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ABSTRACT

EXOTIC SMOOTH STRUCTURES ON NON-SIMPLY
CONNECTED 4-MANIFOLDS

Topkara, Mustafa
Ph. D., Department of Mathematics
Supervisor: Prof. Dr. Yildiray Ozan

March 2010, 37 pages

In this thesis, we study exotic smooth structures on 4-manifolds with finite
fundamental groups. For an arbitrary finite group GG, we construct an infinite fam-
ily of smooth 4-manifolds with fundamental group GG, which are all homeomorphic
but mutually non-diffeomorphic, using the small symplectic manifold with arbi-
trary fundamental group constructed by S. Baldridge and P. Kirk, together with
the methods of A. Akhmedov, R.I. Baykur and D. Park for constructing infinite
families of exotic simply connected 4-manifolds. In the final chapter, pairs of
small exotic 4-manifolds with a cyclic fundamental group of any odd order are

constructed.

Keywords: Four dimensional manifolds, exotic differential structures, symplectic

manifolds.
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OZ

BASIT BAGLANTILI OLMAYAN 4 BOYUTLU
MANIFOLDLAR UZERINDE EGZOTIK DUZGUN
YAPILAR

Topkara, Mustafa
Doktora, Matematik
Tez Yoneticisi : Prof. Dr. Yildiray Ozan

Mart 2010, 37 sayfa

Bu tez, sonlu temel gruba sahip 4 boyutlu manifoldlar iizerindeki egzotik
diizglin yapilar tizerinedir. Herhangi sonlu G grubu icin, temel grubu G olan
ve aralarinda difeomorfik olmayan sonsuz bir homeomorfik 4 boyutlu manifold
ailesini, S. Baldridge ve P. Kirk tarafindan tiretilmisg kiiciik simplektik manifoldlar:
ve A. Akhmedov, R.I. Baykur ve D. Park tarafindan kiiciik egzotik basit baglantili
sonsuz 4 boyutlu manifold aileleri tiretmek icin kullanilan yontemleri kullanarak
tirettik. Son boliimde ise, tek mertebeli devirsel temel gruba sahip kiiciik egzotik

4-manifold ciftleri iiretilmistir.

Anahtar Sozciikler: Dort boyutlu manifoldlar, egzotik diferansiyel yapilar, sim-

plektik manifoldlar.
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CHAPTER 1

INTRODUCTION

Unlike lower dimensions, a topological manifold of dimension four may carry
more than one smooth structure. Since the discovery of this fact, smooth struc-
tures on 4-manifolds are being studied extensively.

Let M be a smooth four manifold. Any smooth manifold N which is homeo-
morphic but not diffeomorphic to M is called to be an exotic M. For example it
is known that there are uncountably many exotic R*’s.

Research on exotic differential structures are mainly concentrated on finding
small (in the sense of Euler characteristic) exotic copies of closed manifolds, the
ultimate targets being S*, CP? and S? x S?. The question of existence of an exotic
S4 is called the 4-dimensional Poincare conjecture.

Until recently, construction of exotic 4-manifolds relied mainly on the tech-
nique called rational blow-down, while in the past few years a procedure devel-
oped and first used by A. Akhmedov which requires gluing-up smaller manifolds
and manipulating them with surgeries is widely used. Again, Donaldson invariant
mostly left its role in distinguishing different smooth structures to Seiberg-Witten
invariants. To determine the underlying topological structure, the theorem of M.
Freedman [9] is used.

Using these techniques, S. Baldridge and P. Kirk constructed families of non-
diffeomorphic smooth manifolds with certain classes of fundamental groups and
the same topological invariants [3].

J. Park has constructed infinite exotic families of minimal symplectic 4-mani-
folds with any finitely presented group in [15].

Our main concern will be exotic 4-manifolds with non-trivial fundamental
groups. In this case, the topological classification of Freedman has its analogue
only for manifolds with finite cyclic fundamental groups, due to Hambleton and
Kreck. Still, there is a weaker version for arbitrary finite fundamental groups.

Also it is proved by R. Fintushel and R.J. Stern that Seiberg-Witten invariant



is not enough to distinguish the smooth structures on homeomorphic smooth
non-simply connected 4-manifolds, which is still not known to be valid or not for
simply-connected manifolds [6].

Another subject related to non-simply connected case is exotic group actions
on manifolds. M. Ue proved that for any finite group G, there exists a smooth
4-manifold M such that G has infinitely many actions on Mg such that the orbit
spaces are homeomorphic but pairwise non-diffeomorphic [18]. Also R. Fintushel,
R.J. Stern and N. Sunukjian constructed an exotic free involution on S* [7].

The main objective of this thesis is to construct small exotic manifolds with
nontrivial fundamental groups. The main tools such as symplectic geometry,
topological invariants and Seiberg-Witten invariants are briefly covered in Chap-
ter 1.

We construct infinite families of exotic manifolds with arbitrary finite funda-
mental group in Chapter 3. The method is to take the sum of the symplectic
manifold of S. Baldridge and P. Kirk with arbitrary fundamental group in [4]
with 7% and apply appropriate surgeries to manipulate the smooth structure.

In Chapter 4, we concentrate on manifolds with cyclic fundamental groups
of odd order, and we construct small exotic pairs of symplectic manifolds with
fundamental group isomorphic to Z, for any odd value of n. The constructions
are variants of the symplectic manifolds of A. Akhmedov, R.I. Baykur and D.
Park in [1].



CHAPTER 2

PRELIMINARIES

2.1 Symplectic Manifolds

Symplectic geometry is a field of study which has strong connections with
many subjects in mathematics and physics, mainly Hamiltonian mechanics. A
symplectic manifold is a differentiable manifold which carries a certain kind of
2-form. Our main concern will be their use in distinguishing different differential
structures. Some of the main definitions and features of symplectic geometry is

described below.

2.1.1 Symplectic Structures on Vector Spaces

First we give the definition a symplectic form on a vector space:

Definition 2.1. Let V' be a vector space and let & : 'V xV — R be a skew-
symmetric bilinear non-degenerate form on V. Then (V,Q) is called a symplectic
vector space and $) is called a symplectic form on V.

By a process similar to Gram-Schmidt, it can be deduced that the vector
space V' with a symplectic form 2 has a basis B = (e1,...,€n, f1,..., fa) such
that Q(e;, f;) = d;;. In particular, a vector space must be even dimensional to
carry a symplectic form and two symplectic vector spaces (V, ) and (V3, Q)
with the same dimension are isomorphic as symplectic vector spaces, i.e. there
exists an vector space isomorphism 71" : Vi — V5 such that T*Qy = .

There are mainly two important classes of subspaces of a symplectic vector
space. For a symplectic vector space (V,(2), a subspace W < V is called a sym-
plectic subspace of V if the restriction |y defines a symplectic form on W i.e.
if (W, Q|w) is a symplectic vector space itself. The other extreme is also impor-
tant: A maximal subspace on which the form €2 vanishes is called a Lagrangian
subspace. A Lagrangian subspace is of half dimension of the symplectic vector

space.



2.1.2 Symplectic Structures on Manifolds

The definition of a symplectic structure on a differentiable manifold is as
follows:
Definition 2.2. A differential manifold M with a closed non-degenerate 2-form

w on it is called a symplectic manifold. In this case, the form w is called a
symplectic form on M.

The form w restricts to a skew-symmetric bilinear non-degenerate form w|p
on the tangent vector space Tp M of M at the point P. Thus, the symplectic form
on a manifold could be defined as a closed 2-form which restricts to a symplectic
form (in the sense of Definition (2.1)) at each point P € M.

In the category of symplectic manifolds, equivalence is expressed in the fol-
lowing terms:

Definition 2.3. The symplectic manifolds (M,w,) and (N,ws) are called sym-
plectomorphic if there is a diffeomorphism f: M — N such that f*(wy) = w;.

Since (TP M, w|p) is a symplectic vector space, only manifolds of even dimen-
sion can admit symplectic structures. An example is R?*" with a particularly
important symplectic form on it: Let the 2-form w = >}, dzg A dyy be defined
on R?". This is a symplectic form and is called the standard symplectic form.
The reason for the name is the the following theorem:

Theorem 2.4 (Darboux Theorem). Let (M,w) be a symplectic manifold and

P e M. Then P has a neighborhood U such that (U,w|y) is symplectomorphic to
R2"™ with the standard symplectic structure.

The theorem implies that there is no local information on symplectic mani-
folds: locally they all have the standard symplectic structure.

The cotangent bundle T* M of a smooth manifold M carries a canonical struc-
ture defined as follows: Let x4, .., x, be local coordinates on M and define coor-
dinates y; = dx; on fibers of the cotangent bundle. Then the form defined by
w =y dz; \dy; is a symplectic form on T* M.

Definition 2.5. Let (M,w) be a symplectic manifold and let N € M be a differ-

entiable submanifold and v : N — M be the inclusion map. If J*w, the pullback
of the symplectic form by ¢, defines a symplectic structure on N (i.e. if TpN is a



symplectic subspace TpM ) then N is said to be a symplectic submanifold of M.
If N is a maximal submanifold of M on which t*w vanishes then N s said to be
a Lagrangian submanifold of M.

The condition for Lagrangian submanifolds is in fact equivalent to Tp N be-
ing a maximal subspace of TpM on which w|p vanishes, and thus a Lagrangian

submanifold has dimension half of the ambient manifold.

2.1.3 Luttinger Surgery

Luttinger surgery ([2], [13]) is a technique used to alter the symplectic mani-
fold and obtain another symplectic manifold.

Let (M,w) be a symplectic 4-manifold and let 7" be a Lagrangian torus em-
bedded in M. It is known that there exists a neighborhood vT" of T' symplecto-
morphic to a neighborhood of the zero section of the cotangent bundle of 7" with
the canonical symplectic structure. Under this identification, which is called the
Lagrangian framing, each torus T x {z} is seen to be Lagrangian. The closure
of this neighborhood is diffeomorphic to T' x D?, which implies that such a torus
should have self intersection zero.

Let v be a simple closed homologically nontrivial curve on 7" with a co-
orientation, i.e. a choice of normal direction. Now identify 7" with R?/Z? such
that ~ is identified with the first coordinate axis x; and the co-orientation agrees
with the positive direction of the second coordinate x5 on R?. On the cotangent
bundle T*R?, define the coordinates on the fibers as y; = dx;. Thus the form
w = dx1 A dy; + dxe A dys is the canonical symplectic structure defined on the
cotangent bundle of R? which determines the symplectic structure on T* T after
taking the quotient.

Choose a positive real number r such that the closed neighborhood U, =
R?/Z? x [—r,r] x [—r,r] is identified with a subset of T in M. Now we need a
smooth function x : [~r,r] — [0,1] such that x(t) = 0 for t < —% and x(t) = 1
for t > . For any k € Z define the self-diffeomorphism ¢y, : U,\U, 2 — U \U, /2
by

Ok(@1, 2,1, y2) = (21 + kx(y1), 22,51, 92)

if yo > 1/2 and ¢ = id otherwise. This map also preserves the symplectic



structure, hence the manifold
M(T,~,1/k) = M\Ux Uy, U,

is symplectic. This operation on manifold is called Luttinger surgery on the torus
T along v with surgery coefficient k. In Section 2.3.1 we will see this surgery as a
special case of another more general type, namely p/q surgery, which in general
does not preserve symplecticity and it will justify why we use 1/k in the notation

and not k.

2.2 Topological Classification of 4-Manifolds

The intersection form of a 4-manifold M is the symmetric bilinear form
Qun : H*(M,0M;Z) x H*(M,0M;Z) — Z defined by the cup product. By
Poincare duality H*(M,0M;Z) = Hy(M,Z) , this operation can be considered
to be defined on Hy(M,Z). Furthermore, if a € Hy(M,Z) is a torsion element
then Qr(a,b) = 0 for any b € Hy(M,Z). Hence we can quotient out the torsion
part and consider Qs to be defined on the free abelian group Hs(M,Z)/Tors.

The intersection form of a closed 4-manifold has determinant +1. Such bilin-
ear forms are called as unimodular. Obviously, the intersection form of a manifold

is determined by and depends only on the homotopy type of the manifold.

Simply-connected manifolds

The simply-connected topological manifolds are classified by the intersection
form and one more invariant as described in the following theorem due to Freed-

man:

Theorem 2.6. Given a unimodular bilinear form @, there exists a simply con-
nected topological manifold M such that the intersection form Qu; on M is iso-
morphic to Q). For an even form, there exists only one homeomorphism class
with this property. If Q) is even then there exists exactly two such topological
types which can be distinguished by their Kirby-Siebenmann invariants.

Kirby-Siebenmann invariant is a Zs-valued obstruction to triangulation and

hence it vanishes on smooth manifolds. As a result, if () is an even intersection



form then any smooth manifold with this intersection form has the same Kirby-
Siebenmann invariant so they are homeomorphic. As a consequence, topological
type of a simply-connected smooth 4-manifold is completely determined by the
isomorphism class of its intersection form. Now we will introduce some basic
invariants of bilinear forms that determine the isomorphism class.

Given a unimodular (so, non-degenerate) integral bilinear form @ on a free
abelian group A, extend the operation ) to be defined on A ®7 R and then
diagonalize. Denote the number of +1’s on the diagonal by b5 and the number of
—1’s by by . The signature of Q is defined to be o(Q) = by — b, . If the diagonal
consists only of +1 (resp. —1) values, i.e. by =0 (resp. b = 0) then @ is called
a positive definite (resp. negative definite) bilinear form. If it is neither positive
nor negative definite then it is called indefinite.

The parity of a bilinear form is defined as follows: If Q(a,b) is even for any
a,b € A then @ is called to be even, otherwise it is called odd.

Obviously rank, parity and signature of a bilinear form is invariant under
isomorphism. The converse is also true for indefinite bilinear forms: if the rank,
parity and signature of two bilinear forms are the same then they are isomorphic.
So we obtain a complete classification of topological type of simply-connected
closed differential 4-manifolds with indefinite intersection form in terms of these

three invariants.

Non-simply Connected Case

A similar classification is also proved for a certain class of non-simply con-
nected 4-manifolds:
Theorem 2.7 (Hambleton, Kreck, [11]). Let M be a closed oriented topological
4-manifold with cyclic fundamental group of odd order. Then the homeomor-

phism class of M is determined by its intersection form and Kirby-Siebenmann
moariant.

Again we conclude that the topological type of smooth manifolds with cyclic
fundamental group of odd order is determined by their intersection form since
their Kirby-Seibenmann invariants vanish. The corresponding result for general

types of finite fundamental groups is more subtle:



Theorem 2.8 (Hambleton, Kreck, [11]). There exists finitely many homeomor-
phism classes of topological 4-manifolds with a prescribed finite fundamental group
and Euler characteristic up to homeomorphism.

2.3 Seiberg-Witten Invariant and Surgeries

Seiberg-Witten invariant is a more refined version of its ancestor, Donaldson
invariant. For a wide class of 4-manifolds it is a diffeomorphism type invariant.

Seiberg-Witten invariant of a 4-manifold M is defined as a certain function
from the set of Spin® structures on M to Z. The set of Spin® structures on M
are in one-to-one correspondence with the characteristic elements in Hy(M; Z) if
H,(M;Z) has no 2-torsion (in particular, if M is simply-connected or has fun-
damental group of odd order). The characteristic elements are defined as the
elements of Hy(M; Z) whose Poincare duals reduce to the second Stiefel-Whitney

class of M modulo 2. Hence Seiberg-Witten invariant can be viewed as a function
SWy : {o € Hyo(M;Z) : PD(0) = wy (mod2)} — 7Z .

The definition of Seiberg-Witten invariant involves a metric defined on M
but it is known that the invariant is independent of the choice of the metric and
depends only on the smooth structure on M up to sign if b5 > 1, or by = 1 and
by <0O.

For f € Hy(M,Z), if SWy(B) # 0 then 8 (and its Poincare dual PD(3) €
H?*(M;7Z) ) is called a basic class of M. The value of Seiberg-Witten invariant at

£ and —f are the same up to sign and its value at —f3 can be obtained as

e(M)+o (M)
SWu(=p) = (1) 7 SWu(p)
hence if g is a basic class then so is —(. It is known that a manifold may have a
finite number of basic classes.
The self-intersection of a basic class of a symplectic manifold is given by the
following theorem:
Theorem 2.9. Let M be a closed symplectic 4-manifold with b3 > 1 and let 3

be a basic class. Then
B = 2e(M) + 30(M) (2.1)



where e(M) is the Euler characteristic of M.

If all basic classes of a 4-manifold satisfy the equation (2.1) then the manifold

is called to be of simple type. In particular, symplectic manifolds with by > 1

are of simple type by the theorem above. If a manifold is of simple type then the
inequality

(" +18- [Z]] < 29(%) -2 (2.2)

which is phrased as adjunction inequality holds, where ¥ is an embedded surface
of genus ¢(X) > 0 in the manifold M and [ is a basic class. By the following
theorem, we see that symplectic manifolds have at least one such basic class hence
Seiberg-Witten invariant is non-trivial on symplectic manifolds.

Theorem 2.10 (Non-vanishing theorem, Taubes [16]). Let M be a closed sym-

plectic 4-manifold with b3 (M) > 1 and let ¢,(M) be its first Chern class. Then

The Seiberg-Witten invariant is trivial on certain type of manifolds, described
in the following theorem:

Theorem 2.11 (Vanishing theorem, Witten [20]). Let M be a smooth closed
oriented J-manifold with by (M) > 1.

o [f M admits a metric with positive scalar curvature then SWy, = 0

o If M = M#My with b (M;) > 1 fori=1,2 then SWy =0

2.3.1 Surgery on Tori in 4-Manifolds

Here we will describe a surgery operation on 4-manifolds which is more general
than Luttinger surgery of Section 2.1.3.

Let T" C M be an embedded torus in the smooth 4-manifold M such that
T-T=0and 0 # [T] € Hy(M,Z). Since T has self intersection zero, it has a
closed neighborhood vT" = T x D?. We fix the framing given by this identification.
Let v be a simple closed curve on T and let 7/ C d(vT) = T? be a loop which is
parallel to v in vT under the framing given by the identification, or equivalently
v =~ x {y} where y € 9D?. Let pr be a meridian circle to T in d(vT), i.e.

boundary of a disc {x} x D? in the given identification.



The surgery operation, named p/q surgery, involves removing the neighbor-
hood of vT of T'in M and gluing it back using the curve v and a rational number
p/q (possibly infinity, i.e. 1/0, which gives the manifold M itself after the surgery)
which describes framing of the surgery to obtain Mr.(p/q), namely we consider
a map

¢ :0(T* x D*) — o(vT)

such that
¢.(0D?) = plur] + q[v'] € Hi(d(M\vT); Z)

We denote the surgered manifold as
Mz, (p/q) = (M\VT) Uy T? x D*

where ¢ describes the gluing on the boundaries.
By Seifert-Van Kampen theorem we get the fundamental group of the resulting

manifold as

m1(Mry(p/q)) = m(M\VT)/ < [prP[Y]* =1> . (2.3)

We observe that Luttinger surgery described in Section 2.1.3 is a particular
case of p/q surgery, where M(T',v,1/n) defined there corresponds to My, (1/n)
in terms of p/g-surgery.

Let By be a characteristic element of My, (0). Then after 1/n-surgery (as in
Luttinger surgery) there exists certain characteristic elements 3, € Ho(Mr,(1/n); Z)
and S € Hy(M,Z) whose Seiberg-Witten values can be obtained in terms of
Seiberg-Witten values of § € Hy(M,Z) and Sy € Hy(Mr,(0)) via the formula
[14]

SWote (1/m)(Bn) = SWar(B) + 1Y - SWas,_0)(Bo + 2i[T)) . (2.4)
i€z

Assume that My, (0) has only one basic class up to sign which is not a multiple
of [T]. Then the sum in the formula (2.4) above has at most one non-zero term.
If we also assume that M is symplectic, then 1/n-surgeries can be realized as
Luttinger surgeries. If the manifold My, (0) is also symplectic then we obtain
that the classes § and f, are the only basic classes of M and My, (0), hence

10



they are the canonical classes thus the value of Seiberg-Witten invariant at the
characteristic class § is +1. Hence the manifolds My, (1/n) has only one basic
class up to sign and the formula yields that the Seiberg-Witten invariants of
the manifolds My, (1/n) are all different hence none of the manifolds My (1/n)
obtained by 1/n-surgery are pairwise diffeomorphic.

We have a more general version of this fact for manifolds which do not need

to have one basic class or to be symplectic:

Theorem 2.12. [8] Let M be a closed oriented smooth 4-manifold. Let T C M
be a torus and v C T be a loop as described for p/q-surgery. Assume also that

My (0) has non-trivial Seiberg-Witten invariant and ' is null-homologous in
M\vT. Then the family

{Mp~,(1/n) : neN}

has an infinite subset which are pairwise non-diffeomorphic. Furthermore, if the
manifold Mr(0) has a single basic class then all manifolds in the given family
are pairwise non-diffeomorphic.

This theorem reduces the problem of constructing exotic manifolds to finding

an appropriate torus in the zero-surgered manifold.

11



CHAPTER 3

EXOTIC MANIFOLDS WITH
ARBITRARY FUNDAMENTAL GROUP

In this chapter, for any finite group G, we will find an infinite family of
homeomorphic 4-manifolds with fundamental group G which are pairwise non-
diffeomorphic. The construction will be by gluing up two manifolds: First one
is the symplectic manifold with arbitrary fundamental group constructed by S.
Baldridge and P. Kirk ([4], Theorem 14) which will supply us with the desired
fundamental group. The second part will be the manifold S* x Mg described in
the article [1] of A. Akhmedov, R.I. Baykur and D. Park, on which we will apply
surgeries and manipulate the differential structure.

J. Park has proved the following theorem:

Theorem 3.1. [15] Let x;, denote the holomorphic Euler characteristic and c3
denote the square of the first Chern class. For each finitely generated group G,
there exists constants rq and tg such that for any x > tg and 0 < ¢ < rgz, there

exists a minimal symplectic 4-manifold X with x,(X) = z and (X) = ¢ which
admits infinitely many different smooth structures.

Let G be a group. Let X = {z;}ica be a set and let R = {w,};eq be a set
of words in letters from X. The pair X, R is called a presentation of G if G is
isomorphic to Fx /N where Fx is the free group generated by the elements of X
and N is the subgroup of Fy normally generated by the elements of R. We will
denote such a presentation of a group G as < X|R > where X is called the set
of generators and R is called the set of relations. We will occasionally identify a
presentation with the group and write G =< X|R >. A presentation is said to
be finite if both X and R is finite.

12



3.1 Symplectic Manifold with Arbitrary Funda-
mental Group

The following construction of the small symplectic manifold Y is due to S.
Baldridge and P. Kirk ([4], [5]).

Let ¥ be an orientable surface and let H : > — X be a diffeomorphism on X
with a fixed point xy € 3. Denote the mapping torus of H by M, which is defined
as M = ¥ x [0,1]/ ~ where the relation ~ is given by (z,0) ~ (f(x),1),z € %.
Note that M is a fiber bundle on S! with fiber ¥ and projection map my; : M —
St is defined as my/(x,t) = t. The fixed point xy of H gives rise to a section
S = S; — M, of the bundle given by ¢ +— (x¢,t). The fundamental group of M
is determined by (M) and H via the following result:

Proposition 3.2. Let H : ¥ — X be a diffeomorphism of the surface ¥ with a
fized point. Let m (M) has a representation < X | R >. Then

(M) =< X U{t} |[RU{H.(z) = tat ™"z € m(D)} > .

Consider the 4-manifold N = M x S!'. This manifold is a fiber bundle on T2
with fibers ¥ where the projection map my is defined as 7y (m, s) = (mp(m), s)
for m € M and s € S'. Let q1,q2 : M — S* be the composition of this map with
projections to the first and second coordinates of 7% = S*! x S* respectively. This
fibration has a section T? — N defined as (t,s) — (S(t), s).

Now, we will describe a symplectic structure on N (cf.[17]). First, let’s choose
an arbitrary volume form go on the surface 3 and let g; be the pull-back of gy by
H,ie. g1 = H*(g9). Note that H : (3, go) — (X, g1) is an isometry by definition.
For t € [0,1], define ¢; = tgo+ (1 —t)g1, which gives us the linear path from g, to
g1- These volume forms define a 2-form $ on M which satisfies 35, = g, where X
is a fiber of N — T2 and t is ¢;(2). A symplectic form on N can now be defined
to be

w = p"(B) + qi(dt) A q2(ds) (3.1)

where p : S*x M — M is the projection. For the construction of Y with arbitrary
fundamental group, two building blocks will be used: We will have a manifold N

which carries the generators, and we will glue manifolds of type P to obtain the
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relations of the group.

3.1.1 Generator Block

Let G be a group with a finite presentation < X | R > so that X = {z1,...,2,}

and R = {wi,...,w,}. Instead of this presentation with g generators and r
relations, we pass to a presentation with 2¢g generators 1,1, ..., 24,9, and g +
r relations zyyi,..., %Yy, Wy, - ,w. where negative powers z;",n > 0 of the

generators in w; are replaced with y7. As a result, we obtain a presentation of GG
for which the relations contain no negative power of the generators in expense of
increasing the number of the generators and relations.

In the following part, construction of some orientable surface ¥ = ,, will be
described, in which each of the generators z;, y; are represented by several curves,
which has a 1-form compatible with these curves and in which the relations w;
correspond to some disjoint curves ;.

Consider the torus 7% = S!' x S! where S! is viewed as the unit circle in
the complex plane and let X = S; x {1} and Y = {1} x S*, with the same
orientation as the parametrization of the components. Let D? be a small disc
away from X UY. A 1-form on T which vanishes on D? and restricts to a volume
form on X and Y can be described as follows: Let ¢ : 7?2 — T2 be a map that
is constant on D? and is a diffeomorphism on T'\D?. Also, let f : T? — S be
defined as f(e, e®) = ¢®*) Now, pull back the volume form dt on S* described
by the usual parametrization ¢ — e onto T via f and ¢ to obtain the 1-form
0 = ¢*(f*(dt)). Note that 0 is strictly positive on a tangent vector of X and Y
with positive direction with respect to the orientations of these curves.

/
7

with z; € {z1,y1,...,24,9,} and 2z; # 21 then

By length n; of a relation w’;, we mean the length of the word avoiding the

powers, i.e. if w; = 21 ... zZkm
n; =m . For example, the length of a word z$z3y527 would be 4. Denote length

of an arbitrary word w by Lg(w). Define

nzl—l—inj

j=1

The surface ¥ with genus ng is described as follows: Consider the unit 2-
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sphere 5% C R? and let R be rotation by an angle 27 /ng in the positive direction
on xy-plane, fixing the north and south poles (0,0, 41). Let D’ be a disc around
a point of S? on the xy-plane small enough to guarantee that D' N R(D’) =
(). Define the complement of the interior of the orbit of D’ under R as A =
S\ UM int(RY(D')) which is S? punctured ng times. Now, glue ng disjoint
copies B; of punctured torus T2\ D obtained previously along the boundaries of
A to obtain F' = A, ' B;. R extends naturally to F so that the restrictions
R|p, : B; — B;;1 commute with the inclusions B; < F. Let B = UY, B; and
observe that F'= AU B.

We will name the images of the curves X and Y under the embeddings B; — F
as X; and Y] respectively. Note that RX; = X,;.; and RY; = Y;,;. Now, rename

those generators as

Xij=Xipjg;1<g,J<n

Yij =Yg 1<g,j<n.

If we let H = RY then we observe that HX;; = X, ;1. Connecting these curves
to the north pole py of S? to obtain z;; and y; ; respectively , we get a basis for
m1(F,po). H acts on m(F, po) by Hu(zi;) = (Tijs1), He(¥ig) = Wig+1)-

We now represent each relation w; with @; in letters z; ;,v; ;. First, concate-

nate the words w; to obtain w = w} - wj - ... w!. If
m
_ k1 ko ks fem _ kj
W= 2 20 20 2 = sz'j
=1

where z; € {z;,y;} then define

m

< ki ko ks km k;
W=z 12 0% 2 = | | (20,,5)"

J=1

and obtain each w; by the properties @ = w; - Wy - . .. - W, and Lg(w;) = Ls(w)).

In words, we list the relations w; in order and replace the index ¢; of the j'th

letter we encounter by double index i;, j. For example, if we have relations

/ / I\ 6 4 2 2 4.3
(W), wh, wy) = (T703Y577 , T3Ys , Y1Y3Y1)
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then the words w; would be described as

e N 4 2 2 4 3
(w1, W, W3) = (%,153,292,3%,47 L9 5Y5,6 311,73/3,83/1,9)

Observe that each letter of the words w; correspond to curves whose intersec-
tion with B lie completely on different punctured tori B; and they can be joint to
the base point pg along meridians an A, which are disjoint. Thus, we can obtain
curves 7y; which represent w; in m(F, py) whose possible double points are in B
and transverse, and which intersect one circle in AN B transversally and also such
that 0(2—:) is strictly positive on B. The last condition can be satisfied because
the words w; contain letters with only positive powers.

For the relations z;y; ,1 < ¢ < n in the presentation, we consider the curves
Yr+i corresponding to he words z; ,¥; . Note that we had not used these indices
for the previous v curves.

Define 6 to be the identically zero 1-form on A. Choose a function f; on
7; ' (A) which vanish on ~;'(A N B), which is positive otherwise and such that
v (0)+df is a volume form on S and f(v; *(po)) = 0. The only intersection of the
curves 7; on A is at the base point pg, so we can define the function f(p) = fi(p)
whenever p is in the intersection of the image of some ~; and A. Since (U; Im(~;))
is compact, this function can be extended to a function f on F which vanish
outside a neighborhood of images of the curves +; and on B.

Consider the mapping torus M = FxyS' = Fx[0,1]/ < (p,0) ~ (H(p),1) >
of H. Since 6 is invariant under H, the pull-back pr;*(#) of # under the projection
pry : F' x [0,1] — F determines a 1-form © on M and since the north pole py is
fixed under H, the fibration pry : M — S' has a section. Extend the function
f on the fiber F x {0} smoothly to M and retain the name f. Now, define the

4-manifold N as N = M x S'. For small € values, the form
we = p*(B) + ¢ (dt) A q2(ds) + ep™(© + df ) A ga2(ds)

is a symplectic form on N, where the terms 3, p, q1, ¢2, dt and ds are as described
in Equation (3.1).
Define the symplectic tori Ty, --- ,T,4, as follows: The north pole py in F' is

fixed under H, so we have a section vy in the mapping cone of H, corresponding
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tot. Let T = ; x S for i = 0,...,g + r. Observe that the fundamental group
of N is

m(N) =< 25, Yij, ] H[%j,yz‘,j] = 1t gt~ = @ i1, it = yigea > OLs
4,3
thus if we quotient out m(N) by the normal subgroup generated by the the
generators ¢t and s (which are the generators of m1(7p)), and the relations w; and
x; ;4;; (which correspond to factors v; of T; then we obtain the group G. Note

that he Euler characteristic and the signature of N is zero.

3.1.2 Relater Block

To construct the relater building block P of the symplectic manifold Y with
arbitrary fundamental group, we will describe a manifold B and regulate its
fundamental group by taking symplectic fiber sum with a manifold W along a
genus two surface to obtain a manifold R, then we will apply Luttinger surgery
to kill a generator of the fundamental group. We first give the description of the

regulating manifold W below.

The Manifold W

Consider T? x S? with product symplectic structure and resolve the three
singular points of the surface (7% x {s;}) U (7% x {s1}) U ({r} x S?) to obtain a
genus two symplectic surface F'. This surface has self intersection four, thus the

we can blow up the manifold four times and obtain
W = (T* x S)4CP”

in which the embedding of F' has self intersection zero.
Observe that m (W) =< aq,b1,a9,bs | a1, b1], [az,b2] > and under the map
Lo : T (F) — m (W) induced by inclusion ¢ : I — W, we have

(a) =a, (b)) =b, wla) =a", (b)) =b"

where a and b correspond to the generators of the fundamental group of 72 in

the product 72 x S2.
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Let @ be a 4-manifold including a genus two surface G with self intersection
zero. Let ¢ : F' — G be a diffeomorphism such that ¢.(g;) = a; and ¢.(h;) = b;.
Fix trivializations of the normal bundles of G and F', and choose a map 7 : F' —
S1. Take the fiber sum of Q and W with respect to the trivializations, twisting
by 7, i.e. define ¢ : A(vF) = Fx S' — d(vG) = G x S* by ¢(a, s) = (¢(a), 7(a)s)
and glue Q\vG with W\vF along their boundary by ¢ to obtain QircW.

Proposition 3.3. m(QircW) = m(Q)/ < gag1, haha, [g1, 1] > .

Proof. Any element of 71 (Q) can be pushed away from G, therefore ¢, : m (Q\vG) —
m1(Q) is a surjection, and its kernel is generated by the meridian pg of G in @
because any element of the kernel bounds a 2-disk in () which can be chosen to
intersect GG transversely at a finite number of points. By similar arguments and
observing that the meridian pp of F' in W\v is null-homotopic (because of the
exceptional spheres), we get m(W\vEF) =2 m(W) = Z, & Zy

Seifert-Van Kampen theorem yields

m(QircW) =m(Q\vG) * m(W\vF) / < &(MF)ME;?QM*I, hib~", gaa, hab >
:ﬂ-l(Q\VG) * (Za S¥ Zb) / < Ha, gla_1> hlb_la g2a, h2b >
:WI(Q) * (Za @ Zb) / < gla_17 hlb_17 goa, th >

Hence we can eliminate the generators a and b to obtain the desired result. [

The Manifold B

Let H = S' x S1\D? be a punctured symplectic torus with a base point h
on the boundary and let X and Y be the curves corresponding to the factors,
defined as for the punctured torus of the previous section. Join them to a base
point A on the boundary to obtain the generators =,y € m(H,h). Let K and L
be loops parallel to X and Y, respectively. Let D denote the Dehn twist along a
curve parallel to X. Define the 3-manifold Z to be mapping torus of H and let
C=27Zx8"=HxpS'x 8" ={(a,u,v) :a € Z;u,vel0,1}/ < (a,0,v) ~
(D(a), 1,v), (a,u,0) ~ (a,u,1) >. In C, rename h = (h,0,0),z =z x (0,0),y =
y x (0,0) and let t = {h} x [0,1] x {0}, s = {h} x {0} x [0,1]. In the following,

we will use this coordinate system for notation and avoid the quotient relation.
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Proposition 3.2 yields:

m(C,h) = < z,y,t|tot™! =z tyt ™ = yx > OZ,
=<z,y,t|[t,z], [y tla! > BZ,

Define the tori 73 = K x {0} x [0,1] and 75 = L x {0} x [0,1]. To calculate
m(C\T}), we first observe that

C\T} = {(a,u,v) : (a,u) ¢ K x {0}} = (Z\K) x S,

and Z — K = H x [0,1]/ < (p,0) ~ (H(p),1) : p € H\K >, thus by proposition
3.2 we get
(VT =< 2.yt [y a1 o] > Gs

and the meridian p; to 77 is represented by [t, x]
Similarly, C\T} = Z x [0,1]/ < (2,0) ~ (2,1) : z € Z\T? > and thus

1 (C\Ty) =< x,y,t,s|[t, 2], [y ", t]la~t, [s, 2], [s, 1] >

and the meridian ps to T is represented by [s, y].

Now, consider a genus two symplectic surface Y5 as the boundary sum of two
punctured tori Hy, Hy by the inclusions ¢; : H; — Y,7 = 1,2. Identify each
punctured torus with H above, fix a base point h on the common boundary and
specify the curves xy, 31, 2, y2 by the identifications ¢;(z) = x; and ¢;(y) = y;,1 =
1,2. Determine curves X;,Y; similarly.

Let Dy be a Dehn twist on a curve parallel to z; and D, be a Dehn twist
on a curve parallel to y5. Note that this will reverse the roles of z and y in the
computations for H,. Define diffeomorphism ¢ : 39 — ¥y as ¢ = Dy 0 Dy, Let Z
be the mapping cone of ¢. Thus we have a fibration 75 : Z — S

The boundary of H is represented by [x,y] in 7 (H), thus C = T3 and
11 (0C) = Zjzy ® Zy ® Zs. Hence, by the computations for the mapping cone of

H and Seifert-Van Kampen Theorem we get
7T1(Z) =< T1,Y1, %2, Y2, 1 | [m17 yl] [m27 yQ]? [t7 x1]7 [y1_17 t]xl_lv [132_1, t]y2_17 [tv yQ] >
(3.2)
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The manifold B = S x Z contains the tori T} = K x {0} x [0, 1] and T, = L x
[0,1] x {0}, where K is now chosen as a parallel copy of y; in the first component
of the boundary sum and L is a parallel copy of 5 in the second component. Also,
we choose a fiber of the projection ¢ x 7 : Z = S' x B — S x S' = T? disjoint
from T} and Ty, namely the genus two surface G = G x {1/2} x {1/3}. By Seifert-
Van Kampen Theorem we compute the fundamental group of the complement of

the tori as

Wl(B\Tl U TQ) =< T1,Y1, T2, Y2, S?ﬂ [xla yl][x% 92]7 [yl_lat]x_la [ta [3317?/1]],
[:L‘2_17 t]y2_17 [t7 92]7 [Sa le [Sa yl]v [87 t]? [87 yQ] > . (33)

The meridians of 77 and Ty are represented as p; = [x1,t] for T1 and ps = |29, $]
for T5.

By the method of Thurston [17], a symplectic structure can be defined on B
with respect to which the tori 77 and 75 are Lagrangian and the surface G is
symplectic in B. First, one takes an Riemannian metric g on G such that the
area form a(g) is preserved by the Dehn twists D; and Dy with support away

from L. The symplectic form is defined as

wp * (a(g)) = p*(alg)) + qi(dt) A g3(ds),
where the terms are as described in Equation 3.1.

Description of P

Define R as the symplectic fiber sum R = Bfip W of B with the manifold W.
Then the fundamental group of R can be computed by Proposition 3.3. Using
proposition, we substitute x5 = 27 and yp = x5 ', and let #; and y; commute in

equation 3.2 to obtain

ﬂ—l(R) =< x17y17t| ['rlayl]u [xhyl][‘rl_layl_l]a [taxl]a
'ty [ty [y ] > ©Z
:Zt@ZS .
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By taking the fiber sum of B\(77UT3) with W, we obtain R\ (71UT5). By a similar
computation based on Equation 3.3 on the fundamental group presentation of
B\(T1 UTy), we get m(R\(Th UT)) = Z; ® Zs = m(R). In particular, we see
that the meridian p; to the tori 7; are trivial in m (R\ (7} U T3)).

The tori T; are homologically essential in Ho(R,Z). To see this, consider a
null-homotopy of p; in R\ (71 U7T53) and take its union with a normal disk to 7; in
VT; bounded by the meridian p;. This closed surface intersects T; transversally
once, so T; cannot be homologically trivial.

The Euler characteristic of R is
X(R) = x(B\vG) + x(W\VF) = x(0(vF)) = (4 = (-2)) + (0 —(-2)) —0=8.

By Novikov additivity, we get the signature as o(R) = o(B) + o(W) = —4.
Now, apply 1-Luttinger surgery to the manifold R on the torus 7} along S to
obtain the manifold P = R(T3,s,1). Then the fundamental group of P can be

computed by equation 2.3 as
m(P) =m(R\T1)/ < sp1 >=m(R)/ < s >= 14
since gy is trivial in m (R\7}). Similarly, we obtain
m(P\T2) = m (R\(T1 U T3))/ < sus >= Z4

. The Euler characteristic and the signature of R does not change with Luttinger
surgery, so x(P) = 8 and o(P) = —4.

The sphere S C P obtained by taking the union of the disc bounded by us
as a meridian in 75 and the disc obtained by the null-homotopy of pg in P\T3
intersects T, transversally once, yielding that 75 is homologically non-trivial.
So we can perturb the symplectic form on P so that 75 becomes a symplectic
submanifold.

For a symplectic manifold N and a symplectic torus 7' C N with meridian p,

the fundamental group of symplectic fiber sum of N and P on the tori T C P
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and Ty, C P can be computed by Seiberg-Van Kampen theorem as

T (N#71, P) =(m(N\vT) « m (P\vT2)/ <x =ty = s, = s >
=m(N)*Zy) <x=t>=m(N)/ <z > (3.4)

using the triviality of us and s in 71 (P\T3), where x and y are the generators of

m1(T') identified with ¢ and s respectively under the symplectomorphism 7" — T5.

3.1.3 The Manifold Y

Theorem 3.4 ([4], Theorem 14). Let G be a group with a finite presentation
< X|R >, where |X| =g and |R| = r. Then there exists a symplectic 4-manifold
Y such that m(Y) =G, x(Y) =12+ 8(r+g) , o(Y) = =8 —4(g + r) and there
exists a symplectic torus T' C'Y in a cusp neighborhood.

Proof. Take fiber sum of N with the elliptic surface F(1) with at least two cusp
fibers along Ty of N and a regular fiber of E(1). This kills both generators ¢
and s in the fundamental group of N. Then, take the fiber sum of N with g + r
copies of P along T;. Hence the classes represented by the curves ~; die in the
fundamental group by equation 3.4 and we get m(Y) =< X|R >= G. Since
X(N)=0,x(P)=8,x(FE(1)) =12,0(N) = 0,0(P) = —4 and o(E(1)) = —8, we
obtain x(Y) =124 8(r +g) and o(Y') = =8 — 4(r + g). O

3.2 The Manifold S' x My

The following construction of the manifolds Y = S x Mg, Y, = S* x M, and
the relevant computations in this section are from the paper of A. Akhmedov,
R.I. Baykur and D. Park [1].

We begin with T = (S1)?, rename the factors as a, b, c,d and define a sym-
plectic structure on 7% = (a x b) x (¢ x d) as the product symplectic structure,
where the symplectic structures on a x b = T? and ¢ x d = T? are the standard
symplectic structures described as the quotient T2 = R?/Z? with wge = dz A dy,
where the factors a, b and ¢, d correspond to the quotient of the axes x,y respec-
tively. We will call the embedded loop a x (0, 0,0) also as a, and the related loops
b,c,d C T* accordingly.

Let b be a loop parallel to b. Let Vj be the result of —1 Luttinger surgery

on ¢ X a along a as described in Section 2.1.3, namely let Vi = T%(¢c x a,a, —1).
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Figure 3.1: Dehn surgery diagram for T°3.

Similarly, let b be a parallel copy of b so that S* x My = Vo(e x b, b, —1). Observe
that normal discs to the tori lie completely in 7% = a x b x d, thus we may consider
these surgeries as Dehn surgeries with corresponding framings. In Figure 3.2, we

apply these surgeries on 7.

"\
¢,

@

Figure 3.2: Surgery diagram for M.

Observe that the curve v in Figure 3.2 can be homotoped to lie entirely in a
Seifert surface of the O-framed surgery knot so it is homologically trivial in M,
hence also the torus I' = ¢ x v is homologically trivial in S x M. Also observe

that -1 surgery on ¢ x v along v gives once-surgered manifold Vg back, which is
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a symplectic manifold.

Now, instead of the -1 surgery, let’s apply —n surgery in the manifold Vj on
L = ¢ x b along b and name this manifold as S* x M k, - The corresponding Dehn
surgery diagram is shown in Figure 3.3. Observe that doing a % surgery on A
along 7 yields the same manifold as applying —(n + 1) surgery on ¢ X b along b

in Vp, i.e. Mg

n+1°

-Nn

Figure 3.3: Surgery diagram for M, .

The fundamental group of My, can be obtained as follows: Consider the loop
based at the marked point I in Figure 3.4, homotopic to [b~!,d™!]. By Equation

2.3, (—1)-surgery on ¢ x a along a creates the homotopy
bt d ! a=1. (3.5)
Similarly, p/q surgery along b yields the relation
[, dPb? =1 (3.6)

in the homotopy group. In our case, p = —1 and ¢ = 1 thus we get the presenta-
tion
m (Mg, x SY) =< a,b,d|la=[b",d"],b=[a"",d" > DZ, (3.7)

3.3 Construction of the Infinite Family of Non-
Diffeomorphic Manifolds

We will first take the symplectic fiber sum of the symplectic manifold of
Theorem 3.4 with S' x My of Section 3.2 and then apply p/q surgery. Then,

via Theorem 2.12 we will be able to tell that the resulting manifolds are non-
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diffeomorphic. Consequently, Theorem 2.8 of I. Hambleton ([11]) will allow us to
tell that an infinite family of these manifolds are homeomorphic.

Define G be a group with finite presentation and let Y be the symplectic
manifold of Theorem 3.4 with 7 (Y"). Define X to be the symplectic fiber sum

X =Y Uy (S* x M)

where v : T7 — T identifies the torus 77 C X which is a regular fiber in the cusp
neighborhood and Ty = ¢ x d € S x M.

Proposition 3.5. m(X) =G

Proof. The fiber sum identifies d(vT; = T?) with 9(vTy) = T? which is a trivial
fiber bundle of parallel copies of ¢ x d fibered over the meridian gz, = [a,b],
identifying pp, with pp,.

Choose a base point yp in Y away from 77. The function ¢, : m (Y\vT1,y0) —
m1(Y,y0) is a surjection since any representative of an element of (Y, o) is
1-dimensional so it can be homotoped so that it does not intersect with the 2-
dimensional 7T}, and hence can be pushed away from v77, so it also represents an
element in m (Y \vT1,10). Take a curve v C Y\vT} such that [y] € Keri,, i.e.
7 represents a trivial element in 7 (Y) so it bounds a 2-disk D in Y such that
Yo € OD. We can choose this disk so that it intersects 77 transversally finitely
many times. Thus v = uf in 7 (Y\vTy) for some k € Z. We conclude that Ker ¢,
is generated by p and hence m (Y\v11)/ < py >= m(Y). By similar arguments
we get m (ST x M\vTy)/ < pg >= m (St x M)
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Let ¢ and d' be the generators of m1(77) such that () = ¢ and ¥(d') =
d. Push those generators onto a fiber in d(vT;) (We will continue to denote
these elements with the same letters). Now, m(0(vT})) = Zy @& Zg & Z,, and
m(0WTs)) = Z. ® Z; ® Z,,. Remember that T} is in a cusp neighborhood so
¢ and d' are trivial in m (Y \nuT},yo) and pup = [a,b] in m(S* x M\vT3). By
Seifert-Van Kampen Theorem, we have

(X)) = [m(Y\vTy,90) * m (ST x M\vTy)]/ < [a,b] = p1,c=1,d=1>. (3.8)

Remember the relation a = [b™!,d™!] in 7, (S* x M). In figure 3.4, consider
the dotted corner marked by I as the base point and observe that this homotopy
is realized in the complement of the torus ¢ x d, hence it is still valid in 7 (S x
M\vT,) and thus also in my(X). Similarly, when we consider I as the base
point, we see that b = [a~!,d] holds in 7 (X) either. Hence in m(X), we get the
relation @ = 1 and b = 1 since d = 1, and p; = [a,b] = 1. Therefore the second
factor 71 (S* x M\vTy) of the free product in equation 3.8 is totally killed by the
quotient and gy in 7w (Y \vT},y0) is killed, reducing this factor to m(Y). As a
result, we get m(X) =m(Y) =G. O

The signature of X is 0(X) = o(Y) +o(S' x Mg) =o(Y) = =8 —4(g + 1)
by Novikov additivity, and the Euler characteristic of X can be computed as
X(Y\VT) + X (S* x M \vTy) + x(T°)

X(Y) = x(T?%) + x(S" x Mi) = x(T?) + x(T?)
x(Y)=12+8(9+ 1)

X(X)

In section 3.2, we saw that the manifold S x M contains a torus A = ¢xy such
that a parallel copy 7/ is homologically trivial in S x M. The surface bounded
by ~ is disjoint from d so the torus is still homologically trivial in S* x M \VA.
We also saw that zero surgery on this torus along ~ gives a symplectic manifold.
Since A has self intersection zero, we see that the conditions of theorem 2.12
are satisfied. Define the result of —n surgery on A in X along v to be X,, =
Xa~(1/n) = Y Uy ST x My,. Applying Theorem 2.12 on X, we obtain the
following result:

Theorem 3.6. Given any group G with finite presentation with g generators
and r relations, there exists family of smooth manifolds {X,, : n € N} such that

X(Xn) = 12 + 8(g + r), which includes an infinite subfamily of pairwise non-
diffeomorphic manifolds.
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If we choose the group G to be finite, then we can apply Theorem 2.8 to this
family. The theorem tells that each of the manifolds in the infinite family sub-
family of non-diffeomorphic submanifolds given in Theorem 3.6 are distributed
into classes of a finite number of topological types and thus there exists an infi-
nite subfamily {X,, }ren of pairwise homeomorphic manifolds, hence we get the

following theorem:

Theorem 3.7. Given a finite group G there exists an infinite family of pairwise
non-diffeomorphic smooth 4-manifolds with the same topological type. If G has
a presentation with g generators and r relations, then the manifolds has Fuler
characteristic x =12+ 8(g + ).

Comparison of Euler Characteristics with manifolds of J. Park

As cited in Theorem 3.1, J. Park has constructed infinite families of exotic
smooth manifolds for arbitrary finite fundamental group and for certain regions of
(X, c3) plane ([15]). The constants ¢ and tg in Theorem 3.1 are rg = % and
tg = q(m), where p(m) = 225m?+1148m+1413, q(m) = 256m?+143.5m+181.5+
g + 7, g and r being the number of generators and relations for a presentation
of G and m > 1 is an arbitrary odd integer. Since y(X) = 12x;(X) — ¢} and a
manifold of J. Park satisfies x,(X) > ¢(m) and 0 < ¢3(X) < Xh(X)%, we get

X(X) =12x(X) = ¢f

21200,00) - 2000 = 00 (12 B2

We observe that 12¢(m) > p(m) for any m > 1, so 12 — % is positive, hence

V(X) Za(m) (12 - %) — 12q(m) — p(m)

>T75m? + 574m + 765 + 12(g +r) > 1414 + 12(g +r) .

We see that the manifolds of J. Park are bigger than the manifolds we constructed

in the sense of Euler characteristics.
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CHAPTER 4

EXOTIC MANIFOLDS WITH CYCLIC
FUNDAMENTAL GROUP OF ODD
ORDER

In this chapter we will construct a pair of small homeomorphic but non-
diffeomorphic symplectic manifolds with cyclic fundamental groups of any odd
order. Our construction will follow the method developed by A. Akhmedov for
constructing small exotic 4-manifolds. The method involves gluing small symplec-
tic manifolds like 7% = T? x T? and S? x T? and applying surgery on Lagrangian
tori in them. A crucial point is that the order of these gluing and surgery op-
erations will not matter since the loci they are applied will be away from each
other.

4.1 Construction Scheme

The construction uses methods and computations from the article [1] of A.
Akhmedov, R.I. Baykur and D. Park where infinite families of small exotic simply
connected manifolds are constructed. We will alter the constructions to obtain
non-trivial fundamental groups.

First we will construct an irreducible manifold M for which we try to obtain
an exotic copy. We will tell the difference in smooth structures by irreducibility.
The exotic copy will be non-minimal, i.e. it will be in the form N ﬁm@Q for some
symplectic manifold N and m > 1.

The topological classification theorems of Section 2.2 tells that the homeo-
morphism type of a smooth manifold with a particular cyclic fundamental group
of odd order is determined by its signature, parity and Euler characteristic. Thus

the manifold N should have cyclic fundamental group of the same order with
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M and satisfy X(Nﬂm@2) = x(M) and a(Nﬁm@Q) = o(M), or equivalently
X(N)=x(M)—m and o(N) = o(M) +m.
An important part of the procedure is to keep track of how the fundamental

group is affected by the surgery operations.

4.2 Exotic Manifolds with Cyclic
Fundamental Groups of Odd Order

In this section, we will try to obtain a symplectic manifold with finite cyclic
fundamental group which includes an appropriate Lagrangian torus so that we
can apply the necessary Luttinger surgeries.

Consider T% = T? x T? and S? x T? with symplectic structures induced by the
product. In T? x T?% let A =T?x{y} and B = {x} x T? for some x,y € T?. The
tori A and B intersect transversally at the single point (z,y), so the homology
class [A] + [B] € Hy(T? x T?;Z) is represented by a singular surface of genus two
which has self-intersection 2. If we blow up 72 x T at this self intersection points
and resolve the singularity symplectically, we obtain Y = T*#2CP? in which the
genus two surface above transforms into a smooth genus two surface ¥ of self
intersection zero.

The generators of the fundamental group of Y can be obtained via the inclu-

sion X — Y. The fundamental group is

mY)=<a,bc,d]| [a,b] =a,c] =[a,d] = [b,c] =[bd] =[c,d =1>
~7* .

where a, b, ¢,d are the generators of 7 (X). Choose these generators to be La-
grangian in the corresponding 72 factor of 72 x T2.

Secondly, consider S? x T2, again with its product symplectic structure. Take
the union of two parallel copies of T2 and a copy of S?, namely for z;, x5 € S? and
y € T? take ({z1} x T?)U ({zo} x T*) U (S? x {y}). Now, {z;} x T? and S? x {y}
intersect transversally once so the surface representing the same homology class
has self intersection four. Thus we blow up this manifold at four points and resolve

the singularities symplectically to obtain Z = S? x T?#4CP? and a symplectic
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surface ¥ C Z of genus two and self intersection zero. The fundamental group

of Z can be presented as
m(Z) =<,y | [v,y] =1 >= 7"

Consider the inclusion ¥’ < Z. Choose the generators a',0,c,d" of m(Z) so
that the inclusion map ¢ : ¥’ < Z identifies the generators of the fundamental
group as

)=z, t,.()=2", )=y, t.(d)=y".

Besides, note that the meridian p’ to >’ is homotopically trivial in m (Z\r¥') since
Y. intersects an exceptional sphere (in fact, all four of them) transversally once.
Therefore, by the same arguments as in the proof of Proposition 3.3, the map
e m(Z\vY') — m(Z) induced by the inclusion ¢ : Z\v¥' — Z is a surjection
and its kernel is generated by p’ = 1, hence it is an isomorphism. Consequently,
m(Z\vY)=m(Z) =2, B L,

Now, we exclude the neighborhoods of ¥ and ¥’ from Y and Z respectively

and construct the symplectic fiber sum

M= (Y\vE) Uy (Z\vY)

by a map ¢ which sends a +— a’,b+— V', c— ,d +— d'. By Seifert-Van Kampen

theorem we obtain

7(M) =<a,b,c,d,x,y | |a,b] = [a,c] = [a,d] = [b,c] = [b,d] = [c,d] =1,
[:L‘7y] = 17a:$>b:y»czx_17d:?fl >=<,Y | [l’,y] =1>
>77.

Direct computation yields
e(Y)=00+2=2,e(Z)=20+4=4

and hence

e(M)=2+4—2(X) =6—2(—2) = 10 .
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Besides, it is also easy to observe that

o(Y)=0o(T*)—2=0-2and 0(Z) = —4

thus o(M) = =2 — 4 = —6. Since e(M) = 10 and Hy(M,Z) = (M) = 72, we

obtain

bo(M) = e(M) +2by (M) —2=10+22—-2=12 .

Now let’s return to Y = T2 x T?#2CP2. Let a and b parallel Lagrangian
copies of a and b in T? respectively. Then @ x ¢ and b x ¢ are Lagrangian tori
in T*. Since both the blow-ups and gluing with Z occur away from these two
tori, we can apply Luttinger surgery to T on these tori first and then glue up,
instead of applying them to directly M. We will call the manifold obtained after
surgeries on M as M.

Choose n to be an odd natural number. We apply —1 Luttinger Surgery on
Ty = a x c along a and 1/n Luttinger Surgery on Ty = bxc along b. Call the

resulting manifold as X. By Equations 3.5 and 3.6 we have the relations
a=[b"td", v =[d" d

in m1(X). Also note that the meridian p of ¥ is homotopic to [a,b] in X\v¥,
and again, p generates the kernel of the surjection ¢, : m(Y\vX) — m(Y).
Since ¥ also intersects the exceptional spheres, we get u = [a,b] = 1 and thus
m(X\vE) = m(X).

Now, let’s compute 71 (M) by Seifert-Van Kampen Theorem:

m (M) =m(X\vX) * 1 (Z\vY)/ <a=x,b=y,c= e ld=yt >
=m(X)*m(2)) <a=z,b=yc=a ' d=y ' >
=<abcdz,y, |a= [b_l,d_l] , b= [d_l,a], [z,y] =1,

a=zb=yc=a'd=y ' > .

If we reduce the number of generators by replacing x = a,y = b,c =a',d = b~*
we get:
m(M)=<a,bla=[b""b],0" = [b,a],[a,b] =1 >
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from which we see that @ = [b™1,0] = 1 and thus b is the only generator and
b" = [b,a] = 1 is the only relation that survives, yielding m (M) =< b|b" =
1 >= 7Z,. Since the only operations we applied are symplectic fiber sum and
Luttinger surgeries, the resulting manifold we obtained is a symplectic manifold.

A symplectic manifold is said to be minimal if it does not contain any (—1)-
spheres, i.e. a sphere with self intersection —1. The following theorem of M.
Usher offers a way to prove a symplectic manifold is minimal:

Theorem 4.1 ([19]). Let R be the symplectic fiber sum of the manifolds A and
B on surfaces ¥ C A and X' C B with genus g > 0. Then

(1) If A\X or B\XY' contains a (—1)-sphere then R is not minimal.

(ii) If one of the summands is admits S*-fibration on a genus g surface such
that the gluing surface is a section, then R is minimal if and only if the
other summand is minimal.

(1i) In all other cases, R is minimall.

In particular, if the complements of the gluing surfaces does not contain any
(—1)-spheres and if neither of the summands admits a fibration as described
in Theorem 4.1 then the manifold in question is minimal. Let’s consider the
manifold M. Since ¥ and ¥’ intersect the only (—1)-spheres of the summands,
the complements X and Z has no (—1)-spheres. Also, since the summands have
Euler characteristics 2 and 4, and since an S? fibration over a surface of genus
two should have 2.(—2) = —4 as Euler characteristic, the summands cannot have
the fibration structure as described. consequently, the manifold M is minimal.

An smooth manifold R is irreducible if R = A$B implies A = S* or B = S4.
The following theorem allows us to pass from minimality to irreducibility for a
wide class of manifolds, including all manifolds with a finite fundamental group.
As a result of this theorem, our manifold M is irreducible.

Theorem 4.2 ([12]). Any minimal symplectic manifold with residually finite fun-
damental group is irreducible.

Next, we will construct another symplectic manifold N which will be blown-up
to give an exotic copy of M. We now start with two copies of T4ﬁ2@2. We call
the first copy as Y and the second copy as Y’. The generators a,b,c,b € m(Y)
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retain their names, and the corresponding generators of 71 (Y”) will be denoted by
a', b, cdand d', respectively. Again, we consider the symplectic genus two surface
¥ C Y and name its copy in Y’ as ¥'. Define the symplectic fiber sum of Y and
Y" on ¥ as

N = (Y\vZ) Uy (Y\rY)

such that ¢ : d(vX) — J(vY') satisfies
bla)=¢, pb) =d' , b(c) =d', Y(d) = V. (4.1)
The Euler characteristic and signature of N is computed as
V(V) = X(V) + x(Y") = 2x(v5) = 2+ 2 — 2(~2) = 8

c(N)=0c(Y)+0o(Y)=—-2-2=—4

Observe that x(N) =8 = x(M) — 2 and U(NﬁQ@Q) = —4 =0(M)+2. Now,
we again apply —1 Luttinger Surgery on 73 = @ X ¢ along a and 1/n Luttinger
Surgery on T, = bxc along b in Y. In the second copy, apply —1 Luttinger
surgeries on 1] = a x ¢ along o and T, = Vxc along ¥ . In other words, we
replace Y by X in N, and we call the resulting manifold as N. Let u = [a, b]
denote the meridian of ¥ and y/ = [¢,d’] = 0 denote the meridian of ¥’ (To see
that [c, d] is also a meridian of X, just interchange the roles of the pairs a,b and

¢,d in Figure 3.4). The fundamental group of N is
m(N) =m(X\vE) «m(X'\vY)/ <a=d,b=d,c=d,d=1V,>.

Note that the relations [a,c] = 1 and [b,¢] = 1 still hold in 7 (X\rX), hence in
m1(N). We also have [a,b] = 1 and [¢,d] = 1 by triviality of meridian p, and we
have the relations a = [d™!,b7!] and b" = [a,d!] from the surgeries. Similarly,
'] = 1,[V,c] = 1,d = [d1 07! and ¥ = [d/,d7!] hold in 7 (Y'\vY).
We replace primed generators from Y in relations by Equations 4.1 and obtain
[c,al = [d,a] = 1,¢c=[b"1,d"'] and d = [¢,b!] in m(N). Observe that ¢ = a™*
can be obtained by a = [d™*,b7!] and ¢ = [b~!,d"!]. Since [a,b] =1 (i.e. a and
b commute) we obtain d = [a™',b7!] = 1. Since we know that d = 1, we have

a = [d7',b7'] =1 and thus ¢ = a=' = 1. The only generator that survives is b

33



with the relation b" = [a,d™'] = 1. We conclude that m(N) = Z,,. Note that
the Luttinger surgeries and symplectic fiber sums preserve symplecticity, so the
resulting manifold N is symplectic.

The Euler characteristic and signature of N does not change by p/g-surgery,
hence x(N) = 8 and o(N) = 4 either. Thus x(N#2CP’) = 8 + 2 = 10 = x(M)
and X(Nﬂ2@2) =—4—2=—6=x(M). Since the fundamental groups are also
isomorphic, by Theorem 2.7 we conclude that M and N ﬂ2@2 are homeomorphic.
But they are not diffeomorphic since M is irreducible but N ﬂ2@2 is not. Hence
N ﬁ2@2 is an exotic copy of the manifold M.
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