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ABSTRACT

A PROBABILISTIC APPROACH TO MULTI CRITERIA
SORTING PROBLEM

Bugdaci, Asli Gl
M.S., Department of Industrial Engineering
Supervisor  : Prof. Dr. Murat K6ksalan
Co-supervisor : Assigt. Prof. Dr. Selin Bilgin Ozpeynirci

August 2009, 109 pages

We aim to classify alternatives evaluated in multiple criteria among preference
ordered classes assuming an underlying additive utility function. We develop a
probabilistic classification method by calculating the probability of an alternative
being in each class. We assign alternatives to classes based on threshold
probabilities. We require the decision maker to place an alternative to a class
when no alternatives satisfy the required thresholds. We find new probabilities for
unassigned alternatives in the light of new information and repeat the procedure
until all alternatives are classified.

We implemented our algorithm to classify MBA programs among preference
ordered groups. We evaluate our algorithm based on the number of misclassified

alternatives and the number of alternatives placed by the decision maker.

Keywords: multi criteria sorting, additive utility function, interactive approach.
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COK AMACLI GRUPLANDIRMA PROBLEMI ICIN BIR
OLASILIKSAL YAKLASIM

Bugdaci, Asli Gl
Y Uksek Lisans, Endustri Muhendisligi Bolumi
Tez Y Oneticisi : Prof. Dr. Murat Koksalan
Ortak Tez Yoneticisi : Yrd. Dog. Dr. Selin Bilgin Ozpeynirci

Agustos 2009, 109 Sayfa

Cok amag altinda degerlendirilen secenekleri tercih siralart olan siniflara atamay
hedefliyoruz. Bunu yapmak icin karar vericinin pargali dogrusal bir fayda
fonksiyonuna sahip oldugunu varsayiyoruz. Her segenegin her simifta olma
olasiligim hesaplayan olasiliksal bir gruplandirma metodu gelistiriyoruz.
Hesaplanan olasiliklari, olasilik esigiyle kiyaslayarak secenekleri gruplara
atiyoruz. Yerlestirme yapilamadigi durumlarda karar vericinin bir secenegi
sinifina yerlestirmesini istiyoruz. Yeni bilgi 1s1g1inda, yerlestirilmemis segenekler
icin yeni olasiliklar hesapliyoruz. Tum segenekler siniflandirilana kadar bu

yontemi tekrar ediyoruz.

Yontemimizi MBA programlarint aralarinda tercih sirast bulunan siniflara
yerlestirmek icin  uyguladik. Yontemimizin  degerlendirilmesini, yanlis
siniflandirilan segenek sayisimi ve karar verici tarafindan yerlestirilen secenek

sayisini temel alarak yapiyoruz.



Anahtar Kelimeler: ¢ok amacli gruplandirma, toplamsal fayda fonksiyonu,
etkilesimli yaklasim.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

1.1. INTRODUCTION

Multi-criteria problems dealing with discrete set of alternatives can be considered
in different groups such as selecting the best alternative, ranking the alternatives,
classifying the alternatives and sorting the alternatives into preference ordered
classes. Multi-criteria sorting problems assign a discrete set of alternatives to
predefined classes which are preference ordered. Each alternative has an
evaluation on each criterion and an alternative can be defined as a vector
composed of the scores on criteria. The decision maker (DM) has preferences
regarding these criteria such as more is better or less is better. Formally there are
mdiscrete alternatives defined by n criteria. The scores of the alternatives on
each of the n criteria are known. The problem is how to assign these alternatives

to g preference ordered classes.

There are two main approaches to multi-criteria sorting problems. One uses
outranking relations to classify alternatives and the other assumes an underlying
utility function for the DM. Outranking is a binary relation between two
aternatives. Alternative i outranks alternative | if there are enough argumentsto
confirm that alternative i is at least as good as alternative j and there is no
strong opposition to this argument. The assignment of the alternatives is done
based on the outranking relations between the alternatives and reference profiles
that separate each of the consecutive classes. They are used to derive preference
and incomparability relationships with the given criteria weights and threshold
levels. In the utility function method, a utility function is estimated which assigns

1



autility value to each alternative. The utility threshold levels between consecutive
classes are determined. The alternatives are assigned to the classes by comparing
the estimated utility of alternatives with utility threshold levels.

In both approaches, the estimation of the parameters is a major issue. The
reference profiles, weights and threshold levels should be estimated while using
outranking relations. The utility thresholds and weights should be estimated while
using the utility function method. These parameters can be estimated by directly
asking to the DM. If the DM finds it hard to give exact values of the parameters,
then they can be inferred from an exemplary set given by the DM which is
capable of reflecting the preferences of the DM. Jacquet-Lagzere and Siskos
(2001) date that this exemplary set can consist of past data, a subset of the
available data or a representative fictitious data. Decision support systems (DSS)
have been developed to find the parameters which can regenerate a set of example
assignments made by the DM. Then the estimated model can be used to classify
unassigned alternatives. Some of the DSSs developed let the interaction of the
DM. Asthe DM sees the results, he/she can add or remove constraints or modify

the assignment.

The DM can give information at the beginning of the process and the assignment
of alternatives is done based on this preference information. However, there are
also agorithms which assign alternatives interactively with the DM. They take
information from the DM during the assignment when needed.

There are many real life multi-criteria sorting applications. Especially in financial
area, multi-criteria sorting methods are applied to many different cases such as
credit risk assessment for firms, stock evaluation, and country risk assessment.
There are also other applications in areas such as energy management.



1.2. LITERATURE REVIEW

Zopounidis and Doumpos (2002) have written a literature review on multi-criteria
sorting and classification methods. They first define what sorting is and mention
the applications from different areas. Then they mention 4 criteria aggregation
models: Outranking relations, estimating a utility function, rough set approach
and neural networks. They mention model development techniques used and
explain which ways are used to edsimate the parameters. They discuss
mathematical models which have been used while testing the models. After this,
they mention decision support systems developed and their applications to red
world problems,

One main approach is using outranking relations to solve multi-criteria sorting
problems. Mousseau et al. (2000) describe the ELECTRE TRI method by
referring to the studies of Yu and Roy & Bouyssou. ELECTRE TRI uses
outranking relations to assign alternatives to classes. In ELECTRE TRI method,
first the comparison of each alternative with each reference profile is done on
each criterion. Partial concordance indices on each criterion are calculated by
using indifference and preference thresholds. Then they are multiplied with the
weights of each criterion to find comprehensive concordance index. Discordance
indices are calculated by using preference and veto thresholds. Then by using
concordance index and discordance indices, a credibility index is calculated for

estimation of the strength of the argument alternative j is at least as good as
reference profile b,. The credibility index for the reverse argument is also

calculated. Two credibility indices are compared with a cutting level to derive
preference and incomparability relationships between alternatives and reference
profiles. After deriving the relationships, the assignment of the alternatives to the
classes can be done in two procedures. In pessimistic procedure, an alternative is
assigned to the highest class which it outranks its upper profile. In optimistic
procedure, an alternative is assigned to the lowest class whose upper profile is
preferred to the alternative.



They propose software called ELECTRE TRI Assistant and they explain how to
use it. The software estimates the parameters from some assignment examples
given by the DM. ELECTRE TRI Assistant estimates the parameters by nonlinear
programming which is formed for pessimistic procedure without veto. The
objective of the program is to find parameters which can result in credibility
indices as far as from the cutting level. It is to maximize the minimum distance.
While using software, the user can give preference information about the weights
and cutting level by giving bounds or comparisons. Lastly they work on an
example data by taking reference profiles and thresholds as given to show how

the software helps the user to deal with inconsistencies.

Mousseau et al. (2001) argue that the nonlinear program in ELECTRE TRI can be
written as a linear program if reference profiles and thresholds are considered as
given. The objective of LP is same as the NLP. Based on areal world data, they
discuss some sensitivity issues. They say that as the objective function value of
LP increases, the model becomes more stable. If a larger set of assignment
examples is used, then the model incorporates more preference information but it
becomes less stable. To see if the model is able to detect inconsistencies, they
make a check by assigning an example alternative into a wrong class. Regarding
this check, they conclude that the model shows good ability. Lastly they try
different objectives but conclude that this does not bring any significant

improvement.

Dias and Mousseau (2003) present a software called IRIS (Interactive Robustness
Analyses and Parameters Inference for Multi-criteria Sorting Problems) which
infers the combination of the weights and cutting level from an example set. They
assume that the reference profiles and threshold levels are given as inpuit.
Combinations are able to regenerate the given assignment. Again with the
objective of maximizing the minimum slack, IRIS chooses one combination of
parameters. The proportion of the combinations of the parameters is considered as
an indicator of the precision of the input. Geometric average of the number of



classes to which each action can be assigned is considered as an indicator of
precision of the output. IRIS gives user also the ability to insert constraints on the
parameter values. In an interactive manner, the user can insert new examples or
new constraints. If the added constraints cause an inconsistency, IRIS presents

ways to get rid of this inconsistency.

Damart et a. (2007) make an application using IRIS to sort loan applications to a
hypothetical bank when there are 5 criteria and 4 categories. There are 4 experts
to assign 15 past loan applications to classes. To get rid of inconsistencies, there
can be discussions between the experts. To reach a consensus, they propose some
measures such as proportion of the experts that agree with the current assignment
and how many shifts it will cost to a particular expert to agree. If they cannot
agree in anyway, the process stops. The aim is to incorporate multiple expert
views. Here IRIS is used if there is a possible solution which can take into
account the opinions of all the experts.

Koksalan et al. (2009a) use outranking relations to assign alternatives into classes.
They take an initial assignment from the DM. They assume preference and
indifference thresholds are known but criteria weights are unknown. Alternatives
to be placed are compared with the reference alternatives and assigned to

categories.

Doumpos and Zopounidis (2004a) propose a sorting method based on the
pairwise comparisons of alternatives. They suggest an algorithm for two class
case but state that the algorithm can be generalized to multiple class case. They
compare the criterion values of unassigned alternatives and already assigned
alternatives. For each unassigned alternative, they find a preference index over
each alternative in class 2 and take average of these indices. They name it as
positive flow. They also find a preference index for each alternative in class 1
over each unassigned alternative. For each unassigned alternative, they take
average of these indices over the alternatives in class 1 and name it as negative



flow. They find the net flow for each unassigned alternative. They make
classification by comparing the net flow with a cut off level. The cut off level can
be given by the DM or can be estimated by solving an LP that minimizes the
weighted sum of violations of classification rule for assigned alternatives.

The other main approach is to assume the DM has an underlying utility function.
If the criteria are preferentially independent, then an additive utility function can
be used. Criteria weights indicate the relative importance of an improvement in
one criterion from its worst level to its best level compared with the changes in
other criteria. POyhtnen and Hamalainen (2001) explain some of these methods.
One is direct point allocation which requires the DM to distribute 100 points
among the criteria and weights of each criterion are calculated as ratios of number
of points distributed to 100 points. Another method is SMART that is first
described by Edwards (1977). It requires the DM to rank the criteria starting from
least important one. 10 points are given to the least important criterion. Then the
DM gives points to each criterion by comparing them with the least important
criterion. The numbers of points given by the DM are normalized to find the
weights. SMARTER has been developed by Edwards and Barron (1994).
SMARTER requires the DM to rank criteria starting from the least important one
and calculates the weights from this ranking. SWING described by von
Winterfeld and Edwards (1986) assumes that the DM has lowest scores in all
criteria and asks the DM in which criterion he/she wants the highest score first.
100 points are assigned to that criterion. Then the DM chooses the criteria in the
order he/she wants to improve to the highest score and assigns number of points.

The weights are found by normalizing the number of points given by the DM.

Larichev and Moshkovich (1994) suggest a sorting method using dominance
relations. They look at the dominance relations between the unassigned
alternatives and already assigned ones. The values on each criterion scale are in
verbal form and the DM orders each criterion scale according to his/her

preferences.



UTADIS (Utilites Additives Discriminantes) method is developed by Jacquet-
Lagreze (see for example Doumpos and Zopounidis, 2004b). UTADI'S assumes
an underlying piecewise additive utility function. Each criterion range is divided
into subintervals. It is needed to estimate the utility values of each subinterval on
each criterion. UTADI S estimates the model parameters from a reference set in a
way that gives the minimum amount of misclassification for the alternativesin the
reference set. Then it uses the estimated parameters to assign alternatives into
classes.

Diakoulaki et al. (1999) use UTADIS to sort 14 countries into 3 classes according
to energy intensities. Energy intensity is the ratio of energy consumption per unit
output. 13 factors are determined which have effect on reaching a desired level of
energy efficiency. The aim of the study is to see the relative importance of the
criteria and how it is changed through the years. They want to find the most
important factors affecting energy efficiency.

Zopounidis and Doumpos (2000) propose a DSS called PREFDIS (Preference
Discrimination) which uses UTADIS and its 3 variants to sort the alternatives into
classes. They propose a method to cope with non-monotone utility functions. |If
the utility function is non-monotone, the article suggests dividing criteria into
subintervals in which the DM has monotone preferences. Each subinterval is
divided to subintervals inside and the model is modified considering this issue.
There are variants of UTADIS used to increase the accuracy of classification.
After UTADIS is solved, the first variant UTADIS 1 maximizes the distances of
the correctly classified alternatives from the threshold levels. UTADIS 2
minimizes the number of misclassified alternatives. UTADIS 3 combines the first
and second variants. They present two applications in which PREFDIS is used.
The first one is to make a country risk assessment and assign the countries to
classes according to the income level. In this study, 66 countries are evaluated on
12 criteria. The countries are assigned to 4 classes according to income level such
as high, upper-middle, lower-middle and low. On the second application 60 Greek



firms are classified into two classes: acquired and non-acquired. The
classification is done according to the 10 financial ratios.

Doumpos and Zopounidis (2004b) make an experimental design to see the effects
of the parameters involved in UTADIS. They want to see the effects of the way
the additive utility functions are formed on the performance of the developed
model and the stability of the significance of the evaluation criteria of the model.
The performance of the model is measured with classification accuracy which is
the consistency of the recommendations of the model with the actual decisions.
The stability of the model is measured as the variance of the significance of the
evaluation criteria over all the solutions obtained during the post optimality stage.

Zopounidis and Doumpos (2001) propose a hierarchical multi-criteria sorting
method called M.H.DIS (Multi-Group Hierarchical Discrimination). This method
works iteratively and each time assigns alternatives to two classes. M.H.DIS first
assigns the alternatives to the best class. Then it takes the unassigned alternatives

in the other class and applies the same procedure. If there are q classes, this
procedure should be applied for q- 1 times. At each step, the model estimates

two utility functions from alternatives whose classes are given by the DM. One is
an increasing function with respect to criterion values and gives the utility of
placing alternatives to class k. The other one is a decreasing function and it gives
the utility of assigning alternatives to a lower class than k. At each step, the
utility values for alternatives are compared. An alternative is assigned to class k
if first utility function has a larger value and to a lower class if second utility
function has a larger value. At each step, after the assignment 3 mathematical
models are solved to improve the classification accuracy. First model is a linear
program and minimizes the overall misclassification error. If there are
misclassified alternatives according to the result of the first model, the second
model which is a mixed integer model wants to minimize the number of
misclassification. Correctly classified alternatives according to model 1 are taken
as given. After this, athird model which isalinear program is solved to maximize



the minimum distance (the difference between two utility values) of correctly
classified alternatives while misclassified alternatives remain as misclassified.
They apply this model to country risk assessment case.

Pasiouras et al. (2007) makes a multi-criteria application to UK firms. After an
audit, the firms are classified to two groups. First group consists of the firms that
are able to meet the requirements and the second group consists of the firms that
are not able to meet the requirements. They apply both UTADIS and M. H. DIS
to the company sorting problem for 4 different years each time using all the past
data set as the reference set. They also use two statistical techniques which are
debit analyses and logit analyses. Here M.H.DIS is applied in one step. Both
UTADIS and M.H.DIS gives better results than statistical techniques but they get
a classification accuracy of around 70%. They conclude that UTADIS and
M.H.DIS have a similar performance for this problem.

Zopounidis (1999) discusses how multi-criteria decision aids should apply to the
financial problems and list the benefits of them. He mentions the suitability of
multi-criteria approaches to the financial problems by giving application
examples briefly.

Doumpos and Zopounidis (2001) develop a system called FINCLASS that uses
UTADIS and its 3 variants in the classification problems at financial area. They
take the data of past years as reference set in UTADIS and estimate the
parameters of the underlying model. They use these parameters to classify the
aternatives in current year. They say that FINCLASS can be used for bankruptcy
risk evaluation, credit granting and assessment of corporate performance.

Weber (1985) proposes a method for ranking a set of alternatives. In the method,
he assumes an underlying piecewise additive utility function. He requires the DM
to give information on the utility values of hypothetical alternatives. These
hypothetical alternatives come from an orthogonal design. Each subinterval limit



of the marginal utility function of each criterion is thought as a level in the
orthogonal design concept. Criterion values of orthogonal alternatives are on the
[imits of subintervals. Weber (1985) mentions two methods. First one requires the
DM to give utility values of orthogonal alternatives which results in getting the
utility function of the DM completely by solving mathematical equations. The
other one requires the DM to give utility ranges for orthogonal alternatives.
Linear programs are solved to get information from the given ranges. He uses this
information to rank alternatives. If a complete ranking cannot be obtained, he
suggests to calculate the probability of each alternative being better than the other
aternatives. He uses these probabilities to rank the alternatives. Although he
proposes an approach to rank the alternatives, the ideas can be used in the sorting
problem as well.

Greco et. a. (2008) propose a multi-criteria ranking method. The preference
information is taken from the DM as pairwise comparison of alternatives. They
find necessary ranking on two alternatives if all utility functions compatible with
the preferences of the DM results a larger utility value for one of them. They find
a possible ranking if there exists at least one utility function compatible with the
preferences of the DM resulting a larger utility value for one of them. They
suggest an interactive procedure for ranking by using necessary and possible

ranking relations.

Koksalan and Ulu (2003) propose an interactive approach by assuming an
underlying additive utility function. There are already classified alternatives and
some preference information coming from the DM. The algorithm is proposed for
a linear utility function. For an alternative, dominance relations are checked first.
The class range the alternative can be placed is found. Then the convex
dominance relations between the alternative and already assigned alternatives are
checked to tighten the class range the alternative can be placed. After this,
weights space reduction method is applied and it is checked if there are feasible
weights which make the alternative better or worse than the alternatives in a class.

10



If no feasible weights are found, atighter class range is obtained. The found range
is presented to the DM and asked to select the class to place the alternative. It is
said that if there are not too many criteria, it is an effective procedure when there
isalarge number of alternatives.

Ulu and Koksalan (2001) propose another interactive approach to place the
alternatives to acceptable and unacceptable sets. The DM is asked to place some
alternatives to acceptable, barely acceptable and unacceptable classes. Two other
classes are defined for the alternatives not in acceptable class and not in
unacceptable class. For linear utility function case, dominance relations, convex
domination and weights space reduction techniques are applied. For quasiconcave
function cases, they first suggest to use dominance relations. Then they use the
idea that convex combination of acceptable alternatives are acceptable and
suggest to check if alternatives can be written as convex combinations of
acceptable alternatives. Then they use cone generating techniques. Alternatives
that are inefficient with respect to a cone generated by acceptable alternatives and
an unacceptable alternative are unacceptable. They check if alternatives are
inefficient with respect to cones generated. For the general monotone case, they
suggest to use dominance relations.

Koksalan and Ozpeynirci (2009) propose an interactive method that assumes an
underlying piecewise additive utility function. They find the best and the worst
class an aternative can be placed by checking if it is feasible to place the
aternative to particular classes. They narrow down the number of classes the
aternative can be placed. They place the alternatives whose classes are narrowed
down to one. If it is not narrowed down to one, they ask the DM to place the

alternative to one of the classes from the narrowed set.
In this study, we propose an interactive approach. We suggest a probabilistic

classification method. The algorithm we suggest is a generalization of the
algorithm Koksalan and Ozpeynirci (2009) propose. We assume that the DM has

11



an underlying additive piecewise utility function. We calculate the probabilities of
each alternative being in each class with the available class information given by
the DM. We make classification by comparing the probabilities with a given
threshold value. If we are not able to make a classification, we will ask the DM
class of an alternative and continue with the new information. We evaluate our
model by number of alternatives misclassified and number of alternatives placed
by the DM. We implement our algorithm to assign MBA programs to 3
preference ordered classes.

We suggest a probabilistic algorithm and the probabilistic approaches are not very
common. The DM can choose the probability threshold by considering the
amount of information §he wants to give and the amount of misclassification he
accepts. In our algorithm, we use linear programs to calculate probabilities. Using
linear programs instead of integer programs brings computational benefits.

In Chapter 1, we make a brief introduction and present the literature review. In
Chapter 2, we mention some methods. We use some ideas from those methods in
our study. In Chapter 3, we present the algorithm we developed. We give the
results of the implementation of our algorithm on example problems in Chapter 4.
Lastly, we give some conclusions and present a further study area in Chapter 5.

12



CHAPTER 2

BACKGROUND

We will briefly explain 3 different methods used for multi-criteria sorting and
ranking problems. We will use some of the ideas mentioned in these methods in
developing our algorithm. First how sorting problems can be handled by using
UTADIS method will be explained and the notation we use in our algorithm will
be presented. Then an interactive sorting approach developed by using the ideas
of UTADIS will be mentioned. Lastly, a method for solving the ranking problem
will be discussed. We will utilize some of the ideas developed for the ranking
problem in our algorithm for the sorting problem.

21. UTADIS

UTADIS method is developed by Jacquet-Lagreze (see for example Doumpos
and Zopounidis, 2004b). Thereisaset A of m alternatives a,, a,,...,a,, evaluated

using n criteria. UTADIS assigns these m alternatives to one of the q categories

C.,C,,...C, where C, is the most and C, is the least preferred one. Each

criterion range is divided into b subintervals and the marginal utility on each

criterion is thought to be piecewise linear on the criterion range. The utility of
each alternative is the sum of the marginal utility of alternatives on each criterion.
The assignment of alternatives to the classes is done according to the comparison
of utility thresholds with the utility values of alternatives.

13



Let j betheindex for alternativeswhere j =1,2,...,m, i betheindex for criteria
where 1 =1.2,...,n, k be the index for classes where k =1,2,...,q and p be the

index for subintervalswhere p=12,...,b..

Let gi(aj) be the score of alternative j on criterion i . Then U[g(aj )] isthe global

utility of alternative j where g(aj):[gl(aj ),gz(aj ),...,gn(aj )] .Let y, [gi(aj )] be
the marginal utility of alternative j on criterion i. Since individual utility function

of each criterion is piecewise linear, each criterion range is divided into b

subintervals [gi e p”], p=12..b.

Let subinterval p have an unknown utility value of w, on criterion i where

p+l rii+1

wip:ui[gip]- ui[gI ] If gir“Egi(aj)Egi’ for some 1£r, £b, then

p+l

u, [gi(aj )] is found by linear interpolation between u, [gip] and u, [gi ] Since

this is an additive utility function, U[g(aj )] = éﬂ U; [gi(aj) . We can also write
i=1

Classification is done by comparing the overall utility of each alternative with the
utility thresholds. Let u, be the utility threshold that separates the classes.

U[g(aj )]3 u, , then g, isinclass 1.
U, £U[g(aj )]<uk_l,then a; isinclass k for k=2,...,q-1

U[g(aj )]<uq_l , then a; isinclass q.
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There is a set of reference alternatives whose classes are known and UTADIS
aims to estimate the parameters of the underlying model in away to minimize the
misclassification errors. Misclassification errors are defined as follows:

s = max{O,uk - U[g(aj )]} for every a, 1 C,

J

s, = max{O,U[g(aj )] uk_l}, for every a, 1 C,

k=q
Let m =|C,/ and m =g m, .
k=1

The linear program used in UTADIS is as follows:

é3 . “+s U
Min éq éaajlck( J +SJ )l;|
k=1 & m, 1]
é i
sto
\I é’rgl i\a;)- irji l;l .
U g(aj).:agaV\lip+g$i...J1)—gr_iV\/irjil;ll J :l,2,...,mr 21)
i=1 @p=1 g" -9’ ol
Ulgla))- u +s,"2 0, "aic, (k=12..q-1) 2.2)
Ulola,))- u.-s, £-d, "aic, (k=23...9) 2.3)
Aaw =1 "i=12..n, p=12..b 2.4

i=1 p=1
u-u,ds "k=12..9-2
w,30, " i=12..,n p=12..b

(
(
(
. :
(
(
(
s,"20, 5,30, j=12..m (
where d and < are user-defined constants.

Constraint (2.1) expresses each U|g(a, )] interms of w,, values. If an alternative

isassigned to C, , then the utility of it should be greater than or equal to the utility

threshold u, that is the lower limit of class k. Congtraint (2.2) indicates this
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condition but it allows violation by an amount of s j+. Utility of an alternative
assigned to C, should be smaller than the utility threshold u, , that is the upper
limit of class k. Constraint (2.3) satisfies this condition by allowing violation by
an amount of s, . Congtraint (2.4) expresses that sum of utility values of all

subintervals should be equal to 1. This means utility of an alternative having the

maximum scores in all criteriais 1. Constraint (2.5) provides that the upper limit
of aclass is greater than its lower limit. Constraint (2.6) indicates that the utility
values of subintervals should be nonnegative. Constraint (2.7) ensures that the

amount of misclassification for each alternative is nonnegative.

UTADIS estimates the parameters of the model with the class information of the
aternatives in the reference set. The objective is to minimize the sum of
misclassification errors of the alternatives. It aims to find the model parameters
that can give the original classification of the DM for the reference set with the
minimum amount of misclassification. After estimating the parameters that
minimize the sum of misclassification errors, the other alternatives are classified
by calculating their utility values and comparing the utility values with the
estimated utility thresholds.

2.2. AN INTERACTIVE SORTING METHOD FOR ADDITIVE UTILITY
FUNCTIONS

K6ksalan and Ozpeynirci (2009) demonstrate that UTADIS can misclassify many
aternatives even when there is considerable preference information on hand.
UTADIS assumes that there is an underlying piecewise additive utility function.
UTADIS estimates the parameters of the underlying model and assigns
alternatives to classes using these parameters. Koksalan and Ozpeynirci (2009)
argue that there are many parameters to be estimated which result in many
alternative optimal solutions for the linear program used in UTADIS. This means

there are many different combinations of parameters that can give the original
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classification of the DM for the reference set. The classification of alternatives is
done by the estimated parameters. Therefore, classification of alternatives
depends on which alternative optimal solution is selected.

They make experiments with UTADIS and show that various numbers of
aternative solutions can be obtained with UTADIS. They solve an example
problem with 3 classes and get a solution with no misclassification. Then by
setting misclassification to 0 and solving the model with different objectives, they
end up with many different solutions and different classifications depending on
these solutions. With different solutions, each of the nonreference alternatives can
be in all 3 classes. They look at the deviations of the estimated parameters
obtained from the different solutions and underlying parameters. They say that the
deviations are very large. With these results, they make an observation that
UTADIS and its variations are not successful for the particular problem they
solved.

They propose an interactive method for classifying the alternatives and the
approach guarantees to classify all the alternatives correctly. They use similar
ideas used by Koksalan and Ulu (2003) for linear utility function cases. They
select an alternative and solve integer programs to find the possible classes the
aternative can be placed in. If the worst and best class of the alternative is same,
they place the alternative to that class. If the number of classes the alternative can
be placed is greater than 1, then they present the DM the possible classes of this
aternative and ask the DM to place. After placing this alternative, they select
another alternative. Each time the alternative is placed either by finding the class
of it or asking the DM. This procedure repeats until all alternatives are classified.

Let A bethe set of all alternativesand S be the set of alternatives whose classes

are not known. Let C, be the set of alternatives known to be in class k,
k=12..,q. Let a1 S.Let C" denote the worst class a, can be assigned to

and C” denote the best class a, can be assigned to.
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Here the notation presented in UTADIS is used. One difference isthat v; is used

instead of U[g(aj )] to denote utility of alternative j. They also define another

decision variable as follows.

« 11 if alternative | is assgned to class k
k710 otherwise
The following IP named IP1, , checkswhether the worst classof a, isclass h.

Max e
st.

Vj - éﬂ gagl i (aj)' girji 9

w_+ w, T, .
AL g g e Y (29

u £v, +M(L- x, )+e, k=12..,9-1 "al s-{a} (2.9)
Ui 2V, - M (L- xjk)+e, k=23..0, "a1 S-{a} (2.10)
n -1
43 w, =1 (2.12)
i=1 p=1
u-u.,3s k=12..9-2 (2.12)
o o
ax. =1 "als-{a} (2.13)
k=1
wev, "alcC (2.14)
u f£v,£u.,-e, k=23..9-1, "alC, (2.15)
v,Eu.,-e, "alC, (2.16)
v, Eu,-e (2.17)
e3 0 (2.18)
w,30, i=12..,n p=12..h (2_19)
XjkT {0,1}, ) ajT S- {at}’ k=12,..,9 (2.20)

They propose the theoremthat if 1P1, , isinfeasible, then C" is h.

a,,h
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If constraint (2.17) is changed with v, 3 u, ,, this IP is named as IP2, , and

a;,h

checks if the best class of a, is class h. They propose the second theorem if

IP2, , isinfeasible, then C? ish.

They suggest that LP relaxations of both 1P, , and 1P2, , should be solved

a,,h
before solving IPs. Constraint (2.9), (2.10) and (2.13) are for the unassigned
alternatives to be assigned to one of the classes while finding the worst or the best

class for a, . In the LP relaxation, these constraints are not written. If LP

relaxation is infeasible, then IP is infeasible. It is easier and less time consuming
to solve LP. If LP is feasible for a case, then IP which is thought to be more
restrictive should be solved.

They propose an algorithm that finds the worst and the best classes of each
aternative to be placed. They select an alternative. They solve IP1, , starting

from class 1 until it is infeasible for a class and find the worst class of the

aternative. If I1P1, , isfeasible for every h, then they decide that the worst class

a,,h

of alternative is class g. Then they solve IP2, , starting from the worst class of

the alternative until it is infeasible and find the best class of the alternative. If

IP2, , is feasible for every h, they decide that the best class of alternative is

a,.h
class 1. If best class and worst class of the alternative are same, then the
aternative is assigned to this class. If they are different, it is asked to the DM to
place the alternative to one of the classes between the worst and best class of the
alternative. The algorithm continues until all alternatives are placed.

They tried the algorithm on the example problem they solved using UTADIS and
they give the results based on the number of classes the alternatives are narrowed
down to. In that problem, for 38% of alternatives the precise class is determined.
40% of the alternatives are narrowed down to 2 classes and 12% of the
alternatives are asked to the DM for 3 classes.
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23.AMETHOD OF MULTIATTRIBUTE DECISION MAKING

Weber (1985) proposes a method for ranking a set of alternatives. In the method,
he assumes an underlying piecewise additive utility function. To rank alternatives,
he suggests a way to find ranges for utility differences of alternatives. After
finding ranges, he calculates probability of an alternative being better than
another alternative. He uses these probabilities to rank the alternatives. The
methods used in Weber’ s article, HOPE and HOPIE, will be mentioned next.

2.3.1. HOPE Method

HOPE method ranks a set of alternatives that are evaluated in multiple criteria. To
do this, it is suggested to ask the DM the utility value of a set of hypothetical
aternatives. The method assumes an underlying additive utility model and
piecewise linear marginal utility functions. These hypothetical alternatives come
from an orthogonal design in which the interaction between factors is not
considered. Each subinterval limit of the marginal utility function of each
criterion is thought as a level in the orthogonal design concept. Each criterion
value of each orthogonal alternative is on one of the limits of subintervals. Under
the assumption that there is no interaction between criteria, an orthogonal array is
constructed such that rows correspond to levels of an alternative. Number of
orthogonal alternatives asked depends on the number of criteria and number of
subintervals each criterion is divided. Let r correspond to the number of levels
on each factor. Addelman and Kempthorne (1962) state that if an orthogonal

array is constructed with no interaction between factors, the maximum number of

n

factorsthat can be handled with r" trestment combinationsis r 1
r -

. Inour case,

factors can be thought as criteria, number of levels as number of subinterval limits
and treatment combinations as alternatives. If there are 3 subinterval limits,

3F-1
3-1

=4 criteria can be handled at maximum with 3% alternatives and 13

criteria can be handled at maximum with 3° alternatives. Hedayat et. al. (1992)
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explain how asymmetric orthogonal arrays where each factor has different
number of levels are constructed.

Mathematical equations can be written on the utility of levels. Since it is an
additive utility function, utility of each orthogonal alternative can be written as
the sum of the utility of levels. The utility of each level is an unknown. Let there

be n criteriaand r levels on each criterion. Let u;, be the utility of level p on
criterion i and a; denotethe alternatives. h; isthe utility of alternative j. z, is
the value corresponding to level p on criterion i. y; isthe value of alternative
j oncriterion i . Since dternatives are defined by an orthogonal design, each y;
value of orthogonal aternatives is equal to one of the z, values for each i . Then,

the value of u;, can be found by solving the following equation:

U, :(a h) st vy = Zip)' (é hy st y;= Zil) "iand "ptl

Since it is assumed that the DM is able to give h; values for orthogonal
alternatives, then the value of each u;, can be found. This equation can be written
because of the orthogonality concept. When h; st. y,; =z, are summed, we
have r>u;., andthesumof u;, for it i and " p. The second summation is done

for the p=1 on criterion i'. When we take the difference, we end up with

r{u, - Uy ).

Since we work on utility values, it can be scaled between 0 and 1. Then it is
assumed that u, =0 for"i because they are the minimum values on each
criterion i. Similarly 5 u, =1 because u, corresponds to the maximum value

i=1

on each criterion i . Therefore we can get the u;, valuesforeach i and p.
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By solving the linear equations, one can get the utility values of the levels. This
means the underlying utility model is completely found. Then the utility values of
the actual alternatives are found by making linear interpolation on the utility
values of the subinterval limits. Then ranking is done according to the calculated

utility values for each alternative.
2.3.2. HOPIE Method

HOPE method asks the DM the utility values of a set of alternatives. Weber
(1985) discusses that it is not an easy task for the DM to give the exact utility
values of the alternatives and he suggests HOPIE method to get rid of this. The
orthogonal design concept is again used. The utility ranges of the hypothetical
orthogonal alternatives are asked to the DM. A linear program is written using the

range of orthogonal alternatives. The constraints of LP are orthogonal to each

other. Let the interval coming from the DM be [h? hf]. The set of constraints

I

used in HOPIE method is as follows:

r>u, = (é hj st. Yy, =% )' (é hj st. y; = Zil)’ i, "ptl (2.21)
h®h, "] (2.22)
h £h7, "] (2.29)
h-h.20 if a fa, (2.24)
Up- Uy ® 0, "0, j=23..1 (2.25)
a u, =1 (2.26)
i=1

u, =0, "i (2.27)

The utility of each level and utility of orthogonal alternatives are decision

variables and constraint (2.21) provides mathematical equations on the decision
variables with the same idea of HOPE. Constraint (2.22) and (2.23) set bounds
on the utility of orthogonal alternatives. The utility range given by the DM for
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each alternative is written as constraint. Constraint (2.24) is written if the DM has

given any preference information on the alternatives.

Two LPs are solved for each pair of alternatives which are to be ranked subject to
constraints (2.21)- (2.27). The objective of the first LP is to minimize the
difference of the utility values of two alternatives and the objective of the second
LP is to maximize the difference of the utility values of two alternatives. If the
number of alternatives to be ranked is m, then mxm- 1) LPs should be solved.

By solving these LPs, preference information can be obtained. For two

alternatives a, and a, , if min(h - h )3 0, then a, isa better aternative than a, .

If max(h, - h)<0, then a isaworse dternative than a, .

If the calculated range for utility difference of two alternatives does not include O,
information about which alternative is better is obtained. If it includes O, then the
information of which alternative is better cannot be obtained. For the situations
which an exact result cannot be obtained, Weber (1985) suggests calculating
probability of an alternative being better than another alternative. It is assumed
that the distribution of the difference of utility values can be approximated by
symmetric triangular distribution within the range calculated.

Weber (1985) states that this approximation is based on the assumption that the
individual utility values of alternatives follow a uniform distribution between the

interval I ,h’|. The distribution of the difference of utility of two alternatives

I

can be approximated by the convolution of distributions on the intervals [hjf : hj*] :

According to Weber (1985), probability of a, being better than a can be

approximated by symmetric triangular distribution. Let a=min(h - h),
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b=max(h - h) and p= P[(ht -h)3 O]. It can be found from the following

formula:

i1 if a>0

! 2

-2 2 _ it aco, @+rb)
I b-a)

. 2

i P @b o p>o

: (b- a) 2

f0 if b£oO

The calculated probabilities are thought as a measure of strength of preferences.
Weber (1985) suggests a ranking in accordance with the calculated probabilities
and tries to obtain “a most similar” ranking.
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CHAPTER 3

AN INTERACTIVE PROBABILISTIC MULTI-CRITERIA
SORTING ALGORITHM

3.1. OVERVIEW OF THE ALGORITHM

We aim to classify a set A of m alternatives a,,a,,...,a,, evaluated using n
criteriainto one of the g classes C,,C,,...,C, where C, isthemost and C, isthe

least preferred class. We assume an underlying additive utility function. Additive
utility functions can represent a quite general behavior. The marginal utility of
alternatives on each criterion is thought to be piecewise linear. A isthe set of all

alternatives. Let C, be the set of alternatives whose classes are not known and C,
be the set of alternatives whose classes are known. A=C, E C,. Using the class
information of alternatives in C , we make inferences about the classes of
aternatives in C,. We classify alternatives in an iterative way. We start using

class information given to us. For each alternative, we calculate probability of
belonging each class using available class information. After calculating
probabilities, we try to assign alternatives to classes either exactly or
probabilistically. Probabilistic classification is done by comparing probabilities
with a given threshold value. If we cannot classify any alternatives with the
available information, we ask the DM to place an alternative. With this new

information, we calculate new probabilities and try to assign alternativesin C, to
classes. This procedure continues until all the alternatives in C, are assigned to

one of the classes.
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We propose two different approaches. One is to compare the unassigned
aternatives with readily assigned alternatives. We find probabilities for each
unassigned alternative being better than readily assigned ones. The other is to
compare unassigned alternatives with utility thresholds and calculate probabilities
for each unassigned alternative being better than each utility threshold.

32. THE ALGORITHM WITH PAIRWISE COMPARISON OF
ALTERNATIVES

A probabilistic classification is suggested by using the probability of an
alternative being better than an alternative whose class is known. This algorithm
compares the utility of each alternative to be classified with the utility values of
already assigned alternatives. We find the minimum and the maximum values of
utility differences of each unassigned alternative and each assigned one. We find
ranges for the differences and calculate the probability of each alternative being
better than an assigned alternative. Alternatives are classified by comparing
probabilities with a given probability threshold according to some conditions
which will be defined later. Alternatives that satisfy the conditions will be
assigned to classes. If no new alternative can be classified with the available
information, the DM is asked to place a chosen alternative to its correct class. In
the light of the new information, we will find ranges, calculate probabilities and
try to assign the remaining alternatives to classes. Same procedure will be applied
until all the alternatives are classified.

3.2.1. Linear Programsfor Utility Ranges
In our agorithm, we assume an underlying additive utility function similar to
UTADIS. UTADIS estimates the parameters of the underlying utility function.

However, our algorithm does not require making such estimations. We work with

different objectives instead of minimizing the sum of misclassification errors.

26



Any misclassification of the alternatives in C, is not alowed in the models we

used. We do not let violation of any class constraints.

For each alternative in C,, we want to find the minimum and the maximum

values of its utility difference with each alternative in C, using available class

information. We use the notation presented in UTADIS.

Let j betheindex for alternativeswhere j =1,2,....m, i betheindex for criteria
where 1 =1.2,...,n, k be the index for classes where k =1,2,...,q and p be the

index for subintervalswhere p=12,...,b..

Let gi(aj) be the score of alternative j on criterion i . Then U[g(aj )] isthe global

utility of alternative j where g(aj):[gl(aj ),gz(aj ),...,gn(aj )] . Let u [gi(aj )] be

the marginal utility of alternative j on criterion i. Each criterion range is divided

into b subintervals [gip,gip”], p=12..b.

Let subinterval p have an unknown utility value of w, on criterion i where

p+l

w, :ui[gip]- ui[gI ] If gir“Egi(aj)Egi'“”for some 1£r; £b, then

ol ] 4 S, - BR)-9"), &
i=1 @p=1 g -0 3|

Let a T C. . Let thefollowing constraints define the constraint set S:
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w
=

(3.2)
(3.3)
(34)
U -u,3s "k=12..9-2 (35)
W, 30, "i=12..n, p=12..b (3.6)

d and s are user defined constants. In our calculations, wetake d as 1x10°° and
s as 1x10°%. Constraint (3.1) expresses utility of alternatives that are members of
C, in terms of w,, values. Constraint (3.2) indicates that if an aternative is
assigned to C, , then the utility of it should be greater than or equal to the utility
threshold u, that is the lower limit of class k. Constraint (3.3) indicates that
utility of an alternative assigned to C, should be smaller than the utility threshold
u,_, that is the upper limit of class k. Constraint (3.4) expresses that sum of
utility values of all subintervals should be equal to 1. Constraint (3.5) provides
that the upper limit of a class is greater than the lower limit of that class.
Congtraint (3.6) indicates that utility values of subintervals should be

nonnegative.

Let a, T C,. Tocompare a with &, we solve the following models:

LP,,"

Min U[g(a,)]- U[g(a )]
sto

(3.1)- (3.6)
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LR,

Max U[g(a)]- U[g(a )]
sto

(3.1)- (3.6)

These models should be solved for each alternative a, T C, and for each a1 C, .
Let the optimal objective function value of LP,," for a and a be obj.,(t,1)

and the optimal objective function value of LP,," for a, and a be obj;,(t,1).

If obj,,(t1)20 for alC., then obj;,(tI)20 for gl C, where
K= K+LK+42,...q.
If obj:,(t,1)3 0, then obj,(t,1)3 0.

Obtaining obj;,(t,1)2 0 for any a 1 C,, we know that a, is a better aternative
than a so the worst class of a, isthe classof & . Then there is no need to solve
LP,," for the remaining alternatives in C, which are in the same class with a,

and which are in aworse class than the class of a, . Thereis also no need to solve
LP,," for the alternatives which are in the same class with &, and which areina

worse class than the class of a, .

If objs,(tl1)<0 for al C_, then obj,,(tI)<0 for al C, where
k=212,..,k-1.
If obj,(t,1)<0, then obj;,(t,1)<O.

Obtaining obj,(t,1)<0 forany a 1 C, meansthat a, isaworse aternative than

a, <0 the best class of a, isthe class of & . Therefore, there is no need solve
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LP,," for remaining alternatives in C, which are in the same class with a, and

which are in a better class than the class of & . There is also no need to solve

LP,," for the alternatives which are in the same class with &, and which areina

better class than the class of a, .

Let |Co| =m, and |C,| = m,. Then the maximum number of linear programs to be

solved is 2xm, xm, .

3.2.2. Probability Calculation

In our study, we assume that the DM has an underlying additive utility function
and utility thresholds that separate the classes. The DM classifies the alternatives
by using this utility function and utility thresholds. We do not know the actual
parameters of the DM. If we make an exact classification by using our algorithm,
we are able to present the DM the original classification. When we make
probabilistic classification, we want to make a classification close to original
classification of the DM. We do not know the actual difference found by using
the parameters of the underlying model of the DM but we have the information of
the minimum and maximum value the difference can take. We try to fit
appropriate probability distributions to the difference. We first assume that the

difference of the utility values of alternatives follows uniform distribution within

the range [obj 21 (t.1),0bjs, (¢! )] Assuming uniform distribution implies that actual
difference can be each of the possible values in the found range with equal
probability. We wonder if actual values are more likely to be some of the values
in the range. We look if we can work with different probability distributions. We
try to fit a symmetric triangular distribution to the difference. After this, we work
on the distribution of utility values of subintervals to find a distribution to the

difference. We assume that the utility values of subintervals follow uniform
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distribution within their possible range. Under this assumption, we fit a normal
distribution to the difference.

We use symmetric distributions because the only information we know about the
difference is the range. We do not have any information about the difference

being more likely on the right or left side of the range.

Uniform Distribution

We assume that the difference of utility of alternatives has a uniform distribution

between the calculated the minimum and maximum value. Utility difference
follows U [obj;, (t,1),obi:, (t.1)] for &, T C, and a1 C, .

What we need in our model is P[U[g(a,)]- U[g(a )]® 0]. Let a=obj;,(t,I) and
b=obj,, (t.!).

Let p(t,1)=P[U[g(a,)]- U[g(a )]? 0] and then plt,!) is found as follows:

i1 if a>0

p(t,l)::i:EE: 3 if a£0, b>0

f0 if bE£O

Symmetric Trianqular Distribution

We can think that the utility value of each alternative follows a uniform
distribution. We can find the minimum and the maximum values of them subject
to constraint set S. Then we can work on the distribution of the difference of two
uniform random variables. We know that the difference of two independent
uniform random variables either follow a symmetrical triangular distribution or a

trapezoid distribution. Let random variable X, follow U[min,,max,] and X,

follow U[min,,max,]. If the widths of the ranges of uniform random variables
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are same, then the difference X, - X, followsasymmetric triangular distribution
within the range [min,- max,,max,- min,]. If they are not same, the difference

follows a symmetrical trapezoid distribution within  the range

[minl- max , , max, - minz].

We can use these distributions for the differences if the uniform random variables
are independent. In our case, the utility of alternatives are not independent from
each other. Weber (1985) approximates the utility difference of alternatives with
symmetrical triangular distribution within the range. Since they are not
independent of each other, assuming the difference follows a symmetrical
triangular distribution will be only an approximation. This implies that actual
value of difference is more likely to be close to the middle of the interval.

If we assume that the difference of the utility values of alternatives follow a
symmetric triangular distribution, probabilities will be calculated in the following
way:

Let a=o0bj;,(t,!), b=obj,(t1) and p(t,!)=P[U[g(a)]- U[g(a)]* 0]. Then

p(t,1) isfound as follows:

i1 if a>0
'r 2
-2 & it ago @b,
| (b- a)

=1 (a+b)
fp B it B%%¢0 p>0
: (b- a) 2
f0 if bE£O

Normal Distribution

We try to fit a normal distribution to the differences of utility values of
aternatives. To justify this, we worked on the distribution of the utility values of
subintervals and used them to find the distribution of utility values of alternatives.
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Recall that U[g(aj IE éﬂ gglwp + (gi gajl) girr“ )W”I ;
i=1 @p=1 g" -g° J |

From the above equation, it is understood that the marginal utility of each

aternative can be written as the sum of w, values for the first (r; - 1)

subintervals and Wi multiplied by the coefficient found by the linear

interpolation of g, (aj) between g," and g," ™. Let zip(aj) denote the coefficient

of w, for aternative j while expressing U[g(aj )] Then we can write the

following equation:

n b
olole)=4 & 2o,
i=1 p=
where

il if p<r;

|

i (gi(aj)' girii) -
! =9 f
z,p(aj) :W |

fo it p>r,

Distribution of Utility V alues of Subintervals

We work with the probability distributions of the utility values of subintervals.

Using the distribution of each w;, , we will find a probability distribution for each

U[g(aj )] We can find the minimum and maximum value each w;, can take

subject to constraint set S. For this aim, we need to solve the following models
fori=12..,nand p=12...,b.
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LP,,""

Min  w,
sto
(3.1)- (3.6)

LP,,""

Max wi,
sto
(3.1)- (3.6)

Let obj:,(i, p) be the optimal objective value of LP,,"" and obj;,(i, p) be the

optimal objective value of LP,,"?. We need to solve 2x b LPsto find the

=
range of all w,, values. Each w,, can take any value between obj; (i, p) and
obj;, (i, p). The only information we have for each w;, is its range and we will
assume that each w, follows uniform distribution within obj;,(i, p) and
obj., (i, p). Let n{ ) be the expected value of w;, and s (wip) be the standard

deviation of w;,. Then;

e ] = ) = (DIl P)+ i . p)

2

2 _lobjz, (i, p)- objzsli, i
V|- 2, )= 0 p)lz isp))

Distribution of Utility VValues of Alternatives

We need the distribution of utility values of alternatives. We assume each w;, isa

random variable. Then each U[g(aj )] will be arandom variable since it is alinear

combination of random variables. We assume that w,, values are independent of
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each other. This means that the utility of each subinterval is independent from the

others.

Each U[g(aj )] will be the sum of at most é b uniform random variables. We

i=1
use Central Limit Theorem and approximate the distribution of sum of m

independent uniform variables by a normal distribution even for small values of

m. By using this information, we assume that U[g(aj )] will follow a normal
distribution. Letn{aj) be the expected value of U[g(aj )] and s(aj) be the

standard deviation of U [g(aj )] n{aj ) and s 2(aj ) can be calculated as follows:

2d 3 d 3
V§J[g(aj )]u:S 2(aj):\/ga a le(aj)xwlpgz a a (Zip(aj ))2 »/ Wip]
ei=1 p=1 u i=1 p=1
n b
= é é (le (aj ))2 S Z(V\Iip)
i=1 p=1

Distribution of the Difference of the Utility of Alternatives

We need the distribution of the difference of each U[g(a, )], a T C, from each

U[g(a )], a1 C,. We found that both U[g(a, )] and U[g(a, )] follow a normal
distribution. Let d, =U[g(a,)]- U[g(a )].
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g 3 g 3 g 3
dtl :a a Z|p(at)x\N|p - a a Zip(a'l)xvvip :a a [Zip(at)_ Zip(al)]xvvip
i=1 p=1 i=1 p=1 i=1 p=1

Let m(d,) be the expected value of d, and s (d,) be the standard deviation of
d,. m(d,) and s 2(d,) can be calculated as follows:

Eld,]=d,) = E54 4 [z, (a)- zip(a)]wp§=§§[zm(a1)- 2, (a )i, )

@i=1 p=1

ég 8 u_ g 3§
V[dtl] =S 2(dtl):Vea a [Zip(at)- Zip(al )]ng: a a [Zip(at)_ le(al ) ’ ) 2(\Nlp)
ei=1 p=1 u i=1 p=1

We found that d, follows N[n(dt, ).s 2(d, )] . We have a constraint on the sum of

n b
w,, values. For our problem, § § w,, =1. We need to find the distribution of the

i=1 p=1

n b
difference under this condition. Let Y=§ § w,, then Y is the sum of
i=1 p=1

a b, uniform random variables. We need to find the joint distribution of d, and
i=1

Y to find the conditional distribution of the difference. Letm(Y) be the expected
valueof Y and s (Y) be standard deviation of Y. m(Y) and s 2(Y) are calculated

inasimilar way.

3 g 3
elv]=n{v)= £G4 & w, =4 & Elw,]=& & rlw,)
(=3

@i=1 p=1 i=1 p=1 i=1 p=1

n b 5
VIv]=s2(v)=vE A w,i=A A Vlw,]=4 &s2(w,)
G=4a a

ei=1 p=1 i=1 p=1 i=1 p=1

We found that d, follows N|m(d,)s 2(d,)] and Yfollows N[m(¥)s *(V)

approximately. d, and Y are not independent from each other since they are
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different linear combinations of the same random variables. The joint distribution

of the two dependent normally distributed random variables d, and Y can be
defined as a bivariate normal distribution (Hines et. a. p. 160). We know the
means and the variances of d, and Y but we need to find the correlation
coefficient r to define the bivariate normal distribution. Let us denote d, as D,
md,) a nm(D) and s(d,) as s(D). Let Cov(D,Y) denote the covariance
between D and Y. r can be found from the following equation.
. Cov(D,Y)

s(Dk (v)
Weknow s (D) and s (Y). We need to find Cov(D,Y).
Cov(D,Y)=E[(D- m(D))(Y - m(Y)]]
Cov(D,Y) = E[DY]- mD)E[Y]- E[D]m(Y) + m(D)m(Y)
Cov(D,Y) = E[DY]- m(D)m(Y)

We need to find E[DY] to find Cov(D,Y).

by B ey § ol
E[DY]= E€a a [2,(a)- z,(a)]w, £a & w,
i=1 p=1 i=1 p=1 a
ey 5 g Y oV
E[DY]= fgaaaa ENCHRERCH| R ¢
i=1 p=li'=1 p'=1 A
& 343 0
E[DY]= aaa a [2,(@&)- z,(a ) Elw, w., ]z
i=1 p=li'=1p=1 9

Since we assume w,, values are independent of others, E[vvip xw,p] can be

written as E[wip] = wi,p,] :
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elov]=4 & [2,(a)- 7,(a ) €lw,’]

i=1 p=1

d 883

+A 84 4R) 2@ )], ]- & &l @) 2@ ) Ew]

i=1 p=1i'=1 p'=1

Elov]=4 & [2,(@)- z,(a )] 4w, ]+ Elw, )

i=1 p=1
0 8

i=1 p=1

+A A4 ALR)- 26w, e, ]- & &lz@)- 2@ )EmW]

i=1 p=1i'=1 p'=1

Elov]=4 & [2,(a)- 2,(a )] 2w, )+ P (w,)

i=1 p=1

n b n b

+A 84 4l0)- 2 )]y, )xlw,)-

i=1 p=1i'=1 p'=1

i=1 p=1

8 4 lz,(a)- 2, ) ohw,

i=1 p=1

After finding E[DY], we canwrite Cov(D,Y) and r .

Cov(D,Y)=E[DY]- n(D)xm(Y)

The joint distribution of D and Y follows a bivariate normal distribution with

parametersm(D), s (D), m(Y), s 2(Y), r .

We scale the utility of alternatives between O and 1. Y can be thought as the

utility of an alternative that has the maximum scores in all the criteria. In our

case, Y is equal to 1. Therefore, we need the distribution of utility of each

alternative given that Y is equal to 1.

Conditional distribution of bivariate normally distributed random variables
follows normal distribution (Hines et. al. p. 162). For a particular value of Y, D

will follow normal distribution with parameters E[DJY = y| and V[DJY = y].

E[D}y = y]=n(D)- r
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V[DlY = y|=1- r 2 2(Y)
Asitisseen, V[D|Y = y] does not depend on the value of y. For our case, y =1.

Let d,' denote DY =1. Let m(d,') be the expected value of D|Y =1 and s (d, ')

be standard deviation of D|Y =1.

(d,") = E[DY =1]= n(D)- %(1- )
s 2(d,")=V[DlY =1 = {t- r 2 2(Y)

Probability Calculation

We need the probabilities of a T C, being better than each a1 C,. We found
the parameters of the distribution and we can calculate the probabilities.
However, we have more information about the difference. We have found the
minimum and maximum value the difference can take. Outside the found range,
the value of the difference is not feasible subject to constraint set S. We will work
on the part of the assumed distribution which is feasible subject to constraint set
S.

Let plt.1)=Pld,'s dobis,(t.1)£ d, "€ obis, (t.1)], plt.!) is found as follows

o) = PL0e )G (obiz (1) £ £ oy (1))
Plobi:, (t.1) £ d, '£ obj, (t.1)]

If obj,(t,1)3 0, the intersection is the universal set and all possible values of d,

are greater than 0 and pft,1)=1.

If obj;,(t,/)<0 and obj;,(t,1)3 0,
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oftl)= Pl(d, s 0)¢ (obis, (t.1) £ d, € obis, (1)) - Plo£d, £ obi, (t.1)]
Plobi, (t.1) £ d, £ obj3, (t1)] Plobi;, (t.1) £ d, "€ obi, t.1)]

f?bjsz(tl) rr(dtl ; rr(d“ +

p(t’l):fa)bj;z(t,l) n~(ﬂdﬂ )+ ‘;)bj3l(t |) rr(dtl )9

s(d,) s(d,) &

If obj;,(t,1)<0, the intersection is an empty set and there does not exist any

possible value of d, that isgreater than 0 and p(t,1)=0. In summary,

i1 if obj,(t1)20
P i) nfd,)o 2 nfd,)o
L€ sl) 5 T
_I_fabbj;z(til) n(dtl )0 fabblsl(t I) n(dtl).
TEosl) 5§ s@) 5
f0 if obj,(t!)<0

if obj;,(t,1)<0 obj,(t1)30

Grouping Probabilities

Probabilities are calculated for each alternative in C; against each alternative in
C,. The calculated probabilities are grouped according to the classes of
aternatives in C, . For each alternative in C,, probabilities of being better than

the alternativesin C. which arein class k are grouped together and the minimum

and maximum of them are selected.

Let max,(t) denote the maximum probability of a being better than any
alternative in class k and min, (t) denote the minimum probability of a, being

better than any alternative in class k.
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max, (t)=max p(t,!)

gl Cy

min, (t) = min p(t,1)

3.2.3. The Classification of Alternatives

We make the classification by comparing min, (t) and max,(t) with a given
threshold on probabilities for each a . Let th denote the threshold on

probabilities.

Exact Classification

If we set th as O, then we will make an exact classification. Since all the
aternatives are either correctly classified or asked to the DM, the algorithm

works with exact information.

If max, (t)=1, then a, is better than an alternative in class k and there does not
exist any set of parameters that makes a, worse than that alternative in class k,

Therefore, the worst class of a, is k.

If min,(t)=0, then &, isworse than an alternative in class k and there does not
exist any set of parameters that makes a, better than that aternative in class k,

Therefore the best classof a, is k.

With these probabilities we can make an exact classification if the following
conditions are satisfied:

If max,(t)=1, then a, isin C,.

If max,(t)=1and min,(t)=0,then a isin C,.
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If min,(t)=0, then a, isin C,.

Probabilistic Classification

If th>0, then we make a probabilistic classification. We assign alternatives to
classes even though we do not have exact information about their classes. The

assignment of alternatives to the classes is done in the following way:

If max, ()3 (L- th), then a, is better than an alternative in class k with at least
(1- th) probability.
If min,(t)£th, then a is worse than an alternative in class k with a least
(1- th) probability.

With these probabilities we can make a probabilistic classification if the
following conditions are satisfied:

If max,(t)3 (1- th), then a, isassignedto C,.
If max, (t)2 (1- th) and min,(t) £th, then a, isassigned to C, .

If min(t) £ th, then a, isassigned to C, .

With the calculated probabilities, the alternatives in set C, which satisfy one of

the above conditions are classified. If no assignments are done with the available
information, then the DM is asked to place an alternative to a class. With the new
class information taken from the DM, new ranges and probabilities are calculated
and assignments are done accordingly. Each time, narrower ranges are calculated
for each alternative because linear programs are solved for the same objectives
with more constraints. This procedure will repeat until all the alternatives are
assigned to a class. Each time after the probabilities are calculated, either one of
the mentioned conditions is satisfied and at least one alternative is classified or
the DM is asked to place an alternative.
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3.2.4. Selection of the Alternativeto Ask the DM

To select the alternative to be asked to the DM, the following procedure is
applied. Let a° denote the selected alternative to be asked to the DM. For each
al C,,

dy (t) = min(min, (t)- max,, (t))

a,° =argmind, (t) is selected to be asked to the DM.

al G
Thisaimsto ask the alternatives which are thought to be close to utility thresholds

that separate the classes. It is known that min, (t)>max, ,(t) since the worst
aternative of C,_ , has a greater utility than the best alternative of C, . We think

that class information of such alternatives will give us more restrictive constraints

than the other alternatives and give us narrower utility ranges.

When we select the alternative to present to the DM for placement, we have some
information about the class of the alternative. Although the algorithm is not able

to classify a,° exactly, it can narrow down the number of classes it can be placed.

According to the available information, it will be infeasible for a,” to be placed in

some classes. Therefore, while asking the DM, we can provide fewer classes to
select from.

If maxk,(ts):l, then a° cannot be placed to a worse class than k'. If
maxk,(ts):l and maxk,_l(t5)<1, then k' will be the worst class a,° can be
placed. If mink,,(ts):o, then a,” cannot be placed to a better class than k. If

0< mink,,+l(t5), then k' will be the best class a,° can be placed. This means a°

can be placed to classes k' k'+1,...,k". The DM can decide between k'- k'+1

classesinstead of q classesto place a,”.
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3.2.5. The Algorithm

We suggest two different ways to implement the approach we proposed. One is
using the class information of assigned alternatives by the model to classify
aternatives. The class information of the assigned alternatives will be taken as
given even though they may be incorrectly classified. If there are alternatives
assigned by the model, then linear programs should be solved again and new
probabilities should be calculated by considering the information coming from the

recently assigned alternatives.

The second one is using only the class information given by the DM. Here, we
will use the class constraints of alternatives whose classes are given to us by the
DM. The class constraints of the assigned alternatives by the algorithm are not
added to linear programs. If there are alternatives assigned by the model, then
linear programs need not be solved again because we will not use the information
coming from the assigned alternatives. In this way, after assignments are done
with the available information, class of an alternative should be asked to the DM
to get new information. Here, we use class information of alternatives given to us
at the beginning or asked to the DM during the classification process.

Step 0: Separate the alternatives into two sets C, and C, . Put the alternatives to
be classified to C, and put the alternatives whose classes are known to C, . Group
the alternatives in C, according to their classes and put them into sets
C.,C,,...,C,. Let h beused to count the alternatives assigned in an iteration. Let

k denotethe class index.

Step 1: Set k=1 and h=0. Go to step 2.
Step 2:

Foreach a1 C,;

Step 2.1:

Solve LP,," for a, andeach a, 1 C, .



If obj,(t,1)3 O foroneof a1 C,, goto Step2.2.

If k% g and obj;,(t,])<0foral ai C,, set k=k+1and goto Step 2.1.
If k=q and obj;,(t,])<0for & T C,, goto Step2.2.

Step 2.2:

Solve LP,," for a, andeach a1 C, .

If obj,(t,1)<0 forone a1 C,, gotoStep 2.3.

If k1 1and obj;,(t,1)3 0foral a1 C,,set k=k-1andgotoStep2.2.
If k=1 and obj,(t,1)2 0 foral a1 C,, goto Step 2.3.

Step 2.3:

Find p(t,1) for each a for which both obj;, (t,1) and obj;,(t,I) is found.
Find max, (t) and min, (t). Go to Step 2.4.

Step 2.4 :
If max,(t)3 (1- th), take a, from C, and assignto C,. Set h=h+1.

If max,(t)3 (1- th) and min,(t)£th, take a from C, and assignto C,. Set
h=h+1.
If min(t) £ th, take &, from C, and assignto C,. Set h=h+1.

Step 3:
If |C,| =0, goto Step 4.
If |C,| >0 and h>0, goto step 1.

If |Co/>0 and h=0, find a° =argmind,(t) and present the DM the possible

al G

classes of a,. Ask the DM to place a, to one of the presented classes. Take this
alternative from C, and assign it to the class, C,. , chosen by the DM. If |C,| >0,
gotostep 1. If |C,| =0, goto Step 4.

Step 4: Present alternativesin C, asinclass k tothe DM for k =1,2,...,q.
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This algorithm uses both correct and potentially incorrect information. If we want
to work with only guaranteed correct information, the algorithm will be modified

as follows:

Let C,' denotethe set of alternatives assigned by the model to class k.

Step 2.4

If max,(t)3 (1- th), take a, from C, andput a, to C,' and h=h+1.

If max,(t)3 (1- th) and min,(t)£th, take a, from C, and put a, to C,' and
h=h+1.

If min(t) £ th, take &, from C, and put a, to C,' and h=h+1.

Step 3:

If |C,| =0, goto Step 4.

If |Co|>0, find a° =argmind,(t) and present the DM the possible classes of

al G

a, . Ask the DM to place a, to one of the presented classes. Take this alternative
from C, and assign it to the class,C,., chosen by the DM. If |C,| >0, go to step
1.1 |C,| =0, goto Step 4.

Step 4: Present alternatives in C, and C,' as in class k to the DM for
k=12..q.

This algorithm uses only guaranteed correct information which constitute of the
classes of alternatives given to us by the DM at the beginning or during the

solution process.
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3.3. THE ALGORITHM COMPARING ALTERNATIVESWITH UTILITY
THRESHOLDS

We suggest a probabilistic classification by calculating the probability of each
alternative being in each class. We calculate probabilities in a different way. We
find the probability of alternatives to be classified being better than utility
thresholds that separate the classes. We look at the minimum and maximum
values of the difference of utility of each unassigned alternative and each utility
threshold. We find ranges for the difference and calculate probabilities under
assumptions on the distribution of the differences. After calculating probabilities,
aternatives are classified by comparing probabilities with a given threshold. If
none of the alternatives are classified with the available information, the class of
an alternative is asked to the DM. Same procedure will be applied until all the
alternatives are classified.

3.3.1. Linear Programsfor Utility Ranges

In this case, we work with the same constraint set but different objective functions
compared to the previous case. We compare unassigned alternatives with the
utility thresholds. We find the minimum and maximum values of the difference of
utility of each alternative from each utility threshold. To find the ranges, two

linear programs should be solved for each a, 1 C, and each u, . The objective of
the first model is to minimize the difference of utility of a, from u, and the
objective of the second model is to maximize the difference of utility of a, from

u, . Thelinear programs used in the model are as follows:

LR,

Min U [g(at )] - Uy
sto

(3.1)- (3.6)
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LR, "

Max U [g(at )] - Uy
sto

(3.1)- (3.6)

These models should be solved for each a1 C, and for each u, for
k=12,..,q- 1. Let the optimal objective function value of LP,."* for a, and
u, be obj,(t,k) and the optimal objective function value of LP,,'*for a, and

u, be obj;,(t,k).

If obj(t,k)2 O for u,., then obj;4(t,k)2 O for u, for k =k+1k'+2,...,q- 1.

If obj;(t,k)3 0, then obj;,(t,k)3 0.

Obtaining a positive value in the minimization problem, we know that a, is better
than u, so the worst class of a, is k. If we find obj; (t,k')3 0, then there is no
need to solve LP,."* for a, and u, for k =k'+1Lk'+2,...,q- 1. There is also no

need to solve LP,,"“for a and u, for k =k',k'+1,...,q- 1.

If obj,(t,k) <0 for u,., then obj;(t,k) <0 for u, for k =12,....k* 1.

If obj:,(t,k) <0, then obj;(t,k)<0.

Obtaining a negative value in the minimization problem, we know that a, is a

worse alternative than u, so the best class of a, is k+1. If we find
obj,,(t,k')<0, then there is no need to solve LR, for a and u, for

k=12,...k-1. There is also no need to solve LP,,"“for a and u, for
k=12,..,k'".
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Let |Co| =m, and number of classes be . Then the maximum number of linear

programs to be solved is 2xm, ¥q - 1).

3.3.2. Probability Calculation

Uniform Distribution

We calculate the probabilities in a similar way as in the previous case. It is
assumed that the difference of the utility of each alternative and each utility
threshold has a uniform distribution between the calculated minimum and

maximum values. Each utility difference follows U [obj s (t, k), 0bj. (t, k).

What we need in our model is P[U[g(a)]- u, 3 0]. Let a=obj;(t,k) and

b = obj; 4 (t k).

Let p,(t)=PU[g(a )]- u, 2 0]. Then p,(t) isfound as follows:

i1 if a>0

Symmetric Trianqular Distribution

We work with the difference of utility of alternatives and utility thresholds. The
values of utility thresholds depend on the utility values of alternatives. They
constitute the borders of the classes and they can be minimized and maximized up
to the worst and best alternatives of classes. Since they are not independent,
assuming the difference will follow a symmetrical triangular distribution will only

be an approximation.
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Let a=obj;(t,k) and b=obj;,(t,k). Let p (t)=P[U[g(a,)]- u, * 0]and then

p, (t) is found as follows:

i1 if a>0
! 2
i1-22 _ it aco, @rb) 4
f(b-a)
Pl)=1 (a+b)
2 it 20 p>o
! (b- &)’ 2
0 if bE£O

Normal Distribution

We found that under the assumption that the utility values of subintervals follow
uniform distribution within their calculated ranges; the difference of utility values
of two alternatives will follow normal distribution if the sum of the utility values
of subintervals is conditioned to be 1 in Section 3.2.2. We use the difference of
utility of alternatives from utility thresholds. We need the conditional distribution
of utility of alternatives and the distribution of utility thresholds. Then, we can
find the distribution of the difference.

Distribution of Utility VValues of Alternatives

The conditional distribution of the utility values of alternatives can be calculated

inasimilar way. . Let n{aj) be the expected value of U[g(aj )] and s (aj) be the

standard deviation of U [g(aj )] n{aj ) and s 2(aj ) can be calculated as follows:

Ulole,]= & & 2, (e, )w,

i=1 p=1

3 [g(aj )]u: n{aj):é 5_ Zip(aj)"”'(wip)
t e

i=1 1
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VLol Ji=s e )4 & (o o) 2 2

i=1 p=1

n b
We need the distribution given that Y = g § w;, =1. We need to find the joint

i=1 p=1
distribution of U[g(aj )] and Y. Let us denote U[g(aj )] a U, n{aj) as mU)
and s (a,) as's (U). The joint distribution of U and Y follows a bivariate normal

distribution with parametersm(U ), s 2(U), mY), s (Y), r . r can be found as

follows:
CoU, Y)= Iél?a}lzp( a, )4 2w, )+ (w ))@9&3%( a, )orw, )i, )
-4 82,00l ] Uy
r:Cv@X
sU)s(v)

Conditional distribution of bivariate normally distributed random variables
follows normal distribution. U will follow normal distribution with parameters

E[uly =1] and V[uly =1

~—

Y

ey =1=n{u)- r ﬂ)( )

Vuly =1]=1- r 2k (v)?

Distribution of Utility Thresholds

We will treat each u, asarandom variable. We do not know the actual value and

we try to find the probability of possible values being the actual value. We can

find the minimum and maximum values each u, by solving the constraint set S
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with objectives the of minimizing and maximizing each u, . To do this, we need
to solve the following modelsfor k =1,2,...,q- 1.
k

LP;,

Min u,
sto
(3.1)- (3.6)

k

LP,,

Min u,
sto
(3.1)- (3.6)

Let obj;, (k) bethe optimal objective value of LP,."and obj; (k) be the optimal

objective value of LP,,“. We need to solve 2Xq- 1) LPs to find the ranges of
utility thresholds. We fit a normal distribution to each u, . We assume that u, has

a higher probability of being around the mean. We know the minimum and

maximum values. Let m(u,) be the expected value of u, and s (u,) be the

standard deviation of u, . We assume m(u, ) is at the middle of the range.

E[Uk] = rr(Uk ) = (Obj a7 (k) +0bj35 (k))

2

When we assume a normal distribution, there is a positive probability that u, is
smaller than obj;, (k) or greater than obj; (k). In order to have a small chance of
being out of the range, we assume that standard deviation of u, is 1/6 timesthe

length of the range. By assuming this, we make our fitted distribution cover the
range with more than 99% probability. Let X be any normally distributed random

variable with mean n and standard deviation s , then

P(m- 3 £ X £m+3s )=f (3)- f (- 3)=0.9987- 0.0013 = 0.9974.
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Therefore V[u, | is calculated as following.

A ok - <2
V[Uk] =5 z(uk) - S(Obls.s (k) '6 obj 37 (k))g
e u

Distribution of the Differences

We showed that each U[g(a,)] |Y =1 follows N(mi(a ).s ?(a,)). We assumed
that each u, follows N(mu, ),s 2(u, ). We need the distribution of the difference

of eech U[g(a)] |[Y=1 from each u,. Let d,(t) be the difference of

Ulg(a)] [y =1 from u, and d,(t)=8[g(a )] Y =12y, . Let the expected
é o

value of d, (t) be m(d, (t)) and the standard deviation be s (d, (t)).

m{(d, (t)) can be found by taking the difference of means.
Ela, ()= (0, ()= EGD[o(a)] ¥ =25 Elu]=mi(a)- niu,)

To find the variance of the difference, we treat U[g(a)] [Y =1 and u, as

independent random variables. The alternatives that are assigned to the classes
affect the values the utility thresholds can take. Assuming that they are
independent is an approximation.

v[dk(t)]=sZ(dk(t))=v§%[g(a)] |v=1§+v[uk]=s-2 (a)+s *(u,)

We assume that the difference will follow a normal distribution with

meanm(d, (t)) and variance s 2(d, (t)).
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Probability Calculation

We need PEBEJ [o(a,)] |Y:19- u, 3 Oﬂ We found the parameters of the
o U

distribution and we can calculate the probabilities. However, we have more
information about the difference. We have found the minimum and the maximum
values the difference can take. We work on the conditional distribution which is

feasible subject to constraint set S.

We will calculate the conditional probability of d, (t) being greater than 0 given

that d, (t) is between the minimum and the maximum value of difference.

Let p,(t P[d )* Qobjss(t,k) £ dk(t)£obj;6(t,k)] and then p,(t) is found as
follows:

b (t)= P(d, (t) 0)C (obis (t.k) £ d (t) £ obi (t.k))
P[obi 56(t.K) £ d, (t) £ b t,K)

If obj;(t,k)3 0, the intersection is the universal set and all possible values of

d, (t) isgreater than 0 and p, (t) =1

If obj;(t,k)<0 and obj,(t,k)3 0,

p.(t) = P[ O)Q(Obj;.s(t,k)£dk(t)£obj;6(t,k))]
P[obj;5 (t.K) € d (t) £ obi ¢ )]
Plo £ d, (t) £ obi (t, k)]

) P[Obj3,5 t, k) £d, (t) £ Obj3.6 (t’ k)]

ambis, (k) - m{a, (D)o 20~ nid, (1)
" s.0)

6
g

- s@f) o
7 o, () o, 0)o sobisk)- e, ()0
@) 55 s@l)



If obj.,(t,k)<O0, the intersection is an empty set and there does not exist any

possible value of d, (t) that is greater than 0 and p, (t)= 0. In summary,

0
msdk(»o 28l 1)
@) % (@) 2

TG0 SE sl

O
o , if obj.(t,k) <0, obj(t,k)2 0

We can try to find U[g(a,)]- u, [Y =1. It is difficult to find the covariance
between U[g(a,)] and u, since u, cannot be expressed in terms of w;, values
One thing we can try is to fit a normal distribution for (U[g(a,)]- u,) [Y =1 on

the range found for the difference. By this way, we do not need assume

independence  for U[g(a)] [Y=1 and u,. Norma distribution for

(Ulg(a)]- u,) [Y=1 will be found in the same way we find a normal
distribution to u, . Expected value will be the middle of the range and standard
deviation will be % times of the width of the range to have the probability of

being in the range more than 99%.
3.3.3. The Classification of Alternatives

We calculate probabilities for each alternative in C, to be better than each u, and
denote p, (t) as the probability of a, being better than u, . The alternatives are

classified according to the comparison of probabilities to a predefined threshold
value. Let th denote the threshold value.

55



Exact Classification

If we set th as 0, then we will make an exact classification. If p, (t)=1, then a,
is guaranteed to be better than u, . This means that there does not exist any set of
parameters making utility of a smaller than u,. If p (t)=0, then a is
guaranteed to be worse than u, . This means that there does not exist any set of

parameters making utility of a, greater than u, .

With these probabilities we can make an exact classification if the following
conditions are satisfied:

If p,(t)=1,then a isin C,.

If p(t)=1and p,_,(t)=0,then a isin C,.

If p,..(t)=0, then a isin C,.

Probabilistic Classification

If th> 0, we make a probabilistic classification. The assignment of alternatives to
the classes is done in the following way:
If p,(t)3 (1- th), then a, is better than u, with at least (1- th) probability..

Therefore a, isassignedto C,.

If p(t)2 (- th) and p,(t)£th, then a is better than u, with at least (1- th)
probability and worse than u, , with at least (1- th) probability.. Therefore a, is

assigned to C, .

If p,.(t)£th, then a is worse than u,, with a least (1- th) probability.

Therefore a, isassignedto C, .
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With the calculated probabilities, the alternatives in set Co which satisfy one of
the above conditions are classified. If no assignments are done, then the class of
one aternative is asked to the DM. With the class information taken from the
DM, new probabilities are calculated. This procedure will repeat until all the

alternatives are assigned to classes.
3.3.4. Selection of the Alternative to Ask the DM

To select the alternative to be asked to the DM, the following procedure is
followed. For each a, T C,;

d,(t)= m!nﬂpk(t)- 0.5) for k=12,...,q- 1

a,° =argmind, (t) is selected to be asked to the DM.

al G

We select the alternative that has the closest probability of being better than any
of the utility thresholds to 0.5. Probability of 0.5 means the alternative can be
better or worse than a utility threshold with equal probability. 1t is equally likely
that the alternative can be better or worse than a utility threshold. This means we
are not able to obtain any information about the position of the alternative
according to that threshold. We aim to ask the alternatives that we do not obtain
much information about. We think that knowing the classes of such alternatives

will give more restrictive constraints and give us narrower utility ranges.

Let a° denote the selected alternative to be asked to DM. We can narrow down
the number of classes a,°can be placed as in the previous case. If p,.(t)=1 and
0< p,.,(t)<1, then k' will be the worst classa,® can be placed. If p,.(t)=0 and

0< P, (t)<1, then k" will be the best classa,® can be placed. a,° can be placed

to classes k', k'+1,...,k"".
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3.3.5. The Algorithm

As in the previous case, we suggest two different ways to implement the
algorithm. One is taking the class information of assigned alternatives as given

and the other one is using only the class information coming from the DM.

Step 0: Separate the alternatives into two sets C, and C, . Put the alternatives to
be classified to C, and put the alternatives whose classes are knownto C, . Let h
be used to count the alternatives assigned in an iteration. Let k denote the index
for utility thresholds.

Step 1: Set k=1 and h=0. Goto step 2.

Step 2:

For each aternative inC,;

Step 2.1:

Solve LP,.""for a, and u, .

If obj;(t,k)2 0, goto Step 2.2.

If k% q-1and obj;(t,k)<0, set k=k+1and gotoStep2.1

If k=q-1and obj;(t,k)<0, gotoStep2.2.

Step 2.2

Solve LP,,"“for a, and u, .

If obj:,(t,k)<0, goto Step2.3.

If k1 1and obj.(t,k)3 0, set k=k- 1andgotoStep 2.2

If k=1 and obj;,(t,k)3 0, goto Step 2.3.

Step 2.3:

Find p, (t) for each a, and u, for which both obj; . (t,k) and obj;(t,k) is found.
Goto Step 2.4.
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Step 2.4 :

If p,(t)2 (1- th), take a, from C, and assignto C,. Set h=h+1.

If p(t)® @-th) and p,,(t)Eth, take a from C, and assign to C,. Set
h=h+1.

If p,..(t)£th, take a, from C, and assignto C,. Set h=h+1.

Step 3:
If |C,| =0, goto Step 4.
If |C,| >0 and h>0, goto step 1.

If |Co|>0 and h=0, find a° =argmind,(t) and present the DM the possible

al G
classes of a.°. Ask the DM to place a,° to one of the presented classes. If the DM
assigns this alternative to class k*, take it from C, and placein C,.. If |C,| >0,
gotostep 1. If |C,| =0, goto Step 4.

Step 4: Present alternativesin C, asinclass k tothe DM for k =1,2,...,q.

If only the guaranteed correct information is to be considered, the following

modifications will be done to the algorithm.

Let C,' denotethe set of alternatives assigned by the model to class k .

Step 2.4 :

If p,(t)2 (1- th),take a, from C, andput a, to C," and h=h+1.

If p(t)2 (- th) and p_,(t)£th, take a, from C, and put a to C,' and
h=h+1.

If p,.(t)£th, take a from C, andput a, to C,' and h=h+1.
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Step 3:
If |C,| =0, goto Step 4.

If |C,|>0, find a° =argmind,(t) and present the DM the possible classes of

a1 G,
a,°. Ask the DM to place a,° to one of the presented classes. If the DM assigns
this alternative to class k*, take it from C, and place in C,.. If |C,|>0, goto
step 1. If |C,| =0, go to Step 4.
Step 4: Present aternatives in C, and C,' as in class k to the DM for
k=12..q.

3.4. DISCUSSIONS ON TWO DIFFERENT APPROACHES

We propose two approaches. One is to compare the unassigned alternatives with
already assigned alternatives. The other is to compare unassigned alternatives
with utility thresholds. In LPs we used, the utility of alternatives are restricted by
utility thresholds. We observed that two approaches do not give the same results.

z, =Min u, z,(1)=Min U[g(a)]
(S:;c:)L) (3.6) (S:;c:)L) (3.6)
z,=Max u, z,(1)=Max U[g(a )
(S:;c:)L) (3.6) (S:;c:)L) (3.6)

u, can be decreased more than utility valuesof a 1 C, up to the utility values of

a1 C,., andthisresultsin z, £ Min z,().
al Gy

u, can be increased more than utility values of a 1 C,,, up to the utility values

of a1 C, and thisresultsin z, 3 Max z,(1).
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In the approach we compare alternatives with already assigned ones, we use the

objectives of Min U[g(a)]- U[g(a )] and Max Ulg(a,)]- U[g(a )] for every

a 1 C, and for each k. In the approach we compare with utility thresholds, we

use the objectives of Min U[g(a, )]- u, and Max U[g(a,)]- u, . Since u, can
be increased more than the utility values of a 1 C,,,, we obtain smaller values
for the minimum of difference in the pairwise comparison approach. Since u, can
be decreased more than the utility values of a, 1 C, , we obtain greater values for

the maximum of difference in the pairwise approach. Subject to same constraints,
the range we obtained in the approach that compares alternatives with utility
thresholds is a subset of the range obtained in the pairwise approach. This means
we work with larger ranges for difference in the pairwise approach. Larger ranges
means we have less information about the differences and it is harder to place

alternatives than the approach we compare alternatives with utility thresholds.

In the pairwise approach, the maximum number of linear programs to be solved is
24C,|#C,| at one iteration. Assume that there are |A =m alternatives and we
start with one alternative assigned. At the worst case, we assume that we are not
able to assign any alternatives and each time we ask the DM to place one

aternative. Then, the total number of LPs needed to be solved throughout the
algorithm can be found as follows.

m m m 2
258 (M- )= 258 mic- 254 i2 = 2o FM_ 5 J0X{m- 1)2m+1)

i=1 i=1 i=1 2

m® 4m* m
-+ +

3 3 3

There are a polynomial number of LPs (O(m3)). The algorithm will end in

polynomial time since each LP is solvable in polynomial time. This will be a
worst case behavior and when the algorithm assigns alternatives, we will solve
fewer LPs. When we compare the utility of alternatives with utility thresholds, the

maximum number of linear programs to be solved is 2Xq- 1)%C,| a one
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iteration. At the worst case, the tota number of LPs needed to be solved

m 2
throughout the algorithmis 2X{q - 1)xq i = 24q- 1)me+m =(g- 2){m* +m).
i=1

There are a polynomial number of LPs (O(q xm’ )) and the second algorithm will
also end in polynomial time. The numbers of LPs are calculated for worst case
behaviors. When the algorithm assigns alternatives, we will solve fewer LPs. As
m increases, number of LPs needed to solve for the pairwise algorithm increases

more than the algorithm we compare alternatives with utility thresholds.
3.5. DISCUSSIONS ON TWO DIFFERENT IMPLEMENTATIONS

We suggest two different ways to implement the two different approaches we
proposed. One way is using the class information of assigned alternatives by the
algorithm to classify alternatives. When alternatives are assigned by the model,
the class information of newly assigned alternatives is used even though they may
be classified incorrectly. The probabilities calculated in this model are with
respect to both correct and incorrect information. Therefore, the probabilities
cannot be interpreted as the probability of being in class k. For instance, if an
aternative has a O probability of being in class k that does not necessarily mean
that it cannot be in class k, because the information used in the calculation of this

probability may be incorrect.

The other way is using the class information given by the DM only. Here, we use
the class constraints of alternatives whose classes are given to us by the DM. The
class constraints of the assigned alternatives are not added to LPs. Probabilities
are calculated using only correct information. If an alternative has O probability of
being in class k, then this means that it cannot bein class k for sure.
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Theorem: If aternative | isplaced to class k by using only correct information

a O probability threshold, then the class constraints of this alternative

U[g(aj )] u,, £-d and U[g(aj )] u, 0 are redundant.

Proof: In order to place aternative j, we solve LPs with objectives

Min U|g(a )]- u, and Max Ulgla, ) u, for each class k. If we obtain
(Min U[g(a,)]- u)2 0 and (Max U[gla, )] u,.)<0, then alternative j is
placed in class k. Thisimpliesthat u, £U[g(a, )] <u, , . According to the results
of the solved LPs, when all constraints are satisfied, u, £U[g(a; )| <u, , will be

automatically satisfied. This means Ulg(a, )]- u,, £-d and U[g(a, )]- u, 2 0
do not redrict the current feasible region. Therefore, class constraints of
alternative j are redundant. n

When probability threshold we used in our model is O, then that does not make
any difference to add class constraints of the alternatives assigned by the model.
Therefore, there is no need to solve LPs and calculate probabilities when
aternatives are classified by the model. The classification of these alternatives
does not give any new information to us. The LPs should be solved and
probabilities should be calculated again when the class of an alternative is asked
to the DM.

When we work with probability thresholds greater than O, adding the class
constraints of assigned alternatives makes a difference. If an alternative is
classified probabilistically by using only the correct information, then the class
congtraints of this alternative are not redundant. If an alternative is classified

probabilistically to class k, we write constraints U[g(aj)]- u.,£-d and

U[g(aj )] u, 2 0 to the model; although we obtained (Min U[g(aj )] uk)<0
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or (Max U[g(aj )] Uk.1)3 0. This means there are points in the current feasible

region that do not satisfy these constraints. By writing these class constraints, we
eliminate some points in the feasible region. Therefore, LPs should be solved and
probabilities should be calculated again because their results have been changed

with the assignments of new alternatives.
3.6. INFEASIBLE CASES

In the algorithm using the class information of assigned alternatives,
infeasibilities may occur. When we ask the DM the class of a selected alternative,
we present the DM the possible classes it can be placed to. When we ask the DM
among the possible classes the alternative can be placed according to the available
information, this information includes the class information of the misclassified
alternatives. So we can face a situation such that the DM places an alternative to a
class which is not a member of the narrowed set. It becomes infeasible to place
the alternative to its correct class because of using the class constraints of the
misclassified alternatives. In such a case, we suggest the following procedure.

We can detect infeasibility after we ask the DM to place an alternative. If we
detect infeasibility, the alternative is assigned to the class the DM placed but we
let violation of the class constraints for that alternative. We solve an LP to
minimize the violation of the class constraints. We use the results of this LP as
given in the next iteration. The constraints for that alternative are added to the
constraint set with the minimum violation value used as a parameter.

Let a, denote the alternatives which we detected infeasibility while placing to
the class given by the DM. Let C,. denote the set of alternatives which are
originally in C, but it is infeasible to place them to C, after assignments. If the
DM places a, to class k, we put a, to set C,. instead of C, . For a particular

dternative ay, let ey be the minimum amount of violation of class constraints of



a,. If the DM places a, to class k*, then the minimum amount of violation is

found by solving the following LP.

LR,

Min e,

sto

(3.1)- (3.6)

Ulgla,)]- uc® -v,, "a T C., k'=12..9-1 (37)

Ulala, )]- u £V, - d, "a,T C., k=23...9 (3.8)

Ulala, )J- u,. +e, 2 0 (3.9)

ulala, )J- v, - e, £-d (3.20)

Congtraints (3.7) and (3.8) are written for the alternatives which are previously

placed to C,.. V, denotes the minimum amount of violation previously found for
a, and it is used as a parameter in LP,%. After solving LR,?, a,. is assigned to
C,.. The objective value of LP, is taken and it is used as parameter V, to

modify the constraint set S we used to solve all the mentioned LPs. All the
mentioned LPs will be solved subject to constraints (3.1)- (3.8).

Another way to dea with the infeasibilities is not to use the class information of
the alternatives that we detect infeasibility while placing them to their original

classes. If it is infeasible to place a, to the class the DM placed, we do not add
the class constraints of a, to constraint set S. We put a, to set C,. and do not
write any constraints on a, T C,.. We select another alternative to ask to the DM

and continue with information coming from that aternative. In the end, we

present the DM the alternatives both in C, and C,. asin classk.

We worked on ways to deal with infeasibilities. We looked for a way to find the
misclassified alternatives causing infeasibility. The class constraints of some of
the misclassified alternatives conflict with the class constraints of the alternatives
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assigned by the DM. We tried to solve an LP to eiminate the misclassified
alternatives causing infeasibility. We relaxed class constraints of each aternative
except for the ones that are placed by the DM. We added decision variables
corresponding to violation of each class constraint. We solved this model with
objective of minimizing total violation. We discarded the class constraints of the
alternatives that have a positive violation value. After discarding them, the LPs
used become feasible again. We treated them as unassigned alternatives and put
into classification procedure again. By this way, we aim to eliminate some of the
misclassified alternatives. However, correctly classified alternatives can have
positive violation values. It is not guaranteed that only misclassified alternatives
will be discarded because LP solved to minimize the violation can find a feasible
combination of decision variables by relaxing the correctly classified alternatives.
When we use the objective of minimizing the number of constraintsto be violated
instead of minimizing total violation, we end up with similar results. With that
approach, we handle infeasibility but we lose information of some of the correctly
classified alternatives. Therefore, these two approaches are not guaranteed to

improve the results of the model.

Infeasible cases can occur when we use the class information of the assigned
aternatives. If we work with only correct information, we do not face with an
infeasible case. While working with the correct information, it can happen that
there does not exist a utility function that can generate the classification we
suggest to the DM. However, this situation does not cause any difficulty to usand

does not cause any problems while the algorithm is working.
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CHAPTER 4

IMPLEMENTATION AND RESULTS

We proposed an interactive multi-criteria sorting algorithm. We proposed two
different approaches and two different ways of implementation. We showed how
probabilities can be calculated when the difference follows uniform distribution,
symmetric triangular distribution and normal distribution.

We implement our algorithm on a data set used by Koksalan and Ozpeynirci
(2009). Financial times publishes its ranking of top 100 global MBA programs
every year. The programs are ranked based on three main criteria which are
alumni career progress, diversity and idea generation. Koksalan et. al. (2009b)
study the MBA ranking problem for 81 MBA programs using 2005 data and
generate numerical scores based on the ranking provided by Financial Times.
Koksalan and Ozpeynirci (2009) experiments with this data to sort 81 MBA
programs using 2005 data into 3 groups. We implement our algorithm with the
same data set.

The alternatives are grouped into 3 classes. Each criterion range is divided into 3
subintervals. The limits of the subintervals can be seen in Table A.1. Koksalan

and Ozpeynirci (2009) assume the DM has an underlying model with parameter

values u, and w,,

k=12, i=123 and p=123. They use u, =0.65,

u, =0.40 and the w,," values in Table A.2. The marginal utility function of the

DM on each criterion can be seen in Figure 4.1.
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Figure 4.1: The Marginal Utility Functions on Each Criterion

The utility of the alternatives are calculated and the classes are assigned according
to this underlying preference structure. 15 of the alternatives are in class 1, 47 of
the alternatives are in class 2 and 19 of the alternatives are in class 3. We will use
the same data and the same underlying model they assumed for the DM.

We evaluate our algorithm based on the number of misclassified alternatives and
the number of alternatives whose classes are asked to the DM. We will try our
algorithm for different probability threshold values. Probability threshold in the
algorithm can be seen as a measure of the confidence level of the DM. When
probability threshold is O, we make an exact classification and we do not
misclassify any of the alternatives. When probability threshold is small, the DM is
expected to give more information but most of the alternatives will be correctly
classified. When probability threshold is large, the DM does not give much
information but accepts arelatively high number of misclassified alternatives. As
probability threshold increases, we expect our algorithm to ask fewer questions
and misclassify more alternatives. However, we can get unexpected results as
well. Since there is randomness in the process, we can end up with fewer

guestions asked and fewer alternatives misclassified or with more questions asked
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and more alternatives misclassified as probability threshold increases just by
chance.

Sometimes, even if we cannot specify the class of an alternative, we may be able
to reduce the possible number of classes it may belong to. To account for such
situations, we also look at the number of classes presented to the DM to place the
aternatives. We present the DM the possible classes the alternative can be placed
and the DM can select the class from a narrowed set.

4.1. COMPARISON OF TWO DIFFERENT APPROACHES

We proposed two different approaches. One suggests the pairwise comparison of
the utility of alternatives and the other suggests comparison of the utility of
aternatives with utility thresholds. We see that it is harder to place the
aternatives in the pairwise approach. We made experiments to compare two
different approaches under the assumption that the differences will a follow
uniform distribution. We used the mentioned data set and we used 4 more
samples by changing the assumed underlying utility thresholds. Changing utility
thresholds caused the change of the class of alternatives. We tested our data on
these 5 samples. The utility thresholds and the number of alternatives in each

class can be seen from Table 4.1.

Table 4.1: Utility Thresholds and the Number of Alternativesin Each Class

ul u2 Class 1 | Class 2 | Class 3
Sample 1 0.40 0.65 15 47 19
Sample 2 0.45 0.60 25 25 31
Sample 3 0.43 0.58 27 27 27
Sample 4 0.52 0.65 15 24 42
Sample 5 0.40 0.55 35 27 19
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The detailed results of the two approaches on 5 different samples can be seen in
Tables4.2 and 4.3.

Table 4.2: Number of Misclassifications and Questions of Pairwise Model on

Different Samples
PAIRWISE COMPARISON

Threshold 0.00 | 0.05 |0.10] 0.15 [0.20| 0.25 ]0.30] 0.35 | 0.40| 0.45 [ 0.50

Sample | Misclassification| 0 0 0 0 0 0 3 3 3 22 | 14
1 Question 47 43 39 | 36 | 31| 30 |27 ] 26 | 18 | 10 0
Sample | Misclassification| 0 0 0 0 0 2 4 4 4 6 16
2 Question 57 56 53 48 43 42 27 35 22 11 0
Sample | Misclassification| 0 0 0 0 0 0 0 1 6 8 24
3 Question 58 | 57 |54 | 48 | 38 | 49 |35 | 24 |14 | 4 | 0
Sample | Misclassification| 0 0 0 0 0 0 0 0 1 3 10
4 Question 64 60 | 54 | 48 | 37 | 34 | 31 | 26 | 17 8 0
Sample | Misclassification| 0 0 0 0 0 1 0 4 4 8 27
> Question 57 54 | 50 | 45 | 39 | 44 | 31| 35 | 15 7 0

Table 4.3: Number of Misclassifications and Questions of the Model Comparing
with Utility Threshold

COMPARING WITH UTILITY THRESHOLDS
Threshold 0.00 | 0.05 [0.10] 0.15|0.20| 0.25 |0.30| 0.35 [ 0.40] 0.45 | 0.50
Sample | Misclassification [ 0 0 0 0 0 0 5 8 [12 ]| 15 | 29
1 Question 33 [ 32 [32 | 31 |27 |21 |15] 9 6 4 0
Sample | Misclassification [ 0 0 0 0 2 4 6 | 10 [ 12| 18 | 22
2 Question 32 | 32 [30] 26 | 23| 21 |16 ]| 12 | 10| 6 0
Sample | Misclassification [ 0 0 0 0 1 6 8 | 13 [ 17| 22 | 28
3 Question 34 [ 33 30| 27 |24 19|15 12| 7 3 0
Sample | Misclassification [ 0 0 0 0 0 0 2 5 9 9 13
4 Question 32 [ 29 [26 | 21 |19 | 18|14 ]| 11| 5 3 0
Sample | Misclassification| 0 0 0 1 2 5 [12 | 15 |17 | 19 [ 21
> Question 34 [ 32 [29 ]| 28 | 21| 16 [ 10| 8 5 3 0
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When we make an exact classification, comparing with utility thresholds
performs better. It is able to classify asking fewer questionsto the DM. Thisisan
expected result because it is harder to place the alternatives in the pairwise
approach. When probability threshold is small, both approaches make few
misclassifications. Since comparing with utility thresholds asks fewer questions,
it is preferred over the pairwise approach when the probability threshold is small.
As probability threshold increases, the pairwise approach seems to make fewer
misclassifications and ask more questions in our problems.

We compare CPU times for two approaches for different values of probability
threshold. We give the results for 81 alternative MBA data for the original

underlying model u,” =0.65, u, =0.40 and the w, values in Table A.2. We
implement our agorithm in C++ programming language. We use Microsoft
Visual C++ 6.0 to implement our algorithm and use Cplex 10.1 solver to find the
optimal solutions of the linear programs. Computational tests are made on a Intel
Pentium D 3.00 GHz, 512 MB RAM computer running Microsoft Windows XP.

The results can be seen in Table 4.4.

Table 4.4: CPU Times for Two Approaches

Threshold | Pairwise comparison | Comparing with utility thresholds
0.00 1702.66 105.44
0.05 1624.73 106.80
0.10 1482.05 85.98
0.15 1380.61 86.03
0.20 1177.30 62.72
0.25 1325.84 43.25
0.30 1185.28 23.67
0.35 537.67 13.97
0.40 525.14 9.02
0.45 343.14 5.63
0.50 198.78 3.58
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We see that the implementations take much more CPU times at the pairwise
approach compared to the one we compared the alternatives with utility
thresholds. This is because the number of LPs solved at pairwise approach is
much greater. As the probability threshold decreases, the CPU times decreases for
both approaches. Since more alternatives are assigned in one iteration, fewer LPs
are solved. We see that the pairwise approach is computationaly disadventageous
compared to the other algorithm at all probability threshold values. We will
compare the utility of the alternatives with utility thresholds in our next

experiments.

4.2. COMPARISON OF DIFFERENT IMPLEMENTATIONS

We mentioned two different implementations. First one is using the information
coming from the assigned alternatives. In this implementation, the information
coming from misclassified alternatives are also used. The other one is using only
the information coming from the DM. This implementation uses only correct
information. We made an experiment on the data set mentioned for two different
implementations.

When we ask the DM to place an alternative, we sometimes have information
about the alternative and we are able to narrow down the number of classes the
alternative can be placed in. For this three class problem, we present the number
of alternatives that the classes they can be placed in are narrowed down to two
and are not narrowed down. The number of questions asked to the DM will be
sum of these numbers. We give detailed information for the alternatives that are
placed by the DM. In general, the number of questions asked to the DM will be
sum of the number of alternatives whose classes are narrowed down to

23,...,0- 1 classes and the number of alternatives not narrowed down. The

detailed results can be seen in Tables 4.5 and 4.6.
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Table 4.5: Number of Misclassifications and Questions of the Model Using
Information of Assigned Alternatives

_ - Questions Narrowed | Narrowed Not
Threshold | Misclassification downto | downto 2 narrowed
asked
1class classes down
0.00 0 33 48 31 2
0.05 0 32 49 30 2
0.10 0 30 51 29 1
0.15 3 24 57 22 5
0.20 24 14 67 11 3
0.25 17 14 67 12 2
0.30 23 9 72 9 0
0.35 23 6 75 6 0
0.40 29 2 79 2 0
0.45 33 0 81 0 0
0.50 29 0 81 0 0

Table 4.6: Number of Misclassifications and Questions of the Model Using
Correct Information

_ - Questions Narrowed | Narrowed Not
Threshold | Misclassification downto | downto 2 narrowed
asked
1class classes down
0.00 0 33 48 31 2
0.05 0 32 49 30 2
0.10 0 32 49 30 2
0.15 0 31 50 29 2
0.20 0 27 54 25 2
0.25 0 21 60 19 2
0.30 5 15 66 13 2
0.35 8 9 72 7 2
0.40 12 6 75 3 3
0.45 15 4 77 2 2
0.50 29 0 81 0 0

Both implementations have the same results when we make an exact
classification. As the probability threshold increases, the first implementation
asks fewer questions to the DM and results in more misclassified alternatives
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since it can use incorrect information. The second implementation has better
results in terms of number of misclassified alternatives and the number of
questions asked to the DM is not considerably higher than the first
implementation. We will make our experiments with the second implementation

that uses only correct information.

4.3. COMPARISON WITH THE INTERACTIVE APPROACH

We obtain the same results with the interactive algorithm proposed by Koksalan
and Ozpeynirci (2009) when we make an exact classification. They check if it is
feasible for an alternative to have a larger or smaller utility value than a utility
threshold. In our algorithm when we make an exact classification, we look at the
probability of an alternative being better than a utility threshold. If we get O as
probability, it means that the utility of alternative is smaller than the utility
threshold and there is no feasible solution that makes the utility of the alternative
larger than that threshold. If we get 1 as probability, then the utility of alternative
is larger than the utility threshold and there is no feasible solution to make it
smaller. Therefore, two algorithms do the same job when our algorithm use O
probability threshold.

Koksalan and Ozpeynirci (2009) suggest to solve integer programs to check the
feasibility of assigning an alternative to classes. Integer variables are needed to
find a class to each unassigned alternative. Integer constraints are written to place
unassigned alternatives. We observe that these constraints are redundant and there
IS no need to solve integer programs in this problem. If there is a feasible solution,
utility of each alternative can be calculated with the estimated parameters. Then
the alternatives can be assigned to any of the classes by comparing with the
estimated utility thresholds. Trying to find a class to each of the unassigned
alternatives does not restrict the feasible region and does not help to find a more
restricted solution. For a particular case, solving LP always gives the same results
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with solving IP. Since it is harder and more time consuming to solve IPs, LPs
should be solved to get the results.

4.4. TAKING ORTHOGONAL ALTERNATIVES AS THE REFERENCE
SET

Weber (1985) suggests creating hypothetical alternatives coming from an
orthogonal design. He suggests to ask the utility ranges of the hypothetical
aternatives to the DM. We worked on how orthogonal design concept can be
applied to our case. We check if we can benefit from using orthogonal
alternatives in our algorithm.

We observed that if we are given same length utility ranges for a set of
aternatives, the constraints coming from orthogonal alternatives restrict the
feasible region more than the constraints of other alternatives. We tried to show
this on an example. Assume that we have 3 criteria and the marginal utility of
each criterion is linear. This means we have 2 levels on each criterion where the
first level, denoted by O, corresponds to the minimum value of each criterion and
the second, level denoted by 1, corresponds to the maximum value of each
criterion. The orthogonal array with 3 factors and 2 levels in each factor can be
seen in Table 4.7.

Table 4.7: Orthogonal Array with 3 Factorsand 2 Levels

Criterion 1 | Criterion 2 Criterion 3
Alternative 1 0 0 0

Alternative 2 0 1 1
Alternative 3 1 0 1
1 1 0

Alternative 4

75



We ask the DM utility ranges for the last three orthogonal alternatives since
dternative 1 has the lowest scores in all criteria and it is known that it has a 0

utility value. Let w, denote the marginal utility of the maximum value of criterion
i . Inthe example, assume that w, =0.4, w, =0.3 and w, = 0.3. Assume that the

highest scorein al criteriais 10 and the lowest score in all criteriaisO.

Assume that the DM has given us the utility ranges for each alternative as in
Table 4.8.

Table 4.8: Criterion Values and Utility Ranges for Orthogonal Alternatives

Actual Utility Utility

Criterion 1 | Criterion 2 | Criterion 3 Value Range
Alternative 1 0 10 10 0.6 (0.5-0.7)
Alternative 2 10 0 10 0.7 (0.6- 0.8
Alternative 3 10 10 0 0.7 (0.6 - 0.8)

The constraints we can write according to orthogonal alternatives are as follows.

05£w,+w, £0.7
06£w, +w, £0.8
06£w, +w, £0.8

Since it is known that w, +w, +w, =1, we can write 1- w, - w, instead of w,.

The constraint set can be written as follows.

w, 3 0.3 (4.2)
w, £0.5 (4.2)
w, 3 0.2 (4.3)
w, £0.4 (4.4)
w, +w, 3 0.6 (4.5)
w, +w, £0.8 (4.6)
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The feasible weight space can be seen in Figure 4.2.
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Figure 4.2: Feasible Weight Space of the Orthogonal Alternatives

To compare how weight space is restricted by constraints coming from
alternatives, we created 2 different set of alternatives. In each case, we asked the
DM the utility ranges of 3 alternatives that have the same utility value with
orthogonal alternatives and assume that the DM has given us the same utility
ranges with the range of orthogonal alternatives.

Criterion values of the first set of alternatives are given in Table 4.9.
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Table 4.9: Criterion Values and Utility Ranges for the First Set

Actual Utility Utility

Criterion 1 | Criterion 2 | Criterion 3 Value Range
Alternative 1 6 8 4 0.6 (0.5-0.7)
Alternative 2 55 8 8 0.7 (0.6-0.8)
Alternative 3 7 8 6 0.7 (0.6-0.8)
The constraint set defined by the alternatives in Table 4.8 is as follows.
0.5£ 0.6w; +0.8w, +0.4w;, £ 0.7
0.6 £ 0.55w, +0.8w, +0.8w, £ 0.8
0.6 £ 0.7w; +0.8w, +0.6w, £0.8
When we write 1- w, - w, instead of w;, the constraint set becomes
0.2w, +0.4w, 3 0.1 (4.7)
0.2w, +0.4w, £ 0.3 (4.8)
w, 30 (4.9)
w, £0.8 (4.10)
0.1w, +0.2w, 3 0 (4.11)
0.1w, +0.2w, £0.2 (4.12)

The feasible weight space can be seen in Figure 4.3.
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Figure 4.3: Feasible Weight Space of the First Set of Alternatives

Criterion values of the second set of alternatives are given in Table 4.10.

Table 4.10: Criterion Values and Utility Ranges for the Second Set

Actual Utility Utility

Criterion 1 | Criterion 2 | Criterion 3 Value Range
Alternative 1 9 4 4 0.6 (0.5-0.7)
Alternative 2 7 4 10 0.7 (0.6-0.8)
Alternative 3 4 10 8 0.7 (0.6- 0.8)

The constraint set defined by the alternatives in Table 4.9 is as follows.

0.5£ 0.9w, +0.4w, +0.4w, £ 0.7
0.6 £0.7w, +0.4w, +w, £0.8
0.6 £0.4w, +w, +0.8w, £0.8
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When we write 1- w, - w, instead of w;, the constraint set becomes
w, 3 0.2

w, £0.4

0.3w, +0.6w, 3 0.2

0.3w, +0.6w, £ 0.4

0.4w, +0.2w, 2 0

0.4w, +0.2w, 3 0

4.13
4.14
4.15
4.16
4.17
4.18

P~ N N N~~~

The feasible weight space can be seen in Figure 4.4.
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Figure 4.4: Feasible Weight Space of the Second Set of Alternatives

We obtained the most restricted region in the orthogonal design case. We
observed that if we are given same length utility ranges, then the constraints

coming from orthogonal alternatives are more restrictive compared to the ones
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coming from other alternatives. We obtain the smallest area when the constraints

are orthogonal to each other.

We tried to use the concept of orthogonality and tried to take hypothetical
alternatives as reference set of our algorithm. We tried to see if starting with
orthogonal alternatives will result asking fewer questions to the DM. In our data
set, we have 3 criteria and 4 levels in each of the criterion. We will use 16
orthogonal alternatives. The created orthogonal alternatives are given in
Appendix A.3. The first alternative is discarded because it has the minimum
scores in all criteria and we know that it has a utility value of 0. We added the

remaining 15 orthogonal alternatives to our data set.

We made an experiment to see the effect of orthogonality. In the experiment, we
compared the utility of alternatives with utility thresholds and we assumed
uniform distribution to calculate the probabilities. We tried our algorithm in two
different ways on the data set including orthogonal alternatives. In the first one,
the algorithm selects the alternative to ask the DM in the way we proposed at the
previous chapter. We find the probability of each alternative being better than
each utility threshold and the alternative that has the closest probability of being
better than any of the utility thresholds to 0.5 is selected to ask the DM. In the
second one, when we ask the class of an alternative to the DM, orthogonal
aternatives have priority over the other alternatives. After all orthogonal
alternatives are assigned, we select the alternatives that has closest probability to
0.5. The results of the experiment can be seenin Tables4.11. and 4.12.
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Table 4.11: Number of Misclassifications and Questions on the Data Set
Orthogonal Alternatives Included

_ - Questions Narrowed | Narrowed Not
Threshold | Misclassification downto | downto 2 narrowed
asked
1class classes down

0.00 0 48 48 36 12
0.05 0 46 50 31 15
0.10 0 45 51 30 15
0.15 0 45 51 30 15
0.20 0 38 58 23 15
0.25 3 31 65 17 14
0.30 8 25 71 11 14
0.35 20 20 76 4 16
0.40 26 13 83 1 12
0.45 39 10 86 0 10
0.50 31 3 93 0 3

Table 4.12 Number of Misclassifications and Questions on the Data Set
Orthogonal Alternatives Asked First

_ - Questions Narrowed | Narrowed Not
Threshold | Misclassification downto | downto 2 narrowed
asked
1class classes down

0.00 0 48 48 36 12
0.05 0 a7 49 35 12
0.10 0 47 49 35 12
0.15 0 42 54 30 12
0.20 2 37 59 25 12
0.25 16 27 69 14 13
0.30 20 22 74 9 13
0.35 38 15 81 4 11
0.40 53 13 83 2 11
0.45 57 9 87 2 7
0.50 31 3 93 0 3

The two experiments result in the same number of questions asked to the DM
when the probability threshold is 0. When probability threshold is equal to 0.05
and 0.10, the one started with orthogonal alternatives have asked more questions
to the DM.
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We see that under the constraints of our model, we do not obtain improved results
when we first asked orthogonal alternatives to the DM. We have observed that
using orthogonal alternatives restricts the weight space more than other
aternatives if the same length utility ranges are given. In our algorithm, utility
values of the alternatives are restricted by utility thresholds which are also our
decision variables. The distribution of orthogonal alternatives to the classesis also
important in the sorting problem. According to the utility function of the DM, if
none of utility values of the orthogonal alternatives falls in a class, then we are
not able to obtain information about this class. This can make classification
harder. In our case, 7 orthogonal alternatives arein class 1, 4 arein class 2 and 4
areinclass 3.

4.5. COMPARISON OF DIFFERENT DISTRIBUTIONS

We made experiments to observe how fitting different distributions to the
difference of utility of alternatives from utility thresholds affects our results. We
implemented our algorithm under the assumption that the difference follows
uniform distribution, symmetric triangular distribution and normal distribution.
We implemented our algorithm by using only the information coming from the
DM.

We implemented our algorithm on the data set mentioned for different probability
threshold values and we implemented on 2 randomly generated data sets used by
Koksalan and Ozpeynirci (2009). The first randomly generated data set have 100
alternatives evaluated in 3 criteria. The alternatives will be assigned to 5 classes.
Each criterion range is divided into 3 subintervals. It is assumed that the DM has

an underlying model with parameter values u, and w,

k=1234,i=123
and p=123. The limits of subintervals can be seen in Table B.1. They use
u, =070, u, =0.60, u, =0.50, u, =0.35 and the w,,~ values in Table B.2

The marginal utility function of the DM on each criteria can be seen from Figure
4.5,
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Figure 4.5: The Marginal Utility Functions on Each Criterion for the Data Set 1

The second randomly generated data set has 100 alternatives evaluated in 5
criteria. The alternatives will be assigned to 5 classes. Each criterion range is

divided into 3 subintervals. The limits of subintervals can be seenin Table C.1. It

is assumed that the DM has an underlying model with parameter values uk* and
w, , k=1234, i=12345 and p=123. They use u, =0.70, u, =0.60,
u, =0.50, u, =040 and the w,, values in Table C.2. The marginal utility

function of the DM on each criteria can be seen from Figure 4.6.
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Figure 4.6: The Marginal Utility Functions on Each Criterion for the Data Set 2

We have created 15 orthogonal alternatives for both of the data sets. The
orthogonal alternatives created for each of the randomly generated data set can be
seen in Tables B.3 and C.3. We did the same experiments by assuming that the
DM has given the class of orthogonal alternatives.

The results of the algorithm applied for the MBA data for uniform, symmetric

triangular and normal distribution can be seen in Tables 4.13, 4.14 and 4.15,
respectively.
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Table 4.13: Number of Misclassifications and Questions for the MBA Data under

Uniform Distribution Assumption

_ - Questions Narrowed | Narrowed Not
Threshold | Misclassification asked downto | downto 2 narrowed

1class classes down
0.00 0 42 39 31 11
0.05 0 39 42 28 11
0.10 0 38 43 27 11
0.15 0 36 45 25 11
0.20 5 32 49 21 11
0.25 11 23 58 12 11
0.30 21 17 64 6 11
0.35 26 13 68 2 11
0.40 31 11 70 1 10
0.45 37 5 76 0 5
0.50 20 3 78 0 3

Table 4.14: Number of Misclassifications and Questions for the MBA Data under

Triangular Distribution Assumption

_ - Questions Narrowed | Narrowed Not
Threshold | Misclassification asked downto | downto 2 narrowed

1class classes down
0.00 0 42 39 31 11
0.05 1 35 46 24 11
0.10 8 28 53 16 12
0.15 12 21 60 10 11
0.20 22 14 67 4 10
0.25 27 13 68 2 11
0.30 30 11 70 1 10
0.35 34 8 73 0 8
0.40 37 6 75 0 6
0.45 38 4 77 0 4
0.50 20 3 78 0 3
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Table 4.15: Number of Misclassifications and Questions for the MBA Data under
Normal Distribution Assumption

_ - Questions Narrowed | Narrowed Not
Threshold | Misclassification downto | downto 2 narrowed
asked
1class classes down
0.00 0 37 44 29 8
0.05 0 36 45 28 8
0.10 0 33 48 25 8
0.15 0 32 49 24 8
0.20 0 31 50 23 8
0.25 1 26 55 18 8
0.30 4 20 61 12 8
0.35 11 15 66 8 7
0.40 16 11 70 2 9
0.45 22 8 73 0 8
0.50 39 3 78 0 3

The results for the data set with orthogonal alternatives included and randomly
generated data sets can be seen in Appendix D.

When we make an exact classification, we obtain almost the same resultsin all 3
distributions. The differences in the results come from the difference in the
selection of the alternatives placed by the DM. We find the probability of each
alternative being better than each utility threshold. We ask the DM the alternative
that has the closest probability to 0.5. Since different probabilities are calculated
under different distributions, the alternatives asked the DM can be different.
When probability threshold increases, the distribution used makes a difference.
According to the results, none of the distributions perform significantly better
than the other ones. In the above tables, in symmetric triangular distribution
misclassification begins at smaller thresholds than the other ones. In uniform and
normal distribution, there is no misclassification while threshold have increased
up to 0.15. We see that most of the alternatives placed by the DM have been
narrowed down to 2 classes. Even when the algorithm is not able to place the
alternatives, it is able to narrow down the classes the alternative can be placed.
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When we start with orthogonal alternatives to exact classification, we obtain
improved results in terms of the number of questions asked to the DM. However,
we ask 15 more questions to the DM at the beginning and this should be taken
into consideration while evaluating the results. As probability threshold increases,
orthogonal alternatives result in fewer misclassified alternatives and fewer
questions to the DM. But again the extra number of questions asked to the DM
should be taken into consideration. In normal distribution, the results have
improved more by starting with orthogonal alternatives.

As the number of criteria increases, it becomes harder to place the alternatives
and the number of alternatives placed by the DM increases. In the results of
randomly generated data set 2, most of the alternatives are placed by the DM. We
see that most of the alternatives placed by the DM have been narrowed down to
two classes. The DM places most of the alternatives but we considerably reduce
the number of classes the alternatives can be placed in.
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CHAPTER 5

CONCLUSIONS

In this study, we proposed algorithms to multi-criteria sorting problem. We
assumed an underlying additive utility function for the DM. Marginal utility
function on each criterion is thought to be piecewise linear. Using the available
information, we calculated probabilities for each unassigned alternative being in
each class. We suggested a classification method by comparing the calculated
probabilities with a given probability threshold value.

We implemented our algorithm on a data set used by Koksalan and Ozpeynirci
(2009) to assign 81 MBA programs to preference ordered groups. We also used
two randomly generated data sets used by Koksalan and Ozpeynirci (2009).

We evaluated our algorithm based on the number of alternatives placed by the
DM and the number of misclassified alternatives. The algorithm can result in
exact classification or probabilistic classification depending on the given
probability threshold. When probability threshold is small, the DM is required to
place many alternatives but most of the alternatives will be correctly classified.
When probability threshold is large, we classify alternatives with less information
but many alternatives can be misclassified. As probability threshold increases, the

general trend isto ask fewer questions and misclassify more alternatives.
In our algorithm, we see that it is harder to place the alternatives in pairwise

comparison of alternatives. When we make an exact classification, comparing
with utility thresholds performs better and is able to classify with asking fewer
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questions to the DM. When we make probabilistic classification, the pairwise

approach asks more questions to the DM but misclassifies fewer alternatives.

We proposed two different implementations of the algorithm. We suggest to work
with the one using the correct information given by the DM. It is expected that it
will misclassify fewer alternatives compared to one using the class information of
assigned alternatives by the algorithm.

In our study, we have thought of creating hypothetical orthogonal alternatives and
asking the DM to place them at the beginning of the algorithm. We made
experiments on our algorithm starting with the class information of orthogonal
aternatives. This requires asking questions to the DM at the beginning. The
number of questions asked depends on the number of criteria and the number of
subintervals each criterion range has divided. We observed that constraints of
orthogonal alternatives are more restrictive than the constraints of the other
aternatives if the same length utility ranges are given for the alternatives.
According to our results, although constraints written on them are more
restrictive, they did not show a significant improvement in our results when we
consider the additional questions asked to place these hypothetical alternatives.

We found the range for the difference of utility of alternatives from utility
thresholds. We fit different distributions to the difference and tried to find the
probability of difference being greater than 0. We tried uniform distribution,
symmetric triangular distribution and normal distribution. In the experiments, we
obtained nearly similar results for all distributions. We cannot say that fitting one
distribution performs better than the other.

Different procedures can be used while selecting the alternatives to ask to the
DM. The alternative placed by the DM affects the feasible region and we aim to
ask the alternatives that will lead us to write more restrictive constraints. In the
algorithm, we selected the dternative to ask the DM by looking a the
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probabilities of being better than utility thresholds. We asked the alternative that
has the closest probability of being better than any of the thresholds to 0.5. We
aimed to ask the alternative that we do not have much information about. As a
future research, a different procedure using orthogonality can be tried.
Alternatives that can give the constraints closest to the orthogonal constraints of
previously asked alternative can be selected to ask to the DM. If we search for the
constraints orthogonal to the previously assigned one, we hope to have a reduced
feasible region. However, the alternative set may not include an alternative that
can give orthogonal constraints to the previously assigned alternative. Therefore,
we suggest to select the alternative that can give closest constraints to the ones we
search. By searching for orthogonal constraints, it is aimed to reduce feasible
region more than the constraints derived from other aternatives.
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APPENDIX A

UNDERLYING MODEL OF THE MBA DATA

Table A.1: Limits of Subintervals for the MBA Data

1 2 3 4
gi gi gi gi
Criterion 1 | 21.18 | 40.00 | 54.00 | 83.44
Criterion 2 | 14.31 | 26.00 | 41.00 | 70.74

Criterion 3 0.71 42.00 75.00 93.91

Table A.2: w,," of the Underlying Model for the MBA Data

NP1 2 3
1 006 | 018 | 006
2 024 | 012 | 004
3 006 | 009 | 015
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Table A.3: Orthogonal Alternatives Created for the MBA Data

Alumni Carrer Diversity Idea_
Progress Generation
21.18 14.31 0.71
21.18 26.00 42.00
21.18 41.00 75.00
21.18 70.74 93.91
40.00 14.31 42.00
40.00 26.00 0.71
40.00 41.00 93.91
40.00 70.74 75.00
54.00 14.31 75.00
54.00 26.00 93.91
54.00 41.00 0.71
54.00 70.74 42.00
83.44 14.31 93.91
83.44 26.00 75.00
83.44 41.00 42.00
83.44 70.74 0.71
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APPENDIX B

UNDERLYING MODEL OF THE DATA SET 1

Table B.1: Limits of Subintervals for the Data Set 1

o' | 9° | ¢ | ¢
Criterion 1 | 0.19 3.40 6.00 9.95
Criterion 2 | 0.19 4.20 7.00 9.87
Criterion 3 | 0.10 3.60 7.40 9.98

TableB.2. w,, of the Underlying Model for the Data Set 1

NP1 2 3
1 005 | 020 | 005
2 024 | 012 | 004
3 006 | 009 | 015
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Table B.3 Orthogonal Alternatives for the Data Set 1

Criterion 1 Criterion 2 | Criterion 3
0.19 4.20 3.60
0.19 7.00 7.40
0.19 9.87 9.98
3.40 0.19 3.60
3.40 4.20 0.10
3.40 7.00 9.98
3.40 9.87 7.40
6.00 0.19 7.40
6.00 4.20 9.98
6.00 7.00 0.10
6.00 9.87 3.60
9.95 0.19 9.98
9.95 4.20 7.40
9.95 7.00 3.60
9.95 9.87 0.10
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APPENDIX C

UNDERLYING MODEL OF THE DATA SET 2

Table C.1: Limits of Subintervals for the Data Set 2

gi g g g

Criterion 1 | 0.19 3.40 6.00 9.95
Criterion 2 | 0.19 4.20 7.00 9.87
Criterion 3 | 0.10 3.60 7.40 9.98
Criterion 4 | 0.05 3.10 7.00 9.91
Criterion 5 | 0.07 3.50 6.20 9.91

Table C.2: w,," of the Underlying Model for the Data Set 2

iN Pl 1 2 3
1 005 | 010 | 003
2 010 | 004 | 001
3 004 | 007 | 009
4 004 | 008 | 011
5 015 | 006 | 003
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Table C.3: Orthogonal Alternatives for the Data Set 2

Criterion 1 Criterion 2 | Criterion 3 Criterion 4 Criterion 5
0.19 4.20 3.60 3.10 3.50
0.19 7.00 7.40 7.00 6.20
0.19 9.87 9.98 9.91 9.91
3.40 0.19 3.60 7.00 9.91
3.40 4.20 0.10 9.91 6.20
3.40 7.00 9.98 0.05 3.50
3.40 9.87 7.40 3.10 0.07
6.00 0.19 7.40 9.91 3.50
6.00 4.20 9.98 7.00 0.07
6.00 7.00 0.10 3.10 9.91
6.00 9.87 3.60 0.05 6.20
9.95 0.19 9.98 3.10 6.20
9.95 4.20 7.40 0.05 9.91
9.95 7.00 3.60 9.91 0.07
9.95 9.87 0.10 7.00 3.50
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APPENDIX D

RESULTS

Table D.1: Number of Misclassifications and Questions for the MBA Data under
Uniform Distribution Assumption and Orthogonal Alternatives Included

. Narrowed | Narrowed Not
Threshold | Misclassification Questions downto | downto 2 narrowed
asked
1 class classes down
0.00 0 33 48 31 2
0.05 0 32 49 30 2
0.10 0 32 49 30 2
0.15 0 31 50 29 2
0.20 0 27 54 25 2
0.25 0 21 60 19 2
0.30 5 15 66 13 2
0.35 8 9 72 7 2
0.40 12 6 75 3 3
0.45 15 4 77 2 2
0.50 29 0 81 0 0
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Table D.2: Number of Misclassifications and Questions for the MBA Data under

Triangular Distribution Assumption and Orthogonal Alternatives Included

_ - Questions Narrowed | Narrowed Not
Threshold | Misclassification asked downto | downto 2 narrowed

1class classes down
0.00 0 33 48 31 2
0.05 0 31 50 29 2
0.10 0 23 58 21 2
0.15 3 20 61 18 2
0.20 6 14 67 12 2
0.25 9 9 72 7 2
0.30 12 6 75 3 3
0.35 12 5 76 2 3
0.40 13 4 77 2 2
0.45 23 4 77 2 2
0.50 29 0 81 0 0

Table D.3: Number of Misclassifications and Questions for the MBA Data under

Normal Distribution Assumption and Orthogonal Alternatives Included

. Narrowed | Narrowed Not
Threshold | Misclassification Questions downto | downto 2 narrowed
asked
1class classes down
0.00 0 29 52 27 2
0.05 0 27 54 25 2
0.10 0 26 55 24 2
0.15 0 24 57 22 2
0.20 0 18 63 16 2
0.25 0 12 69 10 2
0.30 6 12 69 10 2
0.35 9 8 73 6 2
0.40 12 6 75 4 2
0.45 16 3 78 1 2
0.50 18 0 81 0 0
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Table D.4: Number of Misclassifications and Questions for the Data Set 1 under
Uniform Distribution Assumption

. . Narrowed | Narrowed | Narrowed | Narrowed Not

hoid | licaion | “asked | 940101 | dounio? | dawnto3 | downo | o
down

0.00 0 63 37 37 11 5 10
0.05 0 60 40 34 11 5 10
0.10 0 57 43 31 11 5 10
0.15 1 51 49 27 9 5 10
0.20 2 44 56 21 7 6 10
0.25 5 42 58 15 6 11 10
0.30 11 35 65 10 9 7 9
0.35 19 21 79 3 1 5 12
0.40 30 16 84 2 0 3 11
0.45 40 9 91 1 0 0 9
0.50 43 5 95 0 0 0 5

Table D.5: Number of Misclassifications and Questions for the Data Set 1 under
Triangular Distribution Assumption

. . Narrowed | Narrowed | Narrowed | Narrowed Not

hoid | licaion | “aske | So4n101 | dounio? | dawn o3 | downto | o
own

0.00 0 63 37 37 11 5 10
0.05 1 50 50 27 9 5 10
0.10 3 45 55 18 8 9 10
0.15 8 38 62 11 6 11 10
0.20 13 30 70 8 5 8 9
0.25 19 23 77 4 2 4 13
0.30 27 17 83 2 1 1 13
0.35 32 14 86 1 0 2 11
0.40 39 9 91 1 0 0 8
0.45 41 8 92 0 0 0 8
0.50 43 5 95 0 0 0 5
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Table D.6: Number of Misclassifications and Questions for the Data Set 1 under
Normal Distribution Assumption

. . Narrowed | Narrowed | Narrowed | Narrowed Not

hoid | licaion | “asked | 940101 | dounio? | dawnto3 | downo | o
down

0.00 0 63 37 38 7 7 11
0.05 0 60 40 35 7 7 11
0.10 2 53 47 28 7 7 11
0.15 4 51 49 24 8 9 10
0.20 9 52 48 18 10 7 7
0.25 13 38 62 13 12 6 7
0.30 20 32 68 8 8 9 7
0.35 32 23 77 4 7 3 9
0.40 39 16 84 2 3 3 8
0.45 44 11 89 2 0 1 8
0.50 50 5 95 0 0 0 5

Table D.7: Number of Misclassifications and Questions for the Data Set 1 under
Uniform Distribution Assumption and Orthogonal Alternatives Included

. . Narrowed | Narrowed | Narrowed | Narrowed Not

hoid | licaion | “aske | So4n101 | dounio? | dawn o3 | downto | o
own

0.00 0 46 54 35 10 1 0
0.05 0 43 57 32 10 1 0
0.10 0 40 60 29 10 1 0
0.15 1 37 63 26 10 1 0
0.20 1 34 66 23 10 1 0
0.25 2 26 74 15 10 1 0
0.30 10 18 82 9 6 3 0
0.35 18 12 88 3 6 3 0
0.40 21 10 90 1 8 1 0
0.45 26 5 95 0 3 1 1
0.50 26 0 100 0 0 0 0
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Table D.8: Number of Misclassifications and Questions for the Data Set 1 under
Triangular Distribution Assumption and Orthogonal Alternatives Included

. . Narrowed | Narrowed | Narrowed | Narrowed Not

hoid | licaion | “asked | 940101 | dounio? | dawnto3 | downo | o
down

0.00 0 46 54 35 10 1 0
0.05 1 36 64 25 10 1 0
0.10 1 32 68 21 10 1 0
0.15 6 24 76 13 10 1 0
0.20 14 14 86 6 5 3 0
0.25 19 11 89 2 6 3 0
0.30 18 10 90 2 5 3 0
0.35 25 7 93 0 4 3 0
0.40 26 5 95 0 3 1 1
0.45 33 3 97 0 2 1 0
0.50 26 0 100 0 0 0 0

Table D.9: Number of Misclassifications and Questions for the Data Set 1 under
Normal Distribution Assumption and Orthogonal Alternatives Included

. . Narrowed | Narrowed | Narrowed | Narrowed Not

hoid | licaion | “aske | So4n101 | dounio? | dawn o3 | downto | o
own

0.00 0 55 45 45 10 0 0
0.05 6 46 54 36 10 0 0
0.10 10 41 59 30 11 0 0
0.15 12 38 63 28 10 0 0
0.20 20 28 72 19 9 0 0
0.25 23 24 76 15 8 1 0
0.30 27 20 80 11 8 1 0
0.35 30 13 87 4 8 1 0
0.40 38 8 92 3 4 1 0
0.45 40 3 97 0 2 1 0
0.50 45 0 100 0 0 0 0
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Table D.10: Number of Misclassifications and Questions for the Data Set 2 under
Uniform Distribution Assumption

Thres | isclass | questons | herrousd | Narowed | Narvowed | Nariousd | g
hold | ification asked class classes classes classes wed

down
0.00 0 86 14 41 11 18 16
0.05 0 82 18 37 11 18 16
0.10 0 77 23 34 9 18 16
0.15 0 73 27 30 9 18 16
0.20 0 68 32 26 8 18 16
0.25 0 64 36 22 8 18 16
0.30 2 54 46 12 8 18 16
0.35 9 47 53 6 10 15 16
0.40 26 28 72 1 2 7 18
0.45 43 16 84 0 0 1 15
0.50 53 5 95 0 0 0 5

Table D.11: Number of Misclassifications and Questions for the Data Set 2 under
Triangular Distribution Assumption

Thres | isclass | questons | heriousd | Narowed | Narvowed | Nariousd | g
hold | ification asked class classes classes classes dwed

own
0.00 0 86 14 41 11 18 16
0.05 0 73 27 30 9 18 16
0.10 0 67 33 25 8 18 16
0.15 0 59 41 18 7 18 16
0.20 3 54 46 11 9 18 16
0.25 9 47 53 6 10 15 16
0.30 21 33 67 0 3 12 18
0.35 32 20 80 0 1 3 16
0.40 42 16 84 0 0 1 15
0.45 50 10 90 0 0 0 10
0.50 53 5 95 0 0 0 5
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Table D.12: Number of Misclassifications and Questions for the Data Set 2 under
Normal Distribution Assumption

Not

Thres | Misclass | Questions | U™y | GRS | fown to 3 | down to 4 | "3
class classes classes classes down

0.00 0 86 14 38 12 15 21
0.05 0 83 17 35 12 15 21
0.10 0 77 22 31 10 15 21
0.15 1 72 28 22 13 16 21
0.20 5 66 34 18 10 17 21
0.25 12 60 40 9 20 13 18
0.30 23 45 55 1 13 13 19
0.35 30 35 65 0 7 9 19
0.40 35 27 73 0 3 4 20
0.45 50 12 88 0 0 0 12
0.50 56 5 95 0 0 0 5

Table D.13: Number of Misclassifications and Questions for the Data Set 2 under
Uniform Distribution Assumption and Orthogonal Alternatives Included

Not

Thres | Misclass | Questions | AUty | GEUNTD | Gownto s | down to 4 | "3
class classes classes classes down

0.00 0 80 20 51 18 8 3
0.05 0 75 25 46 18 8 3
0.10 0 69 31 40 18 8 3
0.15 0 60 40 31 18 8 3
0.20 0 54 46 26 17 8 3
0.25 1 46 54 20 15 8 3
0.30 5 38 62 12 15 8 3
0.35 16 29 71 2 15 9 3
0.40 21 17 83 1 5 7 4
0.45 30 8 92 1 2 4 1
0.50 44 0 100 0 0 0 0
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Table D.14: Number of Misclassifications and Questions for the Data Set 2 under
Triangular Distribution Assumption and Orthogonal Alternatives Included

. . Narrowed | Narrowed | Narrowed | Narrowed Not

hoid | licaion | “asked | 940101 | dounio? | dawnto3 | downo | o
down

0.00 0 80 20 51 18 8 3
0.05 0 58 42 29 18 8 3
0.10 1 51 49 25 15 8 3
0.15 3 46 54 19 16 8 3
0.20 6 34 66 9 13 9 3
0.25 16 28 72 2 14 9 3
0.30 19 19 81 1 6 9 3
0.35 22 15 85 1 6 7 1
0.40 29 9 91 1 2 3 3
0.45 36 4 96 0 1 2 1
0.50 44 0 100 0 0 0 0

Table D.15: Number of Misclassifications and Questions for the Data Set 2 under
Normal Distribution Assumption and Orthogonal Alternatives Included

. . Narrowed | Narrowed | Narrowed | Narrowed Not

hold | licaion | “aske | So4n101 | dounio? | dawn o3 | downto | o
own

0.00 0 78 22 48 19 6 5
0.05 0 73 27 43 19 6 5
0.10 0 63 37 34 18 6 5
0.15 1 53 47 24 18 6 5
0.20 5 46 54 19 16 6 5
0.25 6 41 59 17 15 4 5
0.30 17 35 65 4 16 10 5
0.35 31 21 79 1 10 5 5
0.40 39 13 87 0 2 6 5
0.45 46 8 92 0 3 2 3
0.50 52 0 100 0 0 0 0
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