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ABSTRACT 
 

 

INVESTIGATION OF SUPERDIRECTIVE ANTENNA ARRAYS 
 

 

 

Baktır, Yasemin 

M.S., Department of Electrical and Electronics Engineering 

                    Supervisor : Assoc. Prof. Dr. Seyit Sencer Koç 

 

 

 

September 2009, 131 pages 

 

 

 

In some antenna applications, having high directivity while keeping the antenna 

dimensions small is desired, which can be obtained by use of superdirective arrays. 

Superdirective arrays have been popular in academic world since a superdirective 

array provides higher directivity than the uniformly excited antenna array of same 

length.  

In this thesis, superdirective arrays are investigated by making high precision 

numerical computations. Superdirective array element excitations, array factors and 

directivities are inspected for different number of elements. Superdirective array 

pattern and directivity features are compared to uniformly excited array pattern and 

directivities. Superdirective array tolerance is investigated by examination of array 
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element excitation sensitivities. Bandwidth of superdirective arrays is also inspected. 

Multiple Precision Toolbox is used during numerical computations in Matlab.  

 

Key Words: Superdirecitivity, Uniform array, Directivity, Array Factor, Multiple 

Precision Toolbox 
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ÖZ 
 

 
SÜPER YÖNLENDİRİCİ ANTEN DİZİLERİNİN İNCELENMESİ 

 
 

 

Baktır, Yasemin 

Y. Lisans, Elektrik and Elektronik Mühendisliği Bölümü 

                 Tez Yöneticisi : Doç. Dr. Seyit Sencer Koç 

 

 

 

Eylül 2009, 131 sayfa 

 

 

 

Bazı anten uygulamalarında küçük boyutlu ve yüksek yönlendiriciliği olan antenler 

kullanmak ihtiyacı olmaktadır. Süper yönlendirici diziler bu amaçla kullanılabilirler. 

Süper yönlendirici dizilerin akademik dünyada popüler olmasının sebebi, süper 

yönlendirici bir dizinin aynı boyutlardaki düzgün anten dizisinden daha yönlü 

olmasıdır.  

Bu tez kapsamında, süper yönlendirici diziler yüksek doğruluklu sayısal hesaplamalar 

yapılarak incelenmiştir. Süper yönlendirici dizi eleman katsayıları, dizi faktörleri ve 

yönlülüğü farklı sayıda elemana sahip diziler için araştırılmıştır. Süper yönlendirici 

dizi anten örüntüsü ve yönlülüğü düzgün dizi anten örüntüsü ve yönlülüğü ile 

karşılaştırılmıştır. Süper yönlendirici dizilerin toleransı, eleman katsayılarının 

hassaslığı incelenerek ortaya konmuştur. Çalışma kapsamında, süper yönlendirici 
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dizilerin bant genişliği de incelenmiştir. Matlab ortamında yapılan sayısal 

hesaplamalarda yüksek doğruluk sağlayan Multiple Precision Toolbox kullanılmıştır.  

 

Anahtar Kelimeler: Süper Yönlülük, Düzgün Anten Dizisi, Yönlülük, Dizi Faktörü, 

Multiple Precision Toolbox 
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CHAPTER 1  

 

 

INTRODUCTION 

 

 

 

1.1. Thesis Scope 

With the developing antenna and microwave technology, array antennas 

have been popular in antenna applications. Especially radars using electronic 

scanning arrays are common in recent years. Antennas with high directivity 

are usually required in these applications.  

As a common guiding principle, higher directivities are obtained by enlarging 

the antenna aperture. On the other hand, dimension of the system is critical 

if the total size, weight and allocation of the system are considered. 

Superdirective antennas come to the stage exactly at that point since 

superdirective antennas offer higher directivity than uniformly excited arrays 

with the same array length although uniformly excited arrays are generally 

considered to give the optimum directivity.   

The superdirectivity phenomenon has attracted great attention among the 

academic society since the first studies in the first half of 20th century. The 

reason of the academic curiosity is that superdirectivity contradicts with the 

common experience which is an increase in directivity is provided by an 

increase in the aperture size, [1]. 

A useful operational definition of antenna array superdirectivity is directivity 

higher than that obtained with the same array length and elements uniformly 

excited (constant amplitude and linear phase), [2]. 
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In the scope of the thesis, while computing superdirective array coefficients, 

it is observed that high accuracy is required in order to obtain correct results. 

So Multiple Precision Toolbox that provide computation with high number of 

digits in Matlab is used. Thus, the array coefficients are found accurately. 

Then patterns for superdirective arrays are obtained. Uniform and 

superdirective arrays are compared in array factor and directivity 

considerations. Then tolerance of the superdirective array pattern against the 

perturbations in array coefficients is also observed. Lastly, bandwidth of 

superdirective arrays is investigated. 

1.2. Motivation and Objective of the Thesis 

Motivation of this thesis is to determine if very narrow antenna beams can be 

realized by superdirective arrays, since it will bring advantages in antenna 

array applications because of relatively small lengths.  

On the other hand, in the literature it is stated that superdirective arrays are 

very sensitive and high precision is required through the numerical 

computations. Our question is to investigate if superdirective arrays can be 

realized in microwave frequencies with the help of developing technology.   

In order to answer the questions of “how precise?” and “is it practical?”,  the 

order of precision required in numerical computations is inspected and 

practical aspects like tolerance and bandwidth are also examined. 

Through the thesis, different aspects of superdirective arrays are examined 

and they are given below:  

 Superdirective array coefficients are computed 

 Directivity versus distance between the elements is observed 

 Superdirective array antenna patterns are obtained 

 Uniform arrays and superdirective arrays are compared 

 The tolerance of superdirective array coefficients is examined 



 
 

3 

 The bandwidth of superdirective arrays is investigated 

1.3. Thesis Organization 

First chapter of the thesis is the introduction part in which the scope, 

objective and organization of the thesis are given. In the second chapter, 

background is given by some definitions in the antenna field and basic 

concepts related to matrices which are used throughout the thesis. Short 

history of superdirectivity including a literature survey is also included in this 

chapter. 3rd chapter consists of theoretical optimization concept, the 

problem encountered while doing the calculations and the solution ways of 

the problem. Chapter 4 includes the simulations done by using Multiple 

Precision Toolbox. In this chapter computations using the toolbox, directivity 

and array antenna pattern issues are discussed. In Chapter 6, superdirective 

and uniform arrays are compared.  In Chapter 7, tolerance of the 

superdirective array is investigated. Chapter 8 is the conclusion part of the 

thesis.  
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CHAPTER 2 

 

 

BACKGROUND 

 

 

 

2.1. Basic Antenna Definitions  

2.1.1. Antenna 

An antenna is a structure which is used to radiate and receive radio frequencies. 

Antennas are used in several applications from radars to wireless communication. 

Antennas have various types including wire, aperture, microstrip, reflector, lens and 

array antennas. 

2.1.2. Antenna pattern 

Antenna pattern is the characteristics of the antenna which shows the radiation 

property of the antenna with respect to the coordinates.  

The antenna which has equal radiation in all directions hypothetically is called an 

isotropic antenna. A directional antenna is the antenna which transmits or receives 

more effectively in a specific direction. An omnidirectional antenna is a type of 

directional antenna which is nondirectional in one plane, but directional in the 

orthogonal plane. 

2.1.3. Directivity 

Directivity of an antenna is defined as the ratio of the radiation intensity in a given 

direction from the antenna to the radiation intensity averaged over all directions.  
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[2. 1] 

 

 

[2. 2] 

[2. 3] 

where  is the total radiated power and  is the solid angle. 

Directivity of an antenna is a measure of how effectively the antenna is radiating in 

a given direction with respect to an isotropic antenna. 

2.1.4. Gain 

Gain of an antenna is related to antenna directivity. The total input power to the 

antenna rather than the total radiated power is used as a reference.  

 [2. 4] 

 

 

[2. 5] 

[2. 6] 

where  

 [2. 7] 

is the efficiency. 

 

2.1.5. Array antenna 

Radiation pattern of an electrically small single element is usually wide and so 

directivity of the single element is relatively low. Since directive antennas are 

required in many applications, this can be provided by increasing the electrical size 

of the individual element. Another way of increasing the directivity is to form an 
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assembly of radiating elements instead of increasing the dimensions of the 

individual element. This new antenna of multielements is referred to as an array, 

[3].  

Arrangement of the array elements can be such that radiation from array elements 

add up in particular desired direction.  

Below are the parameters that can shape the array antenna pattern: 

 the geometrical configuration of the overall array,  

 the relative displacement of the elements,  

 the excitation amplitude of the individual elements,  

 the excitation phase of the individual elements and  

 the relative pattern of the individual elements  

Different array antenna configurations are given in  Figure – 2.1. 

 

 

 

Figure - 2. 1: Typical wire, aperture and microstrip array configurations 
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2.1.6. Array Factor 

Array factor is a function of number of array elements, the geometrical 

configuration of the array, amplitude of the elements, relative phase of the 

elements and the spacing, [4]. 

Since array factor does not depend on the directional characteristics of the 

individual elements, by replacing the elements with isotropic point sources the array 

factor can be derived. When the array factor is obtained, the total field of the actual 

array is found by multiplication of radiation field of the reference antenna and the 

array factor. 

 [2. 8] 

In Figure - 2. 2, an antenna array of 2 elements is given. In the far field, the rays 

from the antenna elements become parallel.  

z
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a) b) 

Figure - 2. 2: a) Two infinitesimal dipoles, b) Far-field observations 

The distance form the th antenna to far-field point is . 
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So the phase delay of the th antenna will be  smaller than that of the 

reference antenna at the origin. There does not need to be an antenna at the origin 

necessarily, but it constitutes a reference. 

 vector represents the position of the th antenna. 

 

 

[2. 9] 

 is the electric field radiation of the single array element.  

This derivation uses the assumption that all antennas in the array have the same 

radiation field. This is not correct because of the mutual coupling between the 

antenna elements. But the effect in radiation pattern of the antennas is often small 

enough to be neglected. Therefore, pattern multiplication principle is assumed to 

have good accuracy [4]. 

While studying on arrays, usually attention is paid on the array factor since 

individual antenna elements have a broader pattern in a high directivity array and 

so the array factor dominates. 

2.1.7.   Broadside array 

In some applications, it can be desired to have the maximum radiation directed 

normal to the axis of the array, . If the array factor and also the maxima of 

single element are directed toward , the design will be optimized. By 

arranging the seperation and excitation of individual radiators, array factor maxima 

in the desired direction can be accomplished.   

2.1.8.   End-fire array 

In some applications, it may be desired to direct the maximum radiation along the 

axis of the array ( or ), instead of normal to the array axis.  
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This type of arrays are called end-fire arrays. 

2.1.9. Inverse of a Matrix 

The inverse of a square matrix  is matrix  such that 

 [2. 10] 

where  is the identity matrix. 

If a matrix has an inverse, then the matrix is a square matrix. The existance of 

matrix inverse is determined by determinant of that matrix such that, 

 [2. 11] 

Assume that  is a  square matrix and ,  are  vectors. For known  and 

, let us have 

 [2. 12] 

can be found and it is unique, if matrix  has an inverse: 

 [2. 13] 

Otherwise  will either not exist or will not be unique.  

As one of the elements in the matrix varies, the determinant of the matrix also 

varies. Most of the time, the determinant will be nonzero and inverse of the matrix 

exists. Sometimes, the determinant will be very close to zero and inverse of the 

matrix exists but it will be so sensitive to the original matrix that it will be hard to 

compute. In this case, the matrix is called an ill-conditioned matrix. Rarely, the 

determinant is exactly zero and the inverse just does not exist. In this case, matrix 

is a singular matrix. [5] 

In Matlab,  command will compute the determinant where  command 

returns the inverse. However, for ill-conditioned matrices,  will not give the 

correct inverse. 

If  in equation [2.12] is nonsingular, then  has a unique solution for every 

. 
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If  is singular (determinant of  is zero), then  has either zero solution or 

infinitely many solutions [6]: 

  has no solution for some nonzero  vector in the nullspace of  

such that  is unsolvable. 

 [2. 14] 

 

 If  is solvable, then it has infinitely many solutions: 

 [2. 15] 

For all scalar  and all nonzero vectors  in the nullspace of . 

2.1.9.1. Condition Number 

Assume  is nonsingular (i.e. invertible) and . 

If  is changed to , the solution becomes  such that 

 [2. 16] 

Where the change in  is 

 [2. 17] 

The condition number is the maximum ratio of the relative error in  divided by the 

relative error in . 

If the relative error in  is not much greater than the relative error in , matrix  is 

a well-conditioned matrix and condition number of the matrix is close to 1. 

If the relative error in  is much greater than the relative error in , matrix  is  

badly conditioned or ill-conditioned matrix and condition number of the matrix is 

large. 
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In numerical analysis, the condition number associated with a problem is a measure 

of that problem's amenability to digital computation, that is, how numerically well-

conditioned the problem is. 

For example, the condition number associated with the linear equation  gives 

a bound on how inaccurate the solution  will be after approximate solution. Note 

that this is before the effects of round-off errors are taken into account. 

Conditioning is a property of the matrix, not the algorithm or floating point accuracy 

of the computer used to solve the corresponding system. In particular, it can be 

thought that the condition number is very roughly the rate at which the solution, , 

will change with respect to a change in . Thus, if the condition number is large, 

even a small error in  may cause a large error in . 

2.1.10. Eigenvalue Problem 

Eigenvalue problem is the problem where it is aimed to find the pairs  that 

satisfy the linear equation: 

 [2. 18] 

The set of  for which corresponding  exist are the eigenvalues of the matrix. 

The  that correspond to each eigenvalue form the corresponding eigenvector 

space. The members of the space are called eigenvectors. The problem is to find 

the eigenvalues and then using the eigenvalues to find the eigenvectors.  

The eigenvalue equation can be expressed as 

 [2. 19] 

This can be written as 

 [2. 20] 

If there exists the inverse  then both sides will be zero and the trivial 

solution  will be obtained. 

In order not to have the trivial solution, the determinant should be equal to zero: 

http://en.wikipedia.org/wiki/Numerical_analysis
http://en.wikipedia.org/wiki/Linear_equation
http://en.wikipedia.org/wiki/Round-off_error
http://en.wikipedia.org/wiki/Algorithm
http://en.wikipedia.org/wiki/Floating_point
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 [2. 21] 

If the determinant is expanded, a polynomial is obtained: 

 [2. 22] 

 is called the characteristic polynomial. The eigenvalues can be obtained by 

finding the roots of the characteristic polynomial. 

In Matlab, eigenvalue problems are usually solved by using the function . 

 [2. 23] 

produces a diagonal matrix  of eigenvalues and a full matrix  whose columns are 

the corresponding eigenvectors. 

2.2. A Short History of Superdirectivity 

First study on superdirectivity is probably done by Oseen in 1922 regarding the early 

references. Franz, K. was also one of the early contributers, [7]. In 1943 

Schelkunoff, S.A. put forward a mathematical theory for linear arrays, [8]. In the 

same year, La Paz and Miller asserted that a given aperture would allow a maximum 

directivity, [9]. In 1946, Bouwkamp and De Brujin declared that they have corrected 

their error and there was no limit on theoretical directivity, [10]. It is not easy to get 

the original copies of these early studies. Information about these studies can be 

acquired by the later contributors in the literature.  

Bouwkamp and De Brujin showed that the directivity of a linear current distribution 

of fixed length may be made arbitrarily large by the suitable choice of current 

distribution, [11].  

As an example to one of the early famous contributions, approach of Bouwkamp 

and De Brujin can be explained shortly here. In the paper, it is shown that for any 

given continuous function on the closed interval ( ), there exists a 

continuous function  such that  
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 [2. 24] 

for all  in the interval and for any . 

Bouwkamp and De Bruijn approximated  uniformly by a polynomial of 

sufficiently high degree which is always possible regarding the famous theorem of 

Weierstrass. Under different assumptions they show that the patterns may be 

approximated with any required accuracy in the form of integrals. So, they prove 

that the observed patterns may be made arbitrarily directive by a suitable choice of 

the current distribution.  

After a while, Bloch, Medhurst and Pool studied on optimum directivity of linear 

antenna arrays by using the impedance relations between the elements. [12] 

Tai C.T. investigated uniformly spaced broadside arrays of dipoles, [13]. He gives 

the formulation for directivity in superdirective limit case. In “Numerical 

Computation” part he states that “when  is greater than two, and  is less than , 

the computation becomes rather difficult even with the aid of an IBM-7090 

computer. Accurate results may be obtained only if a multiple precision program for 

evaluation determinant and its adjoint is used”. In his paper, Tai included set of 

curves showing the optimum directivity for different types of broadside arrays. He 

also compared superdirective array directivity to the directivity of a uniformly 

excited array.  

In his study, Tai mentions that for number of elements smaller than and equal to 6, 

, the optimum directivity GN is, 

 

 

[2. 25] 

Where  denotes the number of elements. 

He states that from the Peirce-Foster table it can be found that 
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 [2. 26] 

where  

. 

Then he states that the mean value of  and  may be used as an 

approximate value of , the optimum directivity, as the spacing between the 

elements goes to zero for large values of . 

 [2. 27] 

where ,  is the wave number and is the spacing between the elements. 

Tai describes the formula 2.27 as the asymptotic value of optimum directivity  for 

large values of . 

Stearns (1965) studied on “Computed Performance of Moderate Size, Super-gain, 

End-Fire Antenna Arrays”. He encountered to the problem of ill-conditioned matrix 

for a decrease in spacing between the elements or an increase in number of 

elements, [14]. 

Dawoud and Hansen (1978-1986) used optimized polynomial technique to generate 

superdirective array functions. Legendre polynomials were used to study the effects 

of changing number of elements and array length on the different array parameters, 

[15]. 

Liu Yuan, Deng Weibo and Xu Rongqing examined the application of superdirectivity 

in HF band to see whether it is feasible or not. In their study, the three difficulties 

that superdirectivity suffer from (low efficiency, narrow bandwidth and tolerance) 

are discussed for HF band, [16]. 

While low efficiency is the key problem that makes superdirectivity unpractical, in 

HF band it is no longer a problem. It is explained below. 

The system SNR can be written as: 



 
 

15 

 [2. 28] 

where  is the antenna efficiency,  is the external noise level where  is the 

internal noise.  is the external signal level received from the direction ( , ). 

 is the directive gain. 

 is the power at the receiver port due to external noise. If  is much 

greater than the internal noise in the receiver port, then: 

 [2. 29] 

And SNR can be reduced as: 

 [2. 30] 

As seen from the above equation, SNR is independent of efficiency , but  

proportional to directive gain. Under proper restrictions on efficiency, superdirective 

antenna will reduce external noise on average by the same factor that it reduces the 

signals and the system SNR will be proportional to the directive gain.  

On the other hand, it is stated that the problem of very narrow bandwidth still 

remained in HF band. Lastly, about the tolerance sensitivity, the requirement on 

precision of superdirective antenna excitation is mentioned as being critical also in 

HF band. However it is stated that the excitation requirements can be satisfied with 

the developments in Digital Beam Forming (DBF). 

Don Barrick of CODAR Ocean Sensors Ltd, suggests concepts in order to make High 

Frequency Surface Wave Radar (HFSWR) efficient and inexpensive, [17]. The idea 

behind the invention of CODAR which reduces the size and cost is the use of 

superdirective arrays. According to Barrick, since the sum of the signals from the 

array elements is low when compared to single element signal, superdirectivity 

seems disadvantegous at first stage. It is stated that in microwave this may be true, 

but it is not correct for HF frequencies. Because external noise exceeds internal 

noise at HF. So, while signal from the target is decreasing external noise also 
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decreases. The important point is defined as to stop before internal noise dominates 

on external noise.  
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CHAPTER 3 

 

 

FINDING ARRAY COEFFICIENTS OF SUPERDIRECTIVE 

BROADSIDE UNIFORM LINEAR ARRAYS 

 

 

 

3.1. Optimization of Directivity 

Assume a uniform linear array of 2N+1 isotropic antenna array elements located on 

z axis as in Figure 3.1. 

z

y

ϴ

d.
co

sϴ

n=1

n=2

n=N

n=-1

n=-2

n=-N

d
d

d

n=0

 

Figure - 3. 1: Array of 2N+1 elements lying on z axis 
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The antennas are labeled from  to  and  they are located from 

 to  since the distance  between the elements is fixed, [18]. 

The excitation coefficients of the elements are complex in general and can be 

written  in the form of 

 [3. 1] 

where  is the excitation amplitude and  is the excitation phase of the th 

element.  

Then the array factor can be written as, 

 [3. 2] 

As seen in the formulation, the array factor is independent of , azimuth variation. 

In Equation 2.5 the directivity is defined as: 

  

Radiation intensity  is obtained by multiplying the Poynting vector flux 

density by  where  is the total radiated power and is the solid angle. Thus, 

 [3. 3] 

So, 

 [3. 4] 

 = element of solid angle =  

Since there is no variation in  direction,  and 
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 [3. 5] 

Then , 

 [3. 6] 

For broadside arrays for which the pattern has its maximum value at , we 

get, 

 [3. 7] 

 [3. 8] 

 [3. 9] 

 
[3. 10] 

we define, 

 [3. 11] 

,  [3. 12] 

 [3. 13] 

where is a matrix and all entries 1. 

Then directivity can be written in matrix form as, 

 [3. 14] 

 denotes the Hermitian that is to say complex conjugate transpose of a matrix. 
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If derivative is taken and equated to zero, 

 [3. 15] 

Equivalently 

 

 

[3. 16] 

From equation 3.14, it can be seen that if coefficients are scaled by a scalar 

directivity will not change. To resolve that, we can insert the constraint that the 

radiated power is unity such that 

 [3. 17] 

Matrix is also a real symmetric Toeplitz matrix since 

 [3. 18] 

and 

 [3. 19] 

which implies that the array coefficients for maximum directivity are also symmetric, 

i.e., 

 [3. 20] 

The problem of determining the stationary values of the equation 3.14 subject to 

the constraint   is equal to finding the characteristic values of the matric 

equation . That is to finding the roots of .  

The solution is called a stationary solution since it is found by equating the first 

derivative to zero. 

Nontrivial solutions of  will give the excitation coefficients. The largest 

characteristic value gives the largest stationary value of the directivity.  
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Since the matrix  is of rank 1, it must be noticed that only one of the characteristic 

values will be nonzero. 

In order to convert the equation to an eigenvalue problem, multiply with identity of 

: 

 [3. 21] 

 [3. 22] 

 define  such that . 

 [3. 23] 

since . 

Above equation is now an eigenvalue problem where  represents eigenvalue of 

,  the eigenvector and largest eigenvalue will give the stationary coefficients.  

So, we choose the eigenvector that corresponds to the largest eigenvalue.  

After finding eigenvector , we find the stationary coefficients  by the relation of 

 [3. 24] 

 [3. 25] 

Finding   gives the stationary coefficients for  elements for a given . 

Matlab command to find eigenvalues and eigenvectors in an eigenvalue problem 

was mentioned in equation 2.23. By using the similar command, expression in 3.26 

will be used in this case, 

 [3. 26] 

When continued to examining the problem, a second approach for solving the 

problem is obtained as below explained. 

The equation ( ) can be written in the form 
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 [3. 27] 

where  and . 

 equation can be subtracted from the others. Since the equations for  

will be identical to those for , they are not used and then equation 3.28 is 

obtained, 

 [3. 28] 

The above equation can be rearranged by using the fact that  and   

 as, 

  

                          

 

 

 
[3. 29] 

By rearranging equation 3.28, last row in equation 3.29 is obtained. When those 

equations are used with the constraint , there will be equations in 

the computation. Therefore,  coefficients  will be determined for 

. 

  for negative values of  are found by using the symmetry. 

3.2. Difficulty of the Problem 

Using the defined approach in the previous part, optimum directivity and 

corresponding array element coefficients can be obtained using Matlab.  

Directivity versus number of elements while the total length of the array fixed, is 

considered first. As the number of elements increases, the distance between the 

elements reduces. 
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The variation is given in Figure-3.2  as below. 

 

Figure - 3.2: Directivity vs Number of elements for fixed array length 

Directivity versus number of elements characteristic does not seem realistic since 

the directivity gets so high values as the spacing gets smaller.  

Let us examine the array factor for 73-element array where the directivity seems to 

be maximum and determine if the array factor supports directivity data. In Figure -

3.3, array factor for 73 elements is given. 
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Figure - 3.3: Array factor (dB) for 73 elements 

As seen in the above figure, beam is not so directive and it contradicts previously 

found directivity versus number of elements graph. 

Regarding the two characteristics, directivity versus number of elements is neither 

as expected nor realistic. Moreover directivity and array factor graphs contradict 

with each other. When the reason of that unexpected result is inspected, it is 

observed that inverse of matrix  is used through the calculations. 

Now let us look through matrix  if it is the source of the problem encountered. 

Matrix  is composed of the elements  as defined in Equation 

3.19.  

When the behavior of matrix  is examined, it is realized that the condition number 

of matrix  becomes very high as the spacing between the elements gets smaller. 

Condition number of matrix  versus  is given in Figure – 3.4, where  is the 

distance between the elements and  is the wave number. 
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Figure - 3.4: Condition number of matrix A vs kd 

As explained in Chapter 2 Section 2.2.1.1,  condition number is a measure of how 

precisely the numerical computation is done and how accurate the results are. Since 

the condition number of matrix  is very high and it is an ill-conditioned matrix, it 

can be concluded that the results are inaccurate.  

Matrix  is an ill conditioned matrix and it means that computing inverse of matrix  

is very susceptible to floating point errors. Since the results show that accuracy of 

the numeric computation is insufficient, solution of the problem is to increase the 

floating point accuracy. 

Hence, it is observed that  function used during Matlab computations is poor in 

order to find inverse of matrix . Therefore, methods which compute superdirective 

array coefficients and array factor more precisely are required in order to do the 

calculations accurately.  

3.3. How to Resolve the Problem 

Ways tried in order to overcome the problem are explained in following sections. 
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3.3.1. pinv() Function 

The computation is based on singular value decomposition method. Any singular 

value less than a tolerance are treated as zero and so replaced by zero. The matrix 

obtained is called the . 

Matlab command to compute the pseudoinverse using SVD method is . 

The default tolerance is  

 [3. 30] 

This tolerance can be overridden by using 

 [3. 31] 

Let us see how directivity versus number of elements change when  

command is used. Array length is  and fixed. Number of elements are increased 

up to 100. The characteristic is given in Figure 3.5. 

 

Figure - 3.5:   Directivity vs Number of elements obtained by using pinv()  

Directivity versus distance between the elements is given in below Figure 3.6. 
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Figure - 3.6: Directivity vs Distance between the elements obtained by using pinv()  

If  command is used with a tolerance value of 1e-13, Figure 3.7 is 

obtained. 

 

Figure - 3.7: Directivity vs Number of elements obtained by using pinv( ,1e-13)  
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If  command is used with a tolerance value of 1e-7, Figure 3.8 is 

obtained. 

 

Figure - 3.8: Directivity vs Number of elements obtained by uisng pinv( ,1e-7)  

If  command is used with a tolerance value of 1e-3, following figure is 

obtained, Figure 3.9. 
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Figure - 3.9: Directivity vs Number of elements obtained by uisng pinv( ,1e-3) 

The results obtained by using  and  commands are not accurate 

enough since while number of elements is increasing there is increase in directivity 

only for number of elements smaller than 10. For higher number of elements, the 

directivity seems to be saturated.  

In next case, the number of elements will be fixed and the directivity spacing 

between the elements will be examined.  

For 11 elements, Figure 3.10 shows directivity versus distance between the 

elements in terms of . 
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Figure - 3.10: Direcitivy vs d/λ for number of elements 11 obtained by using inv() 

In Figure – 3.10,  command is used and it is seen that directivity can not be 

computed accurately when the spacing between the elements get closer than 0.15λ.  

In the following 2 figures, Figure 3.11 and 3.12,  and  

commands are used respectively.  
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Figure - 3.11: Direcitivy vs d/λ for number of elements 11 obtained by using pinv() 

 

Figure - 3.12: Direcitivy vs d/λ for number of elements 11 obtained by using pinv( ,1e-3) 

Inspecting the figures, it can be stated that accuracy is still not sufficient to have 

precise results when directivities for small spacings are considered.  
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Regarding Tai’s study [13], directivity versus spacing between the elements 

characteristic (for fixed number of elements ) is expected to reach the limit value as 

the spacing gets closer, (Section 2.3).  and  commands in Matlab 

are not able to solve the problem precisely. 

3.3.2. An Iterative Method: bicg( ) Function 

 is a Matlab command to solve the system of linear equations  

for  

 command converges to the result by making iterations. 

If  fails to converge after the maximum number of iterations, it shows a 

warning message that includes the relative residual and the iteration number at 

which the method stopped or failed. 

Tolerance of the method can be specified. Otherwise default value of 1e-6 is used. 

Maximum number of iterations can also be specified. Otherwise bicg uses the 

default value. 

 command which makes iterations while numerical computing is used to 

resolve the accuracy problem. 

In Figure 3.13, directivity versus distance between the elements in terms of is 

given for fixed 11 elements. Accuracy problem still exists for spacings smaller than  

. So, iterative solution way does not work, either. 
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Figure - 3.13: Direcitivy vs d/λ for number of elements 11 obtained by using bicg() 

3.3.3. Multiple Precision Toolbox 

Multiple Precision Toolbox was created by Benjamin Barrows to increase numerical 

precision of computations done in Matlab. The dll-files for Microsoft Windows were 

compiled by Carlos Lopez who also generated some of the functions in the toolbox 

[19]. 

Benjamin Barrow defined a new class, the mp class, which holds arbitrary precision 

quantities. The class is saved in the Matlab Work directory. Many common 

numerical functions are overloaded for this class and therefore no modification is 

needed to source code while using mp class. When @mp directory under the 

MATLAB directory is looked through, a list of mp supported functions can be found. 

If the function is not specifically written for mp objects, it still may work if the 

function in question relies only on functions in the @mp directory. 

Multiple Precision Toolbox for Matlab increases numerical precision of the 

computations by making use of hundreds or even thousands of decimals. Examples 

for mp toolbox applications are given as solving for high order polynomial roots, 
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eigenvector algorithms, numerical analysis of convergence and errors, and when 

solving differential equations.  and  can also be computed with thousands of 

decimals by using mp files. Precision parameter M is used in mp functions and it is 

the number of digits used through the Matlab computations. 

Let us see if multiple precision toolbox will work or not while obtaining directivity 

versus distance between the elements characteristic for 11 array elements 

accurately. 

Figure 3.14 gives the characteristic obtained by using mp toolbox with precision 

M=165. 

 

Figure - 3.14: Direcitivy vs d/λ for number of elements 11 obtained by using mp toolbox 

As seen in Figure 3.14, Multiple Precision Toolbox provides required numerical 

precision in order to solve the numeric problem since directivity is computed 

accurately for small spacings. 
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directivity goes to that limit value while the spacing between the elements is 

reduced.  

Theoretically, spacing between the elements can go to zero. However, precision 

required in order to make numerical computations for zero spacing is infinity. Since 

this is not practical, our aim is to find the reasonable spacing which still provides the 

superdirectivity in Tai’s formulation. As the spacing between the elements is 

reduced, directivity converges to Tai’s limit directivity. At some specific distance, 

limit directivity is obtained and spacings smaller than this distance constitute the 

superdirective region.   

By using precision M=165, for 11 elements case in Figure – 3.14, superdirectivity is 

obtained at spacing d=0.006  and spacings smaller than that give the 

superdirectivity region. 

As seen in Figure – 3.15 stationary solution has advantage over uniform solution in 

superdirective region. As spacing is reduced below 0.5 , uniform directivity 

decreases and the ratio of superdirectivity to uniform directivity increases. 

 

Figure - 3.15: Stationary and uniform directivity curves for 11 elements 
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Multiple Precision Toolbox is used hereafter throughout the thesis. In Chapter 4, 

directivity as spacing goes to zero is investigated for number of elements up to 37. 

As the number of elements is increased for a fixed array length, beam gets 

narrower and directivity increases. In order to see the order of change in directivity, 

results obtained for number of elements up to 37 are given in the thesis. In that 

chapter, spacings that provide superdirectivity and required precision are found for 

different number of elements and those values are used in numerical computations 

in the rest of the thesis. 

  



 
 

37 

 

CHAPTER 4 

 

 

SIMULATIONS USING MULTIPLE PRECISION TOOLBOX 

 

 

 

4.1. Using Multiple Precision Toolbox in Numerical Computations 

After Mp toolbox is downloaded in Work directory of Matlab as mentioned in 

Chapter 3, superdirectivity concept is examined by using the mp functions.  

In order to find superdirective array coefficients, the spacing between the elements 

that gives the limit directivity mentioned by Tai is determined first. It is observed in 

Figure 3.14 that directivity converges to a limit value as the spacing between the 

elements goes to zero. Since it is not possible to make the spacing zero or very near 

to zero while doing the numerical computation, spacing between the elements that 

allows superdirectivity is inspected. 

While doing the study the parameters changed  are number of elements, distance 

between the elements and number of digits. Since in theory spacing between the 

elements goes to zero for superdirectivity and it is not practical, relatively larger 

spacing that still provides superdirectivity is investigated.  

Secondly, the smallest precision, i.e. number of digits, used through mp functions 

that still provide the required accuracy is examined.  

After finding distance between the elements and required precision, superdirective 

array coefficients are computed for different number of elements. Superdirective 

array patterns are found by using corresponding spacing and precision values. 

Odd number of elements are used in the study.  
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To visualize the whole picture, directivity versus spacing between zero and  for 3 

elements for precision M=55 is given in Figure – 4.1. In Section 4.2,  spacing close 

to zero will be investigated to find the spacing and precision values that provide 

superdirectivity.  

 

Figure - 4. 1: Directivity versus distance between the elements for 3-element array 

4.2. Directivity Versus Distance Between the Elements 

In order to determine which spacing between the elements provide superdirectivity 

and corresponding precision required for accurate calculations, directivity versus 

distance between the elements is observed for different number of elements.  

4.2.1. 3-Element Array 

For an array of 3 elements, let us first examine how directivity changes when 

spacing is close to zero, where spacing is smaller than . 
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Figure - 4. 2: Directivity vs spacing for 3-element array  

Limit directivity for the case of 3 elements is 2.25 as calculated from Tai’s formula in 

Equation 2.25.  

When distance between the elements is  and precision of mp toolbox is 55, 

limit directivity is achieved and so superdirectivity limit is achieved. 

In this case coefficients are obtained as:    

  

  

  

The coefficients are symmetric about , as mentioned in Equation 3.20. For 

, total length of the array is . 

Array factor for  is given in Figure – 4.3 
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Figure - 4. 3: Array factor (dB) for 3-element superdirective array 

As seen in the figure, array is a broadside array. 

4.2.2. 5-Element Array 

For an array of 5 elements, let us first examine how directivity changes when 

spacing is close to zero. 
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Figure - 4. 4: Directivity vs spacing for 5-element array 

Limit directivity for the array of 5 elements is 3.5156 as calculated from Tai’s 

formula in Equation 2.25.  

When distance between the elements is  and precision of mp toolbox is 75 

superdirectivity limit is achieved. 

When , total length of 5-elements array is . 

For that array, array coefficients are as below: 

 

 

  

 

 

The coefficients obtained for 5 elements are very large as seen above. 
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Array factor of superdirective array which has coefficients obtained is shown in 

Figure-4.5. 

 

Figure - 4. 5: Array factor (dB) for 5-element superdirective array 

4.2.3. 7-Element Array 

For the array of 7 elements, directivity versus spacing when spacing is close to zero, 

is given in Figure – 4.6. 
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Figure - 4. 6: Directivity vs spacing for 7-element array 

Limit directivity for the array of 7 elements is 4.78.  

When distance between the elements is  and precision of mp toolbox is 95 

superdirectivity limit is provided. 

When , total length of 7-elements array is . 

For that array, array coefficients are as below: 

 

 

 

 

 

 

 

The array factor for  is given in Figure – 4.7. 
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Figure - 4. 7: Array factor (dB) for 7-element superdirective array 

4.2.4. 9-Element Array 

For the array of 9 elements, directivity versus spacing when spacing is close to zero 

is obtained in Figure – 4.8. 
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Figure - 4. 8: Directivity vs spacing for 9-element array 

Limit directivity for the array of 9 elements is 6.05.  

Another observation here is that, for example when the spacing of  is taken as 

the distance, precision of  is enough where sufficient precision for 

 is . 

Hence, it can be said that when the spacing gets smaller, precision required 

increases. 

When , precision required is  and total length of 9-element array 

is . 

For that array, array coefficients are as below: 
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 can be found by the relation , Equation 3.20. 

The array factor for   is given in Figure – 4.9.  

 

Figure - 4. 9: Array factor (dB) for 9-element superdirective array 

4.2.5. 11-Element Array 

For the array of 11 elements, directivity versus spacing when spacing is close to 

zero is given in Figure – 4.10. 
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Figure - 4. 10: Directivity vs spacing for 11-element array 

Limit directivity for the array of 11 elements is 7.32.  

When distance between the elements is smaller than  and precision of mp 

toolbox is 165, superdirectivity limit is provided. 

When , total length of 11-elements array is . 

For that array, array coefficients are as below: 
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As seen from the coefficients, when number of elements get larger, coefficients er 

also get increased. 

For above found coefficients, array factor is obtained as in Figure – 4.11. 

 

Figure - 4. 11: Array factor (dB) for 11-element superdirective array 

When the array factor is observed for different number of elements, it can be said 

that if number of elements increases array factor becomes more directive. 

4.2.6. 13-Element Array 

For the array of 13 elements, directivity versus spacing when spacing is close to 

zero is obtained as in Figure – 4.12. 
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Figure - 4. 12: Directivity vs spacing for 13-element array 

Limit directivity for the array of 13 elements is 8.59 by Equation 2.25. as seen in 

Figure - 4.12 that directivity is achieved. 

For spacing  and precision of 205, superdirectivity limit is provided. For 

this spacing, limit directivity is achieved and computations can be done accurately. 

But as seen in the figure, as spacing gets closer to zero (when d is smaller than 

0.005 ), directivity can not be computed accurately by mp toolbox. Increasing the 

precision does not work and for smaller spacing than that distance, directivity can 

not be computed accurately. 

When , total length of 13-element array is . 

For that array, array coefficients are as below: 
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 can be found by the relation . 

The array factor for  is given in Figure – 4.13. 

 

Figure - 4. 13: Array factor (dB) for 13-element superdirective array 

4.2.7. 15-Element Array 

For the array of 15 elements, directivity versus spacing when spacing is close to 

zero is obtained below: 
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Figure - 4. 14: Directivity vs spacing for 15-element array 

Limit directivity for the array of 15 elements is 9.87 by Equation 2.25.  

For spacing  and precision of 235, superdirectivity limit is provided.  

It can be seen in the figure that, directivity again can not be computed accurately 

when spacing is below . 

When , total length of 15-elements array is . 

For that array, array coefficients are as below: 
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The array factor is obtained as in Figure – 4.15. 
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Figure - 4. 15: Array factor (dB) for 15-element superdirective array 

4.2.8. 17-Element Array 

For the array of 17 elements, directivity versus spacing when spacing is close to 

zero is obtained as in Figure – 4.16. 

 

0 20 40 60 80 100 120 140 160 180
-60

-50

-40

-30

-20

-10

0

10

Degrees

A
rr

a
y
 f
a

c
to

r



 
 

53 

 

Figure - 4. 16: Directivity vs spacing for 17-element array 

Limit directivity for the array of 17 elements is 11.14 by Equation 2.2.  

For spacing  and precision of 245, superdirectivity limit is achieved.  

As seen from previous computations, the spacing where directivity can not be 

computed precisely increases when the number of elements incerases. 

When , total length of 17-elements array is . 

For that array, array coefficients are as below: 
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The array factor for the superdirective array of 17 elements is obtained in Figure – 

4.17. 

 

Figure - 4. 17: Array factor (dB) for 17-element superdirective array 

4.2.9. 19-Element Array 

For the array of 19 elements, directivity versus spacing when spacing is close to 

zero is obtained in Figure – 4.18. 
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Figure - 4. 18: Directivity vs spacing for 19-element array 

Limit directivity for the array of 19 elements is 12.42.  

For spacing  and precision of 245, superdirectivity limit is provided. 

Superdirectivity limit is achieved before mp toolbox accuracy becomes insufficient as 

seen in Figure-4.18. 

When , total length of 19-element array is . 

For that array, array coefficients are as below: 
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Figure - 4. 19: Array factor (dB) for 19-element superdirective array 

4.2.10. 21-Element Array 

For the array of 21 elements, directivity versus spacing when spacing is close to 

zero, smaller than , is obtained below: 

 

Figure - 4. 20: Directivity vs spacing for 21-element array 
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Limit directivity for the array of 21 elements is 13.69.  

For spacing  and precision of 255, superdirectivity limit is provided.  

When the precision is observed, it can be mentioned that precision required 

increases as the number of elements increases.  

When , total length of 21-element array is . 

For that array, array coefficients are as below: 

 

 

 

 

 

 

 

 

 

 

 

 can be found by the relation . 

For that array, array factor is obtained as: 

 

Figure - 4. 21: Array factor (dB) for 21-element superdirective array 
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4.2.11. 23-Element Array 

For the array of 23 elements, directivity versus spacing when spacing is close to 

zero, smaller than , is obtained in Figure – 4.22. 

 

Figure - 4. 22: Directivity vs spacing for 23-element array 

Limit directivity for the array of 23 elements is 14.96.  

For spacing  and precision of 255, superdirectivity limit is provided.  

When , total length of 23-element array is . 

For that array, array coefficients are as below: 
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The array factor is obtained as in Figure – 4.23. 

 

Figure - 4. 23: Array factor (dB) for 23-element superdirective array 

4.2.12. 25-Element Array 

For 25-element array, directivity versus spacing when spacing is close to zero, 

smaller than , is obtained in Figure – 4.24. 
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Figure - 4. 24: Directivity vs spacing for 25-element array 

Limit directivity for the array of 25 elements is 16.23.  

For spacing  and precision of 285, superdirectivity limit is provided.  

When , total length of 25-element array is . 

For that array, array coefficients are as below: 
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The array factor for  is given in Figure – 4.25. 
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Figure - 4. 25: Array factor (dB) for 25-element superdirective array 

4.2.13. 27-Element Array 

For the array of 27 elements, directivity versus spacing when spacing is close to 

zero, smaller than , is obtained as in Figure – 4.26. 
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Figure - 4. 26: Directivity vs spacing for 27-element array 

Limit directivity for the case of 27 elements is found as 17.50 by Equation 2.25. 

For spacing  and precision of 295, superdirectivity limit is provided.  

When , total length of 27-element array is . 

For that array, array coefficients are as below: 
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 can be found by the relation . 

Array factor of that array is given in Figure – 4.27. 

 

Figure - 4. 27: Array factor (dB) for 27-element superdirective array 

0 20 40 60 80 100 120 140 160 180
-25

-20

-15

-10

-5

0

5

10

15

Degrees

A
rr

a
y
 f
a

c
to

r



 
 

63 

4.2.14. 29-Element Array 

For the array of 29 elements, directivity versus spacing when spacing is close to 

zero is given in Figure – 4.28. 

 

Figure - 4. 28: Directivity vs spacing for 29-element array 

Limit directivity for the array of 29 elements is 18.78 by using Equation 2.25.  

For spacing  and precision of 305, superdirectivity limit is provided.  

When , total length of 29-element array is . 

For that array, array coefficients are as below: 
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 can be found by the relation . 

Array factor is obtained in Figure – 4.29. 

 

Figure - 4. 29: Array factor (dB) for 29-element superdirective array 

4.2.15. 31-Element Array 

For the array of 31 elements, directivity versus spacing when spacing is close to 

zero, is obtained in Figure – 4.30. 
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Figure - 4. 30: Directivity vs spacing for 31-element array 

Limit directivity for the case of 31 elements is 20.05 by Equation 2.25.  

For spacing  and precision of 405, superdirectivity limit is achieved.  

As seen in Figure – 4.30, limit spacing that accuracy is insufficient becomes close to 

0.1 when the number of elements incerases. 

When , total length of 31-element array is . 

For that array, array coefficients are as below: 
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 can be found by the relation . 

Array factor is given in Figure – 4.31. 

 

Figure - 4. 31: Array factor (dB) for 31-element superdirective array 

4.2.16. 33-Element Array 

For the array of 33 elements, directivity versus spacing when spacing is close to 

zero, smaller than , is obtained in Figure - 4.32. 
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Figure - 4. 32: Directivity vs spacing for 33-element array 

Limit directivity for the case of 33 elements is 21.32.  

For spacing  and precision of 425, superdirectivity limit is provided.  

When , total length of 33-element array is . 

For that array, array coefficients are as below: 
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The array factor is obtained as in Figure – 4.33. 

 

Figure - 4. 33: Array factor (dB) for 33-element superdirective array 

4.2.17. 35-Element Array 

For the array of 35 elements, directivity versus spacing when spacing is close to 

zero, smaller than , is given in Figure – 4.35. 
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Figure - 4. 34: Directivity vs spacing for 35-element array 

Lmit directivity for the case of 35 elements is found as 22.6 by Equation 2.25.  

For spacing  and precision of 425, superdirectivity limit is provided.  

When , total length of 35-element array is . 

For that array, array coefficients are as below: 
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The array factor is given in Figure – 4.35. 

 

Figure - 4. 35: Array factor (dB) for 35-element superdirective array 

4.2.18. 37-Element Array 

For the array of 37 elements, directivity versus spacing when spacing is close to 

zero, smaller than , is obtained as in Figure 4.36. 
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Figure - 4. 36: Directivity vs spacing for 37-element array 

Limit directivity for the case of 37 elements is 23.87.  

For spacing  and precision of 435, superdirectivity limit is provided.  

When , total length of 37-element array is . 

For that array, array coefficients are found as below: 
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 can be found by the relation . 

The array factor is obtained as in Figure – 4.37. 

 

Figure - 4. 37: Array factor (dB) for 37-element superdirective array 
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4.2.19. Summary of the Results 

By using the observations done, it can be concluded that increase in number of 

elements or decrease in spacing between the array elements demand more 

precision. Figure 4.38 summarizes precision required during numerical computations 

versus number of elements. 

 

Figure - 4. 38: Precision required vs Number of elements 

It is also observed that, while the spacing between the elements goes to zero, even 

the accuracy provided by Multiple Precision Toolbox does not allow for accurate 

calculations below a value. Therefore smallest spacing where the calculations can be 

done precisely is obtained for arrays composed of up to 37 elements. Figure-4.39 

shows how that spacing (the smallest spacing that allows numerical computations) 

changes while number of elements increases.  
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Figure - 4. 39: Minimum spacing for accurate calculations vs Number of elements 

As seen in Figure – 4.39 when number of array elements increases the numerical 

limit distance gets larger. For large number of elements, precision does not allow to 

make superdirectivity matrix calculations at small spacings. So, spacing between the 

array elements has to be increased when the number of elements is increased in 

order to make the Matlab calculations accurately.  

Moreover it is observed that, while accuracy required increases with increase in 

number of elements, corresponding superdirective element coefficients also 

increase. 

Another observation is that coefficients are symmetric around the element in the 

center and there is 180° phase difference between two adjacent array elements. 

Lastly, it is observed that array factor becomes more directive as the number of 

elements increase. Figure – 4.40 shows corresponding array factors for 3, 11, 17, 

23, 29 and 37 elements. 
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Figure - 4. 40: Array factors (dB) for 3,11,17,23,29 and 37 elements 
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CHAPTER 5 

 

 

 

COMPARISON OF SUPERDIRECTIVE AND UNIFORM 

ARRAYS 
 

 

 

 
 

The name “superdirective array” implies that the array has directivity greater than 

that of a uniform array for the same total length and same number of elements.  

In this chapter, the directivity and antenna patterns for superdirective and uniform 

arrays are compared.  

For superdirective arrays with different number of elements, spacing between the 

elements and precision values are found in Chapter 4. These spacing and precision 

values are used in this chapter while comparing superdirective and uniform arrays. 

5.1. 3-Element Array 

For the array of 3 elements, firstly directivity versus spacing will be observed for 

superdirective and uniform arrays. Precision used is 55 as found in 4.2.1. 
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Figure - 5. 1: Directivity vs spacing for 3-element array  

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

Figure – 5.1 shows the directivity of a uniform linear array and the directivity of the 

stationary array as calculated by solving Equation 3.15 for a 3 element array, as a 

function of the array element spacing. The dashed curve represents the stationary 

solution and the solid curve is the uniform array. 

As can be seen from the above figure, the two curves meet at d=0.5λ, i.e kd=π, 

and they are very close to each other when d>0.5λ, i.e. kd>π.  

In  d<0.5λ region, while the spacing is getting close to zero, superdirectivity is 

obtained. In this region, the advantage of superdirectivity over uniform array 

appears.  

If the array factor for uniform and superdirective arrays of length 0.002λ (length is 

found in 4.2.1) and composed of 3 elements are compared, Figure – 5.2 is 

obtained. 
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Figure - 5. 2: Array factors (dB) for 3-element array  

When two array factors are compared, it can be seen that uniform array is almost 

isotropic for this case. 

For that 3-element array of length 0.002λ, directivities are compared as: 

 

 

5.2. 5-Element Array 

For the array of 5 elements, directivity versus spacing for superdirective and 

uniform arrays is given in Figure – 5.3. Precision used is 75 as found in 4.2.2. 
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Figure - 5. 3: Directivity versus spacing for 5-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If we compare the dashed curves in 3-element and 5 –element directivity figures in  

d<0.5λ region, we can see that 5–element curve is more advantageous over the 

uniform directivity curve. Comparison of stationary directivity curves for different 

number of elements will be given in “Summary of the Results” part, 5.19.  

If the array factor for uniform and superdirective arrays of length 0.016λ (length is 

found in 4.2.2) and composed of 5 elements are compared, Figure – 5.4 is 

obtained. 
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Figure - 5. 4: Array factors (dB) for 5-element array  

For the 5-element array of length 0.016λ, superdirectivity and uniform directivities 

are compared as: 

 

 

5.3. 7-Element Array 

For the array of 7 elements, directivity versus spacing for superdirective and 

uniform arrays is given in Figure – 5.5. Precision used is 95 as found in 4.2.3. 
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Figure - 5. 5: Directivities vs spacing for 7-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If the array factor for uniform and superdirective arrays of length 0.024λ (length is 

found in 4.2.3) and composed of 7 elements are compared, Figure – 5.6 is 

obtained. 
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Figure - 5. 6: Array factors (dB) for 7-element array  

For that 7-element array of length 0.024λ, superdirectivity and uniform directivities 

are compared as: 

 

 

As seen in the figure, uniform array is still not directive but almost isotropic for 7-

element L=0.024λ length array when compared to the superdirective beam. 

5.4. 9-Element Array 

For  the array of 9 elements, directivity versus spacing for superdirective and 

uniform arrays is given in Figure – 5.7. Precision used is 155 as found in 4.2.4. 
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Figure - 5. 7: Directivities vs spacing for 9-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If the array factor for uniform and superdirective arrays of length 0.04λ (length is 

found in 4.2.4) are compared, Figure – 5.8 is obtained. 
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Figure - 5. 8: Array factors (dB) for 9-element array  

As seen in the figure, uniform array is still not directive but almost isotropic for 9-

element L=0.04λ length array when compared to the superdirective beam. 

For the 9-element array of length 0.04λ, superdirectivity and uniform directivities 

are compared as: 

 

 

5.5. 11-Element Array 

For  number of 11 elements case, directivity versus spacing for superdirective and 

uniform arrays is given in Figure – 5.9. Precision used is 165 as found in 4.2.5. 
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Figure - 5. 9: Directivites vs spacing for 11-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If the array factor for uniform and superdirective arrays of length 0.06λ (length is 

found in 4.2.5) are compared, Figure – 5.10 is obtained. 

 

Figure - 5. 10: Array factors (dB) for 9-element array  
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For that 11-element array of length 0.06λ, superdirectivity and uniform directivities 

are compared as: 

 

 

5.6. 13-Element Array 

For  the array of 13 elements, directivity versus spacing for superdirective and 

uniform arrays is given in Figure – 5.11. Precision used is 205 as found in 4.2.6. 

 

Figure - 5. 11: Directivities vs spacing for 13-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If the array factor for uniform and superdirective arrays of length 0.072λ (length is 

found in 4.2.6) are compared, Figure – 5.12 is obtained. 
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Figure - 5. 12: Array factors (dB) for 13-element array  

As seen in the figure, uniform array is still not directive but almost isotropic for 13-

element L=0.072λ length array when compared to the superdirective beam. 

For that 13-element array of length 0.072λ, superdirectivity and uniform directivities 

are compared as: 

 

 

5.7. 15-Element Array 

For  the array of 15 elements, directivity versus spacing for superdirective and 

uniform arrays is given in Figure – 5.13. Precision used is 235 as found in 4.2.7. 
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Figure - 5. 13: Directivities vs spacing for 15-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If the array factor for uniform and superdirective arrays of length 0.098λ (length is 

found in 4.2.7) are compared, Figure – 5.14 is obtained. 
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Figure - 5. 14: Array factors (dB) for 15-element array  

 

As seen in the figure, uniform array is still not directive but almost isotropic for 15-

element L=0.098λ length array when compared to the superdirective beam. 

For the 15-element array of length 0.098λ, superdirectivity and uniform directivities 

are compared as: 

 

 

5.8. 17-Element Array 

For  the array of 17 elements, directivity versus spacing for superdirective and 

uniform arrays is given in Figure – 5.15. Precision used is 245 as found in 4.2.8. 
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Figure - 5. 15: Directivities vs spacing for 17-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If the array factor for uniform and superdirective arrays of length 0.256 λ (length is 

found in 4.2.8) are compared, Figure – 5.16 is obtained. 
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Figure - 5. 16: Array factors (dB) for 17-element array  

For that 17-element array of length 0.256λ., superdirectivity and uniform 

directivities are compared as: 

 

 

5.9. 19-Element Array 

For the array of 19 elements, directivity versus spacing for superdirective and 

uniform arrays is given in Figure – 5.17. Precision used is 245 as found in 4.2.9. 
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Figure - 5. 17: Directivites vs spacing for 19-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If the array factor for uniform and superdirective arrays of length 0.396 λ (length is 

found in 4.2.9) are compared, Figure – 5.18 is obtained. 

 

Figure - 5. 18: Array factors (dB) for 19-element array  
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For that 19-element array of length 0.396λ, superdirectivity and uniform directivities 

are compared as: 

 

 

5.10. 21-Element Array 

For the array of 21 elements, directivity versus spacing for superdirective and 

uniform arrays is given in Figure – 5.17. Precision used is 255 as found in 4.2.10. 

 

Figure - 5. 19: Directivites vs spacing for 21-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If the array factors for uniform and superdirective arrays of length 0.396 λ (length is 

found in 4.2.9) are compared, Figure – 5.20 is obtained. 
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Figure - 5. 20: Array factors (dB) for 21-element array  

For the 21-element array of length 0.54λ, superdirectivity and uniform directivities 

are compared as: 

 

 

5.11. 23-Element Array 

For  the array of 23 elements, let us observe how directivity changes for stationary 

solution and uniform arrays when the spacing between the elements changes. 
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Figure - 5. 21: Directivites vs spacing for 23-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If we compare the array factor for uniform and superdirective arrays of the same 

length and composed of 23 elements: 

 

Figure - 5. 22: Array factors (dB) for 23-element array  
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For  a 23-element array of length 0.85λ, superdirectivity and uniform directivities 

are compared as: 

 

 

5.12. 25-Element Array 

For  number of 25 elements case, let us observe how directivity changes for 

stationary solution and uniform arrays when the spacing between the elements 

changes. 

 

Figure - 5. 23: Directivities vs spacing for 25-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If we compare the array factor for uniform and superdirective arrays of the same 

length and composed of 25 elements, we obtain Figure 5.24. 
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Figure - 5. 24: Array factors (dB) for 25-element array  

(Dashed curve represents uniform array, solid line represents superdirective array) 

For a 25-element array of length 1.128λ, superdirectivity and uniform directivities 

are compared as: 

 

 

5.13. 27-Element Array 

For  number of 27 elements case, let us observe how directivity changes for 

stationary solution and uniform arrays when the spacing between the elements 

changes. 
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Figure - 5. 25: Directivites vs spacing for 27-element array  

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If we compare the array factor for uniform and superdirective arrays of the same 

length and composed of 27 elements: 

 

Figure - 5. 26: Array factors (dB) for 27-element array  
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For a 27-element array of length 1.5λ, superdirectivity and uniform directivities are 

compared as: 

 

 

5.14. 29-Element Array 

For  number of 29 elements case, let us observe how directivity changes for 

stationary solution and uniform arrays when the spacing between the elements 

changes. 

 

Figure - 5. 27:Directivites vs spacing for 29-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If we compare the array factor for uniform and superdirective arrays of the same 

length and composed of 29 elements: 
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Figure - 5. 28: Array factors for 29-element array  

(Dashed curve represents uniform array, solid line represents superdirective array) 

For a 29-element array of length 1.9λ, superdirectivity and uniform directivities are 

compared as: 

 

 

5.15. 31-Element Array 

For  number of 31 elements case, let us observe how directivity changes for 

stationary solution and uniform arrays when the spacing between the elements 

changes. 
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Figure - 5. 29: Directivites vs spacing for 31-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If we compare the array factor for uniform and superdirective arrays of the same 

length and composed of 31 elements: 

 

Figure - 5. 30: Array factors for 31-element array  
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For a 31-element array of length 2.4λ, superdirectivity and uniform directivities are 

compared as: 

 

 

5.16. 33-Element Array 

For  number of 33 elements case, let us observe how directivity changes for 

stationary solution and uniform arrays when the spacing between the elements 

changes. 

 

Figure - 5. 31: Directivites vs spacing for 33-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If we compare the array factor for uniform and superdirective arrays of the same 

length and composed of 33 elements: 

0 0.5 1 1.5 2 2.5 3

5

10

15

20

25

30

35

40

45

50

55

60

d/lambda

D
ir
e

c
ti
v
it
y

 

 

Matrix
Du

Matrix
D



 
 

103 

 

Figure - 5. 32: Array factors for 33-element array  

(Dashed curve represents uniform array, solid line represents superdirective array) 

For a 33-element array of length 2.4λ, superdirectivity and uniform directivities are 

compared as: 

 

 

5.17. 35-Element Array 

For  number of 35 elements case, let us observe how directivity changes for 

stationary solution and uniform arrays when the spacing between the elements 

changes. 
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Figure - 5. 33: Directivities vs spacing for 35-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

If we compare the array factor for uniform and superdirective arrays of the same 

length and composed of 35 elements: 

 

Figure - 5. 34: Array factors for 35-element array  
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For a 35-element array of length 3.47λ, superdirectivity and uniform directivities are 

compared as: 

 

 

5.18. 37-Element Array 

For number of 37 elements case, let us observe how directivity changes for 

stationary solution and uniform arrays when the spacing between the elements 

changes. 

 

Figure - 5. 35: Directivities vs spacing for 37-element array 

(Dashed curve represents stationary directivity, solid line represents uniform directivity) 

We can see from the figure that stationary directivity is more advantageous over 

uniform directivity as spacing gets closer to zero when compared to the previous 

cases. 

If we compare the array factor for uniform and superdirective arrays of the same 

length and composed of 37 elements: 
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Figure - 5. 36: Array factors for 37-element array  

(Dashed curve represents uniform array, solid line represents superdirective array) 

For a 37-element array of length 4.07λ, superdirectivity and uniform directivities are 

compared as: 

 

 

5.19. Summary of the Results 

In “directivity versus distance between the elements” graphs, it is observed that 

directivity curves for stationary solution and uniform arrays meet at d=0.5λ, i.e 

kd=π, and they are very close to each other when d>0.5λ, i.e. kd>π.  
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Figure - 5. 37: Stationary and uniform directivities for 11-element array 

In  d<0.5λ region, while the spacing gets closer to zero, superdirectivity is obtained. 

In this region, the advantage of superdirectivity over uniform array appears.  

If we compare superdirectivity for number of elements 3, 5, 7,9 and 11, Figure – 

5.38 is obtained. In the figure, it can be seen that when number of elements 

increases, superdirectivity also increases.  
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Figure - 5. 38: Directivity vs spacing for 3, 5, 7, 9 and 11 elements  

(The bottom curve is for 3-element case and the top is for 11 elements) 

 

At the begining the question was “how much narrow” an array beam can be 

obtained by using superdirectivity. Therefore number of elements up to 37 is 

investigated. However, it is observed that if number of elements is increased, 

spacing between the elements also has to be increased in order to make the 

calculations accurately.  Due to the increase in spacing between the elements, 

uniform array directivity also increases and so for large number of elements 

superdirectivity starts to loose its advantage over uniform directivity. According to 

the observations, advantage of superdirective array over uniform array starts to 

decrease for number of elements greater than 17 for precision M=435. Figure - 5.39 

summarizes that conclusion. 
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Figure - 5. 39: Comparison of Superdirectivity and Uniform directivities, precision M=435 

 

As seen in Figure – 5.39, for small number of elements uniform directivity is close to 

1. However, when the number of elements is increased uniform array directivity also 

increases due to the increase in spacing. Figure – 5.40 shows the spacing required 

between the elements versus number of elements.  
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 Figure - 5. 40: Distance between the elements vs Number of elements 

 

The two figures Figure -5.39 and 5.40 give the feeling that if number of elements is 

increased more, limit spacing where the numerical calculations can be done 

accurately will get close to 0.5 , i.e. . At that point, the two curves meet and 

superdirectivity and uniform directivity get the same value.  

The results show that even if we have the precision of 435 digits, using a 

superdirective array of 17 elements provides the maximum advantage over the 

same length uniform array. 

5.20. An Example 

Let us compare superdirective and uniform arrays in an example. 

Assume a superdirective array composed of 17 elements and the distance between 

the elements is .  
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That superdirective array has the directivity of 11.54. 

In order to obtain the same directivity with the same number of elements by a 

uniform array, the uniform array shall have the specifications below:  

 

 

It shows that the uniform array will be 20.32 times longer than the superdirective 

array with the same number of elements in order to obtain the same directivity.  

In this example, spacing between the superdirective array elements is 0.48 cm. It 

may be possible to realize such small lengths for the array elements by using RF 

Micro Electro-Mechanical Systems (RF MEMS) technology, [ 20].  
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CHAPTER 6 

 

 

TOLERANCE OF SUPERDIRECTIVE ARRAYS 

 

 

 

Tolerance sensitivity is stated as one of the difficulties in superdirective arrays’ 

practical application in literature, [16]. In this chapter, tolerance of superdirective 

arrays to perturbations in element coefficients and order of sensitivity for different 

number of elements will be investigated.  

In order to see the influence of random change in array coefficients, array factor 

will be constituted by new coefficients and then see how the perturbation in 

coefficients effect the array factor of the array.   

Superdirective array coefficients and directivity was found by taking the derivative of 

directivity expression in Equation 3.14 and equating it to zero as in Equation 3.15.  

If we examine the second derivative of directivity, below equations are obtained.  

Directivity expression is given in Equation 3.14 as: 

 [3. 32] 

If first derivative is taken and equated to zero: 

 [3. 33] 

If we take the second derivative, below equation is obtained: 
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If the second derivative is examined for different number of elements, it is found 

that second derivative is negative.   

Since first derivative of the directivity is zero ( ’=0) and second derivative is smaller 

than zero ( ’’<0), it can be concluded that directivity  has a local maximum at that 

point. 

6.1. 3-Element Array  

For the array of 3 elements, if we perturbate one of the array elements  by 10-1, 

10-2, 10-3, 10-4, 10-5 and 10-6 relatively, Figure – 6.3 is obtained. 

(Perturbating by 10-1 means 10% change in coefficient value) 

 

Figure - 6. 1: Perturbated Array factors (dB) for 3-element array 

 

Corresponding directivities are given in Table – 6.1. 
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Table - 6. 1: Directivites for different perturbation values 

Perturbation Directivity 

10-6 2.245 

10-5 2.027 

10-4 1.238 

10-3 1.026 

10-2 1.0026 

10-1 1.00026 

 

Original curve in Figure - 6.3 is the array factor for array coefficients which provide 

optimum directivity. As seen in Table – 6.1 if coefficient  is perturbated, 

directivity starts to decrease and array factor (Figure – 6.3) becomes like an 

isotropic antenna pattern. In order to find acceptable tolerance values, perturbation 

values which do not cause change in array factor more than 1 dB are investigated. 

For the array of 3 elements, if we perturbate one of the array elements  with a 

random number smaller than 10-5, change in array factor will be smaller than 1 dB  

as in Figure – 6.1. 
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Figure - 6. 2: Perturbated Array factors (dB) for 3-element array 

 

If all of the elements are perturbated by random numbers smaller than 10-6, Figure 

– 6.2 is obtained. Change in array factor is smaller than 1 dB.  

This means that if the change in the array factor is restricted to 1 dB, the relative 

error in array coefficients should not exceed 10-6. 
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Figure - 6. 3: Perturbated Array factors (dB) for 3-element array 

 

 

6.2. 5-Element Array  

For the array of 5 elements, if all of the elements are perturbated by random 

numbers smaller than 10-9, Figure – 6.2 is obtained. Change in array factor main 

lobe is smaller than 1 dB.  
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Figure - 6. 4: Perturbated Array factors (dB) for 3-element array 

It can be stated that the array of 5 elements is tolerable to perturbations less than 

10-9. When we compare it to the 3 number of elements case, the array become less 

tolerable to perturbations. 

6.3. 7-Element Array 

For the array of 7 elements, if all of the elements are perturbated by random 

numbers smaller than 10-13, Figure – 6.2 is obtained. Change in array factor is 

smaller than 1 dB in main lobe.  
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Figure - 6. 5: Perturbated Array factors (dB) for 7-element array 

As seen in the figure, the array of 7 elements is tolerable to perturbations less than 

10-11 %. 7-element array is less tolerable then 5-element array to perturbations in 

coefficients.  

Hence, it can be concluded that as the number of elements increase array becomes 

less tolerable to perturbations in the coefficients. After 7 elements, sensitivity 

becomes very high.   
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CHAPTER 7 

 

 

BANDWIDTH 

 

 

 

Balanis defines bandwidth of an antenna as “the range of frequencies within which 

the performance of the antenna, with respect to some characteristic, conforms to a 

specified standard”, [3]. He also states that antenna characteristics like input 

impedance, pattern, gain, polarization, etc. do not necessarily vary in the same 

manner or even critically affected by the frequency. Therefore there is no unique 

characterization of the bandwidth. The specifications are set in each case to meet 

the needs of the particular application. 

 

In this chapter, bandwidth of superdirective arrays will be investigated such that 

change in array factor will be observed when the operating frequency is changed. 

This observation will be done for different number of elements in order to examine 

the bandwidth when the number of elements is increased. 

7.1. 3-Element Array  

For the array of 3 elements, for the case of  precision required is .  

Let us assume that the frequency changed such that new frequency is 1% higher 

than the original frequency, i.e.  

 

Then, 
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So, the distance between the elements of 3-element array becomes 

 

Now, let us see how the array factor differs: 

 

Figure - 7. 1: Array factor (dB) for 1% frequency change for 3-element array 

Directivity for 1% frequency change is 2.248 where the optimum directivity is 2.25. 

Now let us change the frequency such that new frequency is 10% higher than the 

original frequency, i.e.  

 

Then, 

 

So, the distance between the elements of 3-element array becomes 

 

0 20 40 60 80 100 120 140 160 180
-35

-30

-25

-20

-15

-10

-5

0

5

Degrees

A
rr

a
y
 f
a

c
to

r

 

 

f1

f2



 
 

121 

Corresponding array factors are given in Figure – 7.2. 

 

Figure - 7. 2: Array factor (dB) for 10% frequency change for 3-element array 

Directivity for 10% frequency change is 2.132 where the optimum directivity is 2.25. 

As seen in the figure, sidelobes start increasing. 

In order to have a change in sidelobe smaller than 1 dB, there should be a random 

frequency change of smaller than 1%, as seen in Figure – 7.3. 
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Figure - 7. 3: Array factor (dB) for smaller than 1% frequency change for 3-element array 

7.2. 5- element Array 

For 5-element array case, the frequency increased by %1, %10 and %50 of the 

original frequency relatively and the change in the array factor is observed: 
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Figure - 7. 4: Array factor (dB) for %1, %10, %50 frequency changes for 5-element array 

In order to have a change in sidelobe smaller than 1 dB, there should be a random 

frequency change of smaller than 0.5%. 

 

Figure - 7. 5: Array factor (dB) for smaller than 0.5% frequency change for 5-element array 
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Corresponding directivites are given in Table – 7.1. 

Table - 7. 1: Directivites for different frequency changes 

Frequency 

change 

Directivity 

Original 

(optimum) 

3.5156 

%0.5 3.514 

%1 3.510 

%10 2.83 

%50 0.091 

 

7.3. 7-Element Array 

For 7-element array case, the frequency increased by %1, %10 and %50 of the 

original frequency relatively and the change in the array factor is observed: 

 

Figure - 7. 6: Array factor (dB) for %1, %10, %50 frequency changes for 7-element array 
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In order to have a change in sidelobe smaller than 1 dB, there should be a random 

frequency change of smaller than 0.3%, as seen in Figure – 7.7. 

 

Figure - 7. 7: Array factor (dB) for smaller than 0.3% frequency change for 7-element array 

7.4. 9-Element Array 

For 9-element array case, the frequency increased by %1, %10 and %50 of the 

original frequency relatively and the change in the array factor is observed: 
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Figure - 7. 8: Array factor (dB) for %1, %10, %50 frequency changes for 7-element array 

In order to have a change in sidelobe smaller than 1 dB, there should be a random 

frequency change of smaller than 0.1%, as seen in Figure – 7.9 

Figure - 7. 9: Array factor (dB) for smaller than 0.1% frequency change for 9-element array 
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From the observations done, it can be stated that when the number of elements are 

increased, sidelobe is increased more in case of frequency changes.  

It can be concluded that, superdirective arrays are very sensitive to the frequency 

changes since the distance between the elements is critical in superdirectivity view. 

As a result, superdirective arrays are narrowband array antennas. 
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CHAPTER 8 

 

 

CONCLUSION 

 

 

 

In this thesis Superdirective arrays are investigated in element coefficient, array 

factor, directivity, tolerance, bandwidth aspects and compared to uniform arrays. 

Since high accuracy is required while doing the calculations, Multiple Precision (Mp) 

Toolbox is used through the numerical computations done in Matlab. 

It is concluded that, superdirective arrays provide more directivity when compared 

to the same length uniformly excited arrays. Increasing number of elements 

increases the advantage of superdirectivity over uniform directivity in theory. 

However, increase in number of elements demands more precision. Up to 37 

elements are investigated in order to see how much directivity can be obtained from 

a superdirective array by using precision provided by Mp Toolbox. However, it is 

seen that after some point (17-element array case, precision used is 435) the 

advantage of superdirective array over uniform array starts to decrease since the 

numerical calculations could not be done for small spacings by even using Mp 

Toolbox.  

It is also observed that superdirective array factor is very sensitive to perturbations 

in element coefficients. As the number of elements increase, tolerance sensitivity of 

elements also increase.   

Lastly, superdirective arrays are narrowband antennas since they are very sensitive 

to frequency changes. Moreover, as the number of elements increases, bandwidth 

of superdirective arrays decreases.   

In conclusion, superdirective arrays provide more directivity when compared to 

uniformly excited arrays. However tolerance and bandwidth of superdirective array 
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antennas prevent them from practical use even with today’s high precision Digital 

Beam Forming tools and techniques.   
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