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ABSTRACT

MATHEMATICAL MODELING OF SUPERCRITICAL FLUID
EXTRACTION OF BIOMATERIALS

Cetin, Halil Ibrahim
Ph. D., Department of Food Engineering
Supervisor: Assoc. Prof. Dr. M. Esra Yener

Co-Supervisor: Assoc. Prof. Dr. Hakan I. Tarman

July 2007, 102 pages

Supercritical fluid extraction has been used to recover biomaterials from natural
matrices. Mathematical modeling of the extraction is required for process design
and scale up. Existing models in literature are correlative and dependent upon
the experimental data. Construction of predictive models giving reliable results
in the lack of experimental data is precious.

The long term objective of this study was to construct a predictive mass trans-
fer model, representing supercritical fluid extraction of biomaterials in packed
beds by the method of volume averaging. In order to develop mass transfer
equations in terms of volume averaged variables, velocity and velocity deviation
fields, closure variables were solved for a specific case and the coefficients of
volume averaged mass transfer equation for the specific case were computed us-
ing one and two-dimensional geometries via analytical and numerical solutions,
respectively. Spectral Element method with Domain Decomposition technique,
Preconditioned Conjugate Gradient algorithm and Uzawa method were used for

the numerical solution.

v



The coefficients of convective term with additional terms of volume averaged
mass transfer equation were similar to superficial velocity. The coefficients of dis-
persion term were close to diffusivity of oil in supercritical carbon dioxide. The
coefficients of interphase mass transfer term were overestimated in both geome-
tries. Modifications in boundary conditions, change in geometry of particles and
use of three-dimensional computations would improve the value of the coefficient

of interphase mass transfer term.

Keywords: Mathematical Modeling, Volume Averaging, Supercritical Fluid Ex-

traction, Spectral Element Method, Domain Decomposition



Oz

BIYOMALZEMELERIN SUPERKRITIK AKISKANLARLA
EKSTRAKSIYONUNUN MATEMATIKSEL MODELLENMESI

Cetin, Halil Ibrahim
Doktora, Gida Miihendisligi Bolimii
Tez Yoneticisi: Dog. Dr. M. Esra Yener
Ortak Tez Yoneticisi: Dog. Dr. Hakan I. Tarman

Temmuz 2007, 102 sayfa

Stiperkritik akigkan ekstraksiyonu dogal yapilardan biyomalzemelerin elde edil-
mesinde kullanilmaktadir. Proses tasariminda ve tasarimin gerceklestirilmesinde
ekstraksiyonun matematiksel modellenmesi gereklidir. Literatiirdeki modeller i-
ligkili modellerdir ve deneysel verilere bagimhdirlar. Giivenilir sonuglar veren
tahmin edici modellerin olusturulmasi onemlidir.

Bu calismanin uzun vadeli amaci dolgulu yataklarda stiperkritik akigkan
ekstraksiyonunun tahmin edici bir kiitle iletimi modelinin hacimsel ortalama
yontemi ile olugturulmasidir. Hacimsel ortalanmig degiskenler kullanilarak kiitle
iletimi denklemlerinin gelistirilmesi icin hiz ve hiz sapma alanlari, kapanma
degiskenleri belirli bir durum i¢in ¢oziilmiis ve hacimsel ortalama yontemiyle
geligtirilmis kiitle iletimi denkleminin katsayilar1 bir ve iki-boyutlu geometriler
icin analitik ve sayisal yontemlerle hesaplanmigtir. Sayisal ¢oziim igin; Tanim
Alam Ayristirma teknigiyle Spektral Eleman yontemi bilegimi, Onkosullandiril-
mus Ikili Degisim algoritmasi ve Uzava yontemleri kullanilmigtir.

Yeni terimler eklenmig halde hacimsel ortalanmig kiitle iletim denkleminin

vi



konvektif teriminin katsayilar: ortalama hizla ayni biiytikliikte bulundu. Dagilim
terimi katsayilar1 yagin siiperkritik karbon dioksit icindeki difiizyon degerine
yakin hesaplandi. Fazlar arasi1 kiitle iletim teriminin katsayilari her iki geometri
i¢in, oldugundan biiyiikk bulundu. Simir kosullarimin gelistirilmesi, parcacik ge-
ometrisinde degisiklik ve lic-boyutlu hesaplamalarin yapilmasi1 fazlar arasi kiitle

iletim katsayis1 degerini geligtirecektir.

Anahtar Kelimeler: Matematiksel Modelleme, Hacimsel Ortalama, Stiperkritik

Akigkan Ekstraksiyonu, Spektral Eleman Yontemi, Alan Ayrigtirmasi
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CHAPTER 1

INTRODUCTION

A supercritical fluid is generated above its critical pressure and temperature and
has both gas and liquid-like properties. Diffusivities of supercritical fluids are

close to liquids and their viscosities are close to gases (Table 1.1) [1].

Table 1.1: Physical Properties of Different Fluid States.

State of Fluid Density Diffusivity Viscosity
(kg/m®) (m?/s) (kg/m.s)
Gas 0.6 —2 1x107° —4x107° 1x107° —=3x10°
Liquid 600 — 1600 | 0.2 x 1072 —2x 1079 [ 0.2 x 1073 —=3 x 1073
Supercritical
P=P., T=T, | 200 — 500 7x 1078 1x1075 =3 x107°
P=4P,., T=T. | 400 — 900 2x 1078 3x107° -9 x107°

Solvating power of supercritical fluids is adjustable with pressure enabling
extraction and fractionation of biomaterials due to the change in their densities.
Gas-like properties of supercritical fluids enhance mass transfer rates during ex-
traction. Supercritical fluids have many applications both in laboratory and in
industry, besides extraction of biomaterials from natural matrices. These appli-
cations include enzymatic or non-enzymatic reactions, particle formation through
crystallization, and supercritical fluid extrusion [2, 3.

Critical temperatures and pressures of some supercritical fluids are presented
in Table 1.2 [4]. Although, these fluids exhibit a broad range of solubility be-
haviour, their usage are restricted. Ammonia is not used due to corrosion and

toxicity hazards. Since ethane and ethene are highly lammable, their usage un-



der high pressures requires special safety considerations. Methanol possesses a
high solvent strength, but due to its high critical temperature it is added to other
solvents as a co-solvent. Although critical temperature and pressure of N,O are
similar to those of COs, notable differences in extraction efficiencies are reported
due to its small permanent dipole structure [4]. N,O is better than CO, at
displacing solutes from adsorption sites on matrix. However, stability problem
of NoO restricts its usage as a supercritical solvent [3]. Promising results are
reported for chlorodiflouromethane for the extraction of polar solutes due to its

high dipole moment [5].

Table 1.2: Critical Properties of Selected Fluids

Fluid Critical Temperature | Critical pressure
°C (bar)
Ethene 9.9 50.5
Trifluoromethane 25.9 46.9
Chlorotrifluoromethane 28.8 39.0
Carbon dioxide 31.0 73.8
Ethane 32.2 48.2
Nitrous oxide 36.5 71.7
Sulphur hexafluoride 45.6 37.7
Prophene 91.9 45.4
n-propane 96.8 42.4
Methanol 240.1 80.9
Ammonia 132.4 113.5
Water 374.4 221.2
Chlorodifluoromethane 96.3 49.7

CO, is the most widely used supercritical fluid especially in food science
due to the safety requirements. CO, is a GRAS (generally regarded as safe)
substance. Supercritical CO, is neither combustible nor explosive. It is inert in
nature, and has no risk of side reactions. It is a colorless and odorless compound
and less harmful to the environment than traditional solvents. Furthermore,
it is easily obtained in commercial quantities at reasonable prices [3]. COq is
gaseous at room temperature and pressure, and can be separated from the extract

by depressurization. Low critical temperature of COy provides extraction of
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thermally liable biomaterials at low temperatures. However, it is used mostly
in extraction of non-polar solutes due to no permanent dipole in its structure.
Addition of polar solvents such as methanol, ethanol, acetone, water is required
for extraction of polar solutes ( 1-5 % wt/wt) [4].

Supercritical CO5 is used both in commercial and laboratory scale in food
science. Extraction of alpha acids and hop oils, decafeination of coffee and tea,
extraction of flavors and fragrances with supercritical CO4 are examples of com-
mercial scale applications. In laboratory scale, common applications are extrac-
tion of edible oils, fats and waxes, with or without fractionation, extraction of
alkoloids from vegetable matrices, purification of contaminated materials from

pesticides [6].

1.1 Mathematical Modeling

Besides being main requirements to build up a commercial scale equipment or
process, mathematical models of phase equilibria and mass transfer give infor-
mation about the physical mechanism of extraction and separation processes.
Optimization of process and maintaining the process at optimum conditions via
process control are performed with mathematical models.

Two types of extraction curves are observed in supercritical fluid extraction
in packed beds. In the extraction from ground materials, the exit solute con-
centration of packed bed is constant until at a specific time then starts to fall.
Extraction of natural oils from crushed seeds, hops extraction are the exam-
ples of this category. In the extraction from unground materials, the exit solute
concentration starts to fall at the beginning of the extraction. Extraction of
caffeine from whole coffee beans, peanut oil extraction from whole peanuts are
the examples of this category [7].

Extract is normally found in specific cell structures which grinding breaks
down to some extent and part of the extract becomes freely available, depending
upon the degree of grinding. The rest stays in these specific structures which

cause more mass transfer resistance.



Three types of mechanisms are identified during supercritical fluid extraction
in packed beds. Supercritical fluid firstly dissolves excess free solute on the
surface of the particles at the beginning of the extraction. The restriction is
solubility of solute in supercritical fluid and convective mass transfer rate of
solute from particle surface to fluid. Consequently, the exit solute concentration
is constant until the free solute on surface of particles becomes limited. At this
point second mechanism becomes important where diffusion of free solute inside
the particles to the surface takes place. This leads to decrease in convective mass
transfer rate of solute to bulk phase. Therefore, exit solute concentration starts
to decrease. When free solute inside the solid part is finished, third mechanism
where the extraction of solute bound to cell structures takes place which has the
highest resistance to mass transfer [6] and is not significant.

Various mathematical models are available in literature to describe this phe-
nomenon. These models are classified into two categories; correlative models
which aim at obtaining models based on experimental data and predictive mod-
els which aim at obtaining experimental results via development of theory. Reli-
ability of correlative models outside the experimental conditions is questionable.
On the other hand, predictive models provides some insight to the mechanism

of extraction.

1.2 Correlative Models

Correlative models are divided into two categories: empirical models which do
not take the physical mechanism into account and mathematical models based

on integral mass balances [8] for solute in solid and fluid phases.

1.2.1 Empirical Models

Empirical models are mathematical equations which represent the experimental
data. In the study of Zekovic et al., [9] the extraction kinetics of thyme was
expressed by using analogy with first order reaction kinetics. Kim and Hong,

[10] developed an extraction model by assuming linear irreversible desorption

4



kinetics. Extraction of olive husk oil was modeled by a simple empirical model

in the study of Esquivel et al. [11].

1.2.2 Mass Transfer Models

According to the derivations of the models based on integral mass balances for
solute, these models are further divided into two categories. First category uses
the heat and mass transfer analogy to describe the physical mechanism. Esquivel
et al., [11] developed a model for extraction of olive husk oil by using the equa-
tions for cooling of a hot sphere in a cold fluid. In the study of Gaspar et al.,
[12] extraction of essential oils was modeled like heat loss from infinite slab to
surrounding medium. Subra et al., [13] used the cooling equations of a hot sphere
immersed into a cold fluid.

Second category uses the integral mass balances for solute in the solid and
fluid phases and comprises most of the studies reported in the literature. The
differences in these studies are due to their assumptions and boundary conditions,
used to simplify the differential equations.

Since packed beds are in cylindrical geometry, the general equation for the
conservation of chemical species A is expressed as;

10 aCA 10 aCA 0 aCA

= CA,G + ;E(T‘@W) + ﬁ%(gw) + &(@%) (1.1)

The following assumptions and necessary simplifications provide the integral
mass balance for solute in differential volume in both fluid and solid phases.

Assumptions

1. Physical properties are constant along the packed bed.
2. Volume of the solid does not change due to the extraction.
3. Porosity (€) change due to extraction is negligible.

4. For fluid phase v, and vy are zero.

5



5. In r and @ direction, diffusion is not important.
6. Solute is taken as one pseudo-component.

7. For solid phase only diffusion in r direction is important.

If the concentrations are taken on pure solvent and pure solid bases; integral

mass balance for solute in fluid phase was written as;

dy oy %y
pfea + pfevza =J+ ,Of.@L@.

Integral mass balance for solute in solid phase;

ox ps O ox
ps(l — E)E = —J+ 75( .@ea).

Boundary and Initial Conditions;

y=0 at t=0 (for fast pressurization systems
y=y" at t=0 for slow pressurization systems

y=0 at z2=0
dy

8z:0 at z=1
r=x9 at t=0
0
a—f:() at r=20
0
D (a—f)rR:kfa(y*—y) at r=R

y* = Kx* linear equilibrium model

2y

(1.2)

(1.3)

(1.7)
(1.8)
(1.9)

(1.10)

(1.11)

The effect of axial dispersion term (2;,2%) was found to be unimportant

022
[14, 15] and is often neglected.

The studies in literature mainly differed due to the volumetric mass transfer

rate term (J) in the integral mass balance equation for solute. Commonly (.J)

was taken as either fluid phase or solid phase mass transfer rate. The volumetric

mass transfer rate J term is equal to kra(y* — y) if fluid side mass transfer rate

is taken into account. Wu and Hou [16] used only fluid side mass transfer rate

with linear equilibrium assumption in the supercritical fluid extraction of egg

6



yolk oil from egg yolk powder. Al-Jabari and Weber [17] also used fluid side
mass transfer resistance with linear equilibrium relationship. Kim and Hong [18]
used fluid side mass transfer resistance in their study by assuming that solute
concentration in fluid phase, y, is not dependent upon length of the fixed bed.
The volumetric mass transfer rate (J) term is equal to J = ksa(x —z*) if only the
diffusion from the solid particle is taken into account like convective mass transfer
[19, 20, 21]. However, there are studies which use the solution of unsteady state
diffusion equation directly [13, 22, 11] in solid phase. Sovova’s model [23] is
the first attempt, which took the physical mechanism into account and used
both resistance terms in the model. This model has been widely used by other
authors with different modifications [24, 25, 14]. Goodarznia and Eikani, 1998,
[22] modified Sovova’s Model by using diffusion equations in solid phase instead

of J = ksa(x — x*).

1.2.3 Shrinking Core Model

One of the correlative models is the shrinking core model. In this model solute is
homogeneously distributed in the core of a solid particle and there is a strict sepa-
ration between the solute core and solvent. Solute diffuses in solvent through the
pores. Radius of the core decreases due to solute diffusion. Therefore, shrinkage
of solute core occurs.

Based on Figure 1.1, integral mass balance for solute in solvent gives;

O _ 0 3kt o
5 = U5, T e LT O~ (R). (1.12)

Integral mass balance for solute in pores gives;

oyp Y. 0 [ ,0y, Oz
—=——|r"=)-p,= 1.1
ot ﬂ&O@r ot (1.13)
where;
ox
o= ) (114
The change in average solute concentration in solid phase is;
or  3ky
Ty — ) 1.1
=2y~ yy(R)) (1.15)



surface film

Figure 1.1: Representation of Shrinking Core

The change in solute concentration in solid phase is;

or 20 ([ ,0y,

The average solid phase concentration is;

7= xo(%)3. (1.17)

Except the periphery of the core, the solid phase concentration is independent
of time;
ox

E = O7 T 7£ Te. (118)

There is a solute solvent equilibrium on the core surface. Extraction of rape

seed oil [26] and (-carotene [27] were modeled by the shrinking core model.

1.3 Predictive Models

Predictive models can be developed by using transport equations and thermody-
namic relations at microscopic scale and solving these equations for macroscopic
scale by using the specific geometry of the medium. Due to the complex ge-
ometry of porous medium and heterogeneous structure of biomaterials, this is a

challenging subject.



In supercritical fluid extraction, the quantity of ultimate interest is to obtain
total mass transfer rate to supercritical fluid. Taking volume average of transport
equations is useful, leading to a considerable simplification. This approach is
particularly desirable when the solution of original problem requires considerable
effort and if an error is acceptable as much as a 20 or 25 percent [28].

The method of volume averaging is used to rigorously derive continuum equa-
tions for multiphase systems. By this way equations which are valid within a
particular phase can be spatially smoothed to produce equations that are valid

everywhere [29].

1.4 Aim of the Study

Models in supercritical extraction of biomaterials are usually correlative where
the mass transfer rate parameters are found through regression analysis by min-
imizing the objective function which is the difference between the model and
the experimental data [20, 22, 24]. A few number of predictive models were
developed that find mass transfer rate parameters by experimentation or using
necessary correlations [30]. Geometry of the porous medium as well as the phys-
ical properties of materials and experimental conditions affect the values of mass
transfer rate parameters. Therefore, exploring the dependency of mass transfer
rate parameters to geometry of the medium is an important step in the construc-
tion of predictive models. The long term objective was to construct a predictive
mass transfer model, representing supercritical fluid extraction of biomaterials
in packed beds by the method of volume averaging.

Basic equations of transport phenomena and thermodynamic relations are
the starting point for the computations at microscopic scale. Development of
mass transfer equations in terms of volume averaged variables requires solution
of concentration deviation field, expressed in terms of closure variables. Closure
variables are dependent upon the geometry of the medium, velocity and velocity
deviation fields. Therefore, the aim of this study was to solve velocity and veloc-

ity deviation fields, closure variables and to compute the coefficients of volume

9



averaged mass transfer equation for a case study using one and two-dimensional
geometries via analytical and numerical solutions, respectively. Spectral Ele-
ment method with Domain Decomposition technique, Preconditioned Conjugate

algorithm and Uzawa method were planned to be used for the numerical solution.

10



CHAPTER 2

THE METHOD OF VOLUME AVERAGING

Transport phenomena in porous medium are common in nature and in the in-
dustrial processes. In solving transport phenomena problems in porous medium,
the first step is to describe the configuration of pore walls bounding the flow.
The configuration of pore space, at least in part, is a random function of position
in space. Even if a regular arrangement of spheres is considered, the description
of pore geometry may be too troublesome for most purposes. Volume averaging
provides elimination of position dependence at microscopic scale [28]. Moreover,
measured variables are not real values at a specific location but average values.
Therefore, to make comparison between experimental data and calculations, av-
erage values of variables should be calculated. Instead of averaging at the end,
beginning with averaging firstly provides simpler equations and comparisons at
right scale. For example, in the process of drying a porous medium, one needs to
know how water is transported through the pores to the external surface where
it is removed by warm, dry air. The direct analysis of this process, in terms
of transport equations that are valid within the pores, is essentially impossible
because of the complex structure of the typical porous medium. Rather than
attacking this problem in terms of equations and boundary conditions that are
valid in the pores, the pore-scale information can be used to derive local volume
averaged equations that are valid everywhere. Given these latter equations, the

moisture transport problem can be solved using classical methods [29].

In literature, very good fits may be seen with regression models. However,

regression models explain only the data obtained from specific experiment un-
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der predetermined conditions. It may fail to explain the data obtained under
different conditions. Every term in the model may not have a physical meaning.
There always exist some adjustable parameters that are obtained from regression
analysis. The value of adjustable parameters directly affects the fit of the data to
the model. A model without adjustable parameters and with terms having phys-
ical meaning can only be build by using basic transport equations the method

of volume averaging is a way to perform this aim.

2.1 Volume Averaging

In the porous medium part of the domain is occupied by a persistent solid phase,
called solid matrix. The remaining part, called the void space is occupied either
by a single fluid or by a number of fluid phases [31].

If a spherical averaging volume with a volume of V' is taken, it contains both
solid matrix, v-phase, and void space filled with a fluid, a-phase. The volume of
v-phase is V, and the volume of a-phase is V,,. The center of averaging volume
is denoted by a vector x. Any point in the averaging volume is denoted by the
vector r. This point is also represented as the sum of two vectors x + £. All of

these vectors are shown in Figure 2.1

hase

Figure 2.1: Representation of Averaging Volume
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2.1.1 Distribution Function

Distribution function =, is defined, [31, 32| as;

1, if ris in a-phase;
7a<r) = (2'1)
0, if ris in y-phase.

2.1.2 Phase Average

Phase average of any variable ¥, is defined as follows. The definitions of Bear

[31], Hassanizadeh & Gray [32] include the distribution function 7,(r);

1

(o)) = 5 [ Wale+- €)1l + Ve (2.2

2.1.3 Intrinsic Phase Average

If the variable ¥, has a constant value W, phase average gives a value different
than W,. Therefore, intrinsic phase average is defined. Hassanizadeh & Gray [32],

and Bear [31] defined intrinsic phase average in terms of distribution function

Yo (r);

1

(V") = - / To(x + E)alx + E)dVe. (2.3)

The relation between phase average and intrinsic phase average is;

(To) = €a (D). (2.4)

2.1.4 Deviation Field

Bear [31], Hassanizadeh & Gray [32] defines the deviation field ¥, (x + &) as;

U,(x+&) =V,(x+ &) — (Vo) (x). (2.5)

With this definition, intrinsic phase average is taken as constant inside averag-
ing volume and to find the deviation at any point; intrinsic phase average is

subtracted from the value of variable at that point.
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2.1.5 Volumetric Porosity

By taking phase average of distribution function 7, (x + &), definition of porosity

is obtained.

1
() x) = 3 [ o v (2.6
1
= 35 e adVa «a Wd‘/w
7| et g s [ e
1
:V Vadva
%
= €4(x)

2.1.6 Average of an Average

The deviation field is defined previously as follows;

Va(x+&) = Va(x+&) = (Vo) (%)

If phase average of this equation is taken, one gets

1 .
7 [ B+ €l + v =

7 [ Wabcr e Ve = 3 [ ()" xna x+ )
(00 7 | [ () alx+ €V + [ (W)l )V

= (Vo) (%) — €a(x)(¥a)* (%)

= 0.

From this result, it can be stated that;

((Wa)®) = (Vo)™ (2.7)



If intrinsic phase average of this equation is taken, then

1 .
- /V (x4 )ya(x + E)dV; =

o | Walx € Ve = o [ (W)l + v

= (0" (0) = 7 | [ (W) e+ )V + [ (@ (oo )V,
— 0.
by using this result;
((Wa)*)* = (Vo)™ (2:8)

2.1.7 Size of Averaging Volume

Bear [31] defined deviation field related to porosity as;

Ta(X+8) = Yalx +§) — €a(x)

If phase average of this equation is taken,

7 [ Aatxr v = 3 [ a9 =4 [ eatav,
(30} () = o)
— 0

— €a(x)

is obtained.

By using this result, it can be expressed as;

1 1
V/Vea(x)d\/g = V/V%(x—{—f)dVg = €q. (2.9)

If an averaging volume is taken and the behaviour of €,(x) value with respect
to size of the averaging volume is examined, it can be seen that this value is
strongly dependent upon the size of the averaging volume. The size of averaging
volume should be large enough when compared to pore size and small enough

when compared to the macroscopic volume. The value of porosity fluctuates as
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the size of averaging volume increases. After a certain size, these fluctuations
vanish and a smooth curve starts as shown in Figure 2.2. The size of the averaging
volume should be in this range. The same behaviour must be valid for the other
variables. Furthermore, at least some part of this range must be common to all
of the variables defined [31]. This is the requirement for continuum approach to

porous medium.

y

Vmin Vmaz V

Figure 2.2: Variation of Variable (¥,) as a Function of Averaging Volume

Since, volume averaged value is the property of averaging volume and constant
in the averaging volume, it is attributed to the center of averaging volume. As a

result, a continuous function of volume averaged variable is obtained.

2.1.8 General Transport Theorem

During volume averaging of transport equations, it is usual to confront with vol-

ume average of time derivative. Phase average of a time derivative of a quantity

v, is;
1 [ 0V, OV,
[ B et ave= (5

ot
However, time derivative of the volume average is desired instead of volume

(2.10)

x+£ X

average of time derivative. In order to interchange the volume integral with the
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4
dt

time derivative, general transport theorem is used.
Yo (X + f)dvf

L Ly
v /], Vot |,

1
1 / Wo (X 4 E)7a(x + €)W - gy dAe
V' J A (x,t)

ov,
ot

Ya(x +&§)dVe =
x+&

where w - n,, represents the speed of displacement of the av — « interface. For a

rigid porous medium, it is zero. Then, it can be written that

OV, \| 0¥, 1
< ot >L_ ot _V/AM(H) Uo(X + E)Ya(X + ) W-ngdAe.  (2.11)

2.1.9 Spatial Averaging Theorem

When volume average of any transport equation is taken, the average of a di-
vergence or the average of a gradient is usually encountered. Spatial averaging

theorem can be expressed as;

1
(V00 = V)0 + 5 [ mogWaloct Oalet Odde (212
The vector form of spatial averaging theorem is given by;
1
(V- Wa)(x) = V- (Wa)(x) + 17 /A Noy - Wo (X + )ya(x+§)dAe. (2.13)

2.1.10 Modified Spatial Averaging Theorem
In spatial averaging theorem if the value of ¥,, is equal to 1.0 [33]. Then
1
0=V(1)+ —/ Do Yo (X + §)dAe.
V' Jae,
The value of (1) can be calculated;
1
1) =3 [ 1l +€av;
v
= €,(X).

If this result is used, the following relation is obtained;

1

Veq(x) = _V/A Ny Yo(X + §)dAe. (2.14)
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Spatial averaging theorem can be rewritten in modified form;

(V) (x) =

V(o)) (W) () 7 [ B+ €+ )4

= (Vo) " (x)Vea(x) + €a(x)V(Pa)*(x) + é /A na’Y\Ija<X + &) Va(x + §)dA;

— (V)" (x) (—% / nawa<x+§>dAg) + ea(X) V(W) (%)

+ % /AM Ny Vo (X 4 &)7a(x + §)dA;

= % \/AOW na’Y(\Ija(X + f) - <\1/a>a(X))%C(X + §)dA§ + Ea(X)VOI/a)O‘(X)
IV %/A Doy Wo (X + €)7a(x + €)dAe.

Therefore, modified spatial averaging theorem is obtained;

(TH)00) = VW) + 35 [ nFalx+ (x4 e (215)

2.1.11 Volume Average of a Product

Volume average of a product is usually encountered if there are convective terms

and written as product of volume average of variables .

Vo (U ) + (Vo T,). (2.16)

2.1.12 Time Derivative of Volume Fraction
For incompressible fluids it can be written as;

V-vy=0 (2.17)
by using spatial averaging theorem (Equation (2.13));

1

V- (va) + —/ N, - Vo dA = 0. (2.18)
V
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On the other hand, General Transport Theorem (Equation (2.11)) can be written

in terms of intrinsic phase average;

ov,\ o O€q HU,)* 1
< m > = (¥,) E—i—ea 5 V/A U, w - n,,dA. (2.19)

oy

by taking ¥, = 1, then
Oe 1
Y€ _ 1 . dA 2.20
ot v /AM W Moy (220)
the sum of Equation (2.18) and Equation (2.20) is

Oe,, 1
N +V . (vy) = v /AM(VQ — W) - n,,dA. (2.21)

2.2 Application to Supercritical Fluid Extrac-
tion

2.2.1 Mathematical Modeling

Figure 2.3: Representation of Phases in Averaging Volume

Supercritical fluid extraction of oil in laboratory scale packed bed filled with

crushed oil seeds with a specific average particle diameter was taken as a model
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problem in this study. Supercritical CO5 was fed to packed bed with a constant
mass flow rate at constant temperature and pressure. The amount of oil extracted

was recorded as a function of time.

The system is composed of inert solid phase, oil and supercritical CO5 phases.
Both oil and supercritical CO5 phases contain oil and carbon dioxide. The phases
and components are presented in Figure 2.3 and in Table 2.1. Carbon dioxide is
transferred from supercritical CO5 phase to oil phase, and oil is transferred from
oil phase to supercritical CO, phase. As COs is dissolved in the oil-rich phase,
this phase swells. The amount of swelling is not bigger than one and half times
of the original volume in hydrocarbon and carbon dioxide mixtures for very high
pressures. The amount of swelling at the pressure range in this study is less than
1.2 for hydrocarbon and carbon dioxide mixtures [34]. Therefore, swelling of oil

phase was not considered in this study.

Table 2.1: Definition of Phases and Components

Phases Components
a-phase [-phase ~v-phase A B
Supercritical COy Phase | Oil Phase | Inert Solid Phase | Oil COq

To obtain a complete model, two mass transfer and two momentum trans-
fer equations are required for both oil and supercritical COy phases. However,
with the aid of some reasonable assumptions, the number of equations can be

decreased.

Since viscosity of oil saturated with COs is 10 to 27 times higher than the
viscosity of COy saturated with oil [35] and due to oil bearing structures, oil

phase was assumed as immobile.

Order of magnitude estimates of characteristic time gives the time to reach

steady state conditions roughly [36]. Order of magnitude estimation of charac-
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teristic time for carbon dioxide in oil phase;

0
;fﬁ =V <QBAVCB/@)
ACBB _ BAACBB
s 3
g?
B
tg = —
7 Dpa

P54(50°C, 125 bar) = 1.1 x 10™"m?/s [37] and 5 = 4.3 x 10~° m was calculated

for an idealized system which is composed of regularly packed spherical particles.

,_ (43x107m)?
7T 11 %109 m?/s

tg=1.685

Carbon dioxide was filled to extraction chamber until desired pressure was ob-
tained before extraction started. By the order of magnitude estimate for carbon
dioxide in oil phase, it was assumed that oil phase is always saturated with CO,
and oil is transferred from oil phase to supercritical CO5 phase.

With these assumptions; one mass transfer equation and one momentum
transfer equation for supercritical CO5 phase are sufficient for mathematical
modeling of supercritical fluid extraction. The rest of the solution is similar to
Quintard and Whitaker’s solution [38].

Equation of continuity for supercritical CO5 phase;

aCAa
ot

+ V- (CAaVa) =V (@ABVCAQ) (2.22)

subject to boundary conditions in jump conditions;

ca, = €4 at Aap (2.23)
CA.(VA, — Wap) *Nag = —Ca,Wap - Nag  at Agp (2.24)
ca,(Va, —Way) Doy =0 at Aay (2.25)
¢, (VB, — Wap) -Nap =0 at Anp (2.26)
B, (VB, — Way) Ny =0 at Aay (2.27)
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which are equivalent in dilute conditions;

Ca, = C4. at Aag (2.28)
@ABVCAQ ‘Nag = @ABVCA@ ‘Nnyg at Aa,@ (2.29)
DapVca, -Ngy =0 at Ay (2.30)
-@ABVCBQ ‘N = 0 at Aag (2‘31)
@ABVCBQ Ny = 0 at Aoc"/ (232)
By taking phase average;
8(cAa> 1 1
T /Aaﬁ CAWap - Nag dA — v /Aa7 CA War * oy dA
1 1
+V. (cAava>+—/ cAava-naﬂdA+—/ €A, Vo - Ny dA
V' Ja., V Jaa,
= (V- Z4pVca,) (2.33)

since w,, and v, are zero at A,, and by using Equation (2.15) (Modified Spatial

Averaging theorem), right hand side of the equation can be arranged as;

8(0Aa> 1

o +V - (ca,va)+ v /Aag ca, (Vo — Wag) - NypdA
1 - 1 .

=V |Papl eVi{ca, )"+ —/ Nn,5Ca, dA + —/ N, Ca, dA (2.34)
Vi, V a

with the help of Equation (2.16),

Nealera)®) | g (rva)(ea)™) + - / e (Vo — Wag) - Top dA
ot V Aus
1 ) 1 _
=V - |%4p {EQV@AQ) +V/ Nn,3Ca, dA+V/ Noq\Ca, dA}
Aa/)’ A(yy

— V- (Va8a,) (2.35)
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a “ 6 (6% [0 o
W e 02 ) lea) + {ea ) - (v
+ l/ ca, (Vo — Wag) - Nyp dA
V Aus
—V.

ay

1 1
DapeaV(ca,)" + Da —/ n, EAadA—ir—/
b < > B{V Aap ’ Vv A

l’layéAa dA}
— V- (Vala,) (2.36)
If Equation (2.21) is rewritten for this case;

Oe,, 1
o TV =y

/ (Vo — Wag) - NopdA + / (Vo — Way) - Ny dA
Aaﬁ Aa-y
(2.21)

The contents of integrals on the right hand side can be simplified [39] as;

(Va - Waﬁ) ' naﬁ = (wAaVAa + wBaVBa - wAaWaﬂ - wBaWa,B) ' naﬁ

= WA, (VA, — Wap) " Nag +WB, (VB, — Wag) " Nag  (2.37)

and

(Vo — Wav) ‘Nay = (WA, Va, +wB, VB, — WA Way — wBaWow) *Nay

- wAa (VAa - WOC'Y) : nOC'Y + wBa (VBa - WQ'Y) ’ na'Y (238)

and by using the following boundary conditions of equation of continuity for

supercritical COq phase;

CA.(VA, — Wap) " Nap = —Ca,Wap - Nag  at Agp (2.24)
ca,(Va, — Way) Doy =0 at Aay (2.25)
B, (Vp, — Wag) " Nag =0 at Aap (2.26)
B, (VB, — Wary) Ny =0 at Aay (2.27)
it can be written;
% +V (v, = —l/ wa, (Va, — Wag) - DagdA (2.39)
ot V' Ja,
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by using these relations, Equation (2.36) becomes;

0 « 1
Ga_<0§ta> - <CAQ)QV/ WA, (Va, — Wap) " DagdA + (Vo) - V{ca,)"
A

af
1

+—/ ca,(vVa, — W) -n,zdA
V' Jaus

1 1
=V- @ABEOCV<CAQ>O[+@AB —/ nagéAa dA+—/ Il(méAa dA
Vs V/a

V- (Vaia) (2.40)

0(cy )™ €
<§ta> + (va)* Viea,) V/M CAa = WAL (€2,)") (VA — Wap) - Dlap dA
_lv [@ABEQ +@AB{ IlagCAa dA + —/ Ila,yCA dA}

— 'V - (Vaéa,) (2.41)

o
since wy, < 1.0, (ca, —wa,(ca,)®) = Can then

d{ca ) o
Ofean)” 5‘;> + (Vo) - V{ea, )™ + % /Aaﬁ Ca.(Va, = W) -napdA

1 1
= 6;1V . .@A36av<c,4a>a + D — / naﬁcA dA + — noé,yéAcx dA
Vi, Vi

— 'V - (Vala,) (2.42)

«

2.2.2 The Closure Problem

If point differential equation (Equation (2.22)) and averaged differential equation
(Equation (2.42)) are rewritten;

% +V - (ca,va) =V - (DapVeca,) (2.22)
O(can)” o o €a
gt + (va)* - V{ca,) +7/Aaﬁ ca,(Va, — Wap) - DagdA

1 1
— e;lv . @ABEQV<CAQ>0¢ -+ QAB — / na@»EAa dA + —/ na,yéAa dA
V St V' J s

— 'V - (Vaéa,) (2.42)
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and by using the Gray’s definition [40] for deviation fields;
Vo = (Vo) + Vq (2.44)
by subtracting Equation (2.42) from Equation (2.22);

oc . .
CAa | Vo V{ca )+ vy Via, — fo_ ca,(Va, — Wup) -DapdA
ot Vo Jan,

=V <@ABVéAQ) — E;IVEQ . .@ABV@AO)O{

1 1
—lv. |9 _/ agCa, dA+ — arCa, dA
R el R P R i

— 'V - (Vala,) (2.45)

«

2.2.3 Order of Magnitude Estimates

If the terms in Equation (2.45) are compared with each other, it is possible to

eliminate some terms by order of magnitude analysis [41].

€IV - (Vaia,) = O (%) (2.46)
Vo Vis =0 (VO‘;AQ) (2.47)

Since £, < L. the term €,'V - (V,¢4,) was eliminated from Equation (2.45).

1 5 1 5 Dap C
6;1V- @AB {VAaﬂ n,gc4, dA—f—V/ACW n.,,Cc4, dA} =0 ( [‘iB 2:4)
(2.48)
YV (P4pVia,) =0 (%‘B Cg‘) (2.49)

Due to the same reason the term in Equation (2.48) was neglected compared

to V- (ZapViy,) in Equation (2.45). Then the deviation field;

oc N .
Ao + Vo - Vica, )+ vy - Viy, — fa_ ca,(Va, — Wap) - DNagdA
ot Vo Jan,

= V . (-@ABVéAa) — E;1V€a . 9A3V<6Aa>a (250)
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Some arrangements were performed to express “ca,(va, — W) -D,s” term in

terms of volume averaged terms. If Stefan-Maxwell equation for binary system

is written;
T
0= —VI'Aa + Ao ZL‘Ba(VBa — VAa) (251)
Dap
TA TRV TA TRV c
Vi, :( AalBoaVBy  TALTBa Aa> Ca (2.52)
Dan Dap Ca
v TA, TB,
TAs = CBoVBs — CA. VA,
Ca-gAB Ca-@AB
T A B
— “—cp Wq3 + S AW 2.53
B Wes T o A Wag (2.53)
TA TB
Vs = ¢ ¢ (vg —w,g) — Cca (Vag —W 2.54
A= o Bo(VB, — Wag) cDm Ao (Va, — Wag) (2.54)

Due to Equation (2.26), cp,(Ve, — Wag) - Dag = 0 at Aug;

—Vey, - Nop = " Ba ca,(Va, —Wap) Dap at  Aug (2.55)
Dan
DaB
CAa(VAa — Wag) . naﬁ = —1 — 24 VCAa . naﬁ at Aaﬁ (256)
then;
1 Dap

1
V/ Ca, (VAQ — Wag) ‘N dA = —— VCAa ‘N dA (257)
Aap

%4 Aaﬁl—an

since x4, < 1.0, then 1 — x4, = 1.0

1 1
V/ Ca, (VAa — Waﬁ) ‘Nog dA = —V/ @ABVCAQ ‘N dA (258)
Aap Aap

in terms of volume averaged concentration;

1 1
—/ .@ABVCAQ . Ilag dA = —/ .@ABV<CA&>Q . Ilag dA
\%4 Aus % Aug

1
+ —/ DapVeia, ‘Neg dA (2.59)
|4 Aas
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. 1 . . . .
since 1 fAcw DapVeca, Ny dA =0, it is written as;

1
—/ @ABVCAQ *Nag dA =
V' Jaus
1 1 -
—/ @ABV<CAa>a'na@dA+—/ @ABVCAQ -naﬁdA
4 Aap 4 Aap
1 1
+ —/ @ABV<CAQ>OC * Ny dA + —/ @ABVéAa * Ny dA (260)
V Ja., V Ja.,
after some arrangements;

1
—/ .@ABVCAQ ‘N dA =
V' JAus

1/ 1
— n, dA+—/ n,., dA
Vi, Vi, @

1 1
+ —/ @ABVQ% ‘Mg dA + —/ @ABVéAa g 1 B dA (2.61)
\%4 Aug V' Jaa,

9A3V<0Aa>a .

by using the result of Equation (2.14);

1
_/ DapVea, NagdA = —DapV{ca,)* - Veq
V' Jaus
1 _ 1 -
+ —/ .@ABVCAQ ‘N dA + —/ .@ABVCAQ * Ny dA (2.62)
V Aaﬁ V Aa—y

by using this result in Equation (2.50);

0éa,
ot

+ \N/'a . V<CAa>a + vy VEAQ — 6;1V€a . .@ABV<CAa>a

—1
+ €,

1 1
—/ .@ABVEAQ ‘g dA + —/ -@ABVGAQ 3 1 P dA
Vi, V

=V (.@ABV6AQ) - E;lvea . 9A3V<6Aa>a (263)
and by cancelling the same terms in each side of the equation, the differential
equation for deviation field takes the form;

0és,
ot

+ ‘704 : V<CAa>a + Vo * vEAQ

-1
+ €,

1 1
—/ QABVEAQ ‘g dA + —/ gABVEAa ‘N dA
Ve, V

=V (245VEa,) (2.64)
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Quasi-steady conditions provides further simplifications;

%M:O(N%)

ot t*

V- (PapVis) =0 (@AB A%)

&
Aéy, Ay,
0 (2" ) > 0 (52)
D spt*
5 > 10 (2.65)

Quasi-steady assumption is reasonable under the conditions Equation (2.65) sat-

isfied, and differential equation for deviation field;

{/a . V<CAa>a + Vo VéAa

—1
+ €,

1 1
—/ @ABV&AQ ‘Mg dA + —/ @ABVQ% 3 1 P dA
Vs V

= PapV?¢,, (2.66)

and its boundary conditions;

B.C.1; Ca, = €y, —(ca)” at Aug (2.67)
B.C. H; QABVQLXQ Ny = —.@ABV<CAa>a "Ny at Aa,y (268)
Periodicity; Ca(r+0;)=7¢ca (r) i=1,2,3 (2.69)
Average; (€a,)*=0 (2.70)

The solution is in the form;
Ca, =bo - V{ca,)* + salcacs — (ca)). (2.71)

by substitution of Equation (2.71) in Equation (2.66) and its boundary conditions
for ¢4, two differential equations are obtained for b, and s, fields.

Problem 1

Vo + Vo Vby + €, uy = Za5V7b, (2.72)

28



B.C.T; bo=0 at A

ro
\]
N

_l\.')
-~
ot
= = I =

(
B.C. II; n., - Vb, = —n,, at A, (
Periodicity:; bo(r+£4;) =by(r) i=1,2,3 (

(

Average; (ba)* =0 2.76
1 1
u, = —/ Nn.g - P45Vb, dA + —/ Ny e 2458Vb, dA. (2.77)
V Aaﬂ V Aa,y
Problem I1
Vo Vg + €, avk = DapV7s4 (2.78)
B.C. T; Sa =1 at Aup (2.79)
B.C. II; N, - Vs, =0 at Ay, (2.80)
Periodicity; Sa(r+4;) =s,(r) i=1,2,3 (2.81)
Average; (sa)*=10 (2.82)
1 1
ayk = —/ DapVsa -NpgdA+ —/ DV Sa - Moy dA. (2.83)
V' Ja., Va4,

The macroscopic equation in terms of volume averaged concentration term is

obtained by substituting the solutions of b, and s, fields.

8 @ « @ €q «
7 (€alcan)®) + V- ((Va)(€an)®) — Ua - Viea )™ — avk(cy, — (ca,)?)

= V- (D - V{ea)") + V- (dalcy, = {ca,)®) = Vea - ZapVica,)* (2.84)

where;

1 1
D, = 7, eaI—i-—/ n, badAJr—/
B( Vi, V /4

1 1
d, = Y5 —/ N,5Sa dA—i——/ Ny So dA | — (VaSa). (2.86)
Vi a, Vi

Volume fraction of oil-rich phase (eg) decreases during extraction. Rate of

n.. b, dA) ~ (Vaba)  (2.85)

ay

dissolution can be found by arranging Equation (2.26);

1
Wops - Do = —J Mg - ca,(Va, —Wap)] at Aag (2.87)
s
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and then make use of Equation (2.58);

1
Was - g = gnag . @ABVCAQ (288)
B
1 1 -
f— e_qnoéﬂ . .@ABV<CAQ>O[ + e_qnaﬁ . _@ABVCAQ (289)
Ca Ca
B B
1
= g Nag - Zap(l+ Vb,) - Vica, )"
CA,g
1 . o
+ Ce—qnaﬁ . QABVSOC(CA(IQ — <CAa> ) (290)
Ap

by rewriting Equation (2.20) for oil () phase;

865__1

o > (2.20)

Wag - Iag dA + /A Wary - Doy dA
ay

Aap

Oe 1 1 N
B [ ] v

— g
CAB

! {% / nag-@ABVsadA} (0 —(ea)®) (2.91)
Aap

_ cffﬁ
The first parenthesis was simplified as;
1
—/ Nug - -@AB<I + Vba) dA
V' Jaus
1 1
= —/ nag.@AB dA + —/ N.g - 9,5Vb,dA
VA, VS,
1 1
+ —/ DapNay - Vby dA — —/ DapNay - Vb, dA (2.92)
V' Jaa, V' Jaa,
making use of B.C.II for Problem I (Equation (2.74));

1
—/ naﬁ-@AB(IJera) dA
V' Jau,

1 1
= — g dA + — oy dA
V/Aaﬁ@ABnﬁ ~|—V/AM@ABH7
1 1
+ —/ .@ABnaﬁ : Vba dA + —/ ‘QABHO"Y : Vba dA (293)
% Aas \% Aary

by using Equation (2.14) for first two integrals and divergence theorem for last

two integrals on the right hand side;

1 1
= / N5 Pap(I+Vb,)dA = —ZupVea + — | ZapVibadV  (2.94)
4 Aap Vv,
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Equation (2.72) was used for Z,45V?b,, term;

1
—/ l’la@~_@AB<I—|—Vba)dA
V' S aus

1
= —945Ve, + V/ [f/a + v, - Vb, + e;lua} av (2.95)

[e3

since (7,) = 0, fVa u, dV = 0 and make use of divergence theorem;

1
—/ naﬁ-.@AB(I—I—Vba) dA = —@ABVEQ
V' Jau,

1 1
T / g - (Vaba)dA + — / o, - (Voba)dA (2.96)
Vi, V a

2

The condition “ng,, - v, =0 at A,_,” was used along with of B.C.I in problem

I given by equation (2.73) to obtain result of first parenthesis;
1
V/ Nyg - @AB(I + Vba) dA = —945Ve, (297)
Aup

The second parenthesis is equal to a,k. Therefore, dissolution rate of oil-rich

(8) phase is equal to;

€ a € [e%
Cfﬁg + P4V {ca,)* - Veg = —ak(cy — (ca,)?)- (2.98)
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CHAPTER 3

SOLUTION OF THE CLOSURE PROBLEM

The calculation of effective transport coefficients for porous media is difficult,
due to complex geometric structure of porous media. Therefore, representative
geometric structures of porous media, simple enough to make calculations possi-
ble are taken and effective transport coefficients are computed. Recent progress
in computer hardware enabled more sophisticated computations. It is not unre-
alistic to try to compute directly transport coefficients given the representative
description of a real porous system. Still, three-dimensional computations are
very demanding in terms of computer resources, therefore computations are re-
stricted to unit cells involving a few particles. These unit cells must be represen-
tative, in some sense, of the real structure to give effective transport coefficients

close to actual measurements [42].

3.1 Analytical Solution

In this part, firstly simple unit cell (Figure 3.1) was considered which can be
used as a test case for the two-dimensional calculations. Obviously this unit cell
can not capture all the features of a real system, however, it was reported that it
could illustrate the properties of the closure problems and the general behaviour
of the effective transport coefficients [43]. Since geometric structure of unit cell
in Figure 3.1 is simple enough, differential equations for closure variables can be
solved analytically.

The differential equations and their boundary conditions for closure variables
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Figure 3.1: Representation of One-dimensional Unit Cell

b, and s, were presented again and they were solved with analytical methods

for symmetric one-dimensional unit cell in Figure 3.1 in this part.

Problem 1
Vo + Vo Vb, + €, 'uy = Zu5V°b, (2.72)
B.C.T; b,=0 at A (2.73)
B.C. II; n,, - Vb, = —n,, atA,, (2.74)
Periodicity;  ba(r+4;) =bu(r) i=1,2,3 (2.75)
Average; (ba)*=0 (2.76)
1 1
u, = v /Aaﬂ DapVb, - nos dA + v " DapVb, - Ny, dA (2.77)
Problem II
Vo - Vo + € ak = DapV?s, (2.78)
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B.C.1; sa=1 at Aug

N
o0
=)

_[\3
oo
—_
~_— —  —

(
B.C. II; N, - Vs, =0 at Ay, (
Periodicity; Sa(rt+4;) =sa(r) i=1,2,3 (

(

Average; (sa)* =0

1 1
ayk = _/ @ABVSa'na,@dA‘f'_/ DapVsa - Doy dA (2.83)
V' Ja., Vi,
The velocity field in the a-phase is a Poiseuille flow in the direction of z-axis.
Cell Peclet number can be defined as [43]
1Va)*[|(la + €5 + 4)

Pe = 3.1
o (3.1)
Navier-Stokes Equation for a-phase [39];
Dv
= _ _VVP_-V- 2
Py = VPV T+pg (3.2)
and boundary conditions;
B.C.1 v=0 at A, (3.3)
B.C.2 v=0 at A (3.4)
by writing substantial derivative and viscous terms in open form;
ov
p E“‘V'vv =—-VP+ V- (uVv)+pg (3.5)
in indicial notation
an
pa + vjﬁjvi = —8ZP + uajjvi + PY; (36)
and in z-direction
Ov, N ov, N v, oP N 9%v, N 9%v, N (3.7)
Uy v =—— . .
P\ ot oz ¥ oy ar M\ oz T a2 ) TP
by making simplifications;
d?v, dP
- — 3.8
HaE T (3.8)
% is written as %
d’v, AP
= — 3.9
aE T L (3.9)
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boundary conditions;

dv,

B.C.1 0 at y=0 (3.10)
X

B.C.2 v, =0 at y=Fl,/2 (3.11)

by solving differential equation with boundary conditions for velocity field in

AP (2,

by dividing y to (¢, + {3 + ¢,) dimensionless y is obtained.

x-direction;

Y
=7 3.13
Yottt + 4, (3.13)
in terms of dimensionless y
AP(ly+ s+ 0,)* (&
J—_— —a ) 14
v i LY (3.14)

Intrinsic Phase Average Velocity is expressed as [29];

<vaw::i%;/ v dV (3.15)

since v, = 1,1 + v,j and v, = 0;

002
x —— 2 -y dydaj 3.16
/ /e /2 2pL ( ) ( )

by integrating and expressing in dimensionless y

<W__AM@+%+@V§
Vel = oul 6

(3.17)

velocity field in x direction is written in terms of intrinsic phase average velocity;

v = (0,)° (; - 61) (3.18)

2
€a

and velocity deviation field in = direction is;

o = (1) (% - Gi) (3.19)



As a summary;

Velocity Field

Vo = Ugd + 0]

Volume Averaged Velocity Field

(Va)® = (vg)“1 + (1))
e~ APUat b1 0) e
Vel = oul 6

(vy)* =0

Velocity Deviation Field

Vo = Uzl + 0y

. 1 6y?

o= (5- )

B, =0

Problem I in indicial notation is written as;
v;0;b; + T = Dap0yjbi — €, u;
in x-direction
V05by + 0y, 0yby + Uy = Dap(Opuby + Oyyby) — e;lux
since b = f(y) then 0,b, = 0 and 0,,b, = 0, then
UyOyby + Uy = Dap0Oyyby — e;lux

to find u,;

1 1
u, = —/ P458Vby, - N.g3 dA + —/ 948Vhb, Ny, dA
Vi, Vi
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since A, = 0 and n,3 = Fj in one-dimensional unit cell, then;

1 / L db,, db,,
Uy = D - S dx 3.23
Lt,+1ls+1,) )y b < dy )2 dy ea/2> ( )
then
db, db,
v = Zas (dba db (3.24)
(éa + gg + ﬂy) dy 02 dy 00 )2
in dimensionless y;
.@AB dbx dbz
Uy = = _ 3.25
(ga + gﬁ + 67)2 ( dy Ea/2 dy —Ea/2> ( )
Problem I in z-dimension
d?b
By = Van 2 _ e, (3.26)

(lo + L5+ 0,2 dy2 @

then,
o (3= L) = T [ ()
’ 2 € ) (bat+ls+10,)? | dy? *\ dy R
(3.27)
with boundary conditions;
B.C. b, =0 at y=F2 (3.28)

then b, field is obtained as;

2 4 2
by = Pe(ly + (g + () (y——y———a)

dbx 2 2
+ 6;1 <d_y ) (% — %) (329)
—€a/2

by using the property (b,)* = 0 the unknown derivative values is found as;

db,

€a/2 dy

db, db, Pe(ly + 05+ C,)eq
dby | dby _ _Pellatlst+by)e (3.30)
dy €a/2 dy —€a/2 5
by substituting this value;
3y2 y4 €2
by =Pe(ly+ls+ 1) | — — — — = 31
ellatls+1b) ( 20 22 160 (3:31)



or in more compact form;

b, -i 80yt — 24€2y? + €

T« _ __Pp @ 3.32
(lat 5+ 0) ‘ 160€2 (3:32)
If the same procedure is applied in y dimension, it is found that;
b-j=0b,=0. (3.33)
Problem II is written as;
1
V20550 = PaB(0psSa + OyySa) — —avk (3.34)
€a
1 L ds ds
ak = / Dap | —| - — dx 3.35
Lty +1l5+1,)2 )y b ( Ay lep Ay Ea/z> (3.5
DB dsq ds,,
ayk = — - — 3.36

by inserting a,k term and making necessary cancellations problem II;

d*s, dsq dsq
T (| p——. (3.37)
dy QY lepp Wy
with boundary conditions;
Sa=1 y= :F%a (3.38)

then s, is obtained as;

dSa y2 €a
= =2 212, .
Sa ( iy _ea/2> ( 2. T 8) (3.39)

since (s4)* = 0, the unknown derivative values can be found as 12/¢,. Then;

_ dsa
dy

€a/2

B 12¢% — €2

Sa
2
2ez

(3.40)

3.1.1 Volume Averaged Concentration

If macroscopic volume averaged concentration equation is rewritten;

%(MCAJ”) + V- ((Va)(€a.)®) = Ua - Vica)" — avk(cy, — (ca.)®)

=V - (D, -V{ca,)®) + V- (dalcy, —(ca.)?) = Vea - ZapVica,)" (2.84)
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where;

1 1
D;; = @AB EaI + —/ nagba dA + = / l’la,yba dA | — <{’aba> (285)
V a, V

1 1
da:@A —/ n, SadA—i-—/
B(V 4y P V Ja

The coefficients of volume averaged mass transfer equation (Equation (2.84))

Doy Sa dA) — (VaSa) (2.86)

ay

for one-dimensional geometry are obtained by making necessary integrations;

) 17 DaB
=t ZAB p Al
R T N (A (341)
U, j=0 (3.42)

12 Dup
k= — 3.43
e (o + L5+ 0,)? (343)
.1 Dap

d, -i=-——"""—Pee, 3.44
Tl byt b)) (3:44)
d,-j=0 (3.45)

and dispersion tensor;

6262
Dapea (1+552) 0

D} = (3.46)
0 -@ABea
after substituting these terms in Equation (2.84);
0 8<CA >a 17 -@AB 8<CA >o<
_ (0% @ . P [
i (alcan)) + (v2) (’9.7: 10 Uatl+0) 7 o2
eq - ay
a(é +£g+£)( (e.)%)
P 2 et
Dan ’ €a + .@Asg EaM
dy dy
1 Dag < ) 86(1 d(ca, )™ Oeq 0(ca )™
- D) gupoaZiAal (34
5y +05+0.) +eﬁ+6) AB0x T ox %‘Bay oy (347)

It is reasonable to assume €, # f(y) and (ca,)* # f(y). Then differential
equation for volume averaged concentration field is;

0 N 29(v,) Oeq | O(ca,)*
&(€“<CA“>)+[ 10 "7y, ] or

1 2 2 0 6(cAa>°‘
Zas {H 7000 €€ ] oz {60‘ dz

12948 . X
! La(fa + {3 +gv)2} (cx, = (ca,)?) (3.48)
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with initial and boundary conditions;

1.C. ; (ca,) att =0 forall z (3.49)
B.C.I; (ca)*=0 atx =0 forallt (3.50)
B.C.II; <CaA“> =0 at v =L forallt (3.51)

x

3.1.2 Volume Fraction of Oil-Rich Phase

Dissolution rate for oil-rich phase is obtained previously;

g 0
¢ 5f + DapVica)®  Ves = —ank(c — (ca,)?) (2.98)
by substituting the term “a,k”obtained for one-dimensional geometry in Equa-
tion (2.98);
Oe 129
eq /6 AB eq o
. _ — h— . 2
A[; ot + @ABV<CA0¢> VE[Q Ea(goz +€ﬁ +€’y)2 (CAa <CAa> ) (3 i) )
or in terms of €,;
a€a 12@AB eq
Ve, = — o 3.53
i, 5 DaVica,)" - Ve bt ls + 1) (ch —{ca.)®) (3.53)

3.2 Numerical Solution

In this section, numerical solution of the closure problem corresponding to the
two-dimensional periodic unit cell, as illustrated in Figure 3.2 with a solid bound-
ary, is presented. For ease of calculations rectangular particles were assumed and
rectangular coordinates were used in calculations. It was assumed that there
is oil on the surfaces of solid phases and supercritical CO, flows between the
particles. Realistic situations are more complex than this geometry. But this
geometric model idealizes the real system for computational purposes. Since it
is two-dimensional, area averaged variables replace volume averaged variables.
Stokes problem are solved firstly for the solution of closure problems. Due
to definitions of u, and a,k, closure problems are integro-differential equations.
However, convenient procedures has been applied to solve for the closure variables
b, and s,. The notation used in the following sections is only specific to the

formulation undertaken.
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Figure 3.2: Representation of Two-dimensional Unit Cell

3.2.1 Stokes Problem

Supercritical CO5 phase was assumed to be an incompressible fluid. At high
pressures this is a reasonable assumption. During the extraction, mass flow
rate was constant. Therefore, from the fluid flow point of view, steady-state
conditions prevail. The effect of nonlinear terms of Navier-Stokes equations were
not taken into account in this study for simplicity and ease of calculations. If
nonlinear terms of the Navier-Stokes equation was neglected, Stokes Equations

were obtained. Stokes equations can be formulated as follows;

-V (uVu)+ VP =f (3.54)
V-ou=0 (3.55)

subject to boundary condition, with 92 = 9Qp U 02y where 0Q2p and 0Qy

denote the boundary segments on which Dirichlet and Neumann conditions are
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imposed, respectively,

u=w on oQp (3.56)

ou
n nP =s on 00y (3.57)

For unique velocity solution, it is required that 0€2p is not empty. If only Dirichlet
boundary conditions are applied, then the pressure solution is only unique up to

a constant [44].

3.2.2 Weak Formulation

To construct a weak approximation, differential equation is multiplied by weight
test function v and ¢, which by definition are zero on all Dirichlet boundaries
0€Qp, and integrated over the domain [45]. For Stokes equation, the weak for-

mulation is;

t/v{ﬂme®+VHdQ:/vfﬂ2 (3.58)

l/qVWMQ:O (3.59)
Q
transferring derivatives onto the test functions v and ¢ gives;

/vVsz—/Pva+/vmmwQ
Q Q Q

:—/PV-VdQ—I—/ Pn-vdS (3.60)
Q )
—/V-(MVQu)dQ:u/Vu:VVdQ—,u/V-(Vu-V) dQ

Q 0 Q

:,u/Vu:Vde—,u/ (n-Vu)-vdS (3.61)
Q o0

combining these expressions gives;

u/Vu:Vde—/PV-VdQ—/ (ua—u—Pn)-vdS:/v-fdQ
Q Q 0N on Q

/q~V-udQ:O (3.62)
0
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by using component splitting u = (u,, u,) and inserting Dirichlet and Neumann

boundary conditions, it becomes;

u/Vux.vadQ—/Pavx dQ—/ VeSe dS:/vwfw Q. (3.63)
Q o Oz 0y Q

" / Vu, - Vo, dQ — / PP o — / vy, dS = / v fd (3.64)
Q o Oy 0N Q

Ou, — Ouy B
/Qq(ax +8_y) dQ =0 (3.65)

Neumann boundary conditions are naturally included in the formulation with the

help of Gauss’ Divergence theorem. Furthermore, order of maximum derivative
is reduced. The integral form of differential equation is referred to as the weak

form of the differential equation.

3.2.3 Multidimensional Implementation

Generally problems are expressed in the reference domain 2 = [—1, 1]? and using

a typical expansion;

u(z,y) = Z > " wighi(x)hy(y) (3.66)

where h;(x) and h;(y) are the Lagrangian interpolant of degree M and N based
on Legendre polynomials. Consequently, the basis coefficients u;; are also nodal
values of u on the tensor product of Gauss-Lobatto-Legendre (GLL) quadrature

points as shown in Figure 3.3 [46].

A vector representation of the coefficients is
T T
u = (U, Ug, -, U ug) = (Uoo, Uto, - - - y Wigyt e ,UMN)

where G = (M + 1)(N + 1) is the number of basis coefficients and the mapping
¢ = 1+i+(M+1)j translates to standard vector form of two-index representation,
with the leading index ¢ advancing more rapidly.

Suppose w,, is to represent the x derivative of u at the GLL points (&,,€,),
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Figure 3.3: Typical GLL Tensor Grid with M=N=4

p,q€10,--- , M] x[0,---, NI

ou . ,
Yra = 5 (& &q) = Z Z uijhi(&p)h; (&)
i=0 j=0
M
=D uighi(&) (3.67)
i=0
in matrix-vector notation;
f)z Uoo
D, u
w=D.u= | v (3.68)
ﬁx UMN

Here ]3:6 is one-dimensional derivative matrix associated with the M + 1 GLL
points on the interval [—1,1] and applied to each column (ugj, u;, -, unr;)7,
j =20,---,N. To compute derivatives with respect to y, one applies the cor-
responding matrix f)y to each row (wio, ui1, - ,u;y) @ = 0,--- , M. The latter
case does not yield a single block-diagonal matrix, because of the ordering of the

coeflicients in u.
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D, and D, are conveniently expressed as;

D,=1®D, (3.69)

D,=D,®I (3.70)

where ® indicates the tensor (or Kronecker) product.

The polynomial expansions based on GLL nodal points enables us to express
the terms in weak formulation in terms of matrix-vector notation. If a rectangular
geometry is considered on Q = [0, Ly] x [0, Lo] where each physical coordinate
¥ = (x,y) = (21, z2) is mapped onto respective reference coordinates ¥ = (r, s) =
(r1,7m9) € [—1,1]? via the affine transformation z; = (L;/2)(r; + 1).

Two-dimensional mass matrix is computed by;

/ wodQ =" vy < / hihshih; dQ> u;; = v’ Mu (3.71)
ij g @

Associating a natural ordering of the basis coefficients k=1+i+ (N +1)3,
k=1+4+i+ (N+1)j (when N = M for convenience), it is obtained;

L L
kk—// s)hj(s)édrgds

= L14L2 (/_1 hi(r)hy(r) dr) (/_11 hy(s)h;(s) ds)

1Ly~ —
ITQMM”

(3.72)

or in matrix form

M — LiLy —~

MeM (3.73)

with M is the mass matrix associated with the one-dimensional reference domain
Q=[-1,1].

All the integral terms in weak formulation can be expressed in matrix vector
notation by this way. The computation of the integrals of basis functions uses

Gauss-quadrature method based on GLL points.

3.2.4 Spectral Element Method

The Spectral Element Method (SEM) comes with the associated quadrature rule

due to its choice of Lagrangian basis functions. Thus for a single coordinate
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direction and with quadrature nodes {&g,- -+ ,&nv} and weights {po, - - - , pn }, any

integral can easily computed;

[ sty S puaté) (3.74)

1

The computed value is exact for g(r) a polynomial of degree < 2N — 1.

o~

The entries in mass matrix, M, thus become;

= pehi(&) by (&)

N
= i 6 Ok
k=0
M = diag(p;) (3.75)

The stiffness matrix K is derived similarly:;

dudv Juov
: dQ) = a2 3.76
/QVu Vv / [axax oy 8y] (3.76)
dudv Ouodv /
o S = i hsh; d hihy dr ) g,
J {axax y ay] DI ( - ) ( 2 ) .
ij i
+;IZJIUUL2< - hh dS)( hhzdr)u”
Ly= =
— Z Z vijL—lejKiiuij
j 1)
Lis —
+ Z ZU@jEijMgiuij
V]
L2 T L
K=—~v MeoKu+— (K®M) (3.77)
Ll L2
where K is one-dimensional stiffness matrix on [—1,1].
N
Kij = pehi(&)h (&) (3.78)
k=0

The solution procedure of closure problem requires the construction of convective

matrix C with the same procedure becomes
N
Cij = Z P (k)0 ;i (3.79)
k=0
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and

L = -~ L ~ —
C= / Vu-vdQ = TQVT(M ® Clu+ 71VT(C ® M)u (3.80)
Q

Neumann boundary conditions are included in the problem through the weak
formulation. Homogeneous Dirichlet boundary conditions are formulated by re-
stricting the ranges on ?,7,4,7. This can be done by defining the restriction
operator R which allows restricting the coefficient set as 1 = Ru and extending
or prolonging as u = R%u. If u is to satisfy inhomogeneous Dirichlet boundary
conditions, the solution can be split into u = u;, + 1, where u,, satisfies homoge-
neous Dirichlet boundary conditions and u, is any function that satisfies u = u,

on d¥)p.

3.2.5 Domain Decomposition

Spectral Element Method is based on a decomposition of the global domain
Q = QUON into E non-overlapping sub domains (or elements) Q¢ e =1,---  E.

Thus, function representation takes the local form

g = D> uGhi(r)hi(s)  rs€[-1,1] (3.81)

i=0 j=0
The function continuity across elements is enforced by simply equating coincident

nodal values, that is,

u§; = uf; (3.82)

ij
where Q¢ and Q° are neighboring elements.

It is convenient to form this constraint in matrix form. Since u is continuous
then there is a connectivity matrix ) that maps values of v in global form to
values of local form of ur, u;, = Qu.

The operation u;, = Qu is referred to as scatter from the global u to the local
uy, values. Conversely, v = QTu is referred to as gather operation.Whereas the
action of @ is to copy entries of u to uy, the action of Q7 is to sum entries from
corresponding nodes.

Domain decomposition technique is especially important to deal with irreg-

ular geometries in solution domains. Porous media is one important example of
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irregular geometry in its solution domain. Domain decomposition enables mod-
eling of solution domain of porous media and therefore, computation of physical

quantities.

3.2.6 Solution of Stokes Problem

Previously, Stokes Equations were obtained in the weak form. They are split for
velocity fields in the x and y directions. The domain for a-phase is decomposed

into rectangular sub domains. Figure 3.4 shows the sub domains.
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! | | :
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Figure 3.4: Sub domains of Supercritical COy Phase
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The expansions

=22 wshl)hs() (3.83)

Z 3" PyLia (@)L (3.:84)

i=1 j=1

where L;(z) and h;(z) are the Legendre polynomial and Legendre Lagrangian
interpolant are used for velocity and pressure fields respectively. The Legendre
polynomial expansion for pressure is two order less than that for velocity. A
lower order expansion for pressure eliminates both the need to use staggered
grid in the solution and the problem of pressure boundary conditions.

The first three Legendre polynomials are;

Lo(z) =1 (3.85)
Li(z) == (3.86)
Lo(z) = 3”“"22_ ! (3.87)

(3.88)

and Legendre Lagrangian interpolants are

hi(z) = H % (3.89)

with &, are GLL quadrature points as the N + 1 roots (1 — x%)Ly(x) where
fo = —1 and £N =1.
If the terms of Stokes equations in weak form are written in their matrix

vector forms;

Ly L
M/Vu-v@dszz,w MK+ 2(KeM|u
Q L L2

= pA(u,v) (3.90)

/vfdQ+/ vsds — L1k T(M®M)f+/ vsdS
Q 5:93% 4

00N

= F(v) (3.91)
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with

YY)
Lo ~  ~
=7 {5(@ ® R)] P
= B,(P,v)
and similarly

/P@da =7 [E(E@;@)] P
Q

oy 2
= By(P> U)
where
R N
Qij = > pehi(&) Li1 (&)
k=0
N
= ol (&)
k=0
R N
Rij = pehi(&6) L1 (6)
k=0
This gives

Ou, — Ouy
— O=28 B
/QC] ( or + ay) d x(ux7Q) + y(uy7Q)

Thus the problem becomes

PA(uz, ve) + Be(Pvg) = F(vy)
/J“A(UZM Uy) + By(P, Uy) = F(Uy)
B.(q, ue) + By(q, uy) =0

or in matrix form

L - s L ~ —
| 2(MeK)+ =K @ M)| uy +
Ly Ly

u{%(ﬁ@f{ﬁ%(f{@m] u, + {ﬁ(fz@@@)]P: 2

2

ECE }A%)rux v |5 Re @]T% -

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)
(3.98)
(3.99)



or using symbols

pAu, + B, P = F, (3.103)
pAu, + B,P = F, (3.104)
Blug + Blu, =0 (3.105)

For modeling inhomogeneous Dirichlet boundary conditions, u is decomposed
into the components satisfying homogeneous and actual boundary conditions on

0Qp as u = ug + up. Then

pAu, o+ B, P = F, — pAug (3.106)
pAuy, o+ B,P = F, — pAu,, (3.107)
Blu, + Blu, =0 (3.108)

If restriction operator, u = RT14, is applied;

uR,AR 4, o = R {F, — pAu,, — B,P} = R,{F, — B, P} (3.109)
nRyAR) i, o = R{F, — nAu,, — B,P} = R {F, — B,P} (3.110)
Since uy satisfies the continuity equation;
Blugo+ B uyo =0 (3.111)
substituting the velocity field values into continuity equation yields;
{BIRI(R,AR.)'R,B, + B} R} (R,AR])"'R,B,} P
= BIRI(R,ARD)'R,F, + Bl Rl (R,AR)'R,F,
(3.112)
which is to be solved for P. The resulting P is in turn used to solve for the
velocity field. This is called Uzawa method.

To provide fast convergence, Preconditioned Conjugate Gradient algorithm
is used. The preconditioner in local form is chosen simply as diagonal of the
assembled Neumann operator.This selection ensures that the solution satisfies the
homogeneous boundary conditions and it is continuous in the preconditioned case

due to the diagonal preconditioning. Implementation of the method is performed

with MATLAB. The MATLAB code is presented in Appendix A.1.
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3.2.7 Solution of Closure Variables

Integro-differential equations for closure variables was;

Problem I
Vo + Vo Vb, + €, 'u, = Z45V7b, (2.72)
B.C.1; bo=0 at Aug (2.73)
B.C. II, n,, Vb, = —n,, at A, (2.74)
Periodicity;  ba(r+4;) =bu(r) i=1,2,3 (2.75)
Average; (ba)* =0 (2.76)
1 1
Uo = 37 /Aag PaVbq - nagdA + v /AM PapVbq - Doy dA (2.77)
Problem II
Vo Vo + e ak = DapV3s, (2.78)
B.C. T; Sa =1 at Aup (2.79)
B.C. II; N, - Vs, =0 at Ay, (2.80)
Periodicity; Sa(rt+0;) = sa(r) i=1,2,3 (2.81)
Average; (5a)*=10 (2.82)
ayk = l/ DapVSa - NagdA + l/ DaBV5q - Doy dA (2.83)
V'S das V' Jdas

Make use of some arrangements [43] converts integro-differential equations into

differential equations. These arrangements,

b = bg + \I/bua (3113)

s =1+ V.a,k (3.114)

causes the closure problems to become;

Problem 1.1

Vo + Vo - Vby = 245V?by (3.115)
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B.C.1; bo=0 at Agg (3.116)

B.C. 1II,; N, - Vb, = —n,, at A, (3.117)
Periodicity;  bo(r +¢;) = bo(r) i=1,2,3 (3.118)
Problem 1.2
Vo - VU, + et = 2,5V, (3.119)
B.C. 1 3 \Ifb =0 at Aaﬂ (3120)
B.C. II; n,, VU, =0 atA,, (3.121)
Periodicity;  Wu(r+¢;) = Vp(r) i=1,2,3 (3.122)
and
(bg)®
Average; u, = — 3.123
Problem II.1
Vo VU, + et = D4V, (3.124)
B.C.1; T, =0 at Ay (3.125)
B.C. II; n,, VU, =0 atA,, (3.126)
Periodicity; Ui(r+4;) ="y (r) i=1,2,3 (3.127)
Average ayk ! (3.128)
v ; k=— :
(U)o

Velocity field is obtained in the previous part. All the nodes are GLL nodes,
thus, computing integrals to determine average velocity is very easy. Velocity
deviation field is easily found by subtracting intrinsic phase average velocity
from local velocity values. This brings all the variables in the modified closure
equations to be known numerically.

Weak forms of the modified closure equations are obtained. Domain decom-
position and spectral element methods are also used to obtain the solution of
closure variables. Since the contents of adjustable variables is known in terms of
closure variables as integrals. The integrals are computed using GLL quadrature
to determine coefficients of volume averaged equation. The implementation is

done with MATLAB and the MATLAB code is presented in Appendix A.2.
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CHAPTER 4

COMPUTATION RESULTS AND
DISCUSSION

In this part, velocity and velocity deviation fields were solved and solution of
closure variables were performed for simple one and two-dimensional unit cells
for an example case. This enabled computation of adjustable variables in volume

averaged mass transfer equation for both cases.

4.1 Definition of the Example Case

Supercritical fluid extraction of apricot seed oil was performed by using Super-
critical Fluid Extraction System (SFX220, ISCO Inc., Lincoln, NE). The dried
apricot seeds were chopped, sieved and fractionated for certain particle sizes.
5.0 grams of sample was placed into a steel extractor with a capacity of 10 ml.
The diameter and height of the extractor are 1.5 x 1072 m and 5.57 x 1072 m,
respectively. The extractions were done with a constant mass flow rate of su-
percritical COy at different pressures and temperatures [47]. Experimental con-
ditions of the example case are presented in Table 4.1. Initial void fraction
was determined with Helium Pycnometer (Ultrapycnometer1000,Quantachrome,
Boynton Beach, FL) and superficial velocity was calculated. Physical properties
of supercritical CO, and oil phases are presented in Table 4.2.

In order to determine the void fractions and the the lengths of phases in one
and two-dimensional geometries, the volume of solid particles in the extractor was

measured before and after extraction, respectively at the experimental conditions
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Table 4.1: Experimental Conditions for the Example Case

Temperature 50 °C
Pressure 450 bar
Average Particle Size | 4.25 x 107% m
Mass Flow Rate 3 g/min
Initial Void Fraction 0.54
Superficial Velocity | 2.98 x 107* m/s

Table 4.2: Physical Properties for the Example Case

Physical Property Value Estimation Method

Density of CO, 0.951 g/ml Pitzer 1955, [48]

Viscosity of COy | 9.5 x 107> N-s/m? | Jossi-Stiel-Thodos, [49]
Binary Diffusivity | 7.21 x 107 m?/s | Catchpole and King 1994, [50]
of oil in CO,

given in Table 4.1. Consequently, the volume fractions of inert solid, oil and
supercritical CO5 phases in the extractor were calculated at the beginning of the
extraction (Table 4.3). It was determined that void fractions in the extractor
changed from 0.54 to 0.76 during the extraction. Since average particle size and
volume of solid, and volume of oil phases were known before extraction, number
of particles in the extractor was calculated. This gave the void volume belonging
for each particle. Therefore, side length of one square particle (including inert
solid, oil, and supercritical phase surrounding it) in one-dimensional (Figure 3.1)
and two-dimensional (Figure 3.2) geometries was found to be 4.45 x 107% m.
The lengths of the phases in one-dimensional unit cell were calculated as ¢, =
2.4 x 107*m, ¢3 = 9.8 x 10~°m, ¢, = 1.07 x 10~* m. In two-dimensional unit
cell the calculation of the dimensions of sub domains (Figure 3.4) required a
MATLAB program (Appendix A.1.3). The computed dimensions of the sub

domains for the case ¢, = 0.54 are given in Table 4.4.
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Table 4.3: Initial Volume Fractions for the Example Case

Carbon Dioxide Phase | Oil Phase | Inert Solid Phase
0.54 0.22 0.24

Table 4.4: Dimensions of Sub domains in Two-dimensional Unit Cell for the
Example Case

Sub domain L, L,
(x10%) m | (x10%) m
1 1.508 1.431
2 1.431 1.431
3 1.431 0.793
4 1.431 0.793
5 1.431 0.715
6 1.431 0.715
7 3.016 0.715
8 3.016 0.715
9 1.431 0.715
10 1.431 0.715
11 1.431 0.793
12 1.431 0.793
13 1.431 1.431
14 1.508 1.431

4.2 Computation of Velocity Fields

0.02¢

0.04}

0.06

0.08¢

0.1

-0.2 -0.1 0 0.1 0.2 0.3

Figure 4.1: Velocity Profile for One-dimensional Unit Cell
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Velocity profile for one-dimensional unit cell is presented in Figure 4.1. It
is the result of analytical expressions for velocities in x and y directions for
one-dimensional unit cell.

Velocity profile for two-dimensional unit cell is presented in Figure 4.2. It
is the result of a complex iterative MATLAB program which contains, Spectral
Element method with Domain Decomposition technique, Preconditioned Con-
jugate Gradient algorithm (Appendix A.1). The program calculates interstitial
velocity from local velocity distribution using Gauss quadrature. Since intersti-
tial velocity is a known value, the value of pressure gradient was found by trial
and error procedure.

Velocity deviation fields for both one and two-dimensional unit cells were

calculated by subtracting local velocity from interstitial velocity of supercritical

COa.

4.3 Computation of Closure Variables

Closure variables b,, (Equation (3.32), Equation (3.33)) and s, (Equation (3.40))
were calculated for one-dimensional unit cell and the results are presented in

Figure 4.3 and in Figure 4.4, respectively.

A
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Figure 4.3: b, Field for One-dimensional Unit Cell
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Figure 4.4: s, Field for One-dimensional Unit Cell

MATLAB program in Appendix A.2 was used to compute the closure vari-
ables b, (Equation (3.113)) and s, (Equation (3.114)) for two-dimensional unit
cell via spectral element method with domain decomposition technique (Section

3.2.7). The results are presented in Figure 4.5 and in Figure 4.6, respectively.
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Figure 4.5: b, Field for Two-dimensional Unit Cell
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Figure 4.6: s, Field for Two-dimensional Unit Cell

4.4 Computation of Coefficients

It is possible to arrange the terms in volume averaged mass transfer equation

(Equation 2.84) in the following form;

%(ea@/xﬁ) + ({(Va) = Ua +da + ZapVea) - Viea,)"

=V - (D} -V{ca)®) + (ak + V- dg) (¢, —(ca,)®) (4.1)

Four groups of terms in this equation are identified. Comparing with unsteady
state convection diffusion equation, it can be said that these terms are similar
to accumulation, convection, dispersion and interphase mass transfer terms, re-
spectively. The terms in brackets (Equation (4.1)) are the coefficients of volume

averaged mass transfer equation and they were computed for both in one and
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two-dimensional geometries for the example case (Table 4.5). Gradient of void

fraction Ve, at the beginning of extraction is zero, therefore it was not computed.

Table 4.5: The Coefficients of Volume Averaged Mass Transfer Equation

Coefficient One-Dimensional | Two-Dimensional
Geometry Geometry
Convective Term (m/s) 8.63 x 10~* 5.10 x 1074
Dispersive Term (m?/s) 5.77 x 1077 1.07 x 1078
Interphase Term (1/s) 0.81 4.21

4.5 Discussion

The coefficients in the models based on integral mass balances for solute are
mostly determined from regression analysis [19, 14, 51, 15, 52] or calculated
values from general mass transfer correlations [30]. Sometimes these correlations
contain adjustable variables too. For example; tortuosity factor of solid is usually
taken in the range of 2 — 8 in the calculation of effective diffusivity [49]. The
structure of the volume averaged mass transfer equation derived in this study
is similar to the equations used for supercritical fluid extraction of biomaterials
in packed beds in literature. However, there is a major difference in calculation
of the coefficients. Volume averaging provides the calculation of coefficients by
using only most basic measurable physical properties such as density, viscosity,
binary diffusion coefficient etc.

During the solution of mass transfer equations, the void fraction in the bed
was assumed to be constant throughout the extraction, in all studies that are
available in literature. However, this is not the real case as proved by the change
of void fraction from 0.54 to 0.76 in the example case studied. Therefore, gradient
of void fraction Ve, was included in volume averaged mass transfer equation
(Equation 4.1).

The coefficients of convective term were higher than the superficial velocity

(2.98 x 107 m/s) for both one and two-dimensional geometries but they were
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in the same order of magnitude in case of zero gradient of void fraction. During
extraction, negative gradient of void fraction is expected. Therefore, this would
decrease the coefficient of convective term to some extent.

The coefficient of dispersion term of volume averaged mass transfer equation
corresponds to axial dispersion term in integral mass balance for solute in lit-
erature which is obtained through mass transfer correlations [53]. However, the
method of volume averaging gives a formulation in integral form which enables
the computation of dispersion term. Since dispersion term is directly related
to the diffusivity of oil in carbon dioxide, it should not be different from the
diffusivity values which were reported to be in the magnitude of (107 to 107
m? /s [50]). The computed coefficients of dispersion term for both one and two-
dimensional geometries were close to the diffusivity of oil in supercritical CO,
as expected. The axial dispersion reported for sunflower oil in supercritical CO,
was in order of magnitude of 1072 m? /s [51] which was three order of magnitude
smaller than the coefficient computed in the study.

The computed coefficients of interphase mass transfer term of volume av-
eraged mass transfer equation were higher than the mass transfer coefficient
obtained for extraction of apricot seed oil (1072) at the same experimental con-
ditions which was determined by using Sovova’s Model [23] through regression.
The mass transfer coefficient obtained for sunflower oil extraction using Shrinking
Core Model (1072) was smaller than the coefficient of interphase mass transfer
term [51].

Local equilibrium conditions were assumed during the derivation of volume
averaged mass transfer equation. Reverchon [15, 20, 21] considered local equilib-
rium conditions but took desorption mechanism into account, as well. Changing
the boundary conditions at the oil carbon dioxide boundary from local equilib-
rium to convective mass flux would change the computed value of the coefficients
of interphase mass transfer term.

Rectangular particles were used in two-dimensional geometry which decrease
the effect of convective term (v-VW) in the solution of closure variables. Spherical

particles would be a better representative of the real case since the effect of
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convective term would be maximum.

Using two-dimensional geometry in the solution of volume averaged mass
transfer equation reduces volume averaging to area averaging. Therefore, using
three-dimensional geometry would change the computed value of the coefficient
of interphase mass transfer term.

Moreover, in two-dimensional geometry the computations were based on the
assumption that supercritical CO, flows around every particle in the unit cell.
However, there might be channelling effect in the extractor and the coefficients
calculated using correlative models would be expected to be lower than that
computed from volume averaged mass transfer equations.

Therefore, modifications in boundary conditions, change in geometry of par-
ticles and use of three-dimensional computations would improve the value of the

coefficient of interphase mass transfer term.
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CHAPTER 5

CONCLUSIONS AND RECOMMENDED
FUTURE WORK

In this study, the method of volume averaging provided new approach to derive
mathematical model for supercritical fluid extraction in packed beds without ad-
justable variables. Volume averaged mass transfer equation for carbon dioxide
phase was similar to mathematical models based on integral mass balances for
solute. However, some additional terms were observed in the coefficients. Coeffi-
cients of volume averaged equation were computed for one and two-dimensional

geometries.

For computational purpose, Spectral Element method with Domain Decom-
position technique was used. It was observed that it is a powerful method with
less computer resource and provides fast convergence with small number of in-

tervals.

The computed coefficients for convective term were similar to each other for

one and two-dimensional geometries and close to superficial velocity of supercrit-

ical CO,.

The coefficients of dispersion term computed for one and two-dimensional
geometries, and diffusivity of oil in supercritical CO, were all in the order of

magnitude.

The coefficients of interphase mass transfer term were overestimated with
this method. Modifications in boundary conditions, change in geometry of par-

ticles and use of three-dimensional computations would improve the value of the
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coefficient of interphase mass transfer term.

Computation of coefficients under different conditions would be a subject of
different study and it would give the dependency of coefficients on the process
parameters.

Solution of volume averaged equation for packed bed requires solution of
moving boundary value problem. Front fixing with Spectral Element method
would provide a solution for this problem. This would also give the opportu-
nity to compare the predicted model results with experimental results without
adjustable variables.

Expression of mathematical model in terms of dimensionless groups and de-
velopment of new correlations for supercritical fluid extraction in packed beds

would be a title of another study.

65



1]

[10]

[11]

[12]

REFERENCES

S.S.H. Rizvi et al. Supercritical fluid extraction: Operating principles and
food applications. Food Tech, 40(7):57-64, July 1986.

S.J. Mulvaney and S.S.H. Rizvi. Extrusion processing with supercritical
fluids. Food Technology, 47(74):7682, 1993.

M.H.M. Caralp A.A. Clifford and S.E. Coleby. Other uses for near-critical
solvents: Chemical reaction and recrystallization in near-critical solvents. In
Eaxtraction of Natural Products Using Near-Critical Solvents. Blackie Aca-
demic & Professional, Glasgow, UK, 1995.

S.M. Hitchen and J.R. Dean. Properties of supercritical fluids. In Appli-
cations of Supercritical Fluids in Industrial Analysis. Blackie Academic &
Professional, Glasgow, UK, 1993.

S.F.Y. Liu et al. Supercritical fluid extraction and chromatography of
steroids with freon-22. J. Chromatogr., 515:515-520, 1990.

M. B. King and T. R. Bott. Extraction of natural products using near-
critical solvents. In Ezxtraction of Natural Products Using Near-Critical Sol-
vents, pages 1-25. Blackie Academic & Professional, Glasgow, UK, 1995.

M.B. King and O. Catchpole. Physico-chemical data required for the design
of near-critical fluid extraction processes. In Fxtraction of Natural Products
Using Near-Critical Solvents. Blackie Academic & Professional, Glasgow,
UK, 1995.

Robert S. Brodkey and Harry C. Hershey. Transport Phenomena A Unified
Approach. McGraw-Hill, New York, 1988.

7. Zekovié Z. Lepojevi¢ and A. Toli¢. Modeling of the thyme-supercritical
carbon dioxide extraction system. i. the influence of carbon dioxide flow rate
and grinding degree of thyme. Sep. Sci. Technol., 36(15):3459-3472, 2001.

K.H. Kim and J.Hong. Desorption kinetic model for supercritical fluid ex-
traction of spearmint leaf oil. Sep. Sci. Technol., 36(7):1437-1450, 2001.

M.M. Esquivel M.G. Bernardo-Gil and M.B. King. Mathematical models
for supercritical extraction of olive husk oil. J. Supercrit. Fluids, 16:43-58,
1999.

F. Gaspar et al. Modelling the extraction of essential oils with compressed
carbon dioxide. J. Supercrit. Fluids, 25:247-260, 2003.

66



[13]

[14]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

P. Subra et al. Extraction of 3-carotene with supercritical fluids experiments
and modelling. J. Supercrit. Fluids, 12:261-269, 1998.

M.J. Cocero and J. Garcia. Mathematical model of supercritical extraction
applied to oil seed extraction by COs+saturated alcohol —i. desorption
model. J. Supercrit. Fluids, 20:229-243, 2001.

E. Reverchon and C. Marrone. Modeling and simulation of supercritical
CO, extraction of vegetable oils. J. Supercrit. Fluids, 19:161-175, 2001.

W. Wu and Y. Hou. Mathematical modeling of extraction of egg yolk oil
with supercritical COs. J. Supercrit. Fluids, 19:149-159, 2001.

M.E. Al-Jabari and M.E. Weber. Mass transfer model for supercritical fluid
extraction tests. Sep. Sci. Technol., 34:2853-2863, 1999.

K.H. Kim and J. Hong. A mass transfer model for super- and near-critical
extraction of spearmint leaf oil. Sep. Sci. Technol., 37:2271-2288, 2002.

E.M.C. Reis-Vasco et al. Mathematical modelling and simulation of penny-
royal essential oil supercritical extraction. Chem. Engng. Sci., 55:2917-2922,
2000.

E. Reverchon and C. Marrone. Supercritical extraction of clove bud essential
oil: Isolation and mathematical modeling. Chem. Engng. Sci., 53:3421—
3428, 1997.

E. Reverchon A. Kaziunas C. Marrone. Supercritical CO, extraction of

hiprose seed oil: Experiments and mathematical modelling. Chem. Engng.
Sci., 55:2195-2201, 2000.

[. Goodarznia and M.H. Eikani. Supercritical carbon dioxide extraction of
essential oils: Modeling and simulation. Chem. Engng. Sci., 53:1387-1395,
1998.

H. Sovova. Rate of vegetable oil extraction with supercritical CO5—i. mod-
elling of extraction curves. Chem. Engng. Sci., 49:409-414, 1994.

L.F. Franca and M.A.A. Meireles. Modeling the extraction of carotene and
lipids from pressed palm oil (Elaes guineensis) fibers using supercritical cos.
Journal of Supercritical Fluids, 18(1):35-47, 2000.

N.P. Povh, M.O.M. Marques, and M.A.A. Meireles. Supercritical co, ex-
traction of essential oil and oleoresin from chamomile (Chamomilla recutita
[L.] rauschert. Journal of Supercritical Fluids, 21(3):245-256, 2001.

M. Goto B.C. Roy and T. Hirose. Shrinking-core leaching model for super-
critical fluid extraction. J. Supercrit. Fluids, 9:128-133, 1996.

67



[27]

28]

[29]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

O. Doker et al. Modeling of extraction of 3-carotene from apricot bagasse
using supercritical COsy in packed bed extractor. J. Supercrit. Fluids, 28:11—
19, 2004.

J.C. Slattery. Advanced Transport Phenomena. Cambridge University
Press, New York, 1999.

Stephen Whitaker. The Method of Volume Averaging. Kluwer Academic
Publishers, Dordrecht, The Netherlands, 1999.

S.M. Ghoreishi and S. Sharifi. Modeling of supercritical extraction of manni-
tol from plane tree leaf. Journal of Pharmaceutical and Biomedical Analysis,
24:1037-1048, 2001.

J. Bear and Y. Bachmat. Introduction to Modeling of Transport Phenom-
ena in Porous Media. Kluwer Academic Publishers, Dordrecht, The Nether-
lands, 1990.

M. Hassanizadeh and W. G. Gray. General conservation equations for multi-
phase systems: 1.averaging procedure. Advances in Water Research, 2:131,
1979.

I. Tosun M.S. Willis. Generalized proof of the modified averaging theorem.
Chem. Eng. Sci., 35:1462-1463, 1980.

S.I. Sandler C.A. Mulliken. The prediction of COs solubility and swelling
factors for enhanced oil recovery. Ind. Eng. Chem. Process. Dev., 19:709—
711, 1980.

D.Q. Tuan et al. Measuring and modeling of viscosity of supercritical carbon
dioxide/biomaterial(s) mixtures. Ind. Eng. Chem. Res., 38:2129-2136, 1999.

I. Tosun. Modeling in Transport Phenomena A Conceptual Approach. Else-
vier B. V., Amsterdam, Netherlands, Second edition, 2007.

C. A. Lockemann and E-U. Schliinder. An experimental method to deter-
mine the diffusion coefficient of carbon dioxide in liquids at high pressures.
Journal of Energy, Heat and Mass Transfer, 15:125-133, 1993.

M. Quintard and S. Whitaker. Dissolution of an immobile phase during flow
in porous media. Ind. Eng. Chem. Res., 38:833-844, 1999.

R.B. Bird W.E. Stewart E.N. Lightfoot. Transport Phenomena. Wiley, New
York, 1960.

W.G. Gray. A derivation of the equations for multi-phase transport. Chem.
Eng. Sci., 30:229-233, 1975.

S. Whitaker. Levels of simplification the use of assumptions, restrictions,
and constraints in engineering analysis. Chem. Eng. Ed., 22:104-108, 1988.

68



[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

M. Quintard. Diffusion in isotropic and anisotropic porous systems: Three-
dimensional calculations. Transport in Porous Media, 11:187-199, 1993.

M. Quintard and S. Whitaker. Convection, dispersion and interfacial trans-
port of contaminants: Homogeneous porous media. Advances in Water
Resources, 17:221-239, 1994.

H. Elman D. Silvester A. Wathen. Finite Elements and Fast Iterative Solvers
with applications in incompressible fluid dynamics. Oxford University Press,

Oxford, 2005.

G.E. Karniadakis S.J. Sherwin. Spectral/hp Element Methods for Compu-
tational Fluid Dynamics. Oxford University Press, Oxford, 2005.

M.O. Deville P.F. Fischer E.H. Mund. High-Order Methods for Incompress-
wle Fluid Flow. Cambridge University Press, Cambridge, 2002.

S.G. Ozkal. Supercritical Carbon Diozide Extraction of Apricot Kernel Oil.
PhD thesis, Middle East Technical University, 2004.

K.S. Pitzer et. al. The volumetric and thermodynamic properties of fluids. ii.

compressibility factor, vapor pressure and entropy of vaporization. Journal
of American Chemical Society, 77:3433-3440, 1955.

B.E. Poling J.M. Prausnitz J.P. O’Connel. The Properties of Gases and
Liquids. McGraw-Hill, New York, fifth edition, 2001.

0.J. Catchpole and M.B. King. Measurement and correlation of binary
diffusion coefficients in near critical fluids. Ind. Eng. Chem. Res., 33:1828—
1837, 1994.

U. Salgin O. Doker A. Calimli. Extraction of sunflower oil with supercritical

carbon dioxide: Experiments and modeling. Journal of Supercritical Fluids,
38(3):326-331, 2006.

S.G. Ozkal MLE. Yener and L. Baymndirh. Mass transfer modeling of apricot
kernel oil with supercritical carbon dioxide. J. of Supercrit. Fluids, 35:119—
127, 2005.

C.S. Tan D.C. Liou. Axial dispersion of supercritical carbon dioxide in
packed beds. Ind. Eng. Chem. Res., 28:1246-1250, 1989.

J.A.C. Weidemann and S.C. Reddy. A matlab differentiation matrix suite.
ACM Trans. Math. Softw., 26:465-519, 2000.

69



APPENDIX A

MATLAB PROGRAMS

A.1 MATLAB Program for Velocity Field

This program finds the velocity field in x and y directions in the two dimensional

unit cell. Input parameters are pressure gradient, void fraction, viscosity.

clear all

global Nxp Nyp Nxm Nym Nelm
global wx wy

global X Y XA YA

global Lx Ly

global Kx Ky Mx My
global Rx Ry Qx Qy
global ul vL

global Restu Restv
global Rest Q

global KUMatrix KVMatrix
global addFx addFy
global addU addV

% Solve Stokes eqn. iteratively with f=(kx,ky)
% Note that for convenience velocity U is scaled as mu*U

% Flow Parameters
mu=9.5e-5; ky=0; kx=52.559, epsilon=0.54;

% Iteration Parameters
max_it = 1000;
tol = le-7;

% Grid Parameters

% All elements have the same resolution
Nx=5; Ny=5; Nelm=14;
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% Grid Setup

/A

%  Typical Element Geometry
b byL

b y=1  |---- |

b bx0 | X,Y | bxL

b y=—1 |---—- |

b x=-1 by0 =x=1

/A

Nxp=Nx+1; Nyp=Ny+1l; Nxm=Nx-1; Nym=Ny-1;
[wx,x]=Lobatto(Nx); wx=wx(:); % x is of size Nxp
[wy,yl=Lobatto(Ny); wy=wy(:); % y is of size Nyp
[X Y]=meshgrid(x,y); X=X’; Y=Y’;

% internal and boundary indices in vector form
in=find(abs(X)~“=1 & abs(Y)~=1);
bo=find(abs(X)==1 | abs(Y)==1);
bx0=find (X==-1); bxL=find(X==1);
byO=find(Y==-1); byL=find(Y==1);

% internal and boundary indices in matrix form
[ini,injl=find(abs(X)"=1 & abs(Y)~=1);
[boi,bojl=find(abs(X)==1 | abs(Y)==1);
[bx0i,bx0j]=find(X==-1); [bxLi,bxLj]=find(X==1);
[by0i,by0jl=find(Y==-1); [byLi,byLjl=find(Y==1);

NxO=size (bx0i); NxL=size(bxLi);
NyO=size(by0i); NyL=size(byLi);

% Diff Setup
Dx=poldif(x,1); Dx=Dx(:,:,1);
Dy=poldif(y,1); Dy=Dy(:,:,1);

% Integration Matrices

Mx=diag(wx); My=diag(wy); % velocity mass matrices
Kx=Dx’*Mx*Dx; Ky=Dy’*My*Dy;

for n=1:Nxm, Lmnx=legendre(n-1,x); Legx(:,n)=Lmnx(1,:)’; end
for n=1:Nym, Lmny=legendre(n-1,y); Legy(:,n)=Lmny(1,:)’; end
Qx=Mxx*Legx; Qy=My*Legy;

Rx=Dx’*Mx*Legx; Ry=Dy’*My*Legy;

% Pressure mass matrices

Px=Legx’ *Mx*Legx; Py=Legy’*My*Legy;

% Actual Geometry
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k : applied pressure gradient

Lyl+Ly3 /solid/|--sym--|----sym----|--sym--|/solid/
/7777771 5 | 8 L9 1///////1
\//77//7/1=-=—===—- | -———— |-—————- /7777771
/77777703 /77777777770 11 1////777]

Lyl|-—————- | -=————- /7777177777 -====== | ——————- |

k --> 1 | 2 |///solid///I 13 | 14 |

O | —=————- /77777177777 -====== | -=————- |

L/77/777V & /7777777777 12 N //////7]

/7777771 =====—- | —=—=m |-=————- /7777771

l//7/7//771 6 | 7 I 10 1////7//1

-Ly4 /solid/|--sym--|----sym----|--sym--|/solid/
0 Lxl1  Lx2+Lx1

[Lx,Lyl=geometry(epsilon) ;

% SUBDOMAIN 1

elm=1;

Lx1=Lx(elm); Lyl=Ly(elm);

x1=Lx1*(x+1)/2; yl=Lylx(y+1)/2;
[X1 Y1l=meshgrid(x1,y1); X1=X1’; Y1=Y1’; Yc=Y1(:);
XA(:,:,elm)=X1; YA(:,:,elm)=Y1;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[1:Nxp*Nyp]l; g=t1(length(t1));
g_ind(:,:,elm)=reshape(t1,Nxp,Nyp);

% Dirichlet field > ub,vb
ub=zeros(size(X1)); ub=ub(:);

ub (bx0)=(kx/2) *Yc (bx0) . * (Ly1-Yc (bx0)) ;
ubL(:,:,elm)=reshape(ub,size(X1));
vb=zeros(size(X1)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X1));

% Mask array = 0(Dirichlet); =

mask=ones(size(X1)); mask=mask(:);
mask (bx0)=0; mask(by0)=0; mask(byL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X1));
MaskvL(:,:,elm)=reshape(mask,size(X1));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 2
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elm=2;

Lx2=Lx(elm); Ly2=Lx(elm);

x2=Lx1+Lx2* (x+1)/2; y2=Ly2*(y+1)/2;

[X2 Y2]=meshgrid(x2,y2); X2=X2’; Y2=Y2’;
XAC:,:,elm)=X2; YA(:,:,elm)=Y2;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,1)];

% Dirichlet field > ub,vb
ub=zeros(size(X2)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X2));
vb=zeros(size(X2)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X2));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones (size(X2)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X2));
MaskvL(:,:,elm)=reshape (mask,size(X2));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

7 SUBDOMAIN 3
elm=3;
Lx3=Lx(elm); Ly3=Ly(elm);
x3=Lx1+Lx3*(x+1)/2; y3=Lyl+Ly3x*(y+1)/2;
[X3 Y3]=meshgrid(x3,y3); X3=X3’; Y3=Y3’;
XA(C:,:,elm)=X3; YA(:,:,elm)=Y3;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape (t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2,g_ind(:,1,2)];

% Dirichlet field > ub,vb
ub=zeros(size(X3)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X3));
vb=zeros(size(X3)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X3));

% Mask array = 0(Dirichlet); = 1(Otherwise)

mask=ones (size(X3)); mask=mask(:); mask(bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X3));
MaskvL(:,:,elm)=reshape (mask,size(X3));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 4
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elm=4;

Lx4=Lx(elm); Ly4=Ly(elm);

x4=Lx1+Lx4* (x+1)/2; y4=-Ly4+Lyd*(y+1)/2;
[X4 Y4]=meshgrid(x4,y4); X4=X4’; Y4=Y4’,
XAC:,:,elm)=X4; YA(:,:,elm)=Y4;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,2),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X4)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X4));
vb=zeros(size(X4)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X4));

% Mask array = 0(Dirichlet); = 1(Otherwise)

mask=ones (size(X4)); mask=mask(:); mask(bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X4));
MaskvL(:,:,elm)=reshape (mask,size(X4));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 5
elm=5;
Lx5=Lx(elm); Ly5=Ly(elm);
x5=Lx1+Lxb*(x+1)/2; yb=Lyl+Ly3+Lyb*(y+1)/2;
[X5 Y5]=meshgrid(x5,y5); X5=X5’; Y5=Y5’;
XAC:,:,elm)=X5; YA(:,:,elm)=Y5;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxpl; g=t1(length(tl));
t2=reshape (t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2,g_ind(:,1,3)];

% Dirichlet field > ub,vb
ub=zeros(size(X5)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X5));
vb=zeros(size(X5)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X5));

% Mask array = O(Dirichlet); = 1(Otherwise)

mask=ones (size(X5)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape (mask,size(X5));

mask=ones (size(X5)); mask=mask(:); mask(bx0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X5));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;
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% SUBDOMAIN 6
elm=6;
Lx6=Lx(elm); Ly6=Ly(elm);
x6=Lx1+Lx6* (x+1)/2; y6=-Ly4-Ly6+Ly6*(y+1)/2;
[X6 Y6]=meshgrid(x6,y6); X6=X6’; Y6=Y6’;
XA(C:,:,elm)=X6; YA(:,:,elm)=Y6;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape (t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,4),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X6)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X6));
vb=zeros(size(X6)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X6));

% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones (size (X6)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape (mask,size(X6)) ;

mask=ones (size(X6)); mask=mask(:); mask(bx0)=0; mask(by0)=0;
MaskvL(:,:,elm)=reshape(mask,size(X6)) ;

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 7
elm=7;
Lx7=Lx(elm); Ly7=Ly(elm);
X7=Lx1+Lx2+Lx7*(x+1)/2; y7=-Ly4-Ly7+Ly7*(y+1)/2;
(X7 Y7]=meshgrid(x7,y7); X7=X7’; Y7=YT7’;
XA(C:,:,elm)=X7; YA(:,:,elm)=YT7;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,6)];

% Dirichlet field > ub,vb
ub=zeros(size(X7)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X7));
vb=zeros(size(X7)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X7));

% Mask array = 0(Dirichlet); = 1(Otherwise)

mask=ones (size(X7)); mask=mask(:); mask(byL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X7));

mask=ones (size(X7)); mask=mask(:); mask(by0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape (mask,size(X7));
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% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 8
elm=8;
Lx8=Lx(elm); Ly8=Ly(elm);
x8=Lx1+Lx2+Lx8* (x+1)/2; y8=Lyl+Ly3+Ly8*(y+1)/2;
[X8 Y8]=meshgrid(x8,y8); X8=X8’; Y8=Y8’;
XAC:,:,elm)=X8; YA(:,:,elm)=YS;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]l; g=t1(length(tl));
t2=reshape (t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,5)];

% Dirichlet field > ub,vb
ub=zeros(size(X8)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X8));
vb=zeros(size(X8)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X8));

% Mask array = O(Dirichlet); = 1(Otherwise)

mask=ones (size(X8)); mask=mask(:); mask(by0)=0;
MaskuL(:,:,elm)=reshape (mask,size(X8));

mask=ones (size(X8)); mask=mask(:); mask(by0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X8));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 9
elm=9;
Lx9=Lx(elm); Ly9=Ly(elm);
x9=Lx1+Lx2+Lx8+Lx9* (x+1) /2; y9=Ly1l+Ly3+Ly9*(y+1)/2;
[X9 Y9]=meshgrid(x9,y9); X9=X9’; Y9=Y9’;
XA(C:,:,elm)=X9; YA(:,:,elm)=Y9;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,8)];

% Dirichlet field > ub,vb
ub=zeros(size(X9)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X9));
vb=zeros(size(X9)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X9));

% Mask array = O(Dirichlet); = 1(Otherwise)
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mask=ones (size(X9)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X9));
mask=ones(size(X9)); mask=mask(:);

mask (bxL)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X9));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 10
elm=10;
Lx10=Lx(elm); Ly10=Ly(elm);
x10=Lx1+Lx2+Lx7+Lx10*(x+1)/2;
y10=-Ly4-Ly10+Ly10* (y+1) /2;
[X10 Y10]=meshgrid(x10,y10); X10=X10’; Y10=Y10’;
XA(C:,:,elm)=X10; YA(:,:,elm)=Y10;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,7)];

% Dirichlet field > ub,vb

ub=zeros(size(X10)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X10));

vb=zeros(size(X10)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X10));

% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones (size(X10)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X10));
mask=ones (size(X10)); mask=mask(:);

mask (bxL)=0; mask(by0)=0;
MaskvL(:,:,elm)=reshape (mask,size(X10));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 11
elm=11;
Lx11=Lx(elm); Lylil=Ly(elm);
x11=Lx1+Lx2+Lx8+Lx11* (x+1)/2;
y11=Ly1+Ly11*(y+1)/2;
[X11 Y11]l=meshgrid(x11,y11); X11=X11’; Y11=Y11’;
XA(:,:,elm)=X11; YA(:,:,elm)=Y11;

% Local(i,j,e) <-—> Global(kount) indexing
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t1=[g+1:g+Nxp*Nyp-Nxp]l; g=t1(length(tl));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,9),t2];

% Dirichlet field > ub,vb

ub=zeros(size(X11)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X11));

vb=zeros(size(X11)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X11));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X11)); mask=mask(:);

mask (bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X11));
MaskvL(:,:,elm)=reshape(mask,size(X11));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 12
elm=12;
Lx12=Lx(elm); Lyl12=Ly(elm);
x12=Lx1+Lx2+Lx7+Lx12% (x+1)/2;
y12=-Ly12+Ly12*(y+1)/2;
[X12 Y12]=meshgrid(x12,y12); X12=X12’; Y12=Y12’;
XA(:,:,elm)=X12; YA(:,:,elm)=Y12;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape (t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2, g_ind(:,1,10)];

% Dirichlet field > ub,vb

ub=zeros(size(X12)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X12));

vb=zeros (size(X12)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X12));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones (size(X12)); mask=mask(:);

mask (bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X12));
MaskvL(:,:,elm)=reshape (mask,size(X12));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

78



% SUBDOMAIN 13
elm=13;
Lx13=Lx(elm); Ly13=Ly(elm);
x13=Lx1+Lx2+Lx8+Lx13*(x+1)/2; y13=Ly13x*(y+1)/2;
[X13 Y13]=meshgrid(x13,y13); X13=X13’; Y13=Y13’;
XA(:,:,elm)=X13; YA(:,:,elm)=Y13;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-2*Nxpl; g=t1(length(t1));
t2=reshape (t1,Nxp,Nyp-2);
g_ind(:,:,elm)=[g_ind(:,Nyp,11),t2,g_ind(:,1,12)];

% Dirichlet field > ub,vb

ub=zeros(size(X13)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X13));

vb=zeros(size(X13)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X13));

% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones (size(X13)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape (mask,size(X13));
MaskvL(:,:,elm)=reshape (mask,size(X13));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 14
elm=14;
Lx14=Lx(elm); Lyl4=Ly(elm);
x14=Lx1+Lx2+Lx8+Lx13+Lx14* (x+1)/2; yl4=Lyl4x*(y+1)/2;
[X14 Y14]=meshgrid(x14,y14); X14=X14’; Y14=Y14’;
XAC:,:,elm)=X14; YA(:,:,elm)=Y14;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]l; g=t1(length(tl));
t2=reshape (t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,13)];

% Dirichlet field > ub,vb

ub=zeros (size(X14)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X14));

vb=zeros(size(X14)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X14));

% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones (size(X14)); mask=mask(:);

mask (by0)=0; mask(byL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X14));
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mask=ones (size(X14)) ;mask=mask(:);
mask (bxL)=0;mask (by0)=0;mask (byL)=0;
MaskvL(:,:,elm)=reshape (mask,size(X14));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% Local(i,j,e) = Q * Global(ind)
BrmL=zeros (Nxp,Nyp,Nelm) ;
g_size=g;
for is=1:g_size
Brm=zeros(g_size,1); Brm(is,1)=1;
for e=1:Nelm, for j=1:Nyp, for i=1:Nxp
ind=g_ind(i,j,e);
BrmL (i, j,e)=Brm(ind,1);
end, end, end
QC:,is)=BrmL(:);
end

% Construct Mask operator

for e=1:Nelm, for j=1:Nyp, for i=1:Nxp
ind=g_ind (i, j,e);
Masku(ind)=MaskuL(i,j,e);
Maskv (ind)=MaskvL(i,j,e);

end, end, end

Masku=Masku(:); Maskv=Maskv(:);

MaskuL=MaskuL(:); MaskvL=MaskvL(:);

% Construct Restriction operator
Msk=diag(Masku); [iMsk, jMsk]=find(Msk==1); Restu=[Msk(iMsk,:)];
Msk=diag(Maskv); [iMsk, jMsk]=find(Msk==1); Restv=[Msk(iMsk,:)];

% Construct the Matrix operator for velocity equation

KUM=zeros (Nxp*Nyp*Nelm, Nxp*Nyp*Nelm) ;

for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
KL(:,:,e)=(Lye/Lxe)*kron(My,Kx)+(Lxe/Lye)*kron (Ky,Mx) ;
a(:,:,e)=zeros(Nelm,Nelm); a(e,e,e)=1;
tmp=kron(a(:,:,e) ,KL(:,:,e));
KUM=KUM+tmp;

end

KUMatrix=Restu*Q’*KUM*xQ*Restu’; KVMatrix=Restv*Q’*KUM*Q*Restv’;

% Forcing vector integral
fx=kx*ones(size(X)); fy=ky*ones(size(X));
for e=1:Nelm

Lxe=Lx(e); Lye=Ly(e);
Fx(:,:,e)=(LxexLye/4)*Mx*fx(:,:)*My’;
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Fy(:,:,e)=(LxexLye/4)*xMx*xfy(:,:)*My’;
end

% Dirichlet Velocity Field integral

for e=1:Nelm

Lxe=Lx(e); Lye=Ly(e);
Kub(:,:,e)=(Lye/Lxe)*Kx*ubL(:,:,e)*My’+(Lxe/Lye) *Mx*ubL(:,
Kvb(:,:,e)=(Lye/Lxe) *Kx*vbL(:,:,e)*My’+(Lxe/Lye) *Mx*vbL(:,
end

% Diagonal pressure mass matrix as pressure preconditioner
Prcp=[];

for e=1:Nelm

Prc=(Lx(e)*Ly(e) /4)*diag(kron(Py,Px)); Prc=Prc(:);
Prcp=[Prcp; Prc]l;

end

p=pL(:); % input initial pressure

% Compute the pressure residual
addFx=Fx-Kub; addU=ubL;
addFy=Fy-Kvb; addV=vbL;
resp=-SMap(p) ;

% Start PCG iterations for pressure
addFx=zeros(size(addFx)); addU=zeros(size(addU));
addFy=zeros(size(addFy)); addV=zeros(size(addV));
W=ones (Nxm*Nym*Nelm,1); W=1./W;

[p,flagp] = PCG(resp,p,@SMap,Prcp,W,max_it,tol);
if (flagp==1), flagp, end

% Compute velocity as a byproduct of

% SMap given the correct pressure p
addFx=Fx-Kub; addU=ubL;

addFy=Fy-Kvb; addV=vbL;

resp=SMap (p) ;

uL=ulL/mu; vL=vL/mu;

divergence=norm(resp); % check the divergence
clf, quiver(XA,YA,ul,vL)

% Calculation of intrinsic volume average of ulL and vL
TulL=[]; IvL=[]; area=[];

for i=1:Nelm

area(i)=Lx(i).*Ly(i);
TuL(i)=(wx’*uL(:,:,i)*wy)*(area(i)/4);
IvL(i)=(wx’*vL(:,:,i)*wy)*(area(i)/4);

end

% intrinsic volume average velocity for u
vav=sum(Iul)/sum(area)
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uav=2.9761e-4/epsilon
function Sp = SMap(p)

global Nxp Nyp Nxm Nym Nelm
global Lx Ly

global Rx Ry Qx Qy

global ul vL

global Restu Restv

global Rest Q

global KUMatrix KVMatrix
global addFx addFy

global addU addV

% Given the pressure Local p compute Global Sp
pL=reshape(p, [Nxm Nym Nelm]) ;
for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
urhsL(:,:,e)=(Lye/2)*Rx*pL(:,:,e)*Qy’+addFx(:,:,e);
vrhsL(:,:,e)=(Lxe/2)*Qx*pL(:,:,e)*Ry’+addFy(:,:,e);
end
% Given the pressure solve for velocity directly
Urhs=Restu*Q’*urhsL(:); U=KUMatrix\Urhs; UL=Q*Restu’*U;
Vrhs=Restv*Q’*vrhsL(:); V=KVMatrix\Vrhs; VL=Q*Restv’*V;

uL=reshape (UL, [Nxp Nyp Nelm])+addU;
vL=reshape (VL, [Nxp Nyp Nelm])+addV;
% Compute the pressure residual

for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
Sp(:,:,e)=(Lye/2)*Rx’*uL(:,:,e)*Qy+(Lxe/2)*Qx’*vL(:,:,e)*Ry;

end

Sp=Sp(:);

A.1.1 Computation of GLL Points and Weight Factors

This program computes GLL points and weight factors for GLL quadrature.
function [w, y] = Lobatto(n)

% The Legendre-Lobatto points y(1:n+l) are the roots of

% £(x) = (1-x"2) dP_n/dx, with the weights w(l:n-1) = 2/n(n+1)
% P_n(y(1:n-1))"-2 and w([0 n] = 2/n(n+1).

% where P_n(x) is the nth degree Legendre polynomial.

% This routine uses Newton iteration to find the roots to

% 10 digit accuracy. Only symmetric half is computed.
% The initial estimates are the Chebyshev points cos((pi/n)*(0:n)).
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% By using the two relations

% (1-x~2) (dP_n/dx) = n(n+1)/(2n+1) (P_(n-1) - P_(n+1))
% P_n = -1/(2n+1) (dP_(n-1)/dx - dP_(n+1)/dx)

% we identify

% £ = P_(n-1) - P_(n+1) and df/dx = -(2n+1)P_n.

[1 1]; y = [1 -1]; return, end
(1/3 4/3 1/3]; y = [1 0 -1]; return, end

if n==1, w

if n==2, w

2/ (n*x(n+1));
ceil(n/2) - 1; % # of half-internal points except zero.

S

m
for i=1:m
z = cos((pi/n)*i); d = 1;
while abs(d) >= 5e-11
Loml = legendre(n-1,z); Lnpl = legendre(n+l,z);
Ln = legendre(n,z);
fz = Lom1(1,1) - Lnpl1(1,1); fpz = -(2*n+1)*Ln(1,1);

d = -(fz/fpz); z = z + d;
end
yh(i) = z;
wh(i) = 1/Ln(1,1)"2;
end

if 2*ceil(n/2)==n,
Ln = legendre(n,0); wO = 1/Ln(1,1)"2;

w = s*[1 wh(:)’ wO fliplr(wh(:)’) 1];

y = [1 yh(:)’ 0 -fliplr(yh(:)’) -1];
else

w = s*[1 wh(:)’ fliplr(wh(:)’) 1];

y = [1 yh(:)’ —-fliplr(yh(:)’) -1];

A.1.2 Computation of Differentiation Matrices

This program computes the differentiation matrices for the given nodes [54].

function DM = poldif(x, malpha, B)

% The function DM = poldif(x, maplha, B) computes the
% differentiation matrices D1, D2, ..., DM on arbitrary nodes.

% The function is called with either two or three input
% arguments. If two input arguments are supplied, the

% weight function is assumed to be constant. If three
% arguments are supplied, the weights should

% be defined as the second and third arguments.

% Input (constant weight):

%o ox: Vector of N distinct nodes.
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% malpha: M, the number of derivatives required (integer).
% B: Omitted.

% Note: 0 <M< N-1.

% Input (non-constant weight):

hoox: Vector of N distinct nodes.

% malpha: Vector of weight values alpha(x), evaluated at x = x(k).
% B: Matrix of size M x N, where M is the highest

A derivative required. It should contain the quantities
yA B(ell,j) = beta(ell,j) = (ell-th derivative

% of alpha(x))/alpha(x), evaluated at x = x(j).

b

% Output:

% DM: DM(1:N,1:N,ell) contains ell-th derivative matrix,

% ell=1..M.

% J.A.C. Weideman, S.C. Reddy 1998

N = length(x);
x = x(:); % Make sure x is a column vector
if nargin == % Check if constant weight function
M = malpha; % is to be assumed.
alpha = ones(N,1);
B = zeros(M,N);

elseif nargin ==
alpha = malpha(:); % Make sure alpha is a column vector
M = length(B(:,1)); % First dimension of B is the number

end % of derivative matrices to be computed
I = eye(l); % Identity matrix.
L = logical(I); % Logical identity matrix.

XX = x(:,ones(1,N));

DX = XX-XX’; % DX contains entries x(k)-x(j).
DX(L) = ones(N,1); % Put 1’s one the main diagonal.
¢ = alpha.*prod(DX,2); % Quantities c(j).

C = c(:,ones(1,N));
C=2C./C; % Matrix with entries c(k)/c(j).

Z = 1./DX; % Z contains entries 1/(x(k)-x(j))
Z(L) = zeros(N,1); % with zeros on the diagonal.
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X =12; % X is same as Z’, but with
X = [1; % diagonal entries removed.
X = reshape(X,N-1,N);

Y = ones(N-1,N); % Initialize Y and D matrices.
D = eye(N); % Y is matrix of cumulative sums,
% D differentiation matrices.

for ell = 1:
Y = cumsum([B(ell,:); ell*Y(1:N-1,:).*X]); % Diagonals
D = ellxZ.*(C.*repmat(diag(D),1,N) - D); 7% 0ff-diagonals
D(L) = Y(N,:); % Correct the diagonal
DM(:,:,ell) = D; % Store the current D
end

A.1.3 Computation of Geometry

This program computes the dimensions of two dimensional unit cell. Input pa-
rameter is void fraction of the unit cell.

function [Lx,Ly] = geometry(epsilon)
ltotal=0.044465866e-2; Atotal=ltotal*ltotal;
Asolid=0.24*Atotal; Aoil=(0.76-epsilon)*Atotal;
Agas=epsilon*Atotal; lsolid=sqrt(Asolid);
loil=sqrt(Asolid+Aoil);

Lx(1)=1lo0il/2; Ly(1)=1total-loil;

Lx(2)=Ly(1); Ly(2)=Ly(1);
Lx(3)=Lx(2); Ly(3)=(10il-Lx(2))/2;
Lx(4)=Lx(2); Ly(4)=Ly(3);
Lx(5)=Lx(2); Ly(5)=Ly(1)/2;
Lx(6)=Lx(2); Ly(6)=Ly(5);
Lx(7)=1oil; Ly(7)=Ly(5);
Lx(8)=1loil; Ly(8)=Ly(5);
Lx(9)=Lx(2); Ly(9)=Ly(5);

Lx(10)=Lx(2); Ly(10)=Ly(5);
Lx(11)=Lx(2); Ly(11)=Ly(3);
Lx(12)=Lx(2); Ly(12)=Ly(3);
Lx(13)=Lx(2); Ly(13)=Ly(1);
Lx(14)=Lx(1); Ly(14)=Ly(1);

A.1.4 Preconditioned Conjugate Gradient Algorithm

This program implements Preconditioned Conjugate Gradient algorithm.

% Start PCG (Preconditioned Conjugate Gradient) iterations
function [x,flag] = PCG(r,x,Map,M,W,max_it,tol)

% PCG.m solves the symmetric positive definite

% linear system Ax=b using the Conjugate Gradient
% method with preconditioning.
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% input A REAL symmetric positive definite matrix
YA X REAL initial guess vector

pA b REAL right hand side vector

YA M REAL diagonal preconditioner matrix

% max_it INTEGER maximum number of iterations

) tol REAL error tolerance

b

% output x REAL solution vector

YA error REAL error norm

% iter INTEGER number of iterations performed
yA flag INTEGER: O = solution found to tolerance
/A 1 = no convergence given max_it

flag = 0; iter = 0; % initialization
for iter = 1l:max_it % begin iteration
z = r./M; % Apply diagonal preconditioner diag(M)*z=r
rho = (r’*x(W.*z));
if ( iter > 1 ), beta = rho / rho_1; p = z + betax*p;
else, p = z; end % direction vector
Ap=feval(Map,p);
q = Ap; % Compute Axp;
alpha = rho / (p’*(W.*q) );
X = x + alpha * p; % update approximation vector
r = r - alpha*q; ) compute residual
error = norm(r); % check convergence
if ( error <= tol ), break, end
rho_1 = rho;
end % end iteration
if ( error > tol ) flag = 1; end % no convergence
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A.2 MATLAB Program For Closure Variables

This program computes the closure variables and the coefficients of volume av-

eraged mass transfer equation for packed bed.
clear all, format short e
global Nxp Nyp Nxm Nym Nelm
global wx wy

global X Y XA YA

global Lx Ly

global Kx Ky Mx My

global Rx Ry Qx Qy

global Cx Cy

global ul vL

global Restu Restv

global Rest Q

global KUMatrix KVMatrix
global addFx addFy

global addU addV

% Solve Stokes eqn. iteratively with f=(kx,ky)
% Note that for convenience velocity U is scaled as mu*U

% for each porosity kx values are calculated manually
% to give the right values of intrinsic velocities.
keps=[

.74000, 14.2096; 0.73888, 14.3143; 0.73556, 14.628;
.73010, 15.1577; 0.72262, 15.9114; 0.71331, 16.897;
.70235, 18.131; 0.69000, 19.6268; 0.67653, 21.397;
.66225, 23.45; 0.64747, 25.7887; 0.63253, 28.401;
.61775, 31.262; 0.60347, 34.3215; 0.59000, 37.5075;
.57765, 40.716; 0.56669, 43.82; 0.55738, 46.666;
.54990, 49.105; 0.54444, 50.977; 0.54112, 52.155;
.54000, 52.559];

O O O O O O o o

for iter=1:length(keps)

% Flow Parameters
epsilon=keps(iter,1); kx=keps(iter,2);
mu=9.5e-5; ky=0;

% Iteration Parameters
max_it = 1000; tol = 1le-7;

[Lx,Lyl=geometry(epsilon);

% Grid Parameters
Nx=5; Ny=5; Nelm=14; % All elements have the same resolution
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% Grid Setup

/A

%  Typical Element Geometry
b byL

b y=1  |---- |

b bx0 | X,Y | bxL

b y=—1 |---—- |

b x=-1 by0 =x=1

/A

Nxp=Nx+1; Nyp=Ny+1l; Nxm=Nx-1; Nym=Ny-1;
[wx,x]=Lobatto(Nx); wx=wx(:); % x is of size Nxp
[wy,yl=Lobatto(Ny); wy=wy(:); % y is of size Nyp
[X Y]=meshgrid(x,y); X=X’; Y=Y’;

% internal and boundary indices in vector form
in=find(abs(X)~“=1 & abs(Y)~=1);
bo=find(abs(X)==1 | abs(Y)==1);

bx0=find (X==-1); bxL=find(X==1);
byO=find(Y==-1); byL=find(Y==1);

% internal and boundary indices in matrix form
[ini,injl=find(abs(X)"=1 & abs(Y)~=1);
[boi,bojl=find(abs(X)==1 | abs(Y)==1);
[bx0i,bx0j]=find(X==-1); [bxLi,bxLj]=find(X==1);
[by0i,by0jl=find(Y==-1); [byLi,byLjl=find(Y==1);

NxO=size (bx0i); NxL=size(bxLi);
NyO=size(by0i); NyL=size(byLi);

% Diff Setup
Dx=poldif(x,1); Dx=Dx(:,:,1);
Dy=poldif(y,1); Dy=Dy(:,:,1);

% Integration Matrices

Mx=diag(wx); My=diag(wy); % velocity mass matrices
Kx=Dx’*Mx*Dx; Ky=Dy’*My*Dy;

for n=1:Nxm, Lmnx=legendre(n-1,x); Legx(:,n)=Lmnx(1,:)’; end
for n=1:Nym, Lmny=legendre(n-1,y); Legy(:,n)=Lmny(1,:)’; end
Qx=Mxx*Legx; Qy=My*Legy;

Rx=Dx’*Mx*Legx; Ry=Dy’*My*Legy;

Cx=Mx*Dx; Cy=My#*Dy; % for closure variables

% Pressure mass matrices

Px=Legx’*Mx*Legx; Py=Legy’*Myx*Legy;

% Actual Geometry

% --—-—> k : applied pressure gradient
b
% Lyl+Ly3 /solid/|--sym--|----sym----|--sym--|/solid/
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h /7777771 5 | 8 9 1/////77]

/A 1[//777//1-====-- | -———— |-—————- /7777771
/A \//777//7v 3 /77777777770 A1 A////777]
b Lyl|-—--—-- | -=————- /77777777771 -====== | -—=———- |
b k-—> 1t | 2 [|///solid///] 13 | 14 |
/A 0 |-—=-—- | -————-- /7777777777 ======= | -—————- |
/A /7777770 4 /77777777770 12 1///////]
h /7777771 -====—- | -———mm | -—————- /7777771
/A /7777771 6 | 7 |10 1/////771
YA -Ly4 /solid/|--sym--|----sym----|--sym--|/solid/
/A

yA 0 Lx1  Lx2+Lx1

/A

% for each epsilon values all of the
% coefficients will be calculated

% SUBDOMAIN 1
elm=1;
Lx1=Lx(elm); Lyl=Ly(elm);
x1=Lx1*(x+1)/2; yl=Lyl*(y+1)/2;
[X1 Y1l=meshgrid(x1,y1); X1=X1’; Y1=Y1’; Yc=Y1(:);
XA(:,:,elm)=X1; YA(:,:,elm)=Y1;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[1:Nxp*Nyp]l; g=t1(length(t1));
g_ind(:,:,elm)=reshape(tl,Nxp,Nyp);

% Dirichlet field > ub,vb
ub=zeros(size(X1)); ub=ub(:);

ub (bx0)=(kx/2) *Yc (bx0) . * (Ly1-Yc (bx0) ) ;
ubL(:,:,elm)=reshape(ub,size(X1));
vb=zeros(size(X1)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X1));
cb=zeros(size(X1)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X1));

% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones (size(X1)); mask=mask(:); mask(bx0)=0;
mask (by0)=0; mask(byL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X1));
MaskvL(:,:,elm)=reshape(mask,size(X1));
mask=ones(size(X1)); mask=mask(:);

mask (by0)=0; mask(byL)=0;
MaskcL(:,:,elm)=reshape (mask,size(X1));
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% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 2
elm=2;
Lx2=Lx(elm); Ly2=Ly(elm);
x2=Lx1+Lx2* (x+1)/2; y2=Ly2*(y+1)/2;
[X2 Y2]=meshgrid(x2,y2); X2=X2’; Y2=Y2’;
XAC:,:,elm)=X2; YA(:,:,elm)=Y2;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]l; g=t1(length(tl));
t2=reshape (t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,1)];

% Dirichlet field > ub,vb
ub=zeros(size(X2)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X2));
vb=zeros(size(X2)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X2));
cb=zeros(size(X1)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X2));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones (size(X2)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X2));
MaskvL(:,:,elm)=reshape (mask,size(X2));
MaskcL(:,:,elm)=reshape(mask,size(X2));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 3
elm=3;
Lx3=Lx(elm); Ly3=Ly(elm);
x3=Lx1+Lx3*(x+1)/2; y3=Lyl+Ly3*(y+1)/2;
[X3 Y3]=meshgrid(x3,y3); X3=X3’; Y3=Y3’;
XA(:,:,elm)=X3; YA(:,:,elm)=Y3;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2,g_ind(:,1,2)];

% Dirichlet field > ub,vb

ub=zeros(size(X3)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X3));
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vb=zeros(size(X3)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X3));
cb=zeros(size(X3)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X3));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones (size(X3)); mask=mask(:);

mask (bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X3));
MaskvL(:,:,elm)=reshape (mask,size(X3));
MaskcL(:,:,elm)=reshape (mask,size(X3));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 4

elm=4;

Lx4=Lx(elm); Ly4=Ly(elm);
x4=Lx1+Lx4x*(x+1)/2; y4=-Ly4+Lyd*(y+1)/2;
[X4 Y4]l=meshgrid(x4,y4); X4=X4’; Y4=Y4’;
XAC:,:,elm)=X4; YA(:,:,elm)=Y4;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]l; g=t1(length(tl));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,2),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X4)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X4));
vb=zeros(size(X4)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X4));
cb=zeros(size(X4)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X4));

% Mask array = O0(Dirichlet); = 1(Otherwise)
mask=ones (size(X4)); mask=mask(:);

mask (bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X4));
MaskvL(:,:,elm)=reshape(mask,size(X4));
MaskcL(:,:,elm)=reshape (mask,size(X4));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 5

elm=5;
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Lx5=Lx(elm); Lyb5=Ly(elm);
x5=Lx1+Lx5*(x+1)/2; yb=Ly1l+Ly3+Lyb5*(y+1)/2;
[X5 Y5]=meshgrid(x5,y5); X5=X5’; Y5=Y5’;
XA(:,:,elm)=X5; YA(:,:,elm)=Y5;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape (t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2,g_ind(:,1,3)];

% Dirichlet field > ub,vb
ub=zeros(size(X5)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X5));
vb=zeros(size(X5)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X5));
cb=zeros(size(X5)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X5));

% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones (size (X5)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape (mask,size(X5));
MaskcL(:,:,elm)=reshape (mask,size(X5));
mask=ones (size(X5)); mask=mask(:);

mask (bx0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X5));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 6
elm=6;
Lx6=Lx(elm); Ly6=Ly(elm);
x6=Lx1+Lx6* (x+1)/2; y6=-Ly4-Ly6+Ly6*(y+1)/2;
[X6 Y6]=meshgrid(x6,y6); X6=X6’; Y6=Y6’;
XA(:,:,elm)=X6; YA(:,:,elm)=Y6;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,4),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X6)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X6));
vb=zeros(size(X6)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X6));
cb=zeros(size(X6)); cb=cb(:);
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cbL(:,:,elm)=reshape(cb,size(X6));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones (size(X6)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape(mask,size(X6));
MaskcL(:,:,elm)=reshape (mask,size(X6));
mask=ones (size(X6)); mask=mask(:);

mask (bx0)=0; mask(by0)=0;
MaskvL(:,:,elm)=reshape (mask,size(X6));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 7
elm=7;
Lx7=Lx(elm); Ly7=Ly(elm);
X7=Lx1+Lx2+Lx7*(x+1) /2; y7=-Ly4-Ly7+Ly7*(y+1)/2;
(X7 Y7]=meshgrid(x7,y7); X7=X7’; Y7=YT7’;
XAC:,:,elm)=X7; YA(:,:,elm)=Y7;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxpl; g=t1(length(tl));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,6)];

% Dirichlet field > ub,vb
ub=zeros(size (X7)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X7));
vb=zeros (size(X7)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X7));
cb=zeros(size(X7)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X7));

% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones (size (X7)); mask=mask(:); mask(byL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X7));
MaskcL(:,:,elm)=reshape (mask,size(X7));
mask=ones (size(X7)); mask=mask(:);

mask (by0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X7));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 8
elm=8;
Lx8=Lx(elm); Ly8=Ly(elm);
x8=Lx1+Lx2+Lx8* (x+1)/2; y8=Lyl+Ly3+Ly8*(y+1)/2;
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[X8 Y8]=meshgrid(x8,y8); X8=X8’; Y8=Y8’;
XA(:,:,elm)=X8; YA(:,:,elm)=Y8;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,5)];

% Dirichlet field > ub,vb
ub=zeros(size(X8)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X8));
vb=zeros(size(X8)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X8));
cb=zeros(size(X8)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X8));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones (size(X8)); mask=mask(:); mask(by0)=0;
MaskuL(:,:,elm)=reshape (mask,size(X8));
MaskcL(:,:,elm)=reshape (mask,size(X8));
mask=ones(size(X8)); mask=mask(:);

mask (by0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X8));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 9
elm=9;
Lx9=Lx(elm); Ly9=Ly(elm);
x9=Lx1+Lx2+Lx8+Lx9* (x+1)/2; y9=Lyl+Ly3+Ly9*(y+1)/2;
[X9 Y9]=meshgrid(x9,y9); X9=X9’; Y9=Y9’;
XA(C:,:,elm)=X9; YA(:,:,elm)=Y9;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,8)];

% Dirichlet field > ub,vb
ub=zeros(size(X9)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X9));
vb=zeros(size(X9)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X9));
cb=zeros(size(X9)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X9));

% Mask array = O(Dirichlet); = 1(Otherwise)
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mask=ones (size(X9)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X9));
MaskcL(:,:,elm)=reshape(mask,size(X9));
mask=ones (size(X9)); mask=mask(:);

mask (bxL)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape (mask,size(X9));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 10
elm=10;
Lx10=Lx(elm); Ly10=Ly(elm);
x10=Lx1+Lx2+Lx7+Lx10% (x+1)/2;
y10=-Ly4-Ly10+Ly10% (y+1)/2;
[X10 Y10]=meshgrid(x10,y10);
X10=X10’; Y10=Y10’;
XA(C:,:,elm)=X10; YA(:,:,elm)=Y10;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,7)];

% Dirichlet field > ub,vb
ub=zeros(size(X10)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X10));
vb=zeros(size(X10)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X10));
cb=zeros(size(X10)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X10));

% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones (size(X10)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X10));
MaskcL(:,:,elm)=reshape(mask,size(X10));
mask=ones (size(X10)); mask=mask(:);

mask (bxL)=0; mask(by0)=0;
MaskvL(:,:,elm)=reshape (mask,size(X10));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 11
elm=11;
Lx11=Lx(elm); Lyl1=Ly(elm);
x11=Lx1+Lx2+Lx8+Lx11*(x+1)/2; yl1=Lyl+Lylix*(y+1)/2;
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[X11 Y11]l=meshgrid(x11,y11); X11=X11’; Y11=Y11’;
XA(:,:,elm)=X11; YA(:,:,elm)=Y11;

% Local(i,j,e) <-—> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,9),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X11)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X11));
vb=zeros(size(X11)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X11));
cb=zeros(size(X11)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X11));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X11)); mask=mask(:);

mask (bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X11));
MaskvL(:,:,elm)=reshape (mask,size(X11));
MaskcL(:,:,elm)=reshape(mask,size(X11));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 12
elm=12;
Lx12=Lx(elm); Ly12=Ly(elm);
x12=Lx1+Lx2+Lx7+Lx12* (x+1)/2;
y12=-Ly12+Ly12*x (y+1)/2;
[X12 Y12]=meshgrid(x12,y12);
X12=X12’; Y12=Y12’;
XAC:,:,elm)=X12; YA(:,:,elm)=Y12;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]l; g=t1(length(tl));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2, g_ind(:,1,10)];

% Dirichlet field > ub,vb
ub=zeros(size(X12)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X12));
vb=zeros(size(X12)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X12));
cb=zeros(size(X12)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X12));
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% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones(size(X12)); mask=mask(:);

mask (bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X12));
MaskvL(:,:,elm)=reshape(mask,size(X12));
MaskcL(:,:,elm)=reshape(mask,size(X12));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% SUBDOMAIN 13
elm=13;
Lx13=Lx(elm); Ly13=Ly(elm);
x13=Lx1+Lx2+Lx8+Lx13*(x+1)/2; y13=Ly13x*(y+1)/2;
[X13 Y13]=meshgrid(x13,y13); X13=X13’; Y13=Y13’;
XA(:,:,elm)=X13; YA(:,:,elm)=Y13;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-2*Nxpl; g=t1(length(t1));
t2=reshape (t1,Nxp,Nyp-2);
g_ind(:,:,elm)=[g_ind(:,Nyp,11),t2,g_ind(:,1,12)];

% Dirichlet field > ub,vb
ub=zeros(size(X13)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X13));
vb=zeros(size(X13)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X13));
cb=zeros(size(X13)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X13));

% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones (size(X13)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape (mask,size(X13));
MaskvL(:,:,elm)=reshape (mask,size(X13));
MaskcL(:,:,elm)=reshape (mask,size(X13));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

’% SUBDOMAIN 14
eln=14;
Lx14=Lx(elm); Ly14=Ly(elm);
x14=Lx1+Lx2+Lx8+Lx13+Lx14* (x+1)/2; yl14=Lyl14x(y+1)/2;
[X14 Y14]=meshgrid(x14,y14); X14=X14’; Y14=Y14’;
XA(:,:,elm)=X14; YA(:,:,elm)=Y14;

% Local(i,j,e) <-—> Global(kount) indexing
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t1=[g+1:g+Nxp*Nyp-Nxp]l; g=t1(length(tl));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,13)];

% Dirichlet field > ub,vb
ub=zeros(size(X14)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X14));
vb=zeros(size(X14)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X14));
cb=zeros(size(X14)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X14));

% Mask array = O(Dirichlet); = 1(Otherwise)
mask=ones(size(X14)); mask=mask(:);

mask (by0)=0; mask(byL)=0;
MaskuL(:,:,elm)=reshape (mask,size(X14));
MaskcL(:,:,elm)=reshape(mask,size(X14));
mask=ones (size(X14)) ;mask=mask(:);

mask (bxL)=0;mask (by0)=0;mask (byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X14));

% Initial pressure
pO=zeros (Nxm,Nym) ; pL(:,:,elm)=p0;

% Local(i,j,e) = Q * Global(ind)
BrmL=zeros (Nxp,Nyp,Nelm) ;
g_size=g;
for is=1:g_size
Brm=zeros(g_size,1); Brm(is,1)=1;
for e=1:Nelm, for j=1:Nyp, for i=1:Nxp
ind=g_ind(i,j,e);
BrmL(i, j,e)=Brm(ind,1);
end, end, end
QC:,is)=BrmL(:);
end

% Construct Mask operator

for e=1:Nelm, for j=1:Nyp, for i=1:Nxp
ind=g_ind (i, j,e);
Masku(ind)=MaskuL(i,j,e);
Maskv(ind)=MaskvL(i,j,e);
Maskc (ind)=MaskcL(i,j,e);

end, end, end

Masku=Masku(:); Maskv=Maskv(:);

MaskuL=MaskuL (:); MaskvL=MaskvL(:);

MaskcL=MaskcL(:); MaskcL=MaskcL(:);

% Construct Restriction operator
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Msk=diag(Masku); [iMsk, jMsk]=find(Msk==1); Restu=[Msk(iMsk,:)];
Msk=diag(Maskv); [iMsk, jMsk]=find(Msk==1); Restv=[Msk(iMsk,:)];
Msk=diag(Maskc); [iMsk,jMsk]=find(Msk==1); Restc=[Msk(iMsk,:)];

% Construct the Matrix operator for velocity equation

KUM=zeros (Nxp*Nyp*Nelm,Nxp*Nyp*Nelm) ;

for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
KL(:,:,e)=(Lye/Lxe) *kron(My,Kx)+(Lxe/Lye)*kron (Ky,Mx) ;
a(:,:,e)=zeros(Nelm,Nelm); a(e,e,e)=1;
tmp=kron(a(:,:,e) ,KL(:,:,e));
KUM=KUM+tmp;

end

KUMatrix=Restu*(Q’*KUM*xQ*Restu’; KVMatrix=Restv*Q’*KUM*xQ*Restv’;

% Forcing vector integral
fx=kx*ones(size(X)); fy=ky*ones(size(X));
for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
Fx(:,:,e)=(LxexLye/4)*Mx*fx(:,:)*My’;
Fy(:,:,e)=(LxexLye/4)*Mx*xfy(:,:)*My’;
end

% Dirichlet Velocity Field integral

for e=1:Nelm

Lxe=Lx(e); Lye=Ly(e);
Kub(:,:,e)=(Lye/Lxe)*Kx*ubL(:,:,e)*My’+(Lxe/Lye) *Mx*ubL(:,:,e)*Ky’;
Kvb(:,:,e)=(Lye/Lxe) *Kx*vbL(:,:,e)*My’+(Lxe/Lye)*Mx*vbL(:,:,e)*Ky’;
end

% Diagonal pressure mass matrix as pressure preconditioner
Prcp=[];
for e=1:Nelm
Prc=(Lx(e)*Ly(e)/4)*diag(kron(Py,Px)); Prc=Prc(:);
Prcp=[Prcp; Prcl;
end

p=pL(:); % input initial pressure

% Compute the pressure residual
addFx=Fx-Kub; addU=ubL;
addFy=Fy-Kvb; addV=vbL;
resp=-SMap(p) ;

% Start PCG iterations for pressure
addFx=zeros(size(addFx)); addU=zeros(size(addlU));
addFy=zeros(size(addFy)); addV=zeros(size(addV));
W=ones (Nxm*Nym*Nelm,1); W=1./W;
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[p,flagp] = PCG(resp,p,@SMap,Prcp,W,max_it,tol);
if (flagp==1), flagp, end

% Compute velocity as a byproduct of SMap given the
% correct pressure p

addFx=Fx-Kub; addU=ubL;

addFy=Fy-Kvb; addV=vbL;

resp=SMap (p) ;

ulL=uL/mu; vL=vL/mu;

divergence=norm(resp) % check the divergence

% Calculation of intrinsic volume average of ulL and vL

TulL=[]; IvL=[]; area=[];

for i=1:Nelm
area(i)=Lx(i).*Ly(i);
TuL(i)=(wx’*uL(:,:,i)*wy)*(area(i)/4);
IvL(i)=(wx’*vL(:,:,i)*wy)*(area(i)/4);

end

uav=sum(IuL)/sum(area) ; % intrinsic volume average velocity for u
% vav=sum(IvL)/sum(area); % intrinsic volume average velocity for v
vav=0; % due to symmetry

% Deviation field for x and y directions
udev=ulL-uav; vdev=vL-0;

% Construct the Matrix operator for closure equation
KUM=zeros (Nxp*Nyp*Nelm, Nxp*Nyp*Nelm) ;
Dab=7.2144e-9; Diff=Dab*ones(size(X)); Diff=Diff(:);

for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
L1=(Lye/Lxe)*kron(My,Kx)+(Lxe/Lye) *kron(Ky,Mx) ;L1=diag(Diff)*L1;
utmp=uL(:,:,elm); utmp=utmp(:); vtmp=vL(:,:,elm); vtmp=vtmp(:);
L2=(Lye/2)*diag(utmp)*kron(My,Cx)+(Lxe/2) *diag(vtmp) *kron(Cy,Mx) ;
KL(:,:,e)=L2-L1;
a(:,:,e)=zeros(Nelm,Nelm); a(e,e,e)=1;
tmp=kron(a(:,:,e) ,KL(:,:,e));
KUM=KUM+tmp;

end

KCMatrix=Restc*(Q’*KUM*Q*Restc’;

% Forcing vector integral

fx=udev; fy=vdev; fz=(1/epsilon)*ones(size(X));

for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
Fx(:,:,e)=(LxexLye/4)*Mxxfx(:,:,e)*My’;
Fy(:,:,e)=(Lxe*Lye/4) *Mxxfy(:,:,e)*My’;
Fz(:,:,e)=(LxexLye/4)*Mxxfz(:,:)*My’;

end
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% Compute closure variables
BOurhs =Restc*Q’*Fx(:); bOu=KCMatrix\BOurhs; BOUL=Q*Restc’*bOu;
BOvrhs =Restc*Q’*Fy(:); bOv=KCMatrix\BOvrhs; BOVL=Q*Restc’*b0v;
Psirhs =Restc*Q’*Fz(:); psi=KCMatrix\Psirhs; Psil=Q*Restc’*psi;

bOuL=reshape (BOUL, [Nxp Nyp Nelm]);
bOvL=reshape (BOVL, [Nxp Nyp Nelm]);
psil=reshape(PsiL, [Nxp Nyp Nelm]);

% Calculation of uc and avk

Tucl=[]; IvcL=[]; Ipsil=[];

for i=1:Nelm
area(i)=Lx(i)*Ly(i);
TucL(i)=(wx’*bOul(:,:,1i)*wy)*(area(i)/4);
IvcL(i)=(wx’*bOvL(:,:,i)*wy)*(area(i)/4);
Ipsil(i)=(wx’*psil(:,:,i)*wy)*(area(i)/4);

end

ucav=sum(JIucL)/sum(area); vcav=sum(IvcL)/sum(area);

psiav=sum(Ipsil)/sum(area); ucx=-ucav/psiav;

vcy=-vcav/psiav; avk=-1/psiav;

% Closure variables
bul=bOuL+ucx*psil; bvL=bOvL+vcy*psil; sL=1+avk*psiL;

% Coefficients in the Volume Averaged Equation u_alpha is

% calculated as ucx and vcy avk is calculated before too

% Calculation of d_alpha in x and y directions

IdxcL=[]; IdycL=[]; IDxxcL=[]; IDxycL=[]; IDyxcL=[]; IDyycL=[];

for i=1:Nelm
area(i)=Lx(i)*Ly(i);
IdxcL(i)=(wx’*(udev(:,:,i) .*sL(:,:,1i))*wy)*(area(i)/4);
IdycL(i)=(wy’*(vdev(:,:,1) .*sL(:,:,1))*wy)*(area(i)/4);
IDxxcL(i)=(wx’*(udev(:,:,i) .*¥buL(:,:,i))*wx)*(area(i)/4);
IDxycL(i)=(wx’*(udev(:,:,i).*bvL(:,:,1))*wy)*(area(i)/4);
IDyxcL(i)=(wy’*(vdev(:,:,i) .*¥buL(:,:,i))*wx)*(area(i)/4);
IDyycL(i)=(wy’*(vdev(:,:,1i).*¥bvL(:,:,1))*wy)*(area(i)/4);

end

Atotal=sum(area)/epsilon;

dxc=sum(IdxcL)/Atotal; dyc=sum(IdycL)/Atotal;

Dxxc=sum(IDxxcL)/Atotal; Dxyc=sum(IDxycL)/Atotal;

Dyxc=sum(IDyxcL)/Atotal; Dyyc=sum(IDyycL)/Atotal;

Dxxc = Dab*epsilon - Dxxc; Dxyc = - Dxyc;

Dyxc = - Dyxc; Dyyc = Dab*epsilon - Dyyc;

coef (iter,:)=[epsilon,uav,avk,ucx,vcy,dxc,dyc,Dxxc,Dxyc,Dyxc,Dyyc] ;

save coefcheb coef % Write the results to Coeff Matrix

clear MaskuL MaskvL MaskcL % clearing some variables to reuse

end
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