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 ABSTRACT 

 

 

MODELING AND CONTROLLER DESIGN OF A VTOL AIR VEHICLE 

 

 

 

Önen, Anıl Sami 

M.S., Department of Aerospace Engineering 

Supervisor: Prof. Dr. Ozan Tekinalp  

Co-Supervisor: Assoc.Prof. Dr. D.Funda Kurtuluş Bozdemir 

 

 

March 2015, 120 pages 

 

This thesis focuses on modeling, controller design, production and flight test of a 

VTOL unmanned air vehicle. The air vehicle that is designed and manufactured for 

this study has three propellers. A nonlinear mathematical model of the aircraft is 

developed. For this both numerical codes as well as wind tunnel tests have been 

carried out. A simulation code is then written in MATLAB/Simulink environment 

that describes the physical properties of the system in detail. After trimming the air 

vehicle at appropriate equilibrium points in hover and forward flight phase 

separately, the nonlinear model is linearized around that trim points and Linear 

Quadratic Regulator (LQR) and Linear Quadratic Tracking (LQT) controllers are 

designed. After verifying both controllers through the nonlinear simulation, hover 

flight tests of the aircraft are also successfully carried out and results are reported.  

 

 

 

 

Keywords: Vertical take-off and landing, unmanned air vehicle, hover flight control, 

flight testing
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 ÖZ 

 

 

DİKEY KALKIŞ VE İNİŞ YAPABİLEN BİR HAVA ARACININ 

MODELLENMESİ VE KONTROLCÜ TASARIMI 

 

 

 

Önen, Anıl Sami 

Yüksek Lisans, Havacılık ve Uzay Mühendisliği Bölümü 

Tez Yöneticisi: Prof. Dr. Ozan Tekinalp 

Eş-Tez Yöneticisi: Doç.Dr. D.Funda Kurtuluş Bozdemir 

 

Mart 2015, 120 sayfa 

 

Bu tez, dikey kalkış ve iniş yapabilen bir insansız hava aracının modellenmesi, 

kontrolcü tasarımı, üretimi ve teslterini içermektedir. Bu çalışma için tasarlanan ve 

üretilen hava aracı, üç pervaneye sahiptir. Hava aracının doğrusal olmayan 

matematik modeli oluşturulmuştur. Bunun için nümerik hesaplamalar ve rüzgar 

tüneli testleri yapılmıştır. Ardından hava aracının fiziksel özelliklerini detaylı bir 

şekilde tanımlayan simülasyon kodu MATLAB/Simulink ortamında yazılmıştır. 

Hava aracının havada asılı kalma ve ileri uçuş fazlarında uygun denge noktalarının 

bulunmasının ardından, doğrusal olmayan model bu denge noktaları etrafında 

doğrusal hale getirilmiş ve Doğrusal Karesel Regülatör (LQR) ve Doğrusal Karesel 

Takip (LQT) kontrolcüleri tasarlanmıştır. Tasarlanan kontrolcülerin doğrusal 

olmayan simülasyon kodu ile doğrulanmasının ardından, tasarlanan hava aracı ile 

havada asılı kalma fazında uçuş testleri başarı ile gerçekleştirilmiş sonuçlar 

raporlanmıştır.  

 

Anahtar Kelimeler: Dikey kalkış-iniş, insansız hava aracı, havada asılı kalma uçuş 

kontrolcüsü, uçuş testi 
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 NOMENCLATURE 

 

p, q, r Body axis angular rates (roll, ptitch, yaw) 

�̇�, �̇�, �̇�,    Body axis translational accelerations 

u, v, w Body axis velocities 

x, y, z Earth axis positions 

𝜙,θ, ψ Euler angles (roll, pitch, yaw) 
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α, β Wind angles (angle of attack, sideslip angle) 

σ, δ Electric motor tilt angles (front, aft) 
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�̅� Dynamic pressure 
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m Mass 

g Gravitational acceleration 
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DoF Degrees of Freedom 

rx The distance between the front motors and the center of 

gravity of the aircraft in x axis. 



 

xx 

rx
𝑎𝑓𝑡 The distance between the aft motor and the center of gravity 

of the aircraft in x axis. 

ry The distance between the front motors and the center of 

gravity of the aircraft in y axis. 

rz The distance between the front motors and the center of 

gravity of the aircraft in z axis. 

rz
𝑎𝑓𝑡 The distance between the aft motor and the center of gravity 

of the aircraft in z axis. 

Q1 The reactive torque value of the first electric motor 

Q2 The reactive torque value of the second electric motor 

Q3 The reactive torque value of the third electric motor 

 



 

1 

 

CHAPTER 1 

 

 

INTRODUCTION 

 

 

 

Aircraft with vertical take-off and landing capability has attracted interest for many 

years. While helicopters offer good hover capabilities, tilt rotor aircraft may take-off 

and land vertically as well as fly faster and has longer endurance. 

 

This chapter presents a brief literature review on Unmanned Air Vehicles (UAVs), 

specifically with vertical take-off and landing (VTOL) UAVs and the modeling and 

control of them. Moreover, this chapter mentions the aim of this thesis and describes 

the document overview. 

 

1.1 Literature Review 

 

1.1.1 Competitor Study 

 

In recent years, the use of the UAVs has been significantly increased. This stems 

from the fact that the UAVs can perform various kinds of missions including 

surveillance, target acquisition/designation, reconnaissance, data acquisition, rapid 

supply of materials, so and so forth. In handling such missions, working with UAVs 

is much more feasible than manned aircrafts.  

 

There are three kinds of UAV configurations that are mainly used; fixed wing 

configuration, helicopter configuration and tilt rotor configuration. The fixed wing 

configuration has a fixed wing-fuselage combination and a propulsion system that is 



 

2 

placed in such a way that the thrust vector is produced in the horizontal direction. A 

runway is required for this configuration in order to take-off and land. The helicopter 

configuration which has a rotor mounted on the fuselage do not need a runway to 

take-off and land because the rotor above the fuselage produces thrust in such a way 

that the aircraft can take-off and land vertically. The last configuration is the 

compromise between these two. It does not need a runway to take-off and land as it 

can produce vertical lift with the propulsion system that is mounted vertically. 

Moreover, it can perform forward flight by tilting the engines. Not only having the 

capability of performing forward flight, but also taking-off and landing vertically is a 

great contribution to aeronautics and several studies have been done on this subject.  

 

In Figure 1 several examples of VTOL UAVs are given. 

 

 

 

(a) Panther UAV [2] (b) Aerovel-Flexrotor  [3] 

 
 

(c) Scorpion [4] (d) QTW QUX-02A [5] 

Figure 1 VTOL UAV Concepts 

  

Panther UAV (Figure 1.a) performs transition between hover and cruise state by 

thrust vectoring. Panther UAV’s wing and stabilizers stand in stable position during 

transition. Aerovelco-Flexrotor (Figure 1.b) takes-off toward its tail over its special 

platform. Aerovelco-Flexrotor’s control surfaces and stabilizers are used for 



 

3 

transition during flight. Scorpion (Figure 1.c) has a unique design. Although 

Scorpion does not perform vertical take-off, it can take-off in short distances. 

Scorpion performs its take-off and landing by thrust vectoring. The most important 

property of Scorpion is that it has a pivoting wing configuration during all flight 

profile including turbulent conditions. Last competitor aircraft, QTW QUX-02A 

(Figure 1.d) perform its takeoff and landing by using 4 vertically mounted electric 

motors to the wing. Wings are tilted from vertical position to ground parallel position 

during transition. 

 

Some full size military models have been developed. There is also a continued 

interest for UAV’s taking off and landing automatically. In this thesis design-

development and flight control of such an aircraft is reported. 

 

1.1.2 Modeling and Control 

 

Autonomous hover and transition for fixed wing aircrafts are investigated in the past. 

The linear or nonlinear controllers that are designed are verified by using simulation 

and flight test results especially for hover and transition flight modes. A research 

group from Georgia Institute of Technology for instance has studied dynamic 

inversion with neural network adaptation to provide an adaptive controller capable of 

transitioning a fixed-wing UAV to and from hovering flight in a nearly stationary 

position. [6]  Another research group from Gyeongsang National University has 

designed a trajectory tracking controller for a tiltrotor unmanned aerial vehicle that is 

capable of controlling the aircraft with one fixed controller architecture for all flight 

modes. [7] A research group from ETH Zurich designed a hybrid aircraft ‘PacFlyer’ 

that is capable of taking-off and landing vertically like a helicopter and flying in 

cruise like a regular airplane. The aircraft can perform a fully controlled flight 

envelope with the aid of a pilot. For cruise and hover, PID controllers are used, 

whereas for transition both the model and the controller for cruise and hover are 

combined. [8] In another study from Linköping University a model predictive 

controller is designed to stabilize the rotational rates of a tricopter UAV. The 
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controller is a multivariable controller that uses a quadratic optimization problem to 

compute the optimal control signal. [9] 

 

1.2 Major Objectives 

 

The major objective of this study is to create a model that very well describes the 

physical properties of the air vehicle and design a controller that stabilizes the air 

vehicle in hover phase and forward flight phase. The performance of the controller 

will be observed with the simulation and hardware tests.  

1.3 Document Overview 

 

The specification of the vehicle designed and manufactured is given in Chapter 2. 

The nonlinear dynamic model that simulates 6 DoF flight mechanics of the air 

vehicle is explained in Chapter 3. In Chapter 4, trimming and linearization analyses 

are presented for hover and forward flight phases. In Chapter 5, linear controller 

design is given and in Chapter 6 simulation results are presented. Chapter 7 presents 

hover flight tests conducted in the laboratory. Finally, the conclusion and 

recommendations for future work are given in Chapter 7.    
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CHAPTER 2 

 

 

AIR VEHICLE DESIGN CHARACTERISTICS 

 

 

 

In this chapter, the specification of the air vehicle that is studied throughout this 

thesis is given. As presented in the literature review section, there are various kinds 

of UAVs that are used in many different kinds of applications. Among all 

configurations, a vertical take-off and landing (VTOL) configuration is chosen for 

this study. 

2.1 Design Specification 

 

Using a proven design is thought to be more advantageous rather than designing a 

new aircraft. The aircraft that was designed and built previously for the AIAA 

(American Institute of Aeronautics and Astronautics) Design, Build and Fly (DBF) 

competition 2013 is chosen as an initial design. The theme of DBF 2013 was a joint 

strike fighter design which makes some design constraints common with the VTOL 

design concept.   

 

Main reasons for choosing the competition aircraft are listed below:  

 

Short Takeoff 

 

The aircraft is capable of taking-off from very short distances like 10 meters. This 

implies that the aircraft can produce enough lift force to take-off at low speeds. This 

feature helps VTOL UAV at transition phase, since it can transit to the forward flight 

at low speeds. 
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Twin Engine Configuration 

 

The aircraft has twin engine configuration which is an advantage for a VTOL UAV, 

due to the large thrust requirement during vertical take-off.  

 

2.2 DBF’2013 Aircraft 

 

The specifications of the DBF’2013 aircraft are given in Table 1. [1] 

Table 1 Geometrical Parameters of DBF 2013 Aircraft 

Wing Inverted V-Tail Properties Aileron 

Airfoil S1223 Airfoil NACA 0009 Span [m] 0.37 

Span [m] 1.5 Angle Between V 92.3 % of Chord 25% 

MAC 0.341 Span [m] 0.55 Max δa 30
 ο

 

Area [m2] 0.502 Total Area [m2] 0.114 Flap 

Aspect Ratio 4.48 Vertical Distance [m] 0.552 Span [m] 0.4 

Taper Ratio 0.618 Chord [m] 0.148 % of Chord 25% 

Oswald's eff. 0.934 Incidence Angle -1 Max δf 30
ο
 

Static Margin 13% Motor Rudder-Vator 

Incidence 
Angle 

1 Type A20 6XL Span [m] 0.523 

Twist Angle 2 Kv 1050 % of Chord 40% 

c/4 Sweep 0 RPMmax 12000 Max δr 35
 ο

 

Fuselage Rm 0.075 Electrical System 

Length [m] 0.74 Operating Current [A] 20 ESC MASTERSPIN
22 

Width [m] 0.16 Propellers 9x6 APC Servo Act. HS55-S3117 

Height [m] 0.12 Propellers 10x5 Xoar Receiver FUTABA 

 

Figure 2 DBF 2013 Aircraft 
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In Figure 2, DBF 2013 aircraft is shown. It has a twin fuselage configuration with 

twin engine propulsion system. Moreover, inverted V-tail provides good control 

characteristics at stall condition.  

 

2.3 Modifications to DBF 2013 Aircraft 

 

In order to convert the present design into a tricopter UAV, some design 

modifications are made. Firstly, the front electric motors are mounted on a single 

shaft for simultaneous tilting of the propellers. One servo motor is used for the tilt 

mechanism. An additional electric motor is mounted aft of the center of gravity to 

provide an additional vertical thrust in the hover phase. This third motor also has a 

tilting capability around body x-axis for yaw stability and control during hover. Twin 

boom configuration is conserved, whereas the double fuselage is replaced with a 

single one for weight and drag reduction. The tail is placed 14 cm back when 

compared with the original design in order to tune the location of the center of 

gravity of the aircraft. This modification is crucial to satisfy the static stability of the 

aircraft both in hover and forward flight. The avionics of the aircraft is mounted 

below the middle of the wing. Moreover, with reduction of the fuselage, four wheel 

landing gear configuration is converted into a tricopter configuration. The final 

design is shown in Figure 3. The modified aircraft has a take-off weight of 3.4 kg 

and capability of lifting 3.79 kg maximum take-off weight.  

 

Figure 3 Prototype Aircraft 
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CHAPTER 3 

 

 

NONLINEAR DYNAMIC MODEL 

 

 

 

This section describes the nonlinear dynamic model developed for simulating the 6-

DoF flight of the tricopter VTOL air vehicle. The model is coded in 

MATLAB/Simulink environment with equations of motion, the aerodynamics of the 

wing and tail, the propulsion system and gravitational effects. Attitude equations are 

also implemented. The dynamic model of the actuators that are the electric motors, 

front and aft tilting servos are not included in the model. The time required to tilt the 

front electric motors is measured to be 0.4 seconds and this result is assumed to be 

fast enough not to construct an actuator dynamic model. Moreover, in hover flight 

tests that are mentioned in Chapter 7, the response of the actuators are fast enough in 

stabilizing the aircraft. 
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3.1 Subsystems of the Nonlinear Model 

The nonlinear aircraft model consists of five subsystems that are shown in Figure 4. 

 

 

 

 

 

 

 

 

 

 

Figure 4 Nonlinear Model 

 

3.1.1 Throttle-RPM Conversion Block 

 

First submodel is the throttle-RPM conversion block. This block is created in order 

to make a relation between the throttle value of the transmitter and the RPM values 

of the electric motors. RPM values are used as an input for the propulsion subsytem 

block. To create a model experimentally, the throttle value of the transmitter and 

RPM value of the electric motor are logged throughout the test with the help of ESC 

(Electronic Speed Controller). After the tests these values are used to identify the 

relation between throttle and RPM by using the curve fitting toolbox in MATLAB. A 

second order polynomial that is shown in Eqn. (1) is used for all electric motors as 

they are identical.  

 

 𝑅𝑃𝑀 = 𝑝1 ∗ δ𝑇
2 + 𝑝2 ∗ δ𝑇 + 𝑝3 (1) 

where,  

𝑝1 = −0.2772,  𝑝2 = 129.64,  𝑝3 = −161.55 
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The throttle-RPM conversion block is shown in Figure 5. 

 

 

 

 

 

 

 

 

Figure 5 Throttle-RPM Conversion Block 

 

3.1.2 Propulsion Model 

 

The propulsion system block is based on a classical blade element/vortex 

formulation. An open source code, named as QPROP [10] is used. This code 

computes the thrust and torque values of the motor-propeller combinations with the 

knowledge of the geometry of the propeller, RPM value of the electric motor and the 

axial velocity that the motor faces directly. For this purpose a 10x5 propeller is cut 

into pieces as shown in Figure 6 and at each section local blade angle, blade chord, 

blade radius, zero lift angle of attack, lift curve slope are estimated. These values are 

modified in the generic code and shown in APPENDIX A. 

Throttle-RPM 

conversion 

block 

Front left motor throttle 

Front right motor throttle 

Aft motor throttle 

Front left motor RPM 

Front left motor RPM 

Aft motor RPM 
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Figure 6 Propeller Geometry Identification 

 

To verify the QPROP code and determine the performance characteristics of the 

electric motor-propeller combination, wind tunnel tests are performed in 1m x 1m 

wind tunnel of the Aerospace Engineering Department for different rotor angles and 

wind speed. [11] Wind tunnel test setup is shown in Figure 7, rotor angles and wind 

speed that are sampled in wind tunnel tests are shown in  

Table 2. Electric motor with the firewall is mounted to a load cell that is capable of 

measuring all the forces and moments in the body fixed coordinate frame.  

 

  

Figure 7 Wind Tunnel Test Setup 
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Table 2 Wind tunnel test parameters 

Rotor angle (deg) 0, 20, 40, 60
 

Wind speed (m/s) 0, 5, 8, 10, 12 15, 20, 30 

 

0
o
 rotor angle corresponds to the level flight condition, in other words front electric 

motors are positioned along body-x axis of the aircraft. 

 

8 m/s and 12 m/s wind speed are particularly tested for 40
o
 and 60

o 
rotor angles, 

because obtaining the thrust and torque values around stall speed at high rotor angles 

is critical especially for transition flight phase. RPM values of the electric motors, 

axial speed in the wind tunnel, the thrust and torque values corresponding to different 

RPM values at different rotor angles and wind speed are recorded and a database is 

created. In logging the data, a DAQ system is used to record the load cell data and 

ESC (Electronic Speed Controller) is used to record the RPM values. The results of 

the wind tunnel tests are compared with the results of the blade element formulation 

of the QPROP.  

 

The comparison of thrust and torque relation with RPM for 0
o
 and 40

o
 rotor tilt 

angles at different wind speeds are shown in Figure 8-Figure 23. The blue lines 

correspond to the experimental data and the green ones correspond to QPROP 

solution. 
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Figure 8 Comparison of Thrust [N] in QPROP with Experimental Data-at 0 m/s wind 

speed 

 

Figure 9 Comparison of Thrust [N] in QPROP with Experimental Data-at 5 m/s wind 

speed 
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Figure 10 Comparison of Thrust [N] in QPROP with Experimental Data-at 10 m/s 

wind speed 

 

 

Figure 11 Comparison of Thrust [N] in QPROP with Experimental Data-at 15 m/s 

wind speed 
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Figure 12 Comparison of Thrust [N] in QPROP with Experimental Data-at 20 m/s 

wind speed 

 

Figure 13 Comparison of Torque [Nm] in QPROP with Experimental Data-at 0 m/s 

wind speed 
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Figure 14 Comparison of Torque [Nm] in QPROP with Experimental Data-at 5 m/s 

wind speed 

 

Figure 15 Comparison of Torque [Nm] in QPROP with Experimental Data-at 10 m/s 

wind speed 

 



 

18 

 

Figure 16 Comparison of Torque [Nm] in QPROP with Experimental Data-at 15 m/s 

wind speed 

 

Figure 17 Comparison of Torque [Nm] in QPROP with Experimental Data-at 20 m/s 

wind speed 
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Figure 18 Comparison of Thrust [N] in QPROP with Experimental Data-at 5 m/s 

wind speed 

 

Figure 19 Comparison of Thrust [N] in QPROP with Experimental Data-at 10 m/s 

wind speed 
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Figure 20 Comparison of Thrust [N] in QPROP with Experimental Data-at 15 m/s 

wind speed 

 

Figure 21 Comparison of Torque [Nm] in QPROP with Experimental Data-at 5 m/s 

wind speed 
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Figure 22 Comparison of Torque [Nm] in QPROP with Experimental Data-at 10 m/s 

wind speed 

 

Figure 23 Comparison of Torque [Nm] in QPROP with Experimental Data-at 15 m/s 

wind speed 
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After verifying the results of the blade element formulation, the code is embedded 

into a function and used to find the thrust and torque values of the electric motor-

propeller combination corresponding to different RPM values and axial velocities of 

the motor.  

 

Throughout the study, due to the propulsive ineffectiveness and the inequality 

between three electric motors, the motor-propeller combination is revised. Three Axi 

2826-10 electric motors and 11x4 wooden propellers are used. The geometric 

properties of 11x4 propeller are shown in Appendix A. 

 

There are two more blocks in the propulsion subsystem block other than blade 

element formulation. One of them is used to convert the velocity of the air vehicle 

from body axis to the propeller axis to find the axial velocity facing each motor. The 

conversion is calculated from the body axis velocity of the aircraft and the tilt angles 

of the rotors.  

 

The transformation matrix for front electric motors is shown in Eqn. (2) and for rear 

electric motor is shown in Eqn. (3). 

 

 𝑇1 = [
𝑐𝑜𝑠 (90𝑜 − 𝜎) 0 −𝑠𝑖𝑛 (90𝑜 − 𝜎)

0 1 0
𝑠𝑖𝑛 (90𝑜 − 𝜎) 0 𝑐𝑜𝑠 (90𝑜 − 𝜎)

] (2) 

 

 𝑇2 = [

0 0 −1
𝑠𝑖𝑛 (𝛿) 𝑐𝑜𝑠 (𝛿) 0
𝑐𝑜𝑠 (𝛿) −𝑠𝑖𝑛 (𝛿) 0

] 
(3) 

 

 

The overall picture of the propulsion subsystem is shown in Figure 24. 
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Figure 24 Propulsion System Model 

 

3.1.3 Aerodynamics Model 

 

The aerodynamics of the air vehicle is modeled for the transition and forward 

flight regimes. Aerodynamics model is obtained from the 3D Panel Method 

solutions. Panel method is based on incompressible potential flow field solutions. 

This method is most convenient for low speed aerodynamics with viscous effects 

neglected. The panel method is fast and solutions may be obtained for wide range of 

geometries rapidly. Potential flow is governed by Laplace’s equation. Since, 

Laplace’s equation is linear; superposition of several solutions may be used. The 

solutions that are used are source, doublet and vortex. The general solution is found 

by distributing source, doublet and vortex of unknown strength over discretized 

portions of the panels. Panels are created by dividing external surface of the 

geometry into smaller surfaces. The unknown strengths of the sources, doublets and 

vortex are found by solving a linear set of algebraic equations. [12] An open source 

3D panel method code, XFLR5, is used to obtain solutions over the air vehicle. 3D 

Panel Method analysis is performed for the wing and tail separately. Analysis is 
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performed for different angles of attack, side slip angles and control surface 

deflections. It is assumed that the parameters do not change with the wind speed. The 

parameters used in the analysis are listed in Table 3 and Table 4 for the wing and the 

tail respectively.  A sample solution for the wing and the tail are presented in Figure 

25 and Figure 26 respectively. 

 

Table 3 Input vectors for aerodynamic database – Wing 

Parameter  Inputs 

Control Surface 

Deflections (aileron) 

-20
o
 < δaileron <20

o 

∆δaileron =10
o 

Angle of attack -16
o
 < α <16

o   ∆α =2
o 

Beta -60
o 
< β <60

o  ∆β =30
o 

 

 

Table 4 Input vectors for aerodynamic database – Tail 

Parameter  Inputs 

Control Surface Deflections 

(elevator) 

-20
o 
< δelev <20

o 

∆δelev =10
o 

Control Surface Deflections 

(rudder) 

-20
o 
< δrudder<20

o 

∆δrudder=10
o 

Angle of attack -16
o
 < α <16

o      ∆α =2
o
 

Beta -60
o 
< β <60

o    ∆β =30
o 
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Figure 25 3D Panel Method Solution for Wing 

 

 

Figure 26 3D Panel Method Solution for Tail 

 

Aerodynamic coefficients for the wing and tail shown in Table 5 are tabulated 

corresponding to the input values given in Table 3 and Table 4. 

 

Table 5 Aerodynamic Coefficients 

Aerodynamic Coefficients 

𝑪𝑳 , 𝑪𝑫 , 𝑪𝒀 , 𝑪𝒍 , 𝑪𝒎 , 𝑪𝒏 
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In order to improve the lateral stability, the variation of the rolling moment with the 

roll rate, and the variation of the yawing moment with the yaw rate are also added 

into the aerodynamic coefficient calculations. [13] 

Hence, the aerodynamic coefficients are estimated in the model as given in Eqn. (4)-

Eqn. (9). 

 

 𝐶𝐿 = 𝐶𝐿𝛼
𝛼 + 𝐶𝐿𝛽

𝛽 + 𝐶𝐿𝛿𝑎
𝛿𝑎 + 𝐶𝐿𝛿𝑒

𝛿𝑒 (4) 

 

 𝐶𝐷 = 𝐶𝐷𝛼
𝛼 + 𝐶𝐷𝛽

𝛽 + 𝐶𝐷𝛿𝑎
𝛿𝑎 + 𝐶𝐷𝛿𝑒

𝛿𝑒 + 𝐶𝐷𝛿𝑟
𝛿𝑟 (5) 

 

 𝐶𝑌 = 𝐶𝑌𝛼
𝛼 + 𝐶𝑌𝛽

𝛽 + 𝐶𝑌𝛿𝑎
𝛿𝑎 + 𝐶𝑌𝛿𝑟

𝛿𝑟 (6) 

 

 𝐶𝑙 = 𝐶𝑙𝛼
𝛼 + 𝐶𝐿𝛽

𝛽 + 𝐶𝑙𝛿𝑎
𝛿𝑎 + 𝐶𝑙𝛿𝑟

𝛿𝑟 + 𝐶𝑙𝑝
𝑝 (7) 

 

 𝐶𝑚 = 𝐶𝑚𝛼
𝛼 + 𝐶𝑚𝛽

𝛽 + 𝐶𝑚𝛿𝑎
𝛿𝑎 + 𝐶𝑚𝛿𝑒

𝛿𝑒 (8) 

 

 𝐶𝑛 = 𝐶𝑛𝛼
𝛼 + 𝐶𝑛𝛽

𝛽 + 𝐶𝑛𝛿𝑎
𝛿𝑎 + 𝐶𝑛𝛿𝑟

𝛿𝑟 + 𝐶𝑛𝑟
𝑟 (9) 

 

By using aerodynamic coefficients a database is created and interpolation tables are 

used in MATLAB/Simulink. For the wing, a three dimensional interpolation table is 

used, whereas for the tail a four dimensional table is used that there is an additional 

control surface is taken into consideration. In total, thirty six tables are formed and 

part of the database is given as an example in Appendix B. 

 

Local velocity of the wing and tail are calculated by adding the body velocity of the 

aircraft and the effect of the angular speed. The angular velocity of the aircraft is 

multiplied with the distance between the center of gravity of the aircraft and the 

aerodynamic center of the wing and tail.  
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After estimating the local velocities, forces and moments are estimated for wing and 

tail separately and summed up.  

 

The overall aerodynamic model is shown in Figure 27. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 27 Aerodynamics Model 

 

3.1.4 Gravity Model 

 

Gravity model simply transforms the gravitational effect to the body axis frame by 

using Eqn. (10). 

 

 𝑋𝑔 = −𝑚𝑔𝑠𝑖𝑛𝜃     𝑌𝑔 = 𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙     𝑍𝑔 = 𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙     (10) 
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The output forces of the model are directly added to the 6-DoF flight dynamics 

model. 

 

3.1.5 6-DoF Flight Dynamics Model 

 

6 DoF Flight Dynamics Model calculates the Euler angles, angular velocity, angular 

acceleration, position, velocity, acceleration of the aircraft by integrating the 6 DoF 

equations of motion in body axis. The motion of the air vehicle in both Body and 

Earth Fixed Frames are obtained. 

Before introducing the general equations of motion, the axes transformations used in 

the model should be defined. 

 

 Axes Definitions 3.1.6.1.

 

Inertial Axis System: A non-rotating reference system that has the origin at the 

center of the Earth. 

Earth-Fixed Axis system: Defined by the axes along the Earth‘s polar axis. The 

Earth axis is rotating due to the Inertial frame with the rotational speed of the Earth.  

Navigational System (NED): Located on the surface of the Earth such that the z 

axis is directed towards the center of the spherical Earth. Axes are all aligned with 

the directions of north, east and local vertical (down) 

Body-Fixed Axis System: Is an orthogonal axis system centered at generally the 

center of gravity location fixed to the vehicle and aligned with the roll, pitch, yaw 

axes of the vehicle in which the navigation system is installed. 

Wind Coordinate System: Has the origin at the center of gravity of the air vehicle 

where the x-axis is aligned with the velocity vector. The horizontal and lateral axes 

are defined in the perpendicular directions. Angle of attack and side-slip angle 

defines the orientation of the wind coordinate system. [14]  The axes systems are 

shown in Figure 28.   
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Figure 28 Inertial-Earth-Navigational axes systems [14] 

 

 Axes Transformations 3.1.6.2.

 

Body-Fixed to Earth Axis 

 

The transformation from body fixed axis system to earth axis system is done by 

taking the transpose of the Direction Cosine Matrix (DCM) which is a 3x3 matrix, 

the columns of which represent unit vectors in body axes projected along the 

reference axis. In DCM approach the transformation from one coordinate frame to 

another is defined by three rotations about different axes taken in turn which is 

shown in Figure 29. The Euler angles usage for the transformation is the most 

popular and simple technique to define the airplane motion relative to the Earth. [15] 

The transformation matrices are shown in Eqn.(11), Eqn. (12) and Eqn. (13). 
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[
𝑢
𝑣
𝑤

]

𝐸

= 𝐷𝐶𝑀𝑇 [
𝑢
𝑣
𝑤

]

𝐵

  (11) 

 

𝐷𝐶𝑀𝑇 = [
𝑐𝜓 𝑠𝜓 0

−𝑠𝜓 𝑐𝜓 0
0 0 1

] [
𝑐 𝜃 0 −𝑠 𝜃
0 1 0
𝑠 𝜃 0 𝑐 𝜃

] [

1 0 0
0 𝑐 𝜙 −𝑠 𝜙
0 −𝑠 𝜙 𝑐 𝜙

]     (12) 

 

𝑉𝐸 = [

𝑐𝜓 𝑐 𝜃 −𝑐 𝜙𝑠𝜓 +𝑠 𝜙 𝑠 𝜃𝑐𝜓 𝑠 𝜙 𝑠𝜓 + 𝑐 𝜙 𝑠 𝜃𝑐𝜓
𝑐 𝜃𝑠𝜓 𝑐 𝜙𝑐𝜓 + 𝑠 𝜙 𝑠 𝜃 𝑠𝜓 𝑠 𝜙𝑐𝜓 + 𝑠 𝜙 𝑠 𝜃 𝑠𝜓
−𝑠 𝜃 𝑠 𝜙 𝑐 𝜃 𝑐 𝜙 𝑐 𝜃

] 𝑉𝐵 (13) 

 

where, “s” stands for sine and “c” stands for cosine trigonometric functions. 

 

 

 

Figure 29 Euler Transformation 
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Wind Axis to Body-Fixed Axis 

 

The orientation of the wind coordinate system is defined by the angle of attack and 

sideslip angle with respect to the body-fixed axis system that is shown in Figure 30. 

Hence, the transformation from wind axis to body-fixed axis is done with these 

angles as shown in Eqn. (14). 

 

[
𝑢
𝑣
𝑤

] = [
𝑐𝑜𝑠𝛼 𝑐𝑜𝑠 𝛽

𝑠𝑖𝑛𝛼
𝑠𝑖𝑛𝛼 𝑐𝑜𝑠 𝛽

]𝑉𝑊 (14) 

 

 

 

 

 

Figure 30 Stability-Wind and Body Fixed Axes Transformation 

 

 General Equations of Motion 3.1.6.3.

 

6 DoF equations of motion are derived from Newton’s law of motion for 

translational dynamics Eqn. (15) and Euler’s law of motion for rotational dynamics 

Eqn. (16). 
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∑�⃗� = 𝑚
𝑑𝑉⃗⃗⃗⃗⃗⃗

𝑑𝑡⃗⃗⃗⃗⃗
  (15) 

 

∑�⃗⃗⃗� = 𝐼
𝑑𝐻⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡⃗⃗⃗⃗⃗
  (16) 

 

where, ∑ �⃗� are the total external forces and ∑ �⃗⃗⃗� are the total external moments 

acting on the system. 
𝑑𝑉⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡⃗⃗ ⃗⃗⃗
 is the change in translational speed and 

𝑑𝐻⃗⃗⃗⃗⃗⃗⃗

𝑑𝑡⃗⃗ ⃗⃗⃗
 is the change in 

angular momentum. m is the mass of the air vehicle.   

6 DoF equations of motion are derived as follows: [13]  

 

�̇� = 𝑋
𝑚⁄ − 𝑔 𝑠𝑖𝑛 𝜃 + 𝑟𝑣 + 𝑞𝑤 (17) 

 

�̇� = 𝑌
𝑚⁄ + 𝑔 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜙 − 𝑟𝑢 + 𝑝𝑤 (18) 

 

�̇� = 𝑍
𝑚⁄ + 𝑔 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜙 + 𝑞𝑢 − 𝑝𝑣  (19) 

 

�̇� =
(𝐼𝑧𝑧𝐿 + 𝐼𝑥𝑧𝑁 − {𝐼𝑥𝑧(𝐼𝑦𝑦 − 𝐼𝑥𝑥 − 𝐼𝑧𝑧)𝑝 + [𝐼𝑥𝑧

2 + 𝐼𝑧𝑧(𝐼𝑧𝑧 − 𝐼𝑦𝑦)]𝑟}𝑞)

(𝐼𝑥𝑥𝐼𝑧𝑧 − 𝐼𝑥𝑧
2 )

 (20) 

 

�̇� =
1

𝐼𝑦𝑦

[𝑀 − (𝐼𝑥𝑥 − 𝐼𝑧𝑧)𝑝𝑟 − 𝐼𝑥𝑧(𝑝
2 − 𝑟2)]     (21) 

 

�̇� =
(𝐼𝑥𝑧𝐿 + 𝐼𝑥𝑥𝑁 − {𝐼𝑥𝑧(𝐼𝑦𝑦 − 𝐼𝑥𝑥 − 𝐼𝑧𝑧)𝑟 + [𝐼𝑥𝑧

2 + 𝐼𝑥𝑥(𝐼𝑥𝑥 − 𝐼𝑦𝑦)]𝑝}𝑞)

(𝐼𝑥𝑥𝐼𝑧𝑧 − 𝐼𝑥𝑧
2 )

  (22) 

The kinematic equations are given as follows: 

 

ϕ̇ = 𝑝 + 𝑞 tan θ sinϕ + 𝑟 tan θ cosϕ  (23) 
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θ̇ = 𝑞 cosϕ − 𝑟 sinϕ  (24) 

 

ψ̇ = 𝑞 sec θ sinϕ + 𝑟 sec θ cosϕ  (25) 

 

The navigational equations are given as follows: 

 

ẋ = u cψ c θ + 𝑣(− sψ cϕ + cϕ s θ sϕ) + 𝑤(sψ sϕ + cψ sθ cϕ) (26) 

 

ẏ = u sψ c θ + 𝑣 (cψ cϕ + sψ sθ sϕ) + 𝑤(−cψ sϕ + sψ s θ cϕ) (27) 

 

ż = −𝑢 s θ + 𝑣(c θ sϕ) + 𝑤(c θ cϕ) (28) 

where, “s” stands for sine and “c” stands for cosine trigonometric functions  [
X
Y
Z
]  and 

[
L
M
N

] are  the  resultant  aerodynamic and propulsive force  and  moment  vectors  

acting  on  the air vehicle  center  of  gravity  expressed  in  the  body  coordinate  

frame respectively. It is assumed that gravitational acceleration, 𝑔 in the equations do 

not vary and are constant. 

 

X = Xa + Xt + Xother (29) 

 

Y = Ya + Yt + Yother (30) 

 

Z = Za + Zt + Zother  (31) 

where subscripts “a” and “t” stands for the aerodynamic and propulsive forces 

respectively. Subscript “other” stands for the forces that cannot be predicted in 

advance. 
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Xt = (T1 + T2) sin(−σ) (32) 

 

Yt = (T3)sinδ (33) 

 

Zt = −(T1 + T2)cosσ − (T3)cosδ (34) 

 

where, T1, T2 and T3 are the thrust forces of the front left, front right and aft electric 

motors respectively. σ  is the tilt angle of the front motors around pitch axis. δ is the 

tilt angle of the aft motor around roll axis. σ is taken to be zero when the front 

electric motors are positioned vertically and is taken as positive when the electric 

motors are turning to level position. 

 

L = La + Lt + Lother (35) 

 

M = Ma + Mt + Mother (36) 

 

N = Na + Nt + Nother (37) 

 

Lt = (T1 − T2)cosσry + (T3)sinδrz
aft + (Q2 − Q1) sin(−σ) (38) 

 

Mt = (T1 + T2)cosσrx − (T3)cosδrx
aft − (T1 + T2) sin(−σ) rz − (Q3)sinδ (39) 

 

Nt = (T1 − T2) sin(−σ) rx − (T3)sinδrx
aft + (Q2 − Q1)cosσ + (Q3)cosδ (40) 

 

where,  Q1, Q2 and Q3  are the reactive torque values of the front left, front right and 

aft electric motor respectively. “Subscript “other” stands for the moments that cannot 

be predicted in advance. rx, ry, rz  are the distances between the front electric motors 

and the air vehicle center of gravity in x, y and z axis respectively. rx
aft 𝑎𝑛𝑑 rz

aft  are 

the distances between the aft electric motor and air vehicle center of gravity in x and 
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z axis respectively. All electric motors are above the center of gravity location in z-

axis.  

 

The dominant forces and moments are coming from propulsion system in hover. If 

the tilt angle of the aft electric motor is taken as zero, the reactive torque value of the 

aft electric motor should be equal to the difference between the reactive torque 

values of the first and second electric motors in order to compensate the yawing 

moment. However, if the tilt angle of the aft electric motor is increased, it results in a 

rolling moment. Hence, the controller that is to be designed should be able to 

regulate the torque values of the three motors by changing the rpm values and the tilt 

angle of the aft motor at the same time in hover position. 

 

3.2 Model Inputs, Outputs and States 

 

The inputs, outputs and states of the model are shown below. 

 

Inputs of the model : 

Throttle rate for the maximum allowable thrust of front left electric motor [%]:  δ𝑡ℎ1 

Throttle rate for the maximum allowable thrust of front right electric motor [%]: δ𝑡ℎ2  

Throttle rate for the maximum allowable thrust of aft electric motor [%]: δ𝑡ℎ3 

Tilt angle for the front electric motor [rad] : σ 

Tilt angle for the aft electric motor [rad] : δ 

Deflection of the elevator [rad] : 𝛿𝑒𝑙𝑒𝑣  

Deflection of the aileron   [rad] : 𝛿𝑎𝑖𝑙𝑒 

Deflection of the rudder   [rad] : 𝛿𝑟𝑢𝑑 

Outputs of the model : 

Velocity vector components in Earth fixed Frame : 𝑉𝑥
𝐸 , 𝑉𝑦

𝐸 , 𝑉𝑧
𝐸 

Velocity vector components in Body Frame: 𝑢, 𝑣, 𝑤 

Angular acceleration components in Body Frame: �̇�, �̇�, �̇� 

Translational acceleration components in Body Frame: �̇�, �̇�, �̇� 

Rotational velocity components in Body Frame : 𝑝, 𝑞, 𝑟 
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Euler angles : 𝜙, 𝜃, 𝜑 

Positions in Earth Frame : 𝑋𝐸 , 𝑌𝐸 , 𝑍𝐸 

 

States of the model : 

Euler angles : 𝜙, 𝜃, 𝜑 

Angular velocity components in Body Frame : 𝑝, 𝑞, 𝑟 

Velocity vector components in Body Frame: 𝑢, 𝑣, 𝑤 

Positions in Earth fixed Frame : 𝑋𝐸 , 𝑌𝐸 , 𝑍𝐸  
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CHAPTER 4 

 

 

TRIMMING AND LINEARIZATION 

 

 

 

This chapter is about the linearization process of the nonlinear model that is 

explained in the previous chapter. The linearization is essential in order to determine 

the stability characteristics of the system, and then to design linear controllers.  

 

The linearization of the nonlinear dynamic systems is done around specific local 

equilibrium points by using the equations of motion of the relevant system. 

Trimming is to find the equilibrium points about which the linearization of the 

relevant nonlinear equations is done. 

 

Throughout the chapter, trimming methods and trim points of the system and the 

linearization method for the nonlinear air vehicle model is explained. The trim points 

that are found in this chapter are used in linear model analysis and control design in 

the following chapter.      

 

4.1 Trimming Methodology 

 

Trimming is done with the help of MATLAB/Simulink Linear Analysis Toolbox. 

Nonlinear least squares optimization method is used with Levenberg-Marquardt 

algorithm. Nonlinear least squares methods involve an iterative improvement to 

parameter values in order to reduce the sum of the squares of the errors between the 

function and the measured data points. The Levenberg-Marquardt curve-fitting 

method is actually a combination of two minimization methods: the gradient descent 
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method and the Gauss-Newton method. In the gradient descent method, the sum of 

the squared errors is reduced by updating the parameters in the direction of the 

greatest reduction of the least squares objective. In the Gauss-Newton method, the 

sum of the squared errors is reduced by assuming the least squares function is locally 

quadratic, and finding the minimum of the quadratic. The Levenberg-Marquardt 

method acts more like a gradient-descent method when the parameter are far from 

their optimal value and acts more like the Gauss-Newton method when the 

parameters are close to their optimal value [15]. 

 

The number of iterations, function evaluations, parameter and function tolerances are 

all selectable to reach the required equilibrium states, inputs and outputs.  

 

4.1.1 Trimming Specifications 

 

In trimmed flight, the air vehicle is defined to have zero angular and translational 

acceleration and constant control inputs.  

 

�̇� = �̇� = �̇� = �̇� = �̇� = �̇� = 0 (41) 

 

4.1.2 Trim Results 

 

After the iterative solution, the trimming results are obtained with maximum error in 

the order of 10
-12

. For hover, the aircraft has a zero velocity in trim, whereas for 

forward flight the trim results are presented for different velocities. The results are 

shown in Table 6 for hover and in Table 7 for forward flight.  

 

Table 6 Trim results for hover 

𝑉 (𝑚/𝑠) 𝛿𝑡ℎ1 (%) 𝛿𝑡ℎ2 (%) 𝛿𝑡ℎ3 (%) 𝛿 (𝑟𝑎𝑑) 

0 88.6098 73.553 81.1803 0.0400 
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Table 7 Trim results for forward flight 

𝑉(𝑚/𝑠) 𝛿𝑡ℎ  (%) 𝑢 (𝑚/𝑠) 𝑤 (𝑚/𝑠) 𝛿𝑒𝑙𝑒𝑣  (deg) 𝜃 (𝑑𝑒𝑔) 

10 59.39 10.70 1.11 2.65 3.27 

11 59.22 11.44 0.91 2.48 2.75 

12 59.15 12.23 0.71 2.28 2.18 

13 59.26 13.10 0.50 2.05 1.55 

14 59.01 14.03 0.26 1.84 0.86 

15 58.84 14.99 0.03 1.63 0.11 

16 58.75 15.99 -0.18 1.77 -0.63 

17 58.84 16.99 -0.40 1.63 -1.31 

18 59.40 17.98 -0.61 1.49 -1.95 

19 62.12 18.94 -0.75 1.82 -2.29 

20 64.52 19.92 -0.93 1.75 -2.69 

21 67.92 20.86 -1.08 1.85 -2.86 

22 73.88 21.42 -1.06 2.69 -2.23 

23 77.90 22.31 -1.2 2.55 -2.18 

24 82.04 23.25 -1.37 2.34 -2.18 

 

The trim point corresponding to the cruise speed of the aircraft that is 15 m/s is used 

in linearizing the system.  

 

4.2 Linearization 

 

4.2.1 Linearization Methodology 

 

While linearizing the nonlinear model, MATLAB/Simulink Linear Analyses 

Toolbox is used. The inputs and outputs of the model that are stated in 3.2 are used 

for the analysis inputs and outputs and the trim point that is found in the previous 

part is used as an operating point. Numerical perturbation is used as a linearization 
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algorithm and ‘linoptions’ is the command that is used to define in the MATLAB 

code. After defining the type of the algorithm, ‘linearize’ command is used to 

linearize the system around the specified operating point. 

 

The system is linearized around that operating point with the classical Taylor series 

approach and after linearizing the 6 DoF equations of motion, a continuous time 

state-space model is obtained as shown through (42) and (49). 

 

�̇� = 𝑓(𝑥, 𝑢) (42) 

 

𝑦 = 𝑔(𝑥, 𝑢) (43) 

 

𝐴 =
𝜕𝑓

𝜕𝑥
|
(𝑥0,𝑢0)

=

[
 
 
 
 
𝜕𝑓1
𝜕𝑥1

|
(𝑥0,𝑢0)

…
𝜕𝑓1
𝜕𝑥𝑛

|
(𝑥0,𝑢0)

… … …
𝜕𝑓𝑛
𝜕𝑥1

|
(𝑥0,𝑢0)

…
𝜕𝑓𝑛
𝜕𝑥𝑛

|
(𝑥0,𝑢0)]

 
 
 
 

  (44) 

 

𝐵 =
𝜕𝑓

𝜕𝑢
|
(𝑥0,𝑢0)

=

[
 
 
 
 
𝜕𝑓1
𝜕𝑢1

|
(𝑥0,𝑢0)

…
𝜕𝑓1
𝜕𝑢𝑚

|
(𝑥0,𝑢0)

… … …
𝜕𝑓𝑛
𝜕𝑢1

|
(𝑥0,𝑢0)

…
𝜕𝑓𝑛
𝜕𝑢𝑚

|
(𝑥0,𝑢0)]
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𝐶 =
𝜕𝑔

𝜕𝑥
|
(𝑥0,𝑢0)

=

[
 
 
 
 
𝜕𝑔1

𝜕𝑥1
|
(𝑥0,𝑢0)

…
𝜕𝑔1

𝜕𝑥𝑛
|
(𝑥0,𝑢0)

… … …
𝜕𝑔𝑛

𝜕𝑥1
|
(𝑥0,𝑢0)

…
𝜕𝑔𝑛

𝜕𝑥𝑛
|
(𝑥0,𝑢0)]
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𝐷 =
𝜕𝑔

𝜕𝑢
|
(𝑥0,𝑢0)

=

[
 
 
 
 
𝜕𝑔1

𝜕𝑢1
|
(𝑥0,𝑢0)

…
𝜕𝑔1

𝜕𝑢𝑚
|
(𝑥0,𝑢0)

… … …
𝜕𝑔𝑛

𝜕𝑢1
|
(𝑥0,𝑢0)

…
𝜕𝑔𝑛

𝜕𝑢𝑚
|
(𝑥0,𝑢0)]

 
 
 
 

  (47) 
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∆�̇� = 𝐴∆𝑥 + 𝐵∆𝑢 (48) 

 

∆𝑦 = 𝐶∆𝑥 + 𝐷∆𝑢 (49) 

 

4.2.2 Linearization Results 

 

The matrices obtained after linearizing at trim values of Table 6 and Table 7 are 

given in Appendix C. 
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CHAPTER 5 

 

 

CONTROLLER DESIGN 

 

 

 

5.1 Concept of Operations (CONOPS) 

 

The concept of operations defines the specifications of flight. The air vehicle that is 

studied has mainly three flight phases that are hover, transition and forward flight 

phase. In all phases, the pilot can transmit commands to the air vehicle via remote 

controller and the controller inside the board in the air vehicle stabilizes the states of 

the system. This type of flight is named as pilot in the loop structure. In this thesis, 

hover and forward flight cases are studied. 

 

5.1.1 Hover Case  

 

In hover case the pilot has four inputs in the remote controller that are the throttle, 

pitch, roll and yaw inputs. As it can be seen in Figure 31, by using the throttle 

command stick the pilot can take-off, land or increase/decrease altitude during hover. 

By using the pitch command stick, the pilot can make pitch up or down. By using the 

roll command stick the pilot can make rolling motion. Lastly, by using the yaw 

command stick, the pilot can change the heading of the air vehicle. [16] 
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Figure 31 Remote Controller for Hover 

 

The commands of the pilot are taken as angle commands and the error between the 

Euler angles and the pilot commands are used in the controller. The controller gives 

four inputs to the air vehicle that are the throttle values of the electric motors and the 

angle of the aft electric motor. The control surfaces are not effective in this phase. 

 

The schematic is shown in Figure 32. 
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5.1.2  Forward Flight Case 

 

In forward flight case the pilot has four inputs in the remote controller that are the 

throttle, pitch, roll and yaw inputs. As it can be seen in Figure 33, by using the 

throttle command stick the pilot can increase/decrease forward speed during forward 

flight. By using the pitch command stick, the pilot can make pitch up or down. By 

using the roll command stick the pilot can make rolling motion. Lastly, by using the 

yaw command stick, the pilot can change the heading of the air vehicle. 

 

Figure 33 Remote Controller for Forward Flight 

 

The commands of the pilot are taken as angle commands and the error between the 

Euler angles and the pilot commands are used in the controller as in the hover case. 

The controller gives four inputs to the air vehicle that are the throttle value of the 

front electric motors and control surface deflections namely, aileron, elevator and 

rudder. The differential thrust control is not present in this phase. Unlike hover 

control, the heading input of the pilot is given directly in forward flight. That is, the 

heading angle is no controlled in forward flight. 
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The schematic is shown in Figure 34. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.2 Controller 

 

5.2.1 Linear System Specifications 

 

As explained in the previous chapter, the linear system matrices are obtained. In 

linear controller design phase, the system matrices are simplified and 6 states are 

used instead of 12 in hover flight, and 5 states are used in the forward flight. The 

controlled states are given in Table 8 and Table 9 for hover and forward flight 

respectively.  
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Table 8 Hover Flight – Controlled States 

𝒑 𝒒 𝒓 𝝓 𝜽 𝝋 

 

Table 9 Forward Flight – Controlled States 

𝒑 𝒒 𝒓 𝝓 𝜽 

 

Correspondingly, the system matrices are reduced to Asys [6X6] and Bsys [6X4] for 

hover and Asys [5X5] and Bsys [5X4] for forward flight respectively that are shown in 

Appendix C.  

 

The controller configuration is shown in Figure 35. 

 

Figure 35 Controller Configuration 

 

5.2.2 Stability Characteristics 

 

Before designing a controller, the stability characteristics of the system should be 

observed, in addition with the controllability. 

 

In order to determine the stability characteristics, the eigenvalues of the system 

matrix are observed for both hover and forward flight phase. It is seen that, the 

system has unstable poles in hover Eqn. (50). This stems from the fact that there is 

no damping effect in hover unlike the forward flight. In order to compare the 

simulation results with the flight test results the inertial and aerodynamic effects of 
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the wing and tail are not included in hover because the flight tests that are mentioned 

in Chapter 7 are performed without the wing and tail.  

 

e𝑖𝑔(𝐴𝑠𝑦𝑠)ℎ𝑜𝑣𝑒𝑟 = 10−7

[
 
 
 
 
 

0
−0.0015 + 0.1350𝑖
−0.0015 − 0.1350𝑖

0.0000
−0.0000 + 0.0000𝑖
−0.0000 − 0.0000𝑖]

 
 
 
 
 

 

(50) 

e𝑖𝑔(𝐴𝑠𝑦𝑠)𝑓𝑜𝑟𝑤𝑎𝑟𝑑 𝑓𝑙𝑖𝑔ℎ𝑡 =

[
 
 
 
 

−10.0119
−2.3104
−5.3069

−0.0000 + 0.0000𝑖
−0.0000 − 0.0000𝑖]

 
 
 
 

 

 

5.2.3 Controllability 

 

Controllability of an LTI system measures the capability of an external input to move 

the internal state of a system from any initial state to any other final state in a finite 

time interval.  [17] Since the controllability matrix has full row rank, the system is 

controllable. 

 

5.2.4 Linear Quadratic (LQ) Problem  

 

The case where the system dynamics are described by a set of linear differential 

equations and the cost is described by a quadratic function is called “LQ problem”. 

[18] The solution to this problem is the state feedback controller. The linearized 

system that is explained in the previous chapter is reduced from 12 states to 6 states 

that are the angular rates and Euler angles for hover. The pilot’s commands are taken 

as angle commands and pass through the controller before actuating the air vehicle. 

Unlike hover, the system is reduced from 12 states to 5 states that are the angular 

rates, roll and pitch angles in forward flight because the heading angle is not 

controlled and the pilot yaw command is given directly to the actuator. Roll and pitch 

commands are given as angle commands and pass through the controller before 

actuating the system. 
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 Linear Quadratic Regulator (LQR) 5.2.4.1.

 

In LQR, the cost function is the weighted sum of the squares of states and inputs as 

given in Eqn. (51). 

 

𝐽 =
1

2
∫(𝑥(𝑡)𝑇𝑄𝑥(𝑡) + 𝑢(𝑡)𝑇𝑅𝑢(𝑡)) 𝑑𝑡

∞

0

 (51) 

 

where, Q and R are state and control weighting matrices respectively.  

 

Selection of the weighting matrices, Bryson’s approach is employed. [19] 

 

𝑄𝑖𝑖 =
1

𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑎𝑐𝑐𝑒𝑝𝑡𝑎𝑏𝑙𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓𝑥𝑖
2 

 (52) 

 

𝑅𝑖𝑖 =
1

𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑎𝑐𝑐𝑒𝑝𝑡𝑎𝑏𝑙𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓𝑢𝑖
2 

 (53) 

 

For hover case, the maximum acceptable value of the states are taken as 90 deg/sec 

for angular rates and 90 deg for Euler angles. The maximum acceptable value of the 

throttle inputs is taken as 40% and  90 deg for aft motor angle.  

 

For forward flight case, the maximum acceptable value of the states are taken as 90 

deg/sec for angular rates and 90 deg for Euler angles. The maximum acceptable 

value of the throttle input is taken as 40% and 20 deg for control surface deflections. 

These values are selected after a trial-and-error process. 

Q and R matrices are estimated accordingly for hover and forward flight cases and 

given in Appendix D. 

 

The solution of the LQ problem is formed from the algebraic Riccati equation given 

in Eqn. (54). The state feedback gain matrix is given in Eqn. (55). 
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𝐴𝑠𝑦𝑠
𝑇𝑆 + 𝑆𝐴𝑠𝑦𝑠 − 𝑆𝐵𝑠𝑦𝑠𝑅

−1𝐵𝑠𝑦𝑠
𝑇𝑆 + 𝑄 = 0 (54) 

 

𝐾 = 𝑅−1𝐵𝑠𝑦𝑠
𝑇𝑆 (55) 

 

The gain matrices for hover and forward flight are shown in Appendix D.  

 

 

 

The reduced form is shown in Eqn. (56) for the hover phase. 

 

[
 
 
 
 
 
�̇�
�̇�
�̇�
�̇�

�̇�
�̇�]
 
 
 
 
 

= [𝐴𝑠𝑦𝑠]

[
 
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃
𝜑]
 
 
 
 
 

+ [𝐵𝑠𝑦𝑠]

[
 
 
 
δ𝑡ℎ1

δ𝑡ℎ2

δ𝑡ℎ3

δ𝑎𝑓𝑡]
 
 
 
 (56) 

 

The closed loop system is presented in Eqn. (57). 

 

[
 
 
 
 
 
�̇�
�̇�
�̇�
�̇�

�̇�
�̇�]

 
 
 
 
 

= [𝐴𝑠𝑦𝑠 − 𝐵𝑠𝑦𝑠𝐾]

[
 
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃
𝜑]

 
 
 
 
 

+ [𝐵𝑠𝑦𝑠𝐾]

[
 
 
 
 
 

0
0
0

𝜙𝑐𝑜𝑚

𝜃𝑐𝑜𝑚

𝜑𝑐𝑜𝑚]
 
 
 
 
 

 (57) 

 

K is the gain matrix that is already obtained from the Ricatti equation solution, and 

𝜙𝑐𝑜𝑚, 𝜃𝑐𝑜𝑚 and  𝜑𝑐𝑜𝑚  are the pilot commands. The eigenvalues of the closed loop 

system matrix is shown in Eqn. (58). 

 

e𝑖𝑔(𝐴𝑐𝑙𝑜𝑠𝑒𝑑 𝑙𝑜𝑜𝑝) =

[
 
 
 
 
 
−25.2602
−21.4266
−9.6712
−1.0054
−1.0011
−1.0008 ]

 
 
 
 
 

 (58) 



 

51 

The reduced form is shown in Eqn. (59) for forward flight phase. 

[
 
 
 
 
�̇�
�̇�
�̇�
�̇�

�̇�]
 
 
 
 

= [𝐴𝑠𝑦𝑠−𝑓𝑜𝑟𝑤𝑎𝑟𝑑]

[
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃]
 
 
 
 

+ [𝐵𝑠𝑦𝑠−𝑓𝑜𝑟𝑤𝑎𝑟𝑑] [

δ𝑡ℎ

δ𝑎𝑖𝑙𝑒𝑟𝑜𝑛

δ𝑒𝑙𝑒𝑣𝑎𝑡𝑜𝑟

δ𝑟𝑢𝑑𝑑𝑒𝑟

] (59) 

 

The closed loop system is shown in Eqn. (60). 

 

[
 
 
 
 
�̇�
�̇�
�̇�
�̇�

�̇�]
 
 
 
 

= [𝐴𝑠𝑦𝑠 − 𝐵𝑠𝑦𝑠𝐾]

[
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃]
 
 
 
 

+ [𝐵𝑠𝑦𝑠𝐾]

[
 
 
 
 

0
0
0

𝜙𝑐𝑜𝑚

𝜃𝑐𝑜𝑚 ]
 
 
 
 

 (60) 

 

Similarly, with K, the gain matrix obtained from Ricatti equation solution and 

𝜙𝑐𝑜𝑚 and 𝜃𝑐𝑜𝑚   are the pilot commands. The eigenvalues of the closed loop system 

in this case are presented in Eqn. (61). 

 

𝑒𝑖𝑔(𝐴𝑐𝑙𝑜𝑠𝑒𝑑 𝑙𝑜𝑜𝑝) =

[
 
 
 
 
−46.8933
−17.1730
−9.9978
−0.9990
−0.9527 ]

 
 
 
 

 (61) 

 

 Linear Quadratic Tracking (LQT) 5.2.4.2.

 

In LQT, the cost function is the weighted sum of the squares of errors and inputs as 

given in Eqn. (62). [20] 

 

𝐽 =
1

2
∫(𝑒(𝑡)𝑇𝑄𝑒(𝑡) + 𝑢(𝑡)𝑇𝑅𝑢(𝑡)) 𝑑𝑡

∞

0

 (62) 

 

where, e is the difference between the commands and the commanded states that is 

given in Eqn. (63) and Eqn. (64) for hover and forward flight respectively. 
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𝑒ℎ𝑜𝑣𝑒𝑟 = [
𝜙𝑐𝑜𝑚

𝜃𝑐𝑜𝑚

𝜑𝑐𝑜𝑚

] − Cℎ𝑜𝑣𝑒𝑟

[
 
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃
𝜑]
 
 
 
 
 

 (63) 

 

𝑒𝑓𝑜𝑟𝑤𝑎𝑟𝑑 = [
𝜙𝑐𝑜𝑚

𝜃𝑐𝑜𝑚
] − C𝑓𝑜𝑟𝑤𝑎𝑟𝑑

[
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃]
 
 
 
 

 (64) 

 

𝐶ℎ𝑜𝑣𝑒𝑟 = [
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

] (65) 

 

𝐶𝑓𝑜𝑟𝑤𝑎𝑟𝑑 = [
0 0 0 1 0
0 0 0 0 1

] (66) 

 

Q and R are the state and control weighting matrices respectively and  the same 

weighting matrices presented above are used.  

 

Fore the trackign problem, a slightly different algebraic Riccati equation is used 

(Eqn. (54)). The gain matrices are given in Eqn.(68) and Eqn. (69). 

 

𝐴𝑠𝑦𝑠
𝑇𝑆 + 𝑆𝐴𝑠𝑦𝑠 − 𝑆𝐵𝑠𝑦𝑠𝑅

−1𝐵𝑠𝑦𝑠
𝑇𝑆 + 𝐶𝑇𝑄𝐶 = 0 (67) 

 

𝐾 = 𝑅−1𝐵𝑠𝑦𝑠
𝑇𝑆 (68) 

 

𝐾𝑧 = 𝑅−1𝐵𝑠𝑦𝑠
𝑇[𝑆𝐵𝑠𝑦𝑠𝑅

−1𝐵𝑠𝑦𝑠
𝑇 − 𝐴𝑠𝑦𝑠

𝑇]
−1

𝐶𝑇𝑄 (69) 
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𝑢ℎ𝑜𝑣𝑒𝑟 = −𝐾

[
 
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃
𝜑]

 
 
 
 
 

+𝐾𝑧 [
𝜙𝑐𝑜𝑚

𝜃𝑐𝑜𝑚

𝜑𝑐𝑜𝑚

] (70) 

 

𝑢𝑓𝑜𝑟𝑤𝑎𝑟𝑑 = −𝐾

[
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃]
 
 
 
 

+𝐾𝑧 [
𝜙𝑐𝑜𝑚

𝜃𝑐𝑜𝑚
] (71) 

 

The gain matrices for hover and forward flight are shown in Appendix D.  

 

The reduced form is shown in Eqn. (72) for hover phase. 

 

[
 
 
 
 
 
�̇�
�̇�
�̇�
�̇�

�̇�
�̇�]

 
 
 
 
 

= [𝐴𝑠𝑦𝑠]

[
 
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃
𝜑]
 
 
 
 
 

+ [𝐵𝑠𝑦𝑠]

[
 
 
 
δ𝑡ℎ1

δ𝑡ℎ2

δ𝑡ℎ3

δ𝑎𝑓𝑡]
 
 
 
 (72) 

 

The closed loop system is shown in Eqn. (73). 

 

[
 
 
 
 
 
�̇�
�̇�
�̇�
�̇�

�̇�
�̇�]

 
 
 
 
 

= [𝐴𝑠𝑦𝑠 − 𝐵𝑠𝑦𝑠𝐾]

[
 
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃
𝜑]

 
 
 
 
 

+ [𝐵𝑠𝑦𝑠𝐾𝑧] [
𝜙𝑐𝑜𝑚

𝜃𝑐𝑜𝑚

𝜑𝑐𝑜𝑚

] (73) 

 

K is the gain matrix obtained for state feedback and 𝐾𝑧 is the gain matrix for the pilot 

commands. The eigenvalues of the closed loop system matrix is shown in Eqn. (58). 
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e𝑖𝑔(𝐴𝑐𝑙𝑜𝑠𝑒𝑑 𝑙𝑜𝑜𝑝) =

[
 
 
 
 
 
−3.5553 + 3.5553𝑖
−3.5553 − 3.5553𝑖
−3.2749 + 3.2749𝑖
−3.2749 − 3.2749𝑖
−2.2049 + 2.2049𝑖
−2.2049 − 2.2049𝑖]

 
 
 
 
 

 (74) 

 

The reduced form is shown in Eqn. (75) for forward flight phase. 

[
 
 
 
 
�̇�
�̇�
�̇�
�̇�

�̇�]
 
 
 
 

= [𝐴𝑠𝑦𝑠−𝑓𝑜𝑟𝑤𝑎𝑟𝑑]

[
 
 
 
 
𝑝
𝑞
𝑟
𝜙
𝜃]
 
 
 
 

+ [𝐵𝑠𝑦𝑠−𝑓𝑜𝑟𝑤𝑎𝑟𝑑] [

δ𝑡ℎ

δ𝑎𝑖𝑙𝑒𝑟𝑜𝑛

δ𝑒𝑙𝑒𝑣𝑎𝑡𝑜𝑟

δ𝑟𝑢𝑑𝑑𝑒𝑟

] (75) 

 

In this case, the eigenvalues of the closed loop system matrix are presented in Eqn. 

(76). 

 

𝑒𝑖𝑔(𝐴𝑐𝑙𝑜𝑠𝑒𝑑 𝑙𝑜𝑜𝑝) =

[
 
 
 
 
−4.9730 + 4.6943𝑖
−4.9730 − 4.6943𝑖

−10.0095
−3.9009 + 1.0655𝑖
−3.9009 − 1.0655𝑖]

 
 
 
 

 (76) 
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CHAPTER 6 

 

 

SIMULATION RESULTS 

 

 

 

The designed linear controllers, LQR and LQT are examined throughout the 

nonlinear simulation code explained previously. This chapter describes the 

configuration parameters of the simulation, the response of the controllers to pilot 

commands. 

 

6.1 Configuration Parameters 

 

The simulation step size is taken as 20 ms. The ordinary differential equations are 

solved using 4th order Runge Kutta method.  

The simulation is run at the trim flight conditions and it was verified that the system 

stays at the trim conditions with the controller. 

In order to observe the performance of the controllers, pilot commands that pass 

through the controller before actuating the air vehicle are given separately and the 

response of the air vehicle is examined both for hover and forward flight phases.  

 

The simulation results are obtained for LQR and LQT controllers separately. In 

addition the effect of a washout filter is investigated with LQR controller that is 

shown in Figure 36. In the first case a washout filter for the body rates of the aircraft 

is not used; however in the second case a washout filter is used for the body rates in 

order to avoid the struggle between the  between the autopilot and the pilot 

commands. The time constant used in the washout filter is chosen to be 4 after a trial-
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and-error process. In selecting the time constant the settling time of the response is 

the governor.  

 

 

 

  

 

Case 1 – No filter 

 

 

 

  

Case 2 – Washout filter 

Figure 36 Hover simulation cases for LQR 

 

The transfer function of the washout filter is given in Eqn. (77)  

 

𝑇𝐹 =
𝑠

𝑠 + 0.25
 (77) 

 

6.2 Hover Simulation Results 

 

6.2.1 Roll Command 

 

The roll command is given as 30 deg roll angle as a pulse input between 1-9 seconds 

and the response of the aircraft is shown in Figure 37-Figure 39 for LQR without and 

with the washout filter and for LQT respectively. Comparing Figure 37 and Figure 

38 it may be observed that the LQR controller with washout filters has almost half 

the rise time than the one without the washout filters.  However, it overshoots as well 

as undershoots.  On the other hand the response with LQT controller has the lowest 

rise time and follows the commands quite more closely (Figure 39).  The controller 

Angular 

rates 
Controller 

Washout 
Angular 

rates 
Controller 
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inputs are also given in Figure 40-Figure 48.  These results show that the throttle 

requirements are reasonable and may easily be realized by the engines.  Similar 

observation may be made about the aft throttle tilt angle.  

 

Figure 37 Roll angle and roll command time histories without washout filter (LQR)  

 

Figure 38 Roll angle and roll command time histories with washout filter (LQR) 

 

 

Figure 39 Roll angle and roll command time histories (LQT) 
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Figure 40 Front motors throttle percentage time histories without washout filter 

(LQR) 

 

Figure 41 Front motors throttle percentage time histories with washout filter (LQR) 

 

 

Figure 42 Front motors throttle percentage time histories (LQT) 
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Figure 43 Aft motor throttle percentage time histories without washout filter (LQR) 

 

Figure 44 Aft motor throttle percentage time histories with washout filter (LQR) 

 

 

Figure 45 Aft motor throttle percentage time histories (LQT) 

 

0 5 10 15 20 25 30
-1

-0.5

0

0.5

1

Time (sec)

A
ft
 m

o
to

r 
th

ro
tt
le

 (
%

)

 

 

Aft motor

0 5 10 15 20 25 30
-1

-0.5

0

0.5

1

Time (sec)

A
ft
 m

o
to

r 
th

ro
tt
le

 (
%

)

 

 

Aft motor

0 5 10 15 20 25 30
-1.5

-1

-0.5

0

0.5

1

Time (sec)

A
ft
 m

o
to

r 
th

ro
tt
le

 (
%

)

 

 

Aft motor



 

60 

 

Figure 46 Aft motor tilt angle time histories without washout filter (LQR) 

 

 

Figure 47 Aft motor tilt angle time histories with washout filter (LQR) 

 

 

Figure 48 Aft motor tilt angle time histories (LQT) 
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6.2.2 Pitch Command 

 

A 30 deg pitch angle as a pulse input between 1-9 seconds and the response of the 

aircraft is shown in Figure 49-Figure 51 for LQR without and with the washout filter 

and for LQT respectively. Similar responses as the roll command are obtained.  

Thus, the LQR controller without washout responds much slower compared with the 

LQR controller with washout. There are again overshoots and undershoots in the 

response of the LQR with washout.  The LQT controller has again the lowest rise 

time and follows the input closely.  The controller inputs are also given in Figure 52-

Figure 57.  Examination of these inputs indicates that these commands are reasonable 

and may easily be realized by the engines. 

 

 

Figure 49 Pitch angle and pitch command time histories without washout filter 

(LQR) 

 

Figure 50 Pitch angle and pitch command time histories with washout filter (LQR) 
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Figure 51 Pitch angle and pitch command time histories (LQT) 

 

 

Figure 52 Motors throttle percentage time histories without washout filter (LQR) 

 

Figure 53 Motors throttle percentage time histories with washout filter (LQR) 
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Figure 54 Motors throttle percentage time histories (LQT) 

 

 

Figure 55 Aft motor tilt angle time histories without washout filter (LQR) 

 

Figure 56 Aft motor tilt angle time histories with washout filter (LQR) 
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Figure 57 Aft motor tilt angle time histories (LQT) 

 

6.2.3 Yaw Command 

 

A 30 deg yaw angle command in the form of a pulse is applied for eight seconds, and 

the response of the aircraft is shown in Figure 58-Figure 60 for LQR without and 

with the washout filter and for LQT respectively. The results are similar to the 

previous simulation results given for the roll and pitch responses.  Thus, the LQT 

controller has the lowest rise time, follows the commands closely.  LQR with 

washout has overshoots and undershoots.  The LQR alone has the longest rise time.  

The controller inputs are also given in Figure 61-Figure 66.  Realizable commands 

are observable from these figures as before. 

 

 

Figure 58 Yaw angle and yaw command time histories without washout filter (LQR) 
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Figure 59 Yaw angle and yaw command time histories with washout filter (LQR) 

 

 

Figure 60 Yaw angle and yaw command time histories (LQT) 

 

Figure 61 Motors throttle percentage time histories without washout filter (LQR) 
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Figure 62 Motors throttle percentage time histories with washout filter (LQR) 

 

 

Figure 63 Motors throttle percentage time histories (LQT) 

 

 

Figure 64 Aft motor tilt angle time histories without washout filter (LQR) 
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Figure 65 Aft motor tilt angle time histories with washout filter (LQR) 

 

 

Figure 66 Aft motor tilt angle time histories (LQT) 

 

In rolling motion a differential thrust between the right and left electric motors is 

observable.  In pitching motion also differential thrust control between front and aft 

electric motors are commanded. In yawing motion on the other hand is mainly 

realized by tilting the aft engine.  The washout filter effects the system in such a way 

that the rise time is reduced, and the response first overshoots and then goes to zero 

with an undershoot when compared with the no filter response.  The overshoot is 

tolerable.  The filter proposed in the s-domain transferred to the z-domain, using 

Tustin approximation and hover tests are performed with the installed hardware. The 

test results are presented in Chapter 7.  
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6.3 Forward Flight Simulation Results 

   

6.3.1 Roll Command 

 

Similar roll, pitch and yaw simulation results are presented in this section.  Note that 

for the forward flight phase, the classical aileron, rudder and elevator control 

surfaces are used.  The thrust is generated with the two front engines with forward 

looking propellers.  The roll command is given as 30 deg roll angle as a pulse input 

of two seconds duration.  The responses of the aircraft are shown in Figure 67-Figure 

68 for LQR and LQT respectively. The controller inputs are also given in Figure 69-

Figure 76.  In each of these cases, similar observations as those presented in hover 

flight may be made.  In all cases, LQR controller without washout filter falls short 

from the commanded angle in the specified command duration, while the simulation 

with the linear tracking control on the other hand tracks the input faster.  In all cases, 

the required control surface deflections are realizable. Unlike hover the heading 

angle is not controlled in forward flight. 

 

 

Figure 67 Roll angle and roll command time histories (LQR) 
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Figure 68 Roll angle and roll command time histories (LQT) 

 

 

Figure 69 Throttle percentage time histories (LQR) 

 

Figure 70 Throttle percentage time histories (LQT) 

  

0 2 4 6 8 10 12 14 16 18 20
-20

-10

0

10

20

30

40

Time (sec)

P
h

i 
(d

e
g

)

 

 

Roll angle

Roll Command

0 2 4 6 8 10 12 14 16 18 20
-4

-2

0

2

4

6
x 10

-3

Time (sec)

T
h

ro
tt
le

 (
%

)

 

 

Throttle

0 2 4 6 8 10 12 14 16 18 20
-4

-2

0

2

4

6
x 10

-3

Time (sec)

T
h

ro
tt
le

 (
%

)

 

 

Throttle



 

70 

 

Figure 71 Aileron deflection time histories (LQR) 

 

 

Figure 72 Aileron deflection time histories (LQT) 

 

Figure 73 Elevator deflection time histories (LQR) 
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Figure 74 Elevator deflection time histories (LQT) 

 

 

Figure 75 Rudder deflection time histories (LQR) 

 

Figure 76 Rudder deflection time histories (LQT) 
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6.3.2 Pitch Command 

 

The pitch command is given as 30 deg roll angle as a pulse input between 5-7 

seconds and the response of the aircraft is shown in Figure 77-Figure 78 for LQR and 

LQT respectively. The controller inputs are also given in Figure 79-Figure 86. 

 

 

Figure 77 Pitch angle and pitch command time histories (LQR) 

 

 

Figure 78 Pitch angle and pitch command time histories (LQT) 
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Figure 79 Throttle percentage time histories (LQR) 

 

Figure 80 Throttle percentage time histories (LQT) 

 

Figure 81 Aileron deflection time histories (LQR) 
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Figure 82 Aileron deflection time histories (LQT) 

 

 

Figure 83 Elevator deflection time histories (LQR) 

 

Figure 84 Elevator deflection time histories (LQT) 
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Figure 85 Rudder deflection time histories (LQR) 

 

 

Figure 86 Rudder deflection time histories (LQT) 

 

6.3.3 Yaw Command 

 

The yaw command is given as 10 deg of a 2 second duration that is shown in Figure 

87 and the response of the aircraft is shown in Figure 88-Figure 89 for LQR and 

LQT respectively. The controller inputs are also given in Figure 90-Figure 97.  

Unlike roll and pitch, yaw angle is not controlled and the heading angle is changing 

to a certain extent as expected. However, the yaw rate is controlled, that is why the 

change in the heading angle decreases with time. 
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Figure 87 Yaw command input time histories 

 

 

Figure 88 Yaw angle time histories (LQR) 

 

Figure 89 Yaw angle time histories (LQT) 
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Figure 90 Throttle percentage time histories (LQR) 

 

 

Figure 91 Throttle percentage time histories (LQT) 
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Figure 92 Aileron Deflection time histories (LQR) 

 

Figure 93 Aileron Deflection time histories (LQT) 

 

Figure 94 Elevator Deflection time histories (LQR) 
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Figure 95 Elevator Deflection time histories (LQT) 

 

 

Figure 96 Rudder Deflection time histories (LQR) 

 

Figure 97 Rudder Deflection time histories (LQT) 
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The lateral stability of the aircraft is improved by adding the relation between the roll 

rate and the rolling moment, and the relation between the yaw rate and yawing 

moment as stated in the aerodynamics model section. In rolling motion the controller 

adjusts the aileron deflection to stabilize the system. In pitching motion the dominant 

actuator is the elevator in stabilizing the system. In yawing motion ailerons are 

working with the rudder.  

The throttle input is the least dominant term among all inputs in stabilizing the 

rotational dynamics as expected. In yawing motion, unlike roll and pitch the pilot 

gives the actuator input directly. As it can be seen from Figure 87-Figure 88, a pulse 

input with a magnitude of 10 degree and duration of 2 seconds makes the aircraft 

yaw for 1.5 degree. The relation between the pilot input and the actuator can be tuned 

after performing forward flight tests in the future if the response of the aircraft in 

heading is thought to be unsatisfactory. Unlike the hover case, a washout filter is not 

used for the angular rates. Instead, only LQT results are compared with LQR results. 

The main difference between LQR and LQT controller is that, the rise time is 

reduced in LQT and the commands are very closely tracked by the aircraft in LQT. 

In rolling motion, the comparison between Figure 67-Figure 68 shows that the 

command is tracked by the aircraft in a successful way in LQT when compared with 

LQR. In pitching motion, when Figure 77-Figure 78 are compared, the aircraft again 

has a better command tracking performance in LQT; however, the aircraft is stiffer in 

pitching dynamics compared with the rolling dynamics. The tracking of the 

command can be improved by reducing the pitch stiffness of the aircraft or by tuning 

the gains. In yawing motion, as the heading of the aircraft is not controlled, the 

controller inputs are more or less the same for LQR and LQT. 
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CHAPTER 7 

 

 

7 FLIGHT TESTING 

 

 

 

The best way to verify the controller that is designed in Chapter 5 is performing real 

flight tests. The controller may also be fine-tuned as a result of these tests. Hence, 

testing the hardware is a milestone in design.  

In this study the flight testing of the attitude control algorithms are carried out.  The 

aircraft is first tested in the laboratory while hanging from the bar attached to the 

ceiling. Then the actual flight tests are performed.   

 

7.1 The Test Equipment 

 

The test equipment shown in Figure 98 is composed of a sliding bar attached to the 

ceiling of the test room at one end to the center of gravity of the air vehicle at the 

other end. Mechanism is simply working as a pendulum when the weight of the 

aircraft is not balanced by the thrust. The air vehicle can move and rotate freely with 

the test setup within the mechanical limits of the mechanism which lets one 

investigate the rolling, pitching and yawing motion of the air vehicle.  
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Figure 98 Test equipment 

 

The data is gathered through a PC based ground station. The ground control station 

consists of a ground control computer, an RC transmitter and telemetry system. 

Ground control computer is an ultra-book which can run ArduPilot user-interface 

Mission Planner. Real time flight data was monitored on the ground computer by the 

3 DR 433 MHz telemetry link. Flight data recording starts when the telemetry link 

between APM 2.6 and ground control computer establishes. Telemetry transmitter on 

APM 2.6 communicates with autopilot via UART interface and the receiver connects 
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to the computer via Micro-USB port. Both telemetries are configurable and have 117 

dBm receive sensitivity. Due to the noise, possible obstacles and distance in the 

range data loss is avoided by error correction that can correct up to 25% of bit errors. 

The ground station is shown in Figure 99. 

 

Figure 99 Ground Station 

 

7.2 Avionics 

 

The platform that has been used to implement the control algorithm is ArduPilot 

mega 2.6 microcontroller.  It is chosen since it has open source software updated 

continuously and the source code may be edited by the user. The hardware of the 

system includes ArduPilot with three-axis gyro, accelerometer, magnetic compass 

and telemetry. 

 

System provides gyro data and RC inputs that are used under control algorithm. The 

control outputs are given to each ESC (Electronic speed controller) and aft-servo that 

is used to stabilize the air vehicle in hover, as pulse-width modulated signals. In this 

way, the required speeds for each propeller and angle of the aft motor can be 

realized. 

ArduPilot Mega is using ATmega 2560 microcontroller that uses 256kB flash 

memory program with operating speed of 16 MHz. An onboard 4 Mb data-flash chip 

is used for data-logging. It operates between 4.5-5.5 volts range. It can communicate 
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with sensors, telemetry, and it can drive servo motors through PWM, 4 USARTs, 

byte oriented 2-wire serial interface, 16-channel 10-bit A/D converter. [21] The 

system is sufficiently fast enough in handling on board sensor reading and managing 

motor outputs.  [21] The platform software is Arduino. The code for the system is 

developed by using ArduCopter.  

 

7.2.1 Sensors 

 

 Gyro and Accelerometer    7.2.2.1.

 

The MPU-6000/6050 is a sensor combines three angular rate gyros with three 

orthogonal accelerometers with an onboard Digital Motion Processor (DMP) that 

processes complex algorithms for six axes.  

Both the gyro and the accelerometer are user-programmable. Gyro range can be 

selected within the values of ±250°/sec, ±500°/sec, ±1000°/sec and ±2000°/sec and 

for the accelerometer the range can be selected between  ±2g, ±4g, ±8g, and ±16g. 

[20] Besides these benefits, the sensor has a small size (4x4x0.9mm) with low power 

consumption. The sensor architecture is shown in Figure 100. 

 

 

 

Figure 100 Sensor Architecture 

 

 Compass 7.2.2.2.

 

HMC5883L is a surface mount, multi-chip module device that contains three - axis 

magneto resistive sensors which are designed for low field magnetic sensing with I
2
C 

digital interface for applications such as low-cost compassing and magnetometer. It 

has a small size of 3.0x3.0x0.9mm surface and it can operate at a voltage range 
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between 2.16V and 3.6V. These functionalities can be enabled via its libraries, and 

additionally it has auto calibration library for ease of use. It supports heading 

capacity with an accuracy of 1 to 2 degrees. [21] 

 

7.3. Washout Filter Discretization 
 

The washout filter used in the simulation in Chapter 6.1 is discretized by using the 

Tustin approximation [22] and embedded into the code before performing the flight 

tests.  The transfer function of the washout filter in continuous time is shown in Eqn. 

(78). 

 

𝑇𝐹 =
𝜏𝑠

𝜏𝑠 + 1
 (78) 

 

where  𝜏 is the time constant and taken as 4  as explained in Chapter 6.1. 

Let s be repserented by z-equivalent, Bilinear Transform; 

𝑠 ≈
2

𝑇
×

𝑧 − 1

𝑧 + 1
 (79) 

 

where T is the sampling period. The installed hardware has an inertial measurement 

unit with a sampling frequency of 100 Hz. Hence, the sampling period T is taken as 

0.01s. After rearranging the transfer function with the Bilinear Transform and then 

applying the incerse z-Transform, the discretized form of the high pass filter is 

preseted in Eqn. (80) [22] 

 

𝑦(𝑛) =
(2𝜏 − 𝑇)

(2𝜏 + 𝑇)
𝑦(𝑛 − 1) +

2𝜏

(2𝜏 + 𝑇)
𝑥(𝑛) −

2𝜏

(2𝜏 + 𝑇)
𝑥(𝑛 − 1) (80) 

 

where 𝑦(𝑛) is the current output value and  𝑦(𝑛 − 1) is the previous output value, 

𝑥(𝑛) 𝑎𝑛𝑑  𝑥(𝑛 − 1) are the current and previous input values (body rates)  

respectively.   
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7.3 Tests and Results  

 

7.3.1 Tests with the test equipment 

 

The controller that is installed on the onboard microcontroller is tested with the test 

equipment. The electric motors are rotating at a specified throttle value and the 

response of the system is observed against pilot commands.  

 

The electric motors are rotating at 50% throttle initially and pilot commands are 

given in roll, pitch and yaw respectively. The results are shown in Figure 101-Figure 

103. 

 

 

Figure 101 Roll attitude and roll command as a function of time 
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Figure 102 Pitch attitude and pitch command as a function of time 

 

 

Figure 103 Yaw attitude and yaw command as a function of time  

 

From the test results shown in Figure 101-Figure 103, it may be observed that the 

pilot commands are followed by the aircraft immediately and as the command is 

nulled the states converge to their steady state value as it was previously observed 

through the simulation results in Figure 37-Figure 66. After verifying the controller 

with the installed hardware on the test equipment, the aircraft is tested in free hover 

flight without any test equipment and data is gathered during the flight tests. The 

flight test results are presented in the following chapter. 
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7.3.2 Flight Tests 

 

In addition to the tests with the test equipment, the aircraft is tested in hover for three 

different cases. First, LQR is used without the washout filter, then, LQR is used with 

the washout filter and finally, LQT is used as the attitude controller. Flight test data 

is gathered in all tests and the results are shown in Figure 105-Figure 113. An 

example photo from the flight tests is shown in Figure 104. 

 

 

Figure 104 Flight test photo 

 

 

Figure 105 Commanded and realized roll angles with LQR controller without 

washout filter  
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Figure 106 Commanded and realized pitch angles with LQR controller without 

washout filter  

 

 

Figure 107 Commanded and realized yaw angles with LQR controller without 

washout filter 
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Figure 108 Commanded and realized roll angles with LQR controller with washout 

filter 

 

Figure 109 Commanded and realized pitch angles with LQR controller with washout 

filter 

 

Figure 110 Commanded and realized yaw angles with LQR controller with washout 

filter 
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Figure 111 Commanded and realized roll angles with LQT controller 

 

 

Figure 112 Commanded and realized pitch angles with LQT controller 

 

 

Figure 113 Commanded and realized yaw angles with LQT controller 
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The test results presented in Figure 105-Figure 107 show that the aircraft is not 

tracking the Euler angle commands as good as expected.  The pilot also complained 

that the commands are obeyed with the aircraft and there was difficulty in steering 

the aircraft.   

As a result of this initial test, washout filters are added to the angular velocity 

measurements.  The test results are presented in Figure 108-Figure 110 show roll, 

pitch and yaw angles together with the commands send by the pilot. It may be 

observed from these results that the tracking of the commands are much better with 

the washout filter.  Especially almost a perfect fit is observable on the yaw channel 

(Figure 110).  Pilot also commented that he could steer the aircraft without any 

difficulty.   

Since LQT controller is easier to be implemented than a washout filter in the 

autopilot, it is also implemented and flight tests are carried out.  The associated 

results on commanded and realized Euler angles are presented in Figure 111-Figure 

113. In the roll and pitch channels, the commands are being followed by an offset.  In 

the yaw channel on the other hand, the tracking is almost perfect.  During the flight 

tests there was substantial wind blowing.  In spite of this adverse effect, pilot 

indicated that it was easy to pilot the aircraft.  The effect of wind is more pronounced 

in the roll and pitch channels.  In the yaw channel, it had a lesser effect.  Thus, it may 

be concluded that LQT controller is easier to implement and also quite successful in 

controlling the aircraft attitude. 
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CHAPTER 8 

 

 

CONCLUSIONS 

 

 

 

In this thesis a nonlinear model of a small tilt rotor VTOL aircraft is developed. The 

air vehicle has a tricopter configuration and is capable of taking-off and landing 

vertically. After taking off, it shall start a forward flight by tilting the propellers 

forward.  The nonlinear simulation model of the air vehicle that describes the 

physical properties in detail is created in the MATLAB/Simulink environment, 

which consists of a propulsion model, aerodynamics model, gravity model and the 

translational and rotational equations of motion. While developing the model, 

experimental studies and numerical analyses are carried out.  

A linear model of the aircraft is also obtained. For this purpose, appropriate trim 

conditions are specified for hover and forward flight phases separately. Linear 

Quadratic Regulator (LQR), with and without washout filters and Linear Quadratic 

Tracking (LQT) controllers are designed for hover and forward flight phases. The 

performance of the controllers against pilot commands is analyzed through nonlinear 

simulations and the results are compared. The aircraft with proper hardware is built 

and tested in hover phase. The test results show that the controller developed 

successfully keeps its commended Euler angles. A high pass filter (washout filter) is 

used both in simulation and flight tests with LQR controller and the effect of the 

filter is observed and discussed. Moreover LQT is also used in the flight tests and the 

results are compared with LQR.  Based on the simulations and flight tests, it may be 

concluded that the response of the LQT controller is the fastest. 

In this study vertical takeoff and landing of the aircraft is mainly considered.  The 

future study should include transition and forward flight phases with altitude and 

speed controllers, as well as its flight tests.  Nonlinear controllers shall also be 
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developed in the future and the performances shall be compared against the linear 

controllers presented in this study. 
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APPENDIX A 

 

 

8 PROPELLER GEOMETRIC DIMENSIONS 

 

 

 

Table A1  10X5 Propeller Geometric Dimensions 

Local Blade 

Chord (mm) 

Local Blade 

Angle (deg) 

Local Radius 

(mm) 

22.2 

25.1 

28.0 

29.8 

29.7 

27.8 

24.8 

21.5 

18.5 

16.1 

14.2 

12.6 

11.2 

9.97 

8.76 

7.63 

6.62 

5.78 

32.2 

27.7 

24.3 

21.7 

19.6 

18.1 

16.8 

15.8 

15.0 

14.3 

13.7 

13.2 

12.7 

12.3 

11.9 

11.6 

11.3 

11.1 

      22.02 

      32.23 

      41.92 

      51.07 

      59.69 

       67.78 

       75.34 

       82.37 

              88.87 

              94.84 

         100.28 

         105.18 

          109.56 

          113.41 

          116.72 

              119.51 

              121.76 

          123.49 

 



 

100 

 

 

Table A2  11X4 Propeller Geometric Dimensions 

Local Blade 

Chord (mm) 

Local Blade 

Angle (deg) 

Local Radius 

(mm) 

23.7 

23.6 

23.5 

22.9 

22.6 

22.5 

22.6 

22.8 

22.8 

22.5 

22.0 

21.4 

20.0 

18.0 

15.2 

11.7 

7.12 

2.37 

28.19 

30.01 

30.46 

27.59 

23.97 

21.02 

18.63 

16.77 

15.23 

13.88 

12.74 

11.63 

10.69 

9.80 

8.69 

7.32 

6.29 

5.29 

21.0 

27.9 

34.9 

41.9 

48.9 

55.9 

62.9 

69.9 

76.8 

83.8 

90.8 

97.8 

104.8 

111.8 

118.7 

125.7 

132.7 

139.7    
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APPENDIX B 

 

 

9 AERODYNAMIC COEFFICIENTS FOR WING AND TAIL 

 

 

 

Table A3 Lift coefficient (CL) of the wing for different angles of attack and side-slip 

angles at -20 degree aileron deflection 
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Table A4 Lift coefficient (CL) of the wing for different angles of attack and side-slip 

angles at 0 degree aileron deflection 
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Table A5 Drag coefficient (CD) of the wing for different angles of attack and side-

slip angles at 20 degree aileron deflection 
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Table A6 Pitching moment coefficient (CM) of the wing for different angles of attack 

and side-slip angles at 10 degree aileron deflection 
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Table A7 Rolling moment coefficient (CL) of the wing for different angles of attack 

and side-slip angles at -10 degree aileron deflection 
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Table A8 Side force coefficient (CY) of the wing for different angles of attack and 

side-slip angles at 0 degree aileron deflection 
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Table A9 Yawing moment coefficient (CN) of the wing for different angles of attack 

and side-slip angles at 20 degree aileron deflection 
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Table A10 Lift coefficient (CL) of the tail for different angles of attack and control 

surface deflections 
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Table A11 Pitching moment coefficient (CM) of the tail for different angles of attack 

and control surface deflections 

 

 

 

 

Table A12 Side force coefficient (CY) of the tail for different side slip angles and 

control surface deflections 
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Table A13 Yawing moment coefficient (CN) of the tail for side slip angles and 

control surface deflections 
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APPENDIX C 

 

 

10 C.1. LINEARIZED SYSTEM MATRICES FOR HOVER 
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11 C.2. LINEARIZED SYSTEM MATRICES FOR FORWARD 

FLIGHT 
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12 C.3. REDUCED SYSTEM MATRICES FOR HOVER 
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13 C.4. REDUCED SYSTEM MATRICES FOR FORWARD 

FLIGHT 
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APPENDIX D 

 

 

14 D.1. WEIGHTING MATRICES FOR HOVER 
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15 D.2. WEIGHTING MATRICES FOR FORWARD FLIGHT 

 

 

 

 

 

 

 

16 D.3. LQR GAIN MATRIX FOR HOVER MODE 
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17 D.4. LQR GAIN MATRIX FOR FORWARD FLIGHT MODE 

 

 

 

 

 

18 D.5. LQT GAIN MATRICES FOR HOVER MODE 
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19 D.6. LQT GAIN MATRICES FOR FORWARD FLIGHT MODE 

 

 

 

 

 

 


