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ABSTRACT

STATISTICAL INFERENCE FROM COMPLETE
AND INCOMPLETE DATA

Can Mutan, Oya
Ph.D., Department of Statistics
Supervisor: Prof. Dr. Moti Lal Tiku

January 2010, 145 pages

Let X and Y be two random variables such that Y depends on X=x. This is a
very common situation in many real life applications. The problem is to estimate
the location and scale parameters in the marginal distributions of X and Y and the
conditional distribution of Y given X=x. We are also interested in estimating the
regression coefficient and the correlation coefficient. We have a cost constraint
for observing X=x, the larger x is the more expensive it becomes. The allowable
sample size n is governed by a pre-determined total cost. This can lead to a
situation where some of the largest X=x observations cannot be observed (Type Il
censoring). Two general methods of estimation are available, the method of least
squares and the method of maximum likelihood. For most non-normal
distributions, however, the latter is analytically and computationally problematic.
Instead, we use the method of modified maximum likelihood estimation which is
known to be essentially as efficient as the maximum likelihood estimation. The
method has a distinct advantage: It yields estimators which are explicit functions

of sample observations and are, therefore, analytically and computationally



straightforward. In this thesis specifically, the problem is to evaluate the effect of
the largest order statistics x(i) (i>n-r) in a random sample of size n (i) on the mean
E(X) and variance V(X) of X, (ii) on the cost of observing the x-observations, (iii)
on the conditional mean E(Y[X=x) and variance V(Y|X=x) and (iv) on the
regression coefficient. It is shown that unduly large x-observations have a
detrimental effect on the allowable sample size and the estimators, both least
squares and modified maximum likelihood. The advantage of not observing a few
largest observations are evaluated. The distributions considered are Weibull,

Generalized Logistic and the scaled Student’s t.

Key Words: Modified maximum likelihood, Type Il censoring, Weibull,

Generalized Logistic, scaled Student’s t.
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TAM VE EKSIK VERILERDEN iSTATISTIKSEL SONUC CIKARSAMA

Can Mutan, Oya
Doktora, Istatistik Boliimii
Tez Yoneticisi: Prof. Dr. Moti Lal Tiku

Ocak 2010, 145 sayfa

X ve Y rassal degiskenlerinden Y’nin X’e bagli olmasi gercek hayat
uygulamalarinda oldukga sik karsilasilan bir durumdur. Bu tezde boyle durumlar
icin X ve Y’nin marjinal dagilimlarindaki ve de X=x iken Y’nin kosullu
dagilimidaki konum ve Olgek parametrelerini, ayrica regresyon ve korelasyon
katsayilarini tahmin etmek hedeflenmistir. X=x iken bir maliyet kisit1 belirlenmis,
bliyiik x degerlerinin maliyeti artiracagi varsayilmistir. Kabul edilebilir 6rneklem
say1st olan n’in dnceden belirlenmis bir maliyetle gozlenebilecegi belirtilmis, bu
durum beraberinde bazi en biiyiik x degerlerinin g6zlenememesi sonucunu
getirmistir (2. Tip sansiirleme). Kullanilan iki genel tahmin yontemi en kiigiik
kareler ve en ¢ok olabilirlik yontemleridir. Ancak, ikinci yontem ¢ogu normal
olmayan dagilim i¢in analitik ve sayisal olarak olduk¢a problemli sonuglar
vermekte, benzer durumlarda esasen en ¢ok olabilirlik tahmin yontemi kadar iyi
sonuglar veren uyarlanmis en ¢ok olabilirlik tahmin yonteminin kullanilmasi
uygun olmaktadir. Bu yontemin belirgin avantaji tahmin edicilerin gézlemlerin
acik fonksiyonlar1 cinsinden ifade edilebilmesi ve bdylece analitik ve sayisal

olarak basitce hesaplanabilir olmalaridir. Bu tezde, biiyiikligii n olan rassal bir

Vi



orneklem igin en biiyiik sirali istatistiklerin x(i) (i>n-r) (i) X’in ortalamas1 E(X) ve
varyanst V(X) (i) x gozlemlerini gozlemenin maliyeti (iii) kosullu ortalama
E(Y|X=x) ve varyans V(Y|X=x) ve (iv) regresyon katsayis1 iizerindeki etkilerini
degerlendirmek amaglanmistir. Cok biiyiik X-gbzlemlerinin kabul edilebilir
orneklem sayist ve en kiiciik kareler ve uyarlanmis en ¢ok olabilirlik tahmin
edicileri lizerinde fazlasiyla zararli etkileri oldugu goriilmiis, en biiylik birkag
degiskenin kullanilmamasinin faydalar1 degerlendirilmistir. Dikkate alinan
dagilimlar Weibull, Genellestirilmis Lojistik ve oOl¢eklendirilmis Student-t

dagilimidir.

Anahtar kelimeler: Uyarlanmis en ¢ok olabilirlik, 2. Tip sansiirleme, Weibull,

Genellestirilmis Lojistik, 6l¢eklendirilmis Student-t.
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CHAPTER 1

INTRODUCTION
AND
LITERATURE SURVEY

Let X and Y be random variables and Y depends on X=x, which is a very

common situation in some real life applications. For example,

(i)

(i)

(i)

(iv)

(V)

(vi)

X is the white blood count while Y is the survival time of a
patient who has leukemia,

X is the age while Y is the blood pressure of a patient who has
coronary heart disease,

X is the areal precipitation while Y is the annual streamflow in a
particular locality,

X is the storm surge level while Y is the wave height of water in
a sea,

X is the dose of rat-poison given to a rodent while Y is the time
taken by the rodent to die,

X is the amount of fuel in a nuclear reactor while Y is the energy

it produces.

However, although non-normal situations occur frequently in practice, in

the literature, most studies are based on normality assumption. When the marginal

or conditional distributions are non-normal, application of the very popular

maximum likelihood (ML) estimation technique becomes problematic. These



problems are (a) likelihood equations have no explicit solutions and (b) solving
them iteratively can lead to unreliable results because of multiple roots,
nonconvergence of iterations, or convergence to wrong values; see Barnett (1966),
Lee et al. (1980), Puthenpura and Sinha (1986), Vaughan (1992), Qumsiyeh
(2007). All these situations bring out the need for statistical methods which give
efficient results under non-normal distributions. For these cases, using Tiku’s
modified maximum likelihood (MML) estimation technique, which linearizes the
intractable terms in the likelihood equations, is very useful (Tiku, 1967; Tiku,
1968; Tiku, 1980; Tiku and Suresh, 1992; Vaughan and Tiku, 2000).

Islam et al. (2001), Tiku et al. (2001) and Sazak (2003) perform MML
procedure in simple linear regression analysis. In their studies, Islam et al. (2001)
and Tiku et al. (2001) consider the case where the explanatory variable is
nonstochastic and error terms are coming from nonnormal distributions such as
Weibull, Generalized Logistic, Student’s t, and short-tailed distributions. Also,
Akkaya and Tiku (2008) deal with nonnormal error terms for multiple linear
regression with nonstochastic explanatory variables. However, Sazak (2003)
states that in real life problems, along with the nonnormal error terms, explanatory
variables are usually stochastic and he develops MML methodology for these
cases. The distributions that he takes into consideration are Weibull and

Generalized Logistic; see Sazak et al. (2006).

Note that the MML estimators are easy to compute and are explicit
functions of sample observations and in addition to these, they have the following

desired properties;

Q) Asymptotically, the MML estimators are unbiased and their
variances are equal to minimum variance bounds (MVB). In
other words, asymptotically, they are fully efficient.

(i) MML estimators also perform well for small samples. They

have no or negligible bias. Besides, their variances are very



close to MVB and are essentially as efficient as ML estimators.
See Senoglu and Tiku (2001, 2002), Vaughan (2002).

The aim of this thesis is to evaluate the effect of the largest order statistics

X (i=n-r)inarandom sample of size n

Q) on the mean E(X) and variance V(X) of X,

(i) onthe cost of observing the x-observations, and

(iii)  on the conditional mean E(Y|X=x) and variance V(Y|X=x),
(iv)  on the regression coefficient

for the distributions coming from p-family, Weibull and Generalized Logistic. It
is shown that unduly large x-observations have detrimental effects on (i)-(iv). The
advantages of not observing a few largest observations on estimation and

hypothesis testing are also evaluated.
1.1. The Bivariate Normal Distribution

Suppose that the two random variables (X,Y) are coming from a bivariate
normal distribution with parameters gy, u,,0,,0, and p, where p is the

correlation coefficient between X and Y. Then, the probability density function is

1

g(x,y)= x
270109+/1— p2
2 2
exp| L : (X_ﬂlj {y—ﬂzj _Zp(X—ﬂlj(y—ﬂzJ
2(1—p) o1 oy, o1 op)

(1.1.1)

where —co <X,y <oo, 1,1, €R, 0,,0,>0, -1< p<1.



1.1.1. Estimation of Parameters

Given a random sample (x,,y, ), for 1<i <n, the likelihood function is

Loco,"o," (1_102)_n/2 exp( m(z X|1 +Z y|1 szxulyn)j

(1.1.1.2)
where x, = 34 ang y = Y1 #e
0, 2
Then, the likelihood equations for estimating the parameters are
olnL 1
= . Y, (1.1.1.2)
o oyll-p —11 oL~ 0521
olnL 1 n
_ Zy. 3 X, =0 (1.1.1.3)
Ol 0'2(1—p ) ' 2i1 pZ)izl '
aln L . n o, n
X V. =0 1114
. al—p)z i1 7—2)%‘, 1Yia ( )
olnL n

__n %y =0 1.1.15
o0, al—p)zyu 7—); i1 Yin ( )

and

olnL  np
o 1-p

1
>t Z Xi1Yi1 —
1- P i=1

i=1 i=1 i=1

P2 $ L
{inl—ZPZXHYiHZYil}:O- (1.1.16)
h-p?f

The solutions of the equations (1.1.1.2)-(1.1.1.6) are the ML estimators of

W, H1,, o, 0,, p and they are



(1.1.1.7)

Note that in the absence of the statistical independence, the joint
distribution of two random variables X and Y can be written as the product of a

conditional and a marginal distribution. Therefore, g(x,y) is equal to,

g(x,y)=f(h(y[x). (1.1.1.8)

where X and Y|X are statistically independent. In equation (1.1.1.8), if (X,Y) are

coming from a bivariate normal distribution, then f(x) and h(y|x) can be written as

follows;
1 (X_/Ul)z

f(x)= exp| ———— 1.1.19

e xp( 207 (11.19)
and

1 (y =z,

h(y|x)= exp| — W/ 1.1.1.10

(y1x) p—r xp( 207 ] ( )
where



051 :V0§(1_P2 )’

/uy|x = /u2.1 + @(’

Ha1 = Hy — Oy,

0= p(ﬁj. (1.1.1.11)
03

Remark: From (1.1.1.11), it is understood that, the variance of Y|X is less than
the variance of Y, if p=0. Because, o, =c2(l—p?) and (L—p?)<1. Also,

from the formula it is obvious that as o increases, the variance of Y|X decreases.

Given a random sample (xi , yi), for 1<i <n, the product of marginal and

conditional likelihood functions are

Loc o expy -0, 0P = ' L (L1112)

The log likelihood function is

InL:—nInal—EZZ_2 —nlnazl—lsz2 (1.1.1.13)
2i:l " ' 2i:1
where z, = -1 and z,, :w —00<Z,,2;, <.
0, 0321

= =%7,=0 (1.1.1.14)



(1.1.1.15)

(1.1.1.16)

(1.1.1.17)

(1.1.1.18)

(1.1.1.19)

aInL:_lJriZZizl_o
861 Gl Gl i=1
8InL:iZZi2:O
Ofpy Oy A
aInL:_ n 1 S22 =0
00, Op1 Oy i=t
and
olnL :izxiziz 0.
00 0,3
The estimators, which are the solutions of the likelihood equations are
given below:
l[ll = )_(, &1 = y
:&21 = y—éz,
n A N2
>y -y -élx - )|
&2.1 - = n
and
2 =%y, -Y)
9 — i=1
(S-x7 ]
i=1

If we compare the results (1.1.1.7) and (1.1.1.19), we see the following:



A

~ ~ AL ~ ~ ~ n ~| O
foy =y —Opty, Gy =\/022(1—,02) and 9:/0[ Azja

O,

which are the results of the invariance property of ML estimators. Invariance

property says that if S is the ML estimator of some parameter ¢ and g() IS a one-

to-one function, then g(S) is the ML estimator of g(&).

Remark: Note that the invariance property does not necessarily lead to

unbiasedness, unless the sample size is large.
1.1.2. Asymptotic Covariance Matrix

The asymptotic covariance matrix is obtained by taking the inverse of
Fisher information matrix, which is equal to the negative of the expectation of the
second derivative of the log likelihood function with respect to the parameters.

Therefore, the Fisher information matrix 1( 4,0, 11,,0,, p) is

05,06,

| = [lij]z{— E[ ) "H ij=1,2,3,4,5, (1.1.2.1)

Op =My, 0y =01, O3 = 4,0, =0, 05 = p,
and the elements of 1 *( x4, 0,, 4,,0,, p) are given by the following equations,

np

I =—; o1, =0, 1 =- o 1 =1.=0,
o, \l-p Jlo'zil—p )

| 1= n(2—p2) |t=0 | t=_ I‘lp2 |—1:_np

22 (712 1_p B < L7 010_2(1_102)’ 25 o, !

Iil: n I_]_:I_l:O I,l: n(2—p2) Iil:_np
33 o_22 l_pz LR 35 P 0_22 1_p2 T gs o,



and

I = —?1(“ /2);2)- (1.1.2.2)
-p

If case (1.1.1.9) is taken into consideration, then the Fisher information

matrix 1( u,,0,, 4,,,0,,,0) is equal to

1 =[1,]= {— E( &"InL H ij=1,2,3,4.5, (1.1.2.3)

05,06,

01 =My, 06, =0y, 83 = p1,0, =0y, 65 =0,

and the elements of 1 *( 1,0, 14,,,0,,,60) are

33 2 7 T3 35 2 7 T 2 7 s
O3, 051 031
and
2 2
ol e )
1t= A (1.1.2.4)
051

1.1.3. Hypothesis Testing

Suppose H, gy, =, =0 0or H, @z, = 1,, =0 is to be tested. In order to

test these multivariate hypotheses, Hotelling’s T2 statistic, which is a
generalization of Student’s t statistic is used (Hotelling, 1931):



T? Zn()_(_ﬂo)s_l()_(_ﬂo) (1.1.3.1)

where

- - o
X Hy
. 0
X, Hy
X= v Ho =
- 0
R L Hp |

In equation (1.1.3.1), S and n represent the sample variance-covariance

matrix and the sample size, respectively.

Under Ho and p-variate normality, it is well known that

(1.1.3.2)

Remark: The Hotelling T? statistics defined by using /- i1, or /- f1,, are equal

to one another.
1.2. Marginal Distribution is Weibull and Conditional Distribution is Normal
In this section it is assumed that X is coming from Weibull distribution

which is widely used in applications (Akkaya and Tiku, 2001; Hand et al., 1994;
Cohen and Whitten, 1988; Johnson and Johnson, 1979)

p
f(X)=ipX'°‘16xp —(ij ,0<x<o,0y>0, p>0,  (1.2.1)
o1 o1

10



and Y|X=x is assumed to be normal,

(y —H21— 9X) ~N (0’1).
021

Thus, the density function of Y[X=xis

1 1 2
h(y|x)= exp — - - |, —o<y<oo, (1.2.2
(v1x) it | 0 Y —pp1 -} |, o<y <, (122
2.1

where

Opq = 1,622‘1—,02 i, (1.2.3)

o1 =ty —E(X),

and

0= p(ﬂj.
o1

1.2.1. Estimation of Parameters

When X is Weibull and Y|X=x is normal, for a random sample (x;,y;),

1<i <n, the likelihood function is

n n n A p
1 X 1 1 n
L“—pnp ITx" ™ exp —Z[—'J —expy———— X (] —pi21 =06 ) |
o1 " i=l i=1\ 91 o, 205 4 1=l

(1.2.1.1)

11



Then,

where

n n n
InLocninp-npinoy +(p-1)YIx - Y z0 —nnoyy -= 325

i=1

X.
Zjp =— and zj, =

(Yi — 21— 6%)
o1 021

(1.2.1.2)

The solutions of the following ML equations (1.2.1.3)-(1.2.1.6) are the ML

estimators,

a'”"=—@+£iz.‘; -0,

861 Gl Gl i=1
olnL :izziz _0.
Oty Oy im
aInL:_ n . 1 322 -0
005, 031 Op1i=t
and
dlnL =i2xizi2 =0.
00 0,4
They are

12

(1.2.1.3)

(1.2.1.4)

(1.2.1.5)

(1.2.1.6)



A 1 A A2 A '
0'2.1:\/_2(yi_ﬂ2.1_9xi) and 0 =+-——. (1.2.1.7)

> -x)

Also, from the invariance property of the ML estimators, z,, &, and p

can be easily obtained and they are given by

&zﬁu+ﬁ@+i%b&fami+ﬁ&fmdﬁ=é$a (1.2.1.8)
p

0,
In Tiku and Akkaya (2004), it is mentioned that in the applications of the
Weibull distribution in order to obtain highly efficient estimators, large samples

are needed. See also Menon (1963), Harter (1964), Smith (1985).

1.2.2. Fisher Information Matrix

The Fisher information matrix 1(o,, 14,,,0,,,6) is

ﬂp2 /012 0 0 °
o /o, 0 noXdlp)ol,
(01.421,62.1.0) 0 0 2r]/0-22.1 0

0 no,T(1+1/p)/c?, 0 no,'T(L+2/ p)/ail

(1.2.2.1)

Also, the components of 1(o,,,,0,,p) are given below in equations
(1.2.2.2)-(1.2.2.10):

np? np’ ( 2)
I, = + ri+—|, (1.2.2.2)
ot )
np 1
I, =— T 1+= |, (1.2.2.3)
0,0,\1-p Y

13



np’ ) 1 np? 2
.= I'|1+— |- rNi+—|, 1.2.2.4
? 0_102(1_,02) ( pj 010_2(1_/92) P ( )

l,=— P r2(1+1J— e r(1+3], (1.2.2.5)

_0-1(1_/02) P 0'1(1_/02) P
n

I, = , 1226
" ot ) e

=1, =00, (1.2.2.7)
I, = i—g—ar%)r{u%}ar%)r(u%j, (1.2.2.8)
|34=—a27)r2(1+%j+a;i’7)r(1+%}a%) (1.2.2.9)
and
lag = anzz— n r2{1+1j+ n r(1+3} (1.2.2.10)
b2 b-r?) P) L-p? P

1.3. Marginal Distribution is Weibull and Conditional Distribution is Normal

with Variance Inversely Proportional to X

The case presented in this section is similar to the situation given in
section (1.2). X is coming from Weibull distribution given in equation (1.2.1) and
Y[X=x is again assumed to be normal. However, in this case the variance of the
conditional distribution is inversely proportional to X, which is a very common

situation in some statistical applications. In other words,

IX(y = p1 - %) _
021

N(0,1).

Therefore, the density function of Y| X=X is

14



\/; X 2
hly|x)= exp— Y=t — K" |, —o<y<oo. (1.3.1)
(yl ) 02_1\/5 202 { H2.1 }

2.1

1.3.1. Estimation of Parameters

Given a random sample (x,,y;) 1<i<n, the likelihood function is

N n n \P
Loc P I1x" exp - Z(X—'J x
o P i1 i=1\ 01

n n 5
—— 1y expy— 5 2 X (Vi —p21 —66)" §.(13.1.0)

Then,
1 n n 1 n 2
InLocninp-npinoy +(p—1+§jZln Xi —Zzi‘i —n|n52.1—§_zzi2
=1 =1 i=1
(13.1.2)
where
VX (Vi = 2.1 = 0%)

X.
Zip = — and zjp =
o1 021

The ML estimators can be obtained by solving the following equations:

m:_@_FEZZiE =0, (1313)
adl O-l 01 i=1
Ol _ iZn’,\/x_iziz _0, (1.3.1.4)

Oty  Oyy i

15



ol __n 132 0 (1.3.1.5)
00,, 0,1 Oj1i=

and

olnlL_ 1 92, _g. (1.3.1.6)
80 0-2.1 i=1

The ML estimators are

0, = H x? sy = " =
i=1 X
n n 2 n 2 n
n DX 2 X Vi —in _inyi
G211 = —in(Yi—ﬂu—éX,) and g =1=1 1=1 i=1 =l
i=1 n n 3 n ) 2
ZXiZXi - ZXi
i=1 i=1 i=1
(1.3.1.7)

1.3.2. Fisher Information Matrix

The components of the I(o,,x,,,0,,,0) are given by the following

equations:
2
11 = % : (1.3.2.1)
o1
|12 = Il3 = |14 :0.0, (1322)
Iy = n%r(u 1}, (13.2.3)
021 P
lp3 =0.0, (1.3.2.4)

16



2 (2
b4:j%T@+—j (1.3.2.5)

I3, =0.0 (1.3.2.7)

and

2
071 P

nol3 3
lgg =—=T]1+—]|. (1.3.2.8)
1.4. Marginal Distribution is ‘Censored’ Weibull and Conditional
Distribution is Normal

For many real life data it is not always possible to observe the value of
each sampling unit and this type of data is called censored data. It is a known fact
that working with censored data can be more complicated compared to working
with complete data. However, it is necessary for practitioners to learn censoring
procedures because this kind of samples can be encountered in many areas (see
Tiku, 1981; Lawless, 1982; Sarhan and Greenberg, 1962; Cohen, 1957; Gupta,
1952). For example, during the evaluation of the test scores of the students or
while dealing with a life-test experiment. If the observations whose values are
smaller or larger than a pre-determined level are censored, this type of censoring
is called Type | censoring. On the other hand, if a pre-determined number of
smallest or largest observations are censored, or in other words, if instead of
censoring unit, censoring limits are random, then such a sample is called Type Il
censoring (Tiku and Akkaya, 2004; Cohen, 1991; Schneider, 1986). Censoring
can be done from left and/or right. Senoglu and Tiku (2004) consider parameter
estimation and hypothesis testing in experimental design for censored and

truncated nonnormal samples by using MML estimation procedure.

17



In this thesis, the most common case of censoring, Type Il censoring from
right, is considered. That is to say, from a random sample of size n, r largest
observations (r>0) are censored. That is usually the situation in life-testing

experimentation.

In this section, the situation where marginal distribution is ‘censored’

Weibull and conditional distribution is normal is considered. Note that

1.4.1. Estimation of Parameters (Weibull Marginal)

For an ordered sample (X(i), y[i]) 1<i<n-r (ordered with respect to x;

observations), the likelihood function is given by

n-r

Lo lj[l f (X(i))}[l_ ':(X(n—r))]r r:ljlr h(Y[i] | X(i)), (1.4.1.1)

_| X0 P Xy )
n-r 1o _[ (n r)J
H—px{i’) e el o x

i=101

1 n-r
1 on? _%(Y[i]—ﬂz.l—@((i))
~—e 7217 (1.4.1.2)
021

where y[;]’s are the concomitants of X(j)’s. Then,

18



n—r n—r
InL = constant—(n—r)pInoy +(p-21) Y In X(i)— 2 Z(l?)l
i=1 i=1

n_

| LN"2  qa1s
_rzn_r)l—(n—r) naz_l—Eg‘lzmz (1.4.1.3)

where

Ziin = 0] and z[j}p = (Y[i] — #21 —65<(i)).

01 021

The solutions of the following maximum likelihood equations are the ML

estimators:

aaln L_ _(n-np +£225)1 +Ez(z;_y)1:0, (1.4.1.4)
Gl 61 61 i=1 O-]_
oinL 1 nr

OH21 021 ia

alan_(n—r)Jr 1 T,

761, =0 14.1.6
0021 o021 0214 iz ( )
and
oinL 1 n=r
=—— > X(i\Z[i]» =0. 1.4.1.7
20 - E (i)Z[i2 ( )

The ML estimators are

19



(1.4.1.8)

where

1
g ] and X() = i_1X(i) :

1.4.2. Sample Information Matrix

Since it is diffucult to take the expectation of concomitant terms, instead of
obtaining Fisher information matrix I(o,, ,,,0,,,0), the sample information
matrix [ is calculated, and in Cox (1972, 1975) it is stated that using the sample

second derivatives is a good approximation to the Fisher information matrix. | is

equal to,

2
P=ii]=| - EME | j=1234, (1.4.2.1)
06,05

61 =01, 02 = f11.63 =021, 64 =0.

The components of | are given in the following equations:

A n—r
iy = Az)p t+p)-% i 2P+ @+ p) 2P (14.2.2)
o1 O-l i=1 1
l1p = I13 =114 =0.0, (1.4.2.3)
I = (nA; "), (1.4.2.4)
021

20



l23 =—— 2.7}
021 i=1
n l n-r
24 =—5— 2.X(i)»
021 i=1
« (h-r) 3 "I,
lag == 2 2 Zip
021 021 i=
R n-r
l34 =—— 2 X@iyZjil2 »
651 i1
and
n 1 n-r 2
laa =—5- 2. XG)
021 i=

(1.4.2.5)

(1.4.2.6)

(1.4.2.7)

(1.4.2.8)

(1.4.2.9)

In z(jy and z[j},, the unknown parameters are replaced by their estimators.
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CHAPTER 2

EVALUATING THE EFFECT OF THE LARGEST OBSERVATIONS IN
THE MARGINAL DISTRIBUTION

Suppose (X,Y) have a bivariate distribution and Y depends on X as it is
stated in Chapter 1. Let (x;,yi) be a random sample. X represents survival and let

X(1) < X(2) <-- < X(n) be the order statistics and

t) = E[X(i)_m} 21)

4y and oy being the location and scale parameters in the marginal distribution of

X. It is reasonable to assume that the cost of measuring Xx(j), denoted by cj, is

directly related to its expected value. Specifically,
Ci =C+ 1y +o01t(j) >0, (2.2)

¢ being a threshold cost. Total cost of measuring n observations is

n
C=nc+nm +01 1) (2.3)
i=1

Therefore,

22



. C , (2.4)

N L 1
C+#1+Ulﬁzt(i)
i=1

for skew marginal distributions, and

C

A=—F—,
C+iy

(2.5)

for symmetric marginal distributions. t()’s are approximated by

where f(z) is the probability density function of z =(x— x)/c. The true values

of tG) (1<i<n) are available for many distributions, however. The equation

(2.3) is valid for complete samples. For right censored samples (r largest

observations censored),

r_]%rci :{c_ ici JZ(”—V)(C+ﬂ1)+01n§t(i),

i=n—r+1 i=1

o n-r
C =[c+ﬂ1+—l Zt(i)}(n—r) (2.6)
A=r+ 1 <r+ ¢ . (2.7)
i &, T X 6, T
C+/n+—= Xt C+ i+ X t(j)
n=rixa —Ti=a

We will give the values of i using the permissible total C.
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If in a sample, some observations are too influential (e.g., outliers), it will
surely have an effect on the estimators /4, 61, fip1, 621, 0, /12, 65 and /.

This effect will be evaluated in this Chapter.

2.1. Marginal Distribution is Generalized Logistic and Conditional

Distribution is Normal

2.1.1. Complete Sample

In section (2.1.1), X is Generalized Logistic and Y|X=x is normal with

density function given in equation (1.2.2).

The probability density function of X is

—0<X<00, —o< gy <o, b>0, o >0. (2.1.1.1)

Note that for b<1, b=1 and b>1, GL(b,o) represents negatively skewed,
symmetric and positively skewed distributions, respectively. Therefore, this
distribution has a broad application area in real life (Thode, 2002; Tiku and
Vaughan, 1997; Agresti, 1996; Hosmer and Lemeshow, 1989; Aitken et al., 1989;
Berkson, 1951).

2.1.1.1. Estimation of Parameters

For a random sample (x;,y,) 1<i<n, the likelihood function is

24



n )
b n _1 e i=1 1 n
Loc—]_[le bl eXp— _Z(Yi_ﬂz.l_@(l)
(o] i=1 (Xi —,Ll]_] o 2021|:1
n - 21
IM1+e \ “1
i
(2.1.1.1.1)
Then,
n n ] 1 h 2
InLocninb—nlnoy + > z; —(b+1)2|n(l+e"z' )—nlnaz_l - > e
i=1 i=1 205 1i=1
(2.1.1.1.2)
where
X- —
7 ==L and & = y; — up1 — 6.

o1

The ML estimators are the solutions of the following equations:

n —Zj
mzl_(b”)Z e’ o (2.1.1.1.3)

om o1 o1 jgl+ed

onL  n 18 (b+1)d . e
= zZi — Zi

_nilsy : -0, (2.1.1.1.4)
doy 01 O1i5 o1 i1 l+e”d
n
ol _ 1 -0, (2.1.1.15)
2
Otp1 021i=1
n
L __ D, L ye?-o (2.1.1.1.6)
0021 021 0,4i=1
olnL 1 2
:—ZXiei =0. (21117)
2
00 o51ia
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The ML estimators /151, 61 and @ are

. 10 AL 4
ﬂ2.1=HZYi—HZXi =y -&X,
i=1 i=1

n . A R
(yi —H21 —@<i)
~ izl
021 = -
and
n
Z(Xi_X)Y|
0= '=nl (2.1.1.1.8)
Z(Xi—>_<)2
=1

However, because of the function e~ 7 /ﬁ+ e’ ) it is very diffucult to

solve the equations (2.1.1.1.3) and (2.1.1.1.4); ML estimators are, therefore,
elusive. Therefore, MML methodology is applied by linearizing this function with

the help of the first two terms of Taylor series expansion. For the MML
methodology, see Tiku et. al. (1986).

In order to get the MML estimators, first the random sample xq, Xs,..., X
is arranged in ascending order so that X(1) < X(2) <...< X(n)- Then, y[j]’s, which

are the concomitants of x(j)’s, are obtained. For 1<i<n, z(j) and efj] are,

~ and efi] = Y[i] — 21 — OKG).
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Note that since complete sums are invariant to ordering, the likelihood

equations presented in the equations (2.1.1.1.3) - (2.1.1.1.4) can also be written as

8InL:1_(b+1)i e 0 0

O o1 o1 jg14e 0)

and

oInL =—1+iZn)Z(i)— anz(i) -0, (2.1.1.1.9)

dop o1 o1ig o1 iz 14e 20

If e_Z(‘)/(1+e_Z(‘)) terms are replaced by g(zj)). the likelihood

equations are
olmL n  (b+1)Q
S )Zg(Z(i))=0

om o1 o1 4

and

iZ(i)g(Z(i))ﬂ (2.1.1.1.10)

Next step is to linearize the g(Z(i)) function which is done by using the

first two terms of a Taylor series expansion around E(Z(i))z t):

dglz(i
ey )= ol ey -1 2
O a1
=ai - fiz() (I=i<n) (2.1.1.1.11)
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where

e )
ai=—2(1+t(i)+e jand f=——7 (211112

(1+ e_t(i))

t) values for n<15 are available in Balakrishnan and Leung (1988). For

n >10, the solutions of

[b———dz=—— (1<i<n) (2.1.1.1.13)

are the approximate values of tG) and they are equal to

tG) :—In(qi_]/b —1) and g, =i/(n+1). (2.1.1.1.14)

We use the values given by (2.1.1.1.14) always. That hardly has any detrimental

effect on the efficiencies of the MML estimators.

Then, the modified likelihood equations are

olnL _olnL* n  (b+1){
= _n_f) (ai —ﬂiz(i))=0
a/ul a;ul (o] oy] i—1
and
olnL dInL* n 10 (b+1) n
= =——+— 2(;\ — 7(; - — B2\ )=0.
ooy ooy o o1 |:Zl (i) o1 |§1 (I)(al Bi (|))

(2.1.1.1.15)
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The MML estimators which are the solutions of the equations (2.1.1.1.15)

are
i =K+Ddy
and
6y =B B:n+ 4nc (2.1.1.1.16)
where

Remark: Note that like ML estimators, MML estimators have the invariance

property. Therefore, z,, 6, and p are

fip = fig 1 +0in + 61w (0)-w )}, 6, =62, +6%67 and p =61,

o,

(2.1.1.1.17)

2.1.1.2. Fisher Information Matrix

The components of the information matrix 1(z,,0,, 1,,,0,,,0) are given

in the equations (2.1.1.2.1) — (2.1.1.2.11):
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M1=( b j” (2.1.1.2.1)

b+2 0-_12’
b n
lip =| — |lwb+1)—yw(2)|—, 21.1.2.2
2=y -2 21122)
|13 = |14 = |15 :O, (21123)

Iy :%+($j[w'(b+l)+y/'(2)+{w(b+1)—z//(2)}2 L @i124)

o1 o]
lyg =l =05 =0, (2.1.1.2.5)
l33 =) (2.1.1.2.6)
021
34 =0, (2.1.1.2.7)
I35 =10 + o1 (0) -y W5, (21.1.2.8)
021
u4=i?—, (2.1.1.2.9)
021
45 =0 (2.1.1.2.10)
and
b2 -t -
l55 = |uf +2m01{w(b) -y} +of v’ (b)+y' )+ [y (o) -y O |5
021
(2.1.1.2.12)

2.1.2. Censored Sample

In Section 2.1.2, the sample (x;,y;) is ordered with respect to x; and
(X(i),y[i]) 1<i<n-r is taken into consideration. The marginal distribution

considered is ‘censored’ Generalized Logistic while the conditional distribution is

normal.
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2.1.2.1. Estimation of Parameters

For a Type Il censored sample (X(i),y[i]) (1<i<n-r), the likelihood

function is
) _nirz(i ~ 1 n—re?
b i=1 r 1 0'2 i= [I]
LOC(O'_l] n-r : b 1[1_F(Z(n_r))] n—r o
1+e U 21
[[ree ™)
(2.1.2.1.1)
where
2(i) = X(')G_lﬂl’ F(Z):@ —z)b and €fj] = Y[i] — #2.1 ~ &X(j)-
+e
Then,
n—r n—r _a
InLoc—(n-r)inoy - > 74— (b+1) Y In(1+e (I))-f-rln[l—F(Z(n_r))]
i=1 i=1
1 n-r 2
—(n=r)inoy 1 — ef .(2.1.2.1.2)
( )inoy 20_22.1 i§1 li]

The likelihood equations are given in the equations (2.1.2.1.3) -
(2.1.2.1.7):

B n-r ~~Z() f _
olnL _(n-r) (b+1) > € +L‘(Zéﬂ):o, (2.1.2.1.3)
Oy o1 o1 j11+e ‘0 o1 1-Flz(nor)
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" Z(n-r) f (Z(n—r))

-0,(21.2.1.4
o1 1—F(Z(n_r)) ( )

-y o, (2.1.2.1.5)

__ £y TI]:O (2.1.2.1.6)
2

and

_ H_0. (2.1.2.1.7)

The estimators /i, 1, 651 and & are given below,

Ik
fp1 = Ir_m—r -0 |;_r = Y[ - &),

5 (v~ r21 — ) f
021 =

i=1

n-r

and

6 =171 . (2.1.2.1.8)
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~(0)
However, because of the functions 91(Z(i))=e—z() and
1+e U

flz(_
92(2( - )): ( n r)) , the remaining likelihood equations given below but

are very diffucult to solve:

AL _ 00 S g o)) L galer))=0

o o1 o1 i o1
and
olnL n-r) 17 b+1)"=r
e, 2 S - S el )
o1 01  Olia 01 i=1
Z(n—r
r _A)=0, (2.1.2.1.9
or gz(Z(n r)) ( )

Therefore, these functions need to be linearized by using the procedure

explained in Section 2.1.1.1. Thus,

91(2(i) )= ei — Buiz(y) (1<i<n-r) (2.1.2.1.10)
where oy ’s and £ ’s are given in equations (2.1.1.1.12).

gz(z(n—r))= a2 = P2Z(n-r), (2.1.2.1.11)
where

_dgz(z(n—r))

B2 = B2(n1)

Z(n-r)=Y(n-r)
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f '(Z(n—r)ll_ F(Z(n—r))]+ [f (Z(n—r))]2 ‘
[1_ F(Z(n—r))2

Z(n-r)=t(n-r)
a2 = gZ(Z(n—r))+ﬂ22(n_r) at Z(n_r) :t(n_r) (212112)

and
tn-r) = _ln[Q(_nlébr) _1Jv A(n-r) :1_$-

Then, by replacing the equations gy (z(j)) and g, (z(n_r)) by (2.1.2.1.10)

and (2.1.2.1.11) respectively, the following modified likelihood equations are

obtained,

oL _olnL*_ (h-r)_(b+1) nir(ali —ﬁ1iz(i))+L(“2 —IBZZ(n—f)):

Oom O o1 o1 i o1
and

olnL _aln L*:_(n—r)+i”irz(_)_(b+1)

601 60‘1 o1 o] i=1 o1

_%Z(i)(ali - B Z(i))"‘

GLl 2(nr)l@2 ~ Paz(n_r))=0. (21.2.1.13)

The MML estimators which are the solutions of the equations (2.1.2.1.13)

are given below:
/:11 =K+ Dé'l

and
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. B+yBZ+4(n-rC

61 Zn=r) (2.1.2.1.14)
Here,
(b+2) 3 Aix() - "BaX(o-r)
K = i-1 |
(b+1) 3 B — 15
i-1
(n-r)-(b +1)nira1i +ray
D= i=1 |
(b+1) 3 fii — 1o
i=1
B=(b +1)r§:1r(x<i) -~ K(bi-kl — oy ] +ray (X(n_r) -~ K)
and
C=(b +1)n§ﬂ1i (x) ~ K P ~ 182 (x(a_r) ~K . (2.1.2.1.15)
i-1

The MML estimators f,, 6, and p are the same as in equation

(2.1.1.1.17).
2.1.2.2. Sample Information Matrix

Because of the reasons stated in Chapter 1, Fisher information matrix

|(ty,09, 112 1,091,0) is intractable. Therefore, instead of 1, the sample

information matrix I is used:
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2
W 0805

A~

O1=fh, 0 =01, 03 =[lp1.04=021. 05 =0,

, (2.1.2.2.1)

=572 NPy Rr—
6 ia {He—zm}z 6f  92(nr)

. n-r) (b+1)"F b+1)"f e )
'12—(A2)—( 2)2 1((!))+(A2) Z(i) o+
(ox] o1 i=1 o1 i=1 {]A—e_z(')}
r r dg; (z(n-r))
—golz(pp) )+ —= 2y —T 9 1.2.2.9)
&12 2( (n r)) 6‘12 (n—r) dz(n—r)
l13 = Iy = I35 =0.0, (2.1.2.2.3)
- n—r 2 N’ b+1)"=f b+1)"=r
22 = -2 ), -2 Z(i)‘z( -2 ) Zz(i)gl(z(i)>+( -2 )2 Z(Zi)><
o] 1 i=1 o1 i=1 1 i=1
~2() dgs (z(n-r))
e 2 92\Z(n-r)
+_Z(n—r)QZ(Z(n—r))Jr oL ,
{He_z(') }2 61 &f () dznor)
(2.1.2.2.4)
l93 = l9q =I5 =0.0, (2.1.2.2.5)
I35 = (nA; ") (2.1.2.2.6)
021
R 2 n-r
I3 =— 2 €] (2.1.2.2.7)
G211=1
R 1 n—-r
I35 =—5— > Xy (2.1.2.2.8)
021 i=1

|44 :—T+ 7 Z e[i], (21229)

2
|45 = 3 Zx(i)e[i] (2.1.2.2.10)
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R 1 n—-r 2

021 i=1
In z(j) and efj], the unknown parameters are replaced by their MML estimators.

2.2. Marginal Distribution is Weibull and Conditional Distribution is

Generalized Logistic

2.2.1. Complete Sample

In section (2.2), X is coming from Weibull — for density function of X, see
equation (1.2.1) — and the distribution of Y|X=x is assumed to be Generalized

Logistic with density function,

exp{—(y_ﬂz'l_@(ﬂ
o
b 2.1 " , —o<y<oo, b>0,

] (o2

where o, 4, 41 and @ are given in equation (1.2.3).

h(yx) =

(2.2.1.1)

2.2.1.1. Estimation of Parameters

For a random sample (x;,y;) 1<i<n, the likelihood function is

1 n
% X P o _T_Z(yi — g1 —0K; )
o1 b e 2.1i=1

Loc—

np :_ n b+1
op 1= 21 1+exp(— Vi = 2.1 — OKi H
i 021

n n -
p p-1_. =
H Xi e !

(2.2.1.1.1)
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n n n
InLoc—nplnoy +(p-2)> Inx; - > zP —nlnazll—LZei -
i=1 i=1 021i=1

€;

n _
~(b+1)Y Ini1+e 21

i=1
(2.2.1.1.2)
where
Xi — i
zi ==—"L and e = y; — pp1 — 0.
o1
The likelihood equations are
n
onb__ ", Psup_g, (2.2.1.1.3)
801 o] o] i=1
N ~8/021
oL _ n  (b+1)d e (2.2.1.1.4)

=0,
OHp1 ©O21 021 i:]_(1+ e_ei/o'z_l)

olnL _ n (b+1) e~Ci/021

1 0 n
——— D8 - >e (L—]:O (2.2.1.1.5)
80'2_1 021 (722_1 i=1 ! (722_1 i=1 I _|_e_ei /0'2.1

and

olnL 1 b+1 o€ /021
13, be)

n
- Xj (1—)20- 2.2.1.1.6
06 0921 i=1 0921 Igl ! + e—ei /02_1 ( )

The estimator &7 is equal to,

&1:[

(2.2.1.1.7)

K

S|

n
> Xip
i=1
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—€ /021
However, because of the function , the likelihood equations
il+ e—ei/ffz.l )
(2.2.1.1.4) - (2.2.1.1.6) are diffucult to solve and the corresponding ML estimators
cannot be obtained. Therefore, in order to obtain the estimators ji5 1, 651 and @,

MML methodology is applied.

In order to obtain the corresponding estimators, first w;’s are defined as
w; =Yy; —6&; (for a given @, 1<i<n). Note that since u,q IS a constant

ej =W; — o1 and w; have the same order. If a; is equal to ej /o5 1, then

©) _ W)~ #2.a _ Vi)~ K[|~ #2.
021 021 021 '

Then, the likelihood equations can be rewritten as

oinL _ n —(b+l)2nl e 20

=0,
OM21 021 021 i:1[1+ e_a(‘)j
olnL n 1 Q0 e 20)
= +— Ze(i) b+ )Ze 7 =0
9021 021 o051i=1 021 i=1 (1+e (I))
and
n )
OlnL :LZ X[i] (b+1)2x[, =0. (2.2.1.1.8)
00 o213 021 j=1 (1+e (‘))
St
If TN is defined as g(a(i)), the likelihood equations become
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olnL _ n (b+1)ig(a(i))

OHp1 O21 021 i

0,

olnL _ n 1 2 (b+1

— N ) n . et
cars o o 0o, 2000
and
a(langl_ :ééxm—(Z_Zj)é-x[l]g(a(l))zo (2.2.1.1.9)

Now, g(a(i)) function is linearized by using the first two terms of Taylor

series expansion around E(a(i)): tG)-

= Qj —,Bia(i) (1<i<n) (2.2.1.1.10)
where «aj, S and t; values are given in equations (2.1.1.1.12) and (2.1.1.1.14).
Then, the modified likelihood equations are

oInL _alnL*  n _®+Dzmr_ﬂa0%ﬁ

Oty OHp1  O21 021 i4

oL _olnL*_ n 1 & (b+1) &
00p1 0021 021 o34ia o051 i1

and

olnL _oinL* 1 & (b+1)
o0 B 00 GZ.li:]_ 021 i

INNE
-
_—
N

|
SN
Q
—_
N—
N—
[l
o
~~
N
N
=
=
H
H
N



The solutions of the equations given in (2.2.1.1.11) are the MML

estimators and they are,
. — A AL
o1 =[]~ K] 021

O=K-Déy;

and
621 :(—B+\/Bz +4an/2n (2.2.1.1.12)

where

m=_§,3i ' Y[ :_glﬁi Y[i] /M. X[] :éﬁix[i]/m’

25 (i1 = X i

Z:lﬂi (X[i] - >‘<[.])2 Z:lﬂi (X[i] - >‘<[.])2

and

C=(b +1){Zn:,8i (y[i] - 37[_])2 -K Zn:ﬂi (x[i] - X[.])y[i]}. (2.2.1.1.13)
i=1

=1

Also, 4,, 6, and p are given by

41



A

. . A 1) . [ o A A A
y2) :,u2_1+¢90'11“(1+—J, o, = 0_22.1+020_12 and ,0200:1 .
p

o,

(2.2.1.1.14)

Remark: It may be noted that the MML estimator p is quite different from the

Pearson correlation coefficient, given in equation (1.1.1.7). The latter can have
substantial bias even for large n (Sazak et al, 2006, p. 82). Therefore, it should be
used with caution.

2.2.1.2. Fisher Information Matrix

Note that if

h(z)=b——7,b>0, o<z <0, (2.2.1.2.1)

then

S 1

El} b+’

[ e? 1
2. | e

| e 2 b
E_(1+e—z )2] b+1)b+2)

| e 2 b
ElZ (1 - )2 = (b+1Xb+2){l//(b+l)_W(2)}
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and

b+1)b+2

Ehle ]=( o O @ b+ )-p(@)?]

(2.2.1.2.2)
For some particular b’s, the values of y(b) and '(b) are given in Tiku

and Akkaya (2004). For detailed information about psi-function, see Abramowitz
and Stegun (1985).

According to the information given in equation (2.2.1.2.2), the

components of the 1(oy, 15 1,07 1,0) are given below:

2
=", (2.2.1.2.3)
o1
|12 = |13 = |14 = O, (22124)
Iy =— 2 5 (2.2.1.2.5)
(b+2)o54
nb
I3 = ————{w(b+1)-y(2)}, (2.2.1.2.6)
(b + 2)02 1
o = ”—bzr(u ljal, (2.2.1.2.7)
(b + 2)0'2_1 p
n nb
RELE b+ )@+ b+ )-v@P) @2128)
o1 (b+2)os,
nb 1
33 = ————{wib +1)—y/(2)}r£1+—jal (2.2.1.2.9)
(b + 2)0‘21 p
l4q = ”—bzr(u 3};12. (2.2.1.2.10)
(b + 2)0'2_1 p
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2.2.2. Censored Sample

In Section 2.2.2, the estimation procedure of the parameters and the
sample information matrix are presented when the marginal distribution is
‘censored” Weibull and the conditonal distribution is Generalized Logistic.

2.2.2.1. Estimation of Parameters

The likelihood function for a a Type Il censored sample (X(i),y[i])

(1<ign-r)is

_nir[Y[i]—#z.l—@((i)J

n-r i=1 021
[_b J ¢ o (22.211)
021 . Y[~ H21—6K()
[T|1+e 921
i=1

where Y[i] ’s are the concomitants of X(i) ’s. Then,

InLoc—(n—r)pinoy +(p —1)nirln X(i) — nir z('?) - I’(Z(n_r))p
i=1 i=1

~(n=r)incyq - % nire[i] —(b +1)nz_:r In{l+ e Clil/ 21 } (2.2.2.1.2)
i=1 i=1

where
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and

z(j) =— and €[j] = Y[i] — #2.1 — (i)

The ML estimators are the solutions of the following likelihood equations;

olnL  (n-r)p p " P _p
=— = Mz +—z =0, 2.2.2.1.3
80_1 oy} - o1 |§1 Ji) (n—r) ( )

olnL _ (h-r) b+ o €lil/o21

=0, (2.2.2.1.4)
OHa1 021 021 i=1(1+e‘e[i]/02-1)

olnL _ (n-r) 1 "I (b+1)"r o €li1/921

- + efi1— ef; =0

0071 021 0%1 |Zzl il 0'22.1 i=1 [I](lJre‘e[i]/O'z.lj

(2.2.2.1.5)
n—r n—r —€[i]/02.1

ol _ 1 ZX(i)—(b+l) > X(i) —0, (22.216)

00 o214 021 ia [1+e e[l]/‘fz.l)

The ML estimator of o is

; { 1 (nf P4 rxP ﬂ% (2.2.2.1.7)

61=|—— X\ +IXE :

(h-nlg™ " ")

—€[i]/o21

[1+ o elil/o21 ) ’

However, because of the function the equations

(2.2.2.1.4) — (2.2.2.1.6) are diffucult to solve. Therefore, to obtain the estimators,

MML methodology is applied. In order to get the MML estimators, first afj]’s are

defined as efj] /021, then they are rearranged in ascending order and the

corresponding concomitant terms, ( Y[i] X[i])’s, are obtained.
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After applying the procedure explained above, the likelihood equations

can be rewritten as

_ n-r o7
oInL _(n r)_(b+1)Z e _o.
OM21 021 021 i4 (1+ e‘a(i))
olnL n-r) 1 b+1)"r e 20
-, Zam—( ) ai) 77—y =0
9021 021 0,4 i1 Oyq i-l (1+e (I)j
and

n—r n—r —a(i)

ont 1 > XGi] - (b+1) ¢ 0. (2.2.2.1.8)

If g(a(i)) function is defined as , then the equations given in

_& v
(1+ e_a(i)j

(2.2.2.1.8) become

oL _(0-0) B2 ga)-0.

OHp1 021 021 ig

oL _ (n-r) 1 " b+ 0
T T 3. aiola)

and

aér:gL _ égxm _(%j)gx[i]g(a(i)): 0 (2.2.2.1.9)
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Then, g(a(i)) function is linearized by using the the procedure explained

in Section 2.1.1.1 and
g(a(i)); aj - fia(), (1<i<n-r) (2.2.2.1.10)
where ¢j’sand f;’s are given in the equations (2.1.1.1.11).

After the linearization procedure the modified likelihood equations are
obtained and they are

OlnL _0OInL* _ (n_r)_ (b"'l)nz_:r(a- _Ig-a(-))=0

Oup1  Omp1 021 021 ig

ainL . oln L*:_(n_r)+ 1 Zn:a(i)_(b_'_l)nira(i)(ai _ﬁia(i)):o

0op1 00p1 021 O21ia 021 i1

and

dlnL = olnL* 1 nz_:rx[i] —Mnirx[i](ai —ﬂia(i))z 0.(2.2.2.1.11)

o0 00 o213 921 i=1

Solving the equations given in (2.2.2.1.11) the following MML estimators
are obtained:

- A
S Sy S
H21 =Y[] ] m 221
0=K-Déy
and
6y = (— B++/B2+4(n-r)C )/Z(n N (22.2.1.12)
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where

m= éﬂi’ Y] = gﬁiy[i]/m’ X1= __ilﬂix[i]/m,

=1
> i - XV > il - %)
— , D= nl—:r1 '
S abu-f AP

C=(b +1){nf Ay - v P - KY 4 (i) - )‘(H)y[i]}. (2.2.2.1.13)
i=1

i=1

Also, for the MML estimators f,, &, and p, see the equation
(2.2.1.1.14).

2.2.2.2. Sample Information Matrix

Because of the reasons stated in Chapter 1, Fisher information matrix

|(oq, 412 1,05 1,0) cannot be obtained and instead of I, the sample information

matrix | is calculated, and the components of [ are given in the following

equations:

2
P=[i]=|- 0L | ij=1234
1 0805

81 =01, 62 = fI1,03 =021, 64 =10,
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_ n-r 2 n-r 2
fll:_(n r)p+ P Zz£)+p Zzﬁ)drrpz _)+rp Z(n-r)"

of oftin sfim W oef U et T
(2.2.2.2.1)
12 = 13 =114 =0, (2.2.2.2.2)
. n-r —ai]
[0 (ti;l)z © = (2.2.2.2.3)
621 i=1 (1+e—a[i])
. n—r) (b+1)"=" el b+1)"' el
- (o0 _0) GRS 2
631 631 i-1 (1+e amj 631 i=1 (1+e—am)
(2.2.2.2.4)
~ b+1)n=r e_a[']
[ = (A; ) Xi) ———5 (2.2.2.2.5)
021 i=1 [1+e_a[']j
i (n—r)Jr 2 nira[] 2(b+l)”ir e 20l
33 =~ i
63, 651000 65y i |(1+e_a[']j
n—r —a[;
+(b;1) af € 5. (22.2.26)
021 i<l (1+e 2]
A 1 nor b+1)n=r e b+1
34 =— _ZX(n—(Q IS b,
621 i=1 621 i=1 (1 +e—a[.]) 671
n—r e ali]
O a—— (2.2.2.2.7)
(e
. n-r —4[i]
[40 = b+ 2 (2.2.2.2.8)

In Z(i) and afi), the unknown parameters are replaced by their MML estimators.
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2.3. Marginal Distribution is Weibull and Conditional Distribution is Long —
Tailed Symmetric

2.3.1. Complete Sample

In section (2.3) X is coming from Weibull distribution with probability
density function,

p X Po
f(x)=—2xPo~Texp —[—J ,0<x<ow, 67>0, pg >0,

O-lpo o1
(2.3.1.1)
while the distribution of Y|X=x long-tailed symmetric.
h(Y|X)= 11 1 {1+(y 'u2'12 @() } , —0< Yy <o,
02.1\/E,3(, p —) ko1
2 2
(2.3.1.2)

In equation (2.3.1.2), k=2p-3, p>2. o0y, o1 and @ are given in

equation (1.2.3). And note that the distribution of t =/(v/k)(y — 1 4 —65()/02_1

is Student t with v=2p-1 degrees of freedom.

2.3.1.1. Estimation of Parameters

For a random sample (x;,y;) 1<i<n, the likelihood and the log-

likelihood functions are

n( x Po
n -y '] 21~ P
Lo Po ﬁxipo—le izl[al 1 lﬂ[{l+(Yi_ﬂ2.1_@(i)}

npg : n ;. 2
o0 i1 Oy qi=1 ko1

(2.3.1.1.1)
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n n
InL oc —npg Inoy +(pg 1) % — > z”° —ninoyq -
i=1 i=1

n 2
pZIn{LL 0 },(2.3.1.1.2)

i=1 k62.1

where

X.
zi =—- and & = y; — up1 — K.
o1

The likelihood equations are

n
olnL _ Mo , Po 5,00 _g, (2.3.1.1.3)
801 61 O'l i=1

oinL _ 2p & e/oa1

= =0, (2.3.1.1.4)
Op2.1 k02.1i=1(1+ei2/k022_1)
n 2/ 2

olnL __._n N 2p €i 2/0'2.12 -0 (2.3.1.1.5)

dop1 021 k02.1i:1(1+ei /kazll)
and
n X; e

oL __2p ' '2/02-21 _0. (2.3.1.1.6)

o0 k0'2.1 i:]_(l+ €j /kO'le)
&1 is obtained from equation (2.3.1.1.3) and is equal to

A 1Q Po }/po
61 = Hin . (2.3.1.1.7)

i=1
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. €j .
However, because of the function '2/62'12 , the equations (2.3.1.1.4)
(Lr e? ko3, )

— (2.3.1.1.6) are diffucult to solve. In order to obtain the corresponding MML

estimators, first define w; and a;, as in section (2.2.1.1). Then, rewrite the

likelihood equations as

olnL  2p & &)

- > =0,
21 Koa1iz  af
1+ =
k
n a?
olnL __n  2p 5 0 _,
0091 021 k0'2.1i:1 a(Zi)
1+~
k
n ar;
éinL _ 2p 3 x (I)2 0. (2.3.1.1.8)
00 kUz.l i=1 a(i)
e

2
If a/(l+1} is defined as the function g(a), then the likelihood

equations become

oinL _ 2p ig(a(i)):()’

Oup1 Kkop1ig

olnL _ n . 2p ia(i)g(a(i))zo

0op1 021 koa1i,

olnL 2p
0 “ton Elx[i]g(a(i)): 0. (2.3.1.1.9)

Linearized g(a(i)) function is given in the following equation where

) = Eley) )
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where
3 2
2 1) 10
o :—kZ andIBi :—kZ'
t2 t2
1+—i) 1+—i)
k k

(2.3.1.1.10)

Note that i) values can be conveniently obtained by using an IMSL

subroutine. However, note that when £, <0, which can be observed for small p

and large n values, instead of «, and S,, «;* and S, * are used. Because f,’s

should be greater than 0 for & to be positive and real. For «; * and S, *, see

Islam and Tiku (2004).

The modified

linearization procedure are:

olnL _oInL*
Oup1 Oupy koo1ig

olnL _olnL*_ ~n 2p L

0op1 00g1 o21 kKoa1ig

and
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2P i{ai +,6’ia(i)}=0,

Za(i){ai +,8i a(i)}= 0

likelihood equations which are obtained after the



olnL _0dInL* 2p
00 ~ 960  koyy Elx[i]{ai + iai)=0. (2.3.1.1.12)

The MML estimators which are the solutions of the equations given in
(2.3.1.1.11) are,

fi1 = Y] -],

é:K+DC’)\'2l1

and
691 :{B+\/BZ +4nC}/2n,

where

n

z,lﬁ’i Yii] 2. BiXi] o

V=S = m= 2 5

and
C_ %{%ﬁi (Y[i] _ 7[_])2 _K iﬁi (x[i] — )‘([.])y[i]} : (2.3.1.1.12)
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Also, f1,, 6, and p are obtained as

~ 1 . " . A ~ O
fiy = fin 1 +<9&1r[1+—j, 6, =62, +0%62, p=02+ (2.3.1.1.13)
(o2

Po

2.3.1.2. Fisher Information Matrix

The Fisher information matrix |(oy, 15 1,05 1,6) has components which

are given in (2.3.1.2.1) — (2.3.1.2.8),

2

. _pg
11 — 2!
o1

l1p =113 =114 =0,

_ p(p-22) n
2" (p+p-32) o2,

l23 =0,
p(p-1/2) ( 1] n
= MNi+—,\|——oy,
“*(p+1Xp-32) U po)o2, |
| =2(p_]7/2) n
3 (p+1) 022_1’
l34 =0

(p+1p-32) \" po)o2,

2.3.2. Censored Sample

gy = PP—Y2) r(1+ Zj N 2.

(2.3.1.2.1)

(2.3.1.2.2)

(2.3.1.2.3)

(2.3.1.2.4)

(2.3.1.2.5)

(2.3.1.2.6)

(2.3.1.2.7)

(2.3.1.2.8)

In this section, the situation where the marginal distribution is ‘censored’

Weibull and the conditional distribution is long-tailed symmetric is taken into

consideration.
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2.3.2.1. Estimation of Parameters

The likelihood function for a Type Il censored sample (X(i),y[i])

(1<i<n-r)is

n—r .1 — — f 2 P
nl_r 1‘[[1+(y['] i @(('))] (2.3.2.1.1)

2
Opq i=1 kos g

where y[j]’s are the concomitants of X(j)’s. The log likelihood function is

n-r n-r
. Po _ s P _
InL oc —(n—r)pgInoy +(pg —1)g‘iln X(i) = El 26} =)
n-r e[zl]
(n=r)inco1—p> In|1+ 5| (232.12)
i=1 ko
where
2 =~ and ef] = Y] - 21~ Ok
| 01 | | . 1
Here, the likelihood equations are
_ n-r
oL __(0=NPo  Po'5, po +@z($]0_r) _0, (2.3.2.1.3)

doy o1 =
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olnL  2p "' fi]/o21
a#21 ko, 4 i= 1‘{1+€]/k021

)z 0, (2.3.2.1.4)

2/ 2
oL __(-n, 2p ¥ )/ o 0 (2.3.2.1.5)
0o1 021 Koa1ig (;L+eﬁ]/k022_1)

and

olnL _ 2p " X /021
06 k0'21| 1(1+e /k0'21)

=0. (2.3.2.1.6)

The solution of the equation (2.3.2.1.3) is 61 and is equal to

- %o

6y =11= . (2.3.2.1.7)

i}/ 021
‘;l+ e[zi]/kazz_l)1

(2.3.2.1.4) — (2.3.2.1.6) are diffucult to solve. Therefore, the estimators are

However, because of the function the equations

obtained by using the MML methodology; ajterms and the corresponding
(y[i], x[i])’s are obtained by the procedure explained in section (2.2.2.1). Then, the

likelihood equations are written as

olnL  2p "I &)

= 2 =0,
Oup1 Kooy iz 1 ()
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7 =0
0091 o1 Koa1ig a)
1+~
k
n—-r a
éinL _ 2p X (I)2 _0. (2.3.2.1.8)
00 k621 i=1 a(i)
iy

2
If in (2.3.2.1.8), a(i)/ [1+a(i'()J is denoted by g(a()), the likelihood

equations become:

and

olnL  2p "o
= > glaG))=0,
Oup1 kop1 i ( ('))

olnL _ (n-r), 2p nira(i)g(a(i))=0

0031 o021 koa1i3

olnL _ 2p "Iy
0 "o iglx[,]g(a(,))_o. (2.3.2.1.9)

After linearizing the g(a(j)) functions, the modified likelihood equations

are written as in equations (2.3.2.1.10). In order to see the linearized g(a(i))

function and the corresponding (e, ;) terms, see equation (2.3.1.1.10).

olnL olnL* 2p N=f
= = P Z{ai +ﬂia(i)}=0,
Oupn  Oupy  kopg g

aInL:aInL*z_(n—r)+ 2p Z_:a(i){aiJrﬂia(i)}:O

0op1 0og1 o021 kKoa1i3
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and

olnL _olnL*  2p I
06 ~ 00  kogy ilex[i]{‘)‘i + fiag)f=0. (2.3.2.1.10)

The solutions of the equations displayed in (2.3.2.1.10) are the following
MML estimators:

R - ) L=
fo1=Y[]-K]-F621 2 o
i-1

O=K+Déy1
and
g = {B+\/BZ +4(n— r)C}/Z(n— N
where
IO NS L0 R
V=" = m= E,lﬂi ,
> 61 (i)~ X Y ey - %))
- o B
3 (xi - LA (i) -5 P
B= % éai v -vp7)- < (x5}
and
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o %{ng B, (Y[i] _ )7[_])2 _ Kr_]gﬂi (X[i] — 7[.])Y[i]}- (2.3.2.1.11)

Also, for the MML estimators of u,, o, and p, see equation

(2.3.1.1.13).

2.3.2.2. Sample Information Matrix

The components of the sample information matrix | are given in the
equations (2.3.2.2.1) — (2.3.2.2.8).

2
P=[i]=|- 0L | ij=1234
' 0505 |

81 =061, 8y = flg1,03 =621, 54 =0,

n—r 2n-r 2
£ (“—r)po+po po . Po zZpoJrﬂzpo L TPo” po

l1p =- &12 ?Iﬂz(i)"' ) < i (3‘12 n—r &12 (n-r)
(2.3.2.2.1)
[0 =13 =114 =0, (23.2.2.2)
r[1-a? k)
P r( il 23223
22 . > (2.3.2.2.3)
921 1=l (lJra2 /k)
li]
2
. n—r n—r (1_6‘. k)
|23=k2p D | S S o/ a (2.3.2.2.4)
21 [i=1(q, 42 kj i=1 (1 2 k)
(+am/ rag /
1-a% /k
e
P waﬁ, (2.3.2.2.5)



(2.3.2.2.6)
R 4p n-r a[l]
|34 = 5 Z X(i) 5 (23227)
ko2 i=L (1+a2 /k)
li]
2
) nr (1—a' kj
(o =—2P 5 2 #/ (2.3.2.2.8)

In z(j) and ayj], the unknown parameters are replaced by their MML estimators.

2.4. Marginal and Conditional Distribution is Generalized Logistic

2.4.1. Complete Sample

In section (2.4) both X and Y|X=x are coming from Generalized Logistic

distribution. The probability density function of X is

(2.4.1.1)

and the probability density function of Y|X=x is
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(Y- pon -
b2 exp|: ( 021 ji|
h(y|x) =

b, +1 '
021 _ _ 2
{1+e><p[—(y f‘l @(H}
2.1

where o, 4, 4o 1 and @ are given in equation (1.2.3).

—o<y<wo, by >0

(2.4.1.2)

2.4.1.1. Estimation of Parameters

For a random sample (xi , yi) (1<i<n), the likelihood function is

1 n
—— 3 (Yi—p21-6)

b2 n e C21i=l
b, +1 % b, +1
_(Xi —ﬂl] ! 021 _(Yi —ﬂz.l—@(i] 2

[Tl1+e b o2
i=1 i=1

(2.4.1.1.1)

and the loglikelihood function is,

n
InL=nlInb; —ninoy — >z — (b +1) In(1+e_Zi )+n|nb2—nln02.1

n

i=1 i=1
1 n n
-——>e—(by +1)2|n(1+ e ¢i/021 ) (24.1.1.2)
021i=1 i=1

where

_Xj—
o1

and €j = y; — up 1 —6X;.
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The likelihood equations are

dlnL n (bl+1) e 7

= - = (2.4.1.1.3)
om o1 o _1‘;+e Zi)

n n —Zj
a'”Lz—lJrizzi—(bl*l)zzi = =0, (2.4.1.1.4)
ofes] o1 O1i4 o1 - (1+e ')

n —€j /021

olnL __n —(b2+1)2-e =0, (2.4.1.1.5)
OHp1 O21 021 i:1_1+e_ei/‘72-1_
omL __n 1 ie_ (b2+1)zn: e %i/o21 0 (24.116)
oo o 2~ h —€j /021 T

2.1 21 051i=1 0'21 iz1 W+e

and

olnL 1 an (b2+1)i e 6i/021 0 (24117)
00 021i-1 021 i (:|_+e_ei/‘72.l)

However, the equations (2.4.1.1.3) - (2.4.1.1.4) and (2.4.1.1.5) - (2.4.1.1.7)

€j

—Zj e %21

are diffucult to solve because of the functions and —m——,
1+e7 7 _ S
1+e 921

respectively. Therefore, MML methodology is used.

In order to obtain the corresponding estimators, first w;’s are defined as
w; =i — ¢k (for a given @, 1<i<n). Then, both x() and w(j) values are
ordered in ascending order. Note that since - 1 is a constant, €G) = W(i) — H2.1
and W(i) have the same order. Similarly, since 4 is a constant and o is positive,

X(j) and z(;) have the same order. Also, if a; is defined as e; /o1, then
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©) _ W) ~H2a _ Y[i] — K] —#21
021 o021 021 '

Now, the likelihood equations can be rewritten as

alnL:L_(lerl)ﬁ e 20 o

om o1 o1 i:1[1+ e_z(‘)j

omL  n 10 +1) e “0)
=——+—22<i>—(b1 )Zzwfﬂ%
doy o1 O1i4 o1 ia (1+e Z(I)j
olnL _ n _(b2+1)i e 20) o
OHa1 021 021 i=1(1+e‘a(i)) ’
oInL n 1 by +1) e o)
o T2 Ze(i)_(zz )Ze(i) a0
0071 021 o0° =1 o i=1 (1+e a(l)j
2.1 21
and
oL 1 by +1) 1 e 20
=—Zx[i]—( 2 )ZX[i] ——=0. (2.4.1.1.8)
00 021 i= 021 i=1 (1+e a(l)j
o~ 20) o~20)
If = and (1—_%)) are replaced by gl(Z(i)) and gz(a(i)), the
+e

likelihood functions become
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oinL _ n  (by+1)
OHp1 021 021 iq

ol 0, L Sen-E S g(ap)-0

0021  O21 azlizl ot ia

and

ix[i]gz(a(i))=0- (2.4.1.1.9)

The next step is linearizing the functions gl(Z(i)) around E(Z(i)):tl(i)

and gz(a(i))around E(a(i)):tz(i):

dgg \z(;
gl(z(i))z 91<t1(i))+ (Z(i) —tl(i))m

0 -t
= j _ﬂliz(i) (1S i< n) (2.4.1.1.10)
where
0 ~ty(j)
e —ty; e
wi=—y 2(1+t1(i)+e 1()), Bii R
(1+e- 1<'>j (1+ e 1<'>j
and
“1/b i
(i) =—ln[qi]/ ! —1] % =—"7 (2.4.1.1.11)
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Similarly,

where

and

0 ag)=tap)
—to(i) —to(i)
agi = — (1+t2(i) j Bai _e—z,
_t . _t "
(1+e zmj (1+e zm)
ta(i) :—In[qi_]/bZ —1}, ai :ﬁ. (2.4.1.1.13)

Thus, the modified maximum likelihood equations are obtained as

olnL _olnL* n +1) 2
=~ a1i — PiZ(i) )=
Oty o o1 .z( neo )
olnL _alnL* n )n
0oy ooy o1 61._1 .:1 (051| ik ())

oinL _olnL* _ n (b +1) 3
- agi — Poia(i))=
Otp1  Omp1 021 021 .zzl( ' ' ())

olnL _2JlIn L* n 1 d (b2 +1) n
80_21 0091 021 o2 - (i) o2 le (l)( [ i (|))
21 21
olnL _olnL* 1 2 (by +1) N
= - X[ — it — Ao )=0
o0 06 02.1% ] o El [n](a2| Pai (.))

(2.4.1.1.14)
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The MML estimators which are the solutions of the equations (2.4.1.1.14)

are given below,

i =Ky + Doy,

By ++/B? +4nC;

2n

o1 =

f21=Y[]~ 91[]—%02 1

— B, ++/B2 +4nC,

2n

621 =
and
0=Ky—Dybp1, (2.4.1.1.15)

where

_ 1 i _Sp
= Z,Blu , Dy Z‘{(bﬁl) 1,},m1 g,lﬁlu,

By = (b +1)_Z(X(i) - Kl{ : _ali}’ Cr=(b +1)iﬂ1i (X(i) ~Ki P

i=1

= (b, +1)ZA i1 - v - K2l - %))

i=1

Cz—(bz+1){2ﬂz.(y[.] yi1f —KzZﬂz.( >_<[-]>Y[i]}'

zﬂz.( -V >4 (- %)
Ky = and D, = —=1 ,
;ﬂZi (X[i] - >_<[.])2 Zﬂzu ( X[])



et S - Sy e
[] m, & 2iX[i]+ Y[] my = 2iY[i] + Ai 2i (b2+1)’
A=Y A and my =S fi (2.4.1.1.16)

Also, 4,, 6, and p are obtained as

f1y = i 1 + O + 61y (o) -w )}, 6, =62, +6°67 and p=62.

o,

(2.4.1.1.17)

The iteration procedure in order to compute the MML estimators are
explained in Sazak (2003).

2.4.1.2. Fisher Information Matrix

The components of the 1(z4, 07, 1 1,05 1,60) are given below:

| =Jl( by j, 24121
11 o7 by +2 ( )
l1p = glf(blb—lr Zj[w(bl +1)-y(2)], (24.122)
li3 = 134 = I35 =0, (2.4.1.2.3)

122 = ?ﬁ[ﬂm ey @+ oy +)-w@P | @4124)

lpg =14 =195 =0, (2.4.1.2.5)
nb2
s = , (2.4.1.2.6)
> (by +2)o5
nb2
l3g = ———=——{w(by +1)-y(2)}, (2.4.1.2.7)
(by +2)o54
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nb

I35 :m[ﬂl + oy fw(by) -y )], (2.4.1.2.8)
l4g = Ggl + o 22';022.1 [!//'(b2+1)+ v'(2)+ {w(by +1)—w(2)}2],
(2.4.1.2.9)
|45 = Lz wiby +1) -y )fsa + orly(by) -] (24.12.10)
(bp +2)o54
and
55 = L T
(by +2)05 4
i + 2001 fy (on) -y @)+ 1/ (o0) + '@+ [ (or) -y WP 2.
(2.4.1.2.11)

2.4.1.3. Hypothesis Testing

The parameter & is an indicator of the linear relationship between X and Y.

Therefore, testing Hp:0=0 against H;:6>0 is of great importance. The

corresponding test statistic is

Z= , (2.4.1.3.1)

where V(é) is the variance of 6 under Ho and and its asymptotic value is
obtained by taking the inverse of the Fisher information matrix

(14,01, 1121,02.1,0).
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Note that the null distribution of the test statistic Z is standard normal and

large Z values mean the rejection of Hg. The power properties of the Z-test will

be discussed later.
2.4.1.4. Bias Corrected Least Square Estimators

Location and scale least square (LS) estimators should be corrected for
bias, because instead of estimating the location and scale parameters, they
estimate the mean and the variance of the distribution. Therefore, in this section,
the bias correction procedure will be presented, when both marginal and
conditional distribution are Generalized Logistic. Similar adjustments need to be

done for other distributions.

Now, E(X) and V(X ) in the Generalized Logistic distribution are
E(X)= 4 +o1{y (o) -y (1)}
and
V(X)=o2 (o) - ()} (2.4.1.4.1)
Therefore, the bias corrected LS estimators, /4 | s and 67 | g are

fi s =X =61 s w(by) -y (L))

and

O1Ls = (2.4.1.4.2)

v'(by)+y' (1)

where
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s, - \/izl(xi _xP /(n—l).

Similarly, W and s2, are the LS estimators of E(w) and V(w) (remember that

Wi =Yj —@(i), and

E(W) = sp1 + 021 1w(bz) -y ()}

and

V(w)=0? {y'(by)-y ()} (2.4.1.4.3)

Therefore, the bias corrected LS estimators, 515 and 651 g,are

fo1Ls =W—621 s lw(b)-w()),

Sw (2.4.1.4.4)

o = ,
2.1LS s 0,)i 00

where

7 y—(i;m Ry -7) /j and s, Jz@v W fo-1)

Also, for Y (Y =up1+6K+e, e=w—yy4), ¥ and s§ are the LS estimators of

E(Y) and V(Y), which are given in (2.4.1.4.5):

E(Y) =t +0py1- p? fr(by) - w (1)}

V(Y)= 03|02l (o)« @)+ - o2 Ji (b ) + v () (24.1.45)
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The bias corrected LS estimators, i, | s and 65 | g, are

fig L5 =V~ 62 1s\1- pis (b)) —w()}

e 5y . (2.4.1.46)
M [oRs b o)+ v W)+ B s g+ @)

where,

oy = S0 -0,

i=1

2.4.2. Censored Sample
In this section, the marginal distribution is coming from ‘censored’

Generalized Logistic while the conditional distribution is coming from
Generalized Logistic.

2.4.2.1. Estimation of Parameters

The likelihood function for a Type Il censored sample (X(i),y[i])

(1<ign-r)is

Lo (ﬂjn_rnﬁ L)}bﬁl i F e

°1 i=1 {l+e_z(i)
1 n-r
b, YT e_a Ele[i]
( 2) — (242.11)
021 e[i] 2t
n—r —
[Tj1+e “21
i=1
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where

The log likelihood function is

InLoc—(n—r)Inoy + nirZ(i) —(y +1)niIr In(1+ e_z(i))+ rinfL- F(Z(n_r))]
i=1 i=1
n—r n-r _ i
—(n —r)lnau—i Yefi]-(bp+1)Y Inj1+e 21 | (24.2.1.2)
021 i=1 i=1

The likelihood equations are

olnL _(n-r) (b1+1)z[ e 20 }r r f(z(n—r))

_ .=0,
O o1 o1 14e70 ) o1fl- F(Z(n—r))J
(2.4.2.1.3)
olnL _ (n- - ~2(i)
0oy o1 = o 5V e

r f(z n—r))
LEPYIN ‘E—ro, 24214
o1 Z( )1—F Z(n_r) ( )

oinL _(n-r) (bp+1)" i e Eli]/721
OMa1 021 021 4 [1+ e‘e[i]/GZ-l}

=0, (2.4.2.1.5)

aIan_(n—r)+ 1S _(b2 +1)”—re_ e €lil/o21
9021 021 o051i=1 o i=1 ] [1+e—e[i]/°'2.1}

=0

(2.4.2.1.6)



and

n n—r ]/021
Ol _ 1 X(i —(b2+1)ZX(i) =0. (2.4.2.1.7)
00 02114 o i [1+e ]/021}
~Z(i) flz(n_
However, because of the functions ¢ , ( (n r)) and

o €lil/o21
, the equations (2.4.2.1.3) — (2.4.2.1.7) are diffucult to solve.
(1+ e '/021j

Therefore, the estimators are obtained by using the MML methodology. First,

ajterms and the corresponding concomitants (y[i],x[i])’s are determined by the
e 2(0)

1+e %0

procedure explained in section (2.2.2.1). Then, the functions

f(z n—r)) and i are replaced by gl(Z(i))1 gz(z(n—r)) and
1-Flz(n-r) (1+ e_a(i))

g3(a(;) ) respectively. After that, the likelihood equations become,

oint_{r=1) 23" . )
o oy Zgl( )+01 92(( ))_0,
dinL _ (n-r1) i“ r (b1+1) |

doy oy +01 ,zlz o1 |:Zl (')gl(z('))+

UL Z(n—r)gz(z(n—r)): 0,

1

oinL _(n—r) (b +1)" ng( )

OHp1 021 021 01

oL _ (n-n 1 (by +1)cr
0021 021 0%.1 i=1 lo} i=1
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a(langL _ il_lx[‘] B (b; +1) éx[i]gg’(a(i)): 0. (2.4.2.1.8)

The linearized forms of g1(z()), 92(z(n-r)) and g3la()) functions and

the corresponding (a, ) values are given in the following equations:

dgy zj
gl(z(i)); gl<tl(i))+ (Z(i) _tl(i))%())

0 o=t
= j _ﬂli Z(i) (1S i<n- r) (2.4.2.1.9)

where

agi, P and ty(j) are given in (2.4.1.1.11).

Similarly,

d n—r
92(2nr)= gz(tz(n—r))+ (Z(n—r) _tz(n—r))m

dz(h-r)

=y — Bo2(n-r), (2.4.2.1.10)

where

f '<Z(n—r)11_ F(Z(n—r))]Jr [f (Z(n—r))]2 ‘
[1_ F(Z(n—r))2

P =

Z(n-r)=t2(n-r)

az = gz(z(n—r))+ﬂ22(n—r) at Z(n_r) =t3(n-r);

-1/b r
to(n-r) =_Inlq2(]/n—1r) —1J, d2(n-r) =1—m. (2.4.2.1.11)
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Also,

dgs(ai
93(a(i))E 93(t3(i))+ (a(i) —t3(i))gdLa())

a .
0 lagy=ta
= a3 — B a(i) (1<i<n-r) (2.4.2.1.12)
where
—t3(i) —t3(i)
e e
agj = (1+t3(i) (')) Psi=——5
(1+ e-tsmj (1+ e-ts<i>)
and
i
tagi) = —|n[q3|]/ 2 1] Usi = (2.4.2.1.13)

n+l

The modified likelihood equations are,

olnL _ainL*_(n-r) (b +1)nir(051i —ﬂliz(i))

O Om o1 o1 ia

+L(0‘2 —ﬁzz(n—r)): 0,

o1

oinL _alnL*  (n-r) 17 (p+1)"

=_ +—ZZ Z ()(all - bz ())

80'1 B 60'1 o] U]_I =1 o]

+ L Z(n—r)(az _ﬂzz(n—r)): 0,

01

olnL _alnL* _(n-r) (b, +1)n§(a3i - f3ia(j))=0

Oup1 Oup1 021 021 i
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8InL:8InL*__(n—r)+ 1

0091 0031 021 o34 Ele(,)
by +1)
- (;; ) Zle(i)(“si —ﬂ3ia(i)):0
21

and

ot _oinlx_ 1 S ©r )N pag)=o.

00 00 o g & 4O

(2.4.2.1.14)

The MML estimators which are the solutions of the equations given in
(2.4.2.1.14) are

M =Ky +Dyor,

é1 ={Bl+\/812 +4(n—r)C1}/2(n—r),

. oA A
21 =[]~ K] —m—202.17

A

0=Ky—Dyo71

and

g = {— B, +\/B§ L 4(n-1)C, }/Z(n 1

where
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and

Ky = {(bl +1)n§ﬁ1i X(i) — VB2 X(n—r)} / {(bl +1)n§ﬁ1i - rﬁz} !

i=1 i=1

D, = {(n -1 —(b +1)n§051i +ray }/{(bl +1)r_§ﬂ1i - fﬁz},

i=1

By = (b, +1)§1 (X(i) - Kl{ﬁ—aﬁ}L raZ(X(n—r) —Ky),

Cy = (b +1)n§ B (X(i) - K1)2 —rp2 (X(n—r) - Kl)z ’
i-1

n-r n-r 2
K2 = 2./ (i X v 3. fa i1 -%)
2

D, = __ilAi(xm—f[.]) _%ﬂSi (xi1-%1)

n-r

By =(by +1) XA, {Y[i] -Y[]- KZ(X[i] - Y[.])}

i=1

Cy =(by +1>{r§1r Psi (Y[i] - V[.])2 -K3 ﬁ]z:llrﬂsi (X[i] - i[.])Y[i]};

~ 1 n=r ~ 1 n-r n—r
== VR, X(1=— X[i1, My = -
Y[ ms i=Z:1ﬁ3l Yii]» X[] ms ig,lﬂ?,l [i]» M3 ig,lﬁSl
1 n-r
Aj =asi — b 1 and A = EI_Ai . (2.4.2.1.15)

Also, for the MML estimators of x5, oo and p, see the equation (2.4.1.1.17).

2.4.2.2. Sample Information Matrix

Since Fisher information matrix 1(y,0q,491,01,0) is intractable,

instead of I, the sample information matrix [ is used. The components of | is

given in the following equations:
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2
W 0605

A

O1=f, 0y =01, 03 =[lp1.64=021. 05 =0,

|12 = — Z(; +
6f of =l 6t ia 0 {l+e_z(')}2
r dgz(z(n—r))
9o (2(n_p) )+ —= 2(n_ ) — 7D (9 4.2.2.2)
&12 2( (n r)) 6‘12 n—r dz(n—r)
l13 = [14 = I15 = 0.0, (2.4.2.2.3)
. n—r) 2 =r +1)n=r +1)n=r
I97 ——( = )+ = 2(,)—2(b1A2 ) Z(,)gl(Z(i))+ (blAz ) z(zl)x
o] 1 i=1 o1 i=1 o1 =1
Z(i) dg,lz
e 2r 2 92( (n—r))
T Z(n—r)gz(z(n—r))+ z
[ of 6f 0 G
(2.4.2.2.4)
I3 =104 =95 =0.0, (2.4.2.2.5)
. n-r —a[i]
I35 = (bf;l) y ——— (24.2.2.3)
021 i=1(1+e an
- n—r) (b, +1)N=r 72l by, +1)N' e 2]
|34_(A )_(2 )Z : (? )Za[i >
021 021 i=1(1+e [']) 021 il (1+e a['])
(2.4.2.2.4)
. by +1)"=F e Al
I35 = (b, > ) > XG) (2.4.2.2.5)
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c (n-r) 2 "I 2(by +1)NF e 2]

021 021 i=1 021

+ ag
651 -l H(“e—a[.] ?
A 1 nr by +1)N=r e 2l by +1
|45_,\2 X(I)_(?z )ZXI (?2 )
651 i=1 651 i=1 (1+e [']) 651
n—r e_ai
X(i)a[i]ﬁ (2.4.2.2.7)
(e
and
N (Ve L=
Iss =

(2.4.2.2.8)

In z(j) and ayj], the unknown parameters are replaced by their MML estimators.

Comment: What is very interesting indeed is that the MML estimators have the

same forms irrespective of the underlying marginal and conditional distributions.

It is also clear why these problems remained unsolved because earlier authors

tried maximum likelihood estimation which is enormously problematic in the

situations we have considered in this thesis. Modified maximum likelihood

estimation has made it possible to solve these diffucult problems.

Remark: The Fisher information matrices or the sample information matrices can

be used to determine the variances (and covariances) of the MMLE’s. They give

accurate values even for sample sizes as small as n=20. This is illustrated in the

next chapter, e.g., compare the values given in Tables 3.1.1 and 3.3.1.
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CHAPTER 3

SIMULATION RESULTS AND ILLUSTRATIVE EXAMPLES

In this chapter, the simulation results for both complete and censored
samples are given. The results are performed for 100,000/n Monte Carlo runs and
n is equal to 20, 50 and 100. The case when marginal distribution is Generalized
Logistic and conditional distribution is normal, also the case when both marginal
and conditional distributions are Generalized Logistic are taken into
consideration. However, the simulations can also be done for other location —

scale distributions.

In the censoring situation, samples from the assumed marginal distribution
are censored and r (censoring number) is to be int[0.10*n]. In the simulation
study, the effects of the largest observations (in the marginal distribution) on the
sample size and on the estimators are evaluated. Outliers are created according to

Tiku’s and Dixon’s outlier model.

Note that, in the simulations Cg, which is the total permissible cost, is

n
taken as nc+ngy +oy Zt(i) . It is assumed that ¢+ 4 +o1t() >0, as expected.
i=1

This is essentially saying that the cost of observing the i ordered observation is

directly related to its expected value.

In Dixon’s outlier model, in order to create outliers, a constant is added to

the r of the X-observations, which are randomly selected. However, in Tiku’s
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outlier model, observations are ordered and a constant is added to the largest r of
the observations. In other words, by using Tiku’s outlier model, creating outliers
are guaranteed (See Dixon, 1950; 1953; Hawkins, 1977; Tiku, 1975; 1977).

It should also be mentioned that in the complete sample simulations, the
performance of the MML estimators are compared with the bias corrected LS
estimators by looking at their relative efficiencies. Note that no bias correction is
applied to MML estimators since the sample sizes are large enough and MML
estimators are self bias correcting. Relative efficiencies of the LS estimators
depending on the variance (var) and mean square error (mse=var+bias®) are
calculated. The formula for the corresponding relative efficiencies are given

below,

RE(LS) var = [var(MMLE),/var(LSE)|*100
RE(LS) mse = [mse(MMLE),/mse(LSE)]*100

3.1. Simulation Results when Marginal Distribution is Generalized Logistic

and Conditional Distribution is Normal

In this section, the simulation results for both complete and censored
samples are given, when the marginal distribution is Generalized Logistic and the
conditional distribution is normal (Section 2.1). Also, via the simulations, the
effects of the outliers in X, which are created according to Dixon’s and Tiku’s

outlier model are discussed. During this evaluation, the estimated sample sizes
and the performance of the estimators, /i, 61, fip1, 621, 0, Lo, 69 and pare
evaluated. In the simulations b, 1, o1, (o1, 021, 0,12, oo, and p are taken

to be 4.0, 0.0, 1.0, 0.0, 0.8660, 0.5, 0.9167, 1.0, and 0.5, respectively. The
estimated sample sizes for complete and censored samples are determined subject

to the permissible cost and the formulas for them are,
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Ao = int “o Acens =T+ -
comp — A A _ » tleens — s n=r
c+ iy +61{w(b) - w L)) e in+ L 3
=l
3.1.1)

Here, c is a threshold cost so that the denominator of the equation given in (3.1.1)

is always greater than zero.

Table 3.1.1 Simulation results for complete sample when X~GL, Y|X~normal -

without outliers

n=20
M o1 pp1 o021 0w o2 p n
mean
MMLE 0.064 0.972 -0.001 0.811 0.498 0.920 0.959 0.502 20
mean
LSE 0.048 0.972 -0.001 0.855 0.498 0.912 0.935 0.605 20
variance
MMLE 0.115 0.033 0.114 0.019 0.024 0.061 0.022 0.022 13.309
variance
LSE 0.137 0.044 0.114 0.021 0.024 0.061 0.021 0.025 14.204
RE (LS)
var 83.8 75.3 100.0 89.8 100.0 99.8 104.3 87.8 93.7
RE (LS)
mse 85.5 75.7 100.0 103.9 100.0 99.8 93.4 60.6
n=50
M o1 pp1 o1 O pup op  p n
mean
MMLE 0.039 0.985 0.009 0.844 0.498 0.927 0.982 0.498 50
mean
LSE 0.032 0.985 0.009 0.862 0.498 0.924 0.943 0.615 50
variance
MMLE 0.045 0.013 0.047 0.007 0.009 0.026 0.009 0.008 29.510
variance
LSE 0.057 0.018 0.047 0.008 0.009 0.026 0.008 0.010 30.606
RE (LS)
var 78.9 71.2 100.0 96.1 100.0 99.6 106.3 86.3 96.4
RE (LS)
mse 80.2 71.6 100.0 102.1 100.0 99.8 78.8 36.3
n=100
m o1 g1 o1 O up op  p n
mean
MMLE 0.007 1.000 0.001 0.855 0.502 0.925 0.995 0.504 100
mean
LSE 0.006 0.999 0.001 0.864 0.502 0.923 0.950 0.624 100
variance
MMLE 0.022 0.007 0.023 0.004 0.004 0.012 0.004 0.004 53.727
variance
LSE 0.027 0.009 0.023 0.004 0.004 0.012 0.004 0.005 56.444
RE (LS)
var 79.6 69.9 100.0 97.4 100.0 97.5 107.9 87.5 95.2
RE (LS)
mse 79.6 69.9 100.0 100.3 100.0 97.7 65.7 20.8
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Table 3.1.2 Simulation results for complete sample when X~GL, Y|X~normal -
Dixon’s outlier model (2.0 is added to the r of the X-observations)

n=20

M o1 Hp1 021 0wy op  p n
mean
MMLE 0.082 1.066 -0.002 0.807 0.500 1.016 0.980 0.540 18
mean
LSE 0.052 1.076 -0.002 0.850 0.500 1.010 0.956 0.647 18
variance
MMLE 0.122 0.034 0.114 0.019 0.020 0.062 0.022 0.020 8.532
variance
LSE 0.149 0.045 0.114 0.021 0.020 0.062 0.021 0.021 8.825
RE (LS)
var 81.6 74.0 100.0 90.1 100.0 100.3 103.3 92.9 96.7
RE (LS)
mse 84.5 74.2 100.0 105.5 100.0 101.9 96.3 49.8
n=50
T R L - n
mean
MMLE 0.059 1.077 0.009 0.844 0.498 1.022 1.005 0.532 45
mean
LSE 0.054 1.079 0.009 0.861 0.498 1.021 0.964 0.650 45
variance
MMLE 0.050 0.013 0.043 0.007 0.007 0.024 0.009 0.007 19.871
variance
LSE 0.061 0.018 0.043 0.007 0.007 0.024 0.008 0.008 20.089
RE (LS)
var 81.4 71.3 100.0 95.9 100.0 99.6 106.3 91.1 98.9
RE (LS)
mse 83.2 77.4 100.0 102.4 100.0 100.1 91.6 27.2
n=100
m o1 1 o1 9w o p n
mean
MMLE 0.048 1.081 -0.002 0.854 0.500 1.013 1.013 0.533 90
mean
LSE 0.048 1.083 -0.002 0.863 0.500 1.015 0.967 0.654 90
variance
MMLE 0.024 0.007 0.024 0.004 0.004 0.012 0.004 0.004 37.678
variance
LSE 0.029 0.009 0.024 0.004 0.004 0.012 0.004 0.004 38.301
RE (LS)
var 82.6 75.3 100.0 97.4 100.0 99.2 107.3 94.9 98.4
RE (LS)
mse 83.8 84.4 100.0 100.8 100.0 98.3 88.4 17.2

In Tables 3.1.1 — 3.1.5, complete sample results are given while in Tables
3.1.6 - 3.1.10, censored sample results are displayed. Since the conditional

distribution is normal, it is seen that the MML and LS estimators, /1,

&, 1and @, which are coming from the conditional distribution perform similarly.

In Table 3.1.1, the performance of the estimators are displayed for

complete sample without outliers. It is seen that MML estimators have negligible
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bias. The MML estimators [, 61, flp, 6o and p are more efficient than LS
estimators and their efficiencies increase as sample size increases. Also,
considering the estimated sample sizes, it is observed that the estimated sample

sizes are equal to the actual values.

Table 3.1.3 Simulation results for complete sample when X~GL, Y|X~normal -

Dixon’s outlier model (4.0 is added to the r of the X-observations)

n=20
M o1 pp1 o1 9 up o2 p n
mean
MMLE -0.034 1.224 -0.002 0.811 0.502 1.107 1.028 0.595 16
mean
LSE -0.187 1.320 -0.002 0.854 0.502 1.118 1.025 0.724 16
variance
MMLE 0.128 0.033 0.100 0.019 0.012 0.061 0.021 0.014 6.140
variance
LSE 0.173 0.046 0.100 0.021 0.012 0.061 0.022 0.012 5.748
RE (LS)
var 73.6 72.1 100.0 89.8 100.0 100.8 95.9 114.6 106.8
RE (LS)
mse 61.9 56.1 100.0 104.1 100.0 96.0 96.7 36.9
n=50
N - N - - . n
mean
MMLE -0.069 1.232 0.005 0.843 0.499 1.098 1.048 0.586 42
mean
LSE -0.190 1.320 0.005 0.861 0.499 1.118 1.029 0.725 41
variance
MMLE 0.047 0.014 0.038 0.008 0.005 0.024 0.009 0.006 14.561
variance
LSE 0.068 0.020 0.038 0.008 0.005 0.024 0.009 0.005 13.373
RE (LS)
var 69.0 68.5 100.0 96.2 100.0 100.4 95.6 114.6 108.9
RE (LS)
mse 49.6 55.1 100.0 102.3 100.0 88.2 111.1 23.2
n=100
# o1 M1 021 0w o2 p n
mean
MMLE -0.082 1.232 0.001 0.857 0.500 1.089 1.057 0.582 84
mean
LSE -0.205 1.326 0.001 0.865 0.500 1.113 1.034 0.727 82
variance
MMLE 0.024 0.006 0.018 0.004 0.002 0.013 0.004 0.003 30.426
variance
LSE 0.034 0.009 0.018 0.004 0.002 0.013 0.004 0.002 27.325
RE (LS)
var 69.7 68.8 100.0 97.4 100.0 101.6 100.0 122.7 111.3
RE (LS)
mse 40.0 52.1 100.0 99.7 100.0 82.9 139.7 17.5

Tables 3.1.2 and 3.1.3 show that outliers in X, created with respect to the

Dixon’s outlier model, affect the estimators significantly. The performance of the
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estimators, especially the LS estimators, deteriorate which means they have larger
bias and variance. Also, considering the efficiencies, it is seen that the MML

estimators fy, &1, fio, 6o and p are more advantageous than LS estimators.

Also, the estimated sample sizes are smaller than the actual ones.
Therefore, it is understood that the outliers in X make it impossible to observe the

required sample sizes subject to fixed cost.

Table 3.1.4 Simulation results for complete sample when X~GL, Y|X~normal -
Tiku’s outlier model (2.0 is added to the largest r of the X-observations)

n=20
iz o1 M1 021 O w02 p n
mean
MMLE -0.093 1.141 -0.005 0.809 0.501 0.996 1.001 0.569 18
mean
LSE -0.362 1.306 -0.005 0.852 0.501 1.013 1.019 0.720 18
variance
MMLE 0.112 0.032 0.090 0.019 0.013 0.061 0.021 0.015 9.130
variance
LSE 0.141 0.045 0.090 0.021 0.013 0.062 0.022 0.013 8.807
RE (LS)
var 79.3 69.8 100.0 89.9 100.0 99.0 92.0 114.2 103.7
RE (LS)
mse 44.3 37.1 100.0 104.9 100.0 95.0 90.6 31.5
n=50
M o1 Hp1 o1 O up  op  p n
mean
MMLE -0.127 1.151 -0.006 0.843 0.503 0.990 1.027 0.563 46
mean
LSE -0.384 1.318 -0.006 0.861 0.503 1.016 1.031 0.727 45
variance
MMLE 0.042 0.012 0.035 0.007 0.005 0.025 0.008 0.005 20.769
variance
LSE 0.055 0.019 0.035 0.007 0.005 0.026 0.008 0.005 19.641
RE (LS)
var 76.6 62.8 100.0 95.9 100.0 98.4 90.4 114.9 105.7
RE (LS)
mse 28.8 28.8 100.0 102.5 100.0 86.7 89.0 16.7
n=100
Y - A N n
mean
MMLE -0.141 1.154 -0.001 0.854 0.500 0.986 1.033 0.558 93
mean
LSE -0.396 1.324 -0.001 0.863 0.500 1.014 1.031 0.727 90
variance
MMLE 0.023 0.006 0.018 0.004 0.003 0.011 0.004 0.003 37.366
variance
LSE 0.032 0.009 0.018 0.004 0.003 0.012 0.005 0.002 34.339
RE (LS)
var 73.3 66.0 100.0 97.4 100.0 99.1 93.3 120.8 108.8
RE (LS)
mse 22.8 26.1 100.0 100.8 100.0 77.2 96.1 11.6
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Table 3.1.5 Simulation results for complete sample when X~GL, Y|X~normal -
Tiku’s outlier model (4.0 is added to the largest r of the X-observations)

n=20
H o1 M1 021 9w o2 p n
mean
MMLE -0.286 1.341 0.006 0.811 0.499 1.089 1.061 0.630 17
mean
LSE -0.870 1.694 0.006 0.855 0.499 1.120 1.144 0.803 16
variance
MMLE 0.110 0.030 0.073 0.019 0.007 0.060 0.019 0.011 6.336
variance
LSE 0.146 0.045 0.073 0.021 0.007 0.060 0.024 0.006 5.822
RE (LS)
var 75.4 67.0 100.0 90.1 100.0 98.8 80.4 172.6 108.8
RE (LS)
mse 21.2 27.9 100.0 103.7 100.0 87.9 51.5 28.1
n=50
M o1 Hp1 o1 0wy op  p n
mean
MMLE -0.308 1.338 -0.002 0.842 0.501 1.073 1.080 0.621 43
mean
LSE -0.884 1.700 -0.002 0.859 0.501 1.117 1.153 0.808 41
variance
MMLE 0.044 0.012 0.029 0.008 0.003 0.024 0.008 0.004 15.067
variance
LSE 0.059 0.018 0.029 0.008 0.003 0.024 0.010 0.002 13.250
RE (LS)
var 75.0 64.5 100.0 96.2 100.0 99.2 81.3 173.9 113.7
RE (LS)
mse 16.6 24.8 100.0 103.0 100.0 75.0 43.0 19.3
n=100
H op M1 021 9w o2 p n
mean
MMLE -0.319 1.339 0.001 0.854 0.499 1.067 1.087 0.615 86
mean
LSE -0.891 1.704 0.001 0.863 0.499 1.116 1.154 0.806 82
variance
MMLE 0.023 0.006 0.015 0.003 0.001 0.014 0.003 0.002 31.452
variance
LSE 0.032 0.010 0.015 0.003 0.001 0.014 0.005 0.001 27.586
RE (LS)
var 73.0 59.8 100.0 97.1 100.0 97.9 75.6 166.7 114.0
RE (LS)
mse 15.1 23.9 100.0 100.8 100.0 67.8 38.4 16.0

Similar to the previous two tables, Table 3.1.4 and 3.1.5 exhibit the effects
of the outliers (in X) on the means and variances of the estimators. But, it should
be noted that for these cases, outliers are created with respect to the Tiku’s outlier
model. As expected, the estimators become biased and they have larger variances
when compared to the estimators obtained from the complete sample without
outliers. However, it is easily seen that the MML estimators have superiority in

the efficiencies compared to the LS estimators. Similarly, it is once again well
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understood that the outliers enormously increase the cost of observing the
required sample sizes. In other words, it is seen that with a fixed budget it
becomes impossible to observe as many observations as we want when there are

outliers in the sample.

The performance of the estimators, obtained from the censored sample
without outliers (Table 3.1.6) bear a strong resemblance to the performance of the
estimators, obtained from the complete sample without outliers ( Table 3.1.1). The
mean and variance differences observed in the aforesaid tables are unimportant,
and furthermore, the estimated sample sizes are more than the actual ones, which
means a high amount of money is saved by not observing the largest r

observations.

Table 3.1.6 Simulation results for censored sample when X~GL, Y|X~normal -

without outliers

n=20

7 oy pHp1 021 O ty o2 P n

mean
MMLE 0.074 0.960 -0.001 0.803 0.502 0.918 0.958 0.492 26

variance
MMLE 0.113 0.034 0.156 0.021 0.049 0.066 0.027 0.035 25.090

7 op My Opq7 O Hy 02 P n

mean
MMLE 0.028 0.986 -0.002 0.845 0.499 0.914 0.986 0.495 65

variance
MMLE 0.046 0.014 0.057 0.008 0.017 0.027 0.011 0.013 53.064

n=100

7 op  Mp1 o1 O Hy 02 P n

mean
MMLE 0.007 0.997 0.005 0.855 0.496 0.915 0.992 0.496 130

variance
MMLE 0.023 0.007 0.030 0.004 0.009 0.014 0.006 0.007 109.641

In Tables 3.1.7 and 3.1.8, the effects of the outliers in X (created under the
Dixon’s outlier model) on the performance of the estimators and the sample sizes
are presented. Accordingly, it is obvious that censoring improves the performance
of the estimators, when there are outliers in the sample. Additionally, it will not be

wrong to mention that censoring does not harm the performance of the estimators
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even when there exist no outliers in the data set. Also, when the results displayed
in Tables 3.1.3 and 3.1.8 are compared, it is realized that with a fixed budget,
censoring increases the accessible sample size from 16, 42 and 84 to 26, 65 and

130, respectively.

Table 3.1.7 Simulation results for censored sample when X~GL, Y|X~normal -

Dixon’s outlier model (2.0 is added to the r of the X-observations)

n=20

1z or pp1 021 9w o2 p n
mean
MMLE 0.072 0.962 0.006 0.805 0.497 0.918 0.958 0.489 26
variance

MMLE 0.115 0.033 0.151 0.020 0.046 0.067 0.026 0.035 24.477

n=50
M o1 M1 o1 9w op  p n
mean
MMLE 0.031 0.985 -0.006 0.842 0.503 0.917 0.985 0.498 65
variance
MMLE 0.045 0.014 0.056 0.008 0.017 0.028 0.012 0.013 54.194
n=100
o1 M1 o1 O pup o2 p n
mean
MMLE 0.007 0.996 -0.001 0.855 0.500 0.915 0.993 0.499 130
variance

MMLE 0.022 0.007 0.026 0.004 0.008 0.014 0.006 0.006 106.914

Table 3.1.8 Simulation results for censored sample when X~GL, Y|X~normal
Dixon’s outlier model (4.0 is added to the r of the X-observations)

n=20
M oy pHp1 o1 0wy o2 p n
mean
MMLE 0.078 0.956 -0.001 0.805 0.501 0.916 0.957 0.490 26
variance
MMLE 0.111 0.033 0.154 0.020 0.046 0.069 0.026 0.033 24.451
n=50
t op  Mp1 o021 O wp o2 p n
mean
MMLE 0.022 0.988 0.008 0.838 0.496 0.915 0.980 0.496 65
variance
MMLE 0.046 0.014 0.058 0.008 0.017 0.027 0.011 0.014 52.306
n=100
M o1 M1 o1 0y op  p n
mean
MMLE 0.020 0.990 0.010 0.857 0.491 0.911 0.990 0.490 130
variance

MMLE 0.024 0.007 0.026 0.004 0.008 0.015 0.005 0.007 105.348
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Tables 3.1.9 and 3.1.10 exhibit the simulation results for censored X, when
it includes outliers. In fact, the performance of these estimators are almost the
same as the performance of the estimators obtained from the censored sample
without outliers (Table 3.1.6). The reason for this superior performance is related
to the outlier creation procedure. Since, in Tiku’s outlier model a constant is
added to the largest observations, in the censoring procedure, they become the

ones that are censored.

Table 3.1.9 Simulation results for censored sample when X~GL, Y|X~normal -

Tiku’s outlier model (2.0 is added to the largest r of the X-observations)

n=20
M o1 g1 o1 O pup op  p n
mean
MMLE 0.069 0.961 -0.001 0.806 0.498 0.911 0.959 0.489 26
variance
MMLE 0.117 0.034 0.148 0.020 0.046 0.070 0.027 0.034 27.027
n=50
M o1 pHp1 o021 0w o2 p n
mean
MMLE 0.026 0.986 0.007 0.842 0.498 0.920 0.983 0.495 65
variance
MMLE 0.048 0.014 0.055 0.009 0.017 0.028 0.011 0.013 57.461
n=100
o1 pp1 o021 0w o2 p n
mean
MMLE 0.010 0.999 0.000 0.852 0.499 0.919 0.991 0.501 130

variance
MMLE 0.023 0.007 0.027 0.004 0.008 0.014 0.005 0.007 96.933

Comparing the results given in Tables 3.1.5 and 3.1.10, it is seen that the
accessible sample sizes increase dramatically. Indeed, from 17, 43 and 86 to 26,
65 and 131, while the actual sample sizes are also equal to 20, 50 and 100,

respectively.

By combining the results of the Section 3.1, it can be said with confidence
that the MML estimators perform better than the LS estimators. The performance
gap between the estimators increases as sample size increases and when the

sample contains outliers.
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Also, the other important result is that not observing a few largest x-

observations leads to advantageous results.

Table 3.1.10 Simulation results for censored sample when X~GL, Y|X~normal -
Tiku’s outlier model (4.0 is added to the largest r of the X-observations)

n=20
7 o1 pHp1 Op1 0O Hy o2 P n
mean
MMLE 0.073 0.964 0.000 0.802 0.501 0.922 0.957 0.493 26
variance
MMLE 0.115 0.035 0.152 0.020 0.040 0.069 0.027 0.034 23.702
n=50
7 oy pHp1 Op1 O Uy 02 P n
mean
MMLE 0.033 0.986 -0.001 0.843 0.502 0.923 0.986 0.499 65
variance
MMLE 0.047 0.014 0.054 0.008 0.01lo 0.027 0.011 0.013 54.729
n=100
W o1 pp1 o1 0O Hy O P n
mean
MMLE 0.009 0.991 0.002 0.855 0.501 0.917 0.993 0.498 131

variance
MMLE 0.024 0.007 0.029 0.004 0.009 0.013 0.005 0.007 104.667

3.2. Simulation Results when Both Marginal and Conditional Distributions

are Generalized Logistic

In this section, the estimated sample sizes and the performance of the

A

estimators, [y, 61, o1, G621, 0, fp, 69 and pare evaluated for both

complete and censored sample when both marginal and conditional distribution
are Generalized Logistic (Section 2.4). Also, how these estimators and the

estimated sample size are affected from the largest X observations is another
question of interest. In the simulations by, by, 14, o1, t21, 021, 0,4y, o5,
and p are taken to be 4.0, 4.0, 0.0, 1.0, 0.0, 0.8660, 0.5, 0.9167, 1.0, and 0.5,

respectively. The formulas for the estimated sample sizes for complete and

censored samples are
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A =int ~0 n - E
o = I - » Neens = 5, N=r
¢+ i +61ly(by)-w () C+ﬂ1+% 2.4)
=l
(3.2.1)

Here, C is the permissible cost and c is a threshold cost as before.

Table 3.2.1 Simulation results for complete sample when X~GL, Y|X~GL -

without outliers

n=20
M o1 pHp1 o021 O w02 p n
mean
MMLE 0.051 0.980 0.087 0.819 0.506 1.021 0.977 0.500 20
mean
LSE 0.032 0.981 0.044 0.843 0.499 0.998 0.979 0.493 20
variance
MMLE 0.110 0.032 0.210 0.024 0.040 0.109 0.029 0.030 13.009
variance
LSE 0.130 0.043 0.251 0.032 0.047 0.122 0.037 0.036 13.794
RE (LS)
var 84.7 75.0 83.7 74.1 83.8 89.3 78.7 84.2 94.3
RE (LS)
mse 86.0 75.3 86.1 79.6 83.8 93.1 79.2 84.1
n=50
M o1 pp1 o1 O pup op  p n
mean
MMLE 0.020 0.991 0.032 0.846 0.505 0.960 0.990 0.503 50
mean
LSE 0.017 0.988 0.016 0.856 0.502 0.950 0.990 0.499 50
variance
MMLE 0.044 0.012 0.081 0.010 0.013 0.045 0.011 0.011 28.549
variance
LSE 0.054 0.017 0.098 0.013 0.016 0.054 0.015 0.014 29.731
RE (LS)
var 82.3 71.5 82.5 70.9 81.0 83.7 77.2 79.0 96.0
RE (LS)
mse 82.6 71.4 83.3 73.3 81.1 85.3 77.4 79.1
n=100
M o1 pp1 o1 O up op  p n
mean
MMLE 0.008 0.999 0.012 0.856 0.504 0.938 0.997 0.504 100
mean
LSE 0.002 1.001 0.007 0.859 0.502 0.937 0.996 0.504 100
variance
MMLE 0.024 0.007 0.036 0.005 0.006 0.022 0.006 0.005 56.006
variance
LSE 0.030 0.010 0.045 0.007 0.007 0.026 0.008 0.007 59.106
RE (LS)
var 78.9 68.4 80.7 67.1 78.1 82.8 71.8 74.3 94.8
RE (LS)
mse 79.0 68.4 80.9 67.9 78.2 83.2 71.8 74.3
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The mean and variance of the MML and LS estimators obtained from the
complete sample without outliers is given in Table 3.2.1. It is seen that MML
estimators have superiority compared to the LS estimators and it is seen that their
efficiencies increase as sample size increases. Additionally, the estimated sample

sizes are equal to the actual values.

Table 3.2.2 Simulation results for complete sample when X~GL, Y|X~GL -

Dixon’s outlier model (2.0 is added to the r of the X-observations)

n=20

H op M1 021 0w o2 p n
mean
MMLE 0.084 1.066 0.071 0.825 0.506 1.103 1.004 0.531 18
mean
LSE 0.058 1.074 0.025 0.851 0.499 1.079 1.009 0.525 18
variance
MMLE 0.127 0.033 0.217 0.024 0.032 0.113 0.030 0.026 8.201
variance
LSE 0.153 0.044 0.267 0.035 0.039 0.133 0.039 0.032 8.423
RE (LS)
var 83.1 75.5 81.2 69.9 82.6 85.4 75.9 82.4 97.4
RE (LS)
mse 85.9 76.0 82.9 74.2 82.7 93.1 75.8 83.7
n=50
B o1 My o1 0w o2 p n
mean
MMLE 0.054 1.082 0.030 0.848 0.503 1.056 1.015 0.535 45
mean
LSE 0.049 1.084 0.020 0.855 0.499 1.051 1.014 0.531 45
variance
MMLE 0.048 0.013 0.077 0.010 0.011 0.043 0.011 0.010 19.855
variance
LSE 0.059 0.017 0.096 0.013 0.014 0.050 0.015 0.013 19.939
RE (LS)
var 81.8 74.0 80.3 70.9 79.0 85.5 73.7 78.5 99.6
RE (LS)
mse 83.4 80.1 80.9 72.8 79.1 91.1 74.2 81.6
n=100
B o1 My o1 0w o2 p n
mean
MMLE 0.043 1.081 0.019 0.860 0.500 1.030 1.019 0.529 91
mean
LSE 0.045 1.081 0.011 0.866 0.498 1.028 1.020 0.527 90
variance
MMLE 0.025 0.007 0.038 0.005 0.005 0.020 0.006 0.005 39.732
variance
LSE 0.031 0.010 0.049 0.007 0.007 0.024 0.008 0.006 40.614
RE (LS)
var 80.6 72.6 77.8 71.0 75.4 82.4 74.1 74.2 97.8
RE (LS)
mse 81.2 83.8 78.3 71.5 75.3 89.8 74.9 78.7
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From Tables 3.2.2 and 3.2.3 it is understood that outliers in X (created
with respect to Dixon’s outlier model) have detrimental effects on the estimators,
especially on the LS estimators. Considering the estimated sample sizes, it is clear
that outliers increase the cost of observing the sample. Because of those outliers, it
is seen that with a fixed budget, one can only observe 84% of the required sample
(Table 3.2.3).

Table 3.2.3 Simulation results for complete sample when X~GL, Y|X~GL -

Dixon’s outlier model (4.0 is added to the r of the X-observations)

n=20

H o1 M1 021 9w o p n
mean
MMLE -0.033 1.225 0.071 0.819 0.510 1.199 1.046 0.594 16
mean
LSE -0.187 1.322 0.032 0.845 0.502 1.194 1.076 0.611 16
variance
MMLE 0.127 0.034 0.178 0.024 0.019 0.110 0.029 0.019 6.035
variance
LSE 0.175 0.046 0.217 0.033 0.024 0.127 0.040 0.023 5.656
RE (LS)
var 72.9 72.7 82.2 71.8 82.2 87.0 73.8 80.9 106.7
RE (LS)
mse 61.2 56.3 84.1 77.3 82.6 93.5 69.0 77.7
n=50
M oy Mpy o1 0w o2 p n
mean
MMLE -0.073 1.233 0.027 0.847 0.504 1.130 1.056 0.587 42
mean
LSE -0.196 1.323 0.013 0.856 0.501 1.146 1.084 0.610 41
variance
MMLE 0.050 0.013 0.070 0.010 0.007 0.047 0.011 0.007 14.928
variance
LSE 0.068 0.018 0.087 0.014 0.009 0.054 0.016 0.009 13.632
RE (LS)
var 73.2 69.6 80.3 67.1 79.1 87.3 66.5 76.6 109.5
RE (LS)
mse 51.7 54.7 81.0 69.1 79.3 86.6 60.1 68.7
n=100
M o1 M1 o1 9 pup op  p n
mean
MMLE -0.066 1.229 0.003 0.860 0.505 1.108 1.064 0.583 84
mean
LSE -0.184 1.318 -0.004 0.862 0.505 1.133 1.090 0.610 82
variance
MMLE 0.026 0.007 0.033 0.005 0.004 0.022 0.006 0.004 30.391
variance
LSE 0.036 0.009 0.044 0.007 0.005 0.026 0.008 0.005 27.053
RE (LS)
var 71.9 72.8 74.7 70.8 75.5 83.7 66.3 79.2 112.3
RE (LS)
mse 43.4 53.3 74.6 71.2 75.7 80.3 57.9 63.5
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Table 3.2.4 Simulation results for complete sample when X~GL, Y|X~GL -
Tiku’s outlier model (2.0 is added to the largest r of the X-observations)

n=20
H o1 M1 021 9w o2 p n
mean
MMLE -0.103 1.147 0.069 0.822 0.511 1.089 1.024 0.568 18
mean
LSE -0.375 1.314 0.037 0.848 0.497 1.089 1.073 0.602 18
variance
MMLE 0.111 0.031 0.173 0.024 0.021 0.111 0.027 0.019 8.711
variance
LSE 0.142 0.045 0.203 0.034 0.026 0.128 0.039 0.025 8.345
RE (LS)
var 78.4 67.6 85.3 70.8 83.5 87.1 70.1 77.6 104.4
RE (LS)
mse 43.1 36.4 87.1 75.8 83.9 89.7 62.9 67.7
n=50
H o1 M1 021 9w o2 p n
mean
MMLE -0.130 1.156 0.026 0.847 0.507 1.034 1.035 0.565 46
mean
LSE -0.390 1.325 0.016 0.855 0.502 1.056 1.084 0.611 45
variance
MMLE 0.045 0.012 0.062 0.010 0.007 0.044 0.010 0.007 21.704
variance
LSE 0.061 0.020 0.076 0.014 0.009 0.053 0.015 0.009 20.281
RE (LS)
var 73.5 61.7 81.2 70.3 80.2 82.6 66.9 75.0 107.0
RE (LS)
mse 29.0 29.2 81.8 72.3 80.7 79.6 51.2 51.5
n=100
H op M1 021 9w o2 p n
mean
MMLE -0.128 1.152 0.022 0.858 0.500 1.015 1.036 0.556 92
mean
LSE -0.381 1.321 0.014 0.864 0.498 1.038 1.086 0.605 90
variance
MMLE 0.022 0.006 0.033 0.005 0.003 0.023 0.005 0.003 39.956
variance
LSE 0.030 0.010 0.041 0.007 0.004 0.028 0.008 0.005 37.035
RE (LS)
var 74.2 63.3 79.8 67.6 78.0 84.7 63.9 72.3 107.9
RE (LS)
mse 21.9 26.0 80.5 68.5 78.0 77.9 41.9 41.9

Like Tables 3.2.2 and 3.2.3, Tables 3.2.4 and 3.2.5 also exhibit the effects
of the X — outliers (created with respect to the Tiku’s outlier model) on the means
and variances of the estimators. Similar to the previous two tables, it is seen that
biases and the variances of the estimators have increased when compared to the
ones obtained from the complete samples without outliers. Also, it is observed
that MML estimators are more efficient than LS estimators. Additionally, once

again the adverse effects of outliers on the cost of observing the required sample
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sizes are easily noticed. Estimated sample sizes which are obtained by using

MML estimators are nearly 85% of the required sample sizes (Table 3.2.5).

However, if LS estimators are used in the estimation procedure this percentage

decreases to 82%.

Table 3.2.5 Simulation results for complete sample when X~GL, Y|X~GL -

Tiku’s outlier model (4.0 is added to the largest r of the X-observations)

n=20
7 oy Hpg o037 0 Hy O3 P n
mean
MMLE -0.287 1.344 0.052 0.824 0.516 1.176 1.089 0.636 17
mean
LSE -0.879 1.701 0.022 0.851 0.503 1.189 1.208 0.704 16
variance
MMLE 0.113 0.030 0.144 0.024 0.012 0.108 0.026 0.013 6.164
variance
LSE 0.150 0.046 0.169 0.033 0.014 0.125 0.040 0.015 5.662
RE (LS)
var 75.5 64.7 85.2 72.6 85.3 86.3 64.2 88.6 108.9
RE (LS)
mse 21.2 27.6 86.6 77.6 87.1 87.9 40.5 56.1
n=50
7 op  up1 o321 O Hy O3 P n
mean
MMLE -0.315 1.341 0.034 0.849 0.503 1.113 1.090 0.619 43
mean
LSE -0.890 1.703 0.027 0.856 0.498 1.155 1.206 0.701 41
variance
MMLE 0.044 0.011 0.0560 0.009 0.004 0.044 0.010 0.005 15.517
variance
LSE 0.059 0.019 0.069 0.013 0.006 0.051 0.017 0.006 13.816
RE (LS)
var 73.5 60.3 81.7 70.7 78.2 86.1 59.0 88.3 112.3
RE (LS)
mse 16.8 24.9 82.5 72.2 78.3 76.4 30.2 41.8
n=100
7 op  Hpg o271 0 Hy O3 P n
mean
MMLE -0.322 1.341 0.008 0.857 0.504 1.087 1.094 0.618 86
mean
LSE -0.897 1.709 0.010 0.858 0.501 1.139 1.213 0.706 82
variance
MMLE 0.021 0.00060 0.028 0.005 0.002 0.020 0.005 0.003 29.902
variance
LSE 0.029 0.010 0.034 0.007 0.003 0.025 0.009 0.003 26.209
RE (LS)
var 72.3 60.4 80.6 68.7 80.8 81.5 61.2 86.2 114.1
RE (LS)
mse 15.0 23.9 80.6 69.3 81.5 66.2 26.2 36.5
In Table 3.2.6, the simulation results are given for censored samples

without outliers. Comparing the results with the ones obtained from the complete
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sample without outliers, it is easily noticed that the performances of the estimators
are similar. As expected and seen in the previous sections, censoring has increased
the bias and the variance, but in a small amount. Also, considering the estimated

sample sizes, it is observed that they increased substantially.

Table 3.2.6 Simulation results for censored sample when X~GL, Y|X~GL -

without outliers

n=20
o1 g1 o1 0w o p n
mean
MMLE 0.060 0.964 0.092 0.847 0.501 1.005 1.004 0.467 26
variance

MMLE 0.116 0.033 0.266 0.029 0.072 0.126 0.038 0.047 26.353

n=50
M 01 Hpy o021 0w o2 p n
mean
MMLE 0.030 0.981 0.033 0.876 0.497 0.943 1.015 0.476 65
variance

MMLE 0.044 0.013 0.094 0.012 0.026 0.050 0.015 0.018 52.692

n=100
W o1 M1 o211 O Hy O p n
mean
MMLE ~0.017 0.993 0.015 0.887 0.498 0.928 1.021  0.481 130
variance

MMLE 0.022 0.006 0.050 0.006 0.012 0.027 0.008 0.008 98.365

Table 3.2.7 Simulation results for censored sample when X~GL, Y|X~GL -
Dixon’s outlier model (2.0 is added to the r of the X-observations)

n=20

H op M1 031 0 Hp O2 p n
mean
MMLE 0.101 1.048 0.083 0.844 0.504 1.104 1.024  0.502 24
variance

MMLE 0.125 0.036 0.276 0.029 0.060 0.126 0.040 0.042 16.431

n=50
H op M1 o021 0w o2 p n
mean
MMLE 0.057 1.074 0.011 0.878 0.507 1.039 1.044 0.517 59
variance
MMLE 0.051 0.015 0.096 0.011 0.021 0.051 0.015 0.016 36.801
n=100
H op M1 o021 0w o2 p n
mean
MMLE 0.045 1.081 0.005 0.885 0.502 1.022 1.044 0.516 118
variance
MMLE 0.027 0.007 0.051 0.006 0.011 0.026 0.008 0.008 72.491
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Table 3.2.8 Simulation results for censored sample when X~GL, Y|X~GL -
Dixon’s outlier model (4.0 is added to the r of the X-observations)

n=20

H or  pp1 o1 O o2 p n
mean
MMLE 0.017 1.154 0.066 0.848 0.509 1.154 1.058 0.543 23
variance
MMLE 0.131 0.043 0.252 0.029 0.047 0.129 0.042 0.036 15.295
n=50
1z o pp1 o1 O o2 p n
mean
MMLE -0.039 1.189 0.024 0.873 0.502 1.099 1.068 0.554 57
variance
MMLE 0.055 0.019 0.093 0.012 0.017 0.049 0.017 0.014 31.419
n=100
H op  Hp1 O21 0w oz p n
mean
MMLE -0.058 1.203 0.011 0.884 0.501 1.087 1.075 0.558 113
variance
MMLE 0.029 0.012 0.045 0.006 0.008 0.026 0.008 0.007 64.748

Table 3.2.9 Simulation results for censored sample when X~GL, Y|X~GL -
Tiku’s outlier model (2.0 is added to the largest r of the X-observations)

n=20
m oy gy o1 O Hy 02 P n
mean
MMLE 0.074 0.957 0.094 0.844 0.500 1.000 1.000 0.466 26
variance

MMLE 0.118 0.034 0.274 0.030 0.073 0.125 0.039 0.047 25.258

n=50
o1 M1 o1 0w op  p n
mean
MMLE 0.021 0.990 0.024 0.877 0.499 0.941 1.018 0.480 65
variance

MMLE 0.043 0.014 0.098 0.012 0.026 0.051 0.015 0.018 50.465

n=100
p o1 po1 o1 0wy o2 p n
mean
MMLE 0.009 0.993 0.014 0.883 0.496 0.920 1.018 0.481 131
variance

MMLE 0.024 0.007 0.051 0.006 0.014 0.025 0.008 0.010 111.474

Tables 3.2.7 - 3.2.10 show the simulation results for censored X, when the
sample contains outliers. Accordingly, it is obvious that censoring improves the
performance of the estimators, when there are outliers in the sample. Also, when

the results obtained from complete and censored samples are compared, once
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again it is observed that censoring results in saving a great amount of money. It
can be understood from the corresponding tables, because in those tables

estimated sample sizes are more than the actual sample sizes.

Table 3.2.10 Simulation results for censored sample when X~GL, Y|X~GL -
Tiku’s outlier model (4.0 is added to the largest r of the X-observations)

n=20
m op  up1 o1 0 Hy 02 p n
mean
MMLE 0.075 0.960 0.093 0.849 0.498 1.004 1.003 0.462 26
variance
MMLE 0.114 0.034 0.275 0.029 0.075 0.122 0.038 0.049 25.699
n=50
m oy ppy o1 0 Hy 02 P n
mean
MMLE 0.021 0.988 0.031 0.875 0.501 0.948 1.017 0.481 65
variance
MMLE 0.046 0.014 0.099 0.012 0.025 0.052 0.015 0.018 57.996
n=100
w01 Hpg o1 O Hy 02 P n
mean
MMLE 0.005 0.998 0.007 0.885 0.500 0.924 1.022 0.485 130

variance
MMLE 0.024 0.007 0.048 0.006 0.012 0.026 0.008 0.009 108.679

Summarizing the results of Section 3.2, it can be said that MML estimators
are more efficient than LS estimators. Also, the efficiency of MML estimators
increases as sample size increases and when the sample contains outliers.
Furthermore, censoring a few largest X-observations leads to advantageous
results. In other words, from the simulations it is understood that censoring never
increases the cost of observing the required sample sizes, on the contrary, it

decreases especially when there are outliers in the sample.

3.3. Accuracy of the Fisher Information Matrix

In Tables 3.3.1 — 3.3.6, the minimum variance bounds (MVB) of the
estimators are displayed for both complete and censored samples when marginal
and conditional distributions are generalized logistic and normal, respectively
(See Chapter 2 for the derivations). In Table 3.3.1, the MVB’s are obtained by
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using Fisher information matrix. However, for censored samples since it is
diffucult to take the expectation of concomitant terms, instead of obtaining Fisher
information matrix, the sample information matrices are used. Therefore, MVB’s

given in Tables 3.3.2 — 3.3.6 are based on sample information matrices.

Table 3.3.1 MVB’s for complete sample when X~GL, Y|X~normal

/J1 o M1 021 0
n=20 0.112 0.032 0.103 0.019 0.019
n=50 0.045 0.013 0.041 0.007 0.008
n=100 0.022 0.006 0.021 0.004 0.004

Table 3.3.2 MVB’s for censored sample when X~GL, Y|X~normal - without

outliers
7 o1 421 021 0
n=20 0.109 0.033 0.134 0.019 0.041
n=50 0.045 0.013 0.053 0.008 0.016
n=100 0.023 0.007 0.024 0.004 0.008

Table 3.3.3 MVB’s for censored sample when X~GL, Y|X~normal - Dixon’s

outlier model (2.0 is added to the r of the X-observations)

ﬂl o1 H2.1 021 0
n=20 0.109 0.034 0.134 0.019 0.041
n=50 0.045 0.014 0.054 0.008 0.016
n=100 0.022 0.007 0.026 0.004 0.008

Table 3.3.4 MVB’s for censored sample when X~GL, Y|X~normal - Dixon’s
outlier model (4.0 is added to the r of the X-observations)

ﬂl o1 H2.1 021 0
n=20 0.108 0.034 0.135 0.019 0.041
n=50 0.045 0.014 0.053 0.008 0.016
n=100 0.023 0.007 0.026 0.004 0.008

As it is seen from the tables, the simulated variances of the estimators are

close to MVB values and also they are getting closer as sample size increases.
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Table 3.3.5 MVB’s for censored sample when X~GL, Y|X~normal - Tiku’s

outlier model (2.0 is added to the largest r of the X-observations)

/J1 o M1 021 0
n=20 0.110 0.033 0.132 0.019 0.041
n=50 0.045 0.014 0.053 0.008 0.016
n=100 0.022 0.007 0.027 0.004 0.008

Table 3.3.6 MVB’s for censored sample when X~GL, Y|X~normal - Tiku’s

outlier model (4.0 is added to the largest r of the X-observations)

ﬂl o1 H2.1 021 0
n=20 0.109 0.033 0.133 0.018 0.041
n=50 0.045 0.014 0.054 0.008 0.016
n=100 0.023 0.007 0.027 0.004 0.008

The MVB’s of the estimators when both marginal and conditional

distributions are generalized logistic are given in Tables 3.3.7 — 3.3.12. Similar to

the previous case, for complete sample the MVB’s are obtained from the Fisher

information matrix (Table 3.3.7), while for censored samples they are obtained by

using the sample information matrices (Table 3.3.8 — 3.3.12).

From the results it is once again understood that it will give no harm to

use the simulated variances instead of asymptotic variances.

Table 3.3.7 MVB’s for complete sample when X~GL, Y|X~GL

ﬂl o1 H2.1 021 0
n=20 0.112 0.032 0.182 0.024 0.029
n=50 0.045 0.013 0.073 0.010 0.012
n=100 0.022 0.006 0.036 0.005 0.006

Table 3.3.8 MVB’s for censored sample when X~GL, Y|X~GL - without outliers

ﬂl o1 H2.1 021 0
n=20 0.102 0.044 0.238 0.026 0.065
n=50 0.043 0.018 0.093 0.010 0.025
n=100 0.022 0.008 0.047 0.005 0.012
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Table 3.3.9 MVB’s for censored sample when X~GL, Y|X~GL - Dixon’s outlier

model (2.0 is added to the r of the X-observations)

/J1 o M1 021 0
n=20 0.122 0.040 0.255 0.029 0.056
n=50 0.051 0.017 0.096 0.011 0.021
n=100 0.025 0.007 0.050 0.006 0.011

Table 3.3.10 MVB’s for censored sample when X~GL, Y|X~GL - Dixon’s outlier

model (4.0 is added to the r of the X-observations)

ﬂl o1 H2.1 021 0
n=20 0.141 0.052 0.238 0.029 0.046
n=50 0.058 0.025 0.092 0.012 0.017
n=100 0.032 0.014 0.045 0.006 0.008

Table 3.3.11 MVB’s for censored sample when X~GL, Y|X~GL - Tiku’s outlier

model (2.0 is added to the largest r of the X-observations)

ﬂl o1 H2.1 021 0
n=20 0.102 0.040 0.242 0.025 0.066
n=50 0.043 0.016 0.093 0.010 0.025
n=100 0.023 0.009 0.047 0.005 0.012

Table 3.3.12 MVB’s for censored sample when X~GL, Y|X~GL - Tiku’s outlier

model (4.0 is added to the largest r of the X-observations)

ﬂl o1 H2.1 021 0
n=20 0.104 0.040 0.238 0.025 0.065
n=50 0.042 0.016 0.093 0.010 0.025
n=100 0.022 0.008 0.047 0.005 0.012

3.4. Simulated Powers of the Test Statistic Z

In section 3.4, the simulated powers of the test statistic, Z, presented in

(2.4.1.3.1) are given for complete samples when marginal and conditional

distributions are Generalized Logistic. Also, the effects of the outliers in the

marginal distribution X are evaluated. The outliers are created according to the

Dixon’s outlier model, by multiplying the randomly selected 10% X values by 4.0.

b; and b, denote the shape parameters for marginal and conditional distributions.
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Figure 3.4.1: Power curves for complete sample, without outliers and with 10%
outliers in X, for b;=b,=0.5, n=50.

power curve for n=50 b1=h2=4.0 for complete sample power curve for n=50 b1=b2=4.0 for complete sample
without outliers with 10% outliers in x
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Figure 3.4.2: Power curves for complete samples, without outliers and with 10%
outliers in X, for b;=b,=4.0, n=50.

power curve for n=50 b1=h2=8.0 for complete power curve for n=50 b1=b2=8.0 for complete sample
sample without outliers with 10% outliers in x
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Figure 3.4.3: Power curves for complete sample, without outliers and with 10 %

outliers in X, for b;=b,=8.0, n=50.

From the Figures 3.4.1 - 3.4.3, it is easily seen that test statistic (for testing
Hp :6=0 against H;:6>0) obtained by using MML estimators has higher
power than the test statistic obtained by using LS estimators. This situation is true
for both complete samples with and without outliers. This was to be expected
because the MML estimators are more efficient than the LS estimators; see
Sundrum (1954).
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3.5. llustrative Examples

3.5.1. Real Life Example 1

Woolson (1981) did research about a psychiatric disease and psychiatric

inpatients who are admitted to the University of lowa hospitals in the period 1935

— 1948 are taken into consideration. The information included in the data are age

of the patients when they are at first admitted to the hospital, sexuality and

number of years of follow-up. Then, this data is used in order to see whether that

psychiatric disesase has an effect on the lifetimes of the patients.

The years from admission to death (X) and the age of death (Y) are given

in Table 3.5.1.1. Also, it is obvious that as the follow up time of the patients

increases, the cost of the research rises.

Table 3.5.1.1. Woolson data

i 1 2 3 4 5 6 7
1 1 2 22 28 32 11

Y 52 59 57 50 47 57 59
i 8 9 10 11 12 13 14
14 25 22 26 24 35 40

61 61 63 69 69 67 76

It is reasonable to consider the distribution of X as Generalized Logistic

(with shape parameter equal to 0.5) and Y as normal. This is due to the fact that

b=0.5 maximizes (I/n)InL, L is the likelihood function evaluated at z4 = i and

o1 = 04. The Q-Q plots of the variables are given in Figure 3.5.1.1 — 3.5.1.2.
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Figure 3.5.1.2. Q-Q plot of the standardized residuals for Woolson data

The MML and LS estimators and the estimated sample sizes for the
complete sample are given in Table 3.5.1.2. Also, the table includes the results
after censoring the highest X and the corresponding Y observations. Although X
has no outliers, it is seen that censoring has minor positive effects on the

available sample size.
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Table 3.5.1.2. MML and LS estimators for Woolson data

wm oy upy opq 0 Hy o2 p n

Complete sample

MMLE 27.551 5.225 54.743 6.860 0.285 60.526 7.019 0.212 Co/(c+20.31)

LSE  29.883 6.975 54.743 7.409 0.285 60.500 6.587 0.452 Co/(c+20.21)

Censored sample (n-r=13)

MMLE 27.310 5.201 56.353 6.369 0.158 59.530 6.422 0.128 Co/(c+19.28)

The parametric bootstrap variances of the estimators before and after
censoring are given in Table 3.5.1.3. It is seen that variances of the estimators
increase after censoring, but not excessively. Therefore, from Tables 3.5.1.2 and
3.5.1.3, it can be concluded that censoring does no harm. In fact, it reduces the
cost substantially because the largest observation is the most expensive to
observe. This coincides with the results obtained in Section 3.1 and 3.2. Also,
from complete sample results, it is seen that MML estimators are much more

efficient than the LS estimators.

Table 3.5.1.3. Parametric bootstrap variances of the estimators for Woolson data

7 oy My o1 O Hy o2 p n

Complete sample

var

MMLE 10.223 1.552 15.490 1.676 0.027 4.401 1.607 0.018 8.208
var

LSE 12.112 3.658 15.490 1.955 0.027 4.461 1.541 0.053 9.083

RE (LS) 84.4 42.4 100.0 85.7 100.0 98.7 104.3 34.8 90.4

Censored sample (n-r=13)

var
MMLE 10.345 1.597 17.567 1.812 0.036 4.582 1.733 0.023 12.35

The similarity in the performance of MML and LS estimators coming
from the conditional distribution is because of the fact that conditional distribution

is normal.
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3.5.2. Real Life Example 2

In the following data obtained from Gross and Clark (1975), U represents

100 times the white blood counts and Y represents the survival times (in weeks) of

patients who died of acue myelogenous leukemia.

Table 3.5.2.1. Gross and Clark data

i 1 2 3 4 5 6 7 8
U 7.5 23 26 43 54 60 70 94
Y 156 65 134 100 39 16 143 56
i 9 10 11 12 13 14 15 16
U 100 105 170 320 350 520 1000 1000
Y 121 108 4 26 22 S) 1 1

In Tiku and Vaughan (2000) it is mentioned that the seventeenth data point
(U,Y) = (1000,65) is an outlier and therefore it is removed. Also, the distribution

of U is considered as Weibull with p=0.8 and the distribution of Y is taken as

normal. This is also understood from the Q-Q plots of U and the standardized

residuals given in Figures 3.5.2.1 — 3.5.2.2.
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Figure 3.5.2.1. Q-Q plot of U when p=0.8
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Figure 3.5.2.2. Q-Q plot of the standardized residuals for Gross and Clark data

MML and LS estimators for complete sample and MML estimators for

censored sample (after censoring the highest U and the corresponding Y

observations) are given in the Table 3.5.2.2. From the table it is seen that

censoring has not changed the estimates so widely.

Table 3.5.2.2. MML and LS estimators for Gross and Clark data

0

o1 H2.1 021 H2 o2 P
Complete sample
MMLE 214.392 88.870 42.359 -0.108 62.690 48.252 -0.479
LSE 228.479 88.870 45.284 -0.108 62.313 47.303 -0.627
Censored sample (n-r=15)
MMLE 232.404 90.710 43.226 -0.124 58.079 51.942 -0.555

The parametric bootstrap variances of the estimators for complete and

censored samples are given in Table 3.5.2.3. From the results it is seen that for

complete sample MML estimators are more efficient than LS estimators. Also, it

is observed that censoring increases the variances of the estimators in some

amount.
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Table 3.5.2.3. Parametric bootstrap variances of the estimators for Gross and
Clark data

o1 421 021 0 1 P P

Complete sample

var

MMLE 4569.54 218.11 54.82 0.003 178.37 77.10 0.04
var

LSE 6945.60 218.11 62.65 0.003 177.99 71.91 0.05

RE (LS) 65.8 100.0 87.5 100.0 100.2 107.2 81.6

Censored sample (n-r=15)

var
MMLE 4853.14 271.36 60.07 0.006 201.05 106.65 0.07

Note that since the conditional distribution is normal the MML and LS

estimators obtained from that distribution perform similarly.

3.5.3. Real Life Example 3

In the literature there exist so many studies that investigate whether the
dividend payment of a company has an effect on its market capitalization. In the
table below, data of the 24 companies which are included in the index ISE100
(Istanbul Stock Exchange) and which paid dividend for the year 2005 is given. X
denotes the dividend ratio (total amount of dividend paid/total profit) while Y
denotes the annual change in the market capitalization of the firms between the
years 2005 — 2006. Data is obtained from ISE website. Another related study is
done by Topcu (2008). In her study, she investigated whether the dividend

payment of a company has an effect on the price of the stocks.

Table 3.5.3.1. Firm data

i 1 2 3 4 5 6 7 8
X 7539 33.02 3754 79.01 1.87 29.17 83.67 40.98
Y 1191 1589 -444 1921 -3091 -2224 6231 -4.71
i 9 10 11 12 13 14 15 16
X 33.19 43.04 4750 1482 26.47 33.42 102.61 66.50
Y 23.50 20.88 056 -449 -1946 -29.48 7273 17.39
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Table 3.5.3.1. Firm data (continued)

i 17 18 19 20 21 22 23 24
X 70.90 18.27 7494 2381 8532 3525 78.22 73.64
Y -22.14 8.82 3.42 6.74 59.02 7254 -429 -2.42

It is approriate to consider the distributions of X and Y as generalized

logistic with shape parameter equal to 1.0 and normal, respectively. Note that the
value b=1.0 maximizes (I/n)Iin L. Also, see Figure 3.5.3.1 — 3.5.3.2 for the Q-Q
plots.
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Figure 3.5.3.1. Q-Q plot of X when b=1.0

From its Q-Q plot, X seems to have no outliers in it. The MML and LS
estimators for both complete and censored samples are given in Table 3.5.3.2. In
the censoring procedure the highest two X - observations and the corresponding Y

values are removed.
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Figure 3.5.3.2. Q-Q plot of the standardized residuals for firm data

Table 3.5.3.2. MML and LS estimators for firm data

H o1 Ho1 021 0 12 o2 P
Complete sample
MMLE 49.803 16.337 -17.345 25.516 0.552 10.126 27.061 0.333
LSE 50.356 14.948 -17.345 26.651 0.552 10.431 24.005 0.498
Censored sample (n-r=22)
MMLE 49.898 16.768 -9.078 24.067 0.312 6.484 24.628 0.212

In Table 3.5.3.3 the parametric bootstrap variances of the estimators are

presented. Similar to the first real life example, it is seen that censoring increases

the variances of the estimators (other than i ), because there are no outliers in X.

Also, MML estimators are more efficient than LS estimators.

Note that since the conditional distribution is normal, the MML and LS

estimators obtained from that distribution perform similarly.
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Table 3.5.3.3. Parametric bootstrap variances of the estimators for the firm data

0

H o1 H2.1 021 H2 02 P

Complete sample

Var

MMLE 33.549 7.948 116.345 13.244 0.036 37.154 12.765 0.015

Var

LSE 35.972 8.513 116.345  14.448 0.036 37.853  11.444 0.025

RE (LS) 93.3 93.4 100.0 91.7 100.0 98.2 111.5 60.0

Censored sample (n-r=22)

Var

MMLE 33.129 8.538 145.918  14.500 0.055 40.772  14.421 0.021
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CHAPTER 4

CONCLUSION

Let X and Y be random variables and Y depends on X=x, which is a very
common situation in many real life applications and in these situations non-
normal situations occur frequently. However, when the marginal or conditional
distributions are non-normal, ML estimation technique leads to problems.
Therefore, statistical methods which give efficient results under non-normal
distributions are needed. For these cases, using Tiku’s MML estimation
technique, which linearizes the intractable terms in the likelihood equations, is
very useful. Note that the MML estimators are easy to compute and are explicit
functions of sample observations. Also, they have the same forms irrespective of

the underlying marginal and conditional distributions.

The aim of this thesis is to evaluate the effect of the largest order statistics

X (i=n-r)inarandom sample of size n

(1 on the mean E(X) and variance V(X) of X,
(i) on the cost of observing the x-observations, and
(iii)  on the conditional mean E(Y|X=x) and variance V(Y|X=x),

(iv)  on the regression coefficient

for the distributions coming from p-family, Weibull and Generalized Logistic. It
is shown that unduly large x-observations have detrimental effects on (i)-(iv). The

advantages of not observing a few largest observations are also evaluated.
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In the simulations, the case when marginal distribution is Generalized
Logistic and conditional distribution is normal, also the case when both marginal
and conditional distributions are Generalized Logistic are taken into consideration
for both complete and censored samples. But, the simulations can also be done for
other location — scale distributions. In the censoring situation, samples from the
assumed marginal distribution are censored and r (censoring number) is to be
int[0.10*n]. In the simulation study, the effects of the largest observations (in the
marginal distribution) on the sample size and on the estimators are evaluated.

Outliers are created according to Tiku’s and Dixon’s outlier model.

A cost constraint for observing X=x is defined and it is assumed that the

larger x is the more expensive it becomes. In the simulations Cg, which is the

n
total permissible cost, is taken as nc+nuy +oy > t). It is assumed that
i=1

c+ ,ul+0'1t(1)>0, as expected. This is essentially saying that the cost of

observing the i ordered observation is directly related to its expected value.

In the complete sample simulations, the performance of the MML
estimators are compared with the bias corrected LS estimators by looking at their
relative efficiencies. Note that no bias correction is applied to MML estimators
since the sample sizes are large enough and MML estimators are self bias
correcting. Also, it is seen that simulated variances of the MML estimators are

close to the MVB’s even for small n.

From the simulations it is understood that the outliers in X increase the
cost of observing the required sample sizes, in other words they make it
impossible to observe the required sample sizes subject to fixed cost. Besides, the
estimators become biased and they have larger variances when compared to the
estimators obtained from the complete sample without outliers. Also, it can be

said with confidence that the MML estimators perform better than the LS
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estimators. The performance gap between the estimators increases as sample size

increases and when the sample contains outliers.

The other important result is that not observing a few largest x-
observations leads to advantageous results, especially when the sample contains
outliers. It is seen that the performance of the estimators, obtained from the
censored sample without outliers bear a strong resemblance to the performance of
the estimators, obtained from the complete sample without outliers. The increase
in the bias and the variance is in a small amount. When the results obtained from
complete and censored samples are compared, it is seen that esitimated sample
sizes increase substantially. In other words it can be said that censoring results in

saving a great amount of money.
Finally from the simulations it is easily seen that test statistic obtained by

using MML estimators has higher power than the test statistic obtained by using

LS estimators.
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APPENDIX

PROGRAM

WHEN BOTH MARGINAL AND CONDITIONAL DISTRIBUTIONS

ARE GENERALIZED LOGISTIC

hhkrkhkhkhk kA hhk A hhkhhkhkrhkhkhhhkhhkrhhkhhkhkrhkhkhkhdkhkrhhkhkhhkrhkhkhkhkrhkhkrhkkrkhkrkhkxkhkkhkxkx*k

Written by Oya CAN MUTAN, 2009, Ankara

hhkrkhkkhk kA hhk A hhkhhkhkrhkhkhkhhkhhkrhhkhkhhkrhkhkhkhdkhhkrhkhkhhkrhkhkhkhkrhkhkrhkkhkhkrxkhkxkhkkxkx*k

use numerical libraries

real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real
real

bl,mul,sigmal,b2,mu2l,sigma2, rho,teta,sigma2l,mu2,ul (100)
x(100),u2(100),y(100), sumx, sumy, xbar, ybar, sxy, Sxx, syy
LSEsigmal, LSEmul, LSEteta, LSErho,wls (100) , sumwls, wlsbar
swwls, LSEsigma2l, LSEmu2l, LSEsigmaZ2, LSEmu2, orderx, concoy
g(100),t1(100),alfal (100),bbetal (100),ml,deltal (100),deltall
ddl, kkl,bbl,ccl,MMLEsigmal, MMLEmul, MMLEteta (3),w(2,100)
wo,cx,cy,t2(100),alfa2(100),bbeta2(100),m2,delta2 (100)
sumcy, sumcx, cybar, cxbar, k2num, k2den, d2num, kk2,dd2,bb2, cc2
MMLEsigma2l, MMLEmu21l,MMLEmu2, ss,MMLEsigma2, MMLErho,delta22
avMMLEmul (10000) ,avMMLEsigmal (10000) , avMMLEmu21 (10000)
avMMLEsigma21 (10000) ,avMMLEteta (10000) ,avLSEmul (10000)
avLSEsigmal (10000),avLSEmu2l (10000),avLSEsigma2l (10000)
avLSEteta (10000),t teta(10000),t teta LSE(10000),tetah(10000)
mu21lh (10000),sigma21h(10000) ,mulh(10000),cO

sigmalh (10000) ,mu2h (10000) ,sigma2h (10000), rhoh (10000)
sumtetah, summu2lh, sumsigma2lh, summulh, sumsigmalh, summu2h
sumsigmazh, sumrhoh, simtetahbar, simmu2lhbar, simsigma2lhbar
simmulhbar, simsigmalhbar, simmu2hbar, simsigma2hbar, simrhohbar
varnumtetah, varnummu2lh, varnumsigma2lh, varnummulh
varnumsigmalh, varnummu2h, varnumsigma2h, varnumrhoh, vartetah
varmu2lh,varsigma2lh,varmulh,varsigmalh, varmu2h, varsigmazh
varrhoh,t teta count,t teta count LSE,tetaLSE(10000)

mu2lLSE (10000),sigma2lLSE (10000),mulLSE (10000)

sigmalLSE (10000) ,mu2LSE (10000),sigma2LSE (10000), rhoLSE (10000)
sumtetalSE, summu21lLSE, sumsigma2lLSE, summulLSE, sumsigmalLSE
summu2LSE, sumsigma2LSE, sumrhoLSE, power

power LSE,simtetalLSEbar,simmu2lLSEbar
simsigma2lLSEbar, simmulLSEbar, simsigmalLSEbar, simmu2LSEbar
simsigma2LSEbar, simrhoLSEbar, varnumtetalSE, varnummu2l1LSE
varnumsigma2lLSE, varnummulLSE, varnumsigmalLSE, varnummu2LSE
varnumsigma2LSE, varnumrhoLSE, vartetalSE, varmu21LSE
varsigma2lLSE, varmulLSE, varsigmalLSE, varmu2LSE, varsigma2LSE
varrhoLSE, nhead,nh (10000) , sumnh, simnhbar, varnumnh, varnh
psid 1,psid 2,psid bl,psid blplusl,psid b2,psid b2plusl

e (100) ,nheadLSE, nhLSE (10000) , sumnhLSE, simnhbarLSE
simnhbarLSE2, varnumnhLSE, varnhLSE, remul, resigmal, remu?2
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real resigma?2,rerho,ren,MVBmul,MVBsigmal, MVBmu2l,MVBsigma2l
real MVBteta,vartetaMMLHo, vartetalLSHo

real xc(100),yc(100),orderxc,concoyc, sumxc, sumyc, xbarc

real ybarc,sxyc,sxxc,LSEtetac,qgc(100),tc(100),alfac(100),sumalfac
real bbetac(100), fc, fpc,Fcdfc,beta2c,alfa2c, sumbxc, mmc

real deltalc(100), knumc, kdenc, kkc, dnumc, ddc,bblc,bbc,cclc

real ccc,MMLEsigmalc,MMLEmulc, nheadc,MMLEtetac (3),wc(2,100),woc
real cxc,cyc,g2c(100),t2c(100),alfa22c(100),bbeta22c(100),m22c
real delta22c(100),sdelta22c, sumcyc, sumcxc, cybarc, cxbarc, k22numc
real k22denc,d22numc, kk22c,dd22c,bb22c,cc22c,MMLEsigma2lc

real MMLEmu2lc,MMLEmu2c, ssc,MMLEsigma2c,MMLErhoc, tetahc (10000)
real mu2lhc(10000),sigma2lhc(10000),mulhc(10000),sigmalhc (10000)
real mu2hc(10000), sigma2hc(10000), rhohc(10000),nhc(10000)

real sumtetahc, summu2lhc, sumsigma2lhc, summulhc, sumsigmalhc

real summu2hc, sumsigma2hc, sumrhohc, sumnhc, simtetahbacr

real simmu2lhbarc,simsigma2lhbarc, simmulhbarc, simsigmalhbarc
real simmu2hbarc, simsigma2hbarc, simrhohbarc, simnhbarc, simnhbar2c
real varnumtetahc,varnummu2lhc, varnumsigma2lhc, varnummulhc

real varnumsigmalhc,varnummu2hc, varnumsigma2hc, varnumrhohc

real varnumnhc,vartetahc,varmu2lhc,varsigma2lhc,varmulhc

real varsigmalhc,varmu2hc,varsigma2hc,varrhohc,varnhc,eec (100)
real ac(100),eac(100),ea2c(100),z2c(100),glzc(100),fzc, fzpc,Fzcdfc
real g2zc,g2pc,slc,s2c,s3c,sz2c,sglzc,szglc, sumac, sumeac, sumea2c
real sumaeac, sumaeal2c, sumazea2c, sumxeac, sumxea2c, sumx2ea2c

real sumxaea2c,MVBmulhc,MVBsigmalhc,MVBmu2lhc,MVBsigma2lhc

real MVBtetahc,MVBmulc (10000),MVBsigmalc (10000),MVBmu2lc (10000)
real MVBsigma2lc (10000),MVBtetac (10000), sumMVBmulc, sumMVBsigmalc
real sumMVBmu2lc, sumMVBsigma2lc, sumMVBtetac, simMVBmulbarc

real simMVBsigmalbarc, simMVBmu2lbarc,simMVBsigma2lbarc

real simMVBtetabarc, sumtc, tbarc

integer n,nn,scount,s,order,resul,no,no2,r,n2,orderc, resulc

parameter (LDA=5, LDAINV=5, NA=5)
real A(LDA,LDA),AINV (LDAINV,LDAINV)

parameter (LDB=5, LDBINV=5, NB=5)
real B (LDB,LDB),BINV (LDBINV,LDBINV)

parameter (LDC=5, LDCINV=5, NC=5)
real C(LDC,LDC),CINV (LDCINV,LDCINV)

parameter (LDD=5, LDDINV=5, ND=5)
real D(LDD,LDD),DINV (LDDINV,LDDINV)

open (unit=1,file="'C:\oya\PHD\program\XglYXxgl\all\all.txt")
print*, 'enter n'
read*,n

r=int (0.1*n)
n2=n-r

nn=int (100000.0/ (n*1.0))

bl=4.0
mul=0.0
sigmal=1.0
b2=4.0
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mu21=0.0

sigma2=1.0

rho=0.5

teta=rho* (sigma2/sigmal)

sigma2l=sigma2*sqrt (1.0-rho**2.0)
mu2=mu2l+teta* (mul+sigmal* (psi(bl)-psi(1.0)))

psid 1=1.6449
psid 2=0.6449

if(bl.eg.0.1) then

psid bl1=101.4316

psid blplusl=1.4333
else if(bl.eqg.0.2) then
psid bl=26.2674

psid blplusl=1.2672
else if(bl.eq.0.5) then
psid b1=4.9348

psid blplusl=0.9348
else if(bl.eqg.1.0) then
psid bl=1.6449

psid blplusl=0.6449
else if(bl.eq.2.0) then
psid b1=0.6449

psid blplusl=0.3949
else if(bl.eqg.3.0) then
psid bl=0.3949

psid blplusl1=0.2838
else if(bl.eq.4.0) then
psid b1=0.2838

psid blplusl=0.2213
else if(bl.eq.6.0) then
psid b1=0.1813

psid blplusl=0.1535
else if(bl.eqg.8.0) then
psid bl=0.1331

psid blplusl=0.1175
endif

if(b2.eg.0.1) then

psid b2=101.4316

psid b2plusl=1.4333
else 1if(b2.eq.0.2) then
psid b2=26.2674

psid b2plusl=1.2672
else if(b2.eq.0.5) then
psid b2=4.9348

psid b2plusl=0.9348
else 1f(b2.eq.1.0) then
psid b2=1.6449

psid b2plusl=0.6449
else if (b2.eqg.2.0) then
psid b2=0.6449

psid b2plusl=0.3949
else if(b2.eq.3.0) then
psid b2=0.3949

psid b2plusl=0.2838
else 1f(b2.eq.4.0) then
psid b2=0.2838

psid b2plusl=0.2213
else if(b2.eq.6.0) then
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psid b2=0.1813

psid b2plusl=0.1535
else if(b2.eq.8.0) then
psid b2=0.1331

psid b2plusl=0.1175
endif

C(1,1)=(

C(1,2)=C(1,1)*(psi(bl+1.0)-psi(2.0))

C(1,3)=0.0

C(1,4)=0.0

C(1,5)=0.0

C(2,1)=C(1,2)

C(2,2)=(l.O*n)/(sigmal**2.0)+C(l,l)*(psid_blplusl+psid_2+
& (psi(bl+1.0)-psi(2.0))**2.0)

C(2,3)=0.0

C(2,4)=0.0

C(2,5)=0.0

C(3,1)=C
C(3,2)=C(2,3)
C(3,3)=(n*1.0*b2)/ ((b2+2.0)* (sigma21**2.0))
C(3,4)=C(3,3)*(psi(b2+1.0)-psi(2.0))
C(3,5)=C(3,3)*(mul+sigmal* (psi(bl)-psi(1.0)))

C(4,1)=C(1,4)
C(4,2)=C(2,4)
C(4,3)=C(3,4)
C(4,4)=(n*l.0/(sigmaZl**Z.O))+C(3,3)*(psid_b2plusl+psid_2

&+ (psi(b2+1.0)-psi(2.0))**2.0)
C(4,5)=C(3,3)*(psi(b2+1.0)-psi(2.0))* (mul+sigmal*
& (psi(bl)-psi(1.0)))

CALL LINRG (NC,C,LDC,CINV,LDCINV)
MVBmul=CINV (1,1)
MVBsigmal=CINV (2, 2)
MVBmu21=CINV (3, 3)

MVBsigma21=CINV (4, 4)
MVBteta=CINV (5,5)

do 1000 s=1,nn
scount=s
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generating x (i) from generalized logistic distribution

call rnun(n,ul)
do i=1,n

x (i)=mul-sigmal*alog((ul(i)**(-1.0/bl))-1.0)
enddo

no=int (0.5+0.10*n)
do i=1,no

X (1i)=x(i)+2.0
x(1)=x(1)+4.0

order=1

c5 if (order.eqg.l) then
order=0

do 8 i=1,n-1

if (x(i).gt.x(i+1l)) then
orderx=x (1)

X (1)=x(i4+1)

X (i+1)=orderx
order=1

endif

c8 continue

go to 5

endif

no=0.1*n
no2=n-no+1

do i=no2,n
X(1)=x(1)+4.0
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call rnun(n,u?2)

do i=1,n
e(i)=-alog((u2(i)**(-1.0/b2))-1.0)
enddo

do i=1,n
y(i1)=(mu2l+teta*x(i))+sigma2l*e (i)
enddo

do i=1,n

xc (1)=x(1)

yc (i)=y (1)

enddo

sumx=0.0
sumy=0.0

do i=1,n
sumx=sumx+x (i)
sumy=sumy+y (i)
enddo

xbar=sumx/ (n*1.0)
ybar=sumy/ (n*1.0)

sxy=0.0
sxx=0.0
syy=0.0

do i=1,n
sxy=sxy+ (x (1) -xbar) * (y (i) -ybar)
SxxX=sxx+ (x (1) -xbar) **2.0
syy=syy+(y (1) -ybar) **2.0

enddo

LSEsigmal=sqrt ((sxx/(1.0*n-1.0))/(psid bl+psid 1))
LSEmul=xbar-LSEsigmal* (psi(bl)-psi(1.0))
LSEteta=sxy/sxx

LSErho=sxy/ (sqgrt (sxx*syy))

do i=1,n
wls (i)=y (i) -LSEteta*x (i)
enddo

sumwls=0.0
do i=1,n
sumwls=sumwls+wls (i)

enddo

wlsbar=sumwls/ (1.0*n)
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swwls=0.0

do i=1,n
swwls=swwls+ (wls (i)-wlsbar)**2.0
enddo

swls=sqrt (swwls/ (1.0*n-2.0))

LSEsigma2l=swls/ (sqrt (psid b2+psid 1))

LSEmu2l=wlsbar-LSEsigma2l* (psi (b2)-psi(1.0))

LSEsigma2=sqgrt ((syy/ (1.0*n-1.0))/ ((LSErho**2.0) * (psid bl+psid 1)+
&(1.0-LSErho**2.0) * (psid b2+psid 1)))

LSEmu2=ybar- (psi(b2)-psi(1.0))*sqrt (1.0-LSErho**2.0) *LSEsigma2

order=1

51 if (order.eqg.l) then
order=0
do 8 i=1,n-1
if (x(i).gt.x(i+l)) then
orderx=x (i)
X (1)=x(i+1)
X (i+1)=orderx
concoy=y (i)
y(1)=y (i+1)
y (1i+1)=concoy
order=1
endif

81 continue

go to 51

endif

do i=1,n
g(i)=(1.0*1)/(1.0*n+1.0)
enddo

do i=1,n
tl(i)=-alog(((g(i))**(-1.0/bl))-1.0)
enddo

do i=1,n
alfal (i)=(1.0+exp(tl (1i))+tl (i) *exp(tl(i)))/(1.0+exp(tl(i)))**2.0
enddo

do i=1,n

bbetal (i)=exp (tl(i))/ (1.0+exp (tl(i)))**2.0
enddo
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ml=0.0

do i=1,n
ml=ml+bbetal (1)
enddo

do i=1,n
deltal (i)=(1.0/(bl+1.0))-alfal (i)
enddo

deltall=0.0

do i=1,n
deltall=deltall+deltal (i)
enddo

ddl=deltall/ml

kk1=0.0

do i=1,n

kkl=kkl+ (bbetal (i) *x(i)) /ml

enddo

bb1=0.0

do i=1,n

bbl=bbl+ (b1+1.0)* ((deltal (i))*(x(i)-kkl))
enddo

ccl=0.0

do i=1,n
ccl=ccl+(b1+1.0)* ((bbetal (1)) * ((x(i)-kkl)**2.0))
enddo

MMLEsigmal= (bbl+sqgrt ( (bbl**2.0)+4.0*n*ccl))/(2.0*n)
MMLEmul=kkl+ddl*MMLEsigmal

e
c estimating the sample size with respect to total cost
e
nhead=c0/ (MMLEmul+MMLEsigmal* (psi (bl)-psi(1.0)))
nheadLSE=c0/ (LSEmul+LSEsigmal* (psi (bl)-psi(1.0)))
G
c obtaining MMLE of mu2.1,sigma2.l & teta
G
G
c ordering w(i)'s and finding the concomitants x[i],y[1i]
G
MMLEteta (1) =LSEteta
do 11 j=1,2
do i=1,n
w(j,1i)=y(i)-MMLEteta (j) *x (1)
enddo
resul=1
55 if (resul.eg.l) then
resul=0
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do 22 i=1,n-1
if (w(j,1i).gt.w(j,i+1)) then
wo=w(j,1)
w(j,i)=w(j,i+1)
w(j,i+1l)=wo
cx=x (1)
X (1)=x(1i+1)
x (1+1)=cx
cy=y (1)
y(1)=y (i+1)
y(i+l)=cy
resul=1
endif

22 continue

go to 55

endif

do i=1,n
t2(i)=-alog (((g(i))**(-1.0/b2))-1.0)
enddo

do i=1,n
alfa2 (i)=(1.0+exp (t2 (1)) +t2 (1) *exp (t2(i)))/(1.0+exp(t2(i)))**2.0
enddo

do i=1,n
bbeta2 (i) =exp (t2(i))/(1.0+exp(t2(i)))**2.0
enddo

m2=0.0
do i=1,n

m2=m2+bbeta2 (i)
enddo

do i=1,n
delta2(i)=alfa2(i)-1.0/(1.0*b2+1.0)
enddo

delta22=0.0

do i=1,n

delta22=delta22+delta? (i)
enddo

sumcy=0.0
sumcx=0.0
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11

do i=1,n
sumcy=sumcy+bbeta2 (i) *y (1)
sumcx=sumcx+bbeta2 (1) *x (1)
enddo

cybar=sumcy/m2
cxbar=sumcx/m2

k2num=0.0
k2den=0.0
d2num=0.0

do i=1,n
k2num=k2num+bbeta2 (i) * (x (1) —cxbar) *y (1)
k2den=k2den+bbeta2 (i) * ((x (1) —cxbar) **2.0)
d2num=d2num+delta2 (i) * (x (1) —cxbar)

enddo

kk2=k2num/k2den
dd2=d2num/k2den

bb2=0.0
cc2=0.0

do i=1,n
bb2=bb2+ (b2+1.0) * (delta2 (i) *
)

(y
cc2=cc2+ (b2+1.0) * ( (bbeta2 (i (

( i) -cybar)-kk2* (x (1) -cxbar)))
*((y(

(
y (1) —cybar) **2.0)) -kk2* (bbeta2 (i) *

&(x(1)-cxbar)*y(i)))

enddo

MMLEsigma2l=(-bb2+sqrt ( (bb2**2.0)+4.0*n*cc2))/(2.0*n)
MMLEteta (j+1)=kk2-dd2*MMLEsigma2l
MMLEmu2l=cybar-cxbar*MMLEteta (J+1) - (delta22/m2) *MMLEsigma2l

continue

MMLEmu2=MMLEmu2l+ (MMLEteta (3) ) * (MMLEmul+MMLEsigmal* (psi (bl) -psi (1

.0)))

ss=(MMLEsigma2l**2.0)+ ( (MMLEteta (3))**2.0)* (MMLEsigmal**2.0)
MMLEsigma2=sqrt (ss*1.0)
MMLErho= (MMLEteta (3) ) *MMLEsigmal/MMLEsigmaZ2

tetah (scount)=MMLEteta (3)
mu2lh (scount)=MMLEmu2l
sigma2lh (scount)=MMLEsigma2l

mulh (scount)=MMLEmul
sigmalh (scount)=MMLEsigmal
mu2h (scount)=MMLEmu?2
sigmaz2h (scount)=MMLEsigma2
rhoh (scount)=MMLErho

tetalSE (scount)=LSEteta
mu2lLSE (scount)=LSEmu2l
sigma2lLSE (scount)=LSEsigma2l

mulLSE (scount)=LSEmul
sigmalLSE (scount)=LSEsigmal
mu2LSE (scount)=LSEmu?2
sigma2LSE (scount)=LSEsigma2
rhoLSE (scount)=LSErho

nh (scount) =nhead
nhLSE (scount)=nheadLSE
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the estimated Fisher Information Matrix with MMLE's
(mul, sigmal, mu2l,sigma2l, teta) for b=4.0

.0
=0.0
=0.0
A(2,1)=A(1,2)
A(2,2)=(1.0%*n)/ (sigmalh(scount)**2.0)+A(1,1)* (psid blplusl+psid 2+
&(psi(bl+1.0)-psi(2.0))**2.0)
A(2,3)=0.0
A(2,4)=0.0
A(2,5)=0.0

(3,3)* (psi (b2+1.0) -psi(2.0))
(3,3)* (mulh (scount) +sigmalh (scount) * (psi (bl)-psi(1.0)))

(3,4)
n*l.O/(sigma2lh(scount)**2.0))+A(3,3)*(psid_prlusl+psid_2
+1.0)-psi(2.0))**2.0)

A(4,5)=A(3,3)*(psi(b2+1.0)-psi(2.0))* (mulh(scount)+sigmalh (scount)
&* (psi(bl)-psi(1.0)))

*((mulh (scount)**2.0)+2.0*mulh (scount) *sigmalh (scount
&) * (psi(bl)-psi(1.0))+(sigmalh(scount)**2.0)* (psid bl+psid 1+ ((psi(
(1.0))**2.0)))

CALL LINRG (NA,A,LDA,AINV,LDAINV)

avMMLEmul (scount)=AINV (1,1)
avMMLEsigmal (scount)=AINV (2, 2)
avMMLEmu2l (scount) =AINV (3, 3)
avMMLEsigma2l (scount)=AINV (4, 4)
avMMLEteta (scount)=AINV (5,5)

the estimated Fisher Information Matrix with
LSE's (mul, sigmal,mu2l, sigma2l,teta) for b=4.0

B(2,1)=B(1,2)

B(2,2)=(1.0*n)/ (sigmalLSE (scount)**2.0)+B(1,1)* (psid blplusl+psid
&2+ (psi(b1+1.0)-psi(2.0))**2.0)

B(2,3)=0.0

B(2,4)=0.0
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B(3,1)=B(1,3)

B(3,2)=B(2,3)

B(3,3)=(n*1.0*%b2)/ ((b2+2.0) * (sigma2lLSE (scount) **2.0))

B(3,4)=B(3,3)* (psi(b2+1.0)-psi(2.0))

B(3,5)=B(3,3)* (mullLSE (scount) +sigmalLSE (scount) * (psi (bl) -psi(1.0))
&)

B(4,1)=B(1,4)

B(4,2)=B(2,4)

B(4,3)=B(3,4)

B(4,4)=(n*1.0/ (sigma2lLSE (scount) **2.0) )+ B(3,3) * (psid b2plusl+psid
& 2+ (psi(b2+1.0)-psi(2.0))**2.0)

B(4,5)=B(3,3)*(psi(b2+1.0)-psi(2.0))* (mulLSE (scount) +sigmalLSE (sco

sgunt) * (psi(bl)-psi(1.0)))

)=B(1,5)
) (2,5)
)=B(3,5)
) (4,5)
B(5,5)=B(3,3)* ((mulLSE (scount) **2.0)+2.0*mulLSE (scount) *sigmalLSE

&(scount)*(pSL(bl)—psi(l.O))+(sigmalLSE(scount)**2.0)*(psid_b1+psid
& 1+ ((psi(bl)-psi(1.0))**2.0)))

CALL LINRG (NB,B,LDB,BINV,LDBINV)

avLSEmul (scount)=BINV(1,1)
avLSEsigmal (scount)=BINV (2, 2)
avLSEmu2l (scount)=BINV (3, 3)
avLSEsigma2l (scount)=BINV (4,4)
avLSEteta (scount)=BINV (5, 5)

e
c obtaining estimators for censored sample
e
e
c ordering xc(i),obtaining the corresponding concomitant yc[i]
O

orderc=1
550 if (orderc.eq.l) then

orderc=0

do 88 i=1,n-1

if (xc(i).gt.xc(i+l)) then

orderxc=xc (i)

xc (1)=xc (1i+1)

c(i+1l)=orderxc

concoyc=yc (i)

yc (i)=yc(i+1)

yc (i+1)=concoyc

orderc=1

endif
88 continue

go to 550
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endif

sumxc=0.0
sumyc=0.0
sxyc=0.0

sxxc=0.0

do i=1,n2
sumxc=sumxc+xc (i)
sumyc=sumyc+yc (1)
enddo

xbarc=sumxc/ (n2*1.0)

ybarc=sumyc/ (n2*1.0)

do i=1,n2
sxyc=sxyc+ (xc (1) -xbarc) * (yc (i) -ybarc)
sxxc=sxxc+ (xc (1) -xbarc) **2.0

enddo

LSEtetac=sxyc/sxxc

do i=1,n2

gc(i)=(1.0*1)/(1.0*n+1.0)

enddo

do i=1,n2
tc(i)=-alog(((gc(i))**(-1.0/bl))-1.0)
enddo

sumtc=0.0

do i=1,n2
sumtc=sumtc+tc (i)
enddo

tbarc=sumtc/ (1.0*n2)

do i=1,n2
alfac(i)=(1.0+exp(tc(i))+tc (i) *exp(tc(i)))/(1.0+exp(tc(i)))**2.0
enddo

sumalfac=0.0

do i=1,n2
sumalfac=sumalfac+alfac (i)
enddo

do i=1,n2
bbetac (i)=exp (tc(i))/ (1.0+exp(tc(i)))**2.0
enddo

z~GL (b, sigma=1)
obtaining f(z), f£'(z),F(z) at the point t(n-r)

fe=(bl*exp (-tc(n2)))/ ((1.0+exp(-tc(n2)))** (b1l+1.0))
fpc=(bl*exp (-tc(n2)))* (bl*exp(-tc(n2))-1.0)/(1.0+exp(-tc(n2)))
Fcdfc=(1.0+exp (-tc(n2)))**(-1.0*bl)

beta2c=-1.0* (fpc* (1.0-Fcdfc)+fc**2.0)/ ((1.0-Fcdfc)**2.0)

133



alfa2c=(fc/ (1.0-Fcdfc))+betal2c*tc (n2)
sumbxc=0.0

do i=1,n2
sumbxc=sumbxc+bbetac (i) *xc (i)

enddo

mmc=0.0

do i=1,n2

mmc=mmc+bbetac (1)

enddo

do i=1,n2
deltalc(i)=(1.0/(bl+1.0))-alfac (i)
enddo

knumc= (b1+1.0) *sumbxc-1.0*r*beta2c*xc (n2)
kdenc=(b1+1.0) *mmc-1.0*r*betalc
kkc=knumc/kdenc

dnumc=1.0*n2-(bl+1.0) *sumalfac+l.0*r*alfa2c
ddc=dnumc/kdenc

bblc=0.0

do i=1,n2

bblc=bblc+ (b1+1.0)* ((deltalc(i))* (xc (i) -kkc))

enddo

bbc=bblc+l.0*r*alfa2c* (xc (n2) -kkc)

cclc=0.0

do i=1,n2
cclc=cclc+(bl+1.0) * ((bbetac(i))* ((xc(i)-kkc)**2.0))
enddo

ccc=cclc-1.0*r*beta2c* ((xc (n2)-kkc)**2.0)

MMLEsigmalc= (bbc+sqrt ( (bbc**2.0)+4.0*n2*ccc) )/ (2.0*n2)
MMLEmulc=kkc+ddc*MMLEsigmalc

MMLEtetac (1)=LSEtetac
do 111 j=1,2

do i=1,n2
wc(j,1i)=yc (i) -MMLEtetac (j) *xc (i)
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enddo

resulc=1
555 if (resulc.eq.l) then
resulc=0

do 222 i=1,n2-1
if (wc(j,1i).gt.wc(j,i+1)) then
woc=wc (j,1)
wc(j,1i)=wc(j,1i+1)
wc (j,1i+1)=woc
cxc=xc (1)
xc (1)=xc (i+1)
xc (1+1) =cxc
cyc=yc (1)
yc (i) =yc(i+l)
yc (i+1)=cyc
resulc=1
endif

222 continue

go to 555

endif

do i=1,n2
g2c(i)=1.0*1i/(1.0*n+1)
enddo

do i=1,n2
t2c(i)=-alog(((g2c(i))**(-1.0/b2))-1.0)
enddo

do i=1,n2

alfa22c(i)=(1.0+exp(t2c(i))+t2c (i) *exp(t2c(i)))/ (1.0+exp (t2c(i)))
&**2.0

enddo

do i=1,n2

bbeta22c (i)=exp (t2c(i))/ (1.0+exp(t2c(i)))**2.0
enddo

m22c=0.0

do i=1,n2

m22c=m22c+bbeta22c (1)

enddo

do i=1,n2
delta22c(i)=alfa22c(i)-1.0/(1.0*b2+1.0)

enddo

sdelta22c=0.0
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do i=1,n2
sdeltaz22c=sdelta22c+delta22c (1)
enddo

sumcyc=0.0
sumcxc=0.0

do i=1,n2
sumcyc=sumcyc+bbeta22c (i) *yc (1)
sumcxc=sumcxct+bbeta22c (i) *xc (1)
enddo

cybarc=sumcyc/m22c
cxbarc=sumcxc/m22c

k22numc=0.0
k22denc=0.0
d22numc=0.0

do i=1,n2
k22numc=k22numc+bbeta22c (1) * (xc (i) —cxbarc) *yc (1)
k22denc=k22denc+bbeta22c (i) * ( (xc (i) -cxbarc) **2.0)
d22numc=d22numc+delta22c (i) * (xc (1) —cxbarc)

enddo

kk22c=k22numc/k22denc
dd22c=d22numc/k22denc

bb22¢c=0.0
cc22c=0.0

do i=1,n2

bb22c=bb22c+ (b2+1.0) * (delta22c (i) * ((yc (1) —cybarc) -kk22c* (xc (i) -
&cxbarc)))

cc22c=cc22c+ (b2+1.0) * ((bbeta22c (1) * ((yc (1) —cybarc)**2.0) ) -kk22c*
& (bbeta22c (1) * (xc (1) —cxbarc) *yc(i)))

enddo

MMLEsigma2lc=(-bb22c+sqgrt ( (bb22c**2.0)+4.0*n2*cc22c) )/ (2.0*n2)

MMLEtetac (j+1)=kk22c-dd22c*MMLEsigma2lc

MMLEmu2lc=cybarc-cxbarc*MMLEtetac (j+1) - (sdelta22c/m22c) *
&MMLEsigma2lc

111 continue

MMLEmu2c=MMLEmu2lc+ (MMLEtetac (3) ) * (MMLEmulc+MMLEsigmalc* (psi (bl)
&-psi(1.0)))

ssc=(MMLEsigma2lc**2.0)+ ( (MMLEtetac(3))**2.0)* (MMLEsigmalc**2.0)

MMLEsigma2c=sqrt (ssc*1.0)

MMLErhoc= (MMLEtetac (3) ) *MMLEsigmalc/MMLEsigma2c

do i=1,n2

eec(i)=yc (i) -MMLEmu2lc-MMLEtetac (3) *xc (i)
ac(i)=eec (i) /MMLEsigma2lc
eac(i)=(exp(-ac(i)))/(1.0+exp(-ac(i)))

eal2c (i)=(exp(-ac(i)))/ ((1.0+exp(-ac(i)))**2.0)
z2c (1) =(xc (1) -MMLEmulc) /MMLEsigmalc
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glzc(i)=exp(-z2c(i))/ (1.0+exp(-z2c(i)))

enddo

fzc=(bl*exp (-z2c( ))/ ((1.0+exp(-z2c(n2)))**(1.0*b1+1.0))
fzpc=(bl*exp (- z2c( )))*(bl*exp( z2c(n2))=1.0)/(1.0+exp(-z2c(n2)))
Fzcdfc=(1.0+exp(-z2c(n2)))**(-1.0*bl)

g2zc=fzc/ (1.0-Fzcdfc)
g2pc=(fzpc* (1.0-Fzcdfc)+fzc**2.0) / ((1.0-Fzcdfc) **2.0)

s1lc=0.0
s2¢c=0.0
s3c=0.0
sz2c=0.0
sglzc=0.0
szglc=0.0

sumac=0.0
sumeac=0.0
sumea2c=0.0
sumaeac=0.0
sumaea2c=0.0
sumazea2c=0.0
sumxeac=0.0
sumxea2c=0.0
sumx2ea2c=0.0
sumxaea2c=0.0

do i=1,n2

slc=slc+exp(-z2c(i))/ ((1.0+exp(-z2c(i)))**2.0)

s2c=s2c+z2c (1) *exp(-z2c (1)) / ((1.0+exp(-z2c(1)))**2.0)
s3c=s3c+((z2c (1)) **2.0) *exp (-z2c (1)) / ((1.0+exp(-z2c(i)))**2.0)
sz2c=sz2c+z2c (1)

sglzc=sglzc+glzc (i)

szglc=szglc+z2c (i) *glzc (i)

sumac=sumac+ac (i)

sumeac=sumeac+eac (i)
sumaeac=sumaeac+ac (i) *eac (i)
sumaea2c=sumaeal2c+ac (i) *ea2c (1)
sumaZea2c=sumalealc+((ac(i))**2.0) *ea2c (1)
sumea2c=sumea2c+ea2c (i)
sumxeac=sumxeac+xc (i) *eac (1)
sumxea2c=sumxeal2c+xc (i) *ea2c (1)
sumx2ea2c=sumx2ea2c+ ((xc(i))**2.0) *ea2c (1)
sumxaealc=sumxaealc+xc (i) *ac (1) *ea2c (1)

enddo

D(1,1)=((bl+1.0)/ (MMLEsigmalc**2.0))*slc+((1.0*r)/ (MMLEsigmalc**
&2.0)) *g2pc

D(1,2)=((1.0*n2)/ (MMLEsigmalc**2.0))-((bl+1.0)/ (MMLEsigmalc**2.0))

&*sglzc+ ((bl+1.0)/ (MMLEsigmalc**2.0))*s2c+((1.0*r)/ (MMLEsigmalc**
&2.0))*g2zc+((1.0*r)/ (MMLEsigmalc**2.0))* (z2c (n2)) *g2pc
D(1,3)=0.0
D(1,4)=0.0
D(1,5)=0.0

D(2,1)=D(1,2)

D(2,2)=-((1.0*n2)/ (MMLEsigmalc**2.0))+(2.0/ (MMLEsigmalc**2.0))*
&sz2c=2.0* ((b1+1.0)/ (MMLEsigmalc**2.0)) *szglc+((bl+1.0)/ (MMLEsigmal
&c**2.0))*s3c+((2.0*r)/ (MMLEsigmalc**2.0)) *z2c (n2) *g2zc+ ((1.0*r) /

& (MMLEsigmalc**2.0)) * ((z2c (n2))**2.0) *g2pc

D(2,3)=0.0
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D(2,4)=0.0

D(2,5)=0.0

D(3,1)=D(1,3)

D(3,2)=D(2,3)

D(3,3)=((b2+1.0)/ (MMLEsigma2lc**2.0)) *sumea2c

D(3,4)=(1.0*n2)/ (MMLEsigma2lc**2.0)-((b2+1.0)/ (MMLEsigma2lc**2.0))
&*sumeac+ ( (b2+1.0) / (MMLEsigma2lc**2.0) ) *sumaea2c

D(3,5)=((b2+1.0)/ (MMLEsigma2lc**2.0)) *sumxea2c

D(4,1)=D(1,4)

D(4,2)=D(2,4)

D(4,3)=D(3,4)

D(4,4)=-((1.0*n2)/ (MMLEsigma2lc**2.0))+(2.0/ (MMLEsigma2lc**2.0))*

&sumac- (2.0* (b2+1.0) / (MMLEsigma2lc**2.0)) *sumaeac+ ( (b2+1.0) /
& (MMLEsigma2lc**2.0)) *suma2ea2c

D(4,5)=(1.0/ (MMLEsigma2lc**2.0)) *sumxc— ( (b2+1.0)/ (MMLEsigma2lc**
&2.0) ) *sumxeac+ ( (b2+1.0) / (MMLEsigma2lc**2.0) ) *sumxaea2c

b2+1.0)/ (MMLEsigma2lc**2.0)) *sumx2ea2c

CALL LINRG (ND,D,LDD,DINV,LDDINV)
MVBmulhc=DINV (1, 1)
MVBsigmalhc=DINV (2, 2)
MVBmu21lhc=DINV (3, 3)
MVBsigma2lhc=DINV (4,4)
MVBtetahc=DINV (5, 5)

tetahc (scount)=MMLEtetac (3)
mu2lhc (scount)=MMLEmu2lc
sigma2lhc (scount)=MMLEsigma2lc

mulhc (scount)=MMLEmulc
sigmalhc (scount)=MMLEsigmalc
mu2hc (scount)=MMLEmu2c
sigma2hc (scount)=MMLEsigma2c
rhohc (scount)=MMLErhoc

nhc (scount)=nheadc

MVBmulc (scount)=MVBmulhc
MVBsigmalc (scount)=MVBsigmalhc
MVBmu2lc (scount)=MVBmu2lhc
MVBsigma2lc (scount)=MVBsigmaZ2lhc
MVBtetac (scount)=MVBtetahc

enddo

sumtetah=0.0
summu21h=0.0
sumsigmaz2l1h=0.0

summulh=0.0
sumsigmalh=0.0
summu2h=0.0
sumsigmaz2h=0.0
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sumrhoh=0.0

sumtetalLSE=0.0
summu21LSE=0.0
sumsigma2l1LSE=0.0

summulLSE=0.0
sumsigmallLSE=0.0
summu2LSE=0.0
sumsigma2L3SE=0.0
sumrhoLSE=0.0

sumnh=0.0
sumnhLSE=0.0

sumtetahc=0.0
summu2lhc=0.0
sumsigma2lhc=0.0

summulhc=0.0
sumsigmalhc=0.0
summuzhc=0.0
sumsigmazhc=0.0
sumrhohc=0.0

sumnhc=0.0

sumMVBmulc=0.0
sumMVBsigmalc=0.0
sumMVBmu21=0.0
sumMVBsigma2lc=0.0
sumMVBtetac=0.0

do i=1,nn

sumtetah=sumtetah+tetah (1)
summu2lh=summu2lh+mu2lh (i)
sumsigma2lh=sumsigma2lh+sigma2lh (i)

summulh=summulh+mulh (i)
sumsigmalh=sumsigmalh+sigmalh (i)
summu2h=summu2h+mu2h (i)
sumsigma2h=sumsigmaZ2h+sigma2h (i)
sumrhoh=sumrhoh+rhoh (i)

sumtetalLSE=sumtetalLSE+tetaLSE (1)
summu21LSE=summu21LSE+mu2l1LSE (1)
sumsigma2lLSE=sumsigma2lLSE+sigma2l1LSE (1)

summulLSE=summulLSE+mulLSE (i)
sumsigmallLSE=sumsigmallLSE+sigmalLSE (1)
summu2LSE=summu2LSE+mu2LSE (i)
sumsigma2LSE=sumsigma2LSE+sigma2LSE (1)
sumrhoLSE=sumrhoLSE+rhoLSE (i)

sumnh=sumnh+nh (i)
sumnhLSE=sumnhLSE+nhLSE (1)

sumtetahc=sumtetahc+tetahc (1)
summu2lhc=summu2lhc+mu2lhc (i)
sumsigma2lhc=sumsigma2lhc+sigma2lhc (i)

summulhc=summulhc+mulhc (i)

sumsigmalhc=sumsigmalhc+sigmalhc (1)
summu2hc=summu2hc+mu2hc (i)
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sumsigmazhc=sumsigma2hc+sigma2hc (i)
sumrhohc=sumrhohc+rhohc (1)

sumnhc=sumnhc+nhc (i)

sumMVBmulc=sumMVBmulc+MVBmulc (1)
sumMVBsigmalc=sumMVBsigmalc+MVBsigmalc (1)
sumMVBmu21lc=sumMVBmu2lc+MVBmu2lc (i)
sumMVBsigma2lc=sumMVBsigma2lc+MVBsigma2lc (i)
sumMVBtetac=sumMVBtetac+MVBtetac (i)

enddo

simtetahbar=sumtetah/ (1.0*nn)
simmu2lhbar=summu2lh/ (1.0*nn)
simsigma2lhbar=sumsigma2lh/ (1.0*nn)

simmulhbar=summulh/ (1.0*nn)
simsigmalhbar=sumsigmalh/ (1.0*nn)
simmuZ2hbar=summu2h/ (1.0*nn)
simsigma2hbar=sumsigma2h/ (1.0*nn)
simrhohbar=sumrhoh/ (1.0*nn)

simtetaLSEbar=sumtetalLSE/ (1.0*nn)
simmu2lLSEbar=summu2lLSE/ (1.0*nn)
simsigma2lLSEbar=sumsigma2lLSE/ (1.0*nn)

simmulLSEbar=summulLSE/ (1.0*nn)
simsigmalLSEbar=sumsigmalLSE/ (1.0*nn)
simmu2LSEbar=summu2LSE/ (1.0*nn)
simsigma2LSEbar=sumsigma2LSE/ (1.0*nn)
simrhoLSEbar=sumrhoLSE/ (1.0*nn)

simnhbar=sumnh/ (1.0*nn)
simnhbar2=int (simnhbar)

simnhbarLSE=sumnhLSE/ (1.0*nn)
simnhbarLSE2=int (simnhbarLSE)

simtetahbarc=sumtetahc/ (1.0*nn)
simmu2lhbarc=summu2lhc/ (1.0*nn)
simsigma2lhbarc=sumsigma2lhc/ (1.0*nn)

simmulhbarc=summulhc/ (1.0*nn)
simsigmalhbarc=sumsigmalhc/ (1.0*nn)
simmu2hbarc=summu2hc/ (1.0*nn)
simsigma2hbarc=sumsigma2hc/ (1.0*nn)
simrhohbarc=sumrhohc/ (1.0*nn)

simnhbarc=sumnhc/ (1.0*nn)
simnhbar2c=int (simnhbarc)

simMVBmulbarc=sumMVBmulc/ (1.0*nn)
simMVBsigmalbarc=sumMVBsigmalc/ (1.0*nn)
simMVBmu2lbarc=sumMVBmu2lc/ (1.0*nn)
simMVBsigma2lbarc=sumMVBsigma2lc/ (1.0*nn)
simMVBtetabarc=sumMVBtetac/ (1.0*nn)

varnumtetah=0.0
varnummu21lh=0.0
varnumsigma2lh=0.0
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varnummulh=0.0
varnumsigmalh=0.0
varnummu2h=0.0
varnumsigma2h=0.0
varnumrhoh=0.0

varnumtetaLSE=0.0
varnummu21LSE=0.0
varnumsigma2lLSE=0.0

varnummulLSE=0.0
varnumsigmalLSE=0.0
varnummu2LSE=0.0
varnumsigma2LSE=0.0
varnumrhoLSE=0.0

varnumnh=0.0
varnumnhLSE=0.0

varnumtetahc=0.0
varnummu2lhc=0.0
varnumsigma2lhc=0.0

varnummulhc=0.0
varnumsigmalhc=0.0
varnummu2hc=0.0
varnumsigma2hc=0.0
varnumrhohc=0.0

varnumnhc=0.0
do i=1,nn

varnumtetah=varnumtetah+ (tetah (i) -simtetahbar) **2.0
varnummu2lh=varnummu2lh+ (mu2lh (i) -simmu2lhbar) **2.0
varnumsigma2lh=varnumsigma2lh+ (sigma2lh (i) -simsigma2lhbar)**2.0

varnummulh=varnummulh+ (mulh (i) -simmulhbar) **2.0
varnumsigmalh=varnumsigmalh+ (sigmalh (i) -simsigmalhbar) **2.0
varnummu2h=varnummu2h+ (mu2h (i) —simmu2hbar) **2.0
varnumsigma2h=varnumsigma2h+ (sigma2h (i) -simsigmaz2hbar) **2.0
varnumrhoh=varnumrhoh+ (rhoh (i) -simrhohbar) **2.0

varnumtetalLLSE=varnumtetalSE+ (tetalSE (1) -simtetalLSEbar) **2.0

varnummu2lLSE=varnummu2l1LSE+ (mu21LSE (i) —simmu21LSEbar) **2.0

varnumsigma2lLSE=varnumsigma2lLSE+ (sigma2lLSE (i) -simsigma2l1LSEbar)
&**2.0

varnummulLSE=varnummulLSE+ (mulLSE (i) —simmulLSEbar) **2.0

varnumsigmalLSE=varnumsigmalLSE+ (sigmalLSE (i) -simsigmalLSEbar) **
&2.0

varnummu2LSE=varnummu2LSE+ (mu2LSE (1) —simmu2LSEbar) **2.0

varnumsigma2LSE=varnumsigma2LSE+ (sigma2LSE (i) -simsigma2LSEbar) **
&2.0

varnumrhoLSE=varnumrhoLSE+ (rhoLSE (i) -—simrhoLSEbar) **2.0

varnumnh=varnumnh+ (nh (i) -~simnhbar) **2.0
varnumnhLSE=varnumnhLSE+ (nhLSE (i) —simnhbarLSE) **2.0

varnumtetahc=varnumtetahc+ (tetahc (i) -simtetahbarc) **2.0

varnummu2lhc=varnummu2lhc+ (mu2lhc (i) —simmu2lhbarc)**2.0

varnumsigma2lhc=varnumsigma2lhc+ (sigma2lhc (i) -simsigma2lhbarc)
&**2.0
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varnummulhc=varnummulhc+ (mulhc (i) -simmulhbarc) **2.0
varnumsigmalhc=varnumsigmalhc+ (sigmalhc (i) -simsigmalhbarc)**2.0
varnummu2hc=varnummu2hc+ (mu2hc (i) —simmu2hbarc) **2.0
varnumsigma2hc=varnumsigma2hc+ (sigma2hc (i) -simsigma2hbarc) **2.0
varnumrhohc=varnumrhohc+ (rhohc (i) -simrhohbarc) **2.0

varnumnhc=varnumnhc+ (nhc (i) -—simnhbarc) **2.0

enddo

vartetah=varnumtetah/ (1.0*nn-1.0)
varmu2lh=varnummu2lh/ (1.0*nn-1.0)
varsigma2lh=varnumsigma2lh/ (1.0*nn-1.0)

varmulh=varnummulh/ (1.0*nn-1.0)
varsigmalh=varnumsigmalh/ (1.0*nn-1.0)
varmuZ2h=varnummu2h/ (1.0*nn-1.0)
varsigma2h=varnumsigma2h/ (1.0*nn-1.0)
varrhoh=varnumrhoh/ (1.0*nn-1.0)

vartetalLSE=varnumtetalLSE/ (1.0*nn-1.0)
varmu2lLSE=varnummu2lLSE/ (1.0*nn-1.0)
varsigma2lLSE=varnumsigma2l1LSE/ (1.0*nn-1.0)

varmulLSE=varnummulLSE/ (1.0*nn-1.0)
varsigmalLSE=varnumsigmalLSE/ (1.0*nn-1.0)
varmu2LSE=varnummu2LSE/ (1.0*nn-1.0)
varsigma2LSE=varnumsigma2LSE/ (1.0*nn-1.0)
varrhoLSE=varnumrhoLSE/ (1.0*nn-1.0)

varnh=varnumnh/ (1.0*nn-1.0)
varnhLSE=varnumnhLSE/ (1.0*nn-1.0)

vartetahc=varnumtetahc/ (1.0*nn-1.0)
varmu2lhc=varnummu2lhc/ (1.0*nn-1.0)
varsigma2lhc=varnumsigma2lhc/ (1.0*nn-1.0)

varmulhc=varnummulhc/ (1.0*nn-1.0)
varsigmalhc=varnumsigmalhc/ (1.0*nn-1.0)
varmu2hc=varnummu2hc/ (1.0*nn-1.0)
varsigma2hc=varnumsigma2hc/ (1.0*nn-1.0)
varrhohc=varnumrhohc/ (1.0*nn-1.0)

varnhc=varnumnhc/ (1.0*nn-1.0)

remul=(varmulh/varmulLSE) *100
resigmal=(varsigmalh/varsigmalLSE) *100
remu2= (varmu2h/varmu2LSE) *100
resigma2=(varsigma2h/varsigma2LSE) *100
rerho=(varrhoh/varrhoLSE) *100
ren=(varnh/varnhLSE) *100

testing Ho:teta=0.0, Ha:teta>0.0 by using MMLE's & LSE's simulated
variances

vartetaMMLHo=0.0184
vartetaLSHo=0.0233

t teta count=0.0
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c do i=1,nn

c if (tetah(i)>=(1.645*sgrt (vartetah))) then

c if (tetah(i)>=(1.645*sgrt (vartetaMMLHo))) then

c t teta count=t teta count+l.0

c endif

c enddo

c power=t_ teta count/(nn*1.0)

c t teta count LSE=0.0

c do i=1,nn

c if (tetalSE(i)>=(1.645*sqgrt (vartetalSE))) then

c if (tetalSE(i)>=(1.645*sqgrt (vartetalSHo))) then

c t teta count LSE=t teta count LSE+1.0

c endif

c enddo

c power LSE=t teta count LSE/(nn*1.0)

G

c printing means,variances & MVB

G

102 format (15x,a3,3%x,a6,6x,a4,6x,a7,5x,a4,8x,a3,6x,a6,7x,a3,6x,al)

write(1,102) 'MU1', 'SIGMAl', 'MU21"', 'SIGMAZ21"', 'TETA', 'MU2"', '"SIGMA2"',

&'RHO', 'n’

103 format (ad,9x,£7.4,3%x,£7.4,4x%,£7.4,4%x,£7.4,4%,£7.4,4x,£f7.4,4%,£7.4,
&4x,£7.4,1x,£10.4)
write(1,103) 'mean',simmulhbar, simsigmalhbar, simmu2lhbar, simsigma2l
&hbar, simtetahbar, simmu2hbar, simsigma2hbar, simrhohbar, simnhbar?2

105 format (a7,6x,f7.4,3%,£7.4,4x%,£f7.4,4%x,£7.4,4%,£7.4,4x,f7.4,4%,£7.4,
&4x%,£7.4,1x,£10.4)
write(1,105) 'meanLSE',simmulLSEbar,simsigmallLSEbar, simmu2lLSEbar,
&simsigma2lLSEbar, simtetalLSEbar, simmu2LSEbar, simsigma2LSEbar, simrho
&LSEbar, simnhbarLSE2

104 format (a8,5x,f7.4,3%x,£7.4,4x%,£f7.4,4%x,£f7.4,4%,£7.4,4x,f7.4,4%,£7.4,
&4x,£7.4,4%,£7.4)
write(1,104) 'variance',varmulh,varsigmalh,varmu2lh,varsigma2lh,var
&tetah,varmu2h, varsigma2h, varrhoh, varnh

106 format (all,2x,£7.4,3x,£7.4,4x,£7.4,4%x,£7.4,4%,£7.4,4x,£7.4,4x%,
&f7.4,4%x,£7.4,4%,£7.4)
write(1,106) 'variancelLSE',varmulLSE, varsigmallLSE, varmu2lLSE,varsig
&ma2lLSE,vartetalSE,varmu2LSE,varsigma2LSE, varrhoLSE, varnhLSE

113 format (a5, 9x,£7.4,3x,£7.4,4x,£7.4,4%x,£7.4,4%,£f7.4,4%,£7.4,4%x,£7.4,
&4x,£7.4,1x,£10.4)
write(1,113) 'meanc',simmulhbarc,simsigmalhbarc,simmu2lhbarc,simsig
&ma2lhbarc, simtetahbarc, simmu2hbarc, simsigma2hbarc, simrhohbarc,
&simnhbar2c

114 format (a9,5x,£7.4,3x,£7.4,4x,£7.4,4x,£7.4,4%x,£7.4,4%x,£f7.4,4%x,£f7.4,
&4x,£7.4,4x,£7.4)
write(l,114) 'variancec',varmulhc,varsigmalhc,varmu2lhc,varsigma2l
&he,vartetahc, varmu2hc, varsigmazhc, varrhohc, varnhc

c write(1l,*) '"MVBmulc', simMVBmulbarc

c write(l,*) 'MVBsigmalc',simMVBsigmalbarc

c write(l,*) '"MVBmu2lc', simMVBmu2lbarc

c write(l,*) '"MVBsigma2lc',simMVBsigma2lbarc
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c write (1, *) '"MVBtetac', simMVBtetabarc

209 format (a6,4x,f7.2,4%,£7.2,4x%x,£f7.2,4%,£f7.2,4%,£7.2,4x,£7.2)
write(1,209) 'releff',remul, resigmal, remu2, resigma2, rerho, ren

c write (1, *) 'powerMML=", power
c write(1l,*) 'powerLSE="',power LSE
c write(1l,*) '"MVBmul="',MVBmul
c write(l,*) 'MVBsigmal="',MVBsigmal
c write(1l,*) '"MVBmu2l=",MVBmnu2l
c write(l,*) 'MVBsigmazl="',MVBsigmazl
c write(l, *) '"MVBteta=',MVBteta
stop
end
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