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ABSTRACT

RAY ANALYSIS OF ELECTROMAGNETIC SCATTERING FROM SEMI-
INFINITE PERIODIC ARRAY OF DIPOLES IN FREE SPACE

Polat, Ozgur Murat
M.S., Department of Electrical and Electronics Engineering

Supervisor: Assoc. Prof. Dr. Ozlem Aydin Civi

April 2007, 119 pages

Electromagnetic wave scattering from a semi-infinite array of dipoles in free space
is described by using asymptotic high frequency methods. An electric field integral
expression is obtained and solved with asymptotic high frequency methods. An
asymptotic field expression is obtained for a finite x infinite array of dipoles in free
space. The analytical closed form expression for the array guided surface wave
launching coefficient is obtained via a combination of an asymptotic high frequency
analysis of a related reciprocal problem and Lorentz reciprocity integral formulation
for the semi-infinite planar dipole array in which modified Kirchhoff approximation
is used. The accuracy and the validity of the asymptotic analytical solutions are

compared with the numerical solutions available in the literature before.

Keywords : Surface Waves, Antenna Arrays, Asymptotic High Frequency Methods,
Periodic Structures
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SERBEST UZAYDA BULUNAN YARI SONSUZ PERIYODIK DUZLEMSEL
DIPOL DiZISINDEN ELEKTROMANYETIK DALGA SACILIMININ ISIN
ANALIZI

Polat, Ozgiir Murat
Yiiksek Lisans, Elektrik Elektronik Miihendisligi Bolimii
Tez Yoneticisi: Dog. Dr. Ozlem Aydin Civi

Nisan 2007, 119 sayfa

Serbest uzayda bulunan yar1 sonsuz periyodik diizlemsel dipol dizisinden
elektromanyetik dalga sacilimi asimptotik yiliksek frekans yoOntemleri ile
aciklanmustir. Elektrik alan integral ifadeleri elde edilip, yiiksek frekans yontemleri
ile c¢oziilmiistiir. Dipol elementlerinden olusan sonlu X sonsuz bir dizinin
elektromanyetik alan ifadeleri asimptotik yontemlerle elde edilmistir. Dizi kilavuzlu
yiizey dalgalarinin kapali form uyarim katsayisi, asimptotik teknikler ile karsiliklilik
ilkesine dayali, degistirilmis Kirchhoff yaklasiminin uygulandigi ilgili bir problemin
¢Oziimii ve Lorentz karsiliklilik integral formiilasyonun uygulanmasi ile elde
edilmistir. Asimptotik ¢ézlimlerin dogrulugu ve gegerliligi literatiirde mevcut olan

calismalarla karsilastiriimistir.

Anahtar Kelimeler : Yiizey Dalgalari, Anten Dizileri, Asimptotik Yiiksek Frekans
Y ontemleri, Periyodik Yapilar
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CHAPTER 1

INTRODUCTION

There are many important structures whose characteristics are periodic in space.
Examples are three-dimensional lattice structures for crystals, artificial dielectric
consisting of periodically placed conducting pieces, Yagi antennas that have
periodically spaced elements, corrugated surfaces and waveguides with periodic
loadings. Considering antenna theory, periodic arrays are employed for a variety of
applications, most importantly as phased array antennas which produce highly
directional beams and frequency selective surfaces (FSSs) which have a desired

frequency filtering response [1-5].

In the early studies of the periodic surfaces, the analysis of the infinite planar
structures have been used. The reflection and transmission coefficients of the
passive array system, or self-impedance of an active antenna array are determined

as a function of scan angle and/or frequency [1], [6].

However, the real problem geometry is always finite, and infinite array approach
does not predict the truncation effects. Because of this reason, the studies are
concentrated on finite array analysis. The truncated array problems can be solved
with numerical techniques [1], [2], [7-13] or can be solved with analytical high
frequency techniques [14-15]. Also, the truncated array problems can be solved by

using hybrid numerical-analytical techniques [15].



Typically, for a large (in terms of wavelength) truncated array, the currents on the
interior elements are very close to those predicted in the infinite array case, namely
Floquet currents. Only those elements near the edge of the array exhibit some
perturbation due to the mutual coupling effects [14-15], [20-21]. In a large finite
array, when an interior element looks around itself, it senses the structure as if it is
infinite; because it sees same number of elements in all directions and at same
distance to itself. However, an element near the edge of an array does not see same
number of elements with same distance to itself in all directions. Due to this mutual
coupling difference, the interior element currents and near edge element currents are

different in a large finite array.

The most rigorous analysis tools for large finite array antennas are numerical
methods such as Method of Moments (MoM), which however becomes
computationally inefficient for large-size arrays. Therefore, the attention has
recently been given to the efficient representation of the Green’s function of the
periodic large array. The Floquet wave representation of infinite array has been
modified to take into account truncation of array by using asymptotic high
frequency techniques [14-15]. Asymptotic high frequency analysis for describing
the fields of a large finite array [15] shows that the field at an observation point that
is sufficiently far from the array truncation boundaries can be represented as a
superposition of fields of a few rays arising from interior points, points at edges and

corners.

It has been shown that at lower frequencies, there can also exist array guided
surface waves which are guided by the metallic dipole elements of the array. This
type of surface wave is guided by the metallic array itself as opposed to the
dielectric slab-guided waves encountered in the context of periodic arrays [1], [6],
[18], [19-22]. For lossless elements, along the array surface, these surface waves
propagate unattenuated and are evanescent normal to the array face [1], [7-9], [16-
18]. These types of surface waves have been studied and given in literature

previously in [24-29]. In a one dimensional Yagi Uda array, these types of surface



waves are excited when the spacing between the elements and the element lengths
are smaller than a half wavelength. Perturbations in the currents in one dimensional

finite truncated array of dipoles have been observed by [16].

The array guided surface waves are important, because most antenna array and
frequency selective surface (FSS) designs keep the array element spacings small
enough to avoid grating lobes. When these interelement spacings are kept small
enough, actually the existence conditions of the array guided surface waves are
forced. The existence, the launching and the reflection coefficients of the array
guided surface waves have been determined in [1], [7-9] via a numerical Method of
Moments (MoM) approach for solving the pertinent canonical array problem

configurations.

Recently, on finite x finite planar dipole arrays in free space or on infinite grounded
slab, array guided surface waves (AGSWSs) have been studied in [18]; the effects of
AGSWs on the currents and scattering patterns of finite dipole array with/without
grounded dielectric substrate has been investigated. In [18] it has been shown that
the array guided surface waves have important effects on the scattered fields

especially near end-fire directions.

1.1. Problem Statement

In order to predict the behaviour of large finite arrays, the infinite structure
approach is not very satisfactory. Therefore, the Floquet wave representation needs
to be modified when dealing with a geometrical discontinuity such as edges, corners
in planar arrays. In the present study, the electric field expressions for finite array

are obtained by asymptotic high frequency techniques.

Furthermore, in the present study, the array guided surface wave launching
coefficient is obtained analytically, in essentially closed form, via a combination of

an asymptotic high frequency analysis and the reciprocity integral [23] formulation



for the plane wave scattering by a planar semi-infinite array of dipoles in free space,

together with a modified Kirchhoff approximation [17].

Chapter 2 provides a solution strategy for the analysis of EM radiation/scattering
from an infinite array of dipoles in free space and gives the scan impedance
concept. Also, in Chapter 2, a solution strategy for the analysis of EM
radiation/scattering from a semi-infinite array of dipoles in free space with
analytical high frequency techniques is provided. A spectral domain expression of
the Green’s function is used and the obtained expression is solved with analytical
high frequency techniques in closed form. The validity and the accuracy of the
expressions in near field are investigated for several cases. Then, for a finite x
infinite array of dipoles in free space a far field formula is obtained by using
spectral domain expressions; and the results are compared with array theory.
Asymptotic field expressions for semi-infinite array of dipoles on infinite grounded

dielectric slab are provided.

In Chapter 3, existence conditions of array guided surface waves are revisited and
propagation constants of the surface waves are found by setting the infinite array
scan impedance to zero. Then, the distant line source excited semi-infinite array
problem is solved analytically for surface waves. A reciprocal problem is
constructed to find the excitation coefficient of the edge excited surface wave due to
diffraction. This analytically found excitation coefficient is compared by numerical

solutions provided in [9].



CHAPTER 2

PLANAR INFINITE OR SEMI-INFINITE ARRAY OF DIPOLES IN FREE
SPACE

The starting point in the analysis of periodic structures is Floquet’s theorem [1],
[23], [30]. By using Floquet’s theorem, the currents on the elements of an array of
infinite extent can be described. If an infinite structure is truncated on one
dimension, this theorem can not be used in that dimension in order to fully describe

the currents on the elements.

Analytical high frequency techniques can be used for the analysis of radiation and
scattering from a large finite array antennas. In [14] uniform asymptotic high
frequency ray solutions have been developed for this type of problem. Then, a
hybrid method, which combines the asymptotic high frequency based UTD ray
concept with the numerical MoM approach has been developed in [15] to provide a
relatively efficient analysis of electromagnetic radiation/scattering from an

electrically large, planar, periodic, finite array.

In this chapter, Floquet’s theorem and a solution technique for infinite planar dipole
array in free space is provided. Also, for an infinite dipole array the scan impedance
(self impedance) concept is discussed. Then, a procedure of an analytical solution
technique for the fields of a semi-infinite planar periodic array of dipoles in free
space is given. A comparison of fields obtained by element-by-element method and

asymptotic methods are provided for different array parameters.



An e'!”* time convention for the fields is assumed and suppressed in this thesis,

where @ =27 f , fis the wave frequency, t denotes the time.

2.1. Plane Wave Incidence on a Periodic Structure

The problem of reflection and transmission of a plane wave incident on a periodic
structure is an important problem. In antenna engineering, plane wave incidence on
frequency selective surfaces (FSSs) and array antennas are two examples of this

type of problem.

In order to demonstrate the solution approach, an example is given below. A
periodic structure is located at z = 0 plane, and a plane wave is incident on this

surface from the direction defined by (6,, ¢p).

Figure 2.1. Plane wave incident on a periodic structure at z = 0 plane (Adopted
from [30])



In Figure 2.1, the structure is assumed to be infinite; therefore, Floquet’s theorem
(Appendix B) can be used to describe the reflected wave from this surface.
Interelement spacings dy and dy are actually spatial periods of this periodic
structure. The incident wave whether it is an electric field or magnetic field can be
written as:

U- = Ae_j}/xx_j7yy+j}’zz (21)

I
Where the direction cosines are given as,

7, =ksing, cosg,
7, =ksind sing, (2.2)
7, =kcos8,

The free space wavenumber is k = 2 m / A, where A is wavelength. The reflected
wave is written in terms of space harmonics in the x and y directions. Considering

the wave equation the reflected wave can be written as

o0

U, =3 Y B et lonr o (2.3)

p=—0 (=—0

In Equation (2.4), Floquet wavenumbers are given as,

2rp
kXp :yx+d— ; p=0,£1,£2,...
” (2.4)
2rq
kyq :yy+d— ; q=0,£1,£2,...

Where k,pq is defined as,

Ky = oK — k2, — k2, 2.5)



B, can be determined by applying boundary conditions. The propagation constant
of each mode in the z direction is given in (2.5). This propagation constant,
depending on the angle of incidence and (p, q) set, can be real or imaginary. If k,pq
is real, the wave propagates away from the surface carrying real power and is called
as “grating mode”. If k,pq is purely imaginary, the wave does not carry real power

away from the surface and is called as “evanescent”.
2.2. Infinite x Infinite Array of Dipoles in Free Space

In this part, fields of an infinite array of infinitesimal dipoles in free space are
derived. In order to apply Floquet’s theorem, the currents on the array elements
must have the equal magnitude, progressive phase characteristic as would be
induced by an incident plane wave. In a scattering problem the phases of currents
are matched to the incident field phase. In a radiation problem elements are excited
such that between elements a linear phase is kept, while they have equal magnitude.
Floquet’s theorem holds for the fields radiated by the array currents as well as for

the currents themselves.

In Figure 2.2, an infinite array of infinitesimal y-directed dipoles on z = 0 plane is
illustrated. The dipole elements have unit current amplitude. The interelement
period is dy and dy in the x and y directions respectively. The dipoles are linearly
phased with y, and 7, denoting interelement phasings along the x and y

coordinates, respectively. The dipole currents can be represented as
3. ()= 98(xX' —nd,)S(y' —md,)5(z)e e ™ (2.6)

where (ndy, mdy) is the position of the (n,m)™ dipole.

Interelement phasings are represented as



7, =Kksin g, cos g,

7, =ksin g sing,

(6,,4,) : scan direction (radiation problem),
incident field direction (scattering problem)

2
A

k

+00

—00

Figure 2.2. Infinite array of infinitesimal dipoles at z = 0 plane.

(2.7)



In (2.7) k 1s free-space wavenumber. The electromagnetic vector field at any
observation point (X, y, z) can be derived from magnetic vector potential. Without
loss of generality, observations can be restricted on z > 0 plane. From symmetry,

the results can be extended to z < 0.

The magnetic vector potential can be expressed as,

0

— J.X'J-y’.l.z’ dX,dy'dZ' \T(r’) g(r,rv)

A=Y

n=—0 M=
T =(X,Y,2) ; observation point (2.8)
7

=(x',y',2") ; source point

where free-space scalar Green’s function,

~ jk[F-nd, %-md |

)= 2.9
R 4z|F—nd,x—md, J| 29

For Green’s function the spectral wavenumber Fourier representation can be

employed [31],

[ky (x=x)+ky (Y=Y +k; 2)]

1 f%e’
9(r, 7)) =—> dk dk
’j ijw K, ’ (2.10)

where k, = /k* —k; —k; and (X,y")=(nd,,md,)
Equation (2.10) is valid for z > 0 and (ndy, mdy) is the source position. The branches

of the square root in (2.10) must be chosen to represent waves which propagate or

evanesce away from the array, when k; is real or imaginary, respectively.
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Substituting (2.10) into magnetic vector potential expression given in (2.8) and after
taking the integral operators outside the summations and with some algebra

following A, expression is obtained:

R (- e Mg lYg ik
Z z g itke7nd, g iy =r )mdy ” dk,dk,  (2.11)

z

Nn=-—00 M=-—00

wil.

8'—.8

Since the elements of the array y-directed only, the magnetic vector potential can be
written as in (2.11). However, arbitrary orientation of dipole elements can be dealt

also using dyadic form of spectral Green’s function.
In (2.11) the spatial summations are slowly convergent; however, Poisson sum
formulas can be used to increase the efficiency of convergence [32]:

mrg

n=—c0 X Pp=-x X

ieukx—mg;zzn 27z < _27zp
(2.12)

0 d m
S e Zé(k— _2Lq)

m=—c0 y q=— y

Using the bilateral Poisson sum formulas in (2.12), the integrations in (2.11)
reduces to (p, q) series evaluated at spectral ky, and kyq points. The Floquet wave

(FW) wavenumbers can be written as

K, 7X+de . p=0,21,%2,..

g 2.13
27 (2.13)
Kyq yy—i-d— ; q=0,+1,+2,...

y

Then, the magnetic vector potential can be written as

© e’ jkxpxe’ jkyq ye* jkzpqZ

_ 1 ©
A= — (2.14)
A 2jd, d, p;oq;o Keog

11



The vector electric field generated by the dipole array is obtained from the vector

potential in (2.14) via

E:—jawm#vv.ﬂ (2.15)
Jows

Then, the electric field can be written as

E()= [ jz 30, 2 2 Rlghin) 900 =) 2k}

Xy P

e’ KipX e yqye TkzpgZ
X
kqu

The term (1 / we) can be expressed as Z / k, where Z is the intrinsic impedance of

(2.16)

the ambient medium. Also, by introducing a spectral vector as in (2.17), electric

field expression can be expressed as in Equation (2.18).

G(k,.k,.k,) == {x(kxp o)+ (G =K+ 2(k ko)) (2.17)

) e jkxpxe_jkyqye_jkzpqz
9 s
d d Xp yq qu k

zpq

E(7) = Z

(2.18)

The equation is the spectral domain Green’s function for a planar array of Hertzian
elements. Each term of the plane wave expansion is indexed by an order pair (p, q).

Each of (p, q) term is called a “mode”.

The spectral domain expansion has certain advantages over a spatial domain
representation, one of which is the relatively rapid convergence of summation. The
propagation constant in the z- direction k; is real for only a finite number of modes.
This means that except for a small values of z, the terms decay away exponentially
in magnitude as |p| and |q| increase. The (0, 0) mode is called “fundamental” or

“dominant” mode, corresponding the maxima of the radiation pattern.

12



Modes for which k; is real, other than the fundamental mode, are propagating plane
waves and correspond to the grating lobes of the finite array. These contribute a
component to far zone field which is comparable to that of the fundamental mode.
The interelement spacings are designed to be less than one-half wavelength to avoid

grating lobes in general.

Modes for which k, is imaginary are evanescent modes and do not contribute to the
far zone pattern. However, they are important in calculating the array impedance,

because the array impedance determines the array currents.
2.3. Finite Length Dipoles and Thin Wire Approximation

In practical problems to model the dipole elements, finite length thin wire dipole
elements can be used. In the next section scan impedance formula is derived from
the thin wire element fields. Therefore, the formulation of fields according to thin

wire elements is given.

For an (n, m)" dipole element having a finite length L in y-direction with a current

distribution function f(y), the source term can be written as
3., () =9f (y'=md )S(x' —nd,)5(z")e” e "™ (2.19)

Applying the formulation steps given in previous section and after some algebra,

following expression is obtained for A,.

8 X }’x)”dxe irymd,
— kx5~ 1Ky Y A K,z
mdy+L/2 , Y e Ky e iky e ik
( g2 f(y'—md, e dy){ ” dk,dk, (2.20)

The spatial integration in Equation (2.20) can be written as

13



J~mdy+L/2 f (y, _ mdy)ejkyy’dy, _ _F(ky)ejkymdy

y'=mdy—-L/2

2.21)

In (2.21) the shifted version of the Fourier transform of f(y) is appearing. Then, the

field for such a current distribution can be expressed as

_ 1 - _
qu(r)=zz 2d d f(kyq) G(kxp’kyq’kzpq)
pq Xy

e_ jkxpxe_ jkyq ye_ jkzpqZ
X
k

zpq

(2.22)

In practice, wires are cylindrical, but thin. If the radius of the wire is much smaller
than the wavelength, the current distribution on the axis of the wire element can be
represented with a sinusoidal profile. The sinusoidal basis functions closely models
the actual current on a wire. Also, sinusoidal current distributions give the

advantage of having closed form field expressions.

The Fourier transform of a sinusoidal current distribution can be expressed as

fk)=——r1. sin{k(%-ly'lﬂe’*”’dy'

-L/2

(2.23)

-2 r [cos(ky L/2)—cos(k L/2)}
sin(k 5)

This Fourier transform in (2.23) is associated with the far-field pattern of a thin

wire dipole whose current is sinusoidal.
2.4. Infinite Array Scan Impedance

Here a result for the scan impedance of the planar array of straight wire elements is

given. When the array is transmitting, this is the impedance looking into the

14



terminals, often referred to as scan impedance. The scan impedance is the
impedance of an element as a function of scan angles, with all elements excited by
the proper amplitude and phase. In a scattering problem, the self-impedance is equal
to the voltage induced by the incident field divided by the resulting terminal current.
In general, these two definitions are numerically the same only when one mode is
used to expand the current [1], [2], [3]. In either case, the self-impedance is the
same for all elements in the planar array since the currents follow the same linear

phase progression as the impressed or induced voltages.

In Appendix C, an information on calculating the scan impedance is given.

In [1], a result for self impedance by using one sinusoidal mode to model the

current on the elements, is given as

, »7 o & ek [cos(kL/2)—cos(kr,L/2) ] 024)
"ok, d, sin®(kL/2) S, 1-r; '
where
g:g+£&
d,
r=s,+2% (2.25)
y y d :
y
NIEI i v o RS
r =
- 2 2.2 2
-jy-1+T +r, s+ >1
and

§=1%s,+¥s, £2,/1-s; -5’ (2.26)

is the direction toward which the array is scanning. Z is the intrinsic impedance of

the ambient medium.
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2.5. Analytical Approach for the Fields of a Semi-Infinite Planar Dipole Array

with Hertzian Elements

The theory of periodic structures can not be applied directly to solve the finite array
problems. Because, by truncation of an infinite array actually the periodicity is

broken and the Floquet wave basis is not complete.

All of the GTD or UTD asymptotic ray solutions are based on the Kirchhoff
approximation. Kirchhoff approximation assumes that the aperture field distribution
over the finite array is the same as that for the corresponding infinite array. When a
truncated Kirchhoff integral is evaluated asymptotically for high frequencies, it
provides a ray description for the truncation effects of the structure. Edge and
corner diffracted rays are found by evaluating field integral by high frequency
techniques provided that the observation point is not too close to the array edges
and corners. Kirchhoff approximation can not provide accurate results for the input

impedance of the array elements close to the edges or corners of the array.

Asymptotic evaluation of the field integrals of the aperture current assuming
Kirchhoff approximation gives rise to Floquet waves truncated by the
discontinuities plus a modulated Floquet type diffracted waves by the

discontinuities.

The problem of radiation from the phased array of dipoles is intimately related to
the problem of plane wave scattering from an array of dipoles provided that the
incident plane wave parameters are matched to the interelement phasing of radiating

array. In this section a procedure for a radiation problem is discussed.

In order to evaluate the array fields, the magnetic vector potential is expressed in
terms of spectral wavenumber Fourier representation of Green’s function. If the
array elements are on the dielectric media, then Green’s function for this type of
problem has to be derived and used [18], [20-22]. In this type of problem due to

dielectric structures there are surface wave modes, and they have to be dealt.
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Then, the spatial summation terms are converted to relatively faster spectral series
by Poisson summation formulas [32]. In finite or semi-infinite summations one
encounters with geometric series inside the spectral integrals; then geometric series

inside the integral can be evaluated in closed form.

After obtaining an expression for magnetic vector potential, the electric field
expression can be derived. The electric field expression can be solved by high
frequency asymptotic techniques [31]. In this study, semi-infinite array is

considered.

2.6. Asymptotic Field Expressions of a Semi-Infinite Planar Dipole Array with

Hertzian Elements

In Figure 2.3, a semi-infinite array of infinitesimal y-directed dipoles on z = 0 plane
is illustrated. The dipole elements have unit current amplitude. The interelement
period is dy and dy in the x and y directions respectively. The dipoles are linearly

phased to scan the beam (6,,¢,) . The dipole currents can be represented as
I (T) = 93(x'—nd,)S(y' - md, )5(z')e e " (2.27)
where (ndy, mdy) is the position of the (n,m)" dipole and

=k sin 8, cos
7x ' 0 ' ?, (2.28)
y, =ksin @, sin g,

The electromagnetic vector field at any observation point (X, y, z) can be derived
from magnetic vector potential. Without loss of generality, observations can be

restricted on z > 0 plane. From symmetry, the results can be extended to z < 0.
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—C0 . X

Figure 2.3. Semi-infinite array of infinitesimal dipoles at z = 0 plane, occupying the

region x > 0.

The magnetic vector potential can be expressed as,

AF=Y i [ jy, [ dxdydz' 3() g(,T) (2.29)

n=0 m=-o0

In (2.29), (x, y, z) represents the observation point coordinates, whereas (X',y',z")

represents the source point coordinates (ndy, mdy, 0) and free-space Green’s

function is given as

18



o jk‘?—ndxﬁ—mdyy‘

g(r,m)

=—0 ~ - (2.30)
47r‘r —nd,X-md y

For Green’s function the spectral wavenumber Fourier representation can be

employed [31],

1 %= —Jke (X=X)+ky (y=y)+k;2)]

€
9(r,7) =—> dk dk ;z >0
87° | H K, ' (231)
k, = k> —k; —k;

On the top Riemann sheet of the complex ky plane, the branch of k, is chosen as

[31].

Imk,} <0 ; for k*-k; <k;
s i 1a (2.32)

Re{k,} >0 ; for k™-k; >k
Substituting (2.31) into magnetic vector potential expression and after taking the
integral operators outside the summations and with some algebra (2.33) can be

obtained.

© © © *jkyye—jkzz

" - ) — jkyx
A = 8 12_ 3 J'dky J’ dkxzeJ(kx—n)nder(kHy)mdy e ek (2.33)
T Jm* —o0 n=0

== _n = z

Since the elements of the array y-directed only, the magnetic vector potential can be
written as in (2.33). However, arbitrary orientation of dipole elements can be dealt

also using dyadic form of spectral Green’s function.

Since the exponential term depending on the n index is less than unity along the
integration path, the series inside the integral can be evaluated in closed form. After

the evaluation of geometric series inside the integral, A, becomes

19



oo o) ) jk jk
1 1 i(k,—,md, € " g Mo¥g-ikz
1 eJd (ke=7x) k

—00 z

(2.34)

The Floquet wavenumbers along the x-direction is defined by the real poles located

at

Ko =7x+t—— ;p=0,%1,... (2.35)

Using the bilateral Poisson sum formula [32], the infinite series can be converted to
train of impulses, and due to the property of the impulse function dk, integration is

eliminated and the following A, expression is obtained.

0 jk z

e—kaXe yqye Tk

dk,
47zjd w-[c - eJd (=72 k

(2.36)

zq

where

kg =+k>—k; =k, (2.37)

q

The electric field generated by this array can be obtained from the vector potential

as

£ 5 T {RC k) + 90k, =) + 2(Kygkyg)|
47rkdy Eild 1 — el
(2.38)
e—]kxxe Jkyqye ikyqz
k

q

X

The asymptotic evaluation of the Equation (2.38) can be performed by steepest
descent methods given in Appendix A. Due to the residues of the poles and saddle

point condition, after evaluation of the integral (p, q) indexed Floquet wave series
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and corresponding q indexed diffracted fields from the edge of the array are

obtained.

In order to simplify the integrand, the change of variables from the Cartesian (ky,

k,q) to the cylindrical polar (kg o) coordinates in the spectral domain is introduced.

k, =k, cos(a)

: (2.39)
K,y =K 4 sin(a)

where a =a, + jo; =Re{a}+ JIm{a} and k,q is defined as

Ko =K —k2, (2.40)

After steepest descent transformation, the physical coordinates (x, y, z) are

represented in terms of the polar coordinates (p, ¢, y) as

X = pcos(9)

2 — psin(d) (2.41)

where ¢ € (0, 7).
By using the transformations given in (2.39) and (2.41), (2.38) can be expressed as
EM)=—> [ Dj(a)e e M dg (2.42)

where

(g(kpq cosa, k. .k, sina)

D, (a) =

jdy (kg cosar—yy )

12—9 (2.43)
G(k,.k,.k,) :?(f(kxky +9(k; —k*) + 2k k, )
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The integration path C, in the complex a-plane corresponds to the real axis in the

ky-plane. The poles of the function Dy(a) are defined as

2z p
+4
7/X d

a,, =cos (=) =cos™ | ——— (2.44)
q £q

where k,q may assume real or imaginary values. Also, k;,q can be defined as

K = K> —k2, —k2, =k , sin(ar,,) (2.45)

Poles with kxzp + qu <k? are associated with propagating Floquet waves (real K,pq),

while all other poles are associated with evanescent Floquet waves (imaginary k).

For propagating Floquet waves o, 1s real.

To evaluate the integral in (2.42) in the high-frequency range, the integration
contour is deformed into the steepest descent path (SDP) through its pertinent
saddle point in the phase function. After path deformation the integral can be
written as the sum of the saddle point contribution and the residue contribution

which comes from the residues of the intercepted poles during path deformation.

j- f(2)e™“da - J- f (@)™ “da
c SDP (2.46)
+27j Y (residue of poles)

The fast phase function g(a), and the relatively slow amplitude function f(a) can be
written as
G(kpq cosa,k K sina)

> Y9’ "pq

f (a) = 1_ejdx(k[,qcosat—;/x) exp{—jkyq y}

(2.47)
g(a)=—jcos(a—¢), Q=K p

22



In order to apply Van der Waerden method given in the Appendix A, the saddle
point o5 and the second derivative of phase function and distance parameter s; in the

complex a plane can be evaluated as

g(a) =—]cos(a —¢)

g9'(@) = jsin(a —¢)

g’(as) = J Sin(as _¢) =0= a, = ¢

g”(a) = jCOS(O(—¢) = g”(as) = J (2.48)

2 s ) apq_¢
S = 9(a) = 9(ap) = =]+ Jeos(@y, —g) =2 sin (——)

a J—
S =+-2]j sin(—pq2 ¢)
The residue of the intercepted poles can be written as

rh=lim f(a)a-a)=

G K, cosa,k, K sina) _; (2.49)
ri =alir01;1 f(a)z ( l—eJd x (K, y?osapjx) )e ]kyqy(a_ai)

After applying the L’opital rule to (2.49) one can obtain the residue contribution as

, G(kxp, yq° zpq) 7Jkyqy (250)
' 1d,Kopq

Then, after path deformation the residue contribution to the Equation in (2.46) is

Xp° YQ’ qu)e—lkyqy

G(k
pole contribution = Lanz (
dzd,  TpE Jdk (2.51)

k (apq—9) S|
xe“ O (g% — )

where U(.) represents the unit step function and

FW ,— | = J(KepX+Kyq Y +Kzpg2)

X~y zpq
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The SDP, for k,, real or imaginary, can be found by decomposing the argument of

the exponential term in (2.42) into its imaginary and real parts as

—Jk qocos(a—¢)=—]k ,p(cos(a, —p)coshe,

- | (2.53)
+jsin(a, —¢)sinh «;)

The SDP is the locus of points for which the imaginary part of the phase function is
equal to that at the saddle point a = ¢.

Im{-jk . p(cos(a, — @) cosh; + jsin(e, —@)sinha; )}
=Im{-jk , p} (2.54)

:{kpqp , for k , real
0 , for k . imaginary

The SDP can be written as

cos(a, —g)coshe; =1 ;for k , real

: . (2.55)
sin(e, —¢)=0 ;for k , imaginary

The shadow boundary angle ¢S’§ is found by imposing that the SDP passes through

the pole at o = o, thus,

cos(Re{a,, } — ¢y ) cosh(Im{er,, }) =1 ;for k , real 2.56)
sin(Re{ar, } —dpc)=0 ;for k , imaginary '

Then the shadow boundary angles, considering (2.44) and the property of

hyperbolic functions can be defined as

24



k
SB _ _ —1, " xp
Poq =y =c0s” (—), for real k,,

P9

k
¢ye =cos (1), for imaginary k
xp
¢oe = /2, for imaginary k

and real k (2.57)

zpq

g @nd imaginary k .

The saddle point contribution to (2.42) is

i G(k  cosd,k, .k sing) _. -
IS(Q) —e L kﬂ' { ( £q jf(kp:gowlo}i) ¢) e Tkyqy ’2]
paP 1-e

Gk, .k,,k . (2.58)
( Xp2 Nyq o zpq) e_Jkyqy[l—F(agq)]}

+Z a,—¢
I jdxkzqu_2jSin(pq#)

[13%5]

where F is the Fresnel transition function and the index “i” represents the number of

poles extracted. The argument of the Fresnel transition function can be expressed as

. : Oy
5oy = 1O = [k, 08 = 2K . p sm(%) (2.59)

When the argument of Fresnel transition function is much greater than one, then
F—1. The expression (2.58) describes the field diffracted from the edge of the

array.

The electric field radiated by semi-infinite array can be asymptotically expressed as

EM) =Y EM (MU -9+ 47: — YL@ (2.60)
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!
EFW ’ EFW
/
Rl s G,
-k, // kpq Re{k, }
/PFW

Figure 2.4. Topology of k plane for the Equation (2.42). Branch points occur at kg
= +kpq and ky = -kyq, with k . = /k* =k, . PEW: Propagating Floquet Waves,

EFW: Evanescent Floquet Waves.

\ /

(@) ' (b)

Figure 2.5. The change of variables: (a) for steepest descent transformation, (b) for

coordinate transformation.
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Figure 2.6. Complex a plane, for Floquet problem, after change of variables for
cylindrical polar coordinates for k,q real and k,,q imaginary respectively. SDP:

Steepest Descent Path.

The ray interpretation of the Floquet wave and diffracted wave solutions is based on

the wavenumber vectors defined in (2.61) and (2.62).

ke =K, + Yk, + 2K (2.61)

ya Zpq
ks =k, cos(@)X+k, ¥+, sin(¢)2 (2.62)

The vector defined in (2.61) is the wave vector perpendicular to the phasefront of

the propagating Floquet waves. For a propagating Floquet wave (PFW), this vector
27



is real and identifies the ray direction of the (p,q)th PFW. For an evanescent FW, z
component of this vector is purely imaginary. The EFW’s propagate at grazing with

ray (phase propagation) vector
i EFW 5 ~
Retk ™} =%k,, + Yk, (2.63)

keeping a phase speed less then the speed of light and showing an exponential

decay along the z direction with attenuation vector

Im{k "} = 2k, (2.64)

pq

The diffracted field phase term is generated by the saddle point condition for the

steepest descent path integral and can be written as

RGld T pkpq + ykyq

(2.65)
T =Xpcos(@)+ Yy +Zpsin(p)

Because the Eqd in the (p, ¢, y)coordinate system is independent of ¢, the phase

Td = - . . .
term k'.T" is the same for all points (p, y) on a ray cone with a semi-angle

-1 k)’q
Yq = cOs (T) (2.66)
The diffracted fields can be categorized as propagating and radially evanescent

waves contributions depending on whether k , is real or imaginary respectively. In

Figure 2.7 an illustration of the wave mechanism for a semi-infinite array is given.
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Floquet Wave(FW)

Edge Diffracted
Floquet Wave(FW)

Figure 2.7. Floquet wave and edge diffracted wave contributions for a semi-infinite

array.

2.7. A Parametric Study of Asymptotic Solution

In order to test the accuracy and effectiveness of the asymptotic solutions obtained,
numerical calculations have been carried out. A reference solution is constructed via

the element-by-element summation of the individual dipole contributions.

All field evaluations are referenced to one of the y-oriented edges (y-axis in this
study), because the finite array is intended to simulate the semi-infinite array of
dipoles. The dimensions of the array should be chosen so that the contributions

from the other edges and corners small enough to be negligible.

The array plane and the observation point definition are illustrated in the Figures 2.8

and 2.9.

29



X
o0
V| 3
LA A
LA
b &
S X
LA A
M?*****
bbby

Figure 2.8. Semi-infinite array of dipoles in free space: (a) Side view (b) Top view

30



-+ X

d

X

Figure 2.9. The observation plane is xz-plane. The observations are taken at a

distance p from the edge of the array.

In Figure 2.10, the near-field scan is at p = 2A from the edge of the array, beam is
rotated to 60 degrees and the periodicity is dx = 1.4A, dy = 0.5A. The reference
solution for the number of elements in the x-direction Nx = 1000 and for the
number of elements in the y-direction Ny = 3000 is compared with asymptotic
solution. For the asymptotic solution code the elapsed computer time is 2.6540
seconds. For reference solution the elapsed time is 277.8100 seconds. Therefore, the
asymptotic solution is very fast in comparison to the reference solution. The
propagating Floquet modes are (-2,0), (-1,0), (0,0) with shadow boundaries 158,

102, 60 degrees respectively and all the other Floquet modes are evanescent for this

case. The region of the existence of each (p,q) mode is ¢ < ¢S§’ . The FW field is

discontinuous at each shadow boundary and the corresponding diffracted fields

compensate for the discontinuities so as to provide a continuous total radiated field.
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— FWHdiff(only propagating modes)
| =@ FW+diff(with g=1 evanescent modes)
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Figure 2.10. The amplitude of ¢ component of the electric field for the near-field

scan at p = 2\ from the edge of the array, beam angle 60 degrees and the periodicity
dx = 1.4\, dy = 0.5\

In Figure 2.10, Floquet waves and corresponding diffracted fields are plotted for
propagating modes. Also, together with propagating modes, the evanescent modes
corresponding to q = 1 index are included in the asymptotic solution and the results
are compared. When evanescent modes are included, the asymptotic solution
behaves similar to reference solution much. Asymptotic solution agrees very well

with the reference solution except at grazing angles.

In Figure 2.11, the near-field scan is at p = 2A from the edge of the array, beam is
rotated to 60 degrees and the periodicity is dx = 0.5A, dy = 1.1A. For this case only
the (0,0) mode is propagating with a shadow boundary 60 degrees and all other

modes are evanescent. The next mode is an evanescent (-1,0) mode with a shadow
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boundary 131 degrees. In the asymptotic solution one propagating and one

evanescent mode is included. Asymptotic solution agrees with reference solution.
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Figure 2.11. The amplitude of ¢ component of the electric field for the near-field

scan at p = 2\ from the edge of the array, beam angle 60 degrees and the periodicity
dx =0.5\, dy = 1.1A.

In Figure 2.12, the near-field scan is at p = 2A from the edge of the array, beam is
rotated to 60 degrees and the periodicity is dx = 0.9 cm, dy = 1.6 cm and f = 10
GHz. For this case, (0,0) mode is the only propagating mode and all other modes
are evanescent. In Figure 2.12, reference element-by-element solutions for Nx =
100 and Nx = 1000 elements in the x-direction are compared. When the number of

elements in the x-direction is increased, the asymptotic solution and the reference
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solution are in a good agreement, since the asymptotic solution is a semi-infinite

array solution.
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Figure 2.12. The amplitude of ¢ component of the electric field for the near-field

scan at p = 2\ from the edge of the array, beam angle 60 degrees and the periodicity
dx=0.9 cm,dy=1.6 cm and f= 10 GHz.

In the Figures 2.13 — 2.16, the near field scan for dx = 0.9 cm, dy = 1.6 cm, beam
angle 60 degrees, f = 10 GHz with p variation are examined. For the cases p > 0.2A
the asymptotic solution and the reference solution which is based on the element-

by-element summation agree well. However, for p < 0.2A the asymptotic solution
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and the reference solution does not agree; because, in the asymptotic solution it is

assumed that p is a large parameter.

In the Figure 2.13, p = 0.1A case is demonstrated. The discontinuities of FW are due
to the propagating (0,0) mode with a shadow boundary 60° and due to evanescent

modes (0,-1) and (0,1) modes with shadow boundaries 90°.

-4 Elby-El

IE .(dB)

¢(degree)
Figure 2.13. The amplitude of ¢ component of the electric field for the near-field

scan at p = 0.1A from the edge of the array, beam angle 60 degrees and the
periodicity dx =0.9 cm, dy = 1.6 cm and f= 10 GHz.
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In the Figure 2.14, p = 0.2A case is demonstrated. The discontinuities of FW are due
to the propagating (0,0) mode with a shadow boundary 60° and due to evanescent

modes (0,-1) and (0,1) modes with shadow boundaries 90°.
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Figure 2.14. The amplitude of ¢ component of the electric field for the near-field

scan at p = 0.2A from the edge of the array, beam angle 60 degrees and the
periodicity dx =0.9 cm, dy = 1.6 cm and f= 10 GHz.

In the Figure 2.15, p = 0.5A case is demonstrated. For this case p > 0.2\ and the

asymptotic solution is in a good agreement with the reference solution.

36



-4+ El-by-E

-— FW

FW +Diff

120f -

¢(degree)

Figure 2.15. The amplitude of ¢ component of the electric field for the near-field

0.5\ from the edge of the array, beam angle 60 degrees and the

scan at p

1.6 cmand f= 10 GHz.

0.9 cm, dy =

periodicity dx

In the Figure 2.16, p = 1A case is demonstrated. For this case, again p > 0.2A and

the asymptotic solution is in a good agreement with the reference solution.
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Figure 2.16. The amplitude of ¢ component of the electric field for the near-field

scan at p = 1A from the edge of the array, beam angle 60 degrees and the periodicity
dx=0.9 cm, dy = 1.6 cm and f= 10 GHz.

In the Figures 2.17 — 2.21, the near field scan for dx = 0.9 cm, dy = 1.6 cm, £ =10
GHz, p = 2), for the beam angle variation is examined. The results for 5, 45, 90 and
135 degrees are in a good agreement; however, when the angle approaches to 180

degrees the asymptotic solution and reference solution are not in a good agreement.

In the Figure 2.17, the plot for 5 degrees is given. FW shadow boundary appears at

5 degrees. The reference solution and asymptotic solution is in a good agreement.
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Figure 2.17. The amplitude of ¢ component of the electric field for the near-field

2 from the edge of the array, beam angle 5 degrees and the periodicity

scan at p

0.9 cm,dy=1.6 cmand f=10 GHz.

dx =

In the Figure 2.18, the plot for 45 degrees is given. FW shadow boundary appears at

45 degrees. The reference solution and asymptotic solution is in a good agreement.
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Figure 2.18. The amplitude of ¢ component of the electric field for the near-field

2\ from the edge of the array, beam angle 45 degrees and the periodicity

scan at p

0.9 cm, dy = 1.6 cm and f= 10 GHz.

dx =

is given. FW shadow boundary appears at

In the Figure 2.19, the plot for 90 degrees

90 degrees. The reference solution and asymptotic solution is in a good agreement.
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Figure 2.19. The amplitude of ¢ component of the electric field for the near-field

2\ from the edge of the array, beam angle 90 degrees and the periodicity

scan at p

0.9 cm, dy = 1.6 cm and f= 10 GHz.

dx =

In the Figure 2.20, the plot for 135 degrees is given. FW shadow boundary appears

at 135 degrees. The reference solution and asymptotic solution is in a good

agreement.
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Figure 2.20. The amplitude of ¢ component of the electric field for the near-field

scan at p = 2\ from the edge of the array, beam angle 135 degrees and the
periodicity dx =0.9 cm, dy = 1.6 cm and f= 10 GHz.

In the Figure 2.21, the plot for 175 degrees is given. FW shadow boundary appears
at 175 degrees. The reference solution and asymptotic solution is not in a good
agreement. Thus, it can be concluded that the asymptotic solution does not predict

scattering fields correctly when the incident field comes from grazing.
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Figure 2.21. The amplitude of ¢ component of the electric field for the near-field

scan at p = 2\ from the edge of the array, beam angle 175 degrees and the
periodicity dx =0.9 cm, dy = 1.6 cm and f= 10 GHz.

2.8. A Far-Field Interpretation for a Strip Array of Dipoles in Free Space

In classical antenna array theory, the far field of an array of same elements can be
found by using the pattern multiplication rule. According to the pattern
multiplication, the total far-field of an array is the product of the array factor and the

field of a single element at the origin of the defined coordinate system for the array.

Consider a strip array of dipoles in free space, infinite in the y-direction but finite in
the x-direction. The interelement spacings are d and dy and the length of the finite

dimension of the array is L. The array can be considered as an array of columns as
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shown in Figure 2.23; i.e., the array can be considered as an array of arrays. The

observation point is taken on the xz-plane.
The total far-field potential expression for such an array can be written as

A, = (Array Factor) x (Element Factor) (2.67)

The array factor of Floquet excited array for the coordinate system in Figure 2.23

and the observation point on xz-plane can be expressed as

N-1 o
AF =Y a """ (2.68)

n=0
where the excitation a, can be expressed as
a, =l(ne " =" n=0,1,.,N-1 (2.69)

Also, a relation between spectral vectors can be written as

k, =k +kZ = k> =k (2.70)

<> ooo. X
dX
- >

Figure 2.22. Side view of a strip array of dipoles. The number of dipole elements
on the x axis is N, and forn =0, 1, 2,...N-1 indexing, L = (N-1)dy.
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Figure 2.23. Top view of the strip array. The array is infinite on y-dimension but

finite in x-dimension.

and coordinate variables and unit vectors are defined as

p=AX+7"
~  XX+72  xXX+z2 . (2.71)
o= = :unit vector
Jx2 + 22 p
The source point is written as
r=nd X (2.72)

The array factor expression can be expressed as
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IN(k,, cos(#)=rx)dy

~ i(k, cos(¢#)—7,)nd 1-e .
AF =" 1,g 0t < . Cif 1, =1 (2.73)

— | )& eos@ 708,

The element factor (EF) can be expressed as

EF = Z [ Jooty -md,joze ™ 4"“ dxdydz  (2.74)

==Xy 7
. . . u
For Green’s function, two dimensional spectral form can be used as

e M
47R 8 A

j Pk, o dk, (2.75)

where

R=\X"+22+(y=y) =p’ +(y—y"’ (2.76)

Inserting the spectral form of the Green’s function and evaluating the spatial
integrals, EF expression can be written as
1 & T

EF =55 g j HP (k, p)e” "™ dk, (2.77)

—00

After some rearranging EF expression is

:% 2 J-H(§2)(kpp)eijkyyej(kY77Y)mdydky (278)

The total far field expression for the magnetic vector potential is the product of the

array factor and the element factor and can be expressed as
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Ayfar—field — (AF)X(EF)

iN(k, cos(9)7,)dy (2.79)

) ikyl-€ j(ky—7,)md,
g,,J I Z Hy (k. p)e 1 — o) oo @70 € dk,
—op M=—0

Then, by using bilateral Poisson summation formula, the potential expression can

be written as

1— elN (Kpq cos($)—7;)dy
y

far—field _ ) -jk
Ay ZH (kpq )e : eJ(kpqcos(qﬁ)fyx)dx (2'80)

where

Ko =Kk, (2.81)

£q

After introducing the approximation of the Hankel function for large argument as

HP(x) = ﬂe”'x; for x>1 (2.82)
X

The far field expression for the magnetic vector potential can be obtained as

JN (k/)q COS(¢)_7>< )dx

27 kapqpekayqyl €

Kpa? 1-e

(2.83)

J(kpq COS(¢)_}/X )dx

AT (,0,¢,y)— jd Z

The electric field expression can be evaluated with multiplying magnetic vector

potential by a polarization vector which is defined as
zZ_. . 5 :
G(k cos @, K.k, sing) = ?[X(kpq cos gk )+ y(ky2q —k*)+ 2(k , singk )] (2.84)

where Z is the free space impedance.

Then, the total far field for this strip array of dipoles in free space can be written as
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E farfield

gy =32 Z

(o,
(2.85)

1— IN (K, cos(#)—rx)dy
X G(k cos ¢,k ya> pq s1n¢) NIREDATS

On the other hand, the fields for a strip array of dipoles in free space can be
evaluated by obtaining a spectral integral and using the saddle point techniques for

the evaluation of the integral.

The magnetic vector potential for the strip array which is shown in Figure 2.23 and

Figure 2.24 can be expressed as

A(T) = zij j j dx'dy’dz’ J (') g(F,T) (2.86)

n=0 m=—

The only difference between the semi-infinite array and the strip array is that the
spatial “n summation” in semi-infinite array is taken over zero to infinity, but for
strip array it is taken over zero to N-1, where N is the number of dipole elements in
x-direction. Therefore, when the geometric series are evaluated as described in
Section 2.6, one can obtain the result for the “n summation” for a strip array as

N-1 IN (k,, cos(¢)-7x)d
pitkcos@) o, _1—€7 7

—0 1-e

(2.87)

ik, cos(#)—r)dy

=]

Following the same steps as in Section 2.6, the saddle point evaluation of the
spectral electric field integral in a non-uniform manner (Pauli-Clemmow
regularization [31]) results in the following diffracted field expression for a strip

array.

Jkyqy IN (kg cos(#)-7x ) dy

e Mg 1-e
. J(K g cos(#)—ry)dy
2d, 27 jpk,,, 1-€"

A (p.9.Y) = F(55) (2.88)
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where F is the Fresnel transition function and its argument is defined in Section 2.6.

The total field can be expressed as

total field =) A] (2.89)
q

Far from the edge of the array the argument of the Fresnel transition function is
much greater than one; then, one can obtain an expression for the diffracted field
considering (2.88) as

—IKpq0 n = IKyqY

e IN (K g c0s(#)—7,)d,

1-e

d . e
Aq(P9¢aY)—Zq:2d

for 62, 1, F(6%)—>1 (2.90)

2
pzZo, L=(N-1,

j(kpq COS(¢)_}/x )dx

2Pk, 1-e

The expression in Equation (2.83) which is derived with classical array theory is the
same as the Equation (2.90) which is obtained by asymptotics performed through
the Pauli-Clemmow regularization. The same equivalence exists for the electric

field expressions.

From the expression (2.90), the far-field pattern of a strip array can be interpreted
by the superposition of the non-uniform diffracted rays from the two parallel edges.
The far-field pattern is provided by the combination of the diffracted fields from the

two edges.

In Figure 2.24, the far field pattern for an array for dx = 1.4A, dy = 0.5A, N =30, f=
10 GHz, the beam angle 60° is plotted at the xz-plane. For this case, the far field

pattern is provided by three propagating modes with shadow boundaries 60, 102.37
and 158.21 degrees.
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Figure 2.24. The far field pattern of the array : N = 30, dx = 1.4A, dy = 0.5A, =10
GHz, the beam angle is 60°, and the observation is performed on xz-plane. The

pattern is normalized to the maximum value of the pattern.

In the Figures 2.25-2.29, for an array with N =30, dx =0.9 cm, dy = 1.6 cm, f= 10
GHz, the far-field patterns of the array are plotted for changing the beam angle. For
this case, there is only one propagating mode corresponding to the fundamental

mode of the array.
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Figure 2.25. The far field pattern of the array : N

10 GHz, the beam angle is 60°, and the observation is performed on xz-plane. The

pattern is normalized to the maximum value of the pattern.
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Figure 2.26. The far field pattern of the array : N

10 GHz, the beam angle is 5°, and the observation is performed on xz-plane. The

pattern is normalized to the maximum value of the pattern.
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10 GHz, the beam angle is 90°, and the observation is performed on xz-plane. The

Figure 2.27. The far field pattern of the array : N

pattern is normalized to the maximum value of the pattern.

53



—— Asymptotic
—e - Reference

10

09cm,dy=1.6cm,f

30, dx

10 GHz, the beam angle is 135°, and the observation is performed on xz-plane.

100

¢(degree)
54

80

The pattern is normalized to the maximum value of the pattern.

(ap)‘(wuou)|

Figure 2.28. The far field pattern of the array : N
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Figure 2.29. The far field pattern of the array : N =30, dx =0.9 cm, dy = 1.6 cm,
= 10 GHz, the beam angle is 175°, and the observation is performed on xz-plane.

The pattern is normalized to the maximum value of the pattern.

The lobe angles for the array can be found by evaluating the maxima of the array
pattern. Considering the array factor of the array, the main lobe and the grating lobe

angles can be calculated as

o mA
= +—
@ =cos (cos &, ™ j

¢, : Beam angle (2.91)
m =0:main lobe

. ¢ € (0, 7):visible region
m=+1,42,43,...: Grating lobes
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For example, for the array with the parameters N = 30, dx = 0.9 cm, dy = 1.6 cm, f
= 10 GHz, beam angle 45°, the main lobe is located at 45°. There is not any grating
lobe for this case, since the solution of the (2.91) does not give any real solution
other than the main lobe. However, for the array with parameters dx = 1.4, dy =
0.5A, £ = 10 GHz, and the scan angle 60° the solution of (2.91) gives three real
solutions in visible region, which are 60, 102,158 degrees. 102 and 158 degrees are

grating lobes of the array.

On the other hand, considering the Equation (2.90) for the Floquet excited array, the

array pattern has maxima at

Ndx(kpq COS(¢) - 7/><) = Zﬂ-p

, (2.92)
with Ay real

maxima; ¢ =a,,,
Therefore, the pattern maxima points correspond to the shadow boundaries of the
Floquet waves; i.e. propagating Floquet waves whose diffracted components are

forming the array pattern in the far-field region.

2.9. Asymptotic Field Expressions for Semi-Infinite Array of Dipoles on

Infinite Grounded Dielectric Slab

A uniform high-frequency solution can be constructed for the electromagnetic fields
for a semi-infinite array of dipoles placed on an infinite grounded dielectric slab by

using the same techniques as discussed in the previous sections.

The high frequency solution is constructed such that it includes truncated Floquet
waves and their corresponding diffracted waves due to the edge of the array and
Floquet edge excited surface/leaky waves. The diffracted waves contain
discontinuities which compensate for the disappearance of surface/leaky waves and

truncated Floquet waves at their pertinent shadow boundaries.
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The geometry of the structure is illustrated in Figure 2.30. The thickness of the

dielectric slab is d, and the relative permittivity is denoted by ¢,. A semi-infinite

array of phased elementary dipoles is placed on the interface of an infinite grounded
dielectric slab. All the definitions are the same as the semi-infinite array of dipoles
in free space whose solutions are given before. The coordinate system for the

solution of this problem is again a cylindrical (p, 7, y) coordinate system.

Due to a single p oriented dipole placed at the origin of the reference system, the
electric field at an observation point P =(X,Y,z) can be expressed by plane wave

spectral representation ([10], [20-21]) as

E (P)=—1 ]O TEE(E)pe-J’k-fdk dk (2.93)

F=XX+Yyy+12z
k =%k, + 9k, + 2k,
(2.94)

k,= k? + kj

k, =,/k*—k>, Im{k,} <0 on the top Riemann sheet
The spectral dyadic Green’s function of a single dipole may be expressed as

= _ =TM —TE

Ge(k)=GM(k,)Xe (kx,ky)+GEE(kz)X e (Kk,,k,) (2.95)
where

G (k,) = j L Kok sin(k, d) (2.96)

k ¢k, cos(k,d)+ jk,, sin(k,,d)
GE(K,) = 2k sintk,d) (2.97)

k,, cos(k,,d)+ jk,, sin(k,,d)
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Figure 2.30. A semi-infinite array of phased elementary dipoles is placed on the

interface of an infinite grounded dielectric slab.

Between the wavenumbers the following relations can be written.

2
k=7:a) Hy&y

K, = o\ ¢, (2.100)
k2=k2 =k*—k? -k
k2 =k —kZ -k’

When H- Field is considered, one can write
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w — 1 (= © A KT
Ho(P)—(Zﬁ)ZLLGH(k).pe' dk,dk, (2.101)
where
- - =TM —TE
Gr(K)=GIM (k)X (k,,k,)+GIF (k)X (k,.k,) (2.102)
with
G (k) =-] Ky sin(k,d) (2.103)
&k,, cos(k,,d)+ jk,, sin(k,,d)
. in(k, d)
GrE(k )= jk sinck,, 2.104
" ( Z) J kzl COS(kzld)+ jkzO Sin(kzld) ( )
X kkoy= e K|y ggl 5] g K
k)= + +
n =R ) Y e T e
(2.105)

=TM k k
X (Ky.k,) =R&|

In order to obtain array Green’s function, we consider the spatial summation over
the individual element Green’s functions, linearly phased with reference at the

origin.

E(P)=>" > E,(x-ndx,y-mdy,z)e e " (2.107)

n=0 m=-o0

By using the spectral form this equation can be written as
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E(P)= TTEE k).pe" Z eIk 3 gl Mgy k- (2.108)

1“ 2

The spatia sum can be evaluated in closed from by using geometric series. The
spatial “m” sum can be converted to a impulse train by using Poisson sum formula

as explained before.

1

B(kx)=;ej(kx’}/x)ndx — l_ej(kX7}/x)dX (2109)
z el(ky 7y)mdy 272. Z 5(k
, By &= (2.110)
Ky =7y +qu ; q=0,%£1,£2,...(FW numbers along y domain)
y
Then the electric field expression can be written as
1 I —jk r
E(P) ——Z j B(k, )GE(k ). pe
27d, T2, (2.111)

Ky = %k, + 9K, + 2,k — k2 —k2,

The “q” sum of the above equation represents the FW expansion of the field along

the infinite periodic y-domain.

In order to pass into an angular spectrum to perform the integration, one can

introduce a change of variables as illustrated in Figure 2.31.
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Figure 2.31. A coordinate transformation in order to obtain an angular variable

integral to be solved with steepest descent methods.

Then one can write

kg =/k* —K2, (2.112)

The poles of B(k, ) are located on the real k axis at

2
Ky =7x+d—p;

X

p=0,£l,... (2.113)

which defines Floquet wavenumbers along x-axis.

When k, is real, the integrand in (2.111) exhibits branch points at k, =k, and at
k. =—kq- The residue contributions of the integrand associated with those FW
poles located on the proper Riemann sheet (Im{k, }<0) inside or outside the

interval (-k,,k,) represent the propagating or evanescent Floquet waves

respectively.

The spectral dyadic Green’s function Eg(a)may exhibit real and complex poles

k,; corresponding to real and complex solutions of the dispersion equations as
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1
— =0
GEM (kzi)

1
——=0
GEE (kzi)

i=0,+1,42,... (2.114)

The residues of these poles correspond to the dielectric slab surface and leaky
waves. Leaky wave poles correspond to solution of the dispersion equations with

complex k., and they are always located on the bottom Riemann sheet of the

zi °

complex K, plane.

In order to obtain a formal steepest descent type integral, one can apply change of

variables as in Figure 2.31. Then one can write

X = p, cos
e y}ye(o,m
Z=p,siny
k, =k cosa (2.115)

k, =k, sina
Then, the spectral integral can be expressed as

E(P) = expi{- iKY} [ By(@)Dy(cr)e " “da
g C

o

B(k,) = B(k, cosa) = B, ()

5. (@)= ST s 2.116
(@)= 27d, o(@).p (2.116)
o(@)=G(k,)

= ol

= Xk, cosa + Yk , + 7K, sin
The integration path C, corresponds to the real axis in the Kk, plane.

The Floquet wave poles of the function B, () occur at a,';;'v = cos’l(kxp/ k), and

the surface and leaky wave poles occur at ai?]W/ "W =sin"'(k, / Kq) -
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The total asymptotic field can be expressed as

E(P) ZZE U(}/ _7)+ZZESW/LW SW/LW_]/)
+ZE§
q

The steepest descent path integration gives

E; =expi=iky} | By(@)B; (@) " da

SDP
When one considers the functions and variables as

Q = ktqpt
f(a)=B,(a)D,(a)
g(a)=—jcos(a-7y)

Then, the formal steepest descent integral of the form

J. f(2)e™®“da

SDP

can be formed and solved.

(2.117)

(2.118)

(2.119)

(2.120)

By using the Van der Waerden method as explained in the previous chapters, the

following expressions can be derived.

The residue contribution of the Floquet wave poles can be expressed as

W
= ) A I KX+ +KypqZ
B =27i2.2 e M (g’ =7)

tqu sina g

The shadow boundaries have the same expressions for the free space case.

63

(2.121)



From the first derivative of the phase function, the saddle point is ¢, =y . Then, the

saddle point contribution can be written as

(@) ~e * | 2 (B, (D, (2] +

Z

D, (g 1= F(5”)]

K d, Sin(@g )n/-2 ] sm(7_ Wq)

2ktqpt Sln ( Wq )

GwW ., FW SW/LW
Qg g OF

Then, the diffracted field can be expressed as

ES =Y e ™1 ()
a

64

(2.122)

(2.123)

(2.124)



CHAPTER 3

AN ANALYTICAL SOLUTION FOR EXCITATION COEFFICIENT OF
SURFACE WAVES LAUNCHED FROM THE EDGE OF A SEMI-INFINITE
ARRAY OF DIPOLES

The existence of an array guided surface wave (AGSW) on a periodic planar finite
array of dipoles in free space has been demonstrated in [1], [7-9] based on
numerical solutions. The conditions under which surface waves can exist on a finite
array, strength of the excited surface waves, and the surface wave effects on the far-

zone pattern have been investigated.

In this chapter, derivation of an analytical expression for the excitation coefficient
of an AGSW launched from the edge of a semi-infinite array of dipoles in free

space is given.

3.1. Array Guided Surface Waves [8-9]

In the context of periodic arrays, the term surface wave most typically arises in
relation with an array embedded in a dielectric slab. For these types of surface
waves, a grating lobe radiated by the array excites one of the wave guide modes of
the dielectric [6]. On the other hand, the surface waves studied here exist on an
array of perfectly conducting dipoles. These two types of surface waves can be
distinguished by the terms “dielectric slab guided” surface waves and “array

guided” surface waves [18].
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In order to examine the conditions under which AGSW may arise, the scan
impedance of the infinite array is studied at all scan angles. For some scan angle
below a certain cutoff frequency, the scan impedance can go to zero. At such

frequencies, surface waves can exist in the corresponding truncated array.

The propagation constant of surface waves can be found by setting the scan
impedance equal to zero. The phase progression associated with the surface wave
currents indicates slow waves, i.e. waves with phase velocity less than the speed of

light.

As illustrated at Figure 3.1, considering a finite X infinite array of dipoles, infinite at
the y direction and finite at the x direction, the scan impedance can be observed for
two conditions. The scan impedance formula is given in Chapter 2. Setting s, = 0,

the self impedance Z;;(sx) can be observed for the scan in the H-plane.

Figure 3.1. Finite x Infinite array of dipoles, finite at x direction with spatial period

dx but infinite at y direction.

As it can be seen from Figures 3.2 and 3.3, the scan impedance goes to zero for 8

GHz but does not pass from zero for 10 GHz. This means with these array
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parameters at 10 GHz there is not an AGSW, however at 8§ GHz an AGSW exists
since scan impedance pass through sy = 1.44. The zeroes of the scan impedance
gives the natural waveguide modes of the array of perfectly conducting dipoles. The
propagation constant of the surface wave is B = (2/A) X (sx0). In the absence of loss,
a surface wave propagates along the uniform array with a phase velocity v = (¢ / sxo)
where ¢ is the speed of light. When an edge is encountered this surface wave

partially reflected in the opposite direction and partially radiated.

100—————F——F———— ——
real

imaginary
300F - - - L

200 - - -4 e e e

scan impedance (Ohm)

-100 I S S S e
1

-200

Figure 3.2. Scan impedance for f=8 GHz, dx=0.9 cm,d,= 1.6 cm, 21=1.5 cm

(wire length), w, = 0.0225 cm (wire radius).

67



400

300
2009 A il R 3

100

Scan Impedance (Ohm)

-100

-200
0

Figure 3.3. Scan impedance for f=10 GHz, dy=0.9 cm,d,= 1.6 cm, 21 =1.5 cm

(wire length), w, = 0.0225 cm (wire radius).

One necessary condition for the existence of surface waves is that the interelement
spacing along the direction of propagation must be less than one-half wavelength. If
this is not the case there will always be a propagating Floquet mode and scan

impedance will always a positive real part.

In order to examine array guided surface wave propagation and excitation, a method
is given in [8-9] based on numerical methods. A surface wave is excited at the edge
of an array with launching coefficient C(f, (pi). This coefficient depends on
frequency and angle of incidence, but assumed to be independent of the size of the
array. A surface wave propagates along the array without loss until it encounters an

edge, at which point it is reflected in the opposite direction with reflection
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coefficient I'(f). I'(f) is assumed to be independent of array size and angle of
incidence. The propagation constant of the surface waves can be found from the

zeroes of the scan impedance as stated before.

3.2. Scattering of an EM Field Incident on a Planar Semi-Infinite Array of

Dipoles in Free Space

In Figure 3.4 the problem of scattering of an electromagnetic wave incident on a
planar semi-infinite array of dipoles in the z = 0 plane in free space is illustrated.
The incident field is generated by a distant, uniform electric line source of density J;
and known strength I at (pi, ;). Assume that the conditions of the existence of the

surface wave are satisfied.

Figure 3.4. Plane wave incident on a semi-infinite array of dipoles in free space and
related field components. The array is infinite at y direction with spatial period d,

and semi-infinite in x direction with period dx.
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Once launched, a surface wave propagates in the —X direction along the array face
and attenuating at the directions normal to the array face. The electric field of the
surface wave is denoted by E™. Also, adding the asymptotic high frequency
electric fields pertaining to the Floquet modal transmitted, reflected and diffracted

fields, denoted by E', E"and E° respectively, the total field can be written as

E=E'+E™+E" +E° (3.1)
The corresponding magnetic fields are denoted by H', H", H® and H®".

The fields scattered by the array in Figure 3.4 are produced by the current density

J(n,m) on each (n, m)™® dipole element which is assumed to be open circuited.
J
n=0,-1,-2,... (3.2)
m

The current distribution function f,(y) in (3.2) is assumed to be a piecewise
sinusoid. As it is noted in Chapter 2, this distribution function is commonly

employed for a short, thin dipole element.

On the terminal of an element, two current components responsible for Floquet
waves and surface waves exist. The current elements are denoted by I'* and I°V.
The diffraction currents can be ignored. If this total current is written in the
radiation integral, then the asymptotic evaluation of this integral gives the field
components in (3.1). The Floquet current component can be written as shown in

Chapter 2.

I*V component of this terminal current launches the surface wave E™ on the semi-
infinite array x < 0 region as illustrated in Figure 3.4. The surface wave current can

be expressed as
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1°¥(n,m) = Ce/"" (3.3)

In Equation (3.3), B represents the surface wave propagation constant, and as said
before it can be found from scan impedance of the infinite array. The amplitude in
(3.3) is an unknown and it is the launching coefficient of the surface wave

component.

Following the steps explained in Chapter 2, the electric field expression for surface

waves can be obtained with the current given in (3.3) as

Ewey__ 2 N wa k {)A((kxkvq)er(qu_k2)+2(kzqkyq)}
E (r)_47zkd _Z ,[ (Kyq) [_e 10k
'ky q—;@ _yoo ik G5
= kX a7 Iy 47 I 2
L &le e dk.
k

zq

The spectral integral in Equation (3.4) can be evaluated with steepest descent

methods. The field expression for the surface wave for x < 0 region can be written

as
0 0 - jﬂ i )
Ev=> % ?’u C f(k,)ee * g v Kl
& &2k d, 53
) {f((—kxp)kyq 9k, k) + 2(k;;vq)kyq} '
ke
where
2z p
kxp = IB+d_ ) p=0,il,... (36)
k, =29 00,41, 3.7)
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Koo = \/kz —Kip —Kjq =—Jarpg

ks, + K, — K

(3.8)

In Equation (3.8), an attenuation constant «,, is defined; since the wave attenuates

in directions normal to the array face.

The Fourier transform of the current distribution function f(y) can be evaluated as

_ L/2 sin k(|2'—|y|) _
flkg)= | ——27—expijk,dy (3.9)
w2 sin(k)

The incident field is generated by a distant, uniform electric line source, of known

strength I and density J,, at (p,,4) which can be expressed as

P

This line source is y-directed and sufficiently far from the edge of the array. The

field expression for electric field for the incident field can be written as

B | exp{-jkp}
Jwﬂzw/zzz N
[ j\/—exp{ jkp}

A

(3.11)

3.3. Reciprocal Surface Wave Problems

In Equation (3.5), in order to determine the surface wave field, the unknown C has
to be found. It may not be directly possible to find C in a convenient fashion. In

order to find the unknown excitation coefficient C, a reciprocal problem to the
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surface wave excitation problem is introduced [17]. By the Kirchhoff

approximation the reciprocal problem can be solved approximately.

In Figure 3.5, the reciprocal problem is illustrated and is named as second problem.
The first problem is the excitation of surface wave problem from the edge of the
array as illustrated in Figure 3.4. After solving the second problem, two reciprocal
problems are combined with a reciprocity integral formulation and the unknown C

is determined in Section 3.4.

Figure 3.5. The side view of second problem: incident surface wave field is

reflected in the opposite direction and diffracted at the edge of the array.

The excitation of the reciprocal configuration is the incident surface wave current

12(n,m) at the terminals of any (n,m)" dipole, which is assumed to exist as if the

array was infinite in extent. Therefore, this current can be written as

1 (n,m) = 1,g” /" (3.12)

73



This current gives rise to the incident surface wave field E;*. This incident surface

wave field undergoes reflection in the opposite side and diffraction at the edge of

the array; therefore, at the edge E;* and E! are produced respectively.
Therefore, the (n, m)th dipole terminal current can be decomposed as
L(n,m)=1"(n,m)+ 13> (n,m)+ 1 (n,m) (3.13)
The reflected current can be expressed as
1"(n,m) =Tl e""" (3.14)

where I' is surface wave reflection coefficient, for which the numerical values can

be found in [8-9]. 1;* produces the reflected surface wave E,™.

In the Kirchhoff approximation for 1,(n,m) it is customary to ignore 1,* and I{ in

I, is included and it constitutes a modified

(3.13). However, in this analysis
Kirchhoff approximation while only the weaker 1{ is ignored. Therefore, (3.13)

can be approximated by
L,(n,m) = 1 (n,m)+ 1,**(n,m) (3.15)

It can be said that the inclusion of the reflection coefficient ( I' ) yields a more

accurate result for the excitation coefficient ( C ).

In order to find the expressions for the incident surface wave, the reflected surface

wave and the diffracted surface wave the current can be written as
J,(F) =9 f(y'=md,)s(x' —nd,)5(z) (1, " +T1,e""*) (3.16)

Following the same procedure given in Section 3.2, the magnetic vector potential

expression can be written as
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oo © 1
y 47rjd .[I (1 el(A-kdy +F1_e—j(ﬂ+kx)dx

=-% o0

iox s (3.17)
< (K,,) {e e e } dk,
kZ
The electric field expression can be written as
E,(T)= z J‘ +T 1
47[kdy = 1— el(ﬂ ke )dy l_e—i(ﬂ+kx)dx
x {R(KKyg) + 9, —k*)+ 2K,k ) Tk G18)

e_jkxxe_Jkyqye_JkZ(\lNz dk
X ksw X
zq

The integral in (3.18) can be evaluated by using asymptotic high frequency methods
(Appendix A). After evaluation of this integral, and writing the pole and saddle
point contributions; the incident, reflected and diffracted surface wave field

expressions can be obtained.

The incident surface wave for x < 0 can be written as

_ © - o I osw
ES(F) = | f k e*JﬂX dy e yqye’Jkqu‘Z‘
(F)= ZZ _ d g flke)
o (3.19)
><{x(kxp)kyq + (k% —kH)+ 2k Ok, }
kZPq
The reflected surface wave for x <0 can be expressed as
S _ N N OH o o oy - K
EVTM =) > ——TI, f(k,ee % e e n
== 2k, d, (3.20)
y X(—K,,Kyq + y(k —k? )+ 2(Kop Ky
K:ng
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Considering the Equation (3.17) and the far-field approximation for electric field
given in (3.21), one can obtain an expression for diffracted field valid sufficiently
far from the edge as in Equation (3.22). This diffracted field is evaluated for an

observation point (p,¢) measured from the edge of the array as illustrated in Figure

3.5.
y.E5 (1) =E},(T) ~ — jouA,,(T) (3.21)

i) o [ 2 e M

yaY

E! ~z(_a’”j| 1
2y - 4 )° dy ju /kz _qu \/; 2
(1+ jeot [%(ﬂ— k* —k;, cos ¢)D (3.22)

+F(1— jcot{%(ﬂh/kz —k;, cos¢)D

3.4. Application of Reciprocity Theorem to Find Excitation Coefficient

The reciprocity theorem can be used to relate the fields of the original problem to
those in the reciprocal problem. The original problem is the excitation of the surface
wave from the edge of the array, while the reciprocal problem is the problem
formulated in the Section 3.3. The details of the reciprocity theorem is given in

Appendix D.

Two reciprocal problems are related in an appropriate volume V, bounded by a
closed surface S. The original problem geometry is shown in Figures 3.6 and 3.7,

while the reciprocal problem is illustrated in Figure 3.5. The fields of the original

problem is denoted by (E,,H,), whereas the fields of the reciprocal problem is

denoted by (E,,H,).

The reciprocity integral can be written as
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$(E xH,—E,xH,)ds = | E,-Jav (3.23)

S

[\S)

where the fields of the first problem (original problem) is given in Equation (3.5),
and the fields of the second problem (reciprocal problem) is given in Equations

(3.19), (3.20), (3.22). Also, the volume V and closed surface S is illustrated in

Figures 3.6 and 3.7. The closed surface can be written as S = Zig:l S, .
The right hand side of the Equation (3.23) is a volume integral and the source term
is given in Equation (3.10). The source is sufficiently far from the edge of the array;

therefore, the field term in the right hand side of the Equation (3.23) can be written

as E, ~ E.

The volume integral in (3.23) can be expressed as

[ Ei3av=|ff (9Efy).(9l op _pi/))5(¢_¢5i)jpdpd¢dy (3.24)

V(p.¢.y)

Due to property of impulse function and taking the integral for y variable as

y:—o0 — oo and using a Fourier relation for impulse function, the expression for the

right hand side of (3.23) can be obtained as in Equation (3.25).
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Figure 3.6. Side view of the original problem configuration: the array is excited by
an EM field created by a distant line source, and surface wave is launched from the

edge.
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linelsource

Figure 3.7. Top view of the original problem configuration.
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[ Ev-Tav = )( “’”jl l f(o)\/ie >1

[1—1— jcot{g(ﬂ—kcos@D (3.25)

+F(1— jcot[%(ﬁ+ kcos¢)D

In terms of incident wave expression, Equation (3.25) can be rearranged as

jVE;.J‘idv (E'(0)+9)2m)], f(o)l

y

(1+ jcot[%(ﬁ—kcosqﬁ)D (3.26)

+F(1— jcot [%(ﬂ+ K cos ¢)D

The left hand side of the reciprocity integral is evaluated over the surfaces
illustrated in Figures 3.6 and 3.7. The integral over the surfaces at infinity are zero
due to the radiation condition. Therefore, for these surfaces, surface integral can be

written as

[ (E xH,—E,xH,)-ds =0 (3.27)

9
where S = z S, represents the surfaces at infinity.

i=5
The integrals over the surfaces S; and S4 have symmetric forms with respect to z
axis; therefore, the S; integral for z > 0 is equal to the S4 integral for z < 0. Thus,
evaluating the S; integral and multiplying the result by two gives the contribution of

S; and Sy integrals, i1.e. normal integrals which are totally denoted by Sx.
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The surface integral Ss, for z > 0 and taking the normal direction as the positive z

direction can be expressed as

[(E\xH, —E, xH, )-2dxdy = [ [ (E, H,, —E, H,, ) dydx (3.28)
S; Xy

The fields (EM;HM, H,HY) and (EQ,E;*,EJ;H™) can be related by
reciprocity theorem. For instance, for (E*;H®) and (E’";H™) pair, one can

write (3.28) as

zpq

—k?)
1 o8 Cf(kyq){(—}
( J( )” (quz;zk ’d d, ke

27rp)<

xe’ﬂxe d g Jkyqye jk3pqAz

0 o0

)7 = k" k?
" 1 f(k znm
Xz Z zkzdxdy 0 ( ym){ ksw }

N=—00 M=— znm

.27nx

. I v . .
xe—jﬂxe dy e* Jkymye—jkf‘,:“mAz) _

3 (kg —k?)
(Z‘omz;% *dd, "f(kym){ ks }

T e )
Xe—]/}xe d, e—Jkymye—jk;‘:”mAz

0 0 0) kswk2

2 cfk il

“2 2 5, dd, (ym){ e }
.27 pX

Xe]ﬂxej dy e_jkyqye_jkzsl‘;:lAz)]dxdy (3.29)

The integral equation in (3.29) is written for z = Az plane for z > 0, and the
wavenumbers are defined before. For infinitesimally small point sources, Az—0 can

be written.

From the Equation (3.29) it can be seen that the integrand is zero. In a similar

manner, the cross-flux of the fields (E™,H®;E, H™) and (E,H;EY, HY) is
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zero, since the integrand is zero also for these fields. Therefore, the contributions of

the integrals over S; and S, equal to zero in the reciprocity integral formulation.

As a result, the contributions to the surface integral in the left hand side of the
reciprocity integral comes only from the integrals over surfaces S; and S,, which are

named as transverse surfaces.

The transverse integral for the surface S; for z> 0 is equal to the transverse integral
for the surface S, for z < 0 due to the symmetry. Therefore, after evaluating the
transverse integral over the surface S; and multiplying it by two, one can obtain the

left hand side of the reciprocity integral formulation.

The surface integral S, for z > 0 and taking the transverse direction as the positive

x direction can be expressed as

[(E xH,—E,xH,)-dydz = [ [(E}yH,, — E, H;}" ) dydz (3.30)
zy

S
where

_ Clisw rsw d
E, =E,, +E, +E),

_ (3.31)
H, = HY + H + HJ,

For the transverse integral, x = x¢ is arbitrary as illustrated in Figure 3.6. While

X, = —oo, for the second field only the incident surface wave field is considered.

The transverse integral contribution (St) to the reciprocity integral can be expressed

as

Sy =2[ [(EjyHE" —ES'H}Y ) dydz (3.32)

zy
which is equal to the left hand side of the reciprocity integral.

The integral in Equation (3.32) can be expressed as
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and the replacements K3\ ——jor,, or kil — —ja, can be performed. The

integration on z parameter can be easily evaluated as 1/(2a,,) . The equating the

result of (3.33), which is the left hand side of reciprocity integral, to the the right
hand side of reciprocity integral, one can obtain Equation (3.34). From (3.34), after
some algebra, the expression for the surface wave excitation coefficient C can be
obtained as in (3.35). By using the excitation coefficient expression, one can write
surface wave expression as in Equation (3.5). This excitation coefficient expression

is valid only for normal incidence case.
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~" ou 20, 4k*dyd;
BTy (B f(o)1
= jv Es-JdV =(E'(0)-9) 271, o 2 (3.34)

(1+ jcot[%(ﬂ— kcos¢)D

+F(1— jcot [%(ﬂ+ K cos ¢)D

d2d 1 =i (H jCOtB(ﬂ_ cos ¢)D
o Xf(yo) k (E0-9)~ I o
H 2[ >;p ] +F(l— jcot{—(ﬂ‘f‘kCOS@D
o 2

p po

Some example plots are given in Figures 3.8 and 3.9, and the analytically found
excitation coefficient is compared with numerically found excitation coefficient

taken from [9]. The incident wave is assumed to be E' = 1 V/m.

In order to improve the modified Kirchhoff approximation after 90° the analytically
found excitation coefficient is multiplied by (1+cos(¢)), because when the angle of

incidence approaches 180° the excitation coefficient should be zero.
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Figure 3.8. Comparison of the corrected analytical expression in Equation (3.35)

7.7 GHz,dx=0.9 cm, dy =

1.6 cm, dipole length (2I) = 1.5 cm.

with the excitation coefficient data given in [7-9] for f
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Figure 3.9. Comparison of the phase of the corrected analytical expression in

Equation (3.35) with the excitation coefficient phase data given in [7-9].

If the reflected waves does not taken into consideration, i.e. if Kirchhoff
approximation is used, the expression in Equation (3.35) does not include reflection
coefficient. The comparison of modified Kirchhoff and Kirchhoff approximations

are given in Figures 3.10 and 3.11.
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Figure 3.10. Absolute value of the excitation coefficient for modified Kirchhoff

and Kirchhoff approximations.
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Figure 3.11. Phase of the excitation coefficient for modified Kirchhoff and

Kirchhoff approximations.

3.5. An Interpretation of Far-Field Effects of Surface Waves on Finite x
Infinite Array of Dipoles in Free Space Based on Approximate Solutions

As it has been demonstrated in Chapter 2, the total far-field of a Floquet excited
finite % infinite array (i.e. strip array) can be constructed via edge diffracted Floquet

waves in an asymptotic manner.

In the previous section, a near-field interpretation of the surface waves on a semi-
infinite array is given. Actually, the excited surface wave creates a modal field and
this field is effective close to the array. However, this modal field decay far from
the array due to the exponential decay nature normal to the array.
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For a finite x infinite array of dipoles in free space, once a surface wave excited
from one edge, it travels on the array. When it encounters an edge, then the surface
wave is diffracted and partially reflected back. Then the reflected wave again
travels to the other edge and diffracted at that edge. This process goes in infinite
bounce and reflect modes ([8], [9]). However, for a first order approximation the
reflected waves may be ignored. In order to have satisfactory results, for a second
order approximation only the first reflected waves together with excited waves can

be considered.

When the certain existence conditions for the array guided surface waves are
satisfied, i.e. the element sizes are less than A/2 and the spacing between dipoles is
less than A/2, the far-field of a strip array can be constructed as superposition of

Floquet edge diffracted fields and edge diffracted array guided surface waves.

Consider a scattering problem which is illustrated in the Figure 3.12. The phase
reference is chosen as the edge of the array. The array is a finite X infinite array of

dipoles in free space.

As it is illustrated in Figure 3.13, from the first edge (el) of the array, a left-
traveling array guided surface wave is excited. This surface wave travels on the
array surface and when it encounters the second edge (e2) it is diffracted at that
edge and partially reflected back. Then the reflected surface wave travels to the first
edge again and diffracted at this edge. This process goes on like this; however, to
the first order approximation the reflected currents can be ignored. If one wants to
more accurate results, then for a second order approximation, only the first edge
reflected waves can be considered. It is obvious that inclusion of the all bounce and

reflect modes give best result.
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Figure 3.12. A plane wave normally incident on the edge of a strip array of length
L, RSB : Reflection Shadow Boundary, ISB : Incident Shadow Boundary, ¢ :

incidence angle, d, : interelement period along x-direction

r  SW—Left
/V

& (a) el

Reflected

I
—~ SW-Left

Y
\

(b)

Figure 3.13. (a) Surface wave excited from the first edge (el) of the array travels to
the second edge (e2) and it is diffracted and partially reflected at that edge. (b)

Then, reflected AGSW is diffracted at the first edge.
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As it is illustrated in Figure 3.14, when the plane wave is incident on the array, not
only a left-traveling surface wave is excited but a right-traveling surface wave is
excited from the second edge (e2). Then, the right traveling surface waves comes to
the first edge on the array surface and it is diffracted and partially reflected back.
The reflected right-traveling wave again travels on the surface of the array and

comes to the second edge again. Then, it is diffracted at the second edge.

I

| X
e
(a)
Reflected /A
SW-Right -

X

(b)

Figure 3.14. (a) Surface wave excited from the second edge (e2) of the array travels
to the first edge (el) and it is diffracted and partially reflected at that edge. (b) Then,
reflected AGSW is diffracted at the second edge.
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Therefore, in the first order approximation, the total far field of this strip array can

be written as

E farField — Ed,sw,e2 + Ed,sw,el + Ed,FW,el + Ed,FW,eZ

left right
EZL>"** : Left traveling SW diffracted at edge2
Eon ™ Right traveling SW diffracted at edgel (3.36)

c d,FW el
Ed, e

: Floquet Wave diffracted at edgel
EFW-e2 . Floquet Wave diffracted at edge2

For the second order approximation, the first reflected waves are included. Then,

the total far field of this strip array can be approximated as

 farField _ £d,sw,e2  d,sw.el  d,sw.el  d,sw,e2 —d,FW el —d,FW e2
E - Eleft + Eref,left + Eright + Eref,right +E +E

Ewwe : reflected left travelling wave diffracted at edgel (3.37)
Enive : reflected right travelling wave diffracted at edge2

The diffracted surface waves can be evaluated using Equation 3.22. In the example
given in Figure 3.15, using the first order approximation, the effects of the surface
waves on the far field pattern of the array can be observed. Then, for the second

order approximation, Figure 3.16 is given.
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80
incidence angle = 32°.

60

Figure 3.15. Scattered field from strip array (first order approximation); N

0.9 cm, dy = 1.6cm, wr = 0.0225 cm, dipole length = 1.5 cm,



\ \ \ ‘ ‘ ‘
| | : ; --=- Floquet diffracted

E|.dB
E,

( i 1
20 40 60 80 100 120 14
¢(degree)

Figure 3.16. Scattered field from strip array (second order approximation); N = 35,
dx=0.9 cm, dy = 1.6cm, wr = 0.0225 cm, dipole length = 1.5 cm, f= 8.6 GHz,

incidence angle = 32°.

This array is same with the one given in [18, pp. 2249, Fig. 5(a)]. In Figure 3.17,
Floquet + AGSW diffracted field is plotted on the same graph with Floquet
diffracted field and the actual fields [18]. The results are not exactly the same;
because, the approximate asymptotic solution does not include all the bounce and

reflect modes of the surface waves.
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Figure 3.17. Comparison with the results given in [18]. Floquet diffracted and
(Floquet + AGSW) diffracted fields are analytically found fields.

From the Figures 3.15 and 3.16, it can be seen that, due to the surface waves, the
main beam of the array is not affected so much; however, in far side lobes there are
serious differences between Floquet excited and Floquet + Surface Wave excited

array patterns. These conclusions are consistent with the comments given in [18].

3.6. An Asymptotic Field Expression for AGSW Excited at the Edge of a Semi-

Infinite Array of Dipoles on Infinite Grounded Dielectric Slab

When the certain existence conditions are satisfied, like in the free space case, array

guided surface waves are excited [18] on the array of dipoles on infinite grounded

95



dielectric slab. Following the same procedure in previous sections for the free space

case, the surface wave expression can be obtained.

In the Figure 3.18, an array guided surface wave E™ is excited from the edge of the
array. In the derivations same coordinate system parameters with Floquet excited

case are defined.

Figure 3.18. A surface wave launched from the edge of a semi-infinite array of

dipoles on infinite grounded dielectric slab, which is illuminated by a plane wave.

Again, by using the same procedure as given in Section 2.9, the following
expression for the excited surface wave can be obtained by assuming the current has

ISW

the form =Cexp{jpnd, }, where C is the excitation coefficient and f is the

surface wave propagation constant.

=sw . Cf(k )[_) (aSW) —j (ko X+kyqY+Kpg2)
B 2 T e & (338)
pq q=X pq

where
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pq
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CHAPTER 4

CONCLUSION

In this work, the field expressions of a semi-infinite array of dipoles in free space
are derived by asymptotic high frequency methods. In the evaluation of asymptotic
integrals saddle point techniques are used. After obtaining electric field integral
expression, saddle point techniques are used to deform the original integration path
through the steepest descent path, and the integrals are evaluated as pole and saddle
point contributions. By this way, asymptotic field mechanisms are obtained and

discussed.

The validity of the derived asymptotic field expressions are checked with a
reference solution based on the element-by-element summation of the field
contributions of the individual dipole elements. The evaluation of the the
asymptotic expressions is very fast in comparison to element-by-element
summation. It has been shown that when the field point is far from the edge of the

array by 0.2A or more, asymptotic expressions give accurate results.

The far-field expressions are obtained for a finite % infinite array of dipoles in free
space with the classical antenna array theory. Then the equivalence of this
expression and the asymptotic field expressions of the edge diffracted fields are

demonstrated.

The asymptotic high frequency expressions for the array guided surface waves as

well as Floquet waves are derived. Because the array guided surface waves are very

98



important in order to predict correct radiation characteristics of an array antenna
with spacing less than A/2, the problem of the excitation of this type of surface
waves from the edge of a semi-infinite array of dipoles is studied. An analytical
array guided surface wave excitation coefficient formula is derived by using
reciprocity theorem. The effects of the array guided surface waves reflected from
the edges of the array are included by modifying the Kirchhoff approximation. The

derived result is compared with numerical results given in literature.

The formulation techniques used in this work can be used to describe the radiation

and scattering of EM waves from fully truncated arrays.
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APPENDIX A

SUMMARY OF ASYMPTOTIC METHODS

This appendix summarizes the asymptotic techniques for evaluating integrals in this
research. The detailed discussion on these techniques can be found in [30-31], [33-
37].

A.1l. Asymptotic Approximation of an Integral Containing an Isolated First
Order Saddle Point

The method of steepest descents for evaluating the integral of which integrand
containing an isolated first order saddle point is summarized in this section.
According to the steepest descent algorithm, if the complex integration path does
not go through a steepest descent path (SDP), it is assumed that it can be deformed

to do so.

Consider an integral 1(€2) of the form

1(Q) = f(2) e¥Pdz (A.1)

C

where the complex functions of z, f(z) and g(z) are analytic, so that the path C can
be deformed if necessary. C denotes the integration path in the complex z plane
which extends to the infinity. Q is real, positive, and large. It is assumed that g(z)

has a first order saddle point z;,where g’(zs) = 0 and g*’(z;) # 0.
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Since the integrand is an analytical function, one can deform the integration path C

into SDP which passes through saddle point z;, yielding the result

1(Q) = j f(2) e®@dz = j f () e@dz (A.2)

SDP

The steepest descent path is the path along which Im{g(z)} = Im{g(zs)} and
Re{g(2)} < Re{g(z5)}-

By introducing the transformation
9(2)=9(z) -5’ (A3)

the integral in (A.2) can be written as

1(Q) = T G(s) e®®e ' ds (A.9)
where
dz
G(s)=f(z)— (A.5)
ds
dz -2s

Since Im{g(z)} = Im{g(zs)} and Re{g(z)} < Re{g(zs)} along the SDP, s* > 0
according to the transformation in (A.3) is real. Thus, s is also real along that path.
Therefore,the SDP in the z plane is mapped to the real axis in the s plane and the

saddle point z in the z plane is mapped to s = 0 in the s plane.

By taking the derivative with respect to s on (A.3) two times and using the fact that
9’(z5) = 0, (A.7) can be obtained.
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-s*=9(2)-9(z)=

ds ds\( ds d’s
—2{d j 0'(2)= (dzj(gj—zsg—g @)

z=2,—>s=0
(Ej _(grr(zs)jlmj
dz ),_, -2

R
ds o \0"(2)

Since G(s) is analytic, it can be expressed in terms of Taylor series as

co-5]¢c9)]

n!

Using (A.8) in (A.4) yields

I(Q):ng(ZS)J‘ = |:d G(S):| S_ e—Qsz ds

s nl!
QQ(Z )i dnG(S) i T Sne—QszdS
“~1 ds"
where
n+1
. =
J' Sne—QszdS _ w ; if n is even
. Q2
0 ~ifnis odd

r'(m+1) = jxme’xdx
0
By using (A.10) in (A.9), one obtains
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1(Q) =e™))"

ds(Zm)

m=0

Q

S d(Zm)G(s) 1 F(m-i—;)
|: :|50 (zm)l m+5

(A.12)

For the first order approximation, for a large value of Q, only the leading term m =

0 in (A.12) can be retained. For the first order approximation, the integral is

approximated by

where

1
')
1(Q) = ™G (0) —2- + O(iz)

1
Q2 Q2

dz -2
G()=f — = f
(0) (Zs){dslis) (z,) 9"(2)

rQ)=va

Using (A.14) in (A.13) yields

1(Q) - %) £ (2,) |—2F— + O()
Qg (Zs) QE

(A.13)

(A.14)

(A.15)

A.2. Asymptotic Approximation of an Integral Containing a First Order

Saddle Point and Many Nearby Simple Poles

A uniform asymptotic expansion of an integral with a first order saddle point and

many nearby simple poles is presented in this section [31], [34]. This method is

introduced by Van der Waerden (VdW); in literature this method is known as Van

der Waerden method.

Consider an integral 1(€2) of the form
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Q) = [ f(2) e@@dz (A.16)

where Q is real, positive, and large. The functions f(z) and g(z) are complex
functions. The contour is in the complex z plane and extends to the infinity. It is
assumed that f(z) has M simle poles at z; (i=1, 2, ..., M) and g(z) has a first order
saddle point at zs where g’(zs) = 0 and g”’(z;) = 0. It is assumed that the poles close

to the saddle point.

By deforming the contour C into the steepest descent path (SDP) which passes
through the saddle point z, one obtains

M
Q)= f(2) e™Pdz= [ f(2) e®Pdz+27]) ™0, (A17)
C i=1

SDP
where r; is the residue of f(z) at the pole z;, given by

i =lim f (2)(z-2,) (A.18)

and g = +1 if the pole z; is enclosed by the contour deformation in the counter

clockwise sense whereas g; = -1 for the clockwise enclosure of pole.
Upi represents the unit step function defined by
~ {1 ; if z, is captured
pi

|0 : otherwise (A.19)

Consider the integral along the SDP

1.(Q) = j f(z) e™?dz (A.20)

SDP

By employing the transformation
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9(2) = 9(z,) - (A.21)

The integral in (A.20) can be written as

1(Q) = T G(s) e " (s (A.22)
where
dz
G(s)= f(2)— (A.23)
ds
dz_ % (A.24)
ds g'(2)

The saddle point zs and the poles z; in the z plane are mapped to s = 0 and s =s; in

the s plane, respectively. The pole s; in the s plane is defined by
st =9(2.)-9(z)=—ja =—j(is) (A.25)

where a; is the measure of the distance between z; and zs. Also, from the first

dz -2

Since G(s) is a function containing M simple poles {si}, it can be expressed in the

section, one has

form

G(s) = P(s)+ i% (A.27)

where P(s) is an analytic function and R; is the residue of G(s) at the pole s = s;,
given by
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R = !Lr? G(s)(s—s;) (A.28)

The analytic function P(s) can be written in terms of a Taylor series expansion
around s =0 as

0 (n)
P(s) = ZP .(0) " (A.29)

n=0
By using (A.29) in (A.27), one can write

P(”)(O) ; R

6= " O 3 R (A.30)

n=0 ! i1 S—S;

Substituting (A.30) into (A.22) yields

T & P™M(0 R, 2
IS(Q)= I{% n( ) n le |S } ng(ZS)e—Qs ds

—00

:egg(zs){ P (O)J.S e —Qs? dS+ZR }
n=0 - =1 —o0

(A.31)

The first integral in (A.31) can be evaluated employing (A.10) and (A.11). For the

second integral the result in (A.32) can be used.

0 e_Qsz . 0 L,
j ds—Zs(e‘Qa je" dr
Js-—s

:——\/7 st

where F[.] is the Fresnel transition function. Fresnel transition function is defined as

(A.32)

F(x) =2 jVx exp{ jx}I; e dr (A.33)
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The proper branch of Ja =/ js?, defined by %< arg(\/g) <%, must be chosen

to satisfy the radiation condition corresponding to &' time convention. For large

values of its argument, Fresnel transition function tends to unity as
ifo>1=F(5°) >1 (A.34)

By using (A.31) and (A.32) the saddle point contribution can be written as

w Dm rm+=) w
L@ =ee ]S PO 72 —25\/%[1955] (A.35)

no (2m)! o2 i1 S

From (A.27) it can be shown that

PC™ (0) = G‘2m>(0)+(2m)'2 A (A.36)
By using (A.36) one can write
_ o) [
() =e \/;
1
emm L(M+>) (A.37)
x G(0)+z (1= FLj0s!]) + ZP(ng?) sz

As a first order approximation, only the m = 0 term can be evaluated for a large

value of Q, then saddle point contribution can be expressed as

1,(Q) = ef’g(”\f {G(O)+z L (1-F[js, ])+0(—)} (A.38)

i=1 |
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This method can be used whether the pole crosses the SDP at saddle point or the
Fresnel transition function is plotted in Figure A.1 for a real argument x. It can be

pole is far from the saddle point.
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Figure A.1. The behaviour of Fresnel transition function F(x), where X is the real
argument.
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APPENDIX B

FLOQUET’S THEOREM

Periodic structures may be characterized by periodic boundary conditions or a
periodically varied dielectric constant. Considering a wave propagating in a
periodic structure as in Figure B.1, Floquet’s theorem can be described. The fields
at a point z in an infinite periodic structure differ from the fields one period L away
by a complex constant. This is obviously true because in an infinite periodic
structure, there should be no difference between the fields at z and at z + L except
for the constant attenuation and phase shift. A wave u(z) at z and a wave u(z + L) at
z + L are related in the same manner as a wave u(z + L) at z + L and a wave u(z +

2L) atz +2L.
Mathematically, the following equation can be written:

u(z+L) _ u(z+2L)  u(z+mlL)

0 Wz D) = 0zt (Mm-DL) =C = constant (B.1)
From this the equation given below can be written:
u(z+mL)=C"u(z) (B.2)
The constant C is in general complex,
C=e ", p:complex (B.3)
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In Equation B.3, B represents the propagation constant. Considering a function:
R(z) = e u(z) (B.4)
Then, the following equation can be written:
R(z+L)=e”* u(z+L)=R(2) (B.5)

Therefore, R(z) is a periodic function of z with period L, and thus can be

represented in a Fourier series.

0

R(Z)= z A1e—j(2n;r/L)z (B6)

nN=—o0

Using (B.4) a general expression for a wave in a periodic structure with the period L

can be written as:

U(Z) — A]e—j(ﬂ-kznzz/L)Z — A]e—jﬂnz
n:z—oo n:z—oo
where, g = f+2nz/L

(B.7)

In general, the wave consists of both positive-going and negative-going waves.

Then, the following equation can be written:

u(z)={i A]ejﬁ"Z}Jr{i Bne*jﬂ"z} (B.8)

This is a representation of a wave in periodic structures in a form of an infinite
series. The n™ term in (B.7) is called the n® space harmonic or Hartree harmonic.

Equation (B.8) is a mathematical representation of Floquet’s theorem.
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Figure B.1. Periodic structure along z axis with period L.
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APPENDIX C

SCAN IMPEDANCE

The current in the reference element of an infinite planar array is related to the

induced voltage by
V'i=Z,15 (C.1)

where Zi; is the self impedance of the planar array, V' is induced voltage and lo is
the current in the reference element. When the impedance matrix formulation is
written, (1,1) element is the self impedance of the array [9]. That’s why the notation
is like that.

The currents of the elements on infinite dimensions are related to reference element

current by Floquet’s theorem.

Considering a method of moments (MoM) impedance matrix formulation, the self-
impedance is found by reacting the fields of the array onto test filament placed
along the centerline of the reference element [1]. From (C.1) the self impedance can

be written as in Equation (C.2) where Ep, represents the total array array field.

L/2

y [ TO(E,Hdy
Zy=——25=- 2 2 (C.2)
1 (0) 1 (0)
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APPENDIX D

RECIPROCITY THEOREM

The reciprocity theorem [19], [23], [38] is useful in formulating problems as well as
checking final answers. In this section Lorentz relation, which is used in this

research, is given.

For a volume V, its boundary is a closed surface S. Considering two fields F; and Fy,

produced by sources A and B, respectively, the Lorentz relation can be written as
<F,SF, >=< AVF, >-<BVF, > (D.1)

where reaction between source A and a field F, and source B and field F, are
defined by

<AVF, >=[(J, E,-M_H,)dv

P (D2)
<BVF, >=[(J,E,—M, H,)dv

\Y

In (D.2), J represents the electric sources and M represents the magnetic sources,

while E represents electric field, H represents the magnetic field.

Through a surface of S (not necessarily closed) the cross-flux of two fields F, and
Fp is defined by

<F,SF, >= L, (E,xH, -E,xH,) . fids (D.3)

113



The Lorentz reciprocity integral formula can be written more explicitly as

[.(E.xH,-E xH,) .fids=[(J,.E,~M,.H,)dv
Y (D.4)

The relation in (D.4) holds under rather general conditions, namely:
o Sources A and/or B may be inside or outside V.

o Fields F; and F, may be produced in different media provided that these two

media coincide in V.
o The media are isotropic, but may be inhomogenous with scatterers presented.

In Figure (D.1), two reciprocal problems are demonstrated. The blocks (1, 2, 3) are
scatterers and the medium in (a) is identical with the medium in (b) only inside V,

not necessarily outside.
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Figure D. 1. (a) Field produced by A (b) Field produced by B (Adopted from [38]).
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