
MATHEMATICAL MODELING OF SUPERCRITICAL FLUID
EXTRACTION OF BIOMATERIALS

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES

OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY
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Chemical Engineering Dept., Ankara University

Date: July 20th, 2007



I hereby declare that all information in this document has been ob-
tained and presented in accordance with academic rules and ethical
conduct. I also declare that, as required by these rules and conduct,
I have fully cited and referenced all material and results that are not
original to this work.

Name, Last name : Halil İbrahim Çetin

Signature :

iii



ABSTRACT

MATHEMATICAL MODELING OF SUPERCRITICAL FLUID

EXTRACTION OF BIOMATERIALS

Çetin, Halil İbrahim

Ph. D., Department of Food Engineering

Supervisor: Assoc. Prof. Dr. M. Esra Yener

Co-Supervisor: Assoc. Prof. Dr. Hakan I. Tarman

July 2007, 102 pages

Supercritical fluid extraction has been used to recover biomaterials from natural

matrices. Mathematical modeling of the extraction is required for process design

and scale up. Existing models in literature are correlative and dependent upon

the experimental data. Construction of predictive models giving reliable results

in the lack of experimental data is precious.

The long term objective of this study was to construct a predictive mass trans-

fer model, representing supercritical fluid extraction of biomaterials in packed

beds by the method of volume averaging. In order to develop mass transfer

equations in terms of volume averaged variables, velocity and velocity deviation

fields, closure variables were solved for a specific case and the coefficients of

volume averaged mass transfer equation for the specific case were computed us-

ing one and two-dimensional geometries via analytical and numerical solutions,

respectively. Spectral Element method with Domain Decomposition technique,

Preconditioned Conjugate Gradient algorithm and Uzawa method were used for

the numerical solution.
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The coefficients of convective term with additional terms of volume averaged

mass transfer equation were similar to superficial velocity. The coefficients of dis-

persion term were close to diffusivity of oil in supercritical carbon dioxide. The

coefficients of interphase mass transfer term were overestimated in both geome-

tries. Modifications in boundary conditions, change in geometry of particles and

use of three-dimensional computations would improve the value of the coefficient

of interphase mass transfer term.

Keywords: Mathematical Modeling, Volume Averaging, Supercritical Fluid Ex-

traction, Spectral Element Method, Domain Decomposition
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ÖZ

BİYOMALZEMELERİN SÜPERKRİTİK AKIŞKANLARLA

EKSTRAKSİYONUNUN MATEMATİKSEL MODELLENMESİ

Çetin, Halil İbrahim

Doktora, Gıda Mühendisliği Bölümü

Tez Yöneticisi: Doç. Dr. M. Esra Yener

Ortak Tez Yöneticisi: Doç. Dr. Hakan I. Tarman

Temmuz 2007, 102 sayfa

Süperkritik akışkan ekstraksiyonu doğal yapılardan biyomalzemelerin elde edil-

mesinde kullanılmaktadır. Proses tasarımında ve tasarımın gerçekleştirilmesinde

ekstraksiyonun matematiksel modellenmesi gereklidir. Literatürdeki modeller i-

lişkili modellerdir ve deneysel verilere bağımlıdırlar. Güvenilir sonuçlar veren

tahmin edici modellerin oluşturulması önemlidir.

Bu çalışmanın uzun vadeli amacı dolgulu yataklarda süperkritik akışkan

ekstraksiyonunun tahmin edici bir kütle iletimi modelinin hacimsel ortalama

yöntemi ile oluşturulmasıdır. Hacimsel ortalanmış değişkenler kullanılarak kütle

iletimi denklemlerinin geliştirilmesi için hız ve hız sapma alanları, kapanma

değişkenleri belirli bir durum için çözülmüş ve hacimsel ortalama yöntemiyle

geliştirilmiş kütle iletimi denkleminin katsayıları bir ve iki-boyutlu geometriler

için analitik ve sayısal yöntemlerle hesaplanmıştır. Sayısal çözüm için; Tanım

Alanı Ayrıştırma tekniğiyle Spektral Eleman yöntemi bileşimi, Önkoşullandırıl-

mış İkili Değişim algoritması ve Uzava yöntemleri kullanılmıştır.

Yeni terimler eklenmiş halde hacimsel ortalanmış kütle iletim denkleminin
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konvektif teriminin katsayıları ortalama hızla aynı büyüklükte bulundu. Dağılım

terimi katsayıları yağın süperkritik karbon dioksit içindeki difüzyon değerine

yakın hesaplandı. Fazlar arası kütle iletim teriminin katsayıları her iki geometri

için, olduğundan büyük bulundu. Sınır koşullarının geliştirilmesi, parçacık ge-

ometrisinde değişiklik ve üç-boyutlu hesaplamaların yapılması fazlar arası kütle

iletim katsayısı değerini geliştirecektir.

Anahtar Kelimeler: Matematiksel Modelleme, Hacimsel Ortalama, Süperkritik

Akışkan Ekstraksiyonu, Spektral Eleman Yöntemi, Alan Ayrıştırması
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CHAPTER 1

INTRODUCTION

A supercritical fluid is generated above its critical pressure and temperature and

has both gas and liquid-like properties. Diffusivities of supercritical fluids are

close to liquids and their viscosities are close to gases (Table 1.1) [1].

Table 1.1: Physical Properties of Different Fluid States.

State of Fluid Density Diffusivity Viscosity
(kg/m3) (m2/s) (kg/m.s)

Gas 0.6− 2 1× 10−5 − 4× 10−5 1× 10−5 − 3× 10−5

Liquid 600− 1600 0.2× 10−9 − 2× 10−9 0.2× 10−3 − 3× 10−3

Supercritical
P=Pc, T=Tc 200− 500 7× 10−8 1× 10−5 − 3× 10−5

P=4Pc, T=Tc 400− 900 2× 10−8 3× 10−5 − 9× 10−5

Solvating power of supercritical fluids is adjustable with pressure enabling

extraction and fractionation of biomaterials due to the change in their densities.

Gas-like properties of supercritical fluids enhance mass transfer rates during ex-

traction. Supercritical fluids have many applications both in laboratory and in

industry, besides extraction of biomaterials from natural matrices. These appli-

cations include enzymatic or non-enzymatic reactions, particle formation through

crystallization, and supercritical fluid extrusion [2, 3].

Critical temperatures and pressures of some supercritical fluids are presented

in Table 1.2 [4]. Although, these fluids exhibit a broad range of solubility be-

haviour, their usage are restricted. Ammonia is not used due to corrosion and

toxicity hazards. Since ethane and ethene are highly flammable, their usage un-
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der high pressures requires special safety considerations. Methanol possesses a

high solvent strength, but due to its high critical temperature it is added to other

solvents as a co-solvent. Although critical temperature and pressure of N2O are

similar to those of CO2, notable differences in extraction efficiencies are reported

due to its small permanent dipole structure [4]. N2O is better than CO2 at

displacing solutes from adsorption sites on matrix. However, stability problem

of N2O restricts its usage as a supercritical solvent [3]. Promising results are

reported for chlorodiflouromethane for the extraction of polar solutes due to its

high dipole moment [5].

Table 1.2: Critical Properties of Selected Fluids

Fluid Critical Temperature Critical pressure
◦C (bar)

Ethene 9.9 50.5
Trifluoromethane 25.9 46.9
Chlorotrifluoromethane 28.8 39.0
Carbon dioxide 31.0 73.8
Ethane 32.2 48.2
Nitrous oxide 36.5 71.7
Sulphur hexafluoride 45.6 37.7
Prophene 91.9 45.4
n-propane 96.8 42.4
Methanol 240.1 80.9
Ammonia 132.4 113.5
Water 374.4 221.2
Chlorodifluoromethane 96.3 49.7

CO2 is the most widely used supercritical fluid especially in food science

due to the safety requirements. CO2 is a GRAS (generally regarded as safe)

substance. Supercritical CO2 is neither combustible nor explosive. It is inert in

nature, and has no risk of side reactions. It is a colorless and odorless compound

and less harmful to the environment than traditional solvents. Furthermore,

it is easily obtained in commercial quantities at reasonable prices [3]. CO2 is

gaseous at room temperature and pressure, and can be separated from the extract

by depressurization. Low critical temperature of CO2 provides extraction of
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thermally liable biomaterials at low temperatures. However, it is used mostly

in extraction of non-polar solutes due to no permanent dipole in its structure.

Addition of polar solvents such as methanol, ethanol, acetone, water is required

for extraction of polar solutes ( 1-5 % wt/wt) [4].

Supercritical CO2 is used both in commercial and laboratory scale in food

science. Extraction of alpha acids and hop oils, decafeination of coffee and tea,

extraction of flavors and fragrances with supercritical CO2 are examples of com-

mercial scale applications. In laboratory scale, common applications are extrac-

tion of edible oils, fats and waxes, with or without fractionation, extraction of

alkoloids from vegetable matrices, purification of contaminated materials from

pesticides [6].

1.1 Mathematical Modeling

Besides being main requirements to build up a commercial scale equipment or

process, mathematical models of phase equilibria and mass transfer give infor-

mation about the physical mechanism of extraction and separation processes.

Optimization of process and maintaining the process at optimum conditions via

process control are performed with mathematical models.

Two types of extraction curves are observed in supercritical fluid extraction

in packed beds. In the extraction from ground materials, the exit solute con-

centration of packed bed is constant until at a specific time then starts to fall.

Extraction of natural oils from crushed seeds, hops extraction are the exam-

ples of this category. In the extraction from unground materials, the exit solute

concentration starts to fall at the beginning of the extraction. Extraction of

caffeine from whole coffee beans, peanut oil extraction from whole peanuts are

the examples of this category [7].

Extract is normally found in specific cell structures which grinding breaks

down to some extent and part of the extract becomes freely available, depending

upon the degree of grinding. The rest stays in these specific structures which

cause more mass transfer resistance.
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Three types of mechanisms are identified during supercritical fluid extraction

in packed beds. Supercritical fluid firstly dissolves excess free solute on the

surface of the particles at the beginning of the extraction. The restriction is

solubility of solute in supercritical fluid and convective mass transfer rate of

solute from particle surface to fluid. Consequently, the exit solute concentration

is constant until the free solute on surface of particles becomes limited. At this

point second mechanism becomes important where diffusion of free solute inside

the particles to the surface takes place. This leads to decrease in convective mass

transfer rate of solute to bulk phase. Therefore, exit solute concentration starts

to decrease. When free solute inside the solid part is finished, third mechanism

where the extraction of solute bound to cell structures takes place which has the

highest resistance to mass transfer [6] and is not significant.

Various mathematical models are available in literature to describe this phe-

nomenon. These models are classified into two categories; correlative models

which aim at obtaining models based on experimental data and predictive mod-

els which aim at obtaining experimental results via development of theory. Reli-

ability of correlative models outside the experimental conditions is questionable.

On the other hand, predictive models provides some insight to the mechanism

of extraction.

1.2 Correlative Models

Correlative models are divided into two categories: empirical models which do

not take the physical mechanism into account and mathematical models based

on integral mass balances [8] for solute in solid and fluid phases.

1.2.1 Empirical Models

Empirical models are mathematical equations which represent the experimental

data. In the study of Zekovic et al., [9] the extraction kinetics of thyme was

expressed by using analogy with first order reaction kinetics. Kim and Hong,

[10] developed an extraction model by assuming linear irreversible desorption
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kinetics. Extraction of olive husk oil was modeled by a simple empirical model

in the study of Esquivel et al. [11].

1.2.2 Mass Transfer Models

According to the derivations of the models based on integral mass balances for

solute, these models are further divided into two categories. First category uses

the heat and mass transfer analogy to describe the physical mechanism. Esquivel

et al., [11] developed a model for extraction of olive husk oil by using the equa-

tions for cooling of a hot sphere in a cold fluid. In the study of Gaspar et al.,

[12] extraction of essential oils was modeled like heat loss from infinite slab to

surrounding medium. Subra et al., [13] used the cooling equations of a hot sphere

immersed into a cold fluid.

Second category uses the integral mass balances for solute in the solid and

fluid phases and comprises most of the studies reported in the literature. The

differences in these studies are due to their assumptions and boundary conditions,

used to simplify the differential equations.

Since packed beds are in cylindrical geometry, the general equation for the

conservation of chemical species A is expressed as;

∂cA

∂t
+ vr

∂cA

∂r
+

vθ

r

∂cA

∂θ
+ vz

∂cA

∂z

= ċA,G +
1

r

∂

∂r
(rD

∂cA

∂r
) +

1

r2

∂

∂θ
(D

∂cA

∂θ
) +

∂

∂z
(D

∂cA

∂z
). (1.1)

The following assumptions and necessary simplifications provide the integral

mass balance for solute in differential volume in both fluid and solid phases.

Assumptions

1. Physical properties are constant along the packed bed.

2. Volume of the solid does not change due to the extraction.

3. Porosity (ε) change due to extraction is negligible.

4. For fluid phase vr and vθ are zero.
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5. In r and θ direction, diffusion is not important.

6. Solute is taken as one pseudo-component.

7. For solid phase only diffusion in r direction is important.

If the concentrations are taken on pure solvent and pure solid bases; integral

mass balance for solute in fluid phase was written as;

ρfε
∂y

∂t
+ ρfεvz

∂y

∂z
= J + ρfDL

∂2y

∂z2
. (1.2)

Integral mass balance for solute in solid phase;

ρs(1− ε)
∂x

∂t
= −J +

ρs

r

∂

∂r
(rDe

∂x

∂r
). (1.3)

Boundary and Initial Conditions;

y = 0 at t = 0 for fast pressurization systems (1.4)

y = y∗ at t = 0 for slow pressurization systems (1.5)

y = 0 at z = 0 (1.6)

∂y

∂z
= 0 at z = L (1.7)

x = x0 at t = 0 (1.8)

∂x

∂r
= 0 at r = 0 (1.9)

De

(
∂x

∂r

)

r=R

= kfa(y∗ − y) at r = R (1.10)

y∗ = Kx∗ linear equilibrium model (1.11)

The effect of axial dispersion term (DL
∂2y
∂z2 ) was found to be unimportant

[14, 15] and is often neglected.

The studies in literature mainly differed due to the volumetric mass transfer

rate term (J) in the integral mass balance equation for solute. Commonly (J)

was taken as either fluid phase or solid phase mass transfer rate. The volumetric

mass transfer rate J term is equal to kfa(y∗ − y) if fluid side mass transfer rate

is taken into account. Wu and Hou [16] used only fluid side mass transfer rate

with linear equilibrium assumption in the supercritical fluid extraction of egg
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yolk oil from egg yolk powder. Al-Jabari and Weber [17] also used fluid side

mass transfer resistance with linear equilibrium relationship. Kim and Hong [18]

used fluid side mass transfer resistance in their study by assuming that solute

concentration in fluid phase, y, is not dependent upon length of the fixed bed.

The volumetric mass transfer rate (J) term is equal to J = ksa(x−x∗) if only the

diffusion from the solid particle is taken into account like convective mass transfer

[19, 20, 21]. However, there are studies which use the solution of unsteady state

diffusion equation directly [13, 22, 11] in solid phase. Sovova’s model [23] is

the first attempt, which took the physical mechanism into account and used

both resistance terms in the model. This model has been widely used by other

authors with different modifications [24, 25, 14]. Goodarznia and Eikani, 1998,

[22] modified Sovova’s Model by using diffusion equations in solid phase instead

of J = ksa(x− x∗).

1.2.3 Shrinking Core Model

One of the correlative models is the shrinking core model. In this model solute is

homogeneously distributed in the core of a solid particle and there is a strict sepa-

ration between the solute core and solvent. Solute diffuses in solvent through the

pores. Radius of the core decreases due to solute diffusion. Therefore, shrinkage

of solute core occurs.

Based on Figure 1.1, integral mass balance for solute in solvent gives;

∂y

∂t
= −vz

∂y

∂z
− 3kf

Rε
(1− ε)(y − yp(R)). (1.12)

Integral mass balance for solute in pores gives;

εp
∂yp

∂t
=

De

r2

∂

∂r

(
r2∂yp

∂r

)
− ρp

∂x

∂t
(1.13)

where;
∂x

∂t
= f(yp, x). (1.14)

The change in average solute concentration in solid phase is;

∂x̄

∂t
=

3kf

Rε
(y − yp(R)). (1.15)
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R

rc

core

yp

yp

yp

yp

yp

surface film y

x

Figure 1.1: Representation of Shrinking Core

The change in solute concentration in solid phase is;

∂x

∂t
=

D

r2

∂

∂r

(
r2∂yp

∂r

)
. (1.16)

The average solid phase concentration is;

x̄ = x0

(
rc

R

)3

. (1.17)

Except the periphery of the core, the solid phase concentration is independent

of time;
∂x

∂t
= 0, r 6= rc. (1.18)

There is a solute solvent equilibrium on the core surface. Extraction of rape

seed oil [26] and β-carotene [27] were modeled by the shrinking core model.

1.3 Predictive Models

Predictive models can be developed by using transport equations and thermody-

namic relations at microscopic scale and solving these equations for macroscopic

scale by using the specific geometry of the medium. Due to the complex ge-

ometry of porous medium and heterogeneous structure of biomaterials, this is a

challenging subject.
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In supercritical fluid extraction, the quantity of ultimate interest is to obtain

total mass transfer rate to supercritical fluid. Taking volume average of transport

equations is useful, leading to a considerable simplification. This approach is

particularly desirable when the solution of original problem requires considerable

effort and if an error is acceptable as much as a 20 or 25 percent [28].

The method of volume averaging is used to rigorously derive continuum equa-

tions for multiphase systems. By this way equations which are valid within a

particular phase can be spatially smoothed to produce equations that are valid

everywhere [29].

1.4 Aim of the Study

Models in supercritical extraction of biomaterials are usually correlative where

the mass transfer rate parameters are found through regression analysis by min-

imizing the objective function which is the difference between the model and

the experimental data [20, 22, 24]. A few number of predictive models were

developed that find mass transfer rate parameters by experimentation or using

necessary correlations [30]. Geometry of the porous medium as well as the phys-

ical properties of materials and experimental conditions affect the values of mass

transfer rate parameters. Therefore, exploring the dependency of mass transfer

rate parameters to geometry of the medium is an important step in the construc-

tion of predictive models. The long term objective was to construct a predictive

mass transfer model, representing supercritical fluid extraction of biomaterials

in packed beds by the method of volume averaging.

Basic equations of transport phenomena and thermodynamic relations are

the starting point for the computations at microscopic scale. Development of

mass transfer equations in terms of volume averaged variables requires solution

of concentration deviation field, expressed in terms of closure variables. Closure

variables are dependent upon the geometry of the medium, velocity and velocity

deviation fields. Therefore, the aim of this study was to solve velocity and veloc-

ity deviation fields, closure variables and to compute the coefficients of volume
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averaged mass transfer equation for a case study using one and two-dimensional

geometries via analytical and numerical solutions, respectively. Spectral Ele-

ment method with Domain Decomposition technique, Preconditioned Conjugate

algorithm and Uzawa method were planned to be used for the numerical solution.
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CHAPTER 2

THE METHOD OF VOLUME AVERAGING

Transport phenomena in porous medium are common in nature and in the in-

dustrial processes. In solving transport phenomena problems in porous medium,

the first step is to describe the configuration of pore walls bounding the flow.

The configuration of pore space, at least in part, is a random function of position

in space. Even if a regular arrangement of spheres is considered, the description

of pore geometry may be too troublesome for most purposes. Volume averaging

provides elimination of position dependence at microscopic scale [28]. Moreover,

measured variables are not real values at a specific location but average values.

Therefore, to make comparison between experimental data and calculations, av-

erage values of variables should be calculated. Instead of averaging at the end,

beginning with averaging firstly provides simpler equations and comparisons at

right scale. For example, in the process of drying a porous medium, one needs to

know how water is transported through the pores to the external surface where

it is removed by warm, dry air. The direct analysis of this process, in terms

of transport equations that are valid within the pores, is essentially impossible

because of the complex structure of the typical porous medium. Rather than

attacking this problem in terms of equations and boundary conditions that are

valid in the pores, the pore-scale information can be used to derive local volume

averaged equations that are valid everywhere. Given these latter equations, the

moisture transport problem can be solved using classical methods [29].

In literature, very good fits may be seen with regression models. However,

regression models explain only the data obtained from specific experiment un-
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der predetermined conditions. It may fail to explain the data obtained under

different conditions. Every term in the model may not have a physical meaning.

There always exist some adjustable parameters that are obtained from regression

analysis. The value of adjustable parameters directly affects the fit of the data to

the model. A model without adjustable parameters and with terms having phys-

ical meaning can only be build by using basic transport equations the method

of volume averaging is a way to perform this aim.

2.1 Volume Averaging

In the porous medium part of the domain is occupied by a persistent solid phase,

called solid matrix. The remaining part, called the void space is occupied either

by a single fluid or by a number of fluid phases [31].

If a spherical averaging volume with a volume of V is taken, it contains both

solid matrix, γ-phase, and void space filled with a fluid, α-phase. The volume of

γ-phase is Vγ and the volume of α-phase is Vα. The center of averaging volume

is denoted by a vector x. Any point in the averaging volume is denoted by the

vector r. This point is also represented as the sum of two vectors x + ξ. All of

these vectors are shown in Figure 2.1

r

ξ

x

α-phase

γ-phase

V

Figure 2.1: Representation of Averaging Volume
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2.1.1 Distribution Function

Distribution function γα is defined, [31, 32] as;

γα(r) =





1, if r is in α-phase;

0, if r is in γ-phase.

(2.1)

2.1.2 Phase Average

Phase average of any variable Ψα is defined as follows. The definitions of Bear

[31], Hassanizadeh & Gray [32] include the distribution function γα(r);

〈Ψα〉(x) =
1

V

∫

V

Ψα(x + ξ)γα(x + ξ)dVξ. (2.2)

2.1.3 Intrinsic Phase Average

If the variable Ψα has a constant value Ψ0, phase average gives a value different

than Ψ0. Therefore, intrinsic phase average is defined. Hassanizadeh & Gray [32],

and Bear [31] defined intrinsic phase average in terms of distribution function

γα(r);

〈Ψα〉α(x) =
1

Vα

∫

V

Ψα(x + ξ)γα(x + ξ)dVξ. (2.3)

The relation between phase average and intrinsic phase average is;

〈Ψα〉 = εα〈Ψ〉α. (2.4)

2.1.4 Deviation Field

Bear [31], Hassanizadeh & Gray [32] defines the deviation field Ψ̃α(x + ξ) as;

Ψ̃α(x + ξ) = Ψα(x + ξ)− 〈Ψα〉α(x). (2.5)

With this definition, intrinsic phase average is taken as constant inside averag-

ing volume and to find the deviation at any point; intrinsic phase average is

subtracted from the value of variable at that point.
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2.1.5 Volumetric Porosity

By taking phase average of distribution function γα(x + ξ), definition of porosity

is obtained.

〈γα〉(x) =
1

V

∫

V

γα(x + ξ)dVξ (2.6)

=
1

V

[∫

Vα

γα(x + ξα)dVα +

∫

Vγ

γα(x + ξγ)dVγ

]

=
1

V

∫

Vα

dVα

=
Vα

V

= εα(x).

2.1.6 Average of an Average

The deviation field is defined previously as follows;

Ψ̃α(x + ξ) = Ψα(x + ξ)− 〈Ψα〉α(x)

If phase average of this equation is taken, one gets

1

V

∫

V

Ψ̃α(x + ξ)γα(x + ξ)dVξ =

1

V

∫

V

Ψα(x + ξ)γα(x + ξ)dVξ − 1

V

∫

V

〈Ψα〉α(x)γα(x + ξ)dVξ

= 〈Ψα〉(x)− 1

V

[∫

Vα

〈Ψα〉α(x)γα(x + ξα)dVα +

∫

Vγ

〈Ψα〉α(x)γα(x + ξγ)dVγ

]

= 〈Ψα〉(x)− εα(x)〈Ψα〉α(x)

= 0.

From this result, it can be stated that;

〈〈Ψα〉α〉 = 〈Ψα〉α. (2.7)
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If intrinsic phase average of this equation is taken, then

1

Vα

∫

V

Ψ̃α(x + ξ)γα(x + ξ)dVξ =

1

Vα

∫

V

Ψα(x + ξ)γα(x + ξ)dVξ − 1

Vα

∫

V

〈Ψα〉α(x)γα(x + ξ)dVξ

= 〈Ψα〉α(x)− 1

Vα

[∫

Vα

〈Ψα〉α(x)γα(x + ξα)dVα +

∫

Vγ

〈Ψα〉α(x)γα(x + ξγ)dVγ

]

= 0.

by using this result;

〈〈Ψα〉α〉α = 〈Ψα〉α. (2.8)

2.1.7 Size of Averaging Volume

Bear [31] defined deviation field related to porosity as;

γ̃α(x + ξ) = γα(x + ξ)− εα(x)

If phase average of this equation is taken,

1

V

∫

V

γ̃α(x + ξ)dVξ =
1

V

∫

V

γα(x + ξ)dVξ − 1

V

∫

V

εα(x)dVξ

〈γ̃α〉(x) = εα(x)− εα(x)

= 0

is obtained.

By using this result, it can be expressed as;

1

V

∫

V

εα(x)dVξ =
1

V

∫

V

γα(x + ξ)dVξ = εα. (2.9)

If an averaging volume is taken and the behaviour of εα(x) value with respect

to size of the averaging volume is examined, it can be seen that this value is

strongly dependent upon the size of the averaging volume. The size of averaging

volume should be large enough when compared to pore size and small enough

when compared to the macroscopic volume. The value of porosity fluctuates as
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the size of averaging volume increases. After a certain size, these fluctuations

vanish and a smooth curve starts as shown in Figure 2.2. The size of the averaging

volume should be in this range. The same behaviour must be valid for the other

variables. Furthermore, at least some part of this range must be common to all

of the variables defined [31]. This is the requirement for continuum approach to

porous medium.

〈Ψα〉

VVmin Vmax

Figure 2.2: Variation of Variable 〈Ψα〉 as a Function of Averaging Volume

Since, volume averaged value is the property of averaging volume and constant

in the averaging volume, it is attributed to the center of averaging volume. As a

result, a continuous function of volume averaged variable is obtained.

2.1.8 General Transport Theorem

During volume averaging of transport equations, it is usual to confront with vol-

ume average of time derivative. Phase average of a time derivative of a quantity

Ψα is;
1

V

∫

V

∂Ψα

∂t

∣∣∣∣
x+ξ

γα(x + ξ)dVξ =

〈
∂Ψα

∂t

〉∣∣∣∣
x

(2.10)

However, time derivative of the volume average is desired instead of volume

average of time derivative. In order to interchange the volume integral with the
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time derivative, general transport theorem is used.

1

V

∫

V

∂Ψα

∂t

∣∣∣∣
x+ξ

γα(x + ξ)dVξ =
d

dt

[
1

V

∫

V

∂Ψα

∂t

∣∣∣∣
x+ξ

γα(x + ξ)dVξ

]

− 1

V

∫

Aαγ(x,t)

Ψα(x + ξ)γα(x + ξ)w · nαγdAξ

where w · nαγ represents the speed of displacement of the α− γ interface. For a

rigid porous medium, it is zero. Then, it can be written that

〈
∂Ψα

∂t

〉∣∣∣∣
x

=
∂〈Ψα〉

∂t
− 1

V

∫

Aαγ(x,t)

Ψα(x + ξ)γα(x + ξ)w · nαγdAξ. (2.11)

2.1.9 Spatial Averaging Theorem

When volume average of any transport equation is taken, the average of a di-

vergence or the average of a gradient is usually encountered. Spatial averaging

theorem can be expressed as;

〈∇Ψα〉(x) = ∇〈Ψα〉(x) +
1

V

∫

Aαγ

nαγΨα(x + ξ)γα(x + ξ)dAξ. (2.12)

The vector form of spatial averaging theorem is given by;

〈∇ ·Ψα〉(x) = ∇ · 〈Ψα〉(x) +
1

V

∫

Aαγ

nαγ ·Ψα(x + ξ)γα(x + ξ)dAξ. (2.13)

2.1.10 Modified Spatial Averaging Theorem

In spatial averaging theorem if the value of Ψα is equal to 1.0 [33]. Then

0 = ∇〈1〉+
1

V

∫

Aαγ

nαγγα(x + ξ)dAξ.

The value of 〈1〉 can be calculated;

〈1〉 =
1

V

∫

V

1 γα(x + ξ)dVξ

= εα(x).

If this result is used, the following relation is obtained;

∇εα(x) = − 1

V

∫

Aαγ

nαγγα(x + ξ)dAξ. (2.14)
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Spatial averaging theorem can be rewritten in modified form;

〈∇Ψα〉(x) =

∇(εα(x)〈Ψα〉α(x)) +
1

V

∫

Aαγ

nαγΨα(x + ξ)γα(x + ξ)dAξ

= 〈Ψα〉α(x)∇εα(x) + εα(x)∇〈Ψα〉α(x) +
1

V

∫

Aαγ

nαγΨα(x + ξ)γα(x + ξ)dAξ

= 〈Ψα〉α(x)

(
− 1

V

∫

Aαγ

nαγγα(x + ξ)dAξ

)
+ εα(x)∇〈Ψα〉α(x)

+
1

V

∫

Aαγ

nαγΨα(x + ξ)γα(x + ξ)dAξ

=
1

V

∫

Aαγ

nαγ(Ψα(x + ξ)− 〈Ψα〉α(x))γα(x + ξ)dAξ + εα(x)∇〈Ψα〉α(x)

= εα(x)∇〈Ψα〉α(x) +
1

V

∫

Aαγ

nαγΨ̃α(x + ξ)γα(x + ξ)dAξ.

Therefore, modified spatial averaging theorem is obtained;

〈∇Ψα〉(x) = εα(x)∇〈Ψα〉α(x) +
1

V

∫

Aαγ

nαγΨ̃α(x + ξ)γα(x + ξ)dAξ. (2.15)

2.1.11 Volume Average of a Product

Volume average of a product is usually encountered if there are convective terms

and written as product of volume average of variables .

〈vαΨα〉 = 〈(〈vα〉α + ṽα)(〈Ψα〉α + Ψ̃α)〉
= 〈〈vα〉α〈Ψα〉α〉+ 〈〈vα〉αΨ̃α〉+ 〈ṽα〈Ψα〉α〉+ 〈ṽαΨ̃α〉
= 〈vα〉〈Ψα〉α + 〈vα〉α〈Ψ̃α〉+ 〈ṽα〉〈Ψα〉α + 〈ṽαΨ̃α〉
= 〈vα〉〈Ψα〉α + 〈ṽαΨ̃α〉. (2.16)

2.1.12 Time Derivative of Volume Fraction

For incompressible fluids it can be written as;

∇ · vα = 0 (2.17)

by using spatial averaging theorem (Equation (2.13));

∇ · 〈vα〉+
1

V

∫

Aαγ

nαγ · vα dA = 0. (2.18)
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On the other hand, General Transport Theorem (Equation (2.11)) can be written

in terms of intrinsic phase average;

〈
∂Ψα

∂t

〉
= 〈Ψα〉α ∂εα

∂t
+ εα

∂〈Ψα〉α
∂t

− 1

V

∫

Aαγ

Ψαw · nαγdA. (2.19)

by taking Ψα = 1, then

∂εα

∂t
=

1

V

∫

Aαγ

w · nαγdA (2.20)

the sum of Equation (2.18) and Equation (2.20) is

∂εα

∂t
+∇ · 〈vα〉 = − 1

V

∫

Aαγ

(vα −w) · nαγdA. (2.21)

2.2 Application to Supercritical Fluid Extrac-

tion

2.2.1 Mathematical Modeling

α-phase

γ-phase

β-phase

Figure 2.3: Representation of Phases in Averaging Volume

Supercritical fluid extraction of oil in laboratory scale packed bed filled with

crushed oil seeds with a specific average particle diameter was taken as a model
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problem in this study. Supercritical CO2 was fed to packed bed with a constant

mass flow rate at constant temperature and pressure. The amount of oil extracted

was recorded as a function of time.

The system is composed of inert solid phase, oil and supercritical CO2 phases.

Both oil and supercritical CO2 phases contain oil and carbon dioxide. The phases

and components are presented in Figure 2.3 and in Table 2.1. Carbon dioxide is

transferred from supercritical CO2 phase to oil phase, and oil is transferred from

oil phase to supercritical CO2 phase. As CO2 is dissolved in the oil-rich phase,

this phase swells. The amount of swelling is not bigger than one and half times

of the original volume in hydrocarbon and carbon dioxide mixtures for very high

pressures. The amount of swelling at the pressure range in this study is less than

1.2 for hydrocarbon and carbon dioxide mixtures [34]. Therefore, swelling of oil

phase was not considered in this study.

Table 2.1: Definition of Phases and Components

Phases Components
α-phase β-phase γ-phase A B

Supercritical CO2 Phase Oil Phase Inert Solid Phase Oil CO2

To obtain a complete model, two mass transfer and two momentum trans-

fer equations are required for both oil and supercritical CO2 phases. However,

with the aid of some reasonable assumptions, the number of equations can be

decreased.

Since viscosity of oil saturated with CO2 is 10 to 27 times higher than the

viscosity of CO2 saturated with oil [35] and due to oil bearing structures, oil

phase was assumed as immobile.

Order of magnitude estimates of characteristic time gives the time to reach

steady state conditions roughly [36]. Order of magnitude estimation of charac-
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teristic time for carbon dioxide in oil phase;

∂cBβ

∂t
= ∇ · (DBA∇cBβ

)

∆cBβ

tβ
= DBA

∆cBβ

`2
β

tβ =
`2
β

DBA

DBA(50 oC, 125 bar) = 1.1× 10−9m2/s [37] and `β = 4.3× 10−5 m was calculated

for an idealized system which is composed of regularly packed spherical particles.

tβ =
(4.3× 10−5 m)2

1.1× 10−9 m2/s

tβ = 1.68 s

Carbon dioxide was filled to extraction chamber until desired pressure was ob-

tained before extraction started. By the order of magnitude estimate for carbon

dioxide in oil phase, it was assumed that oil phase is always saturated with CO2

and oil is transferred from oil phase to supercritical CO2 phase.

With these assumptions; one mass transfer equation and one momentum

transfer equation for supercritical CO2 phase are sufficient for mathematical

modeling of supercritical fluid extraction. The rest of the solution is similar to

Quintard and Whitaker’s solution [38].

Equation of continuity for supercritical CO2 phase;

∂cAα

∂t
+∇ · (cAαvα) = ∇ · (DAB∇cAα) (2.22)

subject to boundary conditions in jump conditions;

cAα = ceq
Aα

at Aαβ (2.23)

cAα(vAα −wαβ) · nαβ = −cAβ
wαβ · nαβ at Aαβ (2.24)

cAα(vAα −wαγ) · nαγ = 0 at Aαγ (2.25)

cBα(vBα −wαβ) · nαβ = 0 at Aαβ (2.26)

cBα(vBα −wαγ) · nαγ = 0 at Aαγ (2.27)
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which are equivalent in dilute conditions;

cAα = ceq
Aα

at Aαβ (2.28)

DAB∇cAα · nαβ = DAB∇cAβ
· nαβ at Aαβ (2.29)

DAB∇cAα · nαγ = 0 at Aαγ (2.30)

DAB∇cBα · nαβ = 0 at Aαβ (2.31)

DAB∇cBα · nαγ = 0 at Aαγ (2.32)

By taking phase average;

∂〈cAα〉
∂t

− 1

V

∫

Aαβ

cAαwαβ · nαβ dA− 1

V

∫

Aαγ

cAαwαγ · nαγ dA

+∇ · 〈cAαvα〉+
1

V

∫

Aαβ

cAαvα · nαβ dA +
1

V

∫

Aαγ

cAαvα · nαγ dA

= 〈∇ ·DAB∇cAα〉 (2.33)

since wαγ and vα are zero at Aαγ and by using Equation (2.15) (Modified Spatial

Averaging theorem), right hand side of the equation can be arranged as;

∂〈cAα〉
∂t

+∇ · 〈cAαvα〉+
1

V

∫

Aαβ

cAα(vα −wαβ) · nαβ dA

= ∇ ·
[
DAB

{
εα∇〈cAα〉α +

1

V

∫

Aαβ

nαβ c̃Aα dA +
1

V

∫

Aαγ

nαγ c̃Aα dA

}]
(2.34)

with the help of Equation (2.16),

∂(εα〈cAα〉α)

∂t
+∇ · (〈vα〉〈cAα〉α) +

1

V

∫

Aαβ

cAα(vα −wαβ) · nαβ dA

= ∇ ·
[
DAB

{
εα∇〈cAα〉α +

1

V

∫

Aαβ

nαβ c̃Aα dA +
1

V

∫

Aαγ

nαγ c̃Aα dA

}]

−∇ · 〈ṽαc̃Aα〉 (2.35)
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εα
∂〈cAα〉α

∂t
+ 〈cAα〉α

∂εα

∂t
+ 〈vα〉 · ∇〈cAα〉α + 〈cAα〉α∇ · 〈vα〉

+
1

V

∫

Aαβ

cAα(vα −wαβ) · nαβ dA

= ∇ ·
[
DABεα∇〈cAα〉α + DAB

{
1

V

∫

Aαβ

nαβ c̃Aα dA +
1

V

∫

Aαγ

nαγ c̃Aα dA

}]

−∇ · 〈ṽαc̃Aα〉 (2.36)

If Equation (2.21) is rewritten for this case;

∂εα

∂t
+∇ · 〈vα〉 = − 1

V

[∫

Aαβ

(vα −wαβ) · nαβdA +

∫

Aαγ

(vα −wαγ) · nαγdA

]

(2.21)

The contents of integrals on the right hand side can be simplified [39] as;

(vα −wαβ) · nαβ = (wAαvAα + wBαvBα − wAαwαβ − wBαwαβ) · nαβ

= wAα(vAα −wαβ) · nαβ + wBα(vBα −wαβ) · nαβ (2.37)

and

(vα −wαγ) · nαγ = (wAαvAα + wBαvBα − wAαwαγ − wBαwαγ) · nαγ

= wAα(vAα −wαγ) · nαγ + wBα(vBα −wαγ) · nαγ (2.38)

and by using the following boundary conditions of equation of continuity for

supercritical CO2 phase;

cAα(vAα −wαβ) · nαβ = −cAβ
wαβ · nαβ at Aαβ (2.24)

cAα(vAα −wαγ) · nαγ = 0 at Aαγ (2.25)

cBα(vBα −wαβ) · nαβ = 0 at Aαβ (2.26)

cBα(vBα −wαγ) · nαγ = 0 at Aαγ (2.27)

it can be written;

∂εα

∂t
+∇ · 〈vα〉 = − 1

V

∫

Aαβ

wAα(vAα −wαβ) · nαβ dA (2.39)
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by using these relations, Equation (2.36) becomes;

εα
∂〈cAα〉α

∂t
− 〈cAα〉α

1

V

∫

Aαβ

wAα(vAα −wαβ) · nαβ dA + 〈vα〉 · ∇〈cAα〉α

+
1

V

∫

Aαβ

cAα(vAα −w) · nαβ dA

= ∇ ·
[
DABεα∇〈cAα〉α + DAB

{
1

V

∫

Aαβ

nαβ c̃Aα dA +
1

V

∫

Aαγ

nαγ c̃Aα dA

}]

−∇ · 〈ṽαc̃Aα〉 (2.40)

∂〈cAα〉α
∂t

+ 〈vα〉α · ∇〈cAα〉α +
ε−1
α

V

∫

Aαβ

(cAα − wAα〈cAα〉α)(vAα −wαβ) · nαβ dA

= ε−1
α ∇ ·

[
DABεα∇〈cAα〉α + DAB

{
1

V

∫

Aαβ

nαβ c̃Aα dA +
1

V

∫

Aαγ

nαγ c̃Aα dA

}]

− ε−1
α ∇ · 〈ṽαc̃Aα〉 (2.41)

since wAα ¿ 1.0, (cAα − wAα〈cAα〉α) = cAα then

∂〈cAα〉α
∂t

+ 〈vα〉α · ∇〈cAα〉α +
ε−1
α

V

∫

Aαβ

cAα(vAα −w) · nαβ dA

= ε−1
α ∇ ·

[
DABεα∇〈cAα〉α + DAB

{
1

V

∫

Aαβ

nαβ c̃Aα dA +
1

V

∫

Aαγ

nαγ c̃Aα dA

}]

− ε−1
α ∇ · 〈ṽαc̃Aα〉 (2.42)

2.2.2 The Closure Problem

If point differential equation (Equation (2.22)) and averaged differential equation

(Equation (2.42)) are rewritten;

∂cAα

∂t
+∇ · (cAαvα) = ∇ · (DAB∇cAα) (2.22)

∂〈cAα〉α
∂t

+ 〈vα〉α · ∇〈cAα〉α +
ε−1
α

V

∫

Aαβ

cAα(vAα −wαβ) · nαβ dA

= ε−1
α ∇ ·

[
DABεα∇〈cAα〉α + DAB

{
1

V

∫

Aαβ

nαβ c̃Aα dA +
1

V

∫

Aαγ

nαγ c̃Aα dA

}]

− ε−1
α ∇ · 〈ṽαc̃Aα〉 (2.42)
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and by using the Gray’s definition [40] for deviation fields;

cAα = 〈cAα〉α + c̃Aα (2.43)

vα = 〈vα〉α + ṽα (2.44)

by subtracting Equation (2.42) from Equation (2.22);

∂c̃Aα

∂t
+ ṽα · ∇〈cAα〉α + vα · ∇c̃Aα −

ε−1
α

V

∫

Aαβ

cAα(vAα −wαβ) · nαβ dA

= ∇ · (DAB∇c̃Aα)− ε−1
α ∇εα ·DAB∇〈cAα〉α

− ε−1
α ∇ ·

[
DAB

{
1

V

∫

Aαβ

nαβ c̃Aα dA +
1

V

∫

Aαγ

nαγ c̃Aα dA

}]

− ε−1
α ∇ · 〈ṽαc̃Aα〉 (2.45)

2.2.3 Order of Magnitude Estimates

If the terms in Equation (2.45) are compared with each other, it is possible to

eliminate some terms by order of magnitude analysis [41].

ε−1
α ∇ · 〈ṽαc̃Aα〉 = O

(
vαc̃Aα

Lc

)
(2.46)

vα · ∇c̃Aα = O

(
vαc̃Aα

`α

)
(2.47)

Since `α ¿ Lc the term ε−1
α ∇ · 〈ṽαc̃Aα〉 was eliminated from Equation (2.45).

ε−1
α ∇ ·

[
DAB

{
1

V

∫

Aαβ

nαβ c̃Aα dA +
1

V

∫

Aαγ

nαγ c̃Aα dA

}]
= O

(
DAB

Lc

c̃Aα

`α

)

(2.48)

∇ · (DAB∇c̃Aα) = O

(
DAB

`α

c̃Aα

`α

)
(2.49)

Due to the same reason the term in Equation (2.48) was neglected compared

to ∇ · (DAB∇c̃Aα) in Equation (2.45). Then the deviation field;

∂c̃Aα

∂t
+ ṽα · ∇〈cAα〉α + vα · ∇c̃Aα −

ε−1
α

V

∫

Aαβ

cAα(vAα −wαβ) · nαβ dA

= ∇ · (DAB∇c̃Aα)− ε−1
α ∇εα ·DAB∇〈cAα〉α (2.50)
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Some arrangements were performed to express “cAα(vAα −w) · nαβ” term in

terms of volume averaged terms. If Stefan-Maxwell equation for binary system

is written;

0 = −∇xAα +
xAα

DAB

xBα(vBα − vAα) (2.51)

∇xAα =

(
xAαxBαvBα

DAB

− xAαxBαvAα

DAB

)
cα

cα

(2.52)

∇xAα =
xAα

cαDAB

cBαvBα −
xBα

cαDAB

cAαvAα

− xAα

cαDAB

cBαwαβ +
xBα

cαDAB

cAαwαβ (2.53)

∇xAα =
xAα

cαDAB

cBα(vBα −wαβ)− xBα

cαDAB

cAα(vAα −wαβ) (2.54)

Due to Equation (2.26), cBα(vBα −wαβ) · nαβ = 0 at Aαβ;

−∇cAα · nαβ =
xBα

DAB

cAα(vAα −wαβ) · nαβ at Aαβ (2.55)

cAα(vAα −wαβ) · nαβ = − DAB

1− xAα

∇cAα · nαβ at Aαβ (2.56)

then;

1

V

∫

Aαβ

cAα(vAα −wαβ) · nαβ dA = − 1

V

∫

Aαβ

DAB

1− xAα

∇cAα · nαβ dA (2.57)

since xAα ¿ 1.0, then 1− xAα
∼= 1.0

1

V

∫

Aαβ

cAα(vAα −wαβ) · nαβ dA = − 1

V

∫

Aαβ

DAB∇cAα · nαβ dA (2.58)

in terms of volume averaged concentration;

1

V

∫

Aαβ

DAB∇cAα · nαβ dA =
1

V

∫

Aαβ

DAB∇〈cAα〉α · nαβ dA

+
1

V

∫

Aαβ

DAB∇c̃Aα · nαβ dA (2.59)
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since 1
V

∫
Aαγ

DAB∇cAα · nαγ dA = 0, it is written as;

1

V

∫

Aαβ

DAB∇cAα · nαβ dA =

1

V

∫

Aαβ

DAB∇〈cAα〉α · nαβ dA +
1

V

∫

Aαβ

DAB∇c̃Aα · nαβ dA

+
1

V

∫

Aαγ

DAB∇〈cAα〉α · nαγ dA +
1

V

∫

Aαγ

DAB∇c̃Aα · nαγ dA (2.60)

after some arrangements;

1

V

∫

Aαβ

DAB∇cAα · nαβ dA =

DAB∇〈cAα〉α ·
[

1

V

∫

Aαβ

nαβ dA +
1

V

∫

Aαγ

nαγ dA

]

+
1

V

∫

Aαβ

DAB∇c̃Aα · nαβ dA +
1

V

∫

Aαγ

DAB∇c̃Aα · nαγ dA (2.61)

by using the result of Equation (2.14);

1

V

∫

Aαβ

DAB∇cAα · nαβ dA = −DAB∇〈cAα〉α · ∇εα

+
1

V

∫

Aαβ

DAB∇c̃Aα · nαβ dA +
1

V

∫

Aαγ

DAB∇c̃Aα · nαγ dA (2.62)

by using this result in Equation (2.50);

∂c̃Aα

∂t
+ ṽα · ∇〈cAα〉α + vα · ∇c̃Aα − ε−1

α ∇εα ·DAB∇〈cAα〉α

+ ε−1
α

[
1

V

∫

Aαβ

DAB∇c̃Aα · nαβ dA +
1

V

∫

Aαγ

DAB∇c̃Aα · nαγ dA

]

= ∇ · (DAB∇c̃Aα)− ε−1
α ∇εα ·DAB∇〈cAα〉α (2.63)

and by cancelling the same terms in each side of the equation, the differential

equation for deviation field takes the form;

∂c̃Aα

∂t
+ ṽα · ∇〈cAα〉α + vα · ∇c̃Aα

+ ε−1
α

[
1

V

∫

Aαβ

DAB∇c̃Aα · nαβ dA +
1

V

∫

Aαγ

DAB∇c̃Aα · nαγ dA

]

= ∇ · (DAB∇c̃Aα) (2.64)
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Quasi-steady conditions provides further simplifications;

∂c̃Aα

∂t
= O

(
∆c̃Aα

t?

)

∇ · (DAB∇c̃Aα) = O

(
DAB

∆c̃Aα

`2
α

)

O

(
DAB

∆c̃Aα

`2
α

)
À O

(
∆c̃Aα

t?

)

DABt?

`2
α

À 1.0 (2.65)

Quasi-steady assumption is reasonable under the conditions Equation (2.65) sat-

isfied, and differential equation for deviation field;

ṽα · ∇〈cAα〉α + vα · ∇c̃Aα

+ ε−1
α

[
1

V

∫

Aαβ

DAB∇c̃Aα · nαβ dA +
1

V

∫

Aαγ

DAB∇c̃Aα · nαγ dA

]

= DAB∇2c̃Aα (2.66)

and its boundary conditions;

B.C. I ; c̃Aα = ceq
Aα
− 〈cAα〉α at Aαβ (2.67)

B.C. II; DAB∇c̃Aα · nαγ = −DAB∇〈cAα〉α · nαγ at Aαγ (2.68)

Periodicity; c̃Aα(r + `i) = c̃Aα(r) i = 1, 2, 3 (2.69)

Average; 〈c̃Aα〉α = 0 (2.70)

The solution is in the form;

c̃Aα = bα · ∇〈cAα〉α + sα(cAeq
α
− 〈cAα〉α). (2.71)

by substitution of Equation (2.71) in Equation (2.66) and its boundary conditions

for c̃Aα two differential equations are obtained for bα and sα fields.

Problem I

ṽα + vα · ∇bα + ε−1
α uα = DAB∇2bα (2.72)
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B.C. I ; bα = 0 at Aαβ (2.73)

B.C. II; nαγ · ∇bα = −nαγ at Aαγ (2.74)

Periodicity; bα(r + `i) = bα(r) i = 1, 2, 3 (2.75)

Average; 〈bα〉α = 0 (2.76)

uα =
1

V

∫

Aαβ

nαβ ·DAB∇bα dA +
1

V

∫

Aαγ

nαγ ·DAB∇bα dA. (2.77)

Problem II

vα · ∇sα + ε−1
α avk = DAB∇2sα (2.78)

B.C. I ; sα = 1 at Aαβ (2.79)

B.C. II; nαγ · ∇sα = 0 at Aαγ (2.80)

Periodicity; sα(r + `i) = sα(r) i = 1, 2, 3 (2.81)

Average; 〈sα〉α = 0 (2.82)

avk =
1

V

∫

Aαβ

DAB∇sα · nαβ dA +
1

V

∫

Aαγ

DAB∇sα · nαγ dA. (2.83)

The macroscopic equation in terms of volume averaged concentration term is

obtained by substituting the solutions of bα and sα fields.

∂

∂t
(εα〈cAα〉α) +∇ · (〈vα〉〈cAα〉α)− uα · ∇〈cAα〉α − avk(ceq

Aα
− 〈cAα〉α)

= ∇ · (D?
α · ∇〈cAα〉α) +∇ · (dα(ceq

Aα
− 〈cAα〉α)−∇εα ·DAB∇〈cAα〉α (2.84)

where;

D?
α = DAB

(
εαI +

1

V

∫

Aαβ

nαβbα dA +
1

V

∫

Aαγ

nαγbα dA

)
− 〈ṽαbα〉 (2.85)

dα = DAB

(
1

V

∫

Aαβ

nαβsα dA +
1

V

∫

Aαγ

nαγsα dA

)
− 〈ṽαsα〉. (2.86)

Volume fraction of oil-rich phase (εβ) decreases during extraction. Rate of

dissolution can be found by arranging Equation (2.26);

wαβ · nαβ = − 1

cAβ

[nαβ · cAα(vAα −wαβ)] at Aαβ (2.87)
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and then make use of Equation (2.58);

wαβ · nαβ =
1

ceq
Aβ

nαβ ·DAB∇cAα (2.88)

=
1

ceq
Aβ

nαβ ·DAB∇〈cAα〉α +
1

ceq
Aβ

nαβ ·DAB∇c̃Aα (2.89)

=
1

ceq
Aβ

nαβ ·DAB(I +∇bα) · ∇〈cAα〉α

+
1

ceq
Aβ

nαβ ·DAB∇sα(ceq
Aα
− 〈cAα〉α) (2.90)

by rewriting Equation (2.20) for oil (β) phase;

∂εβ

∂t
= − 1

V

[∫

Aαβ

wαβ · nαβ dA +

∫

Aαγ

wαγ · nαγ dA

]
(2.20)

∂εβ

∂t
= − 1

ceq
Aβ

{
1

V

∫

Aαβ

nαβ ·DAB(I +∇bα) dA

}
· ∇〈cAα〉α

− 1

ceq
Aβ

{
1

V

∫

Aαβ

nαβ ·DAB∇sα dA

}
(ceq

Aα
− 〈cAα〉α) (2.91)

The first parenthesis was simplified as;

1

V

∫

Aαβ

nαβ ·DAB(I +∇bα) dA

=
1

V

∫

Aαβ

nαβDAB dA +
1

V

∫

Aαβ

nαβ ·DAB∇bα dA

+
1

V

∫

Aαγ

DABnαγ · ∇bα dA− 1

V

∫

Aαγ

DABnαγ · ∇bα dA (2.92)

making use of B.C.II for Problem I (Equation (2.74));

1

V

∫

Aαβ

nαβ ·DAB(I +∇bα) dA

=
1

V

∫

Aαβ

DABnαβ dA +
1

V

∫

Aαγ

DABnαγ dA

+
1

V

∫

Aαβ

DABnαβ · ∇bα dA +
1

V

∫

Aαγ

DABnαγ · ∇bα dA (2.93)

by using Equation (2.14) for first two integrals and divergence theorem for last

two integrals on the right hand side;

1

V

∫

Aαβ

nαβ ·DAB(I +∇bα) dA = −DAB∇εα +
1

V

∫

Vα

DAB∇2bα dV (2.94)
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Equation (2.72) was used for DAB∇2bα term;

1

V

∫

Aαβ

nαβ ·DAB(I +∇bα) dA

= −DAB∇εα +
1

V

∫

Vα

[
ṽα + vα · ∇bα + ε−1

α uα

]
dV (2.95)

since 〈ṽα〉 = 0,
∫

Vα
uα dV = 0 and make use of divergence theorem;

1

V

∫

Aαβ

nαβ ·DAB(I +∇bα) dA = −DAB∇εα

+
1

V

∫

Aαβ

nαβ · (vαbα) dA +
1

V

∫

Aαγ

nαγ · (vαbα) dA (2.96)

The condition “nαγ · vα = 0 at Aα−γ” was used along with of B.C.I in problem

I given by equation (2.73) to obtain result of first parenthesis;

1

V

∫

Aαβ

nαβ ·DAB(I +∇bα) dA = −DAB∇εα (2.97)

The second parenthesis is equal to avk. Therefore, dissolution rate of oil-rich

(β) phase is equal to;

ceq
Aβ

∂εβ

∂t
+ DAB∇〈cAα〉α · ∇εβ = −avk(ceq

Aα
− 〈cAα〉α). (2.98)

31



CHAPTER 3

SOLUTION OF THE CLOSURE PROBLEM

The calculation of effective transport coefficients for porous media is difficult,

due to complex geometric structure of porous media. Therefore, representative

geometric structures of porous media, simple enough to make calculations possi-

ble are taken and effective transport coefficients are computed. Recent progress

in computer hardware enabled more sophisticated computations. It is not unre-

alistic to try to compute directly transport coefficients given the representative

description of a real porous system. Still, three-dimensional computations are

very demanding in terms of computer resources, therefore computations are re-

stricted to unit cells involving a few particles. These unit cells must be represen-

tative, in some sense, of the real structure to give effective transport coefficients

close to actual measurements [42].

3.1 Analytical Solution

In this part, firstly simple unit cell (Figure 3.1) was considered which can be

used as a test case for the two-dimensional calculations. Obviously this unit cell

can not capture all the features of a real system, however, it was reported that it

could illustrate the properties of the closure problems and the general behaviour

of the effective transport coefficients [43]. Since geometric structure of unit cell

in Figure 3.1 is simple enough, differential equations for closure variables can be

solved analytically.

The differential equations and their boundary conditions for closure variables
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Figure 3.1: Representation of One-dimensional Unit Cell

bα and sα were presented again and they were solved with analytical methods

for symmetric one-dimensional unit cell in Figure 3.1 in this part.

Problem I

ṽα + vα · ∇bα + ε−1
α uα = DAB∇2bα (2.72)

B.C. I ; bα = 0 at Aαβ (2.73)

B.C. II; nαγ · ∇bα = −nαγ at Aαγ (2.74)

Periodicity; bα(r + `i) = bα(r) i = 1, 2, 3 (2.75)

Average; 〈bα〉α = 0 (2.76)

uα =
1

V

∫

Aαβ

DAB∇bα · nαβ dA +
1

V

∫

Aαγ

DAB∇bα · nαγ dA (2.77)

Problem II

vα · ∇sα + ε−1
α avk = DAB∇2sα (2.78)

33



B.C. I ; sα = 1 at Aαβ (2.79)

B.C. II; nαγ · ∇sα = 0 at Aαγ (2.80)

Periodicity; sα(r + `i) = sα(r) i = 1, 2, 3 (2.81)

Average; 〈sα〉α = 0 (2.82)

avk =
1

V

∫

Aαβ

DAB∇sα · nαβ dA +
1

V

∫

Aαγ

DAB∇sα · nαγ dA (2.83)

The velocity field in the α-phase is a Poiseuille flow in the direction of x-axis.

Cell Peclet number can be defined as [43]

Pe =
||〈vα〉α||(`α + `β + `γ)

DAB

(3.1)

Navier-Stokes Equation for α-phase [39];

ρ
Dv

Dt
= −∇P −∇ · τ + ρg (3.2)

and boundary conditions;

B.C.1 v = 0 at Aαβ (3.3)

B.C.2 v = 0 at Aαγ (3.4)

by writing substantial derivative and viscous terms in open form;

ρ

(
∂v

∂t
+ v · ∇v

)
= −∇P +∇ · (µ∇v) + ρg (3.5)

in indicial notation

ρ
∂vi

∂t
+ vj∂jvi = −∂iP + µ∂jjvi + ρgi (3.6)

and in x-direction

ρ

(
∂vx

∂t
+ vx

∂vx

∂x
+ vy

∂vx

∂y

)
= −∂P

∂x
+ µ

(
∂2vx

∂x2
+

∂2vx

∂y2

)
+ ρgx (3.7)

by making simplifications;

µ
d2vx

dy2
=

dP

dx
(3.8)

dP
dx

is written as ∆P
L

µ
d2vx

dy2
=

∆P

L
(3.9)
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boundary conditions;

B.C.1
dvx

dx
= 0 at y = 0 (3.10)

B.C.2 vx = 0 at y = ∓`α/2 (3.11)

by solving differential equation with boundary conditions for velocity field in

x-direction;

vx = −∆P

2µL

(
`2
α

4
− y2

)
(3.12)

by dividing y to (`α + `β + `γ) dimensionless y is obtained.

y =
y

`α + `β + `γ

(3.13)

in terms of dimensionless y

vx = −∆P (`α + `β + `γ)
2

2µL

(
ε2
α

4
− y2

)
. (3.14)

Intrinsic Phase Average Velocity is expressed as [29];

〈vα〉α =
1

Vα

∫

Vα

vα dV (3.15)

since vα = vxi + vyj and vy = 0;

〈vx〉α =
1

`αL

∫ L

0

∫ `α/2

−`α/2

−∆P

2µL

(
`2
α

4
− y2

)
dy dx (3.16)

by integrating and expressing in dimensionless y

〈vx〉α = −∆P (`α + `β + `γ)
2

2µL

ε2
α

6
(3.17)

velocity field in x direction is written in terms of intrinsic phase average velocity;

vx = 〈vx〉α
(

3

2
− 6y2

ε2
α

)
(3.18)

and velocity deviation field in x direction is;

ṽx = vx − 〈vx〉α

ṽx = 〈vx〉α
(

1

2
− 6y2

ε2
α

)
(3.19)
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As a summary;

Velocity Field

vα = vxi + vyj

vx = 〈vx〉α
(

3

2
− 6y2

ε2
α

)

vy = 0

Volume Averaged Velocity Field

〈vα〉α = 〈vx〉αi + 〈vy〉αj

〈vx〉α = −∆P (`α + `β + `γ)
2

2µL

ε2
α

6

〈vy〉α = 0

Velocity Deviation Field

ṽα = ṽxi + ṽyj

ṽx = 〈vx〉α
(

1

2
− 6y2

ε2
α

)

ṽy = 0

Problem I in indicial notation is written as;

vj∂jbi + ṽi = DAB∂jjbi − ε−1
α ui (3.20)

in x-direction

vx∂xbx + vy∂ybx + ṽx = DAB(∂xxbx + ∂yybx)− ε−1
α ux (3.21)

since b ≡ f(y) then ∂xbx = 0 and ∂xxbx = 0, then

vy∂ybx + ṽx = DAB∂yybx − ε−1
α ux (3.22)

to find ux;

uα =
1

V

∫

Aαβ

DAB∇bα · nαβ dA +
1

V

∫

Aαγ

DAB∇bα · nαγ dA (2.77)
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since Aαγ = 0 and nαβ = ∓j in one-dimensional unit cell, then;

ux =
1

L(`α + `β + `γ)

∫ L

0

DAB

(
dbx

dy

∣∣∣∣
`α/2

− dbx

dy

∣∣∣∣
−`α/2

)
dx (3.23)

then

ux =
DAB

(`α + `β + `γ)

(
dbx

dy

∣∣∣∣
`α/2

− dbx

dy

∣∣∣∣
−`α/2

)
(3.24)

in dimensionless y;

ux =
DAB

(`α + `β + `γ)2

(
dbx

dy

∣∣∣∣
εα/2

− dbx

dy

∣∣∣∣
−εα/2

)
(3.25)

Problem I in x-dimension

ṽx =
DAB

(`α + `β + `γ)2

d2bx

dy2
− ε−1

α ux (3.26)

then,

〈vx〉α
(

1

2
− 6y2

ε2
α

)
=

DAB

(`α + `β + `γ)2

[
d2bx

dy2
− ε−1

α

(
dbx

dy

∣∣∣∣
εα/2

− dbx

dy

∣∣∣∣
−εα/2

)]

(3.27)

with boundary conditions;

B.C. bx = 0 at y = ∓εα

2
(3.28)

then bx field is obtained as;

bx = Pe(`α + `β + `γ)

(
y2

4
− y4

2ε2
α

− ε2
α

32

)

+ ε−1
α

(
dbx

dy

∣∣∣∣
εα/2

− dbx

dy

∣∣∣∣
−εα/2

) (
y2

2
− ε2

α

8

)
(3.29)

by using the property 〈bx〉α = 0 the unknown derivative values is found as;

(
dbx

dy

∣∣∣∣
εα/2

− dbx

dy

∣∣∣∣
−εα/2

)
= −Pe(`α + `β + `γ)εα

5
(3.30)

by substituting this value;

bx = Pe(`α + `β + `γ)

(
3y2

20
− y4

2ε2
α

− ε2
α

160

)
(3.31)
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or in more compact form;

bα · i
(`α + `β + `γ)

= −Pe
80y4 − 24ε2

αy2 + ε4
α

160ε2
α

. (3.32)

If the same procedure is applied in y dimension, it is found that;

b · j = by = 0. (3.33)

Problem II is written as;

vx∂xsα = DAB(∂xxsα + ∂yysα)− 1

εα

avk (3.34)

avk =
1

L(`α + `β + `γ)2

∫ L

0

DAB

(
dsα

dy

∣∣∣∣
εα/2

− dsα

dy

∣∣∣∣
−εα/2

)
dx (3.35)

avk =
DAB

(`α + `β + `γ)2

(
dsα

dy

∣∣∣∣
εα/2

− dsα

dy

∣∣∣∣
−εα/2

)
(3.36)

by inserting avk term and making necessary cancellations problem II;

d2sα

dy2
= ε−1

α

(
dsα

dy

∣∣∣∣
εα/2

− dsα

dy

∣∣∣∣
−εα/2

)
(3.37)

with boundary conditions;

sα = 1 y = ∓εα

2
(3.38)

then sα is obtained as;

sα =

(
dsα

dy

∣∣∣∣
εα/2

− dsα

dy

∣∣∣∣
−εα/2

)(
y2

2εα

+ 1− εα

8

)
. (3.39)

since 〈sα〉α = 0, the unknown derivative values can be found as 12/εα. Then;

sα =
12y2 − ε2

α

2ε2
α

(3.40)

3.1.1 Volume Averaged Concentration

If macroscopic volume averaged concentration equation is rewritten;

∂

∂t
(εα〈cAα〉α) +∇ · (〈vα〉〈cAα〉α)− uα · ∇〈cAα〉α − avk(ceq

Aα
− 〈cAα〉α)

= ∇ · (D?
α · ∇〈cAα〉α) +∇ · (dα(ceq

Aα
− 〈cAα〉α)−∇εα ·DAB∇〈cAα〉α (2.84)
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where;

D?
α = DAB

(
εαI +

1

V

∫

Aαβ

nαβbα dA +
1

V

∫

Aαγ

nαγbα dA

)
− 〈ṽαbα〉 (2.85)

dα = DAB

(
1

V

∫

Aαβ

nαβsα dA +
1

V

∫

Aαγ

nαγsα dA

)
− 〈ṽαsα〉 (2.86)

The coefficients of volume averaged mass transfer equation (Equation (2.84))

for one-dimensional geometry are obtained by making necessary integrations;

uα · i = −17

10

DAB

(`α + `β + `γ)
Pe εα (3.41)

uα · j = 0 (3.42)

avk =
12

εα

DAB

(`α + `β + `γ)2
(3.43)

dα · i =
1

5

DAB

(`α + `β + `γ)
Pe εα (3.44)

dα · j = 0 (3.45)

and dispersion tensor;

D?
α =


DABεα

(
1 + Pe2ε2α

700

)
0

0 DABεα


 (3.46)

after substituting these terms in Equation (2.84);

∂

∂t
(εα〈cAα〉α) + 〈vx〉∂〈cAα〉α

∂x
+

17

10

DAB

(`α + `β + `γ)
Pe εα

∂〈cAα〉α
∂x

− 12

εα

DAB

(`α + `β + `γ)2
(ceq

Aα
− 〈cAα〉α) =

DAB

(
1 +

Pe2ε2
α

700

)
∂

∂x

(
εα

∂〈cAα〉α
∂x

)
+ DAB

∂

∂y

(
εα

∂〈cAα〉α
∂y

)

− 1

5

DAB

(`α + `β + `γ)
Pe εα

∂〈cAα〉α
∂x

−DAB
∂εα

∂x

∂〈cAα〉α
∂x

−DAB
∂εα

∂y

∂〈cAα〉α
∂y

(3.47)

It is reasonable to assume εα 6= f(y) and 〈cAα〉α 6= f(y). Then differential

equation for volume averaged concentration field is;

∂

∂t
(εα〈cAα〉α) +

[
29〈vx〉

10
+ DAB

∂εα

∂x

]
∂〈cAα〉α

∂x
=

DAB

[
1 +

1

700
Pe2ε2

α

]
∂

∂x

[
εα

∂〈cAα〉α
∂x

]

+

[
12DAB

εα(`α + `β + `γ)2

]
(ceq

Aα
− 〈cAα〉α) (3.48)
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with initial and boundary conditions;

I.C. ; 〈cAα〉α = 0 at t = 0 for all x (3.49)

B.C.I ; 〈cAα〉α = 0 at x = 0 for all t (3.50)

B.C.II ;
∂〈cAα〉α

∂x
= 0 at x = L for all t (3.51)

3.1.2 Volume Fraction of Oil-Rich Phase

Dissolution rate for oil-rich phase is obtained previously;

ceq
Aβ

∂εβ

∂t
+ DAB∇〈cAα〉α · ∇εβ = −avk(ceq

Aα
− 〈cAα〉α) (2.98)

by substituting the term “avk”obtained for one-dimensional geometry in Equa-

tion (2.98);

ceq
Aβ

∂εβ

∂t
+ DAB∇〈cAα〉α · ∇εβ = − 12DAB

εα(`α + `β + `γ)2
(ceq

Aα
− 〈cAα〉α) (3.52)

or in terms of εα;

ceq
Aβ

∂εα

∂t
+ DAB∇〈cAα〉α · ∇εα =

12DAB

εα(`α + `β + `γ)2
(ceq

Aα
− 〈cAα〉α) (3.53)

3.2 Numerical Solution

In this section, numerical solution of the closure problem corresponding to the

two-dimensional periodic unit cell, as illustrated in Figure 3.2 with a solid bound-

ary, is presented. For ease of calculations rectangular particles were assumed and

rectangular coordinates were used in calculations. It was assumed that there

is oil on the surfaces of solid phases and supercritical CO2 flows between the

particles. Realistic situations are more complex than this geometry. But this

geometric model idealizes the real system for computational purposes. Since it

is two-dimensional, area averaged variables replace volume averaged variables.

Stokes problem are solved firstly for the solution of closure problems. Due

to definitions of uα and avk, closure problems are integro-differential equations.

However, convenient procedures has been applied to solve for the closure variables

bα and sα. The notation used in the following sections is only specific to the

formulation undertaken.

40



α − phase

β − phase

γ − phase

flow

Figure 3.2: Representation of Two-dimensional Unit Cell

3.2.1 Stokes Problem

Supercritical CO2 phase was assumed to be an incompressible fluid. At high

pressures this is a reasonable assumption. During the extraction, mass flow

rate was constant. Therefore, from the fluid flow point of view, steady-state

conditions prevail. The effect of nonlinear terms of Navier-Stokes equations were

not taken into account in this study for simplicity and ease of calculations. If

nonlinear terms of the Navier-Stokes equation was neglected, Stokes Equations

were obtained. Stokes equations can be formulated as follows;

−∇ · (µ∇u) +∇P = f (3.54)

∇ · u = 0 (3.55)

subject to boundary condition, with ∂Ω = ∂ΩD ∪ ∂ΩN where ∂ΩD and ∂ΩN

denote the boundary segments on which Dirichlet and Neumann conditions are
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imposed, respectively,

u = w on ∂ΩD (3.56)

∂u

∂n
− nP = s on ∂ΩN (3.57)

For unique velocity solution, it is required that ∂ΩD is not empty. If only Dirichlet

boundary conditions are applied, then the pressure solution is only unique up to

a constant [44].

3.2.2 Weak Formulation

To construct a weak approximation, differential equation is multiplied by weight

test function v and q, which by definition are zero on all Dirichlet boundaries

∂ΩD, and integrated over the domain [45]. For Stokes equation, the weak for-

mulation is;

∫

Ω

v · (−∇ · (µ∇u) +∇P ) dΩ =

∫

Ω

v · f dΩ (3.58)
∫

Ω

q · ∇ · u dΩ = 0 (3.59)

transferring derivatives onto the test functions v and q gives;

∫

Ω

v · ∇P dΩ = −
∫

Ω

P∇ · v dΩ +

∫

Ω

∇ · (Pv) dΩ

= −
∫

Ω

P∇ · v dΩ +

∫

∂Ω

Pn · v dS (3.60)

−
∫

Ω

v · (µ∇2u) dΩ = µ

∫

Ω

∇u : ∇v dΩ− µ

∫

Ω

∇ · (∇u · v) dΩ

= µ

∫

Ω

∇u : ∇v dΩ− µ

∫

∂Ω

(n · ∇u) · v dS (3.61)

combining these expressions gives;

µ

∫

Ω

∇u : ∇v dΩ−
∫

Ω

P∇ · v dΩ−
∫

∂ΩN

(
µ

∂u

∂n
− Pn

)
· v dS =

∫

Ω

v · f dΩ

∫

Ω

q · ∇ · u dΩ = 0 (3.62)
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by using component splitting u = (ux, uy) and inserting Dirichlet and Neumann

boundary conditions, it becomes;

µ

∫

Ω

∇ux · ∇vx dΩ−
∫

Ω

P
∂vx

∂x
dΩ−

∫

∂ΩN

vxsx dS =

∫

Ω

vxfx dΩ (3.63)

µ

∫

Ω

∇uy · ∇vy dΩ−
∫

Ω

P
∂vy

∂y
dΩ−

∫

∂ΩN

vysy dS =

∫

Ω

vyfy dΩ (3.64)

∫

Ω

q

(
∂ux

∂x
+

∂uy

∂y

)
dΩ = 0 (3.65)

Neumann boundary conditions are naturally included in the formulation with the

help of Gauss’ Divergence theorem. Furthermore, order of maximum derivative

is reduced. The integral form of differential equation is referred to as the weak

form of the differential equation.

3.2.3 Multidimensional Implementation

Generally problems are expressed in the reference domain Ω = [−1, 1]2 and using

a typical expansion;

u(x, y) =
M∑
i=0

N∑
j=0

uijhi(x)hj(y) (3.66)

where hi(x) and hj(y) are the Lagrangian interpolant of degree M and N based

on Legendre polynomials. Consequently, the basis coefficients uij are also nodal

values of u on the tensor product of Gauss-Lobatto-Legendre (GLL) quadrature

points as shown in Figure 3.3 [46].

A vector representation of the coefficients is

u = (u1, u2, · · · , u`, · · · , uG)T = (u00, u10, · · · , uij, · · · , uMN)T

where G = (M + 1)(N + 1) is the number of basis coefficients and the mapping

` = 1+i+(M+1)j translates to standard vector form of two-index representation,

with the leading index i advancing more rapidly.

Suppose wpq is to represent the x derivative of u at the GLL points (ξp, ξq),
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Figure 3.3: Typical GLL Tensor Grid with M=N=4

p, q ∈ [0, · · · ,M ]× [0, · · · , N ]:

wpq =
∂u

∂x
(ξp, ξq) =

M∑
i=0

N∑
j=0

uijh
′
i(ξp)hj(ξq)

=
M∑
i=0

uiqh
′
i(ξp) (3.67)

in matrix-vector notation;

w = Dxu =




D̂x

D̂x

. . .

D̂x







u00

u10

...

uMN




(3.68)

Here D̂x is one-dimensional derivative matrix associated with the M + 1 GLL

points on the interval [−1, 1] and applied to each column (u0j, u1j, · · · , uMj)
T ,

j = 0, · · · , N . To compute derivatives with respect to y, one applies the cor-

responding matrix D̂y to each row (ui0, ui1, · · · , uiN) i = 0, · · · , M . The latter

case does not yield a single block-diagonal matrix, because of the ordering of the

coefficients in u.
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Dx and Dy are conveniently expressed as;

Dx = I⊗ D̂x (3.69)

Dy = D̂y ⊗ I (3.70)

where ⊗ indicates the tensor (or Kronecker) product.

The polynomial expansions based on GLL nodal points enables us to express

the terms in weak formulation in terms of matrix-vector notation. If a rectangular

geometry is considered on Ω = [0, L1] × [0, L2] where each physical coordinate

~x = (x, y) = (x1, x2) is mapped onto respective reference coordinates ~r = (r, s) =

(r1, r2) ∈ [−1, 1]2 via the affine transformation xi = (Li/2)(ri + 1).

Two-dimensional mass matrix is computed by;
∫

Ω

uv dΩ =
∑

ı̂,̂

∑
i,j

vij

(∫

Ω

hı̂h̂hihj dΩ

)
uij = vTMu (3.71)

Associating a natural ordering of the basis coefficients k̂ = 1 + ı̂ + (N + 1)̂,

k = 1 + i + (N + 1)j (when N = M for convenience), it is obtained;

Mk̂k =

∫ 1

−1

∫ 1

−1

hi(r)hı̂(r)hj(s)h̂(s)
L1

2
dr

L2

2
ds

=
L1L2

4

(∫ 1

−1

hı̂(r)hi(r) dr

)(∫ 1

−1

h̂(s)hj(s) ds

)

=
L1L2

4
M̂ı̂iM̂̂j (3.72)

or in matrix form

M =
L1L2

4
M̂ ⊗ M̂ (3.73)

with M̂ is the mass matrix associated with the one-dimensional reference domain

Ω̂ = [−1, 1].

All the integral terms in weak formulation can be expressed in matrix vector

notation by this way. The computation of the integrals of basis functions uses

Gauss-quadrature method based on GLL points.

3.2.4 Spectral Element Method

The Spectral Element Method (SEM) comes with the associated quadrature rule

due to its choice of Lagrangian basis functions. Thus for a single coordinate
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direction and with quadrature nodes {ξ0, · · · , ξN} and weights {ρ0, · · · , ρN}, any

integral can easily computed;

∫ 1

−1

g(r) dr ≈
N∑

k=0

ρk g(ξk) (3.74)

The computed value is exact for g(r) a polynomial of degree ≤ 2N − 1.

The entries in mass matrix, M̂, thus become;

M̂ij =
N∑

k=0

ρk hi(ξk) hj(ξk)

=
N∑

k=0

ρk δik δjk

M̂ = diag(ρi) (3.75)

The stiffness matrix K is derived similarly;
∫

Ω

∇u · ∇v dΩ =

∫

Ω

[
∂u

∂x

∂v

∂x
+

∂u

∂y

∂v

∂y

]
dΩ (3.76)

∫

Ω

[
∂u

∂x

∂v

∂x
+

∂u

∂y

∂v

∂y

]
dΩ =

∑
i,j

∑

ı̂̂

vı̂̂
L2

L1

(∫ 1

−1

h̂hj ds

)(∫ 1

−1

h
′
ı̂h
′
i dr

)
uij

+
∑
i,j

∑

ı̂̂

vı̂̂
L1

L2

(∫ 1

−1

h
′
̂h
′
j ds

)(∫ 1

−1

hı̂hi dr

)
uij

=
∑
i,j

∑

ı̂̂

vı̂̂
L2

L1

M̂̂jK̂ı̂iuij

+
∑
i,j

∑

ı̂̂

vı̂̂
L1

L2

K̂̂jM̂ı̂iuij

K =
L2

L1

vT (M̂⊗ K̂)u +
L1

L2

vT (K̂⊗ M̂)u (3.77)

where K̂ is one-dimensional stiffness matrix on [−1, 1].

K̂ij =
N∑

k=0

ρkh
′
i(ξk)h

′
j(ξk) (3.78)

The solution procedure of closure problem requires the construction of convective

matrix C with the same procedure becomes

Ĉij =
N∑

k=0

ρkh
′
i(ξk)δjk (3.79)
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and

C =

∫

Ω

∇u · v dΩ =
L2

2
vT (M̂⊗ Ĉ)u +

L1

2
vT (Ĉ⊗ M̂)u (3.80)

Neumann boundary conditions are included in the problem through the weak

formulation. Homogeneous Dirichlet boundary conditions are formulated by re-

stricting the ranges on ı̂, ̂, i, j. This can be done by defining the restriction

operator R which allows restricting the coefficient set as ũ = Ru and extending

or prolonging as u = RTu. If u is to satisfy inhomogeneous Dirichlet boundary

conditions, the solution can be split into u = uh +ub where uh satisfies homoge-

neous Dirichlet boundary conditions and ub is any function that satisfies u = ub

on ∂ΩD.

3.2.5 Domain Decomposition

Spectral Element Method is based on a decomposition of the global domain

Ω̄ = Ω∪ ∂Ω into E non-overlapping sub domains (or elements) Ωe, e = 1, · · · , E.

Thus, function representation takes the local form

u(x)|Ωe =
N∑

i=0

N∑
j=0

ue
ijhi(r)hj(s) r, s ∈ [−1, 1]2 (3.81)

The function continuity across elements is enforced by simply equating coincident

nodal values, that is,

ue
ij = uê

ı̂̂ (3.82)

where Ωe and Ωê are neighboring elements.

It is convenient to form this constraint in matrix form. Since u is continuous

then there is a connectivity matrix Q that maps values of u in global form to

values of local form of uL, uL = Qu.

The operation uL = Qu is referred to as scatter from the global u to the local

uL values. Conversely, v = QT u is referred to as gather operation.Whereas the

action of Q is to copy entries of u to uL, the action of QT is to sum entries from

corresponding nodes.

Domain decomposition technique is especially important to deal with irreg-

ular geometries in solution domains. Porous media is one important example of
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irregular geometry in its solution domain. Domain decomposition enables mod-

eling of solution domain of porous media and therefore, computation of physical

quantities.

3.2.6 Solution of Stokes Problem

Previously, Stokes Equations were obtained in the weak form. They are split for

velocity fields in the x and y directions. The domain for α-phase is decomposed

into rectangular sub domains. Figure 3.4 shows the sub domains.
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Figure 3.4: Sub domains of Supercritical CO2 Phase
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The expansions

u(x, y) =
N∑

i=0

N∑
j=0

uijhi(x)hj(y) (3.83)

P (x, y) =
N−1∑
i=1

N−1∑
j=1

PijLi−1(x)Lj−1(y) (3.84)

where Li(x) and hi(x) are the Legendre polynomial and Legendre Lagrangian

interpolant are used for velocity and pressure fields respectively. The Legendre

polynomial expansion for pressure is two order less than that for velocity. A

lower order expansion for pressure eliminates both the need to use staggered

grid in the solution and the problem of pressure boundary conditions.

The first three Legendre polynomials are;

L0(x) = 1 (3.85)

L1(x) = x (3.86)

L2(x) =
3x2 − 1

2
(3.87)

... (3.88)

and Legendre Lagrangian interpolants are

hi(x) =
N∏

k=0
k 6=i

(x− ξk)

(ξi − ξk)
(3.89)

with ξk are GLL quadrature points as the N + 1 roots (1 − x2)L
′
N(x) where

ξ0 = −1 and ξN = 1.

If the terms of Stokes equations in weak form are written in their matrix

vector forms;

µ

∫

Ω

∇u · ∇v dΩ = µvT

[
L2

L1

(M̂ ⊗ K̂ +
L1

L2

(K̂ ⊗ M̂

]
u

= µA(u, v) (3.90)

∫

Ω

vf dΩ +

∫

∂ΩN

vsdS =
L1L2

4
vT (M̂ ⊗ M̂)f +

∫

∂ΩN

vs dS

= F (v) (3.91)
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with
∫

Ω

P
∂v

∂x
dΩ =

∑
i,j

∑

ı̂̂

vı̂̂
L2

2

(∫ +1

−1

h̂Lj−1 ds

) (∫ +1

−1

h
′
ı̂Li−1 dr

)
Pij

=
∑
i,j

∑

ı̂̂

vı̂̂
L2

2
Q̂̂jR̂ı̂iPij

= vT

[
L2

2
(Q̂⊗ R̂)

]
P

= Bx(P, v) (3.92)

and similarly
∫

Ω

P
∂v

∂y
dΩ = vT

[
L1

2
(R̂⊗ Q̂)

]
P

= By(P, v) (3.93)

where

Q̂ij =
N∑

k=0

ρkhi(ξk)Lj−1(ξk)

=
N∑

k=0

ρkLj−1(ξk) (3.94)

R̂ij =
N∑

k=0

ρkh
′
i(ξk)Lj−1(ξk) (3.95)

This gives ∫

Ω

q

(
∂ux

∂x
+

∂uy

∂y

)
dΩ = Bx(ux, q) + By(uy, q) (3.96)

Thus the problem becomes

µA(ux, vx) + Bx(P, vx) = F (vx) (3.97)

µA(uy, vy) + By(P, vy) = F (vy) (3.98)

Bx(q, ux) + By(q, uy) = 0 (3.99)

or in matrix form

µ

[
L2

L1

(M̂ ⊗ K̂) +
L1

L2

(K̂ ⊗ M̂)

]
ux +

[
L2

2
(Q̂⊗ R̂)

]
P = F̄x (3.100)

µ

[
L2

L1

(M̂ ⊗ K̂) +
L1

L2

(K̂ ⊗ M̂)

]
uy +

[
L1

2
(R̂⊗ Q̂)

]
P = F̄y (3.101)

[
L2

2
(Q̂⊗ R̂)

]T

ux +

[
L1

2
(R̂⊗ Q̂)

]T

uy = 0 (3.102)
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or using symbols

µAux + BxP = F̄x (3.103)

µAuy + ByP = F̄y (3.104)

BT
x ux + BT

y uy = 0 (3.105)

For modeling inhomogeneous Dirichlet boundary conditions, u is decomposed

into the components satisfying homogeneous and actual boundary conditions on

∂ΩD as u = u0 + ub. Then

µAux,0 + BxP = F̄x − µAux,b (3.106)

µAuy,0 + ByP = F̄y − µAuy,b (3.107)

BT
x ux + BT

y uy = 0 (3.108)

If restriction operator, u = RT ũ, is applied;

µRxART
x ũx,0 = Rx{F̄x − µAux,b −BxP} = Rx{F̄x −BxP} (3.109)

µRyART
y ũy,0 = Ry{F̄y − µAuy,b −ByP} = Ry{F̄y −ByP} (3.110)

Since ub satisfies the continuity equation;

BT
x ux,0 + BT

y uy,0 = 0 (3.111)

substituting the velocity field values into continuity equation yields;

{BT
x RT

x (RxART
x )−1RxBx + BT

y RT
y (RyART

y )−1RyBy}P
= BT

x RT
x (RxART

x )−1RxF̃x + BT
y RT

y (RyART
y )−1RyF̃y

(3.112)

which is to be solved for P . The resulting P is in turn used to solve for the

velocity field. This is called Uzawa method.

To provide fast convergence, Preconditioned Conjugate Gradient algorithm

is used. The preconditioner in local form is chosen simply as diagonal of the

assembled Neumann operator.This selection ensures that the solution satisfies the

homogeneous boundary conditions and it is continuous in the preconditioned case

due to the diagonal preconditioning. Implementation of the method is performed

with MATLAB. The MATLAB code is presented in Appendix A.1.

51



3.2.7 Solution of Closure Variables

Integro-differential equations for closure variables was;

Problem I

ṽα + vα · ∇bα + ε−1
α uα = DAB∇2bα (2.72)

B.C. I ; bα = 0 at Aαβ (2.73)

B.C. II; nαγ · ∇bα = −nαγ at Aαγ (2.74)

Periodicity; bα(r + `i) = bα(r) i = 1, 2, 3 (2.75)

Average; 〈bα〉α = 0 (2.76)

uα =
1

V

∫

Aαβ

DAB∇bα · nαβ dA +
1

V

∫

Aαγ

DAB∇bα · nαγ dA (2.77)

Problem II

vα · ∇sα + ε−1
α avk = DAB∇2sα (2.78)

B.C. I ; sα = 1 at Aαβ (2.79)

B.C. II; nαγ · ∇sα = 0 at Aαγ (2.80)

Periodicity; sα(r + `i) = sα(r) i = 1, 2, 3 (2.81)

Average; 〈sα〉α = 0 (2.82)

avk =
1

V

∫

Aαβ

DAB∇sα · nαβ dA +
1

V

∫

Aαγ

DAB∇sα · nαγ dA (2.83)

Make use of some arrangements [43] converts integro-differential equations into

differential equations. These arrangements,

b = b0 + Ψbuα (3.113)

s = 1 + Ψsavk (3.114)

causes the closure problems to become;

Problem I.1

ṽα + vα · ∇b0 = DAB∇2b0 (3.115)
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B.C. I ; b0 = 0 at Aαβ (3.116)

B.C. II; nαγ · ∇bα = −nαγ at Aαγ (3.117)

Periodicity; b0(r + `i) = b0(r) i = 1, 2, 3 (3.118)

Problem I.2

vα · ∇Ψb + ε−1
α = DAB∇2Ψb (3.119)

B.C. I ; Ψb = 0 at Aαβ (3.120)

B.C. II; nαγ · ∇Ψb = 0 at Aαγ (3.121)

Periodicity; Ψb(r + `i) = Ψb(r) i = 1, 2, 3 (3.122)

and

Average; uα = −〈b0〉α
〈Ψb〉α (3.123)

Problem II.1

vα · ∇Ψs + ε−1
α = DAB∇2Ψs (3.124)

B.C. I ; Ψs = 0 at Aαβ (3.125)

B.C. II; nαγ · ∇Ψs = 0 at Aαγ (3.126)

Periodicity; Ψs(r + `i) = Ψs(r) i = 1, 2, 3 (3.127)

Average; avk = − 1

〈Ψs〉α (3.128)

Velocity field is obtained in the previous part. All the nodes are GLL nodes,

thus, computing integrals to determine average velocity is very easy. Velocity

deviation field is easily found by subtracting intrinsic phase average velocity

from local velocity values. This brings all the variables in the modified closure

equations to be known numerically.

Weak forms of the modified closure equations are obtained. Domain decom-

position and spectral element methods are also used to obtain the solution of

closure variables. Since the contents of adjustable variables is known in terms of

closure variables as integrals. The integrals are computed using GLL quadrature

to determine coefficients of volume averaged equation. The implementation is

done with MATLAB and the MATLAB code is presented in Appendix A.2.
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CHAPTER 4

COMPUTATION RESULTS AND

DISCUSSION

In this part, velocity and velocity deviation fields were solved and solution of

closure variables were performed for simple one and two-dimensional unit cells

for an example case. This enabled computation of adjustable variables in volume

averaged mass transfer equation for both cases.

4.1 Definition of the Example Case

Supercritical fluid extraction of apricot seed oil was performed by using Super-

critical Fluid Extraction System (SFX220, ISCO Inc., Lincoln, NE). The dried

apricot seeds were chopped, sieved and fractionated for certain particle sizes.

5.0 grams of sample was placed into a steel extractor with a capacity of 10 ml.

The diameter and height of the extractor are 1.5 × 10−2 m and 5.57 × 10−2 m,

respectively. The extractions were done with a constant mass flow rate of su-

percritical CO2 at different pressures and temperatures [47]. Experimental con-

ditions of the example case are presented in Table 4.1. Initial void fraction

was determined with Helium Pycnometer (Ultrapycnometer1000,Quantachrome,

Boynton Beach, FL) and superficial velocity was calculated. Physical properties

of supercritical CO2 and oil phases are presented in Table 4.2.

In order to determine the void fractions and the the lengths of phases in one

and two-dimensional geometries, the volume of solid particles in the extractor was

measured before and after extraction, respectively at the experimental conditions
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Table 4.1: Experimental Conditions for the Example Case

Temperature 50 oC
Pressure 450 bar
Average Particle Size 4.25× 10−4 m
Mass Flow Rate 3 g/min
Initial Void Fraction 0.54
Superficial Velocity 2.98× 10−4 m/s

Table 4.2: Physical Properties for the Example Case

Physical Property Value Estimation Method
Density of CO2 0.951 g/ml Pitzer 1955, [48]
Viscosity of CO2 9.5× 10−5 N-s/m2 Jossi-Stiel-Thodos, [49]
Binary Diffusivity
of oil in CO2

7.21× 10−9 m2/s Catchpole and King 1994, [50]

given in Table 4.1. Consequently, the volume fractions of inert solid, oil and

supercritical CO2 phases in the extractor were calculated at the beginning of the

extraction (Table 4.3). It was determined that void fractions in the extractor

changed from 0.54 to 0.76 during the extraction. Since average particle size and

volume of solid, and volume of oil phases were known before extraction, number

of particles in the extractor was calculated. This gave the void volume belonging

for each particle. Therefore, side length of one square particle (including inert

solid, oil, and supercritical phase surrounding it) in one-dimensional (Figure 3.1)

and two-dimensional (Figure 3.2) geometries was found to be 4.45 × 10−4 m.

The lengths of the phases in one-dimensional unit cell were calculated as `α =

2.4 × 10−4m, `β = 9.8 × 10−5m, `γ = 1.07 × 10−4 m. In two-dimensional unit

cell the calculation of the dimensions of sub domains (Figure 3.4) required a

MATLAB program (Appendix A.1.3). The computed dimensions of the sub

domains for the case εα = 0.54 are given in Table 4.4.
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Table 4.3: Initial Volume Fractions for the Example Case

Carbon Dioxide Phase Oil Phase Inert Solid Phase
0.54 0.22 0.24

Table 4.4: Dimensions of Sub domains in Two-dimensional Unit Cell for the
Example Case

Sub domain Lx Ly

(×104) m (×104) m
1 1.508 1.431
2 1.431 1.431
3 1.431 0.793
4 1.431 0.793
5 1.431 0.715
6 1.431 0.715
7 3.016 0.715
8 3.016 0.715
9 1.431 0.715
10 1.431 0.715
11 1.431 0.793
12 1.431 0.793
13 1.431 1.431
14 1.508 1.431

4.2 Computation of Velocity Fields
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Figure 4.1: Velocity Profile for One-dimensional Unit Cell
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Velocity profile for one-dimensional unit cell is presented in Figure 4.1. It

is the result of analytical expressions for velocities in x and y directions for

one-dimensional unit cell.

Velocity profile for two-dimensional unit cell is presented in Figure 4.2. It

is the result of a complex iterative MATLAB program which contains, Spectral

Element method with Domain Decomposition technique, Preconditioned Con-

jugate Gradient algorithm (Appendix A.1). The program calculates interstitial

velocity from local velocity distribution using Gauss quadrature. Since intersti-

tial velocity is a known value, the value of pressure gradient was found by trial

and error procedure.

Velocity deviation fields for both one and two-dimensional unit cells were

calculated by subtracting local velocity from interstitial velocity of supercritical

CO2.

4.3 Computation of Closure Variables

Closure variables bα (Equation (3.32), Equation (3.33)) and sα (Equation (3.40))

were calculated for one-dimensional unit cell and the results are presented in

Figure 4.3 and in Figure 4.4, respectively.
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Figure 4.3: bα Field for One-dimensional Unit Cell
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Figure 4.4: sα Field for One-dimensional Unit Cell

MATLAB program in Appendix A.2 was used to compute the closure vari-

ables bα (Equation (3.113)) and sα (Equation (3.114)) for two-dimensional unit

cell via spectral element method with domain decomposition technique (Section

3.2.7). The results are presented in Figure 4.5 and in Figure 4.6, respectively.
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Figure 4.5: bα Field for Two-dimensional Unit Cell
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4.4 Computation of Coefficients

It is possible to arrange the terms in volume averaged mass transfer equation

(Equation 2.84) in the following form;

∂

∂t
(εα〈cAα〉α) + (〈vα〉 − uα + dα + DAB∇εα) · ∇〈cAα〉α

= ∇ · (D?
α · ∇〈cAα〉α) + (avk +∇ · dα) (ceq

Aα
− 〈cAα〉α) (4.1)

Four groups of terms in this equation are identified. Comparing with unsteady

state convection diffusion equation, it can be said that these terms are similar

to accumulation, convection, dispersion and interphase mass transfer terms, re-

spectively. The terms in brackets (Equation (4.1)) are the coefficients of volume

averaged mass transfer equation and they were computed for both in one and
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two-dimensional geometries for the example case (Table 4.5). Gradient of void

fraction∇εα at the beginning of extraction is zero, therefore it was not computed.

Table 4.5: The Coefficients of Volume Averaged Mass Transfer Equation

Coefficient One-Dimensional Two-Dimensional
Geometry Geometry

Convective Term (m/s) 8.63× 10−4 5.10× 10−4

Dispersive Term (m2/s) 5.77× 10−9 1.07× 10−8

Interphase Term (1/s) 0.81 4.21

4.5 Discussion

The coefficients in the models based on integral mass balances for solute are

mostly determined from regression analysis [19, 14, 51, 15, 52] or calculated

values from general mass transfer correlations [30]. Sometimes these correlations

contain adjustable variables too. For example; tortuosity factor of solid is usually

taken in the range of 2 − 8 in the calculation of effective diffusivity [49]. The

structure of the volume averaged mass transfer equation derived in this study

is similar to the equations used for supercritical fluid extraction of biomaterials

in packed beds in literature. However, there is a major difference in calculation

of the coefficients. Volume averaging provides the calculation of coefficients by

using only most basic measurable physical properties such as density, viscosity,

binary diffusion coefficient etc.

During the solution of mass transfer equations, the void fraction in the bed

was assumed to be constant throughout the extraction, in all studies that are

available in literature. However, this is not the real case as proved by the change

of void fraction from 0.54 to 0.76 in the example case studied. Therefore, gradient

of void fraction ∇εα was included in volume averaged mass transfer equation

(Equation 4.1).

The coefficients of convective term were higher than the superficial velocity

(2.98 × 10−4 m/s) for both one and two-dimensional geometries but they were

61



in the same order of magnitude in case of zero gradient of void fraction. During

extraction, negative gradient of void fraction is expected. Therefore, this would

decrease the coefficient of convective term to some extent.

The coefficient of dispersion term of volume averaged mass transfer equation

corresponds to axial dispersion term in integral mass balance for solute in lit-

erature which is obtained through mass transfer correlations [53]. However, the

method of volume averaging gives a formulation in integral form which enables

the computation of dispersion term. Since dispersion term is directly related

to the diffusivity of oil in carbon dioxide, it should not be different from the

diffusivity values which were reported to be in the magnitude of (10−9 to 10−8

m2/s [50]). The computed coefficients of dispersion term for both one and two-

dimensional geometries were close to the diffusivity of oil in supercritical CO2

as expected. The axial dispersion reported for sunflower oil in supercritical CO2

was in order of magnitude of 10−12 m2/s [51] which was three order of magnitude

smaller than the coefficient computed in the study.

The computed coefficients of interphase mass transfer term of volume av-

eraged mass transfer equation were higher than the mass transfer coefficient

obtained for extraction of apricot seed oil (10−2) at the same experimental con-

ditions which was determined by using Sovova’s Model [23] through regression.

The mass transfer coefficient obtained for sunflower oil extraction using Shrinking

Core Model (10−2) was smaller than the coefficient of interphase mass transfer

term [51].

Local equilibrium conditions were assumed during the derivation of volume

averaged mass transfer equation. Reverchon [15, 20, 21] considered local equilib-

rium conditions but took desorption mechanism into account, as well. Changing

the boundary conditions at the oil carbon dioxide boundary from local equilib-

rium to convective mass flux would change the computed value of the coefficients

of interphase mass transfer term.

Rectangular particles were used in two-dimensional geometry which decrease

the effect of convective term (v·∇Ψ) in the solution of closure variables. Spherical

particles would be a better representative of the real case since the effect of
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convective term would be maximum.

Using two-dimensional geometry in the solution of volume averaged mass

transfer equation reduces volume averaging to area averaging. Therefore, using

three-dimensional geometry would change the computed value of the coefficient

of interphase mass transfer term.

Moreover, in two-dimensional geometry the computations were based on the

assumption that supercritical CO2 flows around every particle in the unit cell.

However, there might be channelling effect in the extractor and the coefficients

calculated using correlative models would be expected to be lower than that

computed from volume averaged mass transfer equations.

Therefore, modifications in boundary conditions, change in geometry of par-

ticles and use of three-dimensional computations would improve the value of the

coefficient of interphase mass transfer term.
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CHAPTER 5

CONCLUSIONS AND RECOMMENDED

FUTURE WORK

In this study, the method of volume averaging provided new approach to derive

mathematical model for supercritical fluid extraction in packed beds without ad-

justable variables. Volume averaged mass transfer equation for carbon dioxide

phase was similar to mathematical models based on integral mass balances for

solute. However, some additional terms were observed in the coefficients. Coeffi-

cients of volume averaged equation were computed for one and two-dimensional

geometries.

For computational purpose, Spectral Element method with Domain Decom-

position technique was used. It was observed that it is a powerful method with

less computer resource and provides fast convergence with small number of in-

tervals.

The computed coefficients for convective term were similar to each other for

one and two-dimensional geometries and close to superficial velocity of supercrit-

ical CO2.

The coefficients of dispersion term computed for one and two-dimensional

geometries, and diffusivity of oil in supercritical CO2 were all in the order of

magnitude.

The coefficients of interphase mass transfer term were overestimated with

this method. Modifications in boundary conditions, change in geometry of par-

ticles and use of three-dimensional computations would improve the value of the
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coefficient of interphase mass transfer term.

Computation of coefficients under different conditions would be a subject of

different study and it would give the dependency of coefficients on the process

parameters.

Solution of volume averaged equation for packed bed requires solution of

moving boundary value problem. Front fixing with Spectral Element method

would provide a solution for this problem. This would also give the opportu-

nity to compare the predicted model results with experimental results without

adjustable variables.

Expression of mathematical model in terms of dimensionless groups and de-

velopment of new correlations for supercritical fluid extraction in packed beds

would be a title of another study.
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[52] S.G. Özkal M.E. Yener and L. Bayındırlı. Mass transfer modeling of apricot
kernel oil with supercritical carbon dioxide. J. of Supercrit. Fluids, 35:119–
127, 2005.

[53] C.S. Tan D.C. Liou. Axial dispersion of supercritical carbon dioxide in
packed beds. Ind. Eng. Chem. Res., 28:1246–1250, 1989.

[54] J.A.C. Weidemann and S.C. Reddy. A matlab differentiation matrix suite.
ACM Trans. Math. Softw., 26:465–519, 2000.

69



APPENDIX A

MATLAB PROGRAMS

A.1 MATLAB Program for Velocity Field

This program finds the velocity field in x and y directions in the two dimensional

unit cell. Input parameters are pressure gradient, void fraction, viscosity.

clear all
global Nxp Nyp Nxm Nym Nelm
global wx wy
global X Y XA YA
global Lx Ly
global Kx Ky Mx My
global Rx Ry Qx Qy
global uL vL
global Restu Restv
global Rest Q
global KUMatrix KVMatrix
global addFx addFy
global addU addV

% Solve Stokes eqn. iteratively with f=(kx,ky)
% Note that for convenience velocity U is scaled as mu*U

% Flow Parameters
mu=9.5e-5; ky=0; kx=52.559, epsilon=0.54;

% Iteration Parameters
max_it = 1000;
tol = 1e-7;

% Grid Parameters
% All elements have the same resolution
Nx=5; Ny=5; Nelm=14;
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% Grid Setup
%
% Typical Element Geometry
% byL
% y=1 |-----|
% bx0 | X,Y | bxL
% y=-1 |-----|
% x=-1 by0 x=1
%
Nxp=Nx+1; Nyp=Ny+1; Nxm=Nx-1; Nym=Ny-1;
[wx,x]=Lobatto(Nx); wx=wx(:); % x is of size Nxp
[wy,y]=Lobatto(Ny); wy=wy(:); % y is of size Nyp
[X Y]=meshgrid(x,y); X=X’; Y=Y’;

% internal and boundary indices in vector form
in=find(abs(X)~=1 & abs(Y)~=1);
bo=find(abs(X)==1 | abs(Y)==1);
bx0=find(X==-1); bxL=find(X==1);
by0=find(Y==-1); byL=find(Y==1);

% internal and boundary indices in matrix form
[ini,inj]=find(abs(X)~=1 & abs(Y)~=1);
[boi,boj]=find(abs(X)==1 | abs(Y)==1);
[bx0i,bx0j]=find(X==-1); [bxLi,bxLj]=find(X==1);
[by0i,by0j]=find(Y==-1); [byLi,byLj]=find(Y==1);

Nx0=size(bx0i); NxL=size(bxLi);
Ny0=size(by0i); NyL=size(byLi);

% Diff Setup
Dx=poldif(x,1); Dx=Dx(:,:,1);
Dy=poldif(y,1); Dy=Dy(:,:,1);

% Integration Matrices
Mx=diag(wx); My=diag(wy); % velocity mass matrices
Kx=Dx’*Mx*Dx; Ky=Dy’*My*Dy;
for n=1:Nxm, Lmnx=legendre(n-1,x); Legx(:,n)=Lmnx(1,:)’; end
for n=1:Nym, Lmny=legendre(n-1,y); Legy(:,n)=Lmny(1,:)’; end
Qx=Mx*Legx; Qy=My*Legy;
Rx=Dx’*Mx*Legx; Ry=Dy’*My*Legy;
% Pressure mass matrices
Px=Legx’*Mx*Legx; Py=Legy’*My*Legy;

% Actual Geometry
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% k : applied pressure gradient
%
% Ly1+Ly3 /solid/|--sym--|----sym----|--sym--|/solid/
% ///////| 5 | 8 | 9 |///////|
% |///////|-------|-----------|-------|///////|
% |///////| 3 |///////////| 11 |///////|
% Ly1|-------|-------|///////////|-------|-------|
% k -->| 1 | 2 |///solid///| 13 | 14 |
% 0 |-------|-------|///////////|-------|-------|
% |///////| 4 |///////////| 12 |///////|
% |///////|-------|-----------|-------|///////|
% |///////| 6 | 7 | 10 |///////|
% -Ly4 /solid/|--sym--|----sym----|--sym--|/solid/
%
% 0 Lx1 Lx2+Lx1
%
%

[Lx,Ly]=geometry(epsilon);

% SUBDOMAIN 1
elm=1;
Lx1=Lx(elm); Ly1=Ly(elm);
x1=Lx1*(x+1)/2; y1=Ly1*(y+1)/2;
[X1 Y1]=meshgrid(x1,y1); X1=X1’; Y1=Y1’; Yc=Y1(:);
XA(:,:,elm)=X1; YA(:,:,elm)=Y1;

% Local(i,j,e) <--> Global(kount) indexing
t1=[1:Nxp*Nyp]; g=t1(length(t1));
g_ind(:,:,elm)=reshape(t1,Nxp,Nyp);

% Dirichlet field > ub,vb
ub=zeros(size(X1)); ub=ub(:);

ub(bx0)=(kx/2)*Yc(bx0).*(Ly1-Yc(bx0));
ubL(:,:,elm)=reshape(ub,size(X1));

vb=zeros(size(X1)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X1));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X1)); mask=mask(:);

mask(bx0)=0; mask(by0)=0; mask(byL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X1));
MaskvL(:,:,elm)=reshape(mask,size(X1));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 2
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elm=2;
Lx2=Lx(elm); Ly2=Lx(elm);
x2=Lx1+Lx2*(x+1)/2; y2=Ly2*(y+1)/2;
[X2 Y2]=meshgrid(x2,y2); X2=X2’; Y2=Y2’;
XA(:,:,elm)=X2; YA(:,:,elm)=Y2;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,1)];

% Dirichlet field > ub,vb
ub=zeros(size(X2)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X2));
vb=zeros(size(X2)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X2));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X2)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X2));
MaskvL(:,:,elm)=reshape(mask,size(X2));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 3
elm=3;
Lx3=Lx(elm); Ly3=Ly(elm);
x3=Lx1+Lx3*(x+1)/2; y3=Ly1+Ly3*(y+1)/2;
[X3 Y3]=meshgrid(x3,y3); X3=X3’; Y3=Y3’;
XA(:,:,elm)=X3; YA(:,:,elm)=Y3;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2,g_ind(:,1,2)];

% Dirichlet field > ub,vb
ub=zeros(size(X3)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X3));
vb=zeros(size(X3)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X3));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X3)); mask=mask(:); mask(bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X3));
MaskvL(:,:,elm)=reshape(mask,size(X3));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 4
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elm=4;
Lx4=Lx(elm); Ly4=Ly(elm);
x4=Lx1+Lx4*(x+1)/2; y4=-Ly4+Ly4*(y+1)/2;
[X4 Y4]=meshgrid(x4,y4); X4=X4’; Y4=Y4’;
XA(:,:,elm)=X4; YA(:,:,elm)=Y4;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,2),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X4)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X4));
vb=zeros(size(X4)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X4));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X4)); mask=mask(:); mask(bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X4));
MaskvL(:,:,elm)=reshape(mask,size(X4));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 5
elm=5;
Lx5=Lx(elm); Ly5=Ly(elm);
x5=Lx1+Lx5*(x+1)/2; y5=Ly1+Ly3+Ly5*(y+1)/2;
[X5 Y5]=meshgrid(x5,y5); X5=X5’; Y5=Y5’;
XA(:,:,elm)=X5; YA(:,:,elm)=Y5;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2,g_ind(:,1,3)];

% Dirichlet field > ub,vb
ub=zeros(size(X5)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X5));
vb=zeros(size(X5)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X5));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X5)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape(mask,size(X5));
mask=ones(size(X5)); mask=mask(:); mask(bx0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X5));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;
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% SUBDOMAIN 6
elm=6;
Lx6=Lx(elm); Ly6=Ly(elm);
x6=Lx1+Lx6*(x+1)/2; y6=-Ly4-Ly6+Ly6*(y+1)/2;
[X6 Y6]=meshgrid(x6,y6); X6=X6’; Y6=Y6’;
XA(:,:,elm)=X6; YA(:,:,elm)=Y6;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,4),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X6)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X6));
vb=zeros(size(X6)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X6));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X6)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape(mask,size(X6));
mask=ones(size(X6)); mask=mask(:); mask(bx0)=0; mask(by0)=0;
MaskvL(:,:,elm)=reshape(mask,size(X6));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 7
elm=7;
Lx7=Lx(elm); Ly7=Ly(elm);
x7=Lx1+Lx2+Lx7*(x+1)/2; y7=-Ly4-Ly7+Ly7*(y+1)/2;
[X7 Y7]=meshgrid(x7,y7); X7=X7’; Y7=Y7’;
XA(:,:,elm)=X7; YA(:,:,elm)=Y7;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,6)];

% Dirichlet field > ub,vb
ub=zeros(size(X7)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X7));
vb=zeros(size(X7)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X7));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X7)); mask=mask(:); mask(byL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X7));
mask=ones(size(X7)); mask=mask(:); mask(by0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X7));
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% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 8
elm=8;
Lx8=Lx(elm); Ly8=Ly(elm);
x8=Lx1+Lx2+Lx8*(x+1)/2; y8=Ly1+Ly3+Ly8*(y+1)/2;
[X8 Y8]=meshgrid(x8,y8); X8=X8’; Y8=Y8’;
XA(:,:,elm)=X8; YA(:,:,elm)=Y8;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,5)];

% Dirichlet field > ub,vb
ub=zeros(size(X8)); ub=ub(:); ubL(:,:,elm)=reshape(ub,size(X8));
vb=zeros(size(X8)); vb=vb(:); vbL(:,:,elm)=reshape(vb,size(X8));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X8)); mask=mask(:); mask(by0)=0;
MaskuL(:,:,elm)=reshape(mask,size(X8));
mask=ones(size(X8)); mask=mask(:); mask(by0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X8));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 9
elm=9;
Lx9=Lx(elm); Ly9=Ly(elm);
x9=Lx1+Lx2+Lx8+Lx9*(x+1)/2; y9=Ly1+Ly3+Ly9*(y+1)/2;
[X9 Y9]=meshgrid(x9,y9); X9=X9’; Y9=Y9’;
XA(:,:,elm)=X9; YA(:,:,elm)=Y9;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,8)];

% Dirichlet field > ub,vb
ub=zeros(size(X9)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X9));
vb=zeros(size(X9)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X9));

% Mask array = 0(Dirichlet); = 1(Otherwise)

76



mask=ones(size(X9)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X9));
mask=ones(size(X9)); mask=mask(:);
mask(bxL)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X9));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 10
elm=10;
Lx10=Lx(elm); Ly10=Ly(elm);
x10=Lx1+Lx2+Lx7+Lx10*(x+1)/2;

y10=-Ly4-Ly10+Ly10*(y+1)/2;
[X10 Y10]=meshgrid(x10,y10); X10=X10’; Y10=Y10’;
XA(:,:,elm)=X10; YA(:,:,elm)=Y10;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,7)];

% Dirichlet field > ub,vb
ub=zeros(size(X10)); ub=ub(:);

ubL(:,:,elm)=reshape(ub,size(X10));
vb=zeros(size(X10)); vb=vb(:);

vbL(:,:,elm)=reshape(vb,size(X10));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X10)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X10));
mask=ones(size(X10)); mask=mask(:);

mask(bxL)=0; mask(by0)=0;
MaskvL(:,:,elm)=reshape(mask,size(X10));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 11
elm=11;
Lx11=Lx(elm); Ly11=Ly(elm);
x11=Lx1+Lx2+Lx8+Lx11*(x+1)/2;

y11=Ly1+Ly11*(y+1)/2;
[X11 Y11]=meshgrid(x11,y11); X11=X11’; Y11=Y11’;
XA(:,:,elm)=X11; YA(:,:,elm)=Y11;

% Local(i,j,e) <--> Global(kount) indexing
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t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,9),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X11)); ub=ub(:);

ubL(:,:,elm)=reshape(ub,size(X11));
vb=zeros(size(X11)); vb=vb(:);

vbL(:,:,elm)=reshape(vb,size(X11));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X11)); mask=mask(:);

mask(bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X11));
MaskvL(:,:,elm)=reshape(mask,size(X11));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 12
elm=12;
Lx12=Lx(elm); Ly12=Ly(elm);
x12=Lx1+Lx2+Lx7+Lx12*(x+1)/2;

y12=-Ly12+Ly12*(y+1)/2;
[X12 Y12]=meshgrid(x12,y12); X12=X12’; Y12=Y12’;
XA(:,:,elm)=X12; YA(:,:,elm)=Y12;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2, g_ind(:,1,10)];

% Dirichlet field > ub,vb
ub=zeros(size(X12)); ub=ub(:);

ubL(:,:,elm)=reshape(ub,size(X12));
vb=zeros(size(X12)); vb=vb(:);

vbL(:,:,elm)=reshape(vb,size(X12));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X12)); mask=mask(:);

mask(bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X12));
MaskvL(:,:,elm)=reshape(mask,size(X12));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

78



% SUBDOMAIN 13
elm=13;
Lx13=Lx(elm); Ly13=Ly(elm);
x13=Lx1+Lx2+Lx8+Lx13*(x+1)/2; y13=Ly13*(y+1)/2;
[X13 Y13]=meshgrid(x13,y13); X13=X13’; Y13=Y13’;
XA(:,:,elm)=X13; YA(:,:,elm)=Y13;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-2*Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-2);
g_ind(:,:,elm)=[g_ind(:,Nyp,11),t2,g_ind(:,1,12)];

% Dirichlet field > ub,vb
ub=zeros(size(X13)); ub=ub(:);

ubL(:,:,elm)=reshape(ub,size(X13));
vb=zeros(size(X13)); vb=vb(:);

vbL(:,:,elm)=reshape(vb,size(X13));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X13)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape(mask,size(X13));
MaskvL(:,:,elm)=reshape(mask,size(X13));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 14
elm=14;
Lx14=Lx(elm); Ly14=Ly(elm);
x14=Lx1+Lx2+Lx8+Lx13+Lx14*(x+1)/2; y14=Ly14*(y+1)/2;
[X14 Y14]=meshgrid(x14,y14); X14=X14’; Y14=Y14’;
XA(:,:,elm)=X14; YA(:,:,elm)=Y14;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,13)];

% Dirichlet field > ub,vb
ub=zeros(size(X14)); ub=ub(:);

ubL(:,:,elm)=reshape(ub,size(X14));
vb=zeros(size(X14)); vb=vb(:);

vbL(:,:,elm)=reshape(vb,size(X14));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X14)); mask=mask(:);

mask(by0)=0; mask(byL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X14));
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mask=ones(size(X14));mask=mask(:);
mask(bxL)=0;mask(by0)=0;mask(byL)=0;

MaskvL(:,:,elm)=reshape(mask,size(X14));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% Local(i,j,e) = Q * Global(ind)
BrmL=zeros(Nxp,Nyp,Nelm);
g_size=g;
for is=1:g_size

Brm=zeros(g_size,1); Brm(is,1)=1;
for e=1:Nelm, for j=1:Nyp, for i=1:Nxp

ind=g_ind(i,j,e);
BrmL(i,j,e)=Brm(ind,1);

end, end, end
Q(:,is)=BrmL(:);

end

% Construct Mask operator
for e=1:Nelm, for j=1:Nyp, for i=1:Nxp

ind=g_ind(i,j,e);
Masku(ind)=MaskuL(i,j,e);
Maskv(ind)=MaskvL(i,j,e);

end, end, end
Masku=Masku(:); Maskv=Maskv(:);
MaskuL=MaskuL(:); MaskvL=MaskvL(:);

% Construct Restriction operator
Msk=diag(Masku); [iMsk,jMsk]=find(Msk==1); Restu=[Msk(iMsk,:)];
Msk=diag(Maskv); [iMsk,jMsk]=find(Msk==1); Restv=[Msk(iMsk,:)];

% Construct the Matrix operator for velocity equation
KUM=zeros(Nxp*Nyp*Nelm,Nxp*Nyp*Nelm);
for e=1:Nelm

Lxe=Lx(e); Lye=Ly(e);
KL(:,:,e)=(Lye/Lxe)*kron(My,Kx)+(Lxe/Lye)*kron(Ky,Mx);
a(:,:,e)=zeros(Nelm,Nelm); a(e,e,e)=1;
tmp=kron(a(:,:,e),KL(:,:,e));
KUM=KUM+tmp;

end
KUMatrix=Restu*Q’*KUM*Q*Restu’; KVMatrix=Restv*Q’*KUM*Q*Restv’;

% Forcing vector integral
fx=kx*ones(size(X)); fy=ky*ones(size(X));
for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
Fx(:,:,e)=(Lxe*Lye/4)*Mx*fx(:,:)*My’;
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Fy(:,:,e)=(Lxe*Lye/4)*Mx*fy(:,:)*My’;
end

% Dirichlet Velocity Field integral
for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
Kub(:,:,e)=(Lye/Lxe)*Kx*ubL(:,:,e)*My’+(Lxe/Lye)*Mx*ubL(:,:,e)*Ky’;
Kvb(:,:,e)=(Lye/Lxe)*Kx*vbL(:,:,e)*My’+(Lxe/Lye)*Mx*vbL(:,:,e)*Ky’;
end

% Diagonal pressure mass matrix as pressure preconditioner
Prcp=[];
for e=1:Nelm
Prc=(Lx(e)*Ly(e)/4)*diag(kron(Py,Px)); Prc=Prc(:);
Prcp=[Prcp; Prc];
end

p=pL(:); % input initial pressure

% Compute the pressure residual
addFx=Fx-Kub; addU=ubL;
addFy=Fy-Kvb; addV=vbL;
resp=-SMap(p);

% Start PCG iterations for pressure
addFx=zeros(size(addFx)); addU=zeros(size(addU));
addFy=zeros(size(addFy)); addV=zeros(size(addV));
W=ones(Nxm*Nym*Nelm,1); W=1./W;
[p,flagp] = PCG(resp,p,@SMap,Prcp,W,max_it,tol);

if(flagp==1), flagp, end

% Compute velocity as a byproduct of
% SMap given the correct pressure p
addFx=Fx-Kub; addU=ubL;
addFy=Fy-Kvb; addV=vbL;
resp=SMap(p);
uL=uL/mu; vL=vL/mu;
divergence=norm(resp); % check the divergence
clf, quiver(XA,YA,uL,vL)
% Calculation of intrinsic volume average of uL and vL
IuL=[]; IvL=[]; area=[];
for i=1:Nelm
area(i)=Lx(i).*Ly(i);
IuL(i)=(wx’*uL(:,:,i)*wy)*(area(i)/4);
IvL(i)=(wx’*vL(:,:,i)*wy)*(area(i)/4);
end
% intrinsic volume average velocity for u
uav=sum(IuL)/sum(area)
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uav=2.9761e-4/epsilon

function Sp = SMap(p)

global Nxp Nyp Nxm Nym Nelm
global Lx Ly
global Rx Ry Qx Qy
global uL vL
global Restu Restv
global Rest Q
global KUMatrix KVMatrix
global addFx addFy
global addU addV

% Given the pressure Local p compute Global Sp
pL=reshape(p,[Nxm Nym Nelm]);
for e=1:Nelm

Lxe=Lx(e); Lye=Ly(e);
urhsL(:,:,e)=(Lye/2)*Rx*pL(:,:,e)*Qy’+addFx(:,:,e);
vrhsL(:,:,e)=(Lxe/2)*Qx*pL(:,:,e)*Ry’+addFy(:,:,e);

end
% Given the pressure solve for velocity directly

Urhs=Restu*Q’*urhsL(:); U=KUMatrix\Urhs; UL=Q*Restu’*U;
Vrhs=Restv*Q’*vrhsL(:); V=KVMatrix\Vrhs; VL=Q*Restv’*V;

uL=reshape(UL,[Nxp Nyp Nelm])+addU;
vL=reshape(VL,[Nxp Nyp Nelm])+addV;

% Compute the pressure residual
for e=1:Nelm

Lxe=Lx(e); Lye=Ly(e);
Sp(:,:,e)=(Lye/2)*Rx’*uL(:,:,e)*Qy+(Lxe/2)*Qx’*vL(:,:,e)*Ry;

end
Sp=Sp(:);

A.1.1 Computation of GLL Points and Weight Factors

This program computes GLL points and weight factors for GLL quadrature.

function [w, y] = Lobatto(n)

% The Legendre-Lobatto points y(1:n+1) are the roots of
% f(x) = (1-x^2) dP_n/dx, with the weights w(1:n-1) = 2/n(n+1)
% P_n(y(1:n-1))^-2 and w([0 n] = 2/n(n+1).
% where P_n(x) is the nth degree Legendre polynomial.
%
% This routine uses Newton iteration to find the roots to
% 10 digit accuracy. Only symmetric half is computed.
% The initial estimates are the Chebyshev points cos((pi/n)*(0:n)).
%

82



% By using the two relations
% (1-x^2)(dP_n/dx) = n(n+1)/(2n+1) (P_(n-1) - P_(n+1))
% P_n = -1/(2n+1) (dP_(n-1)/dx - dP_(n+1)/dx)
% we identify
% f = P_(n-1) - P_(n+1) and df/dx = -(2n+1)P_n.

if n==1, w = [1 1]; y = [1 -1]; return, end
if n==2, w = [1/3 4/3 1/3]; y = [1 0 -1]; return, end

s = 2/(n*(n+1));
m = ceil(n/2) - 1; % # of half-internal points except zero.
for i=1:m
z = cos((pi/n)*i); d = 1;
while abs(d) >= 5e-11

Lnm1 = legendre(n-1,z); Lnp1 = legendre(n+1,z);
Ln = legendre(n,z);

fz = Lnm1(1,1) - Lnp1(1,1); fpz = -(2*n+1)*Ln(1,1);
d = -(fz/fpz); z = z + d;

end
yh(i) = z;
wh(i) = 1/Ln(1,1)^2;
end
if 2*ceil(n/2)==n,

Ln = legendre(n,0); w0 = 1/Ln(1,1)^2;
w = s*[1 wh(:)’ w0 fliplr(wh(:)’) 1];
y = [1 yh(:)’ 0 -fliplr(yh(:)’) -1];

else
w = s*[1 wh(:)’ fliplr(wh(:)’) 1];
y = [1 yh(:)’ -fliplr(yh(:)’) -1];

end

A.1.2 Computation of Differentiation Matrices

This program computes the differentiation matrices for the given nodes [54].

function DM = poldif(x, malpha, B)

% The function DM = poldif(x, maplha, B) computes the
% differentiation matrices D1, D2, ..., DM on arbitrary nodes.
%
% The function is called with either two or three input
% arguments. If two input arguments are supplied, the
% weight function is assumed to be constant. If three
% arguments are supplied, the weights should
% be defined as the second and third arguments.
%
% Input (constant weight):
%
% x: Vector of N distinct nodes.
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% malpha: M, the number of derivatives required (integer).
% B: Omitted.
%
% Note: 0 < M < N-1.
%
% Input (non-constant weight):
%
% x: Vector of N distinct nodes.
% malpha: Vector of weight values alpha(x), evaluated at x = x(k).
% B: Matrix of size M x N, where M is the highest
% derivative required. It should contain the quantities
% B(ell,j) = beta(ell,j) = (ell-th derivative
% of alpha(x))/alpha(x), evaluated at x = x(j).
%
% Output:
% DM: DM(1:N,1:N,ell) contains ell-th derivative matrix,
% ell=1..M.

% J.A.C. Weideman, S.C. Reddy 1998

N = length(x);
x = x(:); % Make sure x is a column vector

if nargin == 2 % Check if constant weight function
M = malpha; % is to be assumed.

alpha = ones(N,1);
B = zeros(M,N);

elseif nargin == 3
alpha = malpha(:); % Make sure alpha is a column vector

M = length(B(:,1)); % First dimension of B is the number
end % of derivative matrices to be computed

I = eye(N); % Identity matrix.
L = logical(I); % Logical identity matrix.

XX = x(:,ones(1,N));
DX = XX-XX’; % DX contains entries x(k)-x(j).

DX(L) = ones(N,1); % Put 1’s one the main diagonal.

c = alpha.*prod(DX,2); % Quantities c(j).

C = c(:,ones(1,N));
C = C./C’; % Matrix with entries c(k)/c(j).

Z = 1./DX; % Z contains entries 1/(x(k)-x(j))
Z(L) = zeros(N,1); % with zeros on the diagonal.
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X = Z’; % X is same as Z’, but with
X(L) = []; % diagonal entries removed.

X = reshape(X,N-1,N);

Y = ones(N-1,N); % Initialize Y and D matrices.
D = eye(N); % Y is matrix of cumulative sums,

% D differentiation matrices.
for ell = 1:M

Y = cumsum([B(ell,:); ell*Y(1:N-1,:).*X]); % Diagonals
D = ell*Z.*(C.*repmat(diag(D),1,N) - D); % Off-diagonals

D(L) = Y(N,:); % Correct the diagonal
DM(:,:,ell) = D; % Store the current D
end

A.1.3 Computation of Geometry

This program computes the dimensions of two dimensional unit cell. Input pa-
rameter is void fraction of the unit cell.

function [Lx,Ly] = geometry(epsilon)
ltotal=0.044465866e-2; Atotal=ltotal*ltotal;
Asolid=0.24*Atotal; Aoil=(0.76-epsilon)*Atotal;
Agas=epsilon*Atotal; lsolid=sqrt(Asolid);
loil=sqrt(Asolid+Aoil);
Lx(1)=loil/2; Ly(1)=ltotal-loil;
Lx(2)=Ly(1); Ly(2)=Ly(1);
Lx(3)=Lx(2); Ly(3)=(loil-Lx(2))/2;
Lx(4)=Lx(2); Ly(4)=Ly(3);
Lx(5)=Lx(2); Ly(5)=Ly(1)/2;
Lx(6)=Lx(2); Ly(6)=Ly(5);
Lx(7)=loil; Ly(7)=Ly(5);
Lx(8)=loil; Ly(8)=Ly(5);
Lx(9)=Lx(2); Ly(9)=Ly(5);
Lx(10)=Lx(2); Ly(10)=Ly(5);
Lx(11)=Lx(2); Ly(11)=Ly(3);
Lx(12)=Lx(2); Ly(12)=Ly(3);
Lx(13)=Lx(2); Ly(13)=Ly(1);
Lx(14)=Lx(1); Ly(14)=Ly(1);

A.1.4 Preconditioned Conjugate Gradient Algorithm

This program implements Preconditioned Conjugate Gradient algorithm.

% Start PCG (Preconditioned Conjugate Gradient) iterations
function [x,flag] = PCG(r,x,Map,M,W,max_it,tol)

% PCG.m solves the symmetric positive definite
% linear system Ax=b using the Conjugate Gradient
% method with preconditioning.

85



%
% input A REAL symmetric positive definite matrix
% x REAL initial guess vector
% b REAL right hand side vector
% M REAL diagonal preconditioner matrix
% max_it INTEGER maximum number of iterations
% tol REAL error tolerance
%
% output x REAL solution vector
% error REAL error norm
% iter INTEGER number of iterations performed
% flag INTEGER: 0 = solution found to tolerance
% 1 = no convergence given max_it

flag = 0; iter = 0; % initialization
for iter = 1:max_it % begin iteration

z = r./M; % Apply diagonal preconditioner diag(M)*z=r
rho = (r’*(W.*z));
if ( iter > 1 ), beta = rho / rho_1; p = z + beta*p;

else, p = z; end % direction vector
Ap=feval(Map,p);
q = Ap; % Compute A*p;
alpha = rho / (p’*(W.*q) );
x = x + alpha * p; % update approximation vector
r = r - alpha*q; % compute residual
error = norm(r); % check convergence
if ( error <= tol ), break, end
rho_1 = rho;

end % end iteration
if ( error > tol ) flag = 1; end % no convergence
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A.2 MATLAB Program For Closure Variables

This program computes the closure variables and the coefficients of volume av-

eraged mass transfer equation for packed bed.
clear all, format short e
global Nxp Nyp Nxm Nym Nelm
global wx wy
global X Y XA YA
global Lx Ly
global Kx Ky Mx My
global Rx Ry Qx Qy
global Cx Cy
global uL vL
global Restu Restv
global Rest Q
global KUMatrix KVMatrix
global addFx addFy
global addU addV

% Solve Stokes eqn. iteratively with f=(kx,ky)
% Note that for convenience velocity U is scaled as mu*U

% for each porosity kx values are calculated manually
% to give the right values of intrinsic velocities.
keps=[
0.74000, 14.2096; 0.73888, 14.3143; 0.73556, 14.628;
0.73010, 15.1577; 0.72262, 15.9114; 0.71331, 16.897;
0.70235, 18.131; 0.69000, 19.6268; 0.67653, 21.397;
0.66225, 23.45; 0.64747, 25.7887; 0.63253, 28.401;
0.61775, 31.262; 0.60347, 34.3215; 0.59000, 37.5075;
0.57765, 40.716; 0.56669, 43.82; 0.55738, 46.666;
0.54990, 49.105; 0.54444, 50.977; 0.54112, 52.155;
0.54000, 52.559];

for iter=1:length(keps)

% Flow Parameters
epsilon=keps(iter,1); kx=keps(iter,2);
mu=9.5e-5; ky=0;

% Iteration Parameters
max_it = 1000; tol = 1e-7;

[Lx,Ly]=geometry(epsilon);

% Grid Parameters
Nx=5; Ny=5; Nelm=14; % All elements have the same resolution

87



% Grid Setup
%
% Typical Element Geometry
% byL
% y=1 |-----|
% bx0 | X,Y | bxL
% y=-1 |-----|
% x=-1 by0 x=1
%
Nxp=Nx+1; Nyp=Ny+1; Nxm=Nx-1; Nym=Ny-1;
[wx,x]=Lobatto(Nx); wx=wx(:); % x is of size Nxp
[wy,y]=Lobatto(Ny); wy=wy(:); % y is of size Nyp
[X Y]=meshgrid(x,y); X=X’; Y=Y’;

% internal and boundary indices in vector form
in=find(abs(X)~=1 & abs(Y)~=1);
bo=find(abs(X)==1 | abs(Y)==1);
bx0=find(X==-1); bxL=find(X==1);
by0=find(Y==-1); byL=find(Y==1);

% internal and boundary indices in matrix form
[ini,inj]=find(abs(X)~=1 & abs(Y)~=1);
[boi,boj]=find(abs(X)==1 | abs(Y)==1);
[bx0i,bx0j]=find(X==-1); [bxLi,bxLj]=find(X==1);
[by0i,by0j]=find(Y==-1); [byLi,byLj]=find(Y==1);

Nx0=size(bx0i); NxL=size(bxLi);
Ny0=size(by0i); NyL=size(byLi);

% Diff Setup
Dx=poldif(x,1); Dx=Dx(:,:,1);
Dy=poldif(y,1); Dy=Dy(:,:,1);

% Integration Matrices
Mx=diag(wx); My=diag(wy); % velocity mass matrices
Kx=Dx’*Mx*Dx; Ky=Dy’*My*Dy;
for n=1:Nxm, Lmnx=legendre(n-1,x); Legx(:,n)=Lmnx(1,:)’; end
for n=1:Nym, Lmny=legendre(n-1,y); Legy(:,n)=Lmny(1,:)’; end
Qx=Mx*Legx; Qy=My*Legy;
Rx=Dx’*Mx*Legx; Ry=Dy’*My*Legy;
Cx=Mx*Dx; Cy=My*Dy; % for closure variables
% Pressure mass matrices
Px=Legx’*Mx*Legx; Py=Legy’*My*Legy;

% Actual Geometry
% ----> k : applied pressure gradient
%
% Ly1+Ly3 /solid/|--sym--|----sym----|--sym--|/solid/
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% ///////| 5 | 8 | 9 |///////|
% |///////|-------|-----------|-------|///////|
% |///////| 3 |///////////| 11 |///////|
% Ly1|-------|-------|///////////|-------|-------|
% k -->| 1 | 2 |///solid///| 13 | 14 |
% 0 |-------|-------|///////////|-------|-------|
% |///////| 4 |///////////| 12 |///////|
% |///////|-------|-----------|-------|///////|
% |///////| 6 | 7 | 10 |///////|
% -Ly4 /solid/|--sym--|----sym----|--sym--|/solid/
%
% 0 Lx1 Lx2+Lx1
%
%

% for each epsilon values all of the
% coefficients will be calculated

% SUBDOMAIN 1
elm=1;
Lx1=Lx(elm); Ly1=Ly(elm);
x1=Lx1*(x+1)/2; y1=Ly1*(y+1)/2;
[X1 Y1]=meshgrid(x1,y1); X1=X1’; Y1=Y1’; Yc=Y1(:);
XA(:,:,elm)=X1; YA(:,:,elm)=Y1;

% Local(i,j,e) <--> Global(kount) indexing
t1=[1:Nxp*Nyp]; g=t1(length(t1));
g_ind(:,:,elm)=reshape(t1,Nxp,Nyp);

% Dirichlet field > ub,vb
ub=zeros(size(X1)); ub=ub(:);
ub(bx0)=(kx/2)*Yc(bx0).*(Ly1-Yc(bx0));
ubL(:,:,elm)=reshape(ub,size(X1));
vb=zeros(size(X1)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X1));
cb=zeros(size(X1)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X1));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X1)); mask=mask(:); mask(bx0)=0;
mask(by0)=0; mask(byL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X1));
MaskvL(:,:,elm)=reshape(mask,size(X1));
mask=ones(size(X1)); mask=mask(:);
mask(by0)=0; mask(byL)=0;
MaskcL(:,:,elm)=reshape(mask,size(X1));
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% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 2
elm=2;
Lx2=Lx(elm); Ly2=Ly(elm);
x2=Lx1+Lx2*(x+1)/2; y2=Ly2*(y+1)/2;
[X2 Y2]=meshgrid(x2,y2); X2=X2’; Y2=Y2’;
XA(:,:,elm)=X2; YA(:,:,elm)=Y2;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,1)];

% Dirichlet field > ub,vb
ub=zeros(size(X2)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X2));
vb=zeros(size(X2)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X2));
cb=zeros(size(X1)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X2));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X2)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X2));
MaskvL(:,:,elm)=reshape(mask,size(X2));
MaskcL(:,:,elm)=reshape(mask,size(X2));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 3
elm=3;
Lx3=Lx(elm); Ly3=Ly(elm);
x3=Lx1+Lx3*(x+1)/2; y3=Ly1+Ly3*(y+1)/2;
[X3 Y3]=meshgrid(x3,y3); X3=X3’; Y3=Y3’;
XA(:,:,elm)=X3; YA(:,:,elm)=Y3;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2,g_ind(:,1,2)];

% Dirichlet field > ub,vb
ub=zeros(size(X3)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X3));
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vb=zeros(size(X3)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X3));
cb=zeros(size(X3)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X3));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X3)); mask=mask(:);
mask(bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X3));
MaskvL(:,:,elm)=reshape(mask,size(X3));
MaskcL(:,:,elm)=reshape(mask,size(X3));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 4
elm=4;
Lx4=Lx(elm); Ly4=Ly(elm);
x4=Lx1+Lx4*(x+1)/2; y4=-Ly4+Ly4*(y+1)/2;
[X4 Y4]=meshgrid(x4,y4); X4=X4’; Y4=Y4’;
XA(:,:,elm)=X4; YA(:,:,elm)=Y4;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,2),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X4)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X4));
vb=zeros(size(X4)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X4));
cb=zeros(size(X4)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X4));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X4)); mask=mask(:);
mask(bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X4));
MaskvL(:,:,elm)=reshape(mask,size(X4));
MaskcL(:,:,elm)=reshape(mask,size(X4));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 5
elm=5;
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Lx5=Lx(elm); Ly5=Ly(elm);
x5=Lx1+Lx5*(x+1)/2; y5=Ly1+Ly3+Ly5*(y+1)/2;
[X5 Y5]=meshgrid(x5,y5); X5=X5’; Y5=Y5’;
XA(:,:,elm)=X5; YA(:,:,elm)=Y5;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2,g_ind(:,1,3)];

% Dirichlet field > ub,vb
ub=zeros(size(X5)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X5));
vb=zeros(size(X5)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X5));
cb=zeros(size(X5)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X5));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X5)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape(mask,size(X5));
MaskcL(:,:,elm)=reshape(mask,size(X5));
mask=ones(size(X5)); mask=mask(:);
mask(bx0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X5));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 6
elm=6;
Lx6=Lx(elm); Ly6=Ly(elm);
x6=Lx1+Lx6*(x+1)/2; y6=-Ly4-Ly6+Ly6*(y+1)/2;
[X6 Y6]=meshgrid(x6,y6); X6=X6’; Y6=Y6’;
XA(:,:,elm)=X6; YA(:,:,elm)=Y6;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,4),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X6)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X6));
vb=zeros(size(X6)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X6));
cb=zeros(size(X6)); cb=cb(:);

92



cbL(:,:,elm)=reshape(cb,size(X6));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X6)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape(mask,size(X6));
MaskcL(:,:,elm)=reshape(mask,size(X6));
mask=ones(size(X6)); mask=mask(:);
mask(bx0)=0; mask(by0)=0;
MaskvL(:,:,elm)=reshape(mask,size(X6));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 7
elm=7;
Lx7=Lx(elm); Ly7=Ly(elm);
x7=Lx1+Lx2+Lx7*(x+1)/2; y7=-Ly4-Ly7+Ly7*(y+1)/2;
[X7 Y7]=meshgrid(x7,y7); X7=X7’; Y7=Y7’;
XA(:,:,elm)=X7; YA(:,:,elm)=Y7;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,6)];

% Dirichlet field > ub,vb
ub=zeros(size(X7)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X7));
vb=zeros(size(X7)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X7));
cb=zeros(size(X7)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X7));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X7)); mask=mask(:); mask(byL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X7));
MaskcL(:,:,elm)=reshape(mask,size(X7));
mask=ones(size(X7)); mask=mask(:);
mask(by0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X7));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 8
elm=8;
Lx8=Lx(elm); Ly8=Ly(elm);
x8=Lx1+Lx2+Lx8*(x+1)/2; y8=Ly1+Ly3+Ly8*(y+1)/2;
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[X8 Y8]=meshgrid(x8,y8); X8=X8’; Y8=Y8’;
XA(:,:,elm)=X8; YA(:,:,elm)=Y8;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,5)];

% Dirichlet field > ub,vb
ub=zeros(size(X8)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X8));
vb=zeros(size(X8)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X8));
cb=zeros(size(X8)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X8));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X8)); mask=mask(:); mask(by0)=0;
MaskuL(:,:,elm)=reshape(mask,size(X8));
MaskcL(:,:,elm)=reshape(mask,size(X8));
mask=ones(size(X8)); mask=mask(:);
mask(by0)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X8));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 9
elm=9;
Lx9=Lx(elm); Ly9=Ly(elm);
x9=Lx1+Lx2+Lx8+Lx9*(x+1)/2; y9=Ly1+Ly3+Ly9*(y+1)/2;
[X9 Y9]=meshgrid(x9,y9); X9=X9’; Y9=Y9’;
XA(:,:,elm)=X9; YA(:,:,elm)=Y9;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,8)];

% Dirichlet field > ub,vb
ub=zeros(size(X9)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X9));
vb=zeros(size(X9)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X9));
cb=zeros(size(X9)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X9));

% Mask array = 0(Dirichlet); = 1(Otherwise)
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mask=ones(size(X9)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X9));
MaskcL(:,:,elm)=reshape(mask,size(X9));
mask=ones(size(X9)); mask=mask(:);
mask(bxL)=0; mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X9));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 10
elm=10;
Lx10=Lx(elm); Ly10=Ly(elm);
x10=Lx1+Lx2+Lx7+Lx10*(x+1)/2;
y10=-Ly4-Ly10+Ly10*(y+1)/2;
[X10 Y10]=meshgrid(x10,y10);
X10=X10’; Y10=Y10’;
XA(:,:,elm)=X10; YA(:,:,elm)=Y10;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,7)];

% Dirichlet field > ub,vb
ub=zeros(size(X10)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X10));
vb=zeros(size(X10)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X10));
cb=zeros(size(X10)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X10));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X10)); mask=mask(:); mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X10));
MaskcL(:,:,elm)=reshape(mask,size(X10));
mask=ones(size(X10)); mask=mask(:);
mask(bxL)=0; mask(by0)=0;
MaskvL(:,:,elm)=reshape(mask,size(X10));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 11
elm=11;
Lx11=Lx(elm); Ly11=Ly(elm);
x11=Lx1+Lx2+Lx8+Lx11*(x+1)/2; y11=Ly1+Ly11*(y+1)/2;
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[X11 Y11]=meshgrid(x11,y11); X11=X11’; Y11=Y11’;
XA(:,:,elm)=X11; YA(:,:,elm)=Y11;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[g_ind(:,Nyp,9),t2];

% Dirichlet field > ub,vb
ub=zeros(size(X11)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X11));
vb=zeros(size(X11)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X11));
cb=zeros(size(X11)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X11));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X11)); mask=mask(:);
mask(bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X11));
MaskvL(:,:,elm)=reshape(mask,size(X11));
MaskcL(:,:,elm)=reshape(mask,size(X11));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 12
elm=12;
Lx12=Lx(elm); Ly12=Ly(elm);
x12=Lx1+Lx2+Lx7+Lx12*(x+1)/2;
y12=-Ly12+Ly12*(y+1)/2;
[X12 Y12]=meshgrid(x12,y12);
X12=X12’; Y12=Y12’;
XA(:,:,elm)=X12; YA(:,:,elm)=Y12;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-1);
g_ind(:,:,elm)=[t2, g_ind(:,1,10)];

% Dirichlet field > ub,vb
ub=zeros(size(X12)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X12));
vb=zeros(size(X12)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X12));
cb=zeros(size(X12)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X12));
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% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X12)); mask=mask(:);
mask(bx0)=0; mask(bxL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X12));
MaskvL(:,:,elm)=reshape(mask,size(X12));
MaskcL(:,:,elm)=reshape(mask,size(X12));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 13
elm=13;
Lx13=Lx(elm); Ly13=Ly(elm);
x13=Lx1+Lx2+Lx8+Lx13*(x+1)/2; y13=Ly13*(y+1)/2;
[X13 Y13]=meshgrid(x13,y13); X13=X13’; Y13=Y13’;
XA(:,:,elm)=X13; YA(:,:,elm)=Y13;

% Local(i,j,e) <--> Global(kount) indexing
t1=[g+1:g+Nxp*Nyp-2*Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp,Nyp-2);
g_ind(:,:,elm)=[g_ind(:,Nyp,11),t2,g_ind(:,1,12)];

% Dirichlet field > ub,vb
ub=zeros(size(X13)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X13));
vb=zeros(size(X13)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X13));
cb=zeros(size(X13)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X13));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X13)); mask=mask(:); mask(bx0)=0;
MaskuL(:,:,elm)=reshape(mask,size(X13));
MaskvL(:,:,elm)=reshape(mask,size(X13));
MaskcL(:,:,elm)=reshape(mask,size(X13));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% SUBDOMAIN 14
elm=14;
Lx14=Lx(elm); Ly14=Ly(elm);
x14=Lx1+Lx2+Lx8+Lx13+Lx14*(x+1)/2; y14=Ly14*(y+1)/2;
[X14 Y14]=meshgrid(x14,y14); X14=X14’; Y14=Y14’;
XA(:,:,elm)=X14; YA(:,:,elm)=Y14;

% Local(i,j,e) <--> Global(kount) indexing
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t1=[g+1:g+Nxp*Nyp-Nxp]; g=t1(length(t1));
t2=reshape(t1,Nxp-1,Nyp);
g_ind(:,:,elm)=[t2;g_ind(1,:,13)];

% Dirichlet field > ub,vb
ub=zeros(size(X14)); ub=ub(:);
ubL(:,:,elm)=reshape(ub,size(X14));
vb=zeros(size(X14)); vb=vb(:);
vbL(:,:,elm)=reshape(vb,size(X14));
cb=zeros(size(X14)); cb=cb(:);
cbL(:,:,elm)=reshape(cb,size(X14));

% Mask array = 0(Dirichlet); = 1(Otherwise)
mask=ones(size(X14)); mask=mask(:);
mask(by0)=0; mask(byL)=0;
MaskuL(:,:,elm)=reshape(mask,size(X14));
MaskcL(:,:,elm)=reshape(mask,size(X14));
mask=ones(size(X14));mask=mask(:);
mask(bxL)=0;mask(by0)=0;mask(byL)=0;
MaskvL(:,:,elm)=reshape(mask,size(X14));

% Initial pressure
p0=zeros(Nxm,Nym); pL(:,:,elm)=p0;

% Local(i,j,e) = Q * Global(ind)
BrmL=zeros(Nxp,Nyp,Nelm);
g_size=g;
for is=1:g_size

Brm=zeros(g_size,1); Brm(is,1)=1;
for e=1:Nelm, for j=1:Nyp, for i=1:Nxp

ind=g_ind(i,j,e);
BrmL(i,j,e)=Brm(ind,1);

end, end, end
Q(:,is)=BrmL(:);

end

% Construct Mask operator
for e=1:Nelm, for j=1:Nyp, for i=1:Nxp

ind=g_ind(i,j,e);
Masku(ind)=MaskuL(i,j,e);
Maskv(ind)=MaskvL(i,j,e);
Maskc(ind)=MaskcL(i,j,e);

end, end, end
Masku=Masku(:); Maskv=Maskv(:);
MaskuL=MaskuL(:); MaskvL=MaskvL(:);
MaskcL=MaskcL(:); MaskcL=MaskcL(:);

% Construct Restriction operator
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Msk=diag(Masku); [iMsk,jMsk]=find(Msk==1); Restu=[Msk(iMsk,:)];
Msk=diag(Maskv); [iMsk,jMsk]=find(Msk==1); Restv=[Msk(iMsk,:)];
Msk=diag(Maskc); [iMsk,jMsk]=find(Msk==1); Restc=[Msk(iMsk,:)];

% Construct the Matrix operator for velocity equation
KUM=zeros(Nxp*Nyp*Nelm,Nxp*Nyp*Nelm);
for e=1:Nelm

Lxe=Lx(e); Lye=Ly(e);
KL(:,:,e)=(Lye/Lxe)*kron(My,Kx)+(Lxe/Lye)*kron(Ky,Mx);
a(:,:,e)=zeros(Nelm,Nelm); a(e,e,e)=1;
tmp=kron(a(:,:,e),KL(:,:,e));
KUM=KUM+tmp;

end
KUMatrix=Restu*Q’*KUM*Q*Restu’; KVMatrix=Restv*Q’*KUM*Q*Restv’;

% Forcing vector integral
fx=kx*ones(size(X)); fy=ky*ones(size(X));
for e=1:Nelm

Lxe=Lx(e); Lye=Ly(e);
Fx(:,:,e)=(Lxe*Lye/4)*Mx*fx(:,:)*My’;
Fy(:,:,e)=(Lxe*Lye/4)*Mx*fy(:,:)*My’;

end

% Dirichlet Velocity Field integral
for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
Kub(:,:,e)=(Lye/Lxe)*Kx*ubL(:,:,e)*My’+(Lxe/Lye)*Mx*ubL(:,:,e)*Ky’;
Kvb(:,:,e)=(Lye/Lxe)*Kx*vbL(:,:,e)*My’+(Lxe/Lye)*Mx*vbL(:,:,e)*Ky’;
end

% Diagonal pressure mass matrix as pressure preconditioner
Prcp=[];
for e=1:Nelm

Prc=(Lx(e)*Ly(e)/4)*diag(kron(Py,Px)); Prc=Prc(:);
Prcp=[Prcp; Prc];

end

p=pL(:); % input initial pressure

% Compute the pressure residual
addFx=Fx-Kub; addU=ubL;
addFy=Fy-Kvb; addV=vbL;
resp=-SMap(p);

% Start PCG iterations for pressure
addFx=zeros(size(addFx)); addU=zeros(size(addU));
addFy=zeros(size(addFy)); addV=zeros(size(addV));
W=ones(Nxm*Nym*Nelm,1); W=1./W;
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[p,flagp] = PCG(resp,p,@SMap,Prcp,W,max_it,tol);
if(flagp==1), flagp, end

% Compute velocity as a byproduct of SMap given the
% correct pressure p
addFx=Fx-Kub; addU=ubL;
addFy=Fy-Kvb; addV=vbL;
resp=SMap(p);
uL=uL/mu; vL=vL/mu;
divergence=norm(resp) % check the divergence

% Calculation of intrinsic volume average of uL and vL
IuL=[]; IvL=[]; area=[];
for i=1:Nelm

area(i)=Lx(i).*Ly(i);
IuL(i)=(wx’*uL(:,:,i)*wy)*(area(i)/4);
IvL(i)=(wx’*vL(:,:,i)*wy)*(area(i)/4);

end
uav=sum(IuL)/sum(area); % intrinsic volume average velocity for u
% vav=sum(IvL)/sum(area); % intrinsic volume average velocity for v
vav=0; % due to symmetry

% Deviation field for x and y directions
udev=uL-uav; vdev=vL-0;

% Construct the Matrix operator for closure equation
KUM=zeros(Nxp*Nyp*Nelm,Nxp*Nyp*Nelm);
Dab=7.2144e-9; Diff=Dab*ones(size(X)); Diff=Diff(:);

for e=1:Nelm
Lxe=Lx(e); Lye=Ly(e);
L1=(Lye/Lxe)*kron(My,Kx)+(Lxe/Lye)*kron(Ky,Mx);L1=diag(Diff)*L1;
utmp=uL(:,:,elm); utmp=utmp(:); vtmp=vL(:,:,elm); vtmp=vtmp(:);
L2=(Lye/2)*diag(utmp)*kron(My,Cx)+(Lxe/2)*diag(vtmp)*kron(Cy,Mx);
KL(:,:,e)=L2-L1;
a(:,:,e)=zeros(Nelm,Nelm); a(e,e,e)=1;
tmp=kron(a(:,:,e),KL(:,:,e));
KUM=KUM+tmp;

end
KCMatrix=Restc*Q’*KUM*Q*Restc’;

% Forcing vector integral
fx=udev; fy=vdev; fz=(1/epsilon)*ones(size(X));
for e=1:Nelm

Lxe=Lx(e); Lye=Ly(e);
Fx(:,:,e)=(Lxe*Lye/4)*Mx*fx(:,:,e)*My’;
Fy(:,:,e)=(Lxe*Lye/4)*Mx*fy(:,:,e)*My’;
Fz(:,:,e)=(Lxe*Lye/4)*Mx*fz(:,:)*My’;

end
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% Compute closure variables
B0urhs =Restc*Q’*Fx(:); b0u=KCMatrix\B0urhs; B0UL=Q*Restc’*b0u;
B0vrhs =Restc*Q’*Fy(:); b0v=KCMatrix\B0vrhs; B0VL=Q*Restc’*b0v;
Psirhs =Restc*Q’*Fz(:); psi=KCMatrix\Psirhs; PsiL=Q*Restc’*psi;

b0uL=reshape(B0UL,[Nxp Nyp Nelm]);
b0vL=reshape(B0VL,[Nxp Nyp Nelm]);
psiL=reshape(PsiL,[Nxp Nyp Nelm]);

% Calculation of uc and avk
IucL=[]; IvcL=[]; IpsiL=[];
for i=1:Nelm

area(i)=Lx(i)*Ly(i);
IucL(i)=(wx’*b0uL(:,:,i)*wy)*(area(i)/4);
IvcL(i)=(wx’*b0vL(:,:,i)*wy)*(area(i)/4);
IpsiL(i)=(wx’*psiL(:,:,i)*wy)*(area(i)/4);

end
ucav=sum(IucL)/sum(area); vcav=sum(IvcL)/sum(area);
psiav=sum(IpsiL)/sum(area); ucx=-ucav/psiav;
vcy=-vcav/psiav; avk=-1/psiav;

% Closure variables
buL=b0uL+ucx*psiL; bvL=b0vL+vcy*psiL; sL=1+avk*psiL;

% Coefficients in the Volume Averaged Equation u_alpha is
% calculated as ucx and vcy avk is calculated before too
% Calculation of d_alpha in x and y directions
IdxcL=[]; IdycL=[]; IDxxcL=[]; IDxycL=[]; IDyxcL=[]; IDyycL=[];
for i=1:Nelm

area(i)=Lx(i)*Ly(i);
IdxcL(i)=(wx’*(udev(:,:,i).*sL(:,:,i))*wy)*(area(i)/4);
IdycL(i)=(wy’*(vdev(:,:,i).*sL(:,:,i))*wy)*(area(i)/4);
IDxxcL(i)=(wx’*(udev(:,:,i).*buL(:,:,i))*wx)*(area(i)/4);
IDxycL(i)=(wx’*(udev(:,:,i).*bvL(:,:,i))*wy)*(area(i)/4);
IDyxcL(i)=(wy’*(vdev(:,:,i).*buL(:,:,i))*wx)*(area(i)/4);
IDyycL(i)=(wy’*(vdev(:,:,i).*bvL(:,:,i))*wy)*(area(i)/4);

end
Atotal=sum(area)/epsilon;
dxc=sum(IdxcL)/Atotal; dyc=sum(IdycL)/Atotal;
Dxxc=sum(IDxxcL)/Atotal; Dxyc=sum(IDxycL)/Atotal;
Dyxc=sum(IDyxcL)/Atotal; Dyyc=sum(IDyycL)/Atotal;
Dxxc = Dab*epsilon - Dxxc; Dxyc = - Dxyc;
Dyxc = - Dyxc; Dyyc = Dab*epsilon - Dyyc;
coef(iter,:)=[epsilon,uav,avk,ucx,vcy,dxc,dyc,Dxxc,Dxyc,Dyxc,Dyyc];
save coefcheb coef % Write the results to Coeff Matrix
clear MaskuL MaskvL MaskcL % clearing some variables to reuse
end
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