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IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR

THE DEGREE OF PHILOSOPHY OF DOCTORATE
IN

MATHEMATICS

SEPTEMBER 2011



Approval of the thesis:

ON THE ARITHMETIC OF FIBERED SURFACES
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ABSTRACT

ON THE ARITHMETIC OF FIBERED SURFACES

Kaba, Mustafa Devrim

Ph.D., Department of Mathematics

Supervisor : Prof. Dr. Hurşit Önsiper

September 2011, 42 pages

In the first three chapters of this thesis we study two conjectures relating arithmetic with

geometry, namely Tate and Lang’s conjectures, for a certain class of algebraic surfaces. The

surfaces we are interested in are assumed to be defined over a number field, have irregularity

two and admit a genus two fibration over an elliptic curve. In the final chapter of the thesis we

prove the isomorphism of the Picard motives of an arbitrary variety and its Albanese variety.

Keywords: fibrations, surfaces, arithmetic, geometry
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ÖZ

LİFLİ YÜZEYLERİN ARİTMETİĞİ ÜZERİNE

Kaba, Mustafa Devrim

Doktora, Matematik Bölümü

Tez Yöneticisi : Prof. Dr. Hurşit Önsiper

Eylül 2011, 42 sayfa

Bu tezin ilk üç bölümünde aritmetik ile geometriyi birleştiren iki iddia, Tate ve Lang’ın

iddiaları, özel cebirsel yüzeyler üzerinde çalışılmıştır. İlgilenilen yüzeylerin bir sayı cismi

üzerinde tanımlı olduğu, düzensizliğinin iki olduğu ve eliptik bir eğri üzerinde cinsi iki olan

bir liflenme kabul ettiği kabul edilmektedir. Tezin son bölümünde ise herhangi bir cebirsel

varyete ile Albanese varyetesinin Picard motiflerinin eşyapılılığı ispat edilmektedir.

Anahtar Kelimeler: liflenmeler, yüzeyler, aritmetik, geometri
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CHAPTER 1

INTRODUCTION

In arithmetic geometry, there are several basic approaches to study the arithmetic properties

of varieties.

1. The most classical approach relies on the (largely conjectural) relations between alge-

braic cycles and the zeta functions of varieties. This line of thought leads to Tate’s

conjectures ([21]) and to Beilinson’s conjectures ([15]), which relate the behavior of

the L-series of a variety at certain points to the structure of cycle class groups (modulo

suitable equivalence relations). The methods of arithmetic geometry developed in this

vein require sophisticated cohomological techniques.

2. One may relate the arithmetic of varieties (over number fields) to the analytic properties

of the associated complex analytic variety. The leading conjecture, proposed by S.

Lang, states roughly that if the associated analytic variety is Kobayashi hyperbolic,

then the variety is mordellic (See Section 2.3 for the precise definitions), i.e. for any

number field k, the set of k-rational points on the variety is a finite set. The conjecture

is easily seen to be true for the projective curves, if one recalls the uniformization of

algebraic curves (considered as Riemann surfaces) and Falting’s theorem (on Mordell

conjecture) for curves of genus g ≥ 2. In extending this remarkable relation to higher

dimensional varieties, one is forced to exclude an ”undesirable” proper subset of the

given variety, that is the subset which is a geometric obstruction to hyperbolicity.

3. Another fashionable approach in arithmetic is the motivic study of varieties. Given a

variety, one tries to obtain geometrically and arithmetically meaningful (Künneth type)

decomposition of the associated motif. Comparison of the decomposition of geometri-

cally related varieties is an important technique in the theory.
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In this thesis, we apply all these techniques (with limited success, as is usual in Diophantine

geometry) to certain genus 2 fibrations. More precisely, we consider:

Genus two fibrations Φ : S → C over a number field k, where

• C is a smooth projective curve over k with genus g(C) ≥ 1,

• S is a smooth projective surface over k with irregularity q(S ) = g(C) + 1.

Our interest in these surfaces stems from the following properties:

• The geometric structure of these surfaces are well known,

• These surfaces have non-trivial moduli.

Therefore, these fibrations have the potential of being non-trivial test cases for basic conjec-

tures in arithmetic geometry. The aim of this thesis is to carry out this program, in the case of

fibrations with elliptic base.

By working with a family of surfaces for which ”computations” are easily carried out, one

attains a good command of fundamental techniques in the field and develops an insight con-

cerning the subtlety of the general form of the conjectures in Diophantine geometry. A de-

tailed summary of the results obtained, is given in section 1.2. We hope that this thesis work,

even though falls short of solving completely the basic arithmetic questions for the family of

surfaces under consideration, still sheds some (dim) light on the arithmetic of surfaces.

1.1 Notation

We will adopt the following standard notation:

• k is a number field, k denotes an algebraic closure of k except for Chapter 2, where

k = C,

• If X is a smooth, projective variety defined over k,

– X := X ×
k

k,

2



– k(X) denotes the function field of X,

• Γ denotes the generic fiber of Φ : S → C, JΓ denotes the Jacobian of Γ,

• E/k is the k(C)/k-trace of JΓ, which by self-duality of the Jacobian, is the k(C)/k-image

of JΓ as well. E′ := E ⊗
k

k(C),

• c1(S ), c2(S ) are the first and the second Chern classes of S respectively,

• G := Gal(k/k) is the absolute Galois group,

• when G acts on an object Z, we denote the set of G-invariant elements of Z by ZG,

• l is a prime number, Zl denotes the l-adic integers and Ql denotes the field of l-adic

numbers,

• Tl(·) denotes the l-adic Tate module and Vl(·) := Tl(·) ⊗
Zl

Ql,

• µln denotes the group of lnth roots of unity,

• For an arbitrary smooth, projective variety Y defined over an arbitrary field F,

– Y(F) denotes the set of F-rational points of Y ,

– Alb(Y) denotes the Albanese variety, αY : Y → Alb(Y) is the Albanese morphism.

We will usually drop the subscript Y when it is clear from the context,

– NS (Y) denotes the Neron-Severi group, ρY denotes the rank of NS (Y), i.e. the

Picard number of Y ,

– Hi
et(Y,Ql)( j) := (lim

←
n

Hi
et(Y, µln)) ⊗

Zl

(lim
←
n

µln)⊗ j ⊗
Zl

Ql. We call this the jth twist of the

ith etale cohomology group of Y ,

– If dim Y = n then h1(Y) and hn−1(Y) denote the Picard and Albanese motives of

Y respectively, in Chapter 4. In other chapters, they denote the 1st and (n − 1)st

Hodge numbers. This distinction will be clear from the context.

1.2 Results

The main bulk of the thesis begins with Chapter 2, in which we recall the basic facts about

the geometry of the surfaces under consideration. We will use elementary computational
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methods to derive our results and a more sophisticated conceptual approach will be sketched

in a remark. First we prove the existence of such surfaces. Then, we describe the geometric

structure depending on whether the fibration S → C is smooth or not. In fact, we have

Lemma 1.2.1 Let Φ̄ : S → C be a smooth genus two fibration as above. Then S → C is an

analytic fiber bundle with monodromy group Z/2Z.

and

Lemma 1.2.2 Let Φ̄ : S → C be a non-smooth genus two fibration as described. Then the

singular fibers belong to one of the types below:

Type I: A closed cycle consisting of a smooth elliptic curve and n smooth rational curves

(n ≥ 0).

Type II: Two disjoint elliptic curves, one of which intersects the first component and the

other intersects the last component of a chain of n smooth rational curves (n ≥ 0).

Having discussed the geometric structure, we take up the analytic properties of these surfaces

which are considered as complex projective manifolds. The main analytic property (conjec-

turally) relevant to arithmetic is hyperbolicity. We prove

Lemma 1.2.3 When the fibration is smooth, S is hyperbolic if and only if g(C) ≥ 2.

and we remark that when the fibration is non-smooth, S − {singular fibers} is hyperbolic. We

discuss the Mordellicity of the surfaces under consideration at the end of Chapter 3.

The main arithmetic results are included in Chapter 3. When g(C) = 1, we prove the following

result on ρS :

Proposition 1.2.4 When g(C) = 1,

ρS = ρAlb(S ) + rank(JΓ(k(C))/E′(k(C))) + Nc

where Nc is the number of curves contracted by the Albanese map α : S → Alb(S ).

4



However, our main aim is to discuss the following fundamental conjectures of Tate and give

several different attempts to prove them:

T 1(X) : NS (X) ⊗Ql = (H2
et(X,Ql)(1))G

L2(X) : ρX = −ord
s=2

L2(X, s)

Here L2(X, s) is the L-series arising from the second etale cohomology group (for details see

Chapter 3).

When the fibration is smooth, we prove T 1(S ) and the statement

L2(S ) is true ⇐⇒ L2(Alb(S )) is true

In case the fibration is non-smooth, we show that T 1(S ) and L2(S ) are true under some addi-

tional conditions (Prop. 3.1.4). We end Chapter 3 with a discussion of mordellicity of these

surfaces.

In the final chapter (Chapter 4), we work in the category of pure Chow motives and prove

Proposition 1.2.5 If X is a smooth projective variety (defined over some field F) of dimension

dX , and if q(X) denotes the irregularity of X, then

h1(X) ' h1(Alb(X))

and

h2dX−1(X) ' h2q(X)−1(Alb(X))

Using this proposition we compare the motive of S and the motive of Alb(S ).

The text ends with two appendices, in which we include some basic results documented in the

literature which we refer to in the thesis.
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CHAPTER 2

GEOMETRIC AND ANALYTIC PROPERTIES

In this chapter, we will discuss the geometric structure and the analytic properties of the

surfaces under consideration.

2.1 Notation

We keep the notation of the previous chapter. Note that, in this chapter we have k = C, hence

X = X ×k C for a variety X defined over k. In addition,

• For an integer d ≥ 2, X(d) denotes the complete modular curve obtained from the

quotient of the upper half plane by the modular group Γ(d),

• M2 denotes the moduli space of smooth and projective genus two curves,

• π1(·) denotes the fundamental group,

• Aut(·) denotes the automorphism group.

and we will be considering the slope, λ, of a fibration

Definition 2.1.1 For a locally non-trivial minimal fibration S → C with fiber genus g, the

slope, λ, is defined by

λ = K2
S/C/[χ(S ) − (g − 1)(g(C) − 1)]

or equivalently, as the unique number satisfying

K2
S = χ(S )λ + (8 − λ)(g − 1)(g(C) − 1)

6



where KS and KS/C are the canonical and relative canonical bundles respectively, χ(S ) is the

holomorphic Euler characteristic of S .

2.2 Geometric Structure

We start our discussion with a lemma which shows that such surfaces do exist:

Lemma 2.2.1 Let E1, E2 be elliptic curves defined over a number field K which contains the

cyclotomic field Q(ζd), where d = 3, 4, 5 or 6. For d = 6 case, we assume that E1 ∼ X(6).

Then there exists a genus two fibration Φ : S → E1 defined over a finite algebraic extension

of K with q(S ) = 2 such that E2 is a subcover of degree d of the smooth fibers.

Proof. With the given hypothesis we have a surjective map E1 → X(d). Therefore we have

a smooth genus two fibration S U → U over an open subscheme U ⊂ E1 ([7], Corollary 1.2)

with E2 as a subcover of degree d of the fibers, defined over K. Since this family is projective

over U, we can embed S U in a suitable projective space Pn
S and take its closure S ′ in Pn

S .

Resolving the singularities of S ′ we obtain S as required. �

In analyzing the geometry of the given surface, we work over the algebraic closure k of k.

Then, the geometric structure clearly depends on whether the fibration is smooth or not. We

will investigate the two cases seperately:

2.2.1 Smooth fibration

When the fibration is smooth, the geometry of the surface is rather easy to decribe:

Lemma 2.2.2 Let Φ̄ : S → C be a smooth genus two fibration as above. Then S → C is an

analytic fiber bundle with monodromy group Z/2Z.

Proof. As all the fibers of S → C are smooth, we obtain a morphism C → M2. This is a

morphism from a projective curve to an affine variety, hence it is constant. So, all fibers Ft

are isomorphic to a fixed genus two curve F.

7



Note that all objects are projective, so according to GAGA principle, we can work in the

analytic category. Then, by Local Triviality Theorem of Grauert and Fischer, Φ̄ : S → C is

locally trivial. Hence, we have a Galois extension C′ of C such that the lifted fiber bundle on

C′ is isomorphic to C′ × F and the covering group is given by G := Im(π1(C)→ Aut(F)). So

we have the commutative diagram:

F ×C′ = S ×C C′ //

��

S

��
C′ // C

Note that for the irregularity we have:

q(S ) = dim H1(S ,OS )

= dim H0(S ,ΩS )

= dim H0(F×C′,ΩF×C′)G

= dim(H0(F,ΩF×C′) ⊕ H0(C′,ΩF×C′))G

= dim H0(F/G,ΩF/G)︸                   ︷︷                   ︸
g(F/G)

+ dim H0(C,ΩC)︸            ︷︷            ︸
g(C)

= g(F/G) + g(C)

As we are interested in the case q(S ) = g(C) + 1, we must have g(F/G) = 1. Hence F/G is an

elliptic curve and the map F → F/G is of degree |G|. Then, by Hurwitz genus formula

2g(F) − 2 = |G|(2g(F/G) − 2) + r

and so r = 2. Moreover, G � Z/2Z by Proposition 2.12 of [23] �

Since there are no singular fibers and the base curve is elliptic, c2(S ) = (2−2g(C))(2−2g(F)) =

0 = c2(Alb(S )). Note that the geometric genus of S is

pg(S ) := dim H2(S ,OS )

= dim H0(S , ωS )

= dim H0(C′ × F, ωC′×F)G

= dim(H0(C′,ΩC′)G ⊗ H0(F,ΩF)G) = 1

Hence, χ(S ) = 1 − q + pg = 0 and so, K2
S = c2

1(S ) = 12χ(S ) − c2(S ) = 12(0) − 0 = 0. S

admits an elliptic fibration: S � (F × C′)/G → F/G which has two double fibers of the form

8



Ri (for i = 1, 2). Furthermore, the canonical divisor KS ∼lin R1 + R2 (∼lin denotes the linear

equivalence).

The more interesting case is the non-smooth fibration case.

2.2.2 Non-smooth fibration

For such fibrations we know that the slope is given by λ = 7−
6
d

for some d ∈ {2, 3, 4, 5, 6} and

that S is a minimal surface of general type when d ≥ 3. Moreover, the fibration is semi-stable

and non-isotrivial if d ≥ 3 ([23], Corollaire on p. 47). In fact, for any given elliptic curve E1

and d ≥ 3, we have a semi-stable genus two fibration Π : S (E1, d) → X(d) on the modular

curve X(d) such that any fibration S → C with E1 as the elliptic subcover of degree d of

the smooth fibers of S → C, is obtained as the minimal desingularization of the pull-back

f ∗(S (E1, d)) by a nontrivial morphism f : C → X(d) ([23], Theoreme 3.10, cf. [7], Corollary

1.2).

For the main results on the geometric structure of these surfaces we will refer to ([23]): the

surface S (E1, d) has two types of singular fibers ([23], Lemme 3.11, Theoreme 3.16):

Type I: Fibers over the cusps of the modular curve X(d) are curves with a node such that the

normalization is an elliptic curve.

Type II: Singular fibers over the ordinary points of X(d) consist of two elliptic curves meet-

ing transversally at a single point.

Therefore, on S , curves of geometric genus 0 all come from the resolution of the singularities

of the surface f ∗(S (E1, d)). The surface f ∗(S (E1, d)) has singular points if and only if f has

branch points over which singular fibers of S (E1, d) → X(d) lie. In such a case, if f has

ramification index n + 1 at p on C, then the fiber of f ∗(S (E1, d)) → C over p, has a singular

point of type An.

In the rest our discussion, we will say that a singular fiber F on S is of Type I (resp. Type II)

if F is mapped onto a fiber of Type I (resp. Type II) by the natural morphism S → S (E1, d).

So the cycle configuration of a singular fiber which contains an An-chain is as follows:

9



Lemma 2.2.3 Let Φ̄ : S → C be a non-smooth genus two fibration as described. Then the

singular fibers belong to one of the types below:

Type I: A closed cycle consisting of a smooth elliptic curve and n smooth rational curves

(n ≥ 0).

Type II: Two disjoint elliptic curves, one which intersects the first component and the other

intersects the last component of a chain of n smooth rational curves (n ≥ 0).

Figure 2.1: Types of singular fibers

When the fibration is non-smooth, c2(S ) is, of course, non-zero:

Lemma 2.2.4 When g(C) = 1, if the degree of the morphism C → X(d) is n, then

c2(S ) =

 n (c2(S (E1, d)) + 4), if d = 3, 4, 5,

n c2(S (E1, 6)), if d = 6.

In particular, c2(S ) > 0.

Proof.We have the commutative diagram

S

Φ
$$JJJJJJJJJJJJ // f ∗(S (E1, d)) //

��

S (E1, d)

Π

��
C

f // X(d)

and

c2(S (E1, d)) = −2c2(X(d)) + # of double points in the fibers of Π

10



c2(S ) = # of double points in the fibers of Φ

The lemma simply tells us that the number of double points in the fibers of Φ is n times the

number of double points in the fibers of Π. When f is unramified (e.g. when d = 6), this is

clear, because the number of singular fibers is multiplied by n. When d = 3, 4, 5, X(d) is P1,

and so f ramifies. If f has ramification index m + 1 at the point p on C, then f ∗S (E1, d) has

a singular point of type Am which is the double point of the singular fiber of f ∗S (E1, d)→ C

over p. The resolution of this singularity introduces a chain consisting of m copies of P1s.

Due to ramification, the number of singular fibers of Φ is decreased by m. On the other hand,

the P1 chain introduces m new double points. Hence, in total, the number of double points is

again multiplied by n. �

Remark 2.2.5 Lemma 2.2.4 is a special case of the following general result concerning the

behavior of degree of the relative canonical bundle of a semistable fibration, under base

extension ([20]): Let F be a field and f : X1 → C1 be a semistable fibration of a smooth

projective surface X1/F over a curve C1/F with fiber genus g ≥ 2 and smooth generic fiber.

Let π : C2 → C1 be a finite morphism from a smooth curve C2 to C1. If X̃2 denotes the

resolution of singularities of X1 ×C1 C2 and if γ : X̃2 → X1 is the induced morphism, then

ωX̃2/C2
= γ∗ωX1/C1 .

Other invariants of S , which will be useful for us in the calculations are c2
1(S ) = K2

S and χ(S ).

For these invariants we have:

Lemma 2.2.6 Self intersection number of the canonical divisor and the holomorphic Euler

characteristic are given by

K2
S =

7d − 6
5d + 6

c2(S )

χ(S ) =
d

5d + 6
c2(S )

where d = 3, 4, 5, or 6.

Proof.As we consider fibrations over elliptic curves, g(C) = 1. Hence the slope formula is

K2
S = χ(S )λ. We know that λ = 7− 6

d . We also have Noether’s formula: 12χ(S ) = K2
S +c2(S ).

Solving them for K2
S and χ(S ), we obtain the formulas in the lemma. �
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Remark 2.2.7 In the non-smooth fibration case, when 3 ≤ d ≤ 6, S is a minimal surface (all

P1s are in the singular fibers and they are −2 curves). Also c2
1(S ), c2(S ) > 0, and so S is a

surface of general type.

Having described χ(S ), one can calculate the Hodge numbers for these surfaces. However,

we will only be interested in h1,1(S ) and h2,0(S ) = h0,2(S ), hence we skip the calculation of

the other Hodge numbers.

Lemma 2.2.8 For d = 2, 3, 4, 5, or 6, the Hodge numbers h1,1(S ) and h2,0(S ) = h0,2(S ) of S

are given by

h1,1 = 4 +
3d + 6
5d + 6

c2(S ) and h2,0 = h0,2 =
d

5d + 6
c2(S ) + 1

Proof. Straightforward. Uses Lemma 2.2.6 and the fact that h2,0 = h0,2 = χ(S ) + q(S ) − 1 �

One can calculate c2(S (E1, d)) using the table in p.52 of [23]. Using these data we summa-

rize the results of this section in Table 2.1. Regarding the canonical divisor KS , we have

KS ∼lin KS/C + Φ∗KC︸︷︷︸
0

= KS/C .

Table 2.1: Invariants of S in terms of the degree n of C → X(d).

d c2(S(E1,d)) c2(S) c2
1(S)(= K2

S) χ(S) h2,0(S) = h0,2(S) h1,1(S)
3 3 7n 5n n n + 1 5n + 4
4 9 13n 11n 2n 2n + 1 9n + 4
5 27 31n 29n 5n 5n + 1 21n + 4
6 36 36n 36n 6n 6n + 1 24n + 4

2.3 Analytic Properties

From our point of view, the main analytic property (although conjecturally) relevant to arith-

metic is the hyperbolicity of our surfaces. A complex space X is called (Kobayashi) hyper-

bolic, if the Kobayashi pseudo-distance, dX , is a distance on X (For the definitions we refer to
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[9]). If D is a subset of X and dX(x, y) > 0 unless x = y or x, y ∈ D, X is said to be hyperbolic

modulo D. When X is a compact analytic space, being Kobayashi hyperbolic is equivalent to

having no non-constant holomorphic map C → X, by Brody’s theorem ([3], [9]). In general,

if every holomorphic map C→ X (where X is any analytic space) is constant, then X is called

Brody hyperbolic.

A variety is called mordellic if it has only a finite number of rational points in every finitely

generated field over Q. Lang made the following conjecture which relates the hyperbolicity

and mordellicity:

Conjecture: A hyperbolic projective variety is mordellic.

We note that, as one checks easily using the classification of surfaces, if a projective, smooth

surface is hyperbolic, then it is of general type. Moreover, a hyperbolic surface contains

no curves of arithmetic genus pa = 0, 1. Hence, such surfaces form a very restricted class.

Therefore, in order to cover all surfaces of general type, one needs to pseudofy these notations

as was done by Lang ([10], p.180).

A complex space X is called pseudo-Kobayashi hyperbolic is there exists a proper algebraic

set Y such that if x, x′ ∈ X and dX(x, x′) = 0 then x = x′ or x, x′ ∈ Y . Similarly, X is called

pseudo-Brody hyperbolic if the holomorphic special set (i.e. the Zariski closure of the union

of all images of non-constant holomorphic maps C → X) is a proper subset. We can have

even more pseudofications: A variety X is called pseudo-Mordellic, if there exist a proper

Zariski closed subset Y of X such that X − Y is Mordellic. A non-singular projective variety

X is called pseudo-canonical, if KX is pseudo-ample (i.e. ∃m ∈ Z+ such that mKX gives an

imbedding of some non-empty Zariski open subset of X into a locally closed subset of some

projective space). Then, Lang’s pseudofied conjecture is

Conjecture: The following conditions are equivalent for a projective variety X defined over

a subfield of the complex numbers finitely generated over Q:

• X is pseudo-Kobayashi hyperbolic,

• X is pseudo-Brody hyperbolic,

• X is pseudo-canonical,

• X is pseudo-Mordellic.
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Furthermore, Y of the first case and the holomorphic special set coincide and Y in the

fourth case can be taken to be the holomorphic special set.

Therefore, it is of particular importance to determine how far from being hyperbolic a given

variety is. As usual, we will separate the smooth and non-smooth fibration cases.

2.3.1 Smooth fibration

As all fibers are smooth genus two curves, they are all hyperbolic. Therefore, the hyperbolicity

of S is completely determined by the base curve C.

Lemma 2.3.1 When the fibration is smooth, S is hyperbolic if and only if g(C) ≥ 2.

Proof. If g(C) ≥ 2, there exist no non-trivial map C→ S , hence S is Brody hyperbolic. As S

is compact, it is hyperbolic by Brody’s theorem. Conversely, if S is hyperbolic, then C′ × F

is hyperbolic (see proof of Lemma 2.2.2). Since g(F) = 2, C′ × F is hyperbolic if and only if

g(C) = g(C′) ≥ 2. �

2.3.2 Non-smooth fibration

In [3], Grant proves certain hyperbolicity results for a surface X of general type admitting a

fibration over a curve Z (These results are included in Appendix A). They are summarized in

Table 2.2 where D denotes the union of all rational and elliptic curves on the surface X.

Table 2.2: Hyperbolicity of a surface of general type (X) admitting a fibration over a curve
(Z).

Fibration

v.s. Smooth Non-smooth
g(Z)

≥ 2 Hyperbolic Hyperbolic modulo D
1 X − D is hyperbolic
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The key point is that a fibration on a surface of general type has fiber genus g ≥ 2. Therefore,

if g(Z) ≥ 2, all the rational and elliptic curves on X lie in the singular fibers. Therefore, D is

easily described in this case. For instance, in our case, when g(C) ≥ 2 and Φ : S → C is a

genus two fibration, D is simply the union of singular fibers. When g(Z) = 1, there might be

elliptic curves in X which map surjectively to Z (e.g. the sections of X → Z if there are any).

So, the description of D is a harder problem. However, in our case , it is enough to remove to

singular fibers of Φ and then by Theorem III.3.1 of [9], S − {singular fibers} is a hyperbolic

subspace. In fact, since holomorphic special set is equal to the union of singular fibers, S is

pseudo-Brody hyperbolic.

For arithmetic purposes, the important concept is hyperbolicity of X modulo D rather than

hyperbolicity of some subset. In fact, by taking D large enough, one can always obtain a

hyperbolic subspace X −D which is not mordellic, from any surface X. For instance, even on

P1 × P1, by taking D =
n
∪

i=1
{xi} × P1 n

∪
j=1
P1 × {y j} (where xi, y j for n ≥ 3 are points), we obtain

a hyperbolic space P1 × P1 − D, which is isomorphic to the product of the hyperbolic space

P1 − {n points}, n ≥ 3. Clearly this open surface is not mordellic.

Remark 2.3.2 We can say a little bit more about the model surface S (E1, d). Let Wd be the

union of all singular fibers of S (E1, d). Note that the intersection of two components of Wd is

either a single point or empty and the intersection of more than three components is always

empty. If we let Ẽ j denote an irreducible component of Wd, then

Ẽi − ∪
j,i

Ẽ j = Ẽ j − {1 (or 2) point(s)}

is Brody hyperbolic. Moreover, S (E1, d) −Wd is also Brody hyperbolic, because the number

of singular fibers is at least 5 and so, (S (E1, d)−Wd)→ (X(d)−{5 points}) is a smooth genus

2 fibration over a hyperbolic base. Then by Theorem 2 of [2], S (E1, d) − Wd is complete

hyperbolic and hyperbolicly embedded in S (E1, d) (see Appendix A for the theorem and the

definitions).
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CHAPTER 3

ARITHMETIC PROPERTIES

The L-series, Li(Y, s), arising from the ith etale cohomology group of a variety Y (defined over

a finite field Fq of q elements) is given by

Li(Y, s) = det(1 − q−sφ|Hi
et(Y ,Ql))−1

where φ is the map induced by the Frobenius morphism F : Y → Y . Then the L-series,

Li(X, s) of an algebraic variety X defined over k is given by

Li(X, s) =
∏
℘ good

Li(X℘, s)

where X℘ is the variety obtained after reducing modulo the prime ideal ℘ of Ok, the ring of

integers of k (℘ is called a good prime if X℘ is smooth). If the dimension of X is n, the zeta

function of X is then given by

ζX(s) =
L1(X, s)L3(X, s) · · · L2n−1(X, s)
L0(X, s)L2(X, s) · · · L2n(X, s)

We will particularly be interested in L2(S , s) For a complete study of L2(S , s), one needs the

local factors at archimedean primes and at primes of bad reduction. The widely accepted

conjectural form of the complete L-series, L̃2(S , s), of S is given by

L̃2(S , s) = as/2L2(S , s)L2,∞(S , s) · (Factors due to bad primes)

where a is a positive real number and

L2,∞(S , s) := ΓC(s)h0,2
ΓC(s − 1)h1,1

ΓC(s − 2)h2,0
ΓR(s − 1)h1+

ΓR(s)h1−

In this definition hi, j are the Hodge numbers of S , they can be found in Table 2.1. h1± =

dim H1± where H1,1(S ⊗C,C) = H1+ ⊕ H1− is the eigenspace decomposition with respect to

the C−linear involution induced by complex conjugation (For details see [15]).
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L2(S , s) is expected to have the following properties ([15]):

1. L2(S , s) converges absolutely for Re(s) > 2 (therefore, does not vanish in this region),

2. L2(S , s) has a meromorphic continuation to the whole complex plane, the only possible

pole occurs at s = 2,

3. L̃2(S , s) has a functional equation with respect to s 7→ 3 − s.

Assuming these properties, if c2(1) denotes the regulator defined in [15] (cM(1) for i = 2, as

it is denoted there) and ress=1L2(S , s) denotes the residue of L2(S , s) at s = 1, we have

Beilinson’s conjecture: ress=1L2(S , s) ≡ c2(1) mod(Q×)

However, in this chapter, our main aim is to discuss the following conjectures of Tate ([21,

22]): If X is a smooth projective surface defined over k, then

T 1(X): NS (X) ⊗Ql = (H2
et(X,Ql)(1))G

L2(X): ρX = −ord
s=2

L2(X, s)

During our discussion, we will relate T 1(X) and L2(X) to T 1(Alb(X)) and L2(Alb(X)) respec-

tively.

Note that L2(X) makes sense even without assuming the analytic continuation to the whole

complex plane, because s = 2 is at the boundary of the region of convergence of L. Therefore,

L2(X) is in a different nature than Birch & Swinnerton-Dyer conjeture, which presupposes the

analytic continuation ([21], p.107).

After discussing Tate’s conjectures, we will discuss the relation between hyperbolicity and

mordellicity of surfaces of our interest, along the line suggested by Lang’s conjecture (see

Sect. 2.3).

3.1 Tate’s Conjectures

In this section we set g(C) = 1. We will study the smooth and non-smooth fibration cases

separately.
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3.1.1 Smooth fibration

In the proof of Lemma 2.2.2 of Chapter 2, we showed that there exists a Galois extension C′

of C so that we have a commutative diagram:

F ×C′ //

��

S

��
C′ // C

where F is a fiber of S → C. Therefore, S is dominated by a product of two curves. In [22],

Tate states:

Theorem 3.1.1 (Theorem 5.2, [22]) Let X and Y be smooth, projective, equidimensional F-

schemes. Then

1. T 1(X) and T 1(Y) are true ⇐⇒ T 1(X × Y) is true.

2. T 1(X) is birationally invariant. More generally, if Y → X is a dominant map, then

T 1(X) implies T 1(Y).

Note that T 1 and L2 hold trivially for curves. This is simply because for a smooth projective

curve C̃, H2
et(C̃,Ql) � Ql, NS (C̃) � Z and L2(C̃, s) ' ζk(s − 1) (Here, ζk(s) denotes the

Dedekind zeta function of the number field k, which has a simple pole at s = 1). As S is

dominated by a product of two curves,

T 1(S ) is true

by the theorem above.

For L2(S ), we first compare H2
et(S ,Ql) and H2

et(Alb(S ),Ql). As Alb(S ) is an abelian variety of

dimension 2, we have dim H2
et(Alb(S ),Ql) =

(
4
2

)
= 6. For the topological Euler characteristic

(which is equal to the étale Euler characteristic) of S , we found c2(S ) = 0 = c2(Alb(S )).

We already know that Hi
et(S ,Ql) � Hi

et(Alb(S ),Ql) for i , 2. Therefore, we conclude that

dim H2
et(S ,Ql) = dim H2

et(Alb(S ),Ql) = 6. As α : S → Alb(S ) is surjective, H2
et(Alb(S ),Ql)

is a subspace of H2
et(S ,Ql). Since they are of the same dimension, we have H2

et(Alb(S ),Ql) �

H2
et(S ,Ql). This result has two important consequences:
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• Since T 1(S ) and T 1(Alb(S )) are true (T 1 is true for any abelian variety, as they are

dominated by product of curves), we have

NS (S ) ⊗Ql = (H2
et(S ,Ql)(1))G � (H2

et(Alb(S ),Ql)(1))G = NS (Alb(S )) ⊗Ql

so that

ρS = ρAlb(S )

• For any prime ℘ of good reduction (Note that ℘ must be a good prime both for S and

Alb(S )), we will have H2
et(Alb(S )℘,Ql) � H2

et(S ℘,Ql) and since the albanese map α is

defined over K, the given isomorphism commutes with the action of Frobenius. From

this, we deduce that L2(S , s) ' L2(Alb(S ), s) and

ord
s=2

L2(S , s) = ord
s=2

L2(Alb(S ), s)

These two results together imply that

L2(S ) is true ⇐⇒ L2(Alb(S )) is true

3.1.2 Non-smooth fibration

When the fibration is non-smooth, the arguments we made in the smooth fibration case are

not valid anymore. S is not necessarily dominated by a product of two curves and H2
et(S ,Ql)

may not be isomorphic to H2
et(Alb(S ),Ql). In fact, the relation between the Picard numbers is

much more complicated:

Proposition 3.1.2 When g(C) = 1,

ρS = ρAlb(S ) + rank(JΓ(k(C))/E′(k(C))) + Nc

where Nc is the number of curves contracted by the Albanese map α : S → Alb(S ).

Proof. From the proof of Theorem 1 of [19], we have exact sequences:

0→ T̃S → NS (S )→ JΓ(k(C))/E′(k)→ 0

and

0→ T̃Alb(S ) → NS (Alb(S ))→ E′(k(C))/E′(k)→ 0
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where T̃S (T̃Alb(S ) resp.) is the subgroup of NS (S ) (NS (Alb(S )) resp.) generated by a section

and the irreducible components of the fibers of Φ : S → C (Alb(S ) → C resp.). Combining

these sequences, we obtain a commutative diagram:

0 // T̃S
// NS (S ) // JΓ(k(C))/E′(k) // 0

0 // T̃Alb(S )

OO

// NS (Alb(S ))

OO

// E′(k(C))/E′(k)

OO

// 0

from which we get the following short exact sequence:

0→ Tc → NS (S )/NS (Alb(S ))→ JΓ(k(C))/E′(k(C))→ 0

Here, Tc denotes the subgroup generated by the irreducible curves contracted by α, the Al-

banese map. In terms of ranks, we have:

ρS = ρAlb(S ) + rank(JΓ(k(C))/E′(k(C))) + Nc

where Nc is the number of curves contracted by α. �

After replacing k by a finite extension if necessary, all generators of NS (S ) and NS (Alb(S ))

are defined over k, hence they become G-invariant. Therefore, from this point on we take

ρS = ρS and ρAlb(S ) = ρAlb(S ).

When g(C) = 1, we know that Alb(S ) is isogenous to C × E (which we show by Alb(S ) ∼

C × E). Therefore, ρAlb(S ) = ρC×E . For the Picard number of a product of two elliptic curves,

we have the result of Shioda and Inose:

Proposition 3.1.3 ([18])

ρC×E =


4 if C ∼ E and C has complex multiplication (CM),

3 if C ∼ E and C does not have CM,

2 if C � E.

All generators of the Neron-Severi group are defined over k, so we always have:

ρS ≤ dim(H2
et(S ,Ql)(1))G

Falting’s p-adic Hodge theorem gives us:

dim(H2
et(S ,Ql)(1))G ≤ h1,1(S )
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([22], p.81). Hence

ρS ≤ dim(H2
et(S ,Ql)(1))G ≤ h1,1

and so, T 1(S ) is true in case ρS = h1,1. This is possible under some certain conditions:

Proposition 3.1.4 When d = 3, 4, 5, or 6, we have ρS = 4 + Nc = h1,1(S ) provided

1. C ∼ E and C has complex multiplication, and

2. d = 6 or for any ramification point p ∈ C of f : C → X(d), Π : S (E, d) → X(d) has a

singular fiber over f (p).

Proof. Under the first hypothesis of the proposition, ρAlb(S ) = ρC×E = 4 (by Prop. 3.1.3).

Hence h1,1 ≥ ρS ≥ 4 + Nc (by Prop. 3.1.2). Nc, the number of contracted curves by the

Albanese map, strictly depends on the ramification data of the morphism f . Nc is maximized

if for all ramification points p ∈ C of f , Π has a singular fiber over f (p) (Conversely, Nc is

minimized if the fiber of Π over f (p) is always smooth).

If f has ramification index mp + 1 at the point p on C, then f ∗S (E1, d) → C has a singular

point of type Amp , which lies over p. The resolution of this singularity introduces a P1-chain

consisting of mp curves. By Riemann-Hurwitz formula
∑

p∈C
mp = 2n, hence the resolution of

singularities of f ∗S (E, d) introduces 2n P1s on S . Depending on d, the number of singular

fibers of Π is known ([23], p.52). If n denotes the degree of f , then

Nc =

 n(s(d) + 2) if d = 3, 4, or 5,

ns(6) if d = 6

where s(d) is the number of singular fibers of Π of type II (Note that we separated the case d =

6, because X(6) is an elliptic curve and f is unramified in this case. Clearly Nc = ns(6)).So,

we find

d s(d) Nc h1,1

3 3 5n 5n + 4

4 7 9n 9n + 4

5 19 21n 21n + 4

6 24 24n 24n + 4
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Thus, ρS = 4 + Nc = h1,1. �

Remark 3.1.5 The second hypothesis of Prop. 3.1.4 can be realized as follows: As X(6) is an

elliptic curve (with CM), we restrict our attention to the case d = 3, 4, 5 where X(d) � P1 over

the number field k. Since C is defined over a number field, it can be written as a cover of P1,

which ramifies only over the three points of P1 (Belyi’s theorem, [17], p.71 ). Any three points

in P1 can be mapped to any other three points, so we can write a morphism f : C → X(d)

of degree n, which ramifies over any three points we want. In particular, we can choose three

points of X(d) over which Π has singular fibers.

Corollary 3.1.6 Under the hypotheses of Prop. 3.1.4, T 1(S ) is true.

Proposition 3.1.7 Under the hypotheses of Prop. 3.1.4, L2(S ) is true.

Proof. As the Albanese map α is generically finite, α∗(H2
et(Alb(S ),Ql)(1))G is a subspace of

(H2
et(S ,Ql)(1))G. We consider V := α∗(H2

et(Alb(S ),Ql)(1))G⊕ (Tc⊗Ql), where Tc ⊆ NS (S ) is

the subgroup generated by the curves contracted by α. As T 1(Alb(S )) is true, dim V = 4 + Nc.

V is a subspace of (H2
et(S ,Ql)(1))G, so

dim V ≤ dim(H2
et(S ,Ql)(1))G ≤ h1,1

But dim V = 4 + Nc = ρS = h1,1, so V � (H2
et(S ,Ql)(1))G. Therefore, for the induced L-series

we have
L2(S , s)

L2(Alb(S ), s)
= L(Tc, s − 1)

where L(Tc, s) is an Artin L-series (Prop. 1.5.1, [14]). For such an L-series, we know that

−ord
s=1

L(Tc, s) = dim(Tc⊗Ql)G = rank Tc = Nc. Therefore, −ord
s=2

L2(S , s)+ord
s=2

L2(Alb(S ), s) =

Nc. From the proof of Prop 3.1.4, we know that ρS − ρAlb(S ) = Nc, so proved

L2(S ) is true ⇐⇒ L2(Alb(S )) is true

However, as E and C has CM, and Alb(S ) ∼ C × E, one can describe L2(Alb(S ), s) in terms

of the L-series attached to the Hecke character χ corresponding to C and E (since they are

isogenous, they have the same Hecke character). Namely,

L2(Alb(S , s)) = ζk(s − 1)4L(s − 1, χ2)L(s − 1, χ2)
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where ζk(s) is the Dedekind zeta function of the number field k, which has a simple pole at

s = 1 (Cor. 2, [5]). None of the L-series on the right has a pole or zero at s = 2, hence

−ord
s=2

L2(Alb(S ), s) = 4, i.e. L2(Alb(S )) is true, so L2(S ) is true. �

Remark 3.1.8 A conceptual proof for Tate’s conjectures would be the following: Let Y denote

the union of the singular fibers of Φ : S → C and U := S − Y. The images of these subsets

under the Albanese map will be denoted by Y ′ and U′ respectively. We consider commutative

diagram of (etale) cohomology (exact) sequences:

· · · // Hi
c(U′,Ql)

��

// Hi
et(Alb(S ),Ql)

��

// Hi
et(Y

′,Ql)

��

// · · ·

· · · // Hi
c(U,Ql) // Hi

et(S ,Ql) // Hi
et(Y,Ql) // · · ·

where Hi
c(·,Ql) denotes the compactly supported cohomology. All arrows in this diagram are

unaffected by twisting and they respect the action of G := Gal(k/k). If one can prove that

dim Hi
et(S ,Ql)(1)G − dim Hi

et(Alb(S ),Ql)(1)G = rank(JΓ(k(C))/E′(k(C))) + Nc, then T 1(S )

is true. Regarding the L-series, Li(S , s) = Li(Alb(S ), s) for i , 2 because Hi
et(S ,Ql) �

Hi
et(Alb(S ),Ql) for i , 2. So, we have

L2(S , s)
L2(Alb(S ), s)

=
ζS (s)

ζAlb(S )(s)
=

ζU(s)ζY (s)
ζU′(s)ζY′(s)

So that −ord
s=2

L2(S , s) + ord
s=2

L2(Alb(S ), s) = −ord
s=2

ζU (s)
ζU′ (s) + Nc (Lemma 2, [5]). Therefore, if

one can prove that −ord
s=2

ζU (s)
ζU′ (s) = rank(JΓ(k(C))/E′(k(C))), then L2(S ) is true if and only if

L2(Alb(S )) is true. This approach has been used in [5]. However, there are some certain gaps

to be filled in the proofs.

3.2 Hyperbolicity and Mordellicity

As we have mentioned before, there is a conjectural relation suggested by Lang, between

hyperbolicity and mordellicity of a variety (see Sect. 2.3). We have discussed hyperbolicity

properties of our surfaces in Section 2.3. Here, we conclude the discussion by describing the

mordellicity properties.
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3.2.1 Smooth fibration

By Falting’s theorem, we know that if g(C) ≥ 2, C has finitely many rational points in every

number field. Hence, when the fibration is smooth and g(C) ≥ 2, S is mordellic because it

admits a fibration with mordellic fibers and mordellic base. This is in accordance with Lemma

2.3.1. So, when the fibration is smooth and g(C) ≥ 2, Lang’s conjecture is verified trivially.

3.2.2 Non-smooth fibration

In this case, when we have g(C) ≥ 2, the situation is similar to the smooth fibration case.

S − {singular fibers} is mordellic because it admits a fibration over a mordellic curve C whose

fibers are also mordellic. Hence, S is pseudo-Mordellic. Again, this ties in with the pseudofied

conjecture of Lang stated in Section 2.3.

Remark 3.2.1 When g(C) = 1, Lang’s conjecture has a very intriguing interpretation. Let

D ⊂ S be the holomorphic special set. If one assumes Lang’s conjecture, (S −D)(k) is a finite

set for any number field k. Then, one has

1. For d = 3, 4, 5, there exist an integer N(k, d), such that |{t ∈ X(d)(k) : F′t (k) , ∅}| ≤

N(k, d) where F′t (k) = Ft(k) − D(k) and Ft(k) is the fiber of Φ over t ∈ C.

2. For d = 6, either condition 1 holds or rankX(6)(k) = 0 for all k.

These implications of Lang’s conjectures we study, are special cases of the major outstanding

problems in diophantine geometry: The first condition is related to the variation of k-rational

points of curves in a moduli space (the Hurwitz scheme in M2 parameterizing the curves of

genus two which are degree d covers of a given elliptic curve). The second case is a special

case of the problem of determining the variation of the Mordell-Weil rank of an elliptic curve

in a tower of number fields.
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CHAPTER 4

ISOMORPHISM OF PICARD MOTIVES

In appendix A we included a short review of the basics of the theory of pure Chow motives.

In this chapter we first prove that the Picard motives of a variety and its Albanese variety are

isomorphic, and we end the chapter by the comparison of the Chow motives of S and Alb(S ),

in case g(C) = 1.

The main reference for this chapter is [16]. We follow Scholl’s notation and use his arguments

almost unexceptionally. Other good expositions of the theory are [8], [11] and [13]. The

content of this chapter is from [4].

4.1 Notation

In this chapter we keep the notation and the definitions regarding S . In addition,

• X,Y and Z denote smooth projective varieties over an arbitrary field F, of dimension dX ,

dY and dZ respectively.

• PX and JX denote the Picard and the Albanese varieties of X respectively.

• dA denotes the dimension of JX .

• For a morphism of varieties φ : X → Y we denote by Jφ (resp. Pφ) the induced

morphism JX → JY (resp. PY → PX), and [Γφ] denotes the (rational) equivalence class

of the graph of φ, [Γφ]t denotes the class of the transpose of its graph.

Throughout the chapter, explicit definitions will be given as we introduce new objects.
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4.2 The Isomorphism

For various (Weil) cohomology theories (e.g. singular cohomology, de Rham cohomology,

etale cohomology, etc.) it is well know that the first cohomology groups of a variety X and its

Albanese variety are isomorphic

H1(X) � H1(JX)

Therefore, it is natural to ask if a similar isomorphism exists in the category of (pure) Chow

motives, i.e. is

h1(X) ' h1(JX)

in the category of Chow motives (See [16], [12] or the Appendix B for the precise definition

of the Picard motive)? In this section, we will show that this isomorphism do exist, and we

will use this result to compare the motive of S (the surface we are interested in) and the motive

of Alb(S ).

Two results of Scholl are crucial for our discussion, so we quote them here

Theorem 4.2.1 ([16], Theorem 3.9) Let X and Y be smooth, projective varieties (defined

over some field F) of dimensions dX and dY respectively. Then,

1. There is an isomorphism

HomAb(JX , PY ) ⊗Q
∼
−→

A1(X × Y)
p∗1A1(X) + p∗2A1(X)

where X
p1
←− X × Y

p2
−→ Y are projections and A1(·) denotes the Chow group of codi-

mension 1 cycles with rational coefficients.

2. Let ζ ∈ AdX (X) and η ∈ AdY (Y) be zero cycles of positive degree. Then there is an

isomorphism

HomAb(JX , PY ) ⊗Q
Ω
→ {c∈A1(X × Y)|c ◦ ζ∗=0=η∗ ◦ c} =: A(X × Y)

(For the definitions of ζ∗ and η∗, see [16], p.169).

Proposition 4.2.2 ([16], Proposition 3.10) Let X,Y, X′ and Y ′ be smooth, projective varieties

and φ : X′ → X, ψ : Y ′ → Y and µ : JX → PY be morphisms. Then

Ω(Pψ ◦ µ) = [Γψ]t ◦Ω(µ) and Ω(µ ◦ Aφ) = Ω(µ) ◦ [Γφ]
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where Ω is the isomorphism in the Theorem 4.2.1.

Remark 4.2.3 The natural isomorphism PJX ' PX , together with Theorem 4.2.1 imply that

HomAb(JX , PX) is isomorphic to A(Z × Y) for any choice of Z,Y ∈ {X, JX}. We will denote all

of these isomorphisms by Ω, and it will be clear from the context which one we actually mean.

Let CX and CA be 1-dimensional linear sections of X and JX respectively. Then

ξX := [ΓiX ] ◦ [ΓiX ]t and ξA := [ΓiA] ◦ [ΓiA]t

where iX : CX → X and iA : CA → JX denote the embedding maps. We have the induced

isogenies

αX : PX
PiX
→ PCX = JCX

AiX
→ JX

αA : PX
PiA
→ PCA = JCA

AiA
→ JX

and we pick n ≥ 1 and βX , βA such that

αX ◦ βX = [×n] = αA ◦ βA

where [×n] denotes the multiplication by n map. Then the correspondences

pX
1 := 1

nΩ(βX) ◦ ξX , pX
2dX−1 := (pX

1 )t, πX
1 := pX

1 ◦ (1 − 1
2 pX

2dX−1)

are projectors and the Picard motive is given by

h1(X) := (X, πX
1 , 0) (4.1)

In fact, πX
1 = pX

1 when dX ≥ 3 ([16]).

We define

θ1 :=
1
n
πA

1 ◦Ω(βA) ◦ ξX ◦ π
X
1 ∈ HomM(h1(X), h1(Alb(X))) (4.2)

θ2 :=
1
n
πX

1 ◦Ω(βX) ◦ ξA ◦ π
A
1 ∈ HomM(h1(Alb(X)), h1(X)) (4.3)

Our aim is to prove that θ1 and θ2 are mutually inverse isomorphisms. If we let

ΛA
1 :=

1
n2π

A
1 ◦Ω(βA) ◦ ξX ◦ pX

1 ◦Ω(βX) ◦ ξA ◦ π
A
1

ΛA
2 :=

1
2n2π

A
1 ◦Ω(βA) ◦ ξX ◦ pX

1 ◦ pX
2dX−1 ◦Ω(βX) ◦ ξA ◦ π

A
1

ΛX
1 :=

1
n2π

X
1 ◦Ω(βX) ◦ ξA ◦ pA

1 ◦Ω(βA) ◦ ξX ◦ π
X
1

ΛX
2 :=

1
2n2π

X
1 ◦Ω(βX) ◦ ξA ◦ pA

1 ◦ pA
2dA−1 ◦Ω(βA) ◦ ξX ◦ π

X
1
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then θ1 ◦ θ2 = ΛA
1 − ΛA

2 and θ2 ◦ θ1 = ΛX
1 − ΛX

2 . In fact, we have

ΛX
2 = 0 = ΛA

2 (4.4)

This is obvious when dX (resp. dA) is greater than 2, as pX
1 and pX

2dX−1 (resp. pA
1 and pA

2dA−1)

are orthogonal projectors. When dX = 2, following Scholl, we argue as follows:

ΛX
2 =

1
2n2π

X
1 ◦Ω(βX) ◦ ξA ◦ pA

1 ◦ pA
2dA−1 ◦Ω(βA) ◦ ξX ◦ π

X
1

=
1

2n3π
X
1 ◦Ω(βX) ◦ ξA ◦ pA

1 ◦ ξA ◦Ω(βA) ◦Ω(βA)︸            ︷︷            ︸
∈A0(X×Alb(X))

◦ ξX ◦ π
X
1

So we have Ω(βA) ◦Ω(βA) = a[X × Alb(X)] (with an abuse of notation, see Remark 4.2.3) for

a rational number a ∈ Q. By the definition of Ω, there exists a zero cycle ζ of positive degree,

such that Ω(βA) ◦ ζ∗ = 0. So 0 = Ω(βA) ◦ Ω(βA) ◦ ζ∗ = a[X × Alb(X)] ◦ ζ∗ = ma[X] for some

m ∈ Z+, hence a = 0. This completes the proof of (4.4). Therefore, we have

θ1 ◦ θ2 = ΛA
1 and θ2 ◦ θ1 = ΛX

1 (4.5)

In a final calculation we show that ΛX
1 = πX

1 , and from the symmetry in the equations it follows

that ΛA
1 = πA

1 is also true.

θ2 ◦ θ1 =
1
n2π

X
1 ◦Ω(βX) ◦ ξA ◦ pA

1 ◦Ω(βA) ◦ ξX ◦ π
X
1

=
1
n3π

X
1 ◦Ω(βX) ◦ [ΓiA] ◦ [ΓiA]t ◦Ω(βA) ◦ [ΓiA] ◦ [ΓiA]t ◦Ω(βA) ◦ ξX ◦ π

X
1

=
1
n3π

X
1 ◦Ω(βX ◦ AiA) ◦Ω(PiA ◦ βA ◦ AiA) ◦Ω(PiA ◦ βA) ◦ ξX ◦ π

X
1

=
1
n3π

X
1 ◦Ω(βX ◦ AiA ◦ PiA ◦ βA ◦ AiA ◦ PiA ◦ βA) ◦ ξX ◦ π

X
1

=
1
n3π

X
1 ◦Ω(βX ◦ αA ◦ βA ◦ αA ◦ βA) ◦ ξX ◦ π

X
1

= πX
1 ◦ pX

1 ◦ π
X
1 = πX

1

So, we proved

Proposition 4.2.4 If X is a smooth projective variety (defined over some field F) of dimension

dX , then

h1(X) ' h1(JX)

and

h2dX−1(X) ' h2dA−1(JX)
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Finally, we would like to compare the motive S̃ of our surface of interest with the motive

Ãlb(S ) of its Albanese variety.

S and Alb(S ) are both 2 dimensional. So, their motives both have 5 components. Clearly

h0(S ) ' 1 ' h0(Alb(S ))

As they have the same dimension, we have

h4(S ) ' L⊗2 ' h4(Alb(S ))

By what we have proved above,

h1(S ) ' h1(Alb(S )) and h3(S ) ' h3(Alb(S ))

From Example B.2.6, we get S̃ ' Ãlb(S ) ⊕ (S ,∆S −
1
d [Γt

α] ◦ [Γα]), where d is the degree of

the Albanese map α. As all other components of the motives are isomorphic, we have

h2(S ) ' h2(Alb(S )) ⊕ (S ,∆S −
1
d

[Γt
α] ◦ [Γα])
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APPENDIX A

HYPERBOLICITY

Here we include some definitions and some important results of Green and Grant on hyper-

bolicity of complex spaces.

Definition A.0.5 1. A complex space X is called complete hyperbolic if it is hyperbolic

and complete with respect to the Kobayashi distance dX .

2. A complex subspace X of a complex space Y is called hyperbolicly imbedded in Y,

whenever the following condition is satisfied: X is hyperbolic and given two sequences

{xn} and {yn} in X converging to points x and y in X − X (here X denotes the closure

of X in Y) respectively, if dX(xn, yn) → 0, then x = y (See [9] for the other equivalent

definitions).

In [2] Green proves:

Theorem A.0.6 ([2], Theorem 2) Let D1,D2, . . .Dm be (possibly singular) hypersurfaces in

a compact complex manifold V and let D be the union of them. Then V − D is complete

hyperbolic and hyperbolicly embedded in V provided

1. there are no non-constant holomorphic maps C→ V − D, and

2. there are no non-constant holomorphic maps C → Di1 ∩ · · · ∩ Dik − (D j1 ∪ · · · ∪ D jl),

for any choice of distinct indices so {i1, . . . , ik, j1, . . . , jl} = {1, . . . ,m}

In the same vein, Grant (in [3]) proved

Proposition A.0.7 ([3],Prop.3.1.) Let X be a smooth surface of general type, C a smooth
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curve of genus ≥ 2, and X → C a surjective holomorphic map with connected fibers. Let D

be the union of all rational and elliptic curves in X. Then X is hyperbolic modulo D.

Proposition A.0.8 ([3], Prop.5.3) Let X be a smooth surface of general type and D be the

union of all rational and elliptic curves in X. Assume that there is a surjective holomorphic

map π : X → E where E is a nonsingular elliptic curve and π has connected fibers. If at least

one fiber of π consists entirely of rational and elliptic curves, then X − D is hyperbolic.
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APPENDIX B

CHOW MOTIVES

B.1 Correspondences

Let X be a smooth projective variety over a field F. We consider the group of codimension i

cycles on X:

Zi(X) := {
∑

j, f inite

a jZ j|a j ∈ Z,Z j ⊂ X is a codim. i subvariety of X}

The group of codimension i cycles modulo rational equivalence

CHi(X) := Zi(X)/ ∼rat

is known as the Chow group of codimension i cycles on X. Being an abelian group, this is a

Z-module. When we want to work with rational coefficients, we tensor it by Q and obtain

CHi(X,Q) := CHi(X) ⊗
Z
Q

Moreover, one can consider all cycles of all codimensions at once and construct

CH(X) :=
⊕

i

CHi(X)

the Chow ring of X (Multiplication is given by the intersection of cycles). Similarly, we have

CH(X,Q) := CH(X) ⊗
Z
Q =

⊕
i

CHi(X,Q)

Naturally, any morphism φ : X → Y induces homomorphisms between Chow groups:

φ∗ : CH(X,Q)→ CH(Y,Q)

φ∗ : CH(Y,Q)→ CH(X,Q)
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These push-forward and pull-back homomorphisms are connected through the projection for-

mula:

Projection Formula: Let x ∈ CH(X,Q) and y ∈ CH(Y,Q), then

φ∗(x · φ∗(y)) = φ∗(x) · y (B.1)

where ”·” denotes the cycle-theoretic intersection.

The group of correspondences is then given by:

Definition B.1.1 Let X and Y be smooth, projective varieties (over a field F). Let dX denote

the dimension of X. The group of degree i correspondences from X to Y is defined as

Corri(X,Y) := CHi+dX (X × Y,Q)

Example B.1.2 Let φ : X → Y be a morphism between smooth projective varieties. Suppose

X has dimension dX and Y has dimension dY . If

Γφ := {(x, φ(x))|x ∈ X}

denotes the graph of φ, then [Γφ], the equivalence class of Γφ is a degree dY − dX correspon-

dence from X to Y:

[Γφ] ∈ CorrdY−dX (X,Y)

The image of a cycle Z ∈ CH(X × Y) under the mapping (x, y) 7→ (y, x) is called its transpose

and denoted Zt. [Γφ]t = [Γt
φ], the transpose of [Γφ], is a degree 0 correspondence from Y to

X:

[Γφ]t ∈ Corr0(Y, X)

We have the notion of composition of suitable correspondences:

Definition B.1.3 Let f ∈ Corri(X,Y) and g ∈ Corr j(Y,Z). Then the composition of f and g

is given by

g ◦ f := p13∗(p∗12( f ) · p∗23(g))
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where ”·” is the cycle theoretic intersection and

X × Y × Z
p12

xxqqqqqqqqqq
p23

&&MMMMMMMMMM
p13

��
X × Y X × Z Y × Z

are natural projections.

Lemma B.1.4 If f ∈ Corri(X,Y) and g ∈ Corr j(Y,Z), then g ◦ f ∈ Corri+ j(X,Z).

Proof.[11] �

Definition B.1.5 A correspondence p ∈ Corr0(X, X) satisfying

p2 := p ◦ p = p

is called a projector. If two projectors p and q satisfy

p ◦ q = 0 = q ◦ p

then they are called orthogonal projectors.

Example B.1.6 Let idX : X → X denote the identity morphism. The diagonal of X × X

∆X := [ΓidX ]

is a projector. Morever, ∆X acts as an identity with respect to the composition of correspon-

dences:

∆X ◦ g = g and f ◦ ∆X = f

∀ f ∈ Corr(X,Y) and ∀g ∈ Corr(Y, X).

B.2 The Category of (Pure) Chow Motives

We define the categoryM of (pure) Chow motives as follows:

The objects,OB(M), ofM are triples (X, p,m) where X is a smooth projective variety (defined

over some field F), p ∈ Corr0(X, X) is a projector and m ∈ Z. When m = 0, we will drop m

from the notation and will simply write (X, p).
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The morphisms between two objects M1 := (X, p,m) and M2 := (Y, q, n) ofM are given by

HomM(M1,M2) := q ◦Corrn−m(X,Y) ◦ p

Remark B.2.1 The original definition of the group of morphisms between M1 and M2 was

HomM(M1,M2) := { f ∈ Corrn−m(X,Y)| f ◦ p = q ◦ f }/{ f ◦ p = 0 = q ◦ f }

However, this is equivalent to our definition as the group homomorphism

{ f ∈ Corrn−m(X,Y)| f ◦ p = q ◦ f } → q ◦Corrn−m(X,Y) ◦ p

f 7→ q ◦ f ◦ p

is surjective and its kernel is exactly { f ◦ p = 0 = q ◦ f }.

M enjoys various nice properties:

1. To every smooth projective variety X, one associates a motive in a natural way:

X 7→ (X,∆X) =: X̃

We call X̃ the motive of the variety X.

2. InM, there exist the operations direct sum and tensor product:

(X, p,m) ⊕ (Y, q,m) := (X q Y, p ⊕ q,m)

(X, p,m) ⊗ (Y, q, n) := (X × Y, p ⊗ q,m + n)

3. Each motive M := (X, p,m) has a dual motive M∗ given by

M∗ := (X, pt, dX − m)

Definition B.2.2 An additive category C is called pseudo-abelian if for any projector p ∈

HomC(B, B) (i.e. p ◦ p = p, B ∈ OB(C)), there exist a kernel ker p, and the canonical

morphism

ker p ⊕ ker(idB − p)→ X

is an isomorphism (Note that if p is a projector, then so is idX − p).
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Lemma B.2.3 M is a pseudo-abelian category.

Proof.In fact,M is the pseudo-abelian completion of the category of degree zero correspon-

dences. Hence, it is pseudo-abelian by construction. We skip the proof. �

Remark B.2.4 If M := (X, p,m) is a motive and f ∈ HomM(M,M) is a projector, then

directly from the definition of a pseudo-abelian category, f defines a decomposition of the

motive M:

M ' ker f ⊕ ker(p − f )

where ker f = (X, p − f ,m) and ker(p − f ) = (X, f ,m) (Note that f ◦ p = f = p ◦ f because

f is of the form p ◦ f ′ ◦ p for some f ′ ∈ Corr0(X, X)). Therefore,

M := (X, p,m) ' (X, p − f ,m) ⊕ (X, f ,m)

Lemma B.2.5 Let f : M1 := (X, p,m) → M2 := (X, q, n) be a morphism in M, which has

a left inverse g. Then f ◦ g ∈ HomM(M2,M2) is a projector, f : M1 → (X, f ◦ g, n) is an

isomorphism and so, M1 is isomorphic a direct summand of M2.

Proof.We have g ◦ f = idM1 = p. So,

( f ◦ g) ◦ ( f ◦ g) = f ◦ (g ◦ f ) ◦ g = f ◦ idM1 ◦ g = f ◦ g

Hence, f ◦ g is a projector on M2 and defines the following decomposition:

M2 := (X, q, n) ' (X, f ◦ g, n) ⊕ (X, q − ( f ◦ g), n)

Note that f ∈ HomM(M1, (X, f ◦ g, n)), g ∈ HomM((X, f ◦ g, n),M1) and f ◦ g = p = idM1 ,

g ◦ f = id(X, f◦g,n). Therefore, M1 ' (X, f ◦ g, n) and M1 is isomorphic to a direct summand of

M2.

�

It is often hard to prove by hand that a set of correspondences satisfy certain identities. How-

ever, we have a powerful tool which enables us to construct identities of correspondences

from identities of pull-backs and push-forwards. Namely,
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Manin’s Identity Principle: Let D be a diagram consisting of smooth projective varieties

(we call them objects of D, and denote by OB(D)) and morphisms (HomD) between

them. Suppose there exists an identity I satisfied by pull-backs (φ∗), push-forwards

(φ∗) and intersection by fixed elements (x) where φ ∈ HomD and x ∈ CH(X,Q) for

some X ∈ OB(D). Further assume that IT , which is similar to I and obtained after

replacing each object X of D by X × T and each morphism φ by φ × idT , is a valid

identity (Here T is a smooth projective variety). Then the identity obtained from I by

replacing each φ∗ by [Γφ], each φ∗ by [Γt
φ] and each multiplication by x by mx is a valid

identity of correspondences.

Example B.2.6 Let φ : X → Y be a (generically) finite morphism of smooth projective vari-

eties defined over some field F. Let d denote its degree. So, we have a simple digram

D : X
φ
→ Y

Let y ∈ CH(Y,Q), then

φ∗φ
∗(y) = φ∗([X] · φ∗(y))

= φ∗([X]) · y

= d[Y] · y = dy

where the second line follows from the projection formula (B.1). Hence, we have an identity

I : φ∗φ∗ = Multiplication by d

Note that

IT : (φ × idT )∗(φ × idT )∗ = Multiplication by d

is a valid identity for any smooth projective variety T . Therefore, by Manin’s Identity Princi-

ple, we have

[Γφ] ◦ [Γt
φ] = d∆Y

Note that [Γφ] ∈ HomM(X̃, Ỹ) and [Γt
φ] ∈ HomM(Ỹ , X̃). This last line shows that 1

d [Γφ] is a

left inverse to [Γt
φ], so by Lemma B.2.5, Ỹ is a direct summand of X̃. More explicitly

X̃ ' Ỹ ⊕ (X,∆X −
1
d

[Γt
φ] ◦ [Γφ])
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Next, we construct two trivial projectors:

Let e ∈ X(F) be an F-rational point on X and consider πX
0 := [e×X] and πX

2dX
:= [X×e] = (πX

0 )t.

These correspondences are indeed projectors:

πX
0 ◦ π

X
0 = p13∗([e × X × X] · [X × e × X])

= p13∗([e × e × X])

= [e × X] = πX
0

and

πX
2dX
◦ πX

2dX
= (πX

0 )t ◦ (πX
0 )t = (πX

0 ◦ π
X
0 )t = (πX

0 )t = πX
2dX

Note that they are orthogonal to each other:

π0 ◦ π2dX = p13∗([X × e × X] · [X × e × X]) = 0

π2dX ◦ π0 = p13∗([X × X × e] · [X × X × e]) = 0

Therefore, they define a decomposition of X̃:

X̃ := (X, πX
0 )︸ ︷︷ ︸

h0(X)

⊕ X+ ⊕ (X, πX
d )︸ ︷︷ ︸

h2dX (X)

(B.2)

From now on, we will denote (X, πX
0 ) by h0(X) and (X, πX

2dX
) by h2dX (X).

Now, if we consider e as a variety over F, then one can consider the motives (e,∆e,m). They

are closely related to h0(X) and h2dX (X):

Lemma B.2.7 h0(X) ' (e,∆e) and h2dX (X) ' (e,∆e,−dX) = (e,∆e,−1)⊗dX

Proof.[16] �

As (e,∆e) and (e,∆e,−1) appear in the decomposition of the motive of any variety, they de-

serve special names

Definition B.2.8 (e,∆e) is called the identity motive and denoted by 1.

(e,∆e,−1) is called the Lefschetz motive and denoted by L.
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Hence for any smooth, projective variety X of dimension dX , we have

X̃ ' 1 ⊕ X+ ⊕ L⊗dX (B.3)

Example B.2.9 (The motive of P1)

Let P1 be the projective line over some field F. Then πP
1

0 and πP
1

2 generate CH1(P1 × P1) �

Z ⊕ Z. So

∆X = mπP
1

0 + nπP
1

2

for some m, n ∈ Z. From the intersection numbers we find

n = #((mπP
1

0 + nπP
1

2 ) · πP
1

0 ) = #(∆X · π
P1

0 ) = 1

and

m = #((mπP
1

0 + nπP
1

2 ) · πP
1

2d) = #(∆X · π
P1

2d) = 1

Hence

∆X = πP
1

0 + πP
1

2

and so, for the motive of P1 we have

P̃1 ' 1 ⊕ L

Remark B.2.10 Any cycle on X can be realized as a morphism inM:

CHd(X,Q) � CHd(e × X,Q)

=: Corrd(e, X)

=: HomM(L⊗d, X)

If ζ ∈ CHd(X,Q), we will denote the correponding morphism inM by ϕζ (∈ HomM(L⊗d, X))
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