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ABSTRACT

PERIODIC CRACK PROBLEM FOR AN FGM COATED HALF PLANE

Ince, Ismet
M.S., Department of Mechanical Engineering

Supervisor: Prof. Dr. Suat Kadioglu

May 2012, 123 pages

An elastic FGM layer bonded to a semi-infinite linear elastic, isotropic,
homogeneous half plane is considered. The half plane contains periodic cracks
perpendicular to the interface. Mechanical loading is applied through crack surface
pressure, resulting in a mode | crack problem. The plane elasticity problem described
above is formulated by using Fourier transforms and Fourier series. A singular
integral equation is obtained for the auxiliary variable, namely derivative of the crack
surface displacement. Solution is obtained, and stress intensity factors are calculated
for various values of crack period, crack length, crack location, layer thickness and
material gradation.

Keywords: Functionally Graded Material (FGM), Stress Intensity Factors, Periodic
Cracks, Plane Elasticity Problem
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YARIM DUZLEM UZERINE KAPLANAN FONKSIYONEL OLARAK
DERECELENMIS MALZEME ICIN PERIYODIK CATLAK PROBLEMI

Ince, Ismet
Yiiksek Lisans, Makine Miihendisligi Boliimii
Tez Yoneticisi : Prof. Dr. Suat Kadioglu

Mayis 2012, 123 sayfa

Bu calismada, elastik, esyonlii, homojen, yari-sonsuz diizlem {iizerine baglanan
fonksiyonel olarak derecelenmis elastik bir malzeme katmani modellenmistir. Yari-
sonsuz diizlem, arayiize dik periyodik c¢atlaklar icermektedir. 1. mod catlak
problemine neden olan catlak yiizey basinct yoluyla mekanik yiikleme
uygulanmaktadir. Yukarida ifade edilen diizlem elastisite problemi, Fourier
dontisiimleri ve serileri kullanilarak formiile edilmektedir. Yardimci degisken, yani
catlak yiizey yer degistirmesinin tiirevi i¢in bir tekil integral denklemi elde
edilmektedir. Coziim bulunduktan sonra gerilme siddeti faktorii, cesitli ¢atlak araligi,
catlak uzunlugu, catlak konumu, katman kalinlig1 ve malzeme dereceleme degerleri

icin hesaplanmaktadir.

Anahtar Kelimeler: Fonksiyonel Olarak Derecelenmis Malzeme, Gerilme Siddeti
Carpani, Periyodik Catlaklar, Diizlem Elastisite Problemi

Vv
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CHAPTER 1

INTRODUCTION

FGMs are multifunctional materials exhibiting spatial variations in
composition and microstructure. They are produced for their superior thermal,
structural or functional proporties. Generally, they are a combination of ceramic and

metallic materials as seen in Figure 1.1.

| Metallic phase CRCRCRCRCRCRCRCRCRC RN
“'le CIRC IR R0 0 IRC C NG IR RGN N

ceramic inchusions 0000000000000 0 TR,

\*-Ceramlcinclusbn
CRCRC N IC I JRC IR N IR I Y

Transition region
b) Discretely graded microstructure
"\ — Ceramic matrix
Ceramic matrix
. T II..O....L‘
OOOOOOOIIOI‘ = Inclusion
fonmen 00000000009 "'
00000000000 " Inclusion

phase 2

a) Continuously graded microstructure c) Multi-phase graded microstructure

Figure 1.1: Different microstructures of an FGM (Aboudi et al., 2001)



Metal ceramic FGMs are first proposed as thermal barrier coatings. On one
hand, metals have high toughness but a relatively low melting point and the strength
of metal is reduced when it is in a high temperature environment. On the other hand,
ceramic materials have excellent characteristics in strength and heat resistance but
they have low toughness. To solve this problem, FGM coating was proposed in Japan
around 1984-1985 during a space plane project. Thus, FGMs are created because of
many advantages like high resistance to temperature gradients, high wear resistance
and so on. There are a number of manufacturing processes to produce such materials
such as physical and chemical vapor deposition methods. In today’s world, there are
many applications of FGMs. For instance, rocket engine components,
microelectronic applications, heat exchanger tubes, complex shaped automotive
parts, nuclear reactor components etc. are produced from FGMs to withstand severe

operating conditions (Ruys and Sun, 2006).

1.1 Literature survey

There have been many research studies on cracking of FGMs since the late
80's until very recently. Here, mostly periodic cracking problems and some single
crack problems relevant to the problem considered in this thesis will be briefly

reviewed.

In the following, studies about periodic crack problems for homogeneous and
nonhomogeneous media are given first. In these studies both analytical and
numerical methods have been employed. Periodic array of cracks in a homogeneous
half plane subjected to arbitrary normal crack surface tractions was studied by using
a hypersingular integral equation in Nied (1987a). In Bao and Wang (1995), multiple
cracking of FGMs was analyzed under mechanical and thermal loading by finite
element method. In Erdogan and Oztiirk (1995), a hypersingular integral equation

was used for the antiplane problem of a homogeneous half space with an FGM
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coating having periodic cracks perpendicular to the surface. In Choi (1997),
considering mode | and mode Il loading conditions, the periodic array of parallel
cracks in an infinite FG medium was analyzed. A hypersingular integral equation
was derived for each loading mode and SIFs were found as functions of crack
surface displacements for different values of the material nonhomogeneity. In
Schulze and Erdogan (1998), using Fourier series and Fourier transforms, periodic
cracking of an elastic homogeneous coating bonded to a homogeneous substrate was
considered. Apart from the findings on influence of length parameters on SIFs at the
crack tips, strain energy released during periodic cracking was studied. Afsar and
Sekine (2000) discussed the effect of crack spacing for a semi-infinite FGM plane
having periodic edge cracks where material gradation is implemented by introducing
an incompatible eigenstrain. Ueda (2002) studied graded layer bonded between a
homogeneous substrate and a homogeneous coating. The graded layer contained
parallel array of cracks perpendicular to the boundaries and the problem was
examined by finite element method considering temperature and position dependent
thermal and elastic properties for the materials. On the other hand, Rizk (2003)
considered a transient thermal stres problem for a homogeneous half plane having
periodic cracks and the problem was solved by using Cauchy type singular integral
equation. Rizk (2005) also studied an infinitely long plate with periodic edge cracks
under thermal loading. Using superposition technique, a hypersingular integral
equation whose unkown is the crack surface displacement was obtained and solved.
In Yildirim et al. (2005), FGM having cracks bonded to a homogeneous substrate
was examined. Surface cracks were assumed to be semi-elliptical and 3-D finite
element method was used to solve thermal and structural problems. Wang and Mai
(2005) investigated an infinite FGM plane containing periodic array of cracks under
mechanical and/or thermal loading. Crack closure problem was considered. Singular
integral equation was expressed with crack contact length as an unknown variable.
Numerical results were obtained for SIFs and crack contact length as functions of
crack spacing. It was shown in this study that SIFs have a strong dependence on the
non-homogeneity parameters in addition to loading conditions. Furthermore, the
3



same crack geometry was considered under transient loading in Wang and Mai
(2006b). In this case, singular integral equation was derived by taking mode | and
mode 1l loading conditions into account. Numerical results for mode | and mode Il
SIFs are presented and it is observed that in the case of multiple cracking, different
loading modes exhibited different characteristics. Mode | SIF was decreased by
multiple cracking but mode Il SIF was increased. Wang and Mai (2006a) also
considered periodic antiplane cracks in graded coatings under static or transient
loadings. The results showed that stress and SIF can be decreased by increasing
crack density. Chen (2006) studied FG coating on a substrate containing periodic
array of parallel cracks. Hypersingular integral equations were obtained to solve the
static and dynamic anti-plane problem by using Fourier transforms and series. In Dag
et al. (2008), a three dimensional finite element method was proposed to solve
periodic surface cracking problem in a FG coating under thermal stresses.
Temperature and displacement fields were calculated from finite element analysis
and mode | SIFs were found by means of the displacement correlation technique.
Ding and Li (2008) analysed an FGM coating on an elastic substrate, the coating
containing either a single crack or an array of periodic interface cracks under
antiplane shear loads. Cauchy type and Hilbert type singular kernels were used for
the single and the periodic crack problems, respectively. Finally, SIFs were
compared between single and periodic crack cases and results showed that the
magnitude of the SIF decreased with an increase of material gradient, thickness of
homogeneous substrate and coating. Jin and Feng (2008) develeoped a thermo-
fracture mechanics model for FG ceramics having multiple surface cracking to find
the effect of cracking under thermal shock. In Jin and Feng (2009), parallel edge
cracks with alternating lengths in an elastic plate under thermal shock are considered.
Integral equations were derived by using Fourier transform method and numerical
solution was carried out for thermal stress intensity factors. In these last two studies,
materials are assumed to have variable thermal but uniform elastic properties. Two
recent studies where a single crack in an FGM layer has been considered are as
follows: El-Borgi et al. (2008) considered a surface crack of an FGM bonded to a
4



homogeneous material under thermal loading by using orthogonal Jacobi
polynomials to calculate SIFs. In Noda and Guo (2008), by using perturbation

method, fracture behavior of FGM containing a surface crack is studied.
From this literature survey, it is seen that,

e periodic cracking problems are encountered in a number of important

technological applications, especially those involving thermal shocks,

e such problems can be dealt with analytical singular integral equation or

numerical (finite element) methods,

e to help predicting the fracture behavior, SIFs can be found as functions of

geometric and material parameters,

e and knowing the general trends for SIFs, coatings can be tailored to resist

fracture better.

1.2 Scope of the study

As one can observe from the literature survey, existing studies mostly
addressed the cracking of FGM coatings which is likely to occur during a cooling
thermal shock. Such a situation arises during the manufacturing of FGM coatings
while their temperature drops to room temperature from processing temperature. On
the other hand, during a heating thermal shock the stress state in the coating becomes
compressive and the stress state in the substrate becomes tensile as shown in Figure
1.2. This might cause cracking of the substrate. Furthermore, crack closure might
also occur at later stages of the surface heating. This type of problems involving sub-
surface cracking have received relatively less attention. There are a few examples
such as Nied (1984) and Nied (1987b) for homogeneous materials, but to the best of



author's knowledge, the problem of periodic cracking underneath an FGM coating

has not been addressed so far.

In the current study, there is an FGM layer coated to homogeneous semi-
infinite half plane having imbedded periodic cracks. Crack surface pressure is
considered to be the only loading. This is opening mode so only mode-I problem is
considered. For solving the problem, Fourier transform integral equation method is
used. A cauchy type singular integral equation is formulated in terms of an auxiliary
function (derivative of crack surface displacement) by using homogeneous and
mixed boundary conditions. The main objective of the study is to examine the effect
of crack period, crack length, crack location, layer thickness and material gradation
on SIFs. Uniform, linear, quadratic and cubic variations of surface pressure is
considered. By appropriately combining SIFs for these cases, one can obtain SIFs for
different loading conditions such as thermal shock. This requires solution of
conduction and thermal stress problems for the crack free medium which is beyond

the scope of this thesis study.
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CHAPTER 2

ANALYSIS OF THE PROBLEM

2.1 Formulation of the crack problem

The geometry of the elasticity problem is shown in figure 1. Homogeneous
subtrate containing periodic cracks is bonded to a FGM coating. It is assumed that a
crack surface pressure is applied resulting in a mode-I crack problem. To solve the
problem, the semi-infinite medium is separated into two parts. The first part is the
homogeneous substrate containing the periodic cracks and the second part is the

FGM coating. The shear modulus is assumed to be continuous at the interface.



po(ontheﬂsurface)

> J.
FGM Coating I
Homogeneous Vili a ro
Substrate b (at the mtertace)
o
c
X

Figure 2.1: Geometry of the problem

For the first part as seen below, by using superposition technique,
homogeneous substrate is examined in two parts. In the upper part, strip solution
with symmetry boundary conditions containing a crack on the boundary and in the
lower part, periodic half plane without any cracks are described. The elasticity
solutions (i.e. stresses and displacements) for these domains which contain arbitrary
functions can be found separately. After finding these distinct solutions,
homogeneous substrate solution with periodic cracks can be obtained by superposing
them. In this process, the arbitrary functions are determined such that the overall

solution satisfies the required overall boundary conditions.
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Figure 2.2: Superposition procedure

Material properties are actually constant throughout the homogeneous part

but in the FGM coating shear modulus is given as
1(X) = ™ for 0<x<h, (1)

- = 1 e
wy = u(h) = pe” for h<x, (2)

where £ is non-homogeneity constant.

3_Vfor

Kolosov constant is defined as x =3—4v for plane strain and x = {
+v

plane stress. Here vis the Poisson ratio and it is taken as constant.

2.2 Formulation of homogeneous halfplane containing periodic cracks
According to Hooke’s law, stresses may be expressed in terms of the

displacements as follows:
10



_ M L PN
o, (X, y)= ((K+1)6X+(3 K)ay)' (3)

(1)

M N a_ yOU
0y (1Y) = g (D T3 3, (4)
axy(x,y)m(%”%). (5)

Stresses given in equations ((3)-(5)) must satisfy equilibrium equations which

are written below in the absence of body forces:

0
oo, N T _ 0 ©)
OX oy
0 0
Oy + Oy —0. (7)
ox oy

Substituting (3), (4) and (5) into (6) and (7), one can obtain:

2 2 2
k)Y e ZU 29V g (8)
ox oy2  * oxdy
2 2 2
)Y eV 298 o 9)
ox oy°  * oxdy

A solution which has the capacity to satisfy equations (8) and (9) as well as
the boundary conditions can be assumed in the following form (Schulze and
Erdogan, 1998).

u(y) =5 [U(y. p)e™d o+ 2, (1., )cos(yar), (10)
V) = [Vily. e d pt 3V, (i )sinyar) (12)
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where o, = nT” forn=0, 1, 2,... (12)

In (10) and (11), the Fourier integrals represent the strip solution and Fourier
series represent the crack-free periodic half plane solution, which are shown in

Figure 2.2.

Substituting equations (10) and (11) into (8) and (9), one can obtain:

1 5 o°U .oV,
27 1 &P+ D S22 o
= ) o°U oV =
Z(;{(K‘+l) 6X22 —(k-De,’U, + 20, 8_)(2}C08(yan) =0,
1 5 oV, .. oU
27 1 & DEP N+ (4 L3 -2 o
s y y (14)
Z(;{(K‘—l) a@xzz —(k+Da,V, - 2a, %}Sin(yan) =0.
From equations (13) and (14), one can obtain four differential equations:
2
(-1 T (11020, ~2ip D 2, (15)
oy oy
o’V oV,
(x +1) 6x22 —(x-Da,U, +2a, 8_)(2 =0, (16)
2ip s e D -y, =0, (17)
oy oy
2
—2a, Y, +(x-1) aaVZz —(k+1a,V, =0. (18)
X X

12



These ordinary differential equations are simplified by introducing operator,

d d?

D=— and D? :d—z. Equations (15), (17) and (16), (18) or two sets of ordinary
y

dy

differential equations and hence they are separately studied. For equations (15) and

17),

(x—1)D?* = (x +1) p* —2ipD |:U1:|_|:0j|
~2ipD (x+D)D° —(x-1p* ||V, | |0]

Determining the determinant of the coefficient matrix, A,
A =(x*-D(D°-p*)"

The equations for U, and V, can be uncoupled. Then,
AU, (y, p) =0,
AV (Y, p) =0.

Assuming a solution of the form e™, one obtains:
n =g,

n, :_|P|-

There are double roots, therefore the solutions are as follows:

V,(y, ) = A(p)e ™ + A, (p) ye ™ + A(p)e™ + A (p)ye”,

U,(¥,0) =Bi(p)e™" +B,(p)ye ™ + By(0)e"” +B,(p)ye"".

Alternatively, one can express U,(p, y) as

U, (y, ) =m A (0)e ™ +m,A (0)ye ™ +mA (p)e”” +m,A, () ye”.

13

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)



A (p) and B (p) are unknown functions and they will be determined after
boundary conditions are prescribed. On the other hand, m;, m,, m, and m,can be

determined by putting (25) and (27) into (15) or (17). And thus,

m =i %Rl 28)
PA  p
m, =isgn(p), (29)
msz_i’f_AA_iH, (30)
pPA  p

m, =—isgn(p). (31)
Then, expressing A, (p) and B, (p) in terms of each other:

B, = —i/ci+isgn(p)A_L, (32)

Yo,
B, =isgn(p)A,, (33)
. A .
B, = —ix——isgn(p)A,, (34)
Yo
B, =-isgn(p)A,. (35)
or,
. . B
A =-isgn(p)B, —ix -2, (36)
o,
A, =-isgn(p)B,, (37)
. . B
A, =isgn(p)B, ~ix ", (38)

14



A, =isgn(p)B,.

can be obtained. Now, expressing U,(p,y) and V,(p,y) in terms of

obtains

U, (v, p) =Be ™ + B ye " + B + By,

Wity )= 2B, 4i% 8o il e
p p p

(i lel B,+i~B,)e + (i Lol B,)ye".
ol

Similar procedure is employed for equations (16) and (18),

(x+1)D° - (k -1)e,’ 2a,D U, _H
20.,D ~(k-)D*+(k+Da,2 ||V, | O]

by determining the determinant of the coefficient matrix, A,

A, =(x*-1)(D* - a,’)*

One can uncouple the equations. Then,

AU, (X a,)=0,
AN, (X, a,)=0.
There are again double roots and by definition ¢, >0:
U,(X,«,) =Ce ™ +C,xe ™ +C,e"* +C,xe™",
V,(x,a,) =De " + D,xe " + D,e”* + D,xe™”".

Expressing C,(«,)and D, (e,) in terms of each other:

15

(39)

B,(p) one

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)



D,=C,- ¢,
D,=C,,
D,=-C,-~C,,
D, =-C,

Hence,

U,(x,a,)=Ce “* +C,xe” ™ +C,e™" +C,xe™”,

V,(x,a,) = (C, —aicz)e-“nx +C,xe™ " +(-C, —a£c4)eanx —C,xe“™,

n n

Since in our problem, as x-—oodisplacements must be

C,(e,)=C,(a,) =0.
Then, the displacements can be written as:

U,(x,a,) =Ce ™ +C,xe ™",

V,(x,a,) = (C, —Ocﬁc2 +XC,)e ",

n

(48)

(49)

(50)

(51)

(52)

(53)

bounded,

(54)

(55)

Thus, the final form of displacements for the semi-infinite homogeneous

medium are expressed as follows:

1 7 i,
u(xy) = [ €7 " (B +Byy)+e” (B + Byy)dp

+Y e (Cy, + XC,yy ) cOS(Yar,),
n=0

16
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VoY) = [ L (|8 + kB, + y]o[B,)
2r |, p
+el (B, | p|-xB, +y|p|B,))d o) (57)

+267(Cyy == Cyy +XCy, )siN(yer,).
n=0 a

n

After defining displacements u(x, y) and v(x,y) in terms of unknowns B,
B,, B;, B,, C,, and C,, stresses can be obtained by putting (56) and (57) into (3),
(4) and (5) as follows:

-3) Ipl

0, (6 y) =4 {je'“ 8+ B, (py + L= ;

e+, (py - D ey }

+ Mze*anx[_zancln +C,, (—1+x—2a,x)]cos(, Y),
n=0

(58)
O'W(X, y):_ﬂ{jeipxyp[Blp_l_B (p y+(K+1) |,0|
x| 2
rBpe 48, (py- D e, }
+/uli e_anx[zancln + CZn (_3 —K+ 20£n X)] COS(O(n y)’
n=0 (59)
0,y (%) = ”{fe'“ "[-B,||+B, (( 2-yo)
o2Vl ( 2ylp|
+B;|p[e”" + B, (-——= +y|p|)e ldp
1Y e [-2,C,, +Cy (L+ K — 221, X)]siN(a, ).
— (60)

17



In the expressions above, B, B,, B,, B,, C, and C, are arbitrary
constants which will be determined from boundary conditions.

2.3 Application of boundary conditions for the homogeneous domain

Since crack is on the symmetry axis, displacements and stresses satisfy the

mixed boundary condition.

V(x,0)=0 for 0<x<a and b<x<oo, (61)
o, (x,0)=P(x) for a<x<b, (62)

Due to symmetry, following conditions are prescribed:

0,4 (%,0)=0 for 0 < x<on, (63)
v(x,c)=0 for 0< x <o, (64)
0,y (%)=0 for 0<x <o, (65)

From (56)-(60), one can observe that the unknown constants B, i=1,..4 can

be expressed in terms of an auxiliary function by using the boundary conditions (61),

(63), (64) and (65), without finding C,and C,. This can be done since the series

terms in v(x, y)and o, (x,y) vanish because of the sin(e,y)termat y=0 or y=c.

Now, the auxiliary function is defined for expressing unknowns as follows:

for 0<x<oo, (66)

9(x = %2

at y=0, g(x) is expressed as follows:

18



0 1 % i
909 = 5 (V0 0) == [ € (p[By+xB, ~[p[B, + xB)dp, (67)

taking inverse Fourier transform of (67),

- j e*g(x)dx = |p|B, + xB, ~|p| B, +xB,. (68)
from (63),
”je'PX( B|p|+B(—)+B |p|+B( “MVdp (69)

taking inverse Fourier transform of (69),
l-x l1-x
-B,|p|+B, (T) + By ||+ B4(T) =0. (70)
from (64),
je-px' (e %(p| B, +xB, + c|p|B,) — " p|B, ~xB, +c|p|B,))dp=0.  (71)

taking inverse Fourier transform of (71),

e ol lp| B, e (ke + c|o)B, —err p|B, +e® (x—c|p])B, =0. (72)
from (65),
H J'e"’x( B,|pe " +B,e" C‘p‘( c|p|)+Be°‘p‘|p|+Be°""( +c|,0|))dp 0. (73)

taking inverse Fourier transform of (73),

19



—Bl|p|e“”’+Bze‘°”(1_2 —c|p|)+Be°‘p‘|p|+Be°‘p‘( +C|p|) 0. (74)

Then, from (68), (70), (72) and (74) B,’s are written in term of auxiliary

variable, g(t):

j'e—ipt g(t)dt(1— K)(e—c\p\ _ eC\P\) —_4c |,O| g clA ))eC\P\

B, =~ (e—c\p\ _ec\p\)2(1+K)|p| (75)
2e°pie‘ptg(t)dt
B,=—7+" , (76)
(e -1+ k)
ie‘ﬂtg (£)dt(@-x)(e ¥ —e™!) —4c| ple))e
Bs =2 Z ' (77)
(6" ™)L+ x)|p|
—2e ™ j e g (t)dt
B, = =dlel _ gtlel
(e )(1+K) (78)

Thus, displacements and stresses can now be written in terms of this

auxiliary function as follows:

ip(x-t) ooy 2e20\,0\y
u(x, y) = {jg()je e e

e ((-1+ &) (~1+ ) — 4c| o))
(~1+e*)?|p| (-1+ e2°‘P‘)

—(—1 4 e2lPly(_ 2clp|
(14" (-1+ &) + 4ce |p|))]dpdt
(~1+e*F)2 ||

)+el(

(79)
+Y_e(Cy, +XCy,) cos(ya,),
n=0

20



e ‘p‘ 2e2c‘p‘y|p|

_ POl _
VoY) = (1 j 9(t) j e T )
. e“‘p‘ (14" (~1+ k) — 4c| p|))
(~1+ %12
TR S 2yl
(-1+e™7)  (—1+e”¥)
(14 ™)1+ x) + 4ce”™ | ) 1 et (80)
(~1+e%¥1y?
+ie’“nx(cm _£C2n + XCZn)Sin(yan)l
n=0 an
b ‘ =dlpl _ alel cel el
o (y)= {J I vt 2S9(P)E e(e )c,fz’;fiz)c Ve +ye™) g
e 2500(0)(e ™ —67) + 20((20 =) ke ) iy
(e*C\ﬂ\ ec\ﬂ\)
+Mie’“"x[—2ancln +C,, (-1+x -2, X)]cos(a, Y),
-0 (81)
b o ~clol _a%lely _ 9 peClAl
o, (Xy)=— {Ig(t) [ (g (Sgn(p)+p>g(_<ip_ Ci)z) cpe )
el _ gl clel
S0l (59N(p) - ”(ye)(fp ec,,)z) 20pe™), 4 pdt} (62)

+14, Y€ " [2a,Cy, +C,, (-3— Kk + 2, X)] c0S(cx, ),
n=0
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b © ~Cl| —clpl _ aclel
__ M ip(x-) v 208 —y(e " —e™) gy
Ty (%.Y) 7(l+x) {-! o )_-!; [ |p| (e—C\p\ _eC\p\)z

clel el _ atlel
_2|p|ey\p\ 2ce™ +y(e € )e‘“’]dpdt}

(efc‘p‘ _ eC‘P‘ )2

+,ulz e [-2¢,C,, +C,, 1+ k-2, x)]sin(e, y).
n=0 (83)

The remaning unknowns C,and C,should be determined by using the

boundary conditions at x=h.

2.4 Formulation of FGM strip

Now, formulation of the FGM strip is implemented considering Figure 2.3.

FGM
Coating

Figure 2.3: Geometry of FGM strip
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For the functionally graded material with varying Young’s modulus and

constant possion ratio, Hooke’s law can be written as:

7 (3= 20 (e 2@ K’E) (84
L, y)—%«ml) +(@- )—) (85)

- ou, ov, 86

ny_f (Xv y) - IU(X)(E—F&)’ ( )
where u(x) = 1, (87)

Equilibrium equations are as follows:

00, N oo

w_f _ 0,
OX oy
00, i . 0o, _o.
X oy

(88)

(89)

Substituting (84), (85) and (86) into (88) and (89), Navier equations for the

displacements are obtained as:

2 2
2 2
f
ay2

2

ov

2—! f - L=, (90)
OXoy OX oy
2 avf

2 =0. (91)
oxoy OX
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Then, the solution for displacements is assumed to be in the following form:

0, (% y) = U, (x ;) cos(ya, ),

n=0

v, (%) = YV, (x,ap)sin(ya, ),

n=0
nz
where o, = —.
c

Substituting (92) and (93) into (90) and (91),

o,
OX?

2 avf
-(x-Da, U, +20, —
OX

Zw:cos(yan)((zcﬂ)

oU,
+,B(K+1)F+,B(3—K)oznVf )=0,

oV,
OX?

ou
~(k+D)a, NV, —2a, —
OX

> sin(ya,)((x-1)

oV,
ACE VAR +ﬂ(K—1)§) =0.

(92)

(93)

(94)

(95)

(96)

In order to satisfy (95) and (96) for arbitrary values of x and y, each term in

the series must be equal to zero.

Then, the governing equations of the problem can be written as follows:

2

oU, ) oV, oU,
(x+1) —(x -, U, +205na—+,3(1<+1)a—+ﬂ(3—/c)0:nVf =0
X X

ox?

2

( 1)8\/f (x+1) A/ =2
K— —\K a 404
OX? "ot "0

24

ouU, oV,
-px-Da U, +p(xk-1)—=0
X OX

(97)
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This system of two differential equations are solved by introducing operators,

D=i and D? :—22.

dy dy
(x+)D?*+ B(x +1)D - (x — Ve, * 2a,D + B(3-K)«, U, _{0}
—2a.D-B(k-Da, (x—1)D*+ Bk -1)D—(x+De,? ||V, | |0 (99)

The determinant of the matrix in (99) can be found as
A, =(x*-1)(D*+2pD%+ (% -2a,”)D* - 22, D+, +ﬁ2an2(i’_—’()). (100)
+K

Now, equations can be uncoupled since AU, =A,V, =0.

By selecting e™for the solution of U, or V, the characteristic equation is

obtained.

(p*+2B8p° +(B* -2a,2)p* - 20, Bp+a, +a,’ B B=)yem o, (101)
1+x)

Since e™ =0, the multiplicative factor should be equal to zero.
Let this factor be CE(p) and it is written in the following form
CE(p)=(p*+Cp+D)*+F? (102)

where C, D, F are constants to be determined. The corresponding coefficients in
(101) and (102) must be equal to each other. Therefore,

C=45, (103)

D=-¢?, (104)

Fota oK. (105)
l+x
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Then by factorizing (102), the roots of the characteristic equation can be

found as follows:

po=-L 11 |5+ aa, +dia B[ 2% (106)
2 2 l+x
o,=- L1 g2 a0 dig p 3% (107)
2 2 1+«
IB 1 2 2 - 3_K
=L _Z B> +4a? +4i - -, 108
p3 2 2 ﬂ an anﬁ 1+K ( )
ﬁ 1 2 2 - 3_K
=—LZ_Z |8 +40 %4 —, 109
p4 2 2 ﬁ 0!” anﬁ 1+K' ( )
Thus,
U, =E (¢,)e™ +E,(«,)e™ + E,(«,)e™ + E,(a,)e™, (110)
V, =F(,)e™ +F,(a,)e™ + F(a,)e™ + F,(«,)e™. (112)

Substituting (110) and (111) into (98),

iepix[Ei (-2a,p, - f(k —Da,) + F (kD) p* + Bk D p, - (x +Dr,))] =0.  (112)

i=1

Then,

Ei — (K_l)(pi2+ﬂpi)_(’(+1)an2 Fi’ (113)
20, p; + f(x —De,

D)0+ 40) (k4 D)a”
20,,p; + f(x —Dar, (114)

0;
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p;, g;, E; and F, also depend on n through ¢, but they are written with sole

subscript i rather than with two subscripts in for brevity.

Hence, displacements and stresses for FGM layer are written as follows:

0, (x,y) = Z(Z q Fie"i*jcos(yanx (115)
V(X y) = i[i Fie"‘*jsin(yan), (116)
o, Hoe” (iiFep' (G b, (K +1) + B x), ) cos(yar,)), (117)
K_ n=0 i=1
px o 4
o, = B (3 Y R (e (x +D) + (3= x) P cos(yay ),
n=0 i1 (118)
= e (O R (g, + psin(ya,). (119)

Note that this solution readily satisfies v(x,0)=0, v(x,c)=0, o, (x,0)=0,

o, (X,€) =0 ¥x. F; should be determined from the boundary conditions.

2.5 Application of remaining boundary conditions

At this point, homogeneous and FGM solutions which satisfy boundary

conditionsat y=0 and y =c are obtained.

Referring to Figure 2.1, there are 6 more boundary conditions for FGM
coated homogeneous substrate.
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Along x=h, stresses in both materials, o,, o, ; and o, o, are

continuous, respectively across the interface between FGM and homogeneous parts.
Then, displacements, uand vare also continuous across the interface of FGM and
homogeneous parts.

O 1 =04 at X=h, (120)
Oy 1 =0, at X=h, (121)
u, =uat x=h, (122)
v, =vat x=h. (123)

Equations (120), (121), (122) and (123) give the continuity of diplacements

and stresses, respectively. Furthermore, stresses, o,, (and o,, ;are zero on the top

of FGM strip. This gives the relations of stress free surface of the strip.

o, ¢ =0at x=0, (124)

o, ¢ =0at x=0. (125)
Now, ((120)-(125)) provide six equations for the six unknown functions

F(@=1.,4) and C,(k=12) so that they can be expressed in terms of auxiliary

function g(x). In the forthcoming sections, continuity and free surface conditions
are implemented.

2.5.1 Continuity conditions

From (117) at x=h,

28



_ to LRV @R () < (-r)a,)
U kLR (g, (x +1) + (3-K)a,)
+Fe" ) (g, py(k + D) + (3-K)a,)
+F,e"" ) (q,p, (x +1) + (3- ), )] cos(ya, ).

(126)

For the homogeneous part, 1, = u,e”" since there is no material gradation.

At x=hfrom (81);

: b » ~tlo| _ qclel Covatol L adl
A jmquwwgmfwmmw —e)+2((2c - y)e " + ye?)

O-xX =" - ec‘p‘)
al+x)y (e*r-e™y
ol _ gt —y)el 4 ye
N ey\p\(ZSQn(p)(e € _)c‘:" ZPC(‘E‘Z(; yle" +ye ™) & *)]d pat
(e —e" (127)
+14 Y € (=2a,C,, +Cy (<14 k- 2a,h)) cOS(at, ).
n=0
Then applying (120), for o, ( =0,
i(FlnGln + I:ZnGZn + FSnGSn + F4nG4n + 2ane_anhcln - (_1+ K= 2Olnh)e_()("hCZn)Cos(yan) =
2 (128)
i Tg o] e i 2SI —e )+ 2p((20 - y)e ™+ yet)
@)y (& ey
~dp| _ aclel —y)e 4 ye
o 2R =€) 2020 Y)Y ) iy
(e clp] _eC‘p‘)Z
where
hpy —
Gln:e((3 @%+a+@m%{ (129)
(k=1
hp, —
G2n:e((3 @%+a+@m%{ (130)

(x-1)

G, = e (B-x)a, + (L +x) ps;) ’ (131)
(k-1
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G,, = e (B-x)a, +(1+x)p,d,) . (132)
(k-1

m
Now, recall that e, L and «,, - form,n=0,1, 2, 3,...
c c

By using orthogonality condition,

c,n=m=0
Icos(a y)cos(er,, y)dy =<c/2,n=m=0, (133)
0,n=m

multiplying both sides of (128) with cos(e,,Yy) and integrating over y from 0 to c, the

following equation can be obtained.

F Gln+F2nGZn+F3nGSn+F G,, +20,6"C, —(~1+x—2a,h)e"C,, =
j )] oecnge i 20NRNE e —e”) + 2p((2c-y)e ™ + ye)

el
" e e
-0 0 (e —e )
134
2sgn(p)(e ' —e%) + 2p((2c - y)e™ + ye ) 134
+ey‘p‘( - C oA ]
(e lo| _e \p\)z

cos(a,, y)dyd pdt,

1’ n= 0
where k ;

—,n=0
C

Using the formulae A.9-A15 given in Appendix A, integration over y can be
performed leading to

F.G, +F,G,, +F,G, +F,G,, +2¢ e‘“"hCm ~(-1+x—2a h)e™"C,, =

ak b T p p ~a’
" {g(t) e (1- d pdt.
ﬂ(l+K)£g(>£ et g e

(135)
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Next, from (119), at x=h

£ ﬂoZ[Fleh(ﬁ+pl)(p1 _anql) + erh(ﬁ+p2)(p2 _anqz) + F3eh(ﬁ+p3) ( P; _anqs) +

n=0

Fe""™ (p, —a,,)Isin(ya,)- (136)
at x=h, from (83);

2Ce_c‘p‘ _ y(e_c‘p‘ _eC‘P‘) o oy
(efc‘p‘ _ eC‘p‘)Z

20+ y(e ' —e™)
(e—C‘P‘ _ eC‘p‘)Z

+ MZ gl (-2a,C,, +C,, (1+ Kk —2a,h))sin(, y).
n=0 (137)

7y g0 e e

2|p| ey\p\( e_c‘p‘)]dpdt

Then, applying (121) for o,, =0

Xy

+ + + +2a. ™ -d+x-2a.n)e ™ sin(ye, ) =
(FlnHln I:ZnHZn I:SnH3n I:4nH4n 2 n ahCln (1 2 nh) ahCZn) ( n)

n=0

72'(1+K j: Tw P p|e_yp(20e’°(”:py(_e;;’):e“’)ecp)_
2o EE Ve )y

(e -y’ (138)
where
H,, =e™ (p, —a,q,), (139)
H,, =™ (p, - ,0), (140)
H,, =e™ (p; —a,s), (141)
H, =e"™(p, —a,q,). (142)
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By using orthogonality condition,

. O,n=m=0
[sin(a, y)sin(e, y)dy =1c/2,n=m=0, (143)
0 O,n=m

multiplying both sides of (138) with sin(e,,y) and integrating over y from 0 to c, the

following equation can be obtained and one can get;
F.Hy, +F H,, + F Hy, +F, Hy, +2a,67"C — (L+ 5 — 2a,h)e™™"C,, =

2/c j‘g(t) T j‘eip(th)[2|p| efy\p\(
a -0 0

200~y —e™) .,
7(l+x)

(e—C‘P‘ _ eC‘P‘ )2

)_

Zcec\p\ n y(efC\P\ _ eC\/") e_c‘p‘ )]sin(a y)dyd pdt

2| ple’l(
o (e —ey? (144)

Again, using the formulae A.9-A15 given in appendix A, the integral over y

can be taken and it leads to

F,H, +F,H, +F H, +F, H, +2ae“"C, —(1+x-2ah)e™C, =

2/c | T am 4p'a
{Iga)je thZETE_J%_

} (145)
> dpdt .
z(l+x) +a,°)

Displacement continuity equations are obtained in a similar way. Applying
(122) along with (115) and (79) at x=h

u, = > (Fe™q, + F,e™q, + F,e™q, + F,e™q,) cos(ya,)
= (146)
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2™y e*V((-1+€”)(~1+K) - 4c| o))

—ip(t-h) 4oy
2 (1+ )Ig()je e (- 1+equ\)+ (_1+620\p\)2|p| )
v, 2y (=14 e” ) (~1+ k) + 4ce™" | p|) 4o
° ((—1+ e’V ‘) (-1+ eZC\p\)z | p| )ld pdt
#3760 (G, +hC,,)coslyar,). 147

Then, for u, =u

Z(Fanln + I:2n‘]2n + I:3n‘]3n + I:4n‘]4n _Clneianh - heianhCZn)Cos(yan) =

=
e 2
Hf:m—“““eiizi‘:::;zr;“*”'pbndpdt,

(148)
where
e (149)
o= (150)
o= (151)
e (152)

By using orthogonality relation (133),

I:1n‘]1n + FZnJZn + FSnJSn + I:4n‘]4n _clne_g{nh - he_anhCZn =

oy, 287y @1+ €)1+ ) - Ac| o)
jg( ),[ je [e"" (- 2 1+620\p\) (_1+ezc\p\)2 |,O|
+e“"y( 2y _ (-(-1+ e2c\p\)(_1+ K)+ 4¢P |p|)
(—l+ eZC\P‘) (_1+ eZC‘p‘)Z |,0|

2(1+)

)]cos(e,y)dyd pdt (153)
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Using the formulae A.9-A15 given in appendix A and taking the integral over
Y,

I:1n‘]ln + I:Zn‘]2n + I:'Em‘]?,n + I:4n‘34n _Clne_anh - he_anhCZn =

Ko | o-in(=h) 2(p° - a,’) (1+’<)
27r(1+r<)£g’(t)_I vy T e PN (154)

Finally, applying (123) along with (80) and (116), at x =h one obtains

=Y (Fe™ + F,e™ + Fe™ + F,e™)sin(ya,).
n=0

(155)
for the FGM and
j{g T e_ip(t_h)[e_‘p‘y(_ 2e20‘p‘K_ B 2e20‘ﬂ‘y|p|
27z(1+ Ko (-1+e™)  (-L+e*)
. o2 ((_1+62C\p\)( 1+k)- 4C|p| L gl “ 2K N 2y|p|
R (-L+e™) " (Lre®)
(L) s o)
(~1+g2ly2 g
+ze aah Cln +( + h)CZn)Sin(yan)' (156)
n=0 o

for the homogeneous half plane. Then, for v, =v
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(F.L +F L, +F L +F L ~C, e +(*—h)e™'C, )sin(ye )=
1n=1n 2n—2n 3n3n 4n=4n 1n 2n n

n

Ilp jg( )J. e—lpt h) ‘P‘Y( e ‘P‘ 2ezc‘p‘y|10|

27(L+ k), (-1+e™)  (-1+e%M)
. e“‘f" ((-1+€ ) (~L1+ &) — 4c| p])
(-1+e%)? (157)
Lo 2 2y|p|

(-1+e”)  (~1+e*¥)

(L) (14 x) + 4ee™ o)

ey )d p
where
L —e™, (158)
L, =e"™, (159)
L, =e™, (160)
L, =™, (161)

Applying orthogonality condition (143), after integrating from 0 to ¢ with

respect to y, one obtains;

Fln Lln + I:Zn L2n + F3n L3n + F4n L4n _Clne_anh + (L_ h)e_anhCZn =
(04

n

0O g g()I Je-'p@ e (22 2]

+
27[(1+ K) ( 1+ eZC‘p‘) ( 1+ezc‘p‘)
Zc\p\ (( 1+e20\p\)( 1+K') 4C|p|) \p\y B 2K + 2y|p|
- 1+EZC\P\) (_1+e2c\p\) (_1+e2c\p\)
_ _1 ZC‘p‘ _1 4 ZC‘p‘
_( (-1+e™)(-1+ k) +4ce |p|))]sin(a y)dyd pdt.
(~1+ %12 n
(162)
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Using the formulae A.9-A15 given in appendix A to take the integral over vy,

one obtains;

Fln Lln + I:2n|‘2r1 + I:3n L3n + I:4n L4n _Clneianh + (ﬁ_ h)eianhCZn =
a,
2

H((L+x)+ 4+ ————)d pdt. (163)

—(2/¢) gin(h i
271+ )I ()I S

n

At this point, the continuity conditions across the interface have been taken
care of, so attention could be turned onto free surface conditions.
2.5.2 Free surface conditions

Applying (124) along with (117),

atx=0,

Q

w f = o i(ﬁ((g_’f)an"'(l""f) pa) +F(B-x)a, +(L+x)p,a,) +
- K

“<4n=0

F(B-x)a, +(1+x) p;g;) + F,(B-x)a, + 1+ x) p,0,)) cos(ya,). (164)

Then, for o,, (=0
Z (FM, + B, My, + F My +F, M, )cos(ye, ) =0, (165)
n=0

where

(B-x)a, +(1+x) plql)

M, = 1 (166)
M,, = (B-x)a, +(1+x) pzqz) (167)
k-1
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M, = (B0 +1+x)pyG) (168)
k-1

M, = (B0 L+ 6)Pa,) (169)
k-1

Multiplying by cos(ye,,)dy and integrating with respect to y from 0 to c,
FuMy, +F My, +F My +F, M, =0. (170)
Applying (125) along with (119) at x=0,

o 4 i[F1(p1_anq1)+F2(pz_anq2)+
Y R R(p —a,0) + Fy(p, — a,0,)]sin(ya,) a71)

Then, for o, =0

o0

on(FlR1 +F,R, + F,R, + F,R,)sin(ye,) =0,

" (172)
where
Ry = (P — 2,01, (173)
Ryn = (P, —2,0,), (174)
Rs = (Ps — ,0p), (175)
Ry = (P, —a,00)- (176)

Multiplying by sin(ye,)dy and integrating with respect to y from 0 to c,

I:ln Rin + I:2n|:\)2n + I:E)n RSn + I:4n R4n = 0 (177)
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2.5.3 Final form of boundary conditions

Hence, equations (135), (145), (154), (163) , (170) and (177) are obtained
from the prescribed boundary conditions. These 6 equations should be further
simplified by making integrations on o &(~,).

After making all simplifications by using the formulae given in appendix A,
the 6 by 6 system of linear equations for the unknowns F_(i=12,3,4), C and

C,, can be written as follows;

F,G,, +F,G,, +F, G, +F,G,, +2a,e"C, —(~1+Kx—2a,h)e™*"C, =

b 178
4C T 9(t)(a, (¢~ m)sinh(a, [ ~t) - cosh(ar, h~t)et, (78)
(+x)
F,H, +F,H, +F, H, +F, H, +2a,e“"C, —(1+x-2ah)e“"C, =
4/c b .
J. g(t)1-e, (h—t))(cosh(e, |h —t|) —sinh(e, |h —t|))dt,
(1+x) (179)
I:ln‘]ln + I:Zn‘]Zn + F3n"]3n + F4n‘]4n _eianhcln - heianhCZn =
1/c j g2 —t]+ & ))(cosh(a Ih—t)) —sinh(a, |n —t))dt,
L+ (180)
I:ln Lln + I:2n I‘2n + F3n LSn + I:4n I‘4n _Clneianh + (ﬁ_ h)eianhCZn =
a,
1/ c 1+ x)(h-t
j =0
a, |h—t] (181)
+(cosh(a, |h—t)—sinh(a, |n—t))(2(h 1) —%)))dt,
Otn —
Flann + I:2n|v|2n + I:Snlvl3n + F4nM4n = O’ (182)
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I:1n Rin + FZnRZn + I:Ein R3n + I:4n R4n = 0 (183)

2.6 Derivation of singular integral equation

If one writes this system of equations in matrix form, then the unknowns
F.F, K, F,,C and C,can be found easily in terms of auxiliary function, g(t)by

inverting this matrix.

The matrix form of system of equations (178)-(183) is given as:

b
j g(t)z,dt
(G, Gy Gy G, 208" —(-lex-2ah)e "] _ - ,
My My Hy Hy 20,870 —@ex-2ae || [ot)z,dt
‘]1n ‘J2n ‘]3n ‘]4n _e—anh _he_anh an Z
= (184
Lin L2n LSn I‘4n _e—anh (£ - h)e_anh F4n '! g (t)Z3dt ( )
a
n C ; b
Mln 2n M3n M4n Cl Jg(t)Z4dt
R1n R2n R3n F\)4n 0 0 - a
B B 0
_ 0 .|
where
Z, = (fﬁ)(an (t—h))(sinh(e, |h —t|) —cosh(e, |h —t|)), (185)
+K
4/c .
Z,, = (—)1-a,(h-t))(cosh(a, |h —t]) —sinh(e, |h —t))),
l+x (186)
Z, = (“—C)(2|h —t| + (x _1))(cosh(an |h —t|) —sinh(a, |h —t|)),
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e @+r)h-t)
T (14 x) a,|h—t|

)_@+R)h-

+(cosh(a, |h—t[) —sinh(e, |n—t))(2(h -t
a,|h—t|

)} (188)
One can solve for the unknowns by inverting the matrix, i.e.,

b
[o®)z,dt
-1 a

[ ] Gl” GZ“ G3n G4n 2aneiwnh _(_1+ K‘)eianh W b
o 20,e" —ex)e || [a®Zdt

=1

I:l
in H 2n H3n H n
I:2n h h
= ‘]ln J 2n ‘]3n ‘]4n —e —he™ b
3n
- Y K an | | Jo®Zydt | (189)
I:4n Lln L2n L3n I‘4n —€ " (_ - h)e "
a a

C, 4 b

C Mln MZn MSn IV|4n 0 0 Ig(t)Z4dt
- L Rln R2n R3n R4n 0 0 J a

For the problem considered in this thesis, it is sufficient to solve Cy, and C,, .
Before finding them, some simplifications should be made. Therefore, the matrix

equation (189) is rewritten for simplicity as shown in Appendix B. After many

manipulations, C;, and C,, are written as follows (o, and a,, k=1,..,4 are given

in appendix B);

b b b b

Cyp = & [ Z,9(t + a5, [ 2, ()0t + 155 [ Z,g (1)t + e, [ Z, 91, (190)
b b b b

Con = a61_[ Z,9(t)dt + o, I Z,g(t)dt + aesj Z,9(t)dt + o, _[ Z,9(t)dt. (191)
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After obtaining expressions ofC, and C, in terms of g(t), one can

substitute them into boundary condition (62) and take the limit |jm o,,(x,y) to

y—0

obtain a singular integral equation for g(t).

Recalling (82) and doing the manipulations given in Appendix C;

7,09 = ¢t S Jao]si Pt Y)p

sinhcp

sinh(c—Yy)p rep cosh yp)d dt

192
sinhcp sinh’cp (192)
+ ylie’“”x[ZanCln +C,,(-3-x+2a,x)]cos(e, ),
n=0
where
b N
:J-g(t)cln(anatacil(’ﬂah)i (193)
b N
C,, = I g(t)Can(a,,t,C,x, B, ). (194)
Now, taking the limit |jm o, (X, y)
y—0
—4 cosh(p(c
0, = j 00 sin(pt-0)( G P+
smh(pc) 1
+ pC d pdt
sinh(p0) S sinn2(pe)
,ulie_“"x(ZanClﬁ(—S—K+2anX)C2n).
n=0 (195)

Using formulae A.17-A.20 given in appendix A and switching orders of
series summation and integration;

41



25inh(%(x—t))—(%(x—t))

o =259~ ( )
T

2 cosh(%(x—t)) -1

N 7(l+ K)

z g (2a, Cin+ (—3—x +2¢,X) C2n)]dt,
2 (196)

. 1 . . . 1 i
Now, by adding x into the integral term and substracting P from it, Cauchy
- X - X

and Fredholm kernels can be found respectively;

Zsinh(%(x—t))—(%(x—t))

bu 1 1
o, = gOL———=( )=
,,(1+,()£ t-x 2 cosh(%(x—t))—l t=x (197)
LA+ x) ie’“nx (2, CAZln+ (-3-Kx+2a,X) CAizn)]dt,

4 n=0

Recognizing the fact that o, (x,0) = P(x) for a<x<b , and using (197)

li 9O+ K, (% 1) + K, (% 1)dt = @+5) by, (198)
T t—X 4y
where
2sinh(” (x—t)) - (Z (x 1)) .
Ky (x,t) = ———( c ¢ )———, (199)
cosh(%(x—t)) 1 t=x
K, (xt) = @ie“nx(mn éln"‘ (-3—-x+2a,X) CA:Zn). (200)

n=0

. . . . 1 .
Hence, the singular integral equation is obtained. The Cauchy-kernel t—IS
- X

dominant part of the equation. K (x,t) and K,(x,t) are bounded Fredholm kernels.
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A series expansion-collocation method is used to solve this singular integral

equation. The solution method is outlined in the next section.

2.7 Numerical solution of singular integral equation

In order to solve integral equation (198), it should be normalized first. Then

defining,

t:b_—as bJr—afor -1<s<+], (201)
2 2

x=ur+b+—a for —1<r<+1, (202)
2 2

a(t) = 9(t(s)) = G(s), (203)

K, (x().t(s)) = K, (), (204)

K, (X(N).1(), @) = Ko (1. 9), (205)

P(X(r)) = P(r), (206)

(198) becomes,

1 b-a (+x) 4
2 P(r). (207)

l+IIG(S)(—+—K (r,s)+ —K L(r,s))dr =
T” r-s 2 2

(207) will be solved by using a series expansion method. Recognizing the

singular behavior of imbedded crack at s=+1, the unknown function G(s) can be

expressed as follows:
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G(s) =y (s)L-s)"(L+s)’, (208)

where 6 =¢ = —%, (209)
W(s)=(1-3)’(1+59)’. (210)

Now, one can express i in terms of a series of Jacobi Polynomials.

v(s)=3 aR(s). (211)

In (211) ax are the unknown coefficients to be determined. Substituting (211)

along with (208) into (207), the singular integral equation is expressed as follows:

@+x) ;

ifZN) ”()(W(S) bzaW(s)K(r s)+TW(s)K(r 5))ds = m P(r). (212)

T _1k=0

Switching the orders of integration and summation the singular integral

equation is finally expressed as follows:

iak(l]lw j > D=8y (s)(K,(r, )+ K, (1, s))P(‘”’)(s)ds]

k=0 T r—s ]

(213)
(l+ K) .

in P(r).

1 p (0.9)
where the dominant part of the integral equationi.f—lz>k (SW(s)
7 r—s

-1

ds has a closed

form formula for a given r so that it can be calculated easily (Kaya, 1984) where as

I W(s)(K (r,s)+ K ,(r,8))P.“? (s)ds can be evaluated numerically by Gauss-

Jacobi quadrature. On the other hand, this integral equation has a single valuedness

condition which is
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ig(t)dt =0. (214)

This condition ensures that the crack is closed at the tips. After normalization,
this equation can be expressed as follows:

+fG(S)O'S = +f%f/(S)(l— $)?(1+5)?ds =0.

(215)

Substituting y in terms of a series of Jacobi Polynomials, one obtains

+1 N

_[ Z a P "?(s)(1—s)’(1+s)’ds =O0.

o (216)
Switching the orders of integration and summation again,

N +1

> a | R (s)(1-5)’(1+5)"ds =O.

oo 217)

From orthogonality relationships of Jacobi polynomials, one can observe that

+1 k=0
R (s)(1-s)’(A+5) ds = " .
[P (s)A-5)"(+5) {0’“0

-1

(218)

Then, in the summation above, all the terms except a, vanishes, giving

nma, =0, therefore a,=0.

Then, (213) can be written as

Za EI%“ {bz__ﬂaw K, (r,5) + *gz(r,s))PkWs)ds]

_ 9 by, (219)
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In order to solve unknown coefficients a (k=1,.,N) (219) can be

written for N collocation points by taking

r :cos(”(ZI_l)) ,i=1.,N
2N -2 (220)
and the resulting system of N*N linear equations can be solved.
Once a (k=1..,N) are known, one can obtain;
N
w(£1) = Z a R (1),
k=0 (221)
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CHAPTER 3

NUMERICAL RESULTS

Solution was obtained for mode | crack problem and hence, stress intensity
factors are obtained in this section for various values of crack periodicity, crack
length, crack location, layer thickness and material gradation.

The stress intensity factors can be found by using (219). After determining

a, , the stress intensity factors are defined as follows;

k(a) = lim /2(a-x)o,, (x,0) = A b3 g (222)
X—>a xK+1 2

k(b) = lim /2(x—b)o,, (x,0) = —4—+“11 b%%/(ﬂ) (223)
X—a K

3.1. Uniform loading

Remembering that the loading is applied through crack surface pressure.

o, (x,0)=P(x)fora<x<b, (224)

for imbedded cracks, normalized SIFs can be expressed as;
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k(a)

N CETE (225)

where o, is the applied uniform crack surface load.

k*(a) =

Convergence analysis is made for obtaining accuracy of results. In
convergence analysis, if stress intensity factors stay stable, while NP and NS are
increased, the desired accuracy is achieved. Hence, when NP=44 and NS=20, the
results become stable as seen above Tables 3.1-2. On the other hand, computer
program used in this study has a capacity of computing results for O<h/a<l, 0<
hp<710, 0< I/(1+2c)<1 and 10°<l/a<10".
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Table 3.1: Comparison of k*(a) and k*(b) for a thick FGM layer under uniform
loading for different NP and NS numbers and for 1/(I+2c)=0.5 and #8=10".

ha=og ~ NP=36 NP=40 NP=44 NP=48

NS=16 NS=18 NS=20 NS=22

lja | kK@ | k<(b) | k*@@) | k*(b) | k*(@@) | k*(b) | k*(@) | k*(b)

1 0.5702 | 0.5702 | 0.5702 | 0.5702 | 0.5702 |0.5702 | 0.5702 | 0.5702

10 |0.5850| 0.5712 | 0.5850 | 0.5712 | 0.5850 | 0.5712|0.5850 | 0.5712

20 |0.6122 | 0.5706 | 0.6122 | 0.5706 | 0.6121 |0.5706 | 0.6121 | 0.5706

30 |0.6427 | 0.5701 | 0.6427 | 0.5701 | 0.6427 |0.5701|0.6427 | 0.5701

40 |0.6715| 0.5698 | 0.6715 | 0.5698 | 0.6715 | 0.5698 | 0.6714 | 0.5698

50 ]0.6980 | 0.5695 | 0.6980 | 0.5695 | 0.6980 |0.5695|0.6979 | 0.5695

60 |0.7225| 0.5692 | 0.7225 | 0.5692 | 0.7225 |0.5692 | 0.7224 | 0.5692

70 | 0.7453 | 0.5690 | 0.7453 | 0.5690 | 0.7452 |0.5691 | 0.7452 | 0.5691

80 |0.7666 | 0.5689 | 0.7666 | 0.5689 | 0.7665 |0.5689 | 0.7665 | 0.5689

90 |0.7868 | 0.5688 | 0.7867 | 0.5688 | 0.7866 |0.5688 | 0.7865 | 0.5688

100 |0.8059 | 0.5686 | 0.8057 | 0.5686 | 0.8056 | 0.5686 | 0.8055 | 0.5687
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Table 3.2: Comparison of k*(a) and k*(b) for a thick FGM layer under uniform
loading for different NP and NS numbers and for I/(1+2¢)=0.5 and #5=1.

ha=og ~ NP=36 NP=40 NP=44 NP=48

NS=16 NS=18 NS=20 NS=22

lla | K@ | k*(b) | k*@@) | k*(b) | k*@) | k*(b) | k*(@) | k*(b)

1 0.5720 |0.5703 | 0.5720 | 0.5703 | 0.5720 | 0.5703 | 0.5720 | 0.5703

10 | 0.6059 |0.5709| 0.6059 | 0.5709 | 0.6059 | 0.5709 | 0.6059 | 0.5709

20 | 0.6527 |0.5701| 0.6527 |0.5701 | 0.6526 | 0.5701 | 0.6526 | 0.5701

30 0.6961 [0.5696 | 0.6960 | 0.5696 | 0.6959 | 0.5696 | 0.6958 | 0.5696

40 0.7347 [0.5692 | 0.7344 |0.5692 | 0.7343 | 0.5692 | 0.7342 | 0.5692

50 0.7693 [0.5690| 0.7689 | 0.5690 | 0.7687 | 0.5690 | 0.7685 | 0.5690

60 0.8008 |0.5688| 0.8004 | 0.5688 | 0.8001 | 0.5688 | 0.7998 | 0.5688

70 | 0.8299 |0.5686 | 0.8293 | 0.5686 | 0.8289 | 0.5686 | 0.8286 | 0.5686

80 | 0.8570 |0.5684 | 0.8563 | 0.5684 | 0.8558 | 0.5685 | 0.8554 | 0.5685

90 | 0.8825 |0.5683| 0.8816 |0.5683 | 0.8810 | 0.5683 | 0.8805 | 0.5683

100 | 0.9066 |0.5682 | 0.9054 |0.5682 | 0.9047 | 0.5682 | 0.9042 | 0.5682

Moreover, finite element analysis using Ansys computer program is carried
out to verify (-) results on stress intensity factors. As the results are shown in Tables
3.3-4, they are almost same with ones provided in this study. Therefore, one should
notice that present study has very satisfactory accuracy with finite element method

numerically.
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Table 3.3: Comparison of k*(a)s provided by Ansys and current study for different

nonhomogeneity parameters hff and for a thick FGM layer under uniform loading

hp=107
h/a=0.9 (almost hp=0.5 M=
homogeneous) (ul1/10~1.648) (ul/u0~2.718)

Current | Obtained | Current | Obtained | Current | Obtained
l/a Study in Ansys Study in Ansys Study in Ansys
1 1.0067 1.0075 1.0242 1.0249 1.0415 1.0422
6 0.7609 0.7610 0.7786 0.7788 0.7960 0.7961
14 0.4892 0.4893 0.4974 0.4975 0.5054 0.5056
31 0.3280 0.3281 0.3335 0.3336 0.3389 0.3390
50 0.2582 0.2587 0.2626 0.2630 0.2669 0.2673
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Table 3.4: Comparison of k*(a)s provided by Ansys and current study for different

nonhomogeneity parameters 44 and for a thick FGM layer under parabolic loading

hp=107
h/a=0.9 (almost hp=0.5 M=
homogeneous) (ul1/10~1.648) (ul/u0~2.718)
Current | Obtained | Current | Obtained | Current | Obtained
l/a Study in Ansys Study in Ansys Study in Ansys
1 0.1263 0.1261 0.1305 0.1303 0.1346 0.1343
6 0.0473 0.0474 0.0471 0.0472 0.0468 0.0469
14 0.0012 0.0012 0.0002 0.0002 -0.0009 | -0.0009
31 0.0000 0.0000 -0.0001 -0.0001 -0.0003 | -0.0003
50 0.0000 0.0000 -0.0000 -0.0000 -0.0001 | -0.0001

In order to validate the formulation and numerical results, comparisons
should be made with previously published results which are obtained for special
cases of the problem considered here. For this purpose, two sets of benchmark results

have been identified. First set of benchmark results (only k*(a)) are given in

(Murakami, 1987), for an array of imbedded periodic cracks in a homogeneous half-
plane. The second set of benchmark results come from (Rizk, 2003) but in an indirect
manner. In (Rizk, 2003), a thermal stress problem has been solved for a
homogeneous half plane containing periodic imbedded cracks so SIFs for uniform
crack traction are not available. But, the kernels for homogeneous half plane problem
were given. Therefore, those kernels are programmed as well to produce

homogeneous half-plane results (both k*(a)and k*(b)) for a wide range of

geometric parameters. In other words, Rizk’s kernel is placed into our computer
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program and results are tabulated in Tables 3.5-6 (Hypersingular integral equation
D.1-D.3 for Rizk(2003) is given in Appendix D). These results obtained through
Rizk’s kernels are shortly referred to as Rizk’s results for brevity. Uniform crack
surface traction results are also available in (Nied, 1987) albeit in graphical form,
thus lacking the desired accuracy for numerical comparisons. On the other hand, less

accurate graphical comparisons can be made.

For very small gh (g being the non-homogeneity parameter) values, the

results are almost the same as benchmark results for different crack periodicities as
seen in Tables 3.5 and 3.6.

Table 3.5: Comparison of k*(a)for imbedded periodic cracks with Rizk (2003) and

Murakami (1987), fh=10"and 2: 0.5

(b-a)/(b+a) | (b-a)/(4c) |[Rizk (2003)| Current Study |Murakami (1987)
0.05 1.0067 1.0067 Not available
0.10 0.9609 0.9609 0.9608
0.333 0.20 0.8528 0.8528 0.8528
0.33 0.7012 0.7012 0.7015
0.50 0.5702 0.5702 0.5729
0.05 1.0573 1.0573 Not available
0.10 0.9888 0.9888 0.9888
0.5 0.20 0.8594 0.8594 0.8594
0.33 0.7087 0.7087 0.7089
0.50 0.5729 0.5729 0.5735
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Table 3.6: Comparison of k*(b)for imbedded periodic cracks with Rizk
(2003), fh =10"*and 2 =05

(b-a)/(b+a) | (b-a)/(4c) | Rizk (2003) | Current Study

0.05 0.9987 0.9987

0.10 0.9585 0.9585

0.333 0.20 0.8501 0.8501
0.33 0.7006 0.7006

0.50 0.5702 0.5702

0.05 1.0226 1.0226

0.10 0.9668 0.9668

05 0.20 0.8545 0.8545
0.33 0.7021 0.7021

0.50 0.5703 0.5703

From Tables 3.5-6, it can be observed that results are very satisfactory when

functionally graded material is almost homogeneous for gh=10" and 2: 05.

On the one hand, variation of normalized SIFs are shown in Figures 3.1-2

with respect to I/(1+2c) for I/a=1 10,100 where |=b—a. Results are also
printed in Table 3.7. The parameter I/ (I+2c)is a measure of crack period with
respect to crack length. For very closely spaced cracks 1/ (l+2c) —1 where as for
widely spaced cracks (the limiting case being single crack) I/ (I+2c) — 0.
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Table 3.7: Comparison of k*(a) and k*(b) for 2: 0.5

hp =107 l/a=1 1/a=10 | /a=100
I/(1+2c) | k*@) | k*(b) k*(a) k*(b) k*(a) | k*(b)
1 0 0 0 0 0 0
09434 | 01382 | 0.1382 | 0.1382 | 0.1382 | 0.1408 | 0.1382
0.8333 | 0.2523 | 0.2523 | 02535 | 0.2523 | 0.2690 | 0.2523
0.7143 | 0.3568 | 0.3568 | 0.3632 | 0.3568 | 0.4155 | 0.3568
0.6250 | 04372 | 0.4372 | 04453 | 04372 | 05466 | 0.4372
05000 | 05702 | 05702 | 05850 | 05712 | 0.8057 | 0.5686
0.4386 | 0.6487 | 0.6485 | 06770 | 0.6511 | 0.9979 | 0.6453
03333 | 0.7924 | 0.7904 | 0.8827 | 0.7958 | 1.4622 | 0.7929
02000 | 09370 | 0.9354 | 1.1990 | 09782 | 22214 | 1.0331
0.1111 | 0.9953 | 0.9889 | 1.3779 | 1.0973 | 2.6659 | 1.2068
0 1.0345 | 1.0246 | 14637 | 1.1626 | 29129 | 1.2997

The results obtained using this study are compared with those in Nied

(1987)’s study which is a very similar crack problem. In our study, only difference is

that an FGM layer is coated on top of the homogeneous surface. There is no FGM

coating on the homogeneous half plane in Nied’s study. To compare the results FGM

layer is again taken to be almost homogeneous (ﬂ =1).

Ho
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Figure 3.1: k*(a) under uniform applied stress for 2: 0.5 and fh=10"
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Figure 3.2: k*(b) under uniform applied stress for 2: 0.5 and fh=10"
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Figures 3.1-2 agree very well with their counterparts found in Nied (1987). It

is observed from figures and tables above that when the crack is near the free surface
. . . : . .

(— increasing), normalized stress intensity factors become larger as crack period
a

becomes larger. When a — oo, results are very similar and the effect of crack length
Is minimized (periodic cracks in an infinite plane solution). For very large values of

¢ compared to I, the numerical solutions based on periodic crack formulations lose

: I :
their accuracy. Because of that, the results at ) — 0 are generated for single

+2c
crack case for homogeneous material *. For such spacing, periodic cracks behave
practically like a single crack (integral equation D.4 for a single crack case is given
in Appendix D). From this point of view, it is inferred that the numerical solution to

periodic crack problem has some limitations when ¢ approaches «.

Furthermore, variation of normalized SIFs are shown in Figures 3.3-6 with
respectto 1/(1+2c) for I/a=1, 10,100, hg=0.5 and hg =-0.5. Results are also
printed in Tables 3.8-9. As it seen from those figures and tables, results are very
similar to ones provided in Table 3.7 and Figures 3.1-2. Therefore, when

nonhomogeneity of FGM varies, there is only slight variation in normalized SIFs.

' By solving the integral equation,

b 1 1 6X 4x? 1+x
;!:g(t){t—x_t+x+(t+x)2 —(t+x)3}dt=—n(4#)P(x), a<x<b
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Table 3.8: Comparison of k*(a) and k*(b) for 2: 0.5

hp=0.5 l/a=1 I/a=10 I/a=100
1/(1+2c) | k*@) | k*(b) k*(a) k*(b) k*(a) k*(b)
1 0 0 0 0 0 0

0.9434 | 01382 | 0.1382 | 0.1382 | 0.1382 | 0.1409 | 0.1382
0.8333 | 0.2523 | 02523 | 0.2539 | 0.2523 | 0.2722 | 0.2523
0.7143 | 0.3568 | 0.3568 | 0.3632 | 0.3568 | 0.4236 | 0.3568
0.6250 | 0.4372 | 0.4372 | 0.4455 | 0.4372 | 0.5592 | 0.4372
0.5000 | 0.5703 | 05702 | 05878 | 05711 | 0.8277 | 0.5685
0.4386 | 0.6490 | 0.6485 | 0.6829 | 0.6509 1.0272 | 0.6451
0.3333 | 0.7932 | 0.7907 | 0.8975 | 0.7956 1.5099 | 0.7928
0.2000 | 0.9381 | 0.9357 1.2289 | 09815 | 23017 | 1.0349
0.1111 | 1.0000 | 0.9910 14160 | 1.1038 | 2.7664 | 1.2106
0.0610 | 1.0274 | 1.0152 14794 | 11505 | 29233 | 1.2774

58




—=/a=1
== |/a=10
/a=100
2.0
=
\'o:/
*
2
1.0 -
oL
0.0 T T T T :::::.r"
0.0 0.2 0.4 0.6 0.8 1.0
1/(1+2c¢)
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Figure 3.4: k*(b) under uniform applied stress for 2: 0.5 and ph=05
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Table 3.9: Comparison of k*(a) and k*(b) for 2: 0.5

hg=-05 l/a=1 I/a=10 I/a=100
1/(1+2c) | k*@) | k*(b) k*(a) k*(b) k*(a) k*(b)
1 0 0 0 0 0 0

0.9434 | 01382 | 01382 | 0.382 | 0.1382 | 0.1407 | 0.1382
0.8333 | 0.2523 | 02523 | 0.2531 | 0.2523 | 0.2653 | 0.2523
0.7143 | 0.3568 | 0.3568 | 0.3631 | 0.3568 | 0.4060 | 0.3568
0.6250 | 0.4372 | 0.4372 | 0.4452 | 0.4372 | 05316 | 0.4372
0.5000 | 05701 | 05702 | 05821 | 05713 | 0.7792 | 0.5688
0.4386 | 0.6484 | 0.6485 | 0.6704 | 0.6514 | 0.9626 | 0.6456
0.3333 | 0.7916 | 0.7901 | 0.8654 | 0.7961 1.4045 | 0.7930
0.2000 | 0.9358 | 0.9350 1.1637 | 09741 | 2.1248 | 1.0307
0.1111 | 0.9903 | 0.9866 1.3328 | 1.0893 | 25449 | 1.2018
0.0610 | 1.0145 | 1.0080 1.3904 | 1.1336 | 2.6889 | 1.2667
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Figure 3.5: k*(a) under uniform applied stress for 2: 0.5 and ph=-0.5
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Figure 3.6: k*(b) under uniform applied stress for 2: 0.5 and ph=-0.5

The influence of 44 on normalized stress intensity factors is shown in Tables 3.10-13

and Figures 3.7-14. It is seen that for constant I/(1+2c) and h/a, as crack length, I/a is
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increased, normalized stress intensity factor, k*(a) becomes larger. Moreover, if
stiffness in FGM is decreased, normalized stress intensity factor, k*(a) increases for
constant I/(1+2c) and h/a. On the other hand, one can see from Figures 3.8, 3.10, 3.12
and 3.14, there is almost no change on normalized stress intensity factor, k*(b) while
crack length is increased.

Table 3.10: Comparison of k*(a) and k*(b) for a thick FGM layer under uniform

loading for different nonhomogeneity parameters, 44 and for I/(1+2c)=0.5.

hp=10"
h/a=0.9 hp=05 (almost np=03
(u1/10~0.606) homogeneous) (ul1/10~1.648)

l/a k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)

1 0.5693 0.5702 0.5703 0.5702 0.5711 0.5702
10 0.5745 0.5713 0.5850 0.5712 0.5955 0.5710
20 0.5907 0.5709 0.6121 0.5706 0.6329 0.5704
30 0.6140 0.5705 0.6427 0.5701 0.6702 0.5699
40 0.6372 0.5701 0.6715 0.5698 0.7040 0.5695
50 0.6592 0.5698 0.6980 0.5695 0.7347 0.5692
60 0.6798 0.5695 0.7225 0.5692 0.7627 0.5690
70 0.6991 0.5693 0.7452 0.5691 0.7887 0.5688
80 0.7174 0.5692 0.7665 0.5689 0.8129 0.5687
90 0.7346 0.5690 0.7866 0.5688 0.8356 0.5685
100 0.7510 0.5689 0.8056 0.5686 0.8571 0.5684
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Figure 3.7: k*(a) under uniform applied stress for 2=0.9 and 1/(1+2¢)=0.5
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Figure 3.8: k*(b) under uniform applied stress for 2: 0.9 and I/(I1+2c)=0.5
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Table 3.11: Comparison of k*(a) and k*(b) for a thick FGM layer under uniform

loading for different nonhomogeneity parameters, 44 and for I/(1+2c)=0.8.

hp=107
h/a=0.9 hp=0:5 (almost np=0.5
(u1/10~0.606) homogeneous) (u1/10~1.648)

l/a k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)

1 0.2821 0.2821 0.2821 0.2821 0.2821 0.2821
10 0.2834 0.2821 0.2848 0.2821 0.2859 0.2821
20 0.2855 0.2821 0.2874 0.2821 0.2890 0.2821
30 0.2842 0.2821 0.2875 0.2821 0.2907 0.2821
40 0.2839 0.2821 0.2887 0.2821 0.2936 0.2821
50 0.2846 0.2821 0.2910 0.2821 0.2974 0.2821
60 0.2861 0.2821 0.2940 0.2821 0.3017 0.2821
70 0.2881 0.2821 0.2973 0.2821 0.3062 0.2821
80 0.2905 0.2821 0.3007 0.2821 0.3107 0.2821
90 0.2930 0.2821 0.3043 0.2821 0.3152 0.2821
100 0.2956 0.2821 0.3079 0.2821 0.3197 0.2821
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Figure 3.9: k*(a) under uniform applied stress for 2=0.9 and 1/(I1+2¢)=0.8
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Figure 3.10: k*(b) under uniform applied stress for 2: 0.9 and I/(1+2c)=0.8
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Table 3.12: Comparison of k*(a) and k*(b) for a thin FGM layer under uniform

loading for different nonhomogeneity parameters, 44 and for I/(1+2c)=0.5.

hp=107
h/a=0.5 hp=0:5 (almost np=0.5
(u1/10~0.606) homogeneous) (u1/10~1.648)

l/a k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)

1 0.5702 0.5702 0.5702 0.5702 0.5703 0.5702
10 0.5834 0.5712 0.5850 0.5712 0.5866 0.5712
20 0.6073 0.5707 0.6122 0.5706 0.6166 0.5706
30 0.6358 0.5702 0.6428 0.5701 0.6491 0.5701
40 0.6630 | 0.5699 0.6715 0.5698 0.6792 0.5697
50 0.6882 | 0.5696 0.6980 0.5695 0.7069 0.5694
60 0.7117 | 0.5693 0.7225 0.5692 0.7323 0.5692
70 0.7335 | 0.5691 0.7453 0.5691 0.7559 0.5690
80 0.7540 0.5690 0.7666 0.5689 0.7780 0.5688
90 0.7733 0.5688 0.7867 0.5688 0.7988 0.5687
100 0.7915 0.5687 0.8057 0.5686 0.8184 0.5686
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Figure 3.11: k*(a) under uniform applied stress for 2: 0.5 and l/(I+2¢)=0.5
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Figure 3.12: k*(b) under uniform applied stress for 2: 0.5 and I/(I+2¢)=0.5
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Table 3.13: Comparison of k*(a) and k*(b) for a thin FGM layer under uniform

loading for different nonhomogeneity parameters, 44 and for I/(1+2c)=0.8.

hp=107
h/a=0.5 hp=0:5 (almost np=0.5
(u1/10~0.606) homogeneous) (u1/10~1.648)

l/a k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)

1 0.2821 0.2821 0.2821 0.2821 0.2821 0.2821
10 0.2845 0.2821 0.2848 0.2821 0.2850 0.2821
20 0.2874 0.2821 0.2874 0.2821 0.2874 0.2821
30 0.2872 0.2821 0.2875 0.2821 0.2877 0.2821
40 0.2880 0.2821 0.2887 0.2821 0.2894 0.2821
50 0.2899 0.2821 0.2911 0.2821 0.2921 0.2821
60 0.2924 0.2821 0.2940 0.2821 0.2954 0.2821
70 0.2954 0.2821 0.2973 0.2821 0.2991 0.2821
80 0.2985 0.2821 0.3008 0.2821 0.3028 0.2821
90 0.3018 0.2821 0.3043 0.2821 0.3066 0.2821
100 0.3051 0.2821 0.3079 0.2821 0.3105 0.2821
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Figure 3.13: k*(a) under uniform applied stress for 2: 0.5 and l/(I+2¢)=0.8
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Figure 3.14: k*(b) under uniform applied stress for 2: 0.5 and I/(I+2¢)=0.8
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Normalized stress intensity factors are presented in Table 3.14. It is seen that
while crack length, | is getting larger, normalized stress intensity factors become
smaller for constant crack period, 2c and normalized stress intensity factors are
decreasing as stiffness in FGM increased. The values presented in Table 3.14 are
graphically represented in Figures 3.15-16.

Table 3.14: Comparison of k*(a) and k*(b) for different nonhomogeneity parameters
hp and for a thick FGM layer under uniform loading.

hp=10"
h/a=0.9 hp=1 (almost "=
(1e1/10~0.368) homogeneous) (wl/u0~2.718)

l/a k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)
1 0.9726 0.9843 1.0067 0.9987 1.0415 1.0131
2 0.9381 0.9548 0.9888 0.9668 1.0405 0.9787
3 0.8912 0.9096 0.9435 0.9153 0.9966 0.9210
4 0.8365 0.8550 0.8840 0.8565 0.9320 0.8579
5 0.7800 0.7971 0.8210 0.7967 0.8623 0.7963
6 0.7260 0.7408 0.7609 0.7400 0.7960 0.7391
7 0.6770 0.6894 0.7068 0.6886 0.7368 0.6877
8 0.6339 0.6441 0.6598 0.6435 0.6858 0.6428
9 0.5965 0.6050 0.6194 0.6045 0.6425 0.6040

10 0.5643 0.5715 0.5850 0.5712 0.6059 0.5709

11 0.5365 0.5428 0.5556 0.5426 0.5749 0.5424
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12 0.5124 0.5182 0.5304 0.518 0.5483 0.5179
13 0.4914 0.4967 0.5084 0.4967 0.5255 0.4966
14 0.4729 0.4779 0.4892 0.4779 0.5054 0.4778
15 0.4565 0.4613 0.4721 0.4612 0.4878 0.4612
16 0.4417 0.4463 0.4568 0.4463 0.4719 0.4463
17 0.4284 0.4328 0.4430 0.4328 0.4577 0.4328
18 0.4162 0.4206 0.4305 0.4206 0.4447 0.4206
19 0.4051 0.4093 0.4189 0.4093 0.4328 0.4093
20 0.3948 0.3989 0.4083 0.3989 0.4218 0.3989
21 0.3853 0.3893 0.3985 0.3893 0.4117 0.3893
22 0.3764 0.3804 0.3893 0.3804 0.4022 0.3804
23 0.3681 0.3720 0.3807 0.3720 0.3934 0.3720
24 0.3604 0.3642 0.3727 0.3642 0.3851 0.3642
25 0.3531 0.3568 0.3652 0.3568 0.3773 0.3568
26 0.3463 0.3499 0.3581 0.3499 0.3700 0.3499
27 0.3398 0.3434 0.3514 0.3434 0.3631 0.3434
28 0.3337 0.3372 0.3451 0.3372 0.3566 0.3372
29 0.3278 0.3313 0.3391 0.3313 0.3504 0.3313
30 0.3223 0.3257 0.3334 0.3257 0.3445 0.3258
31 0.3171 0.3205 0.3280 0.3205 0.3389 0.3205
32 0.3121 0.3154 0.3228 0.3154 0.3335 0.3154
33 0.3073 0.3106 0.3179 0.3106 0.3285 0.3106
34 0.3028 0.3060 0.3132 0.3060 0.3236 0.3060
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35 0.2984 0.3016 0.3087 0.3016 0.3189 0.3016
36 0.2942 0.2974 0.3043 0.2974 0.3145 0.2974
37 0.2902 0.2933 0.3002 0.2933 0.3102 0.2933
38 0.2864 0.2894 0.2962 0.2894 0.3061 0.2894
39 0.2827 0.2857 0.2924 0.2857 0.3022 0.2857
40 0.2791 0.2821 0.2887 0.2821 0.2984 0.2821
41 0.2757 0.2786 0.2852 0.2786 0.2947 0.2786
42 0.2724 0.2753 0.2818 0.2753 0.2912 0.2753
43 0.2692 0.2721 0.2785 0.2721 0.2878 0.2721
44 0.2661 0.2690 0.2753 0.2690 0.2845 0.2690
45 0.2631 0.2660 0.2722 0.2660 0.2813 0.2660
46 0.2602 0.2631 0.2692 0.2631 0.2783 0.2631
47 0.2574 0.2603 0.2664 0.2603 0.2753 0.2603
48 0.2547 0.2575 0.2636 0.2575 0.2724 0.2575
49 0.2521 0.2549 0.2609 0.2549 0.2696 0.2549
50 0.2496 0.2523 0.2582 0.2523 0.2669 0.2523
51 0.2471 0.2498 0.2557 0.2498 0.2643 0.2498
52 0.2447 0.2474 0.2532 0.2474 0.2618 0.2474
53 0.2424 0.2451 0.2508 0.2451 0.2593 0.2451
54 0.2401 0.2428 0.2485 0.2428 0.2569 0.2428
55 0.2379 0.2406 0.2462 0.2406 0.2545 0.2406
56 0.2358 0.2384 0.2440 0.2384 0.2523 0.2384
57 0.2337 0.2363 0.2419 0.2363 0.2500 0.2363
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58 0.2317 0.2343 0.2398 0.2343 0.2479 0.2343
59 0.2297 0.2323 0.2377 0.2323 0.2458 0.2323
60 0.2278 0.2303 0.2357 0.2303 0.2437 0.2303
61 0.2259 0.2284 0.2338 0.2284 0.2417 0.2284
62 0.2241 0.2266 0.2319 0.2266 0.2398 0.2266
63 0.2223 0.2248 0.2301 0.2248 0.2379 0.2248
64 0.2205 0.2230 0.2283 0.2230 0.2360 0.2230
65 0.2188 0.2213 0.2265 0.2213 0.2342 0.2213
66 0.2172 0.2196 0.2248 0.2196 0.2324 0.2196
67 0.2155 0.2180 0.2231 0.2180 0.2307 0.2180
68 0.2139 0.2164 0.2214 0.2164 0.2290 0.2164
69 0.2124 0.2148 0.2198 0.2148 0.2273 0.2148
70 0.2108 0.2133 0.2183 0.2133 0.2257 0.2133
71 0.2093 0.2118 0.2167 0.2118 0.2241 0.2118
72 0.2079 0.2103 0.2152 0.2103 0.2226 0.2103
73 0.2065 0.2088 0.2137 0.2088 0.2210 0.2088
74 0.2050 0.2074 0.2123 0.2074 0.2195 0.2074
75 0.2037 0.2060 0.2109 0.2060 0.2181 0.2060
76 0.2023 0.2047 0.2095 0.2047 0.2167 0.2047
77 0.2010 0.2033 0.2081 0.2033 0.2152 0.2033
78 0.1997 0.2020 0.2068 0.2020 0.2139 0.2020
79 0.1984 0.2007 0.2055 0.2007 0.2125 0.2007
80 0.1972 0.1995 0.2042 0.1995 0.2112 0.1995
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81 0.1960 0.1983 0.2029 0.1983 0.2099 0.1983
82 0.1948 0.1970 0.2017 0.1970 0.2086 0.1970
83 0.1936 0.1958 0.2004 0.1958 0.2074 0.1958
84 0.1924 0.1947 0.1992 0.1947 0.2061 0.1947
85 0.1913 0.1935 0.1981 0.1935 0.2049 0.1935
86 0.1902 0.1924 0.1969 0.1924 0.2037 0.1924
87 0.1891 0.1913 0.1958 0.1913 0.2026 0.1913
88 0.1880 0.1902 0.1947 0.1902 0.2014 0.1902
89 0.1869 0.1891 0.1936 0.1891 0.2003 0.1891
90 0.1859 0.1881 0.1925 0.1881 0.1992 0.1881
91 0.1848 0.1870 0.1914 0.1870 0.1981 0.1870
92 0.1838 0.1860 0.1904 0.1860 0.1970 0.1860
93 0.1828 0.1850 0.1894 0.1850 0.1960 0.1850
94 0.1819 0.1840 0.1884 0.1840 0.1949 0.1840
95 0.1809 0.1831 0.1874 0.1831 0.1939 0.1831
96 0.1799 0.1821 0.1864 0.1821 0.1929 0.1821
97 0.1790 0.1812 0.1854 0.1812 0.1919 0.1812
98 0.1781 0.1802 0.1845 0.1802 0.1909 0.1802
99 0.1772 0.1793 0.1836 0.1793 0.1900 0.1793
100 0.1763 0.1784 0.1826 0.1784 0.1890 0.1784
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Figure 3.15: k*(a) under uniform applied stress for h =0.9
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Figure 3.16: k*(b) under uniform applied stress for 2= 0.9
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Furthermore, when nonhomogeneity parameter and FGM thickness are
varied, stress intensity factors may change. In Table 3.15 and 3.16, solutions for a
relatively thin FGM layer coated to the homogeneous material are given. The results
are tabulated for different nonhomogeneity parameters. It is observed from the
results that increasing period has little effect on normalized stress intensity factors

for various Sh values. It should be noted that in Table 3.15 and 3.16 when ¢ — o0

or at

e 0, the result for fh =107 is obtained from single crack case since it is
+2c

supposed that the cracks in that range behave like single crack and coating is almost
homogeneous as it is mentioned above. Besides, another important point is that
tendencies are regularly changing according material gradation. In other words,

normalized stress intensity factors are increasing when Sh is increased (increasing
Sh means homogeneous plane becomes stiffer compared to FGM). Tabulated

results are graphically represented in Figures 3.17-3.20. Since the values are very

close, only one data set is shown while plotting.

76



Table 3.15: Comparison of k*(a) and k*(b) for different nonhomogeneity parameters

hp and for a very thin FGM layer. 2

hp=107
h/a=0.1 hp=05 (almost np=03
l/a=1 (u1/10~0.606) homogeneous) (ul/10~1.648)

l/(1+2¢) k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)

1 0 0 0 0 0 0
0.9434 0.1382 0.1382 0.1382 0.1382 0.1382 0.1382
0.8333 0.2523 0.2523 0.2523 0.2523 0.2523 0.2523
0.7143 0.3568 0.3568 0.3568 0.3568 0.3568 0.3568
0.6250 0.4372 0.4372 0.4372 0.4372 0.4372 0.4372
0.5000 0.5702 0.5702 0.5702 0.5702 0.5702 0.5702
0.4386 0.6487 0.6485 0.6487 0.6485 0.6487 0.6485
0.3333 0.7922 0.7903 0.7924 0.7904 0.7926 0.7905
0.2000 0.9368 0.9353 0.9370 0.9354 0.9371 0.9355
0.1111 0.9944 0.9884 0.9953 0.9889 0.9961 0.9892

0 1.0330(*) | 1.0236(*) | 1.0344 1.0244 | 1.0355(*) |1.0251(*)

% (*) In the last row of Tables 3.15, 3.17 and 3.19, k*(a) and k *(b) are calculated for
I /(1+2c)=0.0065. Since it is not possible to find SIFs for the case of nonhomogeneous

material combination at exactly 1/ (I +2¢)=0.
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Table 3.16: Comparison of k*(a) and k*(b) for different nonhomogeneity parameters

hp and for a very thin FGM layer.

h/a=0.1

l/a=1

hp=-2

(%4 = 0.135)

Ho

hp=-1

(*4 = 0.368)

Ho

hp=1

(th =2718)

Ho

hp=2

(*4 = 7.389)

Hy

1/(1+2c)

k(@) | k*(b)

k*(@) | k*(b)

k*(@) | k*(b)

k(@) | k*(b)

1

0 0

0 0

0 0

0 0

0.9434

0.1382 | 0.1382

0.1382 | 0.1382

0.1382 | 0.1382

0.1382 | 0.1382

0.8333

0.2523 | 0.2523

0.2523 | 0.2523

0.2523 | 0.2523

0.2523 | 0.2523

0.7143

0.3568 | 0.3568

0.3568 | 0.3568

0.3568 | 0.3568

0.3568 | 0.3568

0.6250

0.4372 | 0.4372

0.4372 |0.4372

0.4372 | 0.4372

0.4372 | 0.4372

0.5000

0.5702 | 0.5702

0.5702 | 0.5702

0.5702 | 0.5702

0.5702 | 0.5702

0.4386

0.6486 | 0.6485

0.6486 | 0.6485

0.6488 | 0.6485

0.6488 | 0.6485

0.3333

0.7915 | 0.7901

0.7920 | 0.7903

0.7928 | 0.7905

0.7930 | 0.7906

0.2000

0.9364 | 0.9350

0.9367 | 0.9352

0.9372 | 0.9355

0.9374 | 0.9356

0.1111

0.9901 | 0.9864

0.9932 | 0.9879

0.9967 | 0.9895

0.9975 | 0.9899

0.0065

1.0259 |1.0192

1.0311 | 1.0224

1.0363 | 1.0256

1.0375 | 1.0263
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Figure 3.18: k*(b) for h/a=0.1and |/a=1
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Figure 3.20: k*(b) for h/a=0.1and I/a=1

80




In Tables 3.17-18, a thin FGM coating on a homogeneous material is
considered for different nonhomogeneity parameters. As discussed in Tables 3.15-

16, the results are very close for various gh values. For this reason, one data set is

also shown in Figures 3.21-24.

Table 3.17: Comparison of k*(a) and k*(b)for different nonhomogeneity
parameters hg and for a thin FGM layer.

hg=-0.5 hg =107 hg =05
h/a=0.5 Imost
(*4 = 0.606) (almos (4 =1.648)
I/a=1 Ho homogeneous) Ho
I/(1+2c) |k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)
1 0 0 0 0 0 0

0.9434 0.1382 0.1382 0.1382 0.1382 0.1382 0.1382

0.8333 0.2523 0.2523 0.2523 0.2523 0.2523 0.2523

0.7143 0.3568 0.3568 0.3568 0.3568 0.3568 0.3568

0.6250 0.4372 0.4372 0.4372 0.4372 0.4372 0.4372

0.5000 0.5701 0.5702 0.5702 0.5702 0.5703 0.5702

0.4386 0.6484 0.6485 0.6487 0.6485 0.6490 0.6485

0.3333 0.7916 0.7901 0.7924 0.7904 0.7932 0.7907

0.2000 0.9358 0.9350 0.9370 0.9354 0.9381 0.9357

0.1111 0.9903 0.9866 0.9953 0.9889 1.0000 0.9910

0 1.0272(*) | 1.0203(*) | 1.0344 | 1.0244 | 1.0408(*) |1.0281(*)
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Table 3.18: Comparison of k*(a) and k*(b) for different nonhomogeneity parameters
hp and for a thin FGM layer.

hp=-2 hp=-1 hp=1 hp=2
h/a=0.5

Va=1 | (220135 | (Y2=0,368) | (H2=2,718) | (*2=7,389)
Ho

Hoy Hy Ho

l/(1+2c)| k*@) | k*(b) | k*(a) | k*(b) | k*(@) | k*(b) | k*(a) | k*(b)

1 0 0 0 0 0 0 0 0

0.9434 | 0.1382 | 0.1382 | 0.1382 |0.1382 | 0.1382 | 0.1382 | 0.1382 | 0.1382

0.8333 | 0.2523 | 0.2523 | 0.2523 | 0.2523 | 0.2523 | 0.2523 | 0.2523 | 0.2523

0.7143 | 0.3568 | 0.3568 | 0.3568 | 0.3568 | 0.3568 | 0.3568 | 0.3568 | 0.3568

0.6250 | 0.4372 | 0.4372| 0.4372 |0.4372|0.4372 | 0.4372 | 0.4372 | 0.4372

0.5000 | 0.5698 | 0.5702 | 0.5700 |0.5702 | 0.5704 | 0.5702 | 0.5707 | 0.5702

0.4386 | 0.6475 | 0.6484 | 0.6481 | 0.6484 | 0.6494 | 0.6485 | 0.6500 | 0.6486

0.3333 | 0.7889 | 0.7891 | 0.7907 | 0.7897 | 0.7940 | 0.7911 | 0.7953 | 0.7917

0.2000 | 0.9323 | 0.9337 | 0.9347 | 0.9346 | 0.9392 | 0.9361 | 0.9413 | 0.9366

0.1111 | 0.9754 | 0.9798 | 0.9852 | 0.9843 | 1.0043 | 0.9929 | 1.0114 | 0.9961

0.0065 | 1.0028 |1.0054 | 1.0194 |1.0156 | 1.0465 | 1.0313 | 1.0557 | 1.0362
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Figure 3.22: k*(b) for h/a=05 and I/a=1
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Figure 3.24: k*(b) for h/a=05 and I/a=1
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Finally, the case of a thick FGM layer bonded to a homogeneous material is
examined in Tables 3.19-20. The results are graphically shown in Figures 3.25-28.
While FGM is getting thicker if it is stiffer than the homogeneous material

(ﬂ =~ 0.606), (ﬂ ~0.368) and (ﬂ ~0.135), the decrease in the normalized stress

Hy Hy Hy

intensity factors compared to # ~ 7389 ,ﬂ ~2.718 ,ﬂ ~1.648 and 2 =1 cases
Ho Ho Ho Ho

becomes more significant as it is seen in Tables 3.15-20.
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Table 3.19: Comparison of k*(a) and k*(b)for different nonhomogeneity

parameters hg and for a thick FGM layer.

hg=-05 hpg=10"° hg =05
h/a=0.9
(*4 = 0.606) (almost (4 =1.648)
I/a=1 Hy homogeneous) Ho
1/(1+2c) [k*(a) k*(b) k*(a) k * (b) k*(a) k * (b)
1 0 0 0 0 0 0
0.9434 | 0.1382 | 0.1382 0.1382 0.1382 0.1382 | 0.1382
0.8333 | 0.2523 | 0.2523 0.2523 0.2523 0.2523 | 0.2523
0.7143 | 0.3567 | 0.3568 0.3567 0.3568 0.3569 | 0.3568
0.6250 | 0.4369 | 0.4372 0.4372 0.4372 0.4375 | 0.4372
0.5000 | 0.5693 | 0.5702 0.5701 0.5702 0.5711 | 0.5702
0.4386 | 0.6471 | 0.6483 0.6489 0.6485 0.6502 | 0.6487
0.3333 | 0.7890 | 0.7896 0.7924 0.7904 0.7956 | 0.7912
0.2000 | 0.9288 | 0.9336 0.9371 0.9354 0.9452 | 0.9372
0.1111 | 09796 | 0.9828 0.9954 0.9889 1.0113 | 0.9950
0 1.0146 (*) | 1.0150(*) | 1.0353 1.0244 | 1.0550(*) |1.0336(*)
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Table 3.20: Comparison of k*(a) and k*(b) for different nonhomogeneity parameters
hp and for a thick FGM layer

hp=-2 hp=-1 hp=1 hp=2
h/a=0.9

Va=1 | (F2=0135) | (2=0.368) (th =2718) (*4 = 7.389)

Hy Hoy Hy Hy

l/(1+2c)| k*@) | k*(b) | k*(a) | k*(b) | k*(@) | k*(b) | k*(a) | k*(b)

1 0 0 0 0 0 0 0 0

0.9434 | 0.1382 | 0.1382 | 0.1382 |0.1382 | 0.1382 | 0.1382 | 0.1382 | 0.1382

0.8333 | 0.2523 | 0.2523 | 0.2523 | 0.2523 | 0.2523 | 0.2523 | 0.2523 | 0.2523

0.7143 | 0.3564 | 0.3568 | 0.3566 |0.3568 | 0.3570 | 0.3568 | 0.3572 | 0.3568

0.6250 | 0.4361 | 0.4372 | 0.4366 |0.4372|0.4378 | 0.4372 | 0.4383 | 0.4372

0.5000 | 0.5665 | 0.5701 | 0.5684 | 0.5701 | 0.5720 | 0.5703 | 0.5736 | 0.5704

0.4386 | 0.6423 | 0.6478 | 0.6455 | 0.6481 | 0.6516 | 0.6488 | 0.6542 | 0.6492

0.3333 | 0.7776 | 0.7872| 0.7854 | 0.7888 | 0.7985 | 0.7919 | 0.8036 | 0.7931

0.2000 | 0.9048 | 0.9274 | 0.9208 | 0.9316 | 0.9535 | 0.9389 | 0.9699 | 0.9421

0.1111 | 0.9366 | 0.9665| 0.9644 |0.9770 | 1.0273 | 1.0010 |1.0580 | 1.0124

0.0065 | 0.9582 [ 0.9871 | 0.9955 |1.0055|1.0731 | 1.0422 |1.1093 | 1.0577
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Figure 3.26: k*(b) for h/a=0.9 and I/a=1
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Figure 3.27: k*(a)for h/a=0.9 and I/a=1
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Figure 3.28: k*(b) for h/a=0.9 and I/a=1
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For this crack problem, loadings are also taken as proportional to powers of

X;
P(x) :ao(xl;a)k, k=0, 1, 2, 3.. (226)

Using the expression in (226), normalized SIFs are found and they are given
in Tables 3.21-28. Such results can be used to construct solutions to more practical
problems by using superposition. A sample geometry of problem for the linear crack
surface traction is shown in Figure 3.29. In general, normalized SIFs at crack tip, b
are greater than the ones at crack tip, a. (By appropriately combining these results,
SIFs for more realistic loading cases, such as thermal loading can be obtained.)
Moreover, as seen from Tables 3.23-24, 3.27-28, normalized SIFs have negative
signs for some combinations of parameters. This means that at that specific location
a compressive loading is applied and crack is closed. Such results are meaningful
only if they are used as part of a superposition where overall SIF is positive. It is
understood from Tables 3.21-28 that the effect of loading condition is much more

significant when crack spacing is larger.
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Figure 3.29: The geometry of plane when linear crack surface traction applied
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Table 3.21: Comparison of k*(a) and k*(b) under uniform crack surface traction

o, for hf=05

h/a=0.9 I/a=1 1/a=10 1/a=100

l/(+2c) | k*(a) k*(b) k*(a) k*(b) k*(@ | k*(b)

0.9434 0.1382 0.1382 0.1382 0.1382 0.1420 0.1382

0.8333 0.2523 0.2523 0.2545 0.2523 0.2780 0.2523

0.7143 0.3569 0.3568 0.3648 0.3568 0.4355 0.3568

0.6250 0.4375 0.4372 0.4488 0.4372 0.5769 0.4371

0.5000 0.5711 0.5702 0.5955 0.5710 0.8571 0.5684

0.4386 0.6502 0.6487 0.6945 0.6507 1.0656 0.6449

0.3333 0.7956 0.7912 0.9194 0.7955 1.5708 0.7928

0.2000 0.9452 0.9372 1.2677 0.9847 2.4016 1.0366

0.1111 1.0113 0.9950 1.4643 1.1099 2.8879 1.2142

0.0610 1.0401 1.0203 1.5377 1.1577 3.0463 1.2816
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Table 3.22: Comparison of k*(a) and k*(b)under linear crack surface traction

o, (?) for h3 =05

h/a=0.9 I/a=1 1/a=10 1/a=100

l/(+2c) | k*(a) k*(b) k*(a) k*(b) k*(@) | k*(b)

0.9434 0.0007 0.1375 0.0007 0.1375 0.0007 0.1375

0.8333 0.0045 0.2478 0.0046 0.2478 0.0031 0.2478

0.7143 0.0126 0.3442 0.0132 0.3442 0.0065 0.3442

0.6250 0.0235 0.4138 0.0234 0.4138 0.0099 0.4138

0.5000 0.0571 0.5133 0.0534 0.5139 0.0406 0.5140

0.4386 0.0863 0.5627 0.0839 0.5644 0.0936 0.5640

0.3333 0.1498 0.6426 0.1711 0.6461 0.2752 0.6458

0.2000 0.2215 0.7182 0.3270 0.7382 0.6288 0.7568

0.1111 0.2536 0.7470 0.4198 0.7975 0.8470 0.8363

0.0610 0.2678 0.7595 0.4542 0.8204 0.9204 0.8669
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Table 3.23: Comparison of k*(a) and k*(b) under parabolic crack surface traction

o, (%)2 for hB =05

h/a=0.9 I/a=1 I/a=10 I/a=100
I/(1+2c) | k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)
1 0 0 0 0 0 0

0.9434 0.0000 0.1357 0.0000 0.1367 0.0000 0.1367
0.8333 0.0001 0.2435 0.0001 0.2435 -0.0002 | 0.2435
0.7143 0.0004 0.3320 0.0005 0.3320 -0.0025 | 0.3320
0.6250 0.0014 0.3918 0.0010 0.3918 -0.0089 0.3918
0.5000 0.0127 0.4691 0.0083 0.4694 -0.0146 0.4696
0.4386 0.0272 0.5039 0.0214 0.5050 0.0037 0.5053
0.3333 0.0634 0.5569 0.0673 0.5593 0.0953 0.5593
0.2000 0.1069 0.6050 0.1583 0.6162 0.2975 0.6259
0.1111 0.1266 0.6229 0.2145 0.6521 0.4268 0.6729
0.0610 0.1354 0.6307 0.2352 0.6660 0.4709 0.6912
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Table 3.24: Comparison of k*(a) and k*(b)under cubic crack surface traction

o, (?)Wor hB =05

h/a=0.9 I/a=1 I/a=10 I/a=100
I/(1+2c) | k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)
1 0 0 0 0 0 0

0.9434 0.0000 0.1360 0.0000 0.1360 0.0000 0.1360
0.8333 0.0000 0.2392 0.0000 0.2392 -0.0001 | 0.2392
0.7143 | -0.0003 0.3205 -0.0003 0.3205 -0.0013 | 0.3205
0.6250 -0.0010 0.3722 -0.0013 0.3722 -0.0066 0.3722
0.5000 0.0033 0.4341 0.0000 0.4343 -0.0181 0.4345
0.4386 0.0119 0.4604 0.0068 0.4611 -0.0110 0.4614
0.3333 0.0355 0.4988 0.0352 0.5005 0.0441 0.5006
0.2000 0.0653 0.5328 0.0960 0.5401 0.1778 0.5461
0.1111 0.0790 0.5453 0.1345 0.5647 0.2655 0.5780
0.0610 0.0851 0.5507 0.1488 0.5743 0.2956 0.5905
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Table 3.25: Comparison of k*(a) and k*(b) under uniform crack surface traction

o, for hg=-05.

h/a=0.9 I/a=1 1/a=10 1/a=100

l/(+2c) | k*(a) k*(b) k*(a) k*(b) k*(@ | k*(b)

0.9434 0.1382 0.1382 0.1381 0.1382 0.1395 0.1382

0.8333 0.2523 0.2523 0.2525 0.2523 0.2597 0.2523

0.7143 0.3567 0.3568 0.3613 0.3568 0.3945 0.3568

0.6250 0.4369 0.4372 0.4418 0.4372 0.5146 0.4372

0.5000 0.5693 0.5702 0.5745 0.5713 0.7510 0.5689

0.4386 0.6471 0.6483 0.6593 0.6516 0.9258 0.6459

0.3333 0.7890 0.7896 0.8447 0.7961 1.3464 0.7931

0.2000 0.9288 0.9336 1.1269 0.9708 2.0300 1.0288

0.1111 0.9796 0.9828 1.2872 1.0828 2.4300 1.1979

0.0610 1.0023 1.0031 1.3419 1.1261 2.5715 1.2620
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Table 3.26: Comparison of k*(a) and k*(b)under linear crack surface traction

o, (Q) for hjg = -0.5.

h/a=0.9 I/a=1 1/a=10 1/a=100

l/(+2c) | k*(a) k*(b) k*(a) k*(b) k*(@) | k*(b)

0.9434 0.0007 0.1375 0.0007 0.1375 0.0008 0.1375

0.8333 0.0045 0.2478 0.0045 0.2478 0.0035 0.2478

0.7143 0.0126 0.3442 0.0136 0.3442 0.0073 0.3442

0.6250 0.0234 0.4138 0.0249 0.4138 0.0113 0.4138

0.5000 0.0567 0.5133 0.0559 0.5138 0.0392 0.5140

0.4386 0.0855 0.5626 0.0838 0.5644 0.0846 0.5641

0.3333 0.1478 0.6419 0.1574 0.6461 0.2377 0.6458

0.2000 0.2155 0.7166 0.2848 0.7327 0.5315 0.7544

0.1111 0.2404 0.7415 0.3612 0.7863 0.7121 0.8308

0.0610 0.2516 0.7515 0.3877 0.8073 0.7761 0.8601
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Table 3.27: Comparison of k*(a) and k*(b) under parabolic crack surface traction

o, (?)2 for hB =—0.5

h/a=0.9 I/a=1 I/a=10 I/a=100
I/(1+2c) | k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)
1 0 0 0 0 0 0

0.9434 0.0000 0.1367 0.0000 0.1367 0.0000 0.1367
0.8333 0.0001 0.2435 0.0001 0.2435 -0.0001 | 0.2435
0.7143 0.0004 0.3320 0.0007 0.3320 -0.0018 | 0.3320
0.6250 0.0014 0.3918 0.0019 0.3918 -0.0067 0.3918
0.5000 0.0125 0.4691 0.0115 0.4693 -0.0102 0.4696
0.4386 0.0269 0.5038 0.0242 0.5049 0.0058 0.5052
0.3333 0.0625 0.5565 0.0636 0.5593 0.0835 0.5593
0.2000 0.1038 0.6041 0.1383 0.6132 0.2521 0.6246
0.1111 0.1192 0.6197 0.1847 0.6458 0.3593 0.6700
0.0610 0.1261 0.6259 0.2010 0.6587 0.3976 0.6876
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Table 3.28: Comparison of k*(a) and k*(b)under cubic crack surface traction

o, (?)%r hB=-05

h/a=0.9 I/a=1 I/a=10 I/a=100
I/(1+2c) | k*(a) k*(b) k*(a) k*(b) k*(a) k*(b)
1 0 0 0 0 0 0

0.9434 0.0000 0.1360 0.0000 0.1360 0.0000 0.1360
0.8333 0.0000 0.2392 0.0000 0.2392 0.0000 0.2392
0.7143 | -0.0003 0.3205 -0.0002 0.3205 -0.0010 | 0.3205
0.6250 -0.0010 0.3722 -0.0007 0.3722 -0.0053 0.3722
0.5000 0.0033 0.4341 0.0024 0.4343 -0.0142 0.4345
0.4386 0.0117 0.4603 0.0094 0.4611 -0.0077 0.4614
0.3333 0.0350 0.4985 0.0341 0.5005 0.0391 0.5006
0.2000 0.0634 0.5322 0.0841 0.5382 0.1509 0.5453
0.1111 0.0741 0.5432 0.1160 0.5606 0.2237 0.5762
0.0610 0.0790 0.5475 0.1273 0.5695 0.2498 0.5882
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CHAPTER 4

DISCUSSION

In Chapter 3, calculations are made under uniform loading and different
surface tractions by using the singular integral equation obtained in Chapter 2 and
results are shown graphically and in tabular form. First of all, numerical results in
literature for normalized SIFs are compared with studies similar to the current study.
For this reason, results and figures are compared to those in Murakami (1987) and
Nied (1987a). FGM coating is the only difference between these studies and, it is
seen in Figures 3.1-2 and Tables 3.5-7 that there is a close agreement between these
studies. It is understood that when the nonhomogeneity parameter is taken small
enough, problem is reduced to that of a homogeneous layer containing periodic
cracks. Because of this, comparison with literature is made easily. Furthermore, a
numerical comparison using Ansys computer program is also made (Yildirim, 2012)
and it is seen that the results found in Ansys are very close to the ones provided in
this study. It is also noted that crack period has a very significant effect on SIFs.
When crack period approaches to 0, normalized stress intensity factors tend to O.
While crack period is increasing, normalized SIFs are increasing significantly. When
C goes to «, the crack problem should be treated as a coated homogeneous half plane

containing single crack. For an uncoated homogeneous half plane, solution can be
easily obtained and those results are shown in all tables by setting h=1072. The

influence of 4f on normalized stress intensity factors in Tables 3.10-13 and Figures
3.7-14 shows that as crack length, I/a is increased and stiffness in FGM is decreased,

normalized stress intensity factor, k*(a) becomes larger for constant 1/(I1+2c) and h/a.
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In Figures 3.8, 3.10, 3.12 and 3.14, there is almost no change on normalized stress
intensity factor, k*(b) while crack length is increased. It can be observed that crack
tip, a is more critical than crack tip, b since it is closer to free surface. It is also seen
in Table 3.14 and Figures 3.15-16 that while crack length, | is getting larger,
normalized stress intensity factors become smaller for constant crack period, 2¢ and
normalized stress intensity factors are decreasing as stiffness in FGM increased.
Therefore, one can point out that the effect of crack period is decreased while crack
length is getting larger. Another important point is that when the crack location is
closer to FGM boundary, normalized SIFs are decreasing for a constant crack period,
2c as seen in Figures 3.15-16 and Table 3.14. Then, calculations are carried out for
different FGM thicknesses and nonhomogenities. These are tabulated in Tables 3.15-
20 and graphically shown in Figures 3.17-28. In the results, one observes that there is
little difference on normalized SIFs while FGM thicknesses and honhomogenities are
varying. Yet, it is observed that while normalized SIFs are changing, they exhibit
very clear trends according to the material gradation. To remember, periodic cracks
are in homogeneous material and therefore it is the more critical part. That is to say,
while homogeneous part is more rigid compared to the FGM coating, normalized
SIFs are higher. When these two materials have the same properties, there is almost
no difference from the above mentioned studies in literature. The calculations are
also carried out for crack surface pressures changing along x- direction. It is seen
from Tables 3.22-24 and 3.26-28 that normalized SIFs are much more significant at
the crack tip, b since the crack surface pressure increases as x gets larger. This can
also be understood from Figure 3.29 that the pressure applied at crack tip, b is
considerably greater. On the other hand, for some cases there are negative SIF results
at crack tip a as one can see in Tables 3.23-24 and 3.27-28. This means that the tips
of periodic array of cracks near the FGM layer and the free surface are under
compressive loading although the applied loading seems to be opening the crack.
This can be explained by considering the constraint on displacements in y direction.
The symmetry line between two adjacent cracks behaves like a boundary fixed in y
direction. As a result the layer of material lying between the crack and the symmetry
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line is predominantly in a state of compressive stress. In other words material is
being squeezed. Then, the interaction of this compressive stress with the constraining
FGM coating, combined with the very weak opening action near crack tip a, (which
is actually exactly zero at a) gives rise to some very small negative SIFs at a. Such
negative stress intensity factors are not meaningful by themselves, but they can be

used as a part of a superposition procedure.
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CHAPTER S5

CONCLUSION

In this thesis, an FGM coated homogeneous half plane containing periodic
cracks was considered. The problem’s importance, its place in literature and similar
studies made up to now are mentioned in Introduction. In Formulation, the physical
crack problem was modelled mathematically. By using Fourier transforms and
Fourier series, first homogeneous part and then FGM coating were considered. The
equations for stresses and displacements were derived and boundary conditions are
applied in this section. The two sets of elasticity solutions were combined and
singular integral equation was derived to solve the periodic crack problem. After the
integral equation was obtained, a computer program was created in fortran language.
Then, numerical calculations were made for various values of crack period (2c),
crack length (1), crack location (a), FGM layer thickness (h) and material gradation
(p). Under uniform loading, some discussions were made and the highlights of the

results can be listed as follows;

e Under uniform loading, if nonhomogeneity is taken as sufficiently small
(close to 0), crack problem reduces to homogeneous half plane containing

periodic cracks,

e While crack period increases, normalized SIFs increase under uniform

loading for all gh values,
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. . I . . .
e As crack location is getting closer to FGM layer (E increasing), normalized

SIFs decrease significantly under uniform loading,
e When FGM layer thickness and nonhomogeneity of FGM vary (2 and gh

varying, — constant), there is only a slight variation in normalized SIFs under
a

uniform loading,

e Under uniform loading, normalized SIFs are increasing as FGM becomes

more compliant compared to homogeneous half plane,

e Under linear, parabolic and cubic surface tractions, while crack spacing is

getting larger (2c increasing), normalized SIFs are increasing.

To sum up, this study is similar in many respects to earlier studies in
literature for instance, Nied (1987a). Even the numerical results do not differ much
from those obtained for an uncoated half plane. In fact, the problem under
consideration can be regarded as a transition between the two limiting cases, namely
periodic crack problem in a homogeneous half plane with free surface and periodic
crack problem in a homogeneous half plane with fixed surface as shown in Figure

5.1. As ph — 0, the results for free surface problem are recovered. As fh — —x,

FGM layer becomes stiffer compared to homogeneous half plane and SIFs decrease
as one would expect in fixed surface problem (Solution to this problem is not found
in literature). This thesis provides quantitative results for SIFs in this transition.
Nevertheless, the work in this thesis lays foundation for future studies. For example,
an FGM coated homogenoues half plane with imbedded periodic cracks under
thermal loading can be studied by solving the conduction and thermal stress
problems for the crack-free medium.
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Figure 5.1: Geometry of periodic crack problem when homogeneous half plane with
free surface (left) and with fixed surface (right)
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APPENDIX A

REQUIRED INTEGRALS

By using Mathematica tool, following integrals can be taken:

c n qlele
_ [l _pl@-(=1"e™)
Il__([e # cos(er, y)dy = ol ,
(A.1)
. ‘o (o' = p" |ple(p’ +a, N(D)e
l, :Iye " cos(a, y)dy = ’02 —+ A - . (A2
5 (p"+a,) (p"+a,")
c n nlelc
_ ol _—|p|-(-1"e"™)
I, _!:e # cos(ex, y)dy = P ,
(A.3)
c 2 2 anz_ 24 1olc 2+an2 _1ne\p\c
I4:Iyey‘”‘ cos(e, y)dy = ’02 a"z 2+( il 2(/0 — NED . (A4)
o (P +a,) (p"+a,)
c _(_1\N el
I, = e sin(a y)dy = % 2( Y ° ). (A.5)
0 p +an
[ ve i gi 2|pla ey &SP +a) (1) e
I, =[ye " dy = (- (-1)"e ) - " ,
o= ye i)y = 5 A (e ) TR s (A6)
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c n alole
II3=Iey‘p‘sin(any)dy:a”(l_z(_l) h ), (A7)
0 P +an
2 2\(_1\n alelc
I, - jyey‘P‘sun(a y)dy = (p2|P| -y pc)_anC(p(ptina)(z)zl) e A8
Cly = [ e = = dp = (cosh(a, [n—t) —sinh(a, o —t)), (A9)

Cllzje_ipu_m ﬁ;ﬂz d p =izsgn(h—t)(cosh(a, |h—t)) —sinh(a, [h-t])),  (A.10)

2 ifh—t .
R A 7 o |zan|ﬂ(CC’S“(%Ih—tl)—smh(anlh—tl)% (AL1)

© 2
Cly= et~ 2dp=2 (L+|h—t| e, )(cosh(z, [h—t) —sinh(a, [n—t)),  (A.12)

(" +a,) a,
T ip(-h P’
—ip(t—
S L (A13)

_%(—2+|h ~t|a,)sgn(h~t)(sinh(a, |h—t]) — cosh(a, h—t])),

- 1 iz(h—t) .
Cl.=|e"™ _—~ __dp= 1—cosh(e, |h—t|) +sinh(e, [h—t))), (A.14
L 9P g e ) sinh(ey 1) (A9
CI6 — J.e—ip(t—h) . 1 dp:
(p"+a,’) (A15)
> n|h—t|)—sinh(05n|h—t|)),
where e = cos(pt) —isin(pt), (A.16)
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o0

i :ISin[p(X—t)]COSh[p(C—Y)] dp=
! sinh(oc)

0

ﬂ(coth[% (t—x— iy)]+coth[% (t—x+iy)]

4c

_ ¢ sin[p(x—t)]cosh[p(c-y)] ,
i, = [ py sinh(pc) 1p=

0
iz2y(csch[Z (t - x —iy)2 —csch[Z (t - x+iy)]?
2C 2C

8c?

_ .. sinfp(x—t)]cosh(py)
L sim(pe) P

0

(=2 coth[ziC (t—x—iy)]-2c coth[zlC (t—x+iy)]

1", =
4 8c?

+

[t —x —iy)(csc h[21C (t— X —iy)] + (t — X +iy) csch[zlC (t—x +iy)]]

8c?
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APPENDIX B

SOLUTION OF THE RESULTING MATRIX

(7] [a, &, a; a, as al|[b]
Z2 a21 a‘22 a23 a'24 a‘25 a26 b2
ZS — a31 a32 a33 a34 a35 a36 b3
Z4 a41 a42 a43 a44 a‘45 a46 b4
0 aSl 52 a53 a54 0 O Cl

L 0 | _aﬁl A Qg3 Ay 0 0 | _Cz_

Firstly, solution for b, and b, is made in terms of b, and b, .

ab, +ag,b, +agb, +a5,b, =0,

aﬁlbl + aszbz + aesbs + a64b4 =0,

b = — (a54a61 — a51ae4)b1 _ (a54a62 — a52a64)b2
; =
Q54855 — A5z A543 — A5z

or,
b3 = a331bl + a332b2’
where

_ 85486, — 851954
A5y 855 — Agzag,

a331
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(B.4)
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a, _ 5,85, — 5,3,
32 1
A5, 855 — Agzagy

b —— (355851 — 351353)0, _ (—8s385, + 35,863)b,
), =
—85,85; 1 85384, A5, 855 — Agzag

or,

b4 = a441bl + a442bzv

where
- _ 853851 — 8513
A = !
—85,85; T Az,
a. =— —8538, + 85,83
442 :

Q54853 — A530g,
Now, one can find ¢, and c, in terms of b, and b, .
a11b1 + a12b2 + a13b3 + a14b4 +85C, +3,4C, = 75,

a21b1 + azzbz + a23b3 + a24b4 +85C, +ayC, = Z,.

(B.13)

Substituting b, and b, into above equations,

Ay +ap,b, +ay;(agh, +agb, ) +ay, (8P +2,,0,) +355¢ +a,c, =7,

Ay, +8yb, + 8,5 (85 + a5, ) + 8y, (A0, +a,,D,) +8,C, +a,C, =2,

Now, solving for b and by,

C = aSSlbl + asszbz + Qo552 + o542y,
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(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.14)

(B.15)

(B.16)



C, = a661bl + aeezbz + 8ggaZ; T AgpaZys (B-17)

where
g, = — (a16a21 — 84486 + 883831 — By38y68531 T B1e8py 844y — a14a26a441) (B.18)
Qgp5 — Q585
.. —— (a16a22 — 8486 + Ay8y3853) — Ay38neag3, + 15854 8usy — a14a26a442) (B 19)
552 ) .
a16a25 - aisaza
a, = k. , (B.20)
—Q58,5 + 585
8554 = #’ (B.21)
Q68y5 — Q585
A —— (_a15a21 + 8,485 — 45853853 + 385853 — Q5858 t+ a14‘3‘25"’1441) (B 22)
661 ) .
al6a25 - aisaze
a. =— (_a15a22 + 81,895 — A158y3853, + A138p5853, — A58 Qyyy t a14azsa44z) (B 23)
662 1 :
a16a25 - a15a26
563 = L1 (B.24)
Qo5 — A5y
g4 = s : (B.25)
—850y5 + A5
Then, solution for b, and b, is made,
a31b1 + aazbz + a33b3 + a34b4 + 8350, +35C, = Z5, (B.26)
a,b +a,b, +a,b, +a,b, +a,c +a,c, =z, (B.27)

Substituting b,, b,, b, and by into above equations,
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b, + agb, + 85 (g + b, ) + a4, (A0, +8,,,0,) +

85 (Bgs1, + Bgpb), + BgsyZy +8s54Z,) + g (Beiby + 8o, +BegeZy + 604 2,) = 2, (5.2
a41bl + a42b2 + a43 (aSSlbl + a332b2) + a‘44 (a441b1 + a442b2) + (829)
a‘45 (a551b1 + a552b2 + a55321 + a‘55422) + a‘46 (aGGlbl + a'662bZ + a‘663zl + a66422) = Z4'
Now, solving for b, and b,,
b =a,2, +a,2, + a2, + a2, (B.30)
b, =, 7, + 002, + 0032, + 2, (B.31)
where
(_(_a4z ~ B33 — 8y 844y ~ AysBlssy — Aye8gp: )(aasasss + aseaees)
_ (83, + B3yBgy + By By + BogBsy + Bgglssr ) (BsBssg + BsBes)) . (B.32)

1~
((a41 + a43a331 + a‘44a441 + a‘453'551 + a46a661)(a32 + a33a332 + a‘343‘442 + a'35a552 + a‘36a662) -

(a31 + a33a331 + a343‘441 + a35a551 + a‘36a661)(a42 + a43a332 + a44a‘442 + a45a552 + a46a662 ))

(_(_a42 — 83833 — Ay Qyyy — A5y — Ay )(assass4 +a a664)
_ —(a32 + 83385 + 83,8y, + 855855, + aseaeez)(a45a554 + 86944 )) (B.33)

12
(@ + 4385 + 848y + BygBs; F BygBlssy ) (Bgp +BgaBayy + By + Busssy +BsBgey)
(B, + Byy8ag + 8By + BuBssy + a5, ) (B T ByaBlyy + 8By T BysBesy +BysBr))
= (8 — 843855 —84sBasr ~ysBesr — BusBirr) (B.34)
137 o
((8gy + 43845 + 8,850 + 85855 + By855: ) (B + BgBlygy + B3 Busy + Baglsp +Bsgp) —
(B4 + Byy8a + 8By + BsBgsy +BsBg1) By +8ygBagy + BgyBry +8ysBssy + AysBegy )
+ +a,8,,+ +
o, = (Bg, + 8338y, + 848y, + gy + Bsgs)) , (B.35)

((a41 + a43a331 + a44a‘441 + a45a551 + a46a661)(a32 + a33a332 + a34a442 + a35a552 + a36a662) -
(a31 + a33a331 + a34a441 + a35a551 + a36a661)(a42 + a43a332 + a44a442 + a45&1552 + a46a662 ))
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Q= — 8358553 1 A6 8663

83y + 83835, 848y T 58557 + A5,
((331 F 83833 + 8484y + 835855, + 3363.651)((—3-42 ~ 8y3833; —8yg8ygp — g5y — a46aeez)
(aasasss + assases)

+

(B.36)
+(a32 + 8558537 + 85484y t Ags8s5, + aseaeez)(a45a553 + 846963 )))

((asz F 833855, 85,3y, T 855855, + a36a662)((a41 + 83853 +8,,8, +8,5855 a46a661)

(a32 + 835853, + 85,8y, t 835855, T assasez) - (a31 T 855853, + 83,8, t Q35855 + a36a661)

(a42 + 85833, + 8,484, + 85855, + a4easez)))
o = — Q358554 + Q38464 n

2 =

Ay + A8y, + 83844y + Ay5855, + 3684,

((a31 + 855853, t 838y T Ags855; + a36a661)((_a42 — 85853, — 8,8y, — Ay58g5p — a46a662)
(B50554 + g0g54) + (B.37)

(a32 + a33a332 + a‘34a442 + a35a552 + a36a662)(a45a554 + a46a664 ))) ,
((a32 + a33a332 + a348‘442 + a35a552 + a36a662)

((a‘41 + a43a331 + a'44a441 + a45a551 + a46a661)(a32 + a33a332 + a34a442 + a‘35a552 + a36a662) -
(a31 + a33a331 + a34a441 + a35a551 + a36a661)(a42 + a43a332 + a'44a442 + a45a552 + a46a662 )))

B 1
aSZ + a33a332 + a34a442 + a35a552 + a36a662

((a31 + a’33a331 + a‘346'441 + a35a551 + a36a661)(a42 + a’43a332 + a443’442 + a45a552 + a'46a'662 )) (B 38)
((a32 + a33a332 + a34a442 + a35a552 + a36a‘662)

((a4l + a43a331 + a448‘441 + a'45a551 + a46a661)(a32 + a33a332 + a34a442 + a35a‘552 + a36a662) -
(a31 + a33a331 + a348‘441 + a‘35a‘551 + a36a661)(a42 + a43a332 + a‘44a442 + a‘45a552 + a468‘662 )))

Oy

+

_ ((a31 + 8385y + 88y + 8585 + aSBaﬁﬁl)(_a32 ~ 5383 — Ay 8sgp ~ Aa855) — A3y )

" .(B.39)
((a32 + a33a332 + a34a442 + a35a552 + a36a662)
((a41 + a43a331 + a44a441 + a45a551 + a46a661)(a32 + a33a332 + a‘34a442 + a35a552 + a36a662) -
(aSl + a33a331 + a34&1441 + a35a551 + a36a661)(a42 + a43a332 + a‘448‘442 + a45a552 + a46a662 )))

Solving for b, and b,;

b, =002, + 5,2, + 032, + 13,2, (B.40)
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b, =a, 7, +o,2, + 0,2, + 0,2, (B.41)

where

Oty = 81,850 + 85,8y, (B.42)
Olgy = 81,855 +8,yy8s0,, (B.43)
Olgy = 813853, + 8,05850,, (B.44)
Olyy = 8,85 + 850,800, (B.45)
Oy = Q7,8 +8,,8,,,, (B.46)
Olyy = 81,8, + 8y, (B.47)
Olys = 841380 + 800y, (B.48)
Ay = 148401 + 850y 80 (B.49)

And, ¢, and c, can also be expressed as

C, =02 + Ay, + Oy + Oy 7, (B.50)
C, =02 + 0L, + Al + 0 7, (B.51)
where

Oty = 84,855, + Ay B, + Ao, (B.52)
Oy = Qy1,85; + 8yppBce, +8cry, (B.53)
Oley = 13855, + 850385, (B.54)
Oy = 8,80, + 850,83, (B.55)
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Olgy = 8411866 T 81856, T A (B.56)

Olgy = 8418561 + 850y 856, T gy (B.57)
Olgg = 84138661 T Q38565 (B.58)
Olgy = 84148551 18594856, (B.59)

Remembering,

Z, = i g(t)Z,dt, (B.60)
Z,= T g(t)Z,dt, (B.61)
z, = T g(t)Z,dt, (B.62)
Z, = T g(t)Z,dt. (B.63)
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APPENDIX C

DERIVATION OF SINGULAR INTEGRAL EQUATION

gy 13 T oot e (590(0) + py)(e —e )~ 2cpe” )
X, — t e'p(x t) e( y)\p\
o, (XY) 20 {!9( )_fw ( (7 _eT)?
ol (9N(P) = pY)E 1 —e™) ~2cpe™ 1)
~ol _ e\ P '
(e —e™)

+ ,uii e “[2¢,C,, +C,,(-3— Kk +2¢,X)]cos(e, Y),

n=0

2igy |} Fointen oteniel (S9N(0) + py)(e ™ —e) —2cpe )

X, - — t e'p(x t) e( y)‘p‘

O-yy( y)l 7[(1+K') {:!:g( )J; ( (e_c‘p‘ _ec‘p‘)z
(C.2)
el (SI(0) = py)(e ' —e”) ~20pe™) |
(e P _ey? PR
Considering the inner integral and let it be A;
A= [ e e (9(2)+ py)(e &) ~2cpe™") |
- ~clol _ atlely2

e (e e’ (€3)

ol (S9N(0) = py)(e ' —e”) ~20pe"),
(efc‘p‘ _ ec‘p‘)z

0 0 0
Splitting up A as I and j and also observing |p| —>—p in '[
o 0 :,
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ip(x-= t)( —(c-y)p ((ZSInh Cp)( l-|— py) cheCp)
(+2sinhcp)’

A:je

e’(y c)p ((ZSInh Cp)( 1- py) ZCpe CP)) d
(+2sinhcp)?

_I_J‘em(x—t)(e(c yv)p (( -2sinh Cp)(]_+ py) che )+
(-2sinhcp)’

ply=0)p ((-2sinhcp)(Ll-py)— 2CpeCp))d
(-2sinhcp)’

(C.4)

Consider first integral in A as A and letting p —> —p;

A= Te“ﬁ’(x—t) (e ((2sinhcp)(+ py) +2cpe” Cﬂ)
4sinh?cp

ely-o)p ((25|nh Cp)(l py) + ZCpeCp)) d
4sinh*cp

(C.5)

((2sinhcp)(L+ py) —2cpe” cP)
4sinh®*cp

A2 — Teip(xt) (e(ny)p
(C.6)
4smh2 cp

Combining A and A, ;

o0

-([4smh2
+e797((2sinhcp)(L- py) + 2cpe*))(e """ - D))d p

e(Cﬂl)p ((ZSIHh Cp)(l+ ,OY) + 2Cpepr)(e’ip(X*t) _ eip(x—t)) (C 7)

note that
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A= Ijmp—w(s|nh Cp(e(c Y)p +e(y C)p)

2 sinh’cp (C.8)
+py(e“” —e¥9?)sinhcp+cp(e™” —e*))dp
where
e©V? 4 g9 Z 2¢cosh(c—y) p (C.9)
@2 _e0=92 = 2ginh(c - y)p (C.10)
e’ +e’” =2coshyp (C.11)
Then,
_ ZJ»smp( )(smhc,ocosh(c y)p
sinh (C.12)
+ pysinh CpSInh(C— y)p+cpcoshyp)dp
Thus,
4y 5% cosh(c —
7y 9= s [ sin p(x—t)(ENE=Y)P
(L+5x); sinhcp (C.13)
smh(c—y)erCp coshyp)OI dt
sinhcp sinh?cp
Final form can expressed as;
by BT cosh(c—Y)p
X, y)=— t)|sin p(x —t)(—————
oy ) ==~ ,()lg()J PG
smh(c—y)pJr coshzy,o)d dt (C.14)
sinhcp sinh“cp

+14 ) & [2,C,, +Cy (-3— i+ 201, X)] cOS(cr, Y),

n=0
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APPENDIX D

MANIPULATIONS ON RIZK’S SINGULAR INTEGRAL
EQUATION

Rizk’s singular integral equation,

(1+ K)

b
ljg(t)( 1 +K (X 1) + K, (x,t))dt = P(X),
mE e (D.1)
where
2 3t+x Atx
K, (X,t) = ——— |
O T e (0.2)
Ko () = (= )*(ﬂ*coth( G X)) (t+x) ((t+X) (t- X))*
* (t X) 2c?
(e G0 o 2 (D3)
( (HX)) ((t X)) (% )*csch (= *(t X) yrcoth(z+ & x))
(t X)
csch?(z*~-=7%)
L oot @) e 00,5 T
2*(@)3 2c c 2
2c
C
tx
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Integral equation for homogeneous half plane containing single crack,

-1 6X 4x* Yot = (1+x)

_+_ —_ =
t+x  (t+x)? (t+x)° 4y

= ot P(Y), (04)
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