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ABSTRACT

DEVELOPMENT OF AN INCOMPRESSIBLE, LAMINAR FLOW SOLVER BASED ON
LEAST SQUARES SPECTRAL ELEMENT METHOD WITH P-TYPE ADAPTIVE
REFINEMENT CAPABILITIES

Ozcelikkale, Altug
M.S., Department of Mechanical Engineering
Supervisor : Asst. Prof. Dr. Caneyt Sert

June 2010, 104 pages

The aim of this thesis is to develop a ow solver that has the ab ility to obtain an accurate
numerical solution fast and e ciently with minimum user intervention. In this study, atwo-
dimensiona viscous, laminar, incompressible ow solver b ased on Least-Squares Spectral
Element Method (LSSEM) is developed. The LSSEM ow solver ca n work on hp-type non-
conforming grids and can perform p-type adaptive re nement . Several benchmark problems
are solved in order to validate the solver and successful results are obtained. In particular, it is
demonstrated that p-type adaptive re nement on hp-type non -conforming grids can be used to
improve the quality of the solution. Moreover, it isfound that mass conservation performance
of LSSEM can be enhanced by using p-type adaptive re nement s trategies while keeping

computational costs reasonable.

Keywords: Least-Squares, Spectral Element Method, Non-Conforming Grid, Adaptive Re-

nement, Mass Conservation
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P-TIPI UYUMLU SIKLASTIRMA YETENEKLERINE SAHIP, EN KBCBUK KARELER
SPEKTRAL ELEMAN METODU TABANLI BIR SIKISTIRILAMAYAN, LAMINER
AKIS COZBCBHSBNBN GELISTIRILMES

Ozcelikkale, Altug
Y aksek Lisans, Makina M ahendidligi B el ama
Tez Y oneticisi  : Yar. Dog. Dr. Caneyt Sert

Haziran 2010, 104 sayfa

Bu tezin amac say sal ¢ozema dogru, h zl ve verimli br sekilde, en az kullan ¢ muadahales
ile elde etme yetenagine sahip bir ak s cezacasa gektirmektir. Bu cal smada, iki boyutlu
viskoz, laminer, sk st rlamayan ak slar icin En Kacuak Kareler Spektral Eleman Metoduna
(LSSEM) daya bir ak s ¢ezocuasa gelistiriimigi LSSEM ak s ¢ozacusa hp-tipi uyusmaz
aglar wzerinde ¢al sabilmekte ve p-tipi uyumlu sklast rma yapabilmektedir. Cozacay@a dog-
rulamak icin cesitli test problemleri cezalmuas véasar | sonuclar elde edilmistir. Gzel olarak,
hp-tipi uyumsuz aglar @zerinde p-tipi uyumlu sklast rman n cezaman niteligini gelistirmek
icin kullan labilecegi gosterilmistir. Buna ek olarak p-tipi uyumlu sklast rma stratejilerinin
hesaplama maliyetlerini makul dazeyde tutarken, LSSEM’in katle korunumu performansn

iyilestirdigi bulunmustur.

Anahtar Kelimeler: En Kacak Kareler, Spektral Eleman Méodu, Uyusmaz Ag, Uyumlu
Sklast rma, K atle Korunumu
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Use of computational approaches to solve ow problems are be coming more common in non-
engineering disciplines such as biology or medicine. The application areas of numerical ow

solution techniques in these disciplines can be further extended by enabling people who have
little or no knowledge in numerical methods use such techniques to solve their problems with
ease and success. Such an idea can be realized by the development of numerical softwares
that have the ability to obtain an accurate solution fast and e ciently with minimum user
intervention. In this context, adaptive grid (mesh) re nem ent (AMR) strategies come forward
as away of automating the solution procedure. This thesis work constitutes the initial steps
of the development of a robust biological ow solver that wil | obtain an accurate solution

automatically using AMR strategies.

This study focuses on numerical solution of viscous, laminar, incompressible ows since
ows concerning a wide range of applications including land vehicle aerodynamics and hu-
man cardiovascular system are within the viscous incompressible ow regime. Additionally,

many low speed ow applications like blood ow in artery invo lve laminar ow. The most
common numerical methods used in the solution of viscous incompressible ows are the -

nite di erence, nite volume and the nite /spectra element methods. In nite di erence
method (FDM) [1], the derivatives in the governing di erential equations are approximated
by discrete di erencing formulas. While FDM can result in very accurate solutions, see eg.
[2, 3], its application is limited to simple geometries. In nite volume method (FVM) [4],

the problem domain is partitioned into small regions called nite volumes. The governing



equations are integrated over each nite volume analytical ly by the virtue of Gauss' Theorem
and di erencing formulas are applied to the resulting ux balance e quations. FVMs can be
applied to arbitrarily complex geometries. While FVMs are usually low-order accurate, they
are widely used in commercial ow solver packages and are app lied successfully to practical

engineering problems.

Alternatives to FVMs are the nite and spectral element meth ods (FEM, SEM respectively)
that share common aspects in principle. Like FVM, both FEM and SEM employ the dis-
cretization of the problem domain into acomputational grid composed of small regions called
elements. The approximate solution is represented by linear or high order polynomial func-
tions over each element. The prablem is solved by making the approximate solution satisfy
avariational boundary value problem derived from the governing equations. In FEM, the ap-
proximate solution is represented by low order linear polynomials. On the contrary, in SEM,
the approximate solution is represented by higher order polynomials (expansions). The main
di erence between the FEM and SEM is the way the quality of the solution is improved. In
FEM, convergence to a grid-independent solution is achieved by using smaller elementsii.e.
geometric (h-type) re nement of the computationa grid. On the other hand, in SEM, the poly-
nomial order utilized over each element can also be increased, without dividing the elements,
through a process referred as p-type re nement. Asaresult, SEM can employ both h- and p-
type re nements to improve the quality of the solution. Both re nement strategies enrich the
approximate solution by introducing additional degrees of freedoms to solve. However, it is
known that for problems with smooth solutions, the error in the approximate solution decays
much faster with p-type re nement when compared to h-type re nement [5]. Therefore the
same accuracy can be obtained with SEM by using less number of degrees of freedom than

FEM. In this study, a ow solver based on SEM is developed.

In FEM and SEM, the governing di erential equations can be transformed into variational
boundary value problems by di erent methods. One option for this purpose is the Galerkin
method that corresponds to principle of minimum potential energy in the case of solid me-
chanics [6]. Galerkin method has received great interest from FEM community in solid me-
chanics problems and di usion problems in uid mechanics and heat transfer. However ex-
tension of Gaerkin method to uid dynamics problems with co nvection encounters some
di culties such asthe necessity to usedi erent orders of approximations for the velocity and

pressure unknowns or instabilities in solution that arise when convective transport is impor-



tant [7]. In solution of uid dynamics problems, an alternat ive to Galerkin method is the
least-squares method that presents ageneral and robust way to handle ow problems without
encountering such di  culties [8]. The solver developed in this study uses a spectral element
method based on least-squares variational formulation, also referred as least-squares spectral
element method (L SSEM).

The present study concerns with the use of LSSEM on hp-type non-conforming grids [9].
In hp-type non-conforming grids an element may be adjacent to more than one element at
the same edge (h-type non-conforming) and the order of approximation (expansion) may
vary across elements (p-type non-conforming). hp-type non-conforming grids are suitable
for AMR since the regions of the problem domain that require higher grid resolution can be
rened either by h-type or p-type re nement localy without a ecting other regions of the
domain. Clever use of both h- and p-type re nements to obtain an optimal computational
grid that solves the problem accurately with least amount of computational resources is not

straightforward and is a subject of continuing research.

Next section summarizes the literature that is related to the current study.

1.2 Reated Work

L east-squares (L S) method has been used asaway of nding sol utionsto overdetermined lin-
ear systems of equations since Gauss' and Legendre’s pioneering works in early 19. century
[10]. The application of |east-squares method to partia di erential equations was introduced
by Bramble and Schatz [11]. In that work, a least-squares formulation and associated error
estimates were presented for the solution of boundary value problems governed by even-
degree high order elliptic partial di erential equations. This advance has been practically
important since such partial di erential equations are encountered in engineering problems
such as momentum, heat and massdi usion, and Euler-Bernoulli Beam Theory. At that time,
applications of least-sguares method in developing nite e lement methods were still limited
since least-squares method required higher regularity on the approximate solution than clas-
sical Galerkin method did. This regularity requirement results in impractical nite element

base that are continuous and also have continuous rst parti a derivatives across element in-

terfaces [12]. Later, it was shown by Lynn and Arya[13] that the high regularity requirement

3



of least-squares method can be circumvented by transforming the governing set of di eren-
tial equations into an equivalent set of rst order di  erential equations. Following this idea,
Zienkiewicz et al. [14] introduced a nite element method ba sed on least-squares method
to solve plane-elasticity and elastic beam problems. In the following years the approach of
equivalent set of rst order egquations became the common pra ctice to develop LSFEM and

LSSEM in the least-squares community.

Among the variational methods, Galerkin method has been the most prominent one in devel-
oping FEM for problems of solid and uid mechanics. The popul arity of Galerkin method
can be attributed to the fact that an arbitrary boundary value problem without a known equiv-
alent variational form can still be formulated in Galerkin method and the Galerkin method
has the best approximating properties in energy norm for self-adjoint equations that are ob-
served in solid mechanics and di usion problemg[8, 15]. The applications of Galerkin FEM
on such problems also result in linear system of equations with symmetric coe cient matri-
ces which can be solved e ciently [16]. However, favorable properties of Galerkin method
are lost when it is applied to non-self adjoint equations such as the Navier-Stokes equations
that arise in incompressible ow problems. In particular, G aerkin method does not have the
best approximating property for this type of problems [8]. Additionally, solution of incom-
pressible Navier-Stokes equations with FEM based on a Galerkin mixed (velocity-pressure)
method requires the use of di erent approximation orders for velocity and pressure to satisfy
the mathematical stability constraint: Ladyzhenskaya-Babuska-Brezzi (LBB) condition [17]
in order to avoid spurious pressure solutions [18]. It also results in linear systems with non-
symmetric coe cient matrices and zero-diagonal terms corresponding to pressure unknown

hindering the stability of temporal solution procedures [19].

L east-squares method iso ered by Jiang [8] as a better aternative to Galerkin method for the
solution of uid dynamics problems. Its major advantages ov er the Galerkin method can be

listed as follows;

In FEM and SEM based on |east-squares method, the same approximation (expansion)
order can be used for all approximated unknowns without violating the LBB stability
condition. This feature of |east-squares method enables the desired order of accuracy

for al unknowns and also simpli es the implementation work considerably [20].
Application of LSFEM and LSSEM, even on problems governed by non-self-adjoint

4



partial di erential equations, results in linear system of equations with symmetric and
positive-de nite matrices. Therefore, e cient iterative linear system solvers such as
preconditioned conjugate gradient method can be used [21]. This convenience does not
arise in the case of Galerkin and nite volume methods where r esulting matrices are

mostly non-symmetric and also are not positive-de nite.

The governing equations of uid ow and heat transfer have di  erent characteristics
for di erent ow regimes. The equations are elliptic for slow visco us ow and hyper-

bolic for convection dominated problems. Thesedi erent characteristics require special
treatment in the case of Galerkin and nite volume methods. F or instance, upwinding
schemes are found necessary to account for the direction of information travel in con-
vection dominated ow. Without upwinding schemes, both met hods return unstable
results, therefore are useless. In the case of least-squares method, no special treatments
such as upwinding as well as arti cial dissipation, stagger ed grid or operator splitting
are necessary. In other words, least-squares method presents a uni ed approach to uid

ow and heat transfer problems [8]. In fact, that point explains the great interest the
least-squares method has received recently from researchers working on computational

uid dynamics e.g. [22 25].

As mentioned before, the practical application of LSFEM and LSSEM requires a set of rst
order di erential equations. For the incompressible Navier-Stokes problems, di erent sets
of rst order equations that are equivalent to the higher ord er problem can be derived by
introducing di erent auxiliary variables. The most commonly used auxiliary variables are
the vorticity vector ¥, velocity gradient tensor rU and viscous (deviatoric) stress tensor

The use of these additional variables result in the rst-ord er equation sets referred as the
velocity-pressure-vorticity (U p 1), velocity-pressure-velocity gradient (U p  rU),
and velocity-pressure-stress (U p ) formulations respectively. These three formulations
involve di erent number of unknowns and have di erent boundary conditions. They aso
exhibit di erent convergence performances for the iterative linear system solution [26]. A
comparative study of the formulations was performed by Ding and Tsang [26]. In that study,
CPU times and memory required by the formulations were compared and it was observed
thattheU p T formulation is a promising candidate for wide-range use since it results
in the least memory use. It was also reported that U p formulation may be useful

for non-Newtonian, viscoelastic uids or turbulence probl ems where stress variables are of

5



interest. However it has the disadvantage of too many additional variables to solve. Following
this discussion, the present study usestheU p T formulation in reducing the governing

equations into an equivalent set of rst order di  erential equations.

A signi cant portion of the work on least-squares method has been devoted to developing LS-
FEM for the solution of incompressible Stokes and Navier-Stokes equations. The aspects of
mathematical framework such as error estimates upon h-convergence, optimality of the meth-
ods and well-posed boundary conditions were investigated [18, 20 22, 27 30]. Thereference

books of Jiang [8] and Bochev and Gunzburger [31] can serve asasummary of the work done
on those subjects. In the recent years, the focus of research on this area has shifted to de-
velopment of p-type FEM [21, 32, 33] and SEM [23, 24] based on the |east-squares method.
SEM studies were conducted using both hierarchical basis expansions [12, 34, 35] and nodal
basis expansions [12, 23, 36 42]. Additionally, Least-squ ares spectral collocation schemes
are aso introduced recently [25, 4346]. While adi erent name: collocation scheme is

given to the methods in these studies, it can be shown that LSFEM and L SSEM are equivalent
to weighted least-squares collocation schemes when the integrals arising from the variational
formulation are evaluated by numerical quadrature. In this case quadrature points turn out to

the collocation points [8].

It can be observed that LSFEM comes with many advantageous features. However, it aso
has some disadvantages against the Galerkin method. Namely, introducing the additional
dependent variables to obtain the equivalent set of rst ord er equations increases the use of
computational resources i.e. CPU time and memory. Nevertheless the e ort to solve for the
additional unknowns may not be totally in vain since the additional unknown, for instance

vorticity, may be aquantity of physical interest.

Another disadvantage of the least-squares method is that LSFEM is known to result in so-
lutions with severe mass conservation violations especialy for the problems with in ows
and out ows [47, 30]. For LSSEM, the situation is improved by use of high order expan-
sions but the mass conservation problem still persists [38]. In contrary to the least-squares
method, Galerkin mixed method is not associated with any mass conservation problems. The
reason for the lack of mass conservation can be understood by comparing the way the con-
tinuity (divergence-free) constraint isimposed in Galerkin mixed and |east-squares methods.

In Galerkin mixed method, the continuity equation is included in the variational formulation



asaconstraint imposed by the method of Lagrange multipliers where pressure isthe Lagrange
multiplier [19]. Therefore, the continuity equation is enforced exactly in the Galerkin mixed
method. On the other hand, in least-squares method, the continuity residua is minimized
in aleast-squares sense along with the residuals of other equations. Therefore the continuity
equation isnot enforced exactly in the least-squares method[38]. Recognizing the cause of the
problem some methods and remedies to improve the mass conservation properties of L SFEM

and LSSEM were presented in the literature.

First of al, arestricted LSFEM where the continuity equation is enforced by the method of
L agrange multipliers was suggested [47] to circumvent the mass conservation problem. While
this method results in good mass conservation it also destroys the two favorable features of
LSFEM i.e. symmetry and positive-de niteness of the coe cient matrix. Furthermore, it

requires the solution of an extralinear system to determine of Lagrange multipliers [30].

Another approach suggested to improve mass conservation was to increase the importance of
the continuity equation among the other equations by using a weighting factor (greater than
unity) in continuity contribution to squared sum of residuals. This approach results in the
weighted LSFEM[30, 48]. The mass conservation can be enhanced by increasing the weight-
ing factor appropriately. However, such an improvement in mass conservation is achieved at
the expense of momentum conservation. Moreover, the weighting factor increases the con-
dition number of the resulting coe cient matrix hindering the convergence of iterative and

accuracy of direct solution methods [38].

It was also reported that |east-squares method, while having poor mass conservation proper-
ties, conserves momentum better than the Galerkin mixed method. Additionally, it was noted
that mass conservation performance of LSSEM gets better as the expansion order isincreased
[38]. Both of these statements are valid. Nevertheless, it will be shown in the present study
(in section 4.3) that mass conservation is still an important problem of LSSEM sinceit a ects

the formation of ow features such as recirculation regions behind blu  bodies.

Decoupling the solution of velocity and pressure elds thro ugh a consistent splitting scheme
was also found to be e ective in recovering good mass conservation properties [40]. In such
an approach, rst, the velocity eld is solved by applicatio n of least-squares method to an
advection-di usion equation and a divergence-curl system successively. Pressure is obtained

by substituting the solved velocity eld in aPoisson equati on and solving it by either Galerkin



or least-squares method. This approach may be preferable to the original least-squares method
for the cases where the derivations of well-posed initial and boundary conditions are straight-

forward.

L east-sgquares penalty formulations were also reported to have good mass conservation prop-
erties [42, 45]. In penaty methods, pressure is eliminated from the governing eguations
and the continuity equation isimposed in regularized form through a penalty parameter [19].
Success of such methods depends on the proper selection of the adjustable penalty parame-
ter. Moreover the solution procedure su ers from high condition numbers of the coe cient
matrix if a penalty parameter that is too large is selected. In the studies of Prabhakar and
Reddy [42] an iterative penalty method is employed to keep the penalty parameter small and

the condition number of the coe cient matrix manageable.

Apart from these studies, anew rst order formulation for th e incompressible Navier-Stokes
equations was introduced to use with the origina least-squares method [49, 50]. The new
formulation involves a new variable that is the combination of pressure gradient and convec-
tive acceleration: r = rp+ Re(U rU) where Re is the Reynolds number. While the new
formulation results in good mass conservation, application of boundary conditions associated

with r is quite involved and requires further study [49].

Most recently, it has been shown that use of few and large elements with high expansion
ordersin LSSEM results in good mass conservation. This idea has also been veri ed in the
present study. Nevertheless, the use of high expansion orders uniformly across the solution

domain is computationally prohibitive for practical problems and should be avoided.

Another interest of this study is the hp-type non-conforming grids. In practice, hp-type non-
conforming grids are obtained by constructing an underlying h-type non-conforming grid and
use of a high order method like SEM with varying orders of expansion over elements. One
popular class of h-type non-conforming grids are non-conforming Cartesian Grids (NCG). In
NCGs, the computational grid is obtained by recursive sub-division of the domain into square
(in2D) or cubic (in 3D) regions. Thelevel of subdivision may vary acrossdi erent regions of
the domain, resulting in a h-type non-conforming grid structure. NCGs are popular in recent
AMR studies since they o er an elegant way to discretize domains with complex-moving
boundarieg/51]. Moreover, NCG has a exible grid structure which alows for e cient im-

plementation of AMR [52]. In other words, the practical aspect of using NCG is the ease of



grid generation and adaptation. There is a great amount of work on h-type adaptive re ne-

ment on NCGs with low order methods like FVM or FDM. See eg. [53, 54] One focus of
studies is on the immersed boundary methods (IBM) where the computationa grid does not
conform to the boundaries of immersed bodies. Thea ects of the boundaries are simulated by
addition of singular body forces in the formulation. Then the usual FVM or FDM s applied
[55, 56]. Since the grid is not required to conform with complex boundaries, grid generation
and adaptation is straightforward. However, IBMs are not suitable for high order methods
like SEM. Use of relatively large elements in SEM renders the application of boundary con-
ditions complicated and existence of singular forces in formulation hinders the exponential
convergence properties of SEM. Another approach for the use of NCGsisthe cut-cell method
[51] where the grid conforms with the boundaries of immersed bodies. For this purpose,
the NCG generated across the domain is modi ed to form a confo rming unstructured grid
near the boundaries. The presence of unstructured grid complicates the grid generation and

adaptation. Nevertheless, the cut-cell method can be used with high order methods.

Studies on hp-type non-conforming grids based on NCGs are relatively limited. Studies to
devise a universal hp-type adaptive re nement strategy has been of particular importance in
that context. Through the series of related studies by Demkowicz et al. [9], Oden et al. [57]
and Rachowicz et a. [58], the constrained approximation method, which is also used in the
present study, was introduced to construct the solution on a hp-type non-conforming grid
[9]. Secondly, severa error estimates to drive hp-type adaptive re nement were proposed

and compared by solving model problems on simple domains. It was concluded that error
estimates based on element residuals o er a good compromise between accuracy and com-
putation cost [57]. Finaly, an hp-type adaptive re nement strategy that aims to minimize
the error with a xed number of degrees of freedom was propose d. It was observed that the
hp-type adaptive re nement strategy can lead to exponentia |l rates of convergence even for
problems where the solution has large gradients and the domain has geometric singularities
[58]. Another study was by Henderson [59] where an error estimate based on the expansion
coe cients of an high order expansion of the SEM solution was proposed to drive h-type
adaptive re nement on an hp-type non-conforming grid compo sed of elements with xed

expansion order (p = 7 in speci ¢).

Adaptive re nement studies with least-squares method are r are. One important study is by

Jiang and Carey [60] which proposed an error estimate based on |east-squares functiona to



drive h-type adaptive re nement with LSFEM. More recently i n the work of Cai et a. [61],
LSFEM is used together with a grid deformation method (also referred as r-type adaptive
re nement) where a FEM grid composed of xed number of elemen tsis deformed to capture
the interfaces and boundaries. The error estimation in that study was also based on elemental

residuas.

1.3 ThePresent Study

In this study, a two-dimensional incompressible ow solver based on least-squares spectral
element method (LSSEM) is developed. the focus of the study is on solutions with LSSEM

using p-type adaptive re nement on hp-type non-conforming grids when available.

Asstated in Section 1.2, the adaptive re nement studiesint he literature focus on h-type adap-
tive re nement on non-conforming Cartesian grids with low o rder methods. p-type adaptive
re nement studies are limited. In particular, adaptive re nement studies in least-squares lit-
erature are restricted to h-type re nement [60] and r-type r e nement [61] with LSFEM. The
adaptive re nement studies presented in this thesis involv es p-type adaptive re nement with

L SSEM and aims to address this gap in the least-squares literature.

The survey of the related work reveals that the poor mass conservation properties of |east-
squares method and the ways to improve it have received great interest recently. The remedies
proposed in the literature involve modi cation of the origi nal least-squares formulation and
they cause some favorable features of the formulation to be lost. Recently it was shown that
good mass conservation can be achieved by the original least-squares formulation using few
and large elements with very high expansion orders (p / 20) [46]. Implementing such an
approach on a conforming grid results in excessive and unnecessary re nement. Therefore
it is computationally impractical. In the present study, it is shown that mass conservation
performance of LSSEM can be enhanced by using p-type adaptive re nement strategies up
to the same accuracy as the uniform re nement while keeping ¢ omputational costs practical .

For additional discussion on this subject, one can refer to Section 4.3.

10



1.4 ThesisOutline

Chapter 1 introduces the motivation of the thesis, the related work, the present study, and
the outline of the thesis. Chapter 2 presents the governing equations solved in this study,
and overviews the theory of the least-squares method and the least-squares spectral element
method. Chapter 3 illustrates the features and implementation highlights of the LSSEM ow

solver developed in this study. In Chapter 4, the LSSEM ow so lver is validated by solving
of several test problems and comparing the results with the literature. Chapter 5 summarizes

the ndings of the thesis and presents ideas for future work.
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CHAPTER 2

MATHEMATICAL FORMULATION AND NUMERICAL
METHOD

This chapter presents the governing equations of the laminar incompressible ows solved
in this study, the formulation of least-squares method and the |east-squares spectral element
method.

2.1 Governing Equations

Conservation of momentum in viscous owsis governed by the N avier-Stokes equations. By
incompressible and Newtonian uid assumptions, the Navier -Stokes equations can be written
in terms of velocity eld and pressure as the unknowns (depen dent variables). Navier-Stokes
equations are solved together with conservation of mass (continuity) equation to determine
the dependent variables. Then for the viscous, incompressible ow of a Newtonian uid, the

governing equation set is asfollows:

r u=0 (Continuity) (2.19)

u u ru+ 1rp rou=f (Momentum) (2.1b)

ot

where u isthe velocity eld, pispressure, f isthe body force, isdensity and iskinematic
viscosity. u and p are the dependent variables that are functions of both space variables and

time. f, and areassumed to be constant.
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2.1.1 Veocity-Pressure-Vorticity Formulation

Eqgn. set (2.1) isreferred asthe primitive variable form of the governing equations. It involves
second order derivatives in the viscous di usion term. As stated in section 1.2, direct appli-
cation of least-squares method to egn. set (2.1) isimpractical [13]. Therefore the governing
equations are reformulated into an equivalent set of rst or der di erential equations by intro-
ducing an auxiliary unknown. It this study, vorticity vector ¥ = r uisused for this purpose.
By using the vector identity:

r‘u= r (r u+r(r u (2.2)

and the conservation of mass, egn. (2.1a), aso referred as the divergence-free constraint, the

governing equations become:

r u=0 (Continuity) (2.39)

@u 1
m +Uuru+-rp+ r 1=f (Momentum) (2.3b)
' r u=0 (Vorticity De nition) (2.3c)

Egn. set (2.3) is known as the velocity-pressure-vorticity (u p @) formulation of the
Navier-Stokes equations. Other equivalent setsof rst ord er systems based on vel ocity gradi-
ent, viscous stress tensor and stream function are also available [26, 48]. As stated in section
1.2, velocity-pressure-vorticity formulation is selected due to it's widespread use in least-
squares community, low memory requirements in implementation and the fact that vorticity
is an physical quantity of interest that should be calculated at some point in solution. It can
be noted that egn. set (2.3) involves only rst order derivat ives. Therefore, the application of
least-squares method to Eqn. set (2.3) can be realized by practical C%-continuous nite and
spectral element bases [12].

2.1.2 Time Stepping Method for Time Dependent Problems

It should be noted that the solution of Egn. set (2.3) depends on time as well as spatial
variables. SEM and FEM solutions for time-dependent problems can be obtained in two

aternative ways:

1. Space-Time Coupled Formulation: Both temporal and spatial variations of the un-
knowns are approximated by SEM (or FEM). In this approach, time appears as an addi-
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tional dimension in the spectral element formulation. For instance if atwo-dimensional
problem is to be solved by a space-time coupled SEM formulation three-dimensional

spectral elements are used to construct the approximate solution.

2. Space-Time Decoupled Formulation: The temporal and spatial variations of the un-
knowns are assumed to be separable. The most common practice with space-time de-
coupled formulations is to approximate the spatial variation of the unknowns using
SEM or FEM while the time dependence is approximated by nite di erence formulas.
[19].

Several space-time coupled LSSEM formulations are reported in the literature [32, 33, 62].
The advantage of these formulations is the high accuracy in time. However space-time cou-
pled formulations are not commonly used in practical applications since their application to
three-dimensional problems are computationally prohibitive [62]. Therefore, in this study
a space-time decoupled formulation is used. For time stepping, -family time integration
scheme [19] is selected for it's simplicity. In this study, the governing equations are rst
discretized in time using the time integration scheme. LSSEM is applied to the resulting

semi-discrete equations.

In -family timeintegration scheme, the integral of afunction f(t) over atimeinterval (t;t +

t) is approximated as.
V4 t+ t

fdt= t (1 )@+ f(t+ t) (2.4)
t

=t@ )+ fu (2.5)

where isaparameter between 0 and 1. The subscripts n and n + 1 are the time step indices

that correspond totimestandt + t.

In the way to obtain atime stepping method for the governing equations, it is assumed that the
solution of the egn. set (2.3) is known at timet. Then egn. (2.3b) isintegrated over the time
interva (t;t+ t). Notethat the other equations in the egn. set (2.3) need not be integrated in

time since they do not involve any time dependence.
Zt+t@u Zt+t 1 ! Zt+t
—dt + uru+-rp+ r 1 d= fdt (2.6)
'y t
Un+1 Un

The rstterm ontheright hand side of egn. (2.6) can beintegr ated exactly by the Fundamental
Law of Calculus. Therest of the integrals are approximated with the -family time integration
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scheme, egn. (2.5). At that point, the subscript n + 1 is dropped from the unknowns to be
solved for brevity. The subscript n is kept to indicate that the associated variables are known

from the solution of previous time step. Then egn. (2.6) becomes:

!
u u 1
T+ @ )up rup t Zrppt+ r 1, +

u ru+}rp+ r ' =1 )Hf\+ f (27

where all terms have been divided by t for convenience. Since body force f is assumed to
be constant, right hand side of egn. (2.7) reducesto (1 )fn+ f =f. Thetermswith
subscript n are known from the previous time step. Therefore they can be moved to the right

hand side. Then egn. (2.7) becomes:
]

1
£t+ uru+ -rp+ r 1 =f (2.8)

where
|

1
f=f+—t @ JYup rup + —rpp+ r I, (2.9

It should be noted that all terms constituting the new right hand side vector f  are constants or

known from the previous time step.

2.1.3 Linearization of Non-linear Convective Terms

An additional approximation to the governing equations arise from the fact that the convec-
tive acceleration term u  ru in the Navier-Stokes equations is nonlinear with respect to the
velocity eld. This non-linearity can be eliminated by usin g an iterative procedure based on
the Newton's method [63]. Newton’s method involves a rst or der variational approximation

to the non-linear term with:

k+1 k+1 k

T ST TUNE STRER T

ruk U ruk (2.10)

where superscript k is the non-linear iteration index. uk are known from the previous non-
linear iteration. u¢** are calculated in the current non-linear iteration and substituted as known
values in the next nonlinear iteration. Substituting egn. (2.10) in egn. (2.8) and rearranging
the terms:

u 1
=+ U ru+u ri+ Zrp+ r 1 =f (2.11)



I
L !
P=f+ uk ruk @ )up rup + Srpa+ r 1, (2.12)

Again, the superscript k + 1 is dropped from the unknowns for simplicity. The momentum
equation (2.11) can be written together with the continuity egn. (2.38) and the de nition of

vorticity (2.3c) to abtain the nal form of governing equati ons.

r l{ =0 (Continuity) (2.139)
it + U ru+u rdd+ 1rp + r !. =f (Momentum) (2.13b)
' r u=0 (Vorticity Def.)  (2.13c)
where I

u 1
f —f+—’;+ uk ru @ Yu, rup + Srppt+ r 1,

Both time stepping method and the non-linear convective terms result in iterative solution of
the governing equations. At each time step, an iterative solution is performed to solve the non-
linear system of equations. The inner iterations can be terminated when the some measure
of the change in the velocity magnitude or the individual velocity components is less than a
tolerance. In this study, the relative change in the Euclidean norm of the x-velocity unknown
vector u is used as the non-linear error measure:
kuk*1 Ukk2 "

-l < "nonlinear (2.19)
2

Common values for "noniinear 1Sfrom 10 4to 10 © for which non-linear convergence isusually

achieved in less than 5 iterations. Nevertheless, the actual convergence rate depends on the

problem solved.

In this study, the governing equations are solved for two-dimensional problems based on

Cartesian coordinates (x; y). For this case egn. (2.13) reduces to:

%( N g_;: 0 (2.153)
1., kgi ng; @@lj'(‘ V%—li( N 1%’ + %_;l =1, (2.15b)
g_‘)’( N @_‘; -0 (2.15d)
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1
_ 1 (U6 U @un ,  @uy | 1@pn . @14
fX = fX + —tun+ u @ +Vk@—y (1 ) Un@ + Vn@—y + —@ + @y
(2.163)
| |
— 1 k@Vk v @vn Ovy 1@pn 1,
fy = fy + —Vvyt+ u @ +Vk@—y (l ) Un@ + Vn@—y + —@—y @

(2.16b)

Here, uisthe x-component of the velocity vector (x-velocity) and v is the y-component of the
velocity vector (y-velocity). p isthe pressure and ! is the z-component of vorticity vector.
For two-dimensional ows, vorticity vector is in z-directi on. So the subscript is dropped.
Subscripts x and y denote the x- and y-components of the other vector quantities. Egn. set

(2.15) are solved for the four dependent variables. u, v, pand .

Egn. set (2.15) isthe na form of the governing equations. |t is found convenient in im-
plementation to keep the governing equations in dimensional form. In the next section, the

least-squares method is applied to the egn. set (2.15).

2.2 Least Squares Method

In this section the mathematical formulation of least-squares method is derived from varia-

tional principles.

2.2.1 Denitions

The derivation of least-squares formulation isillustrated using the following model boundary

value problem (BVP):

Lu=f on (2.179)

Bu=g on@ (2.17b)

where
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Problem domain

0] Boundary of the problem domain
L A 1% order, linear partial di erential operator
u A scaar valued unknown function
f : Right hand side (RHS) function
B : Analgebraic boundary operator
g . Boundary function
The problem domain and the boundary are composed of points x = Xg; X2;  ; Xng Where

N is the number of spatial dimensions. The unknown and the RHS vector are functions of
X. In this problem, the di erential operator involves rst order derivatives only. Th erefore,
the boundary operator imposes boundary conditions that involve the unknown itself and not
it's derivatives i.e. only essential boundary conditions. Stating that the boundary operator is
algebraic signi es this point. The BVP (2.17) is assumed to b e well-posed and therefore has

aunique solution.

The discussion starts with the assumption that the RHS function f is square-integrable on

In other words, f isamember of the space of square-integrable functionson : L2( ).

The space of real valued square-integrable functions isde ned as.

( z )
L2 )= u: 'R Wd <1 (2.18)

L2( ) isaninner product space. Therefore the orientation of two members u;v L2( ) can

be measured by the inner product:
Z
(UV)2y= uvd (2.19)

and a measure of the size of amember is provided by the inner product induced norm:
Z !1:2
kukzy=  u*d (2.20)

When it comes to the unknown function u it is observed that u must be square-integrable even

when operated by the rst order linear di  erential operator L. It can be shown that u is a

member of a subspace of L2( ): H( ) which is one of the Hilbert spaces [64]. H( ) is
de ned as: ( a )

HY( )= u ¥ ) % L2( ) i=12 ;Ng (2.21)

|
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Thisspaceisalso aninner product space equipped with the following inner product and norm;

Dg @U @V-
u; Vv =(uv + —_— 2.22a
W)y = (UV) 2 T T (2.229)
1=2
Kukyye = Bkuk?, | + X u é (2.22b)
H( ) L)~ Tax LA0) '

i=1
When a solution to the BVP (2.17) isto be found using a variational method like the Galerkin
or |east-squares methods, the solution is sought among the members of these function spaces.
Both L2( ) and HY( ) arein nite dimensional spaces. In nite element and spect ral element

applications, approximate solution is sought in nite dime nsional subspaces of H( ).
The solution of the BVP (2.17), u, can be decomposed into two components.
U= Un+ Up (2.23)

where uy, is the part of the solution that satis es the homogeneous bou ndary conditions i.e.
Bu, = 0. On the other hand, uy, is the part that satises the original nhon-homogeneous
boundary conditions in the boundary equation (2.17b). Thisprocedure isreferred asthelifting
of the solution [15]. Lifting is used for convenience in deriving the variational formulations
and applying boundary conditions inimplementation. It can be noted that a suitable u, can be
found by the mere knowledge of the boundary conditions. Therefore, it is actually a known
function. Then u, is the new unknown of the problem. It is a member of the subspace of
H( ) that satis es the homogeneous boundary conditions: H3( ) = nu H! jBu= OO.
When an approximate solution u, apart from the exact solution, is substituted into the di er-

ential equation (2.17a), aresidual R that isanon-zero functionon  arises:
R=Lu f,Oon (2.29)
Thisresidual function is of interest in the variational methods.

Finally, the concepts of functional and variation of a function are introduced briey. A func-

tional is afunction whose argument is also afunction [19]. For instance in:

du du
F(x u; d—X) =X+ 2u ; i (2.25)

F is a functional of the function u and it's derivative % which are treated as independent

variables. uand $ themselves are functions of x.
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Another concept is the variation of afunction. The variation of function u, denoted by u, is
an admissible change from u to another function u+ u for the xed values of the independent

variable x [19]. The change is admissible in away that, if u is prescribed as some values of
X, for instance through a boundary condition, u must be zero at these values of x since u can

not be varied there. uis otherwise arbitrary.

First variation of afunctional isanalogoustothedi erentia of afunction. It isthe changein

the value of the functional with respect to variations in it’s function arguments:

!
du _@F . OF du
dx @u @ Q dx

dx

F(x u; (2.26)

In egn. (2.26) there is no term involving variation of x since it is kept constant through this

process.

An extremum (local minimum or maximum) of a function u can be found by setting it's
di erential du to zero and solving for independent variable x. Similarly, an extremum of a
functional can befound by setting it’s variational to zero and solving for it’s function argument

u.

For additional information in calculus of variations, one can refer to Reddy [19].
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2.2.2 Least-Squares Formulation

L east squares formulation is obtained by applying the least-squares method to the BVP (2.17).
Given an arbitrary functionu H?*( ); theresidual is given by eqgn. (2.24):
R=Lu f,0 (2.24)

An integral functional I can be de ned by having the square of the residual and integra ting

over 7
6u Bu . Gu 2

The functional 1 is referred as the least-squares functional. It can also be de ned as the

1=1( (2.27)

square of the L?-norm of the residual function. i.e. 1 = kkaz( )

In least-squares method, the solution u that makes the least-squares functional a minimum
is sought. This is achieved by having the rst variation of th e least-squares functional and

requiring it to be zero for u.

z
1 = R?d =0 (2.28)
z
= (Lu f)?’d =0
z
= (Lu f)2d =0

The last step in egn (2.28) is possible since variation and integration operations are inter-

changeable. Performing the variation operation,
Z
2 (Lu f)(Lud =0 (2.29)

The variation and di erentiation operations are also interchangeable. Then (Lu) = L( u).

Denoting the variation of u by v for convenience,
z
(Lu f)bLvd =0 (2.30)

It should be noted that, whileu HY( ), v H3( ) H( ). Sincethe solution is speci ed
at the boundary through the boundary condition (2.17h), it's variation is zero there. It is
desirable to seek the solution in the same space as it's variation. Therefore the solution can

be lifted using egn. (2.23) Substituting egn. (2.23) into (2.30) and rearranging the terms,
Z VA
LvLupd = Lv(f Lup)d (2.32)
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Then the least-squares formulation for the BVP (2.17) can be stated as:

Find up Hclk( ) such that

LvLupd = Lv(f Luy)d (2.32)

Foralv Hj( )

After nding up, uisobtained by egn. (2.23).

Since Hcl)( ) is in nite dimensional, problem (2.32) requires simultan eous solution of in-
nitely many equations. In the spectral element method, HJ( ) isreplaced by a nite dimen-

sional subspace, say Hcl);hp( ).Then the approximate solution uEp is sought in that space.

2.2.3 Extension to Prablemswith Multiple Equations and Unknowns

The least-squares formulation in the previous section is derived for a BV P with asingle equa-
tion and unknown. However the governing equations introduced in section 2.1 involves mul-
tiple equations and unknowns. In particular, there are four equations: the continuity equation,
two components of momentum equation and de nition of vortic ity, and four unknowns. the
x-velocity u, y-velocity v, pressure p and vorticity . For this case, the least-squares formu-

|ation can be derived in asimilar manner.

If the governing equations (2.15) are written in operator matrix form:

o 0
o & 0 0

1 ok 00 o Quk _0 o

i+ 0x +u @x+vk@y oy @x Qy —

[ 1 [ k@ e _a o
@x tt oy tu @x+Vk@y oy @x g g
0 o 0 1 9 A '
@ @ 3 S

| g {z "~ YK K=z

L u f
(2.33)

HereL isan Negn Ny di erential matrix operator, the unknown vector, u, and the right-hand-
side vector, f, are Ny, 1 vectors where Negy iS the number of equations and N is the number

of unknowns (or dependent variables).

The vector valued L? and H! spaces are de ned by the Cartesian product of corresponding
scalar spacesi.e. L2( ) = (L3 )M and HY( ) = (HY( ).
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Deningtheresidual as R = Lu f, the least-squares functional becomes:
V4
1= R'Rd (2.34)

The least-squares formulation for a BV P with multiple equations and unknowns can be ob-
tained by carrying out the procedure outlined in the previous section. The resulting |east-

squares formulation is:

Findup H3( ) such that
y A

(Lv)" Lupd = (LvW)'(f Lup)d (2.35)

Foralv Hj( )
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2.3 Least-Squares Spectral Element Method

Spectral element method (SEM) is an approximate solution technique which uses a combi-
nation of the sub-domain division approach of nite element methods (FEM) and high order
approximation of spectral methods (SM)[65]. Asin FEM, the domain is divided into severa
sub-domains (elements). While FEM utilizes linear (1% order) polynomia approximations
of unknowns over each element, SEM follows the approach of SM and approximates the un-
knowns using high-order expansion bases over each element. In SM, high-order expansion
bases are in the form of either the Fourier series or orthogonal polynomial expansions. In the
case of SEM, use of Fourier seriesis restricted to the problems with periodic solutions. Poly-
nomial expansions are found more suitable otherwise. In this study, a polynomial spectral

element due to Patera [65] is employed.

Spectral element methods have di erent names based on the underlying variational formu-
lation. The least-squares spectral element method (LSSEM) is basically a spectral element
method based on the least-squares formulation introduced in section 2.2.

Numerical solution with LSSEM is performed in the following steps:

Domain Decomposition

Approximation of the Unknowns

Calculation of the Elemental System of Equations

Assembly of Global System of Equations from Elemental Systems

Solution of the Global System of Equations

2.3.1 Domain Decomposition

In both FEM and SEM, rst, the problem domain isdivided into s ub-domains, referred asele-
ments. Domain decomposition isan e cient way of handling complex domains and arbitrary

boundary conditions [8]. Figure 2.1 illustrates the domain decomposition process.

The idea of domain decomposition emerges from the fact that an integral over a domain can

be written as a summation of non-overlapping sub-domains. Asaresult, integrals that appear
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Figure 2.1: Domain decomposition from global domain  to elements €

in the variational formulations such as egn. (2.31) can be written as follows:

Z Z Z Z

()d = )'d ( ?d 2+ o+ ( )°d € (2.36)
In general practice, two-dimensional domains are decomposed into triangular or quadrilateral
elements or acombination of both. While, triangular elements provide better exibility in de-
composing the domain their use in spectral element studies are limited when compared to the
quadrilateral elements. The problems with the triangular elements are mainly the necessity
to use impractical coordinate transformations and the problem of nding basis expansions
on triangular domains with good approximation properties that also allow for e cient im-
plementation [66]. The drawbacks of triangular elements tend to be eliminated in recent
studies [66 68] Nevertheless, quadrilateral elements are still associated with more e cient
implementation due to tensor product basis functions. In this study, the problem domain is

decomposed into quadrilateral elements.

Before presenting the approximation of unknowns over the elements, a word about the ele-
mental coordinates is necessary. Thee cient implementation of FEM/SEM depends on han-
dling of the arbitrary coordinates of elements in a standard manner. For this purpose, every
element is transformed onto a corresponding standard element and elemental operations are
performed on the standard element. Figure 2.2 shows an arbitrary quadrilateral element on the
right and the corresponding standard element on the left. The standard element is associated
with coordinates ; where 1< ; < 1. Thecoordinates of the physical domain: x = (X;y)
can be de ned as afunction of standard domain coordinatesi. e. x( ; )=(x( ; );y( ; )). As
aresult, transformation from an arbitrary element to the standard element and vice versa are
available. The details of the standard element and coordinate transformations are presented in

section 3.2.1.
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Figure 2.2: An arbitrary quadrilateral element and the corresponding standard element

2.3.2 Approximation of the Unknowns

After the domain decomposition, unknowns are approximated by basis expansions over each

element.

An approximate solution of a single unknown over an element e, represented by u®, can be
written as: N 1

u(x)  uf(x) = U i(x); (2.37)

i=0

where u® are the expansion coe cients that are to be found. They are aso referred as the
elemental degrees of freedom (DOFs). (x) are the basis functions and NZ 4 is the number
of elemental degrees of freedom!. When the basis function ;(x) is given as a function of
physical domain coordinates, it is implied that the basis functions are actually de ned on
the standard element and transformed on the element e by the coordinate transformation x =

X(5 )

.
Eqn. (2.37) can be written in vector form by de ning the vecto rs: u® = ug; ug; ;ue,\Ieo 1
DOF
T
and (X) = o(X); 1(%); 5 Ng, 1(X) &S
wex) = ut’  (x) (2.38)

1 Thearray indexing in the text follows the convention of C++ programming language where dummy indices
start from 0.
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The unknown vector u = (u;v; p; 1)T introduced in egn. (2.33) involves multiple dependent
variables. As stated in section 1.2, least-squares method allows for the use of equa order
approximations for al of the unknowns of the problem. Therefore each unknown in u can be

approximated by the same basis expansion. In matrix notation,

uex) = U (x) (2.39)
where
2 3
U5 Vo P 10
ue Ve pe !e
ue=g . ! ! and ()=
WRe 1 e, 1 PRe 1 MRe . 1

DOF DOF DOF

In egn. (2.40) N§ - stands for the number of elemental degrees of freedoms per dependent

variable.

The expansion presented in egn. (2.37) can be modal or nodal depending on the choice of

basis functions.

Restricting the attention to one-dimensional problems for the time being, in moda expan-
sions, the basis functions are polynomials with increasing order. This type of expansions
are also called hierarchical expansions since a modal expansion of order p contains all the
basis functions of a modal expansion of order p 1 plus an additional polynomial of order
p. Modal expansions are constructed by using an orthogona set of polynomials as the basis
functions. Examples to such orthogonal sets of polynomials are the Chebyshev and Legendre
polynomials that are the special cases of the family of Jacobi polynomials[15].

In nodal expansions, the basis functions are polynomials of the same order. A nodal expansion
of order p is constructed by selecting a set of p + 1 points f igipzo which is known as the
collocation grid. Then p + 1 polynomial functions L;( )ip:0 of order p can be dened by
requiring that

8
81 ifi=]j
Ij:%

Li( )= ij j=12 p+1 (2.41)
0 ifi, |

Eqgn. (2.41) is referred as the cardinality (kronecker delta) property of the basis expansion.

The resulting basis functions are essentially the Lagrange interpolating polynomials passing
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through the points of the collocation grid. For instance, Li( ) is the Lagrange interpolating
polynomial that is 1 at the i collocation point and 0 at all other collocation points.

It is due to the cardinality property that the expansion coe cients u€ in nodal expansions
are same as the unknown values evaluated at the points of collocation grid. So the one-

dimensiona nodal expansion of the unknown u(x) takes the form:

X
u()= uLi() (2.42)
i=0

where u; is the value of the unknown evaluated at the corresponding collocation point: u; =

u( i)

Up to now, only one-dimensional basis functions are discussed. For two-dimensional prob-
lems, the set of basis functions can be constructed by the tensor products of the sets of one-

dimensiona basis functionsdened for and separately.

In this study, the unknowns are approximated by nodal expansions. The one-dimensional
basis functions are the L agrange interpolating polynomials that pass through the points of the
Gauss-Lobatto-Legendre (GLL) grid. The points of the GLL grid f igip=0 are the roots of the
polynomia (1 )(1+ )Pi)( ), [ 1,1] where Py( ) isthe Legendre polynomial of order p.
Then the one-dimensional Lagrange interpolating polynomial of order p that passes through

the it point of the GLL grid f igip=0 can be given as:

@ )@+ P()

HO = S P0G )

0 i p (2.43)

Following the tensor product approach, the basis functions are de ned as the product of one-

dimensional Lagrange interpolation polynomials:

O i p
D — . O j p
kX(; ) = L)L) (2.44)
0 k N5 L

Neor = (P +1)(p +1)

It can be noted that the two-dimensional basis function preserves the cardinality property of
the Lagrange interpolating polynomias. Therefore the elemental DOFs can be associated
with physical locations on the element called nodes or nodal points. In this study, the nodal

points are essentially the set of points formed by the tensor product of one-dimensional GLL
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Figure 2.3; One-dimensional Lagrange interpolation polynomials and the resulting two-
dimensiona basis function

grids of appropriate orders. Then the elemental DOFs can beidenti ed as the unknown values

evaluated at the nodal points. In that case, the approximate solution is represented by:

NMl
u(x) = u® kx)  OR  u¥(x)=U® (x) (2.45)
k=0
where
U= (UGvie P 10T and Ug = ug 0 k=01 Njors Nn=0,1 Ny

Uk; Vk; Pk; and Ty are the unknown values evaluated at nodal point k. Figure 2.3aillustrates a
pair of Lagrange interpolating polynomials, Li( ) and L;j( ). Figure 2.3b presents the resulting
two-dimensional basis function. The basis function is 1 at node k and 0 at all other nodes.

Node k is the node that has the coordinates ( i; ;).

2.3.3 Calculation of the Elemental System of Equations

Theintegral in the least-squares formulation (2.35) can be written over each element as.
z z

L(v®" Lu®d ©= L) (F)d ¢ (2.46)

If the elemental unknowns u®, their variations v and the force vector f€ are approximated by

the nodal basis expansions in egn. (2.40), egn. 2.46 becomes
Z ! Z

ver L'Ldeu=ve" L T(EHd ® (2.47)

e
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where

h i
L = L(oL(0: L(ne, 1) (Ner N9 (2.48)
T
Ut = ueg; ueI; o u LSOF 1 (NS 1) (2.49)
ves wedn oweln ol g Y (2.50)
ES= o f°15 %, 1 ' (NG D) (2.51)

NG = Ny Noe isthetotal number of elemental DOFs, that isthe number of elemental DOFs
used to approximate all of the dependent variables. U€ is referred as the elemental solution
vector. It can be noted that the elemental variation vector V€ is present in both sides of the

equation (2.47). Therefore it can be discarded. The resulting set of equations:

Keue =Fe (2.52)
where
z
Ké= L 'L d?® (NS N (2.53)
Z e
Fe*= L "(E®d ® (NE 1) (2.54)

e

K*® and F¢ are known as the elemental sti ness matrix and elemental force vector respectively.

2.3.4 Assembly of Glabal System of Equations from Elemental Systems

The next step is the summation of elemental integrals as illustrated in egn. (2.36). The
integral summation is implemented by an direct sti ness summation operation where the a
global system is assembled from elemental system of equations. Since approximate solution
is continuous across element interfaces the elemental unknowns at acommon interface of two
elements correspond to the same global unknown. Associated termsin elemental systems are

summed together and enter the global system as single terms.

The globa system of equationsis.
KU=F (2.55)

where K istheglobal sti ness matrix, U isthe global solution vector and F isthe global force

vector.
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2.3.5 Solution of the Global System of Equations

The global system of equations (2.55) can be solved by both iterative methods [8] and direct
methods [44]. In the case of LSSEM, the global sti ness matrix is symmetric and positive
denite. Thisfeature alowsfor useof e cient iterative linear system solvers such as precon-

ditioned conjugate gradient method.

The assembly of the elemental systems into a globa system is not necessarily performed
physically. The system can be solved by a Jacobi preconditioned conjugate gradient method
through an element-by-element (EBE) procedure where the global coe cient matrix is never
constructed [60]. In the so-called matrix-free method [21], the memory requirements are
further reduced by not keeping the elemental systems in the memory, instead recalculating
them at each linear solver iteration. Such an approach is especialy required when solving
large three-dimensional problems where forming the globa system or keeping the elemental

systems in memory require excessive resources.

Thedesign of the solver presented in this study is currently focused on solving two-dimensional
problems. For two-dimensional problems, keeping the elemental systems in memory through
the linear solution process is till feasible. Since the elemental systems are calculated only
once for the linear solution, such an approach is especialy e cient as far as computation
time is concerned. Therefore In this study, the global system of equations are solved using
a Jacobi-preconditioned conjugate gradient method in and element-by-element (EBE) proce-
dure where al elemental systems are present in memory at the same time. The approach to
keep the elementa systems in the memory is aso motivated by static condensation that is

introduced in section 3.2.4.
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CHAPTER 3

LSSEM FLOW SOLVER

3.1 Introduction

A two-dimensional incompressible ow solver based on least -squares spectral element method
is developed in this study. The solver, referred as LSSEM ow solver , has the following fea

tures:
Solves time-dependent, incompressible ow problems gover ned by the Navier-Stokes
equations for Newtonian uids.

Works on computational grids with both geometry based (h-type) and expansion based

(p-type) non-conforming interfaces between elements.

Performs p-type adaptive re nement through the transient s olution.

Implementation highlights are:

Written in C++ programming language [69] with an object-oriented approach.
Has a leinput and output interface.

Gordon-Hall trans nite interpolation [ 70]is used to enabl e spectral elementswith curved
edges.

Uses constrained approximation method [71, 72] in constructing an approximate solu-

tion that is continuous across non-conforming element interfaces.

Performs elemental boundary-interior decomposition and static condensation [15] to

reduce the CPU time and memory requirements.
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p-type adaptive re nement procedures are based on two ater native error estimates:
Error estimate based on elemental least-squares functiona [60] (gs) and error estimate

based on spectral expansion coe cients [59] (€spectral)-

Implementation highlights are described in the following section.

3.2 Implementation Highlights

3.2.1 Elemental Operations

In both FEM and SEM, the problem domain is decomposed into elements of arbitrary shapes
(certainly with some limitations) over which certain operations are performed. An example
to the elemental operations is the evaluation of integrals that constitute the components of
the elemental system introduced in section 2.3. A robust implementation that can handle the
unique geometries and other arbitrary aspects of elementsin astandard manner can berealized
through the concept of standard (master) element. In particular, the elemental operations on
arbitrary elements are transfered onto and performed on corresponding standard elements.
Most of the element attributes like node coordinates and derivatives of basis functions are
de ned on standard elements. They are calculated for arbitr ary elements using appropriate

coordinate transformations.

A standard element and an arbitrary element that can be handled by the LSSEM ow solver
areillustrated in gure 3.1. The standard element,represe nted by &, corresponding to an

arbitrary element e is de ned in two-dimensions as a square domain:
n 0

$= () Rj1 11 1 (3.2)
( ;) arethe standard domain coordinates. The standard element and the associated arbitrary
element e are presented in gure 3.1. The convention adopted in this st udy for the ordering
of the corners and edges of a standard quadrilateral element is asfollows. The rst corner of
the element, identi ed as corner 0, islocated at ( ; ) = ( 1; 1). Theremaining corners are
numbered in the order they are encountered during a counter-clock-wise (CCW) travel around
the element. The rst edge, edge O, is identi ed as the edge be tween corner 0 and corner 1.
the rest of the faces are, again, numbered in the order they are encountered during a CCW

travel around the element. An elemental operation like the evaluation of an integral over the
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Figure 3.1: Standard and Arbitrary Quadrilateral Elements

arbitrary element can be transformed onto the standard element as follows:

z z
| = f(x;y) dxdy = f(,;)jJjdd (3.2

st
Here, the integrand f(X;y) is transformed into a new function f ( ; ) through appropriate
coordinate transformations. The di erential area element on the arbitrary element is aso
transformed onto the standard element by using the Jacobian of the coordinate transformation

from standard domain to arbitrary domain. jJj is the determinant of the Jacobian matrix.

In this study, the coordinate transformation from standard domain to arbitrary domain is de-
ned by using a bilinear mapping. For straight sided arbitra ry elements, the hilinear mapping

takes the form:

Sy ) ar)ad ), d+ )i+ ), @ )a+ )

2 2 2 3 2
(3.3
y=y(; )=yl )2(1 Loy, &2 )2(1 Ly, 02 )2(1+ L1y, )2(1+ )
(3.4
and the Jacobian of the transformation is:
_0(xy) _ % %i
J‘@<;)‘g_v B (39



The Jacobian matrix can be evaluated by di erentiating the expressions in egns. (3.3) and

(3.4) accordingly.

For elements with curved edges, the bilinear mapping can be extended by Gordon-Hall trans-
nite interpolation introduced by Gordon and Hall [70], as:

x=x(; )= 2() xll%;lT+ 20 et S

x2( ) xngl-l%+ x3( ) 17.17 (3.6)
y=y(i )= ¥() yll%;lT+ v'() W%;%

PO vt B 0wl Ao 37)

where x4 and y? are the parametric representations of the boundary curve at edge d in term of
one of the standard domain coordinates. It can be noted that the standard domain coordinates
vary in only along edges 0 and 2 and, in  only aong edges 1 and 3. The independent
parameters to represent the boundary curve are selected accordingly. In practice the functions
x4 and y¢ are not available explicitly. Instead, the boundary curve is represented by line
segments. In that case, the line segmented geometry is interpolated by the one-dimensional
Lagrange interpolating polynomias. The order of interpolation may be same asor di  erent
than the expansion order of the element. Once the geometry is available in terms of Lagrange

interpolating polynomials, eqns (3.6) and (3.7) can be evaluated.

After the integral (3.2) is transformed onto the standard element, it is must be integrated
numericaly. For this purpose, Gauss-L egendre numerical quadrature rules are employed. In
Gauss-Legendre quadrature, the integral is evaluated by the sum of integrand’s values at some
particular points caled the quadrature points, that are multiplied by corresponding weights.

For aone-dimensiona integral:

Z, -4
= f()d = wf( (3.8)
1 k=0

g isthe order of numerical quadrature. There are several quadrature rules that correspond to
di erent sets of quadrature points and weights. In this study, the Gauss-L obatto-L egendre
(GLL) quadrature ruleisused. In GLL quadrature, the quadrature points f kgﬂzo aretheq+1
roots of the equation: (1 )(1+ )Pi]( ), [ 1,1] where Py( ) isthe Legendre polynomial
of order g. It is possible to select the weights such that the integral of a polynomial of order
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2q 1 canbeevauated exactly. The weights that satisfy this requirement are available in the
literature [15].

For a two-dimensional integral like the integral in egn. (3.2) the numerical quadrature can
be extended by the tensor product approach outlined in section 2.3. Then the integral can be

written as:;

Z Z, 2, XX
f(;)djdd = f(;pdd= w wf (k1) (3.9
s =1 =1 I=0 k=0
where the determinant of Jacobian islumped into f . It can be noted that the integrand f
involves multiplication of the approximate solution expressions with the rst derivatives of
the approximate solutions as well as the determinant of Jacobian. Therefore the integrand isa
polynomial of order greater than 2q 1 in both space dimensions. Asaresult, GLL quadrature
does not evaluate the integral exactly. However it can be shown that the error in numerical

integration is in the same order of magnitude as the error in interpolation of the unknowns

and therefore is not signi cant [15].

When the set of collocation points used to construct the Lagrange interpolating functions
in section 2.3 is compared with the set of quadrature points introduced here, it is seen that
they involve the same points. In other words, the quadrature points coincide with the nodal
points. The motivation in selecting the GLL grid as the set of collocation points is due to
clustered nature of the GLL grid which results in Lagrange interpolating polynomials with
good approximation properties. In speci ¢, the Lagrange in terpolating polynomials de ned

on aGLL grid are free of unbounded oscillations that emerge as the approximation order is
increased i.e. the Runge phenomenon [73]. The motivation behind selecting the quadrature
points same as the nodal points isto improve the e ciency of implementation. In particular,
the computational complexity of the elemental system calculation is reduced to O(p*) from
O(p®) by employing coincident nodal and quadrature points.

3.2.2 Elemental Node Ordering

As stated in Section 2.3, the approximate solution is dened over each element as a basis
expansion and the expansion coe cients are referred as the elemental degrees of freedom

(DOFs).
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Figure 3.2: Elemental node ordering

In Section 2.3, the approximate solution over an element was written as:

NE}(1
u(x) = u® ix)  OR  u¥(x)=U®" (x) (3.10)
k=0
where
U= (UGvia P 10T and Ug = ug 5 k=01 Njors N=0,1 Ny

Uk; Vk; Pk; and Ty are the unknown values evaluated at nodal point k. It can observed that an
ordering of the elemental DOFs or the noda points is assumed in egn. (3.10). While this
ordering can be arbitrary, an ordering that assigns the nodes on the elemental boundary and
the nodes at the interior of the element to separate groups is preferred in this study. Because
this type of ordering, referred as boundary-interior decomposition [15] is advantageous in
implementing e cient linear system solution agorithms such as static condensation that will
be discussed in section 3.2.4. In boundary-interior decomposition approach, the corner nodes
are numbered rst, followed by the edge nodes. The interior n odes are numbered last. For
illustration one can consider the quadrilateral element presented in gure 3.2. The solution

over the element is represented by expansion order 4 in both space dimensions. That is,
p =p =4 Thenitiscomposed of N5o- = (p + 1)(p + 1) = 25 elemental DOFs to
calculate. These 25 elemental DOFs are the unknown values evaluated at 25 noda points
ordered as presented in gure 3.2. First the corner nodes are numbered starting from the node

at corner 0. After all corner nodes are numbered, the edge nodes are numbered beginning from
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edge 0. Across each edge, the edge nodes are numbered in the order they are encountered
during a CCW travel around the element. Finally when all edge nodes are also numbered,
the interior nodes are numbered. The numbering of interior nodes among themselves is not
important. In this case, the interior nodes are numbered in an -magjor ordering following
the collocation point ordering of the underlying GLL grids. The nodes and the associated

elemental DOFs can be grouped as follows:

9
0 3: Corner Node§

§ Boundary Nodes
4 15: Edge Nodes

16 24: Interior Nodes

It should be noted that the ordering achieved by the boundary-interior decomposition has
adirect a ect on the elemental solution vector U€ of the elemental system. The elemental
solution vector is obtained by concatenating the rows of U€ in asingle row vector in the order
of elemental DOF numbering. Then the elemental solution vector can be decomposed into

boundary and interior solution vectors, Ug and U respectively as:

.
ue NI AV DU VAV DU VAV o DY}
ue:i bé where  ° 0 © (3.12)

u? 1T

UP= (Uvip Dl vip D s uvip 1),
The decomposition into boundary and interior components is possible aso for the elemental

sti ness matrix and elemental force vector as will be discussed in section 3.2.4.

3.2.3 Constrained Approximation Method

Use of a hp-type non-conforming grid with LSSEM leads to two types of non-conformities
in element interfaces. h-type non-conforming interfaces occur where an element becomes
neighbor to more than one element at asingle edge. That is, the interfacing elements are ge-
ometrically non-conforming. h-type non-conformities are a result of using a non-conforming
Cartesian grid. Another type of non-conformity is the p-type non-conformity that arises due
to the use of high order expansions on individual elements. In p-type non-conforming inter-
faces two elements are geometrically conforming at the adjacent edges but they use di erent
orders of expansions to approximate the unknowns on those edges. The solver developed in
this study handles both types of non-conformities by the constrained approximation method
[9, 71].
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In constrained approximation method, one of the interfacing edges are declared as active and
the nodal unknowns on active edge are used in global assembly process. The nodal unknowns
on the other (passive) edge(s) are not a part of globa solution. When they are needed for
elemental operations, they are interpolated from the unknowns on the active edge. Degree of
the interpolation is the same as the expansion order used on the active edge. In this study,
activeness of edges at an h-type non-conformity are decided according to long rule where the
edge which islonger ismade active. Similarly, activeness of edges at a p-type non-conformity,
are decided according to minimum rule where the edge with lower expansion order is set as
active. For the details of constrained approximation method, one can refer to Sert and Beskok
[74].

Figure 3.3 shows a smple hp-type non-conforming grid. One of the elements, labeled as
e, is chosen to illustrate the constrained approximation method. The numbers encapsul ated
by sguares are the edge labels. The element employs expansion order p = 4 in both space
dimensions. It is adjacent to elements of polynomial orders p = 3;6;4 and 7 on edges 0, 1,
2 and 3 respectively. It can be observed that edge O features a p-type non-conforming inter-
face while edges 1 and 3 feature h-type non-conforming interfaces. Edge 2 is a conforming
interface. When the minimum and long rules are applied, it is observed that edge O of the
element is passive since p = 4 > 3. Similarly edge 3 is passive regardless of the expansion
order sinceit is adjacent to an element with longer edge. While edge 1 aso features an h-type

non-conformity, it is not passive since thistime, the element eisthe element with longer edge.

The constrained approximation procedure on the passive edges (edges 0 and 3) of element
eisillustrated in gure 3.4. The procedure involves the inte rpolation of unknowns at con-
strained nodes, shown by sguares, from the basis functions on the active edge of the adjacent
element. It can be noted that the basis functions reduce to the corresponding one-dimensional
Lagrange interpolants across the edges. Since the expansion orders of the elements adjacent
to element e at edges 0 and 3 are pg = 3 and ps = 7, the approximate solutions over the
active edges are represented by linear combinations of pg+ 1 = 4 and p3 + 1 = 8 Lagrange
interpolants respectively. The local coordinates of the active edges are represented by and
. The Lagrange interpolants pass through the 4-point and 8-point GLL grids de ned on
those local coordinates. Only Li( ) on edge 0 and L3( ) on edge 3 are shown in gure 3.4
for simplicity. The local coordinates of the passive edges are represented by fland fl. For
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Figure 3.3: A simple hp-type non-conforming grid
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B Constained Node @ Active Node

Figure 3.4: Constrained approximation at edges 0 and 3 of element e

constrained approximation, the Lagrange interpolants are evaluated at the local coordinates
of the constrained nodes. For instance, the value of the unknown at the mid-point node of
edge 0 is calculated by alinear combination of Lagrange interpolants: Lo(fh): L1(fh); Lo(fh)
and Ls(fh). For h-type non-conformities an additional step is needed. Thelocal coordinate of
passive edge 3 (f]) must be mapped to the upper half of the local coordinate of the active edge

of the larger element ( ). Thismapping is performed as follows:
fl = — (3.12)

Then the Lagrange interpolants are evaluated at the corresponding fl coordinates.

Figure 3.5 illustrates the element e before and after the constrained approximation. The ele-
mental node numbering of the element without regard to constrained approximation was pre-
sented in gure 3.2 and isrepeated in gure 3.5a. Thisstate o f the element can be regarded as
the unconstrained state since the nodes that to be passive are still present in the node number-
ing. A new elemental nhode numbering invalving the active nodes only is provided in gure

3.5b. Thisstate can be referred as the constrained state for obvious reasons. At this point, the

necessity of constrained approximation should be recognized. The unconstrained state repre-
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Figure 3.5: Elemental node numbering before and after constrained approximation

sents the state of the element when it is considered regardless of it's surroundings. Therefore,
the unconstrained state is suitable for the isolated elemental operations like calculation of the
elemental system. In particular, the unconstrained state is in accordance with the underly-
ing quadrature grid. However the unknown values only at active nodes are available from
the global solution. Therefore, the aim of the constrained approximation is to represent the

unknowns at the constrained nodes in terms of the unknowns at the active nodes.

As an example of constrained approximation, one can consider the approximation of one of
the dependent variables, say x-velocity, at constrained nodes, for instance node 14 on edge
3 and node 6 on edge 0 (See gure 3.53), in terms of x-velocitie s at active nodes along the
corresponding edges as provided in gure 3.5b. The values of the x-velocity at constrained

nodes have bars over them, following the general convention.

i, = USLo(fl) + US Ly(fl) +  +uS,Le(fl) + uSLy(fl) (3.13)
€ = &, Lo(fl) + uSL1(fh) + uSLe(fh) + uSL7(Th) (3.14)

It can be seen in egn. (3.13) that the unknown values on the right hand side are available
from the global solution and the basis function values can be evaluated. So the unknowns at
any constrained node on edge 3 can be calculated from the knowledge of unknowns at the
constrained state. When it comes to the edge O, it is observed that the right hand side of

egn. (3.14) involves an unknown value at a constrained node,t,, that is not present in the

42



constrained state. This constrained node is a hanging node, indicated by H in gure 3.5b and

it is aresult of occurrence of h-type and p-type non-conforming interfaces at edges of the
element connecting to the same corner. In this caseit is still possible to apply the constrained
approximation by interpolating the value at the hanging node from the unknowns on edge 3

rst and then using it in egn. (3.14).

€, = USLo(fl) + S, La(fly) +  + US,Le(fly) + USLy(fl) (3.15)

The unconstrained and constrained states involve di erent number of elemental DOFs:
IﬂgOF = 25 and N§,- = 27. Since the elemental node numberings are also di erent, two
elemental solution vectors are introduced: e that is the unconstrained elemental solution
vector and U°€ that is the constrained elemental solution vector. The constrained approxima-
tion of the unknowns at individual constrained nodes can be extended to elemental solution
vectors by assembling the equations of the form of egns. (3.13), (3.14), and (3.15) into a -
emental conformity matrix C® and representing the transformation from the constrained state
to unconstrained state as follows:

fle = ceue (3.16)

As stated before, the elemental system is calculated using the unconstrained state of the ele-
ment. Since, the globals system of equations is solved for the constrained unknown vector U,

the elemental system must be modi ed before assembling it in to global system:
h i
Kede=rF = ce'KeC® U =CF® (3.17)

After the modi cation above in egn. (3.17), the solution of t he linear system of equations is

straightforward.

3.2.4 Static Condensation

The boundary-interior decomposition introduced in section 3.2.2 serves as a convention for
elemental node ordering. It is aso consistent with the fact that the boundary DOFs of an
element are in interaction with the boundary DOFs of the surrounding elements while the
interior DOFs of the element are isolated from the DOFs of the surrounding elements. Based
on this observation, the elemental and global system of equations can be decomposed into
two sets of equations that are decoupled from one another through a process called static
condensation [15].



It was stated in section 3.2.2 that the boundary-interior decomposition approach enables de-
composition of the elemental solution vector into boundary and interior DOF components as

illustrated by egn. (3.11). The same approach can be realized for the whole elemental system

Ue Fe
ZE - i ZE @19
Ui I:i

where subscript b stands for the boundary DOF contributions, i stands for the interior DOF

Ke K¢

as follows: é
KE™ K¢

contributions and ¢ stands for the coupling between elemental boundary and interior DOFs.

The solution of U and U can be decoupled by pre-multiplying egn. (3.18) by the following

matrix:
| Keke!
(3.19)
0 |
to arrive at:
EKg KeKe KT ojiugé _ iFg KeKe 1F§é (3.20)
KE' S i

Egn. (3.20) can now be decomposed into two sets of equations. The rst set isfor the solution
of elemental boundary DOFsthat isto be solved rst:

KE KEKP IKET Up= Fp KeKP IRy (321

After the solution of egn. (3.21), asecond set of equations are solved for the elemental interior

DOFs:
KfUF= Fe KETUE (3:22)

where U} is substituted to right hand side from the previously solved elemental boundary

solution vector.

Static condensation essentially decomposes a system of equation of larger size into two sys-
tems of equations of smaller size. For illustration, the original elemental system of corre-
er =4 27=108.
Of al 27 DOFs 18 of them are boundary DOFs and 9 of them are interior DOFs leading to

sponding to the element illustrated in gure 3.5bisof size NS =N, N

linear systems of equations of size Ny, =4 18 = 72and Nf, = 4 9 = 36 respectively.
Here, N¢, is the number of elemental boundary unknowns and Nf, is the number of elemen-
tal interior unknowns. Since the computation time increases rapidly with the system size,

(matrix-vector multiplication timeis usually proportional to N2 ) decomposing it into smaller
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Figure 3.6: Comparison of CPU time and memory uses with and without static condensation

systems decreases the time spent for the linear system solution. Static condensation also re-
duces the memory requirements since only one of the smaller systems are kept in the memory

at atime.

The above discussion is complemented with numerical experiments. Comparison of computa-
tiona resources required to solve a benchmark problem with and without static condensation
are presented in gure 3.6. The benchmark problem is the two- dimensional lid-driven cavity
problem that will be introduced in section 4.2. The problem is solved with a steady-state
LSSEM solver on grids with increasing resolution. Grid resolution is increased by both h-
type and p-type re nements. The number of unknown degrees of freedoms is reported as a
measure of computational load. CPU times and memory uses of various runs with static con-
densation and without static condensation areillustrated in gures 3.6a and 3.6b respectively.

It is observed that static condensation results in lower values for both the CPU time and the
memory use. The ratio of the computational resources required for solution without and with
static condensation increases as the computational load increases, making static condensation

an attractive approach for large-scale computations.

As stated in section 2.3.5, the LSSEM ow solver solves the li near system of equations with
an EBE procedure where elemental systems of all elements are present in the memory at
the same time. An alternative is the matrix-free method where the elemental systems are
not kept in the memory, instead recalculated at each linear solver iteration. The matrix-free
method is de nitely more memory saving. However it is practi cal only if the calculation

cost of the elemental system is small enough to enable recalculation at each linear solver
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iteration. When the steps to perform static condensation are examined, it is seen that static
condensation involves CPU intensive tasks such as the inversion of the symmetric, positive-
de nite matrix K? to arrive at the nal system to be solved. As aresult, static ¢ ondensation
is associated with great computational costs for the calculation of the elemental system. This
aspect hinders the use of the static condensation with matrix-free method and motivates the
approach of keeping the elemental systems in the memory through the linear system solution.
It is important to note that for two-dimensional problems, the memory requirement is not
amgjor issue and CPU time dominates the performance considerations. However memory
requirements become excessive for three-dimensional problems. Therefore the matrix-free
method, without static condensation, may be the only option for the solution of 3-dimensional

problems with the EBE procedure.

3.25 Adaptive Renement Criterion

In this study, two alternative posteriori error estimates are considered to drive the adaptive
re nement procedures. Namely, the error estimate based on | east-squares functional, referred

as s, and the error estimate based on spectral coe cients, referred as espectral -

It can be observed from egn. (2.34) in chapter 2 that least-squares functiona provides a
measure of residuals of the governing equations. Thereforeit can be used asan error indicator.
An error estimate based on |east-squares functional was employed by Jiang and Carey [60] to
drive h-type re nement. The error estimate proposed inthat study is:

Je
where . 1Z
e:Je:§|e:E R'Rd ¢ (3.24)

The 1=2 factor is due to di erent de nitions of the least-squares functional. 1€ is the ele-
mental least-sguares functional. It Jiang and Carey’s work [60], the elemental |east-squares
functional is normalized by the element area. It should be noted that error estimate (3.23)
is proportional to the square of the magnitude of the residual. It also is not normalized with
respect to the magnitude of the unknowns over each element. Therefore use of this error
estimate provides a measure of the true error (in fact, the square of the true error) while the

relative error is of interest in engineering applications.
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In the present study, the error estimate (3.23) is modi ed as follows to provide a measure of
the residual, but not it's square and to account for the magnitude of the unknowns over each

element. P
F _ kRekLZ( e)

- kUekHl( e) B kUekHl( e)

as (3.25)

where R® and u® are the elementa residua and approximate solution vectors respectively.

The elemental L2- and H'-norms are de ned by egns. (2.20) and (2.22).

Error estimate is a valid measure of the error since it can be shown that the H-norm of the

error kekyya y =ku  uky: ) approaches zero askRk 2 ) approaches zero [60].

The error estimate (3.25) is practical to calculate once the elemental system (2.52) and the

approximate solution is available:

s -
P— ya

E 1
= = UeTkeye 2uUeTFe+  fTfd e 3.26
kuekHl( e) kuekHl( e) e ( )

6s

The second error estimate used in this study is based on spectral coe cients of the approx-
imate solution’s Legendre expansion. This error estimate is proposed by Henderson [59] to
drive h-type adaptive re nement on anon-conforming Cartes ian grid composed of high order
elements. The error estimate is based on the fact that multiple polynomia expansions can
be used to represent the approximate solution over each element. As stated in chapter 2 the
present study employs anodal expansion where the basis functions are L agrange interpolating
polynomials. The approximate solution can also be written as a hierarchical expansion where
the basis functions are, for instance, Legendre polynomials. A favorable property of the hier-
archical expansion is that, when the polynomial order pissu ciently high (p > 5in practice
[59]) the expansion coe cient associated with the Legendre polynomial of the highest order
can be used as a measure of the approximation error in the basis expansion. The approximate

solution of one of the unknowns, let it be u, can be written over each element as:

Na(l Ng}(l
u*(x) = Ug k(X) = a k(x) (3.27)
k=0 k=0
KK XK
= fLELM = aPiPi) (3.28)
=@ 307 & 3
Nodal Expansion Hierarchical Expansion

L isthe one-dimensional Lagrange interpolating polynomial of order p and P; isthe Legendre

polynomial of order i. The expansion coe cients ajp and ap, i = 0; 1, ; p are associated
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with the Legendre polynomials of highest order. An equivalent expansion coe cient a, can

be obtained by lumping these expansion coe cients:

. . M . . . .
ap = Japp) +  Jaip] * ]api) (3.29)
i=0
The error estimate is de ned by a suitable normalization of t he equivalent expansion coe -
cient with respect to the magnitude of the unknown over the element.
ap

kUekH I( ) (330)

e:pectral =
The spectral expansion coe cients a;j can be calculated from the approximate solution by
using a transformation from the nodal expansion to the hierarchical expansion. Each basis
function of the nodal expansion can be written in terms of the basis functions of the hierar-
chical expansion:

Ny 1
k(x) = by 1(x) (3.31)
1=0

or in vector notation,

®x=B (¥ (3.32)

Also representing the nodal and hierarchical expansions in vector notation and substituting

eqn. (3.32),

wx) =u" (x) =a (x) (3.33)

=uB (x) =a' (X (3.34)
Then the spectral expansion coe cient vector a can be obtained as:
a=B"u® (3.35)

In practice the components of the transformation matrix by are made available in a data le
and read in the beginning of the program execution. Calculation of the error estimate (3.30)

is straightforward once the spectral expansion coe cients are available.

The adaptive re nement strategy adopted in this study isto k eep the elemental errors between
prescribed error bounds. Therefore p-type adaptive re nem ent is performed to obtain and
maintain the following condition

"mn € max (3.36)



where "in is the error lower bound and " max is the error upper bound. Typical values for
the error bounds are between 10 ° and 10 2. While the error bounds may give an idea of
the order of magnitude of the accuracy desired, they are selected in this study by numerical
experimentation. The p-type adaptive re nement is perform ed isotropicaly, i.e. by chang-
ing the expansion orders in both space dimensions by the same increments/decrements. The

expansion order increment/decrement is 2 unless otherwise is speci ed.

There are severa di erences between the two error estimates. First of al, g5 is a measure
of the error in the overall solution in regard to how well the approximate solution satis es
the governing equations. In contrary, espectra Measures the error in one of the dependent
variables (u; v; p; 1) in regard to how well the approximate solution interpolates the exact so-
lution. Therefore it is complemented by a superscript to indicate the dependent variable it
is associated with. In this study, €

spectral’
error estimates associated with other dependent variables are aso reported for comparison.

that is associated with the x-velocity is used. The

Another di erence is that, as g approaches zero, it can be understood that the approximate
solution reaches to the exact solution that satis es the gov erning equations exactly. Thisis
not the case With espectral- AS Espectra APProaches zero, it should be understood that the solu-
tion approaches to a grid-independent solution upon p-type re nement. The grid independent

solution is not necessarily the exact solution. Finally, s can be applied to solutions with low
and high order elements. However espectral requires the use of high order elements. The per-
formance of the error estimates are compared though various benchmark solutions in chapter

4
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CHAPTER 4

VALIDATION OF LSSEM FLOW SOLVER

4.1 Kovasznay Flow

In SEM solutions of smooth problems, the error associated with the numerical solution de-
creases exponentially as the expansion order isincreased. The resulting convergence pattern
is referred as spectral (exponential) convergence [5]. It is common practice to investigate
SEm ow solvers accuracy and the numerical stability with r espect to expansion order to
verify the spectral convergence characteristics. See, for instance [15, 34]. In this section, the
spectral convergence characteristics of the LSSEM ow solv er for various grid con gurations

areillustrated by solving the Kovasznay ow.

Kovasznay ow, presented by Kovasznay [75], is a laminar, in compressible ow problem
whose steady-state solution is available in analytical form. The availability of the exact so-
lution makes it possible to measure the true error associated with the numerical solution and

investigate the convergence properties of the solver.

The exact solution is:

u=1 e’*cos(2y) (4.19)
v=-e Xsin(2 y) (4.1b)
p:p0+%1 e X (4.1c)

I

5 !
1= > 2 e’sin(2y) (4.1d)

i-

where =122 1242 +42° 2, v being the kinematic viscosity. Note that the pressure

is speci ed only up to a constant reference pressure pg. While the problem can be solved
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on an arbitrary domain for any Reynolds number, The solutions in this study are performed
on arectangular domain: [ 0:5;1] [1;15] for Re = 1= = 40%. The streamlines and the
x-velocity contours within the speci ed region are present ed in gures 4.1a and 4.1b. The

ow eld involves awake pattern similar to a ow behind anarr  ay of cylinders.

In order to study the convergence properties of the solver, solutions on conforming, p-type

non-conforming and h-type non-conforming grids are performed as follows:

1. Conforming Grid: In this study, grid 1, illustrated in gu re 4.1c is used. This grid
has 8 elements. Same expansion order, p is used for al elements and in both space

dimensions, resulting in conforming element interfaces.

2. p-type Non-conforming Grid: Again, grid 1 is used. However this time, expansion
orders of elements are altered such that elements 1, 4, 6 and 7 have expansion orders
p while elements 2, 3, 5 and 8 have expansion orders p 2. Same expansion order is

used in both space dimensions. This setup results in p-type non-conforming interfaces.

3. h-type Non-conforming Grid: In this study, grid 2, illustrated in gure 4.1d is used.
Here, 2 h-type non-conforming interfaces lying in y-direction are present. Elements on
the left half of the domain have expansion orders p in both space dimensions. The two
large elements on the right hand side also have expansion order p in the x-direction.

p + 4 isused in y-direction to compensate for the large element size in that direction.

For all the grids described above, a series of solutions are performed for various expansion
orders by starting with p = 6 and incrementing by 2 until p = 14. The steady-state solutions
are obtained by marching in time starting from a stagnant ow eld. A time interval of 30
seconds is found adequate to reach the steady state within the accuracy of spatial resolution
for all expansion orders. Exact values of the velocity eld a re speci ed at the boundaries. The

reference pressure is set as zero at the origin (x = 0; y = 0).

In this study the trends of errors with respect to increasing expansion order is investigated.
However, for non-conforming grids, the expansion order varies from one element to other. So

the expansion order of an individual element is not a representative value for the expansion

1 In this study, the dimensional form of governing equations are used. For physical interpretation, the results
presented here can be followed by appropriate Sl units. For instance, velocity components have the unit mes and
pressure has the unit Pa. The focus of this study is on validating the numerical performance of the ow solver.
Therefore the units are omitted whenever they are found irrelevant.
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Figure 4.1: Kovasznay ow. Exact solution and the computati onal grids used in this study.
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Figure 4.2: Kovasznay ow. The convergence trends for confo rming, p-type non-conforming
and h-type non-conforming grids for Kovasznay ow

order of the whole grid. Instead, the number of degrees of freedom used to approximate each
of the dependent variables, Npor can be used as a measure of expansion order. Noting that

Npor 7 p?, pNDOF is used as arepresentative value for the expansion order.

In gure 4.2 presents a semi-log plot of maximum-norm error i n x-velocity, ku  uk4q against
pm is presented. Similar trends are also observed for other dependent variables but are
not presented here for brevity. The results are consistent with the fact that an exponential
decay is represented by alinear trend on a semi-log plot. The straight line patternsin gure
4.2 indicate that spectral convergence is achieved for all three grid con gurations regardless

of the presence of p- and h-type non-conformities.

The exact solution of the Kovasznay ow can aso be used to inv estigate the accuracy of the
posteriori error estimates used in LSSEM ow solver. Table 4 .1 compares the local (elemen-
tal) error estimates based on the least-squares functional, gs and spectral expansion coe -

cients, espectrar With the local relative true error, €4 of the solution. The local relative true
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Table 4.1: Kovaznay ow. Comparison of loca posteriori err or estimates and relative true
errors. The average of the relative true errors, €7 is also provided for comparison with error
estimate based on least-squares functional gs. All values are the maxima of the quantities
across the domain.

Posteriori Error Estimates

p Npor 8s e:pectraj e\sl.pectral eSpectraJ e;pectraj
4 153 30 10°3 29 10°3 32 1072 11 1072 11 1072
6 325 76 10° 25 10° 84 10 2.9 104 46 10 4
8 561 98 107 31107 1.0 10° 43 10° 6.7 106
10 861 38 108 2.0 10° 80 108 27 108 5:8 10 8
Relative True Errors

p Noor € o s G G

4 153 2:8 102 15 10°? 2.0 102 2:8 102 48 102
6 325 48 104 12 104 29 104 6:4 10 * 87 104
8 561 6:3 106 1:3 106 33 10° 97 106 11 10°
10 861 59 108 78 10° 27 108 93 108 11 107

error ¢ of each of the dependent variables is calculated by:

T ku UkHl; e

erel B kukHl; e (42)

where u isthe dependent variable and k k1.  isthe elemental H! norm. e, €spectral aNd €rg
are calculated for each of the elements and their maximum values are presented in table 4.1
for comparison. It is observed that for both kind of error estimates, the di erences between
the relative true errors and corresponding error estimates are within an order of magnitude.
Moreover the di erence decreases as the expansion order is increased. While the estimates
di er from the true errors by an order of magnitude, they follow the same trend as the true
errors as the expansion order is increased. Therefore, as far as this smooth problem is con-
cerned, both &s and egpectrar Can be used as qualitative error estimates for p-type adaptive
re nement. Finaly it is worth to mention that the distribut ion of the error estimates and the
relative true errors across the domain are aimost uniform. As a result, an p-type adaptive

re nement procedure would result in uniform re nement.



4.2 2D Lid Driven Cavity Flow

A popular incompressible ow problem used totest ow solver sisthe shear driven ow inside
a 2-dimensional sguare cavity. In this study, lid driven cavity problem is solved for various
Reynolds numbers to illustrate the use of h-type non-conforming grids and p-type adaptive

re nement procedures with the LSSEM ow solver.

The problem setup and the main ow features areillustrated i n gure4.3. The ow isinduced
by an in nite lid pulled towards right at the top of the cavity . Asthe ow reaches steady-
state, alarge central vortex forms in the middle of the cavity. The stationary walls near the
lower corners form local triangular wedge regions where some small corner vortices driven
by the central vortex are formed. The size and the number of the corner vortices change with
the Reynolds number based on the cavity dimension. In this study, three di erent Reynolds
numbers are of interest: Re=100, 1000 and 5000.

It is important to observe that the boundary conditions presented in the problem setup make
the x-velocity discontinuous at the top corners resulting in a singular (non-smooth) solution
for the velocity eld. These corner singularities destroy t he favorable convergence charac-
teristics of the high order methods and it is desirable to eliminate the corner singularities
completely or con netheir e ectsinto small regionsin SEM studies. It is possible to subtract
the singular solutions at the corners from the overall solution and solve the remaining smooth
solution numerically by spectral methods [76]. Botella and Peyret [76] follows this approach
to present highly accurate results for the Re=1000 ow. Another approach to avoid corner

singularities is to solve a regularized version of the problem where the velocity boundary
condition across the top boundary is smoothed by using a steep but continuous variation of
velocity near corners[77]. However the singularities can not be smoothed extensively without
changing the physical nature of the problem by this way. In the current study, the e ects of
the singularities are restricted to small regions in the vicinity of the corners by utilizing the

ability of LSSEM ow solver to work on h-type non-conforming grids.

The computational grid used in this study is an h-type nonconforming Cartesian grid com-
posed of NE = 334 sguare elements. The computational grid isillustrated in gure 4.4. The
grid resolution is increased near the boundaries to resolve the boundary layers. The lower

corners are further re ned to capture corner vortices prope rly. The upper corners are re ned
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even further to con nethe e ects of the singularities to few small elements in the vicinity of

corners.

The steady-state solution is obtained by time marching. The solution is declared to have

reached steady-state when:
kvt vVt Sk

<104 4.
kVtkLZ 0 ( 3)

where V! is the velocity magnitude vector at the current time and V! ° is the velocity mag-
nitude vector 5 seconds before. With this approach, steady state solutions for Re=100 and
1000 are obtained from an initialy stagnant ow eld before t = 25andt = 100 seconds re-
spectively. Sincethe nal steady state solutionisnot a ected from the size of the time steps,
large time steps such as t = 1:0 and 0:5 seconds are used respectively. Similarly steady state
solution for Re=5000 is obtained by starting from the steady state Re=1000 solution, using

t = 0:5 second and integrating over atime interval of t = 125 seconds.

While the focus of this study is on the more challenging Re=5000 problem, the solutions for
Re=100 and 1000 are also presented for completeness. The Re=100 and 1000 problems are
solved using elements with expansion orders p = 4 in both space dimensions. For visua
validation, the streamlines of the resulting numerical solutions are presented in gure 4.5. At

Re = 100, the central vortex is o set from the center of the cavity towards the downstream
and the lid. Thereisasingle small corner vortex at each lower corner, the one near the right
corner being greater in size. As Reisincreased to 1000, the central vortex moves closer to
the center of the cavity and the corner vortices become greater in size. Two additional corner
vortices in the vicinity of the lower corners form though these vortices can be observed only

in high resolution benchmark solutions such as the work of Erturk et al. [3].

For quantitative validation of the solutions, it is found necessary to compare the results of
the present study with the benchmark results available in the literature. The previous works
chosen for comparison are as follows. Ghia et a. [2] performed multi-grid nite di erence
solutions on a256 256 grid for arange of Reynolds numbers between 100 and 10000. L ater
Botella and Peyret [ 76] obtained highly-accurate Re=100 and 1000 solution using Chebyshev
pseudospectral method upon singularity subtraction. Morerecently, Erturk et al. [3] presented
nite di erence solutions for Reynolds numbers between Re=1000 and 21000 using stream
function-vorticity formulation on very ne grids (401 401 to 601 601). Figures 4.6a and

4.6b present the x-velocity and y-velocity pro les taken fr om the vertical and horizontal cen-
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Figure 4.5: Lid driven cavity problem. Streamlines of Re=100 and 1000 solutions

terline of the domain respectively together with the data available in [2], [76] and [3]. It is
observed that for both Re=100 and 1000, x- and y-velocity pro les are in very good agree -
ment with the literature. The h-type nonconforming Cartesian grid with p=4" order elements

results in satisfactory results for this range of Reynolds number.

As Re is increased further it becomes challenging to resolve the ow features accurately.
When the problem is solved for Re=5000 with the aforementioned grid composed of 4" or-
der elements, discrepancy with respect to literature is observed in some regions of velocity
pro les. Therefore agrid study is conducted to improve the r esults. The problem is solved on
four grids. First grid isthe previously used grid that has NE=334 elements with expansion
orders p=4. Another grid is obtained by uniform p-type re nement of r st grid. Thisgrid has
NE=334 elements with expansion orders p=8. Two additional grids are obtained by starting
the solution with the rst grid and solving the problem with p -type adaptive re nement pro-

cedures. One adaptive re nement procedure uses the error es timate based on least-squares
functional while the other uses the error estimate based on spectral coe cients for x-velocity.

Table 4.2 summarizes the speci cations of the computationa | grids.

Figure 4.7 illustrates the streamlines of the solution obtained by the nest grid (Grid (4)).

It is observed that as Reynolds number is increased from 1000 to 5000 the central vortex
moves even closer to the center of the cavity. The second set of corner vortices becomes
more pronounced and a new vortex near the upstream of the lid forms. The contour plots of

x-velocity, y-velocity, pressure, and vorticity are also presented in gures 4.8, 4.9, 4.10, and
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Figure 4.6: Lid driven cavity problem. Velocity pro les acr oss centerlines for Re=100 and
1000 solutions
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Table 4.2: Lid driven cavity ow. Speci cations of the grids used in solution of Re=5000
problem. For adaptive solutions the given expansion orders p refer to the initial grid. The
error lower bounds are kept small such that there is not any coarsening in the adaptive grids.

Grid no NE p Error Estimate Error Upper Bound ("' yax) (Pmin; Pmax)

1 334 4 Nonadaptive - -

2 334 4 as 10 4 (4, 10)

3 334 4 €gpectral 10 3 (4;10)

4 334 8 Nonadaptive - -
4.11 respectively.

x- and y-velocity pro les are presented together with the re sults of Ghia et al. [2] and Er-
turk et a. [3] in gures 4.12 and 4.13 respectively. When gen eral trends are considered, all
of the solutions agree well with the literature. However the solution of grid (1), that is the
non-adaptive grid with p=4, is associated with signi cantly lower x-velocity magnit udes at
the cusp region near the upper boundary layer when compared to the other solutions and liter-
ature. This solution also estimates the minimum x-velocity magnitude and location di  erent
than the other solutions. When y-velocity pro les are exami ned it is again observed that the
solution with grid (1) deviates from the other solutions and benchmark data near maximum
and minimum y-velocity regions. On the other hand, x- and y-velocity pro les obtained by

grids (2), (3) and (4) agree well with the literature, especially with the benchmark solution of
Erturk et a. [3]. It isworth to mention that velocity pro le datafor Re=5000 is scarce in the
literature and the recent results of Erturk et a. [3] can be considered as the most accurate due

to thevery negrid (601 601) utilized.

The vortex center coordinates and the vorticity values at vortex centers are also compared
with the literature in table 4.3. It is seen that the results of the past studies di er from each
other. Therefore, there is not any precise values for vortex center coordinates and vorticity
at vortex centers. All four grids used in the present study capture the vortices properly and
present values for vortex centers that are close to or within the range of results of past studies.
Vorticity values at vortex centers get closer to the range of results of past studies with p-type
adaptive and uniform re nement. All together, the solution s with the grids (2), (3) and (4) can

be considered as accurate solutions of lid driven cavity ow at Re=5000.

Finally, the distribution of the error estimate values in the steady-state solution obtained by
grid (1) and the adaptive grids, grid (2) and grid (3), are illustrated in gures 4.14 and 4.15
respectively. It is observed in gure 4.14a that the regions where g5 is greater than "pax =
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