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ABSTRACT

CONFORMAL SYMMETRY IN FIELD THEORY

Huyal, Ulas
M.S., Department of Physics

Supervisor : Assoc. Prof. Dr. Bayram Tekin

February 2011, 40 pages

In this thesis, conformal transformations in d and two dimensions and the results of confor-
mal symmetry in classical and quantum field theories are reviewed. After investigating the
conformal group and its algebra, various aspects of conformal invariance in field theories, like
conserved charges, correlation functions and the Ward identities are discussed. The central

charge and the Virasoro algebra are briefly touched upon.

Keywords: conformal group, conformal field theories, conserved charges, correlation func-

tions, Ward identities
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ALAN KURAMINDA KONFORMAL SIMETRI

Huyal, Ulas
Yiiksek Lisans, Fizik Bolimii

Tez Yoneticisi : Dog. Dr. Bayram Tekin

Subat 2011, 40 sayfa

Bu tezde d ve iki boyutlarda konformal doniisiimler ve konformal simetrinin klasik ve kuan-
tum alan kuramlarindaki sonuglar1 gézden gegirildi. Konformal grup ile cebiri incelendikten
sonra, alan kuramlarinda konformal degismezligin, korunumlu yiikler, korelasyon fonksiyon-
lar1 ve Ward 6zdeslikleri gibi, baz1 yonleri anlatilmistir. Kisaca ana yiik ve Virasoro cebirine

deginilmisgtir.

Anahtar Kelimeler: konformal grup, konformal alan kuramlari, korunumlu yiikler, korelasyon

fonksiyonlari, Ward 6zdeglikleri
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CHAPTER 1

INTRODUCTION

Today, conformal field theory has become an important framework to understand certain as-
pects of string theories, statistical mechanics, condensed matter physics and even lead to
developments in mathematics. Symmetries have played an enormously important role in the
development of modern physics in the 20" century. Especially the introduction of the notion
of four dimensional spacetimes to investigate the Lorentz transformations helped to investi-
gate and generalize the symmetry concept in physical theories. Inversion of coordinates was
already utilized in electrostatics by Lord Kelvin and generalized in three dimensions by Li-
ouville in the 19t century (see [1] and references therein). It was in 1909 when H. Bateman
discussed some properties of conformal transformations in four dimensional Euclidean space
and showed that the conformal group can be used to transform solutions of the classical wave
equations of light into other solutions and applied to geometrical optics [1]. One year later
Bateman tried to investigate all transformations that leave Maxwell’s equations invariant and
showed for the Maxwell equations of the free electron cloud that its symmetry group is iso-
morphic to the conformal group in four dimensional Euclidean space [2]. In that same year
E. Cunningham also investigated the invariance properties of Maxwell’s equations and one
of the results proved was that Maxwell’s equations in linear media are conformally invariant
at points in space with vanishing current density [3]. Conformal symmetry in quantum field
theory was utilized in the 1960’s and 1970’s, but it was in 1984 when Belavin, Polyakov and
Zamolodchikov made an important discovery by investigating massless, interacting field the-
ories in the critical dimension d = 2 and found that there corresponds an infinite-dimensional
conformal group as the symmetry group to these theories. This symmetry property is ex-
ploited to examine exactly solvable conformal field theories [4]. The consideration of confor-

mal symmetry in quantum field theories initially was based on arguments of scale invariance.



But one has to note that conformal symmetry itself is a generalization of scale invariance. We
will see that conformal transformations locally represent scale transformations that are func-
tions of positions [9]. But it remains an important question what the explicit relation between
scale invariance and conformal invariance is. An answer to this kind of relation in two di-
mensions was given partly by Zamolodchikov [5] and was investigated further by Polchinski
[6] and it shows that under unitarity together with a discrete spectrum of operator dimensions
scale invariance does lead to conformal invariance in two dimensions [6]. For higher dimen-
sions it is not clear whether scale invariance implies conformal invariance [6, 7]. An example
of a non-unitary theory in two dimensions where scale invariance does not imply conformal

invariance is given in reference [8].

In this work, first the concept of conformal transformations and the associated conformal
group in d > 2 dimensional spacetimes are discussed. After a discussion of Noether’s theorem
and conserved charges, conformal symmetries which are present in classical and quantum
field theories are examined. Subsequently, conserved charges are investigated, in particular,
correlation functions and the Ward identities are considered. Finally conformal symmetry in

d = 2 dimensional spacetimes is discussed.



CHAPTER 2

NOTATION AND CONVENTIONS

In this thesis the notation of Di Francesco, et al. [9] is extensively used. The dimension of

our spacetime is denoted by d and the flat metric is taken as,

My = diag(1,—1,--- 1), 2.1)

for Minkowksi spacetimes and as,

77,111/ = dlag(17 T 1)7 (22)

for Euclidean spacetimes. The Einstein summation convention is employed, where one upper
index together with the corresponding lower index indicates summation. Greek indices run
through all spacetime indices, unless otherwise specified; whereas the Latin index i denotes
spatial coordinates. Infinitesimal parameters w, are introduced, where the index a is taken
as a label for the parameters and summation over the whole set of labels is understood when

repeated indices occur (occasionally other Latin indices such as g may be used instead of a).

For the field theories that are considered, the fields are denoted generally as a whole using the
symbol @, when seen necessary this collective symbol is replaced by the corresponding indi-
vidual fields. The first order variation of the fields with respect to the infinitesimal parameters

w, at a fixed spacetime point, x, is denoted by,
0,®(x) = @' (x) — D(x). (2.3)

This notation is also extended to general functions of the fields. Using this the following

definition is made for the generator of an infinitesimal symmetry transformation,

—iw,G,D(x) = D' (x) — O(x). 2.4)



It is also assumed throughout this thesis that under infinitesimal transformations x — x’, the

transformed fields, ®’(x”), can be written as a function of the original fields, ®(x), i.e.

D' (x") = F(D(x)). (2.5)

In this thesis, the definition of general correlation functions using the Feynman path integral

formalism is given as,
1
(D(x1) - D(xp)) = ZIDCD O(x1) - - O(x,) exp (=S [D@]), (2.6)

where S[®] denotes the Euclidean action of the field theory and Z, the so-called vacuum
functional, is given by,

Z = fl)d) exp (=S [D]). 2.7)

A scale transformation for x and a field, ®(x), is defined as follows,

x = Ax
(2.8)
@' (Ax) = 172 Dd(x),

where A is the scale factor and A is called the scaling dimension of ©.

For conformal symmetry in two dimensions holomorphic and antiholomorphic coordinates

are used. Thus for (ZO, 7') € R?, the following definitions are made,

0_ .1

=70 +i7 Z —1iz

Il
N

2.9
(0o + i01)

N —

1
(9Z = 5 (60 - ial) 52 =

0 0
where we also used, dg = 50 and 0, = FRE z is called the holomorphic coordinate, whereas
Z Z

Z is the antiholomorphic one.



CHAPTER 3

GLOBAL CONFORMAL INVARIANCE

3.1 The Conformal Group

Suppose we have a well-defined metric tensor in a d-dimensional spacetime with components,
&uv(x). We have a conformal transformation, if under an invertible coordinate transformation

x — x’, our transformed metric components, g;,,(x’), can be written in the form,

gl'w(x') = A(X)guv(x), 3.1

where A(x) is a well behaved function (i.e. non-vanishing and sufficiently smooth). These
transformations form the so called conformal group, and we can see that for A(x) = 1 we
clearly get the symmetries of the Poincaré group, which is therefore a subgroup of the afore-
mentioned group. The conformal transformations, as the name suggests, preserve the angle

between two vectors defined at a spacetime point [9, 10].

Following the basic steps and notation of Di Francesco, et al. [9], let us consider an infinitesi-
mal change in the coordinates, x* — x* = x* + €"(x), and see how the metric changes accord-
ingly. We note that g,,,(x) = 7, is assumed from now on, where 7, is the flat Minkowski or

Euclidean metric. Our transformed metric is given by,

Y
g/lv(x ) = I’k Wga’ﬂ(x)' (32)

Keeping in mind that we have, x¥* = x’* — €"(x), and working to first order in €, we have,

ox® . 0P
Frie oYy = axmaﬁe (x), (3.3)
or arranging the terms,
a'x)g (04 @ (03
o (675 + Ope™) = 6", (3.4)



and multiplying each side by (6", — d,€”), we obtain,

ox”
Ox'H

=~ e, (3:5)
After inserting (3.5) into (3.2),

& (x') = (6% = 0,€) (6 — 0,€”) gup(x)
= gﬂv(x) - (ayfv + avf,u) . 3.6)

According to (3.1), equation (3.6) and therefore (aﬂev + ave,,) must be proportional to g, for

conformal invariance to hold. Thus, we can write,
06 + 0ve, = f(X)guy- 3.7
Taking the trace of (3.7) by multiplication with g*”, we see that,
8" o,e + 8" ove, =20, =d - f(x), (3.8)

or simply,

2
fx) = ;laﬂe”, (3.9)

where we have used g""g,,, = d, which is valid for both Euclidean and Minkowskian space-
times (or for any flat metric in d dimensions with signature (p, g) [10]). Now we want to find
constraints on f(x), or equivalently on ¢, that are enforced upon us by conformal symmetry.
For convenience we will write from now on g, explicitly as 7,,. Take (3.7) and act on it
with d, to get, 0,0,€, + 0,0,€, = 1,0, f. Similarly we have, d,0,¢€, + 8,0,€, = 1,,0,,f and
0,0,€, + 0,0,€, = 1,90, f. Adding these two and subtracting the first equation, we arrive at

the expression,

26;181/6/) = nvpayf + nypavf - nyvapf- (3.10)
Contracting (3.10) with 7,,, we get
277”V(9p5v6p = nﬂvnvpauf + n'wn;lpavf - 77”V77pv5pf, (3.11)

which leads to,

20%€, = 2~ d)d,f. (3.12)

We can now exploit the fact that order of differentiation on f(x) does not matter, such that by

acting d,, on (3.12), we get 8ﬂazep = 8,0626” or equivalently, > (c')ﬂep + c')peﬂ) =2-d)o.0,f

6



Thus, after applying ° to (3.7) and combining it with the previous expression, one is left
with,
2= d) 30y f = 1w df, (3.13)

which with the help of 7"V, finally gives us the constraint,
d-1)8f=0. (3.14)

We have several cases at hand, that have to be studied. First of all, the d = 1 case gives us
trivially, 0 = 0, which indicates there is no constraint on f(x) in one dimension, other than
having to provide us with an invertible coordinate transformation x — x’. The d = 2 case
will be postponed for now, we will discuss it in the next chapter. For the d > 3 case, (3.13)

and (3.14) lead us to,

»’f=0, (3.15)
and more generally,

0,0, f =0. (3.16)

From equations (3.15) we see that our real scalar function, f(x), should, in its most general

form, depend linearly to x*, that is, with real constants denoted by A and B,,, we have,
f(x)=A+B,x". (3.17)

Using expression (3.17) in equation (3.10), we immediately get, 20,,0,€, = Bun,, + Byn,p —
By, which is independent of x, such that the most general expression for €,, with a,, by,

and ¢, being real constants, is,
— 4 4
€ = Ay + buyX” + cpypx” X, (3.18)

where in the last term we see clearly that c,,, must be symmetric in its last two indices, i.e.
Cuvp = Cupy- Now we can find conditions on the constants a,, by, cuy, by inserting (3.18) into
(3.7) and (3.9), then collecting terms of same order [11], or simply, as the x* are arbitrary,

inserting each terms of different order independently into the relevant equations [9].
The constant term:

Plugging a,, into (3.9) gives, f(x) = 0. Thus, (3.7) and (3.10) are trivially satisfied for all real
a,. We interpret a, as the infinitesimal translation in spacetime [9], or equivalently, as the

inhomogeneous part of the Poincaré group.



The linear term:

(3.9) and (3.7) together give us,
2
0,6 +0y€, = Enwapep. (3.19)

Let us note that equations (3.19) are the conformal Killing equations in d-dimensional flat
. . . 2

spacetimes. The expression for general spacetimes would be, V€, + V, ¢, = y guwV - €, where

V,, is the covariant derivative and V - € denotes the divergence of €. Solutions of (3.19) are

accordingly called conformal Killing fields [12].

Plugging the linear term into (3.19) we have,
Oy (bup®) + By (Bup’) = 0 (b*2*)
= byp y + bupd®y = 20,6 4y
= byy + buy = 20" a1 (3.20)
Now breaking b, up into symmetric and antisymmetric parts, we see that in the previous

equation only the symmetric part survives. We also recognize that the symmetric part must

be proportional to 7, [11]. Thus, we are making the Ansatz,
buv = anyy + myy, 3.21)

where my,, is antisymmetric, i.e. m,, = —m,y,, and a is a real constant. In fact, a directly
stands for the trace part of b, since by, + b,, = 2amn,, and that gives, @ = b*,/d. Here, a
represents an infinitesimal scale transformation, whereas m,,, depending on whether we have
Euclidean or Lorentzian spacetimes, is identified with (pseudo-)orthogonal transformations

[9].
The quadratic term:

When the last part of (3.18) is substituted into (3.10) we obtain,
2
20,0, (cp,lo-x’lx”) =7 [nﬂpﬁvﬁg (CAO-Kx(rx") + 170,04 (CAO-Kx“xK) = Ny (c/lgkx‘rxk)] , (3.22)
and bearing in mind that ¢, is symmetric in its last two indices,

2
= Ao =7 [0 (¢ 07185 + 878" 2) + yp (7 20 + €87 6%

— Ny (C/lakdgﬁékp + Cﬂckéo-pékd)]

1
Couv = C_l (n,upc/l/lv + vaCﬂ/m - nyvc/l/lp) . (3.23)



1
Defining b, = ECA > We finally get,

Copy = Nupby + Mypby — Muvbp. (3.24)

Plugging the quadratic part of (3.18) into x* = x* + €, we have,

xH = x4+ (np,lbv + by — npvlu)

= & + (¥byx” + X'bpx’ = x7by), (3.25)
or equivalently,
X=X+ 2(b - x) X - bxC (3.26)

This infinitesimal transformation is called the special conformal transformation [9].

Now the finite transformations of two of these infinitesimal transformations are well known
members of the Poincaré group, namely the finite translations, x* = x* + ¢*, and the Lorentz
and/or orthogonal transformations, x* = M*,x”. The first term on the right-hand side of
(3.21) describes a scaling of our coordinate, its finite version is clearly of the general form,
X" = ax* (note that this « is different from the previous one). To obtain these finite forms we
have to take the exponential of the generators of the infinitesimal transformations. Though,
to avoid complicated expressions for the exponentials it is better to investigate for example
finite translations, scale transformations and rotations around a fixed axis seperately. In this
way they form abelian subgroups of the conformal group, which leads to simple expressions
of their exponentials [13]. Thus, the infinitesimal scale transformation, x* = x* + ax*,
becomes, replacing @ with o’ /N (where «' is finite), applying the infinitesimal transformation

N times, and taking the limit N — oo,

o\
X" = lim (1+—) X
N

N>
= e X, (3.27)
or defining, @ = e"',
X = axt. (3.28)

For the translations we do not even need exponentiation (actually for abelian groups addition

plays the role of multiplication), applying a* /N, for N — oo, N times, should give us,

N
X" = Nl_I)lclx)( +N - W)
= +ad. (3.29)



Calculating along the same lines we are able to get the finite form for the second term on the
right-hand side of (3.21). The finite form of the special conformal transformation is not so
obvious at the first sight. But let us write down the finite form of it and demonstrate its validity
by showing that it is a conformal transformation and evaluating its infinitesimal version [9].
The finite special conformal transformation is given by,

X — bHx?

mo_ )
o 1-2b-x+ b%x2

(3.30)

Taking b* infinitesimal, and evaluating our expressions up to O(b?),

N X — bHx?
1= 2b,x”

= (x“ - b“xz) (1 +2b,x" + O(bz))

7z

~ x4+ 2b,x X — bHx2, (3.31)

which is exactly the infinitesimal special conformal transformation (SCT) we found before.
To show that the finite SCT is also a conformal transformation, let us first take A(x) in (3.1)

2 .. . .
as, A(x) = (1 -2b-x+ b2x2) [9], and see that it indeed satisfies our tensor transformation

X — bHx?
law (3.2) under the coordinate change, x* — x'* = . By writing the inverse
3-2) ge, ¥ * 1-2b-x+b%x2 y &
coordinate transformation, we have,
ox'®oxP ,
g,uv(x) = ngaﬂ(x )- (3.32)

For the moment we want to leave g,,(x) as it is and see whether the above equation gives

us the flat metric, 7,,, after inserting g;ﬁ(x’) = A(x)nqp and the corresponding expressions

ox'® and ox'P
OxH oxv '

I=1-2b-x+ b*x%, we obtain,

for

Taking the derivative of (3.30) and denoting, for notational convenience,

a /a
7 = 7 [ (4 )1
- (x“ - baxz) (—Zbﬁnﬁy(f/ﬂ + bznﬂy (6ﬁﬂx” + xﬂéyﬂ))]
- 112 [7(6% = 26" %) = (x* = b"x7) (=26, + 2b7x,,) | (3.33)

Let us contract the above expression with 7744, to get,

%ﬂaﬁ = 112 [I (nﬂﬁ - ZbeM) -2 (Xﬁ - bﬁxz) (beﬂ - bﬂ)] . (3.34)

Ox’P

ox

Writing the corresponding expression for and combining this with the previous equation,

10



we are able to write,

’ B
‘;); : %naﬁ = 114 |72 (M = 2605 = 2b,x, + 467x,3,) + 421 (B2, — b)) (b, = by)

= 20 (% = bux® = 2 (x - b) x, + 26°x7) (b*x, = by ))

=20 ((x = byx® = 2(x - b) x, + 26°%7) (b°x, — B, ))]|» (3.35)

simplifying this further, we have,

ax'® ox'P 1

ox# Jxv o = B

(7 (my = 2Dy, = 2b,x, + 4b%x,,) + 4% (D73, — by) (bxy — by)
=2 (xul + (x,b% = ) x7) (bxy — by)
=2 (x, + (xyb? = by) x?) (D%, = by

1
== (v = 2byxy = 2byxy + 467 x,%, — 2675, %, + 2xby = 267X, %, + 23,y

(3.36)
all terms cancel, except 1,,,, therefore we get,
ax,a ax"g 77/1\/
—_— = —. 3.37
ot gy 1P T (3-37)

If we insert (3.37) and g:lﬁ(x’) = A(X)nep = 1217(,/; into (3.32), we get, g,,(x) = 1, as
expected. So, (3.30) really is a conformal transformation, whose infinitesimal form is given

by (3.26).

Now let us find the generators of the conformal group using the infinitesimal transformations
we derived earlier. We will represent the generators with the standard coordinate basis, {0}
Until now we considered symmetries of the metric tensor. But we also have to consider

symmetries of field theories.

3.2 Continuous Symmetry Transformations

Following closely [9], let us take a collection of fields, for which we use, shorthandedly,
the notation @. Also, let us consider a Lagrangian (or Lagrangian density) that depends on
the collection of fields, @, and their first derivatives, d,®. Namely, we have a Lagrangian,

L(®, 9, 0). Considering a transformation that has the following general form,

x—>x D(x) - D' (x)) (3.38)

11



we are able to discover how fields behave under certain coordinate transformations, which
directly links us to the physics of our system. With the help of the Lagrangian, we can
determine which symmetries our system possesses and furthermore, in the case of continuous
symmetries, as we will see, also obtain conserved “currents” and correspondingly conserved

“charges”. We assume that @’(x’) can be written as a functional of ®(x), i.e. we have,
D' (x") = F(D(x)). (3.39)

If we take the infinitesimal form of our transformations, we end up working with terms up to

and not including O(w?),

oxH

0w,

X =+ = + o,

(3.40)

D' (x") = O(x) + 6F (x) = O(x) + wagi(x), (3.41)

Wq
where the w, are infinitesimal parameters. Note that the index a here is a generic index, which

depends on the transformation we are looking at. Let us define the generator, G,
i, Ga®(x) = O'(x) - D(x) (= 5,D(x)) (3.42)

We took the difference at the same spacetime point, x, this means that we consider the gener-

ator of this continuous transformation to be an indicator of the change in our field, ®. If we

oxt 0

take, ¥* = x* — wy Z and expand ®(x) and 63)—- (x) around x’, we get the approximations,
’ / ’ ox ’ 2
O(x) = D(x’) + (¥ = x*) 0, D(x) +-- =0 - wy o 0,0(x") + O(w™), (3.43)
x=x’ a
0 0

il (x) = ul (x") + O(w). (3.44)

0wy 0wy,

Using these expressions in (3.41) and neglecting higher order terms, we get,

oxH 1)
O(x) = D) — 0o 8, 0() + wa D), (3.45)
oWy, 0wy
thus,
oxH 10)
iGaw =90, (3.46)
0wy oWy

Now we suppose that the fields are not changed by our conformal transformation, for the

moment, which means we take them as scalar fields, ¥ (®(x)) = ®(x) [9, 14].

With this assumption it is now easy to establish the generators of the conformal group using

the infinitesimal transformations found previously. First, let us consider the infinitesimal

12



ox!
translation, for which the variation in coordinates takes the form, S = o",. With ¥ (d(x)) =
w

1)
®(x), we also clearly have, —7: = 0, giving us,
ow”
iG,® = 5"V6H<I> = G,=-i0, (=P), (3.47)

where the last step follows from the arbitrariness of @.

If we consider the infinitesimal scale transformation, x* — x = x* + ax*, we have, keeping

in mind that w in this case should be a scalar (thus representing the scaling parameter),

XH =+ ax = A+ wxt (3.48)
oxt = wxt. (3.49)
u
We get then, using (;i = x*,
w
GO = x"0,D, (3.50)

again using the arbitrariness of @, we get,

G=-ix"d, (=D). (3.51)

Taking the infinitesimal Lorentz transformation in (3.21), i.e. x* — x™* = x* + m*,x”, we see

that,

X =+ X

=x' + w 'y’ (3.52)

but we have to note that our w,, is antisymmetric, thus it is better to take the antisymmetric
part of p°*x” in the indices, p and v, which is clearly given by, (p°*x” — n"#x*) /2. This way it
is more transparent to see the number of independent parameters, which is given by (d> —d)/2.

Thus we write,

7, 1 4 V
xH = +a)pV§ (P — g xP), (3.53)
which leaves us with,
1
08 _ Ly _ ey (3.54)
Owpy, 2

13



Using this expression in our definition of the generator and adding an additional 1/2 in the

definition of G*” to avoid overcounting the parameters of the Lorentz symmetry [9], we have,

i%GPVCD _ % (P — ) 8,0,
G = i(¥ - XF) (=17, (3.55)

And finally, let us consider the infinitesimal SCT, x* — x* = x* + 2(b - x) x** — b"x?*. For

these transformations we obtain,

= +2(b - x) - bx?

= X+ 2xx, b — x254,b”

=2 + (20'x, - K20, ) ", (3.56)
Skt

where we used w” = b in the last line. That means that we have % = 2xtx, — x25H,. This
a)V

therefore gives us,

iGy® = (22", - x%¢",) 0, ®

Gy = —i (20,20, - x%0,) (= K,). (3.57)

Therefore we have shown that the generators of the conformal group are given by;

P, =-id, (translation) (3.58)
D =-ix"d, (dilation) (3.59)
Ly = i(x.0y - x,0,) (rotation) (3.60)
K, =-i(2x,x"d, - x?9,) (SCT) (3.61)

Let us at last write out the algebra of the conformal group, using the generators we found. The
commutation relations can be found by applying the generators on an arbitrary test function,

f(x), as follows,

(D, Py] fx) = _xvava,uf + a/l (xvavf)
= —x"0,0uf + 6" ,0, f + x'0,0,f

=0uf = iP,f(x), (3.62)
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[D, K, f(x) = =x"8, (22,20 f = X%0,uf ) + (22,270, — 0y, (x"0,.f)
= =2x" 10" v X0, f = 2X"x,6°,0p f — 2x,x" X 0,0, f
+ 20,0, f + X' X20,0,f + 2x,X°8" yOy f + 22,3 X" 0,0, f
~ x°6" 0 f — x*x70,0, f

= 2x, X 0pf + X2, f = —iK, f(x), (3.63)

[Ky, Py f(x) = — (22,270, = x°0,) Dy f + By (22,20 — X°0,) f
= —2x, X 0,0y f + X200, f + 20X D, f + 2x,0, f
+2x,X°0,0, f — 22,0, f — X*0,0, f

= 2 X Oy f + 22,0 f = 22,0 f = 20 (D = L) £(x), (3.64)

(Ko, L] f(x) = (prx‘rag - xzap) (x#(')y - x,,aﬂ)f - (xM(')V - xvc')ﬂ) (2xpx06(; - xzap) f
= 2X, X0y f + 2xpx,x7 050y f = 2%p%,0, f — 25X, X7 0Oy f
— X*NupOvf = X2x,0,0, f + X* 10,0, f + X2 %,0,0,f
— 22,1y X7 B f = 2%, %00 f — 2%, X, X7 0y f + X% 2,0,0, f
+ 2x,1pu X7 O f + 2, X,0u f + 2X,X,x7 0,05 f — xzxvaﬂap f
= Npu (2xvx‘7c')g - xzav) f =1 (2x”x‘780— - xz(')#) f

= i (npuKy = MprKy) (2, (3.65)

[Ppa va] flx) = ap(x;tav - xvau)f - (x,uav - xvay)apf
= 110”00y f + 40,00 f — 120" p0uf + %,0p0uf — Xu0,0p f + X,0,0, f

= (nﬂpav - nvpau)f = i(’]pva - npvpp) Sf(x), (3.66)

Finally let us evaluate the commutation relation for rotations among themselves. We note
that the previous commutator [Py, L, ] together with the following commutator [L,,, L]

constitutes a well-known subalgebra of the conformal algebra, the Poincaré algebra. We can
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directly see that the generators, P, and L, form a closed algebra.

[Luvs Lol £(x) = =(x,0, — %,0,)(X,05 — X50p) f + (Xp00 — X00p)(x,0, — x,0,) f
= —XuMpa0" 00 f = XuXp0y00 f + XuMea6 \Op f + Xu X0y 0, f
+ xvnp/ld/l#(')gf + Xy X000 f — xvr]m{é/lﬂapf — Xy X500, f
+ xpnﬂﬁéﬁga‘,f + XpX, 050, f — xpnmé’lgaﬂf - XpX, 050, f
- xgnﬂﬂé’lpa,,f — X5 X,0,0, f + xgnv,lé’lp(')ﬂf + X5 Xy 0,0, f
= Myp(XaOy = Xu00) [+ v (Xu0p = Xp0,) [ + Mo (Xy05 — X 0y) f
+ Nuor(Xp0y — %,0p) f

= i(nvpra' + 77/10'va - 77;1va0' - nvoLﬂp) f(x) (367)

The remaining commutators for these generators vanish. This is obvious for [D, D] and

[Py, P,], thus let us investigate the possibilities that are left, namely, [K,,, K, ] and [D, L, ].

(K. Ky f(x) = —(2x,%°8, — X20,)(2x,x7 0y — x%0,) f
+ (2x,X7 0 — x%0,)(2X,X° 0, — X2, f
= —4x, X1,y X7 0 f — 4%, 27 %,0,(x7 05 f) + 42,27 x,,0, f
+ 20% 1, X7 0o f + 2X%2,07 10 f + 2X% %, X7 8,00 f — 2X% X0, f
+4x,xX7 gy X0, f + 4x,x7 x,05-(X°0,, f) — 4x, X7 x50, f
— 2x%17, X Op f = 2%7 X, 8,0, f — 2%7 X, X0 0,0, f + 27 X,0,, f
+ 2x, X x%0,0, f — 26, X7 X050, f — x*0,0, f + x*0,0,f

=0 (3.68)
and

[D, L] f(x) = X 0p(x,0y = x,0,) f = (xu0y — x,0,)XDp f
= N800, f + X x,0,0, f — X128 0, f — ¥ x,0,0,f
— X, 0pf — X, X000, f + %, 0p f + X, 30,0, f
= X0 f + X, 30,0, f — X0, f — x,X° 8,0, f
— X, 00 f = X, X 0,0, f + %,0,f + X, 38,0, f
=0. (3.69)
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Collecting the results we found, the conformal algebra is given by,

[D, P,] = iP,,

[D.K,] = —iK,,

[Ky Py = 2i (D = L),
[Kp» L] = i (1K = nprKs)
[Pp, L] = i (mpuPy = 10w Py)

[va, chr] = i(nvpL/w' + 77/10'va - nuvarr - nVO'L/lp) s

(3.70)

where the commutators which are not written down explicitly, vanish.

3.3 Noether’s theorem

Let us return now to our Lagrangian, £(®, d,®), and its corresponding action integral,
S = f d'x L(D,,P). (3.71)

Under the transformations (3.38), we have to carefully determine how the action changes.
That means the integration measure and the derivative of ® have also to be adjusted with
respect to the coordinate transformation. Di Francesco, et al. [9] first plug in, ®(x) — @’ (x),

and then consider the change, x — x’. That gives us,
S = f d?x LD (x),0,D(x)). (3.72)
If x is taken to x” we have,

S' = f d’x’ L@ (x'),0,0'(x)), (3.73)

0
where we defined 9], = Er Now using ®’(x") = ¥ (®P(x)) we obtain,
X

S = f d’x’ L(F(D(x)), 8, F (D(x))). (3.74)

Finally by considering the Jacobian of the coordinate transformation we can write,

S’zfddx

ox’
ox

L(F(D(x)), (0x" [0x"H)0,F (D(x))). (3.75)
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Now we have a global symmetry of our action if under the coordinate transformation of the

previous section,

oxt

XHF =2+ w, (3.76)
0wy,
D' (x") = D(x) + wag(x), 3.77)
oWy

the parameters w, are independent of the coordinates x* and the action does not change with
such a rigid transformation [9, 14]. We will consider actions that are invariant under global
symmetry transformations. But for the moment we take the parameters w, as slowly varying
functions of x, despite the definition of global parameters, more precisely we have, |w,| < 1
and /0,wq| < |wql, where [ is considered as a characteristic scale of variation of ®(x) [14].
To calculate the variation of the action, 6§ = S’ —§, let us first express the relevant quantities

of (3.72) explicitly in terms of our transformation parameters. We clearly have,

(3.78)

6wq)’

r
Ox T (wa Oxt )
ox”

To calculate the approximate form (up to first order) of the Jacobian of (3.78), we use the

relation [15],

det (exp M) = exp(Tr M), (3.79)

where M is any n X n complex matrix. Substituting M = In(1 + E), where 1 is the identity
matrix and E a small matrix (i.e. a matrix with |E;;| < 1) into (3.79) and working to first

order in E, we have,

det(1 + E) = exp [Tr(n(1 + E))]
= exp(Tr E + O(E?))

=1+TrE+OE*) ~1+TrE. (3.80)

Thus, using (3.80) we can write as a first order approximation for the Jacobian in (3.72),

ox’
ox

St Sxt
=1+6,0, (wai) =1+0, (wai). (3.81)

a a

Furthermore, from (3.78) we can also write the inverse matrix as,

Wq
0wy

=6, - aﬂ( 5i), (3.82)



because we have to first order,

ox'* Ox” OxH ox”
= 5'uv av a 6", -0 a
ox” ax” ( " (‘” 5wq ))( G (‘” 5ea ))
oxt oxt
= 6/“‘p - 8p (wa@) + 6p ((Uaé_)

a

=&, (3.83)
Plugging then equations (3.81) and (3.82) into (3.72), we have,
S’ = fddx (1 +9, (a)ag—i))
x L (q> + wa%, [5V,, —d, (wa ;Si )] [ayep +0, (wa gai )D

fefpoafu)

5F 5F 5x” ,
X .L(q) + wd(s—,éﬂd) + (9# ((,Ua%) - (9# (waa)ayq) + O(w ))

w(l a a

forlea)

L(D,0,D) + w, O0F oL | (aﬂ (waﬁ) —dy (waé—xv)avcb) oL, O(wz)]

X

ow, 0D oW, 0wy, 9(0,0)
0F 0L oF 5x” 0L
— d i S -
= fd X [.E(d), 0,0) + w, 500, 3D + (a)aaﬂ (60)(1) wa 0y (&ua) BVCD) 90,0)
oF ox¥ oL oxt ox )
+ (c')“waé—wa - aﬂwaaav(l)) W + wa(')u (@)Laﬂa)aé—%l: + 0((1) )] .

(3.84)
If we arrange the terms with common factors, w, and d,w,, and take the difference, 65 =
S’ —§, we get, borrowing the notation from Maggiore [14],

58 = f d'x (waKa(®) = j4duwa + O(?)), (3.85)

where we have defined K,(®) as the overall factor of w, after arrangement, whose explicit

form is immaterial for us, as we will see shortly, and for jf; , we have defined,

ox"  oF 0L
Swa 6wy 0(0,D)

i’ [ oL (3.86)

- 0,d — ",
o =1 50,®) L]

jM is called the canonical current of the continuous symmetry transformation we considered
[9]. Now let us consider the factor K,(®). We took w, as slowly varying parameters, but for
our global symmetry transformation, the w, are actually independent from the coordinates,

as mentioned earlier. Therefore, if the global symmetry condition holds, our variation of the
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action should vanish (i.e. 6§ = 0) with the parameters w, being constants. As all d,,w, now

vanish, the only coefficient left in the variation of the action is K,(®), which means we have,

ozfﬁk%m@x (3.87)

for arbitrary ® and arbitrary w,. Thus, we must conclude that, regardless of the expression
we calculated before, K,(®) identically vanishes for all ®. Even if we consider now slowly
varying w, again, we can say that, because K,(®) is already independent of w,, it still vanishes

[14]. We finally have then,
$=_fjuﬁ@%. (3.88)

Integrating (3.88) by parts, using Stokes’ theorem and keeping in mind that our fields behave
well enough at infinity (which means they vanish fast enough) such that the current also
vanishes at infinity fast enough (for example if we have Euclidean spacetime with r = ||x||,

then j/' must vanish faster than O(1/ r=1y as r — ),

oS = —fddx Oy (jffa)a) + fddx waaﬂjﬁf
Q

=_fcm@0ﬁw+jﬁ%%¢ﬁ
a0

:j&%%@ﬁ, (3.89)

here Q is the spacetime (which we actually take Euclidean for simplicity) we integrate on,
0Q is its boundary at infinity, dX the hypersurface element and n, is the unit normal to the
hypersurface we integrate on. Here in using Stokes’ theorem in its divergence form we as-
sumed that our hypersurface 0Q is not null or, equivalently, that the induced metric on 9L is

nondegenerate [12].

Up to this point we did not impose any constraint on the fields, @, they were arbitrary (besides
behaving well enough at infinity). But if we require the fields to satisfy the classical equations
of motion, then we can say that the variation of our action, ¢S, should vanish, no matter how
we choose our parameters, w, [9]. Hence, we have shown that for classical fields we can
write,

a,jt =0, (3.90)

which indicates nothing else than the conservation of the current(s), j~. This result is called
Noether’s theorem, after the mathematician Emmy Noether. We can also find the charge

corresponding to the conserved current, which with a sufficiently fast vanishing current is
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constant in time. Consequently, using the definition for the charge corresponding to j!, we

obtain,

Q, = fdd‘lxjf, (3.91)

where ;! is taken as the time component of our current and d%~'x is the spatial integration

measure, the following expression for the time derivative of the charge,
Ou= [ dlxanst (3.92)
1%

where we denoted space by V. Recalling that the divergence vanishes, i.e. d, ji = 0and

labeling the spatial indices by latin indices, i, one can write,

O, = —fdd_lx dij,
\%4
:_j‘wwﬁ, (3.93)
v

where we again used Stokes’ theorem, with dV, the boundary at spatial infinity, dS, the
hypersurface element and, n;, the unit normal to the spatial hypersurface element. If we
assume good enough behavior of the current at spatial infinity, as before, we clearly have,

0. = 0. We can actually make a gauge transformation that does not change the conservation

status of the current. Using the symmetry property of partial differentiation, we write,
Jd' = Jji +8,B.", (3.94)

where we take B, = —Bl"”. We clearly have, 9, Gl = L jh + 8,0,BF = 0, which is also a

conserved current.

3.4 Transformation of the Correlation Functions

Now let us consider the effects of a continuous symmetry transformation, such as (3.38), on
a quantum field theory. The previous discussion on conserved currents, as we have noted,
does mainly apply to classical field theories. But we will see that continuous symmetry trans-
formations give constraints for the correlation functions [9]. We take again the action of our
theory to be invariant under the coordinate transformation we consider. In writing the corre-
lation functions for our fields we will consider the Euclidean path integral. For the correlation

function we have therefore,

1
(@Cx1) -~ Dlxn)) = - fz)q> O(x1) - - - D(x,) exp (=S [D]), (3.95)
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where we have, Z = f DD exp (—S[®]), which is called the vacuum functional. We can now

write,

1
(D(x}) -+ D(xy)) = 7 fﬂfb O(x}) - O(xp) exp (=S [D]), (3.96)

where we took only the coordinate transformation and did not change our fields, @, for the
moment. Now as path integration is performed over all possible values of the fields, ®, we

can relabel the fields, while leaving the path integral invariant,
’ ’ 1 ’ ’ ’ ’ ’ ’
(D(x)) -+ - D(x)) = Z f@@ D' (x7) - D' (x;) exp (=S [D]). (3.97)

Furthermore we note that the path integral measure is invariant, i.e. D®’ = DO [9], and we
also assumed that our action is invariant under the transformation, i.e. S[®’] = S[D]. We

therefore have, using also ®’(x’) = 7 (®(x)), the following,
1
(@) D) = 7 [ DO @) (@) exp(-S[0)
=(F(D(x1)) - - - F(P(x)))- (3.98)

Now we should as in Noether’s theorem try to use the invariance of the action to arrive at fur-
ther properties using (3.72), but according to Di Francesco, et al. this is not so straightforward
as in the classical case. As specific examples for the relation (3.98), let us consider transla-
tional invariance, Lorentz invariance and scale invariance in our action. For translations we

have, x* = x* + a" and also we take, ¥ (®’(x")) = ®(x), such that we have,
(D(x1 +a)--- O(x, + a)) = (D(x1) - - - D(xp)), (3.99)

which means that the correlation function is also translationally invariant. For Lorentz invari-

ance of the action let us consider scalar fields, i.e. ¥ (®’(x")) = ®(x), then we obtain,
(O(Axy) - O(Axy)) = (D(x1) - - - D(xp)), (3.100)

where A is not to be confused with A(x), the local scale factor of conformal transformations.
Finally, if we investigate scale invariant actions for fields, ¢; with scaling dimensions A; (for

definition see chapter 2), we have [9],

(P(Ax1) - - p(Ax,)) = A2 - A2 p(x1) - - Blxy)). (3.101)

Now we are ready to describe the Ward identities.
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3.5 Ward Identities

Let us consider again the change of the field in terms of the generator of the symmetry trans-
formation,

D'(x) = O(x) — iw,G,D(x). (3.102)

We take w, as functions of the coordinates, x, and consider the above change in the fields in
(3.95). Although we are now not considering classical fields we still can use (3.89), but we see
that the variation of the action cannot vanish in general and our action is not invariant under
the transformation. Following again closely the notation of [9], we denote collectively the
product, ®(xq) - - - O(x,), by X and its variation by ¢,X. We note again that we assume that the
path integral measure does not change under the transformations of the fields (D®’ = D).

With the chosen notation we have,
(X) =(D(x1) - - - D(xn))
= %f@@ D(xy)--- O(xy) exp (=S [D]). (3.103)
Now we relabel the field ® to ®’ and note that,

X+0X =D(xy) - D(xp) + 6(P(xy) - - D(xp))

= @' (xp) - D' (xn). (3.104)
We also take advantage of expression (3.89) to describe the variation in our action,

6S = f d?x wa(x), L (3.105)

such that we have the following,
1 ’ ’ ’ ’
X = [ DV ) 0w exp(-S107)

- % f DO (X + 6X) exp (—S [@] - f d’x wy(x)d, jf,‘), (3.106)

where we also had to consider, S[®’] = S[®] + §S [®]. If the above expression is expanded

to first order in w, we get,
1
X) = f DO (X + 6X)exp (-S [@])(1 - f dx wa(x)d,jk + O(wz)), (3.107)
and keeping in mind that 6X is, of course, linear in the term w,(x), we obtain,
1
X) = f DO(X exp (=S [D]) + 6X exp (=S [@])

-X f d?x wa(x)0,j4 exp (=S [@]) + O(w?)), (3.108)
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or writing only the first order terms, we clearly see that,
(X) =(X) +(6X) - fddx Wa (X)X, j4),

or equivalently we have,
(6X) = f d*x Wa(X)(XOyjL).
Finally let us write out 6X in terms of first order variations of the fields.
D' (x1) -+ D' (xp) = (O(x1) + 6, D(x1)) - - - (D(x) + 6, D(x))
= O(x1) - D(xp) + 6 P(x)P(x2) - - - D(x)

ok D)) S D(xp) - - D(xp) + O(w?)

=O(xy) - Dlxp) - iZ D(x1) - GaD(xp) - - - Pxp)wa(Xi),
k=1

where we used the definition of the generator,
—iwa(x)GaD(xk) = 5 P(xx) = D' (i) — D).
Thus, 6X is given by,

oX = —iZ D(x1) - GaD(xp) - - - PLxp)walxp).
k=1

We can also express the above result in terms of Dirac delta functions as,

0X =—i fa’dx wq(x) Z D(x1) -G D(xy) - - - O(x,)0(x — xp).
k=1

(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

(3.114)

This relation and equation (3.110) are valid for any arbitrary infinitesimal functions, w,(x).

Therefore, comparing these two expressions we can see that we finally have,

6 n
@(jff(x)@(xl) o D(xy)) = —i ; 0(x — X )(@(x1) - - - GaD(xg) - - - D(x))-

This relation is known as the Ward identity for the current j4(x).

3.6 Conformal Invariance in Classical Field Theory

(3.115)

In the previous parts we made the assumption that the fields were unaffected by the confor-

mal transformation and therefore we derived solely the conformal algebra for the spacetime

symmetry of the physical systems being considered. Now we will also take into account trans-

formations of our fields first in classical systems then in the next section in quantum systems.
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We stress that conformal symmetry in classical field theories does not necessarily imply that

conformal symmetry also holds in the corresponding quantum field theories [9].

Sticking to [9], we consider an infinitesimal conformal transformation, w,, such that,
O'(x") = (1 — iwgTo)D(x), (3.116)

here T, is a generator (a matrix representation) that complements the spacetime conformal
symmetry we described by generators we found before (in equation (3.46) we see that in the
general case the term, j)id will not vanish). To determine the constraints we have on the
generator, T, we considei a method that is used for the Poincaré algebra. Citing from [9],

we take the Lorentz subgroup of the Poincaré group which leaves the point, x = 0 invariant.

After that we define the spin operator, S, as the matrix representation which satisfies,
L, ®(0) = S, D(0). (3.117)

Now using, [Py, L,y] = i(’]pva - Tlpva), and the Baker-Campbell-Hausdorff formula, given
by,

e 4Be? = B+ [B,A] + %[[B,A],A] + %[[[B,A],A],A] e, (3.118)

we see that,

eixﬂPpLWe—ixﬂPp = S,y — X Py + X,P,. (3.119)

Using these, we then can write the most general form of the action of the generators on our

fields,

P,D(x) = —id, D(x) (3.120)

Ly ®(x) = i(x,8, — x,0,)D(x) + S, D(x) (3.121)

Analogously we apply the same method to the conformal algebra. We can see that the
point x = 0 is held fixed when we consider rotations (or generally Lorentz transformation
in Minkowski spacetimes), dilations and, of course, the special conformal transformations.
Taking as in the previous example matrix representations corresponding to the full generators

of the conformal algebra, as S, A and Ky associated with L,,, D and K, respectively, and
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acting on ®(0), we have the following algebra,

[A,Sw] =0
[A, k] = i
[k k] = 0 (3.122)

[Kp’ Syv] = i(np,qu - 77va/1)
[Syv, SpO'] = i(nva,uO' + 77,u0'S Vo T lepS vo T nvaSyp)

Again using (3.118), and the relations (3.70), we get,

e Pepe™Pr = D + X'P, (3.123)

e P K e = K, + 2x,D — 2x" Ly, + 2x,(x"P,) — X*P,, (3.124)
and using this we obtain,

DO(x) = (—ix"d, + A)D(x) (3.125)

Ku®(x) = [y + 23,8 = XS 1, = 2ix,2"0y + ix?0), | D(x) (3.126)

If we assume that the S, are finite dimensional irreducible representations, we can use
(A, S w] = 0 and Schur’s lemma [16] to conclude that, because A commutes with S wv for
all spacetime points, it must be a multiple of the identity matrix acting on the fields ®(x).

With A proportional to the identity, (3.122) forces all the Ky to vanish, i.e.
Ak =—ik, = 0=—ik,. (3.127)

Thus we take A as a number equal to —iA, where A is the so-called scaling dimension. To see
what A exactly is, take a scale transformation of the coordinates, x — x’ = Ax, then the scale

transformation of our field, ®(x), is defined as, ®(x) — @’ (Ax’) = 17 2D(x) [9].

For a spinless field ¢(x), for which §,, = 0, we have the following transformation,

’

—-A/d
#(x), (3.128)

0
6(x) = ¢/ (&) = ‘ =

’

where the Jacobian,

, is related to A(x) of (3.1) by,
ox

= A(x)"92, (3.129)

‘ ox’
ox

If a field transforms in this way it is called a quasi-primary field.
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CHAPTER 4

CONFORMAL INVARIANCE IN TWO DIMENSIONS

In the previous chapter we restricted ourselves to conformal invariance in d > 2 dimensions.
There we found constraints that conformal transformations should satisfy and evaluated the
corresponding generators for the conformal group. For the global conformal symmetry we
used everywhere well-defined functions, but now in two dimensions we will also consider

local transformations which may not be well-defined on the whole plane [9].

4.1 The Conformal Group in Two Dimensions

If we take the plane with coordinates, (zo, 7! ), and consider the transformation of the inverse

metric tensor under the coordinate change, 7* — w"(2),

owH ow”
ruy -
g (w) 57 98

(7). 4.1

Together with the definition of conformal transformation (3.1) and the Euclidean flat metric,

8u(2) = Ouy, we have,

8uW) = A(2) 6y 4.2)
Thus we get,
amO\> [\
(a_zo) +(3_Z1) = A(2), (4.3)
ow! 2 ow! 2
or correspondingly,
042 042 1\2 1\2
al + al — al + al X (45)
070 07! 070 07!



In addition we have,
w0 aw!  awl aw!

920 920 87! 47! (0)
ow! ow’
First multiply both sides of (4.5) by I 1o obtain,
920 97!
P\’ aw! N ow® ow'\ aw® ow® 3 aw'\? an® N ow' ow®\ aw' ow! @7
0z ) 920 "\ 020 0z20) 020 oz \90) 9zt \ oz 97t ) 00 9t '
ow? ow! ow® ow!
Using then equation (4.6) to write, a—v:()a—v;) = —a—vz‘}l%, and substitute it in the above
equation, we have,
WO\ [ o ow! N ow® ow! 3 o'\ (aw! o awP aw! 4.8)
97! 020 978 97! 920) \9z0) \ 9 9t 90 a7t )’ '
or
0\2 1\2 0 9,1 0 9y
O\ (O ) |(Ow dw. _dw dw ) 4.9)
dz! 020 ) |\ oz 620 00 o' ) '
ow'! o’ ow'  on
To satisfy this equation we have three possibilities: either a2 and/or o
0o . 970 97! 90 07!
ow” 0 ow" 0
and/or I _ I P We note at once that the first two possibilities are mutually

07° 97! dz7! 00"
exclusive unless both expressions are equal to zero. Thus let us consider four cases.

ow! P
Case 1: 6_10 = _6_11 #0

With the given condition and (4.6), we get,

! (ow?  aw!
- ]=0. 4.10
970 (6z0 oz} ) (¢-10)
Wl
As W is assumed nonzero, we immediately obtain,
Z
m®  ow!
= 4.11
0% 97! 41D

Furthermore we can say that, because of these conditions, we have,

owd ow!_wPowl) (w0 (on0)’ “12)
Azl 820 90 971 ] \ a0 az' ) - .

This expression cannot be equal to zero, otherwise we see that with the help of the constraint
i

.. 0w e . . ..
(4.5) all derivatives FEa must vanish identically which contradicts the condition we assumed.
Z

This exhausts all possible subcases for this particular case.
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ol owd
Case 2: B_ZO = 8_z1 #0

Using (4.6) and this condition, we have,

ow! (ow?  aw!
97" (BZO " 07! ) =0 @13
wl
Again, because — is nonzero, we get,
070
P ow'!

These conditions, as in the previous case, give rise to,

mO awl ol Bwl) B (awo )2 (ﬁwo )2

gw ow W ow ) _ () (2 4.15
ozl 929 870 o7t 070 07! (4.15)

We argue once more that this expression should not be equal to zero or we would get trivial

.. owH L . ) . )
results for the derivatives, e which, in turn, would conflict with our starting assumption.
Z
ow!  awd
Case3: — = — =
00 oz

Now we can consider the case we excluded before. Using (4.5) we have,

P 2 ow! 2
(a_) (a_) ' 19

This equation leaves us with two choices, namely, either,

omY  ow!

820 a7 @17
or

oo ow'!

o " A (18

This time, the trivial solution is allowed. But note that in such a case the determinant of
owH . : .. . . . :
—— vanishes at the point of the trivial solution which means our coordinate transformation

07"
will no longer be invertible around that point. We see that this trivial solution agrees with
the expressions derived in the first two cases, if we allow the derivatives to vanish. In other

words, we have a consistent set of equations up to this point.

T ozl 920 90 a7
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owl aw!  on0 aw!
07! 020 920 97! )
0
equation (4.6). First multiply our constraint on both sides by a—wl, and then (4.6) on both
Z

0
. w
sides by 0 such that we have,
Z

For this case we use the equation, = 0, which is our constraint, and

(BWO )2 owl P ow'! aw?

o) 30 " a0 o ot O (19
0\2 q. 1 0 9,1 1

oW\ dw’ + ow”ow” dw _ 0. (4.20)

0z0) 070  9z! 970 a7t

Adding these two expressions one gets,

ow! [(aw®\*  [ow°)
=] 41 Z==) | =o0. 4.21
620 [( 6z°) (azl ) @2
Now using again the same equations, but this time multiplying the constraint on both sides by
1 1

a_vzvo and equation (4.6) by FRE we see that,
O [ow! 2 MmO ow! ow! B 407
i \a0) " a0 6 o *-22)
O aw! aw!  awl [ow! 2 B 40
o0 o a0 T (o) = *23)

Thus if we add the above equations,
o’ [(aw!'\*  [ow!'\
a—zl{(a—zo) *(a—zl) =0 (429

P 2 om0 2 ow! 2 ow! 2
The first subcase is when either, [[—] +|—]| |or [|—=] +|——] | is equal to zero.
l( 02" ) ( oz ) ( 02" ) ( oz! ) 4
Because of (4.5) we directly see that if one of them vanishes, the other one vanishes too. Thus

this subcase corresponds again to the trivial solution.

ow! P
Another subcase will be when either (9_W0 or a—wl vanishes. Then because of our constraint
Z 4
we will have,
an? aw!
—— =0. 4.25
070 07! (423)
. . ow! ow'!
That means that at least one of these factors must vanish, too. Now if Fr and g are zero,
Z 4
1 0
using (4.5) eventually makes the other factors also zero. If a_wo and 50 vanish, we see that
Z Z
(4.6) leads us to the conclusion that,
Y ow!
—— =0, 4.26
07! 07! (4-26)
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which means again that at least one of the factors must be equal to zero. Thus (4.5) enables
0

Lo . . . ow
us to solve for the last unknown factor, which is obviously equal to zero. Finally if FE and
Z
w! o : Low? and
—7 Vanish we recover the same situation as the previous one. And if —- and —— are zero,
0z 0z 0z
we see with the help of (4.5) that the remaining factors vanish, too. Thus for this case all
solutions turn out to be trivial. The last two cases either trivially satisfy the equations in Case
1 and Case 2 or are special cases of them, thus no inconsistency occurs when we consider that
the equations derived in the first two cases provide us with the most general solution space

(including also the trivial solutions).

We covered all cases and we can see that by the equations of Case I we recover the Cauchy-

Riemann equations [17, 18] for holomorphic functions,

om®  aw! ow! o’
T d — = 4.27
00 07! an 070 07! (4.27)

and by the equations of Case 2 the Cauchy-Riemann equations for antiholomorphic functions,

owl  owd oo ow!
_— = d —_— 428
00 o7t an 070 07! (4.28)

Now using this resemblance to the Cauchy-Riemann conditions, we can define the complex

variables, z and Z, in the following way [9],

o 1

2=+ Z =§(z+Z)
1
z=7"—i7 zl=?(z—2)
| ! (4.29)
az = 5(80—1'81) 80 :8Z+az
1
0; = 5(30 +i01) 01 =1i(0,—0%)

Let us state that we call a function holomorphic if it is complex differentiable on its domain
[18]. An antiholomorphic function, analogously, is a function that is differentiable in the
antiholomorphic coordinate (i.e. Z, the complex conjugate of z). Instead of 9, and 9; we will
also sometimes use @ and 9, when there is no risk of confusion. Our metric tensor in terms
of holomorphic and antiholomorphic coordinates can be found by writing it explicitly. Using
dz® = (dz + d?) /2 and dz' = (dz — dZ) /2i, we can convert the real metric into its holomorphic

form. Using the notation, z#, where the index p denotes either the holomorphic coordinate or
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the antiholomorphic one, i.e. Z* € {z,Z}, we get,

(2,2 d? ®d7 = d7° ® d?° + d7' ® d7'
1
82,2 dz" ®d7" = 7 (dz®dz +dz®dZ + dZ ®dz + d7 ® d7)

1
—Z(dz®dz—a’z®d2—dZ®dz+dZ®dZ) (4.30)
which means we have,
1
82,2 d' ®d’ = 5 (dz®dz+dz®d7). (4.31)

Thus the metric and the inverse metric components become,

0o 1 y 02
8uv = ( 2 ) g = ( ) (4.32)
1o 20

Trying to rewrite the Cauchy-Riemann equations in holomorphic form, we have, using (4.27)

with w(z,Z) = w® +iw!, dp =9, + d: and 9, = i (9, — 9>), the following,

(;_v;? - Z—vzvll =0 = 9w+’ —iow +id-w! =0, (4.33)
%—VZVOI + Z—V:IO =0 = dw +ow' +idw’ —iow® =0, (4.34)
which enables us to write,
OW(z,2) + 0:w(z,2) = 0 (4.35)
and
i0,w(z,7) — i0:w(z,7) = 0, (4.36)
or equivalently,
0:w(z,2) =0 (4.37)
and
ow(z,2) = 0. (4.38)

We observe that, because the derivative of w(z, 7) with respect to Z is zero, w only depends on
the holomorphic coordinate, z. Similarly w depends only on the antiholomorphic coordinate,

Z. This result is remarkable, since our requirement of conformal invariance led us to the
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general result that any holomorphic function, w(z), is an admissible coordinate transformation

for conformal invariance.

The theory of complex variables tells us that any holomorphic function is infinitely contin-
uously differentiable and can be expressed as the infinite sum of a convergent Taylor series.
Within its radius of convergence the series has very desirable properties, such as uniform and
absolute convergence, which enables us to work easily with the Taylor series of a function
[17]. Now the fact that any holomorphic function can be expanded in its Taylor series does
imply that we, in fact, need an infinite number of parameters, i.e. the coefficients of the se-
ries being evaluated at a certain point, to determine a holomorphic function. This will cause
the algebra of the two dimensional conformal group to have an infinite number of genera-
tors. Furthermore, this property gives a rich structure to our conformal field theories in two

dimensions and we can extract much information from them [9].

At this point it is important to say that, although z and Z are complex conjugates and (z°, z') is
a pair of real numbers, it is beneficient to consider z and z as independent coordinates. This
can be done by extending the real coordinates, z° and z', to the complex plane, increasing the
number of parameters of z and Z which allows us to think of them as independent complex
coordinates [9]. Now the transformations we defined can be considered as well-defined func-
tions in the complex plane, C2. To recover physically acceptable results we restrict ourselves
to the case where 7 is actually the complex conjugate of z, in other words we take the real

subspace of the complex spacetime we defined [9, 11].

Furthermore we can point out that our choice of the Euclidean flat metric does not constitute a
problem anymore, because of our complexification of the coordinates. That is, by redefinition
of the timelike component (i.e. multiplying the timelike component by i and relabeling it as a
new coordinate in Euclidean space) we perform a Wick rotation. This Wick rotation enables
us to handle path integrals and propagators in quantum field theory more comfortably with
respect to their convergence properties. But, as indicated, for all this to be feasible, analytic
continuation into the complex plane must be performed which may not always be possible
[11]. Note that by using the proper transformations at the first place, we are able to take
advantage of the well established theory of complex variables (had we chosen the Minkowski

metric for g”(z) we could not extract the Cauchy-Riemann equations).

As we saw in the derivation of the equivalence of the conformal transformation to the Cauchy-

33



Riemann equations, we can have transformations that are not invertible. The Cauchy-Riemann
conditions do not give us information about global properties, such that well-definedness
of the transformations on the whole plane and invertibility is not a priori given to us. To
have a conformal group we must be able to find inverse transformations of every conformal
transformation and furthermore the transformations have to map the whole plane into itself.
We have to seperate global conformal transformations which give us a genuine group, from

local conformal transformations which are not everywhere well-defined [9].

The global conformal transformations may be easily expressed by the Mdbius transformations

[17],

az+b
cz+d’

f(2) = with ad — be # 0. (4.39)

Aaz + Ab 3 az+b

Acz+Ad  cz+d
nonzero complex number, 4, and we have the condition ad — bc # 0, we can set, ad — bc = 1,

We note that, a, b, ¢ and d are complex numbers. As we have, , for any

without loss of generality. The Mobius transformations form a group, as can be seen easily.

+b +b
Two arbitrary Mobius transformations, say, fi(z) = NETO ond H) = e 2 when
c1z+d, cz+dy
applied successively, give us,
b
a2(611Z+ 1)+b2
c1Z + d1
(f20 fi)z) =
a)z + b1
[65) + d2
(C]Z + d] )
_ a2a1z+a2b1 +b2C1Z+b2d1 clz+d1
h c1z +d; cra1z + by + cidrz + didy
+b + (axb1 + bod
_ (a1a2 + bycy) 7 + (aohy + bady) (4.40)

(a2 + c1da) 2+ (bicy + dvda)’

which is another Mobius transformation. We can also consider the transformations, fi and f3,

as matrices,

M, :( @ b ) (4.41)
C1 dl

M, :( a b2 ) (4.42)
¢ dy

respectively and get,

, (4.43)

MZM] :( aj bl )( ay b2 )= ayay +Clb2 a2b1 +b2d1

c1 di )\ o d>

ajcy + C1d2 b1C2 + d1d2

which clearly reproduces the composition rule (4.40).
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d7 —
In addition if we consider, f~!(z) = <

b
, and use (4.40) for the composition of two
a

transformations, we have,

(da — bc) 7 + (—ab + ba)
(dc —cd)z+ (=bc + ad)

=z (4.44)

(fof M=

where we used ad — bc = 1. We also get,

(ad — bc)z + (db — bd)
(—ac + ca) z + (=bc + da)

(f o)) =
=z, (4.45)

is indeed the inverse transfor-

where we again used ad — bc = 1. Therefore, f~!(z) =

az+b
ti f =
mation of f(z) 1 d

this group the special conformal group [9]. The corresponding matrices we defined conserve

—cz+a

(this inverse clearly works also for the matrix representation). We call

the structure of the special conformal group and are also invertible (det M = ad — bc = 1),
thus there is a homomorphism between the group SL(2, C) and the special conformal group.
In fact, if we consider the quotient group SL(2, C)/Z, we get an isomorphism with the spe-
cial conformal group. Furthermore SL(2,C)/Z; and SO(3, 1) are known to be isomorphic,
thus the special conformal group (or the global conformal group) is isomorphic to the four-

dimensional Lorentz group [9, 10].

With the definition C,, = C U {oo}, which is called the extended complex plane [17] or the
Riemann sphere [9] and f(c0) = a/c and f(—d/c) = oo, we can extend the special conformal

group to C, [17].

4.2 Conformal Generators

Now let us consider the group of all admissable conformal transformations in two dimen-
sions, i.e. all holomorphic transformations and find the generators of the algebra of the local

conformal group. Consider any infinitesimal holomorphic transformation,
7 =z+€2). (4.46)

Because of the analyticity of this transformation for a certain region and also assuming it is

analytical at z = 0 we can write €(z) in terms of its Laurent series around z = 0,

(o8]

€)= Y e, (4.47)

n=—oo
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where we used the convention of [9]. Similarly for the antiholomorphic coordinate we take

the transformation,

7 =7+ &Q), (4.48)
where,
&(Z) = Z ¢, 7. (4.49)

Taking a spinless scalar field, ¢(z,Z), we know that we should have,
¢'(Z.7) = ¢z, 2). (4.50)
Furthermore let us expand ¢(z’,z’) around (z, Z) up to first order in € and €, such that we get,
$(2.7) = §(z,2) + €(2)0 (2, 2) + €@z P(2,2) + -+ - . (4.51)

Approximating also €(z), €Z) and ¢(z,7) in terms of functions of 7’ and Z’, we see that we
have,
€() = e(?) + O(€)
&2 = &7)+ 0@ (4.52)
$(z,2) = ¢(Z',7') + O(e, &)
Using these approximate forms in the above expansion and writing only terms up to first order,

we see that we obtain,
(7)) = ¢(z,2) + €(Z)0 92, T) + €@ (2, 2, (4.53)

or

#(z,2) = ¢(Z.,7) - e ¢, 7) - &Z)0'd(Z, 7)), (4.54)

where we used &’ = 0. and &’ = 0. Plugging the above expression into (4.50) we clearly
have,

¢'(.7) = ¢ .7) - €)' ¢, 7) - €)' ¢, 2). (4.55)

We take the variation of ¢ by considering the difference ¢'(z,7") — ¢(z’,Z’), and therefore get

taking into account that the coordinates (7, z’) are arbitrary,
0¢ = —€(2)0¢(z,7) — €Z)0P(z, 7). (4.56)

The only thing left to do is to insert the Laurent expansions we wrote for € and €. Hence we

obtain,

[ee)

5p== > g — > & 00, 4.57)

n=—00 n=—00
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With the following definitions,

I, = -0, I, = -7""o;, (4.58)
we finally can write,
6= 3" (cul(z.2) + Eal(z.2)) . (4.59)

We note that using the previous definition of a generator and taking the /, and /, as indepen-
dent operators which is the case if we consider z and 7 as independent variables, the Z, and I,
become the generators for the algebra of the local conformal group. Here, of course, the co-
efficients ¢, and ¢, are the infinitesimal parameters that were in the previous chapter denoted

by w,. Thus we see that we need an infinite number of generators to describe this algebra.

Let us also determine the commutators of this algebra. We clearly have,

— Zn+laz(zm+laz¢) _ Zm+laz(zn+laz¢)
— z"“(m + 1)Zmaz¢ + Zn+1Zm+la?¢ _ Zm+1(n + 1)Znaz¢ _ Zm+lzn+16§¢
— z"+m+1(m _ n)az¢

= - m)lyim@ (4.60)

Similarly for [1,,1,] we find,

[l_n’ Zm]¢ = an_m¢ - l_ml_n¢
— Zn+laz(zm+laz¢) _ Zm+162(zn+laz¢)

= (n— m)lemd (4.61)

Finally we have the last commutator [/, ,, ],

([, im]¢ = lnl_m¢ - Zmln¢
— Zl’l+lan(zm+laz¢) _ Zm+laz(zn+laz¢)
— Zn+lzm+lazz¢ _ Zm+]Zn+lazz¢

=0, (4.62)

where we used the independency of z and 7 and also the commutativity of the partial deriva-

tives. Thus we have shown that the algebra of the local conformal group is completely deter-
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mined by,
[n, In] = (n = M)lpsm
Loy bn] = (0 = M)y (4.63)
(Lo bn] = 0
This algebra is called the Witt algebra (or sometimes the Virasoro algebra without central
extension) [9]. By taking the generators [_, Iy and I; together with [_;, [y and [; we get the
subalgebra that generates the global conformal algebra we considered in the previous section

[9, 10].

Let us again point out that we take (z,Z) € C? such that we consider these coordinates as

independent ones. Together with the third subalgebra which shows that the generators /,, and

[, do not mix, this enables us to consider the first two subalgebras of the Witt algebra as two
isomorphic subalgebras. To get to the physically relevant case where (z9,z;) € R it suffices

to take the linear combination of the generators such that we have,

Iy +1, (4.64)

i(ly = L) (4.65)

as our modified generators [9].
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CHAPTER 5

CONCLUSION

In this thesis, we have reviewed conformal symmetry and its implications on classical and
quantum field theories. We mainly used the book by Di Francesco, et al. [9] in discussing
conformal invariance and conformal field theories. First, we defined the conformal transfor-
mation then dicussed the conformal group in d > 2 dimensions to some extent. We derived the
generators of the conformal group in d dimensions and established its algebra. Then Noether’s
theorem was described leading to the discussion of conserved charges. This brought us to con-
formal invariance in classical field theories and the representation of the conformal group in
d dimensions. Correlation functions and the Ward identities were investigated. Finally, con-
formal invariance in two dimensions was considered and the corresponding generators of the

algebra of the local conformal group were established.

Conformal invariance and the consequences that arise in two dimensions have received much
attendance in the physical community [9] and it continues to extend its implications on field

theories. It is therefore of importance to consider further studies of conformal field theories.
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