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ABSTRACT

COMMUTATIVE AND NON-COMMUTATIVE INTEGRABLE EQUATIONS: LAX
PAIRS, RECURSION OPERATORS

Unal, Goniil
M.Sc., Department of Physics

Supervisor : Prof. Dr. Atalay Karasu

July 2011, 57 pages

In this thesis, we investigate the integrability properties of some evolutionary type nonlinear
equations in (1+1)-dimensions both with commutative and non-commutative variables. We
construct the recursion operators, based on the Lax representation, for such equations. Fi-
nally, we question the notion of integrability for a certain one-component non-commutative

equation. [We stress that calculations in this thesis are not original.]

Keywords: Integrability, Commutative, Non-commutative, Recursion operator, Lax pair
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KOMUTATIF OLAN VE KOMUTATIF OLMAYAN INTEGRALLENEBILINIR
DENKLEMLER: LAX CIFTLERI, SIMETRI ADIM OPERATORLERI

Unal, Goniil
Yiiksel Lisans, Fizik Boliimii

Tez Yoneticisi : Prof. Dr. Atalay Karasu

Temmuz 2011, 57 sayfa

Bu tez ¢alismasinda bazi evrimsel tipdeki cizgisel olmayan denklemlerin integrallenebilir-
lik ozelliklerini (1+1) boyutta, komutatif ve komutatif olmayan degiskenlerle inceledik. Bu
denklemler icin Lax temsilini esas alarak, simetri adim operatorlerini kurduk. Son olarak, in-
tegrallenebilirlik kavramini bir bilesenli belli bir komutatif olmayan denklem i¢in sorguladik.

[Bu tezdeki hesaplar orijinal degildir.]

Anahtar Kelimeler: 1ntegrallenebilirlik, Komutatif olan, Komutatif olmayan, Simetri adim

operatori, Lax ¢ifti
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CHAPTER 1

INTRODUCTION

A soliton is a solitary wave which preserves its shape and velocity upon nonlinear interaction
with other solitary waves. The first observation of solitary waves was made by John Scott
Russell, a naval engineer, in 1834 [1]. He observed that waves in one direction on the surface
of a shallow channel keep their shape and velocity for a long time. In 1895, two Dutch
scientists Korteweg and de Vries derived the equation for the propagation of waves in one
direction on the surface of a shallow channel [2]; the dimensionless form of Korteweg-de

Vries(KdV),
U = Usy + Uly,

where u represent the (small) elevation of the surface of the water above the normal depth,
Uy = % and uz, = 237?. In 1965, Zabusky and Kruskal were studying the Fermi-Pasta-Ulam
problem [3] to investigate numerical solution of the KdV equation in [4]. They constructed
the numerical solution of a train of solitary waves interacting elastically with periodic ini-
tial conditions. The solution they found is named solitons by Zabusky and Kruskal. After
this introductory work on the KdV equation, Inverse Spectral Transformation(IST) method,
a new method of solving a class of nonlinear partial differential equations was discovered for
the exact solutions of the initial value problem for the KdV equation by Gardner, Greene,
Kruskal and Miura [5]. The Lax pair theory was developed by Peter Lax [6] in 1968 as a
way of generalizing the early work [5]. Later, the IST method was formulated in an algebraic
form by Lax [6] who made it possible to obtain solvable physical models such as the modified
KdV(mKdV), the nonlinear Schrédinger, Boussinesq, Kadomtsev-Petviashvili, sine-Gordon
and many other equations. Since solitons theory arise in nonlinear theories, they have impor-

tant applications in all areas of physics: fluid mechanics, nonlinear optics, plasma physics,



classical and quantum field theories, solid state physics, astrophysics, biophysics, etc.

1.1 Integrability

The origin of the theory of integrable commutative nonlinear equations is based on the out-

standing properties of the KdV equation: It possesses

a) N-soliton solutions

b) infinitely many symmetries and conserved quantities

¢) Hamiltonian and bi-Hamiltonian structure

d) recursion operator

e) Lax pair representation

f) many other properties (Painleve property, Prolongation structure, Béacklund transformation
.2

We note that many of the interrelations among these properties have not been rigorously estab-

lished. Moreover, not all of these properties are shared by the other known nonlinear evolution

equations. For example, Burgers equation is integrable but does not possess a Hamiltonian

structure and Harry-Dym equation is integrable but does not possess the Painleve property.

Based on each (or two) of these properties of KdV, one can define the concept of integrability

and solvability. The most common definition of integrability is based on the existence of soli-

ton solutions, i.e. the equations that can be solved by inverse scattering transform. We know

that an equation is solvable by IST if it possesses a Lax pair, i.e. two linear operators L and A

satisfy

L, =[A,L]=AL - LA.

Example 1.1.1 The Korteweg-de Vries (KdV) equation

Uy = U3y + Ully,

has the Lax pair (L, A)

2 1
L=4D>+ 3 A= 4D + uD, + St



we can find the isospectal Lax equation

2
Li+[L,A] = g(”t —uUsy — uuy) = 0.

However in the literature, there is no systematic way of finding whether a given evolution
equation possesses a Lax representation and how one can construct the operators L, and A.
In general, L, and A are determined by inspection. Therefore, the definition of the integra-
bility in the sense of the existence of a Lax pair is too strong. Similarly one can define the
term integrability with respect to the other properties of KdV. Furthermore, according to the
terminology of Calogero [7] an equation is called S-integrable if it is solvable by IST and

C-integrable if it can be linearized by a substitution (Cole-Hopf type).

Example 1.1.2 The Burgers equation

Uy = Uy + 2Ully (1.1
is an example of C-integrable equation which is reduced to the linear differential equation
by nonlinear transformation, namely by Cole-Hopf transformation [8]. This transformation

maps Burgers equation onto the linear heat equation. First let’s introduce u = r,, inserting

it in (1.1) and then integrating, we obtain

d/I = ‘//Zx + lﬁ)zca

where integration constant is zero, then introduce = log ¢ to obtain

¢t = ¢2x-

In addition, according to the terminology of Fokas [9], ”an equation is integrable if and only

if it possesses infinitely many time-independent non-Lie point symmetries”. At this point, we



can say that there is no consensus on the definition of integrability and solvability.

The definition of integrability, we use in this thesis is the existence of infinitely many symme-
tries (generalized symmetries) generated by a recursion operator.

Certain developments in string theory motivated the study of integrable nonlinear equations
on non-commutative space-time [10, 11]. In connection with these developments many non-
commutative integrable equations are obtained from the commutative integrable equations
by replacing the ordinary product of dependent variables by the non-commutative Moyal
*-product. Moreover, there are many possible approaches to obtain the non-commutative
integrable equations from commutative ones. In this thesis, we use the Olver-Sokolov [12]
approach in which dependent variables take values in any non-commutative associative alge-

bra (e.g. an algebra of matrices of functions).

The main concern of this thesis is to investigate the notion of integrability for a class of
commutative and non-commutative nonlinear differential equations in (1+1)-dimensions in
the context of recursion operators, produced by Lax representation. In chapter 2, we review
the basic concepts about the symmetry and integrability of commutative nonlinear differen-
tial equations. The notion of the recursion operators is mentioned to obtain the generalized
symmetries of such equations. Moreover, we deal with the correction of weak recursion
operator which is an operator that does not give correct symmetries for a given integrable
nonlinear differential equation. Then in the final section of chapter 2, we present the way
of constructing recursion operators of integrable nonlinear differential equations from their
Lax representations. In addition, this thesis is concerned with various integrable systems in a
non-commutative setting. In chapter 3, we develop the non-commutative integrable nonlinear
differential equations using the commutative integrable nonlinear equations where dependent
variables take values in any non-commutative associative algebra and discuss their integrabil-
ity. Non-commutativity is a well-known notion in quantum physics. Heisenberg uncertainty
relation is the mostly encountered example of non-commutativity in nature where any pair
of conjugate variables, such as position and momentum do not commute with each other.
Non-commutative space and physics on such spaces has also been studied for over a decade
now. Motivated also by results in string theory, formulation of and various aspects of non-

commutative quantum field theories have been under investigation [10].



CHAPTER 2

PRELIMINARIES

2.1 Basic Definitions

In this chapter, we give some basic definitions about the symmetry and integrability of com-
mutative nonlinear differential equations in a more general form for completeness.
Following the notation of Olver [13], a general system of n-th order nonlinear differential

equations in p independent and g dependent variables,

Ae(x,u™)=0, a=1,2,...,N, 2.1
where p-independent variables x = (xi,x2,...,x,) are local coordinates on the Euclidean
space X and g-dependent variables, u = (ul,uz, ...,u?) are coordinates on Euclidean space.

u™ denotes the derivatives of the u’s with respect to p independent variables up to the order 7.
The system of N differential equations (2.1) can be abbreviated as A = 0, and can be viewed
as a smooth map from the prolongations of the total Euclidean space (jet space) X X Uy to

some N dimensional Euclidean space:

A:XxU™ = RV,

A specific form of the general system of nonlinear differential equations (2.1) is said to be of

evolution type if



A=u—Flu]l =0, (2.2)
where 7, x = (x1,...,x,-1) are p-independent and u = (uy,uy,...,u,) are g-dependent vari-
ables and Flu] = (F[u], F2[ul, ..., Fy4[u]) depend upon ¢, x, u and the x-derivatives of u only.

In order to study the Lie symmetries and generalized symmetries of a given system of differ-

ential equations, we introduce the vector fields and their prolongations.

2.1.1 Vector Fields

A vector field, defined on X x U, has a formal expression of the form:

£, s 9
= ;f (x, u)a—xi + ;%(x, u)%,

where ¢’ and ¢, depend on only x and u. If we generalize that & and ¢, which are smooth
differential functions depend on also derivative of u, then we define a formal expression of

the generalized vector field:

L8 0
v=ZH%%+;%M5; (2.3)

The prolongation of generalized vector field can be defined as

p .
=Y e 3T bt

a=1

where

¢4 = Dy - Z$%+Z&m



J =(j1,-.., jp) are multi-indices and Dy is total derivative operator

_ nhphi2 Jip
DJ—Dxlez...Dxp.

g

ou . . .
and u, = 5. are partial derivatives.
£l 1

.. J1+-Fip @
Also the abbreviations @ = -22=2ru®
J 1 x1..07 x,

2.1.2 Generalized Infinitesimal Symmetry

We are now ready to give definition of an infinitesimal symmetry of a given system of differ-

ential equations.

Definition 2.1.1 A generalized vector field v (2.3) is a generalized symmetry of a system of

differential equations (2.1) if and only if

prv[Agul]] =0, a=1,2,...,N,

on every smooth solution u = f(x)

A similar definitions can be given for the Lie symmetry of a system of differential equations

Any generalized vector field (2.3), has an evolutionary representative vector field Vo of the

form

where the differential function Q = (Qy, Q2,..., Q) is the characteristic of the vector field

with:



where u¢ = ‘9—“?.
i ox!
We noticed that these two vector fields v and V generate the same generalized symmetry Q.

In other words

prv(Aq[ul) = prvo(Aqlul).

An alternative method for the construction of generalized symmetries of a given nonlinear

differential equations is related to the linearization of nonlinear of differential equations.

2.1.3 Fréchet Derivative

Definition 2.1.2 Let A be the space of differential functions depending on dependent vari-
ables, independent variables and derivatives of dependent variables. Let Plu] be a r-tuple
of differential functions and Qlu] be a g-tuple of differential functions. Then the Fréchet

derivative of P is the linear differential operator Fplu] = F. : AT — A" so that

d
Fplul(Q) = d_gp[” + £0[u]]le=o0, (2.4)
OP
= a_DJQ, (2.5)
T ou

where the summation is taken over all multi-indices J.

It is noticeable that prolongation of evolutionary vector field Vg is equal to the Fréchet deriva-

tive of it.

prVo(P) = Fplul(Q) = F.(Q),

where A, = Plu].
Using above observation, we can define the symmetry of a evolutionary differential equation
u; = F[u] as follows.

If a differential function o[u] satisfies the symmetry condition



o, =F.o. (2.6)

Then, it is called a symmetry of evolutionary differential equation u, = F[u].

Example 2.1.3 The vector field X = x0, + 2t0, is a symmetry of the Potential Burgers’ equa-

tion

Uy = Uy + ui.

We should use the condition in the equation (2.6) to check this vector field is symmetry. First
of all, this vector field is generalized vector field, let’s transform it into evolutionary vector

field:

0
X = o-[u]a— , 0 = @lu] — é[ulu, — tlulu;,
u
0 0
X = xa + ZIE = o-[u]a—,
0
= (¢ — &uy _Tut)a,
0 0 0
=P o Tar

sop=0,&=—x,7=-2t

O = —Xuy — 2tu;.

The right-hand side of (2.6) with Potential Burgers’ equation can be written as



d
F.lulo = —F[u + eo]le=o,
de

Oy + 2u, 0y,
= (=xuy — 2tuy)oy + 2u(—xuy — 2tuy)y,

—2uyy — 2u)2C — 2XUx U — 2tUpys — XUy, — dtUyly,

2 2 2
—2(ugy + ux) — x(upy + ux)x = 2t(ugx + ux)l’

F.o = -2u; — xutyy — 2tuy.

The left-hand side of (2.6) is;

o = (=Xuyx — 2tuy);,

O = —XUy — 2U; — 2tuy; = Foo

Since right side and left side of (2.6) is equal, the vector field X and its representation o are

the symmetries of the Potential Burgers’ equation.

2.2 Recursion Operator

The method, given in (2.1.1), for the construction of the generalized symmetries of a given
system of differential equations, is systematic but fails to characterize an infinite hierarchy of
symmetries. To construct an infinite hierarchy of symmetries (if exists) for a given system, we
introduce the notion of a recursion operator which connects symmetries. Therefore it guaran-
tees the existence of infinite hierarchy of generalized symmetries.

The general form of the recursion operator first appeared in the context of generalized symme-
tries [13]. In general, recursion operators have local and non-local terms (pseudo-differential
operator). Also, the recursion operator sometimes appear as the ratio of two differential op-
erators which led to the construction of bi-Hamiltonian. In this section, we are interested in
describing the notion of recursion operator for a class of nonlinear differential equations and
hierarchies of their symmetries as well. Construction of recursion operator are investigated in

the subsection (2.2.1).

10



Definition 2.2.1 Let A be a system of differential equations. A recursion for A is a linear
operator R : A1 — A1 in the space of q-tuples of differential functions with the property that

whenever o is an evolutionary symmetry of A, so is 01 with

Ti+1 = Ro. 2.7

As the definition makes clear, If we know the initial symmetry of a system of differential
equation, we can construct a new symmetry of this system by applying the recursion operator
to the initial symmetry. Also, we can form the infinite hierarchy of symmetries by applying
the recursion operator on the last symmetry again and again endlessly.

There is a criteria for an operator to be a recursion operator:

Theorem 2.2.2 Suppose A = u; — Flu] = 0 is a system of differential equations. A linear

operator R : A1 — A1 is a standard recursion operator of the system if

R, =[F.,R], (2.8)
on the solutions of A = 0.
Proof.According to (2.6)
o; =F.o,
(D, - F,)o =0.

If R satisfies (2.8), we get

(R; — [F«,R))o =0,
R,oc - F.Ro+RF.0 =0,
Di(Ro) — Fy(Ro) =0,

(D; = F.)(Ro) = 0,

where Ro is also symmetry. Therefore, R is a recursion operator [13].

11



Example 2.2.3 It is possible to find the several symmetries of Korteweg-de Vries(KdV) equa-
tion u; = uzy + uuy with the recursion operator R = DJZC + %u + %MXD;I where Dy is the total
derivative operator with respect to x, and D' is the inverse of D,. First of all, criteria of

recursion operator (2.8) gives that

2 1 ~1
Rl = gut + §utxDx N

2 1 _
= 5(”3){ + uuy) + g(”4x + Uy + ui)Dxl’

is equal to

2 1 2 1
[F.,R] = (D} +uD, + u)(D> + U+ §uxD;1) —(D* + U+ guxD;l)(Di +uD + uy).

Therefore, starting with the x-translation symmetry —0, which has characteristic oy = uy, we

obtain
o1 = Roy,
2 1 _
= (D)ZC + 5” + §uxDx1)ux,
1
= Usy + guux + gl/lxl/t,
= U3y + Ully,
02 = Roy,
2 1 _
= (D)ZC + 5“ + guxDxl)(ugx + uuy),
N 5 N 10 L2
=u —uu — Uyl —U Uy,
5x 3 3x 3 xU2x 6 X
and
03 = Ro,
2 1 _ 5 10 5
= (Di + §u + guxDxl)(u5x + guu3x + ?uxugx + gu2ux,
+35 +7 L7 +352 +7O +35 3+35 3
=u — Ul —uu Uyl —uu — Ul U —u, + —u .
Tx 3 2xU3x 3 5x xU4x 18 3x 9 xU2x 18 x 54 X

12



The KdV equation u;, = u3,+uu, possesses infinitely many symmetries produced by a recursion

operator R = D? + %u + %uxD;I.

Example 2.2.4 The symmetries of Burgers equation u, = uy+2uu, can be found by recursion
operator R = Dy + u + u,D;'. However, firstly we should check that this recursion operator

is correct by using condition (2.8). The left hand sides of (2.8) gives us

R, =u + ux,D;l = upy + 2uu, + (Uuzy + 2ui + 2uu2x)D;l,

and using Fréchet derivative (2.4), we obtain the right hand sides as follows

[F.,R] = (D? + 2uD, + 2u,)(Dy + u + u,D;") = (Dy + u + u,D; (D* + 2uD, + 2u,),

= Uy + 2uu + (U3 + 2u§ + 2uu2x)D;1.

Both sides of (2.4) equal to each other , hence R = D + u + u,D~" is correct recursion
operator for Burgers equation. First basic symmetry is the x-translation symmetry —0, which

has characteristic oo = uy, we can find the other symmetries by using (2.7). The first few are:

01 = Roy,
=D, +u+ uxD)_cl)ux,
= U, + 2uuy,
02 = Roy,
= (D + u + u D7)y + 2uny),
= uzy + 3u§ + 3uu, + 3u2ux,
03 = Ro,
=D,+u+ uxD)_Cl)(u3x + 3”;% + 3uu, + 3u2ux),

= ugy + 10uyuy, + 4uusz, + 12uu)2( + 6u2u2x + 4u3ux.

In the following section we will investigate the hierarchy of symmetries of integrable equa-
tions generated by time-dependent recursion operators (i.e. the coefficients of recursion oper-

ators depend on time explicitly).

13



2.2.1 Weak Recursion Operator

The time-dependent recursion operators, under the rule D;'D, = 1, do not generate the
hierarchy of symmetries of integrable evolution equations. This type of recursion operators
is called weak recursion operators in the work of Sanders and Wang [14]. They introduced a
method to construct the time-dependent hierarchy of symmetries from a corrected recursion
operator obtained from the weak one. Later, Giirses, Karasu and Turhan [15] showed that
time-dependent recursion operators need modification due to the violation of associativity.

For illustration, let’s consider the cylindrical KdV(cKdV) equation in the form

v
Ur = Ugge + Vg — Z’

The point transformation

1
t= —27'_%, X = fr_%, u=1tv+ Ef 2.9)

transforms the cKdV equation to the KdV equation

Uy = U3y + Ully.

In example 2.2.3, some of the symmetries of KdV equation have been already calculated.
Now, using the invertible point transformations (2.9) with a relation éu = 7év, we can derive

the symmetries of cKdV from those of KdV.

14



1 1 _
Pl =TIug+ =7 2,

=

[\S]

>

3
4

3 1 3 1
P2 =T2Uu +T2(U+ §v§)+‘r 2

—U2U§)

10
SUU3s + —UgUpe + 6

5
.03=TZ(1155+3 3
5 s 5.
+T2( §U3§:+3U2§:+ §UU§:+ 12 )

+ 12 (—§v+—§ vg) + T 1= f

35 7
U U3¢ + - U2sU3¢ + —UUgU2¢

7
= 7'7 Ve + —vUsg + Tugvge +
04 (v7¢ Vs Usg 3 9

35 = 35 s
+E 7 54U v§)+T( §U5g+
35
+—vv2§+ 2+—§

35 35
24

18

35 35
2U4§ + fvv3§ + —§v§v2§

35 35
108U )+T2(—§ v3g+ §v2‘g

e+ 3 §“)”(4325 +144§ 144)

8647 °

where all p are the symmetries of the system. We have used the transformation (2.9) to get

these symmetries; however, let’s check whether they satisfy the symmetry condition (2.6).

P, = F.p1. (2.10)

The Fréchet derivative of cKdV system is
d
F.vlp = d—F[v + €p]le=0,
€

)
= P3g T Upg + pug — 2_‘1'

The right hand sides of (2.10) becomes

! ! 1 I ) 1 1 1
F.p=12v4g + 120006 + (T20g + =7 2)ug — —(T20g + =77 2),
* 2 + (T 2 e 27'( ) )

1 1 1, 1 3
= TPUg TV + TRV - T,

and by using vr = va¢ + vug — 5, the left hand sides of (2.10) can be obtained as follows

15



1 1 1 1 3
pr = 72v4§+72vv2§+72v2 — ZT )

The right hand sides and left hand sides are equal to each other. Therefore, p; is the correct

. 3 1 1
symmetries of the cKdV system. For the second symmetry p, = 72v, +72(v+ %fvg) + %T_Zf,

pr = F.p,

_ p

= P3¢ T PUF VP~

(FHungge + 7 Qi + 560 + [T + TG + 2 3g) + 17 H)
= - — - - =T [%
T2 Urgee T T 21}35 ) U4e TiUrg T+ T 2U§ 3 V¢ 4
fuglrtu, +THu + b0 + 27 - et TH e + TRl
ve[t2ur + T2(V 2§v§ 27 3 2TTUT T2 (v zfvf a7 ,

1 1 1 1
= T%(Ungg + UgeU + UrUg) + T%(2U3§ +2vsv + §§v4§ + Efvvzg + Efvg) - gr_%f.

If we take the derivative of p, with respect to 7, we get

31 3 I 1 1 1 1 _3
pPr = ETZUT + 72U + ET 2(v+ Efvg) +72(vur + Evgr) - gT 2¢,

3 1 1 1 1
= T%(UT§§§ + UrgU + Urvg) + T%(2U3§ +2vev + §§v4§ + Efvvgg + 551}?) - gr_%f.

So, p> is also one of the symmetries of cKdV system. Similarly, for the symmetries p3 and
P4, it is possible to show that they satisfy symmetry condition. Hence, p3 and p4 are also

symmetries of this system.

By using the transformation (2.9), we can also transform the recursion operator of KdV

2 1 _
dev = Di + gu + g”xDxl,

to cKdV with D, = 72D, D? = D2 and D;' = 772D} !,

Rexay = D2 + z(Tu + lg) + lré(w + 1)7—%D—1 (2.11)
cKdV = & 3 ) 3 & ) s .

Roxay = D2+ 2 LevLaio ! 2.12
ckav = TDg + 3TV §§+ 8( +21vg)D, . (2.12)

16



Although this recursion operator satisfies the condition (2.8), it is not the correct recursion
operator. The third symmetry o3 which are obtained by the recursion operator (2.12) does not
satisfy the symmetry condition (2.6). As a result of this problem, the correction terms should
be added to a weak recursion operator so as to give the correct symmetries, or symmetries
which do not satisfy condition (2.6) should be corrected by adding some terms. In this section,

we will correct some weak recursion operators and symmetries respectively.

2.2.1.1 Construction of Corrected Recursion Operator

In general a recursion operator may have more complicated nonlocal terms; however, let’s
consider a recursion operator in the form R,, = R; + aD;1 where R; is the local part of the
recursion operator and a is a function of jet coordinates, x and . Now, let R = R,, + gH where
H is an operator and g is required function so that g is a symmetry. If we use our assumption
in the eigenvalue equation Ro = Ao where o € A (the space of symmetries of an evolution

equation) are the symmetries of a system, then we get

R0 + C—lH(r = Ao.
8

Taking the derivative of the eigenvalue equation with respect to time, we obtain
a a
Rue(0) + Ryor + (g)t(HU') + g(HO')t = Aoy.

Using (2.6) and (2.8) and paying attention to the order of parenthesis because of nonlocal

terms (D} ') in recursion operator, the above equation becomes

a(H(o)); + gl[As(Ry, F,0) — As(F, R, 0)] =0, (2.13)

where As(P, Q,0) = P(Q(0)) — (PQ)(0) for any operators P, Q and any o. The associators
As(P, Q, 0) is vanished for local cases. For the correction of recursion operator, only a time-
dependent constant should be added, therefore, the operator H contains a projection operator
IT such that Ilo- = lim,,, 00 = a time-dependent function. As a result of this, (2.13)

becomes
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(HO—O)[ + g[As(D)_claF*O’O-O) _AS(F*O, D;I,U'O)] = O’ (214)

where F., = limg, 0 F. and oy is the part of the symmetries depends only x and 7. We

can add correct terms gH to the recursion operator by calculating H in (2.14) [15].

Example 2.2.5 There are two well known recursion operators of Burgers equation in the

form u; = up, + uu, such that

1 1 _ 1 1 1 _
R, =D, + Su+ EuxDxl’ Ry = tD, + Shu+ S+ 5(1 + tu,)D;!,

for the first one, there is no problem in the calculation of symmetries as we have done in the
example 2.2.4. On the other hand, second recursion operator does not investigate the correct
symmetries of the Burgers equation. To find the correction of Ra, we first choose g such that
g is a symmetry of the system with a = %(1 + tuy). For g = 1, the symmetry condition (2.6)
should be true. Now, let oy = a;(f) + ar(t)x + az()x* + . .. then by using (2.14), we obtain

(Hoo) + D (Fy(00)) = (D' Foy)(00) = Fa(Dy' 070) + (Foy Dy g = 0,

with F., = limy,, . oF[u] = lim,, . o(ux+uD, + D%) = D)zc, equation (2.14) becomes

(HO-O)Z =dap,

which means

H = D;'1ID,.

Therefore, the corrected second recursion operator of Burgers equation is
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1 1 1 1
Ry =D, + Shu+ S+ 5(1 +tu,)D;' + 5(1 + tu,)D;'TID,.

Example 2.2.6 We have obtained the recursion operator of Cylindirical Korteweg de Vries

(cKdV) equation v, = v3¢ + vug — 2%11 by using the transformation (2.9) as follows

2 1. 1
Ry = D} + I 55 + 8(1 + 210g)D; !,

where a = %(1 +2tvg) and F = D; - 21_7 Because of g should be a symmetry, g must take
the value g = ~t. Using similar assumption for o in the above example, equation (2.14)

can be written

1 I
(Hoo)e + VrlAs(Dg, Dy = 5—,070) = As(D; = 5, D', 70)] =0,

(Ho), = 27a3,

this means that

H = D;' VAIIDy;.

Hence the recursion operator of cKdV equation with correction term is

2 1. 1 1
_ 2 -1 -1 2
R =1D; + 37Ut 35 + 6(1 +2tug)D; + - \/;D, \/?HDf.

2.2.1.2 Construction of Corrected Symmetries

We have added some terms in nonlocal part of a weak recursion operator to get correct one,
another way is keeping recursion operators as they are and introduce correction on the sym-
metries. Firstly, let’s introduce the action of D} ! such that we take D;'G, = G where G € A,

and D;le = H + h(t) where H € Ay and h is a function of ¢.
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Definition 2.2.7 Let R,, be a recursion operator of the form

RW =R1 +R(),

where Ry = Ry, |g.4,.,-—0, and let o, be symmetries of the system, generated by the Ry, of the

form

on =0+ 0,

where oo = 0y |g.q,,—0-
The following proposition is necessary at this point.

Proposition 2.2.1 Let the function F vanish in the limit when the jet space coordinates go to
zero, i.e limy, .. F = 0. Then the operator Ry = limy,_.._,o R, satisfies 0'2 = Ry and
Ro, = [F+. Rol where F is the Fréchet derivative when q and all the derivatives of q also go

to zero.

Now, using this proposition we can find the missing terms in symmetries and the difference
between the weak symmetries (the ones obtained by R,,) and the corrected symmetries comes

from o part of the symmetries. The general corrected symmetry o should be in the form

h, (2.15)

where & is obtained by the weak recursion operator, when we find the correction term A(t) for

0. The corresponding corrected recursion operator takes the form

R=R,+2H, (2.16)
g
and h = Ho [15].
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Example 2.2.8 The Burgers equation
Ur = Upy + Ully

possesses a recursion operator of the form

1 1 1
Ry =tDy+ —tu+ —x + 5(1 + tu,)D;!,

2 2
S0
Ry = tDy + x4 2D
= —x+=D_".
07 Tt Ty
Let 0'2 = a1(t) + ax()x + a3()x* + --- . Using (2.6) we obtain 0'2, = (ngx where F, =

uy + uD, + D? and F., = D%.

aj, +a2[)c+ag,x2 +---=2a3 + 6asx + 12a5x2 +e,

As a result of this, the undetermined coefficients related to each other as follows

ai, =2a3, ay =6as, asz =12as, .17

by using 2.2.1, we can obtain

1 I
0'2+1 =D, + Ex + EDxl)O'g’
2 1 2 1 1 2
= t(ap + 2a3x + 3asx +---)+§x(a1 + axx + azx +---)+§(a1x+ 2%
1
+§@£+m+mm,
0 h 3 2
Oy = (taz + 5) + (2ast + ay) + Bagt + Zaz)x +---,

0

w1 and the following system of equations for a; and h can be found by

again using (2.6) for o

equating the coefficients at power of x to zero
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1 3
(taZ + Eh)[ = 2(3a4t + Zaz),

2
(2ta3 + al), = 6(4a5t + §a3),

with (2.17) the first equation gives h; = ap and all the others are satisfies identically. There-

fore, his

h = D7 IID,0Y).

The equation (2.15) can be rewritten for 0'2 41 Such as

- I _
0'2“ = 0'n+10 + EDt 1(HDx02).

It can be generalized for o, by adding the constant of integration h(t) in general symmetry
equation (2.15)
- 1 -1 0
On+l = Op4l T 5(1 + tux)D[ (HDXO-n)v

where oy, is the symmetry obtained by standard application of the operator D;'. The cor-

rection of symmetries allows us to define corrected recursion operator by (2.16)

1
R=Ry+5(1+ tu,)D; 'TID,.

Example 2.2.9 The cylindrical Korteweg-de Vries equation (cKdV)

1
Uy = U3y + ULy — — U

2t
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possesses a recursion operator of the form

2 1 1 _
R, = tD> + Jut3x 6(1 + 2tu,)D7!,

where Ry = tD? + %x + %D;l. Let’s use similar ansatz oo in (2.2.8)
0 _ 2
o, =a1(t) + am®x+az3()x"+---.

The symmetry condition (2.6) gives us the relation:

1
0o__0 _ 1 0
O-n, - O-n3x Zto—n’
- 1 3 — 1 _p3_1 ;
because of F« = uy — 5. +uDy + Dy and F, = limg ..o F'« = Dy — 5. Inserting our ansaiz

for o in this equation we get

1 1 1
ay, = 6as — Zal’ ap, = 24as — 2—ta2, az, = 60ae — 5a3, e
Then
0_2+1 = Ro(Tg,

1 1
= Qast + Eh) + (bayt + Eal)x +ee

Using (2.6) for 0,41, we obtain

0

_ 0
n+lr = F*OO-

g n+l°

1
o = (Dz - Z)O'O

n+lt n+1°
2 t+1h) + (6 t+1 )ex + (12as5t + > ) 2 4 6(20aqt + 7 ) +
a - a —ay) X a — ) X"+ = a —a3)—a3— —+---,
3+ b+ 5an stH 52 ol + 1g93 37 124
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and h; + thh = 2as. It gives h = %D;l( VHID20Y). Hence the symmetry equation for cKdV

equation and corresponding recursion operator are respectively

1
7D;‘< VDo),

1
On+l = Opy1 + 8(2tux +1) .

and

1 1
R=Ry+ <1+ 2mx)$D, Ly

2.3 Lax pairs, Recursion operator

A Lax pair contains two linear operators L and A such that

Ly = Ay, (2.18)

U = Ay (2.19)

Here (2.18) represents the spectral equation for L and (2.19) represents the time evolution of
the eigenfunctions .

Differentiating (2.18) with respect to ¢ gives

Loy + Ly = A + Ay

Using (2.19), we obtain
L+ (LA — ALY = .

Hence, if A, = 0, then

L =1AL] (2.20)
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is called Lax equation and contains commutative nonlinear evolution equation for suitable L

and A . Another form of the isospectral problem is

¢X = U(M, /1)‘159 /lt = 09

¢: = V(u, D)o,

and then necessary condition for Lax pair is

U -V, +[U V] =0.

This equation is called zero-curvature equation [16].

The basic problem in the Lax representation of an integrable evolution equation is to find
all the operators A for a given L. Lax found such a family of operators, say A,, for KdV
equation. Later, Gel’fand-Dikii [17] gave a construction of all the operators for KdV-type
equations, based on the fractional powers of differential operator L. In this construction the

linear operator L has the form

L=D"+up 2D+ ... +up,

and all the operators A, n is a positive integer, has the form

A, = (Ln),. (2.21)

Here L has the pseudo differential series form

Li = wDi,

where (L), is the formal series containing the differential operator of degree greater than or

equal to zero. Therefore, the set of system

L, = [An, L], (2.22)
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with fixed m and all n is called the n KdV-type hierarchy equation. Now, we can rewrite the

fractional power of L as follows

Ln = (Lm)y +(Ln)_,

then, we get

L, =[An L] = [Ln, L] - [(L")_, L].

Since, by construction, [L'ﬁl, L] = 0, we have

L, = [An L] = —[(Ln)_, L]. (2.23)

The left-hand side of (2.23) is a differential operator of order n—2 but right-hand side contains
the commutator of two operator of orders Ord((Lﬁ )-) + Ord(L). Its order is equal to or less
than —1+n—1 = n—2. Therefore, both sides of (2.22) are differential operators of order< n—2,

for each positive integer n [18].

Example 2.3.1 The Lax operator of KdV equation u, = %(u_o,x + 6uuy) is L = D)ZC + u, to
construct the differential operator Ay, let’s start with trying to find square root of Lax operator
L. The square root of this operator can be written as an infinite series in inverse powers of

DX;

L? = D, + ap(u) + Z a,(u)D".

n=1

To determine aog(u) and the each of the a,(u)’s, we should square this formal series and require

it to be equal to L. Firstly, let’s expand L? up to the D;l terms, we get

L? = Dy + ap(u) + ay(w)D3",

(L7), = Dy + ao(u),
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then,

L3,

D=

L=L

D2+ u = (D, + ap(u) + ay(u)D; ) (D, + ao(u) + a;(w)D;Y),

equating coefficients of order D, we can find ap(u) = 0 and a\(u) = 3, then the differential

operator Ay should be constructed as

1 . .
If we expand L2 up to the D32, then our undetermined coefficients can be found as follows:

(L())? = D, + ag(u) + a1 (u)D;" + ay(u)D72,

we know that

L(1) = (L) (L1)?,
D2+ u = (D, + ag(u) + ay(u)D;" + ax(u)D*)(Dy + ag(u) + ay(u)D;' + ax(u)D?),
D2+ u = D2 + (ag), + agDy + (a1),D;' + aj + (a2)D;* + axD;' + apD, + (ap)*
+ apa1 D7 + apay D7 + ay + ay(D ag) + ay(D;'a))D;! + ay (D ay)D}?

+ azD;l + az(D;ZaO) + az(D;zal)D;l + az(D;zaz)D;z,

and by equating the terms of the different power of Dy, we obtain the undetermined coefficient

as follows: For the order of Dy



For the order of DY

2
ay +2(ay)x = u,

a) =

[NSNIRN

For the order of Dy

(ar)y + 2ay + aga; = 0,

So we get,

L | U
(L(1)? = Dy + Equl - ZuxDx2.

This expansion gives us again the differential operator Ay, on the other hand, the differential

operator Az can be constructed by expansion of % powers of L as follows

(L(1)? = (D? + u)(L(D)?,

1 1 1
=D+ E(uZXD;l + 2uy + uDy) — Z(u3xD;2 + 2up D7 + uy) + ubD, + EuzD;l
1

-2
- L—‘uuxD)C ,

3 1 4 1 _
= Di + EMDX + Zux + EMZDXI - Z(l/t3x + Mux)sz.

The positive powers of differential operator of this equation gives us the Lax operator Aj. i.e

3 3 3 3
Ay = (L) =D + SUDy+ Jit = D+ 7 (Dt +uDy).
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In the previous example 2.3.1, we exemplify the constructing A operator from L operator by
Gel’fand-Dikii formalism. However, Gel’fand-Dikii formalism is based on an ansatz for the

operator L. In general, there are three types of formalism for operator L [16] in the forms

k=0: L= CmDT + Cm_]DT_l + um_zD;n_z + -+ ug,

k=1: L=c¢uyD" +up D"+ +ug+D'uy,

k=2: L=u,D;+ um_lD’;q_l +-tug+ D;lu_l + D;zu_z.
with the three admissible Lax hierarchies
L, = [(Lm)sk, L] = —[L", L], (2.24)

<k’

k = 0 is the case for Gel’fand-Dikii formalism and the cases k = 1,2 were introduced by
Kupershmidt [19]. For illustration, the three choice of k provides us evaluate the hierarchies
of Lax equations for three nonlinear differential equations; £k = 0 for the KdV equation,
k = 1 for the modified KdV equation and k = 2 for the Harry-Dym equation. Constructing
a recursion operator for a given integrable nonlinear differential equation is a nontrivial task.
Recently, Giirses, Karasu and Sokolov gave a construction for the recursion operator for such
equations which is based on Lax representation [20].

Proposition 2.3.1 For any n

Apym = LAy + Ry,
where Ry, is a differential operator of order< m — 1, called remainder.

Proof. Since L“+* = LL , then using (2.21) we write

Apim = (LLm), = (L(Lm)3)4 + (L(Lm)_),.

It gives

Liyem = [Apsm: L1 = LL,, + [(L(L")-), L].
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For any n, we can rewrite the Lax operator A,,., like this

Apin = L(Lm)y + (L(L7)_)5,

by using (2.21)

Anem = LAy + (L(L7)-)..
If we substitute R, = (L(Lin)_), with the Ord(R,) < Ord(L) + Ord(L) = m — 1, the proof is

finished.

The result of this proposition leads to

Ltn+m = [An+ma L] = [LAn + Ry, L] = L[Ana L] + [Rn’ L] = LLt,, + [Rn’ L]a

Ltn+m = LLfn + [Rn’ L]’ (225)

and it is called the recursion relation.

Remark 2.3.1 It follows from the formula

Apim = (Ln L)y = (L) L+ ((Lm)_L),

that

Apsm = ApL + R_n’ (2.26)

and

30



Ly, = L,L+[LR,],
where R, is a differential operator of order< m — 1.

By equating the coefficient of different powers of D%, i = 2m —2,...,m — 2 in (2.25), we
can easily determine R, in terms of the coefficient of operator L, . The necessary condition
of the resulting formula is the linearity in the coefficient of L, . The remaining coefficients of

D', i=m-2,...,0in (2.25) give us the relation
U U

Ump-2 Umn—2

tntm Iy

where R is a recursion operator. Also, we can use proposition (2.26) instead of (2.25), the

corresponding recursion operators coincide [20].

Example 2.3.2 The KdV equation

1
u; = Z(u3x + 6uuy),

has a Lax representation with

L=D*+u, A=(L>),.

Since L;, = u;, = uy and Ly, = u;,,, = Upy2, (2.25) becomes

Uns2 = (D + tuy, + [Ry, L], (2.27)

with R, = a,D + b,, (note that R,, < 1).
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To determine the Ry, let’s find unknowns in (2.27)

[R., L] =R,L - LR,,
= (ayD + b,)(D* + u) — (D* + u)(a,D + by),

= QuUy — ApxD — ZanxD2 — bpxx — 2by, D,

then, (2.27) becomes

Upsd = Upyy + 2UpD + unD2 + Ully + Aty — Ay D — 2a,,xD2 — byxx — 2b,,D.

Now, if we equate to zero the coefficients of D2, Dy, and D° in above equation, we get

| .
ap = =D l(un)’ b, = —up,

and

1 1 _
Upip = (ZDZ +u+ EuxD 1)un,

that gives the standard recursion operator for the KdV equation:

1 1 _
R21D2+M+§MXD 1.

Example 2.3.3 Recursion operators of the Burgers equation u; = upy + 2uu, with the Lax

operator L = D, + u can be found by

Ly, = LL;, + [Ry, L], (2.28)

where R, = a,Dy + by, Ly, = u;,,, = upy1, and L;, = u,, = uy, to define R, we should find

[Rn, L],
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[R,,L] = R,L - LR, = (a,Dy + b,)(Dyx + u) — (Dy + u)(a,Dy + b,),

= aplUyx — ay Dx - bnx,

X

then, (2.28) becomes

Upl = Up, + Uy Dy +uny, + aguy — a, Dy — by,

X

There is no order of D, in the left hand sides of this equation, therefore we can easily define
a, such that a, = D;l(u,,), and for the choice b, = 0, we get one of the recursion operators of

general Burgers equation.

-1

Up+1 = Up, T Ul + Dx (un)uy,
-1

Upe1 = (Dy +u+ uxDx Yy,

R =Dy +u+uD;".

The other recursion operator for the Burgers equation by inspection is given by R = tDy +
tu+ 5 + (tux + %)D;l. Later, we have seen that this time-dependent recursion operator does

not connect the symmetry correctly.

2.3.1 Symmetric and skew-symmetric reductions of differential Lax operator

There are two conditions, L* = L or L* = —L for the standard reductions of the Gel’fand-Dikii

systems. Here = denotes the adjoint operation defined as follows.

Definition 2.3.4 Let L be a differential operator, L = ¥, a;D', then its adjoint L* is given by

L' = Z(—Dx)i - a;.
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It is noticeable that the order of L; m must be an even integer when L* = L, and odd integer
when L* = —L. The compatibility of (2.21) provides that (A,)* = —A,, so all possible A, are
defined by (2.21), where n takes odd integer values.

If L* = L, the recursion operator can be found from (2.25) and (2.26) because n + m is an odd
integer in the formula A, = (LLn), = (L"#"),. Therefore, in this case proposition (2.3.1)
is still valid and this formula gives the correct A,-operator . On the other hand, if L* = —L,
m + n is even integer because both m and »n are odd. Hence, (Ln%))r is not suitable to be an

n+2m

Ap-operator. As a result of this, we have to work on A2, = (L m )y = (LZL%)Jr to find the

recursion operator.

Proposition 2.3.2 If L* = —L, then

Apsam = L*A, + Ry, (2.29)

where ord(R,) < 2ord(L). It follow from (2.29) that

Ltn+2m = L2Lf,1 + [Rm L]

Remark 2.3.2 Instead of (2.29), we can use the ansatz

Apsom = LA,L+ R, (2.30)
or

Apsam = AuL* + Ry, 2.31)

then, recursion operator obtained by the utility of (2.29), (2.30) and (2.31) all coincide.

2.3.2 Matrix L-operator of the first order

In previous section, we have worked on the scalar L-operator in the form L = D’;’+um_2D?‘2+
- + up to define recursion operator. In this section, we consider L is a matrix operator of the

form
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L =D, + da + q(x, 1), (2.32)

where g and a belong to a Lie algebra, A is the spectral parameter.

Proposition 2.3.3 Let L be a matrix operator of the form (2.32) then corresponding recursion

relation is

Ltn+l = /1Ltn + [Rn,L], (233)

where R, is a matrix operator.

Using proposition 2.3.3, one can easily find the corresponding recursion operator [20].

Example 2.3.5
__L e
ur = 2”2)( uv,
1
Ve = ZVae - viu, (2.34)

is equivalent to the nonlinear Schrodinger equation, has a Lax operator

1 0 0 u
L=D,+ A+ .
0 -1 v 0
Let’s use the proposition 2.3.3 to construct the recursion operator of the nonlinear Schrodinger
_ ) a, b, 0 u, 0wy
equation with R, = Ly, = and L, = . We can find the un-
Cn —dp ve O Vn+1 0

determined coefficients by comparing the coefficients of the powers of A',i = 0, 1 as follows

| .
a, = —Dxl(unv + vuu),

2
1 1
b, = iuna Cp = _Evn,

hence, the recursion operator of the system (2.34) can be found like this
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-1 _ 1 —-1
uD" — 5Dy uD " u

-vDly —vDu+ %Dx
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CHAPTER 3

NON-COMMUTATIVE INTEGRABLE EQUATIONS

So far, we have examined the integrability properties of some commutative nonlinear evolu-
tion equations in (1+1)-dimensions with dependent variables taking values in a commutative
associative algebra. For the criterion of integrability, we have used the existence of recur-
sion operators based on the Lax representations of such equations. In this chapter, we shall
examine the same properties of non-commutative nonlinear evolution equations in (1+1)-
dimensions with dependent variables taking values in a non-commutative algebra.

Flat non-commutative space is spanned by the coordinates x°, x' which fulfill the *-commutation

relations
[, X =x % x) —x) % x' =i0Y,

where 6"/ are real constants, called the NC parameters [21]. To obtain the non-commutative
multiplication, ordinary products of the coordinates and their functions in commutative space

is replaced with the Moyal x-product which is given as

1 ij q(x") a(x” ’ 1
S > 8(x) 1= exp(Si03 0N f (g (") L=y

1 ..
=ﬂ@mﬁ+5waﬂ@@a@+m¥)

Hence, for non-commutative nonlinear evolution equations, products of dependent variables
should be replaced with the Moyal x-product. There are various methods to construct non-
commutative integrable equations from a commutative one. To give some example, we can
mention that Lax pair generating technique, non-commutative version of the usual Lax repre-
sentation, bicomplex method, non-commutative zero curvature representation and the reduc-

tion of self-dual Yang-Mills equations.
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In this chapter, we will use the Lax pair generating technique and non-commutative version
of the usual Lax representation with non-commutative multiplication for all products. e.g
uu, # uxu. To distinguish the non-commutative multiplication, we introduce the operators of

left and right multiplication [12] such as

L,wv)=uv, R,(v)=vu,

where u, v are the element of a linear associative algebra, L is the left multiplication operator

and R is a right multiplication operator. Moreover, we have

Lopg(v) = Lo(v) - Lg(v), Rop(v) = Ro(v) - Rg(v),

Loipg(v) = Lo(v) + Lg(v), Roip(v) = Ro(v) + Rp(v)

where @, 8 is any component of jet space.

Now, we are ready to exemplify the recursion operators for non-commutative nonlinear dif-
ferential equations, namely, the non-commutative KdV equation and the non-commutative

nonlinear Schrédinger equation [20].

Example 3.0.6 In the example 2.3.2, we have found the recursion operator of KdV equation.

Let’s work out the non-commutative version of this equation given by
1
Uy = Z(u3x + 3uuy, + 3u,u),

with Lax pairs L = D% +L,, A= (L% )+. According to the technique which is mentioned in

[20], the recursion relation (2.25) of the NC KdV equation is

L. =LL;, +[R, L] 3.1

By inserting the remainder R,, = a,Dy + by, in (3.1), we obtain
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Uns1 = (D} + Ly + [Ry, L],
Up+1 = (D;ZC + L)u, + (a,Dy + bn)(D)Zg + L) - (DJZC + Ly)(a,Dy + by),
Upel = Upy, + 2up Dy + unty + aptiy + byu — uby, — by, + ayuDy — ay, Dy — ua,Dy

+u,D? - 2a, D> - 2b, D,.

Let’s equate the terms of different powers of D,

For the order OfD%,
u, = 2ay,,,
| -
a, = EDX U,
For the order of D,,

2u,, + ayu — ay,, — ua, —2b,, =0,

3 1
by = ~un + ~D; (L, — R)(D; uy),

4 4
then, equation (3.1) becomes
1 1 1 | 1 _ | _
Upsl = ZumX + Euun + Eunu + ZDxl(”n)ux + ZuxDxl(un) + ZDxl(Lu - Ru)(Dxlun)”
| _
= ug DY (Ly = R)(D ),

1 1 1 B 1 _ _
Uns1 = (ZDi + 3L+ R + 7Ry + L,)D;' + i R.)D; (L, — R)DMHuy.

Hence, the recursion operator of non-commutative KdV equation is

1 1 1 4 1 _ _
R = ZD)% + E(Lu +R)+ Z(Rux + L, )D;' + Z(Lu ~R,)D;N(L, - R,)D;".
Now, we can construct the generalized symmetries of non-commutative KdV equation by using

the recursion operator as follows: Starting with x-translation symmetry ooy = u, and using

the property of recursion operator (2.7), we can get the first few symmetries
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o1 = Ro,
1 2 1 ] —1 1 1 -1
o= (ZDX + E(Lu +R,) + Z(Rux + L, )D," + Z(Lu - R,)D, (L, — R,)D; Huy,

1
ol = Z(u3x + 3uu, + 3u,t),
and

o2 =Roy,
(102+ 1(L +R,)+ I(R + L, )D7!
oy = (~ Ly u — Uy Uy
2 4 X 2 4 X X X
1 1
+ Z(Lu —R)DNL, - Ru)D;l)Z(ugx + 3uuy + 3uyu),
1 5

09 = —Usy + —Uylny + —Uoylly + — U3y + —Us U+ =P Uy + —plt” + gt

16 8 8 16 16 8 8

Example 3.0.7 In the section 2.3.2, we have found the recursion operator of the nonlin-
ear Schrodinger equation which has L operator in matrix form. Let’s work on the non-

commutative version of this equation given by

U = —Euzx + uvu,

1
v = Evzx + vuv,

and the Lax operator of this system is given by

1 0 0 u
L=D;+ A+ .
0 -1 v 0

To construct the recursion operator we should find the matrix operator in the proposition

a, b 0 u 0wy
2.33withR, =| = | Because of Ly, = " and L, = " we get
Cn dy vp O Vi+l 0
0 uy by —a,, —ucy, Auy = 2b, A + apu — by, — ud,
Vil 0 Ay + 2cpd + dpv — va, — ¢y, cplt — Vb, — dp,

by comparing the coefficients of the powers of A',i = 0, 1, we find that
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1
a, = ED;l(unv + uvy),
1
b, = Eun,
1
Cn = _zvn,
|
d, = _EDX (vuut + vuy,)

then, recursion operator of the non-commutative Schrodinger equation is constructed as

R 1|-D:+R,D;'R, +L,D;'L,  R,D;'L,+L,D;'R,
2 -R,D;'L, - L,D'R, D,-RD;'R, - L,D;'L,

3.1 Non-commutative Burgers Equation and Non-commutative Mixed Burgers

Equation

In this section, we present the non-commutative version of Burgers equation, then construct
the recursion operators, symmetries of the non-commutative Burgers equation and discuss its
integrability. Two non-commutative versions of Burgers equation are formed by the classifica-
tion of non-commutative extension of the integrable nonlinear evolution in (1+1) dimensions

according to symmetry based integrability in [12]. The forms of these types are

Ur = Uy + 2Usl, U = Upy + 2Ully,

and are called left- and right-handed, respectively. Let’s work on the right-handed NC Burg-
ers u; = upy + 2uu, to investigate the generalized symmetries of NC Burgers equation by
constructing recursion operators because the recursion operators for left-handed one is ob-
tained by only interchanging of left multiplication Ly (¢) = ¢ with the right multiplication
Ry (¢) = ¢ in all the results for the right-handed one. Let’s start the Lax representation and

hierarchy of the right-handed NC Burgers equation.
The Lax representation for the right-handed NC Burgers hierarchy with
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L=D,+L,,

is given by

Ly, = [Ap, L]. 3.2)

In section 2.3, we have mentioned that Gel’fand-Dikii method to generate the hierarchy of a
given system with its Lax representation. For this method, a second operator of Lax pair, A,
is defined by choosing the power . of L and taking its series part which contains differential
operators greater than or equal to zero. Hence, the hierarchy of Lax equation could be written
by (2.23) and more general by (2.24). For k = 0, when we start with purely differential
operators, integer powers of L does not generate the Lax hierarchy because Lfo = Ln and
L, = [L%,L] = 0. There are two way to eliminate this problem. One of them is consider
the fractional power of L for the second operator of Lax pair (like we have done in example

(2.3.1) for the KdV equation) and the second one is choosing k different than zero [16].

Let’s evaluate the Lax hierarchy of NC Burgers by using second way. Starting Lax operator

L =D, + L, , We can find the powers of L as follows

L* = LL = (D, + L) (D, + L,) = D> + 2uD, + u, + u?,
L? = LL* = (D, + L,)(D? + 2uD, + u, + u®),
= Di + 3u, Dy + 3uD)2€ + 3u2Dx + Upy + 2uly + uu + u3,
LY=L = (Dy + Lu)(Di + 3u, Dy + 3uD)2€ + 3u2Dx + Upy + 2uly + uu + u3),
= Df‘c + Sup, Dy + 6uxD)zc + 4uDi + 4uuD, + 8uu,D, + 6u2D)2€ + 4u3Dx + 3u2ux

+ 2uuu + 3uuy, + 3u)2c + Uyt + uxuz + Uz, + ut.

Instead of k = 0, let’s choose k = 1 in (2.24) with m = 1, then we get

L, =[L%,, L],
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or

L, =—[L",.L].

<1’

Both of these equation give the same results for Lax hierarchy, choosing the second equation

with Lil = u +u?, Lil = oy + 2ty +uu+u> and Lil = 3u2ux+2uuxu+3uu2x+3u§+u2xu+

u® + usy + u,

_72
for Ay = LZ,
and

_73
forA3 =L,
and

Uy, =

we obtain the first few Lax hierarchy of NC Burgers equation as follows

2
utz = _[ux +u ’Dx +l/£],

Uy, = 2uly + Uy,

Uy, = —[uox + 2uuty + uxu + u3,Dx + u,

Uy, = U3y + 3u)2€ + 3uuy, + 3u2ux,

—[3u2ux + 2uuu + 3uun, + 314)2C + Ut + uxu2 + Uz, + u®, D, + ul,

Uy, = 4u3ux + 6u2u2x + 81414)2C + duuz, + duun, + 6u o, + dup ity + Ugy,

_ 74
forAg = L,.

Now, we investigate the recursion operators of NC Burgers equation using the methods intro-

duced in [20]. In previous chapter, we have used it to construct the recursion operator of KdV

and Burgers equations. Now, let’s try to apply this method for NC Burgers equation.

According to the technique which is mentioned in [20], the recursion relation 2.25 of the NC

Burgers equation is
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Ly, = LL;, + [Ry, L]. (3.3)

Inserting the ansatz the remainder R, = a,D, + b, in (3.3), the undetermined coefficients

a,, b, could be found as follows

Ups1 = (Dy + Lyu, + [Ry, L],
Ups1 = (Dx + Luy + (ayDy + by)(Dy + L) — (Dy + L,)(anDy + by),

Upil = Up, + Uy Dy + uu, + aputy + byu — ub, — by, + auDy — ap Dy — ua, D,

By equating the terms at the order of D, we get

u, = (Dx + L, — R,)ay.

Using the notation ady, = [L, -], a,, can be rewritten such as
a, = adzlun,
then (3.3) becomes
Uns1 = (Dy + L)uy + Ry ad; u, — adpb,. (3.4)
The different choice of b, gives the time independent or time dependent recursion operators

of NC Burgers equation. Firstly, Let’s choose b,, = 0, then the time independent recursion

operator of NC Burgers equation is

Ry = Dy + L, + R, ad;".

To check that this recursion operator is a conventional recursion operator for the NC Burgers
hierarchy, it should satisfy the condition (2.8) R, = [F%, R] with the Fréchet derivative of the

right-handed NC Burgers equation 7, = D2+2L,D,+2R,, . In spite of using this formulation,
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it is more convenient to transform its equivalent form [22] where recursion operator take in

the form R = MIN~!. By inserting R = MN~! in (2.8), we get

M, = FM = MN"YN, = FN), (3.5)

where (N71), = =N~'N,N~!. For the time independent recursion operator Ry = D, + L, +

Ry.ad;', Mand N can be defined as follows

M=(Dy+L,)adr +R,,, N =ady.

It is more useful to multiply both sides of (3.5) by a function f(x) so that the differential
operator D, reduces to partial derivative of functions f(x) and u, uy, uz, - --. The right hand

sides of (3.5) should be found as follows

MNT' Ny = FN)F(x) = MN TN (= for = wfor + frutt = 2usfc = 2ufar — 20 fi + 2ufrw),
= —MN N (fox +2uf),
= —M((fax + 2uf),
= —[(Dx + Lyady + Ry, 1(fox + 2ufy),

MNYN, = FuN)F(X) = = fax + 4ufax + Sy + 12) for + Quoy + dutty + 20°) fx — fraut

= 3ufocu — 2uy fru — 2u2fxu + 2uufy],

and the left hand sides of (3.5) is
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(M, = Fu M)f(x) = [(Dy + L)ad i f(x) + Ry, f(x) = (D} + 2L, Dy + 2R, )I((Dy + Ly)ady,
+ Ru )1,
= 2uox fr + Auity fro + woxu f — upx fu + 2uusuf — 2uny fu + usif — fruox
+ 205 f + Buttay f — 2 feusty — ufung + 2t f — 2ufuuy — (fax + uscf
+ bty + St for + dufse = frtt = frttax + upauf + 20 f + 2 fy
+ 3utty f — Sufocut + Su® fox + Sty f — Uy ft — ity frtt — ufuny
+ 2uuuf — 2uu, fu + 2u2uxf - 2u2fxu - 2feuuy, — 2ufuu, + 2u3fx),
My = F M F(X) = —[fax + A far + 5y + 07 frr + Quigy + dutty + 200) f = fozu

— Bufot + 2uitfr — 2uty fott — 2u’ freul.

The right and left hand sides of (3.5) equal to each other, so R; is one of the recursion oper-
ators of NC Burgers equation and generates an infinite hierarchy of symmetries by mapping
a symmetry to another. Starting from the symmetries o9 = u, and using (2.7) , we get new

symmetries:

o1 = Ro,
-1
=Dy +L, - RuxadL )oo,
= Uy, + Ully + RuxadL_lux,

O = Uy + 2uity,

where adil u, = u. Similarly, other symmetries o, could be found

oy = Ro,
= (Dy + L, — Ry ad; (uy, + 2uuny),
= Uz, + Zu)zc + 3uuy, + 2u2ux - Ruxadil(ugx + 2uu,),

Oy = U3y + 3”)25 + 3uuy, + 3u2ux,

where adilux = u, + u* and for o3
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03 = Ro,
=(Dy+L, - Ruxadil)(mx + 3u)zc + 3uuy, + 3u2ux),
= Ugy + Ouuny + duuszy, + 3up ity + 3uun, + 6uu§ + 6u2u2x + 3u3ux
R, ad;! 3u? + 3 3u?
+ Ry ad; (uzx + 3uy + 3uuzy + 3u”uy),

03 = Ugy + duusy + duuuy + dup iy + 6u2u2x + 4u3ux + Ouy Uy + 8uu)2€.

Another recursion operator of the NC-Burgers equation which is explicitly time-dependent

like the commutative Burgers equation is found by inspection such as

Ry = ady (tDy + 1L, + g)adil.

To check that R; is conventional recursion operator, it is more convenient to verify

M, = FM = MN~Y(N, = F.N), (3.6)

in spite of R; = [, R] because this recursion operator also in the form R = MN~!. With
M = (Dy + L, = R,)(tDy + tL, + 5) and N = (D, + L, — R,), the right hand sides of (3.6)

becomes

MNYN, = FuN)F(x) = M(=for — 2ufy),

X
=Dy + L, - R,)(tD, +tL, + 5)(_f2x = 2ufy),
= t(—fax — Suxfox — 4ufsx — 2upxfr — 2usufy — dun, fr — 5M2f2x
1
= 20 fi + oot + Bufoutt + 2w fu + 20 fon) + X(= 3 for = e f

1 1
- %”fo - uzfx + §f2x + ufx”) - §f2x - ufx,

and the left hand sides of (3.6) could be found as follows
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(M, = FoMOF() = (Ds+ Ly = R)UDs + 1Ly + 5)f() + (Ds+ Ly = R)(Ds + 1L,
+ SNf(0) = (D} + 2L,Dx + 2Ry, (D + Ly = R)(tDx + 1Ly + 3)f(0),
= (= fax — St for — AU fsx — 2 fr — 2usufy — dutty f — Su” oo
00 fik oottt Bt + 2 fe + 208 f) + X(=5 f

1 1
- %ufZX - qux + §f2x + I/tfxl/t) - §f2x - fo-

Both sides of equation (3.6) equal to each other which is essential to be conventional recursion
operator. However, this time-dependent recursion operator R, is a weak recursion operator
because it fails to generate higher order symmetries correctly. Let’s start with the first sym-
metry o9 = 1/2 + u,t to get symmetries of NC Burgers and then check that they are correct
symmetries or not by using (2.6). By action of the recursion operator to the symmetry, we

obtain the first few symmetries of NC Burgers such as

X
o1 =Roog = tz(uzx + 2uuy) + t(upx + u) + =,

2
3 2 2 2 3 5 3 2
02 =Roo| =t (uzy + 3uy + 3uuy + 3uupy) +t (Euzxx + Eux + Eu + 3uu,x)
3 3 1 3
+ t(é—tuxx2 + Eux + 5) + gxz.

Although the second symmetry o satisfies the symmetry condition (2.6), the third symmetry

0> does not fulfill this condition.

In section 2.2, we have found the correct recursion operator for commutative Burgers equa-
tion. For NC Burgers, we should do the similar calculation with L = Dy+L,, F. = uy+L,D,+
D? and g = %(% + tL,,) which is the symmetry of NC Burgers equation because it satisfies
the symmetry condition (2.6). With F,, = D)zc and ansatz o9 = a;(t) + ax()x + a3(H)x> + ...

equation (2.14) becomes

(Hog), + D (D20g) — (D7 Doy — DA(D o) + (DD VYo = 0.

Then, we could find H as follows

(Hog); = ay,

H = D; 'Tad,.
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With inserting H in the equation (2.2.1.1), the correct recursion operator can be written as

follows

11
Ry = ady (1D + 1L, + g)adzl + 55 +1L,)D; ' Nad.

Starting with the symmetry oo = % + tu, and using the correct recursion operator R», the first

few symmetries can be constructed:

o1 = R0,
11 1
= (ady(tDy + 1Ly + g)adil + 55 + 1L, )D; Tlady)(5 + tu,),

X
= tz(uzx + 2uuy) + t(urx + u) + 7

—1/1 _
where ad; " (5 + tuy) = tu + 3,

o2 = R0,
11
= (ady(tD, + tL, + g)adzl +3G+ 1L, )D; Tlady ) (P (uay + 2uiey) + t(ucx + u) + g),

3 3
= t3(u3x + 3uuy, + 314)26 + 3u2ux) + t2(3ux + Exuzx + 3xuu, + Euz)

3 3 3
+ t(é_l + szux + EWX) + gxz.

These all symmetries satisfy the symmetry condition (2.6).

In literature, one of the methods of obtaining the non-commutative integrable equations from
commutative ones is the Lax-pair generating technique [23, 24, 25]. Recently, Hamanaka and
Toda [21] have found a non-commutative version of Burgers equation (mixed NC Burgers

equation) by using this technique. This technique includes an ansatz for a corresponding

A-operator for a given L-operator:

A=A -D'L" (3.7)
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The L-operator of the mixed NC Burgers equation is given by

LBurgers =Dy +u,

so, for the case n = 1 the general ansatz (3.7) reduces

ABurgers =A" - DxLBurgers,
= A" — (D? + uy + uD,).

Now, one can construct the Lax equation (2.20). The right hand sides of (2.20) can be written

as

[A,L] = AL — LA,
= (A" = D? —uy —uD,)(Dy + u) — (Dy + u)(A’ — D> — u, — uD,),
=A'D,+A'u—uD, —uu— DA —uA’,

= [A,’ D] + [A,, u] — uyDy — uyu.

The left hand sides of (2.20) is obviously equal to u;. By equating both sides of the Lax

equation (2.20), one can obtain the formula

Li=u=[A",D, + u] —u,Dy — u,u, (3.8)

[A',D,+u] = u; + u,D, + u,u, 3.9

which is useful to construct A’-operator. To find appropriate A’-operator, first of all, one
should define the form of it. Since the right hand sides of (3.9) contains D, term, the form of

the A’-operator should take as following form

A" =aD, + b, (3.10)
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where a and b are polynomials of u, u,, u; etc. This is the suitable form of A’-operator to

eliminate D, term in the equation (3.9). The undetermined constants a, b can be defined by

inserting (3.10) in (3.9).

[A,D,+u] = u; + u,D, + u,u,
(aDy + b)(Dy +u) — (D + u)(aDy + b) = u; + u, Dy + uyu,

(—ay + [a,u] —uy)Dy + [b,u] — by + auy — u; — uu = 0.

Then, the Lax equation takes in the form fD, + g = 0, and the conditions f = 0 and g = 0

gives us some part of a, b and the Burgers equations respectively.

The condition f = 0 is

—ay + [u,al = uy.

The solution is a = —u. The second condition g = 0 becomes

by + [u,b] + uuy + uyu +u; =0,

by inserting a in it. If one chooses b = —cu, — du?, then one can get the NC version of the

Burgers equation as follows

u—cuoy + (1 +c—duu+ (1 —c—duu, =0, 3.11)

where c, d are constants, and Lax pairs of NC version of Burgers equation is
L=Dy+u, (3.12)
A=A —(D?+u, +uD,) = —(D*> + 2uD, + (c + Du, + du?). (3.13)

51



In commutative limit uu, = u,u, the equation (3.11) reduces the Burgers equation;

u; — cuny +2(1 = dyuu, =0
[21].

Although in commutative limit equation (3.11) reduces the Burgers equation, one should also
consider the Cole-Hopf transformation for this equation. As mentioned before, in commuta-

tive case, the Burgers equation is linearized by the Cole-Hopf transformation

1 1
u=-D,log¢ = —&,
a
where a is constant, by taking this transformation for the Burgers equation (3.11), one can get

d—1_¢°
¢z=0¢2x—(6—7%

The only way that equation (3.11) reduces to the heat equation is choosing ca = d — 1, then

(3.11) becomes

U — cty, — 2cauu, = 0

In NC case, there are two possibilities to non-commutative version of Cole-Hopf transforma-

tion:
1 -1
U= —¢xp
a
or
1
u=—-¢ ¢
a

For both cases, the derivative of u with respect to x and ¢ should be taken carefully because

derivative of ¢‘1 is different from the commutative case, for example, in the first cases, In the

52



first case, the derivative of u with respect to x and 7 is given by

1 1
U= —¢ud” — —pxp” 97",
a a

1 N R
Uy = =@ O O,
a a

then, taking the transformation for (3.11), it is noticeable that when c+d = 1,a = —1, equation

(3.11) reduces to the equation
(Dx ~ ¢:6™)(¢r — c2) = 0,
so one can get the heat equation ¢, = c¢;, by using this transformation. Then, (3.11) becomes
Uy — cuny + 2cuu = 0.

Similarly, in second case, one can get same equation whenc —d = —1,a = 1.

Although, by the convenient choice of c¢,d, equation (3.11) can be reduced the right- and
left-handed NC Burgers equations u; = up, + 2uuy,, u; = up, + 2u,u, respectively, other
choice of ¢, d gives us a differential equation includes a parametric mixture of right- and left-
handed NC Burgers equations (mixed NC Burgers). As a result of this whole calculation for
non-commutative versions of (left- and right-handed) Burgers equation , we investigate their
integrability both obtaining infinitely many symmetries by recursion operator and lineariza-
tion by a non-commutative version of the Cole-Hopf transformation. For mixed NC Burgers
equation, integrability of this equation is a controversial subject. Although the mixed NC
Burgers equations admits Lax formulation (3.12), we can not construct the recursion operator
by using the method introduced in section (2.3). This method only provides the recursion
operator for left- and right-handed Burgers equation. Although, recently there is no recur-
sion operator for mixed NC Burgers equation, Giirses, Karasu and Turhan [15] tried to find
the possible integrable mixed version of NC Burgers equation for higher symmetry. They
generated the general form of the candidate symmetry to check that whether it satisfies the

symmetry condition (2.6) or not. As a result of this, they stated the following proposition.

Proposition 3.1.1 The equation of form
U; = Uny + aully + buu
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with a,b € R and ab # 0, u is non-commutative, does not admit any higher symmetry from

the class of equations

4 4 4
ur = v(x, 1) + Z a'i(x, Duix + Z Bij(xa t)uix”jx + Z ,yijk(x’ t)uixujxukx
i=0

i,j=0 i,/,k=0
4
ijki
+ Z 8" (xa t)uixujxukxulx-
i,j,k, /=0

This proposition shows that there is no possible higher order symmetries for the mixed NC
Burgers equation, so it is claimed that there is no a recursion operator for the mixed NC
Burgers equation. We can say that the only integrable non-commutative versions of Burgers
equation are the left- and right-handed ones. Although the mixed NC Burgers equation admits

Lax representation (3.12), it is not an integrable nonlinear differential equation.
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CHAPTER 4

CONCLUSION

In this thesis, we have discussed the integrability of some commutative and non-commutative
nonlinear differential equations in (1+1)-dimensions in the context of recursion operator ob-
tained from Lax representations. Moreover, we have shown that the existence of a recur-
sion operator is a sufficient condition for integrability. It is well known that if an evolution
equation possesses a time-independent recursion operator, then a hierarchy of infinitely many
symmetries can be produced recursively. However, time-dependent recursion operators do
not generate the hierarchies of infinitely many symmetries correctly. In this thesis, we have
analyzed this case and found the corrected recursion operators for some integrable evolution
equations.

We have obtained the non-commutative evolutionary type integrable equations from the com-
mutative ones by using the non-commutative version of Lax representations. We have also
constructed the recursion operators for such equations. Finally, we have questioned the inte-
grability of mixed non-commutative Burgers equation obtained from the Lax representation.
We have shown that there does not exist either a hierarchy of symmetry or a recursion opera-
tor for this equation.

Motivated by the power of the recursion operators in (1+1)-dimensional integrable equa-
tions, one can construct the recursion operators of (2+1)-dimensional commutative and non-
commutative integrable equations from Lax representations. And also one can study their

algebraic and geometrical structures.
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