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ABSTRACT

LORENTZ GROUP IN POLARIZATION OPTICS

Oktay, Onur

M.S., Department of Physics

Supervisor : Prof. Dr. Sibel Başkal Baykal

September 2012, 60 pages

The group theory allows one to study different branches of physics using the same set of com-

mutation relations. It is shown that a formulation of the polarization optics that depends on

the representations of the Lorentz group is possible. The set of four Stokes parameters, which

is a standard tool of polarization optics, can be used to form a four-vector that is physically

unrelated but mathematically equivalent to the space-time four-vector of the special relativity.

By using the Stokes parameters, it is also possible to generate four-by-four matrix representa-

tions of the ordinary optical filters that are traditionally represented with the two-by-two Jones

matrices. These four-by-four matrices are treated as the entities of the Lorentz group. They

are like the Lorentz transformations applicable to the four-dimensional polarization space.

Besides, optical decoherence process can be formulated within the framework of the SO(3,2)

de Sitter group. The connection between the classical and quantum mechanical descriptions

of the polarization of light allows the extension of the Stokes parameters to the quantum do-

main. In this respect, the properties of the polarization of the two-photon system can also be

studied within the framework of the Lorentz group.
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ÖZ

POLARİZASYON OPTİĞİNDE LORENTZ GRUBU

Oktay, Onur

Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi : Prof. Dr. Sibel Başkal Baykal

Eylu̧l 2012, 60 sayfa

Grup kuramı, fiziğin birbirinden farklı dallarının aynı komütasyon bağıntılarıyla incelen-

mesini olanaklı kılar. Polarizasyon optiğinin, grup kuramının gösterimlerini temel alan bir

formülasyonunun oluşturulabileceği gösterilmiştir. Polarizasyon optiğinin standart araçlarından

biri olan dört Stokes parametresi topluluğunu kullanarak, özel görelilikte tanımlanan dört

boyutlu uzay-zaman vektörüne fiziksel anlamda değil ama matematiksel anlamda denk bir

dört boyutlu vektör tanımlanabilir. Stokes parametrelerinden faydalanarak, optik filtreleri

temsil eden 2x2 Jones matrislerine karşılık gelen 4x4 matrisler de yazılabilir. Bu matrisler,

dört boyutlu uzay-zaman’a uygulanabilir Lorentz dönüşümleri gibi düşünülebilir. Bunun

yanında, SO(3,2) de Sitter grubu çatısı altında optik eşevresizlik süreçleri formüle edilebilir.

Işığın polarizasyonunun klasik ve kuantum mekaniksel açıklamaları arasındaki bağlantı, Stokes

parametrelerinin kuantum düzeyindeki kullanımını olanaklı kılmıştır. Bu bağlamda, iki-foton

sisteminin polarizasyon özellikleri de Lorentz grubu çatısı altında incelenebilir.

Anahtar Kelimeler: polarizasyon optiği, Lorentz grubu, eşevresizlik, dolanıklık
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CHAPTER 1

INTRODUCTION

The development of the polarization science is closely intertwined with the development of

modern day optics. One of the pioneering works based on a full mathematical treatment of

light, which went beyond the traditional geometric optics, was presented in the late seven-

teenth century. In 1690, Dutch scientist Christiaan Huygens published his major contribution

to the field of optics; ”Traité de Lumière”. In his book, Huygens explained his wave theory

of light and recorded several related experiments [1].

Based on his studies regarding the light propagation through crystals, Huygens rejected the

scalar model of light. Instead, he concluded that light has a vectorial nature that is now called

the polarization. As time passed, there had been efforts to utilize the formulation of mechanics

to explain the propagation of light through various mediums. In this sense, modelling light

as a combination of independent wave equations was in general a success. However, some

modifications should also be made. For instance, in 1818, upon reexamining Thomas Young’s

interference experiment by using polarized light, Augustin-Jean Fresnel and François Arago

found out that light waves have no longitudinal component [2].

During the 1860s, Scottish physicist and mathematician James Clerk Maxwell formulated the

equations which are the foundation of the electromagnetic theory. According to Maxwell,

light was electrical in nature and its propagation could be explained by the laws of dynamics

[3]. With the emergence of electromagnetic theory, the problematic parts of previous theories

were overcome and soon optics was incorporated into electromagnetism.

Today, the classical optics is considered as a subfield of the electromagnetism. A defining

trait of optical waves is their polarization which describes the nature of a wave’s oscillations.

In polarization optics, we are mostly concerned with the measurement and control of a light
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wave’s polarization. To achieve these purposes, various combinations of the polarizing filters

are employed. In the second chapter, the main features of the three main polarizing filters will

be examined. Besides, the degrees of polarization will be discussed and two theoretical tools

that are used in the description of partially polarized light will be introduced: the coherency

matrix and the set of four Stokes parameters.

In the third chapter, after the introduction of its building blocks, the group theoretical for-

mulation of the polarization optics will be constructed. it will be shown that the Jones and

Mueller matrices are the two-by-two and four-by-four representations of the Lorentz group.

Besides, the optical decoherence process will be examined.

In the fourth chapter, the quantum mechanical description of the polarized light will be con-

sidered. Also, the apparent resemblance between the classical and quantum Stokes parameters

will be shown. By using this similarity, the EPR-Bohm experiment will be evaluated from a

perspective that is based on the polarization degrees of the individual photons. Moreover, an

invariant quantity under the filtering operations will be defined by using the four-vector like

characteristics of the quantum Stokes parameters.
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CHAPTER 2

POLARIZATION OPTICS

2.1 Polarization

A wave is called transverse if its direction of oscillation is perpendicular to its direction of

propagation. Polarization is a property of transverse waves that describes the orientation of

their oscillations.

In electromagnetic theory, light beams propagating in an isotropic medium are modelled as

transverse electromagnetic waves. By convention, the polarization of light is described by

specifying the orientation of the wave’s electric field vector which oscillates in time and space

as the beam propagates. For a transverse light wave, there are three possible states of polar-

ization: fully polarized, unpolarized and partially polarized. Due to light wave’s transverse

nature, it is possible to separate the motion of its electric field vector in terms of two mutually

independent components. If these two components of oscillation are in complete correlation,

light is said to be fully polarized (or completely) polarized. On the other hand, if two com-

ponents are totally uncorrelated, light is unpolarized. Partially polarized light is a mixture of

two.

The most basic approach towards the modelling and explanation of light’s polarization is

based on the plane waves. If we think of a light wave as a monochromatic plane wave prop-

agating in an isotropic and homogeneous medium, its electric field vector can be used to

represent it [4]:

~E(~r, t) = ~Eo cos(wt − ~k.~r) (2.1)

where ~k is the propagation vector and ~Eo is the amplitude vector. In a Cartesian system, if the

wave is propagating along the z-axis, its electric field vector must oscillate in the x-y plane.

3



Then, the transverse components can be represented by:

Ex(z, t) = Eox cos(wt − kz + φx), (2.2)

Ey(z, t) = Eoy cos(wt − kz + φy) (2.3)

where Eox and Eoy are the real and positive amplitudes and φx, φy are the random phase

components.

It is often more appropriate to use a complex notation for ~E. If the complex amplitudes are

defined as:

Ẽx = Eoxeiφx

and

Ẽy = Eoyeiφy

the x and y components of the complex electric field vector can be written as:

Ecx = Ẽxei(wt−kz) (2.4)

Ecy = Ẽyei(wt−kz). (2.5)

To obtain the components of actual field vector, one should take the real parts of these equa-

tions.

2.2 The Jones Calculus

In the early 1940s, R. C. Jones developed a matrix formalism, which is now called the Jones

calculus, to treat the phenomenon of polarized light more systematically [2]. The basic tools

of this formalism are the Jones vectors and matrices.

In Jones’ formalism, the polarization of fully polarized light is represented by a two compo-

nent, complex column vector named the Jones vector. The elements of a Jones vector depend

on the x and y components of the electric field. Starting with equations (2.4) and (2.5), a two

component column vector can be defined as: Ecx

Ecy

 =

 Eoxei(wt−kz+φx)

Eoyei(wt−kz+φy)

 = ei(wt−kz)
 Eoxeiφx

Eoyeiφy

 . (2.6)
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To establish a relation between Ecx and Ecy that only depends on amplitude and phase, the

common phase factor of propagation ei(wt−kz) can be suppressed. Then, the general represen-

tation of a Jones vector is obtained as:

~J =

 Eoxeiφx

Eoyeiφy

 . (2.7)

On the other hand, in Jones calculus, linear optical elements that modify the polarization

of incident light are represented with complex, 2-by-2 matrices called the Jones matrices.

Mathematically, a Jones matrix is an operator which acts on a Jones vector. There are three

main types of Jones matrices: polarizers, retarders and rotators.

To start with, a rotator is a device that rotates the plane of polarization. For a clockwise

rotation of the plane of polarization through an angle θ, the Jones matrix of a rotator is given

as:

R =

 cos θ − sin θ

sin θ cos θ

 . (2.8)

Besides, retarders (or wave plates) are optical elements that introduce a relative phase differ-

ence between the vertical and horizontal components of the field vector. They are generally

made of birefringent uniaxial crystals. In such a crystal, the mutually orthogonal components

of polarization travel through two distinct axes called the slow and fast axes. Let n f and ns

denote the refractive indices of the fast and slow axes. Since ns is larger than n f , the speed

of the orthogonal component travelling through the slow axis is smaller than the speed of the

orthogonal component travelling through the fast axis. This difference in propagation speeds

creates the phase difference between the orthogonal components.

For a typical wave plate, the relative change in phase is defined as:

δ =
2πd
λ

(ns − n f ) (2.9)

where λ is the wavelength of the light wave and d is the thickness of the plate. Besides, the

mean absolute change in phase is given as:

φm =
2πd
λ

(
ns + n f

2
). (2.10)

In the Jones formalism, the overall effect of a retarder can be written as:

PT =

 exp(−i2πdns
λ ) 0

0 exp(−i2πdn f
λ )

 = e−iφm

 e−i δ2 0

0 ei δ2

 . (2.11)
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If the interference effects are negligible, phase factor e−iφm can be eliminated [4]. Then the

standard form of a phase shifter is obtained as:

P =

 e−i δ2 0

0 ei δ2

 . (2.12)

The third type of the fundamental polarizing elements is the polarizer. A linear polarizer is

an optical element that changes the amplitude of the incident light. It is characterized by two

absorption coefficients that differ along the transverse directions. The Jones matrix for a linear

polarizer is:

Jl =

 Pa 0

0 Pb

 (2.13)

where Pa and Pb are the absorption coefficients.

The transverse components of a light beam suffer intensity losses while passing through a

beam splitter or when reflected from a mirror. To model such a modification on polariza-

tion, an attenuation matrix is used. As the mutually orthogonal components suffer different

intensity losses, the Jones matrix for an absorber (or attenuator) is written as [5]:

Ja =

 e−ηa 0

0 e−ηb

 (2.14)

where ηa and ηb are the absorption coefficients in the transverse directions. The mean absorp-

tion coefficient for an absorber is defined as:

m =
ηb + ηa

2
. (2.15)

Also, difference coefficient is defined as:

η = ηb − ηa. (2.16)

By using equations (2.15) and (2.16), equation (2.14) can be rewritten as [6]:

Ja = e−m
 e

η
2 0

0 e−
η
2

 . (2.17)

Since e−m factor diminishes both of the transverse components at the same rate, the degree of

polarization does not change. Then, the net effect of an attenuation process is only determined

by the attenuation matrix given as [7]:

A =

 e
η
2 0

0 e−
η
2

 . (2.18)
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2.3 The Coherency Matrix

The last section has been concerned with completely polarized light. However, completely

polarized fields are only mathematical idealizations; light in nature is generally partially po-

larized.

The two component representation of the field by a Jones vector is sufficient to study fully po-

larized light, but it cannot be used to describe partially polarized light. If the light is partially

polarized, the amplitudes and phases of the x and y components can both vary with time.

Therefore, a higher-order representation of the field, which also considers the correlations

between the mutually orthogonal components, must be employed.

Consider a column vector ~Ec whose elements are the x and y components of the complex

electric field of a partially polarized light:

~Ec =

 Ex

Ey

 , (2.19)

the hermitian conjugate of ~Ec is:

(~Ec)† = ( Ex
∗ Ey

∗ ) . (2.20)

By taking the time average of a Kronecker product, the coherency matrix for ~Ec can be defined

as [6]:

Jc = 〈~Ec ⊗ (~Ec)†〉 =

 〈ExEx
∗〉 〈ExEy

∗〉

〈EyEx
∗〉 〈EyEy

∗〉

 =

 Jxx Jxy

Jyx Jyy

 (2.21)

where the brackets denote the time-averaging operation. The elements of Jc can be found by

using the formula:

Ji j = 〈EiE j
∗〉 = lim

T→∞

1
2T

∫ +T

−T
EiE j

∗dt. (2.22)

The diagonal elements of Jc, which are real, represent the intensities of the x and y compo-

nents. Thus, by taking the trace of Jc, one obtains the total intensity of light:

IT = tr(Jc) = Jxx + Jyy. (2.23)

The degree of polarization, P, is a quantity describing the polarized portion of a light wave. It

is the ratio of the intensity of the polarized part to the total intensity. For completely polarized

light, P is equal to 1. For partially polarized light P is between 0 and 1. For completely

7



incoherent or unpolarized light P is equal to 0. In terms of the elements of Jc, P can be

defined as [8]:

P =

√
1 −

4 det(Jc)
[tr(Jc)]2 . (2.24)

The relation between P and polarization types is given in table 2.1.

Table 2.1: The list of polarization types and associated degree of polarizations.

Type Of Polarization Degree Of Polarization
Completely Polarized P = 1
Partially Polarized 0<P<1
Unpolarized P = 0

2.4 The Stokes Parameters

The oscillation period of light that is subject to an optoelectronics system is approximately

equal to 10−14 seconds. Since this duration is short on a macroscopic scale, a macroscopic

measurement will include several pulses of light with very short time intervals. Moreover, for

partially polarized light, the state of polarization could change from one state to another in

a time duration of 10−8 seconds [4]. Considering these limitations, instead of concentrating

on a rapidly oscillating signal related to a desired quantity such as the amplitude or energy

density, it is more reasonable to focus on the average value. For instance, a direct measure-

ment of an optical field’s amplitude is not possible. However, the intensity of a field, which is

proportional to the time-averaged form of the square of the amplitude, is observable.

In 1852, George Gabriel Stokes showed that a full description of any polarization state of light

can be obtained in terms of four observables that are called the Stokes parameters [2]. In a

Cartesian system, the Stokes parameters for quasi-monochromatic light are [9]:

S 0 = 〈ExEx
∗〉 + 〈EyEy

∗〉 (2.25)

S 1 = 〈ExEx
∗〉 − 〈EyEy

∗〉 (2.26)

S 2 = 〈ExEy
∗〉 + 〈EyEx

∗〉 (2.27)

S 3 = i(〈EyEx
∗〉 + 〈ExEy

∗〉) (2.28)

8



in terms of the elements of coherency matrix Jc, Stokes parameters can be rewritten as:

S 0 = Jxx + Jyy (2.29)

S 1 = Jxx − Jyy (2.30)

S 2 = Jxy + Jyx (2.31)

S 3 = i(Jyx − Jxy). (2.32)

Let ~Jv be the complex column vector associated with the elements of Jc:

~Jv =



Jxx

Jxy

Jyx

Jyy


(2.33)

and let ~S v denotes the column vector associated with the Stokes parameters:

~S v =



S 0

S 1

S 2

S 3


. (2.34)

By using equations (2.29) through (2.32), a transformation, which connects the complex ele-

ments of Jc with the real, observable Stokes parameters, can be defined as:

~S v = T1 ~Jv (2.35)

where the transformation matrix T1 is given as:

T1 =



1 0 0 1

1 0 0 −1

0 1 1 0

0 −i i 0


. (2.36)

Furthermore, an inverse transformation can be defined as:

~Jv = T2 ~S v (2.37)

where T2 is:

T2 = T−1
1 =

1
2



1 1 0 0

0 0 1 i

0 0 1 −i

1 −1 0 0


. (2.38)
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By substituting the elements of ~Jv from equation (2.37) into equation (2.21), the coherency

matrix can be redefined in terms of the Stokes parameters as:

Jc =

 Jxx Jxy

Jyx Jyy

 =
1
2

 S 0 + S 1 S 2 + iS 3

S 2 − iS 3 S 0 − S 1

 . (2.39)

Similarly, the degree of polarization P can be modified as:

P =

√
S 1

2 + S 2
2 + S 3

2

S 0
. (2.40)

By rearranging equation (2.22), one can show that Ji j
∗ = J ji Then, the coherency matrix Jc is

Hermitian:

Jc
† =

 Jxx Jyx
∗

Jxy
∗ Jyy

 =

 Jxx Jxy

Jyx Jyy

 = Jc. (2.41)

Since the Pauli spin matrices form a complete set, any 2-by-2 Hermitian matrix can be ex-

panded as a linear combination of them [10]:

Jc =
1
2

3∑
i=0

ciσi (2.42)

where the expansion coefficients are:

ci = tr(Jcσi). (2.43)

If the following combination of Pauli matrices are chosen [6]:

σ0 =

 1 0

0 1

 , σ1 =

 1 0

0 −1

 , σ2 =

 0 1

1 0

 , σ3 =

 0 i

−i 0

 (2.44)

ci’s can be obtained from equation (2.43) as:

c0 = tr
 Jxx Jxy

Jyx Jyy

 = Jxx + Jyy (2.45)

c1 = tr
 Jxx −Jxy

Jyx −Jyy

 = Jxx − Jyy (2.46)

c2 = tr
 Jxy Jxx

Jyy Jyx

 = Jxy + Jyx (2.47)

c3 = tr
−iJxy iJxx

−iJyy iJyx

 = i(Jyx − Jxy). (2.48)
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By comparing equations (2.45) through (2.48) with equations (2.29) through (2.32), we con-

clude that the expansion coefficients ci (i = 0, 1, 2, 3) are in fact the Stokes parameters.

Therefore, the coherency matrix Jc can also be expressed as:

Jc =
1
2

3∑
i=0

S iσi. (2.49)

It is known that fully polarized light beams can be treated with the Jones calculus. For the

treatment of partially polarized or unpolarized light, a more complex structure named the

Mueller calculus is employed. In Mueller calculus, polarization state of a light beam is rep-

resented by a Stokes vector given in equation (2.34). As its structure depends on the Stokes

parameters, Mueller calculus can be utilized in the examination of any polarization state of

light.

If ~S in denotes the Stokes vector corresponding to the incident beam and ~S em denotes the

Stokes vector of the emerging beam, a light beam’s passage through a polarizing element is

modelled by:

~S em = M~S in (2.50)

where M is the 4-by-4 Mueller matrix characterizing the polarizing element.

2.5 The Poincaré Sphere

In the third section, the three main types of light’s polarization were classified according to

their respective degree of polarizations. The same analysis can also be carried out with a focus

on the Stokes parameters. By this way, a graphical tool for visualizing the distinct types of

polarized light can constructed.

To start with, equation (2.40) can be put into the following form:

S 1
2 + S 2

2 + S 3
2 = (PS 0)2. (2.51)

Equation (2.51) represents a sphere with radius PS 0 in three-dimensional space of the Stokes

parameters S 1, S 2 and S 3. This virtual sphere, known as the Poincaré sphere, is depicted in

figure (2.1).
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Figure 2.1: Poincaré Sphere [6].

For completely polarized light, P is equal to 1. For this case, equation (2.51) gives:

S 1
2 + S 2

2 + S 3
2 = S 0

2, (2.52)

so we realize that all points in Stokes space that are confined on the spherical surface of radius

S 0 represent the fully polarized light. Besides, in the case of unpolarized light P is equal to 0,

so this type of polarization is represented by a point located at the origin. All interior points

of the sphere with the exception of the origin correspond to partially polarized light. To sum

up, a general polarization state can defined with an inequality of the form:

S 0
2 ≥ S 1

2 + S 2
2 + S 3

2. (2.53)

An arbitrary polarization state is represented by the points on the surface or inside of the

Poincaré sphere. For instance, linearly polarized states are located on the equator. The north

pole corresponds to the right-hand circularly polarized state. The left-hand circularly polar-

ized state is represented by the south pole. While all points on the surface of the sphere

represent the elliptically polarized light, the points inside of the sphere represent the partially

polarized light.

12



CHAPTER 3

LORENTZ GROUP IN POLARIZATION OPTICS

The group of all Lorentz transformations of Minkowski space is known as the Lorentz group.

Historically, the concepts of Lorentz transformation, four-vector and Minkowski space had

stemmed from the fabric of special relativity. However, these concepts were later integrated

into the broad mathematical spectrum of geometry and group theory.

The group theory allows the study of distinct branches of physics by using the same set of

commutation relations. Due to this fact, a formulation of polarization optics, which depends

on the 2-by-2 and 4-by-4 representations of the Lorentz group, is possible. The group theo-

retical approach to the polarization optics can be exemplified by considering the 4-by-4 rep-

resentations of the Lorentz group. If we define a fictitious Minkowski space corresponding to

the polarization space of optics, the elements of the four-vector described in this four dimen-

sional, hyperbolic space will be the Stokes parameters. In the ordinary Minkowski space of

relativistic formalism, Lorentz transformations correspond to a modification of the reference

system; a linear map that relates the time and space coordinates of different reference frames.

In our fictitious space, these transformations will correspond to entities that modify the Stokes

vector hence the polarization state of light [11].

3.1 Jones Matrices and 2-by-2 Representations

The Jones matrices of an attenuator, a retarder and a rotator were previously given in sec-

tion (2.2). By alternating the form of these matrices that correspond to three fundamental

polarizing elements, it is possible to construct the 2-by-2 representation of the Lorentz group.

In terms of their generators, the transformations of equation (2.8), equation (2.12) and equa-
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tion (2.18) can be redefined. To start with, for a rotation of the plane of polarization through

an angle θ
2 , equation (2.8) can be rewritten as:

R(θ) =

 cos
(
θ
2

)
− sin

(
θ
2

)
sin

(
θ
2

)
cos

(
θ
2

)  = e−iθJ2 (3.1)

where R(θ) is generated by J2 given as:

J2 =
1
2

 0 −i

i 0

 . (3.2)

The retarder of equation (2.12) takes the form:

P(δ) =

 e−i δ2 0

0 ei δ2

 = e−iδJ3 (3.3)

with

J3 =
1
2

 1 0

0 −1

 . (3.4)

Besides, the attenuator is redefined as:

A(η) =

 e
η
2 0

0 e−
η
2

 = e−iηK3 (3.5)

where K3 is

K3 =
i
2

 1 0

0 −1

 . (3.6)

If the commutation relation of the generators given in equation (3.2) and equation (3.6) is

taken, another generator is obtained:

[J2,K3] = iK1 (3.7)

where K1 is equal to:

K1 =
i
2

 0 1

1 0

 . (3.8)

The three generators obtained so far satisfy the following commutation relations:

[J2,K1] = −iK3 (3.9)

and

[K3,K1] = −iJ2. (3.10)

Then K1, K3 and J2 produce a closed set of commutation relations. It is possible to generate

3 three-parameter groups from these commutation relations. Two of these groups are the

generalized special unitary group SU(1,1) and the symplectic group Sp(2,r) and the other
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group is O(2,1) which is the Lorentz group applicable to two space-like and one time-like

dimensions.

If the commutation relation of J3 and J2 is taken, we obtain:

[J3, J2] = −iJ1 (3.11)

where J1 is

J1 =
1
2

 0 1

1 0

 . (3.12)

Taking the commutation relation of J1 with J2 gives:

[J1, J2] = iJ3. (3.13)

If we continue to take the commutation relations between J1, J2 and J3, a well-known group

of commutation relations is obtained:

[Ji, J j] = iεi jkJk (3.14)

where εi jk is the Levi-Civita symbol. These set of commutation relations are the generators of

two three-parameter groups: SO(3) and SU(2). SO(3) is the rotation group that includes all

rotations in three-dimensional Euclidian space. Besides, rotational transformations acting on

spin- 1
2 particles form SU(2).

At this point, we have two sets of generators: Ji and Ki (i=1,2,3). In laboratory environment,

polarizing elements of three main types are often applied in arbitrary order. The mathematical

equivalent of this procedure can be derived by taking the commutation relations of individual

and mixed sets. For the mixed set, equation (3.7) and equation (3.9) are already known. If the

commutation relations of other combinations are taken, one obtains:

[Ji,K j] = iεi jkKk (3.15)

On the other hand, for Ki set, we obtain the following set of commutation relations:

[Ki,K j] = −iεi jkJk. (3.16)

Together with equation (3.14), equations (3.15) and (3.16) generate the two-by-two represen-

tation of the Lorentz group called SL(2,C). Therefore, in a mathematical sense, Jones matri-

ces corresponding to attenuators, retarders and rotators can be interpreted as 2-by-2 Lorentz

transformations. In the same mathematical sense, Jones vectors can also be thought of as

two-component relativistic spinors [7].
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3.2 Mueller Matrices and 4-by-4 Representations

If the rotation operator of equation (3.1) is applied to the column vector of equation (2.19)

representing the complex electric field of incident beam of light, the column vector of the

emerging beam is obtained as: Ex
′

Ey
′

 =

 cos
(
θ
2

)
Ex − sin

(
θ
2

)
Ey

sin
(
θ
2

)
Ex + cos

(
θ
2

)
Ey

 . (3.17)

The effect of this transformation on the coherency matrix of complex electric field can be

examined by defining a transformed coherency matrix Jc
′

according to equation (2.21) as:

Jc
′

=

 〈Ex
′

(Ex
′

)
∗
〉 〈Ex

′

(Ey
′

)
∗
〉

〈Ey
′

(Ex
′

)
∗
〉 〈Ey

′

(Ey
′

)
∗
〉

 =

 Jxx
′

Jxy
′

Jyx
′

Jyy
′

 . (3.18)

Let Jc denotes the coherency matrix of the incident beam. If equation (3.17) is combined with

equation (3.18), the elements of Jc
′

can be written in terms of the elements of Jc as:

Jxx
′

= cos2
(
θ

2

)
Jxx + sin2

(
θ

2

)
Jyy −

sin(θ)
2

(Jxy + Jyx) (3.19)

Jyy
′

= sin2
(
θ

2

)
Jxx + cos2

(
θ

2

)
Jyy +

sin(θ)
2

(Jxy + Jyx) (3.20)

Jxy
′

= cos2
(
θ

2

)
Jxy − sin2

(
θ

2

)
Jyx +

sin(θ)
2

(Jxx − Jyy) (3.21)

Jyx
′

= cos2
(
θ

2

)
Jyx − sin2

(
θ

2

)
Jxy +

sin(θ)
2

(Jxx − Jyy). (3.22)

If equations (3.19) through (3.22) are combined together and rearranged we have:

Jxx
′

+ Jyy
′

= Jxx + Jyy (3.23)

Jxx
′

− Jyy
′

= cos(θ)(Jxx − Jyy) − sin(θ)(Jxy + Jyx) (3.24)

Jxy
′

+ Jyx
′

= cos(θ)(Jxy + Jyx) + sin(θ)(Jxx − Jyy) (3.25)

i(Jyx
′

− Jxy
′

) = i(Jyx − Jxy). (3.26)

Comparing equations (3.23) through (3.26) with equations (2.29) through (2.32) we notice

that last four equations relate the initial Stokes parameters to transformed ones and they can

be rewritten as:

S 0
′

= S 0 (3.27)

S 1
′

= cos(θ)S 1 − sin(θ)S 2 (3.28)

S 2
′

= sin(θ)S 1 + cos(θ)S 2 (3.29)
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S 3
′

= S 3. (3.30)

Then, the rotator’s effect on the Stokes parameters can be shown in matrix notation as:

~S
′

= Mrot~S (3.31)

with

Mrot =



1 0 0 0

0 cos(θ) − sin(θ) 0

0 sin(θ) cos(θ) 0

0 0 0 1


. (3.32)

If the same procedure is followed and related equations are derived, the transformation matrix

for the attenuator of equation (2.18) is obtained as:

Matt =



cosh(η) sinh(η) 0 0

sinh(η) cosh(η) 0 0

0 0 1 0

0 0 0 1


. (3.33)

Similarly, the transformation matrix for the phase-shifter of equation (2.12) is

Mphs =



1 0 0 0

0 1 0 0

0 0 cos(δ) − sin(δ)

0 0 sin(δ) cos(δ)


. (3.34)

Since Matt, Mrot and Mphs transform the Stokes parameters of light, they are Mueller matrices.

In terms of their respective generators, these Mueller matrices may be redefined as:

Matt = e−iηK1 (3.35)

Mrot = e−iθJ3 (3.36)

Mphs = e−iδJ1 (3.37)

with

K1 =



0 i 0 0

i 0 0 0

0 0 0 0

0 0 0 0


(3.38)
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J3 =



0 0 0 0

0 0 −i 0

0 i 0 0

0 0 0 0


(3.39)

J1 =



0 0 0 0

0 0 0 0

0 0 0 −i

0 0 i 0


. (3.40)

If the commutation relation of J3 and J1 is taken, we obtain

[J3, J1] = iJ2 (3.41)

where J2 is

J2 =



0 0 0 0

0 0 0 i

0 0 0 0

0 −i 0 0


. (3.42)

J1, J2 and J3 satisfy the closed set of commutation relations given as:

[Ji, J j] = iεi jkJk. (3.43)

The commutation relations of K1 with J2 and J3 are

[K1, J2] = iK3 (3.44)

[K1, J3] = −iK2 (3.45)

with

K3 =



0 0 0 i

0 0 0 0

0 0 0 0

i 0 0 0


(3.46)

and

K2 =



0 0 i 0

0 0 0 0

i 0 0 0

0 0 0 0


. (3.47)

K1, K2 and K3 satisfy the following set of commutation relations:

[Ki,K j] = −iεi jkJk. (3.48)
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If the commutation relations between Km and Jm (m=1,2,3) generators are taken, we obtain:

[Ji,K j] = iεi jkKk. (3.49)

Together with equation (3.43), last two equations constitute a closed set of commutators.

Thus, Jm and Km generate a group that contains transformations applicable to the vectors

of four-dimensional space. When these transformations are applied to a four-vector of the

Minkowski space, they are known as the Lorentz transformations.

Since the closed set of commutation relations are constructed from the essence of optical

filters, the effects of polarizers on a light wave can be modelled by using the mathematical

structure of Lorentz transformations. In formulation of the polarization optics with four-by-

four representations of the Lorentz group, Mueller matrices of three main types of polarizers

can be identified with appropriate Lorentz transformation matrices. Although Stokes param-

eters have no relation with the physics of special relativity, in a mathematical sense, a Stokes

vector subject to Mueller matrices can be thought of as a Minkowskian four-vector subject to

Lorentz transformations [7].

The squared norm of a four-vector in our fictitious Minkowski space is:

‖~S ‖
2

= S 0
2 − S 1

2 − S 2
2 − S 3

2. (3.50)

The total intensity S 0 is always greater than or equal to the intensity of the polarized part.

Therefore, as expected, ‖~S ‖
2

should be greater than or equal to zero.

In terms of ‖~S ‖, P of equation (2.40) can be rewritten as:

P =

√√
1 −

‖~S ‖S 0

2

. (3.51)

If ‖~S ‖ is equal to zero, P is equal to unity which means that light is completely polarized. For

the case of ‖~S ‖>0, light is partially polarized and when ‖~S ‖ becomes equal to S 0, light is said

to be unpolarized.

For a set of four space-time coordinates (x0, x1, x2, x3) in Minkowski space, Lorentz transfor-

mations leave the quadratic form x0
2 − x1

2 − x2
2 − x3

2 (x0 = ct) invariant [10]. Similarly,

the Mueller matrices derived in this section leave ‖~S ‖
2

invariant. Let P
′

denote the degree of

polarization after the filtering process:

P
′

=

√√
1 −

‖~S ‖
S 0

′

2

(3.52)
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where S 0
′

is the total intensity after the filtering. Then, for the group of optical filters defined

in section (2.2), if the polarizing element does not vary the total intensity S 0 of the light beam,

the beam’s degree of polarization remains the same.

3.3 The Analogy

The formalism of polarization optics in terms of the representations of Lorentz group is ad-

vantageous for two reasons. First, it combines several mathematical tools of polarization

optics and embeds them into the wider environment of group theory. By this way, from the

well-established theorems in the Lorentz group, appropriate ones can be utilized to study the

polarization optics.

The second reason is related to the connection established between polarization optics and

special relativity through the mathematical foundation of group theory. To explain this con-

nection, we can use the analogy between two trivial systems of classical physics: block-spring

system and LC circuit. Consider a block of mass m connected to a spring with spring con-

stant k. If this block slides on a frictionless surface, the differential equation governing the

block-spring oscillations is:

ẍ + w1
2 x = 0 (3.53)

where w1 is the natural frequency of oscillations given as:

w1 =

√
k
m
. (3.54)

For a resistanceless LC circuit with an inductor with inductance L and a capacitor with ca-

pacitance C, the differential equation of oscillations is:

q̈ + w2
2 q = 0 (3.55)

with

w2 =

√
1

LC
. (3.56)

The general solution equation (3.53) is

x(t) = Ax cos(w1t + φ). (3.57)

Equation (3.53) is mathematically identical to equation (3.55). Therefore, the solution of

equation (3.55) should be in the form of equation (3.57). If we replace x with q, m with L and
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k−1 with C, the general solution of equation (3.55) is obtained as:

q(t) = Aq cos(w2t + φ). (3.58)

The underlying physical structures of two systems are not related. While the LC circuit has an

electromagnetic nature, the block-spring system is purely mechanical. However, as observed

from the differential equations, their oscillatory behavior is similar. The oscillations of the

block-spring system is a mechanical analog to the electromagnetic oscillations of the LC

circuit. Thus, in some mathematical way, we can think of a capacitor as a spring. Also, the

mechanical analog of an inductor is a mass [12].

Since we know the mechanical analogs of the LC circuit’s elements, its oscillatory motion can

be simulated by using mechanical elements. Likewise, since various elements of polarization

optics is mathematically linked to the transformations used in special relativity, it is possible

to study relativistic systems by means of optical tools. The analogy created between the two

fields allows the utilization of polarizing elements as analog computers for special relativity

[13].

3.4 Lorentz Representations and The Coherency Matrix

Let Mb represent the three basic matrices of section (2.2) which are the attenuator, the rotator

and the phase shifter. When Mb is applied to the column vector ~Ec of equation (2.19), we

have

~Ec
′

= Mb ~Ec. (3.59)

To observe the change of coherency matrix during this transformation, a transformed co-

herency matrix should be defined according to equation (2.21) as:

Jc
′

= 〈~Ec
′

⊗ (~Ec
′

)†〉 = 〈Mb ~Ec ⊗ (~Ec)†(Mb)†〉. (3.60)

As Jc is equal to 〈~Ec ⊗ (~Ec)†〉, equation (3.60) can be rewritten as:

Jc
′

= MbJc(Mb)†. (3.61)

Since Jc describes the polarization state of a light beam, equation (3.61) shows the effect of

an optical filter on an incident beam. In this sense, it is the coherency matrix equivalent of

equation (3.59) [6].
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The four-by-four Lorentz transformations of section (3.2) are members of the restricted Lorentz

group which is denoted by SO(3,1). SO(3,1) Lorentz group is the group of all four-by-four

transformation matrices with unit determinant that act on the Minkowskian four-vector of

(x0, x1, x2, x3). Like SL(2,C), it is a six parameter group. The generators of both SL(2,C) and

SO(3,1) satisfy the same set of commutation relations. Furthermore, there is a homomorphism

between the two groups. Further details about these groups can be found in Appendix-A.

The Minkowskian four-vector of (x0, x1, x2, x3) can be represented by a 2-by-2 hermitian ma-

trix given as:

Y =

 x0 + x1 x2 + ix3

x2 − ix3 x0 − x1

 (3.62)

whose determinant is

det(Y) = x0
2 − x1

2 − x2
2 − x3

2. (3.63)

det(Y) is the squared-norm of a four-vector and it is left invariant under the four-by-four

Lorentz transformations.

If we define a complex, unimodular, unit determinant matrix belonging to SL(2,C) as:

N =

 n11 n12

n21 n22

 (3.64)

the following transformation keeps det(Y), hence the squared-norm, invariant:

Y
′

= NYN†. (3.65)

Therefore, equation (3.65) defines a Lorentz transformation in Minkowski space.

Now, if equation (3.65) is compared with equation (3.61), it is observed that their form is

similar. As it is shown in section (2.2), all Mb matrices (attenuators, rotators and phase-

shifters) act like SL(2,C) transformations in polarization space. Moreover, their determinants

are equal to 1. Besides, if the standard four-vector of (x0, x1, x2, x3) is replaced with the Stokes

vector of (S 0, S 1, S 2, S 3), with the exception of a multiplicative factor of 1/2, equation (3.62)

is equivalent to the coherency matrix of equation (2.39). Thus, we come to the conclusion

that equation (3.65) defines a Lorentz transformation in polarization space.

In terms of the elements of Y, equation (3.62) can also be denoted as:

Y =

 y11 y12

y21 y22

 . (3.66)
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By using this equation, in an explicit form, equation (3.65) can be written as: y11
′

y12
′

y21
′

y22
′

 =

 n11 n12

n21 n22

  y11 y12

y21 y22

  n11
∗ n21

∗

n12
∗ n22

∗

 . (3.67)

After some algebra, equation (3.67) can be rearranged as:

y11
′

y12
′

y21
′

y22
′


=



n11n11
∗ n11n12

∗ n12n11
∗ n12n12

∗

n11n21
∗ n11n22

∗ n12n21
∗ n12n22

∗

n21n11
∗ n21n12

∗ n22n11
∗ n22n12

∗

n21n21
∗ n21n22

∗ n22n21
∗ n22n22

∗





y11

y12

y21

y22


. (3.68)

If a complex column vector in terms of the elements of Y is defined as

~Yv =



y11

y12

y21

y22


(3.69)

equation (3.68) can be shown in matrix notation:

~Yv
′

= My~Yv. (3.70)

Since My can be decomposed in terms of a Kronecker product as

My =

 n11 n12

n21 n22

 ⊗  n11
∗ n12

∗

n21
∗ n22

∗

 = N⊗N∗ (3.71)

the transformation rule of the elements of Y is [14]:

~Yv
′

= (N⊗N∗)~Yv. (3.72)

If the same analysis is performed for Jc of equation (3.61), we reach to the conclusion that

the elements of the coherency matrix transform according to the following equation:

~Jv
′

= (Mb⊗Mb
∗) ~Jv (3.73)

where the four-component complex column vector ~Jv is already given in equation (2.33).

3.5 Decoherence and The Poincaré Sphere

When the Minkowskian four-vector of (t, z, x, y) is used, equation (3.62) takes the form:

Y =

 t + z x + iy

x − iy t − z

 . (3.74)
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If, instead of the four-vector, Stokes vector is used, we have

S M =

 S 0 + S 1 S 2 + iS 3

S 2 − iS 3 S 0 − S 1

 . (3.75)

The determinant of S M is equal to

det(S M) = S 0
2 − S 1

2 − S 2
2 − S 3

2. (3.76)

This quantity is preserved under Lorentz-like transformations of polarization optics.

The relation between the Stokes parameters and Poincaré sphere was introduced in section

(2.5). They can both be used for the representation of the beam’s polarization state. Therefore,

the Stokes vector of equation (2.34) can be interpreted as a geometric representation of the

coherency matrix. Moreover, Lorentz transformations applied on a coherency matrix can

be pictured as movements on the Poincaré sphere. The symmetry of the Poincaré sphere is

intertwined with the symmetry of the Lorentz group.

If we start with the complex electric field of equation (2.6) :

Ex = Eoxei(wt−kz+φx) and Ey = Eoyei(wt−kz+φy)

the elements of the coherency matrix are found as:

〈ExEx
∗〉 = Eox

2 (3.77)

〈ExEy
∗〉 = EoxEoyei(φx−φy) (3.78)

〈EyEx
∗〉 = EoyEoxe−i(φx−φy) (3.79)

〈EyEy
∗〉 = Eoy

2. (3.80)

If φ = φx − φy is denoted to be the phase difference between the mutually orthogonal compo-

nents, the coherency matrix is

Jc1 =

 Eox
2 EoxEoyeiφ

EoxEoye−iφ Eoy
2

 . (3.81)

On the other hand, multiplying S M with 1/2 gives the coherency matrix of equation (2.49)

Jc =
1
2

3∑
i=0

S iσi =
1
2

 S 0 + S 1 S 2 + iS 3

S 2 − iS 3 S 0 − iS 1

 .
If equation (2.35) is employed, the Stokes vector corresponding to Jc1 can be written as:

~S v1 =



S 0c

S 1c

S 2c

S 3c


=

1
2



Eox
2 + Eoy

2

Eox
2 − Eoy

2

2EoxEoycos(φ)

2EoxEoysin(φ)


(3.82)
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where the factor of 1/2 is included in the definition of ~S v1 to make S M constructed with S ic

(i=0,1,2,3) equivalent to Jc1.

The effect of phase decoherence on the polarization state can be modelled by introducing

time-dependent decay terms. If these terms are multiplied with the off-diagonal elements of

Jc1, we obtain

Jcd =

 Eox
2 EoxEoyeiφe−λt

EoxEoye−iφe−λt Eoy
2

 (3.83)

where λ > 0. The determinant and trace of Jcd is

det(Jcd) = Eox
2Eoy

2(1 − e−2λt) (3.84)

tr(Jcd) = Eox
2 + Eoy

2. (3.85)

By using equation (2.24), the degree of polarization is found as:

Pcd =

√√
1 −

4Eox
2Eoy

2(1 − e−2λt)

(Eox
2 + Eoy

2)2 . (3.86)

Initially, at time t=0, Pcd is equal to unity which implies that beam is fully polarized. Since

the coherency matrix without decoherence (equation (3.81)) is constructed from the Jones

vectors, this is an expected result. For t > 0, with increasing time det(Jcd) becomes larger, so

the degree of polarization Pcd decreases. In Poincaré sphere representation, this process can

be depicted as a spherical region shrinking in size.

The coherency matrix of equation (3.83) can be written as a four-vector. This four-vector can

also be related to Stokes space as:

r0

zc

xc

yc


=



r0

r cos(θc)

r sin(θc) cos(φc)

r sin(θc) sin(φc)


=

1
2



Eox
2 + Eoy

2

Eox
2 − Eoy

2

2EoxEoycos(φ)e−λt

2EoxEoysin(φ)e−λt


(3.87)

where r, θc and φc are the spherical coordinates of a general point belonging to the Poincaré

sphere. From a geometrical perspective, the transition of the polarization state from fully

polarized to partially polarized can be shown with the help of two spheres. The set of points

with radius r0 defines the outer sphere

r0 =
Eox

2 + Eoy
2

2
. (3.88)
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Since r0 is proportional to the total intensity, the outer sphere represents the completely polar-

ized beams. The inner sphere is defined as the set of points with coordinate vector (zc, xc, yc)

and radius:

r =

√
zc

2 + xc
2 + yc

2

=
1
2

√
(Eox

2 − Eoy
2)2

+ 4Eox
2Eoy

2e−2λt. (3.89)

At time t is equal to zero, r is equal to r0 which means that beam is fully polarized. With

increasing time, due to the decay factor, r decreases and spherical shell shrinks. As the sphere

gets smaller, the degree of polarization decreases. Since the z-component of the coordinate

vector zc =
Eox

2 − Eoy
2

2
is time-independent, it is not affected by the decoherence process.

The difference of two squared-radii is:

r0
2 − r2 = Eox

2Eoy
2(1 − e−2λt). (3.90)

This quantity is also equal to det(Jcd). Normally, the determinant of Jcd is equal to the

Lorentz-invariant. However, as the distance between two spheres gets larger, the determi-

nant also increases. Since the determinant of the coherency matrix must be preserved under

Lorentz transformations, Lorentz group can not provide a framework for the description of the

decoherence process. Instead of the Lorentz group, a larger group named SO(3,2) de Sitter

group, which includes two Lorentz groups as subgroups, might be used.

As it is previously shown, the three-dimensional rotation group is a subgroup of the Lorentz

group. Therefore, the rotational symmetry is also contained in the Lorentz symmetry of the

Poincaré sphere. Within the framework of SO(3), the four-vector of equation (3.87) can be

transformed with ordinary rotations.

From the ratio of zc to r0, we have

cos(θc) =
zc

r

=
Eox

2 − Eoy
2√

(Eox
2 − Eoy

2)2
+ 4Eox

2Eoy
2e−2λt

(3.91)

sin(θc) =
√

1 − cos2(θc)

=
2EoxEoye−λt√

(Eox
2 − Eoy

2)2
+ 4Eox

2Eoy
2e−2λt

(3.92)

26



and from the ratio of yc to xc, we have

tan(φc) =
2EoxEoy sin(φ)e−λt

2EoxEoy cos(φ)e−λt

= tan(φ) (3.93)

so the spherical coordinate φc is equivalent to φ which is the phase difference between x and y

components. Since φx and φy are time-independent for a monochromatic plane wave, φc does

not change during the whole decoherence process. However, r and θc are time-dependent.

The ordinary rotation matrices around z and y axes are,

Rz =



1 0 0 0

0 1 0 0

0 0 cos(φc) sin(φc)

0 0 − sin(φc) cos(φc)


(3.94)

Ry =



1 0 0 0

0 cos(θc) sin(θc) 0

0 − sin(θc) cos(θc) 0

0 0 0 1


(3.95)

respectively. If Rz and Ry are applied successively, the four-vector of equation (3.87) reaches

the following form: (r0, r, 0, 0) [14]. Applying this vector a Lorentz boost along the -z direc-

tion gives 

r0
′

r
′

0

0


=



cosh(η) − sinh(η) 0 0

− sinh(η) cosh(η) 0 0

0 0 1 0

0 0 0 1





r0

r

0

0


(3.96)

where

r0
′

= cosh(η)r0 − sinh(η)r (3.97)

r
′

= − sinh(η)r0 + cosh(η)r. (3.98)

The rotational transformations had no effect on the inner and outer radii, so r0
2 − r2 was kept

invariant. The Lorentz boost transforms r0 and r to r0
′

and r
′

. Nevertheless, if (r0
′

)2 − (r
′

)2

term is expanded, we notice that it is still equal to r0
2 − r2 :

(r0
′

)2 − (r
′

)2 = [cosh(η)r0 − sinh(η)r]2 − [− sinh(η)r0 + cosh(η)r]2

= r0
2 − r2. (3.99)
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If η parameter is chosen as

η = tanh−1
(

r
r0

)
(3.100)

we have

r cosh(η) = r0 sinh(η) (3.101)

which implies that r
′

is equal to zero. Using this result in equation (3.99) gives

r0
′

=
√

r02 − r2. (3.102)

Consequently, after three successive Lorentz transformations, the Stokes vector reaches the

form: 

r0
′

zc
′

xc
′

yc
′


=



√
r02 − r2

0

0

0


(3.103)

where √
r02 − r2 = EoxEoy

√
1 − e−2λt. (3.104)

The value of the related invariant is equal to:

(r0
′

)2 − (zc
′

)2 − (xc
′

)2 − (yc
′

)2 = r0
2 − r2. (3.105)

However, the time-dependent nature of the invariant is not appropriate for a treatment based

on the framework of the Lorentz group.

The de Sitter group includes two subgroups that are both Lorentz groups. In de Sitter space,

a five-vector with two time-like and three space-like coordinates is given as:

~vd =



t1

z

x

y

t2


. (3.106)

The following quadratic form is preserved under SO(3,2) transformations:

||~vd ||
2 = t12 + t22 − z2 − x2 − y2. (3.107)

Besides, in subspaces the four-vectors have the form:

~v1 =



t1

z

x

y


(3.108)
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~v2 =



t2

z

x

y


. (3.109)

The Rd matrix given below is a rotation matrix that transforms the time-like coordinates of ~vd

Rd =



cos(β) 0 0 0 sin(β)

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

− sin(β) 0 0 0 cos(β)


. (3.110)

If Rd is applied to a five-vector with a single time-like coordinate, we have

tc sin(β)

0

0

0

tc cos(β)


=



cos(β) 0 0 0 sin(β)

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

− sin(β) 0 0 0 cos(β)





0

0

0

0

tc


. (3.111)

The invariant of the resulting vector is:

tc2 sin2(β) + tc2 cos2(β) = tc2. (3.112)

By comparing equation (3.111) with equations (3.108) and (3.109), we obtain the four-vectors

in Minkowskian subspaces as:

~vc1 =



tc sin(β)

0

0

0


(3.113)

and

~vc2 =



tc cos(β)

0

0

0


. (3.114)

Assuming that all vectors and transformations beginning with equation (3.106) belongs to

polarization space, four-vectors given in last two equations can be treated as the Stokes vector

of equation (3.103). If the non-zero terms are matched, for equation (3.113), we have

r0
2 − r2 = tc2 sin2(β) = (EoxEoy)2(1 − e−2λt). (3.115)
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While we can pair tc with EoxEoy, 1 − e−2λt term can be paired with sin2(β). Then, from the

equality of sin2(β) with 1 − e−2λt, we have

cos(β) = e−λt. (3.116)

Equation (3.116) shows that decoherence parameter t, which violates the rules of Lorentzian

framework, can be associated with the angle parameter β. After replacing the t parameter, the

transformed Stokes vectors that are similar to equation (3.103) can be written as:

~S t1 =



EoxEoy sin(β)

0

0

0


(3.117)

and

~S t2 =



EoxEoy cos(β)

0

0

0


. (3.118)

If inverse transformations are made, related coherency matrices are obtained as:

Jt1 =

 Eox
2 EoxEoyeiφ sin(β)

EoxEoye−iφ sin(β) Eoy
2

 (3.119)

Jt2 =

 Eox
2 EoxEoyeiφ cos(β)

EoxEoye−iφ cos(β) Eoy
2

 (3.120)

and the determinants are

det(Jt1) = Eox
2Eoy

2 cos2(β) (3.121)

det(Jt2) = Eox
2Eoy

2 sin2(β). (3.122)

If the determinants are added together, we have

det(Jt1) + det(Jt2) = Eox
2Eoy

2. (3.123)

This equation does not depend on the decoherence parameter β. Physically, a variation in the

determinant of the coherency matrix means a change in the coherence of the system. There-

fore, equation (3.123) describes the conservation of coherence in the whole system defined in

the de Sitter space. Coherency matrices Jt1 and Jt2 are coupled in a way that an increase in

the determinant of one Lorentz group is balanced by a decrease in the other. By this way, the

process of decoherence can be formulated as a rotation between the two time-like components

of SO(3,2) [5].
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CHAPTER 4

QUANTUM SYSTEMS AND THE STOKES PARAMETERS

After the initial introduction of the Stokes parameters in 1852, for about a hundred years, these

observables were nearly forgotten outside the French-speaking world. In 1942, Francis Perrin

published a paper that reintroduced the Stokes parameters to the English-language scientific

literature. Later, Nobel laureate Subrahmanyan Chandrasekhar used the parameters to explain

the radiative transfer phenomenon. Since Chandrasekhar was already a well-known figure in

the scientific community due to his accomplished astrophysical research, this development

brought the importance of the Stokes polarization parameters to the attention of the optics

community [2].

The connection between the classical and quantum theoretical descriptions of light’s polariza-

tion was first pointed out by Ugo Fano. Fano attributed the existence of such a connection to

the fact that Stokes polarization parameters are the observables of phenomenological optics

[15]. Afterwards, he also developed a technique that based on the Stokes parameters for the

quantum mechanical treatment of the polarization of electromagnetic fields [16].

4.1 The Density Matrix Formalism

In quantum treatment of polarization optics, wave fields are often represented by density

matrices. Therefore, a detailed study of these tools are needed. For the description of both

pure and mixed quantum states, density matrices are employed. While a pure state can be

defined as a ket vector |α〉 associated with a single wavefunction, a mixed state is a statistical

ensemble of pure states |ψn〉 with weights wn (n = 0, 1, 2, ...). The normalization condition for
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the weight factors is given as: ∑
n

wn = 1. (4.1)

If a measurement on the mixed ensemble of an observable Ô is performed, the ensemble

average of Ô is

[Ô] =
∑

n

wn〈ψn|Ô|ψn〉. (4.2)

Let an eigenvalue of Ô is denoted by on. The projection operator onto the subspace corre-

sponding to this particular eigenvalue is shown by P̂n. When the observable Ô is measured,

the probability of obtaining on is given as:

pn =
∑

m

wm〈ψm|P̂n|ψm〉. (4.3)

The density operator ρ̂ is defined as the following:

ρ̂ =
∑

n

wn|ψn〉〈ψn| (4.4)

where ρ̂ is hermitian. Besides, it is commonly written in the form of a matrix. Let d indicate

the dimensionality of the Hilbert space of the system. In terms of a general orthonormal basis

{|l〉} = {|0〉, |1〉, ..., |d〉}, the elements of the density matrix associated with ρ̂ are given as:

〈l|ρ̂|m〉 =
∑

n

wn〈l|ψn〉〈ψn|m〉. (4.5)

By using the completeness relation, equation (4.2) can be rewritten as:

[Ô] =
∑

n

∑
l

wn〈ψn|Ô|l〉〈l|ψn〉 =
∑

n

∑
l

wn〈l|ψn〉〈ψn|Ô|l〉.

If the last equation is combined with equation (4.4), we obtain

[Ô] =
∑

l

〈l|ρ̂Ô|l〉 = tr(ρO) (4.6)

where ρ and O are the matrix representations of ρ̂ and Ô. If a similar analysis is performed

for equation (4.3), we have

pn = tr(ρPn). (4.7)

If the completeness relation is employed on tr(ρ), it is observed that the normalization condi-

tion of equation (4.1) is satisfied

tr(ρ) =
∑

l

∑
n

wn〈l|ψn〉〈ψn|l〉
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=
∑

l

∑
n

wn〈ψn|l〉〈l|ψn〉

=
∑

n

wn = 1. (4.8)

Then, there is a unit-trace condition on ρ.

On the other hand, from the trace of ρ2, the pureness of the quantum state can be determined.

The purity, γ, is defined as:

γ = tr(ρ2). (4.9)

While for a pure state γ is equal to unity, it is smaller than one for a mixed state. For a

completely mixed state γ =
1
d

. These relations are listed in table(4.1).

Table 4.1: The list of γ and the pureness of state.

Type Of Puriness Purity
Pure γ = 1

Mixed
1
d
< γ<1

Completely Mixed γ =
1
d

When d is equal to 2, the density matrix has the form:

ρ =

 ρ11 ρ12

ρ21 ρ22

 (4.10)

with

tr(ρ) = ρ11 + ρ22 = 1. (4.11)

4.2 Photon Polarization and Stokes Parameters

As it was mentioned in the second chapter, the polarization state of a completely polarized

light beam may be described as:

α = ac1ê1 + ac2ê2 (4.12)

where ê1, ê2 are the perpendicular unit vectors and ac1, ac2 are the complex amplitudes. If the

beam is passed through a filter in êr direction, the resulting intensity is equal to |acr |
2 (r = 1, 2).

In the quantum case, we are basically interested with the state of a single photon. For any

direction of propagation and frequency, the state of a fully polarized photon can be described
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in terms of two states with opposite polarizations [15]. If we choose the orthonormal states of

polarization as |1〉, |2〉 and complex amplitudes as aq1, aq2, the wavefunction of the photon is

α = aq1|1〉 + aq2|2〉. (4.13)

The probability of a photon’s passage through a filter that only allows the passage of light

quanta in state |s〉 is |aqs|
2 (s=1,2). Although the scopes they are associated and their mathe-

matical structures are different, for both equations (4.12) and (4.13), the polarization state is

determined by complex amplitudes.

Equation (4.13) defines a pure quantum state. The related density operator is

p̂α = |α〉〈α|

= aq1aq1
∗|1〉〈1| + aq1aq2

∗|1〉〈2| + aq2aq1
∗|2〉〈1| + aq2aq2

∗|2〉〈2|. (4.14)

From equation (4.5), the density matrix that corresponds to p̂α is found as:

ρα =

 |aq1|
2 aq1aq2

∗

aq2aq1
∗ |aq2|

2

 . (4.15)

As it was noted in equation (4.11), the trace of ρα gives the total intensity which is equal to

unity:

Iα = |aq1|
2 + |aq2|

2 = 1. (4.16)

For a pure state, from the orthogonality of base vectors, we have

〈α|α〉 =
∑

s

|aqs|
2. (4.17)

In dirac notation, the equivalency of tr(ρ̂α) to the squared-norm can be verified as:

tr(ρ̂α) =
∑

s

〈s|α〉〈α|s〉

=
∑

s

〈s|

∑
i

aqi|i〉


∑

j

aq j
∗〈 j|

 |s〉
=

∑
s

∑
i

∑
j

aqiaq j
∗δsiδ js

= |aqs|
2 = 〈α|α〉. (4.18)

By using equation (4.18), tr[(ρ̂α)2] can be written as:

tr[(ρ̂α)2] =
∑

s

〈s|α〉〈α|α〉〈α|s〉

= 〈α|α〉tr(ρ̂α)

= [tr(ρ̂α)]2. (4.19)
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In matrix notation, this equation corresponds to

[tr(ρ̂α)]2 = tr[(ρ̂α)2] = 1 (4.20)

so, as previously shown in table(4.1), γ of a pure state is equal to 1.

The general density matrix of equation (4.10) completely portrays a pure state of polarization.

While the diagonal elements of equation (4.15) give the individual intensities of the orthog-

onal polarization states, the off-diagonal elements describe the relative phase. In quantum

domain, the state of polarization can be characterized by the Stokes parameters given as:

S q0 = ρ11 + ρ22 (4.21)

S q1 = ρ11 − ρ22 (4.22)

S q2 = ρ12 + ρ21 (4.23)

S q3 = i(ρ21 − ρ12). (4.24)

In terms of S qi, ρ can be rewritten as:

ρ =

 ρ11 ρ12

ρ21 ρ22

 =
1
2

 S q0 + S q1 S q2 + iS q3

S q2 − iS q3 S q0 − S q1

 . (4.25)

The trace of ρ is

tr(ρ) = S q0 = 1, (4.26)

so S q0 can also be set to unity. For photon polarization, an alternative description of state

purity is given by the degree of polarization:

Pq =

√
S q1

2 + S q2
2 + S q3

2

S q0
. (4.27)

If a photon is in a pure polarization state, Pq is equal to 1, so we have

S q0
2 = S q1

2 + S q2
2 + S q3

2. (4.28)

A mixed state of polarization can be thought of as an incoherent superposition of pure po-

larization states. From this perspective, the Stokes parameters of a mixed state can be found

by summing the Stokes parameters of individual pure states. For a mixed polarization state

Pq < 1, so equation (4.27) takes the form [17]:

S q0
2 > S q1

2 + S q2
2 + S q3

2. (4.29)
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Then, a generic quantum polarization state can be described with an inequality:

S q0
2 ≥ S q1

2 + S q2
2 + S q3

2. (4.30)

Although this inequality appears to be similar to its classical counterpart (equation (2.53)), its

physical interpretation is different due to the probabilistic nature of the wavefunction.

In equation (2.42), the expansion of the coherency matrix in terms of the Pauli spin matrices is

shown. A similar expansion is also possible for the 2-by-2 density matrix of equation (4.10).

The density matrix is a complex matrix with eight, real independent parameters:

ρ =

 ρ11 ρ12

ρ21 ρ22

 =

 a + ib c + id

e + i f g + ih

 . (4.31)

The hermiticity condition ρ = ρ† reduces the number of independent parameters to four:

ρ =

 a c + id

c − id g

 . (4.32)

The four-parameter density matrix can be expanded in terms of the identity matrix I and three

Pauli matrices given in equation (2.44). If we choose wi’s as the expansion coefficients and

let σ0 = I, we have

ρ = w0σ0 +

3∑
i=1

wiσi. (4.33)

If the unit-trace condition of equation (4.11) is applied together with the identity of tr(σi) = 0

(i=1,2,3), one obtains:

tr(ρ) = w0tr(σ0) +

3∑
i=1

witr(σi) = 1

w0 =
1
2
. (4.34)

Then, three independent parameters are needed for the specification of ρ. Another significant

property of the Pauli matrices is tr(σiσ j) = 2δi j (i=1,2,3). By using this identity, remaining

coefficients can be linked to ρ as:

tr(ρσ j) =
1
2

tr(σ0σ j) +

3∑
i=1

witr(σiσ j)

w j =
1
2

tr(ρσ j). (4.35)

As it can be checked, the last equation is also valid for j = 0. As a result, ρ can also be defined

in the following form:

ρ =
1
2

3∑
i=0

tr(ρσi)σi (4.36)
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where tr(ρσi) is the ensemble average of the i-th Pauli operator. The ensemble average of

the mixed state of equation (4.2) is a weighted average of expectation values. Each of these

expectation values belongs to an individual pure system. Therefore, for a single pure system,

we have

tr(ρσi) = 〈σi〉. (4.37)

For the pure polarization state of equation (4.13), in matrix notation, the orthogonal ket vec-

tors can be chosen as:

|1〉 �
 1

0

 and |2〉 �
 0

1

 (4.38)

then the wavefunction is

|α〉 �

 aq1

aq2

 . (4.39)

With respect to |α〉, expectation values of σi’s are

〈σ0〉 = 〈α|σ0|α〉 � ( aq1
∗ aq2

∗ )
 1 0

0 1

  aq1

aq2


= |aq1|

2 + |aq2|
2 (4.40)

〈σ1〉 = 〈α|σ1|α〉 � ( aq1
∗ aq2

∗ )
 1 0

0 −1

  aq1

aq2


= |aq1|

2 − |aq2|
2 (4.41)

〈σ2〉 = 〈α|σ2|α〉 � ( aq1
∗ aq2

∗ )
 0 1

1 0

  aq1

aq2


= aq1

∗aq2 + aq1aq2
∗ (4.42)

〈σ3〉 = 〈α|σ3|α〉 � ( aq1
∗ aq2

∗ )
 0 i

−i 0

  aq1

aq2


= i(aq1

∗aq2 − aq1aq2
∗). (4.43)

The Stokes parameters associated with the pure state density matrix of equation (4.15) is like

the following:

S α0 = |aq1|
2 + |aq2|

2 (4.44)

S α1 = |aq1|
2 − |aq2|

2 (4.45)

S α2 = aq1aq2
∗ + aq2aq1

∗ (4.46)

S α3 = i(aq2aq1
∗ − aq1aq2

∗). (4.47)
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The equality of the last four equations with equations (4.40) through equations (4.43) indicates

that the expansion coefficients of equation (4.36) are, in fact, the Stokes parameters. By using

the definition of a mixed state as an incoherent superposition of pure states, the same argument

can also be generalized for all quantum states including the mixed states. In this way, the

expansion of equation (4.36) can be modified as:

ρ =
1
2

3∑
i=0

S qiσi (4.48)

where S qi’s are the Stokes parameters of a quantum state. Although Pauli matrices are histor-

ically linked with spin one-half particles, they can also be used for the description of quantum

polarization states. The expectation values of Pauli matrices are the Stokes polarization pa-

rameters which are the direct observables of quantum optics [2].

A basic treatment of density matrix formalism could be exemplified by concentrating on pho-

ton polarization. When a photon impinges on a filter, its passage through the filter is governed

by the laws of probability. The events of photon’s absorption or its emergence on the other

side have both certain probabilities. From the observation of a single photon’s passage, we

can not obtain any information regarded to these probabilities. However, if the number of pho-

tons is increased, the empirical probability would converge to the theoretical probability. If

the behavior of an ensemble of photons is observed, with the exception of small fluctuations,

eventually a number that is very close to the theoretical probability would be obtained.

As it was noted before, for the specification of the density matrix, three independent pa-

rameters and a constant coefficient related to the identity matrix are needed. If we desire to

construct the density matrix describing the polarization state of a beam of photons, a mea-

surement apparatus consisting of a beam-splitter and three polarizing filters can be utilized. A

scheme of such an apparatus is shown in figure (4.1). At the beam splitter, an incoming photon

is arbitrarily directed towards a polarizing filter. A polarizing filter only allows the passage of

a photon with certain type of polarization. While the first filter admits the vertically polarized

photons, the second filter choose the ones with 45 degree linear polarization. The third fil-

ter only allows the passage of left circularly polarized photons. In accordance with equation

(4.3), let us define Ô j (j=1,2,3) as the projectors onto the subspaces that correspond to the

states chosen by the polarizing filters. Then, the probability of a photon’s passage through the

j-th filter is

po j = tr(ρsÔ j) (4.49)
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Figure 4.1: The scheme of the measurement apparatus for determining the photon polarization
state [18].

where ρs is the density matrix of the system. Besides, since tr(ρs Î) = 1, the coefficient of the

identity operator Î is equal to one. By using po j’s and the unity, ρs can be defined as:

ρs = Î + po1Ô1 + po2Ô2 + po3Ô3. (4.50)

The operator set of Î and Ô j’s constitutes a linearly independent set. In fact, any linearly

independent set of four operators is sufficient to form the density matrix [18]. The experi-

mental setup of figure (4.1) could be designed with the following four filters: a horizontal

linear polarizer, a linear polarizer at 45◦, a left circular polarizer and a right circular polarizer.

The projection operators associated with these filters are also linearly independent. In terms

of these operators, we can define the density matrix of a photon beam like the following:

ρm = pn1Ôn1 + pn2Ôn2 + pn3Ôn3 + pn4Ôn4 (4.51)

where the observed probabilities are:

pn j = tr(ρmÔn j). (4.52)

In terms of the Pauli matrices, the projectors can be written as [20]:

→ polarizer : Ôn1 �
1
2

 2 0

0 0

 =
1
2

(σ0 + σ1) (4.53)

45◦ polarizer : Ôn2 �
1
2

 1 1

1 1

 =
1
2

(σ0 + σ2) (4.54)
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� polarizer : Ôn3 �
1
2

 1 −i

i 1

 =
1
2

(σ0 − σ3) (4.55)

	 polarizer : Ôn4 �
1
2

 1 i

−i 1

 =
1
2

(σ0 + σ3). (4.56)

By using equations (4.53) through (4.56), ρm can be redefined in terms of the Pauli matrices

as:

ρm =
1
2

[(σ0 + σ1)pn1 + (σ0 + σ2)pn2

+ (σ0 − σ3)pn3 + (σ0 + σ3)pn4]

=
1
2

(S 0nσ0 + S 1nσ1 + S 2nσ2 + S 3nσ3)

=
1
2

3∑
i=0

S inσi. (4.57)

Therefore, it is also possible to describe the density matrix of the system in terms of the Stokes

parameters. For the set of four new filters, the Stokes parameters are

S 0n = pn1 + pn2 + pn3 + pn4 (4.58)

S 1n = pn1 (4.59)

S 2n = pn2 (4.60)

S 3n = pn4 − pn3. (4.61)

Then, the Stokes parameters associated with the system are directly obtainable from the em-

pirical probabilities we get from the filters.

4.3 Composite Systems and Entanglement

The concept of entanglement was brought into focus in 1935 by Albert Einstein et al. as the

source of an argument that questioned the orthodox Copenhagen interpretation of quantum

mechanics. Einstein and his research associates B. Podolsky and N. Rosen argued that the

unusual behavior of particles in an entangled state implies that quantum mechanics is an

incomplete theory [21]. Over time, the EPR article became the source of discussion and

research on the obscure features of quantum theory. In 1964, with regard to certain type of

experiments, John Bell pointed out the conflict between the predictions of quantum mechanics

and local theories. He also asserted that a local hidden variable theory can not reproduce
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the results predicted by quantum mechanics [22]. Later, when relevant experiments were

performed, the accuracy of the predictions of quantum mechanics was confirmed. Therefore,

a local theory can not describe the phenomenon of entanglement which demonstrates the

non-local nature of quantum correlations.

The structure of composite systems must be examined to give a mathematical description of

entangled states. The combined Hilbert space Hc of a multipartite system that composed of

g ≥ 2 subsystems is the tensor product of subsystem Hilbert spaces:

Hc = H1 ⊗H2 ⊗ ... ⊗Hg. (4.62)

For a composite bipartite quantum system, the combined Hilbert space is

H12 = H1 ⊗H2. (4.63)

Let the dimensions of H1 and H2 be d1 and d2. Then, the dimension of H12 is d1d2. If

{|dn〉}
d1
n=1 and {|em〉}

d2
m=1 denote the bases of the first and second subspaces, {|dn〉 ⊗ |em〉}

d1d2
n,m=1 is

a basis ofH12. An arbitrary state |ψ12〉 inH12 is given as

|ψ12〉 =

d1∑
n=1

d2∑
m=1

vnm(|dn〉 ⊗ |em〉). (4.64)

Let Ô1 and Ô2 be observables onH1 andH2. The expectation value of the observable

(Ô1 ⊗ Ô2) is:

〈ψ12|Ô1 ⊗ Ô2|ψ12〉 =

d1∑
n=1

d2∑
m=1

d1∑
n′=1

d2∑
m′=1

vnm
∗vn′m′〈dn|Ô1|dn′〉〈em|Ô2|em′〉. (4.65)

Let us denote a pure state in H12 with |ψcmp〉. If this quantum state can be written in the

following form:

|ψcmp〉 = |ψ1n〉 ⊗ |ψ2m〉 (4.66)

where |ψ1n〉 and |ψ2m〉 are pure states in H1 and H2, it is said to be a separable state. When

it is not possible to express |ψcmp〉 in the form of equation (4.66), the state is said to be

entangled. In the case of a separable state, if the expectation values of Ô1 and Ô2 are measured

in individual subspaces, the results of these measurements are independent of each other.

Therefore, a separable state describes an uncorrelated composite system. In terms of the

defined bases of the subspaces, equation (4.66) can be written as

|ψcmp〉 =

( d1∑
n=1

vn|dn〉

)
⊗

( d2∑
m=1

um|em〉

)
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=

d1∑
n=1

d2∑
m=1

vnum(|dn〉 ⊗ |em〉). (4.67)

By comparing this equation with equation (4.64), we notice that a pure separable state has the

property:

vnm = vnum. (4.68)

In the combined spaceH12, the density operator ρ̂12 can be defined as

ρ̂12 =

d1∑
n=1

d2∑
m=1

d1∑
n′=1

d2∑
m′=1

ρnm,n′m′(|dn〉〈dn′ | ⊗ |em〉〈em′ |). (4.69)

In a more compact form, |dn〉 ⊗ |em〉 can be shown as |dn, em〉. Then, the elements of the

corresponding density matrix ρcs are given as

(ρcs)ab,cd = 〈da, eb| ρ̂12 |dc, ed〉. (4.70)

When the dimensions of both subspaces is equal to 2, the dimension of the combined space is

dim(H1 ⊗H2) = d1d2 = 4. For this case, ρcs is a four-by-four complex matrix given as

ρcs =



ρ11,11 ρ11,12 ρ11,21 ρ11,22

ρ12,11 ρ12,12 ρ12,21 ρ12,22

ρ21,11 ρ21,12 ρ21,21 ρ21,22

ρ22,11 ρ22,12 ρ22,21 ρ22,22


(4.71)

Besides, pure or mixed any state in the subspaces H1 and H2 can be represented by two-by-

two density matrices that can be described by the Stokes parameters as shown in equation

(4.48).

4.4 The EPR-Bohm Experiment

In 1957, D. Bohm and Y. Aharonov suggested a spin-correlation experiment that could test

the original thought experiment of the EPR article. They considered two spin − 1
2 particles in

an entangled state called the singlet state which has zero total spin [23].

A spin singlet is usually represented as

|ψs〉 =
1
√

2
(| ↑〉1 ⊗ | ↓〉2 − | ↓〉1 ⊗ | ↑〉2) (4.72)

where up and down arrows refer to spins ±
~

2
in the spin polarization direction. Besides

spin− 1
2 particles, EPR-Bohm experiment can also be carried out with photons. In this version
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Figure 4.2: The scheme of the EPR-Bohm experiment [24].

of the experiment, similar to a spin-singlet, there is a nonfactorized state of photons. The

purpose of the experiment is to measure the linear-polarization correlations of the entangled

photon pair. The schematic of the experiment is depicted in figure (4.2). Initially, the source

S emits pair of photons in polarization singlet state given as

|ψp〉 =
1
√

2
(|H; â〉1 ⊗ |V; b̂〉2 − |V; â〉1 ⊗ |H; b̂〉2). (4.73)

After the emission of photons, linear polarizations along the random directions â and b̂ are

measured at the polarization analyzers. If the measured linear polarization is found to be

parallel to â (or b̂), the result of the measurement is denoted by +1. If it is perpendicular to

â (or b̂), the result is shown by -1. By using the correlation relations between the measure-

ments that are performed on both sides, the polarization entanglement of photon pair can be

described [24].

4.5 Two-Photon System and The Degree of Polarization

A method for obtaining the Stokes parameters of a photon was introduced in section (4.2). By

making some adjustments, the same method can also be extended to the two-photon system

of the previous section. Consider the schematic of the polarization analyzer depicted in figure

(4.3). Here source S emits a pair of photons in an entangled polarization state. A1 and A2

are polarization analyzers consisting of polarizing filters, D1 and D2 are photon detectors.

The polarization analysis of a single photon that is going through right or left can be done
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by utilizing the independent measurements M1 or M2. However, if the photon pair is in

an entangled state, coincidence measurements M12 are needed to describe the polarization

entanglement of the photons.

Figure 4.3: The scheme of the EPR-Bohm polarization analyzer [20].

In section (4.2), it was shown that four distinct polarizers are required to describe the polar-

ization state of a photon. Suppose that we place the same set of four filters, whose projection

operators were given in equations (4.53) through (4.56), to both A1 and A2. If the photon pair

is in entangled state, by performing only coincidence measurements, the polarization state of

the system can be determined. In accordance with section (4.2), eight projection operators

can be identified as

Ôi1 �
1
2

(σ0 + σ1) (4.74)

Ôi2 �
1
2

(σ0 + σ2) (4.75)

Ôi3 �
1
2

(σ0 − σ3) (4.76)

Ôi4 �
1
2

(σ0 + σ3) (4.77)

where i is 1 for A1 and 2 for A2. 16 projection operators associated with coincidence mea-

surements are

Ôab = Ô1a ⊗ Ô2b (a, b = 1, 2, 3, 4). (4.78)

We define the Pauli matrices for the two-photon system as

σnm = σn ⊗ σm (n,m = 1, 2, 3, 4). (4.79)
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Sinceσnm’s are linearly independent, they can be employed as a basis for the space of complex

four-by-four matrices. For a composite system consisting of two photons, the density matrix

is a complex four-by-four matrix as given in equation (4.71). ρcs can be expanded in terms of

σnm’s like the following:

ρcs =
1
4

3∑
n=0

3∑
m=0

S nmσnm (4.80)

where S nm = tr(ρcsσnm) are the Stokes parameters defining the two-photon system. The total

intensity is S 00 = tr(ρcs) = 1.

Let ρcmp denote the density matrix of a separable state in the composite space. In terms of the

density matrices ρc1 and ρc2 in subspaces, ρcmp can be written as

ρcmp = ρc1 ⊗ ρc2

=

(
1
2

3∑
u=0

S uσu

)
⊗

(
1
2

3∑
v=0

S vσv

)

=
1
4

3∑
u=0

3∑
v=0

S uS vσuv. (4.81)

Then, the Stokes parameters of a separable state has the property

S uv = S uS v. (4.82)

At this point, we should concentrate on how to obtain the Stokes parameters of the two-photon

system. The observed probabilities of coincidence measurements can be related to ρcs like the

following:

pab = tr(ρcsÔab). (4.83)

By using the probabilities pab, the density matrix ρcs can be written as

ρcs =

4∑
a=1

4∑
b=1

pabÔab. (4.84)

Besides, projection operators can also be expressed in terms of σnm’s. To give an example,

for a=1 and b=2 we have:

Ô12 = Ô11 ⊗ Ô22

=
1
4

(σ00 + σ02 + σ10 + σ12). (4.85)

Then, by following the method introduced in section (4.2), ρcs can be expanded in terms of

σnm’s. The expansion coefficients will be the two-photon Stokes parameters which can be

obtained as the combinations of the empirical probabilities pab.
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By using equation (4.80), ρcs can be written in terms of S nm:

ρcs =
1
4

 (A)2x2 (B)2x2

(C)2x2 (D)2x2

 (4.86)

with

A =

 S 00 + S 01 + S 10 + S 11 S 02 + S 12 + i(S 03 + S 13)

S 02 + S 12 − i(S 03 + S 13) S 00 + S 10 − S 01 − S 11

 (4.87)

B =

 S 20 + S 21 + i(S 30 + S 31) S 22 − S 33 + i(S 23 + S 32)

S 22 + S 33 + i(S 32 − S 23) S 20 − S 21 + i(S 30 − S 31)

 (4.88)

C =

 S 20 + S 21 − i(S 30 + S 31) S 22 + S 33 + i(S 23 − S 32)

S 22 − S 33 − i(S 23 + S 32) S 20 − S 21 + i(S 31 − S 30)

 (4.89)

D =

 S 00 + S 01 − S 10 − S 11 S 02 − S 12 + i(S 03 − S 13)

S 02 − S 12 + i(S 13 − S 03) S 00 + S 11 − S 01 − S 10

 . (4.90)

The reduced density matrix of the first system can be found by taking the partial trace over

the basis of the second system:

ρ̂s1 = tr2(ρ̂cs) =
∑
n,n′

(∑
m′
ρnm′,n′m′

)
|dn〉〈dn′ |

=

2∑
n=1

2∑
n′=1

(ρn1,n′1 + ρn2,n′2)|dn〉〈dn′ |

= (ρ11,11 + ρ12,12)|d1〉〈d1| + (ρ11,21 + ρ12,22)|d1〉〈d2|

+ (ρ21,11 + ρ22,12)|d2〉〈d1| + (ρ21,21 + ρ22,22)|d2〉〈d2|. (4.91)

Similarly, for ρ2 we have:

ρ̂s2 = tr1(ρ̂cs) =
∑
m,m′

(∑
n′
ρn′m,n′m′

)
|em〉〈em′ |

=

2∑
m=1

2∑
m′=1

(ρ1m,1m′ + ρ2m,2m′)|em〉〈em′ |

= (ρ11,11 + ρ21,21)|e1〉〈e1| + (ρ11,12 + ρ21,22)|e1〉〈e2|

+ (ρ12,11 + ρ22,21)|e2〉〈e1| + (ρ12,12 + ρ22,22)|e2〉〈e2|. (4.92)

The matrix representations of the last two equations are

ρs1 =

 ρ11,11 + ρ12,12 ρ11,21 + ρ12,22

ρ21,11 + ρ22,12 ρ21,21 + ρ22,22

 (4.93)
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and

ρs2 =

 ρ11,11 + ρ21,21 ρ11,12 + ρ21,22

ρ12,11 + ρ22,21 ρ12,12 + ρ22,22

 . (4.94)

If we replace ρi j’s with their equivalent Stokes parameters, which are given in equations (4.87)

through (4.90), we obtain

ρs1 =
1
2

 S 00 + S 10 S 20 + iS 30

S 20 − iS 30 S 00 − S 10

 (4.95)

and

ρs2 =
1
2

 S 00 + S 01 S 02 + iS 03

S 02 − iS 03 S 00 − S 01

 . (4.96)

Equations (4.95) and (4.96) are the density matrices of the first and second photons. They can

also be defined in the summation form as

ρs1 =
1
2

3∑
v=0

S v0σv (4.97)

and

ρs2 =
1
2

3∑
w=0

S 0wσw. (4.98)

The Stokes vectors associated with ρs1 and ρs2 are

~S s1 =



S 00

S 10

S 20

S 30


and ~S s2 =



S 00

S 01

S 02

S 03


. (4.99)

These seven Stokes parameters describe the polarization states of the individual photons and

they are contained in the set of two-photon Stokes parameters.

Since S 00 is equal to unity, for the first photon, the degree of polarization squared is

Ps1
2 = S 10

2 + S 20
2 + S 30

2 =

3∑
u=1

S u0
2 (4.100)

and for the second photon we have

Ps2
2 = S 01

2 + S 02
2 + S 03

2 =

3∑
r=1

S 0r
2. (4.101)

As it is noted, with seven of the Stokes parameters, individual properties of the photons are

identified. With the remaining nine parameters correlation relations between them can also

be described. Let us denote the squared sum of the remaining terms with

Prm
2 =

3∑
w=1

3∑
z=1

S wz
2. (4.102)
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For the two-photon system, a conservation rule concerning the degrees of polarization and

correlation can be defined as

Ps1
2 + Ps2

2 + Prm
2 = τ (4.103)

where τ is a dimensionless constant.

If we consider a pure two-photon state, there are two limiting cases of entanglement: a separa-

ble case and a fully entangled case. All other possible degrees of entanglement exist between

these two limiting cases. In the separable case, the photon pair is not entangled. There are

only classical correlations and the state of the system as a whole can be determined only by

performing local measurements. Moreover, intrinsically, both photons are in a pure state, so

we have

Ps1
2 = Ps2

2 = 1. (4.104)

Also, as it was noted in equation (4.82), the Stokes parameters describing the two-photon

system can be expressed as the product of the Stokes parameters of the individual photons:

S ur = S u0S 0r. (4.105)

By using this relation, Prm
2 is found to be equal to:

Prm
2 = S 11

2 + S 21
2 + S 31

2 + S 12
2 + S 22

2 + S 32
2

+ S 13
2 + S 23

2 + S 33
2

= (S 01
2 + S 02

2 + S 03
2)(S 10

2 + S 20
2 + S 30

2)

= 1. (4.106)

Then, from the conservation rule, we have τ = 3.

In the fully entangled case, individual photons are in completely mixed states. Their degree

of polarizations are

Ps1
2 = Ps2

2 = 0. (4.107)

Therefore, from equation (4.103) we have

Prm
2 =

3∑
w=1

3∑
z=1

S wz
2 = 3. (4.108)

From the relations derived so far, we notice that there is a connection originating from equa-

tion (4.103) between the degree of photon polarization and degree of entanglement. They are
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coupled in a way that an increase in one is balanced by a decrease in the other. The composite

system can be in an entangled state only if reduced photon states are in mixed states.

we can define a variable Pdp that indicates the extent of correlations in the photon pair from

the polarization perspective:

Pdp =
1
2

(Prm
2 − 1) = 1 −

1
2

(Ps1
2 + Ps2

2). (4.109)

In a way, it can also be thought of as an indicator of the degree of entanglement. As expected,

for the separable case, Pdp is equal to 0 and for the completely entangled case it is equal to 1.

Entangled or separable, it is possible to describe an arbitrary state of the two-photon system

with an inequality of the form [20]:

1 ≥ Pdp ≥ 0. (4.110)

As it was mentioned in section (4.2), the polarization states of quantum systems can be de-

scribed by the Stokes parameters. Like their classical counterparts, quantum Stokes param-

eters can also be employed to form four-vectors. Therefore, the Stokes vectors of equation

(4.99) can also be treated like four-vectors. This formalism is applicable to the two-photon

system as well. The covariant tensor of rank-2, S = (S µν) (µ, ν = 1, 2, 3, 4) consists of 16

two-photon Stokes parameters. From now on, we may call it the Stokes tensor. Now, let Λα
β

denote the components of a Lorentz transformation acting on S. A Lorentz invariant filtering

operation on two-photon Stokes parameters can be identified with a transformation on the

Stokes tensor as:

S µν
′

= Λµ
αΛν

βS µν. (4.111)

If we take the covariant scalar product of the Stokes tensor with itself, a Lorentz invariant

quantity can be obtained. The squared-norm of S is defined as

||S ||2 = S µνS µν = S µνgµ%gνσS %σ. (4.112)

The related metric tensor can be chosen as

g = (gab) =



1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


. (4.113)
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If ||S ||2 is expanded by using the Einstein summation convention and nonzero terms are col-

lected, we have [25]:

||S ||2 = S 0νg0%gνσS %σ + S iνgi%gνσS %σ

= S 00g0%g0σS %σ + S 0 jg0%g jσS %σ + S i0gi%g0σS %σ + S i jgi%g jσS %σ

= S 00S 00 − S 0 jg jkS 0k − S i0gikS k0 + S i jgikg jnS kn

= S 00
2 −

3∑
j=1

S 0 j
2 −

3∑
i=1

S i0
2 +

3∑
i=1

3∑
j=1

S i j
2. (4.114)

This equation can also be expressed as

||S ||2 = 1 − Ps1
2 − Ps2

2 + Prm
2. (4.115)

The squared-norm of S is invariant under the Lorentz transformation defined in equation

(4.111). The variation in the polarization of photons and entanglement resulted from the

filtering operations can be explained by using the invariance of the squared-norm under such

a transformation.
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CHAPTER 5

CONCLUSION

In this thesis, we have studied the formalism of polarization optics based on the framework

of the Lorentz group. First, the basic instruments of the polarization optics such as the Jones,

Mueller and coherency matrices have been introduced. Then, it has been shown that the

two-by-two Jones matrices and four-by-four Mueller matrices are the two-by-two and four-

by-four representations of the Lorentz group. We have also mentioned that the set of four

Stokes parameters can be utilized to construct a four-vector in the polarization space. In

this four dimensional space, Mueller matrices are like the Lorentz transformations acting on

the Stokes four-vector. Moreover, when they act on the coherency matrices, Jones matrices

behave like the members of SL(2,C).

While examining the optical decoherence process, we have introduced de Sitter group, which

contains two Lorentz groups as subgroups, and formulated the decoherence process as a rota-

tion between the two time-like components of SO(3,2).

In the fourth chapter, the classical and quantum mechanical descriptions of polarized fields

have been considered. Although the probabilistic nature of quantum mechanics imposes fun-

damental differences between the two descriptions, due the connection between the classical

and quantum Stokes parameters, it has been shown that the density matrix formalism has a

similar structure as that of the coherency matrix formalism of classical optics. We have noted

that the degree of photon polarization is in fact a measure of state purity and density matrix

formalism could be employed to characterize a mixed photon state too.

In addition to the above, we have considered the version of the EPR-Bohm experiment in

which pairs of entangled photons are emitted from a source. By employing differently ori-
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ented polarizing filters, the density matrix of the system has been obtained. When the reduced

density matrices of the subsystems have been found, we have noticed that these matrices can

be associated with the Stokes parameters of the individual photons. In this way, the individ-

ual properties of the photons and their properties as a pair have been linked. Later, we have

also defined a parameter that describes the degree of polarization of the photon pair. This

parameter also indicates the level of non-local correlations hence the degree of entanglement.

In addition to that, a Lorentz invariant quantity is constructed from the two-photon Stokes

tensor.

Following the lines similar to those that have already been established for one-photon Stokes

vector, the physical consequences of transformations within the Lorentz group acting on two-

photon Stokes tensor is a promising future problem to be investigated. On the other hand,

accommodation of the EPR phenomenon into the framework of Lorentz group seems to be a

more challenging problem.
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APPENDIX A

LORENTZ GROUP AND SL(2,C)

The space-time coordinates of a point can be represented by a contravariant vector xα

xα = (x0, x1, x2, x3) = (ct, x, y, z) (A.1)

or a covariant vector xα

xα = (x0, x1, x2, x3) = (ct,−x,−y,−z). (A.2)

The metric tensor can be defined as

g = (gαβ) = (gαβ) =



1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


. (A.3)

The vector indices are lowered with gαβ and raised with gαβ:

xα = gαβxβ, xβ = gαβxα. (A.4)

The squared-norm of a vector is

s2 = xαxα = (ct)2 − x2 − y2 − z2. (A.5)

A Lorentz transformation is a linear transformation between two coordinate systems. Let

Λ = (Λα
β) denote a real, four-by-four matrix. A homogeneous Lorentz transformation is

defined as

(x′)α = Λα
βxβ. (A.6)

The set of all Λ matrices that leave s2 invariant forms the homogeneous Lorentz group which

is commonly called the Lorentz group. In matrix form (A.6) can be shown as

x′ = Λx. (A.7)
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Λ and g matrices satisfy the following condition:

g = ΛT gΛ, (A.8)

from which we obtain

[det(Λ)]2 = 1. (A.9)

While the Lorentz transformations with det(Λ) = 1 form the proper Lorentz group, the trans-

formations with det(Λ) = −1 is named the improper Lorentz group.

In terms of the elements of Λ, (A.8) can be shown as

δα
β = Λν

αΛν
β. (A.10)

If we raise all indices on the right side and then set a and b equal to zero, we obtain

1 + (Λ10)
2

+ (Λ20)
2

+ (Λ30)
2
≥ 1

or (Λ00)
2
≥ 1. (A.11)

Together with (A.9), this inequality defines four distinct kinds of Lorentz transformations.

Among the transformations with det(Λ) = 1, the ones which satisfy the inequality of Λ00 ≥ 1

define a subgroup named the proper orthochronous homogeneous Lorentz group or more

briefly the restricted Lorentz group. In this work, we are interested with the restricted Lorentz

group which is denoted by SO(3,1). The restricted Lorentz group is a Lie group with six

independent parameters.

The group of all two-by-two complex matrices with det = 1 is denoted by SL(2,C) which is a

six parameter group too. Three Pauli matrices and σ0 can be defined as

σ0 =

 1 0

0 1

 , σ1 =

 1 0

0 −1

 , σ2 =

 0 1

1 0

 , σ3 =

 0 i

−i 0

 . (A.12)

By using (A.1) a two-by-two Hermitian matrix can be written:

Y = xασα =

 x0 + x1 x2 + ix3

x2 − ix3 x0 − x1

 (A.13)

where det(Y) is equaivalent to s2. Moreover, Y satisfies the following relation

tr(Yσα) = 2xα. (A.14)

For an arbitrary element S of SL(2,C), we can define a transformation of the form:

Y
′

= S YS † (A.15)

56



where Y
′

is associated to another vector (x′)α = ((x′)0, (x′)1(x′)2, (x′)3). Since the determinant

of S is equal to unity, we have

det(Y
′

) = det(Y). (A.16)

As s2 is invariant under (A.15), this matrix transformation is in fact a Lorentz transformation

acting on the coordinates of the four-vector. The relation between S and its four-by-four

representation Λ is

Λαβ(S ) =
1
2

tr(σαSσβS †). (A.17)

Since Λ(S ) = Λ(−S ), for every Λ ∈ SO(3,1) there are two corresponding matrices in SL(2,C).

Thus, there is a two-to-one homomorphism between two groups [19].

For the space time coordinates (t,x,y,z), ordinary rotation operations around the spatial axes

can be conducted by using the following four-by-four transformation matrices:

R1(θ1) =



1 0 0 0

0 1 0 0

0 0 cos(θ1) − sin(θ1)

0 0 sin(θ1) cos(θ1)


(A.18)

R2(θ2) =



1 0 0 0

0 cos(θ2) 0 sin(θ2)

0 0 1 0

0 − sin(θ2) 0 cos(θ2)


(A.19)

R3(θ3) =



1 0 0 0

0 cos(θ3) − sin(θ3) 0

0 sin(θ3) cos(θ3) 0

0 0 0 1


. (A.20)

These transformation matrices are generated by the rotation generators given as

J1 =



0 0 0 0

0 0 0 0

0 0 0 −i

0 0 i 0


(A.21)

J2 =



0 0 0 0

0 0 0 i

0 0 0 0

0 −i 0 0


(A.22)
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J3 =



0 0 0 0

0 0 −i 0

0 i 0 0

0 0 0 0


. (A.23)

Using the generators, the rotations around the x, y and z axes can also be expressed as

R1(θ1) = e−iθ1 J1 , R2(θ2) = e−iθ2 J2 , R3(θ3) = e−iθ3 J3 . (A.24)

Besides, the following closed set of commutation relations are satisfied by the rotation gener-

ators:

[Ja, Jb] = iεabcJc. (A.25)

The transformation matrices associated with the Lorentz boosts along the x, y and z axes are

B1(η1) =



cosh(η1) sinh(η1) 0 0

sinh(η1) cosh(η1) 0 0

0 0 1 0

0 0 0 1


(A.26)

B2(η2) =



cosh(η2) 0 sinh(η2) 0

0 1 0 0

sinh(η2) 0 cosh(η2) 0

0 0 0 1


(A.27)

B3(η3) =



cosh(η3) 0 0 sinh(η3)

0 1 0 0

0 0 1 0

sinh(η3) 0 0 cosh(η3)


. (A.28)

These transformations can be generated by the following boost generators:

K1 =



0 i 0 0

i 0 0 0

0 0 0 0

0 0 0 0


(A.29)

K2 =



0 0 i 0

0 0 0 0

i 0 0 0

0 0 0 0


(A.30)
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K3 =



0 0 0 i

0 0 0 0

0 0 0 0

i 0 0 0


. (A.31)

The boost transformations can also be written as

B1(η1) = e−iη1K1 , B2(η2) = e−iη2K2 , B3(η3) = e−iη3K3 . (A.32)

The group of boost generators satisfy the commutation rules given as

[Ka,Kb] = −iεabcJc. (A.33)

Besides, together with the rotation generators, boost generators satisfy another set of commu-

tation relations:

[Ja,Kb] = iεabcKc. (A.34)

Together with (A.25), last two equations constitute a closed set of commutation relations.

The two-by-two representations of the rotation matrices are

r1(θ1) =

 cos( θ1
2 ) −i sin( θ1

2 )

−i sin( θ1
2 ) cos( θ1

2 )

 (A.35)

r2(θ2) =

 cos( θ2
2 ) − sin( θ2

2 )

sin( θ2
2 ) cos( θ2

2 )

 (A.36)

r3(θ3) =

 exp(−iθ3
2 ) 0

0 exp( iθ3
2 )

 (A.37)

and the boost matrices are

b1(η1) =

 cosh( η1
2 ) sinh( η1

2 )

sinh( η1
2 ) cosh( η1

2 )

 (A.38)

b2(η2) =

 cosh( η2
2 ) −i sinh( η2

2 )

i sinh( η2
2 ) cosh( η2

2 )

 (A.39)

b3(η3) =

 exp( η3
2 ) 0

0 exp(−η3
2 )

 . (A.40)
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The two-by-two representations of the boost and rotation transformations are generated by

J1 =
σ1

2
, J2 =

σ2

2
, J3 =

σ3

2
(A.41)

and

K1 =
iσ1

2
, K2 =

iσ2

2
, K3 =

iσ3

2
. (A.42)

rm(θm) and bn(ηn) may also be written in the form

r1 = e−iθ1 J1 , r2 = e−iθ2 J2 , r3 = e−iθ3 J3 (A.43)

and

b1 = e−iη1K1 , b2 = e−iη2K2 , b3 = e−iη3K3 . (A.44)

The generators Jm and Kn also satisfy the commutation relations given in (A.25), (A.33) and

(A.34). Therefore, they generate the two-by-two representation of the Lorentz group called

SL(2,C).
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