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ABSTRACT 

 

 

A LOW-POWER CAPACITIVE INTEGRATED CMOS READOUT CIRCUITRY  

FOR HIGH PERFORMANCE MEMS ACCELEROMETERS 

 

 

 

Osman Samet !ncedere 

M.Sc., Department of Electrical and Electronics Engineering 

Supervisor : Prof. Dr. Tayfun Akõn 

Co-Supervisor : Dr. Selim Emino" lu 

 

September 2013, 79 pages 

 

This thesis presents a low power capacitive integrated CMOS readout circuitry for high 
performance MEMS accelerometers. It proposes a linearized model of the complete 
closed loop accelerometer system, which makes easier of designing and analyzing the 
system. Designed readout circuitry offers low noise, wide dynamic range and high 
linearity system with very low power consumption. Designed readout circuit includes 
proportional integral (PI) controller circuit, which significantly decreases the proof mass 
deflection of the accelerometer resulting in high linearity and high immunity to sensor 
parameter changes. Designed system also suppresses the readout circuit noise in a 
significant amount and this noise suppression allows designing very low power readout 
circuits without degrading the noise performance of the system. Readout circuit provides 
highly programmable digital controller circuit, which allows controlling of all digital 
timing signals, bias currents and voltages, and power consumptions of analog blocks, 
front-end circuit gain, gain coefficients of PI controller and sigma-delta modulator gain. 
Designed readout circuit also offers optional external timing signals and optional 
external voltage reference. The readout circuit is implemented using 0.35 um process. 
Circuit level and system level simulations are performed in Cadence and MATLAB  
Simulink environments respectively. The simulations guarantee stability and proper 
operation of the accelerometer system. As a sensing element, accelerometer having the 
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specifications of 3.5x10-6 F/m sensitivity, 9.5 pF rest capacitance, 2.32 kHz resonant 
frequency and 4.6 µg/%Hz Brownian noise, is used.  Simulation results show that system 
has 5.3 µg/%Hz noise level at the output, ± 19.5 g full scale range, 128.5 dB dynamic 
range and 1.8 mW power consumption with 3.3 V supply voltage. 

Keywords: MEMS accelerometers, low noise electronics, closed-loop accelerometer 
systems, capacitive readout circuit, sigma-delta modulator. 

  



#""!

!

 

…Z 

 

 

Y†KSEK PERFORMANSLI MEMS !VME…L‚ERLER !‚ !N  

D† #†K G†‚ T†KET !ML! KAPAS!T!F T†MLE #!K CMOS OKUMA DEVRES!  
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YŸksek Lisans, Elektrik ve Elektronik MŸhendisli" i BšlŸmŸ 

Tez Yšneticisi  : Prof. Dr. Tayfun Akõn 

Ortak Tez Yšneticisi : Dr. Selim Emino" lu 

 

EylŸl 2013, 79 sayfa 

 

Bu tez yŸksek performanslõ MEMS ivmešl•erler i•in dŸ$Ÿk gŸ• tŸketimli kapasitif 
tŸmle$ik CMOS okuma devresi sunmaktadõr. Bu tez kapsamõnda kapalõ devre ivmešl•er 
sistemleri i•in do" rusal model šnerilmektedir. Bu do" rusal model sistem analizini ve 
tasarõmõnõ kolayla$tõrmaktadõr. Tasarlanan okuma devresi •ok dŸ$Ÿk gŸrŸltŸlŸ, geni$ 
dinamik aralõ" a ve yŸksek do" rusallõ" a sahip sistemi, dŸ$Ÿk gŸ• tŸketimiyle 
sunmaktadõr. Tasarlanan okuma devresi ivmešl•erin hareketini azaltmayõ sa" layan 
oransal-integral denetleyici i•ermektedir ve ivmešl•erin az hareket etmesi yŸksek 
do" rusallõ" õ ve sensšr de" i$kenlerine ba" lõlõ" õn azalmasõnõ sa" lamaktadõr. Tasarlanan 
sistem ayrõca okuma devresi gŸrŸltŸ seviyesini bŸyŸk šl•Ÿde bastõrmaktadõr ve bu, 
sistem performansõnõn dŸ$mesine sebep olmadan dŸ$Ÿk gŸrŸltŸlŸ okuma devresi 
tasarlamaya olanak sunmaktadõr. Okuma devresi bŸtŸn sayõsal zamanlama sinyallerini, 
analog devrelerin kutuplama akõm ve voltaj de" erlerini, ve gŸ• tŸketimini, šn u• 
devresinin kazancõnõ, oransal-integral denetleyicinin kazan• katsayõlarõnõ ve sigma-delta 
modŸlatšr devresinin kazancõnõ kontrol etmeye olanak sa" layan olduk•a yŸksek 
programlanabilir šzelli" e sahip sayõsal denetleme devresi i•ermektedir. Ayrõca, 
tasarlanan okuma devresi iste" e ba" lõ olarak •ip dõ$õndan sayõsal zamanlama 
sinyallerinin ve referans voltajõnõn kullanõlmasõnõ sa" lamaktadõr. Okuma devresinin 
tasarõmõ 0.35 um CMOS teknolojisinde geli$tirilmi $tir. Devre dŸzeyinde ve sistem 
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dŸzeyinde simŸlasyonlar sõrasõyla Cadence ve MATLAB Simulink programlarõnda 
yapõlmõ$tõr. Simulasyonlar ivmešl•er sisteminin kararlõlõ" õnõ ve dŸzgŸn •alõ$masõnõ teyit 
etmi$tir. !vmešl•er olarak 3.5x10-6 F/m hassasiyetli, hareketsiz halde 9.5 pF kapasiteye 
sahip, 2.32 kHz yankõlama frekansõnda ve 4.6 µg/%Hz Brownian gŸrŸltŸsŸne sahip bir 
ivmešl•er kullanõlmõ$tõr.  Simulasyon sonu•larõ 5.3 µg/%Hz •õkõ$ gŸrŸltŸ seviyesi, ± 19.5 
g giri$ aralõ" õ, 128.5 dB dinamik aralõk  ve 3.3 V gŸ• kayna" õ ile 1.8 mW gŸ• tŸketimi 
oldu" unu gšstermi$tir. 

Anahtar kelimeler: MEMS ivmešl•erler, dŸ$Ÿk gŸrŸltŸlŸ elektronik, kapalõ devre 
ivmešl•er sistemleri, kapasitif okuma devresi, sigma-delta modulator. 
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CHAPTER 1 

 

 

 INTRODUCTION  

 

 

 

Micro-Electro-Mechanical Systems (MEMS) is a technology using the techniques of 
microfabrication to obtain the miniaturized mechanical or electro-mechanical devices or 
structures. The physical dimensions of MEMS devices can vary in the range of below 
one micron to a few millimeters. Similarly, MEMS devices have different type of 
structures. While some types contain simple structure without any moving element, some 
of them include very complex electromechanical system with multiple moving elements 
controlled by integrated electronic circuitry. One of the main criteria defining a structure 
or a device as a MEMS device is that there should be some parts in the miniaturized 
structure, which achieve some type of mechanical functionality even if these parts cannot 
be movable parts [1]. 

MEMS offer several advantages, which makes it one of the most promising technologies 
of 21th century. Firstly, MEMS provides devices that can be produced with a 
combination of many different fields seen unrelated previously. Biology and 
microelectronics are one of the important examples of the interdisciplinary nature of 
MEMS technology. Secondly, MEMS offers high performance and reliable components 
and devices due to its batch fabrication techniques. Thirdly, cost, size and weight of the 
MEMS devices are significantly low, which allows them very commonly used in 
industrial and consumer products. Lastly, manufacturing of products by MEMS cannot 
be made any other techniques [2]. 

The history of MEMS lays into the early of 1950Õs. Over the half-century, MEMS has 
gradually been out of the subject that is only researched in R&D laboratories and it has 
found a place in everyday products. Especially, in the mid-1990Õs MEMS devices began 
to commercialize and appeared in lots of commercial products and applications. Size of 
MEMS market has grown excessively after 1990Õs and today it exceeds 10 billion dollar 
per year. It is predicted that MEMS market will continue to increase its size and reaches 
a size of 20 billion dollar in three years. Figure 1.1 illustrates the MEMS market 
distribution according to application areas from 2010 to 2016 [3]. 
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 Figure 1.1: MEMS market distribution according to applications in 2010-2016 [3]. 
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Figure 1.2: MEMS market distribution according to devices in 2012-2018 [4]. 
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MEMS market offers a very wide range of products from different application areas that 
meet the needs of customers. Figure 1.2 shows the MEMS market distribution according 
to devices between 2012 and 2018 [4]. As it is clear from the figure that a large variety 
of MEMS devices are extensively used in the market and accelerometers have a big place 
in the market along with the pressure sensors.  

Inertial sensors, including accelerometer and gyroscope, are one of the most significant 
types of MEMS devices. MEMS accelerometers are very demanding and quite popular 
due to their low-power, low-cost, small size and reliable operation. They have the second 
largest sales volume after pressure sensors [2]. 

The first MEMS accelerometer was designed in 1979 in Stanford University. However, 
MEMS accelerometers were used as products for large volume applications after 15 
years later from the first design. Automotive airbag sensors are one of the first 
commercial devices using MEMS accelerometers. All todayÕs cars use MEMS 
accelerometer in the airbag. MEMS accelerometers are not limited to automotive 
applications. The application of them covers very broad spectrum such as navigation and 
guidance system, biomedical applications for activity monitoring, tracking and 
monitoring mechanical shock, earthquake detection, automotive industry, image 
stabilization, microgravity measurement in space, tilt sensing and animal tracking [5] [6] 
[7]. 

Performance of accelerometers can be measured according to the parameters such as 
operation range, bandwidth, resolution, linearity and offset and performance 
requirements of accelerometers change with the applications that they are used. For 
example, navigation grade accelerometers should have a resolution in the range of µg. 
However, in ballistic and impact sensing application, resolution is not that critical. 1g 
resolution is quite enough. Nevertheless, operation range should be in the range of 10000 
g. Figure 1.3 shows the application areas of MEMS accelerometers and their required 
specifications [8].  

In the scope of this thesis work, a capacitive type MEMS accelerometer is used and 
studied.  An accelerometer system is composed of two main parts: the sensor and the 
readout electronics. The capacitive sensor itself reacts to external acceleration with a 
capacitance change. This capacitance change should be converted into an electrical 
quantity to measure the acceleration input. Electronic readout circuits are used to 
perform this conversion.  Acceleration sensitivity and range as well as the output noise 
are main important parameters for an accelerometer.  For portable applications power 
dissipation becomes also very important parameter, especially for systems that run on 
batteries.  In this thesis, a low-power programmable integrated CMOS readout circuit is 
designed and implemented for capacitive type MEMS accelerometers. Due to the 
programmable features of this new readout circuit, it becomes easy to interface various 
capacitive MEMS accelerometers. 
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Figure 1.3: MEMS Accelerometer Applications and their required specifications [8]. 

!

1.1 Classification of Accelerometers by Sensing Mechanism 

MEMS accelerometers can be classified according to their sensing mechanism: 

1) Capacitive 
2) Piezoresistive 
3) Piezoelectric 
4) Hall effect 
5) Magnetoresistive 
6) Heat transfer 

 

Capacitive accelerometers sense the capacitance change as name suggests. When 
external force is applied to the accelerometer, proof mass changes its position and the 
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capacitance value between proof mass and electrode fingers is altered. Change in 
capacitance is then detected by electronic circuit.  

Piezoelectric accelerometers make use of piezoelectric effect that is defined as 
generation of electrical potential due to the stress applied on materials such as crystals. 
Electrical charge is created when external acceleration is applied and this charge can be 
detected with an electronic circuitry to obtain acceleration information. Piezoresistive 
accelerometers work with the principle of measuring the electrical resistance of a 
material when external acceleration is applied to it. In Hall effect type accelerometers, 
voltage variations created due to the change in the magnetic field around the 
accelerometer are measured. Magnetoresistive accelerometers measure changes in 
resistance due to magnetic field. They are very similar to the Hall effect accelerometers. 
The difference between them is that magnetoresistive accelerometers measure resistance 
instead of measuring voltage. In heat transfer accelerometers internal changes in heat 
transfer are measured because of acceleration. [9]. 

As a summary, there are several ways of implementing MEMS accelerometers. 
Capacitive type accelerometers have significant advantages compared to other types of 
accelerometers. Firstly, they offer simple structure and therefore, low fabrication cost. 
Moreover, they have the features of high sensitivity, high reliability and low power 
consumption along with low noise, low nonlinearity, high immunity to temperature 
changes, and low bias drift. Due to these advantages, capacitive accelerometers are very 
commonly used in consumer applications [10]. 

 

1.2 Classification of Accelerometers by Readout Circuit  

Readout circuits can mainly be classified into two categories, which are open loop and 
closed loop electronics. 

 

1.2.1 Open Loop Electronics 

Open loop electronics is a simple way of converting the capacitance between 
accelerometer electrodes and proof mass into electrical voltage. As name suggests, 
complete system is open loop, which means there is no feedback mechanism in the 
system. Open loop system requires a basic and simple electronic circuit design, which is 
the main advantage of it and since the electronic circuitry is simple, it has also low 
readout circuit noise. 

However, there are some major drawbacks of this type of interface circuit. Firstly, it has 
highly non-linear input-output characteristic due to large deflection of proof mass. 
Secondly, dynamic range of open loop systems is very low because proof mass and 
electrode fingers can stick to each other easily at high acceleration input levels and also 
high acceleration input levels result in high nonlinearity. Therefore, dynamic range of the 
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open loop systems is limited. Thirdly, the bandwidth of open loop systems is restricted 
with the bandwidth of accelerometer. There is no way to change the bandwidth of the 
system. Lastly, open loop systems have high bias drift and temperature sensitivity due to 
large deflection of proof mass.  

 

1.2.2 Closed Loop Electronics 

In closed loop electronics, contrary to open loop electronics there is a feedback 
mechanism in the system. Electromechanical feedback force counteracting to external 
force is applied to accelerometer electrodes by the readout circuit in order to be able to 
minimize the proof mass displacement. Therefore, nonlinearity problem encountered in 
the open loop system is significantly reduced. Small proof mass displacement in closed 
loop systems also reduces the bias drift, temperature sensitivity  and dependence on 
sensor parameters. Moreover, dynamic range of the system can be increased in a 
significant amount by using high feedback voltage. Furthermore, closed loop electronics 
provides an opportunity to change output bandwidth. On the other hand, closed loop 
systems have very complex readout circuit compared with open loop electronics and this 
complexity brings higher noise contribution. However, readout electronic noise can be 
suppressed with a careful design. 

Closed loop electronics can also be divided into two sub-categories according to 
feedback type that is applied. These are analog and digital feedback types. In analog 
feedback electronics, acceleration input is converted into analog voltage and this voltage 
is given back to accelerometer electrodes as feedback. Analog feedback type electronics 
are much easier to design and implement compared with digital feedback type 
electronics. However, linearity of analog feedback electronics is not good enough due to 
non-linear relation between feedback voltage and force. Furthermore, analog feedback 
electronics give analog output and it should be converted into the digital domain with a 
high resolution ADC to be able to process acceleration data. The need for high resolution 
ADC increases the cost, size and complexity of external electronics. 

Due to the drawbacks of analog feedback electronics mentioned above, digital feedback 
electronics are much more preferable. In digital feedback electronics, acceleration input 
is converted into digital output and this digital output is given back to accelerometer 
electrodes as feedback. In general, a sigma-delta modulator inside readout electronics 
performs digitization operation. Digitization of feedback significantly improves the 
linearity of the system by linearizing the relation between feedback voltage and force. It 
is explained in detail in Section 3.2.  Since digital feedback electronics has digital output, 
it does not require any usage of ADC in external electronics, which simplifies the design 
of PCB. The system that is the combination of accelerometer and digital feedback 
electronics including sigma-delta modulator is called as electro-mechanical sigma-delta 
modulator [11].  
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1.3 Accelerometer Readout Circuits at METU 

At METU, first MEMS accelerometer study began in 2003 with silicon-on-insulator 
designs and designed accelerometers were fabricated by MemsCap Company. Then, 
MEMS accelerometers started to be fabricated in METU-MEMS [13]. With the 
fabrication process at METU-MEMS, there was a need for high performance readout 
circuits to be able to convert acceleration data into electrical domain. Such a readout 
circuit was designed by Reha Kepenek as part of his M.Sc. thesis [12].  

 

 

Figure 1.4: Block diagram of the closed loop system architecture used in [12]. 

 

In his work, a simple second order electro-mechanical sigma delta modulator is designed. 
Figure 1.4 shows the block diagram of the closed loop system architecture used in this 
work. Accelerometer, which in fact has a mechanical low-pass second order transfer 
function, is used as a loop filter for sigma-delta modulation. With this structure, it was 
achieved 153 µg%Hz noise level, 96 dB dynamic range with an accelerometer having < 5 
µg%Hz mechanical noise level and readout circuit had power consumption of 16 mW. 
However, designed system had a problem with high noise level, dead zone problem 
(system does not respond to low level acceleration input) and high power consumption. 
High noise level was entirely dominated by quantization noise because accelerometer 
used as a loop filter had very low DC gain. Therefore, quantization noise was not shaped 
well by the accelerometer and determined the output noise level. 

After this work, U" ur Sšnmez designed a new readout circuit as part of his M.Sc. thesis 
[13]. In his work, he used an unconstrained fourth-order electro-mechanical sigma-delta 
modulator as readout circuitry, which is introduced by J. Raman [14]. Figure 1.5 shows 
the block diagram of the closed loop system architecture used in his work. The main 
difference between these two previous studies is that U" ur Sšnmez added a 2nd order 
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electronic sigma-delta modulator to the system. High DC gain integrators in the sigma-
delta modulator compensate the low gain of the accelerometer. As a result, quantization 
noise is suppressed very well in low-frequency band. Also, this structure eliminates the 
dead zone phenomena seen in the previous work. According to test results, he achieved 
5.95µg%Hz noise level and 131.7 dB dynamic range with an accelerometer having 4.6 
µg%Hz mechanical noise level and readout circuit had power consumption of 16.7 mW. 
It is apparent that he made a significant improvement in noise level and dynamic range 
of the system.  

 

 

Figure 1.5: Block diagram of the closed loop system architecture used in [13]. 

 

1.4 Research Objectives and Thesis Organization 

This research aims to have better performance than the electro-mechanical sigma-delta 
accelerometer system previously designed in METU [13]. In order to be able to have 
much better design, readout circuit should have the following features:  

1. The primary objective of this thesis work is to produce low-power readout 
circuitry. Previous work [13] had a power demand of 16.7 mW. This work aims 
to have power consumption lower than 2 mW. 

2. Open loop gain of the system should be increased to have better linearity and 
higher immunity to sensor parameter changes.  

3. Readout circuit noise and sigma-delta quantization noise should be sufficiently 
suppressed that total output noise level is determined by Brownian noise of the 
accelerometer.  

4. A linearized model of the complete system should be developed to predict the 
stability of the system and make system analyses easier. 

5. The readout circuit is designed with many programmable features so that this 
readout can be used with various capacitive accelerometers with different 
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electrical and mechanical properties. The programmable features, such as the 
input reference capacitor selection, the biasing, the gain and the timing of the 
analog blocks in the readout can be configured and programmed through a 
serial programming interface with the help of an integrated digital controller 
circuit.  
 

Organization of this thesis is as follows: 

Chapter 2 explains the principles of sigma-delta modulation and basic concepts such as 
oversampling, noise shaping and demodulation. After giving the fundamental principles 
and concepts of sigma-delta modulation, its application on accelerometer systems, which 
are called as electro-mechanical sigma-delta modulators are explained. 

Chapter 3 gives the architecture of the designed system in this work. Complete linearized 
model of the system is also developed in order to make analyses easier and predict 
system stability. Lastly, system level analysis is done and simulation results are given.  

Chapter 4 tells about the implementation of the readout circuit design. It begins with the 
readout circuit architecture. Then, all the building blocks of the readout circuit will be 
explained in detail and top-level integration will be given.  

Chapter 5 summarizes the works done in the scope of this thesis. 
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CHAPTER 2 

 

 

 PRINCIPLES OF SIGMA -DELTA MODULATION  

 

 

 

This chapter presents the principles of sigma-delta modulation. Section 2.1 gives the 
basics of sigma-delta modulators. The concepts of oversampling, noise shaping and 
demodulation are explained. This section mainly focuses on electronic sigma-delta 
modulators. Section 2.2 mentions about electro-mechanical sigma-delta modulators and 
how accelerometer is adapted for sigma-delta modulation. Brief explanation about 
second order and high order systems is given. 

 

2.1 Sigma-Delta Modulators 

Sigma-delta modulation is a quite popular and an efficient way of obtaining high-
resolution signals and it is generally used in low bandwidth analog to digital converter 
applications. In data converters, there is always a trade-off between resolution and signal 
bandwidth. This trade-off is in favor of resolution in sigma-delta data converters. In other 
words, resolution is increased at the cost of lowering signal bandwidth. Oversampling 
and noise shaping are two concepts that are used in sigma-delta modulators in order to be 
able to achieve high-resolution signals.  

 

Figure 2.1: Basic block diagram of &-'  modulator. 
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Figure 2.1 shows the basic block diagram of &-'  modulator. It includes an integrator and 
a quantizer block. This type of &-'  modulator is called as first-order &-'  modulator. &-'  
modulators are named as according to the number of integrators they include. For 
instance, if a &-'  modulator has two integrators, it is called as second-order &-'  
modulator. 

What &-'  modulator mainly does that it converts input signal into high frequency 
(oversampled) digital output signal whose average is proportional with the input. 
Quantizer is a non-linear block as its nature. It takes input, compares the input with a 
reference voltage and converts the difference voltage to digital output. In general, one-bit 
quantizers are preferred in &-'  modulators since they have simple implementation and 
have well-defined two level outputs.  

Analysis of &-'  modulators are quite difficult due to including a non-linear element, 
quantizer. However, quantizer can be represented as an additive noise source as in Figure 
2.2.  

 

Figure 2.2: Basic block diagram of a &-'  modulator with  a quantizer model. 

!

Equation 2.1.1 expresses the quantization error introduced into the system [15]. 

 ! !"#
! ! !

!

!
! ! !" !

! !

!"

! !

!! !

 (2.1.1) 

 

where '  is the quantization step size. Notice that quantization error is actually a white 
noise source because it has equal probability to have a value between Ð' / 2 and ' / 2. 
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2.1.1 Oversampling  

Sampling a signal with a sampling frequency with a much higher value than the twice of 
the signal bandwidth (Nyquist frequency) is called as oversampling. &-'  ADCs are also 
named as oversampling ADCs due to its higher sampling rate compared with signal 
bandwidth. Oversampling increases the resolution and decreases the in-band noise. The 
ratio of sampling frequency and signal bandwidth is defined as oversampling ratio that is 
stated in Equation 2.1.1.1. 

 ! !
! !

! ! !
 (2.1.1.1) 

where fs is the sampling frequency and fB is the signal bandwidth. 

Power spectral density of quantization noise distributed uniformly over the sampling 
frequency can be expressed as follows. 

 ! ! ! ! !
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!

! !

!" ! ! !
 (2.1.1.2) 

In-band quantization noise is, therefore, can be written as in Equation 2.1.1.3.  

 ! ! !!"#
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!" ! !
 (2.1.1.3) 

 

where e2
B,rms is in-band rms noise power, and fB is signal bandwidth.  

Figure 2.3 illustrates the effect of oversampling on quantization noise with a graphical 
interpretation to understand more clearly. 

                               

 

 Figure 2.3: Effect of oversampling on quantization noise. 
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It is obvious that oversampling ratio is an important parameter to decrease 
quantization noise. Doubling the oversampling ratio leads to 3 dB decrease in 
in-band quantization noise and 0.5 bit increase in resolution. 

 

2.1.2 Noise Shaping  

Noise shaping as name suggests shapes the quantization noise by pushing most of in-
band noise to high frequency band. Integrators in &-'  modulators are used for noise 
shaping purpose. 

Integrator in Figure 2.2 has a discrete transfer function of ! ! ! ! ! ! − 1). Noise 
transfer function is defined as the ratio of output voltage and quantization noise as 
Equation 2.1.2.1 states.  

 !"# = !!(! !

! ! ! !
!

!

! ! ! ! ! !
! ! ! ! ! !  (2.1.2.1) 

where Y(z) is the output and E(z) is the quantization noise. By inserting ! ! ! !"#  into 
the equation above, Equation 2.1.2.2 can be derived [11].  

 !"# !" ! !! !"#! !" ! ! ! ! ! ! ! !" ! ! ! !  (2.1.2.2) 

Magnitude of noise transfer function can be written as in the following way.  

 !"# !" ! !! !"#! !" ! ! ! !! !"#! !" ! ! !  (2.1.2.3) 

Equation 2.1.2.4 expresses the output noise power spectral density.  

 ! ! ! ! !"# !" ! ! ! ! ! ! !  (2.1.2.4) 

By replacing !"# !" !  with its equivalent expression, Equation 2.1.2.5 is easily 
obtained.  

 ! ! ! ! ! !"#! !" ! ! ! ! !! ! ! ! ! !  (2.1.2.5) 

 

It is clear from Equation 2.1.2.5 that quantization noise is shaped by a high pass transfer 
function. Figure 2.4 illustrates the noise-shaping characteristic of this first-order 
modulator [16].  
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Figure 2.4: First-order noise shaping graph [16]. 

 

Total shaped quantization noise at the output can be calculated by integrating the output 
noise power spectral density over bandwidth. The result is shown in Equation 2.1.2.6 
[16]. 
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 (2.1.2.6) 

 

Equation 2.1.2.6 points out that noise shaping has a significant impact on quantization 
noise. Doubling oversampling ratio leads to 9 dB decrease in in-band quantization 
noise and 1.5 bit increase in resolution of first order &-'  modulators.  

Equation 2.1.2.6 can be extended to more general form including the order of &-'  
modulator [17]. 

 ! ! !!"#
! ! ! !"#

! !
!!!

!!!!!. (2! + 1) (2.1.2.7) 

 

where e2B,rms is total shaped quantization noise at the output, e2
rms is quantization 

noise introduced into the system as shown in Equation 2.1.1, N is the modulator 
order and M is the oversampling ratio. Equation 2.1.2.7 stresses the fact that 
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increasing the modulator order dramatically degrades the in-band quantization 
noise. 

Figure 2.5 shows the effect of &-'  modulator order on quantization noise along with 
oversampling ratio [12]. 

 

Figure 2.5: Effect of the &-'  modulator order and oversampling ratio on in-band 
quantization noise [12]. 

 

2.1.3 Demodulation 

&-'  modulators have 1-bit digital bit stream that has to be processed through filtering to 
obtain meaningful output. Digital bit stream includes all frequency components from 0 
Hz to sampling frequency (fs). Therefore, it includes the input at low-frequency band 
along with the quantization noise distributed all over the sampling frequency band. In 
previous section, it is explained that quantization noise is shaped and most of the noise is 
pushed out to high frequency band. In order to be able to extract input signal, a low-pass 
filter is needed. Hence, excessive noise components are thrown out.  

Low-pass filter only decreases the bandwidth and it does not change the sampling rate. 
Sampling rate can be decreased down to the Nyquist rate without any input information 
loss. Decreasing sampling rate is called as decimation. A decimation stage is used after 
low-pass filtration. It removes the unnecessary data and data processing, therefore, will 
be much easier.  



%+!

!

Figure 2.6 shows the demodulation block diagram and Figure 2.7 shows the graphical 
representation of digital low-pass sinc filter [10]. 

 

Figure 2.6: Demodulation process.  

 

 

 

  Figure 2.7: Digital low-pass sinc filter [10]. 
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2.2 Electro-mechanical Sigma-Delta Modulators 

In Section 2.1, it is discussed about the fundamental concepts of electronic sigma-delta 
modulators and it is expressed that sigma-delta modulators are used for low-frequency 
applications because input signal is oversampled in order to be able to obtain high-
resolution signal at the output. It is also shown that sigma-delta modulators include 
integrators or low-pass filtering elements to shape the quantization noise and therefore, it 
is suppressed in low-frequency band.  

Sigma-delta modulation is well suited for any capacitive sensing MEMS accelerometers 
since input (acceleration) bandwidth is, in general, limited to a few kHz and 
accelerometer can be used as a low-pass filtering element for sigma-delta modulation.  

 

2.2.1 Capacitive MEMS Accelerometer 

In this section, capacitive MEMS accelerometer that is used in this thesis will be 
explained. Capacitive accelerometers sense the inertial acceleration applied on it and 
reacts to this acceleration by changing its position. Position change results in capacitance 
change between accelerometer and electrodes. Therefore, this type of accelerometers is 
referred as capacitive accelerometers. 

 

 

         

Figure 2.8: Model of a capacitive MEMS accelerometer [10]. 
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Figure 2.8 illustrates the model of capacitive MEMS accelerometer that is used in this 
thesis [10]. Moving or sensing element of an accelerometer is called as proof mass. Proof 
mass has a finger type structure that increases the capacitive sensitivity of accelerometer. 
Deflecting of proof mass from its rest position forms capacitive difference between proof 
mass fingers and electrode fingers as seen in Figure 2.8. 

Capacitive accelerometers can be modeled as a second-order mass spring damper system 
as in Equation 2.2.1.1 [18].  

 ! ! !" ! ! !
! ! !

!"
! !

!"

!"
! !"  (2.2.1.1) 

where F is the applied force, m is the proof mass, a is the applied acceleration, (  is the 
damping coefficient, K is the spring constant and x is the proof mass position deflection. 
Equation 2.2.1.2 gives the resulting transfer function between acceleration and position.  

 ! !""# ! !
!

! ! ! ! ! ! ! ! !
 (2.2.1.2) 

Equations 2.2.1.3 and 2.2.1.4 define the resonance frequency and quality factor of 
second-order accelerometer system.  

 ! !"# !
!

!
 (2.2.1.3) 

   

 ! !
! ! !

!
 (2.2.1.4) 

The capacitance of single capacitive finger pair can be written as in Equation 2.2.1.5. 

 ! ! !
! ! !! !

! ! !
 (2.2.1.5) 

 

where )0 is the permittivity of the air, A is the capacitive area of the finger, d is the gap 
between proof mass and electrode fingers and x is the amount of proof mass deflection.  

Equation 2.2.1.6 gives the total capacitance between one electrode and proof mass 
fingers.  

 ! ! !! ! !
! !! ! ! !! !

! ! ! !
! !

! ! ! ! ! ! ! ! !! !

! ! ! !
 (2.2.1.6) 
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where C1 is total capacitance formed between proof mass and electrode-1, C2 is total 
capacitance formed between proof mass and electrode-2, N is the finger number of each 
electrode, d1 is finger gap distance and d2 is finger anti-gap distance. Smaller distance 
between fingers is called as gap distance and larger one is called as anti-gap distance.  

C1 and C2 are equal to each other when proof mass is at its rest position. (No acceleration 
applied). However, when proof mass is deflected into positive x-direction, C1 decreases 
and C2 increases, and vice versa. This capacitance difference between C1 and C2 is then 
sensed with the electronic circuitry. 

Table 2.1 gives the parameters of the MEMS accelerometer used in this thesis [10]. 

 

Table 2.1: Parameters of the MEMS accelerometer used in this thesis [10]. 

Parameter Value 

m 263.9 ug 

K 56.3 N/m 

(  8.5 N.s/m 

Number of fingers 351 

d1 2 um 

d2 7 um 

h 35 um 

L 140 um 

wres 14.58 krad/s 

Q 0.455 

Crest 9.5 pF 

 

 

2.2.2 2nd Order Electro-Mechanical Sigma-Delta Modulators 

In previous section, it is explained that accelerometer has a second-order mechanical 
low-pass filter characteristic. Hence, it is possible to use accelerometer as a loop filter for 
sigma-delta modulation. Such systems are called as 2nd order electro-mechanical sigma-
delta modulators. In the literature, there are so many reported studies making use of 2nd 
order EM &-'  modulators. Figure 2.9 illustrates the block diagram of 2nd order EM &-'  
modulator. As it is shown in the figure that acceleration is input to the system and it is 
detected by the accelerometer. Accelerometer reacts to this input by moving its proof 
mass position. Position change is then sensed by readout electronics and converted to 
electrical potential difference. Comparator block compares this potential difference with 
a reference voltage and gives output. According to the digital output value, feedback 
force is applied to the electrodes of the accelerometer to keep proof mass stationary. 
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Figure 2.9: Block diagram of a 2nd order electro-mechanical sigma-delta modulator. 

 

Quantization noise of 2nd order EM &-'  modulators is shaped by the accelerometer 
transfer function. However, accelerometer is a mechanical low-pass filter with very low 
DC gain. Therefore, quantization noise cannot be shaped and suppressed well by low DC 
gain accelerometer, which will result in high quantization noise at the output. As a 
solution to this problem, an accelerometer that shows a good low-pass filter 
characteristic can be designed. In order to do this, mass of the accelerometer should be 
increased very much and spring constant should be extremely small. Fabrication of such 
an accelerometer is very difficult and costs very much. Size of this accelerometer would 
also be too big. Hence, it is not a good idea to change accelerometer parameters for 
obtaining low quantization noise. To resolve this problem, a high order EM &-'  
modulator should be used instead of 2nd order EM &-'  modulator. 

 

2.2.3 High Order Electro-Mechanical Sigma-Delta Modulators 

High order EM &-'  modulators are formed with additional electronic integrators that are 
cascaded to second order mechanical sensing element. As a naming convention, if one 
integrator stage is cascaded to the accelerometer, it is called as third order EM &-'  
modulator. Two order already comes from the accelerometer. Figure 2.10 shows the 
basic block diagram of a high order &-'  modulator. In the figure, an Nth order electronic 
sigma-delta modulator is added to the system and complete system is called as (N+2)th 
order EM &-'  modulator.  

Additional electronic integrators along with the accelerometer form the loop filter. 
Electronic integrators compensate the low gain of the accelerometer and therefore, 
quantization noise can be suppressed at low frequencies. The number of additional 
integrators can be specified according to desired quantization noise level. For instance, 
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assume that quantization noise is the most dominant noise source of a second-order 
system. It is very reasonable to increase the order of system until quantization noise does 
not make so much contribution to output noise level compared with other noise sources. 
After that level, there is no meaning to add more integrators to the system. In contrast, 
stability of the system can suffer with additional integrators. However, system stability 
can be checked with the linearized model of the system explained in Chapter 3 and non-
linear model simulations.  

 

Figure 2.10: Block diagram of a  high order electro-mechanical sigma-delta modulator. 
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CHAPTER 3 

 

 

 DESIGN AND ANALYSIS OF ELECTRO -MECHANICAL 
SIGMA -DELTA ACCELEROMETER SYSTEM  

 

 

 

This chapter presents the design and analysis of electro-mechanical sigma-delta 
accelerometer system that is implemented in this thesis work. It begins with introduction 
section. In this section, it is briefly talked about the system architecture and advantages 
of the proposed structure. Section 3.2 gives the linearized model of the EM &-'  
accelerometer system. In Section 3.3, analysis and simulation results of the designed 
system are given. 

  

3.1 Introduction  

In previous chapter, it is talked about that second order EM &-'  modulators depend 
strongly upon the accelerometer filter characteristic for quantization noise suppression. 
However, designed accelerometers have very low DC gain and do not exhibit good low-
pass filtering characteristic. It is mentioned that accelerometers should have extremely 
large mass and very small spring constant to be able to obtain good filter characteristic, 
which results in expensive and big size systems. High order systems are offered to 
eliminate this problem. Additional integrators cascaded to the accelerometer help 
obtaining better low-pass filter characteristic and decrease the dependence on 
accelerometer parameters. Hence, high order systems relax the design of MEMS 
accelerometer. 

In the literature, there are so many reported high order EM &-'  modulator studies [14] 
[19-22]. All of these studies take advantage of improved noise shaping of high order 
systems. However, most of them lacks of strong system open loop gain. High noise 
performance can still be acquired with these systems. Nevertheless, change in 
accelerometer parameters because of variation in environment conditions does not allow 
obtaining same results. These systems cannot be called as robust systems. It is not 
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desirable to get different results with different environment conditions. Hence, 
robustness is an important parameter in accelerometer systems.  

Figure 3.1 shows the block diagram of electro-mechanical sigma-delta accelerometer 
system implemented in this thesis work. System architecture employs a PI controller 
differing from the high order systems in the literature. Basically, PI controller makes the 
open loop gain of the system very high. Therefore, it lets us to design a robust system. 
High open loop gain also provides higher dynamic range, better linearity and bias 
instability due to very small deflection of proof mass from its rest position.  

 

Figure 3.1: Block diagram of electro-mechanical sigma-delta accelerometer system 
implemented in this thesis work. 

 

In this chapter, a linearized model of the complete system is also constituted, which 
makes system design and analysis much simpler. Especially stability of the system can 
easily be analyzed and estimated correctly with this model. Previous works on the 
stability of electro-mechanical sigma delta modulator system depends on either non-
linear model simulations in environments such as MATLAB Simulink or complex 
mathematical analyses that are difficult to apply. Linearized model given in this chapter 
provides an opportunity to designers to know stability limit and margin of the system and 
determine the design according to this information. 

One of the main aims of this thesis is to design a low-power readout circuit. Spring-
softening effect that will also be described in this chapter allows designers to design low-
power circuits. Spring-softening effect helps suppressing the readout circuit noise and 
therefore, current of the readout can be decreased without degrading the noise 
performance of the system. 
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3.2 L inearized Model of Electro-mechanical #-$ Accelerometer 

System 

Sigma-delta modulation is quite popular technique that is used in closed loop 
accelerometer systems. There are some important reasons using &-'  modulation. These 
reasons can be written as follows. 

1. Electrostatic feedback force has a non-linear characteristic. &-'  modulation 
linearizes the electrostatic feedback force. 

2. &-'  modulation digitizes the output of the system. Accelerometer data can be 
extracted easily by using a simple digital low-pass filter. In analog output case, 
there will be a need to use an external ADC to digitize the output. Therefore, &-
'  modulator simplifies the external electronic. 

3. &-'  modulation, as its nature, introduces very low noise contribution to the 
system due to high oversampling and noise shaping.   
 

In this section, it will be described in detail how &-'  modulation linearized the 
electrostatic force. 
 

3.2.1 Linearization of Electrostatic Feedback Force 

To have a deeper understanding of the effect of &-'  modulator on linearization of 
electrostatic feedback force, we need to look at the feedback network of the 
accelerometer system. Voltage to force has a non-linear relation in capacitive type 
MEMS accelerometers. This relation is expressed as: 

 ! !" ! !
!

!
!
!"

!"
! ! !  (3.2.1.1) 

where, Ffb is the electromechanical feedback force, dC/dX is the capacitance variation 
with respect to displacement and V is the feedback voltage.  

Assume that &-'  modulator is taken out of the system in Figure 3.1. In that case, the 
complete system will turn into the system as in Figure 3.2. This is actually a closed loop 
system with analog feedback. Assume also that loop gain of the system is sufficiently 
large enough that feedback force counterbalances the external force. Equation 3.2.1.2 
shows the relation between external force and feedback force. 

 ! !"# ! ! ! !" ! ! !! ! !"#  (3.2.1.2) 

In that case, the feedback voltage, which is also the output of the system, is proportional 
to the square root of the applied acceleration. It is expressed in Equation 3.2.1.3 that 
clearly points out that analog feedback systems suffer from high nonlinearity. 
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 (3.2.1.3) 

To solve nonlinearity problem there should be a nonlinear block which functions to 
linearize the feedback. Two major modulation techniques can be used in the feedback 
path for linearization, which are pulse density modulation (PDM) and pulse width 
modulation (PWM). In PDM, which is nothing but a &-'  modulation, input voltage is 
converted into the high frequency digital pulses whose density corresponds to the 
amplitude of the input voltage. In PWM, input voltage is converted into the high 
frequency digital pulses whose width corresponds to the amplitude of the input voltage.  

 

 

Figure 3.2: System block diagram of closed loop system with analog feedback. 

 

Both of the modulators have very straightforward circuit implementation. However, due 
to finite rising and falling times of pulses, especially at high frequencies, PWM has 
worse linearity when compared with PDM. In PDM, nonlinearity is not observed since 
rising and falling times occur at each pulse [18]. Therefore, PDM is more preferable than 
PWM because of better linearity.  

As explained in Section 2.1.3, demodulation of &-'  modulator can be realized with a 
low-pass filter and decimation stage. Since decimation stage is only for purpose of 
removing extra data, demodulation can only be represented with a low-pass filter. Low 
pass filter averages the digital bit stream and gives an output proportional to input of &-'  
modulator. 
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Figure 3.3: &-'  modulation and demodulation process. 

 

Figure 3.3 illustrates &-'  modulation and demodulation process. Assuming that low-pass 
filter has a gain of unity at its pass band, input and output relation can be expressed as 
follows: 

 ! !"# ! ! !"# ! ! ! !"# !! ! !"  (3.2.1.4) 

where Vin is the input voltage, <Vmod> is the average of modulator output composed of 
unity amplitude digital pulses, Vout is the output voltage and kmod is the gain coefficient 
between input and output. If digital pulses have amplitude any other than unity, input-
output relation should be scaled with that amplitude. 

In Equation 3.2.1.4, input-output relation is just modeled with gain coefficient kmod. 
Actually, this relation is correct under the assumption that modulator clock frequency is 
much higher than input bandwidth. If input bandwidth is close to the modulator clock 
frequency, then phase difference will be observed between input and output signals. 
However, by making sure that modulator clock frequency is high enough, modulator can 
be modeled as a gain block as in Equation 3.2.1.4 [23].  

 

Figure 3.4: Effect of squaring &-'  modulator output. 
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Figure 3.4 illustrates an example of &-'  modulator output and square of this output. 
Modulator output has a pulse stream alternating between Vfb (constant feedback voltage) 
and 0V. If this output is squared, the same pulse stream is obtained, but alternating 
between Vfb

2 and 0V as shown in Figure 3.4. LetÕs say that average of the modulator 
output is a, which is a value between 0 and Vfb. Then, average of the squared modulator 
output will be Vfb.a. It is apparent that squared output is also linearly related with the 
input. Therefore, &-'  modulator can be used for the purpose of linearization. 

In figure 3.5, electromechanical feedback block, which has a square relation between 
input and output, is placed after &-'  modulator. 

   

Figure 3.5: &-'  modulation with electromechanical feedback. 

 

Equation 3.2.1.5 and 3.2.1.6 shows the relation of average of modulator output and its 
square in Figure 3.5, respectively. Here, modulator output alternates between Vfb and 0V. 

 ! !"# ! ! ! !"# !! ! !" !! ! !"  (3.2.1.5) 
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Equation 3.2.1.7 shows the relation between modulator input and output of low pass 
filter in Figure 3.5. 
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Since feedback force is not applied continuously, it is added a term, c, representing the 
ratio of feedback cycle duration to complete system cycle duration. It will be assumed as 
0.5 (50% of complete cycle) in later calculations.  In above equation, since kmod and Vfb

2 
are constant terms, square term in feedback is linearized with the help of &-'  modulator.   
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Figure 3.6: &-'  modulation with electromechanical feedback and accelerometer. 

 

Instead of using an external low-pass filter, accelerometer that is already a second order 
mechanical low-pass filter can be used. Figure 3.6 shows the feedback structure using 
accelerometer as a low-pass filter.  

 

 

Figure 3.7: Electro-mechanical sigma-delta accelerometer system with linearized 
feedback [23]. 

 

Figure 3.7 illustrates the block diagram of electro-mechanical sigma-delta accelerometer 
systems with linearized feedback. Notice that accelerometer block in feed forward path is 
moved into the input and feedback paths. Therefore, linearized feedback structure in 
Figure 3.6 is obtained. Since the other blocks such as front-end and controller circuits are 
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linear-time-invariant (LTI) blocks, the analytical design and analysis of the complete 
system can easily be made using well-known LTI techniques.  

 

3.2.2 Effect of Capacitance Sensitivity (dC/dX) on Feedback Force 

In previous section, 
!"

!"
 is accepted as if it is a constant term. In fact, in varying gap 

capacitive MEMS accelerometer, there is nonlinearity in capacitance sensitivity. In 
Section 2.2.1, capacitance expression is obtained in Equation 2.2.1.6. Capacitance 
sensitivity of the accelerometer is obtained by taking the derivative of capacitance with 
respect to displacement. Equation 3.2.1.1 shows capacitance sensitivity expression.  
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It is very clear from Equation 3.2.1.1 that sensitivity changes nonlinearly with proof 
mass position. However, since proof mass deflection is very small in closed loop 
systems, in general x = 0 is assumed for calculation of capacitance sensitivity. Therefore, 
Equation 3.2.1.1 turns out to following linear equation. 
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(3.2.1.2) 

Equation 3.2.1.2 implies that sensitivity highly depends on gap spacing of the fingers. 
Smaller gap spacing results in higher sensitivity, which is an important result for 
designing the sensor. 

Although zero proof mass displacement assumption seems very reasonable, it, in fact, 
does not characterize the actual relation very well. This assumption completely removes 
the displacement effect of capacitance sensitivity. Equation 3.2.1.1 can be extended 
using Taylor series expansion around x=0. The result is shown in Equation 3.2.1.3. First 
two terms of Taylor series expansion are included in the equation, which converges to 
actual relation very closely. First term is constant term and second term is the first order 
displacement term. Therefore, it is obtained a linear approximation of nonlinear 
displacement dependency of capacitance sensitivity.  
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Although feedback force equations are, for simplicity, written for one electrode actuation 
in Section 3.2.1, both of the electrodes are actuated.  While one of the electrodes is being 
actuated with the &-'  modulator output, the other one is being actuated with the inverse 
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of the &-'  modulator output.  If the average of modulator output is denoted by <Vmod>, 
then the average of the inverse of modulator output can be written as follows: 

 ! !"# ! !
! !"

!
! ! ! !"#  (3.2.1.4) 

Modulator output alternates between Vfb and 0V, and feedback cycle is assumed as 50% 
of the complete cycle. Square of the inverse output average is expressed as in Equation 
3.2.1.5.  
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Total feedback force applied to proof mass can be written as follows;  
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 (3.2.1.6) 

Total feedback force is the combination of forces applied by two electrodes to the proof 
mass of sensor. If Equations 3.2.1.3 and 3.2.1.5 are combined with Equation 3.2.1.6, 
Equation 3.2.1.7 is obtained.  
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(3.2.1.7) 

Equation 3.2.1.7 shows the exact feedback force relation of varying gap capacitive 
accelerometers. As it is clear from the equation above that feedback force is composed of 
three components, which are sigma-delta modulator output, proof mass displacement and 
a constant term referred as force offset.  



'& !

!

 

Figure 3.8: Complete linearized model of the electro-mechanical sigma-delta 
accelerometer systems. 

 

Figure 3.8 illustrates the complete linearized model of the electro-mechanical sigma-
delta accelerometer systems. Here, output to force relation is expressed with coefficient 
( F. <V2

mod> is replaced with its equivalent expression while defining ( F in Equation 
3.2.1.8. Displacement dependency of feedback force is modeled as a displacement 
feedback with the coefficient * F illustrated in Equation 3.2.1.9. Displacement 
dependency of feedback force is also called as spring softening effect [24]. * F term has 
an effect of decreasing the spring constant of the accelerometer. ThatÕs why, it is referred 
as spring softening effect. Force offset is added to the input directly with the coefficient 
+F as shown in Equation 3.2.1.10. 
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In the complete linearized model, there is an important point to stress to avoid confusing. 
For simplicity, accelerometer block is moved back to the feed-forward path again. It will 
not disrupt the feedback linearization. Feedback signal is still passing through 
accelerometer (mechanical low-pass filter). 



'' !

!

3.3 Analysis and Simulations of the Electro-mechanical Sigma-Delta 
Accelerometer System  

Up to now, it is explained how &-'  modulator linearizes the electrostatic feedback force 
and how capacitance sensitivity affects the electrostatic feedback force. It is also 
obtained a linearized model of the complete system as shown in Figure 3.8, which allows 
the analysis of complete system very simple. 

Open loop gain of the complete system in Figure 3.8 can be written as follows:  

 ! !" ! !
! !

! ! ! !" ! ! !
! !! ! ! !" ! ! ! ! ! ! ! ! ! !  (3.3.1) 

Here, C(s) term, controller action, is not defined yet. LetÕs assume that it is decided to 
use a proportional controller with gain coefficient Kp. However, in proportional 
controller systems, there is always a steady error at the output [25]. Steady state error in 
accelerometer systems leads not to keeping the proof mass stationary adequately. This 
causes to degradation in linearity and dynamic range and it also decreases the 
temperature immunity of the sensor, which results in poor bias instability. Steady state 
error can be decreased by increasing the open loop gain of the system (increasing Kp). 
Nevertheless, stability problem occurs in that case. There will be 1800 phase delay   
before open loop gain of the system reaches 0dB gain, which means unstable system. 

A proportional-integral (PI) controller will be used instead of proportional controller. 
Integral action will completely eliminate the steady state error and corresponding 
unwanted results. System stability is assured by adjusting the proportional and integral 
gain coefficients. Transfer function of the PI controller in s domain can be expressed as 
in Equation 3.3.2.  

 ! ! ! ! ! !
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!
 (3.3.2) 

By placing Equation 3.3.2 into Equation 3.3.1, open loop gain of the system with PI 
controller is obtained.  
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(3.3.3) 
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Closed loop response of the system to the external force can be expressed in Equation 
3.3.4.  
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Front-end gain coefficient, Kfe, includes displacement to capacitance conversion (KC/X) 
and voltage to capacitance conversion (KV/C) as shown in the equation below.  

 ! !" ! ! ! ! ! ! ! ! ! !  (3.3.5) 

In Equations 3.3.3 and 3.3.4, some of the coefficients are selectable due to high 
programmability of the readout circuit. Voltage to capacitance conversion is derived in 
Equation 4.2.1.12 and it can be adjusted by changing integration capacitance (Cint) of the 
front-end circuit. Cint is a programmable capacitance adjusted between 0.5 pF and 15.5 
pF with steps of 0.5 pF. Feedback coefficient, ( F, can be changed by &-'  modulator gain 
coefficient, kmod and feedback voltage. (See Equation 3.2.1.8). kmod is altered with 
feedback capacitances of &-'  modulator that are also programmable and can be adjusted 
between 100 fF and 1.5 pF. Proportional-integral controller coefficients, Kp and KI are 
also selectable and they can be set to any desired value with proper combination of 
capacitance values. (See Section 4.3) 

 

3.3.1  Stability Analysis and Simulation Results 

Thanks to the obtained linearized model of the EM &-'  accelerometer system, stability 
can be analyzed easily and it is checked using bode plot approach. For this, open loop 
transfer function obtained in Equation 3.3.3 is used. Along with stability analysis, 
transient response of the system to the step input is also obtained by using the closed 
loop transfer function in Equation 3.3.4.  

To be able to check the accuracy of the linearized model analyses, system level 
simulations should also be performed. In SPICE-type simulators, simulation of electro-
mechanical &-'  modulators requires very long computational time and enormous amount 
of computer memory due to oversampling nature of &-'  modulators. Instead of them, 
system level simulations are done in environments such as MATLAB-Simulink. Non-
linear models of the designed blocks are simulated and results are obtained. Figure 3.9 
shows the MATLAB-Simulink simulation setup of the complete system. 
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Figure 3.9: MATLAB -Simulink simulation setup of the complete system. 

 

Figure 3.10 gives the Bode-plot analysis result of the designed system. Design 
parameters are selected such that phase margin is aimed to have around 600 for optimum 
settling time. Phase margin of the system is obtained as 62.20. Proportional and integral 
controller parameters are selected as  Kp=1 and KI =4500. 

Figure 3.11 gives the step response of the system with using linearized model. As seen in 
the figure, settling time of the system is expected to be around 2 msec. Another point to 
stress here is that no steady state error is observed in the response of the system due to PI 
controller. 

Figure 3.12 gives MATLAB -Simulink simulation result of the system to the step input 
using the model in Figure 3.9. Note that linearized model result perfectly matches with 
the simulation result of MATLAB -Simulink, which shows the accuracy of the obtained 
linearized model of EM &-'  accelerometer system in Figure 3.8.  

To see the effect of change in PI controller parameters and compare the linearized model 
result and MATLAB -Simulink simulation result in another case, KI parameter is 
increased excessively to the value 25000. It is expected that increase in integrator 
parameter KI degrades the system stability. The same simulations carried out with actual 
design parameters are done with new KI value. The results are shown in Figures 3.13, 
3.14 and 3.15. The phase margin is obtained as approximately 80, which is very close to 
the stability limit . System output is ringing as seen in Figures 3.14 and 3.15. Linearized 
model gives almost the same result again compared with the MATLAB-Simulink 
simulation result. 
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Figure 3.10: Bode plot analysis of the system (Kp=1 and KI =4500). 

 

Figure 3.11: Step response of the system using linearized model (Kp=1 and KI =4500). 
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Figure 3.12: Step response of the system using MATLAB -Simulink model                                                                          
(Kp=1 and KI =4500). 

 

Figure 3.13: Bode plot analysis of the complete system (Kp=1 and KI =25000). 
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Figure 3.14: Step response of the system using linearized model (Kp=1 and KI =25000). 

 

       

 

Figure 3.15: Step response of the system using MATLAB -Simulink model                
(Kp=1 and KI =25000). 
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3.3.2 Noise Analysis and Simulation Results 

There are mainly four types of noise sources in the system. In this section, these noise 
sources will be analyzed and noise simulation results will be given. 

 

3.3.2.1 Brownian Noise 

Brownian noise is one of the primary noise components of the system and is caused by 
the mechanical motion of the accelerometer. Equation 3.3.2.1.1 gives Brownian noise of 
the accelerometer in terms of acceleration [20].  

 ! ! !!"#$%&'% !
! ! ! !"

!
!!!!!!! ! ! ! ! !" !  (3.3.2.1.1) 

 

where kB is BoltzmannÕs constant, T is temperature, B is damping coefficient and m is 
the mass of accelerometer. 

 

3.3.2.2 Readout Circuit Noise 

Readout circuit noise is mainly composed of the noise components of front-end circuit 
and the PI controller circuit. The integrator of PI controller suppresses sigma-delta 
modulator circuit noise by its high DC gain. Therefore, it is not included in the 
calculation of readout circuit noise. Front-end circuit noise at the output is given in 
Equation 3.3.2.2.1 [26]. 

 ! ! !!" ! ! !" !
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where vin is the input referred noise of front-end OTA, Cs is the accelerometer sense 
capacitance value, Cp is the parasitic capacitance at the input of OTA, fu is the OTAÕs 
unity gain frequency and fs is the sampling frequency. 

The PI controller circuit noise can also be calculated in a similar way since the circuit 
architectures of front-end and PI controller circuits are quite similar. Its noise 
contribution is added to front-end circuit noise and total readout circuit noise is 
calculated. 
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3.3.2.3 Quantization Noise   

Quantization noise of the system comes from the quantizer error of the &-'  modulator. In 
Section 2.2.3, it is explained that quantization noise is suppressed with additional 
electronic integrators in high order EM &-'  modulators. In this work, it is used a second 
order electronic &-'  modulator after PI controller for the purpose of quantization noise 
suppression. The integrator of PI controller also suppresses the quantization noise in 
addition to two integrators in the &-'  modulator. Therefore, quantization noise decreases 
to the value very lower than the values of Brownian noise and readout circuit noise.  

 

3.3.2.4 Feedback Voltage Noise 

Feedback voltage noise is injected into the system at the feedback cycles of the system. 
Its acceleration equivalent noise is given as follows [27]:  

 ! ! !!" ! !!
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where vn,fb is the feedback voltage noise, Vfb is the feedback voltage. It is clear from the 
equation above that feedback noise increases with the feedback voltage. In fact, at high 
feedback voltage values, this noise source can dominate all the noise sources and 
therefore, it should be taken care of especially at high voltage. 

Figure 3.16 shows the linearized model of the closed loop system including all noise 
sources.  

 

Figure 3.16: Linearized model with noise sources included. 
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The noise at the output of the system due to readout noise can be written as in the 
following equation. 
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!  (3.3.2.1) 

In Equation 3.3.2.1, spring softening effect is clearly observed. * F has an effect of 
decreasing the spring constant or resonant frequency. Defining effective resonant 
frequency wr,eff = wr

2- * F /m, it can be reduced down to zero by adjusting * F. As seen in 
Equation 3.2.1.9, * F can be adjusted by changing the feedback voltage. Effective 
resonant frequency of the accelerometer that is used in this thesis work is reduced to zero 
with the feedback voltage of 7.6V. Equation 3.3.2.2 shows the equation resulting with 
zero effective resonant frequency. 
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s2 + ( s term has actually a high-pass filter characteristic. Therefore, readout circuit noise 
at low-frequency band can be suppressed in a significant amount. Spring softening effect 
helps to design very low power readout electronics without degrading the performance of 
the system.  

The complete system is simulated including all the noise sources in MATLAB -Simulink 
environment with the model shown in Figure 3.9. Table 3.1 gives the expected noise 
values of the designed system. 

 

Table 3.1: Expected noise value of the system 

 

 

 

Noise Sources Noise Value 

Brownian Noise 4.6 µg%Hz 

Readout Circuit Noise 1 µV%Hz 

Feedback Voltage Noise 100 nV%Hz 

Quantization Noise <1 µg%Hz 

Total Output Noise 5.3 µg%Hz 



(&!

!

 

Figure 3.17: Power Spectral Density (PSD) of the designed accelerometer system 
simulated in MATLAB-Simulink. 

 

Figure 3.17 illustrates the PSD noise result of the designed accelerometer system 
simulated in MATLAB-Simulink. It has a noise floor of -105.5 dBg/Hz, which is 
equivalent to 5.3 / g%Hz noise at the output. Output noise is mostly dominated by 
Brownian noise component. Since Brownian noise is injected into the system at the 
input, it is directly observed at the output.  

To see the effect of spring softening on noise level, the simulations are also done with 
5V and 10V feedback voltages instead of 7.6V. The results show 8.9 / g%Hz noise level 
for 5V feedback voltage and 10.1 / g%Hz noise level for 10V feedback voltage. Readout 
circuit noise starts to affect the noise performance of the complete system when feedback 
voltage changes from the voltage level of 7.6V. 
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CHAPTER 4 

 

 

 READOUT CIRCUIT IMPLEMENTATION  

 

 

 

In previous chapter, system level design of EM &-'  accelerometer systems was 
explained. A linearized model was developed in order to analyze the system behavior 
and simulation results of the designed system were given. This chapter will mainly focus 
on the circuit implementation of the blocks shown in Figure 3.1. Section 4.1 gives the 
designed readout circuit architecture. Section 4.2-4.6 talks about the individual blocks of 
the readout circuits in detail. Finally, Section 4.7 explains the top-level integration of the 
designed readout circuitry.  

 

4.1 Readout Circuit Architecture 

Figure 4.1 shows the architecture of the designed readout circuit. It is obvious from the 
figure that readout circuit has five main parts: namely front-end circuit, proportional-
integral controller, second order sigma-delta modulator, bias generator and digital 
controller. 

Front-end circuit is the core element of the readout circuit. It actually works as an 
interface between accelerometer and readout electronics. It mainly converts the 
capacitance change between accelerometer electrodes and proof mass to the electrical 
potential difference. A proportional-integral (PI) controller follows the front-end circuit. 
It is used to control the stability of the system and for increasing the system open loop 
gain resulting in higher linearity, wider dynamic range and higher immunity to 
accelerometer parameter changes.  

Second-order sigma-delta modulator is used after PI controller stage. It includes two 
electronic integrators and a comparator. It functions to filter and suppress the 
quantization noise and produces one-bit digital output. Then, according to the digital 
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output value, feedback voltage is applied to the electrodes of the accelerometer. Level of 
the feedback voltage is adjusted with the high voltage level shifters.  

Digital controller produces the necessary timing signals of front-end circuit, PI controller 
and second order sigma-delta modulator. Besides creating the required timing signals, it 
controls the programmable features of the readout circuit such as gain of the front-end 
circuit, Kp and KI values of PI controller, gain of sigma-delta modulator, bias generator 
voltages and currents, sampling time, power consumptions of front-end circuit, PI 
controller and sigma-delta modulator and reference capacitor selection. 

Bias generator creates the necessary currents and voltages of the readout circuitry. It 
mainly includes a bandgap reference, and programmable current and voltage DACS. 

 

!

Figure 4.1: Architecture of the designed readout circuit 

 

4.2 Front -End Circuit  

The front-end circuit is the first stage of the readout circuit. This stage basically converts 
the capacitance between electrodes and proof mass fingers to the electrical potential 
difference. Besides that, it includes high voltage control switches to apply feedback 
voltage to accelerometer electrodes. 
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In the circuit implementation, fully differential type structure is preferred due to several 
advantages over its single ended counterpart. These advantages can be summarized in the 
following way [28]. 

¥ Increased immunity to external noise (less common mode or power supply 
noise) 

¥ Increased voltage swing 
¥ Reduced even order harmonics 

Figure 4.2 shows the fully differential front-end circuit, which is implemented with 
switched-capacitor circuit. It employs a fully differential folded cascode operational 
transconductance amplifier (OTA), reference capacitors (Cref1, Cref2), correlated double 
sampling (CDS) capacitors, integration capacitors and CMOS switches controlling the 
charge flow. 

CDS capacitances are used to reduce the low frequency components of noise (1/f noise) 
and offset created at the inputs of the OTA.  

 

 

Figure 4.2: Front-end circuit diagram 
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4.2.1 Operation of C/V conversion 

Figure 4.3 illustrates the timing diagram of front-end circuit in order to have better 
understanding of how capacitance to voltage conversion happens. Assume that , cds 
switches are on which means correlated double sampling operation is not performed. 
This is due to making the analysis easier. Timing of the front-end circuit can be 
separated into three phases. These are reset, integration, and feedback phases. Reset 
phase starts with changing , rst from low to high level. In this phase, integration 
capacitances (Cint) are fully discharged and OTA is in buffer configuration. Input and 
output voltages are set to mid-point (Vmid) voltage. Accelerometer electrodes are also 
discharged in this phase. 

 

Figure 4.3: Timing diagram of front-end circuit 

 

When reset operation is completed, , read switch connecting the accelerometer and OTA 
changes to ON position. This switch functions to prevent the OTA from high electrical 
discharge of accelerometer electrodes. Notice that electrical connection between 
accelerometer and OTA is established in only integration phase. In reset and feedback 
phases, this connection is broken off.  

Integration phase begins with changing the state of , 1 and , 2 from high to low and low to 
high, respectively. In this state, OTA is removed from buffer configuration and is set to 
the integration configuration. In order to understand how charge integration happens, 
charges on the reference, accelerometer sense and integration capacitances should be 
written before and after , 1 and , 2 switches change their state.  
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Initial charge (before , 1 and , 2 switches change their state) on the positive and negative 
input nodes of OTA can be expressed respectively as follows:  

 ! !"!# ! ! ! ! ! !"# ! ! !! ! ! ! !"# ! ! ! ! !"# ! ! !! ! ! ! ! !  (4.2.1.1) 
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Since reset phase is active before integration phase, input nodes of the OTA are set to the 
mid-point voltage. Final charge (after , 1 and , 2 switches change their state) on the 
positive and negative input nodes of OTA can be expressed respectively as follows:  

 ! !"#$%! ! ! ! ! ! ! ! !! ! ! ! !"# ! ! ! ! ! ! ! !! ! ! ! ! ! ! ! ! ! ! ! !"# ! ! ! ! !"#  (4.2.1.3) 
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where V+ is the positive input voltage, V- is the negative input voltage, Vout+ is the 
positive output voltage and Vout- is the negative output voltage of the OTA after charge 
integration. 

According to the charge conservation principle, initial and final charges must be equal to 
each other. Equations 4.2.1.5 and 4.2.1.6 govern this relation. 
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Due to the fact that OTA has very high DC gain, positive and negative input voltages 
will be the same common voltage. Therefore, it can be expressed as in Equation 4.2.1.7.  

 ! ! ! ! ! ! ! ! !" ! (4.2.1.7) 

Equations 4.2.1.5 and 4.2.1.6 turn into the following expressions by combining the 
Equations 4.2.1.1 to 4.2.1.4 and 4.2.1.7. Reference capacitors Cref1 and Cref2 are chosen 
equal and they are expressed with Cref in Equations 4.2.1.8 and 4.2.1.9. 
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If Equation 4.2.1.8 is subtracted from Equation 4.2.1.9, Equation 4.2.1.10 is obtained.  

 ! !"# ! ! ! !"# ! !
! !" ! ! !"# ! ! ! ! ! ! ! ! ! ! !! ! ! !! ! ! ! ! ! ! ! !

! !"#
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Vin voltage is dependent on reference and accelerometer sense capacitors. Equation 
4.2.1.11 expresses this relation.  

 ! !" ! ! !"# !
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! (4.2.1.11) 

By choosing Cref = (Cs1 + Cs2)/2, Vin voltage is equated into the Vmid voltage. Therefore, 
Equation 4.2.1.10 simplifies to the following equation.  

 !" !"# !
! !! ! !!! . !"!

!!"#
! (4.2.1.12) 

where ' Vout = Vout+ - Vout- , ' Cs = Cs1 Ð Cs2 . 

Equation 4.2.1.12 summarizes the relation between the sense capacitors of accelerometer 
and differential output voltage of front-end circuit. As it is apparent from this equation 
that differential capacitance difference is converted into the differential output voltage. 
!!! − !!! !!"# is the gain of the front-end circuit. 

Reference capacitors and integration capacitors in the front-end circuit have a selectable 
feature. One can select reference capacitors from 1 pF to 31 pF with 1pF steps. In the 
same way, integration capacitors can be selected from 500 fF to 15.5 pF with 500 fF 
steps. Therefore, gain of the front-end circuit can be adjusted in a flexible way. 

The last phase of front-end circuit is the feedback phase. Differential output voltage of 
the front-end circuit is processed throughout the other blocks of the readout circuit and 
feedback voltage is applied to the electrodes of the sensor according to the output of the 
comparator which is the last stage of the readout circuit. Before starting to apply 
feedback voltage, , read switches will be off to disconnect the accelerometer and OTA. 
Then, , fb switches will be on and feedback phase begins. After feedback phase finishes, 
the next cycle will start again with reset phase. 

 

4.2.2 Operational Transconductance Amplifier (OTA) 

OTA is the most important analog block used in the readout circuit. It significantly 
affects the power consumption, speed and noise of the complete system. Therefore, it 
needs to be taken care of while designing. 
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Since blocks in the readout circuit such as front-end, PI controller and integrators in the 
sigma-delta modulator have switched-capacitor implementation, there is no need to use 
low output impedance OPAMPs. OTAs are more suitable to drive capacitive loads and 
have easier implementation. 

Front-end circuit employs fully differential p-input folded cascode OTA as shown in 
Figure 4.4. The reason why folded cascode topology is selected is that it can easily be 
used in buffer configuration. It has also wider input common range and higher output 
swing when compared with telescopic structure. In terms of power, it has moderate 
power consumption. On the other hand, it has some disadvantages. It has lower open-
loop gain, higher noise and lower slew rate compared with telescopic structure [29]. 

 

Figure 4.4: Schematic of fully differential folded cascode OTA [29]. 

 

Power consumption is the primary concern in designing the OTA because this thesis 
aims to implement a low-power readout circuit. However, decreasing power 
consumption results in higher noise and lower speed. There is a multiple trade-off 
between these three performance parameters.  

Section 3.3.2 tells that spring softening effect can suppress readout electronic noise at 
low-frequency band. Therefore, it is possible to decrease the power to some extent 
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without considering the increase in noise level. However, speed limitation steps in here. 
Speed of the front-end OTA, in other words settling time, is the major factor defining the 
sampling frequency of the system.  For deeper understanding of why it is the limiting 
factor on sampling frequency, mathematical expressions showing the dependencies of 
settling time will help a lot. 

Equation 4.2.2.1 shows time constant relation of front-end circuit in integration phase 
[29].  

 !!"# =
!! .!!" + !! .!!"# + !!" ! ! !"#

! ! ! ! !"#
! (4.2.2.1) 

where -int is time constant coefficient, CL is capacitance load at the output, Ceq is the total 
capacitance at the input, Cint is the integration capacitance and Gm is the 
transconductance value of OTA.  

Equation 4.2.2.2 expresses the equivalent total input capacitance. 

 ! !" ! ! ! !"# ! ! ! ! ! !"  (4.2.2.2) 

where  Cref is the reference capacitance, Cs is the sense capacitance of the accelerometer 
and  Cin is the input capacitance (gate and parasitic capacitances) of the OTA. 

Load capacitance of the output has quite lower value than Ceq and Cint. Therefore, it is a 
reasonable assumption to examine time constant expression for the case CL = 0. By 
inserting this into the Equation 4.2.2.1, following simple result is obtained.  

 ! !"# !
! !"# ! ! ! ! ! !"
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! (4.2.2.3) 

Equation 4.2.2.3 stresses that settling time of front-end circuit depends upon the 
accelerometer sense and reference capacitances, and Gm of the OTA. Accelerometer that 
is used in this thesis work has quite high sense capacitances and this leads to long 
settling time. This explains the reason why front-end circuit primarily determines the 
sampling frequency of the system.  

Low sampling frequency can cause stability problems in complete system. In Section 
3.2.1, it is mentioned that if sampling frequency of the system is not high enough than 
the input frequency of the sigma delta modulator, there will be additional phase shift 
between input and output. This phase shift may be sufficiently large enough that it can 
make the system unstable. Hence, settling time of the front-end OTA cannot be very 
long. 
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The only way to decrease settling time is to increase Gm of the OTA. Equation 4.2.2.4 
shows Gm expression of the OTA [30]. 

 
! ! ! ! ! ! ! ! ! ! ! !

!
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! !!  (4.2.2.4) 

Current and W/L ratio of the input transistors can be increased to obtain higher Gm. 
Increase in W/L ratio can be considered as a first option for higher Gm to have a low-
power circuit. It can be increased up to a certain point because excessive increase of W/L 
ratio makes the chip size bigger and increases gate capacitances too much. Hence, it is a 
good design approach to primarily increase W/L ratio of input transistors up to a certain 
point and then to increase the current to obtain desired settling time.  

In fully differential amplifiers, output common mode voltage is highly susceptible to 
mismatches and parameter variations of the transistors and it can easily drop/jump into 
the negative/positive supply voltages. In order to stabilize output common mode voltage, 
there is a need to use a common mode feedback (CMFB) circuit which functions to sense 
the output common voltage and compare it with a reference voltage. Then, it gives 
feedback by adjusting one of the bias voltages of the amplifier and sets the output 
common voltage to the reference voltage [31]. 

There are two different types of common mode feedback circuits. They are continuous 
CMFB and switched-capacitor CMFB. Continuous CMFB is more suitable for 
continuous time circuits and switched-capacitor CMFB is more suitable for discrete time 
circuits. Since the readout circuit that is implemented in this thesis work consists of 
switched-capacitor circuits (discrete time), it is more convenient to use a switched-
capacitor CMFB circuit. The switched-capacitor CMFB has several advantages over 
continuous CMFB. Firstly, it consumes far less power than the continuous CMFB circuit 
that requires continuous bias current. Switched-capacitor CMFB circuit consists of only 
capacitors and switches that do not require any bias current. Secondly, continuous 
CMFB circuit adds extra poles to the output nodes that affect the frequency response of 
differential amplifier and can lead to stability problems. Nonetheless, the SC-CMFB 
circuit does not introduce extra poles. It only increases the load at the output, which does 
not cause any stability problems [32]. 

Figure 4.5 illustrates the schematic of SC-CMFB circuit that is used in the OTA. In 
Figure 4.5, Vcmref is the reference common mode voltage, Voutp is the positive output 
voltage of OTA, Voutn is negative output voltage of OTA, Vbiasref is the reference bias 
voltage and Vbn is the bias voltage of OTA. Equation 4.2.2.5 defines the output common 
mode voltage.  
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Figure 4.5: Schematic of switched-capacitor common mode feedback circuit. 

 

 ! !" !
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!
! (4.2.2.5) 

SC-CMFB circuit uses two non-overlapping clocks, namely, , 1 and , 2. In , 1 phase, C1 
capacitors are charged to Vcmref Ð Vbiasref voltage. In , 2 phase, C1 and C2 capacitors are 
connected in parallel. In this phase, output common voltage (Vcm) is sensed and changed 
by Vbiasref Ð Vbn. Equation 4.2.2.6 shows the approximate output common voltage 
expression [32]. 

 ! !" ! ! !"#$% ! ! !"#$%&' ! ! !" ! (4.2.2.6) 

If output common mode voltage (Vcm) decreases to the value lower than reference 
voltage (Vcmref) due to any reason, the bias voltage (Vbn) also decreases and this leads to 
decrease in currents of nmos transistors. Therefore, Vcm increase. It is apparent that there 
is a negative feedback mechanism in CMFB that keeps output common mode voltage at 
the desired reference voltage. 

Figure 4.6 shows AC simulation results of the designed front-end OTA. The DC gain is 
measured as 94 dB and phase margin is measured as 610. DC gain is kept high in order to 
minimize the gain error. 

Figure 4.7 shows the noise simulation result of the designed front-end OTA. The circuit 
achieves 7.9 nV%Hz input referred thermal noise floor and 2.7 µV%Hz input referred 
flicker noise. The flicker noise seems to be high, but it is cancelled with CDS 
capacitances. 
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Figure 4.6: AC simulation results of the front-end OTA. 

 

 

Figure 4.7: Noise simulation result of the front-end OTA. 
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Table 4.1 summarizes the simulation results of the designed OTA, and Figure 4.8 
illustrates the layout of the front-end OTA. It was drawn fully symmetric in order to 
minimize the input referred offset voltage. The effect of common-mode noise and even-
order nonlinearity is also suppressed with symmetric layout [29].  

 

Table 4.1: Simulation results of the OTA used in front-end circuit. 

Parameter Value 

Power Consumption 676 µW 

DC Gain 94 dB 

Bandwidth (at 1pF load) 1.1 KHz 

Gain Bandwidth Product (at 1pF load) 44 MHz 

Phase Margin (at1pF load) 610 

Input referred flicker noise (1/f) at 1Hz 2.7µV%Hz 

Input referred thermal noise floor 7.9 nV%Hz 

 

 

!

Figure 4.8: Layout of the front-end OTA. It measures 170 µm in height and 290 µm in 
width in a 0.35 µm CMOS technology. 

!
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4.3 Proportional -Integral (PI) Controller Circuit  

Front-end circuit is succeeded by PI controller circuit, which has a transfer function as in 
the following equation. 

 
! ! ! ! ! !

! !

!
! 

(4.3.1) 

where Kp is the proportional gain coefficient and KI is the integral gain coefficient. 
Figure 4.9 illustrates the circuit implementation of PI controller and Figure 4.10 shows 
the required timing diagram.  

 

Figure 4.9: Proportional Integral (PI) controller circuit diagram.  

 

Figure 4.10: Timing diagram of PI controller circuit diagram.  
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Operation of PI controller starts with , rst phase. In this phase, OTA is forced into the 
buffer configuration and C2 capacitors are discharged. After , rst switches change their 
state from high to low, , smp and , smp2 go into high. At that instant, input voltage of PI 
controller, which is also the output of front-end circuit, begins to be sampled on C1 
capacitors. Sampling operation is performed during , smp phase. Charges accumulated on 
C1

 capacitors can be expressed as in Equations 4.3.2 and 4.3.3. 

 ! !"#$ ! ! ! !"# ! ! !" ! ! ! !  (4.3.2) 
   
   
 ! !"#$ ! ! ! !"# ! ! !" ! ! ! !  (4.3.3) 

where Qsamp+ is the charge on C1 in the positive input branch and Qsamp- is the charge on 
C1 in the negative input branch. 

After sampling operation is completed, integration phase starts with , int. In this phase, 
sampled input voltages on C1 capacitors are integrated into the capacitors C2 and C3. 
Assume that C3 is initially discharged. According to charge conservation principle, total 
charge in sample phase will be equal to the total charge in integration phase. Equations 
4.3.4 and 4.3.5 show the total charge in integration phase.  
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where V+ and V- is the positive and negative input voltages of OTA in integration phase, 
respectively. Since OTA used in PI controller circuit has very high open loop gain, it will 
equate the input voltages V+ and V-. If the equations from 4.3.2 to 4.3.5 are combined, 
Equation 4.3.6 is obtained.  
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It can be inferred from above equation that output voltage that is proportional to 
capacitance ratios is acquired. At the beginning of the next cycle, capacitors C2 are 
discharged with , rst phase while preserving the charges on capacitors C1. Then, new 
input voltages are sampled and integrated again. Equation 4.3.7 states the differential 
output voltage of PI controller at the end of two cycles. 
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Equation 4.3.7 can be extended into more generalized form. Equation 4.3.8 gives the 
output voltage at the end of N cycles.  
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It is clear from the equation above that output voltage is consisted of two terms, which 
are proportional and summation terms. Summation operation is nothing but simply 
integration in discrete time circuits. Therefore, the circuit in Figure 4.9 successfully 
implements a proportional integral action.  

Equation 4.3.9 expresses output to input transfer function of Equation 4.3.8 in z-domain.  

 
! !"#

! !"
! !

! !

! !
!

! !

! !
!

!

! ! !
!

! !

! !
!

! !

! !
!

!
!

!

!
!

! ! !
! !

!
 (4.3.9) 

where ! ! ! !" ! !  , w is input frequency and Ts is the sampling time. If ! ! ! !" ! !  is 
replaced into the Equation 4.3.9, following result is obtained. 
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Since !"# ! !
! !" ! ! ! !"

! !
, Equation 4.3.10 turns into the Equation 4.3.11.  
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 (4.3.11) 

By rearranging the terms in Equation 4.3.11, the result in Equation 4.3.12 is derived.  
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At low input frequencies, !"# ! ! ! ! ! ! ! ! ! !  and ! !" ! ! !  can be approximated to 1. 
Equation 4.3.13 gives the approximate input output transfer function. 
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Proportional gain coefficient Kp and integral gain coefficient KI can be inferred easily 
from the equation above. Equations 4.3.14 and 4.3.15 show Kp and KI values 
respectively. 
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Kp and KI values can be adjusted freely by selecting the capacitance values of C1, C2 and 
C3. KI also depends on the sampling time of the system. Actually, it is an expected result 
because sampling time defines how many summation operations occur in a certain time. 
If sampling time decreases, there will be more summation operations in that certain time 
and vice versa.  

PI controller includes a fully differential folded cascode amplifier with switched 
capacitor common mode feedback circuit as in front-end. In terms of speed, PI controller 
OTA does not drive as much capacitive load as front-end OTA drives. Therefore, speed 
is not that critical performance criterion of PI controller OTA while designing. Power 
consumption of the OTA is minimized in such a way that noise performance is not 
degraded very much. Also, open loop gain of the OTA is kept high in order to reduce 
gain errors of PI controller. 

Figure 4.11 and Figure 4.12 show AC and noise simulation results of PI controller OTA 
respectively. Table 4.2 gives the summary of simulation results. 

 

Figure 4.11: AC simulation results of PI controller OTA. 
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Figure 4.12: Noise simulation result of PI controller OTA. 

 

Table 4.2: Simulation results of the OTA used in PI controller. 

Parameter Value 

Power Consumption 236 µW 

DC Gain 93 dB 

Bandwidth (at 1pF load) 600 Hz 

Gain Bandwidth Product (at 1pF load) 14.4 MHz 

Phase Margin (at1pF load) 800 

Input referred flicker noise (1/f) at 1Hz 3.3 µV%Hz 

Input referred thermal noise floor 13.5 nV%Hz 

 

4.4 Second Order Sigma-Delta (#-$) Modulator Circuit  

Second order &-'  modulator includes two integrators and a 1-bit comparator. Figure 4.13 
shows the topology of the &-'  modulator that is used in the readout circuit. In figure 
4.13, the coefficients A and B are the feed-forward gain coefficients of integrator-1 and 
integrator-2, respectively. Coefficients C and D are called as feedback gain coefficients.  
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Input signal passes through two integrators and according to the accumulated signal at 
the output of second integrator, comparator generates digital outputs. Digital outputs are 
then given as feedback to the inputs of the integrators. The circuit implementation of 
second order &-'  modulator is quite straightforward.  

 

Figure 4.13: Block diagram of second order &-'  modulator. 

 

4.4.1 Integrator Circuit  

As in front-end and PI controller circuits, integrator circuit is also implemented in 
discrete time. Figure 4.14 illustrates the schematic view of the integrator circuit. It has 
two differential inputs as shown in the figure. Vin inputs are connected to the PI 
controller output and Vfb inputs are connected to the output of the comparator in order to 
constitute the block diagram in Figure 4.13.  

 

Figure 4.14: Schematic view of integrator circuit. 
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Operation of the integrator circuit is simple. There are two phases, which are sample and 
integration. In sample phase, differential input voltages are sampled on the capacitors Cin 
and Cfb. In integration phase, charges on these capacitors are integrated into the 
capacitors Cint.  

Equation 4.4.1.1 expresses the differential output voltage of the integrator. Derivation of 
Equation 4.4.1.1 is very similar to the derivation of PI controller output voltage given in 
Equation 4.3.9. Hence, it is not derived again. 
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Equation 4.4.1.1 can be converted into the z-domain easily as in Equation 4.4.1.2.  
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Figure 4.15 shows the schematic view of &-'  modulator integrators with electronic 
feedback from the comparator outputs. Figure 4.16 shows the associated timing diagram 
of these integrators. 

 

Figure 4.15: Schematic view of &-'  modulator integrators with electronic feedback 

 

Figure 4.16: Timing diagram of &-'  modulator integrators 
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According to the timing diagram in Figure 4.16, while first integrator is transferring the 
charges on input capacitors to the integration capacitors (Cint1) in integration phase (, int), 
second integrator begins to sample Cint1 voltage on Cin2 capacitors and feedback voltage 
on Cfb2 at the same time. After , int phase finishes, integration phase of second integrator 
(, int2) begins and corresponding output voltages are obtained. 

There is an important point here to notice. Second integrator output is forwarded to the 
comparator and comparator generates digital output. However, this digital output is given 
as feedback to the integrators in the next cycle. Hence, there is one cycle delay in the 
feedback path. This delay is also represented with its z-domain equivalent in Figure 4.13. 

The gain coefficients A, B, C and D in Figure 4.13 can be expressed as in the equations 
from 4.4.1.3 to 4.4.1.6. Capacitance values are selected in order to obtain desired gain 
coefficient.  
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OTAs used in &-'  modulator integrators are the same as in PI controller circuit since the 
specifications of these circuits are quite similar. Therefore, a new OTA was not designed 
in &-'  modulator integrators. 
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Figure 4.17: Layout of the integrator. It measures 360 µm in height and 365 µm in width 
in a 0.35 µm CMOS technology. 

Figure 4.7 shows the layout of the designed integrator. It has also a symmetrical layout. 
Integrator OTA is placed between the power rails, and capacitors and switches are put 
above the power rails as seen in Figure 4.7. 

 

4.4.2 Dynamic Latched Comparator 

The final stage of the 2nd order &-'  modulator is 1-bit comparator. The comparator 
samples the output of the second integrator and converts it to the digital output. It keeps 
output voltage until the next sample.  

While choosing the type of comparator and designing it, there are some performance 
parameters that are taken care of. Speed, gain, power dissipation and offset are the 
important ones. In the &-'  modulator, a dynamic latched comparator topology is selected 
due to its zero static power consumption, high speed, and full swing digital output level. 
Nonetheless, dynamic latched comparators suffer from the high input referred offset 
voltage. Using a preamplifier stage in front of the dynamic latched comparator can 
reduce offset voltage in considerable amount. However, there is no need to use a 
preamplifier in sigma-delta modulators because the integrators used before the 
comparators suppress the input offset voltage. 
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Figure 4.18: Schematic view of dynamic latched comparator. 

 

Figure 4.18 shows the dynamic latched comparator circuit that is used in the &-'  
modulator. It includes two back-to-back inverters constituting the latch and it needs a 
clock signal. When the clock signal goes to low, the outputs of the comparator are set to 
low voltage. At the rising edge of the clock, the comparison operation begins. Back-to-
back inverters provide positive feedback converting the small voltage difference at the 
inputs of the comparator to the full swing digital output.   

 

4.5 Bias Generator  

Bias generator produces all the bias voltages and currents of the readout circuit. It 
includes four main parts, which are bandgap voltage generation, reference current 
generation, current DACs and voltage DACs. It totally generates 6 bias voltages and 4 
bias currents for the OTAs used in the readout circuit. 
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Figure 4.19: Schematic view of bandgap generation circuit [29]. 

 

Bandgap generation produces a temperature and supply independent voltage for the 
reference generation block.  As name suggests, bandgap generation block produces a 
voltage around 1.2 V, bandgap energy of the Silicon.  Bandgap circuits in the literature 
needs two components.  These are the negative temperature coefficient base-emitter 
voltage of BJT and the positive temperature coefficient voltage.  These two voltages then 
add up with the right coefficients to build a temperature independent voltage.  Positive 
temperature coefficient voltage is generally created from the current that is proportional 
to absolute temperature (PTAT) and a resistor. 

In Figure 4.19, currents flowing through all the branches are same and proportional to 
absolute temperature.  The value of the PTAT current is determined with the BJT 
multiplier factor, N, and the resistance, R1.  The current flowing through the branches 
can be written as [29]: 

 !!"#$% ! !
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 (4.5.1) 

where, Ibranch is the branch current, Vt is the thermal voltage, N is the BJT multiplier 
factor, and R1 is the resistance. The output voltage can be found as;  
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(4.5.2) 

where, Vout is the output voltage of the bandgap generation block, VBE is the base-emitter 
voltage of , N is the diode multiplier, R1 and R2 are the resistances.  When the derivative 
of Equation 4.5.2 w.r.t. temperature is taken, base-emitter voltage brings negative 
component, and thermal voltage brings positive component.  With the right R1, R2, and 
N, temperature independent voltage is obtained, and it is close to the bandgap energy of 
the Silicon.  In this thesis work, 1.213 V of bandgap voltage is obtained.  In case of any 
failure in bandgap generation, bias generator also allows using external bandgap voltage. 
Therefore, the rest of the circuit will not be affected and will work properly. 

After the temperature independent bandgap voltage is generated, this voltage is used for 
reference current generation. Reference current will be used to obtain necessary bias 
voltages and currents. Reference current generated by this circuit is 1uA. Reference 
current is then mirrored to be used in current and voltage DACs.  

Bias generator includes 4 current DACs and 6 voltage DACs, which can be programmed 
by digital controller with 5-bit selection. Current DACs have a range of 1 . A and 31 . A 
with 1. A steps. Voltage DACs have a range of 0.1 V and 3.3 V with approximately 100 
mV steps. 

 

4.6 Digital Controller   

The digital controller generates all the timing signals of the readout circuit that are 
necessary for proper operation. It also allows adjusting bias currents and voltages of the 
readout circuit, and changing programmable features of the readout circuit such as gain 
of the front-end circuit, Kp and KI values of PI controller, gain of sigma-delta modulator, 
sampling time reference capacitor selection, optional external timings and optional 
bandgap reference voltage. 

Figure 4.20 shows the block diagram of the digital controller that is implemented in this 
thesis. Digital controller is consisted of three main blocks, which are serial programming 
interface, digital memory and timing generator. 
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 Figure 4.20: Digital controller block diagram 

 

 

4.6.1 Serial Programming Interface 

The serial programming interface provides the communication of the chip with external 
electronics such as FPGA. It uses 4-wire communication. Serial data input, serial clock 
and active low enable signal are input wires and serial data output is the output wire. 

The communication type used in this serial programming interface is address-based 
communication, which means that it needs address information writing to the memory or 
reading back from the memory. 

Figure 4.21 shows the 15-bit register content of the serial programming interface circuit. 
It includes 8 bit data, 6-bit address and 1 bit read/write registers. 

 

14 13 12 11 10 9 8 7 6 5 4 3 2 1 0 

W/R address<5:0> data<7:0> 

 

Figure 4.21: Serial programming interface register table 
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To be able to communicate properly with the chip, FPGA should send data from least 
significant bit (LSB) to most significant bit (MSB). Figure 4.22 shows the serial interface 
timing diagram. At each time, 8-bit data, 6-bit address data and 1 bit read/write data are 
sent to chip (write mode) or sent back from the chip to the FPGA (read mode). Hence, 
one communication period lasts 15 clock cycles. The enable signal goes low when 
communication starts and it remains low until the end of communication.  

There are two modes in communication, which are read and write modes. Chip 
understands in which mode it is working by looking at the last bit of the serial data. If the 
last bit is zero, read mode is active and vice versa. In read mode, 8-bit data bits are donÕt 
care bits. Only address bits and W/R bit should truly be specified to get back the memory 
data. Read data is sent serially from serial data output wire. In write mode, one should 
also send 8-bit data correctly along with the address bits and W/R bit. 

An important point is that chip samples the serial data at the rising edge of the serial 
clock. Therefore, FPGA should change the serial data at the falling edge of the serial 
clock. 

 

Figure 4.22: Serial interface timing diagram 

 

4.6.2 Digital Memory 

Digital controller includes 51 bytes register type digital memory, which stores the control 
bits related with timing generator, bias generator and programmable features of the 
readout circuit. Digital memory has a structure that provides opportunity to read the 
contents of it through the serial programming interface to the external world.  

 

4.6.3 Timing Generator 

The readout circuit needs total 14 digital timing signals and their complements. Timing 
generator block produces these timing signals. It provides high flexibility to obtain 
desired signals. Figure 4.23 shows one period of a timing signal along with system clock. 
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Rising and falling edges of a timing signal can be adjusted freely in timing generator. 
Rising edge of the signal is determined by 8-bit memory data that is represented with set 
count in the figure below. Similarly, falling edge of the signal is determined by another 
8-bit data that is represented with reset count. As a result, timing signals can be tuned 
with one clock cycle precision. In addition to this, timing signals can be toggled. One bit 
memory is reserved for toggling operation. Therefore, a timing signal is controlled with 
17 bits.  

Line count defines the period of timing signals. In other words, it specifies the sampling 
time of the readout circuit. 8-bit data is reserved for line count in the memory. 

Timing generator circuit also allows external timing signals to be used in the readout 
circuit instead of timing signals generated inside the chip. This is due to any possible 
problem causing digital controller not to work properly. In that case, external timing 
signals can be used to make readout circuit still work.   

 

 Figure 4.23: Illustration of a timing signal. 
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Figure 4.24 shows the layout of digital controller. Digital controller occupies 2100x480 
µm2 area. The layout is composed of three main sub-blocks. The first one is the serial 
programming interface, which is placed at the top in the given layout. The second one is 
the digital memory, which is the large array placed in the middle of the layout. The last 
one is the timing generator placed at the bottom of the layout.  

 

 

Figure 4.24: Digital controller layout. It measures 2100 µm in height and 480 µm in 
width in a 0.35 µm CMOS technology. 
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4.7 Top Level Integration 

Individual layouts of the designed readout circuit blocks are combined to have a top-
level layout. Figure 4.25 shows the floor plan of top-level layout. As it is obvious from 
the figure that digital controller is placed at the bottom side of the chip and it lays from 
one end to the other end. It occupies most of the chip area due to the fact that high 
programmability requires plenty of memory space. At the topside, front-end circuit, PI 
controller, second-order sigma-delta modulator and bias generator are placed from left to 
right. 

The chip measures 2900x1900 µm in 0.35 µm CMOS process and includes total of 42 
pads, three of them are not used. Table 4.3 shows the pad list of the designed readout 
circuit. Timing signals of readout circuit can also be driven externally in case of any 
failure in internally generated timing signals. 14 digital test signal pads are placed into 
the pad layout for this purpose. 3 analog signal pads are also used for similar purpose. 4 
pads are used for the communication of the chip with external world. The chip has one 
system clock pad, one reset pad and two digital output pads. Accelerometer interface is 
provided by three pads. These pads are Acce_Pos and Acce_Neg used to drive positive 
and negative electrodes of the accelerometer, and Proof_Mass_Drive used to drive proof 
mass of the accelerometer. Rests of the pads are power supply and ground pads. They are 
separated with digital, analog and high voltage power pads.  

 

Figure 4.25: Floor plan of top-level layout 
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Table 4.3: Pad list of the designed readout circuit. 

Pad 
Number 

Pad Name  Pad 
Number 

Pad Name 

1 Digital_Test_0  22 Acce_Pos 

2 Digital_Test _1  23 Acce_Neg 

3 Digital_Test _2  24 Proof_Mass_Drive 

4 Digital_Test _3  25 High Voltage Supply 

5 Digital_Test _4  26 High Voltage Ground 

6 Digital Supply  27 High Voltage Ground 

7 Digital Ground  28 Analog Supply 

8 Digital Ground  29 Analog Ground 

9 Digital_Test _5  30 Analog Ground 

10 Digital_Test _6  31 Pad_vdd 

11 Digital_Test _7  32 Pad_gnd 

12 Digital_Test _8  33 Analog Signal 

13 Digital_Test _9  34 Analog Signal 

14 Digital_Test _10  35 Not used 

15 Digital_Test _11  36 Not used 

16 serial_datain  37 Analog Signal 

17 s_latch  38 Digital Output - 

18 serial_clk  39 Digital Output + 

19 system_clk  40 sdout 

20 rstb  41 Digital_Test _12 

21 Not used  42 Digital_Test _13 

 

Figure 4.26 shows the top-level layout of the designed readout circuit chip. The chip 
measures 1900 µm in height and 2900 µm in width in a 0.35 µm CMOS process. The 
given layout is drawn according to floor plan given in the Figure 4.25. 
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Figure 4.26: Top-level layout of the designed readout circuit chip. The chip measures 
1900 µm in height and 2900 µm in width in a 0.35 µm CMOS process . 

 

 

 

 

 

 

 

 

 

 

 

 



+(!

!

 

 

 

 

 

  



+)!

!

 

CHAPTER 5 

 

 

 SUMMARY AND CONCLUSIONS  
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The research conducted in this thesis focuses on the design of a low-power and 
programmable capacitive CMOS integrated readout circuit for high performance 
accelerometers with various electrical and mechanical properties. The results of this 
work can be summarized as follows: 

 

1. The readout circuit designed in this thesis work consumes 1.8 mW power using a 
3.3 V supply voltage. When compared with the previous work [13], the power 
consumption is decreased to about 1/9th of the power consumption of the 
previous work. 

2. The readout circuit is designed to have many programmable features allowing to 
control the gain, biasing, and timing of various analog blocks in the chip, making 
this readout chip suitable for a various capacitive accelerometer sensors with a 
wide range of sense capacitance values from 1pF to 31 pF. 

3. A linearized model, which completely matches with the simulation results of the 
non-linear MATLAB -Simulink model, has been developed. Stability and noise 
of the system can easily be analyzed using this linearized model. 

4. The immunity of the system to sensor parameter changes and the linearity of the 
system are increased due to the high open loop gain provided by this readout 
circuit utilizing a PI controller. 

5. The output noise of the system is simulated as 5.3 µg%Hz using the 
accelerometer with the parameters given in Table 2.1. It has been found that the 
output noise is dominated by the Brownian noise of the accelerometer. The 
readout circuit noise and the quantization noise are suppressed down to the 
Brownian noise level. 

6. The input range of the system is calculated as ±19.5g, assuming the 
accelerometer parameters given in Table 2.1. This result corresponds to a 
dynamic range of 128.5 dB. 
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7. It should be noted that the readout circuit developed in this thesis provides 
similar noise and dynamic range values with a fraction power of the previously 
developed readout circuits, in addition to several programmable features 
simplifying overall system integration.  
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