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ABSTRACT

INVERSE STURM-LIOUVILLE SYSTEMS OVER THE
WHOLE REAL LINE

Altundăg, Hüseyin

Ph. D., Department of Mathematics

Supervisor: Prof. Dr. Hasan Taşeli

November 2010, 88 pages

In this thesis we present a numerical algorithm to solve the singular Inverse Sturm-

Liouville problems with symmetric potential functions. The singularity, which comes

from the unbounded domain of the problem, is treated by considering the limiting

case of the associated problem on the symmetric finite interval. In contrast to reg-

ular problems which are considered on a finite interval the singular inverse problem

has an ill-conditioned structure despite of the limiting treatment. We use the reg-

ularization techniques to overcome the ill-posedness difficulty. Moreover, since the

problem is nonlinear the iterative solution procedures areneeded. Direct computation

of the eigenvalues in iterative solution is handled via psoudespectral methods. The

numerical examples of the considered problem are given to illustrate the accuracy and

convergence behaviour.

Keywords: Singular inverse Sturm-Liouville systems, ill-posed equations, regulariza-

tion, pseudospectral method.
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ÖZ

REEL EKSEN ÜZERİNDE TANIMLANMIŞ TERS
STURM-LIOUV İLLE S İSTEMLER İ

Altundăg, Hüseyin

Doktora, Matematik B̈olümü

Tez Yöneticisi: Prof. Dr. Hasan Taşeli

Kasım 2010, 88 sayfa

Bu çalışmada tekil̈ozelliğe sahip olan ters Sturm-Liouville probleminde simetrik

potansiyel fonksiyonları için sayısal algoritmaüretildi. Problemin sonsuz aralık̈u-

zerinde tanımlanmış olmasından kaynaklanan tekillik, sonsuz aralı̆ga karşılık gelen

sonlu simetrik aralık̈uzerinde giderilmeye çalışıldı. Ancak sonlu aralıkta tanımlanan

tekil olmayan ters problemin aksine, tekil problemin, sonlu aralı̆ga indirgenmiş ol-

masına răgmen hastalıklı (ill-posed) bir yapısının olduğu g̈orüldü. Bu yapıyı d̈u-

zeltmek için iyileştirme (regularization) teknikleri kullanıldı. Ayrıca sayısal anlamda

çözümü aranan problemin doğrusal olmamasından dolayıözyinelemeli metod kul-

lanıldı. Bu metodta ihtiyaç duyulan düz problemin ç̈ozümü sankispektral metodlar

yardımıyla elde edildi. Dŏgruluğun ve yakınsaklı̆gın sergilenmesi amacıyla varsayılan

problem için sayısal̈ornekler verildi.

Anahtar Kelimeler: Tekil Sturm-Liouville problemleri, hastalıklı denklemler, iyileş-

tirme, sanki-spektral metodlar.
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CHAPTER 1

INTRODUCTION

1.1 Introductory Background

Differential equations are of interest for both pure and appliedmathematicians. While

pure mathematicians study on the existence and uniqueness of solutions, applied

mathematicians are more interested in dealing with practical computational proce-

dures of differential equations. In this dissertation we focused on the numerical so-

lution of the inverse Sturm-Liouville problems. At the beginning of the thesis we

mention briefly about definitions, notations and theorems that will be used later on.

Definition 1.1 (Normed, Banach and Hilbert Spaces, Inner Product Space) LetX be

a vector space over a field of scalarsF. We assume that there exists a real-valued

non-negative function||.|| : X→ R
+ satisfying

(i) ||x|| ≥ 0 for all x ∈ X and||x|| = 0 iff x = 0

(ii) ||αx|| = |α|||x|| for all x ∈ X,α ∈ F

(iii) ||x+ y|| ≤ ||x|| + ||y|| for all x, y ∈ X.

Such a function is called norm on X and a vector space X with thisnorm is said

to be normed space denoted by(X, ||.||). Given a normed space, define d(x, y) =

||x− y|| f or all x, y ∈ X. Then d is a metric for X induced by the norm||x||.

A sequence(xn) is said to be a Cauchy sequence in X equipped with a norm if||xn −
xm|| → 0 as m,n→ ∞. A sequence(xn) in X is said to converge to a vector x in X if

||xn − x|| → 0 as n→ ∞.
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A vector space X is complete if every Cauchy sequence in X converges to an element

of X. A normed space which is complete in the metric defined by its norm is called a

Banach space.

Now, let X be a vector space over complex numbersC. An inner product on X is a

function〈, 〉 : X × X→ C which satisfies the following axioms:

(i) 〈x, y〉 = 〈y, x〉

(ii) 〈αx, y〉 = α 〈x, y〉

(iii) 〈x+ y, z〉 = 〈x, z〉 + 〈y, z〉

(iii) 〈x, x〉 ≥ 0 and〈x, x〉 = 0 iff x = 0.

An overbar denotes the complex conjuge and x, y, z ∈ X, α ∈ C. A vector space

endowed with an inner product is called an inner product space.Every inner product

space is a normed space with a natural norm||x|| = 〈x, x〉 1/2.

A Hilbert space is a complete inner product space, i.e., is a Banach space whose norm

is defined by an inner product.

Definition 1.2 (Linear, Bounded, Adjoint Operator) Let X and Y be vector spaces

over a fieldF. A linear operator T of X into Y is an operator T: X → Y such that

T(αx+ βy) = αT(x) + βT(y) for all x, y ∈ X, α, β ∈ F.

T is a bounded operator if X, Y are normed vector spaces and||T x|| ≤ c||x|| holds

for c ∈ F. Moreover, the smallest c satisfying the inequality is called the norm of the

operator T denoted by||T ||.

Let X, Y be Hilbert spaces and T: X → Y be a linear operator. An operator

T∗ : Y→ X is called the adjoint operator of T if〈T x, y〉 = 〈x,T∗y〉 for all x ∈ X and

y ∈ Y. If the relation T x= T∗x is satisfied for all x∈ X, then operator T is said to be

self-adjoint.

Definition 1.3 Let X be an inner product space and x, y be vectors in X. If〈x, y〉 = 0

then x and y are said to be orthogonal. Now let U be a non-empty subset of X then

2



the set U⊥ = {x ∈ X : 〈x,u〉 = 0 f or all u ∈ U} is called the orthogonal complement

of U.

Definition 1.4 (Orthonormal Basis) Let E= {ei} be a non-empty subset of a Hilbert

space H. If (i) ei⊥ej if i , j, (ii ) ||ei || = 1 ∀i
then the set E is called an orthonormal set of H. In other words an orthonormal set

in a Hilbert space H is a non-empty subset of H which consist of mutually orthogonal

unit vectors. An orthonormal set E in an inner product space His called complete if

it is not possible to add a non-zero vector e to a set E= {ei} such that the enlarged

set{ei ,e} turns out to be orthonormal. A complete orthonormal set in a Hilbert space

is called an orthonormal basis or Hilbert basis.

Theorem 1.5 Let E be a orthonormal set of a Hilbert space H. Then the followings

are equivalent:

(a) E is complete

(b) If 〈u,e〉 = 0 for all e ∈ E, then u= 0

(c) u=
∑

ei∈E
〈u,ei〉 ei for all u ∈ H

(d) ||u||2 =
∑

ei∈E
| 〈u,ei〉 |2 for all u ∈ H.

For a proof see [72]. The series in (c) is known as Fourier series and the coefficients

〈u,ei〉, i = 1,2, . . . are called Fourier coefficients. The identity in (d) is called Parseval

identity.

Definition 1.6 (The Resolvent Set and The Spectrum of an Operator) Let T be a

linear operator on a normed space X. The set̺(T) ∈ C of all complex numbersλ

for which the operator Tλ = λI − T has a dense rangeRλ = R(Tλ) in X and Tλ has

a continuous inverse is called the resolvent set of the operator T . The complement

of this set inC, namelyσ(T) = C − ̺(T) is called the spectrum of the operator T .

Moreover, ifλ ∈ σ(T), then either Tλ−1 does not exist; or Tλ−1 exist, but it is not

continuous; or Tλ−1 exist, butRλ , X. We should note that the domain of Tλ
−1 is

3



equal to the range of Tλ, i.e.,D(Tλ
−1) = Rλ if Tλ has an inverse. Thus, the spectrum

can be decomposed into three disjoint sets as follows:

1. The setσp(T) =
{

λ ∈ C; Tλ
−1does not exist

}

which is known as point spectrum

of T and its members are called eigenvalues of T. For the elements of the

spectrum there are non-zero vectors from X such that T x= λx satisfied. These

vectors are known as eigenvectors of T and constitute a subspace W(λ) ⊆ X

which is called the characteristic subspace associated withλ. The dimension

of this subspace, which maybe infinite, is the multiplicity ofthe eigenvalueλ.

2. The setσc(T) =
{

λ ∈ C; Tλ
−1 exist but it is unbounded

}

is called the continu-

ous spectrum of T.

3. The setσr(T) =
{

λ ∈ C; Tλ
−1 exist butRλ , X

}

is called the residual spectrum

of T.

These decompositions lead evidentlyσ(T) = σp(T) + σc(T) + σr(T).

Remark 1.7 A linear operator on a finite dimensional vector space might have only

the point spectrum.

Definition 1.8 Assume thatǫ0 represents an initial error andǫn represents the growth

of the error after n steps. If|ǫn| ∼ nǫ0, the growth of error is said to be linear. If

|ǫn| ∼ ǫ0Kn the growth of the error is called exponential. In this case, ifK > 1 the

exponential error grows without bound as n→ ∞, and if K < 1 the exponential error

vanishes as n→ ∞.

Definition 1.9 (Fréchet Derivative of an Operator) Let T be a mapping between a

Banach space X and a Banach space Y, i.e., T: X → Y. We say that T is Fréchet

differentiable at a point u0 ∈ X if there exist a linear continuous operator L from X to

Y such that

lim
w∈X, ||w||X→0

||T(u0 + w) − T(u0) − Lw||Y
||w||X

= 0.

If this happens, the linear operator L is unique. It is termedthe Fréchet derivative of

T at the point u0.

4



Remark 1.10 Fréchet derivative represents the usual derivative if T is defined be-

tween finite dimensional spaces. Thus, the existence of the Jacobian matrix guaran-

tees the Fŕechet differentiability condition for nonlinear equation systems.

1.2 Sturm Liouville Theory

1.2.1 Sturm Liouville Problem

Second order linear differential equations are frequently encountered in practicein

connection with physical and engineering problems. One of the most famous problem

is the Sturm-Liouville eigenvalue problem

Ly(x) = 0 , x ∈ (a,b) (1.1)

with the formally self-adjoint operatorL defined by

L = − d
dx

[

p(x)
d
dx

]

+ q(x) − λr(x) (1.2)

wherep(x) andr(x) are strictly positive,p(x),q(x) andr(x) are assumed to be real-

valued continuous functions except for finitely many jumps on the interval (a,b) and

λ is a real parameter. The boundary conditions accompanying with (1.1) will be

y(a) cos(α) + y′(a) sin(α) = 0

y(b) cos(β) + y′(b) sin(β) = 0
(1.3)

whereα andβ are real numbers between 0 andπ. If a andb are finite, the system con-

sisting of (1.1)-(1.3) is called regular Sturm-Liouville system. The parameterλ for

which the equation (1.1) has nontrivial solution subject toboundary conditions (1.3)

is called eigenvalue and the corresponding nontrivial solution y(x) is called eigen-

function of the system.

For example, in quantum mechanics one dimensional motion ofa particle of massm

in an external fieldV is represented by the equation

− ~
2

2m
ψ′′(x) + V(x)ψ(x) = Eψ(x)

in which ψ(x) is the wave function,E is the total energy of the particle and~ is the

Planck constant divided by 2π. This equation is called Schrödinger equation which is

a special form of a Sturm-Liouville problem.
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If we deal with the vibrational modes of a string, sound wavesin a pipe or certain

mechanical systems, we reach the time dependent wave equation

∂

∂x

[

p(x)
∂u
∂x

]

− q(x)u = r(x)
∂2u
∂t2

wherep(x) is denoted by tension of the string,q(x) is spring-like transverse restoring

force, andr(x) is the density of the string. When we propose separation of variables

of the formu(x, t) = φ(x)sin(ωt) thenφ(x) must satisfy

d
dx

[

p(x)
dφ
dx

]

− q(x)φ = λr(x)φ

which is the standard form of the Sturm-Liouville equation.Here we useλ = ω2.

It is well known that the Sturm-Liouville problem has nice mathematical properties.

Proposition 1.11 For a regular Sturm-Liouville problem,

(i) Eigenvalues are real, simple and they constitute an increasing sequenceλ0 <

λ1 < . . . tend to∞.

(ii) The eigenfunctions corresponding to distinct eigenvalues are orthogonal and

form a complete orthogonal set of functions over(a,b) with respect to the inner

product

〈u, v〉 =
∫ b

a
uvwdx

under the weight function w(x) > 0.

(iii) (Interlacing property) yk has exactly k zeros in the open interval(a,b) and there

exist exactly one zero of yk between two consecutive zeros of yk+1. Here yk be

the kth eigenfunction corresponding to kth eigenvalueλk.

For proofs see for example [20].

However, Sturm-Liouville problems are also defined on an infinite intervals, namely

a = −∞ and/or b = ∞. It is also possible that one of the functionsp(x), q(x), r(x)

in Sturm-Liouville problems fails to satisfy to be continuous or to be strictly posi-

tive at one or both endpoints. These types are classified as singular Sturm-Liouville

problems.
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One can solve Sturm-Liouville problems either analitically or numerically for a given

set of functionsp(x),q(x), r(x) and corresponding boundary conditions withα andβ

to find eigenvalues and corresponding eigenfunctions. Suchproblems are called direct

Sturm-Liouville problems. It is not easy to solve direct problems analytically, actually

many of them it is impossible. This needs to develop many numerical methods giving

eigenvalues and eigenfunctions in a desirable accuracy foreither regular or singular

problems. These methods can be classified into two main groups known as shooting

and matrix methods. Basically, shooting methods [48, 63, 64]replace the boundary

value problem (BVP) with an initial value problem (IVP) over the range [a,b] and

solve this IVP for trial values ofλ until the boundary conditions ata andb can be

satisfied at the same time. The principal of a matrix method isto convert differential

equation to a matrix eigenvalue problem and solve it numerically [9, 73].

1.2.2 Transformation to the Schr̈odinger (Canonical) Form

Consider the singular Sturm-Liouville equation,

Ly = 0, L = − d
dt

[

p(t)
d
dt

]

+ q(t) − λr(t) , t ∈ (−∞,∞). (1.4)

Let us transform, first, the dependent variable fromy(t) to u(t), where

y(t) = φ(t)u(t) (1.5)

andφ(t) will be determined suitably. Since

y′ = φ′u+ φu′ , y′′ = φ′′u+ 2φ′u′ + φu′′

we have from (1.4),

−d2u
dt2
− [2

φ′′

φ
+

p′

p
]

d
dt
− [

φ′′

φ
+

p′

p
φ′

φ
− q− λr

p
]u = 0. (1.6)

Let us now transform the independent variable fromt to x by means of the substitution

x = f (t) (1.7)

where f is a sufficiently smooth function. By chain rule, we have

du
dt
=

du
dx

dx
dt
⇒ d

dt
≡ f ′(t)

d
dx

(1.8)
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and
d2

dt2
≡ [ f ′(t)]2 d

dx2
+ f ′′(t)

d
dx

(1.9)

wheret = f −1(x) on the right hand side of operations in (1.8), (1.9). By meansof

(1.5) and (1.7), choosingf (t) andφ(t) appropriately, we shall transform the original

Sturm-Liouville equation into a simpler form.

From (1.8) and (1.9), we put (1.6) into the form

−[ f ′(t)]2d2u
dx2
−

{

f ′′(t) + [2
φ′(t)
φ(t)
+

p′(t)
p(t)

] f ′(t)

}

du
dx

−
{

φ′′(t)
φ(t)

+
p′(t)
p(t)

φ′(t)
φ(t)

− q(t)
p(t)
+ λ

r(t)
p(t)

}

u = 0.

with t = f −1(x) which can be written as

d2u
dx2
+ F(x)

du
dx
+ [λG(x) − V(x)] = 0 (1.10)

where

F(x) =
2p(t) f ′(t)φ′(t) + [p(t) f ′(t)]′φ(t)

p(t)φ(t)[ f ′(t)]2

∣

∣

∣

∣

∣

t= f −1(x)
(1.11)

G(x) =
r(t)

p(t)[ f ′(t)]2

∣

∣

∣

∣

∣

t= f −1(x)
(1.12)

V(x) =
q(t)φ(t) − [p(t)φ′(t)]′

p(t)φ(t)[ f ′(t)]2

∣

∣

∣

∣

∣

t= f −1(x)
(1.13)

Remark 1.12 The main idea behind our method is to consider the singular problem

over a finite interval t∈ (−l, l), instead of t∈ (−∞,∞).

Such a singular problem can be defined over a symmetricx-interval,x ∈ (−l, l) if we

choose

[ f ′(t)]2 =
1
L2

r(t)
p(t)

, L ≥ 0 (1.14)

whereL will become obvious. Then,

f ′(t) =
1
L

√

r(t)
p(t)

⇒ f (t) =
1
L

∫ t

−l

√

r(s)
p(s)

ds. (1.15)

Thus, chooseL to be

L =
∫ −l

−l

√

r(s)
p(s)

ds (1.16)
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hence the transformation in (1.7) is made explicit, i.e.,

x = f (t) =
1
L

∫ t

−l

√

r(s)
p(s)

ds. (1.17)

Further, from (1.12) and (1.14), we have

G(x) = L2 = constant. (1.18)

On the other hand,φ(t) can be chosen in a way such thatF(x) in (1.11) vanishes.

Indeed,F(x) = 0 if

2p(t) f ′(t)φ′(t) + [p(t) f ′(t)]′φ(t) = 0

that is
φ′(t)
φ(t)

= − [p(t) f ′(t)]′

2p(t) f ′(t)

If we differentiate both side of last expression with respect tot we have,

ln
∣

∣

∣φ(t)
∣

∣

∣ = −1
2 ln

∣

∣

∣p(t) f ′(t)
∣

∣

∣

= −1
4 ln

[

p(t) f ′(t)
]2

= −1
4 ln

{ 1
L2

p(t)r(t)
}

on using (1.14). Hence we find that

Φ(t) =
√

L
[

p(t)r(t)
]−1/4

. (1.19)

As a result equation (1.10) reduces to

d2u
dx2
+

[

λL2 − V(x)
]

u = 0

or
d2u
dx2
+

[

E(l) − V(x)
]

u = 0, x ∈ (−l, l). (1.20)

Note that the new eigenvalue parameter is of the form

E(l) = L2λ(l),

with L defined by (1.16).

Remark 1.13 Such kind of transformations are known as Liouville transformations.
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Remark 1.14 The boundary conditions accompanying with (1.20) will be

u(−l) cos(α) + u′(−l) sin(α) = 0 (1.21)

u(l) cos(β) + u′(l) sin(β) = 0 (1.22)

in whichα andβ are real numbers between0 andπ. Clearly the particular values

of α and β give some special type boundary conditions. For example,α = β = 0

corresponds to Dirichlet,α = β = π
2 corresponds to Neumann,α = 0 and β = π

2

corresponds to mixed boundary conditions.

Remark 1.15 If p(t) = r(t) = 1 in (1.4), i.e., the original equation is already in

Schrödinger form.

Remark 1.16 The function V(x) in (1.20) is called ”potential function”. We assume

that the problem has a ”reflection symmetry” under the replacement of x by−x.

Therefore we are looking for a potential function which is even, i.e., V(x) = V(−x).

Remark 1.17 The equation (1.20) in Schrödinger form will be considered from now

on with the notation

−y′′ + q(x)y = λy, x ∈ (a,b) (1.23)

for the sake of consistency with the literature.

1.2.3 What are Inverse Problems?

If information about eigenvalues and eigenfunctions are available in a Sturm-Liouville

system the coefficientsp(x), q(x), r(x) can be reconstructed numerically. Problems of

this kind are called inverse Sturm-Liouville problems.

A problem is called well-posed in reference to the Hadamard definition of well-

posedness if the following conditions hold:

(a) A solution of the problem exists,

(b) The solution of the problem is unique,
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(c) The solution is insensitive to the changes of the initialdata.

Otherwise, i.e., if one of the conditions defined above is violated the problem is ill-

posed. In contrast to direct problems, inverse Sturm-Liouville problems have gener-

ally ill-posed structure and cause some numerical difficulties. One of the most effec-

tive way to overcome ill-posedness is the regularization. In this thesis we shall use

regularization techniques to solve singular inverse Sturm-Liouville (S-L) problems

on the real line. There are several methods to solve inverse problems on a finite inter-

val and most of them do not require regularization techniques. Singular inverse S-L

problems with singularity at endpoints can be considered onthe truncated domain.

Since this treatment does not make it a regular one it still needs regularization. We

present numerical results in Chapter 4 for singular S-L problems over (−∞,∞) for

the symmetric potentialq(x) if the spectrum, i.e., the eigenvalue set, is known.

1.2.4 Literature Review for Inverse Sturm-Liouville Problem

The development of the inverse spectral theory of the Sturm-Liouville equations has

a long history. The starting point of the problem is the paperpublished in 1929 by

Ambartsumyan [2]. He showed that if the set of numbersλn = (nπ)2 for n ∈ N are

given as a spectrum of the Sturm-Liouville problem

−y′′ + q(x)y = λy, x ∈ (0,1) (1.24)

with boundary conditionsy′(0) = 0, y′(1) = 0 thenq is the zero potential,q = 0.

This result attracts many scientist to make deeper investigation about the existence

and uniqueness conditions for the inverse S-L problem. In fact, Ambartsumyan’s

claim is not true in general, namely the given eigenvalue setis not sufficient to re-

cover a potential uniquely. But it is an exceptional case for symmetric potentials for

which one eigenvalue set is enough. The general results wereobtained by Borg in

1945 [15]. He showed that if{λn}, n ∈ N is the eigenvalue set of (1.24) with the

boundary conditionsy(0) = 0, y(1) = 0 and if {µn}, n ∈ N is the eigenvalue set of

the same equation with different boundary conditionsy′(0) = 0, y′(1) = 0 then the

set of eigenpair{λn, µn} uniquely determines the potentialq(x) in the equation (1.24).

He also showed that ifq(x) is symmetric about the linex = 1/2, q(x) = q(1 − x),
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one eigenvalue set is enough for the recovery ofq which coincides with the result of

[2]. After Borg’s paper Levinson published his results in which uniqueness proof was

given in a simpler form by using Green’s function and complexanalysis technique

[49]. In 1950 Marchenko [51] showed that if boundary conditions corresponding to

{λn} and{µn} are given in the form

y′(0)− hy(0) = 0, y′(1)+ Hy(1) = 0 (1.25)

y′(0)− hy(0) = 0, y′(1)+ H′y(1) = 0, H , H′ (1.26)

then two spectra are sufficient to determine not only potentialq but also constants

h,H,H′ uniquely. After researches about uniqueness via two spectra, Gel’fand and

Levitan [28] showed that one spectrum{λn}∞1 and a set of norming constants{ρn}∞1
defined byρn :=

‖yn‖22
yn(0)2 for h , 0 , or elseρn :=

‖yn‖22
y′n(0)2 for h = 0 are enough to recover

the potential uniquely. This work showed that it is possibleto use other data rather

than spectra, but two sequences were required for reconstruction. Hochstadt and

Lieberman [37] showed that it is not required any information about second spectrum

but insteadq(x) is known on the half interval [1/2,1]. This information together

with one eigenvalue sequence{λn} is sufficient to determineq(x) uniquely on [0,1].

Another version for this kind of treatment was considered in[38, 39, 62]. They define

{κn}∞1 known as terminal velocity by means of eigenfunctions, i.e., κn := log
( |y′n(1)|
|y′n(0)|

)

if h = H = ∞, κn := log
( |yn(1)|
|y′n(0)|

)

if h = ∞ andH < ∞ and showed that{λn}∞1 and

terminal velocity are able to recoverq(x) uniquely. Another version of the inverse

problem related with the Sturm-Liouville equation is considered by J. McLaughlin

in 1988 [53]. The so-called inverse nodal problem is the problem of reconstructing

the potentialq and the boundary conditionsα, β in (1.3) with a = 0, b = 1 using

only the nodal points{x(n)
k }n−1

1 . Actually these points are (n − 1) zeros of then − th

eigenfunction of the Sturm-Liouville equation with associated boundary conditions.

She proved that the potentialq can be determined up to a constant by means of nodal

points of Dirichlet problem. There are several authors studying on the existence,

uniqueness and reconstruction process of this kind of problems, see, for example,

[18, 25, 31, 47] and references cited therein.

After establishing the existence and uniqueness theory of the inverse Sturm-Liouville

problems many authors try to construct an efficient algorithm to get potential from
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various set of data. In 1978 Hald [32] proposed an algorithm for solving the in-

verse Sturm-Liouville problem with symmetric potential and Dirichlet boundary con-

ditions. His algorithm is based on the classical Rayleigh-Ritz method. The main

idea under this method is to expand the potential and the eigenfunctions in truncated

Fourier series form and reduce the problem to a finite dimensional inverse eigenvalue

problem. Namely, he proposed a trial potential

q(x) = α0 + 2
m

∑

k=1

αk cos(2kx)

and then try to find the coefficientsαk such that the given eigenvalue set{λ j} coin-

cides with the eigenvalues of reduced matrix-eigenvalue problem. In this formulation

an initial guess for the potential, which was taken basically zero in this work, is

needed. Hald showed that the potential converges to a limit potential as the dimen-

sion of the space of trial functions is increased. He also observed that continuous

and square integrable potentials were reconstructed with less number of eigenvalues

whereas discontinuous ones needed more eigenvalues. The success of the algorithm

depends on the fact that the matrix and differential eigenvalues have the same asymp-

totic behaviour. The novelty of this work attracts Paine [59]. He realizes that differen-

tial eigenvalues asymptotically behave differently from the eigenvalues of the matrix

which is obtained by finite difference method. Paine used the asymptotic correction

of finite difference method

ǫk = (k2 − 2h−2)(1− cos(kh)), k = 1, . . . ,N, h = π/(N + 1)

which has been given in [60]. Actually, by subtracting correction from the differential

eigenvalues, one can obtain estimates of the desired finite difference eigenvalues such

that they have the same asymptotic behaviour. On the other hand, in the reconstruc-

tion procedure Paine used a general form of Sturm-Liouvilleequation in (1.2) and

considered Liouville transformation to passq(x) from r(x) andp(x) starting with an

initial p on a non-uniform mesh. Newton method was taken into account in iterative

solution process for a nonlinear system of equations.

In 1990 Marti [52] used finite element discretization and correction technique with

Newton Secant method to construct potentials from nonlinear equations

Λk(q) − Λk = 0, 1 ≤ k ≤ m.
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In which the eigenvaluesΛk(q) are those of finite element discretization matrix, and

Λk are the firstm corrected eigenvalues derived from the known eigenvalue set. In

addition to these works Pirovino [61] presented convergence result for an inverse

algorithm based on a finite difference discretization with an equidistant grid and cor-

rection term. Unlike these works, i.e., [32, 52, 59, 61], in which only symmetric

potentials, namelyq(x) = q(π − x) are considered, Fabiano and his co-workers [24]

constructed an algorithm for not only symmetric but also general potentials. They

used finite number of Dirichlet eigenvalues of the Sturm-Liouville equation on (0, π)

as spectral data for a symmetric potentials. Finite difference discretization was used

to reduce the inverse S-L problem to a matrix inverse eigenvalue problem. Similar

nonlinear system of equations in [52] was obtained. But modified Newton’s method

with a zero potential as a starter was used to solve the nonlinear system. In contrast

to the iterative solver in [52] modified Newton’s method allows to compute Jacobian

matrix one time at the beginning of the first iteration and it uses the same Jacobian

through the all iterations. Moreover, it is possible to evaluate Jacobian analytically

for zero potential. Their additional data for non-symmetric potentials were terminal

velocities which are defined by

κi := log
(
|y′i (π)|
|y′i (0)|

)

, i = 1,2, . . . .

The method seeks the zero of the nonlinear map

H(q) = [U(q) V(q)]T

for a given spectral set{λi , κi}ni=1 where

U(q) = (ν1(q) − µ1, . . . , νn(q) − µn)
T

and

V(q) =

(

2 sin(h)
h

τ1(q) − 2κ1,
2 sin(2h)

h
τ2(q) − 4κ2, . . . ,

2 sin(nh)
h

τn(q) − 2nκn

)T

with τ j(q) := log
∣

∣

∣

∣

[y j (q)]2n

[y j (q)]1

∣

∣

∣

∣

. Hereν j(q)’s are the eigenvalues of the matrix which is

obtained from finite difference discretization of the Sturm-Liouville equation with

Dirichlet boundary conditions at zero andπ, µ j ’s are the corrected eigenvalue data,

yj(q) is the j-th eigenvector corresponding toν j(q). The definition ofV(q) was at-

tracted by a comparison between the linearization of the matrix dataτ j(q) and the

14



Sturm-Liouville dataκ j(q). The modified Newton method was used with zero poten-

tial as an initial guess for the solution of the nonlinear equation.

In another work [57] an algorithm for symmetric potential on[0, π] was presented.

Neher tried to construct a potential in the form

q(x) = q(x; a) := q̂(x) +
n

∑

j=1

ajqj(x), a = (aj) ∈ Rn

from the knowledge of the eigenvalue set (λi)n
i=1 and symmetric basis functions ˆq(x),

qj(x), j = 1, . . . ,n, so that

Λi(q(x; a)) = λi , i = 1, . . . ,n

Thus, inverse problem becomes a finite-dimensional problemof determininga ∈ Rn

such that the system ofn nonlinear equations defined by

f (a) = fi(a) :=
(

Λi(q(x; a) − λi)
)

i = 1, . . . ,n

hold. Newton’s and interval Newton methods were applied tof (a) = 0 to define a re-

construction procedure for recovery ofq(x). In this reconstruction procedure a priori

information about the potential was required for the choices of q̂(x) andqj(x). The

paper [57] published by the same author in 1998 concerned with the reconstruction

of an unknown impedancep(x) in the Sturm-Liouvile problem of the form

[

p(x)u′
]′
+ λp(x)u = 0 (1.27)

with Dirichlet boundary conditionsu(0) = u(π) = 0 where the impedancep(x) as-

sumed to be continuously differentiable in [0, π], symmetric, i.e.,p(x) = p(π− x) and

positive with p(0) = 1. Same techniques as in [56] was used to solve this inverse

impedance problem. Shooting method was taken into account to evaluate eigenvalues

and eigenfunctions for the direct problem in the iterative solution procedures for both

methods in [56] and [57].

In [5] Alan L. Andrew used fourth order Numerov’s method to refine the algorithm of

[24] which uses second order method. Dirichlet boundary conditions with symmetric

potentials on [0, π] were considered. In his approaches, for a given finite number of

Dirichlet eigenvalues of Sturm-Liouville equation on [0, π] he found a vectorq =

(q1,q2, . . . qn)T for which qi, i = 1,2, . . . ,n, is an approximation of symmetricq(x)
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at the pointsih with h = π
2n+1. Namelyq is a solution of the equationf (q) = 0 with

a starting potential needed in the iterative solution procedure. The components of

f (q) areΛi(q) + ǫr(i,h) − λi whereΛi(q)’s are approximations ofλi ’s by means of

Numerov’s method, andǫr(i,h) is called an asymptotic correction defined by

ǫr(i,h) :=
12 sin2(ih/2)

h2[3 + (1− r) sin2(ih/2)]
.

Later Andrew modified this algorithm for non-symmetric potentials with one spec-

trum plus terminal velocity and symmetric potentials with Neumann boundary con-

ditions [6]. He dealt with Neumann boundary conditions by using either finite dif-

ference or Numerov’s method. Asymptotic correction was taken asǫ1(i − 1,h) for

finite difference andǫ2(i −1,h) for Numerov’s method with the mesh lengthh = π
2n−1.

Moreover in [7] he used two spectra associated with different boundary conditions to

recover general potentials. However, as is shown in [15] if these boundary conditions

differ at only one boundary, then two spectra associated these boundary conditions

are sufficient to recover the potential uniquely.

In [7] Andrew used method of symmetric extension which uses the idea under the fact

that ifλ(0)
i andλ(1)

i are the eigenvalues of (1.24) with the boundary conditionsy(0) = 0,

y(π) = 0 andy(0) = 0, y′(π) = 0 respectively thenλ(1)
1 < λ(0)

1 < λ(1)
2 < λ(0)

2 < . . . are

eigenvalues of (1.24) with symmetric potentialq(x) = q(π − x) and boundary con-

ditions y(0) = 0, y(π) = 0. After this, symmetrically extended potential with one

spectra can be reconstructed. At that point it is worth mentioned that the strict inter-

lacing property of eigenvalues is a necessary condition forexistence of the solution.

Asymptotic corrections for Numerov’s method with different boundary conditions

were given in [3], [4] and [8] play a key role in his algorithm.The numerical algo-

rithm for partially known potential was given in [42]. Depending on the theory given

by Hochstadt and Lieberman [37], Kammanee and Böckmann gave an algorithm to

construct a general potential for a given firstn exact eigenvalues corresponding to

Dirichlet boundary conditions on [0, π] and a partially known potential on either

[0, π/2] or [π/2, π]. They utilized both finite difference and Numerov’s method to

estimate the desired eigenvalues in each modified Newton iteration step. Again the

make up the difference between the asymptotic behaviours of the given and com-

puted eigenvalues, the algebraic (asymptotic) correctionwas used both methods. In

this work, they also used broken eigenvalue set, i.e., the set with a missing eigen-
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value. Actually they developed a method depending on the asymptotic behaviour

of eigenvalues to recover missing eigenvalue. Furthermore, in [43] Kammanee and

Böckmann used boundary value method for the solution of direct problem in the iter-

ative solution procedure. Basically this method converted the equation (1.24) into the

system of first order equationsu′ = Au with

A =



















0 1

q(x) − λ 0



















, u =



















u1(x)

u2(x)



















whereu1(x) = y andu2(x) = y′ and solved this system. Asymptotic correction was

also needed in the reconstruction of potential. More details about boundary value

method and the correction terms for this method can be found in [29].

The methods mentioned above up to now use the matrix method. For inverse S-

L problems there is another recovery technique which is related with the integral

equations. For a given two sets of eigenvalue sequences of (1.24) corresponding

to different boundary conditions (1.25) and (1.26) one can construct potential using

Gelfand-Levitan- Marchenko operator. This operator is a linear mapping between the

solution of equation (1.24) with a known reference potential p(x) and the solution of

the same equation with an unknown potentialq(x). In other words, letL andL̃ be

the differential operators for whichϕ andψ are solutions of the differential equations

Lϕ = −ϕ′′ + q(x)ϕ = λϕ and L̃ψ = −ψ′′ + p(x)ψ = λψ

with q, p ∈ L2[0,1] satisfying the same conditions atx = 0, i.e.,ϕ(0) = ψ(0) = 0 and

ϕ′(0) = ψ′(0) = 1. Then the transformation operatorT,

ϕ(x) = Tψ(x) = ψ(x) +
∫ 1

0
K(x, t)ψ(t)dt (1.28)

can be obtained [19, 26]. From the well known paper of Gelfandand Levitan [28],

there exist a functionK(x, t) which is a solution of the Goursat problem

Ktt − Kxx + (q(x) − p(t))K(x, t) = 0, 0 ≤ t ≤ x ≤ 1

2
d
dx

K(x, x) = (q(x) − p(x))

K(x,0) = 0.
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SinceK(x, t; p,q) does not depend on eigenvalues, Rundell and Sack [69] used this

kernel to recover the potential from two sets of eigenvalues. They obtained Cauchy

dataK(1, t) andKx(1, t) using the boundary condition atx = 1, GLM operator (1.28)

and given eigenvalue sets. Hence they replaced Goursat problem by a Cauchy prob-

lem

Ktt − Kxx = −(q(x) − p(t))K(x, t) 0 ≤ |t| ≤ x ≤ 1

K(1, t) = f (t)

Kx(1, t) = g(t)

with the same solution. Note thatK(x,0) = 0 allows to extendK oddly on the domain

0 ≤ |t| ≤ x ≤ 1. Thus,K(x,0) = 0 holds with oddf andg in L2[−1,1]. They regarded

Goursat problem with cauchy data as an overposed boundary value problem for K,

and they used this to recoverq(x) uniquely. In the reconstruction procedure, Rundell

and Sack used zero reference potential, namelyp(x) = 0 and wrote the D’Alambert

solution formula for the inhomogeneous Hyperbolic equation with Cauchy data on

x = 1 for K(x, x) as

K(x, x) =
1
2

[

K(1,2x− 1)+ K(1,1)+
∫ 2x−1

1
Kx(1, ξ)dξ −

∫ 1

x

∫ τ

2x−τ
q(τ)K(τ, ξ)dξdτ

]

.

and they obtainedq(x) from the integral equation

q(x) = 2
d
dx

K(x, x) = 2[Kt(1,2x− 1)+ Kx(1,2x− 1)] − 2
∫ 1

x
q(τ)K(τ,2x− τ)dτ

by two different iterative procedures which are successive approximation method and

Quasi-Newton method. In the first method, they solved the nonhomogeneous wave

equation

vxx − vtt = q(x)v 0 ≤ |t| ≤ x ≤ 1

v(1, t) = K(1, t), vx(1, t) = Kx(1, t) − 1 ≤ t ≤ 1

with an initial q(x) and iterate the solution by

qn+1 = G(x) − 2
∫ 1

x
qn(τ)v(τ,2x− τ,qn)dτ

in whichG(x) = 2[Kt(1,2x− 1)+ Kx(1,2x− 1)]. For the second method, they solved

the characteristic initial value problem

uxx − utt = q(x)u 0 ≤ |t| ≤ x ≤ 1
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u(x,±x) = ±1
2

∫ 0

x
q(s)ds

for a givenq(x) and defined the mapF(q) = {ut(1; t; q),ux(1; t; q)}. Then the solutionq

satisfyingF(q) = {Kt(1; t),Kx(1; t)} was obtained by Quasi-Newton iteration formula

qn+1 = qn − (DF(0))−1(F(qn) − {Kt(1; t),Kx(1; t)})

whereDF(0) denotes the Frechet derivative ofF at q = 0. Same authors gave a

similar algorithm for solving inverse S-L problems in non-potential form (1.27) for

0 < x < 1 with Dirichlet spectrum, i.e., eigenvalues of S-L problemwith u(0) =

u(1) = 0, and Dirichlet-Neumann spectrum, i.e., eigenvalues of S-L problem with

u(0) = u′(1) = 0 in [70]. Moreover Sack used Dirichlet spectrum and norming

constants

ρk =
1

[

y′k(0)
]2

∫ 1

0

[

yk(x)
]2dx

in whichyk’s are eigenvectors of (1.24) with Dirichlet boundary conditions to recover

the potential via GLM operator technique [71]. The usage of the zero reference poten-

tial causes small oscillations especially in the discontinuous potentials. In 2007 Rafler

and B̈ockmann [66] modified Rundell-Sack algorithm to minimize this oscillations.

They used earlier reconstructions to estimate the jump discontinuity and modified the

reference potential with this estimation. Moreover this modified algorithm needs the

mean value of the exact potential. They provide the exact mean value of the unknown

potential in numerical experiments.

In addition to matrix methods and integral equation relatedmethods functional min-

imization technique is another type of numerical determination for inverse Sturm-

Liouville problems. This technique was conducted in the papers [17] and [68] by

Brown and his co-workers and Röhrl respectively. In the first paper, the equation

(1.24) was considered with the potentialQ and separated boundary conditions

y(0)+ Ay′(0) = 0

y(1)+ By′(1) = 0.
(1.29)

They defineduq(x, λ) andvq(x, λ) as a solutions of (1.24) satisfying the conditions

uq(0, λ) = A, u′q(0, λ) = −1 andvq(1, λ) = B, v′q(1, λ) = −1 respectively. Then by

Sturm-Liouville theory [50] there exist multiplier constantsCn for n ∈ N and 0≤ x ≤
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1 such that

uQ(x, λn) = CnvQ(x, λn).

These definitions allow them to define the functionalG(q) as

G(q) =
N

∑

n=0

ωnGn(q)

such thatG(Q) = 0. WhereN > 0,ωn’s are positive weights andGn(q) is given by

Gn(q) =
∫ 1

0

[

(u′q(x, λn) −Cnv
′
q(x, λn))

2 + q(uq(x, λn) −Cnvq(x, λn))
2
]

dx.

Moreover it was noted that the true potentialQ(x) and trial potentialq(x) are both

positive for all x ∈ [0,1]. Minimization of G with respect toq by gradient descent

method needs Ĝateaux derivative ofG. This derivative was defined by

G′n(q)[h] = lim
ǫ→0

Gn(q+ ǫh) −Gn(q)
ǫ

.

After a long calculations based on integration by parts and equation (1.24) they wrote

this derivative as

G′(q)[h] =
∫ 1

0
h(x)H(x)dx

where

H(x) =

[

2

(

uq

(

vq − B
uq + vqu′q(1)

Bu′q(1)+ uq(1)

)

(u′q(1)+C)

+ vq

(

uq − A
uqv′q(0)+ vq

Av′q(0)+ vq(0)

)

(Cv′q(0)+ 1)C

)

(1.30)

+ (uq −Cvq)
2 + 2λ(−uqz+Cvqt)

]

is L2 gradient in whichz andt are solutions of

− z′′ + (q− λ)z= uq −Cvq, z(1) = 0, z′(1) = 0,

− t′′ + (q− λ)t = uq −Cvq, t(0) = 0, t′(0) = 0.

After establishing the derivative it was written

G(q+ h) = G(q) + G′(q)[h] +O(h2).

Then by takingh(x) = −H(x), there existα so that the relationG(q+αh) < G(q) holds.

This relation reserved them to set up a recovery algorithm bymeans of a sequence

G(qm−1 + αmhm) < G(qm−2 + αm−1hm−1) < . . . < G(qinitial + α1h1).
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Concisely in the algorithm they set up an initialq and formHn considering each term

in (1.30) depending onn. Then formed

h(x) = −
nmax
∑

n=0

ωnHn

and minimized the final functional

F(α) = G(q+ αh)

to obtainαmin. Finally they evaluated the updated potential via

qj+1 = qj + αminh

to reach the desired accuracy. The spectrum{λn}Nn=0 of the Sturm-Liouville equation

(1.24) with boundary conditions (1.29) together with associated multiplier constants

{Cn}Nn=0 for a givenN and the boundary parametersA, B in (1.29) were used as initial

data. In this formulation, weightsωn was chosen in a way that the effect of the higher

eigenvalues would be less in the recovery procedure than thelower ones. Brown

and his research partners used different gradients such asL∞ and Sobolev type gra-

dients instead ofL2 ones. ButL2 gradient gave more better results than the others.

Moreover they reported that the noised data causes some oscillation in the recov-

ered potential.Since they needed the direct solution of (1.24) in the iterative solution

method modified Pr̈ufer transform was preferred to obtain the solution with a higher

precision. Shortly the equation system

θ′ =
√
λ − q
√
λ

sin2 θ,
r ′

r
= s2 sinθ cosθ

(

1+
q− λ

s2

)

which was obtained by the aforementioned transforms

u(x) =
r(x)

s
sinθ(x)

u′(x) = r(x)scosθ(x)

s= λ1/4

was solved numerically instead of (1.24).

In [68] Röhrl gave an algorithm which recovers the potential for the equation (1.24)

using two spectrum associated with different boundary conditions via functional min-

imization. R̈ohrl defined a least square functional

G(q) =
∑

i,n

ωi,n(λq,i,n − λQ,i,n)
2, n ∈ N0, i = 1,2
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for trial potentialq and positive weightsωi,n. WhereλQ,i,n are given spectrums and

λq,i,n are eigenvalues for trial potential. It was known from [21],[50] and [77] that

interlacing property of eigenvalues and correct asymptotics are sufficient for the ex-

istence of potentialq with G(q) = 0. Röhrl also showed that all critical points of this

functional occur at global minima. This fact allows him to minimize the least square

functionalG(q) by a conjugate gradient descent algorithm. In brief for a chosen initial

potentialq0, the gradient

∇G(q) = 2
∑

i,n

(n+ 1)ωi,n(λq,i,n − λQ,i,n)
1

n+ 1
g2

q,i,n

was computed to minimize the functionalG(qi − α∇G(qi)) with respect toα. Where

gq,i,n denotes the normalized eigenfunction corresponding toλq,i,n. WhenG(qi) is

sufficiently small,qi+1 is to be taken as an approximating potential. Röhrl was chosen

ωi,n = 1,q0 = 0 and was taken 30 eigenvalue pairs with Dirichlet and mixed boundary

conditions in his numerical experiments.

22



CHAPTER 2

REGULARIZATION OF ILL-POSED PROBLEMS

Inverse problems such as Radon inversion (X-ray tomography), signal and image

processing, inverse heat conduction, parameter identification, inverse scattering fre-

quently lead to mathematical models which do not satisfy theHadamard postulates

of well-posedness, i.e., they might not have a solution, or solution may not be unique

or solutions might not depend continuously on the initial data. This violation is con-

sidered as ill-posedness in the Hadamard sense. The numerical solution of ill-posed

problems is unstable under data perturbations. Thus, the classical methods often fail

to get a solution of such a problems. On the other hand, even ifa problem is well-

posed it may still be ill-conditioned which means the small perturbations in the initial

data can cause the large errors in the solution. Unfortunately no mathematical tech-

niques exist to transform the mentioned unstable problems to stable one. But it is

possible to built an agreement between the accuracy and stability via regularization

techniques. Thus, the art of the regularization methods is to recover a partial infor-

mation about the solution as stable as possible.

2.1 Ill-Posed Linear Operator Equations

In this chapter we firstly consider a linear operator equation of the form

T x= y (2.1)

whereX andY are Hilbert spaces andT is a bounded linear operator fromX to Y.

We consider thaty is attainable ify ∈ R(T). HereR(T) stands for the range ofT.

Then everyy ∈ Y being attainable is equivalent to the existence of the solution, and
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uniqueness of the solution is valid if and only ifN(T) = {0} whereN(T) is the

null space ofT. Thus, if existence and uniqueness conditions hold so that the inverse

operatorT−1 exists. Moreover, the continuously dependence of the solution to the data

equivalent to continuity (or boundedness) ofT−1. As a consequence if the equation

(2.1) is well-posed thenT has a well-defined, continuous inverse operatorT−1. But

these conditions, i.e., attainability ofy andN(T) = {0}, would be too restrictive. If

N(T) , {0} which means the solutions of (2.1) are not unique it should bepossible to

be interested in a specific solution satisfying additional requirements. Or it is possible

to seek a generalized solution even ify is not attainable. This generalized solution

will be provided by means of the concept of a generalized inverse ofT. Then the last

condition of the Hadamard’s well-posedness will be relevant to the continuity of the

generalized inverse ofT.

2.1.1 The Moore-Penrose Generalized Inverse

Definition 2.1 Let T : X −→ Y be a bounded linear operator.

(i) x ∈ X is called least-squares solution of T x= y if

||T x− y||Y = in f {||Tz− y||Y | z ∈ X} (2.2)

(ii) x ∈ X is called best-approximate solution of T x= y if x is a least-squares

solution of T x= y and

||x||X = in f
{||z||X | z is least squares solution ofT x= y

}

(2.3)

holds.

Basically the best approximate solution is defined as the least-squares solution of

minimal norm. The definition of the Moore-Penrose inverse can be done by restricting

the domain and range ofT in such a way that the resulting restricted operator is

invertible and its inverse will then be extended to its maximal domain.

Definition 2.2 The Moore-Penrose generalized inverse T† of a linear operator T is

defined as the unique linear extension ofT̃−1 to

D(T†) := R(T) + R(T)⊥ with N(T†) = R(T)⊥
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where

T̃ := T |N(T)⊥ : N(T)⊥ −→ R(T).

The Moore Penrose generalized inverseT† and best approximate solution are closely

related. ActuallyT† is a solution operator mappingy onto the best approximate solu-

tion of T x= y.

Theorem 2.3 ([23], Theorem 2.5) Let y∈ D(T†). Then T x= y has a unique best

approximate solution, which is given by

x† := T†y

Theorem 2.4 ([23], Theorem 2.6) Let y∈ D(T†). Then x∈ X is a least-squares

solution of T x= y if and only if the normal equation

T∗T x= T∗y

holds.

Consequently by virtue of definition (2.1), theorem (2.3) andtheorem (2.4),T†y is

the solution ofT∗T x= T∗y of minimal norm, i.e.,

T† = (T∗T)†T∗

2.1.2 Compact Linear Operators

An operatorT : X −→ Y between normed spaces is called a compact operator if it

transforms bounded sets in the spaceX to relatively compact sets in the spaceY.

Example 2.5 Any linear operator T: X −→ Y for whichR(T) is finite dimensional

is compact. In particular, matrix operators are compact.

Theorem 2.6 ([78], Theorem 2.14) Let T: X −→ Y be a compact linear operator,

and let X and Y be infinite dimensional. IfR(T) is infinite dimensional, then the

operator equation T x= y is ill-posed in the sense that the first and third conditions
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of the Hadamard definition of well-posedness are violated. Inthis caseR(T) is not

closed. IfR(T) has finite dimension, then the second condition of the Hadamard

definition of well-posedness is violated.

Example 2.7 Let us consider the linear system Ax= y , A : R
n −→ R

m. This

system has a unique solution x† := A†y if ATA is non-singular. Here we define A† =

(ATA)−1AT . And since the operator A is defined on finite dimensional spaces it is

always continuous. Thus, the problem(A,Rn,Rm) is well-posed.

Now let X and Y be Hilbert spaces. Define the operator A: X −→ Y satisfying

A f = g (2.4)

If we multiply (2.4) with the adjoint operator of A, A∗, we get

A∗A f = A∗g (2.5)

If we define f† = A†g then f† is a unique solution of (2.5). But in general A† is

discontinuous and unbounded. This means that(A,X,Y) will be ill-posed. Moreover

let us consider more precise example to emphasize the usage of the word ”in general”.

We consider the problem

A f(x) :=
∫ x

0
f (t)dt = g(x), x ∈ [0,1]. (2.6)

The equation (2.6) has unique solution if and only ifg ∈ C1
∗(0,1) =

{

f ∈ C1(0,1) |
f (0) = 0

}

whereC1(0,1) denotes the set of all continuously differentiable functions

on the interval (0,1). By the Fundamental Theorem of Calculusf = g′. The integral

operatorA : C(0,1) −→ C1
∗(0,1) in equation (2.6) is bijective, and its inverseA−1 is

continuous. HereC(0,1) denotes the set of all continuous functions on (0,1). Then

we write

||A f ||C1(0,1) = sup
x∈[0,1]

|A f(x)| + sup
x∈[0,1]

|(A f)′(x)|

= sup
x∈[0,1]

|A f(x)| + sup
x∈[0,1]

| f (x)|

≥ sup
x∈[0,1]

| f (x)|

= || f ||C(0,1)
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and obtain
||A f ||C1(0,1)

|| f ||C(0,1)
= ||A|| ≥ 1⇒ ||A−1|| ≤ 1

which proves the boundedness ofA−1. Thus, (A,C(0,1),C1
∗(0,1)) is well posed.

Next, let us consider the problem (A,L∞(0,1),L∞(0,1)) whereL∞(0,1) is the set

of all essentially bounded functions on (0,1) with the norm|| f || = ess sup
x∈[0,1]

| f (x)| for

which there exist a positive constantC, satisfying| f (x)| < C for almost allx ∈ (0,1),

is called essential supremum (ess sup) off ∈ L∞(0,1). And letAbe the same operator

as in (2.6). Let us define the equation

A f = gε (2.7)

in which gε is noisy function havinggε(0) = ε(0) , 0, i.e.,gε < C1
∗(0,1). Now if we

choice the special noisy function as

gε(x) = g(x) + ε sinnx, ε > 0

we will have ||gε − g||L∞ = ε and || f ε − f ||L∞ = ||(gε)′ − g′||L∞ = εn in which f ε is

called noisy solution. Finally the special noiseε defined byε = εn =
1√
n

gives

||gεn − g||L∞ = εn =
1
√

n
→ 0

and

|| f εn − f ||L∞ = εnn = n
1
√

n
=
√

n→ ∞

whenn → ∞ andε → 0. This meansA : L∞(0,1) −→ L∞(0,1) has no continuous

and bounded inverse. Thus, (A,L∞(0,1),L∞(0,1)) is ill-posed problem.

2.1.3 Singular Value Expansion

Let A be self-adjoint compact operator on a Hilbert spaceX. Then there exist a

sequence{λ j} j∈N in R with |λ1| ≥ |λ2| ≥ . . . ≥ 0 and an orthonormal set of functions

{vj} j∈N in X such that

Ax=
∞
∑

j=1

λ j〈x, vj〉Xvj .

The elements of the sequences{λ j} j∈N and{vj} j∈N are called eigenvalues and corre-

sponding eigenvectors ofA respectively. The system (λ j , vj) j∈N is called eigensystem

of A.
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In general the operatorA might not be self-adjoint. But sinceA∗A is self- adjoint on

X for a compact operatorA between Hilbert spacesX andY we may write

A∗Ax=
∞
∑

j=1

λ j〈x, vj〉Xvj

with λ j ∈ σ(A∗A) − {0}(or λ j ∈ σ(AA∗) − {0}) and corresponding eigenvectorvj in X.

Then we have

λ j ||vj ||2X = 〈λ jvj , vj〉X = 〈A∗Avj , vj〉X = 〈Avj ,Avj〉Y = ||Avj ||2Y > 0

which impliesλ j > 0 , j ∈ N. Now Let us define

σ j :=
√

λ j and uj :=
1
σ j

Avj , j ∈ N.

ThenAvj = σ juj and from this relation we get

A∗uj = A∗
1
σ j

Avj =
1
σ j
σ2

j vj = σ jvj ⇒ A∗uj = σ jvj , j ∈ N.

Since

〈uj ,uk〉Y =
1

σ jσk
〈Avj ,Avk〉Y =

1
σ jσk

〈A∗Avj , vk〉X

=
1

σ jσk
〈λ jvj , vk〉X =

σ j

σk
〈vj , vk〉X = δ jk

and

||uj ||2Y =
1

σ2
j

〈Avj ,Avj〉Y =
1

σ2
j

〈A∗Avj , vj〉X =
1

σ2
j

〈λ jvj , vj〉X = ||vj ||2x,

where{vj} j∈N is an orthonormal set.

Definition 2.8 Let A : X −→ Y be a compact operator between Hilbert spaces X and

Y. The triple(σ j , vj ,uj) j∈N ⊂ (0,∞) × X×Y is called singular system of the operator

A. Hereσ j , vj , uj are called singular values, right eigenvectors and left eigenvectors

of A∗A respectively.

And by using singular system we obtain the so-called singularvalue expansion(SVE)

of A;

Ax=
∞
∑

j=1

σ j〈x, vj〉Xuj , x ∈ X.

For the adjoint operator, the singular value expansion takes the form;

A∗y =
∞
∑

j=1

σ j〈y,uj〉Yvj , y ∈ Y.
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In this subsection we conclude finally that forg ∈ D(A†), the least square solution of

(2.4) with minimal norm is given by the formula

f † = A†g =
∞
∑

j=1

σ−1
j 〈g,uj〉Yvj . (2.8)

We call the equation (2.8) the singular value expansion of the Moore-Penrose gen-

eralized inverseA† where (σ j , vj ,uj) j∈N is the singular system ofA. Moreover it is

important to check the convergence condition of the singular value expansion. This

convergence criteria for this expansion, namely,

∞
∑

j=1

1

σ2
j

|〈g,uj〉Y|2 < ∞

is called the Picard criteria. Indeed the best approximate solution exists only if the co-

efficients (〈g,uj〉Y) with respect to the singular functionsuj decay fast enough relative

to the singular valuesσ j.

At this point it is worth mentioned that ifR(A) is infinite dimensional, then the sin-

gular values{σ j} j∈N have the following additional property.

lim
n→∞

σn = 0.

The representation ofA†g in (2.8) shows thatA† is unbounded ifR(A) is infinite

dimensional.

On the other hand, equation (2.8) shows how errors in datag affect the solutionA†g.

Namely, error components (with respect to the basisun) corresponding to the large

singular values are harmless. However, error components corresponding to the small

singular values are dangerous because of the factor1
σn

. If R(A) is finite dimensional

then there are only finitely many singular values so that the amplification factors 1
σn

are at least bounded, although they might still be unacceptably large. IfR(A) is infinite

dimensional, i.e., lim
n→∞

σn = 0 holds then1
σn

increases without bound.

2.2 Regularization Theory

In this section our aim is to approximate the best-approximate solutionx† = T†y

of (2.1) for a given right hand sidey. Most problems in the inverse problem theory
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the exact datay are not available accurately, but that an approximate datayε with

||yε − y|| ≤ ε are known. In the context of the literatureyε andε are called noisy data

and noise level respectively.

If the equation (2.1) is ill-posed,T†yε does not serve a good approximation ofT†y

because of the unboundedness ofT†. We require some approximate solution, sayxεγ,

of x†, depends continuously on the given noisy datayε so that it can be computed in

a stable way. Hereγ is called regularization parameter which will be chosen suitably

such thatxεγ tends tox† as the noise levelε decreases to zero. The solution process

for xεγ is in general related with the operatorT. This says that we do not only deal

with to regularize the specific equation but also with the regularizing the solution

operatorT†. Intuitively a regularization of the operatorT† should be the replacement

the unbounded operator by a parameter dependent familyRγ of continuous operators.

Then we takexεγ := Rγyε as an approximation ofx†.

Definition 2.9 Let T : X −→ Y be a bounded linear operator between the Hilbert

spaces X and Y and let{Rt}t>0 be a family of continuous (not necessarily linear)

operators mapping Y into X with Rt0 = 0. If for all y ∈ D(T†) there exist one

mappingγ : R+ × Y −→ (0, γ0), γ0 ∈ (0,∞) such that

lim sup
ε→0

{

||T†y− Rγ(ε,yε)y
ε||X : yε ∈ Y , ||y− yε|| ≤ ε

}

= 0 (2.9)

and

lim sup
ε→0

{γ(ε, yε) : yε ∈ Y , ||y− yε|| ≤ ε} = 0 (2.10)

hold. Then we call the family{Rγ} a regularization or a regularization operator for

T†. The parameterγ = γ(ε, yε) is called regularization parameter and the pair(Rγ, γ)

is called a (convergent) regularization method for (2.1) if(2.9) and (2.10) hold.

In particular,Rγ are linear then we call the corresponding method is a linear regular-

ization method and the family{Rγ} be a linear regularization operator.

Now, let yε be a perturbed version of the exact datay satisfying||y − yε|| ≤ ε with

noise levelε and letxεt = Rtyε be an approximation of the best approximate solution

x† = T†y of (2.1). Where{Rt}t>0 is a family of continuous linear operators. The total
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Figure 2.1: The behaviour of the total error in the regularization procedure

error can be written as

||x† − xεt || = ||T†y− Rty
ε|| = ||T†y− Rty+ Rty− Rty

ε||

≤ ||T†y− Rty|| + ||Rty− Rty
ε||

= ||(T† − Rt)y|| + ||Rt(y− yε)||.

The first part is called an approximation error and the other part is called data error.

Whent → 0 the approximation error tends to 0 while the data error tends to∞. Figure

(2.1) shows the behaviour of the total error. It can be seen from the figure that the total

error can never be zero. We need to determine an optimal regularization parameter

topt. which minimizes the total error. Determination of such a parameter is the task

of the parameter choice rule. From this point of view we want to select a partial set

{γ = γ(ε, yε)} from the parameter set{t > 0} for which ||T†y − Rγ(ε,yε)yε|| → 0 if the

noise level approaches to zero.

Definition 2.10 (Filter Function) Let{gt}t>0 be a family of at least piecewise con-

tinuous functions. The function gt : [0, ||T ||2] −→ R satisfyinglim
t→0

gt(λ) = 1
λ

and

λ|gt(λ)| < C for all λ ∈ (0, ||T ||2] and C> 0 is called Filter function (or filter factor).

Now we define the regularization operator via filter functionand singular value ex-
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pansion of T as follows.

Rty := gt(T
∗T)T∗y =

∞
∑

k=1

gt(σ
2
k)σk〈y,uk〉Yvk. (2.11)

Different choices of the filter function in this formulation leadto the different regu-

larization methods.

Theorem 2.11 Let for all γ > 0, gγ : [0, ||T ||2] −→ R be a filter function. Then

lim
γ→0

gγ(T
∗T)T∗y =



















T†y if y ∈ D(T†)

∞ if y < D(T†)

Example 2.12 Let

gγ(λ) =



















1
λ

, λ ≥ γ
0 , λ < γ

with γ > 0 andλ ∈ [0, ||T ||2]. Then we obtain

Rγy = gγ(T
∗T)T∗y

=

∞
∑

k=1

gt(σ
2
k)σk〈y,uk〉Yvk

=
∑

σ2
k≥γ

(σk)
−1〈y,uk〉Yvk.

Sinceλ|gt(λ)| = 1 and lim
t→0

gt(λ) = 1
λ

by theorem (2.11

Rγy =
∑

σ2
k≥γ

(σk)
−1〈y,uk〉Yvk → T†y. (2.12)

It follows from the sum in (2.12) that we filter many singular values and use the first

few ones and the corresponding singular functions. This is agree with the character-

istics of the singular value decomposition. The regularization operator in (2.12) leads

to the so called truncated singular value decomposition regularization method.

Definition 2.13 For a given noisy data yε satisfying||yε−y|| ≤ ε, if the regularization

parameterγ should be chosen only depending onε then we call this choosing strategy

as an a-priori rule. Otherwise, it is called an a-posteriori parameter choice rule.

Thus, an a-priori parameter choice rule depends only on the noise level while an

a-posteriori rule depends on actual data and estimation of noise level.
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Moreover the noise level information may not be available for some inverse problems.

Therefore it is necessary to consider alternative parameter choice rules that does not

require the knowledge of the noise level. Such heuristic parameter choice rules are

called error free parameter choice rules.

2.2.1 Tikhonov-Philips Regularization

For a compact operatorT between Hilbert spacesX and Y, T∗T is a self-adjoint

compact operator with non-negative eigenvalues. Ifγ is any positive number then the

operator (T∗T + γI ) has strictly positive eigenvalues. Since the operator (T∗T + γI )

has a bounded inverse, the problem of solving the equation

(T∗T + γI )xγ = T∗y (2.13)

is well-posed. The equation (2.13) is called a regularized form of the normal equation.

The unique solution

xγ = (T∗T + γI )−1T∗y (2.14)

of equation (2.13) is called the Tikhonov (or Tikhonov-Philips) approximation toT†y.

The method which gives the solution (2.14) is called Tikhonov-Philips regularization

method. Now let us show that the Tikhonov approximationxγ converge toT†y as

γ → 0. First of all for a given singular system (σ j , vj ,uj) j∈N of T, {vj} is a complete

orthonormal set of eigenvectors forR(T∗T) = N(T)⊥ and{uj} is a complete orthonor-

mal set of eigenvectors forR(TT∗) = N(T∗)⊥. From equation (2.13) we write

γxγ = T∗y− T∗T xγ

and hence we getxγ ∈ R(T∗) ⊂ R(T∗) ⊂ N(T)⊥. Therefore we may expandxγ ∈
N(T)⊥ in terms of the singular vectors{vj} which constitutes an orthonormal basis

for N(T)⊥ as follows:

xγ =
∞
∑

j=1

〈xγ, vj〉Xvj . (2.15)

Similarly, we may expandT∗y ∈ R(T∗) ⊂ R(T∗) ⊂ N(T)⊥ in terms of the singular

vectors{vj} as

T∗y =
∞
∑

j=1

〈T∗y, vj〉Xvj =

∞
∑

j=1

〈y,Tvj〉Yvj =

∞
∑

j=1

〈y, σ juj〉Yvj =

∞
∑

j=1

σ j〈y,uj〉Yvj (2.16)
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by using the definition ofuj, i.e.,uj := 1
σ j

Tvj. Now if we substitute (2.15) and (2.16)

in (2.13) we obtain

∞
∑

j=1

σ j〈y,uj〉Yvj =

∞
∑

j=1

〈T∗T xγ, vj〉Xvj +

∞
∑

j=1

γ〈xγ, vj〉Xvj

=

∞
∑

j=1

〈xγ,T∗Tvj〉Xvj +

∞
∑

j=1

γ〈xγ, vj〉Xvj

=

∞
∑

j=1

〈xγ, σ2
j vj〉Xvj +

∞
∑

j=1

γ〈xγ, vj〉Xvj

=

∞
∑

j=1

σ2
j 〈xγ, vj〉Xvj +

∞
∑

j=1

γ〈xγ, vj〉Xvj

=

∞
∑

j=1

(σ2
j + γ)〈xγ, vj〉Xvj .

Here we use the identityT∗Tvj = λ jvj = σ
2
j vj. Hence we obtain

〈xγ, vj〉X =
σ j

σ2
j + γ

〈y,uj〉Y. (2.17)

Thus, using (2.17) in (2.15) we get

xγ =
∞
∑

j=1

σ j

σ2
j + γ

〈y,uj〉Yvj . (2.18)

Since the least-squares solution is given by

T†y =
∞
∑

j=1

1
σ j
〈y,uj〉Yvj

it is possible to write

||xγ − T†y||2 =
∥

∥

∥

∥

∥

∥

∥

∞
∑

j=1















σ j

σ2
j + γ

− 1
σ j















〈y,uj〉Yvj

∥

∥

∥

∥

∥

∥

∥

2

=

∞
∑

j=1















1
σ j
−

σ j

σ2
j + γ















2
∣

∣

∣〈y,uj〉Y
∣

∣

∣

2

≤
∞
∑

j=1

1

σ2
j

∣

∣

∣〈y,uj〉Y
∣

∣

∣

2

=
∥

∥

∥T†y
∥

∥

∥

2
< ∞

and

lim
γ→0
||xγ − T†y||2 = lim

γ→0

∞
∑

j=1















1
σ j
−

σ j

σ2
j + γ















2
∣

∣

∣〈y,uj〉Y
∣

∣

∣

2
= 0.
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Thereforexγ → T†y asγ → 0.

On the other hand, if we compare (2.11) and (2.18) we can easily see that the filter

functiongγ(λ) = 1
λ+γ

produces the Tikhonov-Philips regularization method.

Definition 2.14 Let T : X −→ Y be a bounded linear operator between the Hilbert

spaces X and Y. For a given positiveγ the functional defined by

Fγ(x) = ||T x− y||2Y + γ||x||2X

is called Tikhonov functional.

At this point it is possible to give the uniqueness of the solution of (2.1) via Tikhonov

functional.

Theorem 2.15 Let T : X −→ Y be a bounded linear operator between the Hilbert

spaces X and Y and xγ be given as in (2.14) withγ > 0. Then the Tikhonov functional

Fγ(x) = ||T x− y||2Y + γ||x||2 has a unique minimizer xγ.

Proof. See [44]. �

Remark 2.16 It is possible to choose Tikhonov functionalF as

Fγ(x) = ||T x− y||2Y + γ||Lx||2X

where L is called regularization operator on Hilbert space X.The choice of this kind

of functional leads to the minimizer

xγ = (T∗T + γL∗L)−1T∗y (2.19)

as a regularized solution of the problem (2.1). The method which produces the solu-

tion (2.19) is called generalized Tikhonov-Philips regularization. Moreover we can

transform the problem

min
{

||T x− y||2Y + γ2||Lx||2X
}

to a standard form in which L is identity operator. Actually, if L is invertible then with

T̄ = T L−1, x̄ = Lx we can solve the equivalent system

min
{

||T̄ x̄− y||2Y + γ2||x̄||2X
}

.
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The effect of the regularization operator will be presented in the numerical results.

But, basically it penalizes the non smooth solutions. Thus,L can be chosen to be the

discretization of the derivative operators [33].

The selection of the regularization parameter is very crucial for the achievement of

the method. If too much regularization is imposed on the solution then the residual

||T x− y||Y will be too large. On the other hand, if regularization is toolittle then the

solution is dominated by the data errors.

2.2.2 Discrepancy Principle

The discrepancy principle is a-posteriori stopping rule which determines the regular-

ization parameter considering the balance between the dataand approximation errors.

Definition 2.17 (Discrepancy Principle) Let gγ : [0, ||T ||2] −→ R be a filter function

and satisfies Theorem 2.11. Moreover let rγ be defined by rγ(λ) := 1− λgγ(λ) and let

τ > sup
{

|rγ(λ)| | γ > 0, λ ∈ [0, ||T ||2]
}

. (2.20)

Now the regularization parameter defined by discrepancy principle is

γ(ε, yε) := sup
{

γ > 0 | ||T xεγ − yε|| ≤ τε
}

(2.21)

We assume that for eachλ > 0, γ → gγ(λ) is continuous from left, so that also the

functionalγ → ||T xεγ − yε|| is continuous from the left. Consequently the supremum

in (2.21) is attained, so that

||T xεγ(ε,yε) − yε|| ≤ τε.

If ||T xεγ − yε|| ≤ τε for all γ > 0, thenγ(ε, yε) = ∞. Thus, the regularization parameter

is determined by a comparison between the residual (or discrepancy)||T xεγ − yε|| and

the known noise level boundε.

If we have the noisy datayε instead ofy and know that||y− yε|| ≤ ε for the operator

equationT x = y, it does not make sense to get an approximate solution ˜x with the

residual||Tx̃ − yε|| ≤ ε because of the fact that a smaller regularization parameter

means less stability. Therefore we assumeτ > 1 [23].
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Theorem 2.18 ([23], Theorem 4.17) The regularization method(Rγ, γ) whereγ is

defined via the discrepancy principle is convergent for all y∈ R(T).

Remark 2.19 ([23], Remark 4.18) Any parameter choiceγ = γ(ε, yε) satisfies

||T xεγ − yε|| ≤ τε ≤ ||T xεβ − yε||

for someβ with γ ≤ β ≤ 2γ, and withτ constrained by (2.20).

This is an important point for practical computations. We use this criteria as a stop-

ping rule for outer iterative scheme in the context of Newtonmethod. Consequently

discrepancy principle defines the stopping iteration indexk∗ to be the first integer such

that

||F(xεk∗) − yε|| ≤ τε ≤ ||F(xεk) − yε|| , 0 ≤ k ≤ k∗

for equationΦ(x) = y whereΦ : D(Φ) ⊂ X −→ Y is a nonlinear operator between the

Hilbert spacesX andY andτ > 1 is a given number [40, 67].

2.2.3 L-Curve Method

L-Curve is an error-free parameter selection method which does not require any

knowledge about the noise levelε. In this subsection we investigate the character-

istics of the L-Curve parameter choice rule for Tikhonov regularization. Namely we

try to find an appropriate regularization parameter for the minimization problem

min
{

||T x− y||2Y + γ2||x||2X
}

. (2.22)

Where we takeγ2 instead ofγ as a regularization parameter because of the conve-

nience in the numerical computations. The L-Curve is a plot ofpairs (||T x−y||2Y, ||x||2X)

as a function of parameterγ where the pairs represent the size of the residual and the

size of the solution. The L-curve has a perceptible L-shapedcorner (Figure 2.2) sit-

uated exactly where the regularized solution changes from being dominated by noise

to being dominated by regularization errors.

The idea of the method for choosing the regularization parameter is to determine

a point on this curve that is at the corner of the vertical pieces. For this purpose
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Figure 2.2: Solution norm according to residual norm with L-Curve method. Regu-
larization parameter is on the corner of the graph after 2. iteration (left) and after 6.
iteration (right).

we could choose the point on the L-Curve where the curvature ismaximum. Now

we want to find an efficient formula for the curvature of the L-curve. We follow

the same technique as in [36] in which the curvature is given by means of singular

value expansion of the operator and the Tikhonov filter function. Let c = ||xγ||2 and

s = ||T xγ − y||2 with xγ be a regularized solution. From the numerical point of view

it is beneficial to consider L-Curve (s, c) in a log-log scale. The behaviour of the L-

Curve more easily seen in such a scale because of the several order of the magnitude

of the singular values. Thus, let ˆc = logc and ŝ= log s such that L-Curve is a plot of

ĉ/2 versus ˆs/2. Moreover let ˆc′, ŝ′, ĉ′′ and ŝ′′ denote the first and second derivatives

of ĉ and ŝ with respect toγ. Then the curvature of the L-Curveκ is given by

κ = 2
ŝ′ĉ′′ − ŝ′′ĉ′

((ŝ′)2 + (ĉ′)2)3/2
. (2.23)

Here derivatives of ˆc andŝwith respect toγ is defined via logarithmic differentiation,

i.e.,

ĉ′ =
c′

c
and ŝ′ =

s′

s
.

On the other hand, we may write the regularized solutionxγ and the corresponding

residualy− T xγ by using singular value expansion (σi , vi ,ui) of the operator and the

filter function for Tikhonov regularization as

xγ =
∞
∑

i=1

fi
σi
〈y,ui〉vi (2.24)

y− T xγ =
∞
∑

i=1

(1− fi)〈y,ui〉ui . (2.25)
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where fi is defined by

fi :=
σ2

i

σ2
i + γ

2
(2.26)

such that the termfi
σi

gives the filter function for Tikhonov regularization. From(2.24)

and (2.25) we may write

c = ||xγ||2 =
∞
∑

i=1

(

fi
σi
〈y,ui〉

)2

(2.27)

s= ||y− T xγ|| =
∞
∑

i=1

((1− fi)〈y,ui〉)2 . (2.28)

Furthermore by using the derivatives

d f 2
i

dγ
= −4

γ
(1− fi) f 2

i ,
d(1− fi)2

dγ
=

4
γ

(1− fi)
2 fi

we get the derivatives ofc ands with respectγ as follows:

c′ =
∞
∑

i=1

−4
γ

(1− fi) f 2
i

β2
i

σ2
i

(2.29)

s′ =
∞
∑

i=1

4
γ

(1− fi)
2 fiβ

2
i (2.30)

whereβi = 〈y,ui〉. Now on using

fi
σ2

i

=
1

σ2
i + γ

2
i

=
1− fi
γ2

i

we obtain the relation betweens′ andc′ ass′ = −γ2c′. The second derivatives of ˆc

and ŝ with respect toγ are given by

ĉ′′ =
d
dγ

c′

c
=

c′′c− (c′)2

c2
and ŝ′′ =

d
dγ

s′

s
=

s′′s− (s′)2

s2
.

Additionally we have

s′′ =
d
dγ

(−γ2c′) = −2γc′ − γ2c′′.

Finally if we insert all expressions for ˆc′, ĉ′′, ŝ′ and ŝ′′ into (2.23) we reach the

following formula for curvatureκ.

κ = 2
cs
c′
γ2c′s+ 2γcs+ γ4cc′

(γ2c2 + s2)(3/2)

in which the quantitiesc, s andc′ are given in (2.27), (2.28) and (2.29) respectively.
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2.2.4 Generalized Cross Validation (GCV)

Generalized cross validation is proposed in [30] as a parameter choice rule which

works without any prior information about the noise levelε. This method selects the

regularization parameterγ which minimizes the functional

G(γ) =
n||T xγ − y||22
trace(I − Tγ)

(2.31)

whereTγ = T(T∗T + γL)−1T∗ is ann by n matrix for Tikhonov regularization. The

computation of the defined functional can be done with the generalized singular value

expansion ( ˆσ j , v̂j , ûj) j∈N of the operatorT andL [78]. Indeed the functional in (2.31)

will be

G(γ) =
n
∑

σi>0( fi − 1)2β2
i + n

∑

σi=0 β
2
i

[n−∑

σi>0 fi]2
(2.32)

in which fi is given in (2.26) andβi = ûi
Ty.

2.3 Ill-Posed Nonlinear Operator Equations

Unlike the linear case, ill-posed problems from nonlinear operators are not well de-

veloped. This makes the nonlinear ill-posed problems the area of growing interest in

the applied sciences. In this section we deal with the equation

Φ(x) = y (2.33)

whereΦ : D(Φ) ⊂ X −→ Y is a nonlinear operator between the Hilbert spacesX and

Y. When we consider the ill-posedness of nonlinear operator wealways mean that the

solutions do not depend continuously on the data. In the nonlinear case the operator

Φ has the following properties.

(i) Φ is continuous.

(ii) Φ is weakly closed, i.e., for any sequence{xn} ⊂ D(Φ), weak convergence of

xn to x in X and weak convergence ofΦ(xn) to y in Y imply that x ∈ D(Φ) and

Φ(x) = y.
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In the linear case we looked for the minimum-norm solution. But for nonlinear oper-

ator we search for thex0-minimum norm solutionx†, i.e.,

Φ(x†) = y

and

||x† − x0|| = min{||x− x0|| | Φ(x) = y} .

This choices cause from the fact that a solution of a nonlinear problem may not be

unique. Therefore the choices ofx0 will be very important, especially for the local

results about convergence. Available a-prior informationabout the solution of course

have an impact on the selection of thex0.

2.3.1 Iterative Methods For Nonlinear Equations

Let us consider a nonlinear operatorΦ : D(Φ) ⊂ X −→ Y whereX andY are Hilbert

spaces. We denote

ΩR(x0) = {x ∈ X | ||x− x0||X ≤ R} , x0 ∈ X

and supposeΦ(x) is Frechet differentiable onΩR(x0) with the Lipschitz continuous

derivativeΦ′(x) so that

||Φ′(x1) − Φ′(x2)||Y ≤ L||x1 − x2||X , L ∈ R.

Now we aim to find a solution to an equation

Φ(x) = y , x ∈ ΩR(x0) (2.34)

near the pointx0 ∈ X. Let x∗ be a solution of (2.34). With the help of the linearization

formula aroundx0 we have

Φ(x0) − y+ Φ′(x0)(x
∗ − x0) = 0. (2.35)

If we assume the operatorΦ′∗(x0)Φ′(x0) : X −→ X, where “*” denotes the adjoint op-

erator, has a continuous inverse then (2.34) is a regular equation and the approximate

solution of the normal equationΦ′∗(x0)Φ′(x0)(x∗ − x0) = Φ′∗(x0)(y− Φ(x0))

x∗ ≈ x0 + (Φ′∗(x0)Φ
′(x0))

−1Φ′∗(x0)(y− Φ(x0)) (2.36)
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can be found from the well-posed least square problem related to (2.35):

min
{

||Φ(x0) − y+ Φ′(x0)(x
∗ − x0)||2Y | (x∗ − x0) ∈ X

}

. (2.37)

If the problem (2.37) is ill-posed, the approximation in (2.36) loses its meaning be-

cause of the compactness ofΦ′(x0) which comes from the continuity and compactness

of Φ(x0) [12, 23].

It is well-known that iteration of (2.36) provides a foundation for construction of

rapidly converging numerical methods for regular type of (2.34). In this manner

Gauss-Newton Method will be obtained as

xn+1 = xn + (Φ′∗(xn)Φ
′(xn))

−1Φ′∗(xn)(y− Φ(xn)) , n = 0,1, . . . . (2.38)

Local convergence of (2.38) is guaranteed by the continuityof Φ′∗(xn)Φ′(xn) and the

condition x ∈ ΩR(x0). However, in the ill-posed case, (2.38) does not produce a

solution, and to obtain reasonable approximate solution some sort of regularization

will be necessary.

2.3.2 Regularization of Nonlinear Ill-posed Problems

The standard form of the Newton-type methods for solving nonlinear equation (2.33)

can be obtained by means of the linearized version of (2.33) at a current iteratexn as

Φ′(xn)(x− xn) = y− Φ(xn). (2.39)

For inverse problems the inverse ofΦ′∗(x)Φ′(x) is unbounded. This causes unstable

iteration processes. To overcome this difficulty the term (Φ′∗(x)Φ′(x))−1 need to be

replaced by a bounded operator, i.e., a regularization operator. If we apply Tikhonov

regularization to (2.39) we obtain the most common iterative method for nonlinear

ill-posed equation, namely Levenberg-Marquardt method:

xn+1 = xn + (Φ′∗(xn)Φ
′(xn) + γnI )−1Φ′∗(xn)(y

ε − Φ(xn)). (2.40)

Whereγn be a sequence of regularization parameters andyε be the noisy right hand

side of (2.34) with a known or unknown noise levelε.
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Another method proposed by Bakushinsky [11] known as iteratively regularized Gauss-

Newton method:

xn+1 = xn + (Φ′∗(xn)Φ
′(xn) + γnI )−1Φ′∗(xn)(y

ε − Φ(xn) + γn(xn − x0)). (2.41)

Actually both updates can be considered as a solution of Tikhonov minimization prob-

lem

||Φ(x) − yε||2 + γn||x− x1||2 = min! (2.42)

with Φ linearized aroundxn:

||Φ(xn) + Φ
′(xn)(x

LM
n+1 − xn) − yε||2 + γn||xLM

n+1 − xn||2 = min! (2.43)

||Φ(xn) + Φ
′(xn)(x

GN
n+1 − xn) − yε||2 + γn||xGN

n+1 − x0||2 = min! (2.44)

In the Levenberg-Marguardt method (2.43) a priori estimatex1 in the regularizing

term ||x− x1|| is the last iterate and changes in each iteration. On the other hand it is

fixed asx0 in the second method (2.44). Therefore the additional term (Φ′∗(xn)Φ′(xn)+

γnI )−1γn(xn − x0) is the only difference between two methods and it has a stability

effect [11]. Convergence properties of both methods has been investigated by several

authors [11, 12, 14, 34] in details.
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CHAPTER 3

SINGULAR INVERSE STURM LIOUVILE PROBLEM

OVER (−∞,∞)

Here, in this chapter the problem is regarded as singular when it is defined on an

infinite interval ofx, x ∈ (−∞,∞), i.e., we do not suppose any integrability property

of |q| over (−∞,∞) so that the singular problem cannot be transformed to a regular

problem on a finite interval [58]. We deal with the canonical form of the singular

Sturm-Liouville (S-L) problem

−y′′ + q(x)y = λy, x ∈ (−∞,∞). (3.1)

We assume that all functions are real-valued and continuous. We are looking for

solutions of classL2(−∞,∞) and we are interested in problems of limit-point type.

That is, if (3.1) has a nontrivial solutiony ∈ L2(−∞,∞) thenλ must be an eigenvalue

andy the corresponding eigenfunction. Therefore, no boundary conditions are needed

at infinity [20]. We only regard potential functionsq(x) which are bounded from

below. This means, the problem has a finite or enumerable infinite number of discrete

eigenvalues with+∞ as the only accumulation point.

There are several methods to calculate the eigenvalues and eigenfunctions of singular

S-L problem on the real line for a given potential functionq(x). We can roughly divide

these methods into two different types by keeping in mind the literature. The first one

is domain truncation, i.e., approximation of the singular S-L problem by a regular

S-L problem over a finite intervalx ∈ [−l, l] with l sufficiently large [10, 63, 65,

73, 79]. The second type of methods depend on the series expansion of the solution

via basis functions intrinsic to an infinite interval, such as Hermite polynomials or

sinc-functions [16, 74]. Both approaches reduce the problemto a matrix-eigenvalue

44



problem.

On the other hand inverse problems have much more difficulties in comparing with the

direct problem. As an inverse problem, as regarded here, thequestion is to determine

the potential functionq from eigenvalues, notably the celebrated works by Borg [15]

and by Gel’fand and Levitan [28] in which the fundamental fact that two sets of

data sequences are required to uniquely determine a potential are settled. A quick

introduction to regular inverse S-L problem can be found in Chadan et al. [19]. One

type is based on simple matrix methods. Recently, for the firsttime a numerical

method based on Numerov’s method was proposed by Andrew [3] to estimate the

potentialq from eigenvalues which uses asymptotic correction with a fourth-order

method and offers significant advantages. Another type consists in transforming the

regular S-L problem to a hyperbolic Cauchy or Goursat problem[66, 69]. A further

type constructs particularly sui functionals which one hasto minimize in recovering

the potential [17, 68]. However, the recovery of a potentialfrom spectral data is a

difficult and ill-conditioned numerical problem.

In this chapter we present for the first time to our knowledge arecovery method for

singular inverse S-L problem by using regularization techniques.

3.1 Numerical Preliminaries

In the following sections the potentialq is assumed additionally to be symmetric

q(x) = q(−x), (3.2)

i.e., one needs only one sequence of eigenvalues to recover the potential. Therefore,

let us define our singular inverse S-L problem in the numerical “finite” sense: For the

given firstn eigenvaluesλ1 ≤ λ2 ≤ . . . ≤ λn of (3.1) in which the potentialq satisfies

the symmetry condition (3.2), we want to find a vector which represents the values

of the potential at certain nodes. In this procedure one faces with some difficulties.

First of all, our singular inverse problem has an ill-conditioned structure. Because of

that reason regularization techniques are needed. Secondly, since the numerical im-

plementation will end with a non-linear equation, an iteration procedures is necessary

in this case, such as Newton’s method. This yields the determination of a suitable
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initial guess and the Jacobian matrix in each iteration stepas accurate and stable as

possible. Thirdly, we have to approximate the eigenvalues as accurate as possible for

the supplied potential in each iteration step by a direct methods. In addition to these

difficulties we have some parameters, such as the domain truncation parameterl and

the number of used eigenvalues, which has to be estimated. Unfortunately, the de-

termination of these parameters suitably depends on the solution procedure in a strict

way.

3.1.1 Pseudospectral Method for Direct Problems

If one wants to solve the problem (3.1) it is necessary to approximate the second

derivative ofy. It should be done via finite difference methods, Rayleigh-Ritz method

or pseudospectral (spectral collocation) methods. In the last method, the derivation

of the differentiation matrices depends basically on interpolation.In connection with

this we consider the weighted interpolants of the form

y(x) ≈ PN−1(x) =
N

∑

j=1

β(x)
β(xj)

φ j(x)yj (3.3)

in which
{

xj

}N

j=1
is the set of distinct interpolation nodes,β(x) is a weight function,

yj = y(xj), and
{

φ j(x)
}N

j=1
are interpolating basis functions satisfyingφ j(xk) = δ jk with

Kronecker’s deltaδ jk. It is easy to seey(xk) = PN−1(xk) for k = 1, . . . ,N. Here, if the

nodes are taken asN roots of orthogonal polynomials, such as Chebyshev, Hermite,

Laguerre,PN−1 will be a polynomial of (N − 1)st degree. On the other hand there

are two well-known non-polynomial cases, namely trigonometric (Fourier) and sinc

(cardinal) interpolants. Here, in this subsection we will interested in the trigonometric

case.

We may approximate the derivative functiony′ by taking the derivative of (3.3) and

evaluating it at the nodesxk, i.e.,

y′(xk) ≈ P′N−1(xk) =
N

∑

j=1

d
dx

[ β(x)
β(xj)

φ j(x)
]

∣

∣

∣

∣

∣

∣

x=xk

yj , k = 1, . . . ,N.

It gives a system which should be correspond to the differentiation matrix

D(1)

k, j :=
d
dx

[ β(x)
β(xj)

φ j(x)
]

∣

∣

∣

∣

∣

∣

x=xk

, j, k = 1, . . . ,N. (3.4)
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Depending on this representation the numerical derivativeof y can be written in a

matrix-vector product

y(1) = D(1)y, (3.5)

in which y(1) andy are the vectors of approximate derivative values and function val-

ues at the grid points, respectively. By the same way it is possible to derive further

derivatives of the functiony(x) at the grid points in a matrix-vector product form. For

our S-L problem it is enough to calculate the second derivative.

3.1.2 Pseudospectral Method in the Non-Polynomial Case

In the trigonometric (Fourier) case, bounded and periodic grids on the interval [0,2π]

are assumed. In other words nodes are chosen in the followingway

xk = kh, h =
2π
N
, k = 1, . . . ,N − 1.

And the interpolant in (3.3) is written as

T(x) =
N−1
∑

j=1

φ j(x)yj

by selecting the weight functionβ(x) = 1 and the interpolation functions

φ j(x) =
h
2π

sin[
π

h
(x− xj)] cot[1

2(x− xj)], k = 1, . . . ,N − 1. (3.6)

Taking the derivative of (3.6) and puttingx = xk we have by using the definition of

grid points

φ′j(xk) =
1
2

{

cos[π(k− j)] cot[1
2(k− j)h] − h

π
sin[π(k− j)] csc2[ 1

2(k− j)h]

}

for k, j = 1, . . . ,N − 1.

Now by using this derivatives atx = xk the first order differentiation matrix is in the

form

D(1)

k, j =
[ d
dx

φ j(x)
]

∣

∣

∣

∣

∣

x=xk

=



















0 if k = j
1
2(−1)k− j cot[1

2(k− j)h] if k , j

for j, k = 1, . . . ,N − 1.
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In a similar fashion the second order derivative values at the grid points lead to the

result

D(2)

k, j = −
1
6























2π2

h2
+ 1 if k = j

1
2(−1)k− j csc2[ 1

2(k− j)h] if k , j
, j, k = 1, . . . ,N − 1 (3.7)

for the elements of the second order differentiation matrixD(2), see e.g. [79].

On the other hand, when we want to apply this method to our problem (3.1) we have

to truncate our infinite interval to [−l, l]. After this, with a basic transformation

x̂ =
1
π

(x− π)l

we carry all grid points from [0,2π] to [−l, l]. Here, since we take all grids in the

interior, it should be assumed that Dirichlet boundary conditions y(l) = y(−l) = 0

taken into account according to truncated problem. And because of the transformation

our second order differentiation matrix in (3.7) has to be multiplied by (π
l )

2. Actually

we have
d2y
dx̂2
= (

π

l
)2 d2y

dx2
, x̂ ∈ [−l, l], x ∈ [0,2π].

Now we can write the direct S-L problem (3.1) in a matrix-eigenvalue form by using

pseudospectral differentiation

( D(2)

N−1 + Q )y = Λy (3.8)

in which D(2)

N−1 is the second order differentiation matrix in (3.7) multiplied by the

factor (πl )
2 andQ is a diagonal matrix containing the values of the potential at grid

points in its diagonal entries. It is easy to see that both matrices are symmetric and

they are (N − 1)-dimensionally square matrices.

3.1.3 Pseudospectral Method in Polynomial Case

(Hermite Pseudospectral Method)

In this subsection we give a summary for the Hermite Pseudospectral Method fol-

lowing from the paper [74]. The polynomial interpolation based on the Lagrange

interpolation is the key point for the formulation of the differentiation matrices for

the pseudospectral method in the polynomial case. Thus, before formulating the Her-

mite Pseudospectral Method we briefly mention about the polynomial interpolation.
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Afterwards we touch the relation between Hermite Pseudospectral Method and La-

grange polynomial interpolation. First of all since we study with an infinite domain

in our problem, we consider the scaled variablet,

t = αx, α > 0 (3.9)

instead of original variablex in (3.1). The transformation in (3.9) transforms our

problem (3.1) into the form

[

− d2

dt2
+

1
α2

q
( t
α

)

]

y(t) = E(α)y(t), y ∈ L2(−∞,∞). (3.10)

Where the eigenvaluesE(α) of (3.10) are linked with the eigenvaluesλ of the original

equation (3.1) by the relation

λ = α2E(α). (3.11)

Here the optimization parameterα plays an important role in the numerical treatment.

Now, in relation to polynomial interpolation let us consider the so-called Lagrange

polynomials ofNth degree of the form

ℓk(t) =
π(t)

(t − tk)π′(tk)
, k = 0,1, . . . (3.12)

in which

π(t) =
N

∏

j=0

(t − t j) (3.13)

represents a polynomial of degreeN + 1 andt0 < t1 < . . . < tN are distinct roots of

π(t). The Lagrange polynomial set{ℓk(t)} has the well-known propertyℓk(t j) = δ jk

whereδ jk is the Kronecker’s delta. Then, it is possible to approximate any function

g(t) uniquely by the Lagrange interpolation formula of the form

P(t) =
N

∑

k=0

ℓk(t)gk, g(t) = P(t) + RN(t) (3.14)

in which gk = g(tk). Here (3.14) represents a polynomial, having the possiblelowest

degreeN, satisfyingP(tk) = gk, n = 0,1, . . . ,N which allows us to vanish the error

termRN(t) at the nodest = tk. Moreover, ifg(t) is also a polynomial of degreeN, then

Lagrange interpolationP(t) would be considered as an alternative exact representation

of g(t).
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On the other hand if we differentiate the expressions forP(t) andg(t) in (3.14) we

reach the derivative of the polynomial, i.e.,P′(t) and the approximation of the deriva-

tive of the function, namelyg′(t) in the form

P′(t) =
N

∑

k=0

ℓ′k(t)gk, g′(t) = P′(t) + R′N(t). (3.15)

Moreover, it is possible to determine the derivative valuesat N+1 nodes{tk} with the

help ofgk = P(tk) with a differentiation matrix defined by

D(1) := [d(1)

jk] = [ℓ′k(t j)] (3.16)

for j, k = 0,1, . . . ,N. Indeed we have

P′(t j) =
N

∑

k=0

ℓ′k(t j)gk =

N
∑

k=0

d(1)

jkP(tk), j = 0,1, . . . ,N (3.17)

which can be converted in the following matrix-vector form

g(1) = D(1) g, (3.18)

Here g(1) = [P′(t0),P′(t1), . . . ,P′(tN)]T and g = [P(t0),P(t1), . . . ,P(tN)]T. The ele-

mentsd(1)

jk of the first order differentiation matrixD(1) can be obtained explicitly from

the definition of the Lagrange polynomials in (3.12) as

d(1)

jk =







































π′(t j)

(t j − tk)π′(tk)
if j , k

π′′(tk)
2π′(tk)

if j = k

(3.19)

in which j, k = 0,1, . . . ,N.

In a similar way the second order differentiation matrixD(2) := [d(2)

jk] can be derived

with its entries

d(2)

jk =







































1
t j − tk

[

π′′(t j)

π′(tk)
− 2d(1)

jk

]

if j , k

π′′′(tk)
3π′(tk)

if j = k

(3.20)

comes from the relation with the Lagrange polynomialsd(2)

jk = ℓ
′′
k (t j). And using this

expression, the second derivative values may be written in the same form with (3.18)

as

g(2) = D(2) g (3.21)
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whereg(2) = [P′′(t0),P′′(t1), . . . ,P′′(tN)]T is a vector containing the second derivative

values at nodes.

The derivation of the higher order differentiation matrix can be found in [80]. But the

differentiation matrices up to second order are sufficient for our second order problem.

At this moment we are able to attain the matrix representation of the Sturm-Liouville

equation with the help of differentiation matrices. Now, we transform the equation

(3.10) to

−u′′ + 2tu′ + V(t)u = (E(α) − 1)u (3.22)

by defining

y(t) = e−t2/2u(t), (3.23)

to factor out the weight e−t2/2 for Hermite polynomials. Hereu(t) is the new dependent

variable and

V(t) =
1
α2

q
( t
α

)

− t2 (3.24)

is regarded as the modified potential. Let

φk(t) =
1

√

2kk!
√
π

Hk(t), k = 0,1, . . . (3.25)

represent the normalized Hermite polynomials in whichHk(t) are the classical Her-

mite polynomials. With this statement the usual three-termrecurrence relationHk+1 =

2tHk − 2kHk−1 of the classical Hermite polynomials takes the form

√
kφk−1(t) −

√
2tφk(t) +

√
k+ 1φk+1(t) = 0, k = 0,1, . . . ,N, . . . (3.26)

whereφ−1(t) = 0 andφ0(t) = π−1/4. Now let us propose the trial solution for the

equation (3.22) of the type

uT(t) =
N

∑

k=0

ukℓk(t) (3.27)

proposed by the Lagrange interpolation formula in (3.14), where

ℓk(t) =
φN+1(t)

(t − tk)φ′N+1(tk)
=

HN+1(t)
(t − tk)H′N+1(tk)

, k = 0,1, . . . ,N (3.28)

are the Lagrange polynomials. Thus, we require the real and distinct roots ofφN+1(t)

or HN+1(t) as a collocation points for the interpolation. Actually wewill take

π(t) = φN+1(t) and φN+1(t j) = 0 (3.29)
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related with (3.13). The roots ofHN+1 can be obtained from the recursion in (3.26).

Namely if we write the firstN+1 equations of (3.26) we arrive at the inhomogeneous

linear system

































































−
√

2t
√

1 0 · · · 0
√

1 −
√

2t
√

2
. . .

...

0
√

2
. . .

. . . 0
...

. . .
. . . −

√
2t

√
N

0 · · · 0
√

N −
√

2t

































































































































φ0(t)

φ1(t)
...

φN−1(t)

φN(t)

































































=

































































0

0
...

0

−
√

N + 1φN+1(t)

































































. (3.30)

If we choose the last element of the right hand side is zero, i.e., φN+1(t) = 0, we

meet with the standart matrix eigenvalue problemRz = tz whereR is a symmetric

tridiagonal matrix

R =
1
√

2

































































0
√

1 0 · · · 0
√

1 0
√

2
. . .

...

0
√

2
. . .

. . . 0
...

. . .
. . . 0

√
N

0 · · · 0
√

N 0

































































(3.31)

whose eigenvaluest j are the desired roots ofHN+1(t) for j = 0,1, . . . ,N. Now if

we substitute (3.26) into (3.22) and enforce it to satisfy atthe nodest0, t1, . . . , tN we

obtain the algebraic equations

N
∑

k=0

[

−ℓ′′k (t j) + 2t jℓ
′
k(t j) + Vjℓk(t j)

]

uk = (E(α) − 1)
N

∑

k=0

ℓk(t j)uk (3.32)

for j = 0,1, . . . ,N. At this point we are able to write (3.32) as a matrix representation

of the equation (3.22)

(B + V)u = (E(α) − 1)u (3.33)

where the general entryBjk of B is given by

Bjk = −d(2)

jk + 2t jd
(1)

jk (3.34)

and the entriesVj of the modified potentialV are defined byVj := V(t j). In this

picture d(1)

jk and d(2)

jk are given in (3.19) and (3.20) respectively with definedπ(t) in

(3.29). Thus, imposing (3.29) into (3.19) and (3.20) it is possible to write down the
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elements ofBjk,

Bjk =







































2
(t j − tk)2

if j , k

2

3(N + t2k)
if j = k.

(3.35)

It can be easily seen thatBjk = Bk j, i.e.,B is a symmetric matrix. Thus, we have the

symmetric eigenvalue problem

(Bjk + Vjδ jk)u = (E(α) − 1)u (3.36)

with an eigenvalues (E(α)−1). This symmetric eigenvalue problem helps us to recover

the modified potentialV(t) from the given eigenvalues (E(α) − 1) related with the

formula (3.11).

3.2 Development of the Inverse Problem

For the given firstn eigenvaluesλ1 ≤ λ2 ≤ . . . ≤ λn of (3.1) with the information

q(x) = q(−x) about the potential, the inverse problem is concerned to find ann-vector

whose components give an approximation toqi = q(ih), i = 1, . . . ,n, whereh = 2l
2n+1

with the truncation parameterl. During the solution process we consider this problem

as a nonlinear equation in the form

T(q) = 0 (3.37)

where theith componentti of the vectorT(q) carries the difference

ti(q1, . . . ,qn) = Λi(q1, . . . ,qn) − (λsing
i )δ, i = 1, . . . ,n (3.38)

in which {Λi}ni=1 is the set of approximated eigenvalues of (3.1) corresponding to the

truncated problem with step lengthh andq(ih). It is possible to solve this nonlinear

equation system with an iterative method. This means we givean initial potential

q0 and calculate the eigenvaluesΛ(0)
i of (3.1). Then we compare this set with the

given eigenvalue set (λsing
i )δ for i = 1, . . . ,n. The indexδ is the noise level which

describes the differing asymptotic behaviour of the given differential eigenvalues and

the required finite difference eigenvalues after discretization as a well-known fact

and, if necessary, additionally the accuracy of the given singular eigenvalues. Other
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methods for regular inverse S-L problem deal with an algebraic correction, see e.g.

[3, 59]. Then one continues the iteration process until the differenceΛ(k)
i − (λsing

i )δ is

small enough with respect to the noise levelδ, roughly spoken. Herek denotes the

iteration number. In that picture Newton’s method may be formulated as

qk+1 = qk − (T′(qk))−1T(qk) (3.39)

whereT′(qk) is a Jacobian matrix of type (n,n) whose computation will be visited and

the ith component ofT(qk) isΛk
i − (λsing

i )δ, in whichΛk
i is theith eigenvalue of

H yk = Λyk (3.40)

for i = 1, . . . ,n. In view of the pseudospectral methods we have two differentH

matrix. One comes from the non-polynomial case, of the form (−D(2)
2n +Q) leading to

the matrix eigenvalue problem

(−D(2)
2n + Qk )yk = Λyk (3.41)

for i = 1, . . . ,n. In (3.41), D(2)
2n is the second order pseudospectral differentiation

matrix (3.7) but of type (2n,2n), Qk is the diagonal matrix of type (2n,2n) with di-

agonal entries (qk
1,q

k
2, . . . ,q

k
n,q

k
n, . . . ,q

k
1) with the definitionsqk

i := qk(ih).The second

choices ofH is related with the Hermite pseudospectral method. In this method we

have some modifications. Actually we recover the modified potential V instead of

the original potentialq. In this picture we haveH = B + V in whichB andV are

square matrices with dimensions 2n. The entries ofB are given in (3.35) andV is a

diagonal matrix with entries carrying the value of the modified potentialV(ξ) at the

nodes which are the roots of Hermite polynomials of degree 2n. Thus, we have the

matrix eigenvalue problem

(B + Vk )uk = Λuk (3.42)

in whichΛ = (E(α) − 1).

Now if we rewrite the relation (3.39) as

T′(qk)[qk+1 − qk] = −T(qk)

and in defining∆qk = qk+1− qk which is the common “Newton’s correction” we have

the following equation

T′(qk)∆qk = −T(qk). (3.43)
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After solving this for Newton’s correction∆qk, we modify the solution in each itera-

tion by

qk+1 = qk + ∆qk. (3.44)

3.2.1 Computation of the Jacobian Matrix

Actually the (i, j)th element of the Jacobian matrix is the partial derivativeof Λi with

respect to thejth diagonal element ofQk, namely
∂Λi

∂qj
. Now let T′(qk) := Λi, j in

which the, j subscript represents the partial derivative mentioned above. Our tech-

nique to computeΛi, j is similar to [5, 6, 24]. For this task we differentiate (3.41) and

(3.42) with respect toqj, whenever all the partial derivatives exist, i.e.,

−D(2)
2n yk

i, j + Qk
, j yk

i + Qkyk
i, j = Λ

k
i, j y

k
i + Λ

k
i yk

i, j . (3.45)

Buk
i, j + Vk

, j uk
i + Vkuk

i, j = Λ
k
i, ju

k
i + Λ

k
i u

k
i, j . (3.46)

After multiplying both sides of (3.45) and (3.46) with (yk
i )

T and (uk
i )

T respectively and

removing the iteration index for simplicity, by keeping in mind this should be done in

each iteration, we get

−yT
i D(2)

2n yi, j + yT
i Q, j yi + yT

i Qyi, j = yT
i Λi, j yi + yT

i Λi yi, j ,

−uT
i Bui, j + uT

i V, j ui + uT
i Vui, j = uT

i Λi, jui + uT
i Λiui, j ,

and with a simple arrangement it is easy to handle

[−yT
i D(2)

2n + yT
i Q ]yi, j + yT

i Q, j yi = yT
i Λi, j yi + yT

i Λi yi, j , (3.47)

and

[−uT
i B + uT

i V ]ui, j + uT
i V, j ui = uT

i Λi, jui + uT
i Λiui, j , (3.48)

whereyi (ui) and yi, j (ui, j) are the eigenvectors and partial derivative of the eigen-

vectors with respect toqj (Vj) corresponding to theith eigenvalue. The expression

in brackets in the last two equations are equal toΛi yT
i andΛiuT

i which can be easily

seen from (3.41) and (3.42) by using the symmetry property ofthe matricesD(2)
2n , Q,

B andV. Therefore, after canceling the common terms in both sides of (3.47) and

(3.48) and using the orthonormality of eigenvectorsyi andui respectively the last two

equations take the forms

Λi, j = yT
i Q, j yi . (3.49)
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Λi, j = uT
i V, j ui . (3.50)

Due to the structure ofQ andV the matricesQ, j andV, j have only non-zero elements

in their jth and (2n+1− j)th diagonal elements, both are 1. As a consequence, we will

calculate the Jacobian matricesT′(qk) by formulas (3.49) and (3.50) depending on the

methods used . Again, it is important that it should be calculated in every iteration

step in contrast to methods for regular inverse S-L problem,see e.g. [3, 4].

3.2.2 Regularization Method

We use a regularization technique similar to [41] and [67], i.e., a Newton-type method.

Let us first come back to the equation (3.43). This equation can not be solved di-

rectly because of the condition number of the Jacobian matrix, which gives a mea-

sure for the amplification of input inaccuracies. The condition number is defined by

‖(T′(qk)−1‖ ‖T′(qk‖ indeed if‖.‖ is L2 norm it is the ratio of the largest singular value

of theT′(qk) to the smallest, increases rapidly after each iteration since we are faced

with an ill-conditioned problem, see Table 3.1.

Table 3.1: Singular values of the Jacobian matrix after eachiteration step for har-
monic oscillator example in the casel = 7, n = 14

1. iteration 2. iteration 3. iteration 4. iteration 5. iteration
1.0400531126 1.0559558703 1.1145072672 1.1537342403 1.1735723266
0.5293050705 0.6675954852 0.6382652591 0.6202549015 0.6186132532
0.3971032489 0.5203676842 0.5127079149 0.4946877470 0.4808887875
0.3303938746 0.4176492184 0.4346768956 0.4170291280 0.4023958696
0.2890037709 0.3477198671 0.3774026582 0.3565325589 0.3591043224
0.2603938750 0.3012699019 0.3341463623 0.3278916915 0.3335624512
0.2405064562 0.2755289646 0.3171847648 0.3134653829 0.3182804953
0.2382920547 0.2570813572 0.3031528170 0.3071959075 0.3093702109
0.2233203934 0.2368017918 0.2870271114 0.2983890544 0.2906639244
0.2110322617 0.2311475209 0.2560321132 0.2610719342 0.2779183562
0.1990325255 0.1949670183 0.2138389181 0.1473479378 0.0743480166
0.1894821804 0.1829324255 0.0484895699 0.0043794366 0.0004493142
0.0765460162 0.0292405280 0.0033857039 0.0000212571 0.0000001546
0.0062072726 0.0046273881 0.0000153561 0.0000003699 0.0000000002

To obtain a good approximation for∆qk we need a regularization technique for the

linear system (3.43) in each iteration step. This means, we have to approximate the

ill-conditioned equation by a suitable well-conditioned equation system, i.e., we have

to stabilized the solution process in determining Newton’supdate. For the solution
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of Newton’s update according to (3.43), a general representation for regularization

methods gives

∆qk = ∆qk
γ = gγ

(

(Ak)T Ak
)

(Ak)TT(qk) (3.51)

in which Ak := T′(qk) defined by (3.49),

gγ : [0, θ] → R, θ = ‖Ak‖2

is a piecewise defined continuous filter function and the parameterγ > 0 is called

the regularization parameter, see [23] and [45]. Roughly spoken, the included filter is

able to make the equation system well-conditioned. The choicegγ(σ2
i ) =

1
σ2

i +γ
leads

to the historical Tikhonov-Phillips regularization

gγ((Ak)T Ak) = ((Ak)T Ak + γI )−1.

In other words, to derive regularized solution representedby singular values of Jaco-

bian matrix suppose that∆qk is in the orthogonal complement of the null space ofAk

and let (σi; ui , vi) be the singular system ofAk, then

∆qk =

n
∑

i=1

〈

∆qk,ui

〉

ui

and by using the property (Ak)T Akui = σ
2
i ui we get

[( Ak)T Ak + γI ]∆qk =

n
∑

i=1

(σ2
i + γ)

〈

∆qk,ui

〉

ui .

After this we derive the regularized solution∆qk
γ as

∆qk
γ = [( Ak)T Ak + γI]−1(Ak)TT(qk) =

n
∑

i=1

1

σ2
i + γ

〈

(Ak)TT(qk),ui

〉

ui

=

n
∑

i=1

1

σ2
i + γ

〈

T(qk), Akui

〉

ui =

n
∑

i=1

σi

σ2
i + γ

〈

T(qk), vi

〉

ui

=

n
∑

i=1

gγ(σ
2
i )σi

〈

T(qk), vi

〉

ui .

In addition, it is possible to takeDT D instead of the identity matrixI, e.g., with

any suitable differentiation matrixD. This method is called generalized Tikhonov-

Phillips (TP) regularization which is more suitable for ourproblem. This kind of

choice penalizes non-smooth “solutions”. Here the second order Hermite differentia-

tion matrix, see [27], is considered as a penalizing matrix.
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Now we are able to write the Newton’s update as a regularized solution of (3.43) by

using the generalized TP regularization scheme

∆qk = ∆qk
γ = [(T′(qk))TT′(qk) + γ(D(2))T D(2)]−1(T′(qk))TT(qk) (3.52)

in which the regularization parameterγ should be chosen in a suitable way. We use

L-Curve and generalized cross validation (GCV) methods for this purpose. For the

first one one can plots the logarithm of the norm of the regularized solution multiplied

by penalizing matrixD, i.e.,‖D ∆qk
γ‖2, against the norm of the regularized residual,

i.e.,‖T′(qk)∆qk
γ − T(qk)‖2, for various values of the regularization parameterγ. Since

this curve generally has an L-shaped picture it has a corner point which gives us the

regularization parameter in each iteration. It is possibleto use the curvature of the

curve whose maximum identify the corner. For the second one the functional defined

in (2.31) has a minimum at desired regularization parameter. More details for these

methods was given in the previous chapter.

Furthermore, regarding the nonlinear system (3.37) and (3.38) we need to control

the number of iteration step among other things with respectto the “noisy” data

(λsing
i )δ.The number of iteration steps can also act as a regularization parameter ˜γ,

i.e., γ̃ = 1/k. The total error in solving the problem consist of two parts,namely, the

data error term and the approximation error term. Whereas generally the data error

term increases during the iteration process the approximation error term decreases.

Therefore, the total error has a minimum after certain iteration steps, i.e., one has

to stop the iteration process (outer regularization) suitably. Otherwise the total error

would start to increase after decreasing during the first iteration steps (Figure 3.1).

To terminate the Newton iteration we use a kind of discrepancy principle, i.e., choose

aτ > 0 and accept the iterateqN as an approximation to solution for which

‖(λsing)δ − Λ(qN)‖2 ≤ τδ < ‖(λsing)δ − Λ(qk)‖2, k = 1, . . . ,N − 1.

Concerning the convergence properties (for noiseless data)of such a Newton method,

we remark that under certain conditions onT, T′ andB♯, see [55], the Newton method

in using an outer inverseB♯ (i.e., B♯BB♯ = B♯)

qk+1 = qk − B(qk)♯T(qk),
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Figure 3.1: Behaviour of the relative error for potential (‖qk−qex.‖2
‖qex.‖2 ) as a function of

iteration number in a semilog picture. It can be seen that error is increasing after
10. iteration. In this computation we use noisy data with %19 noise for harmonic
oscillator,l = 9, n = 26.

whereB(qk) is an approximation of the JacobianT′(qk), is still linearly convergent

even for a singular Jacobian. Our Jacobians, see Table 3.1, are “almost or nearly”

singular. If one uses the outer inverseT′(qk)♯ instead of an approximationB(qk)♯

Newton’s method even converges quadratically. TP regularization provides not an

outer inverse of the Jacobian but only an approximate outer inverse which, fortunately,

serves as an approximate regularizer, see [54]. This is in good agreement with our

observations on the numerical results in the next chapter.
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CHAPTER 4

ALGORITHM AND NUMERICAL RESULTS

In this chapter we describe an algorithm corresponding to detailed information of the

previous chapters and illustrate the numerical results with examples both.

4.1 Algorithm for Non-Polynomial Case

INPUT : n-number of eigenvalues, eigenvalue set
{

λ j

}n

j=1
, tolerance numberǫ ( τδ in

noisy case if noise levelδ is known), maximum iteration numberNmax, and truncation

parameterl for infinite interval.

◦ Seth = 2l
2n+1 and determine grid points asx = [x1 = −l + h : h : x2n = l − h] (Note

that we have 2n grid points),

◦Choose the initial potentialqk as a function calculated at half grid points, i.e.,
{

xj

}n

j=1
.

⊲ while eigenvalue residual> ǫ or eigenvalue residual> τδ (for noisy data with

noise levelδ) or k < Nmax

◦ q̃k = [qk(x1), . . . ,qk(xn),qk(xn), . . . ,qk(x1)] which is full initial potential,

◦ Calculate eigenvaluesΛ and eigenvector for̃qk via pseudospectral method by

using (3.37). It should be mentioned that since the accuracyof the pseudospectral

method is more better if it uses bigger dimensional matriceswe calculate first 2n

eigenvalues and eigenvectors to obtain firstn eigenvalues more accurately. So ac-

cording to (3.37) we have (2n ∗ 2n) system which is

(−D(2)
2n∗2n + Q2n∗2n)y = Λy, Q = diag(̃qk),
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◦ Construct Jacobian matrix by using formula (3.49),

◦ Construct right hand side of (3.43) which isT(qk) = λsing
i − Λk

i , i = 1, . . . ,n,

◦ Calculate∆qk by using generalized Tikhonov-Phillips Regularization scheme in

(3.52),

◦ Update potential by (3.44)

◦ Calculateresid= ‖T(qk)‖2,

◦ qk ← qk+1, k = k+ 1

⊲ end

OUTPUT :q = [qk(x3), . . . ,qk(xn),qk(xn), . . . ,qk(x3)], here we omit the first two (re-

spectively last two) value of the computed potential. According to our numerical

experiments in test problems, we get poor results at first twogrid points without giv-

ing “excellent” initial potential.

4.1.1 Numerical Examples

We apply our algorithms to reconstruct two symmetric potentials which are quantum

mechanical harmonic oscillator, i.e.,q(x) = x2 and symmetric double well potential

(SDWP), i.e.,q(x) = ax4 + bx2 + c with a = 0.6, b = −8, c = 40 andx ∈ (−∞,∞) for

both cases.

Quantum Mechanical Harmonic Oscillator Potential

The first example, which is very well known, has analytic solution and the exact

eigenvalue setλsing
i = 2i + 1, i = 1, . . . for the direct problem. We use the exact

eigenvalues in our algorithm for this example. For a given finite set of eigenvalues,

we present the reconstructed potential and illustrate someconvergence properties ac-

cording to different truncation valuesL, namelyl = 7, l = 8, andl = 9. All compu-

tational efforts were done with the same maximum iteration number,Nmax = 50 and

we give termination criteriaǫ depending on examples for Newton-like method. But

61



12 14 16 18 20 22 24 26 28 30

−6

−4

−2

0

2

4

6
(a)

er
ro

r 
=

 lo
g(

||λ
−

Λ
|| 2) 

eigenvalue number

l=7
l=8
l=9

12 14 16 18 20 22 24 26 28 30
−3

−2

−1

0

1

2

3

4
(b)

eigenvalue number

po
te

nt
ia

l e
rr

or
 =

 lo
g(

(|
|q

co
m

p.
−

qex
. || 2)/

||q
ex

. || 2)

l=7
l=8
l=9

Figure 4.1: Behavior of the (a) residual error‖Λ − λsing‖, (b) relative potential er-

ror ‖q
k−qex.)‖2
‖qex.‖2 as a function of used eigenvalue number for Harmonic oscillator with

differentL values. Initial potentials are 0.4 ∗ qex., 0.5 ∗ qex. and 0.6 ∗ qex. respectively.

initial potential and number of used eigenvalues differ depending on the truncation

parameter.

In Figure 4.1, we present the graph of the error for residual and potential according to

number of used eigenvalues for different truncation parameters. We observe that both

errors have nearly same behaviour. Therefore we can use the residual error to deter-

mine which number of used eigenvalue is the best one for each truncation parameter.

Whenl is small we observe that computed potentials converge to exact potential for

all number of eigenvalues we used. On the other hand for bigger truncation num-

ber the range of used eigenvalue numbers for convergence is more smaller, such as

constructed potential does not converge to exact potentialfor n = 20, 21, 29, 30 in

the l = 9 case. By means of these behaviours we can conclude that we need more

eigenvalues to get convergence to the exact potential whenl increases in the limiting

case.Also it should be noted that initial potential has a vital role in this picture, i.e.,

worse choices of initial potential causes a restriction on the number of used eigenval-

ues.

We look at the convergence rate of the method under the suitable choices of initial

potential and number of used eigenvalues, see Figure 4.2. Under these assumptions

we observe that the convergence rate is linear as we expectedbecause of the approxi-

mated Jacobian in the Newton-like method. In addition, the similar behaviour should
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Figure 4.2: The logarithm of theΛ − λsing versus iteration number. Hereq0 is same

for all three cases, and number of used eigenvalues are 14,19,26 for l = 7,8,9 respec-

tively.

be seen forL2 andL∞ errors (relative) for potential from the Table 4.1. And Figure

4.3 represents the reconstructed potential for the considered truncation parameters

with exact solution and the spline which uses the computed values at grid points.

Moreover we used the Levenberg-Marquardt method as a regularization method with

L-Curve parameter choice rule. Iteratively regularized Gauss-Newton method does

not give convergent results. This may cause from the initialpotential. On the other

hand Generalized cross validation gives the similar results with L-curve method.

Symmetric Double Well Potential (SDWP)

As a second example we took SDWPq(x) = 0.6x4 − 8bx2 + 40 which has spectrum

containing four nearly degenerate eigenvalues, namely thefirst eight eigenvalues. Be-

cause of this eigenvalue pattern recovery of SDWP type potentials needs more sen-

sitive conditions on used eigenvalue numbers and initial potential than previous ex-

ample. Additionally we can not increase truncation parameter as fast as before and
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Figure 4.3: Reconstructed potential at grid points forl = 7,8,9 with corresponding
number of used eigenvalues 14, 19, 26 respectively.

it should not so big. In this example it does not make sense to take l > 5.5 taking

into account the number of used eigenvalues and necessity ofgood initial potential.

This implies that without giving high eigenvalue number andgood initial guess we

have no convergence for computed potential. It can be seen inFigure 4.4 that even

in l = 5.5 case we need more than 30 eigenvalues and this value reachesmore than

45 for l = 6. Unfortunately it is not easy to supply too many eigenvalues accurately

in experimental point of view. On the other hand initial potential must be close to

exact potential for biggerl. For example we takeq0 = 0.7 ∗ qex. for l = 6 to obtain

Table 4.1:L2 andL∞ errors(relative) of potential after each iteration for Harmonic
oscillator in the casel = 8 andN = 19 withq0 = 0.4 ∗ qex.

k ‖qk−qex.‖2
‖qex.‖2

‖qk−qex.)‖∞
‖qex.‖∞

1 0.132117 0.258226
2 0.036065 0.070489
3 0.021378 0.041784
4 0.017385 0.033979
5 0.016970 0.033169
6 0.016869 0.032972
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Figure 4.4: Behavior of the (a) residual error‖Λ − λsing‖, (b) relative potential error
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convergence to exact potential while we use less sensitive ones forl = 5 andl = 5.5.

In the SDWP example we get the same convergence rate which is linear as before
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Figure 4.5: The logarithm of theΛ − λsing versus iteration number for SDWP. Here

q0 are 0.4 ∗ qex., 0.5 ∗ qex., 0.7 ∗ qex. and number of used eigenvalues are 23,31,48 for

l = 5,5.5,6 respectively.

under mentioned condition (Figure 4.5). And Figure 4.6 presents the reconstructed

SDWP potentials forl = 5 (upper), 5.5, 6 (lower).
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Figure 4.6: Computed potentials for SDWP withl = 5,5.5,6 and corresponding
number of used eigenvalues 23, 31, 48 respectively.

4.2 Algorithm for Polynomial (Hermite Polynomials) Case

INPUT : n-number of eigenvalues, eigenvalue set
{

λ j

}n

j=1
, tolerance numberǫ, maxi-

mum iteration numberNmax, scaling parameterα.

◦ Determine the nodesξ as a roots of the Hermite polynomials of order 2n and calcu-

late scaling nodes asx = ξ

α
.

◦Choose the initial potentialqk as a function calculated at scaled half grid points, i.e.,
{

xj

}n

j=1
.

⊲ while eigenvalue residual> ǫ or k < Nmax

◦ q̃k = [qk(x1), . . . ,qk(xn),qk(xn), . . . ,qk(x1)] which is full initial potential,

◦ Calculate eigenvaluesΛ and eigenvectors for̃qk via Hermite pseudospectral

method in which modified potentialV(x) given in (3.24) is used. It should be men-

tioned that since the accuracy of the pseudospectral methodis more better if it uses
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bigger dimensional matrices we calculate first 2n eigenvalues and eigenvectors to ob-

tain firstn eigenvalues and eigenvectors more accurately. So according to (3.37) we

have (2n ∗ 2n) system which is

(B + Vk )uk = Λuk

◦ Construct Jacobian matrix by using formula (3.50),

◦ Construct right hand side of (3.43) which isT(qk) = λsing
i − Λk

i , i = 1, . . . ,n,

◦ Calculate∆Vk by using generalized Tikhonov-Phillips Regularization scheme in

(3.52),

◦ Update modified potential byVk+1 = Vk + ∆Vk

◦ Calculateresid= ‖T(qk)‖2,

◦ Vk ← Vk+1

◦ Evaluate original potential q by the help of (3.24),k = k+ 1

⊲ end

OUTPUT :q = [qk(x1), . . . ,qk(xn),qk(xn), . . . ,qk(x1)], k

4.2.1 Numerical Examples

In this section we give two different potential examples, namely biswas potential and

anharmonic oscillator potential to illustrate the performance of our second algorithm.

Biswas Potential

Our first example,q(x) = µx2+νx4 whereµ andν are parameters, is related with some

problems about atomic and molecular properties in quantum chemistry [13]. We take

µ = ν = 0.1 in our experiments. When we try to choose biggerµ andν such as 1, 10

or more it is not possible to recover the associated potential due to the higher values of

q(x). In this case the direct problem does not give accurate results for the complete set
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Figure 4.7: Reconstructed potential (upper) and the convergence behaviour of the
residual according to iteration number (lower) with 10 eigenvalues using LM and
L-curve.

of eigenvalues. Moreover, the determination of the scalingparameter is not an easy

duty for high values of parameters. We use the package MATSLISE [48] to supply the

eigenvalues which we need to recover potentials in our algorithm. In Figures (4.7)-

(4.12) we present the reconstructed potentials with the convergence property of the

eigenvalue residual, i.e.,||λ − Λ||2. In each figure we use Levenberg-Marquardt (LM)

regularization method with L-curve and LM regularization method with Generalized

cross validation (GCV). Moreover, the initial potential which is 0.05x4−10 is the same

for all cases. 10 eigenvalues were used for the reconstruction procedure in Figures

4.7 and 4.8. We try to choose scaling parameter starting from1 and determine the

best one as 1.2 by inspecting the convergence behaviour of the eigenvalueresidual.

According to convergence graph both methods does not reach the desired accuracy

level 10−7 with the maximum iteration number 50. Indeed the accuracy does not

exceed 10−4 because of the inadequate truncation size 20 for the direct computation of

the first 10 eigenvalues in the iterative process. In Figures4.9 and 4.10 20 eigenvalues

were used and more satisfactory results were observed. If wecompare the iteration

number for L-curve and GCV, the second one stops at the 25th iteration while the first
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Figure 4.8: Reconstructed potential (upper) and the convergence behaviour of the
residual according to iteration number (lower) with 10 eigenvalues using LM and
GCV.
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Figure 4.9: Reconstructed potential (upper) and the convergence behaviour of the
residual according to iteration number (lower) with 20 eigenvalues using LM and
L-curve.
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Figure 4.10: Reconstructed potential (upper) and the convergence behaviour of the
residual according to iteration number (lower) with 20 eigenvalues using LM and
GCV.

one does not reach the desired accuracy with max iteration number. But if we make

a little careful inspection on the scaling parameter, L-curve also reaches the desired

accuracy withα = 1.22 at the 28th iteration. This shows the effect of the scaling

parameter on the iteration number. We used 30 eigenvalue to recover the potential

in Figures 4.11 and 4.12 with the scaling parameterα = 1.25. Both L-curve and

GCV with LM work efficiently. Moreover, there is a relation between the scaling

parameter and the number of used eigenvalues. Firstly in Figure 4.13 we fixed the

scaling parameterα as 1.25 and took different eigenvalue number. We observe from

the relative error for potential that the fixedα gives satisfactory convergent results for

all used number of eigenvalues, namely 22, 27, 32, 37. But results are not so good,

even non convergent in some cases in which eigenvalue numberless than 20 or greater

than 40. Now, in Figure 4.14 we fixed the used number of eigenvalues as 32 and we

look at the behaviours of the relative potential error for different choices of the scaling

parameter. It can be seen from this figure there is also rough scaling parameter interval

in which we derive very accurate results for a given eigenvalue number. On the other

hand results near the boundary are poorer than that of other points. We observe this

suffering situation more heavily when we take more eigenvalue number. It seems
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Figure 4.11: Reconstructed potential (upper) and the convergence behaviour of the
residual according to iteration number (lower) with 30 eigenvalues using LM and
L-curve.

−10 −8 −6 −4 −2 0 2 4 6 8 10
−200

0

200

400

600

x

q(
x)

0 5 10 15 20 25 30 35
−8

−6

−4

−2

0

2

iteration numberei
ge

nv
al

ue
 r

es
id

ua
l (

LO
G

)

q
0

q
computed

q
exact

Figure 4.12: Reconstructed potential (upper) and the convergence behaviour of the
residual according to iteration number (lower) with 30 eigenvalues using LM and
GCV.
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Figure 4.13: Logarithm of the relative error at grid points for fixed scaling parameter
α with different eigenvalue number.
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Figure 4.14: Logarithm of the relative error at grid points for fixed eigenvalue number
with different scaling parameterα.
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that the high value of the potential at the boundary has an effect on this observations.

On the other hand, of course, the initial potential has also an effect about these poor

results near the boundary. Moreover we report also that iteratively Gauss-Newton

method (IRGNM) does not work with neither L-curve nor GCV without giving very

good initial potential for this example.

Anharmonic Oscillator Potential

Table 4.2: Relative errors for anharmonic oscillator potential (a = b = 0.1) at grid
points with different methods.

a = b = 0.1, α = 1, n = 15
j x j LM - L curve LM - GCV IRGNM - L curve IRGNM - GCV

γ = 0.0579 γ = 5.9639 γ = 9.9825× 10−8 γ = 5.3203× 10−11

1 -6.86 1.32× 10−1 8.09× 10−2 8.09× 10−4 2.01× 10−3

2 -6.14 2.35× 10−2 1.31× 10−2 1.91× 10−3 9.16× 10−4

3 -5.53 2.60× 10−3 1.08× 10−3 1.13× 10−4 8.18× 10−5

4 -4.99 3.89× 10−4 1.41× 10−4 6.73× 10−5 1.09× 10−5

5 -4.48 8.71× 10−5 2.70× 10−5 2.85× 10−5 2.15× 10−6

6 -4.00 2.90× 10−5 7.41× 10−6 1.51× 10−5 6.00× 10−7

7 -3.54 1.42× 10−5 2.85× 10−6 1.03× 10−5 2.34× 10−7

8 -3.10 8.93× 10−6 1.55× 10−6 7.50× 10−6 1.30× 10−7

9 -2.67 4.90× 10−6 1.14× 10−6 3.14× 10−6 9.83× 10−8

10 -2.24 4.86× 10−7 9.60× 10−7 4.69× 10−6 8.75× 10−8

11 -1.83 7.05× 10−6 6.41× 10−7 1.39× 10−5 6.26× 10−8

12 -1.42 9.80× 10−6 2.81× 10−7 1.49× 10−5 2.39× 10−8

13 -1.01 9.89× 10−7 2.54× 10−6 1.14× 10−5 2.50× 10−7

14 -0.60 4.32× 10−5 7.94× 10−6 1.02× 10−4 8.05× 10−7

15 -0.20 2.29× 10−4 3.10× 10−5 4.92× 10−4 3.18× 10−6

We take into account the anharmonic oscillator potentialq(x) = x2 +
ax2

1+ bx2
as a

second example. Herea and b are positive constants. Anharmonic oscillator has

different behaviour depending on the parameters. We take some modified version of

x2 as an initial potential for anharmonic oscillator potential. Actually x2 gives the best

results in each cases.

For the first case, we choosea = b = 0.1 in which the potential is similar to harmonic

oscillatorq(x) = x2. For this potential all methods we proposed in chapter 3 work

efficiently. In Table 4.2 we present the relative potential error for all methods with a

prescribed parametersa, b, α andn. Number of used eigenvalues effects the scaling

parameter and the iteration number in a convergent picture in Figure 4.15. It can be
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Figure 4.15: Convergence behaviour of the eigenvalue residual with different eigen-
value number and corresponding scaling parameter for anharmonic oscillator (a =
b = 0.1)
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Figure 4.16: Reconstructed potential for anharmonic oscillator (a = b = 0.1) with 20
eigenvalues,α = 1 (upper) and 35 eigenvalues,α = 1.05 (lower)
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Table 4.3: Relative errors for anharmonic oscillator potential (a = b = 1) at grid
points with different methods.

a = b = 1, α = 1.1, n = 25
j x j LM - L CURVE LM - GCV IRGNM - L CURVE IRGNM - GCV

γ = 0.0361 γ = 1.2437× 10−6 γ = 1.8739× 10−6 γ = 2.8722× 10−12

1 -8.35 7.69× 10−2 4.71× 10−2 2.04× 10−3 1.16× 10−2

3 -7.25 9.76× 10−4 7.19× 10−3 4.27× 10−4 3.44× 10−3

5 -6.39 2.27× 10−4 6.42× 10−4 5.27× 10−5 5.07× 10−4

7 -5.64 3.68× 10−5 8.37× 10−5 3.93× 10−5 7.36× 10−5

9 -4.94 9.20× 10−6 1.81× 10−5 2.77× 10−5 1.68× 10−5

11 -4.28 4.74× 10−6 6.52× 10−6 2.15× 10−5 6.49× 10−6

13 -3.65 5.09× 10−6 4.00× 10−6 8.54× 10−6 4.31× 10−6

15 -3.04 3.58× 10−6 3.60× 10−6 6.19× 10−6 4.21× 10−6

17 -2.44 6.39× 10−6 2.66× 10−6 1.43× 10−5 3.76× 10−6

19 -1.86 1.77× 10−5 2.99× 10−6 9.10× 10−5 1.05× 10−6

21 -1.28 1.01× 10−5 2.02× 10−5 1.17× 10−4 1.66× 10−5

23 -0.71 1.54× 10−4 5.99× 10−5 6.45× 10−5 5.08× 10−5

25 -0.14 9.08× 10−4 3.24× 10−4 1.32× 10−3 1.35× 10−4
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Figure 4.17: Convergence behaviour of the eigenvalue residual with different eigen-
value number and fixed scaling parameterα = 1.1 for anharmonic oscillator (a = b =
1)
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Table 4.4: Relative errors for anharmonic oscillator potential (a = 10, b = 1) at grid
points for different eigenvalue numbern.

a = 10, b = 1, α = 1.2, IRGNM - GCV
j x j n = 15 x j n = 20 x j n = 25 x j n = 30

(γ = 4.1580× 10−6) (γ = 1.2357× 10−7) (γ = 4.2586× 10−9) (γ = 1.2164× 10−10)
1 -5.72 3.65× 10−2 -6.75 2.79× 10−2 -7.65 2.96× 10−2 -8.47 2.34× 10−2

3 -4.61 3.87× 10−4 -5.70 5.12× 10−4 -6.65 1.01× 10−3 -7.49 6.17× 10−4

5 -3.74 5.11× 10−4 -4.88 1.01× 10−4 -5.86 2.30× 10−4 -6.74 2.04× 10−4

7 -2.95 4.65× 10−4 -4.15 9.93× 10−5 -5.17 5.28× 10−5 -6.07 5.97× 10−5

9 -2.22 4.89× 10−4 -3.47 9.13× 10−5 -4.53 1.39× 10−5 -5.46 2.13× 10−5

11 -1.52 5.66× 10−4 -2.83 8.76× 10−5 -3.93 3.38× 10−6 -4.88 9.34× 10−6

13 -0.84 4.73× 10−4 -2.21 6.47× 10−5 -3.35 1.45× 10−7 -4.33 5.05× 10−6

15 -0.17 5.03× 10−3 -1.61 1.87× 10−5 -2.79 8.01× 10−7 -3.80 3.40× 10−6

17 -1.02 2.47× 10−4 -2.24 7.87× 10−6 -3.28 2.72× 10−6

19 -0.44 6.70× 10−4 -1.71 2.64× 10−5 -2.78 1.86× 10−6

21 -1.18 5.75× 10−5 -2.28 7.08× 10−7

23 -0.65 1.27× 10−4 -1.80 7.05× 10−6

25 -0.13 8.09× 10−4 -1.31 1.76× 10−5

27 -0.83 3.65× 10−5

29 -0.36 1.00× 10−4

seen from the Figure 4.16 that the bigger scaling parameter is needed for the higher

eigenvalue number for the better results. Moreover, the choice of α = 1.1 for the

scaling parameter also gives satisfactory results almost all n values.

We also test our algorithm with the casea = b = 1 in anharmonic oscillator po-

tential. We derive similar observations as in the previous case. Table 4.3 delivers

the relative error for the potential for different methods which gives convergent re-

construction. It is possible to obtain more satisfactory results when we increase the

eigenvalue number. It can be seen from Figure 4.17 algorithmgives very similar

convergence behaviour for the eigenvalue residual with fixed scaling parameter for

different eigenvalue number.

In the final case, in whicha = 10, b = 1, the potential has different shape from the

cases covered before. We demonstrate the effect of the number of used eigenvalues

on a chosen method, namely IRGNM-GCV in the Table 4.4. We obtainsatisfactory

results in each situation and one reconstructed potential is pictured in Figure 4.18.

On the other hand, we mention about two different Tikhonov-Philips regularization

method, namely Tikhonov-Philips and generalized Tikhonov-Philips which give the

regularized solutions (2.14) and (2.19) respectively. Thedifference between them is
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Figure 4.18: Reconstructed potential for anharmonic oscillator (a = 10, b = 1) with
24 eigenvalues,α = 1.2 (upper) and convergence behaviour of the residual (lower).
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Figure 4.19: Effect of the penalty matrix in the generalized Tikhonov-Phlips scheme
for anharmonic oscillator witha = 10,b = 1.
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only the termL which is called penalty (or regularization) matrix. For ourproblem,

the second method gives more better results especially in the unharmonic oscillator

example. We demonstrate the effect of this matrix in Figure 4.19. Here we use second

order differentiation matrix generated by Hermite-pseudospectral method. We obtain

very good improvement around boundary in most cases.

The computational implementation for the determination ofthe regularization param-

eters in both L-Curve and generalized cross validation methods we use the regular-

ization toolbax [35] with some modifications.

All algorithms in this thesis are implemented in Matlab program.
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CHAPTER 5

CONCLUSION

Two algorithms based on Fourier and Hermite pseudospectralmethods, respectively,

have been presented for the first time to solve some singular inverse Sturm-Liouville

systems. Numerical results suggest that a regularization is necessary so that the al-

gorithms are incorporated with the Tikhonov-Philips regularization techniques. By

this way we overcome considerably the numerical shortages resulting from the ill-

conditioned structure of the singular problem.

It is noteworthy to point out some difficulties in the inverse problem for Sturm-

Liouville systems. Firstly, the analysis of errors is not well-developed even in the

regular case. Unlike the direct problem, in which the potential function is given an-

alytically and the main error comes from the discretizationmethod, inverse problem

has many error sources. First of all we have only a finite number of eigenvalues

whereas the reconstruction of the potential requires the complete spectrum. More-

over, the available eigenvalues are not exact in most cases.Thus, we are attempting

to determine the potential from an incomplete and approximate set of eigenvalues.

Especially, errors in higher indexed eigenvalues have a serious effect in the inverse

computation. On the other hand, iterative methods need the computation of the spec-

trum in a numerical sense. Therefore error sources in the direct problem are also

encountered and play a serious role in the inverse computation. In this thesis we aim

to reduce this effect by selecting the pseudospectral methods in the direct computation

of the eigenvalues [1].

Secondly, our main obstacle seems to be the ill-conditionedstructure of the inverse

problems under consideration. Although the regularization cures significantly the ill-
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posedness, extra error sources come from the regularization parts of the algorithm as

well. Especially, the lack of exact Jacobian matrix effects so much the accuracy since

it is calculated numerically in each iteration step by Newton method. To reduce this

error we evaluate the Jacobian for each modified potential starting from the carefully

chosen initial one. This process is not necessary in regularinverse Sturm-Liouville

problems.

The infinite interval in the second algorithm has been replaced by a finite one in a

natural way. To be specific, the number of given eigenvalues automatically determines

the degree of Hermite polynomials. That is, the algorithm assumes the roots of those

Hermite polynomials as the nodal points. On the other hand, the sizel of the truncated

interval in the first algorithm is selected as an input parameter [73]. Since better

results are expected asl increases, we increase accordingly the number of eigenvalues

to this end.

Moreover, the first algorithm employs equally spaced nodes in the discretization while

the second is based on the non-uniform grid suggested by the roots of Hermite poly-

nomials in question. As is well known, the roots of the Hermite polynomials are

clustered in the near vicinity of the origin and spread further. This phenomenon helps

us to explain the insufficient results around the boundaries. Despite of this unwel-

come event the second algorithm provides more satisfactorydetermination than the

first algorithm in which the density of the evenly spaced nodes depends also on the

number of used eigenvalues. The restriction on the available number of eigenvalues

does not allow us to choose the mesh length as small as possible.

Furthermore, the selection of the initial potential and thedetermination of the regular-

ization parameter have vital roles in the reconstruction algorithms. In most examples

zero potential does not give convergent results. We need to supply good initial po-

tential, which is sufficiently close to the exact potential, according to the theory of

Newton methods [22]. The selection of the initial potentialalso effects the number of

iteration number to reach the desired accuracy.

We propose noise-free parameter selection methods, namelyL-curve and generalized

cross validation, to determine the regularization parameter. When we try to determine

regularization parameter by hand it is hard to take these parameter under control in

80



each iteration step. Thus it is possible to give regularization parameter at first iteration

and we use it along all iterations. But parameter choice rulesenable us to determine

this parameter in each iteration automatically. We presentthis parameter determi-

nation picture by Fourier pseudospectral method with harmonic oscillator example

in Table 5.1 and Figure 5.1. Initial potential (q0 = 0), number of used eigenvalues

(n = 19), truncation parameter (l = 8) and maximum iteration number (Nmax = 50)

are same in all figures and table. In Figure 5.1a-b we use generalized cross validation

method to determine the regularization parameter. On the other hand, we give regular-

ization parameter by hand after a few experiments to get the results in Figure 5.1c-d.

It can be seen from the Table 5.1 that regularization parameter selection method by

generalized cross validation gives more better results than that of by hand. Moreover,

Figure 5.1b-d shows generalized cross validation reaches the desired accuracy with 8

iteration whereas it is not possible to reach the same accuracy during 50 iterations in

the case for which regularization parameter is given by hand.

Table 5.1: Relative errors for harmonic oscillator potential at grid points

l = 8, n = 19
j x j GCV By Hand
1 -7.59 3.64× 10−1 4.44× 10−1

3 -6.77 2.69× 10−2 2.04× 10−1

5 -5.95 2.99× 10−3 1.37× 10−2

7 -5.13 1.05× 10−4 2.16× 10−2

9 -4.31 6.19× 10−6 1.07× 10−2

11 -3.49 1.15× 10−6 8.25× 10−4

13 -2.67 1.34× 10−7 8.14× 10−3

15 -1.85 4.68× 10−7 1.43× 10−2

17 -1.03 8.47× 10−7 3.79× 10−2

19 -0.21 1.22× 10−5 7.13× 10−1

Our research has a potential extension in the near future to singular problems on the

half line and on a finite interval. Algorithms for solving related inverse problems may

be constructed along the same line by using pseudospectral methods with Laguerre

and Jacobi polynomials, respectively.

Additionally, the inverse Sturm-Liouville problem can be extended to higher dimen-

sions. Sturm-Liouville equation of the Schrödinger form has the following two-

dimensional analogue onR2

[−∆ + q(x, y)
]

u = λu, u ∈ L2(R
2) (5.1)
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Figure 5.1: Reconstructed potential and convergence of eigenvalue residual with reg-
ularization parameter given by generalized cross validation rule (a-b), by hand (c-d)
for harmonic oscillator example using Fourier pseudospectral method.

in which the wavefunctionu(x, y) satisfies the condition lim
||r ||→∞

u(r) = 0, r = (x, y),

x, y ∈ (−∞,∞) and∆ is the well-known Laplace’s operator, i.e.,∆ = ∂2

∂x2 +
∂2

∂y2 . The

computation of eigenvaluesλ in (5.1) for a given potential functionq(x, y) can be

handled over a sufficiently large finite rectangular regionΩ, obtained by truncating

the domain of the independent variablesx andy, i.e., x ∈ [−l, l], y ∈ [−m,m], subject

to Dirichlet or Neumann boundary conditions [75, 76]. On theother hand, inverse

problem in two-dimensional case deals with the recovering process of the potential

from the knowledge of eigenvalues and corresponding wavefunctions. In contrast to

one-dimensional inverse problem, higher dimensional version has few known results.

It is known that the potential, which is symmetric with respect to the mid lines of the

rectangle, can be reconstructed from the eigenvalues of (5.1) over rectangular region

Ω with Dirichlet boundary conditions [46]. Thus we are planning to use truncation

over both independent variables to built an algorithm whichrecovers the symmetric

potentials from the given eigenvalues over a square region.
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[42] Kammanee, A., and Böckmann, C. Determination of partially known Sturm-
Liouville potentials.Appl. Math. Comput. 204(2008), 928–937.
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[76] Taşelı̇, H., and Eı̇d, R. Eigenvalues of the two-dimensional Schrödinger equa-
tion with nonseperable potentials.International Journal of Quantum Chemistry
59 (1996), 183–201.

[77] Titchmarsh, E. C. Eigenfunction Expansions Associated with Second Order
Differential Equations:Part I. Clarendon Press, Oxford, 1962.

[78] Vogel, C. Computational Methods for Inverse Problems. SIAM, Philadelphia,
2002.

[79] Weidemann, J. A. C., and Reddy, S. C. A matlab differentiation matrix suit.
ACM T. Math. Software 26(2000), 465–519.

[80] Welfert, B. D. Generation of pseudospectral differentiation matrices I.SIAM
J. Numer. Anal. 34(1997), 1640–1657.

87



VITA

PERSONAL INFORMATION

Surname, Name ALTUNDĂG, Hüseyin
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