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ABSTRACT

BORN-INFELD GRAVITY THEORIES IN D-DIMENSIONS

Sigman, Tahsin Cagri
Ph.D., Department of Physics

Supervisor : Prof. Dr. Bayram Tekin

September 2012, 100 pages

Born-Infeld gravity proposed by Deser and Gibbons takes its origin from two ideas:
Born-Infeld electrodynamics and Eddington’s gravitational action. The theory is de-
fined with a determinantal action involving the Ricci tensor as in the Eddington’s
theory; however, in contrast, the independent variable is the metric as in Einstein’s
gravity and the action is constructed in analogy with the action of the Born-Infeld
electrodynamics. Main challenge in defining a Born-Infeld type gravity is obtaining
a unitary theory around—at least—flat and maximally symmetric constant curvature
backgrounds. In this thesis, a framework for analyzing the tree-level unitarity of a
generic D-dimensional Born-Infeld type gravity is developed. Besides, in three dimen-
sions, a Born-Infeld gravity theory which is unitary to all orders in the curvature is
studied in detail. This theory was introduced as an extension of a specific quadratic
curvature gravity theory dubbed as “new massive gravity” which is unitary with a
massive spin-2 excitation in its spectrum. Besides having a unitary massive spin-2
excitation, the Born-Infeld gravity in three dimensions has a holographic c-function
which is the same as Einstein’s gravity. In addition, the theory has constant curvature
Type-N and Type-D solutions which are the same as the cosmological topologically

massive gravity.
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0z

D-BOYUTTA BORN-INFELD KUTLECEKIM TEORILERI

Sigsman, Tahsin Cagri
Doktora, Fizik Boliimii

Tez Yoneticisi : Prof. Dr. Bayram Tekin

Eylil 2012, 100 sayfa

Deser ve Gibbons tarafindan ortaya atilmig olan Born-Infeld kiitlegekim, kaynagim
Born-Infeld elektrodinamigi ve Eddington’un kiitlecekim eylemi fikirlerinden almak-
tadir. Teori, Eddington’un teorisinde oldugu gibi Ricci tensoriiniin determinantini
iceren bir eylemle tanimlanir, fakat bu teoriden farkli olarak Einstein teorisinde oldugu
gibi bagimsiz degigken metriktir ve eylem Born-Infeld elektrodinamiginin eylemiyle
analoji tizerinden kurulur. Born-Infeld tipi kiitlecekim tanimlanirken kargilagilan
temel zorluk (en azindan) diiz ve maksimal olarak simetrik sabit egrilikli arkaplanlar
etrafinda tUniter bir teori elde edilmesi geregidir. Bu tezde, D-boyutlu genel Born-
Infeld tipi kiitlegcekimin agac¢ mertebesi iiniterligini analiz etmek icin gerekli cerceve
gelistirilecektir. Buna ek olarak, {i¢ boyutta egrilik terimlerinin biitiin mertebeleri i¢in
initer olan Born-Infeld kiitlecekim teorisi detayli bir sekilde incelenecektir. Bu teori,
“yeni kiitleli gravitasyon” olarak adlandirilan, iiniter, spekturumunda kiitleli spin-2
tedirgemeler olan 6zel bir ikinci dereceden egrilikli kiitlecekim teorisinin genigletilmesi
olarak ortaya atilmigtir. Ug boyuttaki Born-Infeld kiitlecekim teorisi, iiniter kiitleli
spin-2 tedirgemeler icermesinin yaninda Einstein kiitlecekim ile ayni holografik c-
fonksiyonuna sahiptir. Ek olarak, bu teori kozmolojik sabitli topolojik kiitleli gravi-

tasyon ile aynm1 Tip-N ve Tip-D ¢oéziimlerine sahiptir.
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Anahtar Kelimeler: Born-Infeld kiitlecekim, yeni kitleli kiitlecekim, topolojik kiitleli
kiitlecekim, Tip-N coziimler, Tip-D ¢oziimler
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CHAPTER 1

INTRODUCTION

General relativity represents our current understanding of gravitation and at solar sys-
tem scales, it is a well-tested theory. However, in larger scales, various observations
imply a possible modification of the theory. For example, the accelerated expansion of
the Universe can be explained by augmenting Einstein’s gravity with a cosmological
constant. Furthermore, the observations suggesting the existence of dark matter may
also be an indication of a modification in the gravitational laws. In addition to this
observational motivations, there are also theoretical considerations implying a modifi-
cation of Einstein’s gravity. Reconciling general relativity with quantum mechanics is
a major theoretical problem and the nonrenormalizability of Einstein’s gravity is an
important issue in this respect. In various quantum gravity scenarios, such as string
theory, asymptotic safety, Einstein’s gravity appears as a low energy effective field
theory which should be augmented by higher derivative terms to cure the nonrenor-
malizability behavior. Indeed, the extension of the theory with quadratic curvature
terms was shown to be renormalizable [1]; however, the corresponding quantum theory
is not unitary [1, 2]. With the effective field theory perspective, the generic form of

the gravitational action is

1 [0.9]
I= /d4w {H (R —2A¢) + ) _ an (Riem, Ric, R, VRiem, )"} , (1.1)

n=2
and the question is that which higher derivative and higher curvature terms appear
in this action with which couplings. One may try to deduce the possible higher order
terms and their couplings from a proposal of a UV-complete fundamental theory
describing the quantum gravity. On the other hand, instead of this top-down approach,

it is possible to consider various theoretical consistency requirements such as unitarity



and try to figure out constraints on the possible terms and their couplings. In this
regard, extending Einstein’s gravity with higher curvature terms and studying viability

of these theories can help to get general constraints on (1.1).

In this thesis, we focus on Born-Infeld gravity which is a specific infinite order higher
curvature modification of Einstein’s gravity. The bulk of the material presented here

is based on the original research work whose results were published in the papers:

e [. Gullu, T. C. Sisman, B. Tekin, “Born-Infeld extension of new massive gravity”

3],

e [. Gullu, T. C. Sisman and B. Tekin, “c-functions in the Born-Infeld extended
New Massive Gravity” [4],

I. Gullu, T. C. Sisman and B. Tekin, “Unitarity analysis of general Born-Infeld
gravity theories” [5],

I. Gullu, T. C. Sisman, B. Tekin, “All Bulk and Boundary Unitary Cubic Cur-

vature Theories in Three Dimensions” [6],

e M. Gurses, T. C. Sisman and B. Tekin, “Some exact solutions of all f (Ru.)

theories in three dimensions” [7].

Our main aim is to study the theoretical consistency of D-dimensional Born-Infeld
gravity theories and to discuss a particularly successful three-dimensional Born-Infeld

gravity theory.

The layout of this thesis is as follows: In the remaining sections of this chapter, first, we
give a brief introduction on Born-Infeld gravity theories, and then, we discuss the tree-
level unitarity of higher curvature gravity theories. In the second chapter, we analyze
the unitarity of D-dimensional Born-Infeld gravity theories. Third chapter is devoted
to the three-dimensional Born-Infeld gravity theory and its properties. A conclusion
chapter is followed by two appendices on the metric perturbation expansions of various
tensorial structures and the perturbative analysis of the quadratic curvature gravity

action.

Now, let us give our conventions. The signature of the metric is taken to be mostly

positive. The Riemann tensor is defined as R¥, , = 0,I'f, + Fg)\I’él, — p < o, while

vpo



the Ricci tensor is R,, = R The determinant of the metric g, is denoted as g.

Vo
To avoid a possible confusion, the determinants of rank-(0,2) and rank-(1, 1) tensors

are shown explicitly; for example, as det (g, + A,) and det (65 4+ AL).

1.1 Born-Infeld gravity

The idea of the Born-Infeld (BI) type modifications of Einstein’s gravity was proposed
by Deser and Gibbons [8]. As the name suggests, the theory has common features
with Born-Infeld electrodynamics [9]. In addition, Eddington’s gravitational action

[10] is the other source of inspiration for the proposal in [8].

BI electrodynamics is based on the principle of finiteness [9]. Born and Infeld consid-
ered the divergences in Maxwell electrodynamics as the failure of the theory and they

defined their theory with the action having a determinantal form as

1
I=—b? / BT \/— det <gw + bFW>, (1.2)

which originated from the relativistic point particle action I = —m [ dt /1 —v2. In

the BI electrodynamics, there is an upper bound for the field strength whose scale is
determined by the dimensionful parameter b. The finiteness of the field strength is
due to the nonlinear nature of the theory and for small field strengths, the BI action
generates the Maxwell action. Furthermore, the excitations of the theory, namely

photons, are not ghost.

Determinantal actions also appeared as a modification of Einstein’s gravity. The
early proposal of Eddington [10], which even predates the BI electrodynamics, was
motivated by the idea of writing a gravitational theory which has the connection as the
fundamental geometric quantity rather than the metric. Then, Eddington preferred to

write a generalized invariant volume element in the form [ d*z |/det {R(uu) (F)] and

proposed it as the action of the gravitational theory.

Following the ideas of Born and Infeld, and Eddington, the gravitational action

I = /d4x \/— det (aguy + bR + cX,0), (1.3)

was proposed in [8]. Here, a, b, and c¢ are the parameters of the theory. The action

is a generalized invariant volume element which is constructed in a similar form to



(1.2). As opposed to Eddington’s action, the fundamental geometric quantity in (1.3)
is the metric. In addition, the tensor X, is unknown and should be determined in
such a way that the theory has a consistent spectrum which is free from ghosts and
tachyons. There could of course be more constraints on the theory, such as being
supersymmetrizable, but here we shall be only interested in the unitarity about flat

and (anti)-de Sitter [(A)dS] backgrounds.

In three dimensions, there is a particularly successful example of Bl-type gravity

theories whose action has a rather elegant form as [3]

4Am? 1 A
Iginmvg = —%/d% l\/— det (guu - szuu) — (1 - 20) \/—9] ; (1.4)

where G, is the Einstein tensor, G, = Ry, — % guR. When this action is expanded

in curvature, at the quadratic curvature order, it reproduces new massive gravity
(NMG) theory defined with the action [11, 12]

1
m2

1
Invg = — /d%/—g {—R — 2 om? + (RﬁR; — 2R2)] , (1.5)

which is the unique quadratic curvature theory that is unitary around both flat and
(A)dS backgrounds with a massive spin-2 excitation [12, 13, 14, 15, 16].> This feature
of (1.4) was the original motivation for the construction of (1.4), so the theory was
named as the Born-Infeld extension of NMG (BINMG) [3]. Just like NMG, BINMG is
also unitary around both flat and (A)dS backgrounds with a massive spin-2 excitation
[6], and in fact, BINMG is the first example of a unitary Bl-type gravity around the
(A)dS background. Both NMG and BINMG represent nonlinear generalizations of
the Fierz-Pauli massive spin-2 theory which are free from the Boulware-Deser ghost
[18] as shown in [19] for NMG and in [20] for BINMG. As in the case of BI electro-
dynamics for which there is a bound on the maximum attainable field strength, (1.4)
puts a constraint on the curvature as R > —6m? for (A)dS spacetimes [21]. In addi-
tion, at cubic and quartic orders, the curvature expansion of (1.4) matches the cubic
and the quartic curvature extensions of NMG which were constructed by AdS/CFT
considerations in [22]. Certain aspects of BINMG such as its central charge [23, 4],

c-functions [4], classical solutions [23, 24, 25, 7, 27], and Weyl invariant extension [28]

! TInitially, NMG was thought to be renormalizable since the four-dimensional quadratic curvature
theory is renormalizable. However, a careful study reveals that this is not the case for NMG due to
the specific relation satisfied by the couplings of the quadratic curvature terms [17].



have been studied. Remarkably, BINMG has a holographic c-function which matches
the c-function of Einstein’s gravity. Furthermore, the gravitational charges for the
BTZ black hole of BINMG were studied in [23, 29]. In addition, as a curious side
remark let us note that BINMG appears as a cut-off independent counterterm to the

four dimensional anti-de Sitter space [30].

1.2 Tree-level unitarity

A gravity theory has a physically consistent spectrum at the tree level if the spectrum is
free from ghosts and tachyons. Ghosts are negative kinetic energy modes. A physically
consistent mode is described with an action [ = [dt L = [dt (K — U), where K and
U represent kinetic and potential energies, respectively. Then, the corresponding
Hamiltonian, which represents the energy of the mode, is given as H = K + U, and
it is positive definite for a positive-definite potential. However, for a ghost mode, one
has I = [dt (—K —U) yielding H = —K + U, so the energy of the ghost mode is
not positive definite. For such a case, the vacuum is not stable and the proliferation
of negative energy modes is entropically favorable. An important feature of ghost
instability is that it is relevant at all energy scales. In addition, the ghost modes
correspond to the negative norm states in the Hilbert space of the corresponding
quantum theory as (| H [¢) = —E (Y|¢p) = (Yip) = —1. Therefore, the unitarity
of the theory is spoiled by the ghost modes as probabilities are not positive definite
in the presence of negative norm states. On the other hand, tachyons have negative
squared masses.”? To understand the instability caused by tachyons, let us consider
the example of a scalar field ¢ with the action I [¢] = [dt [K (0,¢) — U (¢)]. If one
considers the field fluctuation ¢ = ¢ — ¢ around the vacuum ¢, that is [%L_) =0,
then one gets the action

Iel = [at | K @, >—U<¢>—;[f;ﬂso2+... ,
¢

d2U
dp?

2

where, as usual, [ L; corresponds to m*®. Thus, a tachyon, which is a negative

m? mode, corresponds to a unstable vacuum as [‘%{L; < 0. Note that the tachyon

2 Note that in AdS if certain bounds are satisfied for various spins, a negative squared mass mode
is allowed.



instability becomes relevant at energy scales close to m. To sum up, to have a phys-
ically consistent spectrum, excitations of a field theory should have correct signs at
the action level. For example, for a scalar mode, the correct signs of the kinetic term
and the mass term are given with the action I = —% [ d*z (8,00 + m?p?) for the

mostly plus convention of the metric. It is also possible to read these signs at the

1

T for a physically consistent scalar mode.

propagator level where one should have

In this thesis, we study the unitarity of BI gravity theories which are infinite order
higher curvature gravity theories with fixed couplings. To analyze the spectrum and
its consistency for a higher curvature gravity theory, one needs to determine the free
theory of metric fluctuations around a background spacetime (or, in other words, a
vacuum) which solves the field equations of the higher curvature gravity theory. The
free theory is described by the second order action in metric fluctuations around the
background and in this study, the background is taken to be either the flat or the
(A)dS spacetime.

In calculating the second order action in metric fluctuations, it is important to observe
that for the flat background higher curvature terms beyond the quadratic curvature
order do not yield any contribution, while for the (A)dS background all the terms in a
higher curvature gravity action contribute in principle. Due to this fact the unitarity
analysis of a higher curvature theory around the (A)dS background is a nontrivial
task. To understand this better, let us consider the example of the cubic curvature

term R3. If the scalar curvature has the expansion in metric fluctuations as

R=R+R(1)+R(2)+..., (1.6)

where R(j) and R9) represent first and second orders of R in metric fluctuations and
R is the background value of R, then the second order contributions that come from
R3 have the forms RR?I) and RZR(Q). Thus, for the flat background these terms
become zero, while for the (A)dS background there are contributions to the second

order action coming from the term R3.

Another important observation in calculating the second order action in metric fluctu-
ations around the (A)dS background is that the contributions coming from the terms
beyond the quadratic curvature order have the same structure as the contributions

coming from the quadratic curvature terms. To understand this point, let us resort



to the R example again. As discussed above the second order contributions coming
from R3 have the forms RR%I) and R2R(2), while the second order contributions com-
ing from R? are R%l) and RR(Q). Thus, the term R? yields the same forms except
the overall R multiplicity. In the same manner, the independent quadratic curvature
scalars R?, RO R, and REZRA7 determine the structure of the second order action and
a higher curvature term of order n yields second order contributions which are the
same as the ones that can come from these three quadratic curvature scalars except
an overall factor proportional to R" 2. Instead of RECRAYZ, the Gauss-Bonnet (GB)
combination can also be considered as one of the independent scalars. Note that the
GB combination is a boundary term in four dimensions and identically zero in three
dimensions, so the GB combination (or the term REYRE?7) is relevant in dimensions

greater than four.

Due to these two observations, the unitarity analysis of the most general quadratic

curvature theory defined with the action
D 1
I:/d #v=g|~ (R—2A0)

+aR?+ BRURY + v (R4 RS — ARLRY + R?)

po*tuy

lay down the ground rules for the unitarity analysis of higher curvature theories. A
higher curvature theory is unitary if and only if its propagator reduces to the propaga-
tor of one of the known unitary theories at the linear or the quadratic curvature order;
therefore, it is essential to discuss unitary theories of quadratic curvature. For the flat
background, the unitarity of the most general quadratic curvature theory in four di-
mensions was discussed in [2] and it was shown that the quadratic curvature theory
is not unitary in the presence of the term RIR). This result can be generalized to
higher dimensions; however, in three dimensions, a subtlety occurs and one has NMG
[11] for specific values of the parameters. For the (A)dS background, the unitarity of
(1.7) is studied in [15] where the analysis is in D dimensions. Let us summarize the

results of [2, 11, 15]:

e For D = 4, Einstein’s gravity is unitary around both flat and (A)dS backgrounds
with a massless spin-2 mode. When R? term is augmented to the Einstein’s grav-

ity, the theory is unitary with an additional massive spin-0 degree of freedom.



The original motivation for augmenting Einstein’s gravity with the quadratic
curvature terms is to endow it with renormalizability; however, its R? extension
is not renormalizable, too. To have a renormalizable quadratic curvature the-
ory, the term Ry R, is required, but this term spoils unitarity by introducing a

massive spin-2 ghost mode to the spectrum.

For D = 3, Einstein’s gravity does not have any propagating degrees of free-
dom. Extending Einstein’s gravity with R? term yields a unitary theory with a
massive spin-0 excitation. However, for a generic quadratic curvature extension
with aR? + BRYR), the spectrum consists of massive spin-0 and massive spin-2
excitations whose unitarity behaviors are in conflict. Remarkably, this conflict
is resolved when the couplings satisfy 8a+ 35 = 0, which is the NMG case [11].
With such couplings the massive spin-0 mode drops out the spectrum leaving the

massless spin-2 mode which is unitary around both flat and (A)dS backgrounds.

For D > 4, the GB combination becomes relevant and both Einstein’s gravity
and its extension with the GB combination have a unitary massless spin-2 mode
around flat and (A)dS backgrounds. Augmenting R? to either Einstein’s gravity
or its GB extension does not effect the unitarity nature and extends the spectrum
with a massive spin-0 mode. As in four dimensions, the presence of RUR; in the

action implies the existence of a massive spin-2 mode which is a ghost.

One can figure out all these results by analyzing the tree-level scattering amplitude

for quadratic curvature gravity [15]. In the next section, we recapitulate this analysis

revealing the propagator structure of quadratic curvature gravity.

1.2.1 Propagator Structure of Quadratic Curvature Gravity

The unitarity of the generic quadratic curvature theory (1.7) can be analyzed through

the tree-level scattering amplitude between two background covariantly conserved

sources, that is @#TW = 0 where ?M is the covariant derivative corresponding to the

background metric g,,,. The amplitude is described by the Feynman diagram given

in Fig. 1.1 and to find the amplitude, one needs to calculate

A= /dDa; V=gT}, (z) B (z), (1.8)



!
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Figure 1.1: Tree-level scattering amplitude between two background covariantly con-
served sources via the exchange of a graviton

where hy,, is the metric fluctuation which is defined as h,, = g, — gy and created
by the source T;,. Here, the normalization of the amplitude is fixed such that the

Newtonian potential can be reproduced for xk = 87Gy in four dimensions.

For quadratic curvature gravity, there are generically two (A)dS backgrounds. The

(A)dS spacetime is maximally symmetric, so the form of the Riemann tensor is

_ 2A o _
Rupuo’ = (D — 1) (D — 2) (gul/gpa - guagpu) ) (19)

and employing this form in the field equations of the quadratic curvature gravity

theory yields

A-Ao  op _
T+fA =0, f_(Da+ﬁ)(D_2)

(D —4) (D—3)(D—4)
2 T YD1 (D=2

(1.10)

This result explicitly reveals that the GB combination does not have an effect on the

effective cosmological constant in three and four dimensions.

The metric fluctuation h,, is determined through the linearized field equations which

were found in [31, 32] as

1 = = = 2N _
Ty (h) :’?egﬁ,, + (2a+ B) (gWD - V.V, + D—29“”) RL
_ 2A
+B <ngjy 51 19WRL> ; (1.11)

where the linearized Einstein and Ricci tensors and the linearized scalar curvature are



given as

1 2A

L _ pL — L

Guv = By = 59w 1" = 55 P
1 ,- _ o _ o
L
_ - 2A
L v
= —0Oh + VAV’h,, — —— .

R + VIV — 5

Here, O is the d’Alembertian defined as 0 = ?“@H. Furthermore, k. is the effective

Newton’s constant of the form

AAD A AN (D — 3) (D — 4)

D—2a+D—1ﬁ+ (D—l)(D—Q) v

1 1

== 1.13
pale s (1.13)
and T}, (h) involves all the higher order terms in h,, beyond the linear order in

addition to the matter source.

To discuss the unitarity of the quadratic curvature theory, we need to put the am-
plitude (1.8) in a form where the propagator structure is explicit. However, this
is not a trivial task since the differential operator O,,*° which represents (1.11) as
(’)W'D"hm = T}, has a complicated form involving fourth and second order derivatives
in addition to a constant term. Although we search for a symbolic form for the tensor

Green’s function of 0,77, it is not possible to directly invert this operator. In [15],

the desired form for the amplitude was found by first decomposing h,,, as
huw = hl + Vo, Vi) + VuViud + G, (1.14)

where h:l,jT is transverse-traceless part of h,, and V), is divergence free, and then by
choosing an appropriate gauge?® which makes possible to determine the physical parts

of h,, and their relation to the sources. Finally, the amplitude becomes

A - @ 4\
=T [(RE,BD—Fl) (AL —D2)] T

2 / = = 4A -1

+mT |:(K65D+1> (D+D2):| T

- c(Dz—(ﬁl)—El(;)— z)T/ [(@BEH) (E_mgﬂ_lT (1.15)
S8ADpS

¢(D—1)*(D—2)?

< (st 4 1) (0-m2) (04 b ],

3 In the analysis of [15], the Fierz-Pauli mass term is augmented to the quadratic curvature action
and the presence of this term helps to fix the gauge.
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which is the reorganized form [33] of the result found in [15]. Here, A(Lz) is the

Lichnerowicz operator which acts on a symmetric rank-2 tensor, ¢ is defined as ¢ =

%, and my is the mass of the scalar excitation which has the form

1 2AD 3
= o mg () (1.16)

Note that in (1.15), integral signs and measures are omitted and the Green’s functions

are represented as inverse operators to simplify the expression.

Although (1.15) looks complicated, the important point is that each pole is multiplied
with another pole. This feature of the amplitude (1.15) implies the presence of the
ghosts since separating the poles yields a wrong sign propagator. After setting a =
B =~ = 0, one gets the part of (1.15) which represents the amplitude of Einstein’s
gravity as
A=2 [T’ (A(2) - 4/\)_1 T (D + 4A>_1 T] (1.17)
wATL D -2 D -2 D -2 ’
and we know that this amplitude represents the unitary interaction of the covariantly
conserved sources with a massless spin-2 graviton for x > 0 (except in three dimen-
sions). On the other hand, the pole (/@'e A0+ 1) - represents the massive spin-2 mode
as it couples to the tensorial sources, while the pole (ﬁ — mg)_ represents the mas-
sive spin-0 mode as it only couples to the trace of the sources. The multiplicative
structure in (1.15) reveals that the unitarity of the massive spin-2 mode is in conflict
with the unitarity of the massless spin-2 mode and the massive spin-0 mode. On the
other hand, in the absence of the massive spin-2 mode, i.e. taking 5 = 0, the unitarity
of the massless spin-0 mode is in accord with the unitarity of the Einstein mode as
the amplitude takes the form
A =2k, [T’ <A(2) - 4A> Sy L g (D + 4A)1 T
mwATLl D-2 D -2 D -2
- 1)1(D — 2)T’ (E - mg)_1 T] , (1.18)

where m?2 reduces to

D -2 2AD
m§:4(D—1)a/ie_(D—1)(D—2)' (1.19)

In (1.18), all the poles are separated and comparing with the amplitude of Einstein’s

gravity (1.17), one can figure out that it represents a unitary interaction if k. > 0. In
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addition, for the dS background, m? > 0 should hold, while for the AdS background,
m? should satisfy the Breitenlohner-Freedman (BF) bound [34]

D-1

2
>
s = 9(D—2)

A, (1.20)

allowing for negative mass squared values. These conditions reduce to k > 0 and

2

2 > 0 for the flat background. Since there are two constraints on three theory

m
parameters, namely, x, «, <, certainly there are parameter regions for which these
unitarity constraints are satisfied.* Therefore, to have a unitary quadratic curvature
theory, one needs to set § = 0 for D > 3. On the other hand, in three dimensions, a
subtlety occurs since Einstein’s gravity does not have a propagating degree of freedom.
In the absence of the Einstein mode, the unitarity conflict between massive spin-2
and spin-0 modes can be resolved by choosing specific parameter values satisfying
8a+ 38 = 0. For these values of the parameters, the massive spin-0 mode is removed

from the spectrum [11] and the remaining massive spin-2 mode can be made unitary

both around flat and (A)dS backgrounds by having negative & .

From (1.15), the amplitude for the Einstein-Gauss-Bonnet theory can be obtained by
setting o = 0 and the amplitude has the same form as the amplitude for Einstein’s
gravity (1.17) except the appearance of the effective Newton’s constant s, for the
(A)dS background. Therefore, the Einstein-Gauss-Bonnet theory is unitary if ke > 0
for the (A)dS background and this constraint reduces to £ > 0 for the flat background.
On the other hand, the amplitude for the R? extension of Einstein’s gravity can be
obtained by setting v = 0 in (1.15) and as + is implicit in k., the amplitude has the
same form as (1.15). Therefore, the unitarity constraints on the R? extension of the

Einstein’s gravity are the same as the ones for (1.15).

After elaborating on the unitary quadratic curvature theories by using the tree-level
amplitude, let us discuss the relevance of the linearized field equations with the second
order action in metric fluctuations. The second order action for the quadratic curva-
ture theory simply has the from Iy = — 3 [dPx /=g T,,,h*"” where T},, should be
replaced with the corresponding expression coming from the linearized field equations
(1.11). The structures involved in this action are important since they represent the

generic building blocks for the second order action of any higher curvature theory.

4 Please see [33], for explicit parameter regions where the theory is unitary.
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For example, if the quadratic curvature theory is augmented with higher curvature
terms of order n such as nR"™, n (RﬁRZ)n/Q, etc., then the second order contributions
coming from these higher curvature terms of order n only introduce additional terms
to 1/ke in the form nA™~! and to the coefficients (2a + 3) and 3 in the form nA™~2,
Therefore, higher curvature terms do not generate new degrees of freedom other than
the ones that are present in the quadratic curvature theory, but they may change their

unitarity behavior depending on the couplings and the magnitude of curvature.
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CHAPTER 2

UNITARITY ANALYSIS OF BORN-INFELD
GRAVITY THEORIES

Born-Infeld (BI) gravity is an appealing modification of Einstein’s gravity. When
considering such a modification, the immediate questions are how the spectrum of
Einstein’s gravity is changed and whether the modes in the spectrum are theoretically
consistent. In a theoretically consistent modification, the theory should be free from
ghosts and tachyons that are negative kinetic energy and negative square mass modes,
respectively; and the ghosts of the classical level imply that the quantum theory
described by the theory is not unitary. This chapter is based on [5] and devoted to
analyze the spectrum and its consistency for a generic D-dimensional BI gravity theory
around its maximally symmetric vacuum that is (anti)-de Sitter [(A)dS] spacetime.
For a generic BI gravity theory, we developed a formulation from which the second
order action in the metric perturbation, h, = gu —guw, around (A)dS vacua, g, can
be obtained. The O (h?) action represents the free theory of the BI gravity theory and
naturally shares the same structure with the free theory of the quadratic curvature
gravity. Furthermore, we presented procedures to obtain equivalent actions whose free

theory and vacua are equal to specific BI gravity theories.

To analyze the spectrum of a generic BI gravity theory around its (A)dS vacua is a
nontrivial task compared to the flat background analysis. For a BI gravity theory, the
Maclaurin series expansion in curvature represents an infinite series in higher curvature
terms. Around the flat background, the free theory of BI gravity only depends on the

terms up to the second order in the curvature expansion. For example, it is rather
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simple to show the gravity theory described by the Bl-type Lagrangian

L= \/— det (g + aRuw) — V-9, (2.1)

is not unitary. To demonstrate this, one needs to expand (2.1) up to the second order
in curvature which yields

(6 012

£O(R2) - iR - Z

(RWRW - ;}22) : (2.2)
Based on the results of [2] where the O (h?) action of a generic quadratic curvature
gravity was analyzed, one can decide on the spectrum of the theory (2.1) around the
flat background. The spectrum consists of massive spin-0 and massive spin-2 modes
in addition to the massless spin-2 Einstein mode, and the massive spin-2 mode is a
ghost. To have a unitary theory around flat backgrounds with the same spectrum
as Einstein’s gravity, the quadratic curvature terms in (2.2) should be eliminated

and one way to achieve this is to introduce the quadratic curvature combination

0‘2—2 (Ruprj - %RRW) into the BI action [8] as

2 1
L= \/_ det [gw + R+ 5 <RWR5 - 2RR,WH S (2.3)

On the other hand, around (A)dS backgrounds, all the higher curvature terms in the
Maclaurin series expansion of a generic Bl gravity theory contribute to the free theory
in principle, and these contributions are in the same form as the contribution coming
from quadratic curvature terms. For example, the contribution coming from the cubic
curvature term R? is the same as the contribution coming from the quadratic curvature
term R? except for the overall factor R, which is the scalar curvature of the background
(A)dS spacetime. Therefore, to analyze the spectrum of a BI gravity theory around
(A)dS backgrounds, one should directly find the second order expansion in the metric
perturbation for the action of the theory and the unitarity of the free theory can be
analyzed by following [15]. To find the O (h?) action is a rather cumbersome task;
however, the determinantal form of the BI action and maximally symmetric nature of

the background yield compact expressions.

The techniques we developed in this chapter are crucial in the unitarity analysis of
BINMG around (A)dS backgrounds. Furthermore, to construct unitary theories in

higher dimensions, one should rely on the results that we obtained.
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2.1 BI-Type Actions at O (h?)

2.1.1 General analysis

In this section, we obtain the O (h?) action for generic BI gravity with the assump-
tions that cosmological Einstein’s gravity is the leading order in the small curvature
expansion of BI gravity and the BI action does not involve covariant derivatives of the

curvature tensors. The action of BI gravity is taken as

I= % /de {\/— det (g + Aw) — (aho + 1) V/—g| . (2.4)
Here, to reproduce the Einstein-Hilbert action as the first order of the small curva-
ture expansion, A,, should have the form A,, = a (R + BSu) + O (R?), where
Sy is the traceless-Ricci tensor, S, = Ry, — %QWR, and O (R2) represents any
quadratic curvature rank (0,2) tensor that can be constructed from the contractions
of the Riemann tensor. In addition, the zeroth order of the small curvature expan-
sion yields a fixed cosmological constant and to make it undetermined, one needs to
augment Bl-type Lagrangian with the D-dimensional invariant volume term with the
factor (—aAg —1). Furthermore, we introduced the dimensionful parameter a with
the (mass) > dimension in addition to the (bare) cosmological constant Ag and the
gravitational coupling x of Einstein’s gravity. One does not need to introduce an
additional dimensionful parameter and may prefer to use a combination of the param-
eters of cosmological Einstein’s gravity with the dimension (mass)_Q. In contrast to
the gravitational setting, in the Born-Infeld electrodynamics, one has to introduce a

dimensionful parameter as the Maxwell electrodynamics is a scale invariant theory.

Instead of focusing on a specific BI gravity theory for a given A,,,, we perform a general
analysis and obtain the O (h?) action of the generic BI gravity (2.4) in terms of Af}l,
and A,(EV) which are the first and the second order terms in the metric perturbation
expansion of A,

Aw = Ay + TAE}V) + 7'2./4/(3/) +0 (7’3) . (2.5)
Here, f_lw, represents the evaluation of A, for the background spacetime g,, and the

dimensionless parameter 7 is introduced to keep track of orders in h,, as Thy,, = g, —

Guv- Note that calculating A, for an (A)dS background yields a value proportional
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to g as Auu = aguw, where a is a dimensionless parameter that is a function of
the effective cosmological constant A and the parameters of the theory such as a.
To obtain O (h?) expansion, we used the Maclaurin series expansion of /det (I + M)
which can be obtained from the identity det N = exp (Tr (InN)) as

dot (I + M) =1 + JTeM + ¢ (TeM)® = JTx (M?)+0 (M), (26)

where [ is the identity matrix. To employ (2.6), first one needs to rewrite (2.4) as

I= % / dPx\/—g {\/— det (60 + AD) — (g + 1)] . (2.7)

At this level, although expanding /—g by using (2.6) yields a perturbative expansion

in h as

V=g =/~ det (G + Thya) (28)

- /=5 [1 n gh n é# (n?=2n2,) +0 (73)] :

for the term \/— det (60 + AL), to get an expansion in h, zeroth order of A%, that is
ad?, should be separated from the first and second orders in the h expansion of A7
which are the relevant orders in obtaining the O (hz) action. Up to second order, A’
can be expanded in & as
Al = adf +1B) (2.9)
=adl + 7 (g”“A,(j) — ahl‘j) + 72 (gp“Al(fV) — hp“Al(}V) + ahp”ha,,) )
where B is defined as a bookkeeping device and the second line follows from (2.5)

and the O (h?) expansion of the inverse metric
¢ = g —Th 1 40 (7). (2.10)

Use of (2.9) in (2.7) yields

I:;/deJjg{\/—det[(1+a)55+TBﬁ]—(aA0+1)}

(1+a)

= %(1 +a)D24/dD33\/jg{(1+a)2 \/—det [55%— Bﬁ} (2.11)

4—D

—(1+a)7 (aho+ 1)}.

With this result, we have achieved to put the generic BI action (2.4) in a form which

is convenient to obtain a perturbative expansion in h. As apparent in the first line of
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(2.11), a = —1 value eliminates the leading order and one cannot have a well-defined
expansion in h. However, we assume a # —1 because for a Bl gravity theory for which
a = —1, the couplings in A,, are proportional to inverse powers of A, for example
Ap = —%RW, so they diverge in the flat spacetime limit and higher curvature
terms dominate over the Einstein-Hilbert term for small curvature backgrounds. In
addition, we keep the factor (1 + a)2 in front of the determinantal form on purpose.
In this way, inverse powers of (1 + a) resulting from the expansion of the determinant
are canceled and the O (h?) action takes a form where one can trace the origin of the

contributions.

Now let us expand (2.11) by using (2.6). One of the determinantal forms appearing
in (2.11) is /=g and its O (h?) expansion is already given in (2.8). Using this result

and expanding the other determinantal form via (2.6) yields

4—D

a(1+a)D24/dD:U\/?g{[(1+a)2—(1~l—a)2(aA0~I—1)}
+g[(1+a)3;;+ [(1+0)? = (1+a) (aho+1)] 1]
T [(Bg)z —2BLBY +2(1+a) hBS

4—D

+ [(1 +a)?—(1+a)2 (aho+ 1)} (h2 _ 2h;2w>:| } (2.12)

This action incorporates all the terms up to O (h?) in the metric perturbation expan-
sion of the generic BI gravity (2.4). However, since Bf, involves an O (1) term [see
(2.9)], the O (h) and O (h?) terms are not explicit. In addition, there are some O (h3)
terms in (2.12), but they do not represent all the terms appearing at the O (h3) of
(2.4). The O (h°) terms in (2.12) give the value of (2.4) for (A)dS backgrounds and
this value is irrelevant for our purposes. On the other hand, the O (h) terms determine
the vacuum of the generic BI theory around which we analyze the spectrum for and
check the consistency of the theory through the use of O (h2) action. Furthermore,
note that for odd dimensions to have a real-valued action, the parameter a should

satisfy a > —1 which puts a constraint on the effective cosmological constant A.

The O (h) action of the generic BI gravity (2.4) provides an easy way to find the (A)dS
(1)

vacua of a specific BI gravity once A, is calculated. The canonical way to find the

vacua of a gravity theory is to first derive the field equations by taking the variation
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of the action

5 = /qu; 5?59“”’ (2.13)
uv

which often becomes cumbersome for higher curvature theories, then put the maxi-

mally symmetric Riemann tensor

_ 2A o o
R,uauﬂ = (D — 1) (D — 2) (g;wgaﬂ - g,uﬂgow) ) (2‘14)

in the field equations. This yields the field equation for the effective cosmological

constant A as
oL

09

=0. (2.15)
Juv

On the other hand, by finding the O (h) action for (2.4) around the (A)dS background,

symbolically we have found

oL
Lo = /le‘ 0Gpur, (2.16)
0w | 5
nv
where 0g,, = hy, and the explicit form of 6£/dg,, depends on A,,,. Therefore, being
in line with the spirit of variational principle, if one requires (2.16) to be zero for an

arbitrary h,,, then one gets the field equation for A which is (2.15).!

Now, to obtain the O (h) action for the generic BI gravity (2.4) from (2.12), one just

needs the leading order of Bf which is simply
B. = gAY —ah+ O (7). (2.17)
Then, the O (h) action for (2.4) becomes

1 _
Iom = E/de\/—g (2.18)

[(1+0)% (#7aD) + (1 +a) T —1-aho) .
Therefore, for a specific BI gravity defined with A,,, one needs to calculate the value
of A, for the (A)dS background, /_lm, = aguv, and linearize A,, in h, Af}l,) After
finding a and A,(},,), to find the vacuum of a specific BI gravity in a rather economical

way, one just needs to remove the (possible) boundary terms and solve Iomy = 0 for

arbitrary f,,.

The O (h?) action of the generic BI gravity (2.4) can be extracted from (2.12) by

2
calculating the leading order contributions coming from the terms (B;,’) —2BfB; +

1 Note that \/—g factors are treated as usual.
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2 (1 + a) hBf and the next to leading order contribution coming from the term 7 (1 + a) B%.

Using the definition of BY, given in (2.9), these contributions can be found as
2 v —uv A(1 2 1

(BS) —2BBy +2(1+a)hBS = (g AL) " — 240 ALY,

1 oRHY (QaAf}V) 4 gu,,gP"Ag}))

—ah™ (2ahu, + (2 +a) guwh), (2.19)
and
B =0 (7’0) +7 [gWAfV) — h* (AE}V) - ah#,,)} . (2.20)

Once again we did not explicitly put the O (7°) term which is not relevant for our

purposes. Employing these results in (2.12) yields the O (h?) action of (2.4) as
(1 ) D;4
+a —
Tomz) = —?/dl)ﬂﬁ V=9

1 -V L/ 4 2 — [V
{ZQ“ §7ARAG - 1 (9 Al) — (L + a) g AR

14 1 —~po
+ W (A,(}J — S 9wd’ Aﬁ))
1 4-D
-3 [1-(1+a)F (aho + D] (12 - thw)}. (2.21)

Note that (2.21) is valid for any value of the background curvature. In the course
of obtaining (2.21), we have not done a small curvature expansion. In fact, all the
perturbative expansions are in terms of the metric perturbation h,,. Since no as-
sumption on the magnitude of the background curvature is made, an infinite amount
of terms in the curvature expansion of the generic BI gravity (2.4) contribute to the

O (h?) action and all of these contributions are incorporated in (2.21).

The O (h?) action (2.21) is one of the most important results in this work. It provides
a compact formulation applicable to any BI gravity theory. To obtain the O (h2)
action of a specific BI gravity, one needs to expand the given A, tensor as in the
symbolic expansion (2.5) by using the metric perturbation expansion of the curvature
tensors given in Appendix A. The resulting action is going to be in a complicated form
which should be rearranged by following the examples in Appendix B which are about

calculating the O (h?) action for Einstein’s gravity and quadratic curvature gravity.

Upon contemplating at the O (h) and the O (hz) actions of the generic BI gravity given

in (2.18) and (2.21), respectively, one can make an intriguing observation: for even
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dimensions, only finite number of higher curvature terms contribute to these actions.
As we discuss below, this observation relies on the fact that for even dimensions the
parameter a, which implies the prior existence of an A,, tensor that subsequently
takes a nonvanishing background value, has finite powers in the O (h) and the O (h?)
actions given in (2.18) and (2.21), respectively. The most striking example of this
observation is in D = 4, which we discuss now. The O (h) and the O (h?) actions of

the generic four-dimensional BI gravity

= 2 [t [\~ et (gu + Au) — (0do+DVT], @22)

are exactly the same as the O (h) and the O (h2) actions, respectively, of the higher

curvature theory
1 4. /4 I 1 WAV Lo H

So in other words, these actions represent gravity theories which remarkably have the
same spectrum and the same vacua. The action (2.23) is nothing but the up to O (4?)
expansion of (2.22) via (2.6). Let us elaborate on this point. The generic BI gravity

action (2.4) has a Maclaurin series expansion in A which symbolically has the form

I = lfa/de { _det(guy+Auv)_(aA0+1) \/jg:|
~ deFlch ozAg—i—l)]

N/d%\ﬁl (R — 2Ay) +chA”] (2.24)

where the last line follows from the assumption that A, has the form A,, = o (R, + 8S,.)+
(@) (R2) such that the leading order in a curvature expansion of the generic Bl gravity
should produce the cosmological Einstein’s gravity theory. Here, the term A™ repre-
sents all possible contractions that can be obtained with n number of A, tensors such

S (Aﬁ)n, (Al‘j)niz AL AL, (A‘/j) A“A”A”, etc. Note that if there are O (R2) terms
in A,,, the expansion of the generic BI gravity (2.4) at a given order in A does not
match the expansion in curvature, that is in aR, at the corresponding order. If one
wants to compute the O (k) and O (h?) of the generic BI gravity (2.4), all orders in A
will contribute in principle. However, in D = 4 curiously all the contributions to the
O (h) and O (h?) of (2.22) coming from the terms beyond O (A?) vanish identically.

These remarkable cancellations are due to the form of the BI action as a square root
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of a determinant and due to the maximally symmetric nature of the background. For

generic higher curvature theories such a cancellation does not work.

Now let us discuss how to figure out which orders in the A expansion of the generic
BI gravity (2.4) contribute to O (k) and O (h?) of (2.4) by just counting the powers
of the parameter a. To obtain the O (h) and O (h?) contributions coming from the
terms in the A expansion, we need the expansion of Af} up to O (k%) in addition to
up-to-O (h?) expansion of A% given in (2.9). By using (2.9), this expansion simply

becomes

Al =aD +7 (g™ AL — ah) + 72 (g AR) — W AL + ahlihy) (2.25)

First, we analyze the form of the O (h) contribution coming from each order in the A

expansion (2.24). The zeroth order action in (2.24) is proportional to the invariant

spacetime volume as () = —% [ dPx/—g whose O (h) expansion is
J Ry (7 T 2.26
O(h)__g T\ —gioh, ( )

which follows from the h expansion of \/—g in (2.8). Then, the first order in the A
expansion of (2.4) is %Aﬁ via (2.5). Using up to O (h) expansions of Af; and \/—g from
(2.25) and (2.8), respectively, the O (h) of the first order action in the A expansion of
(2.4), IV = L [dPy V/—gAL, takes the form

(D-2)

1 — | -pv
I(Ol()h) = — /de/jg {g“ AE}V) + ah| . (2.27)

Then, let us consider the O (h) contribution coming from the second order in A ex-
pansion of (2.4) which is (éAﬁAZ - %AZA‘V‘) via (2.5). The background values of the
terms A/ Ay and A} A are proportional to a®. On the other hand, in calculating the

O (h) part of AfAY and A} A, one of the A tensors takes the background value while

the other yields the O (h) contribution in the form (Aﬁ)(l). Up to O (h), the second

order terms in the A expansion of (2.4) have the h expansion

DD-2)

1 14 1 14
SAUAY — S ATAL = a [ .

- A2 (gra—a)| +o (7). 2s)

This result has the same structure as the up to O (h) expansion of Af, so the O (h)

of the second order action in the A expansion of (2.4) that is
(2) 1 D (L Ly gu
I = a d 'z —g ZA'U‘AV - §AHAV s (229)
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has the same structure as I (Ol()h) given in (2.27). The explicit calculation of the O (h)
of (2.29) yields

@ _ L (o = [(D=2)_, (D—-2)(D—-4)
IO(h)*@/d x —ga[2g“ A/(}l,)—i- S ah|,

(2.30)

where, as it is clear by the overall factor of a, the powers of a in the coefficients of
gﬂ”A,(},,) and h increase by one when compared to (2.27). Here, note that choice of
dimension can cancel some of the terms in (2.27) and (2.30). To consider the O (h)
contribution coming from the terms at O (A™), one can follow a similar logic. First,
one needs the h expansion of the O (A™) terms up to O (h). The background value of
the O (A™) terms is proportional to a™ and in calculating the O (h) part of the O (A™)
terms, (n — 1) number of A tensors take the background value while the remaining
one yields the O (h) contribution in the form (Al’j)(l). Therefore, up to O (h), the

O (A™) terms have the h expansion in the form
enA™ = " [bra + 7ha (9 AR) — ah)] + 0 (77), (2.31)

where b,1 and b,2 are just numbers whose values depend on c¢,; however, their spe-
cific values are not important for our discussion unless they happen to be zero.
With (2.31), the O (h) of the n'" order action in the A expansion of (2.4), I(") =

2 [dPz\/=gc, A", has the form

150 = = [ dte v=ga" [dun (7 AR) + duzat], (2.32)

where d,; and d,2 are again just numbers depending on ¢,. The important point
to notice in (2.32) is that the structure of the action is the same as the O (A4) and
O (A?) cases given in (2.27) and (2.30), respectively, and there is the overall factor of
a"~! showing from which order in the A expansion the contribution is coming. Thus,
for n > 1, unless d,; and d,2 are zero, each order n in the A expansion (2.24) has

a similar contribution to the O (h) action of the generic BI gravity (2.4) differing by

just an overall factor of a”~1.

Now, we can determine which order in the A expansion (2.24) of the generic BI gravity

(2.4) contributes to the O (h) action of (2.4) given in (2.18). We just need to consider

the coefficients of the terms g“"A,(}J and h, and from (2.18) they are (1 —|—a)¥

D—-2
and ((1 +a) 2z —1-— aAo), respectively. For odd dimensions, these coefficients are

infinite series in a, so all the order in the A expansion give a contribution to the O (h)
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action. On the other hand, for even dimensions, from O (A) to O (A%) in the A
expansion of (2.4) give an O (h) contribution in the form gh” Af}l,), while from O (A°)
to O (Ag_1> give an O (h) contribution in the form h. Beyond O (Ag>, the dp1 and
dno coefficients are zero due to the specific values of ¢, coefficients in the A expansion

of (2.4).

For even D dimensions, remarkably the generic BI gravity (2.4) and its up to O (A%)
expansion have the same vacua. For example, in D = 4, the four-dimensional BI
gravity (2.22) and its up to O (A2%) expansion (2.23) have the same vacua as mentioned
above. To provide concrete verification of this result, let us find the O (h) of (2.23).
Collecting the O (h) of the zeroth, first, and second orders in the A expansion of the
generic BI gravity (2.4) given in (2.26), (2.27), and (2.30), respectively, yields the
O (h) of up to O (A?) expansion of (2.4) as

1909 — Hla/d% \/ngl =22 (DQ_ 2)> g AL (2.33)
+a<D2—2> <1+a(D4_4)>h—ath].

For D = 4, both (2.18) and (2.33) reduce to the same action as

1 — _
Topy = — /d% VG [(1+a) gAY + (a— ako) ] (2.34)

This equivalence in D = 4 occurs in a nontrivial way as the coefficients of the corre-

sponding terms in (2.18) and (2.33) have totally different structures.

Now let us analyze the form of the O (h?) contribution coming from each order in the
A expansion (2.24). For the O (h?) case, the contribution coming from each order in
the A expansion has the same form as the O (h?) contribution coming from the O (A?)
terms. Asin the O (h) case, the only difference is the introduction of an overall a factor
for each order beyond O (A?%). Before moving to the O (h?) of the O (A?) terms, let us
obtain the O (h2) contributions of the zeroth order and the first order actions in the
A expansion of the generic BI gravity (2.4). By using the O (h?) expansion of \/—¢
n (2.8), the O (h?) of the zeroth order action, I(0) = —2ho [qPy /=g becomes

© __ 1 (D Ao (19 v
IS ——;/d NS (n? - 2ntnr). (2.35)

On the other hand, to obtain O (h?) of the first order action, I") = % [dPx V—gAL,

one needs again (2.8) and the O (h?) expansion of A/ given in (2.25) and the resulting
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action is

o _ 1 D — ) w42 v 1o e
Lohe) _@/d v {g“ Ay - (Ag}g“”gp AE"’))

2
+a(D8_4) (h2 _ thhm} ) (2.36)

Now let us move on to the O (hQ) contribution coming from the second order in the
A expansion of (2.22). To calculate this contribution, one needs the O (h?) expansion
of the O (A?%) terms, and up to O (k) part of this expansion is given in (2.28). To
yield an O (h?) part, either both of the A tensors of the O (A?) terms should be first
order in h as A(;)A;) or one of them should be second order in h while the other
takes background value as ad(y). Therefore, in terms (Af) ) and (AH) (2)» Which are
the first and second orders of A in h , the O (h?) expansion of the O (A4?) terms has

the form

1 , 1., a’D(D—-2) a(D-2)
(L~ Lagar) <2070 a0

8 4
+72 [; (45) ) 400 - i (47) ) Ao

L aD=2) (Az)@)] ) (73) ' (2.37)

We want to express this expansion in terms of A,(},,) and Af?l,) and up to O (h) part in

the first line is already expressed in this way in (2.28), and the remaining O (hz) part
can be written in this way by using (2.9) and (2.25) as

1 v 1 v 1 —uv (1 2 1—a—1/,8 1) 4(1)
(30— ) , =5 (0 2)" ~ gma 4l
v 1 - —po 1 1 1 2 1 2 1 v
— 2ah* (89u,,gp A — 4A,3)> +a <8h — Jhihy,
D—2
+ “(4> (gWAff) — v AQ) + ahﬁhg) : (2.38)

This result involves all the possible seven forms that can appear in the O (h2) of any
2

O (A™) term which are (gWAf})) , g“ag”ﬁAﬁ)Asg, gWAff), thUA,()}), h“”AE}V), hihy,

and h?. Using (2.28), (2.38), and (2.8), one can calculate the O (k%) contribution
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coming from the second order action in the A expansion of (2.4) given in (2.29) as

2) 1 D —
Io(hQ)——@ d”x\/—g
1 0 y 1/ ane a(D=2)_,,
« {qu a1 (grap)t - P =D an (230
a(D —4)
2

_a2 (D—§;(D—6) (h2—2hfth)}a (2.40)

1 —po
o (42 )

where all the possible seven forms that can appear in O (h2) are present. The structure
of (2.40) represents the generic structure of the O (h?) contributions coming from any
order O (A™). To understand this, first one needs to consider the O (h?) expansion
of the O (A™) terms and up to O (h) this expansion is given in (2.31). Obtaining the
O (h?) part of the O (A™) terms is similar to the O (A?) case: either two of the A
tensors are first order in h and the others take the background value as a”_QA(I)A(l),
or one of them is second order in h while the others take background value as a”_lA(g).

Therefore, the O (h?) expansion of the O (A") terms has the form

n_ n—2 2 “w
A" = a {bnla +Tb”2a(Au)(1)

+ 72 [bng (Aﬁo (A7) 1) + bna (AZ>(1) (A

)
+oma(a) b0 (s, (2.41)

where b,; coeflicients are just numbers whose specific values depend on the ¢, coef-
ficients; however, again their specific values are not important unless they are zero.
Apart from the b,; coefficients and the important overall a"~2 factor, (2.41) has the
same structure as the O (h?) expansion of O (A?) given in (2.37). Therefore, the
O (h?) contribution coming from the n'" order action in the A expansion of (2.4),
M = % [ dPz/=gc, A", should have the same structure as the O (h?) contribution

of the O (A?) action given (2.40) and the O (h?) contribution of the O (A™) action has
the form
n) _ 2 D =
Io(hg) = @/d T\ —3g
2
X an—? {dnlg#agVBAE}y)ASﬁ) + dn2 (.@LU/AE}V)) + dnSU/guyAg/)

+ahwj (dn4Al(},/) + dn5§,u1/ngA§)10))

+0? (dush? + duzhlhl) } (2.42)
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where the d,; coefficients are again just numbers depending on ¢,. For n > 1, unless
the d,; coefficients are zero, each order n in the A expansion (2.24) has a similar
contribution to the O (h?) action of the generic BI gravity (2.4) differing by just an

overall factor of a" 2.

Now, let us determine which order in the A expansion (2.24) of the generic BI gravity
(2.4) contributes to the O (h?) action of (2.4) given in (2.21). For odd dimensions and
for D = 2, the overall factor (1 + a)g_2 in (2.21) is an infinite series in a, while it is
a polynomial of degree D /2 — 2 for even dimensions (higher than two). Therefore, for
odd dimensions and for D = 2, all the terms in the A expansion of (2.4) contributes to
the O (h?) action, while for even dimensions only finite number of terms contributes
to the O (h?) action and the number of contributing terms depends on the dimension
of the spacetime. Let us analyze which orders contribute to each of the seven terms
in the O (h?) action for even dimensions. For the first two terms gwg”ﬁAS}Agﬁ)

2
and (g“”AE}V)) , the overall factor (1 + a)%f2 shows that from O (A42%) to O (A%) in
the A expansion of (2.4) yield these terms. The coefficient of the term g’ A/(?l,) is
1+ a)g_l, so from O (A) to O (A%) give an O (h?) contribution in this form. For
D
2

the terms h*” A,(}l,) and thUAE,?, again the overall factor (1 + a) ~2 is the coefficient,

so from O (A) to O (Agfl) give an O (h?) contribution in these forms. The terms
h? and h?,, share the same factor of [(1 + a)§_2 — (aho + 1)} which shows that from
O (A% to O (A§—2) yield these terms. Just like the O (h) case, beyond O (A%) the

dy; coefficients are zero due to the specific values of ¢,, coefficients in the A expansion

of (2.4).

For even D dimensions, both O (h) and O (h?) analyses yield the remarkable conclu-
sion that the generic BI gravity (2.4) and its up to O (A%) expansion has the same
spectrum around the same vacua. For example, in D = 4, the four-dimensional BI
gravity (2.22) and its up to O (A?) expansion (2.23) are equivalent with respect to
their spectra and vacua. As we explicitly verified the equivalence in the O (h) case
for D = 4, let us also show the O (h?) equivalence explicitly by finding the O (h?)
of (2.23). Collecting the O (h?) contributions coming from of the zeroth, first, and

second orders in the A expansion of the generic BI gravity (2.4) given in (2.35), (2.36),
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and (2.38), respectively, yields the O (h?) of up to O (A?) expansion of (2.4) as

0(A?) 1 D =
IO(hQ) i~ d“z\/—g

pa-vB A1) 4(1) 1 v A(1 _ Q _ mv A(2)
x{ ADAG - 7 (7AW <1+2 a)g™A
aD v 1 [ o A(1
+ (1 +5 - 2a> hH (Afw) — ggwg” A&J) (2.43)
(D — 4) (D—6)a%| / , ur Mo (9 iy

Although the dependence of the coefficients on D in the O (h?) actions (2.21) and
(2.43) are totally different, for D = 4 both of them reduce to the same action as

2
Iogey = — — /d T/ — { —pas VBA(I)A( ) i (gwA;(}u)) —(1+a) g“yAffy)
e <A<1> S0 p"AE}J) + ZaAo (n? - 2h5h;)} . (2.44)

With this last verification, we have established the totally nontrivial equivalence with
respect to the spectrum and vacua level between the four-dimensional BI gravity
(2.22), which is an infinite order in curvature theory, and the higher curvature gravity
(2.23) which is finite order in curvature and can be obtained by expanding (2.22) in
A up to second order. The D = 4 case is the most striking case of the equivalence
between the even D dimensional generic Bl gravity theory and the higher curvature
theory which is obtained by the O (AD / 2) expansion of BI gravity. It is worth noting
that this equivalence is exact, that is, we have not assumed smallness of the scalar

curvature or smallness of the A tensor at any step in obtaining the equivalence.

Let us lay out the procedure for the canonical analysis of the spectrum and the con-
sistency of a given BI gravity. First, one needs to find AM,, A,(w) , and AEW) Then, the
vacua of the theory should be found by using (2.18). Finally, the free theory described
by the O (h?) action can be found by using (2.21). Once the vacua and the free the-
ory of the given BI gravity is determined, then one can use the standard techniques
discussed in [15] to find whether or not the theory is free from ghosts and tachyons.
Note that if the A, tensor defining the BI gravity has a complicated structure, then
using (2.21) to find the free theory will become a demanding job.

Another way to analyze the unitarity of the BI gravity is to obtain an equivalent
quadratic curvature gravity action. In [35], the procedure to obtain the equivalent

quadratic curvature gravity is given for a generic higher curvature gravity which is
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constructed by the contractions of the Riemann tensor (but not its derivatives). The
equivalent quadratic curvature gravity for a generic higher curvature gravity represents
the vacua and the free theory of the generic higher curvature gravity theory, but differs
at the interaction level. Once the equivalent quadratic curvature gravity is obtained,
then the unitarity analysis is relatively straightforward by using the already known
results of the quadratic curvature gravity. Omne can apply the method of finding
equivalent quadratic curvature action either directly to the BI gravity action or for

even dimensional BI gravity theories, to the equivalent O (AD / 2) actions.

In the following two subsections, we provide two examples. The equivalences we
observe rely on two facts: the form of the BI gravity action as the square root of
the determinant and the maximal symmetry of the background. To make this point
more explicit, in the first example we give the explicit calculations in the simplest
setting, that is the linear order equivalence in two dimensions. In the second example,
we study the unitarity of the simplest BI gravity defined by A,, = aR,, in four
dimensions. Although we know that this theory is not unitary even around the flat
background, it provides the simplest setting in which we can analyze the unitarity
of the theory by both using the O (h) and O (hz) actions, and using the equivalence

between the four-dimensional BI gravity and its O (A?) expansion.

2.1.2 O (h) equivalence in two dimensions

We observe that in D = 2 the generic BI gravity and its O (A) expansion are equivalent
at the linear level in h. This case is the simplest one of the equivalences and studying
this example explicitly with matrix forms clarifies the key roles of the functional form
of the BI gravity and the maximal symmetry of the background. The functional form

of the two-dimensional “BI gravity” can be represented as

B 10 a(r) b(r)
f(ry) = |det +7 : (2.45)
01 c(t) d(r)

where the parameters 7 and  are introduced to represent the h and A dependence of
the BI gravity. Hence, expanding f (7,7) in 7 mimics the h expansion of BI gravity,
while the 7 expansion of f (7,7) corresponds to the h expansion. The background

spacetime is maximally symmetric; therefore, any (1, 1) rank tensor that can be con-
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structed with the contractions of the curvature tensors should be proportional to the

identity matrix as for the case of A? = adf. In analogy, we assume that

= . (2.46)

c(r) d(r) . 0 ag

The O (h) level equivalence between the BI gravity and its O (A) expansion implies
that f (7,7) and its O (vy) expansion should have the same O (7) expansion. We name
the O () expansion of f(7,7) as ¢ (7,7) and it can be found by using (2.6) as

g(r) =1+ %v la(r)+d (7). (2.47)

Before showing that the O (7) expansions of f (7,v) and ¢ (7,) are indeed the same,
let us discuss the case of a generic two parameter function ¢ (7,). In the v expansion

of ¢ (7,7), the coefficient of each order depends on 7 and the expansion has the form

& (7,77) = 220 %i (7) 7*, where

Vi (1) = % (azcz)) : (2.48)
! o

v
If one considers the O (1) expansion of ¢ (7,v) having the form

¢ (r,7) = (1 =0,7) + (g‘f)TZOT +0(7?), (2.49)

then each order in the v expansion should yield a contribution to the orders O (TO)

and O (7). Expanding the 1); coefficients up to O (7) yields these contributions as

2 (5.

1=0

(7,7) = i% (T=0)7 + T+ 0 (). (2.50)
1=0

Thus, unless ¥; (1 = 0) and (%ﬁl) , are zero, each order in the v expansion yields a
T=
contribution to the O (1) expansion of ¢ (7,7). However, for f (,7), the proposal is
that ; ( = 0) and (%1&) , Are zero for i > 2. For example, from (2.6), the O (v?)
T =

of f (7,7) can be obtained as

det + v



To calculate ¢ (7 = 0) and (%) o let us write

T=

_ + r+0(r?), (2.52)
C(T) d(’i‘) 0 ag C1 dl

where the zeroth order has the maximally symmetric structure (2.46). Then, 12 (7 = 0)

and (%)720 become
1 1
o (1=0) = g’YQ (a0 + ag)® — Z’YZ (a% + a%) =0, (2.53)
and
0o 1,
(37)70 =17 (a0 + ao) (a1 + d1)

1
- 572 (apar + bico + bocr + apdr) = 0, (2.54)

where we have given the details of the calculations to show the effect of the maximally
symmetric background for which the diagonal terms have the same value and the off-
diagonal ones are zero. In addition, the special form of O (7?) term of f (7,7) is also
crucial to get these results. Note that for the flat background, these forms are also
zero [actually this is true for any functional form ¢ (7,7)], since the zeroth order in

(2.52) is a matrix whose entries are just zero. In addition, around the flat background

for any ¢ (7,7), all the ¢; (1 =0) and (%ﬁﬂ _, are zero for 4 > 2. Therefore, as
we show below, around the maximally symmetric background, the specific functional

form of the square root of the determinant yields the same behavior.

Now to verify the equivalence, let us obtain the O (7) expansions of f (7,v) and g (7, 7).
By using (2.52), the O (1) expansion of g (7,7) can be found as

g(1,7) = (1 +7ao) + %’YT (a1 +dy). (2.55)

Then, employing (2.52) in f (7,7) yields

1 0 ap +T1a Tb
det + ’ ! ! + 0 (7?)
0 1 TC1 ag + Tdy
(1+ yao) |det T LU ()|, (2.56)
= 0 Y N
0 1 (1 + ’YCL()) C1 d1
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where we assumed (1 + vag) > 0 and by using (2.6), the O (1) expansion of f (7,7)

becomes

f(ry) = (1 +vao) 1+;(1 il (a1+d1)+0(72>}

+ 7a0)
1
= (14 yao) + T (a1 +d1) +0O (7'2) , (2.57)

which is the same as the O (7) expansion of ¢ (7,7) in (2.55). Therefore, in the
expansion of f(7,7), the terms beyond O () do not contribute to the terms in the

O (7) expansion of f (7,7).

To understand why the 7 expansion of f(7,7) is in accord with the + expansion
of f(7,7), let us take a closer look at (2.56). For the maximally symmetric zeroth
order term in (2.52), due to the determinantal form, one can extract the overall factor
(14 ~ap) and, in D dimensions, this factor becomes (1 + 'yao)D/Q. Then, in the 7
expansion of the square root of the determinant, the n'" order in 7 has the factor
Y (1 +vao)”

overall factor, the O (7") terms have the factor of v" (1 + yao)

" and this is the case in any dimensions. Therefore, together with the

D/2=n and once the
power (D /2 — n) is zero or a positive integer, only the terms up to O ('yD/Q) in the

expansion yield contributions to the terms in the 7 expansion up to O (7).

This analysis has implications on the interacting level of BI gravities. For D = 4
although the BI gravity and its O (A2) expansion have the same spectrum around the
same maximally symmetric vacua, they are different at the interacting level [O (h?)
and beyond]. On the other hand, for D = 6, the BI gravity and its O (A3) expansion
not only have the same spectrum around the same maximally symmetric vacua but
also the same cubic interactions, and the higher even dimensional interaction level

equivalences follow similarly.

2.1.3 Unitarity analysis of BI gravity A,, = aR,, in D =4

In this subsection, the techniques we developed for analyzing the unitarity of the
BI gravity theories are applied to a specific theory which is the four-dimensional BI

gravity with A,, = aR,,, whose action reads

= ;/d% [\/— det (g + aRpm) — (aho + 1) V4| | (2.58)
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and the theory is nonunitary even around the flat background. This theory is the
simplest BI gravity, so it provides a suitable example to demonstrate the canonical
way to analyze the unitarity of a specific BI gravity around the (A)dS background
by first finding the vacuum through the O (h) action and then finding the O (h?)
action describing the free theory. In addition, the spacetime dimension is chosen as
four to employ the O (h) and O (h2) level equivalence between the BI gravity and its
0 (A2) expansion. Since A,, = aR,,, the A expansion is nothing but the curvature

expansion in aR. By using (2.23), the O [(aR)Q} expansion of (2.58) becomes

1 O - v 1o
which has the same spectrum around the same (A)dS background as the four-dimensional
BI gravity (2.58). The field equation for the (A)dS background can be found as A = Ay

by using the field equation for the (A)dS spacetime for the generic quadratic curvature

gravity theories given in [15].

One can decide on the unitarity of the four-dimensional BI gravity (2.58) around the
(A)dS background by analyzing the unitarity of (2.59) around the same background.
For generic quadratic curvature theories, the spectrum and its consistency are well-
studied for the flat background [2] and for the (A)dS background [15]. From the flat
spacetime limit [2] and from the pole structure in the tree level scattering amplitude
around the (A)dS background [15], one knows that the existence of the terms R R},
and R? in the action (2.59) indicate the presence of the massive spin-2 and massive
spin-0 modes, respectively, in addition to the massless spin-2 Einstein mode.? The
unitarity of the massless spin-2 and the massive spin-2 modes are always in conflict,
since the modes have kinetic energy terms with opposite signs. Thus, the quadratic
curvature gravity (2.59) is nonunitary due to massive spin-2 ghost mode. Since (2.58)
and (2.59) have the same spectrum around the same (A)dS background, the BI gravity

theory is also nonunitary around its (A)dS vacua as expected.

The unitarity analysis of the four-dimensional BI gravity (2.58) around its (A)dS vacua
is significantly simplified by use of the O (h) and O (h2) level equivalence between
(2.58) and (2.59). However, if the O (R?) terms exist in the A tensor, then the A

expansion differs from the curvature expansion and the O (A42) expansion of (2.58)

2 If the couplings of the terms BRUR], and aR? are related as 4 (D—-1)a+ DB = 0, then the
massive spin-0 mode can be eliminated from the spectrum [15].
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does not yield a quadratic curvature gravity; instead, it also involves the cubic and
quartic curvature terms. Hence, to analyze the unitarity for the cases in which cubic
and quartic curvature terms appear in the O (AQ) expansion, one needs to use other
techniques such as calculating the O (h) and O (h?) actions explicitly for the cubic
and quartic curvature terms or the method of Hindawi et al [35] discussed in the next

section.

Now, we analyze the unitarity of the four-dimensional BI gravity theory (2.58) by
finding the O (k) and O (h?) actions via (2.18) and (2.21), respectively. Following the
procedure, first we need to find flw,, Af}u), and AELZ,,) which are simply le = alAgu

implying a = aA, A,(“,) = aRl  and ALQV) = ozR,(fV) , and the explicit forms of Rﬁy

g
and R( ) are given in the Appendix A. Then, to find the (A)dS vacua, one needs to

calculate the O (h) action (2.18), and using a = oA and the explicit form of Ruw
(2.18) becomes

ia /d%; Vg [a (i an) T, (Voh — THR) (A - Ag)h].  (2:60)

After dropping the boundary term, the O (h) action is zero for arbitrary h if and only
if A = Ao which is the field equation for the (A)dS background. Now, turning to
the O (h?) action (2.21), for the four-dimensional BI gravity theory (2.58), the O (h?)

action takes the form
2
Iogey = —— [ d*z /= { 73"’ R, RLg O‘Z (Rr + Ah)?
1
— (1+aA) g™ RZ) + aht” [RL S0 (R + AR)

+ %AO (h2 - 2h5h;) } (2.61)

where the integrals of the terms g“ag”BRL RLB and g””REW) are calculated in the

Appendix B as

/d4x\/ 99" g"° R}, RLy = —f/d4x\/ ght
% (G0~ V¥ + Agu) Rr
- 2A
+ (Dgﬁy - 3g,uuRL)
_4A A 8A2

7RL + 5 9wRr + 3

ol (262
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and

—_ 1_ A
/d4x 1/—gg#VR£2V) *7/d4x v/ —ght* <2 o~ ZgijL — 49/wh> . (2.63)
Here, g and Ry, represent the linear orders in A for the cosmological Einstein tensor,
Guw =Ry — §gWR+AgW, and the scalar curvature, respectively. With these results,

the O (h?) action becomes
1 a  2a2A a? 2A
T - = 4 — - Qv = a4 L = ( L = 5 )
O(h?) aﬁ/d T 4/ g{h [(2 + 3 ) QW 1 Dg 3 9u RL

- % (A= Ao) (h? — 2hth) } (2.64)

where the first line is in a background gauge-invariant form (upon use of VMQ“ Y =0),

while the second line is not. However, once the terms in the O (h?) action other than
the term <h2 — 2h,‘jhz> are put in a background gauge invariant form, the coefficient of
the term (h2 - 2hﬁh;) takes the form of the field equations for the (A)dS background
which is A = Ag in our example. Then, upon use of A = Ag, the O (h?) action takes

its final form which is background gauge invariant as
Iom2y = — i dz\/— g
O(h?) kK

2
X hHV [(a + 2a AO) gﬁy _ o (DgL — 2A0gWRL>] , (2.65)

2 3 3

from which one can find the linearized field equations by taking variation with respect
to hy,. Since the operators in gﬁy and Ry are self-adjoint operators, the linearized

field equations simply become

(1 n 4O‘A°) Gk, — % (Egjy _ 2o g,wRL) -0, (2.66)

3 3

and these equations are the same as the linearized field equations of the O [(OCR)Q}
action (2.59), which can be found by using the linearized field equations of the generic
quadratic curvature gravity given in [31, 32, 15]. By using the results of [15], one can
figure out that the linearized field equations represent the same spectrum with the
massive spin-2 ghost mode as depicted above. The linearized cosmological Einstein
tensor Q/fy indicates® the existence of the massless spin-2 mode, while the presence

of the form (E! — m2) Qﬁy = 0 in (2.66) implies the existence of the massive spin-2

3 Note that to actually work out the spectrum, one must find the wave type equations of the
microscopic fields (such as the physical parts of h,.,) not on derived fields such as Qﬁu.
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mode whose propagator comes with the opposite sign compared to the Einstein mode,
that is a ghost. In addition, the trace of (2.66) has the form (E — m2) Ry, = 0 which

implies the existence of the massive spin-0 mode.

We used two techniques of analyzing unitarity in the example of the four-dimensional
BI gravity (2.58). First, the O (h) and O (h?) level equivalence between the four-
dimensional BI gravity and its O (A?) expansion is used and due to the absence of
the O (R?) terms in the A tensor, the O (A%) expansion yields a quadratic curvature
gravity theory from which we can decide on the unitarity of the theory. Secondly,
the unitarity of the four-dimensional BI gravity is discussed by finding the O (h) and
O (h?) actions. Although the first technique is specific to the rather restricted class
of the four-dimensional BI gravity theories defined with an A tensor that is linear in
curvature, the second technique can be applied to any BI gravity in any dimensions

by following the same procedure.

Now, let us discuss the cancellation of the O (h?) contribution coming from the
0 [(aR)ﬂ of the four-dimensional BI gravity (2.58), although the results we obtained
so far is sufficient to prove it. The main reason for this discussion is that the proce-
dure that we follow to explicitly verify this cancellation is applicable to cases when
the O (A?) expansion of a four-dimensional BI gravity involves cubic and quartic cur-
vature terms. In addition, when the higher even D-dimensional equivalences are used,
again higher curvature terms appear in the O (AD / 2) expansion, and these terms can

be analyzed in the same way.

To find the O [(aR)S} expansion of the four-dimensional BI gravity (2.58), we need
the cubic order in the expansion of y/det (I + M) which is

( det (I + M)) = éTr (ar%) - éTr (312) TeM + % (TeM)?, (2.67)

®3)

and using this result one can find the O [(aR)S} expansion of (2.58) as

1 o a?

where K and S are defined as

1
~R*  S=8RLROR! - G6RR,R" + R’ (2.69)

KERﬁRZ—Z
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We obtain the O (h?) action for the O [(aR)S] action (2.68) to show the cancellation
of the O (h?) contribution coming from the O [(aR)S} terms. In calculating the O (h?)
action for the generic BI gravity, we expanded the action in h; however, following this
path for (2.68) is rather cumbersome. Instead, we find the field equations for (2.68),
then linearize them in h. Once the linearized field equations are found, we use the
self-adjointness of the operators appearing in the linearized field equations to obtain

the O (h?) action for (2.68).

The field equations for the O [(aR)S} action (2.68) can be found as

1 « a?
=~ [(R—2M0) — SK + 28| gy + R
o o 1
+5 [RRuw = 2RaeuR™ — O Ry — SR
a 167 (6% 167
+ 5 (2R Rpa B3 + |90 VaVs (RPRS) + OV (RER,,) — 2VaV, (RORS) )
2
«
+ 5 ([waw (RR%) — g, VoV (RRW) O (RRW)} - 2RR,€RM,)
2
az (90 = Vo V) + Ry (R% - R2> (2.70)

If the Ricci tensor for the (A)dS background, that is, R, = Agy, is put in (2.70), one
can rederive A = Ag. By using the variations given in Appendix A.2, the linearized

field equations can be calculated as

0= (1 3 ) Gur =5 (Dg“” I g“”RL> @™

which is the same as (2.66). Here, the linearization of the terms originated from the
cubic curvature terms in (2.68) remarkably cancel each other. Since Qﬁy and Ry, are
self-adjoint operators, one can obtain the Lagrangian density of the O (h2) action
by simply multiplying the linearized field equations with h,,. The overall factor for
the O (h?) action can be fixed by considering that the O (h?) action of the Einstein-
Hilbert action [d*z\/—g (R —2A¢) is —3 [ d*z \/=gh**G,, and one finally obtains
the O (h?) action for the O [(aR) } action (2.68) which is the same as (2.65). By
following the same procedure, the higher curvature terms appearing in the O (AD / 2)
expansion of any even D-dimensional BI gravity can be analyzed. However, with

increasing order of curvature the analysis becomes more involved.
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2.2 Equivalent Quadratic Curvature Actions

In this section, we present another method to analyze the unitarity of the BI gravity
theories. This method is developed by Hindawi et al [35] and it is not restricted
to the BI gravity theories only. Any higher curvature gravity theory based on the
contractions of the Riemann tensor, but not its derivatives, can be analyzed by this

method.

The method is based on the construction of an equivalent quadratic curvature action
which has the same vacua and the same spectrum as the higher curvature gravity
theory whose spectrum and its viability are under investigation. Let us consider a
generic gravity theory having the Lagrangian density £ = /—g f (Rg;’ ) and construct
the equivalent quadratic curvature action for this theory. We specifically choose the
Lagrangian density to depend on the Riemann tensor with two up and two down
indices because with this form of the Riemann tensor, any higher curvature scalar can
be constructed without the need for metric or its inverse. Furthermore, RfY has the
form REY ~ 686, — 0k 0} for the (A)dS background and the absence of the background
metric g, and its inverse in this form simplifies the calculations of the equivalent

quadratic curvature action.

The spectrum of the f (Rﬁg) theory around the (A)dS background is analyzed by
expanding the action [dP”z £ in the metric perturbation h,,. The O (h) term in
this expansion determines the (A)dS vacua, while the O (h?) term represents the free
theory of excitations in the spectrum. In calculating O (k) and O (h?) actions, only
the up-to-O (h?) expansion of f (Rgg) is required. Therefore, two gravity theories
having Lagrangian densities £; = /=g f1 (ng},’) and £1 = /=g fa (R%) can have
the same spectrum around the same background if the expansions of f; and fy in A

are the same up to O (h?).

Now, let us consider the Taylor series expansion of f (R%) in curvature around the
(A)dS background as
1| of )
22 N uy _ puv
po

Note that as the expansion is around the (A)dS background, the tensorial structures of

ﬁg},’ and the derivatives calculated at the background consist of only Kronecker deltas.
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At this point, it is simple but important to observe that expanding (R% — Rﬁ;’) in h

yields a linear term in h at the leading order as

Ry — Ry == (Ryy) |+ (R) , +0 (7). (2.73)

so if one expands the it order of (2.72), then the leading order in h is O (h?) as
v DLV @ 1 v ‘ i+1
(R - Ra) =1 [(Rlpﬁ,)m] +0 (7). (2.74)

This observation implies that the up-to-O (h?) expansion of f (Rgg) involves contri-
butions coming from the first three terms of (2.72); therefore, by truncating (2.72)
at i = 2, one can define a new function which has the same O (h?) expansion as f.

This truncation yields a quadratic curvature theory for an (A)dS background with the
action [dPxz /=g f quad-equal (R;;g ) where

] vy
=0 v RPU)

2 7 i
fquad—equal (RZJ;) = Z l L}(af] B (R% - Rﬁ;) ) (275)
RbS

and by definition, this theory has the same (A)dS vacua and the same spectrum as
the original theory with the action [dPz\/—g f (R//fg) Once (2.75) is calculated for

a given f, in the final form one obtains
1 -
fquad—equal (R%) :E (R — 2A0>
+aR? + BRER, + 7 (RO RIS — ARURL + R?),  (2.76)
where the couplings depend on the parameters of the original theory defined by f and
the effective cosmological constant A. Furthermore, the function f may depend on

the Ricci tensor R¥ and in such a case, although it is still valid to use (2.75), it is

more convenient to use

2 i i
fquad-equal (Rff) = Zl l 8 f ] ) (Rff — Rff) s (2.77)
‘ R

which follows from the same observations and is equivalent to (2.75). Note that for
this case, fquad-equal (Rf) does not involve the Gauss-Bonnet combination in the final

form.

After finding the equivalent quadratic curvature action [ dPz —9 fquad-equal (R;;;; )
from (2.75), the (A)dS vacuum can be found and the spectrum around this background

can be analyzed by using the results of [15]. To have a unitary theory in D > 3, the
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unique criterion is the absence of the term R Ry in the equivalent quadratic curvature
action. To sum up, to analyze the unitarity of a higher curvature gravity theory, the
method of finding the equivalent quadratic curvature action is quite efficient because
one just needs to use (2.75) without any need to do an expansion in h and to find the

field equations.

To find the equivalent quadratic curvature action for a Bl gravity theory, one may
follow different ways. The immediate option is to work with the BI action in the
original determinantal form as we do in this work. On the other hand, one may
rewrite the determinant in terms of traces by using the exact trace expansion of the
determinant which are specific to each dimension. For example, in [6] the unitarity of
BINMG and in [5] the equivalent quadratic curvature action for the four-dimensional
BI gravity defined with A,, = aR,, are studied by use of the exact trace expansions.
In addition, if the spacetime is even D-dimensional, one can use the O (h) and O (h?)
level equivalences between BI gravity and its O (AD / 2) expansion. Then, the higher
curvature gravity theory resulting from the O (AD / 2) expansion can be used to find
the equivalent quadratic curvature action for the BI gravity theory. In [5], for example,
the unitarity of the four-dimensional BI gravity theory proposed by Deser and Gibbons
is analyzed via the O (AQ) expansion of the theory. Note that, with the increase in the
number of dimensions, the number of terms in the exact trace expansion and in the
0O (AD / 2) expansion increase, and if in addition the A tensor has a complex form, then
the use of the exact trace expansion and the O (AD / 2) expansion become elaborate

compared to the use of the original determinantal form.

For a generic BI gravity theory, let us provide general formulas that are useful in
calculating fquad-equal Via (2.75) or (2.77). To find fquad-equal, One needs to calculate
the (A)dS background values for the matrix function y/det (65 + A?) and its first and
second derivatives. First, the background value of y/det (5,’3 + Aﬁ) is

Jdet (00 +40) = (1+0)%, (2.78)

where @ is defined by A? = ad? as before. Then, by using det N = exp (Tr (InN)), the
first and second order differentials of y/det (67 + A7) have the form

9 < det (52 + A,’i)) _ % det (35 + AL)C20A], (2.79)
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and
32< det (55+A5)> _
1 1 2
5V det (67 + A) {03@2,4} - CyCr (049) 047 + 3 (C2043) ] . (2.80)

where CA? represents the inverse of (5,;\ + A,AY) and for the differential of C' we use
0C = —C (0A)C. Note that one may not find the explicit form of the C tensor
for a given A tensor, and in fact, even for A,, = aR,, it is not possible to find an
explicit form. However, just the (A)dS background value of the C' tensor is required to
calculate the background values for the first and second derivative of y/det (65 + A2),
and one can calculate it as

C)=(1+a) "6 (2.81)
Note that the matrix (I + A) becomes singular for a = 1, and we have already assumed
that @ 2 —1. In the absence of the specific definition for the A tensor, there is no
need to further study the background values of (2.79) and (2.80) by employing (2.78)
and (2.81).

To find fquad-equal for a specific BI gravity theory, one needs to find a and needs to
calculate the first and second derivatives of the A tensor with respect to the Riemann
tensor, RY , or the Ricci tensor, RY, depending on the form of A. Then, the formulas

(2.78)—(2.81) are enough to work out fquad-equal for the BI gravity theory.

In the following two subsections, we apply the method of equivalent quadratic curva-
ture action in the example of the four-dimensional BI gravity defined by A, = aR,, .
We first find the equivalent quadratic curvature action for the O [(aR)g] expansion

of the theory, then we consider the theory to all orders in curvature.

2.2.1 Analysis of cubic order of BI gravity A,, = aR,,

For even D dimensions, the O (h) and O (hQ) level equivalence between BI gravity and
its O (AD/ 2) expansion may yield higher curvature actions. To develop techniques
for analyzing these cases, in Sec. 2.1.3, we consider the example of the O [(aR)S}
expansion of the four-dimensional BI gravity with the A tensor A,, = aR,,. In this
subsection, we analyze the same example by finding the equivalent quadratic curva-

ture action. As we demonstrate, analyzing the unitarity via the equivalent quadratic
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curvature action is more efficient than the technique applied in Sec. 2.1.3 where we

find the vacua and calculate the O (h?) action by use of the field equations.

Now, let us calculate the equivalent quadratic curvature action for the O [((XR)S}

action (2.68). To calculate fquad-equal (RE), it is better to use (2.77) whose expanded

form is
Jquad-equal (RY) =f (Rﬁ) + a?éfg] ~ <Rg o Rg)
R}
o3 [oneam) (- R) (=) e

The function f (R¥) for the O [(aR)ﬂ action (2.68) is

le 1
MY =R —2Ag — — LRV — — R?
f(RE)=R 0= 5 <RVRM 2R>

2
— v v 3
+ 53 (SR/‘;RﬁR# ~6RURUR + R ) . (2.83)

One needs to calculate the background values for f and for its first and second order

derivatives which turns out to be

f (Rﬂ;) — 4A — 2Ag + 2aA2,

[;ﬁfa] = (1+ah) 4, (2.84)
B 1RH
0% f ] @
= — (6968 —25557) .
14 oY « «
[8R03R6 A 2 ( P P )
Using these results in (2.82) yields fquad-equal a8
wy a (o Lo
fquad-equal (Ry> =R- 2AO - 5 RVRM - §R y (285)

which is the same as f (RH) up to the quadratic curvature order. This is an expected
result, since we know that the O [(ozR)g’] terms of the four-dimensional BI gravity

defined by A, = aR,, do not yield O (h) and O (h?) contributions.

The spectrum and the vacua of the O [(ozR)?’} action (2.68) are determined by the
equivalent quadratic curvature action, [d”z/—g fquad-equal (RY).  The equivalent
quadratic curvature action is the same as the O [(aR)ﬂ expansion of the four-dimensional
BI gravity defined by A,, = aR,,, given in (2.59) whose spectrum and vacuum were

analyzed in Sec. 2.1.3.
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As revealed by this example, using the method of equivalent quadratic curvature action
for the higher curvature gravity theories originated from the O (AD/ 2) expansion
of the even-dimensional BI gravity theories is straightforward and less demanding

compared to explicit computation of the O (h2) action of the O (AD / 2) expansion.

2.2.2 Analysis of BI gravity A, = aR,,

Now, using the formulation given in (2.78)—(2.81), we analyze the unitarity of the
four-dimensional BI gravity theory defined by A,, = aR,,. From the action of the
theory (2.22), f (R!) can be defined as

F(RY) = % [ det (52 + aRL) — (aho + 1)} . (2.86)

To calculate fquad-equal (RY), first one needs to find the (A)dS background values of the
A tensor, and its first and second derivatives. For A,, = aR,,,, the background values
of the A tensor and its first derivative are simply A? = aAd2 and A} /ORG = 55’;55 ,
while the second derivative is zero. Employing these results in (2.78)-(2.81), one
can calculate the background values of f (RY), (2.86), and its first and second order
derivatives, and they turn out to be the same as (2.84) which are calculated for the

O |(aR)?| expansion of (2.86) given in (2.83). Thus, fouad-equal () of (2.86) is the
same as (2.85).

The equivalent quadratic curvature action, [dPx V=9 fquad-equal (RY), for the four-
dimensional BI gravity defined by A,, = aR,, is the same as the O (A?) expansion
of the BI gravity given in (2.59), since the A tensor is simply linear in curvature. As
discussed in Sec. 2.1.3, the appearance of the term R} R}, in the equivalent quadratic
curvature action (2.59) implies that the four-dimensional BI gravity defined by A, =

alR,, is nonunitary due to the massive spin-2 ghost in the spectrum.

So far, the unitarity of the four-dimensional BI gravity defined by A,, = aR,, is
analyzed in three ways: using the equivalence between the BI gravity and its O (A?)
expansion, using the O (k) and O (h?) actions of generic BI gravity, and finding the
equivalent quadratic curvature action. The first way is the simplest way; however, the
simplicity of this way is due to the linearity of A in curvature and the fact that we

worked in four dimensions. In generic even D dimensions, for an A tensor involving
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higher orders in curvature, one needs to analyze the O (AD / 2) expansion of a spe-
cific even-dimensional BI gravity by finding either the equivalent quadratic curvature
action or the O (h2) expansion for the O (AD/ 2) action. On the other hand, the
other two methods involve straightforward calculations; however, finding the equiva-
lent quadratic curvature action is less involved compared to the use of the O (h) and
O (h?) actions, where one needs to find the O (h?) expansion of the A tensor and needs

to rewrite the O (h?) action in a manifestly background gauge invariant form.

2.3 Unitarity analysis of Born-Infeld Gravity Proposed by Deser and
Gibbons

So far, we have worked on the basic example of the four-dimensional BI gravity defined
by A, = aRy,,, which is not unitary around flat and (A)dS backgrounds simply due to
the appearance of the Ry R} in the O [(aR)Q} expansion (2.59). To cure the unitarity
around the flat background, one needs to add specific O (RQ) terms to the A tensor
such that the quadratic curvature expansion of the BI gravity takes the form %R +
aR?+~ (R‘p‘gRﬁj‘, —4RJR; + R2>, where either « or v or both can be zero. One of the
alternatives is taking the A tensor in the form A, = aR,, + 0‘72 (R“,,Rﬁ - %RRW) as
proposed by Deser and Gibbons [8]. With this choice of the A tensor, the BI gravity

theory

2 ? 1 /=g

has the quadratic curvature expansion in the form %R; therefore, it is a unitary
theory around the flat background with a massless spin-2 mode. Note that to have a

flat background Ag is taken to be zero.

In this section, we analyze the unitarity of this theory around the (A)dS background
and it turns out to be nonunitary. Any one of the techniques we have developed can
be used to analyze the unitarity of the theory. In [5], the O (A2%) expansion of (2.87)
is found which is known to have the same vacua and the same spectrum as (2.87).
Then, the O (A2) action of (2.87), which involves cubic and quartic curvature terms,
is analyzed by finding the equivalent quadratic curvature action. One can also use

the O (h) and O (h2) actions of generic BI gravity to determine the vacua and the
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free-theory of (2.87). Here, we prefer to find the equivalent quadratic curvature action

directly from (2.87) by using the formulation given in (2.78)—(2.81), so from (2.87)
f(RY) is

2
f(Rry) = % [\/det {55 +aRl+ % (RﬁRﬁ — ;RRﬁﬂ —~ 1] : (2.88)

To find fquad-equal (R%), first the background values of the A tensor and its first and

second order derivatives should be calculated, and they become

- 1
Al = (aA — 2a2A2> &3
A |
BR%] —a (5355 - 4aA5g5§> , (2.89)
7
82A}: Oé2 o o B 1 o 1 o B
laRfiaRg] % (520755 + 30288 — 302805~ 307808

and from AX the value of a is a = aA — %aQAQ. Then, employing these results in
(2.78)—(2.81), one can find the background values of f (RY) and its first and second

derivatives as

¥ (Rﬁ) — 4A — 202A3 + %a?’A‘*,

3f] < 3 942, 1 3 3)
~| = (1-a®A+ -aPA%) 68, (2.90)
[8}25 a2 2 2

an ] 2 1 B so B 5o
Py :aA(l—aA> 8,00 — 0569 ) .
l@RgﬁRﬁ e 2 ( P P )
With these results, one can find fyuad-equal () via (2.82) and the equivalent quadratic

curvature action, [dPx/—g fquad-equal (RE), for (2.87) takes the form

Iquad—equal = /d4$\/jg [; (R — 2A0) + aR? + BRﬁRZ:| , (2.91)
where
2=1 (1 1 3a2a2 a3A3> L Re=12 (a2A3 3a3A4> :
K K K 4
~ 2A 1 -
G = 0‘27 (1 — 2aA> . a=-p (2.92)

Now, let us determine the vacua and the spectrum of the BI gravity proposed by
Deser and Gibbons (2.87) via the equivalent quadratic curvature action (2.91). In
four dimensions, the vacua of (2.91) satisfies A = Ag [15], so one gets

042/\3 a3A4

A
Ty T

0, (2.93)
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where clearly the flat background A = 0 is a solution. There is another real solution for
(2.93) whose explicit form is not particularly illuminating, but it has the approximate
value A &~ 2.59/a. For A = 0, (2.91) reduces to R by construction, while for the
(A)dS background it takes the form

Luadeequal = / d%ﬁ{ <3+ a2A2> (R—QA)—K(R“R” RQ)}, (2.94)

by use of (2.93). Since the coefficient of R in (2.94) is negative, x should also be
negative to have a unitary massless spin-2 mode. However, due to presence of the
term RUR) for any value of A, we know that there is a massive spin-2 mode in the
spectrum whose unitarity is in conflict with the massless spin-2 mode. Therefore, the
BI gravity theory (2.87) is nonunitary around the (A)dS background, although it is

unitary around the flat background.
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CHAPTER 3

BORN-INFELD EXTENSION OF NEW MASSIVE
GRAVITY

Born-Infeld extension of new massive gravity (BINMG) is the most remarkable ex-
ample of the Born-Infeld gravity theories alas in three dimensions. BINMG possesses
interesting properties such as it is unitary around flat and (A)dS backgrounds [6], it
has constant scalar curvature Type-O, Type-N, and Type-D solutions which are the
same as the solutions of cosmological topologically massive gravity (TMG) [7], and it
has two simple holographic c-functions one of which is the same as the holographic
c-function of Einstein’s gravity [4]. In this chapter, after discussing the construction

of the theory, we study these properties of BINMG in detail.

3.1 Constructing the Born-Infeld extension of New Massive Gravity

In this section, we discuss the idea underlying BINMG and construct its action.
As discussed in the previous section, the unitarity of a BI gravity theory around
the flat background is determined by only the quadratic curvature expansion of the
BI gravity theory. The appearance of the terms ﬁR‘,jRZ and aR? in the quadratic
curvature expansion implies the existence of the massive spin-2 and massive spin-0
modes, respectively, except for the specific parameter values satisfying the relation
4(D —1)a+ DB = 0 and once this relation is satisfied, the spin-0 mode is eliminated
from the spectrum [15]. The unitarity of the massive spin-2 mode is in conflict with
the Einstein mode, while the unitarity of the spin-0 mode is in accord with the Einstein

mode. Therefore, to have a unitary BI gravity theory, the quadratic curvature expan-
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sion of BI gravity should be in the form £ R+a R+ (R RYS — ARLRY, + R?).! How-
ever, in three dimensions an interesting opportunity appears. The three-dimensional
Einstein-Hilbert action does not have a propagating degree of freedom; therefore, it is
possible to resolve the unitarity conflict by eliminating the spin-0 mode via adjusting
the relative coefficients of the SRR}, and aR? terms as 8o+ 33 = 0, and by introduc-
ing an overall minus sign to the quadratic curvature gravity action to make massive
spin-2 mode nonghost. The resulting theory is new massive gravity (NMG) [11, 12]
with the action

Invg = 12/d3x\/7 [R + % (wa — 3R2>} , (3.1)

K m 8

where the Einstein-Hilbert term has the wrong sign as compared to the four-dimensional
Einstein’s gravity and the overall sign of the quadratic curvature terms is fixed such
that the massive spin-2 mode is nontachyonic. Therefore, in three dimensions, there
is an additional option that to have a unitary BI gravity theory around the flat back-
ground, the quadratic curvature expansion of the BI gravity theory can have the NMG
form. Note that in higher dimensions the desired form of the quadratic curvature ex-
pansion, that is %R + aR? + vy (R%RZ,‘Z —4ARJR; + R2), can only be obtained by
having specific O (R?) terms in the A tensor (cf. Sec. 2.3) which are chosen such that
they cancel out the Rl R; term originating from the leading order terms in A, that
is Ay = a(Ruw + BSuw) + O (R?) where S, is the traceless-Ricci tensor. However,
in three dimensions due to NMG form involving the R R} term, there is not any
need to have the O (R?) terms in the A tensor, and the A tensor can take the simple

linear-in-curvature form of BINMG.

Now, let us construct the action of BINMG. Using the O (A?) expansion® given in

(2.23) for the three-dimensional generic BI gravity

2 3
=2 /d v [\/— det (g + Apy) — Fg} , (3.2)
one can get the quadratic curvature expansion for A,, = o (R, + 5S,.) as

262 +46+3 , } (3.3)
6(1+ ) ' '

To obtain (3.1) from (3.3), first there is a need for an overall minus sign, then the

1 1
IO(RQ) = ; /dgl' vV —g {R — QO[ (1 +5)2 RgRg —

dimensionful a parameter should take the value a = 1/2m?, while the dimensionless

! The Gauss-Bonnet combination is identically zero in three dimensions.
2 Note that the form of the A expansion for BI gravity does not change with dimension.
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5 parameter can either be —3 or 1. For § = —3, one gets the BINMG action

4m?2 3 1
Ipinve = —?/d x |4/ —det <g,u1/ - mQGW) -9/, (3.4)

where G, is the Einstein tensor, that is G, = Ry, — %QWR. For 8 = 1, the BI

action takes the form

I= —‘T;/d% {\/— det [g,“, + % (RW = ég,WR)] = J?g} . (35)

Although both (3.4) and (3.5) reduce to NMG at the quadratic curvature order,

BINMG has a more appealing form with the appearance of the Einstein tensor in
the action. In addition, more important than the elegancy of (3.4), the curvature
expansion of BINMG reproduces the cubic and the quartic curvature extensions of
NMG [22] that are originated from ideas based on AdS/CFT while (3.5) does not

yield a relevant higher curvature expansion.

As the quadratic curvature expansions of both (3.4) and (3.5) yield NMG, the theories
are unitary around the flat background by construction. We study the unitarity of
the two actions around the (A)dS background in the next section, but to consider
unitarity around (A)dS, first one needs to introduce the bare cosmological constant

simply as

4m? 1 A
Iginmvg = —%/dgl’ l\/— det (g;w - szW) - (1 - 20) \/—9] : (3.6)

This action obviously reproduces the cosmological NMG at the quadratic curvature

order and one can introduce higher curvature extensions of NMG by studying the
curvature expansion of (3.6). For example, the quartic curvature expansion of this

action can be found by using

o 1 s 1 )
det (I +M) =I + TeM + & (TrM)* = JTr (a2)

1 3\ 1 2 1 3

+6Tr(M ) —gTr(M )TrM+&(TrM)

— éTr (M4) + % [Tr (]\42)}2 + %TI" (MS) TrM

_%(TrM)QTr(MQ)—i— (M) +0 (M), (37)
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The following trace identities for the Einstein tensor are required for the calculation

« R v v 1 2
Ga - —5, G,U«Gl’j - RﬂRﬁ - ZR 5
I yalet vV pQo 3 v 3 3
G/szaGu = RleRaRy - iRuRﬁR + gR ) (38)
3 )
v yays o v pa pf vV pa v 2 4
GyGaGEG), = RURGRGR, — 2RYRCRIR + SRIRYR® — R

Using these identities, the quartic curvature expansion of BINMG becomes

O(R* 1 1 . 3
IBI(NM)G =3 /dgfﬁ \/—79{ — R—2\om® + W(RuRﬁ — §R2)
9 17
R mpr poa Y pr pp ' p3
+ 3Im4 (RvRaR# SR#RVR + 64R )
5!
v pa pfB Vv pa
S— [RL‘RaRgRM ~ 2RURLRGR (3.9)
19 1 2169
prvpup2 _ —(pvpe) _ 227 p4
+ g BRRLR 4(RHRV) xR ]}

which is the quartic curvature extension of NMG based on BINMG.

Now, let us compare (3.9) with the cubic and the quartic curvature extensions of NMG
[22] based on AdS/CFT considerations. In [22], it is shown that among the three-
dimensional quadratic curvature theories, NMG is singled out when one requires the
existence of a simple (in some sense simply integrable) (Zamolodchikov’s) c-function,
and following the same idea the cubic and the quartic curvature extensions of NMG
was introduced. Remarkably, the cubic curvature extension of [22] has the same
relative coefficients of (1, —9/8,17/64) as the cubic curvature order of BINMG in (3.9).
At the quartic curvature order, the set of relative coefficients of BINMG satisfies the
one-parameter family of conditions defining the quartic curvature extension of [22].
This remarkable match between the curvature expansion of BINMG and the extensions
of NMG that are based on the existence of the holographic c-theorem motivates the
search for a simple c-function for BINMG and it turns out that BINMG indeed has
a simple c-function which matches the one for Einstein’s gravity [4]. We discuss this

issue in the last section of this chapter.

BINMG (3.4) and its cousin (3.5) are the only unitary theories around the flat back-
ground for which the A tensor is linear in curvature. However, if one allows for the
O (RQ) terms in the A tensor, then it is possible to construct other three-dimensional

BI gravity theories which reduce to NMG at the quadratic curvature order and, in
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turn, which are unitary around the flat background with a massive spin-2 excitation.
For example, insisting on a A tensor which is formed solely by the Ricci tensor but
not the metric and the scalar curvature, that is A,, = aR,, + SR,,R., yields a

nonminimal BI gravity theory

4m? 3 1
I = —w/d‘ggp {\/— det |:guy + W (Rl“’ - WR;M;R5>:|

- (1 - ;’AO) \/fg}, (3.10)

which reduces to NMG when it is expanded up to quadratic curvature. Once the
metric and the scalar curvature are allowed to appear in the O (RQ) terms of the A
tensor, in addition to R,,R{, the terms gw,R%Rg, R, R, and gWR2 are the other
possible terms that can be considered as a O (R?) term. In the most general case, A
tensor consists of six terms, that are two linear and four quadratic in curvature terms,
and one may construct four-parameter family of BI gravity theories which reproduce

NMG at the quadratic curvature order.

3.2 Unitarity around (A)dS and central charge

In this section, we study the unitarity around the (A)dS background for BINMG
(3.4) and its cousin (3.5), and the BI gravity theory (3.10) which is a nonminimal
BI type extension of NMG in the sense that it involves quadratic curvature terms in
the A tensor. In [6], it was shown that BINMG and its cousin are unitary around
the (A)dS background both by calculating the O (h?) action directly and by finding
the equivalent quadratic curvature action by use of the explicit trace expansion of the
determinantal action. Here, we prefer to find the equivalent quadratic curvature action
from the determinantal form of the BI action directly via the formulation developed
in Sec. 2.2. Instead of finding the equivalent quadratic curvature action for BINMG
and its cousin separately, we find equivalent quadratic curvature action for the three-
dimensional BI gravity theory defined by the A tensor that is linear in curvature as
Ay = a(Ry, + S,w). In this way, it is shown that BINMG and its cousin are the
only unitary BI gravity theories of this form around the (A)dS background similar to
the case of the flat background. On the other hand, the nonminimal extension turns

out to be nonunitary around the (A)dS background. Therefore, the unitarity around
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the flat background does not suggest the unitarity around the (A)dS background (see
also Sec. 2.3 for the four-dimensional case), and the unitarity of BINMG and its cousin

around both the flat and the (A)dS backgrounds are totally nontrivial.

Before proceeding to the analysis on the BI gravity theories, let us first recapitulate
the unitarity of NMG around the (A)dS background, because to have a unitary BI
gravity theory around the (A)dS background with the massive spin-2 excitation, the
equivalent quadratic curvature action for the BI gravity theory should have the NMG
form as in the flat background case. The cosmological NMG theory has the action
I= 12/d3x\/?g [JR — Dgm? + — (RﬁRZ - 332)] , (3.11)
K m 8
where in addition to the bare cosmological constant A9, 0 = £+1 and w = +1 param-
eters are introduced because around the (A)dS background there are unitary regions
in the parameter space for both signs of the Einstein-Hilbert term and the parameter

m?. The field equation for the (A)dS vacua, R, = 2Am?g,,, of NMG is
WA + 40X\ — 419 = 0, (3.12)

and NMG is unitary around this (A)dS vacua when the two conditions

wA — 20 >0, (3.13)
and

20

m + A <0, (3.14)

are satisfied (see [12] for the detailed analysis of the unitary regions in the parameter
space). The former condition is required for the absence of ghosts, while the latter is
required to have a nontachyonic mode and it comes from the Breitenlohner-Freedman
(BF) bound [34] for AdS and the Higuchi bound [36] for dS. On the other hand, to
have a unitary CFT on the boundary, the central charge of the AdS cosmological
NMG, which is [12]

c= 23(53 (U—?) , (3.15)
should be positive. Here, £ is the AdS length defined by Am? = —1/¢2, and G3 is
the three-dimensional Newton’s constant, k> = 167G3. When (3.13) and (3.15) are
compared, it is obvious that the bulk and the boundary unitarity for NMG is in conflict

for any choice of the parameters. In fact, this conflict is one of the motivations for
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the extensions of NMG [22, 3]; however, this conflict is not resolved for the extensions

[22, 6]. We explicitly show this for the BINMG case below.

BINMG, its cousin, and the nonminimal extension of NMG are constructed with the
requirement that the quadratic curvature expansion of these theories match NMG.
In fact, the quadratic curvature expansion that is found by use of (3.7) (up to the
quadratic order) is nothing but the equivalent quadratic curvature action for the
background R;w = 0. Both the quadratic curvature expansion and the equivalent
quadratic curvature action are the Taylor series expansion in curvature for the BI
action around the flat and the (A)dS backgrounds, respectively. Thus, vanishing
effective cosmological constant limit? of the equivalent quadratic curvature action re-
duces to the quadratic curvature expansion. To have such a smooth limit for a small
(absolute) value of the effective cosmological constant |A| for the (A)dS background,
the equivalent quadratic curvature action for BINMG, its cousin, and the nonmin-
imal extension should have the generic form #((1 +cA) R R — 3(1+4dN) RQ) at
the quadratic curvature order. Here, ¢ and d are numbers that depend on the BI
theory. A BI gravity theory which has the quadratic curvature expansion in the NMG
form is unitary around the (A)dS background if and only if ¢ = d holds, which yields
# (14cA) (RZRﬁ — %RZ), so the equivalent quadratic curvature action has the de-
sired NMG form for the (A)dS unitarity. For arbitrary values of A, the idea is the same
with the obvious adjustment that (1 + ¢\) and (1 4 d\) are replaced with the func-
tional forms ¢ (\) and d (\) having the A — 0 limits )l\ig%)c (A\) =1and )l\ig%)d AN =1.

Now, let us move on to the calculation of the equivalent quadratic curvature ac-
tion for the three-dimensional BI gravity theory defined by the A tensor A,, =
a (R + BSw), so f(RE) has the form

F(RE) = %" [\/det 60 + o (RS + BSE)] — (sarom? + 1)} , (3.16)

where the o factors are introduced such that the form (O'R — 2)\0m2) is obtained
as in the NMG action (3.11) when (3.16) is expanded in curvature around the flat
background. To calculate fyuad-equal (%), one needs to find the (A)dS background

values of f (RY) and its first and second order derivatives, and they can be calculated

3 This limit requires that the bare cosmological constant should also vanish.
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through the use of the formulation in (2.78)—(2.81) as

f (R,‘j) = 207 {( + 2aAm ) i (O'Oé)\ng + 1)} ,
laﬁf}] = (1+ 2a)\m2)1/2 52, (3.17)
[8R?€2§Rg] e (1+20xm?)

(o2 1 g
x [(1 +8) 8007 - < (262 +45 +3) 5@54 .
Employing these results in (2.82) yields fquad-equal (Rf) for (3.16) as
—1/2

2
fquad-equal (Rllj) = - = |:O'Ol)\07n2 +1-— (1 + 20[)\7712)
(6%

X (1 + aim? — ;aQ)\zmA‘)]

2
+ (1+20am?) Y (o +caxm?) R (3.18)
1 1/2
—3 (1 + 2aAm )
26% 4+ 4
x oa (14 B)? RﬁRz_B""—ﬁt?’ 7
6(1+73)

whose A — 0 limit (with ¢ = 1) matches the quadratic curvature expansion (3.3).
To have the quadratic curvature terms in the NMG form as RUR;, — %RQ, the pa-
rameter S can only take the values —3 or 1, which are the values for BINMG and
its cousin, respectively. Therefore, BINMG and its cousin are the only (A)dS unitary
BI gravity theories in the form A,, = a (R, + 8Su), if they satisfy the unitarity
constraints corresponding to (3.13) and (3.14). Then, after putting o = —5° value
and either one of the 8 values in (3.18), the equivalent quadratic curvature action,

% [d3z /=g faquad-equal (RY), for BINMG and its cousin can be found as

Tquad-equal = / dB3x/—g {O’R —2m*N\ + —5 (R2 - RQ)] (3.19)

where, for o\ < 1,

1
(U_f)‘> 1 )\2
=2l Xg=A—24———(2—0r-"-],
7 V1—o0o) 0 0 \/1—0)\< 7 4
1

= (3.20)

Thus, the equivalent quadratic curvature action for BINMG and its cousin is in the

cosmological NMG form (3.11) with redefined parameters. As BINMG and its cousin
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have the same equivalent quadratic curvature action, curiously they have the same
vacua and the same spectrum which can be determined via (3.19). The vacuum
equation, the unitarity constraints, and the central charge for (3.19) are the same as

the ones for the cosmological NMG, but in terms of the tilded variables.
To find the (A)dS vacua of BINMG, one needs to solve
DA%+ 46\ — 4N = 0, (3.21)

and using (3.20) it becomes

1
VI—oX=1- 3k, (3.22)

which requires A9 < 2, then taking the square of the equation yields the effective

cosmological constant for BINMG and its cousin as
1
A=0)\g <1 — 4)\0> , Ao < 2. (3.23)

This result is found through the field equations in [4, 23] and from the equivalent linear
curvature action, which is the equivalent theory of BINMG with respect to vacua, in
[6]. Note that BINMG has a unique vacuum as opposed to double vacua of NMG,
and for 0 = —1 (0 = 1) there is a minimum (maximum) of A (Ag) at A9 = 2 with the

value Apin = —1 (Apax = 1).

The equivalent quadratic curvature action (3.19) and in turn BINMG represent a
unitary theory around (A)dS background, if the conditions A—25 > 0 and %‘} +A2<0
are satisfied, and using (3.20) these conditions become A\ > ¢ and o < 0, respectively.
Then, one needs to have ¢ = —1, and A > o is automatically satisfied as Ay, = —1
for 0 = —1. Thus, if 0 = —1, BINMG and its cousin are unitary both around dS and
AdS for all values of A allowed by (3.23).

Similar to NMG, the bulk and the boundary unitarity is in conflict for BINMG. The
central charge for BINMG has been found in [23, 4] and it can also be calculated from
(3.19) via (3.15) as

3¢ WA 3o/
= (6-22)=22"(2- 3.24
¢ 2G3<U 2) 1Gy 2 M) (3:24)
which is always negative for ¢ = —1 which is required for bulk unitarity and for

Ao < 2. In fact, for any theory which has an equivalent quadratic curvature action

in the form of NMG, the bulk and the boundary unitarity conflict cannot be resolved
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because the conflict is inherited through the apparent contradiction between the no-
ghost condition and the positivity of the central charge. Furthermore, for NMG,
¢ = 0 value of the central charge represents a special point in the parameter space
of NMG and at this point NMG has logaritmic solutions; however, for BINMG, the
central charge cannot attain the value ¢ = 0 due to the constraint A\g < 2 and this is an
indication for the absence of logarithmic solutions of BINMG which was shown in [24].
In addition, let us discuss why the equivalent quadratic curvature action of BINMG
(3.19) has the same central charge as BINMG. As shown in [37, 38, 39], the central

charge of a higher curvature gravity theory in three dimensions can be calculated via

L oL

L 2
2G5 " OR,, (3.25)

which was used to calculate the central charge of BINMG in [4]. As (3.25) implies,
by definition the equivalent quadratic curvature action has the same central charge as

BINMG.

Now, let us discuss the unitarity of the nonminimal BI extension of NMG. The function

f (RM) can be defined from (3.10) as

f(RY) = —47;”2{\/01@ {55 - % (R’; - Z1;2}3,'11%‘;)]
~(1-3m)), (820

The (A)dS background values of f (RY) and its first and second order derivatives need

to be calculated to find fquad-equal (R), and using (2.78)-(2.81) they can be found as

3

af _ 3 5 1/2 5
[8}351 . (1 RIS ) (1= )68, (3.27)

o2 f 9 )\ 12
[aRgaRgl_ e (1em=50)

3. 35\ wey 3 5 few
x[<1—4)\+8>\>6a55—8(1—)\) 5567 .

f(RY) = Am? [1 = f)\o = (1 +3) - ;’v)g/g] ,
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With these results, fquad-equal (%) can be calculated from (2.82) as

2 2 3.5\ /2
Fonadeauat (RY) = — 2m {)\0 -2+ (1 F3A- 2 ) (3.28)
2 4y _ 5492 33, 3 4)]
X <3 + A 4)\ 2>\ + 2)\
-1/2
— <1+3A—;’A2> <1+3A+;’A2—3A3>R
-1/2
<1+3)\— ;’v)

3. 3
1— A+ 222
X( 173 )

Here, the quadratic curvature terms have a form that differs from the NMG form

1
+ 3
(1-N)7

(1-3r+ 20 a

3
RSRS — =
Bola g

RUR), — 3R?; therefore, (A)dS unitarity fails for the nonminimal BI extension of

NMG (3.10).

To conclude, in this section we showed that BINMG (3.4) and its cousin (3.5) are
unitary around the (A)dS background in addition to the flat background, and they
are the only unitary BI theories whose A tensor is linear in curvature. However,
for these two theories, in the region where the bulk theory is unitary around AdS,
the boundary CFT becomes nonunitary.? Furthermore, it is shown that for the AdS
spacetime solution of BINMG, the absolute value of curvature scalar has an upper
bound. It is intriguing that BINMG and its cousin only differ at the interaction
levels. Also, the nonminimal BI extension of NMG (3.10) is shown to be nonunitary
around (A)dS. Therefore, this example demonstrates that the flat space unitarity for

a BI gravity theory is necessary but not sufficient for the (A)dS unitarity.

3.3 Exact solutions

In this section, we study the solutions of BINMG which are constant scalar invariant
(CSI) spacetimes of Type N and Type D. These solutions were obtained in [7] where
the same type of solutions for all three-dimensional higher curvature theories were

studied. Type-N and Type-D spacetimes are classified according to the particular

4 One might be tempted to consider the vanishing central charge limit for Ao = 2, but then AdS
is not the vacuum of the theory.
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form that the traceless-Ricci tensor takes.” For the constant scalar invariant (CSI)
spacetimes of Type N and Type D, the field equations of BINMG are greatly simplified
and reduce to the field equations of TMG (in the quadratic form) and NMG. Then,
the Type-N and the Type-D solutions of TMG and NMG can be used to obtain the
solutions of BINMG. For TMG, these types of solutions are compiled in [40] and for
NMG, various solutions of these types are found in [41, 42, 43, 44].

To study the solutions of BINMG, we first describe the Type-N and Type-D space-
times, then we give the field equations of TMG and NMG for these spacetimes. After
laying out this background, we derive the field equations of BINMG, and finally discuss
the Type-N and Type-D solutions for the theory.

3.3.1 Classification of three-dimensional spacetimes

In this section, we summarize the algebraic classification of curvature in three dimen-
sions discussed in [40]. Three-dimensional spacetimes can be classified in analogy with
the Petrov and the Segre classifications of four-dimensional spacetimes. In four di-
mensions, the Petrov classification is based on the algebraic classification of the Weyl
tensor. In three dimensions the Weyl tensor is identically zero, so the Cotton tensor
can be used instead and one can classify the three-dimensional spacetimes according to
the eigenvalue equation of the Cotton tensor (C#) [45]. On the other hand, the Segre
classification of four dimensions is based on the analysis of the eigenvalue equation for

the traceless-Ricci tensor (S¥) and the same idea follows in three dimensions.

For the solutions of a generic three-dimensional gravity theory, the Petrov and the
Segre classifications are distinct; however, for the case of TMG they coincide because
the field equations of TMG relate the Cotton and the traceless-Ricci tensors. Let us
first observe this point. The cosmological TMG has the action [46, 47]

1 1, y 2,

where 1,5, is the Levi-Civita tensor, 17,5, = \/—g€uop, With the convention eg12 = +1.

® The terminology of the Petrov classification which is based on the analysis of the Cotton tensor
is used here, although the form of the traceless-Ricci tensor is used to classify spacetimes which is in
fact the Segre classification. However, as we shall discuss below, the two classifications coincide for
TMG and we stick to this choice of terminology for the cases of NMG and BINMG for which this
coincidence fails in general.
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The field equations for this action can be found as
1 1
R, — ig,“,R + Agu + ;CW =0, (3.30)
where C,, is the Cotton tensor defined as
_ a 0 1 B
Cuw = MuagV> | Ry — Z@,R , (3.31)

and it is a symmetric, traceless and covariantly conserved tensor. Taking the trace
of (3.30) yields R = 6A; therefore, the scalar curvature is constant for cosmological

TMG and with this result (3.30) can be put in the form
,U'S,uy = _C,uz/a (332)

where the traceless-Ricci tensor defined as S, = R, — %gWR. Hence, the Petrov

and the Segre classifications for the solutions of cosmological TMG are identical.

To classify the solutions of TMG, one needs to determine the eigenvalues and their
algebraic multiplicities for S¥ and they can be determined through the use of two
scalar invariants,

A =SSy, B = S[S;S,. (3.33)

For the Petrov-Segre Types O, N, and III, A and B should be zero; while for the
Types D and II, they are related as A% = 682 # 0. Finally, for the Types I and I¢,
one has A% > 6B2% and A3 < 6B, respectively [40].

Here, we focus on the Type-N and the Type-D solutions of BINMG, since for Type-N
and Type-D spacetimes the field equations of BINMG simplify significantly. These
spacetimes are characterized by the canonical form of the traceless-Ricci tensor. For

the Type-N spacetimes, the canonical form of S, is

S;w = p£M£V7 (3'34)

where p is a scalar function and &* is a null Killing vector [41]. For Type-D spacetimes,

S, has the canonical form

S =1 (90— 26,6, (3.35)

where p is a scalar function and £ is a vector of unit norm as {#§, = o = £1. In

addition, to achieve the desired simplification in the field equations of BINMG, we
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consider the Type-N and the Type-D solutions of BINMG which are also constant
scalar invariant (CSI) spacetimes. To have a CSI spacetime of Type N, the scalar
curvature should be constant. On the other hand, to have a CSI spacetime of Type

D, both the scalar curvature and the scalar function p need to be a constant.’

3.3.2 Field equations of TMG and NMG for Type-N and Type-D space-

times

We find Type-N and Type-D solutions of BINMG by using the corresponding solutions
of cosmological TMG and NMG. The approach we used is based on the fact that the
field equations of cosmological TMG’, NMG, and BINMG reduce to the same form
for the CSI spacetimes of Type N and Type D.® For these types of spacetimes, the
trace field equations of the theories determine the value of scalar curvature in terms
of the theory parameters, while the traceless field equations of the theories have the
form

(O —c¢)Suw =0, (3.36)

where ¢ is a function of parameters of the theories. In this section, for Type-N
and Type-D spacetimes, we discuss the field equations of cosmological TMG in the

quadratic form and the field equations of NMG.

To discuss the field equations of TMG for Type-N and Type-D spacetimes, first we
need to put the field equations of TMG in a second order wavelike equation form for

the Ricci tensor. Using R = 6A, (3.30) can be written as
1 1 o
le, - gg#yR + ;’nuagv RV =0. (337)

Then, multiplying this equation with n*; V7 yields the quadratic field equations for

cosmological TMG as

3 1
ORyw = 1® (Ruy — 2Agw) + 3RuR) — g RORG — o BB + 5gWRQ, (3.38)

% In three dimensions, all the scalar invariants that can be constructed from the Riemann tensor
can be written in terms of the scalar curvature and the two scalar invariants A and B [48]. For Type-N
spacetimes, A and B are zero, while for Type-D spacetimes they become A = 6p® and B = —6p>.
Therefore, p must also be constant in addition to the scalar curvature to have a CSI spacetime of
Type D.

" We mean the field equations of TMG in the quadratic form.

8 In fact, the field equations of all the higher curvature theories in three dimensions has the same
form for the CSI spacetimes of Type N and Type D [7].
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upon use of the usual identity of the Levi-Civita tensor;
gy = — (5g5§ - 5;;55) . (3.39)

The A = 0 version of (3.38) was given in [46, 47], where an operator OW’\" (1) was
defined by writing the A = 0 form of (3.30) as OWA” (1) Ryno = 0 and the quadratic

field equations were obtained by calculating
/ﬂ@aﬂ‘w (—p) (’)W’\U (1) Ryo = 0. (3.40)
One may follow the same route and can define

1 2A 1 1
Ao — SAgo Ao af Ao Ao
O,LLI/ (:U’) = 6,u611 - 59;“/9 (1 N R) t ;77“ <665V - zg gVﬂ) Va, (341)

for (3.30), then (3.38) can be obtained by calculating ,uz(’)aﬁml (—p) (’)W)‘” (1) Rys = 0.

Now, let us express the content of the quadratic field equations of TMG as the trace

and the traceless field equations which are
R = 6A, (3.42)

O—p? —3A) S, =35,,5° — 9,,Ss,5, (3.43)
H mp Iz 4

respectively, where we converted the Ricci tensor to the traceless-Ricci tensor. Note
that each solution of cosmological TMG, that is the spacetime solving (3.30), also
solves the quadratic field equations of TMG; however, the solutions of the quadratic

field equations need not to solve (3.30).
For Type-N spacetimes, the traceless field equations (3.43) take the form
OSp = (12 +3A4) S, (3.44)

after using the canonical form of S, given in (3.34). On the other hand, for Type-D

spacetimes (3.43) becomes
_ (2
OSp = (12 + 34 = 3p) Sy, (3.45)

after using the canonical form of S, given in (3.35). To have a Type-D solution of

TMG, the vector £# appearing in (3.35) should be a Killing vector and satisfy [49, 50]
i
v,ugl/ = gnuup£p7 (3'46)
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which implies that the function p needs to be constant and should satisfy

/112

One may use this relation to eliminate 2 in (3.45) which then becomes
O+6(A—=p)]Sw =0 (3.48)

For cosmological TMG, the trace field equation implies the constancy of the scalar
curvature, so the Type-N solutions of TMG are CSI spacetimes. Since p should also
be a constant to have the Type-D solutions of TMG, then the Type-D solutions of
TMG are also CSI spacetimes.

Now, let us obtain the field equations of NMG for Type-N and Type-D spacetimes.
The action for NMG is

1 1 3
Ioie =~ 15 [ 4ov=9 |[R =20 - s (RURL - SR 4
NMG 167G /d x g [R )\0 m2 (RVRM 8R 5 (3 9)

from which the field equations can be found as [11]

1 1 1
R, — §gWR + NG — WDRW + ) (Vu.VLR+ g, 0OR) (3.50)
4 9 1 13
el aff 2\ _
o i~ gl — 5 g (3RasR — TR ) <0

These equations can be separated into the trace and the traceless parts and rewritten

in terms of the traceless-Ricci tensor as
1
A%me%—ﬂﬁzwmm (3.51)
and

) 1 1 1
<D — m2 — 12R> S‘uy =4 (SM,Sle — 3g#VSUpSO'p) + Z <Vuv,/ - 39/“/D) R. (352)

In [43, 44], the traceless field equations of NMG were given as

1 i

(pQ - mz) S = SupSY 39NVSUPSUP - ES/MM (3.53)

where the operator J) is defined by its action on a symmetric rank-2 tensor ®,, as

1
PO =5 (0, 5000+ 1, 500) (3:51)

and these two forms of the traceless field equations are totally equivalent.
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For Type-N spacetimes characterized by the traceless-Ricci tensor having the canonical

form (3.34), the trace field equation (3.51) takes the form
2 L o 2
m“R — ﬂR = 6m-\, (3.55)

which implies the constancy of the scalar curvature. Hence, the Type-N solutions
of NMG are CSI spacetimes. On the other hand, the traceless field equations (3.52)
become

D&W——Gﬁ+7gR>&w, (3.56)

after using (3.34) and the constancy of the scalar curvature. Note that (3.44) and

(3.56) are the same equation with different parametrizations which are related by

R
2 _ 2
pe=mt o (3.57)

In [42, 43], this fact was used to obtain the Type-N solutions of NMG inherited from
the Type-N solutions of TMG. In addition, there are other Type-N solutions of NMG

which solve (3.44) [or equivalently (3.56)] but not (3.32), and these solutions were also
found in [42, 43].

For Type-D spacetimes characterized by the traceless-Ricci tensor having the canonical
form (3.35), the trace and the traceless field equations of NMG given in (3.51) and

(3.52), respectively, reduce to the forms

1
@Mm%—ﬂﬁzwﬂm (3.58)
and
, 5 1 1

If one considers constant-scalar-curvature Type-D solutions, then the trace field equa-
tion will imply that the function p should also be constant, so the constant-scalar-
curvature Type-D solutions of NMG are necessarily be CSI spacetimes. With the

constant scalar curvature assumption, (3.59) becomes
9 O
US,, = [m” + ER —4p | Sy, (3.60)
which is the same equation as (3.45) with different parametrizations related by

R

2 2

= — — —D. 3.61
1 m D p ( )
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Again, this fact was used to obtain the Type-D solutions of NMG that are inherited
from the Type-D solutions of TMG in [41, 42]. For these solutions, the parameters

m?2, p, and R should satisfy the relation

m? 17
p=—++

— .62
10 120R’ (3.62)

which can be obtained from (3.47) and (3.61). In addition to the TMG-based solutions,
there are other constant-scalar-curvature Type-D solutions of NMG which solve (3.45)
[or equivalently (3.60)] but not (3.32) [42, 44]. To have these solutions, the vector
&M appeared in (3.35) should be either a hyper-surface orthogonal Killing vector or
a covariantly divergence-free vector but not a Killing vector. Like the TMG-based
Type-D solutions, the parameters m?, p and R should satisfy specific relations to
have these solutions. In the case for which £ is a hyper-surface orthogonal Killing

vector, this relation is

= Zm?, (3.63)

3

R 2,
P=%

which implies \g = m?/5, while in the case for which &* is a divergence-free vector,
the relation is
R 4

= —-— = — — -4
p 3 = (3.64)

which implies Ay = m?. Note that in these relations, the two theory parameters

appearing in the action, that are m? and \g, are related and these Type-D solutions

of NMG found in [44] are parametrized by only m?2.

3.3.3 Field Equations of BINMG

To investigate the Type-N and the Type-D solutions of a three-dimensional higher
curvature theory, it is better to write the field equations of the theory in terms of the
traceless-Ricci tensor, simply because the canonical forms of the traceless-Ricci tensor
given in (3.34) and (3.35) can easily be employed as an ansatz to the field equations
(see [7]). Thus, we derive the field equations of BINMG in such a form.

We take the action of BINMG as

4 1 A
Iginve = T2 /dgx l\/_ det <guu - mQGm/> - (1 - 20> % _9] ) (3.65)
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where G/, is the Einstein tensor and we introduced tildes to the mass and the bare
cosmological constant parameters to avoid confusion with the corresponding parame-
ters of NMG. As shown in [7], the action for any three-dimensional higher curvature
gravity theory can be put in the form [ d3x/—gF (R, A, B), where A and B are de-
fined by A = S1S) and B = 5155 as before. To write BINMG action in this form,
one can use

1 3 2 3
det A= ¢ [(TrA)® — 3T ATy (42) 4 21 (4%)], (3.66)
which is an exact expression for 3 x 3 matrices and (3.65) takes the form [21]
4m? [ o
Ismnme = —?/d x+/—gF (R, A, B), (3.67)
where F' (R, A, B) is

R\> A R B o
F(R.A B =4 (1 SN (T S A (I 3.68
(R4, 5) \/< +6m2> 2m4< +6m2) 3mb ( 2) (3.68)

To find the field equations, taking the variation of the action yields

I = / Br/—g (FR(SR + FA6A + FpéB — ;g#VF(Sg’W) , (3.69)

where Fr, F, and Fg for BINMG have the form

AR~ 4m? 2
<N\ -1
_8F_ 1 Ao R
<\ —1
oF 1 Ao
Fp= — = — F+1——
5= oB 6m6< + 2)

Then, the field equations of BINMG can be found as

1 2 3
_ §guVF + 2F450S, + 3FSHSpe S, + <D + 3R) (FASW + 2FBS§SP,,>

1

~ 290V (S Fa + 350S5Fa) + 9 VaVs (Fas™ + SFus™s]) =0, (3.71)

by using the dR, A and 0B results given in Appendix A.3. After obtaining the field
equations, first one can easily verify the (A)dS solution of BINMG given in (3.23).
For (A)dS spacetime S, = 0 and then (3.71) reduces to

3
5F — RFr =0, (3.72)
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where R = 612,

pY

F:(1+)\)3/2—<1 5

1 1/2
), FR:m(lJr)\)/, (3.73)

and after some algebra, one gets (3.23). Furthermore, note that for Type-N spacetimes
F, Fr, F4, Fp are functions of R only since A and B are zero for Type-N spacetimes.
On the other hand, for Type-D spacetimes they are functions of R and p since A ~ p?
and B ~ p? for Type-D spacetimes.

Now, let us study the Type-N and the Type-D solutions of BINMG which are also
solutions of the cosmological TMG or NMG. In finding these solutions, we will as-
sume that the spacetime is CSI. This assumption implies that the scalar curvature is

constant in addition to the constancy of p for Type-D spacetimes.

3.3.4 Type-N solutions

In this section, we find the field equations of BINMG for Type-N spacetimes and
discuss their solutions. Note that the vector £* appearing in the canonical form of
S, for Type-N spacetimes given in (3.34) is a null vector; therefore, contractions of
two and more traceless-Ricci tensors vanish and the field equations of BINMG given
in (3.71) reduce to
1 2 1
- §g,uuF +(0+ gR (FAS,uz/) + g,uz/\:‘ - vuvu + S,uz/ + gg;wR Fg
— VoV (S5 FA) + 9w VaVs (FaS™) =0. (3.74)

In addition, we are interested in CSI solutions, so the scalar curvature and, in turn, F,
Fgr, F4, Fg are all constant. Furthermore, for constant scalar curvature, the Bianchi

identity becomes VSt = %V,,R = 0. Employing all of them in (3.74) yields

1 1 1
(3RFR - 2F> G + (FAD ~ gREA+ FR> Sy =0, (3.75)

which can be separated into its trace and traceless parts as’

3
5 — REp =0, (3.76)

9 The trace and the traceless field equations, (3.76) and (3.77), are also the field equations of a
generic three-dimensional higher curvature gravity theory for the Type-N spacetimes with constant
curvature [7].
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1
(FAD — §RFA + FR> S#l, = 0. (377)

Here, the functions F', Fg, and F4 of BINMG, which are given in (3.68) and (3.70),

become

1
1 R \z
Fr=— (14— .
A 4~4( +6~2) : (3.78)

by using the fact that A and B are zero for Type-N spacetimes. Note that R > —6/m?,
which sets a lower bound on the scalar curvature, should be satisfied to make (3.78)

consistent.

The trace field equation (3.76) determines the value of the scalar curvature in terms
of the theory parameters. Using (3.78) in (3.76) and solving the resulting equation
yield

~ A B
R = —6m2)\g (1 - 40> . <2, (3.79)

which is the same as the (A)dS result given in (3.23). Note that R cannot attain the
value R = —6m? which will be important in discussing the solutions of the traceless

field equations below.

On the other hand, after using (3.78) in (3.77) the traceless field equations of BINMG
for Type-N spacetimes become

<D —m? - ];”) Sy = 0. (3.80)

After simply setting m? = p? and R = 6A, these equations are the same as the
traceless field equations of TMG in the quadratic form for Type-N spacetimes given
in (3.44). Therefore, the Type-N solutions of TMG which solve 1,45 VS5 +m.S,, = 0
are also solutions of BINMG for the constant curvature value given in (3.79). In [43],

for a negative constant curvature R = —6n?, the metric solving (3.80) was found as

9 2
ds® = dp* + e dudv + (Z (u,p) — nQU_ 52> du?, (3.81)

where [ is either 5 = ntanh (np) or 5 = ncoth (np), and the function Z (u, p) has the
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form

Z (u,p) = 7121—32 (cosh (mp) Fi (u) + sinh (mp) F> (u)

+ cosh (np) f1 (u) + sinh (np) fo (u)>. (3.82)

Here, F (u), Fa(u), fi(u), and f2 (u) are arbitrary functions of u. The Type-N
solutions of BINMG inherited from the Type-N solutions of TMG are also involved in
(3.81), and they can be obtained by setting Fj (u) = £F5 (u). In addition, the AdS-
wave solution of BINMG found in [24] can also be obtained from (3.81) by having the
limit 32 — n? for which &u = O, becomes a null-Killing vector (for the details, see

[43]), and then the metric for the AdS-wave solution has the form

ds* = dp® + 2¢*™ dudv + " (cosh (mp) Fi (u) 4 sinh (mp) F> (u)

+e"f1(u)+e fy (u))du2. (3.83)

Furthermore, for m? = 0 and n? = m?, (3.80) has special solutions that require
different Z (u, p) functions; however, these parameter values are not possible for the
case of BINMG since for m? = 0 BINMG cannot be defined and the value n? =
m? cannot be attained for BINMG. Since n? = 7?2 is not possible, the logarithmic

solutions of BINMG are absent which was also demonstrated in [24].

3.3.5 Type-D solutions

To derive the field equations of BINMG for Type-D spacetimes, first note that the

rank (0,2) tensors SfS,, and Sf.5,,S; appearing in (3.71) can be written as
Sﬁsz/ =p (QPQ;W - S;w) 5 SﬁSpoSg = p2 (3S,uz/ - ZPQ;W) ) (3'84)

by using the canonical form of S, given in (3.35). Therefore, the only rank (0, 2)
tensors that can appear in the field equations of BINMG for Type-D spacetimes are
the metric and the traceless-Ricci tensor. Using (3.84), the field equations of BINMG
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given in (3.71) take the form
(—;F 1 4pPF, — 6p3FB) G + (—2pFA + 9p2FB) Sy

+ (04 3R) [0 Fogun + (Fa = 5oFn) S,

+ (g,“,D — VYV + S + ;g‘“’R) (FR _ 6p2FB) (3.85)

29V |33 Fa + 55 (Fa - 5pFi)

3 :
+9uwVaVp [3P2FBQQB + (FA - 2JUFB) SeP = 0.

Furthermore, we consider the solutions of BINMG which are CSI spacetimes; therefore,
the scalar curvature and the functions p, ', Fr , F4, and Fp are all constant. Using
the constancy of these terms and the Bianchi identity, that is V S} = %V,,R =0,
(3.85) reduces to

1 1 3
0= {—2F + gRFR + 4p2 (FA - QPFB>] Guv

3 1
+ {FR + <FA - 2pF3> <D - §R + 4p>] S, (3.86)
which can be separated into its trace and traceless parts as'”
3
5F — RFRr — 6p? (2F4 — 3pFB) =0, (3.87)
3 1
Fr+ (Fa— ipFB O0-— gR +4p )| S = 0. (3.88)

Here, the functions F', Fr, Fa, and Fp of BINMG, which are given in (3.68) and
(3.70), become

R 2 R p\?2 o
F=y(1+- v Zp) (142 - 2Y) (-2
\/<+6m2+m2p)(+6m2 m?) < 2)’
NS
1 )\0 R 2 p2

m m
1 o)t R 1 o) 7!
0 0
Fp=— |[F+1-20 1 Fg=— Fy1-20
4 4m4< + 2) <+6m2>’ B 6m6< + 2) ’

by using A = 6p? and B = —6p?, and the consistency of (3.89) requires R # 6 (p— m2)
and R > —6 (m? + 2p). Employing (3.89) in (3.87) and (3.88) yields the final forms

Fr

of the field equations of BINMG for CSI Type-D spacetimes as

~ 1 9 9 ~
<F+1—>\20> <1+6§L2> —%1—(1—?): , (3.90)

10" The trace and the traceless field equations, (3.87) and (3.88), are also the field equations of a
generic three-dimensional higher curvature gravity theory for the Type-D spacetimes with constant
R and p [7].
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<D —m? - g + 3p> Sy = 0. (3.91)

Here, the traceless field equations (3.91) are the same equations as the traceless field
equations of TMG in the quadratic form for Type-D spacetimes given in (3.45) after
setting m? = p?. Therefore, the Type-D solutions of TMG compiled in [40] are
also solutions of BINMG with the constant scalar curvature satisfying (3.90). For a

negative constant scalar curvature value R = —6n?, the metrics solving (3.91) are

do? + sinh? 0 de?),  (3.92)

m? + 27n? (

2
T cosh 6 dqb) +

d82:—<dt+~267n
m

which has a timelike Killing vector, and

9

ds®> = ————
T2 1 omn?

2
(— cosh? pdr? + dp2> + <dy + sinh p d7'> ,  (3.93)

__om
m? + 27n?
which has a spacelike Killing vector. For both of these metrics, 7?2, p, and R should
satisfy

) (3.94)

= m2.

Now, let us find the scalar curvature for the TMG-based Type-D solutions of BINMG.
Putting (3.94) in the trace field equation (3.90) yields

~ o\ -1
11 R Xo 10 R
2ot = 3.95
9 o2 < 2) <9+3m2>’ (3.95)

2212

which requires R > — =5 and Ao < 2, and then solving this equation yields the scalar

curvature as

R= %m2 [(;g 4l — ;3) + (X —2) \/(5\0 - 3) (Xo - ?)1 : (3.96)

where Ao < 2/9. Thus, the metrics (3.92) and (3.93), where n> = —R/6 has the value
(3.96), are the CSI Type-D solutions of BINMG which are inherited from the Type-D
solutions of TMG.

Now, let us consider the CSI Type-D solutions of BINMG which are also constant
curvature Type-D solutions of NMG but not TMG; i.e. these solutions solve (3.91)
but not nﬂaﬁvasf +mSy = 0. For these solutions, the parameters of NMG satisfy
specific relations which are (3.63) and (3.64). Let us start with the latter relation which

corresponds to the case in which &, appearing in (3.35) is a covariantly divergence-free

70



vector which is not a Killing vector. Employing (3.64) in the traceless field equations
of NMG (3.60) and BINMG (3.91) reduce these equations to (1S, = 3RS, and
0S,, = (Mm% + 3R/2) Sy, respectively. If one requires that the Type-D solution of
NMG also solves BINMG, then the value of scalar curvature for the BINMG solution

immediately follows from these two equations as R = %m? In addition, the relation

between the mass parameters of NMG and BINMG can be found as m? = %mz via

(3.64). Furthermore, after putting p = —% = —%77%2 in the trace field equation (3.90),

one can determine ;\0 as 5\0 =2— 89ﬁ. To write the metric that solves the BINMG field

equations, one just needs m? = %mz as the solutions given in [44] are parametrized

with m. Then, with the solutions in [44], the following two metrics are also solutions

of BINMG:

2 - 2 -
ds® = —dr? + eV3" da? + e V3" dy?, (3.97)
ds? = cos [ iz (—dt2 +d 2) +da? + 2sin (—eia ) dtd (3.98)
IRENYE ’ V3 v '

On the other hand, if one considers the parameter relation (3.63) for which &, is
a hyper-surface orthogonal Killing vector, then the traceless field equations of NMG
(3.60) and BINMG (3.91) reduce to 0S,,, = 0 and 0S,,,, = m?S,,,, respectively. Then,
the Type-D solution of NMG also solves BINMG if and only if 7?2 = 0; however, for
this value of m?, BINMG is not defined. Hence, BINMG does not have a constant
scalar curvature Type-D solution with a hypersurface orthogonal Killing vector just

as TMG [51].

3.4 Holographic c-theorem

In this section, we show that with the use of holography and the null-energy condi-
tion, that is for an arbitrary null vector ¢ the energy-momentum tensor 7),, satisfies
T,,,¢H*¢” > 0, one can define a c-function for BINMG which is equal to the c-function
of Einstein’s gravity. In addition, it is shown that at the fixed point of the renor-
malization group flow, the value of the c¢-function concurs with the central charge of
the Virasoro algebra and the coefficient of the Weyl anomaly up to a constant. To

allow for both signs of the Einstein-Hilbert term at the leading order of the curvature
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expansion, we take the BINMG action in the form

4m? A
Iginme = —EQ /d?’ﬂf l\/— det <9W + TZQGW> - (1 - 20> \/—91 ; (3.99)

K

where G, = Ry, — %gWR and ¢ = £1. The field equations of this action are the
same as (3.71) except for one adjustment, that each 1/m? factor in (3.70) should be
multiplied with . Now, let us investigate the c-function of the BINMG theory, and

compute the Weyl anomaly coefficient.

3.4.1 c-functions

The approach of using holography to define a c-theorem for the boundary field theory
via the bulk gravity theory first used in [52, 53]. This approach was recently applied
to NMG in [22] where the c-function for NMG was constructed. In addition, cubic
and quartic curvature extensions of NMG were found by requiring the existence of
a c-theorem [22]. As these extensions match the cubic and the quartic curvature
expansions of BINMG, it is only natural to ask whether a c-theorem for BINMG

exists or not. The answer is affirmative as shown in [4] whose analysis is given below.

Before moving to the construction of c-function for BINMG, let us discuss why the
existence of a c-theorem is important. In [54], Zamolodchikov proved that for two-
dimensional quantum field theories, there exists a positive function ¢ which depends
on coupling constants and decreases monotonically under the RG flow, and the c-
function becomes stationary at any fixed point of the RG flow where it takes a value
that coincides with the central charge of the conformal field theory that corresponds
to the fixed point. The significance of the c-theorem is due to the fact that it is a proof
of irreversibility for the RG flow. It is important to extend this result beyond two
dimensions, and AdS/CFT correspondence provides a framework for a D-dimensional
construction [52, 53].1! Since the radial coordinate of AdS spacetime can be considered
as a measure of energy in context of the AdS/CFT correspondence, the bulk solution
interpolating from r — oo to r — —oo corresponds to a construction of RG flow for

the boundary field theory from UV fixed point to IR fixed point. To construct the

' For a recent important achievement in extending c-theorem to higher dimensions, see [55] where
the c-theorem in four dimensions was proved by using field theoretic considerations.
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c-function, it is assumed that the bulk theory is well described by classical gravity and

the null-energy condition, 7},,(#¢” > 0, is satisfied.

Let us recapitulate the discussion of [52] where the bulk theory is Einstein’s gravity.
We work in three dimensions and to have the Poincaré symmetry for the boundary

theory, we take the metric ansatz
ds? = 240 (—dt2 + de) + dr?, (3.100)

which is the most general metric satisfying this symmetry and becomes AdS spacetime
for A (r) = r/¢, where ¢ is the AdS length ¢ = \/|A|. We consider a geometry which is
AdS at both UV and IR, so A (r) should be linear in r as r — +oo. Putting (3.100)

in the field equations of Einstein’s gravity, one can calculate that

2A/I

- =1 — T} <0, (3.101)

K

where the inequality follows from the null-energy condition. As A” < 0, the function
c(r) = co/A’ (r) is a monotonic function which decreases from UV (r — oc0) to IR
(r — —o0) for a positive constant ¢y which can be chosen such that it matches the

central charge of the Virasoro algebra [56] at the boundary of AdS;

_ 24r B 3
()= 20 ) " 26 ()

(3.102)

Therefore, one has a holographic realization of two-dimensional c-theorem as the c-
function (3.102) is positive and monotonic, and as r — oo, it attains a value which

matches the central charge of the boundary CFT.

Now, let us move to the BINMG case. Putting the metric ansatz (3.100) in the field

equations of BINMG (3.71) and using the null-energy condition yield

[A// + (A/)2 + O'mQ} A"
=T/ -Tr <0, (3.103)

)7

m2+o (A’)ﬂ [A” + (A% + 01712}2

where m is assumed to be positive.!? The left-hand side expression is finite and real,

if the constraints

A"+ (A)? 4+ om?| £0,  m?+0(4) >0, (3.104)

12 Note that here we consider a matter source satisfying null-energy condition, so on the right-hand
2
w2

side of (3.71), one should place the energy-momentum tensor which comes with the factor — s
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Figure 3.1: The first graph gives a possible behavior for A’ (r) in the ¢ = +1 case,
while the second one shows a possible behavior for A’ (r) in the o = —1 case.

are satisfied. The first constraint implies that the expression {A” + (A2 + UmQ} can-
not change sign for r € R; therefore, to satisfy the inequality in (3.103) A” should also
not change sign. Thus, A’ has a monotonic behavior which is crucial in constructing
the c-function. On the other hand, the implications of the second constraint depends

on o, and it is better to discuss each value of o separately:

e 0 = +1 case: The second constraint is automatically satisfied for this case. In
addition, one can decide on the sign of A” by observing that for A” > 0 the
term [A” (A + mﬂ is positive which is in conflict with (3.103), so A” < 0
should hold with the constraint A” > — {(A’ )%+ mZ}. As we consider a space-
time which is AdS at both » — oo (the UV region) and » — —oo (the IR region),
then A (r) asymptotically has the linear behavior A (r) ~ ry/[A] as r — +oo

with \/[Auv| < V/JAR]. Overall, for 0 = +1, A’ is a positive monotonically-

decreasing function which has the behavior given in the first graph of Fig.3.1.

e 0 = —1 case: The second constraint, that is m? — (A4’ )2 > 0, implies that A’
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is a bounded function as m > A’ > —m. Since A’ is monotonic and bounded,
A" should become zero as r — +oo. In addition, to decide on the sign of A”,
observe that for A” < 0 the term [A’ '+ (A)? — mﬂ is negative due to the second
constraint and this result is in conflict with (3.103), so A” > 0 should hold with
the bound A” < m? — (A’)*>. We consider a spacetime which is AdS as r — 400
and due to the monotonically increasing nature of A’, an interesting possibility
appears: As r — +oo, A’ may attain a positive constant value and as r — —oo,
A’ may attain a negative constant value, so it is possible to have a spacetime
with two AdS “boundaries”. To sum up, for ¢ = —1, A’ is a monotonically
increasing function in the interval m > A’ > —m. A possible form for A’, which
yields a spacetime with two AdS boundaries, is given in the second graph of

Fig.3.1.

As a result, the null-energy condition implies that 0 A” < 0; therefore, the c-function
for BINMG can be defined as

30 dc
= = —> .
<) = 3Ga ar =0 (3.105)

which is the same as the c-function for Einstein’s gravity. As r — oo, the value of
the c-function matches the central charge of the boundary CFT (3.24) and the Weyl

anomaly coefficient, which is discussed in the next section, up to a factor.

In addition to (3.105), one can define another c-function for BINMG, as the analysis
of (3.103) also implies the inequality
O_A//

2 <y (3.106)
m? 4 o (A)?

The second c-function for BINMG can be defined as
¢(r) = —oarctan (A/(T)) , (3.107)
m2 + o (A)?
where the minus sign is introduced to make ¢ (r) monotonically increasing function.
For ¢ = —1, the derivative of (3.107) directly gives the form in (3.106), while for
o = +1, there is a positive factor of m?/ [mz +2 (A’)Z} which does not effect the

inequality.'®> To understand the relevance of this c-function, one needs to consider

13 For o0 = +1, one can define the c-function as c¢(r) = In [A' +vm?+ (A’)Q} by directly inte-

grating the form in (3.106). However, we prefer to give a single c-function for both values of o.
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the expansion of (3.106) in (A’/m)>.

At the desired order, this expansion gives the
c-functions that were found in [22], but in the forms where the arbitrary coefficients

in [22] are fixed by the curvature expansion of BINMG.

3.4.2 Weyl anomaly

Now, by using holographic techniques let us calculate the Weyl anomaly'* for the
boundary CFT theory that is assumed to be dual of BINMG. As shown in [58], to
find the holographic Weyl anomaly, one needs to calculate the action of the bulk
gravity theory for the Einstein metric which induces a conformal structure on the
boundary and the logarithmic divergence that appears in this result yields the Weyl
anomaly for the boundary CFT. Furthermore, note that for a two-dimensional CFT
the Weyl anomaly coefficient a, which is defined by ¢"” (T,,,) = a R, and the central
charge of the Virasoro algebra are related as ¢ = 24wa. Therefore, one can obtain the
¢ charge of the two-dimensional boundary CFT through a holographic calculation of

the Weyl anomaly from the three-dimensional bulk gravity theory.

To find the Weyl anomaly for BINMG, we follow [59] and calculate the BINMG action

for the Euclidean AdS3 metric

d 2
ds? = 2 42 (46 + sin? 0dg?) (3.108)
1+ %
[2
whose boundary is S3. This metric solves the field equations of BINMG, if ¢? = — /\;Q

satisfies (3.23). One can infer from (3.23) that AdS spacetime is possible if the bare
cosmological constant Ag is in the interval 2 > Ay > 0 for ¢ = —1 or A\g < 0 for

o = +1. Putting (3.108) in the BINMG action (3.99) yields

16m¢m? o \/? Ao ro 72
IBINMG = - 122 [(1 + W) — <1 — 2) /0 dr \/ﬁj (3109)

and after calculating the integral and using (3.22), one gets

167m?\ A Ao\ 72
Isinmveg = TO (1 - 40> (1 - 20) =

2
1+ (f)Q - (f)Qarcsinh (;)] . (3.110)

" For a nice review on Weyl anomaly, see [57].

X
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Note that this result is valid for both values of o as sign (\g) = —o. Here, we are
interested in the logarithmic term that appears in the asymptotic expansion of (3.110)

as r — oo and it can be found as

4:275 (2= Ao)In (22) : (3.111)

after using (3.23) and the expansion
1
V1 + 22 — z%arcsinh (x_l) =1+ ixQ [1 +2In <;)} +0 (xg) . (3.112)

As discussed in [59], the coefficient of the logarithmic term is equal to ¢/3, so one
arrives at the same central charge result given in (3.24) which is obtained via the

method of equivalent quadratic curvature action.
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CHAPTER 4

CONCLUSIONS

In this thesis, we developed the tools to analyze the unitarity of the D-dimensional
generic Born-Infeld (BI) gravity theory around the (A)dS background. In addition,
we studied a remarkable example of the Born-Infeld gravity theories which is the

Born-Infeld extension of new massive gravity (BINMG) in detail.

To analyze the unitarity of BI gravity theories around the (A)dS background, we
developed two general techniques. In constructing a modified gravity theory, the
absence of ghosts and tachyons in the spectrum is an important consistency criteria.
For BI gravity theories, checking this criteria around the flat background is rather
simple compared to the (A)dS background because only up to quadratic curvature
terms determine the flat space unitarity, while for the (A)dS space case all the terms
in the curvature expansion of the BI gravity effect the unitarity in principle. Thus,
constructing a unitary BI gravity theory around flat backgrounds is fairly easy and
there are examples starting with the original paper of Deser and Gibbons [8]. On the
other hand, without the techniques we developed such a construction is not possible for
the (A)dS background. In [6], using these techniques, the three-dimensional BINMG
theory is shown to be the first example of the unitary BI gravity theory around the
(A)dS background. Hopefully, these techniques enable one to construct further higher-
dimensional BI gravity theories around the (A)dS background.

The first of the techniques which can be applied to any BI gravity theory is based on
finding the O (h?) action which represents the free-theory of the excitations in the the-
ory. The O (h) and O (h?) actions for the generic BI gravity given in (2.18) and (2.21),

respectively, provide the required formulation to find the vacua and the spectrum for
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a specific BI gravity once the O (h?) expansion of the A tensor is found. On the
other hand, the forms of O (h) and O (h?) actions for the generic BI gravity reveal the
remarkable fact that the even-dimensional BI gravity theory and its O (AD / 2) expan-
sion are equivalent with respect to vacua and spectrum. This equivalence may prove
to be useful in constructing an even dimensional unitary BI gravity theory around
the (A)dS background, since one needs to consider a finite order in curvature theory,
the O (AD / 2) expansion, instead of the original BI gravity which is infinite order in

curvature.

The second general technique is based on the construction of an equivalent quadratic
curvature action which have the same vacua and the same spectrum as the BI gravity.
The construction of the equivalent quadratic curvature action just involves calculat-
ing the Taylor series expansion in curvature for the Lagrangian around the, yet to
be found, (A)dS background. Differing form [5], the equivalent quadratic curvature
action is calculated from the original determinantal form of the BI action using the

formulation in (2.78-2.81) and in this way the technique becomes more streamlined.

When the two techniques are compared in application, the use of the O (h) and
O (h?) actions for the generic BI gravity is rather involved than finding the equiv-
alent quadratic curvature action because the metric perturbation, h, expansions of
the curvature tensors yield rather complicated expressions. In both of the techniques,
the final expressions are analyzed by using the existing unitarity discussions of the

generic quadratic curvature theories in [15].

To conclude, the techniques that we developed can be straightforwardly applied to
analyze unitarity of a specific BI gravity around the (A)dS background. Furthermore,
they are vital for a construction of a consistent BI gravity theory which is unitary

around the (A)dS background.

In considering BINMG, we discussed the construction of the theory in detail. Then,
using the techniques we developed, we demonstrated the unitarity of BINMG around
the (A)dS backgrounds. In addition, the Type-N and the Type-D solutions of BINMG
were found by using the Type-N and the Type-D solutions of TMG and NMG. Finally,

the two c-functions of BINMG were calculated.
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APPENDIX A

EXPANSIONS IN METRIC PERTURBATION

A.1 Second Order Expansions of Curvature Tensors

One of the approaches we use to analyze the spectrum of a Bl gravity theory is to
calculate the second order action in metric perturbation. For such a calculation, the
second order expansions of curvature tensors are required and we derive them here.

The metric perturbation h,, is defined as
g,UJJ = g,ulj + Thpz/, (Al)

where g,,,, is the background metric and 7 is introduced for bookkeeping purposes. In
considering expansions in h,,, one assumes that it is possible to find a coordinate frame
where components of h, are small (in absolute value) compared to the components
of guu. Surely, the (second order) expansions of curvature tensors in h,,, have already
been considered in the literature, but here we derive the expansions relevant for us

and they are in the forms used in the subsequent calculations.
First, the second order expansion of the inverse metric can be found as
g =g — Th* + TQh“phZ +0 (7’3) . (A.2)

With this result, the Levi-Civita connection for g,, can be expanded up to second

order in hy, as
. 2 3
04, =00, +7(0%,) - 705 (T0,), +0(7%), (A.3)
where (FZ”>L is the linearized Christoffel connection defined as
1 _ )\ — — —
<FZV)L = §gp (v,uhu)\ + vl/hu)\ - V)\h,uy) 5 (A4)
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and fﬁy is the Levi-Civita connection for the background metric.

After finding the expansion for the Levi-Civita connection, we can derive our main
result, namely, the second order expansion of the Riemann tensor from which we find
the relevant expansions for the Ricci tensor and the scalar curvature. A variation in

the connection, that is 6I'7, = I'}, — I'f,, yields a variation in the Riemann tensor

Rt e = 0T, + FgAI‘éV —proas

RV, = B,y + Y, (5T%,) = Vo (3Th, ) + 674,673, — oT%,0T) (A.5)

vpo pv

and for the second order expansion in hy,, the relevant 6T, is 6I'), = 7 (Ffw)

24 L B
w21 (Tf,), which yields

Ry =RV +7 (R0 ) =W (RO, )

B TQ@W@B'Y [(PZO‘>L (FEV)L — (T3 (Fg'/)L] +0 (7_3) ' (A-6)

Here, (R“VpU)L is the linearized Riemann tensor with the definition

= VoV phts = VoVyhls + Vo Vihy, ). (A7)

Using (A.6), the second order expansions of the Ricci tensor and the scalar curvature

can be found as

Ry =Ryo + 7 (Ruo)p — TQhZ (RﬁV“f”)L

g (M), (1), - 00, (T2),] 40 (7). ()

R=R+ 7Ry +7° {RPhaph§ — 17 (Ruo), — g7 W (RP,,.0) |
=0"79" 05y |(Te), (T20) , = €2z (Ti) |} + 0 ()
(A.9)

where the linearized Ricci tensor RZ and the linearized curvature scalar R; are

defined as

1 ,- _ _ _ _
Ry = 5 (VuVohl + VWit = Ohoy = Vo V). (A.10)
Ry = §*"REs — R*hp. (A.11)

Here, h is the trace of hy,, with the definition h = g"”h,,. Note that the results

we obtained are valid for any background spacetime; however, in this thesis (A)dS
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spacetimes are considered as the background spacetime when the second order action

for a BI gravity theory is studied.

A.2 Some linearization results in four dimensions

To linearize the field equations of the O [(aR)?’] expansion of BI gravity

— / diz [ —det (g + aRyu) — (aho + 1) v/—g|, (A.12)

one needs the following linearization results which are specific to four dimensions:

2A A A?

5 (RavauB) = S Rity + S0 R+ 5-hyu,

§K = —2AR;,  6S=0,
§ (ORw) =0R), — AOhyy,  6(VuVyR)=V,V,Rr,  §(0OR)=0R,
5 (RoRpaRY) = 3A2RE, — 203y, 0 (RuR25) = 4A2RL, +20%G,, Ry, (A.13)
5 (RuR?) = 16A°RE, + 802G, R, 6 (RRCR,,) = SA2RL, + A2G,, Ry — 4N°hy,,,
5 (VaVuBS) = 3V, VuRe + 4§RL -2
§(VuViuRag) =V, VyRas — AV, V, hop.

A 4A2

g/ﬂlRL - Thum

Some of these results were already given in [32], but they are reproduced here for
completeness. Note that the last two equations are related through the linearized

Bianchi identity:

= 1
Vlugﬁz/ = 07 gﬁy = Rﬁu - iguuRL - Ahuy- (A14)

A.3 Variations of cubic curvature terms

Variations of the cubic curvature terms RURf R/, RRJR; and R3 can be found as

5 (R"RPR”) —3 [R R,oRY + (gWRBPRaV5V + RCR,,,0 — 2R5Rgvuva)} Y
(A.15)

0 (RRURY) =R [(9u RV Vo + RO = 2RV, V) + 2RE Ry, | 6"

+ RYRS (9,00 — V,uV) + Ry 59", (A.16)
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5 (R*) = 3R (g0~ VuVo) + Ry] 3. (A.17)

The variation of S, can be calculated by using

1 74
0Rap = 5 (91 Va V5 + guagsy = 950V uVa = 9awVu V) 09", (A.18)

SR = (R + (gD — V,¥,)] 60 (A.19)

as

1 2
5Saﬁ :g l:(g,LLVVQVB + g#agﬂylj — gﬁyv#va - gayv'u,Vﬁ) - §ga5 (g“ylj — Vy,vy)] 5gMV
1 1
+ g [(guaguﬁ - 3gaﬁg/w) R— gaBS;w:| 59HV~ (A.20)

Using this result, one can find 04 = ¢ (Sg‘Sg) and 0B =06 (Sg‘SgSg) as

1
§A = [2 (SﬁSm, + SRSW> + (1S Va Vs + Syl - 253vuva)] g, (A.21)

5B = B (9155 SV aV 5 + S, SE0 — 25 S0V, V) — S5S8 (g0 - Vuvu)] 5

o « 1 « v
+ (3805700 — S8y + (Su0SE — 9SS0 ) | 3™ (A.22)
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APPENDIX B

ANALYZING EINSTEIN’S GRAVITY AND
QUADRATIC CURVATURE GRAVITY WITH
SECOND ORDER PERTURBATIONS

In calculating the O (h2) action for a generic BI gravity theory, one encounters with

the O (h?) terms

/d4m\/—§ R, /d‘lx\/—ggﬂ”Rﬁ’), /d4x\/—§ RRE,

/d4x\/j§ (R%R;pua/)(z)» /d4x\/j§go'y§)\'y (Rupa/\)(l) (Rp,u,’yl/)(l)7 (B.1)

which should be written in terms of the building blocks that appear in Eqn. (25) of
[32]. To obtain the desired forms for these terms, we study them in the well-known

examples of Einstein’s gravity and quadratic curvature gravity.

B.1 Analysis of Einstein’s gravity

Expanding the cosmological Einstein-Hilbert action,

I= % /d4x\/?g(R —2A), (B.2)
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up to second order in metric perturbation h,, yields

= e g g () o ()

X [(R — 2A0> + TRL + T2R(2) +0 (7'3)}
_ % / dewfg{ (R—200) + Bh (R —280) + RL}

o [y o) ] <00}
(B.3)

The first order term in this result can be used to find the field equations for the (A)dS
background. By using R = 4A and R, definition given in (A.11), the first order term

becomes
1 —
Togm) =+ /d4$\/ —gh(A—=Ao), (B.4)

where a boundary term is dropped out. Then, after taking variation with respect to

huw, the field equations for the (A)dS background follow as (A — Ag) g = 0.

Now, let us consider the second order action which is

1 - 1 1 _ 1_
IO(h2) = E/d4$\/—g {h”‘ {2 (A — 2A0> (guuh — Qh/“,) + QQIWRL] + R(Q)} ,
(B.5)
where R(g) Is

DPA « v pL —vo
Rio) =R haph§ = W Rj, — W5 (R°,,, )|

=35" 96 [ (M), (T), = (T0)2 (T0) ] (B.6)

from (A.9). To write [ d*z+\/=7 R(s) in terms of the building blocks of [32], one should
work out the last three terms in R(y) by using the results in Appendix A.1 and the

maximally symmetric Riemann tensor form

2A

Ruauﬁ = (D — 1) (D — 2) (g,ullgaﬁ - guﬂgal/) . (B7)

The term g7 hj (Rﬁvw)L can be written as

—vo v 4A Af
sl (RBVW)L = hH <Rﬁy — ?hw + 3g,wh) , (B.8)
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while the other two terms take the forms

[ o=, (V) (T2), =

1 _ _ 3. -
/d4$\/ _g |:_2hl“/ (vo—vl_Lhya' + vo—vl/h”g - 2V#v1jh>
L[ 4A A 1,
+h'u <3huy — 129;“/}7/) + Zhu g[U/RL:| y (Bg)

[ e v=397 "3, (T30, (D), =

1 _ _ _
/d4x«/—§ {—411#” (3800 = VoV b, - vgvthﬂ . (B.10)

after several integration by parts. Employing these results in [ dix\/—g R(3), finally,

one gets
da/GRo = [ ey g (IR~ g Re+ Ah — 2guh B.11
LTy —g fyg) = Ty —g 9 ,uy_Zg,uy L+ ,uz/_zg,uu . ( . )
With this result, the O (h2) action for cosmological Einstein’s gravity (B.5) becomes

1 - 1 )
IO(hQ) = —%/d‘lx\/ —g h* |:g£y + 5 (AO — A) (gwjh — 2hl“’>:| s (B12)

and this result further reduces to the well-known form

1 - v
Iy = —ﬂ/d‘*m/—g hgh,, (B.13)

after using the field equation for the (A)dS background, that is A = Ay.

B.2 Analysis of quadratic curvature gravity

Now, let us study the most general quadratic curvature gravity in four dimensions;

1
I= /d4x\/—g L (R —2Ao) + aR* + BRURY| . (B.14)
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One can expand this action up to second order in h,, as
—([1 /5 = = =,
- / /=5 { [H (R—200) + Rt + 535}24
1 L/ D2 DU DV
+r [2h (K (R 28) +aR? + ﬁR,,RH>
1 D DY v D
+ (K/RL + ZO[RRL + BR“ R,LILIZI + /6 (R'u )(1) Rl“’>:| (B15)
1 1 /- _ [
2= 2 2 - _ 2 514
+7 {8 (n?—2n2,) (H (R-28) +aR +BRVRN>
1 1 D DY v D,
+5h (KRL +2aRRy + BR™RY, + 5 (R™) RW)
1 D, DUV v v B,
* (RR@) + 20RR ) + aRy + SRR + B (R™) ) Ry, + B(R™) ) RW)] } ’
where (R'”) ;) and (R"") ,) represent the first and the second orders of R*” in metric
perturbation, respectively. From the linear order of this expansion, one should first

find the field equation for the (A)dS background. By using the definitions of Rﬁy and

Ry, the linear order terms take the form

1 =
Tom) =~ /d4x\/—g h(A—Ao), (B.16)
after dropping out the boundary terms, and one can directly read the field equation

as A = Ayp.

Now, let us consider the O (h?) action which takes the form
1 1
Towey = =5 / d*z/—7 { (ﬁ + 8al + 45/\) hgh,
1 1
5 [ (A—Ao)+ 251\2} (B.17)
K
1
h, |= (A= Ag) +6 AQ]
+ % |:I€ ( 0) + ﬁ
+20h" (50 = Vi Vo + Ag ) Bi
~28 (Ag" R + R{RE, + Ry AGw )}
after using (B.11). We should rewrite the three terms in the last line in terms of the
building blocks of [32]. First, the term [ d*z\/=g R}“ R}, can be put in the desired
form as
p— v 1 p v — — — — —
/d4x\/—g RV Rﬁy =5 /d4x\/—g hH [(gWD - V.V, + Agwj) Ry
- 2A
+ (Dgﬁy - 3g,uzzRL)
A 8A?

———R[, + 3 9m B+ 3h,w] , (B.18)
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after several integration by parts and using the linearized Bianchi identity;

_ 1 B
viGE, =0,  GhL =R, - S0 BL — Ay, (B.19)
and its variant;
S 1 - —
VHVYRY, = SURL + AVIV . (B.20)

Turning to the other two terms, note that the term g, (R*” )(2) is simply related to

gWR,(fV) as

- 17 - oV (2) — v 17
Guv (B (2) = G (g" g BRocﬁ) = g™ RQ) — 2" R, + 3AR2, (B.21)

and the term LZ}WR;(?,,) can be written in terms of R(y) as
Riy) = (9" Ruv) gy = 9" R — W Riy, + by, (B.22)

By using this result and (B.11), [ d*z\/—3 gWR,(fJ takes the form

_ _ 1 1 A

By using (B.18), (B.21), (B.23), and the field equation for the (A)dS background, the
second order action for the most general quadratic curvature gravity in four dimensions

becomes
Iy = 7% /d‘*:c\/fg hH [(1 + 8ah + 4ﬁA) G,
K 3
+ (2a + ) (ﬁpui ~ V.V, + Ag,u,l/) Ry
+p (ngy — ?gﬂyRLﬂ , (B.24)
which matches the form given in [32].

Now, let us study the Einstein-Gauss-Bonnet theory,
1 v loa v
I= /d4x«/—g L (R —2A0) + v (RYy RYS — ARLRY, + RQH : (B.25)

to work out the terms in the second line of (B.1). Note that Gauss-Bonnet combination
is a boundary term in four dimensions, so the field equation for the (A)dS background
and the O (h2) action should the same as the corresponding results in the Einstein’s

gravity case.
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The O (h?) action for the terms other than REGREY, can be given as

1 — /1 8 - - B
Tome) = —3 /d‘{m/—g ht [(/{ + 37A> gﬁy — 2y (g,u,D - V.V, + Agu,,) Ry,
- 2A
— 4y (Dgﬁy — SgWRL>], (B.26)
by using (B.24). On the other hand, to find the O (h?) action for RAYRA7, let us

expand it up to O (h?) as
1= [dey=5 RRes + o | (Reros) Y + Lnre pog
=7 Ty —g po ;,LI/+T ( po uu) +§ po*luy

o | (Rumgg) o Sn (Rri) Y+ SRR (12 - 22, )| }

(B.27)
One expects that the linear order of this expansion should become a boundary term

in order not to effect the field equation for the (A)dS background. One can calculate

that
R 7 — 83A2 (rawrg)” = 2R, (B.28)
then the linear order of (B.27) becomes
o) = / d'e/=g [ (V*V"hy, — OB) |, (B.29)
which is a boundary term.
Now, let us study the O (h?) of (B.27) which becomes
Toge) =1 / de /=G [(Rgngg)(Q) 4 %hRL 4 A; (n? - 2hfw)] L (B30)

2
after using (B.28). Here, (R%R%Y : can be written as

(R mez) = (R 57 9)
o 2o (R“pgx)@) Y TN R ( Rﬂpﬂ)(l) ( Rﬂmy) (1)

+2 [RPMAV (R“péf)\)(l) + R (RPMW)(D] 9@ + RHPUARpMVVgEflV)g(AS’

(B.31)

and by employing (B.7), (B.8), and Ry = gﬂaRﬁ) + gf’f')Rﬁ) + Rpggé’;), it further

reduces to
vooe) (2 4A U=\ (1) (1)
(RgURZV> :?R@) -9 (Rup)\cr) (Rpuw)
4\ 14A2 2A2
— —pwRE LT 2 2 B.32
3 wv + 9 v 9 ( )
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Let us consider the integral of this form where the second term can be calculated as

= —uv —pa @O o
/ d'o/=55" 5" (R 5) (R 30)"
2A

— /d4;g,/—g{hw [2 (Dgﬁy — BgWRL> + (gwi — V.V, + Agw) RL}

A
— §hw (30Rﬁy — 99w R, — 32Ahy, + 2A§Wh) }, (B.33)

after a rather lengthy but straightforward computation involving several integration

2
by parts. Putting this result and (B.11) in [d*z\/—g (R%Rﬁj‘,)( ), one finally gets

2
[atev=g (rurgz)® =
_ I\ L
[y huv{_ [2 (Dggy - 3§WRL) (80— V9, + Ag) RL}
Nir o )
+ 5 (864 —4RL, + 6Ahuw — Agyuh) } (B.34)

Now, we are ready to write the O (h2) of [ =~ [d*z\/—g REYZREY, which becomes

1 FRNZ
Tonz) = —5’7/‘1436\/ —ght
8A L s = = _ - 2A _
{_3gﬁy +2 (guVD - V,uvu + Ag,uzz) RL +4 (Dgﬁy - 3g,ul/RL>:| .
(B.35)

One can obtain the O (h2) of the Einstein-Gauss-Bonnet theory by adding this result
and (B.26), and in the final form there is not any contribution coming from the Gauss-

Bonnet term as expected.
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