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ABSTRACT

IDENTIFICATION OF LOCALIZED NONLINEARITY FOR DYNAMIC ANALYSIS
OF STRUCTURES

AYKAN, Murat
Ph.D., Department of Mechanical Engineering
Supervisor: Prof. Dr . H. Nevzat ¥z2G|

January 2013172 pages

Most engineering structures includenlinearity to some degree. Depending on the dynamic
conditions and level of external forcing, sometimes a linear structure assumption may be
justified. However, design requirements of sophisticated structures such as satellites, stabilized
weapon system@&nd radars may require nonlinear behavior to be considered for better
performance. Therefore, it is very important to successfully detect, localize and parametrically
identify nonlinearity in such cases. In engineering applications, the location ofeemityrand

its type may not be always known in advance. Furthermore, as the structure will be excited
from only a few coordinates, the frequency response function matrices will not be complete. In
order to parametrically identify more than one type of maarity which may ceexist at the

same location with the above mentioned limitations, a method is proposed where restoring
force surface plots are used which are evaluated by describing function inversion. Then, by
reformulatingthis method a second met is proposed which can directly evaluate the total
describing function of more than one type of nonlinearity which magxtst at the same
location without using any linear frequency response function métrix.also aimed irthis

study to use the miinearity localization formulations for damage localization purposes. The
validation of the methaldeveloped in this studg demonstrated with case studies based on
simulated experiments, as well as real experiments with nonlinear struetnded is
concluded that the methods atery promising to be used éngineering structures

Keywords: Nonlinear Structural Dynamics, Parametric Nonlinearity Identification, Nonlinear
Restoring Force, Experimental Verification, Dam&mection, Damageocalization
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CHAPTER 1

INTRODUCTION

This introductory chaptenims at presenting the need of understanding nonlinear system
identification and modeling from a structural dynamics point of view, in conjunction with the
requirements of the national defense industry.

1.1. Structural System Identification

Structural gstem identification consists of finding transfer function of the system which is
established by finding the modal parameters of the structure such as, natural frequencies,
damping, modal vectors and residues. This task is very difficult even for linsi@mnsy yet
sometimes it is not possible to neglect the nonlinearities in the structure.

Theoretically, every structure is nonlinear. Extend of the nonlinearity determines whether we
should be worried about it. Usually, the modeling and testing erroredinear system are so
dominant that most of the effort is spend to correct them. The importance of nonlinear
elements is highlighted when we cannot predict a correct response from the mathematical
model even though the structure is correctly modelederibear sense.

Physically, there are three main sources of nonlinearities:

Geometric nonlinearities: When a structure experiences large deformations, its changing
geometric configuration can cause nonlinear behavior. A good example for this is ttimahe
metal. When such a sheet has small deformations the response will be linear. However, when
the deformation is high then the sheet will react with higher stiffness at high displacements and
with lower stiffness at smaller displacements.

Material ronlinearities: A nonlinear stresdrain relationship, such as metal plasticity, rubber
elasticity etc. is another source of nonlinearity.

Contact: Contact is a type of Afchanging statu:
stiffness or damping (i.eri€tion) occurs between two bodies.

Nonlinearity in a system is usually observed by having different FRF plots to different load
levels. Nevertheless, the main indicators of nonlinearity in a structure can be summarized as:

1 Superposition principle doemt hold,
1 Homogeneity is lost,
1 Harmonic distortions due to higher harmonics occur on the response
I Reciprocity may not be established.
Structur al assemblies, especially when there ar

industrial designs, uslp the mechanical assemblies contain localized nonlinear elements,
such as bearings, gears and other types of joints. Thus, most of the nonlinearity identification
and modeling methods in the literature try to identify nonlinear elements which areddcaliz
Furthermore, extend of detail in modeling the nonlinear element can vary. Although detailed
nonlinear models exist in the literature, most of the time it suffices to use simple models such
as those given ifrigure 1-1. The RFs and corresponding DFs for nonlinear elements usually
encountered in practice are given in appendix A.



A final comment on nonlinearities in structural assemblies is that most of the time the
nonlinear locations contain more than a singdalimearity. An example might be a simple
revolute joint. The joint will have definitely friction and some amount of backlash yielding two
nonlinear elements.
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1.2. Motivation

ASELSAN Inc. is one of the leading military defense system designers, manufacturers and
integrators in Turkey. In order to increase the performance and life of psopdiedigned
systems are thoroughly analyzed. One of the main research topics is the control of turret type
weapon systems and integration based effects of these systems on platforms like helicopters
and aircraftsKigurel-2).

Systems such as the ones showrkrigure 1-2 have moving parts which are controlled for
various purposes. In order to correctly control such systems or integrate them without any
interference to thelatform, it is necessary to understand the dynamics of the system and the
platform.

In order to show the nonlinear responses that are commonly encountered in structural
assemblies that have moving bodi esd, onsao me
AB-204.B helicopter horizontal stabilizéfigure1-3-Figure 1-5).
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Figure 1-2. Different platforns where vibration is important, a) Weapon turret, b) Attack
helicopter, and c) Aircraft control surface

For linear (low forcing, 0.5N amplitude sine) and nonlinear testing, a shaker (Dataphysics) was
connected to one end of the stabilizer via a pashwith a PCB 208C03 force transducer. The
vibration responses were measured using six PCB 356A16 accelerometers. The frequency
resolution was 0.02 Hz at frequencies close to the resonance and 0.1Hz for the rest. The closed
loop control was achieved by theafaphysics Abaqus data acquisition system. Tests were
performed for four different load levels (0.5N, 1.5N, 3N, 4.5N) and the resulting driving point
FRFOs arkgurgliéven i n



Accelerometers
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Figurel-3. Representation of the modal tests performed on the helicopter horizontal stabilizer

Figure1-4. Modal tests performed on the horizontal stabilizer

Two interesting redts can be observed frofigure 1-6. The first shift seems to be of
softening stiffness type whereas the second shift is more complicated. Most probably, this
phenomenon is due to the existence of more than ore dfmonlinearity present in the
system.

The boundary condition, i.e. the attachment location, of the horizontal stabilizer is further
investigated. Horizontal stabilizer is connected to the tail by a rod which is fitted into a bearing
as shown irFigure1-7.



Figurel-5. Modal tests performed on the horizontal stabilizer with testing equipment
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Figure1-6. Constant force driving point FRF curves

The inner side of the helicopter revealed the simple mechanism which controls the horizontal

stabilizer. A push rod controls the angle of the horizontal stabilizer by converting longitudinal
motion into angular madn as shown ifrigure 1-8.



Figurel-7. Attachment details of the horizontal stabilizer

Figure1-8. Contrd mechanism of the horizontal stabilizer

This configuration might be causing friction and backlash. Such engineering problems are the
motivation behind this study.

1.3. Scope of Thesis

The common interest of nonlinear system identification is tatifyethe nonlinearity locations,
types and parameters. Currently, there are several nonlinearity identification tools that provide
this information up to different degrees of confidence.

The research presented in this thesis is mainly concerned with ahénear system

identification from experimental measurements. The overall objective of the research presented

in this thesis is to improve the performance of nonlinear system identification technique,
Nonlinearity Identification by Describing FunctiorSK methog , dev el ogaf] by ¥zer
for real structures, industrial systems and particularly to the problems associated with
nonlinearity identification of experimental models. The specific objectives ralaeathis

work are:

1 to extendhe DF methodo incomplete experimental models
1 to develop a method for type and parameter identification of multiple nonlinearities
1

to develop a new more efficient method for direct identification of the nonlinearity
from nonlinear FRF measurements

1 to applythe DF methodto damagédocalizationproblems
6



The outline of each chapter is given below.
1.4. Outline of Thesis

Chapter 2 presents a comprehensive literature review of several sub topics concerning
nonlinear identitation.

Chapter 3 reviews theDF method Nonlinearity localization and parameter identification are
discussed in this chapter with some remarks on the advantages and drawbacks of using of this
method. However, although the problems faced by the metlogainted out, no attempt is

made to try to solve them yet. Since the work also presents calculated nonlinear responses for
the verification of the proposed identification method, single harmonic and-imaultionic
describing function (DF) formulations, @nthe procedure for nonlinear system response
calculation is given. As the multiarmonic DFs require a defined number of harmonics in the
calculation, adaptive multiarmonic solution method is proposed which adds higher
harmonics into the calculations tina defined error criterion is met. Finally, spatial
incompleteness in testing is introduced and a well known method is proposed to overcome this
problem. Case studies are given with simulated experiments.

Chapter 4 presents anew method DFI method which gives asolution to one of the
drawbacks of theDF method The DF method uses DF plots to determine the type and
parameters of nonlinear element. In order to reduce the effort and avoid the limitations in using
DF plots for identification of nonlineayi, DF inversion is used. Thus, it is made possible to
identify the restoring force of more than one type of nonlinearity without any prior knowledge
of the nonlinearities which may exxist at the same locatioH. nonlinearities are required to

be deterrimed separately, then various possible nonlinear functions and their combinations
should be tried to be fitted to the RF function obtained. Some engineering judgment will
reduce the effort in trying different combinatiohkwever, ifnonlinearities ar@ot required to

be determined separateliren simply by curve fitting the RF pldhe coefficients of the total
restoring force can be evaluat€hse studies are given with simulated experiments.

Chapter 5 gives a new more efficient metho®DF, which cax perform the nonlinear
identification directly from a series of measured nonlinear FRiEisout using linar FRFs

which was required for the improved Diethod In general applications, the linear model of

the system can be obtained by using FEM, and émythe identification of nonlinearity
experiments can be made. Alternatively, the FRF of the underlying linear system can be
obtained from FRF measurements in the system at very low forcing levels, where the nonlinear
internal forces will be ngligible. However if the system has multiple nonlinearities including
friction type of nonlinearity, it may be difficult to measure the FRFs of the underlying linear
system experimentally, and using finite element model of the system seems to be the only
alternative to obtain linear FRFs of the linear counterpélte method eliminates the
requirement of using linear FRFs, and therefore, it works in the presence of friction type
nonlinearities by using only the experimental measurements, which is noblposgh the
improved DFmethod.Another outcome of this method is that, the true linear FRFs can be
calculated using experimentally measured nonlinear FRFs. Case studies are given with
simulated experiments.

Chapter 6 presents validations of the formutais proposed on the previous chapters using
experimental case studies. SDOF and MDOF experimental case studies are used with simple
beams. The nonlinear elements of a real engineering product are also identified with the
proposed methods and presentedthiis chapter. The accuracy of the identified nonlinear
parameters is shown by regenerating the nonlinear responses.

Chapter 7 discusses the applicability of theproved DFmethod for detecting and locating
crack type structural damage. The verificatiof the method is demonstrated with
experimental case studies using beams with different levels of cracks and a real engineering
product.



Chapter 8 presents the main conclusions derived in the previous chapters emphasizing the
contributions and improvementnade

Chapter 9 gives the suggestions for future warkorder to improve the methods developed in
this study



CHAPTER 2

LITERATURE REVIEW AND SUMMARY OF THE THESIS

This chapter aims at reviewing the studies in the literature for nonlinear system identification
and modeling. The advantages and disadvantages of theodeeare discussed and the
proposed methods are summarized. Furthermore, damage detection and localization methods
are reviewed from a nonlinearity localization point of view.

2.1. Nonlinear System Identification

System identification in structural dymécs has been thoroughly investigated over 30 years
[3]. However, most of the studies were limited to the linear identification theories. This
literature review does not cover linear identification theories hwvare well documented-5].

In the last decade, with the increasing need to understand nonlinear characteristics of
complicated structures, there were several studies published on nonlinear system identification
[1,2,6-15]. Nonlinearities can be locaéid at joints or boundaries or else the structure itself can

be nonlinear. There are various types of nonlinearities, such as hardening stiffness, clearance,
coulomb friction etc[1].

Nonlinear system identifation methods can be divided into two groups as time and frequency
domain methodq2], and time domain methods can be further divided as discrete and
continuous time method6]. Frequency domain techniques are either in the modal or the state
space domain. Furthermore, the frequency domain techniques can includdamalinic

terms in the respong&6-20]. Some authors claim that the effect of such harmonics might be
neglected in practicf’] and some add these harmonics to their sol|fidi21-23]. The effect

of harmonics in the response depends on the investigated frequency. If it is close to harmonics
of resonances, thethe harmonic terms may become important. However, it should be noted
that the fundamental harmonic has the highest weight in the response and the weight of higher
harmonics decrease drastically.

The common point of all of the methods is that, theyttrydetect, locate and identify the
nonlinearity. The level of nonlinearity determines the applicability of the methods. The term
weak (or light) or strong (or heavy) nonlinearity appears frequently in literature but a
standardized terminology is not yetuftded. Siller tried in his studj7] to derive the
boundaries for weak, moderate and strong nonlinearities. Although the method proposed in his
work sounds logical, the limits defined for the boundaries canma@xbplained by the author.
Therefore, it is difficult to determine the order of the nonlinearity and whether a certain method
will work for every case.

The following discussions on the related literature are categorized in groups that will make it
easie to visualize the differences between methods and their applicability to real world
problems.

The first discussion topic is the excitation types that can be applied to nonlinear modal testing.
Many researchers investigated the simplest excitation thpesine wave. The application of

this excitation has many advantages such as high signal to noise ratio and simplicity of control
and application. However, the necessity to scan a frequency range with a specified frequency
resolution (step sine testingdsults in a long testing time which is the main disadvantage of
this excitation type. Some methods found in the literature which rely on this type of excitation
are presented if1,2,7,8,11-15,24].



The requirement of long testing time of step sine tgglioes not usually satisfy the industrial
needs. Thus, there are also many studies publigt®d82] on random and sine sweep type
excitations. The main handicap for random vibration testing is its uncontrolled (random)
nature. All random tests performeg the authors resulted in not being able to successfully
excite nonlinearity which is also addressed in the literaf@r27]. The reason for this
phenomenon can be explained by the fact that the random signal has random levels of load
which may not be enmh to excite the nonlinearity for the investigated frequency range. The
only random profile that can excite nonlinearities in a system may be white noise profile.

The sine sweep testing has also been used in the nonlinear system identification phecess. T
main idea of this method is to combine the speed of sweep test and the controlled nature of sine
test [25]. Although it is better than random excitation, sine sweep testing has its own
disadvantages. Studistowed that the sweep rate influenced the identified nonlinearity level
[26]. As the sweep rate is increased, the identified natural frequency is increased. Therefore,
the sweep rate should be kept small in otdeavoid this problem. But if the sweep rate is kept
small then the main advantage, which is high speed, is lost.

The final type of excitation, transient excitation, has similar disadvantages as the random
excitation[4,6]. Therefore, it is not usuallyreferred in nonlinear system identification.

Besides the type of excitation, an important feature of a nonlinear identification method is the
amount of required foreknown data.

Most of the methods available require some foreknown data for the systeme. i8ethods
require all or part of mass, stiffness and damping vdBd®] whereas some methofiz11-

14] require the linear frequency response function (FRF) of the analyzed structure. In these
methods nonlinearity type is usually foreknown or deterohibg inspecting the describing
function footprints (DFF) visually. However, although the user interpretation may be possible
for a single type of nonlinearity, it may not be so easy when there is more than one type of
nonlinearity presemt].

The Restoring Force Surface (RFS) method, proposed by ktaati[10], constitutes one of
the first attempts to identify nonlinear structures. A variant of this method wes la
independently developed by Crawley al. [33,34] and was named as forstate mapping
method. Masret al.[35] extended the RFS method to MDOF systems in 1982.

The RFS method requires the time histowéshe displacement and the applied force to be
measured; however the derivatives of the displacement can also be calculated. Furthermore,
sometimes the mass and damping matrices are required. In theory, the RFS method is
applicable to MDOF systems. Howeya number of practical considerations diminish this
capability and its scope is, in fact, bound to systems with a few degrees of freedd@6hanly

The RFS method has been studied experimentally for sesystdms with few degrees of
freedom. Kerscheat al.[37] demonstrated experimental identification of impacting cantilever
beams with symmetrical or asymmetrical piecewise linear stiffness using the RFS method.
Another experimental application of the RFS method studied by Kersthan[38] was the

VTT Technical Research Center of Finlamghchmark, which consists of wire rope isolators
mounted between a load masslanbase mass. The RFS method was also used in vehicle
suspension system characterizati{8P]. Recently, Noelet al. [36] demonstrated the
application of RFS methadir an elastomeric connection on a real life spacecraft structure.
There are studies in the literature obtaining nonlinear RIESA1] using variants of RFS
method or other similar approaches like neural networks and optimiZ6t##2]. Application

of optimization methods in nonlinear system identification is rather a new and promising
approach. The major disadvantage of these methods is generally long computational time
requirements.
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Nonlinearity identification methapresented in this study considtfour main stages. Firstly,
existence of nonlinearity in the system is detected by performing step sine tests with different
loads. Secondly, the location of the nonlinearity is determined by using incomplete FRF data.
The next step is the determinatiaf the type of nonlinearity which is achieved by
investigating the restoring force function. Finally, in the parametric identification stage, the
coefficients of the nonlinear elements are obtained by curve fitting techniques. The snethod
proposed in thistudy are mainly improved versiomof the DF method. The improvement
include using incomplete FRF data which makes the method applicable to large systems
(Improved Nonlinearity Identification by DFdmproved DF method and employing DF
inversion (Nonlirearity Identification by DF InversiorDFI) in order to reduce the effort in
identification of nonlinearity. Furthermore, using DF inversion rather than DF graphs makes it
possible to identify the total restoring force of more than one type of nonlindaaitynight
co-exist at the same location.

Another additional improvement is to perform the nonlinear identification directly from a
series of measured nonlinear FRFs (Direct Nonlinearity Identification by DBB).0'he new
method eliminates the requiremt of linear FRFs and works in the presence of friction type
nonlinearitiesn combination with other type of nonlinearity

2.2. Damage Detection and Localization

Structural damage is defined as a permanent change in the mechanical state of al structura
material that may affect their performarfd@]. Common sources of damage in materials and
structural components include miestructural defects (dislocations, voids, inclusions),
corrosion (loss of materialyesidual stress, cracking (fatigue, matrix, ply), fastening fault
(weld crack, bold preload, broken rivet), adhesive faulkl{deding, delamination, separation),

and instability (thermenechanical bucklingl43].

Successful damage detection and localization in structures is essential for health monitoring
and maintenance. Nettestructive testing methods which can identify damage can be used for
this purpose. However, most of the ndestructive methods, sudis ultrasonic methods
require a suspected location for the damage, and furthermore, that location must be accessible.
The methods which use vibration responses usually do not suffer from these limitations.

The basis of vibration response methods is tlaahage changes the dynamic behavior of the
structure. Salaw{44] presented a review on damage detection methods which use the shift in
natural frequencies. The measurement of natural frequency changes &mply but less
informative compared to the mode shapes and can lead to wrong crack locations. Thus,
methods which use mode shapes and their derivatives for damage detection were developed
[45-48]. Recently, Yanet al. [49] presented a review for the advances in vibration based
damage detection methods. More recent vibration based methods use the basic dynamic
information of structures such as FRF0] and modal paraeters[51-55]. Some of the
vibration methods use wavelet analy{&6-58] and some use neural network analys&60].

These methods are based on linear models.

Damage can also add nonlinearity in structural systems which have otherwise linear responses
[61]. The most common type of damage which introduces nonlinearity is breathing cracks
which behave as bilinear stiffness elements. Many researchers have investigated different
aspects of nonlinear damage idécation using different approaches. These approaches
include, for example, using nonlinear FRB2] NARMAX modeling [63], using nonlinear
characteristics of forcesponse of structurgg4], and bifurcation boundary analy$g5].

Damage detection method presented in this study consists of two main stages. Firstly, existence
of damage in the system is detected by performing step sine tests with different loads.
Secondly, the location of the damage is determined by using incomplete FRF data. The work
presented in this study is mainly an experimental application of the metiygdsied by

Ay d o [6&] which was verified in his work only by simulated data. The approach is based on
theimproved DFmethod.
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CHAPTER 3

IDENTIFICATION OF NONLINEARITY AND NONLINEAR RESPONSE
CALCULATION BY USING DESCRIBING FUNCTIONS

This chapter discusses identification of nordiniy and nonlinear response calculation by DF
approach starting from the DF representation of nonlinearity. The renowned Harmonic Balance
Method (HBM) whichis widely used for approximate linearization of nonlinearities is also
discussed in the second 8en. The last two sections highlight multi harmonic effects on the
nonlinear response calculations and spatial incompleteness problem.

3.1. DF Representation of Nonlinearity

DF representation of nonlinear elemef@§-70] for linearization of nonlineadifferential
equations is the core of the methods proposed in this study. As these representations are used
throughout this study, a brief introduction to DFs is given in this section.

The equation of motion for a nonlinear MDOF system under harmoni¢agani can be
written as

[MI{] £ | Ix[+K} x[ KB & (MNIx%} F (3.1)

where [M], [C], [K] and [H] stand for the mass, viscous damping, stiffness and structural
damping matrices of the system, respectively. The te¢x(t),’@)) contains all the nonlinear
restoring forces which are dependent on response displacement and vetat#fy represents

the harmonic forcing vector

The nonlinear elements can be between a coordinate and ground and/or between two

coordinatesThen, the elements of the nonlinear internal force vedtdf, f om0 amgfi ees
of freedom system can be written as

N =4 n, r =1,2,3n. 3.2

wheren,; represents the nonlinear force element between coordinatedj for | i r, and
between the™ coordinate and the ground fpr= r. Equation(3.2) considers all possible
connection for the nonlinear elements. However, pratficalost elements will be zero due
having localized nonlinearitie€onsequentlyn; is a function of the displacemexti x; or X,
and/or velocity@i "Qor "Q according to the location of the nonlinear element. For the sake of
simplicity assume that,; is a function of displacement only.

For nongrounded coordinates the response will be as

X =% % it (3.3)
Whereas for grounded coordinates the response is given as

X =% j = (34)

When the nonlineantis excited by a harmonic input, then the nonlinear force vector can be
expanded via Fourier series. If the responses of thegrmmded coordinates are used, the

nonl inear f por chearvneocntiocr tfeorrmsi can be represented
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%ﬁﬂ=iM(M%@m (3.5)

where

(M o = %ﬁ (5 ot (36)
(nr,->m)o:;—7ﬁ (%), €™ (3.7)
= u (3.8

Furthermore, if the nonlinear element is assumed to be odd, then the dc term (g@.8)ion
diminishes andif single harmonic respongeassumed then equati(®7) becomes

2,

n (%) = Seﬁq(x)e"d A (39)
cP =

The nonlinear internal force can also be express§dlas

m<m>="0xd)% ¢ (3.10)

where
3 : DF of the nonlinearity
X; : Complex amplitude of the nonlinear response

Thus, from equatio(3.9) and(3.10), the DF of the nonlinearitg(X;), is obtained as
bl
r. = —
j p‘x

fin (%) e” di (3.11)
1] 0

Then, using equatio(8.11) and(3.10), the nonlinear internal force elements of equaf)

can be calculated.

3.2. Harmonic Baknce Method

HBM is a popular and simple method which is widely used for approximate linearization of
nonlinearities. In order to observe the consequences of nonlinear elements when a system is
harmonically excited, HBM is an effective method

Consider he equation of motion for @DOFnonlinear system as
m(+ o) +hkr NKLE)  EX (312)

The nonlinear internal force can be represented by equéBiéh where the response is
assumed to consist of only thestifundamental harmonic as

(=4 (1R, & % & 313
xam aXW‘%M (3.14)
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wheremis them™ harmonic and,, is them" displacement response amplitude. Nott ¥is
complex in order to accommodate phase information.

Furthermore, assuming a harmonic forcing suctfths Fe'", yields
(k- wPm 4ig) X & £ )& (3.15)

If the complex responsg;, forcing, F, and internal nonlinear force(x),, arewritten in open
form, then the fundamental equation of HBM is obtained as

(k- w'm 4 we)( Xsin( Wy # cos( 1 (& sin( ti iF+cos(t ...

29 .

aaj

e 6 i &” 5 0 3.16
$r”ﬂ,-(>ﬁ)é“d‘ n( W+ | '—fe fi(x)e ‘d tcost t)A% (316)
ceP o - Ro + I

The solution of the responsk;, is obtainedby equating the coefficiestof the fundamental

harmonics. A application of HBM wi | | be présented wi
the sake of clarity.

From the symmetric Duffingés equation, the nonl

N(X(®), X)) = k X §° (317

wherek; is the nonlinear stiffness value. If equatti(3.17) is substituted into equatiqi3.12),
equation(3.18) is obtained as

m )+ cX) +kk) K KE €)X (318

The application of harmonic balance is based on the assumption that a harmonic excitation will
result in a harmonic response. Thus, let the excitagon b

f(t)y=Fsinmt -9 (3.19)
and then the correspdimg response can be assumed to be in the form of

X(t) = Xsin(ut) (3.20)
The substitution of excitation and response expressions to eq(&fi8hyields

- mw? Xsin(ut) +c iXcos( vy ®Xsin( ty X sin ( t

. (3.2
=Fsinmt -9
Using the trigonometric equivalent fein’(¥ ) term we obtain
-mw? Xsin( ut) +c iXcos( Wy kXsin( ty .+
(3.22

k2X3(gsin(Wt)— %sin(SW)) =F sin( w)cos( g F cos(t wsin(

By equatingthe coefficients of the fundamental harmonisg(¢ } and coq¥ }) equation
(3.22) becomes

(- M2 X +kX %Ig %) Eos(q) (3.23)
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cwX = Fsin(g (3.29)

If equation(3.23) and(3.24) are squared and summed, the following equation is obtained.
FZ:ng( Ak %Ig X3)2 @ (3.25)

Further manipulations give

1

‘é‘: 3 (3.26)
Pl me w 3k aw @

& 4 H
g=tan - CW3 (3.27)

117 Zklg X2
From equatior{3.26) and(3.27) it is evident that the receptance can be written as
1
a(w= 3 (3.28
-t K zlg X2 ieun
Hence, it can be concluded that the equivalent stif/1
3w

kg = K 7 k, X (3.29

where the second terms is also the first order DF for the cubic stiffness nonlinearity.

In the above calculations the higher harmonics hawn leguated to zero. This is the main
assumption of this method. However, the effect of higher harmonics can be included by
assuming a response with higher order harmdsics

3.3. Calculation of Harmonic Respase of Nonlinear Systems by Using DFs

Representation of nonlinear forces in matrix multiplication form using DFs haslbgeloped

and employed in response calculation MIDOF systems withstructural nonlinearities by
Tanr ékal.[7ll and Ci jeteal §/2].1lnuthis section the method will be briefly
reviewed for the sake of completeness.

Let the equation of motion for a nonlinear MDOF system under harnmextitation to be
given as equatio(B8.1). When there is a harmonic excitation on the system in the form of

{f}={F}e" (3.30)
The nonlinear internal force can be expressddHs
{N(x 5} =& txI,|x) g3 & (3.31)

where[ dX|,[@)]i s the response dependent fAnonlinearity matr
terms of DFsv, as follows:
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V, Ay ro12,.n (332

D, =w rj, r 1Z..n (3.33

At this point, it should be noted that linearization via DF is equivalent to linearization using
first order harmonic balance methfid, [3-6]. From the above equations it is possible to write

the receptance matrix for the nonlinear systdiht], as

g g(-#M] i+fe] W] [KE [ D)+ (3.34)

Thus, the nonlinear response of the system can be expiEsse

{x}=ga" {F} (3.35)

Therefore, the nonlineaesponse of a system for a harmonic excitation can be calculated by
using equation(3.35). It should be noted thgt)"] is a function of displacement and/or
velocity. Thus, solving equatiof8.35) has to be iterative. The initial guess can start with the

linear response and the nonlinear response can be calcultethe[ orhatrix constructed

from linear response. Then, the new responses can be used for the calculatopripatfix and

a new nonlinear response can be calculated. This goes on until a specified error criterion is

converged for the nonlinear response.

3.4.Identification of Nonlinearity Using DFs

Harmonic response calculation method of nonlinear systems presented in the previous section
is also used for detection, localization and parametrically identification of nonlinearity in

structures. As the basibaory of theDF method is given in detail in referenf#, here it is
briefly reviewed.

The receptance matrix of the linear counterpart of the nonlinear sgtenssed in previous

sectioncan be written as
[a] =( -#M] i+fe] i[M] [KY® (3.36)
From equationg3.34) and(3.36), the nonlinarity matrix can be obtained as

[0 =" g 4" (3.37)
Post multiplying both sides of equati®37) by [0"] gives

[Olg™ gl [2] & (339
where[Z] is the dynamic stiffness matrix of the linear part:

[Z]=[a]" £ #[M] i4e] i[H [K]} (339

I'n order to localize nonlinearity in a
The nonlinearity indexNLI) for ap" coordirate is defined by taking arni{ column of[U"]
and thep™ row of [ gfilom equation(3.38) as follows:

NLL= R a 8- Q. 4 @ (3.40)
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Her e, t heimr @4 m c b & hagephpwewem io practical applications it should be
chosen as an appropriate coordinate at which measurement can be made and also be close to
suspected nonlinear element. Equat{@40) shows that any nonlinear element connected to

the p" coordinate will yield a nonzerbdlLl,. On the other hand\LI, can be experimentally
obtained by using the right hand side of equat®88), which requires the measurement of the
receptances of the system at high and low forcing levels, presuming that low level forcing will
yield FRFs of the linear part:

NU,=d, Z, & Z; #Q. % (3.41)

As equation(3.41) is frequency dependentlLl will also be frequency dependent, and
thereforeNLlI for a coordinate will have different numerical values at every frequency. Yet, any
nonlineariy at a coordinatg will depict itself as a nonzerblLl, value at any frequency.
However, it is found the best to use the sunNbf, values calculated at each frequency in the
frequency range of interest, rather than using a single value determined aabitary
frequency. Throughout this studyLI values given in plots for a coordinate are the suLdf
values for that coordinate at each frequency in the frequency range of interest.

It can easily be seen from equati@¥1) that to calculateNLI for a coordinate, we need one
column of dynamic stiffness matrix of the linear part of the system corresponding to
measurement DOFs, and one row of the nontimeaeptance matrix corresponding to the
same DOFs. If dynamic stiffness matrix is to be determined from the inversion of
experimentally measured linear FRFs, then whole linear FRF matrix is required. On the other
hand, as discussed [8] in detail, in practical applications, dynamic stiffness matrices are
sparse with several zero elements. SiHtéis a weighted summation of nonlinear receptances
(weights being the elements of dynamic stiffness matrix), thdinear receptances that are
multiplied with zero or small dynamic stiffness matrix elements do not need to be measured.
Moreover, theNLI should be calculated only for coordinates around potential nonlinearities.
As nonlinearities are usually due to j@nground connections, etc., the number of coordinates
at which nonlinear FRF measurements are required will be considerably small compared to
total DOF of the system.

In order to identify nonlinearities from measured data, equ8@8) has to be solved for the
nonlinearity matrix] o] using | inear and nonlinear FRFOs.

Assuming that nonlinearities exist betwe®handj"c oor di nat e s, the nonlinearity
can be written as

e 0

é. -

é.

e:

€

g6, &n -ng

[D] =0 ¢, ,uo (342

é. e- . u
é:

€.

é. .

g 0

Furthermore, the nonlinearity matrix,gp¢an be written as multiplication of two matrices as
[O] 4 ¥’ (343

where;
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e e
e e
én
{dy=¢ , {d}= e (3.44),(3.45)
gn € 1
e e:
60 éO

The nonlinear response of the system can be expressed as

{X}=ga™ @&} (3.46)

Furthermore, if equatiofB.34) is substitutd into equatior(3.46)

{4 =d7] ¢4 1" {@F (347)
The ShermaMorrison matrix inversion formulf?] is given as
\ r1g g [ATHHY[AT

AlHH M - (3.48)

where[A] is anN x N matrix with full rank and{u} and{v} areN x 1vectors. Rewriting
equation(3.47) using equatior3.48)

b L

Performing the matrix multiplication the response of every coordinate can be obtained as

eX, o (‘?X"”l 2 X@”

é. ug: Y g

Z e)( u e

ng lin, l] [a]{ Q{{ kd— X| r (350)
éxj e><I|n u 1+ {d]} [ 4 }d Xlﬁ

é: u e. u

6 o€ U e

2 5 6 u é

@Xn g éX”nn u Xlén

When the nonlinearity is located taeen ther™ andj™ coordinates, the response of ti
coordinate can be written from equati®&b0) as;

(akr_ %)(Xlin, _Xiinj) /

X = Xiin (351
< 1en(g 2.2 4%
and if the DF representation of the nonlineafidy is solved from equatio(8.51)
lin, ~ Xk
: (352

TXe- %)@, 2 43 (52 4 %% %)

The DF representation of the nonlinearfidp versus response amplitude graph gives a means
to interpret the type of nonlinearity and to identify it by cufitteng.
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3.5. Calculation of Multi-harmonic Response of Nonlinear Systems by Using DFs

The method given in section 3.3. considers the system response to be composed of the first
harmonic term only. However, theoretically, the response has infinite harm@ms in the
response due to the nonlinear element. The effect of the higher harmonics in the response
varies with thetype of nonlinearityand its value. It is important to note that, the higher
harmonic terms will not contribute to the response ashnas the first harmonic term for weak
nonlinear systems.

The response having higher harmonic terms suclsi )t sin(3 ¥)t etc. also has the
multiplications of these terms suchsas(y¥ Jsin(2 ¥)tsin(¥ ¥sin(3 ¥).tsin(2 ¥)sin(3 ¥)tetc. If

the formuhtions do not include the multiplications, then this type of modeling is called higher
harmonic solution. Whereas, when the formulations include these multiplications, this type of
modeling is called mukharmonic modeling23,73].

The DF modeling whichwas introduced in section 3.1 used single harmonic DFs. Multi
harmonic response formulations require the DF to be also -harthonic. Therefore, the
Fourier series expansion of the DF definition is used. The details of the formulations will be
given in he next section which is based on the studies giv&Bia3].

Finally, the classic muliharmonic modeling procedure requires the number of harmonics that
will be used in the solution to be predefined. An adaptive rhaltimonic solution method is
propcsed which adds harmonic terms to the response automatically until a predefined error
criterion is satisfied. This control works for continuous type of nonlinearities (e.g. cubic
stiffness) very well but for discrete type of nonlinearities such aspfeea further
modification may be necessary.

3.5.1. Multi-harmonic System Modeling Theory

The differential equation of motion of MIDOF system with nonlinear elements which is
harmonically excited is defined a® equation (3.1). Then, up to equatior(3.8) the
formulations included higher harmonics. Thus, the foilfgvderivations will continue from
equation(3.8) without removing the higher harmonic terms.

Considering the harmonic forcingf}, to be of sinusoidal forpit can be written as
{f} =m{F}e") (353

where {F} is the amplitude vector of the forcing. The response to this harrfamsiwill not

be a single sine as it was assumed in the single harmonic solution. But the response will still be
periodic. Thusthe responséor thegrounded coordinasean berepregnted as a Fourier series

by summing the harmonic terras

x=a{x}, =& %}, (359

wherem is them™ harmonic and X} m is them" displacement response amplitude. Note that
{X:} is complex in order to accommodate phase information.

Thus, the grounded coordinate responses can be approximatechtapg e har moni ¢ t er ms
(P={1, 2, Basé, p

P !
% = |m('a'__{x,}mém”‘) (359

The nongrounded responsessj(coordinates) can be obtained in a similar way as
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=x % afx}, &x}, & (356
m=0 mH
The same approximation of restricting the number of harmonics to a &b oén be applied
and by taking the imaginary part of the response the following represertatidre obtained.

= |m(£ {x;} & (357)

where{ X;}mis them " displacement response amplitude.

Furthermore, nonlinear forces can be represented as harmonic functions of response at the
same frequency.

n =y (x -x) i (359)
n; =V X j = (359

where,3 is the DF of the nonlinearity in the system such that it provides the best average of the
true restoring force between coordinatesndj or between the coordinateand the ground.
Then, using equatiorf3.58) for multi-harmonic terms with the negrounded coordinates
yields

(1) =8 (%) (%) i (360)

Equation(3.60) can be expanded in matrix form as

e(nrj)l Ue( )11 (V )12 (Yj)m 4%&!])1
(nrj)z (Vl’j)Zl (Y)zz (}()m ﬂ(?ﬁ)z

é :
o U8

(3.61)

_,_,ql -

: < T
(Vl'i )m d}krj )m

T
T(n
i (
which can be further expanded by using the responsrdinate as

,:e.(nr)l
$ (),
1(nr)Z
L),
[
P
I(n)
(n)

A i e e e

(3.62)

g (Vrj )11 - (Vrj )11 (Yj )12 ‘(}{ )12 (h/ )n1 ('r}/ )mL gxf)l :
e Wi (4 e Me = B W §X1 i
g(vrj)21 '(Vrj)zl (VJ )22 (Y)zz (h’)nz ('rY)nz %(Xr)z 1|
é' (Vrj)zl (Vrj)21 '(VJ )22 (){)22 ('rY)nz (rY)rm :l\](xj)Z l
g : : : - : Ld : :
W M e e e B,
&V (o 3 ~-<mm(xm&&%{
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Equation(3.62) can be written in compact form as

(n )m j (?r)l
(3.63)
’f(l’l Jm 9 |a_l[ qjm %(
where
)ml - (Vr] )ml
3.64
[ ] @'( Dmi (4 (364

In order to obtain the DF valugs,;)m., equation3.63) can be solvedsa

(%) - 9,(x) 1 (3.65)
(er )I

— rJ
( T )ml - -

Note that this solution method requires the knowledge of the nonlinearity type and parameters
present in the system.

3.5.2. Multi-harmonic Nonlinear Response Calculation
The single harmonic nonlinear response calculation was discussed in section 8.8&xtemd

the single harmonic response formulations to include multi harmonic DFs and the
representation of nonlinear forces, we obtain

[a]}nl{X}megll X}, EFln (3.66)
=
N
where
[a],=(mw[m] im pd {+H] [k (367)
If m harmonics are used in the solution then equd8d®) can be written as
o 1 ~
g{aa]l*{ b [1R - [1 %x}l 0 {FE,
& [D 1 "X}2 l {F}lz
® (O LA3E1R (1B ig =10 oo
& ' [
F
%[D]ml [ Pm2 Mm[HRnB} &l{}im

The nonlinear response can be obtained by taking the inverse of nonlinear receptance matrix as

FHR (1R - (1R 9
 {FB,
O [d7#1R - [1R of,
o i (3.69)
0 i
5l
D] [P, -~ [d%[9R 2
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Equation (3.69) is the extended version afquation (3.35) in terms of multiharmonic

componentsAccordingly, the iterative solution procedure is similar to the one given in section
3.3.

3.5.3. Adaptive Multi-harmonic Solution Method

The mudti-harmonic calculations require the number of mii#trmonic terms that will be
included in the solution. As the muliarmonic terms are usually significant at frequencies
close to the harmonics of resonances and insignificant for the other frequenrcies;or
criterion based adaptive control has been proposed. A predefined error value is set and the
solution starts with single harmonic solution. When the error increases then the code
automatically adds a higher harmonic to the solution. This meththates the calculation time

as higher harmonics are added only at the frequencies close to the harmonics of resonances.
The error criterion is based on the nonlinear force veaix;,’@)}. The percent error for the
multi-harmonic solution can be defined as;

¢ 0055 ), - {8 (%)

%Error = X ) LRI g
a - ™o (3.70)
k=1 {N )gl )ﬂ }

where
n: the degree of freedom,
m: number of harmonics.

3.6.Case Study:Nonlinearity Identification and Multi -harmonic Response Calculation

The model used for demonstration of fhE method and mukharmonic response calculation
(Figure3-1) is taken fron{74]. The model parameters of the system are as follows

m, =1 kg k =k =k =500 N/r
m, =5 kg ¢ =6 =¢ =5 Ns/m
F=50N

k =k, =80000 N/ni

The nonlinear elements at adnate 1- ground and coordinate 2ground are cubic stiffness
type elements.

K K,

t, i,

Cy Ca Cz
F

Figure3-1. 2 DOF nonlinear system with two cubic stiffness nonlinear elements
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The harmonictime response of the systémcalculated with MATLAB by using the ordinary
differential equation solver ODE45. The simulation was run for 32 seconds at each frequency
to ensure that transients die out. The frequency range used during the simulations is between 0
and 10 Hz with fregency increments of 0.02 Hz. The above procedure is applied to obtain
both linear and nonlinear responses. The linear FRFs are obtained by applying a very low
sinusoidal forcing (0.1N) fronthe first coordinate as presented Figure 3-1. The nonlinear

FRFs are obtained by applying high sinusoidal forcing (50N) to the system from the first
coordinate as shown Figure3-1.

The system investigated has two nonlinear elemante/o separate coordinateshich make
the ShermamMorrison solution method given in section 3.4. not applicable. Therefore,
equatios (3.40) and(3.41), haveto besolved simultaneouslfy or t he DF, 3, values.

The DF representation of the nonlinearitgo can be graphically shown as a function of
response amplitude, which makes it possible to identify the type of nonlinearity and to make
parametric identification by using curve fittinghen the DF is plotted as a function of
displacement amplitudé-igure 3-2).

As expected, the curve fitted to the experimental data describes cubic stiffness nonlinearity.
The nonlinear stiffness value is obtihfrom thefitted curve Eigure 3-2) as80000 N/ni.

After identifying the coefficient of theonlinearity in the system, the multarmonic response

of the nonlinear system as well as the nonlinear FRFs can digatatl by using the iterative
solution method given in section 3.3.

oo | | |
E 700 1 — Simulated Describing Function Yalues //
=
2 800 1~ ——Curve Fitted /“
=)
E smo
-
5 -
'E 400
w300
g /
£ .
,.% 200 \
S 100 -

i =
0 o0z 0.04 .08 003 01 01z
Displacement (my)

Figure3-2. Simulated DF values and the fittedrve

The method discussed in section 3.5 is applied with 3 harmonics to shoffettteoé multi-
harmonic terms on the system response. The response consists of the harmsinias jof
sin(3 ¥) andsin(5 ¥)tFigure3-3 shows the comparison of FRFs obtained by single and-multi
harmonic solution with the time integration resulitke FRFs for time integration are obtained
by dividing the FFT bthe time response by the FFT of the forcing.

The single harmonic solution is not so accurate especially around natural frequencies (around
2.7 Hz and 6.6 Hz) and the shlrmonic frequency (around 0.7 HBigure 3-4 shows the
subharmonic frequency region where the single harmonic solution fails to match the time
integration solution.
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Figure 3-3. NonlinearFRFs at 50N blue: Time integrationFRF, green: Singléarmonic FRF,
red: multiharmonic £ harmonic FRF (of 3 harmonics)

—— Time Integration Solution
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Figure 3-4. Nonlinear FRFs at 50N one third of the first natural frequency, bluBime

integration FRF, green: Single harmonic FRid: multrharmonic 1! harmonic FRF (of 3
harmonics)

The phase plotHigure 3-5) showsalso that there is a better correlation between multi
harmonic solution and time integration than the single harmonidamlut
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Figure 3-5. Nonlinear phasest 50N blue: Time integrationphase, green: Single harmonic
phase, red: mulharmonic ' harmonic phase (of 3 harmonics)

Finally, a specific frequency of 2 Hz is «den which is close to tHest resonancéaround 2.7

Hz at 50N forcing leveljo compare the time responses of all the methBidgire 3-6 shows

the time integration, single and mdftarmonic responses. It is deint that as higher harmonic
terms are included to the response, the solution will convergesfmnse obtained kime
integration. Considering these plots, it can be concluded that the response may not be
accurately represented by the single harmonimopmmentwhen the frequencies of interest are
close to the resonances and/or harmonics of resonances.

—— Time Integration Solution
. \ — Single Harmonic Solution
0.06 S First Harmonic of Multi-harmonic solution

7 N
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|
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Figure 3-6. Nonlinear ime responseat 2 Hz, blueTime integratiorresponse, green: Single
harmonicresponse, red: multiarmonic total response (of 3 harmonics)
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3.7. Spatial Incompleteness and FRF Synthesigth an Application

In modal testing of complicated structures usually a shaker is attached to a specific location on
the test structure and measments are made at several locations. These measurement
locations must be chosen such that they are not on the nodal points of the mode shapes under
interest. Figure 3-7 shows first two mode shapes of a beam andodal point. The beam
example will be used to discuss the spatial incompleteness definition.

Usually test engineer excites the structure from 1 or 2 locations and measures responses from
many points using accelerometers. This yields 1 or 2 columng ¢fRIF matrix. For example,

for the beam example given Figure 3-7, the receptance matrix, considering 3 measurement
points, will be

gall
la]=ga1 ? ? 3.7
8‘331 ?

Accelerometers

ﬂ 3 2] 1 1%'mode

d ~~~~~~~~~~~~~~~~~~ shape

- 2""mode

[3] 2].---" [1] shape

Nodal point

Figure3-7. Nodal point representation

The number of unknown receptances can be reduced if reciprocity is used, which is one of the
main assumptions of linearity. Then,

2311 4@ &
la]=¢ga1 2 2 (372
B 7 7

where from reciprocity,

1= &1

(373)
a13= &
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However, there will be still unknown terms in the FRF matrix, especially the ones related with
rotational degrees of freedom may be missing. Although there are van&theds to obtain
FRFs at rotational degrees of freedpfB], measuring FRFs for rotational degrees of freedom
is usually found very difficult and it is avoided.

Having missing FRFs due to not exciting the stinze from all coordinates is called as Spatial
Incompleteness. The traditional way of dealing with spatial incompleteness is either to assume
that those elements are insignificant or to create a numerical or analytical model of the test
structure and upde it using the spatially incomplete data. Then this updated model is used to
obtain the full FRF matrix. This method is very difficult due to the trials needed to update the
numerical model correctly.

Incomplete FRF matrix is indeed very troublesomédadle. Rotational degrees of freedom
elimination is not as bad as not exciting the structure from all coordinates. The reason is that,
when rotational degrees of freedoms are eliminated, the resulting FRF matrix is still square and
mathematically usablddowever, when the structure is not excited from all coordinates, the
resulting FRF matrix is not square.

In order to obtain the missing elements of the experimentally obtained receptance matrix, the
application of a well known method is proposed. Thecadlti, if the modal parameters
(natural frequency, damping ratio, modal constant, lower and upper residues) of a structure are
obtained by linear modal identification, then missing elements of the receptance matrix can be
synthesized.

Synthesis of the uneasured elements of the FRF matrix can be summarized in the flow chart
given inFigure3-8.

Linear Modal Test

A4

Modal Identification
(Any Linear Identification

Method)
Natural Damping Modal Lower/Upper
Frequency Ratio Constant Residues

— =

Synthesis of FRFs at
Unmeasured Coordinates

Figure3-8. Synthesis process of the ugasured coordinates

In this study the linear modal identification is performed in the LMS Test Lab software. LMS
Test Lab software utilizes a further evolution of the leagtares complex frequency domain
estimation metho(i76] which is called PolyMAX. The details of this method can be found in
the manual of the softwafé7].
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During this identification process natural frequencies, damping ratios and scaled modal
constants are identified. Furthermore, during the identification a frequency band is selected so
that lower and upper residues are also calculated. In order to synthesize the unmeasured FRFs,
the scaled modal constants must be separated to modal comstdrttee scaling factor. The
derivation of this process is given below.

LMS Test Lab uses the Laplace domain transfer function represenfdiiomherefore,
derivation of the FRIBf a SDOF systerfrom Laplace tansfer yields

*

A N A
i(w- w) + Ywi( ) w+,

a( w= (3.74)

where

¥, Undamped natural frequency
¥q= ¥a (-ef) : Damped natural frequency (3.75)
¢ : Damping ratio

The complex conjugates, A" are defined as the scaled modal constants of the FRF and can be
obtained as

A=- 1
i2uym

(3.76)

For a MDOF system the scaled modal constgfitbetweeri™ andj™ location of modek, can
be written as the product of a scaling facgrindependent of théocation) and the modal
vector components in both locations.

A =ay y~ (3.77)

where,

Bz (379
i 20K mX '

¥ = ¥ 4(1-(¢%?) : Damped natural frequency of mokle (3.79)

m’ Modal mass of modie
¥, Undamped natural frequency of mdde
g Damping ratio of modé

The damping type defines whether the modal vector will be real or complex. If the damping is
proportional then the modal vectors will be real, thus the modal casstélh be imaginary.
Therefore the scaling factor will also be imaginary. If the damping is not proportional then
modal vectors, modal constants and the scaling factor will be complex.

The most common scaling that is applied is the unit modal mass gsc@lem mass
normalization).

m¢ =1 (3.80)
Thus the scaling factor (equati¢(®78)) becomes;

1
= 3.81
&= % (381)

If this scaling factor is used;

29



1
k —
Aj =-

k
12wy

£ (3.82)
where,
I : Modal Vector

Further manipulations yield modal constants as

= AN2 g (3.83)

If the driving point scaled modal constant is used (ig}.)

(9% = Aki2 wf (3.84)

Then, mass normalized complex eigenvector for the driving point can be found. The other
eigenvectors can be simply found from equati@B3) with the knowledge of the mass

normalized complex eigenvector for the driving point.

The FRF formulatin with the scaled modal constants for viscously damped systems can be
defined as;

N k K
o (W=3 A . (A"

(3.85)
gk B w ol (9 K i Lo )

where,
N: Number of modes considered

If we substitute equatio(8.79) and(3.82) into equation(3.85), unmeasured receptanay:(x)
can be calculated as

(3.86)

L T L/
a(vyg I2Wa/1(|5' L2 «/1-( y
U OEm i ow w9 K i e )

Furthermore, if the upper and lower residuals are included qiat®n(3.86) we obtain the
final form as

s k
a (e aN. |2Wk4f1 (V) aa
” e Wi w gl € 2\/) -
e a— A}
|2Wk«/1 (VY U L_FiJ

k|5’+|( s if/tjl( )Zi/) i w

This formulation is the basis for the synthesis of the receptances for the unexcited coordinates.
Once the modal parameters (natural frequemg§;, damping ratiog’, scaled modal constant,

A”-k, lower/upper residues) are obtained from linear identification tools, eqyt&¥) is used

to obtain the omeasured elements of the FRF matrix.
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I n order

to show that FRF synthesis method i
be considered. The FRF synthesis method is performed on a four degree of freedom system,
shown inFigure3-9.

Figure3-9. FourDOF example moddbr FRF synthesis of a noise free system

where,

k=k =% k k 508N/m

G=C TG §

G 5

Ns/m

m=1kg, m =2kg,m 33kg,m 5k

The simulated At est 6 F RiRversian.lOnlgtke fistrcadumo dfthev i ne d
FRF matrix is used in the modal identification process (h£.U,1, Us1, Usy). The driving point

FRF (U.) is shown inFigure 3-10. In practical applications most of thene a specific
frequency range is under consideration. The analysis frequency range should be chosen by
considering the owbf-band effects. The owdf-band effects are caused by modes below and
above the analysis band. The unmeasured modes can be catedemg upper and lower
residuals. However such compensation cannot be made for the unmeasured FRFs. Thus, the
frequency band should be wide enough so that thefelidnd effects are not disturbing the
analysis. As it can be clearly seen fréiigure 3-10, the modes are very close to each other.
Therefore, the whole frequency band is chosen for modal identification. Otherwise, small
errors that may seem insignificant in FRF plots may easily be magnified when FR¥ imat
inverted to obtain the dynamic stiffness matrix. This may lead to errors in localization and
identification of nonlinearity.

Receptance (m/N)

6¢107° T T
b Analysis Band »
4107F .
2107 .
1 T
0 50 100 125

® (rad/s)

Figure3-10. Driving pointlinear FRF
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The modal parameters (naturaéduency, damping ratio, and scaled modal constants) and
lower/upper residuals were identified using receptakggsl;, U andU;; by LMS Test Lab
PolyMAX identification method as given below:

w!=1.308 Hz, @ =2.482 Hz, y =3.631Hz, ¥ =5.417

¥ =0.0412, ¥ =0.0782, ®=0.1149," V=0.1729
¢0.1646+ 0.00004145¢ & - 0.2681+ 0.000R2 g

o go.so7o+ 0.0001168 3 2 5-0.4053 +0.0001051 3
€0.3663+ 0.0001771 U = & 0.1461 - 0.00005879U
§€0.2768+ 0.0001467 § & 0.3276 0.000128 |

€-0.3779 +0.0002021 g e 0.8709+ 0.00001343g

fs_g -0.358 -0.0001406 | y & 03376 +0.0004867 |

€ 0.4169 0.0002271 U ' & 0.867- 0.0001865 U

& 0.1272 +0.00008844{1 & 0.006768 - 0.00002484]
£0.0000001222 g &.000001065 g
£0.0000001512 | $.0000002104
=¢ UUR = u
€0.00000009833U .0000001095 U
£0.00000005022;; €00000003525 |

These values are used iquation(3.87) to obtainU,; as
;f" ik
a (W=§. 21 (VY 1 +e
TG i w WL Y
1 K ke

——F—=hH{)

2k 1 (P g
Wi w6 oY)

Substituting the corresponding values yields regenerdtgdwhich is compared with the
original Uy; as shown irFigure3-11.

(3.89)

LRy
W

+UR;

Furthermore, the point receptanidg for the unexcited coordinatélg) is also synthesized by
using equatiorf3.87). Original and synthesedU,, curves are compared kigure3-12.

3.8. Nonlinearity Localization from Spatially Incomplete FRF Data

The main disadvantage of tl# method presented in section 3.4. is that in order to calculate
the NLI the complete linear FRF matrix may be required (if instead of theoretically calculated
dynamic stiffness matrix, inverse of experimentally measured receptance matrix is used).
When this is the case, it may not be feasible to apply the method. In thisisiaighroposed to

use theoretically predicted values for unmeasured receptances calculated from the measured
ones {mproved DF methagd and it is shown with case studies that this approach yields
acceptable results.
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Figure3-12U,i Test 0 and synthesized FRF

Nonlinearity localization by using the right hand side of equaf®#l) requires either the
system matrices (that can be obtained from the FE model) or the complete receptance matrix of
the linear part so that it can be inverted to finddheamic stiffness matrifZ]. The flowchart

of the FRF synthesis and its application for nonlinearity localization is giveigime3-13.
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Linear Modal Test
(Step Sine Test)

v

Obtain one
column of the FRF
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from any linear modal
identification tool

Nonlinearity
Localization

3 Calculate the
Obtain ‘
S . inverse of
Synthesized linear | + & 5 T
; synthesized linear
FRF matrix :
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. FRF Synthesis

Nonlinear Modal Test
(Step Sine Test)

v

Obtain one
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matrix

R S
Calculation of
nonlinearity index
(NLI) for every
coordinate

Summation of NLI
values over
frequency for each
coordinate

Figure3-13. FRF syithesis and nonlinearity localization flow

3.8.1. Case Study 1: Nonlinearity Localization from Spatially Incomplete Noise Free

FRFs

In order to demonstrate the application of ith@roved DFmethod, the numerical model given
in Figure 3-9 with a nonlinear cubic hardening spring'(k 1 N/m®) between coordinates 3

and 4 is consideredrigure3-14).

F Ky
kq ’% ky ks K, Ks
VWA AW AV AN
— L {1 H{F =R
c4 Cy C3 Cy Cs

Figure 3-14. FourDOF example model with nonlinear elemdat nonlinearity localization

from spatialyy incomplete noise free FRFs
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First, the time response of the system is calculated with MATLAB by using the ordinary
differential equation solver ODE45. The simulatismun for 32 seconds at each frequency to
ensure that transients die out. The frequency range used during the simuldtiomsOiso 20

Hz with frequency increments of 0.0625 Hz. The above procedure is applied to obtain both
linear and nonlinear respons@#ie linear FRFs are obtained by applying a very low sinusoidal
forcing (0.1N) and nonlinear FRFs are obtained by applying high sinusoidal forcing (10N) to
the system from the first coordinate as presentddgare3-14. A sample comparison for the

Il i near and n anslgivenieFagure3llRFs o f U

6x 10 T T T T T T T T
— Linear
””” Nonlinear
5; -
4+ ]
4
E
8 A
c 3+ A 4
©
a
8
@
©
2_ -
1; -
0 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Frequency (Hz)

Figure3-15. Nonlinear and linear FRE);) comparison

Theimproved OF method is applied and théLI for each coordinate is calculated and summed
over the frequency interval 0 to 20 Hz where the linear FRF is synthesized by ed8&n
using only the first column of linear FRFs. The sumN&fl for each coordinate is given in
Figure3-16.

The results show that there is a nonlinear element between coordinates 3 and 4 or there are two
nonlinear elements at coordinates 3 and 4 respectively. This problem can be solved by
physically checking the structure under consideration whether or not there is a connection
between coordinate 3 and 4, etc. If there is a connection between two cawmrdimaby be a
nonlinear element in between, otherwise it indicates nonlinear elements between 3 and ground,
and between 4 and ground, etc. When this is not obvious, another approach would be to
regenerate the nonlinear FRF with the identified nonlineaaitgd compare it with the
measurement. A match will be obtained only for correct localization and identification. In
order to compare the FRF synthesis method with the exact values, all of the linear FRFs are
obtained by matrix inversion andLl values arecalculated. Then, th8lLl values obtained

from FRF synthesis method are compared withNhé values obtained from the exact linear
FRFs Figure3-17).
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w
T

1 2 3
Coordinate Number

Figure3-16. Sum of nonlinearity indexes for measurement coordinates

NLI Value

0 :
1 2 3 4
Coordinate Number

Figure 3-17. Comparison of the nonlinearity indexes obtained by using synthesized and exact
FRF values. (Black: Using synthesized FRFs; Graginy exact FRFs)

3.8.2. Case Study 2: Nonlinearity Localization from Spatially Incomplete FRF Data with
Noise #1

The improved DF method is also tested in the presence of random noise by using the

Ainormrndo function of MA T LribuBon anid stdnda eleviationme a n nor mal
of 0.0025 m which corresponds to 5% of the maximum response amplitude. The noise is added

on the time responses before the FRF value is calculated. The corresponding linear and

nonl i near FRdafegvenirmgure3-18.or U
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Figure3-18. Comparison of nonlinear and linear FRBg)in the presence of noise #1

Then using thémproved DFmethod again, th&lLI for each coordiate is calculated and
summed over the same frequency range, where again the linear FRFs are synthesized using
equation(3.87). The sum ofLI for each coordiate is given ifigure3-19.

NLI Value
()
T
|

1 2 3 4
Coordinate Number

Figure3-19. Nonlinearity indexs obtained with simulated noigé&
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3.8.3. Case Study 3: Nonlinearity Localization from Spatiallyncomplete FRF Data with
Noise #2

Furthermore, another type of noise is added to the FRFs by multiplying a normal distribution
noise, with unity mean and 0.025 standard deviation, with the linear and nonlinear FRFs. The
driving point noisy FRF curves argiven in Figure 3-20 and the sum oNLI for each
coordinate is given irFigure 3-21. Thus, even with such high noise levels, the nonlinear
element is successfully localiz@s being attached to coordinate 3 and 4.

x10°

:
—Linear
----- Nonlinear

Receptance (m/N)
w
T
1

I I I 1 I 1 1
00 2 4 6 8 10 12 14 16 18 20

Frequency (Hz)

Figure3-20. Comparison of nonlinear and linear FRBg)in the presence of noige

NLI Value
w
T

1 2 3
Coordinate Number

Figure3-21. Nonlinearity indexes obtained with simulated mai@
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It is interesting to note that, the location of the nonlinearity changes the system FRFs

considerabl y. stud?}/dwhere the nonlinearity
3f

coordinatel® coordinate, 15:2™ coordlnate coordinate, %-4" coordinate, % 0
figroundod coordinate) is performed, aFgdret he
3-22. However, thémproved DFmethod works succesdiyifor all cases.

x10”?

Receptance (m/N)

Frequency (Hz)

Figure 3-22. Linear and nonlinear FRF®r different nonlinear element locations; black:
Linear, blue: 0 figr oun d o6l eardnate, iech #2"¢ coordinate,green: 2"%-3"
coordinate purple:3°-4" coordinateprange4™ 0 fgroundo coordinate

3.8.4. Case Study 4: Nonlinearity Localization from Spatially Incomplete FRF Data with
Missing Coordinates

Another practical consideration that must be discussed is the unnmkasordinates. In other
words, consider the system givenHigure 3-14 and assume that the measurements are taken
from coordinates 1, 2 and 4. The modal identification process will still identify 4 modes and
corresponding modal parameters. Timeproved DFmethod is presented by using the neise
free FRF data. The sum ®fLI for each coordinate is given frigure 3-23. This time the
nonlinear element seems to be located betwmordinates 2 and 4.

39

dr

Vv



NLI Value

D I
1 2 3 4
Coordinate Number

Figure3-23. Nonlinearity indexes obtained with missing coordinates

The case studies given above show thatjrtipgoved DFmethod can successfully localize the
nonlinear elements even with high noise levels.
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CHAPTER 4

NONLINEARITY | DENTIFICATION BY RESTORING FORCE APPROACH

This chapter discusses the proposed nonlinearity identification method by restoring force
approach using DF inversion.

4.1. Introduction to Nonlinearity Identification Process Using DFs
The nonlinearity ideiification process consists of a series of processes. Kersthain[3]

describes the nonlinearity identification process as detection, characterization and parameter
estimation. Asimple flow charis given inFigure4-1.

Nonlinearity Detection

v

Nonlinearity Localization

A 4

Nonlinearity Characterization
(Type and Functional Form)

\ 4

Nonlinearity Coefficient
Identification

Figure4-1. Nonlinearity identification process

The detection of the nonlinearity can be considered much easier compared to the other stages
of the identification process. When a structure is excited at two different force levels the
response should increase linearly resulting in an unchanged FRF. However if the system is not
linear, then the FRF curve for different forcing levels will be diffef@igure4-2). This is the

easiest way to detect whether or not nonlinearity is present in the structure.

In the second step, the locations of nonlinear elements in a structural system can be evaluated
from nonzro NLI values. The next step, which is nonlinearity characterization, is more
challenging.

First of all, equatior{3.37) is used to evaluate the numerigalues of DFs for each nonlinear
element at various response levels. However, it should be noted that the method proposed
requires measurement of nonlinear FRFs only at one high excitation level. The value of the DF,
when there is single nonlinearity presén the system can be obtained from experimental data

at different response amplitudes by using SherMarrison formulation to avoid inversion
(seesection 3.4for details).
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Figure4-2. Driving pointFRF curves of a nonlinear system for different constant forcing levels

However, when there are multiple nonlinearities present in the system, SHdoméson
formulation cannot be employed. Yet, simultaneous solution of all DF values is possible as
long as the number of nonlinear elements do not exceed the total number of measurement
coordinates, which would be rather unusual in practical applications.

Then, the value of eachHXan be plotted at different response amplitudes for obtaining DFFs
which can be used for determining the type of nonlinearity, as well as for parametric
identification of nonlinear element(s).

Another common approach used for the same purpose is to obtain Restoring Force (RF) plots.
Figure4-3 presents RF and DFF plots for some common nonlinear elements. It is clear that RF
plots contain more physical information compared to DFF plots.
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Figure4-3. RFsand corresponding DFF plots
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4.2. Nonlinearity Identification by DF Inversion (DFI Method)

In this study, DF calculated assdussedin the previous section is inverted to obtain RF
function, which is graphically investigated to evaluate the type of nonlinearity. The DF
inversion nethod works on the total DF and gives a RF for the total nonlinearity. The
functional representation of nonlinear elements by RF is much simpler compared to the DF
approach. However, if nonlinearities are required to be determined separately, then various
possible nonlinear functions and their combinations should be tried to be fitted to the RF
function obtained. Some engineering judgment will reduce the effort in trying different
combinations.A flow chart of the nonlinear dynamic analysis process inctydire DFI

method is given ifrigure4-4.

) ./ Fullinear / Nonlinear
- FRF Synthesis / FRF matrix Localization

Inverse the
describing function to
obtain the nonlinear
restoring force plot

Investigation of describing function
value to determine the nonlinearity pre-
type(stifiness, damping, both)

Perform constant
displacement test to
decide whether the
nonlinearity is
frequency dependent

Graphical evaluation of
‘Graphical determination the nonlinear

of the nonlinearity type

coefficients from
restoring force plot

Full nonlinear FRF
Matrix

Adaptive multi-
harmonic response to
harmonic forcing at
any coordinate

Figure4-4. Nonlinear dynamic analysis process by DF inversion

4.2.1. Nonlinearity Characterization

Nonlinearitiesin a structural system are usually due to nonlinear stiffness (piecewise stiffness,
hardening cubic stiffness, etc.) and/or nonlinear damping (coulomb friction, quadratic
damping, etc.). DF formulation makes it possible to handle stiffness and damping
nonlinearities separatelf78]. The real part of the DF corresponds to stiffness nonlinearities
whereas the imaginary part corresponds to damping nonlinearities. Therefore, a kind of
indication about the type of th@nlinearity is availablence DF is availableThe case studies

in the following sectionsvill give a better insight on the indicator concefsicussed

If the nonlinearity is frequency dependent it is very difficult to distinguishtype of the
nonlinearity. In order to determine the frequency dependency of the nonlinearity from
experimental data, the method given[#8] can be used. According to the method, if the
displacement is kept constant for the livoear element, this will give a linear system for the
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given displacement and the real and imaginary parts of the nonlinearity matrix will remain
constant throughout the frequency band. However, if the nonlinearity is frequency dependent
then these terms illv still change with frequency which will be the indicator that the
nonlinearity is frequency dependent.

The DFI method requires inversion of the DF which has to be performed using different
approaches for stiffness and damping nonlinearities when @sipgrimental data with no
knowledge on the type of the nonlinearity. Gib$8@] derived inverses for real, imaginary and
mean parts of a DF. However, in this formulation the inversion of the real part anédheoin

the DF require the information about the type of nonlinearity, but the inversion for the
imaginary part works for any DF and it does not require information about the type of
nonlinearity. The only limitation for the imaginary part is that the dagpionlinearity, which
yields the imaginary part of DF, should not be frequency dependent. The derivation for the
inverse of the imaginary part of the DF is given as foll{8@3:

Let the nonlinearity in a sysin defined as
N(X) = f(X (4.1

wheref(x) can be double valued buttfoequency dependent. f(i) is double valued, it can be
separated into two single valued functions as

f1(x) for adx< ( 42)
f,(x) for dx> |

wherel xs an increment of the independent variable.

If x from equation(4.1) is replaced byXc o swhereX is the amplitude ok, N(U) will become
periodic withp e r i o d N(( satisfie$ the Drichlet conditiondN(U) must be absolutely
integrable over a periot(U) must have a finite number of extrema in any given inteiNgl)
must have a finite number of discontinuities in any given inteamelN(U) must & bounde}
its Fourier expansion is given as

N(a) =M(X) +g(X)cosa & (X)cos2a--+

. . 4.3
+h(X)sina +,(X)sin2a -+
whereM(X), gi(X), andb,(X) are the Fourier coefficientnd are given as
1%
X)=— A f(Xcosa )cosad .
%00 = ffxcosa)
1%
X)=— A f(Xcosa )sinad & 4.4
by (X) X p( ) (44)
A
M(X)=—— Rf(Xcosa )d a
2ox N
Over the idtiesgmaelgaditve, ,and it is positive

using equation§4.2), equation(4.4) can be rewritten as
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& 2p
g(X)=ixéﬁf1(Xcosa)cosad a+ fﬁ(cos jcosda
p

0 p
1 & 2p ¢
b(X):Héﬁfl(Xcosa)sinad a+ ffcos gsin da L (4.5)
0 p
1 ev 2p (%]
M(X)=——¢énf(Xcosa)da+ ffjcos & a
X gt L f

Moreover, all single valued functions can be replaced by the sum of an even and an odd
function. Thereforefy(x) andf,(x) can be written as

() =pm(¥ +a(%

(4.6)
f2(%) = Pa(X) (%
where
P (¥) = P ¥ q &) =q-( x) @7
P2(%) = p( -¥ g &) =g (X
If equationg4.6) and(4.7) are substituted into equati¢45)
1.7 2p
g(X):E[ﬁp_L( Xcosa )cosad a+ [§j(X cos gcos da---
0
p 2p §
ﬁql(Xcosa)cosaj a cﬁ(x cos Jcosdal a
0
1.7 g 2p
b(X):—[ﬁg(Xcosa)sinad a+ ;ﬁ(Xcos Jsin da---¢
PE"] »
P 2p (4.8)
fju(Xcosa)sinad & ofyX cos Jsin da] a
0
1% i P
M (X) :E[W(Xcosa Yd a +p [y Xcosa X &--

2

p p
ffu(Xcosa)d a+ offXcos ad ]a
0

p

Then if the following change of variable in all the igtals that are integrated over the interval
to 2 °~ is performed:

a= b+ (4.9

Then equatioif4.8) becomes
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p p
g(X)=p—lE{ g"ig( Xcosa )cosad av+O FﬁX cos( b+ )fcos( B Y p-

p P
+ﬁq1(Xcosa)cosaj a+ ogﬁx cos( b+ )os( B }0 b
0

0

P P
b(X) = p_lx{ (')ﬁg( Xcosa )sinad a + ;ﬁXcos( b Hpin( b¥ p-

, ) ° (4.10)
+ﬁ)a(Xcosa )sinad a+ oﬂx cos( b+)pin( &) }o b
0 0

17 i
M(X)—Zp—x{pol(Xcosa Yd a +O i Xcos( b +)d b

P P
+ﬁ)a(Xcosa Yda + OﬂXcos( b+ )d } b
0 0

where
cos(b + = €0Ss
sin(£9+ ;?: sin 4 (4.11)
If these substitutions are made in equatihh0), the result becomes
1 ¢ g ‘
g(Xx) =p—XQE"]P( Xcosa )cosad av+0 cﬁx cos Jcos da i
b(X) = —13%0( Xcosa )sinad a fqﬁx cos &sin da 4.12
,UX ,O 0
M (X) :igaﬁD'(Xcosa )d a +pqvqx cos ad aug
2PX &, 0 H
where
PO =n(® -p(3
QX =a(% +a() @13

P'9=n(¥ +p(3
QM=a(¥ -a(3

p1(X) andpx(x) are even functions anmgl(x) andgy(x) are oddfunctions, therP(x) andPXx) are
also even functions ar@(x) andQXx) are odd functions.

Furthermore if the interval is separated into two parts in equaf®h®), such as theirkt
integr al to be integrated from O to ~/,2

and

t he

andt he change ofb viag i médrd fesr Wed for the integrals

t o, thénequation(4.12) becomes
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pl2 0
g(X) =%{ ﬁP(Xcosa )cosad a- ﬁx cos( p- )pcos( p A b

0 pl2
pl2 0
+ ﬁQ(Xcosa)cosaj a- cﬁx cos( o- )pcos( pd }b b
0 1 o pl2 .
b(X):ﬁ{ pP(Xcosa)sm ad ar—p/2 ﬁx cos( p- sin( pH b
o12 0 (4.19)
+ fjQ(Xcosa )sinad a-fJQ(X cos( p- )sin(- Ad }o
0 . 2 pl2 .
M (X) :ﬁ{ (I)*]P(Xcosa )d a —p/z Iﬂ(Xcos(p - b
pl2 0
+ﬁQ‘(Xcosa)da— Cﬁ(Xcos(p— X):i} b
0 pl2
where
cosfp- b = eos
sinp- f =sin b (4.19)

Therefore, equationgt.14) are reduced to

pl2
g(X)== ﬁQ( Xcosa )cosad .
p 0
pl2
b(x):,z_y ﬁP(Xcosa)sin ad a (4.16)
0
pl2

M(X)== ﬁP‘(Xcosa )d a
P 0

Returning back to the original variabtén equation(4.16):

X cosg@ )= x (4.17)
The final result becomes
X
2~ XQ(X
9(X)=—5 N—= I
2 X
b(X) = 5 ﬁP( X dx (4.19
X 1
M(x)=—— i P g

The next step is to solve equatiqAsl8). The solution fob(X) is clear, and the remaining two

equations ar e s pe ctegal equatersaf the fiost kind/ DHe sadutionsaod s
equationg4.18) are given as
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1d € Ay
Q(X)—;&gonﬁ(z_ = dz

P =280ty g (419

P'(x) = 21?"’22 M(2 dz

dxgol I’XZ _ 22

HereQ(x) gives theinverse of theeal part of the DFP (X) gives theinverse of thenean part
of the DF, andP(x) in equation(4.19) gives the inverse of the imaginary part of thé \Bhich
can be calculated without any knowledge of the nonlinearity function.
Now let us consider thewersion of the real part of the DF. In order to obtain the DF inversion
for the real part, the approximate inversion equations suggested by Gelb and Vander Velde
[78] are used. The derivation for the inverséhaf real part of the DF is given as follows:
The DF representation for general dynamic nonlinearity can be defined as
i 7

v(X,X)=— AN(x ¥ &’ d 4.20

S I (4.20
where the response is assumed to be of the form;
x(t) = Xsin( wt )  Xsilg ¥ (4.22)
=Wt +¢ (4.22)

Equation(4.20) can be rewritten in real and imaginary terms as

2p

v (X, X)=p_1x ;ﬁN( Xy sin d, (4.23)
. 1%

vi (X, x)=p_x FN(x Q) cos di (4.24)

0

Further simplifications to equatiof#.20) are possible if the nonlinearity is independent of
velocity (frequency independence) and no memory (real DFs) assumptions are made;

v(X)=— FiN(X) sir d. (4.25)

Gelb and Vander Veldg’8] derived approximate analytic solution to the DFegral. The
derivation starts with equatiqd.25).

Using the transformations

u=sirt (4.26)
du=cog d. (4.27)

Equation(4.25) can be written as
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i ! udu

pX_r:i\l(XU)W

The approximate evaluation of a similar integral form ifodews;

v(X)=

n;(u)\/_;u2 2e0() () 2909 20 05

From equatior{4.28) and(4.29);

=
=
[°)

H
XD~ (D
Z
=
-
X
i
-O:Ot

e

k-

3Xe c2

Furthermore, evaluating the DF values a@iltiplesofX( n=0, 1, 2, 3 é)

v(2X)e° ﬁgN(ZX) +N( X) g
v(4Xx)° BLXgN(4x) +N(2 X)

Solving the above equations fd(X) gives

N(X)° 3XE ( 2 w2 X)  for3(X) increasing withx
i=0

Similarly, the DF coulde evaluated at2multiples ofX( n=1, 2, 3 é)

2 e ax oo

o _— 7
v(X) 3x8N(X) Ngeg o
ax g 4e, X P X i
R ET M e
ax g 8e, X P X i
Ve 23X8N Z‘?H\g g ¢

c O
IN

Solving the above equations fd(X) gives

N(X)©° 7Xa 25) for 3(X) decreasing wittX

vO&gQ)o
ol
g0
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The major drawback of these formulations is thaemwkhe DF is inversely proportional ¥Xo

for instance due to Coulomb friction, the summation gives alternating series and a correct
result cannot be obtained. However for damping the imaginary part of the DF is to be inverted
and this is achieved analyaity as explained above.

Consequently, in this study it is proposed to use equ@id3) or (4.35) for the real part of

DF, which is due to stiffness type of nonlinearity, &{g) of equation(4.19) for the imagimary

part of DF, which is due to damping type of nonlinearity. In order to overcome the problems
encountered due to obtaining noisy DFs because of experimental noise, a common smoothing
function is applied to DF before inversion.

4.2.2. Nonlinearity Coeffcient Identification

There are numerous ways to calculate parametric values for DF and RF functions.
Optimization and black box methods such as neural networks provide promising results if they
are well guided. More direct approaches like graphical nastirequire the engineer to be
experienced.

In this study the parametric values of the nonlinearity are obtained from RF plots by curve
fitting. It is also possible to obtain the coefficients from DF when the type of nonlinearity is
known. However, for m&t of the nonlinearity types, DF representation is far more complicated
than the corresponding RF function. It should be noted that when the RF representation of
nonlinearity is already obtained, most of the time it is of little importance what the oa@fic

of RF function are. All the required information about nonlinear element is stored in the RF
function itself which can be further employed in dynamic analysis for different inputs.
Determining RF function, rather than DF may be more important wheze th more than one

type of nonlinearity at the same location, in which case it will be very difficult if not
impossible to make parametric identification for each nonlinearity by using DF.

4.3. Accuracy of Approximate DF Inversion

In order to demonstta the accuracy of the approximate DF inversion method for some well
known structural nonlinearities, the following three numerical cases are given.

4.3.1. Cubic Stiffness

DF of the cubic stiffness expressed ag=80000X N is plotted inFigure 4-5a. The restoring

force obtained with approximate inversion for this case is compared with the exaet force
deflection curve irFigure 4-5b. It can be seen from the comparison of two curveSigare

4-5b that a very close match is obtained. This is an expected result because the DFI method is
based on continuous and polynomial type DFs.

4.3.2. Coubmb Friction

DF of the coulomb friction expressed agsE00sgn{) N is given inFigure4-6a. The restoring
force obtained with approximate inversion for this case is compared with the exaet force
deflection curve inFigure 4-6b. It can be seen from the comparison of two curveSigare

4-6b that a very close match is obtained.

4.3.3. Piecewise Stiffness

DF of the piecewise stiffness expressed @s3% x<0.05 N and g=7x-0 . 2 xNO®plofies

in Figure 4-7a. The restoring force obtained with approximate inversion for this case is
compared with the exact forekeflection curve inFigure 4-7b. It canbe seen from the
comparison of two curves ifrigure 4-7b that the match is not as good as the previous
nonlinearities due to the fact that piecewise stiffness is not continuous.
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4.3.4. Backash

DF of the backlash expressed a6 x<0.05 Nand f&g2x0 . 1 x O0. 05 HmMgues pl otted
4-8a. The restoring force obtained with approximate inversion for this case is compared with

the exact forcealeflection curve inFigure 4-8b. It can be seen from the comparison of two

curves inFigure4-8b that the match is not as good as the first two nonlineardtgzsn due to

the fact that backlash is not continuous.

Describing Function Values for Backlash RF Plot for Backlash
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Figure4-8. Backlash, a)DF, b)RF plots

4.4. Case Studies
4.4.1. Case Study 1: Nonlinear Elements at Different Locations

The DFI methodproposed in this study is applied to a 4 DOF discrete system. In this first case
study a nonlinear elastic element represented jbxfaklinear stiffness of 100 N/m with a
backlash of 0.005 m) between ground and coordinate 1, and a noriexekning cubic
stiffness represented byd{= 10° x* N/m) between coordinates 3 and 4, as showRigure

4-9, are considered.he numerical values of the linear system elements are given as follows:

kk=k, % %k Kk 508 N/m
G=C T; § G 5Ns/m
m=1kg m =2kg m 3kygm 5k

Ky’ F Ky
] — ==
¢ F kz ks kg ks
o VWA VWA AW
—
C [ Cs C4 Cs

Figure4-9. Four DOFs discrete system with two nonlinear elemantifferent locations
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The time response of the system to sinusoidal forcing is calculated with MATLAB by using the
ordinary differential equation solver ODE45. The simulation was run for 32 seconds at each
frequency to ensure that transients die out. The frequency range of the harmonic excitation that
is used during the simulations is from 0.0625 to 16 Hz with frequenarements of 0.0625

Hz. The linear FRFs are obtained by applying a very low sinusoidal forcing (0.1N) from first
coordinate. The nonlinear FRFs are obtained by applying high sinusoidal forcing (10N) to the
system from the first coordinate. Before usthg calculated FRFs as simulated experimental

data, they ar e poorridu tfeudn chtyi ouns ionfg MAhTeL AMB wi t h

distribution and standard deviation of 5% of the maximum amplitude of the FRF value. A
sample comparison for the nonlimeand linear FRFSU,) is given inFigure4-10.

X 10—3 Driving Point Linear (excitation 0.1N) and Nonlinear (excitation 10N) FRF Plots
8 T

—Linear
-—-Nonlinear

Receptance (m/N)

Frequency (Hz)

Figure4-10. Driving point linear (for F=0.1N) and nonlinear (for F=10N) FRF plots

It is assumed in this casstudy that only the first colurarof the linear and nonlinear
receptance matricewe measuredrhen, firstly the missing elements of the linear FRF matrix

are calculated by usingRF synthesisand the NLI values are calculatadd shown inFigure

4-11a. FromFigure4-11a it can easily be concluded that there are nonlinear elements between
ground and coordinate 1, and between coordinates 3 and 4. Furthermore, sincdiribanty

can be stiffness and/or damping type, it is possible to make this distinction at this stage by
investigating the real and imaginary parts of the DF. The real and imaginary parts of the DFs
can be summed over the frequency range and compare@adthotherFigure4-11b reveals

that system has stiffness type of nonlinearity since DFs has much higher real parts compared to
imaginary parts.

Using theimproved DFmethod, the DFs representing these nonlimdaments are calculated

and are plotted ifrigure4-12a as functions of response amplitudes. From the general pattern
of the curves it may be possible to identify the types of nonlinearity. Fitting a curve to the
calculated values makes the parametric identification easier. Although identification of
backlash may not be so easy from DFF, it is quite straightforward to identify the type of cubic
stiffness fromFigure4-12b.

53

z

e



NLI Chart Sum of DF Values
9 T T 8000,

Illsum of Real Parts
[ Jsum of Imaginary Parts

7000F
6000
50001

4000~

NLI Value

3000!

Sum of Describing Function Values

20001

1000~

2 3 1 2
Coordinate Number Coordinate 0-1 Coordinate 3-4

a) b)

Figure4-11. a) Nonlinearity index chart, b) Sums of real and imaginary parts of DF values at
high forcing excitation

Describing Function Values for Backlash Describing Function Values for Cubic Stiffness
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L L
0.005 0.01 0.015

Figure4-12. Calculated, fittedand exact DFs. a) For nonlinear element between coordinate 1
and ground, b) For nonlinear eleméetween coordinates 3 and 4

Alternatively, the types of nonlinear elements can be identified more easiyDfiFl method

is used. The inversion of DFs are obtained for this case study by using the formulation given in
section 4.2.1., and RF plots abted are presented Figure4-13. Figure4-13a gives the RF

plot for the nonlinearity between the first coordinate and ground, whErgase 4-13b shows

the RF plot for the nonlinearity between coordinates 3 and 4. By first fitting curves to the
calculated RF plots, parametric identification can easily be made.
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Figure4-13. Calculatedexactand fittedRF plots. a) For nonlinear element between coordinate
1 and ground, b) For nonlinear element between coordinates 3 and 4

The parametric identificatioresults withthe DFI andimproved DFmethods for the nonlinear
elements are tabulated Trable 4-1. Asit can be seen from the table, the identified values do
not deviate from the actual values more than 4%HeDFI method and %5 famproved DF
method. However, it should be noted that thgroved DF method cannot identify the
backlash value as the fitted DF is not defineddisplacement values smaller th@r905 m.
Furthermore, the DF forms must be knownptrformimproved DFmethod for parametric
identification. The nonlinear FRFs are regenerated by using the method given in section 3.3.
with the identified nonlinearities frotte DFI andimproved DFmethods Figure4-14). As the

errors in parametric identification are very small for all methods, a good match is obtained.

Table4-1. Parametric identification results for the nonlinear elements

Actual Identified by DF method | Identified byimproved DF
method
Value Error % Value Error %

Backlash (m) 0.0050 0.0052 4 - -
kio(Linear stiffness 100 99 1 99 1
par) N/m
ks0(cubic stiffness
constant) N/rd 10 1.03 16 3 1.05 16 5

Although the DFI method is based polynomial type DFs, it is shown in this case study that
they work, at an acceptable level, for discontinuous DFs such as backlash as well. Furthermore,
with this case study it is illustrated that accurate identification can be made even if only the
first harmonic of the nonlinear internal forces are used.
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x10° Driving Point Nonlinear FRF Plots

45 T T T
—Exact
— Calculated by DFI
a- Calculated by improved DF
3.5F B
3 . -
z
Eost
(]
o
c
=
5 2
(5]
(0]
[ra
1.5k
1k
0.5
0

Frequency (Hz)

Figure4-14. Nonlinear driving point FRFs, (blue: exact values; green: calculatadedyFI
method; dashed red: calculateditmproved DFmethod)

4.4.2. Case Study 2: Two Different Nonlinear Elements at the Same Location

In the second case study, the nonlinear elastic element representgdeblniear stiffness of
100 N/m with a backlash of 0.005 m) is again taken between the ground and atoidiand
also a nonlinear hardening cubic stiffness representedéhi K.O°x?* N/m) is added between
ground and coordinate 1, as showrrigure4-15, are considered.

ks

ks
i e R =
Csq
k"
Figure4-15. Four DOFs discrete system with two nonlinear elements at the same coordinate
The numerical values of the linear system elements and the FRF calculation procedure are the
same as in case study 1. A sample comparison for the Aneanonlinear FRF4.X3) is given

in Figure4-16. Linear and nonlinear FRFs are found for harmonic forcing with amplitudes of
0.1N and 10N, respectively.
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X 10'3 Driving Point Linear (excitation 0.1N) and Nonlinear (excitation 10N) FRF Plots
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Figure4-16. Driving pointlinear (for F=0.1N) and nonlinear (for F=10N) FRF plots

The calculated\LI values are shown ifigure 4-17a. FromFigure 4-17a it can easily be
concluded that there amonlinear elements between ground and coordinate 1. Furthermore,
Figure4-17b reveals that system has stiffness type of nonlinearity since DF has much higher
real part compared to its imaginary part.
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a) b)

Figure4-17. a) Nonlinearity index chart, b) Sums of real and imaginary parts of DF values at
high forcing excitation

The DFs representinthese nonlinear elements are calculated at different response amplitudes
and are plotted ifrigure4-18. This time it is not possible to identify the types of nonlinearity
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from the general pattern of the curvéwdg,improved DFmethod is not applicable to this case
study.

The inversion of DFs are obtained for this case study by usinDFEhenethod and RF plots
obtained are presented Figure 4-19. By first fitting a arve to the calculated RF plot,
parametric identification can easily be made.

As there are two stiffness type nonlinearities at the same location, parametric identification is
not straightforward. The RF plot again reveals the backlash value as 0m00%n, the RF

curve iscurve fitted to polynomial functions wheeelinear and cubic function gives the best

fit. The parametric identification results for the nonlinear elements are tabulatedblizd-2.

As canbe seen from the table, the identified values do not deviate from the actual values more
than 5%.

Table4-2. Parametric identification results for the nonlinear elements

Actual Identified bythe Error %
DFI method
Backlash () 0.0050 0.0052 4
k.Q(Linear stiffness part) i
N/m 100 95 5
ki@ (cubic stiffness )
constant) N/m 10 0.9910° L

Describing Function Values for Backlash and Cubic Stiffness
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Figure4-18. Calculatedand exact DFs for nonlinear elementietn coordinate 1 and ground
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RF Plot for Backlash and Cubic Stiffness
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Figure4-19. Calculated exactand fittedRF plots for nonlinear element between coordinate 1
and ground

The nonlinear FRFs are regenerated by using the method giveections3.3. with the
identified nonlinearities fronthe DFI method Figure 4-20). As the errors in parametric
identification are very small fahe DFI method, a good match is obtained. The power of this
method canbe seen in this case study where two or more nonlinear elements can be
successfully identified.
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Figure 4-20. Nonlinear driving point FRFs, (blue: exact values; green: calculatedeldyFI
method)
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4.43. Case Study3: Two Different Nonlinear Elements at the Same LocatiofFinite
Element Model

In thethird case studya cantilever beam wittwo nonlinear elemenis consideredin order to
demonstrate the application of the DFI method to systems witbtraleDOFs, the beam is
modeled by using finite element formulation and the nonlinear responses calculated at 8
coordinates are used in this simulated experimental case $tugljoeam elements are chosen

as BEAM188 [81] with 6 DOF at eacmode (X, y, z directions and rotations around these
axe9. The beanhas asquarecross sectioi8mm x 8mm)anda length 0f0.42m. The beam is
produced fromsteel where the material properties are taken as 210 GPa fdtothgus of
Elasticity and 7800 kg/rhfor the densityThe harmonic forcing is applied from the tip of the
beamin the y directionTwo nonlinear elements are assumed at the free end of the beam in y
direction. The first element is lanear stiffness of 1000 N/rwith a backlash of 0.00025,m

(k:9. The second elementésnonlinear hardening cubic stiffness represented dofeké 10x?

N/m) (Figure4-21).

Figure4-21. 360 DOFs discrete system with two nonlinearredats at the same coordinate

The stiffness and mass matrices are taken from36& DOF finite element modelThe
damping matrix is generated by assumiRayleigh damping mod¢81] with negligible mass
dampig. The coefficients required to calculate the Rayleigh damping matrircdrgenerally
known directly, butare calculated from modal damping ratichich is taken 0.03 for this case
study. The nonlinear response$ @ach DOF are calculated by using thenlm®ar analysis
method given in section 3.3The responses at 8 points are calculated in y direction. The
locations of these points are shown Higure 4-22. Then these calculated responses are
polluted and used as measured nwdir responses. Thaoise is added to the FRFs by
multiplying a normal distribution noise, with unity mean andlGtandard deviation, with the
linear and nonlinear FRFA sample comparison for the linear and nonlinear FRFs is given in
Figure4-23for Uy,. Linear and nonlinear FRFs are found for harmonic forcing with amplitudes
of 001N and N, respectively.

It is assumed in this case study that only the first columns of the linear and nonlinear
receptance matrices are measurten, firstly the missing elements of the linear FRFrixa

are calculated by using FRF synthesis metfde calculatedNLI values are shown iRigure

4-24a. FromFigure4-24a it can easily be concluded that theya nonlinear element between
ground and coordinate 1. Furthermorégure 4-24b reveals that system has stiffness type of
nonlinearity since DF has much higher realt gampared to its imaginary part.
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Figure4-22. 8 equidistant measurement nodes

x10° Driving Point Linear (excitation 0.01N) and Nonlinear (excitation 1N) FRF Plots
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Figure4-23. Driving point linear (for F=@1N) and nonlinear (for F=IN-RF plots
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Figure4-24. a) Nonlinearity index chart, b) Sums of real and imaginary parts of DF values at
high forcing excitabn
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The DF representing these nonlinear eleméntalculated at different response amplitudes
andis plotted inFigure 4-25. This time it is not possible to identify the type of nonlinearity
from the general pattn of the curveThe reason is not having a single nonlinear element but
two nonlinear elements with completely different behav@oyviously,improved DFmethod

will not be helpful in identifying the type of the nonlinearity

The inversion of DF isobtaned for this case study by using the DRéthod and RF plot
obtainedis presented inFigure 4-26. By first fitting a curve to the calculated RF plot,
parametric identification can easily be matteorder to showthe accuracy of the method in
predicting nonlinear RF, the exact RF curve is also shown in the same figure.

As there are two stiffness type nonlinearities at the same location, parametric identification is
not straightforward. The RF plot reveals theldash value as 0.02511m. Then, the RF
values are curve fitted to polynomial functiondn order to obtain the coefficients of the
nonlinear elementsThe least error is obtained fodiaear and cubic function. The parametric
identification results fothe nonlinear elements are tabulated @ble4-3. As can be seen from

the table, thedentification is very successful and titentified values do not deviateofn the

actual values more than %/

Table4-3. Parametric identification results for the nonlinear elements

Actual Identified bythe Error %
DFI method
Backlash (m) 0.00025 0.0002511 04
kia(Linear stiffness part) )
N/m 1000 990 1
ki@ (cubic stiffness 7 4
constant) N/ 6 10 6.110 1.7

Describing Function Values for Nonlinearity
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----- Exact DF

1600+

1400+

1200+

1000+

800

600

Describing Function Value (N/m)

400+

2001

0 1 I 1 I I I I
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Figure4-25. Calculated and exact DFs for nonlinear element between coordinate 1 and ground
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RF Plot for Nonlinearity
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Figure4-26. Calcuhted, exact and fitted RF plots for nonlinear element between coordinate 1
and ground

The nonlinear FRFs are regenerated by using the method given in section 3.3. with the
identified nonlinearities fronthe DFI method Figure 4-27) for a forcing level of 1N As the

errors in parametric identification are very smalltfoe DFI method, a good match is obtained.

The power of this method can be seen in this case study where two or more nonlinear elements
can be successfully iderigfl.

X 10—3 Driving Point Nonlinear FRF Plots
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Figure 4-27. Nonlinear driving point FRFsit 1N forcing level (blue: exact values; green:
calculated byhe DFI method)
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4.4 4. Case Studwy: Stiffness and Friction Nonlinear Elements at DifferentLocations

In the last case study, a nonlinear coulomb friction element representet(vY©O01 N/ms)

is taken between the coordinate 1 and coordinate 2, and a nonlinear hardening cubic stiffness
represented by,&(= 0.8 10 x*N/m) is added between coordinate 3 and coordinate 4, as shown

in Figure4-28, are considered.

F S Ky
— — —|Z—‘ —==<—
k1 kz k3 k4 kS
— AN AN AN
— A
¢ Cso Cs A Cs

Figure4-28. Four DOFs discrete system with two nonlinear elements at different coordinates

The numerical values of the linear system elements and the FRF calculation prarediire

same as in case studySincethe system has both coulomb friction and nonlinear hardening
spring elements, the linear FRFs cannot be obtained by applying low forcing. The coulomb
friction element is dominant at low forcing and the nonlineadéwing spring dominates at
high forcing. Therefore the linear FRFs cannot be obtained by applying low forcing to the
system.Thus, the first column of the linear FRF matrix is obtained by matrix inversion.
sample comparison for the linear and nonline®F§& (1) is given inFigure4-29. Nonlinear

FRFs are found for harmonic forcing with amplitadg 0.1N (low forcing) and 50N (high
forcing), respectively.

X 10—3 Driving Point FRF Plots for Linear, Low and High Forcing
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Figure4-29. Driving point linear low forcing (for F=0.1N) anchigh forcing(for F=50N) FRF
plots
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The calculated\LI values are shown ifrigure 4-30a. FromFigure 4-30a it can ealy be
concluded that there are nonlinear elements betegertinate 1 coordinate? and coordinate

3 - coordinate 4 Furthermore,Figure 4-30b reveals thathe nonlinear element between
coordinate 3 coordinates is stiffness type of nonlinearity since DF has much higher real part
compared to its imaginary paahd the nonlinear element between coordinatedordinate 2

is damping type of nonlinearity since DF has higher imaginary part compared to its teal par

Using theimproved DFmethod, the DFs representing these nonlinear elements are calculated
and are plotted iffigure4-31a as functions of response amplitudes. From the general pattern
of the curves it may beaogsible to identify the types of nonlinearity. Fitting a curve to the
calculated values makes the parametric identification easier.
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Figure4-30. a) Nonlinearity index chart, b) Sums of real and imaxy parts of DF values
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Figure 4-31. Calculated, fittecand exact DFs. a) For nonlinear element between coordinate
andcoordinate 4b) For nonlinear element between coordindtand?2

Alternatively, the types of nonlinear elements can be identified more easikyDfFl method
is used. Thenversion of DFs i®btainedin this case study by using ti¥1 method and RF
plots obtained are presentedrigure4-32. Figure4-32a gives the RF plot for the nonlinearity
between thehird coordinate andourth coordinatewheread-igure 4-32b shows the RF plot
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for the nonlinarity between coordinateésand 2. By first fitting curves to the calculated RF
plots, parametric identification can easily be made.

RF Plot for Cubic Stiffness x10° RF Plot for Coulomb Friction
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Figure4-32. Calculatedgxactand fittedRF plots. a) For nonlinear element between coordinate
3 and4, b) For nonlinear element between coordinataad?2

The parametric identification results withe DFI andimproved DFmethods for thaonlinear
elements are tabulated Trable4-4. As it can be seen from the table, the identified values do
not deviate from the actual values more ti&&a in the DFI and improved DF method.
However, the DF forms ost be known to perfornmproved DF method for parametric
identification. The nonlinear FRFs are regenerdechigh forcing levelby using the method
given in section 3.3. with the identified nonlinearities friteDFI andimproved DFmethods
(Figure4-33). As the errors in parametric identification are very small for all methods, a good
match is obtained.

Table4-4. Parametric identification results for the noelar elements

Actual Identified bythe DFI Identified bythe
method improved DFmethod
Value Error % Value Error %
ca(coulomb
friction constant) 0.00100 0.00098 -2 0.00098 -2
Ns/m
kqa(cubic stiffness | g g4 0.8510° 6 0.8510° 6
constant) N/m

The last case study was presented to show the weak pdim mhproved DFmethod. The
method reks on the assumptiothat somehow the linear FRFs can be obtained. If this is not
possible as itis in this case study due to coulomb frictighen the dynamic stiffness matrix
for the linear part of the systeas to be theoretically calculattmdfind the linear FREs
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X 10—3 Driving Point Nonlinear FRF Plots

5 T T ‘
— Exact
450 — Calculated by DFI
T Calculated by improved DF
4r 4
3.5F h
3 [

Receptance (m/N)
N
()]
T

Frequency (Hz)

Figure 4-33. Nonlinear driving point FRF&r high forcing level (blue: exact values; green:
calculated byhe DFI method; dashed red: calculatedtbgimproved DFmethod)
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CHAPTER 5

IDENTIFICATION OF RESTORING FORCE SURFACES IN NONLINEAR MDOF
SYSTEMS FROM FRF DATA USING NONLINE ARITY MATRIX

The approactproposedin this chapter aims to perform the nonlinear identification directly
from a series of measured nonlinear FRIFg proposed method uses only the nonlinear FRFs,
thus, it also works when friction is present in the cdree. It is shown that Restoring Force
Surfaces (RFS) can be identified more accurately by employing this approach.

5.1. Nonlinearity Matrix Evaluation

In general applications, the linear model of the system can be obtained by using FEM, and only
for the identification of nonlinearity experiments can be made. Alternatively, the FRF of the
underlying linear system can be obtained from FRF measurements in the system at very low
forcing levels, where the nonlinear internal forces will be nedigiblowever, when there is

only friction type of nonlinearity, FRF-measured at low amplitude of vibration will not
represent FR&of the underlying system; on the contrary, the ERIEasured at high response
levels will represent FRFof the linear countpart. Comparison of FRFs measured at different
response levels will reveal whether there is only friction type of nonlineasdythat FRE
measured at high response level can be taken as the fBREhe underlying linear
system. Yetjf the system has multiple nonlinearities including friction type of nonlinearity, it
may be difficult to measure the FR&f the underlying linear system experimentally, and using
finite element model of the system seems to be the only alternativeain bbéar FRE of the

linear counterpart.

In an attempt to obtain the nonlinearity matrix from experimental measurements, the following
methodology is proposed;

Let[ qu¢presenthe nonlinearity matrix at forcing;.Then

® el g Ld (5.
Changing the forcing to another lewel equation5.1) becomes;

®, g g 4 (52)

Subtracting equatiofb.2) from equation(5.1) yields

4

O, gk | e @ (53)

Equation(5.3) is now independent of the linear FRF matifhe nonlinearity matricewill be
functions of the displacement only if a displacement dependent nonlinearity is assumed.
Furthermore, the nonlinearity matrix for first level of forcing and second level of forcing will
be of the same functional form. The only difference will be tlisplacement values used.
Therefore, if a polynomial form is assumed for elements of the nonlinearity matrix and two
nonlinear FRF matrices are measured from experiments, the coefficients for the function that
describes the nonlinearity can be achieved.

o} .
n(X)=4a qgXx (5.4)
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Equation (5.3) requires the complete nonlinear FRF matrix. However, as the nonlinear
elements are usuallgt connections, measurement is required aitlpefore and after the
connetion which yields a 2x2 matrix for eaddOF. If a coordinate has more DOFs, then
every DOF at tht coordinate will have a 2x2 matriXhe only difficulty in application of this
method to MDOF systemss that when exciting the coordinatémfore and after the
connetion, the displacement of the nonlinear element has to be $ame. the forcing levels
have to be chosen appropriately.the next chapter, the application the proposd Direct
Nonlinearity by Describing Functions (DDF) method will be presented.

5.2. Application of theDDF Method

The first step to be performed is to test the nonlinear structure at two excitation levels.
Equation(5.3) requires having the inverses of the nonlinear RRfEriceswhich is sensitive to
noise. In order to minimize this effedhe excitation levels can be chosen high enough or
averaging can be epformed. However, if the forcing levels are high then friction type
nonlinearities lose their effect. In order to identify this effexctlow forcing test is also
performed. Moreovel], ¢b-[ ¢from equation(5.3) will havecomplexelementswhose real

part represents the stiffness nonlinearity and the imaginary part represents thegdampin
nonlinearity.

The application of DDF will be presented on a SDOF system for the sake of clarity. Extension
of this application to MDOF systems is straightforward.

For a SDOF system, equati@®3) reduces to;

1 1
,- R _T?

az

D (5.5)

In order to solve equatio(b.5) we need as many equats as the order of the polynomial.
These equations can be generated from the nonlinear FRF values, which have distinct
displacement values for each frequency. In other words, if we assume a polynomial up to the
third order for the nonlinearity, we will ee at leasthree equations.

X, +c, X 6, X) (6X aX N 1[@

N
)

(5.6)
€C o
gxz' Xl XS 'X12 Xg 'Xf gg Hﬁ'ﬁ
&, B2 (5.7)
eX,(n)- Xy X3 @ -Xi( p XY wX( )wec g
§Xa(m)- X(W) X3 W -Xi( v XA w X ) fe, s
EX,(me)- X(m) X3 @ -Xi( v XY w XY Yvfic, g
AP
Eagll‘(w) FL( 1}"/5 (5.8)
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6 — .
galtg) (o

The FRF values at el frequency give us one equation. Most of the time we will have more
FRF valueghanthat is required to solve the coefficients. We will use this property for our
benefit to have a better fit of coefficients for the whole frequency bandwidth. Thus dwee h
fino f r e qgu e n d58ecan be expaaded as; n
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Equation(5.9) can be solved by pseudaversion which will give us a least square fit for the
polynomial coefficients for the whole frequency bandwidtiter successful identification of
high forcing effective nonlinearities we can evaluate the linear FRF from eqatipnAfter
evaluating the linear FRFequation(5.1) is solvedwith the low forcing nonlinear FRFoy
which the nonlinearity DF values for low forcing nonlinearities such as frician be
obtained

In the previous chapter ti&Fl method was introduced. €DFI method can be easily applied
after the DDF method. The following case sties and experimental studies will show the
effectiveness of this method.

5.3. Case Studies

5.3.1. Case Study :1Backlash and Coulomb Friction Nonlinear Elements at the Same
Location

TheDDF is applied to a SDOF discrete system with a nonlinear elgsticent represented by
k.a(a linear stiffness of 1000 N/m with a backlash of 0.005 m) and a coulomb friction element
c,a(= 0.001 sgnf) N), as shown irFigure 5-1. The numerical values of the linear system
elemens are given as follows:

k, =500 N/m
¢, =5 Ns/m
m =1kg

ky F
>
3

yyye
=
Cy

>

cq

AARRRARARNNAN

Figure5-1. SDOF discrete system with two nonlinear elements
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The time response of the systensiiousoidal forcing is calculated with MATLAB by using the
ordinary differential equation solver ODE45. The simulation was run for 32 seconds at each
frequency to ensure that transients die out. The frequency range of the harmonic excitation that
is used dring the simulations is from 0.0625 to 16 Hz with frequency increments of 0.0625
Hz. Three forcing levels (0.01N, 3N, 20N) are used, in turn, in the simulatiBafore using

the calculated FRFs as simulated experimental data, they are polluted by usiagrnfind

function of MATLAB with zero mean, normal distribution and standard deviation of 5% of the
maximum amplitude of the FRF value. A sample comparison for the nonlinear and linear FRFs
(Uyy) is given inFigure5-2.

X 10'3 Nonlinear FRF Plots for Different Forcing Levels
T T T

8
Frequency (Hz)

Figure5-2. Driving pointFRFs; blue: 0.01N, green: 3N, red: 20N

Using theDDF method the DFs representing these nonlinear elets are calculated from
simulated experimental results and are plotte&igure 5-3. Figure 5-3a is plotted using the
real part of the DF anBligure5-3b is plotted using the imaginary part of the DF.
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Figure5-3. Calculated, fittecand exact DFs, a) stiffnesgpe (backlash) nonlinear element, b)
damping type (friction) nonlinear element
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Alternatively, the types of nonlinear elements can be identified more easikyDfFl method
proposed in the previous chapter is used. The calculated RF plots are pres€igede 5-4.
By first fitting curves to the calculated RF plots, parametric identification can easily be made.

10° RF Plot for Coulomb Friction
5 T T T
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----- Fitted Curve
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4 5
Velocity (m/s) x10°

Figure5-4. Calculated, exact and fitted RF) stiffness type (backlash) nonlinear element, b)
damping type (friction) nonlinear element

The parametric identification results withe DFI method and using DF fitted curves as
suggsted inthe DF method for the nonlinear elements are tabulatéichbie5-1. Asit can be

seen from the table, the identified values do not deviate from the actual values more than 8%
for the DFI method and %10 fathe DF method. However, the DF forms must be known to
performthe DF method for parametric identification. The nonlinear FRFs are regenerated for
20N forcing level by using the method given in section 3.3. with the identified nonlinearities
from the DFI and DF methods Kigure 5-5). As the DFI method is slightly better in
identification, the match ahe DFI methodis better than DFnethod

Table5-1. Parametric ideification results for the nonlinear elements

Actual Identified bythe DFI Identified bythe DF
method method
Value Error % Value Error %
Backlash (m) 0.0050 0.0050 0 - -
kia(Linear stiffness 1000 960 4 940 6
par) N/m
ci0(coulomb
friction condant) 0.0010 0.00092 -8 0.0009 -10
Ns/m
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-3 Driving Point Nonlinear FRF Plots
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Figure 5-5. Nonlinear driving point FRFs for high forcing level, (blue: exact values; green:
calculatedusing the nonlinear parameters from El method; dashred: calculatedusing
the nonlinear parameters frahe DF method)

5.3.2. Case Study 22Cubic Stiffness and Coulomb Friction Nonlinear Elements at the
Same Location

The DDF method is again applied to the same SDOF discrete system with a nonlirstiar ela
element represented bycdka nonlinear hardening cubic spring =°33 N/m) and a coulomb
friction element gu(= 0.001 sgnf) N), as shown irFigure5-1. The nonlinear FRFdX,) are
given inFigure5-6 for three different forcing level$:ollowing theDDF methodwe obtain the
DFs representing these nonlinear elements as givigime5-7.

x 10—3 Nonlinear FRF Plots for Different Forcing Levels
T T T T T

FRF (m/N)

8
Frequency (Hz)

Figure5-6. Driving point FRFs; blue: 0.01N, green: 3N, red: 20N
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Figure 5-7. Calculated, fitted and exact DFa) stiffness type (cubic stiffnesgpnlinear
element, b) damping type (friction) nonlinear element

Similarly, the types of nonlinear elements can be identified more easilg BFI method is
used. These plots are givenFigure5-8.
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Figure 5-8. Calculated, exact and fitted RF, a) stiffness type (cubic stiffness) nonlinear
element, b) damping type (friction) nonlinear element

The parametric identification results withe DFI andusing DF fitted curves as suggested in

the DF method for the nonlinear elements are tabulatd@able5-2. Asit can be seen from the
table, the identified vales do not deviate from the actual values more than 6¥hdé@FI| and

DF methods. The nonlinear FRFs are regenerated for 3N forcing level by using the method
given in section 3.3. with the identified nonlinearities frtma DFI and DF methodsH{gure

5-9). As the errors in parametric identification are very small for all methods, a good match is
obtained for both methods.
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Table5-2. Parametric identification reks for the nonlinear elements

Actual Identified bythe DFI Identified bythe DF
method method
Value Error % Value Error %
ka(cubic stiffness 10° 1.06 16 6 1.06 16 6
constantN/ m
ci0(coulomb
friction constant) 0.0010 0.00098 -2 0.001 0
Ns/m

Driving Point Nonlinear FRF Plots
T T

Receptance (m/N)

— Exact

— Calculated by DFI
----- Calculated by DF

Figure 5-9. Nonlinear driving point FRFs for high forcing level, (blueaevalues; green:
using the nonlinear parameters frotime DFI method; dashed redising the nonlinear

parameters frorthe DF method)

5.3.3. Case Study. Cubic Stiffness and Backlash Nonlinear Elements at the Same

Location

The DDF methodis applied toa 4 DOF discrete system with a nonlinear elastic element
represented by,k(a linear stiffness of 100 N/m with a backlash of 0.005 m) and a nonlinear

6

8
Frequency (Hz)

10 12 14 16

hardening cubic spring,& @@ 10° x* N/m) between coordinates 3 and 4, as showRigure

5-10.

my

ky'

Gy

m;

ko
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_E
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AN AW
_EB g _Ec%

=
Kky"

Cs

Figure5-10. Four DOFs discrete system with two nonlinear elematriise same location
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The numerical values of the linear system elements are given as follows:

k=k, = % Ik 508N/m

C=¢C =; § G 5Ns/m
m =05kg, m =1kg, @ 45kg, m 3Kk

A sample comparison for the nonlareand linear FRF4X,) is given inFigure5-11.

In this case studyfirst the low (10N) and highforcing (20N) levelsare applied from %'
coordinate, and then from"4oordinate. Employing thBDF method and by using FRFs of

the 3 and 4" coordinates only((ss, Uiz, Uiy, Usy), the DFs representing these nonlinear
elements are obtained as giverFigure5-12. This time it is not possible to identify the types

of nonlinearity from the gearal pattern of the curve. Thube DF method is not applicable to

this case study. As it is the case in the previous examples, the total restoring force of nonlinear
elements can be identified more easily wheDFI method is used.

As there are two #fness type nonlinearities at the same location, parametric identification is
not straightforward. The RF plot reveals the backlash value asm.Ol%e remaining RF

curve is simply curve fitted to polynomials and a linear and cubic function gives thétbes

The parametric identification results for the nonlinear elements are tabuldtadl@b-3. Asit

can be seen from the table, the identified values do not deviate from the actual values more
than 10%.

The nonlinear FRFs are regenerated by using the method given in section 3.3. with the
identified nonlinearities fronthe DFI method Figure 5-13). As the errors in parametric
identification are small fothe DFI methal, a good match is obtained. The power of this
method can be seen in this case study where two or more nonlinear elements can be
successfully identified.

Nonlinear FRF Plots for Different Forcing Levels
0.015 T T T T T T

FRF (m/N)

0.005

0 2 4 6 8 10 12 14 16
Frequency (Hz)

Figure5-11. Nonlinear FRFs; blue: 10N, greer0i?
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DF Plot for Nonlinearities
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RF Plot for Nonlinearities
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Figure5-12. a) Calculatedand exacDFs, b)calculated exact and fitte@RFs

Table5-3. Parametric identification results for the nonlinear elements

Actual Identified bythe Error %
DFI method
Backlash (m) 0.005 0.005 0
k.Q(Linear stiffness part) 100 110 10
N/m
k.G (cubic stiffness i
constant) N/m 10 0.96x10° 4
Driving Point Nonlinear FRF Plots
0.015 T T T I I
—Exact
----- Calculated by DFI
0.01+ .
z
E
g
0.0051 B
00 12 14 16

Figure 5-13. Nonlinear driving poin{Us3) FRFs, (blue:

DFI method)

Frequency (Hz)
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The last case study was presented to show the weak pdim BDF method. The method
requires the nonlinear BF matrix for MDOF systems which is very difficult and time
consuming. The nonlinear elements are usually at connections, thus, measurement is required
only for before and after the connection which yields a 2x2 matrix. Still this may be difficult to
achieve. Therefore fithere is negligible amount of friction in the system,ithproved DFand

the DFI method should be used.
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CHAPTER 6

EXPERIMENTAL WORK AND VERIFICATION OF THE NONLINEAR
IDENTIFICATION METHODS

6.1. Experimental Study 1: Application of the DF and the DFI Methods on a SDOF
System

For the implementation and vadition of theDF andthe DFI method, linear and nonlinear
modal tests were performed on a nonlinear structure. The test rig similar to the one first used
by Ferreira[82], and then also by Sillg7] is used in this study={gure6-1). Dimensions and
technical details of the rig manufactured for this study are givEigire6-2.

Figure6-1. Test rig used iexperimental study 1

This test rig is preferred for its simplicity in modeling the dynamic system since the structural
configuration causes hardening stiffness nonlinearitly.oThe test rig consists of a linear
cantilever beam with its free end held between two thin identical beams which generate cubic
spring effect. The cantilever beam and the thin nonlinear beams were manufactured from St37
steel. The modal test setup cigniration with its elements is shown kigure6-3.

For linear and nonlinear testing, a shaker (TIRA) was connected to the free end of the
cantilever beam via a pusbd with a PCB 208C03 force transducer. Tharafion responses

were measured using three miniature PCB 352A24 accelerometers. The frequency resolution
was 0.25 Hz due to the limitation of the software used with data acquisition system. Cubic
nonlinearity in the system causes jump in the frequencyorse around resonance
frequencies. Ability to observe this phenomenon is closely related to the frequency resolution
employed in the harmonic vibration tests. Even though it was possible in the experimental
study to capture the jump in the frequency reseoit is believed that better results could have
been obtained with a higher frequency resolution. The closed loop control was achieved by the
Dataphysics Vectel shaker controller.
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/// v/ /S :1.5mm

Figure6-2. Dimensions of the test rigsed inexperimental study 1

Computer |« Data Acqusition

System
v Force Gauge and
Closed Loop Accelerometer
Force/Displacementl
Controller

A\ 4
Signal Generator—p| Amplifier || Shaker

Figure6-3. Experimental test setwsed inexperimental study 1

The linear and nonlinear modaists are performed according to the work of Argfal.[79].

In [79], the application ofhe DF method and a new identification method which used constant
displacement modal tests was presented. Furthermore, the applicatioa@f method used

the smallest constant displacement modal test result as the linear FRF of the structure.
Therefore for this case studyhet modal tests are divided into two groups: carisfarce

testing and constant displacement testing. Only the driving point FRFs are measured in these
tests, which are sufficient to verify the identification methods.
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The FRF results obtained for the constant force and constant displacement testsvarie sho
Figure6-4 andFigure6-5, respectively.

Driving Point FRF (Constant Force)

1.00E-02
z
E
8
= 1.00E-03
o
g
g
14
1.00E-04
35 ar 39 41 43 45 47 49
Frequency (Hz)
| 01N —m05N ——1N]
Figure6-4. Constant force driving point FRF curvesxperimental redts
1.00E-01

Receptance (m/N)

1.00E-04 ; ; ; : ;
37.25 3025 4125 43.25 4525 47.25
Frequency (Hz)

49.25

—-025mm -®-05mm ——075mm —==1mm —+15mm —e1.75mm

Figure6-5. Constant displacement driving point FRF curvesperimental results
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The FRF curve obtained by using constant displacement control with 0.25 mm of vibration
amplitude is taken as threference linear FRF since the nonlinear part of the elastic force is
negligible compared to the linear part for this value of displacement. This is also the minimum
displacement limit of the setup with the hardware used.

For a single degree of freedomstgm the nonlinearity matrix reduces to the DF defining the
nonlinearity,

u- o

=3 = 6.1
@ O (6.1)
The nonlinear coefficient for the hardening cubic stiffness is obtained by a static test. In the
static test a load cell is used to measure faxod a linear variable differential transformer is
used to measa displacement for stepped loadings with 5 N increments. The force is applied at
the point where the cantilever beam is attached to thin beams. The deflection is also measured
at the same point. The results of this test are presented as a force vdesttmuaefurve in
Figure6-6.

Force-Deflection

120 4

80

60

Force (N)

40

20

0 1 2 3 4 5 6 7
Deflection (mm)

Figure6-6. Static forcedeflection curve for the cubic stiffness.

Furthermore, the DF representation of the nonlineadjycén be graphically shown as a
function of response amplitude, which makes it possible to identify the type of nonlinearity and
to make parametric identification by using curve fitting. It is important to note that equation
(6.1) requires the linear FRF. In general applications, the linear model of the system can be
obtained by using FEM and only for the identification of nonlinearity experiments casebe

or alternatively the linear model can also be obtained from modal analysis of the system at very
low forcing levels, where the nonlinear internal forces will be negligibieess there is
frictional nonlinearity In this case study, the linear FRF of thgstem obtained by using
constant displacement control with 0.25 mm of vibration amplitude is taken as the linear FRF
of the system, since the nonlinear part of the elastic force is negligible compared to the linear
part at this value of displacement.

Then, by using th®F andthe DFI methoddor nonlinear identification, both DF and RF plots

are obtained for the nonlinear element between the tip point of the cantilever beam and the
ground Figure 6-7and Figure 6-8). The cubic stiffness constants identified by uding DF

andthe DFI methodsare 2.6671.0° N/m® and 2.656L0° N/m®, respectively. The cubic stiffness
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constant obtained from static test, on the other hand 37 2@ N/m®. For visual comparison,

force deflection curves obtained from static test #r@DFI methodsare compared with the

force deflection characteristics obtained fridmaDF methodn Figure6-8. As can beseenthe

DF and the DFI methodsyield very close results. The difference between the identified
nonlinear stiffness property and the one obtained using static deflection test may be partly due
to using single harmonic assumption in formulations.
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Figure6-7. Measured DF values and tfiged curve

RF Plots for Nonlinearity
g T T T T T

Calculated by DFI
=] S p— Calculated by DF 7
----- Static Test Result
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D 1 1
0 0.5 1 145 2 25 3

Displacement (mm)

Figure 6-8. RF plots of nonlinearity for experimental studly blue: calculated byhe DFI
method, greercalculated byhe DF method, red: static test result
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Thus, it can be concluded that the accuracy in parametric identification of nonlineatiity by
DFI methodis comparable to that dfie DF method. However, the main advantagehef DFI
methodis thatit gives better insight into the type of the nonlinearity. Furthermore, when the
RF function is obtained bthe DFI method it may be directly used in nonlinear model of the
system when time domain analysis is to be used. Then, it will be possible tidyidlea
restoring force of more than one type of nonlinearity which magxgst at the same location.

After identifying nonlinearity in the system, the harmonic response of the nonlinear system as
well as thenonlinearFRFs can be calculated by usiihg methodgiven in section 3.3.

The nonlinear FRFs calculatagsing the nonlinear coefficients frothe DF and the DFI
methodsat forcing levels of 0.1 N, 0.5 N and 1 N are compared with experimentally measured
values inFigure 6-9-Figure 6-11, respectively. As can be seen from the figures, very good
agreements are obtained between experimental and predicted responses.

1.00E-02
—+— Measured FRF at 0.1N , F:
------- Calculated by DF i
— = Calculated by DFI E]
z
E
]
£1.00E-03 |
8
-
@
3
@
x
1.00E-04 T T T T T T
35 37 39 41 43 45 47 48
Frequency (Hz)
Figure6-9. Calculated and measudr&RF values at 0.1 N
1.00E-02
—&— Measured FRF at 0.5N
~~~~~~~ Calculated by DF
====Calculated by DFI
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1.00E-04 T T T T T

T
35 37 39 41 43 45 47 49
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Figure6-10. Calculated and measured FRF values at 0.5 N
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1.00E-02

—&— Measured FRF at 1N

------- Calculated by DF
- =~ Galculated by DFI

1.00E-03 4

Receptance (m/N)

1.00E-04

35 37 39 41 43 45 47 49
Frequency (Hz)

Figure6-11. Calculated and measured FRF values at 1 N

6.2. Experimertal Study 2: Application of the DFI method on a MDOF System

For the implementation and validation of tBéI method on a MDOF system, linear and
nonlinear modal tests were performed on a nonlinear structure. The test rig manufactured for
this study, dimesions and technical details are given Rigure 6-12 and Figure 6-13,
respectively. This test rig is preferred for its simplicity in modeling the dynamic system since
the dructural configuration causes hardening stiffness nonlinearity only. The test rig consists of
a two linear cantilever beams with their free ends held between two thin identical beams which
cause cubic stiffness. The cantilever beams and the thin norlieears were manufactured

from St37 steel. The modal test setup configuration with its elements is shéiguie 6-14.

For linear and nonlinear testing, a shaker (PCB) was connected to the free end of theecantilev
beam via a pustod with a PCB 208CO01 force transducer. The vibration responses were
measured using three miniature PCB 352C65 accelerometers. The frequency resolution was 0.1
Hz. Cubic nonlinearity in the system causes jumps in the frequency respousd eesonance
frequencies. Ability to observe this phenomenon is closely related to the frequency resolution
employed in the harmonic vibration tests. The force closed loop control was achieved by the
SCADASHII data acquisition system.

Figure6-12. Setup used in the experimental st@dy
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Figure6-13. Dimensions of experimental study
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Figure6-14. Test setup of experimental stugly

The modal tests are performed using harmonic forcing with amplitudes of 0.01N and 0.4N. The
FRFs obtained for the constant amplitude force tests are showigure 6-15. The FRs
obtained with 0.01N amplitude harmonic forcing are taken as linear FRFs of the system.

In this experimental study, only the first columns of the linear (0.01N forcing) and nonlinear
receptance (0.4N forcing) matrices are measured. Then, firstly tf#ngiislements of the

linear FRF matrix are calculated by usiR§RF synthesigmethod, and theNL| values are
calculated for each coordinate. The calculat#d values are shown ifigure 6-16a. From
Figure6-16a it can easily be concluded that there are nonlinear elements between coordinate 2
and 3. Furthermorerigure 6-16b reveals that system has stiffness type of nonlinearity since
DF is almost real with a negligible imaginary part.
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» Driving Point Linear (excitation 0.01N) and Nonlinear (excitation 0.4N) FRF Plots
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Figure6-15. Measured onstant force driving point FRF curyegeen: 0.01N, blue: 0.4N
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Figure6-16. a) Nonlinearity index chart, b) Sums of real and imaginary parts of DF values at
high forcing excitation

Firstly, by using the measured FRFs, the DF representing tHmemmelement is calculated

by improved DFmethodat different response amplitudes and is plotteBigure6-17a. From

the general pattern of the curve it may be possible to identify the type of nonlineatiity &it

curve to the calculated values makes the parametric identification easier. However, when there
are more than single nonlinearity at the same coordinate this may not be possible. Therefore
the inverse of the DF is calculated using the DFI method.RI plot obtained is presented in
Figure 6-17b. By first fitting a curve to the calculated RF plot, parametric identification can
easily be made.
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Figure6-17. a) Calculated DF bymproved DFmethod b) CalculatedRF by the DFI method
for nonlinear element between coordinate 2 and 3

The correct assembly of beam setup is veryorgmt. Slight misalignments can cause
unsymmetrical bending which leads to addition of second ordenéxlinear terms to overall
stiffness. This has also been observed by Jose&ts{27]. In the restdng force plot, firstly

a pure cubic function is fitted as seerFiigure6-18 and a cubic coefficient of Z0® N/m® is
obtained.

RF (N)

1.2

08
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04

0.2 |

|
e Calculated by DFI|
== = Fitted Cubic Function ||
-
—-— -t -
0 0.0002 0.0004 0.0006 0.0008 0.001 0.0012

Displacement (m)

Figure6-18. Fitted cubic curg and RF for nonlinear element between coordinate 2 and 3

Then a quadratic and cubic function is fitted as showFigare6-19 and a cubic coefficient of
1010° N/m® and-2.92510° N/m? is obtained.
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Figure6-19. Fitted quadratic and cubic curve and RF for nonlinear element between coordinate
2and 3

After identifying nonlinearity in the system, the harmonic response of the nonlinear gstem

be calculatedby usingthe iterative solution methodjiven in section 3.3The driving point

FRFs calculated at forcing level of 0.4 N are compared with experimentally measured values in
Figure6-20. As expected, the combinedmiinear element gives slightly better results.

10

——Measured FRF at 0.4N
——=—Calculated FRF by DFIwith Cubic and Quadratic Function
——Calculated FRF by DFlwith Cubic Function

Receptance (m/N)

10 . :

85 70 75 80
Frequency (Hz)

Figure6-20. Calculated and measured FRF values at 0.4 N
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6.3. Experimental Study3: Application of the DDF Method on a SDOF System

The DDF methodis al® tested on the experimentatsp used in experimental study The

tests carried out in previous study were repeated with better frequency resolution (0.1 Hz) and
force control. The experimental setup and FRF plots obtained with constant amplitude
harmoric forces are given iigure6-2landFigure6-22, respectively.

Figure6-21. Setup used in the experimental st@dy

p Nonlinear FRF Plots for Different Forcing Levels
1 0 T T T T T

FRF (m/N)

10'5 L L L L L 1
30 35 40 45 50 55 60 65 70
Frequency (Hz)

Figure6-22. Measured dving pointFRFs; blue: 0.1N, green: 0.5N, red: 1N

As discussed in section 3.4., the method requires the linear FRFs. Thus, we may assume that
the lowest force level that we rcachieve gives the linear FRF. However, the DDF method
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shows that the linear FRF may not always be obtained accurately by low forcing even though
there is no friction type of nonlinearit§igure 6-23).

; Linear FRF Plots
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—— Calculated by DDF s
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5 I I |
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Il
50
Frequency (Hz)

70

Figure 6-23. Linear FRF curvesblue: Calculated by the DDF method, green: measured at
0.01N

If we cannot apply sufficiently low forcing level or if there is friction type of nonlinearity in
the system then ¢happroach proposed becomes more valuable. The DF representation of the
nonlinearity ) can be graphically shown as a function of response amplitude, which makes it
possible to identify the type of nonlinearity and to make parametric identification by usi

curve fitting Figure6-24a). Figure6-24a shows the DF curves calculatedthg DDF andthe
DF methods. The restoring force plot is also giverrigure 6-24b. FromFigure 6-24b the
nonlinearity coefficient is found by curve fitting as 6.18 Nom®.
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Figure6-24. a) DF curves calculated ltiye DDF andthe DF methods, b) RF curve calculated
by the DFI using the DF calculated lthe DDF and fitted curve
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The nonlinear FRFs areegenerated using the method discussed in sectionu8idgy the
identified nonlinearity coefficient at forcing levels of 0.5 N and 1 N and are compared with
experimentally measured values kigure 6-25. As can be seen from the figure, better
agreements are obtainedttyeen experimental and predicted responses witBEi#e method

Calculated and Measured Nonlinear FRFs > Calculated and Measured Nonlinear FRFs

—— Calculated by DDFand DFI ' ' ' —— Calculated by DDF and DF|
— Calculated by DF and DF| — Calculated by DF and DFI
~—~ Measured FRF at 0.5N -~ Measured FRF at 1N

FRF (m/N)
3

10" | L L | 1 10" | | | L I
38 40 42 46 48 50 38 40 42 44 46 48 50

44
Frequency (Hz) Frequency (Hz)

a) b)

Figure6-25. Calculatedand measured nonlinear FRF curves at forcing lelva) 6.5N, b) 1N

6.4. Experimental Study 4: Application of the DDF Method on a Stabilized Optic
Platform

The DDF method is also tested on a stabilized optic platf&®@P) The mision ofthe SORs

to guide weapon systems to the target. It has stabilization in the elevation and the yaw axis.
The SOPused in this studpand FRF plots obtained with constant amplitude harmonic forces
are given inFigure 6-26 and Figure 6-27, respectively The SOPhas two direct drive motors
guided with double bearings. For linear and nonlinear testing, a shaker (PCB) was connected to
point 9 via a pusiiod with a PCB 20801 force transducer. The vibration responses were
measured using 20 triaxial PCB 356A16 accelerometers. The frequency resolution was 0.1 Hz.
The force closed loop control was achieved by the SCANAdata acquisition system.

Figure6-26. Modal tests othe SOP
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-5 Nonlinear FRF Plots for Different Forcing Levels
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Figure6-27. Driving pointFRFs; blue: 0.4N, green: 8N, red: 16N

In order to visualize the behavior of the system at this resonance et identification is
performed by using LMS Test Lab software. The mode shape of the SOP at this res®nance
given inFigure6-28.

pppppp

a) b)

Figure6-28. Mode shapes of the S@ér the first resonance) isometric view, b) front view

Thus, as the SOP rigidly oscillatesthe y axisaround its yaw axis connection, the nonlinear
elementmust be at this location. Neverthele#se DDF method is appliedimplifying the
systemas aSDOF systemand using the driving point FRF just to identify the nonlinear
element.Figure 6-29% shows the real part @F curves calculated bthe DDF method and
Figure6-29b shows the imaginary part of the DF curve calculatethbYpDF method. Then,
by using the DFI method the restoring force values for stiffness and frictidmesity are
calculated and are given Figure 6-30a andFigure 6-30b, respectively. Fronfrigure 6-30a
andFigure6-30b the nonlinearity coefficiestarefound by curve fittingusingpolynomials up

to the third orderThe coefficients of the restoring force curves are giverainie6-1.
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Table6-1. Parametric identification results for the nonlinear elements

Linear Quadratic Cubic
Real Part of RF -1.8362 10 i 5.4134 16 1.3373 16°
Imaginary Part of RF 3.5901 10 2.1355 16 1.15324 1#
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Figure6-29. Calculated DFs bthe DDF method, a) stiffness DF, b) friction DF
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Figure6-30. Calculated RFs bthe DFI method, a) stiffness RF, b) friction RF

The nonlinear FRFs are regenerated using the method discussed in section 3.3. using the
idenified nonlinearity coefficient at forcing levels of 8 N and 16 N and are compared with
experimentally measured valuesHigure6-31 andFigure6-32, respectivelyNote tha, during

the identification process the type and functional form of the nonlinearity was not kinbern.
coefficients of the nonlinearities are obtained simply by curve fitting the RF values. Then,
while regenerating the nonlinear FRFs, the describingtifumecepresentations of polynomial
functions are used.
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Figure6-31. Calculatedand measured nonlinear FRF curves at forcing lev8Nof
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Figure6-32. Calculated and measured nonlinear FRF curves at forcing level of 16N

As can be seen from the figui@good match is obtaindmbtween experimental and predicted
responses with the DDF method.
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CHAPTER 7

APPLICATION OF NONLINEAR IDENTIFICAT ION APPROACH TO
CRACK DETECTION PROBLEMS

Structural damages usually introduce nonlinearity to the systemndiimearity localization

part ofimproved DFmethodis employed to detect crack type structural damage. The method
requires the measurementFRFs at various points in order to locate the damage. The method
makes it also possible to determine the extent of damage by identifying the level of
nonlinearity.

Damage detection method presented in this study consists of two main stages. Fisstigcexi

of damage in the system is detected by performing step sine tests with different loads.
Secondly, the location of the damage is determined by using incomplete FRF data. The work
presented in this study is mainly an experimental application of thkoohesuggested by

Ay d o [6& which was verified only by simulated data.

7.1. Damage Localization bymproved DF Method

In this chapter, the damage locations are determined from NLI values calculated fratiowib
tests.In order to calculate the NLI valueisnproved DFmethod is used which is thoroughly
discussed in chapter 3. Before going into the experimental studies, some impairigsgbout
interpreting the NLI values for damage localizatavadiscussedbelow.

Theoretically, if a nonlinear element is between a coordinate and ground, we would expect to
have high NLI value for that coordinate only, and if a nonlinear element is between two
coordinates, we would expect to have high NLI values at thesecoordinates. In the
simulated cantilever beam case studies givel®ah, it is concluded that, in order to observe
such characteristics we need to measure the rotational coordinates which are affectest the m
from crack type nonlinearities. If translational coordinates are measured, then this method
gives us an indication of the crack location by yielding a high peak only at the coordinate right
after the crack closer to the fixed boundary. When this isdke, further investigations should

be carried out by NDT methods around the coordinate with high NLI to pinpoint the crack.

7.2. Experimental Studies
7.2.1. Experimental Study 1 Localization of Damage in a 7 DOF Beanby Shaker Testing

For the implematation and validation of the method given above, step sine tests with different
load levels are performed with four hallow square beams which are all manufactured from
aluminum. The beams have 2.5 mm, 5.5 mm and 7.5 mm cracks, respectively. In order to se
the effect of measurement noise on NLI values calculated from experimental measurements, a
fourth beam with no crack is also tested. The cracks are produced by creating an indentation of
1mm first with a saw and then bending the beam several timesth@tilesired crack is
obtained. The test rig manufactured for this study, dimensions and technical details are given in
Figure7-1 andFigure 7-2, respectively. This testgiis preferred for its simplicity. The test rig
consists of a cantilever beam with a crack between 4th and 5th coordinates. The modal test
setup configuration with its elements is showrFigure 7-3. For step sindesting, a shaker

(PCB) is connected to the free end (point 1) of the cantilever beam via aqouslith a PCB
208C01 force transducer. The vibration responses are measured using six miniature PCB
352C65 and one PCB 352A24 accelerometers. The frequesojution is 0.1 Hz. The crack

in the system causes changes in the frequency response around resonance frequencies. Ability
to observe this phenomenon is closely related to the frequency resolution employed in the
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harmonic vibration tests. The force clodedp control is achieved by the SCADAB data
acquisition system.

V L 1 mm

2.5 mm,
5.5mm,

= = = = f==7.5mm

/
|
_
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7z

210 mm

Figure7-2. Dimensions of gperimental studyt

The modal tests are performed using harmonic forcing with amplitudes of 0.01N and 0.05N at
point 1 and measuring responses from 7 points. The FRFs obtained for the constant amplitude
force tests with an undamaged beam and with tthiféerent crack lengths (h=2.5 mm, 5.5 mm

and 7.5 mm) are shown iRigure 7-4-Figure 7-7. The FRFs obtained with 0.01N amplitude
harmonic forcing are taken as linear FRFthe system.
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Figure7-4. Linear and nonlinear direct point FRFgaint1 (undamaged)
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Figure7-5. Linear and nonlinear direct point FRFgaint1 (h= 2.5 mm)
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Figure7-6. Linear and nonlinear direct point FRFgaint1 (h= 5.5 mm)
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Figure7-7. Linear and nonlinear direct point FRFgaint1 (h= 7.5 mm)

In this experimental study, only the first columns of the linear (0.01N forcing) and nonlinear
receptance (0.05N forcing) matricase measuredlhen, firstly the missing elements of the
linear FRF matrix are calculated BRF synthsisnethod and theNLI values are calculated for
each coordinate. Note that here only translational DOFs are used. The calblllbtedues

are shown irFigure7-8 to Figure7-11.
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Figure7-8. Undamaged\onlinearity Index Chart
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The coordinas which are affected from nonlinearity can be determined frorhlthe/alues
obtained for each coordinate. The crack is located betweer"taadd8" coordinates so one
expects to find two high peaks at these coordinates. In the simulated case $rediés[§6],

it is stated that, in order to observe such a chart we have to measure FRFs at the rotational
coordinates which are affected the most from the nonlinearity. If translational coordinates are
measurd, then this method gives us an indication about the crack location by giving a high
peak only at the coordinate right after the crack closer to the fixed boundary. The results
obtained verify this expectation: We have high peaks"atdordinate. Howeverthe NLI

values obtaiadfor the other coordinatese not much smaller than that of coordinate 5, unless
the crack gets deeper (when we have deeper crachkélLthealue of &' coordinate increases
considerably, compared to otHéL| values).

7.2.2. Exgerimental Study 2 Localization of Damage in a 7 DOF Composite Beam by
Impact Testing

In the first experimental study step sine testing with a shaispreferred for the validation of

the improved DF method for damage localizationWith this case studyt is intended to
demonstrate that this method can also be used with impact testing. However, it must be noted
that the change in the FRFs with different impact levels will not be as much as that observed in
closed loop shaker testing since it is moreiclitt to apply considerably higher force levels in
impact testing. In this experimental study, the test specimen is change@las£reinforced

plastic (EGFRP). The damage is located between the same coordinates but this time the extent
of damage is ndtnown since the damage is created by simply bending the sheet. The test rig
manufactured for this study, dimensions and technical details are giveigure 7-12 and
Figure7-13, respectively. For impact testing, an impact hammer (PCB 086C01) is used and the
structure is hit at the"7coordinate. The vibration responses are measured using six miniature
PCB 352C65 and one PCB 352A24 accelerometers. The frequency reseuli®i25 Hz.

The crack in the system causes changes in the frequency response around resonance
frequencies. Ability to observe this phenomenon is closely related to the frequency resolution
employed in the harmonic vibration tests.
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Figure7-12. Setup used in the experimental st@dy

~ P —
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Figure7-13. Dimensions of experimental stug@y

The modal tests are performed by hitting the structure Mvithand high impact forces. The
FRFs obtained for two load levels are showrFigure 7-14. The FRFs obtained with low
amplitude forcing are taken as linear FRFs of the system.

—low level
« high level
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Figure7-14. E-GFRP impact tests, tip point FRF curves
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In this experimental study, only the first columns of the linear (low forcing) and nonlinear
receptance (high forcing) matricese measuredThen, firstly the missing elements of the
linear FRF matrix are calculatday using FRF synthesismethod and theNLI values are
calculated. The calculatedLI values are shown ifigure 7-15. The NLI chart shows the
coordinates which are affected fromntioearity. HighNLI values at 4th and 5th coordinates
indicate the damage between these coordinates. Relatively high value obtaiNgd dbr6th
coordinate may be due to the damage that might be extended to that coordinate. However, we
observe from thexperimental results that the method proposed may yield noNtérealues

at some other coordinates as well, although they are not adjacent to damaged region. This is
most probably due to using only translational FRFs and not including those related with
rotational DOF in the computation &fLI values. Fortunately, these nonzétbl values are

not as high as the ones obtained at damaged locations.
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Figure7-15. E-GFRP Nonlinearity Index Chart

7.2.3. &perimental Study 3 Localization of Damage in a 4 DOF Waveguide by Impact
Testing

In this experimental study, the localization of the defects of a brazing process on a waveguide
is presented. A waveguide is an engineering structure which guides waetr(ahgnetic or

sound waves). There are different types of waveguides for each type of wave. In this case
study, it is intended to demonstrate that this method can also be used on real engineering
structures with impact testing. However, it must be naked the change in the FRFs with
different impact levels will not be as much as that observed in closed loop shaker testing since
it is more difficult to apply considerably higher force levels in impact testing. The waveguide
and measurement locations gieen inFigure7-16 andFigure 7-17, respectively. For impact
testing, an impact hammer (PCB 086C01) is used and the structure is hit 8tctherdinate.

The vibrationresponses are measured using four miniature PCB 352C65 accelerometers. The
frequency resolution is 0.3125 Hz. The crack in the system causes changes in the frequency
response around resonance frequencies. Ability to observe this phenomenon is closely relat
to the frequency resolution employed in the harmonic vibration tests.
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Figure7-16. Setup used in the experimental st@dy

Figure7-17. Measurenent locations

The modal tests are performed by hitting the structure with low and high impact forces. The
FRFs obtained for two load levels are showrFigure 7-18. The FRFs obtained with low
amplitude forcincpre taken as linear FRFs of the system.
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Figure7-18. Waveguide impact tests, tip point FRF curves

In this experimental study, only the first columns of the linear (low forcing) and nonlinear
receptane (high forcing) matrices are measured. Then, firstly the missing elements of the
linear FRF matrix are calculated by usin&H- synthesismethod, and theé\LI values are
calculated. The calculatedLl values are shown ifigure 7-19. The NLI chart shows the
coordinates which are affected from nonlinearity. Highl values at 1 and 2¢ coordinates
indicate the damage between these coordinates.
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Figure7-19. Wavegide Nonlinearity Index Chart
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Although the parts seem that they are brazed correctly from quality control perspective, the
performance of the waveguide is not as predicted. Thus, vibration tests show that the two
branches are not identical as they shdwddA closer inspection to the waveguide reveals a
thin line between the brazed parts which is successfully localized lippineved DFmethod.

The damage in this part is along the brazing line consisting of several micro cracks.

Figure7-20. Waveguide damaged region
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CHAPTER 8

DISCUSSION AND CONCLUSIONS

It was recently showfi’8] with an experimental case study that Ble method developed by
¥ z etral. [2] for detecting, localizing and parametrically identifying nonlinearity in MDOF
systems is a promising method that can be used in industrial applicationss kstutty,
improvementgo the DF method(improved DFmethod)and two new methodshe DFI and
the DDF methodsare given which eliminatethe practical limitations of th®F method. The
improvementsmade along with numerical and experimental studies for verificatéon be
summarized as follows:

The DF method requires dynamic stiffness matrix of the linear part of the system which can be
obtained by constructing a numerical model for the system and updating it using experimental
measurementsr else measuring the complete receptance matrix at log¥ tvforcing to

obtain the receptance matrix of the linear part of the syskenthis study, however, it is
proposed to make linear modal identification by using one column of the receptance matrix of
the system which is experimentally measured at lowirig level, and then to calculate the
missing elements of the complete FRF matrix so that the dynamic stiffness matrix required for
the identification can be obtainéidnproved DFmethod) Note that low forcing testing will not

give the linear receptances nonlinearity is due to dry friction, since its effect will be
dominant at low level vibrations. For this type of nonlinearity, experiments with high level
forcing will yield approximate values for the linear receptances. Having frictional nonlinearity
with other types of nonlinearities makes it difficult to determine linear FRFs experimentally.
Therefore, when frictional nonlinearity exists with other types of nonlinearities, the approach
proposed can be applied only if linear FRFs are theoreticallgirmat. Theimproved DF
methodsuggested is applied to lumped parameter syst&DOF and MDOFexperiments
including the casesvhere the nonlinear element is also between two coordjnatesit is
shown that detection, localization and identification ofilm@ar elements can successfully be
achieved.

Secondly, it is proposed in this study to use RF plots that can be obtained from DF inversion
for parametric identification, instead aking DF plots, in order to avoid the limitations in
using footprint gaphs(the DFI method) It is found easier to determine the type of nonlinearity

by using RF plots rather than DF plots, especially for discontinuous nonlinear functions such as
backlash. The application of tHeFI methodproposed is also demonstrated treé real
structural test systems, and it is concluded that the accuracy in parametric determination of
nonlinearity by DF inversion is comparable to thaingproved DFmethod, and since RF plots

give better insight into the type of nonlinearity, this a@@mh may be preferred in several
applications to identify the type of nonlinearity. Furthermore, once the RF function is obtained,
it may be directly used in nonlinear model of the system if time domain analysis is to be made.
Using DF inversion rather thafootprint graphs makes it possible to identify total restoring
force of more than one type of nonlinearity that mayexist at the same location. Thus, DF
inversion yields an equivalent RF function that can be used in further calculations without any
need to identify each nonlinearity separately.

Furthermore, obtaining the nonlinearity matrix directly from nonlinear FRFpresented
which eliminates the need for obtaining linear FREthe DDF method) The DF method
requires dynamic stiffness matrix tie linear partwhich can be obtained blpw forcing
measurements. However, low forcing testing may not always give the linear FRFs accurately
when nonlinearity is high, and furthermore, if nonlinearity is due to dry friction, low forcing
level testing wi not give linear FRFs at all, since its effect will be dominant at low level
vibrations.In order to overcome such problemslve DDF methoddevelopedit is proposed

to test the structure at two forcing levels and calculate the nonlinearity matotlyifrom
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these measurementshe DFI method can be easily applied aftdstaining the DFs byhe

DDF method.The suggestedDF methodis first applied to lumped parameter systems and it

is shown that identification of nonlinear elements can succesdfallgchieved even when

there is more than one nonlinear element with different characters at the same coordinate. The
application of theproposedDDF methodis also demonstrated amvo real structural test
systens, and it is concluded that the accuracy argmetric determination of nonlinearity by

the DDF method gives better results than DE method where low forcing testse used to

obtain linear FRFs. It is concluded in this study that pheposedDDF methodis very
promising to be used in practicajstems, especially when there are multiple nonlinear
elements at the same location.

Finally, it is shown that themproved DFmethod for detecting, localizing and parametrically
identifying nonlinearity in MDOF systems can also be used for damage deteantit
localization for the type of damages which introduce nonlinearity to the structure. The
suggestedmproved DFmethodis first applied to an aluminum beam with a breathing crack
and it is shown that detection and localization of damage can be acligvextiting the

system from only one point and measuring the responses at all other coordinates (or only at the
coordinates around which there might be a crack). Furthermore, it is shown in this study that
the improved DFmethod can also be employed t@dtize damage by using impact testing,
which is more practical. The tests are conducted on a composite sheet and it is concluded that
the accuracy in damage localization with impact testing is comparable to that of a shaker
testing. Impact testing has maagvantages over shaker testing as the most important one
being the reduction of setygreparation timeand test duration. Moreover, the possibility of
damaging the specimen during localization tests is much less in impact testing. The nonzero
and relativéy high NLI values obtained at coordinates not adjacent to damaged locations are
believed to be due to measuring only translational FRFs and not including those related with
rotational DOF. As a final case study, a real engineering structure, a wavegtedeed with

great success. Consequently, it can be said thatptbposedimproved DF method is
applicable to damage detection studlag still open to further improvements.
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CHAPTER 9

RECOMMENDATIONS FOR FUTURE WORK

Although in this study a variety of topics concerning nonlinear identification are cotezesl
are still several aspects that need further investigation.

First of all, multtharmonic identification is one of thimportanttopics thatmaybe researched.

In order to perform mukharmonic identification, the formulations used for describing
function should be muliharmonic. Furthermore, the step sine tests conducted should be also
modified to capture the multi harmonic responses.

Secondly, as the stemsitests require long testing time, the accuracy of random excitation and
impact testing in nonlinearity identification using describing functions should be investigated.

Another improvement that can be accomplisiethe DFI methodis, instead of usingnly
polynomial type functionsisingmore complicated function® fit DFs, whichwill definitely
improve the quality of RFs.

Finally, the methods proposed can be extended to include rotational DOFs which will @nprov
identification results especiallyfonore complicated structures.
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APPENDIX A

COMMON RESTORING FORCE FUNCTIONS AND CO RRESPONDING
DESCRIBING FUNCTIONS

The RFs and corresponding DFs for nonlinear elements usually encountered in practice are
given inFigure A1 and A2.
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FigureA-1. RF and DF representations of nonlinear elements
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Received in revised form systems to some extent. However, there are cases where nonlinear effects and therefore
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nonlinear analysis become unavoidable. In most of the engineering applications it is
usually very difficult if not impossible to model nonlinearity theoretically, especially for
nonlinear effects stemming from structural connections. Then it becomes necessary to
Keywords: detect, localize and parametrically identify nonlinear elements from measured vibration
Nonlinear structural dynamics data. In this study, two different methods, one being a method suggested recently by two
:gs::::: ﬁf’g:‘lﬁf:::e'; of the authors of this paper, and th'e other being again a method developed in an earlier
Nonlinear modal analysis work, are lmplemen‘ted ona te§t rig contex_lnxngg nonlinear element. Both methods are
Nonlinear modal testing capable of parametrically identifying nonlinearities from measured frequency response
Experimental verification functions. Itis aimed in this paper to asses the validity of each method by applying them to
a real test structure and thus parametrically identifying the nonlinear element in the
system to obtain a mathematical model, and then employing the model in harmonic
response analysis of the system in order to compare predicted responses with
measured ones.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Although modal identification of mechanical systems is thoroughly investigated for several years, the need to obtain
accurate values for modal parameters is still very important. Most of the researches performed so far are generally limited to
linear identification. However, in the last two decades, with the increasing need to make more accurate analysis, several
researchers were focused on modeling and analyzing nonlinear structures.

Nonlinearities are usually localized at joints and boundaries, or the structure itself can be nonlinear. Structural joints set a
self-explanatory example in this perspective since they may exhibit a remarkable amount of nonlinearity and they should be
properly modeled as nonlinear elements. First studies on nonlinearity in structural dynamics were mostly focused on
detection of nonlinearity [1-5]. In these studies, presence of nonlinearity was sought mainly by examining FRF plots under
different forcing conditions. Following researches were concentrated on localization of nonlinearity [6-8]. Most recent
studies are focused on nonlinear system modeling and identification, including quantification of nonlinearity. An important
feature of an identification method is the required pre-known data. Some methods require mass, stiffness and damping
values of the linear part [1,9,10], whereas some methods require the FRF of the linear counterpart of the structure to be
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E-mail address: ozguven@metu.edu.tr (H. Nevzat Ozgiiven).
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