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ABSTRACT 
 
 
 

A REACTIONARY OBSTACLE AVOIDANCE ALGORITHM FOR 
AUTONOMOUS VEHICLES 

 
Yücel, Gizem 

M.Sc., Department of Aerospace Engineering 

Supervisor: Assist. Prof Dr. İlkay Yavrucuk 

 
 

June 2012, 58 Pages 
 
 
 

This thesis focuses on the development of guidance algorithms in order to avoid a 

prescribed obstacle primarily using the Collision Cone Method (CCM). The 

Collision Cone Method is a geometric approach to obstacle avoidance, which forms 

an avoidance zone around the obstacles for the vehicle to pass the obstacle around 

this zone. The method is reactive as it helps to avoid the pop-up obstacles as well as 

the known obstacles and local as it passes the obstacles and continue to the 

prescribed trajectory. The algorithm is first developed for a 2D (planar) avoidance 

in 3D environment and then extended for 3D scenarios. The algorithm is formed for 

the optimized CCM as well. The avoidance zone radius and velocity are optimized 

using constraint optimization, Lagrange multipliers with Karush-Kuhn-Tucker 

conditions and direct experimentation. 

 

Keywords: autonomy, obstacle avoidance, collision cone method, constrained 

optimization, Karush-Kuhn-Tucker conditions 
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ÖZ 
 
 
 

OTONOM ARAÇLAR İÇİN BİR REAKSİYONEL ENGELDEN KAÇIŞ 
ALGORİTMASI 

 
 

Yücel, Gizem 

Yüksek Lisans, Havacılık ve Uzay Mühendisliği Bölümü 

Tez Yöneticisi: Yrd. Doç. Dr. İlkay Yavrucuk 

 
 

Haziran 2012, 58 Sayfa 
 
 
 

Bu tez öncelikli olarak çarpışma konisi metodunu kullanarak yeri belli bir cisime 

çarpışmayı önleyecek bir güdüm algoritmasının geliştirilmesini konu almaktadır. 

Çarpışma konisi metodu geometriyi kullanan, yani engellerin çevresinde, aracın, 

engelin etrafından dolanıp geçmesini sağlayan bir önleme küresi oluşturan bir 

engelden açış algoritmasıdır. Metot, önceden tanımlanmış engellerin yanı sıra uçuş 

sırasında ortaya çıkan engeller için de kullanılabilir reaksiyonel ve sadece önüne 

çıkan engelleri aşıp, önceden tanımlanan yoluna devam eden yerel bir yöntemdir. 

Geliştirilen algoritma öncelikle 2 boyutlu senaryolar oluşturulmuş, daha sonra 3 

boyutlu senaryolar için de geliştirilmiştir. Önleme küresi yarıçapı ve hız değerlerini 

optimize eden bir algoritma da oluşturulmuştur. Optimizasyon, kısıtlı optimizasyon 

yöntemleri olan Karush-Kuhn-Tucker durumları ile Lagrange çarpanları metodu ve 

deneysel metot kullanılarak yapılmıştır. 

 

Anahtar Kelimeler: otonomi, engelden kaçış, çarpışma konisi metodu, kısıtlı 

optimizasyon, Karush-Kuhn-Tucker durumları 
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CHAPTER 1 
 
 
 

INTRODUCTION 
 
 
 
 

Unmanned aerial vehicles (UAV) are becoming more important with the increasing 

need for reconnaissance, surveillance and delivery tasks in military and civilian areas 

[1]. One key area of research is autonomy, in particular making decisions without 

human interference. The goal is to make machines smart and act more human like. 

 

There are various levels of autonomy[1]. Autonomy comes in a wide range from 

RPVs (Remotely Piloted Vehicles) to fully autonomous UAVs. The most basic level 

of autonomy is the radio-controlled systems. Radio-controlled systems are both 

commanded and controlled by the operator for the reason that they have no feedback 

mechanisms. Therefore the first improvement is to introduce feedback. As a result of 

the need for the vehicle to get the information about the environment, sensors 

(camera, seeker, inertial measurement unit, etc.) are integrated on the vehicles. 

Finally, the system becomes a set of software algorithms with advanced hardware. 

 

Autonomous systems can be achieved with help of sensors, autopilot, navigation and 

guidance algorithms on them. They both sense the environment and make decisions 

on the control of the vehicle. In other words, autonomy brings in vehicle tactical 

intelligence, allows them to have reactive changes to new situations and static and 

dynamic obstacles on their way without a need for a human operator.  
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Figure 1 – Flowchart Example of an Autonomous System 

 

Some related technology can be listed as; sensor fusion, communication, path 

planning, mission planning,  mode selection, obstacle avoidance, limit detection and 

avoidance, trajectory generation, task allocation and scheduling, cooperative tactics. 

An example of a flowchart in an autonomous system is shown in Figure 1. Mission 

planning of the vehicle is performed with the information from the sensors based on 

a preselected activity. For example, while the vehicle is on its mission, there could be 

an obstacle on its trajectory. The camera or seeker detects the obstacle and the 

guidance algorithm guides the vehicle to avoid these obstacles and if necessary, the 

trajectory is replanned. The avoidance and guidance algorithms are controlled as 

well, mostly by the help of an autopilot and these data are fed back into the system to 

make the vehicle continue its mission. 

The focus of this work is to develop a guidance algorithm for obstacle avoidance. 

 

 

1.1 Thesis Outline 

The remaining part of the thesis is organized as follows: 

• In Chapter 2, literature survey carried out about the obstacle avoidance 

methods are given. 

• In Chapter 3, problem formulation in the simulation model and the trajectory 

generation is described. 
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• In Chapter 4, the CCM with constant velocity, the method selected for the 

algorithm in this thesis, is explained and the simulation results are given. 

• In Chapter 5, 2D CCM is extended to 3D algorithm, the details of the 

algorithm are given and the results of the simulation are shown. 

• In Chapter 6, optimization applied on the CCM is explained with comparison 

and simulation results.  

• In Chapter 7, with conclusion and future work is stated. 
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CHAPTER 2 
 
 
 

LITERATURE SURVEY 
 
 
 
 

Navigation features, which help unmanned vehicles to achieve their autonomous 

missions, are global path planning and local obstacle/collision avoidance. Global 

path planning deals with the path the vehicle takes from the start of the mission to the 

goal whereas, local obstacle avoidance algorithms considers only the obstacles on the 

path. Hybrid algorithms, in which both of these methods are integrated, are another 

alternative used for the navigation and guidance of unmanned vehicles. 

 

2.1 Global Path Planning Algorithms 

There are various types of global path planning algorithms, such as graph search 

algorithms, rapidly exploring random tree, potential field method and minimum 

effort guidance. In [2], these methods are summarized and compared. 

 

Graph search algorithms can be formed by many techniques such as A*[3], best-first 

greedy [4], visibility graph method [5]. In these methods, the environment the 

vehicle travels is divided into grids. The kinematics of the vehicle is taken into 

account to define the size of the grids. Avoiding the known obstacles, nodes for the 

vehicle trajectory are defined. The algorithm finds the optimal path solution using 

these nodes and grids by using the mathematical curves, for instance splines, Dubin 

paths, clothoids as shown in Figure 2. At every step of the vehicle motion, alternative 

nodes and paths for the vehicle trajectory are calculated and stored as a database for 

the algorithm. This makes the solution rather complicated with the need of huge data 

storage. At last, these algorithms are highly dependent on the resolution of the graphs 

and require heading change. 
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2.2 Local Obstacle Avoidance Algorithms 

Local obstacle avoidance algorithms are classified as model predictive control 

approach, potential field method, vision-based neural network approach, conflict 

detection and resolution. In [2], these methods are summarized and compared. 

 

Model predictive control (MPC) [14] is another control method for nonlinear 

dynamic systems. This approach optimizes the path using a receding horizon method 

in order to take into account the changes in the dynamic environment. Although it 

has many advantages like allowing evasive maneuvers, following the trajectory with 

a good performance and stability, it has the disadvantage of its computational load 

and need for a large data storage. 

 

Vision-based neural network approach [15] is another method for obstacle 

avoidance. It has a planning manner with two branches; one of the branches is for 

path planning and the second is for trajectory tracking and obstacle avoidance. This 

method is generally used with the visibility graphs. The obstacles can be detected on 

the visibility graphs and the neurons are put on the vertices of the obstacle in order to 

create an avoidance zone. The neurons are joined with straight lines which create the 

shortest path to reach the goal. Generation of the trajectory by this method is, 

dependent on the activity of the neurons on the edges of the obstacle and the aim 

point as well. Tracking of this trajectory by the second branch is achieved using the 

model predictive control, in other words, for every step of the trajectory, an 

optimization is carried out. Vision-based neural network approach should get the 

environment information from trustworthy vision based methods and for the reason 

that it uses the MPC algorithm, it has a computational load. 

 

Conflict detection and resolution (CDR) [16] is a method, which is commonly used 

for air traffic control, especially to avoid the collision of multiple air vehicles. This is 

a geometric approach and forms a sphere around the obstacle or moving vehicle. 

This method has many different applications to the obstacle/collision avoidance 

criterion. In [17], collision criteria are studied using Euclidean geometry; then MEG 

is applied as a guidance algorithm. In [18], the time constant values of the air vehicle 
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for the control of the heading and pitch angle commands are used and a method, 

which is called “Vector Sharing Resolution”, is used to study the avoidance 

maneuver on the miss distance line of the conflicting vehicles. In [19], the line of 

sight vector between the conflicting air vehicles are used in the mixed geometric 

collision cone algorithm with the heading angle, elevation angle and speed change 

separately and combined. In [20], the collision cone algorithm is used with the 

minimum distance separation between the vehicles and control strategies are 

involved as well. In [12], collision cone algorithm is implemented using the 

heading/elevation change of the vehicles. 

 

2.3 Classical Obstacle Avoidance Algorithms 

Some common classical obstacle avoidance methods are as well briefly explained 

here: Certainty grid method (vector field histogram (VFH), VFH+, VFH*), elastic 

band method and dynamic window approach. 

 

Certainty grid methods [21] are classical and older compared to the other methods 

studied in this literature survey. These methods use a 2-D environment model with 

grids; each has a certainty value of having obstacles and strongly dependent on the 

sensor data and cell size. Vector Field Histogram [22] (VFH) method is a version of 

certainty grids. However, as opposed to 2-D Cartesian, polar histogram, which takes 

the heading angle and the probability as reference. All the directions are checked to 

find obstacles and eliminating the areas with obstacles or making the obstacles 

bigger in order to form a trajectory while avoiding the obstacles. After this, the 

heading of the vehicle is determined. VFH+ and VFH* are the improvements of 

VFH. VFH+ [23]considers the moving trajectories and the type of the trajectory can 

be arcs rather than straight lines as well. VFH*[24] concerns the steps ahead and 

forming branches on it. The trajectory is defined by optimization of the paths on the 

branches.  

 

The Elastic Band Concept [25] is another obstacle avoidance method. In this method, 

the path is planned and bubbles (which mean enough distance to obstacles) are used 
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on the trajectory to avoid obstacles. The bubbles are used all along the trajectory-

start to end. 

 

The Dynamic Window Approach [26] is the first method to take into account the 

vehicle kinematics as addition to the direction of motion. This method forms a 

velocity space with translational (V) and rotational (ω) vehicle velocities. The 

velocity space is then reduced to dynamic window according to the reachable 

velocities in the next time step. The dynamic window is a rectangle which has the 

velocity at that moment as the center and the vertices are the reachable velocities 

based on the acceleration limits of the vehicle. The motion direction is decided by 

using a cost function, which has heading, velocity and the distance to the closest 

obstacle as constraints. 

 

2.4 Summary and Objective 

Path planning and obstacle/collision avoidance methods are mainly classified as 

heuristic and optimal methods. In this literature survey, mostly heuristic methods are 

considered. Heuristic methods are the experience-based methods, which in general 

have light and fast algorithms and they are newly evolving methods. Among the 

heuristic methods, conflict detection and resolution method is selected as the main 

subject of this thesis, for the reason that it uses geometric methods, which are easy to 

implement, improve and apply the real time systems. This method is a reactionary 

method, which computes the motion in the next time step using the current motion 

data. It needs the priorities and the limits of the vehicle it is implemented. 
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                                                        ሬܴԦሶ 	 = 	 ቈݓݒݑ቉ = ሬܸԦ               (3.2) 

 

                                                        ሬܸԦሶ 	 = 	 ൥ܽ௫ܽ௬ܽ௭൩= Ԧܽ                (3.3) 

 

sinିଵ=		ߛ                                                         ௪	|௩ሬԦ|																																																													(3.4) 

 

                                                       ߯		=		tanିଵ ௩	௨                (3.5) 

  

The vehicle has a constant speed. However, lateral and vertical accelerations are 

commanded. 

Lateral acceleration written in the vehicle body axis while the vehicle is carrying out 

curvature maneuver is found from Equation 3.6 

 

     ܽ௟௔௧ = ห௏ሬሬԦหమோ_௦௣௛௘௥௘                (3.6) 

 

The algorithm is developed for a 3D environment. Initially, the motion is executed in 

2D, in other words, either in horizontal or vertical planes; therefore the vehicle 

carries out 2D obstacle avoidance, in addition the avoidance algorithm is extended to 

3D. The obstacles are stationary and their positions are known a priori. The sensors 

are assumed to be perfect. The algorithm is developed in the MATLAB/Simulink 

environment. 

 

3.2 Trajectory Generation 

The trajectory of the vehicle is generated by the initial velocity of the vehicle with 

the heading and elevation angles. Velocity in the body frame of the vehicle is 

transformed into the North East Down (NED) frame. Then, the velocity is integrated 
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with respect to time in order to get the position. The trajectory of the vehicle is 

calculated as shown in Equations 3.7-3.9. 

 

,ܤ)	መܥ                        (ܦܧܰ = ൥cos ߯ݏ݋ܿߛ ߯݊݅ݏ− cos߯ݏ݋ܿߛ݊݅ݏ ߯݊݅ݏߛ ߯ݏ݋ܿ ߛ݊݅ݏ−ߛ݊݅ݏ߯݊݅ݏ 0 ߛݏ݋ܿ ൩               (3.7) 

 

                                                ሬܸԦ = ܥመ	(ܤ, (ܦܧܰ ∗ ܸ_ܾሬሬሬሬሬሬሬԦ               (3.8) 

 

                                                   ሬܴԦ = ׬	 ሬܸԦ  (3.9)                ݐ݀	
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CHAPTER 4 
 
 
 

COLLISION CONE METHOD WITH CONSTANT VELOCITY 
 
 
 
 

The Collision Cone Method (CCM) is a heuristic, reactive, local collision/obstacle 

avoidance method. It is widely known as a conflict detection and resolution method 

or method of closest point approach (CPA). 

 

The CCM is performed in two stages with a “Sense-and-Avoid” concept. Conflict 

detection is the first stage, which consists of the detection of the obstacle and conflict 

resolution is the second stage, in which the obstacle avoidance is carried out. Conflict 

detection is achieved by means of sensors such as electro-optic/infrared/radar/laser 

cameras or seekers, etc. The vehicle will have a minimum allowable distance 

criterion in order to avoid the obstacle/collision. In the CCM, a sphere with the 

radius of minimum avoidance distance is formed. In the conflict resolution stage, 

collision avoidance is carried out around a collision sphere. The problem is shown in 

Figure 6. 

 
Figure 6 - Collision Cone Method 
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relationships shown in Figure 9, Equation 4.5 is obtained, where ݀ߠ the rate of 

change of the turn angle is and ݀ݏ is the arc length element. The radius of curvature 

is the reciprocal of the curvature, which is given in Equation 4.6. 

 

(ݏ)ߢ	                                                = 	 ቚௗ ෠்ௗ௦ቚ              (4.2) 

 

(ݏ)ߢ                                              = 	 ቚௗ ෠்ௗ௦ቚ = ቚௗ ෠்ௗఏቚ ቚௗఏௗ௦ቚ	             (4.3) 

 

ݏ݀                                                = (ݐ)ݒ ݐ݀ = 	 ቚ ௗௗ௧ ቚ(ݏ)Ԧݎ  (4.4)             ݐ݀

 

From Figure 9, as ห݀ ෠ܶห~	|݀ߠ| for small angles; ቚௗ ෠்ௗఏቚ = 1, then 
 

           κ(s) = 	 ቚୢ஘ୢୱቚ                (4.5) 

 

(ݏ)ߩ                                                           = ଵ఑(௦)                (4.6) 

 

From Equations 4.2-4.6, Equation 4.7 is obtained. 
 

ߩ                                                               = 	 ௩ఏሶ                 (4.7) 

 

4.2 Generating Curvature  

The problem is to work with the change of the direction of the velocity vector; in 

other words to find the heading angle at each instant. Once the detection distance and 

the radius of the obstacle avoidance zone (Rsphere) are introduced to the algorithm, 

with the Pythagorean Theorem, the radius of curvature is found using Equation 4.8 as 

seen in Figure 10. 
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New velocity vector with the given heading angle is; 

 

                                      V_vector_new = ܥመ(3, χ) * V_vector                                (4.10) 

 

Similarly, the rotation matrix in vertical plane is; 

 

൥	መ(2, γ) =ܥ                                        cos ߛ 0 sin 0ߛ 1 0−sin ߛ 0 cos  ൩                                         (4.11)ߛ

 

New velocity vector with the given elevation angle is; 

 

                                    V_vector_new = ܥመ(2, γ) * V_vector                                  (4.12) 

 

,ܤ)	መܥ                                           መ(3,χ)                                         (4.13)ܥ*መ(2, γ)ܥ = (ܦܧܰ

 

,ܤ)	መܥ                    (ܦܧܰ = ൥cos ߯ݏ݋ܿߛ ߯݊݅ݏ− cos߯ݏ݋ܿߛ݊݅ݏ ߯݊݅ݏߛ ߯ݏ݋ܿ ߛ݊݅ݏ−ߛ݊݅ݏ߯݊݅ݏ 0 ߛݏ݋ܿ ൩                              (4.14) 

,ܤ)	መܥ   .is the matrix to transform the vehicle from body to inertial (NED) frame (ܦܧܰ

Even though, the algorithm is executed in a planar motion, the conflict detection part 

runs as a coupled model, with the horizontal and vertical planes. The detection 

distance is evaluated as it is in only horizontal axis of the vehicle and it is integrated 

in the algorithm in inertial plane using Equation 4.15. 

 

                               detection distance = ܥመ	(ܤ,  dd                                    (4.15) * (ܦܧܰ
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After the detection of the obstacle, the algorithm is formulated in three parts. The 

division to the parts is shown in Figure 10. 

 

At first, the obstacle is detected from a predetermined detection distance. If the 

distance between the obstacle and the vehicle is equal to or smaller than the detection 

distance, the obstacle is assumed to be detected. Besides, the vehicle is approaching 

the obstacle and the closing time (Equation 4.16) must be decreasing (ݐ௖௟௢௦௜௡௚ ≤ 0). 

 

ࢍ࢔࢏࢙࢕࢒ࢉݐ                                                 = 	− ሬ࢘Ԧିሬ࢘Ԧࢋ࢒ࢉࢇ࢚࢙࢈࢕ሬ࢜ሬԦ                                            (4.16) 

 

The algorithm is made up of three circular paths. The intersection point between the 

first and the second circle lies on the line that connects the center points of the 

spheres. The distance between this point and the commanded trajectory is found from 

the relationship shown in Figure 10 and in Equations 4.17-4.19. The second circle is 

run until the distance between the vehicle and the commanded trajectory is smaller 

than the length of the intersection line. Subsequently, the third circle (identical to the 

first) is used as a path. 

 

                                                      δ = 90°- χ                                                          (4.17) 

 

                                                 δ = sinିଵ ோమ	ோమାோೞ೛೓೐ೝ೐	                                              (4.18) 

 

                                           l = Rsphere *sin (δ)                                             (4.19) 
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4.3 Simulation Results 

Results of obstacle avoidance algorithm in horizontal and vertical plane using the 

CCM are shown in this part. 

 

The obstacle avoidance in horizontal plane is shown in Figure 11-Figure 15 with the 

trajectory, heading angle change, lateral acceleration during the maneuver and 

velocity graphs. The parameters used for the simulation are given in Table 1. 

 

Table 1 – Parameters for the Simulation in Horizontal Plane 

Initial Point of The Vehicle [m] [0 0 10] 

Position of The Obstacle [m] [150 150 10] VሬሬԦ [m/s] [30 30 0] 

Rsphere [m] 50 

Detection Distance [m] 75 

 

 

Figure 11 – Trajectory of Obstacle Avoidance in Horizontal Axis 
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Figure 12 – Lateral Acceleration of the Vehicle in Obstacle Avoidance in Horizontal 

Axis 

 

Figure 13 – Heading Angle of the Vehicle in Obstacle Avoidance in Horizontal Axis 
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Figure 14 – Downrange Velocity of the Vehicle in Obstacle Avoidance in 

Horizontal Axis 

 

Figure 15 – Crossrange Velocity of the Vehicle in Obstacle Avoidance in Horizontal 

Axis 
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In Figure 12-Figure 15, the effects of the maneuvers in three regions, which are 

shown in Figure 10, can be seen. 

The obstacle avoidance in vertical plane is shown in Figure 16 - Figure 20 with the 

trajectory, elevation angle change, lateral acceleration during the maneuver and 

velocity graphs. The parameters used for the simulation are given in Table 2. 

 

Table 2 - Parameters for the Simulation in Vertical Plane 

Initial Point of The Vehicle [m] [0 0 0] 

Position of The Obstacle [m] [150 0 150] VሬሬԦ [m/s] [30 0 30] 

Rsphere [m] 50 

Detection Distance [m] 75 

 

 

Figure 16 - Trajectory of the Vehicle in Obstacle Avoidance in Vertical Axis 
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Figure 17 – Lateral Acceleration of the Vehicle in Obstacle Avoidance in Vertical 

Axis 

 

Figure 18 – Elevation Angle of the Vehicle in Obstacle Avoidance in Vertical Axis 
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Figure 19 – Downrange Velocity of the Vehicle in Obstacle Avoidance in Vertical 

Axis 

 

Figure 20 - Vertical Velocity of the Vehicle in Obstacle Avoidance in Vertical Axis 
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CHAPTER 5 
 
 
 

3D COLLISION CONE METHOD 
 
 
 
 

The 2D obstacle avoidance method with constant velocity and predetermined 

avoidance zone is explained in Chapter 4. In this chapter, the method is extended to 

3D.  

 

5.1 3D CCM Application 

 

In this part, the algorithm in part 4.2 is extended to 3D. In the 3D problem, the axes 

are coupled. The navigation equations for the Earth model problems are modified 

and used for this algorithm. 

 

The rate of change of the elevation and heading angles are modified using a sphere 

are in equations 5.1-5.2 can be shown in Figure 21, which is referenced from [28]. 

 

ሶ߮  = ௏ோಿ                 (5.1) 

 

ሶߤ             = ௏ಶோ௖௢௦(ఝ)               (5.2) 
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 Figure 21 – Coordinate Frame and Angular Displacement on a Sphere 
 

In the navigation equations, the motion around a sphere is modeled. However, the 

motion in this problem is considered in Cartesian coordinates. Therefore, the motion 

is determined as an elevation in the velocity in z axis, Vz or VD, instead of VN in 

navigation. The effect of VD is settled as magnitude in the problem and equation 5.1 

is changed to equation 5.3. 

 

߮	ሶ = 	 ௏ಿ ୲ୟ୬ఝோ                (5.3) 

 

The heading and elevation angles are found from equation 5.4. 

 

             ቂ߮ߤቃ	= ߱׬ோ஽               (5.4) 
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The velocity vector is rotated to its new orientation with the transformation matrix in 

equation 4.14 as in equation 5.5. 

 

                                    V_vector_new = ܥመ(B, NED) * V_vector             (5.5) 

 

There is a difference in the transition logic when compared to part 4.2. After the 

avoidance is completed, the vehicle settles on the commanded trajectory. The 

transition is handled by settling the vehicle on the trajectory when the vehicle is a 

detection distance away from the obstacle. This logic works on a 2D motion with 

only elevation or heading plane. Therefore, in 3D, the vehicle is in the commanded 

trajectory when the heading and elevation angles are the same as in the commanded 

trajectory. 

 

In this algorithm, the vehicle avoids the obstacle on its trajectory and the avoidance 

is carried out in the same plane of motion. For example, the simulation result in 5.2 is 

with a heading of 60° and elevation of 30°, therefore, the avoidance is carried out on 

a plane with 60° and 30° elevation. 

 

There are two issues, which result from tan߮ term in equation 5.3. One of them is 

the case where both of the heading and elevation angles are 0°. In this case, the 

avoidance cannot be carried out, as the vehicle is defined no direction of avoidance. 

The solution is to feed 1 instead of tan߮ and let the vehicle avoid the obstacle in 

elevation plane. The second case is 90° elevation angle, where tan߮ goes to infinity. 

This problem is removed by defining the 90° elevation angle in an error bound 

around 90°, not the exact value. 
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5.2 Simulation Results 

 

Simulation results of a 3D motion is shown in this part with graphs of trajectory, 

heading angle change, elevation angle change and velocity in Figure 22 - Figure 27. 

 

The parameters used for the simulation are given in Table 3. 

 

Table 3 – Parameters for the 3D Simulation  

Initial Point of The Vehicle [m] [0 0 0] 

Heading Angle [°] 60 

Elevation Angle [°] 30 

Position of The Obstacle on the 
Direction of Vehicle [m] 

200 

VሬሬԦ [m/s] 30 

Rsphere [m] 50 

Detection Distance [m] 100 
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Figure 22 - Trajectory of the Vehicle in 3D Obstacle Avoidance 

 

 

Figure 23 - Heading Angle of the Vehicle in 3D Obstacle Avoidance  
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Figure 24 - Elevation Angle of the Vehicle in 3D Obstacle Avoidance 
 

 

Figure 25 - Downrange Velocity of the Vehicle in 3D Obstacle Avoidance 
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Figure 26 - Crossrange Velocity of the Vehicle in 3D Obstacle Avoidance  
 

 

Figure 27 - Vertical Velocity of the Vehicle in 3D Obstacle Avoidance  
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In Figure 24, the effect of coupling between the horizontal and vertical axis can be 

seen. As the vehicle avoids the obstacle in 3D, the trend of the vertical and horizontal 

velocity in Figure 26 and Figure 27 are almost the same. 
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CHAPTER 6 
 
 
 

OPTIMIZED COLLISION CONE METHOD WITH CONSTRAINTS 
 
 
 
 

In this chapter, the obstacle avoidance is optimized in terms of minimum energy and 

minimum separation distance. The flight envelope limits are modeled in terms of 

acceleration and velocity limits. Therefore, the avoidance maneuver is optimized to 

avoid these limits as well. 

 

6.1 Basic Optimization Problem 

The main goal of optimization is to find the optimum solution of a problem by 

obtaining the appropriate control variables for the problem. A performance index (a 

cost function to be optimized) for the problem has to be set. The optimization 

problem may involve equality or inequality constraints; then the problem is said to be 

a constrained optimization problem. If there are no constraints, then the problem is 

unconstrained. 

 

L(ݑ ,ݔ) = performance index 

 

ێێێۏ= ݑ
ۍ ۑۑے௠ݑ...ଵݑ

ێێێۏ= ݔ    ,control vector = ېۑ
ۑۑے௡ݔ...ଵݔۍ

ێێۏ= ݂   ,state vector =  ېۑ
ۍێ ଵ݂...݂௡ۑۑے
      constraint vector =  ېۑ

 

minimize L(ݑ ,ݔ) 

subject to   ଵ݂(ݑ ,ݔ) = 0   (equality constraint) 
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      ଶ݂(ݑ ,ݔ)  ≤ 0     (inequality constraint)   

 

6.2 Optimization Methods 

Optimization methods are in general classified as analytical, experimental, graphical 

and numerical [29]. 

 

Analytical methods apply the rules of differential calculus to the optimization 

problem. The performance index, constraint and state equations are clearly defined 

and the set of equations are derived by the parameters. Afterwards, the derivative 

functions are set to zero in order to optimize the problem. The advantage of 

analytical methods is their simplicity and minimum need for the use of computers. 

However, for the highly nonlinear problems and for the problems with several 

independent parameters, the method is not applicable. 

 

Another method to apply is the graphical method. Graphical methods are easy by 

means of finding the optimum values of the problem illustratively from graphs.  

 

Experimental methods provide the optimum solution as well. After the problem is 

described, the possible values of parameters within the constraints/limits are 

experimented one by one by carrying out batch analysis. 

 

Numerical methods are the most commonly used optimization methods. These 

methods use iterations to find the solution by making progress on the results of every 

single iteration. A proper initial estimate to start the iteration process is needed and 

when the solutions converge to a trend, the algorithm stops. The advantage of this 

method is its effectiveness on highly nonlinear problems. The algorithm of this 

method can be programmed by using computer as well. 

 

Numerical methods are classified as linear programming, integer programming, 

quadratic programming, nonlinear programming, stochastic programming and 

dynamic programing methods as described in [29] and [30]. To briefly describe these 

methods; they differ by the way of the mathematical behavior, the form of the 



 

36 
 

performance index and constraint functions. If the cost function and the constraint 

functions are linear, then the optimization method is called linear programming, if 

the cost function is quadratic; then the method is selected as quadratic programming 

method. When the parameters need to be integer values, it is integer programming. 

Nonlinear programming is the method for solving the problems with nonlinear cost 

and constraint functions. Stochastic programming method is used when some of the 

constraints depend on random variables. Dynamic programming is a method for 

obtaining the global solution of complex or multipart problems. The problem can be 

solved in smaller local parts as well to get the whole result as the subparts may 

interact or may be in sequence with each other. Other numerical methods described 

above can be used for dynamic programming. 

 

6.3 Constrained Optimization Methods 

Many dynamic systems have limits as in real life they deal with the physical laws. 

Therefore, many of the optimization problems are constrained. Common methods 

applied to constrained optimization problems are Lagrange multipliers formulation 

for optimization, penalty-barrier function method, quadratic programming and 

gradient based methods. 

 

These methods can be briefly explained on example 6.1 as in [31]. 

minimize ݂(ݔ) 

                subject to           ݃௜(ݔ) = 0               i=1,…,m                                         (6.1) 

       ℎ௝(ݔ)  ≤ 0     j=1,…,n 

 

The problem can be solved using classical methods. As it has inequality constraints, 

Karush-Kuhn-Tucker conditions are used. 

 

      L(ݔ,λ) = ݂(ݔ)+	∑ λ௝௛்௡௝ୀଵ ℎ௝(ݔ) + ∑ λ௜௚்௠௜ୀଵ ݃௜(ݔ)           (6.2) 
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డ௅డ௫೔,ೕ = 0             (6.3) 

డ௅డ஛೔,ೕ = 0	 	 	 	           (6.4) 

 

Equations 6.2-6.4 are solved using linear algebra to find the appropriate x value-

control variable to minimize the cost function. 

 

The approach with penalty-barrier method, the problem 6.1 is set in the form of; 

 

minimize ܲ(ݔ) 

,ݔ)ܲ  η, β) = ݂(ݔ)+∑ ηℎ௝ଶ௡௝ୀଵ (ݔ) + ∑ ௜ଶ௠௜ୀଵ݃ߚ  (6.5)           (ݔ)

 

where η and β are the penalty parameters 

 

In this method, it is important to get the appropriate value of the penalty parameters 

without getting very small or big numbers. Therefore, sequential unconstrained 

minimization technique is used as explained in [31] as well. 

 

Quadratic programming is another widely used method of optimizing constrained 

problems. The problem in equation 6.1 is altered to equation 6.6. 

 

ଵଶ = (ݔ)݂        ݔܣ்ݔ + ݔ்ܾ + ܿ              (6.6) 



 

38 
 

 

subject to    Cx ≤ d 

where A,b,C,d are the matrix form of the coefficients of the variables and constraints 

 

After this operation, Lagrange multiplier or Theil and Van de Panne method is used 

to solve the problem. Theil and Van de Panne [31] takes the unconstrained minimum 

of the problem as a first step to determine the active constraints. 

 

Gradient based methods are the modern methods, which are explained in [31] such as 

gradient projection method and Sequential Quadratic Programming (SQP). 

 

The gradient projection method is a gradient based method as well, which searches 

for a direction of feasible points starting from an initial feasible point. Then, a 

projection matrix is produced in order to descent the value of feasible points on the 

direction of search to the real value of the feasible point. In Figure 28, the method is 

shown, where the ݔ௜ values are the optimized parameters of the problem and ̅ݔ௜ 
values are the values on the direction of feasible region, the descent vectors are the 

projection vectors to the optimized value. 

 

 

Figure 28 – Schematic of gradient projection method 
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Sequential Quadratic Programming (SQP) method is based on Newton’s method and 

it is an iterative search method, it includes the selection of the active constraints as 

well. 

6.4 Optimization Problem in This Thesis 

Obstacle avoidance methods can be treated as a part of trajectory optimization 

problems. Most of the problems in literature are related to dynamic programming 

method and the trajectory is optimized in the whole problem. However, in this thesis, 

the obstacle avoidance problem is CCM and it is aimed to optimize the main 

parameters in this problem, velocity (V) and the radius of obstacle avoidance zone 

(Rsphere).  

 

Optimization is carried out according to the objective functions, which are mainly 

divided into three categories; minimum time, minimum fuel and minimum energy. 

The objective of the optimization problem in this thesis is to minimize the lateral 

acceleration of the vehicle while turning around an obstacle. The performance index 

of a minimum energy problem is stated as in 6.7; 

 

   L =ݑ׬ଶ݀(6.7)             ݐ 

 

where u stands for acceleration for problems related to dynamic and mechanical 

systems. 

 

The performance index for the problem of this thesis is; 

ܮ      = ቆ൬׬ ௏మோೞ೛೓೐ೝ೐൰ଶ + ቀ௏మோమቁଶቇ  (6.8)     ݐ݀
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The lateral acceleration contributes to the energy consumption of the vehicle and this 

can be minimized using the lateral acceleration parameter as well.  

 

ฬ ௏మோೞ೛೓೐ೝ೐ฬ ≤ ܽ௠௔௫               (6.9) 

 

                                                       ቚ௏మோమቚ ≤ ܽ௠௔௫                         (6.10) 

 

 < Rsphere < dd             (6.11)	௢௕௦௧௔௖௟௘ݎ                                          

 

            ௦ܸ௧௔௟௟ ≤ ܸ ≤ ௠ܸ௔௫             (6.12) 

 

For the optimization problem, Lagrange multipliers approach is selected. The 

inequality constraints in the problem are formulated as Karush-Kuhn-Tucker 

conditions. The problem can be approached in two aspects; optimization of the 

avoidance zone radius by setting constant velocity and optimization of the velocity 

and the avoidance zone radius. 

 

6.4.1 Avoidance Zone Optimization 

For avoidance zone optimization, the constraints in equations 6.9 - 6.11 can be 

combined in one equation using the relationship between Rsphere and R2, which is 

shown in equation 4.8. 
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The avoidance zone radius constraint is set by using the lateral acceleration limits in 

equations 6.9 – 6.10 and new radius constraint is defined by; 

 

                                                    Rmin	< Rsphere < Rmax          (6.13) 

 

The Lagrangian equation for this problem is; 

 

    L(Rsphere, λ૚, λ૛) = ൬ ൰૛ࢋ࢘ࢋࢎ࢖࢙ࡾ૛ࢂ + ቀࢂ૛ࡾ૛ቁ૛ + λ૚(Rmin -  Rsphere) + λ૛(Rsphere - Rmax)       (6.14) 

 

The Karush-Kuhn-Tucker conditions are; 

 

డ௅డோೞ೛೓೐ೝ೐ = 0           (6.15) 

 డ௅డ஛భ,మ = 0	 	 	 	        (6.16) 

 

       Rmin - Rsphere ≤ 0           (6.17) 

 

                   Rsphere - Rmax ≤ 0           (6.18) 

 

As the Lagrange multipliers, λଵ and λଶ should be nonnegative, equations 6.17-6.18 

can be rewritten as; 
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              λଵ(Rmin - Rsphere) = 0                      (6.19) 

 

               λଶ(Rsphere - Rmax) = 0            (6.20) 

 λଵ, λଶ ≥ 0             (6.21) 

 

The active Lagrange multipliers are defined according to the radius constraint in 

equations 6.17-6.18. In this problem, there are alternatives of active constraints; 

 

• λଵ, λଶ = 0 → Optimized avoidance radius is within the limits in 

equation 6.13. 

• λଵ ≠ 0  → Optimized avoidance radius is smaller than Rmin, 

therefore, the avoidance zone radius is set to Rmin. 

• λଶ ≠ 0  → Optimized avoidance radius is larger than Rmax, 

therefore, the avoidance zone radius is set to Rmax. 

 

6.4.2 Avoidance Zone and Velocity Optimization 

For the optimization of velocity along with the avoidance zone radius, two 

alternative optimization method are used; optimization with Lagrange multipliers and 

direct experimentation method. 
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6.4.2.1  Optimization with Lagrange Multipliers 

For the optimization of velocity and the avoidance zone radius, the velocity limits of 

the vehicle in equation 6.12 should be taken into account. The avoidance zone radius 

cannot be limited using the lateral acceleration limitations, as the velocity value is 

not fixed.  

The Lagrangian equation is; 

 

L(Rsphere, V, λ૚, λ૛,	λ૜, λ૝) = ൬ ൰૛ࢋ࢘ࢋࢎ࢖࢙ࡾ૛ࢂ + ቀࢂ૛ࡾ૛ቁ૛ + λ૚(Robstacle -  Rsphere) + λ૛(Rsphere - dd)+	λ૜(Vstall -  V) + λ૝(V - Vmax)           (6.22) 

 
The Karush-Kuhn-Tucker conditions are; 

 

డ௅డோೞ೛೓೐ೝ೐ = 0           (6.23) 

 డ௅డ௏ = 0            (6.24) 

 డ௅డ஛భ,మ,య,ర = 0	 	 	 	        (6.25) 

 

       Robstacle - Rsphere ≤ 0            (6.26) 

 

                   Rsphere - dd ≤ 0           (6.27) 
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Vstall - V ≤ 0            (6.28) 

 

V - Vmax ≤ 0           (6.29) 

 

As the Lagrange multipliers, λଵ, λଶ, λଷ, λସ should be nonnegative, equations 6.26-

6.29 can be rewritten as; 

 

             λଵ(Robstacle - Rsphere) = 0            (6.30) 

 

              λଶ(Rsphere - dd) = 0           (6.31) 

 

     λଷ(Vstall - V)  = 0            (6.32) 

 

     λସ(V - Vmax) = 0           (6.33) 

 

      λଵ, λଶ,	λଷ, λସ ≥ 0           (6.34) 

 

As explained in part 6.4.1, the active constraints of the problem are set. In addition to 

the avoidance zone and velocity limit constraints shown in equations 6.11 and 6.12; 

there are lateral acceleration limits of the vehicle, which is defined in equations 6.9 

and 6.10. However, lateral acceleration values depend on both of avoidance zone 
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radius and velocity and the lateral acceleration limits should be checked in every step 

of optimization process. This increases the complexity of the problem as well. 

 

6.4.2.2  Optimization Using Direct Experimentation 

In the direct experimentation method, avoidance zone radius and velocity values that 

are within the limits defined in equations 6.11 and 6.12 are experimented in batch 

simulations according to the lateral acceleration limits shown in equations 6.9 and 

6.10. Then, the optimum simulation values of V and Rsphere, which has the minimum 

of the sum of the squares of the lateral acceleration values in regions 1 and 2 in 

Figure 9, is selected as the velocity and the avoidance zone radius for the obstacle 

avoidance simulation. 

 

6.4.3 Simulation Results for Optimized Obstacle Avoidance 

Simulations are carried out for the methods, which are explained in detail in parts 

6.4.1 and 6.4.2. In this part, simulation results are shown. 

 

6.4.3.1  Avoidance Zone Optimization 

Avoidance zone optimization is analysed in two aspects; different detection distance 

values and different velocities. 

The first analysis is carried out in order to see the effect of detection distance to the 

avoidance zone. The constant parameters used in the simulation are shown in Table 

4. For the analysis, detection distance value is changed from 100m to 1000m and the 

velocity limits are set as 20 m/s and 200 m/s. When the lateral acceleration values 

exceed the limit, the code generates no solution. An example is given in Table 4 and 

Table 5 
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Table 4 – Parameters used in Simulation for Different Detection Distances 

Obstacle Size as Radius (m) 50 

Maximum Lateral Acceleration (g) 5 

Velocity (m/s) 75 

Detection Distance (m) 100:100:1000 

 

As seen from the tabulated results of the simulation in Table 5, except the case with 

detection distance value of 100m, in all of the cases, the avoidance zone is within the 

limits and as early as the vehicle detects the obstacle, less acceleration the vehicle 

pulls. 

 

Table 5 – Avoidance Zone Optimization Results for Different Detection Distances 

Detection 
Distance 
(m) 

Minimum 
Avoidance 
Radius 
(m) 

Maximum 
Avoidance 
Radius 
(m) 

Avoidance 
Zone 
Radius 
(m) 

Lateral 
Acceleration 
in Region 2 
(g) 

Lateral 
Acceleration 
in Regions 
1&3 (g) 

L 
(g2) 

100 No Solution 

200 115 115 115 4.98 4.92 49 

300 115 206 157 3.65 2.75 21 

400 115 301 210 2.73 2.07 11.8

500 115 398 262 2.19 1.65 7.5 

600 115 496 314 1.83 1.38 5.23

700 115 594 366 1.57 1.18 3.85

800 115 693 419 1.37 1.04 2.94

900 115 792 471 1.22 0.92 2.32

1000 115 891 523 1.1 0.83 1.88
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The results for detection distance values of 300-500-1000m are plotted in Figure 29 

for 2D motion and Figure 30 for 3D motion. The dotted lines in the figures show the 

optimized avoidance zone. In Figure 31, for the detection distance value of 300m, the 

maximum and minimum avoidance zones are shown as dark circles and dotted line is 

the avoidance zone. As stated in the logic in part 4.2, at the time the vehicle detects 

the obstacle, the avoidance maneuver is started. Therefore, the detection distance in 

the graphs can be evaluated as the point to start the maneuver. The lateral 

acceleration values for the same detection distances can be seen from Figure 32. In 

the simulations, the obstacle is on [1100- 0- 0] m. 

 

 

Figure 29 – 2D Trajectories for Different Detection Distance Values 
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Figure 30 – 3D Trajectories for Different Detection Distance Values 

 

 

Figure 31 – Trajectory and Avoidance Zone Limitations 
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Figure 32 – Lateral Acceleration Values for Different Detection Distance Values 

 

The second analysis for avoidance zone optimization is in the aspect of different 

velocities. The parameters used in sample simulation can be found from Table 6. 

 

Table 6 ‐ Parameters used in Simulation for Different Velocities 

Obstacle Size as Radius (m) 50 

Maximum Lateral Acceleration (g) 5 

Detection Distance (m) 200 

Velocity (m/s) 20:10:100 

 

The simulation results are tabulated and can be seen from Table 7. For the 

simulations with lateral acceleration values that exceed the limit, no solution is 

displayed. As expected, when the vehicle has higher velocity, the acceleration value 
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 the vehicle pulls gets bigger. It is seen from Table 7 for the same detection distance, 

change of the velocity doesn’t affect the optimized avoidance zone. As seen from 

Figure 34, the change of velocity effects the time to complete the avoidance 

maneuver; slower the vehicle, more long-lasting the maneuver. 

 

Table 7 – Avoidance Zone Optimization Results for Different Velocities 

Velocity 
(m/s) 

Minimum 
Avoidance 
Radius 
(m) 

Maximum 
Avoidance 
Radius 
(m) 

Avoidance 
Zone 
Radius 
(m) 

Lateral 
Acceleration 
in Region 2 
(g) 

Lateral 
Acceleration 
in Regions 
1&3 (g) 

L 
(g2) 

20 50 192 104.7 0.39 0.3 0.24

30 50 182 104.7 0.88 0.67 1.2 

40 50 170 104.7 1.56 1.18 3.81

50 51 155 104.7 2.43 1.83 9.3 

60 74 139 104.7 3.5 2.65 19.3

70 100 123 104.7 4.77 3.6 35.8

80 No Solution 

90 No Solution 

100 No Solution 
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Figure 33 – Trajectory and Avoidance Zone Limitations for Different Velocities 

 

 

Figure 34 – Lateral Acceleration Values for Different Velocities 
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In Figure 33, it is seen that the trajectory for different velocities is the same, for the 

reason that the avoidance zone is the same. However, the avoidance zone limitations, 

which are shown in the figure with thinner circles, are different. The lateral 

acceleration values are plotted on Figure 34. Another point in Figure 34 is the 

difference of the avoidance time. When the vehicle is slower, the time to avoid the 

obstacle increases. 

 

6.4.3.2  Avoidance Zone and Velocity Optimization 

Avoidance zone and velocity optimization is carried out in two approaches; Lagrange 

multipliers and direct experimentation. With the Lagrange multipliers method with 

Karush-Kuhn-Tucker conditions, no unique solution is found. As in equation 6.14, 

the cost function has fourth order V term and third order R term; there is infinite 

number of solutions for every velocity and radius value. 

 

The direct experimentation is carried out with velocity range of 20-200 m/s and 

avoidance zone radius range starting from the size of the obstacle to the detection 

distance. The lateral acceleration limits are set as well. However, for every velocity 

value, there are many avoidance zone radius values within the acceleration limit. The 

optimized value for minimum energy is for the minimum velocity value, which could 

not be preferred at all time. Therefore, the velocity and avoidance zone could not be 

optimized together for this problem. 
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CHAPTER 7 
 
 
 

CONCLUSION&DISCUSSIONS 
 
 
 
 

This thesis presents a local and reactive obstacle avoidance algorithm. The collision 

cone approach is used for obstacle avoidance. In this thesis, an obstacle avoidance 

algorithm is developed in MATLAB/Simulink environment using a point mass 

simulation model.  

 

The Collision Cone algorithm is formed to avoid the obstacles at a predefined 

detection distance by changing heading or elevation angle. The sizes of the obstacles 

are set in the algorithm and the avoidance zone radius is defined accordingly. The 

main criterion in this method is not to exceed the aerodynamic and structural limits 

of the vehicle. Acceleration of the vehicle during the avoidance is the main element 

in defining these limits. 

 

The algorithm is extended into a three dimensional space. In the extension algorithm, 

navigation equations for the Earth model are modified and used. However, the 

vehicle is not treated as moving on Earth or a sphere. While forming the point mass 

simulation, flat and nonmoving environment is assumed, since the avoidance 

maneuver takes place in a limited region, in which the effect of spherical 

environment cannot be seen. The problem is considered in Cartesian coordinates. 

Therefore, necessary modification on angular velocity term in elevation plane is done 

by setting the magnitude of VD into VN. The transformation matrix from body frame 

to navigation 

 

(inertial) frame is used instead of the Earth frame to navigation frame, which is used 

on navigation equations. In 3D algorithm, the avoidance maneuver is carried out in 
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the direction of the commanded trajectory. In other words, initial angles of the 

vehicle while avoiding the obstacle are the angles of the vehicle in the trajectory. 

 

Next, the avoidance algorithm is advanced to optimize the avoidance zone radius 

based on the velocity and lateral acceleration limits and in order to minimize the 

energy of the vehicle during maneuver. The problem is a constrained optimization 

problem with the radius, velocity and acceleration limits. Among the constrained 

optimization methods, Lagrange Multipliers with Karush-Kuhn-Tucker conditions 

method is chosen, which is a basic optimization method and commonly used for 

inequality constraints. The avoidance zone limits are the size of the obstacle and the 

detection distance. However, in this problem, the radius is limited with the 

acceleration limit of the vehicle as well. Therefore, the avoidance zone radius range 

is constricted. With the simulations, the change of optimized radius with velocity and 

detection distance is analyzed. It is seen that detection distance or the start point of 

the maneuver has an obvious effect on optimized radius, whereas velocity has no 

effect on optimized radius, except the change of lateral acceleration. 

 

The optimization is carried out for both velocity and avoidance zone. Lagrange 

Multipliers with Karush-Kuhn-Tucker conditions and direct experimentation 

methods are applied. Since the cost function contains highly nonlinear terms of 

velocity and avoidance zone radius, a unique solution could not be found. For each 

of the velocity values, there is an optimum radius value. The velocity value to 

minimize the energy is for minimum velocity and this is not preferable. Therefore, to 

optimize this problem in terms of energy, one of the velocity or avoidance zone 

radius values should be decided to be optimized while having the other value as a 

selected constant parameter. 

 

 

7.1 Future Work 

As a future work, this algorithm can be improved in terms of optimum avoidance 

direction. In this thesis, the avoidance is in the same plane with the direction of the 
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vehicle. The avoidance maneuver may be optimized in terms of potential or kinetic 

energy separately and this affects the avoidance direction of the vehicle. 

The algorithm can be implemented on an autonomous vehicle. The transition 

between the regions should be modified according to the vehicle limits and 

maneuverability. Point mass simulation in this thesis is given no vehicle dynamics 

and carries out all the commanded maneuvers. However, every vehicle cannot 

change direction in a sharp way or in short time. Therefore, the transition logic 

should be improved according to the vehicle dynamics. 

 

Detection part is not modelled in this work, a perfect sensor is assumed. An obstacle 

detection algorithm can be modelled as well and obstacle avoidance algorithm can be 

improved for pop-up obstacles. 

 

The algorithm is developed for stationary obstacles. An improvement can be done for 

moving obstacles as well. 
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