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ABSTRACT

MAXIMIZING ENERGY GENERATION OF A CASCADE HYDROPOWER
SYSTEM

Karaeren, Vehbi
M.S., Department of Civil Engineering
Supervisor: Prof. Dr. A. Burcu Altan-Sakarya
November 2014, 87 pages

Electricity has become one of the main pillars of a well-functioning society and
hydroelectric power plants (HEPPs) are one of the main providers of energy in
Turkey that are also renewable. To exploit the energy production capacity of existing
HEPPs in Turkey and efficient usage of water, operational optimization could help
immensely. A non-linear constrained optimization algorithm with an extension,
namely a heuristic that provides starting points, has been implemented to maximize
the energy production of a cascade HEPP system based on monthly inflow data.
A cascade of four dams along the Murat River, which is one of the two main streams
of Euphrates River at the Eastern part of Turkey, was studied to test the abilities of
the mentioned algorithm. A 40-year average monthly flow data was used as input
and results of cascade and single optimization were compared.
Results showed that the developed MATLAB ® script can converge to an optimum
solution that satisfies the constraints. The comparison study made with individual
runs of each HEPP showed that a 5% higher energy production was attained with the
cascade variant. A drawback was the higher computational time (which was still
within comparable limits), which can be further improved by implementing more
efficient algorithms.
Keywords: Hydropower, Optimization, Maximization, Electricity Generation,
Cascade Dams, Multireservoir Systems, MATLAB
v

ÖZ

KASKAT BARAJLARDA ENERJİ ÜRETİMİNİN MAKSİMİZASYONU

Karaeren, Vehbi
Yüksek Lisans, İnşaat Mühendisliği Bölümü
Tez Yöneticisi: Prof. Dr. A. Burcu Altan-Sakarya
Kasım 2014, 87 sayfa

Elektrik, gelişmiş toplumlarda önemli yaşam kaynaklarından biri olmaya başlamış ve
Hidroelektrik Enerji Santralları (HESler) da yenilenebilir olmakla birlikte
Türkiye’nin

enerji

tedariğinde

ana

enerji

kaynaklarından

biridir.

İşletme

optimizasyonu, Türkiye’deki mevcut HES’lerin enerji üretim kapasitelerinden daha
iyi faydalanılmasına ve suyun verimli kullanılmasına son derece katkı sağlayabilir.
Kaskat HES sisteminin enerji üretiminin aylık akım verileri kullanılarak maksimize
edilmesi amacıyla, farklı başlangıç noktaları sağlayan bulgusal doğrusal olmayan
kısıtlı optimizasyon algoritması kullanılmıştır.
Algoritmadaki yeterlikleri test etmek için, Türkiye’nin doğusunda yer alan Fırat
Nehri’nin iki ana kolundan biri olan Murat Nehri üzerindeki dört barajdan oluşan
kaskat sistemi üzerinde çalışılmıştır. 40 yıllık ortalama aylık akım verileri girdi
olarak kullanılmış olup kaskat ve tek baraj optimizasyon sonuçları karşılaştırılmıştır.
Elde edilen sonuçlar, geliştirilmiş MATLAB kodunun kısıtları sağlayan optimum
çözüme yakınsayabildiğini göstermektedir. Karşılaştırma sonucunda kaskat sistem
optimizasyonu yapılarak, barajların tek tek optimize edilmesine göre %5 daha fazla
enerji

üretimi

sağlanabildiği

görülmektedir.

Yüksek

işlem

süresi

(hala

karşılaştırılabilir limitler dahilinde olmak üzere) bir dezavantaj olmakla birlikte daha
etkili algoritmalar kullanılarak ileride geliştirilebilir.
Anahtar Kelimeler: Hidroelektrik, Optimizasyon, Maksimizasyon, Elektrik
Üretimi, Kaskat Barajlar, Çoklu Rezervuar Sistemleri, MATLAB
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CHAPTER 1

1.INTRODUCTION

1.1

Statement of the Problem

Electricity has become one of the main pillars of a well-functioning society. Electric
power can be generated from different resources that are mainly listed into two
groups as renewable and non-renewable as shown in Figure 1-1. Since the nonrenewable resources are scarce, the efficient usage of renewable energy resources is
becoming much more important nowadays. Although renewable energy resources are
known to be replenished naturally within the life period of a human being; by the
virtue of the above-mentioned scarcity, today it is necessary to use the renewable
resources optimally and reduce non-renewable energy source dependency.
Optimization is a mathematical tool that is used to find the best optimal solution for a
specified equation in order to maximize or minimize the result by considering some
defined constraints. This defined tool can be useful in many different areas; such as
engineering, management, economics, marketing, etc. Due to its wide applicability,
these algorithms make the implementation of engineering aspects to any problem
possible.
Hydropower is the power generated from moving water through a vertical head
difference and as presented in Table 1-1, it is the commonly used resource in Turkey.
In this regard, the operational optimization of hydropower plants is significant in
order to increase the effective usage of installed power in Turkey and increase the
electricity generation all over the world, as well. There are two types of hydropower
plants in terms of the storage characteristics; one is without reservoir that is named as
run of river (ROR) hydroelectric power plants (HEPP), and the other one is with
reservoirs in which construction of a dam body is prerequisite. Since the running
1

water have to flow through the turbines in ROR type HEPPs, it is not possible to
have an operational optimization; however for the ones with the storage, the
electricity generation can be managed and duly maximized. The operational
optimization of a unique dam certainly increase the energy generation; however by
taking into consideration a cascade hydropower generation system, the energy
increase is far more than a unique dam optimization.
Since all large hydropower plants located on main streams are cascade, the
operational optimization is become more of an issue. The cascade hydropower plants
all over the world generally government owned; however there are also some private
sector investments. Whatever the effected community is, the rate of return is the
main asset for the initial investment decision and during the operation period, an
optimized use of water mean a lot. In this regard, instead of a random operation, a
scheduled operation will increase the total energy generation during all the year
round.

Energy
Resources

Non-renewable
Resources

Fossil Fuel
1) Coal
2) Oil
3) Natural Gas

Renewable
Resources

Nuclear

1) Hydropower Energy
2) Wind Power
3) Solar Energy
4) Geothermal Energy
5) Tidal/Wave Power
6) Biomass / Biofuel
7) Hydrogen

Figure 1-1: Energy resources
2

Table 1-1: Installed power in Turkey according to the resources
As of
30.09.2014

RESOURCES
Coal
Natural Gas + LNG

Others-1 (Fuel-oil +
Asphaltite + Naphtha
+ Diesel Oil)
Other-2 (Multifuel Solid + Liquid +
Natural Gas)
Hydropower
Geothermal and Other
Renewable Renewables
Resources
Wind Energy
Solar Energy
TOTAL

Installed Percentage
Power
in Total
(MW)
(%)
14,034.3
20.57
21,190.7
31.06

Nonrenewable
Resources

1.2

Plants in
Operation
30.0
232.0

678.1

0.99

19.0

4,741.7

6.95

51.0

23,454.9

34.38

504.0

626.1

0.92

63.0

3,483.9
20.3
68,230

5.11
0.03
100

87.0
73.0
1,059

Purpose and Scope

The main objective of this study is to use non-linear constrained optimization
algorithm for the maximization of electricity generation for a cascade hydropower
system. In this regard, hydraulic modeling of a cascade is investigated. The data of
the monthly inflows to the reservoirs are considered and a monthly basis
optimization is carried out by using maximum, minimum and average flow data.
In order to maximize power generation in a cascade hydropower system, a non-linear
optimization algorithm is implemented. A case study of a cascade with four dams is
examined in order to compare the single dam operation with a cascade operation.
The scope of this study contains the use of only one non-linear algorithm and thus a
comparison of convergence success, result accuracy etc. are not discussed herein.

3

1.3

Overview

This thesis is divided into five chapters. The current chapter presents the problem
statement and clarifies the scope and the purpose of this study. Chapter 2 compiles
relevant literature sources in a review format. The optimization process, objective
function formulation for power production and its formulation in MATLAB is
explained in Chapter 3. The fourth chapter presents a case study with the
optimization procedure explained in the previous chapter. Results are presented and
advantages as well as disadvantages of the used algorithm are discussed. The final
chapter concludes this thesis by summarizing the findings together with the
recommendations. The implementation of optimization into MATLAB is defined in
Appendix-A.

4

CHAPTER 2

2.LITERATURE REVIEW

There are several models and optimization functions that can be combinatorially
studied for different claims and purposes by many engineers and scientists. The
methodology of using a Nonlinear Programming (NLP) simulation for the purpose of
investigating the effects of maximizing the hydropower generation reviewed and
understood with respect to several literatures.

2.1

Single Dam Operation

First studies related to single reservoir operations were conducted in 1980s. For
example, Yeh (1985) performed a study to examine the state-of-the-art of
mathematical models which were enhanced for reservoir operations. In this study
linear programming (LP), dynamic programming (DP), NLP and simulation were
studied and the essentials of the usage of those models with the aid of computers and
the difficulties that scientist and engineers face at the optimization procedure of
reservoirs are introduced. Yeh performed this detailed literature reviews over all
mathematical optimization models and their characteristics; and stated the
advantages and some future work suggestions for each optimization methodology.
In 1990s, Simonovic conducted a study (1992) to represent the gap between practical
and theoretical applications of the mathematical models for the reservoir
optimizations. Two examples were illustrated for closing the gap. First example was
about a simple simulation optimization model for reservoir sizing. Second example
was about the advantages of knowledge based technology in the single multipurpose
reservoir analysis.
5

Wurbs (1993) defined the aim of his study as to select reservoir-system analysis
models successfully and determine which methods are most feasible in different
types of decision situations.
In 2000s, Barros et al. (2003) performed a study, where an NLP model was
developed for the Brazilian hydropower system which has a capacity of 69,375 MW
and includes 75 hydropower plants. The model was solved by using NLP and also
the NLP was linearized and solved with LP (linear programming) and SLP
(successive linear programming). When a comparison made among those three
methods, LP seems good enough to solve the problem but SLP was much faster to
reach the desired convergence. However, NLP was claimed as the most precise and
suitable programming for real-time operation. It was stated that NLP model satisfied
the demand and supply more energy and NLP model was alleged as the most useful
method for real-time operation.
The aim of the study of Wang et al. (2004) was to develop a short-term hydro
generation optimization model to increase energy production of large-scale hydro
systems. This model includes a cycling module and a transition module. The cycling
module determined the end-of-study content and discharge delay releases of each
reservoir. Then, optimal generation scheduling was obtained by using the transition
module. A direct search procedure (DSP) was also shown in this study. It was stated
that the DSP can overcome nonlinearity and large number of reservoirs. The
engineers of Fujian Electric Power Company Ltd. (FEPCL) are using this model and
they are planning the hourly or half hourly generation by using this model.
Barros et al. (2005) conducted a study to compare different objective functions for
optimization of complex hydropower systems. Objective function should be carefully
specified due to the fact that it directly affects the operation systems. For this
purpose, six different functions were analyzed in this study. The functions were;
minimizing the stored potential energy’s loss, minimizing storage deviations from
targets, maximizing production of energy, minimizing spilled energy, minimizing
energy complementation, maximizing secondary energy’s profit. On the lights of
results, minimizing complementation of energy selected as the best objective
6

function for the studied hydropower system; which is focused on minimizing the use
of alternative energy resources.
The aim of the study of Cheng et al. (2008) is to represent that Chaos Genetic
Algorithm (CGA) is more relevant and effective to obtain optimum solution than the
Genetic Algorithm (GA). In this study, premature convergence problem of GA was
stated and CGA is used to overcome premature local optimum and increase the
convergence speed of genetic algorithm. CGA integrates powerful global searching
capability of the GA with that of powerful local searching capability of the Chaos
Optimization Algorithm (COA). With respect to their study, they came up with a
result that CGA can improve convergence speed and solution accuracy.
The objective of Yoo’s study (2009) is to develop a linear objective function as an
alternative to a nonlinear function to maximize hydropower energy production. The
linear objective function model was analyzed and applied to operation of Yongdam
Dam and HEPP. Although, the probable maximum energy generation of the HEPP is
214 GWh/year; it was concluded that this model could generate 184GWh annual
energy.
In Sulek’s study (2012) a new hybrid optimization method was suggested to solve a
hydrothermal coordination problem and the hydro sub-problem is worked out by
using hybrid optimization method. This method combined the traditional numerical
methods and Genetic Algorithms. The study performed to the Slovak power system.
The results express the efficiency of this hybrid method. However, according to the
same results, the execution time of hybrid optimization method still not considered as
quickly as desired and also this method requires too much hardware equipment.
Lu et al. (2013) performed a study to find an optimization procedure for Zhelin
reservoir. The need of this new method is caused by the decrease of the water level
and so the power production because of the decreasing rainfalls. For this purpose,
three different methods applied; progressive optimization algorithm (POA), particle
swarm optimization (PSO) and genetic algorithm (GA). In addition, the minimization
of water consumption rate is chosen as the objective function. According to results of
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these three methods, it can be concluded that POA is the most feasible method for
the investigated case.

2.2

Cascade Operation

First studies related to multi reservoir operations were conducted in the end of 20th
century. To illustrate, Wardlaw and Sharif (1999) conducted a study to show that
accurate and feasible solutions were obtained by using Genetic Algorithm (GA)
approach. It was resulted from the study that GA application might be applied to
large finite horizon multi reservoir system. Moreover, in this study, the benefits of
the GA approach were stated. Providing accurate results over longer time horizons
and also providing solutions which were very close to the optimum solutions were
some of the benefits of the GA approach.
In 2000s, Labadie (2004) performed a study to obtain maximum efficiency in
operation and existing reservoir systems. The aim of this study was to investigate the
state-of-the-art in reservoir system optimization in detail with respect to overcome
high dimensional, dynamic, nonlinear and stochastic characteristics of reservoirs. It
is found out that even though the optimization can be applied to the reservoir
operation, the implementation can be only be improved by involving the decision
makers in terms of system development.
Hınçal et al. (2010) conducted a study to represent the efficiency of Genetic
Algorithm in multi reservoirs’ optimization. A computer code in Fortran
Programming language was generated for this study. The code was applied to three
reservoirs, the Blue Mesa, the Morrow Point and the Crystal Reservoirs in the
Coloroda River. The real operational data were compared to the results obtained
from this study and it was concluded that using genetic algorithm method was very
feasible solution and this method could be used in optimization processes.

The objective of Jothiprakash and Arunkumar’s study (2013) was to optimize multireservoir system including multiple hydropower plants to maximize the production
8

of hydropower and meet the irrigation demands by using a NLP model. The NLP
model was implemented to Koyna Hydroelectric Project (KHEP) to maximize the
generation of hydropower. The results obtained from this study demonstrated that by
relaxing the tribunal constraint on releases could increase the generation of
hydropower and optimal releases met demand over long period of operation.
In the paper of Zheng et al. (2013), the improved Adaptive Genetic Algorithm
(AGA) method and the application of this method in short term joint optimal
operation of Qing River cascade hydropower stations were stated. The results
obtained from this study presented that the improved Adaptive Genetic Algorithm
(AGA) could produce more brilliant solution in the same algebra. Moreover, it could
be also understood that the quantity of maximum power generation was not equal to
benefit of maximum power generation.
Yang et al. (2013) demonstrated different strategies for the characteristics of cascade
reservoirs optimization and for the untimely convergence problem of Genetic
Algorithm. First strategy was to generate solution space generation for producing
applicable initial population. Second strategy was to find chaos optimization for
optimizing initial population. Third strategy was about suggesting new selective,
trigonometric operators to sustain population variety. Finally, the fourth strategy was
to admit applicable possibility of crossing and mutation to promote the performance
of convergence speed.
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CHAPTER 3

3.OPTIMIZATION PROCESS

3.1

Formulation of Hydropower Generation

As previously defined, hydropower is the power generated from moving water
through a vertical head difference. Watermills are the first illustration of the use of
hydropower that has a history since ancient ages. Late in 19th Century the
hydropower was firstly used for generating electricity and the definition of
hydroelectricity had emerged for the first time. Hydroelectricity is the electricity
generated from hydropower plants. The formulation of the hydroelectricity
generation is given in Equation 3-1.

P= ρ g H Q η
where
P = Power Generation (Watt)
ρ = Density of the water (kg/m3)
g = Gravitational Acceleration (m/s2)
H = Water Head (m)
Q = Discharge through turbines (m3/s)
η = Overall efficiency of hydropower plant which can be defined as;
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(3-1)

η = ηH . ηG . ηT . ηTr

(3-2)

where
ηH - Hydraulic efficiency due to head losses
ηT - Turbine efficiency
ηG - Generator efficiency
ηTr - Transformer efficiency
Maximization of Equation (3.1) is used as the objective function of the optimization
problem. The assumptions and the basis of the modeling are as listed below:


The density of the water is taken as 1000 kg/m3.



The gravitational acceleration is taken as 9.81 m/s2 .



Overall efficiency of hydropower plants are taken as 0.9 as constant by
ignoring the hydraulic loss variation.



Monthly basis operation is carried out with monthly basis data.



Tail water level is stable for each and every studied dam and is taken as a
specified value.



Head is defined as a function of storage. The relation between reservoir
volume and head is correlated by regression and the regarding equations are
as mentioned in Chapter 4; storage characteristics are defined by the
relationship between volume-area-elevation.



Environmental flow requirements are not considered.



The modeling is executed by starting at full capacity of each and every
reservoir, at maximum water levels, on October which is the start of a water
year.



The maximum probable discharge through turbines is calculated by
considering the maximum discharge capacity of the turbines for each and
every dam.
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Since the river bed is so large and all the dams have large reservoirs, it is
assumed that the water released from an upstream dam will reach to the
downstream one without any lag.



The evaporations from the reservoirs are not considered.



Since monthly operation is carried out, required release of environmental
flow for each hour is not considered.



In addition to the release from an upstream reservoir to a downstream one,
intermediate flows between reservoirs are also considered.

An illustration for a cascade hydropower system is presented in Figure (3-1) in
which downstream reservoirs are fed by the release from the upstream reservoirs
and additionally first three reservoirs are also fed by an intermediate flow.

Figure 3-1: A cascade hydropower system illustration

3.2

Numerical Formulation of the Problem

The hydropower generation function expressed in Section 3.1 is used to form the
objective function which will later on be maximized by using an optimization
algorithm. The above illustrated model (Figure 3-1) is used in the formulation. There
are specific constraints of this problem, which are given below.


There exists a minimum and maximum flow that needs to be satisfied in order
to ensure that the HEPP is producing energy and these flow rates are
determined for each and every dam by considering the minimum and
maximum turbine discharge capacities.
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As expressed in Section 3.1 all four dams are assumed to start with maximum
storage, thus start with at their maximum water heads. It is forced that after
one year of operation, the reservoir level will be the same in order to have
periodicity. On this wise, the conservation of mass law is satisfied by making
the total inflow equal to the total outflow. (Inflow = Outflow).



The reservoir storage throughout the year must be within the specified levels.
This will ensure that enough water head is available and by defining the
maximum storage, the spillage water level is determined.



The flow through the spillway is taken to be greater or equal to 0.

Maximization of total energy generation is considered as the objective function
which is function of both the outflow and spill through each reservoir.
Note that, for the cascade system used, all the outflows from the reservoirs are used
for energy production purposes. Hence, there is only outflow to produce energy
through turbines or spill through the spillway.
Based on the above given restrictions, the objective function and the constraints for
this optimization problem can be formulated as maximization of energy;

(3-3)
where
N = 12 (number of months)
M = 4 (number of HEPPs in the related cascade system)
Qi,j = Turbined Flow (Outflow through turbines from reservoir j at month i) (m3)
SPi,j = Spilled Flow from reservoir j at month i (m3 )

Note that, for each month the storage is calculated for each reservoir taking the
difference of total inflows and total outflows. Total outflow is equal to the
summation of discharged and spilled water, which is the release of the dam and will
flow through a downstream dam. Total inflow is equal to the summation of the
released flow from an upstream reservoir and intermediate flows.
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The storage equation is defined in a loop, where the storage at the end of time step
“i” is dependent on the storage at the end of time step “i-1”, the inflow during time
step “i”, and the turbined and spilled flow during “i”. This is written in the following
format.
for i=1,…N; j=1,…M

(3-4)

where
Si,j = Reservoir Storage Volume of reservoir j at the end of month i
Ii,j = Intermediate flow (Inflow to the reservoir j during month i, apart from the
release from an upstream reservoir)
Conservation of mass equation for each reservoir is satisfied. It should be noted that
in order to satisfy periodicity, the storage level at the beginning and at the end of
each year is forced to be equal to each other. This is enforced by equating the
summation of all the inflows to the summation of outflows for each reservoir
throughout the year.
for j=1,…M

(3-5)

for i=1,…N; j=1,…M

(3-6)

for i=1,…N; j=1,…M

(3-7)

where

The following equations give the minimum and maximum limit on the outflow, spill
through spillways and storage, respectively.
for i=1,…N; j=1,…M

(3-8)

for i=1,…N; j=1,…M

(3-9)

for i=1,…N; j=1,…M

(3-10)
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Since MATLAB requires matrices in order to perform a robust and computationally
efficient calculation, the above given equations need to be reformulated in a matrix
format. An additional consideration while writing the problem in MATLAB is the
reservoir storage function (continuity equation). Time-dependent nature of this
equation renders conventional modeling approaches inadequate, thus a different
approach, namely a “black box” type input-output symbolic function has been
created to overcome this problem.
A symbolic computation capability of MATLAB has been exploited to calculate the
power generation with time dependent reservoir storage. The end result of this “black
box” equation requires the following input values in order to construct a proper
objective function. The rest is calculated automatically during the optimization.


Inflow to each reservoir. (Vin)



Initial reservoir storage values. (S0)

The optimization problem is based on monthly operation (N = 12 months) and there
are 4 HEPPs in the cascade, a Vin vector of 4Nx1 is defined, which will be denoted
as Vin hereafter. Additionally, 4 scalar S0 values are defined for each HEPP.
The decision variables (Qi,j and SPi,j) are defined in an 8Nx1 vector format, where
the first 4N variables represent the turbined flow and the other 4N represent the
spilled flow. This vector is denoted as X.
By using the hydropower generation formula (Equation 3-1) monthly energy
generation is defined in Equation 3-9 in MWh.
for i=1,…N
j=1,…M

(3-11)

where
Hop(Si,j) = Operational water head which is a function of Si,j. (m)
Htw = Tail water head which is constant for each dam (m)
Thus, the energy generation can be simplified as a function of discharge and spill
(Qi,j and SPi,j).
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for i=1,…N; j=1,…M

(3-12)

The operation head is a regression equation derived from the relationship between
the head and the storage level and is unique for each reservoir. These equations are
presented in Section 4.1 for all four reservoirs.
After this, the generated power of each HEPP is summed up to obtain the total
annual cascade power generation, as shown in the equation given below.

( 3-13)

These operations are defined symbolically in MATLAB and by employing the
intrinsic “matlabFunction” script; an m-file is created that works in a black-box type
of manner.
The constraints are defined in another MATLAB script and these are also formulated
in matrix format. The derivation of the matrices are given in the Appendix-A

3.3

Setting the Optimization Algorithm

The optimization algorithm used for this problem is the intrinsic MATLAB function,
fmincon, which is a gradient-based method that is designed to work on problems
where the (nonlinear multivariable) objective and constraint functions are both
continuous and have continuous first derivatives.
There are four algorithms that can be used with this function, namely interior-point
(which is used for this problem), trust-region-reflective, SQP and lastly active-set. It
is optionally possible to introduce the Hessian, but it is also possible to run without
it. The interior-point algorithm is able to handle large, sparse problems. Bounds are
satisfied at all iterations, and it can recover from NaN or Inf results (MATLAB
Documentation, 2014). It contains the flexibility of switching between a line search
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method that computes steps by factoring the primal-dual equations and a trust region
method that uses a conjugate gradient iteration (Waltz et al, 2006).
Most of the default settings of fmincon have been kept, the optimization settings that
need to be mentioned are as follows.


Optimization algorithm: Interior-Point



Maximum number of iterations: 5000 (can be increased if convergence is
unattainable)



Termination tolerance on decision variables: 10-8

In addition to fmincon, the GlobalSearch object was implemented, which contains
options that affect how the solver algorithm searches for a global minimum. It was
used in an attempt to increase variability in minima search direction, in a sense to
create a “pseudo”-metaheuristic search method (Ugray et al, 2007)
The GlobalSearch algorithm performs the following steps:


Run fmincon from initial starting point. If this run converges, GlobalSearch
records the start point and end point for an initial estimate on the radius of a
basin of attraction. Furthermore, GlobalSearch records the final objective
function value for use in the score function. The score function is the sum of
the objective function value at a point and a multiple of the sum of the
constraint violations.



Generate Trial Points. GlobalSearch uses the scatter search algorithm to
generate a set of trial points. Trial points are potential start points.



GlobalSearch evaluates the score function of a set of trial points. It then takes
the point with the best score and runs fmincon from that point. Then it
initializes the Basins of Attraction.



If fmincon runs with success (converges), it creates a GlobalOptimSolution.
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CHAPTER 4

4.CASE STUDY

4.1

The Selected Cascade

The studied cascade is located on the Murat River, which is one of the two main
streams of Euphrates River at the Eastern part of Turkey within the provincial
borders of Muş, Bingöl and Elazığ. The cascade is utilizing the hydroelectric
potential between Alparslan-II Dam and HEPP, and Keban Dam and HEPP. The
river section, at which the cascade is located, is sketched in Figure 4-1. The projects
will be executed as a private sector investment under the Turkish Energy Regulations
that enables the owner to operate the cascade for 49 years. The usage permission of
the data is given by the owner within the scope of this thesis and the related letter is
attached as Appendix-B.
There are five projects in the above mentioned cascade and named as below, from
upstream to downstream:
-

Upper Kaleköy Dam and HEPP (UK)

-

Lower Kaleköy Dam and HEPP (LK)

-

Gözeler Weirs and HEPPs

-

Beyhan-1 Dam and HEPP (B1)

-

Beyhan-2 Dam and HEPP (B2)

Since the Gözeler Weirs and HEPPs project is a run of river type and as stated in
Chapter 1, it is not possible to make an operational optimization to a ROR type
HEPP, the other four large dam projects are considered in the optimization process.
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Figure 4-1: Hydropower plants located on Murat River
Links between reservoirs are:




outflow from UK is inflow to LK
outflow from LK is inflow to B1
outflow from B1 is inflow to B2.

There are also intermediate flows to the reservoirs. The links between the reservoirs
and the intermediate flows are illustrated in Figure 4-2.

Figure 4-2: The illustration of the studied cascade
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By considering the hydraulic regime, all the four large dams have similar design with
varying capacities where they include three large turbines and one small turbine for
environmental flow purposes. Due to the specified heads and discharges, all the
turbines are Francis type. Thus, operational discharge range is limited with respect to
turbine supplier’s specifications.
According to the hydraulic design of the studied dams, maximum and minimum
operation levels of the HEPPs have already been determined and taken as a specific
value for each and every dam in the optimization; which determines the maximum
and minimum reservoir storage volumes that are obtained by using the head vs.
storage relationship. The data given in Table 4-1 to Table 4-4 are used in the
calculations.
As described in Chapter 3, after plotting the given data, a regression curve is fitted to
the data of head versus storage for each reservoir in order to determine the respective
reservoir storage volume for the operational water head. The fitted regression
equations are used in optimization. Each HEPP has its own head storage relationship
that is plotted with the regression curves and equations are given in Figure 4-3 to
Figure 4-6 for Upper Kaleköy, Lower Kaleköy, Beyhan-1, and Beyhan-2 Dams,
respectively. The reservoir storage volume of a dam at a time step is calculated by
using Equation 3-4, and corresponding water elevation is estimated by using the
corresponding regression equations.
The water head used in the calculations of hydroelectricity generation which is given
by Equation 3-1, is calculated by subtracting the constant tail water heads of each
dam that are given in Table 4-5, from the water elevations that are estimated by using
the above mentioned regression equations.
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Table 4-1: Water elevations and corresponding reservoir volumes for UK
Total Volume of the Reservoir (m3)
406,200,000
525,040,000
665,480,000
696,161,000
783,759,500

Water Elevation (m)
1210
1220
1230
1232
1235

1235

Water Elevation (m)

1230

1225

1220

y = -9E-17x2 + 2E-07x + 1155.2
R² = 0.9987

1215

1210
4.0E+08

5.0E+08

6.0E+08

7.0E+08

Total Volume of the Reservoir (m3)
Figure 4-3: Water elevation vs. volume curve for UK
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8.0E+08

Table 4-2: Water elevations and corresponding reservoir volumes for LK
Water Elevation (m)
1080
1090
1100
1110

Total Volume of the Reservoir (m3)
195,650,000
284,540,000
396,930,000
535,250,000

1115

Water Elevation (m)

1110
1105
1100
1095
1090

y = -9E-17x2 + 2E-07x + 1054
R² = 0.9999

1085

1080
1075
1.0E+08

2.0E+08

3.0E+08

4.0E+08

Total Volume of the Reservoir

5.0E+08

(m3)

Figure 4-4: Water elevation vs. volume curve for LK
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6.0E+08

Table 4-3: Water elevations and corresponding reservoir volumes for B1
Water Elevation (m)
970
980
990

Total Volume of the Reservoir (m3)
195,314,000
343,174,000
647,766,000

995

Water Elevation (m)

990
985
980

y = -8E-17x2 + 1E-07x + 951.64
R² = 1

975
970
965
1.0E+08

2.0E+08

3.0E+08

4.0E+08

5.0E+08

Total Volume of the Reservoir

6.0E+08

(m3)

Figure 4-5: Water elevation vs. volume curve for B1
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7.0E+08

Table 4-4: Water elevations and corresponding reservoir volumes for B2
Total Volume of the Reservoir (m3)
85,176,000
149,030,000

Water Elevation (m)
900
910

912

Water Elevation (m)

910
908
906
904

y = 2E-07x + 886.66
R² = 1

902
900
898
5.0E+07

1.0E+08

1.5E+08

Total Volume of the Reservoir

(m3)

Figure 4-6: Water elevation vs. volume curve for B2
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2.0E+08

Main characteristics of the HEPPs are as shown on Table 4.5.
Table 4-5: Main characteristics of the dams in the studied cascade system
MAIN
CHARACTERISTICS

UK

LK

B1

B2

Maximum Operation
Water Level (m)

1235

1102.5

982

905

Minimum Operation
Water Level (m)

1210

1085

977

902

Tail Water Level (m)

1103

1020

905

870

Maximum Head (m)

132

82.5

77

35

Minimum Head (m)

107

65

72

32

Discharge (Large
Turbine) (m3/s)

182.4

199.1

272.9

272.9

Discharge (Small
Turbine) (m3/s)

17.7

20.2

50

50

Total Probable
Discharge (m3/s)

564.9

617.5

868.7

868.7

Total Probable
Discharge Volume
(m3/month)

1,464,220,800 1,600,560,000 2,251,670,400 2,251,670,400

Max. Reservoir
Volume (m3)

770,547,042

438,584,475

442,588,235

117,113,665

Min. Reservoir
Volume (m3)

409,504,946

238,812,785

324,941,176

97,956,577

26

4.2

Outline of the Case Study

As stated in Chapter 3, a MATLAB code was written for maximizing the energy
generation of a cascade system. The provided 40 years data taken between the years
of 1967 – 2006 is used in the calculations. The cascade defined in the previous
section is analyzed by considering three different cases; i.e. the optimization is
carried out by using minimum, maximum and average flow data. The input for the
average flow is calculated by taking average of summation of the data for each
month. The input data for minimum and maximum flow to the reservoirs are the ones
at the years 2000 and 1988, respectively.
The program is run for both the cascade operation and single dam operation,
separately. Calculation time was approximately 24 minutes for the single runs
(roughly 1.5 hours for all four dams) and around 4 hours for the cascade case. This
implies that runtime for the cascade case is within an order of magnitude in
comparison with the single runs and can still be computed with an ordinary office
PC. The calculations were made on an Intel® Core™ i7 CPU Q740 machine with
6GBs of RAM and Windows 7 OS. A possible improvement could be made by
introducing a more efficient algorithm that has better performance for big numbers of
decision variables.
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4.2.1 Optimization with Minimum Flow Data

The data set, at year of 2000, at which the yearly sum of all monthly flows to the
reservoirs results with a minimum value, is used in the calculations. The optimization
outputs are given in Tables 4-6 to 4-13. Tables 4-6 to 4-9 summarize the
optimization results considering single operation of each reservoir, whereas Tables 410 to 4-13 give the results for cascade operation for UK, LK, B1 and B2,
respectively. The final results of decision variables, turbined and spilled volumes
during each month, are given in tables together with the operational water head at the
end of each month, which are calculated by using the corresponding storages.
As it is stated in the previous chapter, the reservoir operations are started with full
reservoir volumes, this means that in the beginning of October, head of the reservoirs
are at their maximum values that are specified in Table 4-5 and since the
conservation of mass law is satisfied, the maximum head values can be also observed
in the tables and in the figures at September which shows the result for the end of
September that is also the beginning of October. The maximized energy generation at
each month is as shown in the tables. The illustrations of the results are plotted in the
Figures 4-7 to 4-18; those which Figures 4-7 to 4-10 show the operation head,
Figures 4-11 to 4-14 show turbined volumes and Figure 4-15 to 4-18 show energy
generation at each month for respective reservoirs.
By running the optimization using the minimum flow data, total volume of flow to
the reservoir is not higher than the total discharge capacity of the turbines of each
HEPP, thus there is no spill flow in minimum flow runs; which is an expected result
since the dams are designed for not to waste any water. The operation head and
turbined volume for UK and B2 are almost same without any significant deviation
that the optimization results are uniform; in other words UK and B2 have identical
energy generation with minimum flow data. Overall comparison will be made in
Section 4.3.
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Table 4-6: Optimization result of single operation with minimum flow data for UK

Table 4-7: Optimization result of single operation with minimum flow data for LK
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Table 4-8: Optimization result of single operation with minimum flow data for B1

Table 4-9: Optimization result of single operation with minimum flow data for B2
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Table 4-10: Optimization result of cascade operation with minimum flow data for
UK

Table 4-11: Optimization result of cascade operation with minimum flow data for
LK

31

Table 4-12: Optimization result of cascade operation with minimum flow data for
B1

Table 4-13: Optimization result of cascade operation with minimum flow data for
B2
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Figure 4-7: Operation head for UK with minimum flow data

Figure 4-8: Operation head for LK with minimum flow data
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Figure 4-9: Operation head for B1 with minimum flow data

Figure 4-10: Operation head for B2 with minimum flow data
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Figure 4-11: Turbined volume for UK with minimum flow data

Figure 4-12: Turbined volume for LK with minimum flow data
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Figure 4-13: Turbined volume for B1 with minimum flow data

Figure 4-14: Turbined volume for B2 with minimum flow data
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Figure 4-15: Energy generation of UK with minimum flow data

Figure 4-16: Energy generation of LK with minimum flow data
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Figure 4-17: Energy generation of B1 with minimum flow data

Figure 4-18: Energy generation of B2 with minimum flow data
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4.2.2 Optimization with Average Flow Data

The average of the 40 years data is used in these calculations. The optimization
outputs are given in Table 4-14 to 4-21. Tables 4-14 to 4-17 summarize the
optimization results considering single operation of each reservoir, whereas Tables 418 to 4-21 give the results for cascade operation for UK, LK, B1 and B2,
respectively. The final results of decision variables, turbined and spilled volumes
during each month, are given in tables together with the operational water head at the
end of each month, which are calculated by using the corresponding storages.
The maximized energy generation at each month is as shown on the tables. The
illustrations of the results are plotted in Figures 4-19 to 4-30; those which Figures 419 to 4-22 show the operation head, Figures 4-23 to 4-26 show turbined volumes and
Figure 4-27 to 4-30 show energy generation at each month for respective reservoirs.
The final results of decision variables, turbined and spilled volumes during each
month, are given in tables together with the operational water head at the end of each
month, which are calculated by using the corresponding storages.
As in the case of optimization with using the minimum flow data, the total volume of
flow to reservoirs is not higher than the total discharge capacity of the turbines of
each HEPP, hence again there is no spill flow in average flow runs.
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Table 4-14: Optimization result of single operation with average flow data for UK

Table 4-15: Optimization result of single operation with average flow data for LK
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Table 4-16: Optimization result of single operation with average flow data for B1

Table 4-17: Optimization result of single operation with average flow data for B2
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Table 4-18: Optimization result of cascade operation with average flow data for UK

Table 4-19: Optimization result of cascade operation with average flow data for LK
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Table 4-20: Optimization result of cascade operation with average flow data for B1

Table 4-21: Optimization result of cascade operation with average flow data for B2
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Figure 4-19: Operation head for UK with average flow data

Figure 4-20: Operation head for LK with average flow data
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Figure 4-21: Operation head for B1 with average flow data

Figure 4-22: Operation head for B2 with average flow data
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Figure 4-23: Turbined volume for UK with average flow data

Figure 4-24: Turbined volume for LK with average flow data
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Figure 4-25: Turbined volume for B1 with average flow data

Figure 4-26: Turbined volume for B2 with average flow data
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Figure 4-27: Energy generation of UK with average flow data

Figure 4-28: Energy generation of LK with average flow data
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Figure 4-29: Energy generation of B1 with average flow data

Figure 4-30: Energy generation of B2 with average flow data
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4.2.3 Optimization with Maximum Flow Data

The data set of 1988, in which the sum of all flows to reservoirs resulting with the
maximum value, is used in the calculations for two cases; i.e. the first case is spilled
volume is not constrained and the second one is limited, except at two specific
months. The reason why this limitation is needed will be discussed in the following
section.

4.2.3.1 Study without Spillway Upper Bound
The optimization outputs are given in Table 4-22 to 4-29. Tables 4-22 to 4-25
summarize the optimization results considering single operation of each reservoir,
whereas Tables 4-26 to 4-29 give the results for cascade operation for UK, LK, B1
and B2, respectively. The final results of decision variables, turbined and spilled
volumes during each month, are given in tables together with the operational water
head at the end of each month, which are calculated by using the corresponding
storages.
The maximized energy generation for each month is as shown on the tables. The
illustrations of the results are plotted in Figures 4-31 to 4-42; those which Figures 431 to 4-34 show the operation head, Figures 4-35 to 4-38 show turbined volumes and
Figure 4-39 to 4-42 show energy generation at each month for respective reservoirs.
The results show excessive spills that occur even in dry season, which indicates that
the algorithm is not able to come up with an expected energy generation. Most
probably, the code is stuck in local minima and cannot converge to a global optimum
solution. This result in such an outcome where the cascade case actually generates
less energy compared to the single runs, which should not be the case. This was a
result to be expected for a gradient-based algorithm, although an effort to overcome
local minima has been made by implementing the “GlobalSearch” algorithm. A
heuristic algorithm that contains intrinsic mutational characteristics should be
employed to overcome getting stuck in low slope areas and local minimas.
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Table 4-22: Optimization result of single operation with maximum flow data and
without spillway upper bound for UK

Table 4-23: Optimization result of single operation with maximum flow data and
without spillway upper bound for LK
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Table 4-24: Optimization result of single operation with maximum flow data and
without spillway upper bound for B1

Table 4-25: Optimization result of single operation with maximum flow data and
without spillway upper bound for B2
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Table 4-26: Optimization result of cascade operation with maximum flow data and
without Spillway Upper Bound for UK

Table 4-27: Optimization result of cascade operation with maximum flow data and
without Spillway Upper Bound for LK
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Table 4-28: Optimization result of cascade operation with maximum flow data and
without Spillway Upper Bound for B1

Table 4-29: Optimization result of cascade operation with maximum flow data and
without Spillway Upper Bound for B2
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Figure 4-31: Operation head for UK with maximum flow data without spillway
upper bound

Figure 4-32: Operation head for LK with maximum flow data without spillway
upper bound
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Figure 4-33: Operation head for B1 with maximum flow data without spillway
upper bound

Figure 4-34: Operation head for B2 with maximum flow data without spillway
upper bound
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Figure 4-35: Turbined volume for UK with maximum flow data without spillway
upper bound

Figure 4-36: Turbined volume for LK with maximum flow data without spillway
upper bound
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Figure 4-37: Turbined volume for B1 with maximum flow data without spillway
upper bound

Figure 4-38: Turbined volume for B2 with maximum flow data without spillway
upper bound
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Figure 4-39: Energy generation for UK with maximum flow data without spillway
upper bound

Figure 4-40: Energy generation for LK with maximum flow data without spillway
upper bound
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Figure 4-41: Energy generation for B1 with maximum flow data without spillway
upper bound

Figure 4-42: Energy generation for B2 with maximum flow data without spillway
upper bound
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4.2.3.2 Study with Defined Spillway Upper Bound

It is observed from the results of the study without a spillway upper bound that the
code is not able to converge to a solution without excessive spill discharges during
the dry season which is not expected. In this regard, the spillway upper bound is
limited to zero for all the months except April and May. This approach is carried out
by considering the total inflow volumes to the reservoirs; i.e. April and May are the
only two months in which the total inflow to the reservoir is more than the probable
maximum discharge through turbines that are given in Table 4-5. The optimization
results are tabulated in Tables 4-30 to 4-37.
Tables 4-30 to 4-33 summarize the optimization results considering single operation
of each reservoir, whereas Tables 4-34 to 4-37 give the results for cascade operation
for UK, LK, B1 and B2, respectively; and the illustration of results can be observed
in Figures 4-43 to 4-54; those which Figures 4-43 to 4-46 show the operation head,
Figures 4-47 to 4-50 show turbined volumes and Figure 4-51 to 4-54 show energy
generation at each month for respective reservoirs.
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Table 4-30: Optimization result of single operation with maximum flow data and
with spillway upper bound for UK

Table 4-31: Optimization result of single operation with maximum flow data and
with spillway upper bound for LK
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Table 4-32: Optimization result of single operation with maximum flow data and
with spillway upper bound for B1

Table 4-33: Optimization result of single operation with maximum flow data and
with spillway upper bound for B2
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Table 4-34: Optimization result of cascade operation with maximum flow data and
with spillway upper bound for UK

Table 4-35: Optimization result of cascade operation with maximum flow data and
with spillway upper bound for LK
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Table 4-36: Optimization result of cascade operation with maximum flow data and
with spillway upper bound for B1

Table 4-37: Optimization result of cascade operation with maximum flow data and
with spillway upper bound for B2
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Figure 4-43: Operation head for UK with maximum flow data with spillway upper
bound

Figure 4-44: Operation head for LK with maximum flow data with spillway upper
bound
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Figure 4-45: Operation head for B1 with maximum flow data with spillway upper
bound

Figure 4-46: Operation head for B2 with maximum flow data with spillway upper
bound
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Figure 4-47: Turbined volume for UK with maximum flow data with spillway upper
bound

Figure 4-48: Turbined volume for LK with maximum flow data with spillway upper
bound
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Figure 4-49: Turbined volume for B1 with maximum flow data with spillway upper
bound

Figure 4-50: Turbined volume for B2 with maximum flow data with spillway upper
bound
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Figure 4-51: Energy generation for UK with maximum flow data with spillway
upper bound

Figure 4-52: Energy generation for LK with maximum flow data with spillway
upper bound
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Figure 4-53: Energy generation for B1 with maximum flow data with spillway upper
bound

Figure 4-54: Energy generation for B2 with maximum flow data with spillway upper
bound
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4.3

Comparison of Results

4.3.1 Energy Generation Comparison of Single and Cascade Operation

As it is expected, the energy generation of the cascade operation is more than the
total energy generation of the single operation results for the cases, except the
optimization by using maximum inflow data without spillway upper bound; however
this case should be considered as a local minima result and by considering the
remaining three cases, the increase in the energy generation is raised as the inflow
increase.
The optimization results by using minimum inflow data is tabulated in Table 4-38.
After taking output data from MATLAB, the benefit is calculated by subtracting the
energy generation at single operation from the energy generation at cascade
operation. Hereby, the increase percentage is calculated by taking the ratio of benefit
over single operation and the increase is only 0.49%, which is an ignorable
proportion.

Table 4-38: Optimization results by using minimum inflow data
HEPPs
UK
LK
B1
B2
Total

Single
Operation
(MWh)
772,157
590,754
765,908
353,275
2,482,094

Cascade
Operation
(MWh)
772,157
597,840
771,022
353,275
2,494,293

Benefit
(MWh)
0
7,086
5,114
0
12,199

Percentage
(%)
0.00
1.20
0.67
0.00
0.49

The results in Table 4-39 show that maximization by using average inflow data is
again result with an ignorable increase in energy generation.
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Table 4-39: Optimization results by using average inflow data
HEPPs
UK
LK
B1
B2
Total

Single
Operation
(MWh)
1,309,487
955,713
1,175,708
544,130
3,985,038

Cascade
Operation
(MWh)
1,282,975
986,931
1,198,495
544,314
4,012,715

Benefit
(MWh)
-26,512
31,218
22,787
184
27,677

Percentage
(%)
-2.02
3.27
1.94
0.03
0.69

As it is previously expressed, maximum data is used by considering two cases, due to
the unfavorable results that are observed for the optimization without spillway upper
bound. The optimization results by using maximum inflow data with infinite and
defined spillway upper bound are given in Tables 4-40 and 4-41, respectively.

Table 4-40: Optimization results by using maximum inflow data without spillway
upper bound
HEPPs
UK
LK
B1
B2
Total

Single
Operation
(MWh)
2,095,185
1,570,963
1,970,767
900,764
6,537,680

Cascade
Operation
(MWh)
2,063,910
1,488,219
1,845,543
849,203
6,246,875

Benefit
(MWh)
-31,275
-82,744
-125,224
-51,561
-290,805

Percentage
(%)
-1.49
-5.27
-6.35
-5.72
-4.45

Since the upper bound restriction is implemented at the results shown in below table,
the energy generation of single operation is less than the generation of without
spillway upper bound; in other words, the energy generations of the HEPPs are
decreased in single operation when there is a restriction on the decision variables for
all individual HEPP. To express explicitly, the total energy generation of 6,537 GWh
decreased to 6,248 GWh, by defining spillway upper bound.
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Table 4-41: Optimization results by using maximum inflow data with defined
spillway upper bound
HEPPs
UK
LK
B1
B2
Total

Single
Operation
(MWh)
1,998,056
1,563,730
1,789,630
896,487
6,247,902

Cascade
Operation
(MWh)
2,103,713
1,545,023
2,005,932
909,753
6,564,423

Benefit
(MWh)
105,657
-18,707
216,302
13,266
316,521

Percentage
(%)
5.29
-1.20
12.09
1.48
5.07

The advantage of optimization of a cascade system can be observed conveniently
from the optimization results by using maximum inflow data with defined spillway
upper bound. Although the energy generation of LK decreased, total energy
generation of the cascade increased.
Since the total energy generation at single dam operation is decreased by defining
spillway upper bound; the comparison of energy generation at single operation
without spillway upper bound (6,537 GWh) and total energy generation at cascade
operation with spillway upper bound (6,564 GWh) is also carried out; nonetheless,
the total energy generation is increased as 0.41%.

4.3.2 Comparison of Optimization Performance

A comparison of optimization performance can be made from two different points of
views, namely in terms of computational time and convergence rate, and accuracy of
calculated minima.
A big advantage of doing a cascade-scale optimization is that every HEPP will have
feedback from each other, thus enabling a “global” optimum and by considering the
cascade system as a whole, the maximization of total energy generation is handled,
without favoring one HEPP over another and considering the energy generation as a
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total sum. This phenomenon is illustrated in Figure 1 given below. A single HEPP
optimization in series may result in inadequate water inflow to an important
(potentially high energy production) reservoir and hinder optimum energy
generation. This is also observed in this problem where the cascade run yielded a
higher energy value as optima.

Figure 4-55: Difference in Cascade and Individual Runs Regarding Feedback

A drawback of performing a cascade optimization may occur depending on the
optimization method used, which is computational time. Efficiency of the solver may
cause a computational complexity from negligible to a combinatorial increase. The
use of fmincon with GlobalSearch for the cascade problem resulted in a fair increase
of computational time in comparison with individual runs. The main reason was due
to the more complex search space (96 dimensions instead of 12), and thus a higher
number of trial points.

75

76

CHAPTER 5

5.CONCLUSION

5.1

Summary

A 4-HEPP cascade system was considered for a monthly large-scale optimization
study that intended to maximize energy generation. A MATLAB script was
developed that takes initial reservoir storage and inflow values as inputs and
constructs a symbolic black-box script that is later used in an optimizer. The
optimization method used for this study is the intrinsic fmincon function together
with the GlobalSearch object, which results in a heuristic search algorithm.
Results show that without defining any upper bound on spillway flow when
maximum flow is considered, the algorithm jam in local minima, which can be
expected for a non-linear optimization.
A comparison study made with single dam optimization of each HEPP showed that a
better optimum was attained with the cascade variant. Optimization of a cascade
system can increase the total produced energy up to 5% by comparing with
optimization of single dam operation.
A drawback was the higher computational time (which was still a reasonable
duration), which can be further improved by implementing efficient algorithms.

5.2

Recommendations

All the work done may be reanalyzed by using the daily data, if available; and a
carried out daily operation conduce to revenue optimization by considering the
electricity prices. The used method can be changed and a heuristic method (Genetic
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Algorithm, Evolutionary Strategy, Particle Swarm Optimization etc.) can be used in
order to solve the optimization problem. It is well known that the heuristic methods
can solve complex problems with lower solution times , if required conditions are
met.
Another option to improve the work can be to progressively reanalyze end results.
After monthly optimization, the end results can be used to obtain weekly values,
which can be used to obtain daily values and so on. This method renders a turbinebased operational optimization feasible with a personal computer since it does not
handle every decision variable at the same time.
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APPENDIX A

DERIVATION OF CONSTRAINT MATRICES FOR MATLAB OPTIMIZER

Mathematical formulation of the objective function is given in equation A-1. The
constraints are given between equations A-2 to A-5. The constraints are conservation
of mass equation for each reservoir, and minimum and maximum limit on outflow,
spill and storage, respectively.

(A-1)

subject to
(A-2)
for j=1,…M

(A-3)

for j=1,…M

(A-4)

for j=1,…M

(A-5)

where
N = 12 (number of months)
M = 4 (number of HEPPs in the related cascade system)
Qi,j = Turbined Flow (Outflow through turbines from reservoir j at month i)
SPi,j = Spilled Flow from reservoir j at month i
Ri = Inflow to a reservoir that is the total inflow considering the outflow and spill
from an upper reservoir and the intermediate flow between reservoirs
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The intrinsic MATLAB function fmincon requires the constraints to be defined in a
matrix format. Below-given paragraphs explain how these matrices were defined and
sample calculations to help better understand the underlying concepts.
The equality constraints formulate the balance between initial and final reservoir
limits. It has the form
where matrix
and vector
are defined as
follows.

(A-6)

and

where “J” is a matrix of ones and “0” is a matrix of zeros. Since N is equal to 12, the
matrix has a size of 4x96, vector

has a size of 96x1 and vector

has a size

of 4x1.
A sample calculation for the first reservoir can be done by taking the first 1x96
submatrix of

and the first element of vector

The J and 0 matrices are shown

below in equation A-7.

(A-7)

Thus, a submatrix consisting of the first row would consist of 24 ones and 72 zeros.
The

vector is a column vector of size 96x1 and consists of monthly outflow and

spill flow values. The first element of

gives the sum of monthly inflows to the
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first reservoir. The matrix multiplication would result in the following relationship
(equation A-8) which needs to be satisfied at all times.
(A-8)
The lower- and upper bounds are defined for each decision variable (i.e. turbined and
spilled flow) and is also in vector format as shown.

(A-9)

where UBQ,1 = 1464220800 m3; UBQ,2 = 1600560000 m3;
UBQ,3 = 2251670400 m3 ; UBQ,4 = 2251670400 m3 and UBSP = ∞ m3
The minimum and maximum permitted limit on the storage is formulated through the
inequality constraint. It has the form

where matrix A and vector

are

defined as given in equations A-10 and A-11.

(A-10)

(A-11)

where
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denotes a lower triangular matrix of ones with a size of 12x12.

denotes a

matrix of zeros of size 12x12. By the use of lower triangular ones matrices, each row
of matrix A represents the sum of inflow into and subtraction of outflow from a
reservoir for every time step (month) along the cascade, when multiplied with the
decision vector . The rows of vector , on the other hand, denote the maximum and
minimum allowable reservoir storage limits at each month.
An example calculation for the first month will help demonstrate the procedure that
is being followed. Equation A-12 shows the lower triangular matrix of ones and the
zeros matrix. The matrix multiplication of the first row of A and vector X is given in
equation A-13.

and

(A-12)

(A-13)
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APPENDIX B

PERMISSION LETTER REGARDING DATA USE
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