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ABSTRACT

CFAR DETECTION IN K-DISTRIBUTED SEA CLUTTER

Cetin, Ay in
M. Sc., Department of Electrical and Electronics Begring
Supervisor: Prof. Dr. Altunkan H zal
Co-Supervisor: Assoc. Prof. Drim ek Demir

September 2008, 119 pages

Conventional fixed threshold detectors set a fixed thidsbased on the overall
statistical characteristics of the spatially unifochatter over all ranges to give a
specific probability of false alarm and detection. Hogreun radar applications
clutter statistics are not known a priori. Constantsé&-aAlarm Rate (CFAR)
techniques provide an adaptive threshold to estimate thierchiatistics and to
distinguish targets from clutter. In Cell Averaging (FA(CA-CFAR) the
threshold is controlled by averaging the fixed size CFARS surrounding the cell
under test.

In this thesis, radar detection of targets in sea clutiedelled by compound K-
distribution is examined from a statistical detectioawpoint by Monte Carlo
simulations. The performance of CA-CFAR processoemnalysed under varying
conditions of sea clutter spatial correlation and ispts for several cases of false
alarm probability, the length of cell size used in tHeAR processor and the
number of pulses integrated prior to CA-CFAR processor.



The detection performance of CA-CFAR is compared whi performance of
fixed threshold detection. The performance evaluatisasgaantified by CFAR
loss. CFAR loss is defined as the increase in averag®lsto clutter ratio
compared to that of fixed threshold, required to achievevangprobability of
detection and probability of false alarm. Curves for ®Héss to the spikiness and
spatial correlation of clutter, number of pulses inden and the length of cell size
are presented.

Keywords: K-Distribution, CA-CFAR, CFAR Gain, Sea G&r; Radar Detection



oz

K-DA ILIMLI DEN Z KARGA ASI ORTAMINDA SAB T HATALI ALARM
SIKLI | (SHAS) LE TESPT

Cetin, Ayin
Yuksek Lisans, Elektrik ve Elektronik MihendisIBolimu
Tez Dan man : Prof. Dr. Altunkan H zal
Ortak Tez Danman : Dog. Dr. im ek Demir

Eylul 2008, 119 sayfa

Geleneksel sabit & tespit ediciler, belirli hatal alarm ve tespitasll klar
sa layabilmek icin cevre kargasnn tim menzilde sahip oldw istatistiksel
Ozellikleri kullanarak sabit bir & de eri belirler. Ancak radar uygulamalar nda
cevre kargaas n n istatistiksel 6zellikleri 6nceden bilinmemekte@abit Hatal
Alarm Skl (SHAS) teknikleri cevre kargas istatistiklerini kestirebilmek ve
hedefleri ¢cevre kargas ndan ay rt edebilmek maksad yla uyarlanabilir bik e
de eri belirler. Hicre Ortalamal SHAS (HO-SHAS) da is&k ale eri test edilen

hiicreyi cevreleyen s nrl say daki hiicrenin ortalambsaeak kontrol edilir.

Bu tezde, K-dalml deniz kargaas ortamndaki radar hedeflerinin tespiti
istatistiksel bir bak ac¢csyla Monte Carlo benzetimler kullanlarak
incelenmektedir. HO-SHAS lemcinin baarm deniz kargasnn dei en
uzaysal ilintisi ve ekilsel yap s icin farkl hatal alarm olas | klarHO-SHAS

i lemcinin hicre uzunluklar ve HO-SHAS 6ncesinde topladarbe say lar na

Vi



gore incelenmektedir.

HO-SHAS' n tespit baarm sabit ek tespit edicinin baar myla
kar la tr Imaktad r. Baar m deerlendirmeleri SHAS kayb niceliyle ifade
edilmektedir. SHAS kayb verilen bir hatal alarm vepti¢ olas| icin ortalama
sinyal kargaa oran n n sabit & tespit edicide elde edilen dere gore art ile
tan mlanmaktad r. SHAS kayb nn deniz kargann ekilsel yap sna, deniz
kargaas n n uzaysal ilintisine, toplanan darbe say s na ve SHidcre uzunlwna

gbre dei imini gosteren eriler sunulmaktad r.

Anahtar Kelimeler: K-Dalm, CA-CFAR, CFAR Kazanc, Deniz Kargas,
Radarlarda Tespit
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CHAPTER 1

INTRODUCTION

1.1. LITERATURE SURVEY

In radar detection, the usual case is that radar retliora a target are
accompanied by unwanted returns, or interference, knowlutsr. The detection
of targets is then become a challenging task in theepces of clutter.
Distinguishing targets has been the subject of researatetades. Understanding
the statistical behavior of both clutter and targethasfirst step in order to be able
to develop successful detection strategies.

For detection of targets in clutter, a thresholding metsm is necessary. Since
the thresholding operation in any detector will be deteeth based on the
distribution of the clutter echoes, the appropriate ctele of probability
distribution of radar clutter is crucial to achieve goodgrenance results.

Since detection is a decision mechanism which decidesherher not target is
present in the cell under test (CUT) by thresholdihg, threshold needs to be
decided. If the target signal plus the clutter signalrdy the clutter signal exceeds
the given threshold, detection decision is made, otkerwhere will be no
detection. As shown in Table 1-1 a detection decision b&w result of four

cases.



Table 1-1 Four cases in which detection decision magsult

Target Presence Detection Decision Result
YES YES Right decision
YES NO Error - Miss target
NO YES Error - False alarm
NO NO Right decision

Radars are often interested in complex man-made objechsas tanks, ships or
airjets. The amplitude of radar targets depends on thectsangle and the
structure of the target. As [1] indicates most radaasibns are often too complex
and a method to assess the effects of fluctuating @®s®on is to postulate a
reasonable model for the fluctuations and to analyzethematically. Thus, it is
practical to provide a statistical measure of radar tasgeingth. For radar
performance analysis the Swerling models are commordy. uEhere are four
statistical target models listed in Table 1-2. Each Swedasg corresponds to a

set of conditions that approximate some real target.

When all the scatterers characterizing the radar tdvay approximately equal
amplitude, the amplitude probability density function (P¥-Rayleigh or Chi-

square distribution of 2 degrees of freedom. This caseodelled by Swerling

cases | and Il. When a target comprises one dominaté¢israand several smaller
amplitude scatterers, the amplitude PDF is Chi-square ddgfees of freedom.
This case is modelled by Swerling cases Ill and IV. ThesGuare distribution of
degree2m that also describes the Swerling fluctuation models is



m-1

m ms ns

= -— 1.1
f(s) (m-1)!s,, s &P 3 s> 0 (1)

av av

where s, is the average radar cross section (RCS) ovéargkt fluctuations.



Table 1-2 Swerling fluctuating target models

) Amplitude ,
Target Ampltitude Fluctuations
PDF (Other Structure
Model PDF o Rate
definitions)
Chi-square | Exponential, Large number of
Swerling | distribution Rayleigh- independent Scan to scan
of degree 2 power scatterers
Chi-square | Exponential, Large number of
Swerling Il | distribution Rayleigh- independent Pulse to pulse
of degree 2 power scatterers
Large dominant
_ scatterer + a
Chi-square .
, o collection of
Swerling 1l | distribution - Scan to scan
small
of degree 4 _
independent
scattrers
Large dominant
_ scatterer + a
Chi-square .
, o collection of
Swerling IV | distribution - Pulse to pulse
small
of degree 4 _
independent
scattrers

The assumption used in Swerling cases | and Hihas the echo pulses received

from a target on any one scan are of constant audplithroughout the entire scan

but are independent (uncorrelated) from scan to.s&a echo fluctuation of this

type is referred as scan to scan fluctuation [d]SWwerling cases Il and IV the

fluctuations are more rapid than in cases | ananll are taken to be independent



from pulse to pulse. The steady target which hasflictuation is called as

Swerling type 0.

In this thesis, the main concern is the performasfamaritime surveillance radars
which is inevitably limited by the presence of sdatter, the unavoidable but
unwanted radar returns from the sea surface. Reati®deling of this clutter
process is thus a prerequiste for any reliable sassent of systems. As [2]
indicates, under certain conditions the naturéneftiackscatterer from sea surface
is well known to depart from the Rayleigh voltagenf. Especially when a radar
has a spatial resolution high enough to resolvgsire on the sea surface, the sea
clutter received by the system is not well modeldgda Gaussian process [3]. A
number of candidate distributions such as log-nbfneag. [4] ) and Weibull ( e.g.
[5] ) have been shown to describe accurately theliarde fluctuations observed
in experimental measurements although they havehysical to the scattering
process they describe. High resolution sea cligteepresented by compound K-
distribution model first by Ward [6] . The compouKedistribution model for sea
clutter amplitude statistics has received muchnéitie, and it is now widely
accepted that this provides a good phenomonelodesiption of sea clutter [6]-
[8]. Some physical justification for this model helso been proposed [7],[9],[10].
In [11] it is shown that the compound form of Kidisution provides an excellent
description for measurements made at S, X and Jdisbdor all the range
resolutions employed.

The compound K-distribution representation of sdatter is based on the
assumption that sea clutter in a given range bihib&s Rayleigh voltage
fluctuations (termed the speckle), the variancevbich varies in time and space
according to a gamma distribution. This compourthfof K-distribution has the
particular advantage of permitting the correlatmoperties of the clutter to be
properly modelled, including the effects of radagtiency agility [2]. In [3] it is
implied that the sea clutter amlitude statistics best described in terms of the
compund K-distribution. Hence, the K-distributiomopides a much improved
statistical clutter model and is now incorporat&d nnany radar performance



calculations.

The main task of the radar detection processots determine an appropriate
threshold in order to automatically detect targagminst noise and/or clutter
background. The implications of the K-distribution detection performance have
been analysed in some detail for the cases of tikezshold detection [12] and K-

distributed clutter plus noise [13].

In this thesis two main processors are analysedcandpared. First one is the
conventional fixed threshold detector, which setfixad threshold based on the
known overall characteristics of the clutter toegya specific probability of false

alarm (P, ).

Second one is the Cell Averaging Constant Falsernhl®ate (CA-CFAR)

detector. If the prior knowledge of clutter statistis not available which is
usually the case in radar applications, ConstarseF#\larm Rate (CFAR)

techniques are used. In [14], CFAR is defined gsaogerty of threshold control
devices that maintain an approximately constar¢ odt false target detections
when the noise and/or clutter levels, and/or ebgitr countermeasures into the
detector are variable. A well known practical methior setting such a threshold is
the Cell Averaging Constant False Alarm Rate (CAABI processor [15]. CA-

CFAR is a CFAR technique in which the thresholdastrolled by the average of
received amplitudes in cells surrounding the CUS aameans of controlling the

false alarm rate [14]. Hence an adaptive meanomtral P, in non-stationary
clutter is provided by CA-CFAR detection.

Radars may increase detection sensitivity by addetgrns from successive
transmissions. This process is called integratfiotegration may be accomplished
in the radar receiver either before or after théecter. Integration after the
detector is called post detection or noncohereteigination which is used in this
thesis. The effects of post detection integratidnseveral pulses against K-
distributed background have been adressed by [14]],



Since the CA-CFAR processor sets the thresholdshiynating the clutter mean
level within a finite CA-CFAR window, there is anherent loss of detection
probability in a CA-CFAR processor compared with ftxed threshold detection
performance in homogeneous noise and/or clutteikkgnaand. The fixed
threshold detection, on the other hand, sets d fikeeshold under the assumption
that the clutter statistics are known a priori. sSThelative performance loss of a
CA-CFAR processor is called the CFAR loss. Theectao different methods that
may be employed to measure the CFAR loss. Firstdafimes this loss by the
increase in the mean SCR needed for the CA-CFARegssnr scheme achieve a

certain probability of detectionR) and P, relative to the fixed threshold

detection. (In the following sections by SCR me&RSs meant.) This true CFAR
loss will be a function of the particular CFAR soiee the target type and

probability of detection, P, as well as the clutter statistics and the probgioif
false alarm, P, [16]. Alternatively, another method called threlshonultiplier

method uses the CA-CFAR threshold multiplying fact® as a measurea is
used in CA-CFAR configurations to set the falsaralaate constant. Threshold
multiplier method results in approximate CFAR lesdues and this approximate

CFAR loss values are independentRyf hence the target type.

If the clutter exhibits significant spatial corrétan the CA-CFAR may be able to
follow the local fluctuations giving an improvemeint performance, or CFAR
gain, compared to so-called ideal fixed threholeixamples of this are given in
[17]. The limit of such improvement is describedthg concept of the ideal CFAR
detector [11]. The quantative measurement of petdoice of three types of CFAR
processors including CA-CFAR in different spatialprrelated (SC) clutter
conditions has been adressed for single pulse tawieio [2]. A more physical
analysis based partly on simulation is presentgd8h In [16] for three different
data recordings of different autocorrelation fuons are used in order to explore
the performance of CA-CFAR in correlated sea ciuttsing the compound K-
distribution clutter model and pulse to pulse in&tign.



1.2. GOAL OF THE THESIS

In this thesis the performance of CA-CFAR processaimed to be explored in
K-distributed clutter background when Swerling typ€SW-II) target is present in

CUT, under various conditions of clutter spatiatretation and over a range of
CA-CFAR processor parameters.

The behaviour of CA-CFAR processor against sedecluthich exhibit significant
spatial correlation is attractive, since CA-CFARynfallow the local fluctuations
and this may give a performance improvement to GAR processor compared
to fixed threshold detector. In this thesis, theposge is to obtain and analyse this
improvement. To do this, firstly the uncorrelatedlistributed background is to be
understood well and be analysed in detail. Thennvthe spatial correlation effect
is introduced into the background, the performaneselts may be compared. It is
also desired to investigate under which CA-CFARdiion the best detection
performance is achieved.

In addition to the CA-CFAR parameters, the posed@n integration may give
some improvement to the detection performance.eBfit number of pulses are
integrated and the effect of integration is modktie understand the performance
achievements against both spatially uncorrelatdd) (&d spatially correlated
(SC) K-disributed sea clutter.

1.3. THESIS ORGANIZATION

This thesis is divided into five chapters:

Chapter 2 presents theoretical background of rdelaaction in sea clutter. Section
2.1 defines the sea clutter and gives informatibou& its nature. Section 2.2
explains the representation of K-distributed sedtet in detail and presents the



method used in the generation of spatially coreeld-distributed clutter samples.
Afterwards, Section 2.3 mentions the fundamentbiadar detection. This section
introduces both the detection procedures usedisntiiesis and the definition of
CFAR loss which is the measure of the performancalyais. Moreover, the
formulations and graphs for detection in noiseadse given for comparison.

Chapter 3 covers simulation based radar deteceofopnance analysis. Section
3.1 describes the assumptions made in analysiso8ec2 outlines the simulation
steps. Section 3.3 explains the methods used fificagion of simulation results.

Section 3.4 and 3.5 present the simulation redafttspatially uncorrelated and

correlated clutter for both single and multiplegmuitetection.

Chapter 4 provides the operational usage of sinomaesults in practice. Section
4.1 briefly defines an estimation method of thepghparameter of K-distribution.
Section 4.2 gives results and assesses the effeatong estimation of the shape

parameters.

Finally, Chapter 5 concludes the thesis with sosmearks. Section 5.1 presents
the possible future work in order to enhance ttugs



CHAPTER 2

BACKGROUND

2.1. SEACLUTTER

Sea clutter is defined as unavoidable and unwardddr returns from the sea
surface which makes the detection of wanted tardéfisult. The nature of the

radar echo from sea depends upon the shape oéahsusface. This shape, or the
roughness, of the sea depends mainly on the wihe.s€a clutter is also affected
by the contaminants that change the water surfae®idn and the temperature of

water relative to the air [1].

The sea may consist of two kind of waves; wind vgaamed swell waves. Generally
waves result from the action of the wind blowingtbe water surface. Such waves
are called wind waves and cause a random appeacgegn height profile.
However, swell is any system of water waves whias left the region where they
were originally excited by the wind. Swell waves/éddess random structure than
wind waves and they can travel great distances ftbhen place where they

originated.
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2.2. COMPOUND K-DISTRIBUTION CLUTTER MODEL

2.2.1. K-Distribution of Voltage

High resolution sea clutter is represented by campgdK-distribution model first
by Ward [6]. In this compund model sea clutter ¢stssof two components which

specify the amplitude of the envelope of sea duttirns.

The first component is a spatially varying mearelewften called the modulation

process, and can be related to the surface pafftlee sea. The mean level results
from a bunching of scatterers associated with twg Isea waves and swell

structure [19]. This component has a longer catiogiime, in other words varies

only slowly with time and is unaffected by frequgrgility [19].

The second is called the speckle component whidurscdue to the multiple

scatterer nature of the clutter in any range CHflis decorrelates over a few
milliseconds due to the relative motion of the taratrs or through the use of
frequency agility [19], [20]. For fixed frequencyeration the speckle component
of clutter returns will typically only decorrelabeer periods of 5-10 ms [20].

So the sea clutter’'s complex envelope of compourdiskibution model can be

given as a multiplication by these two componestgigen in (2.1).

X=Y"S (2.1)

In (2.1) X is the sea clutter's an& is the speckle component’'s complex

envelope which is composed of in-phase and quagratomplex Gaussian

random variables with zero mean asd variance as given in (2.2).
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S=§+3

) ) (2.2)
S ~ N@O,s7)andg ~N(G&

Local mean levelY, has a distribution functiorf, (y) modelled by generalised

Chi distribution.

f(y)=

ZbZV) yz“exp(- b? yz) (2.3)

Qv

The amplitude of the sea clutter’'s complex envelsggven in (2.4).
X|=Y"|3 (2.4)

Speckle componeng’s amplitude has a Rayleigh amplitude distributieih a
parameter ofs . The detailed information of how to obtain a Rayteamplitude
distribution from the envelope of two complex Gaaisscomponents is given in
Appendix A.1.

The PDF of‘S‘ Is given in (2.5).

S g
fS(S) =?exp - s > (25)
S can be written as given in (2.6).
y .

If the variables are changed according to the (2t®n joint probability density

function, f (x| y) , will be as

12



1
fx,Y(Xl Y):W

X
f. =
‘ >
fiy

2.7)

2

=—— exp-
y252 P 2y252

When the generalised Chi distributed local meaell@v (2.3) is substituted into
compound form, the overall amplitude distributiohkadistributed sea clutter's

envelopef, (X) is given by;

¥

fe (=" 1,(y) fxv(X] ) dy

0
¥ 2b2v
D)

(2.8)

v- X X
y>t ex;(-bzyz)w exp- W dy

In (2.8) the speckle component is averaged ovgroskible values of local mean

level.

If y* andv are changed by andve+1 in (2.8), thenf, (x) will be written as in

(2.9).

(&) ¥

Qv)s?,

f. (X)= u“texp - b’u

X
E du (2.9)

The integral in (2.9) is solved using (2.10) fro2d].

t

¥
attexp - ga+§ da= 25 ’ Kt( Z\/E) (2.10)

0

Here K, (.) is a modified Bessel or K function. K-distributioame is originated

from the use of modified Bessel function whose syhibthe letter K.
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After writing s :\E and b:% in (2.10), K-distribution PDF is obtained and
p

given in (2.11).

4c p
f. (X) =——(cX"’ 2cX wherec=,/= L 2.11
=50 K..(2cX Vz (2.11)
Here b and c are scale parameters amdis the shape parameter which depends

on sea conditions and the radar parameters.

The nth moments ofy are given in (2.12),

E<yn>:b_1”G(Z;fJ:/r)]/2) (2.12)

while the nth moments of the K-distribution can be found fr{r3).

E(¢)= €1 (Jok
0 (2.13)

_ o0 4
—Ox <0 €x) K. (X dx

By using the integral equation in (2.14) from [2flje nth moments of the K-
distribution can be calculated easily.
¥ +mtu 1+m u

XK, (bx) dx=2""b ™G > G > (2.14)

0

By changing the variabless, ¢« and / into v+n, v- 1 and 2c, the nth moments

of the K-distribution are given in (2.15).
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E<xn>=iwg na (2.15)
¢ G(v) 2

The mean clutter leveE(x) and the mean square clutter IevEl<x2> are

calculated from (2.15) and given in (2.16).

ol 8V b))
= 2G(v) (2.16)
E<x2>:c—v2

The cumulative distribution probability of the Ksthibution is given in (2.17).

X

4c
Fe ()= —=(ct)' K, (2ct) dt
¥ Q) (2.17)

_
_G(V)X K, (Zx)

Some plots of the K-distribution PDF of voltage a&t@wn in Figure 2-1 for
various values of shape parameteiand with the scale parameterset to give
unity mean square value of the envelope, That is, the scale parameter is

calculated by using (2.16) and given in (2.18).

c=+/v (2.18)
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Figure 2-1 The K-distribution of voltage for various valuesof v

Typically, the value ofv in sea clutter falls in the rangel£v £ ¥ . Whenv® ¥

it reduces to the Rayleigh distribution, while shnalues of v , say v<1,
correspond to spiky clutter [19].

If a second random variablg is uniformly distributed over (0,20) and
statistically independent of the K-distributed in (2.11), the characteristic
function denoted byC, (u;v) of a third random variabl¥ = Xcos(q) is written

as

C, (uv)=E, <exp( quco{q))>

2.19
=By, (Jp( X)) (2.19)

where J,(.) is the zeroth order Bessel function aﬁ{) is the expectation

operator. Using the definition of characteristiadtion in Appendix B and (2.11),
the characteristic function can be written as
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Exyq<J0(Xu)>:?V)0 XK. (2c J( xp d (2.20)

The equation above can be solved by the help ialg equation from [21]

¥ MW+, W G m+W +1
3, () K, (0 de 2 s ST 221
0 (a +b )
Hence using (2.21), (2.20) yields to
(2C)2v
C(uvg=""—— 2.22
(49 (2 +42] (2.22)

For convenience the shape parameter of the Kligtoin v is set to2¢® and
(2.22) reduces to

u,v) = 2.23
C () u®+2v (2.23)
In the limiting case when ® ¥ , the characteristic function will be
u2
lim,ey C, (U v)=exp - = (2.24)
For convenience, if the limiting density of is denoted as
lim,ey fx(xav)e (X (2.25)

we have from (2.23) to (2.25),
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¥ 2

E(J(XY)= £ (HI(X) deexp “7 (2.26)

0

Therefore,

¥ u2
fy (x)=x uexp 3 J( Xu du
0

(2.27)

2
:xexp-?

And so the limiting distribution{® ¥ ) of X is Rayleigh. For sufficiently large
values of parameterv, the K-distribution density in (2.11) serves as an

approximation to Rayleigh density.
2.2.2. K-Distribution of Power

In Section 2.2.1 the sea clutter’'s complex envelsp@odelled as compound K-
distribution. In some radar applications the powakthe K-distribution’s complex

envelope is desired since the square law detetiaeed. Again the power of K-
distribution can be given as a multiplication by ttwo components, square of

local mean level and speckle, as given in (2.28).

[ = |
W=Z" R

(2.28)

Local mean levely, has a density functior, (y) given in (2.3). Using Jacobian

calculation in Appendix A.2, the PDF of the undemtyintensity Z can be found.
In (2.29) the PDF oZ which is gamma distributed is given.
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2v

f,(2) = b 2" exp(- 6 9 (2.29)

Qv)

Speckle componeng’s amplitude has a Rayleigh PDF and its squBrdnas an
exponential PDF given in (2.30). The details ofstlzionversion is given in
Appendix A.3.

1

fa(r)= 2 exp - 2 (2.30)
Similarly, r can be written as follows;
w
r=— 2.31
. (2.31)

If the variables are changed according to the §2.8ten joint probility density

functionf (x| y) will be as in (2.32).

w
%2z

f(w|z)= exp - (2.32)

2527

The overall amplitude distribution of K-distributeda clutter power id,,(w) and

is given in (2.33).

¥

fw(W) =" 1,(2) fy (W 2

(2.33)

_¥ bZV V-1 1
—0@2 exp(-bzz) >

Here if v is changed by¢+1, then f,, (w) can be written as in (2.34).
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b2(vw1)x¥ , W
fW(w):W 2'exp - 2 =73 d: (2.34)
0

The integral in (2.34) can be calculated usingeeation in (2.10). After writing

s :\E and b :E, the PDF of K-distributed sea clutter power isaafiéd as in

Jp
(2.35).
_2Cv+l L;. _ﬁ
f (W) =W K,.(26/W) wherec= ot (2.35)

Hereb andc are scale parameters ands the shape parameter.

The nth moments of the K-distribution of power is casteld from (2.36).

E<V\P>:¥\/\Pf,v(vx)dw

¥ 2Cv+l v-1
= w w2 K, 2/w) dn
. GV 1( )

(2.36)

By using the integral equation in (2.14) théh moments of the K-distribution of

power can be calculated. Similar calculations &aation 2.2.1 yield (2.37).

G(n+) (2.37)

The mean clutter power IeveE<W> and the mean square clutter power level

E<\/\/2> are calculated from (2.37) and given in (2.38).
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\Y

E<W>:C

2

4 (2.38)
E<V\F> = g(v+1)

Some plots of the K-distribution PDF of power anewn in Figure 2-2 for various

values of shape parameterand with the scale parameterset to give unity mean

value of the envelopex. That is, the scale parameter is taken as in (2.39

c=4/v (2.39)

Figure 2-2 The K-distribution of power for various valuesof v

2.2.3. An Emprical Model For Shape Parameter

The parametrization of the shape parameter of thdisKibution, v, has been
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achieved by matching the spread of results to grfypictional forms. In this way
an emprical model has been developed at I-Band(&Hz) for the dependence
of v on radar, environmantal and geometric parameféns. model has been
derived [22] as

cos( 27)

: (2.40)

2 . 5
log,, (V) :§|Ogm(j )+?3 log,s(L) - p-

where v is the estimated value of the shape parametdreoKtdistribution,L is

the across range resolution in meté< L < 80C, ; is the grazing angle in
degrees0.1 <; <10, p describes the polarisation effects wifh=1.39 for
vertical and p=2.09 for horizontal polarization and is the aspect angle with

respect to the swell direction in radians. Thi$ taem can be omitted if there is no

swell.

This empirical model does not include the variatibrshape parameter with range
resolution, DR. The dependence of range resolution is complexalgaod guide

5
to performance can be obtained by assuming a depeadof DR®. As [20]

mentions this approximation is supported by songeamental measurements in
[11].

2.2.4. Spatial Correlation in Sea Clutter

The spatial correlation of sea clutter returnsstrengly related to the structure of
sea wave. This exhibition of significant spatiatretation is often associated with

the sea swell [18]. As given in [18], the corralatiengthr of sea surface in the

range direction is taken to be a length charatiend wind waves, given in terms

of wind velocity W in m/s andg, accelaration due to gravity (~9.81 fjydt is

found that
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W y
’ :%5(3005%7 +3" (2.41)

where g is the angle between the line of sight and thelwdinection.

The correlation lengtty may be written in terms of the radar range regmiut

DR. The correlation lengtliR expressed in range samples is given in (2.42).

R=— (2.42)
Some values oR for different sea states are given in Table 2¥10R is equal to

2 mand 15 m andy=0. In Table 2-1 the term sea state is used in otaler

describe the roughness of the sea as a measur/efheight.

Table 2-1 Spatial correlation lengths of sea clutter, [18]

Sea state Wind speed, | Correlation Correlation length, R
W (m/s) length, 7 (m) Reom N
1 2.5 2.0 1 o
2 4.5 6.5 3 o
3 6.0 11.5 5 )
4 8.5 23.1 11 )
5 11.0 38.7 18 X
6 14.0 62.8 30 .

It can be seen that for high resolution radar theedation lengthR, has values up
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to 30 range samples for high sea states, in cantrdsw resolution radar. Hence

in this thesis the maximum spatial correlation térig chosen to be 30.

224.1. Generation of Exponentially Correlated Gaussian Random

Numbers

Let g, be a sequence of independent Gausssian deviatészeio mean,

E(g,)=0, and unit varianceE<g§>:1, ie.

X2
fy (9, =% = exp - — (2.43)

8-

Let ¢ >0 be a real number and the correlation coefficigns as

g exp - % (2.44)
Now the sequence of numbetsis recursively defined via
[ Gy =0 +y1- G0, (2.45)
This can be written in a closed expression as
=g'0, +1- ¢ i:l g d' (2.46)

Here the random numbers are also Gaussian deviates with zero mean and unit
variance since eacf) is the sum of Gaussian deviat@g, This statement can be
proved by equations (2.47) and (2.48). Keeping indnr, has a zero mean and

unit variance, the equation in (2.47) can be okthiny taking the expectation of
both sides of (2.45)
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E(r..)=gE(r)+yJ1- FE(0,,)= 0; E(r)=0, E(g,,)= ( (2.47)

Similarly in (2.48) variance of,,, is calculated. Here the cross tef&{r,g,.,)

vanishes becausg and g,,, are independent and thus uncorrelated.

E(r’) =g’E(r2)+(1- #)E(92)=1 E(r))=1 E(g2)=: (248

The correlation coefficient is a normalized measoir¢he strength of the linear
relationship between two variables. If the varigsblre same, it is named as

autocorrelation coefficient. The autocorrelation efficient c(n; m) of the

sequence, shall be defined by

c(nm=

E<(rm ] E<fm>)2>]/2 E<(rw - E(r., r>)2>“ (2.49)

Sincer, has zero mean and unit variance, theretqne m) reduces toE(r.r,,..) .

Then it is simple to calculate

E(rmrn+m>:E<rm gr +1- & mmg femd >

i=m+1

(2.50)
:g”E<rnf> = exp-[ﬂ

Here the Gaussian deviatgs are not correlated with the number, sincei >m.
Hence, the autocorrelation coefficienn, m) is independent ofm (i.e. the

corresponding stochastic process is stationary)ysagiven by
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c(nme d N=g"=exp - [ﬂ (2.51)

2.2.4.2. Generation of Correlated Gamma Distributed Random

Numbers

The simulation of a correlated gamma process takasrelated Gaussian process
of zero mean and unit variance as its startingtpdinis is then mapped on to the
gamma process by memoryless nonlinear transformL(NINyenerated by the
solution of the equation in (2.52). Here by equatime cumulative distribution of
a zero mean unit variance Gaussian process, egdlaathe valug taken by this
process, with the cumulative distribution of thgqu®ed process, thus determining
the latter’s valuez [23]. So if the PDF of the values of the required process is

foist(2) , the following expression is set.

"t (9dze 1 exp - ¢ ar
DIST T TS
\2 2
2 P (2.52)
=1 erch
2 42

Here erfc(.) iIs the complementary error function. The completaenquantile

function Q,s;(2) of the required distribution is now defined by

¥

fosr(29dz &z (2.53)
Qoist(2)

Using (2.53) the MNLT that takes the input Gaussiandom values into the
corresponding values of the required non-Gaussiadam variable is written as
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2(1) = Qysr %erfc % (2.54)
As previously stated, the locally Gaussian speciid its gamma distributed
randomly varying local power are brought togetmethe compound K model of
sea clutter. In many circumstances it is the cati@h properties of the more
slowly varying gamma component of the clutter thif¢ct radar performance [23].
Because of this, the generation of gamma distribusndom processes with

prescribed correlation properties is required.

So, the correlated Gaussian process of zero mehuarainvariance is mapped onto
a gamma distributed proce&s by MNLT. The PDF of the gamma variabte

f,(2), is given in (2.29). Therefore, after replacirfigs;(z9 with the equation of

f,(z9 in (2.52), the following equation is obtained.

v ¥

Q) ,

r

J2

z¢'1exp(- v z)tdz:ﬂ:% erfc (2.55)

The solution to (2.55) results in the correlategdiam gamma distributed variates

z, having an autocorrelation function (ACF) of tloem

E(Z,Z,,) = E< 2>exp % (2.56)

if the correlated Gaussian random variateare generated using the recurrence in
(2.46) and have an exponentially decaying ACF eéllan the following form [18].

E(llmn =" (2.57)

As [18] states, it has been found emprically tlmatgeénerate a gamma random
variate with an ACF of the form (2.56), the Gaussi@ndom variate must have an
ACF related in the form
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0.7

=exp -—F———— 2.58
g=exp R(V7+0.15) (2.38)
In other words, a Gaussian process with an exp@bigndecaying ACF is
transformed by the MNLT into a gamma process wha€#& also displays a
seemingly exponential decay over several decades. fdllowing formula has
been devised to relate the observed charactergéicay times of the Gaussian,

t;, and gammas , processes and the parametref gamma distribution. [23]

te _,,0.15
tg

N (2.59)

Remind that the variabl® in (2.56) and (2.58) is the correlation lengthresgsed
as radar range samples and given in (2.42). More®vas the number of samples
after which the clutter may be said to be signiftbadecorrelated [18].

Examples of correlated gamma data ¥or5 are given in Figure 2-3 and Figure

2-4, for R=1 and R =30 respectively.
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Figure 2-3 Amplitude variation with range of gamma distrbuted data for v=5 and

spatial correlation length R=1
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Range samples

Figure 2-4 Amplitude variation with range of gamma distrbuted data for v=5 and

spatial correlation length R=30
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Figure 2-5 shows the ACF of both the simulatedelated gamma data set and the
calculated from (2.56) wheR =30 andv=5. Here the good agreement is noted.

1 T T T T

3 : : : Sirnulated
4 : : : — — — Calculated

gk _

Autocorrelation

04 B f - wud

= ‘ B : : : =

| A B R R R s A T T e R R B e

Figure 2-5 ACF of correlated gamma data set

2.2.4.3. Generation of Correlated K-Distributed Clutter

In order to generate correlated K-distributed elutif voltage, the following steps
are taken;

Correlated gamma random variables are generatébebiyINLT approach using
(2.55).

Uncorrelated Rayleigh variables are generated y2i4).

Finally, the square root of the gamma variables #ed Rayleigh variables are
multiplied.
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In this sense, if the square root of correlated amariables are located on the
diagonal of aY matrix and uncorrelated Rayleigh variables fornaeay S, then
correlated K-distributed random variable arrXy will be obtained from matrix
multiplication X =Y* S given by

o

Jz

o O O o

(2.60)

OOO@O
oo@oo

o O O O

s=[s s s . &°
X :Y[N' N] * $N'l]

The simulation scheme for correlated K-distributaddom variable generation is
given in Figure 2-6.

Uncorrelated Multiol Correlated K
Raylelgh u tlp ler am———

A

%

Correlated
Gamma
—» Filter > MNLT
White Correlated
Gaussian Gaussian

Figure 2-6 Simulation scheme
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The resulting correlated K-distributed random Jalea have been tested by
generating a K-distributed data set far=30 and v=5. Figure 2-7 shows the
comparison of the histogram of K data set withPig= of K-distribution given in
(2.11).

1 T T T T T

A [ IEmpirical
i m! Analytical

09—

T
=
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jre=n
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|
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o o o o
[ = m o
T T T T
=t
=
=T
| | | |

o
[
|

01 —

0 [l L ! I
o 04a 1 148 2 25 3 3h 4 448 g
Amplitude

Figure 2-7 Normalised histogram of simulated compound K dat&r shape
parameter v=>5 and correlation length R =30 compared with the analytical
definition of the K distribution PDF

2.3. RADAR DETECTION

The ability of a radar receiver to detect a wealoegignal is limited by the present
noise that occupies the same part of the frequespsctrum as the signal.
Detection of a radar signal is based on establishithreshold at the output of the
receiver. If the receiver output at the test celarge enough to exceed threshold, a

32



target is said to be present. If the receiver autpuot of sufficient amplitude to

cross the threshold, only noise and/or clutternid 0 be present. This comparison
of whether or not the test cell amplitude excebéstiireshold can be defined with
two hypothesis. Under the null hypotesis,, there is no target in the test cell;

under the alternative hypothesid,, there is a target present in the test cell since

the thresholdl' is exceeded.

X E£T underH,

2.61
X>T underH, (2.61)

Here X is the sample in the test cell.

If the threshold level is set too low, noise anddltter may exceed the threshold
and be mistaken for a target. This is called aefa@rm. The probability that

clutter returns exceed the threshold is given abatility of false alarm P, and

defined as

Ra:PdX>T|HJ
¥ (2.62)
= f, (x|Hg)dx

T

The solution of (2.62) results in the threshold dogiven P,,. The probability of

detecting the signal, probability of detectioR, ], is the probability that the

envelope of the samplX will exceed the threshold@ which is set by the need to

achieve some specidg, and defined as

P, =Pr(X>T|H,)

=, ( IH, X (2.63)

T

If the threshold is set too high, noise and/ortelumay not be large enough to
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cause false alarms, but weak target echoes magxneed the threshold and not be

detected. When this occurs, it is called a misstdation.

2.3.1. Fixed Threshold Detection

If a radar has fixed the threshold in order to deiee the existance of a target and
give the requiredP,, , then it is assumed that the clutter statistlvs,averall shape
and scale of the amplitude distribution, are knoavipriori. The form of this
threshold is shown in Figure 2-8 for single pulselistributed clutter ofv =0.5
and P, =10“.

Fixed Threshold \

Amplituds

0 100 200 300 400 500 500 700 400 300 1000
Sample Mo

Figure 2-8 K-distributed samples and fixed threshold

It is evident that false alarms concentrate in suaahigh clutter as a result of the
effect of using a fixed threshold. In fixed threkhdetection maximum detection

appears in areas of high clutter where the targestqutter return is maximum.
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The fixed thresholdT . . is found from (2.64) as a function of clutter adhoise

fixed

PDF, f,(x) andP,.

¥

Po=  fi(¥dx (2.64)

Ttixed

2.3.1.1. Fixed Threshold Detection in Rayleigh Noise

The corresponding Rayleigh PDF of the envelopehefrioise is expressed once
again as below

2

r r
fR(r):?exp o7 (2.65)
For a fixed thresholdT,.,, the P, is given by
¥ ¥ r 2
P.=  fs(ndr= ?exp -— dr
Thixed Tiixed
) (2.66)
— fixed
P os2

or Tpeq INterms ofP,

Tiea =S+/2In(P;) (2.67)

Rayleigh distribution raw moments are calculat@anfi(2.68).

fixed

E(r")=225"G 147 (2.68)
2
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If n=1, then the mean noise level is obtained from (2a68) given in (2.69).

E(r)=s % (2.69)

fixed

E(r)

Now since the threshold multipliea is defined asa = , (2.67) can also

written as

Tiea = E(T) %m(P;;) (2.70)

For multiple pulse fixed threshold detection, (3.i8Ineeded to be solved.

¥ ¥ ¥ n
P, = 2i fo(r)exp(jtr)dr  exq- jtx )dtdx (2.71)

Tfixed ¥ 0

where n represents the number of pulses used in fixedllodd detection. In the
above equation the characteristic functions of oamdariables is used in order to
obtain the PDF of sum of Rayleigh distributed random variables. The dedaile
information of characteristic functions is givenAppendix B. It is also assumed
that non-coherent detector sums envelopa gllses.

(2.71) does not yield in a closed form, hence M@usations are made in order to
obtain P, for multiple pulse detection. Figure 2-9 shows sifaulation results.
Here the dotted line represents the results ofO§2f@r verification purposes.
Figure 2-9 shows that the closed form values dflsipulse detection represented
by dotted line are in close agreement with the &tmn results. Furthermore, as

N increases, threshold multipliez, reduces for a giveR,, .
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o (d8)

Figure 2-9 log,, P,, vs. & graph for single and multiple pulse fixed threshold

detection of Rayleigh noise

2.3.1.2. Fixed Threshold Detection in K-Distributed Clutter

If the test cell has K-distributed clutter, thee B, will be as follows;

¥ ¥

P. = f, (X dx=

fa

4c v .
@(03 K.(2c} d (2.72)

Ttixed T fixed

After changing the varibles Zi andv- 1® W, (2.73) is obtained as
a
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¥
2 X \v X
Pa=  — ()™ K, — dx
Tou aG(v +1) 2a a
(2.73)
¥
s &K, 2 dx
2"aG(v+1), a a

Noting the relationK,(z) =K ,(2) and using the expressions given in (2.74)

[21], P, results as in (2.75).

¥

t 'K, (t)dt=2"K,( 2 (2.74)
Vel
T, T,
Pfa — . 1 fixed K\,M fixed (275)
2"G(v¢+l) a a

Changing the variables once againa® Zic and v&® v 1, for fixed threshold

detection of single pulse returns, tRg is given by

Pfa = % (Tfixed C)V Kv(2 CTfixed) (2 . 76)

where now

(2.77)

The detection threshold normalised to the mean clutter IevE|<x> is

fixed

expressed ag . If the clutter is known to be K-distributed anctcarate estimates
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of v andc are available, then an appropriate threshold easebfrom (2.76).

Using (2.76), the different curves are shown inufég2-10 for the different
degrees of spikiness, i.e. shape paramet€d.2, 0.5, 1.5 and 10) and for single

pulse detection.

Curves from Figure 2-11 to Figure 2-14 are given rffuultiple pulse detection
(when 3, 10, 20 and 30 pulses integrated non-catigref spatially uncorrelated
(SU) clutter. These curves are obtained by MontdoC@MC) simulation. The
details about the simulation steps are given irti@e@&.2. In these multiple pulse
detection curves, it is assumed that the speckigooent of clutter is independent

from pulse to pulse and the modulation procesenspietely correlated.

Threshold (dB)

Figure 2-10log,, P,, vs. fixed threshold for a single pulse SU K-distribute clutter
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Threshold (dB)

Figure 2-11log,, P, vs. fixed threshold for 3 pulse integration of SU K-distbuted

clutter

Threshold (dB)

Figure 2-12 log,, P, vs. fixed threshold for 10 pulse integration of SU K-disibuted

clutter
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35

8
Threshold (dB)

Figure 2-13log,, P, vs. fixed threshold for 20 pulse integration of SU K-disibuted

clutter

Threshold (dB)

Figure 2-14 log,, P, vs. fixed threshold for 30 pulse integration of SU K-disibuted

clutter
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From Figure 2-10 to Figure 2-14, &sincreases, the threshold required for any

particular P,, decreases. This means that the spikier cluttelstén obscure

targets and thus tends to reduce detection perfarengFurthermore, the results
show that the effect of pulse to pulse integrat®to make the curves steeper by

moving them to the left. Hence, as the more pulsegratedP,, at a given fixed

threshold value reduces by averaging of the spdtkdéuations. However, as [3]
also concludes, the spacing of curves remains appately the same for single
and multiple pulse detection. Thus, the performathee to spikiness of clutter is

not affected.

2.3.2. Cell Averaging CFAR (CA-CFAR) Detection

In thermal noise or clutter an adaptive estimatafnthe mean level can be
achieved by a CA-CFAR. Rather than relying on avledge of overall clutter
statistics as in fixed threshold detection, by gBA-CFAR it should be possible
to estimate the local variations of the mean ciudeel when these are unknown.
Figure 2-15 shows the operation of a double-sid&edOEAR system.
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Figure 2-15 CA-CFAR configuration

The cell under test (CUT) is compared with a thoéssi ..., which is estimated
from the mean level of the surrounding range cell) clutter values jxat either
side of the CUT. In Figure 2-15\/'/2 cells either side of the CUT are used to
estimate the mean clutter level. The threshold ipligt, a is used to scale the

estimate of the mean level. The appropriate vafua ds chosen to achieve the

desired value oP,, in the absence of a target.

It is clear that in the CA-CFAR processor the thodd varies according to the

local information about the total clutter level gtsown in Figure 2-16 for single

pulse K-distributed clutter of =0.5 and P, =10°°.
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Figure 2-16 K-distributed samples and CA-CFAR threshold

The statistic/n in Figure 2-15 is a random variable whose distiiudepends

upon the particular CFAR scheme and the underldistribution of each of the
reference range samples. Thus the processor penfieans determined by average

detection and false alarm probabilities [24]. they words,P,, is determined in

general by

P.=P(X>am|H,), n? 0 (2.78)
which can also be written as

¥
P.= P(X>am|l H,)) f,(mdr
" ( ) 6(7) (2.79)

=E,(P(X>am|H,))

Similarly the probability of detectioR, is given by
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¥

P= P(X> f.(md
0 (x>ami B) §,( myd (2.80)

=E,(P(X>am|H))

The CA-CFAR detection performance analysis in Krdisted clutter is given in
Chapter 3 in detail.

There is an inherent loss of detection probabihtya CFAR processor compared
with the fixed threshold detection performance. sTis because the CFAR
processor sets the threshold by estimating thel ido#ter level within a finite
reference window. This loss is explained in datatbection 2.3.3.

In addition to the standart CA-CFAR, a large numbérvariants have been
proposed to mitigate some of specific problemsracical scenerios. Some of the
more common variants are Greater of CFAR (GO-CF/ARjaller of CFAR (SO-
CFAR), Order Statistics CFAR (OS-CFAR), Trimmed m&2FAR (TM-CFAR)
and Censored Mean CFAR (CM-CFAR). The configuratibGO-CFAR uses the
greater of mean level estimates either side otekecell. In contrast, SO-CFAR
uses the smaller of the mean level estimates esitlerof the CUT. In OS-CFAR
the range cells in CFAR window is ranked to giveesed samples. The clutter
power is estimated from the magnitude of #h largest cell. In TM-CFAR the
samples are ranked according to magnitude and mplea are trimmed from the
lower end and T2 samples trimmed from upper endtlder approach is CM-
CFAR in which the largesh samples of the window samples ranked according to
the magnitude. The remaining - n samples are averaged to estimate the clutter
mean level as the normal CA-CFAR. [19] Thus, thed®n of particular CFAR
technique depends mainly on the structure of backgt interference.

2.3.2.1. CA-CFAR Detection in Rayleigh Noise

For CA-CFAR detection of Rayleigh noise with linedetector, the equations
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relating P, to a is not easy to calculate for both single and mldtipulse

detection. Therefore the results are obtainedhdgpaMC simulations.

Figure 2-17 shows a plot dég,, P, as a function of threshold multipliex for

various sizes of CA-CFAR windowM . The solid lines are obtained both by MC
simulation. A closed form expression in (2.81) segjgd by [25] is also shown in
Figure 2-17.

(2.81)

T ZE=E
wenounon

W= o
@

109,0Ps
o
in
T

S35

w (dE)

Figure 2-17 log,, P, vs. a graph of closed form (represented by solid lines) and

simulated results for single pulse CA-CFAR detectionfoRayleigh noise

It can be seen in Figure 2-17 that simulation tesshhow good agreement with the
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results obtained from (2.81).

In the following figures from Figure 2-18 to Figuge21, log,, P,

. IS given as a
function of a for multiple pulse CA-CFAR detection of Rayleigbise.

365

o (d8)

Figure 2-18log,, P, vs. a

for 3 pulse CA-CFAR detection of Rayleigh noise
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Ingﬂ]pia

Ingﬂ]pia

Figure 2-20log,, P, vs. a for 20 pulse CA-CFAR detection of Rayleigh noise
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o (d8)

Figure 2-21 log,, P, vs. a for 30 pulse CA-CFAR detection of Rayleigh noise

From Figure 2-18 to Figure 2-21 it is seen thatMsincreases, the threshold

multiplier, a decreases for any particuld®,. Similarly, the increase in the

number of pulses integratedy reducesa . These conlusions means that the
longer CA-CFAR window size and the more pulsesgrated better detection

performance is achieved.

2.3.3. CFAR Loss

There is an inherent loss of detection probabilitya CA-CFAR processor
compared with the fixed threshold detection perfmmoe in homogeneous noise
and/or clutter background. This is because the GAR processor sets the
threshold by estimating the clutter mean level inith finite CA-CFAR window.
The fixed threshold detection, on the other hapts a fixed threshold under the
assumption that the clutter statistics are knovpni@ri. This relative performance
loss of a CA-CFAR processor is called the CFAR.loss
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There are two different methods that may be empldgemeasure the CFAR loss.
It is generally quantified by the increase in theRSneeded for the CA-CFAR
processor scheme to achieve a certain probabiligetection and probability of
false alarm relative to the fixed threshold detwctiThis true CFAR loss will be a
function of the particular CFAR scheme, the targgie and probability of

detection, P, as well as the clutter statistics and the prottgtaf false alarm,P,,

[16].

A P, versus SCR graph of Swerling type Il (SW-II) targecluding the fixed
detection threshold curve are given in Figure 2f@2 P, =10, M =16 and

v=0.5. Here the CFAR loss calculation is also shownsample values of,

(0.5 and 0.9).

09—

04—

02—

—CACFAR
——-Fixed Threshold

0 5 10 15 20 245 30 35 an
SCR (0B

Figure 2-22 True CFAR loss calculation fromP, vs. SCR of single pulse detection

for SU clutter with v=0.5, SW-Il target, P, =10* and M =16
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Alternatively, another method related to the thodghmultiplier, a may be used.

This one is based on the fact that the threshibld, and P, are closely related to
each other. Asl..,, increases,P, decreases accordingly and vice versa. The
increased value of..,, means the increased value af and for a given value of
P. . the increased value & implies that a higher value of SCR will be reqdire
to achieve a given value d&¥,. Since the CFAR loss is defined as the increase in
SCR relative to the fixed threshold detection, ittgease ina can also be taken
as a good guide to the CFAR loss [16]. Ryr=0.5, this increase is very close to
the true CFAR loss calculated from the change iR $& a givenP,, [18]. This

establishes a useful technique for measuring th&RCIBss which is independent
of the detection probability. In this thesis thisethod is called as threshold
multiplier method. Figure 2-23 shows this approxien@FAR loss fromlog,, P,

versus a curves of fixed threshold and CA-CFAR detectiom fo=0.5 and
M =16. As [16] implies, in most circumstances the changea is a reliable

guide to relative CFAR performance &y values of about 0.5.

51



E i : ——CACFAR
B 4 1 : : —-—-Fixed Threshold

fa

Iung

A \Appruximate CFAR loss
: : 4 4

4 1 1 | I 1 1 3 |

B 8 10 12 14 16 18 20 2

Figure 2-23 CFAR loss calculation fromlog,, P,, vs. & of single pulse detection for

SU clutter with v=0.5and M =16

A significant difference between the two methodshat the threshold multiplier
method calculates the CFAR loss using only théterdrom log,, P,, versusa
curves, however true CFAR loss calculation takdée eccount the target type
since P, versus SCR curves are used to set the true CF&R As a result, CFAR
loss results in threshold multiplier method is ipeledent of target type.

If the clutter exhibits significant spatial corrgtan the CA-CFAR may be able to
follow the local fluctuations, giving an improventein performance or ‘CFAR

gain’ compared to the fixed threshold [18]. The ilimf such improvement is
described by the concept of ideal CFAR detection.
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2.3.4. ldeal CFAR Detection

As explained previously, it is possible to estimtéte local mean level by using
CA-CFAR. In the limiting case, where the threshéddows underlying mean
level of K-distributed clutter exactly the best faemance could be achieved. This
type of detection is known as ideal CA-CFAR perfante. However, as [16]
mentions it may often not be practical to obtam itteal CA-CFAR performance.

In order to achieve a threshold following undenyimean level, independent
samples of the speckle component should be obtainddhe modulation process
should be assummed to be constant within the CARRANdow, but to vary

widely between CA-CFAR window locations accordingthe overall generalised
Chi-square PDF. The clutter is still assumed toKbeistributed, however the

mean power of the locally Rayleigh clutter beingdmiated by a square root of
gamma distributed variable over an extended argmeShe clutter in the CA-

CFAR window is Rayleigh distributed, the CA-CFARopessor will perform as

expected for Rayleigh noise except an additionafe® of fluctuation introduced

by the modulation process.

Mathematically, the overalP,, for fixed threshold detection can be also be emitt

as

¥

P.= Pa(xly) £(ydy (2.82)

0

Here f,(y) is the PDF of local clutter level of generalisekli Gistribution given
in (2.3) and Pfa(x| y) is the P, of Rayleigh distributed speckle component which

is written for giveny as
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¥

Pa (XIY) = f, (x| y)dx
T
¥ 2

—Xex-xdx

yis? P (2.83)
2

- TP oyt

Heres:\E.
P

The threshold is the multiplication of the threshatultiplier a and the overall
mean clutter level. However, for ideal CFAR detauttit is assumed that the

threshold adapts exactly to the local mean intgretthe clutter level,y. The

ideal CFAR thresholdT , is thus:
T=ay (2.84)
When this is substituted into (2.83),, (x| y) now becomes

2

P. (x| y) =exp - pZ (2.85)

Using (2.3) the overalP,, will be averaged as follows

¥

Pfa: Pfa(xl y) fY( ” dy
° (2.86)

2v 2 ¥
=2 exp - 22y expé— b2y2) dy

Qv) 4

When the equation of the overdl, in (2.86) can be solved using the integral

equation given below from [21]
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clo) o= (2.87)

Finally the overallP,, now becomes

2

pa

P. =exp - (2.88)

Since ideal CA-CFAR detection curves are usefullgsiito the bounds of possible

performance, using the equation in (2.88), tReversus SCR graphs are evaluted
by MC simulation for SW-II target. Figure 2-24 aRture 2-25 show theP,
versus SCR curves for variowsand single pulse detection. The curves in Figure

2-24 is for P, =10° and the ones in Figure 2-25 is fB =10*.

Azl : ; ] ; : - _

04 : . : , : -

0z : : ; : ; =

* : —&—y=02
—&—w=15

——u=10

SCR (0B

Figure 2-24 P, vs. SCR curves of ideal CFAR detection for SU clutteiSW-II target,

P,=10°and N=1
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Figure 2-25 P, vs. SCR curves of ideal CFAR detection, for SU clutteiSW-II target,

P,=10%and N=1

As seen from Figure 2-24 and Figure 2-25, as mighexpected if lowelP, or
higher P, is to be achieved, the required SCR reduces. Meredor ideal CA-

CFAR detection the best performance is achievetthenspikiest clutter. As [19]

mentions, this is an expected result since as g spiky clutter the clutter has
very low local mean level between very large spikeshese regions a target is
more easily detected, provided that the threshddgbes appropriately.

Figure 2-26 shows a comparison for ideal CA-CFAR fixed threshold detection
curves. Here again true CFAR gain is representedhasdifference in SCR

between curves for a specifig; .
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Figure 2-26 Conventional fixed threshold (dashed dotted cues) and ideal CFAR

performance (solid curves),P, vs. SCR curves for SU clutter, SWI target,

P,=10%and N=1

It can be seen that the CFAR gain is very largspiky clutter, the ideal CFAR
gain forv=0.2 with P, =0.6 and P, =10* is ~20 dB. Table 2-2 shows the exact

values of ideal CFAR gains for various shape patarsgP,, values of10° and

10* and P, values of 0.5 and 0.9. Of course this ideal penfoice is predicated

on knowing exactly the local mean level of the teut
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Table 2-2 Ideal CFAR gains over fixed threshold detection

P, =103 P =10*
P, =05 P,=0.9 P, =05 P,=0.9
v=0.2 20.5167 11.5063 21.5683 12.7382
V=05 11.5072 8.1108 12.3327 8.6940
v=15 5.8186 4.5688 6.5374 5.1549
v=10 1.3690 1.2281 1.7327 1.2586

It is unlikely that a CA-CFAR would be able to estite the local mean level
exactly. However, where significant correlationpigsent it may be possible to
achieve some CFAR gain which is the main concerthsf thesis and will be

discussed with simulation results in the followtitapter.

Before giving the detailed performance evaluatiohsnay be informative to
comment on this CFAR gain with the help of Figusg72 In this figureP, versus
SCR curves for ideal CFAR, CA-CFAR and fixed thiddhdetection are shown
for v=1.5 and P, =10*. The CA-CFAR window size is taken 16.
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Figure 2-27 P, vs. SCR curves of ideal CFAR, CA-CFAR and fixed threstid
detection for clutter with v=1.5 for correlation lengths R=0 and R =30,

P,=10" and M =16

In Figure 2-27 the solid line represents the ideBAR detection, by which the
upper bound of performance achievement relativiecdfixed threshold detection
shown by dashed dotted line is obtained. For uetated clutter R=0) the CA-
CFAR curve is at the left side of the fixed threlghourve which indicates that
there is a CFAR loss. However, when clutter is ligborrelated R=30)

significant imporvement in performance is seenclken CFAR gain is obtained.
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CHAPTER 3

PERFORMANCE ANALYSIS

3.1. ASSUMPTIONS MADE

It is assumed in this thesis that the radar opgnata homogeneous background,
in other words, no other target interfering the G~Aindow and the background

has the same clutter distribution with the cell entest (CUT). Also the target

return locates in one single CA-CFAR cell, i.ergtd is not extended. Therefore it
is not necessary to use guard cells for CA-CFAR@seing.

The simulated K-distributed clutter samples areumesl to have unity mean

square.

In order to estimate the mean clutter level usidg@FAR processor the samples
are taken from the linear detector. In [26] theultssof linear detctor is compared
with those of a square law detector for noiseslshown there that there is a
negligible difference between the expected perfowaaf both types of detectors.
Another similar conclusion that linear and squaaes ICA-CFAR processors
provide nearly the same detection performance genfiar K-distributed clutter in
[25].

The target in CUT has amplitude fluctuation of SMvshich means the echo

pulses received from the target fluctuates indepetigl from one pulse to another
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and the PDF for the radar cross section (RCS)rgétas

p(s)=—exp T (3.1)

where s, is the average over all values of target RCS. ‘Ehxonential PDF

represents the statistics of the square of a vekdgch is decribed by a Rayleigh
PDF. The details of changing variables from RayleigDF of voltage to

exponential PDF of power are explained in detaAppendix A.3.

The independency of pulse to pulse is obtainedsByraing the radar has pulse to

pulse frequency agility, pulse to pulse changeeaquency.

The signal to clutter ratio (SCR) is obtained uding mean square values for both
Rayleigh distributed voltage signal of SW-II targst and K-distributed clutter
amplitude signal,c. Since the assumption of unity mean square Kidig&d

clutter is made, (3.2) gives the mean SCR.

E(s
:<—:5av (3.2)

~—

Olwn

E(c

~—

In this thesis by SCR, mean SCR is meant.

Integration of pulses before CA-CFAR processoissuaed to be performed over
times short enough that target remains within glsinell resorvable by the radar.

While integrating pulses, it is always assumed tbatpulse to pulse integration
the speckle component of the clutter (equatiorRii)j is fully decorrelated due to
the use of frequency agility between pulses, whilstunderlying mean (equation
in (2.3)) remains constant at a given range over itliegration interval, as
described in [11].

In order to obtain desired?,, versus threshold multiplier grapI:LQO/min(Pfa)

number of MC simulations are made. This simulatomber is high enough to
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result in accurateP,,’s since the results are verified with the literatand the

analytic solution for CA-CFAR detection with K-didgiuted clutter forv=0.5.

The detailed verification results are given in $8t8.3.

3.2. SIMULATION STEPS

In this thesis there are two main simulations;

First one sets the threshold multipliét, for a givenPfa and results inPfa
versusé curves.
The other one determines tii® versus SCR curves usirg obtained in

the previous simulation.

In order to obtain desire®,, versus threshold multiplieg , curves for every MC
simulation step the following steps are taken:

1. For given shape parameter , number of pulses integratedy and
correlation length, R correlated or uncorrelated linearly detected K-
distributed clutter samples are generated andrateg if multi pulse case
is desired. The method used in generating K-distedh clutter samples is
the same as given in Section 2.2.4.3. The Matl@ls Tandn(.) function is

used for genereting uncorrelated Gaussian disetbtandom samples.

2. CA-CFAR algorithm in Section 2.3.2 runs for the ggivwindow size,
M and zero guard cell size. In this thesis 4, 8,ab6l 32 window sizes are

simulated.
3. CA-CFAR threshold is set for givea .

4. |If clutter exceeds CA-CFAR threshold, false alammmber is incremented:;

otherwise not.
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Then, in order to obtai?, versus SCR curves for every MC simulation step the

following steps are taken:

1. Threshold multiplier is selected froR, versusa curves for the given

P

fa *

2. The SW-II target is modelled for the given SCR. TMatlab 7.0’s
raylrnd(.) function is used for generating targgnal.

3. CA-CFAR algorithm in Section 2.3.2 runs for the eggivwindow size,
M and zero guard cell size.

4. CA-CFAR threshold is set for given SCR.

5. If target plus clutter exceeds CA-CFAR thresholdfedtion number is

incremented; otherwise not.

CFAR loss graphs are acquired from both of thesetype of curves by also using
the fixed threshold detection curves. The resudiated to the CFAR loss is

explained in the following Sections 3.4 and 3.5l@talil.

3.3. VERIFICATION OF APPROACHES

In order to verify the approaches used in thisithe®me verification is made with

the literature.

At first in order to obtain high enough MC simutatinumber the analytic solution
for CA-CFAR detection with K-distributed clutter @=0.5 is compared with the
simulation results of threshold multiplier. The qmamison show that the results are
close to each other as given in Table 3-1.
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Table 3-1 Comparison of analytic and simulation results fov = 0.5

Threshold multiplier, @ (dB)
log,, P, Analytic solution result Simulation result
-1 8.2635 8.2696
-2 15.3415 15.2925
-3 19.9588 20.0150
-4 23.5904 23.6521

The analytic solution exists fov=0.5 and the equation foP,, of CA-CFAR

detection is given in (3.3).

P, = P.(x) dx R(} dt

P (X) =2cexp(- 2cX (3.3)

_2cM  2cMt ! 2cMt
I:)T(t)_aG(M) a AP

Here P, (x) is the PDF of the K-distribution of =0.5, B, (t) is the PDF of the

CA-CFAR threshold and is assumed to be the PDRetum ofM independent
K-distributed samples and is the threshold multiplier. (3.3) simply becontks

(3.4) which is solved by the help of an integral&pn solution given in (3.5)
from [21].

P,=——~ —  t"'exp -t Z&g dt (3.4)
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1Y exp(-m/ Yd =m " G(/) (3.5)

0
After changing the variables according to (3.&Yerall P, vields;

M

M

P, =
M +a

a

(3.6)

Secondly, the results are compared with the CA-CH#98 versus- IoglO(Pfa)

figures for various shape parameters and cell gaes for single pulse detection
in linearly detected K-distributed clutter in [18}.is seen that there is a good
agreement between the simulation results of tl@sishand [18].

Finally, the results are compared with the one®miin [2]. However, the loss

curves presented in [2] have illustrated the oVeletiection loss), . To determine
the CFAR loss,L..s, it is necessary to determine the loss that aal idetector

would suffer in the same spiky clutter environmantd substract this from the

overall loss. This ideal detector loss is equivaten Sso(v) which is defined by

the emprical formula in [20]. Thus,

LCFAR = Lt - Sso(\o (3-7)

where S;,( V) is given as

S,(V) =-blog,, viy, (3.8)

b =3.45"", v= 5.72°?
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3.4. CA-CFAR DETECTION IN SPATIALLY
UNCORRELATED (SU) K-DISTRIBUTED CLUTTER

3.4.1. Single Pulse Detection

In this section single pulse is used for detectiaggets in homogeneous K-
distributed clutter.

Firstly, the detection performance of CA-CFAR prssma's has been analysed for
various values ofog,, P, v (0.2, 0.5, 1.5 and 10) and CA-CFAR window size,
M (4, 8, 16 and 32) using threshold multiplier metlas explained in Section
2.3.3. Results are shown in from Figure 3-1 to Feg8r4, which plots the CFAR

loss relative to the fixed threshold detection &snation oflog,, P, .

35

[
L]

Approximate CFAR Loss (dB)

-4 =35 -3 25 -2 -1.5 -1
log,,Pfa

Figure 3-1 Approximate CFAR loss vslog,, P, for SU clutter with v=0.2 and

N=1
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Approximate CFAR Loss (dB)

|
-4 =35 -3 25 2 -15 -1
log,Pfa

Figure 3-2 Approximate CFAR loss vslog,, P, for SU clutter with v=0.5 and

N=1

—e—M=4

Approximate CFAR Loss (dB)

a I | \ \ |

-4 =35 -3 25 -2 -1.5 -1
log,,Pfa

Figure 3-3 Approximate CFAR loss vslog,, P, for SU clutter with v=1.5 and

N=1
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Approximate CFAR Loss (dB)

-4 =35 -3 25 -2 -1.5 -1
log,,Pfa

Figure 3-4 Approximate CFAR loss vslog,, P, for SU clutter with v=10 and
N=1

It is evident that the CFAR loss is strongly deperidonv and is also fairly
strongly dependent on CA-CFAR window size and tesiréd P, . For spiky

clutter (e.g.v=0.2) a CFAR loss of about almost 30 dB is possiblesfoall CA-

CFAR window size and lowP, . The smaller the length of window size and the

lower the desiredP,, the CFAR loss increases and hence as [2] indicatere

sensititive the processor becomes to incresindetlspikiness, i.e. lower values of
V.
Also the graphs of CFAR loss versus CA-CFAR windsize M are given in

Figure 3-5 for various shape parameter values dmehvw?,, is 10*. The dotted

line in these figures represents the CFAR loss wRayleigh distributed noise is
present. As expected the values of noise are dlmsmes when K-distributed
clutter of high shape parameter£10).
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—B—v=05

Approximate CFAR loss (dB)

Figure 3-5 Approximate CFAR loss vs.M for SU clutter, P, =10* and N =1

From Figure 3-5 the effect of window size is movelent. The longer the window

size the less CFAR loss is obtained since bettena&®s are made with longer
window size.

Table 3-2 provides a sample of data, giving the RFlass for CA-CFAR
processor fov (0.2, 0.5, 1.5 and 10) andl (4, 8, 16 and 32) foP, =10°. It

can be seen from Table 3-2 that a CFAR loss oftgréhan ~0.6 dB to ~5 dB can
commonly be expected for decreasing valueMofThe advantages of using large
number of CA-CFAR cells can also be seen. The ddarge number of CA-
CFAR cells is more pronounced in spiky clutter. kwstance the use of 16 as
opposed to 32 CA-CFAR cells can introduce additidoss of ~0.6 dB to ~3.2 dB
under from reasonable conditions and to more exremky cases.
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Table 3-2 CFAR loss in dB for sample values of and M when P,, =10* and

N=1
M =4 M =8 =16 M =32
v=0.2 30.3700 12,5171 5.8457 2.6853
v=0.5 11.8506 5.6881 2.7052 1.3530
v=15 6.4703 3.0705 1.4417 0.7340
v=10 5.4785 2.6248 1.2085 0.6126

P, versus SCR graphs are also obtained using theopsesimulation results for

a . The resulting graphs with variowsare given in from Figure 3-6 to Figure 3-9

for the P, values ofl0® and10* andM values of 16 and 32 for SW-II target.

09

na

o7

04

03

02

01

L —HB—w=058

—&—u=02

—&—w=15

——u=10

20
SCR (0B

40

Figure 3-6 P, vs. SCR for SU clutter,P, =10°°, SW-Il target, M =16 and N =1
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Figure 3-7 P, vs. SCR for SU clutter, P, =10°%, SW-Il target, M =32 and N =1
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Figure 3-8 P, vs. SCR for SU clutter, P, =10*, SW-Il target, M =16 and N =1
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Figure 3-9 P, vs. SCR for SU clutter, P, =10*, SW-Il target, M =32 and N =1

As explained in Section 2.3.3 the detection per@oroe of CA-CFAR processors

compared to fixed threshold detection can also basured form theP, versus
SCR curves. This time, true CFAR loss calculatiesuits are given from Figure

3-10 to Figure 3-13 for sample values@f (0.5 and 0.9)P, (10° and10*), v
(0.2, 0.5, 1.5 and 10) and CA-CFAR window sik&, (4, 8, 16 and 32).
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True CFAR loss

True CFAR loss

25

—&—y=02

4 —H—y=05
= = : ; —&—y=15
: i ——y=10

F— yac

Figure 3-10 True CFAR loss vsM for SU clutter, SW-II target, P =103,

P,=0.5and N=1

—&—y=02
—H—y=05

Figure 3-11 True CFAR loss vsM for SU clutter, SW-II target, P, =103,

P,=0.9and N=1
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True CFAR loss

Figure 3-12 True CFAR loss vsM for SU clutter, SW-II target, P
P,=0.5and N =1

35
2 —&— =02

True CFAR loss

Figure 3-13 True CFAR loss vsM for SU clutter, SW-II target, P =10"*,
P,=0.9and N =1

74



Similar conclusions made above for the results BAR loss using threshold
multiplier method are also evident in figures fréiigure 3-10 to Figure 3-13. To
summarize, as the length of the window size in@gaBue CFAR loss decreases
and in the figures it is also seen that true CFé$s lis also strongly dependent on

v and the desired®, . Moreover, the above curves gives the informatibaut the

relationship between thE, and true CFAR loss. As the desirEg increases from
0.5 to 0.9, the resulting true CFAR loss increase®xpected. This increase in
CFAR loss is at most ~3 dB far=0.2, M =4 and P, =10" from Figure 3-12

and Figure 3-13. This difference reduces and besde®s noticeable as clutter
gets less spiky and also CA-CFAR window size ineesa

As mentioned in Section 2.3.3 there are two metHodsneasuring CFAR loss.
One is named here as threshold multiplier methoidwives approximate CFAR
losses. Second method comes from the definiticdFAR loss which is nhamed as
true CFAR loss in this thesis. The loss curvesathbnethods are compared in the

following graphs, Figure 3-14 and Figure 3-15 f@r=0.5, P, values of10°®

and 10* and variousv values (0.2, 0.5, 1.5 and 10). In these figuodsl dines
refers to the true CFAR loss calculation and tiseilte represented by the dashed
dotted lines are obtained by the threshold muédtipthethod.
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CFAR loss [dB)

CFAR loss [dB)
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Figure 3-14 A comparison of CFAR loss methods for SU chetr, SW-II target,
P,=10% P,=0.5and N =1
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Figure 3-15 A comparison of CFAR loss methods for SUwdter, SW-II target,
P,=10* P,=0.5and N =1
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In Figure 3-14 and Figure 3-15 it is seen thatdghodd multiplier may be a good
guide in understanding the general behaviour of RF#ss. The difference in loss

between the two methods is not more than ~1 dB. é¥ewwhenP, is not equal
to 0.5, the approximate CFAR loss method startstterestimates the ture CFAR

loss. A sample case foP, =0.9 and P, =10" is given in Figure 3-16. As a

result, for exact calculation the true CFAR losshnod should be preferred.

35 T T

e y=02

O y=05
5 : & w=158

: : True CFAR loss

b ; : —-— - Approximate CFAR loss

CFAR loss [dB)

Figure 3-16 A comparison of CFAR loss methods for SU chetr, SW-II target,
P,=10* P,=0.9and N =1

3.4.2. Multiple Pulse Detection

This section includes the effects of pulse to pudgegration prior to CA-CFAR

processor. For this purpose 3, 10, 20 and 30 palsemtegrated non-coherently.
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The valuesa for different P, values is first to be determined to set a threshol
and decide the CFAR loss. In the following Figurel73 shows sample
Ioglo(Pfa)versusa curves if the radar integrated N (1, 3 and 10)cessive

pulses. Herev is chosen to be 1.5 and the window size of CA-CpAétessor is
32. In Figure 3-17 fixed threshold detection curaes also shown for different

values ofN by dashed dotted lines.

*| —-—-Fixed Threshold [

Iungfa
(58]
m
T

22

Figure 3-17 log,, P,, vs. a for SU clutter with v=1.5 and M =32

The previous figure is given to indicate thatMsincreases for a giveR,, lower

threshold multiplier results are obtained both @%-CFAR detection curves and
the fixed threshold detection curves by using whiwd approximate CFAR loss
values are calculated. The same behaviour forrdiftevalues of shape parameter
and window size is also observed however the fgjare not shown for brevity.

The values of threshold multiplieg for different values ofP,, are obtained for
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various v, M and N by MC simulations. Then, as in previous sectioa th
approximate CFAR loss from threshold multiplier hwet is calculated. To find

CFAR loss the fixed threshold curves are also stedl for multiple pulse

integration. Hence, the CFAR loss versNs curves are shown in from Figure
3-18 to Figure 3-21 in order to evaluate perforneamthen multiple pulse is

integrated in uncorrelated K-distributed sea ciutte

The true CFAR loss is also calculated in a simfshion explained in the
previous section. The resulting true CFAR loss wefd graphs of various values
of v (0.2, 0.5, 1.5 and 10) are also given with dagt@ted lines in from Figure
3-18 to Figure 3-21. In these figures both CFARséssare given as a function of
the number of integrated pulsés (1, 3, 10, 20 and 30) for various valuesvof{
0.2, 0.5, 1.5 and 10). Here the results from sipglee detection are also given for

comparison. The window size of CA-CFAR procesddr, is 16 in Figure 3-18
and Figure 3-20; 32 in Figure 3-19 and Figure 3-Pe desiredP, is 10° in

Figure 3-18 and Figure 3-190* in Figure 3-20 and Figure 3-21.
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Figure 3-18 CFAR loss vsN for SU clutter, SW-II target, P, =10° and M =16

79



Figure 3-19 CFAR loss vsN for SU clutter, SW-II target, P,, =10° and M =32

.
T T T
L .
R 5
Gme i !
e T e I e —-_——— _
5L =
o y=02
O v=05
b & ov=15 _
= y=10
— CFAR loss from o
= —-—--Trua CFAR loss
[im)
= 7
w ;
3 3 -
o O : i
T m~ ] i : :
L<5 . JQF)Qﬁ_FQ(fE —— e —— I SR —***-—-E-——_,_,___i_
= s . & : T T e
: : —H
N i
~ e R e S R TR —'—'Q**—t—____k,__i__iﬁé
fn A i ..
: T g SR
—7_‘*—-*——41?._\_;_#_‘;_ :
TR R
il 1 | 1 I 1
1 a 10 15 20 25 30

Figure 3-20 CFAR loss vsN for SU clutter, SW-II target, P, =10 and M =16
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Figure 3-21 CFAR loss vsN for SU clutter, SW-II target, P, =10* and M =32

The previous figures result in a number of conolnsi First approximate CFAR
loss values obtained by threshold multiplier metimdnalysed. The expectation
for general behaviour of detection performanceirfigreasingN is met. In other
words with increasingN , the detection performance is also increases thigh
means of CFAR loss. Even though the pulse integrathows some improvement
compared to single pulse detection, the improverbetween 10, 20 and 30 pulses
is not significant. For instance, in Figure 3-2t fo=0.2 the CFAR loss shows a
slight increase (less than ~0.1 dB) when numbentefjrated pulse®y increases
from 16 to 32 pulses. Similar slight increases I &een from Figure 3-18 to
Figure 3-20 and do not exceed 0.15 dB. This is wu¢he sensitivity of the
simulation. The difference between CFAR loss valt@shigher N becomes
closer and the simulation is not capable of distisiging this amount of
difference. Hence the sensitivity of the simulatismot high enough to get the
accurate results. However it is still possible emaude that even though there is

an obvious improvement in CFAR loss when compacedirigle pulse detection
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case, using 10 or 20 or 30 pulses for integratioesdnot make a considerable
change in the value of CFAR loss.

Before proceeding to the conclusions of the truéARHoss curves,P, versus
SCR curves for a sample case is analysed. A regutiaph with varioudN (1, 3,
10, 20 and 30) is given in Figure 3-22 for 0.5, P, =10° and M =32 for SW-

Il target.

Figure 3-22 P, vs. SCR curves for SU clutter withv = 0.5, SW-II target, P,, =10°°

and M =32

It is seen in Figure 3-22 that required SCR redwa#ls the increasing number of

pulses integrated in order to reach a cerRin

True CFAR loss values, obtained by usiRgversus SCR curves like the ones in

Figure 3-22, are shown in from Figure 3-18 to FegyuB-21 together with
approximate CFAR loss values. The true CFAR loskapproximate CFAR loss
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values are seen to be close to each other. Theretiide is at most ~0.4 dB. And if
this amount of loss is negligible for a particuladar performance threshold
multiplier method might be used to approximatettbe CFAR losses.

More informative curves of SCR versus are given in from Figure 3-23 to

Figure 3-26 for different values af (0.2, 0.5, 1.5 and 10) and (16 and 32). In
these figuresP,, takes the values dfo® and10*, P, takes the values d.5 and

0.9.

Figure 3-23 SCR vs.N curves for SU clutter , SWI target, P, =10° and M =16
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Figure 3-24 SCR vs.N curves for SU clutter, SWI target, P, =10° and M =32

Figure 3-25 SCR vs. N curves for SU clutter, SWI target, P, =10 and M =16
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Figure 3-26 SCR vs.N curves for SU clutter, SWI target, P, =10* and M =32

As shown in from Figure 3-23 to Figure 3-26 as nbenber of pulses integrated
increases the required SCR reduces. However theatsin SCR slows down as

the number of integrated pulses increases. Foarinstwhenv=0.5, P, =10"

and M =32 (Figure 3-24) using 10 pulses instead of singlseulecreases the
required SCR from ~15 dB to ~10.2 dB, whereas uS@gulses decreases the
required SCR ~9.6 dB which corresponds to only eBGmprovement. Similar

Moreover, the figures also shows &5 increases from 0.5 to 0.9, significant
amount of increase appears in the required SCRxpected. On the other hand,
the time to spend for detection decision is longlken multiple pulse is integrated

than single pulse since the detection decisionademafter the processing of
pulses.
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3.5. CA-CFAR DETECTION IN SPATIALLY CORRELATED
(SC) K-DISTRIBUTED CLUTTER

In the results presented so far, it has been asbuha the CA-CFAR uses
independent samples of overall clutter distributoestimate the local mean level.
If the CUT is correlated with the surrounding datdetter estimate may be aeved
in some circumstances. Now rather than a CFAR lbsspears that there is a
CFAR gain relative to the ‘ideal’ fixed threshold will be shown later in this
section. The correlated data samples used arenetitasing the method explained
in Section 2.2.4.

Figure 3-27 and Figure 3-28 show the approximatd&RCRoss in K-distributed
clutter of v=1.5 as a function of window siz& for spatial correlation lengths
R=5,R=10 and R=30. In these figures the values of approximate CFA$s |

for clutter with no spatial correlatiorR=0) are also shown for comparison. The

results in Figure 3-27 are fd?, =10° and one in Figure 3-28 shows the CFAR

loss results forP, =10“ . In both figures single pulse detectioN €1) is shown

by solid lines and 10 pulse detection is shown aghedotted lines. Again pulse
returns are integrated prior to operation of the-CBAR. Here the threshold
multiplier method is used to give a guide to CFARBsL
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Figure 3-27 Approximate CFAR loss vsM for SC clutter with v=1.5,
N=1& 10 and P, =10

Figure 3-28 Approximate CFAR loss vsM for SC clutter with v=1.5,
N=1& 10 and P, =10"*
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When the shape parameter of K-distributed clugezqual to 10, the CFAR loss
versusM graphs are given in the following figures, Fig@9 and Figure 3-30.
Here theN =1 and N =10 results are shown on the same plots again.

Figure 3-29 Approximate CFAR loss vsM for SC clutter with v=10,
N=1& 10 and P, =10
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Figure 3-30 Approximate CFAR loss vsM for SC clutter with v=10,
N=1& 10 and P, =10"*

In the figures from Figure 3-27 to Figure 3-30 the#ect of correlation is
remarkable. As the sea clutter becomes more ctete(® increases), CFAR loss

decreases and for higher correlation lengths eW&kRCgain is obtained.

In these figures, it is seen that integration ofpiises results in lower CFAR loss
values for all correlation lengths. Integration ggvCFAR gain even though the

single pulse detection results in CFAR losses.

When the shape parameter of K-distributed clugeequal to spikier values 0.2
and 0.5, the approximate CFAR loss versdisgraphs are given in the following

figures from Figure 3-31 to Figure 3-34 similarly.
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Figure 3-31 Approximate CFAR loss vsM for SC clutter with v=0.5,
N=1 & 10and P, =10

Figure 3-32 Approximate CFAR loss vsM for SC clutter with v=0.5,
N=1 & 10and P, =10"*
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Figure 3-33 Approximate CFAR loss vsM for SC clutter with v=0.2,
N=1 & 10and P, =10

Figure 3-34 Approximate CFAR loss vsM for SC clutter with v=0.2,
N=1 & 10and P, =10"*
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Figure 3-31 and Figure 3-32 show that higher cati@h lengths gives lower
CFAR loss values and even CFAR gain for both siagle 10 pulse detection. The
higher correlation between the CA-CFAR output anel CUT results in lowest
CFAR losses for short CA-CFAR window sizes. Thigndicant result gives an
optimum value ofM where the maximum CFAR gain is achieved, i.e.higbest

CFAR gain is achieved for a finite value &l . For instance, from Figure 3-31 it
is seen that the optimum valud »10 with v=0.5, R=30 and P, =10°.
Figure 3-32 also shows another optimukt »8 with v=0.5, R=30 and
P, =10". In these figures, 10 pulse integration doesgie¢ lower values of

CFAR loss or higher values of CFAR gain comparesiingle pulse detection case
especially for higher CA-CFAR window sizes. Similahaviour is also reported

in [16] for emprical sea clutter data.

Figure 3-33 and Figure 3-34 show the CFAR loss ealfor spikiest clutter
example ¢=0.2). It is seen once again in these figures that Rt 30 an
optimum value of CA-CFAR window size is present $orgle pulse detection. In
Figure 3-34 correlated clutter & =5 and R=10 gives higher CFAR loss values
than uncorrelated case. As [16] indicates, sharetation length has the effect of
reducing the number of independent samples in tAeCEAR window when
compared to uncorrelated case but leaving the CARC&utput decorrelated from
CUT. The CFAR loss in this case is then greatan thauld be expected for totally
uncorrelated clutterR=0) in CA-CFAR window. In other words for low values
of correlation lengthR (R=5 and R=10 in this case), the CA-CFAR processor
perform worse than a fixed threshold when compaocedncorrelated clutter in
CA-CFAR window.

In the figures from Figure 3-27 to Figure 3-32sitseen that as! becomes large,

performance tends to the CFAR loss associated wlititer with no spatial

correlation. It is also concluded in these figuaes?, decreases frorh0® to 10°*

the values of CFAR loss increases and CFAR gairedses in general.
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It has been showed that the highest values of CEAR are achieved with short
CA-CFAR lengths in highly spatially correlated ¢krt However such short CA-
CFAR will also produce the highest CFAR loss in amelated clutter. For this
reason it is clear that a practical radar musttbe @ adapt its CA-CFAR window

size according to the conditions if best perforneaisdo be achieved [18].

The true CFAR loss graphs are also obtained asdidm of M for single pulse
detection and SW-II target. They are given in fegufrom Figure 3-35 to Figure
3-38 for various values o¥ together with aprroximate CFAR loss values from

threshold multiplier method.

Figure 3-35 CFAR loss vsM for SC clutter with v=0.2, SW-II target, N =1,
P,=10°%and P, =0.5
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Figure 3-36 CFAR loss vsM for SC clutter with v=0.5, SW-II target, N =1,
P,=10°and P, =0.5

Figure 3-37 CFAR loss vsM for SC clutter with v=1.5, SW-II target, N =1,
P,=10°and P, =0.5
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Figure 3-38 CFAR loss vsM for SC clutter with v =10, SW-I target, P =103,

P,=0.5and N=1

Same trends in CFAR loss versi% curves are also seen in the previous true
CFAR loss curves. For low values of the shape paraniv=0.2 and v=0.5)

the best performance is nearly always achievedafehort CA-CFAR window
size. When there is a little spatial correlatiord dar high values of the shape
parameter {=10) the best peformance will be obtained from a lor@a-CFAR

window size.

The difference between aproximate and true CFAR @gues is more apparent
when correlation effect is included. For spikieuttdr and also with higher
correlation lengths this difference increases. Hmstance in Figure 3-35 the
difference is ~5 dB fov =0.2 and R = 30.

The following figures from Figure 3-39 to Figure42- show true CFAR loss
versus M curves together with approximate CFAR loss curf@s10 pulse
detection and SW-II target.
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Figure 3-39 CFAR loss vsM for SC clutter with v=0.2, SW-I target, P, =103

and N =10

Figure 3-40 CFAR loss vsM for SC clutter with v=0.5, SW-II target and
P, =10°%and N =10
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Figure 3-41 CFAR loss vsM for SC clutter with v=1.5, SW-II target, P, =103

and N =10
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Figure 3-42 CFAR loss vsM for SC clutter with v =10, SW-I target, P =103

and N =10

The difference between aproximate and true CFAR leslues for 10 pulse
detection is again more remarkable when correlagitect is included. Similar to
the single pulse detection, this difference incesasvith increasing clutter
spikiness and also with higher correlation lenglhswever this time even for low
clutter spikiness this difference is remarkabler fstance, wherv =10, R=30

and M =10, in Figure 3-38 the difference is ~0.3 dB for $#&ngulse detection

whereas in Figure 3-42 the difference is ~2 dB 1foipulse detection.
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CHAPTER 4

PRACTICAL POINT OF VIEW

Most radars include a number of adaptive featwbssh are becoming more and
more extensive and sophisticated [27]. Adaptatoalways aimed at improving
radar performance in some sense. One of the comemample of adaptive
operation of radars is CFAR. Here by introducing $patial correlation concept, a
better CA-CFAR performance is shown to be achievédreover, as [19]
emphasizes, if the effects of sea clutter are raddathed realistically in the design
process, it is unlikely that a radar system willlyfumeet its operational

requirements.

The results obtained in this thesis can be usedet@lop practical CA-CFAR
detection configurations. It may be appropriateise these CA-CFAR parameters
or to offer choices of CA-CFAR schemes selectalylehie radar operator or to
adapt automatically according to the sea conditions

In a practical radar application the following stepay be taken:

1. The required operationd, and P, are decided by the radar designers.

2. During radar operation, the local clutter statstce to be estimated. These
are the shape parameter and spatial correlatiopepies of the K-
distributed clutter. As [28] indicates the best rageh in real clutter is to
estimate local statistics directly and set a thokshccordingly.
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3. Now, choices must be made amongst the many possisiegurations.

Given the required?, and P,, by using the CFAR loss versus CA-CFAR

window size graphs given in Section 3.5 an optinvaie for CA-CFAR

window size is decided.

4. Then, in order to run the CA-CFAR algorithm theestrold multiplier is to
be determined. The graphs Bf, versus threshold multiplier for the right

sea clutter structure and processor configuraticn wsed to find the

threshold multiplier.

4.1. ESTIMATION OF THE K-DISTRIBUTION SHAPE
PARAMETER

Estimating the parameters of a statistical distrdsufrom measured sample values
forms an essential part of radar signal processisgs. In radar signal processing
parameter estimation is required to characterieesthtistical properties of noise
and/or clutter background. Hence estimation is @sag/ for target detection

algorithms.

A good method of estimating in the absence of added thermal noise is based on

the estimates of the mean and the mean of the logarithm of the data,

<In(x)>:ﬁ " In(x). Itis found that

i=1

In(V)- ¥ (V)= In(r)- <In(x)>~L ¥ (N} In(N) (4.1)

where y () is the digamma function and is the estimate of/. The digamma

function is defined as the logarithmic derivatiietee gamma function:
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d

y ()= ne(x) S

G(%)

(4.2)

The estimate in (4.1) is a close approximatiorheorhaximum likelihood estimate
and gives better results than matching to the &rst second intensity moments
[16]. As [29] concludes, the best overall perfore®nis provided by this
estimation scheme that uses the mean of the ddtthamean of the log of data.

4.2. EFFECT OF INCORRECT ESTIMATION OF THE
SHAPE PARAMETER

The preceding discussions in Chapter 3 have asstimédhe value of the shape
parameterv is known exactly. However in practice is need to be estimated
which may result in approximate values\of If the value ofv is to be changed,
this affects mainly the value of the threshold nplier a needed to achieve a

specified P, . Thus, errors made in estimatingresult in an incorrect value &

which causes a degradation in detection performdfidbe threshold is set too
high (v is estimated too low), the consequence will begased CFAR loss; if the
threshold is set too lowv( is estimated too high), the consequence will be

increasedP,, [2].

The approximate magnitude of the loss associatdd tiwe incorrect estimation of

v is obtained simply from CFAR loss versuscurves given in Figure 4-1 and
Figure 4-2 for various values ¢¥, (102, 10° and10*) and CA-CFAR window

size, M of 16 and 32. The difference between the CFAR &isthe estimated
value of v and the true value o¥ is the approximate additional loss due to

incorrect estimation o¥.
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Figure 4-1 Approximate CFAR loss vsv for SU clutter, N =1and M =16

Figure 4-2 Approximate CFAR loss vs.v for SU clutter, N =1 and M =32

According to [2], the performance degration duevtdeing estimated too high
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will be more interest for most operating conditigisce it may cause a notable

increase inP,. P, is now evaluated as a functionand threshold multipliea
in order to examine the severity of this increasePj, . The resulting graphs are

given in Figure 4-3 and Figure 4-4 for differenA-CFAR cell sizes. To

determine the increase B, due to errors in estimating, the difference between

P, at the estimated and true valuesso§ taken.

Figure 4-3 & vs. v for SU clutterand M =16
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Figure 4-4 & vs. v for SU clutter and M =32

The examination of the graphs from Figure 4-1 tguFe 4-4 results in some
conclusions about the reaction of CA-CFAR processoncorrect estimation of
v. The CA-CFAR processor is more sensitive to enmothe estimated value of
for small values of the clutter shape parameten toalarge values. The effect of
changing the number of CA-CFAR celld does not significantly influnce the
sensitivity of the CFAR processors to errors ingemated value o¥.

If the detector are designed for operation in Rghleclutter which is a special
case of K-distribution withv® ¥ , but have to operate in a spiky K-distributed
clutter, examination of the graphs of Figure 4-8 &igure 4-4 indicates tha

will be set too low when compared with the real iKtidbuted environment. Even

though this lowa corresponds to highd?,

fa?

much more worsé,, is possible in

even less spiky K-distributed clutter. This extremendition illustrates the
importance of estimating of correct shape parameténe design of CA-CFAR

processor.
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CHAPTER 5

CONCLUSION

In this thesis amplitude distribution of sea clutiee modelled by compound K-
distribution and CA-CFAR technique is used to det8¥V-Il targets. Radar
detection performance analysis are made by sevbtahte Carlo (MC)

simulations. Performance evaluations are quantiigdCFAR loss. Performance
evaluations show that sea clutter characterisits @A-CFAR configuration can

affect radar performance.

Since CFAR loss is used as a measure of perfornaradeations, both CA-CFAR
and fixed threshold detection curves are calculdtgdsimulation. First of all,
spatially uncorrelated K-distributed clutter is retldd. Then correlation is
introduced into the sea clutter model. All perfonoa evaluations are made both
for single pulse and multiple pulse detection. Mwex, detection performance is

examined for various values of sea clutter spilkin€A-CFAR window sizeP,,

and P,. There are two different methods that may be eygoloto measure the

CFAR loss; one using only CA-CFAR threshold muigpl named threshold
multiplier method and gives approximate CFAR loatugs; the other one using

P, and gives true CFAR loss values. In this thesth boethods are also modelled,

analysed and compared.

The results presented concentrate on two main ssquemely the CFAR loss
suffered by CA-CFAR processor compared to fixeceshold detector and the
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effects on CFAR loss of various conditions of sgatorrelation of the K-

distributed clutter.

Detection in uncorrelated sea clutter by CA-CFARoatesults in a number of
conclusions listed below:

CFAR loss is strongly dependent on the shape paeameK-distribution,

v. As clutter gets more spiky(decreases), CFAR loss increases.

CFAR loss is also fairly strongly dependent on #ime of CA-CFAR

window. The use of large window size is requiredi¢crease CFAR loss.

CFAR loss increases with decreasify values for which CFAR loss

becomes more sensitive to increasing clutter spdsn

As the desiredP, increases, the resulting true CFAR loss increases

expected. However this increase becomes less abteas clutter gets less
spiky and also when large window sizes are used.

In general as the number of non-coherently integraulses N , increases
the detection performance is also increases by snefidecreasing CFAR
loss. Even though the simulation is not sensitimeugh to distinguish
small amounts of decrease in CFAR loss for highemler of pulses
integrated, it is still possible to conclude thdtere is an obvious
improvement in CFAR loss when compared to singlegdetection case,
however using 10 or 20 or 30 pulses for integratimes not make a
considerable change in the value of CFAR loss ifgindr window sizes.

Threshold multiplier method may be a good guideumulerstanding the
general behaviour of CFAR loss. However there il gtme amount of
difference in CFAR loss when compared to true CHA$% values. When

P, is higher than 0.5, the approximate CFAR loss petistarts to

underestimate the true CFAR loss. For more accuf2f@R loss

calculation true CFAR loss method should be prelfere
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As the number of pulses integrated increases, dhained SCR reduces.
However the decrease in SCR slows down as the nuofbmtegrated

pulses increases. Besides,Rsincreases, the required SCR also increases.

The time to spend for detection decision is longaen multiple pulse is
integrated than single pulse since the detectimisia is made after the
processing ofN pulses.

The spatial variation of clutter characteristice ¢emve a significant effect on the
performance of radar detection processing. Thetseptesented here showed that
a remarkable CFAR gain may be achieved under sammentstances as opposed
to the more conventional expectation of a CFAR.I@$e following conclusions
are made when spatial correlation effect is inatlade

For longer correlation lengths, the CA-CFAR outpatd CUT are highly
correlated especially for short CA-CFAR window siz&€he CFAR loss in
this case gives negative values, hence a CFARIigaiptained. This means
that the CA-CFAR performance is better than fixateshold detection.
The upper bound of CFAR gain can be achieved kgl @€AR, where the
threshold follows underlying mean level of K-dibtrted clutter exactly.

Shorter correlation lengths have the effect of easing the number of
independent samples in the CA-CFAR cells but the@FAR output may
still be left decorrelated from the CUT. The CFA#R4 in this case may be
greater than would be expected for totally uncatesl clutter samples in
the CA-CFAR.

For all correlation lengths, as the CA-CFAR windeize becomes large,
performance tends to the CFAR loss associated ghitier having no
spatial correlation.

There may be optimum values & where the CFAR gain is maximum
for some sea clutter spikiness. Increasing CA-CRARJIow size beyond
this value does improve the CFAR gain.
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For low values of the shape parameter=0.2 and v=0.5) the best
performance is nearly always achieved for a sherGEAR window size.
When there is a little spatial correlation and fiagh values of the shape
parameter ¥ =10) the best peformance will be obtained from a lor@&-

CFAR window size.

Another drawback of increasing CA-CFAR window sigethat the sea
clutter structure may change in the CA-CFAR windmmge, since the
window range is the multiplication of range resmlotand window size.
Thus the CUT may not be representative of the lacah. Decreasing
range resolution may not be an appropriate soludinoe this may make
the clutter more spiky.

Non-coherent integration of spatially correlatedspa generally reduces
the CFAR loss. However for spikier sea clutter putgegration may result

in higher CFAR losses especially for higher CA-CRARdow sizes.

The difference between approximate and true CFABsdes is more
remarkable when correlation effect is introducearabver, this difference
increases when pulse integration of correlatederlus made especially for
higher values shape parameter of K-distribution.

CFAR calculations so far are based on the exaatulzdion of the shape
parameter. The effects of incorrect estimation led shape parameter of K-
distributed sea clutter are also investigated bgguthe curves for CFAR loss to
the spikiness of clutter. Hence remarkable perfoweadegration may result if a
wrong estimation is made. The following conclusi@ne also made when shape

parameter is wrongly estimated,;

The CA-CFAR processor is more sensitive to ernotthé estimated values

of v for small values of the clutter shape parametan for large values.

The effect of changing the number of CA-CFAR ceNs does not

significantly influnce the sensitivity of the CFABRocessors to errors in
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the estimated value of.
Finally, in this thesis it is shown that the penfiance can vary widely and is a
function of the CA-CFAR configuration, sea cluttructure, givenP, and P, .

Furthermore, the analysis made in this thesis piesvthe radar system designer an
understanding of the behaviour of sea clutter meoto develop suitable signal
processing strategies and predict performance a@drrainder different clutter

conditions.

5.1. FUTURE WORK

The analysis in this thesis has concentrated agetsirof Swerling type II, i.e.
target fluctuation rate is pulse to pulse and taflR€ES obeys Rayleigh-power
distribution law. As mentioned in Chapter 1, thare other Swerling types for
different RCS statistics and fluctuations rate. Téwget type is insignificant for
performance evaluations made in terms of approen@®AR loss sinceP,
versus threshold multiplier curves are independém, . However, the true CFAR
loss also depends on target fluctuation charatteyisvia P,. Hence, the
performance evalutions in terms of true CFAR losghinbe extended to other
Swerling target types.

The lowestP,, analysed in this thesis K0 *. This number is limited to the MC
simulation number. In other words lowEy, values can be obtained by increasing
the MC simulation number. As indicated in Secti@risand 3.3, in this thesi’

MC simulation is made in order to get realiable BR&inimunl0*). Increasing

the MC simulation number will result in lowd?, values however lengthens the

simulation time spent. As a result, MC simulatiammber might be increased to

get performance evaluations for lowér values.
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APPENDIX A

CHANGE OF VARIABLES AND
JACOBIAN CALCULATION

As [26] says, a problem often encountered is therdenation of the PDF of a set
of random variables that are related to an oldwih known density function) by
one to one mapping. The Jacobian calculation appeahen for this

transformation is necessary.

Assume a change of variable=/(x) and it is a differential mapping on the

interval T =[c d] andT¢ is the interva[a b] with /(c)=a and7(d)=b. In

one dimesion, the explicit statement of the chamigeariables theorem forf a

continous function ofy is

f(F(x)—-dx=" f(y)dy (A1)
In two dimensions,x=x(u V) and y=y(u V) are assumed. Suppose that the

region S¢ in the uv-plane is transformed to a regi® in the xy-plane under this

transformation. Define the Jacobian of the tramafdion as
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T Tx

J(uv)= 1%; 3;,’ (A.2)
u v

It turns out that this describes the relationshtepreen the element of arexdy

and the corresponding area elemehidv. With this definition, the change of

variable formula becomes

f(x y)dxdy= . (o uy, fu) 6o du (A3)

S

Change of variables theorem and also the Jacolm'BeTrdinant‘J (u, v)‘ often

called Jacobian as well, are used in order to ahamg random variables.

A.1l. Obtaining Rayleigh Distributed Envelope from Two Complex

Gaussian Component

If X is a complex Gaussian variable with in-phase araticature components

and x, , the envelope of which is given in (A.4).

|X|=5=\/f +% (A.4)

The inphase and quadrature components can be chaage

x, = scos(f)

X, = ssin(f) (A-5)

By using the Jacobian calculatidi . (s,f) is given by
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fse (a7)=[3(1,Q)| fx « (scosf ) ,ssiff )) (A.6)

In (A.7) the Jacobialh] (I,Q)‘ is calculated by using (A.2).

ALY
| Ts 1
T v o

cos(f) -ssinf )‘ _
sin(f) scodf )

Since x and x, are independent, their joint density functidt;glyxc(xl,xQ)

becomes

2 2
X +X

fX.,xQ (x,, xQ) = (A.8)

The resulting compound PDF is given in (A.9) whéne individual PDFs are
given in (A.10).

fse (S7) =557 (A.9)

Finally the envelope of complex Gaussian distridutariables has a Rayleigh

distributed PDFf(s) as given in in (A.10).

g
fo(s)=—yexp - =
51 2 (A.10)
fF (f) :Z
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A.2. Generalised Distributed Voltage to Gamma Distributed®ower

The generalised Chi distribution has the form giwre(A.11).

f,(y)= % y*texp(- b*y?) (A.11)

If the variabley is changed byz*, the expression of, (z) will be as in (A.12)

by using (A.1).

f(2)= 1 (V)

Ty

(A.12)

After solving (A.12), the resulting PDF, (r) will be found as in (A.13).

2v

f,(2)= b 2" exp(- 6 9 (A.13)

Av)

Finally, f,(z) has the form of gamma distribution.

A.3. Rayleigh Distributed Voltage to Exponentially Distributed Power

Rayleigh distributed variable’s PDF is as given in (A.14), with parametet

fs(s) :s—szexp - (A.14)

25.2

If the variabler is represented a5, the relationship between the resulting PDFs

of fo(r) and f,(s) will be as in (A.15) by using (A.1).
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fR(r):ﬂ—lrfS(ﬁ)

s

(A.15)

After solving (A.15), the resulting PDF; (r) will be found as in (A.16).

1 r
fR(I’):ZSZEXp - 2% 2 (A.16)

Here f, (r) has the exponential distribution shape with maan.
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APPENDIX B

CHARACTERISTIC FUNCTIONS OF
RANDOM VARIABLES

Suppose thatk is a random variable on sample spa€e and fK(.) is the
probability density function ofk. The characteristic function oK, denoted

C () is defined as in ik is a continous random variable,

Ce (1) E{exp( jtk))
:_¥ exf{ jtx) f, (x)dx B.1)

In (B. 1), C, (t) is seen to be the Fourier transform (with the gigversed).

Because of this fact i€, (t) is known, f, (x) can be found from inverse Fourier

transform [30]. Given the characteristic functidraacandom variablé , it can be

shown that the PDF of can be obtained from the inverse formula

= " exp(- iX)Gy (1) c ®.2)

¥

.The characteristic function is used in calculatthg PDF for the sum oh
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independent random variables. For instance, supplosek,,k,,...k, are n

independent random variables on a sample space awoittesponding PDFs:

fes T, - T . Further suppose that another random variablehenspacex is

defined as
X=k +tk,+..tk, (B. 3)

Given expressions for PDF, | f, ,....f, , the PDF f, can be obtained from

them by use of characteristic functions. Since,

Ce (1)  E(exp( jtk))
_ exit (k +h, + 4k )0 o (K ok, k) g, & (B.4)

¥¥ ¥

=C. (t)C, (1) -G (1)
If the characteristic funtion of eadh can be calculated from (B. 1) and (B. 4) is
applied to obtain expression fdaZ, in terms of the individual characteristic

functions. Then, the PDF of, f, can be obtained from (B. 5).

f,(x) :i exp(- tx)C, (1) dit (B.5)

¥
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