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ABSTRACT

RESULTS ON LCZ SEQUENCES AND QUADRATIC FORMS

Saygi, Elif
Ph.D., Department of Cryptography
Supervisor : Prof. Dr. Ferruh Ozbudak

November 2009, 71 pages

In this thesis we study low correlation zone (LCZ) sequence sets and a class of quadratic
forms. In the first part we obtain two new classes of optimal LCZ sequence sets. In our first
construction using a suitable orthogonal transformation we extend some results of [21]. We
give new classes of LCZ sequence sets defined over Z4 in our second construction. We show
that our LCZ sequence sets are optimal with respect to the Tang, Fan and Matsufiji bound
[37]. In the second part we consider some special linearized polynomials and corresponding
quadratic forms. We compute the number of solutions of certain equations related to these

quadratic forms and we apply these result to obtain curves with many rational points.

Keywords: Sequences, LCZ sequences, Quadratic forms, Linearized polynomials
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LCZ DIZILERI VE QUADRATIK FORMLAR UZERINE SONUCLAR

Saygi, Elif
Doktora, Kriptografi Boliimii
Tez Yoneticisi  : Prof. Dr. Ferruh Ozbudak

Kasim 2009, 71 sayfa

Bu tezde diisiik korelasyon bolgesi (LCZ) dizi kiimeleri ve quadratik formlarin bir sinifini
calistik. Birinci béliimde iki yeni en iyi LCZ dizi kiimeleri siniflar1 elde ettik. Birinci iiretim
metodumuzda uygun dik doniisiim kullanarak, [21] de verilen bazi1 sonuglar1 genislettik. Ikinci
tiretim metodumuzda Z, tizerinde tanimli yeni LCZ dizi kiimeleri siniflar1 verdik. LCZ dizi
kiimelerimizin Tang, Fan and Matsufiji sinirma [37] gore en iyi olduklarim gosterdik. Tkinci
boliimde baz1 6zel dogrusallastirilmis polinomlar ve karsi gelen quadratik formlari gbz oniine
aldik. Bu quadratik formlarla iligkili olan bazi denklemlerin ¢dziim sayilarini hesapladik ve

bu sonuglar1 ¢cok rasyonel noktasi olan egrileri elde etmek i¢in kullandik.

Anahtar Kelimeler: Diziler, LCZ dizileri, Quadratik formlar, Dogrusallastirilmis polinomlar
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PREFACE

In this thesis we study low correlation zone (LCZ) sequence sets and a class of quadratic
forms. In the first part we present two construction of LCZ sequence sets. The first construc-
tion extends the results of [21]. In this construction we use an orthogonal transformation and
we note that this technique is used in [38] to obtain new quaternary sequences with optimal
maximal correlation values. The second construction gives new classes of quaternary LCZ
sequence sets. We explicitly compute the full auto-correlations and cross-correlations of the
sequences in these sets. We show that our LCZ sequence sets in two constructions are optimal

with respect to the Tang, Fan and Matsufiji bound [37] under some conditions.

In the second part we consider some special linearized polynomials and corresponding quadratic
forms. We compute the number of solutions of certain equations related to these quadratic
forms and we apply these result to obtain curves with many rational points. These results

extend the results of [6].

This thesis is organized as follows: Chapter 1 gives a general background on sequences and
quadratic forms. Our constructions of optimal LCZ sequence sets mentioned above are pre-
sented in Chapter 2. Chapter 3 deals with highly degenerate quadratic forms and gives the

number of solutions of certain equations.
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CHAPTER 1

INTRODUCTION

This chapter presents a general background on sequences and quadratic forms. Our main
concerns in this thesis are a special class of sequences called low correlation zone (LCZ)
sequences and the number of solutions of certain equations. In Section 1.1 some basic def-
initions on sequences are given. Chapter 2 presents two distinct classes of optimal LCZ
sequences. In Section 1.2 some basic definitions and notations on quadratic forms are given.
Chapter 3 deals with a special type of quadratic forms. In this chapter we compute the number
of solutions of certain equations related to these quadratic forms. Also we apply these result

to obtain curves with many rational points.

1.1 An Introduction to Sequences

Let F = {a1,a», ...} be a set of distinct objects. A sequence is an ordered list of objects from
the set F. The number of elements in a sequence is called the length of the sequence. Note
that in many applications the cardinality of the set Fis finite and in general F is chosen to a

finite field or a Galois ring.

In cryptographic and coding theoretic applications, one wants to obtain sequences which have
some specific properties, such as, large period, large linear complexity or linear span, low

correlation etc. [11, 27].

Let s = s0, 51,... be a sequence of elements of F. If there exists integers N > 0 and ny > 0
such that s;.x = s; for all i > ng, and N is the smallest number having this property, then
the sequence is called ultimately periodic with period N. Furthermore, if nyp = O then an

ultimately periodic sequence with period N is called periodic sequence with period N. A



significant property of periodic sequences is the correlation values of sequences. Formal

definition of correlation of two sequences is given in Section 2.1.

In code-division multiple access (CDMA) communication systems sequences play an impor-
tant role. They are assigned to distinct users in a common channel at the same time [33]. In
order to distinguish each user and to minimize the interference we must use the sequences
with the lowest possible non-trivial correlations. Furthermore, the capacity of the system can
be increased by the number of sequences which support a larger number of distinct users.
Since all users share the same bandwith, sequences can be eavesdropping. But if, sequences
have large linear span then generating mechanisms can not be easily inferred by observing
the sequences where linear span of a periodic sequence is the length of the shortest linear
feedback shift register that can generate the sequence [18]. Consequently, a set of sequences
with low correlation, large family size and large linear span plays an important role in CDMA

communication systems.

Well known bounds for low correlation are derived by Welch, Sidelnikov and Levenshtein in
[46, 32, 25]. Among the known optimal binary sequence families the most famous one is Gold
Family, having 2" + 1 sequences with period 2" — 1 and having tree valued cross-correlation
values achieving Sidelnikov bound for odd » in [10]. Kasami proposed in [17] sequences with
optimal correlation achieving Welch’s bound for even n. The other well known approaches

are given in [2, 16, 22, 39, 44].

In 1990’s optimal quaternary sequences were derived from Z, [1]. Family A is proposed in
[1, 34] has family size 2" + 1, period 2" — 1 and maximum non-trivial correlation values are
bounded by 2"/? + 1. Family B in [1] and Family C in [45] has family size 2"~! and has
period 2(2" — 1). Tang and Udaya generalized the Family B and Family C to a new optimal
quaternary Family D in [42]. Family D has the same period and the same maximal correlation

values, but has 2" sequences.

In 2009 Tang, Helleseth and Fan [38] proposed a general orthogonal transformation on the
Family B and C which generates Family D and also yields a new optimal sequence Family E.
Family E has the same period, same family size and same maximum correlation values with
Family D. However, Family E has different correlation values from Family D. In Section 2.2

we use the same orthogonal transformation to extend the results given in [21].



In 1992, Gaudenzi, Elia and Viola [8] proposed the quasi-synchronous code-division multiple
access (QS-CDMA) systems. In QS-CDMA systems relative time delay between the signa-
ture sequences of different users is random. But this time delay is restricted to certain time
range L. where L is much smaller than the period of the sequences used in system. Here we

note that, in a general CDMA system L is equal to the period of the signature sequences.

As we stated above in CDMA systems it is important to use sequences having low correla-
tion values. However, sequences used in QS-CDMA system must have low correlation values
for some specific delays around the origin which are called low correlation zone (LCZ) se-

quences.

Let S be a set of M sequences with period N. If the magnitude of the non-trivial correlation
value of two sequences in S takes values less than or equal to € for the offset 7 in the range
|T| < L, then § is called a (V, M, L, €) LCZ sequence set. A more formal definition is given in

Definition 2.1.2.

In Chapter 2 we propose two constructions of LCZ sequence sets. In Section 2.2 we extend
the results of [21] by using a suitable orthogonal transformation and note that this technique
is used in [38] to obtain new quaternary sequences with optimal maximal correlation values.
Furthermore, in Section 2.3 we present new classes of quaternary LCZ sequence sets. We
explicitly compute the full auto-correlations and cross-correlations of the sequences in these
sets. We show that our LCZ sequence sets are optimal with respect to the Tang, Fan and

Matsufiji (2.1) bound under some conditions.

1.2 An Introduction to Quadratic Forms

In this section we introduce a class of quadratic forms that we study. Moreover we recall

some basic definitions and we fix some notation. For details we refer to [26].

A quadratic form Q (in k indeterminates) over [, is a homogeneous polynomial in the ring

Fylx1,...,x] of degree 2. Note that any element x € Fqk can be written as

X = X1a1 + xpap + - - + X,



where the set {a, ..., ax} is a basis for Fqk. Therefore, Q can be written as

0: F

b

—>Fq

k
Xia; B ZZbi’jxin,

i=1 j=1

CS)

M~

1

Il
—_

where b; ; € IF,.

In the rest of this section we present some notations and some results considered in Chapter

3. Let
h

R(x) = sox + s1x7 + -+ + 5;x7 € F e[ x]
be an F,-linearized polynomial with 2 > 0 and s, # 0.
Let TrFqk /F, denotes the trace map from F to [, given by

TrIFqk/IFq : ]Fqk i Fq

k—1
x P ox+xT4+ a1

When it is clear from the context, we denote Trqu /F, a8 only Tr in short.

Let Bg be the symmetric bilinear form on the F,-linear vector space I« defined as

Br : Fqk XFqk e Fq
(x,y) = Tr(xR(y) + yR(x)).

Let Qg be the quadratic form defined as

QR:Fqk - Fq
x b Tr(xR(x)).

Let Wg, be the radical of Bg, which is defined as

Wr={x€Fgu : Br(x,y) =0 foreachy e F,}. (1.1)

For x € F «, we observe that x € W if and only if
Tr(xR(y) + yR(x)) = Tr (x(soy +syl 4+ shth) +y(s0x +sx? 4+ + shth)) =0

4



forall y € F «. Note that

Tr (xsiyqi) =Tr ((xs,-)qfi y)

foralli=1,2,..., h. Therefore, using this observation we can obtain that for x € F«, x € Wg

if and only if x is a root of the [F,-linearized polynomial

=

-1 h
i i h h h h+i
ST 4255 77 + ) SUTT € FulT,
i=1

q
h—i

i
S

Let w be the F,-dimension
w = dil’l’qu Wgr

of Wg.

We can choose an [F-linear subspace Wp of F« such that
Wg ® Wg =F .

In particular dimg, Wgr = k —w and it is called the codimension of Wx.

(1.2)

It is known (cf. [26]) that any quadratic form has one of the following equivalent representa-

tion.

n
2 . .
X1 T f Xidi
i=1
n

Or(x) = Z XiYi

i=1

n
2 2
X1 + Y| + Z XiVi,
i=1

where s € [F, is an element with Try, /R, (8) = s+ s+ -+ 572 = 1, wis the dimension of the

k—
radical Wr and n = Tw



CHAPTER 2

LCZ SEQUENCE SETS

In this chapter we present two constructions of LCZ sequence sets. In Section 2.2 we extend
the results of [21] by using an orthogonal transformation and note that this technique is used
in [38] to obtain new quaternary sequences with optimal maximal correlation values. Given
a LCZ sequence set V with parameters (N, M, L, €) we construct a LCZ sequence set S with
parameters (2N, 2M, L, €) or (2N,2M, L—1, €) depending on L is odd or L is even respectively.
Note that this construction method includes the construction in [21]. Furthermore, in Section
2.3 we give new classes of quaternary LCZ sequence sets. We explicitly compute the full
auto-correlations and cross-correlations of the sequences in these sets. We show that our LCZ
sequence sets are optimal with respect to the Tang, Fan and Matsufiji bound (2.1) under some

conditions.

Quasi-synchous code-division multiple access (QS-CDMA) communication systems are pro-
posed by Gaudenzi, Elia and Viola [8]. In a QS-CDMA system, performance is determined
by the correlation value around the origin, rather than the overall correlation value. Therefore,

LCZ sequences are good candidates for such systems.

Recently there have been many developments on the design of LCZ sequence sets. Tang and
Fan [36] proposed a LCZ sequence set over GF(p), based on Gordon-Mills-Welch (GMW)
[13] sequences. Kim, Jang, No and Chung [20] proposed a new quaternary LCZ sequence set
from binary sequences with ideal auto-correlation. These sequences are optimal with respect
to Tang, Fan and Matsufuji bound (2.1). Jang, No and Chung [14] proposed an optimal p>-
ary LCZ sequence set, which can be viewed as the generalization of the work in [20]. Tang
and Udaya [40] proposed a new binary LCZ sequence set derived from interleaved technique

and Hadamard matrices. Later they design a recursive construction method for optimal LCZ



sequence set in [41]. Kim, Jang, No and Chung [21] proposed a new design scheme for
binary LCZ sequence sets and proposed an extension method with even alphabet size. Jang,
No, Chung and Tang [15] constructed optimal p-ary LCZ sequences. Gong, Golomb and
Song [12] presented a general approach to the design of LCZ sequences. Constructions in
[14, 15, 20, 36, 41] can be obtained by this general setting. Zhou, Tang and Gong [47]
proposed a new method of construction LCZ sequence set. For binary LCZ sequence sets
this result is better than those in [21]. Recently Chung and Yang [4] proposed a construction

method for quaternary LCZ sequence sets from binary sequences with good auto-correlation.

This chapter is organized as follows: In Section 2.1 we introduce some basic definitions and
some notations. In Section 2.2, we present our first construction which extends the construc-

tion given in [21]. Furthermore, we present our second construction in Section 2.3.

2.1 Preliminaries

In this section we introduce some basic definitions and we fix some notations.

Let g = 2’ for some positive integer ¢. For positive integer n let IF, and F,» denote the finite
fields with g and ¢" elements. Recall that TrFq,, /F, denotes the trace map from Fy» to [, given
by

Tl‘Fqn /Fy . ]Fqn - Fq

n—1

x P ox+x?4+ a1

Throughout the chapter for a finite field I, we denote its multiplicative group F, \ {0} as I,

and when it is clear from context, we also denote TrFq,, /F, as only Tr in short.

Here we note that the sequences defined over Z, are called g-ary sequences. A special class
of g-ary sequences are the ones defined over Z4 and such sequences are called quaternary

sequences. A (periodic) correlation of g-ary sequences is defined as follows:

Definition 2.1.1 Let s;(t) and s5;(t) be two g-ary sequences of period N. The correlation

between si(t) and s (t) at shift 7, is defined as

N-1
Ri,j(T) — Z wsi(t)—Sj(I+T)
t=0



2nV=1 . . .
where w = e ¢ is a complex qth root of unity and t + T is computed modulo N.

Note that if s;(f) and s;(¢) are cyclically equivalent, i.e., si(t) = s;j(t + ') forall 1 < ¢, <N,
then R;; is called the auto-correlation of s;(r). Otherwise, if s;(f) and s;(r) are cyclically

distinct, then R; ; is called the cross-correlation of s;(¢) and s;(7).

Here we remark that the correlation can also be defined if the sequences are defined over [,
[12]. As it is noted in [12] using a one to one correspondence between Z; and F, if one
derives the cross-correlation between the sequences defined over Z,, then at the same time

one obtains the cross-correlation between the sequences defined over F,,.

Now we present a formal definition of a LCZ sequence set.

Definition 2.1.2 Let S be a set of M g-ary sequences of period N. Then S is called a low
correlation zone (or LCZ in short) sequence set having parameters (N, M, L, €), if for any two

sequences s;(1), s j(t) € S we have

Rij@I <€ for (i# jandltl <L) or (i=jand0# |t <L).

The following lower bound for the parameters of a LCZ sequence set is given in [37]. We will

use this result to show the optimality of our LCZ sequence sets.

Theorem 2.1.3 [37] Let S be an LCZ sequence set with parameters (N, M, L, €). Then we

have

NN -1)

ML-1< 5

2.1)

N-—¢€

Now we describe a general orthogonal transformation given in [38]. Assume that we have a

g-ary sequence set V given as
V=wp@®0<i<M-1, 0<t<N-1}

In order to obtain a sequence set S having 2M sequences of period 2N, the following general

transformation on V can be used. Let (co,,¢0.1,¢1,0,¢1.1) € Zg, define

S={s00<i<M-1, 0<j<1 0<t<2N-1} 2.2)



where s; ;(?) is

Vi(t1)+Cj,() if[:2t1,

Si’j(l) = L ] 2.3)
Vi([1+’75“)+6j’1 ift =2 + 1.

Note that [x] denotes the smallest integer greater than or equal to x and the construction in
[21] is a special case of (2.3) with (co0, co.1,¢1.0,€1,1) = (O, 0, g, O). Furthermore, any two
sequences are called equivalent if the one is obtained by adding a constant to each term of
the other sequence. In our case, if s;; and S;,j are two equivalent sequences in § we have

Sij = slf7j + ¢, that is, ¢jo = ¢;1 = c. Therefore, the pair (¢, c;1) can always be normalized

by setting ¢;; = 0, that is,

€00 Co,1 co O

10 €11 ct 0

In the following section, we obtain LCZ sequence sets by using this orthogonal transformation

under the condition that ¢y — ¢; = ‘—2’ mod ¢g. This condition is a necessary and sufficient

condition to obtain LCZ sequence sets.

2.2 Extensions of LCZ Sequence Sets

Let g be an even integer. Assume that we have a LCZ sequence set V with parameters

(N, M, L, €) given as
V=W®0o<i<M-1, 0<t<N-1}L 2.4)

Now in the following construction we use the orthogonal transformation described in the
previous section to extend the above LCZ sequence set V in (2.4). The parameters of the new
LCZ sequence set becomes (2N, 2M, L, 2¢€) or (2N,2M, L — 1, 2¢) depending L is odd or L is

even respectively.

Construction 2.2.1 Let S be the set of q-ary sequences defined as

S={s@0<i<2M-1, 0<t<2N-1} (2.5)



where s;(t) is

vi(t)) + ¢ or0<i<M-1,
S,'(Zl‘]) i\l'l 0 f

Viem(t))+cp forM <i<2M -1,

N

52t + 1)

L
Viw (1,‘1 + b}) forM<i<2M—1.
provided that co — ¢y = 4 mod q.

Now we are ready to give our main result of this section.

Theorem 2.2.2 The set S in Construction 2.2.1 is a LCZ sequence set with parameters (2N, 2M, L, 2€)
if L is odd and with parameters 2N,2M, L — 1,2¢€) if L is even.

In the following two subsections we will give the proof of Theorem 2.2.2, considering the

cases L is odd and L is even separately.

2.2.1 Case: Lis odd

In this section we will prove Theorem 2.2.2 for the case L is odd. Assume that L = 2L — 1

for some integer L. Then we have that

H_LH_L
20" T2 "

Recall that R; ;(7) is the correlation between two sequences s;(¢) and s;(¢) at shift 7 given as

2N-1
Ri,j(T) — Z wsi(t)—Sj(t+T)
t=0

where w is a complex gth root of unity. Now considering the definition of sequences in

Construction 2.2.1 we can rewrite the correlation between two sequences s;(f) and s;(7) as

2N-1
Rij(r) = Z @S O=si+T)
t=0
N-1 N-1
— Z wsi(zt)—Sj(2I+T) + Z ws,’(2l+1)—Sj(21+1+T) (2 7)
=0 t=0

10



which is more useful for our computations.

Now for the simplicity of the proof we must consider the following eight cases separately.

Casel. 0 <i,j < M and 7is even.

Assume that 7 = 27y. In this case, R; j(7) in (2.7) becomes,

N-1 N-1
Rij(r) = Z Vi OFco=vjt+T—co | Z VL=V j(t+Li+1)
=0 t=0
N-1 N-1+L
— Z WV OVt Z WiVt
=0 t=L,
N- N-1
WV OVt Z WiVt
=0 t=0
as v;(¢) has period N. Now using the property that V is an (N, M, L, €) LCZ sequence

t

—_

t

set and Definition 2.1.2,

N-1
D@ T <6 for (i# jand |y < L) or (i=jand 0 # |ri] < L).
t=0
Therefore,
N-1 N-1
|Ri,j(T)| — Z wv,-(t)—v_,-(t+‘r|) + Z wv,~([)—v_,~(t+7'1)
t=0 t=0
N-1 N-1
< Z wvf(f)—v_/(HTl) + Z wvi(l)_"j(f‘*""l)
=0 t=0

< €+ e€="2¢
for (i # jand |t < L)or (i = jand 0 # |7y| < L).
Hence,
|Ri,j(T)| <2 for (i#jand|r|<2L) or (i=jand 0 # |7| < 2L).
Case2. 0 <i,j< M and 7is odd.

Assume that 7 = 27 + 1. In this case, R; j(7) in (2.7) becomes,

N-1 N-1
Rij(1) = ViO+co=vj(t+Ti+Ly) Z WVirL)=vj(t+Ti+D—co
=0 =0
N-1 N—-1+L;
- W WV O-Vi(t+TiHLY) =0 Z Vi O=vj(t=Li+Ti+1)
t=0 =L
N-1 N-1
= W WViO-vit+TiHLY) o Z wv,-(t)—vj-(t—L1+Tl+1)’ 2.8)
=0 =0

11



as v;(¢) has period N. Now using the property that V is an (N, M, L, €) LCZ sequence

set and Definition 2.1.2, for the first summation in (2.8) we have

N-1
Z WOV < ¢ for (i # jand |ty + Li| <L) or (i=jand 0 # |t + Li| < L).
t=0
Now replacing L = 2L; — 1 and 7 = 27 + 1, the condition
[t + Lyl < L
becomes
-1 L+1
+ <L,
2 2 ‘
which implies that
-3L<t<L.

Similarly, the condition
O#|r +Li|<L
becomes
T1#-L; and -3L<71<L,
which implies that

T#-L and -3L<T1<L.

Therefore the first summation in (2.8) becomes

N-1
Z wv;(t)—v_,~(t+Tl+L])
=0

<e for (7] <L). (2.9)

For the second summation in (2.8) we have

N-1
Z WV O=Vj(t=Li+Ti+1)
=0

<e for (i#jand|-L;i+711+1/ <L) or

(i=jandO#|-Li+71+1|<L).

Now replacing L = 2L; — 1 and 7 = 271 + 1, the condition

|—L1+T]+1|<L

12



becomes

which implies that

L+1+T—1
2 2

+1| < L,

-L<1<3L.

Similarly, the condition

becomes

which implies that

O#|-Li+11+1|<L

T1#L1—-1 and —L<71<3L,

7T#L and - L<71<3L.

Therefore the second summation in (2.8) becomes

N-1
Z " OVLHTEDl < e for (7] < L).
t=0
Now combining (2.8), (2.9) and (2.10) we have
N-1 N-1
|Ri,j(T)| — wC() Z wv;(t)—v_,~(t+T1+L1) + w—co Z wvi(t)—Vj(l‘—L|+T]+1)
t=0 =0
N-1 N-1
< |wco| Z wvi(t)—v_/(t+71+L1) + |w—co| Z w\’i(t)—v_/(t—L1+Tl+l)
=0 =0
< l-e+1-e=2¢ for (r|<L).

Case3. 0<i<M,M < j<2M and 7 is even.

Assume that 7 = 27;. In this case, R; j(7) in (2.7) becomes,

R; j(T)

=

N-1
wvi(t)+C()—Vj_M(t+T1)—L‘1 + Z wv,'(t+L1)—Vj_M(t+L1+Tl)

I
[«

t=0
N-1 N-1
W€ Z wvi(l)—vj—M(HTl) + Z wVi(t)_Vj—M(l+Tl)
t=0 =0
-1 N-1
_ wvi(l)—vj—M(HTl) + Z wvi(l)—vj—M(HTl) =0,
0 =0

t

1=

13
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as v;(r) has period N and w®™“" = —1 by the assumption cp — ¢1 =

NSAEN

mod ¢ in the

Construction 2.2.1.

Hence,

|Ri ()| =0<2e for (r] <2L).

Cased. 0<i<M,M < j<2M and 7 is odd.

Assume that 7 = 271 + 1. In this case, R; ;(7) in (2.7) becomes,

N-1 N-1
Ri,j(T) — wvi(l)‘*'CO—Vj—M(f‘*'T] +L) + Z wv,'(l+L1 )—V./_M(Z+T1 +1)—c
t=0 =0
-1 N-1
— w(;() wv,‘(l)—v_,'_M(l‘+T] +L1) + w—C] Z wV[(Z)—V/'_M([—Ll +71+1) (2 1 1)
1= =0
as v;(¢) has period N.

Now we observe that (2.9) and (2.10) are again valid for |7| < L. Therefore, using (2.9),
(2.10) and (2.11) we obtain that

N-1 N-1
' R,-,‘,A(T)' ) Z WV O=VimTi+Ly) e Z @V O=Vi-m(t=Li+71+1)
=0 =0
N-1 N-1
< |wc0| Zwv,-(t)—vj,M(t+rl+L1) " |w—c1| Zwv,-(t)—vj,M(t—Llwlﬂ)
=0 =0
< l-e+1-e=2¢ for (1|<L).

Case5. M <i<2M,0< j< M and 7is even.

Assume that 7 = 27y. In this case, similar to the proof of Case 3, R; j(7) in (2.7)

becomes,
N-1 N-1
Ri,j(T) — wv,;M(t)+C1—vj(t+T1)—Co + Z wv,;M(t+L1)—Vj(t+L1+Tl)
=0 t=0
N-1 N-1
= €1 Z WVFMO=vitT) Z VM O-vittT) 0,
=0 t=0
as v;(¢) has period N and w“ ™! = —1. Hence, we obtain that

Roto] =0< 26 for (rl <20

14



Case 6. M <i<2M,0< j< M and 7 is odd.

Assume that 7 = 27y + 1. In this case, similar to the proof of Case 4, R; j(7) in (2.7)

becomes,
N-1 N-1
Ri,j(T) — wvi_M(l)+Cl—Vj(l‘+T1+L1) + Z a)v,'_M(t+L1)—Vj(l+T1+l)—C()
=0 =0
N-1 N-1
= wvi_M(t)—v_i(t+T1+L1) + @™o Z wvi_M(t)—vJ-(t—L1+T|+l)
=0 t=0

as v;(¢) has period N. By the same reasoning as in Case 4, we have

N-1 N-1
'Ri,j(T)' = o Z WV FMO=v+TI+LY) | =co Z VM O=vj(t=Li+T1+1)
=0 =0
N-1 N-1
< | wc1| Z VM O=vi+TI+L)| | w—c0| Z WVi-MO=V(t=Li+T+1)
=0 =0
< l-e+1-e=2¢ for (r|<L).

Case7. M <i,j<2M and 7 is even.

Assume that 7 = 27y. In this case, similar to the proof of Case 1, R; j(7) in (2.7)

becomes,
N-1 N-1
Rij(T) — Z wvi—M(t)"'Cl_Vj—M(H'Tl)_Cl + Z wvi—M(H'Ll)_Vj—M(H'Ll‘H'l)
=0 t=0
N-1 N-1
— w"i—M(’)“’j—MO‘”’l) + Z wvi—M(l)_Vj—M(H'Tl)
=0 t=0

as v;(¢) has period N. By the same reasoning as in Case 1, we have

|R,-,J-(T)| <2 for (i# jand|r|<2L) or (i=jand 0 # |7| < 2L).

Case8. M <i,j<2M and 7 is odd.

Assume that 7 = 27y + 1. In this case, similar to the proof of Case 2, R; j(7) in (2.7)

becomes,
N-1 N-1
Ri,j(T) — wv,’_M(I)+Cl—Vj_M(l+T1+L1) + Z a)Vi—M(H'Ll)_Vj—M(l+Tl+1)_Cl
=0 t=0
N-1 N-1
= o wvi—M(t)—Vj—M(l+Tl+L1) + Wt Z wvi—M(l)—Vj—M(I—L1+T1+1)
=0 =0

15



as v;(¢) has period N. By the same reasoning as in Case 2, and using (2.9) and (2.10)

we have
N-1 N-1
|Ri j(T)| = |w° Z WVFMOviemtTiHL) = Z WV O=vji—m(t=LitTi+1)
t=0 =0
N-1 N-1
< |w61| a)vi—M(l)—Vj—M(f+T1+L1) + |w—61| Zwvi—M(t)—Vj—M(l—L1+Tl+1)
=0 t=0
< l-e+1-€e=2¢ for (1| <L).

As a result of the above eight cases, we obtain that for any two sequences s;(7), s;j() € § we

have
IRij(n)l < e for (i # jand|r] <L) or (i=jand0#|r| <L).

Therefore, S is a LCZ sequence set having parameters (2N, 2M, L, 2€), which completes the

proof of Theorem 2.2.2 for the case L is odd.

2.2.2 Case: L is even

In this section we will prove Theorem 2.2.2 for the case L is even. The proof is similar to the
previous case where L is odd. Now assume that L = 2L; for some integer L. Then we have

that
EIRERE
= 2 = 1.
Again for the simplicity of the proof we must consider the following eight cases separately.

Casel. 0 <i,j< M and 7 is even.

Assume that 7 = 27;. In this case, R; j(7) in (2.7) becomes,

N-1 N-1
Rij(r) = Z Vi OFco=vjt+T=co | Z WV HLD=vj(t+Ly+T1)
=0 t=0

N-1 N-1
— Z VOVt Z a)v,-(t)—vj(t+‘rl)’
=0 t=0

as v;(#) has period N. By the same reasoning as in Case 1 of the Case L is odd, we have

|R,"j(T)| <2e¢ for (i# jand|r]<2L) or (i=jand 0 # |7| < 2L).
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Case2. 0<i,j< M and 7is odd.

Assume that 7 = 27 + 1. In this case, R; j(7) in (2.7) becomes,

N-1 N-1

Rij(r) = Z Vi OFco=vi(t+Ti+Ly) | Z Vi HL)=v(t+T1+1)=co
t=0 t=0
-1 N-1
— (L)CO wvi(t)—Vj(t+Tl+L1) + (J)_CO Z wvi(t)—Vj(t—L1+T1+l) (212)
t= t=0

as v;(¢) has period N. Now using the property that V is an (N, M, L, €) LCZ sequence

set and Definition 2.1.2, for the first summation in (2.12) we have

N-1
Z WOV < ¢ for (i # jand |ty + Li| <L) or (i=jand 0 # |r; + Li| < L).
=0
Now replacing L = 2L and 7 = 27 + 1, the condition

|T1 + L1| <L
becomes

7T—1 L
+—=|<L,
2

which implies that
-3L+1<t<L+1.
Similarly, the condition
O#|r+Li|<L
becomes
T1#-L; and -3L+1<71t<L+1,
which implies that

7T#-L+1 and -3L+1<7t<L+1.

Therefore the first summation in (2.12) becomes

N-1
Z wv,'(t)—v_f(l+‘rl +L1)
=0

<e for (r|<L-1). (2.13)
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For the second summation in (2.12) we have

N-1
Z wv,'(l)—Vj(t—L1 +71+1)
t=0

(i=jandO#|-Li+11+1|<L).

Now replacing L = 2L; and 7 = 271 + 1, the condition
|-Li+71+1]<L

becomes

L+T—1
2

+1| <L,
which implies that

-L-1<71t<3L-1.
Similarly, the condition

O#|-Li+711+1|<L
becomes
T1#L—-1 and -L-1<7<3L-1,

which implies that

T#L-1 and —-L-1<7<3L-1.

Therefore the second summation in (2.12) becomes

N-1
Z wvi(t)—Vj(t—Ll +11+1)
t=0

Now combining (2.12), (2.13) and (2.14) we have

N—-

—_

N-1

|Ri,j(T)| — wCO Z wvi(t)—Vj(t+Tl+L1) + C!)_CO Z wvi(t)—Vj(t—L1+Tl+1)
=0 =0
-1 N-1
< |CUCO| Z wvi(t)—Vj([+T1+L1) + |(1)_CO|
=0 =0
< l-e+1-e=2¢ for (t|<L-1).

18
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Case3. 0<i<M,M < j<2M and 7 is even.

Assume that 7 = 27;. In this case, R; j(7) in (2.7) becomes,

N-1 N-1
Ri,j(T) — wv,'(t)+co—v_,-_M(l+‘r])—c1 + Z wv,‘(l‘+L1)—V_,‘_M(l‘+L|+T1)
=0 =0
N-1 N-1
— oA Z wVi(t)_Vj—M(H'Tl) + Z wvi(t)—vj—M(H'Tl) =0,
t=0 =0
as v;(¢) has period N and w“ ™! = —1. Hence, we have

IRij(1)] =0 <2e for (] <2L).

Cased. 0<i<M,M < j<?2M and 7 is odd.

Assume that 7 = 27y + 1. In this case, R; ;(7) in (2.7) becomes,

=

-1 N-1
R (1) = WViOrco=vjim(t+Ti+Ly) | Z VLD =Yt T+ D) —cy
t=0
-1 N-1
— (J.)CO wvi(t)_Vj—M(t+Tl+Ll) + w—cl Z wvi(t)—Vj,M(t—L1+T1+l) (215)

= t=0

N
Il
(=]

as v;(¢) has period N.

Now we observe that (2.13) and (2.14) are again valid for |r| < L — 1. Therefore, using
(2.13), (2.14) and (2.15) we obtain that

N-1 N-1
’Ri,j(T)’ — (/.)CO Z wvi(t)—Vj,M(t+71+L1) + w—cl Z wvi(t)—Vj,M(t—L1+1'1+1)
t=0 =0
N-1 N-1
< |a)CO| wv,-(t)—vj-_M(t+‘rl+L1) + |w—cl| Z wvi(t)—Vj_M(t—L1+T1+l)
t=0 =0
< l-e+1-e=2¢ for (t|<L-1).

CaseS. M <i<2M,0< j< M and 7 is even.

Assume that 7 = 27;. In this case, similar to the proof of Case 3, R; () in (2.7)

becomes,
N-1 N-1
Ri,j(T) — Z wv,-_M(t)+c1—vJ-(t+‘r1)—co + Z wv,-_M(t+L1)—vJ~(l+L1+‘r])
t=0 t=0
N-1 N-1
= 1o Z VM O=vitT) Z VM O-vittTy) 0,
=0 =0
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C0—C| —

as v;(¢) has period N and w —1. Hence, we obtain that

[Rij(m)| = 0 <2e for (7] <2L).

Case 6. M <i<2M,0< j< M and 7 is odd.

Assume that 7 = 271 + 1. In this case, similar to the proof of Case 4, R; ;(7) in (2.7)

becomes,
N-1 N-1
Ri,j(T) — Z VM Orer=v(t+Ti+Ly) Z VML) =T+ D=co
t=0 t=0
N-1 N-1
- o Z WVi-MO=vit+TI+L) o Z Vi-MO=v(t=Li+T1+1)
t=0 t=0

as v;(¢) has period N. By the same reasoning as in Case 4, we have

N-1 N-1
' Ri,j(T)' = oo Z WV-MO=vit+TI+L) | =co Z VM O=vi(t=Li+T1+1)
=0 =0
N-1 N-1
< |wc1| VM O=vi+TI+L)| |w—c0| Zwv,,M(t)—vj(z—leﬂ)
=0 =0
< l-e+1-e=2¢ for (t|<L-1).

Case7. M <1i,j<2M and 7 is even.

Assume that 7 = 27;. In this case, similar to the proof of Case 1, R; () in (2.7)

becomes,
N-1 N-1
Rij(T) — wvi—M(t)ﬂ‘l—V_,'—M(Z+T1)—C1 + Zwvi—M(l+L1)—Vj—M(l+L1+T1)
=0 =0
N-1 N-1
— Z wvi—M(t)—Vj—M(t+Tl) + Z a)Vi—M(f)—Vj—M(t+Tl)
9
=0 =0

as v;(#) has period N. By the same reasoning as in Case 1, we have

|Rl',j(T)| <2 for (i# jand|r|<2L) or (i=jand 0 # |7| < 2L).

Case8. M <i,j<2M and 7 is odd.

Assume that 7 = 271 + 1. In this case, similar to the proof of Case 2, R; j(7) in (2.7)

becomes,
N-1 N-1
Ri ](T) — wvi—M([)+Cl —Vj_M(l+Tl +Lp) + Z a)vi_M(HLl )—Vj_M(l+T1 +1)—cy
=0 t=0
N-1 N-1

= o wvi—M(t)—Vj—M(l+Tl+L1) + Wt Z wvi—M(l)—Vj—M(I—L1+T1+1)

N
Il
[«

t=0
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as v;(r) has period N. By the same reasoning as in Case 2, and using (2.13) and (2.14)

we have
N-1 N-1
|Ri j(T)l = | Z wVi-M(t)—V_/—M(t+Tl+L1) +w A Z wVi-M(l)—Vj-M(t—L1+T|+1)
=0 =0
N-1 N-1
< |a)C|| wVFMO=vim@+TitLY| |a)—61| Z w'-MO=Vjim(=Li+71+1)
=0 t=0
< l-e+1-e=2¢ for (jr]<L-1).

As a result of the above eight cases, we obtain that for any two sequences s;(7), s;j(1) € S we

have
R;j(Dl <€ for (i# jand|r| <L) or (i=jand0#[r|<L-1).

Therefore, S is a LCZ sequence set having parameters (2N, 2M, L — 1, 2¢€), which completes

the proof of Theorem 2.2.2 for the case L is even.
Therefore we complete the proof of Theorem 2.2.2 for all cases.
For the optimality of our LCZ sequence set the following corollary gives the condition on the

parameters N, M and L.

Corollary 2.2.3 [21, Corollary 13] Assume that the sequence set V in (2.4) is an optimal
(N, M, L, 1) LCZ sequence set with an odd integer L. If the following relation holds among
N, M and L as

N-(L-2)<ML<N+1

then the new g-ary LCZ sequence set constructed by Construction 2.2.1 is also optimal in the

sense that larger set cannot exist for given N, L and € = 2.

2.2.3 Examples

In this section we present two different LCZ sequence sets. The first example is taken from
[21] which corresponds to the LCZ sequence set defined in Construction 2.2.1 with (cg, c1) =
(0,2). The second example is produced similarly and it corresponds to the LCZ sequence set

defined in Construction 2.2.1 with (cg, c;) = (1, 3).
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In the following examples we will use a LCZ sequence set V with parameters (15,3,5,1)
given in [20]. Let g = 4, n = 4, ¢ = m = 2 and «a be a root of the primitive polynomial

x* + x + 1 € Fy[x]. Define
V = vil0<i<2, 0<tr<14}

where v;(¢) is defined as

2Tr(a’) fori =0,
vi(t) = _ (2.16)
Tr(a') @ 2Tr(@*)  otherwise.

Note that & denotes the addition modulo 4 and Tr is the usual trace map from F,4 to 5.

Then we see that V contains only the following sequences

vi(®) = [000200220202222],
va(r) = [022120332301131],
va(r) = [022320112103313].

Example 2.2.4 [21, Example 12] Using Construction 2.2.1 with V as in (2.16) and (co, c1) =

(0,2), we obtain the following LCZ sequence set

S1={si0H0<i<5 0<1r<29)

where si(t) is given as

so(r) = [020000220200222002220222202020],
s1() = [012220132302333021310311103212],
so() = [032220312102111023130133301232],
s3(1) = [222020022220020022022202000000],
s4(H) = [210200330322131001112331301232],

ss(H) = [230200110122313003332113103212].

Note that according to the Tang, Fan, and Matsufuji bound (2.1) the above (30,6,5,2) LCZ
sequence set is optimal, that is, larger set satisfying (2.1) does not exist with given (N, L, €) =

(30,5,2). Clearly,

ML-1=6%x5-1=29,

22



N(N-1) 30(30-1)
= ~ 33,
N — €2 30 - 22

and

M+1)L-1=06+1)*5-1=34.

Example 2.2.5 Similarly, using Construction 2.2.1 with V as in (2.16) and (cy,c1) = (1, 3),

we obtain the following LCZ sequence set
So={siH0<i<5 0<1<29)
where s;(t) is given as

so(r) = [121010321210323012321232303030],
s1(®) = [113230233312030031011321200222],
s2() = [133230013112212033231103002202],
s3(H) = [323030123230121032123212101010],
s4(t) = [311210031332232011213301002202],

ss(f) = [331210211132010013033123200222].

As in the case of previous example, this (30,6,5,2) LCZ sequence set is optimal with respect

to the Tang, Fan, and Matsufuji bound (2.1).

Now we present the correlation distributions of the LCZ sequence sets given in Example 2.2.4

and Example 2.2.5 as follows:

Remark 2.2.6 The LCZ sequence sets in Example 2.2.4 takes the correlation values in the

set

{0, £2,+6, +8, 14, +16, 30, +16w, —2 + 16w, +6 + 8w,

+8 + 8w, 14 + 8w, 14 + 16w, £16 = 8w} .

On the other hand the LCZ sequence sets in Example 2.2.5 takes the correlation values in the

set

{0, £2,14, 16, 30, 2w, +6w, 8w, 14w, +16w, -2 + 16w,

+8 £ 6w, £8 + 8w, 8 = 14w, 8 + 16w, 14 + 16w} .
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The above correlation values show that the obtained (30,6,5,2) LCZ sequence sets in Example

2.2.4 and Example 2.2.5 are different, since they have some different correlation values.

2.3 New class of quaternary LCZ sequence sets

In this section, we present a new class of quaternary LCZ sequence sets. We explicitly com-
pute the full auto-correlations and cross-correlations of the sequences in these sets. We show

that these new sequences are optimal with respect to the Tang, Fan and Matsufiji (2.1) bound.

This section is organized as follows. In Section 2.3.1 we fix some notations and give some
useful technical results. In Section 2.3.2 we present two quaternary LCZ sequence set S| and
8> and we compute the correlation distributions of the sequences in these sets. Finally in

Section 2.3.3 we present the constructions of optimal quaternary LCZ sequence sets.

2.3.1 Preliminaries and Some Technical Results
In this part we give some notations and a useful lemma which will be used for computing the
correlation distributions of the sequences presented in this section.

Let n be a positive integer. Recall that Tr is the trace map from F,. to F,. Let ¢ be the

embedding of [, into Z4 defined as

p:F, — 74

X B X,

that is, ¢(0) = 0 and ¢(1) = 1. Now using this embedding let us define tr as

tr:Fop — Z4 2.17)
x = @(Tr(x)). .

Throughout the rest of this section we assume that w = V—1.

We start with a crucial lemma. It will be used in the proof of Theorem 2.3.3, Theorem 2.3.5

and Theorem 2.3.7.
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Lemma 2.3.1 Let a,b € I, and assume that a # b, a # 1 and b # 1. Then we have the

following identities.

1. Z W = pn=l o=ty

erF;,l

2 Z w3tr(x) — 2n—1 —1= 2n—lw
xel5,

3 Z F+2rax) _
xelF,

4 Z wtr(x)+3tr(ax) — 2n—] -1
xelf,

5 Z wtr(x)+tr(ax) — 14+ 2n—1 w
xelf3,

6 Z w2tr(x)+2tr(ax) =1
xelf3,

7 Z WArH3ax) _ _q _on-1,
xel?,

8 Z (@) +2tr(bx) _

m
xel?,

-1-2""w, ifb=a+1
-1, otherwise,

9 Z 3rC0+3tr(ax)+2tr(bx) _

xel?,

~1+2"'w, ifb=a+1
{ -1, otherwise.
Proof. First we observe that for any
f(x): Fo — Za,
if we denote
Ni=[{x e, : f(x) =i}, fori€ Zy,

then it follows immediately that,

D W™ = (Ng = No) + (N1 = N3)o.

xelf3,

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

Moreover we know that, for any « € [F},, Tr(ax) is a balanced linear Boolean function on Fy-,

that is,
{x € Fon : Tr(ax) = 0}] = |{x € Fon : Tr(ax) = 1}] = pAa

25
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and note that Tr(0) = 0.
Now (2.18) and (2.19) follows immediately using (2.17), (2.27) and (2.28).

Furthermore, we know that for any a1, @ € F},, Tr(a;x) and Tr(asx) are orthogonal linear

Boolean function on [F,», that is,

l{x € Fp : Tr(a1x) = Tr(anx) = 0} = 2772,

l{x € Fou : Tr(a1x) = Tr(apx) = 1}| = 2"72, (2.29)
l{x € Fpn : Tr(a1x) = 0, Tr(apx) = 1}] = 2"72,
l{x € Fan : Tr(a1x) = 1, Tr(azx) =0} = 2772

Now using (2.17), (2.27) and (2.29) we obtain (2.20), (2.21), (2.22), (2.23) and (2.24).

Lastly we obtain the last two equations using the orthogonality of linear Boolean functions,

(2.17) and the following observations

| dr(bx), if |
o) + () + 25 {tr(( +a)x) + 2u(bx),  if r()tr(ax) # 1,

2 + 2tr(bx) if tr(x)tr(ax) = 1,

3tr(x) + 3tr(ax) + 2tr(bx)

3tr((1 + a)x) + 2tr(bx), if tr(x)tr(ax) # 1,
2 + 2tr(bx) if tr(x)tr(ax) = 1.

2.3.2 Quaternary LCZ sequence sets S| and S;

In this section, we construct quaternary LCZ sequence sets S and S,. Also we compute the
correlation distribution of the sequences in the sets S and S,. The definition of the set S is

as follows:

Definition 2.3.2 Let e, n be positive integers such that eln and let a and 6 be primitive ele-

ments of Fon and Foe, respectively.
Let S| be the sequence set
S ={si®0<r<22"-1)-1,0<i<2°=-2},
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where

so(r) = {

andfor1 <i<2°-2

2tr (o), ift =2t
2tr (a’tﬁ'zn_l), ift =2t +1,

" tr (") + 2tr ("¢), ift =21
si(t) = ~ o
3tr(a’1+2" l) + 2tr(a’1+2 l61), ift =2t + 1.

In the following theorem we compute the correlation distribution of the sequences in the set

Si.

Theorem 2.3.3 Let s5i(1), s;(t) € S1 be two arbitrary sequences and 0 < T < 21 _ 3 be an

integer. Let a and 6 be primitive elements of Fan and Fae, respectively. Seta = 6, b = ¢/,

n—1

B = alil and 6 = o2

, where [%J is the greatest integer less than 5. Then the correlation

distribution of the sequences in the set S is as follows:

If T =21y, then

202" - 1),
-2,

R; j(r) = 2'-2,

2" -2,

ifi=jandfB =1
ifi#0,j=0and (B=aorf=a+1)

1 1
i}‘i:O,j;thnd(,B:Zor,B:—)

1
lfl:/:‘],l]:/:Oand(B:gorﬁ:i)

otherwise.
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Ift =211+ 1, then

R j(7) =

202" - 1),
-2,
-2,
2,
-2,
-2,

1
ifi:j=0and,B=5

ifi=j¢0and(/3
ifi#0,j=0and
.y . 1

lfl=0,]¢0and(ﬂ=—0r

ifi# j, i-jiOand(,B—

otherwise.

ob

a
8+ 1)

(Bzgorﬁ=a+l)

5
o
B_(S(b+l))
a _a+1)
“s0+D P 5

Proof. In the first part of the proof we compute the correlation function R; ;(7) of sequences

si(1), sj(t) € S1 when 7 is an even integer with 7 = 27.

Similar to the (2.7), R; j(t) can be written as

R; j(7)

2n+1_3

Z ws,-(t)—Sj(l+‘r)

=0
m_n m_n

Z W5i2D=3jQ2t+T) 4 Z 52+ D=s(2e+1+7)
t=0 t=0
21-2 212

Z W5iCD=s; Q) Z W5 D=sj2+T)+1)

=0

t=0

Now we must consider the following five cases separately.

Casel. i=j=0.

In this case, R; j(7) in (2.30) becomes,

Roo(7)

2"-2

Z w2tr(w’)—2tr(a’”l) + Z
=0

2"-2

t=0

2tr(a”2nil )—Ztr((/”l w2t )
w

Z W2r)=2r(Bx) | Z 2 (x6)=2tr(Bx5)

xEan

xE]Fz,,

Z WArO+2ur(Bx) Z WArO+2u(Bx)

xel,
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Here we note that if x runs through 7, then dx runs through [F},, since 6 = o is also
a primitive element in %, as gcd(2"~',2" — 1) = 1. We will use this property in all of

the below cases. Also we use the addition property in Z4, that is, we use the equality

2tr(x) — 2tr(Bx) = 2tr(x) + 2tr(Bx) in Zy.

Now if g = 1, then 2tr(Bx) + 2tr(x) = O for all x € [,. Hence using (2.31), we obtain
Roo(t)=R2"-=1D+2"=1)=22" - 1).
If 8 # 1, then using (2.23) and (2.31), we have

Roo(r) = (=1) + (=1) = -2.

Case2. i=j#0.

In this case, R; j(7) in (2.30) becomes,

2"-2
Ri,i(T) - Z wtr(a’)+2tr(a’0i)—tr(a’+71 )-2tr(a’*T16%)

=0

22 _ 1. _ 1.
+ Z 3tr(a’+2n I)+2tr(a’+2n 1(i’)—.’atr(o/“l“'zn l)—Ztr(a”'Tl*zn 10’)
w
t=0

_ Z WEO+3uB0+2u(x(0'+46)) Z WEHI(Bx)+2ur(x(6'+567)) (2.32)

xeFs, xeFs,
Now if 8 = 1, then
tr(x) + 3tr(Bx) + 2tr (x (6 + ') = 3tr(x) + tr(Bx) + 2tr (x (6 + p6')) = 0
for all x € [,. Hence using (2.32), we obtain

Rii(n)=2"-D+@2"-1)=22"-1).

gi
Ifﬂ = m, then

tr(x) + 3tr(Bx) + 2tr (x (6" + ') = tr(x) + tr(Bx),

and

3tr(x) + tr(Bx) + 2tr (x (6 + B6')) = 3tr(x) + 3tr(Bx).
Similarly, if 8 = 910;1.1, then
tr(x) + 3tr(Bx) + 2tr (x (6" + B6')) = 3tr(x) + 3tr(Bx),
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and
3tr(x) + tr(Bx) + 2tr (x (6 + ') = tr(x) + tr(B).
Now using (2.22), (2.24) and (2.32), we obtain that

Rii(1) = (-1-2""w) + (-1 +2"'w) = -2,

0 6 +1
eg+1 o |
o O0+1

Lastly, if 8 ¢ {1, il @ }, then observing

when g8 € {

tr(Bx) + 3tr(x) + 2tr (x (6" + B6)) = 3ur(Bx) + 3ur(x) + 2tr (x (B + &' + BE)),

3tr(Bx) + tr(x) + 2tr (x (67 + 5¢')).

and using (2.25), (2.26) and (2.32), we obtain

Rij(t) = (=D +(-1) = -2.

Case3. i #0and j=0.

In this case, R; j(7) in (2.30) becomes,

2"-2
Ri,O(T) = Z wtr(a’)+2tr(afgl)_2tr(ar+rl)

t=0

2"-2 n—1 n—1 . n—1
+ 3tr(a”2 )+2tr((x’+2 0’)—2tr(a’”l*2 )
E w

t=0

xefF3, xelF7,
Now if 8 € {¢/,6' + 1}, then using (2.18), (2.19) and (2.33), we obtain
Rio(t) = (2" =1+ 2" w) + (2" = 1-2"'w) = 2" -2,
Moreover if B ¢ {Qi, o + 1}, then observing
3tr(x) + 2tr (x (6 + B)) = tr(x) + 2tr (x (1 + 6" + B)),
and using (2.20) and (2.33), we obtain
Rip(r) = (-1 + (1) = -2.
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tr(Bx) + tr(x) + 2tr (x (B + 6 + p¢'))

Z WF+2(x(0'+5)) Z @+ (x(048))
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Case4. i=0and j #0.

In this case, R; j(7) in (2.30) becomes,

2n-2 )
Z w2tr(a’)—tr(a’“l )-2tr(a"*T167)

t=0

-2 2tr(a,x+2”’l )73&(&’”1 421 )72&(&’”1 421 gj)
) w
t=0

Ry (1)

Z B0+ (x(1+667)) | Z B0 +2u(x(1+567)) (2.34)

xel3, xelF3,

Similar to the Case 3, using (2.18), (2.19), (2.20) and (2.34), we obtain

-2, ifpelt, L
Roj(7) = pe -l
-2, otherwise,

CaseS. i# j,i#0and j+0.

In this case, R; j(7) in (2.30) becomes,

2n-2
R,‘J(T) = Z wtr(af)+2tr(at9i)_tr(at+r1)_ztr(aznlej)
t=0
Mm_2 n—1 n—1 . el _
3tr(a/f+2 )+2tr(a,f+2 9’)—3tr((t’”1+2 )—2tr(a/'”1+2 6/)
o
=0
= Y @) o N s e), (235
erF;,, xe]F;n

Now if § = 1, then
tr(x) + 3tr(Bx) + 2tr (x (6" + B67)) = 3tr(x) + tr(Bx) + 2tr (x (¢ + BeY)) = 2tr (x (6" + 6/))
for all x € F;n. Hence using (2.35), we obtain
Rij(t) = (=) + (=1) = =2.
Ifg = g_, then
tr(x) + 3tr(Bx) + 2tr (x (6" + p67)) = tr(x) + 3tr(B),
and

3tr(x) + tr(Bx) + 2tr (x (6 + /) = 3tr(x) + tr(Bx).
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1 i
Similarly,if § = - :z}., then

tr(x) + 3tr(Bx) + 2tr (x (6 + /) = 3tr(x) + tr(Bx),
and

3tr(x) + tr(Bx) + 2tr (x (6 + B67)) = tr(x) + 3tr(Bx).
Now using (2.21) and (2.35), we obtain that

Rijm=(2"" -1+ (2" -1)=2"-2,

g 1+6
when 8 € { —, - 5.
67 1+6/

01'
Ifg = 0j+1,then

tr(x) + 3tr(Bx) + 2tr (x (6 + 867)) = tr(x) + tr(B),
and
3tr(x) + tr(Bx) + 2tr (x (6 + B87)) = 3tr(x) + 3tr(Bx).
Similarly, if 8 = 0%1, then
tr(x) + 3tr(Bx) + 2tr (x (6" + B67)) = 3tr(x) + 3tr(Bx),

and

3tr(x) + tr(Bx) + 2tr (x (6 + 7)) = tr(x) + tr(Bv).

Now using (2.22), (2.24) and (2.35), we obtain that

Rij(r) = (-1-2""w)+ (-1 +2"'w) = -2,
¢ #+1
wheng e { ——, ——¢.
0+1 06/
¢ 1+6 6 6+1
07 1+6/760/+1 6

Lastly, if 8 ¢ {1 }, then observing

tr(Bx) + 3tr(x) + 2tr (x (6 + p6/)) 3tr(Bx) + 3tr(x) + 2tr (x (B + 0 + BeY)),

3tr(Bx) + tr(x) + 2tr (x (6" + B07)) = tr(Bx) + tr(x) + 2tr (x (B + 6 + o)),
and using (2.25), (2.26) and (2.35), we obtain

R;j(t) = (=) +(=1) = -2.
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This completes the proof of theorem for 7 is even.

In the second part of the proof we assume that 7 is odd, that is, 7 = 271 + 1 for some integer
71. Similar to the first part of the proof, by considering the same 5 cases we obtain the desired

results.

Now we will give the definition of the set S, as follows.

Definition 2.3.4 Let e, n be positive integers such that e|n, and let a and 0 be primitive ele-

ments of Fon and Fe, respectively.

Let S; be the sequence set
S ={si0<r<22"-1)—1,2°-1<i<2" — 3},

where

2tr (@) +2, t=2n
s2e-1(2) = .
mwﬂ),m%+L

and for2¢ < i <2¢t! -3

tr (o) + 2tr (a/’lé’") +2, t =24

si(t) =
3Wprmwwwyﬁ%+L

The following theorem gives the correlation distribution of the sequences in the set S,.

Theorem 2.3.5 Let s5(1), s;(t) € S» be two arbitrary sequences and 0 < T < 21 _ 3 be an
integer. Let a and 0 be primitive elements of Fyn and Fae, respectively. Set a = 6/, b = 6/,
B = alil and 6 = @', Then the correlation distribution of the sequences in the set S, is as

follows:
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If T =21y, then

22" =1), ifi=jandB =1
2" -2, ifi#0,j=0and (B=aorf=a+1)

e . 1 1
Ri (1) = 2 -2, zfz=0,]¢0and(,8250r,8:—)

1
2”—2, lfl:ﬁ],l]:,toand(ﬁzgorﬁ:i)

-2, otherwise.

Ift =21+ 1, then

1

a a+1
=2"+2, fi=j#0and|B = =
ifi=j#0an (,8 6(a+1)0rﬁ 5a)

1
2" 42, ifi;ﬁ(),j:Oand(ﬁ:gorIB:a; )
R; j(T) =

1 1

a a+1
_2n+2, oo .’ T 0 d - * _
ifi#j,i-j#0an (ﬁ 5610 or B = )

2, otherwise.
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Proof. Similar to the (2.7), R; ;(7) can be written as

2)1+]_3
Rij(r) = Z WSO8+
t=0
22 22
_ Z W5iCD—s;Q2rHT) Z 5@ D=sj(2e+147)
=0 t=0
2"-2 2"-2
Z W5iCH=s;2+T)) Z W5 D=5 2+T1)+1) if r = 21
_ t=0 =0
- 2n-2 2"-2
Z WSi@D=sjQe+T)HD) Z WSRHED=S QTN G 0p 4
=0 t=0
2"-2
Z W i-@e-)2D+2=5 ey (2(t+71))-2
t=0
2"-2
+ Z wSi_(ze_])(2t+1)—Sj_(ze_])(z(t‘f“l'])+l) ifT — 2T1
— t=0
- 22
Z wS,‘_(zL’_1)(2l‘)+2—Sj_(2L’_1)(2([+T1)+1)
t=0
22
n Z WS- @HD=8j ey QT2 Gpr _ o7 4]
t=0

Ri—(2"—1),j—(2‘-°—1)(7—) ift= 2T1
_Ri—(29—1),j—(29—1)(7') ift=27r; +1.

We complete the proof by using Theorem 2.3.3. |

Now immediately we have the following result.

Theorem 2.3.6 The sets S1 and S, are quaternary LCZ sequence sets with parameters

(2(2" —1),2¢ = 1), %2)

Proof. Let a be a primitive element of F,» and 8 = aliland 6 = o' = a2. Then we have

Bif T is even

op if 7 is odd.

%
Il

(2.36)

Now @ € Fy if and only if 2" — 1

% (2° — 1), which means

2" —1
2¢ -1

T,

as gcd (2,2" — 1) = 1 and 2° — 1]2" — 1. Therefore,

2" —1 T . 2" — 1
71 and a? €y if |T|=2€—1.

@i €Fp \Foe if |1| <
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We complete the proof using the correlation distributions in Theorem 2.3.3, Theorem 2.3.5,

the Definition 2.1.2 of LCZ sequence set and (2.36). |

Similar to the Theorem 2.3.3 and Theorem 2.3.5 we compute the correlation distribution of

the sequences taken from different sets S| and S; in the following theorem.

Theorem 2.3.7 Let s,(t) € Sy and sj(t) € S be two arbitrary sequences and 0 < T < ol _3

be an integer. Let a and 0 be primitive elements of Fon and Fe, respectively. Seta = 6', b = 6/,

B = alil and 6 = &', Then the correlation distribution of the sequences si(t) and s(t) is as

follows:

If T =21y, then

2w,

2w,
2w,
2w,
2"w,
R j(r) = Rj;i(7) =

2w,

2w,

-2"w,

+ 1
ifi=j#0andp ="
a
ifi=j#0andB = —2
Ifi= an =
J a+1

ifi#0,j=0andB=a+1
ifi#0,j=0andB=a

1
ifi=0,j¢0and,3=z

1
ifi=0,j#0andp = —

b+1
he a+1
ifi#j,i-j#0andB = 5
ifi# j,i-j#0andp a
ifi N and B =
bt b+1

otherwise.
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Ift =211+ 1, then

+1
_ongy, ifi;tO,j:Oand,B:a(s
s . a
2", lfliO,J:Oand,B:S
s . 1
—2"(1), zfl:0,]¢0and,8=m
R; (1) = -Rji(1) = 1
2", ifi=0,j#0andB = —
ob
i e e a+1
2", y‘li],l-]iOand,B:m
o L. a
2w, lf1¢],l-]¢0and,8:£
0, otherwise.

Proof. Similar to the proof of Theorem 2.3.5, R; ;() can be written as

2n+1_3
R[’j(T) — Z a)S,'(t)—Sj(l‘+T)
t=0
2n-2 2n-2
— Z W5iCD—s;QrHT) Z 5@ D=sj(2+147)
=0 =0
2"-2 22
Z wsi(ZI)—Sj(Z(l+Tl)) + Z a)s,'(21+1)—Sj(2(t+T1)+l) lfT — 2T]
_ t=0 t=0
- 2"-2 2"
Z WSiCD=s;Qu+T)+D) | Z WSCHD=s QT+ e 2+ 1
t=0 t=0
2"-2
Z W iCD=8j-@e-n2(t+T1)-2
=0
2"-2
n Z WSiCHD=s e @+T1)+1) if 7 = 27
_ =0
- 2"-2
Z W5 CD=8j-@e-QM+T1)+1)
t=0
p)
" Z WSiCHD =S e QT2 e 21 + 1
t=0

R;i(7) if T =27

—Rj,,'(T) ifT=2T1+1.
We complete the proof using the results obtained in the proof of Theorem 2.3.3.
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2.3.3 Constructions of Optimal Quaternary LCZ sequence sets

In this section we define a larger set S as a union of the sets S| and S, and prove that the set

S is an optimal LCZ sequence set.

Definition 2.3.8 Let S be the sequence set of 2(2¢ — 1) sequences of period 2(2" — 1) defined

as

S=8US8,. (2.37)
We immediately have the following theorem.

Theorem 2.3.9 The set S is a quaternary LCZ sequence set with parameters

2" -1
22" -1),22° - 1), ——,2].
@ = 1.202° - 1), 57—

Proof. We complete the proof using Theorem 2.3.6, Theorem 2.3.7 and the Definition 2.1.2
of LCZ sequence set. n

Similar to the orthogonal transformation (2.3) described in Section 2.1, we can transform the

LCZ set S (2.37) to the set S’ defined as

S ={si00<r<22"-1)—1, 1 <i<2¢' -3},

where

2tr(a")+ 1, t=2n
so(t) = .
mwﬂ),ﬁ%ML

2tr (@) +3, t=2n
$2e-1(8) = -
2tr(a“+2 ) t=2t + 1,

and for 1 <i <2¢"! -3 withi#2°-1

® tr (o) + 2tr (atlei) + ¢, =21
s;(f) = )
3t (a2 ) + 2tr (@27 6), =2+ 1.
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provided that ¢; = 1 for 1 <i<2°—2and ¢; = 3 for2¢ <i <2¢t! -3,

We immediately have the following result. We give the result without the proof since the

proof directly follows from the same steps as in the proof of Theorem 2.3.9.

Proposition 2.3.10 The set S’ is a quaternary LCZ sequence set with parameters

2" -1

22" - 1),22° - 1),
(2" = 1,202~ ), =

2.

These new families are optimal with respect to Tang, Fan and Matsufuji bound (2.1). The

optimality is shown in the following corollary.

Corollary 2.3.11 Let n, e be positive integers such that n > 3, eln and e # n. Let S be a
2" —1
quaternary LCZ sequence set with parameters (2(2" -1),2Q2° - 1), 1 2). Then the set

S is optimal with respect to Tang, Fan and Matsufuji bound (2.1).

Proof. Here we show that if e, n satisfies the above conditions, larger set satisfying (2.1)

2" —1
cannot exist for a given (N, L, €) = (2(2” -1, 1 2).

Let S be a queternary LCZ sequence set with parameters (N, M, L, €). Then, clearly we have

ML —1=20° 1)2’1_1 1=2m1_3
B 2¢ — 1 B ’
NN-1) _2Q"-DCQ"=D)=1) _ 1, 23 _ 12
N-€& 202n - 1) - 22 - omtl — 67
and
2" —1 2" —1
M+1DL-1=022-1)+1 —1=2"1_3 .
(M +1) (2 )+)2€_1 t e
M3 12 2n -1 ,
Clearly, for n > 3, eln and e # n, which completes the proof. |

<
w6 2¢—1

We give an example of family S and an example of family S’ for some specific parameters.

Example 2.3.12 Let n = 4, e = 2 and «a be a primitive element in F,, that is, the root of
x* + x+ 1 € F2[x] and 6 be a primitive element in Fy. Then S is an optimal quaternary LCZ

sequence set with parameters (30,6, 5, 2) defined as
S={s:®0<i<5, 0<1<29)

39



where

so(r) = [000200220202222000200220202222],
s1() = [022120132301333022320312103111],
s2(f) = [022320312103111022120132301333],
s3(0) = [202220022222020020002200000202],
s4(H) = [220100330321131002122332301131],

ss(f) = [220300110123313002322112103313].

Remark 2.3.13 The LCZ sequence set in Example 2.3.12 has correlation values in the set
{0, £2, +14, £30, +16w}.

The above correlation values show that the obtained (30,6,5,2) LCZ sequence set in Example
2.3.12 is different from the LCZ sequence sets in Example 2.2.4 and Example 2.2.5, since they

have some different correlation values.

Example 2.3.14 By transforming the LCZ set S in Example 2.3.14 to the set S’, we obtain
the following optimal quaternary LCZ sequence set with parameters (30,6, 5,2)

S ={sin0<i<5 0<r<29}
where

so(r) = [101210321212323010301230303232],
s1() = [123130233311030032021322200121],
so() = [123330013113212032221102002303],
s3(H) = [303230123232121030103210101212],
s4(®) = [321110031331232012223302002101],

ss(f) = [321310211133010012023122200323].

Remark 2.3.15 The LCZ sequence set in Example 2.3.14 has correlation values in the set
{0,-2,14, 16, 30, 2w, — 14w, £16w, —30w}.

The above correlation values show that the obtained (30,6,5,2) LCZ sequence set in Example
2.3.14 is different from the LCZ sequence sets in Example 2.2.4, Example 2.2.5 and Example

2.3.12, since they have some different correlation values.
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CHAPTER 3

HIGHLY DEGENERATE QUADRATIC FORMS OVER F:

Let ¢ = 2' for some positive integer 7. For positive integer k let F, and F denote the finite
fields with ¢ and ¢* elements. Let TrFqk /F, denote the trace map from F to ;. We denote

Trg /v, by Tr throughout this chapter.

Let R(x) = gpx+ e x4+ -+ fhth € IE‘qk [x] be an F;-linearized polynomial, with / is a positive

integer and €, # 0. We consider the quadratic forms of the form

Or(x) = Tr (xR(x)) .

These quadratic forms have many applications in coding theory, cryptography and related
areas [28, 35, 43]. For example, they are used to construct authentication codes [5, 29, 30],
to construct certain sequences [19, 23, 24], to construct curves with many rational points
[3, 6, 7, 9]. In these applications one has to find the number of solutions of the equation

Or(x) = 0in F .
Let N(k) denote the cardinality
N(k) = |{x € F | Qp(x) = 0}| :
In this chapter we determine N (k) exactly if the coefficients of R(x) are in F4 and correspond-

ing quadratic form Qg(x) has codimension 2 radical. We apply these results to obtain maximal

and minimal Artin-Schreier curves.

Here we note that N(k) is known up to certain parameters. From [26, Theorem 6.30, Theorem

6.32] it is known that
k-1 kw_g
Nk)=q"" +AQOr)g—1g 2",
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where w is dimension of the associated radical and A(Qg) is the invariant (or discriminant) of

the associated quadratic form Qg with A(Qg) € {0, 1, —-1}.

There are some attempts to determine A(Qg) and w explicitly for some special choices of
R(x). For the case k is even, in [3] the authors considered smooth, geometrically irreducible

projective curves over [« which are given by the plane equations of the form
¥ —y = xR(x). 3.D

Using suitable bilinear forms the number of F -rational points of the curves in the form
(3.1) up to certain invariants including the radical and the discriminant of the corresponding
bilinear form is determined in [3, Theorem 3.1]. However it seems difficult to determine these
invariants and hence the number of F -rational points of the curves in the form (3.1) exactly
and explicitly in general. A general result for the case R(x) = eth, only a single term, is
given in [23, 31]. Furthermore, in [6] the author determines A(Qg) and w explicitly for all

R(x) having coefficients in [F,. We extend the results in [6] by using similar techniques.

3.1 Preliminaries

In this section we recall some preliminaries and give some useful results which will be used

in this chapter.

Let R(x) = eox + e x? + -+ + ehth € F[x] be an FFy-linearized polynomial with & > 0 and

e # 0.

Let Bg be the symmetric bilinear form on the F,-linear vector space I« defined as
Br : Fqk XFqk - Iy,

(x,y) = Tr(xR() + yR(x)).

Let Or be the quadratic form defined as

QRZFqk - Fq
x > Tr(xR(x)).

Let Wg be the radical of Bg,
Wr={xe ]Fqk : Br(x,y) =0 foreachye ]Fqk}.
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Let w be the F,-dimension
w = diqu WR
of Wg. It is known that the codimension of the radical, kK — w is always even [6].

Now we have the following useful results from [6].

Proposition 3.1.1 ([6]) Let Qg be a quadratic form from Fqk toF, Letw = dim]Fq Wgr and

h= ]“TW Then there exist c,ay, by, ...,an, by € Fqk, independent over ¥y, such that
h
Tr(ex)? + ) Tr(ax)Tr(bix) if A(Qg) = 0,
, i=1
Or(x) = > Tr(@x)Tr(bh;x) if A(Qp) = 1,
= h
Tr(a;x) + Tr(byx) + Tr(a;x)Tr(b;x) if A(Qr) = —1.

i=1

Theorem 3.1.2 ([6]) Let Q be a quadratic form from ]Fqk toF, and let m = |k/2]. Then there

exist unique €; € ]Fqk, 0 <i<m, such that

O(x) =Tr [x Z eixqi} ,

i=0

except when k is even in which case €, is only unique modulo F yn.

Throughout the remainder of this chapter we assume that k = 2m for some positive integer m,

g = 2" for some even integer ¢ and
m—1
RxX)=ex+exi+---+¢g,1x7 € IF g [x]

be an F,-linearized polynomial, with ¢ € F4, 0 < i < m — 1. We consider the quadratic forms

of the form

Or(x) = Tr (xR(x)) .

Using Proposition 3.1.1 and Theorem 3.1.2 we have the following important result. Note that
the following result is an extension of the result in [6, Corollary 1.3], the coefficients ¢;’s are

taken from F4 instead of IF, which is the case in [6, Corollary 1.3].
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m—1
Corollary 3.1.3 Let R(x) = Z E,‘qu, where each €; € Fy and k = 2m for some positive

i=0
integer m. Then Qg has radical of dimension k — 2 (codimension 2) if and only if there exist

independent a,b,c € F e such that

e=alb+ab? for1 <i<m-—1, (3.2)
c? +ab if A(Qr) =0
€ =1 ab if A(Qg) = 1 (3.3)

a* +ab + sb*  if A(Qg) = —1
and

a®’b e Fyn. (3.4)

Here s € Fy is an element with Try, /r,(s) = s + 52+ 512 = 1L

Proof. The same proof of [6, Corollary 1.3] works if we take the coefficients ¢;’s from [y

instead of . |

3.1.1 Some Useful Results

In this section we present some technical lemmas which are useful in the proof of Theorem

3.2.1.

Lemma 3.1.4 [6] Letu = x +yand v = xy. Then

n—
n n n
x2+1 2+1:u2+1+ u

n, 1_ni+l i
+y 2"+1-2 VZ'

il
o

Lemma 3.1.5 Let g = 2' for some even integer t. Then there exist a,b € F 2 linearly inde-

pendent over I, such that

Il
o

a* + ab + sb*

alb + ab?

|
2

where s € I is an element with Trp, /r,(s) = 1 and e € F4\{0} .
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Proof. Fix s € F, with Trp,/r,(s) = 1 and letd € F4\{0}. Leta € qu be aroot of x> + x + s

and 3 € > be a primitive element. Now we have
@’ +a+s=0. 3.5)

Taking continuous squares of (3.5) gives

a* +a? + 5° = 0,
Arat+st =0,
(3.6)
ad +a9? + 592 = 0.
Adding each equations in (3.5) and (3.6) we have
A +a+s+si++s517 = 0,
which implies
al +a + Trp,r,(s) = 0,
that is,
ol +a =1 (3.7)

Therefore o ¢ F,, and x? + x + s is irreducible over F,.

Setb = dB? ! and a = ab. As g =« ¢ F,, a and b are linearly independent over FF,. Now,

2
a* +ab+ sb* = b? a_+g+s
b2 b

bz(a/2 +a+s)

= 0,
and using (3.7)
alb+ab? = bi'((a/b)? + a/b)
= @) (@7 +a)
= a’"“ﬂqz_l (o + @)
= &
as d € F4. Hence, we obtain the desired result. [ |
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Lemma 3.1.6 Ler g = 2' for some even integer t. Then there exist a,b € F 2 linearly inde-

pendent over I, such that

a’+ab+sb* = d

alb + ab?

[
A

where s € F is an element with TrFq/]Fz(s) = 1 and d € F4\{0} .

Proof. Fix s € [, with Trg_/r,(s) = 1. Then Trg_/r,(s + 1) = Trp /r,(s) = 1 as g = 2! for
some even integer . Thus x> + x + s + 1 is irreducible over IF, by the same reasoning as in the

proof of Lemma 3.1.5. Let S5 € Iqu be aroot of xZ + x + s + 1, that is,
B +B+s+1=0, (3.8)
and therefore

B+ =Trp,r,(s+1) = 1. (3.9)

1

Set a; = d'f and b; = d', where i € {1,2,3} and d € F4\{0}. As % =B & Iy, a; and b; are
linearly independent over FF,. Now using (3.8)
aiz + aibl- + Sbl'2 = d2i([32 +ﬂ + S)

d2i

and using (3.9)

a,-qb; + aibiq

I 1
T =
- ~—
[E~Y
3

=

S

+

koY)

p—

as d € [F4. Hence, we obtain the desired results. |

Lemma 3.1.7 Let g = 4" for some odd integer r. Then there exist a,b € IF » linearly indepen-

dent over ¥y such that

ab

Il
QU

alb + ab?

de,

where d € F4\{0} and e € F4\{0, 1}.
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P e
Proof. Let 8 € F,» be primitive. Set a; = 85 and b; = df°'" = da;', where i € {1,2),

b:
As = = dal._2 ¢ IFy, a; and b; are linearly independent over IF,. Now,

a;
a,-b,- = a,-dai_l =d
alb+ab? = abial +bI7") = ae,
where
(@)* = (a 1+bq ])
= (,3 ) d4<q 1))(ﬁ4(5 t)" )
-1
]
-1 q-1
) )
since g = 4" we have 3|g — 1, that is, d9~! = 1. Also, we have ¢’ # 1. If ¢’ = 1, then we

have 1 = x + x~! where x = a . So x2 + x + 1 = 0, which is not possible since a; and b; are
linearly independent over IF,. So by choosing i = 1 and i = 2, we obtain the desired results.

Lemma 3.1.8 Let g = 4" for some even integer r. Then there exist a,b € Fp linearly inde-

pendent over F, such that

a* + ab + sb* de

alb + ab?

d,
where s € F is an element with Trp,/p,(s) = 1 and d € F4\{0} and e € F4\{0, 1}.
Proof. Fix s € [F, with Trg,/r,(s) = 1 and let e € F4\{0, 1}. Then Trg,/r,(s +e) = Trg jr,(s) =

1 as ris even. Thus x> + x + s + e is irreducible over ¥, by the same reasoning as in the proof

of Lemma 3.1.5. Let 8 € F > be a root X+x+s+e,
B +B+s+e=0, (3.10)
and therefore
B+ B =Trr,m,(s +e) = 1. (3.11)
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Set a; = d'B and b; = d', where i € {1,2} and d € F4\{0}. As Zﬁ = p ¢ Fy, a; and b; are
i

linearly independent over IF,. Now using (3.10) and (3.11) we have

aiz + a;b; + sb,-2 = dz"(ﬂ2 +B+s) = ed”

a,‘qbi + aib,‘q = d2i(ﬁq +ﬂ) = d2i.
Therefore by choosing i = 1 and i = 2, we obtain the desired results. |
Lemma 3.1.9 [6] Let v = 2% and let
g = (T4 a2+ x4 x™)+ 1 (3.12)

Let 'y be a root of g,(x) in some extension of F,. Then

1. yeFs\F,
2. y2v +varl +y2 =1,
3 yv2+1 +y2v =1

2

4 9"y = 1.

Lemma 3.1.10 Let g = 2' for some even integer t and 3lk. Then there exist a,b,c € Fp

linearly independent over IF, such that

+ab = d
alb+ab? = e
ab+ab? = e
a’b+ab” = 0,

where d € Fy, e € F4\{0} and d # e.

Proof. This proof is similar to a part of the proof of [6, Theorem 2.4]. The differences are the

appropriate choices of a, b and c.

Let t = 3"ty for some positive integers r and fy with gcd(3,%49) = 1. Setv = 2% 5o that
q = 2" = v, Lety be aroot of the polynomial g, defined in (3.12). Then by Lemma 3.1.9
(part1.) yeF;s C Fqs c ]Fqk.
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Seta = a1y', b =ajyand ¢ = a;()" + y) + a, for some a, a; € F4\{0}.

Now, we first show that a, b, ¢ are linearly independent over F,. If not then a; is in the -
span of a and b, that is, 1 is in the [F,-span of a and b. Hence a = gb + h for some g,h € [y,
that is, @1y" = g(a1y) + h. Then using Lemma 3.1.9 (part 2.) we obtain

2v v+1

1 = Y 4ytligy?

ai(aigy + h)* + (a1gy + h)y + y*

(&% + arg + D)y* + hy + (a;2h?). (3.13)

Now, y ¢ [, by Lemma 3.1.9 (part 1.), and so has degree 3 over IF,. As gcd(3,%9) = 1, y
has degree 3 over [, = IF\5 as well. Thus 1,y, y? are independent over IF,. Then (3.13) gives
h =0, and a;zhz = 1, that is, h = a; € F4\{0}, a contradiction. Thus a, b, ¢ are independent

over IF,.

Now, we compute

(1" +y) + @) + a2y

c? +ab

= a/% + ap by Lemma 3.1.9 (part 2.).

Similarly, for the other equations we use again Lemma 3.1.9 and the following observation

o y iftg=1 mod 3,
yifto=2 mod 3,

since y € F 5\IF, by Lemma 3.1.9 (part 1.). Therefore,

alb+ab? = a?
a’b+ab?” = a/%
a’b+ab” = 0.
Hence, we obtain the desired results. |

Lemma 3.1.11 Let g = 2' for some even integer t and 3|k. Then there exist a,b,c € F

linearly independent over I such that

ab = d
alb+ab? = d
ab+ab? = d
a’b+ab” = 0,

49



where d € F4\{0}.

Proof. This proof is similar to a part of the proof of [6, Theorem 2.4]. The differences are the

appropriate choices of a, b and c.

Let y be a primitive element of F 3. As 7 is even, g = 2 =1 mod 3, and so 3|¢> + ¢ + 1.

Now, set ¢ = y(q2+q+l)/ 3. Then ¢ has order 3(q — 1) so that
PP L 7 41 = 0. (3.14)

Seta = a2 and b = a? for some « € F4\{0}. Then a, b are linearly independent over F, as

b= p* and "9V # 1, s0 that 2 ¢ F,. Then, using (3.14) and =241 = (@D we get

ab = o
alb+ab? = ot 20D 4 gt 20D Z 2
2 2 2 2 2 2
alb+ab? = Tl 20D 4 g7 12D 2 2
3 3
al’b+ab? = 0.
Hence, we obtain the desired results. [ |

Lemma 3.1.12 Let g = 4" for some even integer r and 5|k. Then there exist a,b € I s linearly

independent over F; such that

ab = «ap,
alb+ab?! = ay,

2 2
al’b+ab? = an,

where ag, @y, ar € F4\{0} and all are different.

Proof. As 5|k, we have F s C K and since r is even we have 5l4* + ¢ + ¢* + g + 1. Now, let

4 +q3 +q2 +q+1

IE‘;S =<y > and define 8 = yq 5 . Then order(B) = 5(q — 1).

Now, set B; = B0 4+ g2@D and g, = g1~ + p*a=D As (877!) = 1, we obtain that
B1 + B> = 1. Also, we have ,8‘1‘ = p'24=D 4 g8@-D = B, and similarly ,8‘2‘ = 32. Moreover, we

know that 51 # B>, 81 # 1 and B # 1.

Seta = efand b = eﬂ‘] with e € F4\{0}. They are independent over ]Fq5 as (a/b)q_1 =
,82(‘1_1) = 1.
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Now, we compute

ab ez,

alb + ab?

EBT + 7 = 2B,

aq2b+abq2 — 62((ﬂq—1)£]+1 + (ﬂl—q)l+Q) — eZ(ﬁZ(q—l) +ﬂ3(q_1)) — ezﬁl,

which completes the proof.

Lemma 3.1.13 Letv = 4% and let
HOEES (1 vex 2 +extrex P04 ezx_v) +d,

where e,d € F4\{0} and e # d. Let y be a root of f,(x) in some extension of ;. Then

1. yeFs\F,,
2. y2v + dezyv+l +y2 — d2€2,
3. yv2+1 +y2v — dZeZ

3 2
4. yv+1+yv+v=e‘

Proof. We have f,(y) = 0, that is,
l+ey 2+edy ey B+ 42y = dy D,

Squaring (3.16) we get

1+62y—4+ey—8 4+ e2y16 +---+ey‘2v _ dzy—z(wl)‘
Now, adding (3.16) and (3.17), we obtain
ey 2 4 ey = dy 0D 4 g2y 204D,

Then multiplying (3.18) by e2y*+2

we get (2).

Now take the square of (2) and multiply the result by y™ to get
YD L @2ey?7D L] = dey™.

Now, using (2) and (3.19) we get

YO T a2 dPe + dey ™ + 1.
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Now, we can take the squares of (3.20) until to obtain y*"~1 on the left hand side of the

equation. At the end of this process we get
YOI oyl L e eyt + 2y 4+ 2y ) + dPe + L (3.21)
Now, using (3.16) and (3.21) we obtain
2

yV -V +yv—1 — d?.ezy—(v%—l). (322)

Note that, on the right hand side of the last equation we have the term de” + d?e + 1 which is

0 in IF4. Then multiplying (3.22) by y"*! we get (3).
Now using (2) and (3) we have
yv2+l _ dezywl " yz’ (3.23)
and multiplying (3.23) by y~**1 we get
Y=y g, (3.24)
On the other hand, taking the v-th power of (3.22) and substituting y"z‘v as in (3.22) we get
yv3—v2 " yv—l _ dzezy—(v+1) " dZeZy—(v2+v)‘ (3.25)
Now multiplying (3.25 ) by y"*! and using (3.24) we get (4).
Now using the above results we will show (1).
Taking the v-th power of (3.24) and multiplying the results by yv2+v we get
yv3+v " dezyvzw _ ylv' (3.26)

—v+1

Now multiplying (3.26) by y and taking the v-th power of the result we get
yv4+v + dezyv3+v _ yv2+v' (3.27)
Now combining (3.26) and (3.27) we get
W (e + 1y = dey. (3.28)

-v+1

Then multiplying (3.28) by y and taking the v-th power of the result we get
W (dPe+ 1y = dey (3.29)
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Again using (3.26) and multiplying the result by y~ we get
Vv 2 v V2
Vo =(de+ 1)y +y". (3.30)
Then using (3.23) and (3.30) we obtain that y"5 =y, thatis,y € Fs.

Lastly, if y € F,, then we have y"'*1 +y% = (") - y + ()2 = y2 + y? = 0, which contradicts

with (3). Thus y ¢ IF,.. Therefore we obtain the desired results.

3.2 Main Results

In this section we first give our main result in Theorem 3.2.1. We determine A(Qg) and w
explicitly for all R(x) having coefficients in 4, which extend the results in [6]. In the proof
of Theorem 3.2.1 we use the results obtained in Section 3.1.1 and we use similar arguments

with the the proof of Theorem 2.4 in [6].

Define
m—1 )
1
Aj(er,e,...,€-1;%) = Z € mod X7 .
i=1jti

Now we are ready to state our main result.

m—1

Theorem 3.2.1 Let R = Z eixqi, where each €; € Fy and k = 2m. Then Qg has radical of
i=

dimension k — 2 (codimension 2) if and only if

1. 4k and R = dx + Ay(€; x), where d € Fy and € € F4\{0} or
2. 3lkand R = dx + A3z(€, €; x), where d € Fy4 and € € F4\{0} or

3. Slkand R = dx + As(€1, e, 6, €1; x), where d € F4 and €1, &2 € F4\{0} with €| # .

The classification in these cases is given in Table 3.1.

Proof. In the first part of the proof we need to find all extensions [, all independent a, b, ¢ €

¢, and all g, that satisfy (3.3) fori = 0, (3.2) for  <i<m—1and (3.4).
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Table 3.1: Invariants of quadratic form Qg(x), where R(x) has coefficients in Fy.

k q R A(QOr)
41k | 47, rodd dx+ Ay(e;x),d #0andd # € 1
41k | 47, r odd dx+Asx(e;x),d=0o0rd =€ -1
4k | 47, r even dx + Ay(€; x) -1
3lk 4" dx + Asz(e,6;x),d =€ 1
3|k 4" dx +As(€,€;x),d £ € 0
5|k | 47, r even dx+ Az(e,e,6,€;x),d +0,d +€,d + & 1
S5k | 47, rodd dx+ As(e,e,6,€;x),d #0,d +€,d # & -1
5|k 4r dx + Az(e,e,6,€;x),d=0ord =€ ord =& 0
For 1 <i < m — 1 we need the solutions of ¢ = a?b + ab? . Set
u=a?’' +p7 " andv = ab.
Then from (3.2) we have uv = €. Now, if €] = 0, then
0=uv= (aq_l + bq_l)ab
a\’!
which means eithera = 0, b = 0 or a?~! = p4~! (and so (Z) = 1, that is, a = Ab for some

A € ). This contradicts with the assumption that a and b are linearly independent over F,.

€
Therefore €; # 0. So we have u = Ly
V

Now using (3.2) we have

2 2
e = alb+ab?

= bt (o))

1—1
_ni+l _ i
Mq+l +Zuq+l 2 (vq 1)2}’

i=0

= v

by using Lemma 3.1.4. Then multiplying (3.31) by v¢, we obtain

1—

+1- 2l+1 2
vie = 6 Z q”

i=0

Then we must consider the following 3 cases.

Case 1. Assume that € € F4\{0} and e, = 0.
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Using (3.32) we have

t—1 .
+1 z : +1-271 2!
0 = GiI + 6;] (Vq+l)
i=0

e’ +v1 4 g (vq“)2 + (vq+l)4 + € (vq“)8 +ootE (V‘IH)Q/2 . (3.33)

Here we note that as € € F4\{0} we have

ef“ = efel = 612.
Now, squaring (3.33) gives
0=¢ + (vq”)z + € (vq+1)4 + (V‘1+1)8 +e (vq“)16 +o € (vq”)q. (3.34)

Adding € times (3.34) to (3.33) we have
AR (v"”)q =0,
which implies that

2
vl =,

7*-1
So, we have v = ab € Fp. AsO = g = a’b + aqu, we have (g) = 1, that

. a . a . .
is, 5 € qu. Now using ab, 5 € qu we obtain that a,b € IE‘qz. Now, since a and
b are linearly independent over [, we must have at least one of a,b € F\F,. Say

a € F\F,. Soif a € F then 2[k.
Now, using (3.2) and a,b € F 2, we obtain that
a’b+ab? =ab+ba=0  ifiiseven
€2 = ; ;
a?b+ab? =a'b+ab? =¢ ifiisodd
for i > 1. Therefore, R = dx + A, (€1; x), where d € F4 and € € F4\{0}.

Lastly, recall that k = 2m. So we have to check (3.4). If m is even then
a®"b=abe Fp CFyn.

On the other hand if m is odd then

eal™!

m

a®’b=a'b =a’'v =

e F o \F,,

so that a?' b ¢ F,n. Hence, to have a solution in Fqk we must have that m is even, that

is, 4|k.
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Case 2. Assume that €1, & € F4\{0} and &, = €.
Using (3.32) we have

q/2

e =g+ + ¢ (v‘“l)2 + (v‘1+1)4 + € (vq+1)8 +ot (vq+]) (3.35)
Squaring (3.35) gives
(elvq)2 =€ + (vq+1)2 + 612 (vq“)4 + (vq“)8 + 4 612 (vq+1)q. (3.36)
Now adding € times (3.36) to (3.35) we have
eV + v2 = Ity 0t (3.37)
Now dividing each side of (3.37) by v¥ we obtain
a+v =yl (3.38)
Taking g-th power of (3.38) gives
6+ =747 (3.39)

Adding (3.38) and (3.39) we have
3

v =y,

Moreover, (3.38) gives TrFq3 7, (V) = €.

Now, set yo = e2va?~! and y; = €2vh?9™". Since
M 1 y 1
Yoty = 612V (Clq_l + bq_l) = EIZVM = 1’
and yoy; = et yo and y; are roots of

YV +y+entl e F syl

~
~

-1 . -1 . t—1 .
i qzl q221
TI‘Fq3 /F> (61 vq”) = (61 vq”) + (elvq+1) + Z (Elv"”)

i=0

1l
(=]
1l
(=]

i i

= (1 + elzvq) + (1 + Elzvq)q + (1 + elzvq)q2
= 1+€Trs m,0)
= 0.
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Case 3.

Using [26, Corollary 3.79], we obtain that y* +y +e;v¢*! has its roots in F 5. Therefore,

a? ! and 97! are in F .

Now, using y> = y + e)v7*!, we get
2 /2
+1 +1 +1\4
Yi=y+e? +(€1vq ) +"'+(€1Vq ) ,

which immediately gives

Y=y+evi+1 (3.40)
and
2 2
Yo =y+egv+1. (3.41)
Using, (3.40) and (3.41) we obtain that y7 *4*! = y@++1 thatis, a?~! = 1 = b9'~L,

Hence, a,b € Fqs. Therefore, using (3.2) and a, b € IE‘qz, we obtain that
€& = a®b+ab” = ab +ab = 0,

and
a’b+ab? =ab+ba=0 ifi = 0 mod 3
€3=12 a’b+ab? = alb + ab? = € if i = 1 mod 3
ab+ab? =a’b+ab? = e =€ ifi=2mod3
for i > 1. Therefore, R = dx + Az(ey, €1; x), where d € F4 and €1 € F4\{0}. Again,
similar to the previous case, we must have at least one of a,b € Fqs \IF;, since they are

linearly independent over Fy. Say a € F;3\Fy. Soif a € F then 3|k. Moreover, as

k = 2m and 3|k we have 3|m. Then (3.4) is satisfied since

q"
a b € ]Fq3 - qu.

Assume that €1, & € F4\{0} and & # €.

Using (3.32) we have

el =g +v1* + g (v"“)2 + (v"+1)4 + € (v’f“)g +t g (vq“)q/2 . (3.42)
Squaring (3.42) gives
(&)’ = ¢ + (vq+1)2 +€ (vq+l)4 + (vq“)8 +ot € (vq+1)q. (3.43)
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Now adding € times (3.43) to (3.42) we have
eVl + e e =it 4 ya (3.44)
Now dividing each side of (3.44) by v¢ we obtain
e + € e%vq — v (3.45)

Taking g-th powers of (3.45) gives

3 2

v =6 + ¢ equ + 7 (3.46)
4 3 2

vi =6 +¢ ezzvq + v (3.47)
5 4 3

v =6 + ¢ ezzvq + v (3.48)

Now (3.45), (3.46), (3.47) and (3.48) gives
v =y,

Moreover, we have Trp , /Fq(v) =€ + .
q

Similar to the previous case, set yg = elzvaq_1 and y; = elzqu_l. Since yp + y; = 1 and

yoy1 = env?™!, yo and y; are roots of

y2 +y+ E]\/‘q+1 € Fqs [y].

t—1 i t—1 t—1

q*2'
Tty . 7, (E]Vq+1) = E e]vq+1 E (elvq+1 -+ elvq+l
q
i=0 i=0 i=0

= (l+ae)+(A+egenv)?+---+ (1 + elezvq)q

= 1+ €1 €2Tr1[7q5 /F, (V)

= 0.
Using [26, Corollary 3.79], we obtain that y> +y + €;v7*! has its roots in [F,s. Therefore,
a?" and b?! are in Fos.
Let N OImF s /F, be the norm map from F s onto F, defined by

Norrmpq5 /F, F s F,

Y - xl+q+q2+q3+q4.
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Now, taking g-th power of the equation y* + y = e;v7*!, we obtain that
Yy+ 1) =ev? M fori=0,1,...4.

Then multiplying all of them, we get

4

4

i i i+1 i
l_[ytI(y+ D? = l_lelvq+ +q
i=0

i=0

which implies that
2
Norm(y)Norm(y + 1) = (elvq4+q3+q2+q+1) .

On the other hand, y and y + 1 are roots of y* + y + e;v?*! = 0. Therefore, Norm(y) =

Norm(y + 1) by [26, Equation 2.3]. Hence, we obtain that

4, 3,2 2 4, 3, 2 2
(yq +q°+q +q+1) — (Elvq +q°+q +q+1) i
which gives

4, 3,2 4, 3,2
yq +q7+q +q+1 _ €1Vq +q°+q°+q+1
e e g 4,.3,.2 5_ S5_
and dividing by e)v¥ T+ we geta? ' = 1 = p7 L.
,a, 5. ’ €1,6 4 W AY
Hence bqu So, as € F4 we have
q* q*
e =€ =(a’b+ab?)! = e,
3
3 2 2\q
Ezzeg =(aqb+abq) = g,

€ = a®b+ab? =ab +ab = 0,

and
a’b+ab? = ab+ba =0 ifi=0mod5
a’b+ab? = a'b +ab? = ifi=1mod5
€5 =1 a’b+ab? =a’b+ab? = e ifi=2mod>5

a@b+ab? =a’b+ab? = =6 ifi=3mod5

ab+ab? =al'b+ab? = ea=¢€¢ ifi=4mod5

fori > 1. Therefore, R = dx+ As(€1, €, €, €1; x), where d € F4 and €1, &, € F4\{0} with
€ # €. Again, similar to the previous case, we must have at least one of a, b € JFqs \Fy,
since they are linearly independent over ;. Say a € Fs\F,. Soif a € F then 5lk.

Moreover, as k = 2m and 5|k we have 5|m. Then (3.4) is satisfied since

I
aq be ]Fqs (- ]qu.
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The above three cases complete the first part of the proof.

For the second part of the proof again we must consider the following three cases.

Case 1. Assume that 4|k and R = dx + Aj(e; x), where d € F4 and € € F4\{0}.
In this case we have the following four subcases depending on the invariant of R.

— Assume that d = 0.

Using Lemma 3.1.5 we can find a, b € F . linearly independent over F and s € F,

with TrFq/F2(s) = 1 such that

Il
(e)

a* + ab + sb*

alb + ab?

|
m

Asa,b e qu, we have
a®b+ab? =ab+ba=0 if i is even
€i+2 = ; ;
alb+ab? =a’b+ab? =€ ifiisodd
for i > 1. Moreover, as 4/k = 2m, (3.4) is satisfied since a? b € IB‘qz C Fyn.

Hence, Tr(ax)? + Tr(ax)Tr(bx) + sTr(bx)? = Tr(xR(x)) is a form of codimension

2 radical and invariant -1.
— Assume that € = d.
Using Lemma 3.1.6 we can find a, b € F  linearly independent over F; and s €
with Trg,/r,(s) = 1 such that
@ +ab+sb* = d

alb + ab?

d.

Asa,b e qu, similar to the above case (3.2) and (3.4) is satisfied.
Hence, Tr(ax)? + Tr(ax)Tr(bx) + sTr(bx)? = Tr(xR(x)) is a form of codimension
2 radical and invariant -1.

— Assume that d # 0, € # d and let ¢ = 4" for some even r.

Using Lemma 3.1.8 we can find a, b € F . linearly independent over F and s € F,

with TrFq/Ip2(s) = 1 such that

Il
QU

a* + ab + sb*

alb + ab?

|
m

60



Asa,b e qu, similar to the above cases (3.2) and (3.4) is satisfied.

Hence, Tr(ax)? + Tr(ax)Tr(bx) + sTr(bx)? = Tr(xR(x)) is a form of codimension

2 radical and invariant -1.

— Assume that d # 0, € # d and let ¢ = 4" for some odd r.

Using Lemma 3.1.7 we can find a, b € F > linearly independent over [, such that

ab

d

alb+ab? = e

Asa,b e qu, similar to the above cases (3.2) and (3.4) is satisfied.

Hence, Tr(ax)Tr(bx) = Tr(xR(x)) is a form of codimension 2 radical and invariant

1.

Case 2. Assume that 3|k and R = dx + A3(e, €; x), where d € F4 and € € [F4\{0}.

In this case we have the following three subcases depending on the invariant of R.

— Assume that € # d.

Using Lemma 3.1.10 we can find a, b, ¢ € F 3 linearly independent over F; such

that
+ab = d
alb+ab?! = €
ab+ab? = €
ab+ab? = 0,

where d € Fy, e € F4\{0} and d # €.

Asa,b e Fqs, we have

@b +ab? = ab+ba=0 if i = 0 mod 3
€3=1 alb+ab? =a'b+ab?=¢ ifi=1mod3
ab+ab? =a’b+ab? =€ ifi=2mod3

for i > 1, that is, (3.2) is satisfied. Moreover (3.4) is satisfied since 3|k = 2m.

Hence, Tr(cx)? + Tr(ax)Tr(bx) = Tr(xR(x)) is a form of codimension 2 radical and

invariant 0.
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— Assume that € = d.

Using Lemma 3.1.11 we can find a,b € F linearly independent over F, such

that
ab = d
alb+ab? = d
a’b+ab” = d
a’b+ab? = 0,

where d € F4\{0}. As a,b € F, similar to the above case (3.2) and (3.4) is

satisfied.

Hence, Tr(ax)Tr(bx) = Tr(xR(x)) is a form of codimension 2 radical and invariant

1.

Case 3. Assume that 5|k and R = gx + As(€), &, €, €1; x), where € € Fy and €], & € F4\{0}

with €] # e.

In this case we have the following three subcases depending on the invariant of R.

— Assume that one of the following holds: €y = 0 or €y = € or € = 6.
Let t = 2 - 5"ty for some positive integers n and #y with gcd(5,79) = 1. Set
v = 47" so that ¢ = V. Let y be a root of the polynomial f, defined in (3.15).
Then by Lemma 3.1.13 (part 1.) y € Fs € F;s € Fyu. Seta =y, b = y and
¢ =cq +c(a+ b) with ¢ € F4\{0} and ¢ € F4\{0, 1}.
Now, we first show that a, b, ¢ are independent over F,. If not then c; is in the
F,-span of a and b, that is, 1 is in the F,-span of a and b. Hence a = gb + h for

some g, h € F,. Thatis, y* = gy+h. Then using Lemma 3.1.13 (part 2.) we obtain

0 — yZV + deZyv+1 +y2 +d2€2

(gy + h)2 + dez(gy + h)y + y2 +d*e?

V(g% +de*g + 1) + yde*h + (d*e* + h?), (3.49)

where e,d € F4\{0} and e # d. Now, y ¢ [, by Lemma 3.1.13 (part 1.), and so
has degree 5 over IF,. As ged(5,79) = 1, y has degree 5 over [, = F 1 as well.
Thus 1, y, y2 are independent over F,. Then (3.49) gives de*h = 0, which means
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h =0, and d?¢* + h? = 0, that is, h = de € F4\{0}, a contradiction. Thus a, b, ¢ are

independent over [F,.

Now, we compute

2 2.2y

2 _ 2.2 vrl
c“+ab = ci+cyT oy +y

¢? + c3dPe* + (de*c + 1)yt by Lemma 3.1.13 (part 2.)

¢? + c3d?e* by Table 3.2.

Table 3.2: Some equalities in F4 = {0, 1, @, @*} where « is a root of the primitive polynomial

2+ x+1eF,x].

d| e | | c C% + C%dze2 d?é? dezc% +1
1 0 o’ 0
a | ® | a a o’ 0
1 a? o? o’ 0
1 0 a 0
| ol a a a 0
a? o? a 0
1 o? o’ 0
1 | | « 1 o’ 0
a a? 0 o’ 0
1 o’ 1 0
| | a 1 1 0
o’ 0 1 0
1 1% a 0
1 || 1 a 0
a? a? 0 a 0
1 a 1 0
a | a | «a 1 1 0
a’ 0 1 0

If tp =1 mod 5 then we have y? = y¥ and

ab+ab?! =y +y% = d%? by Lemma 3.1.13 (part 3.)

3

a’b + ab? Y47 = o by Lemma 3.1.13 (part 4.)

Similarly using Lemma 3.1.13 we get the following results:

If p =2 mod 5 then we have y? = yV2 and

alb + ab?

Il
Q

Il

[N
o

Q
)

2 2
a? b+ ab?
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If tp =3 mod 5 then we have y? = yV3 and
alb+ab?! = e
a’b+ab” = d*e.
If tp =4 mod 5 then we have y? = yv4 and

alb + ab? d?e?

2 2
a? b+ ab?

I
®

4 3
Asa,be Fqs, and using € = e;] =g and g = eg = €3 we have

a?'b+ab? =ab+ba=0 ifi=0mod 5
a@'b+ab? = a%b + ab? = € ifi =1 mod 5
€5=2 a’b+ab? =ahb+ab? = e ifi=2mod5

a@b+ab? =a’b+ab? = a=6 ifi=3mod5

a@'b+ab? =al'b+abd = ea=¢€¢ ifi=4mod5
fori > 1, that is, (3.2) is satisfied. Moreover (3.4) is satisfied since 5|k = 2m.
Hence, Tr(cx)? + Tr(ax)Tr(bx) = Tr(xR(x)) is a form of codimension 2 radical and
invariant 0.

— Assume that g # 0, g # €1, € # €.

Let ¢ = 4" with r is odd. Let v and y be as in the previous case. Now take
a = de?y’ and b = d*ey which are independent over [F,, and we can pick s = de®
as our element of F, with absolute trace 1. Note that s € F4\{0, 1} from the

definition of f, in (3.15).

Now, using Lemma 3.1.13 as in the previous case, we get

@ +ab+sb> = d
W+ abl d*¢*, iftp=1or4d mod5
alb+a =
e, ifty=2o0r3 mod 5.
a’b+ab? =

{e, ifty=1or4d mod>5

d?e¢?, ifto=2or3 mod 5.

Asa,b € F s, similar to the above case (3.2) and (3.4) is satisfied.

Hence, Tr(ax)? + Tr(ax)Tr(bx) + Tr(bx)> = Tr(xR(x)) is a form of codimension 2

radical and invariant -1.
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— Assume that eg # 0, eg # €1, eg # €.
Let g = 4" with r is an even integer. Using Lemma 3.1.12 we can find a,b € F s

linearly independent over [, such that

ab = «ap,
alb+ab?! = a,

2 2
al’b+ab? = a,

where ag, a1, ay € F4\{0} and all are different. As a,b € Fqs, similar to the above
case (3.2) and (3.4) is satisfied.

Hence, Tr(ax)Tr(bx) = Tr(xR(x)) is a form of codimension 2 radical and invariant

1.

The above three cases complete the second part of the proof, which completes the proof.

3.3 Applications

In this section we use the results of Theorem 3.2.1 to obtain Artin-Schreier curves with many
rational points. We use the notations and definitions related to Artin-Schreier curves as in [35]

and for details we refer to [35].

Recall that kK = 2m. Let R(x) = eggx + e1x4 + --- + em_l)cq"H € Fqk [x] be an [Fy-linearized

polynomial, with €; € 4, 0 <i < m — 1. The corresponding quadratic form is given by

Or(x) = Tr (xR(x)) .

Let N(k) denote the cardinality

N(k)

‘{x € F | Qr(x) = o}|
[{x & By | Tr (xR(x) = 0}].

Let y be the smooth, geometrically irreducible projective curve defined over F « which is

q

given by the plane affine equation
¥ =y = xR(x). (3.50)
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It is well known that the genus g of y is (see [35, Proposition II1.7.10])

_(g-Dq™!
g(X) - 2 )

where ¢! is the degree of the [F,-linearized polynomial R(x).

Let N(x) denote the number of I «-rational points of y in (3.50). It is well known that using
Hilbert’s Theorem 90 (cf. [26, Theorem 2.25]) we have that

N(y) =1+ gN(k). 3.51)
Furthermore, the Hasse-Weil inequality states that

INGO - 1 - ¢M1 < 2g00q°.

The curves attaining this bound are called maximal or minimal curves. If the number of F -
rational points of the curve is 1 + g~ + Zg(X)q% or 1 +¢*- 2g(/\()q§ then it is called maximal or

minimal respectively. Clearly, to have a maximal or minimal curve g2 should be an integer.

Now using the results obtained in the previous section we have the following theorems.

Theorem 3.3.1 Let k = 2m for some positive integer m. Then the curve (3.50) is maximal if

and only if one of the following holds
1. g = 4" for some positive odd integer r, 4|k and R(x) = dx + A(€; x) with d, € € F4 \ {0}
and d # €,
2. 3lk and R(x) = ex + As(e, €; x) with € € [F4 \ {0},
3. g = 4" for some positive even integer r, 5|k and R(x) = dx + As(€y, e, €, €1; x) with

d, e, e € Fy\ {0} and d, €1, € are all different.

Proof. Note that k = 2m and R(x) = egpx + €1x7 + - - + €1 X" e Fqk [x] and therefore degree

of R(x) is ¢" .
Then the curve (3.50) is maximal if and only if
N() = 1+gN(k) = 1+ 4" +2g(0)q?, (3.52)
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which implies that

_ k_
g +2g00q> !

= ¢+ 23004
-1 m—1
_ qk—l +2((q )q )qm—l

N(k)

2

= ¢+~ D

So by using
| _ kw_g
Nk)=q +AQr)g—-Dg >,

we see that (3.52) holds if and only if A(Qg) = 1 and ¢ >~ = ¢*2, thatis w = k — 2. Then

by using Theorem 3.2.1 and Table 3.1 we get the desired results. |

Theorem 3.3.2 Let k = 2m for some positive integer m. Then the curve (3.50) is minimal if

and only if one of the following holds
1. g = 4" for some positive odd integer r, 4k and R(x) = dx + Ay (€; x) with € € Ty \ {0}
andd =0ord = ¢,
2. q = 4" for some positive even integer r, 4k and R(x) = dx + Ay (€; x) with € € F4 \ {0},

3. q = 4" for some positive odd integer r, 5k and R(x) = dx + As(€y, €, €, €1; x) with

d,e, e € Fy\ {0} and d, €1, € are all different.

Proof. Similar to the proof of Theorem 3.3.1 we observe that the curve (3.50) is minimal if
and only if A(Qg) = —1 and w = k — 2. Then by using Theorem 3.2.1 and Table 3.1 we get

the desired results. [ |
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