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ABSTRACT

DYNAMIC EFFECTS OF MOVING TRAFFIC
ON
RAILWAY BRIDGES

Cinek, Fatih
M. Sc., Department of Civil Engineering

Supervisor: Prof. Dr. Cetin Yilmaz

May 2010, 215 pages

In this study, dynamic effects on high speed railway bridges under moving traffic
are investigated. Within this context, the clear definition of the possible dynamic
effects is provided and the related studies that exist in literature are investigated. In
the light of those studies, analytical procedures that are defined to find the critical
dynamic responses such as deflections, accelerations and resonance conditions are
examined and a MatLab programming language is written to obtain the responses
for different train loading and velocity values. The reliability of the written
program is conformed by comparing the results with the related studies in
literature. In addition to the analytical procedures, the approaches in the European
standards concerning the dynamic effects of railway traffic are defined. A case
study is investigated for a bridge that is in the scope of the Ankara-Sivas High
Speed Railway Project. The related bridge is modeled by using finite element
program, SAP2000 according to the definitions that are stated in European
standards. The related high speed railway bridge is analysed with a real train which
is French TGV together with the HSLM trains that are defined in Eurocode and the

results obtained are compared with each other. This study also includes the analysis
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of the bridges performed for 7 different stiffness and 3 different mass values to
determine the parameters affecting dynamic behaviour.

Keywords: Dynamic analysis, resonance, acceleration, high speed.
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DEMIRYOLU KOPRULERINDE TREN YUKLERININ DINAMIK ETKISI

Cinek, Fatih
Yiiksek Lisans, Insaat Miithendisligi Boliimii

Tez Yoneticisi: Prof. Dr. Cetin Yilmaz

Mayis 2010, 215 sayfa

Bu c¢alismada, yiiksek hizli demiryolu kopriilerinde trafik etkisi altinda
olusabilecek dinamik etkiler incelenmistir. Bu baglamda, demiryolu koprileri
dinamik etkilerinin tanimmi yapilmis ve literatiirde konuyla ilgili yer alan
yaklagimlar incelenmistir. Bu calismalarin 1s18inda, demiryolu trafigi altinda
kopriilerin deplasman ve ivme tepkileri, rezonans durumu gibi kritik dinamik
etkilerini belirlemek amaciyla gelistirilen analitik yontemler tanimlanmis, cesitli
tren yiiklemesi ve hizinda olusacak etkilerin, bu yontemlere gore bulunabilmesi
icin MatLab kullanilarak programlama dili olusturulmustur. Elde edilen analitik
sonuclar literatiirde yer alan ¢aligmalarla  karsilagtirllarak  sonuglarin
giivenilirliginin  dogrulamast yapilmistir. Analitik yOntemlere ilave olarak,
demiryolu trafigi dinamik etkilerine Avrupa sartnamelerinde yer alan yaklagimlar
tanimlanmis ve sartnamelerde belirlenen tanimlara uygun olarak, Ankara-Sivas
Hizli Tren Projesi kapsaminda yer alan bir demiryolu kopriisiiniin, SAP2000 sonlu
elemanlar programi kullanilarak analiz modeli olusturulmustur. Avrupa
sartnamelerinde belirtilen kritik tren yiiklemesi ve kritik hiz degerlerine gore elde
edilen sonuglarin, analitik yaklasim yontemleri kullanilarak elde edilen degerlerle
karsilastirilmasida bu ¢alismanin kapsaminda yer almaktadir. Bahse konu
demiryolu kopriisii Avrupa sartnamelerinde tanimlanan trenlere ilave olarak,
Fransiz TGV treni icin de analiz edilmis ve elde edilen sonuclarin karsilagtirilmasi

yapilmistir. Ayrica demiryolu trafigi altinda olusabilecek etkilerin incelenmesi
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acisindan 7 farkli atalet ve 3 farkli kiitle degeri i¢in analizlerin yapilmasi ve elde
edilen sonuclarin degerlendirilmesi bu ¢alisma kapsaminda yer almaktadir.

Anahtar Kelimeler: Dinamik analiz, rezonans, ivme, yiiksek hizli.
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CHAPTER 1

INTRODUCTION

1.1 General

High-speed railway network has showed remarkable development in the countries
especially where transportation became the major concern for the human life and
economy. The sense of providing large capacity transportation, higher safety and

using the energy in the most economical way leads countries to develop solutions.

During the early years of the development of high-speed networks, the term “high-
speed” was used for the speeds above 200 km/h. Japan is the first country that
introduced the high-speed term to the world with the Tokaido Shinkansen railway
line for which the operating speed was 210 km/h. In Europe, France is the first
country that has constructed the first high-speed railway line with 270 km/h
operating speed. Germany, Belgium, Italy, Nederlands, Spain and Turkey followed
France and European high-speed railway network reached great levels during the
recent years. In Asia, China has also constructed high-speed railway networks and
has considerable share in the development of the high-speed railway technology.
Development of high-speed railway networks brought the race of the countries in
the manner of the maximum speeds together with the comfort requirements. The
train speed that has started with 210 km/h has reached 581 km/h with the MLX-01

train in Japan which is the current world record holder.



From the structural point of view, the differences between the conventional railway
lines and the high-speed railway lines lead changes in the design process. Dynamic
effects are the major concerns that have to be considered in the design of the high-
speed railway structures. Besides, human comfort criteria has also gained

importance with the introduction of the high operating speeds.

The most important effect on the high-speed railway bridges is the -resonance-
which is the coincidence of the natural frequency of vibration of the structure, with
the exciting frequency by the train. In order to avoid from the resonance effects, the
structural design engineer should ensure that the response of the bridge is in the
acceptable limits to provide its safety. The analysis procedures and acceptable
limits were included in the scope of the European standards and some procedures

for dynamic analyses were defined.

1.2 Literature Survey

Y.S. Cheng, F.T.K. Au and Y.K. Cheung (2001), studied the effect of train
properties together with the track structure and bridge. The train is modelled as
mass spring damper in their study at axle locations. They modelled the rails as
upper beam elements and deck as lower beam element. And spring and dampers are
used as link elements between rail beam and deck beam to account for rail pad.
The results showed that the effect of track structure on the responses of bridge
structure is negligible, whereas the effect of bridge structure on the response of

track is considerable.

Clough, R., Penzien, J. (2003), presented wide range of information about
dynamic behaviour of structures in their book of “Dynamic of Structures”. The
response of single degree of freedom systems to harmonic, periodic and impulsive
loading was described. Analysis for the dynamic response of multi degree of

freedom systems were also presented by using different methods such as



superposition and step by step methods. Supporting examples which let reader to

understand the subject clearly were also provided in the book .

Delgado, R.M. Cruz, S (1997), studied the dynamic behaviour of the bridge under
high-speed traffic action in two ways. First, the train is considered as set of moving
forces and masses of each axle of train are induced on the bridge. As second,
structural behaviour of train together with the interaction effects with the bridge
were considered. Different parameters such as train and bridge stiffness, bridge
mass, track irregularities were studied in order to define the effect of each

parameter on the dynamic response of the bridge.

Ladislav Fryba (1999), considered the subject in a broad way in his book
“Vibration of Solids and Structures Under Moving Loads”. He studied the one, two
and three dimensional solids with different loading conditions such as moving
constant force, moving harmonic force, moving force arbitrarily varying in time.
He also studied the effects of boundary conditions on dynamic responses of the
bridges. He also presented the effects of the moving speed and track irregularities
on bridge responses (Fryba, 1996). He worked on the phenemonon of resonance
and the critical speeds that lead to resonance conditions. He stated that the high
operating speeds and repeated action of the train loads on the structure can lead to
the resonance condition to occur and respectively increase in the vertical

acceleration responses of the bridge (Fryba, 2001).

Figure 1.1 Simple beam subjected to a moving force P



K. Liu, G. De Roeck, and G. Lombaert, (2009) determined the conditions for which
the train-bridge interaction should be considered to determine the dynamic
response of the bridge. Different parameters such as train mass, train speed, the
natural frequency ratio of the train and bridge and damping ratio were studied in
that paper to determine the effects of these items on the dynamic response of the

bridge.

M., K., Song et. all. (2003), studied a new finite element method to determine the
dynamic effects on railway bridges. Shell elements with six degree of freedoms
per node were used for modelling deck and it was provided that the inplane and
out of plane deformations are coupled. Shell elements with variable nodes were
used for modelling the connection regions between the rail, sleepers and deck.
Track irregularities were also considered in the analysis. A simply supported steel
concrete composite bridge together with the two span PC box girder bridge were
analysed and results are compared with the experimental and previous researches.
It was found at the end of the study that the obtained results are well matched with

the experimentally obtained results.

P. Museros and E. Alarcon (2005), studied the influence of second bending mode
on the dynamic response of high speed railway bridges. They determined the
equation of motion for simply supported bridge and presented the parameters that
are affecting the dynamic behaviour. With the light of the presented information,
they studied a real case and found that there may be some cases for which the
consideration of only the first natural bending mode is not enough to determine the
dynamic response of high speed bridges. It was also concluded in their study that
the maximum response is not needed to be obtained at midspan and the maximum

response may be obtained at the quarter orr three quarter of the span lenght.

He Xia et. all. (2003), studied a practical case such that he presented a report that
contains the comparison of the finite element dynamic analysis results of Antoing

Bridge with the results obtained from experimental measurements. He analysed the



bridge under the effect of Thalys train composed of one locomotive followed by
one transition carriage, six normal articulated cars, one transition carriage and one
locomotive. He regarded the articulated train group as a series of articulated vehicle
elements composed of car bodies, bogies and wheel sets. There were some
assumptions in the analysis of Antoing Bridge such that the track bridge interaction
effects are neglected. Accordingly, inertial effects of the connecting elements such
as fasteners, rail pads and ballast were not considered. Another assumption was
that the cross section deformation of the girder was considered in the modal
analysis. He Xia et. all. (2003), stated that the analytical model of the bridge was
acceptable in the manner of reflecting the bridge behaviour, The obtained results
are considered as matched with the measured data obtained from site, the dynamic
characteristics of Antoing Bridge are in the limits of the current safety and comfort
standards, the articulated trains have positive effect on the bridge structures suct

that they reduce the impact effect on trains on the structures.

In the paper of H. Xia et al. (2006), therotical derivations were used to obtain the
effects of the resonance condition. The condition was investigated in three parts.
First, the periodical actions of moving loads with vertical weights, centrifugal
forces and wind forces were investigated. Secondly, loading rates of moving loads
were investigated. And finally, swing forces of the train excited by track
irregularities and wheel hunting movements were investigated. The comparisons
were provided between estimated resonant speeds and results of dynamic

simulations together with the field measurements.

Y.B. Yang, J.D. Yau, Y.S. Wu (2004), had great contribution to the problem of
dynamic effects on railway bridges by presenting a book named “Vehicle Bridge
Interaction Dynamics” in which all kinds of problems that had previously been
worked were clearly stated and user friendly solutions were defined. They defined
the method of solutions by emphasizing them with the illustrative examples.
Moving load problems were presented by defining the impact responses of simply

supported beams, simply supported bridges with elastic bearings, response of the



curved beams. They worked on vehicle-bridge interaction for different conditions
such that the method of contact forces, pitching effect, stability of the trains under

earthquake conditions.

1.3 Object and Scope

The major objective of this study is to determine the analytical procedure to obtain
the dynamic behaviour of a simply supported bridge structure and perfom the
related comparisons with other methods such as finite element method. After the
comparison of the finite element method and the analytical approaches to the
problem, the assumptions that are stated in the relevant standards will be
investigated and the reliability of them will be checked. And finally, different

stiffness and mass properties will be checked and effect of them will be presented.

Thesis study starts with the determination of the analytical procedures in Chapter 2.
Fryba’s analytical solution is used to obtain the results. However, the simplified
method determined by Y.B. Yang, J.D. Yau and Y.S. Wu is followed since they
presented the procedure in a more clear way. Also in the book of Y.B. Yang, J.D.
Yau and Y.S. Wu, analytical procedure was modified for the current train loadings
for high speed railway lines. The effect of the vehicle body mass on the response of
the structure was neglected and an assumption was made such that the mass of the
structure is higher than the vehicle mass. The resonance and cancellation
phenomena are explained.. In addition to Fryba’s solution, the DER method which
is used by Eurocodes to define the critical train loading is also explained in Section
2.6. The validation of the written MatLab program is checked with two examples
presented by J.M. Goicolea et. al. (2002), and C. C. Lin et. al. (2005) at Section
2.7.

In Chapter 3, the approach of EN 1991-2 to the problem is explained and the

related procedure defined by the standard is presented.



In Chapter 4, a simply supported 30 m span bridge from the Ankara-Sivas High
Speed Railway project is modeled by using the finite element program, SAP2000.
The modeling properties are clearly defined and emphasized with the related
figures presented. The dynamic analysis of the related bridge is performed.
Analytical procedure is applied for the same bridge and the results obtained from
the finite element dynamic analysis are compared with the analytically obtained

results.

In Chapter 5, analyses for different mass and stifness values are performed for
different speeds and also for the critical trains chosen according to the procedure

defined in Eurocode.

Chapter 6 includes the related summary and conclusions for the analyses performed

in the scope of the study.



CHAPTER 2

ANALYTICAL PROCEDURE FOR THE SIMPLE BEAM
SUBJECTED TO SERIES OF MOVING LOADS

2.1 General

This chapter describes the problem of a simple beam subjected to a series of
moving loads determined by Fryba and presented in a clear way and updated for
the current loading diagram of trains by Y.B. Yang, J.D. Yau, Y.S. Wu in the book
of Vehicle Bridge Interaction Dynamics, 2004. In addition, DER method based on

the decomposition of excitation at resonance is explained in Section 2.6.

2.2 Method of Solution for the Beam Subjected to Series of Moving Loads
(Vehicle Bridge Interaction Dynamics, 2004)

For the analytical solution, train is modeled as the identical cars each of which
contains two axles with constant intervals (Vehicle Bridge Interaction Dynamics,

2004).
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Figure 2.1 The simple beam subjected to train loading (Vehicle Bridge Interaction

Dynamics, 2004)

The train is assumed to have N identical cars each of which is supported by two
boggies. Each car length is determined as d while the distance between the two
wheel of the car is L. and the distance between the rear wheels is L;. The load p is
assumed to be constant which is in accordance with the train models described by
EN 1991-2 that will be explained in Chapter 3. Considering the each car as the
combination of two wheel sets leads to a time lag of #. = L./ v. The load function

for the train can be determined as (Vehicle Bridge Interaction Dynamics, 2004);

F(t)= ﬁ: plUj,v, L)+ Uj(t - t,,v,L)] 2.1)

U,tv,Ly=0lx—vi—t)||H@—t)~H@—1,-LIv)| (22

The meanings of the parameters stated in the formulas above are determined below

(Vehicle Bridge Interaction Dynamics, 2004);

p = Series of Lumped Train Loads

U,(t,v,L) = Function to model the effect and position of wheel load on
the bridge.

t = Time

v = Travelling Speed of Train



L = Span Length of Bridge

o = Direct delta function
X = Coordinate of the beam
_ . . . -th e
{ = Arriving time of j load at the beam = (j-1) x d/v
H(t—1)) = Unit step function that turns on the effect of j moving

load when it enters the beam.

H(-t—-L/v) = Unit step function that turns off the effect of j™ moving

load when it leaves the beam.
The values for unit step function are determined below;

H({)=0 if t<0 (2.3)
H()=1 if >0 (2.4)

The equation (2.1) presented above neglects the effect of inertia of the moving
masses and the interaction between the train cars and the beam. (Vehicle Bridge
Interaction Dynamics, 2004). In order to consider those effects the function above

is modified to the function determined below (Bolotin, 1964);

F(p,M,v) =p—M(1:H— 2vd'+v2u") (2.5)

M is the lumped mass for the each load, u is the vertical deflection of the beam.
Dots denotes for the differentiation with respect to time while primes denotes the

derivative with respect to coordinate (Vehicle Bridge Interaction Dynamics, 2004).

The equation of motion for the beam under moving load can be written by using

the load function in equation (2.5) as (Vehicle Bridge Interaction Dynamics, 2004);

. . . N
mu+c,u+clu""+Eu'""= ZF(p,M,v).[Uj(t, v,L)+Uj(t - tc,v,L)] (2.6)

J=1

10



m 1is the mass of the bridge per unit length, £ is the elastic modulus, 7 is the
moment of inertia, 7. is the time lag as defined in Section 2.1, ¢, and ¢; are the

external and internal damping coefficients respectively (Vehicle Bridge Interaction

Dynamics, 2004).

Defining the related boundary conditions for the simply supported case;

u(0,1)=0,
u(L,t)=0,
u(x,0)=0,
u(x,0)=0,
Elu'(0,¢)=0,
Elu''(L,t)=0,

By using the related boundary conditions, the vertical deflection of the beam can be

presented in a series form as shown below (Vehicle Bridge Interaction Dynamics,
2004);

= . N
u(x,0) =2 q,O)sin(==) 2.7)
n=l1
gn(t) 1s the generalized coordinate for the n™ mode. The equation of the motion in
terms of the generalized coordinates, g, is obtained by subsituting the equation

(2.4) in equation (2.3), multiplying both sides with Sin(%) and integrating with

respect to length L of the beam (Vehicle Bridge Interaction Dynamics, 2004).

(I+e,,)q,+Q2ew, +e,)q+ W, +e,.,)q, = F,(t) (2.8)

11



g, 1s damping coefficient and w, is the angular frequency of the vibration of the n®

mode defined as (Vehicle Bridge Interaction Dynamics, 2004);

&n, » 18 the coefficient to account for the effect of the mass of moving loads, &, ,
represents the Corilois force as a result of the coupling interaction between the
speed of the moving mass and the angular velocity of the beam. g , is the
coefficient to take the centrifugal force into account. Those effects mentioned may
lead the beam to lose its stability. However, the high speed railway bridges
designed are commonly too rigid such that those effects can be neglected. F,(?) in
the equation (2.8) is the forcing function for the n™ generalized coordinate and

determined below (Vehicle Bridge Interaction Dynamics, 2004).

2 N
F o)== [f, v, )+ £t ~1,.v.1)] (29)
mL 5
f,@&v,L) = Part of forcing function for the front wheel of an identical car.

f,(t—t,,v,L) = Part of forcing function for the rear wheel of an identical car.

The function £, is defined as shown below (Vehicle Bridge Interaction Dynamics,

2004);

(t_tj)

%% no(t—t. —L/v)
f.@t,v,L) = sm(T !

L

VH(t—t,)+(=1)"" sin( VH(t—1t, —%)

(2.10)

By neglecting the coefficients &, ,, &1, &, 10 equation (2.8), generalized coordinate

gn(?) 1s obtained as (Vehicle Bridge Interaction Dynamics, 2004);

12



1 t

q,(t)= F (z)e " sin(w, (t —1))dr
mw,. %
3
_ 21[’L4 [P.(v,0)+ P.(v,t—1)] @2.11)
VA

Wan 18 the damped circular frequency of the beam and defined as

w, =w xyl—¢,* and the functions P,(v,7) and P,(v,t-t.) are defined as (Vehicle

Bridge Interaction Dynamics, 2004);

P,v,t) = Dynamic response from the front wheel of an identical car.

P,(v,t-t;) = Dynamic response from the rear wheel of an identical car.

P (v t)—iﬁ: ! x[AH(t—t Y+ (=1)""B.H(t—t —£)} (2.12)
Ut -8 +4,5) L g o Ty

The coefficients 4 and B are determined as follows (Vehicle Bridge Interaction

Dynamics, 2004);

A=(1-8,)sin(Q, (t—t,)) - 2¢,8, cos(Q, (t —t,)) +

—&,w, (1—t S 1
e 1 2g 8 cos(w,, (t—t_/-)+—"2(25,12 +8,’ —Dsin(w,, (r=1;)| (2.13)

\1-¢,

13



B=(1-5%)sin(Q,(t - - %)) -2¢,5,c08(Q, (1 -1, — %)) T

L
=&, W, (1=1;—) S .
eV 268, cos(wy, (1 -1, — £y 422 — (26,7 +5,7 = Dsin(w,, (t—, _L
v l—¢ v

n

(2.14)

Q, 1s the frequency due to the moving loads, and S, is the speed parameter and the
values are determined as shown below (Vehicle Bridge Interaction Dynamics,

2004);

Q =— 2.15

= (2.15)
nmny

S = 2.16

i (2.16)

2.3 Resonance Condition

Resonance condition occurs when the excitation frequency by the moving load and
the natural frequency of the structure are the same. If the damping is neglected and
only the first mode is considered in the equation (2.12) reduces to (Vehicle Bridge

Interaction Dynamics, 2004);

P(v,1) = ZN“[sian(z—z_,)—s1 sinw, (1=t )H (@ —t,)+

J=1

{sian(t—tj —%)+S1 sinw, (t -1, —%)}H(f—tj —%) (2.17)

14



The most critical case for the displacement occurs when the rear wheel of (N-l)th
identical car and the front wheel of the N™ car acts on the beam simultaneously

(Vehicle Bridge Interaction Dynamics, 2004).

e o In-nru.'Ju':..;...‘-rj.lu.'-x_'.l.rrm: F . -
]
. (e wrfreriag safiryaenn)
e d 0 .
. Le 1, L I Lt _J‘_L_*I
T il " 1
cics AL ,I !y,se'..“.ﬁ-:w. S
H—I’r’ |

Figure 2.2 The most critical loading for the beam

(from Vehicle Bridge Interaction Dynamics, 2004)

Therefore if the equation (2.17) is rewritten according to the critical displacement

condition, it reduces to (Vehicle Bridge Interaction Dynamics, 2004);

P(v,t)=[sinQ,(t —1,)— S, sinw,(t—t,)|H({t—1,) -

sinw(tN d
wil | . L ) t 9y L
28 cos——|sinw, (t——)+sinw, (t —— - Y \H(it-t, ——
o5 22 sin 1) sin (1= 25 -2 ——2 2, )
SIHT
V

(2.18)

The displacement goes to infinity therotically in the case of resonance. However,
the displacement will be damped practically. In order to obtain the infinite

displacement in the equation (2.18) (Vehicle Bridge Interaction Dynamics, 2004);

sin md =0 and —=irx
2v 2v

15



If the equation (2.16) is arranged according to the condition above (Vehicle Bridge

Interaction Dynamics, 2004);

S, =9 and i=1234,..
2iL

The resonance speeds for the structure can be found according to the formula stated
above. 1 is the resonance number which means nth mode completes i number of

oscillations between the passage of two consecutive loads.
2.4 Cancellation Condition

Cancellation is the situation in which the resonance effects are suppressed. In the
case of cancellation, the resonance effects will be at very low level. The physical
meaning of cancellation can be defined as the prevention of accumulation of effects
by the loads that leave the bridge. As can be seen from equation (2.18), the effects
of axle loads except from the last one are cancelled for the condition shown below

(Vehicle Bridge Interaction Dynamics,2004);
Cos(w,L/2v)=0

In case of that the equation above is satisfied the term that is related to N-1 axles in
the equation (2.18) becomes 0. Then, only the last axle of the train has the effect on
the dynamic behaviour of the bridge. Besides, since the speed parameter S; is

defined as S, = 7v/w,L , the speed parameter for the cancellation case can be found

as (Vehicle Bridge Interaction Dynamics,2004);

S, =

fori=1,2,3, ........

2i—1

16



If we equate the two speed parameter equations for resonance and cancellation

phenomena, we can obtain another determination for cancellation such that;

2j-1
2i

L
d

As can be seen from the equation above, for gz 1.5 which can be obtained with

i=1 andj =2, cancellation occurs for the bridges. From that point, bridge

parameters can be selected such that the probability of cancellation will be high

according to the properties of the operating train.
2.5 Limitations in Analytical Approach

There are some limitations in the analytical approach for which the obtained results

may not reflect the real behaviour of the structure such that;

- Vehicle-structure interaction including mass of vehicle and inertial
effects of bogies is neglected.

- Load distribution by the ballast and sleepers is neglected

- Effect of torsional mode is neglected since the analytical approach is
based on a Euler-Bernoulli beam and only the bending modes are
considered.

- Excitation due to the track irregularities is neglected.

Vehicle-structure interaction and load distribution according to the ballast and
sleepers leads lower dynamic responses. However, influence of torsional mode and
track irregularities increase the dynamic response of the bridge. Eurocode proposes
that the dynamic analysis can be performed by moving loads and effects of the
vehicle-structure interaction, ballast and sleepers may be taken into account if

desired.

17



2.6 DER Method

DER method is the decomposition of exication at resonance and is developped to
provide initial prediction for the dynamic behaviour of the bridges at resonant
speeds. In this method, the equation of motion for Euler-Bernoulli beam is used as
basis and the dynamic behaviour is decomposed into Fourier series. There are two
solutions for the dynamic behaviour of the bridge named as complementary and
particular solution. The total response is obtained from the combination of both
solutions. Complementary part is the response according to the system free
vibrations while the particular one is obtained from the forced vibration of the
system. The passage of the train with N axles, with constant or varying axle
distances is used for the particular solution and the excitation from the passage of
the train is considered as a periodic function. From the required solutions for the

problem the following equation for the acceleration is obtained. (ERRI D214/RP6);

. 87_2]’02
() S( e j

Cos(ﬂL/ﬂ)‘ L N 2, R o - [7%%)
‘(2%)2—1" g(L+XN)[\/(;FnC0S(/1)j +(;Fnsm( . ]]{1_ .

(2.22)

Where the parameters are as defined below;

fo = First natural frequency of the bridge

K = Stiffness of the bridge

L = Span length of the bridge

F, = Load of n™ axle

XN = Total length of the train that consists of N axles
Xn = Distance of n™ axle load from the first axle load.
€ = Damping ratio

A = Wavelength

The equation can be defined in three parts as shown below;

18



y<C, .A(%).G(/l) (2.23)
Where;

8 2
(O = A constant term = ﬂ = i
mL

A( %) = Bridge influence line

G(A) = Excitation due to train

By assuming that the contrubution of span length in train spectrum can be ignored
when compared to the contribution of Xy, the L value can be removed from

excitation and can be placed into the constant term. Then;

AlL /1) Cosl? /1) (2.24)

are obtained.
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The term C;and A( %) is depended on the bridge characteristics and the term
G(A) is depended on the train characteristics. The multiplication of the two terms,

G(A)x A( %) is defined as aggressivity in EN 1991-2:2003 and ERRI D214/RP6.

The excitation due to train found above considers that the maximum response is
obtained after the last axle of the train leaves the bridge. However, there is
possibility of that the maximum response is obtained when any axle combination of
the train is located on the bridge. Therefore, all the combinations of the axle loads
on the bridge should be considered and the envelope of these combinations should
be taken as the maximum response. This phenomenon is called as subtrain concept

and the value of G (A1) obtained above becomes (ERRI D214/RP6);

G(1)= j\{]vclzxg% \/[;Fncos(zi‘ . Dz {Z‘ FnSin(zixn Dz {le(z”gi’]J

The graph of aggressivities for the HSLM trains presented in Eurocode and French
TGV train for dynamic analysis in accordance with DER method are presented

below;

20
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Figure 2.4 HSLM trains spectras for L=40 m and 1% damping

Wavelength v.s. G(A) (dynamic signature of train) graphs for each train is

presented in Appendix A of this study. The graphs are given for 30 m span length

and 1% damping ratio and 40 m span length with 1% and 2.5% damping ratio

which are the cases studied in this thesis study.
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Figure 2.6 TGV train spectras for L=40 m and 1% damping

The displacement can also be found by DER method according to the formula

shown below (ERRI D214/RP6);

b
V=V T3 (2.27)

Wo

Given the aggressivities of the trains by DER method, it is possible to predict the

dynamic responses of the bridges before performing detailed dynamic analysis.
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However, there are limitations in DER method which are defined in ERRI

D214/RP6;

- For the speeds out of resonant speeds, the method is not suitable for

determining the acceleration responses.

- It was defined in ERRI D214/RP6 that the the maximum responses for
some real trains such that the axle loads of locomotives and coaches are
significantly different from eachother, the responses are overestimated. This

situation is explained with the example of ICE2 train in ERRI D214/RP6.

- The term A( %) which is defined as influence line tends to be zero for

some L/A values. It is stated in ERRI D214/RP6 that the response can not
be found correctly at those points. A chart that shows the change of

influence line according to different L/A ratios is presented below;

INFLUENCE LINE

ALY \

Span length/wave length L/A

Figure 2.7 Influence Line of a simply supported beam expressed as a function of

span length over wavelength (from ERRI D214/RP6)
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2.7 Validation of the Program

As explained before, a MatLab program was prepared to perform analytical
approach for the high speed railway bridges. In this part, the program will be
compared with two studies in literature in which the same analytical approach was
used before. In addition to that, validation of the procedure will be checked with

the results obtained from SAP2000 finite element model in Chapter 5.

2.7.1 Study of J.M. Goicolea et al., (2002)

The bridge parameters worked in that study are summarized below;

Span Length =15m

m =15t/m

El = 7694081 kN/m”
Damping,e =2%

The train model used is the 10 axle train with equal axle distance of 16 m. The
analysis is performed for two different speeds of 288 km/h and 360 km/h which are
equal to 80 m/s and 100 m/s respectively.

The results obtained in the report of J.M. Goicolea et. al., 2002 and the results from
the MatLab program used in this thesis study are presented in figures in the
following pages. Since there is only displacement graphs presented in the study of

Spanish group, comparisons will be based on displacement responses.
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Figure 2.8 Maximum displacement results for speeds of 288 km/h and 360 km/h
(from J.M. Goicolea et al., (2002))
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Figure 2.9 Maximum displacement results for speed of 288 km/h from MathLab
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Figure 2.10 Maximum displacement results for speed of 360 km/h from MathLab

2.7.2 Study of C.C. Lin et al., (2005)

In this study, a high-speed railway bridge in Taiwan is analysed both with and
without tuned mass dampers. Analytical approach is used in that study to obtain
the dynamic response of the bridge under French TGV train. The mass of the train
is also considered in this study. The Taiwan high speed bridge will be anlaysed and

the results obtained will be compared with the results obtained in the related study.

The parameters of the bridge worked on this study can be summirized as shown

below;
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Parameter Value

FPhysical parameters

Mass per unit langth, m 38,240 M.5*/m?
Young's modulus, E 282 100 N/m?
Bending moments of inertia, & 17.9m!
Area, A B.85 m*
Mass polar moments of inertia, jm 464,500 N.s?
Shear modulus, & 1183 100 N/ m?
Torsional moments of inertia, 7 35.0 m?
Radius of gyration. r 35 m
Eccentricity of rails. e, 235 m
Modal parameters
Damping ratio for each vibration mode Z.5%
First flesural fraquency, W 3.56 Hz
First torsional frequency, wy 11.79 Hz
Dimensionless parameters
Eccentricity ratio of rails, &, 0.67
Torsion-to-flexure frequency ratio, k, 33

Figure 2.11 Properties of Taiwan High Speed Railway Bridge (from C.C. Lin et al.,
(2005))

The analyses are performed under the passage of French TGV, German ICE and

Japanese SKS train of which the properties are shown below;
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Figure 2.12 Axle arrangement of French TGV train (from C.C. Lin et al., (2005))
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Figure 2.13 Axle arrangement of German ICE train (from C.C. Lin et al., (2005))
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Figure 2.14 Axle arrangement of Japanese SKS train (from C.C. Lin et al., (2005))

Train properties ICE SKS TGW
Mumber of bogie 52 64 52
Car spacing, d (m} 26.4 25.0 187
(v Jawr (km/h} 338 320 240
(v Jgmz (km/h} 169 160 120
my (kg 27,000 20,875 27.000
&, (N s/m) 22,700 50,200 96,700
k, (N/m) 660,000 530,000 664,000
g, (kg) 3,000 3.040 3,000
I (kg-m?) 4,000 3.930 4,000
cp (N sim) 78,400 78,400 TEADD
kg (N/m) 2,360,000 2,360,000 2,260,000
m,, (Kg) 1,800 1.780 1,800
I, (m) 15 1.25 1.5

Figure 2.15 Properties of TGV, ICE, and SKS trains (from C.C. Lin et al., (2005))

The analysis for comparison of this thesis study with the the related paper will be
performed under French TGV train and at speed of 240 km/h. The span length of
the bridge is 40 m. The results obtained in that study and by the MatLab program

written for this thesis study are compared below;
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Figure 2.16 Displacement v.s. time graph obtained in paper for French TGV (from
C.C. Lin et al., (2005))
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Figure 2.17 Acceleration v.s. time graph obtained in paper for French TGV (from
C.C. Lin et al., (2005))
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Figure 2.18 Displacement v.s. time graph obtained in MatLab for French TGV
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Figure 2.19 Acceleration v.s. time graph obtained in MatLab for French TGV

Table 2.1 Comparison of Results from (C.C. Lin et al., (2005)) and Thesis

Responses
Analysis 2
u(mm) a(m/s®)
C.C. Lin et
3,73 1,03
al., (2005)
Thesis 3,94 1,03
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As can be observed from the figures obtained from MatLab programming and from
Table 2.1, the responses are totally same with the results obtained in papers.
Therefore, it can be concluded that there is no error in the written language of the
analytical procedure. And, also it can be understood that the analytical approaches
are used to define the effects of different parameters on the dynamic response of

high-speed railway bridges in literature.
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CHAPTER 3

EUROCODE PROCEDURE FOR THE DYNAMIC ANALYSIS
OF THE RAILWAY BRIDGES

3.1 General

In this chapter, the procedure that is defined in Eurocodes for the dynamic analysis
of the railway bridges is explained. The dynamic analysis procedure that is defined
in EN 1991-2 is followed by all European countries for the design of railway
bridges. There are train models defined in EN 1991-2 for the static analysis of the
structure named LM71, SWO0, SW2.

Qyle=2a0kN  250kN 250kM 2a0kM

| Gy =BOKN/m ] L l l G =BOKN/m |
1 | n
|
e o U o R 3 | . 1.6m ,\L 1,8m
1 1

Key
(1) No linutation

o [
o8pl ., S

Figure 3.1 LM71 loading sheme (from EN 1991-2 : 2003)
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=

Load G a c

Model [kN/m] [m] [m]
SWio 133 15.0 53
SW/2 150 250 7.0

Figure 3.2 SW0 and SW2 loading sheme (from EN 1991-2 : 2003)

EN 1991-2 defines that the static analysis can be performed by using LM71 train
model and SW trains when required by using the suitable impact factors defined as

shown below;

¢, = _ 144 +0.82 for carefully maintained tracks
JL; —0.2
1.0 <¢,<1.67
2.16 )
b, = +0.73 for standard maintenance
L,-02
1.0 < ¢,<2.00

Ly= Determined Length for the Bridge, m (EN 1991-2 : 2003)

The different values are defined for determined length in EN 1991-2:2003 and it is
stated that L, 1s equal to span length for simply supported bridges.

Those impact factors are determined in order to take the effect of the moving speed

of the train into account. However, they can’t guarantee that the structure will not

exposed worse conditions during its operating life. Therefore, the procedure for
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additional dynamic analysis is required in order to check whether the structure is in

the limits of serviceability or not.

3.2 Requirement for Dynamic Analysis

EN 1991-2 presents a flow chart to define whether there is a need for dynamic

analysis or not. The factors that affect the dynamic behaviour of the structure are;

- The speed of traffic across the bridge.

- The span L of the element and the influence line length for deflection of the
element being considered.

- The mass of the structure.

- The natural frequencies of the whole structure and relevant elements of the
structure and the associated mode shapes along the line of the track.

- The number of axles, axle loads and the spacing of axles.

- The damping of the structure.

- Vertical irregularities in the track

- The unsprung/sprung mass and suspension charcteristics such that the

inertial effects of bogies of the vehicle.
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START

yes
V= 200 knvh —_—
Continuous
bridge (5)
Simple
structure (1) no
yes
Lz=40m b

v

g within
limits of
Figure .10

(6)

Far the dynamic
analysis use the
eigenforms for
forsion and for
bending

Use Tables F1 and F2
(2)

Eigenforms
for bending

sufficient

'

Dynamic analysis required
Calculate bridge deck
acceleration and «ayn etc. in
accordance with §.4.6 (note 4)

yes

l

Dynamic analysis not
required.

At resonance acceleration
check and fatigue check not
required.

Use ¢rwith static analysis in
accordance

Figure 3.3 Flow Chart for the requirement of dynamic analysis (EN 1991-2 : 2003)

As can be seen from the flow chart first control is about the speed of the project. If

the maximum design speed is less than 200 km/h then the type of the bridge is
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checked. If the bridge is continuous, there is no need for dynamic analysis.
However, in case of that the bridge is not a continuous bridge, Eurocode flow chart
shows that there is a need to check bending frequency of the structure whether it is

in the limits of the Figure 3.4 shown below;

The upper lmit of & 15 govemed by dynamic 150
enhancements due to track iregularities and is -
givenby: =
11 = 04, 76108 6.1 o
The lower limit of &, s govemed by dynamic an -
Impact criterda and Is glven by : F = -
[
iy = 80/ B N 2
for 4m = L < 20m z ® B BN B3 T
p = 23580 = L -
for 20m = L < 100m (6.2 = 3 =]
= T,
where: = =
4 "“._
- -
spis the first natural frequency of the bridge Ty ]
taking account of mass dus to parmanent 5 B | I 1) )
actions. 1E | 1 T+
L 15 the span length for simply supported
bridges or L. for other bridge types. 10— L UL Ul
o 4 & A0 18 a0 G0 BO 100
Key
(1) Upper limit of natural frequency
(2] Lowar Umit of natural frequency

Figure 3.4 Limits of bridge natural frequency ny as a function of L (EN 1991-2 :
2003)

If the first natural bending frequency satisfies the limits defined in the Figure 3.4,
then there is no need for dynamic analysis. If the natural bending frequency is out
of the limits, then the ratio of torsional frequency to bending frequency is checked.
If the ratio is larger than 1.2, following tables are used to determine the necessity

for dynamic analyses;
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Table 3.1 Maximum value of (v/ng)lim for a simply supported beam or slab and a

maximum permitted acceleration of apm,< 3.50 m/s>. (from EN 1991-2 : 2003)

M}aii i 230 | 270 | 290 | =100 [=123,0 | =150 [=180 (2200 | =250 |=30,0 | =400 [ =500
10° kg'/m =70 | =00 |=100]=130[=150]=180] <200 [=250 | =300 | =400] =500 -
Span L= S| v | v | v | wap | W | wae | whee | Wao | v | wiee | vm | wim
m® % | m m m m m m m m m m m m
(5007500 [ 2 171 [ 17a [ les 188 | 103|163 (218|213 ]|308|308 [a354] 3350
4 1,71 1LB3 [ 193 ] 192 | 2,13 | 224 [ 303 | 3,08 | 328 | 354 | 431 | 4,31
(75000000 [ 2 | 194 [ 208 [ 264 | 264 | 277 [ 277 [ 306 | 500 | 514 | 520 [ 535 | 542
4 [ 2,15 | 264 | 277 | 208 [ 403 | 500 | 514 [ 521 | 535 | 562 | 630 [ 653
[ 100,125 1 | 240 [ 250 ) 250 | 250 | 271 [ G153 | 625 | G636 [ G235 | 645 | 645 | GAT
2 (250 | 271 ) 271 | 583 [ 6,15 | G625 | G636 [ 636 | 645 | 645 | 718 [ 720
[12.5,15.00 1 | 250 [ 250 | 358 | 358 | 524 [ 524 | 536 | 536 [ 786 | 914 ] 914 | 914
2345 | 5,12 | 5,24 | 524 | 536G | 5306 | 786 | 822 | 053 | 976 | 10235 | 1048
[15.0,17.5) 1 | 300 [533 | 53% | 533 | 633 [ 633 | 650 | 650 [ G50 | 780 | 7.80 | 780
2 ) 533 | 538 [ 633 | 6,33 | 6,50 | G50 | 1007 [ 1033 ] 10,33 | 10,50 | LOJGT | 12 .40
[17.5,20,00 1 | 350 [ 633 | 6.3% | 6,33 | 650 [ G50 | 717 | 707 [ 1067 | 12.80) 1280 12,80
[20,0,25,00 1] 520 [ 521 ) 542 | 708 | 7,50 [ 7.50 | 1354 | 1354 [ 1396 | 1417 ] 14,38 | 14,38
25,0,30.0) 1 6,25 | 646G | G646 | 1021 ) 1021 [ 10,21 | 1063 | 100G | 12,75 | 1275 [ 12,75 | 12,75
30.0,40_0) 1 10,56 | 18233 ) 1833 [ 1861 | 1861 | 1889 | 1917 [ 19.17] 19,17
=400 1 1473 | 1500 15,56 [ 1556 | 1583 | 18,33 | 1833 | 18.3% ] 18,33
*Lelabimeans a= L < b
NOTE I Table F.1 includes a safety factor of 1.2 on (g s for acceleration, deflection and strength criteria and
asafety factor of 1.0 an the (W, for fatigue.
MNOTE 2 Table F.1 includes an allowance of (1+¢"/2) for track Irregularities,

Table 3.2 Maximum value of (v/ng)lim for a simply supported beam or slab and a

maximum permitted acceleration of ap,,,< 5.0 m/s>. (from EN 1991-2 : 2003)

Mee= m 230 |70 =00 (210002130 (=150 =180 |=200 =250 | =300 |=40,0 | 2300
Tig kg/m =70 |=00 =100 [=<130]=150<18,0|=<200 =250 =300 |=400 |=30,0 |-

Span Le S whag | wlay | Wy | wleay | owleg | Wy | wiag | wag | vl | wlep | wlap | wing

m* % | m m m m m m m m m m m m

[3007500 | 2 (178 |L88 193 |193 |213 |213 |308 |3.08 |344 [354 [359 [413

4 (188 1483 213 [2,13 [|3.08 [31% |344 354 [350 [431 431 |43]

[7A00000 | 2 [208 (264 278 |278 306 |507 |321 [5321 [&528 (335 (633 (633

4 (2064 |208 (485 [493 |514 [521 |535 |542 [632 |646 |G6G7 | 66T

[10,0.12,51 1 {250 |250 271 [6,15 |6.25 [G636 |6G36 |646 [G646 |646 |7.15 |T7,19

2 [271 |583 |6.15 [G,15 |636 (646G |G46 646 (7,19 |7.19 775 |7.75

[12,5.15,00 1 (250 |358 |524 [524 |536 [536 |786 |833 [014 |9014 (914 |914
2 [5,12 |524 |53% [536 |78G [822 |553 964 [1036 1036 | 1048 | 1048

[15.0.17,51 1 (533 |533 |633 [633 |650 (G650 |G50 78O [780 |780 |780 |7.80
2 [533 |633 |650 [650 1033 (1033 ) 1050 | 1050 [ 1067 | 1OGT (12,40 | 1240
17,5.20,0) 1 |G,33 [6.33 |6A50 G50 |7A7 | 10GGY | 10,67 | 1280 (1280 | 12,80 | 1280 | 1280
20,025,001 1 (521 |7.08 750 (750 [13.54 [13.75 139G 1417 (1438 1438 |1438 | 14,38
25,0.30,00 1 [G46 | 1020 1042 {1042 | 1063 (1063 | 12,75 1275 [1275 | 12,75 | 1275 | 1275
30,0_40,0) 1 18,33 | 1861 [ 1880 | 1889 | 1917 [ 19,17 | 19,17 | 19,17 | 19,17
=40.0 1 15,00 | 1556 [ 1583 | 18,33 | 1833 [ 18,33 | 1833 | 18,33 | 1833

N b

Lelabimeansa=L < b

MNOTE 1 Table F.2 includ es & safety factor of 1.2 on (%), for acceleration, deflection and strength criterla and
a safety factor of 1,0 onthe (¥l for ftigue.

MOTE 2 Table F.2 include an allowance of (L+¢"/2) for track irregularities,
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In the Tables 3.1 and 3.2, the limit for the ratio of maximum design speed and
natural bending frequency is checked. If the ratio satisfies the limits shown on
tables, the dynamic analysis is not required. Otherwise, the dynamic analysis will

be performed using bending modes.

If the ratio of torsional frequency and bending frequency is less than 1.2, then
dynamic analysis is performed by using eigenforms for bending and torsion

together.

3.3 Dynamic Analysis Train Models

In case of that there is a need for dynamic analysis; EN 1991-2 defines 10 each
train loading models names as HSLM-A trains and one HSLM-B train to be used
for loading. The HSLM-A and HSLM-B train models and the conditions to choose

which one to use are presented in the figures and tables below;

D NxD D
4 P P 2P - P 20 P P 4x P
() (2) @ [E-” @ ‘3ﬂ (3 i2) (1) ‘
000 o o] o o0 .
L el o dd SE RS
3 13 D 3 11 |a

3.525 3.525
Key
(1) Power car (leading and trailing power cars identical)
(2) End coach (leading and trailing end coaches identical)
(3) Intermediate coach

Figure 3.5 HSLM-A train model (from EN 1991-2 : 2003)
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Table 3.3 HSLM-A train model definitions (from EN 1991-2 : 2003)

Universal Number of Coach length Bogie axle Point force
Train intermediate coaches D [m] spacing P [kN]
N d [m]

Al 18 18 2.0 170

A2 17 19 35 200

A3 16 20 2.0 180

Ad 15 21 30 190

AS 14 22 2, 170

Ab 13 23 2, 180

AT 13 24 2, 190

A8 12 25 25 190

A9 11 26 2.0 210
AlQ 11 27 2.0 210

e— N % 170kN —

Figure 3.6 HSLM-B train model (from EN 1991-2 : 2003)

Table 3.4 Application of HSLM-A and HSLM-B (from EN 1991-2 : 2003)

Structural configuration Span
L=Tm L=Tm
Simply supported span® HSLM-B® HSLM-AS®
Continuous structure® HSIM-A HSLM-A
Trains Al to A10 Trains Al to A10 inclusive’
or inclusive®
Complex structure”

* Walid for bridges with only longitudinal line beam or simple plate behaviour with negligible skew effects
on rigid supports.

® For simply supported spans with a span of up to 7 m a single critical Universal Train from HSLM-B
may be used for the analysis in accordance with 6.4.6.1.1(5).

© For simply supported spans with a span of 7 m or greater a single critical Universal Train from HSLM-A
may be used for the dynamic analysis in accordance with annex E (Alternatively Universal trains Al to
A10 inclusive may be used).

All Trains Al to A10 inclusive should be used in the design.

Any structure that does not comply with Note a above. For example a skew structure, bridge with
significant torsional behavieur, half through structure with significant floor and main girder vibration
mades ete. In addition, for complex structures with significant floor vibration modes (2.g. half through or
through bridges with shallow flosrs) HSLM-B should also be applied.

e

NOTE The National Annex or the individual project may specify additional requirements relating to the
application of HSLM-A and HSLM-B to continuous and complex structures.
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3.4 Speeds to be Considered

It is stated in EN 1991-2 that the dynamic analysis should be performed for
different speed values with in the range of 40 m/s and maximum design speed.
Maximum design speed is determined as the 1.2 times the maximum operating

speed. The speed values in that range is determined according to the equation

below;
v, =k (3.1)
40 m/s < v; < Maximum design speed
where;
Vi = Resonant speed
no = First natural frequency of the unloaded structure
Ai = The principle wavelength of frequency =d/i
d = Regular spacing of group of axles
i =1,2,3,4

3.5 Damping of the Structure

It is defined in EN 1991-2 that the peak response of the structure at resonance
conditions is highly dependent on damping. Therefore, it is emphasized that the
lower bounds of damping shall be used for the dynamic analysis calculations. The
conditions that are defined in EN 1991-2 to choose the damping to be used in

analysis are summarized in the table below;
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Table 3.5 Values of damping to be assumed for design purposes (from EN 1991-2 :

concrete

2003)
¢ Lower limit of percentage of critical damping [%4]
Bridge Type Span L < 20m Span L = 20m
Steel and composite £=05+0,125(20-1L) £=0.5
Prestressed concrete S=10+007(20-L) &=1.0
Filler beam and reinforced £=15+0,07(20-L) g=1.5

According to EN 1991-2, damping ratios found from the formulas above can be

increased due to span length values according to the figure presented below;

Lnt=1

ot

10 15
L [m]

20

25

Figure 3.7 Additional damping as a function of span length (from EN 1991-2 :

3.6 Mass of the Bridge

2003)

Mass parameter is important since any underestimation or overestimation in mass

determinations leads to obtain results far from the real case. However, there can be
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different probabilities such that the structure may be exposed to different mass
conditions during its operating life.

Any underestimation in mass calculations results in higher natural frequency
values, thus higher resonant speeds. However, overestimating the mass leads to

obtain lower resonant speeds.

EN 1991-2 determines two conditions to calculate the mass of the structure such

that;

- Using minimum likely dry clean density and minimum thicness of ballast to
obtain maximum deck accelerations at high resonant speeds.
- Using maximum saturated density of dirty ballast to allow the future track

lifts to obtain the maximum deck accelerations at lower resonant speeds.

3.7 Stiffness of the Bridge

Any overestimation of the stiffness property of the bridge gives maximum deck
accelerations at high resonant speeds, whereas underestimating the stiffness shows
high acceleration responses at lower speeds. However, it is not possible to obtain
the exact Young’s modulus values that completely reflect the real situations. This is
mainly because of that, there are a lot of parameters that affect modulus which
prevents the designer to obtain sufficient accuracy for the dynamic analysis.
Therefore, EN 1991-2 emphasizes that the modulus values should be determined
by tests performed, and the values used shall be conformed with relevant authority

for the project.

3.8 Determination of Critical HSLM Train for Dynamic Analysis

EN 1991-2 determines a procedure to choose the critical HSLM train loading to

perform dynamic analysis. The number of axles, axle loads, and distances between

axles are the main parameters that are related to train properties. All these
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parameters are effective for determination of the wavelength of exication of the
train loading. Therefore, the procedure of chosing the critical train model for

dynamic analysis is based on wavelength values.

3.8.1 Determination of Maximum Design Speed Wavelength of Exication

The maximum design speed wavelength is determined in EN 1991-2 Annex E part

E2 as shown below;

lv = Vds /I’l() (32)
Vs = Maximum design speed = 1.2 x maximum operating speed
ny = First natural frequency of the unloaded structure
Ay = Maximum design speed wavelength of exication

3.8.2 Determination of Critical Wavelength of Exication

After the determination of maximum design speed wavelength of exication, the
critical wavelength of exication is determined according to the figures presented for

different span lengths in EN 1991-2 Annex E part E2.

1200
0oa Aa 5
E a0 ll TTets
. el
Al LS
T [~
200 '
0

A |_I_IJ
Figure 3.8 Aggressivity 4,1)G;) as a function of exication wavelength A for a

simply supported span of L = 7.5 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.9 Aggressivity 4,,G,) as a function of exication wavelength A for a

simply supported span of L =10.0 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.10 Aggressivity 4,,)G,) as a function of exication wavelength A for a

simply supported span of L =/2.5 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.11 Aggressivity 4.,,G ) as a function of exication wavelength A for a

simply supported span of L =75.0 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.12 Aggressivity 4,,G ;) as a function of exication wavelength A for a

simply supported span of L =17.5 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.13 Aggressivity 44,;,)G,) as a function of exication wavelength A for a

simply supported span of L =20.0 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.14 Aggressivity 4.,,Gz)as a function of exication wavelength A for a

simply supported span of L =22.5 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.15 Aggressivity 4,,)G,) as a function of exication wavelength A for a

simply supported span of L =25.0 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.16 Aggressivity 4,;,)G,) as a function of exication wavelength A for a

simply supported span of L =27.5 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.17 Aggressivity 4,,)G,) as a function of exication wavelength A for a

simply supported span of L =30.0 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.18 Aggressivity 4,,Gz)as a function of exication wavelength A for a

simply supported span of L =32.5 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.19 Aggressivity 4,,G ;) as a function of exication wavelength A for a

simply supported span of L =35.0 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.20 Aggressivity 4.,,Gz) as a function of exication wavelength A for a

simply supported span of L =37.5 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)
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Figure 3.21 Aggressivity 4,;,)G,) as a function of exication wavelength A for a

simply supported span of L =40.0 m and damping ratio ¢ = 0.0/ (EN 1991-2:2003)

As a special note in EN 1991-2, if higher values of aggressivity is obtained for
A <Av, Ac is taken equal to A. If the analysis to be performed for span lengths and
damping ratios different from the values of figures shown above, the formulation

for the aggressivity functions shown below can be used (EN 1991-2:2003);

Cos( /1)
gt

Tt

As can be seen from the formulas presented by Eurocode, DER method is used for

G(4)= Eanvg% \/(ZF Cos(

the determination of critical HSLM train. (See Chapter 2)
After the determination of the critical wavelength according to the figures or

formula presented, critical HSLM train is selected from the figure in EN 1991-2

Annex E as shown below;
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CHAPTER 4

CASE STUDY

4.1 General

This chapter contains a case study work for a 30 m span railway bridge which is in
the scope of Ankara-Sivas High Speed Railway Project. The bridges in Ankara-
Sivas High Speed Railway Project are designed as prestressed concrete bridges.
Four different span legths are used for the project such as 15m, 20m, 25m and 30m.
Since 30 m span length is the commonly chosen length for the prestressed concrete

bridges that are designed in Turkey, a 30 m bridge is chosen as case study.

SAP2000 finite element analysis program is used to model the bridge, and the
dynamic analysis results obtained from the finite element program are compared
with the results found from analytical approaches. The procedures that are defined
in EN 1991-2 are followed to choose the critical loading train and critical speed
values. And, analyis will be performed for all HSLM trains and various speeds in

analytical approach.

4.2 Case Study for L = 30 m Railway Bridge

Bridge properties that are basis for the analysis are determined in following parts.
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4.2.1 Properties for Composite Bridge Section
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Figure 4.1 Composite section for L=30 m

Cross section area =11.26 m*
Moment of inertia =6.185m*
Total superstructure weight =426.34 kN /m

Total superstructure mass =43.473 t/m

4.2.2 Project Speed

The maximum operating speed for Ankara-Sivas high-speed railway project is 250

km/h and design speed according to the Eurocode is taken as;

1.2 x 250 km/h = 300 km/h = 83.33 m/s
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4.2.3 Type of Structure

The structure is considered that it has negligible skew effects and is constituted
from simple span prestressed beams with rigid supports at the end. Therefore, the

bridge can be considered as simple structure.

After the determination of the type of structure, the next step is comparing the span

length according to the flow chart presented in Chapter 3.

4.2.4 Span Length

Since the span lenght of the bridge is less than 40 m, the ratio of torsional

frequency of the structure to the natural bending frequency should be checked.

Therefore, there is a need for eigenvalue analysis of the structure.

4.2.5 Damping Ratio of the Structure

From Table 3.3 damping ratio for span length of 30 m is found as;

e=10%

According to Figure 3.7 presented in Chapter 3 damping ratio increase is 0.

Therefore, damping ratio is taken as 1.0%

4.2.6 Definition of Model for SAP2000

The 3D finite element modelling of the bridge is prepared in SAP2000 by
modelling beams as frame elements whereas the deck is modelled with shell
members. The beam and deck is connected with rigid frame members. The supports
are modelled as elastomeric bearings. A figure that shows the finite element

modelling of the bridge structure is shown below;
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Figure 4.2 Analysis model of the bridge structure
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Figure 4.3 Section View of Analysis Model
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53



Figure 4.4 Marking of members in the analysis model

4.2.7 Eigenvalue Analysis for the Bridge

Modal analysis for the bridge was performed and the results for the first natural

bending period are presented in the Figure 4.5 below;

Figure 4.5 First bending mode shape
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Figure 4.6 First torsional mode shape

First bending period for the structure is obtained as 0.28 sec while the torsional
mode is 0.24 sec. And correspondingly the first natural bending frequency and
torsional frequency are;

ng=1/028=3.57Hzandnr=1/0.24=4.17 Hz.

Since nt < 1.2 x ng dynamic analysis is required according to the flow chart.

4.2.8 Determination of Critical Wavelength of Exication

In order to determine the critical wavelength of exication, the maximum design
speed wavelength of exication should be found according to the formula that is
defined in Section 3.

Ay =Vas/ng =83.33 (m/s)/3.57 Hz=23.34 m

Then from figure 3.18 in Chapter 3, the critical wavelength of exication is found as

23.34 m.
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4.2.9 Determination of Critical Train Loading

After finding the critical wavelength of exication, the critical train loading can
easily be chosen using Figure 3.22 or using the DER method spectra for the HSLM

trains that is presented in Chapter 2.

For A. = 23.34 m, the critical train model is chosen as HSLM A6. HSLM A7 train
may also be critical according to Eurocode. HSLM A6 will be used for finite

element analysis whereas all trains will be analysed analytically.

4.2.10 Determination of Critical Train Speed

The first bending frequency of the structure is 3.57 Hz. Then the critical speed is
found as;

Vo =X xnp=23mx3.57 =82.11 m/s (HSLM A6)

Var =kxnp=187mx3.57 =66.76 m/s (TGV)

4.2.11 Determination of Load Case and Analysis Case in SAP2000
The train loading is determined as multi step moving load in SAP2000 and linear
modal history analysis is performed. Damping coefficient is chosen as 1% for all

modes. The HSLM A6 train is determined by using the Bridge vehicle menu in

program as shown below;
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Vehicle Name 4B [~ UseBD 37/01 (2002) for Uniform Load Length Effects
T [~ Wehicle Applies To Straddle [Adiacent] Lanes Onlp
Jv Lane Megative Moments at Supports Straddle Reduction Factor
Jw Interior Yertical Support Forces

v All other Responses

Floating Axle Loads Bes s & 5 B B e 8 s 8 B B e s s e
Yalue Width Type Aule Width
Load Plan
For Lane Moments Io. |Ume Point ﬂ [ —
For Other Responses |U, |Dme Paint ﬂ |

L B L h ¥ 3

[~ Double the Lane Moment Load when Calculating Negative Span Moments
Load Elevation

Loads

Load Minirnurn e aximum Uriform Uriform Unifarm Axle Arle Axle
Length Type Distance Distance Load ‘width Type Width Load Swidth Type width

FivedLength v |[1.000E-04 | [Zero widih

‘Une Faint

Fized Length ] Zero Width One Paint ] n |
Fixed Length — |Zerawidth —' | One Paint = =
Fixed Length Zero Width One Paint
Fized Length Zero Width One Paint
Fixed Length Zero Width One Paint
Fized Length T | Zero Width One Paint 2 =2
Add Inzert M odify | Delete
Cancel | Units |KM.m.C *

Figure 4.7 Vehicle Definition in SAP2000

The train speed is determined in Load Case menu and the lane is assigned to related

loading.

Wehicle Lane Start Dist Start Time Direction Speed
A6 = |[LanEn =~ Foward _|[E2.11

TTs

Mote:  Vehicles that are defined using & uniform load will not be included in the program generated multi-step
analysis case. Click this note to gee a list of vehicles defined using uniform loads.

Load Discretization Information Urits

Duration of Loading is 10,1028 seconds ’m
Digcretize Load every 0m seconds

Cancel

Figure 4.8 Moving Load Definition in SAP2000

And finally the linear modal history analysis case is determined. Linear modal

history case is acceptable for the dynamic analysis procedure, especially for the
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models in which there is no element that shows nonlinear behaviour. Linear modal

history analysis in SAP2000 is determined as shown below;

Analysis Case Type

Analysis Case Name |HSLMASV2DYN Set Def Hame Time History -
Initial Conditionss Analysis Type Time History Type
& Zem Initial Conditions - Start from Lnstressed State @ Linear @ todal
7 ¢ Monlinear " Ditect Integration
Important Mate: Loads from this previous case are included in the
cunent case Tirne History Motion Type:
& Transient (o)
Modal Analysis Case
" Periodic
Use Modes fiom Case MODAL -
Loads Applied
LosdType  LosdName Funcon  Scale Factor
[Load _wl[HstHagve ~f[Funct [T
Add
Madity

Delete

[~ Show Advanced Load Parameters

Time Step Data
Number of Dutput Time Steps 1000
Dutput Time Step Size [

Other Parameters

Modal Damping Constant at 0,01 Modifn/Show.

Cancel

Figure 4.9 Linear Modal History Analysis Definition in SAP2000

After defining all the model features, the analysis is performed and obtained results
are presented.

4.2.12 Analysis Results

The displacement and acceleration graphs that are found from analysis in SAP2000

are presented below;
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Figure 4.10 Displacement v.s. Time for HSLMAG6 (from SAP2000)
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Figure 4.11 Acceleration v.s. Time for HSLMAG6 (from SAP2000)
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Figure 4.12 Displacement v.s. Time for French TGV (from SAP2000)
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Figure 4.13 Acceleration v.s. Time for French TGV (from SAP2000)

60

JOINTZ2782 1

JOINTZ2782 1



4.2.13 Analytical Approach to the Problem

The same bridge for the Ankara-Sivas High-Speed Railway Project is also analysed
using analytical approach explained in Chapter 2. The analyses are performed for
all HSLM trains and for different speeds with 5 m/s range and between 40 m/s and
83.33 m/s. The speed v.s. maximum acceleration graphs for all trains at 5 m/s
speed range and displacement v.s. time, accelaration v.s. time graphs at critical
speed for HSLM A6 and French TGV trains are shown below whereas the related

acceleration and displacement graphs for the remaining are given in Appendix B.
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Figure 4.14 Displacement v.s. Speed for HSLMA1

Velocity v.s. Acceleration
2,5
& 2 —
£
g 1,5
] —— HSLMA1
o 11
©
3
< 05 —
0
o wn o wn o © wn o 1) o (32
< < D e} © 3 © ~ ~ © (]
< ()
© [ee]
Velocity(m/s)

Figure 4.15 Acceleration v.s. Speed for HSLMA1
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Figure 4.18 Displacement v.s. Speed for HSLMA3
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Figure 4.19 Acceleration v.s. Speed for HSLMA3
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Figure 4.25 Acceleration v.s. Speed for HSLMAG6
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Figure 4.26 Displacement v.s. Speed for HSLMA7
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Figure 4.28 Displacement v.s. Speed for HSLMAS

Velocity v.s. Acceleration

18

1,6

1,4

1,2

0,8

0,6

Acceleration(m/sz)

04 S

0,2

40
45
50

Yo}
[Te}

44.625

(=} 0
© ©

Velocity(m/s)

70

75

80

83.33

—e— HSLMA8

Figure 4.29 Acceleration v.s. Speed for HSLMAS
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Figure 4.34 Displacement v.s. Time Graph for HSLMAG6 (Analytical Approach)
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Figure 4.35 Acceleration v.s. Time Graph for HSLMAG6 (Analytical Approach)
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Figure 4.36 Displacement v.s. Time Graph for TGV (Analytical Approach)
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Figure 4.37 Acceleration v.s. Time Graph for TGV (Analytical Approach)

4.2.14 Comparison of the Results

In this part obtained results from finite element method and analytical approach are

compared. The graphs for the comparison of the results are presented below;
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Figure 4.38 Comparison of Displacement responses of SAP2000 and Analytical
Solution for HSLM A6 train
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In Figure 4.38 presented above, Displacement responses from finite element
analysis and analytical approach are drawn in same graph. In other words, Figure

4.10 and Figure 4.34 are presented together.
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Figure 4.39 Comparison of Acceleration responses of SAP2000 and Analytical
Solution for HSLM A6 train
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Figure 4.40 Comparison of Displacement responses of SAP2000 and Analytical
Solution for TGV train
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Figure 4.41 Comparison of Acceleration responses of SAP2000 and Analytical
Solution for TGV train

In addition to the presented figures above, tabular presentation of the results are

shown below;

Table 4.1 Tabular presentation of the obtained results from SAP2000 and analytical

approach
Analysis Results Comparison
Finite Element Analytical
Program Approach
Response

HSLMAG TGV | HSLMA6 | TGV
Displacement(mm) 6.90 3.47 7.63 3.38
Acceleration(m/sz) 2.50 1.04 2.76 0.98

The analysis with finite element method and analytical approach are performed by
neglecting the effect of torsional mode. The values are not too much different from
eachother. Small differences can be considered according to that the loading is not
centering the bridge in finite element model and also 3d modelling is used in finite
element approach. In 3d analysis, there is probability of girders to show local

response. However, since the differences are not too much, analytical approach can
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be used to define the critical parameters that affect the dynamic responses. In order
to see the effect of torsional mode, comparisons for HSLM A6 train are provided
by taking the torsional mode together with higher bending modes into

consideration in SAP 2000. The related comparisons are shown below;
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Figure 4.42 Comparison of Displacement responses of SAP2000 With and Without
Torsion for HSLM A6 train
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Figure 4.43 Comparison of Acceleration responses of SAP2000 With and Without
Torsion for HSLM A6 train
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It can be seen from Figure 4.42 and Figure 4.43, effect of higher modes including
torsion are negligible. The datas obtained from both cases are very similar to

eachother.

The results from analytical approach and finite element method is also compared
with the initial predictions found from the formulas presented in Section 2.6 in

DER method below ;

For HSLM AG6 train;
C =4/(43.473 x ) =0.03
AL/ A)xG(A) =96 (from Figure 2.3 in Section 2.6)

}SCwﬂgé)GMJ =96 x 0.03 = 2.88 m/s’

For French TGV train;
C =4/(43.473 x)=0.03
AL/ A)xG(A) =37 (from Figure 2.3 in Section 2.6)

;SQA@@Gm)zﬂxamanmﬁ

Table 4.2 Comparison of Results with DER method

HSLM A6 French TGV
Analysis Type Acceleration Acceleration
(m/s?) (m/s?)
Analytical Approach 2.76 0.98
Finite Element Method 2.5 1.04
DER method 2.88 1.11
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It can be seen from Table 4.2, DER method predicts the response in good accuracy.

If we check the displacement and acceleration responses with respect to different
velocities obtained from analytical approach, we can see that the maximum
response is obtained for HSLM A6 train at the speed of 82.11 m/s and for HSLM
A7 at the speed of 83.33 m/s. As explained before Eurocode suggests HSLM A6
and HSLM A7 trains to be analysed. The critical train can also be found from
Figure 2.3 in Chapter 2 which shows the aggressivity values for each HSLM train.
And it can also be seen from the Figures between 4.14 and 4.33, the critical trains
that are shown in Table 4.3 below for different speed values gives maximum

response when compared to others in the design speed range.

Table 4.3 Critical trains for different maximum design speeds

Maksimum Design Speed AV AC
(m/s) (m) (m) Critical Train
60 16.81 13.50 A10
70 19.61 18.00 Al
80 22.41 22.40 A5 and A6

Therefore, it can be concluded that suggested HSLM trains by Eurocode can be
used for the parametric study that will be performed in next chapter by analytical

approach.
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CHAPTERS

PARAMETRIC STUDY

5.1 General

In this chapter, effect of different parameters such as mass, stiffness, modal
frequency and corresponding modal displacements are studied in order to define
the effect of these parameters on the dynamic response of the bridge. Analytical
approach is used in parametric study which is considered as acceptable from other
studies performed about the subject and also proven to be consistent in Chapter 4
of this study. Taiwan high-speed railway bridge is chosen as the basis for
parametric study which has been checked for dynamic response in Chapter 2.
However the damping ratio of 2.5% is decreased to 1% in parametric study and
kept constant for each cases. 7 different stiffness values is analysed for 3 different
mass values. Analyses are performed for critical HSLM trains and TGV train and
results are presented. Then the necessary comments about the obtained results are
also presented in this section. The definition of the parameters is described for each

one in the following parts.

5.2 Stiffness Values for Parametric Study

As previously mentioned in Section 5.1, Taiwan high-speed railway bridge is taken
as basis for stiffness determination. As shown in Figure 2.10 in Chapter 2 the

flexural stiffness of the Taiwan high speed railway bridge is found as E x [ =2.82 x
10"x 17.9 m*= 504780000 kNm”
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The other stiffness values are determined as multiplying the stiffnes of Taiwan
high-speed railway bridge with 1/100, 1/20, 1/5, 2.50, 3.0 and final stiffness value

is determined according to the obtained results from the previous stiffness values.

5.3 Mass Values for Parametric Study

Mass values for the parametric study are determined by considering the minimum
and maximum practical mass for concrete bridges. In the light of this assumption

mass values are determined as 25 t/m, 35 t/m and 45 t/m for parametric study.

5.4 Speeds Considered in Parametric Study

Analyses are performed for different speed values in parametric study. Maximum
design speed is chosen as 350 km/h (97.22 m/s). Together with the determined
speeds by Eurocode, aditinional analysis speeds are determined. The speeds are

defined according to the formula stated below;

Ver=d/1x (n,....ng) wherei=1,2,3,4
d = axle distance for critical train

i = resonance number

no = first natural bending frequency

Nk = k™ natural bending frequency

ny is considered for the values obtained from the formula stated below where;

40 m/s < Ver <97.22 m/s
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5.5 Train Model Considered for Parametric Study

The critical trains for each analysis are determined from the procedure defined in

Eurocodes. And all analyses are also performed for French TGV train to compare

the results obtained from HSLM trains in safety point of view.

5.6 Summary of the Parameters

Analyses are performed for constant 1% damping and span length of 40 m. The

analysis no, stiffness, mass, critical trains and speed values for each analysis are

summarized in table shown below;

Table 5.1 Analysis Parameters

ANALYSIS El m Critical Analysis Speeds
NO (kNm?) (t/m) Train (m/s)
1 5047300 25 HSLMA3 (40) / (55.12) / (73.49) / (79.40) /
(97.22)
(40)/ (46.59) / (62.12) / (67.10) /
2 5047800 35 HSLMA3 (93.17)/ (97.22)
(40)/ (41.09) / (54.78) / (59.18) /
3 5047800 45 HSLMA3 (82.17)/ (97.22)
4 5239000 25 HSLMA3 (40)/(44.39)/ (59.19) / (88.78) /
(97.22)
5 25239000 35 HSLMA3 (40)/50/75/(97.22)
(40)/ (44.11)/ (58.82) / (66.17) /
6 25239000 45 HSLMA3 (91.89) / (97.22)
7 100955600 25 HSLMA3 (40)/(78.91)/(88.77) / (97.22)
8 100955600 35 HSLMA3 (40)/ (66.70) / (75) / (97.22)
9 100955600 45 HSLMA3 (40) / (58.82) / (66.17) / (88.23) /
(97.22)
10 504780000 25 HSLMA3 (40) /(88.23) / (97.22)
11 504780000 35 HSLMA3 (40) / (74.56) / (97.22)
12 504780000 45 HSLMA3 (40) / (65.80) / (97.22)
13 1261950000 | 25 | HSLMA10 (40)/ (47.08) / (62.78) / (94.16) /
(97.22)
14 1261950000 | 35 | HSLMAI1O (40)/(53)/(79.58) / (97.22)
15 1261950000 | 45 HSLMA?2 (40) / (49.39) / (97.22)
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Table 5.1 Analysis Parameters Cont’d

ANALYSIS El m Critical Analysis Speeds

NO (kNm?) | (t/m) Train (m/s)

16 1499196630 | 25 | HSLMAO (40) / (49.42) / (65.89) / (97.22)

17 1499196630 | 35 |HSLMAl0| (40)/(43.37)/(57.83)/(86.74)/
(97.22)

18 1499196630 | 45 | HSLMAI0 (40)/ (51)/ (76,55) / (97.22)

19 |2089789200| 25 | HsLmas | (40)/(44.88)/(59.84)/(89.76)/
(97.22)

20 |2089789200| 35 | HSLMAO9 (40) / (49.31) / (65.75) / (97.22)

21 2089789200 | 45 |HSLMmalo| (407435 ’16)(g§62()2";‘1) /(90,32)/

The speeds marked as red are critical speeds determined by Eurocode while others

are analytically determined critical speeds.

5.7 Analysis Results

The displacement and acceleration responses obtained for each case will be
presented in this part. The results will be given as tables in this part. The related
graphs for the analysis performed for selected critical speeds are given in Appendix

C.

5.7.1 Results and Discussion on Results for Critical Speed

The results for the first three analysis performed in the scope in this study are
summarized in the tables shown below in which the obtained acceleration and
displacement values are shown for each analysed speed value. The displacement-
time and acceleration-time graphs for selected critical speed are presented in
Appendix C of this study. In this part, displacement-time and acceleration-time

graphs for the case of maximum response are presented.
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Figure 5.1 Displacement v.s. Time graph for EI = 5047800 kNm?, m=25 t/m and
V=79.40 m/s

Acceleration v.s. Time

40

30

20

Il

o
! \JUUU

i i

s

——

Acceleration(m/s ?)

210 3
-20 - “
-30

o
—— ]
]

Time(sec.)

Figure 5.2 Acceleration v.s. Time graph for EI = 5047800 kNm?*, m=25 t/m and
V=79.40 m/s

The values obtained for the first three analyses are summarized in the tables shown

below;
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Table 5.2 Analysis results for different speed values, EI=5047800, m= 25 t/m

V (m/s) u (cm) a (m/s”)
40 46 5.35
55.12 37.8 3.45
73.49 36.47 9.2
79.40 38.15 28.02
97.22 29 4.04

Table 5.3 Analysis results for different speed values, EI=5047800, m= 35 t/m

V (m/s) u (cm) a (m/s?)
40 35.8 2
46.59 37.83 2.5
62.12 36.47 6.56
67.10 38.15 20.25
93.17 28.2 7
97.22 27.89 3.7

Table 5.4 Analysis results for different speed values, EI=5047800, m= 45 t/m

V (m/s) u (cm) a (m/s?)
40 41.42 2
41.09 37.8 1.95
54.78 36.47 5.11
59.18 38.15 15.75
82.17 28.22 5.51
97.22 29.76 2.16

As can be seen from the tables, maximum responses are obtained at non-resonant
speeds. In other words, peak responses are obtained for the speeds that are found
from the bending modes different than the first mode. This may occur when the
first natural bending mode does not have peak modal displacement in the design
frequency range. The frequency and modal displacement graph for the first analysis

is presented below;
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Figure 5.3 Frequency v.s. Mode Shapes for EI = 5047800 kNm?, m=25 t/m

Figure 5.4 Modal Shape in Design Frequency Range for EI = 5047800 kNm?,
m=25 t/m

The frequency value that leads to peak modal displacement shown in Figure 5.3 is
3.97 Hz. And critical speed value that gives the maximum response for the HSLM
A3 train (d=20 m), Vcr =20 x 3.97 = 79.40 m/s

The results for the analyses between 4 and 6 are presented below. The displacement

v.s. time graph is given for the analysis 4 together with acceleration v.s. time graph

in this part while the same graphs for other analyses are given in Appendix C.
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Figure 5.5 Displacement v.s. Time graph for EI = 25239000 kNm?, m=25 t/m and
V=88.78 m/s

Acceleration v.s. Time

I I I‘
!
M.M ‘
V

Acceleration(m/s ?)
(2] B N o N £ (2]

Time(sec.)

Figure 5.6 Acceleration v.s. Time graph for EI = 25239000 kNm?” m=25 t/m and
V=88.78 m/s

Table 5.5 Analysis results for different speed values, EI=25239000, m= 25 t/m

V (m/s) u (cm) a (m/s%)
40 6.32 1.13
44.39 6.88 1.36
59.19 8.38 2.76
88.78 9.18 5.4
97.22 7.3 2.84
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Table 5.6 Analysis results for different speed values, EI=25239000, m= 35 t/m

V (m/s) u (cm) a (m/s%)
40 6.54 0,97
50 8.38 1.98
75 9.18 3.9

97.22 8.42 2.46

Table 5.7 Analysis results for different speed values, EI=25239000, m= 45 t/m

V (m/s) u (cm) a (m/s?)
40 6.84 1.12
44.11 8.37 1.54
58.82 7.38 1.35
66.17 9.18 3
91.89 7.56 1.92
97.22 6.81 1.64

In Figure 5.3, there is a peak modal displacement in the design frequency range.
However, in case of that there is no peak modal displacement in the design
frequency range, it is obvious that the acceleration response of the bridge will be
smaller when compared to the condition that there is a peak modal displacement in
the design frequency range. The closer resonant speeds where the peak modal
displacements are obtained should be considered in these cases. Results of the
analyses between 4 and 9 can be example for the related condition. The results for
the analyses between 4 and 6 are presented in Table 5.5 to Table 5.7 whereas the
related frequency v.s. modal displacement graph for analysis 4 can be seen in
Figure 5.7. Same condition can be seen for analysis between 5 and 9 from the
presented acceleration v.s. time graphs in Appendix C and frequency v.s. modal

displacement graphs in Appendix D.
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Figure 5.7 Frequency v.s. Mode Shape for EI = 25239000 kNm?, m=25 t/m

As can be seen from Figure 5.7, there is no peak modal displacement in the design
frequency range. However there is a peak modal displacement for the frequency
value of 8.878 Hz. And, maximum response is obtained for 88.78 m/s speed as
presented in Table 5.5. This non-resonant speed is obtained with the calculation for
HSLM A3 train such that, Ver=(d /1) x 8.878 =(20/ 2) x 8.877 = 88.87 m/s.

31
1

In the calculation shown above, the value is taken as 2. This means that the
bridge shows two cycles of oscillations between the passage of two consecutive
loads. However, it is obvious that the situation that the bridge shows one cycle of
oscillation between the passage of two consecutive loads is more probable. And
there can be higher acceleration results in that case. Since, in the analytical
approach, the effect of torsional frequency is not considered, the responses
obtained for the cases where there is no peak modal displacements in the design
frequency range may be underestimated. If detailed analysis is performed for a
bridge, there is a probability of that the second mode is torsional mode. And
obviously there will be a peak modal displacement in the design frequency range
according to torsion. In that case, the non-resonant speed should be calculated from

the torsional frequency together with the closer bending frequencies. From this

explanation, it can be said that the probable critical modes should be considered for
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the cases where the peak modal displacements are not obtained from the first

natural bending mode in design frequency range.
5.7.2 Results and Discussion on Results for Displacement and Acceleration
The displacement and acceleration values will be discussed by presenting peak

values for all analyses together. The peak responses obtained from the analysis are

summarized in the table shown below;

Table 5.8 Summary of results for peak responses

ANALYSES| STIFENESSAND [ o o 0 PEAK
NO MASS TRAIN | _RESPONSES
EI(kNm?®) | m(t/m) a(m/s”) | u(cm)
1 5047800 25 | HSLMA3 28 | 45.99
2 5047800 35 | HSLMA3 | 2025 |38.15
3 5047800 45 | HSLMA3 | 15.74 | 41.42
4 25239000 25 | HSLMA3 54 | 9.18
5 25239000 35 | HSLMA3 39 | 9.18
6 25239000 45 | HSLMA3 | 3.05 | 9.18
7 100955600 25 | HSLMA3 | 3.65 3.4
8 100955600 35 | HSLMA3 | 145 | 2.96
9 100955600 45 | HSLMA3 | 1.52 | 2.09
10 504780000 25 | HSLMA3 | 4.14 | 0.73
11 504780000 35 | HSLMA3 | 297 | 0.73
12 504780000 45 | HSLMA3 | 231 | 0.73
13 1261950000 | 25 | HSLMAIO | 1.56 | 0.18
14 1261950000 | 35 | HSLMAI0O | 1.13 | 0.18
15 1261950000 | 45 | HSLMA2 | 1.71 | 0.25
16 1499196630 | 25 | HSLMA9 1.1 0.13
17 1499196630 | 35 | HSLMAIO | 1.12 | 0.153
18 1499196630 | 45 | HSLMAIO | 0.87 |0.155
19 2089789200 | 25 | HSLMA3 1 0.081
20 2089789200 | 35 | HSLMA9 | 0.83 | 0.093
21 2089789200 | 45 | HSLMAIO | 0.87 |0.110

85



The peak responses from the analyses 1 to 9 are based on the occurence of peak
modal displacements in the design frequency range. And the acceleration responses
are decreased with increasing stiffness. The first natural bending frequency is in the
design frequency range for the other analysis. The effect of mass and critical train
on the response of the bridge can be understood better from the analysis between
10 and 21. This is because of the fact that, the responses obtained in the first nine
analyses are much more affected from the frequency range. The results will also be
compared with the initial estimations according to the DER method to understand

the effect of each parameter.

With the increase in mass, it is expected to obtain lower acceleration responses for
constant train spectrum values. As can be seen from Table 5.8, the acceleration
responses decreases with the increase in mass for the analysis 10, 11 and 12 for all
of which the critical train is HSLM A3 and the agressivity is same. However, the
displacement responses are same as 0.73 cm. This is due to the fact that the
displacement values are affected from the stiffness, bridge influence line and
dynamic signature of train, mass and frequency together. The first three parameters
are same for the analyses 10, 11 and 12. The displacement is inversely proportional
to mass and frequency. It is expected to have less displacement with the increasing
mass value. However, the frequency is decreasing with the increase in mass.
Therefore, the total response is balanced and the displacement values are same for

the three analysis.

For analyses 13, 14 and 15, it can be seen that the acceleration response decrease
with the increase in mass for analysis 13 and 14. However, the acceleration value
of analysis 15 is higher than analysis 13 and 14 althought the mass is more than
others. This is due to the change of the critical train and the value of the train
excitation correspondingly. The critical train for analysis 15 is HSLM A2 when it
is HSLM A10 for the other two analyses. In order to understand the effect of train

exication in the response of the bridge, the critical wavelength values together with
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the aggressivity as explained in DER method in Section 2 is presented in the table

shown below;

Table 5.9 Aggressivity values for the analysis

ANALYSIS PARAMETERS Critical d \% Ac
NO El m | Train  ((m)| ™ mss) | @m) | A€
(kNm?) | (t/m)
10 504780000 | 25 | HSLMA3 | 20 | 4.411 | 88.23 | 20.00 |83.897
11 504780000 | 35 | HSLMA3 | 20 | 3.728 | 74.56 | 20.00 |83.897
12 504780000 | 45 | HSLMA3 | 20 | 3.288 | 65.80 | 20.01 |83.897
13 1261950000 25 |HSLMA10|27 | 6975 | 94.16 | 13.50 | 31.2
14 1261950000 | 35 |HSLMA10| 27 | 5895 | 79.58 | 13.50 | 31.2
15 1261950000 | 45 | HSLMA2 [ 19| 5.199 [ 9722 [ 18.70 | 60
16 1499196630 | 25 | HSLMA9 | 26 | 7.603 | 97.22 | 12.79 | 22.8
17 1499196630 35 |HSLMAIl0| 27 | 6425 | 86.74 | 13.50 | 31.2
18 1499196630 45 |HSLMA10| 27 | 5.667 | 76.55 | 13.51 | 31.2
19 2089789200| 25 | HSLMA3 | 20 | 8.976 | 89.76 | 10.00 | 18.91
20 2089789200| 35 | HSLMA9 | 26 | 7.586 | 9722 | 12.82| 23
21 2089789200| 45 |HSLMA10| 27 | 6.690 |[90.32 | 1350 31.2

As can be seen from the Table 5.9 above, the aggressivity value for analysis 15 is
60 when it is 31.2 for the analysis 13 and 14. Therefore, the response obtained in

analysis 15 is larger than the responses from analyses 13 and 14.

It can be seen from Table 5.8 that the acceleration responses of analyses 14 and 17
are the same althought the stiffness values are different. The mass for each analysis
is 35 t/m and agressivity is 31.2. Same situation is also valid between analyses 18
and 21. Therefore, it can be concluded that the acceleration does not mainly depend
on the stiffness for high stiffness values. The acceleration responses are same for
the bridges with same agressivity and mass values after a stiffness limit that lead to
natural frequencies of the bridge to be shifted from the frequencies that are induced

by train.
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From the displacement point of view, it can be seen from table 5.8 and 5.9, the
displacement values change according to the stiffness for same mass and
agressivity. The displacement response decrease with the increase in stiffness as

expected.

5.7.3 Comparison of Results with Initial Estimations by DER Method

In this part, the results obtained from the analyses will be compared with the initial
estimations found by using decomposing the excitation at resonance method. The
responses of the bridge at resonance can be estimated by initial input parameters
such as mass and agressivity. Given the stiffness and mass of the bridge, we can
determine the agressivity by using equation (2.24) and (2.26) presented in Section
2. After the determination of agressivity, the initial estimation for the acceleration

value can be made by using equation (2.23) as explained in Section 2.

Table 5.10 Comparison of analysis results with DER method

ANALYSIS Acceleration
ANALYSIS| PARAMETERS V| e DER
NO El m Tss)| @)y | AXC | 4MT L ethod
(kNm?) | t/m) |25) Baer
10 504780000 | 25 | 4.14 |88.23]20.0083.8970.051 427
11 504780000 | 35 | 2.97 |74.56|20.00]83.8970.036 3.05
12 504780000 | 45 | 2.31 |65.80]20.0183.897]0.028 237
13 1261950000 25 | 1.56 |94.16]13.50| 31.2 |0.051 1.59
14 1261950000| 35 | 1.13 |79.58[13.50| 31.2 |0.036 1.14
15 1261950000| 45 | 1.71 |97.22[18.70] 60 [0.028 1.70
16 1499196630| 25 1.1 [97.22]12.79] 22.8 [0.051 1.16
17 1499196630 35 | 1.12 |86.74[13.50| 312 [0.036 1.14
18 1499196630| 45 | 0.87 |76.55[13.51| 312 |0.028 0.88
19 2089789200 | 25 1 189.76]10.00| 18.91 |0.051 0.96
20 2089789200| 35 | 0.83 |97.22]12.82] 23 [0.036 0.84
21 2089789200| 45 | 0.87 |90.32[13.50] 31.2 [0.028 0.88
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As can be seen from Table 5.10, the dynamic response of the bridge can be
predicted in sufficient accuracy by DER method. Therefore, it can be concluded
that the DER method can be used for the prediction of the dynamic response before
performing detailed analysis for the cases where the peak responses are obtained at
resonance conditions. The limitations of the DER method, which were explained in

Chapter 2, shall also be considered.

5.7.4 Comparison of Results with a Real Train, French TGV

The analyses are also performed for the French TGV train and the levels of safety
of the HSLM trains are obtained. The axle arrangement for French TGV train is
shown in Figure 2.11 and the properties of the train are presented in Figure 2.14.
The critical speeds for French TGV train are determined as explained in Section
5.4. The critical speeds used in the related analysis for French TGV train is shown
in the Table 5.11 below. Analysis are performed for all possible critical speeds and
peak responses found from analysis are presented in the Table 5.12 below together

with the peak responses from HSLM trains obtained for same analysis.

Table 5.11 Comparison of analysis results HSLM and TGV trains

ANALYSIS v Acc. \% Acc. | Diff.
PARAMETERS | Critical (HSLM) | (TGV) | (TGV) | %

. (HSLM)

train (m/s)

NO (m/s)
EI m a(m /s2) a(m /sz) Apsim /
(kNm?) | (t/m) Atgy
1 5047800 25 | HSLMA3 | 79.40 28 7424 | 17.2 63%
2 5047800 35 | HSLMA3 | 67.10 20.25 | 62.74 | 123 65%
3 5047800 45 | HSLMA3 | 59.18 15.74 | 55.33 9.6 64%
4 | 25239000 | 25 | HSLMA3 | 88.78 5.4 73.78 3.1 74%
5 | 25239000 35 | HSLMA3 | 75.03 3.9 62.36 2.2 77%
6 | 25239000 | 45 | HSLMA3 | 66.17 3.05 9722 | 1.69 80%
7 | 100955600 | 25 | HSLMA3 | 40.00 3.65 9722 | 1.86 96%
8 | 100955600 | 35 | HSLMA3 | 97.22 1.45 93.54 | 1.09 33%
9 | 100955600 | 45 | HSLMA3 | 88.23 1.52 9722 | 1.11 37%
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Table 5.11 Comparison of analysis results HSLM and TGV trains Cont’d

ANALYSIS v Acc. A% Acc. Diff.
PARAMETERS Critical (HSLM) | (TGV) | (TGYV) %

. (HSLM)

train (m/s)

NO (m/s)
El m a(m/s%) a(m/s%) Ansim /
(kNm% | (t/m) Agy
10 | 504780000 | 25 | HSLMA3 88.23 4.14 82.49 | 2.73 52%
11 | 504780000 | 35 | HSLMA3 74.56 2.97 69.72 1.95 52%
12 | 504780000 | 45 | HSLMA3 65.80 2.31 61.50 1.52 52%
13 [ 1261950000 | 25 |HSLMAI10| 94.16 1.56 65.22 | 0.383 | 300%
14 | 1261950000 | 35 |HSLMAI10| 79.58 1.13 55.12 | 0.28 | 300%
15 [ 1261950000 | 45 | HSLMA2 | 97.22 1.71 97.22 1.52 13%
16 | 1499196630 | 25 | HSLMA9 | 97.22 1.1 71.10 | 0.384 | 186%
17 11499196630 | 35 |HSLMA10| 86.74 1.12 60.10 | 0.275 | 300%
18 | 1499196630 | 45 |HSLMAI10| 76.55 0.87 97.22 | 0.257 | 239%
19 2089789200 | 25 | HSLMA3 89.76 1 83.93 | 0.375 | 167%
20 |1 2089789200 | 35 | HSLMA9 | 97.22 0.83 7093 | 0.275 | 202%
21 12089789200 | 45 |HSLMAI10| 90.32 0.87 62.55 | 0.213 | 308%

As can be seen from Table 5.11, HSLM trains give conservative solutions for all of
the cases. The degree of conservativity changes for the analyses performed. If the
properties of critical HSLM train and TGV train are different, HSLM trains give
higher responses and are in the safe side. However, as can be seen in Table 5.11 for
analysis 15, the acceleration response of the HSLM train is only 13% larger than
the response of TGV train. This is mainly due to that characteristic properties of
HSLM A2 train and TGV train is close to eachother. Therefore, it can be concluded
that more optimum design can be performed by using the real train to be operated
for the railway line for some cases. However, Eurocode does not lead more

conservative design for the cases where the real train and HSLM train properties

match with eachother.
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CHAPTER 6

CONCLUSIONS

6.1 Summary

The high-speed railway lines became popular all around the world. With the
introduction of the high-speed railway lines, the new considerations for the design
of bridges were also introduced. A lot of researches have been conducted
throughout the history and analytical approaches were developped about the subject
in order to define the critical parameters that effect the dynamic response of the

bridges under the passage of the moving traffic.

In this thesis study, the analytical approach developped by Fryba for the simple
beam subjected to series of moving load and the corresponding presentation of the
method by Y.B. Yang, J.D. Yau, Y.S. Wu was used. Analytical methods are widely
used in different studies and two examples in which the analytical approach is used
were explained in this study. The necessary comparisons were provided with these
studies and the comformation of the process was done. Also, a case study was
performed by chosing a bridge from Ankara-Sivas high-speed railway project and
the design procedure that is suggested by Eurocode was clearly defined. The same
bridge was also analysed by analytical approach and the obtained results were
compared with the finite element method. It was concluded that the analytical

method can be used with the limitations stated below;
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- Vehicle-structure interaction including mass of train and inertial
effects of bogies is neglected.

- Load distribution by the ballast and sleepers is neglected.

- Effect of torsional mode is neglected since the analytical approach is
based on a Euler-Bernoulli beam and only the bending modes are
considered.

- Excitation due to the track irregularities is neglected.

The train determination procedure that is defined by Eurocode was also
investigated and the bridge in the scope of Ankara-Sivas high-speed railway project
was analysed for all HSLM trains at 5 m/s speed range. It was concluded that the
DER method is used for the determination of critical train in Eurocode and the
critical trains determined by Eurocode can be used for the analysis of high-speed

railway bridges.

DER method which is based on the decomposition of excitation at resonance was
also explained in this thesis study and necessary comparisons were provided for 12
analysis performed in Chapter 5. It was concluded that this method can be used for
initial predictions for the dynamic responses of the bridges given the mass and
aggressivity of the bridge. However, it is important that the maximum peak
response is to be obtained at resonance to predict the behaviour correctly. And also

the limitations for DER method which are listed in Chapter 2.6 shall be considered.

Mass, stiffness, agressivity and moving speed are the parameters of which the
effects on dynamic response were investigated in Chapter 5 of this thesis study.
The values obtained were discussed in the related chapter. The obtained

conclusions for all parameters are summarized in the parts below.
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6.2 Mass of the Bridge

Three different mass values were used for the parametric study and it was found
that the response is decreasing with the increase in mass as expected for the cases
that the critical train and corresponding agressivity values are same. In other
words, mass is an important parameter for the acceleration responses of the bridges
when the dynamic signature of the train is same. The displacement responses are
mainly based on stiffness and they are constant for same stiffness and agressivity

values.

6.3 Stiffness of the Bridge

Increasing stiffness of a flexible system helps to reduce excessive accelerations
induced by vibration. At a treshold stiffness, additional increase in stiffness do not
decrease the accelerations furthermore due to shift of structural critical frequency
from the range of frequencies of trains that are induced by axle spacing and speed.

The stiffness v.s. acceleration and stiffness v.s. displacement graps are shown

below;
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Figure 6.1 Stiffness v.s. Acceleration Graph
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Stiffness v.s. Displacement (Log Scale)
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Figure 6.2 Stiffness v.s. Displacement Graph

As can be seen from Figure 6.1, acceleration values are decreasing with the
increase in stiffness for low stiffness values. For high stiffness values the change

due to stiffness loses its effectivity.

6.4 Aggressivity from the Bridge and Train Properties

Aggressivity is also an important parameter for the dynamic response of the bridge.
It is based on the train characteristics together with the bridge properties. Althought
the change in mass and stiffness for two bridges in such a manner that the
responses are decreased or increased with the change in these properties,
aggressivity is also an important parameter that can change the behaviour in reverse
to the effect of mass and stiffness. Therefore, it is not possible to consider only the
influence of bridge characteristics on the dynamic response. The agressivity value
shall also be considered which is obtained by the multiplication of bridge influence

line effect and dynamic signature of the train as explained in Chapter 2.
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6.5 Critical Speed

As explained before, the maximum responses are required to occur at resonance
conditions and resonant speeds correspondingly. However, it can be seen from the
results that are obtained from the analysis 1 to 9, there may be some cases where
there is a peak modal displacement in the design frequency range for modes higher
than first natural bending mode. And this situation leads to obtain peak responses at
non-resonant speeds and brings the need for consideration of other modes where
the peak modal displacements are obtained. Therefore, it is important to define the
modal behaviour of the bridge considered and decide about the critical speed values

accordingly.
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APPENDIX A

CRITICAL WAVELENGTH V.S. DYNAMIC SIGNATURE OF
TRAIN GRAPHS
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Figure A.1 Wavelength v.s. Dynamic Signature L=30 m, e=0.01 (HSLM A1)
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Figure A.2 Wavelength v.s. Dynamic Signature L=30 m, e=0.01 (HSLM A2)
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Figure A.6 Wavelength v.s. Dynamic Signature L=30 m, e=0.01 (HSLM A6)
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Wavelength,A v.s. G(A)

1200

1000
: i A
> 80
< 600 —__HSLM A5
<
S 400
Q

200
0 T T T T ‘
5 10 15 20 25 30

Wavelength,\. (m)

Figure A.16 Wavelength v.s. Dynamic Signature L=40 m, €=0.01 (HSLM A5)

Wavelength,A v.s. G(A)

1200

1000 §
E
> 80
< 600 \ —__HSLM A6
<
S 400
S VAV N
200 1 \/
0 T T T T
5 10 15 20 25 30

Wavelength,) (m)

Figure A.17 Wavelength v.s. Dynamic Signature L=40 m, €=0.01 (HSLM A6)

104




1200
1000
800
600
400

G(1), kN/m

200 +

0

Wavelength,A v.s. G(A)

L /A

N
AN

5 10 15 20
Wavelength,A. (m)

0

——HSLM A7
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G(1), (kN/m)

800

Wavelength,A v.s. G(A)

700 -
600

A\
500 -
400 |
300 -
200

100 -

10

15 20
Wavelength,A. (m)

25

30

——HSLM A3
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600
500
400
300
200

G(\), KN/m

100 -

Wavelength,A v.s. G(A)

N VAN

5 10 15 20
Wavelength,), (m)

25

30

——HSLM A10

Figure A.32 Wavelength v.s. Dynamic Signature L=40 m, £€=0.025 (HSLM A10)

109




G(1), kN/m

Wavelength,A v.s. G(A)

700
600

500 /\

20 |
300 +
200 +
100 -

5 10 15 20 25 30
Wavelength,A (m)

Figure A.33 Wavelength v.s. Dynamic Signature L=40 m, €=0.025 (TGV)

110




APPENDIX B

DISPLACEMENT V.S. TIME AND ACCELERATION V.S.
TIME GRAPHS FOR CASE STUDY
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APPENDIX C

DISPLACEMENT V.S. TIME AND ACCELERATION V.S.
TIME GRAPHS FOR PARAMETRIC STUDY

C1. GRAPHS FOR HSLM TRAIN
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Figure C.1 Displacement v.s. Time graph, (Analysis 1, V =40 m/s)

Acceleration v.s. Time

e

Ay

— ]
I
——
L

AR ARAAAAAAAA

N | e

Acceleration(m/sz)

VUV VVVEVVVY

d A N o N b oo
o

Time(sec.)

Figure C.2 Acceleration v.s. Time graph, (Analysis 1, V =40 m/s)
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Figure C.4 Acceleration v.s. Time graph, (Analysis 1, V =97.22 m/s)

Displacement v.s. Time

0,2

01 1+ ﬂ o4 s
e LU AR
o \ Il \\ 7w Ve 14 ol e
= -0,3 IR

-0,4

Time(sec.)

Figure C.5 Displacement v.s. Time graph, (Analysis 2, V =40 m/s)
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Figure C.7 Displacement v.s. Time graph, (Analysis 2, V = 67.10 m/s)
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Figure C.8 Acceleration v.s. Time graph, (Analysis 2, V = 67.10 m/s)
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Figure C.10 Acceleration v.s. Time graph, (Analysis 2, V = 97.22 m/s)
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Figure C.16 Acceleration v.s. Time graph, (Analysis 3, V = 97.22 m/s)
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Figure C.17 Displacement v.s. Time graph, (Analysis 4, V =40 m/s)
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Figure C.19 Displacement v.s. Time graph, (Analysis 4, V = 97.22 m/s)
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Figure C.20 Acceleration v.s. Time graph, (Analysis 4, V = 97.22 m/s)
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Figure C.24 Acceleration v.s. Time graph, (Analysis 5, V =75 m/s)
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Figure C.25 Displacement v.s. Time graph, (Analysis 5, V = 97.22 m/s)
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139



E Zzz | n\ l ﬂ ﬂ 1S W Y
e mTTvee. i
s T R T
ST AR AR
A o \UUUUM‘JU f
- Time(sec.)
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Figure C.30 Acceleration v.s. Time graph, (Analysis 6, V = 66.17 m/s)

g o AT A A g
e L AALNIAANAANARARNAN
Ay IR ATRTATATATRIRPAVATAIS"
2 oo YUV UV YT
DI IAIN
Time(sec.)

Figure C.31 Displacement v.s. Time graph, (Analysis 6, V = 97.22 m/s)

Acceleration v.s. Time

2

Acceleration(m/s")

—— HSLM A3

Time(sec.)

Figure C.32 Acceleration v.s. Time graph, (Analysis 6, V = 97.22 m/s)

141



0,03
0,02
0,01

-0,01
-0,02

Displacement(m)
o

-0,03
-0,04

Displacement v.s. Time

T A s

Time(sec.)

ey

Figure C.33 Displacement v.s. Time graph, (Analysis7, V =40 m/s)

Acceleration v.s. Time

8

—
_,__,-

-

. 2
Acceleration(m/s")
O P WONRFRPORFRPNWMOGO
D>
>
=
—

Time(sec.)

%WMWFHHMH

Figure C.34 Acceleration v.s. Time graph, (Analysis 7, V =40 m/s)
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Figure C.35 Displacement v.s. Time graph, (Analysis7, V =78.91 m/s)
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Figure C.37 Displacement v.s. Time graph, (Analysis7, V = 97.22 m/s)
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Figure C.76 Acceleration v.s. Time graph, (Analysis 14, V =40 m/s)

Displacement v.s. Time

0,001
—~ 0,0005 -
£ ot lHhHIHnm,n.Wll,.,.#,
E o bl L
g 000 UJ"vuw I e
' 0,001 |
E -0,0015 4

-0,002

Time(sec.)

Figure C.77 Displacement v.s. Time graph, (Analysis 14, V = 79.58 m/s)

156



Acceleration v.s. Time

L
&

[y
L

o
a
.

)nvmununvnuﬂvﬂunvw Hnuwunuhunuﬂuhunuh lﬂ) huhuhuhvhunvhvnununvnl 0

Acceleration(m/sz)
=)
v o

'
[y
L

=
&

Time(sec.)

Figure C.78 Acceleration v.s. Time graph, (Analysis 14, V =79.58 m/s)

Displacement v.s. Time
0,0002
0 T T T A

E -0,0002 D 1 2 3 4 5
=
£ -0,0004 -
g -0,0006 - ——HSIM A10
]
= -0,0008
s 0
£ 0001 Il A
2 oooz] V V

-0,0012 +

-0,0014

Time(sec.)

Figure C.79 Displacement v.s. Time graph, (Analysis 14, V = 97.22 m/s)

Acceleration v.s. Time

o)
AT Uf\ Wy ﬂvlﬂvflj ﬂU/\ W\Vu.uﬂ W\)AUAVAV;

2

0,1

Acceleration(m/s")
o
==
LS —
P —
=t
—_—
_
—_—]
—_—
P |
=
—]

0,2 1

-0,3

Time(sec.)

Figure C.80 Acceleration v.s. Time graph, (Analysis 14, V =97.22 m/s)

157



Displacement v.s. Time

0,0002

-0,0002 -
-0,0004 -

-0,0006 1 W/U\M/UV\N\/\/\%
-0,0008 \J‘/ \\/\/
-0,001

-0,0012

Displacement(m)

Time(sec.)

Figure C.81 Displacement v.s. Time graph, (Analysis 15, V =40 m/s)

Acceleration v.s. Time

0,06
o 004
g 0,02 A
=
AT el e
R Ll A AR AR RN RNk
< 0,04

-0,06

Time(sec.)

Figure C.82 Acceleration v.s. Time graph, (Analysis 15, V =40 m/s)

Displacement v.s. Time

0,0002

-0,0002 § 2 4 6 8 10 12
-0,0004 -

0,0006 SAAAAAAAANAANNAAAA,
-0,0008 \u} \L\/

-0,001
-0,0012

Displacement(m)

Time(sec.)

Figure C.83 Displacement v.s. Time graph, (Analysis 15, V =49.39 m/s)

158



Acceleration v.s. Time

0,06

0,04
0,02 14 Pl o

—
—

'MW}’[* |

e —
=

[
[iky
N

Acceleratlon(m/sz)
o
N,
—
| =

—
-

=
—]

-0,02 +
!

-0,04

-0,06

Time(sec.)

Figure C.84 Acceleration v.s. Time graph, (Analysis 15, V =49.39 m/s)

Displacement v.s. Time

0,002
0,0015
0,001 ; T

L TTI
0,0005
o T |

22 I ==

Displacement(m)

-0,0025 4
-0,003

Time(sec.)

Figure C.85 Displacement v.s. Time graph, (Analysis 15, V = 97.22 m/s)

Acceleration v.s. Time

1,5 A

A

s R

1,5 b

Time(sec.)

Acceleration(m/sz)

Figure C.86 Acceleration v.s. Time graph, (Analysis 15, V =97.22 m/s)

159



Displacement v.s. Time

0,0002

[=)}
<
>
[72]
T
o
—
.\dl,fr
= v
[oe]
©
<
N
_ \\[.\v
o N < © ©
o o o o
o o o o
S & & o
S o 9 9
(w)yuawdderdsiq

-0,001

Time(sec.)

40 m/s)

Figure C.87 Displacement v.s. Time graph, (Analysis 16, V

Acceleration v.s. Time

HSIM A9

A%\Evncﬁﬁe_o8<

Time(sec.)

40 m/s)

Figure C.88 Acceleration v.s. Time graph, (Analysis 16, V

Displacement v.s. Time

HSIM A9

3

AANANARANANA S
NIALASAYERAR
7

0 1 2 3 4 5 ?
Iy

N

U

0,0002

0

-0,0002
-0,0004
-0,0006
-0,0008

(w)yuawdderdsiq

-0,001 ~

-0,0012

Time(sec.)

65.89 m/s)

Figure C.89 Displacement v.s. Time graph, (Analysis 16, V

160



Acceleration v.s. Time

——]

0,11

0,3
— 02"
:;« 01 l.l.ﬁ“llAl“ﬁ” ﬁ l I
g, hfwﬁ,f\mﬁ (il m
I i
g

0,2 -

-0,3

Time(sec.)

Figure C.90 Acceleration v.s. Time graph, (Analysis 16, V = 65.89 m/s)
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Figure C.119 Acceleration v.s. Time graph, (Analysis 21, V = 90.32 m/s)
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Figure C.123 Acceleration v.s. Time graph, (Analysis 1, V =74.24 m/s, TGV)
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Figure C.129 Acceleration v.s. Time graph, (Analysis 4, V = 73.78 m/s, TGV)
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Figure C.147 Acceleration v.s. Time graph, (Analysis 13, V = 65.22 m/s, TGV)
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Figure C.150 Displacement v.s. Time graph, (Analysis 15, V =97.22 m/s, TGV)
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Figure C.151 Acceleration v.s. Time graph, (Analysis 15, V=97.22 m/s, TGV)
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Figure C.153 Acceleration v.s. Time graph, (Analysis 16, V=71.10 m/s, TGV)
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Figure C.156 Displacement v.s. Time graph, (Analysis 18, V =97.22 m/s, TGV)
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Figure C.159 Acceleration v.s. Time graph, (Analysis 19, V = 83.93 m/s, TGV)
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Figure C.160 Displacement v.s. Time graph, (Analysis 20, V =70.93 m/s, TGV)

184



Acceleration v.s. Time

0,3
0,2

°‘§AU,A,nUnUnnanﬂJ\MﬂW | -
oo TR R A, =

-0,2

Acceleration(m/sz)

0,3
-0,4

Time(sec.)

Figure C.161 Acceleration v.s. Time graph, (Analysis 20, V = 70.93 m/s, TGV)
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Figure C.162 Displacement v.s. Time graph, (Analysis 21, V =62.55 m/s, TGV)
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APPENDIX D

FREQUENCY V.S. MODE SHAPE GRAPHS FOR

PARAMETRIC STUDY
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Figure D.2 Frequency v.s. Mode Shape, (Analysis 3)
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Figure D.7 Frequency v.s. Mode Shape, (Analysis 9)
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APPENDIX E

MATLAB CODE FOR ANALYTICAL APPROACH

function [y, TFEUROCODEHSLM()

%input parameters

L =40;
naxle = 30;
nmode = 10;

xcheck = (5)*L/10;
dninitial = 20;
dc=18;
v =97.22;

=-180;
m = 35;
E =100955600;
I1=1;
damping=0.01;
timestep = 0.001;

%formulas
arm1=dninitial-dc;

% span length of bridge(m)

% number of axles in EN + 14

% number of modes

% point of beam where response is analysed(m)
% spacing of vehicles

% axle distance between adjacent axles (m)
% velocity of train(m/s)

% axle loading(kN)

% (t/m) Linear density

% Young modulus(kN/m2)

% Moment of Inertia(m4)

% damping ratio

% timestep

aramesafe=dninitial-3.525*0.5-(arm1)*1.5;
T = [0:timestep:(L+dninitial*(naxle))*5/v]';

[nrow_T,nclmn_T]=size(T);

y = zeros(size(T));

y1 = zeros(size(T));

for j = I:nmode
forn=1

Wi=((12).*(pi*2)/(L2)).*((E.*T)/m)"0.5;

Sj=@.*pi.*v)./(wj.*L);
omegaj=(j.*pi.*v)./L;
tn= (n-1).*dninitial./v;
Tn= tn+(L./v);

tc=0./v;
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wdj=wj.*(1-damping”2)*0.5;

A1=(1-Sj.72).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-S;.”2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((S))./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj. *(T-
Tn))));

A2=(1-Sj.*2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping. *wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj"*2)-1).*sin(wdj.*(T-tc-
tn))));

B2=(1-Sj.”2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((S))./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj. * (T-tc-
Tn))));

tl = T-tn;

t2 =T-Tn;

t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=[];
h2=[];
h3=(];

h4=[]

2

for s=1:nrow_T

tl_s=tl(s,1);
t2 s=t2(s,1);
t3 s=t3(s,1);
t4 s=td(s,1);
iftl_s<0

h1l_s=0;
else

hl_s=1;
end
ift2_s<0

h2 s=0;
else

h2 s=1;
end
ift3_s<0
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h3 s=0;
else

h3 s=1;
end
ift4 s<0

h4 s=0;
else

h4 s=1;
end
h1=[h1;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];

end

pt1=(1/(7"4)).*(1./((1-S]*2)"2)+4.*(damping. *Sj)"2)). *(A 1. *h1+((-
1)AG+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-8j*2)"2)+4.*(damping.*Sj)"2)).*(A2.*h3+((-
DAG+1)).*B2.*hd);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi™4))).*(pt1 +pt2)

deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1);

yl=yl+deltayl;

end
%%0%0%6%%%%%%%6%%%0%%6%6%6%%%%%%%6%0%%0%0%%%%%%% %% %%

forn=2

wj=(("2).*(pi*2)/(L"2)).*((E.*I)/m)"0.5;

Sj=@.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn=(n-1).*3./v

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.*2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-Sj.*2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping”2)"0.5)).*(2.*damping”2-+(Sj*2)-1).*sin(wdj. *(T-
Tn))));
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A2=(1-Sj.72).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.* (T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.* (T-tc-
tn))));

B2=(1-Sj.*2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj. *(T-tc-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj"*2)-1).*sin(wdj.* (T-tc-
Tn))));

tl = T-tn;
t2 =T-Tn;
t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=(];
h2=[];
h3=(];
h4=[];
for s=1:nrow_T
tl s=tl(s,1);
t2 s=t2(s,1);
t3_s=t3(s,1);
t4 s=td(s,1);
iftl_s<0
h1l_s=0;
else
hl_s=1;
end
ift2_s<0
h2 s=0;
else
h2 s=1;
end
ift3 _s<0
h3 s=0;
else
h3 s=1;
end
ift4 s<0
h4 s=0;
else
h4 s=1;
end
h1=[h1;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
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h4=[h4;h4 s];
end

pt1=(1/(7"4)).*(1./((1-Sj*2)"2)+4.*(damping. *Sj)"2)). *(A 1. *h1+((-
1AG+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-Sj*2)"2)+4.*(damping.*Sj)"2)).*(A2.*h3+((-
DAG+1)).*B2.*hd);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi™4))).*(pt1 +pt2)

deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1);

yl=yl+deltayl;

end
%%0%%%%%%%%%6%6%0%0%%6%6%%%%%%%%6%0%0%0%%%%%%%% %% %%

forn=3

wj=((G"2).*(pi*2)/(L"2)).*((E.*I)/m)"0.5;

Sj=@.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn= 14./v;

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.*2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-Sj.*2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wd;j. *(T-
Tn))));

A2=(1-Sj.”2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.* (T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.* (T-tc-
tn))));

B2=(1-Sj.#2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj. *(T-tc-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wdj.* (T-tc-
Tn))));

tl = T-tn;

t2 =T-Tn;

t3 = T-tc-tn;
t4 = T-tc-Tn;
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h1=(];
h2=(];
h3=(];
ha=(];
for s=1:nrow_T
tl_s=tl(s,1);
t2 s=t2(s,1);
t3_s=t3(s,1);
t4 s=td(s,1);
iftl_s<0
h1l_s=0;
else
hl_s=1;
end
ift2_s<0
h2 s=0;
else
h2 s=1;
end
ift3_s<0
h3 s=0;
else
h3 s=1;
end
ift4 s<0
h4 s=0;
else
h4 s=1;
end
hl=[h1;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];
end

ptI=(1/(74)). *(1./((1-Sj72)*2)+4.*(damping.*Sj)*2)). *(A1.*h 1+((-
1YA(j+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-8j*2)"2)+4.*(damping.*Sj)"2)).*(A2.*h3+((-
DAG+1)).*B2.*hd);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi™4))).*(pt1 +pt2)

deltay 1=((2.*P.*(L"3))./(E.*1.*(pi"4))).*(pt1);

yl=yl+deltayl;

end
%0%0%%6%%%%%%%6%6%0%0%%6%6%%%%%%%%6%0%%0%%%6%%%%% %% %%
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forn=4
wj=(("2).*(pi*2)/(L"2)).*((E.*I)/m)"0.5;
Sj=@.*pi.*v)./(wj.*L);
omegaj=(j.*pi.*v)./L;

tn=17./v;

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.*2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-Sj.#2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wd;j. *(T-
Tn))));

A2=(1-5j.72).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.* (T-tc-
tn))));

B2=(1-Sj.*2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj. *(T-tc-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wdj.* (T-tc-
Tn))));

tl = T-tn;
t2 =T-Tn;
t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=(];
h2=[];
h3=(];
h4=[];
for s=1:nrow_T
tl_s=tl(s,1);
t2 s=t2(s,1);
t3 s=t3(s,1);
t4 s=td(s,1);
iftl_s<0
h1l_s=0;
else
hl_s=1;
end
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1ft2 s<0

h2 s=0;
else

h2 s=1;
end
ift3 s<0

h3 s=0;
else

h3 s=1;
end
ift4 s<0

h4 s=0;
else

h4 s=1;
end
hl=[h1;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];

end

ptI=(1/(G74)). *(1./((1-Sj72)*2)+4.*(damping. *Sj)*2)). *(A1.*h 1+((-
1AG+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-Sj*2)"2)+4.*(damping.*Sj)"2)).*(A2.*h3+((-
DAG+1)).*B2.*hd);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi™4))).*(pt1 +pt2)

deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1);

yl=yl+deltayl;

end
%%0%%6%%%%%%%6%6%0%0%%6%6%6%%%%%%%6%:%%%%%%%%%% %% %%

forn=35

wj=((G"2).*(pi"2)/(L"2)).*((E.*I)/m)"0.5;

Sj=@.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn=(20.525)./v;

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.*2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-

tn))+exp(-damping. *wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));
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B1=(1-Sj.”2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((S))./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj. *(T-
Tn))));

A2=(1-Sj.*2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j. *(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj"*2)-1).*sin(wdj.*(T-tc-
tn))));

B2=(1-S;.”2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj. * (T-tc-
Tn))));

tl = T-tn;
t2 =T-Tn;
t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=[];
h2=(];
h3=[];
h4=(];
for s=1:nrow T
tl _s=tl(s,1);
t2 s=t2(s,1);
t3 s=t3(s,1);
t4 s=td(s,1);
iftl s<0
hl s=0;
else
hl s=1;
end
ift2_s<0
h2 s=0;
else
h2 s=1;
end
ift3_s<0
h3 s=0;
else
h3 s=1;
end
ift4 s<0
h4 s=0;
else
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h4 s=I;
end
hl=[hl;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];
end

pt1=(1/(774)).*(1./(((1-Sj*2)"2)+4.*(damping.*Sj)"2)). *(A1.*h1+((-
DAG+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-S]*2)"2)+4.*(damping. *Sj)"2)). *(A2.*h3-+((-
1AG+1)).*B2.*hd);

%deltay 1=((2.*¥P.*(L"3))./(E.*1.*(pi*4))).*(pt1 +pt2)

deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1);

yl=yl+deltayl;

end
%%0%0%%%%%%%%%0%0%%%%%%%%%%6%6%%%%:%%%%%0%0%6%%%%%

forn=6

wj=((G"2).*(pi"2)/(L"2)).*((E.*I)/m)"0.5;

Sj=(.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn=(20.525 + arml1)./v;

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.72).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-S;.”2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((S))./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj.*(T-
Tn))));

A2=(1-Sj.”2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping. *wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j. *(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj"*2)-1).*sin(wdj.*(T-tc-
tn))));

B2=(1-S;.*2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((S))./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1). *sin(wdj.* (T-tc-
Tn))));
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tl = T-tn;
t2 =T-Tn;
t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=(];
h2=[];
h3=(];
h4=[];
for s=1:nrow_T
tl s=tl(s,1);
t2 s=t2(s,1);
t3_s=t3(s,1);
t4 s=td(s,1);
iftl_s<0
h1l _s=0;
else
hl_s=1;
end
ift2_s<0
h2 s=0;
else
h2 s=1;
end
ift3 s<0
h3 s=0;
else
h3 s=1;
end
ift4 s<0
h4 s=0;
else
h4 s=1;
end
hl=[h1;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];
end

ptI=(1/(74)). *(1./((1-Sj72)*2)+4.*(damping. *Sj)*2)).*(A1.*h 1+((-
1AG+1)).*B1.*h2);

pt2=(1/(i*4)).*(1./(((1-Sj*2)*2)+4.*(damping.*Sj)*2)).*(A2.*h3+((-
D)AG+1)).*B2.*h4);

%deltay 1=((2.*P.*(L"3))./(E.*1.*(pi"4))).*(pt 1 +pt2)
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deltay 1=((2.*P.*(L"3))./(E.*L.*(pi™4))).*(pt1);

yl=yl+deltayl;

end
%%0%%%%%%%%%6%6%%0%%6%6%%%%%%%%6%:%0%0%%%6%%%%% %% %%

forn=7

wj=((G"2).*(pi*2)/(L"2)).*((E.*I)/m)"0.5;

Sj=@.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn=(20.525 + arm1 + aramesafe)./v;

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.*2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-Sj.*2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wd;j. *(T-
Tn));

A2=(1-5j.72).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.* (T-tc-
tn))));

B2=(1-Sj.*2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wd;j. *(T-tc-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wdj.* (T-tc-
Tn))));

tl = T-tn;

t2 =T-Tn;

t3 = T-tc-tn;

t4 = T-tc-Tn;

h1=[];

h2=[];

h3=[];

h4=];

for s=1:nrow_T
tl_s=tl(s,1);
t2 s=t2(s,1);
t3_s=t3(s,1);
t4 s=td(s,1);
iftl_s<0
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hl s=0;
else

hl _s=1;
end
ift2_s<0

h2 s=0;
else

h2 s=1;
end
ift3 s<0

h3 s=0;
else

h3 s=1;
end
ift4 s<0

h4 s=0;
else

h4 s=1;
end
h1=[h1;hl s];
h2=[h2;h2_s];
h3=[h3;h3 s];
h4=[h4;h4 s];

end

ptI=(1/(G74)). *(1./(((1-Sj72)*2)+4.*(damping.*Sj)*2)). *(A1.*h 1+((-
1)AG+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-8j*2)"2)+4.*(damping.*Sj)"2)).*(A2.*h3+((-
DAG+1)).*B2.*hd);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1+pt2)

deltay 1=((2.*P.*(L"3))./(E.*1.*(pi"4))).*(pt1);

yl=yl+deltayl;

end
%%0%%0%%%6%6%%%%0%0%6%%%%6%6%%%0%6%6%6%%%%6%%%%%6%6%%%%%

for n = 8:naxle-7

wj=((G"2).*(pi"2)/(L"2)).*((E.*I)/m)"0.5;

Sj=(.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn= ((n-8).*dninitial+(20.525 + arm1 + aramesafe + arml))./v;

Tn= tn+(L./v);

tc=dc./v;

wdj=wj.*(1-damping”2)"0.5;
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A1=(1-S.72).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-Sj.#2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wd;j. *(T-
Tn));

A2=(1-Sj.”2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj"*2)-1).*sin(wdj.*(T-tc-
tm)));

B2=(1-Sj.*2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omega;j.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj. * (T-tc-
Tn))));

tl = T-tn;
t2 =T-Tn;
t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=[];
h2=(];
h3=[];
h4=(];
for s=1:nrow T
tl _s=tl(s,1);
t2 s=t2(s,1);
t3 s=t3(s,1);
t4 s=td(s,1);
iftl_s<0
hl s=0;
else
hl s=1;
end
ift2_s<0
h2 s=0;
else
h2 s=1;
end
ift3_s<0
h3 s=0;
else
h3 s=1;
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end
ift4 s<0

h4 s=0;
else

h4 s=1;
end
hl=[hl;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];

end

pt1=(1/(774)).*(1./(((1-Sj*2)"2)+4.*(damping.*Sj)"2)). *(A1.*h1+((-
DAG+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-S]*2)"2)+4.*(damping. *Sj)"2)). *(A2.*h3-+((-
1)AG+1)).*B2.*h4);

deltay 1=((2.*P.*(L"3))./(E.*L.*(pi"4))).*(pt 1 +pt2);

%deltay 1=((2.*¥P.*(L"3))./(E.*1.*(pi"4))).*(pt1)

yl=yl+deltayl;

end
%%%%%6%%%%6%%%%6%%%%6%% %% %% %% %% %6%%%%6%%%%6%% %%

for n = naxle-6

wji=((G"2).*(pi"2)/(L"2)).*((E.*I)/m)"0.5;

Sj=(.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn= ((naxle-14).*dninitial +(20.525 + arm1 + aramesafe+arml))./v;

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.”2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-Sj.*2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*S;j.*cos(wdj.*(T-
Tn)))+(((S))./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj.*(T-
Tn))));

A2=(1-Sj.”2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping. *wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j. *(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj"*2)-1).*sin(wdj.*(T-tc-
tn))));
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B2=(1-Sj.”2).*sin(omega;j.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj. * (T-tc-
Tn))));

tl = T-tn;
t2 =T-Tn;
t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=[];
h2=(];
h3=[];
h4=(];
for s=1:nrow_T
tl _s=tl(s,1);
t2 s=t2(s,1);
t3 s=t3(s,1);
t4 s=t4(s,1);
iftl_s<0
hl s=0;
else
hl s=1;
end
ift2_s<0
h2 s=0;
else
h2 s=1;
end
ift3_s<0
h3 s=0;
else
h3 s=1;
end
ift4 s<0
h4 s=0;
else
h4 s=1;
end
hl=[h1;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];
end

pt1=(1/(774)).*(1./(((1-Sj*2)"2)+4.*(damping.*Sj)"2)). *(A1.*h1+((-
DAG+1)).*B1.*h2);
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pt2=(1/(7"4)).*(1./((1-Sj*2)"2)+4.*(damping. *Sj)"2)). *(A2.*h3-+((-
1)A(j+1)).*B2.*h4);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1+pt2)

deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1);

yl=yl+deltayl;

end
%%0%0%0%%%%6%%%%0%6%6%%%%6%6%%%0%6%6%6%%%%%6%%%%6%6%%%%%

for n = naxle-5

wj=((G"2).*(pi"2)/(L"2)).*((E.*I)/m)"0.5;

Sj=(.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn= ((naxle-14).*dninitial+(20.525 + arm1 + aramesafe+arm1)+aramesafe)./v;

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.”2).*sin(omega;j.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tn))+exp(-
damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-Sj.#2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wd;j. *(T-
Tn))));

A2=(1-Sj.”2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.* (T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.* (T-tc-
tn))));

B2=(1-Sj.#2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wd;j. *(T-tc-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wdj.* (T-tc-
Tn))));

tl = T-tn;

t2 =T-Tn;

t3 = T-tc-tn;

t4 = T-tc-Tn;

h1=[];

h2=[];

h3=[];

h4=];

for s=1:nrow T
tl _s=tl(s,1);
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2 s=t2(s,1);
t3_s=t3(s,1);
t4 s=td(s,1);
iftl_s<0

h1l_s=0;
else

hl_s=1;
end
ift2_s<0

h2 s=0;
else

h2 s=1;
end
ift3 s<0

h3 s=0;
else

h3 s=1;
end
ift4 s<0

h4 s=0;
else

h4 s=1;
end
hl=[h1;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];

end

ptI=(1/(74)). *(1./((1-Sj72)*2)+4.*(damping.*Sj)*2)). *(A1.*h 1+((-
1)AG+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-8j*2)"2)+4.*(damping.*Sj)"2)). *(A2.*h3+((-
DAG+1)).*B2.*hd);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1+pt2)

deltay 1=((2.*P.*(L"3))./(E.*1.*(pi"4))).*(pt1);

yl=yl+deltayl;

end
%%0%%0%%%6%6%%%%0%0%6%%%%%6%%%0%6%6%6%%%%6%%%%%6%6%%%%%

for n = naxle-4

wi=((G"2).*(p1"2)/(L"2)).*((E.*1)/m)"0.5;

Sj=(.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn= ((naxle-14).*dninitial+(20.525 + arm1 +
aramesafe+arml)+aramesafet+arml)./v;
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Tn= tn+(L./v);
tc=0./v;
wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.”2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-Sj.*2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((S))./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj.*(T-
Tn))));

A2=(1-Sj.”2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping. *wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j. *(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj"*2)-1).*sin(wdj.*(T-tc-
tn))));

B2=(1-Sj.*2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj. * (T-tc-
Tn))));

tl = T-tn;
t2 =T-Tn;
t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=[];
h2=(];
h3=[];
h4=(];
for s=1:nrow T
tl _s=tl(s,1);
t2 s=t2(s,1);
t3 s=t3(s,1);
t4 s=td(s,1);
iftl_s<0
hl_s=0;
else
hl s=1;
end
ift2_s<0
h2 s=0;
else
h2 s=1;
end
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ift3_s<0

h3 s=0;
else

h3 s=1;
end
ift4 s<0

h4 s=0;
else

h4 s=1;
end
hl=[hl;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];

end

pt1=(1/(7"4)).*(1./(((1-Sj*2)"2)+4.*(damping.*Sj)"2)). *(A1.*h1+((-
DAG+1)).*B1.*h2);

pt2=(1/(;*4)).*(1./(((1-Sj*2)*2)+4.*(damping.*Sj)*2)).*(A2.*h3+((-
1)AG+1)).*B2.*h4);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1+pt2)

deltay 1=((2.*P.*(L"3))./(E.*1.*(pi™4))).*(pt1);

yl=yl+deltayl;

end
%%0%%%%%%%%%6%6%%0%%%6%6%%%%%%%6%:%%%%%6%%%%% %% %%

for n = naxle-3

wj=((G"2).*(pi"*2)/(L*2)).*((E.*I)/m)"0.5;

Sj=@.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn= ((naxle-14).*dninitial +(20.525 + arm1 +
aramesafet+arml)+aramesafet+arm1+3.525)./v;

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-S;.~2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-Sj.#2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sj)./((1-damping”2)"0.5)).*(2.*damping”2-+(Sj*2)-1).*sin(wdj. *(T-
Tn))));
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A2=(1-§j.72).*sin(omega;j.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.* (T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.* (T-tc-
tn))));

B2=(1-Sj.#2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj. *(T-tc-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj"*2)-1).*sin(wdj.* (T-tc-
Tn))));

tl = T-tn;
t2 =T-Tn;
t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=(];
h2=[];
h3=(];
h4=[];
for s=1:nrow_T
tl s=tl(s,1);
t2 s=t2(s,1);
t3_s=t3(s,1);
t4 s=td(s,1);
iftl_s<0
h1l_s=0;
else
hl_s=1;
end
ift2_s<0
h2 s=0;
else
h2 s=1;
end
ift3 _s<0
h3 s=0;
else
h3 s=1;
end
ift4 s<0
h4 s=0;
else
h4 s=1;
end
h1=[h1;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
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h4=[h4;h4 s];
end

pt1=(1/(7"4)).*(1./((1-Sj*2)"2)+4.*(damping. *Sj)"2)). *(A 1. *h1+((-
1AG+1)).*B1.*h2);

pt2=(1/(j"4)).*(1./(((1-Sj"2)"2)+4.*(damping.*Sj)"2)).*(A2.*¥h3+((-
D”(G+1)).*B2.*h4);
%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1+pt2)
deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1);
yl=yl+deltayl;
end
%%0%0%%%%%%%%%0%0%6%%%%%%%%0%6%6%%%%%%%%%%0%6%%%%%
for n = naxle-2
wji=((G"2).*(pi"2)/(L"2)).*((E.*I)/m)"0.5;
Sj=(.*pi.*v)./(wj.*L);
omegaj=(j.*pi.*v)./L;
tn= ((naxle-14).*dninitial +20.525 + arm1 +
aramesafe+arml)+aramesafe+arm1+3.525+3)./v;
Tn= tn+(L./v);
tc=0./v;
wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.*2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-Sj.#2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wd;j. *(T-
Tn))));

A2=(1-Sj.”2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.* (T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.* (T-tc-
tn))));

B2=(1-Sj.#2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj. *(T-tc-
Tn)))+(((Sy)./((1-damping”2)"0.5)).*(2.*damping”2+(Sj*2)-1).*sin(wdj.* (T-tc-
Tn))));

tl = T-tn;

t2 =T-Tn;

t3 = T-tc-tn;
t4 = T-tc-Tn;
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h1=(];
h2=(];
h3=(];
ha=(];
for s=1:nrow_T
tl_s=tl(s,1);
t2 s=t2(s,1);
t3_s=t3(s,1);
t4 s=td(s,1);
iftl_s<0
h1l_s=0;
else
hl_s=1;
end
ift2_s<0
h2 s=0;
else
h2 s=1;
end
ift3_s<0
h3 s=0;
else
h3 s=1;
end
ift4 s<0
h4 s=0;
else
h4 s=1;
end
hl=[h1;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];
end

ptI=(1/(74)). *(1./((1-Sj*2)*2)+4.*(damping.*Sj)*2)). *(A 1. *h1+((-
1YA(j+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-Sj*2)"2)+4.*(damping. *Sj)"2)). *(A2.*h3+((-
DAG+1)).*B2.*hd);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi™4))).*(pt1 +pt2)

deltay 1=((2.*P.*(L"3))./(E.*1.*(pi"4))).*(pt1);

yl=yl+deltayl;

end
%0%0%%6%%%%%%%6%6%0%0%%6%6%%%%%%%%6%0%%0%%%6%%%%% %% %%
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for n = naxle-1

wj=((G"2).*(pi"2)/(L"2)).*((E.*I)/m)"0.5;

Sj=(.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn= ((naxle-14).*dninitial+(20.525 + arm1 +
aramesafe+arml)+aramesafetarm1+3.525+3+11)./v;

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.”2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-
tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));

B1=(1-S;.”2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((S))./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj.*(T-
Tn))));

A2=(1-S;.”2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j.*(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj"*2)-1).*sin(wdj.*(T-tc-
tn))));

B2=(1-Sj.*2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((S))./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj. * (T-tc-
Tn))));

tl = T-tn;
t2 =T-Tn;
t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=[];
h2=(];
h3=[];
h4=(];
for s=1:nrow_T
tl _s=tl(s,1);
t2 s=t2(s,1);
t3 s=t3(s,1);
t4 s=td(s,1);
iftl_s<0
hl_s=0;
else
hl s=1;
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end
ift2_s<0

h2 s=0;
else

h2 s=1;
end
ift3_s<0

h3 s=0;
else

h3 s=1;
end
ift4 s<0

h4 s=0;
else

h4 s=1;
end
hl=[hl;hl s];
h2=[h2;h2 s];
h3=[h3;h3 s];
h4=[h4;h4 s];

end

ptI=(1/(74)). *(1./(((1-Sj*2)*2)+4.*(damping.*Sj)*2)).*(A 1. *h 1 +((-
D)AG+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-Sj*2)"2)+4.*(damping. *Sj)"2)). *(A2.*h3-+((-
1)AG+1)).*B2.*h4);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi*4))).*(pt1+pt2)

deltay 1=((2.*P.*(L"3))./(E.*L.*(pi™4))).*(pt1);

yl=yl+deltayl;

end
%%0%%6%%%%%%%6%6%%0%%%6%6%%%%%%6%6%:%%%%%%%%%% %% %%

for n = naxle

wj=((G"2).*(pi"*2)/(L"2)).*((E.*I)/m)"0.5;

Sj=@.*pi.*v)./(wj.*L);

omegaj=(j.*pi.*v)./L;

tn= ((naxle-14).*dninitial+(20.525 + arm1 +
aramesafe+arml)+aramesafetarm1+3.525+3+11+3)./v;

Tn= tn+(L./v);

tc=0./v;

wdj=wj.*(1-damping”2)"0.5;

A1=(1-Sj.*2).*sin(omegaj.*(T-tn))-2.*damping.*Sj.*cos(omegaj.*(T-

tn))+exp(-damping.*wj.*(T-tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tn)))+(((Sj)./((1-
damping”2)"0.5)).*(2.*(damping”2)+(Sj*2)-1).*sin(wdj.*(T-tn))));
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B1=(1-Sj.”2).*sin(omegaj.*(T-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-
Tn))+exp(-damping.*wj.*(T-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-
Tn)))+(((S))./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj. *(T-
Tn))));

A2=(1-Sj.*2).*sin(omegaj.*(T-tc-tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
tn))+exp(-damping.*wj.*(T-tc-tn)).*((2.*damping.*Sj.*cos(wd;j. *(T-tc-
tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*(damping”2)+(Sj"*2)-1).*sin(wdj.*(T-tc-
tn))));

B2=(1-S;.”2).*sin(omegaj.*(T-tc-Tn))-2.*damping.*Sj.*cos(omegaj.*(T-tc-
Tn))+exp(-damping. *wj.*(T-tc-Tn)).*((2.*damping.*Sj.*cos(wdj.*(T-tc-
Tn)))+(((Sj)./((1-damping”2)*0.5)).*(2.*damping”2+(Sj"2)-1).*sin(wdj. * (T-tc-
Tn))));

tl = T-tn;
t2 =T-Tn;
t3 = T-tc-tn;
t4 = T-tc-Tn;
h1=[];
h2=(];
h3=[];
h4=(];
for s=1:nrow T
tl _s=tl(s,1);
t2 s=t2(s,1);
t3 s=t3(s,1);
t4 s=td(s,1);
iftl s<0
hl s=0;
else
hl s=1;
end
ift2_s<0
h2 s=0;
else
h2 s=1;
end
ift3_s<0
h3 s=0;
else
h3 s=1;
end
ift4 s<0
h4 s=0;
else
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h4 s=I;

end

hl=[hl;hl s];

h2=[h2;h2 s];

h3=[h3;h3 s];

h4=[h4;h4 s];
end
pt1=(1/(j"4)).*(1./(((1-Sj"2)"2)+4.*(damping.*Sj)"2)).*(A1.*h1+((-

D”(j+1)).*B1.*h2);

pt2=(1/(7"4)).*(1./(((1-Sj*2)"2)+4.*(damping.*Sj)"2)).*(A2.*h3+((-
DAG+1)).*B2.*hd);

%deltay 1=((2.*P.*(L"3))./(E.*L.*(pi™4))).*(pt1 +pt2)
deltay 1=((2.*P.*(L"3))./(E.*1.*(pi"4))).*(pt1);
yl=yl+deltayl;
end
%%0%0%6%%%%%%%6%6%0%0%%6%6%%%%%%%%6%6%%0%%%6%%%%% %% %%
yl=yl.*sin(j.*pi.*xcheck./L);
y=y+tyl
end
plot(T,y,'r-")
hold on
end
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