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By using the concept of isometry Killing vectors were introduced. Generalizing the 

Killing vectors Killing tensors of rank two were briefly introduced. Their metrical 

properties have been dealt.With this path Killing – Yano tensors were introduced as 

being some  hidden space-time symmetries and also square roots of Killing tensors of 

rank two. Also physical importance of Killing – Yano tensors were briefly 

introduced. A calculation for 4D pp-wave metric is reviewed. Standart 5-D Kaluza-

Klein theory is rewieved in an anholonomic base. 5- D Killing – Yano equations are 

written in this base. Simplified forms of these equations are given and the necessary 

conditions on the EM field tensor and the KY tensor are presented.  
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İzometri kavramı kullanılarak Killing vektörleri tanıtıldı. Killing vektörlerinin 

genelleştirilmesiyle 2.mertebeden Killing tensörleri kısaca tanıtıldı. Metrik 

özelliklerine değinildi. Bu yolla uzay zamandaki bazı gizli simetriler ve aynı 

zamanda 2. mertebe Killing tensörlerinin karekökü olarak Killing – Yano tensörleri 

tanıtıldı. Aynı zamanda  bunların fiziksel önemlerine değinildi. 4-boyutlu paralel 

düzlem dalga metriği için yapılan bazı hesapların üzerinden geçildi. 5- boyutlu 

standart Kaluza-Klein teorisi holonomik olmayan bir bazda kısaca gözden geçirildi. 

Bu bazda 5-boyutlu Killing-Yano denklemleri yazıldı.  Denklemlerin sadeleşmiş 

formları verildi ve EM alan tensörü ile KY tensörleri üzerindeki gerekli koşullar 

sunuldu. 
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CHAPTER 1 

 

 

 

INTRODUCTION 

 

 

 

1.1  Background, Motivation and Outline 

 

            Unification of fundamental forces has always been a unique and idealistic 

problem in physics.  In the past hundred years, there have been many attempts to 

join the fundamental forces in one theory. Today most of these attempts turned out 

to be of  little or no use. 

 

After the discovery of general relativity, attempts to unify gravity with other 

fundamental forces were boosted.  Although it was not considered to be successful 

the first courageous trial was made by   Herman Weyl in 1918.  Later on, in 1926 

Kaluza suggested a 5-D metric with off diagonal components of the fifth 

dimension to be the vector potential of the electromagnetic theory.  Writing 

Einstein’s equations in this structure made the theory split into two fundamental 

theories: the 4-D theory of relativity and again Maxwell’s electromagnetic theory 

in four dimensions.  In 1926, Klein elaborated on the structure of the extra 

dimension and suggested that the fourth spatial dimension is curled up in a circle 

of a very small radius.  Kaluza –Klein theory was an original and a revolutionary 

idea.  However, because of the pure geometric understanding of the theory of 

relativity and so that of the Kaluza-Klein theory an incompatibility with the 

quantum theory has aroused. This was due to the fact that quantum theory was 

perceiving forces as fields, not pure geometry.  Because of this, the quantization of 

gravity did not conform to classical relativity.  
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This compatibility problem with the quantum field theory and the new 

understanding of nuclear forces made Kaluza Klein theory forgotten. On the other 

hand being the mother of all extra dimensional theories, it has always received an 

important place among all unification theories. 

 

Supergravity and superstring theories, which as of today are known to be the best 

surviving models for quantum gravity, unify all fundamental forces.  

Supersymmetric theories are known to be invariant under some transformations 

called supersymmetry transformations. Such theories admit some superinvariants 

called supercharges. The supercharges that are admitted not by the structure of the 

model itself but by the background metric are called non-generic supercharges. It 

is known that such supercharges are related to some hidden symmetries of space-

time called Killing-Yano tensors [1].  If the metric admits such tensors then it can 

be inferred that there exist supercharges related to those tensors. 

 

A Killing-Yano tensor can also be defined as the square-root of a Killing tensor, in 

the sense that a second rank Killing tensor can be constructed by appropriately 

contracting two KY tensors of rank two or more.  

  

 In this thesis we are going to investigate Killing-Yano (KY) tensors of         

valence two in the 5-D Kaluza-Klein (KK) theory. 

 

The second chapter is about space-time symmetries and isometries.  Killing 

vectors, Killing tensors and Killing-Yano tensors will be introduced.  The relations 

of these concepts among each other will be clarified.  The metric for plane fronted 

waves with parallel rays will be introduced.  KY tensors of rank two and three will 

be investigated for this background metric.  

 

In the third chapter we are going to introduce Kaluza-Klein theory briefly in an 

anholonomic basis called the “horizontal lift basis” which makes the metric 

diagonal in its fifth components.  For this purpose we shall give the basics of 

Einstein’s equations in 4-D. 
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In the fourth chapter we are going to write KY equations in five dimensions.  Then 

using the KK reduction mechanism the expressions of the KY equations in four 

dimensions will be given.  As a special case, the KY equations, where the 4-D 

metric is Minkowskian, will be examined.   

 

The final chapter will be devoted to discussions and conclusions. 

 

 

 

1.2  Notations and Conventions 

 

 

The notation we are going to use is as follows. All capital Latin letters A,B,C are 

used for five dimensional indices , 0,1,2,3,5 , and normal Greek letters μ,λ,ν are 

used for the common 4–D indices , 0,1,2,3.  All quantities with a hat are again in 

five–dimensions. We used natural units for constants, and thus they are all equal to 

one.  The metric signature is (-,+,+,+,+) in five dimensions. 

In the following chapters we shall use the notation  

( , )ab c , 

where the semicolon denotes the covariant derivative and parentheses denote 

symmetrization. 

We shall also use the notation D X  for covariant derivative 
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CHAPTER 2 

 

 

 

 

ISOMETRIES, CONSERVATION LAWS, DUAL METRICS AND 

HIDDEN SYMMETRIES OF SPACE-TIME 

 

 

 

 
2.1 Isometries and Killing Vectors  

 

 

Lorenz invariance which is the main symmetry related to special theory of relativity, 

turns out to be local in general relativity.  Therefore, symmetries that are not local are 

valuable in general relativity.  Isometries are good candidates for such types of 

symmetries if they exist. An isometry is a transformation that leaves the metric 

invariant. They are generated by vector fields called Killing vector fields such that 

they satisfy 

                                      

 0D X D X
               (2.1.1) 

 

or in other words  

 

 0XL g                            (2.1.2) 

 

meaning that the metric is form invariant when dragged along a Killing vector field. 

This means that length between points and angles between tangent vectors on a curve 

are preserved when dragged along a Killing vector field.  

 

In the light of these facts, it is possible to observe a close relation between 

conservation laws and Killing vectors.  
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When the components g  relative to some coordinate basis are independent of 

some coordinate, then the tangent vector corresponding to that coordinate is a Killing 

vector. 

 

We can understand the corresponding conservation laws with the help of 

Hamiltonian mechanics.  Killing vectors correspond to cyclic coordinates in 

Hamilton mechanics.  So that the momentum corresponding to that cyclic coordinate 

is conserved. Thus, we can conclude that motion along a Killing vector field leaves 

the momentum conserved.  

 

 

 

2.2 Killing Tensors and Dual Metrics 

 

It is possible to make some generalizations on conserved quantities, isometries and 

Killing vectors.  Killing vectors have been generalized to second rank Killing tensors 

such that 

they satisfy 

( , ) 0K .                                         (2.2.1)                                                                                             

    

Construction of Killing tensors produce some symmetries, where they can be used to 

simplify equations of general relativity [21].  They also play an important role in the 

complete solution of the geodesic equation. Killing tensor equation simplifies in 

some particular space-times, which is another interesting feature of Killing tensors 

[22],[23]. Recently, new methods are developed to find Killing tensors for some 

space-times possessing other types of symmetries [24].  The motion of a particle 

moving on a geodesic in a space admitting isometries is of great importance in 

understanding the structure of its underlying manifold. 

 

The Lagrangian for such a particle can be written in the form  
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 (1/ 2)L g x x  .         (2.2.2)

    

            

 

Using this Lagrangian, Hamiltonian can be written with the help of the contravariant 

metric, 

 

(1/ 2)H g P P .                        (2.2.3) 

 

The time evolution of any function on the phase space can be calculated via the 

Poisson bracket of that function with the Hamiltonian, 

                      

( / ) { , }dK d K H .                          (2.2.4) 

 

Here basic Poisson brackets are 

 

{ , }x p .                         (2.2.5) 

 

The contravariant Killing tensor can be defined as 

 

g g .                        (2.2.6) 

 

This can be used to construct a conserved quantity quadratic in momenta such that 

 

(1/ 2) P P .                         (2.2.7) 

 

In view of the equations (2.2.5) and (2.2.7), the Poisson bracket of K with the 

Hamiltonian vanishes 

 

, 0H .                                                                                               (2.2.8) 
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So this makes K a constant of motion, which generates symmetry transformations 

linear in momentum 

 

,x P .                               (2.2.9) 

 

Since H and K are both quadratic in momenta, it can be easily seen that K and H are 

formally  

similar.  Motivated by this formal similarity, a duality relation between g  and  

can be sought.  

 

Two models can be constructed from two points of view [2]: 

 

In the first model the Hamiltonian is H and constant of motion is K as usual, whereas 

in the second model the Hamiltonian is K and the constant of motion is H. 

 

These two models give rise to the following interesting results.  

 

If contravariant Killing tensors are generated by the inverse metric, then  can be 

thought as the contravariant components of a metric which generate Killing tensor 

g . 

 

Then  

 

g                         (2.2.10) 

 

such that     

 

g g  .                        (2.2.11) 

 

So, g  is the covariant metric and consequently it must be covariantly constant, 
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0D g  .                        (2.2.12) 

 

Using the connection   and  

 

K g ,                      (2.2.13) 

 

 will be the Killing tensor with respect to  the metric g which satisfies 

 

          
( ) 0D K  .                        (2.2.14) 

 

This duality should be interpreted as follows: Second rank Killing tensors can be 

thought of as metrics in another space dual to the original metric space such that in 

that space, original metric becomes a second rank Killing tensor. Mapping a Killing 

tensor to a metric by this way twice, brings the original metric back [2].         

 

 

2.3 Hidden Symmetries and Killing-Yano Tensors 

 

 

After some study of isometries, Killing vectors and their generalizations which are 

Killing tensors, some hidden symmetries can be understood better. 

 

A good candidate for a hidden symmetry is the well known Killing-Yano symmetry. 

A Killing-Yano tensor of valence n is an anti-symmetric tensor satisfying  

 

1 2 ( , ) 0
n

f .                          (2.3.1) 

 

The relation between Killing tensors and Killing-Yano tensors is that Killing-Yano 

tensors can be considered as the square-root of Killing tensors in the following way, 

 

g f f ,                               (2.3.2) 
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for second rank KY tensors, and for third rank KY tensors we have 

 

K g g f f  .                         (2.3.3) 

 

Killing-Yano tensors are important for field theories. For example existence of 

Killing-Yano tensors are closely related to the separability of Dirac equation in Kerr 

space-times [3].                                                          

 

Another feature of Killing-Yano tensors is that Killing-Yano tensors of valence three 

are known to be related with Lax tensors [4].              

 

But the most important feature of Killing-Yano tensors is that they are important for 

spinning particle models on curved backgrounds, which is a supersymmetric model 

[5].    

 

Supersymmetry is still a popular modern idea for theoretical physics.  A 

supersymmetric theory means that the theory is invariant under supersymmetry 

transformations. Supersymmeric models are used to admit some invariants called 

supercharges. 

 

Killing-Yano tensor of valence n admits some kind of supersymmetries called non-

generic supercharges. Non-generic supercharges and the generic supercharges are 

different from  

each other, in the sence that the generic supercharges are about the theory itself while 

the non-generic ones are metric dependent.  Killing-Yano tensors are metric 

dependent and they admit non-generic supercharges in the following way. 

 

A supercharge related to a Killing-Yano tensor of valence n is defines as: 

 

 1 2

1 2 ... ... n

nfQ f .                                                                     (2.3.4) 
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This is a superinvariant because of the bracket 

 

0 , 0fQ Q .                           (2.3.5) 

 

Here    
0Q ,  is called covariant momenta and  are called odd 

Grassman variables. These are anti-commuting numbers with each other, but 

commuting with ordinary numbers, such that  

 

                          (2.3.6) 

x x .                                (2.3.7) 

 

By using the Hamiltonian  

 

(1/ 2)H g  ,                         (2.3.8) 

 

Jacobi identities and the Killing-Yano equation, one can see that this supercharge is 

also a constant of motion too, i.e. 

 

, 0fQ H .                          (2.3.9) 

 

Now, in the next section, an example about finding Killing-Yano tensors of valence-

2 for the 4-D pp-wave metric is going to be examined. 

 

In the fourth chapter Killing-Yano tensors of valence two are going to be 

investigated.  But this case will have some differences from the standard approach 

in the sense that Killing-Yano equations are to be obtained within the framework 

of the Kaluza-Klein theory. 
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2.4  Killing-Yano Tensors for pp-Wave Metric 

 

 

After introducing the importance of Killing and Killing-Yano tensors we make a 

calculation for a particular class of metric i.e. the pp-wave metric.  Such a 

calculation was made in 2002 [6], [12]. 

 

The pp-wave metric is one of the important classes of metrics which satisfy 

Einstein’s equations. Its importance comes from the fact that this metric admit 

plane fronted waves with parallel rays.   The propagated radiation can be either 

electromagnetic or gravitational. 

 

The famous pp-wave in four dimensions can be introduced in the form [7] 

 

2 2 2 22 ( , , )ds dvdu dx dy H x y u du .                  (2.4.1) 

 

Here “u” and “v” are coordinates defined in terms of both space and time 

variables, but “v” does not seem to exhibit a physical meaning; it stands for an 

affine parameter, while “u” is called the retarded time. 

 

For this metric KY equations are explicitly found to be as: 

 

 12, 0vf                       (2.4.2) 

 

 13, 0vf                                 (2.4.3) 

 

 14, 0vf                        (2.4.4) 

 

 12, 0xf                                  (2.4.5) 

 

 13, 0yf                              (2.4.6) 
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 23, 0yf                           (2.4.7) 

 

 23, 13, 0v xf f                      (2.4.8) 

     

 24, 14, 0v xf f                      (2.4.9) 

 

 23, 12, 0v yf f                    (2.4.10) 

 

 34, 14, 0v yf f                              (2.4.11) 

 

 24, 12, 0v uf f                    (2.4.12) 

 

 34, 13, 0v uf f                    (2.4.13) 

 

 13, 12, 0x yf f                    (2.4.14) 

 

 14, 12, 0v uf f                    (2.4.15) 

 

 14, 13, 0y uf f                   (2.4.16) 

 

 , 12 24,2 0x xh f f                   (2.4.17) 

 

 , 13 34,2 0y yh f f                   (2.4.18) 

 

 , 12 , 13 14,2 0x y uh f h f f                  (2.4.19) 

 

 , 13 , 12 34, 24,2 2 0x y x yh f h f f f                 (2.4.20) 

 

 , 12 , 14 , 23 24,2 0u x y uh f h f h f f              (2.4.21) 
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 , 13 , 14 , 23 34,2 0u y x yh f h f h f f                    (2.4.22) 

 

 , 13 , 12 23, 24,2 2 2 0x y u yh f h f f f                  (2.4.23) 

 

 , 12 , 13 23, 34,2 2 2 0y x u xh f h f f f                  (2.4.24) 

 

There is no a priori way to determine whether KY equations admit six non-zero  

KY tensor components for a given form of a metric.  An optimum solution should 

have a maximum number of non-zero components of the KY tensor, while 

imposing as less restriction as possible on the metric function. It is found that the 

KY equations (2.4.2)-(2.4.24) admit a two component non-vanishing Killing-Yano 

tensor.  These are [12]: 

 

 24 1f c ,       34 2f c ,                                                (2.4.25) 

 

with no restrictions on the metric function ( , , )h x y u .  Using (2.3.2) and (2.4.25) 

the corresponding Killing tensor is found to have only one non-vanishing 

component 

 

 
2 2

44 1 2K c c .                  (2.4.26) 

 

Since there aren’t any surviving components, this tensor does not admit a dual 

metric. 

 

Killing-Yano tensors of valence three are also calculated with maximum number 

of components i.e. three, but with some restrictions on the metric function 

( , , )h x y u .  If the function is to satisfy the equation below 

 

 2 12 ( ) ( , , ) ( , , ) 0u x yq u c h x y u c h x y u ,                (2.4.27) 
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where ( )q u  is an arbitrary function, then the non-vanishing components are found 

to be 

 

  134 2f c , 124 1f c , 234 ( )f q u .                      (2.4.28) 

 

So (2.4.27) has the solution 

 

 1 2

1 2

( , , ) ( ) ( )( )u

y x
h x y u F c x c y q u

c c
.                        (2.4.29) 

 

In order to have three component solutions for Killing-Yano tensors of valence 

three for the pp-wave metric, equation (2.4.29) gives the restriction on the metric. 

 

The Killing tensor components corresponding to (2.4.28) are calculated through 

the relation (2.3.3), and they are found to be 

 

 
2 2

14 1 22( )K c c ,  24 22 ( )K c q u , 

 

 
2

22 12K c ,   23 1 22K c c ,               (2.4.30) 

 

 
2

33 22K c ,   34 12 ( )K c q u ,   

 

2 2 2

44 1 22( ( ) ( ) ( , , ))K q u c c h x y u . 

 

Again this Killing tensor doesn’t admit a dual metric because the contravariant 

components as defined in (2.2.6) turn out to be a singular matrix. 

So the admission of dual metrics is a special situation for Killing symmetries. 

 

 

 

 

 

 



 15 

CHAPTER 3 

 

 

 

5-D KALUZA-KLEIN THEORY WITH A  

 

SIMPLER BASE 

 

 

 
 

Making physics with more than 4-dimensions is not that much of a new idea 

indeed. Nearly a hundred years ago in 1914 Nordström realized that 

electromagnetism and gravity can be combined in 5-dimensions [19], but later on 

this theory of gravity was forgotten. In 1921 when Theodor Kaluza published his 

paper [14] “On the unification problem in physics”, the idea of the fifth dimension 

was revoked. 

 

   His main assumptions were: 

 

1) To extend General relativity to 5-dimensions.  

2) Fifth coordinate shouldn’t be observed. 

 

Later on O. Klein suggested that fifth dimension was circular [17], [18], then the 

second assumption was verified.  Extra dimensional theories are one of the most 

important instruments for theoretical physics. Today many physicist concentrate on 

the relativistic structure of Kaluza-Klein theories as well as its particle physics aspect 

[20]. But in order to introduce Kaluza-Klein theory, we should first go over the 

conventional theory of General Relativity and its Riemannian structure briefly. 
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3.0 Preliminaries: General  Relativity in 4-D and Notations 

 

 

It is not an overstatement that General Relativity means Einstein’s equations.  But 

before introducing them let us define the Riemann curvature tensor and its symmetry 

properties.  Riemann tensor is defined as follows 

 

 R ,                    (3.0.1) 

 

where  

 

 
1

( )
2

g g g g ,                              (3.0.2) 

 

are the well known metric connections.  Riemann tensor is the curvature tensor in 

curved geometries and it has some useful symmetries.  First of all it is anti-

symmetric on its last two indices i.e., 

 

 R R .                            (3.0.3) 

 

Odd permutations of its last three index has the following cyclic property 

 

 0R R R .               (3.0.4) 

 

This identity arises from the fact that connection is symmetric.  By using the 

geodesic coordinates and lowering the first index via the metric 

 

 g R R ,                (3.0.5) 

 

it can be seen that the Riemann tensor is symmetric under the operation of 

interchanging the first two with the last two indices 
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 R R  . 

                   

Using (3.0.5) together with (3.0.3) gives us the following result 

  

 R R  .                         (3.0.6) 

 

 

Working out all these symmetries for the covariant Riemann tensor we get the 

equivalent form of the identity (3.0.4) 

  

 0R R R .                       (3.0.7) 

 

When the covariant derivative of the Riemann tensor is taken into account, it again 

satisfies cyclic permutation which looks like (3.0.7) 

 

 0D R D R D R ,               (3.0.8) 

 

and are called the Bianchi identities. 

Providing sufficient amount about the properties of the Riemann tensor, it is now 

possible to define the famous Ricci tensor and the Ricci scalar. 

 

Ricci tensor can be defined in terms of Riemann tensor with the following 

contraction 

 

 g R R                               (3.0.9) 

 

 which is equivalent to 

 

 R R                                   (3.0.10) 

 

or in terms of connections it can be expressed as, 
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 R .                          (3.0.11) 

 

The Ricci scalar is defined through the contraction 

 

 R g R .                   (3.0.12) 

 

So we are now ready to define the Einstein’s tensor by using R  and R   

 
1

2
G R Rg ,                        (3.0.13) 

 

which can be derived from the Einstein-Hilbert action  

 

41
( )

16
M

S d x g R
G

,             (3.0.14) 

 

by taking the variation with respect to the metric g .  Here g  is the determinant of 

the metric.  The covariant derivative of (3.0.13) also satisfy the contracted Bianchi 

identities [13] 

 

 0D G .                               (3.0.15) 

 

We can define the space-time curvature by matter fields via the well known 

Einstein’s equations: 

              8G T ,                                   (3.0.16) 

 

where T  is the energy momentum tensor which is used to define the distribution of 

the matter fields through the space-time.  Equation (3.0.15) states that  

 

 0D T ,                           (3.0.17) 
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is a manifestation of conservation of energy and momentum. 

 

 

 

3.1 The Five-Dimensional Relativity 

 

 

Recalling Kaluza’s main assumptions, one can extend General Relativity to 5-

dimensions by deriving Einstein’s equations in 5-dimensions. For this purpose we 

can use a 5-D Einstein-Hilbert action such that 

 

41 ˆˆ( )
ˆ16 M

S d xdy g R
G

.                        (3.1.1) 

 

Here y stands for the fifth coordinate 5x .  Varying this action with respect to the 5-D 

metric ˆ
ABg , we derive 5-D Einstein equations for vacuum as 

 

ˆ 0ABG ,                          (3.1.2) 

 

where 

1ˆ ˆ ˆ ˆ
2

AB AB ABG R Rg .                        (3.1.3) 

 

As expected, here ˆ
ABR  is 5-D Ricci tensor, R̂  is 5-D Ricci scalar and ˆ

abg  is the 5-D 

Kaluza metric. Using (3.1.2) and (3.1.3) and contracting by ˆ ABg , the contravariant 

metric, we get 

 

ˆ 0ABR .                          (3.1.4) 

 

This is called the Ricci flat condition and the solutions of (3.1.4) are vacuum metrics. 
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But we should be interested in the full 5-D equations with energy stress tensor at the 

right hand side: 

 

ˆ ˆ ˆ8AB ABG GT .                        (3.1.5) 

  

 

In the next sections we are going to get these equations in terms of both Einstein’s 

equations and Maxwell stress tensor. 

 

 

3.2 Electromagnetic Structure of the 5-D Metric 

 

 

The 5-D metric tensor defined above can be written in the form 

 

 

5

5 55

ˆ ˆ
ˆ

ˆ ˆAB

g g
g

g g
 .                       (3.2.1) 

 

 

Due to the coordinate-dependent structure of the metric tensor, Kaluza expressed the  

5ĝ  components in terms of the 4-potentials A , and define 55ĝ  by a scalar field , 

so that he could build a metric tensor including both gravitation and 

electromagnetism. 

 

With a suitable choice of coordinates, such a 5-D metric can be constructed as 

follows [14], [16], [17] 

 

 
2 2 2

2 2
ˆ

AB

g A A A
g

A
,                       (3.2.2) 

 

which has the contravariant form  
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2 2

ˆ AB
g A

g
A A A

.                       (3.2.3) 

 

Now the well known line element has the infinitesimal form 

 

 2

5 5 55
ˆ ˆ ˆ ˆds g dx dx g dx dy g dydx g dydy ,                      (3.2.4) 

 

and can be written in terms of the metric components as 

 

 2 2 2( )ds g dx dx dy A dx ,                      (3.2.5) 

 

where A  is a 4-vector of  the form 

 

( , )A A


.                          (3.2.6) 

 

Here  is a scaling factor and can be chosen to be “1”. 

 

 

3.3 Reduced Field Equations 

 

 

Since the Ricci tensor ˆ
ABR  is symmetric then for 5-D it has 15 independent 

components, meaning that 

 

 

 ˆ 0ABR ,                         (3.3.1) 

 

 yields 15 field equations.  Using the definition of the Ricci tensor, 5-D Ricci tensor 

can be constructed as 
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  ˆ ˆ ˆ ˆ ˆ ˆ ˆC C C D C D

AB C AB B AC AB CD AD BCR ,                      (3.3.2) 

 

where ˆ C

AB
  `s are the well known three-index symbols which are derived from the 

metric via 

 

 
1ˆ ˆ ˆ ˆ ˆ( )
2

C CD

AB A DB B DA D ABg g g g .                     (3.3.3) 

 

The key instrument that Kaluza used to construct the theory was the structure of 

these three-index symbols with 5th  components. These can be calculated by using 

(3.2.2), (3.2.3), (3.3.3) and the cylinder condition which assumes that all derivatives 

with respect to 5th  dimension should vanish.  

 

This fact makes y  a Killing vector field. 

 

So we get the connections with fifth components as follows 

 

2

2

5

5 2

55

5 2

5

5

55

1ˆ ( ) ,
2

1ˆ
2

1 1ˆ ( ) ( )
2 2

1
( ),

ˆ ,

1 1
,

2

.

A F A F A A

F A

D A D A A A F A F

A A A A A

A F A A

A

                  (3.3.4) 

 

Also 
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5

5

5

5 5 55

1ˆ ˆ ˆ ,

ˆ ˆ ˆ 0,

A

A

A

A

                           (3.3.5) 

where  

 

F A A                           (3.3.6) 

 

is the Maxwell tensor. 

This tensor can be written in the following matrix form 

 

 

0

0

0

0

x y z

x z y

y z x

z y x

E E E

E B B
F

E B B

E B B

.                       (3.3.7) 

 

 

By using (3.3.2), (3.3.3), (3.3.4), (3.3.5) we can obtain the reduced form of ˆ
ABR  as 

 

 

2 2

2 4

2 4

5

4

55

1 1 1ˆ ( ) [ ( ) 3
2 2

1 1
[ ( ) 3 ] [ ( )],

2 4

1 3 1ˆ ( ) [ ( )],
2 2 4

1ˆ ( )
4

R R F F D A D F F

A D F F A A F F D

R D F F A F F D

R F F D

       (3.3.8) 

 

Now it can be seen that (3.3.8) and (3.3.1) reduce to 

 

 ˆ 0R   

           
21 1

( )
2

R F F D , 
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5

ˆ 0R   

            
3

D F F ,                                          (3.3.9) 

 
55
ˆ 0R   

           31

4
D F F . 

 

In order to obtain the 4-D energy-stress tensor from 5-D Einstein tensor, we have to 

calculate 

 

  
1ˆ ˆ ˆˆ
2

G R g R .                                 (3.3.10) 

 

Starting with the Ricci scalar  

 

 5 5 55

5 5 55
ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆR g R g R g R g R                     (3.3.11) 

 

 

this yields, 

 

 
21 2ˆ ( )

4
R R F F D ,                     (3.3.12) 

 

where R is the well known 4-D Ricci scalar. 

 

The expressions for the contravariant components of R̂  and Ĝ  turn out to be 

more revealing:   

 

 
1ˆ ˆ ˆˆ
2

G R g R .                       (3.3.13) 

 

Using (3.3.4) and (3.3.6) one can obtain 
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 ˆ ˆˆ ˆA B

ABR g g R , 

 

 
21 1ˆ ( )

2
R R F F D ,                     (3.3.14) 

 

 

2

2

1 1ˆ ( )
2

1 1 2
( ( ))

2 4

G R F F D

g R F F D

.                                (3.3.15) 

 

Rearranging this, yields, 

 

 

21 1 1ˆ [ ] [ ]
2 2 4

1
[( ) ( )]

G R g R F F g F F

D g D

                   (3.3.16) 

Now we can write Einstein’s equations with the stress tensor 

 

 

 
1

2
EM SG R g R T T ,                      (3.3.17) 

where 

 

  21 1
[ ]

2 4
EMT F F g F F ,                   (3.3.18a) 

 

and 

 

 
1

[( ) ( )]ST D g D                    (3.3.18b) 

 

The first equation is the stress tensor for the electromagnetic field and the second is 

the stress tensor for the scalar field . 
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Choosing the scalar field  to be constant in (3.3.17), the second equation of (3.3.9) 

gives us Einstein’s equations with the electromagnetic stress tensor and Maxwell’s 

equations respectively: 

 

 EMG T                           (3.3.19) 

and 

 

 0D F .                       (3.3.20) 

 

Also using (3.3.9) and (3.3.18) we can conclude that  E B
 

 because 

 0F F .                           (3.3.21) 

 

But we didn’t consider the scalar field yet. After Kaluza, Thiry and Jordon [15],[16] 

mentioned about the scalar field.  Turning back to the third equation of (3.3.7) we 

define the d’Alembertian operator as 

 

 D D ,                        (3.3.22) 

 

and is equivalent to the covariant divergence of   while  being a scalar field. 

So we can write  

 

 D D D .                      (3.3.23) 

 

From (3.3.9)  

 

 0  ,                        (3.3.24) 

 

which is just the Klein-Gordon equation for a scalar field.  Thus the scalar field  

satisfies the Klein-Gordon equation.  This property of  made the Kaluza-Klein 
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theory well quantized at that time. But after the development of the quantum field 

theory Klein-Gordon equation lost its popularity.  

 

 

 

3.4   Horizontal Lift Base 

 

We shall introduce an anholonomic basis called the “horizontal lift basis” (HLB), not 

only for the convenience of subsequent calculations, but also due to the fact that the 

structure of the theory is well displayed in this basis. 

 

  

HLB is defined in the following way: 

 

ˆ dx
                         (3.4.1) 

   

5ˆ ( )dy A x dx

                        (3.4.2) 

 

ˆˆ

0
ˆ

0 1

g
g

.                           (3.4.3) 

 

Now  ˆê  dual to ˆ  are defined as  

 

( / ) ( / )e x A y
,                                  (3.4.4)

                 

 

5 ( / )e y
.                          (3.4.5) 

 

Because HLB is anholonomic it has non-vanishing commutators: 
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, ( / )e e F y
                            (3.4.6) 

 

ˆ ˆ, 0e e
                              (3.4.7) 

 

By this way non-vanishing connections are found to be  

 

,  
 

5 5
ˆ ˆ

,
 5 .                        (3.4.8) 

 

In the next chapter we are going to use HLB in order to make the calculations easier 

and more revealing. 
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CHAPTER 4 

 

 

 

KILLING-YANO SYMMETRY IN  

 

5-D KALUZA-KLEIN THEORY 

 

 

 
4.1 5-D Metric with HLB 

 

 

 

Taking 5D-Kaluza-Klein structure into account we can extend any metric into 5 

dimensions. 

 

2 2

ˆˆ 2
ˆ

1

g A A A
g

A
                   (4.1.1) 

 

Using HLB, a simpler form can be obtained  

 

 

ˆˆ

0
ˆ

0 1

g
g                           (4.1.2) 

 

 

 

 

 

4.2         Killing-Yano equation for 5-D KK metric 

 

 

 

Since the well known Killing-Yano equation for valence 2 tensors has the form  

 

 

 ˆ ˆ 0A BC B ACD f D f .                         (4.2.0) 
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Therefore, the crucial objects that contribute to the Killing-Yano equations are the 

connections coming from covariant derivatives via the structure of the metric. 

 

Expansion of the equations to 5-dimensions yields eight classes of equations: 

 

ˆ ˆ 0D f D f                      (4.2.1) 

 

5 5
ˆ ˆ 0D f D f                      (4.2.2) 

 

5 5
ˆ ˆ 0D f D f                      (4.2.3) 

 

55 5 5
ˆ ˆ 0D f D f                      (4.2.4) 

 

5 5
ˆ ˆ 0D f D f                      (4.2.5) 

 

5 5 55
ˆ ˆ 0D f D f                      (4.2.6) 

 

5 5 5 5
ˆ ˆ 0D f D f                      (4.2.7) 

 

5 55 5 55
ˆ ˆ 0D f D f                     (4.2.8) 

 

 

It’s easy to see that (4.2.4) and (4.2.6) are the same and (4.2.8) is identically zero. 

 

Considering the anti-symmetry of f̂ ’s, it can be seen that there are 10 

independent components of the KY tensor in 5-D. 

  

Expanding the equations and putting the Kaluza-Klein connections with fifth 

components into the equations and using the cylinder condition we get the 

following equations: 
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5 5 5

1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ2 0
2 2

f f f f f F f F f F f  

(4.2.9) 

 

5 5 5

1 1ˆ ˆ ˆ ˆ ˆˆ2 0
2 2

f f f F f F f                (4.2.10) 

 

5 5 5 5

1 1 1ˆ ˆ ˆ ˆ ˆ ˆˆ 0
2

f f f F f f F f               (4.2.11)

  

 

5

1 1ˆ ˆ 0
2

F f f                            (4.2.12)          

 

 

5 5 5 5

1 1 1ˆ ˆ ˆ ˆ ˆ ˆˆ 0
2

f f f F f F f f               (4.2.13)

  

 

 5

1 1ˆ ˆ 0
2

f F f                    (4.2.14)

  

 

 

It can easily be seen that equations (4.2.12) and (4.2.14) are the same. 

 

So we have five classes of independent equations. 

 

For the 5-D case solution of Killing–Yano tensors can only be solved 

simultaneously with appropriate Maxwell stress tensors. 

 

 

4.3         Reduced Killing –Yano Equations for the Minkowski Metric 

 

 

After obtaining the KY equations for a general curved metric with, one can 

foresee that those equations become much simpler if we omit gravity.  Using a 

Minkowskian metric yields 4-D connections to be zero.  Then we have the 

following equations: 
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5 5 5

1 1ˆ ˆ ˆ ˆ ˆ 0
2 2

f f F f F f F f                (4.2.15) 

 

 

5 5

1 1ˆ ˆ ˆ ˆ 0
2 2

f f F f F f                  (4.2.16) 

 

 

5 5 5

1 1 1ˆ ˆ ˆ ˆ ˆ 0
2

f f f F f F f                          (4.2.17) 

 

 

5

1 1ˆ ˆ 0
2

F f f                           (4.2.18) 

 

 

5 5 5

1 1 1ˆ ˆ ˆ ˆ ˆ 0
2

f f f F f F f .               (4.2.19) 

 

 

Letting all the KY tensor components except for the fifth components to be 

constants makes us focus on the equation (4.2.15).  It becomes 

 

5 5 5

1 1ˆ ˆ ˆ 0
2 2

F f F f F f                 (4.2.20) 

 

Contracting this by  (4.2.20) reads as  

 

 
5
ˆ 0F f .                    (4.2.21) 

 

Using  (4.2.21) in  (4.2.18),  we have  

 

 
1 ˆ 0f .                        (4.2.22) 

 

Equation (4.2.22) implies that there are two cases: 
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i)  0 .  

which means  is a constant and 

ii) ˆdet 0f . 

 

These are the conditions for  and f̂ .  The condition for F , the 

electromagnetic tensor, comes from (4.2.21) itself.  If  
5f̂  is not zero, then  

 

 det 0F . 

 

To summarize, if 
5f̂ ’s are to survive and  not being constant, then we have two 

necessary conditions.  These are: 

 

1. f̂ ’s are constant. 

2. det F ˆdet 0f . 

 

For simplicity we can make more assumptions, such as taking all KY tensor 

components to be constants, but still the above conditions will prevail. 
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                                                   CHAPTER 5 

 

 

 

                                                  CONCLUSION 

 

 

 

The first part of this thesis is dedicated to the understanding of Killing-Yano tensors.  

Their relations with the Killing tensors of valence two and three are presented.  It is 

also pointed out that the recent revival of interest for KY tensors mostly comes from 

the fact that they are shown to be intimately related to supercharges for spinning 

point particles on curved backgrounds.  Although Dietz and Rudiger [25] have given 

a classification of the line elements admitting KY tensors of valence two and four, 

each such manifold should be investigated independently, in order to find the explicit 

forms of the metric functions and the explicit expressions of the KY tensors.  To 

exemplify, we have reviewed the case for the pp-wave metric, and we have found 

solutions for KY tensors of valence two and three.  Our strategy was to find the 

maximum number of non-zero KY tensor components with minimum restrictions on 

the metric function of the pp-wave metric.  From those valence two and three KY 

tensors we have constructed the corresponding second rank Killing tensors. 

     

In the second part of this thesis we have reviewed the 5-D Kaluza-Klein theory.  The 

horizontal lift base is introduced in order to make the 5-D Kaluza-Klein equations 

more revealing.  Then we wrote KY equations in five dimensions with the 

background metric chosen to be that of the KK theory.  In this way we have 

accommodated KY equations into the KK theory.  After implementing the 

conventional KK reduction mechanism, the 5-D KY equations of (4.2.0) renders five 

sets of equations in 4D, totally giving 116 equations due to symmetries.  At this point 

it is not apparent weather these equations admit physically meaningful solutions.  To 

tackle this problem, after the KK reduction, we have chosen Minkowskian 4-D 

metric and considered the 4-D KY tensors as constant tensors and investigated the 

necessary conditions on the KY tensors and the EM field tensor.  It is crucial that not 
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all 
5f̂  are zero; otherwise 5-D KY à la KK would be meaningless.  Then we have 

found that if the scalar field  is not constant, the determinant of f̂  and the 

determinant the EM field tensor F  must both vanish.  If  is constant, then the 

determinant of f̂  must be non zero, but det F  still has to vanish. 

 

As to a future study there are various points to be investigated.  First of all, we may 

release the condition on the f̂ , and let them to be coordinate dependent, along with 

an arbitrary curved background metric satisfying the conditions of [25], and 

investigate the necessary conditions on the EM field tensor and the consistency 

conditions of  the resultant equations. 

 

Then it may be possible to look for explicit solutions for the KY tensors and the 

explicit forms of the metric functions as we did in Sec. (2.4). 
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