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ABSTRACT

LORENTZ GROUP IN POLARIZATION OPTICS

Oktay, Onur
M.S., Department of Physics
Supervisor : Prof. Dr. Sibel Bagkal Baykal

September 2012, 60 pages

The group theory allows one to study different branches of physics using the same set of com-
mutation relations. It is shown that a formulation of the polarization optics that depends on
the representations of the Lorentz group is possible. The set of four Stokes parameters, which
is a standard tool of polarization optics, can be used to form a four-vector that is physically
unrelated but mathematically equivalent to the space-time four-vector of the special relativity.
By using the Stokes parameters, it is also possible to generate four-by-four matrix representa-
tions of the ordinary optical filters that are traditionally represented with the two-by-two Jones
matrices. These four-by-four matrices are treated as the entities of the Lorentz group. They
are like the Lorentz transformations applicable to the four-dimensional polarization space.
Besides, optical decoherence process can be formulated within the framework of the SO(3,2)
de Sitter group. The connection between the classical and quantum mechanical descriptions
of the polarization of light allows the extension of the Stokes parameters to the quantum do-
main. In this respect, the properties of the polarization of the two-photon system can also be

studied within the framework of the Lorentz group.
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POLARIZASYON OPTIGINDE LORENTZ GRUBU

Oktay, Onur
Yiiksek Lisans, Fizik Boliimi

Tez Yoneticisi : Prof. Dr. Sibel Bagkal Baykal

Eylyl 2012, 60 sayfa

Grup kuramui, fizigin birbirinden farkli dallarinin ayni komiitasyon bagintilariyla incelen-
mesini olanakli kilar. Polarizasyon optiginin, grup kuraminin gosterimlerini temel alan bir
formiilasyonunun olusturulabilecegi gosterilmistir. Polarizasyon optiginin standart araglarindan
biri olan dort Stokes parametresi toplulugunu kullanarak, 6zel gorelilikte tanimlanan dort
boyutlu uzay-zaman vektoriine fiziksel anlamda degil ama matematiksel anlamda denk bir
dort boyutlu vektor tanimlanabilir. Stokes parametrelerinden faydalanarak, optik filtreleri
temsil eden 2x2 Jones matrislerine karsilik gelen 4x4 matrisler de yazilabilir. Bu matrisler,
dort boyutlu uzay-zaman’a uygulanabilir Lorentz doniisiimleri gibi diisiiniilebilir. Bunun
yaninda, SO(3,2) de Sitter grubu catis1 altinda optik esevresizlik siirecleri formiile edilebilir.
Is181n polarizasyonunun klasik ve kuantum mekaniksel aciklamalar1 arasindaki baglanti, Stokes
parametrelerinin kuantum diizeyindeki kullanimini olanakli kilmigtir. Bu baglamda, iki-foton

sisteminin polarizasyon 6zellikleri de Lorentz grubu ¢atis1 altinda incelenebilir.

Anahtar Kelimeler: polarizasyon optigi, Lorentz grubu, esevresizlik, dolaniklik

vi



To my family

vii



ACKNOWLEDGMENTS

I would like to express my deepest gratitude to my advisor, Prof. Dr. Sibel Baskal for her
guidance, support and insightful comments. Her guidance helped me in all the time of re-

search and writing of this thesis.

viii



TABLE OF CONTENTS

ABSTRACT . . . . . e iv

OZ . . e vi

ACKNOWLEDGMENTS . . . . . . . e viil

TABLE OF CONTENTS . . . . . . . . s ix

LISTOFTABLES . . . . . . e e xi

LISTOFFIGURES . . . . . . . s xii
CHAPTERS

1 INTRODUCTION . . . . . e e e e e e 1

2 POLARIZATION OPTICS . . . . . . . . . i 3

2.1 Polarization . . . . . . ... ... .. 3

2.2 The Jones Calculus . . . . ... ... ... ... 4

2.3 The Coherency Matrix . . . . . .. ... ... ... ... ...... 7

24 The Stokes Parameters . . . . . . . ... ... ... ... ... 8

2.5 The Poincaré Sphere . . . . . . .. ... ... ... ... ... 11

3 LORENTZ GROUP IN POLARIZATION OPTICS . . . .. ... ... ... 13

3.1 Jones Matrices and 2-by-2 Representations . . . . . . ... ... .. 13

3.2 Mueller Matrices and 4-by-4 Representations . . . . . . .. .. ... 16

3.3 The Analogy . . . . . . . . . . .. . 20

34 Lorentz Representations and The Coherency Matrix . . . . . . . .. 21

3.5 Decoherence and The Poincaré Sphere . . . . . ... ... ..... 23

4  QUANTUM SYSTEMS AND THE STOKES PARAMETERS . . . . .. .. 31

4.1 The Density Matrix Formalism . . . . ... ... ... ....... 31

4.2 Photon Polarization and Stokes Parameters . . . . . . ... ... .. 33

4.3 Composite Systems and Entanglement . . . . . .. ... ... ... 40

X



4.4 The EPR-Bohm Experiment . . . . . ... ... ........... 42

4.5 Two-Photon System and The Degree of Polarization . . . . . . . .. 43

5 CONCLUSION . . . . e e e e e e e e e e e e e 51

REFERENCES . . . . . . e 53
APPENDICES

A LORENTZGROUPANDSL®2,0) . . . . . . . it 55



LIST OF TABLES

TABLES

Table 2.1 The list of polarization types and associated degree of polarizations.

Table 4.1 The list of y and the pureness of state. . . . . . . ... ... ... .....

X1



LIST OF FIGURES

FIGURES

Figure 2.1 Poincaré Sphere [6]. . . . . . . . . . .. ..o o 12

Figure 4.1 The scheme of the measurement apparatus for determining the photon po-

larization state [18]. . . . . . . . . . . 39
Figure 4.2 The scheme of the EPR-Bohm experiment [24].. . . . . . ... ... ... 43
Figure 4.3 The scheme of the EPR-Bohm polarization analyzer [20]. . . ... .. .. 44

Xii



CHAPTER 1

INTRODUCTION

The development of the polarization science is closely intertwined with the development of
modern day optics. One of the pioneering works based on a full mathematical treatment of
light, which went beyond the traditional geometric optics, was presented in the late seven-
teenth century. In 1690, Dutch scientist Christiaan Huygens published his major contribution
to the field of optics; “Traité de Lumiere”. In his book, Huygens explained his wave theory

of light and recorded several related experiments [1].

Based on his studies regarding the light propagation through crystals, Huygens rejected the
scalar model of light. Instead, he concluded that light has a vectorial nature that is now called
the polarization. As time passed, there had been efforts to utilize the formulation of mechanics
to explain the propagation of light through various mediums. In this sense, modelling light
as a combination of independent wave equations was in general a success. However, some
modifications should also be made. For instance, in 1818, upon reexamining Thomas Young’s
interference experiment by using polarized light, Augustin-Jean Fresnel and Frangois Arago

found out that light waves have no longitudinal component [2].

During the 1860s, Scottish physicist and mathematician James Clerk Maxwell formulated the
equations which are the foundation of the electromagnetic theory. According to Maxwell,
light was electrical in nature and its propagation could be explained by the laws of dynamics
[3]. With the emergence of electromagnetic theory, the problematic parts of previous theories

were overcome and soon optics was incorporated into electromagnetism.

Today, the classical optics is considered as a subfield of the electromagnetism. A defining
trait of optical waves is their polarization which describes the nature of a wave’s oscillations.

In polarization optics, we are mostly concerned with the measurement and control of a light



wave’s polarization. To achieve these purposes, various combinations of the polarizing filters
are employed. In the second chapter, the main features of the three main polarizing filters will
be examined. Besides, the degrees of polarization will be discussed and two theoretical tools
that are used in the description of partially polarized light will be introduced: the coherency

matrix and the set of four Stokes parameters.

In the third chapter, after the introduction of its building blocks, the group theoretical for-
mulation of the polarization optics will be constructed. it will be shown that the Jones and
Mueller matrices are the two-by-two and four-by-four representations of the Lorentz group.

Besides, the optical decoherence process will be examined.

In the fourth chapter, the quantum mechanical description of the polarized light will be con-
sidered. Also, the apparent resemblance between the classical and quantum Stokes parameters
will be shown. By using this similarity, the EPR-Bohm experiment will be evaluated from a
perspective that is based on the polarization degrees of the individual photons. Moreover, an
invariant quantity under the filtering operations will be defined by using the four-vector like

characteristics of the quantum Stokes parameters.



CHAPTER 2

POLARIZATION OPTICS

2.1 Polarization

A wave is called transverse if its direction of oscillation is perpendicular to its direction of
propagation. Polarization is a property of transverse waves that describes the orientation of

their oscillations.

In electromagnetic theory, light beams propagating in an isotropic medium are modelled as
transverse electromagnetic waves. By convention, the polarization of light is described by
specifying the orientation of the wave’s electric field vector which oscillates in time and space
as the beam propagates. For a transverse light wave, there are three possible states of polar-
ization: fully polarized, unpolarized and partially polarized. Due to light wave’s transverse
nature, it is possible to separate the motion of its electric field vector in terms of two mutually
independent components. If these two components of oscillation are in complete correlation,
light is said to be fully polarized (or completely) polarized. On the other hand, if two com-
ponents are totally uncorrelated, light is unpolarized. Partially polarized light is a mixture of

two.

The most basic approach towards the modelling and explanation of light’s polarization is
based on the plane waves. If we think of a light wave as a monochromatic plane wave prop-
agating in an isotropic and homogeneous medium, its electric field vector can be used to
represent it [4]:

E@ 1) = E, cos(wt — k.7) 2.1)

where & is the propagation vector and E, is the amplitude vector. In a Cartesian system, if the

wave is propagating along the z-axis, its electric field vector must oscillate in the x-y plane.



Then, the transverse components can be represented by:
E\(z,1) = Eoxcos(wt — kz + ¢,), (2.2)

Ey(z,1) = Eyycos(wt — kz + ¢y) (2.3)

where E,, and E,, are the real and positive amplitudes and ¢,, ¢, are the random phase

components.

It is often more appropriate to use a complex notation for E. If the complex amplitudes are

defined as:

E,= oneiqﬁx

and

Ey = E,ye'®

the x and y components of the complex electric field vector can be written as:
E,. = 'E:ei(wt—kz) (24)

E.y = Eye™=, (2.5)

To obtain the components of actual field vector, one should take the real parts of these equa-

tions.

2.2 The Jones Calculus

In the early 1940s, R. C. Jones developed a matrix formalism, which is now called the Jones
calculus, to treat the phenomenon of polarized light more systematically [2]. The basic tools

of this formalism are the Jones vectors and matrices.

In Jones’ formalism, the polarization of fully polarized light is represented by a two compo-
nent, complex column vector named the Jones vector. The elements of a Jones vector depend
on the x and y components of the electric field. Starting with equations (2.4) and (2.5), a two
component column vector can be defined as:

ECX E()Xei(Wt_kZ+¢X) . E(J)Cei(px
g PP R

Ecy Eoy ei( wi—kz+¢y) Eoyeiqﬁy

4



To establish a relation between E., and E, that only depends on amplitude and phase, the
common phase factor of propagation ¢/®'%2 can be suppressed. Then, the general represen-
tation of a Jones vector is obtained as:

5 onei¢x
J = - 2.7
Egye®

On the other hand, in Jones calculus, linear optical elements that modify the polarization
of incident light are represented with complex, 2-by-2 matrices called the Jones matrices.
Mathematically, a Jones matrix is an operator which acts on a Jones vector. There are three

main types of Jones matrices: polarizers, retarders and rotators.

To start with, a rotator is a device that rotates the plane of polarization. For a clockwise

rotation of the plane of polarization through an angle 6, the Jones matrix of a rotator is given

cosd —sinf
R = ( ) (2.8)
sinf cosf

as:

Besides, retarders (or wave plates) are optical elements that introduce a relative phase differ-
ence between the vertical and horizontal components of the field vector. They are generally
made of birefringent uniaxial crystals. In such a crystal, the mutually orthogonal components
of polarization travel through two distinct axes called the slow and fast axes. Let ny and n;
denote the refractive indices of the fast and slow axes. Since n; is larger than ny, the speed
of the orthogonal component travelling through the slow axis is smaller than the speed of the
orthogonal component travelling through the fast axis. This difference in propagation speeds

creates the phase difference between the orthogonal components.

For a typical wave plate, the relative change in phase is defined as:

5= ?(ms —nf) (2.9)

where A is the wavelength of the light wave and d is the thickness of the plate. Besides, the

mean absolute change in phase is given as:

2nd ng+n
b = S2 7. (2.10)
In the Jones formalism, the overall effect of a retarder can be written as:
exp(—_izi;d"x ) 0 (et 50
Pr = [ s ) = e—"f’m( 5 ) (2.11)
0 exp(—2L) 0 e

5



If the interference effects are negligible, phase factor e~ can be eliminated [4]. Then the

standard form of a phase shifter is obtained as:

et 0
P= ( s ) (2.12)
0 "2

The third type of the fundamental polarizing elements is the polarizer. A linear polarizer is
an optical element that changes the amplitude of the incident light. It is characterized by two

absorption coefficients that differ along the transverse directions. The Jones matrix for a linear

P, O
Ji = ( ) (2.13)
0 Py

where P, and P} are the absorption coefficients.

polarizer is:

The transverse components of a light beam suffer intensity losses while passing through a
beam splitter or when reflected from a mirror. To model such a modification on polariza-
tion, an attenuation matrix is used. As the mutually orthogonal components suffer different
intensity losses, the Jones matrix for an absorber (or attenuator) is written as [5]:
el 0
Jy = (2.14)
O e_nb

where 1, and 1, are the absorption coefficients in the transverse directions. The mean absorp-

tion coefficient for an absorber is defined as:

Ny + Na

= 2.15
> (2.15)
Also, difference coeflicient is defined as:
n=1Nb— Ma (2.16)
By using equations (2.15) and (2.16), equation (2.14) can be rewritten as [6]:
2 0
Jo = e‘m( , ) 2.17)
0 e2

Since e factor diminishes both of the transverse components at the same rate, the degree of
polarization does not change. Then, the net effect of an attenuation process is only determined

by the attenuation matrix given as [7]:

ez 0
A:( ,7). (2.18)



2.3 The Coherency Matrix

The last section has been concerned with completely polarized light. However, completely
polarized fields are only mathematical idealizations; light in nature is generally partially po-

larized.

The two component representation of the field by a Jones vector is sufficient to study fully po-
larized light, but it cannot be used to describe partially polarized light. If the light is partially
polarized, the amplitudes and phases of the x and y components can both vary with time.
Therefore, a higher-order representation of the field, which also considers the correlations

between the mutually orthogonal components, must be employed.

Consider a column vector E. whose elements are the x and y components of the complex

electric field of a partially polarized light:

- Ex
E‘.:( ) (2.19)
Ey
the hermitian conjugate of E.is:
(E)' = (E° Ey). (2.20)

By taking the time average of a Kronecker product, the coherency matrix for E. can be defined

as [6]:
N o . <ExEx*> (ExEy*> Jxx ny
Je =(E:®(Ep)") = ( ] = ( ) (2.21)
(E\E,") (E,E)") Jyx Ty

where the brackets denote the time-averaging operation. The elements of J. can be found by
using the formula:

1 +T
Jij = (EiEj") = Jim = f EEjdt. (2.22)
—00 _T

The diagonal elements of J., which are real, represent the intensities of the x and y compo-

nents. Thus, by taking the trace of J., one obtains the total intensity of light:
It =tr(Je) = Jox + Jyy. (2.23)
The degree of polarization, P, is a quantity describing the polarized portion of a light wave. It

is the ratio of the intensity of the polarized part to the total intensity. For completely polarized

light, P is equal to 1. For partially polarized light P is between 0 and 1. For completely



incoherent or unpolarized light P is equal to 0. In terms of the elements of J., P can be

defined as [8]:
3 B ddet(J.)
B T e

The relation between P and polarization types is given in table 2.1.

Table 2.1: The list of polarization types and associated degree of polarizations.

Type Of Polarization | Degree Of Polarization
Completely Polarized P=1

Partially Polarized 0<P<1
Unpolarized P=0

2.4 The Stokes Parameters

The oscillation period of light that is subject to an optoelectronics system is approximately
equal to 10~'* seconds. Since this duration is short on a macroscopic scale, a macroscopic
measurement will include several pulses of light with very short time intervals. Moreover, for
partially polarized light, the state of polarization could change from one state to another in
a time duration of 10~® seconds [4]. Considering these limitations, instead of concentrating
on a rapidly oscillating signal related to a desired quantity such as the amplitude or energy
density, it is more reasonable to focus on the average value. For instance, a direct measure-
ment of an optical field’s amplitude is not possible. However, the intensity of a field, which is

proportional to the time-averaged form of the square of the amplitude, is observable.

In 1852, George Gabriel Stokes showed that a full description of any polarization state of light
can be obtained in terms of four observables that are called the Stokes parameters [2]. In a

Cartesian system, the Stokes parameters for quasi-monochromatic light are [9]:

So =(ExE)") +(E,E,") (2.25)
S = <ExEx*> - <EyEy*> (2.26)
So =(EE)") + (EyE,") (2.27)
S3 = i((EyE") +(ELE)")) (2.28)



in terms of the elements of coherency matrix J., Stokes parameters can be rewritten as:

So=Jex+Jyy (2.29)
S1=Je—Jy (2.30)
Sy =Ty + Iy (2.31)
S3 = i(Jye = ). (2.32)

Let J_,: be the complex column vector associated with the elements of J,:
JX)C
Jx

~
1l
)

(2.33)
Ty

Jyy
and let S_)v denotes the column vector associated with the Stokes parameters:
So
S
S, = . (2.34)
So

S3

By using equations (2.29) through (2.32), a transformation, which connects the complex ele-

ments of J. with the real, observable Stokes parameters, can be defined as:
S, =TJ, (2.35)

where the transformation matrix 7' is given as:

1 0 0 1
1 0 0 -1
T = (2.36)
O 1 1 O
0O - ¢ O
Furthermore, an inverse transformation can be defined as:
g, =T,S, (2.37)
where T is:
1 1 0 O
110 0 1 i
T,=T{'== (2.38)
210 0 1 —i
1 -1 0 O



By substituting the elements of J,, from equation (2.37) into equation (2.21), the coherency

matrix can be redefined in terms of the Stokes parameters as:

Joo Iy 1(So+S1 S2+1iS3
Jc:( ):-( ) (2.39)
oo ) 2\Sy—iS3 So-8
Similarly, the degree of polarization P can be modified as:
S12+8,% + 55
po VSIZ+ 827455 (2.40)

So

By rearranging equation (2.22), one can show that J;;* = J;; Then, the coherency matrix J, is

4 Jx Jyx>k Jx ny
= = =J. (2.41)
ny «]yy Jyx Jyy

Since the Pauli spin matrices form a complete set, any 2-by-2 Hermitian matrix can be ex-

Hermitian:

panded as a linear combination of them [10]:

3
1<
J. = EZC"‘T" (2.42)
i=0
where the expansion coefficients are:
ci = tr(J.oy). (2.43)

If the following combination of Pauli matrices are chosen [6]:

1 0 1 0 0 1 0 i
o RS (1 e G R
0 1 0 -1 1 0 -i 0

¢;’s can be obtained from equation (2.43) as:

Jxx J_xy

co=tr =Ju+Jy (2.45)
Jyx  Jyy
Joo =y

cy=tr =Jxx = Jyy (2.46)
Jox  —Jyy
ny -]xx

c =tr =Jy + Jyx 2.47)
Jyy i
—iJyy  iJxx

c3 = tr( ) = i(Jyx = I (2.48)
=ity iJyx

10



By comparing equations (2.45) through (2.48) with equations (2.29) through (2.32), we con-
clude that the expansion coefficients ¢; (i = 0, 1, 2, 3) are in fact the Stokes parameters.

Therefore, the coherency matrix J,. can also be expressed as:

3
1
J, = E;Siai. (2.49)

It is known that fully polarized light beams can be treated with the Jones calculus. For the
treatment of partially polarized or unpolarized light, a more complex structure named the
Mueller calculus is employed. In Mueller calculus, polarization state of a light beam is rep-
resented by a Stokes vector given in equation (2.34). As its structure depends on the Stokes
parameters, Mueller calculus can be utilized in the examination of any polarization state of

light.

If S_,-)n denotes the Stokes vector corresponding to the incident beam and S Zm denotes the
Stokes vector of the emerging beam, a light beam’s passage through a polarizing element is

modelled by:

Som = MS;, (2.50)

where M is the 4-by-4 Mueller matrix characterizing the polarizing element.

2.5 The Poincaré Sphere

In the third section, the three main types of light’s polarization were classified according to
their respective degree of polarizations. The same analysis can also be carried out with a focus
on the Stokes parameters. By this way, a graphical tool for visualizing the distinct types of

polarized light can constructed.

To start with, equation (2.40) can be put into the following form:
S1% +82%+ 837 = (PSo). (2.51)

Equation (2.51) represents a sphere with radius PS in three-dimensional space of the Stokes
parameters S|, S, and S3. This virtual sphere, known as the Poincaré sphere, is depicted in

figure (2.1).

11
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Figure 2.1: Poincaré Sphere [6].

For completely polarized light, P is equal to 1. For this case, equation (2.51) gives:
S12+8,2+83%2=5¢% (2.52)

so we realize that all points in Stokes space that are confined on the spherical surface of radius
S o represent the fully polarized light. Besides, in the case of unpolarized light P is equal to 0,
so this type of polarization is represented by a point located at the origin. All interior points
of the sphere with the exception of the origin correspond to partially polarized light. To sum

up, a general polarization state can defined with an inequality of the form:
So* > S1%+57 +55% (2.53)

An arbitrary polarization state is represented by the points on the surface or inside of the
Poincaré sphere. For instance, linearly polarized states are located on the equator. The north
pole corresponds to the right-hand circularly polarized state. The left-hand circularly polar-
ized state is represented by the south pole. While all points on the surface of the sphere
represent the elliptically polarized light, the points inside of the sphere represent the partially

polarized light.

12



CHAPTER 3

LORENTZ GROUP IN POLARIZATION OPTICS

The group of all Lorentz transformations of Minkowski space is known as the Lorentz group.
Historically, the concepts of Lorentz transformation, four-vector and Minkowski space had
stemmed from the fabric of special relativity. However, these concepts were later integrated

into the broad mathematical spectrum of geometry and group theory.

The group theory allows the study of distinct branches of physics by using the same set of
commutation relations. Due to this fact, a formulation of polarization optics, which depends
on the 2-by-2 and 4-by-4 representations of the Lorentz group, is possible. The group theo-
retical approach to the polarization optics can be exemplified by considering the 4-by-4 rep-
resentations of the Lorentz group. If we define a fictitious Minkowski space corresponding to
the polarization space of optics, the elements of the four-vector described in this four dimen-
sional, hyperbolic space will be the Stokes parameters. In the ordinary Minkowski space of
relativistic formalism, Lorentz transformations correspond to a modification of the reference
system; a linear map that relates the time and space coordinates of different reference frames.
In our fictitious space, these transformations will correspond to entities that modify the Stokes

vector hence the polarization state of light [11].

3.1 Jones Matrices and 2-by-2 Representations

The Jones matrices of an attenuator, a retarder and a rotator were previously given in sec-
tion (2.2). By alternating the form of these matrices that correspond to three fundamental

polarizing elements, it is possible to construct the 2-by-2 representation of the Lorentz group.
In terms of their generators, the transformations of equation (2.8), equation (2.12) and equa-

13



tion (2.18) can be redefined. To start with, for a rotation of the plane of polarization through
an angle g, equation (2.8) can be rewritten as:

(2

. (0
cos(3) —sin(3 ,
R(g) — ( (2) (2)) — e—1912 (31)
sin (g) cos (g
where R(0) is generated by J, given as:
1(0 =i
Jr = 5( _ ] (3.2)
i 0
The retarder of equation (2.12) takes the form:
es 0 )
P(6) = ( S ] = e b (3.3)
0 €2
with
1(1 O
J3 = —( ) 3.4
2{o -1
Besides, the attenuator is redefined as:
3 0 )
A(p) = [ ) ) = e (3.5)
0 e2
where K3 is
i(1 O
K3 = —( ) (3.6)
2{o0 -1

If the commutation relation of the generators given in equation (3.2) and equation (3.6) is

taken, another generator is obtained:

[J2, K3] = iK; (3.7)
where K is equal to:
(0 1
K = —( ) (3.9)
2\t o

The three generators obtained so far satisfy the following commutation relations:

[J2, K1] = —iK3 (3.9

and

(K3, K1] = —iJ>. (3.10)

Then K, K3 and J, produce a closed set of commutation relations. It is possible to generate
3 three-parameter groups from these commutation relations. Two of these groups are the

generalized special unitary group SU(1,1) and the symplectic group Sp(2,r) and the other

14



group is O(2,1) which is the Lorentz group applicable to two space-like and one time-like

dimensions.

If the commutation relation of J3 and J, is taken, we obtain:

[J3, 2] = =iJy (3.11)
where Jj is
1(0 1
Ji = —( ) (3.12)
2{1 0

Taking the commutation relation of J; with J, gives:
[J1, 2] = iJ3. (3.13)

If we continue to take the commutation relations between Ji, J> and J3, a well-known group

of commutation relations is obtained:
[Jl',.]j] = iGijk]k (3.14)

where €; ;. is the Levi-Civita symbol. These set of commutation relations are the generators of
two three-parameter groups: SO(3) and SU(2). SO(3) is the rotation group that includes all
rotations in three-dimensional Euclidian space. Besides, rotational transformations acting on

spin-% particles form SU(2).

At this point, we have two sets of generators: J; and K; (i=1,2,3). In laboratory environment,
polarizing elements of three main types are often applied in arbitrary order. The mathematical
equivalent of this procedure can be derived by taking the commutation relations of individual
and mixed sets. For the mixed set, equation (3.7) and equation (3.9) are already known. If the

commutation relations of other combinations are taken, one obtains:

[Ji,Kj] = ifiijk (315)

On the other hand, for K; set, we obtain the following set of commutation relations:
[Ki, K] = —i€;jui. (3.16)

Together with equation (3.14), equations (3.15) and (3.16) generate the two-by-two represen-
tation of the Lorentz group called SL(2,C). Therefore, in a mathematical sense, Jones matri-
ces corresponding to attenuators, retarders and rotators can be interpreted as 2-by-2 Lorentz
transformations. In the same mathematical sense, Jones vectors can also be thought of as

two-component relativistic spinors [7].
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3.2 Mueller Matrices and 4-by-4 Representations

If the rotation operator of equation (3.1) is applied to the column vector of equation (2.19)
representing the complex electric field of incident beam of light, the column vector of the
emerging beam is obtained as:
Exl cos (g)E - sin(g)Ey
(Ey']:(sm( )E +cos(g)Ey). G0
The effect of this transformation on the coherency matrix of complex electric field can be
examined by defining a transformed coherency matrix J, according to equation (2.21) as:
S (<E (EX)) (E{(E)) >) (J ny’)
(E/(EN)Y (E/EYY) oy gy

Let J. denotes the coherency matrix of the incident beam. If equation (3.17) is combined with

(3.18)

equation (3.18), the elements of JC/ can be written in terms of the elements of J. as:

Jxx =cos (g)]’”‘ + sin ( ) Vy @(ny + Jyx) (3.19)
Jyy = st(g) x + €OS ( )Jyy + S"”T@(ny +Jy) (3.20)
Jyy =cos (g)]xy — sin ( ) v+ @(hx = Jyy) (3.21)
Jyx = cos? (g) Jyx — sin’ (g) Ty + ””T(Q)(Jxx —Jyy). (3.22)

If equations (3.19) through (3.22) are combined together and rearranged we have:

Jor + 0y = Jox + Jyy (3.23)

T =y = cos(O) Ty = Jyy) = sin(0)(Jay + Jy) (3.24)
Ty + Ty = cos(O)(y + Jyr) + sin(0)(J oy = Jyy) (3.25)
i(Jyx =Ty ) = i(Jyx = Jay)- (3.26)

Comparing equations (3.23) through (3.26) with equations (2.29) through (2.32) we notice
that last four equations relate the initial Stokes parameters to transformed ones and they can

be rewritten as:

So = So (3.27)
S1 = cos(6)S - sin(0)S» (3.28)
S, =sin@)S | + cos(6)S > (3.29)
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S5 =S, (3.30)

Then, the rotator’s effect on the Stokes parameters can be shown in matrix notation as:

S =M,,S (3.31)
with
1 0 0 0
0 cos(@ -sin(@) O
M,y = . (3.32)
0 sin(@) cos(@ O
0 0 0 1

If the same procedure is followed and related equations are derived, the transformation matrix

for the attenuator of equation (2.18) is obtained as:

cosh() sinh(y) 0 O
sinh(;7) cosh(z) 0 O

Matt = . (3 33)
0 0 1 0

0 0 0 1
Similarly, the transformation matrix for the phase-shifter of equation (2.12) is

1 0 0 0

0 1 0 0

My = (3.34)

0 0 cos(6) —sin(d) |
0 O sin(d) cos(9)

Since M1, Mo and M ¢ transform the Stokes parameters of light, they are Mueller matrices.

In terms of their respective generators, these Mueller matrices may be redefined as:

My = 151 (3.35)
M, = e 0 (3.36)
M s = %1 (3.37)
with
0 i 00
i 00 0
K, = (3.38)
00 00
00 00
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00 0 0
00 =i 0
Js =

0 i 0 0
00 0 0
000 0
000 0
) =

00 0 —i
00 i 0

If the commutation relation of J3 and J; is taken, we obtain
[J3, /1] =i)>

where J; is

Jr

0 ol
0 —i 0

J1, Jo and J3 satisfy the closed set of commutation relations given as:

0 0
0 0 0 i
0 0

0

[Ji, J;] = i€ jidy.
The commutation relations of K; with J, and J3 are
[Ki, J2] = iK3
(K1, J3] = —iK>

with

K;

Il
o o o O
o o o O
o o O

and

~

K>

e
(aw] o [a]
o .
(en) o O

i 0
0 0 00O

K1, K> and K3 satisfy the following set of commutation relations:
[Ki, K] = —i€jxJk.
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If the commutation relations between K, and J,,, (m=1,2,3) generators are taken, we obtain:
[Jl', Kj] = iéiijk. (3.49)

Together with equation (3.43), last two equations constitute a closed set of commutators.
Thus, J,, and K, generate a group that contains transformations applicable to the vectors
of four-dimensional space. When these transformations are applied to a four-vector of the

Minkowski space, they are known as the Lorentz transformations.

Since the closed set of commutation relations are constructed from the essence of optical
filters, the effects of polarizers on a light wave can be modelled by using the mathematical
structure of Lorentz transformations. In formulation of the polarization optics with four-by-
four representations of the Lorentz group, Mueller matrices of three main types of polarizers
can be identified with appropriate Lorentz transformation matrices. Although Stokes param-
eters have no relation with the physics of special relativity, in a mathematical sense, a Stokes
vector subject to Mueller matrices can be thought of as a Minkowskian four-vector subject to

Lorentz transformations [7].

The squared norm of a four-vector in our fictitious Minkowski space is:
2
IS = So* =517 = 52> - 55°. (3.50)

The total intensity S is always greater than or equal to the intensity of the polarized part.

2
Therefore, as expected, ||§ || should be greater than or equal to zero.

In terms of ||§ ||, P of equation (2.40) can be rewritten as:

3.51)

If IS is equal to zero, P is equal to unity which means that light is completely polarized. For
the case of ||S|>0, light is partially polarized and when 15|l becomes equal to S, light is said

to be unpolarized.

For a set of four space-time coordinates (xg, x1, X2, x3) in Minkowski space, Lorentz transfor-

2 — x32 (xo = ct) invariant [10]. Similarly,

mations leave the quadratic form X02 —x12 = x3
. . . . . 2, . /
the Mueller matrices derived in this section leave ||§ || invariant. Let P denote the degree of

polarization after the filtering process:

(3.52)




where S’ is the total intensity after the filtering. Then, for the group of optical filters defined
in section (2.2), if the polarizing element does not vary the total intensity S of the light beam,

the beam’s degree of polarization remains the same.

3.3 The Analogy

The formalism of polarization optics in terms of the representations of Lorentz group is ad-
vantageous for two reasons. First, it combines several mathematical tools of polarization
optics and embeds them into the wider environment of group theory. By this way, from the
well-established theorems in the Lorentz group, appropriate ones can be utilized to study the

polarization optics.

The second reason is related to the connection established between polarization optics and
special relativity through the mathematical foundation of group theory. To explain this con-
nection, we can use the analogy between two trivial systems of classical physics: block-spring
system and LC circuit. Consider a block of mass m connected to a spring with spring con-
stant k. If this block slides on a frictionless surface, the differential equation governing the
block-spring oscillations is:

i+wlx=0 (3.53)
where w is the natural frequency of oscillations given as:

wy = k (3.54)
m

For a resistanceless LC circuit with an inductor with inductance L and a capacitor with ca-

pacitance C, the differential equation of oscillations is:

G+wrilqg=0 (3.55)

1
Wy = 1/225_ (3.56)

The general solution equation (3.53) is

with

x(1) = Axcos(wit + ¢@). (3.57)

Equation (3.53) is mathematically identical to equation (3.55). Therefore, the solution of

equation (3.55) should be in the form of equation (3.57). If we replace x with q, m with L and
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k! with C, the general solution of equation (3.55) is obtained as:

q(1) = Ay cos(wat + ¢). (3.58)

The underlying physical structures of two systems are not related. While the LC circuit has an
electromagnetic nature, the block-spring system is purely mechanical. However, as observed
from the differential equations, their oscillatory behavior is similar. The oscillations of the
block-spring system is a mechanical analog to the electromagnetic oscillations of the LC
circuit. Thus, in some mathematical way, we can think of a capacitor as a spring. Also, the

mechanical analog of an inductor is a mass [12].

Since we know the mechanical analogs of the LC circuit’s elements, its oscillatory motion can
be simulated by using mechanical elements. Likewise, since various elements of polarization
optics is mathematically linked to the transformations used in special relativity, it is possible
to study relativistic systems by means of optical tools. The analogy created between the two
fields allows the utilization of polarizing elements as analog computers for special relativity

[13].

3.4 Lorentz Representations and The Coherency Matrix

Let M, represent the three basic matrices of section (2.2) which are the attenuator, the rotator
and the phase shifter. When M, is applied to the column vector E. of equation (2.19), we
have

E. = M,E.. (3.59)

To observe the change of coherency matrix during this transformation, a transformed co-

herency matrix should be defined according to equation (2.21) as:
I =(E ®([EN) = (MyE, ® (E)'(M})"). (3.60)

As J. is equal to (EC ® (El)U, equation (3.60) can be rewritten as:
I = MpJ (Mp)". (3.61)

Since J. describes the polarization state of a light beam, equation (3.61) shows the effect of
an optical filter on an incident beam. In this sense, it is the coherency matrix equivalent of

equation (3.59) [6].
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The four-by-four Lorentz transformations of section (3.2) are members of the restricted Lorentz
group which is denoted by SO(3,1). SO(3,1) Lorentz group is the group of all four-by-four
transformation matrices with unit determinant that act on the Minkowskian four-vector of
(x0, X1, X2, x3). Like SL(2,C), it is a six parameter group. The generators of both SL(2,C) and
SO(3,1) satisfy the same set of commutation relations. Furthermore, there is a homomorphism

between the two groups. Further details about these groups can be found in Appendix-A.

The Minkowskian four-vector of (xg, x1, X2, x3) can be represented by a 2-by-2 hermitian ma-
trix given as:
X0+ X1 X2 +ix3
Y= (3.62)

Xo —IiX3  Xo — X]

whose determinant is

det(Y) = x02 - x12 - x22 - x32. (3.63)

det(Y) is the squared-norm of a four-vector and it is left invariant under the four-by-four

Lorentz transformations.

If we define a complex, unimodular, unit determinant matrix belonging to SL(2,C) as:
ni N
N = ( ] (3.64)
na1 N

the following transformation keeps det(Y), hence the squared-norm, invariant:
Y = NYN', (3.65)
Therefore, equation (3.65) defines a Lorentz transformation in Minkowski space.

Now, if equation (3.65) is compared with equation (3.61), it is observed that their form is
similar. As it is shown in section (2.2), all M, matrices (attenuators, rotators and phase-
shifters) act like SL(2,C) transformations in polarization space. Moreover, their determinants
are equal to 1. Besides, if the standard four-vector of (xo, X1, X2, x3) is replaced with the Stokes
vector of (S¢,S51,952,53), with the exception of a multiplicative factor of 1/2, equation (3.62)
is equivalent to the coherency matrix of equation (2.39). Thus, we come to the conclusion

that equation (3.65) defines a Lorentz transformation in polarization space.

In terms of the elements of Y, equation (3.62) can also be denoted as:

yir Y2
Y = ( ] (3.66)
Y21 Y22
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By using this equation, in an explicit form, equation (3.65) can be written as:

()’11 ylz] (nll nlz)()’u ylZ](”ll* nzl*]
Y21 Y22 nyr npJ\yxn yn/\np* np*

After some algebra, equation (3.67) can be rearranged as:

4 x * * *
yii nunitt npne' npnnt o npnR (v
iz ninatt ning® npnot npnnt || yiz
Y21 noni* npn” noani™ npni” || yai
4 * * * *
Y22 na1nyy nanpy” NNy nasnon Y22

If a complex column vector in terms of the elements of Y is defined as

yi1

Y12

Y, =
Y21
Y22

equation (3.68) can be shown in matrix notation:

= 7 =

v, = Mm,Y,

Since M, can be decomposed in terms of a Kronecker product as

ni N2 ni* np* "
M, = ® = NN
* *
na1r N2 na1 na»

the transformation rule of the elements of Y is [14]:

7, = (NeN"Y,.

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

If the same analysis is performed for J, of equation (3.61), we reach to the conclusion that

the elements of the coherency matrix transform according to the following equation:

B = (My@My)J,

(3.73)

where the four-component complex column vector f; is already given in equation (2.33).

3.5 Decoherence and The Poincaré Sphere

When the Minkowskian four-vector of (¢, z, x, y) is used, equation (3.62) takes the form:

t+z x+iy
Y = .
xX—iy -2
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If, instead of the four-vector, Stokes vector is used, we have

So+S1 Sy, +1iS3
Sy = ) 3.75)
Sr—iS3 So-91
The determinant of S/ is equal to
det(S ) = So*> — S12 — 822 - 832 (3.76)

This quantity is preserved under Lorentz-like transformations of polarization optics.

The relation between the Stokes parameters and Poincaré sphere was introduced in section
(2.5). They can both be used for the representation of the beam’s polarization state. Therefore,
the Stokes vector of equation (2.34) can be interpreted as a geometric representation of the
coherency matrix. Moreover, Lorentz transformations applied on a coherency matrix can
be pictured as movements on the Poincaré sphere. The symmetry of the Poincaré sphere is

intertwined with the symmetry of the Lorentz group.

If we start with the complex electric field of equation (2.6) :
Ex — onei(wt—k2+¢x) and Ey — Eoyei(wt—kz+¢y)

the elements of the coherency matrix are found as:

(ExEy*) = Eoy” (3.77)
(ExE}*) = EpyEpye’ %) (3.78)
(EyE\") = EpyEppe” %) (3.79)

(EyE\") = E,°. (3.80)

If = ¢, — ¢, is denoted to be the phase difference between the mutually orthogonal compo-

nents, the coherency matrix is
on2 onEoyei¢
Jo = .

_ (3.81)
EpEpe™™  E,?

On the other hand, multiplying S 3 with 1/2 gives the coherency matrix of equation (2.49)

3 .
1 1 S()+S] S2+1S3
JCI— E S,‘O’,‘I—( . . .
2 - 2 8, -iS3 So-iS,

If equation (2.35) is employed, the Stokes vector corresponding to J.; can be written as:

SOC on2 + E0y2
Ste 1 E0x2 - Eoyz
S = =3 (3.82)
S e 2E, Eoycos(¢)
S3c 2onE0ySin(¢)
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where the factor of 1/2 is included in the definition of s »1 to make S js constructed with S ;.

(1=0,1,2,3) equivalent to J.i.

The effect of phase decoherence on the polarization state can be modelled by introducing
time-dependent decay terms. If these terms are multiplied with the off-diagonal elements of
J.1, we obtain ‘
E,.’ EpEpee™
Jea = , (3.83)
onEoye_m&e_/lt E()y2

where A > 0. The determinant and trace of J.; is
det(Jeq) = Epy’Epy*(1 — e (3.84)

1r(Jea) = Eoi® + Epy”. (3.85)

By using equation (2.24), the degree of polarization is found as:

4E,°Epy*(1 — 72U
P = Jl— yd-e7) (3.86)

2
(Eox” + Eoy’)

Initially, at time t=0, P4 is equal to unity which implies that beam is fully polarized. Since
the coherency matrix without decoherence (equation (3.81)) is constructed from the Jones
vectors, this is an expected result. For ¢ > 0, with increasing time det(J.4) becomes larger, so
the degree of polarization P.; decreases. In Poincaré sphere representation, this process can

be depicted as a spherical region shrinking in size.

The coherency matrix of equation (3.83) can be written as a four-vector. This four-vector can

also be related to Stokes space as:

ro ro E0x2 + Eoy2
Ze rcos(6,) 1 onz - E0y2

- = - (3.87)
xXe | | rsin@)cos(@e) | 2| 2EgnEqycos(@)e™

Ve rsin(6.) sin(¢.) 2E,yE,ysin(¢)e

where r, 6. and ¢, are the spherical coordinates of a general point belonging to the Poincaré
sphere. From a geometrical perspective, the transition of the polarization state from fully
polarized to partially polarized can be shown with the help of two spheres. The set of points

with radius rg defines the outer sphere

Ep’ + Epy?
ro=———— (3.88)
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Since ry is proportional to the total intensity, the outer sphere represents the completely polar-
ized beams. The inner sphere is defined as the set of points with coordinate vector (z, X¢, y¢)

and radius:

ro= Az +x2 +y2

1 2
5 \/(on2 — Ep?)" +4E E, e 2. (3.89)

At time t is equal to zero, r is equal to rop which means that beam is fully polarized. With

increasing time, due to the decay factor, r decreases and spherical shell shrinks. As the sphere

gets smaller, the degree of polarization decreases. Since the z-component of the coordinate
E0x2 - Eoy2

vector z, = — is time-independent, it is not affected by the decoherence process.

The difference of two squared-radii is:
10> = 1? = Ep’Epy*(1 — e, (3.90)

This quantity is also equal to det(J.4). Normally, the determinant of J.; is equal to the
Lorentz-invariant. However, as the distance between two spheres gets larger, the determi-
nant also increases. Since the determinant of the coherency matrix must be preserved under
Lorentz transformations, Lorentz group can not provide a framework for the description of the
decoherence process. Instead of the Lorentz group, a larger group named SO(3,2) de Sitter

group, which includes two Lorentz groups as subgroups, might be used.

As it is previously shown, the three-dimensional rotation group is a subgroup of the Lorentz
group. Therefore, the rotational symmetry is also contained in the Lorentz symmetry of the
Poincaré sphere. Within the framework of SO(3), the four-vector of equation (3.87) can be

transformed with ordinary rotations.

From the ratio of z. to ry, we have

cos(6,) = L
,
E,2 — E,>2
= s 2 (3.91)
2
\/(on2 - Eoyz) + 4on2Eoy26_2/U
sin(.) = 1 -cos%(8.)
2E, E e
= o (3.92)

\/(on2 - Eoy2)2 + 4on2Eoy26_2/U
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and from the ratio of y. to x., we have

2E 1 E oy sin(g)e™
2E,E,y cos(¢)e Y
= tan(¢) (3.93)

tan(¢.)

so the spherical coordinate ¢, is equivalent to ¢ which is the phase difference between x and y
components. Since ¢, and ¢, are time-independent for a monochromatic plane wave, ¢. does

not change during the whole decoherence process. However, r and 6, are time-dependent.

The ordinary rotation matrices around z and y axes are,

1 0 0 0
0 1 0 0
R, = (3.94)
0 0 cos(¢e) sin(gc)
0 0 -—sin(ge) cos(ée)
1 0 0 0
0 cos@.) sin@.) O
R, = (3.95)
0 -sin(.) cos@.) O
0 0 0 1

respectively. If R, and R, are applied successively, the four-vector of equation (3.87) reaches

the following form: (rg, r,0,0) [14]. Applying this vector a Lorentz boost along the -z direc-

tion gives )
ro cosh(p) —sinh(p) 0 O0\(rg
r —sinh(r) cosh(z) O O] r
= (3.96)
0 0 0 1 010
0 0 0 0 1/\0
where
ro = cosh(n)ry — sinh(n)r (3.97)
r' = —sinh()rg + cosh(n)r. (3.98)
The rotational transformations had no effect on the inner and outer radii, so ry> — > was kept

invariant. The Lorentz boost transforms ry and r to ry” and . Nevertheless, if (ry )% — (' )

term is expanded, we notice that it is still equal to 7> — > :

(r(),)2 - (r,)2 [cosh(m)rg — sinh(n)r]2 — [= sinh(p)rg + cosh(n)r]2

ro? — 1. (3.99)
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If n parameter is chosen as

5 = tanh™! (1) (3.100)
o
we have
rcosh(n) = rq sinh(n) (3.101)

which implies that r is equal to zero. Using this result in equation (3.99) gives

ro = \ro? —r. (3.102)

Consequently, after three successive Lorentz transformations, the Stokes vector reaches the

form: ,
ro \Vro?2 - r?
Ze 0
L= (3.103)
Xe 0
e 0
where

ro? — 1?2 = EgyEqy V1 — e724. (3.104)
The value of the related invariant is equal to:
(10)° = @ = (%)’ = (0 ) = ro” = 2. (3.105)

However, the time-dependent nature of the invariant is not appropriate for a treatment based

on the framework of the Lorentz group.

The de Sitter group includes two subgroups that are both Lorentz groups. In de Sitter space,

a five-vector with two time-like and three space-like coordinates is given as:

n
Z
Va=|x|. (3.106)
y
15}

The following quadratic form is preserved under SO(3,2) transformations:

194112 = 012 + 0% = 22— X% =y (3.107)
Besides, in subspaces the four-vectors have the form:
n
Z
V) = (3.108)
X
Yy
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S
Il

(3.109)

The R; matrix given below is a rotation matrix that transforms the time-like coordinates of v,

If R; is applied to a five-vector with a single time-like coordinate, we have

t. sin(B)
0
0
0

t. cos(B)

cos(B)
0

0
0

— sin(B)

cos(B)
0

= 0
0
— sin(B)

0
0
1
0
0

0
0
1

0
0
0
1
0

The invariant of the resulting vector is:

0
0
0

)

sin(B)
0
0
0

cos(B)

sin(B)
0
0
0

cos(B)

1.2 sin®(B) + 1.2 cos*(B) = 1.>.

0

(3.110)

(3.111)

(3.112)

By comparing equation (3.111) with equations (3.108) and (3.109), we obtain the four-vectors

in Minkowskian subspaces as:

t. sin(B)

0
and

t. cos(fB)
0
0
0

Ve =

(3.113)

(3.114)

Assuming that all vectors and transformations beginning with equation (3.106) belongs to

polarization space, four-vectors given in last two equations can be treated as the Stokes vector

of equation (3.103). If the non-zero terms are matched, for equation (3.113), we have

10° = 1% = 1.2 5in*(B) = (EoxEop)*(1 — e72Y).
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While we can pair 7. with E,E,,, 1 - e~ term can be paired with sinz(ﬁ). Then, from the

—24 e have

equality of sin?(8) with 1 — e
cos(B) = e~ (3.116)

Equation (3.116) shows that decoherence parameter t, which violates the rules of Lorentzian
framework, can be associated with the angle parameter 8. After replacing the t parameter, the

transformed Stokes vectors that are similar to equation (3.103) can be written as:

EyyE,y sin(B)
Sy = (3.117)
0
and
onEoy COS(ﬁ)

Sp = . (3.118)

0

If inverse transformations are made, related coherency matrices are obtained as:

E,y? E o E,ye' sin(B)
Jn = ( o 5 ) (3.119)
E(,xEUye_’¢ sin(() Eoy
E,>2 E o Eqye' cos(B)
Jp = ( ) s ) (3.120)
EoxEope™™ cos(B) E,y
and the determinants are
det(J;1) = Eox*Egy” cos*(B) (3.121)
det(Ji2) = Eyx*Ey” sin*(B). (3.122)
If the determinants are added together, we have
det(Jy1) + det(Ji2) = Eox*Epy”. (3.123)

This equation does not depend on the decoherence parameter 8. Physically, a variation in the
determinant of the coherency matrix means a change in the coherence of the system. There-
fore, equation (3.123) describes the conservation of coherence in the whole system defined in
the de Sitter space. Coherency matrices J;; and Jy, are coupled in a way that an increase in
the determinant of one Lorentz group is balanced by a decrease in the other. By this way, the
process of decoherence can be formulated as a rotation between the two time-like components

of SO(3,2) [5].
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CHAPTER 4

QUANTUM SYSTEMS AND THE STOKES PARAMETERS

After the initial introduction of the Stokes parameters in 1852, for about a hundred years, these
observables were nearly forgotten outside the French-speaking world. In 1942, Francis Perrin
published a paper that reintroduced the Stokes parameters to the English-language scientific
literature. Later, Nobel laureate Subrahmanyan Chandrasekhar used the parameters to explain
the radiative transfer phenomenon. Since Chandrasekhar was already a well-known figure in
the scientific community due to his accomplished astrophysical research, this development
brought the importance of the Stokes polarization parameters to the attention of the optics

community [2].

The connection between the classical and quantum theoretical descriptions of light’s polariza-
tion was first pointed out by Ugo Fano. Fano attributed the existence of such a connection to
the fact that Stokes polarization parameters are the observables of phenomenological optics
[15]. Afterwards, he also developed a technique that based on the Stokes parameters for the

quantum mechanical treatment of the polarization of electromagnetic fields [16].

4.1 The Density Matrix Formalism

In quantum treatment of polarization optics, wave fields are often represented by density
matrices. Therefore, a detailed study of these tools are needed. For the description of both
pure and mixed quantum states, density matrices are employed. While a pure state can be
defined as a ket vector |@) associated with a single wavefunction, a mixed state is a statistical

ensemble of pure states [y,,) with weights w, (n = 0, 1,2, ...). The normalization condition for
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the weight factors is given as:
Dwa=1. (4.1)
n

If a measurement on the mixed ensemble of an observable O is performed, the ensemble

average of O is

[01= " wulalOlrn). (4.2)

Let an eigenvalue of O is denoted by 0,. The projection operator onto the subspace corre-
sponding to this particular eigenvalue is shown by P,. When the observable O is measured,

the probability of obtaining o,, is given as:

The density operator p is defined as the following:

p= > W)Wl (4.4)

where p is hermitian. Besides, it is commonly written in the form of a matrix. Let d indicate
the dimensionality of the Hilbert space of the system. In terms of a general orthonormal basis

{1} = {|0), 1), ..., |d)}, the elements of the density matrix associated with p are given as:

{lplm) = Z Wikl ) frnlm). 4.5
n
By using the completeness relation, equation (4.2) can be rewritten as:

[01= ) > waltnlOXUum) = > > walllum) il OID).
1 1

n n

If the last equation is combined with equation (4.4), we obtain
[01= ) (UpOI) = tr(p0) (4.6)
l

where p and O are the matrix representations of p and O. If a similar analysis is performed
for equation (4.3), we have

Pn = tr(oPy). 4.7

If the completeness relation is employed on #r(p), it is observed that the normalization condi-

tion of equation (4.1) is satisfied

) = > Wl (Wall)
I n
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DI IRCATS:
I n
= 1. (4.8)

n

Then, there is a unit-trace condition on p.

On the other hand, from the trace of p?, the pureness of the quantum state can be determined.

The purity, vy, is defined as:
y = tr(p®). (4.9)

While for a pure state y is equal to unity, it is smaller than one for a mixed state. For a

1
completely mixed state y = 7 These relations are listed in table(4.1).

Table 4.1: The list of v and the pureness of state.

Type Of Puriness Purity
Pure y=1
I
Mixed yi <vy<l
I
Completely Mixed Y=z

When d is equal to 2, the density matrix has the form:

P11 P12
p= ( ) 4.10)
P21 P22
with
tr(p) = p11 +p22 = 1. 4.11)

4.2 Photon Polarization and Stokes Parameters

As it was mentioned in the second chapter, the polarization state of a completely polarized
light beam may be described as:

a = ac1e1 +agnéy 4.12)

where &1, &, are the perpendicular unit vectors and a.j, a., are the complex amplitudes. If the
beam is passed through a filter in ¢, direction, the resulting intensity is equal to lae > (r = 1,2).
In the quantum case, we are basically interested with the state of a single photon. For any

direction of propagation and frequency, the state of a fully polarized photon can be described
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in terms of two states with opposite polarizations [15]. If we choose the orthonormal states of

polarization as |1), |2) and complex amplitudes as a1, a2, the wavefunction of the photon is
a = ag|l) + apl2). 4.13)

The probability of a photon’s passage through a filter that only allows the passage of light
quanta in state |s) is |aqs|2 (s=1,2). Although the scopes they are associated and their mathe-
matical structures are different, for both equations (4.12) and (4.13), the polarization state is

determined by complex amplitudes.
Equation (4.13) defines a pure quantum state. The related density operator is

Po = laXcl

aqlaq1*|1><1| + aqlaq2*|1><2| + aq2aq1*|2><1| + aqlaq2*|2><2|~ (4.14)

From equation (4.5), the density matrix that corresponds to p, is found as:

|aql|2 aqlan*
Pa = ( . ) ) (4.15)
agpdgl” |aq2|

As it was noted in equation (4.11), the trace of p, gives the total intensity which is equal to
unity:

Io = lagi® +lagl* = 1. (4.16)
For a pure state, from the orthogonality of base vectors, we have
(@lay = > lagsl. 4.17)
N

In dirac notation, the equivalency of #r(p,) to the squared-norm can be verified as:

D (slels)

Z (sl (Z aqi|i>] {Z aqj*<j|] 15)

J
%
Agidgj 6si6js
s i

lags* = (ala). (4.18)

tr(Pa)

By using equation (4.18), t7[(p,)?] can be written as:

tr((Pa)*]

D (slaxalaXals)
(a|a)tr(pqe)
[tr(Pa)]?- (4.19)
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In matrix notation, this equation corresponds to
[tr(p))* = 1rl(pa)’] = 1 (4.20)
s0, as previously shown in table(4.1), v of a pure state is equal to 1.

The general density matrix of equation (4.10) completely portrays a pure state of polarization.
While the diagonal elements of equation (4.15) give the individual intensities of the orthog-
onal polarization states, the off-diagonal elements describe the relative phase. In quantum

domain, the state of polarization can be characterized by the Stokes parameters given as:

Sq0 =p11 +p22 (4.21)
Sq1 = p11— P22 (4.22)
Sq =p12+p2 (4.23)
Sq3 = 1U(p21 —p12) (4.24)

In terms of S, p can be rewritten as:

P11 P12 1(Sq+Sqa Sp+iSs
p:( ]:_( cooe q). (4.25)
pa1 pn) 2\Sp-iSp Sq-Sa
The trace of p is
tr(p) = S g0 = 1, (4.26)

s0 S 40 can also be set to unity. For photon polarization, an alternative description of state

purity is given by the degree of polarization:

VSg? 4802+ 8,3

P, (4.27)
q S 0
If a photon is in a pure polarization state, P, is equal to 1, so we have
S0t =Sa>+Sn° +8 5% (4.28)

A mixed state of polarization can be thought of as an incoherent superposition of pure po-
larization states. From this perspective, the Stokes parameters of a mixed state can be found
by summing the Stokes parameters of individual pure states. For a mixed polarization state

P, < 1, so equation (4.27) takes the form [17]:
S0° > St +80° +S8 5% (4.29)

35



Then, a generic quantum polarization state can be described with an inequality:
S22 Sp%+Sp% + 8,57 (4.30)

Although this inequality appears to be similar to its classical counterpart (equation (2.53)), its

physical interpretation is different due to the probabilistic nature of the wavefunction.

In equation (2.42), the expansion of the coherency matrix in terms of the Pauli spin matrices is
shown. A similar expansion is also possible for the 2-by-2 density matrix of equation (4.10).
The density matrix is a complex matrix with eight, real independent parameters:
P11 P12 a+ib c+id
o= )00 ) @31
P21 P2 e+if g+ih
The hermiticity condition p = p' reduces the number of independent parameters to four:
a c+id
p= ( ] (4.32)
c—id g
The four-parameter density matrix can be expanded in terms of the identity matrix I and three
Pauli matrices given in equation (2.44). If we choose w;’s as the expansion coefficients and

let o9 = I, we have

3
P =woog + Z WiC ;. 4.33)
i=1

If the unit-trace condition of equation (4.11) is applied together with the identity of tr(c;) = 0
(i=1,2,3), one obtains:
3
tr(p) = wotr(og) + Z witr(o;) =1
i=1

1
wo = 5. (4.34)
Then, three independent parameters are needed for the specification of p. Another significant
property of the Pauli matrices is tr(cj07;) = 26;; (i=1,2,3). By using this identity, remaining

coefficients can be linked to p as:

3

1

El‘r(O'()O'j) + Z witr(oio )
i=1

%tr(pO'j). (4.35)

tr(po ;)

Wj

As it can be checked, the last equation is also valid for j = 0. As a result, p can also be defined

in the following form:

3
1
o= EZ(; tr(po;)o; (4.36)
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where tr(oo;) is the ensemble average of the i-th Pauli operator. The ensemble average of
the mixed state of equation (4.2) is a weighted average of expectation values. Each of these
expectation values belongs to an individual pure system. Therefore, for a single pure system,
we have

tr(po;) = (o). 4.37)

For the pure polarization state of equation (4.13), in matrix notation, the orthogonal ket vec-

tors can be chosen as:

1 0
1) = ( ) and 2) = ( ) (4.38)
0 1
then the wavefunction is
aql
la) = ( ] 4.39)
ag

With respect to |a), expectation values of o;’s are

I 0)(ag
(o9) = Aalogla) = (a,” aqz*)( )( ]
0 1 aq
= lagl* +lapl (4.40)
1 0 aql
(1) = Laloile) = (an” aqz*)( ]( )
0 -1 agp
= lag? - lagpl (4.41)

0 1 dgl
(o2) = (alomla) = (an” aqz*)(l 0)( )

aqz
E3 *
= dq1 Ap tagagp (4.42)

0 i aql
(03) = (alosla) = (an” aqz*)( )( ]

—i 0/\agp
= i(aql*aqz—aqlaqz*). (4.43)

The Stokes parameters associated with the pure state density matrix of equation (4.15) is like

the following:
Sa0 = lagi* + lagl* (4.44)
Sa1 = lagl* - lagl* (4.45)
Se2 = agap” +apag” (4.46)
Sae3 = iagpaqg”™ —agan”). 4.47)
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The equality of the last four equations with equations (4.40) through equations (4.43) indicates
that the expansion coeflicients of equation (4.36) are, in fact, the Stokes parameters. By using
the definition of a mixed state as an incoherent superposition of pure states, the same argument
can also be generalized for all quantum states including the mixed states. In this way, the

expansion of equation (4.36) can be modified as:

3
1
0= 5; S i (4.48)

where S ;;’s are the Stokes parameters of a quantum state. Although Pauli matrices are histor-
ically linked with spin one-half particles, they can also be used for the description of quantum
polarization states. The expectation values of Pauli matrices are the Stokes polarization pa-

rameters which are the direct observables of quantum optics [2].

A basic treatment of density matrix formalism could be exemplified by concentrating on pho-
ton polarization. When a photon impinges on a filter, its passage through the filter is governed
by the laws of probability. The events of photon’s absorption or its emergence on the other
side have both certain probabilities. From the observation of a single photon’s passage, we
can not obtain any information regarded to these probabilities. However, if the number of pho-
tons is increased, the empirical probability would converge to the theoretical probability. If
the behavior of an ensemble of photons is observed, with the exception of small fluctuations,

eventually a number that is very close to the theoretical probability would be obtained.

As it was noted before, for the specification of the density matrix, three independent pa-
rameters and a constant coefficient related to the identity matrix are needed. If we desire to
construct the density matrix describing the polarization state of a beam of photons, a mea-
surement apparatus consisting of a beam-splitter and three polarizing filters can be utilized. A
scheme of such an apparatus is shown in figure (4.1). At the beam splitter, an incoming photon
is arbitrarily directed towards a polarizing filter. A polarizing filter only allows the passage of
a photon with certain type of polarization. While the first filter admits the vertically polarized
photons, the second filter choose the ones with 45 degree linear polarization. The third fil-
ter only allows the passage of left circularly polarized photons. In accordance with equation
(4.3), let us define O i (7=1,2,3) as the projectors onto the subspaces that correspond to the
states chosen by the polarizing filters. Then, the probability of a photon’s passage through the

j-th filter is
Poj = tr(p;0;) (4.49)
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N

Figure 4.1: The scheme of the measurement apparatus for determining the photon polarization
state [18].

where p; is the density matrix of the system. Besides, since tr(psf) = 1, the coefficient of the

identity operator [ is equal to one. By using p, ;’s and the unity, ps can be defined as:
ps =1+ po101 + pp0s + ps30s. (4.50)

The operator set of [ and O ;’s constitutes a linearly independent set. In fact, any linearly
independent set of four operators is sufficient to form the density matrix [18]. The experi-
mental setup of figure (4.1) could be designed with the following four filters: a horizontal
linear polarizer, a linear polarizer at 45°, a left circular polarizer and a right circular polarizer.
The projection operators associated with these filters are also linearly independent. In terms

of these operators, we can define the density matrix of a photon beam like the following:
Pm = Pn1Ont + Pw2On2 + pr3Ons + pnaOpa (4.51)
where the observed probabilities are:
Pnj = tr(EmOn)). (4.52)

In terms of the Pauli matrices, the projectors can be written as [20]:

A 1(2 0y 1

— polarizer : O, = —( ) = —(oog+01) (4.53)
2lo0 0 2
L 1(b Ty g

45° polarizer : Oy = —( ) = (o +02) (4.54)
281 1 2
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N Y N
O polarizer : Oy3 = —( ) = —(09g—03) (4.55)
2 ; 1 2
N Y W
O polarizer : Oy = 5( . ] = 5(0'0 + 03). (4.56)
—i
By using equations (4.53) through (4.56), p,, can be redefined in terms of the Pauli matrices

as:

1
Pm = 5[(0'o+0'1)Pn1+(0'o+0'2)Pn2
+ (00— 03)pn3 + (00 + 03)ppal

1
= E(SOnO-O"'San-I + 82,02 + 83,03)
e
_ EZ S. o (4.57)
=0

Therefore, it is also possible to describe the density matrix of the system in terms of the Stokes

parameters. For the set of four new filters, the Stokes parameters are

Son = Pnl + Pn2 + Pn3 + Pna (4.58)
Sin = pn (4.59)

Son = Pn2 (4.60)

S3n = Pna = Pn3. (4.61)

Then, the Stokes parameters associated with the system are directly obtainable from the em-

pirical probabilities we get from the filters.

4.3 Composite Systems and Entanglement

The concept of entanglement was brought into focus in 1935 by Albert Einstein et al. as the
source of an argument that questioned the orthodox Copenhagen interpretation of quantum
mechanics. Einstein and his research associates B. Podolsky and N. Rosen argued that the
unusual behavior of particles in an entangled state implies that quantum mechanics is an
incomplete theory [21]. Over time, the EPR article became the source of discussion and
research on the obscure features of quantum theory. In 1964, with regard to certain type of
experiments, John Bell pointed out the conflict between the predictions of quantum mechanics

and local theories. He also asserted that a local hidden variable theory can not reproduce
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the results predicted by quantum mechanics [22]. Later, when relevant experiments were
performed, the accuracy of the predictions of quantum mechanics was confirmed. Therefore,
a local theory can not describe the phenomenon of entanglement which demonstrates the

non-local nature of quantum correlations.

The structure of composite systems must be examined to give a mathematical description of
entangled states. The combined Hilbert space H, of a multipartite system that composed of

g > 2 subsystems is the tensor product of subsystem Hilbert spaces:
Ho=H ®8H ® ... ® H. (4.62)
For a composite bipartite quantum system, the combined Hilbert space is
Hir = H @ H,. (4.63)

Let the dimensions of H; and H> be d; and d>. Then, the dimension of Hi, is didr. If

did

{ |dn)}ffl: , and { |em)}if:1 denote the bases of the first and second subspaces, {|d,,) ® Iem>}n’m:1 is

a basis of H},. An arbitrary state |yy12) in H, is given as

dy do

W12) = D" > Vam(ldn) @ lem). (4.64)

n=1 m=1
Let O; and O, be observables on H; and H,. The expectation value of the observable
(01 ® 02) is:

d d d &

Wil01 @ Oalginy = 3° 3" 3" " v Ve (dal Ol Yeml Ol ). (4.65)
n=1 m=1n'=1m'=1
Let us denote a pure state in Hio with [¢y,). If this quantum state can be written in the

following form:

|¢’cmp> = Win) ® [Wom) (4.66)

where |(/1,) and |i/2,,) are pure states in | and Hj, it is said to be a separable state. When
it is not possible to express |¥¢yp) in the form of equation (4.66), the state is said to be
entangled. In the case of a separable state, if the expectation values of O; and O, are measured
in individual subspaces, the results of these measurements are independent of each other.
Therefore, a separable state describes an uncorrelated composite system. In terms of the

defined bases of the subspaces, equation (4.66) can be written as

dy dr
|§bcmp> = (Z andn>) ® (Z umlem>)

n=1 m=1
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dy d

= D0 vattm(ldy) @ lem)). (4.67)

n=1 m=1

By comparing this equation with equation (4.64), we notice that a pure separable state has the

property:
Vom = Vnlim- (4.68)

In the combined space 2, the density operator p1, can be defined as

d d dy

d
Pra= 2" " > D Pumwn(daXdw| ® lemXen). (4.69)

n=1 m=1n'=1m'=1
In a more compact form, |d,) ® |e,,) can be shown as |d,, e,). Then, the elements of the

corresponding density matrix p g are given as

(Pes)ab,ea = (das €pl P12 1de, €a)- (4.70)

When the dimensions of both subspaces is equal to 2, the dimension of the combined space is
dim(H, ® H,) = didr = 4. For this case, p. is a four-by-four complex matrix given as
PlL,11 Pl1L12 Pl1121  P11,22
P12,11  P12,12 P1221 PI1222
Pcs = 4.71)
P21,11  P21,12 P2121 P21,22
P22,11  P22,12 P2221 P2222
Besides, pure or mixed any state in the subspaces H; and H, can be represented by two-by-

two density matrices that can be described by the Stokes parameters as shown in equation

(4.48).

4.4 The EPR-Bohm Experiment

In 1957, D. Bohm and Y. Aharonov suggested a spin-correlation experiment that could test
the original thought experiment of the EPR article. They considered two spin — % particles in

an entangled state called the singlet state which has zero total spin [23].

A spin singlet is usually represented as
1

\/i(l el =1i® 1) (4.72)

|l7[/5> =

where up and down arrows refer to spins ii in the spin polarization direction. Besides

spin— % particles, EPR-Bohm experiment can also be carried out with photons. In this version
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Figure 4.2: The scheme of the EPR-Bohm experiment [24].

of the experiment, similar to a spin-singlet, there is a nonfactorized state of photons. The
purpose of the experiment is to measure the linear-polarization correlations of the entangled
photon pair. The schematic of the experiment is depicted in figure (4.2). Initially, the source
S emits pair of photons in polarization singlet state given as

1
V2

After the emission of photons, linear polarizations along the random directions & and b are

Wp) = —=(H; &) ® Vb, — |V a), @ |H; b)y). (4.73)

measured at the polarization analyzers. If the measured linear polarization is found to be
parallel to & (or b), the result of the measurement is denoted by +1. If it is perpendicular to
a (or b), the result is shown by -1. By using the correlation relations between the measure-
ments that are performed on both sides, the polarization entanglement of photon pair can be

described [24].

4.5 Two-Photon System and The Degree of Polarization

A method for obtaining the Stokes parameters of a photon was introduced in section (4.2). By
making some adjustments, the same method can also be extended to the two-photon system
of the previous section. Consider the schematic of the polarization analyzer depicted in figure
(4.3). Here source S emits a pair of photons in an entangled polarization state. A; and A;
are polarization analyzers consisting of polarizing filters, D; and D, are photon detectors.

The polarization analysis of a single photon that is going through right or left can be done

43



by utilizing the independent measurements M, or M,. However, if the photon pair is in
an entangled state, coincidence measurements M, are needed to describe the polarization

entanglement of the photons.

—> M

v
r

MIZ

Figure 4.3: The scheme of the EPR-Bohm polarization analyzer [20].

In section (4.2), it was shown that four distinct polarizers are required to describe the polar-
ization state of a photon. Suppose that we place the same set of four filters, whose projection
operators were given in equations (4.53) through (4.56), to both A| and A,. If the photon pair
is in entangled state, by performing only coincidence measurements, the polarization state of
the system can be determined. In accordance with section (4.2), eight projection operators

can be identified as

~ 1
O = 5(0’0 +0q) “4.74)
~ 1
Op = 5(0’0 +07) 4.75)
A 1
Oi3 = 5(0'0 - 03) (4.76)
~ 1
Ou = 5(0'0 +03) 4.77)

where i is 1 for A; and 2 for A,. 16 projection operators associated with coincidence mea-

surements are

Oap = 01,® O (a,b=1,2,3,4). (4.78)
We define the Pauli matrices for the two-photon system as
Oum =0 ® Opy (n,m=1,2,3,4). (4.79)
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Since 0, ’s are linearly independent, they can be employed as a basis for the space of complex
four-by-four matrices. For a composite system consisting of two photons, the density matrix
is a complex four-by-four matrix as given in equation (4.71). p.s can be expanded in terms of

o nm’s like the following:

Pes = % i 23: S wm O nm (4.80)

n=0 m=0

where S ., = tr(0cs0 ) are the Stokes parameters defining the two-photon system. The total

intensity is Sop = tr(pcs) = 1.

Let pcmp denote the density matrix of a separable state in the composite space. In terms of the

density matrices p.1 and p.; in subspaces, p¢, can be written as

Pemp = Pcl @ P2

Il
—_—
N
1~

2]

<

<
~————

®

| —
-
2

5
~——

3
>84S0 (4.81)
Then, the Stokes parameters of a separable state has the property

Suw=SuSy. (4.82)

At this point, we should concentrate on how to obtain the Stokes parameters of the two-photon
system. The observed probabilities of coincidence measurements can be related to p. like the
following:

Pab = tr(pcséab)- (4.83)

By using the probabilities p,y, the density matrix p.; can be written as

4
> parOa (4.84)
b=1

Pcs =

4
a=1

Besides, projection operators can also be expressed in terms of o,,’s. To give an example,

for a=1 and b=2 we have:
On = 01190n
1
= Z(O'OO""O'OZ + 010 +O'12). (4.85)

Then, by following the method introduced in section (4.2), p.s can be expanded in terms of
onm’s. The expansion coefficients will be the two-photon Stokes parameters which can be

obtained as the combinations of the empirical probabilities p,p.
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By using equation (4.80), p.s can be written in terms of S,

1(@Ano (B
pcszz (486)
(Cx2 (D)ax2
with
Soo+So1+S1w0+S11 See+S12+i(Se3 +513)

A= ' (4.87)
So+S12-i(So3+S13)  Soo+S1w0—-So1 =S
S20+ 821 +i(S30+831) S0—533+i(S23+S532)

= ) ] (4.88)
S0 +833+i(S32—S523) So0—S21 +i(S30—531)
S0 +820 —i(S30+S531) S+ 833 +i(S23—532)

C= . . (4.89)
S2 =833 —i(S23+S832) S —S52 +i(S31 —530)
Soo+So1=S10-S11 S2—-S12+i(S03 —S513)

— . . (4.90)
S —=S12+i(S13-S03) Soo+S11-S01 =S50

The reduced density matrix of the first system can be found by taking the partial trace over

the basis of the second system:

DD ot )i

nn  m

2 2
= 3 > ontart + pu2wr2)ldn X

n=1n'=1

= (p11,11 +p12,2)ldi){di] + (p1121 + p12,22)Id1 ){da|

+  (pa1,11 + p22)lda){di] + (2121 + p22,22)ld2){d>]. 4.91)

ﬁsl = trZ(pcs)

Similarly, for p, we have:

[A)SZ =1n (ﬁcs) = Z(Z pn’m,n’m’)|em><em’|

mm’  n

2 2
= > D O + pamanllem)en|

m=1m'=1
= (p11,11 +p2120ler)er] + (11,12 + p21.22)ler ea|

+ (p12,11 +p221)lea)er] + (p12,12 + pa222)lea){eal. (4.92)

The matrix representations of the last two equations are

P11,11 + P12,12 P1121 T P12,22
pPs1 = (4.93)

pP21,11 + P2212  P2121 T 02222
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and

pP11,11 tp2121 P11,12 T P2122
Ps2 = . (4.94)

P12,11 T P2221  P12,12 T 022,22
If we replace p;;’s with their equivalent Stokes parameters, which are given in equations (4.87)

through (4.90), we obtain

1(So0+S10 S+iS3o
pst =5 . (4.95)
S20—-1iS30 Soo—S10
and
1(Soo+So1 So2+iSo3
po=5 _ . (4.96)
So2—1iS03 Soo—So1

Equations (4.95) and (4.96) are the density matrices of the first and second photons. They can

also be defined in the summation form as

3
1<
Ps1 = 5 Z S0y (4.97)
v=0
and
13
P2 =5 ) Sowti. (4.98)
w=0
The Stokes vectors associated with pg; and ps, are
S00 S 00
. S0 Sol
Sq = and S = . (4.99)
Sz() SOZ
S30 S03

These seven Stokes parameters describe the polarization states of the individual photons and

they are contained in the set of two-photon Stokes parameters.
Since S o9 is equal to unity, for the first photon, the degree of polarization squared is
3
P? = 8107+ S20” + 530 = ) S0’ (4.100)
u=1
and for the second photon we have

3
Po? = Soi> +S00” + S0 = ) Sor”, (4.101)

r=1

As it is noted, with seven of the Stokes parameters, individual properties of the photons are
identified. With the remaining nine parameters correlation relations between them can also

be described. Let us denote the squared sum of the remaining terms with

Pt = i i Sl (4.102)

w=1 z=1
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For the two-photon system, a conservation rule concerning the degrees of polarization and
correlation can be defined as

Py’ +Po+ Pyl =1 (4.103)

where 7 is a dimensionless constant.

If we consider a pure two-photon state, there are two limiting cases of entanglement: a separa-
ble case and a fully entangled case. All other possible degrees of entanglement exist between
these two limiting cases. In the separable case, the photon pair is not entangled. There are
only classical correlations and the state of the system as a whole can be determined only by
performing local measurements. Moreover, intrinsically, both photons are in a pure state, so
we have

Py =Py =1. (4.104)

Also, as it was noted in equation (4.82), the Stokes parameters describing the two-photon

system can be expressed as the product of the Stokes parameters of the individual photons:
Sur = Su0Sor- (4.105)
By using this relation, P,,,% is found to be equal to:

2 2 2 2 2 2 2
Py S T+ 80"+ 831" +8Sn2°+S» +S53

+ 5132+S232+S332

So12 +Sn” +5032)(S 107 + S20” +S30%)

= 1. (4.106)
Then, from the conservation rule, we have T = 3.

In the fully entangled case, individual photons are in completely mixed states. Their degree
of polarizations are

Py =Py =0. (4.107)

Therefore, from equation (4.103) we have

Po® = i iswf =3. (4.108)

From the relations derived so far, we notice that there is a connection originating from equa-

tion (4.103) between the degree of photon polarization and degree of entanglement. They are
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coupled in a way that an increase in one is balanced by a decrease in the other. The composite

system can be in an entangled state only if reduced photon states are in mixed states.

we can define a variable Py, that indicates the extent of correlations in the photon pair from

the polarization perspective:
1 1
Pap = 5P’ = 1) = 1 = =(Py® + Py?). (4.109)

In a way, it can also be thought of as an indicator of the degree of entanglement. As expected,
for the separable case, Py, is equal to 0 and for the completely entangled case it is equal to 1.
Entangled or separable, it is possible to describe an arbitrary state of the two-photon system

with an inequality of the form [20]:

1> Py, > 0. (4.110)

As it was mentioned in section (4.2), the polarization states of quantum systems can be de-
scribed by the Stokes parameters. Like their classical counterparts, quantum Stokes param-
eters can also be employed to form four-vectors. Therefore, the Stokes vectors of equation
(4.99) can also be treated like four-vectors. This formalism is applicable to the two-photon
system as well. The covariant tensor of rank-2, § = (S,,) (u,v = 1,2,3,4) consists of 16
two-photon Stokes parameters. From now on, we may call it the Stokes tensor. Now, let A,
denote the components of a Lorentz transformation acting on S. A Lorentz invariant filtering
operation on two-photon Stokes parameters can be identified with a transformation on the

Stokes tensor as:

S = MNINPS . (4.111)

If we take the covariant scalar product of the Stokes tensor with itself, a Lorentz invariant

quantity can be obtained. The squared-norm of S is defined as
ISIP = S SH” = S vg"8""S gor- (4.112)

The related metric tensor can be chosen as

1 0 0 0

. |0 -1 0 o0
g=0g") = (4.113)

0 0 -1 0

00 0 -I



If ISP is expanded by using the Einstein summation convention and nonzero terms are col-

lected, we have [25]:

N S0v8"87S oo + S 1898”7 S or

S008%28%7S o + 808877 S oo + S 108"8%7S pr + S1i8877S pr

S00S00 = S0;8™*Sox — Si0g™ S0+ 588" S kn
3

3 3
Soo” = D S0 = D S+ D > 8 (4.114)
=1 i=1

= i=1 j=1

This equation can also be expressed as
ISI? = 1= Pa® = Po® + Pru”. (4.115)

The squared-norm of S is invariant under the Lorentz transformation defined in equation
(4.111). The variation in the polarization of photons and entanglement resulted from the
filtering operations can be explained by using the invariance of the squared-norm under such

a transformation.
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CHAPTER 5

CONCLUSION

In this thesis, we have studied the formalism of polarization optics based on the framework
of the Lorentz group. First, the basic instruments of the polarization optics such as the Jones,
Mueller and coherency matrices have been introduced. Then, it has been shown that the
two-by-two Jones matrices and four-by-four Mueller matrices are the two-by-two and four-
by-four representations of the Lorentz group. We have also mentioned that the set of four
Stokes parameters can be utilized to construct a four-vector in the polarization space. In
this four dimensional space, Mueller matrices are like the Lorentz transformations acting on
the Stokes four-vector. Moreover, when they act on the coherency matrices, Jones matrices

behave like the members of SL(2,C).

While examining the optical decoherence process, we have introduced de Sitter group, which
contains two Lorentz groups as subgroups, and formulated the decoherence process as a rota-

tion between the two time-like components of SO(3,2).

In the fourth chapter, the classical and quantum mechanical descriptions of polarized fields
have been considered. Although the probabilistic nature of quantum mechanics imposes fun-
damental differences between the two descriptions, due the connection between the classical
and quantum Stokes parameters, it has been shown that the density matrix formalism has a
similar structure as that of the coherency matrix formalism of classical optics. We have noted
that the degree of photon polarization is in fact a measure of state purity and density matrix

formalism could be employed to characterize a mixed photon state too.

In addition to the above, we have considered the version of the EPR-Bohm experiment in

which pairs of entangled photons are emitted from a source. By employing differently ori-
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ented polarizing filters, the density matrix of the system has been obtained. When the reduced
density matrices of the subsystems have been found, we have noticed that these matrices can
be associated with the Stokes parameters of the individual photons. In this way, the individ-
ual properties of the photons and their properties as a pair have been linked. Later, we have
also defined a parameter that describes the degree of polarization of the photon pair. This
parameter also indicates the level of non-local correlations hence the degree of entanglement.
In addition to that, a Lorentz invariant quantity is constructed from the two-photon Stokes

tensor.

Following the lines similar to those that have already been established for one-photon Stokes
vector, the physical consequences of transformations within the Lorentz group acting on two-
photon Stokes tensor is a promising future problem to be investigated. On the other hand,
accommodation of the EPR phenomenon into the framework of Lorentz group seems to be a

more challenging problem.
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APPENDIX A

LORENTZ GROUP AND SL(2,C)

The space-time coordinates of a point can be represented by a contravariant vector x*
x¥ = (xo,xl,xz,x3) = (ct, x,¥,2) (A.1)
or a covariant vector x,
Xq = (X0, X1, X2, X3) = (ct, =X, =Yy, —2). (A.2)

The metric tensor can be defined as

1 0 0 O
0O -1 0 O
8= (8ap) = (8 = (A3)
0O 0 -1 0
o 0 0 -1
The vector indices are lowered with g,z and raised with g%
Xo = apX, = g% x,. (A4)
The squared-norm of a vector is
§2 = xox® = (ct)? = x> —y* = 2. (A.5)

A Lorentz transformation is a linear transformation between two coordinate systems. Let
A = (A%p) denote a real, four-by-four matrix. A homogeneous Lorentz transformation is
defined as

()Y = AP (A.6)

2

The set of all A matrices that leave s invariant forms the homogeneous Lorentz group which

is commonly called the Lorentz group. In matrix form (A.6) can be shown as
x = Ax. (A7)
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A and g matrices satisfy the following condition:
g=ATgA, (A8)

from which we obtain

[det(A)]* = 1. (A.9)

While the Lorentz transformations with det(A) = 1 form the proper Lorentz group, the trans-

formations with def(A) = —1 is named the improper Lorentz group.
In terms of the elements of A, (A.8) can be shown as

8a® = NP, (A.10)
If we raise all indices on the right side and then set a and b equal to zero, we obtain

1+ (A9 + (A2 4 (A%

\%
—

or  (A%)

v
—_

(A.11)

Together with (A.9), this inequality defines four distinct kinds of Lorentz transformations.
Among the transformations with det(A) = 1, the ones which satisfy the inequality of A > 1
define a subgroup named the proper orthochronous homogeneous Lorentz group or more
briefly the restricted Lorentz group. In this work, we are interested with the restricted Lorentz
group which is denoted by SO(3,1). The restricted Lorentz group is a Lie group with six

independent parameters.

The group of all two-by-two complex matrices with det = 1 is denoted by SL(2,C) which is a

six parameter group too. Three Pauli matrices and oy can be defined as

1 0 1 0 0 1 0 i
croz( ], 0'1:( ), 0'2:( ), 0'3:( ) (A.12)
0 1 0 -1 1 0 - 0

By using (A.1) a two-by-two Hermitian matrix can be written:

X +x1 X +ix
Y X(IO'
= @ =

3
(A.13)
2 —ixd K0l )
where det(Y) is equaivalent to s%. Moreover, Y satisfies the following relation
tr(Yo,) = 2x°. (A.149)
For an arbitrary element S of SL(2,C), we can define a transformation of the form:

Y =syst (A.15)
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where Y’ is associated to another vector (x')® = ((x")°, (x)1(x)2, (x')?). Since the determinant
of S is equal to unity, we have

det(Y') = det(Y). (A.16)

As s? is invariant under (A.15), this matrix transformation is in fact a Lorentz transformation
acting on the coordinates of the four-vector. The relation between S and its four-by-four
representation A is

1
Aap($) = 5r(aS oS ). (A.17)

Since A(S) = A(=S), for every A € SO(3,1) there are two corresponding matrices in SL(2,C).

Thus, there is a two-to-one homomorphism between two groups [19].

For the space time coordinates (t,x,y,z), ordinary rotation operations around the spatial axes

can be conducted by using the following four-by-four transformation matrices:

1 0 0 0
0 1 0 0
Ri(6)) = , (A.18)
0 O cos(@;) -—sin(f)
0 O sin(#;) cos(6;)
1 0 0 0
0 cos(@) O sin(6)
Ry(62) = (A.19)
0 0 1 0
0 —sin(6) 0 cos(62)
1 0 0 0
0 cos(@3) -—sin(63) O
R3(63) = . . (A.20)
0 sin(@3) cos(@3) O
0 0 0 1
These transformation matrices are generated by the rotation generators given as
00 0 O
0O 0 0 O
Ji = (A.21)
0 0 0 -
00 i O
0O 0 0 O
0O 0 0 ¢
J = (A.22)
0O 0 0 O
0 - 0 O



00 0 O
00 —i 0

J3 = . (A.23)
0 i 0 0
00 0 O

Using the generators, the rotations around the X, y and z axes can also be expressed as
Ri(01) = ™', Ry(62) = e, Ry(63) = ™. (A.24)

Besides, the following closed set of commutation relations are satisfied by the rotation gener-
ators:

[Ja, Jp] = i€apede. (A.25)

The transformation matrices associated with the Lorentz boosts along the x, y and z axes are

cosh(r7;) sinh(m;) 0 O
sinh(n7;) cosh(n;) 0 O
Bi(m) = (A.20)
0 0 1 0

0 0 0 1

cosh(i2) 0 sinh(p) O
0 1 0 0
0

Bym) =| (A-27)
sinh(r,) 0 cosh(r,)
0 0 0 1
cosh(m3) 0 O sinh(13)
0 1 0 0
B3(n3) = : (A.28)
0 0 1 0
sinh(73) 0 O cosh(3)
These transformations can be generated by the following boost generators:
0 i 0O
i 0 00
K = (A.29)
00 0 O
0 0 0 O
0 0 i O
0 00O
K> = (A.30)
i 0 00
00 0 O
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0 0 0 i
0 0 00O
K3 = . (A31)
0 0 0O
i 00 0
The boost transformations can also be written as
Bi() = eMK Bo(n) = e By(ps) = 7S, (A.32)
The group of boost generators satisfy the commutation rules given as
[Ka, K] = —i€ape e (A.33)

Besides, together with the rotation generators, boost generators satisfy another set of commu-
tation relations:

[Ja, Kp] = i€apcKe. (A.34)

Together with (A.25), last two equations constitute a closed set of commutation relations.

The two-by-two representations of the rotation matrices are

cos(4) —isin(%)
ri(6r) = ( e ) ] (A.35)
—isin(3)  cos(3x)
cos(e—zz) — sin(%z)
r(6,) = ( e ) ] (A.36)
sin(3)  cos(3)
exp(=2) 0
r3(6) = ( " ) (A37)
0 exp(p)
and the boost matrices are
cosh(%) sinh(%)
bi(m) = ( ) ) (A.38)
sinh(%)  cosh(%})
cosh(%) —isinh(%)
by(m2) = ( . ] (A.39)
isinh(%)  cosh(%)
exp(%) 0
b3(n3) = ( - ) (A.40)
0 exp(—~)
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The two-by-two representations of the boost and rotation transformations are generated by

lox) o) o3
21 = 2= =2 A41
Ji > Js > Ja 5 (A.41)
and
io Top) 03
1=— K=7, K= (A.42)

rm(6) and b,(n,,) may also be written in the form

rp=e N gy = ey = om0 (A.43)

and

by =e MK py =Tk py = o7 IKS, (A.44)

The generators J,,, and K, also satisfy the commutation relations given in (A.25), (A.33) and
(A.34). Therefore, they generate the two-by-two representation of the Lorentz group called

SL(2,C).
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