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ABSTRACT

ON ASYMPTOTIC PROPERTIES OF POSITIVE
OPERATORS ON BANACH LATTICES

Binhadjah, Ali
Ph.D., Department of Mathematics
Supervisor: Prof. Dr. Safak Alpay
Co-Supervisor: Prof. Dr. Eduard Yu. Emel’Yanov

May 2006, 56 pages

In this thesis, we study two problems. The first one is the renorming problem in
Banach lattices. We state the problem and give some known results related to it.
Then we pass to construct a positive doubly power bounded operator with a non-
positive inverse on an infinite dimensional AL-space which generalizes the result of

[10].

The second problem is related to the mean ergodicity of positive operators on KB-
spaces. We prove that any positive power bounded operator 7' in a K B-space E
which satisfies

n—oo

n—1
1
lim dist(— YTz, [~g,g] +1Bg) =0 (¥ € B, o] < 1), (+)
n
k=0

where Bp is the unit ball of £, g € F,, and 0 < n < 1, is mean ergodic and its fixed
space Fix(T) is finite dimensional. This generalizes the main result of [12]. Moreover,
under the assumption that E is a o-Dedekind complete Banach lattice, we prove that
if, for any positive power bounded operator T, the condition (*) implies that T is

mean ergodic then F is a K B-space.

Keywords : Positive isometry, (doubly) power bounded operator, renorming problem,

AlL-spaces, mean ergodicity, KB-spaces.
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Oz

BANACH ORGULERI UZERINDE POZITIF
DONUSUMLERIN ASIMPTOTIK OZELLIKLERI UZERINE

Binhadjah, Ali
Doktora, Matematik Bolimi
Tez Yoneticisi: Prof. Dr. Safak Alpay
Ortak Tez Yoneticisi: Prof. Dr. Eduard Yu. Emel Yanov

May1s 2006, 56 sayfa

Bu tezde iki problem ele alinmaktadir. Bunlardan ilki Banach Orgiilerinde normun
yeniden tanmimlanmasidir. Once problem tammlanmakta ve bunun ile ilgili bilinen
sonuclar verilmektedir. Daha sonra sonsuz boyutlu bir AL-uzayinda pozitif ve ¢ift
kuvvet sinirl ve tersi pozitif olmayan bir doniigiim insa edilmektedir. Bu sonug [10]

daki sonucu genellegtirmektedir.

Ele alinan ikinci problem ise KB uzaylarinda tanimh pozitif dontigiimlerin ortalama

ergodikligi ile ilgilidir. Burada bir K B-uzay1 F de tamimli kuvvet sinirli, pozitif ve

n—oo

n—1
1
lim ous,t(E > Trx [—g,9] + nBE> =0 (VzekE |z|<1), (%)
k=0

ozelligini saglayan T' dontisimiiniin ortalama ergodik oldugu ve sabit uzaymin Fixz(7T)
sonlu boyutlu oldugu kanitlanmigtir. Esitsizlikte Bgr , E'nin kapal birim yuvari,
g € EL ve 0 < n < 1 olarak almmigtir. Bu sonug [12] nolu kaynagn ana sonucunu
genellegtirmektedir. Diger yandan, £ uzayinin o- Dedekind tam olmasi durumunda,
(%) esitsizligini saglayan pozitif kuvvet sinirh 7" doniigiimiiniin ortalama ergodik ol-

masini gerektirmesi, £'nin K B-uzay1 oldugunu gerektirmesi de kanitlanmistir.

Anahtar Kelimeler : Pozitif isometri, (¢ift) kuvvet siirh operator, normlama prob-

lemi, AL-uzaylari, ortalama Ergodiklik, K B-uzaylari.
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CHAPTER 1

INTRODUCTION

The study of the asymptotic behavior of operator semigroups is of a fundamental
importance in many disciplines for example this theory has many applications in
PDE and, in general, in dynamical systems. Asymptotic behavior refers to the orbits
of the initial value under a given semigroup and phenomena such as stability. In this
thesis, two problems are treated in connection with asymptotic behavior of positive
operator semigroups on Banach lattices. we consider the discrete case only, when a
semigroup is generated by a single operator. The general case is more or less similar
at least for one-parameter semigroups. The first problem is called the renorming
problem in Banach lattices. 1t deals with the way by which one can renorm the Banach
lattice and make every positive doubly power bounded operator on it an isometry.
The second problem is related to the mean ergodicity of positive operators on KB-
spaces, for which the asymptotic behavior of the Cesaro means of a positive operator
on a KB-space is studied. Chapter 1 of this thesis presents the scope of the study

as an introduction.

Chapter 2 deals with the Riesz spaces, Banach lattices, positive operators be-
tween them, mean ergodic operators and mean ergodic theorems. The first section
includes the definitions and basic examples of Riesz spaces and Banach lattices. We
give also some definitions and fundamental properties of special elements, sets, and
subspaces of Riesz spaces. The remainder of this section is devoted to present im-
portant classes of Banach lattices which are the so-called Banach lattices with order
continuous norm and KB-spaces. We give their definitions, some examples and collect
their most important characterizations in Theorems 2.1.21 and 2.1.27 respectively.

This is followed by a section on positive operators on Banach lattices. We start with



their definition, examples and give some of their important properties. We pass to
introduce the positive operators preserving the lattice operations which are known as
Riesz homomorphisms and give some of their properties needed in this thesis and we
end this section by giving the definition of AL-spaces, their characterization and some
of their important properties. In the third section, we give the definition of mean
ergodic operators and some of their examples and others which are not. The section
ends with a major characterization of mean ergodic operators known as Eberlein’s

theorem.

Chapter 3 focuses on the study of the renorming problem in Banach lattices. The
main goal of this chapter is to construct a positive doubly power bounded operator
with a non-positive inverse on an infinite dimensional AL-space. This generalizes
the result of [10]. The first section of this chapter presents the statement of the
renorming problem in Banach lattices and gives some basic definitions and theorems
related to the problem. The second section begins by the definition of AL-spaces
and gives some of their properties. Next we give some lemmata forming the bases
to state Theorem 3.2.8, the main theorem of this chapter, in which we construct a
positive doubly power bounded operator with a non-positive inverse on an infinite
dimensional L;—space, as a result of this theorem we get corollary 3.2.9 by which we

achieve the main goal of this chapter. The results of Chapter 3 were published in [7].

Chapter 4 is devoted to study the mean ergodicity of positive operators on KB-
spaces which forms the second problem studied in this thesis. In the first section, we
give an introduction about the mean ergodicity of Markov operators and we mention a
related result in [12]. In preparation to state our main theorem, we give two lemmata
talking about the existence of a non-zero positive fixed element (of maximal support)
of a positive power bounded operator. These lemmata put us in a position to state
our main Theorem 4.1.3 which gives a condition of a positive power bounded operator
on KB-space to be mean ergodic. The rest of this section gives a special result of
Theorem 4.1.3 for which we have more than mean ergodicity of a positive power
bounded operator on KB-space, whose fixed space is finite dimensional. The third
and final section of this chapter begins by discussing the relationship between the
mean ergodicity of power bounded operators on a Banach space and the reflexivity
of this space. This motivates us to study such a relationship but this time between

the mean ergodicity of special power bounded operators on a o—Dedekind complete



Banach lattice and the KB-property of this Banach lattice. This idea is stated as
Theorem 4.2.2 in which we obtain a characterization of KB-spaces. The results of
Chapter 4 will be published in [8].



CHAPTER 2

PRELIMINARIES

In this chapter, for the convenience of the reader, we present the general background
needed in this thesis. We give concise presentation of the basic structural properties
of Riesz spaces and Banach lattices and pay a special attention to study Banach
lattices with order continuous norm, AL-spaces and KB-spaces. Moreover we discuss
the fundamental properties of (positive) operators acting on Banach lattices. We end

the chapter by a section in which we state Eberlein’s mean ergodic theorem.

2.1 Riesz spaces

A real vector space F is said to be an ordered vector space whenever it is equipped
with an order relation > (i.e., > is reflexive, antisymmetric, and transitive) that is
compatible with the algebraic structure of E in the sense that it satisfies the following

two axioms:
(1) If > y, then £ + z > y + z holds for all z € E,
(2) If z > y, then ax > ay holds for all « € R*.

An alternative notation for x > y is y < x. An element x in an ordered vector
space F is called positive whenever x > 0 holds. The set of all positive elements of

E is called the positive cone of E and it will be denoted by E.. i.e.,

Ey={reE:z>0}



Definition 2.1.1. A Riesz space is an ordered vector space E with the additional
property that for each pair of elements x,y € E the supremum of the set {x,y} exists
in E, which is equivalent to that the infimum of the set {x,y} exists for each x,y.
We shall write

xVy:=sup{z,y} and xAy:=inf{z, y}.

For a vector x in a Riesz space, the positive part x*, the negative part x~, and

the absolute value |z| are defined by
T i=aVv0, 7= (—2)V0 and |z|:=zV (~2).

The functions (x,y) — xzVy, (r,y) —xAy, x—at, x—z", and x — |z|are

referred to collectively as the lattice operations of a Riesz space.

Example 2.1.2. Many familiar spaces are Riesz spaces as the following examples

show:

(1) The Euclidean space R™ is a Riesz space under the usual ordering x =
(x1,...,20) >y = (Y1,..-,Yn) whenever x; > y; for each i = 1,...,n. The infi-
mum and supremum of two vectors x and y are given by

xVy = (max{zy,y1},...,max{z,, y,}) and x Ay = (min{zy,y1},...,min{z,, y,}).

(2) If (X, X, 1) is a measure space and 0 < p < oo, then the vector space

L,(u) = {f : X =R, f is pu— measurable and/ |f|Pdu < oo}
X

is a Riesz space under the almost everywhere pointwise ordering. That is, f > ¢ in
L,(1) means that f(z) > g(x) for u—almost every x. The infimum and supremum

of f,g € L,(1n) are given by
(f v g)(@) = max{f(z),g(x)} and (fAg)(x)=min{f(z),g(z)}.
Under the same definitions of infimum and supremum as above the vector space
Loo(p)={f: X =R, f is p—measurable and ess sup|f| < oo}

is a Riesz space.



(3) The vector spaces [,(1 < p < oo) of all real sequences (x1,xs,...) with
Yo zalP < 00, 1(92) the space of all bounded real valued functions on € and
co the space of null real sequences are all Riesz spaces under the usual pointwise

ordering.

(4) Both the vector spaces C'(X) of all real continuous functions and the vector
space Cp(X) of all bounded continuous functions on the topological space X are
Riesz spaces when the ordering is defined pointwise. That is, f < g holds whenever

f(z) < g(z) for all z € X. The infimum and supremum are defined as

(f Vg)(z) =max{f(z),g(x)} and (f A g)(z)=min{f(z),g(z)}.

(5) Let E be the vector space of all real valued functions on the non-empty point
set X with the addition and multiplication pointwise, i.e., (fi+ f2)(z) = fi(z)+ fo(x)
and (af)(x) = af(z) for all z € X. The ordering is also defined pointwise, i.e., f < g
whenever f(z) < g(x) for all x € X. This makes E a Riesz space.

(6) Let the ordering in R? be defined so that (z1,22) < (y1,y2) whenever either
1y <y or (r; = y; and 9 < yo). This makes R? a Riesz space. The ordering is

called lexicographical ordering.

(7) Let P = {f : f :]0,1] — Risapolynomial}. Then P is an ordered vector

space under the pointwise operations and ordering, but not a Riesz space.

The next theorem gives some basic properties of positive part, negative part, and

the absolute value of an element in a Riesz space.

Theorem 2.1.3. [5,Thm.1.3] If x is an element of a Riesz space, then we have
(W ax=a"—a; (2)|z]=a"+27; and (3) 2t ANz~ =0.
Moreover, the decomposition in (1) is unique in the sense that if v = y — 2z holds with

yANz=0, theny=x" and 2 =z~

Definition 2.1.4. Two elements x and y in a Riesz space are said to be disjoint,
written by x Ly, if |x| A |y| = 0. For any non-empty subset A of a Riesz space E the
set

A={r e E:x Lyforally € A}

is called the disjoint complement of A.



Note that A A% = {0}. The disjoint complement A% = (A%)¢ of A? is called

the second disjoint complement of A.

We give now some properties of disjoint elements in Riesz spaces.

Theorem 2.1.5. [19,Thm.14.2, Thm.14.3] For any Riesz space E and z,y,z € E,

we have

(1) Ifx Ly and |z| < |z|, then z L y.

(2) If v Ly and a € R, then ax L y.

(3) Ifx Ly and z Ly, then (x+ 2) L y.

(4) We have x Ly if and only if x* Ly and x= L y.

(5) If D is subset of a Riesz space E such that xo = sup D ezists in E, and if v L y
holds for all x € D, then xo L y.

If x and y are two elements in a Riesz space E with x < y, then the order

interval [x,y] is the subset defined by
[zyl={z€ F:ax<z<y}

A subset A of a Riesz space is said to be order bounded from above whenever there
exists some x satisfying y < x for all y € A. Similarly, a subset A of a Riesz space
is said to be order bounded from below whenever there exists some x satisfying
x <y forall y € A. Finally, a subset A of a Riesz space is said to be order bounded
if it is order bounded both from above and below (or, equivalently, if it is contained

in an order interval).

Definition 2.1.6. A net {z,} in a Riesz space is decreasing, written z,, |, if « > 3
implies x, < xg. The symbol x, T indicates an increasing net, while x, 1< x (resp.
To | > x.) denotes an increasing (resp. decreasing) net that is order bounded from
above (resp. below) by x. The notation x, | x means that x, | and inf{z,} = x.

The meaning of x, T x is similar.

Definition 2.1.7. The Riesz space E is said to be Archimedean if n~'z | 0 holds
forallx € E.



All classical function spaces are examples of Archimedean Riesz spaces. In spite
of this there exist non-Archimedean Riesz space. As an example, let £ = R? with the
lexicographical ordering (see Example 2.1.2(6)). The element (0,1) in E is a lower
bound of the sequence ((n™!,n~1)). Hence, x = (1,1) does not satisfy the condition
that inf{n~'z :n =1,2,...} = 0. Actually, the sequence of all n~'z does not have

an infimum at all in this case.

Definition 2.1.8. Let E be a Riesz space. Subsets of E are assumed to inherit the

ordering from E.

(1) The linear subspace V' of E is called a Riesz subspace of E if for all members

x,y €V, the element x V y s likewise a member of V.

(2) The linear subspace A of E is said to be an ideal in E if it follows from x € A
and |y| < |z| that y € A. Sometimes this is called an order ideal to distinguish

it from an algebraic ideal in a ring.

(3) The ideal B of E is said to be a band whenever {x,} € B and 0 < z, | x
imply x € B (or, equivalently, if and only if D C By and D T x imply x € B) .

Example 2.1.9. (1) Theset E = {f : f : [0,1] — R, f(z) = ax + b} is a vector
subspace, but not a Riesz subspace of C[0, 1].

(2) For all A, a subset of a Riesz space E, A% is a band (this is an immediate

consequence of Theorem 2.1.5).

(3) If ¢ denotes the space of all convergent real sequences, then ¢ is a Riesz subspace

of I, but fails to be an ideal.

(4) ¢ is an ideal in [, but not a band.

Let A be a non-empty subset of a Riesz space E. Then the ideal generated
by A is the smallest (with respect to inclusion) ideal that contains A. A moment’s
thought reveals that this ideal is

{a:EE:Ele,...,xn and M\i,...,\, € RT with ]x\SZ)\l\xll}

i=1



The ideal generated by an element x will be denoted by A,. By the above

Ay ={y € E:3IX>0 with |y| < Xz|} = | J[-na,na.
n=1
Every ideal of the form A, is referred to as a principal ideal. Similarly, the band
generated by A is the smallest band that contains A. Such a band always exists
(since it is the intersection of the family of bands that contain A, and F is one of
them). The band generated by an element z will be denoted by B, and it is given as

following
Be={y e E:fyl Anlz| T [yl}.

An element e > 0 in a Riesz space E is said to be a weak order unit (or shortly
weak unit) whenever the band B, generated by e coincides with E, i.e., if t Ane |
holds for each x € E,. Clearly every element x € E, is a weak unit in the band
it generates. As a simple characterization of such elements in Archimedean Riesz

spaces we have, an element e > 0 is a weak unit if and only if L e implies x = 0.

Definition 2.1.10. A band B in a Riesz space E is said to be a projection band
if it satisfies E = B @ BY.

In C[0, 1], For each real number a such that 0 < a < 1, the ideal
Bla) ={f € C[0,1]: f(t) = 0,V > a}

is a band of F but not a projection band.

By the term operator T' : E — F between two vector spaces, we mean a ’linear
operator”, i.e., that T(ax + fy) = oT'(z) + ST (y) holds for all z,y € E and all
a, # € R. A linear operator P : E — FE on a Riesz space E is said to be a projection
whenever P = P2,

Now let B be a projection band in a Riesz space E. Thus £ = B @ B¢ holds, and
so every element x € E has a unique decomposition ©x = x; + x9, where z; € B
and o, € B Then it is easy to see that a projection Pz : E — FE is defined by
Pg(z) := z1. Clearly, Pg is a positive projection. Any projection of the form Pp is

called a band projection. This type of projections are characterized as follows.

Theorem 2.1.11. [5,Thm.3.10] For an operator T : E — E on a Riesz space the



following statements are equivalent:

(1) T is a projection band.

(2) T is a projection satisfying 0 < T < I (where I is the identity operator on E).

A useful comparison property of band projections is described next.

Theorem 2.1.12. [5,Thm.3.12] If A and B are projection bands in a Riesz space,
then the following statements are equivalent:
(1)A§B, (2)PAPB:PBPA:PA,and (3)PA§PB

Definition 2.1.13. Let E be a Riesz space. E is called Dedekind complete when-
ever every non-empty subset of E that is bounded above (bounded below) has supre-
mum (infimum). Similarly, E is called c—Dedekind complete whenever every
countable subset of E that is bounded above (bounded below) has supremum (infi-

The spaces ([0,1], L, (1 < p < o0) and [, (1 < p < o0) are all examples
of Dedekind complete Riesz spaces whereas C[0,1] is not. From definition 2.1.13,
it is clear that every Dedekind complete Riesz space is c—Dedekind complete. The
converse is not true that is, there exists Riesz spaces which are c—Dedekind complete
but not Dedekind complete, as an example assume that (€2, 3, ) is a measure space
such that ¥ # P(Q), the power set of {2, and ¥ contains the points of 2. For every
1 <p < oolet £,(p) consist of all g-measurable functions f : €@ — R such that
J1fIPdp < 0o if p < 0o or such that ess sup |f| < oo if p = co. Ordered pointwise,
L,(p) is o—Dedekind complete, but fails to be Dedekind complete.

The following theorem gives some important properties of Dedekind complete and
o—Dedekind complete Riesz space and it combines [4, Lemma 6.4] , [26, Thm.IV.1.2,
Thm.IV.1.4] and [5, Thm.3.8] .

Theorem 2.1.14. (1) Ewvery o—Dedekind complete Riesz space is Archimedean.

(2) Ewery ideal of a Dedekind complete ( o— Dedekind complete) Riesz space is also
a Dedekind complete (a o— Dedekind complete) Riesz space.

(3) Ewvery band in a Dedekind complete Riesz space is a projection band.

10



Note that the third statement of the above theorem provides many examples of

projections bands.

Definition 2.1.15. Let E be a Riesz space , equipped with a norm. The norm in E is
called a Riesz norm if |z| < |y| in E implies ||z|| < ||ly||. Any Riesz space equipped
with a lattice norm s called a normed Riesz space. If a norm Riesz space is also

norm complete, then it is called a Banach lattice.

Example 2.1.16. Here are some examples of normed Riesz spaces and Banach lat-

tices.
(1) The spaces R™ with their Euclidean norms are all Banach lattices.

(2) If K is a compact space, then the Riesz space C'(K) of all continuous real

functions on K under the sup norm

[flloo = sup{|f(z)[ - x € K}

is a Banach lattice.

(3) If X is a topological space, then C,(X), the Riesz space of all bounded real

continuous functions on X under the lattice norm

[fllse = sup{[f(x)] - v € X}

is a Banach lattice.

(4) The Riesz space C'[0, 1] under the L; lattice norm

1l = / ()] da

is a normed Riesz space, but not Banach lattice.

(5) If X is an arbitrary non-empty set, then the Riesz space B(X) of all bounded

real functions on X under the lattice norm

[flloe = sup{[f(z)[ - v € X}

is a Banach lattice.

11



(6) The Riesz spaces L,(1), 1 < p < oo, (and hence [,—spaces) are all Banach

lattices when equipped with their L,—norms

111, = ( f100 du)’l’.

Similarly, the L., —spaces are Banach lattices with their essential sup —norms.

(7) The Riesz space ¢y of all real null sequences is a Banach lattice under the

sup —norm

|(x1, 22, ... )||oo = {sup|z,| : n=1,2,... }.

Definition 2.1.17. An operator T : E — F between two Riesz spaces is said to be
order bounded whenever it maps order bounded subset of E onto order bounded
subsets of F'. The operator T is said to be bounded (or continuous) if there exists
a C > 0 such that ||Tz|| < Cllz|| for all z € E.

The space of all order bounded linear functionals on a Riesz space E, denoted by
E, is called the order dual of E, i.e.,

E= {f: E—=R: fisan order bounded linear functional}.

Similarly, The space of all continuous linear functionals on a normed Riesz space F,
denoted by E’, is called the norm dual of E, i.e.,

E'={f:FE —R: fisa continuous linear functional}.

By the notation E” we mean the norm dual of E’ i.e., E” = (E’)’. We will denote by
L(E, F) to the space of all bounded operators between normed spaces £ and F and
by L(E) to the space L(E, E).

The following theorem shows that any normed Riesz space offers a Banach lattice.

Theorem 2.1.18. [5,Thm.12.1] The norm dual of a normed Riesz space is a Banach

lattice.

Recall that The operator norm of a bounded operator 7' : E — F' between
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normed spaces I/ and F' is defined as
1T = sup{||Tz| : x € E, [lx]| <1},
The norm of an element x in a normed space E is given as

[zl = sup{ly(x)| : y € E', [ly]l < 1}

and the dual map (adjoint) of an operator T' € L(E, F') between normed spaces
E and F is defined as a linear operator 1" : F' — E’ such that

Ty=yoT for all ye F'.

Next we collect a few elementary properties of dual maps.

Theorem 2.1.19. For a normed spaces, the following statements are valid:

(@) (SoT) =T08, forT € L(E,F) and S € L(F,G).
(b) (Idg) = Idg and if E = F, then (T")" = (T™)" for alln € Z|J {0}.

(c) If T € L(E) is invertible, then (T")~' = (T~ and so (T")" = (T") for all
n € Z.

(@) 171 = 17"

Proof. (a) Fory € G' we get (SoT)y=yoSoT =T'(yoS)=(T"05")y.

(b) For For y € E' we get (Idg)'y = yo Idg = y = Idgy and this proved the
statement (77)" = (T™)" for n = 0. we will use induction now to prove the statement
for n € Z*. For n = 1, the statement is clearly true so assume that it is true for n.
Now by the assumption and (a) we have (T")"*! = (T")"T" = (T")'T" = (TT") =
(T"1Y and the assertion is proved.

(c) Let y € E' and = € E then there exists z € E such that Tz = x and so
(T Y y(x) =yo T (x) = y(z). On the other hand,

(T 'y(z) = (T") 'y(Tz) = (T") HyoT)z = (T")"(T"y)z = y(z) so,
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(T 'y = (T7Yy for all y € E'. Thus (T")"' = (T7'). In (b) the statement
(T")" = (T™)" was proved for n € Z*|J {0} so we only need to prove it for n € Z~.
If n € Z~, then n = —m for some m € Z* and so by the first assertion of this part

we have
(T = (1) = ((T) )" =((T))y" = (T~ ") =(T™) = (T")".

Hence (77)" = (1) for all n € Z.
(d) From the definitions of the norms of elements and operators we have
17"l = sup {[[T"y|| : y € E'}
lyll<1

— sup sup {[(T"y)z] 1y € B,z € B}

[yl <1 [lzl|<1

= sup sup{|y(Tz)|:y € F',z € E}

[zl <1 [ly[|<1

= sup {||Tz| : x € E}
[l=f|<1

= [I7-

]

An important connection between the order and topological structures of Riesz
space is provided by the notion of order continuity. In what follows we are mainly
interested in Banach lattices with order continuous norms and we will only give some
of their examples and their most important characterizations. For more details in

Banach lattices with order continuous norms we refer to [5].

Definition 2.1.20. A lattice norm ||| on a Riesz space is said to be order contin-
uous if v, | 0 implies ||x,|| | 0. A Banach lattice has order continuous norm

if its norm is order continuous.

Typical examples of Banach lattices with order continuous norms are the L, (p)—
spaces (1 < p < c0) and (in general) reflexive Banach lattices. On the other hand,

the norm on every space of type C(K) fails to be order continuous unless K is finite
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for example, let ' = ¢ be the space of all convergent real sequences and

0 ifm<n
Tp = (Amn)m_y Suchthat ap, =

1 ifm>n

We see that inf{x, : n € N} =0 and ||z,|| =1 for all n € N.

We state now the most important characterizations of Banach lattices with order

continuous norms collected from [5] and [20].

Theorem 2.1.21. The following assertions are equivalent.

(1) The norm on E is order continuous.
(2) If 0 < x, T x holds in E, then (x,), is a norm Cauchy sequence.

(3) E is Dedekind complete (o-Dedekind complete) satisfying ||z, — 0 as n — oo
for any sequence (x,), C Ey with x, | 0.

(4) Ewvery monotone order bounded sequence of E is norm convergent.

(5) Ewery disjoint order bounded sequence of E is norm convergent to zero.
(6) E is an ideal in E".

(7) Every order interval of E is weakly compact.

(8) FEwvery Riesz subspace isomorphic to cq is the range of a positive projection.
(9) Every closed ideal of E is a band.

(10) Ewvery closed ideal of E is the range of a positive projection.

A subset C of a Banach lattice E is said to be almost order bounded if for
each € > 0 there is . € E, such that C C [—x., x| + €Bg, where Bgis the closed
unit ball of E.

Theorem 2.1.22. [22, Lemma 3.2] A Banach lattice E has order continuous norm

if and only if every almost order bounded set in F is relatively weakly compact.
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An element v > 0 in a normed Riesz space is said to be a quasi-interior point
whenever the ideal A, generated by wu is norm dense in E. As an example of such
elements we have, the constant function 1 on [0, 1] is a quasi-interior point in L]0, 1].

The quasi-interior points are characterized as follows.

Theorem 2.1.23. [5,Thm.15.3] For a positive element u in a normed Riesz space

E the following statements are equivalent:

(1) w is a quasi-interior point.
(2) For each x € E we have lim,,_., ||x — z A nul|| = 0.

(3) w is strictly positive on E'.

As an immediate consequence of this theorem, we have every quasi-interior point
in a normed Riesz space is a weak unit. The other implication is not true, that is ,
there exist a weak unit which is not a quasi-interior point, for example the function
e(t) = t is a weak unit in C|0, 1] but it fails to be a quasi-interior point. However, the
converse implication holds in Banach lattices with order continuous norm, namely we

have

Theorem 2.1.24. [3, Prob.4.2.4] In a Banach lattices with order continuous norm,

a positive element is a quasi-interior point if and only if it is a weak unit.

The existence of weak units in a Banach lattices with order continuous norm
ensures the existence of strictly positive functionals in E’ as the following theorem

says.

Theorem 2.1.25. [18, Thm.1.b.15] In any Banach lattices with order continuous
norm which has a weak unit e > 0, there ezists a functional € > 0 in E' such that

¢ (|z|) = 0 implies x = 0.

We now turn our attention to the important class of KB-spaces which will be the

mean object of Section 4.3.

Definition 2.1.26. A Banach lattice E is said to be a KB-space (Kantrovic-Banach

space) whenever every increasing norm bounded sequence of E. is norm convergent.
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Note that a Banach lattice is a KB-space if and only if 0 < z,, T and sup{||z.||} <
oo imply that the net z, is norm convergent, this easily follows from the fact that if
anet 0 < x, T is not Cauchy, then there exist some € > 0 and a sequence {a,,} of
indices with «, T and ||z4,,, — Za,| > € for all n. In particular, it follows that every
KB-space has order continuous norm (see Theorem 2.1.21(1 < 2)). The converse
need not be true, for example the norm on ¢q is order continuous, but ¢ fails to be

a KB-space as KB-space characterization theorem shows.

Now let {x,} be a sequence in a Banach lattice E satisfying 0 < z, T and
sup{||z,||} < oco. Then 0 < z,, T 2” holds in E” for some " € E”. In case FE is
reflexive, 2" belongs to E, and the order continuity of the norm implies that {z,}
is norm convergent. Therefore, reflexive Banach lattices are examples of KB-spaces.

The following theorem gives a characterizations of KB-space.

Theorem 2.1.27. [20,Thm.2.4.12] The following assertions are equivalent.

(1) E is a KB-space.
(2) E is a band in E".

(3) E does not contain any Riesz subspace isomorphic to cy.

As an easy remark on this characterization and the fact that for any Banach
lattice E, E” is Dedekind complete, we get that every KB-space E is a projection
band in E”.

2.2 Positive operators

In this section, we discuss some basic properties of positive operators that will be

used in next chapters.

Definition 2.2.1. An operator T : E — F between two Riesz spaces is said to be
positive (in symbols, T > 0 or 0 < T') whenever it maps positive vectors to positive
vectors. That is, T is positive if x > 0 in E implies T'(xz) > 0 in F. T is said to be
strictly positive whenever T'(x) > 0 for all x > 0.
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The positive operators are characterized by means of their additivity property on

the positive cone [6, Lemma 1.1.64].

Theorem 2.2.2 (Kantorovic). Suppose that E and F are two Riesz spaces with
F Archimedean. Assume also that T : E, — Fy is additive, that is, T(x + y) =
T(x) 4+ T(y) holds for all x,y € Ey. Then T has a unique extension to a positive
operator from E to F.

An important property of positive operators between Banach lattices is that they

are necessarily continuous.

Theorem 2.2.3. [5,Thm.12.3] Every positive operator from a Banach lattice to a

normed Riesz space is continuous.

Two norms || - ||; and || - ||2 on a Riesz space are said to be equivalent whenever

there exist constants K, M > 0 satisfying
K|z|1 < ||zl < M||z|1 forall x € FE

As a direct corollary of Theorem 2.2.3 we have

Corollary 2.2.4. [5,Cor.12.4] All lattice norms that make a Riesz space a Banach

lattice are equivalent.

Since order bounder linear functionals on Riesz space can be written as a difference
of two positive linear functionals, the following result should be immediate from the

previous theorem.

Corollary 2.2.5. [5,Cor.12.5] The norm dual of a Banach lattice E coincides with
its order dual, i.e., E=F.

The following theorem of S. S. Schaefer exhibits a remarkable property of positive

projections defined on Banach lattices.

Theorem 2.2.6. [23, Prop. I11.11.5] Let P be a positive projection in L(E), where
E is any Banach lattice. The range P(E) is a Riesz space under the order induced
by E and a Banach lattice under a norm equivalent to the norm induced by E. If P

is strictly positive, then P(FE) is a Riesz subspace of E.
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Now we introduce a special class of positive operators which preserve the lattice

operations.

Definition 2.2.7. An operator T : E — F between two Riesz spaces is said to be a

Riesz homomorphism whenever T'(x V y) = T(x) V T(y) holds for all x,y € E.

The following theorem gives some properties of Riesz homomorphisms.

Theorem 2.2.8. [19, Thm.18.3] For any Riesz homomorphisms T : E — F we have:

(1) T is a positive operator.
(2) T(FE) is a Riesz subspace.
(3) The set {x € E:T(x) =0} is an ideal.

Example 2.2.9. Here are some examples of Riesz homomorphisms.
(1) Every band projection on a Riesz space is a Riesz homomorphism.

(2) Consider two compact Hausdorff spaces K; and Ko, let ¢ : Ky — K be
continuous, and let g € C(K3),. We define

T:C(Ky) = C(Ks) by Tf=g-foep.
It easy to show that T is a Riesz homomorphism.

The elementary characterization of operators that are Riesz homomorphisms are

presented next.

Theorem 2.2.10. [5, Thm.7.2] For an operator T : E — F between two Riesz spaces,

the following statements are equivalent

(1) T is a Riesz homomorphism.
(2) T(z™) = (Tx)" holds for all x € E.
(3) T(x ANy) =T(x) NT(y) holds for all x,y € E.

(4) If x ANy =0 holds in E, then T'(x) NT(y) =0 holds in F.
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(5) T(|x|) = |T(x)| holds for all x € E.

A Riesz homomorphism which is in addition one-one is referred to as a Riesz
tsomorphism. Two Riesz spaces F and F' are called Riesz isomorphic whenever
there exists a Riesz isomorphism from F onto F. An operator T': E — F between
two normed Riesz spaces is said to be an isometry whenever ||7(z)|| = ||z| holds

forallz € E.

Among the positive operators that are onto, the Riesz isomorphisms are charac-

terized as follows.

Theorem 2.2.11. [5,Thm.7.3] Assume that an operator T : E — F between two
Riesz spaces is one-to-one and onto. Then T is a Riesz isomorphism if and only if

T and T~ are both positive operators.

We give now the definition of AL-spaces which play a significant role in analysis.

Definition 2.2.12. A Banach lattice E is said to be an AL-space if ||x + y| =
|zl +llyll  for all z,y € By with x Ay =0.

Li(p)—spaces are examples of these spaces. In what follows, we state Kakutani’s
theorem [2, Thm.3.5] which characterizes the vectors of AL-space as a functions in

some familiar function space.

Theorem 2.2.13 (Kakutani). A Banach lattice is an AL-space if and only if it is

isometrically Riesz isomorphic to an Ly (p)—space.

The following theorem gives a characterization of AL-spaces and shows their

Dedekind completeness property.

Theorem 2.2.14. If E is a Banach lattice, then

(1) E is an AL-space if and only if ||z + y|| = ||z|| + ||yl for all z,y € Ey.

(2) If E is an AL-space, then E is Dedekind complete.

Proof. (1) If ||z + y|| = ||z|| + ||y|| for all z,y € E, then E is an AL-space. Now

assume that E is an AL-space. Then by Kakutani’s theorem FE' is isometrically Riesz
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isomorphic to some L (u)—space. Now notice that if 0 < x,y € Li(u), then

o4yl = [ @+du= [ zdu+ [ ydu= el +
E E E

(2) The proof of this assertion follows from Kakutani’s theorem and the fact that
every Li(u)-space is Dedekind complete. O

It should be noted that every AL-space E has order continuous norm. Indeed, if

{z,} €0, z] is a disjoint sequence, then from the inequality

k k
Dl = 1D @all = 1 Vizs @all < |,
n=1 n=1

it follows that Y 7 | ||z, || < oo, and so lim,, . ||z, || = 0 holds. By Theorem 2.1.21
(1 & 5), the norm of E is order continuous. Moreover, AL-spaces are also examples
of KB-spaces. For, if {z,} is a sequence in a Banach lattice E satisfying 0 < z,, |
and sup{||z,||} < co. Then 0 < z,, T 2" holds in E” for some 2” € E”. In case E
is an AL-space, then so is E”, and so E” has order continuous norm, from which it

follows that {x,} is norm convergent.

The following theorem gives a condition under which Archimedean Riesz spaces

become finite dimensional.

Theorem 2.2.15 (Judin). [6, Exer.13, p.46] If every subset of pairwise disjoint ele-
ments in an Archimedean Riesz space E is finite, then E is Riesz isomorphic to some
R™.

2.3 The mean ergodic theorem

This section is devoted to state Eberlein’s mean ergodic theorem which will play an
important role in Chapter 4. For this purpose, we need some basic definitions and
lemmata which are important not only for stating the mean ergodic theorem but also
for many other discussions throughout this thesis.

Let T be an operator on a Banach space X, we define its n-th Cesaro mean (or
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average) by

It is easy to see that if T is a continuous operator, then so is AL for all n € N. If, in
addition, X is a Banach lattice and T is a positive operator, then each AL is also a
positive operator.

The next lemma presents some elementary identities for the averaging operators.

Lemma 2.3.1. For a linear operator T' on a Banach space X and arbitrary numbers

n, j, k and 1 we have
(1) AIT = TAT = 24T, 11
(2) AL =+ (AT + T AL + T AT + .+ THn AT
() Al — AT = (j+ i) "IV + T4 + .+ T 1) —i(j +4) AL

Proof. (1) From the definition of Cesaro means of an operator we have

n—1
1 1
T k 2 n—1
T — = ——
A? nZTT ~(I+T+T 4+ T T
k=0
1 1
= (T+T*+T°+- - +T") =TI +T+T*+---+T" 1)
n n
1
:T(—U+T+Tﬂw~+T”H)
n
1n71
-y
nk:(]
=TA?L.

On the other hand, we have

n n—1
n+1 1 1
Al —TAL = HE :T’“—TEE Tk
k=0 k=0

n

1 1
:EU+T+TWP~+Tﬂ—ﬁ@+Tﬂﬂﬁ+m+Tﬂ
= 1.

n
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That is, ATT = TA! = »HL AT | —
1 nk—1
2 == 9
7=0
1 1 2 n—1 n 2n—1 kn—1
= E[I+T+T+ ™+ T +T T
1 1 [n—1 n—1 n—1 n—1
I j j+1 +2n . i+(k—1)n
(L Ere e o)
_j=0 =0 =0 =0
n—1
1(1 .
:%<ﬁ ZTJ+T“ZTJ+T2"ZTJ + k= " )
Lj=0 j=0
1
= C(AL+ TP AL+ TAT 4 TR,
j+i71 (j—1)+i jfl
3) A, — A= — — = Tk " - T*
ey LS iz:ﬂf
k=0 A J =0
—‘j_(j+i)§T’“—|— iTj—l-Hc
i+ = Jti
i 7j—1 7
= 7= " + —— Ttk
30 +1) ,; j+i ,;

= (j+4) N7+ T +

. + Tj+i_1) —

i(j+1i) AL

]

Definition 2.3.2. An operator T on a Banach space X is called power bounded

whenever sup,,sq ||| < oo.

Example 2.3.3. (1) All contractions are power bounded operators.

(2) Consider the Volterra operator

—/Otf<s>ds

on Ly(0,1). Define A= (I 4+V)™!
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bounded.

The following lemma provide some elementary properties of power bounded op-

erators.

Lemma 2.3.4. If T is a power bounded operator on a Banach space X.Then

(1) sup,sq || AL < oo.

(2) lim 17" 2 =0 forallz € X.

n—oo

Proof. Since T is power bounded, there exists M € R such that sup,, [|[T%|| < M

(1) From the Cesaro means definition we have
Z Tt
< sup — Z IT*|

n>0 N

sup HA H = sup

n—1

< sup — ZM M < oo

n
n>0 k=0

(2) For the second assertion we have

1 1 1 1
=T ==T"" < =sup |T*]| < =M — 0 as n— .
n n n k>0 n
So, lim 1T" ly=0 forall z e X. m

Definition 2.3.5. An operator T on a Banach space X is called Cesaro bounded

whenever sup,,> || A”|| < oo.

Remark 2.3.6. (1) Every power bounded operator is Cesaro bounded (see Lemma
2.3.4(1)). The converse is not true and for counterexamples the reader may consult
[25].

(2) There exist Cesaro bounded operators which may fail to satisfy (2) of Lemma

2.3.4, as a counterexample, one may consider the Assani’s well-known example

(30
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Definition 2.3.7. An operator T' on a Banach space X is called mean ergodic

whenever the sequence (.A;;x)n 15 norm convergent for all x € X.

If X is a Banach space and 7' € L(X) is mean ergodic, then we introduce the
operator Pr: X — X via
Pr(z) = lim Alz.

The following theorem shows that Pp is a projection and gives some of it’s basic
properties. We call this projection Pr as the mean ergodic projection. For any
operator T on a Banach space X, we denote by Fix(T) it’s fixed space. That is,
Fix(T) ={z € X : Tv = x}.

Theorem 2.3.8. [15,Thm.2.1.3] If T € L(X) is mean ergodic, then Pr is a contin-

uous projection whose range is Fix(T). Moreover, we have PrT =T Pr = Pr.

Eberlein’s well-known mean ergodic theorem (cf.[15, Thm.2.1.5]) gives the major
characterizations of mean ergodic operator semigroups and here we restrict ourselves

to it’s special case [15, Thm.2.1.1].

Theorem 2.3.9 (Eberlein). Let T be a Cesaro bounded operator in a Banach space
X. For any x € X satisfying lim %T"‘lx = 0 and for any y € X the following

assertions are equivalent:

(i) Ty =y and y € closed convex hull of {x, Tz, T*x,...}.

(i) y = lim Alz.

n—oo

(iii) y = w — lim Alz.

n—oo

(iv) y is a weak cluster point of the sequence (Alx),en.

Theorem 2.3.10. [15,Thm.2.1.2] Every power bounded operator in a reflexive Ba-

nach space is mean ergodic.

Example 2.3.11. (1) Left and right shift operators on L,-spaces where 1 < p < oo
are mean ergodic (cf. Theorem 2.3.10).
(2) The operator R : ¢ — ¢y, R((an)n) = (a1,a1,a9,...) for every (a,), € co, is

not mean ergodic. For, let u € ¢o, u = (1,0,0,...). Then (Afu)n does not converge
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in ¢y. Thus R is not mean ergodic.
(3) The left shift operator L : o — loo, L((an)n) = (ag,as, ay,...) for every (a,), €

ls, is not mean ergodic. For, let u = (a,), € I, be defined as follows

( 1, if n=1 or if there exists k € N|J{0} such that
14+2+4224- -+ 2% <n<14+24224 ... 423
0, otherwise (i.e., if there exists k € N[ J{0} such that

1+2422 4 425 < <1424 224 .. 4 23013,

If we note for every m € N

then it follows that for every k € N

b(zgf?;l 29) S 23k+1 B 23k+1 S 1
- T3kt le;  93kt2 _ 1 = 9
Sy a1
and ol
(S D I S|
- = 93k+2 | 93kt3  3.93k2 — 3

It follows that L is not mean ergodic.

(4) The operator P : Iy — Iy, P((an)n) = (0,a1,as,...) for every (a,), € lj, is not
mean ergodic. For, the dual map of P is the operator L : |, — [, defined in Example
(3) above. Let u € I, be the sequence defined in Example (3) and let v € I3 be the
sequence v = (1,0,0,...). It follows that the sequence (Af v)n does not converge in

[ since for every n € N,

(u, ALv) = (ALu,v)

and since the sequence (<A£u, v>)n does not converge in R. It follows that P is not
mean ergodic.
(5) Denote by ey the element of ¢q such that its k-th coordinate is equal to 1, and all

other coordinates are zero. Fix n, 0 < n < 1, and define the operator S, : ¢y — ¢ as

e1+nes k=1
Snek =
€ri1 k>1
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and let T, := (I +5,)/2. The sequence (Ar"er), does not converge to any element
of cg. Hence T, is not mean ergodic.

Note : Examples (2), (3) and (4) played an important role in [29], in which it
was shown that if a Banach lattice E has a sublattice which is lattice isomorphic
to I , then there exists a (power bounded positive) operator T': E — E which is
not mean ergodic, and if a c—Dedekind complete Banach lattice F has a sublattice
which is lattice isomorphic to l; (or ¢g), then also a (power bounded positive) operator

T : E — FE which is not mean ergodic exists.
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CHAPTER 3

THE RENORMING PROBLEM IN

BANACH LATTICES

3.1 Statement of the problem

Isometries are, in the most general sense, transformations which preserve distance
between elements. Such transformations are basic in the study of geometry which
is concerned with rigid motions and properties preserved by them. In particular,
positive isometries of Banach lattices possess many attractive properties. For in-
stance, due to the well-known result of J. Lamperti [17], positive isometries on L,-
spaces (1 < p < oo) have representations as weighted shift operators with positive

weight.
The renorming problem that we are going to discuss in this section states the
following.

If T is a positive operator on a Banach lattice X, when one can renorm the

Banach lattice X to make T invertible isometry?

This question has a trivial answer in the Banach space setting, namely, the necessary
and the sufficient condition for an operator 7" in a Banach space X to be an invertible
isometry with respect to some equivalent norm is that 7" be doubly power bounded,

e, sup{||7"]| : n € Z} < oo, in this case an equivalent norm || - ||z under which T
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and T~! are isometries can be defined as :
|||z :=sup {||T"z|| : n € Z} (Vx € X). (1)

However, the situation is different if we consider a positive operator on a Banach
lattice that is, the norm in (1) may not be a Banach lattice norm, since we do not
know if T-! > 0. If this occurs, then according to Theorem 2.2.11 the operator T is a
lattice automorphism and this will make the norm defined in (1) really an equivalent

lattice norm. For

|z < |y| = T"|z| < T"|y| ( since T™ is positive )
= |T"x| < |T™y| ( since T™ is a Riesz automorphism )
= || T"z|| < ||IT"y|| ( since ||.]] is a Riesz norm )

= ||zl < |lyllr ( by the definition of ||.||r )

So, in the Banach lattice case the doubly power boundedness is not enough for a
positive operator to be invertible isometry with respect to the norm in (1), that is

the positivity of 77! is essential here.

It is well-known (see for example [22, Lemma 2.4]) that the positivity of 71
occurs for any doubly power bounded positive operator defined on a finite dimensional
Banach lattice, that is :

Theorem 3.1.1. FEvery positive doubly power bounded operator on a finite dimen-

stonal Banach lattice has a positive inverse.

The proof of this result depends on the very important Jacobs-Deleeuw-Glicksberg

Decomposition Theorem [15, Thm.2.4.4] for which we need some preliminaries.

Definition 3.1.2. Let X be a Banach space. A subset T ={T,:t € R, } of L(X) is
said to be (one-parameter) semigroup of bounded linear operators on X, usually
written (T})i>0, whenever it satisfies

(1) Ty = Id, the identity operator on X.

(2) Tspy =Ty 0T, forallt,s e Ry.

A semigroup T is said to be abelian whenever TS = ST forall T,S€T.
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Example 3.1.3. (1) Let T be a power bounded operator on a Banach space FE, i.e.,
sup{||7"|| : n € N} < co. Then an abelian semigroup of bounded operators on E

may be defined as (7"),>¢ and it is called the discrete semigroup.

(2) Tt follows from elementary operator theory that for every bounded operator

A on a Banach space, the sum

i tnjn _ etA

n=0

exists and determines a semigroup (e'4);>.

(3) Let X be one of the following function spaces Cy(R), the Banach space of
continuous functions on R vanishing at infinity, or L,(R) for 1 < p < oco. Define T}

to be the translation operator

Tif(x) == flz+1)
for x € R and t € R;. Then (7}):>0 is a semigroup of bounded operators on X.

Definition 3.1.4. A semigroup T of bounded operators on a Banach space X is said
to be almost periodic (resp. weakly almost periodic) if for all x € X, the orbit

Tax={Tx:T €T} is relatively compact (resp. relatively weakly compact).

Let 7 denote the closure of the semigroup 7 in the weak operator topology and
denote by Tz for the weak closure of Tz for all € X. The sets of reversible and

flight vectors of the semigroup 7 are defined as
Xyeo(T)={z€X :¥T €T, IReT; RIz=uzx}

and
Xpu(T)={zeX :3SeT ;S2=0}

We are now in a position to formulate the Jacobs-Deleeuw-Glicksberg Decomposition
Theorem [15, Thm.2.4.4].

Theorem 3.1.5 (Jacobs-Deleeuw-Glicksberg). Given a weakly almost periodic

semigroup T = (Ty)res in a Banach space X, then X can be decomposed into the
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direct sum X = Xp(7T) @ Xyeo(T) and the restriction of’jv' to Xyeo(T) is a group.

Moreover if T = (T"),>0 is a discrete almost periodic semigroup, then

Xp(T) = {o € X : lim | T"z] = 0},

Proof of Theorem 3.1.1:
Let E be a finite dimensional Banach lattice, T be a positive doubly power bounded
operator on E and 7 = (T"),en, then the semigroup 7 is almost periodic since

dim(£) < oo and sup,,cy ||7"]| < co. By Jacobs — Deleeuw — Glicksberg’s theorem,
E=FE..(T)®EnT) & Ep(T)={x € E: lim |T"z|| = 0}.

The last condition together with the doubly power boundedness of T" imply that
En(T) = {0}, and hence E = E,,(7). Then T~ belongs to the closure (in the

wo-topology) of the set (1T™),ey of positive operators. Then T is positive as well. (]

Another case providing the positivity for the inverse of a positive doubly power
bounded operator was given by Abromovich in [1]. Indeed in the paper [1] a slightly
more general result was proved, but we restrict our attention only on the following

particle case of it.

Theorem 3.1.6 (Abromovich). Any surjective positive isometry on a Banach lat-

tice has a positive inverse.

Proof. Let T be a surjective positive isometry on a Banach lattice £. We only have
to show that T(Ey) O E,. Assume that is not true, then there exists y € E, such
that y ¢ T(E,). Let ||y]| = 1, now by the surjectivity of T there exists x € E such
that Tz = y. Since T is an isometry, ||| = 1 also we have x ¢ F,. Consequently,
z= > 0and zt # 0 (for, if 27 = 0 then y = Ta = —T'(27) < 0 which contradicts
y€ Ey). Set yy =T (27) and yo = T(27), then y; >0, yo > 0 and y = y; — y2 > 0.

Moreover, we have
Iy +goll = 1T (=" +27)[| = ll2" +27[| = ||| = [[z]| = 1 (2)

Now we will prove by induction that
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|t + kx| =1 for all k€N (3)

For k = 1, (3) follows from (2). Let (3) be true for k. We prove the statement for
k + 1. Let us consider the element 27 — (k + 1)z~. Then

Tt —(k+1a" )=y —(k+ 1)y and — (1 +ky) <y1— (k+Dyo <1+ kys

(for, (k+ 1)y > kyo = —(k+1Dys < —kys = 1 — (K + Dy < 31 — kyp <
Y1+ kys also yr —(k+ 1)y +y1 +hkya=y1 —y2+ 41 =y +y1 > 0). Then

lyr — (k4 Dya| < i+ kyo (4)
and
ot 4+ (k+ Dz~ || = |zt — (k+ D)z || = |77 (51 — (k + D) |
= [lyr — (B + D)y
< lyr + k2| (By (4))
= ||T(z™ 4 ka7)||
=zt + kx| =1

also 1 = ||lz|]| = ||zt + 27| < |lat + (k+ 1)z, so [z + (k+ 1z~ || =1

Now for all k € N, kllz7|| = ||[kz~|| < [|at + ka~|| =1 = [|z7|| < 1 and as k — oo
we get ||[z~|| < 0 = 2~ = 0 which is a contradiction. Thus there is no y € FE, such
that y ¢ T'(E}), that is T(E,) O E4 and the proof is finished. O

Because of Theorem 3.1.1 and Theorem 3.1.6 the renorming problem stated above
will be reduced to the case of positive doubly power bounded operators, which are not
surjective isometries, on infinite dimensional Banach lattices. The discussion above

motivates the following substantial question which appeared in [10]:
Is T~ positive for any positive doubly power bounded operator on a Banach lattice?

i.e can the Abromovich’s theorem be generalized to the case of doubly power bounded
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positive operators?
In [10] a negative answer was given for the preceding question by means of a

counterexample on a special L;- space as following :

Theorem 3.1.7 (Emel’yanov ). Given w ¢ R, take Q = R J{w} and let a measure
w on the Borel algebra § = [(Q) be defined as the Lebesque measure on ((R) and
p(w) = 1. Then for any € > 0 there exists a positive operator on Ly(S), 3, u) with

nonpositive inverse that satisfies sup ., [|[T"] <1+ e.

Proof. Let ¢ > 0. Consider a measure preserving automorphism S in ) defined by

S(w) = w and S(t) = ¢t — 1, whenever ¢ € R, and define a positive operator 7' in
L1(82, 8, 1) by

Tf:=foS+e- [/Olfdu] " X{w}s

where x4, as usual, is the indicator function of a subset A. Then it is easy to see
that

_n 1
T"f = foS"+e- Z/ fOSi_ldM]'X{w}
“i=1 70
- n n—i+1
= foS"+e- Z/ fOS"_ldM]'X{w}
" i=1 n—i

= f05n+5'-/ fOS"_ldM]‘X{w}
-J0

foralln € Zy and f € Ly(Q2, 5, ). A similar computation shows that

0
T"f=foS"—¢- [/ foS"*ldu] " X{w}
for allm € Z\ Zy and f € Li(, 8, ), in particular, 7! is not positive. Moreover,

sl < g ot +=- [ [ 1o 5™ du] -l = 1+ <)1)

o0

for all n € Z and f € Li(2, 3, 1), which provides the required property sup{|/7"|| :
neZ<l+e. O
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3.2 A positive doubly power bounded operator with

a non-positive inverse on an AL-space

The purpose of this section, whose results were published in [7], is to generalize the
result of Theorem 3.1.7. More precisely we show that an operator as the one in
Theorem 3.1.7 can be constructed not only on L;- spaces but also on any infinite
dimensional AL-space. To that end we give some lemmata and a corollary as a

preparation to state our main theorem (Theorem 3.2.8) .

Lemma 3.2.1. [7, Lemma 2.2] Let E be an infinite dimensional AL-space and {Eq}aca
be a countable family of pairwise disjoint nonzero bands of E such that E,, is isometri-
cally Riesz isomorphic to E for all a, 3 €A. Then for any € > 0 there exists a positive

operator T': E — E with non-positive inverse that satisfies sup o ||T"|| < 1 +e.

Proof. Take one of {FE,}aca and call it E and reorder the others in a countable way
as {E;}° . , let U; be the isometric isomorphism of E; on F;4 for all i. Since E is
an AL-space, F is Dedekind complete (see Theorem 2.2.14(2)) and so, by Theorem
2.1.14, F; is a projection band for all 2. Let P; be the band projection whose range
is F;. Let X be the band generated by {E,}aca, so E = X @ X¢ and denote by P
the band projection whose range is X?. Let £ € E, £ > 0, £ # 0, I€Il < 1, now for

all g € F, and € > 0, define T : E — E as follows :

T(g)=P(g)+ Y UpPi(g) +e- ®Pi(g)- ¢
k=—o00
where @ is the unique linear extension on E of the additive function ||.|| : E; — R

(see Theorem 2.2.2). It is clear that T is a positive operator.
Claim (1) : For all m € Z* we have

T"g = P(g)+ Y Wi Vs imon)Po—(m1)(g) + € @ (Z Pzz‘(ﬂ)) €
=1

k=—o00

We prove this statement by induction, clearly it is true for m = 1, assume that it is

true for m = n, to prove it for m =n + 1.
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T g =T(T"g)

=P(g)+T < Z ‘I’iv--‘I’k—(n—l)Pk—(n—l)(Q)> +e-@ (Z Pz—z’(Q)) S

k=—o0

g) + Z v, P; ( Z Uy oo Wi (o) P (n— 1)(9))

i=—00 k=—o00

+e- O ( Z vy . --‘I’k—(n—nPk—(n—l)(g)) Et+ e (Z P2—i(g)> &
=1

k=—o00

quz Wi Pin(g) + e (V. Uy P1)(g)) - €

1=—00

) (Z Pz_i(g)> £

Now from the definition of ® and the isometric property of V’s we have

o0

Tg=Plg)+ > V. Ui yPrn(g)+e- PPup)(g) {4 € - @ (ZBZ )

[e%s) n+1
= P(g) + Z Ui W (-1 Pie (g 1)-1)(9) + € - @ <Z P2—z‘(9)) £
- i1

so the statement is proved for m = n + 1. Similarly, for all m € Z" we have

T"g=Plg)+ > V' Ul Prim(g) — - @ (Z HH(g)) 33
=1

k=—o0

Claim (2) : T is a doubly power bounded operator. For, let g € E, :

1T™gll = [[P(g) + Z Vg Vg1 Peem-1)(9)|| + € ZP2—1'(9> (€]l
k=—o00 =1

=1P@I+ > N Vi) Pom-ny (9)|| + € || D Poila)|| - 1€
k=—00 =1
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= 1P+ > [P (@) +e- ZP2—1‘(9) i€l

k=—00
= [1P@I+]|[ D Peemn(@)| +e- > Poil9)]| - 1€l
k=—o00 i=1
= || P(g) + Z P m-1)(9)|| +€- sz_i(g) I3
k=—o00 i=1

< llglt+e€-llgll - lI€ll < Ngll (1 +¢).

So, ||[T™|| < (1+¢€) for all m € Z*. A similar computation shows that |7 < (1+e)
for all m € Z~, that is sup,,c, [|7"]| < 1+ € and hence T is a doubly power bounded
operator as claimed.

Claim (3) : T~ is a non-positive operator. For, let 0 < h € Es, then
T (h) = U 'Py(h) — - ®Py(h) - £

the terms on the right hand side of the above equation are disjoint positive elements
and different from zero. By the uniqueness of the decomposition of Riesz space
elements as a difference of two disjoint positive elements (cf. Theorem 2.1.3), we

have

U Py(h) = (T ()" and e ®Py(h)- &= (T (h))"

that is, T-'(h) # 0, and the proof of the lemma is complete. O

Before we pass the next result, we need to define the concept of an atom in Riesz

spaces and give some of its important properties.

Definition 3.2.2. A positive element u in a Riesz space E is called an atom when-

ever x Ay =0 and x,y € [0,u] imply either x =0 ory =0

It follows from the definition that 0 is an atom and also if v is an atom then so
is Au for arbitrary A € R*. The Riesz space which has no atoms is referred to as

atomless and as examples of such spaces we may take C[0, 1] and L,[0, 1].

The following lemma establishes in (3) a simple characterization of atoms in
Archimedean Riesz spaces [2, Lemma 2.30]. In (1) and (2) we give some proper-

ties of atoms collected from [26, p.72-73].
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Lemma 3.2.3. (1) Ifu is an atom and 0 < x < u, then u = Az for some A.
(2) If u and v are atoms, then either uw L v or u = v for some A.

(3) A positive element u of an Archimedean Riesz space is an atom if and only if
the ideal A, generated by u coincides with the vector subspace generated by .
Moreover, if u is an atom then < u >, the vector subspace generated by u, is a

projection band.

Now with the help of this lemma and Lemma 3.2.1, one may obtain the following

lemma which will play the crucial role in the proof of Theorem 3.2.8.

Lemma 3.2.4. [7, Lemma2.4] Let E be an infinite dimensional AL-space and {eq}aca
be a countable family of pairwise distinct atoms in E. Then for any € > 0 there exists
a positive operator T : ' — I with non-positive inverse that satisfies sup ¢ [|T"]] <

1+e.

Proof. 1f {e4}aca is a countable family of pairwise distinct atoms in the AL-space E

and B, =< ¢, > for all @ € A, then according to Lemma 3.2.3 (2,3) forall a, 8 € A we

have either e, Leg or e, = Aeg for some A > 0 and B, is a projection band.Therefore

{Ba}aca is a countable family of pairwise disjoint bands of E. Moreover, these bands

are isometrically Riesz isomorphic. For, let o, 3 € A, define G5 : B, — Bj as
Aleall

Gagldca) =T oo

Clearly that G, is an isometric Riesz isomorphism. Thus the conditions of Lemma

3.2.1 are satisfied and so the required operator exists. O

A useful corollary of this lemma may be given as

Corollary 3.2.5. [7,Cor.2.5] Let m be an infinite cardinal number. Then for any
e > 0, there exists a positive operator T on L1[0, 1™ with non-positive inverse that

satisfies sup o, ||T"| <1 +e.

Proof. Let Y;, = [0,1]% for all k € N, the subsets of [0,1] x ¥,,_; have the form
[z,y] X A1 X Ag... Ay, X Y1 where A; C [0, 1] are measurable sets for all i € N
and 0 <x <y <1. Now Va,b € N define

37



U Li([a,b] X Y1) — L1([0,1] X Y1)

Xla)x A1 x Az An XYy > (b= a)-X[ﬂ;:g,g]xAleg...Aanm,n,l

for all a < x < y < b. ¥y is an isometric Riesz isomorphism. Now the density
of the simple functions in L;-spaces enables us to extend ¥, to the whole space
Li([a,b] X Y1) . Let ¢,d € N then we get that W} ¥, is an isometric Riesz
isomorphism between Lj([a,b] X Y,,—1) and Li([c,d] X Y,,—1). So Li([a,b] X Y,,—1)
= Ly([e,d] X Y—1) for all a,b,¢,d € N.

Let I, = (35, »] for all n € N, then the discussion above shows that
Li(Iy x Y1) = Ly(1,11 X Yy,_q) for all n € N. Now {L; (1, X Y,,,—1)}22,is a countable
family of pairwise disjoint nonempty bands in L;[0, 1] and satisfies the conditions

of Lemma 3.2.1, so the required operator exists. O

Our next result deals with the measure spaces and before that we need to introduce
the concept of atom in measures and we assume that the reader is familiar with the

main concepts of measure theory.

Definition 3.2.6. Let (X, X, p) be a measure space. A measurable set A is called an
atom for 1 if 0 < pu(A) < oo and for every measurable subset B of A either u(B) =0
or w(A) = u(B).The measure p is called purely atomic, if every measurable set of
positive measure has a subset which is an atom for p. If p has no atoms then it is

called purely nonatomic.

If 1 is the counting measure on a set X then every point of X is an atom. The

Lebesgue measure on R is purely nonatomic.

Obviously, identifying almost equal sets as usual, different atoms may be consid-
ered as disjoint, and it follows that any set of finite measure (and hence of o-finite
measure) contains at most countable number of atoms. Hence, any set E of o-finite
measure is the disjoint union of two sets £y and F5 such that E; does not contain

any atom and FEs is a countable union of atoms.

If (X,%, ) is a finite purely nonatomic measure space, then for all 1 < p < oo,
the space L,(X, X, ) can be represented as a Banach lattice in terms of countable

direct sums of spaces Ly,([0, 1]™), where m is an infinite cardinal number and [0, 1]™
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is m product of [0, 1] with product Lebesgue measure. More precisely we have :

Theorem 3.2.7. [16,Thm.5.14.9] Let (X, %, 1) be a finite measure space, 1 < p <
0o, and p be purely nonatomic. Then there is a countable set {mg : B < a} of

distinct cardinals (mg > No) such that L,(X, %, ) is isometrically Riesz isomorphic

to [ X 5cn Lyl0, 1] .

We are now ready to state our main theorem in this section which forms the core

of this chapter.

Theorem 3.2.8. [7,Thm.2.1] Let (X, %, u) be a measure space, such that Ly (X, %, 1)
is of infinite dimension. Then for any € > 0, there exists a positive operator T :
Li(X, %, ) — Li(X, 3, u) with non-positive inverse that satisfies sup . [|T"] <
1+e.

Proof. We discuss the following two cases :

Case (1) : If p has infinitely many atoms. Then there exists a countable family
of pairwise disjoint nonzero atoms {F;}2, for p. If x; is the characteristic function
on E; for all 7, then {x;}32, is a countable family of pairwise distinct nonzero atoms

in Li(X,X%, u). Now apply Lemma 3.2.4 to get the required operator.

Case (2) : If u has at most finitely many atoms. Since dim L;(X, %, 1) = oo, we
may suppose that p is purely nonatomic. Now there are two subcases to consider :
(i) There exists A € ¥ such that 0 < p(A) < oo. Denote by ¥ (again) for the

induced o—algebras in A and in X \ A, then we have

Ll(X7E’ILL> = Ll(AaZ7/1’) ©® Ll(X \ A727/I’)

Now from Theorem 3.2.7 we have

Li(A, %, p) = [@ > Lo, 1]"%]

B<a

where {mg : § < a} is the countable set of distinct cardinals as in Theorem 3.2.7.
Take one of these cardinals and call it mg,. Now from Corollary 3.2.5 we have that
for each € > 0, there exists a positive operator S, : L]0, 1]™% — L]0, 1] with

non-positive inverse and satisfies sup ., [|S7|| <1 +e.
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Now we define an operator S : L1 (A, X, n) — L1(A, X, 1) as :

L. On P> 5 . iz L1[0,1]™% we define S as the identity operator.

2. On L;[0,1]™ we define S as S = S,.

So, S is a positive operator on Lj(A,3, i) with non-positive inverse and satisfies

SUp e, [|S™|| < 14 €. Finally the required operator
T:Li(X, %, pn) — Li(X, 3, p)

can be defined as follows : T'= S on Li(A, %, ) and T = I, the identity operator on
LI(X \ Aa Ea M)
(ii) For each A € ¥, pu(A) = oo or u(A) = 0. In this case we have L (X, X, u) = {0}

which is of dimension one but in our case dim(L;(X, %, ) = 0. O

In view of Kakutani’s Theorem 2.2.13, the following corollary is an easy conse-

quence of Theorem 3.2.8.

Corollary 3.2.9. Let E be an infinite dimensional AL-space. Then for any e > 0,
there exists a positive operator T : E — E with non-positive inverse that satisfies

SUp e, [T < 1+

If £ and F' are normed Riesz spaces and T : E — F' is a positive operator, then
sois T'. Indeed, let y € (F”), to show that T"y > 0. Let = € E, since T is positive,
Tx > 0 and the positivity of y implies that y o Tx > 0 hence T'y(x) > 0, so T"y is
positive. On the other hand, If T" € L(E) satisfies sup . ||7"|| < M < oo, then from
Theorem 2.1.19(c) we have (T")" = (T™)" for all n € Z so, ||(T")"|| = ||(T™)']] for all
n € Z and by Theorem 2.1.19(d) we have ||(77)"|| = [|(T™)'|| = ||T™]| for all n € Z.
Thus sup,,cz [|(T")"|| = sup,ez |T"|| < M < 0.

Using these remarks, another corollary of Theorem 3.2.8 may be obtained as

following.

Corollary 3.2.10. Let F' be an infinite dimensional Banach lattice such that F = E’
for some infinite dimensional AL-space E. Then for any € > 0, there exists a positive

operator S : F' — F with non-positive inverse that satisfies sup o ||S"[| <1+ e.
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Proof. By Corollary 3.2.9, for any € > 0, there exists a positive operator T': £ — FE
with non-positive inverse that satisfies sup,. ||7"| < 1+ e If we take S = 17,
then S is positive operator on E’ and satisfies sup,,c, [|S™]| < 1+ e. Moreover, its
inverse S™' = (7”)~! is non-positive. To show that we need to find y € E’, such that
S~1y is non-positive. Since T! is non-positive, there exists x € E, such that T 'z
is non-positive. Now according to the fact that (If ' is a normed Riesz space and
z € F, then z > 0 if and only if y(2) > 0 for all y € E’) there exists y € E’, such
that y(T'z) < 0 and so S~'y(z) = y(T~'z) < 0. Hence S~ is non-positive. O
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CHAPTER 4

MEAN ERCGODICITY OF POSITIVE

OPERATORS

4.1 Mean ergodicity of positive power bounded

operators in KB-spaces

The mean goal of this section, whose results are presented in [8], is to study the mean
ergodicity of positive power bounded operators in KB-spaces. We begin the section

by an introduction about the mean ergodicity of Markov operators.

Let (€2, %, 1) be a o—finite measure space, and Ly = L1(€2, %, 1) be the space of
all real-valued Lebesgue-integrable functions on (2, X, u1). Let D = D(Q, 3, i) be the

set of all densities on €2, that is
D={f€Li:f>0 and |f|| =1}.

A linear operator T : L; — L; is called a Markov operator if T(D) C D.

Obviously, any Markov operator is positive and has norm one.

It was proved [12] that if T is a Markov operator on an L;-space, then T' is mean
ergodic and satisfies dim Fix(7") < oo whenever there exist a positive function h € L,

and a real number 7 such that 0 <7 < 1 such that

lim sup H(Agf — h>+H <n

n—oo
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for every density f.
In this section, we extend this result to any power bounded positive operator on a
K B-space. More precisely, we prove that any positive power bounded operator 1" in

a K B-space E which satisfies

lim dist <Agx,W + nBE> =0 (Vzek |z <1)

n—oo

where W is a weakly compact subset of E and 0 <17 < 1, is mean ergodic.

The principal tool in the proof of the main results of [12] was additivity of the norm
on the positive part of the Li-space. Since this is no longer the case for a general
K B-space, we use different ideas in present work. First we fix some necessary notion
and definitions. Let E be a Banach lattice. We denote by Bg = {z € E : ||2]| < 1}
the closed unit ball of E. Given an element x € E and a nonempty subset A C F,

dist(z, A) := inf{||x —al| : a € A}

denotes the distance between x and A.

Lemma 4.1.1. Let F be a K B-space, T' be a positive power bounded operator in F,
W be a weakly compact subset of E, andn € R, 0 <n <1 be such that

lim dist(AL2z, W +nBg) =0

n—oo

for any x € Bg. If T" has a nonzero positive fixed element, then so does T.

Proof. Let 1y be the nonzero positive 1" —fixed element. Fix ¢ > 0 satisfying n+e < 1,
choose x € BgNE, such that (y/,x) > 1—e€. Let 2” € E/ be a o(E", E’)-cluster point
of (ATx),. Then T"z" = x”. Since W is weakly compact in £ and lim,, dist(ALz, W+
nBg) = 0, we obtain that 2” € W +nBgs. Moreover, (v, 2") = (y,z) > 1 — € (since
2" is a o(E", E')-cluster point of (ALz),, then, for every § > 0, there exists ns such
that (y,2") — (v, Al ) < . Thus we have (y,z") — <Agy’,x> < 6, and since
Ty =, (y,2") — (¥, x) < 6. By arbitrariness of 4, (¢, 2") = (y’,x)).

Let P be the band projection from E” onto E (such a projection exists because F

is a K B-space). Then (Idg»— P)x"” € nBg» (by Idg» we denote the identity operator
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on E"), and hence
(', Pa") = (y',2") = (y,(Idg» — P)z") > 1 —€—n>0.
From
Pi" + (Idgn — P)a” = 2" =T"2" = 2" = TP2" + T"(Idg» — P)x" € B4 + EY,

and the fact that Px” is the biggest part of 2’ in F,, we get 0 < TPx" < Px”.
Hence, (T"Pz"), is a decreasing sequence in E,. Since E has order continuous

norm, z := lim, T"Pz"” € F, exists. Clearly Tz = z, and from
(y',2) =y, P2") > 0
it follows z # 0. Hence Fix(T) N E; # {0}. O

If T is a positive operator on a Banach lattice E, then x € F is called a positive
fized element of maximal support if v € Fix(T)NE, and every y € Fix(T)NE.

is contained in the band generated by .

Lemma 4.1.2. Let E be a a Banach lattice with order continuous norm, E has a
quasi-interior point of E, and T be a positive operator on E with Fix(T)N Ey # {0}.

Then Fix(T) N Ey has an element u of maximal support.

Proof. Let e be a quasi-interior point of £. Then by Theorem 2.1.25 there exists a
strictly positive linear functional ) on E. For xz € E| let P, be the band projection
from E onto the band generated by x. Set

a:= sup (P, Pe)>0.
w€Fix(T)NE+

Choose z, € Fix(T) N Ey, n € N, ||z, < 1 with a = lim, (¢, P, e). Let u :=
>n2"x,. Then u € Fix(T) N E;. If B, (resp. B,,) is the band generated by u
(resp. x, for all n € N), then B, D B,, and so P, > P, for all n € N (see Theorem
2.1.12 ), and hence (¢, P,e) = a. Let now x € Fix(T) N E,. Clearly Py, > P, and
P, ., > P,. From

a = (¢, Pue) < (¢, Puiae) < @
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and the strict positivity of ¢ we obtain P,e = P, e. Since e is a quasi-interior point
then P, = P,,,. From P,,, > P, it follows that P, > P,. Thus v € Fix(T) N E,

has a maximal support. O

We are now in a position to state our main theorem.

Theorem 4.1.3. [8, Thm.1] Let E be a KB-space, T be a positive power bounded
operator in E, W be a weakly compact subset of I, and n € R, 0 < n < 1 be such
that

lim dist(AL2z, W + nBg) = 0

n—oo

for any x € Bg. Then T is mean ergodic.

Proof. Without lost of generality we may assume that E has a quasi-interior point. In-
deed, for any x € E, x # 0, we consider the closed ideal F' generated by {T"|z| : n > 0},
instead of E. Then F'is a K B-space (cf. Definition 2.1.26) with a quasi-interior point
Y ons0 27T x| and T(F) C F. Moreover, I is a projection band in F (cf. Theorem
2.1.14). If P: F — F denotes the corresponding band projection, then

lim dist(ALz, P(W) +nBr) =0 (Vz € Bp).

n—oo

Since || P|| = 1, and P(W) is weakly compact in F', the restriction T'|r satisfies the
assumptions of the theorem. Thus, to show that (Al z), converges, it is enough to
show that T'|r is mean ergodic. Hence we may assume that F has a quasi-interior

point, say e.
There are two alternative cases:

Case (1): (AY'2"), is a o(E’, E)-nullsequence for each 2’ € E’. Then (A%z),
converges weakly to 0 for each x € E and hence, by Eberlein’s mean ergodic theorem

(Theorem 2.3.9), (AZL),, converges strongly to 0. Hence T is mean ergodic.

Case (2): There is 2’ € E'_such that (A2'z’), is not o(E’, E)-convergent to 0.
Let 0 # y' € E'. be a o(E', E)-cluster point of (A"z'),. We may assume [|y/|| = 1.
Then, for all € > 0, there exists n with (y/,z) — (AT 2", 2) < € and (T"y,z) —
(T'" ATz’ x) < e. Combining these estimates, we arrive at (i, x) — (T"y, z) < 2¢, but
e and x were chosen arbitrary, so Ty = 1/.

By Lemma 4.1.1 , Fix(T) N £ # {0} and so Lemma 4.1.2 implies that there exists
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u € Fix(T) N E, such that u has a maximal support. Denote by B, the projection
band generated by u. B, = cllJ,[—nu,nu] by the order continuity of the norm in
E. Denote Q = Idg — P, and S = QT. Since TP, = P, TP, then easy calculations
show that QT = QTQ, (and then (QTQ)" = (QT)" = QT™ for all n).

We show that the sequence (QAL), is strongly convergent to 0. If not, then
AY £ 0, and as in Case (2), there exists y' € Fix(S") N E’,, ¥’ # 0. From

y/ — T/Q/y/ — Q/T/Q,y/ — lely/ — Qly/

we obtain that 3 € Fix(7") N £'.. By Lemma 4.1.1, there exists y € Fix(T) N £}
such that (y',y) > 0. Then

(', Qu) =(QY.y) = (v, y) >0

Hence (Idg — P,)y = Qy # 0, i.e. y ¢ B,. This contradicts the fact that u has a
maximal support. Thus QAL — 0 strongly.

Since T" is power bounded, M := sup,, |77 < oo. We shall use the following

two elementary formulae (cf.,Theorem 2.3.1(2,3))
ALy = %(AZ + AL+ T AT + . 4+ TH AT (1)
and
Al — AT =(+i) (TP +T + .+ TP Y —i(i+i) T AT . (2)

Let x € E and € > 0. Since lim ||(Idg — P,)ALz| = 0, there exists n. such that
dist(A~L 2, B,) < (3M)~'e. Then there exist ¢. € Ry and w € [—c.u, c.u] satisfying
| AT z — w| < (2M)~'e. Then, for any [ > 0,

IT" Ay 2 = Thwl| < | T[[[| A7, 2 — w]| < M|JAy 2 —w|] <27 (3)

T|—u,u] C [~u,u] implies T'w € [—ccu,ccu] for all I. Combining (1) and (3) we
obtain that

dist(A]  z, [—cu,ccu]) <27'  (VEER). (4)
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By (2), there exists k. € N satisfying
JAL o — AL x| <27t (VE > ke, i=1,2,...,n,). (5)
From (4) and (5) it follows that
dist(Al 2, [—cau, cu]) < e (Vp > ncke) . (6)

By (6) the sequence (A%'z),, is almost order bounded and hence it is relatively weakly
compact (cf. Theorem 2.1.22). Therefore (AZz), has a weak cluster point, and then
by Eberlein’s theorem the sequence (A%z), is norm convergent for any x € E. Thus

T is mean ergodic. [

Remark that, from the proof above, we can see even more, namely that Fix(7") C
B,. Indeed, if x € Fix(T') then

Ply = (Idg — P,)x = (Idg — P,)A Yz — 0.

So Plx =0, and hence x € B,.

Since order intervals in any K B-space are weakly compact, the theorem is true
if we replace a weakly compact subset W of E by an order interval [—g, g] for any
g € Ey. In this case, we have even more, the fixed space Fix(T) of T is finite

dimensional and this is what the next theorem shows.

Theorem 4.1.4. [8, Thm.2] Let E be a KB-space, T be a positive power bounded
operator on E, g € F,, andn € R, 0 <n <1, be such that

lim dist(A%z, [—g, 9] + nBg) = 0 (7)

n—oo

for any x € Bg. Then T is mean ergodic and Fix(T') is finite dimensional.

Proof. The mean ergodicity of T" follows from the preceding theorem.

Let us denote by C' the order ideal generated by the set {z € E, : [|ALlz| — 0}
then, for any ¢ € C, || AL ¢c|| — 0. By the power boundedness of T', || AL z| — 0 for any

x € C, and hence the norm closure C' of C' coincides with C. Since any norm closed
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ideal in a Banach lattice with order continuous norm is a band (cf., Theorem 2.1.21

(1< 9)), C is a band, and since every band in F is a projection band, E = C @ C.

Obviously, C' is T-invariant. Denote by Pg the band projection Po : E — C', and
by Pga the band projection Pra : E — C?. Let Ty := PraT then 0 < Ty < T, and

the band C¢ is Ty-invariant. The operator T is power bounded, and

lim dist(Al'z,[~g,9] + nBg) =0 (Vo € Bg).

n—oo

Thus T satisfies all conditions of Theorem 4.1.3 then, by this theorem, 77 is mean

ergodic. Consider the mean ergodic projections Pr, Pp, : E — E defined as

Prz = lim AYz, Ppr=lim Al'z (Vo € E).

n—odo n—oo

By Theorem 2.3.8, Fix(T') = Pr(F) and Fix(T}) = Pr, (E). Obviously
PT, PT1 2 0 & FlX(Tl) g Cd.

Now we show that Py, is strictly positive on C?. Since C'is T-invariant, we obtain by
induction, that PraT™ = PpaT] for all n > 0. Then Ppa AL = Pra AL for all n > 0,

and hence
PCdPT:PCdPTl- (8)

Let € C¢, x # 0, then, by the construction of C', Prz # 0 and PpaPrz # 0 since
Prx € Fix(T). Then, by (8), PoaPrx # 0, and hence Pp,xz # 0, and so Py, is strictly
positive on C%. By Theorem 2.2.6, Fix(7}) is a Banach Riesz subspace in C¢ and

hence in F.

As it was shown in the proof of Theorem 4.1.3, there is a positive T}-fixed vector

uy of a maximal support, and (Idg — P,,)A" — 0 strongly as n — oo. Hence

lim dist(Al'z, [-Py,g, Pug)l +1Bg) =0 (Vz € E, ||z <1).  (9)

n—oo

Assume that dim Fix(77) = oo then by Judin’s theorem (cf.,Theorem 2.2.15) there
exists a sequence (x;); C Fix(7")4 such that z; Apixr) x; = 0 for all ¢ # j, and hence

x; ANx; = 0 for all i # j, since Fix(T7) is a sublattice in £. We may assume that
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||x;|| = 1. Set y; = P,,g A x; for any i. We obtain From (9)
19l = 1Purg A il = [ls = (23 = Puyg) 4[| 2 1 =1 >0

for all i. On the other hand, (y;); is an order bounded (by the element P,,g) disjoint
sequence in F, so the order continuity of the norm in E implies that ||y;|| — 0
(cf.,Theorem 2.1.21 (1 < 5)) which contradicts to the inequality above. Hence

Fix(T7) is finite dimensional.

Now we shall show that Fix(T') C Pr(Fix(7})). From this it will follow that
dim Fix(7") < dim Fix(7}) < oo, what is required.

Indeed, let f € Fix(T'), then
f=Pcf+Poaf =Tf=TPcf+TPcaf and

Podf = PchPCf + PCdTPCclf - Pchpcdf - Tlpcdf,
since C' is T-invariant. Hence Ppaf € Fix(T7). To finish the proof of the theorem it
is enough to show that f = Pr(Pgaf). It follows directly from
f=Ayf = Au(Pof) + Ay (Peaf) = Pr(Poaf)  (n— o).

]

Remark that any mean ergodic positive operator T, such that dim Fix(7T") < oo,
satisfies the condition (7) for some g € Ey and n € R, 0 < 15 < 1. Moreover, n can

be taken arbitrary small.

Example 2.3.11(5) shows that the condition that E is a K B-space cannot be omit-
ted in Theorem 4.1.3 even for Banach lattices with order continuous norm. Indeed,
|7l =1 and for k > 2, we have

N
T;‘ek:2 Z(l)ek+l.

=0

So (| Tyex| = 2_”([7172]), where [g] is the integer part of ¢q. But
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so T)'ey, converges in norm to 0 for all £ > 2. Moreover Tye € [0, e1] + nB,, for all

n € N, and hence

lim dist(Al"z, [—e1,e1] +1mBy) =0 (V2 € Be,).

n—oo

On the other hand, T;, is not mean ergodic (see Example 2.3.11(5)).

4.2 A characterization of KB-spaces

It is well-known, (cf. Theorem 2.3.10), that every power bounded operator in a
reflexive Banach space is mean ergodic. An old problem in the theory of Banach
spaces is the converse of the above fact, that is : Let £ be a Banach space such that
every power bounded operator is mean ergodic. Is F reflexive? This problem was
formulated by Sucheston [24], and it was solved for o—Dedekind complete Banach
lattices by Zaharopol [29], and for arbitrary Banach lattice by Emely’anov [9] and for
Banach spaces with bases by Fonf, Lin and Wojtaszczyk [14]. The question arises here
is : which other properties of Banach spaces or Banach lattices may be characterized
by the mean ergodicity of power bounded operators belonging to special classes of

operators?

In this direction some Banach lattices properties were characterized in [11]. For
example, KB-property for c—Dedekind complete Banach lattices was characterized

there as follows :

Theorem 4.2.1. Let E be a 0— Dedekind complete Banach lattice. Then the following

conditions are equivalent.

(a) Ewery positive contraction on E which satisfies

lim dist(T"z,[—g,g9]+1nBg) =0 (10)

where g € B, andn e R, 0 <n <1, is mean ergodic.

(b) E is a KB-space.
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Our idea here is to characterize KB-property for c—Dedekind complete Banach
lattices by replacing condition (10) by the weaker one (7) and by working on positive

power bounded operators instead of positive contractions.

Theorem 4.2.2. [8, Thm.3] Let E be a o-Dedekind complete Banach lattice. Then

the following conditions are equivalent:

(a) E is a KB-space.

(b) Any positive power bounded operator T on E, which satisfies

lim dist(Alz, [~g,9] +nBg) =0 (Vx € Bp)

n—oo
for some g € E and 0 < n < 1, is mean ergodic.

(¢) Any positive operator T on E, which satisfies

lim dist(T"z,[—g,9] +nBg) =0 (Yx € Bg)

n—oo

for some g € Ey and 0 < n < 1, is mean ergodic.

Proof. (a) = (b): It follows from Theorem 4.1.4.
(b) = (c¢): It is obvious.
(¢) = (a): It follows from [11, Thm.2.2]. We repeat the arguments from [11], in a

simple form, for convenience of the reader.

Assume that F is not a KB-space. If the norm on E is not order continuous then
there exists a disjoint order bounded sequence (e,,),, of E, which does not converge to
0 in norm (see Theorem 2.1.21 (1 < 5)). Without lost of generality we may assume
that |le,]| = 1 and e, < w for some v € E and all n. By [23, Exer.I.18.b] there
exists a disjoint normalized sequence (1,), in E', such that v, (e,) = 0 for m # n
and ¥, (e,) > 1/2. We set ¢, = —Un__ Then lonll < 2 and @, (em) = 6nm. The

Vn(en)
map U : (> — E, given by

Uf =sup{fne, :n €N},

is a well defined topological Riesz isomorphism [20, Lemma 2.3.10(ii)]. Define
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Vi E — (> by
V), = pn(z).

Then ||V|| <2 and VU = I on ¢*. Consider the left shift L on ¢>. L is not mean
ergodic (cf. Example 2.3.11(3)) and satisfies

lim dist(L"z, [—(1);, (1);]) =0 (V¥ z € By),

n—oo

where (1); is the sequence in ¢*° which is identically equal to 1. Then T := ULV is

a positive power bounded operator on E which is not mean ergodic and satisfies

lim dist(T"z, [~U((1),), U((1);)]) =0 (¥ = € Bp).

n—oo

Thus the norm on F is order continuous. By Theorem 2.1.27, there exists a Riesz
subspace F' of E¥ and a Riesz isomorphism Vj from F' onto ¢y, and by Theorem 2.1.21

(1 < 8), F is the range of a positive projection P. Set
S = Vy ', Vo P,

where T;, is the operator on ¢y constructed as in the end of the previous section, and
7 satisfies
0 <nllVs lIIVolllIPIl < 1.

Then S is positive power bounded operator and

lim dist(S", [~Vg ex, Vg er] + nll Vi IVl P] - Bs) =0 (¥« € By).

n—oo

The operator T;, is not mean ergodic in ¢y. Hence the operator S in E is also not

mean ergodic. O
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