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ABSTRACT

INVERSE STURM-LIOUVILLE SYSTEMS OVER THE
WHOLE REAL LINE

Altundaj, Hiuseyin
Ph. D., Department of Mathematics
Supervisor: Prof. Dr. Hasan Taseli

November 2010, 88 pages

In this thesis we present a numerical algorithm to solve thgusar Inverse Sturm-

Liouville problems with symmetric potential functions. & kingularity, which comes
from the unbounded domain of the problem, is treated by denisig the limiting

case of the associated problem on the symmetric finite iatein contrast to reg-

ular problems which are considered on a finite interval thgudar inverse problem
has an ill-conditioned structure despite of the limitingatment. We use the reg-
ularization techniques to overcome the ill-posednefi&cdity. Moreover, since the
problem is nonlinear the iterative solution proceduresaetied. Direct computation
of the eigenvalues in iterative solution is handled via psspectral methods. The
numerical examples of the considered problem are givefuiriate the accuracy and

convergence behaviour.

Keywords: Singular inverse Sturm-Liouville systemspéised equations, regulariza-

tion, pseudospectral method.



Oz

REEL EKSEN UZERINDE TANIMLANMIS TERS
STURM-LIOUV ILLE SISTEMLER |

Altundag, Huseyin
Doktora, Matematik BIUm
Tez Yoneticisi: Prof. Dr. Hasan Taseli

Kasim 2010, 88 sayfa

Bu calismada tekibzellige sahip olan ters Sturm-Liouville probleminde simetrik
potansiyel fonksiyonlari icin sayisal algoritniaetildi. Problemin sonsuz aralik-
zerinde tanimlanmis olmasindan kaynaklanan tekillikissa arafja karsilik gelen
sonlu simetrik aralilizerinde giderilmeye c¢alisildi. Ancak sonlu araliktaalanan
tekil olmayan ters problemin aksine, tekil problemin, soatalfa indirgenmis ol-
masina rgmen hastalikli (ill-posed) bir yapisinin ofglw goruldii. Bu yapiy: di-
zeltmek icin iyilestirme (regularization) tekniklerukanildi. Ayrica sayisal anlamda
coziml aranan problemin dpusal olmamasindan dolageyinelemeli metod kul-
lanildi. Bu metodta ihtiya¢c duyulanid problemin ¢zimi sankispektral metodlar
yardimiyla elde edildi. Dgrulugun ve yakinsakdjin sergilenmesi amaciyla varsayilan

problem icin sayisabrnekler verildi.

Anahtar Kelimeler: Tekil Sturm-Liouville problemleri, B&alikli denklemler, iyiles-

tirme, sanki-spektral metodlar.
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CHAPTER 1

INTRODUCTION

1.1 Introductory Background

Differential equations are of interest for both pure and apptiathematicians. While
pure mathematicians study on the existence and uniqueriessubions, applied
mathematicians are more interested in dealing with pralcitomputational proce-
dures of diferential equations. In this dissertation we focused on threerical so-
lution of the inverse Sturm-Liouville problems. At the beging of the thesis we

mention briefly about definitions, notations and theoremaswhll be used later on.

Definition 1.1 (Normed, Banach and Hilbert Spaces, Inner Product SpaceX Lt
a vector space over a field of scaldfs We assume that there exists a real-valued

non-negative functioft| : X - R* satisfying
() IIx| > Oforall x e X and||x|| =0iffx=0
(i) llax|| = la|||Ix| forall x e X,a € F
@ii)) X+ vl < X + |lyll for all x,y € X.
Such a function is called norm on X and a vector space X withrtaren is said

to be normed space denoted ©%]|.]). Given a normed space, definéxgy) =

IIXx =yl for all x,y € X. Then d is a metric for X induced by the ngftri.

A sequencéx,) is said to be a Cauchy sequence in X equipped with a nofim, i
Xmll = 0as mn — oco. A sequenceéx,) in X is said to converge to a vector x in X if

[[Xh — X|] = 0as n— oo.



A vector space X is complete if every Cauchy sequence in Xrgesv® an element
of X. A normed space which is complete in the metric definedmpoiim is called a

Banach space.

Now, let X be a vector space over complex numtierg\n inner product on X is a

function(, ) : X x X — C which satisfies the following axioms:

() xy) =%
(i) (ax.y) =a(xy)
@ii) (X+VY,2 =(X2)+Y,2

@ii) (X, x)>0and(x,xy =0ifx=0.

An overbar denotes the complex conjuge ang x€ X, @« € C. A vector space
endowed with an inner product is called an inner product sp&sery inner product

space is a normed space with a natural ndmi = (x, x) /2.

A Hilbert space is a complete inner product space, i.e., isad®h space whose norm

is defined by an inner product.

Definition 1.2 (Linear, Bounded, Adjoint Operator) Let X and Y be vectorcgsa
over a fieldF. A linear operator T of X into Y is an operator TX — Y such that
T(ax+By) =aT(X)+BT(y) forall x,ye X, a, B € F.

T is a bounded operator if X, Y are normed vector spaces|jdnd < c||x/| holds
for c € IF. Moreover, the smallest ¢ satisfying the inequality isedlihe norm of the
operator T denoted byT]||.

Let X, Y be Hilbert spaces and T X — Y be a linear operator. An operator
T* .Y — X is called the adjoint operator of T {iT x,y) = (x, T*y) for all x € X and
y € Y. If the relation T x= T*x is satisfied for all x X, then operator T is said to be

self-adjoint.

Definition 1.3 Let X be an inner product space and x, y be vectors in X, i) =0

then x and y are said to be orthogonal. Now let U be a non-empigefiof X then

2



thesetU ={xe X : (x,uy =0 for all u € U} is called the orthogonal complement
of U.

Definition 1.4 (Orthonormal Basis) Let E {g} be a non-empty subset of a Hilbert
space H. If (i) eLejifi # j, (i) llell = 1 Vi

then the set E is called an orthonormal set of H. In other wom®dahonormal set
in a Hilbert space H is a non-empty subset of H which consista@iaily orthogonal
unit vectors. An orthonormal set E in an inner product spaas Ehlled complete if
it is not possible to add a non-zero vector e to a set g} such that the enlarged
set{e, e} turns out to be orthonormal. A complete orthonormal set inilaétt space

is called an orthonormal basis or Hilbert basis.

Theorem 1.5 Let E be a orthonormal set of a Hilbert space H. Then the folhgsi

are equivalent:

(a) Eis complete
(b) If{u,e) =0foralle € E, thenu=0

(c) u:Z(u,e.}e.forallue H

geE

(d) Jull® = Z I(u,e) [*forallu e H.

g€eE

For a proof see [72]. The series in (c) is known as Fourieesand the cdicients
(u,e),i=1,2,...are called Fourier cdicients. The identity in (d) is called Parseval

identity.

Definition 1.6 (The Resolvent Set and The Spectrum of an Operator) Let T be a
linear operator on a normed space X. The g€f) € C of all complex numbera

for which the operator T = Al — T has a dense rangk, = R(T,) in X and T, has

a continuous inverse is called the resolvent set of the dpef. The complement

of this set inC, namelyo(T) = C — o(T) is called the spectrum of the operator T.
Moreover, if1 € o(T), then either ! does not exist; or T exist, but it is not

continuous; or T! exist, butR, # X. We should note that the domain of Tis

3



equal to the range of Ti.e., D(T,}) = R, if T, has an inverse. Thus, the spectrum

can be decomposed into three disjoint sets as follows:

1. The setry(T) = {1 € C; T, *does not exigtwhich is known as point spectrum
of T and its members are called eigenvalues of T. For the elssr&f the
spectrum there are non-zero vectors from X such thatTix satisfied. These
vectors are known as eigenvectors of T and constitute a sabspét) C X
which is called the characteristic subspace associated witfihe dimension

of this subspace, which maybe infinite, is the multiplicitthefeigenvalud.

2. The setr(T) = {/l e C;T, Y exist but it is unboundéds called the continu-
ous spectrum of T.

3. The setr(T) = {/l € C; T, ! exist butR, # X} is called the residual spectrum
of T.

These decompositions lead evidewt(f') = op(T) + o¢(T) + o (T).

Remark 1.7 A linear operator on a finite dimensional vector space mighteéhonly

the point spectrum.

Definition 1.8 Assume thady represents an initial error ané, represents the growth
of the error after n steps. Ik, ~ ney, the growth of error is said to be linear. If
len] ~ €K" the growth of the error is called exponential. In this case& it 1 the

exponential error grows without bound as# oo, and if K < 1 the exponential error

vanishes as p» .

Definition 1.9 (Fréchet Derivative of an Operator) Let T be a mapping between a
Banach space X and a Banach space Y, i.e., X —» Y. We say that T is Echet
differentiable at a point gie X if there exist a linear continuous operator L from X to
Y such that

im IT(Uo + W) — T(Up) — LWlly

=0.
weX, [ilx—0 lIWllx

If this happens, the linear operator L is unique. It is terntieel Fréchet derivative of

T at the point y.



Remark 1.10 Fréchet derivative represents the usual derivative if T isneefibe-
tween finite dimensional spaces. Thus, the existence of tobdida matrix guaran-

tees the Fechet diferentiability condition for nonlinear equation systems.

1.2 Sturm Liouville Theory

1.2.1 Sturm Liouville Problem

Second order linear flerential equations are frequently encountered in praatice
connection with physical and engineering problems. Onkehtost famous problem
is the Sturm-Liouville eigenvalue problem

Ly(x) =0, xe(ab) (1.2)
with the formally self-adjoint operatdr defined by

L= —%([p(x)%(] +q(X) — Ar(X) (1.2)
wherep(x) andr(x) are strictly positive p(x), q(x) andr(x) are assumed to be real-
valued continuous functions except for finitely many jumpgiee interval & b) and
Ais areal parameter. The boundary conditions accompanyiting($u1) will be

y(a) cosg) + y'(a)sin(@) = 0
y(b) cos) + y'(b)sin(B) = 0

wherea andpg are real numbers between 0 andf a andb are finite, the system con-

(1.3)

sisting of (1.1)-(1.3) is called regular Sturm-Liouvillgstem. The parameter for
which the equation (1.1) has nontrivial solution subjedbdoindary conditions (1.3)
is called eigenvalue and the corresponding nontrivial tsmuy(x) is called eigen-

function of the system.

For example, in quantum mechanics one dimensional moti@anpairticle of mass

in an external field/ is represented by the equation

K2 . _
5V (X) + V(Xu(X) = Ey(X)

in which (x) is the wave functionE is the total energy of the particle anids the
Planck constant divided byr2 This equation is called Sabdinger equation which is

a special form of a Sturm-Liouville problem.

5



If we deal with the vibrational modes of a string, sound wawea pipe or certain
mechanical systems, we reach the time dependent wave @guati

0 ou ou

25 P05 | —au= (-
wherep(X) is denoted by tension of the string(x) is spring-like transverse restoring
force, andr(x) is the density of the string. When we propose separation ridibies

of the formu(x, t) = ¢(X)sin(wt) theng(x) must satisfy
d d
S [P0Se] - 096 = Ar (9
which is the standard form of the Sturm-Liouville equatietere we usel = w?.

It is well known that the Sturm-Liouville problem has nicetimematical properties.
Proposition 1.11 For a regular Sturm-Liouville problem,

(i) Eigenvalues are real, simple and they constitute aneasing sequence <

A1 < ...tend tooo.

(i) The eigenfunctions corresponding to distinct eigdnea are orthogonal and
form a complete orthogonal set of functions ofeetb) with respect to the inner

product
b
(u,v):f uvwdx
a

under the weight function x) > O.

(i) (Interlacing property) y has exactly k zeros in the open inter¢@alb) and there
exist exactly one zero of petween two consecutive zeros gy Here y, be
the kth eigenfunction corresponding to kth eigenvalue

For proofs see for example [20].

However, Sturm-Liouville problems are also defined on amitdiintervals, namely
a = —oco andor b = co. It is also possible that one of the functiop&), q(x), r(x)

in Sturm-Liouville problems fails to satisfy to be contirugoor to be strictly posi-
tive at one or both endpoints. These types are classifiechgslar Sturm-Liouville

problems.



One can solve Sturm-Liouville problems either analitizalt numerically for a given
set of functionga(x), q(x), r(x) and corresponding boundary conditions witlandg
to find eigenvalues and corresponding eigenfunctions. Braiflems are called direct
Sturm-Liouville problems. It is not easy to solve directipieans analytically, actually
many of them it is impossible. This needs to develop many misaenethods giving
eigenvalues and eigenfunctions in a desirable accuracsittoer regular or singular
problems. These methods can be classified into two main grkupyn as shooting
and matrix methods. Basically, shooting methods [48, 63 rédlace the boundary
value problem (BVP) with an initial value problem (IVP) ovéretrange 4, b] and
solve this IVP for trial values oft until the boundary conditions @ andb can be
satisfied at the same time. The principal of a matrix methad onvert diferential
equation to a matrix eigenvalue problem and solve it nura#yi¢9, 73].

1.2.2 Transformation to the Schibdinger (Canonical) Form

Consider the singular Sturm-Liouville equation,

Ly=0, L= —%[p(t)%] +qt) = Ar(t), te (—oo,c0). (1.4)

Let us transform, first, the dependent variable frg(thto u(t), where

y(t) = ¢(t)u(t) (1.5)
andg(t) will be determined suitably. Since
y =¢’'u+eu, Y' ' =¢"u+2¢'u + gu’

we have from (1.4),

d?u ¢” ¢’ p¢ q-ar.
-~ 25 _]__? 5 T]u_o. (1.6)

Let us now transform the mdependent variable ftdmx by means of the substitution
x = f(t) (1.7)

wheref is a suficiently smooth function. By chain rule, we have

du du dx

& (t) (1.8)



and
d2
dt2
wheret = f-1(x) on the right hand side of operations in (1.8), (1.9). By meas

=[O+ 10 (19)

(1.5) and (1.7), choosin§(t) and¢(t) appropriately, we shall transform the original

Sturm-Liouville equation into a simpler form.

From (1.8) and (1.9), we put (1.6) into the form

@[ L o8O PO
_[f(t)]ZdT_{f O+ 1250 * oo }x
BRI RO
{¢(t) o0 60 PO +ﬂp(t)}“‘o'

with t = f~1(x) which can be written as

322 + F(X)— + [AG(X) = V(X)] = (1.10)
where o o
00 = o (11)
G(x) = m - (1.12)
V() = Q(t)é(tt))(pzt)[ﬁ(,t()g], or . (113)

Remark 1.12 The main idea behind our method is to consider the singulablem

over a finite interval & (-I,1), instead of te (—co, o).

Such a singular problem can be defined over a symmeineerval, x € (-I,1) if we
choose

1r® >0 (1.14)

[FOF = gy - L2

whereL will become obvious. Then,

£(t) = r((tt)) N f(t):%fl,/%ds (1.15)
Thus, choosé to be
N (C]
L_L ,/p(s)ds (1.16)



hence the transformation in (1.7) is made explicit, i.e.,

_ A
x= f(t) = [L ,/@ds. (1.17)

Further, from (1.12) and (1.14), we have
G(X) = L? = constant (1.18)

On the other handj(t) can be chosen in a way such thatx) in (1.11) vanishes.
Indeed,F(X) = O if
2p(0) ()¢’ () + [pt) £'(H)]"¢(t) = O
that is
¢'(H) _ _[pOF O
(1) 2p(t) f(t)
If we differentiate both side of last expression with respetiie have,

—1In|p®) f'(v)|
—3In[p®) f'()]°
~1in {ép(t)r(t)}

Info()

on using (1.14). Hence we find that
o(t) = VL[pOr )] (1.19)

As a result equation (1.10) reduces to

% + [/ILZ - V(x)]u =0
or
d?u
o HEM-V(u=0, xe(-LI). (1.20)

Note that the new eigenvalue parameter is of the form
E() = L2A()),

with L defined by (1.16).

Remark 1.13 Such kind of transformations are known as Liouville transfations.



Remark 1.14 The boundary conditions accompanying with (1.20) will be
u(-l)cosg@) + U (-l)sin(@) =0 (1.212)

u(l) cosp) + Uu'(l) sin(3) = 0 (1.22)

in which a and g are real numbers betweehand . Clearly the particular values
of @ and B give some special type boundary conditions. For example, 8 = 0
corresponds to Dirichlety = g = 7 corresponds to Neumann, = 0 andg =

NN

corresponds to mixed boundary conditions.

Remark 1.15 If p(t) = r(t) = 1in (1.4), i.e., the original equation is already in

Schrodinger form.

Remark 1.16 The function {x) in (1.20) is called "potential function”. We assume
that the problem has a "reflection symmetry” under the repiaent of x by-x.

Therefore we are looking for a potential function which is even, (x) = V(—X).

Remark 1.17 The equation (1.20) in Schrodinger form will be consideredifnow
on with the notation
-y’ +a(y =41y, xe(ab) (1.23)

for the sake of consistency with the literature.

1.2.3 What are Inverse Problems?

If information about eigenvalues and eigenfunctions aaéable in a Sturm-Liouville
system the cd@&cientsp(x), q(xX), r(x) can be reconstructed numerically. Problems of
this kind are called inverse Sturm-Liouville problems.

A problem is called well-posed in reference to the Hadamafindion of well-
posedness if the following conditions hold:

(a) A solution of the problem exists,

(b) The solution of the problem is unique,
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(c) The solution is insensitive to the changes of the indati.

Otherwise, i.e., if one of the conditions defined above isatex the problem is ill-
posed. In contrast to direct problems, inverse Sturm-Lilipgroblems have gener-
ally ill-posed structure and cause some numericdiadilties. One of the mostfiec-
tive way to overcome ill-posedness is the regularizationthis thesis we shall use
regularization techniques to solve singular inverse Stuioaville (S-L) problems
on the real line. There are several methods to solve inveod#gms on a finite inter-
val and most of them do not require regularization techrsqu&ngular inverse S-L
problems with singularity at endpoints can be consideretherntruncated domain.
Since this treatment does not make it a regular one it stdbseegularization. We
present numerical results in Chapter 4 for singular S-L @oisl over {0, co) for

the symmetric potentiaj(x) if the spectrum, i.e., the eigenvalue set, is known.

1.2.4 Literature Review for Inverse Sturm-Liouville Problem

The development of the inverse spectral theory of the Stuouville equations has
a long history. The starting point of the problem is the pgmédslished in 1929 by
Ambartsumyan [2]. He showed that if the set of numbkys= (n7)? for n € N are

given as a spectrum of the Sturm-Liouville problem
-y +q(x)y=41y, xe(0,1) (1.24)

with boundary conditiong’(0) = 0, Yy (1) = 0 thenq is the zero potentialj = 0.
This result attracts many scientist to make deeper invatsbig about the existence
and unigueness conditions for the inverse S-L problem. &t fambartsumyan’s
claim is not true in general, namely the given eigenvaluassabt suficient to re-
cover a potential uniquely. But it is an exceptional case yonsetric potentials for
which one eigenvalue set is enough. The general results et@agned by Borg in
1945 [15]. He showed that §f1,}, n € N is the eigenvalue set of (1.24) with the
boundary conditiong(0) = 0, y(1) = 0 and if{un}, n € N is the eigenvalue set of
the same equation with fierent boundary conditiong(0) = 0, y'(1) = O then the
set of eigenpaifa,, un} uniquely determines the potent@(lx) in the equation (1.24).
He also showed that ©j(x) is symmetric about the ling = 1/2, q(X) = q(1 - X),
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one eigenvalue set is enough for the recoverg which coincides with the result of
[2]. After Borg’s paper Levinson published his results in efhuniqueness proof was
given in a simpler form by using Green’s function and commealysis technique
[49]. In 1950 Marchenko [51] showed that if boundary coradis corresponding to
{1} and{u,} are given in the form

y(0)-hy(0)=0, y(1)+Hyl1)=0 (1.25)

Y(©0)-hy0)=0, y(@)+HYy1)=0 H=zH (1.26)

then two spectra are ficient to determine not only potentiglbut also constants
h, H, H” uniquely. After researches about uniqueness via two speGel'fand and
Levitan [28] showed that one spectryny};” and a set of norming constarjs,}?’

: o lynli3 o lynll3
defined byp, := yn(0)22 forh # 0, or elsep, := Wofz
the potential uniquely. This work showed that it is posstol@ise other data rather

for h = 0 are enough to recover

than spectra, but two sequences were required for recatistiu Hochstadt and
Lieberman [37] showed that it is not required any informatidoout second spectrum
but insteadq(x) is known on the half interval [22,1]. This information together
with one eigenvalue sequentg)} is suficient to determing(x) uniquely on [Q1].

Another version for this kind of treatment was considerel®@8) 39, 62]. They define

{kaly” known as terminal velocity by means of eigenfunctions, kg.= log (%5

ifh=H= oo,k := |09(:§2§8:) if h = co andH < o and showed thail,}>° and

terminal velocity are able to recoveg(x) uniquely. Another version of the inverse

problem related with the Sturm-Liouville equation is catesed by J. McLaughlin

in 1988 [53]. The so-called inverse nodal problem is the |emmbof reconstructing
the potentialg and the boundary conditiong 8 in (1.3) witha = 0, b = 1 using
only the nodal point$x™}2-1. Actually these points aren(- 1) zeros of then — th
eigenfunction of the Sturm-Liouville equation with assded boundary conditions.
She proved that the potentigjcan be determined up to a constant by means of nodal
points of Dirichlet problem. There are several authorsshgion the existence,
uniqueness and reconstruction process of this kind of prog] see, for example,
[18, 25, 31, 47] and references cited therein.

After establishing the existence and uniqueness theotyeahiverse Sturm-Liouville

problems many authors try to construct ahiagent algorithm to get potential from
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various set of data. In 1978 Hald [32] proposed an algoritbmsblving the in-

verse Sturm-Liouville problem with symmetric potentiabebirichlet boundary con-
ditions. His algorithm is based on the classical Rayleiglz-Riethod. The main
idea under this method is to expand the potential and thetigetions in truncated
Fourier series form and reduce the problem to a finite dinosaginverse eigenvalue

problem. Namely, he proposed a trial potential
m
aX) = ag+ 2 Z ak COS(XX)
k=1

and then try to find the cdicientsa, such that the given eigenvalue $ef} coin-
cides with the eigenvalues of reduced matrix-eigenvaloblpm. In this formulation

an initial guess for the potential, which was taken basycaéiro in this work, is
needed. Hald showed that the potential converges to a liotérpial as the dimen-
sion of the space of trial functions is increased. He alsenesl that continuous
and square integrable potentials were reconstructed esthriumber of eigenvalues
whereas discontinuous ones needed more eigenvalues. dtesswof the algorithm
depends on the fact that the matrix anflefiential eigenvalues have the same asymp-
totic behaviour. The novelty of this work attracts Paine][F%e realizes that dieren-

tial eigenvalues asymptotically behavétdiently from the eigenvalues of the matrix
which is obtained by finite dierence method. Paine used the asymptotic correction
of finite difference method

& = (K- 2h2)(1-coskh), k=1,....,N, h=n/(N+1)

which has been given in [60]. Actually, by subtracting coti@n from the dfferential
eigenvalues, one can obtain estimates of the desired fifiiezehce eigenvalues such
that they have the same asymptotic behaviour. On the otimel, Ivathe reconstruc-
tion procedure Paine used a general form of Sturm-Liouateation in (1.2) and
considered Liouville transformation to pag) from r(x) and p(x) starting with an
initial p on a non-uniform mesh. Newton method was taken into accoutgrative

solution process for a nonlinear system of equations.

In 1990 Marti [52] used finite element discretization andrection technique with

Newton Secant method to construct potentials from nontiegaations
Ak(Q)—Kk: 0,1<k<m
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In which the eigenvalueA(q) are those of finite element discretization matrix, and
Ay are the firstm corrected eigenvalues derived from the known eigenvaltelse
addition to these works Pirovino [61] presented convergamsult for an inverse
algorithm based on a finite fiierence discretization with an equidistant grid and cor-
rection term. Unlike these works, i.e., [32, 52, 59, 61], ihietr only symmetric
potentials, namelyg(x) = q(r — X) are considered, Fabiano and his co-workers [24]
constructed an algorithm for not only symmetric but alsoegahpotentials. They
used finite number of Dirichlet eigenvalues of the Sturmeiiie equation on (Or)

as spectral data for a symmetric potentials. Finiteedence discretization was used
to reduce the inverse S-L problem to a matrix inverse eigaevaroblem. Similar
nonlinear system of equations in [52] was obtained. But mediilewton’s method
with a zero potential as a starter was used to solve the remlisystem. In contrast
to the iterative solver in [52] modified Newton’s method alito compute Jacobian
matrix one time at the beginning of the first iteration andsiésithe same Jacobian
through the all iterations. Moreover, it is possible to ead¢ Jacobian analytically
for zero potential. Their additional data for non-symneepotentials were terminal

velocities which are defined by

Ki ::Iog(M i=12....

ly; (O™
The method seeks the zero of the nonlinear map

H(@ =[U@ V@I
for a given spectral séfl;, «};, where
U(a) = (1(A) = pa. - (@) = pan)’
and

V(@ = (25 P0@ - 20 2P0 - ., 20 ) - 20

. i(@)lan
with 7;(q) := log| /.

obtained from finite dference discretization of the Sturm-Liouville equationhwit

Herev;(q)’s are the eigenvalues of the matrix which is

Dirichlet boundary conditions at zero angu;j's are the corrected eigenvalue data,
y)(g) is the j-th eigenvector corresponding t9(q). The definition ofV(qg) was at-

tracted by a comparison between the linearization of theixndatar;(q) and the
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Sturm-Liouville datax;(q). The modified Newton method was used with zero poten-

tial as an initial guess for the solution of the nonlinearagopn.

In another work [57] an algorithm for symmetric potential [@)z] was presented.

Neher tried to construct a potential in the form

ae) = a0 a) =40 + Y &g, a=(a)eRr"

=1
from the knowledge of the eigenvalue sgd{, and symmetric basis functiomgx),

qj(x), j =1,...,n, so that
Ai(q(xa) =4, i=1...,n

Thus, inverse problem becomes a finite-dimensional prolofedetermininga € R"

such that the system afnonlinear equations defined by
f(@ = fi(@ = (Ai(a(x;a - 4)) i=1,...,n

hold. Newton’s and interval Newton methods were applieti(&) = O to define a re-
construction procedure for recoveryaix). In this reconstruction procedure a priori
information about the potential was required for the ch®iokj(x) andq;(x). The
paper [57] published by the same author in 1998 concernddti reconstruction

of an unknown impedangg(x) in the Sturm-Liouvile problem of the form
[POYU]" + Ap(x)u =0 (1.27)

with Dirichlet boundary conditions(0) = u(r) = O where the impedancg(x) as-
sumed to be continuouslyftigrentiable in [0x], symmetric, i.e.p(x) = p(r — X) and
positive with p(0) = 1. Same techniques as in [56] was used to solve this inverse
impedance problem. Shooting method was taken into acco@veiuate eigenvalues
and eigenfunctions for the direct problem in the iteratimeiBon procedures for both
methods in [56] and [57].

In [5] Alan L. Andrew used fourth order Numerov’'s method téime the algorithm of
[24] which uses second order method. Dirichlet boundaryimms with symmetric
potentials on [Qr] were considered. In his approaches, for a given finite nurabe
Dirichlet eigenvalues of Sturm-Liouville equation on #) he found a vectoq =

(91, %, ... Gn)" for whichq;, i = 1,2,...,n, is an approximation of symmetrig(x)

15



at the pointsh with h = 5*=. Namelyq is a solution of the equatioh(q) = 0 with
a starting potential needed in the iterative solution pdoce. The components of
f(g) are Ai(Q) + (i, h) — A4 whereA;(q)’s are approximations ai;’s by means of
Numerov’s method, ané(i, h) is called an asymptotic correction defined by

12 sirf(ih/2)
h2[3 + (1 —r) sirf(ih/2)]
Later Andrew modified this algorithm for non-symmetric putels with one spec-

&(,h) =

trum plus terminal velocity and symmetric potentials witeuxhann boundary con-
ditions [6]. He dealt with Neumann boundary conditions bingsither finite dif-

ference or Numerov's method. Asymptotic correction wa®taése; (i — 1, h) for

finite difference and.(i — 1, h) for Numerov's method with the mesh lendth- 5.
Moreover in [7] he used two spectra associated wiffedent boundary conditions to
recover general potentials. However, as is shown in [15l@6e boundary conditions
differ at only one boundary, then two spectra associated thesedary conditions

are stficient to recover the potential uniquely.

In [7] Andrew used method of symmetric extension which ukesdea under the fact
thatif A anda™ are the eigenvalues of (1.24) with the boundary conditjg@= 0,
y(7) = 0 andy(0) = 0, y'(x) = O respectively then{" < 2% < AP < AP < .. are
eigenvalues of (1.24) with symmetric potentigk) = g(r — x) and boundary con-
ditionsy(0) = 0, y(r) = 0. After this, symmetrically extended potential with one
spectra can be reconstructed. At that point it is worth noewetil that the strict inter-
lacing property of eigenvalues is a necessary conditiomsf@tence of the solution.
Asymptotic corrections for Numerov’'s method withffégrent boundary conditions
were given in [3], [4] and [8] play a key role in his algorithrthe numerical algo-
rithm for partially known potential was given in [42]. Depéng on the theory given
by Hochstadt and Lieberman [37], Kammanee afdiBnann gave an algorithm to
construct a general potential for a given firsexact eigenvalues corresponding to
Dirichlet boundary conditions on [@] and a partially known potential on either
[0,7/2] or [r/2,n]. They utilized both finite dference and Numerov’s method to
estimate the desired eigenvalues in each modified Newtaatida step. Again the
make up the dference between the asymptotic behaviours of the given amd co
puted eigenvalues, the algebraic (asymptotic) correstias used both methods. In

this work, they also used broken eigenvalue set, i.e., thevise a missing eigen-
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value. Actually they developed a method depending on thenpiytic behaviour
of eigenvalues to recover missing eigenvalue. Furthermorg3] Kammanee and
Bockmann used boundary value method for the solution of tmexblem in the iter-
ative solution procedure. Basically this method convertedetquation (1.24) into the
system of first order equations$ = Au with

Ao 0 1]’ u:[ul(x)

qx) -4 0 Uz(X)

whereu;(xX) = y andu,(x) = y" and solved this system. Asymptotic correction was
also needed in the reconstruction of potential. More detalout boundary value

method and the correction terms for this method can be fouf2bi.

The methods mentioned above up to now use the matrix method.inferse S-
L problems there is another recovery technique which istedlavith the integral
equations. For a given two sets of eigenvalue sequences.2f)(torresponding
to different boundary conditions (1.25) and (1.26) one can cartgbatential using
Gelfand-Levitan- Marchenko operator. This operator isadr mapping between the
solution of equation (1.24) with a known reference potérg(a) and the solution of
the same equation with an unknown potentj@f). In other words, let£ and £ be

the diferential operators for whicj andys are solutions of the éierential equations

Lo =—¢" +q(X¢ = Ap and Ly =~y + p(X)y = Wy

with g, p € L?[0, 1] satisfying the same conditions:at= 0, i.e.,¢(0) = ¥(0) = 0 and
¢’(0) = ¥/(0) = 1. Then the transformation operafby

1
(X)) = Ty(x) = ¢(x) + fo K(x ty(Ddt (1.28)

can be obtained [19, 26]. From the well known paper of Gelfand Levitan [28],

there exist a functioi(x, t) which is a solution of the Goursat problem
Kit — Kux + (Q(X) — p(t))K(x,t) = 0, O0<t<x<1
d
2K x) = (a(x) - p(x))
K(x,0) = 0.
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SinceK(x, t; p,q) does not depend on eigenvalues, Rundell and Sack [69] used th
kernel to recover the potential from two sets of eigenvaludsey obtained Cauchy
dataK(1,t) andKy(1,t) using the boundary condition &t= 1, GLM operator (1.28)
and given eigenvalue sets. Hence they replaced Goursdeprdly a Cauchy prob-
lem

Ki — Kex = =(@() — p0)K(xt)  0<fti<x<1

K(L 1) = f(t)
Kx(1,1) = g(t)

with the same solution. Note thK{x, 0) = 0 allows to extend oddly on the domain

0 < |t| < x < 1. Thus,K(x, 0) = 0 holds with oddf andgin L?[-1, 1]. They regarded
Goursat problem with cauchy data as an overposed boundhary peoblem for K,
and they used this to recove(x) uniquely. In the reconstruction procedure, Rundell
and Sack used zero reference potential, narpéty = 0 and wrote the D’Alambert
solution formula for the inhomogeneous Hyperbolic equatith Cauchy data on

x =1 for K(x, X) as

1 2x—1 1 T
K(x, X) = > K(1L,2x-1)+ K(1,1) + j; Kx(1, £)dé — f L_ q(7)K(r, £)dédr| .

and they obtained(x) from the integral equation
1
q(x) = ZC%(K(X, X) = 2[Ky(1,2x — 1) + Ky(1,2x - 1)] — Zf q(r)K(r, 2x — 7)dr
X

by two different iterative procedures which are successive approximaethod and
Quasi-Newton method. In the first method, they solved thehmnogeneous wave
equation

Vyx — Vit = Q(X)V O<|t<x<1
v(1,1) = K(L,1), w(1,1) = Ki(1,1) -1<t<1
with an initial q(x) and iterate the solution by
1
it =609 -2 [ an(eu(r. 2x - . aer
X

inwhichG(x) = 2[K(1, 2x — 1) + K4(1, 2x — 1)]. For the second method, they solved
the characteristic initial value problem

Uxx_utt:CI(X)U O<itlgx<1
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0
u(x, £x) = i%f g(s)ds

for a givenq(x) and defined the malp(q) = {w(1;t; g), ux(1;t; 9)}. Then the solution
satisfyingF(q) = {K(1;1), K«(1;t)} was obtained by Quasi-Newton iteration formula

Gt = Gn — (DF(0)) (F(an) — {Ke(1;1), K(L; 1))

where DF(0) denotes the Frechet derivative lefat @ = 0. Same authors gave a
similar algorithm for solving inverse S-L problems in noatgntial form (1.27) for

0 < X < 1 with Dirichlet spectrum, i.e., eigenvalues of S-L problenth u(0) =
u(l) = 0, and Dirichlet-Neumann spectrum, i.e., eigenvalues bf@@eblem with
u(0) = U(1) = 0in [70]. Moreover Sack used Dirichlet spectrum and norming

constants

e f (9P

in whichyy’s are eigenvectors of (1.24) with Dirichlet boundary cdiugtis to recover
the potential via GLM operator technique [71]. The usag&efdero reference poten-
tial causes small oscillations especially in the discardirs potentials. In 2007 Rafler
and Bockmann [66] modified Rundell-Sack algorithm to minimizestbscillations.
They used earlier reconstructions to estimate the jummdiswity and modified the
reference potential with this estimation. Moreover thisdified algorithm needs the
mean value of the exact potential. They provide the exachmakue of the unknown

potential in numerical experiments.

In addition to matrix methods and integral equation relatexdthods functional min-
imization technique is another type of numerical detertnmafor inverse Sturm-
Liouville problems. This technique was conducted in thegoagl7] and [68] by
Brown and his co-workers anddRrl respectively. In the first paper, the equation

(1.24) was considered with the potentigland separated boundary conditions

y(0)+Ay(0)=0
y(1)+ By (1) = 0.

(1.29)

They defineduy(x, 1) andvy(x, 4) as a solutions of (1.24) satisfying the conditions
Ug(0,4) = A, ug(0, 1) = -1 andvy(1,1) = B, vy(1,4) = -1 respectively. Then by

Sturm-Liouville theory [50] there exist multiplier constaC,, forn € N and 0< x <
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1 such that
Uo(X, An) = CaVa(X, An).

These definitions allow them to define the functioGéd)) as
N
G(0) = ) wiGn(Q)
n=0
such thatG(Q) = 0. WhereN > 0, w,’s are positive weights an@,(q) is given by

1
Gn(0) = f | (U4(% An) = CaV (% An))? + (Ug(X, An) = CaVg(X, An))? | dx.

Moreover it was noted that the true potenti@(x) and trial potentialy(x) are both
positive for allx € [0, 1]. Minimization of G with respect tag by gradient descent

method needs &eaux derivative o6. This derivative was defined by
Gn(q + €h) — Gn(9)
€

Ga(alh] = lim

After a long calculations based on integration by parts apagon (1.24) they wrote
this derivative as

1
G @[N] = fo h()H(x)dx

where
~ Ug + VqUy(1) )
H(X) = [2 (uq (vq - Bm) (uy(1)+C)
+ Vg (uq - M) (CV,(0) + 1)0) (1.30)
AV(0) +vg(0)) "

+ (Ug — CVg)? + 2(=UqgZ + CVyt)

is L? gradient in whictz andt are solutions of

-Z'+(q-A)z=Uy—Cvq, 2Z1)=0,7Z(1)=0,
—t"+(@-Dt=U;—Cvy, t(0)=0, t'(0) = 0.

After establishing the derivative it was written
G(q+h) = G(q) + G'(@)[h] + O(h?).

Then by takind(x) = —H(X), there existr so that the relatio®(q+ah) < G(q) holds.

This relation reserved them to set up a recovery algorithmmésins of a sequence
G(Om-1 + @mhm) < G(Qm-2 + @m-1"m-1) < ... < G(Qinitiar + @1h1).
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Concisely in the algorithm they set up an initighnd formH, considering each term
in (1.30) depending on. Then formed

Nmax

h() = = > waHs
n=0
and minimized the final functional
F(a) = G(g+ ah)
to obtainanmi,. Finally they evaluated the updated potential via
Qj+1=0Qq; + @minh

to reach the desired accuracy. The spectfagif) , of the Sturm-Liouville equation
(1.24) with boundary conditions (1.29) together with ass®d multiplier constants
{Cn}), for a givenN and the boundary parameteksB in (1.29) were used as initial
data. In this formulation, weights, was chosen in a way that th&ect of the higher
eigenvalues would be less in the recovery procedure thatother ones. Brown
and his research partners useffadent gradients such &$° and Sobolev type gra-
dients instead of? ones. ButL? gradient gave more better results than the others.
Moreover they reported that the noised data causes somiéatisciin the recov-
ered potential.Since they needed the direct solution @4{lin the iterative solution
method modified Rifer transform was preferred to obtain the solution withghbr
precision. Shortly the equation system

g =Vi- Lsirg, == szsinecose(1+ q—/l)
Va r &

which was obtained by the aforementioned transforms

u(x) = @ siné(x)

u'(X) = r(x)scosb(x)

5= Y4

was solved numerically instead of (1.24).

In [68] Rohrl gave an algorithm which recovers the potential for theagion (1.24)
using two spectrum associated witlffdrent boundary conditions via functional min-

imization. Rohrl defined a least square functional

G(q) = Z wi,n(/lq,i,n - AQ,i,n)z, ne No, i = 1’ 2
i,n
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for trial potentialg and positive weights; .. Wherelq;, are given spectrums and
Aqin are eigenvalues for trial potential. It was known from [2[B0] and [77] that
interlacing property of eigenvalues and correct asymgaare sfficient for the ex-
istence of potentiad) with G(q) = 0. Rohrl also showed that all critical points of this
functional occur at global minima. This fact allows him torimize the least square
functionalG(q) by a conjugate gradient descent algorithm. In brief for@sem initial

potentiald, the gradient
1
VG(q) = ZZ(H + 1)wi,n(/lq,i,n - /lQ,i,n)mgczl,i,n
i,n

was computed to minimize the functior@(g; — «VG(q;)) with respect tar. Where
gqin denotes the normalized eigenfunction correspondingqgtq. When G(q) is
suficiently small,q;,1 is to be taken as an approximating potentiadhR was chosen
win = 1,00 = 0 and was taken 30 eigenvalue pairs with Dirichlet and miachblary
conditions in his numerical experiments.
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CHAPTER 2

REGULARIZATION OF ILL-POSED PROBLEMS

Inverse problems such as Radon inversion (X-ray tomograighal and image
processing, inverse heat conduction, parameter idetiificanverse scattering fre-
quently lead to mathematical models which do not satisfyH{hdamard postulates
of well-posedness, i.e., they might not have a solutionplrten may not be unique
or solutions might not depend continuously on the initigbd& his violation is con-
sidered as ill-posedness in the Hadamard sense. The nairswiation of ill-posed
problems is unstable under data perturbations. Thus, #ssichl methods often fail
to get a solution of such a problems. On the other hand, evampibblem is well-
posed it may still be ill-conditioned which means the smaltprbations in the initial
data can cause the large errors in the solution. Unfortynatemathematical tech-
nigues exist to transform the mentioned unstable problenstable one. But it is
possible to built an agreement between the accuracy anilitgtala regularization
techniques. Thus, the art of the regularization methods ied¢over a partial infor-

mation about the solution as stable as possible.

2.1 lll-Posed Linear Operator Equations

In this chapter we firstly consider a linear operator equidiothe form
Tx=y (2.1)

whereX andY are Hilbert spaces anfl is a bounded linear operator frokito Y.
We consider thay is attainable ify € R(T). HereR(T) stands for the range daf.

Then everyy € Y being attainable is equivalent to the existence of the swluaind
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unigueness of the solution is valid if and onlyM(T) = {0} where N(T) is the
null space off. Thus, if existence and uniqueness conditions hold so lieaihwverse
operatoiT ~* exists. Moreover, the continuously dependence of theisoltn the data
equivalent to continuity (or boundedness)Tof. As a consequence if the equation
(2.1) is well-posed theit has a well-defined, continuous inverse operdtor. But
these conditions, i.e., attainability gfand N(T) = {0}, would be too restrictive. If
N(T) # {0} which means the solutions of (2.1) are not unique it shoulpdssible to
be interested in a specific solution satisfying additioeglsirements. Or it is possible
to seek a generalized solution everyiis not attainable. This generalized solution
will be provided by means of the concept of a generalizedrse/efT. Then the last
condition of the Hadamard'’s well-posedness will be relévarthe continuity of the

generalized inverse @f.

2.1.1 The Moore-Penrose Generalized Inverse

Definition 2.1 Let T: X — Y be a bounded linear operator.

(i) x € X is called least-squares solution of Bxy if

ITx=yly =inf{iITz-ylly | z€ X} (2.2)

(i) x € X is called best-approximate solution of =Yy if x is a least-squares
solution of Tx=y and

[IXllx = inf {||Zlx | zis least squares solution dfx = y} (2.3)

holds.

Basically the best approximate solution is defined as thd-Bzpsres solution of
minimal norm. The definition of the Moore-Penrose inverselmadone by restricting
the domain and range af in such a way that the resulting restricted operator is

invertible and its inverse will then be extended to its madislomain.

Definition 2.2 The Moore-Penrose generalized inversedr a linear operator T is

defined as the unique linear extensionof to
DT :=R(TM) +R(T)*  with N(T) = R(T)*
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where
T = Ty : N(T) — R(T).

The Moore Penrose generalized inveféeand best approximate solution are closely
related. ActuallyT " is a solution operator mappirygonto the best approximate solu-

tionof Tx=y.

Theorem 2.3 ([23], Theorem 2.5) Let \¢ D(T7). Then T x= y has a unique best
approximate solution, which is given by
X' =Ty

Theorem 2.4 ([23], Theorem 2.6) Let ¢ D(TT). Then xe X is a least-squares
solution of T x=y if and only if the normal equation

T Tx=T"y
holds.
Consequently by virtue of definition (2.1), theorem (2.3) #mgorem (2.4)T'y is
the solution ofT*T x = T*y of minimal norm, i.e.,

T =(TT)'T"

2.1.2 Compact Linear Operators

An operatorT : X — Y between normed spaces is called a compact operator if it

transforms bounded sets in the spXc® relatively compact sets in the space

Example 2.5 Any linear operator T: X — Y for which®R(T) is finite dimensional

is compact. In particular, matrix operators are compact.

Theorem 2.6 ([78], Theorem 2.14) Let . X — Y be a compact linear operator,
and let X and Y be infinite dimensional. ®{(T) is infinite dimensional, then the

operator equation T x y is ill-posed in the sense that the first and third conditions
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of the Hadamard definition of well-posedness are violatedthis caseR(T) is not
closed. IfR(T) has finite dimension, then the second condition of the Hadhma

definition of well-posedness is violated.

Example 2.7 Let us consider the linear system Axy , A : R" — R™ This
system has a unique solutioh x A’y if ATA is non-singular. Here we defing A
(ATA)~IAT. And since the operator A is defined on finite dimensional epitcis

always continuous. Thus, the probl€¢A R", R™) is well-posed.
Now let X and Y be Hilbert spaces. Define the operatoXA— Y satisfying
Af =g (2.4)
If we multiply (2.4) with the adjoint operator of A; Ave get
A'Af = A'g (2.5)

If we define f = A’g then f is a unique solution of (2.5). But in general /&
discontinuous and unbounded. This means fAaX, Y) will be ill-posed. Moreover

let us consider more precise example to emphasize the ustgeword "in general”.

We consider the problem
X
Af(X) := f f()dt=g(x), xe][0,1]. (2.6)
0

The equation (2.6) has unique solution if and onlg & C1(0,1) = {f € CY0,1)|
f(0) = 0} whereC'(0, 1) denotes the set of all continuouslyffdrentiable functions
on the interval (01). By the Fundamental Theorem of Calculus: g'. The integral
operatorA : C(0,1) — C*(0,1) in equation (2.6) is bijective, and its inverae! is
continuous. Her&€(0, 1) denotes the set of all continuous functions ofiLJ0 Then

we write
IAfllcioy = suplAf(X)[+ sup [(Af)(X)

x€[0,1] xe[0,1]

= sup |Af(X)|+ sup|f(X)]
xe[0,1] x€[0,1]

> sup|f(X)
x€[0,1]

= Ifllcoy
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and obtain

Af
IATHex0n _ a5 12 1Ay <1

Ifllco.1)
which proves the boundednessft. Thus, @, C(0, 1),C%(0, 1)) is well posed.

Next, let us consider the problem,(£*(0,1), £2(0,1)) where£L>(0, 1) is the set
of all essentially bounded functions on {0 with the norm|| f|| = ess sup|f(X)| for
which there exist a positive constadt satisfying| f (x)| < C for almos),(t€ [gillllx €(0,1),

is called essential supremum (ess supf) af £>(0, 1). And letA be the same operator

asin (2.6). Let us define the equation
Af=¢° (2.7)
in which g? is noisy function havingy®(0) = £(0) # 0, i.e.,g° ¢ C}(0,1). Now if we
choice the special noisy function as
g°(X) = g(X) + esinnx, € > 0
we will have||g® — dllz~ = € and||f® — f|lz~ = |I(g°) — J'llz~ = enin which f¢ is
called noisy solution. Finally the special noisdefined bys = ¢, = % gives
g™ — gl N 0
f— e 8 = —_——
g allz n \/ﬁ
and
1
15" = fllge = &nn = n% = Vn— oo

whenn — oo ande — 0. This mean®\ : £°(0,1) — £%(0, 1) has no continuous
and bounded inverse. Thug, (£~(0,1), £°(0, 1)) is ill-posed problem.

2.1.3 Singular Value Expansion

Let A be self-adjoint compact operator on a Hilbert spXce Then there exist a
sequencéd;}jey in R with [21] > |4,] > ... > 0 and an orthonormal set of functions
{Vj}jen in X such that

AX = Z Aj (X, V)xV;.

ji=1

The elements of the sequendes};.y and{v;}jay are called eigenvalues and corre-
sponding eigenvectors éfrespectively. The system v;);e is called eigensystem
of A.
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In general the operat@k might not be self-adjoint. But sinc&*A is self- adjoint on

X for a compact operatdk between Hilbert spacesandY we may write

A'AX = Z Aj{X, Vj)xVj
j=1

with A; € o(A"A) — {0}(or 2; € o(AA") — {0}) and corresponding eigenvectgrin X.
Then we have

AilIVilI% = (A3Vj, Vi)x = (A"AV;, V))x = (Av, AV))y = [|Av]5 > 0
which impliesd; > 0, j € N. Now Let us define
1 :
oj=+4; and uj:=—Ay, jeN.
7|

ThenAy; = oju; and from this relation we get

1 1 .
A*Uj = A*—AVJ' = —O'J-ZVJ' =0}V = A*Uj =0jVj, ] € N.
0j T
Since
1 1 .
Uj, Uy = ——(AV;, Av)y = ——(A"Av;, Vi
00k Tj0k
1 O'j
= —— AV}, Viox = —(Vj, Viox = 0
gjo0k (%
and

1 1 1
2 * 2
Uil = = (A, Avpy = —(A'AV, V)x = — {43V}, Vidx = Vil
T T 7j
where{v;}jcy is an orthonormal set.

Definition 2.8 Let A: X — Y be a compact operator between Hilbert spaces X and
Y. The triple(oj, vj, Uj)jen C (0, 00) x XX Y is called singular system of the operator
A. Hereoj, vj, u; are called singular values, right eigenvectors and lefeeigctors

of A"A respectively.

And by using singular system we obtain the so-called singidare expansion(SVE)
of A;

AXx = Z oi{X Vj)xUj, X € X
j=1
For the adjoint operator, the singular value expansion takee form;

Ay = ZO'jW, Ui,y eY.

=1
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In this subsection we conclude finally that fipe D(A"), the least square solution of

(2.4) with minimal norm is given by the formula

= Ag=> o7g upw;. (2.8)

j=1
We call the equation (2.8) the singular value expansion efMloore-Penrose gen-
eralized inversé\” where ¢, vj, Uj)jen is the singular system o&. Moreover it is

important to check the convergence condition of the singuddue expansion. This

convergence criteria for this expansion, namely,

(&)

1
2 3O U < oo

j=1 7]
is called the Picard criteria. Indeed the best approximalteisn exists only if the co-
efficients (g, u;)y) with respect to the singular functiongdecay fast enough relative

to the singular values;.

At this point it is worth mentioned that iR(A) is infinite dimensional, then the sin-

gular valuedoi}jen have the following additional property.

lim o, =0.

n—oo

The representation oA’g in (2.8) shows that™ is unbounded ifR(A) is infinite

dimensional.

On the other hand, equation (2.8) shows how errors in glaftect the solutiorA’g.
Namely, error components (with respect to the bagjscorresponding to the large
singular values are harmless. However, error componentesponding to the small
singular values are dangerous because of the fdr?tolrf R(A) is finite dimensional
then there are only finitely many singular values so that thpldication factors%
are at least bounded, although they might still be unacbgpirge. IfR(A) is infinite

dimensional, i.e., linr, = 0 holds thenal—n increases without bound.

Nn—oo

2.2 Regularization Theory

In this section our aim is to approximate the best-approtensalutionx” = Ty

of (2.1) for a given right hand sidg Most problems in the inverse problem theory
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the exact daty are not available accurately, but that an approximate gataith
Ily* — Vil < & are known. In the context of the literatw®ande are called noisy data

and noise level respectively.

If the equation (2.1) is ill-posed] 'y* does not serve a good approximationTdfy
because of the unboundednesd of We require some approximate solution, 3y

of x', depends continuously on the given noisy dgtao that it can be computed in
a stable way. Herg is called regularization parameter which will be chosemedly
such that tends tox' as the noise levet decreases to zero. The solution process
for X7 is in general related with the operafbr This says that we do not only deal
with to regularize the specific equation but also with theutegzing the solution
operatorT . Intuitively a regularization of the operat®i should be the replacement
the unbounded operator by a parameter dependent f&ndy continuous operators.

Then we takec := R,y* as an approximation of'.

Definition 2.9 Let T : X — Y be a bounded linear operator between the Hilbert
spaces X and Y and I¢R}..o be a family of continuous (not necessarily linear)
operators mapping Y into X with® = 0. If for all y € D(T7) there exist one
mappingy : R* x Y — (0,v0), Yo € (0, o) such that

Iimsoup{||TTy— ReyYllx : Y €Y. lly-yll<e=0 (2.9)
and
imsuply(e.y) : y €Y, ly-yl<e} =0 (2.10)

hold. Then we call the famil§R,} a regularization or a regularization operator for
T'. The parametey = y(e, y°) is called regularization parameter and the p&R,, y)
is called a (convergent) regularization method for (2.1(2if9) and (2.10) hold.

In particular,R, are linear then we call the corresponding method is a linegular-

ization method and the familjR,} be a linear regularization operator.

Now, lety® be a perturbed version of the exact dwtsatisfying|ly — y°|| < & with
noise level and letxy = Ry® be an approximation of the best approximate solution

x' = T'y of (2.1). WhergR }-o is a family of continuous linear operators. The total
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\ | -- Approximation Error
| — — —Data Error !
Total Error g

topt

Figure 2.1: The behaviour of the total error in the reguktian procedure

error can be written as

X' = X1 = IT"y - Ryl IT'y = Ry + Ry - Ry’ll
< |ITy =Ryl + IRy - Ryl

= |I(T" = Ryl + IRy — Y)!I.

The first part is called an approximation error and the otlaet i3 called data error.
Whent — 0 the approximation error tends to O while the data errorse¢ach. Figure
(2.1) shows the behaviour of the total error. It can be semn the figure that the total
error can never be zero. We need to determine an optimalamgation parameter
tope Which minimizes the total error. Determination of such aapaeter is the task
of the parameter choice rule. From this point of view we wanrddlect a partial set
{y = y(&,y°)} from the parameter s¢t > 0} for which [Ty — R (.- ¥°ll — O if the
noise level approaches to zero.

Definition 2.10 (Filter Function) Let{g}i.o be a family of at least piecewise con-
tinuous functions. The function g [0,||T|?)] — R satisfyingltirra a(1) = % and

Ag:(1)] < C for all A € (0,]|T||?] and C> Ois called Filter function (or filter factor).

Now we define the regularization operator via filter functaond singular value ex-
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pansion of T as follows.
RY = 6T TT'Y = ) G0y, Udvv. (2.12)
k=1

Different choices of the filter function in this formulation letadthe diferent regu-

larization methods.

Theorem 2.11 Let for ally > 0, g, : [0, |[T||’] — R be a filter function. Then

Tfy if D(TT
limg,(T"T)T"y = y yeb(m)
r—0 oo if y¢D(TY)

Example 2.12 Let
1
T, Azy

1) =
) {

withy > 0and2 € [0, ||IT||?]. Then we obtain

Ry g,(T"T)Ty

= D G(ERTY, Ui
k=1

Z (0) 7MY Udy V.

2
=4

Sinced|gy(1)| = 1 andltirr(l) (1) = % by theorem (2.11

Ry = Y (@)™Xy: ovvi — T'y. (2.12)

2
(=4

It follows from the sum in (2.12) that we filter many singulalwes and use the first
few ones and the corresponding singular functions. Thigliseawith the character-
istics of the singular value decomposition. The reguldioreoperator in (2.12) leads

to the so called truncated singular value decompositionlaggation method.

Definition 2.13 For a given noisy data®satisfying|y® - V|| < &, if the regularization
parametery should be chosen only dependingeathen we call this choosing strategy
as an a-priori rule. Otherwise, it is called an a-posterioragameter choice rule.
Thus, an a-priori parameter choice rule depends only on tbisenlevel while an

a-posteriori rule depends on actual data and estimationa$a level.
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Moreover the noise level information may not be availabtestome inverse problems.
Therefore it is necessary to consider alternative paransétece rules that does not
require the knowledge of the noise level. Such heuristiaqpater choice rules are

called error free parameter choice rules.

2.2.1 Tikhonov-Philips Regularization

For a compact operatdr between Hilbert spaces andY, T*T is a self-adjoint
compact operator with non-negative eigenvalues.isfany positive number then the
operator T*T + yl) has strictly positive eigenvalues. Since the operafon (+ yl)
has a bounded inverse, the problem of solving the equation

(T'T +y)x, =Ty (2.13)

is well-posed. The equation (2.13) is called a regularipechfof the normal equation.
The unique solution
X, = (T*T +yI) Ty (2.14)

of equation (2.13) is called the Tikhonov (or Tikhonov-MR¥s) approximation t@ 'y.
The method which gives the solution (2.14) is called TikheRdilips regularization
method. Now let us show that the Tikhonov approximatigrconverge tol 'y as
y — 0. First of all for a given singular systenr{, vj, u;)jen Of T, {v;} is @ complete
orthonormal set of eigenvectors f&(T*T) = N(T)* and{u;} is a complete orthonor-

mal set of eigenvectors fR(TT*) = N(T*)*. From equation (2.13) we write
yX, =Ty-T'TX,

and hence we get, € R(T*) c R(T*) ¢ N(T)*. Therefore we may exparx,
N(T)* in terms of the singular vectofs;} which constitutes an orthonormal basis
for N(T)* as follows:

X, = Z(xy,vj)xvj. (2.15)
=1

Similarly, we may expand*y € R(T*) c R(T*) c N(T)* in terms of the singular

vectors{v;} as

Ty= Z(T*y, Vi)xVj = Z(y,TVj>YVj = Z(y, TiUjvVj = Zaj<y, upyv; (2.16)

J:l J:l J:l ]:1
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by using the definition ofi;, i.e.,u; := (Tiij,-. Now if we substitute (2.15) and (2.16)
in (2.13) we obtain

DTay U = T, Vxv + Y ¥, Vidxy,

=1 =1 =1

(X, T*TVj)xvj + Zy(xy Vj)xVj

j=1

(%, TV)xV) + Z)’(X«/ Vi)xV,

=1

(% VXV + Z?’O‘y VidxVi

j=1

Mx EM& DM 1M

1l
=

(0% + )% V)xVj.
J

Here we use the identif*Tv; = 4;v; = o%v;. Hence we obtain

o
Xy, Vi)x = = er y Uj)y. (2.17)
Thus, using (2.17) in (2.15) we get
Xy = Z <y, Uj)yVj. (2.18)

Since the least-squares solution is given by
Ty = i =ty vy
- o » Yj/YVj

it is possible to write

2
e = 1S i1
X, =Tyl = ;(G?er Jj)(y,UDYVJ
o 2
1 ol
) Z(a_a%}rv] o
j=1 J
=1 2
< ;‘0? [y, upy]
= [T < e
and
0 2
lim [[x, — T"yll _"L‘%Z(_‘Uzi J Ky, upy| =0
=1 j
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Thereforex, — Tfyasy — 0.
On the other hand, if we compare (2.11) and (2.18) we canyesesd that the filter
functiong, (1) = ﬁ produces the Tikhonov-Philips regularization method.
Definition 2.14 Let T : X — Y be a bounded linear operator between the Hilbert
spaces X and Y. For a given positivéhe functional defined by

F(%) = ITx= VI + VI
is called Tikhonov functional.

At this point it is possible to give the uniqueness of the sotuof (2.1) via Tikhonov

functional.

Theorem 2.15Let T : X — Y be a bounded linear operator between the Hilbert
spaces X and Y and ke given as in (2.14) with > 0. Then the Tikhonov functional

F,(X) = ITx=yl% + ¥lIX[> has a unique minimizer,x
Proof. See [44]. O

Remark 2.16 It is possible to choose Tikhonov functioralas
F () = ITx= Y + yILx

where L is called regularization operator on Hilbert spaceTtie choice of this kind

of functional leads to the minimizer
x, = (T'T +yL'L) Ty (2.19)

as a regularized solution of the problem (2.1). The methoahvproduces the solu-
tion (2.19) is called generalized Tikhonov-Philips regidation. Moreover we can
transform the problem

min{ITx =y +»?ILxI)

to a standard form in which L is identity operator. Actuallyl-iis invertible then with

T =TL?, X = Lx we can solve the equivalent system
min{ITX- I + I} -
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The ¢gfect of the regularization operator will be presented in thenawical results.
But, basically it penalizes the non smooth solutions. Thusn be chosen to be the

discretization of the derivative operators [33].

The selection of the regularization parameter is very aluor the achievement of
the method. If too much regularization is imposed on thetswiuhen the residual
IIT x—ylly will be too large. On the other hand, if regularization is tibibe then the

solution is dominated by the data errors.

2.2.2 Discrepancy Principle

The discrepancy principle is a-posteriori stopping rulecltdetermines the regular-

ization parameter considering the balance between theddtapproximation errors.

Definition 2.17 (Discrepancy Principle) Let,g: [0, ||T|[’] — R be a filter function
and satisfies Theorem 2.11. Moreover lebe defined by (1) := 1 - Ag,(1) and let

> sup{ir,()| | y > 0, 1€ [0, TP} (2.20)
Now the regularization parameter defined by discrepancyqypie is

y(e.y) = suply > 0| T —y'Il < 7e] (2.21)

We assume that for each> 0,y — g,(4) is continuous from left, so that also the
functionaly — |ITX — y°|| is continuous from the left. Consequently the supremum
in (2.21) is attained, so that

”T )i(g’ye) - y€|| < Te&.

If ITX —y°ll < re for all y > 0, theny(e, y°) = co. Thus, the regularization parameter
is determined by a comparison between the residual (orepaacy)|T X — y*|| and

the known noise level bound

If we have the noisy datg instead ofy and know thatly — y?|| < & for the operator
equationT x = Y, it does not make sense to get an approximate solutiith the
residual||TX — y°|| < & because of the fact that a smaller regularization parameter

means less stability. Therefore we assumel [23].
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Theorem 2.18 ([23], Theorem 4.17) The regularization meth@®,,y) wherey is
defined via the discrepancy principle is convergent for al®(T).

Remark 2.19 ([23], Remark 4.18) Any parameter choige= y(e, y°) satisfies

ITX -yl < 72 < T - ¥

for someB withy < 8 < 2y, and withr constrained by (2.20).

This is an important point for practical computations. We tlss criteria as a stop-
ping rule for outer iterative scheme in the context of Newtogthod. Consequently
discrepancy principle defines the stopping iteration inde® be the firstinteger such
that

IFOG) - yll < 7o < IFOG) - Y, 0< k< k.

for equationd(x) = y whered : D(®) c X — Y is a nonlinear operator between the

Hilbert spaces< andY andr > 1 is a given number [40, 67].

2.2.3 L-Curve Method

L-Curve is an error-free parameter selection method whioksdwot require any
knowledge about the noise level In this subsection we investigate the character-
istics of the L-Curve parameter choice rule for Tikhonov tagaation. Namely we

try to find an appropriate regularization parameter for th@mization problem
min{|ITx—ylI§ +y?IX%} (2.22)

Where we take/? instead ofy as a regularization parameter because of the conve-
nience in the numerical computations. The L-Curve is a plpiaafs (| T x— y||$, ||x||§<)

as a function of parameterwhere the pairs represent the size of the residual and the
size of the solution. The L-curve has a perceptible L-shaypeder (Figure 2.2) sit-
uated exactly where the regularized solution changes fremgldominated by noise

to being dominated by regularization errors.

The idea of the method for choosing the regularization patams to determine

a point on this curve that is at the corner of the vertical @gecFor this purpose
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L-curve, Tikh. corner at 1.2956e-007 L-curve, Tikh. corner at 6.2183e-011
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Figure 2.2: Solution norm according to residual norm witiCurve method. Regu-

larization parameter is on the corner of the graph afteréaiton (left) and after 6.

iteration (right).

we could choose the point on the L-Curve where the curvatuneaigmum. Now

we want to find an ficient formula for the curvature of the L-curve. We follow

the same technique as in [36] in which the curvature is givembans of singular

value expansion of the operator and the Tikhonov filter fimmctLetc = ||xy||2 and

s = ||Tx, — yII* with x, be a regularized solution. From the numerical point of view

it is beneficial to consider L-Curves(c) in a log-log scale. The behaviour of the L-

Curve more easily seen in such a scale because of the sevdabbthe magnitude

of the singular values. Thus, let="logc ands = log s such that L-Curve is a plot of

€/2 versuss/2. Moreover lett”, §, ¢’ ands’ denote the first and second derivatives

of € andswith respect toy. Then the curvature of the L-Curwds given by
s¢’-8'¢

(&7 + @)%

Here derivatives of andswith respect toy is defined via logarithmic dierentiation,

K =

(2.23)

ie.,

¢ = % and § = %
On the other hand, we may write the regularized solukpand the corresponding
residualy — T x, by using singular value expansiam;(vi, u;) of the operator and the

filter function for Tikhonov regularization as

X, = ) (.U (2.24)
i=1 !
y=Tx, = > (1— fi)y, wu. (2.25)
i=1
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wheref; is defined by

o2

fi = ' 2.26

such that the tern;{% gives the filter function for Tikhonov regularization. Fr@gh24)

and (2.25) we may write

0 f 2
_ 2 _ Jwvu
c=xl"= ; (Gi v, u.)) (2.27)
s=Ily=Txll = > (L - fi)y.w)’. (2.28)
i=1
Furthermore by using the derivatives
df2 _ )2
—1 = _i"(l_ f;)£2, M = f’(l_ f)2f;
dy v dy Y

we get the derivatives afands with respecty as follows:

’ N 4 Zﬁl2
¢=> —;(1 - 07 (2.29)

i=1 i

N 4 2 2
$=> MO (2.30)

i=1
whereg; = (y, u;). Now on using
i1 1
of of+yvi

we obtain the relation betweethandc’ ass = —y?c’. The second derivatives of ~
andswith respect toy are given by

’ 7 2 e _ 2
:ggzcc(d) and g,zigzs’s (S).
dy c c? dy s &

A7

Additionally we have
I_E_ZI__ /A 2A
S' = —(—y°C) = -2yc —y°C’.
dy
Finally if we insert all expressions far',"¢’, § and s’ into (2.23) we reach the

following formula for curvature.

3 csy?C's+ 2ycs+ y*cc
T (y2e? + $2)(3/2)

in which the quantities, sandc’ are given in (2.27), (2.28) and (2.29) respectively.
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2.2.4 Generalized Cross Validation (GCV)

Generalized cross validation is proposed in [30] as a paenahoice rule which
works without any prior information about the noise lesellhis method selects the

regularization parameterwhich minimizes the functional

niITx, — i3

0 = fraci =)

(2.31)

whereT, = T(T*T + yL)™*T* is ann by n matrix for Tikhonov regularization. The
computation of the defined functional can be done with thegdized singular value
expansiondj, Vj, Uj) ey Of the operatoil andL [78]. Indeed the functional in (2.31)

will be
_ nZO'i>O(fi - 1)2ﬁ|2 + nZO'i:Oﬁiz
- [N= 2o fil?

in which f; is given in (2.26) ang; = G;'y.

G(y) (2.32)

2.3 lll-Posed Nonlinear Operator Equations

Unlike the linear case, ill-posed problems from nonlingaerators are not well de-
veloped. This makes the nonlinear ill-posed problems tha af growing interest in

the applied sciences. In this section we deal with the eguati
d(x) =y (2.33)

where® : D(®) c X — Y is a nonlinear operator between the Hilbert spaesd
Y. When we consider the ill-posedness of nonlinear operat@ways mean that the
solutions do not depend continuously on the data. In theimeesnl case the operator

® has the following properties.

(i) @ is continuous.

(i) @ is weakly closed, i.e., for any sequenieg} c D(®), weak convergence of
X, to xin X and weak convergence ®(x,) toy in Y imply thatx € D(®) and

Dd(X) = .
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In the linear case we looked for the minimum-norm solutiont unonlinear oper-

ator we search for the,-minimum norm solutionx’, i.e.,
O(x') =y

and
X" = Xoll = min{||X — Xo|| | @(X) =y} .

This choices cause from the fact that a solution of a nontipeablem may not be
unique. Therefore the choices xf will be very important, especially for the local
results about convergence. Available a-prior informa#ibout the solution of course

have an impact on the selection of tke

2.3.1 lterative Methods For Nonlinear Equations

Let us consider a nonlinear operatbr. D(®) c X — Y whereX andY are Hilbert

spaces. We denote

Qr(Xo) = {Xxe X | |IX=Xollx <R}, X € X

and suppos@(x) is Frechet dierentiable or2r(X) with the Lipschitz continuous

derivative®’(x) so that
1D°(x1) — @ (X)lly < LIIX — Xallx , L € R.
Now we aim to find a solution to an equation
Dd(X) =y, Xe Qr(X) (2.34)

near the poinky € X. Letx* be a solution of (2.34). With the help of the linearization

formula aroundxy we have
D(Xo) — Y + D'(X0) (X" — X0) = 0. (2.35)

If we assume the operatdr™*(xo)D’(xo) : X — X, where “*” denotes the adjoint op-
erator, has a continuous inverse then (2.34) is a regulatiequand the approximate
solution of the normal equatioh’™ (Xp) D’ (Xo)(X* — Xg) = @ (Xo)(Y — D(X0))

X'~ Xo + (O (Xo) D' (X0)) 20" (Xo)(Y — ©(X0)) (2.36)
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can be found from the well-posed least square problem cetaté2.35):
min{lo(x0) ~ Y + @' (X)X = Xo)l | (X' = %0) € X (2.37)

If the problem (2.37) is ill-posed, the approximation in3@&). loses its meaning be-
cause of the compactness®{x,) which comes from the continuity and compactness
of d(xp) [12, 23].

It is well-known that iteration of (2.36) provides a founidat for construction of
rapidly converging numerical methods for regular type aB42. In this manner

Gauss-Newton Method will be obtained as

Xae1 = X + (@ (%)@ (%) D (Xa) (Y — P(%0)) . n=0,1,... . (2.38)

Local convergence of (2.38) is guaranteed by the contirafith’*(x,)®’(X,) and the
condition x € Qgr(Xy). However, in the ill-posed case, (2.38) does not produce a
solution, and to obtain reasonable approximate solutiomessort of regularization

will be necessary.

2.3.2 Regularization of Nonlinear Ill-posed Problems

The standard form of the Newton-type methods for solvindinear equation (2.33)

can be obtained by means of the linearized version of (233arrent iterate, as
Q' (%) (X = Xn) =y = D(Xn). (2.39)

For inverse problems the inverse ®f (x)@’(x) is unbounded. This causes unstable
iteration processes. To overcome thiffidulty the term @’*(X)®’(x))~* need to be
replaced by a bounded operator, i.e., a regularizatiorabperf we apply Tikhonov
regularization to (2.39) we obtain the most common iteeativethod for nonlinear

ill-posed equation, namely Levenberg-Marquardt method:

Xne1 = X + (@7 (%) @ (Xn) + yal ) O™ () (Y = ©(%n)). (2.40)

Wherey, be a sequence of regularization parametersyarm the noisy right hand

side of (2.34) with a known or unknown noise leel

42



Another method proposed by Bakushinsky [11] known as itebtregularized Gauss-
Newton method:

Xae1 = Xn + (D7 (%)@ (%n) + ¥nl) D™ (%) (Y — D(%n) + Yn(Xn — Xo))- (2.41)

Actually both updates can be considered as a solution obhi&h minimization prob-
lem
ID(X) = YII + ynllx = X'|? = min! (2.42)

with @ linearized around,:
1D(%0) + D (%) (Xt = %) = VI + yallXs = Xall” = min! (2.43)

[D(%n) + D' (%) 51 = %n) = YIIP + ¥allXS: — Xoll* = min! (2.44)

In the Levenberg-Marguardt method (2.43) a priori estimétén the regularizing
term||x — xY| is the last iterate and changes in each iteration. On the bt it is
fixed asxp in the second method (2.44). Therefore the additional tdrfifX,) @’ (x,)+

Yol yn(X — Xo) is the only diference between two methods and it has a stability
effect [11]. Convergence properties of both methods has beestigated by several
authors [11, 12, 14, 34] in details.
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CHAPTER 3

SINGULAR INVERSE STURM LIOUVILE PROBLEM
OVER (—o0, o)

Here, in this chapter the problem is regarded as singulanvithis defined on an
infinite interval ofx, X € (—o0, ), i.e., we do not suppose any integrability property
of |g] over (0, =) so that the singular problem cannot be transformed to daegu
problem on a finite interval [58]. We deal with the canoniaainf of the singular

Sturm-Liouville (S-L) problem
-y +a(X)y =y, Xe (—eo, ). 3.1

We assume that all functions are real-valued and continudMs are looking for
solutions of clasd.?(—o0, ) and we are interested in problems of limit-point type.
That is, if (3.1) has a nontrivial solutione L2(—c0, o0) then must be an eigenvalue
andy the corresponding eigenfunction. Therefore, no boundangitions are needed
at infinity [20]. We only regard potential functioreggx) which are bounded from
below. This means, the problem has a finite or enumerablatenfiammber of discrete

eigenvalues with-co as the only accumulation point.

There are several methods to calculate the eigenvaluesgard@nctions of singular
S-L problem on the real line for a given potential functagf®). We can roughly divide
these methods into twoflierent types by keeping in mind the literature. The first one
is domain truncation, i.e., approximation of the singulac $roblem by a regular
S-L problem over a finite intervat € [—I,1] with | suficiently large [10, 63, 65,
73, 79]. The second type of methods depend on the series®gpaof the solution
via basis functions intrinsic to an infinite interval, suchtdermite polynomials or

sinc-functions [16, 74]. Both approaches reduce the prolideanmatrix-eigenvalue
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problem.

On the other hand inverse problems have much mdliewdlties in comparing with the
direct problem. As an inverse problem, as regarded hergjéstion is to determine
the potential functiorg from eigenvalues, notably the celebrated works by Borg [15]
and by Gelfand and Levitan [28] in which the fundamentalt fdwat two sets of
data sequences are required to uniquely determine a dtandi settled. A quick
introduction to regular inverse S-L problem can be found i¢n et al. [19]. One
type is based on simple matrix methods. Recently, for the tiime a numerical
method based on Numerov’'s method was proposed by Andrevo [8ftimate the
potentialq from eigenvalues which uses asymptotic correction with wtfeorder
method and fiers significant advantages. Another type consists in toamshg the
regular S-L problem to a hyperbolic Cauchy or Goursat prolfe®n 69]. A further
type constructs particularly sui functionals which one teasiinimize in recovering
the potential [17, 68]. However, the recovery of a poterftiain spectral data is a

difficult and ill-conditioned numerical problem.

In this chapter we present for the first time to our knowledgecavery method for

singular inverse S-L problem by using regularization téghes.

3.1 Numerical Preliminaries

In the following sections the potentiglis assumed additionally to be symmetric

a(x) = q(=x), (3.2)

i.e., one needs only one sequence of eigenvalues to red¢w/eotential. Therefore,
let us define our singular inverse S-L problem in the numéticate” sense: For the
given firstn eigenvalues!; < 1, < ... < 4, of (3.1) in which the potentiaj satisfies
the symmetry condition (3.2), we want to find a vector whicpresents the values
of the potential at certain nodes. In this procedure onesfagth some diiculties.
First of all, our singular inverse problem has an ill-coradied structure. Because of
that reason regularization techniques are needed. Segasiuie the numerical im-
plementation will end with a non-linear equation, an iteraprocedures is necessary

in this case, such as Newton’s method. This yields the détetion of a suitable
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initial guess and the Jacobian matrix in each iteration atepccurate and stable as
possible. Thirdly, we have to approximate the eigenvalsescaurate as possible for
the supplied potential in each iteration step by a direchos. In addition to these
difficulties we have some parameters, such as the domain tramgatiameter and
the number of used eigenvalues, which has to be estimatethrtUmately, the de-
termination of these parameters suitably depends on tbhé@oprocedure in a strict

way.

3.1.1 Pseudospectral Method for Direct Problems

If one wants to solve the problem (3.1) it is necessary to @pprate the second
derivative ofy. It should be done via finite ffierence methods, Rayleigh-Ritz method
or pseudospectral (spectral collocation) methods. Indkerhethod, the derivation
of the diferentiation matrices depends basically on interpolatiomonnection with
this we consider the weighted interpolants of the form

B(X)

Y09 ~ Pa(x) = Z . A%)

¢J( X)Yi (3.3)

in which {xj}szl is the set of distinct interpolation nodg¥x) is a weight function,

i = Y(X), and{qﬁj(x)}jN=1 are interpolating basis functions satisfyingx.) = 6 with
Kronecker’s deltaj. It is easy to seg(x) = Pn-1(X) fork =1,...,N. Here, if the
nodes are taken as roots of orthogonal polynomials, such as Chebyshev, Hermite
Laguerre,Py_; will be a polynomial of N — 1)st degree. On the other hand there
are two well-known non-polynomial cases, namely trigonoio€Fourier) and sinc
(cardinal) interpolants. Here, in this subsection we wilerested in the trigonometric

case.

We may approximate the derivative functighby taking the derivative of (3.3) and

evaluating it at the nodes, i.e.,

B(X)
X) ~ Py 1(X) = - k=1,...,N.
Y (%) ~ P1(%) Z = [ﬁ(xj) ¢/(9)] "
It gives a system which should be correspond to tifiedintiation matrix
B(X) _
® 3
kj dx [ﬁ(X)¢J( )] Xk’ J’k—l,--.,N. (34)
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Depending on this representation the numerical derivaifvg can be written in a

matrix-vector product

y? = Dy, (3.5)

in which y® andy are the vectors of approximate derivative values and fanatal-
ues at the grid points, respectively. By the same way it isiplesto derive further
derivatives of the functiog(x) at the grid points in a matrix-vector product form. For

our S-L problem it is enough to calculate the second deveati

3.1.2 Pseudospectral Method in the Non-Polynomial Case

In the trigonometric (Fourier) case, bounded and perioddsgn the interval [027]

are assumed. In other words nodes are chosen in the followayg

=kh, h=—, k=1,...,N-1
Xk o N, 9

And the interpolant in (3.3) is written as
N-1
T(¥) =) ¢y
j=1
by selecting the weight functigd(x) = 1 and the interpolation functions
¢i(X) = % sin[%(x— xjp)lcotl3(x—x))], k=1,...,.N-1 (3.6)

Taking the derivative of (3.6) and putting= xc we have by using the definition of
grid points

. . h . . .
¢ (%) = % {COSEr(k— Dlcot[3(k— j)h] - p sinfr(k - j)] cs¢[3(k - J)h]}
fork,j=1,...,N-1.

Now by using this derivatives at = x, the first order dterentiation matrix is in the

form

d if k=]
DY = [o®l =1, o _

x| S(-1)Tcotli(k—j)h] if k#]j
forj,k=1,...,N-1.
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In a similar fashion the second order derivative values afgttd points lead to the

result

s(-1)Tesé[3(k— ph] if k]

for the elements of the second ordeffelientiation matriXD®, see e.g. [79].

On the other hand, when we want to apply this method to ourl@nok3.1) we have
to truncate our infinite interval to, I]. After this, with a basic transformation

= Lx—n)
T

we carry all grid points from [(2x] to [-I,]]. Here, since we take all grids in the
interior, it should be assumed that Dirichlet boundary dtoras y(I) = y(-1) = 0
taken into account according to truncated problem. Andleeaf the transformation
our second order fferentiation matrix in (3.7) has to be multiplied b%/){. Actually
we have Py xdy

5 I_)zﬁ’ xe[-1,1], xe€][0,2x].

Now we can write the direct S-L problem (3.1) in a matrix-eig&ue form by using

pseudospectral fierentiation

(DY, +Q)y=Ay (3.8)

in which DY , is the second order fierentiation matrix in (3.7) multiplied by the
factor (’l—f)2 andQ is a diagonal matrix containing the values of the potentiajral
points in its diagonal entries. It is easy to see that botlrioes are symmetric and

they are N — 1)-dimensionally square matrices.

3.1.3 Pseudospectral Method in Polynomial Case

(Hermite Pseudospectral Method)

In this subsection we give a summary for the Hermite Psewedsgd Method fol-

lowing from the paper [74]. The polynomial interpolationsked on the Lagrange
interpolation is the key point for the formulation of thefdrentiation matrices for
the pseudospectral method in the polynomial case. Thustd&irmulating the Her-

mite Pseudospectral Method we briefly mention about thenmohjal interpolation.
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Afterwards we touch the relation between Hermite PseudisgeMethod and La-
grange polynomial interpolation. First of all since we stwdth an infinite domain

in our problem, we consider the scaled variable
t = ax, a>0 (3.9)

instead of original variable in (3.1). The transformation in (3.9) transforms our
problem (3.1) into the form

2
[_% ’ c%q(é)] y(t) = E(@)y(V). Y€ La(-c0,00). (3.10)

Where the eigenvalue¥«@) of (3.10) are linked with the eigenvalug®f the original
equation (3.1) by the relation

A = a®E(a). (3.11)
Here the optimization parameteiplays an important role in the numerical treatment.

Now, in relation to polynomial interpolation let us congidbe so-called Lagrange
polynomials ofNth degree of the form
n(t)
o) = —————, k=0,1,... 3.12
O o ® 8:42)
in which

N
) = [ [t-t) (3.13)
j=0

represents a polynomial of degrle+ 1 andty < t; < ... < ty are distinct roots of
n(t). The Lagrange polynomial séf(t)} has the well-known properts(t;) = dj
whered is the Kronecker’s delta. Then, it is possible to approxareaty function

g(t) uniquely by the Lagrange interpolation formula of the form

N
P() = >, &g 9 = P +Ru() (3.14)
k=0

in which g = g(tx). Here (3.14) represents a polynomial, having the postiatest
degreeN, satisfyingP(t) = gk, N = 0,1,..., N which allows us to vanish the error
termRy(t) at the nodes = t,. Moreover, ifg(t) is also a polynomial of degres, then

Lagrange interpolatioR(t) would be considered as an alternative exact represemtatio
of g(t).
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On the other hand if we fferentiate the expressions fB(t) andg(t) in (3.14) we
reach the derivative of the polynomial, i.€/(t) and the approximation of the deriva-

tive of the function, namelg/'(t) in the form

N
P(t) = Z G0 O = P[0+ Ry(. (3.15)
k=0

Moreover, it is possible to determine the derivative valates + 1 nodedt,} with the

help ofgyx = P(tx) with a differentiation matrix defined by
DY := [d})] = [£4(t;)] (3.16)

for ,k=0,1,...,N. Indeed we have

N

N
P(t) = > Gt)g= Y dyPt),  j=01....N (3.17)
k=0

k=0

which can be converted in the following matrix-vector form
g = D%g, (3.18)

Here g® = [P'(to), P’(ty), ..., P’(ty)]" and g = [P(to), P(ty), ..., P(ty)]". The ele-
mentsd}llj of the first order dferentiation matrixD® can be obtained explicitly from

the definition of the Lagrange polynomials in (3.12) as

ﬂ'(tj) .
— ifj#Kk
o (tj — ti)m’ (t) :
djk = ) (3.19)
T k e
27 (t) if j=k

in which j,k=0,1,...,N.

In a similar way the second orderfidirentiation matrixD® := [d(jf()] can be derived

with its entries

1 [~”(t)) .
—2d9| if k
tj -t [ﬂ'(tk) djk] "
o2 = N (3.20)
Pl " o
fi=k
37(t) "

comes from the relation with the Lagrange polynomtﬁjgs: £/ (t;). And using this
expression, the second derivative values may be writtemeisame form with (3.18)
as

g? = D®g (3.21)

50



whereg® = [P”(to), P”(t1), ..., P”’(ty)]" is a vector containing the second derivative
values at nodes.

The derivation of the higher orderftkrentiation matrix can be found in [80]. But the

differentiation matrices up to second order af@sient for our second order problem.

At this moment we are able to attain the matrix representatfdghe Sturm-Liouville
equation with the help of éierentiation matrices. Now, we transform the equation
(3.10) to
—u” + 2t + V(@)u = (E(a) — Lu (3.22)
by defining
y(t) = e *2u(t), (3.23)
to factor out the weight#/2 for Hermite polynomials. Here(t) is the new dependent
variable and
V(t) = izq(i) _ (3.24)
(04 a

is regarded as the modified potential. Let

1
d(t) = ———— Hy(t), k=0,1,... (3.25)
\ 2KK! T
represent the normalized Hermite polynomials in whitlt) are the classical Her-
mite polynomials. With this statement the usual three-texonrrence relatiohl,, ; =

2tHy — 2kHy_; of the classical Hermite polynomials takes the form
Vkga(t) — V2tei(t) + Vk+ 1gaa(t) =0, k=0,1,....N,... (3.26)

whereg_;(t) = 0 andgo(t) = 74 Now let us propose the trial solution for the
equation (3.22) of the type

N
Ur(t) = ) Uil (3.27)
k=0

proposed by the Lagrange interpolation formula in (3.14exe

dna(t) _ Hn1(t)
(t—t)dp, () (= t)Hy, ()

are the Lagrange polynomials. Thus, we require the real etichct roots ofpy,1(t)

b(t) =

k=0,1,...,N (3.28)

or Hy,1(t) as a collocation points for the interpolation. Actually witl take
n(t) = ¢nsa(t) and onaa(t) =0 (3.29)
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related with (3.13). The roots d¢iy,; can be obtained from the recursion in (3.26).
Namely if we write the firsiN + 1 equations of (3.26) we arrive at the inhomogeneous
linear system

[ vt VI 0 - 0 [ st
Vi o —-vV2t V2 o : $1(t)
0 V2o 0 : = : . (3.30)
: g —V2t VN || én-a(b) 0
0 - 0 YN —vV2t| ¢n® | | -VN+1gna(t) |

If we choose the last element of the right hand side is zeea,dn.1(t) = 0, we
meet with the standart matrix eigenvalue problBm= tzwhereR is a symmetric

tridiagonal matrix

0O v1 0 -~ 0
) Vi 0 V2

: 0 VN

0 -~ 0 YN ©

whose eigenvalueg are the desired roots ¢n.(t) for j = 0,1,...,N. Now if
we substitute (3.26) into (3.22) and enforce it to satisfthatnodedo, ty, ..., ty we

obtain the algebraic equations
N N
D) + 2456,4) + Vitdt) | uc= 6@ - 1) Y Adt)uc (3.32)
k=0 k=0

for j =0,1,...,N. At this point we are able to write (3.32) as a matrix représsgom
of the equation (3.22)

(B+V)u=(E(@)—1)u (3.33)
where the general enti§; of 8 is given by
Bjk = —dﬁ() + 2tld§1k) (334)

and the entried/; of the modified potentiaV are defined by, := V(t;). In this
picture dﬁ(’ and dﬁ(’ are given in (3.19) and (3.20) respectively with defingt) in
(3.29). Thus, imposing (3.29) into (3.19) and (3.20) it isgible to write down the
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elements oBj,
—— ifjzk
(t — t)? :
Bk = (3.35)

_° _ifj=k
3N+

It can be easily seen th&l = Byj, i.e., 8 is a symmetric matrix. Thus, we have the

symmetric eigenvalue problem
(Bjk + Vjéjk)u = (8(&’) - 1)U (336)

with an eigenvaluesi(a)-1). This symmetric eigenvalue problem helps us to recover
the modified potentiaV/(t) from the given eigenvalue€(a) — 1) related with the
formula (3.11).

3.2 Development of the Inverse Problem

For the given firsh eigenvaluest; < A, < ... < A, of (3.1) with the information

g(x) = q(—x) about the potential, the inverse problem is concerned tbaim-vector

2l
2n+1

whose components give an approximatiomjte- q(ih), i = 1,...,n, whereh =
with the truncation parameterDuring the solution process we consider this problem

as a nonlinear equation in the form
T(Q=0 (3.37)
where thath component; of the vectorT (q) carries the dterence

(02 ) = A, Gn) = (F")°, i=1....n (3.38)

in which {A;}; is the set of approximated eigenvalues of (3.1) correspanidi the
truncated problem with step lengthandq(ih). It is possible to solve this nonlinear
equation system with an iterative method. This means we @ivaitial potential
q® and calculate the eigenvaluﬁ.ém of (3.1). Then we compare this set with the
given eigenvalue set{")° for i = 1,...,n. The indexs is the noise level which
describes the diering asymptotic behaviour of the giverfiérential eigenvalues and
the required finite dference eigenvalues after discretization as a well-knowh fa

and, if necessary, additionally the accuracy of the givaguar eigenvalues. Other
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methods for regular inverse S-L problem deal with an algelrarrection, see e.g.
[3, 59]. Then one continues the iteration process until fiienceA® — (1°"%’ is
small enough with respect to the noise le¥etoughly spoken. Herk denotes the

iteration number. In that picture Newton’s method may benidiated as

gt = g = (T"(d9) ' T(d) (3.39)

whereT’(q) is a Jacobian matrix of type,(n) whose computation will be visited and

theith component o (g¥) is A — (1°"%?, in which Ak is theith eigenvalue of
HY< = Ay (3.40)

fori = 1,...,n. In view of the pseudospectral methods we have twteddntH
matrix. One comes from the non-polynomial case, of the form(zf]) + Q) leading to

the matrix eigenvalue problem
(—-DE) + Q)Y = Ay (3.41)

fori = 1,...,n. In (3.41), D(zf]) is the second order pseudospectrdfedentiation
matrix (3.7) but of type (8, 2n), Q" is the diagonal matrix of type (22n) with di-
agonal entriescf, o, ..., ok, of, ..., ) with the definitionsg := g*(ih).The second
choices ofH is related with the Hermite pseudospectral method. In trethod we
have some modifications. Actually we recover the modifiecepial V instead of
the original potentiat]. In this picture we havg{ = 8 + V in which 8 andV are
square matrices with dimensions.ZThe entries ofB are given in (3.35) an¥l is a
diagonal matrix with entries carrying the value of the madifpotentiaV(¢) at the
nodes which are the roots of Hermite polynomials of degreeThus, we have the
matrix eigenvalue problem

(B + V)UK = Auk (3.42)

in whichA = (&(a) - 1).
Now if we rewrite the relation (3.39) as
T(dd“" - o] = -T(d)

and in definingAg* = ¢! — ¢ which is the common “Newton’s correction” we have
the following equation
T'(@)Ad = ~T(d). (3.43)
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After solving this for Newton’s correctiong®, we modify the solution in each itera-
tion by
gt = g+ AdC. (3.44)

3.2.1 Computation of the Jacobian Matrix

Actually the {, j)th element of the Jacobian matrix is the partial derivadiva; with

respect to thgth diagonal element o, namely?. Now let T'(g) := Aj; in
which the, j subscript represents the partial derivajtive mentioned@b@ur tech-
nique to compute,; j is similar to [5, 6, 24]. For this task wefterentiate (3.41) and
(3.42) with respect tg;, whenever all the partial derivatives exist, i.e.,

-DY Ko QN Y QR = AR Y AR (3.45)

Buf; + VS U+ VR = AUl + Afuf. (3.46)

After multiplying both sides of (3.45) and (3.46) witif{" and (¥)" respectively and
removing the iteration index for simplicity, by keeping innd this should be done in

each iteration, we get

—YT DRV + VT Q ¥+ YT QYij = YA + YA,

—U;I—BULJ' + UiTVJ Ui + UiTVUi’j = UiTAi’jUi + uiTAiui,,-,
and with a simple arrangement it is easy to handle

[-yI DS+ Y Qlyi; + Y Q; ¥ = VI Ay + WAV, (3.47)
and

[—UiTB + UiTV]UiJ + UiTVJ Ui = UiTAi,jUi + U?—Aiui’j, (348)
wherey, (u;) andy ; (u;;) are the eigenvectors and partial derivative of the eigen-
vectors with respect tq; (V;) corresponding to théh eigenvalue. The expression
in brackets in the last two equations are equakig’ andA;u] which can be easily
seen from (3.41) and (3.42) by using the symmetry properth@matricesD??, Q,

2n?
B andV. Therefore, after canceling the common terms in both sid€3.47) and

(3.48) and using the orthonormality of eigenvectgrandu; respectively the last two

equations take the forms
Aij =Y Q) Vi (3.49)
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Ai’j = UiTV’j uj. (3.50)

Due to the structure d@ andV the matrice€Q ; andV ; have only non-zero elements

in their jth and (2+ 1- j)th diagonal elements, both are 1. As a consequence, we will
calculate the Jacobian matricE4q*) by formulas (3.49) and (3.50) depending on the
methods used . Again, it is important that it should be cal®d in every iteration

step in contrast to methods for regular inverse S-L probkas,e.g. [3, 4].

3.2.2 Regularization Method

We use a regularization technique similar to [41] and [6€], & Newton-type method.
Let us first come back to the equation (3.43). This equationre be solved di-
rectly because of the condition number of the Jacobian rmatiich gives a mea-
sure for the amplification of input inaccuracies. The candinumber is defined by
(T (@)~ |IT’ (04| indeed if|.|| is L, norm it is the ratio of the largest singular value
of the T’(g¥) to the smallest, increases rapidly after each iteratinoesive are faced

with an ill-conditioned problem, see Table 3.1.

Table 3.1: Singular values of the Jacobian matrix after ewchtion step for har-
monic oscillator example in the cabe 7,n = 14

1. iteration 2. iteration 3. iteration 4. iteration 5. itoa
1.0400531126 1.0559558703 1.1145072672 1.1537342403 738723266
0.5293050705 0.6675954852 0.6382652591 0.6202549015 18@182532
0.3971032489 0.5203676842 0.5127079149 0.4946877470 80&B87875
0.3303938746 0.4176492184 0.4346768956 0.4170291280 023058696
0.2890037709 0.3477198671 0.3774026582 0.3565325589 591033224
0.2603938750 0.3012699019 0.3341463623 0.3278916915 339624512
0.2405064562 0.2755289646 0.3171847648 0.3134653829 187884953
0.2382920547 0.2570813572 0.3031528170 0.3071959075 093782109
0.2233203934 0.2368017918 0.2870271114 0.2983890544 906639244
0.2110322617 0.2311475209 0.2560321132 0.2610719342 779183562
0.1990325255 0.1949670183 0.2138389181 0.1473479378 7434180166
0.1894821804 0.1829324255 0.0484895699 0.0043794366 004403142
0.0765460162 0.0292405280 0.0033857039 0.0000212571 00@D01546
0.0062072726 0.0046273881 0.0000153561 0.0000003699 00@D0O0002

To obtain a good approximation favg“ we need a regularization technique for the
linear system (3.43) in each iteration step. This means,ave ko approximate the
ill-conditioned equation by a suitable well-conditionegliation system, i.e., we have

to stabilized the solution process in determining Newtarpgdate. For the solution
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of Newton’s update according to (3.43), a general reprasent for regularization
methods gives
Adt = Adf = g, ((ATAY) (AYTT(d) (3.51)

in which AX := T’(g¥) defined by (3.49),
g,:[0,6] > R, 6=]A}

is a piecewise defined continuous filter function and therpatary > 0 is called

the regularization parameter, see [23] and [45]. Roughlkepgthe included filter is

able to make the equation system well-conditioned. Thecglgic?) = - leads

2
ofty

to the historical Tikhonov-Phillips regularization
g, ((ATAY) = (A9TA +y1) ™

In other words, to derive regularized solution represebtesdingular values of Jaco-
bian matrix suppose thatg is in the orthogonal complement of the null spaceAbf

and let ¢; u;, v;) be the singular system @, then

n

Ad = Z (A ui)u

i=1
and by using the propertyd)™ Au; = o2u; we get
[(AYT A+ y1]AGE = Y (07 +7) (A, ui) ui.
i=1
After this we derive the regularized squti@rqﬁ as

Ag = [(AYT A+ 1] (AYTT(df) = Z 1+ (AT 0 )u

i=1 i

n

n 1 I
= ; <T(qk), Akui> U = Z 0_20'+ : (T(qk),vi> Ui

olty o
= > 9D (T(d), vi) ui.
i=1
In addition, it is possible to tak®' D instead of the identity matrix, e.g., with
any suitable dferentiation matrixD. This method is called generalized Tikhonov-
Phillips (TP) regularization which is more suitable for quroblem. This kind of
choice penalizes non-smooth “solutions”. Here the secoddrdiermite diferentia-

tion matrix, see [27], is considered as a penalizing matrix.
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Now we are able to write the Newton’s update as a regularinkdisn of (3.43) by

using the generalized TP regularization scheme
Ad‘ = Ady = [(T'(d))"T'(d) + »(D®)T D@1 (T"(d)) T T(d) (3.52)

in which the regularization parametgishould be chosen in a suitable way. We use
L-Curve and generalized cross validation (GCV) methods fr larpose. For the
first one one can plots the logarithm of the norm of the redgzddrsolution multiplied

by penalizing matrixD, i.e.,||D Aq§||2, against the norm of the regularized residual,
i.e., [T (0F)Adk — T(q)ll2, for various values of the regularization parameteSince
this curve generally has an L-shaped picture it has a comiat which gives us the
regularization parameter in each iteration. It is possiblese the curvature of the
curve whose maximum identify the corner. For the second loeéuinctional defined

in (2.31) has a minimum at desired regularization paramétere details for these

methods was given in the previous chapter.

Furthermore, regarding the nonlinear system (3.37) argB}3ve need to control
the number of iteration step among other things with resgedhe “noisy” data
(2°"9°.The number of iteration steps can also act as a regulanzgrameter,”
i.e.,¥ = 1/k. The total error in solving the problem consist of two panenely, the
data error term and the approximation error term. Whereasrghiy the data error
term increases during the iteration process the approiamatror term decreases.
Therefore, the total error has a minimum after certain ftenasteps, i.e., one has
to stop the iteration process (outer regularization) blytaOtherwise the total error

would start to increase after decreasing during the firsdtiten steps (Figure 3.1).

To terminate the Newton iteration we use a kind of discrepaniniciple, i.e., choose

at > 0 and accept the iteratg as an approximation to solution for which
129" = Adan)llz < 76 < [I(A"9)° = A(Gll, k=1,...,N-1

Concerning the convergence properties (for noiseless dbsach a Newton method,
we remark that under certain conditionsBil” andB¥, see [55], the Newton method

in using an outer inversB (i.e., B*‘BB = Bf)

gt = g - B(@)T(d"),
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Figure 3.1: Behaviour of the relative error for potenti%) as a function of

iteration number in a semilog picture. It can be seen thatresrincreasing after
10. iteration. In this computation we use noisy data with %19%ador harmonic
oscillator,| = 9,n = 26.

whereB(qg) is an approximation of the Jacobidi(gX), is still linearly convergent
even for a singular Jacobian. Our Jacobians, see Table rg.1alanost or nearly”
singular. If one uses the outer inver§§q¥)* instead of an approximatioB(g¥)*

Newton’s method even converges quadratically. TP reqatadn provides not an
outer inverse of the Jacobian but only an approximate omerse which, fortunately,
serves as an approximate regularizer, see [54]. This is @d ggreement with our

observations on the numerical results in the next chapter.
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CHAPTER 4

ALGORITHM AND NUMERICAL RESULTS

In this chapter we describe an algorithm corresponding tailée information of the

previous chapters and illustrate the numerical results examples both.

4.1 Algorithm for Non-Polynomial Case

. . n .
INPUT : n-number of eigenvalues, eigenvalue {sﬁqt}j_l, tolerance number (76 in
noisy case if noise leveélis known), maximum iteration numbeé, ., and truncation

parametef for infinite interval.

o Seth = %1 and determine grid points as= [x; = =l + h: h: X, = | — h] (Note

that we have & grid points),

o Choose the initial potential as a function calculated at half grid points, i{exi,}?zl.

> while eigenvalue residuab e or eigenvalue residuab 76 (for noisy data with

noise leveb) or k < Nimax
o G = [0(Xa), . . ., G(Xn), “(Xn), - . . , ¥(X2)] which is full initial potentiall,

o Calculate eigenvalues and eigenvector foff via pseudospectral method by
using (3.37). It should be mentioned that since the accuvatlje pseudospectral
method is more better if it uses bigger dimensional matnegescalculate first &
eigenvalues and eigenvectors to obtain firgigenvalues more accurately. So ac-

cording to (3.37) we have (2« 2n) system which is

(D@ + Quon)y = Ay, Q = diag@),
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o Construct Jacobian matrix by using formula (3.49),
o Construct right hand side of (3.43) whichTigg) = "™ - Ak, i=1,...,n,

o CalculateAg® by using generalized Tikhonov-Phillips Regularizationesole in
(3.52),

o Update potential by (3.44)
o Calculateresid = || T(q9)|l.,
o gl k=k+1

>end

OUTPUT :q = [0(Xa), - . ., G(Xn), (Xn), - . . , O(Xs)], here we omit the first two (re-
spectively last two) value of the computed potential. Adaog to our numerical
experiments in test problems, we get poor results at firsigmgbpoints without giv-

ing “excellent” initial potential.

4.1.1 Numerical Examples

We apply our algorithms to reconstruct two symmetric po&stvhich are quantum
mechanical harmonic oscillator, i.e(x) = x> and symmetric double well potential
(SDWP), i.e.q(x) = ax* + bx2 + cwith a = 0.6, b = -8, ¢ = 40 andx € (—o0, o) for

both cases.

Quantum Mechanical Harmonic Oscillator Potential

The first example, which is very well known, has analytic §olu and the exact

eigenvalue set™ = 2i + 1,i = 1,... for the direct problem. We use the exact
eigenvalues in our algorithm for this example. For a giveiidiset of eigenvalues,
we present the reconstructed potential and illustrate smmeergence properties ac-
cording to diterent truncation valuels, namelyl = 7,1 = 8, andl = 9. All compu-
tational dforts were done with the same maximum iteration numNgg, = 50 and

we give termination criteria depending on examples for Newton-like method. But
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Figure 4.1: Behavior of the (a) residual ertpx — 25"9|, (b) relative potential er-
ror W as a function of used eigenvalue number for Harmonic osaillaith
differentL values. Initial potentials are®= g**, 0.5 =« g® and 06 = g** respectively.

initial potential and number of used eigenvaluefedidepending on the truncation

parameter.

In Figure 4.1, we present the graph of the error for residndlgotential according to
number of used eigenvalues fofférent truncation parameters. We observe that both
errors have nearly same behaviour. Therefore we can useglwial error to deter-
mine which number of used eigenvalue is the best one for eanbdtion parameter.
Whenl is small we observe that computed potentials converge tct gxdential for
all number of eigenvalues we used. On the other hand for biggecation num-
ber the range of used eigenvalue numbers for convergenceres smaller, such as
constructed potential does not converge to exact potdotiad = 20, 21, 29, 30 in
thel = 9 case. By means of these behaviours we can conclude that \@amnwe
eigenvalues to get convergence to the exact potential Wimeneases in the limiting
case.Also it should be noted that initial potential has alvible in this picture, i.e.,
worse choices of initial potential causes a restrictionf@nrtumber of used eigenval-

ues.

We look at the convergence rate of the method under the siitdloices of initial
potential and number of used eigenvalues, see Figure 4.@efthese assumptions
we observe that the convergence rate is linear as we expaetedise of the approxi-
mated Jacobian in the Newton-like method. In addition, thelar behaviour should
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Figure 4.2: The logarithm of tha — A5"9 versus iteration number. Hegf is same
for all three cases, and number of used eigenvalues are, 28 fifl = 7, 8,9 respec-

tively.

be seen foL, andL., errors (relative) for potential from the Table 4.1. And Higu
4.3 represents the reconstructed potential for the coresidiguncation parameters
with exact solution and the spline which uses the computdaesaat grid points.
Moreover we used the Levenberg-Marquardt method as a mezatian method with
L-Curve parameter choice rule. Iteratively regularized €zaNewton method does
not give convergent results. This may cause from the initéntial. On the other

hand Generalized cross validation gives the similar resuli L-curve method.

Symmetric Double Well Potential (SDWP)

As a second example we took SDWIEX) = 0.6x* — 8bx? + 40 which has spectrum
containing four nearly degenerate eigenvalues, namelfjrft@ight eigenvalues. Be-
cause of this eigenvalue pattern recovery of SDWP type patemteeds more sen-
sitive conditions on used eigenvalue numbers and initigémical than previous ex-

ample. Additionally we can not increase truncation paramas fast as before and
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Figure 4.3: Reconstructed potential at grid pointslfer 7, 8,9 with corresponding

number of used eigenvalues 14, 19, 26 respectively.

it should not so big. In this example it does not make sensakelt> 5.5 taking

into account the number of used eigenvalues and necessityaaf initial potential.
This implies that without giving high eigenvalue number gubd initial guess we
have no convergence for computed potential. It can be seEigure 4.4 that even
inl = 5.5 case we need more than 30 eigenvalues and this value reacheshan
45 for| = 6. Unfortunately it is not easy to supply too many eigenvalaecurately
in experimental point of view. On the other hand initial pdtal must be close to

exact potential for bigger For example we takg® = 0.7 + ¢® for | = 6 to obtain

Table 4.1: L, andL,, errors(relative) of potential after each iteration for kanic

oscillator in the case= 8 andN = 19 withq® = 0.4 x g

k lla* =gl 15" =" leo
l9®*]l2 1195l

1 0.132117 0.258226
2 0.036065 0.070489
3 0.021378 0.041784
4 0.017385 0.033979
5 0.016970 0.033169
6 0.016869 0.032972
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convergence to exact potential while we use less sensitige forl = 5 andl = 5.5.

In the SDWP example we get the same convergence rate whiaeer las before
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Figure 4.5: The logarithm of th& — A5"9 versus iteration number for SDWP. Here

q® are 04 = g, 0.5 = g™, 0.7 = g and number of used eigenvalues are 23,31,48 for
| =5,5.5, 6 respectively.

under mentioned condition (Figure 4.5). And Figure 4.6 pnés the reconstructed
SDWP potentials fok = 5 (upper) 5.5, 6 (lower).
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Figure 4.6: Computed potentials for SDWP with= 5,5.5,6 and corresponding
number of used eigenvalues 23, 31, 48 respectively.

4.2 Algorithm for Polynomial (Hermite Polynomials) Case

. . n .
INPUT : n-number of eigenvalues, eigenvalue @ql}j_l, tolerance numbes, maxi-

mum iteration numbeN,,,5, Scaling parameter.

o Determine the nodesas a roots of the Hermite polynomials of orderghd calcu-
£

a’

late scaling nodes as=

o Choose the initial potential as a function calculated at scaled half grid points, i.e.,
n

{Xj}jzl'

> while eigenvalue residuat € or k < Npax

o G = [g(xa), - - - » G“(%n), G (Xn), - - - » G¥(x1)] Which is full initial potential,

o Calculate eigenvaluea and eigenvectors fog via Hermite pseudospectral
method in which modified potentid(x) given in (3.24) is used. It should be men-

tioned that since the accuracy of the pseudospectral méshodre better if it uses
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bigger dimensional matrices we calculate finsie?genvalues and eigenvectors to ob-
tain firstn eigenvalues and eigenvectors more accurately. So acga@lif3.37) we

have (21 « 2n) system which is

(B + V< )uk = AuX

o Construct Jacobian matrix by using formula (3.50),
o Construct right hand side of (3.43) whichTigg) = 2" - AK i =1,...,n,

o CalculateAV* by using generalized Tikhonov-Phillips Regularizationesole in
(3.52),

o Update modified potential by*** = V¥ + AVK

o Calculateresid = [[T(g¥)|l.,

o Vk — Vk+l

o Evaluate original potential g by the help of (3.2d): k+ 1

>end

OUTPUT :q = [g*(X), - . -, G(%n), G (Xn), - - -, G (%0)], K

4.2.1 Numerical Examples

In this section we give two flierent potential examples, namely biswas potential and

anharmonic oscillator potential to illustrate the perfanmoe of our second algorithm.

Biswas Potential

Our first exampleg(x) = ux?+vx* whereu andy are parameters, is related with some
problems about atomic and molecular properties in quantieméstry [13]. We take

u = v =0.1in our experiments. When we try to choose biggandy such as 1, 10
or more itis not possible to recover the associated potehteato the higher values of

g(x). In this case the direct problem does not give accuratdtsdeuthe complete set
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Figure 4.7: Reconstructed potential (upper) and the coewery behaviour of the
residual according to iteration number (lower) with 10 ewggues using LM and
L-curve.

of eigenvalues. Moreover, the determination of the scghagmeter is not an easy
duty for high values of parameters. We use the package MATEI[48] to supply the
eigenvalues which we need to recover potentials in our dhgor In Figures (4.7)-
(4.12) we present the reconstructed potentials with theergence property of the
eigenvalue residual, i.g|q — Al|,. In each figure we use Levenberg-Marquardt (LM)
regularization method with L-curve and LM regularizatioetinod with Generalized
cross validation (GCV). Moreover, the initial potential whis Q05x*-10 is the same
for all cases. 10 eigenvalues were used for the reconsiruptiocedure in Figures
4.7 and 4.8. We try to choose scaling parameter starting fr@and determine the
best one as.2 by inspecting the convergence behaviour of the eigenvalsidual.
According to convergence graph both methods does not réactigsired accuracy
level 107 with the maximum iteration number 50. Indeed the accurassdut
exceed 10" because of the inadequate truncation size 20 for the dioecpatation of
the first 10 eigenvalues in the iterative process. In Figdréand 4.10 20 eigenvalues
were used and more satisfactory results were observed. tiowgpare the iteration

number for L-curve and GCV, the second one stops at the 25¢tida while the first
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Figure 4.8: Reconstructed potential (upper) and the coewery behaviour of the
residual according to iteration number (lower) with 10 expgues using LM and
GCV.
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Figure 4.9: Reconstructed potential (upper) and the coewery behaviour of the
residual according to iteration number (lower) with 20 eigdues using LM and
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Figure 4.10: Reconstructed potential (upper) and the cgewee behaviour of the
residual according to iteration number (lower) with 20 eigdues using LM and
GCV.

one does not reach the desired accuracy with max iteratiotbau But if we make

a little careful inspection on the scaling parameter, Lveualso reaches the desired
accuracy witha = 1.22 at the 28th iteration. This shows thffeet of the scaling
parameter on the iteration number. We used 30 eigenvaluectiver the potential
in Figures 4.11 and 4.12 with the scaling parametet 1.25. Both L-curve and
GCV with LM work efficiently. Moreover, there is a relation between the scaling
parameter and the number of used eigenvalues. Firstly iar&ig.13 we fixed the
scaling parameter as 125 and took diterent eigenvalue number. We observe from
the relative error for potential that the fixedjives satisfactory convergent results for
all used number of eigenvalues, namely 22, 27, 32, 37. Buitseste not so good,
even non convergent in some cases in which eigenvalue ndesisghan 20 or greater
than 40. Now, in Figure 4.14 we fixed the used number of eigaasaas 32 and we
look at the behaviours of the relative potential error fdfedent choices of the scaling
parameter. It can be seen from this figure there is also ratagimg parameter interval
in which we derive very accurate results for a given eigarvalumber. On the other
hand results near the boundary are poorer than that of othetsp We observe this

sufering situation more heavily when we take more eigenvaluebar. It seems
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Figure 4.11: Reconstructed potential (upper) and the cgewee behaviour of the
residual according to iteration number (lower) with 30 ewgues using LM and
L-curve.
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Figure 4.12: Reconstructed potential (upper) and the cgewee behaviour of the
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GCV.
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that the high value of the potential at the boundary hadi@tteon this observations.
On the other hand, of course, the initial potential has afseff@ct about these poor
results near the boundary. Moreover we report also thatiedy Gauss-Newton
method (IRGNM) does not work with neither L-curve nor GCV withgiving very
good initial potential for this example.

Anharmonic Oscillator Potential

Table 4.2: Relative errors for anharmonic oscillator pagrfa = b = 0.1) at grid
points with diferent methods.

a=b=01 ao=1 n=15

j X| LM - L curve LM - GCV IRGNM - L curve IRGNM - GCV
y = 0.0579 y = 5.9639 y =9.9825x 108 y =5.3203x 1011
1 -6.86 132x 101 8.09x 1072 8.09x 104 2.01x 1073
2 -6.14 235x% 1072 1.31x 102 1.91x 1073 9.16x 104
3 -5.53 260x 1073 1.08x 1073 1.13x 10 8.18x 10
4 -4.99 389x%x 10 141x10* 6.73x 10°° 1.09x 10°°
5 -4.48 871x 107° 2.70%x 10°° 2.85x%x 10°° 2.15x%x 10°°
6 -4.00 290x 10°° 7.41x10°© 151x10° 6.00x 1077
7 -3.54 142x 10°° 2.85x 10°° 1.03x 10° 2.34x 1077
8 -3.10 893x 10°° 155x 10°° 7.50x 106 1.30x 1077
9 -2.67 490x 10°° 1.14x 10°® 3.14x 106 9.83x 108
10 -2.24 486 % 1077 9.60x 1077 469x% 106 8.75x 108
11 -1.83 705x 10°6 6.41x 1077 1.39x 10° 6.26x 10°8
12 -1.42 980x% 10°° 2.81x 1077 1.49x%x 10°° 2.39x 108
13 -1.01 989x 1077 2.54x 107 1.14x 10° 2.50x 1077
14 -0.60 432x 10°° 7.94x 10°° 1.02x 10 8.05x 1077
15 -0.20 29x 104 3.10x 10 492x 104 3.18x 106

We take into account the anharmonic oscillator potemifs) = x° as a

+ —_—
1+ bx2

second example. Her@andb are positive constants. Anharmonic oscillator has

different behaviour depending on the parameters. We take soui@edosersion of

x? as an initial potential for anharmonic oscillator potehtictually x? gives the best

results in each cases.

For the first case, we chooae- b = 0.1 in which the potential is similar to harmonic
oscillatorg(x) = x?. For this potential all methods we proposed in chapter 3 work
efficiently. In Table 4.2 we present the relative potential efoo all methods with a
prescribed parametess b, @ andn. Number of used eigenvalueffects the scaling

parameter and the iteration number in a convergent pictukégure 4.15. It can be
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Table 4.3: Relative errors for anharmonic oscillator potérie = b = 1) at grid
points with diferent methods.

a=b=1, a=11, n=25

] X| LM - L CURVE LM - GCV IRGNM - L CURVE IRGNM - GCV
y = 0.0361 y=12437x10% 5 =18739x10°% y=28722x 1012
1 -835 769% 102 471x 1072 2.04x 1073 1.16x 1072
3 -7.25 976x 1074 7.19x 1073 427x 104 3.44x 1073
5 -6.39 227%x 1074 6.42x 1074 527x107° 5.07x 10
7 -5.64 368x 10°° 837x10° 3.93x 10°° 7.36x10°°
9 -494 920x 10°© 1.81x10° 277x10°° 1.68x 10°°
11 -4.28 474%x 10°° 6.52x 10°° 2.15x 1075 6.49x 10°°
13 -3.65 509 % 1076 4.00x 10°® 8.54% 10°° 431x10°
15 -3.04 358x% 1076 3.60x 10°° 6.19% 10°° 421x10°
17 -2.44 639x 10°° 2.66x 1076 143x10° 3.76x 10°®
19 -1.86 177x 10°° 2.99x 1076 9.10x 10°° 1.05x 10°©
21 -1.28 101x 10°° 2.02x10° 1.17x 10 1.66x 10°°
23 -0.71 154%x 104 5.99x 10°° 6.45x 1075 5.08x 10°°
25 -0.14 908x 1074 3.24%x 107* 1.32x 1073 1.35%x 10°*
2 :
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Figure 4.17: Convergence behaviour of the eigenvalue rabwilith different eigen-
value number and fixed scaling parameiet 1.1 for anharmonic oscillatoa(= b =
1)
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Table 4.4: Relative errors for anharmonic oscillator potdria = 10,b = 1) at grid
points for diferent eigenvalue numbar

a=10, b=1, a«=12, IRGNM-GCV
j Xj n=15 Xj n=20 Xj n=25 Xj n=30
(y =4.1580x 106 (y=12357x107) (y=42586x107° (y=1.2164x1010)

1 572 365x102 -6.75 279x102 -7.65 296x102 -8.47 234x107?
3 461 387x10* -5.70 512x10% -6.65 101x10° -7.49 617x10*
5 -3.74 511x10* -4.88 101x10* -586 230x10* -6.74 204x10*
7 295 465x10* -4.15 993x10° -517 528x10° -6.07 597x10°
9 -2.22  489x10* -3.47 913x10° -453 139x10° -546 213x10°
11 -152 56x10* -2.83 876x10° -393 2338x10°% -4.88 934x10°
13 -0.84 473x10* -2.21 647x10° -3.35 145x107 -4.33 505x10°
15 -0.17 503x10°% -1.61 187x10° -2.79 801x107’ -3.80 340x10°

17 -1.02  247x10% -2.24 787x10°% -3.28 272x10°
19 -0.44 670x10% -1.71 264x10° -2.78 186x10°
21 -1.18 575x10° -2.28 708x 107
23 -0.65 127x10% -1.80 705x10°
25 -0.13 809x10* -1.31 176x10°
27 -0.83 365x10°
29 -0.36 100x 1074

seen from the Figure 4.16 that the bigger scaling parametegeded for the higher
eigenvalue number for the better results. Moreover, thecehof @ = 1.1 for the

scaling parameter also gives satisfactory results alntiostvalues.

We also test our algorithm with the caae= b = 1 in anharmonic oscillator po-
tential. We derive similar observations as in the previoasec Table 4.3 delivers
the relative error for the potential forfiirent methods which gives convergent re-
construction. It is possible to obtain more satisfactosutes when we increase the
eigenvalue number. It can be seen from Figure 4.17 algorgives very similar
convergence behaviour for the eigenvalue residual withdfs@aling parameter for

different eigenvalue number.

In the final case, in whicla = 10, b = 1, the potential has fferent shape from the
cases covered before. We demonstrate ffexeof the number of used eigenvalues
on a chosen method, namely IRGNM-GCV in the Table 4.4. We olsiisfactory
results in each situation and one reconstructed poteatmttured in Figure 4.18.

On the other hand, we mention about twdelient Tikhonov-Philips regularization
method, namely Tikhonov-Philips and generalized TikheRtvips which give the

regularized solutions (2.14) and (2.19) respectively. difkerence between them is
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only the termL which is called penalty (or regularization) matrix. For quoblem,
the second method gives more better results especiallyeinrharmonic oscillator
example. We demonstrate thieet of this matrix in Figure 4.19. Here we use second
order diferentiation matrix generated by Hermite-pseudospectesthad. We obtain

very good improvement around boundary in most cases.

The computational implementation for the determinatiothefregularization param-
eters in both L-Curve and generalized cross validation nustlvee use the regular-

ization toolbax [35] with some modifications.

All algorithms in this thesis are implemented in Matlab pang.
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CHAPTER 5

CONCLUSION

Two algorithms based on Fourier and Hermite pseudospeaungtiods, respectively,
have been presented for the first time to solve some singuwarse Sturm-Liouville
systems. Numerical results suggest that a regularizagioe¢essary so that the al-
gorithms are incorporated with the Tikhonov-Philips regidation techniques. By
this way we overcome considerably the numerical shortageslting from the ill-

conditioned structure of the singular problem.

It is noteworthy to point out some ftiiculties in the inverse problem for Sturm-
Liouville systems. Firstly, the analysis of errors is notlivaeveloped even in the
regular case. Unlike the direct problem, in which the pa&tfiiinction is given an-
alytically and the main error comes from the discretizatimethod, inverse problem
has many error sources. First of all we have only a finite nunolbeigenvalues
whereas the reconstruction of the potential requires tinepbete spectrum. More-
over, the available eigenvalues are not exact in most cd$es, we are attempting
to determine the potential from an incomplete and approteénsat of eigenvalues.
Especially, errors in higher indexed eigenvalues have iatsedfect in the inverse
computation. On the other hand, iterative methods needampuatation of the spec-
trum in a numerical sense. Therefore error sources in treetdproblem are also
encountered and play a serious role in the inverse compatdti this thesis we aim
to reduce this@ect by selecting the pseudospectral methods in the diregbatation

of the eigenvalues [1].

Secondly, our main obstacle seems to be the ill-conditiatedture of the inverse

problems under consideration. Although the regulariratiares significantly the ill-
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posedness, extra error sources come from the regulanzadids of the algorithm as
well. Especially, the lack of exact Jacobian matrbeets so much the accuracy since
it is calculated numerically in each iteration step by Nawtaethod. To reduce this
error we evaluate the Jacobian for each modified potentigirsg from the carefully
chosen initial one. This process is not necessary in regntarse Sturm-Liouville

problems.

The infinite interval in the second algorithm has been regulday a finite one in a
natural way. To be specific, the number of given eigenvaluasaatically determines
the degree of Hermite polynomials. That is, the algorithsuases the roots of those
Hermite polynomials as the nodal points. On the other hdredsizd of the truncated
interval in the first algorithm is selected as an input patemg’3]. Since better
results are expected bmcreases, we increase accordingly the number of eigeswalu

to this end.

Moreover, the first algorithm employs equally spaced noalésd discretization while
the second is based on the non-uniform grid suggested bytite of Hermite poly-
nomials in question. As is well known, the roots of the Heenpblynomials are
clustered in the near vicinity of the origin and spread fertfr his phenomenon helps
us to explain the ingticient results around the boundaries. Despite of this unwel-
come event the second algorithm provides more satisfad@igrmination than the
first algorithm in which the density of the evenly spaced sodepends also on the
number of used eigenvalues. The restriction on the availabinber of eigenvalues

does not allow us to choose the mesh length as small as passibl

Furthermore, the selection of the initial potential anddbatermination of the regular-
ization parameter have vital roles in the reconstructigo@ihms. In most examples
zero potential does not give convergent results. We needpplyg good initial po-
tential, which is sfficiently close to the exact potential, according to the thexr
Newton methods [22]. The selection of the initial potendilslo éfects the number of

iteration number to reach the desired accuracy.

We propose noise-free parameter selection methods, nanwigve and generalized
cross validation, to determine the regularization parem&Yhen we try to determine

regularization parameter by hand it is hard to take thesanpeter under control in
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each iteration step. Thus itis possible to give regulaopgtarameter at first iteration
and we use it along all iterations. But parameter choice reedble us to determine
this parameter in each iteration automatically. We prefi@atparameter determi-
nation picture by Fourier pseudospectral method with harmoscillator example
in Table 5.1 and Figure 5.1. Initial potentialy(= 0), number of used eigenvalues
(n = 19), truncation parametel £ 8) and maximum iteration numbeN.x = 50)
are same in all figures and table. In Figure 5.1a-b we use gkzet cross validation
method to determine the regularization parameter. On ther band, we give regular-
ization parameter by hand after a few experiments to getabgts in Figure 5.1c-d.
It can be seen from the Table 5.1 that regularization parnsetiection method by
generalized cross validation gives more better resultsttinat of by hand. Moreover,
Figure 5.1b-d shows generalized cross validation reat¢teeddsired accuracy with 8
iteration whereas it is not possible to reach the same acgud@ing 50 iterations in

the case for which regularization parameter is given by hand

Table 5.1: Relative errors for harmonic oscillator potdratagrid points

=8, n=19
j X GCV By Hand
1 -7.59 364x 1071 444101
3 -6.77 269x 102 2.04x 107t
5 -5.95 209x 1073 1.37x 1072
7 -5.13 105x 104 2.16x 1072
9 -4.31 619x 10°© 1.07x 1072
11 -3.49 115%x 10 8.25x 1074
13 -2.67 134x 1077 8.14x 1073
15 -1.85 468x 1077 1.43x 1072
17 -1.03 847x 1077 3.79x 1072
19 -0.21 122x 10°° 7.13x 101

Our research has a potential extension in the near futuriegalar problems on the
half line and on a finite interval. Algorithms for solving a¢d inverse problems may
be constructed along the same line by using pseudospeathbds with Laguerre

and Jacobi polynomials, respectively.

Additionally, the inverse Sturm-Liouville problem can bdended to higher dimen-
sions. Sturm-Liouville equation of the Sddinger form has the following two-

dimensional analogue dr?
[-A +q(x, y)]u = Au, u e Ly(R?) (5.1)
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Figure 5.1: Reconstructed potential and convergence oheddige residual with reg-
ularization parameter given by generalized cross vabdatule (a-b), by hand (c-d)
for harmonic oscillator example using Fourier pseudospéntethod.

in which the wavefunction(x, y) satisfies the conditiomllllgu(r) =0,r = (xy),
X,y € (-0, 00) andA is the well-known Laplace’s operator, i.&,= (;’—XZZ + (;’—yzz. The
computation of eigenvaluesin (5.1) for a given potential function(x,y) can be
handled over a dficiently large finite rectangular regidn, obtained by truncating
the domain of the independent variableandy, i.e.,x € [-1,1], y € [-m, m], subject
to Dirichlet or Neumann boundary conditions [75, 76]. On ttleer hand, inverse
problem in two-dimensional case deals with the recoveriaggss of the potential
from the knowledge of eigenvalues and corresponding wawagifons. In contrast to
one-dimensional inverse problem, higher dimensionaliertsas few known results.
It is known that the potential, which is symmetric with resp® the mid lines of the
rectangle, can be reconstructed from the eigenvalues Df ¢ser rectangular region
Q with Dirichlet boundary conditions [46]. Thus we are plamito use truncation
over both independent variables to built an algorithm whiatovers the symmetric

potentials from the given eigenvalues over a square region.
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