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ABSTRACT

FEM SOLUTIONS OF MAGNETOHYDRODYNAMIC AND BIOMAGNETIC
FLUID FLOWS IN CHANNELS

Turk, Onder
Ph.D., Department of Scienti c Computing
Supervisor : Prof. Dr. Munevver Tezer-Sezgin

January 2014[71857 pages

In this thesis, solutions to steady and unsteady ow probles of incompressible
viscous uids are obtained numerically. In computational apects, the primary
focus is on the nite element analysis, however, spectrallémcation and boundary

element methods are also employed. The two-dimensional NewiStokes (N-S)
equations in stream function-vorticity form are solved by sing both nite element

method (FEM) and Chebyshev spectral collocation method (@3M). The accu-

racy of the FEM and CSCM methodologies is investigated by sahg some bench-
mark uid ow problems such as lid-driven cavity ow, and natural convection

ow in enclosures. The natural convection ow problem is als considered under
the e ect of an externally applied magnetic eld. The magnebhydrodynamic

(MHD) system is coupled with the temperature e ects through he gravitational

force by means of the Boussinesq approximation. Dierent w con gurations

with various boundary conditions are examined on both incied and non-inclined
enclosures, and the solutions are obtained by using FEM andSCM for the case
of small magnetic Reynolds number.

The problem of unsteady, one-dimensional MHD ow and heat trasfer between
parallel plates, is solved with CSCM due to its simplicity incomputations. For
the time discretization, an implicit backward nite di ere nce scheme is presented.
The e ect of the movement of the upper plate on the ow, and theconvection
action in terms of in ow/out ow through plates are examined. The MHD ow
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between parallel plates is extended to the case of dusty uidy including di er-
ential equations for the dust particles. The Navier-slip catitions for both the
uid and dust particle velocities are introduced. The Hartman number, viscos-
ity parameter, and Navier-slip parameter in uences on the @ and temperature
are visualized in terms of graphics together with discussis.

The biomagnetic uid ow (blood ow) and heat transfer in channels between
plates with various physical con gurations are simulated.A blood model con-
sistent with biomagnetic uid dynamics (BFD), which includes the principles of
MHD and ferrohydrodynamics (FHD), is considered. The uid is asumed to be
Newtonian, and both electrically conducting and nonconductg uid ows are
separately considered. The FEM and DRBEM applications arentroduced for
the steady biomagnetic uid ow model where the uid is consdlered as electri-
cally non-conducting. The e ects of the externally appliednagnetic eld on the
ow and heat distribution are analyzed in details. FEM applcations are also
presented for the solution of biomagnetic uid ow through tannels between
plates with di ering constriction pro les. Alterations in t he behaviors of the ow
and temperature of the biomagnetic uid due to the stenoses ithe channel and
location and intensity of the magnetic source are analyzed.

Keywords: FEM, DRBEM, Spectral method, MHD ow, Biomagnetic ow
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Oz

MAGNETOH IDROD INAM IK VE B lYOMANYET IK AKISKAN KANAL
AKIMLARININ SONLU ELEMANLAR'Y ONTEMLILE COZUMU

Turk, Onder
Doktora, Bilimsel Hesaplama Belams
Tez Yeneticisi : Prof. Dr. Manevver Tezer-Sezgin

Ocak 2014[157 sayfa

Bu tezde, s kst r lamaz viskoz akskanlar n zamana bgl ve zamandan bag ms z
aks problemleri namerik olarako®zdlmektedir. Hesapamalarda say sal yentemler
bak m ndan g rl kl olarak sonlu elemanlar yentemi uygilanmakta, ancak belirli
problemlerin c@mzamunde spektral kollokasyon ve s n relemanlar ysntemleri kul-
lan Imaktad r. lki boyutlu Navier-Stokes denklemlerinin stream fonksiyam, vor-
tisite bilinmeyenleri cinsinden c®mzamleri sonlu elemalar ve Chebyshev spektral
kollokasyon yentemleri ile elde edilmektedir. Bu yententer ile kanal cerisinde
elde edilen sonuwclar n hassasiyeti, ust kapay harekbtkare kesitli aks ve s tran-
feri ceren dayal konveksiyon problemleri c®zdlerek kars last r Imaktad r. Dayal
konveksiyon aks problemi, dsar dan uygulanan manyeki alan etkisi ele al narak
dac®zdalmektedir. Burada, kesk manyetik Reynolds say s varsay m ve Boussi-
nesq yaklas m ile magnetohidrodinamik sistem, enerji adélemi ile yer cekimi
kuvveti kullan larak birlestirilir.

Zamana bal, bir boyutlu magnetohidrodinamik aks ve s transferi, iki para-
lel plaka aras nda Chebyshev spektral kollokasyon yentanie cezdlmektedir.

Yentemin, kolay uygulanabilirlgi ve yaksek hassasiyetiomzam verme ezelliklerin-

den yararlan Imaktad r. Zaman integrasyonunda, kosulstikararl olan geri fark-
lar yentemi kullan Imaktad r. Ust plakan n ve girst ks konveksiyon hareket-
lerinin ak m wzerindeki etkileri incelenmektedir. lki paralel plaka aras ndaki
magnetohidrodinamik aks problemi, kat parcac k ceren akskan cin, ek denk-
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lemler ile gensletilerek c®mzalmektedir. Burada, akskan n ve kat parcac klar n

h zlar cin Navier-slip kosulu uygulan r. Hartmann say s, viskozite parametresi
ve Navier-slip parametresinin aks ve s transferiuzendeki etkileri arast r Imakta

ve sonuwclar gra ksel olarak yorumlar yla birlikte verilmektedir.

Biyomanyetik akskan (kan) aks ve s transferi daralnal ve daralmas z kanallar
cerisinde modellenmektedir. Akskan (kan) modeli, ferohidrodinamik ve mag-
netohidrodinamik ilkelerine dayal biyomanyetik akskanlar dinamgi ile uyumiu
olarak alnr. Newtonian olarak varsay lan biyomanyetik akkan n elektrikce
iletken oldwgu ve iletken olmadg durumlar ayr ca inceenmektedir. Elektrikce
iletken olmayan akskan n, zamandan bay ms z aks ve dransferi modeli sonlu
elemanlar ve snr elemanlar ysntemleri kullan larak @zdlmektedir. Dsar dan
uygulanan manyetik alan n aks ve s day | m wzerindéi etkisi ayr nt | olarak in-
celenmektedir. Sonlu elemanlar yentemi, ayr ca, daralmeeren kanallar boyunca
biyomanyetik akskan aks probleminin c@zaamdnde kullan Imaktad r. Daralma
pro linin, manyetik kaynag n yeri ve yagunlgunun biyo manyetik akskan n aks
ve s transferiwzerindeki etkileri analiz edilmektedir

Anahtar Kelimeler: Sonlu elemanlar ysntemi, Kais | kI s nr elemanlar wntemi,
Spektral yesntemi, Magnetohidrodinamik aks, Biyomanyeik aks



To the memory of my mother, Semire

Xi



Xii



ACKNOWLEDGMENTS

First and foremost, | would like to thank my supervisor Prof. Dr. Mdnevver
Tezer-Sezgin for always insightful suggestions and expeajtiidance during the
development and preparation of this thesis. Her unwaveringpmmitment to her
students, invaluable advice, support and encouragementlped me bring this
work to fruition. It has been a privilege and great experierecto work with her.

| would also like to thank my defense committee members ProfDr. Bualent
Karasezen, Prof. Dr. Tan | Ergerc, Prof. Dr. M. Haluk Aksel and Prof. Dr. I.
Hakan Tarman for their valuable suggestions. | thank Assoc. Bf. Dr. Omur
Wur for providing me with useful feedback and Assoc. Prof. Dr Sectuk Han
Ayd n for his help in computational ideas.

| gratefully acknowledge the partial nancial support of The Scienti ¢ and Tech-
nological Research Council of Turkey (UBITAK) under grant number 111T269.

| especially thank Assoc. Prof. Dr. Canan Bozkaya for her camibutions to the
TUBITAK project as a researcher. | also thank her for carefully mrofreading the
whole thesis and providing useful suggestions.

My gratitude is extended to the members of Institute of Applid Mathematics,
especially to Assoc. Prof. Dr. Sevtap Sektuk-Kestel, and nsincere friends for
providing an excellent working environment and enjoyabletaosphere.

Many thanks to Eylem, Ayd n and Sedat for the endless supportey provide
me whenever | need, despite my poor attempts at keeping in tciu

| resoundingly thank to lrep for continuously supporting me in my endeavor and
for putting up with my very long working hours.

Lastly, | want to thank my family for their unconditional love and support.

Xiii



Xiv



TABLE OF CONTENTS

ABSTRACT . o ottt e e vl
OZ . o [ik
ACKNOWLEDGMENTS . . . . . . . . e Kiiil
TABLE OF CONTENTS . . . . . . . . . kvl
LISTOF FIGURES . . . . . oottt e [xix
LISTOFTABLES . . . . o oottt e o
CHAPTERS
1 INTRODUCTION . . . . . . . l
1.1 Incompressible Fluid Flows with Heat Transfer under a
MagneticField . . . . .. .. ... ... .. ... .....
111 The Navier-Stokes Equations . . . . . ... ... [ 4
1.1.2 The Natural Convection Flow . . ... ... .. [17
1.1.3 Natural Convection Flow under a Magnetic Field [19
114 MHD Flow and Heat Transfer between Parallel
Plates . . ... . ... . ... ... ... . ...
1.15 MHD Flow and Heat Transfer of a Dusty Fluid
between Parallel Plates . . . . .. ... ... .. [12
1.2 Biomagnetic Fluid Flow and Heat Transfer in Channels . [ L5
1.3 Literature Survey . . . . . . . ... ... ... .. (1o
1.4 Plan of the Thesis . . . . . . ... ... ... .. ..... [ 24



1.5 Contributions inthe Thesis . . . . . ... . ... . .... [Ja

FEM Solution of Incompressible Fluid Flow Problems . . . . .. 7
2.1 FEM analysis of Navier-Stokes Equations . . . . . .. .. [ 28
2.1.1 Vorticity Boundary Conditions . . . . . ... .. (32
2.1.2 Iterative Solution Procedure . . .. .. .. ... [33
2.2 Natural Convection Flow . . . ... ... ... ...... [34
2.3 Natural Convection Flow in Enclosures under a Magnetic
Field . ... ... .. . . . .
2.4 Numerical Results . . . . .. .. ... ... ........ [ 38

2.4.1  Navier-Stokes Equations with Exact Solution . . [_B9
2.4.2 Lid-driven Square Cavity Flow . . . . . .. ... [42
2.4.3 Natural Convection Flow . . . .. ... ... .. [46

24.4 Natural Convection Flow in Enclosures under a
Magnetic Field . . . . . ... ... ... .....

2.4.4.1 Sinusoidal bottom wall temperature . [ 50

2.4.4.2 Linearly heated left and bottom walls [ 54

Numerical Solutions of MHD Natural Convection Flow using Cheb
shev Spectral Collocation Method . . . . . . ... ........ [ 63

3.1 Chebyshev Spectral Collocation Method . . . . . .. . .. [ o4

3.2 Applications of CSCM to Navier-Stokes Equations and
Natural Convection Flow under a Magnetic Field . . .. [ 66

3.2.1  Navier-Stokes Equations with Exact Solution . . [_66

3.211 Numerical results . . . . . ... .. [ Y0
3.2.2 Lid-driven Square Cavity Flow . . . . .. .. .. [Z2
3.221 Numerical results . . . . ... ... [ 15

XVi



3.2.3 Natural Convection Flow under a Magnetic Field [_77

3.23.1 Numerical results . . . . ... ... [ 79
3.3 Application of CSCM to MHD ow and heat transfer be-
tween two parallel plates . . . . . .. ... ... .. ... [ 82
3.31 Numerical results . . . . ... ... ... ... [ 84
3.4 Application of CSCM to MHD ow and heat transfer of a
dusty uid between two parallel plates . . .. ... ...
3.4.1 Numerical results . . . .. ... ... .. ... [ 93
FEM and BEM Solutions of Biomagnetic Flow Problems . . . . . [ 99
4.1 Vorticity boundary conditions . . . . . . . ... ... ... [10B
42  DRBEM Formulation of Steady Biomagnetic Fluid Flow . [104
4.3 FEM Formulation of Steady Biomagnetic Fluid Flow . . .[108
4.4 FEM Formulation of Unsteady Biomagnetic Fluid Flow .[112
4.5 FEM formulation of unsteady biomagnetic electricallyan-
ducting uid ow. . . . . ... ...
45.1 Vorticity boundary conditions in irregularly stenogd
regions and the iterative solution procedure . . [1he
4.6 Numerical Results . . . . .. . ... ... ... ...... [117

4.6.1 BEM and FEM applications for steady biomag-
netic uid ow . . . ... .. ... .. ......

4.6.2 Unsteady biomagnetic uid ow in a straight chan-
nel . .. ... . ..

4.6.3 Unsteady biomagnetic electrically conducting uid
ow in a straight channel . . . . ... ... ...

4.6.4 Unsteady biomagnetic uid ow in a symmetri-
cally stenosed channel . .. .......... [ 1bs

4.6.5 Unsteady biomagnetic uid ow in an unsym-
metrically stenosed channel . ... .. .. .. [1B4

XVii



4.6.6 Unsteady biomagnetic uid ow in an multi-stenosed

channel . . . . . .. ... ... . ... .. [138

5  CONCLUSION . . . ... ... [145

REFERENCES . . . . . it o e e, [149
CURRICULUM VITAE . . . . o oo e 55

Xviil



LIST OF FIGURES

Figure 1.1 Problem geometry and the coordinate system for tomal con-
VECHION OW. . . . . . o e e e

[10
Figure 1.2 Problem con guration for MHD ow between parallelplates. . [1]
Figure 1.3 Problem con guration for MHD ow of a dusty uid. 13

Figure 1.4 Problem con guration with constriction for biomagnetic uid

OW. e e e e [16
Figure 2.1 Three-nodal (linear) and six-nodal (quadratic}riangular ele-

MENTS. . . . . e e e [do
Figure 2.2 Mapping from physical X;y) plane to the parametric (; )

plane. . . .. [32
Figure 2.3 Problem con guration for MHD natural convection ow. . . . [37
Figure 2.4 Sample discretization of a square region usimMg. = 18 ele-

MENTS. . . . . . e e e e [do
Figure 2.5 Domain and boundary conditions of Problemm2.4.1.. . . . . . [40
Figure 2.6 ProblemZ.411: Streamlines (L) and vorticity caours (R) for

(a) Re=0, (b) Re=103, (c) Re=10% (d) Re=10%.. ... ... .. [41
Figure 2.7 Domain and boundary conditions of Problemm2.4.2.. . . . . . [43
Figure 2.8 Problem2Z.4R: Streamlines fdRe = 100, 500, 1000, 1500 and

2000. . .., [44
Figure 2.9 Probleni2.4.2: Vorticity contours folRe = 100, 500, 1000, 1500

and 2000. . . . ... [45
Figure 2.10 ProblenT2.4]2: Streamlines (L) and vorticity adours (R) for

Re=5000 and 10000. . . . . . . . oot [ 46
Figure 2.11 Domain and boundary conditions of Problem2.4.3. . . . . . a7
Figure 2.12 ProblemZ.4]3: Streamlines (L), vorticity comurs (M) and

isotherms (R) forRa=10%, 10%, 1P and 1C. . . . ... ... ... ..
Figure 2.13 The geometry and boundary conditions of ProbleBl4.4.1. . . [5D

XiX



Figure 2.14 Problem2.4.4]1: Streamlines (L), vorticity agours (M) and
isotherms (R) forHa = 10, Ra =103, 10, 1 and 1. . . . .. . .. 51

Figure 2.15 Problem 2.4 4]1: Streamlines (L), vorticity agours (M) and
isotherms (R) forHa =50, Ra =103, 10, 1 and 1. . . ... . .. [52

Figure 2.16 Problem2.4.4]1: Streamlines (L), vorticity agours (M) and
isotherms (R) whenRa = 10® and Ha =100 for =0, ' =0, 45 and

[53
Figure 2.17 The geometry and boundary conditions of ProbleBl4.Z.2. . . [5b
Figure 2.18 Problem2.4.4]2: Streamlines (L), vorticity agours (M) and

isotherms (R) whenHa =0 for Ra =103, 10 and 1¢, =0,' =0..
Figure 2.19 Problem2.4.4]2: Streamlines (L), vorticity agours (M) and

isotherms (R) whenHa = 30 for Ra =103, 10* and 1¢, =0,' =0. 57
Figure 2.20 Problem2.4.4]2: Streamlines (L), vorticity auours (M) and

isotherms (R) whenHa = 80 for Ra=10°%, 10 and 1#, =0,' =0. B8
Figure 2.21 Problem2.4.4]2: Streamlines (L), vorticity adours (M) and

isotherms (R) whenRa = 10® and Ha =100 for =0, ' =0, 45 and

90. . [59
Figure 2.22 Problen2.4.4]2: Streamlines (L), vorticity agours (M) and

isotherms (R) whenRa = 10® and Ha = 100 for =45,"' =0, 45

and 90. . . . .. e [d0
Figure 2.23 Problem2.4.4]2: Streamlines (L), vorticity ag@ours (M) and

isotherms (R) whenRa = 10° and Ha = 100 for = 45,' =0, 45

and 90. . . . ... [d1
Figure 3.1 Domain and boundary conditions of Problemn 3.2.1.. . . . . . l67
Figure 3.2 A sample CGL node distribution of a square regiorsingN =

20, L [68
Figure 3.3 Problen{3.Z11: Streamlines (L) and vorticity caours (R) when

N =24 for (a) Re=0, (b) Re=103, (c) Re=10% ... ... .... (70
Figure 3.4 Problem3.Z11: Streamlines (L) and vorticity caours (R) for

(@) Re=0, (b) Re=103, (C) Re=10% . . . . . . . . . .. .. ... 71
Figure 3.5 Domain and boundary conditions of Problemn~3.2.2.. . . . .. 73
Figure 3.6 Problem3.2.2: Streamlines (L) and vorticity caours (R) for

Re=500and 1000. . . . . . . . ..ttt [ 76
Figure 3.7 Sparsity patterns of FEM matrix K] (left) and CSCM matrix

[A] (ight). . . . 76



Figure 3.8 The geometry and boundary conditions of ProblemZ3. . . .

Figure 3.9 Probleni3.2.13: Streamlines (L), vorticity (M) anl temperature
(R) contours forRa=10% andHa =100, =0,' =0. .......

Figure 3.10 Probleni-3.2]3: Streamlines (L), vorticity (M) ad temperature
(R) contours forRa=10° and Ha =100, =45,' =45.. ... ...

Figure 3.11 Probleni:3.2]3: Streamlines (L), vorticity (M) ad temperature
(R) contours for Ra=10% and Ha =100, = 45,' =45. ... ..

Figure 3.12 Domain and boundary conditions of Problem3.3. ... . . . .

Figure 3.13 Problen’3.3: Centerline values of (L) and T (R) for Ru =0,
Ha=1, Ha=5andHa=30. ... ...................

Figure 3.14 Probleni 3.3: Steady state values of(L) and T (R) for Ru = 0,
Ha=1 Ha=5andHa=10. . .. ... ... ... ..........

Figure 3.15 Probleni-3.B: Steady state values afand T fora= 0:5 and
Ru=0, Rv=0. . ... . . .

Figure 3.16 Probleni-313: Contours aofi for a=0:5 andRu =0, Rv =0.

Figure 3.17 ProblenT:313: Mesh plot ofi and T for Ha = 0 and Ha = 2,
a=05andRu=0,Rv=0. . ... ... ... .. .. .. .. .. ...

Figure 3.18 ProblenT3.B: Steady-state values afand T for Ha = 2 and
Ru=0, Rv=1. . . . . e

Figure 3.19 ProblenT3.B: Steady-state values afand T for Ha = 5 and
a=05Ru=0.. ... .. . .

Figure 3.20 Problem"3.3: Steady-state values aofand T for Ru = 1 and
Ha=1 Rv=0. . ... . . . .

Figure 3.21 Problem"3.13: Steady-state values aofand T for Ru = 1 and
a=05Rv=0. ... . . .

Figure 3.22 Domain and boundary conditions for Problem=3.4. . . . . . .

Figure 3.23 Problem34: Steady-state solutions wheda = 1, b= 0:01
and =1 for di erent viscosity parameter a: (a) u, (b) u,, (c) T, (d)

Figure 3.24 ProblenT"34: Steady-state solutions whe#ha = 1, a =1 and
= 1 for dierent thermal conductivity parameter b: (a) u, (b) up,
(© T, (d) To. .« o oo

Figure 3.25 Probleni34: Steady-state solutions whetha = 1, a =1 and
b= 0:01 for di erent Navier-slip parameter : (a) u, (b) up, (c) T, (d)

88



Figure 3.26 Probleni-34: Steady-state solutions when= 1, b= 0:01 and
= 1 for di erent Hartmann numbers: (a) u, (b) u,, (c) T, (d) Tp.

Figure 3.27 Problem3}4: Transient solutions foa = 1, Ha =1, =1,
b=0:01: @ u, (B) Uy, () T, (d) Tp. « « v oo e (98

UId OW. . . . o e e e e e
Figure 4.2 Inner nodes for calculation of vorticity boundar conditions. . [10B
Figure 4.3 Domain con guration and boundary conditions foProblemZ.6.1[.118

Figure 4.4 Problem[4611: E ects of magnetic eld on streantes, vor-
ticity contours and isotherms (DRBEM) for Re = 50, (&) Mn = 115,
(OMn =215, (QMN =315. . . . . . (116

Figure 4.5 Problem[4.6]1: Streamlines, vorticity contourand isotherms
for Re = 150, Mn = 115: (a) DRBEM, () FEM. . . . . . . . . .. .. 120

Figure 4.6 Problem[4.611: A sample FEM discretization of theroblem
region usingM, =480 elements. . . . . . . . . ... [121

Figure 4.7 Problem[4.6.11: Streamlines, vorticity contourand isotherms
(FEM) for Re=250, MN = 0. . . . . . . oo v i (121

Figure 4.8 Probleni4.611: E ects of magnetic eld on streanmes, vorticity
contours and isotherms (FEM) forRe = 250, (a) Mn =115, (b Mn =
215, ©Mn =315, . ..

Figure 4.9 Domain con guration and boundary conditions foProblem[4.6.2.124

Figure 4.10 Problem4.6]2: Time evaluation of stream functn, vorticity
and temperature contours forRe = 100, Mn = 1312 when @)t = 0:2,
b)t=2:0,()t=5:0. . ... . .. ..

Figure 4.11 Probleni4.6]2: Stream function, vorticity corurs and isotherms
for (a) Re=50, Mn =5250, (b) Re=20, Mn = 32813, (c) Re = 10,
MN = 131250, . . . oo e e [126

Figure 4.12 Domain con guration and boundary conditions foProblemZ.6.3.127

Figure 4.13 Probleni4.613 E ects of magnetic eld on streanmes, vorticity
contours and isotherms foilRe = 100 (a) Mng = 82, Mny, = 0:025,
(b)) MNg =164, Mny =0:1. . . o o oo oo [12B

Figure 4.14 Symmetrically stenosed channel and the boungaconditions
for Problem[Z&64. . . . . . . . . . . .. [129

Figure 4.15 A sample discretization of channel with 40% stesis for Prob-
lem[Z84. . . . . . e [130



Figure 4.16 A sample discretization of channel with 60% stesis for Prob-

Figure 4.17 Problem4.6J4: Streamlines, vorticity contogrand isotherms
40% stenosis forRe = 100, (a) Mng = Mny = 0, (b) Mng =
82 Mny =0:025, €) Mng =164; Mny =0:1. . ... .. ......

Figure 4.18 Problem4.6)4: Streamlines, vorticity contosrand isotherms
60% stenosis forRe = 100, (a) Mng = Mny = 0, (b) Mng =
82 Mny =0:025, (C) Mng =164; Mny =0:1. . . . ... ... ...

Figure 4.19 Problem4.6J4: Streamlines, vorticity contogrand isotherms
60% stenosis foRe = 100, (a) Mng = 656; Mny =1:2, (b) Mng =

[130

1312 M0y =64, o o o e e e

Figure 4.20 Problem4.6J4: Time evolution for the streamles, vorticity
contours and isotherms, 60% stenosis, fdke = 100, Mng = 82,

Mny =0:025: @t=0:4, (b)t=1:0, (c)t=1:25 @)t=3:0. . ... (133

Figure 4.21 The magnetic eld contours (channel with an irrgular stenosis)
for Problem[465. . . . . . . .. .. . ..

Figure 4.22 A sample discretization (channel with an irredar stenosis) for
Problem[4B65. . . . . . . . . . . .

Figure 4.23 Problem"4.6]5: Streamlines, vorticity contosrand isotherms,
Re=100,Mng =0, Mny =0. . ... .. ... ... ... ......

Figure 4.24 Problem4.6]5: Streamlines, vorticity contogrand isotherms
for Re =100, Mng =82, Mny, =0:025, @ a=1:0, (b) a=2:5, (c)
a=3:0.. . .

Figure 4.25 Problen"4.6]5: Streamlines, vorticity contosrand isotherms,
Re =100, Mng =656, Mny =1:2: (a) a=1:0,(b)a=3:0. ... ..

Figure 4.26 Problem"4.6]5: Streamlines, vorticity contogrand isotherms,
Re=100,a=3:0: (@) Mng =0, Mny =0, (b) Mng =82, Mny =
0:025, €) Mng =164, Mny =0:1, (d) Mng =656, Mny =1:2.

Figure 4.27 Multi-stenosed channel and the magnetic eld otours for
Problem[ZG6®. . . . . . . . . .

Figure 4.28 A sample discretization (multi-stenosed chaef) for Problem

Figure 4.29 Problem[4.6]6: Streamlines foRe = 100: (a) Mng = 0,
Mny =0, (b) Mng =82, Mny, =0:025, €) Mng =164, Mny =
0:1, (d) Mng =656, Mny =1:2, () Mng =1312,Mny =6:4. . ..

XXiii

[135

[135

1136

. [13%

[140

[140

(14}



Figure 4.30 Problen"4.616: Vorticity contours foRe = 100: (a) Mng =0,
Mny =0, (b) Mng =82, Mny =0:025, €) Mng =164, Mny =
0:1, (d) Mng =656, Mny =1:2, () Mng = 1312, Mny =6:4. . . . [141

Figure 4.31 Probleni4.616: Isotherms fdRe = 100: (a) Mng =0, Mny, =

0, (b) Mng =82, Mny = 0:025, €) Mng = 164, Mny, = 0:1, (d)
Mng =656, Mny =1:2, () Mng =1312,Mny =6:4. . . . .. ...

XXIV



LIST OF TABLES

Table 2.1 Maximum absolute errors of Probleri 2.4.1 fdRe = 103 with
variousMe values. . . . . . . . ..

XXV

[42



XXVi



CHAPTER 1

INTRODUCTION

There are numerous problems in engineering, industrial arstienti ¢ disciplines
that are described by partial di erential equations (PDEs) and cannot be solved
analytically. This is the ground for the massive demand on delopment of novel,
e cient and accurate numerical techniques for solving PDEs Computational
uid dynamics (CFD), is one of the major research areas whicimvolves the ap-
plications of numerical analysis in uid ows and heat tranger. CFD, basically
aims to solve numerically complex problems of uid dynamicarising in many
elds such as aerodynamics, chemical process engineerimgmedical engineering
and biological systems, ocean engineering, and air polli modeling. It is an
extensive eld which utilizes scienti c computation in conunction with mathe-
matical modeling to examine uid behaviors in the interactve motion of a large
number of individual particles. The fundamental aspects o€FD particularly
model the physical process as a continuum of uid particlesnd the equations
which represent the continuum dynamics. The derivation offte principal equa-
tions of uid dynamics is based on the fact that the dynamicabehavior of a uid
is determined by the fundamental conservation laws, whichr@the conservation
of mass, the conservation of momentum, and the conservatiah energy. The
conservation of a certain ow quantity means that its total \ariation inside an
arbitrary volume can be expressed as the net e ect of the amoiuof the quantity
being transported across the boundary, of any internal foes and sources, and
of external forces acting on the volume. The amount of the gquofity crossing
the boundary is called ux. The ux can be in general decompasl into two
di erent parts. One is due to the convective transport and tle other is due to
the molecular motion present in the uid at rest. This seconaontribution is of a
di usive nature, it is proportional to the gradient of the quantity considered, and
hence, it will vanish for a homogeneous distributiori [1Z, POThe discussion of
the conservation laws leads to the idea of dividing the ow &l into a number of
volumes and to concentrate on the modeling of the behavior thfe uid in such a
nite region. For this purpose, control volumes are de nedand the mathemati-
cal description of the physical properties is modeled on ghcontrol volume. The
resulting partial di erential equations are the continuity equation, the Navier-
Stokes equations and the energy equation. According to theditional internal
and external forces such as radiation and magnetic eld e ¢ components of
Navier-Stokes equations are supplied with additional terms



Analytical methods are applicable only to some simpli ed owproblems in sim-
ple geometries. Thus, in majority of the ow con gurations,numerical methods
are used. There are several available CFD software tools, thstill an exten-
sive research is in need and ongoing to improve the numericaéthods and the
physical models. There exists a vast number of solution mettologies applied
to solve ow problems. Finite di erence method (FDM) is amory the rst and
the most widespread approaches applied to the numerical stobn of di erential
equations as well as CFD problems. The principle of FDM is tangploy a Taylor
series expansion for the discretization of the derivatived the ow variables. The
method is directly applied to the di erential form of the gowerning equations. The
partial di erential equations are replaced by nite-divided di erences, hence, the
methods are generally referred as point-wise approximati®. The solution do-
main is divided in a grid of discrete points (or nodes), and thdi erential form of
the conservation equations are discretized. An important agdntage of the nite
di erence methodology is its simplicity. Another advantages the possibility of
obtaining high-order approximations, and hence to achievaigh-order accuracy
of the spatial discretization. On the other hand, since the gthod requires a
structured grid, the range of applications is restricted, @d especially in complex
geometries the method cannot be applied directly [12Z,120].

Finite Volume Method (FVM) is another prevalent technique aplied in numerical
solutions of di erential equations, also in CFD models. Thenethod can be shown
to be equivalent to the nite di erence method under certainconditions. FVM
Is based on a discretization of the integral forms of the coassation laws. The
nite volume method discretizes the governing equations bgividing the physical
space into a number of arbitrary control volumes. The main a@ntage of the
nite volume method is that the spatial discretization is caried out directly in
the physical space, and the method is very exible so that itan be rather easily
implemented on structured as well as on unstructured gridd2,20].

Spectral methods are a family of numerical approaches, whiare also widely
used for solving di erential equations and ow simulations The most charac-
teristic property of spectral methods is the global apprornation feature. The
spatial derivatives of the solution are approximated by thelerivatives of pre-
viously assigned polynomials. Periodic and non-periodiagblems are treated
with trigonometric and algebraic polynomials, respectivg. Some of the spectral
methods commonly used in the literature are the Fourier caltation methods for
periodic domains and the Jacobi polynomials for non-periaddomains, with the
Chebyshev and Legendre polynomials as special cases. Theweucal solution
Is expressed as a nite expansion of some set of basis funetio When the PDE
is written in terms of the coe cients of this expansion, the nethod is known as
a Galerkin spectral method. Spectral collocation methodslso known as pseu-
dospectral methods, are another subclass of spectral medlscand are similar to
nite di erence methods due to direct use of a set of gridpoits, which are called
collocation points. A third class is the Tau spectral methosl These methods
are similar to the Galerkin spectral methods, however, thexpanding basis is not
obliged to satisfy boundary conditions. The coe cients redted to the interpo-
lating functions can be considered as a spectrum of the soturt, which explains



the name for the method. The characteristic speciality of # spectral methods is
the high accuracy resulting from the high order approximatin compared to local
methods where the solution at a particular node is a ected bg limited number of
points around it. Their main benet is in the rate of convergace which depends
on the smoothness of the solution, and the number of continue derivatives that
the solution admits. For in nitely smooth solution, the error in spectral method
solution decreases exponentially. On the other hand, speatmethods are geo-
metrically less exible and the spectral representation afhe solution is di cult
to combine with sharp gradients, e.g. problems involving anp variations and
discontinuities [33].

The boundary element method (BEM) is a well-established nuemical technique
for solving boundary value problems arising in uid dynamis. The basic idea of
the technique is the transformation of the original di eremial equation describing
the behavior of the unknown inside and on the boundary of theodnain, into an
equivalent integral equation only on the boundary. This boudary integral re-
lates the boundary unknown solution values and their normalerivatives on the
boundary. BEM requires only the boundary discretization, Wich reduces the di-
mensionality of the problem under consideration by one. Tl a smaller system
of equations is obtained in comparison with the numerical nit@ds requiring do-
main discretization. Consequently, the solution is carréeout very e ciently with
substantial savings in computer time and storage. Another iportant advantage
of the method is that it is also well suited for free and movingurface problems
and for the problems de ned on in nite regions for which the kassical domain
methods are not convenient[15]. A drawback of the method ike requirement of
a fundamental solution to the original di erential equatian to avoid domain inte-
grals in the boundary integral formulation. Moreover, the onhomogeneous and
nonlinear terms are incorporated in the BEM formulation by nreans of domain
integrals. These domain integrals can usually be computed lgell integrations
with internal discretization which considerably increasethe computational cost.
Thus, in such cases, to recover the avails of the boundarytprcharacter of BEM,
several techniques are introduced. Among these, the anatytntegration, Fourier
expansion, Galerkin vector technique, the multiple reciprcity method and the
dual reciprocity method can be counted. The dual reciprogitmethod is one
of the most widely used procedure for constructing solutisnof nonlinear and
time-dependent problems to represent any internal sourcastribution. In dual
reciprocity BEM (DRBEM), the basic idea is to employ a fundarental solution
corresponding to a simpler equation and to treat the remaing terms, as well
as other nonhomogeneous terms in the original equation, tugh a procedure
which involves a series expansion using global approximagi functions and the
application of reciprocity principles [16].

The nite element method is a well developed rigorous techmiie which is widely
used in many elds as well as in CFD models to approximate sdlans with

high accuracy achievements. The method is accepted to be ooethe most
powerful methods, due to its crucial characteristics as a merical method. One
of the key features of the method is that the problem domain isepresented
by a collection of simple subdomains which are called nitelements. These



elements can be rectilinear or curved, also the grid itseleed not be structured
so that complex geometries can be handled easily. Dependioig the element
type and the required accuracy, a certain number of points ahe boundary
and/or inside an element is speci ed, where the solution ohe ow problem is
obtained. The so-called shape functions are de ned, whichpresent the variation
of the solution inside each element. Therefore, the represation of the solution

is strongly linked to the geometric representation of the doain. In FEM, the

governing equations are transformed from the di erentialdrm into an equivalent
integral form. This can be accomplished in two di erent ways The rst one

is based on the variational principle, where a physical sdian is sought, for
which a certain functional possesses an extremum. The sedomossibility is
known as the method of weighted residuals or the weak formtilan. Here, it

Is required that the weighted average of the residuals is wl&cally zero over
the physical domain. The weak formulation is preferred ovethe variational

methodology, as it possesses the advantage of the conseoralaws and allows
the treatment of discontinuous solutions. The combinatiomf the representation
of the solution in a given function space, with the integraldrmulation treating

rigorously the boundary conditions, gives the method an esdmely strong and
rigorous mathematical foundation[[12, 59].

1.1 Incompressible Fluid Flows with Heat Transfer under a Ma gnetic
Field

This section introduces the mathematical formulations foseveral ows of incom-
pressible uids and heat transfer. First, the Navier-StokegN-S) equations which
constitute the basis of numerical uid mechanics are introdced. Second, the
natural convection ow equations obtained by the addition 6the energy equa-
tion to the N-S equations is given. Next, an externally applieagnagnetic eld
e ect is considered in the natural convection ow, and the mmentum equations
are extended so as to involve magnetohydrodynamic terms. 0% the governing
equations for MHD ow between parallel plates and heat transt are presented
under an external magnetic eld e ect. The MHD ow of a dusty uid and heat
transfer between parallel plates is also introduced in theequel. Finally, in Sec-
tion .2, the mathematical formulation of the biomagnetic uid ow equations is
presented.

1.1.1 The Navier-Stokes Equations

One of the most important sets of equations in analysing uidows mathemat-
ically, are the well known Navier-Stokes (N-S) equations. Tlecan be used to
describe the physics of a very large number of phenomena sashweather move-
ments, ocean currents, uid ows in pipes, aircraft designsmotion of stars in
galaxies, blood ow studies and design of power stations. €he are two equa-
tions namely, the continuity equation and the momentum equ#ns, constituting
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the N-S equations. The continuity equation comes from the lawf conservation

of mass for the uid entering a control volume, that is, the mas is balanced over
a control volume of in nitesimal size. The momentum equatios which are de-
rived from Newton's second law of motion, express the proparyhality between

the force applied and the resulting acceleration of a partee When a two dimen-

sional ow of an incompressible viscous uid is consideredhe N-S equations in
vector form can be formulated as follows. The momentum equan

@+u ru=r p+ ra+ f (1.1)

@
and the continuity equation
r-u=0 (1.2)

wherer 2 = @=@? + @=@? is the two-dimensional Laplace operatorp is the
pressure, and are the density and viscosity of the uid, respectively. The
vectoru is the velocity eld and the vector f represents the collection of body
forces acting upon the uid such as gravity.

The N-S equations for the two-dimensional, unsteady ow of amcompressible
viscous uid with a constant viscosity can be written as

@'FU@'FV@:fl 1'@+ @+@
@ @ @ @ @2
(1.3)
@+U@+V@:f2 1'@+ @+@
@ @ @ Q@ @> @
for the momentum equations, and the continuity equation tag&s the form
@ @ ._
@ + Q- 0 (1.4)

in cartesian coordinates. Heray andv are the velocity components which depend
on the space variableg, y and the time variablet. The functionsf, andf, are the
x- andy- components of the body force vector, respectively, suchethf = (f;f,).
The constant = = is the kinematic viscosity.

Introducing a characteristic lengthL and a characteristic velocitylU, and de ning
dimensionless gquantities

X=£' y:X; u= t

u \ P
. - . - - - . 1.
YL o ey YT PR

the momentum equations[(113) can be written in non-dimensial form as

@u @u @u @p+ 1 @u+@u

= Uu—+v— =1,

@t @ @y @x Re @% @Y

@V+ @V V@V— @p+ 1 @+@
@t @x @y @y Re @% @¥

(1.6)
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and the continuity equation (1.4) in non-dimensional form bcomes
@u_@v_

—+ —=0: 1.7
@x @y a7

Here, the Reynolds numbeRe is de ned as
Re= b (1.8)

which gives the ratio of inertial forces to viscous forces. hE Reynolds number
distinguishes the relativity of these forces and hence, dlaaterizes the regime of
the ow. The ow under consideration is identi ed as laminarwhenRe < 2100,
and otherwise, the ow is said to be turbulent. The unsteady Ns equations[(1.6)-
(I2) are usually supplied with essential boundary conddns for velocity as

U(Xp; Yo; t) = Up; V(Xp; Yo; t) = Vi, (1.9)

fort > 0, where the subscripb represents the boundary point. Whem, = v, =0
is taken, the no-slip velocity condition is imposed indicatg that the uid is at
rest on the boundary of the ow region. An initial condition onthe velocity
components is also provided as

u(x;y;0) = uo;  Vv(x;y;0) = vo: (1.10)

The pressure physically has no boundary conditions. Thushe pressure con-
ditions are usually determined numerically. Equations in[I.8)-(1.4) constitute

the uid ow phenomena accurately, however, the direct soltion to this sys-

tem of equations has traditional di culties due to the pressire term. Therefore,

other alternative formulations have been introduced to repsent the N-S equa-
tions and have been adopted very successfully by many resdgesrs. One of
these methodologies for the two-dimensional ows, is the Westablished stream
function-vorticity formulation which is used extensivelyin the literature for solv-

Ing incompressible viscous ow problems.

To obtain the stream function-vorticity formulation of the N-S equations [1.6)
and (L.1), stream function satisfying the continuity equation directly is de ned

as
@e_, @.
@y = @x
The pressure term is eliminated by subtracting the derivate of the rst equation
in (L.8) with respect toy from the derivative of the second equation with respect
to X. The only nonzero component of the vorticity eld in a two-dmensional ow
is introduced as

V: (2.12)

"“ex @y @% @y

and the momentum equations provide a vorticity transport egation

_oveu @0 _ . .

w = SV, u—W+ v— + f (2.13)



@f @,

wheref = — ——:

@y @x
If the ow is at steady-state, that is, if the velocity eld re mains unchanged
with respect to time, the term @w=@r equation (I1.I3) vanishes and thence, the
steady N-S equations are obtained as

rz = w; (1.14)

ir 2w+ @QW QQW: f

Re @x@y @y@x
In the stream function-vorticity formulation, the stream function has Dirichlet
type boundary conditions as (Xy;Yp) = 1, Since the boundaries are also stream-
lines. Moreover, the boundary conditions for velocity spég the Neumann type
boundary conditions for stream function via Equation[(T.I}l On the other hand,
the vorticity function has no physical boundary conditions Thus, the derivative
boundary conditions of stream function are usually made us® for computing
the vorticity boundary values.

(1.15)

1.1.2 The Natural Convection Flow

The N-S equations which govern the isothermal ow of an incomgssible viscous
uid are given in Section[1.1.1. If there are considerable ahges in the tempera-
ture of the uid, the heat ux occurs and consequently an addional equation is

required. This equation results from the conservation of engy which states that
the total energy of a system and its surroundings remains cstant. The main

e ect of the temperature on the uid is the change of uid dengty due to the

changes in temperature. Thus, Boussinesq approximationused for relating the
density changes to temperature changes. Therefore, the owld and the tem-

perature eld are coupled, and the natural convection equains are obtained.
The natural convection ow is an important heat transfer mebanism having nu-
merous application areas such as nuclear reactor systemeenrgy storage and
conservation, boilers, re control and metallurgical indstries [61].

The equations which govern the steady natural convection w are obtained by
coupling the vorticity transport equation to the energy eqation through the
buoyancy force term as [46, 61]

@-}-@:O;
@ @
U@+V@: }@4. @4_@’
@ @ @ & @2
@ @ (1.16)
" 'a” _%“L aztg T90 T



g,,9. @ ar
@ @ @2 @2 !
where g is the gravitational acceleration, is the thermal diusivity, and is

the coe cient of thermal expansion. The use of characterigt length L and
characteristic velocity U gives dimensionless quantities

X y uL vL pL2 T T
- y=-=, u=—;, v=—; p=—- T= ,
Yoo Y P= = T Te
where T, and T, are the temperature of the hot and cold walls of the problem
region, respectively. Then, Equations(1.16) are writteminon-dimensional form
as
@u, @V—o-

ax @y

@u  @u_ @p , @u_Q@u

@x '@y @x ' @i @y '

@v, @v. @, G, @ .
u@x+ V@y_ @y Pr ax @9 + RaPrT;
@T @T @T @T.

“ox Yoy @x’ @y

The dimensionless parameter@r and Ra, respectively denote the Prandtl num-
ber and Rayleigh number which are de ned as

g (Th Tc)l—g.

X =

(1.17)

(1.18)

Pr= —; Ra= (1.19)

A similar procedure described in the previous section is folved, and Equations
(L.I8) are transformed into stream function , vorticity w, and temperature T
form as

@ @w @ @w_ @T

Prr 2w+ RaPr—

@y@x @x@y @x (1.20)
@ @T @ @T_ ,;
@yax @x@y
The boundary conditions for temperature can be de ned as Oahlet type

T(Xp; Yb) = To;

or Neumann type

@T C)



whereg(q) denotes a function of heat uxqthrough the boundary of the problem
domain. The condition @T =@ 0 is imposed when the boundary is adiabatic
which means that no heat is transferred through the boundary

1.1.3 Natural Convection Flow under a Magnetic Field

The natural convection ow equations which govern the ow ofan incompressible
and viscous uid with temperature ux are given in Section(IL.2. In the case
when an externally applied magnetic eld occurs, the ow andhe heat transfer
are also in uenced when the uid inside the enclosure is eleically conducting.
In such regimes, the ow is characterized by the two-dimermnal incompressible
Navier-Stokes and Maxwell equations (MHD equations). The MHDystem is
coupled with the temperature e ect through gravitational force by means of the
Boussinesq approximation. As a consequence, ow and temptne elds are
adjusted by the application of external magnetic eld. The mduced magnetic
eld inside the uid is neglected with the assumption of smdlmagnetic Reynolds
number. A common technique is to neglect the magnetic induon equations
through the low magnetic Reynolds numberRm) approximation, which repre-
sents the ratio of advection to di usion in the magnetic eld [66]. The Joule
heating of the uid and the e ect of viscous dissipation are Bo considered to be
negligible. Consequently, the non-dimensional equatiorgoverning the natural
convection ow in enclosures (channels) under an externgllapplied magnetic
eld are given in vector form as[[40]

r p+ RaPrTe; + Prr 2u+ PrHa?(J eg) (1.21)
r 2T

where ez, eg are unit vectors in the axial direction (axis of the channeljand
in the direction of the external magnetic eld, respectivel. J is the current
density J = u eg. The velocity vector is in the direction of the axis of the
channel g-axis), and the induced magnetic eld inz-direction is ignored. The
only component of magnetic eld is in the direction oeg which is perpendicular
to the axis of the duct, and with a constant intensity B,. The dimenionless
parametersRa and Pr are as in Sectiorn 1.112 and the Hartmann numbeéta, is
de ned as

r _
Ha= LB, — (1.22)

where is the electrical conductivity of the uid. With a magnetic eld applied in
the horizontal direction, Equations [1.211) are written in fream function-vorticity-
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temperature form as

2

r = W
, _ @@w @ @w @T |12p @
PV S avex @@y “Tex "TTex a2
rzT = QQT @@T
@y@x @x@y

If the external magnetic eld is applied with an angle' from the x-axis and the
channel is inclined from horizontal with an angle measured in counterclockwise
direction as shown in Figured_1]1, the governing equations stream function,

)

Figure 1.1: Problem geometry and the coordinate system foatural convection
ow.

vorticity and temperature form are given as

r = w
2 @ @w @ @w @ @T
Prr sw = @y@x @x@y RaPr cos @ Sin @
@ @
2 ! ) ]
Ha“Pr cos Sin @—X@'*y'COS @ (124)
+sin' sin' %+cos' —gy@x
or - @@T @ar
@y@x @x@y
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1.1.4 MHD Flow and Heat Transfer between Parallel Plates

In this section, the one-dimensional ow of an unsteady, irmmpressible and elec-
trically conducting uid is considered. The ow is assumed ¢ take place between
two parallel electrically insulated plates located at they = h planes. A carte-
sian frame is located on the rectangular channel with origian the half-distance
of the plates. Thex-direction measures the distance along the channel and tie
direction is normal to it. Figure[1.2 visualizes the ow conguration. A constant
pressure gradient is applied in thex- direction. The lower and upper plates are
kept at constant temperaturesT; and T,, respectively, wherel, > T ;. An exter-
nal uniform magnetic eld of intensity By is directed along they-axis, and it is
assumed that the induced magnetic eld and electric eld cabe neglected due to
the assumption of very small magnetic Reynolds number! [3,,245]. The plates
are in nite in the x- and z- directions implying no variation in these directions.
Thus, the velocity and the temperature of the uid are functons ofy only. The
governing equations are given asl[3| [7,145]

@

@ @_ @, @ 2.
e Ve~ @@ Ma "
, (1.25)
@ar @ @t @
gt g kgt Mg *EM

where ¢, is the specic heat, k is the thermal conductivity, ¢ is the dynamic
viscosity, o is the kinematic viscosity, and is the electrical conductivity. The
last two terms of the second equation in Equationg (1.R5) regsent the viscous
dissipation and the Joule dissipation, respectively.

y=h

y= nh

Figure 1.2: Problem con guration for MHD ow between parallé plates.

The following dimensionless variables are employed in Edisms (I.25)

> I 0

h h? T T
; u:u_o; t:th_zo; p:p_ T L

oI

—

X_X'
_h' y 5

and the governing equations in non-dimensional form are abhed as([45]
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@Qu,__ @u @ @u )
—+Rv—=G+ — (T)—= Ha“u;
et Vay ¢ ay Nay
, (1.26)
@T @T 1 @T @u 5 o
—+Rv—=_———-+Ec (T) = + EcHa"u~
et May prey = (1 ay
The dimensionless parameters are de ned as
@ oG P— 5
G= —; Pr=—=;, Ha=Boh = o Ec= ;
@ k ’ ’ hZc(T, Ti)

Rv = v,,h= ¢ is the constant velocity component in they- direction which may be
considered as in ow/out ow parameter through the plates.Rv = 0 corresponds
to the absence of in ow/out ow through plates aty = 1.

The dynamic viscosity has exponential variation |4, 45]
(TY=e @ (1.27)
wherea is the viscosity parameter de ned as
a=In( =) (1.28)

in which ; and , are the dynamic viscosities evaluated af = T; and T = T,
respectively. Equations[(1.26) are supplied with initial ad boundary conditions
which specify the initial values of the uid velocity and tenperature, and the
essential conditions on lower and upper plates.

1.1.5 MHD Flow and Heat Transfer of a Dusty Fluid between Paral lel
Plates

In this section, the MHD ow of an unsteady, incompressible ah electrically
conducting uid considered in the previous section, is exteled in that, the uid
contains dust particles. The ow is one-dimensional and anxeernal uniform
magnetic eld of density By is directed along they- axis, see Figuré 1]13. The
induced magnetic eld is neglected due to the assumption o&xy small magnetic
Reynolds number as in the previous section.

The dust particles are assumed to be spherical in shape andformly distributed
throughout the uid. The particle Reynolds number is assuma to be small.
Both the uid viscosity and the thermal conductivity are assimed to vary with
temperature. The governing equations may be written in nodimensional form
as follows [[50]
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Figure 1.3: Problem con guration for MHD ow of a dusty uid.

X

@U: —@ @U 2 ;
Re@t Re G+ @y (T)@y Ha‘u R(u up);
@y_ 1 .
@t ﬁg(u Up);

@T_ 1 @ @T @u? » 2. 2R .
Re@ = Bray (T)@y + Ec (T) @y + Ec Ha“ u“ + ﬁ(Tp T);
%;: Lt(Tp, T);

(1.29)
where0 y 1, t> 0

In these equations,u denotes the velocity of the uid which is fully developed
in x-direction and varies parabolically with respect toy. u, is the velocity of
the particles, T is the temperature of the uid and T, is the temperature of the
particles.

The following dimensionless variables are employed in the@e equations

X o_Yy. .. _u _ U, U T T _Tp T1
1 - u= ] Uy, = T t_ ] ) T
Y g h T T

X = = ;
T Ty

and the dimensionless parameters are given for the presease (channel ow) as

@ 0Cp P— 5
G= = Pr=—"; Ha=Byh =, Ec= —————;
@& K 0 0 (T2 Ta)
(1.30)
h K M h2 0
Re = _0 . R = . = :
© 0 o % M h2

Here, ¢, is the speci ¢ heat at constant pressurek is the thermal conductivity at
initial temperature, o is the dynamic viscosity at initial temperature, ¢ is the
uid characteristic velocity, is the electrical conductivity, andh is the vertical
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distance between the two platesp is the pressure acting on the uid, is the
density of the clean uid. M is the number of dust particles per unit volumeK
is the Stokes constantKk =6 D , D is the average radius of dust particlesy, is
the particle mass parameterHa, Re and R are the Hartmann number, Reynolds
number and the particle concentration parameter, respeetly. Pr and Ec are
Prandtl and Eckert numbers,L is the temperature relaxation time parameter .

The dynamic viscosity and thermal conductivity have exponsial variation as
[50,51]
(M=e?; (T)=¢€T (1.31)

where the viscosity parametea and the thermal conductivity parameterb contain
the temperature di erence (T, T;) between the plates.

The initial and boundary conditions accompanying Equatios (1.29) are

u(y;0) = up(y;0)=0; T(y;0)=Tp(y;0)=0on 0 y 1L

@u
_ —0-1-
—+ u =0 for y=0;1,

@y

=F = -0 1 (1.32)
@n+ up=0 for y=0;1,

T(0;t) = Tp(0;t) =0 and

TLt) = T t)=1

where the Navier-slip parameters and take several values resulting with
Dirichlet, Neumann or mixed boundary conditions[51].

In this study, the Navier-slip boundary conditions are imposd on both the uid
velocity u and the particles velocityu, which de ne the interaction between the
constitutes of the ow and their interaction with solid boundaries [51]. The con-
ventional boundary condition is the no-slip condition betwen the uid and a
solid. However, the boundary condition which corresponds tmomentum trans-
fer during the ow can vary from stick (no-slip) to slip, savihg energy in response
to physical chemical properties of the solid surface. The leeity of the uid is
completely zero on a solid boundary only if thermodynamic edibrium is en-
sured near the boundary. But for systems where the collisisrbetween the uid
and the solid surface is not high enough to have thermodynaenequilibrium, the
tangential velocity slip is allowed. The slip velocity is asumed to be propor-
tional to the tangential viscous stress [51]. Therefore, ¢hNavier-slip boundary
condition becomes at each plate

@u

— =+ =0:

ay uat y=0;
@ (2.33)

u

ay ua y=1;
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by taking the constant = 1, and for various constant values of Navier-slip
parameter .

The same Navier-slip boundary condition is imposed to the piles velocity u,
assuming they have the same collision e ect near the boundes as in the uid
velocity case

@:+up at y=0;

(1.34)

@y
@
@Hy: u, at y=1:

1.2 Biomagnetic Fluid Flow and Heat Transfer in Channels

A biomagnetic uid is a circulating uid in the vascular system of humans and
other vertebrates, which is in uenced by the presence of a maetic eld. Blood

is considered to be a typical biomagnetic uid due to the inteaction of intercellu-

lar proteins, membrane and the hemoglobin. Biomagnetic didynamics (BFD)

is a relatively new eld which investigates the dynamics ofiblogical uids under

the e ect of magnetic elds. The BFD ow studies have been attacted many re-
searchers in recent years due to their wide range of appligats in bioengineering
and medical sciences. Development of the magnetic devices dell separation,
use of magnetic uids to produce blood ow stasis during suggies, strengthening
blood vessels by magnetic sedimentation, magnetic drug ¢gating, accelerating
blood ow, measuring blood ow and provocation of occlusiomf tumor feeding
vessels tumors are among these applications![29] B5, 54, (B8], In BFD for-

mulations, in general, the mathematical models are based dme principles of
Ferrohydrodynamics (FHD) also consistent with Magnetohydrdynamics (MHD)

principles to include the e ect of the electrical conductiity of blood under an
applied magnetic eld.

In this thesis, two-dimensional, unsteady, incompressial laminar biomagnetic
uid (blood) ows are considered. The ows take place betwee two parallel
plates of lengthl, and separated at a distancédn, under the e ect of an exter-
nally applied magnetic eld. The ow at the entrance is assurad to be fully
developed. The blood is considered as homogenous, elealiycconducting bio-
magnetic uid, and Newtonian behavior is assumed. The rotatnal forces acting
on the erythrocytes when entering the magnetic eld are disecded (equilibrium
ow). The channel ow in terms of the dimensional velocity canponents ; v),
the pressurep and the temperatureT is governed by the mass conservation, the
uid momentum equations at the x-, y- directions, and the energy equation, are
given as (/5| 76];

Continuity equation

(1.35)

Qe
+
Q®
g

=
(6]



Momentum equations

(1.36)
(%+u%+v% %+ O|\/|%+ r2v:
Energy equation
q.,.,9..@ CUPC I ) 2,2
cp(@+u@+v@)+ OT@_(U@+V@ B-u
(1.37)
ST 2GR ARG @)

In the above equations, as mentioned before, v are the dimensional velocity
components, andT is the dimensional temperature of the uid,p is the pres-
sure, , and are density, electrical conductivity, and dynamic viscosi of the
biomagnetic uid, respectively. o, ¢, and k denote the magnetic permeability
of vacuum, the speci c heat at constant pressure and the theral conductivity.
H is the magnetic eld intensity and B = (H is the magnetic induction where
M = KH(T. T), andK is a constant,T. is the Curie temperature.

The suitable boundary conditions for the biomagnetic uid ow are given as

Inow, x=0;0 y h cu=uly);v=0;T=T(y)
Outow, x=10 y h S @R=@ =0 (1.38)
Lower plate, y= F(x); 0 x | u=0;v=0;T=T, .
Upper plate, y = G(x); 0 x| u=0;,v=0,T=T,:

Here, u(y), T(y) denote the velocity and temperature pro les respectivelyat
the entrance andR stands for , w and T. Figure[1.4 visualizes the problem
domain where the lower and upper plates are de ned by functis F(x) and
G(x), respectively.

u=v=0,T=T,

G(x) \
u= u(y) U,
r\\ ’/ \ = — 0
T = T(Y) / \<’ /;\\ \\\ @ @
" N@ |
0 u=v=0;T-= T |

(al b)

Figure 1.4: Problem con guration with constriction for bianagnetic uid ow.
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The x and y components of the magnetic eld intensity, respectivelyd, and Hy,
are given by

y b X a
—  Hy= — 1.39
2 (x a2+(y B2 7 2 (x a’+(y b? (1.39)
whereH = (Hy;Hy), and (a; b) is the magnetic source point, and is the mag-
netic eld strength at this point (x = a, y = b). Thus, the magnetic eld intensity
H is given by

_ 1
H=(Hy+H)™=_—p : 1.40
( y) > Py b2 (1.40)
The equations [1.36){(1.37) are non-dimensionalized ugin
X y t u v p H T T
X= —;y==t= —:u= — v — p= — H= —:T=
h y h h? Uy Uy P uz H, T, T

where u, is the maximum velocity of the uid (blood) at the entrance ofthe
channel, andH, = H(a;b) is the magnetic eld intensity at the magnetic source
point, (a; b). In this con guration, T; denote the temperature of the lower and
upper plates, andT, is the temperature of the uid. As mentioned eatrlier, two-
dimensional equations[{1.35):(1.37) can be transformed tmn-dimensional form
in terms of stream function , vorticity w and temperatureT as

rz. = w
@w 5 ow Qwa@
= = R - = - =
et " T axey @yex
(1.41)
@QH@T @H@T @ b ,@
MneReH —— == 4 Mny— H2?>*=
TMNERET “axay a@yex "M ay | @y
@T _ 1 , QT@ @T@
@t~ pr | R axay @yex
" @QH@ ©@H@
+Mn|:ReECH( +T) @(@y @y@x
( )
@ ° @ @ ° @ °
2 —_— —_— PR [
+Mny EcH @y v Ee @y @% 4 @x@y

The dimensionless parameters Reynolds numbRe, Prandtl number Pr, Eckert
number Ec and temperature number”’, are given as

u? S £

h u G C o .
(T2 T1)’ T, T

; Pr=—; Ec=
k

Re= (1.42)
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The non-dimensional magnetic numbers arising from FHDJng and arising from
MHD, Mny, are de ned as|[75]

oHZK (T2 Ty) 5HZh?

Mng = 5 : Mny = 2" = Ha% (1.43)
r

In the above equations,Ha is the Hartmann number. The magnitude of the
magnetic eld intensity at the point (a; b in non-dimensional form is given by

‘= n jb
H(x;y)= p iy b)2 (1.44)

In BFD models where the e ect of polarization and magnetizadn is considered
as small, the Lorentz force is much smaller in comparison thé magnetization
force, and accordingly blood is considered as a poor conduct Thus, in these
models, the uid is taken as electrically non-conducting lm@magnetic uid, and

the ow is a ected only by the magnetization of the uid due to the externally

applied magnetic eld. When the electrically non-conductig biomagnetic uid

ow is time independent, and moreover, when the temperatuseof the parallel
plates are di erent,

is employed in the non-dimensionalization so thal; = T, and T, = T, are
taken in the parameters given in[(1.42). As a consequence, tsieady ow of an
electrically non-conducting uid takes the form [47]

@u_@v_,. (1.45)

@x @y

1,2 - @n, @u+ v@u MnpTH=——

@

Re @x @x @y @
(1.46)

@

@

+MngPrReEcH (" T)(u@—j+ v@@

Equations (1.45)-[1.4¥) are written in terms of stream furton , vorticity w,
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and temperatureT as

r = W
'w = Re @@ Q@@ @HeT @Hert
"W R @xay avex V™ exey eyex
@T@ @T@
T = PrRe —— ——
r ¢ @@y @yex (1.48)
" @H@ @H@
+MnPrReEcH (" T) @x@y @y@x
( ) )

+PrEc @ @ @

@ @ ' @xey

whereMn denote the remaining magnetic numbeMne.

1.3 Literature Survey

The lid-driven cavity ow problem which is governed by N-S eqations, has been
studied extensively in the literature as a validation prol@#m for 2-D incompress-
ible ow algorithms. Results are available for nite di erence, nite volume,
boundary element, nite element and spectral methods. Bugyaf [17] is one of
the earliest scientists who studied the problem. His work pvaded analytical so-
lutions for an eddy bounded by a circular streamline. BesideBurggraf presented
results for Reynolds numbers up to 1000, for the solutions BFS equations for
an eddy in a square cavity driven by a moving top lid by using aegond order
nite di erence approximation. Ghia et al. [32] were among the rst to provide
detailed solutions of the lid-driven cavity problem for Regolds numbers up to
10000. They employed a coupled strongly implicit multigriCSI-MG) method.
Barragy and Carey[[9] presented p-type nite element formakion combined with
a strongly graded and re ned element mesh providing a highlgccurate calcula-
tion. The results are obtained in terms of streamlines and viicity contours for
Reynods number values up to 12500. New tertiary and quaterryacorner vortex
features in the ow eld are reported. Botella and Peyret[[1Bapplied Chebyshev
collocation method to solve the lid-driven cavity problemand achieved accurate
results by using the leading term of the asymptotic expansioof the solution
in the vicinity of the corner where there is a discontinuity © velocity. Critical
comparison with former numerical experiments for the ow aReynolds number
value 1000 is provided in their study. Auteriet al. [8] have shown singularity sub-
traction scheme based on a split approach to the vorticity ahstream function
equations. A Galerkin-Legendre approximation of the probm for the pertur-
bation, and an evaluation of the nonlinear terms by Gauss-gendre numerical
integration have been used. Results for Re=0, 100, and 100fhgare well with
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the benchmark steady solutions provided by the collocatie@hebyshev projection
method. An implicit nite volume method has been used to obtai the solution
of the Navier-Stokes equations by Sahin and Owens[64] in a-tidven cavity for
Re values up to 10000. Erturket al. [27], presented a nite di erence formulation
of the Navier-Stokes equations in stream function and voriity formulation and
obtained steady solutions using a uniform mesh of 605601 for Reynolds number
values up to 21000.

Natural convection ows in enclosures have also been invested by many re-
searchers. De Vahl Davis [22] obtained an accurate solutiaf the equations
governing the two-dimensional natural convection in a squa cavity with di er-
entially heated walls. The equations are modi ed to involveime derivatives,
and the results are obtained for Rayleigh number values be#en 16, and 10,
using nite di erence method (forward di erences for the time derivatives and
second-order central di erence for spatial derivatives)Rasoul and Prinos[[58],
showed that the ow and the temperature elds in a square enokure are greatly
a ected by the inclination of the enclosure. Dinget al. [23] presented a mesh
free nite di erence scheme based on the weighted least-saje@ approximation
procedure together with a Taylor series expansion of the un&wn function to
solve the natural convection equations in terms of stream rfigtion vorticity and
temperature. In their study, the streamlines and isothermsre visualized for
Ra = 10* and 1. Roy and Basak[[611], have solved natural convection ow in
a square cavity with a sinusoidal temperature variation by sing Galerkin FEM.
They observed that for the case of this non-uniform heatinghe heat transfer
rate is maximum at the center of the heated wall. Bilgen and dgler [11], also
analyzed sinusoidal temperature boundary conditions foratural convection ow
in enclosures using SIMPLER algorithm. Lcet al. [46] also considered the nat-
ural convection problem in di erentially heated enclosure for Ra values up to
10’. In this study, velocity-vorticity formulation of the governing equations are
considered using di erential quadrature method, and the agpled equations are
solved simultaneously by imposing the vorticity de nitionat boundary without
any iterative procedure.

An externally applied magnetic eld also in uences the ow ard heat transfer
in natural convection ow when the uid inside the enclosureis electrically con-
ducting. Karcher et al. [41] and Kakarantzaset al. [40] investigated the e ect of
a vertical magnetic eld on the convective heat transfer in a&ylindrical container
lled by a liquid metal heated locally from above. Studies ohatural convection
ow in rectangular enclosures with transverse magnetic els have been reported
in [66,[30] and with vertical magnetic elds in [62]. E ect ofmagnetic eld on
the natural convection ow in a liquid gallium lled square cavity for linearly
heated side walls is given in_|[67]. They obtained results bysing penalty nite
element method up toHa = 100 and Ra = 10°. Mahmud and Fraser[[48], inves-
tigated the MHD free convection and entropy generation for agsiare cavity for
low Hartmann numbers indicating that higher values of Hartman number re-
tard the uid motion in the cavity. Hady et al. [34], solved MHD free convection
ow along a vertical wavy surface with heat generation or almsbtion. Chamkha
[19], solved numerically the MHD ow in a vertical lid-driven cavity considering
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heat generation or absorption. Ece and Buyuk'[25], give dirential quadrature
solutions of natural convection ow under a magnetic eld inan inclined rectan-
gular enclosure heated or cooled on adjacent walls, and widothermal vertical
or adiabatic horizontal walls. They showed that convectiotbecomes stronger as
Ra increases while the magnetic eld suppresses the conveetiow and the heat
transfer rate. Oztopet al. [56], have analyzed MHD buoyancy-induced ow in
an non-isothermally heated square enclosure by using nit®lume method.

The magnetohydrodynamic ow and heat transfer of a viscouglectrically con-
ducting, incompressible uid between two parallel plates &s been studied by
many researchers due to the important applications. Nigam dnSingh [55] and
Alpher [2] considered thermally developed MHD ow between pallel plates by
adopting small temperature di erences and constant viscig parameter. Some
exact and numerical solutions for the MHD heat transfer proleims are found in
[7] and [55]. Attia and Kotb [7], studied the steady MHD ow andheat transfer
by considering an exponential temperature variation of theiscosity in a channel
between parallel plates. More accurate behavior of the owna heat transfer is
captured by taking temperature dependent viscosity espedly under the e ect
of externally applied magnetic eld. Attia extended the andysis in [7] includ-
ing the time derivatives for the MHD ow and heat transfer in [J. Attia in [4],
studied the in uence of variation in physical variables onte steady Hartmann
ow with heat transfer. He has used nite di erence method in d of his studies
for discretizing the governing equations and obtaining nuetical solutions. A hy-
brid solution technique (generalized integral transformhas been used by Lima
et al. [45] for the MHD ow and heat transfer of a Newtonian uid in paralel-
plates channels. In their work, both the stationary platesad moving upper plate
cases, and the in ow/out ow through plates are considered h the assumption
of variable viscosity. In the above mentioned studies the gies are oriented in
two directions by taking in nite lengths and thus the ow can be considered as
one-dimensional. The e ect of variable properties on the wteady Couette ow
with heat transfer under a magnetic eld is given in[[5] by takng into account
two components of the velocity eld, and the variation is agen in one dimension.
In the papers of Sweeet al. [71] and Maikap [49], MHD ow of a viscous uid
between moving parallel plates and plates with smooth expsion are given re-
spectively. In these papers, the homotopy analysis and retdi erence methods
have been used, respectively. A series solution has beenstartted using ho-
motopy analysis method (HAM) for the MHD ow of an incompressibé second
grade uid past a semi-in nite xed plate in [87]. In uence of thermal radiation
on the MHD ow has been also examined including coupled energyguation in
the solution procedure. Later, Hayat and Qasim have applied HANb obtain an-
alytical solution for heat and mass transfer over a stretchg sheet in the presence
of Joule heating and thermophoresis in Darcian porous med[38].

Singh [68] considered the ow of a conducting viscous incomgssible uid with

embedded non-conducting identical spherical particlesribugh a long rectangular
channel under the in uence of a uniform magnetic eld with aime varying several
cases for pressure gradient. The governing equations inghstudy are solved
using nite cosine transforms. Chamkha [18] used two-phasentinuum model to
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formulate the problem of unsteady laminar ow and heat tranger of a particulate
suspension in an electrically conducting uid through chamels and also circular
pipes in the presence of a uniform transverse magnetic el@lumerical solutions
are obtained based on nite di erence methods. Attia in[[6] sudied the unsteady
Couette ow and heat transfer of a dusty conducting uid between two parallel
plates with temperature dependent viscosity and thermal caluctivity, under
the assumption of constant pressure gradient and an extednaniform magnetic
eld. The governing coupled momentum and energy equations his study are
solved numerically using nite di erences. Sreeharireddyet al. [70] considered
the ow of a viscous conducting liquid with uniform distribution of dust particles
in a channel under the inuence of a uniform transverse maghe eld with
linearly varying time dependent pressure gradient. The uisady ow and heat
transfer of a dusty uid between two parallel plates with varable viscosity and
electrical conductivity is studied by Makinde and Chinyokain [50]. In their
study, the uid is driven by a constant pressure gradient, ad an external uniform
magnetic eld is applied perpendicular to the plates with a Neaier-slip boundary
condition. A semi-implicit nite di erence scheme is usedand the e ects of the
wall slip parameter, viscosity, electrical conductivity ariation, and the uniform
magnetic eld on the velocity and temperature elds for boththe uid and dust
particles are discussed. Saidat al. [65] studied laminar convective ow of an
incompressible, conducting, viscous uid embedded with neconducting dust
particles through a porous medium in the presence of uniforrmagnetic eld.
Constant pressure gradient and volume fraction of a dust peéele are taken into
account when one plate of the channel is xed and the other issallating in
time. Egua et al. [26] investigated the e ects of dependence on temperaturé o
the viscosity, electric conductivity, Reynolds number angarticle concentration
on the unsteady MHD ow. In their study, the velocity and the temperature
of a dusty, electrically conducting uid are obtained betwen parallel plates in
the presence of an external uniform magnetic eld using theetwork simulation
method (NSM) with the electric circuit simulation program Pgice.

Many numerical methods have been introduced for approximasolutions of blood
ow problems under the imposition of a magnetic eld. Haiket al. developed a
mathematical model of biomagnetic uid ow, and studied theapparent viscosity
due to magnetic eld e ects on human body in[[36]. They showeeéxperimen-
tally that blood ow rate under gravity is reduced by %30 unde the action of
a high intensity magnetic eld (10T). Loukopoulos and Tzirtzilakis [47] investi-
gated numerically by using FDM, the in uence of spatially-arying magnetic eld

on biomagnetic ow and heat transfer between two parallel pkes. Tzirtzilakis
[74] analyzed the laminar biomagnetic blood ow in a 3-D condt using FDM.

Time-dependent biomagnetic uid ow equations in a 2-D recangular channel
were solved with a pseudo-transient technique in the work dizirtzilakis [76]. A

grid stretching was used to be dense at the area where the maglisturbances of
the ow are expected. Tzirtzilakis [75] has also studied bmagnetic uid ow in

a channel with stenosis under the in uence of a steady locaéid magnetic eld
by using nite di erence method with a semi-implicit pseudotransient numerical
methodology. Time variable played the role of iteration beteen the equations,
and again stretching of the grid was used. Neofytou and Drikag53] investigated
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Newtonian and non-Newtonian modeling e ects on the unsteadyow through a
stenosis using the most well-documented blood constituévequations with FVM.
Their computations reveal that the results for the vortex fomation and wall shear
stress distribution are dependent on the non-Newtonian moldeKrashan and Haik
[43] studied laminar blood ow over a 2-D eccentric stenotiori ce subjected to a
permanent magnet with FVM. Lorentz force was neglected and ¢y found that
the location of reattachment point downstream the ori ce isaltered according to
the place and strength of the magnet. Numerical studies of Wd ow in healthy,
stenosed and stented carotid arteries were carried by Gayda#ahang [31] by using
immersed FEM. They did not consider the magnetic eld e ect sice the main
aim of the study was to show the exibilities in handling varyng shapes of embed-
ded structures of the blood ow. Li and Huangl[44] have consided solutions to
non-Newtonian, electrically conducting biomagnetic uid ow and heat transfer
using FVM. E ect of magnetic eld has been shown in the presemcof stenosis.
A fully closed systems of momentum and magnetic eld equatis are solved with
FVM accounting for the Lorentz force and magnetization forcén the study of
Kenjeres [42]. A modied nite di erence algorithm was introduced in [63] for
solving biomagnetic uid ow in a channel in the absence of eargy equation. In
this study, dual time stepping scheme and point-implicit \e-stage Runge-Kutta
(RK5) method were implemented to enhance the e ciency and té stability in
the iterative solution procedure. Bhargaveet al. [10] used FEM for solving 2-D
biomagnetic micropolar ow in a square geometry. The e ectfomagnetization of
the uid is added in momentum equations. They showed that ineasing the bio-
magnetic parameter decreases translational velocitieshareas they are increased
with a rise in microinertia parameter. Ikbal [39] obtained omerical solutions for
blood ow considering a viscoelastic uid having shear-tlmning rheology which
was characterized by generalized Oldroyd-B model, using antrol volume-based
nite di erence method known as MAC (Marker and Cell). Recetly, Tzirakis
et al. [73] presented a mathematical model for the description ofdmagnetic
Newtonian uid ow for investigating the e ects of magnetic eld produced by
a constant current carrying in nite wire, and a dipole like eld. The results are
obtained on straight and symmetrically stenosed channelsThey used an open
source adaptive mesh re nement solver (gnuid) which is bageon a pressure
correction scheme combining continuous Galerkin (for prasre) and discontin-
uous Galerkin (for velocity) methods. It was shown that a tine invariant and
irrotational magnetic eld does not alter the velocity eld, however, rotational
magnetization forces alters the ow eld. In another recentstudy, [77], Tzirtzi-
lakis and Xenos studied the biomagnetic uid ow in a lid-driven cavity under
the in uence of a steady localized magnetic eld. In their sidy, nite volume
method on a staggered grid was used for discretizing the ndandar systems in
the equations, and numerical solutions are obtained by theM8PLE algorithm.
It was shown that the application of the magnetic eld below he bottom plate of
the cavity, breaks characteristic primary vortex of the pue hydrodynamic ow.
Also, the strength of the magnetic eld in uences the ow in terms of number of
vortices reducing the velocities of the ow close to the botim plate.
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1.4 Plan of the Thesis

In the next chapter, the FEM analysis of two-dimensional ows of incompressible
viscous uids is presented. The FEM derivation of the N-S equi@ns is introduced
by demonstrating the fundamental steps of the method. The R formulation
of N-S equations is extended through the additional steps feplving the natural
convection ow equations. Next, FEM application to the naturl convection ow
equations involving magnetic eld e ect is given. Lastly, e numerical results
and discussions are presented for several incompressihiel ow problems.

In Chapter [3, Chebyshev spectral collocation method is ddeped for MHD ow
and heat transfer problems. Both one-dimensional and twardensional laminar
ows of incompressible viscous uids are considered in vaus physical con gu-
rations. In particular, the Navier-Stokes equations, and raral convection ow
under magnetic eld equations are resolved, and both quatditive and qualita-
tive comparison with the FEM results of Chapte 2 are preseat. The CSCM
solution to the problems of unsteady, one-dimensional MHD w and heat trans-
fer between parallel plates is presented. For the time digtization, an implicit
backward nite di erence scheme is made use of.

Chapter[4 presents the biomagnetic uid ow (blood ow) and heat transfer in
channels with various physical con gurations. A BFD model @nsistent with both
MHD and FHD principles is considered. Both steady and unsteadpws and
heat transfer of a biomagnetic uid are considered in chanfsgewithout and with
stenosis. The uid is assumed as Newtonian, and both electaity conducting and
nonconducting uid ows are considered. The FEM and DRBEM aplications
are introduced for the steady biomagnetic uid ow model whee the uid is
considered as electrically non-conducting. FEM applicains are presented for
the solution of the problem for biomagnetic uid ow through irregularly and
multiply-stenosed channels.

Finally, Chapter § summarizes the work carried in the thesjsand discusses ideas
for future research.

1.5 Contributions in the Thesis

In this thesis, numerical solutions to the problems of lamar, steady and/or un-
steady ows of incompressible, viscous uids are presente@onsidered problems
are mainly combined in three groups according to the numeatmethods used or
the physical con guration of the problems.

First, the incompressible uid ow equations are solved in kannels in terms of
stream function and vorticity for laminar regime Re  2000) by using both
FEM and CSCM. FEM with quadratic triangular elements gives rore accurate
results and solutions can be even obtained f&e values up to 10000 proving the
capability of the FEM code prepared. CSCM gives results forputo Re = 1000
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with considerably small number of collocation points and coputational cost.
Applications of both methods are extended to natural convelcn ow in enclo-
sures and natural convection ow under a magnetic eld in inkined enclosures
for high values of Rayleigh numberRa = 108, and Hartmann number values up
to Ha = 100. In this part, high accuracy and e ciency of FEM using quadratic
triangular elements have been shown comparing the solut®nvith the results
obtained from CSCM which has the advantage of giving the santeehavior of
the ow with relatively small computational cost and work. This is the rst
contribution in the thesis.

In the second group of the problems, the simplicity and e ciacy of CSCM in the
computations has been made use of in solving unsteady onexdnsional MHD
ow problems between parallel plates. The movement of one tie plates, ad-
ditional equations due to the dust particles, variations o¥iscosity of the uid,
Navier-slip boundary conditions, and the intensity of the aplied magnetic eld
are all considered as di erent physical situations and theotutions are simulated.
This study constitutes the second major contribution of thehesis.

Finally, the biomagnetic uid ow (blood ow) and heat trans fer in channels be-
tween parallel plates imposed to a magnetic source below tbeannels, are sim-
ulated even when the channels have stenoses. Both electficaonducting and
nonconducting uid cases are considered, and for a poor carading uid, steady
biomagnetic uid ow equations are solved by using both FEM ad DRBEM.
Boundary only nature of BEM resulted in small algebraic sysims giving the be-
havior of the ow and temperature at a small expense. HoweveFEM is more
powerful for obtaining solutions for electrically condudhg biomagnetic uid ows
for high values of problem parameters. By modifying the megjeneration (with
quadratic triangular elements) which uses quite ne elemés wherever required,
it was possible to solve the biomagnetic uid ow in irregulaly-multiply-stenosed
channels. A FEM based procedure was also derived for obtaigiunknown vor-
ticity boundary values in channels containing irregular gnoses. These are the
most important original contributions obtained in the thess in solving biomag-
netic uid ows.
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CHAPTER 2

FEM Solution of Incompressible Fluid Flow Problems

In this chapter, the nite element method (FEM) analysis of wo-dimensional
ows of incompressible viscous uids in laminar regimes isrpsented. The ow
problems under consideration are governed by a set of coupleartial di eren-
tial equations (PDEs), namely the continuity, momentum andenergy equations
which are the fundamental governing equations of uid dynams. The FEM
analysis is widely used in computational uid dynamics dued the considerable
advantages such as the treatment of complex geometries, tansistent treatment
of di erential boundary conditions, the exibility in prog ram design for solving
algebraic, di erential and integral equations and obtaimg higher order accuracy
in solutions compared to the other numerical techniques. Ehanalysis is rst
introduced by the FEM derivation of the Navier-Stokes (N-S) eggtions which
constitute the fundamental equations in modeling uid ow problems, and the
basic steps of the method in details are presented in Sectiddl. The FEM for-
mulation of N-S equations is extended through the additionadteps for solving
the natural convection ow equations in Sectiori Z12. The FEMormulations are
nalized with the application to the natural convection ow equations involving
magnetic eld e ect, and are presented in Section’213. The moerical results and
discussions to selected incompressible uid ow problemseprovided in Section
[2.4. The FEM formulations given in this chapter for the incorpressible uid ow
problems involving temperature variations and external ngnetic source e ects
constitute a basis for the FEM analysis of the biomagnetic id ow problems in
Chapter[4.

The nite element method, basically seeks an approximation, to the solution
of a boundary value problem,

L = a(xy)
(2.1)
B = s(xjy)
in the form
xn
h = iN;j (2.2)

j=1
where ; are the nodal values of ,, N; are the interpolation functions andn is
the number of nodes in the problem domain. In the boundary pbbem (Z.1),L is
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the di erential operator, B is the boundary operator which can involve Dirichlet,
Neumann or mixed type of boundary conditionsg and s are known functions in
the problem domain and on the boundary, respectively. Geradly, substituting
these approximations does not result in necessary and suemt number of equa-
tions to determine the unknown coe cients ;. Hence, weighted integral form
of the governing equations are used to obtain the necessarydasu cient equa-
tions. The fundamental steps of FEM usually start with the dscretization of the
problem domain into a set of elements which are called nitel@ments. Next, the
weak or weighted integral equations of the governing di ergial equations are
obtained. Interpolating functions are derived and the disetized FEM equations
are obtained via the weak form. The assembly of the nite eleemts and the
imposition of the boundary conditions follows. Finally, tle system of algebraic
equations is solved to obtain all unknowns through the proeim domain. This
general concept of nite element method is detailed with it@pplication to the
Navier-Stokes equations de ned in a closed domain togetheiitkv Dirichlet or
Neumann type boundary conditions.

2.1 FEM analysis of Navier-Stokes Equations

The FEM formulation of Navier-Stokes equations starts with @nsidering steady,
laminar ow of an incompressible uid in a domain , and takin g them in terms
of stream function and vorticity w which are introduced in Section”1.T11 as

r = w,; (2.3)

1, @0W @@w, 2.4
Re @x@y @y@x

The equations are given in non-dimensional formn, 2 is the Laplace operatorRe
is the dimensionless parameter Reynolds number afdis the forcing function.
The equations are accompanied by the no-slip wall conditierfor the velocity
which are converted into Dirichlet type boundary conditios for stream func-
tion and vorticity, on the boundary @. The derivation of unknown boundary
conditions for the vorticity transport equation is given inSection[2.1.1L.

A weak form is a weighted integral statement of a di erentialequation where
the di erentiation is distributed among the dependent varable and the weight
function, and also includes the natural boundary conditios of the problem. The
weak form of the N-S equations,[(213) and(2.4), is developeg brst multiply-

ing the equations with the weight functions! ; and! ,, respectively. The weight
functions are taken from the space of admissible functiongdt satisfy the ho-
mogeneous Dirichlet boundary conditions and are assumed bbe di erentiable
twice with respect to the space variableg and y, for the integrals appearing in
the variational problem to be well de ned, [52/ 59]. Integrang over the problem
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domain, the resulting weighted averages are set equal to aer
Z

l;r?2 +wd=0 (2.5)

Rel‘ W + @X@y @y@x d =O . (26)

Applying the divergence theorem to the weighted residual fowlations, the weak
form of the equations [Z.B) and[{2}4) is obtained as

yi yi yi
@@ @L@ @
) @x@x+ @y@y d+ Z! qwd + . ! 1@r<]3|s— 0 2.7)
1 @rew @:@ew ,  ~, @0Ow @O0w
Re @x@x @y@y 2 @x@y @y@x
z z (2.8)
Ifd + — | Q\Aészo
"2 Re o 2@n

wheren = (ny;ny) is the unit normal vector pointing outward on the boundary
@. The region is divided into nite elements to reduce the ap proximate

solution to each element. These elements can be trianglesquadrilaterals or
any at planar geometric shapes in 2-D. In this study, quadrac type triangular

elements having six nodes which are located at the verticeadaon midpoints

of each edge are used to discretize the problem domain. It issamed that the
unknowns and w, and the source functionf can be approximated over an
elemente by using quadratic shape functions,

X8
5(x;y) PNF(xY);

j=1
X6

WE(X;Y) WNE(X;Y); (2.9)
j=1
X6

fe(x;y) fENF(xy)

j=1
The quadratic shape functiondN#'s are given in area coordinates [28, 52], as

Ni= 121 1); N;= 222 1); N§= 323 1) (2.10)
Ng=4 1 2 NE=4 3 Ng=4 13 '

and ; = A=A, (i = 1;2;3) are linear shape functions given in local area co-
ordinates for each element. £, w® and f ¢ are the nodal values of , w and f
over an elemente, respectively. Here A is the area of the triangle, andA;'s are
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the areas of the subtriangles formed by using vertices witthé¢ centroid of the
triangle as shown in Figuré_2J1. The quadratic interpolatio functions N satisfy
the cardinal property that N = 1 at the i-th node, andNF = 0 at other nodes
of the elemente, that is,

Nie(Xj Vi) =i

where j is the Kronecker's delta function.
3 3

Centroid

A, A,

Az

1 2 1 4 2
Figure 2.1: Three-nodal (linear) and six-nodal (quadratjctriangular elements.

In Galerkin method which is a weighted residual method, wehg function ! ; is
taken as equal to the shape function used in the approximaticof the solution.
Substituting the approximations (2.9) into the equations [£.4) and (Z.8), and
dropping the boundary integrals due to the property of shapéunctions to be
vanished for Dirichlet type boundary conditions, the integal equations for any
six-nodal triangular element . are written as

!
‘£ ewfey ewcey . °

. @x_ @x @y_ @y ' .

' (2.11)
17 en®en en®ey ., S
e j=1 j=1 e i=1
z " ! ! #
. Xey.,*eoey Xay. oy .o _
N; —. Kk —C — X — Wjd c=0;
e k=1 @y j=1 @x k=1 @x j=1 @y
(2.12)

wherei =1;:::;6.

After the integrals are evaluated over the elemeng by using the area coordi-
nates ;, wherei = 1;2; 3, these equations can be written as 6 6 matrix-vector
equations as
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[Ke]f °g=[M °]fweg (2.13)

Rie[K fweg  [A%fweg=[Me]ffeg (2.14)

for each element, in which the element-level matrices are de ned as

. .~ oney eney
! . @x@x @y@y °

7 - ! ” ! #
oo S Fem. ey e, ey
! ey @y @x ., Ox @y

z
Me = NENSd e

e

After performing the assembly procedure which connects atidal element equa-
tions to the global equation system over the whole problem dwin, the global
matrix-vector systems are obtained

[K]f g=[M]fwg (2.15)

1 _
ooKltwg  [Alfwg=[M]ffg (2.16)

where the global matrices and force vector are

X2 gney ooy

K =
K] . @x@x @y@y °
7 " ! ! #
A = e T@n. ey Xaen. ey
- i “Av K T Ay Av K T Ay e
e=1 e k=1 @y @X k=1 @X @y
X 4
M] = NPNEd e
e=1 e
He
ffg = f:
e=1
Here,i;j = 1;::;6 refer to nodes for the elemeng, and the summation ¢

addresses the assembly procedure, which results in a systeinequations of size
equal to the number of total nodes in the solution domain. Thenatrices K],
[A], [M] are generally referred as the sti ness, advection and massatrices,
respectively. The integrations are carried out using an iparametric interpolation
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in which an arbitrary triangular element on the physicalxy-plane of the problem
Is mapped to the standard right isosceles triangle in the pametric -plane as
shown in Figure[Z.2 by a coordinate transformation

>(6 e e )@ e e
x=  XN7 y= yN,
j=1 j=1

whereN¢ are the shape functions given iri(2.10). The integrands areahsformed
from six-nodal physical triangle to the standard triangle,and the integrals are
approximated using six-point Gauss triangle quadraturé [{/59]. If the boundary
conditions are given in terms of normal derivatives (Neumartype), the boundary

integrals in (Z.4) and [Z.8) are also evaluated for each elent e and then go
through the assembly procedure for the whole domain. Sinchetse boundary
integrals contain the unknowns stream function and vorticity w, the sti ness

matrix [K] will include extra terms corresponding to these integrals

y

7!

X

1
Figure 2.2: Mapping from physical X;y) plane to the parametric (; ) plane.

2.1.1 \Vorticity Boundary Conditions

As the equations are given in terms of stream function and vacity, the boundary

conditions for vorticity are physically unavailable. Howeer, for the incompress-
ible uid ow problem to be well de ned, appropriate boundary conditions for

vorticity must be introduced. There are several approacheshich can be con-
sidered to obtain the required boundary conditions. Througput this chapter, a
Taylor series approximation of the stream function equatio (2.3) on the bound-
ary is considered. The relation

wy =12 (2.17)
is used to calculate the missing vorticity boundary conditins where (;j ) is a
boundary node. In this approac:h,@—Izl is approximated on a boundary node 0 as

mip =8 ot & p+ & g+ az n (2.18)
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where 0, p and g subscripts indicate values on the boundary node, angbh
and gh distance away nodes along the normal direction. The Taylor series
approximation of , and 4 about the node 0 are written and reorganizing,

mio= ol + &+ &)+ njy(phas+ gha+ as)+ i, (PPh*a=2+ Ph’a,=2)

is obtained. By equating the coe cients of the same derivatie terms on both
sides, the coe cientsag, a;, a, and az are obtained as follows

20° o) . _ _ 2q . _ 2p . _ 2(ptQ
2o o 27 o o 2 b o 2T hog
h?p?c?(p ) h?p?(p 0 h*ct(p 0 hpg
wherep 6 g are positive integers. Consequently, the boundary appreration for
the vorticity wy can be written as

aO:

Wo = (aO ot &y p+a2 q+aS n): (2-19)

The Equation (2.19), involves the stream function values atlistancesph and
gh from the boundary, which are assumed to be known. In additiorwhen the
boundary values of , , are prescribed, Equation[{Z.19) can be used to approx-
imate the unknown vorticity boundary condition with a truncation error of order
O(h?).

2.1.2 lterative Solution Procedure

Finite element application to N-S equations using Galerkinmproach results in
two coupled nonlinear matrix-vector equations(2.15) and2(18) for stream func-
tion and vorticity, respectively. Due to the nonlinearity, the coupled system of
equations is solved iteratively so that the system of equatns is reduced to a
set of two linear algebraic equations in every iteration. T algebraic equations
are solved imposing the Dirichlet type boundary condition$or stream function
and the calculated boundary conditions for vorticity. In the iterative procedure,
rst the stream function equation (2.15) is solved by using @ initial estimate
for vorticity. Next, the calculated stream function values & used to obtain the
boundary conditions for vorticity. In the calculation of vaticity boundary con-
ditions, an experimentally determined smoothing paramete is made use of for
increasing the convergence rate of the iterative procedur&he vorticity bound-

ary valueswg, at the (m+1)-th iteration level are averaged by the corresponding

values from them-th level via the relationw{"™” = w ™ +@  )w{™ where

0< < 1. The nal step of each iteration is to solve the vorticity egation (Z.18)
to obtain the vorticity values over the whole domain by usinghe newly obtained
stream function values in the matrix A] and the derived boundary conditions of
vorticity. These steps are repeated until a preassigned a@rgence criteria is met
for both the stream function and the vorticity values on the wole computational
domain with a given tolerance,

_(_m+1) (_m) "

I} ]

§m+1)

: (m)
Wi Wij

whereij denotes theij -th node varying from 1 to the total number of nodes in
the domain.
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2.2 Natural Convection Flow

This section extends the FEM analysis to natural convectiorow equations which
are resulting from the addition of energy equation to the Naer-Stokes equations.
The natural convection ow which corresponds to the physidasituation in which
the heat ux occurs inside the uid due to the interaction of the ow and the
temperature di erence of the uid, is introduced in Section.1.2. The govern-
ing continuity, momentum and energy equations in terms of stam function
vorticity w and temperatureT are given in non-dimensional form as

r = w
@ @w @ @w_ @T
@vax @xay [T WrRePrg, (2.20)
@eT @@t .
@yax @x@y

The dimensionless parameterBr, Ra and Ha denote the Prandtl number, the
Rayleigh number and the Hartmann number, respectively. Therpblem domain
Is usually taken as an enclousre @] [0O; 1] and the no-slip boundary conditions
for the velocity are accompanied with Dirichlet type condions for stream func-
tion and vorticity and/or homogenous Neumann type boundarya@nditions for the
temperature as discussed in Sectign 1.1..2. The FEM formulam is analogous to
that presented in the previous section for N-S equations, arsfarts with the de-
velopment of the weak form of the equations in(2.20). The wkdorm is obtained
by multiplying each equation in [Z.20) with the correspondig weight functions
'1, 1, and! 3 for the stream function, vorticity and temperature, respeiively.
The weight functions! 1, ! , and! 3 are similarly taken from the space of admissi-
ble functions that satisfy the homogenous Dirichlet type bandary conditions and
assumed to be twice di erentiable with respect to the spatiavariables. Then,
integrating the weighted equations over the problem domaiand setting equal to
zero gives 7

l, r2 +wd=0 (2.21)
z
l, Prr2w+ RaPr%;[ %X%‘;" gyg‘)’(" d=0 (2.22)
z
) @ @T @ @T | _
s T S ey Gvax @O (2.23)

Applying the divergence theorem to reduce the derivative o&tls in Laplace terms,
the weak form of the equations in[(2.20) is obtained as follew

Z z

@@ @@ . | was  1,%4s=0 (224

@X@x @y@y ' @ @n
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o5 @vew evew © @aw @aw
o 220w @x0w, o, 808w O Bw,
@Qx@x @y@y @x@y @yQ@x
. . (2.25)
+RaPr lo—d + Pr ! Q\%SZO
'Z@X o .2@n
‘ eser, ewer,, “, @er @ar,
@x@x @y@y P @x@y @y@x
2 o (2.26)
+ o !3@#320:

The unknowns , w and T are approximated over an element by using quadratic
shape functionsN's given in (Z.10) as follows

X6 X6
%(x;y) PNFOGY) wo(x;y) WNE(X;Y);
! 1= (2.27)
To(x:y) TENF(GY):
j=1

Following the steps of the previous section, the integral agtions (2.24)-[2.26)
for each elemente are written by dropping the boundary integrals as the shape
functions ! ; and ! , vanish due to the Dirichlet boundary conditions for stream
function and vorticity, respectively. For the temperatureequation, the walls are
either heated or cooled (Dirichlet type boundary conditiopor adiabatic (normal
derivatives are zero). Thus, in both cases the boundary irgeal in (Z:28) drops.
Discretizing the domain by using six-nodal triangular eleents and evaluating the
integrals over each element results in 66 systems of matrix-vector equations for
stream function, vorticity and temperature equations. Theassembly procedure
results in the algebraic systems of equations with the sizguals to the number
of total nodes for each system

[K]f g=[M]fwg (2.28)
Pr[K]fwg+[A]fwg= RaPrfF.g (2.29)
[K]fTg+[A]fTg=0 (2.30)

where the matricesK ], [A] and [M ] are de ned in the previous section, and the
vector f F1g is given as

X Z X @nN
fF.g= NE @—’XT.e d e

e=1 e j=1



P
wherei = 1;::;6 and as before, the summation ¢ indicates the assembly

procedure over all elements. The existence of the nonlingarms in the coupled
Equations (Z.28)-[2.3D) necessitates an iterative soloti procedure. The scheme
described in Section 2,112 is extended so as to include thenfgerature equation
(2.30). In each iteration, the stream function equation{Z8) is rst solved using
an initial guess for vorticity. Next, the boundary conditiors for vorticity are
obtained via Equation (Z.I9) derived in Section 2Z.1.1. A snathing parameter,

, for vorticity boundary values is made use of to acceleratbe convergence of the
solution (see Section 2.1l1). Having the vorticity boundargonditions computed,
the vorticity equation (2.29) is solved to obtain the vortiaty values on the whole
computational domain. The nal step of each iteration is to elve the temperature
equation (Z.30) using the newly calculated stream functioand vorticity values.
This iterative procedure is terminated when the convergeerariteria between two
successive iterations for all unknowns is satis ed so that,

(m+1) (m) (m+1) (m) (m+1) (m)
ijm ijm : Wijm Wijm : Tij m Tij m
where" is the convergence tolerance ang¢l denotes theij -th node varying from
1 to the total number of nodes in the domain as in Sectidn 2.1.2

2.3 Natural Convection Flow in Enclosures under a Magnetic F ield

The FEM discretization of natural convection ow equationsis extended to the
case where an externally applied magnetic eld is involvedi this section. The
induced magnetic eld inside the uid is neglected. In the cae where the external
magnetic eld is applied with an angle’ from the x-axis and the square cavity is
inclined from horizontal with an angle (see Figurd2.13), the governing equations
in stream function, vorticity and temperature are given asri Section[1.1.B,

r W
0y = @ QW @ Qw o sn o7

Prr “w = @V@x @x@y RaPr cos @ sin @

Ha’Pr cos sin' axay % (2.31)
.y - @ 1 @

+sIn Sin @—§'+COS @—y@x

r 2T o @@T QQT
@y@x @x@y
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The no-slip boundary conditions for the velocity are convézd into stream func-
tion boundary conditions so that the stream function is speed on the walls
of the cavity, and the normal derivatives of stream functionare made use of
in calculating the vorticity wall conditions. Thus, the stream function equation
and vorticity equation are accompanied by Dirichlet type bondary conditions.
For the temperature equation, both Dirichlet type boundaryconditions and ho-
mogenous Neumann type boundary conditions are taken into cgideration since
heated and/or adiabatic walls may physically be given.

el

Figure 2.3: Problem con guration for MHD natural convection ow.

Comparing Equations [2.2D) and[{2.31) it can be seen that the ect of heat
exchange appears as temperature convection terms throudtetinclination angle

. The external magnetic eld e ect is introduced as multiplication of velocity
variations by Ha? and Pr in the last term on the right hand side of the vorticity
transport equation. The stream function and temperature agations remain un-
changed. Therefore, the FEM methodology described for Edians (2.20) will
only dier in the second and third terms of the right hand sideof the vorticity
equation. The FEM discretized systems for Equation§ (Z3tgan then be written
as follows

[K]f g=[M]fwg (2.32)
Pr[K]fwg+[A]fwg= RaPrfF,g+ Ha?PrfFsg (2.33)
[K]fTg+[A]fTg=0": (2.34)

The matrices K], [A] and [M] are de ned in Section( 211, the vector$ F,g and
f F3g are de ned as,
[

X Z X @N X @N
fF,g= N° cos U sin @T-e d .

! @x @y

e=1 e j=1 j=1
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X 2 X @Ne X @Ne

fFag = Ne cos sin' L ¢+ cos' - °
e=l e j=1 @x@y j=1 @%
56 56 I#
e e
+sin'  sin’ N, 7 +cos' @N, 2 e
j=1 @y j=1 @x@y
P Me

Here,i = 1;::;6 and the _; as mentioned earlier, represents the assembly
procedure. The iterative procedure given in the previous ai#on is followed in
solving the coupled equationd (Z.32)-(2.B4). Each iteratn starts with solving the
stream function equation [Z.3R), and then, the vorticity wid conditions are ap-
proximated as given in Section Z.1l1. Henceforth, the vorttg equation (Z.33) is
solved to obtain all nodal values of the vorticity in the whad problem domain. As
the nal step of each iteration, the temperature equation[(2Z34) is solved. These
iterations are carried on until the preassigned convergemdolerance is reached
between two successive iterations for stream function, ity and temperature.

2.4 Numerical Results

This section presents FEM solutions to steady, two-dimermial, laminar ow
problems of incompressible Newtonian uids in square enclggs. First, in Sec-
tion 2.4.1, the e ciency of the numerical method is tested though a problem
de ned by the Navier-Stokes equations where the exact solati is available. Sec-
ond, solution to the ow in a lid-driven square cavity, the bechmark problem,
IS given in Section[2.4]2. Next, Section"2.4.3 presents thelutimon of natural
convection ow in a square cavity. The natural convection v is extended to
the case where an external magnetic eld takes place outsitlee enclosures, and
two applications with di erent sets of boundary conditionsre ecting di erent
physical con gurations are provided in Sectiori 2.414. Theumerical solutions
are obtained using the iterative procedure discussed in $iea 2Z1.2. For the
problems involving heat transfer, the iterative procedures extended and the tem-
perature equation is involved as explained in Sectidn 2.2.h& problem regions
are discretized using quadratic triangular elements. A sate discretization us-
ing Me = 18 elements and the local-global node numbering system asbown
in Figure [Z.4. The number of elementsM,, used in the computations is speci-
ed in each problem. In the simulations, the iterations arenitialized with zero
estimates (for vorticity or temperature), and the converge results obtained for
lower parameter values are used as starting vectors in theerative procedures
for higher parameters provided that the number of elements@equal. The sys-
tems of equations in each iteration, are solved using a MATLABode involving a
sparse system solver function, and the convergence tolecarin all test problems
for all cases is taken as 16.

38



U3 44 U5 46 47 48 Lo

B6 37 B8 39 Ho 41 @2

29 30 B1 32 B3 34 35

22 23 R4 A 25 56 27 28

Figure 2.4: Sample discretization of a square region usiiv = 18 elements.

2.4.1 Navier-Stokes Equations with Exact Solution

A test problem with known solution is rst solved to verify the accuracy of the
FEM procedure given in Section Z]1. The N-S equations includj an additional
non-dimensional force ternf which are given as

rz = w (2.35)
2 @ @w @ @w
r 2w+ Re @@y evax " (2.36)

are considered in a square domain where 0Ox;y 1. The problem constructed
in [69] is designed so as to satisfy the no-slip boundary catohs (u = v = 0)
and consequently the exact stream function is taken as

e= 8(x Xy yH*: (2.37)
The corresponding exact vorticity function is easily obtaied from (Z35) as
We = 16[(6x2  6x+1)(y VYI)Z+(x x3)%*6y* 6y+1)]: (2.38)

The Dirichlet type boundary conditions for both stream funtion and vorticity
are obtained directly from the exact solutions[{2.37) and(38), respectively.
The problem geometry and the boundary conditions are shown iFigure [Z.5.
The forcing function f is derived by substituting (2.37) and [Z.3B) into [Z.36).
Numerical calculations are performed for several values oeyolds numbers,
Re = 0, 103, 10* and 1¢. The Re = 0 case corresponds to the elimination of
convective terms in the vorticity transport equation (Stole's ow), whereas,Re =
1P, is a case where the convective terms are highly dominatinghe numerical
solutions are obtained usingVl = 800 quadratic triangular elements for the cases
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w=16( x?+ x)?
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=0
w=16( x2+ x)?

Figure 2.5: Domain and boundary conditions of ProblemZ.4.1

whereRe = 0 and Re = 103, however, the solutions for higher valueRe = 10*
and Re = 10°, are obtained usingM, = 1250 elements. In order to investigate
the e ciency of the numerical procedure quantitatively, the maximum absolute
errors and ,, are calculated for stream function and vorticity, respectely,
which are de ned as

=mi<Jaxj i (X y)is W=mi§,:1xjwi,- We(Xi; V)]

where the point (;;y;) goes through all the nodes. It is obvious from the de ni-
tions of the exact stream function [(Z.3[7) and the exact vortity function (2.38)
that the solutions are independent of the Reynolds number.igure[2Z.6 shows the
streamlines and the vorticity contours for (a)Re = 0, (b) Re = 103, (c) Re = 104
and (d) Re = 10%. The perfect agreement between the exact solution and the
numerical solution guarantees the e ciency of the FEM for tlese types of ow
problems even for highlRe governing the ow. Moreover, Figurd 2.6 presents the
maximum error values for both the stream function and vortity on the top of
each plot. It is observed that the di erences between the nuemical solutions
and the exact solutions are signi cantly small especiallynithe stream function.
The error values increase with an increase iRe, particularly for vorticity, this
increase is more pronounced which is an expected result doghe dependency of
the vorticity equation on Re. Furthermore, the numerical tests performed using
number of elements in the rangeM, = 32 to M, = 5000, for a xed Reynolds
number, Re = 103, to examine the dependence dfle on  and ,, for stream
function and vorticity, and the results are listed in Table 21l. It is observed that,
increasingM, results in a continuous decrease in the error values for bothe
stream function and vorticity. The  value is smaller compared to the,, value
in each case, and this is an expected result due to the existerof nonlinear terms
in the vorticity equation.
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Figure 2.6: Problem[2.411: Streamlines (L) and vorticity aatours (R) for (a)
Re=0, (b) Re= 103, (c) Re=10% (d) Re=106.
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Table 2.1: Maximum absolute errors of Problen 2.4.1 fdRe = 102 with various
M. values.

Me w

32 0.0016 0.0630
128 79709 10° 0.0063
288 17226 10° 0.0014
512 56069 10 °¢ 5:3324 104
800 23481 10°¢ 214145 104
1152 11353 10 ° 1:2390 104
1568 60716 10’ 6:9724 10°
2048 34906 10 7 42099 10°
2592 21137 107 2:6862 10 °
3200 13268 10 7 1:7918 10°
5000 44948 108 75455 10°6

2.4.2 Lid-driven Square Cavity Flow

Having put forth the e ciency of FEM in the previous section, the lid-driven

cavity ow problem is taken into consideration. This benchrark problem has
been investigated extensively by many researchers and usedest computational

uid dynamics numerical schemes. The governing equationseagiven as before
(Section[I.1.1)

r2 = w; (2.39)

2 @ @w @ @w_
re " @x@y @yex (2.40)

The no-slip boundary conditionsu = v = 0, on the three solid walls of the square
cavity are assigned, and the top wall is moving in its plane tthe right with a
velocity u = 1, v = 0. These conditions are imposed in terms of the stream
function as visualized in Figurd_2]7 that

=0 on x=y=0andx=y=1;

@ _ o oy —1-

@X—O on x=y=0and x=y=1;

@ (2.41)
— =0 onx=y=0andx=1;

@y y

@

— =1 ony=1:

@y Y
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Figure 2.7: Domain and boundary conditions of Problemn2.4.2

The FEM procedure given in Section 2]2 is followed and the nalgebraic equa-
tions (2.15) and [Z.16) are solved iteratively for Reynoldsumber Re = 100, 500,
1000, 1500 and 2000. It is important to note that when laminalows are under
consideration, the Reynolds number is generally less thehet accepted critical
value which is approximately 2100. However, it is a widely udeoractice to test
the e ciency of the numerical method for higher values ofRe, as in [32,[64].
Henceforth, the numerical tests withRe = 5000 and 10000 are also conducted
in the present study to enlighten the e ciency of the procedue. In the compu-
tations, M, = 1250 quadratic triangular elements are used foRe values up to
2000, whereas the number of elements used for the caRes= 5000 and 10000 is
M. = 5000. The numerical solutions are illustrated in terms ofteeamlines and
vorticity contours in Figure [Z8 and Figure[2.D, respectivg. Figure [Z.8 depicts
the e ect of the increase oRe in streamlines. It is observed that, when Reynolds
number is 100, there is a primary vortex formation through tk right upper cor-
ner, and a secondary eddy (downstream) is also observed elts the right lower
corner of the cavity. Increasing Reynolds number, causesetiprimary vortex to
move to the center of the cavity. Another secondary eddy (upstam) formation
is observed close to the left lower corner of the cavity wheRe = 500. These
secondary eddies are growing as Reynolds number increagesstence of a third
eddy close to the left wall is noticed wherRe is close to 1000, and this eddy is
growing as Reynolds number increased to 1500 and 2000. FerthHormation of
new vortices and growth in the secondary eddies can be seentmh values of
Reynolds number Re = 5000 and 10000) in Figuré_2.10. It can be observed from
Figure[Z9 that the vorticity contours are slightly disturbed from being symmetric
with respect to vertical centerline of the cavity starting fom Re = 100 due to the
movement of the upper lid. As Reynolds number increases, hawe, the vorticity
contours move away from the cavity center towards the wallsf ¢he cavity. The
dominance of the convective terms becomes more evident sitag from Re = 500
up to 2000. There is a very strong vorticity gradient develapent observed on
the moving lid when Reynolds number is high. On the other handhe center of
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the cavity is stagnant, and the uid forms boundary layers ase to the walls of
the cavity. The stagnant region and the formation of boundar layers are more
pronounced with a further increase irRe to 5000 and 10000 as can be seen in
Figure[Z10. The boundary layer formation, the behavior ofie uid and vortex
developments perfectly agree with the results provided irhé literature [32,[64].

Re =100 Re =500

=05
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02
0.1
AN %
% 0.2 0.4 06 0.8 1
X
Re = 1000 Re = 1500

1 1
0.9 0.9
0.8 08 7
0.7 0.7
06 06

> 05 =05

0.4 0.4
03 03
02 02
0.1 s @ 0.1 k J

% 0.2 0.4 06 0.8 1 % 02 0.4 06 0.8 1

X
Re = 2000

N—

0 0.2 0.4 0.6 0.8 1

Figure 2.8: ProblenZ.42: Streamlines fdRe = 100, 500, 1000, 1500 and 2000.
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Figure 2.9: ProblemZ.4.2: Vorticity contours forRe = 100, 500, 1000, 1500 and
2000.
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Figure 2.10: Probleni2.4]2: Streamlines (L) and vorticityantours (R) for Re =
5000 and 10000.

2.4.3 Natural Convection Flow

In this section, numerical solution to the natural convectn ow in enclosures is
given. The governing equations given if(Z.20) as

r = W
@ @w @ @w_ 2 @T
@y@x @X@y_ Prr ‘w+ RaP Y@X (242)
@ar @Ot .
@y@x @x@y

are solved using the iterative procedure described in Sewxti[Z.2. The no-slip
boundary conditions for the velocity are assumed, and acdangly the boundary
conditions of stream function are taken as zero on all the vslof the cavity. The
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vorticity boundary conditions are derived from Taylor sems expansion of stream
function as given in Sectio. 2.1]1. Temperature has Dirickt type wall conditions

asT =1and T =0 at the left and right walls of the cavity, respectively, wtereas
adiabatic conditions@ T =@y0 are imposed on the top and bottom walls (Figure

2.11).

201%);20
0:1)
=0 =0
T=1 T=0
(@] :01@:0 (1,0) X

Figure 2.11: Domain and boundary conditions of Problem Z3.

The Prandtl number is taken as @7 in the numerical simulations, and the stream-
lines, vorticity contours and isotherms are obtained for Rdeigh number values,
Ra =103, 10% 1% and 1. The problem domain is discretized usiniyl, = 1250
elements.

Figure[Z.12 shows the streamlines, vorticity contours andatherms for the corre-
sponding Rayleigh numbers. FoRa = 103, it is observed that the viscous forces
dominate the ow. The lenient convection e ect is observed s1the streamlines
have a circular pattern, the vorticity contours take place rostly at the center of
the cavity, and the isotherms are in regular behavior whichra nearly vertical.
As Rayleigh number increases, natural convection dominatése ow pattern.
The increase in Rayleigh number corresponds to the increaseBuoyancy forces
which results in signi cant convection in the ow. The streanlines gain an ellip-
tic pro le, the vorticity contours get separated into two major vortices towards
the main diagonal of the cavity. The isotherms are distorteéfom vertical pro le
into horizontal behavior through the center of the cavity. Br all unknowns it
is noted that as Rayleigh number gets higher values, boundgatayer formation
occurs along the vertical walls. These behaviors are in ekeat agreement with
the previously published results’[2Z, 46].
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Ra =102

Figure 2.12: ProbleniZ.4]3: Streamlines (L), vorticity caours (M) and isotherms
(R) for Ra =103, 10% 1 and 1.
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2.4.4 Natural Convection Flow in Enclosures under a Magneti c Field

This section presents two natural convection ow problemsnder an externally
applied magnetic eld in square enclosures. The governing@ations are given

in Equations (2.31) as

2

r = w
», _ @ @w @ @w @T . @T
Prr sw = @y@x @x@y RaPr cos @x Sin @y
. @
2 U 1 ]
Ha“Pr cos sin @X@;cos @ (2.43)
+sin' sin' %+c05' @?;y@x
or - @OT @@T
@y@x @x@y

The FEM discretized system of Equations[{2.32)-(2.84) arevgn in Section[2.B.
The angles in Equations[(Z.43), and' are measured in degrees as counterclock-
wise direction (positive), and clockwise direction (negate). The test cases are
taken with di erent temperature boundary conditions whichre ect the physical
setup of the problems. In the rst problem, the bottom wall ofthe cavity is
sinusoidally heated and the e ect of the temperature variabn in the cavity is
investigated. The second problem of natural convection ows considered with
two linearly heated walls. Both problems are initially soled under the assump-
tion that the inclination of the cavity is absent and the direction of the external
magnetic eld is horizontal. Accordingly, setting =0 and ' = 0, Equations
(2.43) take the form

2

r = W
. . @ Q@w @ @w @T | o @
PIEW S avex axay o ex M ex (2.44)
o7 = @0@T @Q@T
Qy@x @x@y

The numerical investigation is carried on by several inclation and magnetic
eld direction angle variations. In the numerical computatons for both of the
problems, the Prantdl number is taken as 1. Numerical solutis are obtained
for Hartmann number values up to 100 and Rayleigh number valseup to 10.
M. = 5000 elements are used in the computations.
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2.4.4.1 Sinusoidal bottom wall temperature

In this problem, natural convection ow in a square enclosw (cavity) under
an externally applied magnetic eld is considered. The cayi is xed in the

horizontal direction where the inclination angle is = 0 as shown in Figure
[2.13. No-slip boundary conditions are imposed for velocitynplying zero stream
function and its normal derivatives on the walls. The vertial walls of the cavity
are thermally insulated (adiabatic) whereas the bottom wals sinusoidally heated
and the top is isothermally cooled. The boundary conditionare given as[[56]

y
=0, T=0
B
:O,%:O j =0 %:0
=0, T =sin(2 x) X

Figure 2.13: The geometry and boundary conditions of ProbtelZ.4.4].

u(x;0)=0; v(x;0)=0; u(x;1)=0; v(x;1)=0;

u(0;y) =0; v(0;y)=0; u(L;y)=0; v(Ly)=0;
@T —o- @T
@Xx=0_ ’ @Xx=1

(x;0)=0; (O;y)=0; (x1)=0; (Ly)=0;

@ _a6 @ Q@ @

= =0; — =0;: — =0; — =0:
@yy=0 @yy=1 @Xx=0 @Xx=1

This physical con guration has important implications esgcially for shallow en-
closures in which thermal penetration has certain importage in industrial pro-

cesses and furnaces. The spatial sinusoidal temperaturei@aons occur when an
array of cylindrical heaters is used to heat one of the wallg the cavity. In these

cases, the temperature of the wall attains its maximum valuat the contact point

of the circular cross-section of each heater. The temperatis before and after
the contact region decreases as the distance from the heaseirface of the wall
Is increasing. The numerical results are presented in terna$ non-dimensional
stream function, vorticity and temperature contour valuesin the gures, from

left to right, respectively.

=0; T(x;1)=0; T(x;0)=sin(2 x);
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Ra =10 %

Figure 2.14: Problem[Z.4.4]1: Streamlines (L), vorticity antours (M) and
isotherms (R) forHa = 10, Ra = 103, 10%, 1¢° and 10.

Figures[Z.1#4 and_2.15 present the streamlines, vorticity emurs and isotherms
at xed Hartmann numbers Ha = 10 and Ha = 50, respectively, for the values of
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Figure 2.15: Problem[2.4.4]1: Streamlines (L), vorticity antours (M) and
isotherms (R) forHa = 50, Ra = 103, 10%, 1 and 10.

Rayleigh number,Ra = 103, 10%, 1(° and 1. Increasing Rayleigh number when
Hartmann number is xed (Figure[2.14 whenHa = 10 and Figure[Z.15 when
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Figure 2.16: Problem[Z.4.4]1: Streamlines (L), vorticity antours (M) and
isotherms (R) whenRa = 10° and Ha =100 for =0, ' =0, 45 and 90.

Ha = 50), causes the streamlines and vorticity contours to be areased in magni-
tudes. The ow starts to develop boundary layers close to hésd bottom wall and
then on adjacent adiabatic walls. The isotherms are deformend start getting
pushed towards the heated wall. This shows that the sinusaitly heated bottom
wall controls the ow and temperature behavior mostly. Highe values of Ra
cause a deformation on streamlines from heated bottom walrbugh cooled top
wall. In terms of streamlines and vorticity contours, incrasing Rayleigh number
from Ra = 10° to Ra = 10* does not have a major e ect for bothHa = 10
and Ha = 50 cases. However, higheRa values cause signi cant alteration on
streamlines and vorticity contours. This e ect is more proounced when Rayleigh
number is increased to 10 Also, higher values of bothHa and Ra asHa = 50
and Ra = 10° separate the ow along the horizontal centerline of the caj
into two vortices. This means that the external magnetic ell is more powerful
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controlling the ow. The increase inRa increases the vortex moves in vorticity
through the bottom of the cavity and boundary layer formatio starts near the
bottom wall especially for high value oHa (Figure [Z15). IncreasingHa has not
much e ect on isotherms.

Figure[Z.I6 depicts the streamlines, vorticity contours ahisotherms forRa = 10°

and Ha = 100 when the magnetic eld is applied with angles =0 , 45 and

90 . When the magnetic eld is applied horizontally ( =0 ), a further increase
in Ha (Ha = 100) for a xed Ra = 10° shows a concentration of the ow to the
heated bottom wall in terms of boundary layer for both streaitmes and vorticity.

These results show a reasonable agreement with the resultesented in [[56]
which considers only the case of magnetic eld parallel to &x-axis. When the
magnetic eld is applied at an angle of = 45 , formation of two loops along
the diagonal of the cavity and development of boundary laysrin the direction
of the magnetic eld are observed in streamlines. In additioto the boundary
layers close to the bottom wall, layers are observed alongetidiagonal in vorticity

contours forming vortices with opposite circulations. Thedeformation is also
observed in isotherms in the direction of the applied magnet eld, however, the
boundary layers near the heated bottom wall show a relativelsmall alteration.

When the magnetic eld applies with an angle of =90 , formation of boundary
layers in both stream function and vorticity contours is obsrved close to the left
wall. A major vortex in streamlines near the left wall of the avity, and multiple

eddies in vorticity contours indicating the retarding e e¢ of the magnetic eld

are seen vertically. The isotherms seem to be not much a ectevhen compared
with the horizontally applied magnetic eld case.

2.4.4.2 Linearly heated left and bottom walls

In this problem, a physical con guration of natural convecion ow under mag-

netic eld is considered where the non-dimensional tempétae is zero on the
right and top walls, and on the left and bottom walls it varieslinearly. No-slip

boundary conditions for velocity are converted into the seam function boundary
conditions where the stream function and its normal derivates are zero on the
walls. The boundary conditions are described as in |25]

u(x;0)=0; v(x;0)=0; u(x;1)=0; v(x;1)=0;
u@;y) =0; v(0;y) =0; u(L;y)=0; v(1;y)=0;
T(x;1)=0; T(L;y)=0; T(x;0)=1 x; TO;y)=1 ;
(x;00=0; (0;y)=0; (x;1)=0; (Ly)=0;
@ @ @ @
— =0; — =0; — =0; — =0:
@yy=0 @yy=1 @Xx=0 @Xx=1

The boundary conditions for stream function and temperatwr are shown on the
problem domain in Figure[Z1l7. In this problem, in addition ¢ the e ects of
Rayleigh number, Hartmann number and magnetic eld directio on the ow
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behavior, several cavity inclination angle tests are cagd, and the results are
given in terms of streamlines, vorticity contours and isotirms.

Figure 2.17: The geometry and boundary conditions of ProbtelZ.4.4.2.

FiguresZ.18[2.19 and2.20 show the streamlines, vortictgntours and isotherms
for Rayleigh number valuesRa = 103, 10* and 1¢ when Ha = 0, Ha = 30
and Ha = 80, respectively. Inclination angle and magnetic eld direction
angle' are taken as zero. As can be seen from these gures that, incsegy
Rayleigh number causes an increase in the magnitudes of theeamlines and
vorticity contours for a xed Hartmann number. The central vartex in vorticity
is destroyed and concentrates through the bottom and side WaasRa increases,
and asHa increases boundary layers are formed completely close tese walls.
The isotherms circulate in the cavity asRa increases, and this circulation is
especially prominent in the absence of magnetic e ecH@ = 0) when Ra is
high (Ra = 10°). As Ha increases, however, the magnetic force dominates the
buoyancy e ect and the circulation of the isotherms is redwed. The contours of
the stream function, vorticity and temperature are drawn fo the highest set of
Rayleigh number 16 and Hartmann number 100 in Figure§ 2.20-2.23 with several
combinations of cavity inclination angle and magnetic eldirection angle values.
The e ect of the magnetic eld direction is investigated by onsidering' =0 ,
45 and 90 values, where the inclination angle of the cavity is taken as= 0 in
Figure[ZZ1, =45 in FigurelZ22 and = 45 in Figure[Z.Z3. It is seen from
these gures that the streamlines, vorticity contours and o the isotherms are
changed in the same direction with the magnetic eld. Espegily streamlines form
boundary layers close to the walls which are parallel to thepalied magnetic eld.
Secondary ows in opposite directions are developing alorige magnetic eld
direction for 0 and 45 inclinations of the cavity, but 45 inclination does not
cause secondary ows. The boundary layers and vortices arns@observed in the
vorticity contours. Because of the domination in the conveion, the isotherms are
shifted towards the cold (upper right) corner. The signi cat variations in stream
function, vorticity and temperature are observed with respct to the inclination
of the cavity only when the inclination angle is negative. herms do not alter
for =0 and =45, butfor = 45 they expand vertically compared to
other cases. Streamlines and vorticity behaviors are alntdbe same which were
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Ra =108

Ra =10 4

Ra =10 °

Figure 2.18: Problem[2.4.4]2: Streamlines (L), vorticity antours (M) and
isotherms (R) whenHa = 0 for Ra =103, 10 and 1#, =0, ' =0.

observed for changing values of (magnetic eld direction) in the cases =0
and =45 . As the cavity is inclined 45 in clockwise direction ( = 45), a
single circulation eddy is observed in all applied magnetield directions (Figure
[2.23). In both streamlines and vorticity contours, bounday layers along the
horizontal walls are observed in the case where= 45.

It can be inferred from these gures that the ow pattern and reat convection in
the square cavity is strongly a ected by the variations oRa and Ha in terms of
magnitudes and boundary layers. The inclination of the ena$ure with respect to
the horizontal direction and the direction of the externaly applied magnetic eld
have also signi cant in uence on the ow. The ow action and boundary layer
formation take place along the direction of the magnetic @. The behaviors of
the streamlines and isotherms show a good agreement with thesults observed
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Ra =103

Ra =10 4

Ra =10 %

Figure 2.19: Problem 2.4.4.2: Streamlines (L), vorticity antours (M) and
isotherms (R) whenHa = 30 for Ra =103, 10 and 1, =0, ' =0.

in [25]. In addition, in this thesis, vorticity behaviors ae supplied for all the
variations of Ra, Ha and the angles, and' .

As a conclusion, in this chapter, the fundamental steps of FEMpplication to
incompressible uid ow and natural convection ow equations in terms of stream
function, vorticity and temperature are demonstrated. Numecal solutions for
several problems including lid-driven cavity ow and natual convection ow un-
der a magnetic eld in inclined enclosures are presented. FEM discretizations,
guadratic triangular elements are used to ensure accuratp@oximation for the
second order derivatives of stream function in the vortigjt equation. The e -

ciency of the method is proved through a test problem for whidhe exact solution
is available. Solutions to the lid-driven cavity ow problen are provided for lam-
inar ow regimes up to Reynolds number valueRe = 2000, and furthermore,
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Ra =10 8

Ra =10 4

Ra =10 °

Figure 2.20: Problem 2.4.4.2: Streamlines (L), vorticity antours (M) and
isotherms (R) whenHa = 80 for Ra =103, 10 and 1¢, =0, ' =0.

the numerical solutions are presented for highé®e values as 5000 and 10000 for
showing the e ciency of the FEM algorithm and capability of the code prepared
in the thesis. FEM solutions of natural convection ow in indined enclosures in
the presence of an oblique magnetic eld are presented. Thppdication of FEM
with quadratic elements for solving natural convection owproblems under the
in uence of an external magnetic eld, constitutes the orighal core part of this
chapter in the sense that the results are obtained for largeales of Rayleigh
and Hartmann numbers up toRa = 10® and Ha = 100. The increase inRe for
the lid-driven cavity ow and the increase inRa in natural convection ow have
the common e ect as the development of stagnant regions at ¢hcenter of the
enclosure for the ow, and formation of boundary layers forlaunknowns. It is
found that, external magnetic eld is more powerful contrding the ow than the
buoyancy force in natural convection ow.
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© =45

' =90

Figure 2.21: Problem 2.4.4.2: Streamlines (L), vorticity antours (M) and
isotherms (R) whenRa = 10° and Ha =100 for =0, ' =0, 45 and 90.
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' =90

Figure 2.22: Problem 2.4.4.2: Streamlines (L), vorticity antours (M) and
isotherms (R) whenRa = 10% and Ha = 100 for =45,"' =0, 45 and 90.
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Figure 2.23: Problem 2.4.4.2: Streamlines (L), vorticity antours (M) and
isotherms (R) whenRa = 10°% and Ha = 100 for = 45,' = 0, 45 and
90.
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CHAPTER 3

Numerical Solutions of MHD Natural Convection Flow
using Chebyshev Spectral Collocation Method

This chapter presents the numerical solutions of MHD ow and &at transfer prob-
lems using Chebyshev spectral collocation method (CSCMh beneral, spectral
methods are a family of numerical methods in which a functiois approximated
globally by representing it as a nite sum of preassigned drbgonal functions.
In spectral methods, each function spans the whole domain der consideration,
and therefore, the derivatives of the function depend on thentire discretization.
When the interpolating polynomials for approximating the unknown functions are
de ned on a set of clustered Chebyshev-Gauss-Lobatto (CGlppints in which
the di erential equations are discretized, the method is ferred as Chebyshev
spectral collocation method. The polynomials are di ereméited analytically and
a di erentiation matrix is constructed for derivative approximation. The higher
order derivatives can easily be obtained by multiplying thee di erentiation matri-
ces. This makes the procedure computationally cheap and ayhiorder accuracy
is achieved, hence, the method is frequently used espegiati simple geometries.
The primary objective of this chapter is to utilize the easefamplementation and
the convenience of CSCM with high order accuracy to espetyabne-dimensional
problems. Additionally, for the integrity of the whole thess, the two-dimensional
ows studied in Chapter 2 are reconsidered. Thus, the presechapter presents
the CSCM applications to both one-dimensional and two-dinmsional laminar
ows of incompressible viscous uids for various physicalon gurations. The
method of obtaining the di erentiation matrices and the deails of the collocation
approach using CGL points are described in Section 3.1. Thed-dimensional
extension is described in Section 3.2 where the CSCM appticas to Navier-
Stokes and natural convection ow under magnetic eld equabns are provided.
In particular, solution to N-S equations with exact solutionis provided in Section
3.2.1, the lid-driven square cavity problem is solved in Sgan 3.2.2, and Section
3.2.3 deals with the solutions of natural convection ow prolem. Sections 3.3
and 3.4 present the CSCM solutions to one-dimensional MHD awvwith heat
transfer between parallel plates, where the uid contain paicles (dusty uid)
in the latter case. In each problem section, the problem deition, the CSCM
application and the numerical results are presented indidually.
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3.1 Chebyshev Spectral Collocation Method

In collocation methods, the fundamental idea is to requirente numerical approx-
imation  of a solution to boundary value problem

L=g
(3.1)
B = s

to be exactly satised on a set of previously de ned points wich are called
the collocation points. L is the di erential operator, B is the boundary oper-
ator, g and s are known functions in the problem domain and on the bound-
ary, respectively. In general, the solution is interpolaied at the collocation
points, and the derivatives of the solution are approximaté by the derivatives
of the interpolating polynomial. In CSCM, the collocation wints are taken as
the Chebyshev-Gauss-Lobatto (CGL) points which are the n&d of the Gauss-
Lobatto quadrature formula for the Chebyshev polynomialsral also the extreme
points of the Chebyshev polynomials (in [1;1]). The CGL points are widely
used in interpolation due to the desired property of unevenistribution in the
standard interval, where the majority of them are gathered ear the endpoints of
the interval.

The Chebyshev polynomial of the rst kind T,,(x) is a polynomial of degreen
de ned for the interval [ 1;1] by

Th(X) = cos(narccosx); n=0; 1::; N: (3.2)
The trigonometric relation
cosph+1) +cos(h 1) =2cos sin (3.3)
gives the recurrence relation [1]
Thar (X)) 2XTo(X)+ T, 1(x)=0; n 1 (3.4)

with To(x) =1 and T,(x) = x. The recurrence relation on the derivative is

T (x) T (%)

n+1 n 1

A function ( x) dened in [ 1;1] is interpolated by the polynomial y(x) of
degree at mostN of the form [14, 72]

X
nO)= 0 GO (x) (3.6)

j=0
with N (X;) = ( X;), and C;(x) is a Cardinal function of degreeN de ned by
1 xA)TI(X). . _

=2Th(X); n> 1 (3.5)

G(x) = ( 1)+ TECEENL j =0;%:N
(3.7)
2 X g
= N_jm:O —me(Xj)Tm(X):
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The collocation points are the CGL points which are de ned ornthe standard
interval as

-~ cos(
X; cos(N) (3.8)
andcy=cy =2,andg =1forj=1;:;N 1.
Ci(xk)= j; jijk =0;L:;N (3.9)
and ; =2forj =0;N, ;=1ifj=1;:;N 1. Then th derivative of ( x)

is then approximated by

(n) y (n)
)= G (%) (3.10)
j=0

The rst derivative at the CGL points satisfy C™” (x;) = d; where

2N2+1
Ao =
oo 5
dun = doo (3.11)
i+]
dij——'( b j6i jji =1;z5N 1
i Xio X

Now, the discrete values of the rst derivative of the functio \ (x) can be
obtained as

X
Q)= w(x): (3.12)
j=0

This equation can be written in matrix-vector form as

d
of na=IDRIF wg (3.13)

where D,(\,l)] = [d;] is called the rst order Chebyshev spectral di erentiation
matrix which is of size N +1) (N +1), [14, 72]. In order to minimize the
roundo errors for the calculation of the rst derivatives, the diagonal entriesd;
are computed by [72]
X
dii = dij . (314)
j=0ij6i

The n th order derivative of the function ( x) is approximated now by

dn

3ot ng=[DIF wg (3.15)

where Df\ln)] = [D,(\,l)]n and n denotes the usual matrix multiplication n-times.
[D,(\,”)] is referred as then-th order Chebyshev spectral di erentiation matrix.
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The use of matrix multiplication for higher order derivatives and the use of equa-
tion (3.14) for obtaining diagonal entries lead to signi catly greater accuracy
in the computation of second and higher order derivatives fa wide range of
functions. The Chebyshev spectral di erentiation matrix or functions de ned
on an arbitrary interval [a; J can be constructed by a linear transformation

= b a ., a+b
=2 2
which maps the standard interval [ 1;1] to any nite interval [ a;d. Thus, the
CGL points over the interval [a;j can be taken as

(3.16)

b a ' a+b
L= ~ )+ .
X; > cos(JN ) > (3.17)
wherej =0;1;::;;N.
3.2 Applications of CSCM to Navier-Stokes Equations and Nat ural

Convection Flow under a Magnetic Field

The applications of the Chebyshev spectral collocation ntedd to two-dimensional
ow problems of incompressible uids are presented in thisegtion. First, in Sec-
tion 3.2.1, the e ciency of the method is investigated by meas of the Navier-
Stokes equations with exact solution. Next, the CSCM appliti@n to lid-driven

square cavity problem is provided in Section 3.2.2. Naturabavection ow prob-

lem in inclined enclosures under the magnetic eld e ect ishe third application

which is considered in Section 3.2.3. The derivation of CSC&tjuations, solution
procedure, numerical results and also a comparison with tlpgeviously obtained
FEM results are discussed separately for each problem.

3.2.1 Navier-Stokes Equations with Exact Solution

The problem of N-S equations with known solution which is said in Section 2.4.1
of Chapter 2 using FEM, is reconsidered in this section as thest numerical test.

The application of CSCM to the given problem, tests the e ciecy of the method
and moreover, provides a comparison with previously obtaad FEM results. The
N-S equations including an additional non-dimensional foectermf , are given as

r2 = w; (3.18)
2 @ @w @ @w _

in a square domain where 0 x;y 1. The no-slip boundary conditions are
imposed, and the exact solutions for the stream function anbrticity are

e= 8(x Xy VYI)?; (3.20)
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and
we = 16[(6x%> 6x+1)(y VyH)?+(x x3)*6y* 6y+1)]: (3.21)

The boundary conditions for stream function and vorticity ae obtained directly
from (3.20) and (3.21) as (see Figure 3.1)

=0 on x=y=0andx=y=1;
w=16( y’+y)> onx=0andx=1; (3.22)
w=16( x*+x)?> ony=0andy=1:

The forcing functionf is derived by substituting (3.20) and (3.21) into (3.19).

y
w=16( x?+ x)?
=0
0;1)
=0 =0
w=16( y*+y)? w=16( y*+y)?
o (1;0) X

=0
w=16( x?+ x)2

Figure 3.1: Domain and boundary conditions of Problem 3.2.1

The CSCM introduced in Section 3.1 is applied to the two-dinmesional N-S equa-
tions given in (3.18)-(3.19). The CGL points are taken indegndently in x- and

y- directions to discretize the problem domain. That is, the umber of points
on which the problem region is discretized and the di erendition matrices are
based on, can be di erent. In this study, however, equal nunds of points in each
direction are taken. As the problem is dened on 0 x;y 1, the CGL points

in the interval [0; 1] in x- direction are taken as

L oosi s L.
X = ECOSN)‘F E,

and similarly in y- direction as

= Lo 1
Yi = ECOSW)"' 5
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Figure 3.2: A sample CGL node distribution of a square regiamsing N = 20.

wherei;j =0;1;::;;N. The collocation points in this case, gather through the
boundaries as can be seen from Figure 3.2, where a sampleritistion of collo-
cation points on a 21 21 grid in a square domain is illustrated.

Following the steps of Section 3.1, the rst order Chebyshedi erentiation matrix
D] = [d"] in x- direction is derived, whered(” are computed using (3.11).
Similarly, the rst order di erentiation matrix in y- direction, [E,(\,l)] = [e,-(jl)], is
computed in the same way replacing; by y; in (3.11). As mentioned in Section
3.1, the diagonal entried” and e!”, wherei = 0;1;:::;N, are calculated using
(3.14) and the second order di erentiation matrices are obined by squaring the
rst order matrices. Hence, the second order Chebyshev di entiation matrix in

x-direction [D?] is computed as
D= DY

and similarly the second order Chebyshev di erentiation miaix in y-direction
[Eﬁ,z)] is computed as

[EX]=[EVT:
Having constructed the di erentiation matrices, the approxmations y to stream
function and wy to vorticity are substituted into the equations (3.18) and 38.19)

di(jZ)( NDij + el(jZ)( N = (Wi

A (wn )y + € (wy )y = (3.23)
h i

Re di(jl)( N i e|(jl)(WN)ij Q(jl)( N i di(jl)(WN)ij + £

wherei;j =0;1;:::;;N, and di(j”) and e,-(j”) are Chebyshev spectrah th derivative

coecients in x andy directions, respectively. The discretized equations in
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(3.23) can be written in matrix-vector form by using the Krorecker product
The Kronecker product of anm; n; matrix P and anm, n, matrix S is
de ned as themim, nin, matrix P S, which is anm; n; block matrix with
ij -th block is the m, n, matrix p; S. Then, equations in (3.23) are written in
matrix-vector notation as

[A]f ng= f wng
(3.24)
[Alfwn g+ Re[Blfwyg = fFig:

The (N +1)2 (N +1)2 matrices |&] and [B] are de ned as
[A1=[In]  DVI+ET ]

and
B1= [n] DY f vg EPD [In]

EPT [n] f ng On] DY

The right hand side vectorf Fig is of size Nl +1)2 and computed in the following
pattern

fFig = [f (Xo;Yo); =5 F (Xn s Yo); i f (Ko yn )s i f (X yn)]T

The approximation vectorsf yg and fwyg have the same ordering a$Fg.
Application of CSCM to the N-S equations (3.18) and (3.19) re#ts in two coupled
and nonlinear equations given in (3.24). In order to solve éresulting equations,
an iterative procedure is introduced which reduces the eqti@ns into a set of
linear algebraic equations in each iteration. The algebmiequations are solved
by imposing the given boundary conditions. For the presentrpblem, boundary
conditions for both stream function and vorticity are suppkd as of Dirichlet
type. These boundary conditions are imposed by modifying ¢hleft hand side
matrices of the systems and inserting the corresponding uals on the right hand
side vectors. In general, Neumann or mixed types of boundarpraitions can
be imposed by a similar modi cation of the left hand side matces and right
hand side vectors. The iterative process for CSCM Equatior{8.24) starts with
a given initial estimate for vorticity. The rst equation in (3.24) is solved and the
stream function values are obtained on the whole problem dam. The second
equation in (3.24), is next solved to obtain the new values tiie vorticity on the
computational domain. These steps are repeated until the weergence criteria

1 ", 1 "
(n (km+) (n (km) ; (WN)(km+) (WN)(km)

is met, where the superscripin is the iteration level, k denotes thek-th node,
andk =1;:::;(N +1)2,
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3.2.1.1 Numerical results

The solution procedure is carried out by means of a MATLAB codeand the
iterations are terminated when the convergence tolerancg"i= 10 . Numerical
tests are performed for Reynolds numberfke = 0, 10® and 1¢*. Figure 3.3
presents the streamlines and vorticity contours of the nunnieal solutions obtained
by taking N = 24, and the exact solutions. It is observed in all cases that
the numerical solutions perfectly agree with the exact sdions for both stream
function and vorticity . The results indicate that CSCM can siccessively be used
to capture the behavior of the ow de ned by the N-S equations wh considerably
small computational cost compared to FEM.

(a)

(b)

()

Figure 3.3: Problem 3.2.1: Streamlines (L) and vorticity aastours (R) when
N =24 for (a) Re=0, (b) Re=103, (c) Re = 10*
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The maximum absolute error values . for stream function andw, for vorticity
which are de ned as

= mﬁﬁlxj( N i (X ¥)iy w= mijaxj(WN)ij We(Xi; V)i

are also calculated for an e ciency investigation of the nurarical procedure and
a comparison with FEM solutions quantitatively. The numercal results of FEM

=3:8868 10 13 w =3:0228 10

(a)

=2:9778 10 8 w =6:6079 10

(b)

=6:7237 10 8 w =1:0877 10 °

(c)
Figure 3.4: Problem 3.2.1: Streamlines (L) and vorticity aatours (R) for (a)
Re=0, (b) Re=103%, (c) Re=10%

application to Problem 3.2.1 are presented in Section 2.401 Chapter 2. In FEM
solutions, whenRe = 0 and Re = 103, M, = 800 quadratic triangular elements
are used to discretize the problem domain which results inlgmg a system of
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size 1521 1521, reduced after the imposition of the Dirichlet type bouwdary
conditions in every iteration for each equation. For higheReynolds number case
whereRe = 10%, M, = 1250 elements are used in discretization, and the resulgn
reduced system is of size 24012401. For a quantitative comparison in terms
of maximum absolute errors, the number of collocation poistare taken so as
to result in equal degrees of freedom, for the two methods. Ui$, the numerical
results in CSCM solutions are obtained by takingN = 40 for the cases where
Re = 0 and Re = 103, and N = 50 for the case whereRe = 10* Figure
3.4 presents the streamlines and vorticity contours for Replds number values
Re=0, 10% and 1¢". The error values and are also provided in Figure 3.4 on
the top of each plot. Itis observed that the values and obtained from CSCM
solutions are less than those obtained from FEM for the testeRe valuesRe = 0,
10° and 1¢*. Especially theRe = 0 case which lacks the convective terms in the
vorticity transport equation has very small error values inmagnitude for both
stream function and vorticity solutions. In the case wherehte convective terms
are dominant, namelyRe = 104, the di erences between the corresponding and

values obtained from CSCM and FEM are diminishing. For Reynds number
values up to 16, CSCM solutions are closer to the exact solutions compared t
FEM solutions, although both numerical methods provide sucient e ciency in
solving these types of ow problems. These results put forwéithe high accuracy
achievement of CSCM which is the well known advantage of spedt methods.
However, the crucial point is that the CSCM for Reynolds numhbrs higher than
Re = 10* produces oscillations and the method fails to produce comgent results.
The Galerkin nite element method approach, achieves an egltent agreement
with the exact solutions up toRe = 10° which is the highest value for these type
of problems used in the literature to test numerical procedas. FEM possess the
superiority to CSCM (although the computation complexity & high) when there
is a convection dominance as in the casB® = 10° and Re = 10° for the present
problem.

3.2.2 Lid-driven Square Cavity Flow

The results of the previous section have put forward that th€hebyshev spectral
collocation method can successively be applied to solve NavBtokes equations.
In this section, the application of CSCM is extended to the di-driven ow in

square cavities. The lid-driven cavity problem is solved iSection 2.4.2 of Chapter
2 by using FEM, and the results for Reynolds number up t&Re = 10000 are
presented in the same section. This benchmark problem is oasidered in this
section to investigate the e ciency of the method and exhildia comparison with

previously obtained results. The governing equations arévgn as in Section 2.4.2

r2 = w; (3.25)
1, @ ow @ @w_
Re "' @xay @yax O (3:20)
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As before, the no-slip boundary conditionsy = v = 0, on the three solid walls
of the square cavity are assigned, and the top wall is moving its plane to the
right with a velocity u=1, v =0, see Figure 3.5.

y
v=0,u=1
=0
(0;1)
= =0
u=v= u=v=0
O =0 (1;0) X
u=v=0

Figure 3.5: Domain and boundary conditions of Problem 3.2.2

The lid-driven cavity problem is arduous because of the sintarities at the moving
wall where the velocity is discontinuous. It is well known tht in spectral meth-
ods, as the approximation and derivatives of the unknown fution depend on the
entire discretization, the di culties arising from the discontinuity at the bound-
aries are more pronounced. There are several approachesluse researchers to
overcome the issue, such as smoothing the velocity on the @ppid so as that it
vanishes at the corners and the continuity of the boundary oalitions is assured.
Another method as proposed in [13] is to use substraction ofd¢heading part of
the singularity in asymptotic expansion of the solution. Inthis study however,
the essential intention of using the Chebyshev spectral tmtation method is to
bene t the simple formulation and low computational cost wih high accuracy
in one-dimensional problems as mentioned earlier. As thedtiven cavity prob-
lem is reconsidered in this section to provide a basis for ansparison with nite
element methodology, the governing equations (3.25) and.28) are discretized
using CSCM, and the solutions are obtained by using a similapproach applied
in Chapter 2. The basic steps of the previous section are fmlled to obtain
the CSCM discretized form of the Equations (3.25)-(3.26). fle number of CGL
points is taken equal in bothx- and y- directions as

L ostye L 1 osdya L
XiZECOSW)+ é, ijECOSW)'*'E

wherei;j =0;1;::;;N. The rst order Chebyshev di erentiation matrix [D,(\,l)] =
[di(jl)] in x- direction and the rst order di erentiation matrix in y- direction,
[EX’1=[€"], are computed as in Section 3.1. Similarly, the second ordeheby-
shev di erentiation matrices [D,(\,Z)] and [E,(\,z)] are computed inx- andy- directions,
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respectively. The approximations y for stream function andwy for vorticity
are substituted in equations (3.25) and (3.26)

di(jZ)( N F ei(j2)( N = (Wh)i s

1 2 2
oo O )y + e (wy)j = (3.27)
h 1 1 1 1 |
di’( n)i &) (wn)i &7 )i di (W)
wherei;j =0;1;::;N, and di(j”) and e,-(j”), are the Chebyshev spectrat-th deriva-
tive coe cients in x- andy- directions, respectively. The CSCM discretized equa-
tions can be written in matrix-vector form as

[AIf ng= f wyg
1 (3.28)
R—e[K]fWNg"‘ [Blfwng=0:

The (N +1)2 (N +1)2 matrices |&] and [B] are de ned in Section 3.2.1. The
coupled and nonlinear discretized Equations (3.28) are get using an iterative
procedure. The boundary conditions of vorticity are compud in this iterative

process. Given an initial nonzero estimate for vorticity, He stream function
equation in (3.28) is solved with the imposition of the givelbhoundary conditions.
The newly obtained stream function valuesf( \ g(™*Y) are used to compute the
velocity componentsf uy g and f vy g as follows

fuyg™® = [Iy] D] f ng™?
(3.29)
fung™® = [EP] [In] f ong™?P

by imposing the boundary conditions for velocity so thaff uyg™*? = 1 and
fvng™?Y = 0 on the upper wall (y = 1) and fuyg™*V = fyygm?b =0
on the three solid walls of the cavity where the superscriph is the iteration
level. Having obtained the velocity components which satisthe given boundary
conditions properly, the vorticity boundary conditions ae calculated through

h [

fwyg™® = [In] DY fung™

. (3.30)
EPT [In] fung™?

where | denotes thel-th boundary node, varying from 1 to the total number
of boundary nodes. Imposing the calculated boundary condins, the vorticity
equation in (3.28) is solved, and the vorticity values on thevhole domain are
obtained for the next iterative level (n + 1). In the calculation of vorticity
boundary conditions, an experimentally determined paranier is employed to
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increase the rate of convergence of the iterative procedur&hus, the vorticity
boundary values f wy gjl]("”l) , at the (m + 1)-th iteration level are averaged by
the corresponding values from then-th level via the relation

fwng™® = fwyg™? et ) fwyg™

| (3.31)

where 0< < 1. The iterations stop when the convergence criteria

is satis ed, wherek denotes thek-th node (k = 1;:::;(N +1)2).

3.2.2.1 Numerical results

The CSCM equations (3.28) are solved iteratively by the predure described
above. The vorticity boundary conditions are calculated &m (3.30) using spec-
tral derivative matrices via the velocity components (3.20where the speci ed
boundary conditions are imposed. In the computationd\ = 50 is taken and
the convergence tolerance is set to Be= 10 °. The numerical results are ob-
tained for Re = 500 and Re = 1000, and the streamlines and vorticity contours
are presented in Figure 3.6. It can be observed that the stnedines and vor-
ticity contours show a reasonable agreement with the FEM ralts. The similar
ow pattern in terms of vortices and boundary layers for wherRe = 500 and
Re = 1000 proves that CSCM with the presented approach grants pauring the
ow behavior. However, it was not possible to obtain the restd for Reynolds
number higher than 1000 as the iterative procedure fails tmaoverge. The main
reason for the failure may be the strong singularity of the Vecity wall con-
ditions as Reynolds number increases (convection dominajc Moreover, the
presented solutions obtained withN = 50 which results in a (reduced) system
of size 2601 2601 forRe = 1000, correspond to the equal system sized FEM
results (Me = 1250) obtained in Section 2.4.2 of Chapter 2. The full struare of
the collocation matrices does not show a band matrix form. Ehstructures of the
sti ness matrix [K] in FEM where M, = 1250 (see Section 2.1 of Chapter 2) and
the collocation matrix [A] corresponding to the Laplacian term wherédl = 50,
are visualized in Figure 3.7. The number of the nonzero ergg in K] and [A]
are 29103 and 262701, respectively, where the total numbdremtries in both
matrices is 6765201. It can be concluded that the full struate of the collocation
matrices put forward a drawback of CSCM compared to FEM in wich the global
matrices are sparse. This may be the reason that higke can not be treated by
CSCM which gives convection dominant ow and needs ne disetization.
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Re =500

Re = 1000

Figure 3.6: Problem 3.2.2: Streamlines (L) and vorticity atours (R) for Re =
500 and 1000.

Figure 3.7: Sparsity patterns of FEM matrix K] (left) and CSCM matrix [A]
(right).
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3.2.3 Natural Convection Flow under a Magnetic Field

In this section, the CSCM solution to the problem of natural onvection ow

under externally applied magnetic eld in a square enclosaris presented. The
governing equations in stream function , vorticity w and temperature T are

given as in Section 2.3,

2

r = W
», _ @ @w @ @w @1 i, @T
TS avex @ay " S ex " @
. e @
Ha?Pr cos sin @X@gr/cos % (3.32)
+sin'  sin’ @—9+COS' @%@x
r 2T = @QT Q@T
@y@x @x@y

The angles and are the angles of the externally applied magnetic eld direion
and the inclination of the cavity. The Dirichlet type bounday conditions of
stream function and temperature are speci ed as

(x;0)=0; (0;y)=0; (x;1)=0; (1;y)=0; (3.33)
T(x;1)=0; T(Ly)=0; T(x;00=1 x; TO;y)=1 y: (3.34)

These boundary conditions and the problem con guration arghown in Figure
3.8. The physically unknown boundary conditions of vortity are calculated by
an approach based on CSCM treatment of the stream function eation as in the
previous section.

Figure 3.8: The geometry and boundary conditions of Proble®.2.3.

77



The procedure given in Section 3.2.3 is followed to develdpet Chebyshev spectral
collocation method to the natural convection ow equationgiven in (3.32). Equal
number of CGL points are taken in bothx- and y- directions as

1 (I ) 1 (] 1
Xi = ECOSW)'F E, Y = ECOSW)-{_ é

wherei;j = 0;1;::;;N. The rst order Chebyshev di erentiation matrix [D{] =
[d{"]in x-direction and the rst order di erentiation matrix in y-direction, [E\’] =

[ei(jl)], are computed as in Section 3.1. Similarly, the second ord€hebyshev

di erentiation matrices [D,(\,z)] and [E,(\,Z)] are computed inx- and y- directions,
respectively. The approximations y, wy and Ty for stream function, vorticity
and temperature, respectively, are substituted into the agtions in (3.32)

di(jZ)( N+ ei(jZ)( NDi = (Wn)i s
Pr di(iZ)(WN)ii * ei(J'Z) (wn)ij = ei(jl)( NDi di(jl) (Wn )i di(jl)( NDij ei(jl)(WN)ij
RaPr cos d {’(Ty);  sin e{”(Ty);

Ha?Pr cos  sin'd el ( n)y +cos'd P ( n)j

Ha?Pr sin' sin'e i(jz)( N)j +COoSs'e i(jl)di(jl)( N Dij

di(jZ)(TN)ij + ei(jZ)(TN)ij = ei(jl)( N i di(jl)(TN)ij di(jl)( NDil e,-(jl)(TN)i,- :
(3.35)
wherei;j =0;1;::;;N, and di(j”) and ei(j”), are the Chebyshev spectral th deriva-

tive coe cients in x- and y- directions, respectively. The CSCM discretizated
equations can be written in matrix-vector form as

[Alf ng= f wng (3.36)
Pr[Alfwng+ [Blfwyg = fF0 (3.37)
[AIf Tng+[BIfTng=0 (3.38)

where the N +1)? (N + 1)? matrices |&] and [B] are de ned in Section 3.2.1,
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and the (N +1)2 1 vectorfF,g is de ned as
h [
fFg= RaPr cos [Iy] [DY] fThg sin [EP] [In] fTag

h
Ha?Pr cos sin' [Ixn] DY [EP]T [n] f ng

+cos' [In] [D?] f ng

+sin' sin' [EP] [In] f nO

i
+cos' [EP] [In] [n] OP1 f ng

Equations (3.36)-(3.38) are coupled and nonlinear and henan iterative proce-
dure similar to the one given the previous section is implemed. Given an initial

nonzero estimate for vorticity, the stream function equatin (3.36) is solved with
the imposition of the given boundary conditions. Having obtaed the stream
function values on the whole domain, the vorticity boundaryconditions are cal-
culated from (3.30) through the velocity components in theane way as given in
Section 3.2.2. Imposing the calculated boundary conditisnthe vorticity equa-

tion (3.37) is solved (an initial estimate for temperatures used for the rst itera-

tion). The procedure carries on by solving the temperaturegeation (3.38) with

the imposition of given boundary conditions, as the nal stp of each iteration.
The iterations stop when the convergence criteria

+1 n
()i

l mn
(W)™ ()

(M) (Te)™ "

is met, where as before, the superscript is the iteration level andk denotes the
k-th node, k = 1;:::;(N +1)2.

3.2.3.1  Numerical results

Numerical solutions to Problem 3.2.3 are obtained in Chapté& using FEM, and
the numerical results with discussions are presented in $ea 2.4.4.2 of the same
chapter for various values oRa, Ha, and' . Thus, in this section, the numer-
ical results obtained by the application of CSCM to the natual convection ow
under magnetic eld, are presented for the highest set of Rlerygh number and
Hartmann number values, namelyRa = 10°% and Ha = 100. The CSCM equa-
tions (3.36)-(3.38) are solved following the iterative proedure described above
and, N = 50 is taken in the computations. Prandtl number is taken a$r = 1,
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and the convergence tolerance is set to Be= 10 6. The numerical tests are car-
ried out for various values of and' , and the results are illustrated in terms of
the contours of the unknowns. Figures 3.9, 3.10 and 3.11 peasthe streamlines,
vorticity contours and isotherms for the sets of cavity inghation and magnetic
eld direction angles, =0,"' =0; =45 " =45and = 45,' =45,
respectively. It is observed that the CSCM solutions agreeexy well with the
previously obtained FEM results for the given sets of angle§he contours pos-
sess the same behaviors especially for the streamlines asotherms, in terms
of contour magnitudes and boundary layers, although the ctours are drawn
on di erent grids based on the discretization of each methodThere are slight
discrepancies between the solutions obtained from CSCM aR&M, especially in
vorticity magnitudes. The di erence in magnitudes is mairy due to the di er-
ent locations of the discretization points of CSCM and FEM. Aather distinctive
feature of the two methods is the computations of the vortity wall conditions.

CSCM

FEM

Figure 3.9: Problem 3.2.3: Streamlines (L), vorticity (M) ad temperature (R)
contours forRa =10° andHa =100, =0, "' =0.

In CSCM, the vorticity wall values are computed based on thetr@am function
values on the entire domain, whereas in FEM, the vorticity bandary values
are calculated using two inner values of stream function by eans of a second
order Taylor series approximation. On the other hand, the t&ency of vorticity
contours and the magnitudes show an excellent agreement intb methods for
all cases considered, noting unequal points where the sabus and the contour
level calculations are based on. In the present problem, thlentinuity of the
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CSCM

FEM

Figure 3.10: Problem 3.2.3: Streamlines (L), vorticity (M)and temperature (R)
contours forRa = 10% and Ha = 100, =45,"' =45.

CSCM

FEM

Figure 3.11: Problem 3.2.3: Streamlines (L), vorticity (M)and temperature (R)
contours forRa = 10% and Ha = 100, = 45,' =45.
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velocity boundary conditions allows the CSCM to capture thdehaviors of the
ow and temperature for high values of the characteristic p@meters Ra = 10°
and Ha = 100). Consequently, the results show that the Chebyshev sptral
collocation method can successively be applied for solvimgtural convection
ow problems under the in uence of an external magnetic eldwith di erent
directions in inclined square cavities.

3.3 Application of CSCM to MHD ow and heat transfer between
two parallel plates

This section considers the one-dimensional, unsteady MHDwoand heat trans-
fer of a viscous, electrically conducting, incompressibleid between two parallel

plates. The non-dimensional equations governing the ow an unsteady, in-
compressible and electrically conducting uid which has taperature dependent
viscosity are introduced in Section 1.1.4 as

Qu _ @u . @ @u ., ,.

at Vay Ctay Nay MY

@T _ @T_ 1@T @u* 2 2. (3.39)
et Nay prayC (D @y RTINS

1 yv 1t>0

Here, u denotes the velocity of the uid in x- direction which is fully developed
and varies parabolically with respect toy, and T is the temperature of the uid.
Rv is the constant velocity component in they- direction which may be considered
as in ow/out ow parameter through the plates. Rv = 0 corresponds to the ab-
sence of in ow/out ow through plates at y = 1. The dimensionless parameters
Hartmann number Ha, Prandtl number Pr, Eckert number Ec and the pressure
gradient G are given in Section 1.1.4. The initial and boundary condibns are,

u(y;0)=0; T(y;0)=0 on 1 vy 1
ui Lt)=0; T( L,t)=0;
u(l;t)= Ru; T(L;t)=1;

where Ru is the velocity of the moving upper plate. A sketch of the prdiem
domain is provided where the boundary conditions are also®lin in Figure 3.12.
The dynamic viscosity has exponential variation as

(M=e? (3.40)
wherea is the viscosity parameter de ned in Section 1.1.4.

The Chebyshev spectral collocation method is applied to theoupled MHD and
energy equations (3.39) by discretizing the interval [1;1] using the previously

82



u=Ru, T=1
y

L.

u=0,T=0

X

y= 1

Figure 3.12: Domain and boundary conditions of Problem 3.3.

de ned CGL points x; = cos(JW). The time derivatives of the velocity and tem-

perature are discretized by using the unconditionally stde backward di erence
scheme
fs+1 fs

t (3.41)

forr =
with equally spaced time levels t. When the CSCM approximations for the
velocity uy and for the temperature Ty are substituted, the discretized system
of equations at them-th time level are obtained as

Un )i Un )i
( N)J t ( N /j RV li(jl)( N)j(m+1)

1 1 1
G+d Md )™

2 +1 +1) .
+ M )™ Ha(un)™

(3.42)
(Tn )j(m+1) : (Tn )j(m) . Ry di(jl)(TN )j(m+1) _ %di(jz) (T )j(m+1)
+Ec Mld (un)" VT + Ec Ha?[(un )™ T
wherei;j = 0;:;N and ; = e 2. Here, di(jl) and di(jz) are the coe cients

of the rst and the second order Chebyshev collocation di eatiation matrices,
respectively. These discretized equations are written asgstem of matrix-vector
equations for the rst equation in (3.42)

[A] fuy g™ = it fuyg™ + G (3.43)
and for the second equation in (3.42)
[B] fTng™™ = it fTng™ + fFyg™ (3.44)

where the N +1) (N + 1) matrices [A] and [B], and the (N +1) 1 vector
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f Fn g™ are de ned as
1
[Al= (= + Ha®)lln]+ Rv D] DP'If ng™ PP] £ wg™ D]

B]= L0n]+ RvDY] IO

2
fEvg™ = Ecf ng™ [DP]fung™®  + EcHa? fuyg™™V ?

D] and D?] are the rst order and second order Chebyshev di erentiatin
matrices, respectively,|[y]isthe (N+1) (N +1) identity matrixand f ygisthe
viscosity vector with entries ; = (T;) = e 2", wherei = 0;::;;N. The vector-
matrix multiplication f g™ [Dy]@ is achieved by forming a new diagonal
matrix with the diagonal entries f ;g™. In the source vectorf Fy g™ vector
products are carried componentwise. The solutions whichtsdy both of the
conditions

are taken as the steady-state solutions, whefg is a preassigned parameter, the
superscriptm is the time level andk denotes thek-th node, k = 1;:::;; (N +1)2.

3.3.1 Numerical results

Numerical results are visualized in terms of velocity and teperature of the uid
for several values of viscosity parametea, Hartmann number Ha, and for xed
plates (Ru = 0) or moving upper plate (Ru = 1) for depicting the in uences on
the ow and temperature. Also, in ow/out ow through plates i s controlled with
the parameter Rv = 0) or (Rv 6 0) which implies the absence or presence of
convection. In numerical simulations, Prandtl numbePr = 1 and Eckert number
Ec = 0:2 are taken as in [3, 4, 45]. The uid is driven by a negative pssure
gradient G =5 when the walls are xed (Ru = 0). When the upper plate moves
horizontally (Ru 6 0), the ow starts with both the movement of the upper wall
and the pressure gradient. In the computations for all valseof parameters such
asHa and a, N = 12 is set, and since implicit nite di erence has been used
for time derivatives, t = 0:01 is taken which does not have to be too small.
The steady-state solutions are obtained with the convergee parameter as's =
10 8. Figure 3.13 shows the e ect of variable viscosity (T) = e @") parameter
a on the velocity and temperature of the uid for xed Hartmann numbers,
Ha = 1, 5 and 30. Asa increases, both the velocity and the temperature, at
the center line, increase, and also the time elapsed for rbang steady-state is
increasing. The same gure also depicts thEla e ect on the centerline velocity
and temperature wherHa is increased to 1, 5 and 30. As itis observed, increasing
Hartmann number causes a decrease on the ow for all values af since the
electromagnetic force opposite to uid movement is augmead. On the other
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Ha =1

Figure 3.13: Problem 3.3: Centerline values af (L) and T (R) for Ru = 0,
Ha =1, Ha =5 and Ha = 30.

hand, the temperature eld is less sensitive to an increasa Ha. The drop in
the temperature magnitude is not as sharp as in the velocitynd it almost settles
down for a certainHa (e.g. Ha = 5). For larger Ha values Ha 5) the e ect
of viscosity parameter disappears and both centerline veity and temperature
show the same behavior for all values @&, since the magnetic force dominates

and controls the uid ow.

In Figure 3.14, the in uence of the viscosity parametera on the velocity and
temperature pro les at steady-state are illustrated forHa values 1, 5 and 10. An
increment of a increases both the velocity and temperature magnitudes. Als
velocity (ow) tries to pile up towards the upper plate espemlly for increasing
values ofHa, and for large values o&. This is due to the contribution of the vari-
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Ha =1

Figure 3.14: Problem 3.3: Steady state values af(L) and T (R) for Ru = 0,
Ha =1, Ha =5 and Ha = 10.

ation of viscosity with the temperature. Temperature showan increasing pro le
from O value at lower plate to the value 1 at the upper plate. Aga, for Ha 5
electromagnetic e ect overwrites the e ect of variable visosity. The steady-state
velocity and temperature pro les are given in Figure 3.15,0f increasingHa for

a xed viscosity parametera= 0:5. The drop in the velocity and temperature
magnitudes is observed whehla gets larger, and this decrease is strong in the
velocity.

Figure 3.16 shows the velocity contours for increasing tinevels betweery = 1
andy =1, for a xed a, and for increasingHa values Q1;2;5; 10, respectively.
As Ha increases, boundary layer formation starts to develop ne#éne plates at
y = 1. This is the well-known characteristic of MHD ow.
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Figure 3.15: Problem 3.3: Steady state values ofand T for a = 0:5 and
Ru=0, Rv=0.

Ha =2

Figure 3.16: Problem 3.3: Contours ofi for a=0:5andRu =0, Rv =0.

Figure 3.17 depicts the mesh plot and level curves for the eeity and temperature
withrespectto 1 y l1andO t 5, fora xed viscosity parametera = 0:5,
and for Ha = 0 and Ha = 2. Symmetrical behavior of velocity is seen with a
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parabolic pro le in the y-variation, reaching zero end conditions ay = 1. The
temperature level curves start from the cold plate ¢ = 1 and reach to the value
1 on the plate aty = 1. The decrease in both the velocity and the temperature
as Ha increases is also well observed. The presence of the congecterms in
the equations Rv 6 0) indicate that the action of an in ow and out ow through
the plates is permitted.

Figure 3.17: Problem 3.3: Mesh plot off and T for Ha=0and Ha=2, a=0:5
and Ru=0, Rv=0.

Figure 3.18 shows the in uence of this parametdRv on the steady-state velocity
and temperature pro les, for several viscosity parameterathen Ha = 2. The
distortion of ow through (close to) upper plate is more promunced now due to
the e ect of convection. Figure 3.19 shows the steady veltciand temperature
behaviors between the plates ay = 1 for increasing in ow/out ow parameter
Rv. Not only the drop in the magnitude but also the boundary layeformation is
noticed whenRyv increases, for the velocity and the temperature. This is due
the convection dominance of the governing uid ow and tempeture equations.

In Figures 3.20 and 3.21 the steady-state velocity and temyadure pro les are
presented when the upper plate is moving with a constant vedily u = Ru =1
to the right. The convection parameterRv is kept zero for observing the e ect
of movement of the upper wall only. Ha = 1 is taken in Figure 3.20 and the
variation with respect to viscosity parameter is studied. Wen compared with
Figure 3.14 Ha = 1) which is the caseRu = 0, similar behavior is seen, however,
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Figure 3.18: Problem 3.3: Steady-state valuesofand T for Ha = 2 and Ru = 0,
Rv=1.

the velocity reaches the value 1 wheg = 1 in this case. Temperature is not
a ected with the movement of the upper plate.

0.2

0.1

X
0.05f

-0.05 . . .
-1 -0.5 0 0.5

y y
Figure 3.19: Problem 3.3: Steady-state values ofand T forHa=5and a=0:5
Ru=0.
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Figure 3.20: Problem 3.3: Steady-state valuesofand T for Ru =1 and Ha = 1,
Rv = 0.
Figure 3.21 shows the variations of velocity and temperatarwith respect toHa
in the presence of movement of the upper plate. Ada increases, there is a
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Figure 3.21: Problem 3.3: Steady-state valuesofand T for Ru =1 and a=0:5,
Rv =0.

attening tendency through the value zero, but close to the @l at y = 1, they
all take the value 1. Again the temperature pro le is not e eced. The results
are in good agreement with the results presented in [3].

3.4 Application of CSCM to MHD ow and heat transfer of a dusty
uid between two parallel plates

In this section, the CSCM application to MHD ow with heat transfer presented
in the previous section, is extended to that the uid contais solid particles. The
unsteady MHD ow and heat transfer of a dusty uid is considerd where the
electrically conducting uid has temperature dependent wcosity. Both the uid
and dust particles are governed by the coupled set of momenmuand energy
equations. The governing equations in non-dimensional forare given as in
Section 1.1.5

Re%l:= Re G+ @@y (T)%; Ha?u R(U up);
Re%:l[_: %@@y (T)%; +Ec (T) %; s EcHa?u+ %(Tp T);
%th Le(T, T);

(3.45)
where 0 y 1; t > 0. In the equations,u denotes the velocity of the uid
which is fully developed inx-direction and varies parabolically with respect toy.
Uy is the velocity of the particles,T is the temperature of the uid and T, is the
temperature of the particles.
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Figure 3.22: Domain and boundary conditions for Problem 3.4

The initial and boundary conditions are,

u(y;0) = up(y;0)=0; T(y;0)=Ty(y;0)=0on 0 vy 1L

%ﬁ+ u=0 for y=0;1;

@
@Hn+ up=0 for y=0;1,

T(O;t) = Tp(0;t) =0 and

(3.46)

T =T(t)=1

where the Navier-slip parameters and take several values resulting with
Dirichlet, Neumann or mixed boundary conditions. The same Hsion e ect

near the boundaries as the uid velocity is assumed in this stly, as discussed
in Section 1.1.5. Thus, the Navier-slip boundary conditionare imposed on both

the uid velocity u and the particles velocityu,, consequently, = 1 is taken
and the uid and particle velocity boundary conditions are enployed as

@u @y

—=+Uu at y=0; — =+uUu, at y=0;

@y Y @y p oY

@u @y

— = u at y=1; — = u, at y=1;

@y y @y p &y

for various constant values of Navier-slip parameter. The sketch the problem
con guration and the boundary conditions are shown in Figus 3.22.

The Chebyshev spectral collocation method is applied to theoupled MHD and
energy equations (3.45). As the problem is de ned on;[0], the CGL points
Xj = 5cosfy) + % are used in the construction of the Chebyshev di erentiatio
matrices, wherej = 0;:::;; N. For the time derivatives of the velocity and tem-
perature, the unconditionally stable backward di erence cheme (3.41) is used.
The approximationsuy, Upn, Ty and Ty for u, u,, T and Ty, respectively, are
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substituted into (3.45) and the discretized system of equi@ns in space and time
are obtained

1
e (Un )j(m+ : (Un )j(m)
t

R = Re G+ di(jl) j(m)di(jl)(uN )j(m+1) + j(m)di(jz)(u'\l j(m+1)
(HaE R+ R (o)
(3.47)

(m+1) (m)
g (UpN )j (UPN )j = (un (m+1) (UpN )j(m+l) : (3.48)

Re
t J

. (M)™Y ()™

R J
t

1 1 1 +1 2 +1
= 5 AP @O+ 5 AP o

Pr j

2
+1 1 +1 +1
+Ec ™Y dPuy)™? T+ EcHa? (uy){™

2R .
far T (W™
(3.49)

(TpN )j(m+1) (TpN )j(m) _

t e (M)™™ (To){™™ (3:50)

wherei = j = 0;::;N. Here,di¥ and d are the coe cients of the rst order
and the second order Chebyshev collocation di erentiatiomatrices, respectively.
The superscriptm indicates them-th time level.

These discretized equations result in the system of matrisector equations

[A] fuyg™® = tReG+ tR fung™ + Refuyg™ (3.51)
eg+ t)Tupng = Regfupng™’ + tfung :
(R )fupn g™ = Re gfupyg™ fuy g™m*y (3.52)
Bl fTng™Y = tEcPrfFyg™ + Re PriTyg™ +(2 tR=3)f Tyng™
(3.53)
(1 tL)fTong™ = fTong™ +  tLy fTyg™Y (3.54)

where the N +1) (N + 1) matrices [A] and [B] are de ned as

[A]= Re+ t(Ha’+R) [In] t [DP1fZyg™ DP1+fZyg™ [DY]

[Bl=(RePr+2 tR=3)[Iy] t DPIfWyg™ D]+ fwyg™ [DP]

andthe (N +1) 1 vectorfFygis given as
h i
f FN g(m) — fZN g(m) [D (Nl)] f Uy g(m+1) + Ha2 f Un g(m+1) 2
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As before, '] and [D{?] are the rst order and second order Chebyshev dif-
ferentiation matrices, respectively, andlf] is the (N +1) (N + 1) identity
matrix. fZygis the viscosity vectorZ;, = (T;) = e @i andfWy g is the thermal
conductivity vector W; = (T;) = €% i = 0;:::;N. For the vector-matrix multi-
plication f Zy g™ [D,(\,Z)] a new diagonal matrix with the diagonal entriesZNj(m)
is arranged. In the source vectof Fy g, vector products are carried component-
wise. The steady-state solutions are obtained when the drences between two
successive time levels of all unknowns,, upn, Ty and Tyy on the whole problem
domain are less then a preassigned parameter

3.4.1 Numerical results

The velocity and the temperature behaviors for both the uidand the particles
are investigated for several values of viscosity parametayrthermal conductivity
parameterb, Navier-slip parameter and Hartmann numberHa. In the compu-
tations, Prandtl number Pr = 7:1, Eckert numberEc = 0:2, Reynolds number
Re = 1, particle concentration parameterR = 0:5, temperature relaxation pa-
rameterL+ = 0:7, and particle mass parameteg, = 0:8 are taken as in [50]. The
uid is driven by a negative pressure gradieniG = 1. The discretized systems
of equations (3.51)-(3.54) are solved witN = 12, and the time step is taken as

t = 0:01. The steady-state parameter is taken &g = 10 8. The velocity of the
uid u, particles velocity u,, temperature of the uid T and particles tempera-
ture T, are shown in Figure 3.23 at steady-state for di erent viscay parameter
valuesa=0, 0:5,1, 2whenHa =1, =1andb=0:01. Itis observed from the
gure that as a increases, the velocities of both the uid and particles inease,
especially near the upper heated plate. The increase in velies is relatively
small near the lower cold plate compared to the upper plate. He temperature of
the uid and the particles have linear behavior from cold pltée to heated plate,
and for di erent a values this pro le is not much a ected.

Figure 3.24 shows the e ect of the thermal conductivity paraeter b on the
steady-state values ofi, u,, T and T, whereHa =1, a=1and =1. It can
be seen from the gure that the linear pro le of the temperatues of both the
uid and the particles is diminishing whenb is increased. The increase in the
temperature leads to lower viscosities and therefore botlné velocities of uid
and particles increase for higher values bf The e ect of the thermal conductivity
on the velocities of the uid and particles is not much prononced asb varies.
Both of them have parabolic pro les reaching smoothly fromfte cold lower plate
to the hot upper plate.

In Figure 3.25,u, u,, T and T, pro les are depicted when the Navier-slip condition
is imposed for bothu and u, on the plates. The = 0 case which implies no-
slip condition is obviously a parabolic pro le taking zero &lues on the plates for
u and u,. For increasing values of Navier-slip parameter, magnitudes of the
uid and particle velocities increase and the symmetry of th parabolas is slightly
destroyed due to the slip on the upper plate. For larger valgeof , the velocity
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(a) (b)

() (d)

Figure 3.23: Problem 3.4: Steady-state solutions whetta = 1, b= 0:01 and
= 1 for di erent viscosity parameter a: (a) u, (b) up, (c) T, (d) Tp.

pro les are almost linear. The temperature pro les, howewue are not that much
a ected.

The variation of Hartmann number is also studied on the velotyi and tempera-
ture behaviors, and the results are shown in Figure 3.26. I¢ iobserved that the
Hartmann number does not have a signi cant e ect on the tempexture pro les.
The velocity of both uid and particles decrease as Hartmannumber increases
which amounts an increase in the intensity of the applied magtic eld. This
is due to the Lorentz force rises when magnetic eld is apptieto an electrically
conducting dusty uid. This force slows down the motion of bth uid and dust
particles.

Figure 3.27 illustrates the transient behaviors oli, u,, T and T,. The time

dependent solutions show that both velocity and temperater elds increase pro-
gressively till the steady-state is reached befote= 8. The temperature increases
due to the applied boundary condition and this increase in tBperature causes
the velocity to increase. When the temperature is reached &ieady-state in the
channel, the velocity pro les converge to steady-state asao be depicted from
this gure.

In conclusion, in this chapter, numerical solutions to MHD ad natural convection
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Figure 3.24: Problem 3.4: Steady-state solutions whétha =1, a=1and =1
for di erent thermal conductivity parameter b: (a) u, (b) up, (c) T, (d) Tp.

ow problems are obtained by using Chebyshev spectral cotlation method. The
Navier-Stokes and natural convection ow under magnetic @ equations are
solved, and both quantitative and qualitative comparison Wh the FEM results
of Chapter 2 are provided. The lid-driven cavity ow problemis reconsidered for
Re values up to 1000 and the outcomes are also compared with theeyaously
obtained FEM results in terms of streamlines and vorticity ontours. The given
procedure failed to converge for higher values of Reynoldamber within the
maximum number of collocation points tested N = 50) in this study. The
discontinuity of the velocity boundary conditions is seema be responsible for the
divergence of the procedure. Furthermore, it is found thatite dense structure of
the collocation matrices especially for large number of ned which is needed for
high Re may also be the reason for this. The natural convection ow blem
under the e ect of an external magnetic eld, however, is seed successively
by using CSCM. The method is observed to capture the thin bowalary layers
especially in vorticity contours for high problem parametes (Ra and Ha). The
ow behavior and temperature distribution in the cavity as well as the magnitudes
of the contours of all of the unknowns are shown to be in excatt agreement
with the FEM results.
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Figure 3.25: Problem 3.4: Steady-state solutions wheda = 1, a = 1 and
b= 0:01 for di erent Navier-slip parameter : (a) u, (b) up, (c) T, (d) Tp.

The MHD ow with heat transfer of an electrically conducting incompressible
uid with temperature dependent viscosity is solved betwaetwo parallel insu-
lating plates. The MHD ow of a dusty uid is also considered béveen parallel
plates imposing the Navier-slip conditions on velocities djoth the uid and
particles. The e ects of the viscosity parameter, Hartmann mmber, Navier-slip
parameter and thermal conductivity parameter on the ow andheat transfer
are investigated. The use of CSCM when it is combined with thencondition-
ally stable backward di erence time integration scheme ges very good accuracy
with considerably small number of collocation points, anduite large time steps.
The ease of implementation and the convenience of CSCM witligh order accu-
racy to especially one-dimensional problems are pronoudcé his puts forth the
essential aim of this chapter.
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Figure 3.26: Problem 3.4: Steady-state solutions whern=1, b=0:01and =1
for di erent Hartmann numbers: (a) u, (b) up, (c) T, (d) T,.

97



(a) (b)

(c) (d)

Figure 3.27: Problem 3.4: Transient solutions faa =1, Ha=1, =1, b=0:01:
(@) u, (b) up, (¢) T, (d) Tp.
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CHAPTER 4

FEM and BEM Solutions of Biomagnetic Flow Problems

In this chapter, numerical solutions to biomagnetic uid ow and heat trans-
fer problems are presented. Biomagnetic uids are introdec in Section 1.2 as
circulating uids in living creatures which are in uenced by the presence of the
magnetic elds. The ow eld and heat transfer of biomagnetc uids are in ac-
cordance with the fundamental principles of biomagnetic i dynamics (BFD)
which investigates the dynamics of biological uids a ectd by magnetic elds. In
particular, the ow regimes covered in this chapter are twalimensional and lam-
inar, and the uid is taken as viscous, homogenous, incom@®ble and assumed
to be Newtonian. The ow is subjected to an external magnetic eld which is
generated by a nodal source placed at a point closely belovetlower plate. Blood
is considered to be a typical biomagnetic uid due to the intexction of intercellu-
lar protein, cell membrane and hemoglobin, and hence, the ys#ical properties of
blood are adopted in BFD models considered in the present gy Both steady
and unsteady ows are considered which take place betweenawmpermeable
and electrically non-conducting plates (channels) in theases of with/without a
constriction (stenosis). The equations governing the bicagnetic uid ow are
derived from the continuity, momentum and energy equation&hich involve the
magnetization force terms due to the application of an extaal magnetic eld.
The non-dimensional equations in terms of stream function, vorticity w and
temperature T are introduced in Section 1.2 as

rz = w

aow_ ewe ovwe

et~ " R axay eyex
+MneReH gretr gHart Q@ 2@ (4.1)

@x@y @yex  "™ay 1 ay
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" @QH@ @H@
+MngReEcCH(" + T) @x@y @y@x
( )
@ ° @ @ ° @ °
2 R RN RN
+Mny EcH ay + Ec @y @x +4 @x@y

The non-dimensional parameters, Reynolds numbBe, Prandtl number Pr, Eck-
ert number Ec and the temperature number" are de ned in Section 1.2. The
magnetic numbers arising from ferrohydrodynamicd4n g, and magnetohydrody-
namics,Mny,, are also given in the same section. The ow problems considd
in this chapter, take place both in straight channels and inanstricted channels.
In the de nitions of the problem domains containing constition, the pro les of
the lower and upper plates of the channels are de ned as fummts of x, where
y = F(x) de nes the lower plate, andy = G(x) is the function for the upper plate.
The nodal magnetic source is placed at a poina(b) outside of the channel close
to the lower plate and the magnetic eld intensityH is given by the relation

ib .
x aZ+(y B2

The ow at the entrance of the channel is assumed to be fully @eloped, and
the velocity and the temperature have parabolic pro les, wéreas the vorticity
has a linear prole. On the lower and upper plates, no-slip hmdary condition

is imposed for the velocities in both directions1 = v = 0, and Dirichlet type

boundary conditions are imposed for the temperature wheréngy are kept at
constant temperatures. At the exit of the channel, the homamnous Neumann
boundary conditions are assigned a®@R=@x 0 to indicate the continuity of

behaviors of the ow and the temperature, whereR = ;w;T . The problem
con guration, magnetic eld contours resulting from the nalal magnetic source
and the boundary conditions are displayed in Figure 4.1.

H(xy)= p (4.2)

u=v=0;T=T,

h
U= u(y) o y
T=T() @R=@x0
F(x)
0 u=v=0;T=T, |

(a;b)

Figure 4.1: Problem con guration and boundary conditionsdr biomagnetic uid
ow.

In BFD models where the biomagnetic uid is taken as poor condttor, the e ect
of the Lorentz force arising in MHD is small in comparison to th magnetization
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force (see Section 1.2). Thus, in Equations (4.1), the MHD magtic number
Mny, is taken as zero, the corresponding terms are dropped, andethonzero

magnetic numberMn¢ is referred asMn, and the resulting governing equations
are given as

r W
@w_ 2, R V@ 0@wW . o, @HET @HOT
@ ' " "% @xay @ex " @x@y @y@x
@QT_ 1 o R @@ ©@T@
@t Pr @x@y @y@x (4.3)
+MnReEcH("+ T) @@j%y %;%x
( )

e @ °,, @
@y @X @x@y

+EcC

In addition, if the ow is time independent and the nondimengnalization given
in Section 1.2 is applied where the plates are kept at di erértemperatures,

equations governing the nonconducting biomagnetic uid @ and heat transfer,
take the steady form

r = w
2w = Re OV@ Q@@ @HeT @Hart
"W R @ay avex T @xey @vex
@@ @T@
T = PrRe —— ——
r ¢ @@y @yex (4.4)
" @H@ @H@
+MnPrReEcH (" T) @x@y @y@x
( ) )

@ @

@
*PrEe @y @ Tt axay

In this study, the solution methodologies are rstly testedwithout the magneti-
zation e ect. In the absence of an external magnetic eld, tB magnetic number
Mn in System (4.3) is taken as zero, hence the corresponding FH&s drop.
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Thus, Equations (4.3) are simpli ed further as

2

r = W
aw _ . @we @we
ot - """ R axey eyex
@T = ir 2T Re QT@ @T@ (4.5)
@t Pr @x@y @ydx
( 5 )
ee @ @ @

@ @z 't exey

where the ow in this case is referred as biouid ow. Similaly, the steady
Equations (4.4), in the absence of the magnetic eldMn = 0), take the form

= W

@x@y @y@x
@T@ @T@ (4.6)
PIRE @x@y @yox
( )
e @ °,, @ ° .
@y @% @x@y

r 2T

+PrEc

Finite element method (FEM) is applied for solving biomagrn& ow equations
in all cases considered. That is, systems of equations (4.®.3), (4.4), (4.5) and
(4.6) are going to be solved by using FEM. The FEM applicationo BFD ow
problems is mainly based on the FEM analysis of two-dimensial ows of incom-
pressible viscous uids presented in Chapter 2. Moreovegrfthe case of steady
biomagnetic uid ow (Equations (4.4)), application of dual reciprocity boundary
element method (DRBEM) is also given. The rest of the chaptas organized as
follows. In Section 4.1, the procedure for the calculationf adhe unknown vor-
ticity wall values is given. Section 4.2, introduces the DRBM formulation to
steady biogmagnetic uid ow equations. Sections 4.3, 4.4nd 4.5 lay out the
FEM applications of Equations (4.4), (4.3) and (4.1), respdively, with several
physical con gurations. Numerical results and discussion® six test problems
are considered in Section 4.6. Section 4.6.1 presents theEEM and FEM so-
lutions to steady biomagnetic uid ow problem where the uid is considered
to be electrically nonconducting. A detailed comparison dhe two methods is
provided in this section. Time dependent biomagnetic uid ow is visualized by
using FEM in Section 4.6.2. Section 4.6.3 presents the stgaoiomagnetic uid
ow problem in a straight channel where the uid is considerd to be electrically
conducting and the governing equations are accordingly miogtl. The extended
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model is also used in the subsequent sections 4.6.4, 4.6.8 416.6 where the ow
behavior is examined on a channel with symmetrical consttion, a channel with
an irregular constriction and a multiply stenosed channelgespectively.

4.1 Vorticity boundary conditions

In general, in the stream function-vorticity-temperatureformulation of the uid
ow problems, the wall conditions for vorticity remain unknown. Particularly, in
the channel ows considered in this chapter, the lower and yer wall boundary
conditions of vorticity are unspeci ed. The no-slip boundey conditions for ve-
locity are made use of in computing vorticity boundary condions. In problem
regions where the nodes are distributed regularly, the mosbmmon approach
which is the nite di erence method, can be employed to obtai the vorticity
boundary conditions by incorporating these velocity bouraty conditions. The
nite di erence procedure is based on Taylor's series expaion of stream function
on a boundary point using inner stream function values. Forrpblems de ned
between parallel plates, the nodes lie on lines normal to tH®oundaries, and
hence the nite di erence method is applied in the computan of the vorticity
wall values.

boundary .y,

y1

(Xisym 1)
(Xi 1:Ym 1) X1 X2 (Xi+1:Ym 1)

y2

(Xi;ym 2)

Figure 4.2: Inner nodes for calculation of vorticity bounda conditions.

In the derivation of vorticity wall conditions, four inner nodes are used which are
distributed as shown in Figure 4.2. For a speci ¢ boundary pot ( x;;yn) the four
inner points (X; 1;Ym 1), (Xi;¥Ym 1), (Xi+1;Ym 1) and (Xi;ym 2) are used in Taylor
series expansion of the function, and using the stream fuimb-vorticity relation

(r 2 = 1) the wall conditions (upper and lower) for voriticty are obtined as

lim =@ i tm 1t @& im 1+ & jsam 1+ & im 2° (4.7)
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The constantsa;, a,, az and a, are de ned as

2 2 2
; a = + ;
Xi( X1+  X2) X1 X2 Y22 yit+  yo)

2 2
asz = : = :
¥ Xo( X1+ X2) X Y22 yi+  Y2)

a =

(4.8)

This method is applied to the problems with regular domaing.g. regions between
parallel plates) where a rectangular grid is used to discigé in the problems of
Sections 4.6.1-4.6.4. In the regions where the node distrilon is irregular, prob-
lems in Sections 4.6.5 and 4.6.6, a di erent methodology fobtaining unknown
vorticity values is followed which is described in Section.8.1.

4.2 DRBEM Formulation of Steady Biomagnetic Fluid Flow

In this section, the DRBEM formulation of steady biomagnet uid ow equa-
tions given in (4.4) is presented. The boundary element metkd (BEM) is a
boundary only discretization numerical scheme which is wadly used for solving
uid ow problems. The method basically transforms the govening di erential
equations de ned on the problem domain into integral equatins which are de-
ned on the boundary. Therefore, the method results in a systn of algebraic
equations which are very small in size compared to other domadiscretization
schemes as nite di erence, nite element or nite volume mé¢hods. In the pres-
ence of nonlinear terms, convection terms and/or reactioretms in the di erential
equations, the dual reciprocity BEM (DRBEM) can be used. In RBEM, the
fundamental solution of the Laplace equation is used in trafiorming the di eren-
tial equations into boundary integral equations. All the tems except Laplacian
including nonlinearities are treated as inhomogeneity [1.6

The DRBEM formulation for Equations (4.4) on the problem domain with
boundary @ are derived as follows. The terms except Laplacian in Equabns
(4.4) are taken to the right hand side of the equalities and ertreated as the
inhomogeneity of each equation. The stream function, vodity and temperature
equations in (4.4) are multiplied by the two-dimensional fadamental solution of
Laplace equation

1
= —In(1=
u > n(1=r)

and integrated over the domain . Then, the use of the Green'second identity
to the left hand side reduces the domain integral to boundaryntegrals [16] as

Z Z
SEENC u%ds= ( wu d
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" OWys = e@we ovwe
Gw; + @(qw u @ ds Re(@x@y @y@>2
4.9
@HOT @H@
] +ZMnReH(@X@y @y@ ud
T @T4s = @ie o1
GTi + @(qT u @ ds PrRe(@X@y @V@y
. 1 @He @He
+MnPrReEcH (" T) @x@y @yay
@ @ 2 @ 2
+PrEc((@—§/ @) +4(@—x3) ud

whereq = @u=@ni is the source point andg, = ;=2 is a constant with the

internal angle ; at the source point. To transform the domain integrals on the
right hand sides of Equations (4.9), the right hand side tersare approximated
by using radial basis functiond; (x;y) as

XL
b= w = ifi(xy) (4.10)
j=1
_L.,@@  @w @HeT eHet _ Xt
bz_Re(@x@y @y@>2+ MnReH(@X@y @yl - . ifi(xy)
(4.11)
. pre@@  @Te . @eHe  eHe
by = PrRe(@X@y @y@>2+ MnPrReEcH (" T)( Ox@y @y@>2
@ @ o,y @ o KT L
+PrEc((@§/ @?() +4(@x@?))_ . ifi(xy):
(4.12)

The radial basis functiond ; (x; y) depend on the problem geometry and are linked
with the particular solutions ¢; to the equationr 20; = f;, [16]. The coe cients

i, j and ; are undetermined coe cients and,N and L are the numbers of
boundary nodes and internal nodes, respectively. Now, theght hand side terms
by, b, and b; involve the multiplication of the Laplacian of particular solution 0
with the fundamental solutionu . Therefore, these terms can now be treated in
a similar DRBEM approach and the boundary only integral equ#ons

Z @ IX+L z
Git (@ uz)ds= i GO+ (q0; uqg)ds
@ @ j=1 @
@ N+ L Z
Gwi+ (qw u @ ds= i GO+ (g0 uq§)ds (4.13)
@ i=1 @



Z @ N+ L Z
¢Ti + (T u —=-)ds= i GO + g% uq§ds

@ @ =1 @

are obtained whereq™= @;=@n The boundary is discretized usindN linear ele-
ments and the DRBEM discretized equations (4.13) for streafanction, vorticity
and temperature equations are written in matrix-vector fam

@ . _

HIf g [Clf 9= (HIOI [CIAF g

[Hfwg [GIf %V,sf;:([H][O] [GIQDf g (4.14)
@T _ .

HIfTg  [GIf 9= (HIO] [GIQDf g:

The (N + L) (N + L) enlarged matricesii] and [G] are de ned as

Z
1 @ 1 X
2 @; @n r j=1;6i
Z
— 1 1 - . = Ie =
G =5 Qds G= o n@e) )

wherer is the distance between nodeand nodet, |, is the length of the element
and j is the Kronecker's delta function. The vectord ;g and f§ g construct

the columns of the N + L) (N + L) matrices O and &, respectively.

The (N + L) 1 vectorsf g,f gandf g are constructed by collocatings, b,
and b; given in (4.10)-(4.12) atN + L boundary and internal nodes as

[FIf g=fbg, [FIf g=flkg [FIf g="flsg

giving

f g=[F] 'flug, f g=[F] 'fbhg f g=[F] ‘fhg:
The matrix [F] which is generally referred as the coordinate matrix, is th(N +
L) (N + L) matrix whose columns are constructed from functionfs evaluated
at N + L points. The spatial derivatives of the unknowns , w and T can also
be calculated with the help of the coordinate matrixf ] by approximating these
unknowns also using radial basis functionfs. Then,

_R: @F 1 . _R: QF 1 .
f@)? [@Q[F] fRg; f@)? [@ [F] fRg:

whereR denotes ,wandT.

Therefore, the discretization of the boundary@into N linear elements gives the
nal DRBEM discretized system
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@ _
HIf g [G]f @’ [CIf wg
([H] Re[C][B])fwg [G]f %Vr;c/] = MnRe[C][D]fTg (4.15)
([H] PrReEc[C][B]+ MnPrReEc"[C][D])fTg [G]f %Ig =
MnPrReEc" [C][D]f g+ EcPr[C]frig:
The (N +L) (N + L) matrix [ C] which appears in each of the above systems is
[C]=(HIO] [GIQDIF] &
and the matrices B] and [D] are de ned as
_ . @F @F _., ,Q@F @F _. 1
Bl=( @Jf g)[@)J[F] ([@)gf g)[@ [F]
and @F,,  @F @F.,  @F
= = = 1 A =T 1.
[D]= ng([@Qng)[ @);[F] f Ho(l @))ng)[@ [F] ~:

The (N + L) 1 vectorfr,g involve the second order partial derivative approxi-
mations of the stream function, and is de ned as

_ @F @F ? @F
frig= [@—g,][F] 'f g [@][F] f g +4 [@—X@]g:] 'f g

2

Each system in Equations (4.15) consists &f + L equations inN + L unknowns.
N unknowns on the boundary appear as function or its normal deative values,
and L unknown function values are at the interior nodes. Thus, fosolving
Equations (4.15), the corresponding boundary conditionsr@a imposed in each
system, and the system is rearranged so that the unknown valsi are displaced
with the known values on the right hand side vector. More coigely, imposing the
boundary conditions and shu ing the known and unknown valus, each system
is reduced to the form

[Alfzg = fig (4.16)

: R
where the vectorf zg contains the total N unknowns off Rg or f@r('; on the

boundary, and L unknown values off Rg at interior nodes, forR = ;w;T .
Thus, the solution of the system (4.16) gives the unknown fgtion values on the
whole domain, and also the unknown derivative values on theobndary.

The coupled and nonlinear DRBEM equations (4.15) are solvdyy introducing
an iterative procedure in which the stream function, vortity and temperature
equations are rst reduced to the form given in (4.16) as desbed above. The
sequential procedure starts by solving the stream functicgguation with an initial
estimate for vorticity and imposing the given boundary conitions. The newly
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calculated stream function values are used to calculate thewer and upper wall
boundary conditions for vorticity by using Equation (4.7) gven in Section 4.1.
An initial estimate also for temperature (for the rst iteration) is made use of,
and the vorticity equation in (4.15) is solved. At this stage an experimentally
determined smoothing parameter is made use of for increasing the convergence
rate of the iterative procedure as mentioned earlier in Seoh 2.1.2 of Chapter 2.

The vorticity boundary valueswg, at the (m+1)-th iteration level are averaged by

the corresponding values from then-th level via the relationw{™™ = w ("™ +

(1 )W(Bm) where 0< < 1. The nal step in every iteration is to solve the
temperature equation in (4.15). The iterative procedure iterminated when the
convergence criteria between two successive iterations &l unknowns

(me)  (m) M) m) L (mel) o (m)
i i W W Ty Tj

is satis ed, where is the preassigned convergence tolerance apddenotes the
Ij -th node varying from 1 toN + L in the domain.

4.3 FEM Formulation of Steady Biomagnetic Fluid Flow

This section introduces the FEM application to the steady lmmagnetic uid ow
equations given in (4.4). Basically, the fundamental stepsresented in Chapter
2 are followed to obtain the FEM formulations. First, the we& form of the
steady biomagnetic uid ow equations is developed by mulplying the equations
in (4.4) with the weight functions ! ;, ! , and ! 3 corresponding to the stream
function, vorticity and temperature equations, respectigly. The weight functions,
as before, are assumed to be twice di erentiable with resgetw x and y, and
directly satisfy the homogeneous Dirichlet boundary contibns (see Section 2.1
of Chapter 2). The weighted equations are integrated over ¢hproblem domain,
and are set to zero

Z
ly(r? +w)d =0 ;
z o @ve
2 [ — [ —
I r“w Re @x@y @y@x
(4.17)
@QH@T @H@T o
MnReH @x@y @y@x d=0 ,
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@x@y @y@x

MnPrReEcH (" T) @x@y @y@x
( ) !
@ @ ° @ °

PrEc @_9 @ +4 @x@y

The application of the divergence theorem reduces the deative orders in Laplace
terms, and yields

Z Z Z
@@ @@ @ ., ..
o exex ayey T M e
@L,@w @L@w @He@T @HaT
@xax eyay ¢t MRe M glay exay ¢
Z Z
W@ QWO e@w, _ .
+Re I, @y@x @x@y d+ o ! 2@#5— 0;
. 2 (4.18)
@seT @seT | LR . @@ Q@T@
@x@x @y@y P @x@y @y@x
Z
+MnPrReEc LsH(™" T) @@j%y %;I/%x
Z ( 2 2) Z
@ @& @ @T, _ .
+PrEc I3 @—9 @ +4 @x@y d @!S@rgs_o-

In the above equations, the magnetic eld intensity functia H(x;y) and its

spatial derivatives @H @M onter as known values from de nition (4.2).

@x @y
For the problem region discretization, six-nodal triangwr elements are used,

and the unknowns , w and T are approximated over an element by using the
guadratic shape functions

X6 X6
(x;y) | NS YY) We(XY) | WENE(X; y);
= = (4.19)
X6
Te(xy) TENF(xy):

i=1
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where P, w® and T are the nodal values of , w and T over an elemente,
respectively. The shape function®l® are given in area coordinates as

NP= 121 1); Ng= 22, 1); N§= 323 1)
(4.20)
N§:412i Ns =4 5 3; Neg=4 13

where | = Aj=A,, (i =1;2;3) are the linear shape functions given in local area
coordinates for each element which are de ned in Section 21 Chapter 2.

The Galerkin approach is followed and the weight functionsra taken as shape
functions when Equations (4.18) are written for each elemenThe boundary

integrals in the element level equations drop out as the shagdunctions vanish
for Dirichlet type boundary conditions and also the normal drivative conditions

are zero (homogenous Neumann type) at the exit of the channdgr all the

unknowns. The integral equations (4.18) can now be writterof any six-nodal

triangular element .

yi yi
@N@ . @N@ N
_ @x@ex @yay d et eN'Wd e
z z
@New_eNew ., o Qw oew
. @x@x @y@y ° . @y@x @x@y °©
5 (4.21)
4 @HeT eHet . _,.
+MnRe eN.H @V@x @x@y d ¢=0;
£ @N@T. @N@T £ @@ eTe
. @xax eyey @ TP N Gxay avex ¢ ¢
Z
e @He @He
+MnPrReEc eN.H( T) @x@y @y@x d .
z 2 2
e @ @ _
+PrEc eNI @y @x +4 @x@y d =0

The integrals are evaluated on each elemelt wheree = 1;::;; Me, and Mg is
the total number of elements. The use of six-nodal triangulaelement results
in 6 6 systems of matrix-vector equations for stream function,ovticity and

temperature equations on each element. The assembly progezlis performed
next, which connects all local element equations to the glabequation system
over the whole problem domain
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[KIf g=[M]fwg
[K]fwg Re[A]lfwg= MnRefF3g (4.22)

[K]fTg PrRe[A]fTg+ MnPrReEc [A3]fTg
= MnPrReEc" fF,g+ PrEcfF,g:

e
The summation implies the assembly task which results in the algebraic

e=1
systems of equations with the size equals to the number of &tnodes in the
problem domain for each system.

The global matrices K], [A], [Az] and [M] are de ned as

x“ aney, ewew

K = e
K] e . @x@x @y @y
" #
X £ X X
] = NE @'ﬁ e)— ( @“? 8)—
e=1 e k=1 k=1
x-Z e
n =N %“ﬁﬁ o el (4.23)
#
@Wj e e I
( ) (NEHE Ned .
I=1 | @ J
%ez
M] = NSNS e i) =1;::56:
e=1 e

The right hand side vectorsf F, g, f F,g and f Fzg are given as

0. Z
g = (@”? 9

e=1 e k=1 I=1

(@“? 5
i

1

H

(NFHF%‘X)
#

eH? @' Ned .
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Z 2
(Fag = ang o X oeng
@y - @x -
e=1 e =1 =1
y 3 (4.24)
@N¢?
+4 L ¢ 5 Ned
@X@V‘ e
%ez % e
fFsg = @lﬁ ) (N|eH|@I)
e=l e k=1 =1
#
X
CLA (nere D) N7
k=1 =1
I=1;:56

A similar iterative procedure introduced in the previous s#ion is employed to
solve the coupled nonlinear systems (4.22) which results anset of linear alge-
braic equations in each iteration. The stream function equi@n is solved with an
initial estimate for vorticity at the rst iteration, and im position of the boundary
conditions for stream function. Next, using the newly obtaied stream function
values, the lower and upper wall conditions for vorticity a& calculated via Equa-
tion (4.7) given in Section 4.1. As the nal step of each iterabn, the temperature
equation in (4.22) is solved with the imposition of the givelbhoundary conditions.
The iterative procedure is terminated when the convergenceiteria between two
successive iterations for all unknowns

(m+e)  (m) M) (M) . (el (m)
i i W W Ty Tj

Is met, where as before, is the preassigned convergence tolerance apdienotes
the ij -th node varying from 1 to the total number of nodes in the domia.

4.4 FEM Formulation of Unsteady Biomagnetic Fluid Flow

In this section, nite element model of the unsteady, elecitally nhonconducting
biomagnetic uid ow problem is developed. The ow and heat tansfer equations
given in (4.3) are solved. The weak form is obtained by multiping each equation
in (4.3) with the corresponding weight function! ; for stream function, ! , for

vorticity, and ! 3 for temperature. The equations are integrated over the prédm

region and the divergence theorem is applied

Z Z
@Il@ @@ d + !1Wd+ !1@(13:0;

@X@x @y@y @ @n
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“ et 1% ewer, ever
.3_ e - — =
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e Wy —— ——
@x@y @y@x
Z
.. @He @He
MnReEc !3("+ T)H @@y @YX
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"t @y ex Tt exey ¢ Pr, tent ?

In general, there are two alternative ways to develop the me element model
of time dependent problems. In one approach, which is refed as the coupled
formulation, time is treated as an additional coordinate aing with the spatial

coordinates. The other approach, which is referred as de@bed formulation,

treats the time and spatial variations separately [59]. Inhe present study, the
decoupled formulation is applied and the unknowns, w and T are approximated
over a six-nodal triangular element by using quadratic shapfunctions,

X8 X8
f(x;y;t) | SONSGY): we(x;y;t) | WE(DNS(X;y);
= = (4.26)
X6
TE(x;y:t) TN Y):
j=1

The quadratic shape functionsN*'s are de ned in (4.20) in area coordinates, and
2, w? and T are the time dependent nodal values of, w, T, respectively. The
Galerkin approach is followed where the weight functions; are taken as shape
functions when the equations (4.25) are written for each efeent. The boundary
integrals drop due to the property of shape functions to be weshed for Dirichlet
boundary conditions, and zero normal derivative conditios at the exit. The
integral equations (4.25) are written for a 6-nodal trianglar element ., and
after the assembly procedure for the total number d¥1, elements, the following

matrix-vector system of ordinary di erential equations (CDES) is obtained
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[K]f g=[M]fwg
[M]fwg+[K]fwg+ Re[A]lfwg= MnRefFzg (4.27)

[M]fTg+ P_lr[K]ng+ Re[A]fTg MnReEc[A3]fTg

= MnReEc" fF;g+ EcfF,Q :

The superposed dot in the vorticity and temperature equatias, denotes the time
derivative at nodal values forw and T. For the temporal discretization, the
backward nite di erence scheme which is de ned by

_ @u _ Us+1 Us
u—s+1 - @tsﬂ - t
is employed, wheres indicates the time level. Thence, time discretized form of
FEM system of algebraic equations take the form

[KIf gy = [M]fwg
[Ki]fwg,,, = fFig (4.28)

[K\Z]ngsﬂ = flf\Zg
where K] and [K] are
[Kil=[M]+ t[K]+ tRe[A]

t (4.29)
K] =[M]+ 5/ [KI+ tRe[A]  tMnReEC[As];
and f F1g and f F,g are given as
fFig= tMnRe fFsg+[M]fwg,;
(4.30)

fF,g= tMnReEc" fFig+ tEcfF,g+[M]fTg, :

The matrices K], [A], [M], [Az] and the right hand side vectord F1g, fF,g and
fFzg are de ned in Section 4.3. The nal algebraic system (4.28sisolved by
the iterative procedure given in the previous section. Eadkeration starts with

solving the stream function equation, and then, the vortity lower and upper
wall conditions are approximated as given in Section 4.1. Ehvorticity equation
is solved next to obtain all nodal values of the vorticity in he whole problem
domain. The nal step of each iteration is solving the tempexture equation.
The iterative procedure is terminated when the conditions

(i) Cids v (Wi )ty (W )s) s (i) (Tij )

are satis ed, whereij denotes theij -th node varying from 1 to the total number
of nodes in the domain, and is the time level. The solutions satisfying the above
criteria are accepted as the steady-state solutions, witlespect to the steady-state
tolerance parameter .
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4.5 FEM formulation of unsteady biomagnetic electrically c onducting
uid ow

This section extends the FEM model for the unsteady biomagte electrically
nonconducting uid ow problem developed in the previous setion in that the
uid is considered as electrically conducting. Accordinglythe governing equa-
tions given in (4.1) are taken into account. The FEM model of &tion 4.4 is
modi ed so that the FHD magnetic numberMn is replaced byMng as appears
in Equations (4.1), and the MHD terms in the vorticity and temperature equa-
tions are added. Therefore, the FEM discretized system (8Rwill be adapted
and the MHD terms (with Mny, ) will be enrolled into the model. As a result,
the FEM discretized model for Equations (4.1) is obtained as

[KIf gsy =[M]fwg,
K1 fwg,,, = fFsg (4.31)

[K2]fTg,,, = fFag

where as befores is the time level, K] and [K;] are de ned in (4.29), with
M, = Mng, of the previous section whereas, and the matrices ], [A], [M], [A3]

are de ned in Section 4.3. The right hand side vectorsi3g and f F,4g are de ned
as follows

fFag [M]fwg,+ tMneRefFsg,+ tMny fFa0,,; ;

f Fag [M]fTg,+ tMngReEc"fFig,,, (4.32)

+ tMnyEcfFsg,,, + tEcfF.g,,, :

The vectorsfF.g, fF,g and f F3g are given in (4.24), wherd F,g and f Fsg are
de ned as

e 2 xe X &2
L (e

@y ™ @y

#
X8 Ne X
(%; 9 (NF(HP)?) Nfd o
I=1 1=1 (4.33)
| |
e Z X6 @N X '
~ 'R e Ne(He)Z Nied o
@y B A

fF.0 )

e=1 e k=1

f F5g

e=1 e k=1
i=1;:::6:
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The coupled equations (4.31) are solved by two distinctivéerative approaches.
Speci cally in both procedures, the stream function, vortiity and temperature
equations are solved sequentially with the admission of atfary initial estimates
for vorticity and temperature at the rst iteration, and the process caries on
until a previously assigned steady-state criteria is met. Heever, the vorticity
wall conditions (the lower and upper walls) are calculatedybusing two di erent
approaches depending on the problem geometry. This conatiés the main di er-
ence between the two iterative procedures. The biomagnetidd ow equations
(4.1) are solved basically in three di erent channels, nanhg a straight channel
(Section 4.6.3), a symmetrically stenosed channel (Sectid.6.4) and a channel
with irregular constriction patterns (Sections 4.6.5 and 4.6). In both straight
and symmetrically stenosed channels, the method based onrite di erence ap-
proach given in Section 4.1 is applied in the computation ohée vorticity wall
values. In these con gurations, the iterative progress isxactly the same as in
the previous sections. However, in unsymmetrically stenasehannels in which
the discretization yields irregularly distributed nodesa di erent technique based
on FEM is applied to evaluate the vorticity boundary values.The details of this
iterative approach (followed in unsymmetrically stenosedhannels) together with
the computation of the vorticity wall conditions are preseted in the following
section.

4.5.1 \Vorticity boundary conditions in irregularly stenos ed regions
and the iterative solution procedure

A technique for the computation of the unknown vorticity bowndary conditions
at the upper and lower walls, which is based on Taylor's sesi@xpansion of the
stream function, is previously presented in Section 4.1. T nite di erence
method is one of the most commonly used procedure for compgi vorticity
boundary conditions. However, the nite di erence method idimited to regular
domains and is not convenient when the nodes in the problemrdain are dis-
tributed in an irregular pattern. Thus, an approach based orEM is applied in
the present work. This approach basically follows the prodare given in the work
of [21]. In this technique, mainly an iterative procedure i$ollowed. Firstly, the
vorticity values on the whole domain are assumed to be knowhlaving known the
vorticity values from the previous &-th) level and the stream function's boundary
conditions, the stream function equation is solved using FE modality

f g, = K ' [M]fwg, (4.34)

which gives the stream function values in theq+ 1)-th iteration. Using these
stream function values together with the known (inlet and otlet) vorticity bound-
ary conditions, the equation

fwg,, = M ' [KIf g, (4.35)

is now used to obtain the missing boundary values for vortigi Note that Equa-
tion (4.35) is solved only for the unknown boundary condities (upper and lower
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plates), and the inverse matrix calculations are not exagtl performed but an
equation solver is applied instead. Having obtained the bodary conditions for
the vorticity from Equation (4.35), and using the stream fution values at the
(s+1)-th level, second equation in (4.31) is solved to obtainhie vorticity values
on the whole domain at the §+1)-th level. Finally, the stream function and vor-
ticity solutions at the (s + 1)-th level are used and the equation for temperature
in (4.32) is solved to obtain the temperature values at thes(+ 1)-th level. This
iterative procedure stops when the conditions

Cidsty i) v (Wi )ty (W ) v (M) (Tij s

are satis ed, as mentioned earlierjj denotes theij -th node varying from 1 to
the total number of nodes in the domain, and is the time level. The solutions
satisfying this criteria are taken as the steady-state sdions, with respect to .

4.6 Numerical Results

The numerical simulations for the biomagnetic uid ow probems under the in-
uence of a magnetic eld in di erent channels, are preseni in this section.
The channels with various types of constrictions are de nethdividually in each
problem section. The DRBEM and FEM methodologies are apptiefor solving
various con gurations of biomagnetic ow problems. Impli¢t backward di erence
scheme is made use of for temporal discretization in time dapdent problems. In
particular, Section 4.6.1 presents the numerical resultdbtained from DRBEM
and FEM for steady biomagnetic uid ow where the uid is taken as electri-
cally nonconducting. In Section 4.6.2, the results of the gteady biomagnetic
nonconducting uid ow in a straight channel are presented.Then, the model is
extended so that the uid is electrically conducting, and tle results concerning
the unsteady biomagnetic uid ow in a straight channel are gven in Section
4.6.3. Next, the unsteady biomagnetic uid ow is simulated n symmetrically
stenosed, unsymmetrically stenosed, and nally in multitenosed channels in
Sections 4.6.4, 4.6.5 and 4.6.6, respectively. The compigaal domain in each
problem is determined by taking the length and the height oftte channel as
| = 10 and h = 1, respectively. In the FEM discretization of the irregulaly
stenosed channels, namely Problems 4.6.5 and 4.6.6, an opeurce FreeFem++
is made use of. The boundaries of the problem domain are dedchas functions
and the domain is triangulated using three-nodal linear ebeents using this soft-
ware package. However, in this study, six-nodal quadratic iangular elements
are used and hence, the three-nodal element coordinates ala& modi ed so as
to have six-nodal triangulation of the computational domai. The physical pa-
rameters, and the number of elements used in the discretimat are provided in
each problem separately. In each iteration of the solutiorrpcedures, the systems
of algebraic equations resulting from both DRBEM and FEM disretizations are
solved using a MATLAB code, where a sparse system solver fuioct is involved
in FEM models.
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4.6.1 BEM and FEM applications for steady biomagnetic uid ow

The DRBEM and FEM solutions of steady biomagetic uid ow in a straight
channel are presented in this section using both boundary @nnite element
methodologies which are introduced in Sections 4.2 and 4r@spectively. The
in uence of a spatially varying magnetic eld on the ow and heat transfer is
investigated where the uid is assumed to be a poor conductoiThe governing
equations given in (4.4) are taken into consideration. Theow at the entrance is
assumed to be fully developed, and the velocity has a paralzopro le whereas,
the temperature has a linear pro le. On the lower and upper ples, the no-slip
condition is imposed for velocities, and the plates are kept constant tempera-
tures. At the exit of the channel, homogenous Neumann boundaconditions are
imposed as@ =@x 0; @w=@x0; @T=@x0. Thus, the boundary conditions
for stream function and temperature are given as

Oy)=2y? (4=3)y* (%0)=0; (x1)=2=3; (4.36)
TO;y)=1 vy, T(x;0)=1; T(x;1)=0; '
and the unavailable vorticity boundary conditions are calaglated by the method
given in Section 4.1.

=2=3,T=0
S2y @=a)y’ © =@x0
w=8y 4 @w=@x0
T=1 y @T—@;(O
=0;T=1

Figure 4.3: Domain con guration and boundary conditions foProblem 4.6.1.

The numerical simulations are performed takindPr = 20, " = 8, and Ec =
2:476 10 ° and the results are obtained for xed Reynolds numbersRe = 50
with DRBEM, Re = 150 with DRBEM and FEM, and Re = 250 with FEM).
The external magnetic source is placed at the pointa(b = (2:5; 0:05). The
resulting magnetic eld contours together with the problendomain and boundary
conditions are shown in Figure 4.3. The results obtained fmo each method are
presented separately in the sequel.

The DRBEM discretized equations (4.15) are solved by the itative procedure
described in Section 4.2, and the results are obtained forehlsets of Reynolds
number, magnetic number valuefke = 50, Mn = 115;215;Re = 50, Mn = 315
and Re = 150, Mn = 115, using respectivelyN =290, N = 330 and N = 330
uniform linear boundary elements. The coordinate functiors taken asf =1+ r
in the computations.

In Figure 4.4, the steam function, vorticity and temperatue contours are drawn
for a xed Reynolds numberRe = 50 for the values of magnetic numbersg) Mn =
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Figure 4.4: Problem 4.6.1: E ects of magnetic eld on streatmes, vorticity
contours and isotherms (DRBEM) forRe = 50, (a) Mn = 115, (b Mn = 215,
(C) Mn = 315. 119



115, @ Mn = 215 and (c) Mn = 315. It is observed from the gure that the

presence of the external eld leads to a vortex formation faall of the unknowns

close to magnetic source along the lower plate. The vortex wh indicates a
circulation and a decrease in the ow rate of the uid, extend both horizontally

and vertically as the intensity of the magnetic eld increass. Consequently, the
stagnant region spreads in the neighborhood of the magnetsource, and the
temperature of the uid increases to the temperature of theower plate.

Stream function

Vorticity

Temperature

(a)

Stream function

Vorticity

Temperature

(b)
Figure 4.5: Problem 4.6.1: Streamlines, vorticity contogr and isotherms for
Re =150, Mn = 115: (a) DRBEM, (b) FEM.

Figure 4.5 presents the streamlines, vorticity contours ahisotherms for the values
of Re = 150 and Mn = 115 obtained by (a) DRBEM and (b) FEM procedures.
When Figure 4.5(a) and Figure 4.4(a) are compared, it can been that for a
xed magnetic number (Mn = 115), increasing Reynolds number from 50 to 150
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causes an extension of the vortices in the contours of all urdwns. Figures 4.5
(@) and (b) conrm that the obtained DRBEM and FEM results are in good

agreement generally on the whole channel, especially in thegion around the
magnetic source for the given set of Reynolds and magneticmibers, Re = 150

and Mn = 115. However, at the exit of the channel FEM gives smoother salts

than DRBEM especially for vorticity. In DRBEM solutions, same small discrep-
ancies are noticed in the pro les of streamlines, isothernasd especially vorticity
contours near the top and bottom corners at the exit of the chnel. These are
not expected physical behaviors, and may be due to the singtities in boundary
conditions at the corners of the exit. A remedy for the unexmeed oscillations
can be increasing the number of the boundary elements, ancher nodes taken
in the computations. However, the advantage of DRBEM actualllies in obtain-

ing solutions with small number of elements compared to donmadiscretization

methods such as FEM. In the present case, the numerical siratibns are carried
out using 1350 quadratic nite elements in FEM whereas in DRBM, only 330
linear boundary elements are used to obtain the same behavior the solution

with an iteration tolerance 10 © for a moderate value ofRe = 150 (where the
equations are mildly nonlinear). The results lead to a congdion that the small

computational advantage of DRBEM can successively made uskfor capturing

the behavior of the simpli ed biomagnetic ow problems in malerate Reynolds
number values.

Figure 4.6: Problem 4.6.1: A sample FEM discretization of # problem region
using M = 480 elements.

Stream function

Vorticity

Temperature

Figure 4.7: Problem 4.6.1: Streamlines, vorticity contosrand isotherms (FEM)
for Re =250, Mn =0.
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Figure 4.8: Problem 4.6.1: E ects of magnetic eld on streatmes, vorticity
contours and isotherms (FEM) forRe = 250, (a) Mn = 115, (b Mn = 215,
() Mn =315. 129



In FEM solutions, as the characteristic behavior of the ows$ expected to take
place in the neighborhood of the magnetic source, this part the channel, i.e.
betweenx = 2 and x = 6, is discretized using more elements than the number
of elements used outside where a linear ow pro le is expecte Figure 4.6, illus-
trates a sample discretization of the problem domain using88 elements. In the
computations, the domain is discretized by using 3750 quadic elements. The
biomagnetic uid is taken to be blood and hence, the charaatstic parameters for
a real blood ow are used which are = 1050kg=n?; =3:2 10 %kg=ms;u, =
3:81 10 2. Thence, the corresponding Reynolds number under these diions

is taken asRe = 250, [47].

The numerical tests using FEM wherRe = 250 are rst performed in the absence
of the magnetic eld (bio uid ow) where Mn = 0 (Equations (4.6)), and the

results are shown in Figure 4.7. The absence of the magnetield e ect results

in a pure hydrodynamic ow, where all contours of the unknows have a linear
pro le at steady-state, and this behavior can be depicted &m Figure 4.7.

The e ect of the externally applied magnetic eld on the biomagnetic uid ow is
investigated via several test cases for Reynolds numbee = 250 with magnetic
numbersMn = 115, Mn = 215 and Mn = 315. When Reynolds number and
the temperature di erence between the upper plate and loweplate are xed,
increasing the magnetic number is equal to increasing the greetic eld strength
applied at the point (a;b). Figure 4.8 shows this e ect on the streamlines, vortic-
ity contours and isotherms for (a)Mn = 115, (b) Mn =215 and (c) Mn = 315.
As it can be seen from the gure, a vortex is formed in the regioaround the mag-
netic source in stream function, vorticity and temperaturecontours. Moreover,
it is observed that near the magnetic source, the lengths ofi¢ vortices extend
horizontally along the lower plate and the temperature vales increase due to an
increase inMn. In all cases, stream function, vorticity and temperature @ntours
are a ected close to the magnetic source region. However, dgtstrength and
e ect of the magnetic eld decreases towards the exit of thehannel, the contours
regain their inlet pro le.

4.6.2 Unsteady biomagnetic uid ow in a straight channel

In this problem, the biomagnetic uid ow and heat transfer problem is solved in
a straight channel, where the uid is considered as electalty nonconducting as
in the previous problem. The governing equations given in @) are accompanied
with the boundary conditions, (see Figure 4.9)

O;y)=2y? (4=3)y%; (x;0)=0 ; (61)=2=3
TOy)=y;T(x;0=0;T(x;1)=1

w(0;y) =8y 4 (4.37)
@X=O %1 O% 0; x=10
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The FEM discretized equations (4.27) given in Section 4.4 arsolved by the
procedure introduced in the same section. In the numericahaulations, Pr = 25,
Ec=7:43 107, " =9 are taken as in [76], and the magnetic source is placed
at the point (a;b = (3; 0:05). In the numerical tests, the magnetic number
values are taken asvin = 1312, 5250, 32813 and 131250, and the corresponding
Reynolds number values are taken d&e = 100, 50, 20 and 10, respectively. In the
problem region discretization M = 4250 quadratic triangular elements are used
for Mn = 1312, 5250, andM . = 5250 elements are used favin = 32813, 131250.
The time step for Mn = 1312, 5250, and 32813 cases, is taken a$ = 10 3,
whereas, for the highest magnetic numbevin = 131250, t =10 “is taken in
the computations.

=2=3,T=1

=2y?  (4=3)y° @ :_@x: 0

w=8y 4 @w=@x%0

T=y @T=@x0
=0;T=0

Figure 4.9: Domain con guration and boundary conditions foProblem 4.6.2.

Figure 4.10 shows the e ect of the magnetic eld on the strealmes, vorticity
contours and isotherms at transient levelsa)t = 0:2 and (9t = 1:0, and nally

at steady-state €)t =5 for Re=100 andMn = 1312. Itis seen that, at the very
early stage whert = 0:2 a small vortex is formed in the close neighborhood of the
nodal magnetic source for both stream function and tempenate. In addition,

a deformation around the magnetic source occurs in the vasity behavior. The
resulting vortex extends horizontally up tox = 6 with a time advance and the ow
settles down at approximatelyt = 5 where the steady-state is reached according
to the present convergence parameter, 10 °).

Figure 4.11 illustrates the steady-state pro les of streafimes, vorticity contours

and isotherms for (a)Mn = 5250, (b) Mn = 32813 and (c)Mn = 131250. It

is observed that the vortex formation also takes place close the point where

the nodal magnetic source is located for all these magnetiambers. In addition

to this vortex, a smaller vortex arises in the region betweethe entrance of the
channel and the magnetic source point near the upper plate. Aincrease in
the density of these vortices is observed as the magnetic rinen increases. The
temperature of the uid remains low around the magnetic sowe and close to
the lower wall which is kept cold in the present problem. Theemperature is
higher in the region between the entrance and the point wherthe magnetic
source is placed, and it increases more towards the upper Walhich is heated. It

is seen from the gures that this variation increases as welNhen Mn increases.
The streamlines, vorticity and temperature contours are gaing their entrance

pro les towards the exit of the channel where the e ect of themagnetic eld is

diminishing.
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Figure 4.10: Problem 4.6.2: Time evaluation of stream funon, vorticity and
temperature contours forRe = 100, Mn = 1312 when @)t = 0:2, (b)t = 1:0,
(c)t=5:0.
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Figure 4.11: Problem 4.6.2: Stream function, vorticity canurs and isotherms for
(a) Re=50, Mn =5250, (b) Re=20, Mn = 32813, (c) Re= 10, Mn = 131250.
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4.6.3 Unsteady biomagnetic electrically conducting uid ow in a
straight channel

The electrically conducting biomagnetic uid ow and heat transfer governed by
Equations (4.1) is considered rst in a straight channel in lhis problem. The
FEM model (4.31) developed in Section 4.5 is solved by the nigive procedure
described in the same section. The boundary conditions are follows

O;y)=2y* (4=3)y% (x;0)=0; (x;1)=2=3;
TOy)=4y(l vy);T(x;0)=0;T(x;1)=0; (4.38)
w(0;y) =8y 4

together with the zero derivative conditions at the exit. Tke vorticity wall con-
ditions are calculated by the method of Section 4.1. The prédm domain with
the boundary conditions together with the magnetic eld cotours are visualized
in Figure 4.12.

=2=3;T=0
=2y*  (4=3)y° @:_@FO
w=8y 4 @w=@x0
T=@x0
T=ay1 ) er=e
=0;T=0

Figure 4.12: Domain con guration and boundary conditionsdr Problem 4.6.3.

The physical parameters are taken suitable to the real bloodw as Pr = 25,
Ec=1:49 10 &and" =77:5 in the numerical simulations. The nodal magnetic
source is placed at the pointd; b = (3; 0:05). Since the characteristic behavior
of the ow is expected to take place around the region near th@agnetic source,
this region, where 2 x 6, is discretized using more elements than used in other
parts of the problem domain as in Problem 4.6.2. The numericeesults presented
in this section are obtained usingM = 2800 quadratic triangular elements and

t =0:001 as time increment. The steady-state parameter is takess a= 10 .

The streamlines, vorticity contours and isotherms for (aMng = 82, Mny =
0:025 and (b)Mng =164, Mny =0:1 are shown in Figure 4.13 where Reynolds
number is xed, Re = 100. As can be depicted from the gure, the e ect of the
magnetic eld, similar to the previous cases, is the vortexofmation in stream-
lines, equivorticity lines and isotherms. An increase iMn, causes the vortices in
all contours to extend in both directions, and as a consequas the recirculation
of the ow expands downstream of the channel. The temperatarof uid in the
vortex region decreases to the temperature of the lower pé&atvhich has a zero
temperature boundary condition. At the exit of the channelas in the previous
problems, the streamlines, vorticity contours and isothens gain their inlet pro le
as the e ect of the magnetic eld is diminishing.
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Figure 4.13: Problem 4.6.3 E ects of magnetic eld on strealimes, vorticity
contours and isotherms folRe = 100 (a) Mng =82, Mny =0:025, ) Mng =
164,Mny =0:1.

4.6.4 Unsteady biomagnetic uid ow in a symmetrically sten osed
channel

This section presents the biomagnetic uid ow of an electgally conducting uid
and heat transfer in a symmetrically stenosed channel. Thegerning equations
are given in (4.1) and the FEM model (4.31) developed in Seat 4.5 is solved
iteratively. The characteristic parameters are taken as ifroblem 4.6.3, where
Pr=25 "=77:5andEc=1:49 10 8 The convergence tolerance is set to
be =10 ° to achieve the steady-state. The problem domain boundariese
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de ned by the functions
yi(x) = Agsech(6(x xi1)); 0 x 10

Yo(X) =1 Agzsech(6(x Xp)); 0 x 10

for lower and upper plates, respectively. The positive cotasts A, A, control the
degree of constriction of the channel, anB 1, B, are the constants controlling the
length of the stenosed area. The positions of major constrians at the lower and
the upper plates are demonstrated by; and x,, respectively [75]. The boundary
conditions are given by

Inow (x=0; 0 vy 1)

=2y* (4=)y% T=4y(l y); ! =8y 4
Outow (x=10; 0 y 1)

@x @x @x (4.39)
Lower plate (y=vyi(x); O x 10)

=0; T=0

Upper plate (y = y>(x); 0 x 10)
=2=3; T=0;

and the required vorticity boundary conditions are derivecdby the method pre-
sented in Section 4.1. In the test problems, the computatiah domain is deter-
mined by taking B; = B, = 6, and x; = X, = 3. The numerical simulations are
carried out rst for the straight channel (A; = A, = 0), and then for the channel
with the 40% degree of stenosisA( = A, = 0:2) and 60% degree of stenosis
(A1 = A, = 0:3) to see the e ect of the constriction on the uid ow. Thus,
the resulting channel is symmetrically constricted. The raal magnetic source
is placed at @;b = (3:3; 0:05). The symmetrically stenosed channel (a rep-
resentative 60% degree of stenosis) with boundary condit® and the resulting
magnetic eld contours are shown in Figure 4.14.

=2=3, @ =@¥0;T=0

— 9\2 —23 @ =@x0
w = 53)// 44-3y @w=@x0
T =4y y) @T=@x0

=@=@¢¥0; T=0

Figure 4.14: Symmetrically stenosed channel and the bounglaconditions for
Problem 4.6.4.

The characteristic behavior of the ow for the present casds expected to take
place in the neighborhood of the magnetic source and/or cdristion. Therefore,
the region around the magnetic source and/or constriction,e. betweenx = 2
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and x = 6, is discretized using more elements than the number of etents used
outside this region where a fully-developed ow pro le is gxected. Figures 4.15
and 4.16 show sample discretizations for 40% and 60% stembeleannels respec-
tively, using 1088 elements. The domain is discretized bying 4352 quadratic
triangular elements in the numerical simulations.

Figure 4.15: A sample discretization of channel with 40% stesis for Problem
4.6.4.

Figure 4.16: A sample discretization of channel with 60% stesis for Problem
4.6.4.

Figures 4.17 and 4.18 display the uid ows through the chanels with stenosis
of degrees 40% and 60%, respectively, for the biouid ow (Rations (4.5))
(@ Mng = Mny = 0, and the biomagnetic ows (b) Mng = 82, Mny =
0:025, (c)Mng =164, Mny, =0:1. It can be seen from Figures 4.17(a)-4.18(a)
that the stream function, vorticity, and temperature behavors are distorted from
being straight lines due to the stenosis. The formation of wsymmetric vortices
downstream of the stenosis is noticed in the vorticity conta's, whereas small
deviations occur after the stenosis in both streamlines artdmperature contours.
On the other hand, in the absence of magnetic source as the mEgyof stenosis
increases, the density and the extend of the vortices incesa Moreover, the
increase in the degree of stenosis leads to the formation wbtsymmetric vortices
downstream of the stenosis not only in the vorticity but alsan the streamlines.
When a magnetic source is placed close to stenosed area urtterlower plate,
a vortex formation is also observed immediately after the shosed area in both
streamlines and temperature pro les as in the case with noestosis. In addition,
the length of this vortex enlarges through the lower plate flowing an increase
in both the intensity of the magnetic eld and the degree of tke stenosis for
streamlines and isotherms. When the vorticity pro le underthe in uence of a
magnetic source is compared with the pure hydrodynamic owase, it is observed
that the presence of a magnetic source breaks the symmetry time formation
of vortices emanating from the stenosed area. That is, thewer vortex extends
vertically due to the magnetic source in both 40% and 60% ofestosis cases. Thus,
the upper vortices in the pro les of streamlines and isothens shrink following
the increase in the strength of the magnetic eld for the caseith 60%-stenosis.
Moreover, the temperature values remain constant in the cerof the vortices in
all cases. The maximum temperature value is shifted towardbe upper plate
following the formation of a vortex in the magnetic source ggon as the intensity
of the magnetic eld increases.
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Figure 4.17: Problem 4.6.4: Streamlines, vorticity contog and isotherms 40%
stenosis forRe = 100, (a) Mng = Mny =0, (b) Mng =82; Mny =0:025, )
Mng =164; Mny, =0:1.

In the case with 60%-stenosis, the simulations are carriedrfhigher values of
magnetic numbersMng = 656; Mny, = 1:2 and Mng = 1312, Mny = 6:4
(see Figure 4.19). As it is expected, an increase in the intéysof the magnetic
eld results in an extension of vortex along the lower plate.In all cases, the
streamlines, vorticity contours and isotherms regain thentrance pro les at the
downstream of the channel, away from the stenosed area andgnatic source,
through the exit of the channel. These results are in good agment with the
results in the work of Tzirtzilakis [75].
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Figure 4.18: Problem 4.6.4: Streamlines, vorticity contog and isotherms 60%
stenosis forRe = 100, (a) Mng = Mny =0, (b) Mng =82; Mny =0:025, ()
Mng =164; Mny =0:1.

The time evolution for the stream function, vorticity and temperature is investi-
gated for the case of 60%-stenosis, whBe = 100 andMng =82, Mny = 0:025.
The results in terms of the contours of the unknowns are shovim Figure 4.20. It
is observed that the vortex formed close to lower plate is elgated horizontally
as time advances until the ow settles down at approximately = 3.
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Figure 4.19: Problem 4.6.4: Streamlines, vorticity contog and isotherms 60%
stenosis forRe = 100, (a) Mng =656; Mny =1:2, (b) Mng = 1312, Mny =
6:4.

Stream function Stream function
Vorticity Vorticity
Temperature Temperature
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Figure 4.20: Problem 4.6.4: Time evolution for the streanmles, vorticity contours
and isotherms, 60% stenosis, fdRe = 100, Mng = 82, Mny =0:025: @)t =
04, (b)t=1:0,(c)t=1:25, d)t=3:0.
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4.6.5 Unsteady biomagnetic uid ow in an unsymmetrically s tenosed
channel

In this problem, the numerical simulations for the biomagne uid ow under
the in uence of an externally applied magnetic eld (Equatons (4.1)) are carried
out in a channel with an unsymmetrical stenosis. The computianal domain
is considered to have a severe stenosis with an unsymmetrisaucture. Con-
sequently, the lower and upper walls of the channel are de deas in Problem
4.6.4

yi(x) = Aisech(Bi(x x41)); 0 x 10

and
Y2(X) =1 Agzsedh(Ba(x x2)); 0 x 10

respectively. In the present test problem, however, the cetants which control
the degree of constriction of the channel are taken as; = 0:55, A, = 0:35,
whereas the constants controlling the length of the stenaterea are taken as
B, =6, B, = 10. The positions of the major constrictions at the lower ad the
upper plates are determined by; = 2 and x, = 2:5. The computational domain
for the given parameters is shown together with the magnetield intensity H
contours applied at (3 0:05), in Figure 4.21. The boundary conditions are given
by

Inow (x=0; 0 vy 1)

=2y* (41" T=4y(d vy); ! =8y 4

Outow (x=10; 0 y 1)

@ _@r_e'_

@x @x @x (4.40)
Lower plate (y = yi(x); 0 x 10)

=0; T=0

Upper plate (y = y2(x); 0 x 10)
=2=3;, T=0:

The FEM model (4.31) of Equations (4.1) with the imposition 6the provided

boundary conditions given in (4.40) is solved iterativelyThe iterative procedure
including the computation of the vorticity wall conditions described in Section
4.5.1 is followed. The time step is taken ast = 0:001, and the iterations are
terminated when the steady-state conditions are satis edwere =10 “. As the

characteristic behavior of the ow is expected to take placa the neighborhood
of the constriction, the region around the constriction (1 x 3:5) is discretized
using more elements than the number of elements used outsitiés region. A

sample discretization of the problem region using . = 948 is illustrated in Figure

4.22, whereas, the presented results are obtained by usirgy9 elements.

The numerical tests are rstly conducted for the bio uid ow governed by Equa-
tions (4.5), for Re = 100 (Mng = Mny = 0), in order to investigate the e ect
of the constriction on the ow dynamics. The streamlines, wdicity contours
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Figure 4.21: The magnetic eld contours (channel with an iggular stenosis) for
Problem 4.6.5.

Figure 4.22: A sample discretization (channel with an irradar stenosis) for Prob-
lem 4.6.5.

and isotherms for this case are shown in Figure 4.23. It is Welbserved that
the streamlines, vorticity contours and the isotherms areistorted from being
straight lines in the region after the stenosis. A vortex ftdwing the circulation
is formed downstream of the stenosis close to the upper wall both stream-
lines and isotherm pro les. This physically indicates thatuid ow slows down
after the constriction. Thus, the temperature of the uid in the vortex region
decreases to the temperature of the upper wall due to this culation. On the
other hand, the temperature is quite high close to the lowerall in the same
region (25 x 5). On the other hand, the streamlines, vorticity contours
and isotherms regain their inlet pro les towards the exit othe channel where the
e ect of the stenosis almost vanishes.

Stream function

Vorticity

Temperature

Figure 4.23: Problem 4.6.5: Streamlines, vorticity contas and isotherms,Re =
100,Mng =0, Mny =0.

Secondly, the e ect of the location of the external nodal maggtic source on the
ow eld is investigated when Mng = 82, Mny = 0:025 by solving Equations
(4.1) using FEM discretized Equations (4.31). The resultsra visualized in Figure
4.24 in terms of streamlines, vorticity contours and isothiens for (a) a = 1, (b)
a=2:5 and (c) a=3. When the nodal magnetic source is placed at {1 0:05),
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Figure 4.24: Problem 4.6.5: Streamlines, vorticity contog and isotherms for
Re =100, Mng =82, Mny =0:025, @ a=1:0, (b) a=2:5, (c) a=3:0.

it generates minor vortices in the contours of the unknown# the region before
the stenosis. However, the ow shows the same behavior towarthe downstream
of the stenosis as in the case wheMng = Mny = 0. On the other hand,
placing the magnet at (25; 0:05) has no visible e ect on the ow behavior
when it is compared to the case of the pure hydrodynamic ow,rse the e ect
of the magnetic eld remains mainly outside of the problem dwmain. Finally,
application of the magnetic eld at the point (3; 0:05) signi cantly alters the
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Figure 4.25: Problem 4.6.5: Streamlines, vorticity contas and isotherms,Re =
100,Mng =656, Mny =1:2: (&) a=1:0, (b) a=3:0.

ow eld and the temperature distribution. The vortices close to upper wall in the
pure hydrodynamic ow case are narrowed and shortened in lgii. In addition,
formation of additional vortices is observed in streamlireeand isotherms close to
the lower wall where 3 x 6. The problem is also solved for higher values of
magnetic numbersMng = 656, Mn), = 1:2, and the results are shown in Figure
4.25 for (a)a =1 and (b) a= 3. When Figure 4.25(a) is compared with Figure
4.24(a), it is seen that increasinging, Mny, results in extension, in bothx-
and y- directions, of the vortices prior to the stenosed region ithe pro les of
all unknowns, whereas the contours remain almost unchangeédwnstream of the
stenosis. On the other hand, comparing Figure 4.25(b) anddtire 4.24(c) shows
that the streamlines, vorticity contours and isotherms arenotably a ected with
an increase in the magnetic numbers. That is, while the vorteformed along
the lower plate extends in they-direction towards the upper plate, the vortex
occurred along the upper plate in the case whedng = 82, almost vanishes
with an increase inMng value to 656.

In conjunction with the aforementioned results, the nal test of the present prob-
lem is conducted for a xed location of the magnetic sourcafb = (3; 0:05) in
order to see the e ect of increasing the magnetic numbekng and Mn,, on the
ow behavior. Figure 4.26 shows the streamlines, vorticitgontours and isotherms
for (@) Mng =0, Mny, =0, (b) Mng =82, Mny = 0:025, (b) Mng = 164,
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Mny = 0:1, and (d) Mng = 656, Mny, = 1:2. As it is expected, the vor-
tices in streamlines and isotherms formed due to applicatiaf magnetic eld for
the set of lowest values of magnetic numbers tested in thisusly (Mng = 82,
Mny = 0:025), are extended in length and width as the magnetic numlsin-
crease. This results in a rise of the uid ow towards the uppewall. Moreover,
the shifting e ect of the magnetic eld on the ow becomes stonger with an in-
crease in magnetic numbers and hence, the vortices due to gtenosis which are
close to the upper walls are narrowed down. Thus, the e ect dlfie constriction
on the resistance to the uid ow decreases. In addition, theemperature close
to the upper wall downstream of the stenosis increases by thkifted uid ow in
this region with an increase in magnetic e ect. All streamlies, vorticity contours
and isotherms are recovering their inlet pro les through tk exit of the channel
where the e ects of both the stenosis and the magnetic sourganish.

4.6.6 Unsteady biomagnetic uid ow in an multi-stenosed ch annel

The nal test problem also deal with the biomagnetic uid ow under the e ect
of an externally applied magnetic eld which is governed by &uations (4.1). In
the present case, the problem domain is taken as a channeltwitregular multi-
stenotic regions. Speci cally, the channel rst narrows den with a symmetric
stenosis close to the entrance and recovers its initial widt Then, a severe con-
striction follows which is unsymmetrically spread in the nddle of the channel.
After the recovery of the second stenosis, the channel narmwown gradually so
that the exit diameter is less than the entrance diameter. Tims, the lower and
upper walls of the channel are de ned by the formulas

yi(x) = C1[1 cos(2 (x D(x))=E(x))]; 0 x 10

ya(x) =1 Cy(x)[1 cos(2 (x D(x)=E(x))]; 0 x 10

respectively. Here,C; is a positive constant and taken a<C; = 0:075. The
piecewise-constant-valued function€,, D and E are de ned as

8 8

20075 if5:8<x 10 258 if58<x 10
Cy(x)= _ 0225 if3:2<x 58; D(x)= _32 if3:2<x 58,

> >

0075 if0 x 32 -0 ifo x 32

8

272 if5:8<x 10
E(x)= S 2:6; if3:2<x 58:
32 if0 x 32
The resulting problem region can be seen in Figure 4.27.
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Figure 4.26: Problem 4.6.5: Streamlines, vorticity contas and isotherms,Re =
100,a = 3:0: (@ Mng =0, Mny =0, (b) Mng = 82, Mny,, = 0:025, )
Mng =164, Mny, =0:1, (d) Mng =656, Mny =1:2.
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Figure 4.27: Multi-stenosed channel and the magnetic eldonitours for Problem
4.6.6.

Figure 4.28: A sample discretization (multi-stenosed chael) for Problem 4.6.6.

The governing equations are accompanied by the boundary chtions

Inow (x=0; 0 vy 1)

=2y (4% T=4y(d ), ! =8y 4
Outow (x=10; 0 y 1)
@ = @T: @I =0
@x @x @x (4.41)
Lower plate (y= yi(x); O x 10)
=0; T=0

Upper plate (y = y2(x); 0 x 10)
=2=3;, T=0:

The iterative procedure described in Section 4.5.1 is foled for solving the FEM
model (4.31), and the vorticity boundary conditions are aardingly calculated.
The characteristic ow parameters, as in Problems 4.6.4 and.6.5, are taken
suitable to the real blood ow, namely,Pr =25, " =77:5,Ec=1:49 10 8. In
the computations,M, = 6970 elements are used to discretize the problem region,
where the majority of the elements are taken in the severe stsis region. A
sample discretizaion of the problem domain using 920 elen®man be seen in
Figure 4.28. The time step is taken as t = 0:001, and the steady-state solutions
are reported when =10 4.

The results of Problem 4.6.5 have proved that the ow is conderably a ected
when the magnetic source is placed closely after the stenbsegion. Accordingly,
in the present problem, the nodal magnetic source is placeditea the major
stenosed region, atd;b = (6; 0:05) (see Figure 4.27).

Figures 4.29-4.31 present the streamlines, vorticity comiirs and isotherms, re-
spectively, for (&) Mng = 0, Mny =0, (b) Mng = 82, Mny, = 0:025, (c)

Mng = 164, Mny =0:1, (d) Mng = 656, Mny, = 1:2, and (e)Mng = 1312,

Mny = 6:4. Figures 4.29 (a), 4.30 (a) and 4.31 (a) illustrate the e ¢wf the

constrictions in the channel on the pure hydrodynamic ow irthe absence of the
magnetic e ect.
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Figure 4.29: Problem 4.6.6: Streamlines fdke = 100: (a) Mng =0, Mny =0,
(b) Mng =82, Mny =0:025, €) Mng = 164, Mny =0:1, (d) Mng = 656,
Mny =1:2, (e) Mng =1312, Mny =6:4.
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(©)

(d)

(e)

Figure 4.30: Problem 4.6.6: Vorticity contours forRe = 100: (a) Mng = 0,
Mny =0, (b) Mng =82, Mny = 0:025, €) Mng = 164, Mny,, = 0:1, (d)
Mng =656, Mny =1:2, () Mng =1312, Mny =6:4.

141



(a)

(b)

(©)

(d)

(e)
Figure 4.31: Problem 4.6.6: Isotherms faRe = 100: (a) Mng =0, Mny =0,
(b) Mng =82, Mny =0:025, €) Mng =164, Mny, =0:1, (d) Mng = 656,
Mny =1:2, (e) Mng =1312, Mny =6:4.

As it can be seen from these gures, the inlet pro les of the stamlines and
isotherms are sustained during the rst mild stenosis. Theidtortion from being

parallel lines is observed after the peak of the major stenssA vortex formation

in both streamlines and isotherms is observed close to thepgy wall downstream
of the major stenotic region. The temperature has lower vadis in the vortex
region compared to the center of the channel. The vorticityantours, on the
other hand, are a ected from the rst narrowing down of the clannel where a
mild stenosis takes place. The circulation in the vorticitycontours is close to
the lower and upper walls, whereas the centerline contouremain parallel to
the plates. A signi cant deformation after the major constiction region follows
the reattachment of the vorticity contours. All streamlines vorticity contours

and isotherms are observed to regain their parallel pro lesoncordant with the

narrowing down exit conditions. Application of a magnetic ¢d a ects the ow

behavior even for low magnetic numbersMng = 82, Mny = 0:025) especially
noticed in streamlines and isotherms (see Figures 4.29(b3.30(b) and 4.31(b)).
The presence of a magnetic source results in a vortex fornati close to the
lower wall where magnetic source is placed. As expected, danibehavior in

streamlines, vorticity contours and isotherms is observedround the magnetic
source region as the magnetic numbers increase. The vorsiadose to the lower
wall enlarge with an increase in the magnetic numbers and ham as a result of
the shifting e ect, the vortex close to upper wall diminishe for higher values of
magnetic numbers Ming = 656, Mny = 1:2 and Mng = 1312, Mny = 6:4).

Thus, the resistance to the ow in the major constriction re@n is reduced. The
vorticity contours are a ected mostly at the magnetic soure region, and the
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deformations in other parts of the channel are relatively &s. Similarly, the pro le
of the isotherms is greatly a ected in the magnetic source g&on. That is, the
temperature in the core of the vortex region due to the magniete ect decreases
as the vortex enlarges towards the upper wall, whereas thentperature increases
along the upper plate downstream of the major stenosis withhancrease in the
magnetic numbers.

As a conclusion, in this chapter, the FEM solution to biomagriee uid ow and
heat transfer between channels is presented for various gigal con gurations.
Both electrically conducting and nonconducting uid casesand also steady and
unsteady ow problems are separately considered where thguations are given in
terms of stream function, vorticity and temperature. For the steady biomagnetic
uid ow model where the uid is considered as a poor conductq the DRBEM
application is also introduced. The rst applications of bth FEM and DRBEM
for solving biomagnetic uid ow in channels, constitute ore of the major novelties
in this thesis. The obtained results indicate that FEM giveshigh accuracy for
the characteristic ow parameters taken suitable to the relablood properties.
The DRBEM results has put forth that the boundary only naturemethod can be
applied to capture the ow behaviors for moderate parametevalues at a small
expense compared to FEM.

Moreover, the rst applications of FEM are presented for thesolution of the
problem of biomagnetic uid ow through channels with variaus stenotic regions.
The ow under the e ect of the external magnetic eld is consdlered on straight,
symmetrically constricted and irregularly multi-stenosd channels.

Two di erent methodologies are implemented for the computéon of the missing
vorticity boundary conditions at the lower and upper walls.For the regularly dis-
cretized (straight and symmetrically stenosed) regions, aite di erence method
based on Taylor series expansion of the stream function ugifour inner nodes is
applied. However, in the cases where the problem region iseigularly discretized,
an approach based on FEM is used to compute the vorticity watbnditions which
Is also a new contribution in handling unknown vorticity wall values. Iterative
solution procedure is used in solving the resulting systentd equations in all
problems.

The e ects of the stenotic regions, intensity of the magneti eld and location of
the nodal magnetic source on the ow and heat transfer are exaned in details.
The numerical results have shown that both the stenosis in ¢hchannel and the
external magnetic eld cause a formation of vortices in di eent places and various
sizes. The vortices extend in both horizontal and vertical icections with an
increase in the magnetic eld intensity. The temperature viues generally remain
constant through the vortex regions depending on the boundacondition of the
plate which is close to the vortex. The results concerningrstight channels and
symmetrically stenosed channels show a very good agreemwith the available
results in the literature. It is seen that the application ofthe external magnetic
eld after a severe stenosis region, can be employed to reepthe ow pattern
distracted due the constriction.
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CHAPTER 5

CONCLUSION

In this study, numerical solutions of hydrodynamic and maggtohydrodynamic
ow problems are presented. The primary focus is on nite efeent method ap-
plication using irregular mesh with quadratic triangular éements, yet Chebyshev
spectral collocation method (for ows between parallel ptas) and dual reci-
procity boundary element method (for biomagnetic uid ows implementations
are also presented. In particular, the fundamental steps 5EM application to in-
compressible uid ow and natural convection ow equationsin terms of stream
function, vorticity and temperature are given in Chapter 2. Some benchmark
problems including lid-driven cavity ow and natural convestion ow under a
magnetic eld in inclined enclosures are solved using FEM.HE e ciency of the
method is proved through a test problem for which the exact &dion is avail-
able. The lid-driven cavity ow problem solutions are obtaned for laminar ow
regimes up to Reynolds number valuRe = 2000, and furthermore, the numerical
solutions are presented for higheRe values as 5000 and 10000 for showing the
e ciency of the FEM algorithm and capability of the code prepared in the thesis.
Next, FEM solutions of natural convection ow in inclined endosures in the pres-
ence of an oblique magnetic eld are presented. The secondler derivatives of
stream function in the vorticity equation entailed the use bquadratic triangular
elements in the discretizations. The in uence of the exteally applied oblique
magnetic eld is investigated, and the results for large vaks of Rayleigh and
Hartmann number up to Ra = 10° and Ha = 100 are presented. The increase
in Re for the lid-driven cavity ow and the increase inRa in natural convection
ow have common e ects. The stagnant regions are developed the center of
the enclosure for the ow, and boundary layers are formed fall unknowns. The
results indicated that, it is the external magnetic eld which is more powerful
controlling the ow behavior than the buoyancy force in natuwal convection ow.

The Chebyshev spectral collocation method is used espelgidbr solving unidi-
rectional MHD ow and heat transfer problems between paralleplates because
of its simplicity in applications. The N-S equations with exat solution, lid-driven
square cavity and natural convection ow under a magnetic &l problems are
also solved, and the results are compared both quantitatiyeand qualitatively
with the FEM results obtained before. The lid-driven cavity ow results are
given for Re values up to 1000. For higher values d®e, the number of colloca-
tion points needs to be further increased than the one usedll (= 50), and this
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loses the practicality and small cost of the method in termsf@omputations. The
dense structure of collocation matrices for largdl, and the discontinuity of the
velocity boundary conditions may be the reason for not havghconvergence for
Re 1000. The natural convection ow under the e ect of an exteral magnetic
eld is solved successively by using CSCM. The method is olpged to capture
the thin boundary layers especially in vorticity contours ér high values of prob-
lem parameters Ra and Ha). The ow behavior and temperature distribution
in the cavity as well as the magnitudes of the contours of allf dhe unknowns
are shown to be in excellent agreement with the FEM results. dfeover, as a
new application of CSCM, the MHD ows with heat transfer are stved between
two parallel insulating plates. The uid is considered as ektrically conducting,
incompressible and having temperature dependent viscgsitThe MHD ow of
a dusty uid is also considered between parallel plates imgmg the Navier-slip
conditions on velocities of both the uid and dust particles The e ects of the
viscosity parameter, Hartmann number, Navier-slip parameteand thermal con-
ductivity parameter on the ow and heat transfer are investgated. It was shown
that the use of CSCM with the unconditionally stable backwad di erence time
integration scheme, provides a high accuracy with a consrdély small number
of collocation points, and quite large time steps. The easéimplementation and
the convenience of CSCM with high order accuracy to espetyabne-dimensional
problems are pronounced.

The FEM solution to biomagnetic uid ow (blood ow) and heat transfer in
channels between (parallel) plates under the e ect of a magtic source is pre-
sented for various physical con gurations in the last part bthe thesis. DRBEM
application is also introduced for the steady biomagneticuid ow model where
the uid is considered as a poor conductor. FEM analysis is pvided for both
electrically conducting and nonconducting uid cases, andlso steady and un-
steady ow problems. The results indicated that FEM gives hgh accuracy for the
characteristic ow parameters taken suitable to the real lWdod properties. The
DRBEM results have put forth that the boundary only nature of BEM can be
applied to capture the ow behaviors for moderate values ofhe parameters at
a small expense compared to FEM. Moreover, FEM applicatiorere presented
for the solution of the problem of biomagnetic uid ow through channels with
various stenotic regions for the rst time in this thesis. The biomagnetic uid
ow under the e ect of the external magnetic eld is solved instraight, sym-
metrically constricted and irregularly-multiply-steno®d channels. Two di erent
methodologies are implemented for the computation of the known vorticity
boundary conditions at the lower and upper walls. First, thenite di erence
method based on Taylor series expansion of the stream fursti using four in-
ner nodes, is applied on regularly discretized straight argymmetrically stenosed
channels. Second, an approach based on FEM is used in irregiyl discretized
regions. The resulting systems of equations in all problerase solved iteratively,
and the e ects of the stenaotic regions, intensity of the maggtic eld and location
of the magnetic source on the ow and heat transfer are exangd. The numer-
ical results have shown that both the stenosis in the channahd the external
magnetic eld cause a formation of vortices in di erent plaes and various sizes.
It was observed that the vortices extend in both horizontal ad vertical direc-
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tions with an increase in the magnetic eld intensity. The tenperature values
generally remain constant through the vortex regions depdimg on the bound-

ary condition of the plate which is close to the vortex. The mlts indicated

that the application of the external magnetic eld after a seere stenosis region,
can be employed to recover the ow pattern distracted due theonstriction. The

FEM solution to biomagnetic uid ow exposed to an external magnetic source
in irregularly-multiply-stenosed channels, constitute® major new contribution

in the thesis.

Further investigations could be concentrated on obtainingolutions for biomag-
netic uid ows in stenosed channels by coupling the FEM and RBEM numerical
procedures. The nite element method is suitable in the stesed area since it
can use very ne mesh, and at the rest of the channel only the bodary can
be discretized by using DRBEM since the ow and temperatureh®w almost
uniform behavior. Also, for highly conducting uids, the induced magnetic eld
inside the uid must be taken into consideration. Thus, the ow equations are
going to be solved together with the induced current equatins in coupled form.
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