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ABSTRACT

JOINT FREQUENCY OFFSET AND CHANNEL
ESTIMATION

Avan, Muhammet

M. Sc., Department of Electrical and Electronics Engineering

Supervisor: Assistant Prof. Dr. Cagatay Candan

November 2008, 106 pages

In this thesis study, joint frequency offset and channel estimation methods for
single-input single-output (SISO) systems are examined. The performance of
maximum likelihood estimate of the parameters are studied for different training
sequences. Conventionally training sequences are designed solely for the channel
estimation purpose. We present a numerical comparison of different training
sequences for the joint estimation problem. The performance comparisons are made
in terms of mean square estimation error (MSE) versus SNR and MSE versus the
total training energy metrics. A novel estimation scheme using complementary
sequences have been proposed and compared with existing schemes. The proposed
scheme presents a lower estimation error than the others in almost all numerical
simulations. The thesis also includes an extension for the joint channel-frequency
offset estimation problem to the multi-input multi-output systems and a brief

discussion for multiple frequency offset case is also given.

Keywords: Frequency offset estimation, channel estimation, maximum likelihood
(ML), least sum of square error (LSSE), complementary sequences, channel

impulse response (CIR)
iv
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FREKANS KAYMASI VE KANAL KESTIiRiMININ
BIiRLIKTE YAPILMASI

Avan, Muhammet

Yiiksek Lisans, Elektrik ve Elektronik Miihendisligi Boliimii
Tez Yoneticisi: Dog. Dr. Cagatay Candan

Kasim 2008, 106 sayfa

Bu tez calismasinda tek-girisli tek-cikishi (SISO) kanallarda frekans kaymasi ve
kanal kestirimini birlikte yapan yontemler incelenmistir. S6z konusu parametrelerin
en yiiksek olasilik yontemiyle kestirim performanslar1 iizerinde farkli alistirma
serileri kullanilarak calisilmistir. Calisilan alistirma serileri yalnizca kanal kestirimi
icin tasarlanmis serilerdir. Bu tez kapsaminda, farkli alistirma serilerinin ortak
kestirim problemi igin sayisal karsilastirmalart sunulmustur. Performans
karsilastirmalar1 ortalama karesel hataya karsilik SNR ve ortalama karesel hataya
karsilik toplam alistirma serisi enerjisi seklinde gerceklestirilmistir. Tamamlayici
serileri kullanan yeni bir kestirim yoOntemi Onerilmis ve bu yontem var olan
metotlarla karsilagtirilmistir.  Onerilen metot, sayisal simiilasyonlarm hemen
hepsinde diger metotlardan daha diisiik kestirim hatasi sergilemistir. Tez, ¢ok-girisli
cok-cikislhh (MIMO) sistemlerde frekans kaymasi ve kanal kestiriminin birlikte
yapilmasina yonelik bir ek boliim icermekte ve kanaldaki frekans kaymasi sayisinin

birden ¢ok olmasi durumu i¢in kisa bir giris yapmaktadir.

Anahtar sozciikler: Kanal kaymasi kestirimi, kanal kestirimi, en yiiksek olasilik, en

kii¢iik hata kareleri toplami, tamamlayici seriler, kanal karakteristigi



ACKNOWLEDGEMENT

I would like to express my deepest gratitude to my supervisor Assist. Prof. Dr.
Cagatay Candan for his encouragement, guidance, advice, criticism and insight

throughout the research.

I would like to express my infinite gratitude to my parents for their endless support

in every phase of my life and their consolations in my distressed days.

I would like to thank my colleagues in Communication ES/EA System Engineering
Department of ASELSAN for their tolerance during the period of the preparation of

this thesis.

vi



TABLE OF CONTENTS

ABSTRACT uuuoiiiiiiinniinnniensnnecsaesssanesssnsssssnsssssesssssssssssssssssssssssssassssssssssss iv
OZeeeteeeereeeeseesseresssssssssssssssssssssssssssses st s sssessesessstessesessssessssesassassssasasasasans v
LIST OF FIGURES .....uccuiiiiinrinnensninnnensnensnsssecsssnsssessssssssssssesssssssassssssssssss X
LIST OF TABLES ....ccouuiiiiinitrinnnennsnnnnssessssnessssnsssssesssssssssssssssssssssassssssens xiv
CHAPTER

1 INTRODUCTION . ..ccccinuieinsnenissnnessnnesssanscsssecsssnssssassssssesssssssssssssssssssssssssssses 1
2 BASIC CONCEPTS .cccouiiinennensnensnnessnesssesssnsssncsssssssessssssssssssassassssassssssssssns 4

2.1 Signal Model for Finite Impulse Response Time-Invariant

Communication Channel............ccoceeeiiiiriiiniiinicecceceeeeeeee e 4
2.2 Training Based Channel Estimation Methods .............ccccoviiiiinniiennnnne. 5
2.2.1 Correlation Method...........coocvieiiiiiiiiiiniiiiiicc e 5
2.2.2 Least Sum of Squared Error (LSSE) Method ...........ccceoiiiienneeen. 6
2.2.3 Maximum Likelihood (ML) Method [4] ....ooevvvviiiiiiiiiiiiieeeeeeees 11
2.3 Placement of Training Sequences into the Channel.............................. 15
2.4 Complementary SEQUEIICES ......uvureerrrreeeeriiieeeniieeeesiereeesireeeennreeeeeans 17
2.4.1 DefINItION ...eevuviiiiiiiiiiieiie ettt e 18
242 EXISIENCE . enuvieeeeiiiieeeeiieee ettt e ettt ee e ettt e e et e e s e e s ee e e 19
2.4.3 General Properties ........cc.eeeeicueeieeeiiieeeeeiie ettt 20

3 JOINT TRAINING BASED FREQUENCY OFFSET AND CHANNEL
ESTIMATION ..uuiiiienniinreninensnecssenssnesssesssesssnssssssssssssesssssssasssssssassssssssssssaes 24

3.1 Signal Model .....coooiiiiiii e 24

vii



3.2 Maximum Likelihood Frequency Offset and Channel Estimation in

Presence of Single Frequency Offset [S].....ccooooieiiniiiiiiniiiiiiiiiiiiniicees 28
3.2.1 ML Estimation with Aperiodic Training Sequences (MLE#1) [5]29
3.2.2 ML Estimation with Periodic Training Sequences (MLE#2) [5]..32

3.3 An Ad Hoc Frequency Offset Estimator (AHE) in Presence of Single
Frequency OffSet [S] ..cooouiiiiiiiiiiiiie ettt 34

3.4 Maximum Likelihood Frequency Offset and Channel Estimation Using

Complementary Training Sequences in Presence of Single Frequency Offset

3.5.1 Maximum Likelihood (ML) Frequency Offset and Channel
Estimation in MIMO Systems Using Complementary Training

SEQUETICES ...ueevvrieieeeeeeeiiiiiieeeeeeeesiereteeeeessstnbeteeeeeesssnnasaeeaesssssnnnsseees 47

3.5.2 Maximum Likelihood (ML) Frequency Offset and Channel

Estimation in Presence of Multiple Frequency Offset......................... 51
4 NUMERICAL RESULTS ...ccuuiiiiiniisnintecsninsecsssssssesssecssassssesssscssessssssaes 54
4.1 Channel MOdel ........c..uuiiiiiiiiiiiiiiiiiee et 54

Methods in SISO Communication SYSEMS ........ccevevvreeerrieieeeeiiieeeeiiieeens 55
4.2.1 Performance of MLE#1 ........ccccciiniiiiiniiiiiicecc e 56
4.2.2 Performance of MLE#2 .........cccoooiiiiiiiiiiiiiiic e 65
4.2.3 Performance of AHE .........ccoociiiiiiiiii e 68
4.2.4 Performance of MLEWCS ........cccooiiiiiiiiiicc e 70

4.3 Comparison of the Performances of Joint Frequency Offset and Channel

Estimation Methods..........cocciiriiiiiiiniiiiiiecee e 73
4.3.1 Comparison of the Performances of MLE#1 and MLEWCS ....... 73
4.3.2 Comparison of the Performances of MLE#2 and MLEWCS ....... 84
4.3.3 Comparison of the Performances of AHE and MLEWCS ........... 88

viii



4.4 Performances of MLEWCS in MIMO Communication Systems.......... 91

S CONCLUSION ..ucuuiirinnnsrennsssessnsssessasssssssssansssssassssssanssassasssssssssssssassssssnes 94
REFERENCES.......uiieiintintentncnnieniennessnnesssessssssseesssssssssssesssssssasssssssas 96
APPENDIX A ..ouuiitiitiiinntintinneeneinsennnesnsesnesassnssssssessssssssssssssssssssssssssss 929
APPENDIX B ...ouoiiiitiiiiintinninnnnintinninnnnennensnessssessessssssessssssssssssssssessas 101
APPENDIX C..uuuierinniiniintinainnnninninnisnnnessessnessssessessssssssssssssssssssssssessas 106

X



LIST OF FIGURES

FIGURE 2-1: PREAMBLE FOR LSSE METHOD ........ccoiiiiiiiiiieeeiiiiiieeeeeeeeiiieeeee e 7
FIGURE 2-2: TRAINING SEQUENCE PLACEMENT SCHEME-1 .......ccoooveiiiiiiiiiniiinnnnnn... 16
FIGURE 2-3: TRAINING SEQUENCES PLACEMENT SCHEME-2.......cccoeeeeeeieiiiirrrinnnnnnn.. 16
FIGURE 2-4: TRAINING SEQUENCES PLACEMENT SCHEME-3........ccccettiiiiiianiieenne 17
FIGURE 2-5: TRAINING SEQUENCES PLACEMENT SCHEME-4.......cccceeeeeiiiiiiiniiinnnnnnn.. 17

FIGURE 2-6: INDIVIDUAL AUTOCORRELATION SEQUENCES AND SUM OF

AUTOCORRELATION SEQUENCES OF COMPLEMENTARY SEQUENCES EXAMPLES.. 19
FIGURE 3-1: FREQUENCY OFFSET DUE TO LOCAL OSCILLATORS ........c.cccvvvvrurnnnnn... 25

FIGURE 3-2: PERIODIC AUTOCORRELATION OF THE RECEIVED SIGNAL SAMPLES

(MAGNITUDE AND ANGLE) ... .uuuututttutittrrrersrresesssesrererereeseeseeeeeseerereetesreeeereseaeens 34

FIGURE 3-3: PREAMBLE STRUCTURE FOR ML FREQUENCY OFFSET AND CHANNEL

ESTIMATION USING COMPLEMENTARY TRAINING SEQUENCES ..........cccceviiininnnn. 38

FIGURE 3-4: ESTIMATED FREQUENCY OFFSET VS NORMALIZED FREQUENCY OFFSET

FIGURE 4-1: GRID AND FINE SEARCH FOR FREQUENCY OFFSET......ccccccceeevvvirrrunnnnnnn.. 56

FIGURE 4-2: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#1 (MLE#1)

(THREE TAPS CHANNEL) ....ooiiiiiiiiieeeeeeeieieitittiiaseeeeeeeeeaesstnaaeeeeesesesssssnnaaaaaasesees 58

FIGURE 4-3: NORMALIZED MSE FOR CHANNEL ESTIMATION WITH TS#1 (MLE#1)

(THREE TAPS CHANNEL) .....uuuutuuturutuuursrsusrssresessseeresererseseeseessesesrsteererteeeeressseees 59
FiGURE 4-4: COST FUNCTION FOR 0, 5, 10 AND 20 DB RECEIiVE SNR VALUES.......... 59

FIGURE 4-5: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#2 (MLE#1)

(THREE TAPS CHANNEL) .....uuvuvuutututuuesersrsrssreressseereserereeseesessseseseeeesrerreeeeseeeseens 60



FIGURE 4-6: NORMALIZED MSE FOR CHANNEL ESTIMATION WITH TS#2 (MLE#1)

(THREE TAPS CHANNEL) .....uuvuvuututututussrsssrssreressssereserereeseesesesesesrsrerterreeeeeeseseees 61

FIGURE 4-7: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#3 AND TS#4

(MLE#1) (EIGHT TAPS CHANNEL).......ccettttiitiiieeeeeeeeeeieiiiieeeeeeeeeeeseereiaeeeaaaanees 62

FIGURE 4-8: NORMALIZED MSE FOR CHANNEL ESTIMATION WITH TS#3 AND TS#4

(MLE#1) (EIGHT TAPS CHANNEL).......ccctttititiiieeeeeeeeeeieiiiieeeeeeeeeeeveeraeneeeeaaaasens 63

FIGURE 4-9: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#5 (MLE#1)

(THREE TAPS CHANNEL) .....uuvutuututututussrsusrssresessreeresererseseeseeeseeesesrestesreeeeseseeeees 64

FIGURE 4-10: NORMALIZED MSE FOR CHANNEL ESTIMATION WITH TS#5 (MLE#1)

(THREE TAPS CHANNELD) .....uuvuuuuturututueesesssseresesereereeeeereeeeeseeeeeeeeesteeeeereseeraseaeaes 65

FIGURE 4-11: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#6 (MLE#2)

(EIGHT TAPS CHANNELD) ....ccitiiiitiiiieeeeeeeeeetttitiiaeeeeeeeeeetesstaaaeeeeesesessssrnnaaaeaasasees 67

FIGURE 4-12: NORMALIZED MSE FOR CHANNEL ESTIMATION WITH TS#6 (MLE#2)

(EIGHT TAPS CHANNEL) .....uuuvurutertusururersssrssreressssersserereeseesesssesesrseeseesreseeseseseees 67

FIGURE 4-13: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#6 (AHE) (EIGHT

TAPS CHANNEL) ..euuiieiiieteettiiee e et e e et ettt e eeeeseeeeeeaaaaeeeeseseeeestasaanesssesresssrnnes 69

FIGURE 4-14: NORMALIZED MSE FOR CHANNEL ESTIMATION WITH TS#6 (AHE)

(EIGHT TAPS CHANNEL) .....uuuuuuuterturururersserssreressseeresererssseeseesssessseressesreeeeseseseees 69

FIGURE 4-15: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#7 AND TS#8
(MLEWCS) (EIGHT TAPS CHANNEL) .....cvvvvviriiireiiererereereeeeereeeeereeeeeeseeeeeseseseaes 72

FIGURE 4-16: NORMALIZED MSE FOR CHANNEL ESTIMATION WITH TS#7 AND TS#8
(MLEWCS) (EIGHT TAPS CHANNEL) .....covtvitiiiieeeeeeeieiitiiieeeeeeeeeeeeeetrineeeeaaaaaees 72

FIGURE 4-17: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#3 (MLE#1) AND
TS#7 (MLEWCS) (EIGHT TAPS CHANNEL) .....uuuuuuuutntnennterenenrerenerensesnsnnsrsssnnanes 74

FIGURE 4-18: MSE FOR CHANNEL ESTIMATION WITH TS#3 (MLE#1) AND TS#7
(MLEWCS) (EIGHT TAPS CHANNEL) .....cvvvvviriviriirererereereeeeeeeeeeereeeeeeseeeeeseseseses 75

FIGURE 4-19: TYPICAL COST FUNCTIONS: (A) WITH MLE#1, (B) wiTH MLEWCS ...75

X1



FIGURE 4-20: COMPARISON OF THE FREQUENCY OFFSET ESTIMATION PERFORMANCES
OF TS#3 (MLE#1) AND TS#7 (MLEWCS) IN THE CHANGE OF TOTAL TRAINING

SEQUENCE ENERGY (EIGHT TAPS CHANNEL) .....cuuuiiiiiieeieiieeeeeeiieeeeeeeneeeennnnns 76

FIGURE 4-21: COMPARISON OF THE CHANNEL ESTIMATION PERFORMANCES OF TS#3
(MLE#1) AND TS#7 (MLEWCS) IN THE CHANGE OF TOTAL TRAINING SEQUENCE

ENERGY (EIGHT TAPS CHANNEL) ......eiiiieieeiiiinnenennnennrennnensesennsensasnssssrsssnsaees 77

FIGURE 4-22: HISTOGRAM OF THE AUTOCORRELATION OF THE CHANNEL IMPULSE

RESPONSE APPLIED IN THE SIMULATIONS .....uuttttuiitueeiie et eeieneeraneeenneesnneeennes 78

FIGURE 4-23: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#1, TS#2
(MLE#1) AND TS#O(MLEWCS) (THREE TAPS CHANNEL) .....cccevvvvieeiieeeeeeennnnn. 79

FIGURE 4-24: MSE FOR CHANNEL ESTIMATION WITH TS#1, TS#2 (MLE#1) AND
TS#9 (MLEWCS) (THREE TAPS CHANNEL) .....uuuuuuuununererererenrerenesensesnrersrssserenes 80

FIGURE 4-25: COMPARISON OF THE FREQUENCY OFFSET ESTIMATION PERFORMANCES
OF TS#1, TS#2 (MLE#1) AND TS#9 (MLEWCS) IN THE CHANGE OF TOTAL

TRAINING SEQUENCE ENRGY (THREE TAPS CHANNEL) .......ccevvtiiiiiiiiieeeeeeeeeeeneenns 80

FIGURE 4-26: COMPARISON OF THE CHANNEL ESTIMATION PERFORMANCES OF TS#1,
TS#2 (MLE#1) AND TS#9 (MLEWCS) IN THE CHANGE OF TOTAL TRAINING

SEQUENCE ENERGY (THREE TAPS CHANNEL) ......ocvtevieiieieeeieeereeeeeeeeeseeeeeeeennenns 81

FIGURE 4-27: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#5 (MLE#1) AND
TS#9 (MLEWCS) (THREE TAPS CHANNEL) .....uuuuuuuuuunerererernnrerenesersesnsersrsssnrenes 82

FIGURE 4-28: NORMALIZED MSE FOR CHANNEL ESTIMATION WITH TS#5 (MLE#1)
AND TS#9 (MLEWCS) (THREE TAPS CHANNEL) .....cuuuieeeeeiiiieiiiiiiieeeeeeeeerenenens 83

FIGURE 4-29: COMPARISON OF THE FREQUENCY OFFSET ESTIMATION PERFORMANCES
OF TS#5 (MLE#1) AND TS#9 (MLEWCS) IN THE CHANGE OF TOTAL TRAINING

SEQUENCE ENERGY (THREE TAPS CHANNEL) .....cccceitiiiiiiiiieeeeeeeeeeeeeeiiiieeeeeeeenens 83

FIGURE 4-30: COMPARISON OF THE CHANNEL ESTIMATION PERFORMANCES OF TS#5
(MLE#1) AND TS#9 (MLEWCS) IN THE CHANGE OF TOTAL TRAINING SEQUENCE

ENERGY (THREE TAPS CHANNEL) ......uiiiiiiieiiieentnenenenanensesanesansesnssssnsssnsaees 84

FIGURE 4-31: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#6 (MLE#2) AND
TS#8 (MLEWCS) (EIGHT TAPS CHANNEL) .....cccvviiiiiiiiieeeeeeeeeeeiiiieieeeeeeeeeeeaeanes 86

X1l



FIGURE 4-32: NORMALIZED MSE FOR CHANNEL ESTIMATION WITH TS#6 (MLE#2)
AND TS#8 (MLEWCS) (EIGHT TAPS CHANNEL)......cuuuuuuuerurerrererererrererersrreennenes 86

FIGURE 4-33: COMPARISON OF THE FREQUENCY OFFSET ESTIMATION PERFORMANCES
OF TS#6 (MLE#2) AND TS#8 (MLEWCS) IN THE CHANGE OF TOTAL TRAINING

SEQUENCE ENERGY (EIGHT TAPS CHANNEL) ......cooveivieiieeeeeieeeteeeeeeeeesseeeeneannenns 87

FIGURE 4-34: COMPARISON OF THE CHANNEL ESTIMATION PERFORMANCES OF TS#6
(MLE#2) AND TS#8 (MLEWCS) IN THE CHANGE OF TOTAL TRAINING SEQUENCE

ENERGY (EIGHT TAPS CHANNEL) ......ccvtiiuiiiiieeeeeeeiiiiiiiiieeeeeeeeeeeessannieeeesaesesessnnes 87

FIGURE 4-35: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#6 (AHE) AND
TS#8 (MLEWCS) (EIGHT TAPS CHANNEL) .....uuuuuuuuentnererereeennerererensesernrsnssennenes 89

FIGURE 4-36: NORMALIZED MSE FOR CHANNEL ESTIMATION WITH TS#6 (AHE) AND
TS#8 (MLEWCS) (EIGHT TAPS CHANNEL) .....uuuuuututntnerereneeenrerenesersesnrnnsressnnenes 89

FIGURE 4-37: COMPARISON OF THE FREQUENCY OFFSET ESTIMATION PERFORMANCES
OF TS#6 (AHE) AND TS#8 (MLEWCS) IN THE CHANGE OF TOTAL TRAINING

SEQUENCE ENERGY (EIGHT TAPS CHANNEL) .....cuuuiiiiiiieeieiieeeeeeiieeeeeeeneeeennnnns 90

FIGURE 4-38: COMPARISON OF THE CHANNEL ESTIMATION PERFORMANCES OF TS#6
(AHE) AND TS#8 (MLEWCS) IN THE CHANGE OF TOTAL TRAINING SEQUENCE

ENERGY (EIGHT TAPS CHANNEL) ......iiiiieiieiiininnenennnnnenennnensesanesnnsesessnsrsssnnaees 90

FIGURE 4-39: MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#8 (MLEWCS)

(EIGHT TAPS CHANNEL) .....uuuuuvuterturururersrsrssrssessseereserersesseseeesseesssreseesteseeseseseees 92

FIGURE 4-40: NORMALIZED MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#8

(MLEWCS) (MIMO SYSTEMS, CHANNEL#1) (EIGHT TAPS CHANNEL).............. 92

FIGURE 4-41: NORMALIZED MSE FOR FREQUENCY OFFSET ESTIMATION WITH TS#8

(MLEWCS) (MIMO SYSTEMS, CHANNEL#2) (EIGHT TAPS CHANNEL).............. 93

Xiii



LIST OF TABLES

TABLE 4-1: TRAINING SEQUENCES USED WITH MLE#1...........cccccoooeiiiiiiiiiin. 57
TABLE 4-2: TRAINING SEQUENCE USED WITH MLE#2 .........cooviiiiiiiiiiiiiiiin. 65

TABLE 4-3: COMPLEMENTARY PAIRS USED WITH ML ESTIMATOR WITH

COMPLEMENTARY TRAINING SEQUENCES ....evuuiiieieeitiitiiieeeeeeeeeeeesiieinsssesessees 70
TABLE 4-4: COMPLEMENTARY PAIRS USED WITHMLEWCS .....coovvieiiiiieeiiiieees 73

TABLE B-1: BEST BINARY PREAMBLE SEQUENCES DESIGNED BY USING LSSE

CHANNEL ESTIMATION INCLUDING NON-ZERO AMPLITUDE PRECURSORS......... 103

TABLE B-2: BEST BINARY PREAMBLE SEQUENCES DESIGNED BY USING LSSE

CHANNEL ESTIMATION INCLUDING ZERO AMPLITUDE PRECURSORS ................ 105

X1V



CHAPTER 1

INTRODUCTION

Communication systems may suffer from intersymbol interference (ISI) which is
due to the frequency selective nature of the channel. ISI is caused by the symbol
duration being much smaller than the delay spread of the channel [4]. A second
detrimental effect is the carrier frequency offset between transmitter and receiver.
The main reason of frequency offset is the poor synchronization between the local
oscillator in the transmitter and the local oscillator in the receiver. Loss of
synchronization can be caused by frequency drifts in the local oscillators. However,
a more significant effect is the frequency offset due to Doppler effect which is seen
in the mobile communication systems. Furthermore the frequency offset due to
Doppler-shift can be at different amounts for each path of the frequency selective

channel [9].

In order to combat ISI one method is to recover the channel impulse response (CIR)
using various channel estimation algorithms. These algorithms can be divided into
three groups such as “blind”, “semiblind” and “training based” methods. Training
based channel estimation algorithms are based on the usage of the knowledge of a
known pilot symbol inserted into the channel. The pilot symbols are generally
transmitted in the preamble phase of communication [1], [2]. Blind channel
estimation algorithms use stochastic or other characteristics properties of the
unknown user data to recover CIR. Semiblind algorithms use both knowledge of the
known pilot symbol and properties of the unknown user data, [4]. Although blind

and semiblind algorithms are more recent and have shown an improvement in



channel estimation, the training based algorithms are still preferred in use because

of their reliability and ease of implementation.

Most of the frequency offset estimation algorithms are semiblind algorithms which
use knowledge of known pilot symbols, unknown user data and noise in the
channel. Some of the algorithms profit from pilot carriers to recover frequency
offset with line spectral estimation methods like MUSIC and ESPRIT in OFDM
communication systems, [21], [22]. In SISO (single input single output) and MIMO
(multi input multi output) communication systems foremost frequency offset
algorithms are methods which use maximum likelihood (ML) estimation schemes.
These algorithms utilize deterministic characteristics of a known training sequence
and stochastic characteristics of the noise in the channel [5], [8], [9], [10]. ML

algorithms also determine the CIR jointly together with frequency offset.

Training sequence selection is an important issue in training based frequency offset
and channel estimation algorithms. Most of the channel estimation methods need
training sequences that show impulsive autocorrelation characteristics in order to
minimize estimation error. Although frequency offset estimation methods have
different requirement in training sequence selection, joint frequency offset and
channel estimation algorithms generally prefer those have impulsive autocorrelation
characteristics. Although, some of the estimation algorithms develop their optimum
training sequences based on their estimation method [1], [2], [3], [8], for some of

them the optimum sequences have to be determined [5].

The complementary sequences which are firstly introduced by Golay, [11], [12]
have complementary autocorrelations. That is, the sum of autocorrelations sequence
A and its mate sequence B is zero for all autocorrelation lags except the one at the
origin. The sum of the autocorrelation samples of a complementary pair has
impulsive autocorrelation characteristics. Complementary sequences recently have
been begun to use in channel estimation and resulted in an improvement in
estimation error [7], [14]. In frequency offset estimation, complementary sequences

have not been applied yet in the literature.

In this thesis some of the frequency offset and channel estimation methods given in
the literature have been reviewed and compared. In this scope, the basic channel

estimation algorithms like least sum of square error (LSSE), and maximum
2



likelihood (ML) have been analyzed [1], [4]. In addition, some channel estimation
schemes which use complementary training sequences have been examined [7],
[14]. In the scope of this study, some maximum likelihood (ML) based frequency
offset estimation methods for SISO and MIMO communication systems, in
presence of single and multiple frequency offset, have been analyzed [5], [8], [9],
[10]. Using the basic properties of ML estimation scheme in [5], ML estimatior for
joint frequency offset and channel response using complementary sequences have
been derived. New scheme has also been applied to some special cases of MIMO
systems. The performances of the complementary sequences and different training
sequences, which are known to be optimal for channel estimation methods, on joint
frequency offset and channel estimation have been determined and compared using

computer simulations.

This thesis is organized as follows: In Chapter 2, basic training based channel
estimation methods and basic properties of the complementary sequences have been
introduced. In Chapter 3, ML frequency offset and channel estimation algorithms
for SISO systems are presented and ML joint frequency offset and channel
estimation scheme using complementary training sequences is proposed. An ad-hoc
technique is also examined. In Chapter 4, the results of numerical simulations of
different techniques under different criterions are examined. and finally in Chapter

5, a conclusions derived from this study is presented along with a short summary



CHAPTER 2

BASIC CONCEPTS

In this chapter, we introduce signal model and review some channel estimation
approaches given in the literature. This chapter establishes a base for the following
chapters. In Section 2.1, the signal model for finite impulse response linear time-
invariant communication channels is presented. In Section 2.2, conventional
training based channel estimation methods are explained. In Section 2.3 the training
sequence placement strategies have been examined. Finally, in section 2.4,

complementary sequences and some of their mathematical properties are examined.

2.1 Signal Model for Finite Impulse Response Time-Invariant

Communication Channel

A SISO (Single Input Single Output) communication channel employs a single
transmit and a single receive antenna. During the transmission through a SISO
channel the transmitted signal can propagate through different paths which have
different complex channel gain. A SISO communication channel can be modeled as

a finite impulse response (FIR) filter of length L.
h = [h[0] R[1] ... A[L —1]]7 (2-1)

The communication channels which have more than one tap, that is channels with
have multiple paths between transmitter and receiver, are called as frequency-

selective channels. If the channel has only one propagation path, it is called as flat-
4



fading channel. It should be noted that channel characteristics also depends on the

symbol duration in addition to the length of the channel impulse response, [19].

Assuming the transmission of a length of N sequence, x[n], over the channel and
the coherence time of the channel is larger than the duration of the transmitted
signal, the observed signal at the output at the receiver can be modeled as in Eq.

(2-2).

L-1
ylnl = ) hlllxln — 1] + win] (2-2)
=0

As can be observed from Eq. (2-2), the received signal samples, y[n],are
convolution of channel impulse response with transmitted signal samples, x[n]. The
convolution of channel impulse response and transmitted signal is corrupted by an

additive white Gaussian noise (AWGN) with zero-mean and variance 2.
2.2 Training Based Channel Estimation Methods

2.2.1 Correlation Method

Correlation method is the simplest method for channel estimation. It relies on

matched filtering concept.

In correlation method time-reversed and conjugated version of training sequence is

convolved with received signal from the channel.

h[n] = y[n] *x*[-n] n=0,1,..,N—1 (2-3)

Z (Z hl]x[k — 1] + W[n]>x*[k —n] (2-4)
k=0 \1=0

=)

[n]

L-1

N-1 N-1
h[n] = Zoh[l] ;x[k —lx [k —n] + ; winlx [k =n]  (2-5)



L-1 N-1
h[n] = Z h[ren — 1] + Z wlnlx*[k = n] (2-6)
1=0 n=0

For correct estimation of channel impulse response correlation method requires an
noise-like training sequence, so that 7, (k) = §(k). If this type of training sequence
is used the result becomes channel impulse response itself summed with second

addition in right hand side of Eq. (2-6).
N-1
Rlnl = hlnl + ) winlx'[e = n] n=0,1,..,N - 1 2-7)
n=0

In Eq. (2-7), last N — L elements of h[n] are zero. Using Eq. (2-7) error for
estimation is obtained as in Eq. (2-8) and Eq. (2-9).

e[n] = A[n] — h[n] (2-3)

N-1
e[n] = w[n]x*[k —n] n=0,1,..,N—-1 (2-9)

2.2.2 Least Sum of Squared Error (LSSE) Method

Least Sum of Squared Errors (LSSE) algorithm is one of the basic methods in the
training based channel estimation literature. It is used to estimate the impulse
response of the channel using the short preamble training sequences. The LSSE
method uses the deterministic autocorrelation matrix of the training sequence for
estimation purposes. In order to estimate the channel, the LSSE requires a preamble
which consists of the training sequence and a precursor of length of L — 1. The
structure of the preamble is shown in Figure 2-1 and the mathematical expression is

given in Eq. (2-10), [1].
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Figure 2-1: Preamble for LSSE Method

x=[x[-L+1] x[-L+2] .. x[0] x[1] .. x[N-—1]]7 (2-10)

In Eq. (2-10) the preamble sequence, x, consists of L — 1 precursor and a training
sequence length of N. The length of training sequence, N, is greater than the
number of the channel taps, L. As a conclusion, the preamble has N +L —1

number of symbols.
N,=N+L-1 (2-11)

After transmitting the preamble from the transmit antenna, the LSSE is applied on
the observed signal samples in the receive side. The mathematical expression for

observed received signal samples vector is expressed as in Eq. (2-12).

y=1[y[0] y[1] .. y[N-1]]" (2-12)

The vector given by Eq. (2-12) contains N observed samples which are the
convolution of the preamble sequence and channel impulse response in the absence

of AWGN. The form of each received sample is given by Eq. (2-13).

L-1
ylnl = ) hlllxln = 1] + win]
=0

=x[n)"Th+ win] n=0,1,..,N-1 (2-13)

In Eq. (2-13) subscript T denotes transpose of channel impulse response vector h

provided by Eq. (2-14).



h = [h[0] h[1] .. A[L-1]]7 (2-14)
Using Eq. (2-10), and Eq. (2-14), the Eq. (2-13) can be expressed as

h[0]

h[1]

y[n] = [x[n] x[n—-1] .. x[n—L+1]] + w(n] (2-15)

R[L —1]

Substituting Eq. (2-15) into Eq. (2-12), the observed signal samples vector can be

defined as
x[0] x[-1] .. x[-L+1] h[0] w[0]
x['l] x[p] - x[—L. + 2] h[l] + W[l] (2-16)
x[N _ 1] x[N.— 2] x[N _ L] 1Lh[L — 1] W[N.— 1]
y=Xh+w 2-17)

where X is N-by-L matrix containing symbols in the preamble.

The channel characteristics can be estimated by minimizing the sum of the squared
error between the observed signal, y, and the estimation of it, . The sum of the

squared error (sse) for a channel estimation process can be defined as

N-1
sse =y =31 = )" Iylnl = 3ln]|? -18)
n=0
where
L-1
9[nl= ) hlllx[n—1]
=0
=x[n]"h n=01.,N-1 (2-19)

and h is the vector of estimated channel impulse response.

Using Eq. (2-19), the estimated observation vector is expressed as



9[0] x[0] x[-1] .. x[-L+1]][ h[0] ]

5 = y[:1] _ x[:l] x[:O] - x[—L: + 2] [ ﬁ[l] ‘ (2-20)
siv—11) Lev-11 xv—2 . xv -2 A - 1
y = Xh (2-21)
Substituting Eq. (2-21) into Eq. (2-18) and rearranging gives
sse = yfy — 2ht X"y + h" X" Xh (2-22)

where the subscript H denotes the Hermitian of a matrix or vector.

Rearranging Eq. (2-22) the sse can be reexpressed as
sse = E,, — 2ht'r,, + h"R,,h (2-23)

In Eq. (2-23), E,, is the energy of observed signal, y, given by Eq. (2-24), and 1, is

an L-dimensional column vector given by Eq. (2-25)

By =Yy =yl =) Iyl (2:24)
n=0
x[0]" x[1° .. x[N=111 y[0]
ry=xty=| M7 <o By s I (2-25)
x[-L+ 1] x[-L+2]" .. x[N-L]"ILly[N —1]

R, is a correlation matrix produced from the preamble sequence. It is assumed to

be positive definite and invertible. Also R, is Hermitian i.e RL, = R},.
R, = XX (2-26)

The optimum channel impulse response estimation can be achieved by taking the
derivative of the sum of the squared error (sse) given by Eq. (2-23) with respect to

h*and equating the derivative to zero.

dsse -
PV = =21y, + 2R,;h =0 (2-27)




h = R:iry, (2-28)

Inserting Eq. (2-25) and Eq. (2-26) into the Eq. (2-28), the optimum channel
estimation given by Eq. (2-29) is achieved.

h = (X"X)"'x!y (2-29)

Inserting Eq. (2-29) into Eq. (2-23) the least sum of squared error (LSSE) can be
given as in Eq. (2-30)

Isse = E;, — 1} RoxTyy (2-30)

Eq. (2-29) gives the solution for the channel estimation using the least sum of
squared error (LSSE) method. Inserting the definition of observation given in Eq.

(2-13) into Eq. (2-29) and rearranging gives Eq. (2-31)
h=X"X)"1X"(Xh + w)
= (XEX)"Y(X"X)h + (XEX)"1XHw
= h + Ry X"'w (2-31)
Using Eq. (2-31) the estimation error is expressed as in Eq. (2-32).
e,=h—h
= R X"w (2-32)

The covariance of the channel estimation vector is an important measure for the
performance of the estimation method. The covariance of the channel estimation for

LSSE method is given by Eq. (2-33).

10



cov{h} = E{(h — h)(h — R)"}
= E{eney}
= E{R;IX"wwl XR}}
= R;IXYE{ww'}XR} (2-33)

In Eq. (2-33), the operator E{.} denotes the expectation. The statement E{ww''} is
a N-by-N covariance matrix of the noise vector. This matrix has a diagonal matrix

structure and diagonal elements are equal to variance of the channel noise.

E{ww!} = 621 (2-34)
Using Eq. (2-34), the covariance of channel estimation can be rearranged as

cov{h} = 62R7:R, Ry}
= 02Rz} (2-35)

By Eq. (2-35) it can be said that the mean square error (MSE) of [th channel tap
estimate is noise variance times [th diagonal element of inverse correlation matrix,
R}, Therefore total mean square error of estimation is the sum of the diagonal
elements (trace) of inverse correlation matrix multiplied by noise variance [1].
Hence, the minimum mean square error is achieved in LSSE channel estimation
when the correlation matrix of the training sequence is perfectly diagonal. The

reason is that the maximum for trace of correlation matrix is achieved when the

matrix is perfectly diagonal [1]. (See Appendix-A)

mse(h) = a2tr(Rx: (2-36)

2.2.3 Maximum Likelihood (ML) Method [4]

A Maximum Likelihood (ML) estimation approach for channel estimation is

proposed by [4]. The first method proposed in [4] treats training sequence symbols

11



as samples of a Gaussian process. The second method in [4] treats training sequence

as a deterministic sequence. In this section we examine both of these approaches.

Maximum Likelihood (ML) channel estimation is based on the maximization of the
probability function of the communication signal over the channel impulse response
vector, h. It requires transmitting the training sequence more than one time, unlike

the LSSE method requiring the transmission of training sequence only one time.

A total number of K training sequences separated by unknown data blocks is
inserted into the channel in one signal burst. Although sending the different training
sequences after each data block is possible, generally same training sequence is
repeated. Similar to the signal model given by Eq. (2-2), the received signal samples

after sending kth training sequence is expressed by

L-1
Veln] = zh[l]zk[n =1+ wiIn] n=n,np+1,..,n, + N+L—-2 (2-46)
1=0

where zi[n, — L + 1], ...,z [ng — 1] and zi[n, — N], ..., zg[ne — N + L — 2] are
(L-1)-element data blocks, zy[ngl,..,zx[ne + N — 1] = x[0], ...,x[N — 1] is
N-element training sequence and w[n] is AWGN. Eq. (2-46) can be written in

matrix form as sum of a deterministic and a stochastic vector.
yk = Xh + nk (2-47)

In Eq. (2-47), X is Toeplitz matrix containing the elements of the training sequence

and h is channel impulse response vector. The stochastic term 1 is given by

hL—1] .  h[1] 0
: h[0
N = hL 1] [ | de+w,  (2-48)
0 R[L—2] .. h[L—2]
Nk = Hdk + Wi (2-49)

where H is (N+L-1)-by-2L matrix, d; is 2L-by-1 data symbol vector and wy, is
(N+L-1)-by-1 AWGN vector.

dk = [Zk[nk —L+ 1], ...,Zk[nk - 1] Zk[nk - N], ...,Zk[nk —N+L-— 2]]T (2-50)

12



Assuming both data and noise is zero mean and Gaussian, the expectation and

covariance of Eq. (2-47) is described as
E{yx} = Xih (2-51)
cov{yy} = Cq = PHH" + 61 (1) (2-52)

Using Eq. (2-51) and Eq. (2-52), exponential and negative log likelihood functions
are given by Eq. (2-53) and Eq. (2-54) respectively.

K
A(y; h,Cy) = |Cq|™ . exp {— Z[}’k — X h1"Cy 7 [y, — Xichl (2-53)
k=1
K
—L = KIn|Cql + )" [V = XehlCa ™ [y, — Xih] (2-54)
k=1

According to [4], because the matrix €; can be any symmetric positive definite
matrix, regardless of h and 02, Eq. (2-54) presents a new optimization approach
separable in its two variables h and C4. By this way, the optimum channel response
estimation is obtained with less complexity than natural search process of ML

estimation.

In order to solve the channel estimation problem, [4] proposes an iterative search
process. The aim of iterations is minimizing the cost function with respect to one of
the variable as other variable is fixed. In every iteration, the cost function differs in
accordance with variable used for minimization. If cost function has a convex
structure then the optimum estimation is the point where the function achieves its
global minimum. On the other hand, if cost function is not convex, estimation is

global minimum near to the starting point of iteration.

The iteration process begins by keeping the variable C; as fixed firstly and
searching the negative log likelihood function with respect to h. The closed form

for result of this search is obtained as

13



K
h' = hML(CdO) = (Z Xy Cd_1Xk> Z ) ¢4 Cd_lyk (2-55)
k=1

k=1

In the second iteration the covariance matrix which minimizes the cost function is

searched by keeping h as fixed to the value found in the first iteration.
K
~ 2 =~ 1 "
Ca’ = Capy () = % ) 0 = Xich) 0 = Xich) (2-56)
k=1

The search for optimal values of h and C; continuous by keeping Edz as fixed for
the third iteration and h® for the forth iteration. The iterations are carried on until no
significant difference between two adjacent iteration is seen. Because of the
nonlinear characteristics of ML search process, a closed form formulation for

estimation error cannot be obtained.

As discussed at the beginning of this section, the case for deterministic data
sequences can also be examined. In the presence of deterministic data sequences
and AWGN, the first and the second order statistics of the received signal take the
form in Eq. (2-57) and Eq. (2-58).

E{yi} = Xxh (2-57)
cov{y,} = O-v%/I(N+L—1) (2-58)
Inserting Eq. (2-57) and Eq. (2-58) into Eq. (2-54), the negative log likelihood

function can be expressed as

K
1
—L = KIn|og I (yep-ny| + 0—22 [y — Xich]" [yx — Xich] (2-59)
Yik=1

Because the variance of noise, 62, is a scalar value, the minimization of the
negative log likelihood function becomes equivalent to the minimization of the

function in Eq. (2-60)

14



K
€= Vi~ Xchl" [y — Xich] (2-60)
k=1

The point where the function £ has minimum is found by taking the derivative of
Eq. (2-60) over h¥, equating the derivative to zero and solving the equation for h.
Following this process, the optimum channel estimation with ML method is found

as in Eq. (2-62)

K
EML = <z Xllg Xk) zXIk{ Yk (2-61)
k=1

k=1

Investigating the Eq. (2-61) carefully, it can be said that the ML estimate for
deterministic data sequence case is equal to the optimal solution found in LSSE
method. This means that in the conditions that only random variable is AWGN, the

ML channel estimation approach reduces to the LSSE channel estimation method.

2.3 Placement of Training Sequences into the Channel

Placement of the training sequences into the communication signal is an important
issue for the training based estimation schemes, [20]. Places of the sequences
among unknown user data and placement method changes accordance with the used

estimation scheme.

One of the basic training sequence placement scheme is illustrated in Figure 2-2. In
this scheme, a single training sequence is placed into the channel before the
transmission of the user data. Generally, prior to the training sequence, a precursor
sequence is transmitted. The precursor is used to protect the autocorrelation
structure of the training sequence and ignored during the processing of the
preamble. In this case, communication channel is assumed as stable during the

transmission of the preamble and the user data.

15



Figure 2-2: Training Sequence Placement Scheme-1

A second placement method for training sequences is expressed in Figure 2-3. In
this method, a fixed symbol block is repeated to construct a periodic training
sequence. Before the transmission of the periodic sequence, some part of the fixed
data block can be used as precursor to prevent defecting the autocorrelation
structure of the training sequence. This type of placement scheme is realized with
estimation algorithms using benefit from the periodic autocorrelation structure of

the training sequences.

Figure 2-3: Training Sequences Placement Scheme-2

A third placement method is illustrated in Figure 2-4. In this method, the training
sequence blocks separated by unknown user data blocks are placed into the channel.
According to the applied estimation scheme, the same training sequence block is
repeated or the different training sequence blocks are transmitted in the preamble.
This type of placement scheme is generally used with semiblind estimation methods

using the statistical characteristics of the user data.
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Figure 2-4: Training Sequences Placement Scheme-3

A fourth placement method applicable for frequency offset and channel estimation
method proposed in this thesis study is shown in Figure 2-5. This placement method
is applied in the case of using complementary sequences pairs, which are described
in Section 2.4, as training purposes. In this method the sequences in the
complementary pair are placed into the channel successively. In order to protect the
complementary autocorrelation characteristics of the complementary sequences
pair, communication channel left as idle along enough time duration between the
transmission of the complementary sequences and the transmission of the second

complementary sequence and the user data.

Length of N Length of N (Length of L-1)

A A A A

Saamnonca )
Scoucnce=2

Figure 2-5: Training Sequences Placement Scheme-4

2.4 Complementary Sequences

Complementary sequences firstly were introduced by Marcel J. E. Golay in 1949,
[11]. The sequences introduced by Golay were binary based. In the following years
some other authors generalized the complementary sequences concept to polyphase
complementary sequences, multilevel complementary sequences and arbitrary

complex complementary sequences, [18].

17



Golay complementary sequences have found application in physics, spread
spectrum communication, OFDM, radar and biomedical signal processing. In scope
of this thesis study, complementary pairs have been used for frequency offset and

channel estimation.

2.4.1 Definition

A complementary sequences pair are defined as pairs of sequences with the

property that their aperiodic autocorrelation coefficients sum to zero [12].

Let x; = {x;[0],x;[1], ...,x;[N — 1]} be a sequence of elements such that
x[n]e {+1,—1}. The aperiodic autocorrelation function of x is defined by Eq.
(2-62).
N-1
Ry, [I] = z xinlxn—k] k=01,..,N—1 (2-62)
n=0
The pair of sequences (x;,x;) is called as complementary sequences pair if the

condition in Eq. (2-63) is satisfied.

Ry [kl + Ry, [kK]=2N ifk=0
{ i 7% (2-63)

Ry x,[k] + Ry jx; k] =0 ifk+0
An example of complementary sequences pair introduced by Golay is:
x={-1+1-1-14+1-1-1-1}
X ={-1-1-1+1+1+1-1+1}

The autocorrelation sequences for k = 0,1, ..., 7 are:

18



Rx1x1 = {8l _11 0; 3, 0, 1, 0, 1}
szxz = {8l 1! Op _3p O, _1, O, _1}

The individual autocorrelation sequences of x; and x, and sum of the
autocorrelation sequences are illustrated in Figure 2-2. As it is seen from the figure
the sum of the non-zero lags of autocorrelation sequences is zero while the the

zeroth lag sums to 2N.

Autocorrelation Sequences of X,

o 10 ‘ ‘
S
< 10 : ‘
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k
Autocorrelation Sequences of X,
o 10 ‘ ‘
©
2
< 10 : :
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k
Sum of Autocorrelation Sequences
o 20 ‘ ‘
©
2
=
1S
<

Figure 2-6: Individual autocorrelation sequences and sum of autocorrelation sequences of

complementary sequences examples

2.4.2 Existence

Golay introduced complementary sequences of length 2%*. He also gave some
examples of complementary sequences for lengths 10 and 26 and a method to

construct the length of N = 2910#26Y complementary pairs. In [12] it is showed
19



that the length of a complementary sequence must be the sum of the two squares

(one square may be 0) and even. Therefore, the admissible lengths up to 50 are
1,2,4,8,10, 16, 20, 26, 32, 34%, 40, 50

In recent years some computer searches have been performed to test the existence
of complementary sequences which have lengths given above and the length

marked by “*’ have been eliminated.

2.4.3 General Properties

Below are the general properties of the complementary sequences.

1. A complementary sequences pair can be expressed as polynomial like in Eq.

(2-64).
x;(z) = x;[0] + x;[1]z72 + -+ x;[N — 2]z7V=2) + ;[N — 1]z~V-D  (2-64)

Using the mathematical property in Eq. (2-65) we can say that a complementary

sequences pair satisfies the condition in Eq. (2-66)

N-1

x;(2)x;(z71) = Ry, [0] + Z Ry.x,[K] (ZF+z7%) (2-65)
k=1

x1(2)x (1) + x%,(2)x,(z71) = 2N (2-66)

Restricting z in unit circle in complex plain and inserting e/* instead of z into

Eq. (2-66), we get expression in Eq. (2-67).
(e + |x2(e)]” = 2N (2-67)

The Eq. (2-67) says that a complementary sequences pair has complementary
spectra. This means that the sum of the squared magnitude of the Fourier
transform of the sequences in a complementary pair is constant [13].

2. If the signs of a complementary pair sequence are reversed (multiplied by -1) ,

the pair remains complementary [12]. For instance, if we inverted the second
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sequences of complementary sequences pair CSP-1, we get another

complementary sequences pair, CSP-2.
CSP-1 141-1-1+41-1-1-1 and -1-1-14+1+141-1+1
CSP-2 -141-1-1+41-1-1-1 and +1+1+1-1-1-1+1-1

. If any of the sequences in a complementary pair is reverted (inverted in time),
they remain complementary [12]. For example, the second sequences of CSP-1

is reverted, another complementary sequences pair, CSP-3, is achieved.
CSP-1 1+1-1-1+41-1-1-1 and S1-T-1+1+1+1-1+1
CSP-3 -141-1-1+41-1-1-1 and +1-1+1+1+1-1-1-1

. If any of the sequences in a complementary pair is delayed, they remain
complementary [12].

. If sequences in a complementary pair are interchanged as illustrated below they
remain complementary [12]. For example, the sequences of CSP-1 are

interchanged, we get another complementary sequences pair, CSP-4.
CSP-1 -141-1-1+1-1-1-1 and 1-1-14+1+1+1-1+1
CSP-4  -1-1-14+1+1+1-1+1 and 141-1-1+1-1-1-1

. If both sequences in a complementary pair are multiplied by a complex
constant, they remain complementary [12]. For example, if sequences of CSP-1

are multiplied by 1 — j, the achieved sequences pair, CSP-5, is complementary.

CSP-1 -14+1-1-1+1-1-1-1 and 1-1-14+1+1+1-1+1
=14, +1-j, -1+, -14j, +1-j, =14, =145, -1+, +1-j, +1-j,
CSP.5 J J J J J and J J J J J
-14, -149, -14j +1-j, -14j, +1-j

. If both of the sequences in a complementary pair are decimated in time they
remain complementary [12].
. Let (x4, x,) be a complementary sequences pair. The new sequences pair formed

by operations x5 = {xq,x,} and x, = {x;, —x,} is a complementary pair [12],
21
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[13]. For instance, let CSP-6 be a length of 2 complementary sequences pair.
Then the new pair CSP-7 formed from CSP-6 by operation defined in previous

sentence is a complementary sequences pair.
CSP-6 +1 +1 and +1 -1
CSP-7 +1+41+1-1 and +1+1-1+1

Let (x4, x,) and (x3,x4) be complementary sequences pairs of lengths M and N
respectively. The new sequences pair, (x5, Xg), formed by concatenation of
(x1,%x) and (x3,x4) is also complementary [12], [13]. The concatenation
operation of complementary pairs is expressed in z-domain as in Eq. (2-68) and

Eq. (2-69).
x5(2) = x1(2M)x3(2) + x,(2M)x4(2) 2"V (2-68)
x6(2) = %,(2M)x3(2) — %1 (2N)x4(2) 2™V (2-69)

As an example, the new pair, CSP-8, formed by concatenation of CSP-6 and

CSP-7 is a complementary sequences pair.

CSP-6 +1 +1 and +1 -1
CSP-7 +1+1+1-1 and +1+1-1+1
+1+1+1-1+1+1+1 -1 -1-1-1+1+1+1+1-1-1
CSP-8 and
+1+1-1+1-1-1+1-1 1 +4+1-1-1-1+1-1

Let (x4, x,) and (x3,x,) be complementary sequences pairs of lengths M and N
respectively. The new sequences pair, (x;, xg), formed by interleaving (X, x3)
and (x3,x,) is also complementary [12], [13]. The interleaving operation of

complementary pairs is expressed in z-domain as in Eq. (2-70) and Eq. (2-71).
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x7(2) = x1(2*V)x3(2%) + x,(2*N)x, (z%)z (2-70)
xg(z) = % (2*M)x3(22) — %, (2*V)x4(2%)z (2-71)

As an example, the new pair, CSP-9, formed by interleaving CSP-6 and CSP-7

is a complementary sequences pair.

CSP-6 +1 +1 and +1 -1
CSP-7 +1+1+1-1 and +1+1-1+1

+1 +1 +1+1+1-1-1+1 -1-1-1-1-1+1+1-1+1
CSP-8 and

+1-14+1-1+1+1-1-1 -1 +4+1-1+4+1+1-1-1
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CHAPTER 3

JOINT TRAINING BASED FREQUENCY OFFSET AND

CHANNEL ESTIMATION

In this chapter, training based joint frequency offset and channel estimation
schemes are analyzed. In Section 3.1, signal models for a SISO communication
system over frequency selective channels is introduced for single and multiple
frequency offset cases. Section 3.2 describes two ML based estimation method
using aperiodic and periodic training sequences. In Section 3.3, an ad hoc
estimation method is presented. In Section 3.4 the new ML based estimation
method using complementary training sequences is proposed. Finally, in Section 3.5

some extensions to the ML based methods are introduced.

3.1 Signal Model

In dealing with channel estimation problem of Single Input Single Output (SISO)
communication systems, most of the channel estimation algorithms assume zero
frequency offset between the carrier of transmitted signal and reference signal
produced by local oscillator of the receiver. In practical applications, zero frequency
offset means that unwanted frequency drift or variations are negligible and the
demodulation process is not significantly affected. In practice stable oscillators are

used in receiver structures in order to prevent the significant phase variations of the
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carrier during the demodulation. Although this provide an improvement in

demodulation, it is not so easy to prevent frequency offset.

In wireless communication, there are two different reasons causing the frequency

offset.

1. Poor frequency synchronization between the carrier of the transmitted signal
and the carrier signal produced by local oscillator of the receiver.

2. Doppler-shift of the transmitted signal

Synchronization problem occurs due to the usage of different reference oscillators
in transmitting and receiving side of the communication. This is the main reason of
the frequency offset problem. If there is no other reason causing the phase variation,
the frequency offset caused by poor synchronization is same for different path of a

frequency-selective channel (single frequency offset).

TRANSMITTER RECEIVER
m(t) > > > r(t)
m(t)cos(2xf t) m(t)cos@m {f+ f,}t)+n(t)
cos(2nf t) cos2n{f +f }t)

Local
Oscillator

Figure 3-1: Frequency Offset Due to Local Oscillators

By assuming a linear modulation (PSK, QAM, etc.) scheme over a frequency

selective channel, the received signal samples at the receiving side are expressed by
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y[n] = e/#™s[n] +w[n] n=0,1,..,N—1 (3-1)

In Eq. (3-1), v is the frequency offset normalized to 1/T; where T is the signaling

interval and the term s[n] is given by
L-1
s[n] = Z h[l]x[n —1] n=012,..,N—1 (3-2)
1=0

Here, h[0], R[1],...,R[L — 1] are the channel gains and
x[—L +1],...,x[0],x[1],...,x[N — 1] are the training symbols. The symbols

x[—L + 1], ..., x[—1] are precursors in the preamble.

Eq. (3-1) represents the case either the signal is sampled after IF filtering or
sampled after matched filtering operation. If signal is considered as matched

filtered, then v (f,T) should be small for the validity of Eq. (3-1).

Considering the received signal samples fromn = 0ton = N — 1, Eq. (3-1) can be

expressed in matrix form as
y=FXh+w (3-3)

where F is a N-by-N diagonal matrix containing frequency offsets on received

signal samples

1 0 0 0
0 ef2mv 0 0
F= I0 0 et .. 0 | (3-4)
lo o 0 .. eizr(N-1w]

X is a N-by-L matrix containing entries x[n—1] n=0,1,..,.N—1, [ =
0,1,...,L — 1) and h is the vector containing the channel gains h[0], h[1], ..., h[L —
1].
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1 - 0 x[0] o x[-L+1] h[0]
y=|: - : : : :
0 - e2nW-Dv[|x[N—1] - x[N—L]]lA[L— 1]]
w(0]
. (3-5)
w[N — 1]

Doppler-shift is generally seen in mobile communication systems. The frequency
offset caused by Doppler-shift occurs due to the relative motion between mobile
station and stationary party. In presence of Doppler-shift the frequency offset is the
sum of the frequency offsets due to Doppler-shift and poor synchronization. In this
case the frequency offsets for different paths of a frequency-selective channel are
different (multiple frequency offset). Under such a condition, the received signal

samples are expressed as
L-1
y[n] = Z h[l]x[n — 1] /2™t + w[n] (3-6)
=0

where v; is normalized (by 1/Ty) frequency offset for I[th path of the

communication channel.

It is not possible to put Eq. (3-6) into a closed matrix form as easily as Eq. (3-2).
However, profiting from the signal definition in [10] and defining a matrix 4 =

[aga, ... a;_1] we can define a closed form for Eq. (3-6) as
y=Ah+w (3-7)

where a; is elementwise product of vectors containing training symbols and

samples of frequency offset for [th channel path.

a,=x0 fa (3-8)
x;=[xn=1..xn-1-N+1]]" [=0,1,..,L—-1 (3-9)
for = [e/2™ ... efZ”("‘N“)"l]T l=01,..,L—-1 (3-10)
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In both Eq. (3-3) and Eq. (3-7), vector w is zero-mean Gaussian noise with

covariance matrix
C, = E{ww'} =JM2,IN (3-11)

where Iy is N-by-N identity matrix and ;2 is variance of the noise.
For both of Eq. (3-3) and Eq. (3-7) the receive SNR at the output of the receiver is
defined as

SNR = 62 /a2 3-12)

where ¢ is energy of the sequence s[n] (Eq. (3-2)) and defined with Eq. (3-13)

N-1
2 1 2
o2 =3 Y Islnll (-13)
n=0

3.2 Maximum Likelihood Frequency Offset and Channel

Estimation in Presence of Single Frequency Offset [S]

A basic maximum likelihood frequency offset and channel estimation method has

been introduced by [5]. In this section this method is explained.

For a given channel impulse response vector and normalized frequency offset pair
(h,v), the received signal samples vector y is Guassian with mean FXh and
covariance matrix a2 1. Under this condition, the likelihood function for pair (h, v)

is given as in Eq. (3-14).

1 1
Aly; hv) = —. {—— — FXh]" —FXh} 3-14
(y; h,v) o)™ P 52 [y 1"ly ] (3-14)
The aim of maximum likelihood approach is to maximize the Eq. (3-14) over the

parameters h and v. The location of the maximum gives the joint ML estimate of h

and v. [5]
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In order to proceed, firstly the frequency offset v accept as fixed and the maximum
of likelihood function with respect to h is achieved by least square solution of cost

function ¢ in Eq. (3-15).

¢ =[y— FXh]"[y — FXh] (3-15)
= yHy — 2hfXHFH"y + htIXH Xh

Taking the derivative of the cost function £ with respect to hf’ and equating the

derivation to zero, the least square solution for h takes the form
h,, = (X"X)"1X"Fiy (3-16)
Substituting Eq. (3-16) into Eq. (3-15), the cost function £ becomes
£ =yly —yHEX(XHX)"1XHFHy (3-17)

Optimum value for frequency offset v is achieved by minimizing the function £.

This means maximizing the function g(v) in Eq. (3-18).
g(w) = yHFX(XHX)"1x"FHy (3-18)

Maximum of function is found by a search over frequency offset v. Changing the
value of v in a suitable range and with a suitable step size the optimum estimated

value ¥ for frequency offset v is found and expressed like in Eq. (3-19)

v =arg mgx{g(ﬁ)} (3-19)

3.2.1 ML Estimation with Aperiodic Training Sequences (MLE#1)
[S]

In use of aperiodic training sequences the function g(¥) in Eq. (3-18) may be put in

the form
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N-1
g(@) = —pa(0) + 2Re{2 pa(m) e"'z”’ﬁ’} (3-20)

m=0

where p(m) is a weighted correlation of the training sequence and defined by

N-1
pa(m) = > B —m,my[nly" [n—m] (3-21)

In Eq. (3-21) B is the projection matrix defined by Eq. (3-22) and B(i,j) is (i)

entry of the matrix.
B = X(X"x)~1x" (3-22)

Maximization of g(?) in Eq. (3-20) requires a two step search. In the first step,
maximum of g(?) is searched over the grid values of ¥ and the location of the
maximum is found. In the second step, the function g(?) is searched with smaller
steps of ¥ and the more accurate location of the maximum is found. Finally, the
location found in the second step is accepted as the optimal estimation value for
frequency offset v. After estimating the frequency offset, the optimum value is
inserted into Eq. (3-16) and the optimum estimation, h, for channel impulse
response h is found. The closed form for channel estimation is expressed in Eq. (3-

23) where F is matrix containing frequency offset estimation.
h=(X"X)"'x"F"y (3-23)

In Eq. (3-22), if matrix X is square (N = L) and nonsingular, the projection matrix
B becomes a N-by-N identity matrix and Eq. (3-20) becomes independent of
frequency offset. This means that the length of aperiodic training sequence N

should be larger than the number of the channel taps L.

Examining the Eq. (3-20), it is seen that g(¥) is periodic with unit period. Hence,
its maximum occurs at a distance 1 from each other. This says that true estimation

value for v is found only in range |v| < 1/2.
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Assuming a high SNR and an observation window containing many symbol
intervals the expected value and variation of ML estimation with aperiodic training

sequence are approximated by Eq. (3-24) and (3-25) , [5]

E{t}=v (3-24)

H
var{d} = ! s SB)z (SNR)™ ! (3-25)

2N zH(Iy —
where s = Xh and z is a vector with components z[n] = 2mn. s[n].

Eq. (3-24) indicates that MLE#1 is an unbiased estimator. Because of the
asymptotic efficiency property of the ML estimation approach, the Eq. (3-25)
constitutes a CRB for frequency offset estimation [5], [17]. (See Appendix C)

From Eq. (3-25), it observed that the estimation accuracy for frequency offset
depends on SNR and channel characteristics. Training sequence is also an important
factor which affects the variance of the estimate. In order to achieve required
estimation performance training sequences which are optimal for joint frequency

offset and channel estimation need to be investigated.

In [8], two criterion have been defined for design of an optimal training sequence

providing a good frequency offset and channel estimation performance:

Criterion 1: To achieve an efficient channel estimation performance training

sequence should provide a diagonal autocorrelation matrix satisfying Eq. (3-26).
XX =PIy (3-26)

where P, is power of training sequence, which is N in BPSK signaling, and I is N-

by-N identity matrix.

Criterion 2: For optimal frequency offset estimation training sequence should

satisfy Eq. (3-27)

X = arg max tr {X"D"(Iy, — B)DXR,} (3-27)
X
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In Eq. (3-27), D is diagonal matrix defined by Eq. (3-27), B is projection matrix
defined by Eq. (3-22) and R}, is autocorrelation matrix of channel impulse response

given by Eq. (3-29).

0 0 0

p=? 7 0 (3-28)
0 0 N-1
R, = hh! (3-29)

With a careful inspection it is seen that Eq. (3-27) is equal to the statement,
2 (Iy-B)z/4m? which is obtained from Eq. (3-25). This equality indicates that the
optimal training sequences according to this criteria minimize frequency estimation

€ITor.

3.2.2 ML Estimation with Periodic Training Sequences (MLE#2)
[S]

Application of periodic training sequences can reduce the complexity of search
operation required for ML estimation. A periodic training sequence consists of
applicatino of the same training sequence repetitively. For convenience, the length
of the training block is chosen equal to the length of the channel impulse response,
L. Hence, repeating the symbol block P times a training sequence has a length of

multiple of L is constructed (N = LP).

Using the periodic training sequence, the training sequence matrix X becomes a

repetition of an L-by-L matrix C.
X=[c ¢ .. cI" (3-30)
In Eq. (3-30), C is L-by-L circulant matrix with elements
Cc(i,j) =x[(i—j)modL] i=0,1,..,.L—-1j=0,1,..,L—1 (3-31)
Substituting Eq. (3-30) into Eq. (3-22), the projection matrix B takes the form
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. . (3-32)
I, 1, - I

where I; is L-by-L identity matrix. With new definition the elements of B are

expressed as

1/P m=il, i=01,.,P—1

0 otherwise (3-33)

B(n —m,n) ={

In consequence with the new definition of projection matrix B, Eq. (3-20) can be

rewritten in a new form

P-1
g(®) = —p,(0) + 2Re {Z pp(m) e—ﬁnnLﬁ} (3-34)
m=0
with
L ¥t
pp(m) = 7 ZLy[n]y* [n—m] m=01..,P-1 (3-35)

As in aperiodic training sequence case the location of maximum for function g(¥)
is found by a two step search. However this time only number of P correlations are
processed instead of number of N weighted correlations. This reduces the

computational complexity of search process by a factor L.

Examining Eq. (3-34) it is observed that g(¥) is periodic with period 1/L. This
means that the ML estimation gives correct estimation results in the range of
|v| < 1/2L. Hence reducing the computational complexity also reduces the range

of unambiguous frequency estimation.

The estimation variance for MLE#2 is achieved by inserting B matrix form in Eq.

(3-32) into Eq. (3-25).

3(SNR)™?

2m2N(N? — L) (3-36)

var{v} =
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According to the results of [5], the RHS of Eq. (3-36) still coincides with CRB for
periodic sequences. From Eq. (3.36) it is seen that the accuracy of estimation with
periodic sequences depends on the length of the channel response and the training

sequence as far as SNR.

3.3 An Ad Hoc Frequency Offset Estimator (AHE) in Presence of
Single Frequency Offset [5]

An ad hoc frequency offset estimation method (AHE) has been introduced by [5].
This new estimator does not need any grid or fine search like MLE#1 or MLE#2

given in previous sections.

For AHE the same assumptions as with MLE#2 are made and a fixed symbol block
of length L is used. The symbol block is repeated P times so that training sequence

of length N = LP is achieved.

40

30 8

Magnitude
N
o

0 10 20 30 40 50 60 70

Angle

Figure 3-2: Periodic autocorrelation of the received signal samples (magnitude and angle)
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The AHE exploits the angle of the periodic points of the autocorrelation of the
received signal samples shown in Figure 3-2 in order to find the optimum
estimation of the frequency offset. The periodic autocorrelation points shown in the

figure can be expressed as in Eq. (3-37).

1
N —mlL

N-1
Rupp[m] = Z y[nly*[n—-mL] m=0,1,..,.M (3-37)

n=mL

In Eq. (3-37), M is a design parameter which is chosen as not greater than P — 1. In
order to see the working principle of the AHE, we can rewrite the signal model

given by Eq. (3-1) in the form of Eq. (3-38)
y[n] = e/2™[s[n] + W[n]] (3-38)

where W[n] = e /2™w[n]. Inserting Eq. (3-38) into Eq. (3-37) the correlation
RyyE takes the form in Eq. (3-39)

Raup[m] = 02e/*™[1 + y[m]] (3-39)

where

N-1
1
= w*[k — *[n]w W *n— 3-40
y[m] Z(N —mL) n;L[s[n]w [k —mL] + s*[n]W[n] + W[n]w*[n —m]] (3-40)
and
=
ol = ZZIs[n]I2 (3-41)
n=0
Profiting from the angle defined by Eq. (3-42) and expressing the y[m] by its
imaginary part y;[m] the approximation in Eq. (3-43) can be written. Analyzing the

Eq. (3-42) it is obviously comprehended that the angle ¢@[m] is the angle difference

between the mth and (m — 1)th periodic points of the autocorrelation.
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@[m] = arg{Rapp[m]R zg[m — 1]} (3-42)
@[m] = 2nvl + y;m] —y;m—-1] m=0,1,...M (3-43)

In Eq. (3-43) two important assumptions can be made.

e [ satisfies the condition |2nvLl| < 7
® The terms y;[m] and y;[m — 1] can be eliminated in high SNR due to their

smallness in amplitude compared to unity

Using assumptions above it can be said that the angle ¢[m] is the sum of a
deterministic component proportional to normalized frequency offset v and a
zero-mean random component. Hence, the set of angles {¢[m]} can be used to

design an unbiased estimator of normalized frequency offset given by Eq. (3-44).

M
1
D= o Zl a[m]e[m] (3-44)

In Eq. (3-44), a[m] are the components of vector e defined by Eq. (3-45)

c,'1

A== (3-45)
17C,1

where C, is the covariance matrix of angle ¢ and 1 is a vector of M ones, [17, p.

138]

According to the results of [5], C,, is singular for M > P /2 and the angles ¢[m] for
m > P /2 are linearly dependent on angles with 1 < m < P /2. This means that the
frequency offset information is carried by angle first P/2 components of ¢. For that
reason it is assumed that 1 < M < P /2. Exploiting this assumption the components
a can be rewritten in the form of Eq. (3-46).

(P-m)(P-m+1)—-MP—-M)

_ 3-46
alml =3 — Mz —epm+3pz—1)  L<Mm<M (3-46)

The variance of ad hoc estimator can be expressed as in Eq. (3-47).
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1 1
(2rL)217C,11

var{} = (3-47)
Using the assumption 1 < M < P /2 the estimation variance can be rewritten in the

form of Eq.(3-48).

3(SNR)™?

3-48
4m2ML3(4M? — 6PM + 3P2 — 1) (5-48)

var{v} =

From the Eq. (3-48), it can be said that the estimation variance achieves its
minimum when M = P /2. Inserting P/2 instead of M in Eq. (3-48), it is obviously
seen that minimum value expression of estimation variance coincides with Eq.
(3-36) which is the estimation variance and CRB of MLE#2. Therefore, Eq. (3-48)

with M = P /2 can be assumed as CRB of ad hoc estimator.

The weights a[m] are independent of the channel impulse response. Hence for
frequency offset estimation AHE does not need any channel information. Because
the AHE provides a closed form expression for frequency offset, no search
operation in estimation is needed. For that reason the computational load is reduced

compared with MLE#1 and MLE#2 methods.

As stated before the AHE gives sufficient results as far as the Eq. (3-43) holds.
Otherwise, the relation between the normalized frequency offset v and angle ¢[m]
becomes highly nonlinear. Assuming that the Eq. (3-43) holds, the estimation range
of AHE is limited to |v| < 1/2L.

3.4 Maximum Likelihood Frequency Offset and Channel
Estimation Using Complementary Training Sequences in Presence

of Single Frequency Offset

In this section, the new frequency offset and channel estimation method using
complementary sequences pairs is introduced . This new method is based on the
maximum likelihood (ML) frequency offset and channel estimation method

described in Section 3.2. The aim of this study is to use perfect autocorrelation
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characteristics of complementary sequences in estimation of frequency offset as

well as channel estimation.

In order to estimate the frequency offset and the impulse response, a special
preamble structure consists of a binary complementary pair is put into the

communication channel. The structure of this special preamble is shown in

Figure 3-3.
Idle Dur Idle Dy, 371
Length of N (Length of L-1) Length of N (Length of L-1)
| | 1 |
A e JL J\
f 1 1 1 |
. @ ]
| 0 00000 | _ _ _
. Neauence-i Neauence-Z user iaia
EEEESennencesTT—" 1
L |

Figure 3-3: Preamble structure for ML frequency offset and channel estimation using

complementary training sequences

In the preamble, two sequences in a complementary pair are placed into the channel
in successive order. The sequences in the preamble do not contain any precursor or
postcursor symbols. Instead of that, between complementary pair and between the
preamble and the user data the channel left as idle. The aim of this application is to
protect the complementary autocorrelation characteristics of the pair. For easy
application and providing a continuous structured frequency offset matrix, the idle
durations between the sequences should be chosen as much as L —1 symbol
duration. The sequences in the preamble with this structure can be resembled to the

training sequences with zero-amplitude precursor and postcursor.

With usage of complementary pairs and preamble structure described above, the
signal model for single frequency offset case differs from the model described in
Section 3.1. After transmission of the preamble, the first N + L — 1 signal samples

in the received side can be expressed in closed form as in Eq. (3-49)

Y= F1X1h + Wq (3—49)
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where F; is (N+L-1)-(by-N+L-1) diagonal matrix of frequency offset, X; is
(N+L-1)-by-L matrix containing the elements of the first sequence and h is L-by-1
channel impulse response vector. wy is (N+L-1)-by-1 AWGN vector with zero
mean and variance of ¢2/2. Structures of y;, F; and X; are expressed in Eq.
(3-50), Eq. (3-51) and Eq. (3-52) respectively. In the matrix X;, zeros come from
the idle states of the channel before the transmission of the first sequence and

between the transmissions of the first and the second sequences.

Y1 = [y1[0] y4[1] ... y1[N = 1] y41[n] ... y1[N + L — 1]]T (3-50)
1 0 0 - 0
[0 eJ2mv 0 0 ]
F,= |o 0 e/t .. 0 | (3-51)
lo o 0 .. giznNiL-2))
1%, [0] 0 0 0
xl[l] xl[O] 0 “ee vee 0
x, =2l wil o] - 0 (3-52)
0 0 0 - x;[N—=1] x[N—2]
0 0 0 - 0 x,[N — 1]

After receiving the samples belong to the second sequence, the received signal

samples can be expressed in closed form as in Eq. (3-53).
yz = F2X2h + Wz (3—53)

In Eq. (3-51), F, is (N+L-1)-by-(N+L-1) frequency offset matrix, X, is (N+L-1)-
by-L matrix containing the elements of the second complementary training
sequence and w, is (N+L-1)-by-1 AWGN vector in a similar manner to Eq. (3-49).
The channel impulse response vector, h, is the same vector as in Eq. (3-49).
Structures of y,, F, and X, are expressed in Eq. (3-54), Eq. (3-55) and Eq. (3-56)

respectively.

Y2 = [¥2[0] y2[1] ... y2[N — 1] y;[n] ... yo[N + L —1]]" (3-54)
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ejZﬂ:(N+L—1)v 0 0 0

0 ejZT[(N+L)v 0 0
F,= 0 0 el2T(N+L+1)v 0 (3-55)
(') 0 0 ejZn(ZN.+2L—3)v
D [0] 0 0 0
x2[1]  x,[0] 0 0
x, =[] w0l wO) 56
0 0 0 o xy[N—=1] x,[N —2]
0 0 0 0 x[N — 1]1

With a careful inspection, it is seen that the frequency offset matrix, F,, in the
second observation is multiplication of the frequency offset matrix, Fy, in the first
observation and a complex scalar. This complex scalar comes from the phase
variations during the idle state of the channel between transmissions of

complementary pair.

1 0 0 - 0
0 eJ2mv 0 0
F, = e/2n(N+L-1)v | 0 0 pdm . 0 | (3-57)
lo o 0 .. eizmN+L-2)]

Using Eq. (3-57), the relation between matrices F; and F, is obtained as in Eq.
(3-58).

FZ — ej277:(N+L—1)17F1 (3—58)

Collecting the signal samples y; and y, in the same vector, y, the received signal
samples are put into the closed form as in Eq. (3-59). Structures of the matrices F,

X and w in Eq. (3-60), Eq. (3-61) and Eq. (3-62) respectively.

= [i;] = FXh+w (3-59)

[0 FZ] [ ejZn:(N+L 1)17F ] (3'60)
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X= [;;] (3-61)

w= [v‘:ﬂ (3-62)
Y= [iﬂ - [I:)l ef2n<N+OL—1)vF1] [2]“ mﬂ (3-63)

In Eq. (3-63), h and v are unknown parameters to be estimated. Based on the
statistical characteristics of parameters in this equation the expectation and variance
of received signal samples vector y is given in Eq. (3-64) and Eq. (3-65)

respectively
E{y} = FXh (3-64)
Cov{y} = a3l (3-65)

Using the statistical characteristics, the likelihood function for parameters pair

(h,v) is obtained as in Eq. (3-66).

1
Aly;hv) = exp {—— [y — FXh]"[y — FXh]} (3-66)

(o)™

Here the aim is to find the optimal estimation values for the parameters pair (h, v)
by maximizing the likelihood function over these parameters. Maximizing

likelihood function equals to minimizing function ¢ in Eq. (3-67)
¢ =[y— FXh]"[y — FXh] (3-67)

Multiplying the two terms on the right side, which are Hermitian of each other, Eq.

(3-67) can be rewritten like in Eq. (3-68)
¢ =yHy —2nHXHFHy + hEXHFHFXh (3-63)

Multiplication of frequency offset matrix with its Hermitian is an identity matrix.
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np _ |[FY 0 F, 0
F°F = 0 e_jzn:(N+L—1)vF§I 0 ejZn(N+L—1)vF1]
_ [FiF, 0
= 0 e—j27'[(N+L—1)vF11~1F1ejZT[(N+L—1)17
I 0
~lo 1] (3-69)

Inserting Eq. (3-69) into Eq. (3-68) the function £ takes the form in Eq. (3-70)
¢ =yly —2nHX"FHy + W X" Xh (3-70)

Like ML method described in Section 3.2, the estimation process begins by
accepting the frequency offset, v, as fixed and minimizing the function £ over the
channel impulse response, h. The optimum value for vector h is found by least
square solution of Eq. (3-70). Least square solution is achieved by taking the
derivative of function £ and equating it to zero. Performing this mathematical

operation, the least square solution of h found as in Eq. (3-71).
h, = (X"X)"1X"Fiy (3-71)

In Eq. (3-71), (X"X) is L-by-L autocorrelation matrix which is sum of the
autocorrelation matrices of complementary training sequences. Because of the
complementary autocorrelation characteristics of complementary sequences, the
autocorrelation matrix is the multiplication of the identity matrix with a scalar

constant which is the sum of the energies of the complementary pair.
X
Ry = [Xlli Xg] [Xl]
2
= XX, + X§x,

= 2NI (3-72)
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Inserting Eq. (3-72) into Eq. (3-71) the least square solution of channel impulse

response takes a simpler form as in Eq. (3-73).

1
H pH 3-73
hlS__ZNX Foy ( )

Inserting h;; into Eq. (3-70), the cost function, £, to be minimized for frequency

offset estimation is achieved.

¢=yHy —2nHXHFHy + R X" Xh

1 1
H H HpH H HpH
y'ly ZZN FXX"F y+2Ny FX(2NDX"F y2N

1
= y"y — 5 Y FXX"F'ly (3-74)

Because the multiplication yfy is a positive scalar, minimizing the function ¢ is
equivalent to maximizing the function g(v) given in Eq. (3-75) over the frequency

offset, v.
g() = y"FXXH"FHy (3-75)

With a careful inspection, it is obviously perceived that the function g(v) is

magnitude square of vector X Fily.
g) = |X"Fy|? (3-76)

The optimal value for the frequency offset, v, is the value maximizing the function

g (). In summary, the estimator for the frequency offset is written as in Eq. (3-77) .
¥ = argmax{g(¥)} (3-77)

Inspecting the matrix structure in Eq. (3-60), it can be seen that the frequency offset

matrix F has a continuous structure as in Eq. (3-78)

43



(3-78)

1 0 0 0
[0 eJ2my 0 0 }
Io 0 et .. 0 |

6 O O ej2r[(2N.+2L—3)vJ

Profiting from Eq. (3-78), the function g(¥) may be put in the form in Eq. (3-79).

N-1
g(@®) = —p.(0) + 2Re{z pc(m) e‘fz””ﬁ} (3-79)

m=0
where p.(m) is a weighted correlation defined by Eq. (3-80).

N-1
pem) = ) B —m,m)ylnly” [n—m] (3-80)

Here, the matrix B is projection matrix obtained by multiplication of training

sequence matrix, X, with its Hermitian.
B = Xx" (3-81)

After finding optimum estimation for frequency offset the optimal value for channel
impulse response can be found by inserting the frequency offset matrix created with

optimal frequency offset estimation into Eq. (3-73).

~ 1 -
h= WXHFHy (3-82)

Exploiting the results of maximum likelihood estimation with complementary

training sequences some observations can be noted as follows.

1. The maximum likelihood (ML) approach with complementary training
sequences is a two step process. In the first step frequency offset value is
estimated by accepted the channel impulse response vector as fixed. In the
second step channel impulse response is estimated by using the estimated value
of frequency offset.

2. When the frequency offset is zero, the channel impulse response estimation in

Eq. (3-82) reduces to form in Eq. (3-83).
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~ 1
h=—XxH 3-83
X'y (3-83)
This result coincides with the results of LSSE channel estimation method
described in Section 2.2.2. Because of perfectly diagonal autocorrelation
properties of complementary sequences, the estimation in Eq. (3-83) reduces the

mean square error in channel estimation.

. Usage of complementary sequences in frequency offset estimation reduces the
complexity of the estimation process. The goal becomes maximizing the
magnitude square of a vector over frequency offset, v. This is not possible with
some other ML estimators such as MLE #1 due to the matrix inverse operation
as described in Section 3.2.1.

. Maximization of g(?) in Eq. (3-75) requires a two step search. In the first step,
maximum of g(¥) is searched over a grid of D-values and the location of the
maximum is found. In the second step, the function g(?) is searched by smaller
steps of ¥ and the location of maximum nearest to location found in the first
step is exposed. The location found in the second step accept as optimal
estimation value for the frequency offset, v.

. The function g(¥) can be easily computed by FFT (Fast Fourier Transform)
method by profiting the function form in Eq. (3-79). This reduces the
computational complexity in grid search step of the frequency offset estimation.
. From Eq. (3-79), it is observed that the cost function, g(v) is periodic with unit
period and its maxima occur at a distance of 1 from each other. Hence, the
estimation range of ML frequency offset estimation with complementary

sequences is [—0.5,0.5] as can be seen in Figure 3-3.
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Figure 3-4: Estimated Frequency Offset vs Normalized Frequency Offset

7. Profiting from the results of [5] and [8] the expectation and variance of ML
frequency offset estimation with complementary sequences are obtained as in

Eq. (3-84) and Eq. (3-85) respectively
E{v} =v (3-84)

1 sts

2 _
lom* (W +L—1) s"DH (12(N+L—1) - %XXH) Ds

var{p} = (SNR)™"  (3.85)

In Eq. (3-85), s = Xh and D is diagonal matrix given in Eq. (3-86)

p=|" 1 7 0 (3-86)
0 0 — 2(N+L-1)
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We also note the following the application of complementary sequences in the
presence of multiple frequency offset does not present useful simplifications. The
reason for that is the disturbance of perfect autocorrelation structure of
complementary sequences by mathematical model of signal structure in presence of

multiple frequency offset.

3.5 Extensions

In this section we present some extensions on the work present for joint channel and
frequency offset estimation. The extensions are described to illustrate the

differences and similarities of the studied problem for different systems.

3.5.1 Maximum Likelihood (ML) Frequency Offset and Channel
Estimation in MIMQO Systems Using Complementary Training

Sequences

Recently a channel estimation schemes for MIMO communication systems using
complementary sequences has been reported [7]. Complementary training
sequences can also be used for joint frequency offset and channel estimation of
MIMO systems. However, the complementary sequences can be applied to MIMO

systems under some constraints.

e The communication system should only have two transmit antennas
e For all of the different paths of the communication channel, only one

frequency offset should exist.

Usage of the complementary sequences in ML frequency offset and channel
estimation of MIMO systems requires a special training method. For training
purposes two different preambles created from the same complementary sequences
pair are transmitted from each of the transmit antennas. In the first transmission,
one of the sequences in the complementary pair, X, is sent from the first antenna
while the other, x,, is transmitted from the second antenna. In the second

transmission, the reverted (inverted in time) and minus signed (inverted in
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amplitude) version of sequence X, is sent from the first antenna while the reverted
version of the sequence x; is transmitted from the second antenna. In order to
protect the complementary autocorrelation structure of the complementary pair, idle
durations as much as L — 1 symbol duration are left between the transmission the
first and the second training sequences and between the second training sequences

and the user data. The preambling scheme is illustrated in Figure 3-4.

-x. R User Data

LEngii o

Figure 3-5: Preamble signaling structure for ML frequency offset and channel estimation using

complementary training sequences (MIMO communication systems)

After the transmission of the first sequences, the received signal samples in the gth

receive antenna can be modeled as in Eq. (3-87)
yql = Fl(vq)thllq + Fl (Uq)Xthlq + qu (3'87)

where X; is (N+L-1)-by-L matrix containing the symbols in sequence x; and X, is
(N+L-1)-by-L matrix containing symbols of the sequence x,. h;, is L-by-1

channel impulse response vector between the first transmit and the qth receive
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antennas while h, ;4 is L-by-1 vector containing channel gains between the second
transmit and the qth receive antennas. F 1(17q) is (N+L-1)-by-(N+L-1) frequency
offset matrix in the form of Eq. (3-88). w, zero-mean AWGN with variance of

a2 /2.

0 ejZTl:vq 0 0
F(vq) =10 0 eJAmvg ... 0 (3-88)
0 0 0 .. eizmN+L-2)v,

After the transmission of the second sequences the received signal samples in the

qth receive antenna is given as
¥q2 = —F,(v,)X58hy g + Fo(v))XEhy 0 + W2 (3-89)

where F, (vq) is (N+L-1)-by-(N+L-1) frequency offset matrix in the form of Eq.
(3-90).

Fy(v,) = /W= & F, (v,) (3-90)

After the training, total received signal samples at the receive antenna may be put in

the form of Eq. (3-91) and (3-92).

1 Fi(v 0 X X,11h w,!
Vg = [yqz] - [ 1(vg) ot “ L ;] hl,q] n [ qz] (3-91)
yq 0 e tvq *Fl(vq) _XZ X1 2,q Wq

v, =F(v)X,hy +w, (3-92)

Using Eq. (3-92), likelihood function for received signal at the qth receive antenna

is obtained as in Eq. (3-93).
1 1 H
M(ygi g, vq) = - exp {52 [y = FopXehy] [vq = Fo)Xqhy} (3-93)

Our aim is to maximize Eq. (3-93) over parameters v, and h,;. Maximizing Eq.

(3-93) is equivalent to minimize the function in Eq. (3-94).
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g =[yq- F(Uq)thq]H[yq — F(vg)Xqhyg] (3-94)

Since multiplication of frequency offset matrix F;(v,) with its Hermitian is

identity, the function ¢, takes a simpler form as in Eq. (3-95)
£, =¥y, — 2hEXHFY (v, )y, + hEXHX (3-95)

As in ML estimators in previous section, estimation process begins by accepting the
frequency offset, v, as fixed and finding least squares estimation scheme of the
channel impulse response by taking the derivative of function £, and equating the

derivative to zero.
hyis = (XOX)IXHFH (v,)y, (3-96)
In Eq. (3-96), multiplication X’q’ X, has the form of Eq. (3-97).

XX, + Xix, X2 (—x5%) + xH xk

Xix, =
TOEXDX A XX, (CXDT(XD) + (XDIXT

(3-97)

From the auto-correlation (r,r = 1) and cross-correlation (1 ,r, r = 7,,) properties
of reverted sequences, multiplication X g X, reduces to a 2L-by-2L identity matrix

multiplied by total energy of complementary pair (2N) [7].
XiX, =2NI,, (3-98)

Using Eq. (3-98) h, can be rewritten as in Eq. (3-99).

1
hg =25 XqF" (vg)yq (3-99)

Inserting Eq. (3-99) into Eq. (3-95) function £, takes the form of Eq. (3-100).
— H L ou H pH
g =YqYq— ﬁqu(vq)XquF (va)¥aq

1
= Yy =3 IXUF (o) (-100
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It is obviously seen that minimizing function ¢, is equivalent to maximize the

function g(v,) defined by Eq. (3-101).
9(ve) = |XUF"(v,)y,|" (3-101)

Function g(vq) in Eq. (3-101) assumes h, is fixed and only variable is the
frequency offset v,. Optimum estimation value for the frequency offset v, is found
by searching the maximum value of function g(vq) over parameter v,. By this way

frequency offset estimator is obtained as in Eq. (3-102).

ﬁq = arg rrll?ax{ g (ﬁq )}
q

= argmax{| X F (,)y,|"} (3-102)
q

Estimation range of frequency offset estimator in Eq. (3-98) is [—0.5,0.5]. After
finding optimum estimation for the frequency offset, optimum estimation of the
channel impulse response is found by inserting estimated frequency offset into Eq.

(3-99).

1
= ﬁXgFH(vq)yq (3-103)

h,
As it is stated at the beginning of this section, usage of complementary sequences in
joint frequency offset and channel estimation of MIMO systems is a special
application which is only applicable to two transmit antenna systems. Application

of complementary sequences in multiple transmit antenna systems has not fully

examined and needs further investigation

3.5.2 Maximum Likelihood (ML) Frequency Offset and Channel

Estimation in Presence of Multiple Frequency Offset

Based on the signal model defined by Eq. (3-7), for the case of multiple frequency

offset, a maximum likelihood frequency offset and channel estimation approach
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have been introduced by [10]. Using closed form signal model given in Eq. (3-7)
and statistical characteristics of the signal and noise the likelihood function is

obtained as

1 1
A B, v) = iy 3 {—; [y — AR]H[y — Ah]} (3-104)

where A is the matrix whose elements are defined by Eq. (3-8), h is the channel

impulse response and g2 is the variance of the noise in the channel.

Like ML based methods defined in previous sections estimation begins by finding
the optimum channel impulse response maximizing the likelihood function. Taking
the derivative of the function given in Eq. (3-105) over hf! and equating the
derivative to zero the least square estimation scheme for the channel impulse

response is achieved as in Eq. (3-106).
¢ = [y — Ah]"[y — Ah] (3-105)
h,, = (A"A)"1A%y (3-106)

Inserting Eq. (3-106) into Eq. (3-105) the function to maximize is obtained as in Eq.
(3-107)

gw) =y"A(A"A)~ 1Ay (3-107)

In order to correctly estimate all of the frequency offsets in the channel the writers
of [10] advise to use an impulsive training sequences which form a perfectly
diagonal autocorrelation matrix. Under this condition, A¥A is dominated by large

diagonal terms and function g(v) is reduced to the simpler form in Eq. (3-108)

g(w) =y"AAy

N-1 2

>y’ [nlxln — ez

n=0

L-1

(3-108)

=0

Using the function form in Eq. (3-100), the frequency offset estimator is obtained as



N-1 2

Z y*[n]x[n — l]e?™"| } (3-109)
n=0

¥, = arg max{
v

where v; is the frequency offset in [th channel path.

Each individual frequency offset is found by making the search defined by Eq.
(3-109) over all possible frequencies. This requires number of L search for L
different frequency offsets. After finding the frequency offsets, optimum value for

the channel impulse response is calculated by Eq. (3-82).

The presence of different frequency offsets in different paths of a communication
channel is most challenging case in frequency offset estimation literature. Although
an estimation approach for this case has been defined by [10], this approach is not
easy to apply in practice. Optimal training sequences for multiple frequency offsets

are not explicitly known and need to be investigated.
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CHAPTER 4

NUMERICAL RESULTS

In this chapter, results of the simulations which have been performed in this thesis
study are introduced. In Section 4.1, the channel model used in simulations is
presented. In Section 4.2, frequency offset and channel estimation performances of
MLE#1, MLE#2, AHE and MLEWCS methods are investigated. The performances
of the methods are compared in Section 4.3. Finally in Section 4.4, estimation

performance of MLEWCS method in MIMO systems is investigated.

4.1 Channel Model

For simulations, the following communication channel model with six paths has

been used [5]. The channel taps have the form of Eq. (4-1).

5
RO = ) As g (KT, = 7 — t) (@-1)
i=0

In Eq. (4-1), {A;} are channel attenuations and chosen as independent Gaussian
random variables with zero mean and variances {0.50,1.00, 0.63, 0.25,0.16, 0.10}.
T, is symbol duration and 7; is delays of paths. The normalized path delays t;/T;
are chosen as {0,0.054,0.135,0.432,0.621,1.351}. The timing phase, ty, is
chosen equal to 3T;. gr(t) is raised-cosine roloff filter assumed as used in

transmitter to shape symbol pulses, with a rolloff factor of 0.5.
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In the simulations, we have generated three taps (L = 3) and eight taps (L = 8)
channel impulse response sequences by sampling the continuous channel model as
shown in Eq. (4-1). That is for the three taps channel, h[0], h[1] and h[2] have
been generated through the Eq. (4-1).

4.2 Performances of Joint Frequency Offset and Channel

Estimation Methods in SISO Communication Systems

Computer simulations have been run to investigate the performance of joint
frequency offset and channel estimation with different types of training sequences.
For all simulations BPSK signal formats have been used. Mapping 0 —» —1,1 > 1

has been applied for simulations of transmissions.

In each simulation run of ML based estimation schemes, frequency offset has been
estimated with a two step search. In the first step the frequency offset value that
makes the cost function maximum has been found. In the second step a fine search
has been performed near the maximum of cost function to find optimum frequency
offset estimation. A typical grid and fine search process is illustrated in Figure 4-1.
In the grid search, cost function, g(v), is searched over the range of [—0.5,0.5].
with a bigger value of the frequency offset, while in the fine search, the cost

function is searched over the range of [—0.075,0.025] with a smaller step.
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Figure 4-1: Grid and fine search for frequency offset

For each simulation 1000 Monte-Carlo realization have been realized and average
values of realization results are used as simulation results. In all of the simulations
the performances of the estimation schemes have been observed with the change of
received SNR values calculated from Eq. (3-13). SNR value has been scanned from

0to30dB.

4.2.1 Performance of MLE#1

Computer simulations have been run to see the performance of MLE#1 with
different types of training sequences. The training sequences which have been used
in simulations are given in Table 4-1. In the table, TS#1 and TS#2 are the training
sequences which are designed for optimum LSSE channel estimation and they
include non-zero and zero amplitude precursors respectively [1] (See Appendix B).
TS#3 and TS#4 are the sequences chosen from [2] because of their nearly impulsive
autocorrelation characteristics. Finally, TS#5 is a training sequence designed for

joint ML based frequency offset and channel estimation [8].
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Table 4-1: Training sequences used with MLE#1

Training
In Binary Format In Hexadecimal Format

Sequence

TS#1 0000100100 024

TS#2 0000001001 009

TS#3 0010111110011101 2F9D

TS#4 00110111010110111100 375BC

TS#5 10110111 B7

4.2.1.1 Simulation-1

Simulation-1 has been performed to observe the performance of TS#1 and TS#2
with MLE#1. In each run, the first two bits of the sequences have been used as
precursors. As communication medium, a three taps channel (L = 3) modeled in
accordance with model given in Section 4.1 has been taken. Frequency offset values
to be estimated have been chosen from the range of [-0.48, 0.48] randomly. The
CRBs for frequency offset estimations have been calculated from RHS of Eq.
(3-25).

Mean square error (MSE) curve for frequency offset estimation with TS#I is
illustrated in Figure 4-2. For comparison purposes a minimum CRB curve obtained
in 1000 simulation runs is also illustrated in the same figure. Analyzing the figure, it
is seen that MSE curve follows the CRB for intermediate and high SNR levels. In
high SNR, MSE reaches a level of 10°®. In low SNR level, MSE is distant from the
CRB. The reason for this behavior is the effects of noise which makes the
maximum of cost function, g(v), faraway from the true frequency offset value. An

illustration summarizing this situation is given in Figure 4-4. In the figure, the cost
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function g(v) is plotted for 0,5, 10 and 20 dB values of the receive SNR. The peak
of cost function becomes more clear with increasing the SNR value while in 0 dB

SNR cost function has several peak points having close values.

Normalized mean square error (MSE) curve for channel estimation with TS#1 is
illustrated in Figure 4-3. As a reference, a normalized MSE curve in the case of
ideal frequency offset recovery is also shown in the same figure. Because of the
perfectly diagonal autocorrelation structure of TS#1 for L = 3, the ideal MSE curve
constitutes a minimum MSE bound for length of 8 training sequence in the
conditions of Simulation-1. From the same figure it is observed that the normalized
MSE curve follows the ideal curve in intermediate and high SNR levels. The larger
difference in low SNR level comes from the large error in frequency offset

estimation in this region.
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Figure 4-2: MSE for frequency offset estimation with TS#1 (MLE#1) (three taps channel)
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Figure 4-3: Normalized MSE for channel estimation with TS#1 (MLE#1) (three taps channel)
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Figure 4-4: Cost function for 0, 5, 10 and 20 dB receive SNR values
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MSE curve for frequency offset estimation with TS#2 is plotted in Figure 4-5 with
minimum CRB. As can be seen from the figure, the MSE curve follows the CRB
for intermediate and high SNR regions and reaches a 10° MSE level for high SNRs.
In low SNR, the MSE curve is far away from the CRB because of the effect of the

noise.

Normalized MSE curve for channel estimation with TS#2 is shown in Figure 4-6 in
the existence of normalized MSE curve in the case of ideal frequency offset
recovery. From the figure, it is seen that normalized MSE curve flows the ideal
curve for all SNR levels with a difference of nearly 7 dB. The reason such a big
difference is larger estimation error seen in frequency offset estimation with TS#2

compared with the usage of TS#1.
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Figure 4-5: MSE for frequency offset estimation with TS#2 (MLE#1) (three taps channel)
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Figure 4-6: Normalized MSE for channel estimation with TS#2 (MLE#1) (three taps channel)

With a comparison of MSE and normalized MSE curves, it is obviously
comprehended that TS#1 is better than TS#2 in both of the frequency offset and
channel estimation. The reason for that goodness is the transmission of more signal
energy with TS#1 due to the non-zero amplitude precursor. In addition, another

reason is the perfectly diagonal autocorrelation matrix structure of TS#1.

4.2.1.2 Simulation-2

Simulation-2 has been run in order to see the performance of TS#3 and TS#4 with
MLE#1 and effect of the length of the training sequences in estimation. As
communication medium, an eight gains channel model (L = 8) designed according
to the model given in Section 4.1 has been used. In each run, frequency offset

values have been chosen from the range of [-0.48, 0.48] randomly.
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In Figure 4-7, MSE curves for frequency offset estimation with TS#3 and TS#4 are
illustrated. Min CRBs obtained from RHS of Eq. (3-25) in 1000 simulation runs are
also plotted in the same graph. From the inspection of the figure, it is seen that both
of the MSE curves follow their CRBs for intermediate and high SNR levels. As it is
expected, TS#4 exhibits a better frequency offset estimation performance than
TS#3. The reason for that is the transmission of more signal energy with TS#4 and

using more information provided by excess bits of TS#4.

Normalized MSE curves for channel estimation with TS#3 and TS#4 are shown in
Figure 4-8. As it is seen from the figure, normalized MSE curves follow their ideal
curves for all SNR levels. As in the frequency offset estimation, longer length
training sequence (TS#4) shows a better performance in the channel estimation and
create a normalized MSE nearly coinciding ideal MSE curve of TS#3. Although
TS#3 and TS#4 have not been designed for LSSE channel estimation purposes, they
have a good performance in LSSE estimation. The reason of that is nearly impulsive

autocorrelation characteristics of the sequences.

1 —e— TS#3 (MLE#1)
| —— min CRB (N=16)
3 —%— TS#4 (MLE#1)
E min CRB (N=20)

=

MSE
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Figure 4-7: MSE for frequency offset estimation with TS#3 and TS#4 (MLE#1) (eight taps channel)
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Figure 4-8: Normalized MSE for channel estimation with TS#3 and TS#4 (MLE#1) (eight taps

channel)

4.2.1.3 Simulation-3

In order to analyze the performance of TS#5 with MLE#1, Simulation-5 has been
carried out. A three taps (L = 3) channel model has been used as communication
medium. The frequency offset values to be estimated have been chosen from the

range of [-0.48, 0.48] randomly.

MSE curve for frequency offset estimation with TS#5 is shown in Figure 4-9. For
comparison purposes a min CRB provided as a result of 1000 simulation run is also
plotted in the same figure. CRB has been calculated from RHS of Eq. (3-25). As it
is observed from the figure, MSE curve follows the CRB for intermediate and high
SNR levels. With a careful inspection of the graph it can be seen that MSE curve
tends to make a floor in high SNR region. The reason of this floor is the micro-bias

appearing in the fine search step of the estimation process.
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Normalized MSE curve for channel estimation with TS#5 is displayed in Figure
4-10 in the existence of normalized MSE curve of ideal frequency offset recovery
case. As in the case of TS#1, ideal MSE curve is a minimum MSE bound for length
of 8 training sequences due to the perfectly diagonal autocorrelation matrix
structure of TS#5 (for L = 3). As it can be seen from the figure, the normalized
MSE curve follows the ideal MSE for intermediate and high SNR levels. In low
SNR level, normalized MSE is distant from the ideal curve due to the large error

seen in frequency offset estimation.

MSE

SNR (dB)

Figure 4-9: MSE for frequency offset estimation with TS#5 (MLE#1) (three taps channel)
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Figure 4-10: Normalized MSE for channel estimation with TS#5 (MLE#1) (three taps channel)

4.2.2 Performance of MLE#2

A computer simulation has been realized to analyze the performance of MLE#2.
For simulation a periodic training sequence constructed by repeating the symbol

block C2 four times has been used. The training sequence is given in Table 4-2.

Table 4-2: Training sequence used with MLE#2

Training In Hexadecimal
In Binary Format
Sequence Format
TS#6 11000010110000101100001011000010 c2Cc2Cc2C2
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4.2.2.1 Simulation-4

Simulation-4 has been carried out to inspect the performance of TS#6 with MLE#2.
An eight taps channel model designed in accordance with the model given in
Section 4.1 has been applied. In order to provide the matrix structure in Eq. (3-30)
last seven bits of the fixed symbol block C2 have been used as precursors before the
transmission of TS#6. In each simulation run, the frequency offset values have been
chosen from the range of [-0.05, 0.05] due to the narrow estimation range of

MLE#2. CRB has been calculated from RHS of Eq. (3-36).

MSE curve for frequency offset estimation with TS#6 is shown in Figure 4-11.
CRB is also illustrated in the same figure. From the inspection of the figure, it can
be said that the MSE curve coincides with the CRB nearly for all SNR levels and
reaches a MSE level of 10® in high SNR with a smaller number of search compared
to MLE#1. In addition, in 0 dB SNR, MSE exhibits a level of 107 which is a
smaller value compared with the MSE level of MLE#1 in this SNR level. As a
consequence MLE#2 exhibits a good frequency offset estimation performance in

addition to its lower computational complexity.

Normalized MSE curve for channel estimation with TS#6 is plotted in Figure 4-12.
As a reference, a normalized MSE in the case of ideal frequency offset recovery is
also shown in the same figure. From the investigation of the figure, it is seen that

the normalized MSE curve follows the ideal MSE for all SNR regions.
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4.2.3 Performance of AHE

In order to see the performance of AHE with the change of SNR, Simulation-5 has

been performed.

4.2.3.1 Simulation-5

For Simulation-5, TS#6 used in Simulation-4 has been taken as periodic training
sequence (P = 4). An eight taps communication channel has been designed for
using as communication medium. In each simulation run the frequency offset values
have been selected from the range of [-0.05, 0.05] randomly. A value of 2 has been
chosen as design parameter M. The CRB has been calculated from the RHS of Eq.
(3-48).

MSE versus SNR for AHE is shown in Figure 4-13. For comparison purposes the
CRB is also illustrated in the same figure. Investigating the figure, it is obviously
observed that MSE curve trails the CRB and AHE reaches a very accurate
estimation in high SNR with a very small computational complexity compared with
MLE#1 and MLE#2. In low SNR, AHE also shows a small MSE level compared to
MLE#].

In Figure 4-14, normalized MSE curve for channel estimation is plotted. The
channel estimation has been fulfilled substituting the estimated value of frequency
offset provided by AHE into Eq. (3-23). Examining the figure, it can be said that
normalized MSE curve follows the ideal MSE for all SNR levels.
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4.2.4 Performance of MLEWCS

For analyzing the performance of ML based frequency offset and channel
estimation method with complementary training sequences (MLEWCS) a
simulation has been carried out. As training sequences complementary pairs (TS#7
and TS#8) shown in Table 4-3 have been used. TS#7 in the table has been chosen
from the length of 8 complementary pair examples introduced by Golay [12]. TS#8
has been constructed from TS#7 using the property#8 in Section 2.4.3. Because of
the usage of the complementary sequences as pairs, the preambles constructed by
the complementary pairs constitute length of 2N training sequences. Therefore
TS#7 in Table 4-3 forms a length of 16 training sequence while TS#8 constitutes a

length of 32 training sequence.

Table 4-3: Complementary pairs used with ML estimator with complementary training sequences

Training
Sequence-1 Sequence-2
Sequence
TS#7 00011101 00010010
TS#8 0001110100010010 0001110111101101

4.2.4.1 Simulation-6

Simulation-6 has been run to observe the performance of complementary sequences
in frequency offset and channel estimation and to see effect of the length of the
sequences on estimation performance. As in some of the previous simulations a
communication channel model with eight taps designed according to the model in
Section 4.1 has been applied. In simulation runs, the frequency offset values to be
estimated have been taken randomly from the range of [-0.48, 0.48]. The CRBs has

been calculated from the RHS of Eq. (3-85).
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MSE curves for frequency offset estimation with complementary training sequences
(TS#7 and TS#8) are illustrated in Figure 4-15. In the same figure minimum CRBs
provided as result of 1000 simulation runs are also plotted. From the investigation
of the figure, it is seen that the MSE curve for TS#7 trails its CRB for intermediate
and high SNR levels while MSE of TS#8 coincides the CRB nearly in all levels
beginning from 2.5 dB SNR. The large MSE levels in low SNR region caused by
the effect of the noise makes the maximum of cost function faraway from true
frequency offset value. As it is expected the estimation performance gets better with

increment of the length of the training sequences.

Normalized MSE curves for channel estimation with TS#7 and TS#8 are shown in
Figure 4-16 with their ideal normalized MSE curves. Because of the perfectly
diagonal complementary autocorrelation characteristics of the complementary
sequences, the ideal normalized MSE curves in the figure form minimum MSE
bounds for the LSSE channel estimation with length of 16 and length of 32 training
sequences. From analyze of the figure it can observed that the normalized MSE
curves of training sequences follow their ideal curves. The larger difference
between the normalized MSEs and ideal MSEs in low SNR levels come from the

large error in frequency offset estimation in this SNR level.
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Figure 4-15: MSE for frequency offset estimation with TS#7 and TS#8 (MLEWCS) (eight taps

channel)
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Figure 4-16: Normalized MSE for channel estimation with TS#7 and TS#8 (MLEWCS) (eight taps

channel)
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4.3 Comparison of the Performances of Joint Frequency Offset and

Channel Estimation Methods

4.3.1 Comparison of the Performances of MLE#1 and MLEWCS

A number of computer simulations have been performed in the aim of performance
comparison of MLE#1 and ML estimator with complementary training sequences
(MLEWCS). In the simulations, the training sequences TS#1, TS#2, TS#3 and
TS#5 given in Table 4-1 have been used with MLE#1 while the TS#7 in Table 4-3
and complementary pair (TS#9) in Table 4-4 have been chosen for MLEWCS.

Table 4-4: Complementary pairs used with MLEWCS

Training
Sequence-1 Sequence-2
Sequence
TS#9 0001 1101

4.3.1.1 Simulation-7

Simulation-7 has been carried out to compare the performance of MLE#1 and
MLEWCS by means of TS#3 and TS#7. In the simulation, the MLE#1 method has
been realized with TS#3 while the MLEWCS has been carried out with TS#7. As a
communication medium an eight taps channel impulse response sequence has been
used. The frequency offset values to be estimated has been determined from the

range of [-0.48, 0.48].

An MSE graph comparing the frequency offset estimation performances of MLE#1
and MLEWCS is illustrated in Figure 4-17. From the inspection of the figure, it is
obviously seen that the MLEWCS exhibits a better performance than MLE#1 with
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spending of nearly the same transmitted signal power. We can explain such a good

performance with the following remarks:

1. The perfectly diagonal complementary autocorrelation characteristics of TS#7
reduces the cost function g(v) to the squared magnitude of a vector by
eliminating the inverse of the autocorrelation matrix X?X. This elimination
puts the g(v) to a function form with sharp peaks making easy to determine the
maximum point. This situation is illustrated in Figure 4-19. In the figure, the
cost functions obtained with MLE#1 and MLEWCS for the same frequency
offset value are given.

2. The usage of more information extracted from the extra received signal samples
belong to the idle state of the channel in the application of MLEWCS provides a

smaller estimation error.

The channel estimation performances of MLE#1 and MLEWCS are compared in
Figure 4-18. From analyze of the figure it can be said that MLEWCS also shows a
better performance in channel estimation. This is the result of perfectly diagonal

autocorrelation matrix structure of TS#7.

MSE

Figure 4-17: MSE for frequency offset estimation with TS#3 (MLE#1) and TS#7 (MLEWCS) (eight

taps channel)

74



—O— TS#3 (MLE#1)
—O— TS#7 (MLEWCS)

Normalized MSE

SNR (dB)

Figure 4-18: MSE for channel estimation with TS#3 (MLE#1) and TS#7 (MLEWCS) (eight taps

channel)
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Figure 4-19: Typical cost functions: (a) with MLE#1, (b) with MLEWCS

75



Although we have tried to use same length of training sequences in the simulation,
we still need to compare the performances of MLE#1 and MLEWCS when the
transmitted signal energy changes. In Figure 4-20 and Figure 4-21, two plots
comparing the frequency offset and channel estimation performances of MLE#1
and MLEWCS, with the change of transmitted signal energy, are given. In the plots,
the x-axis show the ratio of transmitted signal energy to the average noise power in
the channel. The values of this ratio has been chosen as the receive SNR remains in
the range of 0 to 30 dB. From the examining of the figures, it can be said that
MLE#1 with TS#3 is superior to MLEWCS with TS#7 in the case of the

transmission of the same amount of training sequence energy.

—e— TS#3 (MLE#1) [
—&— TS#7 (MLEWCS) ||

MSE
S

total training sequence energy/average noise power (dB)

Figure 4-20: Comparison of the frequency offset estimation performances of TS#3 (MLE#1) and
TS#7 (MLEWCS) in the change of total training sequence energy (eight taps channel)
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Figure 4-21: Comparison of the channel estimation performances of TS#3 (MLE#1) and TS#7
(MLEWCS) in the change of total training sequence energy (eight taps channel)

The difference of the values of receive SNR and x-axis of Figure 4-20 and Figure
4-21 (total training sequences energy/average noise power) comes from the values
of the channel impulse response sequences applied in the simulations. The

histogram of the autocorrelation of channel impulse response is shown in Figure
4-22.
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Figure 4-22: Histogram of the autocorrelation of the channel impulse response applied in the

simulations

4.3.1.2 Simulation-8

Simulation-8 has been performed with TS#1, TS#2 in Table 4-1 and TS#9 in Table
4-4. The first two bits of TS#1 and TS#2 have been transmitted as non-zero and
zero amplitude precursors respectively. As communication medium a three taps
channel impulse response sequence has been assumed. The true frequency offset

values has been chosen from the range of [-0.48, 0.48].

The frequency offset performances of MLE#1 with TS#1 and TS#2 and MLEWCS
with TS#9 is shown in Figure 4-23. As it can be seen from the figure MLEWCS
outperforms the MLE#1 for intermediate and high SNR levels due to the same

remarks as those made for Simulation-7.

The normalized MSE curves for channel estimation with MLE#1 and MLEWCS are
plotted in Figure 4-24. From the figure it can be said that MLEWCS has a better
performance than MLE#1 for all SNR levels. Although both of the TS#1 and TS#9
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has a perfectly diagonal autocorrelation characteristics, the better performance of
MLEWCS can be explained again with the usage of more channel information

hidden in the extra received signal samples belong to the idle state of the channel.

Two plots comparing the frequency offset and channel estimation performances of
MLE#1 (with TS#1 and TS#2) and MLEWCS (with TS#9) in the change of total
training sequence energy are given in Figure 4-25 and Figure 4-26 respectively.
From the figure, it is seen that MLEWCS with TS#9 exhibits a better estimation
performance than MLE#1 with TS#1 and TS#2 for spending the same amount

training sequence energy.
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Figure 4-23: MSE for frequency offset estimation with TS#1, TS#2 (MLE#1) and TS#O(MLEWCS)
(three taps channel)
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Figure 4-24: MSE for channel estimation with TS#1, TS#2 (MLE#1) and TS#9 (MLEWCS) (three

taps channel)
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Figure 4-25: Comparison of the frequency offset estimation performances of TS#1, TS#2 (MLE#1)
and TS#9 (MLEWCS) in the change of total training sequence enrgy (three taps channel)
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Figure 4-26: Comparison of the channel estimation performances of TS#1, TS#2 (MLE#1) and
TS#9 (MLEWCS) in the change of total training sequence energy (three taps channel)

4.3.1.3 Simulation-9

In Simulation-9, TS#5 in Table 4-4 and TS#9 in Table 4-5 has been used as training
purposes. As communication medium a three taps channel model designed in
accordance with the model given in Section 4.1 has been applied. The frequency

offset values to be estimated have been selected from the range of [0.48, -0.48].

The MSE curves for frequency offset estimation with TS#5 (MLE#1) and TS#9
(MLEWCS) are given in Figure 4-27.Analyzing the figure, it can be seen that
MLEWCS shows a better estimation performance than MLE#1 with the same

reason as in Simulation-7 and Simulation-9.

The normalized MSE curves for channel estimation with TS#5 and TS#9 are shown
in Figure 4-28. As it can be observed from the figure, MLEWCS outperforms the

MLE#1 in the channel estimation although both of the TS#5 and TS#9 have
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perfectly diagonal autocorrelation matrix structures. The reason for such a better
performance is the usage of channel information coming with the extra received

signal samples due to the idle state of the channel.

In Figure 4-29 and Figure 4-30, two plots comparing the frequency offset and
channel estimation performances of MLE#1 (with TS#5) and MLEWCS (with
TS#9) in the change of total training sequence energy are given. Inspecting the
figures, it is seen that MLE#1 with TS#5 outperforms the MLEWCS with TS#9 in
both of the frequency offset and channel estimation by spending the same amount

of training sequence energy.
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Figure 4-27: MSE for frequency offset estimation with TS#5 (MLE#1) and TS#9 (MLEWCS) (three

taps channel)
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Figure 4-28: Normalized MSE for channel estimation with TS#5 (MLE#1) and TS#9 (MLEWCS)
(three taps channel)
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Figure 4-29: Comparison of the frequency offset estimation performances of TS#5 (MLE#1) and

TS#9 (MLEWCYS) in the change of total training sequence energy (three taps channel)
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Figure 4-30: Comparison of the channel estimation performances of TS#5 (MLE#1) and TS#9
(MLEWCS) in the change of total training sequence energy (three taps channel)

4.3.2 Comparison of the Performances of MLE#2 and MLEWCS

In order to compare the estimation performances of MLE#2 and MLEWCS
Simulation-10 has been realized. As training sequences TS#6 in Table 4-2 and

TS#8 in Table 4-3 have been used.

4.3.2.1 Simulation-10

In Simulation-10, TS#6 has been applied with MLE#2 while TS#8 has been used
with MLEWCS. As in Simulation-4 the last seven bits of TS#6 have been
transmitted as precursors. As communication channel an eight taps channel impulse

response sequences has been used. The true frequency offset values have been
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chosen from the range of [-0.05, 0.05] due to the narrow estimation range of

MLE#2.

In Figure 4-31, the MSE curves for the frequency offset estimation with MLE#2
and MLEWCS are illustrated. Form the inspection of the figure, it is obviously seen
that MLEWCS is superior to MLE#2 in frequency offset estimation nearly for all
levels of SNR. Although providing such a better performance, MLEWCS reaches
the MSE curve in the figure with a larger computational complexity using nearly
the same signal energy as in MLE#2 (due to the transmission of nearly the same
number of training bits). This can be accepted as a trade off between MLE#2 and

MLEWCS.

In Figure 4-32, normalized MSE curves for channel estimation with MLE#2 and
MLEWCS are plotted. Examining the figure, it can be said that the MLEWCS

outperforms the MLE#2 in channel estimation.

The frequency offset and channel estimation performances of MLE#2 and
MLEWCS in the change of training sequence energy are compared in Figure 4-33
and Figure 4-34. From the analyze of the figures, it can be said that MLEWCS
shows a better performance in frequency offset and channel estimation with

spending the same amount training sequence energy.
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Figure 4-33: Comparison of the frequency offset estimation performances of TS#6 (MLE#2) and
TS#8 (MLEWCS) in the change of total training sequence energy (eight taps channel)
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Figure 4-34: Comparison of the channel estimation performances of TS#6 (MLE#2) and TS#8
(MLEWCS) in the change of total training sequence energy (eight taps channel)
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4.3.3 Comparison of the Performances of AHE and MLEWCS

For comparison of performances of AHE and MLEWCS in frequency offset and

channel estimation Simulation-11 has been run.

4.3.3.1 Simulation-11

In Simulation-11, TS#6 in Table 4-2 and TS#8 in Table 4-3 have been used with
AHE and MLEWCS respectively. As communication channel an eight gains
channel model has been applied. The frequency offset values have been sleceted

from the range of [-0.05, 0.05] due to the narrow estimation range of AHE.

A graph comparing the frequency offset estimation MSE curves of AHE and
MLEWCS is given in Figure 4-35. Analyzing the figure it is observed that
MLEWCS outperforms the AHE nearly for all SNR levels. As in Simulation-10, the
MLEWCS reaches this better MSE with a larger computational complexity
compared with AHE. This can be thought as a trade off between the use of AHE
and MLEWCS.

The normalized MSE curves for channel estimation with AHE and MLEWCS are
displayed in Figure 4-36. As in Simulation-5, the channel estimation with AHE has
been fulfilled substituting the estimated value of frequency offset provided by AHE
into Eq. (3-23). From the inspection of the figure it can be said that, MLEWCS

exhibits a better performance than AHE.

In Figure 4-37 and Figure 4-38, the frequency offset and channel estimation
performances of AHE and MLEWCS are compared for the change of total training
sequence energy used. From the figures, it is obviously seen that MLEWCS
outperforms the AHE in both of frequency offset and channel estimation with

spending the same amount training sequence energy.
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Figure 4-35: MSE for frequency offset estimation with TS#6 (AHE) and TS#8 (MLEWCS) (eight

taps channel)
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Figure 4-36: Normalized MSE for channel estimation with TS#6 (AHE) and TS#8 (MLEWCS)
(eight taps channel)
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Figure 4-37: Comparison of the frequency offset estimation performances of TS#6 (AHE) and TS#8
(MLEWCS) in the change of total training sequence energy (eight taps channel)
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Figure 4-38: Comparison of the channel estimation performances of TS#6 (AHE) and TS#8
(MLEWCS) in the change of total training sequence energy (eight taps channel)
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4.4 Performances of MLEWCS in MIMO Communication Systems

In order to observe the performance of MLEWCS in MIMO communication
systems Simulation-12 has been carried out. In the simulation, TS#8 given in Table

4-3 has been used as training purposes.

4.4.1 Simulation-12

In order to realize the Simulation-12, a two transmit and one receive antenna
communication system has been modeled. As communication medium two eight
taps channel models have been used. Communication channels have been modeled
according to the model given in Section 4.1. The frequency offset values to be

estimated have been selected from the range of [-0.48,0.48].

MSE curve for frequency offset estimation with MLEWCS is given in Figure 4-39.
For comparison purposes minimum CRB achieved in 1000 simulation runs is also
illustrated in the same figure. As it is expected MSE curve follows the CRB for
intermediate and high SNR levels and exhibits a similar performance to the

applications in SISO communication systems.

Normalized MSE curves for channel estimation with MLEWCS are given in Figure
4-40 and Figure 4-41. In the figures ideal normalized MSEs in the case of ideal
frequency offset recovery are also illustrated. As it is seen in the figures, normalized

MSE curves follow their ideal curves in all SNR levels.
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Figure 4-39: MSE for frequency offset estimation with TS#8 (MLEWCS) (eight taps channel)
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Figure 4-40: Normalized MSE for frequency offset estimation with TS#8 (MLEWCS) (MIMO
systems, Channel#1) (eight taps channel)
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Figure 4-41: Normalized MSE for frequency offset estimation with TS#8 (MLEWCS) (MIMO

systems, Channel#2) (eight taps channel)
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CHAPTER 5

CONCLUSION

In this thesis methods of joint frequency offset and channel estimation have been
examined. The classical problem of conventional channel estimation forms a special
of the problem examined. A review of channel estimation methods has also been

given.

Joint channel and frequency estimation methods are in general composed of two
stages. In the first stage, the frequency offset is estimated. In the second stage, the
received data is demodulated with the estimated frequency offset to remove the
effects of carrier frequency mismatch and then channel estimation methods are

applied.

In the literature, there are maximum likelihood (ML) based methods treating both
channel response and frequency offset as unknown deterministic quantities. These
methods involve a grid search to find the ML estimate of frequency offset. In ML
estimation is non-linear in the frequency offset variable; determination of the
optimal point is significantly difficult. As noted in this thesis, the cost functions has
many local maximas and minimas therefore a dense grid search is required to
reliably estimate the frequency offset. Once the frequency offset is calculated, the
channel response can be estimated easily using least square solution for linear set of

equations which the ML estimate of channel response.

In addition to the ML based methods, there are ad-hoc methods which are designed

for joint channel and frequency estimation. The ad-hoc technique described in [5]
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requires a simple division of consecutive matched-filter peaks for the frequency

offset estimation. It has been shown that this method is very effective at high SNR.

In this thesis we compare the methods described using different training sequences.
Some of the training sequences used require non-zero amplitude precursors, while
some others do not have such a requirement. We present a comparison of training

sequences in terms of

a) Mean square estimation error versus receiver SNR

b) Mean square estimation error versus total energy allocated for training

In addition to this comparison, we have also used complementary sequences as the
training sequences. The complementary sequences have been used for training in
the literature. However, to the best of our knowledge they have not been used in
joint frequency and channel response estimation. According to our numerical
simulations, the complementary sequences resulted in the least mean square

estimation error in both receiver SNR and allocated energy sense.

The thesis also includes some extensions such as the formulation of multiple
frequency offset estimation and an extension to multi-input multi-output joint
channel and frequency estimation. Both of these extensions can be valuable future
research direction. Furthermore, we have not compared the delay in estimation of
channel and frequency offset parameters. A future research direction can be the
comparisons of the schemes with respect to their delay. Another research direction
is to compare various periodic training sequences of the same total length (N), but

with different periods (P).
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APPENDIX A

PROOF OF THE MINIMUM MSE FOR LSSE [1]

Let R be N-by-N positive definite Hermitian matrix and R; be the diagonal matrix
containing only the diagonal elements of R. Our aim is to prove the inequality in

Eq. (A-1).
tr{R™'} = tr{R;'} (A-1)
Applying the Cholesky factorization, R can be defined as
R=LDL" (A-2)

where L is a lower triangular matrix 1’s in the diagonal and D is a positive definite

diagonal matrix with elements d;. The inverse of R can be defined as
R~ =UDU" (A-3)

where U# = L™1. Here L™! is a matrix which has the same matrix form as L and U
is an upper diagonal matrix with 1’s in diagonal. Let [; ;’s are elements of L, the ith

diagonal element of R can be bounded as in Eq. (A-4).
i-1
2
a; = di + zlll.ll dj = di (A—4)
j=1
Using Eq. (A-4) and Eq. (A-3) we can write the inequality in Eq. (A-5).
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N
a —i+2|u |2i>i>i (A-4)
oo j=i+1 g di Ty

Hence, tr{R™'} takes its minimum value when R is perfectly diagonal. This is the

proof of the minimum MSE for LSSE channel estimation method.
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APPENDIX B

TRAINING SEQUENCE DESIGN FOR LSSE CHANNEL

ESTIMATION METHOD [1]

One of the measuring method to measure the quality of channel estimation is Signal

to-Estimation Error Ratio (SER). The SER is given by

|h|?

SER = ———
o2tr(RyL

(B-1)

where h is channel impulse response, o2 is variance of AWGN and tr(RZ}) is

trace of inverse autocorrelation matrix of training sequence.

By relating the SER to Signal-to-Noise Ratio (SNR) defined the normalized SER is

achieved.

SER

SER' = SNR (B-2)
where SNR is defined by Eq. (B-3)
SNR = M (B-3)
Ow
where x[n] is the vector defined by Eq. (B-4)
x[n] = [x[n] x[n— 1] ..x[n— L+ 1]]7 (B-4)
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Inserting Eq. (B-3) into Eq. (B-2) the normalized SER is obtained as
SER' = (|x[n]|*tr(R))™ ! (B-5)

The normalized SER is an important measure to compare the estimation
performance of different training sequences. As a general rule the performance of a

training sequence is better if SER’ corresponds to it is higher.

The upper bound for normalized SER can be found and used to find the training
sequences for optimum channel estimation. As a characteristic of LSSE channel

estimation method, two different types of training sequences can be designed.

e Non-zero amplitude precursor

e Zero amplitude precursor

B.1 Non-Zero Amplitude Precursor Case

For non-zero amplitude precursor preamble all elements have same amplitude. With
a well chosen non-zero amplitude precursor the autocorrelation matrix R, is nearly

diagonal. For this case diagonal elements are given by
Tl ] = M|x[n]|*> 1=0,1,..,L—1 (B-6)

where M is the length of training sequence part of the preamble.

If autocorrelation matrix R,, is perfectly diagonal then the diagonal elements of

inverse autocorrelation matrix Ry, is obtained as

11
TeelL 1] Mlx[n]]?

T L1 = 1=0,1,..,L—1 (B-7)

Inserting Eq. (B-7) into Eq. (B-5) the upper bound for normalized SER is found.

M
SER' < T (B-8)
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In study had been performed for [1], a computer search for finding the best
preamble sequences had been run by using normalized SER as a quality measure.

The best preamble sequences had been found in this search are given in Table B-1.

Table B-1: Best binary preamble sequences designed by using LSSE channel estimation including

non-zero amplitude precursors

Channel Total Preamble Length, N + L — 1
Length, L
2L-1 2L 2L+1 | 20+2 | 2L+3 | 2L+4

2 1% 1 2% 2 55 5
3 2 4% 4 9 12 24
4 8* 8 17 27 587 58
5 10 2E 4F 58 Bl 162
6 5C B0 162 162 45E 530
7 13A 48E 4F5 123B 650 14C1
8 91D 123B 2476 C2EF 2981 2981
9 476E 48ED 8BCE 8D04 5302 CAF9

In Table B-1, given preambles provides a BPSK signaling characteristics and
convenient for any MPSK system. In table the preambles are given in hexadecimal
format. Each preamble contains L — 1 precursor and enough amount of zeros to get
suitable preamble length. The preambles indicated by * have perfectly diagonal

autocorrelation matrix.
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B.2 Zero Amplitude Precursor Case

If chosen preamble is zero amplitude the diagonal elements of autocorrelation

matrix R, are given by
Tl 1] = (M=D|x[n]|> [=0,1,..,L—1 (B-9)

If autocorrelation matrix is perfectly diagonal, the diagonal elements of inverse

autocorrelation matrix are obtained as

1 1
nall 1l (M=Dlx[n]|?

et [ 1] = [=01..,L-1 (B-10)
Inserting Eq. (B-10) into Eq. (B-5), the upper bound for normalized SER is found

and expressed as

L—1 1 -1
SER' < <Z —) (B-11)
l M—-1

The estimation performance of preambles including zero amplitude precursor is
worse than the performance of preambles in non-zero amplitude precursor case. The
performance of zero amplitude precursor preambles approaches to performance of
non-zero amplitude precursor preambles when the length of training sequence in
preamble is much bigger than the length of precursor. The reason for that is

transmitting the less energy in zero amplitude precursor case.

In Table B-2, the preambles had been found in [1] are given. The preambles in
Table B-2 include zero amplitude precursors. The preambles have BPSK signaling
characteristics and shown in hexadecimal format. The preambles include enough
“-1” to achieve correct training sequence length, M, and “0” to achieve correct

preamble length, M + L — 1.
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Table B-2: Best binary preamble sequences designed by using LSSE channel estimation including

zero amplitude precursors

Total Preamble Length, N + L — 1

Channel
Length, L
2L-1 2L 2L+1 | 2L+2 | 2L+3 | 2L+4

2 0 1% 1 2% 2 5+
3 0 1 2 4 8 9
4 0 1 8 11 11 58
5 0 1 1D 3B 68 C2
6 0 1 1D 3B 68 13D
7 0 1 48 91 13D 13D
8 0 1 E2 16E 397 6C2
9 0 1 E2 1C4 4C2 4C2

In Table B-2, the preambles indicated by * are preambles which have perfectly

diagonal autocorrelation matrix.
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APPENDIX C

ASYMPTOTIC PROPERTY OF THE MLE [17, p. 167]

Let p(h; v) is probability density function (PDF) of the parameter h. If p(h;v)
satisfies some “regularity” conditions, then MLE of the parameter v is

asymptotically distributed in accordance with distribution in Eq. (C-1).
N(0, F~1(v)) (C-1)

In Eq. (C-1), F(v) is the Fisher information matrix calculated with true value of v.
The regularity conditions which p(h; v) should be satisfies can be given as below.

1. The derivative of the log-likelihood function derived by parameters (h;v)
should exist.

2. The Fisher information matrix F(v) should be non-zero.

When regularity conditions are satisfied, the MLE becomes asymptotically unbiased
and asymptotically achieves the CRLB. Therefore, MLE can be defined as

asymptotically efficient and asymptotically optimal.
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