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ABSTRACT 

 
DYNAMIC EFFECTS OF MOVING TRAFFIC 

ON 

RAILWAY BRIDGES 

 

 

Cinek, Fatih 

  M. Sc., Department of Civil Engineering 

                 Supervisor: Prof. Dr. Çetin Yılmaz 

 

May 2010, 215 pages 

 

  

In this study, dynamic effects on high speed railway bridges under moving traffic 

are investigated. Within this context, the clear definition of the possible dynamic 

effects is provided and the related studies that exist in literature are investigated. In 

the light of those studies, analytical procedures that are defined to find the critical 

dynamic responses such as deflections, accelerations and resonance conditions are 

examined and a MatLab programming language is written to obtain the responses 

for different train loading and velocity values. The reliability of the written 

program is conformed by comparing the results with the related studies in 

literature. In addition to the analytical procedures, the approaches in the European 

standards concerning the dynamic effects of railway traffic are defined. A case 

study is investigated for a bridge that is in the scope of the Ankara-Sivas High 

Speed Railway Project. The related bridge is modeled by using finite element 

program, SAP2000 according to the definitions that are stated in European 

standards. The related high speed railway bridge is analysed with a real train which 

is French TGV together with the HSLM trains that are defined in Eurocode and the 

results obtained are compared with each other. This study also includes the analysis 
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of the bridges performed for 7 different stiffness and 3 different mass values to 

determine the parameters affecting dynamic behaviour. 

Keywords: Dynamic analysis, resonance, acceleration, high speed. 
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ÖZ 

 
DEMİRYOLU KÖPRÜLERİNDE TREN YÜKLERİNİN DİNAMİK ETKİSİ 

 

Cinek, Fatih 

Yüksek Lisans, İnşaat Mühendisliği Bölümü 

Tez Yöneticisi: Prof. Dr. Çetin Yılmaz 

 

Mayıs 2010, 215 sayfa 

 

Bu çalışmada, yüksek hızlı demiryolu köprülerinde trafik etkisi altında 

oluşabilecek dinamik etkiler incelenmiştir. Bu bağlamda, demiryolu köprüleri 

dinamik etkilerinin tanımı yapılmış ve literatürde konuyla ilgili yer alan 

yaklaşımlar incelenmiştir. Bu çalışmaların ışığında, demiryolu trafiği altında 

köprülerin deplasman ve ivme tepkileri, rezonans durumu gibi kritik dinamik 

etkilerini belirlemek amacıyla geliştirilen analitik yöntemler tanımlanmış, çeşitli 

tren yüklemesi ve hızında oluşacak etkilerin, bu yöntemlere göre bulunabilmesi 

için MatLab kullanılarak programlama dili oluşturulmuştur. Elde edilen analitik 

sonuçlar literatürde yer alan çalışmalarla karşılaştırılarak sonuçların 

güvenilirliğinin doğrulaması yapılmıştır. Analitik yöntemlere ilave olarak, 

demiryolu trafiği dinamik etkilerine Avrupa şartnamelerinde yer alan yaklaşımlar 

tanımlanmış ve şartnamelerde belirlenen tanımlara uygun olarak, Ankara-Sivas 

Hızlı Tren Projesi kapsamında yer alan bir demiryolu köprüsünün, SAP2000 sonlu 

elemanlar programı kullanılarak analiz modeli oluşturulmuştur. Avrupa 

şartnamelerinde belirtilen kritik tren yüklemesi ve kritik hız değerlerine göre elde 

edilen sonuçların, analitik yaklaşım yöntemleri kullanılarak elde edilen değerlerle 

karşılaştırılmasıda bu çalışmanın kapsamında yer almaktadır. Bahse konu 

demiryolu köprüsü Avrupa şartnamelerinde tanımlanan trenlere ilave olarak, 

Fransız TGV treni için de analiz edilmiş ve elde edilen sonuçların karşılaştırılması 

yapılmıştır. Ayrıca demiryolu trafiği altında oluşabilecek etkilerin incelenmesi 
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açısından 7 farklı atalet ve 3 farklı kütle değeri için analizlerin yapılması ve elde 

edilen sonuçların değerlendirilmesi bu çalışma kapsamında yer almaktadır. 

Anahtar Kelimeler: Dinamik analiz, rezonans, ivme, yüksek hızlı. 
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CHAPTER 1 

INTRODUCTION 

1.1 General 

 

High-speed railway network has showed remarkable development in the countries 

especially where transportation became the major concern for the human life and 

economy. The sense of providing large capacity transportation, higher safety and 

using the energy in the most economical way leads countries to develop solutions.   

 

During the early years of the development of high-speed networks, the term “high-

speed” was used for the speeds above 200 km/h.  Japan is the first country that 

introduced the high-speed term to the world with the Tokaido Shinkansen railway 

line for which the operating speed was 210 km/h. In Europe, France is the first 

country that has constructed the first high-speed railway line with 270 km/h 

operating speed. Germany, Belgium, Italy, Nederlands, Spain and Turkey followed 

France and European high-speed railway network reached great levels during the 

recent years. In Asia, China has also constructed high-speed railway networks and 

has considerable share in the development of the high-speed railway technology. 

Development of high-speed railway networks brought the race of the countries in 

the manner of the maximum speeds together with the comfort requirements. The 

train speed that has started with 210 km/h has reached 581 km/h with the MLX-01 

train in Japan which is the current world record holder.  
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From the structural point of view, the differences between the conventional railway 

lines and the high-speed railway lines lead changes in the design process. Dynamic 

effects are the major concerns that have to be considered in the design of the high-

speed railway structures. Besides, human comfort criteria has also gained 

importance with the introduction of the high operating speeds.  

 

The most important effect on the high-speed railway bridges is the -resonance- 

which is the coincidence of the natural frequency of vibration of the structure, with 

the exciting frequency by the train. In order to avoid from the resonance effects, the 

structural design engineer should ensure that the response of the bridge is in the 

acceptable limits to provide its safety. The analysis procedures and acceptable 

limits were included in the scope of the European standards and some procedures 

for dynamic analyses were defined.  

 

1.2 Literature Survey 

 

Y.S. Cheng, F.T.K. Au and Y.K. Cheung (2001), studied the effect of train 

properties together with the track structure and bridge. The train is modelled as 

mass spring damper in their study at axle locations. They modelled the rails as 

upper beam elements and deck as lower beam element. And spring and dampers are 

used as link elements between rail beam and deck beam to account for rail pad.  

The results showed that the effect of track structure on the responses of bridge 

structure is negligible, whereas the effect of bridge structure on the response of 

track is considerable. 

 

Clough, R., Penzien, J. (2003), presented wide range of information about  

dynamic behaviour of structures in their book of “Dynamic of Structures”.  The 

response of single degree of freedom systems to harmonic, periodic and impulsive 

loading was described. Analysis for the dynamic response of multi degree of 

freedom systems were also presented by using different methods such as 
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superposition and step by step methods. Supporting examples which let reader to 

understand the subject clearly were also provided in the book .  

 

Delgado, R.M. Cruz, S (1997), studied the dynamic behaviour of the bridge under 

high-speed traffic action in two ways. First, the train is considered as set of moving 

forces and masses of each axle of train are induced on the bridge. As second, 

structural behaviour of train together with the interaction effects with the bridge 

were considered. Different parameters such as train and bridge stiffness, bridge 

mass, track irregularities were studied in order to define the effect of each 

parameter on the dynamic response of the bridge.    

 

Ladislav Fryba (1999), considered the subject in a broad way in his book 

“Vibration of Solids and Structures Under Moving Loads”. He studied the one, two 

and three dimensional solids with different loading conditions such as moving 

constant force, moving harmonic force, moving force arbitrarily varying in time. 

He also studied the effects of boundary conditions on dynamic responses of the 

bridges. He also presented the effects of the moving speed and track irregularities 

on bridge responses (Fryba, 1996). He worked on the phenemonon of resonance 

and the critical speeds that lead to resonance conditions. He stated that the high 

operating speeds and repeated action of the train loads on the structure can lead to 

the resonance condition to occur and respectively increase in the vertical 

acceleration responses of the bridge (Fryba, 2001).  

 

 

 
Figure 1.1 Simple beam subjected to a moving force P 
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K. Liu, G. De Roeck, and G. Lombaert, (2009) determined the conditions for which 

the train-bridge interaction should be considered to determine the dynamic 

response of the bridge. Different parameters such as train mass, train speed, the 

natural frequency ratio of the train and bridge and damping ratio were studied in 

that paper to determine the effects of these items on the dynamic response of the 

bridge. 

 

M., K., Song et. all. (2003), studied a new finite element method to determine the 

dynamic effects on railway bridges.  Shell elements with six degree of freedoms 

per node were used for modelling deck  and it was provided that the inplane and 

out of plane deformations are coupled. Shell elements with variable nodes were 

used for modelling the connection regions between the  rail, sleepers and deck. 

Track irregularities were also considered in the analysis. A simply supported steel 

concrete composite bridge together with the two span PC box girder bridge were 

analysed and results are compared with the experimental and previous researches. 

It was found at the end of the study that the obtained results are well matched with 

the experimentally obtained results. 

 

P. Museros and E. Alarcon (2005), studied the influence of second bending mode 

on the dynamic response of high speed railway bridges. They determined the 

equation of motion for simply supported bridge and presented the parameters that 

are affecting the dynamic behaviour.  With the light of the presented information, 

they studied a real case and found that there may be some cases for which the 

consideration of only the first natural bending mode is not enough to determine the 

dynamic response of high speed bridges. It was also concluded in their study that 

the maximum response is not needed to be obtained at midspan and the maximum 

response may be obtained at the quarter orr three quarter of the span lenght. 

 

He Xia et. all. (2003), studied a practical case such that he presented a report that 

contains the comparison of the finite element dynamic analysis results of Antoing 

Bridge with the results obtained from experimental measurements. He analysed the 
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bridge under the effect of Thalys train composed of one locomotive followed by 

one transition carriage, six normal articulated cars, one transition carriage and one 

locomotive. He regarded the articulated train group as a series of articulated vehicle 

elements composed of car bodies, bogies and wheel sets. There were some 

assumptions in the analysis of Antoing Bridge such that the track bridge interaction 

effects are neglected. Accordingly, inertial effects of the connecting elements such 

as fasteners, rail pads and ballast were not considered. Another assumption was 

that the cross section deformation of the girder was considered in the modal 

analysis.  He Xia et. all. (2003), stated that the analytical model of the bridge was 

acceptable in the manner of reflecting the bridge behaviour, The obtained results 

are considered as matched with the measured data obtained from site, the dynamic 

characteristics of Antoing Bridge are in the limits of the current safety and comfort 

standards, the articulated trains have positive effect on the bridge structures suct 

that they reduce the impact effect on trains on the structures. 

 

In the paper of H. Xia et al. (2006), therotical derivations were used to obtain the 

effects of the resonance condition. The condition was investigated in three parts. 

First, the periodical actions of moving loads with vertical weights, centrifugal 

forces and wind forces were investigated. Secondly, loading rates of moving loads 

were investigated. And finally, swing forces of the train excited by track 

irregularities and wheel hunting movements were investigated. The comparisons 

were provided between estimated resonant speeds and results of dynamic 

simulations together with the field measurements. 

 

Y.B. Yang, J.D. Yau, Y.S. Wu (2004), had great contribution to the problem of 

dynamic effects on railway bridges by presenting a book named “Vehicle Bridge 

Interaction Dynamics” in which all kinds of problems that had previously been 

worked were clearly stated and user friendly solutions were defined. They defined 

the method of solutions by emphasizing them with the illustrative examples. 

Moving load problems were presented by defining the impact responses of simply 

supported beams, simply supported bridges with elastic bearings, response of the 
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curved beams. They worked on vehicle-bridge interaction for different conditions 

such that the method of contact forces, pitching effect, stability of the trains under 

earthquake conditions.  

 

1.3 Object and Scope 

 

The major objective of this study is to determine the analytical procedure to obtain 

the dynamic behaviour of a simply supported bridge structure and perfom the 

related comparisons with other methods such as finite element method. After the 

comparison of the finite element method and the analytical approaches to the 

problem, the assumptions that are stated in the relevant standards will be 

investigated and the reliability of them will be checked. And finally, different 

stiffness and mass properties will be checked and effect of them will be presented. 

 

Thesis study starts with the determination of the analytical procedures in Chapter 2. 

Fryba’s analytical solution is used to obtain the results. However, the simplified 

method determined by Y.B. Yang, J.D. Yau and Y.S. Wu is followed since they 

presented the procedure in a more clear way. Also in the book of Y.B. Yang, J.D. 

Yau and Y.S. Wu, analytical procedure was modified for the current train loadings 

for high speed railway lines. The effect of the vehicle body mass on the response of 

the structure was neglected and an assumption was made such that the mass of the 

structure is higher than the vehicle mass. The resonance and cancellation 

phenomena are explained..  In addition to Fryba’s solution, the DER method which 

is used by Eurocodes to define the critical train loading is also explained in Section 

2.6. The validation of the written MatLab program is checked with two examples 

presented by J.M. Goicolea et. al. (2002), and C. C. Lin et. al. (2005) at Section 

2.7.     

 

In Chapter 3, the approach of EN 1991-2 to the problem is explained and the 

related procedure defined by the standard is presented.  

 



 7

In Chapter 4, a simply supported 30 m span bridge from the Ankara-Sivas High 

Speed Railway project is modeled by using the finite element program, SAP2000. 

The modeling properties are clearly defined and emphasized with the related 

figures presented. The dynamic analysis of the related bridge is performed. 

Analytical procedure is applied for the same bridge and the results obtained from 

the finite element dynamic analysis are compared with the analytically obtained 

results.  

 

In Chapter 5, analyses for different mass and stifness values are performed for 

different speeds and also for the critical trains chosen according to the procedure 

defined in Eurocode. 

 

Chapter 6 includes the related summary and conclusions for the analyses performed 

in the scope of the study. 
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CHAPTER 2 

ANALYTICAL PROCEDURE FOR THE SIMPLE BEAM 

SUBJECTED TO SERIES OF MOVING LOADS 

2.1 General 

 

This chapter describes the problem of a simple beam subjected to a series of 

moving loads determined by Fryba and presented in a clear way and updated for 

the current loading diagram of trains by Y.B. Yang, J.D. Yau, Y.S. Wu in the book 

of Vehicle Bridge Interaction Dynamics, 2004.  In addition, DER method based on 

the decomposition of excitation at resonance is explained in Section 2.6.  

 

2.2 Method of Solution for the Beam Subjected to Series of Moving Loads 

(Vehicle Bridge Interaction Dynamics, 2004) 

 

For the analytical solution, train is modeled as the identical cars each of which 

contains two axles with constant intervals (Vehicle Bridge Interaction Dynamics, 

2004).  
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Figure 2.1 The simple beam subjected to train loading (Vehicle Bridge Interaction 

Dynamics, 2004) 

 

The train is assumed to have N identical cars each of which is supported by two 

boggies. Each car length is determined as d while the distance between the two 

wheel of the car is Lc and the distance between the rear wheels is Ld. The load p is 

assumed to be constant which is in accordance with the train models described by 

EN 1991-2 that will be explained in Chapter 3. Considering the each car as the 

combination of two wheel sets leads to a time lag of tc = Lc / v. The load function 

for the train can be determined as (Vehicle Bridge Interaction Dynamics, 2004); 

 

        [ ]∑
=

−+=
N

j
c LvttUjLvtUjptF

1
),,(),,(.)(   (2.1) 

 

                     [ ][ ])/()(.)(),,( vLttHttHttvxLvtU jjjj −−−−−−= δ          (2.2) 
 

The meanings of the parameters stated in the formulas above are determined below 

(Vehicle Bridge Interaction Dynamics, 2004); 

 

p     = Series of Lumped Train Loads  

),,( LvtU j  = Function to model the effect and position of wheel load on  

the bridge. 

t   = Time  

v   = Travelling Speed of Train 
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L   = Span Length of Bridge 

δ    = Direct delta function 

x    = Coordinate of the beam 

jt    = Arriving time of jth load at the beam = (j-1) x d/v 

)( jttH −  = Unit step function that turns on the effect of jth moving 

load when it enters the beam. 

)/( vLtjtH −−  = Unit step function that turns off the effect of jth moving 

load when it leaves the beam. 

 

The values for unit step function are determined below; 

     

0)( =tH    if  t < 0          (2.3) 

      1)( =tH    if  t ≥ 0                    (2.4) 

 

The equation (2.1) presented above neglects the effect of inertia of the moving 

masses and the interaction between the train cars and the beam. (Vehicle Bridge 

Interaction Dynamics, 2004). In order to consider those effects the function above 

is modified to the function determined below (Bolotin, 1964); 

 

        )'''2(),,( 2
...

uvuvuMpvMpF ++−=            (2.5) 

 

M is the lumped mass for the each load, u is the vertical deflection of the beam. 

Dots denotes for the differentiation with respect to time while primes denotes the 

derivative with respect to coordinate (Vehicle Bridge Interaction Dynamics, 2004). 

  

The equation of motion for the beam under moving load can be written by using 

the load function in equation (2.5) as (Vehicle Bridge Interaction Dynamics, 2004); 

 

[ ]∑
=

−+=+++
N

j
cie LvttUjLvtUjvMpFEIuuIcucum

1

....
),,(),,().,,(''''''''          (2.6) 
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m is the mass of the bridge per unit length, E is the elastic modulus, I is the 

moment of inertia, tc is the time lag as defined in Section 2.1, ce and ci are the 

external and internal damping coefficients respectively (Vehicle Bridge Interaction 

Dynamics, 2004).  

 

Defining the related boundary conditions for the simply supported case; 

 

0),0( =tu , 

0),( =tLu , 

0)0,( =xu , 

0)0,(
.

=xu , 

                                                    0),0('' =tEIu , 

                                                    0),('' =tLEIu , 

 

By using the related boundary conditions, the vertical deflection of the beam can be 

presented in a series form as shown below (Vehicle Bridge Interaction Dynamics, 

2004); 

 

    )sin()(),(
1 L

xntqtxu
n

n
π∑

∞

=

=     (2.7) 

 

qn(t) is the generalized coordinate for the nth mode. The equation of the motion in 

terms of the generalized coordinates, qn is obtained by subsituting the equation 

(2.4) in equation (2.3), multiplying both sides with )(
L

xnSin π  and integrating with 

respect to length L of the beam (Vehicle Bridge Interaction Dynamics, 2004).  

 

  )()()2()1( ,
2

.

,

..

, tFqwqwq nnnsnncnnnnm =+++++ εεεε       (2.8) 
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nε  is damping coefficient and wn is the angular frequency of the vibration of the nth 

mode defined as (Vehicle Bridge Interaction Dynamics, 2004); 

 

4
22

mL
EInwn π=  

 

εm, n is the coefficient to account for the effect of the mass of moving loads, εc, n 

represents the Corilois force as a result of the coupling interaction between the 

speed of the moving mass and the angular velocity of the beam. εs, n is the 

coefficient to take the centrifugal force into account. Those effects mentioned may 

lead the beam to lose its stability. However, the high speed railway bridges 

designed are commonly too rigid such that those effects can be neglected. Fn(t) in 

the equation (2.8) is the forcing function for the nth generalized coordinate and 

determined below (Vehicle Bridge Interaction Dynamics, 2004). 

 

    [ ]∑
=

−+−=
N

j
cnnn LvttfLvtf

mL
ptF

1
),,(),,(2)(                     (2.9)   

 

),,( Lvtfn   = Part of forcing function for the front wheel of an identical car. 

),,( Lvttf cn −  = Part of forcing function for the rear wheel of an identical car. 

  

The function fn is defined as shown below (Vehicle Bridge Interaction Dynamics, 

2004);  

 

)()
)/(

sin()1()()
)(

sin(),,( 1

v
LttH

L
vLttvn

ttH
L

ttvn
Lvtf j

jn
j

j
n −−

−−
−+−

−
= + ππ

  

(2.10) 

 

By neglecting the coefficients εm,n, εc,n, εs,n  in equation (2.8), generalized coordinate 

qn(t) is obtained as (Vehicle Bridge Interaction Dynamics, 2004); 
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∫ −= −−
t

dn
tw

n
dn

n dtweF
mw

tq nn

0

)( ))(sin()(1)( τττ τε              

                 

                     [ ]),(),(2
4

3

cnn ttvPtvP
EI

pL
−+=

π
          (2.11) 

 

wdn is the damped circular frequency of the beam and defined as 

21 nndn xww ε−= and the functions Pn(v,t) and Pn(v,t-tc)  are defined as (Vehicle 

Bridge Interaction Dynamics, 2004); 

 

Pn(v,t)   = Dynamic response from the front wheel of an identical car. 

 

Pn(v,t-tc)  = Dynamic response from the rear wheel of an identical car. 

 

∑
=

+
⎥⎦
⎤

⎢⎣
⎡ −−−+−

+−
=

N

j
j

n
j

nnn
n v

LttHBttHAx
SSn

tvP
1

1
2224 )(..)1()(.

)(4)1(
11),(

ε
 (2.12) 

       

The coefficients A and B are determined as follows (Vehicle Bridge Interaction 

Dynamics, 2004); 

 

+−Ω−−Ω−= ))(cos(2))(sin()1( 2
jnnnjnn ttSttSA ε  
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      (2.14) 

 

Ωn is the frequency due to the moving loads, and Sn is the speed parameter and the 

values are determined as shown below (Vehicle Bridge Interaction Dynamics, 

2004);  

 

     
L

vn
n

π
=Ω          (2.15) 

 

     
Lw
vnS

n
n

π
=           (2.16) 

 

2.3 Resonance Condition 

 

Resonance condition occurs when the excitation frequency by the moving load and 

the natural frequency of the structure are the same. If the damping is neglected and 

only the first mode is considered in the equation (2.12) reduces to (Vehicle Bridge 

Interaction Dynamics, 2004); 

 

[ ]∑
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+−−−−Ω=
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j
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The most critical case for the displacement occurs when the rear wheel of (N-1)th 

identical car and the front wheel of the Nth car acts on the beam simultaneously 

(Vehicle Bridge Interaction Dynamics, 2004). 

 

 

 
Figure 2.2 The most critical loading for the beam 

(from Vehicle Bridge Interaction Dynamics, 2004) 

 

Therefore if the equation (2.17) is rewritten according to the critical displacement 

condition, it reduces to (Vehicle Bridge Interaction Dynamics, 2004); 

 

[ ] −−−−−Ω= )()(sin)(sin),( 1111 NNN ttHttwStttvP  
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                                                                      (2.18) 

 

The displacement goes to infinity therotically in the case of resonance. However, 

the displacement will be damped practically. In order to obtain the infinite 

displacement in the equation (2.18) (Vehicle Bridge Interaction Dynamics, 2004); 

 

0
2

sin 1 =
v
dw  and πi

v
dw

=
2

1  
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If the equation (2.16) is arranged according to the condition above (Vehicle Bridge 

Interaction Dynamics, 2004); 

 

iL
dS

21 =  and ,....4,3,2,1=i  

 

The resonance speeds for the structure can be found according to the formula stated 

above. i is the resonance number which means nth mode completes i number of 

oscillations between the passage of two consecutive loads. 

 

2.4 Cancellation Condition 

 

Cancellation is the situation in which the resonance effects are suppressed. In the 

case of cancellation, the resonance effects will be at very low level. The physical 

meaning of cancellation can be defined as the prevention of accumulation of effects 

by the loads that leave the bridge. As can be seen from equation (2.18), the effects 

of axle loads except from the last one are cancelled for the condition shown below 

(Vehicle Bridge Interaction Dynamics,2004); 

 

0)2/( 1 =vLwCos  

 

In case of that the equation above is satisfied the term that is related to N-1 axles in 

the equation (2.18) becomes 0. Then, only the last axle of the train has the effect on 

the dynamic behaviour of the bridge. Besides, since the speed parameter S1 is 

defined as LwvS 11 /π= , the speed parameter for the cancellation case can be found 

as (Vehicle Bridge Interaction Dynamics,2004); 

 

12
1

1 −
=

i
S  for i = 1, 2, 3, ........ 
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If we equate the two speed parameter equations for resonance and cancellation 

phenomena, we can obtain another determination for cancellation such that; 

 

i
j

d
L

2
12 −

=  

 

As can be seen from the equation above, for 5.1=
d
L  which can be obtained with 

1=i  and 2=j , cancellation occurs for the bridges. From that point, bridge 

parameters can be selected such that the probability of cancellation will be high 

according to the properties of the operating train. 

 

2.5 Limitations in Analytical Approach 

 

There are some limitations in the analytical approach for which the obtained results 

may not reflect the real behaviour of the structure such that; 

 

-  Vehicle-structure interaction including mass of vehicle and inertial 

effects of bogies is neglected.  

-  Load distribution by the ballast and sleepers is neglected 

-  Effect of torsional mode is neglected since the analytical approach is 

based on a Euler-Bernoulli beam and only the bending modes are 

considered. 

-  Excitation due to the track irregularities is neglected. 

 

Vehicle-structure interaction and load distribution according to the ballast and 

sleepers leads lower dynamic responses. However, influence of torsional mode and 

track irregularities increase the dynamic response of the bridge. Eurocode proposes 

that the dynamic analysis can be performed by moving loads and effects of the 

vehicle-structure interaction, ballast and sleepers may be taken into account if 

desired. 
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2.6 DER Method 

 

DER method is the decomposition of exication at resonance and is developped to 

provide initial prediction for the dynamic behaviour of the bridges at resonant 

speeds.  In this method, the equation of motion for Euler-Bernoulli beam is used as 

basis and the dynamic behaviour is decomposed into Fourier series. There are two 

solutions for the dynamic behaviour of the bridge named as complementary and 

particular solution. The total response is obtained from the combination of both 

solutions. Complementary part is the response according to the system free 

vibrations while the particular one is obtained from the forced vibration of the 

system. The passage of the train with N axles, with constant or varying axle 

distances is used for the particular solution and the excitation from the passage of 

the train is considered as a periodic function. From the required solutions for the 

problem the following equation for the acceleration is obtained. (ERRI D214/RP6); 
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Where the parameters are as defined below; 

 

f0  = First natural frequency of the bridge 

K = Stiffness of the bridge 

L = Span length of the bridge 

Fn = Load of nth axle 

XN  = Total length of the train that consists of N axles 

xn = Distance of nth axle load from the first axle load. 

ε = Damping ratio 

λ = Wavelength 

 

The equation can be defined in three parts as shown below; 
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Where; 

 

 Ct  = A constant term = 
π

π
mLK

f 48 2
0 =   

A( )λ
L = Bridge influence line 

 

G( )λ  = Excitation due to train 

 

By assuming that the contrubution of span length in train spectrum can be ignored 

when compared to the contribution of XN, the L value can be removed from 

excitation and can be placed into the constant term. Then; 
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are obtained. 
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The term Ct and  A( )λ
L  is depended on the bridge characteristics and the term 

G( )λ  is depended on the train characteristics. The multiplication of the two terms, 

G( )λ x A( )λ
L  is defined as aggressivity in EN 1991-2:2003 and ERRI D214/RP6. 

  

The excitation due to train found above considers that the maximum response is 

obtained after the last axle of the train leaves the bridge. However, there is 

possibility of that the maximum response is obtained when any axle combination of 

the train is located on the bridge. Therefore, all the combinations of the axle loads 

on the bridge should be considered and the envelope of these combinations should 

be taken as the maximum response. This phenomenon is called as subtrain concept 

and the value of G )(λ  obtained above becomes (ERRI D214/RP6); 
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The graph of aggressivities for the HSLM trains presented in Eurocode and French 

TGV train for dynamic analysis in accordance with DER method are presented 

below; 
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Figure 2.3 HSLM trains spectras for L=30 m and 1% damping 
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Figure 2.4 HSLM trains spectras for L=40 m and 1% damping 

 

 

Wavelength v.s. G(λ) (dynamic signature of train) graphs for each train is 

presented in Appendix A of this study. The graphs are given for 30 m span length 

and 1% damping ratio and 40 m span length with 1% and 2.5% damping ratio 

which are the cases studied in this thesis study. 
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L = 30 m Damping = 1%
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Figure 2.5 TGV train spectra for L=30 m and 1% damping 
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Figure 2.6 TGV train spectras for L=40 m and 1% damping 

 

 

The displacement can also be found by DER method according to the formula 

shown below (ERRI D214/RP6); 

       2
0

..

w
yyy res +=                                                   (2.27) 

 

Given the aggressivities of the trains by DER method, it is possible to predict the 

dynamic responses of the bridges before performing detailed dynamic analysis. 
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However, there are limitations in DER method which are defined in ERRI 

D214/RP6; 

 

- For the speeds out of resonant speeds, the method is not suitable for 

determining the acceleration responses.  

 

- It was defined in ERRI D214/RP6 that the the maximum responses for 

some real trains such that the axle loads of locomotives and coaches are 

significantly different from eachother, the responses are overestimated. This 

situation is explained with the example of ICE2 train in ERRI D214/RP6. 

 

- The term A( )λ
L  which is defined as influence line tends to be zero for 

some L/λ values. It is stated in ERRI D214/RP6 that the response can not 

be found correctly at those points.  A chart that shows the change of 

influence line according to different L/λ ratios is presented below; 

 

 
Figure 2.7 Influence Line of a simply supported beam expressed as a function of 

span length over wavelength (from ERRI D214/RP6) 
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2.7 Validation of the Program 

 

As explained before, a MatLab program was prepared to perform analytical 

approach for the high speed railway bridges. In this part, the program will be 

compared with two studies in literature in which the same analytical approach was 

used before. In addition to that, validation of the procedure will be checked with 

the results obtained from SAP2000 finite element model in Chapter 5. 

 

2.7.1 Study of J.M. Goicolea et al., (2002) 

 

The bridge parameters worked in that study are summarized below; 

 

Span Length  = 15 m 

m            = 15 t/m 

EI  = 7694081 kN/m2 

Damping,ε = 2% 

 

The train model used is the 10 axle train with equal axle distance of 16 m. The 

analysis is performed for two different speeds of 288 km/h and 360 km/h which are 

equal to 80 m/s and 100 m/s respectively.  

 

The results obtained in the report of J.M. Goicolea et. al., 2002 and the results from 

the MatLab program used in this thesis study are presented in figures in the 

following pages. Since there is only displacement graphs presented in the study of 

Spanish group, comparisons will be based on displacement responses. 
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Figure 2.8 Maximum displacement results for speeds of 288 km/h and 360 km/h 

(from J.M. Goicolea et al., (2002)) 
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Figure 2.9 Maximum displacement results for speed of 288 km/h from MathLab 
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Figure 2.10 Maximum displacement results for speed of 360 km/h from MathLab 

 
 

2.7.2 Study of C.C. Lin et al., (2005) 

 

In this study, a high-speed railway bridge in Taiwan is analysed both with and 

without tuned mass dampers.  Analytical approach is used in that study to obtain 

the dynamic response of the bridge under French TGV train. The mass of the train 

is also considered in this study. The Taiwan high speed bridge will be anlaysed and 

the results obtained will be compared with the results obtained in the related study. 

 

The parameters of the bridge worked on this study can be summirized as shown 

below; 
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Figure 2.11 Properties of Taiwan High Speed Railway Bridge (from C.C. Lin et al., 

(2005)) 

 

 

The analyses are performed under the passage of French TGV, German ICE and 

Japanese SKS train of which the properties are shown below; 

 

 
Figure 2.12 Axle arrangement of French TGV train (from C.C. Lin et al., (2005)) 

 

 

 
Figure 2.13 Axle arrangement of German ICE train (from C.C. Lin et al., (2005)) 
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Figure 2.14 Axle arrangement of Japanese SKS train (from C.C. Lin et al., (2005)) 

 

 

 
Figure 2.15 Properties of TGV, ICE, and SKS trains (from C.C. Lin et al., (2005)) 

 
 
The analysis for comparison of this thesis study with the the related paper will be 

performed under French TGV train and at speed of 240 km/h. The span length of 

the bridge is 40 m. The results obtained in that study and by the MatLab program 

written for this thesis study are compared below; 
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Figure 2.16 Displacement v.s. time graph obtained in paper for French TGV (from 

C.C. Lin et al., (2005)) 

 

 

 
Figure 2.17 Acceleration v.s. time graph obtained in paper for French TGV (from 

C.C. Lin et al., (2005)) 
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Figure 2.18 Displacement v.s. time graph obtained in MatLab for French TGV 
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Figure 2.19 Acceleration v.s. time graph obtained in MatLab for French TGV 

 

 

Table 2.1 Comparison of Results from (C.C. Lin et al., (2005)) and Thesis 

Responses 
Analysis 

u(mm) a(m/s2) 

C.C. Lin et 
al., (2005) 3,73 1,03 

Thesis 3,94 1,03 
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As can be observed from the figures obtained from MatLab programming and from 

Table 2.1, the responses are totally same with the results obtained in papers. 

Therefore, it can be concluded that there is no error in the written language of the 

analytical procedure. And, also it can be understood that the analytical approaches 

are used to define the effects of different parameters on the dynamic response of 

high-speed railway bridges in literature. 
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CHAPTER 3 

EUROCODE PROCEDURE FOR THE DYNAMIC ANALYSIS 

OF THE RAILWAY BRIDGES 

3.1 General 

 

In this chapter, the procedure that is defined in Eurocodes for the dynamic analysis 

of the railway bridges is explained. The dynamic analysis procedure that is defined 

in EN 1991-2 is followed by all European countries for the design of railway 

bridges. There are train models defined in EN 1991-2 for the static analysis of the 

structure named LM71, SW0, SW2. 

 

 

 
Figure 3.1 LM71 loading sheme (from EN 1991-2 : 2003) 
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Figure 3.2 SW0 and SW2 loading sheme (from EN 1991-2 : 2003) 

 

EN 1991-2 defines that the static analysis can be performed by using LM71 train 

model and SW trains when required by using the suitable impact factors defined as 

shown below; 

 

                     82.0
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                          for carefully maintained tracks 

 

1.0 < 2φ < 1.67 

 

                      73.0
2.0
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−
=
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     for standard maintenance 

 

1.0 < 3φ < 2.00 

 

Lφ = Determined Length for the Bridge, m (EN 1991-2 : 2003)  

 

The different values are defined for determined length in EN 1991-2:2003 and it is 

stated that Lφ  is equal to span length for simply supported bridges. 

 

Those impact factors are determined in order to take the effect of the moving speed 

of the train into account. However, they can’t guarantee that the structure will not 

exposed worse conditions during its operating life. Therefore, the procedure for 
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additional dynamic analysis is required in order to check whether the structure is in 

the limits of serviceability or not. 

 

3.2 Requirement for Dynamic Analysis 

 

EN 1991-2 presents a flow chart to define whether there is a need for dynamic 

analysis or not.  The factors that affect the dynamic behaviour of the structure are; 

 

- The speed of traffic across the bridge. 

- The span L of the element and the influence line length for deflection of the 

element being considered. 

- The mass of the structure. 

- The natural frequencies of the whole structure and relevant elements of the 

structure and the associated mode shapes along the line of the track. 

- The number of axles, axle loads and the spacing of axles. 

- The damping of the structure. 

- Vertical irregularities in the track 

- The unsprung/sprung mass and suspension charcteristics such that the 

inertial effects of bogies of the vehicle. 
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Figure 3.3 Flow Chart for the requirement of dynamic analysis (EN 1991-2 : 2003) 

 

 

As can be seen from the flow chart first control is about the speed of the project. If 

the maximum design speed is less than 200 km/h then the type of the bridge is 
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checked. If the bridge is continuous, there is no need for dynamic analysis. 

However, in case of that the bridge is not a continuous bridge, Eurocode flow chart 

shows that there is a need to check bending frequency of the structure whether it is 

in the limits of the Figure 3.4 shown below; 

 

 

 
Figure 3.4 Limits of bridge natural frequency n0 as a function of L (EN 1991-2 : 

2003) 

 

 

If the first natural bending frequency satisfies the limits defined in the Figure 3.4, 

then there is no need for dynamic analysis. If the natural bending frequency is out 

of the limits, then the ratio of torsional frequency to bending frequency is checked. 

If the ratio is larger than 1.2, following tables are used to determine the necessity 

for dynamic analyses; 
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Table 3.1 Maximum value of (v/n0)lim for a simply supported beam or slab and a 

maximum permitted acceleration of amax< 3.50 m/s2. (from EN 1991-2 : 2003) 

 
 

 

Table 3.2 Maximum value of (v/n0)lim for a simply supported beam or slab and a 

maximum permitted acceleration of amax< 5.0 m/s2. (from EN 1991-2 : 2003) 
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In the Tables 3.1 and 3.2, the limit for the ratio of maximum design speed and 

natural bending frequency is checked. If the ratio satisfies the limits shown on 

tables, the dynamic analysis is not required. Otherwise, the dynamic analysis will 

be performed using bending modes.  

 

If the ratio of torsional frequency and bending frequency is less than 1.2, then 

dynamic analysis is performed by using eigenforms for bending and torsion 

together. 

 

3.3 Dynamic Analysis Train Models 

 

In case of that there is a need for dynamic analysis; EN 1991-2 defines 10 each 

train loading models names as HSLM-A trains and one HSLM-B train to be used 

for loading. The HSLM-A and HSLM-B train models and the conditions to choose 

which one to use are presented in the figures and tables below; 

 

 

 
Figure 3.5 HSLM-A train model (from EN 1991-2 : 2003) 
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Table 3.3 HSLM-A train model definitions (from EN 1991-2 : 2003) 

 
 

 

 
Figure 3.6 HSLM-B train model (from EN 1991-2 : 2003) 

 

 

Table 3.4 Application of HSLM-A and HSLM-B (from EN 1991-2 : 2003) 
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3.4 Speeds to be Considered 

 

It is stated in EN 1991-2 that the dynamic analysis should be performed for 

different speed values with in the range of 40 m/s and maximum design speed. 

Maximum design speed is determined as the 1.2 times the maximum operating 

speed. The speed values in that range is determined according to the equation 

below; 

 

                                                   ii nv λ0=                                                             (3.1) 

 

40 m/s < vi < Maximum design speed 

 

where; 

 

vi  =  Resonant speed 

n0 = First natural frequency of the unloaded structure 

λi  =  The principle wavelength of frequency  = d / i 

d  = Regular spacing of group of axles 

i  = 1,2,3,4 

 

3.5 Damping of the Structure 

 

It is defined in EN 1991-2 that the peak response of the structure at resonance 

conditions is highly dependent on damping. Therefore, it is emphasized that the 

lower bounds of damping shall be used for the dynamic analysis calculations. The 

conditions that are defined in EN 1991-2 to choose the damping to be used in 

analysis are summarized in the table below; 
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Table 3.5 Values of damping to be assumed for design purposes (from EN 1991-2 : 

2003) 

 
 

 

According to EN 1991-2, damping ratios found from the formulas above can be 

increased due to span length values according to the figure presented below; 

 

 
Figure 3.7 Additional damping as a function of span length (from EN 1991-2 : 

2003) 

 

 

3.6 Mass of the Bridge 

 

Mass parameter is important since any underestimation or overestimation in mass 

determinations leads to obtain results far from the real case. However, there can be 
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different probabilities such that the structure may be exposed to different mass 

conditions during its operating life.  

Any underestimation in mass calculations results in higher natural frequency 

values, thus higher resonant speeds. However, overestimating the mass leads to 

obtain lower resonant speeds. 

 

EN 1991-2 determines two conditions to calculate the mass of the structure such 

that; 

 

- Using minimum likely dry clean density and minimum thicness of ballast to 

obtain maximum deck accelerations at high resonant speeds. 

- Using maximum saturated density of dirty ballast to allow the future track 

lifts to obtain the maximum deck accelerations at lower resonant speeds. 

 

3.7 Stiffness of the Bridge 

 

Any overestimation of the stiffness property of the bridge gives maximum deck 

accelerations at high resonant speeds, whereas underestimating the stiffness shows 

high acceleration responses at lower speeds. However, it is not possible to obtain 

the exact Young’s modulus values that completely reflect the real situations. This is 

mainly because of that, there are a lot of parameters that affect modulus which 

prevents the designer to obtain sufficient accuracy for the dynamic analysis. 

Therefore, EN 1991-2 emphasizes that the modulus values should be determined 

by tests performed, and the values used shall be conformed with relevant authority 

for the project. 

 

3.8 Determination of Critical HSLM Train for Dynamic Analysis 

 

EN 1991-2 determines a procedure to choose the critical HSLM train loading to 

perform dynamic analysis. The number of axles, axle loads, and distances between 

axles are the main parameters that are related to train properties. All these 
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parameters are effective for determination of the wavelength of exication of the 

train loading. Therefore, the procedure of chosing the critical train model for 

dynamic analysis is based on wavelength values. 

 

3.8.1 Determination of Maximum Design Speed Wavelength of Exication 

 

The maximum design speed wavelength is determined in EN 1991-2 Annex E part 

E2 as shown below; 

 

                                                          λv = Vds / n0                                                                         (3.2) 

 

Vds  = Maximum design speed = 1.2 x maximum operating speed 

n0   = First natural frequency of the unloaded structure 

λv  = Maximum design speed wavelength of exication 

 

3.8.2 Determination of Critical Wavelength of Exication 

 

After the determination of maximum design speed wavelength of exication, the 

critical wavelength of exication is determined according to the figures presented for 

different span lengths in EN 1991-2 Annex E part E2. 

 

 

 
Figure 3.8 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L = 7.5 m and damping ratio ε = 0.01 (EN 1991-2:2003)  
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Figure 3.9 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =10.0 m and damping ratio ε = 0.01 (EN 1991-2:2003)  

 

 

 
Figure 3.10 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =12.5 m and damping ratio ε = 0.01 (EN 1991-2:2003)  

 

 

 
Figure 3.11 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =15.0 m and damping ratio ε = 0.01 (EN 1991-2:2003)  
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Figure 3.12 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =17.5 m and damping ratio ε = 0.01 (EN 1991-2:2003)  

 

 

 
Figure 3.13 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =20.0 m and damping ratio ε = 0.01 (EN 1991-2:2003)  

 

 

 
Figure 3.14 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =22.5 m and damping ratio ε = 0.01 (EN 1991-2:2003)  
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Figure 3.15 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =25.0 m and damping ratio ε = 0.01 (EN 1991-2:2003) 

  

 

 
Figure 3.16 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =27.5 m and damping ratio ε = 0.01 (EN 1991-2:2003)  

 

 

 
Figure 3.17 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =30.0 m and damping ratio ε = 0.01 (EN 1991-2:2003)  
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Figure 3.18 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =32.5 m and damping ratio ε = 0.01 (EN 1991-2:2003)  

 

 

 
Figure 3.19 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =35.0 m and damping ratio ε = 0.01 (EN 1991-2:2003)  

 

 

 
Figure 3.20 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =37.5 m and damping ratio ε = 0.01 (EN 1991-2:2003)  
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Figure 3.21 Aggressivity A(L/λ)G(λ) as a function of exication wavelength λ for a 

simply supported span of L =40.0 m and damping ratio ε = 0.01 (EN 1991-2:2003)  

 

 

As a special note in EN 1991-2, if higher values of aggressivity is obtained for 

λ < λv, λc is taken equal to λ. If the analysis to be performed for span lengths and 

damping ratios different from the values of figures shown above, the formulation 

for the aggressivity functions shown below can be used (EN 1991-2:2003); 
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As can be seen from the formulas presented by Eurocode, DER method is used for 

the determination of critical HSLM train. (See Chapter 2)  

 

After the determination of the critical wavelength according to the figures or 

formula presented, critical HSLM train is selected from the figure in EN 1991-2 

Annex E as shown below; 
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Figure 3.22 Parameters defining critical Universal Train in HSLM-A as a function 

of critical wavelength of exication λ c (EN 1991-2:2003)  
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CHAPTER 4 

CASE STUDY 

4.1 General 

 

This chapter contains a case study work for a 30 m span railway bridge which is in 

the scope of Ankara-Sivas High Speed Railway Project. The bridges in Ankara-

Sivas High Speed Railway Project are designed as prestressed concrete bridges. 

Four different span legths are used for the project such as 15m, 20m, 25m and 30m. 

Since 30 m span length is the commonly chosen length for the prestressed concrete 

bridges that are designed in Turkey, a 30 m bridge is chosen as case study.  

 

SAP2000 finite element analysis program is used to model the bridge, and the 

dynamic analysis results obtained from the finite element program are compared 

with the results found from analytical approaches. The procedures that are defined 

in EN 1991-2 are followed to choose the critical loading train and critical speed 

values. And, analyis will be performed for all HSLM trains and various speeds in 

analytical approach.  

 

4.2 Case Study for L = 30 m Railway Bridge 

 

Bridge properties that are basis for the analysis are determined in following parts. 
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4.2.1 Properties for Composite Bridge Section 

 

 
Figure 4.1 Composite section for L=30 m 

 

 

Cross section area  = 11.26 m2 

Moment of inertia  = 6.185 m4 

Total superstructure weight  = 426.34 kN / m 

Total superstructure mass = 43.473   t / m 

 

4.2.2 Project Speed  

 

The maximum operating speed for Ankara-Sivas high-speed railway project is 250 

km/h and design speed according to the Eurocode is taken as; 

 

1.2 x 250 km/h = 300 km/h = 83.33 m/s 
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4.2.3 Type of Structure 

 

The structure is considered that it has negligible skew effects and is constituted 

from simple span prestressed beams with rigid supports at the end. Therefore, the 

bridge can be considered as simple structure. 

 

After the determination of the type of structure, the next step is comparing the span 

length according to the flow chart presented in Chapter 3. 

  

4.2.4 Span Length  

 

Since the span lenght of the bridge is less than 40 m, the ratio of torsional 

frequency of the structure to the natural bending frequency should be checked. 

Therefore, there is a need for eigenvalue analysis of the structure.   

 

4.2.5 Damping Ratio of the Structure 

 

From Table 3.3 damping ratio for span length of 30 m is found as; 

 

ε =  1.0 %  

 

According to Figure 3.7 presented in Chapter 3 damping ratio increase is 0. 

Therefore, damping ratio is taken as 1.0% 

 

4.2.6 Definition of Model for SAP2000 

 

The 3D finite element modelling of the bridge is prepared in SAP2000 by 

modelling beams as frame elements whereas the deck is modelled with shell 

members. The beam and deck is connected with rigid frame members. The supports 

are modelled as elastomeric bearings. A figure that shows the finite element 

modelling of the bridge structure is shown below; 
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Figure 4.2 Analysis model of the bridge structure  

 

 

 
Figure 4.3 Section View of Analysis Model 
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Figure 4.4 Marking of members in the analysis model 

 

 

4.2.7 Eigenvalue Analysis for the Bridge 

 

Modal analysis for the bridge was performed and the results for the first natural 

bending period are presented in the Figure 4.5 below; 

 

 
Figure 4.5 First bending mode shape 
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Figure 4.6 First torsional mode shape 

 

 

First bending period for the structure is obtained as 0.28 sec while the torsional 

mode is 0.24 sec. And correspondingly the first natural bending frequency and 

torsional frequency are; 

 

n0 = 1 / 0.28 = 3.57 Hz and nT = 1 / 0.24 = 4.17 Hz. 

 

Since nT < 1.2 x n0 dynamic analysis is required according to the flow chart. 

 

4.2.8 Determination of Critical Wavelength of Exication 

 

In order to determine the critical wavelength of exication, the maximum design 

speed wavelength of exication should be found according to the formula that is 

defined in Section 3. 

 

λv = Vds / n0  = 83.33 (m/s) / 3.57 Hz = 23.34 m 

 

Then from figure 3.18 in Chapter 3, the critical wavelength of exication is found as 

23.34 m. 
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4.2.9 Determination of Critical Train Loading 

                                                                          

After finding the critical wavelength of exication, the critical train loading can 

easily be chosen using Figure 3.22 or using the DER method spectra for the HSLM 

trains that is presented in Chapter 2.  

 

For λc = 23.34 m, the critical train model is chosen as HSLM A6. HSLM A7 train 

may also be critical according to Eurocode.  HSLM A6 will be used for finite 

element analysis whereas all trains will be analysed analytically. 

 

4.2.10 Determination of Critical Train Speed 

 
The first bending frequency of the structure is 3.57 Hz. Then the critical speed is 

found as; 

Vcr  = λ1 x n0 = 23 m x 3.57  = 82.11 m/s (HSLM A6) 

Vcr2  = λ2 x n0 = 18.7 m x 3.57  = 66.76 m/s (TGV) 

 

4.2.11 Determination of Load Case and Analysis Case in SAP2000 

 

The train loading is determined as multi step moving load in SAP2000 and linear 

modal history analysis is performed. Damping coefficient is chosen as 1% for all 

modes. The HSLM A6 train is determined by using the Bridge vehicle menu in 

program as shown below; 
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Figure 4.7 Vehicle Definition in SAP2000 

 

 

The train speed is determined in Load Case menu and the lane is assigned to related 

loading.  

 

 

 
Figure 4.8 Moving Load Definition in SAP2000 

 

 

And finally the linear modal history analysis case is determined. Linear modal 

history case is acceptable for the dynamic analysis procedure, especially for the 
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models in which there is no element that shows nonlinear behaviour. Linear modal 

history analysis in SAP2000 is determined as shown below; 

 

 

 
Figure 4.9 Linear Modal History Analysis Definition in SAP2000 

 

 

After defining all the model features, the analysis is performed and obtained results 

are presented. 

 

4.2.12 Analysis Results  

 

The displacement and acceleration graphs that are found from analysis in SAP2000 

are presented below; 
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Figure 4.10 Displacement v.s. Time for HSLMA6 (from SAP2000) 

 

 

 
Figure 4.11 Acceleration v.s. Time for HSLMA6 (from SAP2000) 
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Figure 4.12 Displacement v.s. Time for French TGV (from SAP2000) 

 

 

 
Figure 4.13 Acceleration v.s. Time for French TGV (from SAP2000) 
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4.2.13 Analytical Approach to the Problem  

 

The same bridge for the Ankara-Sivas High-Speed Railway Project is also analysed 

using analytical approach explained in Chapter 2. The analyses are performed for 

all HSLM trains and for different speeds with 5 m/s range and between 40 m/s and 

83.33 m/s. The speed v.s. maximum acceleration graphs for all trains at 5 m/s 

speed range and displacement v.s. time, accelaration v.s. time graphs at critical 

speed for HSLM A6 and French TGV trains are shown below whereas the related 

acceleration and displacement graphs for the remaining are given in Appendix B. 
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Figure 4.14 Displacement v.s. Speed for HSLMA1 
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Figure 4.15 Acceleration v.s. Speed for HSLMA1 
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Figure 4.16 Displacement v.s. Speed for HSLMA2 
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Figure 4.17 Acceleration v.s. Speed for HSLMA2 

 

 

Velocity v.s. Displacement

0

0,001

0,002

0,003

40 45 50 55 60 65 70

71
.4 75 80

83
.3

3

Velocity(m/s)

D
is

pl
ac

em
en

t(
m

)

HSLMA3

 
Figure 4.18 Displacement v.s. Speed for HSLMA3 
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Velocity v.s. Acceleration
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Figure 4.19 Acceleration v.s. Speed for HSLMA3 
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Figure 4.20 Displacement v.s. Speed for HSLMA4 
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Figure 4.21 Acceleration v.s. Speed for HSLMA4 
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Figure 4.22 Displacement v.s. Speed for HSLMA5 
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Figure 4.23 Acceleration v.s. Speed for HSLMA5 
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Figure 4.24 Displacement v.s. Speed for HSLMA6 
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Velocity v.s. Acceleration
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Figure 4.25 Acceleration v.s. Speed for HSLMA6 
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Figure 4.26 Displacement v.s. Speed for HSLMA7 
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Figure 4.27 Acceleration v.s. Speed for HSLMA7 
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Figure 4.28 Displacement v.s. Speed for HSLMA8 
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Figure 4.29 Acceleration v.s. Speed for HSLMA8 
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Figure 4.30 Displacement v.s. Speed for HSLMA9 
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Figure 4.31 Acceleration v.s. Speed for HSLMA9 
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Figure 4.32 Displacement v.s. Speed for HSLMA10 
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Figure 4.33 Acceleration v.s. Speed for HSLMA10 
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Displacement v.s. Time

-0,01

-0,008

-0,006

-0,004

-0,002

0

0,002

0,004

0,006

0 2 4 6 8 10 12

Time(sec.)

Di
sp

la
ce

m
en

t(m
)

Disp.

 
Figure 4.34 Displacement v.s. Time Graph for HSLMA6 (Analytical Approach)  
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Figure 4.35 Acceleration v.s. Time Graph for HSLMA6 (Analytical Approach)  

 

 

Displacement v.s. Time

-0,004

-0,003

-0,002

-0,001

0

0,001

0,002

0,003

0 1 2 3 4 5 6 7

Time(sec.)

Di
sp

la
ce

m
en

t(m
)

Disp.

 
Figure 4.36 Displacement v.s. Time Graph for TGV (Analytical Approach) 
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Acceleration v.s. Time
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Figure 4.37 Acceleration v.s. Time Graph for TGV (Analytical Approach) 

 

 

4.2.14 Comparison of the Results 

 

In this part obtained results from finite element method and analytical approach are 

compared. The graphs for the comparison of the results are presented below; 
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Figure 4.38 Comparison of Displacement responses of SAP2000 and Analytical 

Solution for HSLM A6 train 
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In Figure 4.38 presented above, Displacement responses from finite element 

analysis and analytical approach are drawn in same graph. In other words, Figure 

4.10 and Figure 4.34 are presented together.  
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Figure 4.39 Comparison of Acceleration responses of SAP2000 and Analytical 

Solution for HSLM A6 train 
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Figure 4.40 Comparison of Displacement responses of SAP2000 and Analytical 

Solution for TGV train 
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Figure 4.41 Comparison of Acceleration responses of SAP2000 and Analytical 

Solution for TGV train 

 

In addition to the presented figures above, tabular presentation of the results are 

shown below; 

 

Table 4.1 Tabular presentation of the obtained results from SAP2000 and analytical 

approach 

Analysis Results Comparison 

Finite Element 
Program 

Analytical 
Approach 

Response 
HSLMA6 TGV HSLMA6 TGV 

Displacement(mm) 6.90 3.47 7.63 3.38 

Acceleration(m/s2) 2.50 1.04 2.76 0.98 

 

 

The analysis with finite element method and analytical approach are performed by 

neglecting the effect of torsional mode. The values are not too much different from 

eachother. Small differences can be considered according to that the loading is not 

centering the bridge in finite element model and also 3d modelling is used in finite 

element approach. In 3d analysis, there is probability of girders to show local 

response. However, since the differences are not too much, analytical approach can 
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be used to define the critical parameters that affect the dynamic responses. In order 

to see the effect of torsional mode, comparisons for HSLM A6 train are provided 

by taking the torsional mode together with higher bending modes into 

consideration in SAP 2000. The related comparisons are shown below; 
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Figure 4.42 Comparison of Displacement responses of SAP2000 With and Without 

Torsion for HSLM A6 train  
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Figure 4.43 Comparison of Acceleration responses of SAP2000 With and Without 

Torsion for HSLM A6 train 
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It can be seen from Figure 4.42 and Figure 4.43, effect of higher modes including 

torsion are negligible. The datas obtained from both cases are very similar to 

eachother.   

 

The results from analytical approach and finite element method is also compared 

with the initial predictions found from the formulas presented in Section 2.6 in 

DER method below ; 

 

For HSLM A6 train; 

 

Ct     = 4 / (43.473 x π) = 0.03 

)()/( λλ xGLA   = 96  (from Figure 2.3 in Section 2.6) 

)().(.
,,

λλ GLACy t≤  = 96 x 0.03 = 2.88 m/s2  

 

For French TGV train; 

 

Ct     = 4 / (43.473 x π) = 0.03 

)()/( λλ xGLA   = 37  (from Figure 2.3 in Section 2.6) 

)().(.
,,

λλ GLACy t≤  = 37 x 0.03 = 1.11 m/s2  

 

Table 4.2 Comparison of Results with DER method 

HSLM A6 French TGV 

Analysis Type Acceleration 
(m/s2) 

Acceleration
(m/s2) 

Analytical Approach 2.76 0.98 

Finite Element Method 2.5 1.04 

DER method 2.88 1.11 
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It can be seen from Table 4.2, DER method predicts the response in good accuracy.  

  

If we check the displacement and acceleration responses with respect to different 

velocities obtained from analytical approach, we can see that the maximum 

response is obtained for HSLM A6 train at the speed of 82.11 m/s and for HSLM 

A7 at the speed of 83.33 m/s. As explained before Eurocode suggests HSLM A6 

and HSLM A7 trains to be analysed. The critical train can also be found from 

Figure 2.3 in Chapter 2 which shows the aggressivity values for each HSLM train. 

And it can also be seen from the Figures between 4.14 and 4.33, the critical trains 

that are shown in Table 4.3 below for different speed values gives maximum 

response when compared to others in the design speed range. 

 

 

Table 4.3 Critical trains for different maximum design speeds 

Maksimum Design Speed 
(m/s) 

λv 
(m) 

λc 
(m) Critical Train 

60 16.81 13.50 A10 

70 19.61 18.00 A1 

80 22.41 22.40 A5 and A6 

 

 

Therefore, it can be concluded that suggested HSLM trains by Eurocode can be 

used for the parametric study that will be performed in next chapter by analytical 

approach. 
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CHAPTER 5 

PARAMETRIC STUDY 

5.1 General 

 

In this chapter, effect of different parameters such as mass, stiffness, modal 

frequency and corresponding modal displacements are studied in order to define 

the effect of these parameters on the dynamic response of the bridge. Analytical 

approach is used in parametric study which is considered as acceptable from other 

studies performed about the subject and also proven to be consistent in Chapter 4 

of this study. Taiwan high-speed railway bridge is chosen as the basis for 

parametric study which has been checked for dynamic response in Chapter 2. 

However the damping ratio of 2.5% is decreased to 1% in parametric study and 

kept constant for each cases. 7 different stiffness values is analysed for 3 different 

mass values. Analyses are performed for critical HSLM trains and TGV train and 

results are presented. Then the necessary comments about the obtained results are 

also presented in this section. The definition of the parameters is described for each 

one in the following parts. 

 

5.2 Stiffness Values for Parametric Study 

 

As previously mentioned in Section 5.1, Taiwan high-speed railway bridge is taken 

as basis for stiffness determination. As shown in Figure 2.10 in Chapter 2 the 

flexural stiffness of the Taiwan high speed railway bridge is found as E x I = 2.82 x 

107 x 17.9 m4 = 504780000 kNm2
.  
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The other stiffness values are determined as multiplying the stiffnes of Taiwan 

high-speed railway bridge with 1/100, 1/20, 1/5, 2.50, 3.0 and final stiffness value 

is determined according to the obtained results from the previous stiffness values.  

 

5.3 Mass Values for Parametric Study 

 

Mass values for the parametric study are determined by considering the minimum 

and maximum practical mass for concrete bridges. In the light of this assumption 

mass values are determined as 25 t/m, 35 t/m and 45 t/m for parametric study. 

 

5.4 Speeds Considered in Parametric Study 

 

Analyses are performed for different speed values in parametric study. Maximum 

design speed is chosen as 350 km/h (97.22 m/s). Together with the determined 

speeds by Eurocode, aditinional analysis speeds are determined. The speeds are 

defined according to the formula stated below; 

 

Vcr = d / i x (n0,....nk)  where i = 1, 2, 3, 4 

 

d  = axle distance for critical train 

i  = resonance number 

n0 = first natural bending frequency 

nk = kth natural bending frequency 

 

nk is considered for the values obtained from the formula stated below where; 

  

40 m/s < Vcr < 97.22 m/s 
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5.5 Train Model Considered for Parametric Study 

 

The critical trains for each analysis are determined from the procedure defined in 

Eurocodes. And all analyses are also performed for French TGV train to compare 

the results obtained from HSLM trains in safety point of view. 

 

5.6 Summary of the Parameters 

 

Analyses are performed for constant 1% damping and span length of 40 m. The 

analysis no, stiffness, mass, critical trains and speed values for each analysis are 

summarized in table shown below; 

 

 

Table 5.1 Analysis Parameters 

ANALYSIS 
NO 

EI 
(kNm2) 

m 
(t/m)

Critical 
Train 

Analysis Speeds 
(m/s) 

1 5047800 25 HSLMA3 (40) / (55.12) / (73.49) / (79.40) / 
(97.22) 

2 5047800 35 HSLMA3 (40) / (46.59) / (62.12) / (67.10) / 
(93.17) / (97.22) 

3 5047800 45 HSLMA3 (40) / (41.09) / (54.78) / (59.18) / 
(82.17) / (97.22) 

4 25239000 25 HSLMA3 (40) / (44.39) / (59.19) / (88.78) / 
(97.22) 

5 25239000 35 HSLMA3 (40) / 50 / 75 / (97.22) 

6 25239000 45 HSLMA3 (40) / (44.11) / (58.82) / (66.17) / 
(91.89) / (97.22) 

7 100955600 25 HSLMA3 (40) / (78.91) / (88.77) / (97.22) 
8 100955600 35 HSLMA3 (40) / (66.70) / (75) / (97.22) 

9 100955600 45 HSLMA3 (40) / (58.82) / (66.17) / (88.23) / 
(97.22) 

10 504780000 25 HSLMA3 (40) / (88.23) / (97.22)  
11 504780000 35 HSLMA3 (40) / (74.56) / (97.22) 
12 504780000 45 HSLMA3 (40) / (65.80) / (97.22) 

13 1261950000 25 HSLMA10 (40) / (47.08) / (62.78) / (94.16) / 
(97.22) 

14 1261950000 35 HSLMA10 (40) / (53) / (79.58) / (97.22) 
15 1261950000 45 HSLMA2 (40) / (49.39) / (97.22) 
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Table 5.1 Analysis Parameters Cont’d 

ANALYSIS 
NO 

EI 
(kNm2) 

m 
(t/m)

Critical 
Train 

Analysis Speeds 
(m/s) 

16 1499196630 25 HSLMA9 (40) / (49.42) / (65.89) / (97.22) 

17 1499196630 35 HSLMA10 (40) / (43,37) / (57,83) / (86,74) / 
(97,22) 

18 1499196630 45 HSLMA10 (40) / (51) / (76,55) / (97,22) 

19 2089789200 25 HSLMA3 (40) / (44,88) / (59,84) / (89,76) / 
(97,22) 

20 2089789200 35 HSLMA9 (40) / (49,31) / (65,75) / (97,22) 

21 2089789200 45 HSLMA10 (40) / (45,16) / (60,21) / (90,32) / 
(97,22) 

 

 

The speeds marked as red are critical speeds determined by Eurocode while others 

are analytically determined critical speeds.  

 

5.7 Analysis Results 

 

The displacement and acceleration responses obtained for each case will be 

presented in this part. The results will be given as tables in this part. The related 

graphs for the analysis performed for selected critical speeds are given in Appendix 

C. 

 

5.7.1 Results and Discussion on Results for Critical Speed  

 

The results for the first three analysis performed in the scope in this study are 

summarized in the tables shown below in which the obtained acceleration and 

displacement values are shown for each analysed speed value. The displacement-

time and acceleration-time graphs for selected critical speed are presented in 

Appendix C of this study. In this part, displacement-time and acceleration-time 

graphs for the case of maximum response are presented. 
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Displacement v.s. Time

-0,5
-0,4
-0,3
-0,2
-0,1

0
0,1
0,2
0,3
0,4

0 5 10 15 20 25 30 35

Time(sec.)

D
is

pl
ac

em
en

t(m
)

HSLM A3

 
Figure 5.1 Displacement v.s. Time graph for EI = 5047800 kNm2, m=25 t/m and 

V=79.40 m/s 
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Figure 5.2 Acceleration v.s. Time graph for EI = 5047800 kNm2, m=25 t/m and 

V=79.40 m/s 

 

 

The values obtained for the first three analyses are summarized in the tables shown 

below; 
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Table 5.2 Analysis results for different speed values, EI=5047800, m= 25 t/m  

V (m/s) u (cm) a (m/s2) 
40 46 5.35 

55.12 37.8 3.45 
73.49 36.47 9.2 
79.40 38.15 28.02 
97.22 29 4.04 

 

 

Table 5.3 Analysis results for different speed values, EI=5047800, m= 35 t/m  

V (m/s) u (cm) a (m/s2) 
40 35.8 2 

46.59 37.83 2.5 
62.12 36.47 6.56 
67.10 38.15 20.25 
93.17 28.2 7 
97.22 27.89 3.7 

 

 

Table 5.4 Analysis results for different speed values, EI=5047800, m= 45 t/m  

V (m/s) u (cm) a (m/s2) 
40 41.42 2 

41.09 37.8 1.95 
54.78 36.47 5.11 
59.18 38.15 15.75 
82.17 28.22 5.51 
97.22 29.76 2.16 

 

 

As can be seen from the tables, maximum responses are obtained at non-resonant 

speeds. In other words, peak responses are obtained for the speeds that are found 

from the bending modes different than the first mode. This may occur when the 

first natural bending mode does not have peak modal displacement in the design 

frequency range. The frequency and modal displacement graph for the first analysis 

is presented below; 
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Figure 5.3 Frequency v.s. Mode Shapes for EI = 5047800 kNm2, m=25 t/m  

 

 
Figure 5.4 Modal Shape in Design Frequency Range for EI = 5047800 kNm2, 

m=25 t/m   

 

The frequency value that leads to peak modal displacement shown in Figure 5.3 is 

3.97 Hz. And critical speed value that gives the maximum response for the HSLM 

A3 train (d=20 m), Vcr = 20 x 3.97 = 79.40 m/s 

 

The results for the analyses between 4 and 6 are presented below. The displacement 

v.s. time graph is given for the analysis 4 together with acceleration v.s. time graph 

in this part while the same graphs for other analyses are given in Appendix C.  

 

 

Frequency v.s. Mass Normalized Mode Shape at Mid Span

-0,06

-0,04

-0,02

0

0,02

0,04

0,06

0,
44 2,

1

6,
29

10
,5

14
,6

18
,8

22
,9

28
,2 35 39 44

50
,4

54
,1

61
,1

64
,5

Frequency (Hz.)

M
od

e 
Sh

ap
e

V
 =

 4
0 

m
/s

 

V
 =

 9
7.

22
 m

/s
 



 82

Displacement v.s. Time
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Figure 5.5 Displacement v.s. Time graph for EI = 25239000 kNm2, m=25 t/m and 

V=88.78 m/s 
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Figure 5.6 Acceleration v.s. Time graph for EI = 25239000 kNm2, m=25 t/m and 

V=88.78 m/s 

 

 

Table 5.5 Analysis results for different speed values, EI=25239000, m= 25 t/m  

V (m/s) u (cm) a (m/s2) 

40 6.32 1.13 

44.39 6.88 1.36 

59.19 8.38 2.76 

88.78 9.18 5.4 

97.22 7.3 2.84 
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Table 5.6 Analysis results for different speed values, EI=25239000, m= 35 t/m  

V (m/s) u (cm) a (m/s2) 

40 6.54 0,97 

50 8.38 1.98 

75 9.18 3.9 

97.22 8.42 2.46 
 

 

 

Table 5.7 Analysis results for different speed values, EI=25239000, m= 45 t/m 

V (m/s) u (cm) a (m/s2) 

40 6.84 1.12 

44.11 8.37 1.54 

58.82 7.38 1.35 

66.17 9.18 3 

91.89 7.56 1.92 

97.22 6.81 1.64 
 

 

In Figure 5.3, there is a peak modal displacement in the design frequency range. 

However, in case of that there is no peak modal displacement in the design 

frequency range, it is obvious that the acceleration response of the bridge will be 

smaller when compared to the condition that there is a peak modal displacement in 

the design frequency range. The closer resonant speeds where the peak modal 

displacements are obtained should be considered in these cases. Results of the 

analyses between 4 and 9 can be example for the related condition. The results for 

the analyses between 4 and 6 are presented in Table 5.5 to Table 5.7 whereas the 

related frequency v.s. modal displacement graph for analysis 4 can be seen in 

Figure 5.7. Same condition can be seen for analysis between 5 and 9 from the 

presented acceleration v.s. time graphs in Appendix C and frequency v.s. modal 

displacement graphs in Appendix D.  
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Figure 5.7 Frequency v.s. Mode Shape for EI = 25239000 kNm2, m=25 t/m  

 

 

As can be seen from Figure 5.7, there is no peak modal displacement in the design 

frequency range. However there is a peak modal displacement for the frequency 

value of 8.878 Hz. And, maximum response is obtained for 88.78 m/s speed as 

presented in Table 5.5. This non-resonant speed is obtained with the calculation for 

HSLM A3 train such that, Vcr = (d / i) x 8.878 = (20 / 2) x 8.877 = 88.87 m/s. 

 

In the calculation shown above, the “i” value is taken as 2. This means that the 

bridge shows two cycles of oscillations between the passage of two consecutive 

loads. However, it is obvious that the situation that the bridge shows one cycle of 

oscillation between the passage of two consecutive loads is more probable. And 

there can be higher acceleration results in that case. Since, in the analytical 

approach, the effect of torsional frequency is not considered, the responses 

obtained for the cases where there is no peak modal displacements in the design 

frequency range may be underestimated. If detailed analysis is performed for a 

bridge, there is a probability of that the second mode is torsional mode. And 

obviously there will be a peak modal displacement in the design frequency range 

according to torsion. In that case, the non-resonant speed should be calculated from 

the torsional frequency together with the closer bending frequencies. From this 

explanation, it can be said that the probable critical modes should be considered for 
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the cases where the peak modal displacements are not obtained from the first 

natural bending mode in design frequency range.  

 

5.7.2 Results and Discussion on Results for Displacement and Acceleration   

 

The displacement and acceleration values will be discussed by presenting peak 

values for all analyses together. The peak responses obtained from the analysis are 

summarized in the table shown below; 

 

 

Table 5.8 Summary of results for peak responses 

STIFFNESS AND 
MASS 

PEAK 
RESPONSES ANALYSES 

NO EI(kNm2) m(t/m)

CRITICAL
TRAIN a(m/s2) u(cm) 

1 5047800 25 HSLMA3 28 45.99 
2 5047800 35 HSLMA3 20.25 38.15 
3 5047800 45 HSLMA3 15.74 41.42 
4 25239000 25 HSLMA3 5.4 9.18 
5 25239000 35 HSLMA3 3.9 9.18 
6 25239000 45 HSLMA3 3.05 9.18 
7 100955600 25 HSLMA3 3.65 3.4 
8 100955600 35 HSLMA3 1.45 2.96 
9 100955600 45 HSLMA3 1.52 2.09 

10 504780000 25 HSLMA3 4.14 0.73 
11 504780000 35 HSLMA3 2.97 0.73 
12 504780000 45 HSLMA3 2.31 0.73 
13 1261950000 25 HSLMA10 1.56 0.18 
14 1261950000 35 HSLMA10 1.13 0.18 
15 1261950000 45 HSLMA2 1.71 0.25 
16 1499196630 25 HSLMA9 1.1 0.13 
17 1499196630 35 HSLMA10 1.12 0.153 
18 1499196630 45 HSLMA10 0.87 0.155 
19 2089789200 25 HSLMA3 1 0.081 
20 2089789200 35 HSLMA9 0.83 0.093 
21 2089789200 45 HSLMA10 0.87 0.110 
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The peak responses from the analyses 1 to 9 are based on the occurence of peak 

modal displacements in the design frequency range. And the acceleration responses 

are decreased with increasing stiffness. The first natural bending frequency is in the 

design frequency range for the other analysis. The effect of mass and critical train 

on the response of the bridge can be understood better from the analysis between 

10 and 21. This is because of the fact that, the responses obtained in the first nine 

analyses are much more affected from the frequency range. The results will also be 

compared with the initial estimations according to the DER method to understand 

the effect of each parameter.  

 

With the increase in mass, it is expected to obtain lower acceleration responses for 

constant train spectrum values. As can be seen from Table 5.8, the acceleration 

responses decreases with the increase in mass for the analysis 10, 11 and 12 for all 

of which the critical train is HSLM A3 and the agressivity is same. However, the 

displacement responses are same as 0.73 cm. This is due to the fact that the 

displacement values are affected from the stiffness, bridge influence line and 

dynamic signature of train, mass and frequency together. The first three parameters 

are same for the analyses 10, 11 and 12. The displacement is inversely proportional 

to mass and frequency. It is expected to have less displacement with the increasing 

mass value. However, the frequency is decreasing with the increase in mass. 

Therefore, the total response is balanced and the displacement values are same for 

the three analysis.  

 

For analyses 13, 14 and 15, it can be seen that the acceleration response decrease 

with the increase in mass for analysis 13 and 14. However, the acceleration value 

of analysis 15 is higher than analysis 13 and 14 althought the mass is more than 

others. This is due to the change of the critical train and the value of the train 

excitation correspondingly. The critical train for analysis 15 is HSLM A2 when it 

is HSLM A10 for the other two analyses. In order to understand the effect of train 

exication in the response of the bridge, the critical wavelength values together with 



 87

the aggressivity as explained in DER method in Section 2 is presented in the table 

shown below; 

 

 

 Table 5.9 Aggressivity values for the analysis 

PARAMETERS ANALYSIS 
NO EI 

(kNm2) 
m 

(t/m)

Critical 
Train 

d
(m) n0 

V 
(m/s) 

λc 
(m) AxG 

10 504780000 25 HSLMA3 20 4.411 88.23 20.00 83.897
11 504780000 35 HSLMA3 20 3.728 74.56 20.00 83.897
12 504780000 45 HSLMA3 20 3.288 65.80 20.01 83.897
13 1261950000 25 HSLMA10 27 6.975 94.16 13.50 31.2 
14 1261950000 35 HSLMA10 27 5.895 79.58 13.50 31.2 
15 1261950000 45 HSLMA2 19 5.199 97.22 18.70 60 
16 1499196630 25 HSLMA9 26 7.603 97.22 12.79 22.8 
17 1499196630 35 HSLMA10 27 6.425 86.74 13.50 31.2 
18 1499196630 45 HSLMA10 27 5.667 76.55 13.51 31.2 
19 2089789200 25 HSLMA3 20 8.976 89.76 10.00 18.91 
20 2089789200 35 HSLMA9 26 7.586 97.22 12.82 23 
21 2089789200 45 HSLMA10 27 6.690 90.32 13.50 31.2 

 

 

As can be seen from the Table 5.9 above, the aggressivity value for analysis 15 is 

60 when it is 31.2 for the analysis 13 and 14. Therefore, the response obtained in 

analysis 15 is larger than the responses from analyses 13 and 14.  

 

It can be seen from Table 5.8 that the acceleration responses of analyses 14 and 17 

are the same althought the stiffness values are different. The mass for each analysis 

is 35 t/m and agressivity is 31.2. Same situation is also valid between analyses 18 

and 21. Therefore, it can be concluded that the acceleration does not mainly depend 

on the stiffness for high stiffness values. The acceleration responses are same for 

the bridges with same agressivity and mass values after a stiffness limit that lead to 

natural frequencies of the bridge to be shifted from the frequencies that are induced 

by train.  
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From the displacement point of view, it can be seen from table 5.8 and 5.9, the 

displacement values change according to the stiffness for same mass and 

agressivity. The displacement response decrease with the increase in stiffness as 

expected. 

 

5.7.3 Comparison of Results with Initial Estimations by DER Method 

 

In this part, the results obtained from the analyses will be compared with the initial 

estimations found by using decomposing the excitation at resonance method. The 

responses of the bridge at resonance can be estimated by initial input parameters 

such as mass and agressivity. Given the stiffness and mass of the bridge, we can 

determine the agressivity by using equation (2.24) and (2.26) presented in Section 

2. After the determination of agressivity, the initial estimation for the acceleration 

value can be made by using equation (2.23) as explained in Section 2.   

 

 

Table 5.10 Comparison of analysis results with DER method 

ANALYSIS  
PARAMETERS   ANALYSIS 

NO EI 
(kNm2) 

m 
(t/m) a(m/s2)

V 
(m/s)

λc  
(m) AxG 4/mπ 

Acceleration 
DER 

method 
ader 

10 504780000 25 4.14 88.23 20.00 83.897 0.051 4.27 
11 504780000 35 2.97 74.56 20.00 83.897 0.036 3.05 
12 504780000 45 2.31 65.80 20.01 83.897 0.028 2.37 
13 1261950000 25 1.56 94.16 13.50 31.2 0.051 1.59 
14 1261950000 35 1.13 79.58 13.50 31.2 0.036 1.14 
15 1261950000 45 1.71 97.22 18.70 60 0.028 1.70 
16 1499196630 25 1.1 97.22 12.79 22.8 0.051 1.16 
17 1499196630 35 1.12 86.74 13.50 31.2 0.036 1.14 
18 1499196630 45 0.87 76.55 13.51 31.2 0.028 0.88 
19 2089789200 25 1 89.76 10.00 18.91 0.051 0.96 
20 2089789200 35 0.83 97.22 12.82 23 0.036 0.84 
21 2089789200 45 0.87 90.32 13.50 31.2 0.028 0.88 
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As can be seen from Table 5.10, the dynamic response of the bridge can be 

predicted in sufficient accuracy by DER method. Therefore, it can be concluded 

that the DER method can be used for the prediction of the dynamic response before 

performing detailed analysis for the cases where the peak responses are obtained at 

resonance conditions. The limitations of the DER method, which were explained in 

Chapter 2, shall also be considered. 

 

5.7.4 Comparison of Results with a Real Train, French TGV 

 

The analyses are also performed for the French TGV train and the levels of safety 

of the HSLM trains are obtained. The axle arrangement for French TGV train is 

shown in Figure 2.11 and the properties of the train are presented in Figure 2.14.  

The critical speeds for French TGV train are determined as explained in Section 

5.4. The critical speeds used in the related analysis for French TGV train is shown 

in the Table 5.11 below. Analysis are performed for all possible critical speeds and 

peak responses found from analysis are presented in the Table 5.12 below together 

with the peak responses from HSLM trains obtained for same analysis. 

 

 

Table 5.11 Comparison of analysis results HSLM and TGV trains 

ANALYSIS  
PARAMETERS 

Acc.  
(HSLM)

Acc.  
(TGV) 

Diff. 
%  

 
NO EI 

(kNm2) 
m 

(t/m) 

Critical 
train 

V 
(HSLM)

(m/s) 
a(m/s2) 

V 
(TGV) 
(m/s) 

 a(m/s2) ahslm / 
atgv 

1 5047800 25 HSLMA3 79.40 28 74.24 17.2 63% 
2 5047800 35 HSLMA3 67.10 20.25 62.74 12.3 65% 
3 5047800 45 HSLMA3 59.18 15.74 55.33 9.6 64% 
4 25239000 25 HSLMA3 88.78 5.4 73.78 3.1 74% 
5 25239000 35 HSLMA3 75.03 3.9 62.36 2.2 77% 
6 25239000 45 HSLMA3 66.17 3.05 97.22 1.69 80% 
7 100955600 25 HSLMA3 40.00 3.65 97.22 1.86 96% 
8 100955600 35 HSLMA3 97.22 1.45 93.54 1.09 33% 
9 100955600 45 HSLMA3 88.23 1.52 97.22 1.11 37% 
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Table 5.11 Comparison of analysis results HSLM and TGV trains Cont’d 

ANALYSIS  
PARAMETERS 

Acc.  
(HSLM)

Acc.  
(TGV) 

Diff. 
%  

 
NO EI 

(kNm2) 
m 

(t/m) 

Critical 
train 

V 
(HSLM)

(m/s) 
a(m/s2) 

V 
(TGV) 
(m/s) 

 a(m/s2) ahslm / 
atgv 

10 504780000 25 HSLMA3 88.23 4.14 82.49 2.73 52% 
11 504780000 35 HSLMA3 74.56 2.97 69.72 1.95 52% 
12 504780000 45 HSLMA3 65.80 2.31 61.50 1.52 52% 
13 1261950000 25 HSLMA10 94.16 1.56 65.22 0.383 300% 
14 1261950000 35 HSLMA10 79.58 1.13 55.12 0.28 300% 
15 1261950000 45 HSLMA2 97.22 1.71 97.22 1.52 13% 
16 1499196630 25 HSLMA9 97.22 1.1 71.10 0.384 186% 
17 1499196630 35 HSLMA10 86.74 1.12 60.10 0.275 300% 
18 1499196630 45 HSLMA10 76.55 0.87 97.22 0.257 239% 
19 2089789200 25 HSLMA3 89.76 1 83.93 0.375 167% 
20 2089789200 35 HSLMA9 97.22 0.83 70.93 0.275 202% 
21 2089789200 45 HSLMA10 90.32 0.87 62.55 0.213 308% 

 

 

As can be seen from Table 5.11, HSLM trains give conservative solutions for all of 

the cases. The degree of conservativity changes for the analyses performed. If the 

properties of critical HSLM train and TGV train are different, HSLM trains give 

higher responses and are in the safe side. However, as can be seen in Table 5.11 for 

analysis 15, the acceleration response of the HSLM train is only 13% larger than 

the response of TGV train. This is mainly due to that characteristic properties of 

HSLM A2 train and TGV train is close to eachother. Therefore, it can be concluded 

that more optimum design can be performed by using the real train to be operated 

for the railway line for some cases. However, Eurocode does not lead more 

conservative design for the cases where the real train and HSLM train properties 

match with eachother.  
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CHAPTER 6 

CONCLUSIONS  

6.1 Summary 

 

The high-speed railway lines became popular all around the world. With the 

introduction of the high-speed railway lines, the new considerations for the design 

of bridges were also introduced.  A lot of researches have been conducted 

throughout the history and analytical approaches were developped about the subject 

in order to define the critical parameters that effect the dynamic response of the 

bridges under the passage of the moving traffic. 

 

In this thesis study, the analytical approach developped by Fryba for the simple 

beam subjected to series of moving load and the corresponding presentation of the 

method by Y.B. Yang, J.D. Yau, Y.S. Wu was used. Analytical methods are widely 

used in different studies and two examples in which the analytical approach is used 

were explained in this study. The necessary comparisons were provided with these 

studies and the comformation of the process was done. Also, a case study was 

performed by chosing a bridge from Ankara-Sivas high-speed railway project and 

the design procedure that is suggested by Eurocode was clearly defined.  The same 

bridge was also analysed by analytical approach and the obtained results were 

compared with the finite element method. It was concluded that the analytical 

method can be used with the limitations stated below; 
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-  Vehicle-structure interaction including mass of train and inertial 

effects of bogies is neglected.  

-  Load distribution by the ballast and sleepers is neglected. 

-  Effect of torsional mode is neglected since the analytical approach is 

based on a Euler-Bernoulli beam and only the bending modes are 

considered. 

-  Excitation due to the track irregularities is neglected. 

 

The train determination procedure that is defined by Eurocode was also 

investigated and the bridge in the scope of Ankara-Sivas high-speed railway project 

was analysed for all HSLM trains at 5 m/s speed range. It was concluded that the 

DER method is used for the determination of critical train in Eurocode and the 

critical trains determined by Eurocode can be used for the analysis of high-speed 

railway bridges. 

 

DER method which is based on the decomposition of excitation at resonance was 

also explained in this thesis study and necessary comparisons were provided for 12 

analysis performed in Chapter 5. It was concluded that this method can be used for 

initial predictions for the dynamic responses of the bridges given the mass and 

aggressivity of the bridge. However, it is important that the maximum peak 

response is to be obtained at resonance to predict the behaviour correctly.  And also 

the limitations for DER method which are listed in Chapter 2.6 shall be considered. 

 

Mass, stiffness, agressivity and moving speed are the parameters of which the 

effects on dynamic response were investigated in Chapter 5 of this thesis study. 

The values obtained were discussed in the related chapter. The obtained 

conclusions for all parameters are summarized in the parts below. 

 

 

 



 93

6.2 Mass of the Bridge 

 

Three different mass values were used for the parametric study and it was found 

that the response is decreasing with the increase in mass as expected for the cases 

that the critical train and corresponding agressivity values are same.  In other 

words, mass is an important parameter for the acceleration responses of the bridges 

when the dynamic signature of the train is same. The displacement responses are 

mainly based on stiffness and they are constant for same stiffness and agressivity 

values. 

 

6.3 Stiffness of the Bridge 

 

Increasing stiffness of a flexible system helps to reduce excessive accelerations 

induced by vibration. At a treshold stiffness, additional increase in stiffness do not 

decrease the accelerations furthermore due to shift of structural critical frequency 

from the range of frequencies of trains that are induced by axle spacing and speed. 

The stiffness v.s. acceleration and stiffness v.s. displacement graps are shown 

below; 
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Figure 6.1 Stiffness v.s. Acceleration Graph 
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Stiffness v.s. Displacement (Log Scale)
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Figure 6.2 Stiffness v.s. Displacement Graph 

 

 

As can be seen from Figure 6.1, acceleration values are decreasing with the 

increase in stiffness for low stiffness values. For high stiffness values the change 

due to stiffness loses its effectivity.  

 

6.4 Aggressivity from the Bridge and Train Properties 

 

Aggressivity is also an important parameter for the dynamic response of the bridge. 

It is based on the train characteristics together with the bridge properties. Althought 

the change in mass and stiffness for two bridges in such a manner that the 

responses are decreased or increased with the change in these properties, 

aggressivity is also an important parameter that can change the behaviour in reverse 

to the effect of mass and stiffness. Therefore, it is not possible to consider only the 

influence of bridge characteristics on the dynamic response. The agressivity value 

shall also be considered which is obtained by the multiplication of bridge influence 

line effect and dynamic signature of the train as explained in Chapter 2. 
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6.5 Critical Speed  

 

As explained before, the maximum responses are required to occur at resonance 

conditions and resonant speeds correspondingly. However, it can be seen from the 

results that are obtained from the analysis 1 to 9, there may be some cases where 

there is a peak modal displacement in the design frequency range for modes higher 

than first natural bending mode. And this situation leads to obtain peak responses at 

non-resonant speeds and brings the need for consideration of other modes where 

the peak modal displacements are obtained. Therefore, it is important to define the 

modal behaviour of the bridge considered and decide about the critical speed values 

accordingly. 
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APPENDIX A 

CRITICAL WAVELENGTH V.S. DYNAMIC SIGNATURE OF 

TRAIN GRAPHS 
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Figure A.1 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (HSLM A1) 
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Figure A.2 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (HSLM A2) 
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Figure A.3 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (HSLM A3) 
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Figure A.4 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (HSLM A4) 
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Figure A.5 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (HSLM A5) 
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Figure A.6 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (HSLM A6) 
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Figure A.7 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (HSLM A7) 
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Figure A.8 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (HSLM A8) 
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Figure A.9 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (HSLM A9) 
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Figure A.10 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (HSLM A10) 
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Figure A.11 Wavelength v.s. Dynamic Signature L=30 m, ε=0.01 (TGV) 
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Figure A.12 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (HSLM A1) 
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Figure A.13 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (HSLM A2) 
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Figure A.14 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (HSLM A3) 
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Figure A.15 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (HSLM A4) 
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Figure A.16 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (HSLM A5) 
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Figure A.17 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (HSLM A6) 
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Figure A.18 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (HSLM A7) 
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Figure A.19 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (HSLM A8) 
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Figure A.20 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (HSLM A9) 
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Figure A.21 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (HSLM A10) 
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Figure A.22 Wavelength v.s. Dynamic Signature L=40 m, ε=0.01 (TGV) 
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Figure A.23 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (HSLM A1) 
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Figure A.24 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (HSLM A2) 
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Figure A.25 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (HSLM A3) 
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Figure A.26 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (HSLM A4) 
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Figure A.27 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (HSLM A5) 
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Figure A.28 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (HSLM A6) 
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Figure A.29 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (HSLM A7) 
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Figure A.30 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (HSLM A8) 
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Figure A.31 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (HSLM A9) 
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Figure A.32 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (HSLM A10) 
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Figure A.33 Wavelength v.s. Dynamic Signature L=40 m, ε=0.025 (TGV) 
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APPENDIX B 

DISPLACEMENT V.S. TIME AND ACCELERATION V.S. 

TIME  GRAPHS FOR CASE STUDY 
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Figure B.1 Displacement v.s. Time graph V = 40 m/s, for HSLM A1 
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Figure B.2 Acceleration v.s. Time graph V = 40 m/s, for HSLM A1 
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Figure B.3 Displacement v.s. Time graph V = 64.26 m/s, for HSLM A1 
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Figure B.4 Acceleration v.s. Time graph V = 64.26 m/s, for HSLM A1 
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Figure B.5 Displacement v.s. Time graph V = 83.33 m/s, for HSLM A1 
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Figure B.6 Acceleration v.s. Time graph V = 83.33 m/s, for HSLM A1 
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Figure B.7 Displacement v.s. Time graph V = 40 m/s, for HSLM A2 
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Figure B.8 Acceleration v.s. Time graph V = 40 m/s, for HSLM A2 
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Figure B.9 Displacement v.s. Time graph V = 67.83 m/s, for HSLM A2 
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Figure B.10 Acceleration v.s. Time graph V = 67.83 m/s, for HSLM A2 
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Figure B.11 Displacement v.s. Time graph V = 83.33 m/s, for HSLM A2 
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Figure B.12 Acceleration v.s. Time graph V = 83.33 m/s, for HSLM A2 
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Figure B.13 Displacement v.s. Time graph V = 40 m/s, for HSLM A3 

 

Acceleration v.s. Time

-0,3

-0,2

-0,1

0

0,1

0,2

0,3

0 2 4 6 8 10 12 14

Time(sec.)

A
cc

el
er

at
io

n(
m

/s2 )

HSLM A3

 
Figure B.14 Acceleration v.s. Time graph V = 40 m/s, for HSLM A3 
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Figure B.15 Displacement v.s. Time graph V = 71.40 m/s, for HSLM A3 
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Figure B.16 Acceleration v.s. Time graph V = 71.40 m/s, for HSLM A3 
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Figure B.17 Displacement v.s. Time graph V = 83.33 m/s, for HSLM A3 
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Figure B.18 Acceleration v.s. Time graph V = 83.33 m/s, for HSLM A3 
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Figure B.19 Displacement v.s. Time graph V = 40 m/s, for HSLM A4 
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Figure B.20 Acceleration v.s. Time graph V = 40 m/s, for HSLM A4 
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Figure B.21 Displacement v.s. Time graph V = 74.97 m/s, for HSLM A4 
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Figure B.22 Acceleration v.s. Time graph V = 74.97 m/s, for HSLM A4 
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Figure B.23 Displacement v.s. Time graph V = 83.33 m/s, for HSLM A4 
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Figure B.24 Acceleration v.s. Time graph V = 83.33 m/s, for HSLM A4 
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Figure B.25 Displacement v.s. Time graph V = 40 m/s, for HSLM A5 
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Figure B.26 Acceleration v.s. Time graph V = 40 m/s, for HSLM A5 
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Figure B.27 Displacement v.s. Time graph V = 78.54 m/s, for HSLM A5 
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Figure B.28 Acceleration v.s. Time graph V = 78.54 m/s, for HSLM A5 
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Figure B.29 Displacement v.s. Time graph V = 83.33 m/s, for HSLM A5 
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Figure B.30 Acceleration v.s. Time graph V = 83.33 m/s, for HSLM A5 
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Figure B.31 Displacement v.s. Time graph V = 40 m/s, for HSLM A6 
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Figure B.32 Acceleration v.s. Time graph V = 40 m/s, for HSLM A6 
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Figure B.33 Displacement v.s. Time graph V = 83.33 m/s, for HSLM A6 
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Figure B.34 Acceleration v.s. Time graph V = 83.33 m/s, for HSLM A6 
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Figure B.35 Displacement v.s. Time graph V = 40 m/s, for HSLM A7 
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Figure B.36 Acceleration v.s. Time graph V = 40 m/s, for HSLM A7 
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Figure B.37 Displacement v.s. Time graph V = 42.84 m/s, for HSLM A7 
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Figure B.38 Acceleration v.s. Time graph V = 42.84 m/s, for HSLM A7 
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Figure B.39 Displacement v.s. Time graph V = 83.33 m/s, for HSLM A7 
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Figure B.40 Acceleration v.s. Time graph V = 83.33 m/s, for HSLM A7 
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Figure B.41 Displacement v.s. Time graph V = 40 m/s, for HSLM A8 
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Figure B.42 Acceleration v.s. Time graph V = 40 m/s, for HSLM A8 
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Figure B.43 Displacement v.s. Time graph V = 44.625 m/s, for HSLM A8 
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Figure B.44 Acceleration v.s. Time graph V = 44.625 m/s, for HSLM A8 
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Figure B.45 Displacement v.s. Time graph V = 83.33 m/s, for HSLM A8 
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Figure B.46 Acceleration v.s. Time graph V = 83.33 m/s, for HSLM A8 
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Figure B.47 Displacement v.s. Time graph V = 40 m/s, for HSLM A9 

 



 127

Acceleration v.s. Time

-0,3

-0,2

-0,1

0

0,1

0,2

0,3

0 2 4 6 8 10 12

Time(sec.)

A
cc

el
er

at
io

n(
m

/s2 )
HSLM A9

 
Figure B.48 Acceleration v.s. Time graph V = 40 m/s, for HSLM A9 
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Figure B.49 Displacement v.s. Time graph V = 46.41 m/s, for HSLM A9 

 

Acceleration v.s. Time

-1,5

-1

-0,5

0

0,5

1

1,5

0 2 4 6 8 10 12

Time(sec.)

A
cc

el
er

at
io

n(
m

/s2 )

HSLM A9

 
Figure B.50 Acceleration v.s. Time graph V = 46.41 m/s, for HSLM A9 
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Figure B.51 Displacement v.s. Time graph V = 83.33 m/s, for HSLM A9 
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Figure B.52 Acceleration v.s. Time graph V = 83.33 m/s, for HSLM A9 
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Figure B.53 Displacement v.s. Time graph V = 40 m/s, for HSLM A10 
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Figure B.53 Acceleration v.s. Time graph V = 40 m/s, for HSLM A10 
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Figure B.54 Displacement v.s. Time graph V = 48.195 m/s, for HSLM A10 
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Figure B.54 Acceleration v.s. Time graph V = 48.195 m/s, for HSLM A10 
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Figure B.55 Displacement v.s. Time graph V = 83.33 m/s, for HSLM A10 
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Figure B.56 Acceleration v.s. Time graph V = 83.33 m/s, for HSLM A10 
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APPENDIX C 

DISPLACEMENT V.S. TIME AND ACCELERATION V.S. 

TIME  GRAPHS FOR PARAMETRIC STUDY 

C1. GRAPHS FOR HSLM TRAIN  
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Figure C.1 Displacement v.s. Time graph, (Analysis 1, V = 40 m/s) 
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Figure C.2 Acceleration v.s. Time graph, (Analysis 1, V = 40 m/s) 
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Figure C.3 Displacement v.s. Time graph, (Analysis 1, V = 97.22 m/s) 
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Figure C.4 Acceleration v.s. Time graph, (Analysis 1, V = 97.22 m/s) 
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Figure C.5 Displacement v.s. Time graph, (Analysis 2, V = 40 m/s) 
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Figure C.6 Acceleration v.s. Time graph, (Analysis 2, V = 40 m/s) 
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Figure C.7 Displacement v.s. Time graph, (Analysis 2, V = 67.10 m/s) 
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Figure C.8 Acceleration v.s. Time graph, (Analysis 2, V = 67.10 m/s) 
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Figure C.9 Displacement v.s. Time graph, (Analysis 2, V = 97.22 m/s) 
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Figure C.10 Acceleration v.s. Time graph, (Analysis 2, V = 97.22 m/s) 
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Figure C.11 Displacement v.s. Time graph, (Analysis 3, V = 40 m/s) 
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Figure C.12 Acceleration v.s. Time graph, (Analysis 3, V = 40 m/s) 
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Figure C.13 Displacement v.s. Time graph, (Analysis 3, V = 59.18 m/s) 
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Figure C.14 Acceleration v.s. Time graph, (Analysis 3, V = 59.18 m/s) 
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Figure C.15 Displacement v.s. Time graph, (Analysis 3, V = 97.22 m/s) 
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Figure C.16 Acceleration v.s. Time graph, (Analysis 3, V = 97.22 m/s) 
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Figure C.17 Displacement v.s. Time graph, (Analysis 4, V = 40 m/s) 
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Figure C.18 Acceleration v.s. Time graph, (Analysis 4, V = 40 m/s) 

 

Displacement v.s. Time

-0,08

-0,06

-0,04

-0,02

0

0,02

0,04

0,06

0 2 4 6 8 10 12

Time(sec.)

D
isp

la
ce

m
en

t(m
)

HSLM A3

 
Figure C.19 Displacement v.s. Time graph, (Analysis 4, V = 97.22 m/s) 
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Figure C.20 Acceleration v.s. Time graph, (Analysis 4, V = 97.22 m/s) 
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Figure C.21 Displacement v.s. Time graph, (Analysis 5, V = 40 m/s) 
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Figure C.22 Acceleration v.s. Time graph, (Analysis 5, V = 40 m/s) 
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Figure C.23 Displacement v.s. Time graph, (Analysis 5, V = 75 m/s) 
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Figure C.24 Acceleration v.s. Time graph, (Analysis 5, V = 75 m/s) 
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Figure C.25 Displacement v.s. Time graph, (Analysis 5, V = 97.22 m/s) 
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Figure C.26 Acceleration v.s. Time graph, (Analysis 5, V = 97.22 m/s) 
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Figure C.27 Displacement v.s. Time graph, (Analysis 6, V = 40 m/s) 
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Figure C.28 Acceleration v.s. Time graph, (Analysis 6, V = 40 m/s) 
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Figure C.29 Displacement v.s. Time graph, (Analysis 6, V = 66.17 m/s) 
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Figure C.30 Acceleration v.s. Time graph, (Analysis 6, V = 66.17 m/s) 
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Figure C.31 Displacement v.s. Time graph, (Analysis 6, V = 97.22 m/s) 
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Figure C.32 Acceleration v.s. Time graph, (Analysis 6, V = 97.22 m/s) 
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Figure C.33 Displacement v.s. Time graph, (Analysis7, V = 40 m/s) 
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Figure C.34 Acceleration v.s. Time graph, (Analysis 7, V = 40 m/s) 
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Figure C.35 Displacement v.s. Time graph, (Analysis7, V = 78.91 m/s) 
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Figure C.36 Acceleration v.s. Time graph, (Analysis 7, V = 78.91 m/s) 
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Figure C.37 Displacement v.s. Time graph, (Analysis7, V = 97.22 m/s) 
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Figure C.38 Acceleration v.s. Time graph, (Analysis 7, V = 97.22 m/s) 
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Figure C.39 Displacement v.s. Time graph, (Analysis 8, V = 40 m/s) 
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Figure C.40 Acceleration v.s. Time graph, (Analysis 8, V = 40 m/s) 
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Figure C.41 Displacement v.s. Time graph, (Analysis 8, V = 66.695 m/s) 
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Figure C.42 Acceleration v.s. Time graph, (Analysis 8, V = 66.695 m/s) 
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Figure C.43 Displacement v.s. Time graph, (Analysis 8, V = 97.22 m/s) 
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Figure C.44 Acceleration v.s. Time graph, (Analysis 8, V = 97.22 m/s) 
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Figure C.45 Displacement v.s. Time graph, (Analysis 9, V = 40 m/s) 
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Figure C.46 Acceleration v.s. Time graph, (Analysis 9, V = 40 m/s) 
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Figure C.47 Displacement v.s. Time graph, (Analysis 9, V = 88.23 m/s) 
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Figure C.48 Acceleration v.s. Time graph, (Analysis 9, V = 88.23 m/s) 
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Figure C.49 Displacement v.s. Time graph, (Analysis 9, V = 97.22 m/s) 
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Figure C.50 Acceleration v.s. Time graph, (Analysis 9, V = 97.22 m/s) 

 



 148

Displacement v.s. Time

-0,0025

-0,002

-0,0015

-0,001

-0,0005

0

0,0005

0 2 4 6 8 10 12

Time(sec.)

D
isp

la
ce

m
en

t(m
)

HSLM A3

 
Figure C.51 Displacement v.s. Time graph, (Analysis 10, V = 40 m/s) 
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Figure C.52 Acceleration v.s. Time graph, (Analysis 10, V = 40 m/s) 
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Figure C.53 Displacement v.s. Time graph, (Analysis 10, V = 88.22 m/s) 
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Figure C.54 Acceleration v.s. Time graph, (Analysis 10, V = 88.22 m/s) 
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Figure C.55 Displacement v.s. Time graph, (Analysis 10, V = 97.22 m/s) 
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Figure C.56 Acceleration v.s. Time graph, (Analysis 10, V = 97.22 m/s) 
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Figure C.57 Displacement v.s. Time graph, (Analysis 11, V = 40 m/s) 
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Figure C.58 Acceleration v.s. Time graph, (Analysis 11, V = 40 m/s) 
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Figure C.59 Displacement v.s. Time graph, (Analysis 11, V = 74.56 m/s) 
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Figure C.60 Acceleration v.s. Time graph, (Analysis 11, V = 74.56 m/s) 

 

Displacement v.s. Time

-0,003

-0,0025

-0,002

-0,0015

-0,001

-0,0005

0

0,0005

0 1 2 3 4 5 6

Time(sec.)

D
isp

la
ce

m
en

t(m
)

HSLM A3

 
Figure C.61 Displacement v.s. Time graph, (Analysis 11, V = 97.22 m/s) 
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Figure C.62 Acceleration v.s. Time graph, (Analysis 11, V = 97.22 m/s) 
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Figure C.63 Displacement v.s. Time graph, (Analysis 12, V = 40 m/s) 
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Figure C.64 Acceleration v.s. Time graph, (Analysis 12, V = 40 m/s) 
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Figure C.65 Displacement v.s. Time graph, (Analysis 12, V = 65.80 m/s) 
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Figure C.66 Acceleration v.s. Time graph, (Analysis 12, V = 65.80 m/s) 
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Figure C.67 Displacement v.s. Time graph, (Analysis 12, V = 97.22 m/s) 
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Figure C.68 Acceleration v.s. Time graph, (Analysis 12, V = 97.22 m/s) 
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Figure C.69 Displacement v.s. Time graph, (Analysis 13, V = 40 m/s) 
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Figure C.70 Acceleration v.s. Time graph, (Analysis 13, V = 40 m/s) 
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Figure C.71 Displacement v.s. Time graph, (Analysis 13, V = 94.16 m/s) 
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Figure C.72 Acceleration v.s. Time graph, (Analysis 13, V = 94.16 m/s) 
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Figure C.73 Displacement v.s. Time graph, (Analysis 13, V = 97.22 m/s) 
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Figure C.74 Acceleration v.s. Time graph, (Analysis 13, V = 97.22 m/s) 
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Figure C.75 Displacement v.s. Time graph, (Analysis 14, V = 40 m/s) 
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Figure C.76 Acceleration v.s. Time graph, (Analysis 14, V = 40 m/s) 
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Figure C.77 Displacement v.s. Time graph, (Analysis 14, V = 79.58 m/s) 
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Figure C.78 Acceleration v.s. Time graph, (Analysis 14, V = 79.58 m/s) 
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Figure C.79 Displacement v.s. Time graph, (Analysis 14, V = 97.22 m/s) 
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Figure C.80 Acceleration v.s. Time graph, (Analysis 14, V = 97.22 m/s) 
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Figure C.81 Displacement v.s. Time graph, (Analysis 15, V = 40 m/s) 
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Figure C.82 Acceleration v.s. Time graph, (Analysis 15, V = 40 m/s) 
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Figure C.83 Displacement v.s. Time graph, (Analysis 15, V = 49.39 m/s) 
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Figure C.84 Acceleration v.s. Time graph, (Analysis 15, V = 49.39 m/s) 
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Figure C.85 Displacement v.s. Time graph, (Analysis 15, V = 97.22 m/s) 
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Figure C.86 Acceleration v.s. Time graph, (Analysis 15, V = 97.22 m/s) 
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Figure C.87 Displacement v.s. Time graph, (Analysis 16, V = 40 m/s) 
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Figure C.88 Acceleration v.s. Time graph, (Analysis 16, V = 40 m/s) 
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Figure C.89 Displacement v.s. Time graph, (Analysis 16, V = 65.89 m/s) 
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Figure C.90 Acceleration v.s. Time graph, (Analysis 16, V = 65.89 m/s) 
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Figure C.91 Displacement v.s. Time graph, (Analysis 16, V = 97.22 m/s) 
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Figure C.92 Acceleration v.s. Time graph, (Analysis 16, V = 97.22 m/s) 
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Figure C.93 Displacement v.s. Time graph, (Analysis 17, V = 40 m/s) 

 

Acceleration v.s. Time

-0,08

-0,06

-0,04

-0,02

0

0,02

0,04

0,06

0,08

0 2 4 6 8 10 12

Time(sec.)

A
cc

el
er

at
io

n(
m

/s2 )

HSLM A10

 
Figure C.94 Acceleration v.s. Time graph, (Analysis 17, V = 40 m/s) 
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Figure C.95 Displacement v.s. Time graph, (Analysis 17, V = 86.74 m/s) 
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Figure C.96 Acceleration v.s. Time graph, (Analysis 17, V = 86.74 m/s) 
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Figure C.97 Displacement v.s. Time graph, (Analysis 17, V = 97.22 m/s) 
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Figure C.98 Acceleration v.s. Time graph, (Analysis 17, V = 97.22 m/s) 
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Figure C.99 Displacement v.s. Time graph, (Analysis 18, V = 40 m/s) 
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Figure C.100 Acceleration v.s. Time graph, (Analysis 18, V = 40 m/s) 
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Figure C.101 Displacement v.s. Time graph, (Analysis 18, V = 76.55 m/s) 
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Figure C.102 Acceleration v.s. Time graph, (Analysis 18, V = 76.55 m/s) 
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Figure C.103 Displacement v.s. Time graph, (Analysis 18, V = 97.22 m/s) 
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Figure C.103 Acceleration v.s. Time graph, (Analysis 18, V = 97.22 m/s) 
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Figure C.104 Displacement v.s. Time graph, (Analysis 19, V = 40 m/s) 
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Figure C.105 Acceleration v.s. Time graph, (Analysis 19, V = 40 m/s) 
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Figure C.106 Displacement v.s. Time graph, (Analysis 19, V = 89.76 m/s) 
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Figure C.107 Acceleration v.s. Time graph, (Analysis 19, V = 89.76 m/s) 
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Figure C.108 Displacement v.s. Time graph, (Analysis 19, V = 97.22 m/s) 
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Figure C.109 Acceleration v.s. Time graph, (Analysis 19, V = 97.22 m/s) 
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Figure C.110 Displacement v.s. Time graph, (Analysis 20, V = 40 m/s) 
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Figure C.111 Acceleration v.s. Time graph, (Analysis 20, V = 40 m/s) 
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Figure C.112 Displacement v.s. Time graph, (Analysis 20, V = 65.75 m/s) 
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Figure C.113 Acceleration v.s. Time graph, (Analysis 20, V = 65.75 m/s) 
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Figure C.114 Displacement v.s. Time graph, (Analysis 20, V = 97.22 m/s) 
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Figure C.115 Acceleration v.s. Time graph, (Analysis 20, V = 97.22 m/s) 

 



 170

Displacement v.s. Time

-0,0007

-0,0006

-0,0005

-0,0004

-0,0003

-0,0002

-0,0001

0

0,0001

0 2 4 6 8 10 12

Time(sec.)

D
isp

la
ce

m
en

t(m
)

HSLM A10

 
Figure C.116 Displacement v.s. Time graph, (Analysis 21, V = 40 m/s) 
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Figure C.117 Acceleration v.s. Time graph, (Analysis 21, V = 40 m/s) 
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Figure C.118 Displacement v.s. Time graph, (Analysis 21, V = 90.32 m/s) 
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Figure C.119 Acceleration v.s. Time graph, (Analysis 21, V = 90.32 m/s) 
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Figure C.120 Displacement v.s. Time graph, (Analysis 21, V = 97.22 m/s) 
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Figure C.121 Acceleration v.s. Time graph, (Analysis 21, V = 97.22 m/s) 
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C2. GRAPHS FOR TGV TRAIN 
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Figure C.122 Displacement v.s. Time graph, (Analysis 1, V = 74.24 m/s, TGV) 
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Figure C.123 Acceleration v.s. Time graph, (Analysis 1, V = 74.24 m/s, TGV) 
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Figure C.124 Displacement v.s. Time graph, (Analysis 2, V = 62.74 m/s, TGV) 
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Figure C.125 Acceleration v.s. Time graph, (Analysis 2, V = 62.74 m/s, TGV) 
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Figure C.126 Displacement v.s. Time graph, (Analysis 3, V =55.33 m/s, TGV) 
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Figure C.127 Acceleration v.s. Time graph, (Analysis 3, V = 55.33 m/s, TGV) 
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Figure C.128 Displacement v.s. Time graph, (Analysis 4, V =73.78 m/s, TGV) 
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Figure C.129 Acceleration v.s. Time graph, (Analysis 4, V = 73.78 m/s, TGV) 
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Figure C.130 Displacement v.s. Time graph, (Analysis 5, V =62.36 m/s, TGV) 
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Figure C.131 Acceleration v.s. Time graph, (Analysis 5, V = 62.36 m/s, TGV) 
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Figure C.132 Displacement v.s. Time graph, (Analysis 6, V =97.22 m/s, TGV) 
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Figure C.133 Acceleration v.s. Time graph, (Analysis 6, V = 97.22 m/s, TGV) 
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Figure C.134 Displacement v.s. Time graph, (Analysis 7, V =97.22 m/s, TGV) 
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Figure C.135 Acceleration v.s. Time graph, (Analysis 7, V = 97.22 m/s, TGV) 
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Figure C.136 Displacement v.s. Time graph, (Analysis 8, V =93.54 m/s, TGV) 
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Figure C.137 Acceleration v.s. Time graph, (Analysis 8, V = 93.54 m/s, TGV) 
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Figure C.138 Displacement v.s. Time graph, (Analysis 9, V =97.22 m/s, TGV) 
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Figure C.139 Acceleration v.s. Time graph, (Analysis 9, V = 97.22 m/s, TGV) 
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Figure C.140 Displacement v.s. Time graph, (Analysis 10, V =82.49 m/s, TGV) 
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Figure C.141 Acceleration v.s. Time graph, (Analysis 10, V = 82.49 m/s, TGV) 
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Figure C.142 Displacement v.s. Time graph, (Analysis 11, V =69.72 m/s, TGV) 
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Figure C.143 Acceleration v.s. Time graph, (Analysis 11, V = 69.72 m/s, TGV) 
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Figure C.144 Displacement v.s. Time graph, (Analysis 12, V =61.50 m/s, TGV) 
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Figure C.145 Acceleration v.s. Time graph, (Analysis 12, V = 61.50 m/s, TGV) 
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Figure C.146 Displacement v.s. Time graph, (Analysis 13, V =65.22 m/s, TGV) 
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Figure C.147 Acceleration v.s. Time graph, (Analysis 13, V = 65.22 m/s, TGV) 
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Figure C.148 Displacement v.s. Time graph, (Analysis 14, V =55.12 m/s, TGV) 
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Figure C.149 Acceleration v.s. Time graph, (Analysis 14, V = 55.12 m/s, TGV) 
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Figure C.150 Displacement v.s. Time graph, (Analysis 15, V =97.22 m/s, TGV) 
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Figure C.151 Acceleration v.s. Time graph, (Analysis 15, V = 97.22 m/s, TGV) 
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Figure C.152 Displacement v.s. Time graph, (Analysis 16, V =71.10 m/s, TGV) 
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Figure C.153 Acceleration v.s. Time graph, (Analysis 16, V = 71.10 m/s, TGV) 
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Figure C.154 Displacement v.s. Time graph, (Analysis 17, V =60.10 m/s, TGV) 
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Figure C.155 Acceleration v.s. Time graph, (Analysis 17, V = 60.10 m/s, TGV) 

 

Displacement v.s. Time

-0,001

-0,0008

-0,0006

-0,0004

-0,0002

0

0,0002

0 1 2 3 4 5

Time(sec.)

D
isp

la
ce

m
en

t(m
)

TGV

 
Figure C.156 Displacement v.s. Time graph, (Analysis 18, V =97.22 m/s, TGV) 
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Figure C.157 Acceleration v.s. Time graph, (Analysis 18, V = 97.22 m/s, TGV) 
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Figure C.158 Displacement v.s. Time graph, (Analysis 19, V =83.93 m/s, TGV) 
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Figure C.159 Acceleration v.s. Time graph, (Analysis 19, V = 83.93 m/s, TGV) 
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Figure C.160 Displacement v.s. Time graph, (Analysis 20, V =70.93 m/s, TGV) 
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Figure C.161 Acceleration v.s. Time graph, (Analysis 20, V = 70.93 m/s, TGV) 
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Figure C.162 Displacement v.s. Time graph, (Analysis 21, V =62.55 m/s, TGV) 
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Figure C.163 Acceleration v.s. Time graph, (Analysis 21, V = 62.55 m/s, TGV) 
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APPENDIX D 

FREQUENCY V.S. MODE SHAPE GRAPHS FOR 

PARAMETRIC STUDY 

 
Figure D.1 Frequency v.s. Mode Shape, (Analysis 2) 

 

 
Figure D.2 Frequency v.s. Mode Shape, (Analysis 3) 
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Figure D.3 Frequency v.s. Mode Shape, (Analysis 5) 

 

 
Figure D.4 Frequency v.s. Mode Shape, (Analysis 6) 

 

Figure D.5 Frequency v.s. Mode Shape, (Analysis 7) 
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Figure D.6 Frequency v.s. Mode Shape, (Analysis 8) 

 

 
Figure D.7 Frequency v.s. Mode Shape, (Analysis 9) 
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APPENDIX E 

MATLAB CODE FOR ANALYTICAL APPROACH 

 
function [y,T]=EUROCODEHSLM() 
%input parameters 
L = 40;                          % span length of bridge(m)      
naxle = 30;                    % number of axles in EN + 14 
nmode = 10;                 % number of modes 
xcheck = (5)*L/10;      % point of beam where response is analysed(m) 
dninitial = 20;    % spacing of vehicles 
dc=18;                           % axle distance between adjacent axles (m) 
v =97.22;                       % velocity of train(m/s) 
P = -180;                        % axle loading(kN) 
m = 35;                          % (t/m) Linear density 
E = 100955600;             % Young modulus(kN/m2) 
I = 1;       % Moment of Inertia(m4) 
damping=0.01;               % damping ratio 
timestep = 0.001;            % timestep 
 
%formulas 
arm1=dninitial-dc; 
aramesafe=dninitial-3.525*0.5-(arm1)*1.5; 
T = [0:timestep:(L+dninitial*(naxle))*5/v]';              
[nrow_T,nclmn_T]=size(T); 
y = zeros(size(T));                               
y1 = zeros(size(T));                            
     for j = 1:nmode 
        for n = 1 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= (n-1).*dninitial./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
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wdj=wj.*(1-damping^2)^0.5; 
 
        A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
        B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
        A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
        B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
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                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end   
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = 2 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= (n-1).*3./v 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
        A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
        B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
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        A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
        B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
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            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end        
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = 3 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= 14./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
        A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
        B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
       A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
       B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 



 194

        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end         
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
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        for n = 4 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= 17./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
        A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
         B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
        A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
        B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
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            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end   
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = 5 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= (20.525)./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
        A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
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        B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
        A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
        B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 



 198

                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end     
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = 6 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= (20.525 + arm1)./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
        A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
        B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
       A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
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        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
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        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end        
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = 7 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= (20.525 + arm1 + aramesafe)./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
        A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
        B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
        A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
        B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
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                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end       
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = 8:naxle-7 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= ((n-8).*dninitial+(20.525 + arm1 + aramesafe + arm1))./v; 
        Tn= tn+(L./v); 
        tc=dc./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 



 202

        A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
 
       B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
       A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
       B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
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            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2); 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1) 
        y1=y1+deltay1; 
        end 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = naxle-6 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= ((naxle-14).*dninitial+(20.525 + arm1 + aramesafe+arm1))./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
       A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
       B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
       A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
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       B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
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        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end        
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = naxle-5 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= ((naxle-14).*dninitial+(20.525 + arm1 + aramesafe+arm1)+aramesafe)./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tn))+exp(-
damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
       B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
       A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
       B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
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            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end      
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = naxle-4 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= ((naxle-14).*dninitial+(20.525 + arm1 + 
aramesafe+arm1)+aramesafe+arm1)./v; 
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        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
       A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
       B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
       A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
       B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
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            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
       pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end        
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = naxle-3 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= ((naxle-14).*dninitial+(20.525 + arm1 + 
aramesafe+arm1)+aramesafe+arm1+3.525)./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
       A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
       B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
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       A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
       B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
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            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
       pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = naxle-2 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= ((naxle-14).*dninitial+(20.525 + arm1 + 
aramesafe+arm1)+aramesafe+arm1+3.525+3)./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
        A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
       B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
       A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
       B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
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        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
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        for n = naxle-1 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= ((naxle-14).*dninitial+(20.525 + arm1 + 
aramesafe+arm1)+aramesafe+arm1+3.525+3+11)./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
       A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 
 
      B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
     A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
     B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
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            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end    
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        for n = naxle 
        wj=((j^2).*(pi^2)/(L^2)).*((E.*I)/m)^0.5; 
        Sj=(j.*pi.*v)./(wj.*L); 
        omegaj=(j.*pi.*v)./L; 
        tn= ((naxle-14).*dninitial+(20.525 + arm1 + 
aramesafe+arm1)+aramesafe+arm1+3.525+3+11+3)./v; 
        Tn= tn+(L./v); 
        tc=0./v; 
        wdj=wj.*(1-damping^2)^0.5; 
 
        A1=(1-Sj.^2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tn)))); 



 214

        B1=(1-Sj.^2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-
Tn)))); 
 
        A2=(1-Sj.^2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*(damping^2)+(Sj^2)-1).*sin(wdj.*(T-tc-
tn)))); 
 
        B2=(1-Sj.^2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping.*wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping^2)^0.5)).*(2.*damping^2+(Sj^2)-1).*sin(wdj.*(T-tc-
Tn)))); 
 
        t1 = T-tn; 
        t2 = T-Tn; 
        t3 = T-tc-tn; 
        t4 = T-tc-Tn; 
        h1=[]; 
        h2=[]; 
        h3=[]; 
        h4=[]; 
        for s=1:nrow_T 
            t1_s=t1(s,1); 
            t2_s=t2(s,1); 
            t3_s=t3(s,1); 
            t4_s=t4(s,1); 
            if t1_s<0 
                h1_s=0; 
            else 
                h1_s=1; 
            end 
            if t2_s<0 
                h2_s=0; 
            else 
                h2_s=1; 
            end 
            if t3_s<0 
                h3_s=0; 
            else 
                h3_s=1; 
            end 
            if t4_s<0 
                h4_s=0; 
            else 
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                h4_s=1; 
            end 
            h1=[h1;h1_s]; 
            h2=[h2;h2_s]; 
            h3=[h3;h3_s]; 
            h4=[h4;h4_s]; 
        end 
        pt1=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A1.*h1+((-
1)^(j+1)).*B1.*h2); 
 
        pt2=(1/(j^4)).*(1./(((1-Sj^2)^2)+4.*(damping.*Sj)^2)).*(A2.*h3+((-
1)^(j+1)).*B2.*h4); 
 
        %deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1+pt2) 
        deltay1=((2.*P.*(L^3))./(E.*I.*(pi^4))).*(pt1); 
        y1=y1+deltay1; 
        end    
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
    y1=y1.*sin(j.*pi.*xcheck./L); 
    y = y + y1;  
end 
plot(T,y,'r-') 
hold on 
end 
  
  
 
 
 
 


