
 

 

 

CONVERGING PREFERRED REGIONS IN MULTI-OBJECTIVE 

COMBINATORIAL OPTIMIZATION PROBLEMS 

  

 

 

 

 

 

A THESIS SUBMITTED TO  

THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES 

OF 

MIDDLE EAST TECHNICAL UNIVERSITY 

 

 

 

BY 

 

 

 

BANU LOKMAN 

 

 

 

 

 

 

 

 

 

 

 

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS 

FOR 

THE DEGREE OF DOCTOR OF PHILOSOPHY 

IN 

INDUSTRIAL ENGINEERING 

 

 

 

 

 

 

JULY 2011 

 

 



 

 

 

 

Approval of the thesis: 

 

CONVERGING PREFERRED REGIONS IN MULTI-OBJECTIVE 

COMBINATORIAL OPTIMIZATION PROBLEMS 

 

 

submitted by BANU LOKMAN in partial fulfillment of the requirements for the 

degree of Doctor of Philosophy in Industrial Engineering Department, Middle 

East Technical University by, 

 

 

Prof. Dr. Canan Özgen                _____________________ 

Dean, Graduate School of Natural and Applied Sciences 

 

Prof. Dr. Sinan Kayalıgil                _____________________ 

Head of Department, Industrial Engineering 

 

Prof. Dr. Murat Köksalan  _____________________ 

Supervisor, Industrial Engineering Dept., METU 

 

 

Examining Committee Members: 

 

Prof. Dr. Ömer Kırca                           _____________________ 

Industrial Engineering Dept., METU  

 

Prof. Dr. Murat Köksalan               _____________________ 

Industrial Engineering Dept., METU 

 

Assoc. Prof. Dr. Yasemin Serin              _____________________ 

Industrial Engineering Dept., METU 

 

Assist. Prof. Dr. İsmail Serdar Bakal              _____________________ 

Industrial Engineering Dept., METU 

 

Assoc. Prof. Dr. Oya Ekin Karaşan              _____________________ 

Industrial Engineering Dept., Bilkent University 

 

 

 

Date:   08.07.2011 

 



 

 

iii 

 

 

 

 

 

 

 

 

 

 

 

 

 

I hereby declare that all information in this document has been obtained and 

presented in accordance with academic rules and ethical conduct. I also declare 

that, as required by these rules and conduct, I have fully cited and referenced 

all material and results that are not original to this work. 

 

 

 

     Name, Last name : BANU LOKMAN 

  

 

Signature              : 

 

  



 

 

iv 

 

ABSTRACT 

 

 

CONVERGING PREFERRED REGIONS IN MULTI-OBJECTIVE 

COMBINATORIAL OPTIMIZATION PROBLEMS 

 

 

 

Lokman, Banu 

Ph.D., Industrial Engineering Department 

Supervisor : Prof. Dr. Murat Köksalan 

 

July 2011, 137 pages 

 

 

 

Finding the true nondominated points is typically hard for Multi-objective 

Combinatorial Optimization (MOCO) problems. Furthermore, it is not practical to 

generate all of them since the number of nondominated points may grow 

exponentially as the problem size increases. In this thesis, we develop an exact 

algorithm to find all nondominated points in a specified region. We combine this 

exact algorithm with a heuristic algorithm that approximates the possible locations of 

the nondominated points. Interacting with a decision maker (DM), the heuristic 

algorithm first approximately identifies the region that is of interest to the DM. Then, 

the exact algorithm is employed to generate all true nondominated points in this 

region. We conduct experiments on Multi-objective Assignment Problems (MOAP), 

Multi-objective Knapsack Problems (MOKP) and Multi-objective Shortest Path 

(MOSP) Problems; and the algorithms work well.  

Finding the worst possible value for each criterion among the set of efficient 

solutions has important uses in multi-criteria problems since the proper scaling of 

each criterion is required by many approaches.  Such points are called nadir points.  
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It is not straightforward to find the nadir points, especially for large problems with 

more than two criteria. We develop an exact algorithm to find the nadir values for 

multi-objective integer programming problems. We also find bounds with 

performance guarantees.  We demonstrate that our algorithms work well in our 

experiments on MOAP, MOKP and MOSP problems.  

Assuming that the DM's preferences are consistent with a quasiconcave value 

function, we develop an interactive exact algorithm to solve MIP problems. Based on 

the convex cones derived from pairwise comparisons of the DM, we generate 

constraints to prevent points in the implied inferior regions. We guarantee finding the 

most preferred point and our computational experiments on MOAP, MOKP and 

MOSP problems show that a reasonable number of pairwise comparisons are 

required. 

 

Keywords: multi-objective optimization, integer programming, combinatorial 

optimization, surface fitting, preference-based algorithms, nadir point, convex cones, 

nondominated points.  
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ÖZ 

 

 

ÇOK AMAÇLI BİLEŞİ OPTİMİZASYONU PROBLEMLERİNDE TERCİH 

EDİLEN BÖLGEYE YAKINSAMA 

 

 

 

Lokman, Banu 

Doktora, Endüstri Mühendisliği Bölümü 

Tez Yöneticisi : Prof. Dr. Murat Köksalan 

 

Temmuz 2011, 137 sayfa 

 

 

Çok amaçlı bileşi problemleri için etkin çözümleri bulmak zor olduğu gibi; tümünü 

bulmaya çalışmak pratik bir yaklaşım da değildir.  Çünkü bu problemler için etkin 

çözüm sayısı problem büyüklüğü arttıkça üstsel bir büyüme gösterir. Bu nedenle bu 

tezde, sadece belirli bir bölgedeki etkin çözümleri bulan bir algoritma geliştirdik. Bu 

algoritmayı etkin çözümlerin bulunduğu bölgeleri yaklaşık olarak tanımlayan 

sezgisel bir yaklaşım ile birleştirdik. Karar verici ile etkileşim kurarak, sezgisel 

yöntem önce karar vericinin ilgi alanı olan bölgeyi yaklaşık olarak tanımlamaktadır. 

Daha sonra, kesin çözümleri bulan algoritmamız bu bölgedeki tüm etkin çözümleri 

bulmaktadır. Algoritmalarımızın performansını rastgele yarattığımız farklı çok 

amaçlı bileşi problemleri üzerinde (Çok Amaçlı Atama Problemi, Çok Amaçlı Sırt 

Çantası Problemi ve Çok Amaçlı En Kısa Yol Problemi) değerlendirdik ve 

yaklaşımımızın iyi çalıştığını gösterdik. 

Tüm etkin çözümler içinde her bir kriterin aldığı en kötü değere, kriterlerin doğru 

ölçeklenmesinde de kullanıldığı için bir çok algoritma tarafından gereksinim 

duyulur. Bu değerlerden oluşan nokta nadir noktası olarak tanımlanır ve özellikle iki 
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amaçtan daha fazla amaçlı büyük boyuttaki problemler için bu noktanın bulunması 

kolay değildir. Biz bu tezde, çok amaçlı tamsayı programlama problemleri için nadir 

noktasını bulan bir metot geliştirdik. Algoritmamız nadir noktasının kesin değerini 

bulabilmesine ek olarak, tercih edilirse eğer  performans garantisi ile nadir için alt ve 

üst sınır da bulabilmektedir. Algoritmamızın iyi çalıştığını yine Çok Amaçlı Atama 

Problemi, Çok Amaçlı Sırt Çantası Problemi ve Çok Amaçlı En Kısa Yol Problemi 

üzerinde yaptığımız deneyler ile gösterdik.  

Bunlara ek olarak, karar vericinin tercihlerinin bir kuvazi konkav değer fonksiyonu 

ile uyumlu olduğunu varsayarak; çok amaçlı tamsayı programlama problemlerini 

çözmek için etkileşimli bir algoritma geliştirdik. Karar vericinin ikili 

karşılaştırmalarından elde ettiğimiz konveks konileri baz alarak; algoritmamız daha 

az tercih edilen bölgedeki çözümleri engelleyen kısıtlar üretmektedir. Bu 

algoritmamız en çok tercih edilen çözümü bulmayı garantilemektedir. Çok Amaçlı 

Atama Problemi, Çok Amaçlı Sırt Çantası Problemi ve Çok Amaçlı En Kısa Yol 

Problemi üzerinde yaptığımız deneyler; yöntemimizin makul sayıda ikili 

karşılaştırma gerektirdiğini, ve makul sürede sonuca ulaştığını göstermiştir.  

 

Anahtar Kelimeler: Çok kriterli optimizasyon, tamsayı programlama, bileşi 

optimizasyonu, yüzey-uydurma, tercih bazlı algoritmalar, nadir noktası, konveks 

koniler, etkin çözümler. 
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CHAPTER 1  

 

 

INTRODUCTION 

 

 

 

Multi-objective Combinatorial Optimization (MOCO) problems are special cases of 

Multi-objective Integer Programming (MIP) problems and they are typically 

computationally hard to solve. In real life problems, the decision makers (DMs) have 

to deal with multiple conflicting criteria. A point that performs well in one criterion 

may not perform as well in other criteria. A point is said to be nondominated if it is 

not possible to improve any of its criterion values without sacrificing from some 

other criteria. Due to the complexity of finding nondominated points, approximation 

methods, heuristics, and metaheuristics have been developed to represent the 

nondominated frontier as discussed by Ehrgott and Gandibleux (2002, 2004). 

In this thesis, we develop exact and heuristic procedures for MIP problems that deal 

with the preferred portions of the nondominated frontier incorporating preferences of 

the DM. Since proper scaling of each criterion is needed by many approaches,  we 

also develop an exact algorithm to find the nadir value in each criterion that is 

defined as the worst possible value in that criterion over the set of nondominated 

points. We test the performance of our algorithms on MOCO problems that are hard 

to solve.  

The number of nondominated points may be exponential in terms of the problem size 

and it is not practical for the DM to deal with all points in the nondominated frontier 

and make a decision. Therefore, there is a growing interest in the development and 

improvement of preference-based algorithms. Instead of generating or approximating 

all nondominated points, these algorithms take the preferences of the DM into 
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consideration and focus on the preferred portions of the nondominated frontier. 

Because of the computational complexity, most of these algorithms try to 

approximate the preferred points and the exact algorithms are mostly limited to the 

case of two criteria. In this thesis, we develop an exact method to generate the 

nondominated points in a region that is of interest to the DM.  

Köksalan (1999) approximates the nondominated frontier by fitting a curve and 

Köksalan and Lokman (2009) generalize this procedure for MOCO problems with 

more than two criteria. We employ this approximation to find the preferred regions 

of the nondominated frontier and then use the exact algorithm of Lokman (2007) to 

find the actual nondominated points in the identified region. The algorithm generates 

heuristic points for the DM. 

Scaling is a critical issue in multi-objective problems since many algorithms compare 

the nondominated points in different criteria and this requires the proper scaling of 

each criterion. The nadir values are very helpful in scaling of criteria. However, 

finding the nadir values is a difficult task especially for large-sized problems with 

more than two criteria. We develop an exact algorithm to find the nadir values for 

MIP problems. The  algorithm keeps a lower and upper bound for the nadir and 

converges to the exact nadir. Furthermore, it can be stopped anytime if the lower and 

upper bounds are close enough for the DM. That is, the algorithm can also be used to 

generate a good lower and upper bound for the nadir.  

We also develop an exact interactive algorithm to solve multi-objective integer 

programming problems (MIP). We assume that the DM's preferences are consistent 

with a quasiconcave value function. Based on the properties of the value function 

and pairwise preference information obtained from the DM, we generate constraints 

to restrict the implied inferior regions. The algorithm continues iteratively and 

guarantees to find the most preferred point for integer programs.   

The organization of the thesis is as follows. 

In Chapter 2, we develop an exact algorithm to find all nondominated points in an 

identified region. 
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We present a heuristic procedure that starts with a heuristic point on a fitted function 

and generates the nondominated points in the neighborhood of the heuristic point in 

Chapter 3.   

We develop an exact algorithm to determine the nadir point in Chapter 4. 

In Chapter 5, we develop an exact interactive method for MIP problems. Assuming 

quasiconcavity of the value function, the algorithm converges to the most preferred 

point.  

In Chapter 6, we present our future plans and make some concluding remarks.   
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CHAPTER 2  

 

 

FINDING ALL NONDOMINATED POINTS IN A SUBSET OF 

THE FEASIBLE SET 

 

 

 

A number of methods have been developed to solve preference-based MOCO 

problems. The early papers in MOCO mostly focused on approximating the part of 

the efficient frontier that is of interest to the DM.  

Phelps and Köksalan (2003) develop an interactive evolutionary metaheuristic (IEM) 

for MOCO problems. The algorithm interacts with the DM to guide the solution 

effort toward the preferred points. The fitness of a new point is estimated by the use 

of pairwise comparisons of the DM and the fitness function is accordingly updated 

through the algorithm.  

Köksalan and Phelps (2007) develop an evolutionary metaheuristic for 

approximating preference-nondominated points (EMAPS) which approximates the 

points that are of interest to the DM. EMAPS differs from other guided methods 

since the preference information is gathered through qualitative statements.  They 

approximate the value function of the DM with a linear function of the criteria in 

their calculations and EMAPS evolves under a constrained weight space. That is, the 

information obtained from the DM is transformed into linear inequalities on the 

criteria weights. The fitness of a point is calculated by using its relative strength over 

the entire population. 

Rachmawati and Srinivasan (2006) present a review of preference incorporation in 

multi-objective evolutionary algorithms and discuss preference models and 

implementation strategies. They point out that the application procedure plays a vital 
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role for the preference models and scalability issue according to the criteria is the 

main concern. 

Although there are some approximation methods incorporating the preferences of the 

DM, there is a need for more work especially in preference-based MOCO problems 

with more than two criteria as discussed by Köksalan (2009).  

Sylva and Crema (2004) propose an exact procedure for generating all nondominated 

points for multiple objective integer linear programs (MOILP). The algorithm keeps 

finding new nondominated points, one at a time. After finding a new nondominated 

point, a new model is constructed by adding new constraints and binary variables to 

the previous model. Then the new model is solved to obtain the new nondominated 

point.  It includes the full enumeration of all nondominated points and the task 

becomes intractable especially for large-sized problems.  

Lokman (2007) proposes two exact methods to generate all nondominated points. 

The first method proposes an improvement to the algorithm of Sylva and Crema 

(2004) by decreasing the number of additional constraints and binary variables. 

However, the improved algorithm still requires a substantial computational effort as 

the number of nondominated points increase. The second method deals with this 

computational complexity and only two additional constraints are inserted to the 

model without adding new constraints or binary variables at each iteration. It solves 

more models but models are much easier in complexity.   

Although generating all nondominated points is useful in evaluating the performance 

of the approximation algorithms, the number of nondominated points increases 

substantially with the size of the problem. Therefore, it is not practical for the 

decision maker to compare all these points and make a decision.  

We modify the algorithms of Lokman (2007) to generate only the nondominated 

points in a  subset of the feasible set where the region is defined by a constraint set 

defined by the DM. In our experiments, we define the region by lower and upper 

bounds, ilz  and iuz , respectively, for each criterion i.  

Definitions and Some Theory 

A general multi-objective problem can be written as: 
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( ) ( ) ( ){ } ( )

( )

( )

1 2

( )

" " , ,..., 2.1
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2.2
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: the criterion value
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p
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Max z z z

z i
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Î
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x x x

x X

x

x

X

 

 

The quotation marks are used since the maximization of a vector is not a well-

defined mathematical operation. Let 
pÎÂZ  be the feasible set in the criterion space. 

Without loss of generality, we assume that all objectives are of maximization-type, 

unless otherwise stated.  

Let ( )1 2, ,..., pz z z=z  denote a point in the criterion space with a criterion value of iz  

in the 
thi  criterion. Point ¢¢Îz Z  is said to dominate Îz Z  if and¢¢ ¢¢³ ¹z z z z .  If 

there does not exist such a ¢¢z , then point z  is said to be nondominated and the 

corresponding solution, x , is said to be efficient. The entire set of nondominated 

points (efficient solutions) defines the nondominated (efficient) frontier.  

The exact algorithms proposed by Lokman (2007) work iteratively and find the 

( 1)tht +  nondominated point by using the t  points on hand. The idea is to forbid the 

part of the feasible region that is dominated by the nondominated points obtained up 

to that iteration. To do this, while the first algorithm adds binary variables and 

constraints for each nondominated point, the second algorithm uses a sorting and 

searching mechanism. We need to modify the exact algorithms of Lokman (2007) to 

focus only on the preferred portions of the nondominated frontier.  

2.1 Modification of Algorithm 1 (Lokman 2007) 

The algorithm generates all nondominated points iteratively in the region defined by 

the lower and upper bounds, ilz
 
and iuz  for 1,2,..., .i p=  The algorithm arbitrarily 

selects a criterion, ,c   to maximize throughout the algorithm and starts with a point 
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with maximum cz  value in the given region. Although the performance of the 

algorithm may change according to the criterion selected, we have not observed such 

an effect in our preliminary experiments.  

Since we are restricting the search to the defined region, the obtained point will be 

nondominated within that region but could be dominated by points outside the 

defined region.  Therefore, we check whether each obtained point is dominated or 

not at each iteration. If the point is dominated, then the dominating point is employed 

to generate constraints to forbid the dominated part of the feasible region. The 

algorithm stops when the problem becomes infeasible implying that we have found 

all nondominated points in the given region.  

Step 0 (Initialization). Initialize 0t =   where t  stands for the iteration counter. Let 

¢ =ÆZ  where ¢Z  is the set of nondominated points in the specified region
 
. 

Arbitrarily select a criterion to maximize throughout the algorithm and denote it as c.  

Step 1. Solve problem ( )0

cP .  

( )
( ) ( ) ( )

( ) ( )
( ) ( )

0

2.3

1,..., 2.4

1,..., 2.5

c

i c

c i

i i

i i

P

Max z x z x

subject to

z x lz i p

z x uz i p

x X

e
¹

+

³ =

£ =

Î

å

 

where e  is a sufficiently small positive constant (see Theorem 4.2 in Chapter 4). 

If ( )0

cP  is feasible, denote the optimal point as ( )1

11 12 1, ,..., pdz dz dz=dz and go to 

Step 2.  If ( )0

cP  is infeasible, go to Step 5.   

Step 2. Solve problem ( )0

cPD  in order to check whether there exists a point that 

dominates 
1

dz . 
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( )
( ) ( ) ( )

( ) ( ) ( )

0

1

2.6

subject to

1,..., 2.7

c

c i

i c

i i

PD

Max z x z x

z x dz x i p

x X

e
¹

+

³ =

Î

å
 

Denote the optimal point as ( )1

11 12 1, ,..., pz z z=z  , and 1t t¬ + . 

 

If 
1 1=dz z  (there 

does not exist a point that dominates 
1

dz ), then { }1=¢Z z .  

 
Step 3. Solve  problem ( )t

cP . 

( )
( ) ( ) ( )

( ) ( )
( )

( ) ( )
( ) ( )

{ }

2.8

2.9

2.10

2.11

2.12

0,1

subject to

1

1

1,...,

1,...,

t

c

i i

i i

c i
i c

i vi vi

vi
i c

vi

P

x x

x

a

z x lz

z x uz i

x X

a

Max z z

z z M Ma i c v

v

i

i c v

i p

v t

e
¹

¹

³

£ "

Î

Î

+

³ + - + " ¹ "

= "

"

" ¹ "

=
=

å

å

 

If ( )t

cP  is feasible, denote its optimal point as 
1t+

dz  and go to Step 4. Otherwise, go 

to Step 5. 

Step 4. Solve problem ( )t

cPD  in order to check whether there exists a point that 

dominates 
1t+

dz . 
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( )
( ) ( ) ( )

( ) ( ) ( )1

2.13

subject to

1,..., 2.14

t

c

c i

i c

i t i

PD

Max z x z x

z x dz i p

x X

e
¹

+

+

³ =

Î

å

 

Denote the optimal point as ( ) ( ) ( )( )1

1 1 1 2 1
, ,...,t

t t t p
z z z+

+ + +=z . If 
1 1t t+ +=dz z (there does 

not exist a point that dominates 
1t+

dz ), then ( ){ }1
= 

t+¢ ¢ÈZ z Z .   

Set 1t t¬ +  and repeat Step 3. 

Step 5. Stop. ¢Z  is the entire set of nondominated points of problem in the specified 

region problem.  

 

In model ( )t

cP  solved in the third step of the algorithm, the constraint ( ) 1i viz x z³ +  

will be active only when 1via =  and become redundant when 0via =  for a 

sufficiently large positive constant, .M  Note that the constraint set 1vi
i c

a
¹

=å  for 

each 1,...,v t=  guarantees that the optimal point will not be dominated by any of the 

t  nondominated points already found. 

The original algorithm proposed by Lokman (2007) tries to generate all 

nondominated points, hence the model they solve at each iteration is the same as 

model ( )t

cP  except the upper and lower bounds constraints. That is, we guarantee to 

obtain a nondominated point and we do not make dominance check for the optimal 

point. So, our algorithm is similar to Algorithm 1 of Lokman (2007) except the 

bounds for each criterion and the domination check process.  

We should note that if we do not have any upper (lower) bounds for a maximization 

(minimization) problem, we do not need to change the original algorithm since it is 

guaranteed that  ( )t

cP  will give nondominated points. For this case, we just add these 

bounds to the problem as new constraints. When we have upper (lower) bounds for a 
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maximization (minimization) problem, we need to solve ( )t

cPD  to check whether the 

optimal points of  ( )t

cP  are dominated or not.  

2.2 Modification of Algorithm 2 (Lokman 2007) 

The computational complexity of Algorithm 1 increases substantially since we add 

p constraints and 1p -  binary variables to the model at each iteration. However, we 

observe that all but 1p -  of the .t p  constraints will become redundant at the optimal 

point of ( )t

cP . That is, only one lower bound constraint will be active for each 

criterion 1,2,...,i p i c= ¹ . Let 
izlb denote the active lower bound for criterion i . 

In order to detect which lower bound will be active for each criterion, we partition 

( )t

cP  into submodels. Instead of using binary variables and many constraints, we 

employ a sorting and searching mechanism to find the next nondominated point. The 

nondominated points obtained throughout the first t  iterations are first sorted in the 

nondecreasing order of an arbitrarily selected criterion 1r c¹ . Without loss of 

generality, assume c p=  and 1 1r = . Let ( )1 1 1 1

1, 2, ,, ,...,j j j j

t t t p tz z z=z  denote the point in 

the 
1

thj  position. We will then have 
1

1, 2, 1,..., 1v v

t tz z v t+£ = - .  

If the optimal point has a larger 1z  value than 1

1,

j

tz , then it will also have a larger 1z  

value than the first 1j  points in the sorted list. That is, we know that the optimal 

point should not be dominated by these 1j  points. Therefore, when we set 

1

1 1, 1j

z tlb z= +  , we do not need to consider the first 1j  points in the sorted list in the 

following steps since we guarantee not to be dominated by these points. 1 0j =  

implies the optimal point may have a smaller 1z  value than all the points at hand and 

do not need to set any additional lower bound for 1z . In order to determine the lower 

bound for the next criterion, we now consider only the remaining ( )1t j-  points. We 

sort these points in the nondecreasing order of an arbitrarily selected criterion 

2 2 1,r c r r¹ ¹ .  If we take 2 2r = , then we will have 1 1, , 1

12, 2, 1,..., 1v vj j
t tz z v t j+£ = - -  
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where ( )1 2 1 2 1 2 1 2, , , ,

,1, 2,, ,...,j j

t

j j j j j j
p tt tz z z=z  denotes the point in the 

2

thj  position among 

( )1t j-
 
points. Similarly, if the next nondominated point has a larger 

2z  value than 

1 2,

2,
j j

tz , then it will also have a larger 2z  value than the first 2j  points in the new 

sorted list. That is, we know that the optimal point should not be dominated by these 

2j  points. If we set
2

1 2,
2, 1z

j j
tlb z= + , we disregard these points and only consider 

1 2t j j- -  points in the following steps. We repeat this procedure until we have only 

one criterion left. Assuming 
jr j= , we stop the sorting and elimination mechanism 

when 1j p= - . To determine the lower bound corresponding to the remaining 

criterion, 1j p= - , we do not need to sort the list and just find the point with 

maximum 
1pz -  value among the remaining 

2

1

p

l

l

t j
-

=

-å  points. Then, we set 

1 3

1
2

,,...,

( 1),max 1p

p
p

vj j

z p t
v j

lb z -

-
-

->
= +  to guarantee not to be dominated by these points. Here, we 

should note that we do not need to set a lower bound for criterion c p=  since it is 

maximized throughout the execution of the algorithm. 

For each possible combination of { }1 2 2, ,..., pj j j -  where
1

1

0,
l

l i

i

j t j
-

=

é ù
Î -ê ú
ë û

å , we first 

determine the lower bounds for each criterion 1,...,i p i c= ¹  and solve the 

corresponding problem with only 1p -  additional lower bound constraints. Since our 

aim is to find the point with maximum cz  value, we select the one ( )* * *

1 2 2, ,..., qj j j -  

whose corresponding problem has the optimal point with the largest cz  value. That 

is, the problem ( )t

cP  is identical to 
* * *
1 2 2, ,...,

,
pj j j

c tP - . Therefore, instead of solving ( )t

cP , 

we solve many models for each possible value of ( )1 2 2, ,..., pj j j - .  
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( ) ( ) ( )

( ) ( )
( ) ( )
( ) ( )

, ,...,1 2 2

, ,...,1 2 2

,

,

( )

2.15

subject to

( ) 2.16

2.17

2.18

1,...,

p

p

i

c i

i c

i z

i i

i i

j j j

j j j

c t

c t

P

Max z x z x

z x lb P i c

z x lz i

z x uz i

x X

i p

e

-

-

¹

+

³ " ¹

³ "

£ "

Î

=

å

 

When we have p  criteria, the number of models to be solved to find the ( 1)stt +

point by using t  points will be equal to 
1 2 32

21 2 3

1 1 ...

00 0 0

1...
p

p

t j j jt

jj j j

t j t j j -

-

- - - --

== = =

- -

ååå å  in the worst 

case. If we also consider the model for the nondominance check, then the number of 

models to be solved in each iteration  in the worst case can be written as 

1 2 32

21 2 3

1 1 ...

00 0 0

1 1...
p

p

t j j jt

jj j j

t j t j j -

-

- - - --

== = =

- -

+ ååå å . Since we guarantee to obtain a different 

nondominated point at each iteration, the maximum number of iterations will be 

1N +  where N denotes the number of all nondominated points. That is, total number 

of models to be solved in the worst case will not exceed 

1 2 32

21 2 30

1 1 ...

00 0 0

1 1...
p

p

N

t

t j j jt

jj j j

t j t j j -

-=

- - - --

== = =

- -æ ö
+ç ÷

ç ÷
è ø

å ååå å  that has the complexity of ( )1pO N - . However, 

we should note that we do not need to solve many of them since most of them are 

identical to the previous models. Therefore, we detect whether the model is identical 

to one of the previous models before we solve the model. Lokman (2007) shows that 

the number of models solved decreases considerably by storing some information. 

Except the sorting and searching procedure to solve ( )t

cP , the steps of Algorithm 2 

are the same as those of Algorithm 1.  

Consider an example problem with three criteria. Assume that we are searching for 

the next nondominated point where we maximize 
3z  ( )3c =  throughout the 
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algorithm and we have three nondominated points ( 3t = ) at hand at that iteration. 

Figure 2.1 shows the feasible region corresponding to problem ( )3

3P  in the 1 2( , )z z  

space. 

 

2uz

1uz 1z

2z

0

1 1,3lz z=
2lz

2

1,3z1

1,3z 3

1,3z

1

2,3z

2

2,3z

3

2,3z

 

Figure 2.1 Feasible Criterion Space corresponding to problem ( )3

3P  

 

Instead of solving ( )3

3P , we apply the sorting procedure to arbitrarily selected 2p -  

criteria. That is, we need to sort the points only once according to an arbitrarily 

selected criterion for the three criteria case ( 3)p = . If we select 1 1r = , we sort the 

points in the nondecreasing order of 1z  and then consider all possible values of 1j  to 

determine the lower bound for 1z ,
1z

lb . When we set 1

1 1,3 1z

jlb z= + ,  we disregard the 

first 1j  points. Then, we stop the sorting procedure and find the point with maximum 

2z  value among the remaining 1(3 )j-  points. That gives us the lower bound for 2z ,
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2
1

2,3max 1z

k

k j
lb z

>
= + . Since we need to consider all possible values of 1j , we have 4 

models to solve ( 1 0,1,2,3j = ) as demonstrated in Figures 2.2, 2.3, 2.4 and 2.5. The 

problem ( )3

3P  will be identical to problem 
*
1

3,3

j
P  whose optimal point has the 

maximum 
3z  value. Note that we can detect if problem 

3,3

3
P  is infeasible without 

solving the model as seen in Figure 2.5.  

 

2uz

1uz 1z

2z

1

0

1 1,3zlb lz z= =
2lz

2

1,3z1

1,3z 3

1,3z

2

2,3z

3

2,3z

{ }
2

1 2 3 1
2,3 2,3 2,3 2,3max , ,zlb z z z z= =

 

Figure 2.2 Feasible Criterion Space corresponding to Problem 
0

3,3P ( )1 0j =  
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2
uz

1
uz

1
z

2
z

1

0

1,3
lz z=

2
lz

2

1,3
z

3

1,3
z

1

2 ,3
z

3

2 ,3
z

( )
2

2 3 2

2 ,3 2 ,3 2 ,3
m ax ,zlb z z z= =

1

1

1,3zlb z=
 

Figure 2.3 Feasible Criterion Space corresponding to Problem 
1

3,3P  ( )1 1j =  

 

 

2uz

1uz 1z

2z

1lz
2lz

2

3
2,3zlb z=

1

2
1,3zlb z=

 

Figure 2.4 Feasible Criterion Space corresponding to Problem 
2

3,3P ( )1 2j =  
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2uz

1uz 1z

2z

0

1 1,3lz z=
2

1,3z1

1,3z

1

2,3z

2

2,3z

3

2,3z

1

3
1,3zlb z=22 zlz lb=

 

Figure 2.5 Feasible Criterion Space corresponding to Problem 3
3,3P ( )1 3j =  

(infeasible) 

 

Instead of the first algorithm, we will employ the second algorithm in our 

computational experiments in Chapters 3 and 4 because Lokman (2007) shows in 

experiments that algorithm 2 outperforms algorithm 1 in terms of the solution time. 

In Chapter 3, the exact algorithm is used to generate all nondominated points in a 

region defined by incorporating an Lq function. In Chapter 4, we develop 

modifications to algorithms 1 and 2 to focus on the region where the nadir point lies.   

Although we use upper and lower bounds for each criterion to define the region, we 

can also define the region by using lower and upper bounds for the linear 

combination of the criteria (i.e.
1

p

i i

i

w z lz
=

³å  and 
1

p

i i

i

w z uz
=

£å ). The idea is the same 

such that we need to make a dominance check when we have an upper bound for the 

linear combination of the criteria.   

2.3 Test Problems 

To test the performance of the algorithms in Chapters 3, 4 and 5, we conduct 

experiments on Multi-objective Assignment Problems (MOAP), Multi-objective 
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Knapsack Problems (MOKP) and Multi-objective shortest path (MOSP) problems. In 

our experiments, we convert the minimization problems, MOAP and MOSP, to 

maximization-type problems.  

A standard d d´  MOAP can be written as follows: 

{ } ( )

( )

( )

{ }

1 2

1

1

" " ( ), ( ),..., ( ) 2.19

subject to

1 2.20

1 2.21

, 1,...,

0,1

ab ab ab

d

ab

d

ab

ab

p

a

b

MOAP

Min z x z x z x

x b

x a

a b d

x

=

=

= "

= "

=

Î

å

å

 

th

1 1

where

( ) 1,2,...,

:  unit cost of arc between node  and node  in criterion

1 if node  is assigned to node  

0 otherwise

d d

i ab ab

abi

ab

abi
a b

z x c x i p

c a b i

a b
x

= =

= =

ì
= í
î

åå
 

We randomly generate MOAP problems with dimensions, 10,20,30d =  for three 

criteria and 10d =  for four criteria. We use the random generation scheme of 

Özpeynirci and Köksalan (2010) and we select the assignment costs as integers 

uniformly distributed in the interval [ ]1,20 . 

In our further experiments, we test the performance of the algorithms on three- 

criteria MOKPs with 25, 50 and 100 items and four-criteria MOKPs with 25 items.  

A general MOKP can be formulated as:  
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{ } ( )

( )

{ } ( )

1 2

1

" " ( ), ( ),..., ( ) 2.22

subject to

2.23

0,1 1,2,..., 2.24

d

l

p

l l

l

MOKP

Max z x z x z x

w x C

x l d

=

£

Î =

å

 

( )
1

where

( ) 2.25

 : the profit of placing item ,

 : the capacity usage of item ,    

: the capacity of  the knapsack,  and

1 if item  is placed in the knapsack

0   otherwise  

 : the number o

d

l

i il l

il

l

l

z x p x

p i l

w l

C

l
x

d

=

=

ì
= í
î

å

f the items
 

 

We set the capacity of each knapsack to half of total capacity usage of all items for 

that knapsack, 1

2

d

l

l

w

C ==
å

to obtain difficult instances. Our random generation scheme 

is similar to that of Özpeynirci and Köksalan (2010). The profit and weight 

parameters are randomly generated integers uniformly distributed in the range 

[ ]10,100 .  

Lokman (2007) uses special random graphs for the computational experiments on 

MOSP problems because the number of nondominated solutions may be too small 

when a complete graph is used. She defines source and sink nodes as nodes 1 and d  

respectively as seen in Figure 2.6. The number of nodes for each stage, sd , is 

randomly generated integers between [ ]0.08( 2), 0.12( 2)d d- - , that is on the 

average 10% of the number of nodes excluding the source and sink nodes.  
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1

2

d1-1

d1 d2

d2-1

d1+2

d1+1

d

ds-3+1

ds-1

dsds-1

ds-1-1

ds-2+2

ds-2+1

Stage 1 Stage 2 Stage s-1 Stage s

ds-3+23

 

Figure 2.6 Generation of Random Graphs for Shortest Path Problems 

 

After determining the number of nodes for each stage, we define the arcs that will be 

included in our graph and generate corresponding integer costs from discrete uniform 

distribution in the interval [10,100].  As demonstrated in Figure 2.6, we allow flows 

to the adjacent nodes in the same stage or to nodes in the next stage. If we define A

as the arc set included in the random graph, we can formulate MOSP as follows: 

{ } ( )

( ) ( )
( )

{ }

1 2

, ,

" " ( ), ( ),..., ( ) 2.26

1 1

1 2.27

0 otherwise

0,1

ab ab ab

ab ba

a b b a

ab

p

MOSP

Min z x z x z x

subject to

a

x x a d a

x

Î Î

=ì
ï

- = - = "í
ï
î

Î

å å
A A
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( )
( )

,

th

where

( ) 1,2,..., 2.28

:  unit cost of arc between node  and node in criterion

1 if arc between node  and node is used

0 otherwise

i ab ab

a b

abi

ab

abiz x c x i p

c a b i

a b
x

Î

= =

ì
= í
î

å
A

 

We conduct experiments on three-criteria MOSP problems with 25, 50, 100 and 200 

nodes and four-criteria MOSP problems with 25 nodes.  

We generate five replications for each parameter combination of MOAP, MOKP and 

MOSP problems. We conduct experiments on these problems to test the performance 

of the algorithms in Chapters 3, 4 and 5. 

We code the algorithms on Microsoft Visual C++ 6.0 and use the callable library of 

CPLEX 12.2 on an Intel (R) Core (TM)2 Duo CPU E6550 2.33GHz computer with 

2.00 GB RAM and Microsoft Windows 7 Professional.  
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CHAPTER 3  

 

 

FINDING HEURISTIC POINTS INCORPORATING AN Lq 

FUNCTION 

 

 

 

The preference-based algorithms have been an important research area since it is 

neither practical nor useful to generate all nondominated points, especially for 

realistically large-sized problems. These algorithms incorporate DM’s preferences 

and deal with the nondominated points that are of interest to the DM.  

However, it is not easy for the DM to define the preferred region without any 

information about the problem. Furthermore, the number of nondominated points and 

the spread of these points may vary considerably from problem to problem.  

Köksalan (1999) developed a heuristic approach for bicriteria problems that is based 

on fitting several arcs to represent possible locations of nondominated points. He 

implemented the approach on a bicriteria scheduling problem and demonstrated that 

it yields good results. Karasakal and Köksalan (2009) developed a variation of this 

approach for continuous solution space problems to obtain a discrete representation 

of the continuous nondominated frontier.  

Köksalan and Lokman (2009) generalize this approximation for MOCO problems 

with any number of criteria. The Lq curve, Lqf , is defined by 

1 2(1 ) (1 ) ... (1 ) 1 , 0q q q

pz z z q¢ ¢ ¢- + - + + - = >  where 
1 2( , ,..., )pz z z¢ ¢ ¢¢ =z  is the 

scaled nondominated points such that i i
i

i i

IP

NP IP

z z
z

z z

-¢ =
-

 . This implies that 0 1iz ¢£ £  

for 1,2,..., .i p=  ( )1 2, ,...,  IP

p

IP IP IPz z z=z  and ( )1 2, ,...,  NP

p

NP NP NPz z z=z   denote the 

ideal point and the nadir point, respectively, corresponding to the problem studied. 
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The ideal point corresponds to { }max ( ) 1,...,IP
i i

x X
z z x i p

Î
= =  for a maximization 

problem. If E  denotes the set of efficient solutions, then { }min ( )NP
i i

x E
z z x

Î
=  for a 

maximization problem.  

By scaling each criterion using i i
i

i i

IP

NP IP

z z
z

z z

-¢ =
-

, points ( )0,0,...,0
 

and ( )1,1,...,1
 

correspond to the ideal and nadir points, respectively. In this case, all criterion values 

of each scaled nondominated point are between 0 and 1. This property is utilized 

when fitting the Lq curve. Notice that  smaller values in each scaled criterion are the 

better values for both minimization and maximization-type problems and the 

transformed problem becomes a minimization-type problem regardless of the type of 

the original problem.  

3.1 Development of the Algorithm 

To find the preferred points of a DM, we develop a procedure that starts with a 

highly preferred initial point on the fitted Lq function. Although this point is unlikely 

to correspond to a feasible solution in the decision space, it gives us information 

about possible locations of the preferred points.  Using the nondominated points at 

minimum weighted Tchebycheff and rectilinear distances from the ideal point in the 

direction of this point as reference points, we define a preferred region that may be of 

interest to the DM. Then, we generate feasible solutions in the decision space whose 

images in the criterion space are in the identified region, in the neighborhood of the 

initial point.  

Selection of a Heuristic Point 

In practice, the approximate best hypothetical point on the Lq curve can be obtained 

by interacting with the DM. In our computational experiments, we will consider four 

types of underlying value functions for the DM.  We will optimize these functions 

directly to select the best point of the DM on the Lq function since our aim is 

demonstrate how our approach performs after finding the best hypothetical point.  
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i. Weighted Tchebycheff ( )L¥ Value Function 

If the DM’s preferences are approximately consistent with a weighted Tchebycheff 

function, ( )1
1,...,

,..., maxp i i
i p

u z z zl
=

¢ ¢ ¢= , whose weights, 1,...,i i pl = , are known, the 

solution to the problem below will give the best point ( )* * * *

1 2, ,..., pz z z¢ ¢ ¢ ¢=z  on the 

corresponding Lq function for a given q  value.  This is the point on the Lq function 

that minimizes the weighted Tchebycheff distance from the ideal point ( )0,0,...,0 , 

and we will use it as our initial point. 

 

( )

( ) ( )

( )
( )
( )

1

Min 3.1

subject to

1 1 3.2

3.3

0 3.4

1 3.5

1,...,

p
q

i

i

i i

i

i

z

z i

z i

z i

i p

a

l a
=

¢- =

¢ £ "

¢ ³ "

¢ £ "

=

å

 

We can solve the problem using the equations below:  

( )

( )

* *

*

1

1,..., 3.6

1 1 3.7

i i

q
p

i i

z i pl a

a
l=

¢ = =

æ ö
- =ç ÷

è ø
å
 

Figure 3.1 shows the heuristic point for a bicriteria problem.  
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1

1

( )* *

1 2,z z¢ ¢

1z ¢

*

2

a
l

2z¢

*

1

a
l

 

Figure 3.1 The best point for a weighted Tchebycheff Value Function 

 

ii. Weighted Linear ( )1
L Value Function 

If the DM’s preferences are approximately consistent with a weighted linear 

function, ( )1

1

,...,
p

p i i

i

u z z zl
=

¢ ¢ ¢=å , the solution to the problem below gives the best 

point on the Lq function. This point is at minimum weighted rectilinear distance from 

the ideal point and we will use it as our initial point.  

( )

( ) ( ) ( )

1

Min 3.8

subject to

3.2 , 3.4 and 3.5

p

i i

i

zl
=

¢å

 

As demonstrated in Figure 3.2, if 1q > , the tangent point corresponding to the 

optimum objective function value, 
*

1

p

i i

i

zl a
=

¢ =å , will give us the best point.  



 

 

25 

Furthermore, the tangent plane to the Lq surface at point ( )* * *

1 2, ,..., pz z z¢ ¢ ¢  will be as 

follows:  

 ( ) ( ) ( ) ( )
*

1
* * *

1 1

1 0 3.9

i i

lpp p
q

i i i i i

i ii

z z

f
z z q z z z

z

-

= =
¢ ¢=

¶
¢ ¢ ¢ ¢- = - - =

¢¶å å  

Since 1q > ,  the tangent line at point ( )* * *

1 2, ,..., pz z z¢ ¢ ¢  can be written as: 

( ) ( ) ( )
1 1

* * *

1 1

1 1 3.10
p p

q q

i i i i

i i

z z z z
- -

= =

¢ ¢ ¢ ¢- = -å å
 

Since the equation of the tangent plane can also be written as 
*

1

p

i i

i

zl a
=

¢ =å , then we 

obtain: 

( ) ( ) ( )
( )

1 1 1
* * *

1 2

1 2

1 1 1
... 3.11

q q q

p

p

z z z

l l l

- - -
¢ ¢ ¢- - -

= = =

 

We can define y  as follows:  

( )
( )

1
*1

1,..., 3.12

q

i

i

z
i py

l

-
¢-

= =

In addition to equation ( )3.12 ,  we know ( )*

1

1 1
p

q

i

i

z
=

¢- =å  since point ( )* * *

1 2, ,..., pz z z¢ ¢ ¢
 

will be on the Lq surface. Then, we can make the following arrangements:  

( ) ( ) ( ) ( )

( )
( )

* *
1 1

1 1

1

1

1

1 1,..., 1 1

1
3.13

p pq qq q
q q

i i i i

i i

q

q

p q

q
i

i

z i p zyl yl

y
l

- -

= =

-

-

=

¢ ¢- = = Þ - = =

æ ö
ç ÷
ç ÷Þ =
ç ÷
ç ÷
è ø

å å

å

 

By combining ( )3.12 and ( )3.13 , we can find our initial point  ( )* * *

1 2, ,..., pz z z¢ ¢ ¢ by 

using the following equations if 1q > : 
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( ) ( )
( )

( )

( )
( )

1

1 1
* *

1/

1
1

1
1

1 1 1,..., 3.14

q

q q
q j j

i ip qq p q
q

qi
i

i
i

z z j p
l l

l l

- -

- -

= =

¢ ¢- = Þ = - =
æ ö
ç ÷
è ø

å å
 

 

1

1

( )* *

1 2,z z¢ ¢

1z ¢

2z¢

*

1 1 2 2z zl l a+ =
 

Figure 3.2 The best point for a weighted Linear Value Function 

 

iii. Weighted Euclidean ( )2
L Value Function 

We solve the problem below to find the initial point on the Lq curve if the DM’s 

preferences are approximately consistent with a weighted Euclidean function, 

( ) ( )2

1

1

,...,
p

p i i

i

u z z zl
=

¢ ¢ ¢= å . The model minimizes weighted Euclidean distance from 

the ideal point. We can solve this problem using the global optimization solver 

available in GAMS 23.0 BARON solver: 
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( ) ( )

( ) ( ) ( )

2

1

Min 3.15

subject to

3.2 , 3.4 and 3.5

p

i i

i

zl
=

¢å

 

iv. Weighted 
4

L Value Function  

If we can approximate the DM’s value function with a weighted 
4L  function 

( ) ( )
1/4

4

1

1

,...,
p

p i i

i

u z z zl
=

é ù
¢ ¢ ¢= ê ú

ë û
å , then the initial point on the Lq curve can be found by 

solving the following model with the BARON solver. 

( ) ( )

( ) ( ) ( )

1/4

4

1

Min 3.16

subject to

3.2 , 3.4 and 3.5

p

i i

i

zl
=

é ù
¢ê ú

ë û
å

 

As mentioned before, the initial point is very likely to correspond to an infeasible 

solution.  We use it to guide us to the region that is likely to contain highly preferred 

nondominated points corresponding to feasible solutions.  

Defining a Region  

Since we minimize the scaled criteria, the initial point, *¢z , on the fitted Lq curve 

gives us a reference point. However, depending on the size of the region defined 

around *¢z  there may be no nondominated points in it. In order to guarantee to obtain 

at least one nondominated point, we first find the nondominated point, 

( )* * * *

1 2, ,..., ptz tz tz¢ ¢ ¢ ¢=tz , that is at minimum weighted Tchebycheff distance from the 

ideal point ( )0,0,...,0IP¢ =z  in the direction of ( )* * * *

1 2, ,..., pz z z¢ ¢ ¢ ¢=z  by solving 

problem tchP :
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( )

( )
( ) ( )

*

max

1

max

max

Min 3.17

subject to

3.18

3.19

1,...,

:

tch

p

i

i

tch

i i

IP
i i

i NP IP
i i

P

z

tz i

z z
tz i

z z

i p

X

urs

r e

l r

r

=

¢+

¢ £ "

-¢ = "
-

=

Î

å

x

x

 

where maxr  measures the weighted Tchebycheff distance from the ideal point 

( )0,0,...,0IP¢ =z  and ( )1 2, ,...,tch tch tch tch

pl l l=λ  denotes the estimated weight vector. 

The weight vector corresponds to the Tchebycheff  direction from the ideal point 

( )0,0,...,0IP¢ =z  to the reference point *¢z in the scaled criteria and is found as 

follows: 

 ( )

1

*

* *

*

* *

1

1 1
  if  0                      

1                   if  0                            3.20

0                  if  0 but 0

p

j

i j

tch

i i

i j

j

z j
z z

z

z j z

l

-

=

ì é ù
ï ¢ ¹ "ê ú¢ ¢ï ê úë û
ï

¢= =í
ï ¢ ¢¹ $ ' =
ï
ï
î

å

 

In order to generate a set of nondominated points in the neighbourhood of *¢z , if 

1q > , we also find the nondominated point, ( )* * * *

1 2, ,..., plz lz lz¢ ¢ ¢ ¢=lz , that is at 

minimum weighted linear distance from the ideal point in the direction of 

( )* * * *

1 2, ,..., pz z z¢ ¢ ¢ ¢=z   by solving problem linP : 



 

 

29 

( )

( ) ( )

1

Min 3.21

subject to

3.22

1,...,

lin

p
lin

i

i

i

IP
i i

i NP IP
i i

P

lz

z z
lz i

z z

i p

X

l
=

¢

-¢ = "
-

=

Î

å

x

x

 

The weight vector, ( )1 2, ,...,lin lin lin lin

pl l l=λ , corresponds to the linear direction from 

the ideal point ( )0,0,...,0IP¢ =z  to the reference point *¢z  in the scaled criteria and is 

found by using equation (3.11) and 
1

1
p

lin

i

i

l
=

=å  when 1q > as follows:  

( )
( )

( )
1

*

1
*

1

1
1,..., 3.23

1

q

ilin

i p
q

j

j

z
i p

z

l

-

-

=

¢-
= =

¢-å
 

Our aim is to define the region as small as possible to keep the computational effort 

small but we may need to generate a number of points to find the actual best point. In 

order to define the region, we use the nadir point of the nondominated points, 
*¢tz  

and *¢lz  and define ( )* *max ,i i iuz tz lz¢ ¢ ¢=  as an upper bound to each scaled criterion 

1,...,i p=  as demonstrated in Figure 3.3.  
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Figure 3.3 Finding the nondominated points and defining the region 

 

3.2 A Heuristic Algorithm 

The heuristic algorithm starts with fitting an Lq function to approximate the 

nondominated frontier and finding the best point on the fitted Lq curve by interacting 

with the DM. We find the nondominated points that are at minimum weighted 
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Tchebycheff and rectilinear distances from the ideal point in the direction of the best 

hypothetical point and define them as the reference points. By using the nadir point 

of these two reference points, we obtain an upper bound to each scaled criterion. 

Then, we generate all nondominated points in the region defined by these upper 

bounds and present the DM and ask for the most preferred one.  

Step 1 (Fitting an Lq function). Find the nondominated point ( )1 2, ,..., pzr zr zr=zr  

that is at minimum Tchebycheff distance from the ideal point by solving Pzr . 

 

( )

( )

Min 3.24

subject to

( ) 3.25IP
i i

P

z z x i

x X

a

a- £ "

Î

zr

 

Find the q  value corresponding to the Lq curve passing through zr  by solving 

( )
1

1 1 0
p

q

i
i

zr
=

¢- - =å  where  
IP

i i
i NP IP

i i

zr z
zr

z z

-¢ =
-

 1,2,...,i p= .   

The fitted Lq function is ( )
1

1 1 0
p

q

i
i

z
=

¢- - =å  where 
IP

i i
i NP IP

i i

z z
z

z z

-¢ =
-

  

1,2,...,i p= .   

Step 2 (Finding the best on Lq curve). Interacting with the DM find a highly 

preferred point on the fitted Lp curve and denote it as ( )* * *

1 2, ,..., pz z z¢ ¢ ¢ . 

Step 3 (Upper bound estimation).  Solve tchP  and linP
 

to determine the 

nondominated points, ( )* * *

1 2, ,..., ptz tz tz¢ ¢ ¢  and ( )* * *

1 2, ,..., plz lz lz¢ ¢ ¢ , respectively. Set  

( )* *max ,i i iuz tz lz¢ ¢ ¢=  for 1,2,...,i p= .   

Step 4 (Generation of points). Generate all nondominated feasible points in the 

region defined by the upper bound vector, ( )1,..., puz uz¢ ¢ ¢=uz , that is, the region 
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defined by the constraints ( )i iz x uz¢ ¢£  for 1,2,...,i p= . Interact with the DM to find 

the most preferred point and define it as the final point ( )1,..., pfz fz¢ ¢ ¢=fz .      

 3.3 Computational Experiments 

In our computational experiments on MOAP, MOKP and MOSP problems, we 

consider the DM’s value functions as: 

i. A weighted Tchebycheff ( )¥L  function, ( )1
1,...,

,..., maxp i i
i p

u z z zl
=

¢ ¢ ¢= ,  

ii. A weighted Linear ( )1L  function, ( )1

1

,...,
p

p i i

i

u z z zl
=

¢ ¢ ¢=å , 

iii. A weighted Euclidean ( )2L function, ( ) ( )2

1

1

,...,
p

p i i

i

u z z zl
=

¢ ¢ ¢= å , 

iv. A weighted 
4L
 
function, ( ) ( )

1/4

4

1

1

,...,
p

p i i

i

u z z zl
=

é ù
¢ ¢ ¢= ê ú

ë û
å , 

where ( )1 2, ,..., pl l l=λ denotes the corresponding weight vector.  

In our test problems with three criteria, we work with three different weight vectors: 

( )1 0.1,0.6,0.3=λ , ( )2 0.333,0.333,0.333=λ
 

and ( )3 0.7,0.2,0.1=λ . For the four 

criteria case, we conduct the experiments with weight vectors:   

( )1 0.1,0.1,0.4,0.4=λ , ( )2 0.25,0.25,0.25,0.25=λ  and ( )3 0.6,0.25,0.10,0.05=λ . 

These vectors cover a variety of different possible situations and place the best 

solution at different parts of the solution space. 

Table 3.1 presents a summary of the computational experiments on MOKP, MOSP 

and MOKP problems while Tables in Appendix A demonstrate the performance of 

the algorithm on each problem separately in detail.  

Our algorithm guarantees to find the best when the DM has a value function 

consistent with a weighted linear or a weighted Tchebycheff function. In our 

computational experiments on other types of value function, the average true rank of 

the final point is 1.26 with a standard deviation of 0.81 for three-criteria problems. 
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The final point is the true best point in 86.00% of our instances. In the worst case, the 

final point has a rank of 7. In the four-criteria case, the average true rank and 

standard deviation turns out to be 1.38 and 1.08, respectively, and we find the true 

best in 83.33% of our instances. In the remaining instances, the rank of the final 

point does not exceed 7.  

In addition to the rank of the final point, we also measure the performance of the 

algorithm by using the following value ratio: 

( )
( ) ( )
( ) ( ) ( )1 1

1 1

,..., ,...,
value_ratio % *100 3.26

,..., ,...,

p p

NP NP

p p

u fz fz u bz bz

u z z u bz bz

¢ ¢ ¢ ¢-
¢ =

¢ ¢ ¢ ¢-
fz

 

where ( )1,..., pbz bz¢ ¢ ¢=bz  denotes the actual best point and ( )1 ,...,NP NP NP

pz z¢ ¢ ¢=z  is the 

nadir point in the scaled criteria.  This ratio shows the relative percentage deviation 

of the value of the obtained point from that of the best point. 

As discussed before, the algorithm guarantees to find the best point when the 

underlying value function is Tchebycheff or linear type.  We, therefore, discuss the 

deviations from the best for the remaining two value functions.  In our three-criteria 

problems, the average value ratio of the final point is 0.08%, its standard deviation of 

0.42%, and its range is 0.00% to 4.83%.  For the four criteria case, the average value 

ratio of the final point is 0.18%, its standard deviation is 0.54%, and its range is 

0.00% to 2.90%.  These results show that the value of the final point is usually very 

close to the value of best point.  

The number of nondominated points presented to the DM can also be used as a 

performance measure since the aim is to find a good nondominated point without 

generating many points. Therefore, we also need to make experiments to record the 

number of nondominated points generated for weighted linear and Tchebycheff value 

function cases although we know the algorithm will always find the best for these 

types of value function.  

We report the percentage of the total nondominated points we end up generating.  

That is, we calculate the percentage .100
lpn

N
 where 

lpn  denotes the number of 



 

 

34 

nondominated points generated by our algorithm and  N  is the total number of all 

nondominated points. We end up generating 1.95% of the nondominated points with 

a standard deviation of 2.95% for the three-criteria case. In our experiments with four 

criteria, the average percentage is 1.11% with a standard deviation of 0.75%. That is, 

the number of solutions generated is reasonable when compared to the number of all 

nondominated points. Figures 3.4, 3.5 and 3.6 demonstrate the performance of the 

algorithm on typical instances of MOSP problems, MOKP and MOAP .  

 

 

 

Figure 3.4 All nondominated points and the points generated by the algorithm
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Figure 3.5 All nondominated points and the points generated by the algorithm 

( ) ( ) ( ) ( )
1

4 4 4 4

1 2 3 1 2 3100-item MOKP with 3084, , , 0.33 0.33 0.33N u z z z z z z
æ ö
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Figure 3.6 All nondominated points and the points generated by the algorithm 
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3.4 Discussion and Future Work 

The computational experiments show that the algorithm finds the best point most of 

the time by generating a reasonable number of nondominated points. Although there 

are some instances for which the algorithm could not converge to the actual best 

point, the algorithm always yields good solutions in our test problems considering 

the worst case performance of the algorithm. However, there are some instances 

where the number of nondominated points generated is relatively high. In addition, 

the region does not cover the actual best point in some problems. As a future work, it 

may be useful to focus on these instances and modify the algorithm based on insights 

obtained from these instances.  

Interacting with a DM, we obtain the best hypothetical point on the Lq curve and use 

it to define the region. As an alternative approach, we may ask for a set of preferred 

points on the Lq surface and define the region by using all of them. 

Our current algorithm generates all nondominated points in the region we define and 

then presents all these points to the DM. Instead of generating all nondominated 

points in this region, we can employ an interactive algorithm, updating the region 

based on  the preferences of the DM. Furthermore, we can stop the algorithm in an 

iteration if the DM is satisfied with the nondominated point generated at that 

iteration.  
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CHAPTER 4  

 

 

FINDING NADIR POINTS 

 

 

 

To compare the nondominated points in different criteria, many procedures require a 

proper scaling of criteria. In addition, the nadir point is a good starting point for 

algorithms that start from dominated points and try to converge to the preferred 

points. However, it is not straightforward to find the nadir points for mathematical 

programs in general and for  MIP problems in particular when there are more than 

two criteria.  

Many algorithms estimate the nadir by using the payoff matrix that is constructed by 

using the nondominated points obtained when finding the best possible values of 

each criterion. The nadir point value of each criterion is approximated by its worst 

value in the payoff matrix. However, we may then considerably overestimate 

(underestimate) the nadir for a maximization (minimization) problem. 

Consider the problem in Table 4.1 where a set of discrete alternatives are shown in 

three maximization-type criteria. Table 4.2 shows the corresponding payoff matrix.  

As can be seen, the payoff matrix substantially overestimates the nadir point.  

Actually, the alternatives in Table 4.1 can be easily modified to make the differences 

between the nadir value estimates from the payoff table and the true nadir values 

arbitrarily large. 

Since the payoff nadir value may overestimate (underestimate) the nadir point of a 

maximization (minimization) problem considerably as demonstrated in Tables 4.1 

and 4.2, many nondominated points may fall outside the scaled range.  Therefore, a 
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tight lower (upper) bound would be more useful than the payoff nadir which 

overestimates (underestimates) the nadir of a maximization (minimization) problem.  

 

Table 4.1 All Nondominated points 

Alternatives 1z  2z  3z  

1 10,000 5,000 5,000 

2 5,000 10,000 5,000 

3 5,000 5,000 10,000 

4 0 7,000 7,000 

5 7,000 0 7,000 

6 7,000 7,000 0 

Nadir Point 0 0 0 

   

Table 4.2 Payoff Matrix 

Alternatives 1z  2z  3z  

1 10,000 5,000 5,000 

2 5,000 10,000 5,000 

3 5,000 5,000 10,000 

Payoff Nadir 

Point 
5,000 5,000 5,000 

 

 

Korhonen et al. (1997) develop a heuristic method to obtain better estimates of the 

nadir values than those obtained from the payoff table. The procedure is based on the 

use of reference directions such that a direction that maximally minimizes the 

criterion under consideration is chosen at each iteration. When the corresponding 

criterion reaches a local minimum over the nondominated set, a cutting plane is 

inserted to the model and another direction is found in a similar way. The method is 

applied to only multi-objective linear programming (MOLP) problems.  

Ehrgott and Tenfelde-Podehl (2003) review the exact and approximation methods for 

the problem of finding the nadir point and develop a procedure to find the nadir. To 

determine the nadir value for a criterion, they generate all nondominated points 

corresponding to the problem with the remaining criteria. Hence, they reduce the 
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problem size by one criterion. Although this method may be suitable for three 

criteria, the algorithm is not practical for problems with more than three criteria. 

They demonstrate the algorithm on three criteria problems. The solution of the 

general case is not straightforward.  

Deb et al. (2006) propose modifications to an existing evolutionary multi-objective 

algorithm to focus its search on extreme criterion values on the nondominated 

frontier. They approximate the nadir points of both linear and nonlinear problems 

with two to 20 criteria.  

Alves and Costa (2009) propose a method to determine the nadir point for MOLP 

problems. For each criterion, they find the region in the weight space corresponding 

to the nondominated points with the value below the minimum already known at 

each iteration. They generate nondominated points iteratively by using  a weight 

vector selected from this region. The algorithm stops when the region becomes 

empty since it implies the nadir value is already found. Although the algorithm is 

applicable to problems with any number of criteria, it is limited to MOLP problems.  

We develop an algorithm that finds the nadir points for any MIP problem. In addition 

to its capability of finding the nadir points, the algorithm also finds lower and upper 

bounds for the nadir point with performance guarantees. That is, the algorithm can 

also be modified to obtain upper and lower bound for the nadir value for a desired 

gap ratio.  The algorithm works efficiently especially for the three criteria case and 

we also generalize  the algorithm to problems with more than three criteria.  

4.1 Definitions and Theorems 

We define the nondominated point corresponding to the ideal point value in the 
thi  

criterion as 
( )( )

1 2

( ) ( ) ( )( , ,...,  ,..., )
iIP i

i p

IPIP i IP i IP iz z z z=z . The nondominated point 

corresponding to the nadir point value in the 
thi  criterion is denoted as 

( )( )

1 2

( ) ( ) ( )( , ,...,  ,..., )
iNP i

i p

NPNP i NP i NP iz z z z=z . Although these points may not be unique, 

the following theorems and corollaries are valid for all such nondominated points.  

Without loss of generality, we assume we have a maximization problem.  
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Theorem 4.1. For given c  and n  values ( , 1,...,c n p c n= ¹ ), ( ) ( )
r r

IP c NP nz z< will 

hold for at least one value of r , 1,....,r p= , ,¹ ¹r c r n .  

Proof: (By contradiction) Assume ( ) ( )
r r

IP c NP nz z³ for all ,r c r n¹ ¹ . We also 

know 
( )( ) c

c c

IPNP nz z£ and 
( ) ( )n

n n

NP IP cz z£  by the definition of ideal and nadir point.  

Then 
( )

1 2

( ) ( ) ( )( , ,...,  ,..., )
n

n p

NPNP n NP n NP nz z z z  will be dominated by 

( )
1 2

( ) ( ) ( )( , ,...,  ,..., )
c

c p

IPIP c IP c IP cz z z z  which contradicts the fact that 

( )
1 2

( ) ( ) ( )( , ,...,  ,..., )
n

n p

NPNP n NP n NP nz z z z  is nondominated. p            

Corollary 4.1: For the three criteria case ( )3 ,p =  for given c  and n  values 

( ), 1,2,3c n c n= ¹   ( ) ( )
r r

IP c NP nz z<
 
for  , , 1,2,3r c r n r¹ ¹ = .  

Proof: According to Theorem 4.1, ( ) ( )
r r

IP c NP nz z< will hold for at least one value for 

,r c r n¹ ¹ . Since we have only one possible value left for r  in a problem with 

three criteria, ( ) ( )
r r

IP c NP nz z< should be satisfied for r , ,r c r n¹ ¹ . p    

Theorem 4.2. ( ) ( )
i c

c i
x X
Max z x z xe

¹
Î

+ å will give a nondominated point with the 

highest cz  value among the feasible points if 
( ) ( )( )
1

IP i NP i

i i

i c

z z
e

¹

£
-å

.  

Proof. Suppose ( )11 12 1, ,..., pz z z and ( )21 22 2, ,..., pz z z  are two arbitrarily selected 

feasible points such that 1 2c cz z> , 1 2 1c cz z³ + , since we have integer parameters. 

Now, consider the corresponding objective function values:  

( ) ( )
( )
1 2

2 2 1 1 2 1 1 2

2 1i c i c i c

i c

c c
c i c i i i c c

i i

z z
z z z z z z z z

z z
e e e e

¹ ¹ ¹
¹

-æ ö
+ £ + Û - £ - Û £ç ÷ -è ø
å å å å

 

If we select e  such that 
( ) ( )( )
1

IP i NP i

i i

i c

z z
e

¹

£
-å

, then the above inequality will hold for 

all feasible point pairs satisfying 1 2c cz z>  since we have integer parameters and 
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( )
( ) ( ) ( ) ( )( )
1 2

2 1 2 1

1 1
IP i NP i

i i
i c i c i c

c c

i i i i

z z

z z z z z z
e

¹ ¹ ¹

-
³ ³ ³

- - -å å å
. p   

Corollary 4.2. For 3p = , if ne  and re  are selected as below, then 

( ) ( ) ( )n rc n r
x X
Max z x z x z xe e
Î

+ +  will give the nondominated point with the highest cz  

value among the feasible points. Furthermore, if there are more than one point with 

the highest cz  value, it will select the one with the smallest nz  value.  

( ) ( )( )
1

n IP i NP i

i i

i c

z z
e

¹

£
-å

, 
( ) ( )( )
1

r IP i NP i

i i

i c

z z
e

¹

£
-å

and  ( ) ( )
1n

IP i NP i

r n nz z

e
e
£

-
. 

Proof. Suppose ( )11 12 13, ,z z z
 

and ( )21 22 23, ,z z z  are two feasible points where 

1 2 .c cz z>  Since 
( ) ( )( )
1

n IP i NP i

i i

i c

z z
e

¹

£
-å

 and 
( ) ( )( )
1

r IP i NP i

i i

i c

z z
e

¹

£
-å

, then

( ) ( ) ( )n rc n r
x X
Max z x z x z xe e
Î

+ +  will give the point with the highest  cz  value by 

using Theorem 4.2.  

Now, assume there are more than one point with the highest cz  value. Consider two 

of them, ( )11 12 13, ,z z z¢¢ ¢¢ ¢¢  and ( )21 22 23, ,z z z¢¢ ¢¢ ¢¢  where 1 2c cz z¢¢ ¢¢= , 1 2n nz z¢¢ ¢¢£ , 1 2r rz z¢¢ ¢¢³ . Consider 

corresponding objective function values:  

2 2 2 2 1 1 2 2 1 1

1 2

2 1

n r n r n r n r

n

r

c n r c n r n r n r

r r

n n

z z z z z z z z z z

z z

z z

e e e e e e e e

e
e

¢¢ ¢¢ ¢¢ ¢¢ ¢¢ ¢¢ ¢¢ ¢¢ ¢¢ ¢¢+ + £ + + Û + £ +

¢¢ ¢¢-
Û £

¢¢ ¢¢-
 

If we select n

r

e
e

 such that ( ) ( )
1n

IP n NP n

r n nz z

e
e
£

-
, then the above inequality will hold for 

all feasible point pairs satisfying 1 2c cz z¢¢ ¢¢=  since 

1 2

2 1 2 1

1 1 n

IP NP

n n r

r r

n n n n

z z

z z z z z z

e
e

¢¢ ¢¢-
³ ³ ³

¢¢ ¢¢ ¢¢ ¢¢- - -
.p 
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4.2 An efficient algorithm to find the nadir point for the three criteria case 

Let { }1,2,3nÎ denote the criterion for which we search the nadir value and t  be the 

iteration counter.  

The algorithm first finds the nondominated point having the best cz  value, ( )IP c
z , 

where criterion c  is selected such that the corresponding nz  value is the smallest, 

that is 
( ) ( )minIP c IP i

n n
i n

z z
¹

=  where 
( )( )

1 2 3

( ) ( )( , ,  )
iIP i IPIP i IP iz z z=z  for each criterion i n¹  are 

found as described in Corollary 4.2.  

In order to obtain the nondominated point 
( )

1 2 3

( ) ( ) ( )( , , )NP n NP n NP n NP nz z z=z , we keep on 

generating nondominated points in a dynamic region which is defined by the lower 

and upper bounds to 
( )n

i

NP
z  for 1,2,3i = . We denote the lower and upper bounds 

respectively as ilz  and iuz . We update these bounds iteratively by using the 

nondominated points generated throughout the algorithm. While we may have lower 

bounds for any criteria, we only employ an upper bound for the 
thn criterion.  

Relative Gap Definition 

According to the bounds on 
( )n

n

NP
z , the nadir value of for the 

thn criterion, at each 

iteration, we calculate a relative gap value, 
( )

( )( )
n n

IP n

n n

uz lz
g

z lz

-
=

-
, as a proportion of the 

distance between the current lower and upper bounds for criterion n  and the 

algorithm stops when *g g£ , where *g  denotes desired relative gap value. The 

algorithm gives an upper bound and a lower bound with the desirable relative gap.  

Instead of using nuz  in our models, we employ a tighter upper bound for 
( )n

n

NP
z

according to the value of *g  as demonstrated in Figure 4.1. That is, this upper bound, 

denoted as 
*g

nuz , may not be an actual upper bound to
( )n

n

NP
z . Its value is selected 

such that we guarantee to stop when we do not have any nondominated point below

*g

n nz uz= . Therefore, the algorithm always selects 
*g

nuz value such that the interval 



 

 

 

44 

*g

n n nuz z uz£ £  is small enough to stop according to the relative gap definition. This 

implies: 

 

( )
( )( )

( )( ) ( )
( )( )

( ) ( )
**

* * * * *

**
1 4.1

1

IP ng
n nn n IP n g g

n n n nIP n g

n n

uz g zuz uz
g uz g z uz g uz

gz uz

--
= Þ - = - Þ =

--
  

If our parameters are all integers, then we can set 

( )( )
( )

*

*

*1

IP n

n ng

n

uz g z
uz

g

é ù-
ê ú=
ê ú-
ê ú

.  

Note that if * 0g = , then we always use the actual upper bound, 
*g

n nuz uz= , that 

corresponds to the case for which the algorithm will give the exact nadir. We will 

have 
( )n

n n n

NP
uz lz z= =

 
at the end of the algorithm.  

 

2lz

1z

2z

1lz
1uz*

1uz

( )
( )( )

*

1 1 *

1 *

1 1

IP

uz uz
g

z uz

-
=

-

( )(3) (3)

1 2,IP IPz z

 

Figure 4.1 The initial feasible region for (1)NP
z on a problem with three criteria on 

( )1 2,z z  space   ( 1, 2, 3n r c= = = ) 
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Update Mechanism of the Bounds  

At each iteration t , the algorithm first generates a point, denoted as 

( )1 2 3, ,t

t t tdz dz dz=dz that maximizes  criterion c in the region defined by the bounds. 

Then, we check whether this point is dominated or not by relaxing the bounds we set. 

If 
t

dz  is a dominated point (Case 1), then we find the dominating point whose  thr  

criterion value will be used to update rlz  where r is the remaining criterion such that 

r c¹ and r n¹  (using Theorem 4.3 that will be discussed later).  In order to obtain a 

tighter bound for rlz , we select the dominating point that maximizes thr   criterion 

and denote it as ( )1 2 3, ,t

t t tz z z=z . Note that nuz  and 
*g

nuz are not updated since our 

current bound is tighter as demonstrated in Figure 4.2.  

If this point is nondominated (Case 2), then its 
thn  criterion value gives us a tighter 

upper bound, and nuz  and 
*g

nuz  values are updated. Furthermore, thr  criterion value 

of this point is also used to update rlz  as can be seen in Figure 4.3.  

Lastly, in Case 3 in Figure 4.4, we may not have any feasible point in the region 

defined by the current bounds. Then, we stop working in the region below 
*g

n nz uz=

and consider the excluded region for which 
*g

n n nuz z uz< £ . That is, 
*g

nuz value gives 

us a tighter lower bound for 
( )n

n

NP
z  .  
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( )
( )( )

*

1 1 *

1 *

1 1

IP

uz uz
g

z uz

-
=

-

( )11 12,dz dz

( )(3) (3)

1 2,IP IPz z

2z

1z

1lz
*

1uz
1uz

2lz

( )11 12,z z

( )
( )( )

*

1 1 *

1 *

1 1

IP

uz uz
g

z uz

-
=

-

( )11 12,dz dz

( )(3) (3)

1 2,IP IPz z

2z

1z

1lz
*

1uz
1uz

2lz
( )11 12,z z

a. The initial feasible region   b. The updated feasible region 

Figure 4.2 The initial and updated feasible regions for (1)NP
z on a problem with three 

criteria on ( )1 2,z z  space  ( 1, 2, 3n r c= = = ) that corresponds to Case=1 

 

 

( )
( )( )

*

1 1 *

1 *

1 1

IP

uz uz
g

z uz

-
=

-

2lz

1z

2z

1uz
*

1uz

( )(3) (3)

1 2,IP IPz z

( ) ( )11 12 11 12, ,dz dz z z=

( )(3) (3)

1 2,IP IPz z

( )
( )( )

*

1 1 *

1 *

1 1

IP

uz uz
g

z uz

-
=

-
2z

1z
1lz

*

1uz
1uz 1lz

2lz
( ) ( )11 12 11 12, ,dz dz z z=

a. The initial feasible region   b. The updated feasible region 

Figure 4.3 The initial and updated feasible regions (1)NP
z on a problem with three 

criteria on ( )1 2,z z  space  ( 1, 2, 3n r c= = = ) that corresponds to Case=2 
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( )
( )( )

*

1 1 *

1 *

1 1

IP

uz uz
g

z uz

-
=

-

( )(3) (3)

1 2,IP IPz z

2z

1z

1lz
*

1uz
1uz

2lz

( )(3) (3)

1 2,IP IPz z

2z

1z

1lz 1uz

2lz

a. The initial feasible region   b. The updated feasible region 

Figure 4.4 The initial and updated feasible regions for (1)NP
z on a problem with three 

criteria on ( )1 2,z z  space  ( 1, 2, 3n r c= = = )  that corresponds to Case=3 

 

We next present the steps of our algorithm that gives an upper bound and a lower 

bound with an acceptable relative gap for the nadir value of 
thn criterion. All 

parameters are assumed to be  nonnegative integers.  

The Algorithm 

Step 0 (Initialization).  Set 1t = . Find the criterion c  to be maximized by using

( ) ( )minIP c IP i

n n
i n

z z
¹

=  and then denote the remaining criterion as r  such that r n¹  and 

.r c¹   

Set  
( ) 1IP c

r rlz z= +  (using Theorem 4.1), 
( )IP c

n nuz z= and 

( )( )
( )

*

*

*1

IP n

n ng

n

uz g z
uz

g

é ù-
ê ú=
ê ú-
ê ú

.  

If we do not have a tighter lower bound for the nadir, set 0nlz = . 

Step 1.  Solve ( )( )

t

n cP . 
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( )
( ) ( ) ( ) ( )

( ) ( )
( ) ( )
( ) ( )

( )

*

4.2

subject to

4.3

4.4

4.5

t

n c

n r

r

g

n

c n r

r

n n

n

P

Max z x z x z x

z x lz

z x lz

z x uz

x X

e e+ +

³

³

£

Î
 

where we choose 
( )( ) ( ) ( )( )

1
n IP n IP c IP r

n c rz z z
e =

+
, 

( ) ( )( )
1

r IP c IP r

c rz z
e =

+
 . 

If ( )( )

t

n cP is infeasible, set 
* 1g

n nlz uz= + . Go to Step 3. Otherwise, denote the optimal 

point as ( )1 2 3, ,t

t t tdz dz dz=dz  and go to Step 2.  

Step 2. Solve problem ( )( )

t

n cD  to check whether there exists a point that dominates 

( )1 2 3, ,t

t t tdz dz dz=dz  or not.  

( )
( ) ( ) ( ) ( )

( ) ( )

( )

4.6

1,2,3 4.7

t

n c

c n

ti

r c n

i

D

Max z x z x z x

subject to

z x dz i

x X

e e+ +

³ =

Î
 

where ( ) ( )
1

c IP c IP n

c nz z
e =

+
, 

( ) ( ) ( )( )
1

n IP n IP c IP n

n c nz z z
e =

+
. 

Denote the optimal point as ( )1 2 3, ,t

t t tz z z=z . Set 1r trlz z= +  (using Theorem 4.3). 

If
t t=z dz , that is if there does not exist a point that dominates 

t
dz , then set n tnuz z=  

and go to Step 3. Otherwise, go to Step 1. Set 1t t¬ + . 
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Step 3. If 
( )

( )( )
*n n

IP n

n n

uz lz
g

z lz

-
>

-
, then set 

( )( )
( )

*

*

*1

IP n

n ng

n

uz g z
uz

g

é ù-
ê ú=
ê ú-
ê ú

 and go to Step 1. 

Otherwise, stop.
( )NP n

n n nlz z uz£ £ .  

Theorem 4.3.  Let t
z  be the optimal point of ( )( )

t

n cD such that 
( )t NP n¹z z . For given 

c  and n  values ( { }, 1,2,3 ,c n c nÎ ¹ ), 
( )

tr r

NP nz z< will hold for r , 1,2,3r = , 

satisfying for ,r c r n¹ ¹  for all t .  

Proof: (By contradiction) Assume 
( )

tr r

NP nz z³ for ,r c r n¹ ¹ . We also know 

( )NP n

n tnz z£  by definition of the nadir value.  Furthermore, since both ( )1 2 3, ,t t tz z z  and 

1 2 3

( ) ( ) ( )( , , )NP n NP n NP nz z z  are nondominated, 
( )

tc c

NP nz z< should hold. We can also write 

( )
tc c

NP ndz z<  since ti tidz z£  for all 1,2,3.i =  Then, ( )1 2 3, ,t t tdz dz dz cannot be the 

optimal point of ( )

t

n cP  since 1 2 3

( ) ( ) ( )( , , )NP n NP n NP nz z z  is feasible according to Theorem 

4.1 and has a higher cz  value than ( )1 2 3, ,t t tdz dz dz . That is, we obtain a 

contradiction.   p 

Note that we maximize criterion r  instead of criterion c  in model ( )( )

t

n cD  that gives 

the nondominated point dominating 
t

dz . Actually, even if we change the objective 

function of  ( )( )

t

n cD  with any positive linear combination of the criteria,  Theorem 

4.3 will still be  valid for all possible combinations. Since our aim is to restrict the 

region we operate on as much as possible, we set 1r trlz z= +  for the following 

iterations and we try to find the nondominated point  t
z  with maximum r  value 

dominating 
t

dz  in problem ( )( )

t

n cD . 

4.3 Generalization of the algorithm for finding nadir point for more criteria 

We can generalize the algorithm for problems with more than three criteria. In this 

case, the algorithm would again start with ( )IP c
z and generate nondominated points to 

obtain tighter bounds for 
( )n

j

NP
z . Each nondominated point v , gives us lower bounds, 
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v

jlz , for the remaining criteria, 1,2,...,j p= ,j c¹  and j n¹ . Different than the three 

criteria case, we have more than one criterion that are distinct from c and n  and the 

lower bounds that correspond to each nondominated point should be satisfied for at 

least one of the remaining criteria  as discussed later in Theorem 4.4. That is, we 

need to modify the problem ( )( )

t

n cP  by adding binary variables and constraints (4.9) 

and (4.10). If 1jvy =  for a given criterion j ,  then the constraint 
v

jjz lz³  will be 

satisfied. Otherwise, if 0jvy = , then the corresponding constraint in (4.9) will be 

redundant. Constraint (4.10) guarantees that the lower bound 
v

jlz  will be active for 

only one criterion j ,  1,2,...,j p=  j c¹ , and j n¹ .  

( )
( ) ( ) ( ) ( )

( ) ( )
( )

( ) ( )
( ) ( )

{ }

( )

*

4.8

, 4.9

1 4.10

4.11

4.12

0,1

1,2,...,

0,1,2,...,

t

n c

n j

r c
r n

v

j jv

jv

j c
j n

g

n

c n j

j

n

n n

jv

P

Max z x z x z x

subject to

z x lz M My j c j n v

y v

z x uz

z x lz

x X

j p

v t

y j c v

e e
¹
¹

¹
¹

+ +

³ - + " ¹ ¹ "

= "

£

³

Î

Î

=

=

" ¹ "

å

å

 

where we choose 
( )( ) ( ) ( )( )

1
n IP n IP c IP r

n c rz z z
e =

+
, 

( ) ( )( )
1

r IP c IP r

c rz z
e =

+
 . 
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Step 0 (Initialization).  Set 1t = . Find criterion c  to be maximized by using 

( ) ( )minIP c IP i

n n
i n

z z
¹

=  . Set  
0 ( ) 1IP c

j jlz z= +  (using Theorem 4.1) for all 

1,..., , ,j p j n j m= ¹ ¹ ,
( )IP c

n nuz z=  and 

( )( )
( )

*

*

*1

IP n

n ng

n

uz g z
uz

g

é ù-
ê ú=
ê ú-
ê ú

.  

If we do not have a tighter lower bound for the nadir, set 0nlz = . 

Step 1.  Solve ( )( )

t

n cP . If ( )( )

t

n cP is infeasible, set 
* 1g

n nlz uz= + . Go to Step 3. 

Otherwise, denote the optimal point as ( )1 2, ,...,t

t t tpdz dz dz=dz  and go to Step 2.  

Step 2. Solve problem ( )( )

t

n cD  to check whether there exists a point that dominates 

( )1 2, ,...,t

t t tpdz dz dz=dz  or not.  

( )
( ) ( ) ( ) ( )

( ) ( )

( )

4.13

subject to

1,2,..., 4.14

t

n c

c c n n

j c
j n

ti

j

i

D

Max z x z x z x

z x dz i p

x X

e e
¹
¹

+ +

³ =

Î

å

 

where ( ) ( )
1

c IP c IP n

c nz z
e =

+
, 

( ) ( ) ( )( )
1

n IP n IP c IP n

n c nz z z
e =

+
. 

Denote the optimal point as ( )1 2, ,...,t

t t tpz z z=z . Set 1t

j tjlz z= +  (using Theorem 

4.4). If 
t t=z dz , that is if there does not exist a point that dominates  

t
dz , then set 

n tnuz z=  and go to Step 3. Otherwise, go to Step 1. Set 1t t¬ + .  

Step 3. If 
( )

( )( )
*n n

IP n

n n

uz lz
g

z lz

-
>

-
, then set 

( )( )
( )

*

*

*1

IP n

n ng

n

uz g z
uz

g

é ù-
ê ú=
ê ú-
ê ú

 and go to Step 1. 

Otherwise, stop. 
( )NP n

n n nlz z uz£ £ .  
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Instead of solving ( )( )

t

n cP  in our computational experiments, we employ a similar 

sorting and searching mechanism to find the optimal point as discussed in Chapter 2. 

Theorem 4.4 (Generalization of Theorem 4.3).  Let t
z  be the optimal point of 

( )( )

t

n cD
 
such that 

( )t NP n¹z z . For given c  and n  values ( , 1,...,c n p c n= ¹ ),

( )
tj j

NP nz z< will hold for at least one value of j , 1,...,j p= , satisfying ,j c j n¹ ¹  

for all t .  

Proof: (By contradiction) Assume 
( )

tj j

NP nz z³ for all ,j c j n¹ ¹ . We also know 

( )NP n

n tnz z£  by definition of the nadir value.  In addition, since both ( )1,...,t tpz z  and 

1

( ) ( )( ,..., )p

NP n NP nz z  are nondominated, 
( )

tc c

NP nz z< should be satisfied. We can also 

write 
( )

tc c

NP ndz z<  since ti tidz z£  for all 1,..., .i p=  Then, ( )1,...,t tpdz dz  cannot be the 

optimal point of ( )

t

n cP  since 1

( ) ( )( ,..., )p

NP n NP nz z  is feasible and has a higher cz  value 

than ( )1,...,t tpdz dz . That is, we get a contradiction.  p 

4.4 Computational Experiments 

To illustrate the performance of the algorithm, we conduct experiments on MOAP, 

MOKP and MOSP problems. We convert the minimization problems, MOAP and 

MOSP, to maximization-type problems in our experiments. 

Finding a lower bound to the Nadir 

For a maximization type problem, the payoff nadir value gives us an upper bound to 

the nadir for each criterion. However, it is not so easy to find a tight lower bound to 

the nadir. 

In order to find a lower bound to the nadir for MOAPs and MOSP problems, we only 

change the objective function of the corresponding models. Since the nadir point for 

criterion n  is the worst possible value of that criterion on the nondominated frontier, 

the single-objective problem that minimizes the 
thn criterion (maximizes in the 

original model) gives us a lower bound to the nadir of criterion n .  
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However, this idea does not work for a maximization type knapsack problem since 

we will have an empty knapsack when 
thn criterion is minimized. That is, our lower 

bound for each criterion will be always zero for MOKP. So, we propose another 

method to find a tighter bound to the nadir for MOKPs.  

Theorem 4.5. The optimal solution to problem 
MOKP

nLB , 
*

MOKP
nLB

z , will be a lower 

bound to the 
( )NP n

nz . 

( )

( )

( ) ( )
{ }

1

1

4.15

.

4.16

1 4.17

0,1

1,2,...,

MOKP

n

d

nl l

l

d

l l

l

l l l

l

LB

Min p x

s to

w x s C

s w x Cx l

x

l d

=

=

+ =

£ - + "

Î

=

å

å  

Proof: If we can show that the solution that corresponds to the nondominated point 

( )NP n
z is feasible to problem

MOKP

nLB , then we can conclude that the corresponding 

objective function value, 
( )NP n

nz will be an upper bound to the optimal objective 

function value,
*

MOKP
nLB

z . That is, we can write ( )*
MOKP
n

NP n

nLB
z z£

 
that implies  

*
MOKP
nLB

z  

value will be a lower bound to 
( )NP n

nz .   

Therefore, let us denote the solution corresponding to ( )NP n
z  as 

( )( ) ( ) ( ) ( )

1 2, ,...,NP n NP n NP n NP n

dx x x=x  such that ( ) ( )

1

d
NP n NP n

n nl l

l

z p x
=

=å . If we define the 

corresponding slack variable as ( ) ( )

1

,
=

= -å
d

NP n NP n

l l

l

s C w x  we can show that 

( )( )

( ): 0

minNP n

l
NP n
l

l x

s w
=

<  because otherwise it is possible to add an item to the knapsack 

which will increase the profit function for all criteria. That is, it will be possible to 
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put at least one more item into the knapsack and the resulting point with the 

additional items will dominate ( )NP n
z which gives a contradiction.  

Now, we know ( )( )

( ): 0

minNP n

l
NP n
l

l x

s w
=

<  . Since we know 
( )NP ns C£  by slack 

definition, then we can write ( )( ) ( ) ( )1NP n NP n NP n

l l ls w x Cx£ - +  for 1,...,l d=  which 

corresponds to constraint (4.3). That implies ( )NP n
x  is a feasible solution to problem

MOKP

nLB . Since any feasible solution of a minimization problem will give us an upper 

bound, we can write 
( )* .£MOKP

n

NP n

nLB
z z  That is, the optimal solution of 

*
MOKP
nLB

z , will be 

a lower bound to the 
( )NP n

nz .p 

Corollary 4.3. The optimal solution to linear programming relaxation of
MOKP

nLB , 

)

*

( MOKP
nlp LB

z , will be a lower bound to 
( )NP n

nz . 

Proof. Since we relax the integrality constraints, we know
)

* *

( MOKP MOKP
n nlp LB LB

z z£ . Then, 

we can conclude that 
( )

)

*

( MOKP
n

NP n

nlp LB
z z£  by using Theorem 4.5. p  

We apply the algorithm on MOAP, MOKP and MOSP problems with three and four 

criteria where Table 4.3 summarizes these results. While the algorithm calculates the 

exact nadir for 
* 0g = , it gives a lower and upper bound, nlz  and nuz , for the nadir 

with an acceptable relative gap when 
* 0.1g = . The initial gap and the actual gap at 

the end of the algorithm is also calculated by using 
( )

( )( )
*n n

IP n

n n

uz lz
g

z lz

-
£

-
. 

Since we repeat the algorithm for each criterion 1,...,n p=  in order to find 

( )

1 2

( ) ( ) ( )( , ,..., ),=zNP n

p

NP n NP n NP nz z z  we also report the average values for each problem 

in the Tables 4.4-4.9.  

Table 4.4 demonstrates the results for MOAPs with three and four criteria where the 

initial relative gap values of 0.45 for three criteria and 0.40 for four criteria on the 

average. In order to see how much the solution times and the number of models 
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improved when the value of *g  is changed from 0 to 0.1, we compare the 

corresponding number of models ( )MS and the solution times ( )ST  for 
* 0g =  and

* 0.1g = . The results show that the average number of models solved decreases by 

34.58% and 47% for three and four criteria case respectively. Similarly, the solution 

times improve by 32.33% and 55.11% for three and four criteria respectively on the 

average.  

The number of models solved ( )MS and the solution time ( )ST  of our algorithm are 

also compared with the corresponding values, ( ),MSALL STALL
 

of our exact 

algorithm which generates all nondominated points in Table 4.5.  

In three criteria case with * 0g = , while 
 

MS

MSALL
 percentage is 6.70% for 10 nodes 

and 1.40% for 20 nodes on average, it decreases to 0.78% for 30 nodes as illustrated  

in Table 4.3. Similarly, the average 
ST

STALL
 percentage is 3.96% for 10 nodes and 

1.06% for 20 nodes whereas the average is only 0.68% for 30 nodes. That is, the 

performance of the algorithm in terms of the number of models solved improves as 

the number of nodes is increased in our test problems. However, as the number of 

criteria increases, the computational complexity increases. For instance, the average

MS

MSALL
 percentage is 2.84% and the average

ST

STALL
 percentage is 2.24%,  for a 

10-node MOAP with four criteria.  
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Table 4.3 Summary of Results for the nadir algorithm 

p  Prob. Size 

Total 

 nond. points ( )N  
Initial 

Rel. Gap 

MS

MSALL
% 

ST

STALL
% 

Avg. 
Std. 

Dev. 
Avg. 

Std. 

Dev. 
Avg. 

Std. 

Dev. 
Avg. 

Std. 

Dev. 

3 MOAP 10x10 121.80 21.79 0.46 0.11 6.70 1.67 3.96 1.10 

3 MOAP 20x20 2051.60 657.91 0.45 0.06 1.40 0.45 1.06 0.41 

3 MOAP 30x30 6387.80 565.11 0.44 0.06 0.78 0.27 0.68 0.23 

3 MOKP 25 58.20 23.86 0.68 0.10 11.52 7.08 8.11 8.48 

3 MOKP 50 372.80 193.88 0.68 0.06 3.01 1.93 1.03 0.76 

3 MOKP 100 3280.80 459.68 0.69 0.04 0.51 0.23 0.12 0.06 

3 MOSP 25 71.40 27.75 0.71 0.08 9.04 3.42 4.22 1.82 

3 MOSP 50 272.40 100.39 0.82 0.04 3.54 2.12 2.64 1.48 

3 MOSP 100 439.80 73.28 0.91 0.01 2.80 0.81 0.78 0.26 

3 MOSP 200 818.00 121.80 0.95 0.00 1.58 0.33 1.45 0.40 

4 MOAP 10x10 1087.00 485.93 0.40 0.05 2.84 1.62 2.24 1.59 

4 MOKP 25 178.20 33.18 0.64 0.10 5.72 3.00 2.60 1.55 

4 MOSP 25 130.00 28.86 0.67 0.08 4.68 1.87 2.76 1.25 

*Average of 5*p values per cell (finding the nadir value of each criterion of 5 problems ) 
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Table 4.4 Results for MOAPs with three and four criteria 

  
 

* 0g =  
* 0.1g =  

p  Size 
Initial 

Rel. 

Gap 

Avg. # of 

models 

solved

( )MS
 

Avg. 

Sol. Time 

(secs) 

( )ST
 

Actual 

Relative 

Gap 

Avg. # of 

models 

solved 

( )MS
 

Avg. 

Sol. Time 

(secs) 

( )ST
 

3 10x10 0.403 13.00 0.32 0.095 10.33 0.27 

3 10x10 0.323 15.67 0.37 0.096 11.67 0.29 

3 10x10 0.501 16.67 0.41 0.094 12.67 0.30 

3 10x10 0.491 15.67 0.37 0.094 14.33 0.37 

3 10x10 0.571 17.67 0.42 0.096 15.00 0.41 

3 20x20 0.469 38.33 2.23 0.099 26.33 1.51 

3 20x20 0.461 41.67 2.10 0.097 27.00 1.35 

3 20x20 0.509 42.33 2.58 0.098 31.00 1.77 

3 20x20 0.407 36.00 2.03 0.099 22.00 1.22 

3 20x20 0.407 50.67 2.88 0.099 25.67 1.35 

3 30x30 0.396 49.00 5.84 0.099 23.00 2.93 

3 30x30 0.437 78.00 9.83 0.098 40.00 4.86 

3 30x30 0.473 77.67 11.42 0.099 40.33 5.52 

3 30x30 0.456 63.00 8.33 0.099 35.00 4.50 

3 30x30 0.425 78.67 10.34 0.099 37.67 5.07 

4 10x10 0.419 151.25 6.76 0.095 54.75 1.89 

4 10x10 0.403 142.50 6.37 0.097 47.25 1.56 

4 10x10 0.427 161.25 7.06 0.095 122.75 5.08 

4 10x10 0.373 103.75 3.93 0.096 76.75 2.86 

4 10x10 0.384 162.00 6.98 0.096 73.50 2.88 

      *Average of p values per cell (finding the nadir of each criterion) 
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Table 4.5 Comparison with the exact algorithm that generates all nondominated 

points for MOAPs. 

     
* 0g =  

* 0.1g =  

p  Size 

Total 

nond. 

points 

( )N  

# of 

models to 

generate 

all nond. 

points 

( )MSALL
 

Sol. Time to 

generate all 

nond. points 

(secs) 

( )STALL
 

MS

MSALL
 

% 

ST

STALL
 

% 

MS

MSALL
 

% 

ST

STALL
 

% 

3 10x10 103 205 7.92 6.34 4.00 5.04 3.37 

3 10x10 162 307 11.73 5.10 3.18 3.80 2.50 

3 10x10 120 248 8.56 6.72 4.75 5.11 3.54 

3 10x10 107 206 9.89 7.61 3.71 6.96 3.74 

3 10x10 117 229 10.02 7.71 4.16 6.55 4.13 

3 20x20 1846 2806 225.29 1.37 0.99 0.94 0.67 

3 20x20 1617 2631 188.95 1.58 1.11 1.03 0.72 

3 20x20 1513 2299 159.25 1.84 1.62 1.35 1.11 

3 20x20 2007 3114 233.61 1.16 0.87 0.71 0.52 

3 20x20 3275 4763 404.02 1.06 0.71 0.54 0.33 

3 30x30 6369 9190 1503.72 0.53 0.39 0.25 0.19 

3 30x30 5368 7596 1105.88 1.03 0.89 0.53 0.44 

3 30x30 6654 9335 1504.50 0.83 0.76 0.43 0.37 

3 30x30 6975 9808 1463.14 0.64 0.57 0.36 0.31 

3 30x30 6573 9082 1328.39 0.87 0.78 0.41 0.38 

4 10x10 1631 8544 633.80 1.77 1.07 0.64 0.30 

4 10x10 1662 9632 626.92 1.48 1.02 0.49 0.25 

4 10x10 754 4228 263.55 3.81 2.68 2.90 1.93 

4 10x10 500 2585 103.88 4.01 3.79 2.97 2.75 

4 10x10 888 5225 262.53 3.10 2.66 1.41 1.10 

 *Average of p values per cell (finding the nadir of each criterion) 
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In our computational experiments for MOKP, we use the initial lower bound 

)

*

( MOKP
n

n lp LB
lz z= for 

( )NP n

nz that gives the initial relative gap values of 0.683 for three 

criteria and 0.640 for four criteria on  average. Table 4.6 demonstrates the results for 

three and four criteria.  

When we set the value of 
*g  to 0.1 instead of zero, the average number of models 

solved improves by 25.56% for three-criteria problems and 26.27% for four-criteria 

problems. Furthermore, the average solution times decreases by 17.13% and 31.33% 

for three and four criteria cases, respectively. 

The average 
MS

MSALL
percentage for three-criteria problems with 

* 0g =  is 11.52% 

for 25 items and 3.01% for 50 items whereas it decreases to 0.51% for 100 items as 

demonstrated in Table 4.3. Similarly, while 
ST

STALL
percentage is 8.11% for 25 items 

and 1.03% for 50 items on average, it is only 0.12% for 100 items. Similar to the 

results for MOAPs, the performance in terms of the number of models solved and the 

solution times gets better as the number of items increases. However, the average

MS

MSALL
percentage increases to 5.72% and the average 

ST

STALL
percentage increases 

to 2.60% for a 25-item MOKP with four criteria that implies the computational 

complexity increases with the number of criteria. Table 4.7 summarizes the 

comparison results for MOKPs. 

 

 

 

 

 

  



 

 

 

60 

Table 4.6 Results for MOKPs with three and four criteria 

  
 

* 0g =  
* 0.1g =  

p  Size 
Initial 

Rel. 

Gap 

Avg. # of 

models 

solved

( )MS
 

Avg. 

Sol. Time 

(secs) 

( )ST
 

Actual 

Relative 

Gap 

Avg. # of 

models 

solved 

( )MS
 

Avg. 

Sol. Time 

(secs) 

( )ST
 

3 25 0.560 13.00 0.22 0.099 10.33 0.25 

3 25 0.646 13.00 0.22 0.099 11.67 0.25 

3 25 0.733 12.33 0.22 0.098 11.00 0.18 

3 25 0.798 9.00 0.17 0.097 9.00 0.29 

3 25 0.639 13.33 0.48 0.098 10.67 0.20 

3 50 0.651 21.67 0.52 0.099 16.00 0.37 

3 50 0.670 17.67 0.41 0.099 13.00 0.27 

3 50 0.706 12.33 0.25 0.099 9.00 0.19 

3 50 0.659 24.33 0.57 0.099 17.67 0.42 

3 50 0.738 19.00 0.38 0.099 13.00 0.28 

3 100 0.692 28.67 1.63 0.100 18.67 1.02 

3 100 0.729 37.67 2.08 0.100 24.33 1.30 

3 100 0.670 31.67 2.27 0.100 17.67 1.04 

3 100 0.691 31.67 1.57 0.100 19.00 0.82 

3 100 0.667 29.67 1.92 0.099 17.00 1.12 

4 25 0.617 61.75 1.36 0.098 52.75 1.07 

4 25 0.559 94.25 2.04 0.099 63.00 1.55 

4 25 0.655 57.00 1.10 0.098 39.50 0.66 

4 25 0.672 69.75 1.35 0.098 53.75 0.96 

4 25 0.698 64.00 1.39 0.099 46.00 0.94 

   *Average of p values per cell (finding the nadir of each criterion) 
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Table 4.7 Comparison with the exact algorithm that generates all nondominated 

points for MOKPs. 

     
* 0g =  

* 0.1g =  

p  Size 

Total 

nond. 

points 

( )N  

 

# of models 

to generate 

all nond. 

points 

( )MSALL
 

Sol. Time to 

generate all 

nond. points 

(secs) 

( )STALL
 

MS

MSALL
 

% 

ST

STALL
 

% 

MS

MSALL
 

% 

ST

STALL
 

% 

3 25 79 187 7.35 6.95 2.95 5.53 3.36 

3 25 82 187 6.79 6.95 3.29 6.24 3.68 

3 25 60 135 3.20 9.14 6.98 8.15 5.73 

3 25 18 39 1.19 23.08 14.01 23.08 24.65 

3 25 52 116 3.62 11.49 13.35 9.20 5.62 

3 50 405 897 56.06 2.42 0.93 1.78 0.66 

3 50 378 831 60.96 2.13 0.67 1.56 0.45 

3 50 92 204 11.31 6.05 2.24 4.41 1.65 

3 50 676 1457 138.36 1.67 0.41 1.21 0.30 

3 50 313 677 42.46 2.81 0.89 1.92 0.66 

3 100 2751 5344 1155.90 0.54 0.14 0.35 0.09 

3 100 3837 7124 1969.07 0.53 0.11 0.34 0.07 

3 100 3780 7202 1903.01 0.44 0.12 0.25 0.05 

3 100 3084 6108 1521.80 0.52 0.10 0.31 0.05 

3 100 2952 5751 1373.93 0.52 0.14 0.30 0.08 

4 25 202 1540 64.13 4.01 2.11 3.43 1.66 

4 25 230 1674 102.87 5.63 1.98 3.76 1.50 

4 25 157 1129 59.75 5.05 1.84 3.50 1.10 

4 25 156 1006 34.55 6.93 3.91 5.34 2.77 

4 25 146 915 43.82 6.99 3.17 5.03 2.13 

*Average of p values per cell (finding the nadir of each criterion) 
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We present the results for MOSPs in Tables 4.8 and 4.9. The algorithm starts with 

the initial relative gap values of 0.85 for three criteria and 0.67 for four criteria on 

average.   

If we compare the results corresponding to 
* 0g =  and 

* 0.1g = , we observe that the 

number of models solved improves by 22.98% for three-criteria MOSPs and 27.86% 

for four-criteria MOSPs. Moreover, the solution times improve by 16.05% and 

37.70% for three and four criteria cases, respectively. 

In the three criteria case with
* 0g = , while the average 

MS

MSALL
 percentage is 9.04% 

for 25 nodes and 3.54% for 50 nodes, 2.80% for 100 nodes, it decreases to 1.58% for 

30 nodes as can be seen in Table 4.3. That is, the performance of the algorithm in 

terms of the average 
MS

MSALL
 percentage improves as the number of nodes increases. 

Similarly, the average 
ST

STALL
percentage is 4.22% for 25 nodes and 2.64% for 20 

nodes whereas it is only 0.78% for 100 nodes, 1.45% for 200 nodes.  

However, the average
MS

MSALL
 percentage increases to 4.68% and the average

ST

STALL
percentage increases to 2.76%  for 25-node MOSPs with four criteria.  
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Table 4.8 Results for MOSPs with three and four criteria 

  
 

* 0g =  
* 0.1g =  

p  Size 
Initial 

Rel. 

Gap 

Avg. # of 

models 

solved

( )MS
 

Avg. 

Sol. Time 

(secs) 

( )ST
 

Actual 

Relative 

Gap 

Avg. # of 

models 

solved 

( )MS
 

Avg. 

Sol. Time 

(secs) 

( )ST
 

3 25 0.744 13.33 0.25 0.099 12.67 0.34 

3 25 0.651 14.00 0.28 0.099 10.33 0.25 

3 25 0.748 15.00 0.29 0.099 10.33 0.28 

3 25 0.680 12.67 0.27 0.098 10.33 0.28 

3 25 0.750 11.67 0.30 0.099 11.00 0.25 

3 50 0.832 21.00 1.53 0.099 17.00 1.16 

3 50 0.845 22.00 1.65 0.099 15.67 1.09 

3 50 0.828 21.00 1.32 0.100 16.33 1.10 

3 50 0.797 17.00 1.30 0.099 12.00 0.77 

3 50 0.785 16.33 1.11 0.100 12.00 0.94 

3 100 0.906 28.67 5.82 0.099 19.00 3.87 

3 100 0.923 29.67 6.64 0.099 25.00 4.04 

3 100 0.903 22.00 5.29 0.099 16.33 3.52 

3 100 0.909 25.33 6.14 0.100 16.67 3.92 

3 100 0.923 27.67 4.83 0.099 19.00 3.75 

3 200 0.956 31.00 20.08 0.099 25.00 14.48 

3 200 0.952 26.33 23.54 0.099 20.00 21.82 

3 200 0.955 29.67 23.15 0.099 20.67 19.18 

3 200 0.948 25.00 17.76 0.100 17.00 20.51 

3 200 0.948 25.00 23.95 0.100 17.67 17.47 

     *Average of p values per cell (finding the nadir of each criterion) 
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Table 4.9 Comparison with the exact algorithm that generates all nondominated 

points for MOSPs. 

     
* 0g =  

* 0.1g =  

p  Size 

Total 

nond. 

points 

( )N  

 

# of models 

to generate 

all nond. 

points 

( )MSALL
 

Sol. Time to 

generate all 

nond. points 

(secs) 

( )STALL
 

MS

MSALL
 

% 

ST

STALL
 

% 

MS

MSALL
 

% 

ST

STALL
 

% 

3 25 49 115 5.23 11.59 4.84 11.01 6.56 

3 25 80 186 8.73 7.53 3.21 5.56 2.90 

3 25 119 274 15.34 5.47 1.91 3.77 1.83 

3 25 64 142 6.32 8.92 4.32 7.28 4.43 

3 25 45 100 4.34 11.67 6.84 11.00 5.76 

3 50 217 496 48.06 4.23 3.19 3.43 2.41 

3 50 169 403 43.13 5.46 3.83 3.89 2.53 

3 50 214 511 56.08 4.11 2.36 3.20 1.96 

3 50 325 734 51.43 2.32 2.52 1.63 1.50 

3 50 437 1017 83.76 1.61 1.33 1.18 1.12 

3 100 498 1099 523.18 2.61 1.11 1.73 0.74 

3 100 464 1030 1104.93 2.88 0.60 2.43 0.37 

3 100 510 1145 723.51 1.92 0.73 1.43 0.49 

3 100 411 915 850.90 2.77 0.72 1.82 0.46 

3 100 316 724 654.09 3.82 0.74 2.62 0.57 

3 200 1014 2181 1713.32 1.42 1.17 1.15 0.85 

3 200 725 1525 1267.80 1.73 1.86 1.31 1.72 

3 200 874 1885 1663.37 1.57 1.39 1.10 1.15 

3 200 682 1427 1304.97 1.75 1.36 1.19 1.57 

3 200 795 1729 1623.91 1.45 1.48 1.02 1.08 

 *Average of p values per cell (finding the nadir of each criterion) 
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In summary, the results on the test problems show that the performance of our 

algorithm improves as the problem size increases for three-criteria problems. 

However, the computational complexity increases as the number of criteria increases 

so the performance gets worse for four criteria problems. According to the overall 

results, we can find a lower and upper bound for the nadir with a performance 

guarantee by reducing the number of models solved by 29.1% and the solution times 

by 27%.  

Computational Complexity 

In the three-criteria case, we find a nondominated point at each iteration by solving 

only two models,  ( )( )

t

n cP and ( )( )

t

n cD , regardless of the number of solutions we have 

generated up to that iteration. Furthermore, we guarantee to obtain a different 

nondominated point by updating the bounds at each iteration. That is, total number of 

models solved cannot exceed the value of ( )
0

2 2 1
N

t

N
=

= +å where N is the number of 

all nondominated points. It implies the computational complexity is ( )O N for the 

three-criteria case.  

If we consider the four criteria case, the number of models solved at each iteration 

depends on the number of nondominated points on hand. We need to solve 2t + , 

0

1 1
t

v=

æ ö
+ç ÷

è ø
å , models at each iteration that implies the total number of models in the 

worst case can be at most  ( ) ( )( )
0

1 4
2

2

N

t

N N
t

=

+ +
+ =å ( )2. . ( )i e O N . 

Considering the discussion on the computational complexity of our sorting and 

searching mechanism in Chapter 2, the total number of models to be solved in the 

worst case for a p criteria can be written as complexity is 
2( )pO N -

.   

4.5 Discussion and Future Work 

The algorithms for finding the nadir are modifications of our exact algorithms to 

generate all nondominated points in a given region. By using the property of the 
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nadir point, we reduce the computational complexity by updating the region 

throughout the algorithm. Although the total number of models to be solved in the 

worst case for a p criteria has complexity of 
2( )pO N -

, we reduce the number of 

models solved considerably by keeping some information in the memory as 

discussed by Lokman (2007).  We can detect some solutions that will be identical 

with previous solutions and may avoid solving many of the models. 

However, we need to repeat the algorithm to find the nadir point value of each 

criterion. That is, the application of the algorithm to a problem for each criterion is 

independent from each other. As a future work, we can modify the algorithm by 

keeping some information in the memory and find the nadir point value of all criteria 

simultaneously.  

We find an initial lower bound for the nadir and use it as an input to our algorithm. 

As a future work, it may be a good idea to develop methods specific to each problem 

to obtain tighter lower bounds for the nadir.  

As an alternative approach, we may use estimated values for initial lower and upper 

bounds for the nadir. That is, we can develop a heuristic version of our algorithm by 

employing the estimated bounds.  
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CHAPTER 5  

 

 

SOLVING MULTI-OBJECTIVE INTEGER PROGRAMMING 

PROBLEMS USING CONVEX CONES 

 

 

 

Multi-objective Integer Programming (MIP) problems are hard to solve. Typically, 

finding each nondominated point is hard. Furthermore, the number of nondominated 

points may be exponential in the problem size. It is not practical to generate all 

nondominated points. Interactive approaches incorporating the decision maker’s 

(DM’s) preferences throughout the solution process are useful to identify the 

preferred points for MIP problems. Alves and Climaco (2007) review the interactive 

methods for MIP problems and point out that the literature is limited.  

Branch and bound techniques have been widely used by interactive approaches for 

MIP problems (see for example, Karwan et al. 1985, Marcotte and Soland 1986). 

Ramesh et al. (1986) develop interactive branch-and-bound algorithms for MIP 

problems that use a modified version of the method of Zionts and Wallenius (1983) 

for MOLP problems. Several interactive reference point approaches have also been 

developed for MIP problems (Vassilev and Narula 1993, Karaivanova et al. 1995, 

Alves and Climaco 1999, 2000). The method of Alves and Climaco (1999) combines 

Tchebycheff scalarizing programs with cutting plane techniques. At each interaction, 

the algorithm finds the nondominated point that is closest to the reference point 

according to a Tchebycheff metric.  They develop a sensitivity analysis tool to adjust 

the next reference point so that the reference points leading to the previous 

nondominated points are not considered. The method employs cutting plane 

techniques to solve the scalarizing programs. The method of Alves and Climaco 
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(2000) is based on the same idea but it uses branch and bound techniques to solve the 

reference point scalarizing programs and employs a different methodology for 

sensitivity analysis. Steuer and Choo (1983) develop a general interactive method 

that can be applied to MIP programs including nonlinear problems. They solve 

interactive weighted Tchebycheff programs and reduce the weight space iteratively 

based on the information obtained from the DM. Steuer et al. (1993) improve the 

procedure utilizing the aspiration criterion vector method (see Wierzbicki, 1982, 

1986).  

Above methods typically search the solution space and heuristically try to converge 

to the neighborhood of preferred points. We develop an exact interactive algorithm 

that uses convex cones and guarantees to find the most preferred point of a DM for 

an MIP problem under mild assumptions. We assume that the DM’s preferences are 

consistent with a quasiconcave value function and that the DM can choose the 

preferred one of a presented pair of alternatives.  We find the most preferred point by 

generating only a small subset of the typically large number of nondominated points. 

To the best of our knowledge, this is the first study that guarantees to find the most 

preferred point for a general MIP problem under a general nondecreasing 

quasiconcave value function.  

We will next provide background information and develop the requisite theory. Then 

we will develop our algorithm and present our results.  

Definitions and Some Theory 

Let ,m k Îz z Z   and m k
z z

m k
z

m km k  denote that the DM prefers m
z  to k

z . Let T  be a set 

representing past preferences of the DM, i.e., ( ){ }, :m k m kT = z z z z }k
z .  

If the DM has a nondecreasing value function, 
1: pf Â ®Â , such that 

( ) ( )m kf f>z z  for each m k
z z

m k
z

m km k  then the problem is to find the point that 

maximizes f : 
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( ) ( )

( )

( )

5.1

subject to

5.2

P

Max f

¢

Î

z

z Ζ

 

Nondecreasing quasiconcave value functions have been widely used to represent 

human preferences. Indifference curves of such functions are convex to the origin. 

They are rather general functions and their property of decreasing marginal rate of 

substitution is considered to represent human behavior well in many decision making 

situations (see for example Silberberg 1978, p. 222 and Crouch 1979, p. 11).   

Korhonen et al. (1984) show that using the assumption of a quasiconcave value 

function together with past responses of a DM, convex cones that are guaranteed to 

exclude the most preferred point can be constructed.  Using such cones repeatedly, 

we can narrow down the solution space until we converge on the most preferred 

point.  We next briefly review the related theory and then develop our approach. 

Theorem 5.1 (Korhonen et al. 1984).  Let f  be a  nondecreasing quasiconcave 

function defined on a p - dimensional Euclidean space 
pÂ . Consider distinct points 

m pÎÂz  1,2,...,m t=  and any point 
p¢ÎÂz  and assume that 

( ) ( )m kf f m k> ¹z z . Then, if 0e ³  in the following linear programming 

problem,  

( )

( ) ( )

( )

1

Max 5.3

subject to

5.4

0 5.5

t
k m k

m

m
m k

m m k

e

m e

m

=
¹

¢- - ³ -

³ ¹

å z z z z  

it follows that ( ) ( )kf f ¢³z z .  

The theorem implies that any point that belongs to the convex cone 

( )
1

, 0
t

k k m

m m

m
m k

m km m
=
¹

+ - ³ ¹åz z z  or that is dominated by this convex cone is at 



 

 

 

70 

most as preferred as k
z and less preferred than ,m m k¹z .  Such points are said to be 

cone dominated. Köksalan et al. (1984) and others have applied such cones to 

multiple criteria problems where all points are explicitly known. Köksalan et al. 

(1984) employ both dummy and existing alternatives as cone generators in order to 

obtain savings in the amount of information required by the DM. Köksalan and 

Taner (1992) make improvements to the method of Köksalan et al. (1984) and 

decrease the required number of pairwise comparisons to find the most preferred 

point.  

Ramesh et al. (1989) also use preference cones for bi-criteria MIP problems where 

they modify the interactive branch and bound algorithm of Ramesh et al. (1986).  

Prasad et al. (1997) develop a measure in order to evaluate how close a point is from 

being dominated by a cone. Based on this idea, they develop acceleration and early 

termination methods. They present the methodology within a solution framework for 

solving MOLP problems. Dehnokhalaji et al. (2010) generalize this idea to find out a 

partial order for a discrete multi-criteria problem.  

5.1 Development of the Method 

In this section, we develop an interactive method that uses preference cones to solve 

MIP problems. Assuming that the DM has a nondecreasing quasiconcave underlying 

value function, we construct cones having two generators (2-point cones) derived 

from pairwise comparisons of the DM. We denote the 2-point cone as 

( ) ( ){ }; : 0m k k k mC m m= = + - ³z z z z z z z . In the literature the cones have been 

typically used in problems where points are explicitly known.  In those cases, the 

implementation is straightforward since each point is checked against each cone.  In 

our case, the point space is defined by a set of constraints and feasible points are 

implicit.  Therefore, we need to characterize the region that is admissible, i.e., the 

region that is not cone dominated.  Even if the original feasible region (excluding the 

integrality of the decision variables) is convex, the region that is not cone dominated 

is typically nonconvex.  The cones define convex regions and when we exclude these 

regions from our feasible space, the remaining region typically becomes nonconvex.  
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We represent the admissible region as a union of convex sets.  We develop the 

necessary theory next. 

Let us partition the index set of criteria into two; those in which m
z  is at least as 

good as k
z  and those in which k

z  is strictly better.  That is, let 

{ }, : 0m k

ki miS i z z£ = - £
 
and { }, : 0m k

kj mjS j z z> = - > . 

Theorem 5.2.  The region that is not dominated by cone ( );m kC z z  can be 

represented by the union of inequalities below:  

( )

( ) ( ) ( ) ( )

,

, ,

<      5.6

, , 5.7

m k

ki i

m k m k

kj mi ki mj i kj mj j mi ki

z z i S

z z z z z z z z z z i j i S j S

£

£ >

" Î

- < - + - " ' Î Î
 

Proof. If ( ),m k TÎz z , then for each point z  dominated by cone ( );m kC z z , there 

exist 0m ³  that satisfy: 

( ) ( )1,2,..., . 5.8i ki ki miz z z z i pm£ + - =  

Since { }, : 0m k

ki miS i z z£ = - £  and { }, : 0m k

kj mjS j z z> = - > , we can rewrite ( )5.8  as 

follows: 

( ) ( )( ) ( )( )
( ) ( )( ) ( )( )

( ) , ,, ,   

mi ki ki i mi ki kj mj ki i kj mj

j kj kj mj j kj mi ki kj mj mi ki

m k m k

z z z z z z z z z z z z

z z z z z z z z z z z z

i j i S j S

m m

m m

£ >

- £ - Þ - - £ - -

- £ - Þ - - £ - -

' Î Î

 

Combining the above two inequalities, we find that for each cone-dominated z , there 

exist 0m ³  satisfying: 

( )( ) ( ) ( ) ( ) ( ) ( )
( ) , ,

5.9

, ,

j kj mi ki mi ki kj mj ki i kj mj

m k m k

z z z z z z z z z z z z

i j i S j S

m

£ >

- - £ - - £ - -

' Î Î
 

The inequality on the right side of ( )5.9  implies that:   

( ) ( ),0            5.10m k

ki i i kiz z z z i S££ - Þ £ Î  

since all other terms in  the equality are nonnegative.  
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Furthermore, since ( )( ) ( )( )j kj mi ki ki i kj mjz z z z z z z z- - £ - -  in ( )5.9 , it follows that: 

( ) ( ) ( )
( ) , ,

5.11

, ,                    

i kj mj j mi ki kj mi ki mj

m k m k

z z z z z z z z z z

i j i S j S£ >

- + - £ -

' Î Î
 

Therefore, for a given ,z  there exist 0m ³  satisfying ( )5.9  if and only if ( )5.10  and 

( )5.11  are satisfied. That is, z  is dominated by cone ( );m kC z z  if and only if ( )5.10  

and ( )5.11  are satisfied. Conversely, for a given ,z  there exists no 0m ³  satisfying 

( )5.9  if and only if ( )5.10  or ( )5.11   is violated. Hence, z  is not dominated by 

cone ( );m kC z z  if and only if ( )5.10  or ( )5.11   is violated. This implies that, the 

region that is not cone dominated can be represented by the union of inequalities 

given by ( )5.6  and ( )5.7 .p 

Figure 5.1 demonstrates the situation in the criterion space for a 2-point cone, 

( )1 2;C z z
 
and for two criteria, where  { }1,2 2S£ =  and { }1,2 1S> = .  If the constraint 

corresponding to (5) (constraint 1C in the figure) or (6) ( 2C in the figure) is satisfied, 

then we guarantee to obtain a point outside the cone dominated region.  
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2
z

1
z

( )22 2 1<       C  z z

( ) ( ) ( )21 12 22 11 2 21 11 1 12 22 2 Cz z z z z z z z z z- < - + -

( )1

11 12,z z=z

( )2

21 22,z z=z

 

Figure 5.1 Cone dominated region for a bicriteria problem 

 

For each ( ),m k TÎz z , we can add similar constraints in order to obtain a point that is 

not dominated by ( );m kC z z . Assuming that 0iz ³  for all i and defining binary 

variables ,m k

ir  and ,m k

iju , we can write: 

 

( )

( ) ( ) ( ) ( )

{ } ( )

, ,

,

, ,

, , ,

, ,

, ,

(5.12)

, , (5.13)

1 (5.14) 

, 0,1                                            ,

m k m k

m k

m k m k

ki i i

m k m k m k

kj mi ki mj ij i kj mj j mi ki

m k m k

i ij

m k m k

i ij

i S i S

j S

z r z i S

z z z z u z z z z z z i j i S j S

r u

r u i j i

e

e

£ £

>

£

£ >

Î Î
Î

+ £ Î

- + £ - + - ' Î Î

+ =

Î '

å å

, ,,      m k m kS j S£ >Î Î
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where 0e >  is an arbitrarily small constant.  If all iz
 
are integer valued (as is 

typically the case in many MOCO problems) then we can set 1e = .  

If the value of ,m k

ir is 1 for a given ,m ki S£Î , then the constraint in set ( )5.12  implies 

that the corresponding strict inequality in set ( )5.6  is satisfied. Similarly, if ,m k

iju for a 

given ,m ki S£Î  and ,m kj S>Î
 
takes the value of 1 in the constraint set ( )5.13 , then the 

corresponding constraint of ( )5.7  is satisfied. On the other hand, if these binary 

variables take the value of zero, then the corresponding constraints become 

redundant. Constraint ( )5.14  guarantees that one of the constraints in sets ( )5.6  or

( )5.7 will not be redundant. 

The number of constraints ( )NC  and binary variables ( )NB  that we need to add for 

a 2-point cone depend on the cone parameters and the number of criteria. They can 

be expressed in terms of the cardinality of ,m kS£  and the number of criteria, p :   

( ) ( ) ( ), , , , , , , ,1 1 1 1 5.15m k m k m k m k m k m k m k m kNC = S S S S S p S S p S£ £ > £ £ £ £ £+ + = + - + = + - +  

( ) ( ), ,1 1 5.16m k m kNB = NC S p S£ £- = + -
 

where |Q| denotes the cardinality of set Q. 

The maximum and minimum values of ( )NC  and ( )NB are:  

( )

( )

2
1

1 if   is odd
2

5.17

1 1 if   is even
2 2

1 5.18

max

max max

p
p

NC
p p

p

NB NC

ì +æ ö +ï ç ÷ï è ø= í
æ öæ öï + +ç ÷ç ÷ïè øè øî

= -
 

( )
( )

1 5.19

1 5.20

min

min min

NC p

NB NC

= +

= -

 Now, consider ( )1t -
 
distinct points and the corresponding points in the criterion 

space, 
1 2 1, ,..., t-

z z z . Let the most preferred of these points be denoted as the 
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incumbent, ( )1 ,...,inc inc inc

pz z=z . Then, the solution to problem ( )tP  yields a point, 

,z
t  that is not dominated by any 2-point cone: 

 

( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

, ,

,

1

, ,

,

, ,

, ,

5.21

subject to

, ,  5.22

5.23

, , , ,

1 , 5.24
m k m k

m k

t

p

i i

i

m k m k m k

ki i i

m k

kj mi ki mj ij i kj mj j mi ki

m k m k m k

m k m k m k

i ij

inc

i i i

i S i S

j S

P

Max z

z r z T i S

z z z z u z z z z z z

T i j i S j S

r u T

z y z i

l

e

e

e

£ £

>

=

£

£ >

Î Î
Î

+ £ Î Î

- + £ - + -

Î ' Î Î

+ = Î

+ £ =

å

å å

x

x z z

x x

z z

z z

x ( )

( )

{ } ( ) ( )
{ }

1

, , , ,

1,..., 5.25

1 5.26

, 0,1 , , , ,

0,1 1,...,

p

i

i

m k m k m k m k m k

i ij

i

p

y

r u T i j i S j S

y i p

=

£ >

=

Î Î ' Î Î

Î =

Î

å

z z

x X

 

where il  denotes the weight corresponding to criterion i .  

Note that ( )1t -
 
points known to be inferior to the incumbent are infeasible due to 

cone constraints (the first three constraints in the model that correspond to 

constraints ( )5.12 , ( )5.13  and ( )5.14 , respectively, in the criterion space).   

In order to force the model to find a point distinct from the incumbent, we add 

constraints ( )5.25 and ( )5.26 .  If 1iy = , it implies the new point will have a iz  value 

strictly larger than that of the incumbent. If 0iy = , then the corresponding constraint 

of ( )5.25 will be redundant since all parameters are assumed to be nonnegative.  

Constraint ( )5.26  guarantees that one constraint in set ( )5.25  will not be redundant 
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and the new point will have a iz  value strictly larger than that of the incumbent in at 

least one criterion.  

Hence, ( )tP  guarantees finding a new nondominated point, t
z , distinct from all 

previous points.  

Example. Consider a problem with three criteria where all parameters are 

nonnegative integers. Assume that the DM’s underlying preferences can be 

represented by a weighted Tchebycheff distance function minimizing the distance 

from the ideal point ( )10,15,20IP =z  with the weight vector ( )0.5,0.2,0.3=λ . This 

is equivalent to maximizing the following nondecreasing quasiconcave value 

function: ( ) ( ) ( ) ( ){ }1 2 3max 0.5 10 ,0.2 15 ,0.3 20f z z z= - - - -z .  

Now, consider we have two points, ( ) ( )1

11 12 13, , 2,8,14z z z= =z  and 

( ) ( )2

21 22 23, , 5,5,5z z z= =z . The value function implies that 1 2
z z

1 2
z

1 21 2 , since 

( )1 4f = -z  and ( )2 4.5f = -z . For these two points, we know: 

{ }
{ }

1,2

22 12 23 13

1,2

21 11

3 0 and 9 0 2,3

3 0 1

z z z z S

z z S

£

>

- = - £ - = - £ Þ =

- = > Þ =   

Then, we need to add new constraints to the model in order to exclude the region 

dominated by cone ( )1 2;C z z :  

( ) ( )
( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1,2 1,2

22 2 2 2 2

1,2 1,2

23 3 3 3 3

1,2 1,2

21 12 22 11 21 2 21 11 1 12 22 21 2 1

1,2 1,2

21 13 23 11 31 3 21 11 1 13 23 31 3 1

1,2 1,2

2 3

1     5 1

1     5 1

1 5 8 5 2 1 3 3

1 5 14 5 2 1 3 9

z r z r z

z r z r z

z z z z u z z z z z z u z z

z z z z u z z z z z z u z z

r r

+ £ Þ + £

+ £ Þ + £

- + £ - + - Þ ´ - ´ + £ +

- + £ - + - Þ ´ - ´ + £ +

+

{ } ( ) { } { }

1,2 1,2

21 31

1,2 1,2

1

, 0,1  , 2,3 , 1i ij

u u

r u i j i j

+ + =

Î ' Î Î

 

That is,  
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{ } ( ) { } { }

1,2

2 2

1,2

3 3

1,2

21 2 1

1,2

31 3 1

1,2 1,2 1,2 1,2

2 3 21 31

1,2 1,2

6

6

31 3 3

61 3 9

1

, 0,1  , 2,3 , 1i ij

r z

r z

u z z

u z z

r r u u

r u i j i j

£

£

£ +

£ +

+ + + =

Î ' Î Î

 

Note that the number of constraints and the number of binary variables we need to 

add for this 2-point cone is equal to , , , 1 2 2 1 5m k m k m kS S S£ £ >+ + = + + = and 4, 

respectively which correspond to the worst case, 

2 2
1 3 1

1 1 5
2 2

max

p
NC

+ +æ ö æ ö= + = + =ç ÷ ç ÷
è ø è ø

 and 1.NB= NC -  

Since 1 2
z z

1 2
z

1 21 2
, the first point is our current incumbent point, ( )2,8,14inc =z . Then, 

we solve the following model to generate a new point that is not cone dominated:  

( )

( ) ( )
( ) ( )
( ) ( )

( )
( )
( ) ( )
( ) ( )

{ }
{ } ( ) { } { }

3

1

1 1

2 2

3 3

1 2 3

1,2

2 2

1,2

3 3

1,2

21 2 1

1,2

31 3 1

1,2 1,2 1,2 1,2

2 3 21 31

1 2 3

1,2 1,2

subject to

2

8

14

1

6

6

31 3 3

61 3 9

1

, , 0,1

, 0,1   , 2,3 , 1   

i i

i

i ij

Max z

y z

y z

y z

y y y

r z

r z

u z z

u z z

r r u u

y y y

r u i j i j

l

e

e

e

=

+ £

+ £

+ £

+ + =

£

£

£ +

£ +

+ + + =

Î

Î " ' Î Î

Î

å x

x

x

x

x

x

x x

x x
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The model prevents obtaining the incumbent, ,inc
z  as well as the points that are 

dominated by cone ( )1 2;C z z . Hence, we guarantee to generate a new point, 3
z , that 

is not cone dominated and 3 1¹z z , 3 2¹z z . 

The Algorithm 

The following interactive algorithm guarantees finding the most preferred point 

provided that the DM’s preferences are consistent with a nondecreasing 

quasiconcave value function. The algorithm keeps an incumbent point. In each 

iteration, it searches for a new feasible nondominated point maximizing an estimated 

linear function excluding the cone-dominated region.  The algorithm terminates 

when the problem becomes infeasible.  This implies that all remaining nondominated 

points are in the cone dominated regions and are hence less preferred than the 

incumbent. We then conclude that the current incumbent is the most preferred point.  

In the above procedure, we estimate a linear function (as in Zionts and Wallenius 

1983) to approximate the value function of the DM. We solve: 

( )

( )
( ) ( )

( )

( )
( )

1

1

( )

5.27

5.28

5.29

5.30

5.31

,

1

1,2,...,

0

p

mi ki i

i

m k

m k

p

i
i

i

P

z z

Max

T

i p

l

l

e

e

l

l e

e

=

=

-

-
³ " Î

=

³ =

³

å

å

z z
z z

 

where || z || denotes the Euclidean norm of point z  and is used to normalize the 

constraints in set ( )5.28 . For each m
z  preferred to k

z  by the DM, we generate a 

constraint of type ( )5.28  that guarantees a higher value to be assigned to m
z  than to

k
z .   
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The model maximizes the distance, e , from the closest constraint to find the central 

weights in the feasible weight space. If the problem is infeasible, we keep removing 

the preference-related constraints iteratively starting from the oldest response of the 

DM until we find a feasible point (as in Zionts and Wallenius 1976).  

We next discuss the steps of the algorithm. 

Step 0 (Initialization). Initialize .T =Æ  Set the iteration counter, 1.t =  

Let 1 1,...,i p i pl = =  and solve ( )1P  to find an initial incumbent point, 

( )1 ,...,inc inc inc

pz z=z : 

( )

( ) ( )

( )

1

1

5.32

subject to

5.33

p

i i

i

P

Max zl
=

Î

å x

x X

 

If the model is infeasible, stop. There does not exist any feasible point to the 

problem. Otherwise, denote the optimal point as ( )1

11 12 1, ,..., pz z z=z  and make it the 

initial incumbent point, 1inc =z z . 

Step 1 (Generate a new point). Set 1t t¬ + . Solve ( )tP  to find a new point. If the 

problem is infeasible, go to Step 4. Otherwise, denote the optimal point as the 

challenger, t
z  and go to Step 2.  

Step 2 (Comparison). Ask the DM to compare the incumbent, inc
z , with 

t
z . If 

inc t
z z

t
z , then ( ),inc tT T= È z z . If t inc

z z
t inc

z
t int in , then ( )

1

1
,

t
t k

k
T T

-

=

æ ö= È Èç ÷
è ø

z z  and inc t=z z . 

Step 3 (Weight Estimation). Find the new weight vector, λ , for the estimated linear 

value function by solving ( )Pl  and go to Step 1.  

Step 4. Stop. The incumbent point, ( )1 ,...,inc inc inc

pz z=z ,  is the best point.  
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5.2 Improvements  

The algorithm iteratively adds a number of binary variables and constraints to the 

model for each cone in order to exclude the cone-dominated regions. Therefore, the 

cones generated throughout the algorithm increases the computational burden. This 

burden can be reduced by generating fewer cones. Generating cones that do not 

overlap much may help reduce the number of cones. 

Figure 5.2 demonstrates two sets of cones required to exclude all nondominated 

points except the most preferred point, *z . The shaded regions correspond to cone-

dominated regions. The light shaded regions correspond to regions dominated by a 

single cone and the dark shaded regions correspond to those dominated by multiple 

cones. In Figure 5.2a, many cones are used.  In Figure 5.2b, the same cone-

dominated region is obtained by fewer cones.   

We try to generate a small number of cones by exploring different regions in the 

point space and by eliminating redundant cones. 

 

 
a. Many overlapping regions 

 
b. Reduced overlapping regions 

 

Figure 5.2 Overlaps in the cone-dominated regions 

 

 

*z *z
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Exploring Different Regions 

If the incumbent point remains the same for many iterations, then it will appear in all 

cones generated in those iterations as one of the two cone generators.  This may 

result in substantial overlaps in the regions dominated by some of these cones.  Two 

such cones are demonstrated in Figure 5.2. The regions dominated by the two cones 

in the figure (the light and dark shaded regions) overlap substantially.  In order to 

explore different regions and create less overlapping cones, we may wish to generate 

cones with two new points if the incumbent does not change for several iterations.  

More specifically, if the incumbent does not change for several (a predetermined 

number) iterations, we denote the current incumbent as the super incumbent and 

generate a new point as the new incumbent.  While we keep the super incumbent 

aside, as the best known point so far, we generate new cones using the new 

incumbent. Every incumbent that is not replaced by a challenger for several iterations 

“move up” and face a comparison with the super incumbent. The preferred one keeps 

the title. The algorithm terminates as usual, when no feasible point can be found.  At 

termination, one last comparison is made between the current incumbent and the 

super incumbent to determine the most preferred point. Naturally, if no feasible point 

exists right after we compare an incumbent with the super incumbent, the algorithm 

terminates as there is no need to compare the two points again. 
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2
z

1
z

  

  

 

Figure 5.3 Convex Cones that are close to each other 

 

The estimated weight vector is another mechanism with which we can control 

exploration.  The weight vector may not change much for a number of iterations. 

Then the points generated using these weight vectors would likely be close to each 

other and this may lead to constructing similar cones. We may modify the weight 

estimation problem slightly in order to generate weights from different parts of the 

feasible weight space instead of always generating central weights.  We can achieve 

this by using randomly generated multipliers (from uniform distribution in the range 

(0,1)),
,m kd and id , in ( )Pl .  The new model we solve in each iteration becomes:  

( )
( )

( )
( ) ( )

( )
( ) ( )

1
,

5.34

5.35

5.36

5.29 and 5.31

,

1,2,...,

p

mi ki i

i
m km k

i

m k

i

P

z z

Max

T

i p

l

l

d

e

d e

l e

=

-

-
³ " Î

³ =

å
z z

z z  
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Figure 5.4 demonstrates the effect of the new model on a three-criterion problem.   

 

2
l

1
l

1

1

e

e

2
l

1
l

1

1

2 2,m kd e ¢
1 1,m kd e ¢

3d e ¢

Original Algorithm Modified Algorithm

e

 

Figure 5.4 Weight estimation procedures 

 

As a third mechanism, we define a lower bound for a different criterion at each 

iteration to explore different regions. Starting from the first criterion, we iteratively 

change the criterion for which we define a lower bound. As seen in Figure 5.5, we 

define these lower bounds considering the criterion values of the incumbent solution 

at that criterion because the new nondominated point will have a iz  value strictly 

larger than that of the incumbent as imposed by constraints ( )5.25 and ( )5.26  of 

model ( )tP . Otherwise, the point will be dominated by the incumbent solution.  

As seen in Figure 5.5a, we first set a lower bound to the first criterion while we set a 

lower bound for the second criterion in the following iteration if the incumbent does 

not change. We keep on changing the criterion for which we set a lower bound until 

either the incumbent is updated, or a new solution is found, or all models are 

infeasible.  If the incumbent is updated, we repeat the process with the new 

incumbent. If a new solution is found, we continue changing the lower bounds. If the 

models turn out to be infeasible consecutively with p  different lower bounds in p  

criteria, then it implies that our original model is infeasible. That is, infeasibility of 
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all these models implies that all the remaining points that are not cone dominated 

will be dominated by the incumbent, and hence we can stop.  

 

1
z

2
z

1
z

2
z

 

a. Lower bound for the first criterion  b. Lower bound for the second criterion 

Figure 5.5 The region defined by the lower bounds 

 

Redundant Cones 

The algorithm adds binary variables and constraints to the model to exclude the 

cone-dominated regions. As we keep adding new cones, some cones may become 

redundant.  Detecting and eliminating these cones reduces the number of binary 

variables and constraints in the model.  We next develop the theory to detect the 

redundant cones. We first consider two simpler cases of redundancy also discussed 

by Ramesh et al. (1988). We then give a general result in Theorem 5.6 that covers a 

wide range of redundancies including those of Theorems 5.3 and 5.4. 

Theorem 5.3. Let ( ),m k TÎz z  and ( ),m n TÎz z . If  n
z  is dominated by cone 

( );m kC z z , then ( ) ( ); ;m n m kC CÍz z z z .  

Proof: We need to show that each point, z , dominated by cone ( );m nC z z  is also 

dominated by cone ( );m kC z z .  
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For a point z  dominated by cone ( );m nC z z , there exists 0m¢ ³  such that:  

( ) ( )1,2,..., 5.37i ni ni miz z z z i pm¢£ + - =

 

Since n
z  is dominated by cone ( );m kC z z , there also exists 0m¢¢ ³  such that: 

( ) ( )1,2,..., 5.38ni ki ki miz z z z i pm¢¢£ + - =

   

By combining inequalities ( )5.37
 
and ( )5.38 , we obtain: 

( ) ( ) ( )( )
( ) ( ) ( )5.39

i ni ni mi ki ki mi ki ki mi mi

i ki ki mi

z z z z z z z z z z z

z z z z

m m m m

m m m m

¢ ¢¢ ¢ ¢¢£ + - £ + - + + - -

¢¢ ¢ ¢¢ ¢£ + + + -

 

Then, there exists ( )* 0m m m m m¢¢ ¢ ¢¢ ¢= + + ³  that satisfies ( )*i ki ki miz z z zm£ + -
 

1,2,...,i p= . This implies that point z  is also dominated by cone ( );m kC z z  and 

( ) ( ); ;m n m kC CÍz z z z . p 

Theorem 5.4. Let ( ),m k TÎz z  and ( ),k n TÎz z . If n
z  is dominated by cone 

( );m kC z z , then ( ) ( ); ;k n m kC CÍz z z z .  

Proof: We need to show that each point, z , dominated by cone ( );k nC z z  is also 

dominated by cone ( );m kC z z .  

For a point z  dominated by cone ( );k nC z z  there exists 0m¢ ³  that satisfies:  

( ) ( )1,2,..., 5.40i ni ni kiz z z z i pm¢£ + - =    

Since n
z  is dominated by cone ( );m kC z z , there also exists 0m¢¢ ³  such that 

( ) ( )1,2,..., 5.41ni ki ki miz z z z i pm¢¢£ + - =

 

By combining the inequalities ( )5.40  and ( )5.41 , we obtain: 
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( ) ( ) ( )( )
( ) ( ) ( )5.42

i ni ni ki ki ki mi ki ki mi ki

i ki ki mi

z z z z z z z z z z z

z z z z

m m m m

m m m

¢ ¢¢ ¢ ¢¢£ + - £ + - + + - -

¢ ¢ ¢¢£ + + -

 

Then, there exists ( )* 0m m m m¢ ¢ ¢¢= + ³  that satisfies ( )*i ki ki miz z z zm£ + -  

1,2,...,i p= .  This implies that point z  is also dominated by cone ( );m kC z z and 

( ) ( ); ;k n m kC CÍz z z z . p 

Figure 5.6 demonstrates the redundant cones described by Theorems 5.3 and 5.4.  

 

2
z

1
z

mz

kz
nz

 

Figure 5.6 Redundant Cones ( ) ( ) ( ) ( )( ); ; , ; ;m n m k k n m kC C C CÍ Íz z z z z z z z
 

 

Although we define the 2-point cone as ( ) ( ){ }; : 0m k k k mC m m= = + - ³z z z z z z z , 

we can revise our cone definition such that  

( ) ( ){ },

max; : 0m k k k m m kC m m m¢ = = + - ³ ³z z z z z z z  where ,

max

m km
 
is the upper bound 

for m  considering the feasible region and the locations of the nondominated points. 

If we consider the points on the convex cone, at least one criterion value will get 
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smaller as m  increases. That is,  the  m  value that corresponds to the minimum value 

of that criterion will give us an upper bound for m . Theorem 5.5 generalizes this idea 

and gives an upper bound for m .  

Theorem 5.5. All nondominated points dominated by cone 

( ) ( ){ }; : 0m k k k mC m m= = + - ³z z z z z z z  will also be  dominated by cone 

( ) ( )
( )

,
; : min 0

NP i
m k k k m ki i

m k
i S mi ki

z z
C

z z
m m

Î <

ì üæ öì ü-ï ï¢ = = + - ³ ³ç ÷í í ý ýç ÷-î þï ïè øî þ
z z z z z z z . 

Proof.  Assume  Îz Z  is a nondominated point and is dominated by  ( );m kC z z  

such that: ( ) 1,2,..., 0.i ki ki miz z z z i pm m£ + - = ³  

Now, if we only consider criteria in set { }, : 0m k

ki miS i z z< = - < , we can write: 

( )

( )
,

( )
,

( )
,

max min 5.43
m k

NP i
m kki i ki i

i ki mi ki

mi ki mi ki

NP i
m k ki i

i S
mi ki

z z z z
z z z z i S

z z z z

z z

z z

m m m

m
<

<

Î

- -
£ - - Þ £ Þ £ " Î

- -

ì ü-
Þ = í ý

-î þ

  

since ( )NP i

i iz z£  for any nondominated point Îz Z of a maximization problem. Then, 

we can write ( ) ,

max1,2,..., 0m k

i ki ki miz z z z i pm m m£ + - = ³ ³  which implies that 

point z will also be dominated by ( );m kC¢ z z . p 

 

If the nadir values of the criteria in set { }, : 0m k

ki miS i z z< = - < are not known, we can 

use lower bounds instead of actual nadir values of those criteria. But, then we should 

note that we will overestimate the value of 
,

max

m km . That is, we can conclude some 

portion of the cone dominated region will not cover any nondominated solution.  

Figure 5.7 demonstrates how we select the 
,

max

m km  value and how we revise our convex 

cone for a bicriteria problem.
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Figure 5.7 Convex cone ( );v nC¢ z z  

 

Ramesh et. al (1988) also develop the theory on the redundancy in convex cones. 

Their method requires the solution of a linear programming model to detect the 

redundancy among unrelated cones. That is, they need to solve a model for each pair 

of 2-point cones. Based on the new cone definition in Theorem 5.5, we develop a 

method to detect the redundancy between unrelated 2-point cones without solving a 

model. 

Theorem 5.6. Let ( ),m k TÎz z and ( ),v n TÎz z . Then ( ) ( ); ;v n m kC C¢ Íz z z z  if and 

only if the following two conditions are satisfied.  

(a) n
z  is dominated by cone ( );m kC z z . 

(b) The point ( ),

max

n v n n vm= + -z z z z is dominated by cone ( );m kC z z where 

( )
,

max ,
min

NP i
v n ni i

v ni S
vi ni

z z

z z
m

Î <

æ öì ü-
= ç ÷í ýç ÷-î þè ø

 and { }, : 0v n

ni viS i z z< = - £ . 
 

Proof: ( )Þ If cone ( );v nC¢ z z
 
is dominated by cone ( );m kC z z , then there exists 

0m¢ ³  such that: 
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( ) ( ) ( )1,2,..., 5.44ni ni vi ki ki miz z z z z z i pm m¢+ - £ + - =

 

for any ,

max0, v nm mé ùÎë û . 

That is, we first should have 1 0m¢ ³
 
for 0m = and 2 0m¢ ³ for 

,

max

v nm m= such that: 

( ) ( )
( ) ( ) ( )

1

,

max 2

1,2,..., 5.45

1,2,..., 5.46

ni ki ki mi

v n

ni ni vi ki ki mi

z z z z i p

z z z z z z i p

m

m m

¢£ + - =

¢+ - £ + - =

 

That implies point n
z  and point ( ),

max

k v n k mm+ -z z z should be dominated by cone 

( );m kC z z which correspond to condition (a) and (b) respectively. 

( )Ü Now, we need to show that if the conditions (a) and (b) are satisfied, then cone 

( );v nC¢ z z
 
is dominated by cone ( );m kC z z . That is, we will show that if there exists 

such 1 0m m¢ ¢= ³ for the minimum value of m , min 0m =  and there exists such 

2 0m m¢ ¢= ³
 
for the maximum value of m , 

,

max

v nm , then there exists such 0m¢ ³  for any 

m  between 0 and
,

max

v nm .  

If we consider any m  in the range ,

max0, v nmé ùë û , we can find w  value such that

,

max

v nm wm=  1 0w³ ³ . By multiplying the inequalities ( )5.45  and ( )5.46  with ( )1 w-  

and ( )w
 
respectively, we can write:  

( ) ( ) ( ) ( )

( ) ( ) ( )
1

,

max 2

1 1 1,2,..., 5.45

1,2,..., 5.46

ni ki ki mi

v n

ni ni vi ki ki mi

z z z z i p

z z z z z z i p

w w m

w m w m

¢- £ - + - =é ùë û

¢é ù+ - £ + - =é ùë ûë û
 

If we sum up these inequalities, we will obtain:   

( )( ) ( ) ( ) ( ),

max 1 21 1,2,..., 5.47v n

ni ni vi ki ki miz z z z z z i pwm w m wm¢ ¢+ - £ + - + - =é ùë û  

That is, there exists ( ) 1 21 0m w m wm¢ ¢ ¢= - + ³  for any  m  in the range ,

max0, v nmé ùë û  where 

we define
,

max

v nm wm=  and [ ]0,1wÎ . p 
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Figure 5.8 Redundant cone ( );v nC z z   ( ) ( )( ); ;v n m kC C¢ Íz z z z  

 

As discussed in Theorem 5.6, it is enough to check whether the end points of the 

convex cone ( );v nC¢ z z corresponding to the minimum and maximum values of m  

are cone dominated by ( );m kC z z  or not. We should note that Theorem 5.6 does not 

directly imply that ( ) ( ); ;v n m kC CÍz z z z  if ( ) ( ); ;v n m kC C¢ Íz z z z . However, we 

claim that not all points but all nondominated points that are dominated by cone

( );v nC z z will also be dominated by cone ( );m kC z z  if ( ) ( ); ;v n m kC C¢ Íz z z z . That 

is, since we deal with nondominated points, then we can say ( );v nC z z  will be a 

redundant cone for us if  we have ( ) ( ); ;v n m kC C¢ Íz z z z  as discussed in the 

following Corollary 5.1. Figure 5.8 demonstrates this situation for a bicriteria 

problem 
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Corollary 5.1. All nondominated points dominated by cone ( );v nC z z  will also be 

dominated by cone ( );m kC z z if and only if the following two conditions are 

satisfied.  

(a) n
z  is dominated by cone ( );m kC z z . 

(b) The point ( ),

max

n v n n vm= + -z z z z is dominated by cone ( );m kC z z where 

( )
,

max ,
min

NP i
v n ni i

v ni S
vi ni

z z

z z
m

Î <

æ öì ü-
= ç ÷í ýç ÷-î þè ø

 and { }, : 0v n

ni viS i z z< = - £ . 
 

Proof. According to Theorem 5.5, all nondominated points dominated by cone 

( );v nC z z will also be dominated by ( );v nC¢ z z . All these nondominated points will 

also be dominated by ( );m kC z z if  we have ( ) ( ); ;v n m kC C¢ Íz z z z . Then, we should 

have conditions (a) and (b) to satisfy ( ) ( ); ;v n m kC CÍz z z z  as discussed in Theorem 

5.6.  

5.3 Demonstration of the Algorithm 

We demonstrate our algorithm on a Multi-objective Knapsack Problem (MOKP) to 

show its progress. We consider a 50-item MOKP with three criteria. We generate the 

parameters ( ), 10,100 1,2,3 1,2,...,50lilp w i lÎ = =  using a discrete uniform 

distribution.  As is typical in the literature, we set the capacity of the knapsack to half 

the total capacity requirement of all items for the knapsack, i.e., 
50

1

2
l

lC w
=

=å , in 

order to obtain a tight capacity restriction. When we solved for all nondominated 

points separately, we found 405 of them for this specific problem. 

We assume that the DM’s preferences are consistent with an underlying function that 

minimizes   a weighted Tchebycheff distance from the ideal point, 

( )2054,2108,1979IP =z  using the weight set ( )0.7,0.2,0.1=λ . We use the 

following corresponding function to simulate the responses of the DM: 

 ( ) ( ) ( ) ( ){ }1 2 3max 0.7 2054 ,0.2 2108 ,0.1 1979 .f z z z= - - - -z  
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At each comparison, we record the incumbent, the super incumbent and their 

preference ranks, the number of cones and percentage reduction in the number of 

cones due to redundancy, and the number of points dominated by the new cones as 

demonstrated in Table 5.1.  The table shows that the algorithm terminates after 27 

iterations (asking for 27 pairwise comparisons) finding the most preferred point of 

the DM among the 405 underlying nondominated points.  It can be seen from Table 

5.1 that several cones have been very effective in covering the regions that contain 

many nondominated points.  Many of the cones have not been effective and 

eliminated only a single point (the point corresponding to the less preferred cone 

generator).  

The procedure for detecting redundant cones has been effective in this problem, 

eliminating up to 20% of the cones. 

The most preferred point has been obtained in the third iteration and the remaining 

24 iterations were necessary to prove this.  
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Table 5.1 Demonstration of the algorithm on a 50-item MOKP with three criteria 

and 405 nondominated points 

Iteration 
# of 

cones 

# of non-

redundant 

cones* 

Redundant 

cone * 

% 

# of points 

dom. by new 

cones 

Lower 

Bound is 

set for: 

Does the 

incumbent 

change? 

Rank of 

the 

incumbent 

Rank of the 

super 

incumbent 

0 0 0 0 0 z1 
 

122 - 

1 1 1 0 7 z1 yes 7 - 

2 2 2 0 1 z2 no 7 - 

3 5 5 0 2 z1 yes 1 - 

4 6 6 0 1 z2 no 1 - 

5 7 7 0 40 z3 no 1 - 

6 8 8 0 201 z1 no 1 - 

7 9 9 0 3 z2 no 1 - 

8 10 10 0 11 z3 no 1 - 

The number of iterations for which the incumbent remains the same >5. Denote the incumbent as the 

super incumbent. Generate a new point and denote it as the new inc. 

8 10 10 0 11 z1 yes 6 1 

9 11 11 0 1 z2 no 6 1 

10 12 12 0 17 z3 no 6 1 

11 13 13 0 4 z1 no 6 1 

12 14 14 0 1 z2 no 6 1 

13 19 14 26.32 7 z1 yes 3 1 

14 20 15 25.00 1 z2 no 3 1 

15 21 16 23.81 1 z3 no 3 1 

16 22 17 22.73 1 z1 no 3 1 

17 23 18 21.74 1 z2 no 3 1 

18 24 15 37.50 74 z3 no 3 1 

The number of iterations for which the incumbent remains the same >5. Compare the incumbent with the 

super incumbent. 

19 35 25 28.57 10 z1 yes 13 1 

20 36 26 27.78 4 z1, then z2 yes 2 1 

21 37 27 27.03 4 z3 no 2 1 

22 38 28 26.32 6 z2 no 2 1 

23 39 29 25.64 1 z3 no 2 1 

24 40 30 25.00 2 z2, then z3 no 2 1 

25 41 31 24.39 1 z3 no 2 1 

The number of iterations for which the incumbent remains the same >5. Compare the incumbent with the 

super incumbent. 

26 48 38 20.83 1 
z1, then z2 

and then z3 
yes 38 1 

The model becomes infeasible, stop. 

Compare the incumbent with the super incumbent. Total number of comparisons becomes 26+1=27. 
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5.4 Computational Results 

We again use randomly generated three-criteria and four-criteria MOAPs, MOKPs 

and MOSP problems. We simulate the responses of the DM by using three different 

types of underlying value functions: 

( )

( ) ( )

( ) ( )( )

1

2
2

1

1,...,

Linear: max

Quadratic: max

Tchebycheff: max min

p

i i

i

p
IP

i i i

i

IP

i i i
i p

i z

ii z z

iii z z

l

l

l

=

=

=

- -

-

å

å  

We use three different weight vectors: ( )1 0.1,0.6,0.3=λ , ( )2 0.333,0.333,0.333=λ
 

and ( )3 0.7,0.2,0.1=λ . We summarize the results in Table 5.2, categorizing based on 

problem parameters. We observe that the algorithm reaches the best point after a few 

pairwise comparisons in general. These numbers are small especially compared to 

the total nondominated points.  Although the numbers of comparisons somewhat 

grow before the algorithm terminates proving the best point, they are still reasonable 

and small percentages of the total nondominated points ( )N . Furthermore, the 

Total #  of comp.s 

N
 percentage improves as the problem size increases as 

demonstrated in Table 5.2.  

While the average 
Total #  of comp.s 

N  
percentage  is 23% for 10-node MOAPs, it 

decreases to  3.42% for 20-node MOAPs,  and to 1.35% for 30-node MOAPs. In 

addition, the standard deviations also decrease and the worst case performances 

improve as can be seen in Table 5.2.  Table 5.3 presents a detailed summary for the 

results corresponding to MOAPs. 

For MOKP problems, the average 
Total #  of comp.s 

N  
percentage  is 37.48% for 25 

items,  12.52%  for 50 items, and 2.20% for 100 items. Similar to MOAPs, the 

averages and standard deviations as well as the worst case performances improve as 
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the problem size increases. Table 5.4 shows the results on three-criteria MOKP 

problems.  

In our experiments on the MOSP problem, the average 
Total #  of comp.s 

N

percentage takes the values of 33.09%, 13.60% , and 9.67%, and 6.27% for 25, 50, 

100, and 200-node problems, respectively.. Table 5.2 also shows that the 

corresponding standard deviations and the worst case values also improve. In 

addition, Table 5.5 demonstrates the performance of the algorithm on MOSP 

problems in detail.  
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Table 5.3 Results of three-criteria MOAPs  

Size 

Total 

nond. 

points 

( )N  

Value 

Func. 

Type 

Weight 

Vector 

# of 

comp.s 

to reach 

best* 

Total # 

of 

comp.s

* 

Soln. 

Time 

(secs)* 

# of non-

redundant 

cones* 

Redundant 

cone * 

% 

10 121.8 

Tch 

λ1 11.20 22.20 3.32 26.80 44.18 

λ2 12.00 35.80 8.91 50.40 26.35 

λ3 4.00 20.40 2.74 29.60 20.17 

Lin. 

λ1 2.60 21.00 2.78 28.20 18.28 

λ2 2.20 36.00 9.93 62.60 6.92 

λ3 2.20 21.20 2.57 31.60 15.01 

Quad. 

λ1 10.60 25.00 3.47 36.80 31.30 

λ2 4.20 40.00 14.00 65.00 9.78 

λ3 4.20 24.00 3.66 36.20 20.24 

20 2051.6 

Tch 

λ1 23.60 43.40 34.77 56.60 44.31 

λ2 28.40 85.80 1913.50 153.60 31.36 

λ3 20.00 50.80 45.84 76.20 38.85 

Lin. 

λ1 8.60 58.20 230.89 104.00 19.94 

λ2 5.60 93.20 2825.99 230.40 6.83 

λ3 5.80 58.20 137.62 101.60 11.04 

Quad. 

λ1 4.20 51.20 187.72 88.00 15.75 

λ2 9.40 103.00 2389.02 213.60 13.09 

λ3 6.00 55.80 97.27 98.20 16.36 

30 6387.8 

Tch 

λ1 35.20 73.40 833.45 122.20 38.07 

λ2 37.00 82.80 1951.44 129.80 42.66 

λ3 39.60 71.60 508.21 110.80 39.74 

Lin. 

λ1 9.40 85.40 1175.07 173.20 12.33 

λ2 6.60 123.20 11417.22 346.80 6.59 

λ3 6.80 69.00 482.97 127.40 18.41 

Quad. 

λ1 14.40 86.60 2049.86 156.80 18.86 

λ2 9.00 104.00 10891.03 200.80 11.31 

λ3 11.40 75.40 1132.51 137.40 21.62 

*Average of five problems per cell  
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Table 5.4 Results of three-criteria MOKPs  

Size 

Total 

nond. 

points 

( )N  

Value 

Func. 

Type 

Weight 

Vector 

# of 

comp.s 

to reach 

best* 

Total # 

of 

comp.s

* 

Soln. 

Time 

(secs)* 

# of non-

redundant 

cones* 

Redundant 

cone * 

% 

25 58.2 

Tch 

λ1 3.00 17.60 1.51 18.40 37.67 

λ2 4.40 19.00 1.99 19.80 37.58 

λ3 4.40 15.00 1.31 15.40 21.40 

Lin. 

λ1 1.60 18.60 1.47 20.80 28.82 

λ2 2.20 24.40 4.52 41.00 3.62 

λ3 3.20 15.60 1.44 18.00 11.20 

Quad. 

λ1 3.60 17.80 1.83 21.60 16.73 

λ2 4.40 25.00 4.72 39.00 11.00 

λ3 1.20 16.00 1.71 21.60 4.27 

50 372.8 

Tch 

λ1 14.00 26.20 7.85 25.40 48.30 

λ2 18.60 41.80 39.76 61.80 38.06 

λ3 9.80 31.80 13.00 43.40 33.58 

Lin. 

λ1 2.60 34.60 21.58 52.60 14.35 

λ2 4.40 49.00 145.44 84.80 9.84 

λ3 4.00 31.40 16.53 50.60 9.84 

Quad. 

λ1 5.20 33.40 17.11 51.60 21.00 

λ2 5.20 50.60 101.02 89.00 6.99 

λ3 4.80 31.40 14.81 49.60 22.18 

100 3280.8 

Tch 

λ1 21.80 55.20 345.43 78.20 46.55 

λ2 39.20 89.00 3473.98 151.80 39.60 

λ3 21.60 43.60 56.07 53.40 54.07 

Lin. 

λ1 6.20 67.20 1296.19 111.80 16.42 

λ2 4.40 93.40 7508.43 187.60 5.40 

λ3 5.40 46.40 210.43 78.40 16.07 

Quad. 

λ1 15.60 68.40 872.73 125.00 29.34 

λ2 6.40 125.20 10941.61 241.80 8.14 

λ3 8.40 54.20 198.56 90.20 15.62 

*Average of five problems per cell  
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Table 5.5 Results of three-criteria MOSP problems 

Siz

e 

Total 

nond. 

points 

( )N  

Value 

Func. 

Type 

Weight 

Vector 

# of 

comp.s to 

reach 

best* 

Total # 

of 

comp.s* 

Soln. 

Time 

(secs)* 

# of non-

redundant 

cones* 

Redundant 

cone * 

% 

25 71.40 

Tch 

λ1 7.80 20.80 2.54 32.80 28.57 

λ2 14.40 30.20 5.97 43.60 26.43 

λ3 4.60 16.00 1.13 15.20 39.42 

Lin. 

λ1 3.80 19.80 1.76 24.60 24.82 

λ2 1.00 28.60 4.37 46.40 6.92 

λ3 2.40 18.40 2.00 22.00 20.93 

Quad. 

λ1 4.60 19.00 2.35 27.60 18.56 

λ2 4.40 33.60 8.17 60.60 12.11 

λ3 1.80 16.20 1.29 18.40 18.33 

50 272.4 

Tch 

λ1 12.80 26.80 8.37 25.00 66.23 

λ2 14.80 44.00 67.62 64.60 38.09 

λ3 9.20 27.00 23.27 48.80 27.15 

Lin. 

λ1 4.20 28.60 17.64 41.60 19.53 

λ2 4.20 43.60 61.43 75.60 7.00 

λ3 3.80 23.20 7.79 33.40 16.20 

Quad. 

λ1 7.80 34.20 29.98 51.40 24.08 

λ2 4.80 51.40 95.93 97.80 5.38 

λ3 4.40 28.60 16.12 45.60 14.99 

100 439.8 

Tch 

λ1 11.00 37.60 81.55 48.80 40.42 

λ2 4.60 42.00 365.34 79.00 23.95 

λ3 16.60 35.40 103.23 45.60 47.94 

Lin. 

λ1 5.20 41.00 207.21 64.20 16.43 

λ2 5.60 45.20 251.69 76.40 11.85 

λ3 4.80 38.20 111.36 60.40 15.71 

Quad. 

λ1 5.20 39.00 133.70 63.00 20.78 

λ2 4.00 48.40 305.70 87.60 8.29 

λ3 8.00 41.60 117.07 69.60 19.19 

200 818.0 

Tch 

λ1 15.80 49.60 1298.24 73.00 35.08 

λ2 15.40 53.60 2261.07 84.80 35.43 

λ3 19.80 40.20 689.10 57.40 41.41 

Lin. 

λ1 3.00 46.40 1613.96 81.60 12.01 

λ2 2.60 53.80 5449.94 96.60 3.77 

λ3 4.20 43.80 793.11 70.20 13.19 

Quad. 

λ1 9.40 57.40 1385.86 89.00 21.68 

λ2 4.80 60.60 4697.36 110.60 8.77 

λ3 7.20 51.80 1523.03 87.80 15.27 

*Average of five problems per cell 
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5.5 Discussion and Future Work 

Assuming that the DM has a quasiconcave value function, we generate two-point 

convex cones based on the pairwise comparisons of the DM. Different from the 

previous studies, we generate constraints to exclude the implied inferior regions and 

we iteratively narrow down the solution space. We also develop a theory to detect 

redundant cones and we observe that eliminating redundant cones brings important 

savings on the number of cones to handle.  The algorithm converges to the most 

preferred point for any MIP problem.  

In order to explore different regions, the algorithm automatically updates the 

incumbent solution if the incumbent does not change for several iterations while 

keeping the best known point so far as a super incumbent. Furthermore, we try to 

generate weights from different parts of the feasible weight space. In addition, we set 

a lower bound for a selected criterion at each iteration and we change this criterion 

iteratively to find nondominated points from different parts of the nondominated 

frontier.   

There are some instances for which the number of comparisons and the solution time 

are relatively high.  Focusing on these instances and trying to observe their properties  

may be a useful future work in order to develop alternative solution strategies to 

solve these models. Another useful strategy may be to use only some of the available 

cones at each iteration, rather than using all cones.    

We observe that, while the algorithm finds the most preferred point in a few 

iterations, most of the time, the algorithm needs to execute the majority of iterations 

to prove that the best point has indeed been found. As an alternative approach, we 

may develop a heuristic version of the algorithm that aims to generate a good 

solution for the DM without spending too much time. It is also possible to use a 

small iteration limit as a stopping condition, but it would not give us a performance 

guarantee. In order to develop a heuristic approach with performance guarantee, it 

may be a good idea to approximate the cone-dominated regions as suggested by 

Prasad et al. (1997). We may then reduce the number of binary variables and 

constraints.  
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As an  alternative approach, we may first define a region that is of interest to the DM 

prior to our algorithm. We can benefit from Lq function approximation to define the 

region as discussed in Chapter 3. Then, we can focus on this region and iteratively 

exclude the inferior portions of this region by generating convex cones.  

  



 

 

 

102 

 

CHAPTER 6  

 

 

CONCLUSIONS AND FUTURE WORK 

 

 

 

In this study, we develop procedures for MIP problems that incorporate the 

preferences of the DM. We work on points that are of interest to the DM instead of 

developing exact or heuristic methods to find all nondominated points. We also 

develop an algorithm that focuses on the region where the nadir point lies. Many 

approaches need the nadir point or a good estimate to scale criteria properly and for 

other reasons.   

We develop an exact procedure to generate all nondominated points in an identified 

region. This procedure has a potential to be further developed by incorporating 

preferences of the DM and progressively modifying the region, especially for large-

sized problems. Since the number of nondominated points is typically very large, our 

aim is to define a small region. This requires knowing the problem structure and  

better incorporating the preferences of the DM.  

Fitting a surface to approximate the nondominated frontier is useful to find the 

potential locations of nondominated points. We develop an interactive procedure that 

starts with a selected point on the fitted surface and determine the best heuristic point 

by using information obtained from the DM. We then employ our exact algorithm to 

find an actual point in the neighborhood of this point. Our current algorithm enlarges 

the region defined by the heuristic point to guarantee to obtain at least two 

nondominated points. The computational experiments on MOAP, MOKP and MOSP 

problems show that the algorithm generates reasonable number of solutions when 

compared to the number of all nondominated points. In addition, the algorithm finds 

the best solution most of the time and always yields good solutions in the remaining 
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instances. However, there are some instances for which it may be useful to reduce 

the number of nondominated points. As a future work, we may improve the 

algorithm to find the actual best point by generating a few points in the neighborhood 

of the best heuristic point. As an alternative approach, we may define the region by 

using a set of preferred points on the Lp surface instead of using a single initial point. 

It may also be a good idea to progressively update the region throughout the 

algorithm incorporating DM’s preferences interactively.  

Scaling is a critical issue in approximation methods but determining the nadir point is 

not easy. The payoff nadir value is widely used to approximate the nadir point but it 

may overestimate (underestimate) the nadir point of a maximization (minimization) 

problem considerably. That is, we may have many points outside the scaled range.  

Instead of using the payoff nadir which can be used as an upper (lower) bound for 

the nadir of a maximization (minimization) problem, a tight lower (upper) bound will 

be more useful in the normalization of the criteria. There are also algorithms that try 

to reach preferred solutions starting from dominated points.  Nadir point is a good 

starting point for such algorithms if it can be found with a reasonable effort. 

Although there are exact and heuristic methods to find the nadir point, it is not 

possible to generalize for problems with more than two criteria. We develop an exact 

method to find the nadir point. Our experiments show that the algorithm works well 

for MOAP, MOKP, and MOSP problem with three and four criteria.   The modified 

algorithm can be employed to find the exact nadir point.  It can also be used to 

generate a lower and an upper bound for the nadir with a desirable gap with a 

reasonable computational effort. We have also developed a method for MOKP that 

finds an initial lower bound for the nadir. As a future work, we can also develop 

methods to find tighter lower bounds for the nadir for MOAP and MOSP problems in 

addition to MOKPs.  

The exact algorithms proposed to generate the nondominated points and to find the 

nadir point can be applied to any MIP problem. They do not have any problem 

specific characteristics. In order to solve large-sized problems, we may be able to 

develop more efficient problem-specific solution algorithms.  

We develop an exact interactive algorithm that guarantees finding the most preferred 

point assuming that the DM has a nondecreasing quasiconcave value function for 
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multi-objective integer programming problems. The algorithm uses the properties of 

a quasiconcave value function together with preference information expressed by the 

DM in order to avoid some regions that are implied to contain inferior points. It 

iteratively continues until proving that the most preferred point has been found. 

Multi-objective integer programs typically contain many nondominated points and 

generating each point is computationally hard. Our algorithm is designed to 

terminate by generating a small number of nondominated points.  To the best of our 

knowledge, our algorithm is the first of its kind that guarantees finding the most 

preferred point under the general assumption of the existence of a nondecreasing 

quasiconcave value function. We hope that this study will attract the attention of 

other researchers to further develop this area. There is a need to further look into the 

computational issues along this direction. Improving the computational performance 

of algorithms is important for integer programming problems, in general. For our 

part, we plan future studies along these lines. We intend to consider alternative 

solution strategies to solve these models utilizing the fact that a slightly modified 

version of the problem is solved in each iteration. We also intend to investigate the 

possibility of using only some of the available cones without losing too much 

information.  

An alternative approach may be developing a heuristic version of our algorithm. The 

aim would be to solve the problem very quickly without sacrificing much from the 

quality of the resulting point. In our experiments, typically, the most preferred point 

was found very quickly, and the remaining iterations were spent to prove this. 

Although a small iteration limit can be employed as a stopping condition, such an 

approach would not provide a performance guarantee. An approximation algorithm 

with a performance guarantee may be developed by tightening the constraints 

implied by the cones within an error margin utilizing the idea of Prasad et al. (1997).  

We may also use cone approximations such that the cone-dominated regions may be 

defined approximately by using a smaller number of binary variables.  

Prior to the algorithm, we may also define a preferred region interacting with the 

DM. Our approach of fitting an LP surface may also be used to approximate the 

locations of the nondominated points. Then, the algorithm may be applied to this 

region and we may iteratively exclude the inferior parts by using convex cones.  
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The algorithm is directly applicable to multi-objective mixed integer programming 

problems for most part. There is a need to change the stopping condition as the 

nondominated points may be continuous in some regions due to continuous 

variables. A straightforward rule could be to stop after a reasonable number of 

iterations. More sophisticated stopping rules may also be generated as a future work.  
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APPENDIX A  

 

EXPERIMENTAL RESULTS OF  THE HEURISTIC 

ALGORITHM INCORPORATING Lq FUNCTION 

 

 

In this part, we present the experimental results of the heuristic algorithm that 

incorporates an Lq function.  

We conduct experiments on randomly generated MOAP, MOKP and MOSP 

problems with three and four objectives. 
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Table A.1 The performance of Heuristic Algorithm on MOAP problems with 3p =  

Size 

Total 

 nond. 

points 

( )N  

Value 

Func. 

Type 

Weight 

Vector 

True 

Rank 

of the 

Final 

point* 

Value 

Ratio of 

the 

Final 

point* 

% 

# of nond. 

points 

generated

* 

( )lpn  

lpn

N
* 

% 

#of 

models 

solved 

* 

Soln. 

Time 

(secs)* 

10x10 121.8 

Tch. 

λ1
 1.00 0.00 4.80 4.18 10.80 0.31 

λ2
 1.00 0.00 5.40 4.62 10.60 0.60 

λ3
 1.00 0.00 1.40 1.14 3.80 0.05 

Lin. 

λ1
 1.00 0.00 3.20 2.64 7.20 0.16 

λ2
 1.00 0.00 5.40 4.62 10.60 0.58 

λ3
 1.00 0.00 1.40 1.20 3.80 0.05 

Euc. 

 

λ1
 1.00 0.00 2.40 1.97 6.00 0.15 

λ2
 2.20 0.97 5.40 4.62 10.60 0.59 

λ3
 1.40 0.10 2.00 1.72 4.60 0.09 

Pow4 

λ1
 1.00 0.00 3.40 2.80 8.00 0.24 

λ2
 2.00 0.80 5.40 4.62 10.60 0.60 

λ3
 1.20 0.13 2.20 1.81 5.20 0.10 

20x20 2051.6 

Tch. 

λ1
 1.00 0.00 5.60 0.30 11.60 0.74 

λ2
 1.00 0.00 31.00 1.46 50.20 5.04 

λ3
 1.00 0.00 8.80 0.48 15.20 1.16 

Lin. 

λ1
 1.00 0.00 5.80 0.27 11.40 1.06 

λ2
 1.00 0.00 31.00 1.46 50.20 5.01 

λ3
 1.00 0.00 7.40 0.31 12.40 1.10 

Euc. 

 

λ1
 1.00 0.00 6.80 0.34 13.40 1.00 

λ2
 1.80 0.13 31.00 1.46 50.20 5.04 

λ3
 1.00 0.00 4.20 0.18 7.20 0.52 

Pow4 

λ1
 1.20 0.02 8.40 0.39 15.80 1.19 

λ2
 2.20 0.18 31.00 1.46 50.20 4.94 

λ3
 1.20 0.04 7.20 0.26 12.00 0.83 

30x30 6387.8 

Tch. 

λ1
 1.00 0.00 20.40 0.32 38.60 6.53 

λ2
 1.00 0.00 11.40 0.18 20.00 4.50 

λ3
 1.00 0.00 33.00 0.49 47.40 8.41 

Lin. 

λ1
 1.00 0.00 45.00 0.69 75.20 12.74 

λ2
 1.00 0.00 11.40 0.18 20.00 4.49 

λ3
 1.00 0.00 22.60 0.35 33.00 5.26 

Euc 

 

λ1
 1.60 0.02 58.80 0.94 95.60 15.62 

λ2
 1.00 0.00 11.40 0.18 20.00 4.54 

λ3
 1.00 0.00 37.00 0.56 52.60 9.12 

Pow4 

λ1
 1.00 0.00 32.00 0.51 55.40 8.99 

λ2
 1.40 0.03 11.40 0.18 20.00 4.52 

λ3
 1.00 0.00 26.80 0.40 39.20 6.88 

* Average of five problems per cell 
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Table A.2 The performance of Heuristic Algorithm on MOKP problems with 3p =  

Size 

Total 

 nond. 

points 

( )N  

Value 

Func. 

Type 

Weight 

Vector 

True 

Rank 

of the 

Final 

point* 

Value 

Ratio of 

the 

Final 

point* 

% 

# of nond. 

points 

generated

* 

( )lpn  

lpn

N
* 

% 

#of 

models 

solved 

* 

Soln. 

Time 

(secs)* 

25 58.2 

Tch. 

λ1
 1.00 0.00 2.80 6.04 7.00 0.15 

λ2
 1.00 0.00 2.40 6.29 5.80 0.14 

λ3
 1.00 0.00 2.00 4.06 5.00 0.12 

Lin. 

λ1
 1.00 0.00 3.20 5.98 7.60 0.14 

λ2
 1.00 0.00 2.40 6.29 5.80 0.14 

λ3
 1.00 0.00 1.40 2.95 3.80 0.04 

Euc. 

 

λ1
 1.20 0.25 2.20 4.31 5.40 0.08 

λ2
 1.00 0.00 2.40 6.29 5.80 0.15 

λ3
 1.00 0.00 2.00 5.52 5.00 0.09 

Pow4 

λ1
 1.00 0.00 3.80 8.11 8.80 0.18 

λ2
 1.00 0.00 2.40 6.29 5.80 0.15 

λ3
 1.00 0.00 1.80 3.81 4.60 0.09 

50 
372.8 

 

Tch. 

λ1
 1.00 0.00 5.80 1.94 13.40 0.53 

λ2
 1.00 0.00 4.80 1.40 10.40 0.52 

λ3
 1.00 0.00 2.60 1.51 6.00 0.27 

Lin. 

λ1
 1.00 0.00 3.80 1.17 8.40 0.24 

λ2
 1.00 0.00 4.80 1.40 10.40 0.51 

λ3
 1.00 0.00 3.00 1.62 7.00 0.27 

Euc. 

 

λ1
 1.40 0.03 5.40 1.51 12.20 0.43 

λ2
 1.00 0.00 4.80 1.40 10.40 0.52 

λ3
 1.00 0.00 3.40 1.51 8.00 0.36 

Pow4 

λ1
 1.40 0.05 4.40 1.42 10.20 0.37 

λ2
 1.00 0.00 4.80 1.40 10.40 0.52 

λ3
 1.20 0.00 3.40 1.88 7.80 0.32 

100 3280.8 

Tch. 

λ1
 1.00 0.00 25.40 0.90 59.00 4.91 

λ2
 1.00 0.00 38.80 1.21 81.80 12.31 

λ3
 1.00 0.00 13.20 0.40 25.40 3.02 

Lin. 

λ1
 1.00 0.00 13.20 0.40 28.40 3.31 

λ2
 1.00 0.00 38.80 1.21 81.80 11.91 

λ3
 1.00 0.00 6.80 0.22 13.80 1.36 

Euc. 

 

λ1
 1.60 0.05 14.20 0.44 29.80 4.01 

λ2
 1.00 0.00 38.80 1.21 81.80 11.81 

λ3
 1.20 0.03 7.20 0.23 15.20 1.61 

Pow4 

λ1
 1.40 0.03 59.60 1.69 134.20 23.53 

λ2
 2.00 0.08 37.00 1.17 79.00 12.85 

λ3
 1.20 0.01 16.40 0.54 32.20 3.90 

* Average of five problems per cell  
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Table A.3 The performance of Heuristic Algorithm on MOSP problems with 3p =  

Size 

Total 

 nond. 

points 

( )N  

Value 

Func. 

Type 

Weight 

Vector 

True 

Rank 

of the 

Final 

point* 

Value 

Ratio of 

the 

Final 

point* 

% 

# of nond. 

points 

generated

* 

( )lpn  

lpn

N
* 

% 

#of 

models 

solved 

* 

Soln. 

Time 

(secs)* 

25 71.4 

Tch. 

λ1
 1.00 0.00 3.40 4.28 8.00 0.27 

λ2
 1.00 0.00 4.40 7.28 10.00 0.40 

λ3
 1.00 0.00 1.20 1.90 3.40 0.06 

Lin. 

λ1
 1.00 0.00 2.40 3.96 6.00 0.17 

λ2
 1.00 0.00 4.40 7.28 10.00 0.37 

λ3
 1.00 0.00 1.60 2.88 4.20 0.09 

Euc. 

 

λ1
 1.20 0.32 3.60 5.08 8.20 0.33 

λ2
 1.80 0.46 4.40 7.28 10.00 0.38 

λ3
 1.00 0.00 2.00 3.18 5.00 0.12 

Pow4 

λ1
 1.00 0.00 3.40 4.36 8.20 0.24 

λ2
 1.60 0.45 4.40 7.28 10.00 0.40 

λ3
 1.00 0.00 1.80 2.85 4.60 0.10 

50 272.4 

Tch. 

λ1
 1.00 0.00 4.40 1.74 10.80 1.50 

λ2
 1.00 0.00 6.00 2.07 13.80 1.94 

λ3
 1.00 0.00 2.20 0.90 5.20 0.51 

Lin. 

λ1
 1.00 0.00 3.00 1.16 7.20 0.66 

λ2
 1.00 0.00 6.00 2.07 13.80 1.94 

λ3
 1.00 0.00 2.20 0.85 5.40 0.36 

Euc. 

 

λ1
 1.00 0.00 3.80 1.57 9.20 1.12 

λ2
 1.20 0.15 6.00 2.07 13.80 1.94 

λ3
 1.00 0.00 2.40 0.93 5.40 0.43 

Pow4 

λ1
 1.40 0.09 3.80 1.57 9.40 1.17 

λ2
 1.20 0.07 6.00 2.07 13.80 1.95 

λ3
 1.20 0.00 2.80 1.16 6.60 0.70 

100 439.8 

Tch. 

λ1
 1.00 0.00 2.60 0.58 6.00 1.18 

λ2
 1.00 0.00 3.00 0.68 7.00 2.46 

λ3
 1.00 0.00 6.00 1.25 13.00 4.79 

Lin. 

λ1
 1.00 0.00 2.00 0.46 5.00 1.41 

λ2
 1.00 0.00 3.00 0.68 7.00 2.44 

λ3
 1.00 0.00 1.40 0.34 3.80 0.77 

Euc. 

 

λ1
 1.00 0.00 3.00 0.68 7.20 2.38 

λ2
 1.20 0.03 3.00 0.68 7.00 2.78 

λ3
 1.80 0.07 3.80 0.85 8.00 2.30 

Pow4 

λ1
 1.00 0.00 2.40 0.56 5.80 0.99 

λ2
 1.20 0.11 3.00 0.68 7.00 2.50 

λ3
 1.40 0.07 3.80 0.82 8.60 3.02 
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Table A.3 Continued 

Size 

Total 

 nond. 

points 

( )N  

Value 

Func. 

Type 

Weight 

Vector 

True 

Rank 

of the 

Final 

point* 

Value 

Ratio of 

the 

Final 

point* 

% 

# of nond. 

points 

generated

* 

( )lpn  

lpn

N
* 

% 

#of 

models 

solved 

* 

Soln. 

Time 

(secs)* 

200 818 

Tch. 

λ1
 1.00 0.00 3.60 0.44 8.20 15.77 

λ2
 1.00 0.00 5.00 0.65 10.80 32.15 

λ3
 1.00 0.00 5.80 0.71 12.00 19.76 

Lin. 

λ1
 1.00 0.00 4.60 0.56 10.60 21.52 

λ2
 1.00 0.00 5.00 0.65 10.80 32.24 

λ3
 1.00 0.00 3.00 0.39 7.20 8.36 

Euc. 

 

λ1
 1.00 0.00 4.40 0.49 9.80 17.14 

λ2
 1.00 0.00 5.00 0.65 10.80 32.30 

λ3
 1.20 0.03 5.80 0.72 12.80 18.41 

Pow4 

λ1
 1.00 0.00 4.40 0.49 10.00 14.58 

λ2
 1.80 0.09 5.00 0.65 10.80 32.18 

λ3
 1.80 0.12 6.60 0.81 13.80 20.50 

* Average of five problems per cell 

 

 

Table A.4 The performance of Heuristic Algorithm on MOAP problems with 4p =  

Size 

Total 

 nond. 

points 

( )N  

Value 

Func. 

Type 

Weight 

Vector 

True 

Rank 

of the 

Final 

point* 

Value 

Ratio of 

the 

Final 

point* 

% 

# of nond. 

points 

generated

* 

( )lpn  

lpn

N
* 

% 

#of 

models 

solved 

* 

Soln. 

Time 

(secs)* 

10x10 71.4 

Tch. 

λ1
 1.00 0.00 4.20 0.39 17.00 1.26 

λ2
 1.00 0.00 7.80 0.86 27.20 3.95 

λ3
 1.00 0.00 12.20 0.83 47.60 6.34 

Lin. 

λ1
 1.00 0.00 2.40 0.30 7.80 0.60 

λ2
 1.00 0.00 7.80 0.86 27.20 4.25 

λ3
 1.00 0.00 1.20 0.13 4.60 0.17 

Euc 

 

λ1
 2.40 0.54 5.40 0.49 20.00 1.89 

λ2
 1.80 0.79 6.40 0.66 22.40 3.31 

λ3
 1.20 0.11 2.40 0.24 8.60 0.51 

Pow4 

λ1
 2.40 0.67 3.20 0.29 12.40 1.07 

λ2
 1.00 0.00 7.80 0.86 27.20 4.24 

λ3
 1.00 0.00 3.00 0.29 9.60 0.64 

* Average of five problems per cell  
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Table A.5 The performance of Heuristic Algorithm on MOKP problems with 4p =  

Size 

Total 

 nond. 

points 

( )N  

Value 

Func. 

Type 

Weight 

Vector 

True 

Rank 

of the 

Final 

point* 

Value 

Ratio of 

the 

Final 

point* 

% 

# of nond. 

points 

generated

* 

( )lpn  

lpn

N
* 

% 

#of 

models 

solved 

* 

Soln. 

Time 

(secs)* 

25 71.4 

Tch. 

λ1
 1.00 0.00 1.80 1.04 7.00 0.12 

λ2
 1.00 0.00 3.00 1.68 11.20 0.65 

λ3
 1.00 0.00 1.60 0.93 6.40 0.15 

Lin. 

λ1
 1.00 0.00 1.80 1.03 7.00 0.13 

λ2
 1.00 0.00 3.00 1.68 11.20 0.62 

λ3
 1.00 0.00 2.20 1.24 8.40 0.30 

Euc 

 

λ1
 1.00 0.00 1.80 1.03 7.00 0.16 

λ2
 1.00 0.00 3.00 1.68 11.20 0.62 

λ3
 1.00 0.00 1.60 0.94 6.00 0.13 

Pow4 

λ1
 1.00 0.00 1.80 1.03 7.00 0.13 

λ2
 1.40 0.05 3.00 1.68 11.20 0.66 

λ3
 1.00 0.00 1.60 0.89 6.40 0.19 

* Average of five problems per cell 

 

Table A.6 The performance of Heuristic Algorithm on MOSP problems with 4p =  

Size 

Total 

 nond. 

points 

( )N  

Value 

Func. 

Type 

Weight 

Vector 

True 

Rank 

of the 

Final 

point* 

Value 

Ratio of 

the 

Final 

point* 

% 

# of nond. 

points 

generated

* 

( )lpn  

lpn

N
* 

% 

#of 

models 

solved 

* 

Soln. 

Time 

(secs)* 

25 71.4 

Tch. 

λ1
 1.00 0.00 1.80 1.51 6.20 0.22 

λ2
 1.00 0.00 2.80 2.12 8.40 0.33 

λ3
 1.00 0.00 2.00 1.50 6.80 0.22 

Lin. 

λ1
 1.00 0.00 1.20 1.03 4.60 0.09 

λ2
 1.00 0.00 2.80 2.12 8.40 0.33 

λ3
 1.00 0.00 1.80 1.48 6.20 0.15 

Euc 

 

λ1
 1.20 0.01 1.20 1.03 4.60 0.08 

λ2
 1.60 0.54 2.80 2.12 8.40 0.31 

λ3
 1.20 0.01 1.60 1.32 5.20 0.14 

Pow4 

λ1
 1.00 0.00 1.40 1.15 5.20 0.13 

λ2
 2.20 0.42 2.80 2.12 8.40 0.31 

λ3
 1.40 0.14 1.60 1.32 5.20 0.15 

* Average of five problems per cell  
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APPENDIX B  

 

 

EXPERIMENTAL RESULTS OF THE NADIR ALGORITHM 

 

 

 

In this part, we present the results of computational experiments for the nadir 

algorithm on randomly generated MOAP, MOKP and MOSP problems with three 

and four objectives. 

 

 

 

 

 

 

 

 

 



 

 

 

118 

Table B.1 Results for MOAPs with three criteria 

 
   

* 0g =  
* 0.1g =  

Size Instance Criterion 

Initial 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST
 

(secs) 

Actual 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST

(secs) 

10x10 1 z1 0.434 17 0.42 0.097 13 0.37 

10x10 1 z2 0.445 12 0.34 0.095 10 0.18 

10x10 1 z3 0.331 10 0.19 0.093 8 0.25 

10x10 2 z1 0.380 17 0.44 0.096 11 0.22 

10x10 2 z2 0.344 16 0.34 0.095 14 0.38 

10x10 2 z3 0.246 14 0.34 0.098 10 0.28 

10x10 3 z1 0.503 18 0.35 0.096 14 0.32 

10x10 3 z2 0.358 14 0.36 0.093 10 0.19 

10x10 3 z3 0.643 18 0.51 0.092 14 0.4 

10x10 4 z1 0.544 15 0.32 0.092 15 0.43 

10x10 4 z2 0.481 12 0.32 0.091 10 0.28 

10x10 4 z3 0.448 20 0.46 0.100 18 0.4 

10x10 5 z1 0.607 21 0.49 0.095 19 0.51 

10x10 5 z2 0.543 20 0.52 0.093 16 0.43 

10x10 5 z3 0.563 12 0.24 0.099 10 0.3 

20x20 1 z1 0.523 55 3.15 0.099 43 2.41 

20x20 1 z2 0.456 32 1.94 0.099 22 1.31 

20x20 1 z3 0.429 28 1.59 0.099 14 0.82 

20x20 2 z1 0.387 39 1.94 0.098 25 1.29 

20x20 2 z2 0.507 56 2.93 0.097 32 1.56 

20x20 2 z3 0.488 30 1.43 0.097 24 1.21 

20x20 3 z1 0.461 35 2.15 0.100 29 1.65 

20x20 3 z2 0.543 46 2.9 0.097 32 2.04 

20x20 3 z3 0.523 46 2.7 0.098 32 1.62 

20x20 4 z1 0.441 34 1.96 0.098 22 1.26 

20x20 4 z2 0.407 46 2.55 0.100 28 1.57 

20x20 4 z3 0.371 28 1.58 0.099 16 0.83 

20x20 5 z1 0.425 48 2.51 0.099 25 1.27 

20x20 5 z2 0.349 36 2.29 0.100 20 1.18 

20x20 5 z3 0.446 68 3.84 0.099 32 1.61 
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Table B.1 Continued 

 
   

* 0g =  
* 0.1g =  

Size Instance Criterion 

Initial 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST
 

(secs) 

Actual 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST

(secs) 

30x30 1 z1 0.465 71 8.24 0.099 33 4.24 

30x30 1 z2 0.323 26 3.54 0.100 14 1.78 

30x30 1 z3 0.401 50 5.75 0.099 22 2.76 

30x30 2 z1 0.411 71 10.01 0.099 31 3.8 

30x30 2 z2 0.440 58 7.97 0.098 34 4.48 

30x30 2 z3 0.461 105 11.51 0.098 55 6.29 

30x30 3 z1 0.468 95 14.09 0.097 43 5.96 

30x30 3 z2 0.490 74 11.48 0.100 40 6.09 

30x30 3 z3 0.462 64 8.69 0.099 38 4.5 

30x30 4 z1 0.406 53 8.02 0.098 25 3.52 

30x30 4 z2 0.584 94 11.48 0.099 54 6.6 

30x30 4 z3 0.379 42 5.48 0.099 26 3.39 

30x30 5 z1 0.415 88 10.66 0.098 41 5.2 

30x30 5 z2 0.439 66 9.21 0.099 34 4.28 

30x30 5 z3 0.421 82 11.14 0.100 38 5.72 
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Table B.2 Comparison with the exact algorithm that generates all nondominated 

points for three criteria MOAPs. 

      
* 0g =  

* 0.1g =  

Size Inst. Crit. 

Total 

 nond. 

points 

( )N  

# of 

models 

to 

generate 

all 

nond. 

Points 

( )MSALL

 

 

 

Sol. 

Time to 

generate 

all nond. 

points 

(secs) 

( )STALL

 

MS

MSALL

% 

ST

STALL

% 

MS

MSALL

% 

ST

STALL

% 

10x10 1 z1 103 205 7.92 8.29 5.30 6.34 4.67 

10x10 1 z2 103 205 7.92 5.85 4.29 4.88 2.27 

10x10 1 z3 103 205 7.92 4.88 2.40 3.90 3.16 

10x10 2 z1 162 307 11.73 5.54 3.75 3.58 1.88 

10x10 2 z2 162 307 11.73 5.21 2.90 4.56 3.24 

10x10 2 z3 162 307 11.73 4.56 2.90 3.26 2.39 

10x10 3 z1 120 248 8.56 7.26 4.09 5.65 3.74 

10x10 3 z2 120 248 8.56 5.65 4.21 4.03 2.22 

10x10 3 z3 120 248 8.56 7.26 5.96 5.65 4.67 

10x10 4 z1 107 206 9.89 7.28 3.24 7.28 4.35 

10x10 4 z2 107 206 9.89 5.83 3.24 4.85 2.83 

10x10 4 z3 107 206 9.89 9.71 4.65 8.74 4.04 

10x10 5 z1 117 229 10.02 9.17 4.89 8.30 5.09 

10x10 5 z2 117 229 10.02 8.73 5.19 6.99 4.29 

10x10 5 z3 117 229 10.02 5.24 2.40 4.37 2.99 

20x20 1 z1 1846 2806 225.29 1.96 1.40 1.53 1.07 

20x20 1 z2 1846 2806 225.29 1.14 0.86 0.78 0.58 

20x20 1 z3 1846 2806 225.29 1.00 0.71 0.50 0.36 

20x20 2 z1 1617 2631 188.95 1.48 1.03 0.95 0.68 

20x20 2 z2 1617 2631 188.95 2.13 1.55 1.22 0.83 

20x20 2 z3 1617 2631 188.95 1.14 0.76 0.91 0.64 

20x20 3 z1 1513 2299 159.25 1.52 1.35 1.26 1.04 

20x20 3 z2 1513 2299 159.25 2.00 1.82 1.39 1.28 

20x20 3 z3 1513 2299 159.25 2.00 1.70 1.39 1.02 

20x20 4 z1 2007 3114 233.61 1.09 0.84 0.71 0.54 

20x20 4 z2 2007 3114 233.61 1.48 1.09 0.90 0.67 

20x20 4 z3 2007 3114 233.61 0.90 0.68 0.51 0.36 
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Table B.2 Continued 

      
* 0g =  

* 0.1g =  

Size Inst. Crit. 

Total 

 nond. 

points 

( )N  

# of 

models 

to 

generate 

all 

nond. 

Points 

( )MSALL

 

 

 

Sol. 

Time to 

generate 

all nond. 

points 

(secs) 

( )STALL

 

MS

MSALL

% 

ST

STALL

% 

MS

MSALL

% 

ST

STALL

% 

20x20 5 z1 3275 4763 404.02 1.01 0.62 0.52 0.31 

20x20 5 z2 3275 4763 404.02 0.76 0.57 0.42 0.29 

20x20 5 z3 3275 4763 404.02 1.43 0.95 0.67 0.40 

30x30 1 z1 6369 9190 1503.72 0.77 0.55 0.36 0.28 

30x30 1 z2 6369 9190 1503.72 0.28 0.24 0.15 0.12 

30x30 1 z3 6369 9190 1503.72 0.54 0.38 0.24 0.18 

30x30 2 z1 5368 7596 1105.88 0.93 0.91 0.41 0.34 

30x30 2 z2 5368 7596 1105.88 0.76 0.72 0.45 0.41 

30x30 2 z3 5368 7596 1105.88 1.38 1.04 0.72 0.57 

30x30 3 z1 6654 9335 1504.5 1.02 0.94 0.46 0.40 

30x30 3 z2 6654 9335 1504.5 0.79 0.76 0.43 0.40 

30x30 3 z3 6654 9335 1504.5 0.69 0.58 0.41 0.30 

30x30 4 z1 6975 9808 1463.14 0.54 0.55 0.25 0.24 

30x30 4 z2 6975 9808 1463.14 0.96 0.78 0.55 0.45 

30x30 4 z3 6975 9808 1463.14 0.43 0.37 0.27 0.23 

30x30 5 z1 6573 9082 1328.39 0.97 0.80 0.45 0.39 

30x30 5 z2 6573 9082 1328.39 0.73 0.69 0.37 0.32 

30x30 5 z3 6573 9082 1328.39 0.90 0.84 0.42 0.43 
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Table B.3 Results for MOAPs with four criteria 

 
   * 0g =  

* 0.1g =  

Size Instance Criterion 

Initial 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST
 

(secs) 

Actual 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST

(secs) 

10x10 1 z1 0.415 319 14.76 0.095 79 2.67 

10x10 1 z2 0.453 103 4.12 0.098 62 1.68 

10x10 1 z3 0.377 44 1.8 0.093 30 0.89 

10x10 1 z4 0.430 139 6.34 0.096 48 2.33 

10x10 2 z1 0.462 102 4.26 0.096 47 1.16 

10x10 2 z2 0.373 108 4.53 0.097 26 0.75 

10x10 2 z3 0.440 180 7.91 0.100 56 1.88 

10x10 2 z4 0.338 180 8.78 0.096 60 2.46 

10x10 3 z1 0.529 143 7.19 0.091 83 2.38 

10x10 3 z2 0.372 121 5.54 0.099 118 5.12 

10x10 3 z3 0.419 102 3.51 0.099 42 1 

10x10 3 z4 0.389 279 12 0.093 248 11.8 

10x10 4 z1 0.329 116 4.92 0.094 78 2.63 

10x10 4 z2 0.445 132 4.42 0.100 102 4.06 

10x10 4 z3 0.385 40 1.06 0.097 17 0.29 

10x10 4 z4 0.333 127 5.33 0.093 110 4.46 

10x10 5 z1 0.419 112 4.07 0.094 52 1.49 

10x10 5 z2 0.391 177 6.02 0.098 51 1.19 

10x10 5 z3 0.353 225 12.71 0.093 130 6.9 

10x10 5 z4 0.372 134 5.12 0.099 61 1.94 
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Table B.4 Comparison with the exact algorithm that generates all nondominated 

points for four criteria MOAPs. 

      
* 0g =  

* 0.1g =  

Size Inst. Crit. 

Total 

 nond. 

points 

( )N  

# of 

models 

to 

generate 

all 

nond. 

points 

( )MSALL

 

Sol. 

Time to 

generate 

all nond. 

points 

(secs) 

( )STALL

 

MS

MSALL

% 

ST

STALL

% 

MS

MSALL

% 

ST

STALL

% 

10x10 1 z1 1631 8544 633.8 3.73 2.33 0.92 0.42 

10x10 1 z2 1631 8544 633.8 1.21 0.65 0.73 0.27 

10x10 1 z3 1631 8544 633.8 0.51 0.28 0.35 0.14 

10x10 1 z4 1631 8544 633.8 1.63 1.00 0.56 0.37 

10x10 2 z1 1662 9632 626.92 1.06 0.68 0.49 0.19 

10x10 2 z2 1662 9632 626.92 1.12 0.72 0.27 0.12 

10x10 2 z3 1662 9632 626.92 1.87 1.26 0.58 0.30 

10x10 2 z4 1662 9632 626.92 1.87 1.40 0.62 0.39 

10x10 3 z1 754 4228 263.55 3.38 2.73 1.96 0.90 

10x10 3 z2 754 4228 263.55 2.86 2.10 2.79 1.94 

10x10 3 z3 754 4228 263.55 2.41 1.33 0.99 0.38 

10x10 3 z4 754 4228 263.55 6.60 4.55 5.87 4.48 

10x10 4 z1 500 2585 103.88 4.49 4.74 3.02 2.53 

10x10 4 z2 500 2585 103.88 5.11 4.25 3.95 3.91 

10x10 4 z3 500 2585 103.88 1.55 1.02 0.66 0.28 

10x10 4 z4 500 2585 103.88 4.91 5.13 4.26 4.29 

10x10 5 z1 888 5225 262.53 2.14 1.55 1.00 0.57 

10x10 5 z2 888 5225 262.53 3.39 2.29 0.98 0.45 

10x10 5 z3 888 5225 262.53 4.31 4.84 2.49 2.63 

10x10 5 z4 888 5225 262.53 2.56 1.95 1.17 0.74 
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Table B.5 Results for MOKPs with three criteria 

 
   

* 0g =  
* 0.1g =  

Size Instance Criterion 

Initial 

Rel. 

Gap 

Avg. # 

of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST
 

(secs) 

Actual 

Rel. 

Gap 

Avg. # 

of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST

(secs) 

25 1 z1 0.547 15 0.23 0.100 11 0.23 

25 1 z2 0.519 10 0.17 0.098 8 0.22 

25 1 z3 0.612 14 0.25 0.099 12 0.29 

25 2 z1 0.648 13 0.15 0.099 11 0.26 

25 2 z2 0.690 16 0.38 0.099 14 0.26 

25 2 z3 0.599 10 0.14 0.100 10 0.23 

25 3 z1 0.666 11 0.14 0.098 9 0.11 

25 3 z2 0.776 15 0.36 0.097 13 0.32 

25 3 z3 0.758 11 0.17 0.100 11 0.12 

25 4 z1 0.757 11 0.14 0.098 11 0.15 

25 4 z2 0.814 8 0.24 0.099 8 0.36 

25 4 z3 0.824 8 0.12 0.096 8 0.37 

25 5 z1 0.750 23 1.19 0.096 19 0.4 

25 5 z2 0.577 9 0.13 0.100 7 0.11 

25 5 z3 0.590 8 0.13 0.099 6 0.1 

50 1 z1 0.621 19 0.44 0.100 15 0.32 

50 1 z2 0.655 28 0.59 0.099 17 0.38 

50 1 z3 0.677 18 0.53 0.099 16 0.41 

50 2 z1 0.618 13 0.27 0.099 9 0.2 

50 2 z2 0.666 18 0.4 0.099 12 0.27 

50 2 z3 0.725 22 0.56 0.099 18 0.35 

50 3 z1 0.625 9 0.17 0.099 7 0.1 

50 3 z2 0.766 18 0.37 0.098 12 0.29 

50 3 z3 0.727 10 0.22 0.100 8 0.17 

50 4 z1 0.678 29 0.65 0.100 19 0.43 

50 4 z2 0.588 18 0.48 0.099 16 0.43 

50 4 z3 0.711 26 0.59 0.100 18 0.39 

50 5 z1 0.778 27 0.56 0.098 19 0.42 

50 5 z2 0.735 16 0.32 0.099 10 0.21 

50 5 z3 0.701 14 0.26 0.099 10 0.21 
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Table B.5 Continued 

 
   

* 0g =  
* 0.1g =  

Size Instance Criterion 

Initial 

Rel. 

Gap 

Avg. # 

of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST
 

(secs) 

Actual 

Rel. 

Gap 

Avg. # 

of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST

(secs) 

100 1 z1 0.730 44 2.54 0.100 26 1.26 

100 1 z2 0.641 14 0.73 0.100 10 0.75 

100 1 z3 0.704 28 1.62 0.099 20 1.06 

100 2 z1 0.725 27 1.63 0.100 21 1.36 

100 2 z2 0.754 54 2.92 0.099 34 1.41 

100 2 z3 0.708 32 1.69 0.100 18 1.13 

100 3 z1 0.702 51 3.95 0.100 27 1.76 

100 3 z2 0.656 24 1.41 0.100 14 0.54 

100 3 z3 0.652 20 1.44 0.100 12 0.81 

100 4 z1 0.668 25 1.5 0.100 15 0.54 

100 4 z2 0.658 20 0.95 0.100 12 0.73 

100 4 z3 0.748 50 2.26 0.100 30 1.19 

100 5 z1 0.715 53 3.05 0.099 27 1.8 

100 5 z2 0.648 20 1.94 0.100 12 0.99 

100 5 z3 0.639 16 0.78 0.099 12 0.56 
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Table B.6 Comparison with the exact algorithm that generates all nondominated 

points for three criteria MOKPs. 

      
* 0g =  

* 0.1g =  

Size Inst. Crit. 

Total 

 nond. 

points 

( )N  

# of 

models 

to 

generate 

all 

nond. 

points 

( )MSALL

 

Sol. 

Time to 

generate 

all nond. 

points 

(secs) 

( )STALL

 

MS

MSALL

% 

ST

STALL

% 

MS

MSALL

% 

ST

STALL

% 

25 1 z1 79 187 7.35 8.02 3.13 5.88 3.13 

25 1 z2 79 187 7.35 5.35 2.31 4.28 2.99 

25 1 z3 79 187 7.35 7.49 3.40 6.42 3.95 

25 2 z1 82 187 6.79 6.95 2.21 5.88 3.83 

25 2 z2 82 187 6.79 8.56 5.60 7.49 3.83 

25 2 z3 82 187 6.79 5.35 2.06 5.35 3.39 

25 3 z1 60 135 3.2 8.15 4.38 6.67 3.44 

25 3 z2 60 135 3.2 11.11 11.25 9.63 10.00 

25 3 z3 60 135 3.2 8.15 5.31 8.15 3.75 

25 4 z1 18 39 1.19 28.21 11.76 28.21 12.61 

25 4 z2 18 39 1.19 20.51 20.17 20.51 30.25 

25 4 z3 18 39 1.19 20.51 10.08 20.51 31.09 

25 5 z1 52 116 3.62 19.83 32.87 16.38 11.05 

25 5 z2 52 116 3.62 7.76 3.59 6.03 3.04 

25 5 z3 52 116 3.62 6.90 3.59 5.17 2.76 

50 1 z1 405 897 56.06 2.12 0.78 1.67 0.57 

50 1 z2 405 897 56.06 3.12 1.05 1.90 0.68 

50 1 z3 405 897 56.06 2.01 0.95 1.78 0.73 

50 2 z1 378 831 60.96 1.56 0.44 1.08 0.33 

50 2 z2 378 831 60.96 2.17 0.66 1.44 0.44 

50 2 z3 378 831 60.96 2.65 0.92 2.17 0.57 

50 3 z1 92 204 11.31 4.41 1.50 3.43 0.88 

50 3 z2 92 204 11.31 8.82 3.27 5.88 2.56 

50 3 z3 92 204 11.31 4.90 1.95 3.92 1.50 

50 4 z1 676 1457 138.36 1.99 0.47 1.30 0.31 

50 4 z2 676 1457 138.36 1.24 0.35 1.10 0.31 

50 4 z3 676 1457 138.36 1.78 0.43 1.24 0.28 
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Table B.6 Continued 

      
* 0g =  

* 0.1g =  

Size Inst. Crit. 

Total 

 nond. 

points 

( )N  

# of 

models 

to 

generate 

all 

nond. 

points 

( )MSALL

 

Sol. 

Time to 

generate 

all nond. 

points 

(secs) 

( )STALL

 

MS

MSALL

% 

ST

STALL

% 

MS

MSALL

% 

ST

STALL

% 

50 5 z1 313 677 42.46 3.99 1.32 2.81 0.99 

50 5 z2 313 677 42.46 2.36 0.75 1.48 0.49 

50 5 z3 313 677 42.46 2.07 0.61 1.48 0.49 

100 1 z1 2751 5344 1155.9 0.82 0.22 0.49 0.11 

100 1 z2 2751 5344 1155.9 0.26 0.06 0.19 0.06 

100 1 z3 2751 5344 1155.9 0.52 0.14 0.37 0.09 

100 2 z1 3837 7124 1969.07 0.38 0.08 0.29 0.07 

100 2 z2 3837 7124 1969.07 0.76 0.15 0.48 0.07 

100 2 z3 3837 7124 1969.07 0.45 0.09 0.25 0.06 

100 3 z1 3780 7202 1903.01 0.71 0.21 0.37 0.09 

100 3 z2 3780 7202 1903.01 0.33 0.07 0.19 0.03 

100 3 z3 3780 7202 1903.01 0.28 0.08 0.17 0.04 

100 4 z1 3084 6108 1521.8 0.41 0.10 0.25 0.04 

100 4 z2 3084 6108 1521.8 0.33 0.06 0.20 0.05 

100 4 z3 3084 6108 1521.8 0.82 0.15 0.49 0.08 

100 5 z1 2952 5751 1373.93 0.92 0.22 0.47 0.13 

100 5 z2 2952 5751 1373.93 0.35 0.14 0.21 0.07 

100 5 z3 2952 5751 1373.93 0.28 0.06 0.21 0.04 
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Table B.7 Results for MOKPs with four criteria 

 
   * 0g =  

* 0.1g =  

Size Instance Criterion 

Initial 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST
 

(secs) 

Actual 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST

(secs) 

25 1 z1 0.600 61 1.26 0.098 38 0.58 

25 1 z2 0.546 44 0.73 0.097 41 0.67 

25 1 z3 0.637 52 1.24 0.100 49 1.03 

25 1 z4 0.684 90 2.19 0.098 83 1.98 

25 2 z1 0.560 21 0.25 0.098 12 0.14 

25 2 z2 0.325 18 0.2 0.100 10 0.09 

25 2 z3 0.655 144 3.36 0.098 95 2.71 

25 2 z4 0.694 194 4.33 0.099 135 3.25 

25 3 z1 0.707 62 1.4 0.098 47 0.93 

25 3 z2 0.638 53 0.8 0.099 44 0.64 

25 3 z3 0.642 71 1.48 0.100 35 0.62 

25 3 z4 0.635 42 0.71 0.097 32 0.45 

25 4 z1 0.643 45 0.88 0.099 37 0.7 

25 4 z2 0.788 116 2.26 0.099 89 1.48 

25 4 z3 0.590 54 1.05 0.098 46 0.97 

25 4 z4 0.669 64 1.21 0.098 43 0.68 

25 5 z1 0.670 56 1.39 0.098 55 1.22 

25 5 z2 0.635 50 0.85 0.098 33 0.5 

25 5 z3 0.733 101 2.27 0.100 68 1.55 

25 5 z4 0.754 49 1.04 0.099 28 0.47 
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Table B.8 Comparison with the exact algorithm that generates all nondominated 

points for four criteria MOKPs. 

      
* 0g =  

* 0.1g =  

Size Inst. Crit. 

Total 

 nond. 

points 

( )N  

# of 

models 

to 

generate 

all 

nond. 

points 

( )MSALL

 

Sol. 

Time to 

generate 

all nond. 

points 

(secs) 

( )STALL

 

MS

MSALL

% 

ST

STALL

% 

MS

MSALL

% 

ST

STALL

% 

25 1 z1 202 1540 64.13 3.96 1.96 2.47 0.90 

25 1 z2 202 1540 64.13 2.86 1.14 2.66 1.04 

25 1 z3 202 1540 64.13 3.38 1.93 3.18 1.61 

25 1 z4 202 1540 64.13 5.84 3.41 5.39 3.09 

25 2 z1 230 1674 102.87 1.25 0.24 0.72 0.14 

25 2 z2 230 1674 102.87 1.08 0.19 0.60 0.09 

25 2 z3 230 1674 102.87 8.60 3.27 5.68 2.63 

25 2 z4 230 1674 102.87 11.59 4.21 8.06 3.16 

25 3 z1 157 1129 59.75 5.49 2.34 4.16 1.56 

25 3 z2 157 1129 59.75 4.69 1.34 3.90 1.07 

25 3 z3 157 1129 59.75 6.29 2.48 3.10 1.04 

25 3 z4 157 1129 59.75 3.72 1.19 2.83 0.75 

25 4 z1 156 1006 34.55 4.47 2.55 3.68 2.03 

25 4 z2 156 1006 34.55 11.53 6.54 8.85 4.28 

25 4 z3 156 1006 34.55 5.37 3.04 4.57 2.81 

25 4 z4 156 1006 34.55 6.36 3.50 4.27 1.97 

25 5 z1 146 915 43.82 6.12 3.17 6.01 2.78 

25 5 z2 146 915 43.82 5.46 1.94 3.61 1.14 

25 5 z3 146 915 43.82 11.04 5.18 7.43 3.54 

25 5 z4 146 915 43.82 5.36 2.37 3.06 1.07 
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Table B.9 Results for MOSPs with three criteria 

 
   * 0g =  

* 0.1g =  

Size Inst. Criterion 

Initial 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST
 

(secs) 

Actual 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST

(secs) 

25 1 z1 0.633 11 0.22 0.099 11 0.22 

25 1 z2 0.833 16 0.31 0.098 14 0.46 

25 1 z3 0.767 13 0.23 0.100 13 0.35 

25 2 z1 0.676 14 0.22 0.100 9 0.28 

25 2 z2 0.552 12 0.34 0.098 10 0.18 

25 2 z3 0.725 16 0.28 0.100 12 0.3 

25 3 z1 0.796 23 0.41 0.098 15 0.43 

25 3 z2 0.659 6 0.24 0.099 6 0.12 

25 3 z3 0.789 16 0.23 0.099 10 0.29 

25 4 z1 0.686 15 0.25 0.099 11 0.33 

25 4 z2 0.757 10 0.33 0.098 10 0.2 

25 4 z3 0.595 13 0.24 0.098 10 0.31 

25 5 z1 0.692 7 0.27 0.098 7 0.19 

25 5 z2 0.772 12 0.32 0.100 12 0.2 

25 5 z3 0.785 16 0.3 0.099 14 0.36 

50 1 z1 0.876 27 2.31 0.099 21 1.54 

50 1 z2 0.868 26 1.65 0.100 22 1.43 

50 1 z3 0.752 10 0.64 0.099 8 0.51 

50 2 z1 0.798 19 1.1 0.099 15 1.02 

50 2 z2 0.844 12 1.14 0.100 10 0.79 

50 2 z3 0.893 35 2.71 0.099 22 1.47 

50 3 z1 0.852 19 1.24 0.100 17 1.15 

50 3 z2 0.784 13 0.74 0.099 10 0.53 

50 3 z3 0.849 31 1.99 0.100 22 1.61 

50 4 z1 0.801 13 0.99 0.099 12 0.79 

50 4 z2 0.797 26 1.9 0.099 14 0.97 

50 4 z3 0.792 12 1 0.100 10 0.56 

50 5 z1 0.826 21 1.23 0.100 16 1.02 

50 5 z2 0.757 14 1.29 0.099 10 0.77 

50 5 z3 0.772 14 0.81 0.100 10 1.02 
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Table B.9 Continued 

 
   * 0g =  

* 0.1g =  

Size Inst. Criterion 

Initial 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST
 

(secs) 

Actual 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST

(secs) 

100 1 z1 0.920 32 5.68 0.099 21 4.42 

100 1 z2 0.885 32 7.51 0.099 20 3.74 

100 1 z3 0.914 22 4.28 0.100 16 3.46 

100 2 z1 0.927 29 6.66 0.100 23 4.05 

100 2 z2 0.913 32 8.13 0.099 26 3.86 

100 2 z3 0.930 28 5.12 0.099 26 4.22 

100 3 z1 0.886 22 4.4 0.100 15 2.76 

100 3 z2 0.924 30 7.8 0.099 22 5.52 

100 3 z3 0.900 14 3.67 0.099 12 2.27 

100 4 z1 0.909 24 5.24 0.100 18 3.47 

100 4 z2 0.907 26 6.44 0.100 16 3.96 

100 4 z3 0.909 26 6.75 0.099 16 4.33 

100 5 z1 0.911 25 4.35 0.099 17 2.93 

100 5 z2 0.922 22 3.67 0.099 16 3.24 

100 5 z3 0.937 36 6.46 0.100 24 5.07 

200 1 z1 0.956 25 19.6 0.100 21 11.59 

200 1 z2 0.961 38 21.33 0.099 30 15.8 

200 1 z3 0.952 30 19.3 0.099 24 16.06 

200 2 z1 0.955 29 22.98 0.099 19 14.49 

200 2 z2 0.954 32 30.56 0.100 27 40.45 

200 2 z3 0.948 18 17.09 0.099 14 10.52 

200 3 z1 0.950 21 14.58 0.099 19 20.58 

200 3 z2 0.956 32 27.33 0.100 22 20.33 

200 3 z3 0.961 36 27.53 0.099 21 16.63 

200 4 z1 0.945 21 14.01 0.100 15 19.09 

200 4 z2 0.950 26 16.66 0.099 18 20.78 

200 4 z3 0.950 28 22.62 0.100 18 21.67 

200 5 z1 0.947 29 27.07 0.100 21 20.92 

200 5 z2 0.947 24 27.46 0.100 16 19.77 

200 5 z3 0.950 22 17.33 0.100 16 11.72 
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Table B.10 Comparison with the exact algorithm that generates all nondominated 

points for three criteria MOSPs. 

      
* 0g =  

* 0.1g =  

Size Inst. Crit. 

Total 

 nond. 

points 

( )N  

# of 

models 

to 

generate 

all 

nond. 

points 

( )MSALL

 

Sol. 

Time to 

generate 

all nond. 

points 

(secs) 

( )STALL

 

MS

MSALL

% 

ST

STALL

% 

MS

MSALL

% 

ST

STALL

% 

25 1 z1 49 115 5.23 9.57 4.21 9.57 4.21 

25 1 z2 49 115 5.23 13.91 5.93 12.17 8.80 

25 1 z3 49 115 5.23 11.30 4.40 11.30 6.69 

25 2 z1 80 186 8.73 7.53 2.52 4.84 3.21 

25 2 z2 80 186 8.73 6.45 3.89 5.38 2.06 

25 2 z3 80 186 8.73 8.60 3.21 6.45 3.44 

25 3 z1 119 274 15.34 8.39 2.67 5.47 2.80 

25 3 z2 119 274 15.34 2.19 1.56 2.19 0.78 

25 3 z3 119 274 15.34 5.84 1.50 3.65 1.89 

25 4 z1 64 142 6.32 10.56 3.96 7.75 5.22 

25 4 z2 64 142 6.32 7.04 5.22 7.04 3.16 

25 4 z3 64 142 6.32 9.15 3.80 7.04 4.91 

25 5 z1 45 100 4.34 7.00 6.22 7.00 4.38 

25 5 z2 45 100 4.34 12.00 7.37 12.00 4.61 

25 5 z3 45 100 4.34 16.00 6.91 14.00 8.29 

50 1 z1 217 496 48.06 5.44 4.81 4.23 3.20 

50 1 z2 217 496 48.06 5.24 3.43 4.44 2.98 

50 1 z3 217 496 48.06 2.02 1.33 1.61 1.06 

50 2 z1 169 403 43.13 4.71 2.55 3.72 2.36 

50 2 z2 169 403 43.13 2.98 2.64 2.48 1.83 

50 2 z3 169 403 43.13 8.68 6.28 5.46 3.41 

50 3 z1 214 511 56.08 3.72 2.21 3.33 2.05 

50 3 z2 214 511 56.08 2.54 1.32 1.96 0.95 

50 3 z3 214 511 56.08 6.07 3.55 4.31 2.87 

50 4 z1 325 734 51.43 1.77 1.92 1.63 1.54 

50 4 z2 325 734 51.43 3.54 3.69 1.91 1.89 

50 4 z3 325 734 51.43 1.63 1.94 1.36 1.09 

50 5 z1 437 1017 83.76 2.06 1.47 1.57 1.22 

50 5 z2 437 1017 83.76 1.38 1.54 0.98 0.92 

50 5 z3 437 1017 83.76 1.38 0.97 0.98 1.22 
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Table B.10 Continued 

      
* 0g =  

* 0.1g =  

Size Inst. Crit. 

Total 

 nond. 

points 

( )N  

# of 

models 

to 

generate 

all 

nond. 

points 

( )MSALL

 

Sol. 

Time to 

generate 

all nond. 

points 

(secs) 

( )STALL

 

MS

MSALL

% 

ST

STALL

% 

MS

MSALL

% 

ST

STALL

% 

100 1 z1 498 1099 523.18 2.91 1.09 1.91 0.84 

100 1 z2 498 1099 523.18 2.91 1.44 1.82 0.71 

100 1 z3 498 1099 523.18 2.00 0.82 1.46 0.66 

100 2 z1 464 1030 1104.93 2.82 0.60 2.23 0.37 

100 2 z2 464 1030 1104.93 3.11 0.74 2.52 0.35 

100 2 z3 464 1030 1104.93 2.72 0.46 2.52 0.38 

100 3 z1 510 1145 723.51 1.92 0.61 1.31 0.38 

100 3 z2 510 1145 723.51 2.62 1.08 1.92 0.76 

100 3 z3 510 1145 723.51 1.22 0.51 1.05 0.31 

100 4 z1 411 915 850.9 2.62 0.62 1.97 0.41 

100 4 z2 411 915 850.9 2.84 0.76 1.75 0.47 

100 4 z3 411 915 850.9 2.84 0.79 1.75 0.51 

100 5 z1 316 724 654.09 3.45 0.67 2.35 0.45 

100 5 z2 316 724 654.09 3.04 0.56 2.21 0.50 

100 5 z3 316 724 654.09 4.97 0.99 3.31 0.78 

200 1 z1 1014 2181 1713.32 1.15 1.14 0.96 0.68 

200 1 z2 1014 2181 1713.32 1.74 1.24 1.38 0.92 

200 1 z3 1014 2181 1713.32 1.38 1.13 1.10 0.94 

200 2 z1 725 1525 1267.8 1.90 1.81 1.25 1.14 

200 2 z2 725 1525 1267.8 2.10 2.41 1.77 3.19 

200 2 z3 725 1525 1267.8 1.18 1.35 0.92 0.83 

200 3 z1 874 1885 1663.37 1.11 0.88 1.01 1.24 

200 3 z2 874 1885 1663.37 1.70 1.64 1.17 1.22 

200 3 z3 874 1885 1663.37 1.91 1.66 1.11 1.00 

200 4 z1 682 1427 1304.97 1.47 1.07 1.05 1.46 

200 4 z2 682 1427 1304.97 1.82 1.28 1.26 1.59 

200 4 z3 682 1427 1304.97 1.96 1.73 1.26 1.66 

200 5 z1 795 1729 1623.91 1.68 1.67 1.21 1.29 

200 5 z2 795 1729 1623.91 1.39 1.69 0.93 1.22 

200 5 z3 795 1729 1623.91 1.27 1.07 0.93 0.72 
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Table B.11 Results for MOSPs with four criteria 

 
   

* 0g =  
* 0.1g =  

Size Inst. Criterion 

Initial 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST
 

(secs) 

Actual 

Rel. 

Gap 

Avg. 

#of 

models 

solved

( )MS
 

Avg. 

Sol. 

Time 

( )ST

(secs) 

25 1 z1 0.720 56 1.54 0.099 37 1.13 

25 1 z2 0.521 39 0.92 0.100 26 0.53 

25 1 z3 0.739 68 2.12 0.098 48 1.21 

25 1 z4 0.512 26 0.56 0.098 14 0.27 

25 2 z1 0.655 49 1.43 0.100 28 0.63 

25 2 z2 0.687 38 1.17 0.100 29 0.62 

25 2 z3 0.690 19 0.32 0.099 16 0.28 

25 2 z4 0.517 55 1.79 0.100 25 0.57 

25 3 z1 0.617 38 1.03 0.100 20 0.54 

25 3 z2 0.735 25 0.58 0.100 21 0.39 

25 3 z3 0.762 33 0.92 0.099 24 0.51 

25 3 z4 0.781 87 2.32 0.098 59 1.26 

25 4 z1 0.632 46 1.27 0.098 31 0.71 

25 4 z2 0.674 89 2.74 0.099 75 2.13 

25 4 z3 0.720 93 3.67 0.098 70 2.73 

25 4 z4 0.697 95 2.4 0.100 70 1.52 

25 5 z1 0.708 31 0.73 0.099 23 0.54 

25 5 z2 0.584 28 0.82 0.099 27 0.53 

25 5 z3 0.718 23 0.56 0.100 21 0.36 

25 5 z4 0.653 35 0.87 0.100 29 0.78 
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Table B.12 Comparison with the exact algorithm that generates all nondominated 

points for four criteria MOSPs. 

      
* 0g =  

* 0.1g =  

Size Inst. Crit. 

Total 

 nond. 

points 

( )N  

# of 

models 

to 

generate 

all 

nond. 

points 

( )MSALL

 

Sol. 

Time to 

generate 

all 

nond. 

points 

(secs) 

( )STALL

 

MS

MSALL

% 

ST

STALL

% 

MS

MSALL

% 

ST

STALL

% 

25 1 z1 146 52.21 1146 4.89 2.95 3.23 2.16 

25 1 z2 146 52.21 1146 3.40 1.76 2.27 1.02 

25 1 z3 146 52.21 1146 5.93 4.06 4.19 2.32 

25 1 z4 146 52.21 1146 2.27 1.07 1.22 0.52 

25 2 z1 123 53.43 1151 4.26 2.68 2.43 1.18 

25 2 z2 123 53.43 1151 3.30 2.19 2.52 1.16 

25 2 z3 123 53.43 1151 1.65 0.60 1.39 0.52 

25 2 z4 123 53.43 1151 4.78 3.35 2.17 1.07 

25 3 z1 119 43.1 987 3.85 2.39 2.03 1.25 

25 3 z2 119 43.1 987 2.53 1.35 2.13 0.90 

25 3 z3 119 43.1 987 3.34 2.13 2.43 1.18 

25 3 z4 119 43.1 987 8.81 5.38 5.98 2.92 

25 4 z1 173 70.84 1294 3.55 1.79 2.40 1.00 

25 4 z2 173 70.84 1294 6.88 3.87 5.80 3.01 

25 4 z3 173 70.84 1294 7.19 5.18 5.41 3.85 

25 4 z4 173 70.84 1294 7.34 3.39 5.41 2.15 

25 5 z1 89 27.06 595 5.21 2.70 3.87 2.00 

25 5 z2 89 27.06 595 4.71 3.03 4.54 1.96 

25 5 z3 89 27.06 595 3.87 2.07 3.53 1.33 

25 5 z4 89 27.06 595 5.88 3.22 4.87 2.88 
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