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ABSTRACT

EINSTEIN AETHER GRAVITY

AKBABA, Esin
M.Sc., Department of Physics
Supervisor : Prof. Dr. Atalay Karasu

September 2009, 32 pages

In this thesis, we review some basic properties of the Einstein-aether gravity. We derive
the field equations from an action and study a subclass of this theory corresponding to
the Einstein-Maxwell like theory. We also show that the Godel type metrics are also
exact solutions of this theory. Furthermore, we determine the observational constraints
on the dimensionless preferred parameters of this theory using the parametrized post-
Newtonian formalism. We stress that none of calculations and discussions are original

in this thesis.

Keywords: Einstein-aether theory, Godel type metrics, Newtonian limit, parametrized

post Newtonian formalism.
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(V4

EINSTEIN ETER GRAVITASYON KURAMI

AKBABA, Esin
Yiiksek Lisans, Fizik Boliimii

Tez Yoneticisi : Prof. Dr. Atalay Karasu

Eylul 2009, 32 sayfa

Bu tezde, Einstein-eter gravitasyon kuraminin bazi temel ozellikleri tekrarlanmistir.
Aksiyon prensibinden alan denklemleri bulunmustur ve bu teorinin Einstein-Maxwell
benzeri kurama tekabiil eden bir alt grubu cahigilmigtir. Ayrica, Gédel tipi metrik-
lerinin bu teorinin tam ¢6ziimi oldugu gosterilmistir. Parametreli Newton-sonrasi
formalizmi kullanarak bu kuramin boyutsuz parametrelerin deneysel kisitlamalari be-

lirlenmistir. Bu tezdeki tartismalar ve hesaplar orijinal degildir.

Anahtar Kelimeler: Einstein-aether kurami, Godel uzay-zamani, Newton limiti, parame-

treli Newton-sonras: formalizmi.
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CHAPTER 1

INTRODUCTION

It is well known that the formulation of general relativity is based on the spacetime
metric. This theory is Lorentz covariant and locally Lorentz invariant. Moreover,
it does not possess preferred coordinate systems. On the other hand, one of the
Lorentz-invariance violating theory is the Einstein-aether theory, which represents a
gravitational theory with a preferred frame. This frame is introduced by a dynamical
unit time-like vector field. This theory contains four arbitrary dimensionless parame-
ters which preserve the Lorentz covariance of general relativity. The Einstein-aether
theory provides a simple model for us to see the gravitational and cosmological ef-
fects of a preferred frame. The Einstein-aether theory was first studied in [1] and [2]
and later revived in [3]. A subclass of Einstein-aether theory, corresponding to the
Einstein-Maxwell theory with dust distribution was studied in [3,4]. The structure of
this theory, status of observational constraints, and some recent developments have

been given in [5].

Recently, a class of metrics, called as Godel-type metrics, was defined and used for
generating new solutions in various dimensions. It is shown that [6,7] in all dimensions
Einstein field equations for this class of metrics reduce to the Euclidean source-free
Maxwell equations. Most recently, it is shown [8] that Godel-type metrics are also ex-
act solutions of the Einstein-aether theory and the only field equations, like in general
relativity, are the three dimensional Euclidean Maxwell equations with a constraint

on two of the preferred frame parameters.

The Newtonian limit of the Einstein-aether theory was examined in [9]. In that work,
both fields and sources were taken to be static and weak. Furthermore, the aether vec-

tor field was chosen to be a timelike Killing vector. The observational constraints on



the parameters of the Einstein-aether theory are determined by parametrized post-
Newtonian(PPN) formalism [1, 10,11, 15]. This formalism is an approximation to
general relativity and to all other metric theories. PPN approximation assumes that,
as in the Solar System, the sources of the field move slowly and gravitate weakly ev-
erywhere. Furthermore, PPN formalism is characterized by ten real parameters. Five
of them vanish identically for any theory which is derivable from an action principle.
The others measure the nonlinearity, spatial curvature, the preferred frame effects and
preffered location effects. To determine these parameters, one solves the approximate

field equations with the fluid source in a standard coordinate gauge.

In this thesis, we study some basic properties of the Einstein-aether theory, and show
that this and Einstein theories are equivalent when the metric is a subclass of Godel

type metric. We also obtain the Newtonian and PPN expansion of this theory.

In chapter 2, we review the Einstein-aether action principle and derive the field equa-

tions.

In chapter 3, we review the Godel type metrics in general relativity and show that

this type of metrics are also exact solutions of the Einstein-aether theory.
In chapter 4, we study the Newtonian limit of the Einstein-aether theory.

In chapter 5, we determine the observational constraints on the parameters of the

Finstein-aether theory by using the parametrized post-Newtonian formalism.



CHAPTER 2

EINSTEIN-AETHER GRAVITY

2.1 Action and Field Equations

In general relativity, the spacetime structure is characterized by the metric tensor
Jab, and the theory is both diffeomorphism invariant and locally Lorentz invariant.
Furthermore in general relativity there are no preferred frames. Einstein-aether theory
is a simple extension of general relativity containing a dynamical unit timelike vector
field u® that breaks the local Lorentz symmetry. This dynamical vector field is called
the aether and specifies a preferred rest frame at each point of spacetime. Einstein-
aether theory contains four free parameters which preserve the lorentz covariance of

general relativity.

In this chapter, we review the Einstein-aether action principle and derive the field

equations.

The conventional Einstein-aether action is defined as [3]

1
167Gy

/\/—g <R — K% Vum™Vyu" + A gapu®u® + 1)) atz, (2.1)

where

K® = c10®gmn + 20208 + 3668, — cquulgpmn. (2.2)

Here u® is a time-like unit vector, R is the scalar curvature and A is the Lagrange
multiplier field and ¢y, ¢2, c3 and ¢4 are dimensionless constants. The metric signature
is chosen as (— 4 ++) and the speed of light defined by the metric g®° is unity. The
constant G, is related to the Newton’s gravitational constant G. Throughout this
work we take Latin indices a,b,c,... to run from 0 to 4 and Latin indices from the

middle of the alphabet 4, j, k, ... to run from 1 to 3. We use the notation ¢4 = ¢1 + ¢4,



C123 = €1 + ¢ + c3, etc.

The field equations are obtained by making variation of Eq.(2.1) with respect to the

metric g% the vector field u® and the Lagrange multiplier field \.

For this purposes we may split the action as,

I=hL+DL+1I3+ 14+ I5 + Ig,

where
I, = 16;G*/¢T9Rd4x. (2.3)
I = —16le [ V798 0 (T (Vi (24)
I o= oo G / V=g 58 (V™) (Vyu")d . (2.5)
I, = 167r G / V=g0%82 (Vu™)(Vyu™)d z. (2.6)
I; = 167TG* /Jjguau Gmn(Vau™)(Vyu™)dtz. (2.7)
Iy = 16;G*/\/Tg)\(gabuaub—|—1)d4:c. (2.8)

Variation with respect to A:

It is clear that,

0l, =0, a=1---5
Variation of Eq.(2.8)
1
6 167rG*/\/ g(gapuu’ 4+ 1)0Ad z,
= 0,

with respect to A yields constraint equation

gapuub = —1. (2.9)

The Lagrange multiplier field A constrains the vector field u® to have a lenght -1.



Variation with respect to u®:

The variation of Eq.(2.3) is,

0l =0,
with respect to the field u®.
Variation of Eq.(2.4) is,
c
S =~ [ VR BV (Vo) + (T (Vi a'
= (Vyu™)§(Vau™)d e,
— my 14
= 87TG /\/ 99 Grn (Vpu™) Vo (6u™)d
= (Vyu™)ou™)a
mva(gabgmn(vbun))d4$

VU,,)ou™]dtx

VU, )0u™d . (2.10)

The first term of Eq.(2.10) vanishes due to the Gauss’ Theorem,

C1 a m 44
I, = - a m .
0l ey /\/ gVa(Voiup)ou™a x

Similarly, variations of Eq.(2.5),(2.6) are,

0l3 = Vnu")5umd4a:.
Vou™)sumatz.
Variation of Eq.(2.7) is,
i C4 — b m n a 44
ol; = Teen /\/ 9w’ gmn (Veu™) (Vpu™)oud z
b 44
+ 167rG /\/ gu° Grmn (Vou™) (Vpu")du’d*z
+ 167rG /\/ UL G (V™) Vo (Su™)d
+ 167rG /\/ quu® g (V™) Vi (6u™)d

5



5'[5 = 8,:.?; /\/jg[ubgan(vmua)(Vbun) — Vb(uaubgmnvaun)]éumd4x,

Variation of Eq.(2.8) is,

1
5l = /\/—g/\gabubéu“d‘lx +/\/—g)\gabua5ubd4x :
167G
0l = 1 /\/TA uoumdz
6 — 87TG* GAGmn .

Finally, we sum up the results,

0l = 0.
0l + 0I5+ 613+ 014 + 015 +6lg =0
and obtain the aether field equation,
ca"" Vi u®Vyug + Vo J% + Aup =0 (2.11)
where

Jo =K% V" (2.12)

Variation with respect to g:

We note that
§(Vau™) = (6T™ u.

The variation of the Christoffel symbol

1
njzd = igmn(aagdn + OdGan — angad)a (2-13)
yields
1 1
6Fm&d = §6gmn(aagdn + 8clgan - 8ngad) + igmn (6aagdn + 5adgcm - 5angad)7
1
= §5gmn5161(8agdc + 8dgac - acgacl)

1
+ igmn@aagdn + 0049an — 5angad)~

1
6F"Zd = - §gmn59negce(aagdc + 8dgac - 8cgad)
1
+ §gmn(aagdn + adgom - angad)-

Using 65 = gneg® and



5gdn = _gcdgenfsgcea (214)

we obtain,

1
5F7r:1d = _gmn(sgneFead + igmn(aagdn + 8dgan - 8ngad)-

It can also be written as,

1
5FW¢de = §gmn(_59neread - (5gneread + aagdn + adgan - 8ngad)~ (215)

This can be further simplified, by adding and subtracting the term (dgeql'¢,,, +

09ael®,4) to the Eq.(2.15), then in covariant form we obtain

1
5rntlzd = §gmn(va59dn + vdégan - Vn(sgad)y

and

1
5(vaum) = iudgmn(vaégdn + vdégan - vnégad)z

1
= _§Uc(gcdva69md + gadvcégmd + gmdvdégac)a
where we have used Eq.(2.14).

Furthermore,

1
K% Vaum§(Vyu") = — QK“bmnVaumuc(gchb(Sg"d

+  95aVedg"™ + g™V 18 gpe). (2.16)

Changing n «— a , d «— b for the first and second terms of Eq. (2.16), we have,

1
K“bmnvaumd(vbun): - iK”dmavnumucgcbvd(Sgab

1
o 5}-(ndmaVnumucgbdvc6gab

1
+ §KT8 mnvrumucgndgasgbcvdégabv

where we have used equation(2.14).

Using Gauss’ Theorem and changing indices, n «— m , a «<— b , we obtain
1
K% Vyu"d(Veu™) = [ivd(Kmdnbvmu"ua)
1
+ §V0(Kmdnbvmu”ucgad)

n, c_md

1
- §vd(Krsmnvru u-g gsbgca)]59ab



Then,

1
K®  Vyu§(Veu™) = (5 Vim(J™ y1ia)

1
+ ivm(efd »t" Gad)

1
- ivm((']s ducgmdgsbgca)]égab'

1 1
K%  Vu"§(Veu™) = [ivm(meua)—&—ﬁVm(Jabum)

1
SVl ua)log™.

Similarly, we can calculate the following expressions

1
K% NV um5(Vyu") = [5 V(I qup + Jogu™ — JMuy)]6g.
K V" 8(Vou™)+ K Vau™ 8(Vou™) = [Vin (™ (ytta)+J(apyu™ =T, ™ug)|og™.

5Kab mn — C1 (gmnégab + gabagmn) —C4 (Uaub(sgmn)-
6(Kab mn)vﬂumvbun = Vaumvbun(clgmn(sgab + Clgabégmn — C4uaub59mn)

= [Clvaumvbungmn - Clvrumvsungrsgmagnb

+ C4vrumVsunurusgmagnb](sgabv
where we have used equation(2.14).
Variation of (/—¢gR) is,
1
6(V—gR) = vV—9(Rap — igabR)@ab = V=9Gadg™.
Substituting all these results to the variation, the field equations can be written in the
form G, = Su where Gy is the Einstein tensor and Sy is the aether stress tensor:

1
Gab = V(J™ Guay = I ™ttay + Japyu™) — 5gawal mn Vet Vqu"
+ a1 (VaunVpu" — Vyug Viug) + Augup 4 catigip. (2.17)

where i, = u’Vju, and brackets around the indices denote the symmetrization.

Finally, the variational principle(2.1) implies the following field equations

gapu®ub = —1.



U Vi uVpug + Vo J% 4+ Aup = 0.

1
Gy = Vp(J7" wYa) — I Mgy + Japyu™) — EgabKCd mn VetV au™

+ a1 (Vaun Vpu" — Vyoug Viug) + Auguy + catigiy.

2.2 Special case: Einstein-Maxwell Theory

In this section we study a special class of Einstein-aether theory which corresponds to
the Einstein-Maxwell theory with a dust distribution (without pressure) [3,8]. Now,
let ¢ = ¢4 = 0 and c3 = —c;. Then the action contains only the antisymmetrized
derivative of the dynamical unit timelike vector field.

The tensor given in Eq.(2.2) can now be calculated as

Kab = Clgabgmn . cléaab

n-m?

and hence Eq.(2.12) becomes,

Je = (gabgmn - 5%521)vbuna

m

= c1(V%y, — V,u®).

If we define
Fap = Vaup — Vg,

which has the same form of the electromagnetic field tensor, then the action (2.1)

becomes,
1

167G,
The field equations are obtained by making variation of Eq.(2.18) with respect to gus,

u® and .

/ V=g(R — F®F + Mgapu®u® 4 1))d z. (2.18)

Variation of Eq.(2.18) with respect to gy is,

1
= /5(H)(R — 1l P Fop + Mgapu®u® +1))d*z
167Gy
1
e /\/?9(53 — a16(F*Fap) + A(0gapuu® + 1))d*z.  (2.19)

Using Eq.(2.14), the identity
1
V=g = =5V =909,

9



and

/\/jggabéRabd4m =0,

we obtain,
1
6S = - / V=99a609" (R — c1 F** Fap + A(gapu®u® + 1))d*z
327G,
1 €1
—JR.,6%a" _/ —gFgpF? 59" a*

* 16WG*/NRbg dcl A

1

abq4,., —
— d*z = 0.
167rG*)\/\/ Juaupdg®’dir =0

Then, we have
1 Cl 2 d
_ggabR — EF 9ab — Rap + 2c1 Fgp F'  + Augqup = 0,

where, F2 = F®F,,. The Einstein tensor Gy is simply given by

—C
Gab = 719abF2 + QCledea =+ )\uaub.

In terms of the energy momentum tensor of Fy; is [8]

Gap = 2¢c1Tap + Auguy,

where

1
Top = _ZgabF2 + FypF,.

Variation with respect to u® is,

0S = /\/g(015F2 + Agapdutub + )\gabuaéub)d4x.

58S = —2/\/—gch“b(Va5ub — Vioug)dtz 4 2 / V=g A\gapuoutdtz.

Using Gauss’ theorem we have,
0S8 =4y / V—=9(VyF® )ou + 2/\/—gAua5u“d4x =0,

10

(2.20)



then we obtain

4¢;VyFP , + 2 u, = 0,

A
Fob — 2 b 2.21
va 261u , ( )

and variation with respect to A gives the normalization condition

gapulu’ = —1. (2.22)

Now if we identify the rest energy density of dust p and vector potential A4,, as [3]
p A

Ap = V2c1up,

Eq.(2.21) can be interpreted as the Maxwell equation with 4-velocity u, and charge
density —\/y/2c1 of a charged dust fluid. We can easily find that charge to mass ratio
is —1/4/2¢1. Furthermore, in terms of the vector potential the constraint equation
(2.22) turns out to be

A A" = —2¢4.

It can be easily seen that c¢; and A are positive.

In order to obtain an explicit equation of motion for the dust, we take the gradient of

the constraint equation(2.22),

Va(ubub) = 0,
= Qubvaub,

= 2(u’Vyu, +uPFy). (2.23)
Defining Fp, = v/2¢1 Fp, BEq.(2.23) becomes,

1 ~

b b

uwVpug = ———=Fpu’. 2.24
bUq \/E ab ( )
This is the equation of motion for a particle in the electromagnetic field F,;, with

charge to mass ratio _\/%Tl. On the other hand, this Maxwell-like special case of

Finstein-aether theory is different from the usual Einstein-Maxwell theory due to the

constraint equation (2.22) which breaks the gauge invariance of the theory.

11



CHAPTER 3

GODEL-TYPE METRICS IN EINSTEIN-AETHER
THEORY

3.1 Godel-Type Metrics in General Relativity

In this chapter we briefly review the Godel-type metrics in general relativity and show

that these type of metrics are also exact solutions of the Einstein-aether theory.
The Godel metric
1
ds® = —(dz°)? + (dz')? — §e2xl(dm2)2 + (da®)? — 2¢" da’da?, (3.1)

which describes a pressure-free perfect fluid solution in general relativity with a neg-
ative cosmological constant, was introduced by Kurt Gédel in 1949 [12]. It possesses

closed timelike and null curves. This metric can be put into the form [6,13]

Gab = hab — UqUp,

in two different ways. First, if we consider the background metric hy to be a 3-

dimensional non-flat metric then Eq.(3.1) takes the form
1
ds* = (dz')* + 562371 (dz*)? + (dz®)? — (dz° + emld:c2)2,
with a timelike unit vector
U = 60 + exlég.

Second, if we consider the background metric kg to be the 3-dimensional flat metric

then Eq.(3.1) takes the form

1
ds?® = (dxo)2 + (dwl)2 + (dx?’)2 — (\/idmo + Eemldx2)2,

12



with a unit timelike vector
g = V260 + (1/V2)e" 52,
Motivated by the Gddel metric, a class of metrics of the form
Jab = hab — UaUyp, (3.2)

are called Godel-type metrics if the following conditions are satisfied.

1. hgp is a degenerate (D x D) matrix with rank equal to D — 1,
2. hoe =0, 20 is a fixed coordinate,

3. ohay = 0,

4. h;j is the metric of (D — 1) dimensional Euclidian space,

5. u® is a timelike unit vector, i.e. u%u, = —1,

6. 60ua = 0.

In [6,7] it was shown that Godel-type metrics can be used in constructing solutions

in various dimensions.

Now, we show that in four dimensions Godel-type metrics form an exact solution of
the Einstein equations with charged dust source provided that a simple 3-dimensional
Euclidian source-free Maxwell’s equation is satisfied.

Let

1
ut = ——§3
Uo

be a timelike vector with ug = 1 and up=constant. Then, defining an antisymmetric

tensor fup,

Jab = Uba — Uap = 2V Uy,

which is closely analogous with the electromagnetic field tensor, the Christoffel sym-

bols can be found as
r ab — i(uaf b + ubf a) - i(u%b + ub,a)u

13



The following identities are useful in the derivation of Einstein tensor:

uOup = 0,
uafab = 07
u®* = 0.

The Ricci tensor is given by

Rbd = 8CF§d - 8dPlC;c + Fle)drgc - 1—‘lfc gd

and the corresponding Christoffel symbols can be calculated as

1 1
1—‘Cbc = §(ubfc b+ ucfc b) - i(ub,c + uc,b)uc-

On the other hand, we calculate the following expressions

1 1
oy = iac(ubfC atuafy) — §3c(uc(ub,d + uqp)),
1
= i(ub,cfc a— WwOefy €+ uagcf€y —ualefy ©),
1

= —(upefCq— wid+ vacfy — uadp),
2
where j, = 0, f; .
€ C

1
= 1 (—upuaf® + £y (e + uage) + £ q(tpe + uep)) -

Then we get the Ricci tensor,

—

Rpg = —(upef®q— wjd + udgefy — udjs)

— N

~ 2 (—upaf® + £y (e + uae) + F€ g(tpe + uep))

1 . ) 1
= §(fdefb ¢ —upja — uajp) + Zubude.

The Ricci scalar is obtained as,
R = ¢"Ry
L ba e bd, b, L b 2
= 59" aefy © = 9" wja = 9"uage) + 79" wsuaf
1 )
= 1f2—ud]d-

14

1
velca = Z(Ubfe e Fucfy — uup e — uucy)(ue f€ g + uaf® . — uueq — uuge),

(3.3)



Finally the Einstein tensor, with j; = 0, is simply given by,

1
Gy = Rbd_§gbdR

1 1 1
= ifdefb ‘+ Eubude - ggbde

1 1
— inf; +7 FPupug, (3.4)

where the Maxwell energy momentum tensor bed is
f e 1 2
Tyg = faefy = = Jgvaf”.

Eq.(3.4) implies that the Godel-type metric(3.2) is a solution of the charged dust field
equations in 4-dimensions. The energy density of the dust fluid is % f?. Furthermore,
we have

Ji=0uf, =0, i=1,2,3

since jg = 0.

In covariant form the above equation can also be written as

Vaf® = % Al (3.5)

3.2 Godel-Type Metrics in Einstein-Aether Theory

In this section we show that Godel-type of metrics of general relativity are also exact
solutions of the Einstein-aether theory. We use the Gédel-type metric and its time-like
vector u* in Einstein-aether theory [8].
Using
fab = Upq — Uap = 2V gy

and u®Vub = 0(4® = 0), we find

Je,, = %(cl —c3)f (3.6)
To calculate A,

A = cgi®ig +uVyJ®

we specifically calculate,
1
vb‘]b a - 5(61 - 63)(abfb a ngfb e)

= (e - o + 5 )

15



1 1
wp' e = Slen—e) (WA = 517
1
= _Z(Cl —c3)f%.
Then we obtain,
1

A= —Z(cl —3)f2
In order to calculate the field equations the following derivations are useful:

L = K (Veu™)(Vyu")

1
= i(clgabgmn + 0252152 + 636%5% + C4uaubgmn)(_fma)(vbun)

1

= Z(Cl —c3)f>. (3.7)

The Maxwell equation becomes,
e 1 2
vef a — Qf Ug,- (38)
To obtain the field equations we calculate

VeI (qupy = I up) + Japyu®) = Vel qup + J yua)
= (VeJ® Jup + J¢ Veup + (Ve ug + J€ Veuq

1
= 5(01 — c3)(fPuqup + € Veup + £, Veuq)

and

c1(VaueVou® — VeuaVeuy) = c1(fae + Veta)Vpu® — c1Veua Veuy

= leaeVbue + Clveua(fb 6)7

where we have used Eq.(3.6) and (3.8). Therefore, the Einstein field equations comes
out to be

Gap = (e1 — e3) (5T + 3 [Tuats)- (3.9)
Now, a comparison of Eq.(3.8) and (3.9) with Eq.(3.4) and (3.5) implies that ¢; —c3 =
1. Hence the only field equations remaining for the Einstein-aether theory are given

in Eq.(3.8).

16



CHAPTER 4

NEWTONIAN LIMIT OF THE EINSTEIN-AETHER
THEORY

In this chapter, we will study the Newtonian limit of the Einstein-aether theory [9]
which will enable us to see the observable effects of the aether field(for example,
Newtonian theory works well in the Solar System experiments).We assume that the
metric field is so weak that we can consider it as nearly flat. And therefore, we can

split the metric into two:
9ab = Nab + hab’

where 74 is the Minkowski metric and hgp, is the small metric perturbation such that
‘ hap ‘<< 1.
To linearize the field equations we keep only the first order terms of hy,,. Then, the

linearized Christoffel symbols can be written as,

1
"Zb = 5(6ahbm + 8bham — 8mhab)

and the Ricci tensor is,

Rab == acfgb - 85FZC

1
= 5(658ahbc — Ohap — Op0gh + 0p0°hac) (4.1)
where, [J = 0,0%, the d’Alembertian operator and h = h%, = N®hay, trace of the hgp.

The Ricci scalar is,

R = 8,0,h™ — Oh.

Finally, we obtain the linearized Einstein tensor,

1
Gap = 5(0°Dahbe = Dhap = Opdah + 0p0°hac — Nab0e0gh + naph). (4.2)
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For simplicity, we define a new quantity [14],

1
Yab = hab - §nabh7

in terms of which g, is given by,

1
S Nab”s (43)

Gab = Mab + Yab — 9

where v is the trace of the 4.

Then, linearized field equations in terms of the defined quantity are,
1
Gap = §(acaﬂbc + 0°OpYac — Mab0e0ay™ — Dyap). (4.4)

Using the Hilbert gauge [14],
8b7ab = Oa
our linearized field equations reduce to,

1
G(ab = _§D7ab- (45)

Eq.(4.5) can also be written as,

Ovep = —167G Typ. (4.6)

We consider the retarded solution of Eq.(4.6) [14],

7ab($)—4GN/d3 Tap(@? =[x = x|, ) (4.7)

[x — x|

In the Newtonian limit we consider small velocities, which means Ty > |T;| and

Too > |T;j|. Then Eq.(4.7) becomes,
Yoo = —4¢,

Yoi = Vij = 0,

where ¢ is the Newtonian potential,

_—G /d3 /TOOtX

Ix—x|

Using Eq.(4.3) we can write the Newtonian limit metric,
ds? = —(1 4 2¢)dt* + (1 — 2¢)(dx® + dy* + dz?). (4.8)

18



We can choose, without loss of generality, the dynamical vector u® as,

u® = (u°,0,0,0) = u6g,

with the condition,

uu, = —1.

The aether field in Newtonian limit becomes,

uogoouo =—1.

WO =(1+20)"221—¢.

Then we can write,

and also we have

Uy = gabub = gaou’ = ggouoég =(-1-2¢)(1— ¢)52 ~—(1+ (Z>)<52.

(4.9)

(4.10)

Using Eq.(2.11), we obtain the value of Lagrange multiplier field A\ in Newtonian limit,

A = c3V20,

where V? is the three-dimensional Laplace operator.

The energy-momentum tensor for the vector field at linear order is,

Soo = c14V>¢,
and other components are zero.
The linearized field equations are,
1
Gap = Rap — inabR-

Then we have,

Gab = %(8081)]10@ + 8c8ahcb - aa,abh - 8d8dhab - Uabacadth + Uabadadh)-

The Einstein field equations, with matter field, can be written as,

Gab = Sab + 87TG*Tab~

19
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The time-time component of Eq.(4.12) becomes

Soo + 871G Tho = 2V?9, (4.13)
where T is the matter energy-momentum tensor for a dust distribution.
We assume Ty = pm(x) where p,(x) is the matter density.
Rewriting Eq.(4.13) as a Poisson’s equation we have,

V%¢ = 47G N pm,

where G is the Newton’s constant,

Gy = (1 - (;174>—1 G, (4.14)

which is seen to be rescaled.
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CHAPTER 5

POST-NEWTONIAN PARAMETERS AND

CONSTRAINTS IN EINSTEIN-AETHER THEORY

There are alternative theories of gravity to explain the geometry of the universe.

We can test a candidate theory by comparing it with the Solar System observations.

In the Solar System the gravity is weak and stress, internal energy and velocity of

the matter are low, which enable us to simplify our theory without losing any accu-

racy. It can be considered as a correction to the Newtonian theory. This correction

is called as ‘Parametrized Post Newtonian(PPN) analysis’. It has 10 parameters,

~(related to spatial curvature), B(related to nonlinearity), £(related to preferred lo-

cation effects), (i, (2,3, s(related to total momentum conservation), aj, as(related

to preferred frame effects), ag(related to total momentum conservation and preferred

frame effects), named as ‘PPN parameters’, to be specified [1,10,11].

In this chapter, we examine PPN parameters in Einstein-aether theory [15]. Before

calculation of the PPN parameters of the Einstein-aether theory, we will give neces-

sary introductive calculations and definitions.

It is convenient to write the Einstein’s field equations

1
TaClT; - Rab - igabR7

in terms of the total energy momentum tensor as
G L c
Tab - Rab + 5gabT 5

where TG = S + Tup and T¢ = T 2.

We rewrite the Einstein’s equations in a nonstandard form as
csd 1 cd
Ry = (Scd + SWG*TCd)((sa(Sb — igabg ),
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where

T% = (p + pIl + p)“?° + pg™. (5.3)

T is the stress tensor for the perfect fluid, p is the rest mass energy density, II is
the internal energy density, p is the isotropic pressure and ¥ is the four-velocity of the
fluid.

In the PPN analysis, order is a crucial point. We take p ~ I ~ p/p ~ (99)% ~ O(1).
If a quantity’s order is X, after taking its time derivative its order becomes X + 1/2.
For the metric perturbations hq, we assume, hgg ~ O(1) + O(2), hij ~ O(1), ho; ~
0(1,5).

The following relations are useful for later use
V2®, = —4npG 02,

V2@, = —4mpGr ¢,
V2®3 = —4mpG NI,
V20, = —4mpGy. (5.4)

The explicit definitions of functions ®;, @9, P3 and P4, are given in ( [1],section 4.1).

We define the ‘Superpotential’ x(x,t) as

Xxit) = ~Gy [ dalpl, ) - x| (5.5)
which satisfies

X,ii = —29. (5.6)

We also use the relation,

x,0i = Vi — Wi, (5.7)

where

/ /

x —x'|

Wom [ O e =)
! |x — x/|3 '
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These potentials are the results of the work for a general, reasonable and simple post-

Newtonian metric [15],

goo = — 1—20+20¢%+ 260y — (27 +2+ a3 + G — 26)P;

9oi

9ij

— 2B =20+ 1+ QL+ —2(1+(3)P3

— 2037+ 3¢ —28)Pg + (1 — 20)A,

1 1
5(4’7—1—34—0&1 —as+ (1 —25)W+§(1+a2+ﬁ +2£)Wi7

(1 - 279)83;.

The solving procedure involves 6 steps:

1. u% to O(1)

We solve the constraint equation(2.9) for u" to O(1),

and also we have

where

1
0
=14 =h
u 200

1
uy = goou’ = —1+ §hoo,

u; = ugei = —u' + hoi = ni + ho,

n; = u; — ho;.

From the constraint equation(2.9),

goououo =-1

)

we obtain the covariant derivative of ug as

to O(2).

Also to O(2) we calculate

VQU,O = 0,
1 ab
Vou; = Ooui — 29 (0igbo + Oogri — Obgio)Ua

1
= Oou; — 5(@'%0 + Aohpi — phio)u®

1
= ujo— 5(31'/100 + ohoi — Qohio)u®,
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where u; o = Jpu;. It simplifies to

1 1
Vou; = Oou; — §h00,i(1 + §h00)

and

. 1 1 1
Uy = u'Vau; = u’Vou; = (1+ §h00)[ni,0 + hoio — =hooi (1 + §h00)]
1 1
= nio+ hoio — §h00,i(1 + §hoo)2

1
= 1m0+ hoio — ihOO,i(l + hoo).

To O(1.5),we calculate

Vju,‘ = ui,j—Fk

ij Uk

1 1
1,0 + hoio — §h00,z’(1 + §h00),

2

1
uij = 5 (hoji + hoij — hijo)

1
n;j + §hij,0 + hoji 5)-

2. 00 to 0(1)

Time-time component of Ricci tensor at O(2) is [1]

(5.12)

(5.13)

(5.14)

1 1 1
Ry = 5(*h00,u’*(hu‘,oo*tho,io)thoo,j(hji,i**hii,j)*§h00,ihoo,i+hijhoo,ij)~ (5.15)

2
At O(1) it reduces to
1
Roo = —5hoo,ii-

Also, to O(1), we evaluate

Too = pU = p(1 — 2¢ + 9%) = p,

T;; = 0.

To compute the Syg term we need to evaluate

Vm(JOmUO) = Uo(aijoi + Ffli‘]()a —

= U()aijoi
C14
= —hoo,ii,
5 /00,
and then to O(1) ,
S0 = — Vi (Jo™ug) = —%h
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and simply
Sij =0.

Then Eq.(5.2) becomes,
2R00 — So() = 87TG*p,

(—1 + %) hooii = 8TGip, (5.17)
V3¢ = 4nG.p (1 — %)4 ;

giving the Newton’s constant as
cia\ 1
Gy = (1 - 7) G., (5.18)
which is in agreement with Eq.(4.14).

3. gij to O(1)

Space-space component of Ricci tensor at O(1) is [1]

1
R;; = 5(_hij7kk + hoo,ij — Pkij + ik + Picjkei)-

Imposing the gauge condition

1
hijj = =5 (hooq = hyja), (5.19)
we have
1
Rij = =5 hij k-

Also from Eq.(5.2) we can write
Rij = —47TGNp(5ij, (5.20)

where we have used Eq.(5.17) and (5.18).
Then Eq.(5.20) becomes

hij ke = 8TG N pdi;.

4. u' to 0(1,5)
We solve the space components of the aether field Eq.(2.11) for u* to O(1,5).

VaJ% = 9,J% = 0.
OoJoi — 8iji =0. (5.21)
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To O(1.5) we have

C14

C14
OoJoi = €1400(Vou;) = —7h00,0¢ =~ X0ijj,

and

8iji = cl8j(Vjui) + CQ@Z(VkUk) + C38j(viuj)'

Making use of Eq.(5.14), gauge condition(5.19), we have

C13
8ij' = C1My 55 + c23nj i + (c1 — Cg)ho[m]j‘ + <

The aether field equation(5.21) then becomes

C_

c_ 1
<Clni + ?hm + =(2¢1 +3c2 + 3+ C4)X,i0> - ( 5
JJj

2

),

where c_ = ¢1 — c3.

Taking the spatial divergence of (5.23), we obtain

2"

302

2

hoj.j — 023"9‘,;‘) A
K3

) X,0ikk-

)

1
C1Miijj + 5(261 + 3ca + 34) X 0iijj + c23m;5ii = 0.

This can be further written as
ni,ijj = CX,0iijjs
here

B 2c1 + 3¢ + ¢34
2¢123 ‘

C =
Using Eq.(5.24) and gauge condition
heii = —3U0 + 0n; ;

Eq.(5.23) can be written as

1

n; = —— (c_hg; — (2¢1C + ¢_(3/2 + C9))

261

where 6 is an arbitrary parameter.

5. goi to O(1,5)

X,0i)

We solve the time-space components of Eq.(5.2) for go; to O(1,5).

We have [1]

1
Ry = —§(h0i7kk — hioik + hkk,0i — Piok),
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(5.24)
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to O(1,5).
Using Eq.(5.19), (5.24) and, (5.25) we obtain

1 1
Ry = —= (hoi + *(1 - 200)){ 0i (5‘28)
2 2 ) kk

and

Toi = —p¥i,
1
Soi = Joio = 5 (=Jijg + Jjij).
Using Eq.(5.21), we have
1
Soi = 5 (Joio + Jijj)-
Jijj = (aaViug + c20iViug + c3Vjug) 5

1
= cCionyji + 3Ny + §(Cl3hij,0j + c2hjj0i + 2¢-hj i5)- (5.29)

Using Eq.(5.26) we have

C_Cq —C12C_— C_
Jigg = = g hoigi + ( e, T 2) hojij
c— 3
+ (C+ 271(5 + C0) ) (c12 + €3)X,0ij5

— (et +3¢2)9.0is
where ¢y = ¢13.

Using the gauge condition(5.25) and Eq.(5.24) we obtain

c_C C %
Jijj = <— 2c1+h°i + (% -C )X,Oi) (5.30)
»JJ

where

1
C* = E(C% + 3c§ +4eieq — 2¢-c CO).
1

Combining with Eq.(5.22) we can write

c_cq Cc*
L hos )
SO@ ( 401 0i 9 X,Oz)

33

Then, field equation becomes

Ry; = Soi + 87GTy;,

1 _
<h0i +-(1— 290)X,0i> = <—C - hoi — C*X,Oi> + 167Gpv;,
2 Kk 2¢1 Kk
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_ 1
1-— =t hoi ke = 167Gpd; — [ C* + 0C — = | x0i.kk
261 ’ 2 ’

giving

—1
e . _ Lo _ Gy
= (1-525) (1000 - D+ a0 - Gw).

where we have used [15],

V;"jj = —47TGNp19Z'.

6. £00 to 0(2)
We solve the time-time component of Eq.(5.2) for goo to O(2). From Eq.(5.15), we
have

Roo = o (hoo +26 — 26 + 8, +200x00 ) . (5.31)

,0%

N

where we have defined hog = goo + 1 + 2¢ and used Eq.(5.19), (5.24), (5.25) and rela-
tion [1]

1
Vo =72 (562 - 2a).
We also evaluate the components of matter energy momentum tensor

Too = (p+ pIl+ p)¥y* + pgoo
= (p+pll+p)(1+0° = 20) +p(~1 - 20)

= p(1+T+9%—2¢), (5.32)

Tij = pYiv; + pdij,

to O(2) and,
Too — %QOO(Tabgab) = %(Too + Tii)
- %p(l +I+2(9 — ¢)) + gp
(1 —c14/2)

= g (@128 20y + @54 30y) 5, (5.33)

where we have used the equations (5.4).

Before beginning to compute the S tensor we see that
1 m
Viui = ui; — 5(2hmi,i — hii;m)u

)

1
= Ui — 5(2h0u’ — hiio),
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to O(2). Using Eq.(5.9) we have
3
Viu; = 3 +C' | X ,0iis
and from Eq.(5.12) we calculate

(Voui) i

1 1 1
= —ihoo,u‘ - Zhoo,n‘hoo — zhOO,ihOO,i + hoi,0i + ni0i

3
= ¢4 — 0D — Db+ 5 X.00ii + (0 + 1)n; o

- <¢ _ §¢2> A <2 + 0+ 1)C> X,00ii

K13

_ _% [_2¢ + &%+ hoo — 2 <; + (0 + 1)C> X,oo]

Then we obtain

~ 5 3
Soo = % (2¢ + hoo — 5(752 + 9<I’2> + c14 <2 + (0 + 1)C> X003

and

1

1 3
Sii = 514 <2¢2 - q>2> + (cq + 3c2) (2 + C) X,004i-
it

)

Then we have

1 c 7
Soo — 59005ab9ab = %(205 + hoo — 207 + 8P2) ;i
1 3
2

Solving the field equation we have
hoo = 207 — 4@ — 48 — 283 — 684 — Qx 00,

where

Q=(1- %4)71 (2 = c1)0 + (c1 + 2c5 — ¢)) C.

Using the standard gauge Q vanishes and gives 6 as,

c1+ 2c3 — ¢y
2—614 '

Oy =
Now, we write the metric components as

goo = —1 — 2¢ 4 2¢? — 41 — 4Dy — 203 — 6Py,

with 6 = 6.

gij = (1 — 2¢)dyy,

29

(5.34)

(5.35)

(5.36)

(5.37)

+ = (<2 + C’> (2¢1 +3ca+c3 +cu) + C149C> X,00ii-(5.38)

(5.39)



—1
_ 1
gio = <1 == C+> <(C* +6C — §)X,0i +4(1 - 014)“)

261 2
2, 1 1
= (€00 = +2(2— )V — (CF +0C — D)W
2q—ﬁ+%0 * g T2 a)Vi=(C7+ 2>>

where we have used the relation given in Eq.( 5.7).

Comparing with the Post-Newtonian metric (5.8) we can determine the parameters

as
y=p6=1,

E=0=@=@E=u=a3=0,
—8(0%4—0104)
o=
2c1 —cf +c3

2(—2600Ccy + Cyc? — 2cicq — 263 — Chyc3)
2c1 — C% + cg

a9 —

We notice that all the PPN parameters of Einstein-aether theory agree with those of

general relativity except the preferred frame parameters a; and as.
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CHAPTER 6

CONCLUSION

In this thesis, we have derived the field equations of the Einstein-aether theory from the
action principle. We have obtained the observational constraints on the parameters
of this theory by using the parametrized post-Newtonian approximation. We have
also shown that Godel-type metrics with constant ug(and ug = 1) are exact solutions
of this theory. It would be worth studying to seek whether Godel-type metrics with

non-constant uy(and ug # 1) provide exact solutions to the theory.

The Einstein-aether theory is an extension of the general relativity with a preferred
frame. This frame is described by a dynamical unit timelike vector. As previously
mentioned in [8], it would be interesting to analyze the theory with a dynamical
null vector instead of a timelike vector. In that case, one would try to seek whether

Kerr-Schild metrics provide solutions to the theory.

Finally, even though we have not discussed this in the thesis, one might further study
the relation of this theory to the scalar-tensor theories. One might speculate that this
theory will play a role in the solution of some fundamental problems such as dark

energy and quantum gravity [5,15].
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