended:

1-

A three-dimensional model can be developed to include the effects of the lateral
displacement of the body, the pelvic rotation and the pelvic tilt.

Moveable toe and heel joints can be proposed for a better representation of the
foot-ground interaction.

Head-Arms and Trunk (HAT) can be modelled as separate links and the right and
left hip joint moments can be treated separately.

Limits for the applied torques can be introduced so as not {o exceed the hyman
capacity.

An optimization program that handles the calculation of the control stiffness
coefficients and the elements of the weighting matrix together, can be generated.
An algorithm that minimizes the differences between the calculated and
experimental joint torques and ground reaction forces by an objective function
can be used for this purpose.
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APPENDIX A-1

THE OPEN FORMS OF FOOT-FLAT PERIOD EQUATIONS

Left hand side of equation 3.14:

br. g. my. Sin(6) + b, g. ms. Sin(G) + dy.g.m. Sin(Gy) + bs.g. ms. Sin(6h
0)+ dy.g.my. Sin(G-Gc) - 2.Dbs. be. my. Sin(Oe) . O . G - 2. by ds.
ms. Sin(6) . G . O + bs. by. myp. Sin(Ge) . G >+ b.ds. ms. Sin(bk) . b >
L. Gp + L. Gy + bs:.ms. G + b ms. O + b2.ms. G + di>. m;.
G, +d’.m. G + 2.bs.b. mp.Cos(6). G + 2. ;. ds. ms.Cos(br). O -
L.6 - b%.m. G - di®.ms. 6 - bs.by.m.Cos(b). O - bi.ds.
m, Cos(6k) . O + by.mr.Cos(B). ¥ + br.my.Cos(bu). xu + di.
m;.Cos(Oi). xn + bs. m;.CoS(Our-Gc). xn + ds. ms.CoS(6hr-6hr) . Xn “+ b,
mg Sin(6) . yn + be.ms. Sin(Gy). yu + di.my. Sin(6). "+ bs. ms.
Sin(B -6). yn + ds. ms. Sin(6hr -G) . Y i

Left hand side of equation 3.15:

(bs. g . my. SO -6k)) - ds. g. ms. Sin(fr -6) + bs. b my. Sin(6) - O > +
by.di.ms.Si(Op). O 2-L. O - bs%.my. O - di*.my. Or - bs. b:.
ms.Cos(6k) - G - by ds. ms.Cos(br) - Oy +1. 60 + b.mys. G + di*.ms.
G - bs.mp.CoS(Ohr -Gu). xn = ds. ms.CoS(br-Or) - X "= bs. my. Sin(G -
Gs). yn - ds.mg. SO -O). Yn
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Left band side of equation 3.16:

(cs. g . my.Cos(Gu -6)) + by.g.ms. Sin(G) + b:. g. Ms. Sin(Gu) + di.g. mi.
Sin(Gu) + bs. g. my. Sin(Gu -6u) + ds. g. my. Sin(6u -G+ ds.g. mg. Sin(Gy-
) - 2. br. ¢y mp.Cos(b). O’ . O - 2. by. by. my. S(6k) - O . O - 2. De
dr. myp. S(6k) . O . O - 2. bi. ds.ms. Sin(d). O . O+ bi.cr.
my.CoS(6k) . O >+ bs. by. my. Sin(Bu) . b+ b dy. my. Sin(h) . G2+ b.d
ms. Sin(8). Gu>+ I O + L. Ga + L. 6 + b ms. Ga + b mf&u+
Cf mf€h1+2bsdfmf0;.1+df mf&,1+b, ms. Gu + d2.ms. Oy
+ d?. m. 64+ 2. bs. b mp.Cos(6). Ou + 2. Dbi. ds. my.Cos(G). G + 2.
b,. d;. ms.Cos(6k). O - 2. bi.cr. my. Sin(6u). Ou - I O - L. Ga - bs”.
ms. O - cf . my. O - 2. bs. dr. my. G - df.mp. O - di.ms. Gu -bs. bi.
my.Cos(6) - G - be. dr. mg.Cos(Gu) - Gs - bi.ds. ms.Cos(B) - Oa + by. cf.
my. Sin(6) . O+ be. mp.Cos(B) . xn + . ms.Cos(Gu) . h’+ d; .
my .Cos(Gu) . xn "+ bs. mp.CoS(Gu -6k) - Xn “+ dy. mg.Cos(Gpi -6k) . Xn “+ ds.
my .Cos(Bu-0k). ¥+ cr. my. Sn(Gu-6) - *n - G- My COS(9hl-9k1) yi +bi.
mys. SIn(6hr) - Yn "+ by.m. Sin(6u). Yn "+ d.my. Sin(Gw). Y "+ by, my.
Sin(6h-6a)- yu + dr. my. Sn(Gu-6u) . Y "+ d.ms. S(Gu-6). Y

Left hand side of equatidn 3.17:

¢r. g. my.Cos(6h-u) - bs. g my Sin(Gu -Ga) - dr. - my. S -6k) - ds- 8

ms . Sin(Gu -6u) + be. cr. my. Cos(6k) - Gy %+ bs.bs. my. Sin(Gy) - Ou’+ b dr
my. Sin() - O > + be. d,. ms. Sin(bhs). O L. O - L. Oul - bs2. my. G -
et . m. O - 2.bs. dr. my. G - d.ms. G - di’.m . G - bs. b
my.Cos(6h) - Gu - by. ds. my.Cos(6k) . Gu - b:i. ds. ms.Cos(h). Ou + b cr.
my. Sin(6k) . O + I 6 + L. Gu” + bs’. rnf9u+0f mp. Ga + 2.bs. dr.
mp. Gu + de* . mf G + di*. . Qs - bs. ms.Cos(Ou ) - " -ds.
my.CoS(6hi -6h) - xp - ds. mg.Cos(On-6). Xn "Cf my. SIn(Gu -G) . Xn "+ ¢
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my.Cos(Gu-6d). yun - bs. ms. Sn(6u -6) . "o dp. my. Sin(Ou-G). Yn -
ds. my. Sin(6u-6) . v

Left hand side of equation 3.18:

my. ((d;. SI(6) . O +di.Cos(6h). O+ xi )+ my. ((ds. Sin(6h) . G ) +
d; .Cos(B) - Or + xp )+ ms. (<(b:. Sin(6h) . O 2) - ds. Sin(6 -6k) . (Gu -
G)2+ b,.Cos(Gh). O+  ds.Cos(bu-6). (G - Gu)+ xu )+ my. (br.
Sin(@) . O’ ) + ¢ .Cos(Bu ~6) - (Ol - bu)* - (Bs + &) . Sin(bu ~6) . (B -
G2 + by .Cos(h)) . Gu” + (bs + dp) .Cos(6h -6h) - (6" - 6d) + cr. Sin(Ou -6u) -
O - 6+ %)+ my. (-(br. S(G) . O D) - bs. Si(hr -6u) - (G = 6" ¥
by .Cos(B) - O + bs .CoS(Bhr -Oi) . (O = O )+ xn )+ ms. (-(bs . Sin(br) -
60"%) - ds . SO -0u) - (O - G)* + by .CoS(B) . b+ ds .COS(Bhr -6) - (O -

G Y+ X Yrms. xh’
Left hand side of equation 3.19:

2.g. (m+mg+m)+m. (d .Cos(h) - Qu 2+ d,. Sin(Gu) - O + Yu Y+ m.
(ds.CoS(hr) . O >+ di. S - O + yu )+ my. (br. Cos(Bh) - Ou? + (bt
) .Cos(6hi -6k) . (B - Oa)?+ 7. SinBu-6u) . (B’ - 6a)” + br. Sin(Bi) O -
& .Cos(bh ~G) - (6" - )+ (bs + ) . Sin(bh -6 . (G - Q)+ yn )T ms.
(be.Cos(bh) . Ou’> + ds .CoS(Bhi-0u) . (Oui = 6 + be. Sin(B) . G + s Sin(h -
Gd). (6 - G+ yu )+ mys. (b;.Cos(6hr) . 8, 2 + by .CoS(Oh -0c) . (Gr - O) +
b,. Sin(6h) . G+ bs. Sin(Ghr ~Gk) . (B - O ) + Vi "y + ms. (br.CoS(6hr) - O > +
i .Cos(B 6k) . (G - O) 2+ by . S(B) . O + s . Si(Ghr -66) - (B -6)
+ yn Yrmp.g
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APPENDIX A-2

THE OPEN FORMS OF HEEL-OFF PERIOD EQUATIONS

Left hand side of equation 3.24:

(dp. g. mp.CoS(Qp +0or +0ir -6)) + by 8. my. Sin(Bh) + by g. ms. Sin(Gr) + .
g.m. Sin(6y) + bs. g. ms. Sin(Gh -G) + ds.g.ms. Sin(Gy -Gc) + bs. dp.
my.Cos(@p +6ur) . Oz >+ by . dp . my.Cos(ap +6ur -O) - O 2 +2.bs. dp.
my.Cos(@s +0ar) - Our - O +2. by. di. my.Cos(as +bor -6hr) - O . O - 2. bs. dp.
my.CoS(@p +0u) . Our . O - 2. by dp. my.CoS(a +6ar -6r) - O . O -2.by. dj.
my.Cos(@p +0ur -0 . O . Gr - 2. bs. by. my. Sin(Bhr) - Op . O -2.b;. ds. ms.
Sin(6k) - Ghr - Gk + br. di . my.CoS(Qp +6ar -Oc) - O+ bs. by. my. Sin(6e) . 6*
+ by ds.m. S(B). O 2+ Ir. O + di®.my. O + bs.dy. my.Sin(op +6a) .
@ + by ds. mp. Sin(ay +0u-Oc). O +. O +L. O +L. G + bs* . my.
O + b my. G + i my. O + b .ms. O +ds.ms. G +d.my. O
+ 2.bs.b.m.Cos(b). Gr + 2. by ds. ms.Cos(6) . G +2.bs.dp.my.
Sin(ap +6) . G + 2. by. di. my. Sin(as +6ar -G) - O -l O -Is. G - bs”.
m. O - dp’.mp. G - di>.ms. G - bs. b . m.Cos(bh). G - b;. ds.
my .Cos(6k) . O - 2. bs. dp. my. Sin(ap+6) . O - bi. dp. my. Sin(ap +6a -
O). O + br. m;.CoS(Gh). xn + by. ms.Cos(Ghw) . Xn "+ dy. m.Cos(6). Xn
+ bs. my.CoS(Oh-Oc). X+ ds. my.CoS(Oy-Ok). X + di.my. Sin(ay+6r
O -Oa). Xn - dp. m;.CoS(@ 0+ -6). Vi +by. my. Sin(hr) . Y “+b,.
ms. Sin(6). yu + di.my. Sn(G). yun + bs. my. Sin(6 -6) . Vi "+ ds. m;.
Sin(6hr -G) - Yn
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Left hand side of equation 3.25:

ds. g. my.Cos(ap +0y +6h -6) - bs. g. my. Sin(Oy -6¢) - ds. g. ms. SIn(Gyr -6)
- bs. dy. mp.Cos(@p +6). G 2-2. bs. ds. mp.CoS(p +0) . O . G + by. dys.
my.Cos(@s +6ar-Oir) . O 2+ bs. by. my. Si(Bh) . G >+ by. ds. my. S(G) . G 2
+2. by. dp. my.CoS(p+0) . O . G Iy O - 2. my. G - by dy. my. Sin(ay
+0u). O -Iy. O -Is. OB -bs>.myp. O -dp®. my. O -di*.ms. Gy - bs. by.
m;.Cos(6k) . hr -b:. ds. ms.Cos(6). G 2. bs. di. my. Sin(es +6z). 6 - by.
dyp . mg. S0(p +Oir ~O) . O Hy. O + L. O +bs>.mp. O + dp?.my. G +
d®.ms. O +2.bs.ds. mp. Sin(ap +60y) . O - bs. mr.Cos(6hr-Oi) . X1 - ds.
ms .Cos(Gr -G . xn - dp. my. Sin(ap +0or +6r -O) . X+ dp . my.Cos(ap +s
+6hr-6). Yn - bs. my. SOy -O). yn - d. my. Sin(Gr-G). yh

Left hand side of equation 3.26:

«(ds . g . my .Cos(ap +0y +0 -6)) -bs . ds . my .Cos(ap +6s) .G >~ by .dj .
my.Cos(ap +0y ~6x) . O >+ 2. bs. dp . mp.Cos(@p +6u) . G - G - bs . dp .
my.Cos(ap +0u) . O > +ly. Oy +ds® . my. O +ly. O +dp’.my. Gy +bs. dj.
my. Sin(ap +0) . G +by. ds. my. Sin(ap +0 ~6) . O k. O -dp®.my. G -
bs. dp . mp. Sin(ay +6y) . G + dp . my. Sin(ap +00r +Ow -Or) . xn - dp .
my.Cos(ap +0ur +0-Gr) . Yo

Left hand side of equation 3.27:

-(cr.g. mr.Cos(Gu- G)) + b.g. mp. SI(Ghy) +b,. g.ms. Sin( G)) +dr. g. my.
Sin(6hi) + bs. g. my. Sin(6hs-6) +dr. g . my. Sin(Gu -6) + ds. g . ms. Sin(Gu -6k) -
2.b.cr.mp.Cos(6). O . G -2. bs. by. mp. Sin(G). Gt - Ga -2 . by. ds. my.
Sin(6). G - G -2. by ds. ms. Sin(6). O . O + by. cr. mp.Cos(O). Gu > +
bs. by my. Sin(B). Gy >+ by dy. my. S(6k). G2+ by. ds. ms. Sin(G) . Gu* +
Ir. O +1. Oy . O +bs> . mp. G +b>.mp. G +c . my. G +2.bs. dy.
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my. G +dP . my. O b ms. O+ ds . ms. O+ d2.m. Gy +2.bs. by
my.Cos(ks). O +2. by. dr. my.Cos(Ba). O +2. by. ds. ms.Cos(6) . G -2 .b.
¢r. my. Sin(6u) . O k. G L. G -bs* . my. G - my Gy -2.bs. dr. my.
Qo' - dP.my. O - d>.mg. O - bs. by mp.Cos(Bk). Gu - be. dy. my.Cos(6a) .
G0 - bi.ds. ms.Cos(6k). G + by. cs. my. SIn(Bk) . G + by my.Cos(6u) . Xn )
+ by. ms .CoS(B). xn + dy. m.Cos(6u). xn + bs. mp.Cos(Ba-6k). X» + dr.
my.Cos(Gu -6ul) . xn "+ dy. my.Cos(Ou-6u) . Xn "+Cf. my. Sin(6h -6) . Xn . cr.
my.Cos(G-0). yu + by.my. Sin(6). yu + by ms. Sin(6k). yu “+ d.m,.
Sin(G). yu+ bs. my. Sin(Gu-6). yu +dr. mp. Sin(6u-Ou). yn +ds. ms.
Sin(6u-6) . yn

Left hand side of equation 3.28:

¢r. g. my.Cos(Gn -Gk - bs. g my. Sin(Gu -6k) - dr. g . my. SinGh -Gu) - ds. g ms.
Sin(6h -Gu) + be. ¢ my.Cos(Be) . O 2+ bs. by. my. Sin(a) . G * +be. dy. my.
Sin(Ge) . O +by. ds. my. S(G) . O <Ly Ou L. O - B> my. O - my.
Ou' -2.bs. dr.mp. O - &P . mp. O - di* . ms. O - bs. by. my.Cos(6) . Ot -
be. dy. my.Cos(Bu) . O’ - by ds. ms .Cos(Bs) . G + br. cr. my. Sin(6) - Ou +I.
G+, O +bs%. mp. O ¥t mp. O +2. s dpmy. O+ Ay G+
42 . ms. Q" - bs. m;.Cos(Gu-6a). xn - ds. mp.CoS(6h-6u). X - ds. ms.Cos(6
8. xn - cr. my. SI(Ou-6k) . xn +cr. mp.Cos(6h-G) . Y "~ bs. my. Sin(Gu -
O). yn - ds. mp. Si(Gu-6a). yu - ds. ms. Sin(Gu-6k). yn )

Left hand side of equation 3.29:

my. («(d. Sin(Gh) . O’ D)+ di.Cos(Gh) . O + xn )+ my. (-(ds. Sin(bur) - G ) +
dr .Cos(Or) . G + xn )+ ms. (-(br. SI(6h) . Ou *) - ds . SO -6k) - R
Gu)? + by .CoS(Bh) . B+ ds.Cos(Gui-6k) - (B - B )+ xn )+ my. (-(by. Sin(Gh) -
' ?) + cr.Cos(Gh Ou) . (G - Gu) 2 - (bs + d) . Sn(Bu -6) . (O - 6)* +
by .Cos(Bu) . Oni” + (bs + d) .Cos(bhu-6k) . (B - )+ cy. Sn(Bu -6) . (Gu - b))
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+ %)+ ms. ((be. Si(G) . O ) - ds. SI(Ghr ~O) . (Gur - Gr)” + by .CoS(Ghr) -
G+ ds.COS(Gir-O0) . (G - B )+ 3 )+ my. (-(br. Sin) . O *) - bs. Sin(Bhr
6. (G - O)? + dp .COS( +r +Or-O0) - (B + O = 6 ) + by .COS(Ghr) - b
+b, .CoS(6hr -60) (G -6 )+ dp . Sin(as +0r +6hr -6k) . (Or + Op -G )+

Xp ytmp. Xn
Left hand side of equation 3.30:

2. g. (mp+my+m)+m. (d.Cos(6). Ou >+ di. Sin(6h) . G + yn )+ m.
(d .Cos(the) . O 2+ di. Sin(hs) . O + yu )+ my. (b .Cos(6u) . Gu 2+
(bs + d) .Cos(Bui~8) - (B - )2+ cr. Sin(Ohi -6 . (O - )+ br. Sin(B) . G
- ¢.Cos(bu~6) - (B - G )+ (bs+ d) . Sin(Bi-6) . (B - 6+ yn )+ ms.
(by.Cos(Bh) - O’ > + s .CoS(6hi -6 - (O - Gu)* + by Sn(6) . O + . Sin(h -
). (B0 - 60)+ yn )+ my. (b1.Cos(Bh) . b > +ds.CoSbhr ~Gir) . (Ghr - G )+
by. Sin(Oi) . G +ds. S(Ghr -6s) - (G - O )+ Y Y+ my. (bi.Cos(bhr) - O >+
by .CoS(Ghr -0 - (Ghr - O )2+ dp . SIn(Gp +0ur +0hr -6) - (G + O = 6)” + b
Sin(6w) - G+ bs . SI(Bhr -bk) . (G -Gk )- dp .CoS(p +6r +Oir ~0r) - (6r +
O -G )+ Yu Yrms. g
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APPENDIX A-3

THE OPEN FORMS OF DOUBLE SUPPORT MATRICES

Open form of My,

My(1,1) = [+ L+ L+ b2 . my. Cos( ) * + b my. Cos( ) +di?. m .
Cos( )2 +2. bs. by. ms. Cos( 6k). Cos( b~ ) +2. ds. by. ms . Cos( 6k) .
Cos( G- ) +2. bs?. my. Cos( G- G)2+2.ds?. my. Cos(Bu- Gu)*+2.
dp. bs. ms. Cos( Gu- 6).Cos(an+ Ou+ G- Ga)+ dp®. ms. Cos(ap+ Ba+
G- G)?-2. bs. by ms. Cos( G- Ou). SIn( Gu) - 2. ds. by ms. Cos( Gu- 6.
Sin( Gh) -2. dp. bi. my. Cos( o+ Ou+ Gu- ). S ) + b,2. ms. Sin Gu)*
+ b2 m,. Sin( G)2+d,>. my. Sin( G)>+2. dp. by my. Cos( Gu). Sin ap+
0i+ Ou- G)+2. dp. bs. mp. Cos(Gu- 6). Sin( an+ Gu+ Gu- Ou)+ dp?.
my. Sin( ap+ Ou+ Ou- Gu)’

Mpp(1,2) =-Ir- I~ bs. b my. Cos( 6) . Cos( Gu - 6u) - ds . b;. ms. Cos( Gu) .
Cos( G- G)-2. bs*. ms. Cos( - 6)2-2.d%. mg. Cos(Bu- G)>-2. dn.
bs. my. Cos( G- 6k). Cos( an+ Gu+ G- Ou)- dp®. mp. Cos( ap+ Ou+t Ou-
Ga) 2+ bs. by. my. Cos( B~ 6u). Sin( Gu) +ds. by. ms. Cos( 6~ 6) . Sin( 6) +
di. by.my. Cos( ap+ Ou+ Gu- Gd). Sin( Gu)- dp. bi. my. Cos( 6h). Sm( an+
8s+ Ou- Gu)-2. dp. bs. mp. Cos( Gu- o). Sin( ap+ G+t G- Gh)- dp?.
my. Sin( ap+ Gu+ Ou- 6) *
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Mpp(1,3) =~( b2 . my. Cos( 6h) . Cos(6r)) - b2 . ms. Cos( Gu). Cos(bhr) - dr. b:.
my . Cos( G) . Cos(G) - bs. by. my. Cos(bh) . Cos( GOu- 6ug)-ds. by. ms.
Cos(6w) . Cos( G- Gu) - bs. be. my. Cos( &) . CoS(Gyr - G) - bs. be. ms.
Cos( 6h) . CoS(bhr - Gir) - di. bs. my. Cos( Gu) . Cos(bhr - bhr) - by 2. ms. Cos( Gy -
G) . Cos(Gur - Gr) - ds. bs. ms. Cos( O - 6) . Cos(by - G) - bs. bs. my.
CoS( G- ). Cos( @+ Gar + Oy - ) - ds . by . ms. Cos( Gu - 6) . Cos( ap + G
+ G- 6G0)- dr. bsp.my. Cos(ap+ Ou+ Ou- O). Cos( s+ Or+ G - Gr) + bs.
b. my. Cos( @ + G + bhr - Orr) - Sin( Gu) + bs. b. ms. Cos( @+ Cur + G - Or) .
Sin( Gy) + d;. bs. my. Cos( s+ Oy + G - ) . Sin( ) + bs. b;. mg. Cos( O -
u) . Sin(bh) + ds. b;. ms. Cos( G- G). Sin(G)t dn. b,. mg. Cos( ag+ Ou+
G- 6). Sin(Bh) - b2 . my. Sin( G) . Sin(Gir) - be* . ms . Sin( 6 . Sin(bh) - i
b,. my. Sin( 6) . Si(G) - dp. be. my. Cos(Gur) . Sin( g + G+ Ohi - GH)- ds .
bs. my. Cos(6r - ) . Sin( o+ Gu+ Gu- Gk) + bs2. my. Cos( G- Gu). Sin(Ghr -
G) +ds. bs. ms. CoS( G- 6k). Sinhr - )+ dp. bs. my. Cos( g+ Ou+ -
) . Sin(6hr - O - bs. be. my. Sin( G) . SOy - O) - bs. be- ms. Sin( 6) -
Sin(Gh - ) - di. bs. my. Sin( Gu) . SI(6hr - Gr) - bp . be. my. Cos( u) . Sin( a5 +
O + O - O) - bp. by ms. Cos( 6y) . Sin( & + bor + Bir - 6)-di. bp. m.
Cos( 6). Sin( ap + G+ G - 6) - bs. bs. my. Cos( 6hi- 6) . Sin( ap + Gz + Onr
- G)-d;. bs.ms. Cos( G- G). S @+ Oor + Or - Or) - dg. bs. mg. Sin( ag +
Ou+ G- G). Sin( @+ o+ Gr - Or)

Mpp(1,4) = bs. by. my. Cos( 6k) . Cos(6hr - bkr) + bs. b;. ms. Cos( &) . Cos(G -
Gr) +di. bs. my. Cos( ). CoS(bhr - b) + bs” . my. Cos( b~ k). CoS(bhr - be)
+d,. bs. ms. Cos( G- ). Cos(Ghr- Gr) + b bs. my. Cos( G- ). Cos( ap +
O + O - O) + ds. bs. ms. Cos( G- Gu). Cos( &+ b+ O - Or) + - by . my.
Cos( ag+ Ou+ Ou- 6. Cos( @+ b+ Ghr - Or) - bs. br. my. Cos( app + O +
O - Oir) . Sin( G) - bs. be. ms. Cos( o + Oor+ Ohr - 6ks) . Sin( 6hi) - ds - bp. my.
Cos( ap + b+ O - O . Sin G) + dy. bs. my. Cos(Ghr - Okr) - Sin( ap+ Gu+ Gu

94

JEANEAN NOASVEHVIQION
LAY WILE OO YASHDA DL



- @) - bs?. my. Cos( G- k). S(Bhr - ) - ds. bs. ms. Cos( G- 6) . Sy -
O) - dp. bs. my. Cos( ag+ Ou+ G- 6u). Sin(h - Ge) + bs. by my. Sin( Gu) .
Sin(Bh - Gk) + bs. br. my. Sin G) . Si(Ghr - G) + i bs. my. Sin( Gu) . Sin(Bhr -
) + by. bi. ms. Cos( Gu). Sin( ap + b+ O - G) + by by ms. Cos( Gh).
Sin @ + Gur + G- ) + di. by. my. Cos( Gu) . Sn( o+ b+ O - O) + by
bs. ms. Cos( O - 6Gu) . Sin(- ap + Gor + O - @) +ds. bs. ms. Cos( Oy - G) .
Sin( o + G + O - O) + di. bp.my. Sn(ap+ Ou+ G- Gu). Sin( o + O +
6hr - Ohr)

Mpp(2,1) =-Ir- L - bs. be. my. Cos( 6h). Cos( 6~ Gu)-ds. bi. ms. Cos( Gu).
Cos( Ghi- Gu)-2. bs. my. Cos( G- G)>-2.d:>. ms. Cos( Ou- G)%-2. dy.
bs. my. Cos( Gu- 6). Cos( ap+ Gu+ Gu- 6d)- dp?.mp. Cos(ap+ Gut Ou-
6) 2+ bs. by my. Cos( G- 6k). Sin( ) +ds. be. ms. Cos( b~ k). Sin( O) +
dp. b my. Cos(an+ Ou+ G- Gu).Sin( Gu)- dp. be. my. Cos( Gu). Sm( ap +
Gut G- Ou)-2. dp. be. my. Cos( G- Ou). Sm( ap+ Gu+ Gu- G- dp”.
my. Sin( ap+ Gu+ Ou- G)’

Mp(2,2) =L+ L+2. by’ . ms. Cos( G- 0)2+2.ds2. mg.Cos( G- G)®+2.
dy. bs. my. Cos( G- 6). Cos( o+ Cat Gu- G)+ dp?.my.Cos(ap+ Ou+
Ou- Ou)2+2. dg. bs. mp. Cos( - ). Sin( g+ O+ Gu- Ou)+ dp? . my.
Sin( ag+ Gu+ Ou- G)>

Mpp(2,3) = bs. b;. my. Cos(6h) . Cos( O - Bu) + ds. by. ms. Cos(Gy) . Cos( Gk -
Q) + bs®. my. Cos( G- 6k). Cos(Ghr- br) +ds. bs. ms. Cos( Oh- 6k . Cos(Ghr -
Oc) + bs. bs. ms. Cos( G- 6u). Cos( ap + O+ O - O) +ds. by . ms. Cos( Gyi-
) . Cos( @ + Our+ e - G) + dp. by my. Cos(ap+ Out Gh- Gu) . Cos( oz +
O + O - Or) - bs. by. mp. Cos( Gy - Ou) . Sin(Gy) - ds . by. ms. Cos( Gu - Gu) .

Sin(Gy) - dp. b:. my. Cos( ap+ G+ Gu- Gh). Sin(6) + dp. b;. my. Cos(Gy) -
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Sin( ap+ OQu+ Gu- Gu)+ dp. bs. ms. Cos(Gu - G). Sin( g+ Gu+ Gu- Gu)-
bs?. my. Cos( O - ). Sin(bhyr - O) - ds . bs. ms. Cos( G~ 6k) . Sin(Ghr - 6) -
dp. bs. mp. Cos( ap+ Gu+ Oy- ). Sin(Gy - G) + bs. bs. ms. Cos( G- Bh).
Sin( a5 + O+ O - Ou)+ ds. bs. mg. Cos( Gu- ). Sin ap + Oy + O - G) + dy.
bs. my. Sin( ag+ Ou+ Gu- G). Sin( g+ G + Gur - G

Mpp(2,4) = -( bs 2. my. Cos( Ou- O). Cos(Gr - ) - ds. bs. mg. Cos( G- Gu).
CoS(Ghr - Gr) - b by. ms. Cos( G~ Ga).Cos( @+ G+ G- Oo) - ds. by ms.
Cos( 6hi- 6u). Cos(Qp+ Oor+ G- Or) - dp. by mp. Cos(ap+ G+ Ou- G).
Cos( @p + G+ O - G) - dp. bs. my. Cos(Ohr - Gr) . Sin( g+ Ou+ G- Q)+
bs?. my. Cos( 6hi- 6k). S(Gh - G) + ds. bs. ms. Cos( Gu - Gu). Sin(Ghr - ) +
dp. bs. ms. Cos( an+ G+ Gu- G). Sin(bh - G) - bs. bs. mp. Cos( G- ).
Sin( @ + G+ Ghr - Or) - ds. by ms. Cos( G- 6) . Sin( o + O + Owr - ) - dp.
bs. my. Sin( g+ Gu+ G- ). Sin( @z + O+ G - G

Mgp(3,1) =-( ;% . my. Cos( Gu) . Cos(bi)) - be*. ms. Cos( Ou) . Cos(br) - ds. by .
m; . Cos( Gu) . Cos(Gy) - bs. br. my. Cos(Ohy) . Cos( - 6u) - ds. b. ms.
Cos(B) . Cos( Gu- 6u) - bs. b,. my. Cos( @) . Cos(Ghr - ) - bs. b;. ms.
Cos( Ou) . Cos(Gur - Oc) - di. bs. my. Cos( Ghy). CoS(Ghr - G) - bs? . my. Cos( G -
) . CoS(bhr - Gir) - ds . bs. ms. Cos( Gy - G). Cos(Gur - ) - bs. bs. my .
Cos( G- ). Cos( ap+ Our+ Oy - O) - ds. bs. mg. Cos( bu- G). Cos( ap + O
+6Gy-6)- dn. bs.my. Cos(ap+ Gu+ G- G). Cos(ap+ O+ G- Gr) + by .
bi.ms. Cos( ap + O + Opr - Gr) . SIn( Gup) + bp. by. ms. Cos( ap + O + Opr - Gir) .
Sin( @) +d;. bs. my. Cos( @ + Gy + G - ). SIn( Gu) + bs. b;. my. Cos( Gy -
6) . Sin(Ghy) + ds. by. ms. Cos( G- 64). Sin(Gw) + dp. b mp. Cos( ap+ G+
G- Gu) . Sin(Gy) - b2 . my. Sin( ) . Sin(Gy) - by . ms. Sin( G)) . Sin(Gy) - d; .
b;. my. Sin( Gy). Sin(6y) - dy. br. ms. Cos(bh). Sin( @p+ Gu+ Gu- ) - dy.
bs. my. CoS(Ohr - G) . SIn( ap+ G+ G- Gu)+ bs>. ms. Cos( Gy~ ). Sin(Ghr -
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G) +ds. bs. ms. Cos( G- 6). SIn(Gr - G) + dpp. bs. my. Cos( ap+ Gu+ Gu-
O) . Sn(Gr - ) - bs. be. mp. Sin( Gy) . Sin(Ghr - Ge) - bs. by. mg. Sin( Gu) .
Sin(6hr - Gr) - dy. bs. my. Sin( Gu) . Sin(Gr - G) - bs. by my. Cos( 6) . Sin( ap +
O+ Or- Gr)- bs. by.mg. Cos(Gy). Sin( a5+ O + O - Go) -dr. bp. my.
Cos( ). Sin( ap+ O+ O - On) - bs. bs. my. Cos( Gu- G). Sin( a5 + O + G
-6r)-ds. bgp.ms. Cos( G- Gy). Sin( ap+ O+ O - Oc) - dp. bs. my. Sin ap +
Ou+ G- Gu). Sin( ap + O + G - Op)

Mpp(3,2) = bs. b;. ms. Cos(By) . Cos( G- G) +ds. by. ms. Cos(6) . Cos( G -
Gu) + bs®. my. Cos( 6~ B). Cos(bhr- Gr) +de. bs. M. CoS( Gy~ ). Cos(Bhr -
) + bs. bs. my. Cos( Gu- Gu). Cos( ap + o+ O - O) + ds. by ms. Cos( Gu -
Ou) . Cos( @+ O+ Ohr - O) + dy. bs. my. Cos(ap+ Ou+ Ou- 6u). Cos( ap +
On + O - G) - bs. be. mp. Cos( G- Gu). Sin(Gy) -ds. by. ms. Cos( Gu- ).
Sin(6) - dy. bi. my. Cos( ap+ Gu+ Gu- Gu). Sin(Gy) + dy. b;. my. Cos(6h) .
Sin( @p+ Gu+ Gu- Ou)+ dp. bs. mp. Cos(Gur - 6) . Sin( ap+ Qu+ Gu- G)-
by? . my. Cos( bt~ Gu). Si(Ghr - Gir) - ds . bs. ms. Cos( G~ Bk) . SI(Gyr - Gr) -
dp. bs. mp. Cos( ap+ Gu+ Gu- 6).SIN(G- G) + bs. bs. my. Cos( G- G).
Sin( @+ G+ Oy - G) +ds. bs.ms. Cos( Gu- G). Sin( ap + Opr + G - G) +
dy. bsp.my. Sin( ap+ Gu+ G- Gu). Sin( o+ O + Gr - G)

Mp(B3.3) =L+ L+IL+ b2 my. Cos(bh) >+ b%. my. Cos(Gu) >+ b, 2. ms.
Cos(b) 2+ b 2. my. Cos(G) 2+ (-di+ b)2. m. Cos(G)>+2. bs. by. my.
Cos(ir) . CoS(Ghr - Our) +2. bs. by. mp. Cos(bhy) . CoS(bhr - G) +2. bs. be. mg.
Cos(O) . CoS(Gur - G) +2. bs. by. my. Cos(Gu) . CoS(bhr - Q) +2 . b5 .
(-di+ b). mi. Cos(G). Cos(Gyr - ) + bs?. my. Cos(Ghr - O) 2+ b2 . my.
Cos(Or - G) 2+ bs?. ms. Cos(Ghy - 6) 2 - ds. (-ds+ bs). ms. Cos(Bhr - G) > + bs.
(-ds+ by). ms. Cos(Ghr- G) 2 +2. Bs2. my. Cos(Ouy - G) 2+ bs . my. Cos( ap +
O+ O - Oc) >+ b2 my. Cos( @ + O+ O - G) >+ dp . my. Cos( g+ Gy +
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G- G)2+2. bp?.ms. Cos( @+ Oor+ O~ G) > +2. bp2. mq. Cos( ap+ O+
G- O)2-2. bs. by.my. CoS( ap+ O+ O - Or) . S(6k) -2 bp. by my.
Cos( @p + O+ O - G) . SI(6) - 2. bp. b. ms. Cos( @+ b+ G - ) -
Sin(Gw) -2. bsp. bi. my. CoS( @+ O+ O - O) . S(Ghr) -2 . b . (-dit+ b).
my. Cos( @ + O+ Our - O) . Sin(6hw) + b, > . my. Sin(h) > + b.2. my. Sn(G) 2+
b2. ms. Sin(Gw) 2+ b2, my. S(Oy) 2+ (-di+ b)%. my. Sin(G) -2, bg. bs.
my . Cos( @+ O+ Ghr - Gr) . SIn(bhr - ) - 2. g - bs. ms. Cos( ap + Oar + Gur -
O) . Sin(Ghy - Gr) + ds. bp. ms. Cos( ap+ O + Or - Or) . Si(6hr - G) -3 . by
bs. ms. Cos( a5 + G + O - G) . S Gy - Or) - b (-ds+ bs). ms. Cos( ap + O +
G - O) . SI(Bhr - Oc) - 4. bs. bs. my. Cos( @+ Oor + Ohr - Or) . Sil(Bhr - Gr) +
2. bs. by. my. Sin(BG) . Sin(Ghr - G) +2. bs. by. my. Si(Gy) . Sin(Ghr - ) +2.
be. by. ms. S(Gy) . SO - G) +2. bs. br. my. SI(6h) . Sin(bhr - Gir) +2. bs.
(-di+ B). my. Si(6h) . Sin(Ghr - Gir) + s> . my . Sin(Ghr - G) 2+ bs*. my. Sin(6h
G0)%+ bs?. ms. Sin(bhe - Oo) > - ds. (-ds+ b)) ms. Sin(hr - G) > + bs. (At
by). ms. Sin(Gy - G) > +2. b2, my. Sin(6h - ) > +2. by. bi. ms. Cos(b) -
Sin( @ + O + O - O) + 2. by by my. Cos(Gr) . S @ + Gor + O - Gir) +2..
bs. by. ms. Cos(6h) . Sin( ap + O + G- G) +2. bp. by. my. Cos(G) . Sin( a5
+ Ot OG- O)+2. bp. (-di+ b). my. Cos(by) . Sin( ap + Oar + Or - Or)* 2.
by bs. my. Cos(Or - Or) . Sin( o + bor+ G- Gr) +2. b by my.COS(6r - bhe)
Sin( @ + O + O - O) - ds. by . ms. CoS(Gr - Gir) . SI( @ + Oor + Gr - Or) +3 .
by. bs. ms. CoS(Ghr - Ou) . S @ + O+ Oir - Ge) + b (-ds + bs). ms. Cos(Blyr -
Gr). Sin( ap+ Our + O - O) + 4. bp. be. my. CoS(br - br) . Sin( @ + bor + Bhr -
o)+ bp®.my. SI( @+ Ot - )+ bp” . my. Sin( 5+ O + O - O) 2+
dp?. my. Sin( @+ G+ G- G) 2+ 2. bp?. m. SIn( ap + Our + Ohr - G) >+ 2.
bp?. my. Sin( &+ G+ O - G)

Myy(3,4) = -~ I~ bs. by. my. Cos(Bh) . Cos(6hr - G) = bs. bi. my. Cos(Gr) .
CoS(Ghr - Ok) - bs. be. mg. Cos(6). Cos(Ghr - G) - bs. bi. m:. Cos(6) . Cos(Ghr
CGo)- bs. (<di+ b). mq. CoS(6). CoS(Ghr- O) - bs®. ms. CoS(hr - ) - bs” .
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my. Cos(Ohr - Gkr) % - Bs2. ms. Cos(Bhyr - G) 2+ ds. (-ds+ bs). my. Cos(Gr - 6kr) % -
bs. (-ds+ b)) . my. Cos(Gr- G)2-2. by%. my. Cos(Ghr- )2 - bs . my. Cos( ap
+ O+ G- O)2- bp?. my. Cos( s+ Our + Oir - G) 2 - di® . my. Cos( o + O +
O~ Or)2-2. b3 . my. Cos( @p+ G+ G- G)2-2. bs2. my. Cos( o+ O +
Ohr - O) 2+ by, by my. Cos( ap + O+ G - B) . Sin(Gy) + bs. by. my. Cos( ap
+ O+ O - G) . Sin(G) + 5. by my. Cos( @ + O + Ghr - G . SI(Gr) + by
b;. my. Cos( 0+ O+ Gir~ Oir) . SI(Ghy) + by . (-di+ b). my. Cos( ap + O+ Ghr
- 6). Sin(Gy) +2. bp. bs.my. Cos( @ + O + O - ). Sin(bhy - Gr) +2. bp.
bs. my. Cos( @ + O+ Ghr - Or) . SOy - Gr) - ds. bs . my. Cos( p + O + Gy -
Gc) . Sin(Gr - G) + 3. bs. bs. ms. Cos( @ + G+ Ghr - O) . SI(Ghr - G) + by .
(-ds+ bs). ms. Cos( @+ O+ Ghr - G) . SIn(Gr - Gr) +4. bs. bs. my. Cos( ap +
Gr + G - Ger) . Sin(Ghr - Gr) - Bs. br. my. Sin(Ghy) . Sin(Ghr ~ Gr) ~ bs. by. my.
Sin(6h) . Sin(6hr - ) - bs. by. ms. Sin(6hy) . Si(Ghr - G) - bs. by. my. Sin(Gy) .
Sin(6hr - Gr) - bs- (-di+ by). my. Sin(6hr) . Sin(bhr - G) - bs” . My . SI(Ghr - Gr) ° -
bs2. my. Sin(Ghr - Or) 2 - 2. my. Sin(Ghy - G) > + ;. (-ds+ by). ms. Sin(Gy -
Or)?- bs. (-di+ b).mg. Si(Ghr - ) >-2. b, my. S (Ghr- Q)% - bp. by.
mp . Cos(Gy) . Sin( ap + Op + O - Oe) - bs. by my. Cos(Gy) . Sin( ap + O + Gy -
Or) - bs. by. ms. Cos(6hy) . Sin( ap + O + G - G) - bs. b. my. Cos(Gy) .
Sin( @ + O+ G - G) - bg. (-di+ b). my. Cos(Gh) . SIn( G + Gr + Gr - i) - 2.
by bs. my. CoS(Ghr - G) . SIO( @ + O + G- G) - 2. by bs. mp. Cos(Ghr - ) -
Sin( @ + G + G - Or) +ds. bs. ms. CoS(Ghr - ) . Sin( @ + G + G - ) - 3 .
bsp. bs. mg. CoS(Ghr - ) . Sin( ap + Gu + O - G) - bp. (-ds+ bs). ms. Cos(Gyr -
). Sin( 0+ O+ O - O) - 4. bs. bs. m;. Cos(Gur - O) . Sin( ap + O + Gy -
Gr) - bp?.my. Sin( @+ O+ O - G) 2 - bs 2. my. Sin( @5 + O + G - G) 2 -
ds 2. my. SI( 5+ Oy + G- ) 2-2. bp% . me. Sin( g+ O+ O - G) 2 - 2.
bs?. my. Sin( a5+ Oy + Gy - Gi)

Mpp(4,1) = bs. b,. mg. Cos( G). Cos(Gy - ) + bs. by. ms. Cos( 6h)) . Cos(Gy -
Gr) +di. bs. m;. Cos( G). Cos(Bhr - Gr) + bs®. my. Cos( G- ). Cos(bhr - Gr)
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+d,. bs. mg. Cos( G- 6u). Cos(Gh - Gr) + bp. bs. my. Cos( bhi- ). Cos( s+
O + O - Os) + ds. bs. ms. Cos( - Gu). Cos( s+ O+ O - G) + dp. bp. my.
Cos( ag+ Ou+ Gu- 6u). Cos( @+ b + O - Oc) - b bu. my. Cos( ap + Op +
G - Oir) . Sin( Gh) - bp. br. ms. Cos( ap + O+ Ohr - Gr) . Sin( Gu)-di. bp. my.
Cos( @ + O+ Or - Ok) . Sin( ) + dp. bs. my. Cos(Gr - Gr) . Sin g + Ou+ Gu
- @) - bs®. myp. Cos( G- ). Sin(Ghr - Okr) - ds. bs. ms. Cos( G- k) . Sin(Ghr -
) - dp. bs. mp. Cos(ap+ Ou+ Ou- Gd). Sin(bhr - ) + bs. b:. ms. Sin( Gu) .
Sin(G - Ge) + bs. be. ms. Sin( ) . Sin(Ge - ) + ;. bs. my. Sin Gw) . Sin( G -
6s) + bs. b. me. Cos( ). Sin( ap + O + 6hr - ) + bgr - by. mg. Cos( Guy) .
Sin( @ + Our + O - Gs) + ;. bs. m,. Cos( Gu) . Sm( g + On + Gp - O) + by .
bs . my. Cos( 6 - Gk) . Sin( ap + G + O - bir) +ds . bs . ms. Cos( G - Ou) .
Sin( ap + O + - G) + dp. bp.my. Sin( ag+ Gut Ghi- 6) . Sin( a5 + G +
Our - Oir)

Mpp(4,2) = <( by 2. my. CoS( G = 6u) . CoS(bhr - Oir)) - ds . bs . ms . Cos( G- ) -
Cos(Bhr - Bk) - bs. bs. my. Cos( G- Gu). Cos( &+ O+ bhr - O) - ds . by . s
Cos( G- Ou). Cos( ap+ O+ Gur- 6s) - da. bs. my. Cos(ap+ Gu+t Gu- 6u).
Cos( @+ Gur + O - ) - dp. bs. my. CoS(Or - br) . Sin( ap+ Ou+ G- O) *
bs2. my. Cos( G- 6). Si(bhr - ) + ds. bs. ms. Cos( G- 6k) - Sinlhr - br) +
dp. bs. my. Cos( g+ Gu+ Gu- 6u). SOy - Gu) - by bs. my. Cos( G- Gh) .
Sin( @ + O+ O - Or) - ds. b ms. Cos( Out - Gu) . S @ + bor + bhr - b) - dp-
by my. Sin( @+ Gu+ Gu- 6). S &+ Oor + Or - br)

M(4,3) = Iy~ I~ bs. by. my. Cos(B) . Cos(Bhr - ) = bs. br. my. Cos(Gh) .
CoS(Gur - O) - bs. by. ms. Cos(G) . CoS(bhr - Gr) - bs. bi. my. Cos(6y) . Cos(Ohr
- ) - bs. (-di+ b). my. Cos(6hr). Cos(Ghr - Grr) - bo. my. Cos(Ghr- )2 - bs 2.
my. Cos(fr - Gr) > = bs>. ms. CoS(6hr - Gr) >+ ds. (ds+ b) . ms. Cos(bly - be) * -
by . (-ds+ bs). my. CoS(Ghr - Gh) 2 -2. bs?. my. Cos(G - O) 2 - bp?. my.
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Cos( @+ G+ Ghr - Gir) 2~ by . myp. Cos( g+ Oor + Onr- Gr) % - di % . my. Cos( o
+ Oyt G- G)2-2. bp?. my. Cos( @p+ O+ G- Gr)2-2. bs?. my. Cos( ap +
O+ O - Or) 2+ b . be.my. Cos( O + b + O - G) . Sin(Gy) + bs. by. my.
Cos( @+ b + Or - k) . Sin(Gi) + bs. by my. Cos( ap + O + O ~ Or) . Sin(6h,)
+ bsp. be. my. Cos( ap+ Op+ G - ). SiN(G) + bs. (-di+ by). my. Cos( @+
Our + Oir - O) . SI(Gr) +2. by. by. my. Cos( a5+ O+ O - G) . Sin(Bhy - G) +
2. bs. bs. my. CoS( @+ G+ O - G) . SI(Bhr - ) - ds. bs. ms. Cos( ap + G
+ G- O) . SIN(Gr - G) +3. by bs. ms. Cos( ap + O+ Gy - G) . Sin(Ghyr - Gr) +
by . (-di+ b).ms. Cos( @p+ Gy + O - G) . Sin(Ghr - ) +4. bs. by. my.
Cos( @ + O+ Or - Okr) . SI(Byr - Gir) - bs. by. my. Si(By) . SI(Ghr - Gr) - bs.
b; . my. Sin(Gr) . ST(Ghr - k) - bs. by. ms. S(bhy) . S(Or - Gr) - bs. be. my.
Sin(Gh) . Sin(Ghr - O) - bs. (-di+ b). my. Sin(y) . Sin(Ghr - o) - bs % . my.
Sin(bhr - Ge) 2 - bs%. my. Si(6hr - G) % - b2 . m. SOy - G) 2+ ds. (-ds+ by).
ms. Si(6hr - Gir) > - bs. (-ds+ b). ms. Sin(fr - )2 -2. by . my. Sin(6he - Gr)
- bs. by. my. Cos(Gy) . Sin( @ + Gor + O - Gir) - by . by. my. Cos(6y) . Sin( o +
O+ - G - bs. by mg. Cos(bhy) . SIn( @ + O + Owr - O) - bs. b my.
CoS(6h) . Sin( s+ O + O - ) - bs. (-di+ b). m;. Cos(b). Sin( o + O+ Ghr
-Gs)-2. bp. by. mpb. Cos(Gr- 6h). SIn( @ + O + G- Gr)~2. Bp. bs. my.
Cos(Gi - k) . Sin( ap + O + G - O) +ds. b . ms. Cos(Gy - 6) . Sin o +
O+ G- Os) - 3. bs. bs. my. Cos(Bhr - ). SI( @ + O + Owr - G) - bp. (-ds +
bs). ms. Cos(Bhr - G) . Sin{ @ + O+ O - G) -4. bs. by. my. Cos(6hr - ) .
Sin( @ + O + G- Oi) - bp”. mpb. Sin( @ + Gor + G- O) 2 - bp? . my. Sin( o
+ G+ G- O)* - dp® . my. Sin( @5+ O+ G- G) 2-2. Bs% . my. Sin( s+ Oy
+ G- O)2-2. bp?. my. Sin( ap+ Oy + G- G)

Mpp(d,4) = I+ L+ by . my. CoS(Ghr - G) > + bs” . my. Cos(6hr - 6) >+ b . m.
Cos(Bhr - B) % - ds. (~ds + bs). ms. Cos(Gr - ) 2+ bs. (-ds + by). ms. Cos(y -
G)2+2. bs®. my. Cos(bhr- Ge) >+ bs%. my. Cos( G + O+ O - Gr) >+ bs 2.
mp. CoS( p+ O+ O - )2+ di . my. Cos(@p+ O+ O - O) 2 +2. bp?. my.
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Cos( @+ Our+ O - O)2+2. bs>. my. Cos( s+ O+ G- G) 2 -2. bs. bs.
my. Cos( @5+ O+ O - B) . SIN(Gyr - G) -2. bs. bs. me. Cos( ap + O + Gy -
b) . SOk - Or) + ds. bg. mg. CoS( @ + Gur + Oy - Or) . S(Gr - G) - 3. by
bs. ms. Cos( @ + Gur+ O - O) . SI(Bhr - G) - s . (-ds+ b). ms. Cos( s+ O +
Our - o) . Sin(Ghr - O) - 4. bp. by. my. Cos( @+ Ou+ Op - ) . SIN(Gpr - Gir)+
bs?. ms. Sin(Br - O) >+ bs®. my. Sin(bhr - G) >+ b’ . ms. Si0(Ghr - Gi) * - d.
(-ds+ b)) . ms. Sin(Ghy - O) 2+ bs. (-di+ b)) . ms. Sin(Gr - G) 2 +2. b2 my.
Sin(Ghr - Ge) 2 +2. bp. bs.my. CoS(Gr - Oir) . S @ + Gr + e - G) + 2. by
bs. ms. Cos(Gh - O) . Sin( @ + br + Oy - O) - ds. b mg. Cos(Gir - B . Sin( o
+ 6+ G- G)+3. bs. bs. mg. Cos(Bhr - Gr). Sin( a5 + O+ Our - Gr) + by . (-ds
+ by). ms. Cos(Gur - Or) . Sin( ap + G+ G- G) + 4. bs. bs. my. Cos(Gp - 6i).
Sin( @ + O + G- G) + b2 . my. Si( @+ O + G - G) >+ b’ . my. Sin( ap +
O+ G- O) 2+ dp . my. SIn( @ + O+ O - G) 2 +2. bp?. ms. Sin( ap + G +
G- O)2+2. bs?. my. SIn( @ + Gor + Ghr - Gir)

M,(1,1) =Ir+ dg. bs. ms. Cos( G- G). Cos( ap+ Ou+ Gu- )+ dn’. my.
Cos( ap+ Gu+ Ou- 6a)*- dg. by. my. Cos( ap+ Gu+ Gu- G). Sin( Gu) + dy.
b;. my. Cos( Gu) . Sin( ap+ Gu+ G- Gu)+ dp. bs. my. Cos( G- Gu). Sin( o +
Ou+ Ou- Oo)+ dp’. my. SN ap+ Gu+ Gu- 6)°

Open form of My

Mps(1,2) = by . bs. my. Cos( G- 6). Cos( ap + O + G - Or)) - ds . bp . ms.

Cos( Gu- Ou). Cos( ap+ Op+ G- Oe) - dp. bs. mp. Cos(an+ Gu+ Gu- Gu).

Cos( @+ O+ G- G) + bs. by. my. Cos( @ + O + O - Gy) . Sin( Gh)) + by .

bi. ms. Cos( @+ O+ Gur - Gir). Sin( Ou) + ;. bp. mi. Cos( s + O+ Opr - Ghr) .

Sin( Gu) - bp. be. my. Cos( G). Sin( ap + O + G - O) - bs. bi. ms. Cos( Gy) .

Sin( o + Gor + G- Or) - dy. bp. my. Cos( Gu) . Sin( @ + Opr + G - Ge) - b bs.
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my. Cos( bhi- G). SIn( Gy + G+ O - ) - . by my. Cos( G~ G . Sin @y +
O + Our - O) - dﬂ. bﬁ.lﬂf. Sin(aﬂ+ Ou+ Gu- 0H)Sin( o+ O + Gy - G)

Mps(2,1) =~ dp. bs. ms. Cos( G- Gu). Cos(ap+ Gat+ G- G- dp?. my.
Cos( ap+ Gu+ Ou- ) - dp. bs. my. Cos( G- Gu). Sin( @+ G+ G- 6u)-
dp? . my. Sin( g+ Gu+ Gu- )’

Mps(2,2) = b bs. my. Cos( 6~ k). Cos( a + Ou + Ou - O) +ds. bp. ms.
Cos( G- Ou). Cos( @+ G+ O - O) + dn. by my. Cos(ap+ Gu+t G- G) .
Cos( @ + O+ Ohw - O) + b bs. my. Cos( G- k). Sin( o + O + O - O) +
di. by. my. Cos( O~ G). Sn( @ + O+ Ohr - ) + . by my. Sin( o+ Gar+
6hi - Gu) - Sin( O + Oor + Onr - Our)

My(3,1) = (dn. bp.my. Cos( ap+ Gu+ G- ). Cos( G+ O+ O - b)) +
dp. by.ms. Cos( ap+ Gu+ Ou- 6).Sin(Gy) - dn. bi. my. Cos(y). Sin( oz +
Gu+ Ou- Gd)- dp. bs. mp. CoS(Ghr - B). Sin( g+ Ou+ G- )+ dn. bs.
m;. Cos(ap+ Gu+t G- 6u). Sin(bhr - G) - dp. bp.mp. Sin( op+ Gut Ou-
) . Sin( ap + Gur + Ghr - 6ir)

M(3,2) = I+ bp?. my. Cos( ap+ b+ O - Gir) > + by 2. my. Cos( g+ Gor + Ohr -
Gr) 2+ dp 2. my. CoS( @+ O+ O - Gr) > +2. b ”. ms. Cos( a5 + O + Ohr - O
+2. bp2. my. Cos( @+ Our+ O - O) > - b b my. Cos( 0+ Oar & Oy - Or) .
Sin(@h) - by . bi. my. Cos( @ + bur + O - bkr) . SI(Ghr) - bsr . br. ms. Cos( g +
O + O - Or) - SI(Br) - Bp. bi. my. Cos( p + O+ Or - Gr) . SI(Ghr) - bpr - (a1
+ b). m;. Cos( @ + O + O - O) . Sin(G) - bp. bs. my. Cos( ap + o + Ohr -
G) . Sin(G - Ge) - bp. bs. ms. Cos( @ + bur + O - Or) . SinlBhr - Gr) - by bs.
ms. Cos( @+ Oar + Our - Ok) . S Gir - Gr) - by . (-ds + bs). ms. Cos( &+ Gor + Or
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- ). Sin(Ghr - Gs) - 2. bs. bs. my. Cos( g+ Oy + Oy - Gkr) . Sin(Gyr - G) + by
by. my. Cos(O) . Sin( @+ O+ G - G) + bs. by. my. Cos(6hy) . Sin( o + G +
Ghr - Gc) + Bs. By. ms. Cos(6h,). Sin( @+ G+ G- Gr) + b, by. my. Cos(Gh) .
Sin( @+ O + G - O) + bp. (-di+ by). my. Cos(6h) . Sin( a5 + Oy + G - Or) +
bi. bs. my. Cos(Byr - O) . Sin( @ + G+ Gr - Gs) + bs. bs. ms. Cos(Gr - i) .
Sin( @ + Oz + G - G) + bsp. bs. ms. Cos(Gr - O) . Sin( G + G + Gy - ) +
bp. (-ds+ bs). ms. Cos(By - O) . Sin( @ + O + O - Ge) +2. bs. bs. my.
CoS(bhr - Or) . SIn( @ + O + Gy - Gi) + bp 2. my. SIn( G + G + G - G) 2 +
bp?.my. Si( op+ On+ Op-G) >+ dp®. my. Sin( @5+ O+ G- ) >+ 2.
bpl.ms. Sin( @p+ O+ G- G) > +2. bp. my. Sin( a5+ O+ G- Gr)°

Mps(4,1)= dﬂ. bfr.Mf. Cos( apt+ Ou+ Ou- HkJ)COS( ap + ear+0hr'9ﬁr)+ dfl-
bs. ms. Cos(Gr - O) . SIN( g+ Gu+ Gu- Gu)- dn. bs. mp. Cos( o+ O+ G-
Oa) . SIN(Gyr - G) + dy. bs. myp. Sm( ap+ Gu+ Gu- Gu). Sin( &+ O + Ohr - Oir)

Mo(4,2) = -Ir- bs2. my. Cos( @+ O+ G- Oir) 2~ by . my. Cos( G + Oor + Ohr -
Ge)2- dp®. my. Cos( s+ O+ G- G)2-2. Bs”. my. CoS( @+ G + Gr - 6r)
-2. bs?. m.Cos(ap+ Gu+ G~ 6)*+ bp. bs. my. Cos( O+ G+ Or - Gir).
Sin(Gy - G) + bs. bs. mp. Cos( @p + Our + Gpr - Gr) . SIN(Opr - Gr) + b bs. M.
Cos( @ + G+ O - O) . SI(bh - B) + b (-ds+ bs). my. Cos( ap + G + G -
Oc) . Sin(Gy - ) +2. bs. bs. my. Cos( @+ O + O - O) . SI(Gr - Gr) - by
bs. my. CoS(bhr - k) . SIn( @ + O + Gr - ) - . bs. my. Cos(Gr - Gr) . Sin( @
+ G+ G- G) - bp. by. ms. CoS(bhr - b) . Sin( @ + Gor + Gy - Gir) - bpp. (-ds +
bs) . ms. Cos(Ghy - ) . SIn( @+ O + G- Gr) -2 . bs. by. my. Cos(bhr - Gr) .
Sin( g + O+ Ghr- O) - bp. my. S @ + O + Gir - 6) % - by > . my. Sin( oy +
O+ G- O) - dp®. my. SIN( p + G+ Ohr - G) -2 bp” . my. Sin( o + G +
Ouw- Or)2-2. bs2. my. S( @ + O + Ghr - 6hr)
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Open formof Mg,

Mg(1,1) = I+ d. bs. my. Cos( G- ). Cos( g+ Ou+ G- )+ dp?. my.
Cos( ap+ Gu+ Ou- G)*- dy. by. mp. Cos( @+ Gu+ Gu- Gu). Sin( 6) + dp.
be. my. Cos( 6). Sin( ap+ Gu+ Ou- Gu)+ dp. bs. my. Cos( G- ). Sin( g+
Ou+ Ou- Oa)+ dpi®. my. Sin( ag+ Gu+ Gu- G)’

Mp(1,2) =-I;- dg. bs. ms. Cos( G- 6a). Cos( ap+ Gu+ Gu- 6u)- dp? . my.
Cos( ap+ Gu+ Gu- )’ - dp. bs. my. Cos( G- 6).Sin( ap+ O+ Ou- Gu)-
dp®. my. Sin( gp+ Gu+ Gu- G)’

My(1,3) =(dz. by.my. Cos( ap+ Gu+ Gu- 6u). Cos( @+ b + b - G)) +
dp. bi.my. Cos(ap+ Gu+ G- Go). Sn(6h)- dp. be. ms. Co(By) . Sin( g+
Gu+ Gu- 6)- di. bs. my. Cos(By- Ou). Sn ap+ G+ Gu- G+ dp. by my.
Cos( ap+ Gu+ Gu- Gu). Sin(Gp - Ov) - dp. bp.my. Sin(ap+ Gu+ Ou- Gu) .
Sin( o + Gor + G - Gir)

M(1,4) = dy. bs. mp. Cos( ap+ Ou+ Gu- Gu). Cos( o + b+ bhr - ) + dp.
bs.mf. Cos(Hh,-Gkr).Sin(aﬂ+ Ou+ G- Gu)- dﬂ. bs.mf. Cos( og + Ou+ Gu-
G) . Sin(6hr - G) + dp. bg. my. Sin( ag+ Gu+ Ou- Gk). Sin( & + Oor + bhr - )

Msp(2,1) = ( bs. bs. my. Cos( G- 6). Cos( o + O + G- O)) -ds. bp. ms.
Cos( G- Gu). Cos( &+ O+ G- Gr) - dp. bs. me. Cos( o+ Ou+ Gu- ).
Cos( ap + O+ Ohr - G) + by by. my. Cos( @ + Oor + bhr - Gr) . Sin( ) + by -
br. ms. CoS( @ + Our + O - Or) . Sin( Gh) + . bp. my. Cos( @+ Bor+ bhr - G -
Sin( 6w) - . bi. my. Cos( Gh) . Sin( ap + O + Ghr - Gir) - bs. bi. ms. Cos( ) -
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Sin( a + O + O - O) - d;. bs. my. Cos( 6). Sin( ap + Our+ O - G) - bs. bs.
my. Cos( G- 6). Sin( a5 + O+ O - G -ds. bs. ms. Cos( G- 6). Sin( o +
O+ Oy - G) - dp. bs.my. Sin(ap+ Gut Gu- Oy . Sin( ap + Ox + Gur - Orr)

My(2.2) = bs. bs. ms. Cos( Ghi- ). Cos( @+ O+ Oy - Ou) + ds. by s .
Cos( G- 6). Cos( @+ Our+ Ohr - O) + dp. bp. my. Cos(an+ Ga+ G- ).
Cos( @ + O+ O - i) + by. bs. my. Cos( G- Gu) . Sin( @ + Gor + O - Gr) +
de. bp. ms. Cos( Gu- ). Sin( ap + O + O - ) + dp. by.me. Sin( ap+ Gu+
Ou- Ou). SIn( o + Gor + Our - Oir)

My(2,3) = I+ bs?. my. Cos( O+ G+ G- Oi) >+ by 2. my. Cos( @y + Gar + O -
Ge) 2+ dp”. my. Cos( o+ Oor+ O - ) *+2. b2 . ms.CoS( p + Our + O - Gr)
+2. bp?. my. Cos( G+ O+ O - Os) - bp. by my. Cos(ap+ bt by - br) -
Sin(Gy) - by bi. my. Cos( @+ Gur + bhr - Oc) - Sin(6hr) - by - b. ms. Cos( o5 +
Gy + GO - ) . SIn(Gu) - b. Br. my. Cos( @+ b+ Onr - O) . Sin(by) - by . (-4
+ by). my. Cos( @+ O+ G - Ok) . Sin(6h) - by . bs. ms. Cos( &+ b + Or -
6y) . Sin(Gy - Ge) - b bs. my. Cos( @+ Oor + Opr - Or) . STy - Gr) + ds . bpr -
ms . Cos( @ + G + Ohr - Or) . S - Gr) - 2. bs. bs. ms. Cos( ap + Ou + Oh -
6) . S - ) -2. bsp. bs. my. Cos( @+ G+ O - bir) . SIhr - G+ by -
be. my. CoS(6h) . Sin( @ + O + O - G) + bs. by. my. Cos(6hr) . Sin( @ + Oar +
G - O) + by. br. mg. Cos(Ou) . SN @ + b + Ghr - ) + bpr. . . Cos(br) .
Sin( ap + O + O - O) + by (-di+ b). mi. Cos(by) . Sin( &+ bar + Or - Oe) +
bs. bs. my. Cos(Oir - Ou) . SIn( @ + Gor + Ohr - Oo) + by bs. my. Cos(Gr - Oir) -
Sin( ap + Gor + O - O) - ds. byr. ms. CoS(Gr - br) . S G + Or + Or - b)) + 2.
bs. bs. ms. Cos(bhr - Or) . Sin( ap + O + Gp - Or) +2. bsp. bs. m.
Cos(bhr - Or) . S @ + O + O - G) + by . my. Sin( a5 + Oar + O - O) > +
by 2. my. Sin @+ O+ O - G) >+ dp” . my. Sin( @ + G+ G- Q) 2+ 2. bs”.
ms. Sin( @ + O+ O - )2 +2. bp?. my. Sin( o+ O+ O - Or) °
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Map(28) = Iy~ bp>. my. Cos( @+ G+ Gur - G) * - by " - my. Cos( @+ Or + B -
o) 2 - dp?. my. Cos( ap+ O+ Ohr- )2 -2. by my. Cos( O+ O+ By - Grr)
-2. bp2. my. Cos( @+ O+ G- Gw) >+ bp. by.my. CoS( @+ O+ O - br) -
Sin(Ghr - Gr) + bp. bs. mp. Cos( ap + Oy + O - Go) . Sin(Gr - Gr) - ds . b . ms.
Cos( o+ Oar + G - Gir) . S - Gr) +2. by by. ms. Cos( @ + Op + Opr ~ G) .
Sin(Gy - Ge) +2. bp. bs. my. Cos( @+ G+ O - O) . Si(Br - Or) - by . bs.
my . Cos(Bhr - b) . Sin( @3 + O+ G~ O) = bs. bs. my. Cos(bhr - G) . Sin( @ +
O + O - Gr) + ds. bs. ms. CoS(Or - Gkr) . SIn( @+ G + O - ) -2. by bs.ms.
CoS(Ohr - Orr) . S @+ O + O - G) -2 . bp. bs. my. Cos(Gr - b)) . Sin( ap +
s+ Ohr - Gr) - bp>. my. Sin @+ O + Gur - Or) >~ bp” . my. S & + O + Gr -
o) 2 - dp?. my. SIn( 0+ O+ Our- G} 2= 2. b’ . ms. Sin( @+ Oar + Oir - Gr)
~2. by, my. Sin( @+ Ot Or- G)”

Open form of Mg

Mu(1,1) = I+ dp?. ms. Cos( ap+ Gu+ Ou- Q) >+ dn”. my. Sin( ap+ Gu+ O
- Gy’

Mu(1,2) =-(ds. bs. ms. Cos( ap+ O+ Gu- Gu). Cos( g+ b+ G - ) - dy.
bs. ms. Sin( g+ G+ 6w~ Gy). Sin( ap + Our + Opr - Okr)

Mss(2,1)=-(dﬂ. bfr.Mf. COS( aﬂ+ Gy + O - 91;1) COS( af,+ O + 9hr‘ 910'))' dﬂ-
bs. my. Sin( g+ Gu+ Ou- O). Sin( @ + O + Or - Gir)
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Mu(22) =L+ bp?. my. Cos( o+ O+ G- G) 2 + b ” . my. Cos( @+ Gy + Gy -
Or) 2+ dp? . my. Cos( s+ bor+ O - B) 2+ 2. b3 2. m;.Cos( @ + Oor + Gy - Gir)
+2. Bp?. my. Cos( @+ Op+ O - O) >+ bp . my. Sin( @ + G + Gy - G) 2 +
by . my. Sin( @+ G+ G- Go) >+ dp 2. my. SIn( @+ O+ O~ G) 2 +2. by 2.
M. SIn( @+ O + G- G) 2 +2. bp?. my. Sin( @+ O + O - 6r) 2

Open form of b

b(1,1)=~(g. dg. ms. Cos(ap+ Gu+ Gu- 6u)- dn. b;. ms. Cos( Gy). Cos( app +
Ou+ Gu- ). Ou’- dg. by.my. Sin( Gy). Sin( g+ Ou+ Ou- Q). Gu >+ dy
. by. ms. Cos(Gy). Cos( ap+ Ou+ G- G). O >+ dy. by. my. Sin(Gy) . Sin( ay
+ Ou+ Ou- 6). O >- dy. by.mr. Cos(ap+ Ou+ Gu- Gu). Sin( G- Gu).
(6w - Gu)*- dyp. bs. my. Sin( Gu- G). Sn( A+ Ou+ Ou- ). (G - Ou) -
(mr. 2. dp.Sin( g+ Qu+ G- Gu). (O + O - ). (b,. Sin( G). Gt - by.
Sin(6h) - Gir - bs. Cos( - G). (O - Gu) - dn. Cos( an+ Ou+ Ou- Gu). (G
+ G - Oa) - by. S - ). (6 - ) + b Cos( @ + O+ O - O) . (G +
O - ) +2. dp. Cos(ag+ Ou+ Gu- Oa). (B + O - Gu). (by. Cos( Gh).
6hi - br. Cos(hr) . Ghr + bs. Cos( G~ 6k). (G - ) + dp. Sin( @z + G+ G-
Ou) - (Bu + Ot - Gu) - bs. CoS(bhr - O) . (O - O) - by . S B+ Gor + Oor - Ghr) .
(Oor + O - O )/ 2+ dp.my. Sin( g+ G+ G- Ou).(Ou + O - Our). (.
Sin( 6h). Ou - b;. Sin(G) . G - bs. Cos( G- Gu). (G - Gu) - dy. Cos( g+
Ou+ G- O). (O + 6 - 6ut)- bs. Si(Or - Bs). (Gr - O ) + by . Cos( @ + o
+6r-6). Bo + 60 - )+ dy. mp. Cos(ap+ Ou+t G- ). (G + O -
Bu) . (br. Cos( 6h). 6k - by. Cos(6h). O + bs. Cos( O~ Gu). (6 - )+ dp.
Sin( g+ Gu+ G- O). (G + O - O) - bs. Cos(bhr - 6k) . (B - ) - s
Sin( @+ Or+ G~ O) . (Gor + Or - O )) + dp. bs.my . Cos( ap+ Ou+ G-
O) . Cos(Gr - Gir) . (O - Gir )2+ dp. bs. my. Sin( g+ O+ G- G). Sin(Gyr -
6). (B - Oc)2- di. bp. mp. Cos( 0+ O+ O - O). SIN( A+ Ou+ Gu- G)
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(O + 6y -O)2+ dp. bs.my. Cos(ap+ Ou+ Gn- ). Sin( @+ O+ G-
). (Gur + Or - Oir)

bs(2,1)=g. (bp. my. Cos( ap + O+ Ghr - ) + bg. my. Cos( a5 + O + Opr - G) +
dp. mp. CoS( @ + Oor+ Or - G) +2. bp. ms. Cos( p+ b+ G- Gr) +2. by
my. Cos( @+ G + G - O)) + b by. my. Cos( 6u) . Cos( o + O + Or - br) -
Gs 2+ bs. b ms. Cos( Gu). Cos( ap + O + G - Grr) . Gul+d,. bp. my.
Cos( Gh). Cos( @+ O+ G- G). Gu' >+ b by my. Sin( Gu) . Sin( o + O +
G- O0). Gul+ by. by. my. Sin( G). Sin( @+ O+ O~ O). Ou > +ds. by
me. Sin( 6 . Sin( @+ O+ G- G). O >~ bp. be. mp. Cos(bhr) . Cos( o + Oor
+Ou-00). O - bp. by ms. Cos(B). CoS( p+ b+ Our- Ou). O - bpp. by
m . Cos(6) . Cos( @+ O+ bhr - O) . G 2= by br. my. Cos(br) . Cos( @ + Oor
+ G- G). O - bp. (-di+ b). my. CoS(Bh). Cos( ap+ O+ O - O) . G * -
by. bi. my. Sin(6h) . Sin( o + Oy + O - Os) . O > - bs. by. mp. S(6y) .
Sin( @ + o+ Or - O) - O 2 - bp. by ms. Sin(Gh) . Sin( @ + O + O - Or) -
G 2- bs. by my. SI(Gy) . SI( @+ Oor + Or - Gr) - G 2- bp.(-di+ b). my.
Sin(Bhr) . Sin( @ + Oor + O - Or) . O ° + bp. bs. my. Cos( @ + Gor + O - ) -
Sin G- G). (G - Ou)2+ds. by. ms. Cos( o+ bt bpr - bir) . SI( O~ ).
(G - )2+ bs. bs. myp. Sin( G- 6). Sin( ap+ O + Or- 6). (O - )+
ds. bs.ms. Sin( Gu- Q). Sin( ap + O + Or-6). (O - )2+ dn. by mp.
CoS( @ + Our+ O - Ou). SIn( @+ O+ Ou- Ou). (B + Ou - Gu)* - dn. by
my. Cos( ap+ Gu+ Ou- Ok). Sin( @+ Gur+ O - O) . (B + Out - Gua)* -(ms .
(2. by. Sin( @+ bar + b - G) . (- by Sin(6hr) . ) - bs . S(Ghr - Gir) . (G -
) + b. Cos( @ + O+ O - Or) . (Gor + Gr - ). O + O - O)-2. bpp.
CoS( @+ Our+ G - G} . (-( By COS(B) . ) = bs . COS(Ghr - ) - (Gr - B ) - by
Sin( ap + Gar+ b - O) - (Gor + O - 6)) . (B + O - G )/ 2- (e (2. bp.
Sin( @ + G + O - 6) . (d. Sin( G). G - be. Sn(h) . G - bs. S - bhr) -
(G - G) + bs. Cos( @+ Oor+ Ohr = Os) . (O + Onr - Oc)). (O + Ohr - Or)-2.
by Cos( ap + Oor+ O - O) . (ds. COS( ). O’ = br. CoS(6hr) . O = bs. Cos(6hr -
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%) . (G - O) - by Sin( &+ ur + Ohr - O) . (Br + O = O )) - (B + Oy = 6r))
12-(m. (2. by.Sin( a5+ O+ O - G). (((di+ b). S(Gh) - Gir) - bs.
Sin(G - G) . (Ghr - Gr) + b CoS( @+ Or + Ohr - Gc) . (Gar + Oir - Or)) - (O +
G - Or) -2. bp.CoS( @+ O+ Gy - O) . (-((-di + bs) . Cos(6hr) . O ) - bs.
CoS(Ohr - G) - (G - B - by . S @+ Our + O - O) . (B + O - 6)) . (O +
O - O ) /2 - (my. (2. b S G+ O + Ohr - G- (b S 6h) . O - i
Sin(6k) . G - ds. Cos( G- 6. (O - Gu) - bs. Sy - O . (G - Gr) + by
CoS( @+ O+ O - ). (Gor + G - O)). (B + O - i) -2 by Cos( @ + O
+ G- G- (be. CoS(6). 6hi - by. CoS(Or) . b +ds. Cos( G- G). (6t - )
- by. Cos(Gh - G) - (B - Or) - bp. Sin @ + Gur+ bhr - 6) . (B + G - Gr)) -
(O + O - G )/ 2-(my. (2. bs. Sin( @+ Oar + O - Gr) - (bs. S Ghi) - O -
by. Sin(Gh) . G - bs. Cos( - Gu). (G - Ga) - dn. Cos(an+ Gu+ G- Gu).
(O + O - O) - bs. SOy - 6k) . (B - Gr) + bp. Cos( @+ bor + Gy - blr) -
G + O - 6)) - (O + O - Gr)-2. bp. Cos( g+ O+ O - ). (b
Cos( Ow). 6 - be. Cos(B). G + bs. Cos( G- 6. (Ou - Gu) + dp. Sin( @+
Bu+ Gu- ). (B + O - Oa)- bs. CoS(bhr- bu) . (O - Or) - by Sin( 0+ br
+ Or-6). B + O - 6)). O + 6O -G )/ 2-(ms. (2. bp. Sin( ap+ b +
O - G) . ({(-ds+ by) . Si(bhr - i) . (Br - G ) + by Cos( @5+ bor + Ghr - Or) -
(G + O - )) . (B + 6 - Br) -2 by CoS( @+ O+ Or - Ohr) . (-((-ds + bo)-
CoS(Bhr - G) - (G - G)) - by . SIn( @ + Oor + Ohr - ) . (Br + Our -~ Gc)) - (Gr +
G - G)) ! 2-bs. bs. my. Cos(Gu - 6). Cos( o + O+ O - ) . B - )%~
by. bs. my. CoS(6hr - O) . Cos( @ + Our + b = O) . (O - G) = bp. Bs. s
CoS(hr - bkr) - CoS( @+ Gor + Ohr - Okr) . (O - ) * - by (-ds+ bs) . ms. Cos(br -
). Cos( @+ Our+ Ohr - O) . (Gr - ) *-2. b bs. my. Cos(6hr - ) .Cos(
+ 6yt Or-O). B - 6c)2 - by bs. my. Sin(6hr - Gs) . SIN( @ + Gor + Ohr - Gr) -
(B - O)2- by. by. my. S(6hr - O) . Sin a5+ bur+ O - O) . (G - O) - by
. by. my. Sin(Gh - ). SN @ + Oz + O - O) . (Gir = Or) > - by (-ds+ bs). ms.
Sin(Ghe - Gir) . Sin @+ Oar + Oir - k). (G - Oe) > -2 by bs. my. Sin(bhr - Gr) -
Sin( a5+ O+ G- O) . (G - O) 2 - by . S O+ Oor + Or - G} . (( D1
Sin(6h) . G ) - Bs. SI(Gr - Or) - (Bur - Gr) + B Cos( @+ O + Gy - Gr) - (6 +
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G - 6:)) . (O + Gr - O ) - bp. my. Sin( @+ O+ Oir - Gkr) - (G Sin( ) .
G - be. SIN(6h) . O - bs. Si(bhr - O) . (B - O) + bgp. Cos( A + Oor + bhr -
o). (B + O - O)). (Bor + O - Oir) - by my. Sin( @ + O + O - O) - (-((-d
+ b). Si(G) . O) - bs. SOy - O) . (B - ) + by Cos( o+ bar + Ohr - b -
O + O - 6)) . B + O - O) - b . ms. Si( & + O + b - ) - (Dr.
Sin( Gh) . O - be. Sin(Oi) . G - d. CoS( O~ Ou). (G - Os) - bs. Sin(Br -
&). (G - O )+ bp. CoS( &+ O+ O~ Gr) . (Bar + O - 6c)) - (Gr + o - bhr)
- by my. S @5 + O + O - G) . (b SIn( Gh). O - br. Sin(6) - b - by
Cos( G- 6). (Ou - Ga) - dp. Cos(ap+ Bu+ Ou- G). (6 + O - bu)- bs.
Sin(Gr - Gr) . (O - G ) + b Cos( @+ Oor + Ghr - ). (Gor + e - Gr)) . (Gar +
O - O) - bs. ms. SIn( @ + Oz + O - O) . (((-ds + b5) . Sin(br - br) - (6 -
0)) + bs. Cos( @+ b + O - Or) . (Oar + O - G)) . (Our + O - ,‘9*")‘ bs. mp.
CoS( & + O+ bhe - Gr) . (-( by CoS(Bhr) . ) - bs. CoS(hr - Os) . (e - Gr) - by
Sin( o + G+ O - ) . (Gor + O = 6)) . (B + O - 6) - bp. mu. Cos( o+
Our + O - Gr) . (ds. CoS( h) . Ohi - by. Cos(6kr) . O - bs . Cos(Ghr - bk) . (O -
) - by S G+ O+ O - O) . (G + Our - O)) - (G + O - Gr) - b i
Cos( &+ G + O - ) . (-((-di + b) . Cos(6kr) . Gr) - bs. Cos(bhr - b - G -
o) - by . S @ + Gur + Opr - Gir) . (Gor + O - ) - (B + O - ) - b ms.
Cos( @ + O+ Ghr - Gkr) . (De. Cos( Gu). i - by Cos(bhr) - G + ds . Cos( Gy -
&%) . (O - O~ bs. CoS(bhr - G} . (B - Or) - by . S @+ Oor + Ghr - Gr) - (Gr
+ O - O0)). (G + O - Oc) - bp. ms. Cos( @+ Gur+ Ghr - Gir) - (Be. Cos( ) -
6 - by. Cos(B) . G + bs. Cos( G- Gk). (G - Gu) + dp. Sin( ap+ Ou+t G-
). (B + 6 - Ot) - bs. CoS(6hr - Oir) . (Br - Gr) - bpr . SO O + Oor + Or - Or)
(B + O - O)) - (B + O - O) - by 5. COS( O + O + br - Or) . (s +
b)) . Cos(Gy - O) - (G - O)) - by . S @5+ Gor + O - Oe) . (O + O - Gr)) -
(Ger' + O - Gr)
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Open form of b,

bo(L,1) =g. (. m;. Sin( Gu) + ms. (-(ds. Cos( b - G)) + bi. Sin( Gu)) + my.
(-( bs. Cos( Gu- G)) - dn. Cos(an+ Gu+ Gu- 6+ by. Sin( ) - bs. b my.
Cos( 6h). CoS( O~ Gu). O *-ds. be. ms. Cos( O). Cos( G- ). Gy 2- dy.
by. my. Cos( Bu). Cos( an+ Ou+ Ou- 6d). O’ - be. bi.ms. Cos( G- Gu).
Sin( ). O >-ds. bi. ms. Cos( Gu- G). SIn( ). O - dn. be. my. Sin 6) .
Sin( @g+ Gu+ G- G). Ou >+ bs. by. ms. Cos(6hr). Cos( G- ). O 2 +d;.
by. ms. Cos(Gu) . Cos( G- ). Ow >+ dn. be. my. Cos(6hr). Cos( ap+ Ou+ O
- 6i). 6 % - b mp. Cos(6hr) . Sin G). G 2= bs” . ms. Cos(6h) .Sin( Ou) .0 *
-d,. b;. m;. Cos(Bh). S 6) . G 2+ be> . my. Cos( 6hi) . Sin(6hr) - G, 2+ b2,
m, . Cos( Gu). Sin(Oy) . Gy 2+ds. by. mi. Cos( k). Sin(Br). G >+ bs. br.my.
Cos( 6 - ). Sin(6r) . O > +ds. by ms. Cos( 6 - ). Sin(Ghr) - G 2+ dp.
be. my. Sin(6) . Sin( @z + Gu+ Gu- 6). Ow > - bs. by my. Cos( ). Sin O -
Od). (6 - Gu)?-ds. be. ms. Cos( ). Sin( Gu - 0. (O - G)2-2. b’ . my.
Cos( G- ). Sin( G- G). (G - Gu)>-2.ds>. ms. Cos( O~ ). Sin( O -
%) . (60 - O) 2 dp. bs. my. Cos( ap+ Gu+ Ou- Gu). Sin( G- Ga). (Gu -
Gu) 2+ bs. b my. Sin( Gy) . Sin( Gy - G0). (6 - Ou)2+ds. by ms. Sin( Gu).
Sin( G- Gu). (O - )2~ dn. bs. my. Sin( G- Gk). Sin( ap+ Gu+ G- 6).
(G- 8)2+ dy. by my. Cos( ). Cos( an+ Gu+ Ou- 6. (Gu + 6 - 6)*
+ dy. by. my. Cos( b~ B).Cos(ap+ G+ Ou- &). (6 + b - 8s)*- dn.
bs. my. Cos( G- Ou). Sin( ap+ O+ Ou- Gu). (Gar + G - )2+ dg. by my.
Sin( G). Sin( @z + Gu+ Gu- 6a). (B + O - Oa) 2 -(my. 2. di. Cos( G). O .
(d:. Sin( G). O - b. Sin(Bh) . O - bs. Sin(Bhr - G) . (Gr - b)) + by . Cos( &
¥ Ot O ). B+ O - O -2 do. S( 6h). O - (di. Cos( 6u) . O - bu.
CoS(Gi) . Gur - bs. CoS(Ghr - Okr) . (G - O ) - bgp. Sin( ap + O + G- O) . (O +
G - G D)/ 2 - (ms. 2. (By. Cos( Gh). G’ +ds. Sin( G- 6. (G - ) - (b
Sin( G). O - be. Sin(6) . G - ds. Cos( - ) - (G - Gu) - bs. Sin(Gr -
60). (G - ) + by . Cos( @+ O+ Or - Gr) (O + O - 6)) + 2 .(-( be .Sn(Gu).
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Ou) - ds. Sin( G- G). (O - G)). (br. Cos( ). 6 - br. CoS(br) . O +ds.
Cos( G- 6). (G - O) - bs. Cos(bl - 6) . (B - G by S s+ O+ -
). (G + O - G V) /2~ (my. (2. (By. Cos( G} . G + bs. S G- 6). (Ot
- G)+ dp. Sin( g+ G+ G- G). (Gu'+ G - 6)). (b Sn( 6) . Gu - by
Sin(Gh) . G - bs. Cos( G- ). (Gu - Ga)- dp. Cos(ap+ Out G- G . (But
+ 64 - Od)- bs. Si(Ghr - ). (G - O b COS( O+ b+ Ohr - Gk . (B +
G - Oo)) +2. (( by Sin( ). Gu)- bs. Sin( G- 6). (6 - 6a) + dn. Cos( oz
+ G+ Ou- 6. (Bu + O - 6)). (be. Cos( Gu). G - bi. Cos(Bu). O + bs.
Cos( G- 6u). (O - Ga)+ dp. S an+ Gu+ G- 6). (G + Ou - bu)- bs.
CoS(Bhr - ) - (Ghr - Or) - by . SO G+ Oor + Our - Or) . (O + O - 60 )/ 2+ dy.
my. Cos( 6h). O - (dh. Sin Gh). G - bi. Si(Gi) . G - bs. SOk - ) . (Gr -
)+ bp. Cos( G+ Bur+ O - G . (B + Our = Gr)) +ms. (B Cos( ). G +
dy. Sin( G- O). (G - 6)). (Br. Sin( 6) . G - be. Si(Ger) - br - ds . Cos( b
- G0). (6 - Ga)- bs. Sy - G) . (O - O) + by Cos( @+ b + by - Bher) -
(G + O - O)) +my. (Br. Cos( O). G + bs. Sin( Gu- 6. (6w - Ga) + dn.
Sin( ap+ Gu+ G- 6). (G + O - Oua)). (be. S(Bh) . O - be. Sin(6w) . Or -
be. Cos( G- ). (O - Ga) - dn. Cos(ap+ G+ O~ Ou). (Bu + O - 6u)- by
. Sin(Gu - 6) . (G - G ) + bs. Cos( g+ O + O -0) . Bur + O - O )) - . My
. Sin( G). O - (d;. Cos( ). O - bi. CoS(b) . b = bs. CoS(Bhr = bir) - (Br -
O) - by St @ + O+ O - G) . (O + O = G )+ s (( B S ) . 6u) -
d,. Sin( G- G). (6w - Gu)). (by. Cos( Gu). O - be. Cos(Bhr) . O + ds .
Cos( G- 6)- (Ou - 6a) - bs. Cos(hr - O) . (Br - O ) - by . Sin( @ + Oar + Ohr -
). (B + O - O)) +my. (- by. Sin( G). )= bs. S G- Gu) . (O - 6a) +
dy. Cos( ap+ Ou+ Ou- 6. (G + G - 6)). (be. Cos( Bw). Ou - bi.
CoS(Gu) . O + bs. CoS( G~ Ou). (O - Gu)+ dp. Sin( ap+ Gt G- G) . (Bu
+ O - 6d)- bs.CoS(Bh - ). (G - O ) - by Sin( o + O + Gur - Or) . (O +
G - o))+ bs?. my. Cos( G- k). Cos(bhr - O) . (G - ) +ds. bs. ms .
CoS( G- Ou). Cos(Brr - Ok) . (G - )2+ dp. bs. my. Cos(ap+ Gu+ G- 6a).
CoS(Gr - ). (B - )2~ bs. by my. CoS(Gr - B . Sin( ) . (B - b)) * - bs.
be. ms. CoS(6hr - Bkr) . ST 6k) . (Gur - G) > - i bs. my. Cos(bhr - br) . SI( i)

113



(G - O) 2+ bs. b,.mf.Cos(Hh;).Sin(&,,-Gb).(a;,’-ah’)z+ bs. by.mg .
Cos( 6h) . S r - bkr) . (6hr - Or) > + i bs. m; . Cos( Gh) - S(bhr - O) - (Ghr -
G:) 2+ bs?. my. Cos( G- ) . Sin(Bh - 6e) (G - G )2 +ds. bs. ms. Cos( G -
6) . SOk - O) . (Gur - O) >+ dp. bs.my. S g+ O+ Ou- 6k). Si(Ge -
&) . (G - 6) 2 - by. bi. my. Cos( Gh). CoS( &+ b + O - ) . (G + Ohr -
)% - bp. by. ms. Cos( Ou). Cos( &+ O + O - Or) - (O + O - Or) % -dy.
by . m;. Cos( Gui) . Cos( s+ Our + O - Oir) . (G + O - O) > - by bs.my .
Cos( Gui- 6i). CoS( s+ O+ Ohr - Gr) . (ur + O - G ) * - . bj. ms. Cos( G-
6) . CoS( @ + Our+ Or - O) . (Gr + O - O)* - dp- by my. Cos( i+ Gar + Ohr -
). Sin( ap+ Gu+ G- ). (G + O - Gz) %+ bp. bs. my. Cos( b - Gh).
Sin( ap + o+ O - O) . (G + O - O )+ ds. by ms. Cos( G- 6) . Sin( ap +
O+ O - O). (O + O - O )2+ dg. by my. Cos(ap+ Gu+ Ou- 6k). Sin
+ O+ G- ). B + 6 - )2 - by by my. S Gu)) .Sin( afp + Oor + G - Gr) -
(O + O - )2 - b by. ms. Sin(6ky) .Sin(as + br + Ohr ~6hr) (O + O - Or) -
di. by. my. Sin( 6) . Sin & + Our + Our - O) - (G + Our - r)

bp(2,1)=g. (ds. ms. Cos( Gu - Q) + my. (bs. Cos( Gu- Gu) + dp.Cos(ap+ Gu+t
G- G) + bs. by. my. Cos( 6h). Cos( O~ ). Ou *+ds. by ms. Cos( 6h).
Cos( G- Gd). Ou >+ dp. by. ms. Cos( ). Cos(ap+ Gt G- G). Gu 2+
bs. by. my. Cos( G- Ou). Sin( Gh). Ou'>+ds. by ms. Cos( G- 6k) . Sin( 6h) .
Ou 2+ dg. bi.my. Sin( G). Sin( @p+ Ou+t Ou- 6. Gu 2- bs. be.my.
CoS(Ghr) . Cos( G- Ok). G > - ds. by. ms. Cos(6hr) . Cos( 6hi - B) - G - dy.
b. mp. Cos(6h) . Cos( an+ Gu+ Gu- 6. Gr 2- bs. by. mp. Cos( G- ).
Sin(Gh) . O % - ds. be. my. Cos( b~ ). Sin(6r) - G * - dn. be. my. Si(6hr) .
Sin( ap+ Ou+ Ou- G). Oy >+2. by’ . my. Cos( G- 6u). Sin( G - 6o . ( G -
0)2+2. d?. my. Cos( G- G).Si( Gu- 6). (6 - b))+ dn. bs.my.
Cos( ap+ Gu+ Ou- 6k). Sin( Gy - O). (O - )2+ dp. bs. my. Sin( G- 6)-
Sin( ap+ Gu+ Ou- ). (Gu - 6a)*- dp. bs. my. Cos( b~ Gu). Cos( o+ O
+ G- Gd).(Ou + O - Gu)2+ dy. bs. my. Cos( G- Q). Sin( g+ Ou+ Ou-

114



). (G + O - O)* -(ms. (2. ds. Sin G- 6u). (O - ). (be. Sin( ). O
- by. Si(6) . O - ds. CoS( bt~ G). (Ot - 6a) - bs. S(Bhr - Gu) - (Gr - 6r) +
by . CoS( @+ Oor+ Ohr = O) . (br + Ohr = G )) +2 . ds. Sin( O - 6. (O - ).
(bi. Cos( Gu). O - bi. Cos(6u). b +ds. Cos( G- 6u). (6 - bu) - bs.
CoS(hr - O) - (G - G - by . SI( & + Gor + Or - O) . (O + O - Ge)))) /2~
(my. (2. (-(bs. Sin( G- 6). (6 - G))- dp. Sin( g+ Ot Ou- G . (B +
O - Ou)) . (Be. S Bu) . 6l - br. Sin(6h) . O - bs. Cos( G- 6k) - (Gut - ) -
dr. Cos( ap+ Ou+ Ou- 6). (O + O - 6u) - bs. S(Bhr - Gu). (G - b)) +
by CoS( @+ b+ O - G). (B + Or - G ) +2 . (bs. S Gt~ ). (Ot - Gr)
- dp.Cos(ap+ Ou+ Ou- O). (G + O - 6a)) . (bi. Cos( ). Ou - b
CoS(Ghr) . G + bs. COS( Gt~ Gu). (G - Oa) + dp. Sin( ap+ O+t Ou- G) . (Gu
+ 4 - 64)- bs. Co(Brr - O) . (G - O - b. S+ O+ O - G) . (Gr +
O - O )/ 2 -ds. ms. S G- Ou). (Our - O)-(be. Sin( ). Gus - by Sin(6h) -
O - ds. Cos( G- ). (Ouf - Ou) - bs. Sin(br - G) . (O - G ) + by Cos( gz +
O+ O - O) . (G + O - O)) + my. (< bs . SIn( G- 6u) - (G - 6)) - -
Sin( ap+ Gu+ G- ok,).(ea,'+ 9h,’-ek,')).(b,. Sin( ) . Gu - b:. Sin(Gr) . O
- by. CoS( G- G). (G - Ou) - dn. Cos( @+ Ou+ Ou- 6. (6 + Oui - Ou)-
b. Sin(Bhr - G) - (G - G )+ by . CoS( @3+ Gur+ O - Oc) . (B + O - Oc)) + ds.
ms . Sin( 6 - ). (O - G). (be. Cos( G). O - br. Cos(b) - O + ds .
Cos( Ghi- Gu)- (O - Oua) - bs. CoS(Ghr - Oir) - (O - Orr) - bge. S O + Or + ir -
Oo). (G + O - )+ my. (bs. Sin Gt~ Oa). (O - Gu) - dp. Cos(ap+ Ou+t
G- O). (G + O - 6)). (Be. Cos( ). G - br. Cos(bn). Oy + bs. Cos( bu-
6. (O - )+ dp. Si( ap+ Gu+ Gu- G). (Gu + G - Oa) - bs . CoS(Ghr -
b). (G - G) - by SIN( @+ O + O - ) . (B + O - Or)) - bs > . my. Cos( O
- G). CoS(Ghr- o). (G - B )2 - ds. bs. ms. CoS( Gt~ Bk) . Cos(Gr - G) . (G -
G-)2- dy. bs. my. Cos( ap+ Ou+t G- ) . CoS(Ohr - ) - (O - G) > - bs”.
my. Cos( O~ Ou). Si(Ghr - 6kr) . (O - Gr) * - ds. bs. ms. Cos( G- 6k) . Si(Bhr -
). (O - )2~ dn. bs. my. Sm( @p+ Gut G- 6d). Sin(6hr - Ge) (O - )
+ by. bs.ms. Cos( G- 6). Cos( ap+ bur+ b~ O). (B + O - b)) " + .
b . ms. CoS( 6k~ 6). Cos( @ + Our + Ohr - Or) . (O + O - Op) 2+ dy. by my.
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Cos( O+ O+ O - Or) . SIN( g+ Ou+ Gui- Oi). (O + 6hr - )% - bs. bs.
ms. Cos( G- Gu). Sin( ap + O+ Op - O) . (B + O - G) % -ds. bp. ms.
CoS( G- Ok). Sin( @+ O+ Gr - ). (B + O - Gir) 2 - dy. bs. my. Cos( oy +
O+ - 6k). Sin( G+ O+ O - O). (Bor + O - Or)

by(3,1)=g. (dp. my. Cos( o + G + G - O) + my . (bgp. Cos( & + O + Or - Gr)
- b;. Sin(Gh) - bs. Sin(Gyr - ) + my. (bs. Cos( @ + Gor + Ohr - ) - by Sin(6h)
- bs. Sin(bhr - Oir)) + ms. (bs. Cos( @+ O + Ohr - Okr) - by. SI(Ghr) - by . Sin(Ghr -
Ge)) + me. (bp. Cos( 0f + b + bhr - Gr) - b;. Sin(6y) - bs. SIn(Ghr - Gkr)) + .
(bs. Cos( o+ Oy + G - 6) - (-di + b)) . Sin(Gr) - bs . SI(Ghr - G)) + ms. ( by .
Cos( a5 + Oar + Oy - G) - (-ds + by) . Sin(Gyr - G)))+ bp. br. my. Cos( Gu) .
Cos( s+ O+ G- Os). Gu 2+ bs. b ms. Cos( Gu). Cos( &+ O + O - Or) -
Gu >+d;. bs. my. Cos( ). Cos( @+ G+ G- Or). Ou >+ be?. my. Cos(6hr).
Sin( G). O 2+ b>. ms. Cos(6y). Sin( G). G > +d,. b,. m,. Cos(6y). Sin(
G). Oy ’+ bs. by mp. Cos(Ghr - G). Sin( ). Gu >+ bs. by. ms.Cos(Gyr~ Gir).
Sin( G). O’ 2+d;. bs. my. Cos(Gur- G). SIn( Gu). G 2~ b%. my. Cos( Gu).
Sin(fh) . 6 >~ b>. ms. Cos( Gu). Sin(6) . G *-di. by m;.Cos( 6u) .Si(6bhr) .
G 2~ bs. by ms. Cos( G). Sin(Ghr - ). G 2 - bs. by. ms. Cos( Gy) . Sin(Gh -
Gr). Ou'%-di. bs. m.CoS( G). SO - G). O >+ bsp. b my. Sin( Gu) .
Sin( ap+ O+ G- O). Ou 2+ bs. by my. Sin( ) . Sin( @ + Gor + G - G) .
Gu 2 +di. bp. m. Sin( G). Sin( @+ Gor + O - O). O - bp. by. my.
CoS(O) . Cos( &+ O+ O - ) . Gir > - bp. be. my. Cos(Ghr) . Cos( s + G +
G- O). O 2~ bs. by. ms. Cos(Gy). CoS( @+ O+ G~ O) . G - bg. by
m;. Cos(G) . CoS( @p + Oor+ O - O) . O - bs. (-di+ b). m;. Cos(6) .
CoS( @ + O+ Ohr - Or) . O >~ bs. by. my. CoS(Gr - G) . Sin(6hw) . O - bs.
b. ms. Cos(Ghr - Ok) . SIn(6h) . G % - bs. by. ms. CoS(Ghr - O) . SI(6hr) . O * -
bs. by. m;. Cos(Gh - Op). Sin(6h) . G > - bs. (-di+ b). my. Cos(Gu - 6r) .
Sin(6h) . 6 2+ bs. by. my. CoS(G) . SI(Ghr - O) . G >+ bs. br. my. Cos(6hr) .
Sin(By - 6e). G 2+ bs. by. mg. Cos(Gh) . Sin(Ghr - ). G >+ bs. by my.
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CoS(bhr) - Sin(hr - O) - G 2+ bs. (-di+ ). my. Cos(Ghr) . Sil6hr - bir) . O * -
bs. br. my. Sin(Gy) . Sin( o + O + G- ). O - bp. be. me. Sin(Gh) .
Sin( @ + Gor + G- Or) . G > - bp. by. ms. Sin(Gh) .Sin( o + Or + O - ) . O
- by, by myi. Sin(Oy). SIn( @+ b+ G- G) . O " - by (it b). mi.
Sin(6h) . Sin( & + Gur + O - Ok) . G 2+ bs. by. my. Cos(6) . Sin( G - ) .
(O - Ou)>+ds. by. ms. Cos(6hr). Sin( G- 6). (6 - G)>+ bs” . my. Cos(Bhr
- Ob). Sin G- G). (O - )2 +ds. bs. ms. Cos(br - b - Sin( G- 6k). (6
- B) %+ by bs. ms. CoS(@p+ O+ Ohr- Oi). SIN( G- Ok). (G - G)” +ds.
by . ms. CoS( @ + O+ Our - Gr) . S G- Gu). (O - )’ - bs. by my. Sin(6hr) .
Sin( G- 6. (6 - 6u)>-ds. by. my. Sin(6he) . Sin G- ). (G - 6s)” -
by 2. my. Sin( G- G). S - ). (O - Ga)? - ds. bs. ms. SI( G- ) -
Sin(Ghr - G) - ( G - Gu) 2+ by bs. my. Sin( G- ). Sin( &+ O + O - G) -
(6 - 6)2+ds. bp.my. S G- O). S &+ Our+ O - O - (Ot - Os)” -
dp. by. my. Cos(h). Cos( an+ Gu+ Ou- ). (Gu + G - Os)2- dy. bs.my.
Cos( o+ Gu+ G- 6). Cos(bhr- Ou). (G + O - O)>+ dy. by my. Cos( o
+ G+ O - On). SN @+ Gu+ Ou- Ou). (' + O - )’ - dp. be. my. Sin(6) .
Sin( ap+ Gu+ Gu- G- (Gu'+ Ou - Ou)>-dy. bs. my. Sin( an+ G+ G- Gu).
Sin(Gh - 6¢). (6 + O - Gu)? - dn. by. my. Cos(an+ Gu+ Ou- Gu). Sin( a5+
O+ Ohr - O) . (Bt + Ot - )2 -(ms. 2. (bi. Sin(bh) . G + bs. Sin(6hr - Gir) -
(O - ) - by CoS( @+ Oor + Ohr - G) . (Gar + br - Gr)) - (-( Be. COS(6hr) . r) -
by . CoS(Bir - Ok) . (Ghr - Gkr) - by Sin( @+ Or + Ohr = Ohr) . (Bur + O - ) +2.
(-( B;. Sin(B) . O) - bs. SO - Okr) . (Gur - ) + by . COS( O + Ear + Bhr - Gr) .
(G + O - Ge)) - (-(bi. CoS(Bhr) - Or) = bs. COS(Br - i) - (6w - b)) - bp.
Sin( @+ O+ O - O) . (G + G - 6)))) /2= (. (2. (dr - Sin( 6w) - O - b
Sin(6h) . G - bs. Si(Gr - O) . (G - O )+ by . CoS( @i+ Gar+ bhr = O) - (Gr +
G - Oc)) . (-(bi. CoS(Ghr) . Gr) - bs. Cos(bhr - O) - (Our - b)) - by Sin( 0+ Our
+ O - O). (G + O - G ) +2. (by. S(Bhr) . O + bs. S(Bhr - br) - (Ghr - br)
- by Cos( @+ O+ O Ou). (G + O - 6 )) .(dhi. Cos( Gh) . Gt - br. COS(6hr) -
O - by. CoS(Ghr - O - (G - br) - by S @ + Our + Ohr - 6r) - (Gor + O -
G )/ 2-(my. 2. (-di+ by). Sin(fw) . b + bs. S(Bhr - G) . (B - br) - by
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Cos( @ + O+ b - B) - (G + O - G)) . (((di + B). CoS(br) - br) - bs -
Cos(6r - 6) . (B - Or) - by . Sin( a5 + O + G- O) - (B + O - G ) +2.
(((-di+ B). Si(O) . O - bs. S(Bhr - b) . (B - Gr) + by . Cos( @ + Oor + e
). (G + O - ). ((di+ b). Cos(6h) . br) - bs. Cos(bhr - ) - (B -
8) - by. SI( @+ O+ Our - G) . (Gar + Or - O )Y/ 2 - (s (2. ( by Sin( i) -
G - by Sin(Oi) . Ohr - ds. Cos( B~ Ou) . (6uf - bua) - bs. Sin(bhr - br) . (Ghr -
b))+ by. CoS( @+ O+ - ) . (O + b - 6s)) - (-( By COS(Bir) . Or) - bs.
Cos(8y - B) . (B - O ) - by . SI( @+ O + 6hr - Orr). Gz + O - G )) +2. (.
Sin(By) . G + bs. Sl - ) . (B - Gr) - by COS( @3+ Oor + bhr - Ge) . (6r +
G - ). (Be. Cos( ). O - br. Cos(hr) . bhe + ds. Cos( G- Ou) . (Ot - )
-~ by. CoS(Bu - O) - (B - G - by SN @3+ Gr + Ohr - Br) . (Gr + O - B )/
2-(my. 2. (br. SI( Ba). O - by. Sin(B) . Gy - bs. Cos( - 6. (6 - O) -
dn. Cos( ap+ Gu+ Ou- ). (O + O - ) - by. Si6hr - 6) - (B - Or) +
by . Cos( @5+ b+ Or - Gk) . (Our + G - 6)) . (-( ;. CoS(Gur) . ) - bs. Cos(Ghr
6. (B - ) - bp. SI( @+ O+ O - Ge) . (B + O - Ge)) +2. (Br.
Sin(Gh) . O + bs. SO - Gk) . (Gur - Okr) - b Cos( O+ Gar + Or - G) . (G +
G - ). (bs. Cos( Oh). G - br. Cos(Gi) . Gur + bs. Cos( G- Gu) . (O - 6ur)
+ dy. Sin(ap+ Gu+ Gu- O)- (G + O - )~ by Cos(hr - br) - (O - br) -
by . Sin( @+ Oor + O - O) - (Gar + G - G )/ 2-(ms. 2. ((-ds + bs). Sn(Gyr -
). (Gr - G) - b . CoS( @ + O+ O~ O) . (G + O - Br)) - (-((-ds + B9).
Cos(bhr - Ou) - (G - O)) - b SO @ + G+ Oy - Ou) . (Gur + O = ) +2.
(s + b5). Sl - B) . (B - O)) + by COS( ap+ Oor + Ohr = Gur) - (B + O -
). ((ds + B). COS(bhr - ) - (B - ) - by S @+ O + bhr - G) - (Br
+ 6 - Go)) ! 2+ my. (br. Si(6h) . G + bs. S(Gr - Gr) - (G - 6r) - b .
CoS( @ + O+ G - Oir) - (B + 6 - 6)) . (-(Dr. Cos(b) - Gw) - bs. Cos(Ghr -
Os) . (G - Or) - bp. Sin( @ + G + O - Os) . (B + O - O)) +my. (( by
Sin(G) . G) - bs. Si(6hr - ). (B - G ) + by Cos( @+ O + by = bir) - (Gr +
O - G)) . ((br. COS(Bh) . O - bs. COS(Gir - br) - (O - Or) - by . Sin( @ + Oor
£ OO0 (G + O -GN+ m. (dr. SIN( G). O - b S(6h) - O - bs.
Sin(Ghr - ) . (Bur - Gr) + bgp. Cos( ap+ O + O - O) . (Ber + O - B)) . (-( by
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Cos(Bw) . 6) - bs. CoS(br - 6k) . (B - Gr) - by . SIn( @ + O + Ohr - Gr) . (Gr +
O - o))+ ms. (By. S G). G - be. S(Ou) . Ghr - ds . Cos( G- Ou) . ( Gt -
b) - bs. SO - O) . (G - G) + bp. CoS( &+ Oor + Or - G) . (G + O -
). (-(br. CoS(B) . Owr) - bs. Cos(bhr - Oi) . (Br - Or) - by S O + Or + Or
- 6k). (G + O - O )) + my. (By. SIn Oha). G - br. SI(Gir) - Ghr - bs. Cos( G-
60). (O - Oa) - dp. Cos( an+ Gu+ G- 6u). (B + O - Gu) - bs .Sin(bhr - G) -
(b - G+ by . CoS( @+ G+ O - Or) . (Ber + O - Or)) - (( Br. CoS(6r) . br)
- by. CoS(bhr - O) - (B - O) - b SIn( @+ Our + O = G . (B + Or - G )) +
my. (by. Si(6h) - G + bs. Si(Ghr - G) . (G - O ) - by -CoS( &+ Oor + Or - bhr) .
(s + G - O)) - (di. CoS( ). G - Br. CoS(hr) . O - bs. CoS(Ohr - Gr) - (6w -
6:) - b Sin( & + G+ O - O) . (G + O - G )+ me. ((-di+ By) . Sin(bw) -
Gy + bs. SO - O) . (G - Ge) - bs. CoS( @+ O+ O - O) . (B + Or -
). (-(-di+ BY). Cos(Bw) . br) - bs. CoS(bhr - Os) . (Ghr - Oir) - by . Sin( - +
O + O - O) . (Our + Our - O )) + . (-((-de+ b). Sn(6hr) . Gr) - bs . Sin(Bhr -
Oo). (G - G) + by . CoS( @ + O+ O - G) . (B + O - Gr)) - (((-de+ B).
Cos(B) . O - bs. CoS(br - Or) . (B - O ) - by S @ + Our + Or - Gr) . (O +
B - G)) + ms. (b;. SI(h) . G + bs. S(Ghr - b) - (O - Or) - bs- Cos( g +
O+ O - O) - (G + O - G)) - (Br. Cos( Gu). O - br. Cos(b) . b + ds .
Cos( b~ Ga). (6 - Ga) - bs. CoS(bhr - Gkr) . (Bhr - Orr) - By Sin( 0 + Oor + Ohr -
). (0,,'+ G - ek,'))+mf.(b,. Sin(6,) . G + bs. Sin(Ghr - Gir) - (0;1,'-0,,')- bs .
Cos( @ + O+ G - ) - (G + O - 6)) . (be. COS( k). 6t - be. Cos(6) . O
+ by. Cos( G- G). (O - B)+ dn. Sin( g+ O+ Bu- bu). (Gu + O - 6r) -
bs. CoS(bhr - Gr) - (G - Gkr) - bs. SI( @+ Oor + Gur - Gr) . (ar + Ohr - Gr)) + s
(-ds + B5). Si(bhr - Gi) . (G - B) - B COS( U + Oor + O - Or) . (Gar + G -
). ((-ds+ by). CoS(Bhr- k) . (Gr - Or)) - by S @+ Gor + Ohr - ) - (Gr
+ G - G ) ms. (((-ds+ By). SIN(Ghr - ). (B - O )) + by Cos( @+ b + bhr
- 60). (G + O - ). (((-ds+ ). Cos(hr- G) . (Br - 6r)) - by . Sin( o +
O+ O - O) . (B + O - G2)) - By bs. my. CoS(Ghr - Gr) . Cos( ap + Oor + Ehr -
O). (B - O) % - bp. bs. ms. Cos(6hr - 6). Cos( app + G+ Gr - O) .(Orr - O)*
- bs. bs. my. Cos(6hr - G) . Cos( ap + O + O - O) . (O - Gr)* - by (-ds + D).
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ms . CoS(Ghr - G) . Cos( 0 + O+ Ghr - G . (O = )= 2. bp. bs. my. Cos(6hr
- G). CoS( @+ B+ O - Oir) . (G - G )+ bs. by my. CoS(Ghr - br) . Sin(6) .
(G - )2+ bs. by ms. Cos(bhr - 6s) . SI(O) . (G - Gr) >+ bs. Br. s
CoS(bhr - ) - S(6) . (G - Gr) 2+ bs. br. my. CoS(Bur - ) - Sin(b) - (e -
)2+ bs. (-di+ b). my. Cos(hr- O) . Sin(h) . (G - Oo) - b5 be. my.
CoS(6h) . SiBhr - G) . (G - O) 2 - bs. by my. Cos(B) . Si(Ghr - 6) . (B -
6)2- bs. br. mg. CoS(6h) . S(bhr - O) . (Ghr - Gr) - bs. br. mu. Cos(bh).
S - ) - (G - ) 2= bs. (-di+ ). me. CoS(B) . Sinlbhr - O) . (O - br)
- bp. bs.my. Sin(Bh - Ob) . S & + O+ O - O) . (O - Or) * - . bs. my.
Sin(Gr - 6) . S @ + Gor + br - Ge) . (G - G) * = bpr. bs. ms. SinGr - ) -
Sin( @z + O + G- ) . (G - O - by (-ds+ By). ms. Sin(bhr - br) . Sin( a5 +
O+ O - Or) - G - O )2-2. bs. bs. my. Sin(Ghr - Orr).Sin( & + Oar + Or - Oir) .
(O - G) 2+ by by. my. Cos(Ohr) . Cos( @+ O+ O - G) . (6r + Or - 6) " +
bs. bi. my. Cos(6) . Cos( o + O + O - O) . (Bur + O - Or) 2+ bp. by ms.
CoS(6h) . CoS( @ + Oor + O - Oir) . (Or + G - Oa) 2+ bp. be. my. Cos(bh) .
Cos( @ + O + Gr - ) - (G + Gr - O)2+ bs. (-d+ b). m. Cos(6) .
Cos( 0 + O+ O - O) . (G + O - ) 2+ by by my. Cos(Bhr - br) . Cos( ap
+ G+ 6},,--0k,).(:9a,'+ 0;,,'-03,')2+ bs. bs. my. CoS(Ghr - i) . Cos( o+ Oy + G
- 6). (G + O - Ge) 2+ bp. by. my. CoS(6h - Or) . Cos( & + bar + Ohr - Ohr) -
(Gu + G - )2+ bp. (-ds+ bs). ms. Cos(bhr - bir) . Cos( O+ b + Opr - Ghe) -
(G + O - Oe)2+2. bp. bs. m. CoS(Ghr - Or) . Cos( oz + O+ O - o). (O +
G - O) 2+ bp. by my. SI(Oy) . Sin( a5+ bor + Oir - O) - (O + Or - Or)? +
bs. b;. my. Sin(6y) . Sin( @ + G + G- O0). (Or + O - O) >+ bp. br.ms.
Sin(Gy) . Sin( & + O + O - O) . (Gor + O - )+ bp. b my. Sin(6u) -
Sin( ap + O+ O - O) . (Gur + O - )2+ Bp. (-di+ b). my. Sin(Ghr) . Sin( g
+ Oyt Or-O0). (B + O - O )2+ bs. bs. my. SIn(Gy - Gr) . Sin( @ + Oor + Ohr
-60). (G + O - O )2+ by bs. my. Sin(bhr - Gir) - Sin( @ + Gor + G- Oc) . (Oar
+ Gy - Os) 2+ bp. bs.ms. Sin(Gh - ). Sin( @ + O + Gr - 6) . (Bur + Onr -
)2+ by. (-ds+ b). my. S(hr - ) .S @ + b + O - Ou)-(6r + O - Or)”
+2. by. bs. my. Sin(G- O). Sin( @+ O+ O~ o). (Gar + Ohr - Or)”
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by(d,1)=g. ((ds. my. Cos( @+ Oar + Oir - G)) + ms . (-( by . Cos( @+ Gar + O -
6)) + bs. Sin(6hr - Gu)) +my. (( by Cos( @+ b+ Our - 6)) + bs. Sin(Bhr - b))
+my. (( by . CoS( @+ Oar+ Ohr - Gir)) + bs. Sin(Bhr - Gir) +2. my. (-(bg. Cos( o
+ Gy + O - G)) + bs. SIn(Gyr - O)) + ms. (-( by - Cos( o + Oz + O - Gr)) + (-ds +
bs) . Sin(Gur - Ge))) - by be. mp. Cos( Gu) . Cos( O + Oor + Ohr = Ohr) - G > - by
by. ms. Cos( G). Cos( ap+ O+ O~ ). O >-di. bs. my. Cos( 6. Cos( s
+ 6+ G- O). On’- b by ms. Cos(Oi - 6k). S Gu). O >~ bs. be.ms.
CoS(Ghr - ) . ST Oh). Gt 2-dh. bs. my. Co(Ohr - Ou). Sin Ou). G >+ bs. b
my. Cos( Gk) . Sin(6h - 6s). G >+ bs. by. ms. Cos( G) . Sin(bhr - G) G 2 +d;.
by. my. Cos( G) . Sin(Or- Gs). O > - b. by. my. Sin( G) . Sin( @ + Gor + Gr -
O). O %- bs. b ms. Sin( ). Sin( @ + G + 6hr - G) - Gu2-d. bs. m.
Sin( 6). Sin( @+ O+ G- Os). G >+ bp. by my. Cos(6hy) . Cos( s + b +
Ow - O) . O 2+ bs. by my. Cos(G) . Cos( @ + Gor+ G - Ohr) - Gr 2+ bs. b.
ms . Cos(Bh) . Cos( @+ b+ G- O) . G >+ b be. my. Cos(br) . Cos( oy +
O+ O Oo). O 2+ bp. (-di+ B). my. Cos(Oi). CoS( 0+ b+ O - Gr) - O *
+ by. by. mp. CoS(Gr - O) . Sin(G) . O >+ bs. by. my. CoS(Ghr - Gr) . Sin(Ghr) .
G, 2+ bs. by. ms. CoS(6h - O) . Sin(Gu) . Gr *+ bs. by. my. Cos(bhr - Or) -
Sin(Gh) . G 2+ bs. (-di+ b). my. Cos(bhr - Or) - SIn(6hr) - O 2- bs. by mp.
CoS(6) . Sin(Gh - O . B >~ bs. by. my. Cos(Gr) . Sn(Bhy - Gr) . G * - bs. by
m, . Cos(6) . Si(Bhr - O) . O 2= bs. by. my. Co(Bhr) . Sin(6hr - Ghr) - O - bs.
(-di+ b). my. Cos(B) . Sy - Br) . O >+ bp. br. my. Sin(6r) . Sin g + Our
+ G- 6o). Oy >+ bs. b my. Sin(6h) . Sin( @+ Gor + b - Okr) - G 2+ bs. by.
my . Sin(Gh) . S @p + O + O - k). G >+ b, by. my. Sin(6) . Sin a5 + Or
+ G- Oo). O 2+ by. (<di+ b). my. Sin(Gy) . S &+ O + bhr - O) - O * -
bs 2. my. Cos(Bhr - Gr) . S G- 6) . (O - O)* - ds. bs. ms. Cos(bhr - bhr) -
Sin( G- G). (G - B) 2~ by. bs. my. Cos( ap+ G+ Oir - G) . Sin G- b
(O - Oa) 2~ ds. by ms. CoS( @+ b+ G- O) . S( G- Ou). (Our - )+
b2 . my. Sin( G- Ou) . S(Gir - Gr) . (O - Ou)* +ds. bs. ms. Sin O - ) -
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Sin(6h - G) - (O - Oa)* - bp. bs. my. Sin G- O) . Sin( @+ Gor + Oor - G-
(G - O)2-ds. bs.ms. Sin( Gu- 6). Sin( ap + O + Gr-0). (G - Q)+
dp. bs. my. Cos( @n+ Gu+ G- Gu). Cos(Or - Oe). (Our + Ou - Gu)” - dn. by
my. Cos( @+ O+ Ohr - G) . Sin( ap+ G+ G- Gu). (Gu + G - Ou) >+ dy.bs.
my. Sin( g+ Ot Ou- O).Si(b - G). (B’ + O - Gu)*+ dn. by . my.
Cos( ap+ Ou+ Gu- 6k).Sin( &+ Oor + O - Oi) . (B + O - Ou)?-(my. 2.
(-( bs. SI(Bhr - Gr) - (Gr - B)) + by COS( @+ Gor + Ohr = B) . (B + Or - Br)) -
(-( B¢ Cos(Bh) . Gr) - bs. CoS(Gr - B) . (Ohr - G ) - by Sin( @+ Oor+ Ohr - ir) -
(G + O - O)) +2. ((b. S . Gur) - bs. Sin(Bhr - Or) . (G - Gr) + bp.
Cos( @ + O + O~ O} . (Gur + Oir - Gr)) - (bs. CoS(Br - ) - (G - br) + Bp.
Sin( o+ G + G- 60). (B + O - G W) /2~ (. 2. (( bs. SI(Ghr - 6) . (B
- Gs)) + bp. Cos( @+ O+ O~ ). (B + O - B )) - (@ Cos( ). O - bi.
Cos(6i) - Ohr - bs. CoS(bhr - Or) . (Bhr - O) - by ST &+ O + Gor - G) - (Gar +
G0 - O ))+2. (dr. S G). Ou - bi. Sin(Bh) . Gur - bs. S - G) . (Gr - br)
+ by CoS( o+ O+ Ohr - ) - (B + Gr = ) . (Bs . COS(Ohr - ) - (G - Or) +
by . Sin( @ + O+ O - G) . (G + O - G )))) / 2- (e (2. (-( bs - Sin(Bhr - Gr) -
(B - O)) + bs. Cos( @5+ O + Ohr - O) . (B + O - Gr)) - (((di + D).
Cos(O) - O) - bs. CoS(Bhr - O) - (Ghr - Gir) - bpr. S @+ Oor + b = bir) . (B +
G - Oc)) +2. (A(di+ b). Sin(Bh) . ) - bs. S - O) - (O - Gr) + by
Cos( o + O + Or - O) - (Gur + G - Oc)) . (bs. CoS(Bh - G) - (B - B ) + bp.
Sin @5 + Gur+ O - G) - (B + O - G W) /2= (s 2. (( Bs . Sl - ) - (6
- G )+ by Cos( @+ Ou+ G- O) . (Gur + O - O )) - (Br. Cos(bu). G - bi.
Cos(6h) - O +ds. CoS( G- k). (6 - Gu) - bs. Cos(Or - G) - (B - 6r) - by
Sin ap+ O + O - O . (G + G - B)) +2. (Br. Sin( G) . O - br. Sin(6hr) .
G - ds. CoS( Ghi- 6a). (O - Oa)- bs. Sit(Ghr - G) . (B - Gr) + b Cos( a5+
80+ B - O) . (B + G - ). (bs. COS(Oir - O . (Gur - O) + bg. Sin( 0 +
O + Our - ) - (B + O - O )/ 2- (my. 2. (< bs - Sil6hr - ) - (B = ) +
by . CoS( @+ Gur+ Oir - Okr) . (Or + 6 - 6r)) . (br. Cos( ) - Gu - by . Cos(6h) .
G + bs. Cos( G- Ga). (O - Ou)+ dy. Sin( ap+ Gu+ Ou- 6. (G + Ou -
80) - bs. CoS(Bhr - O) . (Gur - G) - b SIn( @ + O + Or - O) - (B + e -
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O ))+2. (br. Sn( 6) . O - by S(r) . O - bs. Cos( G- G). (6 - ) -
dy. Cos(ap+ Bu+ Ou- 6. (Bu + O - Os) - bs. Sin(Bhr - O) . (G - )+ s
Cos( &+ lur + O - O) . (B + Ohr - Gir)) - (Bs. CoS(Bhr - 6k - (Gr - Gr) + by
Sin( @7 + Gor + G- Oi) . (B + O - G )))) /2 (. 2. (-((-ds + bs) .Si(Bhr - r) -
(B - G ) + by Cos( @+ O+ Oir - Okr) . (O + O - 6r)) . (-((-ds+ Bs). Cos(Gr
= 00). (G - Oc)) - bs. SI( @5+ O+ Gur=O) . (Or + O - Oe)) +2.  (A(-ds+
b)) . S - G) . (G - G)) + b Cos( @+ O+ bir - G) . (Bor + O - Gr)) -
((-ds + by). Cos(bhr - G . (G - ) + by Sin( @+ O+ b= O) - (Br + Ohr -
G:))) /2 + my . (- bs. S - 6) . (B = G )) + b Cos( &+ bar + i - ) -
(B + G - 6)) . (( br. CoS(Bhr) . Ghr) - bs.COS(Bhr - b} - (Gir - Gir) - by Sin(
+ O+ G- O). (B + O - )+ my. (-(bs. SI(Bhr - O) . (Br - B )) + Bs-
CoS( @5 + Our+ Ohir - Os) - (Gur + Gr - 6)) . (d:. Cos( Gu) - O - bi. CoS(6h) . O -
by. CoS(Bhr - Oi) . (Gr - Or) - by . Sin( @+ o+ Gir = O) . (B + Oor - Gr)) + 1.
((bs. Sit(Gir - B) - (Bur - G)) + by COS( 0 + b+ Our - O - (Oor + G - 6r)) -
(((-di + b). Cos() . Ghw) - bs. CoS(hr~ Or) - (Br - Or) - by Sin( @+ Oor + b
- 6). (G + O - O)) + 5. (-(bs. S - Ge) - (G - Gr)) + bs. Cos( g+
80+ O - ). (O + G - G)) . (Br. Cos( G). O -br.Cos(6hr) . G +ds .Cos( G
- G). (6 - ) - bs. Cos(bhr - O) . (G - bkr) - by - ST G + O + Ohr - ) -
(G + G - O )) + mp. (< bs. SO - 6k) . (B - G )) + bs. Cos( ap + Oor + Ghr -
). (G + O - 6 )) . (Br. CoS( 6ha). 6t - be. Cos(6r) . G + bs. Cos(Bu~ ).
(O -0+ dp. Sn( g+ Gu+ Gu- G). (Bu + O - Ga) - bs. Cos(Ghr - 6i) .
(B - O) - by S @+ O+ Ohr - k). (B + O - G )+ 5. (((-ds+ ).
Sin(Gr - ) - (B = O ) + b COS( @+ O+ bhr = G) . (Gur + bbr - b)) - (-((-ds
+ by). Cos(br - G) . (Bhr - G )) - by S s+ Gor + br - Gr) . (Gar + Or - O ))F
ms. (( by. S(Bh) . O ) - bs. S - ). (O - O )+ bp.  Cos( s+ O +
B - ) - (O + O - ) . (Bs. COS(Oir - O) . (Bur - O) + bs. Sn( 0 + Or +
O - ). (Gur + O - Oc)) + my. (dy. Sin( G) . O - bi. S(Gir) . O - bs.
Sin(G - ). (G - Oe) + by . Cos( g+ O + O - ) - Oz + O - Or)) . (Ds.
Cos(Gr - ) - (Ghr - G )+ by Sin( @p + O+ O = Gr) . (O + O - G ) + Mo (-
((di+ b). SI(6h) . O ) - bs. Si(Ghr - Gr) - (G - G )+ by Cos( g+ O + Onr
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= 6). (G + O - 6)) . (Bs. CoS(Ghr - Oe) . (B - ) + by Sin( @3+ Gar + G -
O). (O + O - G)) +mq. (br. SIn Gu) . G - br. Sn(6hr) . bhr - ds .Cos( G-
). (O - G) - bs. Si(bhr - bk) . (B - )+ bp. Cos(a+ b + O - O) . (O
+ 8 - 60Y). (Bs. COSbhr- ) . (B - Or) + by S &+ o+ Ohr - ) . (B +
G - O )) + my. (be. SO G) . 6 - br. Sin(Bhr) . O - bs. Cos( G- G). (G -
G- dy. Cos(ap+ Ou+ Gu- Ou). (G + O - Bu) - bs. Sin6hr - 6) . (O -
)+ bp. CoS( @ + O+ e - O) . (B + O - ) - (s . Cos(bhr - 6he) - (O -
O0) + bp. SI( @+ O+ Oir = O) . (B + O - O ) +ms. (((-ds+ bs) . Sin(6r -
8) . (G - o)) + bp. CoS( @ + Our + Ohr - G) . (G + Our - Gr)) - (s + Bs) .
Cos(6hr - ). (G - Or) + bf,.sm(aﬁ+aa,+o,,-oh).(ea,'+a,,'-9k,’))+bf,.bs.
m,,.Cos(e,,,-o,,).Cos(aﬁ+oa,+o,,,-oh)_(a;,,’-ab’)2+ b . bs. my. Cos(Gh -
6r) . Cos( s+ O+ O - O) . (O - O )2+ bs. bs. ms. Cos(bhr - ) - Cos( a +
0+ G- Oc) . (G - O )2+ bp. (-ds+ b5). ms. CoS(6h - br) . Cos( @+ O + Ohr
- 6). (G - G)2+2. bs. by. my. CoS(Ghr- 6) . COS( @+ O+ bhr - b) - (Bhr -
8e) 2+ bp. bs. my. SO - G) . Sin( @z + O + O - 0). (O - Gr) 2+ b bs.
my. Sit(Gr - O) . S 6 + O+ bhr - O) . (Ghr - b)) * g bs. s Si(6hr - ) -
Sin( o + G+ O - O) - (G - G) >+ b (-ds+ bs). ms. Sin(By - Gr) . Sin( a5 +
o+ O - O) . (Gir - O )2 +2. bp. bs. my S - Oir) .S & + Oor + Ohr -Gr) -
(O - )2 by bs. mp. CoS(bhr - ). COS( @+ Oor + O~ ) (G + O -0’
- bs. bs. mp. Cos(bhr - Gir) - Cos( @+ O + G- O). (O + O - O)” - bf. bs.
my. CoS(Bhr - Gr) . COS( 0+ Oar + Ohr - Oir) - (Gar + O - O ) - by (ds+ bs) . s
Cos(G - b)) . Cos( ap + O + Or - O). B + O - Oc)?-2. bsp. bs. m.
CoS(6hr - Gir) - CoS( @+ b+ Our - Oir) . (Oar + G - Or) 2 - bs. bs. my. SIn(Gy -
O) . S @ + O+ O - O) - (i + O - G) > - by bs.my. Si0(6hr - br) Sin(
+ Gyt G- O). B + O - Oc) - b bs. ms. SI(6hr - br) . S @5+ Oor + Ohr -
00). (B + O - O )2 - b (-ds+ by). ms. Si(Byr - Or) . Sin( &5+ Oor + Ohr - Ohr) -
(O + O - G)2-2. bs. bs. my. Sin(Gyr - ) . S & + Or + O - O) . (O +
O - O )
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