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ABSTRACT 

THERMAL RADIATION FROM SOLID PROPELLANT ROCKET MOTOR PLUME 

 

 

Özen, Güzide 

Ph.D., Department of Chemical Engineering 

Supervisor: Prof. Dr. Nevin Selçuk 

August 2015, 144 pages 

 

Radiation emitted from rocket plumes plays a significant role in quantifying infrared 

(IR) radiative signature which is essential for identification and tracking of rockets. 

Prediction of plume radiation necessitates simultaneous solution of conservation 

equations for mass, momentum, energy, chemical species and radiant energy to provide 

input data for the radiation code. This is carried out by a Computational Fluid Dynamics 

(CFD) solver. As CFD solvers are CPU time expensive, an accurate and CPU efficient 

solution method of radiative transfer equation (RTE)  and a less accurate but CPU 

efficient radiative property estimation technique are usually employed in these solvers. 

However, radiation code for prediction of plume radiation necessitates an accurate and 

CPU efficient solution method of RTE as well as a highly accurate wavelength 

dependent radiative property estimation technique. 

 

Therefore, predictive accuracy and CPU efficiency of RTE solvers and radiative 

property estimation techniques were first evaluated by applying the code to different 3-

D enclosures containing non-grey, absorbing-emitting-scattering media and 

benchmarking their predictions against  reference solutions and measurements. 

Comparisons reveal that as RTE solver Discrete Ordinates Method (DOM) for both 
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CFD solver and radiation code and as radiative property estimation techniques Spectral 

Line-based Weighted Sum of Grey Gases (SLW) and Statistical Narrow-Band 

Correlated-k (SNBCK) for CFD solver and radiation code, respectively, satisfy the 

requirements.  

 

This was followed by running the CFD solver, ANSYS FLUENT v.15.0 with and 

without radiation in order to see the effect of radiation on the input data provided to the 

radiation code. CFD solver without radiation was found to be accurate and CPU 

efficient. 

 

Radiation code based on DOM with SNBCK for gas and Mie Theory for particles was 

developed to predict plume radiation for non-aluminized and aluminized propellants. 

For non-aluminized propellant, the prediction accuracy and computational efficiency of 

radiation code was tested by comparing its predictions with measurements available in 

the literature. Predictions were found to be in good agreement with measured data. 

Predictions of spectral radiant intensity under aluminized propellant case were found to 

be higher than those of non-aluminized propellant due to the use of higher temperature 

profiles and radiative properties of particles under aluminized propellant case. 

 

 

 

Key-words: Plume radiation, Discrete Ordinate Method (DOM), Statistical Narrow-

Band Correlated-k (SNBCK) 
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ÖZ 

KATI YAKITLI ROKET MOTORLARININ EGZOZ GAZININ TERMİK IŞINIMI 

 

 

Özen, Güzide 

Doktora, Kimya Mühendisliği Bölümü 

Tez Yöneticisi: Prof. Dr. Nevin Selçuk 

Ağustos 2015, 144 sayfa 

 

Roket egzozunun yaydığı ışınım, roketi belirlemek ve takip etmek için kullanılan 

kızılötesi  ışınım  imzasında önemli rol oynamaktadır. Işınım koduna girdi verilerini 

sağlaması için, egzoz ışınım tahminin egzoz için madde, hız, enerji, kimyasal tür ve 

ışınım enerji korunum denklemlerinin eş zamanlı çözülmesi gerekmektedir.  Bu da 

akışkanlar hesaplamalar dinamiğiyle (CFD) elde edilmektedir. CFD çözücülerde 

hesaplama zamanının fazla olmasından dolayı, doğruluğu yüksek ve hesaplama zamanı 

olarak verimli ışınım transfer denkleminin çözüm yöntemi ve doğrulu az fakat 

hesaplama zamanı olarak verimli ışınım modeli genelde uygulanmaktadır. Fakat,  egzoz 

ışınım tahmininde kullanılacak ışınım kodu  için doğrulu test edilmiş ve hesaplama 

zamanı olarak verimli  ışınım transfer denkleminin çözüm yöntemi ve yüksek 

doğrulukta spektral ışınım özellik modeli gerekmektedir. 

Bu nedenle, ışınım transfer denkleminin çözüm yöntemleri ve ışınım özellik modelleri 

farklı üç boyutlu spektral soğurma yayılım saçılım yapan ortamlara uygulanmış ve elde 

edilen sonuçlar kaynak sonuçlar ve deneysel sonuçlarla karşılaştırılarak sonuçların 

doğrulu ve hesaplama verimliliği incelenmiştir. CFD çözücüsü ve ışınım kodu için 

ışınım transfer denklem çözücüsü olarak Belirli Yönler Yönteminin (DOM) ve ışınım 

özellik modeli olarak CFD çözücüsü için Spektral Çizgilere Dayalı Gri Gazların 
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Ağırlıklı Toplamı (SLW) modelinin ve ışınım kodu için İstatiksel Dar Bantlı Bağdaşık-k 

(SNBCK) modelinin bütün isterleri karşıladığı görülmüştür. 

Bu çalışmaya takiben, ışınım koduna sağlanacak girdi verilerinde ışınım etkisini 

incelemek için CFD çözücüsü, ANSYS FLUENT v.15.0, ışınımlı ve ışınımsız 

çalıştırılmıştır. Işınımsız çalıştırılan CFD cözücüsünün elde ettiği sonuçlar, doğru ve 

hesaplama zamanı açısında verimli bulunmuştur.  

Alüminyumsuz ve alüminyumlu yakıtların egzoz kızılötesi iz tahmini için DOM ile 

SNBCK ve Mie teoriye dayalı ışınım kodu geliştirilmiştir. Alüminyumsuz yakıt için 

elde edilen sonuçlar literatürde yer alan sonuçlarla karşılaştırılarak sonuçların doğrulu 

ve hesaplama verimliliği incelenmiştir.  Elde edilen sonuçlar, deneysel verilerle uyum 

içinde bulunmuştur. Alüminyumlu yakıtta kullanılan daha yüksek sıcaklık dağılımından 

ve parçacıkların ışınım özellerinden dolayı alüminyumlu yakıt için elde edilen spektral 

ışınım şiddeti tahminleri alüminyumsuz yakıtın tahminlerine göre daha yüksek 

bulunmuştur. 

 

 

 

Anahtar Kelimeler: Egzoz ışınımı, Belirli Yönler Yöntemi, İstatiksel Dar Bantlı 

Bağdaşık-k modeli  
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CHAPTER 1  

1 INTRODUCTION 

INTRODUCTION 

Propellant of a solid rocket motor (SRM) consists of the fuel and oxidizer together and 

cast into a solid material.  Solid Propellant developed by the Chinese was used in the 

rockets over 800 years ago. Military bombardment rockets were utilized in the 

eighteenth and nineteenth centuries. Nowadays, solid rockets are frequently used on 

ballistic missiles, space launchers and tactical missiles. 

Although solid rockets are less powerful and efficient than liquid rockets, they are 

generally produced straightforwardly and safer to store. Aluminum powder is added into 

the fuel and oxidizer mixture which is one of common technique for enhancement of   

the solid rocket performance. SRM composite propellants generally consist of up to 20 

% of aluminum in mass.  Aluminum in propellants stabilizes the combustion process 

due to the micron-size of aluminum particles and raises the rocket specific impulse due 

to increasing temperature of the combustion chamber. The drawbacks of using 

aluminum in the propellant are overheating the rocket base due to hot alumina particles 

in exhaust plume and negative effect on the missile detection due to increasing infrared 

plume signature [1].   

Aluminized SRM necessitates the evaluation of the infrared radiation signature due to 

radiative heat transfer inside the plume and through the atmosphere and received by a 

distant sensor for determination of the detecting performance (Figure 1.1). Plume 

properties of rocket are firstly computed by solving governing equations of mass, 

momentum, energy, chemical species and radiant energy. Then the RTE is solved in the 

exhaust plume which is non-homogenous absorbing-emitting-scattering medium and 

throughout the atmosphere up to the sensor. The spectral resolution must be as small as 
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5 cm
-1

 in order to select the optimal spectral band to maximize the detection probability 

[1]. 

 

 

Figure 1.1. Schematic representation of plume signature 

 

1.1 Solid Rocket Motor 

The solid rocket motor (Figure 1.2) is designed to ensure the combustion under pressure 

in the combustion chamber. The resulting gases are expanded through the nozzle, whose 

function is to convert this pressure into supersonic exhaust [2]. 

Rocket motor is made of five major components: 

The case 

The case is made either from metal (high-resistance steels) or composite materials 

produced by filament winding (glass, carbon). It has resistance to the internal pressure, 

approximately 3-25 MPa, with a sufficient safety coefficient, usually of the order of 1.4 

[2]. 
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Figure 1.2. Typical rocket motor [3] 

 

Propellant and Its Grain  

The composite propellants have been used as propellant in the past three decades. They 

are a heterogeneous propellant grain containing oxidizer crystals (i.e. ammonium 

perchlorate, AP) and powdered fuel (usually aluminum) and binder (i.e. hydroxyl-

terminated polybutadiene, HTPB). Conventional composite propellants commonly 

include 60-72 % AP, up to 22% Al and 8-16 % of elastomeric binder. Moreover, 

geometrical configuration of the grain which is the shaped mass of processed solid 

propellant inside the rocket motor affects the characteristics of the motor performance. 

The propellant grain is a cast, molded or extruded body.  When it is ignited, it will burn 

on all exposed surfaces to produce hot gases which are exhausted through a nozzle [3]. 

Thermal Insulation 

Inside surface of the case needs protection against the combustion temperature of 

propellant grains, ranging from 1500 to 3500 K. Materials of insulation may be made of 

asbestos, silicate and carbon fibers impregnated with heat-proof resin [2]. 



 

4 

The Ignition System 

The ignition system brings necessary energy to the surface of the propellant to start 

burning. There are three stages: initiator (transforming ignition signal into a booster 

charge), booster charge (transferring the flame from the primer to the main charge) and 

main charge (igniting the grain of the solid propellant) [2]. 

The Nozzle 

The nozzle is used to accelerate the hot exhaust gases. It is usually made from graphite 

and/or an ablative material to absorb the heat and withstand to high temperature and 

erosion. The shape and complexity of a nozzle depends on the expected level of 

performance and the field of application of the rocket motor [2].  

1.2 Rocket Exhaust Plume 

The plume is defined as the moving formation of hot gases and small particles exiting 

from the rocket nozzle. The plume has non-uniform structure with different flow regions 

and supersonic shock waves, velocity or concentration. It seems to be as a brilliant 

flame. Moreover, plumes leave smoke or vapor or toxic exhaust gases [3]. 

The plume characteristics are subject to the characteristics of the rocket propulsion 

system with its propellants, the flight conditions, the weather conditions and the 

configuration of vehicle. Figure 1.3 illustrates plume flow field at a low-altitude (3-10 

km). The diameter and length of plume are numerous times larger than those of the 

rocket. Near field of plume consists of an in-viscid inner core where exhaust gases have 

not yet mixed with air and an outer mixing layer where the species in the plume reacts 

with oxygen in the mixing layer. Intensities of the shock wave reduce and most abound 

of the plume is mixed with ambient air in the intermediate field of plume. The hot gases 

are mixed with ambient air and local pressure is nearly the same as that of the air in the 

far field of plume. All three parts of the plume emit radiation, only near field of the 

plume interacts with the rocket.  
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Afterburning or secondary combustion takes place in the mixing layer where exhaust 

gases are mixed with the air. Mixing layer is a turbulent layer surrounding the core and 

its thickness increases with distance from the nozzle as well as with altitude. H2, CO, 

NO, or C+H2  species in the plume which are incompletely oxidized fuel species burn 

with oxygen in the mixing layer and are converted to H2O, CO2, or NO2. The 

temperature and specific volume increases in this region due to combustion. 

Particles in the plume influence the plume flow field by transferring mass, momentum 

and energy between the particle and gas phases. Compared to the gas phase, particles are 

either solid or liquid in form, have different temperature and velocities to those of gas 

phase where plume contains large gradients such as near to nozzle or through shocks. 

The effect of the particles on the turbulence in the gas phase due to velocity gradients is 

important as it influences mixing layer. [4]. 

1.3 Plume Radiation 

To prevent rocket from detection and recognition, plume radiation becomes important. 

Exhaust plume emits radiation in wide range of spectrum (infrared, 700 nm-14 µm, 

visible, 400 nm-700 nm, and ultraviolet, 100 nm-400 nm ) [4].   

The main radiation emissions from the exhaust gases are in the infrared region of 

spectrum [3]. Effects of CO2 and H2O molecules on the infrared signature are dominant 

compared to that of CO, HCl, HF and N2O species.  Particles in the plume influence 

radiation in the infrared spectrum and particles dominate radiation emission in the long 

wave region (8-14 µm) where gas emissions are low. 
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Figure 1.3. Schematic diagrams of a low altitude exhaust plume. Upper sketch displays 

full plume and lower sketch illustrates the near field of the plume [3] 

In this section, RTE solution techniques, radiative property estimation methods for gases 

and for Al2O3 particles in plume used to calculate plume radiation are described and 

previous studies of plume radiation for solid rocket motor are summarized.  

1.3.1 RTE Solution Techniques 

The mathematical formulation of the radiation field at a point within a plume is achieved 

by considering radiative transfer through a very small volume of gas in a specified 

direction. As the ray in the chosen direction travels through the volume element, the 

intensity of radiation is attenuated by absorption in the intervening medium or by 

scattering away from the specified direction and is enhanced by emission or by 

scattering into the direction of travel. The radiant energy balance on the gas volume 

results in an integro-differential equation for the intensity of radiation in the chosen 
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direction. The complete description of the radiative transfer in a small volume is 

obtained when the corresponding procedure is applied for each possible direction of 

travel of rays. 

For the bounding surfaces, the radiative exchange at a point along a specified direction 

is formulated by a radiant energy balance which equates the radiation leaving the point 

to the sum of emission due to temperature of the surface and radiation reflected along 

the chosen direction. The procedure is repeated for all possible directions of travel of 

rays within the solid angle of 2π steradians surrounding the point.  

When evaluating the radiation transfer at a point, whether within the plume or on the 

surface, the amount of energy arriving is difficult to determine, as the intensity of 

arriving radiation is influenced by the geometry and the properties of the bounding 

surfaces and the radiating medium within the enclosure. The problem of describing the 

radiation field is further complicated when it is considered that energy is distributed 

over wide range of wavelength and the surfaces and particle laden gases in a plume 

generally have radiative properties which are dependent on the wavelength.  

The mathematical difficulties in obtaining solutions of the equation of transfer have led 

to a number of approximations. The Hottel’s zone method and Monte Carlo (MC) 

technique have long been accepted as the most accurate methods. However, these 

traditional methods have not been extensively used as part of a comprehensive 

combustion model due to their large computational time and storage requirements. The 

reason for this is that the equations modeling the radiation field are not in differential 

form and hence are not well suited to solution simultaneously with the differential 

equations for flow, reaction and energy. In order to overcome this disadvantage, flux 

models have been widely employed as alternative, but less accurate models in 

combustion systems [5]. In the two-flux model, the solid angle surrounding a point is 

divided into two hemisphere in the positive and negative co-ordinate direction chosen   

whereas in the six-flux model, two more orthogonal directions are added to two fluxes. 



 

8 

Flux models of radiation fields take the form of partial differential equations which are 

amenable to solution simultaneously and conveniently with equations governing the 

transport of mass, momentum, species and energy [6, 7].  Discrete Transfer Method 

(DTM) is a hybrid method for solution of RTE. This method combines certain futures of 

Hottel’s zone, MC and flux-type models. In DTM, rays are represented as traveling 

through the considered domain in selected directions. Comparisons between predictions 

of DTM and DOM show that DOM provide more accurate and accurate and CPU 

efficient solutions [5]. 

Another solution method of RTE is Spherical Harmonics method (PN) and its variations. 

This method represents angular variation of intensity at a point by a series of spherical 

harmonics. The lowest order spherical harmonics method, P1, benchmarked against 

exact solutions [8] in an axisymmetrical cylindrical furnace containing absorbing-

emitting medium, was found to underpredict the wall heat fluxes. It was also found 

inaccurate when tested against benchmark solutions in an optically thin absorbing-

emitting-scattering medium of a cold cylinder test problem [9]. This shortcoming has 

been alleviated by modifying P1 to yield modified differential approximation (MDA) [9] 

and improved differential approximation (IDA) [10] methods. Modest [10] investigated 

the predictive accuracy and computationally efficiency of MDA and IDA by applying 

both methods to multidimensional absorbing-emitting-scattering media and comparing 

their predictions with MC solutions. Both methods were found to give higher accuracy 

with IDA providing higher CPU efficiency [10]. Recently, in an attempt to increase the 

computational efficiency, both MDA and IDA with T4 quadrature were applied to an 

absorbing-emitting-scattering medium in a cubic enclosure [11]. Comparison of CPU 

times of MDA, IDA and MDA, IDA with T4 quadrature reveals that application of T4 

quadrature to MDA and IDA decreases the CPU times considerably with IDA T4 

yielding higher accuracy [11].  

Over the two past decades, DOM has been the most widely used technique for obtaining 

numerical solutions to RTE for multi-dimensional enclosures containing absorbing, 
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emitting and scattering media [12, 13]. The DOM is conceptually an extension of flux 

methods [6-8], which converts integro-differential equation into partial differential 

equations by discretization of angular variation of radiative intensity. It corrects 

shortcomings of flux methods by solving the exact RTE for a set of discrete directions 

spanning the total solid angle of 4π.  The method has been tested for accuracy in 1-D 

[12, 14, 15], 2-D [16-17] and 3-D [12, 13, 18, 19] radiative heat transfer problems by 

comparing its predictions with benchmark solutions and found to be an accurate and 

computationally efficient method.  

Evans [20] developed the spherical harmonics discrete ordinate method (SHDOM), in 

which spherical harmonics are employed for computing the source function including 

the scattering integral and discrete ordinate method is used to integrate RTE spatially,  

and applied this model to multi-dimensional media for atmospheric radiation and found 

SHDOM to produce accurate and CPU efficient predictions [20,21]. 

Finite Volume Method (FVM) is another widely used model to solve RTE equation. The 

angular and spatial domains are divided into a finite number of control angles and 

control volumes in this method. Assumption of the method is that the magnitude of 

intensity taken as constant within a control volume, a control angle and control-volume 

surface but the direction of intensity varies within a control angle. FVM is found to 

provide less accurate solution in optically thin medium. [22] 

1.3.2 Radiative Property Estimation for Gases 

The absorption coefficient or the absorption cross-section which is normalized 

absorption coefficient according to the molar density is the main radiative property of 

the gases [23].  Absorption coefficient of a gas varies as a function of wavenumber and 

this is defined as spectrum. Spectrum contains millions of spectral lines formed by the 

vibrational and rotational transitions in energy level of molecules. Modeling of 

absorption coefficient is a formidable task due to fact that it strongly depends on 

wavenumber. Several methods have been developed to estimate the radiative properties 



 

10 

of participating gases. The most accurate radiative estimation technique is Line-by-line 

(LBL) model [24] which necessitates evaluation of absorption coefficient for millions of 

vibrational and rotational lines and its computational cost is extremely high. Therefore, 

LBL model is not suitable for engineering applications. Band models estimate nongrey 

radiative properties over wavenumber intervals by assuming radiative properties as a 

constant in each interval. Band models categorized as wide band and narrow band 

models according to the width of wavenumber intervals. As far as spectrally integrated 

quantities are concerned, wide band models such as WSGG, SLW and exponential wide 

band (EWB) models lead to more accurate and computationally efficient results. 

However, they cannot be utilized  to evaluate radiative properties for  plume signature 

application due to fact that these models provide total quantities instead of spectral 

intensities at low resolution (5–25 cm
-1

 bandwidth) [25].  

Narrow band models such as Elsasser narrow band model [26], narrowband statistical 

band model (SNB) [27,28], Malkus narrow band [1], the exponential-tailed 1/S random 

band model [29] have found wider application for the radiative property estimation for 

hot gas mixture in the plume. Disadvantage of these models is that they provide gas 

transmissivities as a radiative property instead of absorption coefficients which is 

necessary to solve RTE. The SNBCK model provides absorption coefficients from 

band-averaged gas transmissivity by utilizing inverse Laplace transformation and its 

advantage is that this model is directly applied to accurate and efficient RTE solution 

technique, DOM. Moreover, Caliot and coworkers [30] evaluated the accuracy of CKFG 

(correlated-k including fictitious gas), CKFG-SMG (single mixture gas) and CK-SMG 

models in the remote sensing of a high temperature plume at sea level and at high 

altitude in the spectral intervals of 2000-2500 cm
-1

, 3450-3850 cm
-1

, 3850-4150 cm
-1

 

and found that CKFG and CKFG-SMG have identical accuracies in remote sensing 

application except in the spectral interval of 3450-3850 cm
-1

 for the high altitude where 

CKFG gives better results. Following section reviews the studies on radiative property 

estimation for Al2O3. 
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1.3.3 Radiative Property Estimation for Al2O3 

Radiation of Al2O3 particles plays a significant role in the infrared radiation of solid 

rocket plume. Pseudo-gas approximation was firstly utilized to determine the effects of 

the particles on the plume radiation. In this approximation, it assumed that the particles 

are small compared to the wavelength range and they absorb and emit only [31]. 

However, Al2O3 particles produce multiple scattering effects and therefore, scattering-

analysis for signature prediction is required.  

Radiative properties of  particles are generally calculated by using the Mie theory for 

spheres with specified size and complex refractive index given by m= n − ik [26]. The 

real part of the refractive index n indicates the refractive properties of material, while 

the imaginary part k indicates absorptive properties of material. Although the Mie 

theory is based on the idealization of homogenous spherical particles, it can be 

considered as very reasonable first approximation since real plume particles were often 

found to be solid sphere [32].  The real and imaginary parts of refractive index are 

obtained from experiments [33]. In this section, complex refractive indexes for Al2O3 

particles as functions of wavelength and temperature reported in the literature are 

summarized. 

The real part of the index of refraction for Al2O3 particles as function of wavelength at 

300 K, 1773K, 2319 K, 2320 K and 3000 K are illustrated in Figure 1.4. As can be seen 

from the figure, the data are in good agreement with each other. Moreover, temperature 

dependency of the data is insignificant.   

The imaginary part of the index of refraction for Al2O3 particles as function of 

wavelength at 300 K, 1773K, 2319 K, 2320 K and 3000 K are shown in Figure 1.5.  As 

can be seen from the figure, the imaginary part varies from 10
-9

 to 1. The scatter 

between different results can be explained by crystalline phase of alumina and the 

presence of impurities [26, 33, 34, 35]. 
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Figure 1.4. Real part of complex reflective index for Al2O3 a) at 300 K, b) at 1773 K, c) 

2319 K, d) at 2320 K and e) 3000 K. 
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Figure 1.5. Imaginary part of complex reflective index for Al2O3 a) at 300 K, b) at 1773 

K, c) 2319 K, d) at 2320 K and e) 3000 K.  
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1.3.4 Previous Studies of Plume Radiation for Solid Rocket Motor 

Table 1.1 summarizes previous studies of plume radiation for solid rocket motor.  As 

can be seen from Table 1.1, plume radiation dominates the infrared signature and its 

most accurate and CPU efficient predictions necessitate testing of most recently 

available RTE solution methods and radiative property estimation techniques which is 

not available in the open literature to date. In addition, the literature reveals that Al2O3 

particles have significant effect on plume radiation.  

Therefore, the principal objective of this study has been to develop a radiation code for 

determining the plume radiation of aluminized solid propellant.  In the course of the 

development of the radiation code, following stages have been followed: 

 Investigating the predictive accuracy and computational efficiency of DOM, P1 

and IDA by applying the methods to four cubical test problems and comparing 

their predictions with benchmark solutions available in the literature to select 

RTE solution technique for CFD solver (ANSYS FLUENT) and the radiation 

code. 

 Testing the predictive accuracy and computational efficiency of MOL of DOM 

coupled with different radiative property estimation techniques (GG, SLW, 

SNBCK models) by applying them to the prediction of incident radiative fluxes 

along the freeboard walls of a 0.3 MWt ABFBC and comparing their predictions 

with measurements generated previously from two runs one without and the 

other with recycle to select radiative property estimation technique for CFD 

solver and the radiation code. 

 Implementation of SLW to ANSYS FLUENT as radiative property estimation 

technique for gas.   

 Development of radiation code based on DOM with SNBCK and Mie Theory for 

selection of radiative property estimation technique for radiation code, and 
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validation of the predictions of the code against reference solutions available in 

the literature. 

 Evaluation of plume field for non-aluminized/aluminized solid propellant rocket 

motors to provide input data for radiation code by using ANSYS FLUENT with 

and without radiation. 

  Calculation of plume radiation by using DOM with SNBCK and Mie Theory for 

non-aluminized/aluminized solid propellant rocket motors. 

 Validation of predictions of the radiation code for non-aluminized propellant 

against experimental data available in the literature. 
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CHAPTER 2 

2 RADIATIVE TRANFER EQUATION SOLUTION TECHNIQUES 

RADIATIVE TRANSFER EQUATION SOLUTION TECHNIQUES 

In this chapter, DOM, Method of Lines (MOL) solution of DOM, P1 and IDA are 

described for mathematical modeling of radiative heat transfer in enclosures. The 

physical situations to be considered are that of a uniform, radiatively grey/ non-grey, 

absorbing, emitting, scattering medium surrounded by grey, diffuse walls. Based on this 

physical problem, equations representing DOM, MOL solution of DOM, P1 and IDA are 

derived starting from the RTE for three-dimensional rectangular coordinate system.  

2.1 Radiative Transfer Equation 

The basis of all methods for the solution of radiation problems is the radiative transfer 

equation, which is derived by writing a balance equation for radiant energy passing in a 

specified direction through a small volume element in a uniform, non-grey, absorbing, 

emitting, scattering medium and can be written in the form 

     (   )     (           )  (   )  (       )   ( ) 

 
   

  
∫   (   

 )
  

  ( 
   )      (2.1.1) 

where,   (   ) is the spectral radiation intensity at position r in the direction  . 

        and     are the gas spectral absorption coefficient, particulate spectral 

absorption coefficient and particulate scattering coefficients of the medium respectively, 

   ( ) is the spectral black-body radiation intensity,   ( 
   ) is the spectral phase 

function for scattering which describes the fraction of energy scattered from incoming 

direction '  to the outgoing direction  . Ω  denotes the unit solid angle. The 

expression on the left-hand side represents the change of the intensity in the specified 
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direction . The terms on the right-hand side stand for absorption, emission, out-

scattering and in-scattering respectively. For the grey, absorbing, emitting, scattering 

medium, the radiation intensity and radiative properties of the medium is taken as 

constant (   (   )   (   )                           ( 
   )   (    ) ).  

If the surface bounding the medium is a diffuse, grey wall at specified temperature, then 

Equation (2.1.1) is subject to the boundary condition 

 (    )         
(    )

  
∫  (    )
     

|    |                            (2.1.2)                 

where  (    ) is the radiative intensity leaving the surface at a boundary location,    is 

the surface emissivity,      is the black-body radiation intensity at the surface 

temperature, n is the local outward surface normal and      is the cosine of the angle 

between incoming direction    and the surface normal. The first and second terms on 

the right-hand side of Equation (2.1.2) stand for the contributions to the leaving intensity 

due to emission from the surface and reflection of the incoming radiation, respectively. 

2.2 Discrete Ordinates Method  

DOM is based on representation of the continuous angular domain by a discrete set of 

ordinates with appropriate angular weights, spanning the total solid angle of 4π 

steradians. The RTE is replaced by a discrete set of equations for a finite number of 

directions and each integral is replaced by a quadrature summed over the ordinate 

directions [16].  The discrete ordinates representation of RTE for non-grey absorbing-

emitting-scattering medium in a rectangular coordinate system takes the following form 

  

   
 

  
   

   
 

  
   

   
 

  
  (           )  

  (       )    

 
   

  
∑   

      ( 
 
     ) 

                 (2.2.1) 
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where   
 ,   (    )-  is the radiation intensity at position   (      ) in the 

discrete ordinate direction   ,   denotes the discrete ordinate (         ),   is 

the total number of ordinates used in the approximation.        and    are the 

direction cosines of     with x, y, and z axes, respectively and      is the angular 

quadrature weight associated with the incoming direction   
  . 

As the surfaces bounding the medium are diffuse and grey walls at specified 

temperatures, Equation (2.2.1) is subject to the following boundary conditions at two 

opposite walls normal to the x-axis 

at                    
(    )

  
∑   

 
   |   |     

                    (2.2.2) 

at                    
(    )

  
∑   

 
   |   |     

                    (2.2.3) 

Similar expressions hold for the boundaries in the other coordinate directions. Once the 

radiation intensities are solved from Equation (2.2.1) together with boundary conditions, 

the z-component of the radiative heat flux which is the parameter of interest can be 

obtained from 

   ∑   
 
   

 
                                              (2.2.4) 

In the present work, radiation code based on DOM with GG developed by Selçuk and 

her coworkers [5,42-43] was used for selection of RTE solution technique for the 

radiation code. DOM is solved based on finite volume technique with step scheme as the 

spatial differencing scheme. Further details of DOM with GG code can be found in [5] 

and [43].  Radiation code based on DOM with SNBCK and Mie Theory 

(DOMSNBCKMIE) was developed for radiation code by modifying and improving 

DOM with GG code [5]. SNBCK was utilized for radiative property estimation of gases. 

Radiative properties of particles are evaluated by using Mie Theory. Further details of 
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SNBCK and Mie Theory can be found in section of 3.3 and 3.4, respectively. The 

Henyey-Greenstein function was used to evaluate scattering phase function as [44] 

   ( )  
    

,           -  ⁄                                      (2.2.5)                                          

2.2.1 Structure and Operation of the Computer Code DOMSNBCKMIE 

Figure 2.1 and Figure 2.2  illustrate the flow diagram of the computer code based on 

DOM with SNBCK and Mie Theory which is modified and improved from DOM with 

GG code [5].  The general steps of the computer code are as follows: 

1. Define the subdivision of the enclosure, order of approximation, minimum and 

maximum wavenumber. 

2. Read in the input data specifying the physics of the problem which are, the 

dimensions of the enclosure, wall temperatures and emissivities, and temperature 

and concentration profiles of the medium, SNBCK data for H2O, CO2 and CO as a 

function of temperature, wavenumber and 7-point Gauss-Labatto quadrature scheme 

and scattering cross-section, extinction cross-section and asymmetry factor of 

particles as a function of wavenumber, temperature, particle diameter. 

3. Calculate absorption coefficient of the combustion gases medium as a function of 

temperature and concentration profiles of the medium by using SNBCK data for 

H2O, CO2 and CO for each wavenumber. 

4. Calculate absorption coefficient and scattering coefficient of particle for each 

wavenumber.  

5. Calculate extinction coefficient and albedo of the particle laden combustion gases 

for each wavenumber. 

6. Specify the direction cosines and corresponding weights. 

7. Calculate constants for finite volume. 
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8. Calculate phase functions for each incoming and outgoing ordinates.  

9. Specify a wavenumber 

10. Initialize the band averaged intensity at all ordinates at all grid points for the 

wavenumber. 

11. Specify a Gauss-Labatto quadrature point. 

12. Calculate the initial source term required for first iteration for the Gauss-Labatto 

quadrature point. 

13. Sweep the enclosure for each ordinate to calculate cell-center intensities and 

incoming intensities on the walls for given boundary conditions and source terms.  

SWEEP 

14. Select corner 

15. Sweep along x-axis (+ or -) 

16. Shift to next y-location (+ or -), repeat  step 15 

17. Repeat step 16 until the x-y plane at the first z- location is sweep at x-y plane at this 

location is completed. 

18. Repeat step 17 until all the enclosure is sweeped. 

19. Collect all information from all sweeps. 

20. Check for convergence by comparing the solutions at current step with those at 

previous step. If current solution is within the specified range of the previous 

solutions, convergence is established go to step 22. 

21. If convergence is not established, save the solution for convergence check. 

22. If convergence is established, calculate the parameters of interest. 

23. Repeat steps 11-22 for all Gauss-Labatto quadrature points and  
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24. Calculate band averaged intensity at each wavenumber by using Equation (3.3.13) 

and print out. 

25. Repeat steps 9-22 for all wavenumber. 

26. Stop. 
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Store solution for 

next convergence 

test

END

Call Subroutine PARAMETERS

Read in the input data specifying the physics of the problem which are the dimensions of

the enclosure, wall temperatures and emissivities, and temperature and concentration

profiles of the medium, SNBCK data for H2O, CO2 and CO as a function of temperature,

wavenumber and 7-point Gauss-Labatto quadrature scheme and scattering cross-section,

extinction cross-section and asymmetry factor of particles, Calculate absorption

coefficient and scattering coefficient of particle for each wavenumber; and calculate

extinction coefficient and albedo of the particle laden combustion gases for each

wavenumber

START

Call Subroutine COSINES

Calculate constants for finite volume

Yes

Repeat this for wavenumber

Repeat this for Gauss-Labatto 

quadrature points

Define the subdivision of the enclosure, order of 

approximation, minimum and maximum wavenumber

Call Subroutine CST

Calculate constants for finite volume

Call Subroutine PHASEF

Calculate phase function of particles

Initialize the band averaged intensity at all ordinates at all 

grid points for the wavenumber

Call Subroutine INITIAL

Calculate the initial source term required for first iteration for 

the Gauss-Labatto quadrature point

Call Subroutine SWEEP

Sweep the enclosure for each ordinate to calculate cell-center 

intensities and incoming intensities on the walls for given 

boundary conditions and source terms

Is convergence 

established ?

No

calculate the parameters of interest

Evaluate intensity at each wavenumber and print 

out

A

 

Figure 2.1. Flowchart of DOMSNBCKMIE 
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Calculate cell-center, cell boundary and 

edge angular intensities for a control 

volume

Select Corner

A

Repeat this for along x-axis (+ or -)

Repeat this for next y-location  (+ or -)

Repeat this for x-y plane at the first z- location

Repeat this for  remaining part of  the enclosure 

RETURN
 

Figure 2.2. Algorithm of the subroutine SWEEP 

 

2.3 Method of Lines Solution of Discrete Ordinates Method  

MOL solution of DOM provides efficient and flexible computation using various 

higher-order approximations for temporal and spatial discretization. This approach 

involves the time derivate addition of intensity into the discrete ordinates equations 

given by Schiesser [45]. The MOL solution of DOM representation of RTE for non-grey 

absorbing-emitting-isotropically scattering medium in a rectangular coordinate system 

takes the following form 

  
   

 

  
  .  

   
 

  
   

   
 

  
   

   
 

  
/  (       )    (           )  

   

      
   

   
∑   (      )   

 
      

  
                                                        (2.3.1) 
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where t is the pseudo-time variable and kt is a time constant with dimension [(m/s)
-1

] 

which is introduced to maintain dimensional consistence in the equation and is taken as 

unity. Real-time solutions can be obtained by dividing pseudo-time solutions by the 

speed of light.   
 ,   (    )-  is the radiation intensity at position   (      ) in the 

discrete ordinate direction   ,   denotes the discrete ordinate (         ), M is 

the total number of ordinates used in the approximation and     is the angular 

quadrature weight associated with the incoming direction    .         and      are the 

gas spectral absorption coefficient, particulate spectral absorption coefficient and 

particulate spectral scattering coefficients of the medium respectively,     is the spectral 

black-body radiation intensity and   (      ) is the phase function for scattering. 

If the boundary of the medium is a diffuse grey wall at a specified temperature, Equation 

(2.3.1) is subjected to following the boundary conditions at two opposite walls normal to 

the x-axis 

at       (    )         
(    )

  
∑   

  
   |   |                       (2.3.2) 

at      (    )         
(    )

  
∑   

  
   |   |                        (2.3.3) 

Similar expressions hold for the boundaries in the other coordinate directions. 

Following the MOL approach, the system of partial differential equations (PDEs), 

Equation (2.3.1) is transformed into an ordinary differential equation (ODE) initial-

value problem by using finite difference approximations. Starting from an initial 

condition for radiation intensities in all directions, the resulting ODE system is 

integrated until steady state by using a powerful ODE solver. The ODE solver takes the 

burden of time discretization and chooses the time steps in a way that maintains the 

accuracy and stability of the evolving solution. Any initial condition can be chosen to 

start the integration, as its effect on the steady-state solution decays to insignificance. In 

order to stop the integration at the steady state, a convergence criterion is introduced. If 
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the intensities at all nodes and ordinates for all grey gases satisfy the condition given 

below, the solution at the time is considered to be the steady-state solution and the 

integration is terminated [46]. The condition for steady state is 

|       |

    
                                                      (2.3.4) 

where   is the error tolerance and the subscript t and t-1 denote the solutions at current 

time and at previous time, respectively. Therefore, the steady-state intensities at all grid 

points for all wavenumbers can be evaluated by solving Equations (2.3.1)-(2.3.3). 

In the present work, radiation code based on MOL solution of DOM with GG developed 

by Selçuk and her coworkers [42,43,47] and radiation code based on MOL solution of 

DOM with SLW developed by Selçuk and her coworkers [48, 49] were used and 

radiation code based on MOL solution of DOM with SNBCK was developed to select 

radiative property estimation technique for radiation code.  

2.3.1 Structure and Operation of the Computer Code MOL solution of DOM with 

SNBCK 

Figure 2.3 and Figure 2.4 display the flow diagram of the computer code based on MOL 

solution of DOM with SNBCK which is modified from MOL solution of DOM with GG 

code [42,43,47].  Further details of SNBCK can be found in section of 4.3.The general 

steps of the computer code are as follows: 

1. Define the subdivision of the enclosure, order of approximation, spatial differencing 

scheme, minimum and maximum wavenumber, and number of equations in the 

system of ODEs. 

2. Declare 5-D arrays to store intensities, position derivatives, and time derivatives at 

each ordinate of each grid point for each gray gas. The 5-D arrays are of dimensions 

NXNYNZNDNM where NX,NY and NZ are the number of nodes along x,y 

and z-axes respectively, ND stands for number of octants (ND = 8 for a 3-D 
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problem)  and NM is the number of ordinates specifed by order of angular 

quadrature. 

3. Read in the input data specifying the physics of the problem which are, the 

dimensions of the enclosure, wall temperatures and emissivities, and temperature 

and concentration profiles of the medium, SNBCK data for H2O and CO2 (  ) as a 

function of temperature, wavenumber and 7-point Gauss-Labatto quadrature scheme 

and absorption coefficient and scattering coefficient of particles . 

4. Calculate absorption coefficient of the combustion gases medium as a function of 

temperature and concentration profiles of the medium by using SNBCK data for 

H2O and CO2 and for each wavenumber. 

5. Calculate extinction coefficient and albedo of the particle laden combustion gases 

for each wavenumber. 

6. Read in input data related with the ODE integrator which are the initial time, final 

time, print interval and the error tolerance. 

7. Set the initial conditions required for the ODE integrator. 

8. Specify the direction cosines and corresponding weights. 

9. Specify a wavenumber 

10. Initialize the band averaged intensity at all ordinates at all grid points. 

11. Specify a Gauss-Labatto quadrature point. 

12. Initialize the intensities at all ordinates at all grid points for Gauss-Labatto 

quadrature point. 

13. Set boundary conditions for the intensities leaving the boundary surfaces. 

Calculation of the Approximations for the Spatial Derivatives 

14. Specify an octant, and an ordinate. 

15. Specify a discrete location on the y,z plane. 
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16. Store the values of the intensities (at this direction and location) along x-axis in a 1-

D array. 

17. Call for spatial discretization subroutine which accepts the 1-D array of intensities as 

an input and computes the derivative with respect to r-axis as an output over the grid 

of NX points. 

18. Transfer the 1-D array of spatial derivatives into the 5-D array of x-derivatives. 

19. Repeat steps 14-18 for all discrete locations y-z plane, all ordinates and all octants. 

20. Repeat steps 14-18 for derivative terms with respect to y and z-axes, forming 1-D 

arrays along y and z-axes. 

Calculation of the Time Derivatives 

21. Calculate the time derivative of intensity at each node for each ordinate of each 

octant using Equation (3.3.1) to form a 5-D array of time derivatives. 

22. Transform the 5-D arrays of intensities and time derivatives into 1-D arrays to be 

sent to the ODE solver. 

Integration of the system of ODEs 

23. Call the ODE solver subroutine to integrate the system of ODEs by using a time 

adaptive method. The ODE propogates in time by solving for the intensities at a time 

step j, calculating the time derivatives by performing steps 14 to 22 and integrating 

again to solve for intensities at the new time step j+1. 

24. Return to the main program at prespecified time intervals. 

25. Check if ODE integration has proceeded satisfactorily; print an error message if an 

error condition exists. 

26. Transfer the solution at current print point from the 1-D array to a 5-D array. 

27. Set the boundary conditions at current time step. 

28. Print solution. 
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29. Check for convergence by comparing the solutions at current time step with those at 

previous three time steps. If current solution is within the specified range of the 

previous solutions, convergence is established go to step 32. 

30. If convergence is not established, save the solution for convergence check. 

31. Check the end of run time if final time is not reached go back to step 14. 

32. If convergence is established or final time is reached, calculate the parameters of 

interest. 

33. Repeat steps 11-32 for all Gauss-Labatto quadrature points.  

34. Calculate band averaged intensity at each wavenumber by using Equation (3.3.13) 

and print out. 

35. Repeat steps 9-34 for all wavenumber. 

36. Calculate overall incident radiative heat flux and source term  

37. Print output. 

38. Stop. 
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Set subdivision of the enclosure, order of 

approximation, spatial differencing scheme, 

minimum and maximum wavenumber and 

number of equations in the ODE system

Call subroutine PARAMETERS

Read in the input data specifying the physics of 

the problem which are, the dimensions of the 

enclosure, wall temperatures and emissivities, and 

temperature and concentration profiles of the 

medium, SNBCK data  and absorption coefficient 

and scattering coefficient of particles 

Call subroutine DERV

to calculate initial time derivatives

Subroutine DERV

See Figure 3.4
Subroutine ROWMAP

Print message 

indicating 

error condition

Any error condition in the 

integration process?

No

Is convergence 

established ?

No

Check end of run time

t < tfinal ?

No

Yes

Calculate overall incident radiative heat flux 

and source term  

Store 

solution for 

next 

convergence 

test
Yes

END

Yes

Read input data for  ODE integrator and set the 

intial conditions required by the ODE integrator

Call subroutine INITIAL

Initialize intensities

START

Call subroutine COSINES

Specify direction cosines and weights

Intensities 

at time 

t=0

Time derivatives 

of intensities at 

time t=0

Time derivatives 

of intensities

Intensities 

Time derivatives 

of intensities at 

time t

Intensities 

at time 

t=t+tp

Call subroutine ROWMAP

to perform integration up to next 

print time

Calculate absorption coefficient of the 

combustion gases medium as a function of 

temperature and concentration profiles of the 

medium by using SNBCK data for H2O and CO2 

and for each wavenumber

Calculate extinction coefficient and albedo of the 

particle laden combustion gases for each 

wavenumber

Initialize the band averaged intensity at all 

ordinates at all grid points

Repeat this for all Gauss-Labatto 

quadrature points 

Calculate band averaged intensity at each 

wavenumber 

Repeat this for all wavenumber 

Print output 

file

 

Figure 2.3. Flowchart of MOL solution of DOM with SNBCK 
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Subroutine DERV

Read in data:

 - dimensions and subdivisions of the enclosure

 - temperatures or temperature profiles

 - radiative properties

 - direction cosines

Call subroutine BACKTRANSFER

Back-transform the dependent variables to the   

5-D arrays to be used in DERV

Call subroutine BCONDXI

Set the boundary conditions

Transfer the dependent variables in 5-D array to 

1-D arrays since spatial derivatives are to be 

computed w.r.t. first dependent variable r

Call subroutine DSS012 or DSS014

Spatial discretization subroutines

Back-transfer the dependent variables in 1-D 

arrays to 5-D array 

Repeat this for each octant

Repeat this for other independent variable z

Repeat this for each ordinate of an octant

Calculate the derivative of the dependent 

variable with respect to time

Repeat this for each octant

Repeat this for each ordinate of an octant

Repeat this for each gray gas

Call subroutine TRANSFER

Transfer the dependent variables to be used in 

ROWMAP

RETURN
 

Figure 2.4. Algorithm of the subroutine DERV 
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2.4 P1 Approximation 

Equation (2.1.1) can be rewritten in terms of non-dimensional optical coordinates and 

source function  

     (   )   (   )   (   )                               (2.4.1)                                          

where  (   ) denotes the intensity at position r in the direction  ,   is optical thickness 

along the ray traveling into a direction   and  (   ) is the radiative source term given 

by  

 (   )  (   )  ( )  
 

  
∫  (    )
  

 (    )               (2.4.2)                                          

where   is the single scattering albedo,   ( ) is the black body intensity,  (    ) 

denotes the scattering phase function. 

P1 provides a solution for RTE based on the spherical harmonics method truncated at the 

first order. Details of the derivation may be found in [44] in particular. As a summary, 

the intensity can be rewritten in terms of incident radiation,  ( ), and radiative heat flux 

,  ( ), as 

 (   )  
 

  
( ( )    ( )   )                                (2.4.3)                                          

Then, assuming a linear anisotropic scattering, in in-scattering term is simplified as 

 

  
∫  (    )
  

 (    )    
 

  
, ( )     ( )   -            (2.4.4)                                          

where A1 is the coefficient of linear anisotropy of the assumed scattering phase function, 

 (    )       
   . Equation (2.4.1) is finally rewritten, after some 

manipulations, in terms of incident radiation and radiative heat flux, providing the 

following set of equations 

   ( )  (   )(    ( )   ( ))                                (2.4.5)                                          
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   ( )   (     ) ( )                                       (2.4.6)                                          

Equation (2.4.5) is the divergence of the radiative heat flux, which would be a source 

term involved in the energy balance. Equation (2.4.6) gives a mean to compute the 

radiative heat flux knowing the incident radiation field. Combining both equations 

provides a partial differential equation to be solved numerically 

  (
 

(     )
   ( ))  (   ) ( )   (   )    ( )         (2.4.7)                                          

Boundary conditions by Marshak [50] are usually taken into consideration. It implies the 

following formulation for opaque boundaries with emissivity     

 
    

  

 

(     )
   (  )     (  )      (  )                      (2.4.8)                                          

where n is the normal vector to the boundary,  (  ) is the incident radiation set at a 

location    on the wall and   (  ) is the blackbody intensity at the wall temperature. 

In the present work, the code based on P1 was developed. In the code, the total intensity 

of incident radiation is first solved from Equation (2.4.7) together with boundary 

conditions by using finite difference method and then the z-component of the radiative 

heat flux which is the parameter of interest can be obtained from Equation (2.4.5). 

2.5 Improved Differential Approximation  

IDA addresses the wall contribution and the radiation coming from the medium in a 

separate manner. The starting point is RTE (Equation (2.4.1)) written in its integral form 

 (   )  
  (  )

 
     ∫  (    )

  

 
  (    

  
)                        (2.5.1)   

where   (  ) is the radiosity at the wall,    ∫     
 

 
 is the optical distance between 

that point on the wall from which the beam emits and the point under consideration,    
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is the location in the medium between the emission point on the wall and the point under 

consideration  and   is the extinction coefficient. The first expression on the right hand 

side deals with the wall contribution (  ), involving its radiosity, attenuated along the 

ray path from wall,    , up to position  . The second one stands for the source term due 

to emission and in-scattering of radiation inside the medium along the path and 

represents the medium contribution(    ). In IDA method,      is approximated from 

the P1 approximation as 

    (   )  ∫   (    )
  

 
  (    

  
)                              (2.5.2)  

where  

  (   )  (   )  ( )  
 

  
,  ( )     

 ( )   -                  (2.5.3)  

This equation is based on linear anisotropic scattering. The asterisk is used for the 

corresponding variables obtained from the P1 approximation (seen section 2.4).  

The integral (2.5.2) can be calculated analytically assuming the linearity of the source 

function [10], finally yielding 

    (   )    (      )(      )                          (2.5.4)   

where the specific distance or in the medium  is related to the following optical distance  

     
   

   

      
                                          (2.5.5)   

Substitution of Equation (2.5.4) into Equation (2.5.1) leads to 

 (   )  
  (  )

 
       (      )(      )                    (2.5.6)   

where  
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  ( )        ( )  (    ) ∫   (    )
     

|   |                      (2.5.7) 

Once the radiative intensity distribution is determined, the improved values for radiative 

heat flux can be obtained from 

IDA solution necessitates following steps: 

 solution of P1  to evaluate variables with asterisk; 

 determination of radiosities; 

 evaluation of intensity for any point inside the medium. 

In IDA, the intensity in the medium is evaluated by using a ray tracing (RT) process, 

scanning the medium from cell to cell. The  RT process requires following significant 

numbers of rays for each cell inside the medium and each boundary cell face and so this 

procedure increases the computational cost. When angular discretization methods are 

used instead of RT process, the number of directions reduces and hence CPU time 

requirement decreases [11]. 

2.5.1 Structure and Operation of the Computer Code IDA 

In the present work, the code based on IDA with different angular discretization 

methods was developed. Figure 2.5 and Figure 2.6 show the flow diagram of the 

computer code. The general steps of the computer code are as follows: 

1. Define the subdivision of the enclosure and order of approximation. 

2. Read input data specifying the physics of the problem which are the dimension 

of enclosure, temperature of the medium and the walls, emissivities of the walls, 

absorption and scattering coefficients of the medium, and the linear anisotropy of 

scattering coefficient. 

3. Specify the direction cosines and corresponding weights. 
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4. Determine the central points of all control volumes in order to specify the 

location of medium grid points. 

Calculate incident radiation and radiative heat flux  by P1 approximation 

5. Initialize incident radiation at all grid points 

6. Set blackbody intensity of the medium. 

7. Set blackbody intensity at the boundaries. 

8. Calculate incident radiation at boundaries using Equation (2.4.8) 

9. Calculate incident radiation of the medium using Equation (2.4.7) 

10. Check for convergence by comparing the calculated incident radiation at current 

step with those at previous calculation step. If the current solution is within the 

specified range of the previous solutions, convergence is established go to step 

12. 

11. If convergence is not established, save the solution for convergence check and 

go to step 8. 

12. If convergence is established, calculate radiative heat flux using Equation 

(3.4.5). 

13. Print radiative heat flux to output file. 

Calculate Intensities  

14. Calculate source term of each cell by incident radiation and radiative heat flux 

obtained from the P1 approximation using Equation (2.5.3). 

15. Calculate wall radiosity using Equation (2.5.7)   

16. Fire the rays in specified directions from each cell centre. 

17. Follow the path of each direction from cell centre till it intersects the far wall to 

calculate the distance the ray travels. 
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18. Evaluate the specific distance, or , by using Equation (2.5.5) to determine 

intensity coming from medium by using Equation (2.5.4). 

19. Calculate the intensity at the cell centre where the ray is fired by applying 

Equation (2.5.6) with the known boundary condition at the point of intersection 

on the wall. 

20. Calculate the z-component of the radiative heat flux which is the parameter of 

interest. 

21. Print the z-component of the radiative heat flux to output file. 
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Define the subdivision of the enclosure 

and order of approximation

Call subroutine PARAMETERS

Read input data specifying the physics 

of the problem which are the dimension 

of enclosure, temperature of the 

medium and the walls, emissivities of 

the walls, absorption and scattering 

coefficients of the medium, and the 

linear anisotropy of scattering 

coefficient

Calculate source term of each cell by 

incident radiation and radiative heat 

flux obtained from the P1 approximation

Print the z-component of 

the radiative heat flux 

END

Determine the central points of all 

control volumes in order to specify the 

location of medium grid points

Call subroutine COSINES
Specify direction cosines and weights

Call subroutine PONE

Calculate incident radiation and 

radiative heat flux  by P1 approximation

A

Calculate wall radiosity

Fire the rays in specified directions 

from each cell centre

Follow the path of each direction from 

cell centre till it intersects the far wall to 

calculate the distance the ray travels

Evaluate the specific distance,    
or

Calculate the intensity at the cell centre 

where the ray is fired with the known 

boundary condition at the point of 

intersection on the wall.

START

Calculate the z-component of the 

radiative heat flux which is the 

parameter of interest

 

Figure 2.5 Flowchart for IDA 
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Is convergence 

established ?

No

Calculate radiative heat fluxes  and 

print output file

Store solution for 

next convergence 

test

RETURN

Yes

Initialize incident radiation at all grid 

points

Set blackbody intensity of the medium

A

Set blackbody intensity at the 

boundaries

Calculate incident radiation at 

boundaries 

Calculate incident radiation of the 

medium 

 

Figure 2.6 Algorithm of the subroutine P1 Approximation 
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2.6 Angular Discretization 

Angular discretization is characterized by the angular quadrature scheme and the order 

of approximation. SN and TN are the angular quadrature schemes most commonly used 

for discretization. SN quadrature originally developed by Carlson and Lathrop [51] 

satisfies a number of key moments of the radiative intensity. Extended level symmetric 

SN quadratures that accurately satisfy key moments of the RTE and its boundary 

conditions as well as higher order moments of complex phase functions are proposed by 

El Wakil and Sacadura [52] and Fiveland [53]. A sketch of the directions used in one 

octant of a unit sphere for S2, S4, S6 , S8 and S10 order of approximations is shown in 

Figure 2.7. As can be seen from the figure, discrete directions are ordered in levels 

(constant ) and number of directions is different at each level.  

 

 

   

S2 

M = 81 
 

S4 

M = 83 

 S6 

M = 86 

 

  

S8 

M = 810 

S10 

M = 815 

Figure 2.7 Orders of approximation for SN 
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TN quadrature developed by Thurgood and his coworkers [54] provides more accurate 

results in computing the first-order moment and a finer angular resolution, which is not 

possible by using SN quadrature, allowing greater reduction or virtual elimination of the 

ray effect. In the TN quadrature set, the basal equilateral triangle with vertices at (1,0,0), 

(0,1,0) and (0,0,1)  is used for mapping the octant. The basal triangle is divided into N
2
 

smaller equilateral triangles. Each ray passing through the centroids of the smaller 

triangles is defined as the direction associated with respect to the smaller triangle. The 

assembly of equilateral triangles and centroids onto the surface of the unit sphere is then 

mapped [54]. The tessellations of the basal triangle and the sphere triangles for T4 

quadrature set are illustrated in Figure 2.8.  

 

  

Figure 2.8. Orders of approximation for T4 (a) Tessellation of basal equilateral triangle 

(b) sphere triangles [54] 

 

(b) (a) 
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Table 2.1 summarizes formule of number of ordinates per octant and total number of 

ordinates for SN and TN quadratures in three-dimensional systems. The quadrature 

ordinates and weights for axisymmetric cylindrical geometry of SN and TN 

approximations are listed in Appendix A. 

 

Table 2.1. Number of ordinates for SN and TN quadratures in 3-D systems 

Angular 

Quadrature Scheme 

Formulae for number of 

ordinates per octant 

Formulae for total number 

of ordinates  

SN N(N+2)/8 M=2
D
 N(N+2)/8 

TN N
2
 M=8 N

2
 

 

In this study, CFD solver, ANSYS FLUENT, coupled with radiative heat transfer is 

used to obtain flow field of plume. Angular discretization in ANSYS FLUENT is 

carried out by dividing each octant into       solid angles of extent ωi at any spatial 

location. The angles   and   are represent the polar and azimuthal angles respectively, 

and are measured according to the Cartesian system (x, y, z) as shown in Figure 2.9. 

Control angles,    and     are taken as constant. Total directions become 8      in 

three-dimensional enclosures [55]. 
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Figure 2.9. Angular Coordinate System used in ANSYS FLUENT [55] 
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CHAPTER 3 

3 ESTIMATION OF RADIATIVE PROPERTIES 

ESTIMATION OF RADIATIVE PROPERTIES 

Accurate determination of radiative transfer necessitates both accurate solution of the 

RTE and reliable evaluation of the medium radiative properties. In this chapter, Grey 

Gas (GG), Spectral Line-based Weighted Sum of Grey Gases (SLW), Statistical 

Narrow-Band Correlated-k (SNBCK) models used for calculation of gas radiative 

properties and Mie theory used for evaluation of Al2O3 particle radiative properties are 

described. 

3.1 Grey Gas Model 

In the GG model, the radiative properties of the participating combustion gases are 

estimated by using Leckner’s correlations [56], which require the partial pressures of 

carbon dioxide and water vapor, the gas temperature and mean beam length, Lm. 

Calculation of the gas emissivity,   , through Leckner’s correlations leads to gas 

absorption coefficient expressed by 

    (   ⁄ )  (    )                                        (3.1.1) 

For the grey, absorbing, emitting, scattering medium, the radiation intensity and 

radiative properties of the medium in Equation (2.1.1) are taken as constant (   (   )  

 (   )                           ( 
   )   (    ) ).  

In the present study, radiation code based on MOL solution of DOM with GG model 

developed by Selçuk and her coworkers [47] was used. Further details of the code can 

be found in [47].  
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3.2 Spectral Line-based Weighted Sum of Grey Gases Model 

In the SLW model, the non-grey gas is replaced by a number of grey gases which are 

logarithmically spaced between 3×10
-5

 and 60 m
2
/mol for water vapor and 3×10

-5
 and 

120 m
2
/mol for carbon dioxide as recommended by Denison and Webb [57].  

In order to calculate total heat transfer rates in a mixture of two gases, H2O and CO2, the 

RTE [Equation (2.3.1)] for isotropic scattering is modified by  

  

     
 

  
  (  

     
 

  
   

     
 

  
   

     
 

  
)  .   (  )   

/        

 .   (  )   
   /     

  
  

   
∑    

 
        

  
                  (3.2.1) 

The indices j and k denote the j
th

 and k
th

 grey gas for H2O and CO2, respectively. It has 

been shown by Denison and Webb [58] that the joint grey gas weights are well 

approximated by the product of the two individual weights: 

                                                          (3.2.2) 

The grey gas weights       are calculated through absorption-line blackbody 

distribution functions, Fs, derived from high-resolution HITRAN database [59]. 

Denison and Webb provided simple mathematical correlations for absorption-line 

blackbody distributions functions for H2O and CO2, respectively [23, 60].  

The absorption coefficients (  )   
 are given as the sum of contributions of the two 

species [61] 

  (  )   
                                                (3.2.3) 

where    and    are the molar densities,          and           are absorption cross-

sections of H2O and CO2, respectively.  
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In the present study, radiation code based on MOL solution of DOM with SLW 

developed by Selçuk and her coworkers [48,49] was used. Further details of the code 

can be found in [48, 49].  

3.3 Statistical Narrow-Band Correlated-K Model 

The basis point of Correlated-K (CK) methods is that for any radiative quantity    that 

is solely dependent on gas absorption coefficient the integration over wavenumber can 

be replaced by integration over the absorption coefficient  

 ̅  
 

  
∫  (  )  

   ∫  ( )
 

 
 ( )                          (3.3.1)                               

where 

 ( )  
 

 

  

  
                                                (3.3.2) 

is the normalized distribution function of the gas absorption coefficient inside    and 

 ( )   represents the fraction of wavenumber inside    where the gas absorption 

coefficient lies between   and     . Note that when the integration over wavenumber 

is replaced by integration over the gas absorption coefficient, the spectral gas absorption 

coefficient    is denoted by   since it now plays the role of an independent variable and 

is no longer a function of wavenumber. Application of Equation (4.3.1) to gas 

transmissivity leads to [62]   

 ̅ ( )  ∫  ( )
 

 
   (   )                          (3.3.3) 

In the SNB model, the gas transmissivity over an isothermal and homogeneous path is 

given as [31] 

 ̅ ( )  * 
  

 
(√  

   

  
  )+                                    (3.3.4) 
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where     ̅   ⁄ ,    ̅   ¸ L is the path length, X is the mole fraction of the 

radiating gas, p is the pressure,   ̅  is  the mean line-intensity to spacing ratio,  ̅  

   ̅   ̅⁄  is the mean line width to spacing ratio,  ̅ is the mean collision half-width of an 

absorption line and   ̅  is the equivalent line spacing. In this study,  ̅  and   ̅ are taken 

from Soufiani and Taine [63] and from Riviere and Soufiani [64].  ̅ for H2O, CO2, and 

CO are given by [65] 

       ̅    
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with     and    are equal to 1 atm and 296 K, respectively. 

By inverse Laplace transformation of the SNB gas transmissivity given in Equation 

(4.3.4),    ( ) can be expressed as [61] 

    ( )  
 

 
    ⁄ (  )  ⁄    0
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The cumulative function  ( ) is defined as 

 ( )  ∫  (  )  
 

 
                                               (3.3.10) 

which is a monotonically increasing function from 0 to 1. By using Equation (3.3.8) and 

Equation (3.3.10), the analytical expression of g(k) are given by [65] 
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where   
 

 
√   ,   

 

 
√     and    ( ) is the error function. 

Using the cumulative function  , the narrow-band average of any radiative variable 

dependent solely on the gas absorption coefficient    can be evaluated as 
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∫  (  )  

   ∫  ( )
 

 
                            (3.3.12)  

Equation  (3.3.12) can be conveniently calculated using a Gauss quadrature scheme 

 ̅  ∑    (  )
 
                                                   (3.3.13) 

where N is the number of quadrature points. The 7-point Gauss-Labatto quadrature was 

selected due to its accuracy and computationally efficiency [63]. Table 3.1 summarizes 

the weight parameters,   , and the quadrature point,   ,  of the 7-point Gauss-Labatto 

quadrature scheme.  

The absorption coefficient    corresponding to the ith quadrature point    is obtained by 

inversion of the cumulative distribution function given in Equation (3.3.11).  (  ) can 

be found numerically by using a Newton-Raphson iteration method with a few iterations 

when      given in Equation (3.3.9) is used as the initial value of k, as suggested by 

Lacis and Oinas [65]. Detailed description of SNBCK can be found elsewhere [65]. 
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Table 3.1. The 7-point Gauss-Labatto quadrature scheme 

i       

1 0.00000 0.04500 

2 0.15541 0.24500 

3 0.45000 0.32000 

4 0.74459 0.24500 

5 0.90000 0.05611 

6 0.93551 0.05125 

7 0.98449 0.03764 

 

In this study, the absorption coefficient of gas mixture for a given spectral band is 

evaluated by summation of each individual gaseous species absorption coefficient due to 

accuracy and CPU times [62].  

3.3.1 Structure and Operation of the Computer Code SNBCK 

In the present work, the SNBCK code was developed to evaluate radiative properties of 

gases. Figure 3.1 displays the flow diagram of the computer code. The general steps of 

the computer code are as follows: 

1. Define mole fraction of H2O, CO2, and CO,   ,    and    and    of the 7-point 

Gauss-Labatto quadrature scheme. 

2. Read in input data as  ̅  and   ̅  for H2O, CO2, and CO as a function of 

temperature and wavenumber. 

3. Calculate the mean collision half-width of an absorption line ( ̅) for considered 

absorbing gas (H2O, CO2, or CO) by using Equations (3.3.5-3.3.7). 

4. Evaluate      by using Equation (3.3.9) and it is used as the initial value of   . 
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5. Calculate cumulative distribution function (g(k)) given in Equation (3.3.11) and 

its derivatives for Newton-Raphson iteration method 

6. Calculate new value of    by using Newton-Raphson iteration method.  

7. Check for convergence by comparing the solutions at current step with those at 

previous step. If current solution is within the specified range of the previous 

solution (absolute error is less than 10
-6

), converge is established. 

8. If convergence is not established, save the solution for convergence check and 

go to step 5. 

9. If convergence is established, print     as a function of temperature, wavenumber 

and 7-point Gauss-Labatto quadrature scheme to output files. 

10. Repeat steps 5-9 for all Gauss-Labatto quadrature points. 

11. Repeat steps 3-10 for all temperature, all wavenumber and all considered 

absorbing gases.  
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Repeat this for each temperature

Store solution for 

next convergence 

test

END

Read in input data

as      and       for H2O, CO2, and CO as 

a function of temperature and 

wavenumber

START

Calculate the mean collision half-width 

of an absorption line  for considered 

absorbing gas (H2O, CO2, or CO)

Evaluate         and it is used as the initial 

value of  

Calculate cumulative distribution 

function  and its derivatives for 

Newton-Raphson iteration method

Calculate new value of      by using 

Newton-Raphson iteration method

Is convergence 

established ?

Yes

print     as a function of 

temperature, wavenumber and 7-

point Gauss-Labatto quadrature 

scheme 

Repeat this for wavenumber

Repeat this for considered absorbing gases

Repeat this for Gauss-Labatto quadrature points

No

Define mole fraction of H2O, CO2, and 

CO, ps,Ts and wi and gi of the 7-point 

Gauss-Labatto quadrature scheme

 

Figure 3.1. Flowchart of SNBCK 
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3.4 Mie Theory 

Radiative properties of particles are generally calculated by using the Mie scattering 

theory for spheres with specified size (larger than 1) and complex refractive index 

(      ).  The size parameter,  , is defined as  

  
   

 
                                            (3.4.1) 

where   is the radius of the spherical particles and   is the wavelength. 

The amount of scattering and absorption by a particle is expressed in terms of the 

scattering cross-section,    , and absorption cross-section,     . The total amount of 

absorption and scattering (extinction) is expressed in terms of the extinction cross-

section 

                                                                    (3.4.2) 

By using Mie theory, scattering cross-section,      , and extinction cross-section,      

are evaluated as  
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where the Mie scattering coefficient     and    are complex functions of    and     , 
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The function   and    are known as Ricatti-Bessel functions and related to Bessel and 

Hankel functions by [44] 

  ( )  .
  

 
/
 

 ⁄

     ⁄ ( )             ( )  .
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     ⁄ ( )          (3.4.7) 

In this study, radiative properties of particles were calculated using the BHMIE code 

based on Mie theory [66]. In the code, the logarithmic derivative,    , is used to 

evaluate the Mie scattering coefficient     and   . 

  ( )  
 

  
    ( )                            (3.4.8) 

Equations (3.4.5) and (3.4.6) can be rewritten as 
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where the recurrence relations is used as 

  
 ( )      ( )  
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                 (3.4.11) 

to eliminate   
  and   

 . The logarithmic derivative satisfies the recurrence relation 

     
 

 
 

 

   
 

 

                                    (3.4.12) 

  ( ) in Equations (3.4.9) and (3.4.10) is computed by the downward recurrence 

relation between Eq. (3.4.12) beginning with     .  
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In BHMIE, series are terminated after NSTOP terms, where NSTOP is the integer 

closest to     
 

 ⁄     and      is taken to be     (      | |)     and      is 

begun with          . 

Both   and   (        ) satisfy 

    ( )  
    

 
  ( )      ( )                  (3.4.13) 

and are computed by this upward recurrence relation beginning with 

   ( )             ( )              ( )                 ( )              (3.4.14) 

Detailed description of BHMIE code can be found elsewhere [66]. In the present work, 

BHMIE code based on Mie theory [66] was modified to provide wavelength dependent 

scattering and extinction cross-section. Moreover, calculation of asymmetry factor,  , 

was added into BHMIE code to evaluate scattering phase function approximated by the 

Henyey-Greenstein function as [44]. 
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3.4.1 Structure and Operation of the Computer Code BHMIE 

Figure 3.2 shows the flow diagram of the computer code. The general steps of the 

computer code are as follows: 

1. Define complex reflective index, radius of particle, wavelengths. 

2. Calculate size parameter and NSTOP and NMX. 

3. Initialize scattering cross-section and extinction cross-section as 0. 

4. Calculate logarithmic derivative by using Equation (3.4.12). 
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5. Calculate Ricatti-Bessel functions by using Equations (3.4.13) and (3.4.14).  

6. Calculate Mie scattering coefficient     and    by using Equations (3.4.9) and 

(3.4.10). 

7. Calculate scattering cross-section, extinction cross-section and asymmetry factor 

by using Equations (3.4.3), (3.4.4) and (3.4.15). 

8. If NSTOP is not reached, scattering cross-section is equal to summation of 

current scattering cross-section and previous one ; extinction cross-section is 

equal to summation of current extinction cross-section and previous one; and 

asymmetry factor is equal to summation of current asymmetry factor and 

previous one, go to 4. 

9. If NSTOP is reached, evaluate scattering cross-section, extinction cross-section, 

and asymmetry factor. 

10. Write scattering cross-section, extinction cross-section and asymmetry factor. 

11. Repeat steps 2-10 for all wavelengths.  
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Scattering cross-section is equal to summation of 

current scattering cross-section and previous one 

; extinction cross-section is equal to summation 

of current extinction cross-section and previous 

one; and asymmetry factor is equal to summation 

of current asymmetry factor and previous one

END

Calculate size parameter and NSTOP 

and NMX

START

Initialize scattering cross-section and 

extinction cross-section as 0

Calculate logarithmic derivative

Calculate cumulative distribution 

function  and its derivatives for 

Newton-Raphson iteration method

Calculate scattering cross-section, 

extinction cross-section and asymmetry 

factor 

Is NSTOP 

reached ?

Yes

Print scattering cross-section, 

extinction cross-section and 

asymmetry factor

Repeat this for wavelenght

No

Define complex reflative index, radius 

of particle, wavelengths

Calculate Ricatti-Bessel functions

Calculate Mie scattering coefficient an  

and bn 

Calculate scattering cross-section, 

extinction cross-section and asymmetry 

factor 

 

Figure 3.2. Flowchart of BHMIE 
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CHAPTER 4 

4 RESULTS 

RESULTS 

In this chapter, selection of RTE solution technique for CFD solver and the radiation 

code, selection of radiative property estimation technique for CFD solver and the 

radiation code, validation of CFD solver with SLW, validation of the radiation code and 

exhaust plume simulations for non-aluminized/aluminized propellant cases are 

presented.  

4.1 Selection of RTE Solution Technique  

To select RTE solution technique for CFD solver and the radiation code, the predictive 

accuracy and computationally efficiency of DOM, P1 and IDA were investigated by 

applying the methods to four cubical test problems shown in Figure 4.1 and comparing 

their predictions with benchmark solutions available in the literature. This study is 

published in [67]. 

Simulations were carried out on a personal computer with Pentium 4 2.80 GHz 

processor having 1.5 GB of RAM.  
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Figure 4.1. Schematic representation of the system under consideration.  

4.1.1 Purely Isotropically Scattering Medium and Non-Symmetric Boundary 

Conditions 

Physical system under consideration for this problem is a 3-D cubical enclosure (Lo = 1 

m) containing uniform, grey, purely isotropically scattering medium confined within 

diffuse black walls. Only bottom wall (at z= 0) is at emissive power such that σT
4
/ π = 1. 

The temperature of the other walls and the medium are taken as 0 K. The medium is 

characterized by optical thickness equal to unity. The enclosure is divided into 

30x30x30 control volumes. 

Performances of DOM and IDA with S8, S10 and T4 quadratures for this problem were 

assessed by comparing their predictions for radiative heat flux qz along the centerline of 

the enclosure (Lo/2, Lo/2, z) with benchmark solution provided by Tan and Hsu [68]. 

Comparisons are shown in Figure 4.2. As can be seen from the figure, P1 leads to 

overprediction of radiative heat flux. Heat flux predictions obtained from DOM with S8, 

S10 and T4 quadratures are found to be in good agreement with the benchmark solution, 

while those of IDA with S8, S10 and T4 quadratures are found to oscillate due to ray 

effects. The average absolute errors are illustrated in Table 4.1. As can be seen from the 

table, for DOM, S8 quadrature leads to more accurate and computationally efficient 
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results, whereas for IDA, T4 quadrature provides more accurate solutions with less CPU 

times. Therefore, S8 quadrature for DOM (DOM S8) and T4 quadrature for IDA (IDA 

T4) were utilized in the rest of the present study. 

 

 

 

 

Figure 4.2. Effect of angular discretization on the radiative heat flux predictions along 

the centerline of the enclosure for DOM and IDA.  
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Table 4.1. Average percentage errors in the radiative heat flux predictions along the 

centerline of the enclosure with CPU times for different angular quadrature schemes  

Model Angular 

Quadrature Scheme 

Average Absolute 

%  Error
1
 

CPU Times (s) 

DOM 

S8 2.49 15.81 

S10 2.73 28.63 

T4 3.72 36.75 

P1 - 25.01 22.39 

IDA 

S8 8.24 93.86 

S10 9.10 82.39 

T4 5.83 85.33 

  
1
Absolute % Error = (|predicted-benckmark| / benckmark) × 100 

 

4.1.2 Absorbing-Emitting-Scattering Medium and Non-Symmetric Boundary 

Conditions 

The second case is a 3-D cubical enclosure (Lo= 1 m) containing uniform, grey, 

absorbing-emitting-isotropically scattering medium with black boundaries. Only bottom 

wall (at z= 0) is at emissive power such that σT
4
/ π = 1. The temperature of the other 

walls and the medium are taken as 0 K. The optical thickness and albedo of the medium 

are 0.1 and 0.5, respectively. Uniform grid structure of 30×30×30 is utilized. 

Figure 4.3 shows radiative heat flux qz along the centreline of the enclosure (Lo/2, Lo/2, 

z). The solutions of DOM S8, P1 and IDA T4 are compared with benchmark solution 

provided by Tan and Hsu [68]. As can be seen from the figure, P1 results in 

overprediction of radiative heat flux with an average absolute error of 68.07 % and CPU 

time of 150.96 seconds. Radiative heat flux calculated by IDA T4 oscillates considerably 

with an average absolute error of 9.93 % and CPU time of 215.14 seconds. DOM S8 
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leads to more accurate and computationally efficient results with an average absolute 

error of 4.96 % in radiative heat flux and CPU time of 6.08 seconds. 

 

Figure 4.3. Comparison between the radiative heat flux predictions along the centreline 

of the enclosure for DOM S8, P1 and IDA T4.  

 

4.1.3 Absorbing-Emitting-Isotropically Scattering Medium and Symmetric 

Boundary Conditions 

In this case, a cubical enclosure with the side length (Lo) of 1 m containing a grey, 

absorbing-emitting-isotropically scattering medium at a uniform temperature of 648 K is 

considered.  The walls of the enclosure are cold at 0 K.  
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DOM S8, P1 and IDA T4 were implemented on the test problem by using various 

extinction coefficients (1, 2, and 10 m
-1

) with  =0.5  and uniform grid resolutions 

(25×25×25, 30×30×30 and 45×45×45). The performances of the methods were tested by 

comparing their predicted dimensionless radiative heat flux Qz* along the centerline of 

a wall (x, Lo/2, Lo) with those of MC method provided by Kim and Huh [69]. The 

dimensionless radiative heat flux is defined as 

  
  

  

     
                                                 (5.1.1) 

where      is the medium temperature and   represents Stefan-Boltzmann constant. 

Figure 4.4 shows the comparison between the dimensionless radiative heat flux 

predictions of the methods. As can be seen, the dimensionless heat flux predicted by 

DOM S8 is found to be in excellent agreement with the benchmark solution for all 

extinction coefficients and grid resolutions. Moreover, the predictions obtained from P1 

and IDA T4 for β=1 m
-1

 and 2 m
-1

 are in good agreement with the benchmark solution 

for all grid resolutions, whereas both methods lead to underprediction of the 

dimensionless heat flux for β=10 m
-1

.  

Average absolute percentage errors in the radiative heat flux predictions along the 

centerline of a wall and corresponding CPU times are tabulated in Table 4.2. As can be 

seen from the table, P1 produces less accurate heat flux prediction with the lowest 

execution time requirement for all extinction coefficients and grid resolutions. Average 

percentage errors obtained from DOM S8 do not improve significantly with the grid 

resolution for all extinction coefficients. For β=1 m
-1

 and 2 m
-1

, DOM S8 results are 

found to be more accurate with less CPU times than those of IDA T4.  For   β=10 m
-1

, 

DOM S8 and IDA T4 are found to require the same order of magnitude CPU time with 

IDA T4 leading to an order of magnitude higher error at the same grid resolution 

25x25x25. For the same average absolute percentage error, IDA T4 requires a finer grid 

resolution (45x45x45) with an order of magnitude higher CPU time. The computational 
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time of geometry calculation for IDA T4 is about 40 % of the total calculation time. In 

order to find the effect of CPU time spent for geometry calculation on the total CPU 

time, this calculation was carried out once and stored as binary format for β=10 m
-1

. 

This resulted in a decrease of total CPU time by almost half for all grid resolutions. 

However, for the same accuracy obtained from DOM S8 with 25x25x25 and IDA T4 

with 45x45x45, DOM S8 results are found to be more computationally efficient. 

 

 

Figure 4.4. Comparison between the radiative heat flux predictions of DOM S8, P1 and 

IDA T4 for different extinction coefficients.  
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Table 4.2. Average percentage errors in the radiative heat flux predictions along the 

centerline of a wall with CPU times for different extinction coefficients and uniform 

grid resolutions   

Extinction 

coefficient 

(m
-1

) 

Model 
Grid 

resolutions 

Average 

Absolute %  

Error
2
 

CPU time (s) 

P1 Geometry Total 

1 

DOM S8 

25×25×25  2.27 - -  44.75 

30×30×30  1.96 - -  84.53 

45×45×45  1.49 - - 268.68 

P1 

25×25×25 9.11 9.81 - 9.81 

30×30×30 7.08 21.67 - 21.67 

45×45×45 6.31 179.41 - 179.41 

IDA T4 

25×25×25  3.42 9.81 22.95  61.35 

30×30×30  2.68 21.67 44.65 123.17 

45×45×45  1.91 179.41 159.93 523.50 

2 

DOM S8 

25×25×25  3.79 - -  54.21 

30×30×30  1.51 - - 102.25 

45×45×45  1.04 - - 355.20 

P1 

25×25×25 7.30 6.95 - 6.95 

30×30×30 4.95 12.16 - 12.16 

45×45×45 2.38 99.71 - 99.71 

IDA T4 

25×25×25  3.39 6.95 26.07  62.37 

30×30×30  2.37 12.16 46.33 116.57 

45×45×45  1.23 99.71 148.04 427.10 

10 

DOM S8 

25×25×25  4.26 - -  82.71 

30×30×30  3.77 - - 158.90 

45×45×45  3.04 - - 497.32 

P1 

25×25×25 23.06 1.05 - 1.05 

30×30×30 17.97 1.43 - 1.43 

45×45×45 10.57 16.56 - 16.56 

IDA T4 

25×25×25 14.09 1.05 25.56  59.79 

30×30×30  9.53 1.43 46.64 108.53 

45×45×45  4.52 16.56 156.38 402.40 
  2

 Absolute % Error = (|predicted-MC| / MC) × 100 
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4.1.4 Purely Linearly Anisotropically Scattering Medium and Symmetric 

Boundary Conditions 

In the last case, the medium is a 3-D cubical enclosure (Lo = 1 m) containing uniform, 

grey, purely linearly anisotropically scattering medium confined within diffuse black 

walls. Only bottom wall (at z= 0) is at emissive power such that σT
4
/ π = 1. Other walls 

and the medium are cold at 0 K. The optical thickness and albedo of the medium are 1 

and 1, respectively. The coefficient of linear anisotropy of scattering is taken as 1. The 

enclosure is divided into uniform 33x33x33 and 45x45x45 control volumes.  

Performances of DOM S8, P1 and IDA T4 for this problem were tested by comparing 

their predictions for radiative heat flux qz along the centerlines of bottom (AB Line) and 

the top walls (CD Line) as well as qx along the centerline of side wall (BC Line) 

(illustrated in Figure 4.1) with those of Radiative Integral Transfer Equation (RITE) 

solutions provided by Altaç and Tekkalmaz [70]. For the bottom and side walls, 

comparisons obtained for grid resolution 45x45x45 are shown in Figure 4.5. As can be 

seen from the figure, P1 results in overprediction of radiative heat flux for both walls. 

Heat flux predictions obtained from DOM S8 are found to be in agreement with the 

benchmark solution, while those of IDA T4 are found to oscillate due to ray effects. The 

average absolute errors are tabulated in Table 4.3. Overall comparisons show that DOM 

S8 leads to more accurate solutions with an order of magnitude lower CPU time 

compared to IDA T4.  
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Figure 4.5. Comparison between the radiative heat flux predictions (a) qz along AB Line 

(b) qx along BC Line of DOM S8 and IDA T4 for grid resolution 45x45x45. 

 

Table 4.3. Average percentage errors in the radiative heat flux predictions along AB 

Line, BC Line and CD Line with CPU times for different uniform grid resolutions  

Model 
Grid 

resolutions 

Average Absolute %  Error 
CPU 

time (s) AB Line 

qz/ σT
4
 

BC Line 

qx/ σT
4
 

CD Line 

qz/ σT
4
 

DOM 

S8 

33×33×33 4.10 8.76 6.04 73.93 

45×45×45 2.32 8.16 4.63 189.54 

P1 
33×33×33 21.58 35.51 5.53 23.61 

45×45×45 29.95 37.12 20.42 87.26 

IDA T4 
33×33×33 18.59 5.29 19.34 242.46 

45×45×45 19.94 5.89 19.71 1089.27 
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Overall comparisons show that DOM S8 produces higher accuracy and computational 

efficiency than IDA T4 on all test problems under consideration. Therefore, DOM is 

selected as RTE solution technique for CFD solver and the radiation code. 

4.2 Selection of Radiative Property Estimation Technique  

In order to verify the sensitivity of the radiative property estimation technique, SNBCK, 

to RTE solutions, a different test case, freeboard of an Atmospheric Bubbling Fluidized 

Bed Combustor (ABFBC) containing CO2, H2O and fly ash particles with a size 

distribution, was selected. The second reason for the choice of this test problem was the 

availability of measurements of incident radiative fluxes on the side walls of the 

enclosure. Finally, the third reason was the availability of incident fluxes predicted by 

the MOL solution of DOM with SLW [49]. However, solutions of MOL solution of 

DOM with SNBCK for particle laden combustion gases in freeboard of fluidized bed 

combustors are not available to date. 

For this purpose, a three-dimensional radiation code based on the MOL solution of 

DOM with SNBCK and geometric optics approximation was developed. Predictive 

accuracy and computationally efficiency of the MOL solution of DOM coupled with 

different radiative property estimation techniques (GG, SLW, SNBCK models) were 

assessed by applying them to the prediction of incident radiative fluxes along the 

freeboard walls of a 0.3 MWt ABFBC and comparing their predictions with 

measurements generated previously from two runs one without and the other with 

recycle. Freeboard is treated as a three-dimensional rectangular enclosure containing a 

grey/non-grey, absorbing-emitting-isotropically scattering medium [71]. 

4.2.1 Description of Test Rig 

The main body of the test rig is the modular combustor formed by five modules of 

internal cross-section of 0.45 m0.45 m and 1 m height. Inner walls of the modules are 

lined with alumina based refractory bricks and insulated. The first and fifth modules 
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from the bottom refer to bed and cooler, respectively, and the ones in between are the 

freeboard modules. There exist two cooling surfaces in the modular combustor, one in 

the bed and the other in the cooler providing 0.35 m
2
 and 4.3 m

2
 of cooling surfaces, 

respectively. There are 14 ports for thermocouples and 10 ports for gas sampling probes 

along the combustor. Two ports for feeding coal/limestone mixture are provided in the 

bed module, one 0.22 m, the other 0.85 m above the distributor plate. 

In order to measure concentrations of O2, CO, CO2, SO2, NO/NOx along the combustor 

at steady state, combustion gas is sampled from the combustor and passed through gas 

conditioning system where the sample is filtered, dried and cooled to be fed to the 

analyzer. The process values such as flow rates and temperatures of each stream, gas 

composition and temperature along the combustor are logged to a PC by means of a data 

acquisition and control system, Bailey INFI 90. Further details of the test rig can be 

found elsewhere [72]. 

Radiative heat fluxes incident on the refractory side-walls of the freeboard were 

measured by water cooled radiometer with Medtherm 48P-20-22K heat flux transducer 

during the steady state operation of the test rig. Details of transducer are available 

elsewhere [73]. The radiometer eliminates the effects of convection and measures only 

the incident radiative heat flux. The radiometer probe was inserted into the gas sampling 

ports at five different heights along freeboard flush with the inner surface of the 

refractory side-wall. The radiometer output for incident radiative heat flux was read by 

using Medtherm H-201 digital heat flux meter with certified calibration. 

Radiative heat flux measurements were carried out in two combustion tests, one without 

and the other with recycle of fine particles. Experiments were carried out with typical 

low calorific value and high ash content Turkish lignite, namely Beypazari lignite. Table 

4.4 lists some of the operating conditions for these runs at steady state. It is worth noting 

at this point that freeboard fly ash particle load, reported in the table, is taken as the sum 

of particles collected by cyclone and baghouse. Particle load determination in the test 
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with recycle needs further elaboration of the recycling system of the combustor under 

consideration as follows. Cyclone catch particles pass through an air lock (i.e., a rotary 

valve) and fall onto a diverter. Depending on the position of the diverter, particles are 

either discharged from the system to a continuously weighted ash storage bin (load cell) 

for experiments without recycle or flow back to the combustor for re-firing. The fraction 

of a short time interval over which the position of the diverter remains on the recycle 

mode determines the recycle ratio. Continuity of flow is provided by repeating this time 

interval periodically. In order to provide a wider range of recycle ratio and yet not to 

disturb the steady state conditions within the combustor, a periodic time interval of 10 s 

was selected. For experiment with recycle (run 2), the diverter remains nine units of 

time on the recycle mode and one unit of time on no recycle mode. Cyclone flow rate 

(26.58 kg/h) shows the flow rate of particles in no recycle mode for one unit of time, 

which gives the recycle flow rate when multiplied by 9. Recycle flow rate of 239.22 

kg/h leads to an order of magnitude increase in particle loading (from 0.011–0.131 

kg/m
3
) as shown in Table 4.4 and used in the calculation of incident fluxes. Further 

experimental details of the runs can be found in [72].  

For radiative property estimation of particle-laden combustion gases, particles collected 

from both cyclone and baghouse downstream of the freeboard were subjected to particle 

size distribution analysis by laser light scattering technique. Additive rule is applied to 

obtain actual size distribution in the freeboard which is indicated in Figure 4.6 for both 

runs. Temperature measurements were carried out on a discrete grid of points along the 

freeboard at steady state operation. In order to facilitate the use of these measurements 

as input data in the calculation of radiative exchange, the experimental data were 

represented by high order polynomials given in Table 4.5. 
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Table 4.4. Operating conditions of the 0.3 MWt ABFBC 

 
Run 1 

Without recycle 

Run 2 

With recycle 

Superficial velocity, m/s 3.0 2.80 

Coal flow rate, kg/h 101 101 

Carryover flow rate, kg/h 23.65 26.58 

Baghouse filter flow rate, kg/h 1.08 3.43 

Recycle ratio*, - 0.00 2.37 

Particle load, kg/m
3
 0.0115 0.1307 

Average bed temperature, K 1148 1119 

Average freeboard temperature, K 1120 1178 

Average H2O concentration, % 10 10 

Average CO2 concentration, % 10 11 

 

 

 

Figure 4.6. Particle size distributions for runs with and without recycle. 
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Table 4.5. Polynomials for temperature profiles 

 Run 1 Run 2 

Gas temperature 

profile, K 
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Wall temperature 

profile, K 
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4.2.2 Treatment of Freeboard   

In order to apply the radiation model to the freeboard, it is required to provide 

temperatures and radiative properties of the surfaces and the medium. The freeboard 

section of the combustor is treated as a 3-D rectangular enclosure containing grey/non-

grey absorbing-emitting-isotropically scattering medium bounded by diffuse, grey/black 

walls. The physical system and the treatment of the freeboard are schematically 

illustrated in Figure 4.7. The side walls are taken as grey, diffuse walls (       ). The 

cooler boundary at the top, which consists of gas lanes and cooler tubes, is represented 

by an equivalent grey surface of effective emissivity (       ) related to area 

weighted average emissivity of the components. Details of the treatment of tube-
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row/gas-lane combination can be found elsewhere [73]. The boundary with the bed 

section at the bottom is represented as a black surface due to Hohlraum effect [73]. 

Final step in the preparation of the input data is the estimation of radiative properties of 

the particle laden combustion gases consisting of CO2, H2O and fly ash particles 

bounded by the freeboard walls. Its radiative properties are assumed to be uniform and 

constant throughout the freeboard. This assumption is based on uniform CO2 and H2O 

concentrations measured along the freeboard and the fact that particle concentration and 

size distribution can be represented by the material sampled from the cyclone and the 

baghouse filter [74]. 

The radiative properties of the participating combustion gases are estimated by using 

GG, SLW, SNBCK models briefly described in Chapter 3.  Radiative properties of the 

cloud of fly ash particles depend on the composition, size distribution and particle 

loading. The ash content of the fly ash particles determined by chemical analysis was 

98% indicating that the fly ash can be treated as pure ash in the radiative property 

estimation. The complex refractive index of fly ash particles (m=n-ik) was defined by 

using real index (n) and absorption index (k). The spectral dependence of complex index 

of refraction is neglected and a representative value of m=1.5-0.02i is used as given in 

[75]. Independent scattering is assumed to take place in the freeboard of the test rig as 

the particle volume fraction is in the order of 10
-5

. The size parameter is determined by 

using a representative wavelength (3 m) suggested for combustion systems in [40] and 

the actual size distribution of fly ash particles in the freeboard. Radiative properties of 

fly ash particles are evaluated by geometric optics approximation and illustrated with 

mass distribution function, (  ), in Table 4.6. Further details of radiative properties of 

fly ash particle can be found in [49].   
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Figure 4.7. Treatment of freeboard for radiation model 

 

 

Table 4.6. Radiative properties of fly ash particles in the freeboard  

 Run 1 Run 2 

 (  ) , kg/m
3
μm 7.935x10

-4
 7.972x10

-3
 

  , m
-1

 15.220 155.960 

  , m
-1

 0.634 7.204 
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4.2.3 Comparisons between Model Predictions and Measurements  

In the present work, for the implementation of the DOM, the SN angular quadrature 

scheme proposed by Carlson and Lathrop [51] was selected. The choice is based on an 

assessment study carried out by Selçuk and Kayakol [13]. A combination of S4 order of 

approximation and 5535 grid structure, found to provide accurate and efficient 

solutions in a previous grid refinement study [76], was utilized. For the difference 

relations of spatial derivatives, three-point upwind differencing scheme DSS014, 

assessed previously for accuracy [42, 47] was employed. The ODE solver utilized is 

ROWMAP which is based on the ROW-methods of order 4 and uses Krylov techniques 

for the solution of linear systems. Simulations were carried out on a personal computer 

with Pentium 4 2.80 GHz processor having 1.5 GB of RAM.  

In the present study, radiation code based on MOL solution of DOM with SLW model 

developed by Selçuk and her coworkers [48, 49] was used. Totally 10 grey gases for 

SLW model were utilized. Further details of the code are available elsewhere [44, 45].  

Figure 4.8 shows comparison between incident heat fluxes predicted by MOL solution 

of DOM coupled with GG, SLW, and SNBCK and measurements for both runs. As can 

be seen from the figure, predictions obtained from all models are in good agreement 

with measurements except at the uppermost port for Run 1. The lower measured heat 

flux at this location is considered to be due to lower particle loading and/or lower 

temperature conditions in Run 1 compared to those of Run 2.  
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Figure 4.8. Comparisons between model predictions and measurements results of 

experimental studies for a) Run 1 and b) Run 2 

The absolute percentage error in the incident flux predictions along the centerline of the 

wall and corresponding CPU times for Run 1 and Run 2 are tabulated in Table 4.7 and 

Table 4.8, respectively. As can be seen from the tables, absolute percentage errors 

obtained by the models are of the same order of magnitude for both runs. However, GG 

model is found to require an order of magnitude lower CPU time than SLW model and 

five order of magnitude lower CPU time than SNBCK model.  

Table 4.7. Comparison between predicted and measured incident heat fluxes with CPU 

times for Run 1 

Height   

(m) 

Measurements 

 (kW/m
2
) 

Predictions (kW/m
2
) Absolute %  Error

3
 

GG SLW SNBCK GG SLW SNBCK 

1.23 105.00 101.75 101.79 101.43 3.10 3.06 3.40 

1.83 106.30 104.54 105.68 105.28 1.66 0.58 0.96 

2.91 100.00 97.7 99.76 99.38 2.30 0.24 0.62 

3.44 81.3 90.32 92.32 91.95 11.09 13.55 13.10 

4.19 22.50 33.03 36.68 35.97 46.80 63.02 59.87 

CPU Time (s) - 1.64 55.80 69802.32    

3
Absolute % Error = (|predicted-measured|/measured) x100 
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Table 4.8. Comparison between predicted and measured incident heat fluxes with CPU 

times for Run 2 

Height 

(m) 

Measurements 

(kW/m2) 

Predictions (kW/m2) Absolute % Error  

GG SLW SNBCK GG SLW SNBCK 

1.23 95.00 93.36 88.22 87.33 1.73 7.14 8.07 

3.44 118.80 117.02 118.69 116.58 1.50 0.09 1.87 

4.19 62.50 63.29 61.49 62.69 1.26 1.62 0.30 

CPU Time (s) - 2.08 75.96 63679.81    

 

Despite the fact that there is good agreement between the wall fluxes predicted by all 

models under consideration, it was considered necessary to investigate the source term 

predictions to be used in the solution of energy conservation equation in CFD codes. 

Figure 4.9 illustrates the comparison between the source term distributions predicted by 

MOL solution of DOM with GG, SLW and SNBCK along the centerline of the 

freeboard for both runs. It is worth noting that the source term profiles predicted by all 

models are found to follow similar trend to the temperature profiles, as physically 

expected. For comparative testing purposes, source term distribution obtained by 

SNBCK is taken as reference solution due to its accuracy.  As can be seen from the 

figure, the predictions obtained from SLW are in good agreement with those of SNBCK 

with average percentage error of 8.68 for Run 1 and average percentage error of 18.56 

for Run 2. GG model leads to underprediction of the source term distribution with 

average percentage error of 16.19 for Run 1 and average percentage error of 24.94 for 

Run 2. This is in agreement with finding of Johansson et al. [77].  
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Figure 4.9. Comparisons between the source term distribution predictions of GG, SLW, 

and SNBCK along the centerline of the freeboard for a) Run 1 and b) Run 2 

From the viewpoints of accuracy and computationally economy,  SLW is selected as 

radiative property estimation technique for CFD solver due to fact that it produces 

accurate solutions with less CPU times and SNBCK is chosen as radiative property 

estimation technique for the radiation code as it is highly accurate and wavelength 

dependent technique. 

4.3 Validation of ANSYS FLUENT with SLW 

ANSYS FLUENT which is the most frequently used commercial CFD solver for 

computational fluid dynamics coupled with radiative heat transfer, deploys DOM for 

RTE solver and grey WSGG for radiative property estimation of gases. In ANSYS 

FLUENT, correlations of Smith et al. [78] are utilized to evaluate the total emissivity of 

H2O/CO2 mixture in grey WSGG, and then a grey absorption coefficient based on the 

total emissivity and mean beam length of an enclosure is evaluated by using Beer’s law 

for DOM. The implementation of grey WSGG in the CFD solver is expected to be less 

accurate compared to that of non-grey radiative property estimation techniques [79]. 

Moreover, in the correlations evaluated by Smith et al., partial pressure ratios of water 

vapor to carbon dioxide were taken as 2 or 1 which are only convenient for the air and 
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gaseous fuel combustion, but not for oxy-fuel combustion which is gaining increasing 

interest worldwide as one of the promising carbon capture and storage (CCS) 

technologies. Therefore modeling of radiative heat transfer in the CFD solver 

necessitates an accurate and computationally efficient non-grey radiative property 

estimation technique for all combustion environments.  To achieve this objective, 

accuracy of different non-grey WSGG [79-84]  and Full-Spectrum k-distribution (FSK) 

method [85] were tested by comparing their predictions against those of grey WSGG, all 

coupled with ANSYS FLUENT for different test cases. These studies imply that non-

grey gas radiative properties are necessary when modeling air-fuel, oxy-fuel, or oxy-

enriched combustion. The drawback of grey/non-grey WSGG is the need for specific set 

of coefficients at pressure path lengths and ratios of H2O and CO2 to calculate absoption 

coefficients [77]. This leads to the use of more general non-grey radiative property 

estimation techniques in CFD solver for all applications. SLW model proposed by 

Denison and Webb [57, 58, 60, 61] meets all these requirements. Implementation of 

SLW method in ANSYS FLUENT is not available to date. 

In the present study, SLW model was implemented to ANSYS FLUENT v.13.0, as 

radiative property estimation technique for gases by User Defined Function (UDF). 

Totally 10 grey gases for SLW model with calculations of radiative properties of non 

grey gas were utilized.  DOM in ANSYS FLUENT was used as RTE solver. Predictive 

accuracy of ANSYS FLUENT with SLW was tested by applying it to three benchmark 

problems, two containing isothermal homogenous/non-homogenous water vapor and 

one isothermal water vapor/carbon dioxide mixture. In order to make use of tabulated 

data from MOL of DOM with SLW developed by Selçuk and Doner [48], ANSYS 

FLUENT with SLW results were compared with those data in all test cases. While 

benchmarking ANSYS FLUENT with SLW, results of RT with SNB [86] were also 

used in the first two test cases. MOL of DOM with SLW developed by Selçuk and 

Doner [48] was used for benchmarking the last test case. 
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Angular discretization schemes used for ANSYS FLUENT and MOL solution of DOM 

for 3-D problems in the present work are summarized in Table 4.9. The detail of angular 

discretization schemes are given in Section 2.6.  

Table 4.9. Number of ordinates used for quadratures 

Code 

Angular 

Quadrature 

Scheme 

Order of 

Approximation 

(N) 

Number of 

ordinates per 

octant 

Total 

number 

of 

ordinates 

FLUENT Nθ× Nø 
2x2 4 32 

8x8 64 512 

MOL 

solution of 

DOM 

SN 

S4 3 24 

S6 6 48 

S8 10 80 

 

The benchmark problem is a rectangular enclosure of 2m x 2m x 4m containing 

absorbing–emitting and non-scattering gases at a uniform temperature of 1000 K and 

surrounded by black walls at 300 K [86]. Identical grid structures, that is, spatial 

discretization, as those of benchmark problems are utilized in order to enable point by 

point comparison. 

4.3.1 Isothermal and Homogenous Medium of H2O 

Test case 1 refers to a medium of pure water vapor at a uniform temperature of 1000 K. 

Uniform grid resolution of 11 x 11 x 16 was deployed. Absorption coefficients (   ) and 

their associated weights (  ) obtained from ANSYS FLUENT and MOL solution of 

DOM are illustrated in  
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Table 4.10. As can be seen from the table, radiative properties obtained from ANSYS 

FLUENT are found to be in good agreement with those of MOL solution of DOM with 

average absolute error of 6.35x10
-3

 % for absorption coefficients and average absolute 

error of 5.41x10
-5

 % for their associated weights.  

 

Table 4.10. Absorption coefficients (   ) and their associated weights (  ) obtained from 

FLUENT and MOL solution of DOM for test case 1 

Grey Gases 
FLUENT-SLW MOL-SLW 

            

1 0.000819 0.043033 0.000819 0.043033 

2 0.004104 0.066420 0.004104 0.066420 

3 0.020573 0.101662 0.020574 0.101662 

4 0.103136 0.154413 0.103142 0.154413 

5 0.517041 0.212762 0.517074 0.212762 

6 2.592027 0.215722 2.592194 0.215721 

7 12.994330 0.123079 12.995170 0.123079 

8 65.143100 0.032454 65.147299 0.032454 

9 326.574900 0.003388 326.595998 0.003388 

10 0.000000 0.047064 0.000000 0.047064 

 

Comparisons between incident heat fluxes predicted by the present study and those of 

MOL solution of DOM with SLW and RT with SNB [86] along the centerline (x = 2m, 

y = 1m, z) and (x, y =1m,z=4m)  are illustrated in Figure 4.10. Incident heat fluxes 

obtained by RT with SNB are taken as reference solution due to its accuracy. As can be 

seen from the figure, predictions of ANSYS FLUENT with SLW are found to be in 

good agreement with those of MOL solution of DOM and the reference solutions. The 

maximum and average absolute errors and corresponding CPU times are illustrated in 

Table 4.11. As can be seen from the table, absolute percentage errors obtained by the 

models are of the same order of magnitude for both directions. Therefore, 2x2 
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quadrature for FLUENT and S4 quadrature for MOL solution of DOM were utilized in 

the rest of the present study due to CPU efficiency. 

  

Figure 4.10. Comparison between incident heat flux predictions of present study and 

MOL solution of DOM with SLW and RT with SNB for test case 1 : (a) along (x = 2m, 

y = 1m, z) and (b) along (x, y = 1m, z = 4m) 

 

Table 4.11. Absorption coefficients (   ) and their associated weights (  ) obtained from 

FLUENT and MOL solution of DOM for test case 1 

Model of 

approximation 

Maximum Absolute 

% Relative  Error
4
 

Average Absolute % 

Relative  Error 
CPU 

Times 

(s) 
z-

Direction 

x-

Direction 

z-

Direction 

x-

Direction 

FLUENT-SLW 2x2 4.40 5.56 2.77 3.77 643 

FLUENT-SLW 8x8 4.57 4.72 3.46 3.60 24960 

MOL-SLW S4 6.56 5.56 3.66 3.76 180 

MOL-SLW S6 6.49 8.18 4.73 5.83 248 

MOL-SLW S8 7.15 8.34 5.23 5.01 415 

6
Absolute % Error = (|predicted-RT with SNB| / RT with SNB) × 100 
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4.3.2 Isothermal and Non-Homogenous Medium of H2O 

In the second test case, the medium is a non-uniform mixture of water vapor and 

nitrogen with the mole fraction of water vapor changing along the z-direction according 

to formulation by (z-0.25z
2
). The gas temperature remains uniform at 1000K. Uniform 

grid resolution of 11 x 11 x 25 was utilized.  

Figure 4.11 displays comparisons between incident heat fluxes along (x = 2m, y = 1m, 

z) and (x, y = 1m, z = 4m). As can be seen from the figure, predictions obtained from 

ANSYS FLUENT with SLW are in good agreement with those of MOL solution of 

DOM with SLW and RT with SNB. The maximum and average absolute percentage 

errors are tabulated in Table 4.12. As can be seen from the table, absolute percentage 

errors obtained by ANSYS FLUENT with SLW are of the same order of magnitude as 

those of MOL solution of DOM with SLW for both directions. 

 

 

 

Figure 4.11. Comparison between incident heat flux predictions of present study and 

MOL solution of DOM with SLW and RT with SNB for test case 1 : (a) along (x = 2m, 

y = 1m, z) and (b) along (x, y = 1m, z = 4m) 
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Table 4.12. Maximum and average absolute percentage errors in the incident heat flux 

predictions along the centerline (x = 2m, y = 1m, z) and (x, y =1m,z=4m) for test case 2 

Model of 

approximation 

Maximum Absolute % 

Relative  Error
5
 

Average Absolute % Relative  

Error 

z-Direction x-Direction z-Direction x-Direction 

FLUENT-SLW 

2x2 
10.22 6.77 3.22 3.25 

MOL-SLW 

S4 
5.51 5.20 3.10 3.83 

5
 Absolute % Error = (|predicted-RT with SNB| / RT with SNB) × 100 

4.3.3 Isothermal and Homogenous Medium of H2O-CO2 Mixture 

In the last test case, the medium is assumed to be a mixture of 10% CO2, 20% H2O and 

70% N2 on a molar basis at a uniform temperature of 1000 K.  Uniform grid structure of 

11 x 11 x 16 was used. 10 grey gases (5 grey gases for CO2 and 5 grey gases for H2O) 

are utilized.  Table 4.13 gives absorption coefficients (    ) and their associated weights 

(    ) obtained from ANSYS FLUENT and MOL solution of DOM. As can be seen 

from the table, radiative properties obtained from ANSYS FLUENT are found to be in 

good agreement with those of MOL solution of DOM with average absolute error of 

5.95x10
-3

 % for absorption coefficients and average absolute error of 2.05 x10
-6

 % for 

their associated weights.  

Comparisons between incident heat fluxes predicted by the present study and those of 

MOL solution of DOM with SLW along the centerline (x = 2m, y = 1m, z) and (x, y 

=1m, z=4m) are shown in Figure 4.12. As can be seen from the figure, predictions of 

ANSYS FLUENT with SLW are found to be in good agreement with those of MOL 

solution of DOM with SLW. Incident heat fluxes obtained by MOL solution of DOM 

with SLW are taken as reference solution due to the absence of predictions of RT with 
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SNB. The maximum absolute errors are found to be 10.98% and 10.49% and average 

absolute errors are 2.39% and 4.59% for z-direction and x-direction, respectively. 

  

Figure 4.12. Comparison between incident heat flux predictions of present study and 

MOL solution of DOM with SLW for test case 3: (a) along (x = 2m, y = 1m, z) and (b) 

along (x, y = 1m, z = 4m) 

 

Overall comparisons reveal that results of ANSYS FLUENT with SLW are in good 

agreement with the benchmark solutions. This finding proves that the use of DOM with 

SLW in CFD codes would provide more accurate solutions in studies involving gas 

combustion where accuracy in spectral radiative properties plays dominant role in heat 

flux predictions. 
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Table 4.13. Absorption coefficients (   ) and their associated weights (  ) obtained from 

FLUENT and MOL solution of DOM for test case 3 

Grey Gases FLUENT-SLW MOL-SLW 

H2O CO2                     

1 1 0.000693 0.036393 0.000693 0.036393 

1 2 0.011382 0.032297 0.011383 0.032297 

1 3 0.489436 0.021215 0.489467 0.021215 

1 4 21.868630 0.007503 21.870030 0.007503 

1 5 0.000448 0.060053 0.000448 0.060053 

2 1 0.017107 0.086977 0.017108 0.086977 

2 2 0.027797 0.077188 0.027799 0.077188 

2 3 0.505850 0.050702 0.505880 0.050702 

2 4 21.885040 0.017931 21.886450 0.017931 

2 5 0.016863 0.143522 0.016864 0.143522 

3 1 0.634383 0.082883 0.634420 0.082883 

3 2 0.645072 0.073555 0.645110 0.073555 

3 3 1.123125 0.048315 1.123190 0.048315 

3 4 22.502320 0.017087 22.503760 0.017087 

3 5 0.634138 0.136766 0.634170 0.136766 

4 1 23.847660 0.010374 23.849190 0.010374 

4 2 23.858350 0.009206 23.859880 0.009206 

4 3 24.336400 0.006047 24.337970 0.006047 

4 4 45.715590 0.002139 45.718540 0.002139 

4 5 23.847420 0.017118 23.848950 0.017118 

5 1 0.000244 0.014498 0.000245 0.014498 

5 2 0.010934 0.012867 0.010935 0.012867 

5 3 0.488987 0.008452 0.489010 0.008452 

5 4 21.868180 0.002989 21.869580 0.002989 

5 5 0.000000 0.023924 0.000000 0.023924 

 

4.4 Validation of the Radiation Code 

The accuracy of the radiation code developed in this study with DOM – SNBCK for gas 

and Mie Theory for particles was investigated by applying the method to homogenous 

H2O-N2-Al2O3 mixture under both isothermal and non-isothermal conditions and 
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validating against reference solution of Liu et al. [25] by using the same quadrature 

scheme, T4, and SNB parameters provided by Soufiani and Taine [63]. All test cases 

used for benchmarking refer to those of Liu et al. [25].  

4.4.1 Absorbing-Emitting Gaseous Medium 

The test problem is a rectangular plume of 2x2x8m. The wavelength range is taken as 

2000-4000 cm
-1

 to predict infrared signature of the plume. Hot gas mixture in the plume 

is assumed to contain H2O of 20 % and N2 of 80 %. 

Test Case 1: Isothermal Absorbing-Emitting Medium  

Physical system under consideration for this problem is a 3-D plume containing uniform 

absorbing-emitting medium at uniform temperature of 1800 K by setting particle 

scattering coefficient to zero.  The boundaries of the plume are assumed to be black and 

cold. Uniform grid structure of 11x11x40 was utilized. 

Figure 4.13 shows narrowband integrated radiation intensity at x = 1 m, y = 1 m and z = 

7.9 m and along the direction of 0.0990147, 0.0990147 and 0.990147. The solution of 

developed DOM with SNBCK code is compared with those of DOM with SNBCK 

provided by Liu et al. [25]. As can be seen from the figure, narrowband integrated 

intensity obtained from the developed DOM with SNBCK code is found to be in 

excellent agreement with the benchmark solution with an average absolute error of 2.38 

% in narrowband integrated radiation intensity.   
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Figure 4.13. Narrowband integrated radiation intensity at x = 1 m, y = 1 m and z = 7.9 m 

and along the direction of 0.0990147, 0.0990147 and 0.990147 for the isothermal 

absorbing-emitting case. 

Test Case 2: Non-Isothermal Absorbing-Emitting Medium  

In this case, 3-D plume containing non-isothermal absorbing-emitting medium is 

considered. The boundaries of the plume are assumed to be black and cold. The plume 

temperature is taken as symmetrical about the centerline of the plume and is specified in 

terms of    (     ) (   )    .    is the plume temperature along the centerline 

and    is the exit temperature at z = 8 m. Inside the circular region of the cross section 

of the plume, the variation of temperature is defined by  (   )     (  ⁄ )  

 (  ⁄ ) , where r is the distance from the plume centerline and R is the radius of the 

circular region (R = 1 m). The plume temperature outside the circular region is assumed 
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to be uniform and at the value of the exit temperature. The centerline temperature is 

assumed to increase linearly from 400 K at the inlet (z = 0) to 2400 K at z = 0.75 m and 

then decrease linearly to 800 K at the exit.  

In Liu’s study [25], it is stated that for non-isothemal case, a non-uniform grid was used 

along the length of the plume with finer grids placed around the peak temperature and 

uniform grid was used in the other directions by dividing into 11x11x40 control 

volumes. However, grid structure is not exactly defined; therefore developed DOM with 

SNBCK was implemented on the test problem by using uniform grid resolutions 

11x11x80, and 11x11x120. The performance of the developed code was tested by 

comparing its predicted narrowband integrated radiation intensity at x = 1 m, y = 1 m 

and z = 7.9 m and along the direction of 0.0990147, 0.0990147 and 0.990147 with those 

of DOM with SNBCK provided by Liu et al. [25] shown in Figure 4.14. As can be seen 

from the figure, narrowband integrated intensity calculated by the developed DOM with 

SNBCK code is found to be in excellent agreement with the benchmark solution. 

Average absolute errors in narrowband integrated radiation intensity are found to be 

6.25 % and 3 .66 % for 11x11x80 and 11x11x120, respectively.   
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Figure 4.14. Narrowband integrated radiation intensity at x = 1 m, y = 1 m and z = 7.9 m 

and along the direction of 0.0990147, 0.0990147 and 0.990147 for the non-isothermal 

absorbing-emitting case. 

 

4.4.2 Absorbing-Emitting Gaseous / Non-absorbing-Non-emitting-Scattering 

Particle Medium 

The test problem is taken as a rectangular plume of 2x2x8m. The wavelength range is 

taken as 2000-4000 cm
-1

 to predict infrared signature of the plume. Gas mixture in the 

plume is assumed to contain 20 % H2O and 80 %N2.  Alumina particle distribution in 

the plume is taken as uniform with particle diameter of 11.6 µm. These particles are 

assumed to be non-absorbing and have a refractive index of m=1.74. Radiative 

properties of particle are evaluated by using BHMIE code [66] and the scattering phase 
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function is approximated by the Henyey-Greenstein function [44] with the asymmetry 

factor obtained from Mie theory (see section 3.4). 

Test Case 3: Isothermal Absorbing-Emitting Gaseous / Non-absorbing-Non-emitting-

Scattering Particle Medium 

The third case is a 3-D plume containing uniform absorbing-emitting-scattering medium 

at uniform temperature of 1800 K .The boundaries of the plume are assumed to be black 

and cold. The number density of particles in the plume is taken as 2x10
9
 m

-3
. Uniform 

11x11x40 control volumes are utilized for grid structure. 

Performance of developed DOM with SNBCK code for this problem was assessed by 

comparing its predictions for narrowband integrated radiation intensity at x = 1 m, y = 1 

m and z = 7.9 m and along the direction of 0.0990147, 0.0990147 and 0.990147 with 

those of DOM with SNBCK provided by Liu et al. [25]. Comparison is shown in Figure 

4.15. As can be seen from the figure, narrowband integrated intensity calculated by the 

developed DOM with SNBCK code is found to be in excellent agreement with the 

benchmark solution with an average absolute error of 2.68 % in narrowband integrated 

radiation intensity.   
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Figure 4.15. Narrowband integrated radiation intensity at x = 1 m, y = 1 m and z = 7.9 m 

and along the direction of 0.0990147, 0.0990147 and 0.990147 for the isothermal 

absorbing-emitting-scattering case. 

 

Test Case 4: Non-Isothermal Absorbing-Emitting Gaseous / Non-absorbing-Non-

emitting-Scattering Particle Medium 

In this case, 3-D plume containing non-isothermal absorbing-emitting medium is 

considered. The boundaries of the plume are assumed to be black and cold. The plume 

temperature is taken as symmetrical about the centerline of the plume and is specified in 

terms of    (     ) (   )    .    is the plume temperature along the centerline 

and    is the exit temperature at z = 8 m. Inside the circular region of the cross section 

of the plume, the variation of temperature is defined by  (   )     (  ⁄ )  
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 (  ⁄ ) , where r is the distance from the plume centerline and R is the radius of the 

circular region (R = 1 m). The plume temperature outside the circular region is assumed 

to be uniform and at the value of the exit temperature. The centerline temperature is 

assumed to increase linearly from 400 K at the inlet (z = 0) to 2400 K at z = 0.75 m and 

then decrease linearly to 800 K at the exit. Uniform alumina particle distribution in the 

plume is considered to have a number density of 2x10
9
 m

-3
 

In Liu’s study [25], it is stated that for non-isothemal case, a non-uniform grid was used 

along the length of the plume with finer grids placed around the peak temperature and 

uniform grid was used in the other directions by dividing into 11x11x40 control 

volumes. However, grid structure is not exactly defined; therefore developed DOM with 

SNBCK was implemented on the test problem by using uniform grid resolutions 

11x11x80, and 11x11x120. Figure 4.16 displays narrowband integrated radiation 

intensity at x = 1 m, y = 1 m and z = 7.9 m and along the direction of 0.0990147, 

0.0990147 and 0.990147.  As can be seen from the figure, narrowband integrated 

intensity calculated by the developed DOM with SNBCK code is found to be in 

excellent agreement with the benchmark solution. Average absolute errors in 

narrowband integrated radiation intensity are found to be 7.24 % for 11x11x80 and 4.03 

% for 11x11x120.   

Overall comparisons reveal that results of developed DOM with SNBCK are in good 

agreement with benchmark solutions for all test problems. 
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Figure 4.16. Narrowband integrated radiation intensity at x = 1 m, y = 1 m and z = 7.9 m 

and along the direction of 0.0990147, 0.0990147 and 0.990147 for the non-isothermal 

absorbing-emitting-scattering case. 

 

4.5 Exhaust Plume Simulation for Non-Aluminized Propellant Case 

Evaluation of the accuracy of the radiation code developed within this study necessitates 

experimental data on a test facility. As no test facility with measurements was available 

for aluminized solid rocket motor in the open literature, a non-aluminized solid 

propellant rocket motor is selected for this purpose. The motor consists of metal case, 

propellant and nozzle. The throat and the exit diameters of nozzle are 15 mm and 25 

mm, respectively. The expansion cone of the nozzle is taken as 15
o
. The propellant 

consists of 87% AP and 13% HTPB. Motor performance and the thermodynamic 
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parameters at the nozzle throat and exit were computed by a CFD code and the NASA 

thermochemical code CET89 [87]. The values of pressure, temperature and chemical 

compositions provided for this test are given Table 4.14. 

 

Table 4.14. Pressure, temperature and chemical compositions for non-aluminized 

propellant case [27] 

 Stagnation Throat Exit 

Pressure (Pa) 3.43x10
6
 2.24x10

6
 2.88x10

5
 

Temperature (K) 2930 2720 1960 

Species 

(mole fraction) 

   

H2O - 0.400 0.400 

CO2 - 0.120 0.136 

CO - 0.130 0.115 

N2 - 0.090 0.096 

H2 - 0.070 0.056 

OH - - 0.056 

HCl - 0.190 0.192 

 

Measurements available on the test are infrared (IR) images of the plume taken by an IR 

camera and spectral distribution of IR emission measured with a spectroradiometer in 

the wavelength range of 1.5-5.5 µm. 

Freestream conditions used in their study are illustrated in Table 4.15.  Mach number of 

freestream was taken as 0.2 [27] to improve the computational scheme for the 

compressible flow. 10 chemical reactions between the plume species and the ambient 

atmospheric gases were used in their study [27].  Further details of the test facility and 

measurements can be found in [27].  
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Table 4.15. Freestream Conditions 

Parameters  

Pressure (Pa) 101325 

Temperature (K) 300 

Mach Number 0.2 

N2  (mole fraction) 0.79 

O2  (mole fraction) 0.21 

 

Based on the data provided on the selected test facility, plume flow field and IR 

radiation predictions carried out in the present study are given in the following sections. 

4.5.1 Plume Flow Field 

For evaluation of plume flow field of the test motor, ANSYS FLUENT without and with 

radiation (grey WSGG and SLW) was applied to predict plume profiles in the present 

work. SLW model was implemented to ANSYS FLUENT by UDF.  DOM was used as 

RTE solver. 2x2 order of approximation (total number of ordinates = 32) was utilized 

for angular quadrature scheme. 

The non-uniform 240000 quadrilateral cells were utilized for grid resolution (Figure 

4.17). As can be seen from the figure, finer grids were utilized in the plume zone and 

mixing layer. Plume axial and radial lengths were taken as 1m. ANSYS FLUENT was 

executed until steady state on 16 parallel processors (AMD 1333MHz with 3 GB RAM). 

ANSYS FLUENT solver parameters and boundary types used in the present study are 

summarized in Table 4.16 and Table 4.17, respectively. Details of parameters can be 

found in [55].  Boundary conditions for nozzle exit and freestream were taken as values 

given in Table 4.14  and Table 4.15, respectively.  
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Figure 4.17.  Grid resolution used in non-aluminized/aluminized propellant cases 

 

Table 4.16. ANSYS FLUENT solver parameters used in the present study 

Parameters  

Solver Pressure-Based 

Turbulence Model Standard k-omega 

Solution Method Coupled 

Spatial Discretization First Order Upwind 
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Table 4.17. Boundary types used in the present study 

at Type 

Nozzle exit Mass-flow-inlet 

Air inlet Pressure-far-field 

Outlet Pressure-outlet 

Farfield Pressure-far-field 

Axis axis 

 

In the present study, 10 chemical reactions given in [27] were utilized. Reaction 

chemistry parameters based on REP3 ( kf = A T
b
 exp(-Ea/T)) [88] was utilized by using 

UDF in CHEMKIN format [55] . Chemical reactions and their reaction chemistry 

parameters are summarized in Table 4.18. 

 

Table 4.18. Chemical reactions with reaction chemistry parameters 

No Chemical Reactions A b Ea (kJ/mol) 

1 H+O2  OH+O  1.45×10
14

 cm
3
/(mol s) 0 68.59 

2 OH+OH  H2O + O 6.02×10
12

 cm
3
/(mol s) 0 4.57 

3 OH+CO  CO2 + H 1.69×10
7
 cm

3
/(mol s K

1.3
) 1.3 -2.74 

4 H+ OH+X
6
  H2O+X 3.63×10

22
 cm

6
 K

2
/(mol

2
 s) -2 0 

5 2O+X  O2+X 1.09×10
14

 cm
6
/(mol

2
 s) 0 -7.48 

6 H2 + O  OH+H 1.81×10
10

 cm
3
/(mol s K) 1 37.25 

7 OH+H2  H2O + H 1.14×10
9
 cm

3
/(mol s K

1.3
) 1.3 15.17 

8 2H+X  H2+X 1.09×10
18

 cm
6
 K/(mol

2
 s) -1 0 

9 H+O +X OH+X 3.63×10
18

 cm
6
 K/(mol

2
 s) -1 0 

10 CO+O+X CO2 + X 2.54×10
15

 cm
6
/(mol

2
 s) 0 18.29 

   
6
 X can be any one of the chemical species 
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Comparisons between temperature, axial velocity, Mach number, H2O mole fraction, 

CO2 mole fraction and CO mole fraction profiles predicted by ANSYS FLUENT 

without radiation and with grey WSGG and SLW along the centerline from nozzle exit 

are illustrated in Figure 4.18. As can be seen from the figures, there are no significant 

discrepancies between predictions of ANSYS FLUENT without radiation and with grey 

WSGG and SLW.  

Figure 4.19-Figure 4.23 show the comparisons between the predictions of the present 

study for radial temperature, axial velocity, Mach number, H2O mole fraction and CO2 

mole fraction profiles at 0.1 m from nozzle exit (z = 0.1 m) and 0.6 m from nozzle exit 

(z = 0.6 m). As can be seen from the figures, predictions of ANSYS FLUENT without 

radiation and with grey WSGG and SLW are in good agreement with each other. 

Temperature, H2O mole fraction CO2 mole fraction and CO mole fraction fields for 

three runs are illustrated in Figure 4.24-Figure 4.27, respectively. As can be seen from 

the figures, the field behaviors are similar for all three runs. In the study of Dombrovsky 

[40], it is stated that thermal radiation of plume does not influence plume field such as 

temperature field at low altitude due to fact that dynamic and chemical reactions 

between plume and free stream dominate the formation of the plume field. The results of 

this study are in agreement with statements of Dombrovsky [40]. 
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Figure 4.18. Profiles along centerline from nozzle exit for non-aluminized propellant 

case (a) temperature (b) axial velocity (c) Mach number (d) H2O mole fraction (e) CO2 

mole fraction (f) CO mole fraction 
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Figure 4.19. Radial temperature profile at 0.1 m from nozzle exit (z = 0.1 m) and 0.6 m 

from nozzle exit (z = 0.6 m) non-aluminized propellant case 

 

 

 
 

Figure 4.20.  Radial  axial velocity profile along centerline at 0.1 m from nozzle exit (z 

= 0.1 m) and 0.6 m from nozzle exit (z = 0.6 m) non-aluminized propellant case 
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Figure 4.21. Radial  Mach number profile along centerline at 0.1 m from nozzle exit (z = 

0.1 m) and 0.6 m from nozzle exit (z = 0.6 m) non-aluminized propellant case 

 

 

 

 
 

Figure 4.22. Radial H2O mole fraction profile along centerline at 0.1 m from nozzle exit 

(z = 0.1 m) and 0.6 m from nozzle exit (z = 0.6 m) non-aluminized propellant case 
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Figure 4.23. Radial CO2 mole fraction profile along centerline at 0.1 m from nozzle exit 

(z = 0.1 m) and 0.6 m from nozzle exit (z = 0.6 m) non-aluminized propellant case 
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Figure 4.24. Temperature field of plume non-aluminized propellant case (a) without 

radiation (b) with grey WSGG (c) with SLW 
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Figure 4.25. H2O mole fraction field of plume non-aluminized propellant case (a) 

without radiation (b) with grey WSGG (c) with SLW 
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Figure 4.26. CO2  mole fraction field of plume non-aluminized propellant case (a) 

without radiation (b) with grey WSGG (c) with SLW 
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Figure 4.27. CO  mole fraction field of plume non-aluminized propellant case (a) 

without radiation (b) with grey WSGG (c) with SLW 
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CPU times for all three runs are tabulated in Table 4.19. As can be seen from the table, 

results obtained from ANSYS FLUENT without radiation  are found to require four 

times lower CPU time than  those of ANSYS FLUENT with grey WSGG and fifteen 

times lower CPU time than those of ANSYS FLUENT with SLW.  

Table 4.19. CPU times for all three runs  

Runs CPU Times (h) 

without radiation 68 

With grey WSGG 275 

with SLW 984 

 

4.5.2 Plume IR Radiation 

In this study, radiation code based on DOM with SNBCK and Mie Theory was used to 

predict plume radiation. For the implementation of the DOM, the SN angular quadrature 

scheme proposed by Carlson and Lathrop [51] and T4 [54] are selected. SNB parameters 

provided by Riviere and Soufiani [64] were used for SNBCK calculation. Input data for 

the radiation code such as temperature and gas concentration was obtained by using 

CFD solver given in the section 4.4.1. 2D input data obtained by CFD solver was 

transported to 3D input data and coarser grid was utilized for radiation code compared to 

that of CFD due to the nature of radiation transport [89].  

Simulations were carried out on a personal computer with Intel® Xeon® 3.76 GHz 

processor having 16.0 GB of RAM.  

Sensitivity of the source spectral radiant intensity to the presence of CO was tested by 

comparing the predictions of  DOM with SNBCK and Mie Theory considered with 

H2O-CO2 and with H2O-CO2-CO (see in Figure 4.28). S4 angular quadrature and grid 

resolution 30x30x100 were utilized.  As can be seen from the figure, source spectral 

radiant intensity is affected mostly in the wavelength interval between 4.7 µm and 5.2 

µm by the presence of CO.  
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Figure 4.28. Source spectral radiant intensity for H2O-CO2-CO mixture and H2O-CO2 

mixture under non-aluminized propellant case 

Therefore, H2O, CO2 and CO gases were taken as combustion gases in the rest of this 

study. Numerical accuracy and computational economy of DOM with SNBCK and Mie 

Theory with respect to angular discretization (S4,S6,S8,T4) and spatial discretization 

(30x30x100 and 30x30x150) were assessed by comparing its predictions of spectral 

radiant intensity integrated over 1 m of plume lengths with measurements provided by 

Avital and his co-workers [27].  The related comparisons are illustrated in Figure 4.29. 

As can be seen from the figure, S4 and S6 angular quadrature are found to be in good 

agreement with measurements whereas S8 and T4 angular quadrature leads to 

underprediction of spectral radiant intensity in the wavelength interval of 2.5 -3 µm and 

4.2 -5 µm. Moreover, grid refinement was not found to affect the predictions. Moreover, 
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for all test cases, the spectral radiant intensity is found to be lower than that of 

measurement in the range of 3.22-3.84 µm where HCl emits in this region as HCl was 

not taken as absorbing-emitting gas due to absence of SNBCK data.  

 

Figure 4.29. Source spectral radiant intensity for different angular quadrature and grid 

discretizations under non-aluminized propellant case 

The absolute percentage error in radiant intensity integrated over 1.5 µm -5.5 µm of 

wavelength and corresponding CPU times is illustrated in Table 6. As can be seen from 

the table, the presence of CO decreases the absolute percentage errors with similar CPU 

time. Errors were found to be grid independent. However, CPU times were found to 

increase significantly with the number of grids. Hence, from the viewpoints of accuracy 

and computational economy, the use of H2O, CO2 and CO mixture for combustion gases 
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and 30 x 30 x 100 control volumes with S6 angular quadrature scheme were utilized in 

the rest of the present study. 

 

Table 4.20. Average percentage errors in radiant intensity integrated over 1.5 µm -5.5 

µm of wavelenght with CPU times for non-aluminized propellant  

Angular 

Quadrature 

Scheme 

Grid Mixture 

Absolute % 

Relative 

Error
7
 

CPU Times 

(s) 

S4 30x30x100 H2O - CO2 16.47 960 

S4 30x30x100 H2O - CO2 - CO 12.57 972 

S6 30x30x100 H2O - CO2 - CO 11.26 2377 

S8 30x30x100 H2O - CO2 - CO 31.33 4892 

T4 30x30x100 H2O - CO2 - CO 34.84 8100 

S4 30x30x150 H2O - CO2 - CO 12.51 1440 

S6 30x30x150 H2O - CO2 - CO 11.21 3240 

S8 30x30x150 H2O - CO2 - CO 31.29 7920 

T4 30x30x150 H2O - CO2 - CO 34.80 17820 
  

7
Absolute % Error = (|predicted-measurement| / measurement) × 100 

 

To investigate atmospheric effect on the plume signature, apparent spectral intensities 

observed horizontally 10 m and 1000 m away from the plume were evaluated by using 

atmospheric transmittance obtained from MODTRAN (Figure 4.30). As can be seen 

from the figure, apparent spectral intensities observed 10 m away from the plume is 

nearly the same as those of source spectral intensities (radiation emitting from plume) 

whereas apparent spectral intensities observed 1000 m away from the plume 

significantly decrease compared to those of source spectral intensities. This is 

considered to be due to strong effect of atmospheric absorption. 
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Figure 4.30. Source and apparent spectral radiant intensities for non-aluminized 

propellant case 

 

4.6 Exhaust Plume Simulation for Aluminized Propellant Case 

For aluminized solid propellant case, motor configuration was selected the same as that 

of non-aluminized case. Concentration of Al in the propellant was taken as 4% due to Al 

content of in-house propellant. The NASA thermochemical code CET89 [87] was used 

to evaluate pressure, temperature and chemical compositions at throat and nozzle exit 

and illustrated in Table 4.21. Stagnation, throat and exit temperatures of aluminized case 
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are higher than those of non-aluminized case with same stagnation pressure due to 

Al2O3 formation.  

 

Table 4.21. Pressure,temperature and chemical compositions for aluminized propellant 

case  

 Stagnation Throat Exit 

Pressure (Pa) 3.43x10
6
 2.24x10

6
 2.88x10

5
 

Temperature (K) 3085 2867 2070 

Species 

(mole fraction) 

   

H2O - 0.394 0.394 

CO2 - 0.116 0.134 

CO - 0.127 0.112 

N2 - 0.089 0.095 

H2 - 0.068 0.055 

OH - - 0.055 

HCl - 0.187 0.191 

Al2O3 - 0.019 0.019 

 

4.6.1 Plume Flow Field 

In the present study, lower CPU times as well as similar plume field profiles obtained 

for non-aluminized solid propellant case without radiation in the CFD solver led to the 

use of CFD solver without radiation in the aluminized solid propellant case. Therefore, 

ANSYS FLUENT without radiation was used to predict plume profiles for aluminized 

propellant. Grid resolution (Figure 4.17), ANSYS FLUENT solver parameters (Table 

4.16) and boundary types (Table 4.17) used in aluminized case were taken the same as 

those of non-aluminized case. Plume axial and radial lengths were taken as 1m. ANSYS 

FLUENT was executed until steady state on 16 parallel processors (AMD 1333MHz 

with 3 GB RAM). Al2O3 particles were assumed to be spherical and all to have the same 

diameter, 5 micron [90]. Al2O3 particles were taken as inert and were solved as discrete 
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phase in ANSYS FLUENT. Particles and gases were assumed to be in local 

thermodynamic equilibrium. Boundary conditions for nozzle exit and freestream used in 

this study are given in Table 4.21  and Table 4.15, respectively. 

Comparisons between temperature, axial velocity, Mach number, H2O mole fraction and 

CO2 mole fraction profiles and CO mole fraction profiles predicted by ANSYS 

FLUENT along the centerline from nozzle exit are illustrated in Figure 4.31 for non-

aluminized and aluminized propellant cases. As can be seen from the figures, Al2O3 

particle affects the plume flow field. This is considered to be due to fact that temperature 

at nozzle exit for aluminized case was taken as higher than that of non-aluminized case. 

Moreover, particles in the plume decrease the velocity of plume. 

Fields of temperature, H2O mole fraction CO2 mole fraction, CO mole fraction and 

Al2O3 concentration fields for aluminized propellant are demonstrated in Figure 4.32-

Figure 4.36, respectively.  
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Figure 4.31. Profiles along centerline from nozzle exit for non-aluminized and 

aluminized propellant cases (a) temperature (b) axial velocity (c) Mach number (d) H2O 

mole fraction (e) CO2 mole fraction (f) CO mole fraction 
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 Figure 4.32. Temperature field of plume for aluminized propellant case 

 

 

 

 

Figure 4.33. H2O mole fraction field of plume for aluminized propellant case 
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Figure 4.34. CO2 mole fraction field of plume for aluminized propellant case 

 

 

 

 

Figure 4.35. CO mole fraction field of plume for aluminized propellant case 
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Figure 4.36. Al2O3 concentration field of plume for aluminized propellant case 

 

4.6.2 Plume IR Radiation  

For aluminized propellant case, radiation code based on DOM with SNBCK and Mie 

Theory was used to predict plume radiation. S6 angular quadrature scheme and 

30x30x100 grid resolution were utilized. SNB parameters provided by Riviere and 

Soufiani [64] were used for SNBCK calculation. Radiative properties of Al2O3 particles 

are obtained by using BHMIE code [66] and the scattering phase function is 

approximated by the Henyey-Greenstein function [44] with the asymmetry factor 

obtained from Mie theory (seen in section 3.2). These particles are assumed to be non-

absorbing, non-emitting  and scattering with a constant refractive index of m=1.74 due 

to fact that real part of  the refractive index, n, is not dependent on wavenumber and 

temperature; and imaginary part of refractive index is much smaller than real part of that  

(see in section 1.3.3). Input data for the radiation code such as temperature and gas 

concentration was obtained by using CFD solver given in the section 4.5.1. 2D input 

data obtained by CFD solver was transported to 3D input data and coarser grid was 

utilized for radiation code compared to that of CFD due to the nature of radiation 

transport [89].  
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Simulations were carried out on a personal computer with Intel® Xeon® 3.76 GHz 

processor having 16.0 GB of RAM.  

Figure 4.37 shows the source spectral radiant intensity for non-aluminized and 

aluminized cases. As can be seen from the figure, predictions of aluminized propellant 

case are found to be 61% higher than those of non-aluminized propellant case. This is 

considered to result from the use of higher temperature profiles and radiative properties 

of particles under aluminized propellant case. 

 

 

 

Figure 4.37. Source spectral radiant intensity for non-aluminized and aluminized 

propellant cases  
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CHAPTER 5 

5 CONCLUSIONS 

CONCLUSIONS 

Plume radiation is the predominant part of plume signature which is essential for 

detection and tracking of rockets. For evaluation of plume radiation, plume flow field is 

firstly computed by solving governing equations of mass, momentum, energy, chemical 

species and radiant energy to provide input data for the radiation code. Then plume 

radiation is calculated by solving RTE in the plume containing non-homogenous non-

grey absorbing-emitting scattering medium. Both CFD solver and the radiation code 

necessitate accurate and CPU efficient solution methods for RTE and radiative property 

estimation.  

To select the RTE solver for CFD solver and the radiation code, the predictive accuracy 

and computational efficiency of popular RTE solvers, namely, DOM, P1 and IDA were  

first investigated by applying the methods to four cubical test problems containing grey 

absorbing-emitting-scattering media  and comparing their predictions with benchmark 

solutions available in the literature.  It was found that DOM produces more accurate 

results with significantly less CPU times. Therefore, DOM was selected as RTE solver 

for both CFD solver and the radiation code. 

To select radiative property estimation technique for CFD solver and the radiation code, 

a test case of 0.3 MWt ABFBC freeboard containing CO2, H2O and fly ash particles 

with a size distribution, was utilized.  MOL of DOM was used as RTE solver in this 

study due to fact that the method is based on DOM and predictions of MOL solution of 

DOM with GG and MOL solution of DOM with SLW are already available in the 

literature. However, solutions of MOL solution of DOM with SNBCK for particle laden 

combustion gases in freeboard of fluidized bed combustors are not available to date. For 
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this purpose, a three-dimensional radiation code based on the MOL solution of DOM 

with SNBCK and geometric optics approximation was developed. Predictive accuracy 

and computationally efficiency of MOL solution of DOM coupled with different 

radiative property estimation techniques (GG, SLW and SNBCK models) were assessed 

by applying them to the prediction of incident radiative fluxes along the freeboard walls 

of a 0.3 MWt ABFBC and comparing their predictions with measurements generated 

previously from two runs one without and the other with recycle. Freeboard was treated 

as a three-dimensional rectangular enclosure containing a grey/non-grey, absorbing-

emitting-isotropically scattering medium. Radiative properties of particles were 

evaluated by using geometric optics approximation. A comparative study was also 

provided between the source term distributions predicted by MOL solution of DOM 

with GG, SLW and SNBCK along the centerline of the freeboard for both runs.  SLW 

was selected as radiative property estimation technique for CFD solver due to fact that it 

produces accurate solutions with less CPU times and SNBCK was chosen as radiative 

property estimation technique for the radiation code as it is highly accurate and   

wavelength dependent technique. 

SLW was then implemented to CFD solver. The accuracy of predictions of the radiation 

sub-code (DOM with SLW) of ANSYS FLUENT was tested by comparing its 

predictions with those of MOL solution of DOM with SLW as well as those of RT with 

SNB available in the open literature. ANSYS FLUENT with SLW was found to provide 

accurate and CPU efficient solutions for input data to the radiation code.  

Radiation code based on DOM with SNBCK for gas and Mie Theory for particles was 

developed to predict plume radiation. The accuracy of the radiation code was assessed 

by applying the method to homogenous H2O-N2-Al2O3 mixture under both isothermal 

and non-isothermal conditions and validating against reference solution available in the 

literature.  Developed radiation code was found to be in excellent agreement with this 

benchmark solution. 
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CFD solver, ANSYS FLUENT, without and with radiation (grey WSGG and SLW) was 

applied to predict plume field profiles for non-aluminized propellant case in order to 

investigate the effect of radiation on the input data provided to the radiation code.  For 

this purpose, a non-aluminized solid propellant rocket motor with all data and 

measurements available in the open literature was selected. Comparisons reveal that 

CFD solver without radiation provides CPU efficient solution as well as similar plume 

field profiles. 

This was followed by running the radiation code based on DOM with SNBCK for gas 

containing H2O-CO2 and Mie Theory for particles under non-aluminized propellant 

case. Sensitivity of the source spectral radiant intensity to the presence of CO was first 

investigated by comparing the predictions of the radiation code with H2O-CO2 and with 

H2O-CO2-CO. CO molecules were found effective on the source spectral radiant 

intensity in the wavelength range of 4.7 - 5.2 µm. Numerical accuracy and 

computational economy of the radiation code with respect to angular discretization 

(S4,S6,S8,T4) and spatial discretization (30x30x100 and 30x30x150) were assessed by 

comparing its predictions of spectral radiant intensity integrated over 1 m of plume 

lengths with measurements.  Comparisons reveal that the use of H2O, CO2 and CO 

mixture for combustion gases and 30 x 30 x 100 control volumes with S6 angular 

quadrature scheme  provide accurate and CPU efficient solutions.  Atmospheric effect 

on the plume signature was also investigated. For this purpose, apparent spectral 

intensities observed horizontally 10 m and 1000 m away from the plume were computed 

by using atmospheric transmittance obtained from MODTRAN. It was found that 

apparent spectral intensities observed 1000 m away from the plume significantly 

decrease compared to those of source spectral intensities due to strong effect of 

atmospheric absorption. 

For aluminized solid propellant case, concentration of Al in the propellant was taken as 

4% due to composition of in-house propellant and motor configuration was taken the 

same as that of non-aluminized case. ANSYS FLUENT without radiation was used to 
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predict plume profiles for aluminized propellant due to fact that CFD solver without 

radiation provides lower CPU times and it leads to similar plume field profiles for non-

aluminized solid propellant case. It was found that Al2O3 particle affects the plume flow 

field due to the fact that temperature at nozzle exit for aluminized case was taken as 

higher than that of non-aluminized case. This was followed by running the radiation 

code for aluminized solid propellant case. Comparison between spectral radiant intensity 

under non-aluminized and aluminized propellant reveals that presence of Al2O3 particles 

in the plume increases the source spectral radiant intensity due to higher temperature 

profiles and radiative properties of particles for aluminized propellant case. 

 

5.1 Future Works 

For this study; 

 Building experimental set up to measure particle size distribution and infrared 

signature 

 Performing experiments in static firing. 

 Validation of developed code by using measured data 

 Testing developed code at flight conditions 

will be the future work for more research. 
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APPENDIX A 

A. ORDINATES AND WEIGHTS FOR SN AND TN APPROXIMATIONS 

ORDINATES AND WEIGHTS FOR SN AND TN APPROXIMATIONS 

In this study, SN and TN angular quadrature schemes were used. The ordinates and 

weights for various orders of SN approximation are presented in Table A.1. The 

ordinates and weights for T4 quadrature set are presented in Table A.2. 
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Table A.1 Discrete ordinates for the SN approximation for 3-D geometry 

Order of  

Approximation 

Ordinates Weights 

m ςm m wm 

S2 0.5000000 0.7071068 0.5000000 3.1415927 

S4 

0.2958759 0.2958759 0.9082483 1.0471976 

0.2958759 0.9082483 0.2958759 1.0471976 

0.9082483 0.2958759 0.2958759 1.0471976 

S6 

0.1838670 0.1838670 0.9656013 0.3219034 

0.1838670 0.6950514 0.6950514 0.7252938 

0.6950514 0.1838670 0.6950514 0.7252938 

0.1838670 0.9656013 0.1838670 0.3219034 

0.6950514 0.6950514 0.1838670 0.7252938 

0.9656013 0.1838670 0.1838670 0.3219034 

S8 

0.1422555 0.1422555 0.9795543 0.3424718 

0.1422555 0.5773503 0.8040087 0.1984568 

0.5773503 0.1422555 0.8040087 0.1984568 

0.1422555 0.8040087 0.5773503 0.1984568 

0.5773503 0.5773503 0.5773503 0.9234358 

0.8040087 0.1422555 0.5773503 0.1984568 

0.1422555 0.9795543 0.1422555 0.3424718 

0.5773503 0.8040087 0.1422555 0.1984568 

0.8040087 0.5773503 0.1422555 0.1984568 

0.9795543 0.1422555 0.1422555 0.3424718 

S10 

0.9809754 0.1372719 0.1372719 0.0944411 

0.8523177 0.1372719 0.5046889 0.148395 

0.8523177 0.5046889 0.1372719 0.148395 

0.7004129 0.1372719 0.7004129 0.0173701 

0.7004129 0.5046889 0.5046889 0.1149972 

0.7004129 0.7004129 0.1372719 0.0173701 

0.5046889 0.1372719 0.8523177 0.148395 

0.5046889 0.5046889 0.7004129 0.1149972 

0.5046889 0.7004129 0.5046889 0.1149972 

0.5046889 0.8523177 0.1372719 0.148395 

0.1372719 0.1372719 0.9809754 0.0944411 

0.1372719 0.5046889 0.8523177 0.148395 

0.1372719 0.7004129 0.7004129 0.0173701 

0.1372719 0.8523177 0.5046889 0.148395 

0.1372719 0.9809754 0.1372719 0.0944411 



 

141 

Table A.2 Discrete ordinates for the T4 approximation for 3-D geometry 

Order of  Approximation 
Ordinates Weights 

m ςm m wm 

T4 

0.5773503 0.5773503 0.5773503 0.1552105 

0.9901475 0.0990148 0.0990148 0.0526558 

0.0990148 0.0990148 0.9901475 0.0526558 

0.0990148 0.9901475 0.0990148 0.0526558 

0.9428090 0.2357022 0.2357022 0.0880364 

0.2357023 0.2357022 0.9428090 0.0880364 

0.2357023 0.9428090 0.2357022 0.0880364 

0.8616404 0.1230915 0.4923660 0.0995716 

0.8616404 0.4923660 0.1230915 0.0995716 

0.1230915 0.4923660 0.8616404 0.0995716 

0.4923660 0.1230915 0.8616404 0.0995716 

0.4923660 0.8616404 0.1230915 0.0995716 

0.1230915 0.8616404 0.4923660 0.0995716 

0.6804138 0.2721655 0.6804138 0.1320254 

0.2721655 0.6804138 0.6804138 0.1320254 

0.6804138 0.6804138 0.2721655 0.1320254 
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