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ABSTRACT

STUDY OF HEAVY QUARKONIA SPECTRA IN THE QUARK MODEL

Takan, Taylan
M.Sc., Department of Physics
Supervisor : Prof. Dr. Altug Ozpineci

February 2012, 51 pages

Conventional Heavy Quarkonium systems, Charmonium and Bottomonium, are believed to
be composed of a heavy quark and anti-quark pair. These systems are investigated by different
methods resulting from different approaches to Quantum Chromodynamics (QCD), such as
Lattice QCD, Effective Theories and Sum Rules. In this thesis we study the spectrum of
Charmonium and Bottomonium using a non-relativistic Quark Model. Assuming one gluon
exchange for the short distances and a linear confining potential for long distances we derive
Breit-Fermi interaction Hamiltonian and calculate the spectra arising from this Hamiltonian.

Also we calculate the partial widths of E1 and M1 radiative decays.

Keywords: QCD, Quark Model, Charmonium, Bottomonium, Heavy Quarkonia
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AGIR KUARKONYA TAYFLARININ KUARK MODELI iLE INCELENMESI

Takan, Taylan
Yiiksek Lisans, Fizik Boliimii

Tez Yoneticisi : Prof. Dr. Altug Ozpineci

Subat 2012, 51 sayfa

Carmonyum ve Botomonyum gibi olagan agir kuarkonyum sistemleri agir kuark anti-kuark
ciftlerinden olusurlar. Bu sistemler KRD’ye yapilan farli yaklasimlarla (Kafes KRD, Efektif
Alan Teorileri ve Toplam Kurallar1 gibi) elde edilen c¢esitli metodlarla incelenmektedir. Bu
tezde Carmonyum ve Botomonyum tayflar1 rolativistik olmayan Kuark Modeli ile incelen-
mektedir. Kisa mesafelerde tek gluon degisimi, uzun mesafelerde dogrusal kafesleyici potan-
siyel varsayilarak, Breit-Fermi etkilesim Hamiltonu ¢ikarilmistir ve bu Hamiltonun yarattig:

tayflar hesaplanmistir. Ayrica E1 ve M1 1s1nimsal bozunumlar1 hesaplanmustir.

Anahtar Kelimeler: KRD, Kuark Modeli, Carmonyum, Botomonyum, Agir Kuarkonyum



In loving memory of Ali Takan
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CHAPTER 1

INTRODUCTION

Quarks together with leptons constitute the ordinary matter content of our universe. Physics of
quarks and the force carriers between them, gluons, is governed by Quantum Chromodynam-
ics (QCD). Unlike Quantum Electrodynamics or the unified Electroweak theory, Quantum
Chromodynamics does not readily supply us with physical observables such as the mass of
the bound states of quarks and anti-quarks called hadrons nor the transitions between these

different states.

This challenge presented by QCD can be attributed to the several features that are not present
in other local gauge field theories. One of these characteristic properties is the non-Abelian
nature of theory, resulting from the fact that the force carriers carry color charge themselves.
Therefore in QCD one must consider interactions between the gauge bosons in addition to the

interaction between fermions and the gauge bosons.

Apart from the non-Abelian nature one must also embark upon three important phenomena
that QCD presents, namely, asymptotic freedom, confinement and dynamical breaking of

chiral symmetry.

Asymptotic freedom of QCD dictates that the coupling constant, a, depends on the momen-
tum transfer in a process. For soft processes, which include low momentum exchange, a; is
large, therefore perturbation theory can not be used. a; becomes small only at large momen-
tum values. These processes are called hard processes. In terms of the momentum exchange,

0?2, the lowest order QCD corrections to a; can be parameterized as,

127
(33 = 2ny) In(Q?%/A?)

as(Q?) = (1.1)

where n is the number of fermion flavors with mass below Q, and A = AQCD is the charac-



teristic scale of QCD measured as ~ 200MeV [28]. Although it seems at first sight that hard
processes can be calculated perturbatively, it is generally not the case and one needs further
relation between partons and the observed hadrons and these relations, called structure and
fragmentation functions, can not be calculated perturbatively. As an example; the decay of cc
into gluons can be calculated perturbatively, however to calculate the annihilation of J/'¥ into
light hadrons one needs the wave function of the c¢ system at the origin, ¥(0), which is not

calculable by the perturbation theory [32].

As mentioned above, for the low momentum exchange, or in other words for the long dis-
tances, the perturbation theory fails completely and we face a new phenomenon; confinement.
Flux tube model gives a qualitative explanation of confinement. According to this model as
the distance between quark and an anti-quark, or two quarks, increases the field lines bunch
up to form a flux tube, resulting in a potential energy that depends approximately linearly on
the distance,

~Or (1.2)

characterized by the string constant, o. If the distance, therefore energy is increased fur-
ther a new quark-anti-quark pair forms resulting in total two colorless hadrons. Although as
of now there is no satisfactory explanation of the confinement which is based solely on the
QCD Lagrangian, there are several approaches that hints confinement. The lattice models are
successful in simulating this phenomena and calculating the string tension [7]. On the theo-
retical side there is work in progress, which suggests that QCD potential may be expressed as

Coulomb plus a linear potential [41].

The third important concept of QCD is the dynamical breaking of chiral symmetry. Symmetry
breaking can be explained qualitatively by considering the QCD Lagrangian for N quark

flavors with massless quarks,

1 1
L=i%g [aﬂ = igsZai/l“AZ] Yai = JZaF P (1.3)

where the mass term, —X;gm;q;, is dropped. In such a theory there is an exact chiral S U(N) X
S U(N) symmetry but this symmetry breaks down to S U(N) because of the non-vanishing
expectation value of the QCD vacuum. The Goldstone bosons corresponding to this symmetry

breaking are the pseudoscalar mesons.

To deal with the mentioned aspects of the QCD, different methods are available such as QCD

sum rules, Effective Theories, Lattice QCD and AdS/QCD correspondence.



This thesis is concerned with the Quark Model approach. Compared with the other methods
mentioned above Quark Model may seem inadequate as it lacks the rigor present in other
models as Quark Model is based mostly on intuition and include bold assumptions. The an-
swer to these concerns is that Quark Model works in it’s own domain, as proved by numerous

studies [23].

Today with the experiments providing us greater precision on the spectrum and decay widths
[45] more than ever and the discovery of the unconventional ¥ and T bound states [2][12],
which can not be explained with the usual ¢g picture, the intuitive nature of Quark Model

may leverage it’s use as a testing ground for new ideas.

The purpose of this thesis is to investigate the basic assumptions and intuitive picture behind
the Quark Model. To serve this purpose we think that the Charmonium and Bottomonium
spectra provides us an unique opportunity; we believe the study of low lying states that have
been the subject of may fruitful analysis [18][17][19][43][27][36] can enable us to investigate
the basic assumptions and newly found higher mass states and unconventional states [6][42]
which are believed to fall outside the assumptions of the Quark Model may help draw the

boundaries of the quark model or even expand them.



CHAPTER 2

QUARK MODEL

The physics of hadrons is multi-dimensional. When considering the spectroscopy we face
increasing values of radius at excited state, which is dominated by non-perturbative effects,
but when considering decays we deal with hard processes occurring at short distances which
in part allows perturbative approach. Therefore the challenge before the Quark model is to
describe a system with two different regimes. To accomplish this hard task the Quark Model,
in its simplest form assumes that the interactions of quarks to be a two-body potential and
quarks to be heavy enough that they satisfy the non-relativistic Schrodinger equation. In

doing so it disregards the gluonic degrees of freedom in the QCD Lagrangian [32].

In the perturbative regime, the potential arising from QCD is simply Coulomblike, this follows
from the fact that for small oy we only need to consider one gluon exchange, as it will be the
dominant process. One gluon exchange between a quark and an anti-quark have the same form
as electron-anti-electron scattering which has the form of Coulomb interaction. This similarity
between quarkonia and positronium allows heavy quarkonium physics to be a testing ground

for QCD.

However this similarity holds only for short distances, and we are still left with the delicate
question about of the form and the origin of the confining potential. In the early days of the
Quark Model much debate has been made on the form of the confining potential [37]. Today
we are closer more than ever to a complete description of the confinement and the form of the
confining potential. The quantitative picture is provided mainly by the Lattice QCD calcu-
lations which predict a linear potential with the string tension around 0.15 GeV>[30]. Other

approaches confirm the form, if not the value the potential obtained from lattice simulations.



D3,Ck Da,C;

DP1,C4 P2,C4

Figure 2.1: Feynman Diagram for s-channel

P3,Ck P4,C

D1,C; D2,C5

Figure 2.2: Feynman Diagram for t-channel

2.1 One-Gluon Exchange

To motivate the coulomb potential we begin by considering scattering of a quark from anti-

quark. For the s-channel, using Feynman rules, we obtain,
5% .
—iM = [u(3)c3k]( = )[C41v(4)] (—z “q” )[ (2)c21]( ‘Af;yV) [ 2.1)
Therefore the s-channel amplitude is given by,

1 2
M= (4 clench il A)( 5 )[ﬁ@)yﬂu(l)} F@y"v(4)] 2.2)

Similarly for t-channel we have,

gpvé o

—iM = [a(3)c], | (—i%/lziy“)[chu(l)]( )[ (2)(:;]]( = fly )[041v(4)] (2.3)



1 2
M= (z a1l ”)( Z )[ﬁ(s)wu(l)] [PQyy (&) Q)6 (p1 + p2 — pa— pa) (24)

The color factors for t— and s— channels are,

1
4C§kC41C2JC1,/1 /l“) (2.5)

fl ( C3kC4lC2 Cll/l /la) fs (

Since mesons are colorless they are in color singlet state given by,

1 -
[Meson) = —(r7 + bb + g8) (2.6)
V3
therefore,
. 1
C§k04162j61i = §5ij(5k1 2.7

Now for s—channel this condition results in,

1

1
3 8
122111{1 120 =15ij5kl’lgz/171i =

T3 Za TN (A7) = (2.8)

fs=
which says that gluon, as a color octet, do not couple to a meson in color singlet state, this

leaves us the r—channel for which the color factor is given as,

1

f’:12

4
i jkl= 12 61-]-61(1/1%-/171 = Tr[A%A%] = 3 (2.9)

1

12 a 1
Therefore we may conclude that one gluon exchange results in interaction with a Coulomb
potential, V,4(r), given as,

Voa(r) = —5— (2.10)

2.2 Breit Interaction

In the previous section simplification of one gluon exchange to an interaction via Coulomb
potential was enough for showing the attractive nature of the interaction for color singlet
states. However a rightful objection can be made that this is an oversimplification because it
disregards all the relativistic nature of our problem. In this section we discuss how to include
relativistic effects. Naturally when one deals with relativistic bound states, Bethe-Salpeter
equation should be used. But for our problem at hand the high masses of charm and beauty

quarks allow us to assume that our system can be approximated to be non relativistic. As a



first step in doing a non relativistic reduction, following Breit [9] we attempt to find a non-

covariant expression for the scattering amplitude in the form,

2
. . e

Mg = f f ‘PT(P3,E3,J3;1)TT(P4,E4,J4;2)(E+HB(1,2)) @.11)
XP(pa, Ea, j2;: 2)¥(p1, Er, j1; 1)drid°ry

where

W(p;, Ej, jizn) = ePn/PiEitlhy ) (2.12)

and Hp(1,?2) is the term that includes the relativistic correction. Finding Hp(1, 2) will benefit
us in two ways, first it will enable us to find the relativistic correction to the first order and
second, by evaluating its expectation value using the wavefunctions that we calculate for c¢

and bb mesons will give us an estimation of relativistic effects for our model.

Disregarding the color factor we rewrite the amplitude for one gluon exchange as

1
M = a3y u(H] [#(2)y"v(4 2.13
(El —E3)2 _ (pl _ p3)2 [Lt( )7 M( )] [V( )7 V( )] ( )

x(21)*6(E1 + Ey — E4 — E2)5°(p1 + P2 — P4 — P4)

In terms of a1, 81 and a3, §> we can rewrite the the product of the fermion currents as

[ uD] [Py v#®] = [’ G v u)] [y’ @y v
| By uh | [y @y v

W2 = - an) u()v(d) (2.14)

where @ acts on the spinor space of the first particle and a; to that of the second and they

commute, so that

1
T (B —E3 —(p1 - p3) [MTG)VTQ)(I - 'al)”(l)v(‘l)] (2.15)

x(2m)*6(Ey + Ey — Eq4 — E2)6°(p1 + P2 — P4 — P4)




Or as an integration over space and time

. . 1 .
M = fffezps-l‘l/hu’r(3)elpz-rz/hVT(z) (E (1 -a .a,l)e*|E1’E3|’12/h‘ (2.16)
Xe—ipl-l‘l/hu(l )eip4~l‘1/FLV(4)€[(E1+E2—E3—E4)t/ﬁd3 "1 d3 rzdt
Now using
o~/ PEnt) —pn~r1)u(n) =¥, (pu, En, ji) (2.17)
oM ETPT2)y () = B, (=ppy, —Ep, jui 1) (2.18)
‘We obtain

1 .
Mg = f f ‘PT(PS,E3)‘PT(—P2,E2){—(1—Cll‘Cll)e_lE‘_E3lr12/m} (2.19)
ri2
X¥(p1, E1)¥(~pa, —E4)d’r1d°ry

To obtain the non-relativistic reduction of the amplitude Mg which we assume is of the form
Mg given in Eqn.[2.11], we observe that for one gluon exchange we are at short distances
which are characterized by high momentum exchange |p; — ps3|, quantitatively we may asso-

ciate the distance between gg pair to de Broglie wavelength [13],

ri2 = h/|p1 — pal (2.20)

Therefore the exponential in Eqn.[2.19] is at the order

e [E1=Eslra/hc _ ~lEi=Esl/Ip1—pslc (2.21)

For the system we are concerned with the quark masses are at the order of GeV, therefore the
exponent can be approximated as, |E| — E3|/|p1 — p3lc = (p% - p%)/mzc'jlpl —p3l << 1.Where
we have used E = /p? + m2 ~ m + p?/2m, since we assume quark masses to be high. Using

this assumption we expand the term in the curly brackets in Eqn.[2.19],

1 1
— (1 —ay-ay) e BrrBlm/he = — (1 —q - ay) (2.22)
ri2 2
- Ez — E| 7
y 1+i|E3 E1|F12_| 3~ Eil 2,
ch (ch)?
| ay @y |E3—Eil |Ez-Eilr;
== - + - +..2.23
e r2 T h 2(ch)? (2.23)



The first term is just the Coulomb potential, the second term

al @
HB,m = -

(2.24)
ri2

is called the Breit magnetic term and its physical meaning is explained below. The third term,

|53 Ei|

=-=L, does not have any dependence on ri, therefore for this term the integrals over ry

and r, can be carried out separately to give zero, since the incoming and outgoing waves are

considered to be orthogonal.

To find the contribution from the fourth term first we note that, since (E3 — Eq) = (E» — Ey),

E;— Ei? E;—E|)NE;—E

_|E3 1I°r12 _ (B3 (E2 — E4)rip (2.25)
2(ch)? 2(ch)?
= —(E3E,+ E\Eq4— E1E, — E3E 2.26
(E3E> + E\E4 — E\Ey 34)2(71)2 (2.26)
Therefore the contribution is
1

Moy = — f f f W (3, E3)¥ (~ps. ) 2.27)
X {( h)2 (E3Er, + E\E4 — E\E; — E3E4)} (2.28)
X¥(p1, ENW(—ps, —Ex)d’rd’rpdt (2.29)

To extract the Hamiltonian we need to replace energies with their operator form. Using

(icha; - V; +ﬁim)\Pn(pn’ E,) = E,Y¥,(ps, En) (2.30)

where i = 1(2) forn = 1, 3, (2,4), we express the product of energies as

Wi (ps, E3)¥' (—p2, B s h)z(E3Ez) = W(ps, E3)¥' (—p2, —E)(=ichay - Vi + Bim)
= X(—ichay -V, +ﬁ2m)( h)2 2.31)
(h)z(E1E4)‘P(P1,E1)‘Y( P4, —Ey) = (r;;)z(whdl Vi + Bim)(ichas - Vo + Bam)
X¥(p1, E1)Y(—ps, —Es) (2.32)
—W¥'(=p2, ~E2)¥(p1, E1) ( W(&Ez) = —Y¥'(-p2, —E)(~ichay - V2 + Bom)—= ( W
X(icha/l . Vl +/31m)‘I’(p1,E1) (233)
+ . 2
-vi(- ~P3.~E3)¥(ps. Ea) s h)z(E3E4) = —W'(-p3,~E3)(~icha, - P
X(ichay - Vo + Bom)¥(p4, E4) (2.34)



Observing that, since 81, commute with r2, the terms with 8182r12 and B - V cancel out,

resulting in,

Mppo = - f f f W' (ps, B3P (—pa, —E2)

X{—ay - Viay - Vorip —ripay - Viaa - Vo + @y - Virpas - Vo + ap - Vorpag - Vi)

X¥(pi1, E1)¥(~pa, —E4)d’rid° radt

The term in the curly brackets can be evaluated using,

—ay - Vi(ap - 12V + Varp)

—ay - Viay - Varyp
= —rpa;-Viaz- Vo —ar - Vi(r)as - Vo
— (a1 - V) (a2 - V2) (r2) —az - Va(ripay - Vi

ripay - Viag - Vo +ay - Vi(ripas - Vo

ay - Virpaz - V)

- Vorpar - Vi = rpax-Voar - Vi +az - Va(rpp)ag - Vi

Putting everything together we obtain,

1 ¥
Mprer = -3 fff‘f"(m, E3)¥ (—p2, —E2) (@1 - V1) (a2 - V2) (r12)
X ¥V(p1, E1)¥(~ps, —E4)d’rid’rpdt
Allowing us the to identify the operator responsible for the retardation effect,
1
Hp rer = ) (a1 - Vi) (@2 V2) (r12)

Which together with 2.24, gives the Breit operator,

a) @

1
Hpyeit= — +3 (a1 - Vi) (az - V) (r12)

r2

10

(2.35)

(2.36)
(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)



Iaj-ay (a1 -ri2)(az-ri2)
HBreit =—-= +
2] e r';’z

(2.43)

Therefore if one considers the lowest order relativistic corrections to one-gluon exchange, the

relativistic Hamiltonian for the quark-anti-quark system may be given as,

1
H = ca)-p+cay-p2 +ﬂ1mc2 +,82mc2 - —
r2
oo (e rp)e; o) (2.44)
2| m r,

2.3 Potential Model

2.3.1 The Cornell Potential

As mentioned before Quark Model needs to embrace both the non-perturbative and pertur-
bative regimes of QCD. As shown in the previous section, in perturbative regime, where
coupling is small we only need to consider one gluon exchange which, ignoring the color

factor, is just a Coulomb potential for color singlet states,

4 ay
Vig(r) = 37 (2.45)

To account for the non-perturbative regime, different potential models have been proposed
in the early days of the quark model, most notable ones are the logarithmic potential In(r)
and power-law potential, »’[37]. Today, with the results from Lattice QCD, Wilson Loop
Calculations and Effective Field Theory approach we expect that confining potential should

be linear,

VConf(r) =or (2.46)

The resulting phenomenological potential together with constant term Vy,

4 a;
Veorneli = —57 +or+Vy 2.47)

11



is called the Cornell potential, where Vj) is a constant. Although at first sight adding a constant
term may seem illegal, we note that there is no counter argument for such a term, and there is

no harm in including it except increasing parameters.

2.3.2 Breit-Fermi Interactions

Cornell potential on its own is unfortunately unable to explain spin splittings, such as J/¥
and 7., and P wave splittings such as .o, ¥c1, X2, fic. To include these splittings we have to

include spin-dependent terms to the potential.

As it is clear now we face two different energy regimes and we have no clue from the theory
about how the spin dependent dependent forces change with the distance. As shown in [14]
hypothesizing that the spin-dependent forces are attributed to the short distance potential, one
can explain the observed Hadron masses to a high precision. Also from [17], [18] and[44]

Cornell potentials success in building a model for Charmonium can be observed.

In this section we show how to obtain the the spin dependent potentials following the assump-
tion that it results from the 1-gluon exchange. In the previous section we have already found
a non-covariant Dirac Hamiltonian which included retardation effects. As it is a relativistic
Hamiltonian it is spin dependent and it mixes negative and positive energy solutions. To use
this Hamiltonian in our non-relativistic model we can remove such a mixing by making a
non relativistic reduction which in turn will allow us to separate spin and space parts of the

wavefunction, providing us with spin dependent forces occurring at higher orders of 1/m.

Such a non-relativistic reduction is made in Appendix A, by using generalized Foldy-Wouthuysen
transformation for two particles. The result of non-relativistic expansion to order 1/m?> is

given as,

12



4 ay

Hgr = —-2 (2.48)
3r
2 4
womg+ 2 B (2.49)
mq 4mq
2 D).
2o (P_ N M) (2.50)
3mé r r3
4 a,
+—&5(r)(1 + s, -sz) 2.51)
3 3
Ay
+2-2((S1+52) - L) (2.52)
mqr
4 a; [ S1-1)S:-
2 (3( BRI r)—sl-sz) (2.53)
3mgr’ r?

We know put the Breit interaction, term by term in a form suitable for our method of using

the radial solutions of the Harmonic Oscillator and give the explanation of each term.

2.3.2.1 Increase of Relativistic Mass

Eqn [2.49] corresponds the expansion of 2 ,/p? + mé.

2 4
V,m=2m+%—4%

(2.54)

Such a term arises when one considers the relativistic mass, ymyg instead of the rest mass m.
In our model we are only interested in terms contributing to the the order m? therefore we

4
discard the term —fﬁ and use

p?
2y + 2 (2.55)
my

instead, which corresponds to the Schrodinger Hamiltonian without a potential.

2.3.2.2 Retardation of Potential

Eqn (2.50), as explained in detail in the previous section arises from the retardation of the po-

tential resulting from the finite speed of propagation of light (gluons in our case). In operator

13



form it is given as

<Tnlm(r) | Vrel I \Pn’l’m’(r»

2 a 2 V2 1 82 *
{—gm—;fr drR, (T+;ﬁ)Rn,fdQYlel/m,
q

V2
+ f r2drR,Ry f dQY;;n—Ypml} (2.56)
r
_ 2a ({20, 2 0, 20+ 1)
= —gm—é r ;un/un - r—zu,,fun + r—3unun/
XOmm' Ot

Note that we use the radial solutions of the harmonic oscillator but the above term also acts

on the angular part. We separate the angular dependency as follows,

2a vV o1 6? .
Puim(@®) | Vier | Yrrw (r)) = {_gm_; f’"Zdar (7 + ;(ﬁ)Rn’ fdQYlel’m’
q
V2
+ f r*drR,R,y f dQY;;nTYpm/} (2.57)
2 «a 2 , 2 , 2-ll+1)
= _gm_; dr(;”n'un - ﬁun’un + Tunun’)émm’éll’
q

2.3.2.3 Darwin Term

The first term in Eq.(2.51) ,

4a,
Viansin = 5—50(1) (2.58)
g

is called the Darwin term and may be attributed zitterbewegung [5]. It is a correction that
includes the smearing out of the potential caused by the fluctuation of the particle, quark and
anti-quark in this case, over the distance 6r ~ 1/m,. The smearing may be approximated as,

o2V 1 1
Ya =6rPViV ~ — V2V (2.59)

ov
(8V) = (V(r + 6r)) — (V(r)) = <5r§ + 5’""6’7% 6 6m?

To include this term in our Hamiltonian, we write Dirac Delta function in spherical coordi-

nates,

4« 4 ay o(r)
Vparwin = §—;5(l‘) = § >
my

s (2.60)
m?] 2712
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by noting that 1 = [ drr?Ry(r) [ dQY;u(8,¢) = (47) [ drr*Ry(r), and that the integration is
from 0*to co. Obviously this term only contributes only for / = 0 states for which there is no

centrifugal potential, and radial wavefunction R,; is non-zero at the origin.

2.3.2.4 Spin-Spin Interaction

The spin-spin interaction term,

4 a; 8
_&5(1-) _ﬂs1 .S, (2.61)
3 ms 3

arises when one considers two particles. Together with the regular Spin-Spin interaction its
presence is vital in explaining the § wave splittings. Note that it has no effect for / # O states.

In| j, 1, s,m;) basis it is given as

B 16 a; 6(r) 3
VSS,con - 9 m2 2 (S(S + 1) 2) (262)

q

where we have used S - Sy = %(S2 - S% -8 = %(S(S +1)— %)_

2.3.2.5 Spin-Orbit Coupling

The spin-orbit coupling term is responsible for P wave splittings and given as,

A

Vso(r) = 2 3 (B(S1+8S3)-L) (2.63)
mgyr
= ZS3 JJ+1D)-LL+1D) =SS +1) (2.64)
mgr
where we have used
L-§ = ((Z+§)2—i2—§2)
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2.3.2.6 Tensor Force

The tensor potential is given as

Viensor =

4 3(51 T)(S2 1)
3

5 -S;- Sg) (2.65)
r

2,3
myr
It is vital in explaining the non-uniformity of the splittings between L = 1, S = 1 states such

as 2, Xe1 and xco. In| j, 1, s, m;) basis its given as (see Appendix B for Derivation),

/ .
oy J=Il+1

Si-nS;-n o o U2 j=1

Trensor =3 5 Si- Sj = (2.66)
r _ (I+1) i=1—1
0wy J T
0 [=00rs=0
where
. 4 a; :
Vrensor(t, J, l,s) = § T3Ttensor(], L, s) (2.67)
mqr
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CHAPTER 3

METHOD

3.1 Schrodinger Equation with Central Potential

The fundamental assumption of the quark model is that the constituent quarks obey the non-
relativistic Schrodinger equation. Under this assumption we find the non-relativistic reduction
of the Breit Hamiltonian using a Foldy Wouthuysen transformation (details are in Appendix
A). This reduction allows us to separate the spin and space parts of the meson wavefunction
where space part of the wavefunction satisfies the Schrodinger equation with spin dependent

potential.

To analyze the motion we start with the Hamiltonian for two particles interacting through an

isotropic potential and separate the motion of center of mass,

Pl P p? p’
H=—+—=+V - =—+—+V =Hcy + H 3.1
>t o(jry —ra|) o vy 2 o(IF) cm + Hye (3.1

where
P=p +pp= (map1 — mp2)
my + myp
r=ry+r,u= T
mp; +mp
P2 pZ

Hoeyp= ———— Hyy = —
M=o +my)” T 2

Substituting g7 — —iV in the Hamiltonian for the relative motion we find the Schrodinger
equation,

V2
[—2— + Vo(r)‘l’(r)] = E¥(r) 3.2)
U
Next we separate the wavefunction into radial and angular parts,
W(7) = Ra(r)Yim(6, ¢) (3.3)
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Radial part satisfies

16> 20 W+
[_ﬂé_zr too Enea + Vo(r)] Ry(r) = ERia(r) (3.4)

whereas the angular wavefunctions given in terms of spherical harmonics,

@i nd=1mD!
Ylm(9,¢)—e\/ yra L (cos 6) (3.5)

where € = (—1)" form > 0 and € = 1 for m < 0.

Defining uy(r) = rRy(r), the radial equation simplifies to the 1 dimensional case with effec-

tive potential,

—iaf N (I+1)
2u 2ur?

The normalization conditions are given as,

+ Vo(l’)] up(r) = Epug(r) (3.6)

fWMMF=fMMWﬂ (3.7)

\ﬂmm&w%l (3.8)

3.1.1 Simple Harmonic Oscillator in Three Dimensions

We will use the radial solutions of isotropic simple harmonic oscillator in three dimensions us
our base space to diagonalize the Hamiltonian. The radial part of the 3D SHO wavefunction
satisfies,

V2
(—EVZ + 72 - E) Rsom =0 (3.9)

and the radial equation is given as,

1
Rstom(r,v) = Nure ™ L2 2012 (3.10)
2

where pis the reduced mass and,

23 2 n=l)yyl
Ny = \/l—nflz) (3.11)
T

(2vr?) are generalized Laguerre polynomials.The quantum num-

(1+3)
n=l
2
ber n denotes the energy values.

ensures normalization. L

Espsuo = hw (n + %) (3.12)
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[ denotes the total angular momentum. ”7" = k gives the radial quantum number and is an

integer. Therefore n can have the values
n=0,1,2,..
and / can have,

0,2,4,..,n forneven
l=

1,2,3,..,n fornodd

v is the parameter of wave function depending on the angular frequency of the harmonic

oscillator. We will fix this parameter by considering a perturbation,

6V = kx — uw*r? (3.13)

to the Hamiltonian given in 3.9. The first order correction to the ground state is given as,

4 % 5mw?
ol oV o) = - 3.14
(usgo0 | 6V | uso,0» 3V 2y (3.14)
Now we demand this perturbation to vanish, obtaining
4K>213 213
Yo = W (315)
At this stage the basis vectors are given by,
_ 141 —vr? () 2
usaosm = rRso(r, vo) = Nyr'™ e L, ,*" 2vor?) (3.16)
2
3.1.2 Method
To summarize we use the 3D SHO reduced radial wavefunctions,
141 -2 U+5) 2
usHom(r,v) = Nyr=" e L, ,* (2vr?) (3.17)
2
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to diagonalize the Hamiltonian given as

1 2
g - Lo l+D
mg 0’r  mgr?

- =——+o0r
-
2
+2mq+p—
my
2 a; V2+ 10
3m%1 r ror

4 a; 6(r) 47 6(r) 3
+§m_§ﬁ(l +?r—2(5(s + 1)—5)) (3.18)

‘;"g JJ+D=LL+1) =SS +1)
q””
4 «

+§ W;Ttensor(]; l,s)

+

Obtaining,
Huggp j1.s(r) = En;jisUggk,jit.s(r) (3.19)

where uyg.k j1,5(r) is the reduced radial wavefunction of the meson, i.e.,

”qé;k,j,l,s(r) = qu[];k,j,l,s(r) (3.20)
and is given by in terms of 3D SHO reduced wavefunctions as,

2,2,1:)1_ 2 CrlS HOn,l for [ = even
Uggik,jl.s(T) = (3.21)

24;210_2 cnusgony forl=odd

Where D is the number of the SHO wavefunctions forming the base space, i.e. the dimension
of the Hamiltonian matrix that we diagonalize. And the mass of the meson is found by adding

the two times the mass of quark to the eigenenergy,

My s =2mg + Ep (3.22)

To find the fitting parameters, (ay, k, m,) we define,

2
Mexpk.jis — Mi 'zs)
2 ( E)Cp, ’]7 >§ »]s ]
x (ag, k, my) =X (3.23)
* 1 A]‘4e)cp,k,j,l,s

Where M,y ;15 18 the experimental observations of the meson masses and AM,, . ;s 15 the

error in measurements. Using Mathematica, the parameters (o, k, m,) are fixed so that Y2 is

20



a minimum. The dimension of the base space is chosen to be 30. Convergence is observed by

considering base spaces with different dimensions.
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CHAPTER 4

SPECTRUM AND RADIATIVE TRANSITIONS

4.1 Charmonium

Using the method described above we fit the parameters as

P o me

4.1)
0.3864 0.2192GeV? 1.260GeV

The predicted spectrum for Charmonium is given in Table 1. We also plot the ground state
and first excited state wavefunctions. In [28] the mass of the charm quark is given between
1.18 GeV-1.34 GeV, and our mass value lies inside this range. Also the fitted o is above
the results obtained from lattice simulations which is around o juice ~ 0.15 GeV2[30]. The
value we obtained for ey is only half the value of that obtained for Charmonium from lattice

calculations, which is around 0.65.

Comparing the found mass spectrum with the experimental results we see that our model for
describing the 1S splitting is not as much as successful as we would like it to be, considering

we only use 1S and 1P results for the fit.

For excited states we see that our calculations give increasingly higher mass. This might be

attributed to the closeness of this state to D — D threshold.
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Figure 4.1: Charmonium Spectrum Showing Experimental Measurements(Black) vs
Mass Values (Blue, dotted).

4.2 Bottomonium

For the Bottomonium we fit the parameters as,

Qg (o my,

0.3262 0.2902GeV 4.630

. Fitted

4.2)

The predicted spectrum is given in Table 2. We also plot the ground state and first excited

state wavefunctions. In [28] the mass of the bottom quark is given between (4.49 —4.61)GeV,

our fitted mass is slightly above this range. o is found to be above the lattice predictions

T lanice = 0.15 GeV2. One expects the string tension to remain the same for different flavors

but our model fails to predict this property, this may be attributed to the failure of the fit for

Charmonium spectra. Compared to Charmonium a smaller value for @y is obtained. This is

in agreement with the asymptotic freedom, since as we can observe from the graph the radial

wavefunctions are packed closer to the origin, meaning a larger value for the momentum

exchange therefore a smaller value for the aj.
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Figure 4.2: Squared radial wavefunctions for 7, (blue straight) and J/y (red dashed)

r(fm)

0.6 0.8 10 12 14

Figure 4.3: Squared radial wavefunctions for 1.(25) (blue straight) and J/y¥(2S) (red dashed).
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Table 4.1: Calculated and experimental values, [28], of ¢ and bb spectra. The dagger shows
which states are used for the fit

Charmonium Bottomonium
Meson Experiment Fit Meson Experiment Fit

State (MeV) (MeV) (MeV) (MeV)
1'Sg net 2980.3 + 1.2 2972 nyt 9390.9 +2.8 9391

135, J/yt  3096.916 +0.011 3104 || T(1S)t 9460.30 + 0.26 9460

2150 | n.(2S) 3637 +4 3745 10069
2381 | w(2S) 3686.09 + 0.04 3818 T(2S) 10023.26 + 0.31 10101
318, 4312 10523
338 | w(4040)  3772.92 +0.35 4361 T(3S) 10355.2+0.5 10546
415, 4808 10905
438 | y(4415) 4421 + 4 4840 Y(4S) 105794 + 1.2 10922
PP, | yeof 3556.20 + 0.09 3553 xpt 9912.21 +0.26 9913

BP | xeat 3510.66 + 0.07 3502 xb1t 0892.78 + 0.26 + 0.31 9891

PPy | xeof 3414.75 + 0.31 3429 xbot 0859.44 +0.42 +0.31 9860

1P, het 3525.41 +0.16 3524 9900

2P, | v (2P) 3927.2+2.6 4125 || x»(2P) 10268.65+0.22+0.50 10380
23p, 4088 || v (2P) 10255.46+0.22+0.50 10364
23 Py 4043 || xp0(2P) 102325+04+0.5 10343
2'p, 4104 10370
3°P, 4615 10766
33p, 4589 10754
33Py 4561 10738
3lp, 4600 10759
1°Ds 3878 10205
1°D, 3851 T(1D) 10163.7+ 1.4 10195
13Dy | (3770)  3772.92 +0.35 3821 10184
1'D, 3858 10198
23D; 4386 10607
23D, 4365 10598
23D, | w(4160) 4153 £ 2.6 4344 10589
2D, 4370 10 600
3°Ds 4846 10960
3°D, 4831 10952
3°D,; 4817 10945
3'D, 4835 10954

Compared to Charmonium we obtain a better fit for Bottomonium. Our models seems to do

well in explaining both 1P and 2P splittings.

We note that our model predicts only slightly higher value for T(3S5) and Y'(4S) states.
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Figure 4.4: Squared radial wavefunctions for y¢ (blue straight), y| (red dashed), s, (green
dot-dashed) and y» (black-thick)

The success of our model for Bottomonium may be attributed to b quarks high mass, which
suits our non-relativistic approximation. Also we note that comparing the plots given for 1P
Charmonium (Fig.3) and Bottomonium (Fig.6) states, Charmonium 1P states are split heavily
by the spin-orbit coupling and the tensor force, while Bottomonium states show same regular-
ity. This can be attributed to the fact that spin-orbit and tensor forces are proportional to the

square of the inverse mass, (#) Therefore it may be concluded that to model Charmonium

q
better we need to consider a relativistic model or include higher order relativistic corrections.

4.3 E1 and M1 Radiative Transitions

To calculate the partial widths of the E1 radiative transitions we use[19],
4

SCridssieqa | Ry | 7| Ry) P Ey 4.3)

25 +1 728" +1 77 _
FEl(n L;—n LJ/+)/)—

where, e, is the quark charge, « is the fine-structure constant and E, is the final photon energy,
given as £, = (My — M;)?/2M; in terms of the masses of the initial and final mesons. The

matrix element Cy; is given as,
L Jyv S

Cyi =max(L,L")2J + 1) 4.4)
J L 1
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Figure 4.7: Squared radial wavefunctions for 7,(2S) (blue straight) and Y(2S) (red dashed)
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Figure 4.8: Squared radial wavefunctions for ypo (blue straight), y»; (red dashed), i, (green
dot-dashed) and y;» (black-thick)
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Figure 4.9: Squared radial wavefunctions for Y(1D)

To calculate the matrix elements, | (R | 7 | R;) |, where R represents the radial wavefunction

of the meson, we use the reduced radial wave functions calculated previously, therefore,

(o]
[ (R 7| R)I= j; rdruggiy.jply.s Uqgkijp s (4.5)

For M1 transitions we use[19],

2

427 + 1 e
= 5s,5fi16wm—qa |[RpIRYFE,  (46)

T320L+1

er (n25+1LJ N n/ZS +1LIJ/ + y) >
q

The results of the calculations are given in the Tables [4.2-4.9]. For the masses of the initial
and final states we use the experimental values only if experimental value is available for
both the initial and the final state, otherwise we use the calculated mass values given in the

preceding section.

Comparing with the experimental data we conclude that our calculations are at the same order
with the experimental results, therefore verifying that M1 rates to be highly suppressed. As
mentioned in the preceding section, a relativistic model may give better results. Also we note
that we observed a high dependence of the matrix elements on the parameters, further study

is required to refine the method.
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Table 4.2: Partial widths of, c¢ E1 radiative transitions from S states.

Initial state  Final state  E,(MeV) [{f|r|i)| Ty (keV) Tepp(keV)
2S—1P  Y'(2°S1)  x2(1°Py) 127.6  2.6899 36.59 26.6+ 1.9
Y1(13P)) 1713 2374 40.80 27.9+2.0
xo(13Pg) 197.8  1.831 28.77 294 +1.8
n.2'S0)  h.(1'Py) 109.9  2.991 51.34
3S—=2P  ¥(33S1)  x2(23Py) 1103 4.052 52.89
x1(23P)) 264.0  3.540 3325
Yo(2°Py) 3350  2.768 138.5
n:3'So)  h.(2'P)) 1545  2.557 104.4
3S=1P W(33S1)  xa(13Py) 4539  0.1337 4.020 <0.015
x1(13P)) 4937  0.2345 9.548 <0.0095
xo(13P) 576.0  0.3264 9.786
7.3'So)  h(1'Py) 4809  0.09167 4.043
4S-3P  y(4’S1) x2(33P) 198.3  5.155 497.7
1(33P) 2413  4.486 407.6
xo(33Py) 300.5  3.558 165.1
n.4'So)  h.3'Py) 2227  5.630 409.4
4S—2P  y(d’S1)  x2(23Py) 219.7  0.2059 1.080
x1(23P)) 669.4  0.3569 55.10
x0(23Py) 7337 0.4725 42.38
n:4'So)  h.(2'Py) 579.5  0.09584 7.733
4S=1P  Y(4d’S1)  xa(13Py) 7753  0.05045 2.850
Y1(13P)) 811.7  0.09822 7.439
xo(13Pg) 886.9  0.1541 7.959
n:4'So)  h.(1'Py) 1034 0.03386 5.484
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Table 4.3: Partial widths of, bb E1 radiative transitions from S states.

Initial state  Final state  E,(MeV) (f|r|i) Ty (keV) Lexp(keV)
2S—1P T3S xw(1PPy) 1104 -1.536 1.908 2.72+0.32
(3P 1713 -1.460 3.860 2.62+0.33
yo(13Py) 1627 -1.359  0.1650  1.44+0.252
m21Sey)  hy(1'P)) 167.6 0.1899  0.1835
38—2P  T(33S1)  xm(2’P))  85.64 -1.231 0.5715  2.66+0.57
yp1(22P1)  99.06 -1.221 0.5228  2.56+0.48
yo(22Py) 1218 1.210 0.3178 1.20+0.23
m(3'Se)  hpR2'P)) 151.9 -0.927 3.253
3S—1P  T(33S1) xm(13Py) 4328  -0.04149  0.0838 <0.37
yp(13P) 4519 0.06956  0.1610 <0.35
yuo(13Py) 4839 0.1050  0.1500  0.061+0.028
m(3'Se)  hy(1'P)) 480.9 0.01269  0.03845
4S—-3P T3S xm(3PP) 154.9 3.011 20.23
pi(33P))  166.7 2.895 14.00
o33Py 1825 2.754 5.533
@Sy hy(3'P)) 145.0 3.098 31.68
4S—2P  T@3S1)  xn(@PPy)  306.186  0.08973  0.1389
1 (2°P))  319.0 0.1345  0.2117
yo(23Py) 3412 -0.1832  0.1603
m@'Se)  hpR2'P)) 521.9 1.489 340.8
4S—1P  T@A3S1)  xw(13Py) 6462  0.01987  0.06403
ypi(13P)) 6643  0.03492  0.1289
yo(13Py) 6955  0.05386  0.1173
m@'Se)  hy(1'P)) 958.7 -0.8378 668.8
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Table 4.4: Partial widths of, c¢ E1 radiative transitions from P states.

Initial state  Final state E,(MeV) |(f|r|i)| Ty.(keV) Lexp(keV)
IP—1S  xo(13Py)  J/w(13S1)  429.6 2.514 722.8 384+37
y1(13Py) 389.4 2.536 547.3 296+30
yo(13Py) 303.0 2.519 254.7 122+15
he(1'P))  5.(1'So) 503.0 0.8986 1482  387+281+200
2P—2S  (23Py) W (2PS)) 115 3.843 32.52
x1(33P) 248 4.076 363.1
Yo(33Po) 175 4.326 144.7
he3'Py)  7.(2'S0) 373 1.271 120.8
2P—1S  (23Py) W (13S) 739.6 0.3132 57.24
Y1(23Py) 850.7 0.1166 12.07
x0(23Py) 789.8 0.2350 39.24
heQ2'Py)  n.(1'Sg) 1012 0.4567 311.36
2P—=1D  x2(23Py)  ys(1°D3) 53.49 2.725 2.753
Yo (13Dy) 83.02 2.506 1.554
w(13Dy) 117.38 2.250 0.236
x1(2°P)  yr(13Dy) 216.5 2.568 48.21
y(13Dy) 249.7 2.815 266.7
yo(2*Po)  w(1°D)) 1143 3.021 39.33
he'P))  me(1'Dy) 5284 0.5996 12.54
3P-3S  y2(33Py) W (13S) 242.3 4.991 510.9
Y1(3*Py) 199.3 5.380 330.5
Yo0(33Py) 138.9 5.785 129.2
he3'Py)  L(1'Sy) 305.7 4.090 689.0
3P-2S y2(33Py) W (13S) 711.3 0.3606 67.49
x1(33P) 673.0 0.09766 4.192
Yo(33Po) 619.2 0.3628 45.06
he3'Py)  n.(1'S¢) 783.6 0.5514 210.9
3P—=1S  2(33Py)  w(13S) 1246 0.1244 43.18
Y1(33P) 1213 0.01131 0.3290
xo(33Py) 1167 0.1469 49.39
he3'P))  n.(1'S)) 1356 0.2321 193.6
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Table 4.5: Partial widths of, c¢ E1 radiative transitions from P states (continued).

Initial state  Final state  E,(MeV) | (f|r|i)]| . (keV) Lexp(keV)
3P-2D  y2(33Py)  us(2’D3) 213.0 4.014 377.1
Y2(23D5) 239.1 2.474 36.20
Ww(23Dy) 268.9 3.299 6.101
Y1(33P)  ya(2°Dy) 196.1 2.474 19.97
w(23Dy) 226.2 3.299 3.632
yo(33Py)  w(2’D)) 166.1 3.299 1.438
he(3'P))  me(2'Dy)  207.8 4.755 585.0
3P=1D  x2(3°Py)  ys(2°D3) 658.5 1.426 1406
Y2(2°D5) 683.8 0.2001 5.567
w(23Dy) 713.2 0.2456 0.6309
Y1(33P)  ya(2°D») 645.2 0.1718 5.714
Ww(23Dy) 674.9 -2.815 5270
Yo(3*Py)  w(2°Dy) 565.1 1.603x1073  1.338x1073
he(3'P))  me(2'Dy) 6552 1.322 1418
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Table 4.6: Partial widths of, bb E1 radiative transitions from P states.

Initial state  Final state E,(MeV) (f|r|i) Iy (keV) Lexp(keV)
IP=1S o (13Py)  J/W(13S)) 4416 1.223 46.43
x1(13P)) 423.0 1.233 41.45
Yo(13Pg) 391.1 1.242 33.25
he(1'Py)  n(1'Sg) 4302 0.03314 0.03153
2P—2S  x(23Py)  w(23S) 242.5 1.260 8.153
Y1(3*P)) 229.6 1.241 6.782
xo(33Py) 207.1 -1.219 4.755
h.3'Py)  1.(2'S)) 296.6  -0.3909 1.438
2P—-1S x(23Py) W (13S) 776.5 0.2132 7.670
x1(23P)) 764.3 0.1755 19.84
xo0(23Py) 743.1 -0.1236 4.960
he2'P))  n.(1'Sg) 932.8  0.06485 1.231
2P—1D  x2(2Py)  ys(13D3) 173.5 0.3933 0.4895
Y (13D5) 66.28 0.38 0.003480
w(13Dy) 194.2 -0.1294  0.8835x1073
Y1(2°P)  yn(1°Dy) 157.8 -0.1246 0.01099
Ww(1°Dy) 91.35 -1.6216 1.084
yo(2*Po)  w(1°D)) 157.8 0.1187 0.03993
he'P))  me(1'Dy) 170.6 0.4167 0.6213
3P-3S  v2(33Py)  w(13S) 217.8 -1.161 20.07
x133P)) 206.0 1.304 21.44
xo0(3°Po) 190.3 1.313 17.13
he3'Py)  n.(1'Sy) 2334 1.364 34.13
3P-2S  xa(3%Py) ¢w(2%S) 644.5 0.2518 5.018
Y1(3°P)) 633.2 0.6832 42.70
Yo(33Py) 618.1 0.1455 1.801
h.3'Py)  1.(2'S)) 667.9 0.2922 9.165
3P=1S  y2(33Py) W (13S) 1227 0.09697 6.258
Y1(33P)) 1216 0.07465 3.613
xo(33Py) 1202 0.04686 1.375
he3'P))  n.(11Sy) 1281 -0.1242 11.68
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Table 4.7: Partial widths of, bb E1 radiative transitions from P states (continued).

Initial state ~ Final state E,(MeV) (f|r|i) Ty (keV) Tepp(keV)

3P—2D x2(3*P2)  ys(2®D3)  157.83 07177 4.905
Y2 (23Dy) 166.7 0.7097 1.009
w(2°Dy) 175.6 0.7014  0.07674

Y1(33P)  ¥r(2Dy) 154.9 0.7097  0.8092
w(23Dy) 163.7 0.7014  0.06228

yo(33Py)  w(2®Dy) 148.0 0.7014  0.04596

he(3'P1)  me(2'Dy) 157.8 0.9487 10.20

3P=1ID  x2(33Py) w3 (23D3) 5464  0.05374  1.141
Y2(23D5) 5559  -0.07087 0.3731
w(23Dy) 566.3 0.3126 05116

x1(33P)  ya(2°Dy) 645.2 -0.1718 5.714

w(23Dy) 554.9 -0.1611 9.589
yo(33Py)  w(2°Dy) 539.7 0.02063  0.1930

he(3'P))  me(2'Dy) 5464 -0.05250  1.297
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Table 4.8: Partial widths of, c¢ M1 radiative transitions.

Multiplet Initial state ~ Final state  E,(MeV) [{f|i)| Ty.(keV) Lexp(keV)
1S JP3S1)  n(11Sg) 1144 09677 3.736 1.6+0.4
28 w238 n.2'So) 4876  0.9523 0.2801 <0.2

n:(1'S o) 6382  0.1116 8.623 1.0£0.2
7.2'Se)  J/PA3S)  500.0  0.1289 16.60
3S Ww(33S 1) 7:3'S o) 92.15  0.2507 0.1310
7.(2'S ) 382.0  0.1613 3.862
7:(1'S o) 920.0  0.1071 23.79
n3'So)  Ww(23S) 3375  0.2135 14.00
J/P(3S) 8322  0.09521  41.75
1P he(1'P))  ya(13Py) 1472 0.9991 8.477x1073
xeo(13Pg) 108.9  0.9804 1.103
yo(I3Py)  h(1'P)) 30.66  0.9985 0.0765
2P he2'P)  yxa(@®P)) 2190  0.2875 2.309x1073
yoo(2’Py) 9724 02756  0.06200
yeo(13P) 5007  0.04576  1.167
yet(13P) 5509  0.04534 09156
yo(1’Py) 6369  0.07005  1.125
Yo (2’Py)  h.(2'Py) 27.50  0.2957 4.844x1073
he(1'P}) 5524  0.04389  0.8648
xe1(2’P)  h(1'P)) 509.3  0.03689  0.4785
Yoo(2’Po) ke (1'Py) 441.8  0.04493  0.4635
1P Y(1'Dy) Y(13Dy) 6.994  0.9999  0.9109%x1073
w(13Dy) 36.82  0.9493 0.1198
W(13D3) W(1'Dy) 19.95  0.9993 0.02111
2D Ww(2'D») W(23D») 4997  0.9998 0.3322x1073
w(23Dy) 2592 09944  0.02752
Ww(1°D3) 4643  0.03212  0.3850
(13 Dy) 4882  0.009423 0.02752
w(1°Dy) 5145  0.05644  0.6932
W(23D3) Ww(2'Dy) 27.50  0.9981 0.05520
w(1'Dy) 5524  0.04389  0.8648
W(23Dy) Y(1'Dy) 509.3  0.03688  0.4785
Ww(23Dy) Y(1'D») 441.8  0.04493  0.4635
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Table 4.9: Partial widths of, bb M1 radiative transitions.

Multiplet Initial state  Final state  E,(MeV) |(f|i)| Iy.(keV) Lexp(keV)
1S T3S mp(1'So) 69.14  0.07639  0.09733x1073
28 Y2385  m2'So) 31.95  0.9978 1.638x1073
(118 o) 6122  0.07053  0.05755 0.013+0.006
Sy YA3S) 6552 0.07383  0.2320
3S T33S1)  m(3'So) 92.15  0.2507 0.03275
(218 0) 2298 03173 0.06160x1073 <0.013
m(1'Sg) 46621  0.03698  0.006988 0.010+0.002
m(3Se)  Y@23S) 4135 03164 1.071
T3S 1) 1009  0.03443  0.1844
1P hy(1'P))  xpi(13P) 8996  0.03677  0.0497x107°
xo(IPPo) 3992 0.03449  1.272x107°6
(3P hy(1'P)) 2198  0.03856  0.7960x107°
2P hyR'P))  xp1(2°P)) 5998  0.1528 0.2540x1076
2Py 2697  0.1627 0.008725x1073
y(13Py) 4469  0.08379  0.0527
xoi(1’P)) 4679  0.08008  0.03315
yo(13Py) 4975  0.07529 0.01173
Y (23P))  hy(2'Py) 5.998  0.1684 0.3085x107°
hy(1'P)) 2697  0.08251  0.006732x1073
yp1(23P)  hp(1'Py) 453.6  0.08103  0.0309
yo(23Py)  hpy(1'P)) 4335  0.07926  0.02583
1D Y(A'Dy)  T(1°D») 3.000  1.000 1.361x1076
Y(1°D;) 36.82  0.9493 0.02995
Y(13D3)  T(1'D») 6.998  1.000 0.01728x107°
2D Y2'D,)  T(@23D») 2.000  0.09863  0.03925x107°
Y(23Dy) 25.92  0.9944 0.006880
Y(13D3) 387.6  0.01357  0.7575x1073
Y(1°Dy) 397.3  0.004793 0.7265x1073
Y(1°D;) 407.8  0.04187  0.003598
Y(23D3)  TQ2'Dy) 7.000  0.1684 0.490x1076
Y(1'D,) 401.1  0.08251  0.02216
Y(2’D,)  T(1'D») 3925 0.08104  0.02000
Y23D))  T(1'D») 383.8  0.07926  0.01791
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CHAPTER 5

CONCLUSION

In this work we investigate the Charmonium and Bottomonium spectra and radiative decays

using the basic assumptions of the quark model.

We adopted the hypothesis that spin dependent potentials are attributable to the short distance
part of the potential. For the short distance part, assuming that the perturbative approach
works, we have derived the Coulomb interaction and a relativistic correction to the first order,
the Breit Interaction. By making a non-relativistic reduction via Foldy-Wouthuysen trans-
formation we extracted spin-dependent potential from one gluon exchange and explained the

physical meaning of the various parts of the potential.

Furthermore we present our method of using 3D harmonic oscillator solutions to diagonal-
ize the derived Hamiltonian therefore obtaining the masses and wavefunctions of ¢¢ and bb
mesons. Using these wavefunctions we also calculate the partial widths of the radiative E1

and M1 decays.

Finally we present the results of our analysis for the spectrum of Charmonium and Bottomo-
nium and the fitted values of the parameters, m., mp, o, ag. We also give plots of the radial
wavefunctions for some Bottomonium and Charmonium states. For the bb the predicted mass
values agree well with the experiments whereas for c¢¢, our model fails to predict the spec-
trum precisely. By comparing with the experimental and lattice results we comment on the

shortcomings of our method.

All in all we believe that, this study was beneficial in investigating the fundamental assump-
tions of the Quark Model and setting up a crude model for the Charmonium and Bottomonium

systems that can explain the fundamental properties of the spectrum. For a more detailed
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analysis, a relativized approach together with a procedure to take BB and DD thresholds into

account must be followed.In such a scheme consideration of light quarks would be possible.
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APPENDIX A

FOLDY-WOUTHUYSEN TRANSFORMATION

We start with a Dirac Hamiltonian for two particles with an arbitrary potential, V,
H=d -p'+o" -p" +p'my+p'"my+v (A.1)

The Dirac matrices are 16 x 16 matrices, o’ and 8/ operate on the spinor space of the first

particle anda’! and 8! operate on those of the second particle, with elements given as,

@jpix = @) )k, B jesx = B )k (A2)

©®) @k, BN jex = ) xBHIx (A3)

11
(@) jrax

Therefore the commutation relations are of the form,
Il 1311
(@™ = B = Lexie (A4)

(@) kx> @) w1 = 200 (6) 17 (8) ;7 (Dkxe (A.5)

IaD . plID mixes states with negative and positive energy of the

Note that the operator
157(2"), which is the result of the relativistic nature of the Dirac equation. In order to obtain
a non-relativistic equation we need to remove this mixing. We identify such operators by
considering their commutation with 8/ and 8/. We label the operators as EE (even-even) if

they commute with 8/ and !/, OO if they anti-commute with both 8! and 8/, and EO(0€) if

they commute with 8/(3!") and anti-commute with 8//(8), i.e,

[00.8']; = [00,8'], =0 (A.6)
(68,81 = [86,8'1=0 (A7)
[£0,8"], = [0&,8'1. =0 (A.8)
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[£0,B8'1 = [0&,8"]1 =0 (A.9)

Note that EE operators do not mix negative and positive energy solutions of the neither 1%
and 2" particle whereas OO mix both and O&(EQ) mix only the negative and positive energy

solutions of the 1%/(2"?) particles.

The idea behind the Foldy-Wouthuysen transformation is to make a unitary transformation,

Y =Sy (A.10)
so that in the transformed Hamiltonian,
Ogr = D (iswy= o5 L = S = S He S 65w = 'Y (A.11)
ot ot ot '
H =eSHe™ (A.12)

the operators that result in mixing only contributes to the in the order 1/m®*. Determination
of the operator S in the case of one particle is very easy: First one expresses the transformed

Hamiltonian as series expansion

H'=H+i[S,H]—%[S,[S,H]]+—— (A.13)

then requires the transformed Hamiltonian not to include the operators that mix negative and
positive energy solutions at the first order. Therefore for a general case of Hamiltonian for
one particle,

H=E+0+pm (A.14)

one chooses § = —i0/m so that the transformed Hamiltonian includes the odd operator only

at second order (1/m?). For the case of two particles
H=8&8+08+E8O0 +00 +B'my + B my; (A.15)

the transformation is given as[11],

! 11 B 2, B B » B
ﬁlﬂ”

+$ [[0&,EE],08] + é [[EO0,EE],08] + [[0&,00], ,0€&],

m; m; 4mp —myg
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for particles with different mass, m; # my;. But for the case of equal masses obtaining S is
a formidable task and the resulting tedious formula can be found at [11]. At first sight one
might think that the formula given above can not be used for our case where the Hamiltonian

is given by,

Hp = H; + Hyj; + Ug(r) (A.17)

where, in CM coordinates,
Hi=a -p'+8my=a -p+p'm, (A.18)
Hy =o' pl! +/3"mq = p +/3"mq (A.19)

a' - al! N (@ -ri)@’ - rp)

2 2r3

4 1
Up(r) = ~Ga)T |- (A.20)
r
But a clever observation by [1] makes the above formula usable. The reasoning follows as,
since we are interested in separating negative and positive energy solutions, we might as well

do the separation in the beginning using the projection operators

E;+H En+H
A== A ZH T (A.21)
- 2E1 - 2E1[
where
E;= m? + p? E; = m%l + p? (A.22)

In [11] this observation is made rigorous by considering, instead of our starting Hamiltonian,
the Hermitian part of the three-dimensional Bethe-Salpeter equation written in coordinate

space given as,

HY¥(r) = (H, + Hp + % [{ALAY = ALATY, HB(r)L)‘P(r) = E¥(r) (A.23)

We now evaluate the anti-commutator of Up(r) with the projection operators. Noting that

(Er+H)(Ep +Hy)  (Er — Hp)(Ep — Hip)

ALATT AT AT (A.24)
E[E]] EIEII
_ E;Hy N E/Hy; (A25)
E/Ey  EjEp
H, H
= E_j + E—Z (A.26)
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therefore,

IXTINOV/ NN/ 1 |Hr  Hpy
5[{A+A+ —A_A_},HB(r)]+ =1 E—]+E—H,H, ) (A.27)
+l [& + ﬂ,H,] (A.28)
21E; Ep N
1H H
+= [—’ + = UB} (A.29)
21E;  Ejp +
Now observe that, for example,
H H
[#ﬂﬂ4 = | —=—.H®) (A.30)
1 + m? + p )
L |, (py 1(P\
-1 H(—)——(—) +. . H A3l
mo | =30 l(r)+ ( )

where we have expanded in the powers of % But we are only interested in the terms up to
order (%)2, therefore discarding the higher order we arrive at.

H, 1

—,H;(r)| ~ —=|Hp,H/(r A.32
[E1 1( )L ) [H;p, H(r)], (A.32)
Carrying out a similar analysis in all terms, we compute the commutation of Hg and positive

and negative energy projectors, up to order 1/m?, which is given as,

1
Hy+Hyp + 5 [{ALAY = ALAY) Hp(r)|, = &8+08+00 (A.33)
where,
€ € 1
es= S +pM — (5 + 8N\ 2 A34
E= 5B - ga B8P 7| (A34)
1 1
8 r|, 8m r
€ r(@ -r)
< |y A35
8m r L (&.33)
. I,
LIS PG (A36)
8m o,
1 1
&0 = —czn-p—eﬁ[” ,—] ol [p,—]
8m r|, 8m
€ r(a! -r)
- A.37
ol (A37)
. I.
€ it oy, F@ D) (A38)
8m B,



Now Substituting above terms in Eqn[A.16] gives the desired Breit-Fermi interaction terms.

4 a;
Hgp = —-2 (A.39)
3r
2 4
P> p
2 r _r A.4
m = (A.40)
2 ay (p? .p) -
20 (0 xrop)p on
3m§ r r3
4 ay
2% 51+ s, s, (A42)
3 3
22 ((S1+82) - L) (A43)
m,r

q
+‘_L @ (3(51'1‘)(52'1’)
3mir3

-S;- Sz) (A.44)
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APPENDIX B

TENSOR INTERACTION COEFFICIENTS

In this part given the tensor interaction

4 @y (.(S1-1)Ss-
Viensor = 3 at 3( 10 r)—Sl'Sz (B.1)
3mir3 r?

we are interested in evaluating matrix elements of the tensor interaction coefficients,

<3W—81-Sz> - (T (B2)
Noting that,
S0 = S +S2-1)*+2S2-1)S) 1) (B.3)
= %(a'l-r)2+%(o-z-r)2+2(S2-r)(Sl-r) (B.4)
= %r2+2(82-r)(81 1) (B.5)
and
1
Si-S, = E(SZ—S%—Sg) (B.6)
_ Lo 3
= 2(S 2) B.7)

We obtain the coefficient in terms of the total spin operator.

1(,S1)? _,
E(3r—2—s) (B.8)

In spherical coordinates the total spin matrix is given as,

S=8,+8,9+S.2 r=r(sinfcos@pX+ sinfsin ¢y + cos 62) (B.9)
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Therefore the scalar product is,

(S-r?
2

Sisinzgcoszqﬁ +S§ sin” @sin® ¢ +S§ cos’ @
+(S xSy + 8,8 ) sin® § cos ¢ sin ¢
+(8,S,+S.5,)sinfcosfcos ¢

+(8,5;+S5;.S,)sinfcosfsin¢

(B.10)
(B.11)
(B.12)

(B.13)

We are interested in finding the matrix elements in the (j,/, s,m; |basis, which can be ex-

pressed as,

P

X, Los,mj | U',my, S',m§>{(l’,m}, s mi | T |17, m), s >} W my s m | L s,my)

(B.14)

where the summation is over primed and double primed states. Evaluating the matrix elements

in the curly brackets and expressing the various combinations of sine and cosine terms in terms

spherical harmonics, we find,

Uty o' | Tia | 1) =

2
c++( 3”)<l’ ml, s, | YU s 2

2n
+o__ (? ' smy, 8", ml | Yl1 |17, m), s ,m —2)

27T ’ ’ ’ ’ — 142 7’ ’” ’’ ’”
+(?)<z omp sl | (=co¥ Y]+ 2m(Y)) |1 m) s )

2\/_7r

+cy Qm + O m), s ml, | YUY 1 m) s ml + 1)

2\/_7r

+

Qm - O m), s ml, | YY1 m) s ml = 1)

s

where coeflicients arising from the action of raising and lowering operators are,

Cis = \/(]W _ m//)(j// +m’ + 1) \/(]W —m" - 1)(]// +m” + 2)

= \/(j" +m = D —m" +2) \/(ju TG —m" + 1)

cy = \/(‘]‘// _ m//)(j// —m" + 1) c. = \/(j” + m//)(j// —m" + 1)
co =2(j"(G" + 1) =m")
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(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)
(B.23)

(B.24)



To evaluate the spherical harmonics together with the inner product of | Im;) states we use the

3jm symbols to evaluate the integral between the products of three spherical harmonics
f Y YIRS sin 0d6de _

ll lz l3 11 lz l3
Nz(ll,lz,l3)[ ][ ] (B.25)

0 0 O mp mp mj
where,
[ hoRon ] = CDEE oz | s = ms) (B.26)
mp; my mj 2j3+1
and
Ny b, Is) = QnL + 1)(211; D25 +1) (B.27)

Therefore for example the first term gives

2
Con (?ﬂ)(l',m;, Sl | YT m s+ 2) (B.28)
271' ’ ’ -1 124 ’7
e o A A LT T e (B.29)
2r gy
:C++ ? Yl, Yl Yl,, Sln9d9d¢ 63',s”6m§,m§'+2 (B.SO)

20 r 10 14 1 1
=ce |3 No(ly, 1, I3) Ot 5 Ot !t +2 (B.31)
0

0 0 —m; -1 m;’

Next the remaining Clebsch Gordon coefficients are expressed in terms of 3 jm symbols, using

Eqn[B.26], which we will show only for the first term,

ro1 j r 1 0 4 1 ! 1
- Z (B.32)
N m; I —m; 0 0 O —m; -1 m;' m;’ -1 m;

Where we have used the orthogonality relation to deduce, m}/ = —m;. = —1. Using the
selection rules we obtain #i; = 1 — mj, and using the orthogonality relations by carrying
out the summations, and carrying out a similar analysis in all terms one finds that the tensor

operator has non-vanishing diagonal matrix elements only between L > (O spin-triplet states
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and its value is given by

I _
ey J=L+1
Si-nS-n L. 1/2 J=L
Trensor = 3% -8 Sj = @4 (B33)
+
T302i-D) J=L-1
0 L=0orS =0
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