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ABSTRACT

TIME VARIANT COMPONENT AND SYSTEM RELIABILITY ANALYSIS OF
BRIDGES

Ghasemnejad Bereniji, Vahid
M.S., Department of Engineering Sciences
Supervisor : Assoc. Prof. Dr. Ferhat Akgul

September 2015, 155 pages

This study aims to develop a time variant reliability algiom for a bridge compo-
nent or system capable of incorporating multiple detetionaand live load models
to be selected by the user. The algorithm is developed asligpsbgram built over
a previously developed core program (RELSYS) which is basethe First Order
Reliability Method (FORM). After reviewing previous researperformed on both
time invariant and time variant bridge reliability, the flamental concepts of time-
variant reliability such as time to failure and failure rate discussed and formulated.
Furthermore, Load and capacity formulations start withnttesst simple deterministic
load and deterministic capacity cases. As a first step totusuel variant reliability
study, load and capacity reliability problems are solveidgithe computer program
RELSYS. Reliability problems including limit state funct®oontaining normal and
non-normal random variables as well as correlation casestadied for both com-
ponent and system analyses. Within this context, paraéles and series-parallel
systems are evaluated. Prior to developing a time-varaiathility algorithm, differ-
ent time variant reliability approaches are reviewed apdszely formulated. These
formulations included: repetitive loading and three pasiof failure, the bathtub
curve, stochastic load model containing two independeigtsBa processes and ran-
dom strength degradation function, and the load and captoitnulation. Finally,

a computer algorithm in the form of a shell script is devebbfmr time variant reli-
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ability analysis, based on five different deterioration sdtwo separate live load
models including Nowak’s and Sivakumar’s models, and the & as the core
program. Deterioration models or resistance degradatioctions include corrosion,
diffusion control, traffic spray, sulfate attack and loadrgimg models. Effects of
these models on time variant reliability problem are obsérvihe developed com-
puter program has the capability to read input data for batle variant or time in-
variant problems. Moreover, it provides the user with défe options of defining
deterioration and live load models for the problem at hamdafgiven time horizon
along with the option of defining specific input data. Thisdgtshowed that, because
of highly uncertain nature of time-variant reliability,etlselection of a degradation
model and a live load model to be used for a given analysis ragg An important
effect on time variant reliability computation. Furthemapimplementation and test-
ing of available or newly developed deterioration and loamtels into time-variant
bridge reliability programs is an area that requires furitedy.

Keywords: Bridge, Reliability, Structural Reliability, Sgsh Reliability, Time Vari-
ant Analysis, Deterioration, Failure Rate, Stochastic Isoad
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KOPRULERN ZAMANA BA GLI ELEMAN VE SISTEM GUVENILIRLIGI
ANAL iZI

Ghasemnejad Bereniji, Vahid
Yuksek Lisans, Muhendislik Bilimleri Bolumu
Tez Yoneticisi : Dog. Dr. Ferhat Akgdl

Eylul 2015 [155 sayfa

Bu ¢alisma,; kullanici tarafindan segcilebilir coklu yipnaenve hareketli yik modelle-
rini icine dahil edebilen ve kdpri elemani veya sistemi gamanla dgisken bir gu-
venilirlik algoritmasini gelistirmeyi hedeflemektedMgoritma daha 6nceden Birinci
Dereceden Guvenilirlik Yontemine (FORM) dayali olarak gefilmis olup, ¢cekirdek
bir program olan RELSYS'in tizerine bir kabuk program seddirgelistirilmistir. Za-
manla dgisken olmayan ve zamana dayali kopru guvengjilizerine yapilmis olan
gecmis arastirmalar gézden gecirildikten sonra, araraani ve bozulma orani gibi
zamana dayal guveniligin temel kavramlari gézden gecirilmis ve formiilize edil-
mistir. Ayrica, yuk ve kapasite formulasyonlari, en baskliyle belirleyici (rastgele
olmayan) yuk ve belirleyici kapsasite durumlari ile bagéktadir. Zamana dayali gu-
venilirlik calismasinin ilk adimi olarak, yiuk ve kapasteblemleri RELSYS prog-
rami kullanilarak ¢ézilmustir. Normal ve normal olmayastgele dgiskenler iceren
limit durum esitliklerinden olugan guvenilirlik proli@eri ve korelasyon durumlari
calisiimigtir. Bu kapsamda, paralel, seri ve seri-pasadtemler dgerlendirilmigtir.
Her bir ¢6zUm i¢in iterasyon sayisi da gozlemlenmis ve gieidiriimistir. Zamana
dayali bir guvenilirlik algoritmasi gelistirmeden 6naekli zamana dayali guvenilir-
lik yaklasimlari gozden gecirilmis ve ayri ayri formidizdilmistir. Calisilan formu-
lasyonlar sirasiyla: tekrar eden yikleme ve ¢ ariza sikésget grisi, iki bagimsiz
Poisson sireci ve rastgele mukavemet yipranmasi fonksiygaren stokastik yuk
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modeli ve yuk ve kapasite formulasyonudur. Sonucta, béd fapranma modeline,
Nowak’in ve Sivakumar’in modelleri olmak Uzere iki ayri bketli yik modeline
ve cekirdek program olarak RELSYS’e dayanan bir zamana dgyaeénilirlik ana-
lizi icin kabuk yazihm gseklinde bir bilgisayar algoritrsiagelistirilmigtir. Yipranma
modelleri veya mukavemet azalma fonksiyonlari: korozydiftjizyon kontrold, tra-
fik spreyi, sulfat atgi ve yik tasima modellerini icermektedir. S6z konusu nflede
rin zamana dayali givenilirlik problemi Gizerindeki etkilgbzlenmistir. Gelistirilmis
olan bilgisayar programi, zamana dayali olmayan ve zamayalidoroblemlerin her
ikisi icin de girdi dosyasi okuma 6zdliine sahiptir. Buna ilaveten, kullaniciya eldeki
problem ve verilmis olan bir zaman siresi icin farkl yipnaa ve hareketli yik mo-
delleri icin secenekler sunmakla beraber belirli bir gldsyasi olusturma secdjie
de sunmaktadir. Bu ¢alisma, zamana dayali givegilirjiiksek derecede belirsizlik
iceren yapisi sebebiyle, belirli bir analiz icin kullaroék olan yipranma modeli ve
hareketli yik modelinin seciminin zamana dayali guveliklinesabinda énemli bir
etkiye sahip olabiledgni gostermistir. Buna ilaveten, mevcut veya yeni gélighis
olan yipranma ve yik modellerinin zamana dayali kdpri gilivié@i programlarina
uygulanmasi ve denenmesi ileride tizerinde ¢aligsiimaskge bir alandir.

Anahtar Kelimeler: Kopruler, Guvenilirlik, Yapisal Guvérlik, Sistem Guvenilir-
ligi, Zamana Bgli Guvenilirlik Analiz, Yipranma, Cokme Orani, StokastikiMer
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CHAPTER 1

INTRODUCTION

1.1 Reliability Engineering

The word ‘reliability’ was first used by the poet Samuel Calge in 1816 (Saleh &
Marais, 2006). However, technological meaning of religbgmerged after World
War | (Rausand & Hoyland, 2004). This new discipline needectrs¢ essential
ingredients such as: mass production, probability anéssta. The theory of proba-
bility was established by Blaise Pascal and Pierre de Fermed54, and the theory
was later expanded from probability into probability aratistics by Laplace in 1812.
The other ingredient was mass production (the productigoofls in large quantities
from a standardized part), which was popularized by Henmg ko 1910. In 1906,
the vacuum tube was invented by Lee de Forest, which had lareiéain electronic
equipments during World War 1l. The vacuum tube played anoirtgmt role in the
emergence of Reliability Engineering. During the war, thiufas of vacuum tubes
were the main reason of equipment failures. After the wag,Wls Department of
Defense started looking for the cause of these failuresgtwhccelerated the birth
of Reliability Engineering. Reliability Engineering is inoked to Walter Shewhart,
who was the first person to apply statistical methods to tyuatintrol problems in
manufacturingl(Saleh & Marais, 2006). In 1952, a group wasbéished between
the US Department of Defense (DoD) and the American eleicsandustry, named
the Advisory Group on Reliability of Electronic EquipmentGREE), to recommend
measures that would result in more reliable equipmentebettucation on reliability,
and application of reliability programs (Coppala, 1984) . REE published its work
after 5 years from its establishment in 1957. Most of the anstlaccept 1957 as the



birth date of Reliability Engineering even though the firshi@wence on reliability
was held in 1954. After that date, reliability was known asevmliscipline.

1.2 Definition of Reliability

The Cambridge English Dictionary defines reliability as ‘haell a machine, piece
of equipment, or system works’. Reliability is a measure tnatlves both statistical
and engineering aspects to measure whether a system’srparfce is successful or
not. One of the accepted definitions is: ‘Reliability is thelpability of a device
performing its function over a specified period of time andemspecified operating
conditions’ (Rao, 2015). The definition from the early days®iv discipline was ‘the
probability that an item will perform a required functionder stated condition for a
stated period of time’. Moreover, ISO 8402’s definition offability is: ‘the ability
of an item to perform a required function, under given envinental and operational
conditions and for a stated period of time’ (Rausand & Hoyl&@f4). From all these
definitions, we can conclude that reliability is a methodde & a project, system or

a device is going to perform successfully in a desired pesfddne .

1.3 Application of Reliability to Bridge Engineering

In civil engineering, bridges are one of the most importantcdures due to the ad-
vantages they provide for local and national economy reggralansportation, the

need to access affected regions by different types of naligasters such as floods,
hurricanes, and earthquakes, and their strategic impmatim national defense. De-
spite the fact that the construction of bridges has the roeetl importance, engi-

neers’ work does not come to an end with the construction ofidge, and they

encounter various problems after its inauguration. In thédd States, for example,
most bridges were built in the 1950s and the 1960s, accotditige data based on
the bridges. These bridges deteriorated because of agorgaised live loads, crack-
ing, corrosion, environmental effects, fatigue, and méngptauses. As a result, they

eventually needed repair, rehabilitation, or replacement



Regarding different causes for deterioration, they can assdied into two groups:
man-made and natural causes. Man-made causes includeuréeenaintenance re-
sulting in corrosion and cracking, overloads, collisioesween vehicles or vessels,
acts of vandalism or intended damages, and terrorist attaeth as explosion and
arson. Moreover, natural hazards include winds such aschoes and tornadoes,
snow or ice, floods, earthquakes, temperature effects, tariabdegradation. These
problems may happen during the construction of the bridgafter its construction.
This means that the engineers’ work does not end after th&tremtion of the bridge
is completed, and finding methods for the prediction of fattlianges in bridge con-
ditions is essential to solve such problems. After the in@aipon of a bridge and
crossing of the first vehicle over the bridge, the project esrto an end. However,
the next step after the establishment is continuous ingpeahd maintenance of the
structure which requires substantial budgets. Despitéaittehat this process is too
costly, it is not comparable to the costs in terms of livesolhare unrecoverable
(Estes| 1997).

To illustrate, a recent bridge failure that resulted in éargimber of casualties hap-
pened in Mississippi river bridge 9340 in Minneapolis, Masonta on August 1, 2007.
The bridge failed and collapsed into the river and onto therbianks beneath during
the traffic rush hour. Inspection of the bridge could not bepleted in 2007 due
to construction work. This lack of inspection resulted ie tteath of 13 people and
injury of 145 people in this accident (Figure 11.1) (Rao, 201&)other more recent
failure happened in India, where Kota Chambal Bridge colldsel 9 civilians died
and 45 people were missing on December 25, 2009. In the imcodéutai Kartane-
gara bridge in Indonesia on November 26, 2011, there wereusecasualties: 20
dead and 40 injured (Wikipedia, 2015). There are many othidgé failures in his-
tory that demonstrate the importance of inspection and tea@mce for the bridges.

The rehabilitation and maintenance of bridges throughleeit fifetimes is a strong
financial commitment. For this reason, optimization of tivagiant (life-cycle) costs
and the application of techniques for inspection are necgsghe reliability methods

can be helpful for this aim.



Figure 1.1: Failure of Mississippi bridge on I-35W in Aug@&t07 ‘_C_B_S_Minnﬂsdta,

2013).

1.4 Statement of the Problem

After the construction of a bridge, engineers need to ptedéprobability of safety
and failure of a bridge since a structure has a specific liéasmd stress mechanism
results in its deterioration and the decline in the strigsustrength or capacity. Con-
sequently, this can cost huge expenses regarding livesraantté. This deterioration
occurs through time; that is to say, it is a time variant pme@oa. For this reason, for
the purpose of devising a reliable prediction for the praligiof safety or failure of

a structure, it is necessary to determine the time varidiabigty of a bridge. To this
end, the factors causing deterioration in a structure shibelconsidered to devise a
proper time variant reliability method. In this thesis, soaf the deterioration mech-
anisms and live load models are incorporated to come up witlor@ realistic time

variant reliability analysis.



1.5 Objective and Scope of the Thesis

This thesis focuses on the concept of time variant religioli a bridge structure. The
objective of the study is to examine the previous works im@ated on time invariant
and time variant reliability of bridges, as well as to deyetotime variant reliability
algorithm based on the previous works in this field. The stibjetudied to reach the
main objective are five different deterioration models, tive load models, and the
FORM (First-Order Reliability Method) technique in order tevelop an algorithm
to analyze the time variant reliability of a bridge compon@na system. The scope
of the thesis is the development of an algorithm to calcuiate variant reliability
for bridges based on different deterioration and live loautiais.

1.6 Research Methodology

The following approach was adopted in this study. Firsgvait literature, publica-
tions and studies were reviewed in order to obtain an inkfdegbrmation on bridge
reliability. Second, reliability theory is explained tlugh introduction of main con-
cepts and different models. Then, load and capacity timariamt reliability prob-

lems are analyzed and evaluated to obtain formulation$®reliability of the struc-
tural component. These formulations are based on the Safettyr and First-Order
Reliability method (FORM). Afterwards, the previous methadsexamined for time
variant reliability, and a computational algorithm for Brmariant reliability analysis
is developed according to deterioration and live load modghilable in the litera-
ture. Finally, the information obtained from the developdgbrithm is analyzed and

compared.

1.7 Organization of the Thesis

Chapter 1 serves as an introduction to the reliability engineerirgfjrdtion of reli-
ability, application of reliability to bridge engineeringtatement of the problem and
objective and scope of the thesis.



Chapter 2 demonstrates the previous works related to time invariagtiane variant
reliability. First, reliability methods are introducedasll as a comparison between
deterministic and stochastic models is made. Causes of dbtgra are briefly ex-
plained such as, general corrosion versus localized dorro#lso, the failure-case
assessment as another application related to reliabsiggssment is briefly described.

Finally, deterioration models are reviewed.

Chapter 3 provides a brief description of the reliability theory. Img chapter, im-
portant concepts including random variables, time to failveliability function, and
failure rate function are introduced. Then, the probabdinsity function (PDF) and
cumulative distribution function (CDF) and some other intpot probability distri-

butions are used to model failure rates.

Chapter 4 presents the formulations for the reliability of a struelldomponent. Cal-
culation of the reliability is performed based on the Fidstder Reliability Method
(FORM) using the computer program RELSYS developed by Est€3, #nd Fran-
gopol, D.M. (1997).

Chapter 5 presents various formulations and a computer algorithreldped based
on five different deterioration models, two live load modelsd the FORM technique

for time variant reliability.

Chapter 6 summarizes the research results and compares the outcbtagsed from

the formulations and the program which was developed in @n&pt



CHAPTER 2

LITERATURE SURVEY

2.1 Introduction

Reliability engineering has been used in various fields ofrexeging. It was first
used in electronic field, however, with the expansion of thegipline, it started cov-
ering other branches of engineering too. The reliabilitydsts evolved with time.
Accordingly, it is essential and important to review the g@appublished related to
this discipline over the past several decades. In this spapers related to bridge re-
liability have been reviewed. This chapter covers publisiverks in the areas of both
time variant and time invariant bridge reliability. In thallbwing sections, relation-
ship between reliability methods and its related modelshe@ldiscussed along with
the time variant reliability analysis. An outline of thesationships is illustrated in
Figure[2.1. In this figure, reliability methods are classifieto different applications
such as, resistance and load modeling, component retyakitid forensic analysis. In
forensic analysis, researchers and engineers applydailmse assessment study to
identify and understand the causes of failure to avoid thetrgon of bridge failures.
This can be performed by a deterministic approach, whicls shm¢ systematically
take into account any information on the uncertaintieslvein a structural failure.
To compensate this problem, a reliability-based failulaase assessment methodol-
ogy is developed to incorporate the uncertainties involwestructural failures. This
proposed methodology uses Bayesian approach based on #renexptal laboratory
testing data (Choi, Lee, Choi, Cho, & Mahadevan, 2006).
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Figure 2.1: Relationship Between Structural Reliability Meth and its Related
Models and the Time Variant Reliability Analysis.

2.2 Reliability Methods

In the past, several methods have been developed for tajiadmalysis, including
First-Order Reliability Method (FORM), Second-Order RelidpiMethod (SORM),
Out-crossing methods, Surrogate Model-based methodspMetsed System Relia-
bility method (MSR) and Monte Carlo Simulation (MCS)-basedhods (Kuschel &
Rackwitz, 2000; Mahadevan & Dey, 1997; Melchers, 1999; K&whg, & Gardoni,
2008). Each method has its own advantages and disadvanBagesd on the system,
structure, and the conditions, researcher should decigehwhethod is suitable for
the problem at hand. For instance, when no analytical solwgkists and no general
numerical procedure is available, Monte Carlo Simulatiorthoe is preferred. The
disadvantages of this method, however, are slow conveegand higher computa-
tional expense, especially for small probability problg@ssen, 2006). When there
is incomplete information on the component probabilitied/ar the statistical depen-



dence in a system, it will be adequate to apply the MatrixetdaSystem Reliability
method (MSR). Since it is possible to describe any generésysvent in a simple
matrix form by this method, this method can handle the systeamt in a more con-
venient way and estimate its probability when compared teromethods. (Kand et
al.,[2008).

The accuracy of reliability prediction, in addition to thévantages and disadvantages
of the methods and the method chosen, is remarkably infldemgehe uncertainty
guantification. Uncertainty can be divided in two types: mloancertainty, when
approximate models are present, and data uncertainty, imkefiicient or imprecise

models are present (Ling, 2013).

2.3 Deterministic vs. Stochastic Models

A deterministic model is the one in which the material projesrare well known, i.e.
deterministic, none of them is random. Also the applied $oae also deterministic.
As aresult, for a given set of initial conditions, a deteristic model always preforms
the same way. This is an idealized case not reflecting théyeéh real physical

world, randomness always exists in materials propertidgfamloads.

On the other hand, a stochastic model has random propédrtiesstochastic model,
probability distributions, not unique values describe tlagiable states; e.g. the
Young's modulus is a random variable with uniform distribator normal distribu-

tion (with a given mean or standard deviation); the applezdilis a random variable,
e.g. wind load, earthquake (vibration of random amplitudé displacement). The
collection of enough failure data for statistical analyisisiardly possible and even
if enough data can be collected, the validation of undegyailure mechanism is
argued to be static. Therefore, stochastic model is a mawddeimodel in reliability

studies.



2.4 Live Load Models

One of the major factor that causes the deterioration ofdgkrand influences its re-
liability is the live load, which refers to the amount of thepéied force on the bridge
by moving vehicles. The parameters that determine thedad are the truck weight,
span length, axle configuration, axle loads, number of Veion the bridge, posi-
tion of the vehicle on the bridge, girder spacing, and stghof structural members.
Based on two different sources of live load data, which arektaurveys and Weigh-
in-Motion (WIM) studies, the live load models have been depet. WIM refers to

the study of measuring the weights of vehicles passing awsispeeds on bridges

or highways.

To formulate the bridge live load models, it is necessaryaweehstatistical data on
vehicle gross weights, axle weights and axle spacings. eTata can be obtained
from truck surveys and WIM studies. When there is an accurateenatical dis-
tributions of these parameters, it is easier to obtain a dtation for live load since
WIM studies have the advantage of providing a great amourgadistic data on traf-
fic. However, WIM system was outdated in formulating the liwad models in the
mid 1980s because a large portion of data was not reliablgtedd, truck surveys
were used to obtain the data. Afterwards, based on new andietbdata, WIM has
been used again instead of truck surveys in formulatinglbeel models (Tabsh &
Nowak, 1991; A. Nowek, 1993; A. Nowak & Hong, 1991).

2.5 Deterioration Models

Bridges can be categorized by their structural systems, imgbixed or moveable,
by their use or function, or by the materials that are useduitd ithem. For in-

stance, the materials used to build bridges until the enteofl8" century consisted
of timber, stone, and masonry. However, the materials mastd in modern bridges
consist of concrete, steel, fiber reinforced polymers (FRR)nless steel or combi-
nations of these. No matter which material is used in the tcoctson of a bridge,

bridges are always exposed to environmental attacks, vdaiake their deterioration

(Akgul, 2002). Some examples of the distress mechanismediocrete structures
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include Alkali-Silica Reactivity (ASR), sulfate attack, &ze-thaw cycling, and re-
inforcing corrosion. There are many others. There are maugies that have fo-
cused on modeling the structural deterioration and resistdegradation of bridges.
These models are investigated by laboratory tests, statisinalysis and mathemat-
ical modeling (Gonzéalez, Andrade, Alonso, & Feliu, 1995iraek Lindgard, 2000;
Papadakis, Roumeliotis, Fardis, & Vagenas, 1996; Patevadcl& James| 2000;
Rendell, Jauberthie, & Grantham, 2002).

As an example, the most common type of damage that occurs odgelis the cor-
rosion. The corrosion of a metal, such as steel, can be aaedadnto two types:
general and localized corrosion. General corrosion, wiadmown as uniform cor-
rosion, is the most common type of corrosion. This type ofasion occurs when
steel is exposed to water, soil or open atmosphere. It may @tceinforced concrete
also and can cause cracking, spalling or delamination afdherete cover. However,
it can be easily detected by the rust stains during an ingpecthe other type of cor-
rosion is the localized corrosion. Unlike general corrasiboccurs at discrete spots
on the metal surface, and it is difficult to detect. For ins&gmn a reinforced concrete
member, localized corrosion produces little rust staiminghe concrete which makes
it difficult to detect corrosion spots during the inspectibncalized corrosion can be
classified into three types: pitting, crevice and filifornrrosions. These types of
corrosion result in deterioration. In the past, numerogeaechers have studied the
effects of corrosion on reliability of steel bridges (Kav&Nowak, 1989; Czarneckia
& Nowak,2008) and on reinforced concrete bridges (Val & Melcs, 1997).

2.5.1 Markov Chains

Markov chains or Markov process is a method used for stochastdeling of bridge
deterioration. Parameters which result in invariable gleann the state of a system
are space or time. This transition normally depends on tioe gtates. To model such
transitions, Markov process may be used when the trangtaoability is only based
on the current state. Furthermore, Markov chains may be whed the state space
is a countable or finite set, and a discrete parameter Matkawanay be used when

this change occurs only at discrete points (Ang & Tang, 19¥&reover, regarding

11



the Markov model, there are two main concepts: System State&State Transition.
The state of a system refers to a specific combination of sygErameters at any
given instant of time, and the state transition refers todwtrol over the changes
of a state occurring within a system. The system goes fromstete to another,
until it reaches the failure state. Failure rates, faultetage factors, and repair rates
are the parameters that describe the state transitionthefomore, the Markov chain
deterioration model does not consider the prior state itiansut the present state
transition in order to predict the future probabilistic betor of a process (Misra,
2008).

Consider four ratings for a bridge member: A, B, C, and D, wheradicates new
or nearly new condition, and D indicates a state which regssthat the element
must be replaced. The deterioration model is developedit@sa transition matrix,
which displays the probability of the structural elemeansitioning from one state
to another state such as from A to B or from C to D. Initial disttion is multiplied

by the transition matrix to produce a new state distributmrthe next time period.

For modeling deterioration of bridges and infrastructussets, Markov chains has
been used extensively. It can predict the probability ofacstiral element continuing
to remain in the same condition state (such as in A) or trimsibto another condi-
tion state (such as to B) considering certain environmemiglimitial conditions. The
advantages of using Markov process are as follows. The &sisparameters of a
dynamic change is summarized in the basic transition maitigan consider time
dependence and uncertainty of deterioration process anbecapplied at both com-
ponent and system levels. The disadvantages are as folloreguires large amount
of historical data. For instance, Zhang, Sun, and Wang (P83 inspection records
of approximately 100 bridges from VicRoads database fron6182001 to develop
the transition matrices. For more a realistic modelingadat thousands of bridges
may be needed. The other disadvantage is the absence ch@gceumd failure to link

the data with environmental variablés (Zhu, 2008).
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2.5.2 Fault Tree Analysis

In a system, such as a bridge, deterioration of one companfergnces the deteriora-
tion of another. This interaction between the componeniisaffect the performance
of the system, which may lead to the failure of the whole systee. the bridge it-
self). Fault tree analysis (FTA) is a schematical grapmuoadle! which illustrates the
various failure paths that lead to an unacceptable outctaay researchers such as
Sianipar and Adams (1997) and Davis-McDaniel, ChowdhumgPand Dey|(2013)
used this method to assess the risk of a bridge collapse.auedred Wadia-Fascetti
(2000) used the FTA to model the deterioration of a bridgéoperance.

A bridge consists of three main components: deck, subsireichnd superstructure.
The overall performance of the bridge will be affected if dmgsic component of
the bridge deteriorates. The top evenj (s the deterioration of bridge performance
which is the undesirable outcome. It is evaluated by therunidhe deck condition
(A), superstructure conditiorB)) and substructure condition’], whereA is also the
union of the joint condition 4,) and deck material conditiom{), B is the union of
the girders condition/§;) and bearings conditior;). The top event can be evaluated
by a Boolean equation (i.e. in terms of unions and intersestad events). Besides
the advantages of the fault tree analysis, displaying thee@ffect relationships and
showing the complexity in a single model, FTA is a difficultb@ique for determining

the probabilities of component failures (Zhu, 2008).

2.5.3 Stochastic Process

A stochastic process is the most convenient method to mbdeilricertainty in time-
dependent deterioration. Examples in this process are #usstn process and the
Gamma process. A Gamma process is a stochastic with independn-negative
Gamma distributed increments. A property of the Gaussiangss is that a struc-
ture’s resistance alternately increases and decreasestoDbe fact that resistance
deteriorate with time and does not increase with time, ttesgss is not an appropri-
ate one in deterioration modeling if the deterioration nsawmeone direction. To solve

this problem, the Gamma process will be a good option as thnellative amounts of
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deterioration is normally present in the inspection meaments. Additionally, the
resulting modeling of inspections obtained through stetb@rocesses is natural and
realistic. Even when there are problems with the inspestiparticularly when there
is a lot of uncertainty in the applied deterioration pro¢céissse imperfect inspections
can be solved through the mathematical models despite timpleities. Various
researches have studied bridge reliability using the sistdhprocess technique. Ex-
amples are van Noortwijk, van der Weide, Kallen, and Pande@7), Straub (2009),
and Huang and Chen (2015).

2.5.4 Probabilistic Time Variant Reliability Analysis

As the age of a structure increases, the effect of corrosighebridge also increases,
which causes the deterioration and possibly the failureé@biridge in the long term.
For this reason, deterioration changes with time, whichmadlaat the reliability will
also be a time variant value. Since corrosion of reinforggnea major cause of
structural deterioration, many researchers in the padtextihe effects of corrosion
on various types of bridges, such as reinforced concrete (R@3rcbridges (Fran-
gopol, Lin, & Estes, 1997), RC slab bridges (Val, Stewart, &ldhers) 1998; Vu &
Stewart, 2000) and prestressed concrete structures (Baw, ZhXiang, 2010).

Including RC slab bridges, Val and Melchers (1997) studiedethod for reliability

assessment. They considered a traffic load model, a conrosoalel (both general
and localized), and a nonlinear finite element structuratl@haising the first-order
reliability method and taking into account uncertaintielated to material properties,
geometry, loads, and corrosion parameters. As a resultytbect of these uncertain-
ties is analyzed on the reliability. Similarly, Stewart dRdsowsky|(1998) conducted
a research on a marine environment based on Monte Carlo siomula calculate the

reliability of a structure.

Moreover, for steel bridges, Czarneckia and Nowak (2008)csedl representative
structures, formulated limit state functions, and analyesiability of the selected
bridges. They also developed load models, and resistandelsfwr corroded steel
girders, areliability analysis method, and time-dependdiability profiles including

deterioration due to corrosion.
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Bridges consist of various components which are connectedparallel, series or
in a series-parallel fashion, and due to the presence ofcaeghgncy between the
reliability level of individual members and the overall dge reliability, it is impor-
tant to analyze time variant system reliability of bridgésoa Accordingly, many re-
searchers investigated this field. Some examples are Efsaroand Sgrensen (1993),
A. S. Nowak and Zhou (1990), A. S. Nowak (2004), and Ghosn(@201

Time variant reliability approaches have also been useddoiice life prediction of
aging bridges. Since bridges are subjected to environmatiteck, the resistance
of a bridge element changes with time. Also, the truck lodide (oads) are not
constant in time. For this reason, time variant load andtasce should be used for
a more realistic reliability analysis and for the remaingggvice life prediction. An
algorithm was developed hy Enright and Frangopol (200081 8& life prediction
of deteriorating systems. It used importance sampling, erigal integration, fault
tree analysis and an adaptive algorithm to evaluate thabigty of a bridge. This

approach was first proposed for nuclear power plants bydsilood and Moril(1993).

The advantages of probabilistic time variant reliabilibadysis are the possibility of
including time and uncertainty, achieving reliable congiginal outcomes with prac-
tical meanings, being applicable for any types of strugtarel being applicable in
reliability based design and management. However, theldisdages of this analysis
are the presences of difficulties in computations, the demf@npowerful softwares,
and the requirement of real statistical data on probaldisyributions of various un-

certain parameters based on laboratory tests or stat(gtics 2003).

2.6 Summary

In this chapter, a literature review of the reliability ofidges is presented in the ar-
eas of both time invariant and time variant bridge religiliMoreover, there was
a discussion over the relationship between reliabilityhods and its related mod-
els, and the time variant reliability analysis. To reviewe tlesearch conducted on
the reliability of bridges in the past, this chapter introdd some of the different

types of reliability methods and resistance and load modetiethods. Reliability
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is a vast field of study extending into many different fieldseafjineering and sci-
ence. Structural reliability is a more focused area of sindiuding the reliability of
bridge structures. Probabilistic methods form the fouiodatof reliability methods
discussed in this chapter. In the following chapter, reliigttheory will be explained
in a general context introducing the fundamental conceptk as time to failure and

failure rate.
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CHAPTER 3

RELIABILITY THEORY

3.1 Introduction

Reliability is defined as the probability that a component aystem will perform
properly under a given set of operating conditions for aestdiime interval. In this
definition, it is necessary to have criteria for failure taminat what point the system
is no longer functioning properly. Moreover, operating dions consist of loading
to which the system is subjected as well as environmentalitons. In this chapter,
the focus will be on the reliability and the failure rate tovdl®p modeling failure rate
through probability distributions. Firstly, there is adfroverview of what important
concepts, including random variables, time to failurgaf@lity function, and failure
rate function, in reliability theory are. Secondly, in orde develop modeling failure
rates, the probability density functions (PDF) and cunivgatlistribution functions
(CDF) of some of the important probability distributions @revided. Then, these
concepts will be used to obtain the failure rates and rdiieds for time to failure
of each probability distribution. Consequently, there Wil a comparison between
different distributions for time to failure, and there wilkké a discussion of what their
pros and cons are. Based on this comparison, conclusionbewiiade about which

distribution type is preferred for which case.
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3.2 Random Variables

There is a strong association between probability and s@eeia variables whose
values can only be assessed using statistical data obthmredaboratory experi-
ments or field data. Random variable is any variable whoseevialselected ran-
domly. For instance, in testing the compressive strengttootrete cubes, several
specimens can be used. The test results of these specimémetbe the same;
therefore, the outcome of the result is considered as a mandoiable because the
testing is performed on a random specimen and the experisiafgo a random ex-
periment. There are two sorts of random variables namedsasetie and continuous
random variables. When the variables are integers, or maesaly a countable
subset of real numbers, they are called discrete randorablaes. When the range
consists of continuous values over an interval of real nus)ltbey are called as con-
tinuous random variables. By random variable, it is implieatteach number of the

sampled population should have an equal chance of beingtselgMishra, 2006).

3.3 Time to Failure

Time to failure of a component or a system refers to the ethpsee from the begin-
ning of the component’s or system’s operation until itsuiael for the first time. The
range of the elapsed time can vary from O to infinity as the texae of failure is not
known; therefore, the time to failure can be any value in thigge. However, there
are specific lifetimes that are known to be within certainetiperiods. A light bulb’s
or a concrete bridge girder’s lifetimes are very differemd 2ach has its own limits.
For instance, it is possible that a bridge fails in the firsiry@r 80 years from the in-
auguration of the bridge. As a result, the time to failuresistamed to be a continuous

random variable.

3.4 Reliability Function

The reliability function, or the survivor function, is thegtability related to the sur-

vival of a component or a system. It is also related to theiipddime period(0, ¢]
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at which the component or the system does not fail. In thigifipd time period
(0,], t is the time at which the component or system is still opegatirhe reliability

function is mathematically defined as follows:

Rit)y=1—-F(t)=1- /0 flu)du = /too fu)du (3.1)

whereF(t) is the probability of failure within the time intervél, t] and f (u) is the
probability density function of time to failure. As the Hg.I3ndicates, the range of

reliability function is between 0 and 1.

3.5 Failure Rate Function

The failure rate function, or hazard rate function, is thebability that a component
or a system will fail within a specified time perigd ¢ + At] by knowing the fact that
the component or the system is functioning at time t. Thidbahility can be defined

as:

Pr(t <T <t+At)

Prit<T <t+ AT >t) =

Pr(T >t)
_ F(t+ At) - F(t) (3.2)
B R(t)

To obtain the failure rate functiok(t), we take the limit of EqL_312 adt — 0 after
dividing it by At which yields as:

Prit<T <t+ AT >1t)

/\(t> - Al}fr—r}o At
_ 5 Flt+At)—F(t) 1 f(¢) (3.3)

where f(t) is the probability density function an&(t) is the reliability function of

time to failure.
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3.6 Probability Distributions

The concept of mathematical variables and functions obwées can be used to rep-
resent qualitative values that can not be predicted prgcigariables with their asso-
ciated uncertainty can be quantified by probabilistic medeld distributions. There
are several types of probability distributions for desicigovarious types of discrete
and continuous random variables. In the following sectiomsdeling of failure rate

using some of the probability distributions for time to te# have been introduced.

3.6.1 Modeling Failure Rate Using Normally Distributed Timeto Failure

The most commonly used probability distribution in statsstis the normal distri-
bution. Many natural phenomena can be approximated by dahstaibution. The
probability density function (PDF) of normal distributiomith time to failuret is

defined as follows:

1 _(t=w?

f(t) = e (3.4)

o\ 2T

wherey is the mean value, which is also known as MTTF (Mean Time TéuFe),
o is the standard deviation awrd is the variance of the normally distributed time to
failure t. Probability density function of normal distribution fdre assumed values

of 4 = 2.0 ando = 0.2 is shown in Figuré 3]1.

Cumulative distribution function (CDF) of the normal distrtton is defined as:

F(t) = /_ t . 127re“;;5)2dt' (3.5)
or
F(t) = (1) (3.6)

The reliability for normal distribution is:

Rty =1— o(" =1 (3.7)



Failure rate for normal distribution is:

f(®)
(t)
B 1 . <t;0;%>2 (3.8)
oV27[1 — ()]

The cumulative distribution function, the failure rate artability for normal distri-
bution are shown in Figurés 3[2, B.3 3.4 respectively.

T T T T T T T
[Nu=20,6=0.2) |

20 - b

05 b

0.5 1.0 1.5 20 25 3.0 35

Figure 3.1: Probability Density Function of Time to Failutaving Normal Distribu-

tion.

3.6.2 Modeling Failure Rate Using Lognormally Distributed Time to Failure

If time to failure ¢) has a large uncertainty, the use of normal distributionas n
appropriate because of the tail of the distribution contigun the negative region.
Lognormal distribution is generally used to describe fagigand other phenomena
caused by aging and wear. Random variabig log-normally distributed if log(t)
has normal distribution. The probability density functi@DF) of time to failuret

having lognormal distribution is defined as:
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Figure 3.2: Cumulative Distribution Function of Time to fem# Having Normal Dis-

tribution.
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Figure 3.3: Time Dependent Failure Ratg) for the Normally Distributed Time to

Failuret.
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Figure 3.4: Reliability for Time to Failure Having Normal Digoution.

1 _ (nt—p)?

= e 202 3.9
tov 2w (3:9)

Cumulative distribution function (CDF) of the lognormal distition is:

f(t)

Int —p

F(t) = o(—1) (3.10)

g

The reliability for lognormal distribution is:

R(t) = 1 - g(——F) (311)
Failure rate for lognormal distribution is:
Aoy =10 ((?)
1 i (3.12)

(& 202

~ toV2rl — ok,
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Figured 3.6 316, 317 arid 3.8 show the PDF, CDF, failure raterelmbility of log-
normal distribution, respectively. In these figures lognakdistribution is plotted for

the assumed values pf= 1.0 ando = 0.1, 0.5, and1.0.

12

10

0.8

f(t)

0.6 -

02k 7

Figure 3.5: Probability Density Function of Time to Faililaving Lognormal Dis-

tribution.

3.6.3 Modeling Failure Rate Using Exponentially DistributedTime to Failure

Exponential Distribution describes the time between esseané Poisson process, i.e.
a process in which events occur continuously and indepelydera constant average
rate. Constant failure rate model for continuously opeggsiystem leads to an expo-
nential distribution, i.e\(¢) = A. Probability density function (PDF) of exponential

distribution with time to failure is:

ft) =Xxe ™ (3.13)

Cumulative distribution function (CDF) of the exponentiadtdibution is:

Ft)y=1—¢ (3.14)
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Figure 3.6: Cumulative Distribution Function of Time to kmé& Having Lognormal

Distribution.
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Figure 3.7: Time Dependent Failure Rate) with Lognormally Distributed Time to

Failuret.
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R(t)

Figure 3.8: Reliability for Time to Failure Having Lognormaistribution.

and the reliability based on exponentially distributeddita failure becomes:

R(t) = e (3.15)

Figured 3.D[3.710 arld 3111 show the graphs of PDF, CDF anditilifor the ex-
ponentially distributed time to failurg respectively. For four separate values of the

parameten, (i.e. 1, 2, 3, and 4).

3.6.4 Modeling Failure Rate Using Weibull Distributed Time to Failure

The most commonly used distribution in reliability engirieg is Weibull distribu-
tion. The reason for this is that a variety of failure rateeyan be modeled using
Weibull distribution such as:

e Constant failure rate

e Wearing failure rate

o \Wear-out failure rate
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Figure 3.9: Probability Density Function of Time to Faildtaving Exponential Dis-

tribution.
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Figure 3.10: Cumulative Distribution Function of Time to lka¢ Having Exponential

Distribution.
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Figure 3.11: Reliability for Time to Failure Having ExponehDistribution.

Probability density function of time to failurehaving Weilbull distribution is given

as:

f(t) = Sy te 0 (3.16)

Cumulative distribution function (CDF) of the Weibull digttition is:

Fit)y=1—¢@" (3.17)

The reliability for Weibull distribution is:

R(t) =e @™ (3.18)

and the failure rate for Weilbull distribution is:
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(3.19)

wheref is the scale parameter andis the shape parameters of the Weibull distribu-

tion defining the steepness and shape of the distributiorecur

Figured 3.1, 3.138, 3.14 ahd 3.15 are related to PDF, CDEyéaihte and reliability
of Weibull distributed time to failure, respectively, fo = 1 and for four separate

values ofm = 0.5,1, 2, 4.

T T T T T T T

2.0 0=1,m=05 ——|
6=1,m=1

9=1,m=2 ------

6=1,m=4

1.5k —

= 10k R |

05 . "",\‘ ‘\:;‘\ n

I I L I (S S

0.5 1.0 15 2.0 2.5 3.0 3.5
t

Figure 3.12: Probability Density Function of Time to Fadudaving Weibull Distri-
bution.

3.7 Summary

To model the failure rate, four different probability dibtitions are used. Each of
these four probability distributions were used in order Ibtan the failure rates and
reliabilities for time to failure for each probability digtution. The probability distri-

butions used were normal, lognormal, exponential and Weibhe first distribution
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Figure 3.13: Cumulative Distribution Function of Time to lta¢ Having Weibull

Distribution.
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Figure 3.14: Time Dependent Failure Ratg) with Weibull Distributed Time to

Failuret.
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Figure 3.15: Reliability for Time to Failure Having Weibuli€ribution.

type, normal distribution, is generally used to model thagdgilure. This distribu-

tion is the most commonly used probability distribution tatsstics and it is used to
model natural phenomena in engineering and science. Howeveliability studies,

its usage is limited to the situations with a reasonably s@efined wear-out time.
For instance, this distribution can be used to model agigréof a cutting edge in
a machine tool. Despite the large range of its applicatioognal distribution is not
always appropriate because it extends from zero to infifityis is a disadvantage
due to the fact that most of the variables in reliability h#éveir values only in the

positive range.

The second distribution studied was lognormal distributi®imilar to normal distri-
bution, it is also frequently used to model aging failure.liklnnormal distribution,
it is a more versatile distribution because of its range @fpgls. As a result, it can
be more appropriate to deal with reliability data, such gsutettions with wear-out
features. Moreover, it does not have the disadvantage afdheal distribution be-
cause the tail of distribution is always in the positive cggiThis distribution is often
applied to the cases such as repair times of a maintainednsysbount of switch

operations, and vehicle mileage per year in order to mogejeidata.
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In contrast to normal and lognormal distributions, expdiamlistribution is gener-

ally used to model random failure. Constant failure rate rhémtethe continuously

operating systems leads to an exponential distributionciwtiescribes the situation
in which there is a constant hazard rate. Finally, Weibwtribution can model early,
random, and aging failures. It can be used to describe theophena for which some
threshold time must elapse before there can be failure eSims distribution has the
advantage of adjusting the distribution parameters imlbdity studies and fits many
situations of life-like distributions, it is the most populstatistical distribution for
reliability engineering. Considering the characteristitall four distributions, it can

be concluded that the most appropriate probability distidm to develop the best
modeling failure rate depends on the situation and the profat hand.
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CHAPTER 4

ANALYSIS AND EVALUATION OF LOAD AND CAPACITY
RELIABILITY PROBLEMS

4.1 Introduction

The objective of a reliability study for a given structureaobridge component is to
ensure that the structure is safe to use and remains safegfeerm period of time.
An important stage begins after its construction becagsexposure to different en-
vironmental attacks or distress mechanisms results intthetsral component’s de-
terioration. To define the safety of a structural componsitictural engineers, in
its most simple form, use deterministic load (or stress)deatdrministic capacity (or
strength) to define the reliability and the so-called safatyor. In this chapter, the
concept of safety factor will be used to develop formuladidor the reliability of a
structural component. Based on these formulations, loadapalcity will be consid-
ered as random variables, and two different distributigresy normal and lognormal
distributed load and capacity, will be used. In additioricgktion of the reliability
will be performed using the First-Order Reliability MethdddRM) and RELSYS, a
computer program developed by Estes, A.C. and Frangopol, (1987), in order to
verify the results of various examples presented RELSYS @aleand also Ang and
Tang (1975).
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4.2 Formulation of Load and Capacity Reliability

In structural engineering, deterministic load (or stresx) deterministic capacity (or
strength) are used to define the safety of a structural coergonin engineering,
factor of safety (F.S) and safety margin concepts are toadilly used to define the
relationship between load and capacity. Safety factor finelé as the ratio between
the capacity and the load (= 7), while safety margin is defined as the difference
between capacity and loagh(= ¢ — [). If a structure’s safety factor is less than one,
or safety margin is less than zero, this means that the steicr system will fail.
This failure can be formulated as shown in £q.1 4.1, which shtthwe probability of
the load exceeding the capacity when load and capacity adenavariables. On the
contrary, if a structure’s safety factor is more than onesadety margin is more than
zero, the structure or system will not fail and will be saféisIsafety condition can
be formulated as shown in Eq. #.2, which shows the probglfisafety, also known
as reliability, where load and capacity are random vargb®&nce reliability is also

a probability, Eq[ 4.2 gives the fundamental relationstépeen reliability and the

probability of failure.

py=P(l>c) (4.1)
r=1-pr=P(<c) (4.2)
Probability density functions of random load and randomac#yg are shown in Fig-

ured4.1 an4]2. Formulas of PDF and CDF ahdc are shown in Eq$.-4.3 through
[4.8.

fil) = PU< L <1+dl) (4.3)

l
F(l) = /0 f(lar (4.9)
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Figure 4.1: Probability Density Function of the Load.

f(©)

Figure 4.2: Probability Density Function of the Capacity.
fe(e) = P(c < C < c+dc) (4.5)

Fie) = [ ferae (4.6)

Let us now consider two extreme cases for the randomnesg dbald and capacity.

When the capacity is fixed and the loadis variable, PDF of the load and the fixed
capacity are displayed as shown in Figurée 4.3. As the figurershthe area at the left
side of the fixed capacity is the reliability (shaded regidrt)is can be formulated as
shown in Eq.L4J7. Ag goes to infinity, reliability becomes equal to 1, and when

goes to zero, reliability becomes equal to 0.

r=P<c)=r(c) = /O fihydl (4.7)

However, on the contrary, when the loaid fixed and the capacityis variable, PDF
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Figure 4.3: Probability Density Function of the Load When @apacity is Fixed.

of the capacity and the fixed load are displayed in Figure Asithe figure shows in
this case, the area at the right side of the fixed load is thehibly (shaded region).
This can be formulated as shown in Eq.]4.8./A®es to infinity, reliability becomes

0, and wher goes to zero, reliability becomes 1.

fe(©)

()

l

Figure 4.4: Probability Density Function of the Capacity WhiemLoad is Fixed.

r=Pl>1)=r() = /loo fe(e)de =1 — /0 fe(c)de (4.8)

Now, let us consider the most general case when both the ibapad the load are
random variables. For this case, PDFs of the capacity antb#teare displayed in
Figure[4.5. In this case, since the expected value of a raridoationg(z) is

Eg(a)] = / " (@) fu(a)da (4.9)

by using the expected valug[x] concept, reliability can be formulated as follow:
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r=Elr(c)] = /000 r(c)f.(c)de (4.10)

D, fe
fi(), fe(©) £ £

l,c

Figure 4.5: Probability Density Functions of the Load anel @apacity When Both

are Random Variables.

When the capacity exceeds the load, the reliability can baimdd by substituting
Eq.[4.7 into Eq[4.10, as follows:

"= /0 ) [ /0 c fza)dl} fu(c) de (4.11)

wheref; (1) is the PDF of the load anfl.(c) is the PDF of the capacity.

When the load is known and the capacity is uncertain, theliétiabecomes:

() _/loo £.(0) dc—l—/ol £.(¢) de (4.12)

In case both the capacity and the load are uncertain, rigjaisiwritten as:

r= [ awrwa= [ o) [ | dc} i (4.13)

which is defined as the convolution integral.

4.3 Reliability and Safety Factors

Alternatively, reliability can also be expressed in termhghe so-called safety factor

(v) and uncertainty ihandc. In this case, safety factor needs to be defined in relation
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to the independent PDFs of load and capacity.

Central safety factor is defined as:

(4.14)

<
|
~il oI

wheretc = [% ¢ fo(c) deandl = [~ 1 fi(l) dl are the mean values ofand!

respectively.

Safety factor can also be written in terms of the modes ofdhe bnd the capacity

as:

v=20 (4.15)
lo

wherec, andl, are the most probable values of capacity and load distabstre-

spectively.

4.3.1 Normally Distributed Load and Capacity

If we consider load and capacity as normally distribute@jrtPDFs are defined as

follows:

fi(l) = ——¢ o7 (4.16)
l
1 _1(c=9?
fele) = 5 e (4.17)

Substituting Eqs. 4.16 and 4]17 into Eq. 4.11, the relighitir normally distributed
load and capacity can be written as:

1 i ¢ 1 102
r = — e 2 ot e 2 o'l2 dll de 4.18
/oo V2mo, /OO V2o ( )
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By using the transformation of variables, we can simplify EgI8 using a single
exponential term. In order to achieve this, the reducedatesimust be used. Space
of reduced variates are shown in Figlrel 4.6 and the transfiivmof variables are

performed as follows:

s e=ga+te (4.19)

Tr =
Oc

and
1—1

y=———=l=oy+l (4.20)
a]

Taking the derivatives of Eqk. 4119 dnd 4.20 with respectdaady, respectively, we

obtain:

de

— =0, —~dc=o0.dx (4.21)
dz
dl
— =0, = dl =0, dy (4.22)
dy

By applying these transformation of variables to Eqg. .18 ol&in the following

formula for reliability:

I S / - [ / %e{‘%{(c??g“l?? J oudy | ouda (4.23)

(V2m)20.0; J o

Then, by rotating the axes lgy(i.e. by transformation of coordinates) as shown in

Figure[4.7, we can write reliability-j as a single standardized normal function:
' =z cosf+ysind (4.24)
Yy = —xsinf + ycosf (4.25)
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Figure 4.6: Space of Reduced Variateandy,.

Also,

2y =1 4y (4.26)

and

dxdy = dx'dy (4.27)

As Figure[4.8 demonstrates, being the distance from the failure line to the origin,

is a measure of reliability. Reliability in the rotated axes ®de written as follows:

) 1 o0 {/ﬂ e[—%($'2+y'2>]dy’ da! (4.28)

27T —00 —00

By using the Pythagorean theorem, the value of beta can belatd from:

B =z +y? (4.29)
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Figure 4.7: Rotation of the andy axes by the degree

By using trigonometric functions of sine and cosine, the @slafz, y andj are as
follows:

x = fsinf (4.30)

y = [Bcost (4.31)

ﬁ’zrcosﬁ—ﬂzos@:é (4.32)
r

B =mnsinf — sinf = g (4.33)

We substitute the values of cosine and sine based, avhich were obtained in the
previous steps, into andy. Eqs.[4.30 and 4.31:

2

v = 5.% = % (4.34)
2

Yy = 5§ = ﬁ? (4.35)



m = 0 (Failure line)

m < 0 (Failure state)

m > 0 (Safe state)

Figure 4.8: Reliability Index in a Space of Reduced Variatescky

After the substitution of new andy into g based on the Pythagorean theorem (Eg.
[4.29) and after some simplifications, Eq. 4.38 is obtainefdlésns:

n
5= %Jr% (4.36)
9 1 1 1 o2+ o}
= J =) (=) ¢ Ve 30
8= E—_Z (4.38)
B o2+ o} .

whereg is the safety index (reliability index).

Since we know tha{V—l27 [ e dx’ = ® (c0) = 1, thenr = Vs f_ﬁoo e 3V dy =
® (5), i.e:

r=®(f) (4.39)

Eq. [4.39 is a fundamental relationship between reliabditg the reliability index,
which is valid for normally distributed load and capacityyon
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For more illustration, for the assumed valuesupf= 4, 1, = 3, 0. = 1 ando; = 2

by using Eqs[4.19 arid 4]20, space of reduced variates x anglgtied in Figure
4.9. As Figuré 4.9 indicates line — 2y + 1 = 0 is the failure line (i.e. limit state
equation). By substituting poird in the state equation, we obtain the value of 0.8
which is a positive value. Therefore, (safety margin) is greater than zero atds

in the safe state. On the other hand, by substituting g@iimt the state equation, we
obtain the value of -1 which is a negative value. Thereforés less than zero ang

is in the failure state.

Failure State
m<0

State State
m>0

A(0.2,0.2)

-1.5

Figure 4.9: Reliability Index in a Space of Reduced Variatescyafor the Assumed

Values.

The minimum distance from the origin to the limit state fuontis the reliability

index. By using the Eq._4.38, reliability index can be obtairialows:

el

B 02 + o}
4-3 NG

T JIZr22 5

4.3.2 Lognormally Distributed Load and Capacity

When uncertainties about load and capacity are relativedye|ldandc can be repre-

sented by lognormal distribution. In this case, the PDF®adiland capacity are:

43



L[

fill) = Torr (4.41)
— 1 [725% ln(%)ﬂ
felc) = N Ce (4.42)

Substituting Eqd.4.41 and 4142 into Eq.4.11, reliabilitggbmes:

[e’e] 1 [_ﬁln(%)ﬂ /C 1 [72%111(%)2}
r = I T A el 29 dl| dc 4.43
/0 V2w, ¢ 0o V2wl ( )

Substitutingy = - In (%) andr = -In (%) and observing the following condi-

tions:

Whenc is from 0 — oo, z willbe fromz = - In (0) = —occ toz = L In (00) = oo.

When! is from0 — ¢, y will be fromy = wil In(0) =—-cctoy = wil In (%)

wherezw,. = In <é> =Ilnc—Incy = zw. +Incy =1Inc

A newy is obtained as follow:

1 1 1
y=—(Inc—1Inly) = — (2w. + Incy — Inly) = — [wcx +1n <?—0)} (4.44)

Wy Wi Wi 0

also convertingic anddl to dz anddy, respectively, we obtain:

d 1d

Inc=aw.+Incg - —Inc=w, — g we — dc = we.c.dx (4.45)
dx cdx
d 1dl

Inl=yw+Inly = —Inl=w, = ~— =w; — dl = w;.l.dy (4.46)
dy [ dy

And finally, by substituting Eqsl_4.44, 4145 and 4.46 into Bg43, reliability for
lognoramally distributed load and capacity can be written a
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27T — 00 o0

1 [ /_{Mwﬂn(?ﬁ)]}

e[_é(x2+y2)]dy] d (4.47)

Therefore, using Ed._4.47, reliability index for lognormgadistributed load and ca-

pacity can be written as:

s mlw) w19

4.4 First-Order Reliability Method

In order to calculate the probability of safety or failur@okviedge on distributions
or joint distributions of the load and capacity is requirétbwever, it is not always
possible to obtain this knowledge practically since thermi sufficient statistical data
available for these random variables. Even when the dataitahble, it is normally
only adequate to calculate the first and second moments sé ttedom variables
(i.,e. mean value and standard deviation). As a result, itldvbe more useful to
limit the implementation of reliability concepts to a forkation on the basis of the
first and second moments of the random variables only. Whefothmulation of the
mean and variance is limited to first order terms, the metsochiled as the First
Order Reliability Method (FORM). Alternatively, these vdras can also be limited

to a second moment formulation or (SORM). (Ang & Tang, 1975).

Resistance and load have a vital role to estimate the prafyadfifailure in structural
engineering. The difference between the resistaR@nd the load) is known as
state functiory(z) = R — @, wherex = (1,9, ..x,,) IS @ vector representing the
design variables of the system. WhBrand( are equal g = @), state function is in
limiting state which is called as the limit state functiog.iy(z) = R —Q = 0. When
the load is greater than the resistance, the event of fadlocars. On the contrary,

when resistance is greater than load, the system is in thestaE.

To calculate the reliability, the volume integral fif(x) over the safe regiog(x) > 0

needs to be evaluated. With the second-moment approach ($QRMreliability
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index3 may be evaluated using a function of the mean values andasthddviations
of the design variables. To do this, the reliability indexsld be written in terms
of the limit state function; a process which is performed bing the mathematical

concept of reduced space as shown in Figurel 4.10. Let

X, =" =120 (4.49)

X;

g(X1, X;) <0

gX,X;) =0

9(X1,X;) >0

Xi

0 \

Figure 4.10: Definition of Safe and Failure States in the 8md¢he Reduced Vari-

ates.

Figure[4.10 shows a nonlinear limit state functigX;, X5) = 0 (also called as the
failure surface). When limit-state function moves closeth® origin, it causes the
reduction of the safe region i.ex(X;, X2) > 0. On the contrary, when limit-state

function moves further away from the origin, it increases shafe region.

The most probable failure point is on the failure surfgt¢&) = 0 with a minimum
distance from a poink’ = (X}, X,, ..., X)) to the origin. Therefore, this minimum

distance may be employed as a measure of reliability, asd it i

D_\/X'2 g _ iy
= /X2 4.+ X2=(X"X (4.50)

For the purpose of determining the minimum distance of thiatpan the failure

surface to the origin, it is essential to minimize functibrwhen it is subjected to the
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constraintg(X) = 0. To solve the optimization problem, the method of Lagrasge’
multiplier may be used. Let

L =D+ \g(x) (4.51)

At optimum, the following conditions must be satisfied:

OL

oX, 0 i=1,2,...,n (4.52)
oL
g 4.53
oy 0 (4.53)

Writing Eq.[4.51 in scalar notation, we have

L= X2 4ot X2 4 Ag(Xis o Xo) (4.54)

where, from EqL4.49X; = ox: X, + ftx.

By minimizing the functionZ and subjecting it tgy(X) = 0, the following set of
equations is obtained:

!

oL _ X Y o i=12.n (4.55)
0X;  VXP+..+X2  0X
and
oL

To obtain the solution of the Eq6._4]55 dnd 4.56, which is tlstrprobable failure
point, the following gradient vector is introduced:

dg Jg dg
= 4.57
G (0X1’6Xé’ ’8X,’L) ( )
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Eq.[4.55 can be written by substituting Egs._4.50[and] 4.5vEiot[4.55 as follows:

% +A\G = (4.58)
from which
X' =-\DG (4.59)
Therefore,
D = [(A\DG') \DG)]"* =D (G'G)"* (4.60)
thus,
A= (G'G)™? (4.61)
Substituting Eql_4.61 into EQ. 4.69 yields
/ -GD
thus,
el)d
p- X (4.63)
(GtG)1/2

By substituting EqL_4.62 into Eq.4.56, a single equation @aldiained, an equation

whose solution is the minimum distanég;,, = 3, SO

_G*tX’*

6 - (G*tG*)1/2

(4.64)

whereG* is the gradient vector at the most probable failure paint, ¢, ..., "

cey nlt

Eq.[4.64can also be written in scalar form as follows:
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B = ' (4.65)

in which the derivatives{ ;;’,) are evaluated at:(*, 25, ..., 2.%)

ey
i

By substituting Eq["4.85 intb 4.62, the most probable pointhenfailure surface is

as follows:

. —~G*j

Eqgs.[4.64 and 4.66 can be interpreted according to firstr@plgroximation by ex-

panding the performance functigi,X ) in a Taylor series as follows:

9(X1, Xy s Xp) = gl 2 o) + (X, — 27) (07)
=1 ?

FRED VRO G0 et (4.67)

0%g
IX.0X; ) |

and by knowingg(z3, 25, ...,x%) = 0 on the failure surface, Ed._4J67 becomes as

“ey n

follows:
) 9 Y — 1 aXZ i}
n n N « 4.68
ijl > i (Xi — @) (X — xj) ( )
+ + ...
(st)
0X;0X; )
By knowing

X, —a" = <UX2‘X; + HXi) — <0'Xi$;* + MXi) =0y, (X; - 5'3;*> (4.69)
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dg 09 (dX;\ 1 ([ dg
0xX; 0X] (dXi)  oxi (aXf> (4.70)

)

Eq.[4.68 becomes:

" [ 0Og
9(X1, X5, ., X)) = Z(XZ. — ) (597) + .. (4.71)

When the series is truncated at the first-order term, the mekue wf the function
g(X) becomes:

", (9
e~ -S4 (a_)?) (4.72)
i=1 7 *

However, for uncorrelated variates , the correspondingrdirder approximation of

the variance is

n ag 2 n ag 2
2 o > (99 \ _ Jg
7= <8X; ) =2 (aX; ) (4.73)

=1 *

From Eqs[4.72 arld 4.773, the following ratio can be written as

_ n 's [ Og
&_ Zi:lxi <0X2’>*

= / (4.74)
Ug n 0
=i ().
Comparing Eq_4.74 with Eq. 4.65, the reliability index canoéten as:
pg="te (4.75)

Og

Moreover, the linear performance function can be used abdbes for an approxi-
mation to nonlinear performance function. If a linear parfance function can be

written as follows:

9(X) =ao+ Y _ a:X; (4.76)
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where bothug anda; are constants, the limit state equation is

a+ Y a:X;=0 (4.77)

In terms of the reduced variates, the limit state equati@s i®llows:

a+ > ai(ox,X; + px,) =0 (4.78)

Eq.[4.78 can be written in three dimensions as follows:

ag + a1(0x, X3 + px,) + a2(0x, X5 + pix,) + az(0x, Xy + px,) =0 (4.79)
Eq. [4.79 is a plane surface in the, z,, z, space. This plane surface is shown in

Figure[4.11.

Plane Limit State
Surface

X

Figure 4.11: Linear limit state surfacein, z,, v, space.

The distance of the failure plane to the origin of the reduemiatesX’ is

ag + ZZ ailbx;
> (aiox,)?

For uncorrelated normal variates, the reliability is a time of the distance of the

8= (4.80)
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failure surface to the origin of the reduced variates. By dt&fim of probability of

safety:

P,=P(g9(X)>0) (4.81)

Therefore, reliability becomes:

r:P<a0+ZaiXi>0)

_q g |t 2 dinx) (4.82)
Z (aioXi)Q
_ (a0 + > aipx,)
> (aiox,)?
In other words, the reliability is
r=®(f) (4.83)

for the general case afindependent random variables.

When the limit state equation is linear, and all random véesare normal and inde-
pendent, FORM can be useful if an exact value of the probgloitailure is desired.
However, when the limit state equation is nonlinear andépttesence of non-normal
variables, the outcome will be an approximation, and thelide convergence issues
(Lopez, Miguel, Belo, & Cursi, 2014).

4.5 Evaluation of Probability of Failure and Reliability Ind ex for a Structural

Component or System

Computer programs are available that can compute the rglyadfiindividual struc-
tural components and the reliability of any structural egsthat can be modeled as a

series-parallel combination of those components.
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First-Order Reliability Method (FORM) is an approach that banused to compute
the reliability indexs and the probability of failure for any individual component
All distribution types must first be converted to equivaleatmal distributions. Then
the inputs based on limit state equation and random vargy@meters must be pro-
vided. Examples below are solved using the FORM techniquest lgiathe problem
definitions presented in this section are taken from the mlasfuicomputer program
RELSYS (Estes, A.C. and Frangopol, D.M., 1997). They are sohaye to verify
the results presented in the manual. After these verifieatiadditional examples are
solved to be able to obtain further exercises and casesddf@RM technique.

4.5.1 Uncorrelated Normal Random Variables (With Two Variates)

The following limit state equation is given:

g(X) = 2X? — 2X, (4.84)

Random variables; and X, are normally distributed and uncorrelated as and their
descriptor values are shown in Table]4.1. Plots of prokghidlistributions for the
giveny’'s ando’s of random variables(; and X, are shown in Figure 4.12. The reli-
ability index 3 is obtained after eleven iterations. The reliability indegalculated as
1.2317, the probability of failure i%).10903, and the probability of safety i$89097.
Figure[4.18 shows the convergence of the reliability indethe number of iterations
increased.

Table 4.1: Random Variables of the Limit State Equation WittpTUncorrelated
Normal Variates.

Random Variable Mean Value| Standard Deviation Distribution Type
X 2.0 0.2 Normal
X5 3.0 0.3 Normal
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X=N@=200=02 ——

T (X)
i (X
£ (X)

X X, X1 X

Figure 4.12: Probability Distributions of the Random Valésbof Limit State Equa-

tion With Two Uncorrelated Normal Variates.

Reliability Index

1 2 3 4 5 6 7 8 9 10 1
Number of Iterations

Figure 4.13: Convergence of Iterations of the Limit Statedigun With Two Uncor-
related Normal Variates.

4.5.2 Uncorrelated Normal Random Variables (With Three Variates)

The following limit state equation contains three randomalaes,

9(X) = X1 Xy — X3 (4.85)

Random variableX;, X, and X3 are normally distributed and uncorrelated and their

main descriptors are shown in Tablel4.2.

Plots of probability distributions for the givems ando’s of random variablesy,
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Table 4.2: Random Variables of the Limit State Equation Witliee Uncorrelated
Normal Variates.

Random Variable Mean Value| Standard Deviation Distribution Type
X, 40 5.0 Normal
X5 50 2.5 Normal
X3 1000 200.0 Normal

X, and X3 are shown in Figure 4.14. The reliability indgxis obtained after four
iterations. The reliability index is calculated 39491, the probability of failure is
0.001478, and the probability of safety (599885. Figurd 4.15 shows the convergence

of the reliability index as the number of iterations incress

I L I ! I L I - I e
20 30 40 50 60 20 30 40 50 60

T T T T T T
[Xe=N{u=1000.0,6 =200) -—--- X;=N(u =40.0,c = 5.0)

0.008

0.006

fi (X
fx (X)

0002 .

NSRS g L L L i LEESE L L L L e 1
400 600 800 1000 1200 1400 1600 20 30 40 50 60
X3 X, Xz

Figure 4.14: Probability Distributions of the Random Valesbof Limit State Equa-

tion With Three Uncorrelated Normal Variates.

4.5.3 Correlated Normal Random Variables (With Three Variates)

The same limit state equation used in the problem of unaigeélnormals (Section
[4.5.2) is solved here again for correlated normal randorabtes using the descriptor
values given in Tablé 4.3. It is assumed that the random blasaX; and X, are

partially correlated withpx, x, = 0.40.
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3.06 - -

3.02 - -

Reliability Index

3.00 - -

2.98 - b
1 1 1 1
1.0 15 20 25 3.0 35 4.0

Number of Iterations
Figure 4.15: Convergence of Iterations of the Limit State &wun With Three Un-
correlated Normal Variates.

Table 4.3: Random Variables of the Limit State Equation WitltoTCorrelated Nor-
mal Variates.

Random| Mean | Standard| Distribution Correlation
Variable | Value | Deviation Type
X 40 5.0 Normal | px, x, =0.40
X, 50 2.5 Normal
X3 1000 200.0 Normal

The reliability indexgs is obtained after four iterations. The reliability indexcelcu-
lated as2.8629, the probability of failure i€.0020992, and the probability of safety
i 0.99790. Figurel4.16 shows the convergence of the reliability ingexhe number

of iterations increased.

4.5.4 Uncorrelated Non-Normal Random Variables Having Logormal and Type-

| Largest Value Distributions

The same limit state equation used in the problem of unaigelnormals (Section
[4.5.2) is solved here again for uncorrelated non-normalgenvariables using the

descriptor values given in Talle 4.4.
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2.80 - -

Reliability Index

Number of Iterations

Figure 4.16: Convergence of Iterations of the Limit Stated&gun With Two Corre-
lated Normal Variates.

Table 4.4: Random Variables of the Limit State Equation Witltee Uncorrelated
Non-Normal Variates.

Random Variable Mean Value| Standard Deviation Distribution Type
X 40 5.0 Lognormal
X5 50 2.5 Lognormal
X3 1000 200.0 Type-I Large

Plots of probability distributions for random variabl&s, X, and X3, and the con-
vergence of the reliability index are shown in Figures ¥.Ad[4.18 respectively. The
reliability index 5 is obtained after seven iterations. The reliability indsxcalcu-
lated as2.7376, the probability of failure i$).0030949, and the probability of safety
i50.99691.
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Figure 4.17: Probability Distributions of the Random Vatesbof Limit State Equa-

tion With Three Uncorrelated Non-Normal Variates.
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Figure 4.18: Convergence of Iterations of the Limit State &aun With Three Un-
correlated Non-Normal Variates.

4.5.5 Correlated Non-Normal Random Variables Having Lognomal and Type-

| Largest Value Distributions

The same limit state equation used in the problem of unaigdinormals (Section
[4.5.2) is solved here again for correlated non-normal randariables using the de-

scriptor values given in Table 4.5.
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Table 4.5: Random Variables of the Limit State Equation WitloTCorrelated Non-
Normal Variates.

Random| Mean| Standard| Distribution Correlation
Variable | Value | Deviation Type
X, 40 5.0 Lognormal | px, x, = 0.40
X5 50 2.5 Lognormal
X3 1000 200. Type-| Large

The reliability indexs is obtained after seven iterations. The reliability indexal-
culated a2.6598, the probability of failure i$).0039094, and the probability of safety
is 0.99609. Figure[4.19 shows the convergence of the reliability indexhe number

of iterations increased.

295 - -

290 - -

2.85 - 1

Reliability Index

275 - -

270 - -

2.65 - 1
1 1 1 1 1 1 1

Number of Iterations

Figure 4.19: Convergence of Iterations of the Limit State d&mun With Two Corre-
lated Non-Normal Variates.
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4.5.6 Uncorrelated Non-Normal Random Variables (With Six \ariates)

The following limit state equation contains six random shtes,

9(X) = X1X2X3X4E — X5 X (4.86)

It is assumed that the random variables are uncorrelatedal@nd non-normal vari-
ates as shown in Talle 4.6.

Table 4.6: Random Variables of the Limit State Equation WitbriNal and Non-
Normal Uncorrelated Non-Normal Variates.

Random Variables Mean Value| Standard Deviation | Distribution Type
X 1.00 0.20 Normal
X5 3.85 0.27 Normal
X3 93.40 5.60 Normal
Xy 12.00 0.72 Normal
X5 0.70 0.98 x 107! Normal
Xg 9146.00 3201.00 Type-I Large

Plots of probability distributions for random variabl&s through X4, and the con-
vergence of the reliability index are shown in Figures 4.28[4.21 respectively. The
reliability index S is obtained after eleven iterations. The reliability indexalcu-
lated a=2.2306, the probability of failure i%).012854, and the probability of safety is
0.987150.

4.5.7 Series System Including Three Failure Components (A Glin With Three
Links)

Consider the following series system shown in Figurel4.22prsed of three failure

components as described by limit state equatign$, g(2), andg(3).

g(1) =2X7 - 2X, (4.87)
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Figure 4.20: Probability Distributions of the Random Valésbof Limit State Equa-

tion With Normal and Non-Normal Uncorrelated Variates.
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Figure 4.21: Convergence of Iterations of the Limit Statedfgun With Normal and

Non-Normal Uncorrelated Variates.
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9(2) = X1 — X3 (4.88)

g(3) = 1.5X, + 0.5X2 — X, (4.89)

1 2 3

O O O O

Figure 4.22: Chain With Three Links.

g 9(2) g(3)
(1) (2) (3)
N N =/

Figure 4.23: Failure Modes of the Series System.

It is assumed that the random variables are uncorrelatedalaariates as shown in
Table[4.Y.

Table 4.7: Random Variables of the Limit State Equations Withee Uncorrelated
Normal Variates for a Series System (A Chain with three links)

Random Variable Mean Value| Standard Deviation Distribution Type
X 2.0 0.2 Normal
X5 3.0 0.3 Normal
X3 1.0 0.1 Normal

Plots of probability distributions for random variabl&s, X5, and X3, and the con-
vergence of the reliability index are shown in Figures 4.2d[4.2% respectively. The
reliability index, the probability of failure, and the praility of failure are calcu-
lated for the components, and the results are shown in TaBId #e reliability index
obtained after system reliability analysis is calculated .a267, the probability of
failure is0.15228, and the probability of safety (£84772.

4.5.8 Series System (Failure Modes of a Simply Supported Beam)

A simply supported beam is subjected to a uniformly distebldoad as shown in Fig-

ure[4.26. The performance functions for failure in bendstggar, and the combined
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Figure 4.24: Probability Distributions of the Random Vatesbof Limit State Equa-
tions With Three Uncorrelated Normal Variates for a Serigst&n (Chain With

Three Links).
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Figure 4.25: Convergence of Iterations of the Limit State d&uns With Three Un-

correlated Normal Variates for a Series System (Chain Witled hinks).
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Table 4.8: Results for the Components of the Series System (Gh@h Three
Links).

Component Numb_er Reliability Proba_bility Probability
of lterations| Index of Failure of Safety

1 4 1.2317 0.10903 0.89097

2 2 4.4721 | 0.38756x10~° | 1.00000

3 3 1.1479 0.12551 0.87449

failure modes are as follows:

1

g1 (X) = My — ngQ (4.90)
1
g2(X) =Vy — EwL (4.91)
UJL2 ’LUMQ
X)=1—( —+ — 4.92
n(X) =1 (5 + ) 4.92
where L=20.
w
I I T Y O
e
20"
Vmax = WTL |
0

| 2 ank
Mmox ® B wlL

0 -

Figure 4.26: Simply Supported Beam.

Random variableX;, X,, and X3 are assumed to be normally distributed and uncor-
related as shown in Table 4.9. Plots of probability distiiims for random variables
X1, Xo, and X3, and the convergence of the reliability index are shown guFes
4.27 and_4.28 respectively. The reliability index, the @doitity of failure, and the
probability of safety are calculated for the componentshasvs in Tabld 4.10. The
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reliability index obtained after system reliability ansily is calculated a&.5733, the
probability of failure is0.057868, and the probability of safety $942132.

Table 4.9: Random Variables of the Limit State Equations Withee Uncorrelated
Normal Variates for a Series System (Simply Supported Beam).

Random Variable Symbol| Mean Value| Standard Deviation Distribution Type
M, X, 470 47 Normal
Vo X5 159 23.85 Normal
w X3 6 1.5 Normal
XeNG=ars=a —] NG Teeza8s XeNG=T0e=0T ]
£ om0 E £ oo . E £ ol E
;‘ ““ | 0.05 |- q

Xy Xz X4

Figure 4.27: Probability Distributions of the Random Vatesbof Limit State Equa-
tions With Three Uncorrelated Normal Variates for a Serigst&n (Simply Sup-

ported Beam).
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Figure 4.28: Convergence of Iterations of the Limit State &muns With Three Un-

correlated Normal Variates for a Series System (Simply Scpd Beam).
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Table 4.10: Results for the Components of the Series Systemp(siSupported
Beam).

Component Numb.er Reliability Proba_bility Probability
of lterations| Index of Failure of Safety

1 2 1.9207 0.027385 0.97261

2 2 3.5138 | 0.22094x1073 | 0.99978

3 4 1.5730 0.057858 0.94214

4.5.9 Parallel System

An m-bar parallel system as shown in Figlre 4.29 is comprafeni-failure com-
ponents as described by the limit state equatigns throughg(m). For a four-bar
parallel system (i.e. m=4), the limit state equatiaiis$), ¢(2), g(3), andg(4) are
defined as follows:

g(1) = Ry —0.25P (4.93)
g(2) = Ry — 0.25P (4.94)
g(3) = Rs — 0.25P (4.95)
g(4) = R, —0.25P (4.96)

All four bars are the same; therefore, the Idads distributed equally to four bars.
The correlation between the bar resistanBesnd Rz; is assumed agg; z; = 0.50.
Also, it is assumed that there is no correlation between #radsistances and the
load. Random variable&’; through X5 representing the bar resistandesthrough

R, are normally distributed as shown in Table 4.11. Plots obphility distributions
for random variables(; throughX5, and the convergence of the component reliabil-
ity indices are shown in Figurés 4130 dnd 4.31 respectiviéie reliability index, the
probability of failure and the probability of failure is cailated for the components
as shown in Table 4.12. The reliability index obtained astestem reliability analysis
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is calculated a2.0106, the system probability of failure 5022183, and the system
probability of safety i).977817.

Ol

Figure 4.29: Physical View and the Failure Mode Represeantaii a Parallel System

Made up of m-Bars.

Table 4.11: Random Variables of the Limit State EquationshVWWbur Correlated
Normal Variates for the Parallel System.

Random Variable Symbol| Mean Value| Standard Deviation Distribution Type
Ry X 0.375 0.0375 Normal
Ry X5 0.375 0.0375 Normal
R3 X3 0.375 0.0375 Normal
Ry Xy 0.375 0.0375 Normal
P X5 1.25 0.125 Normal

T L T T
1,2.34=N(1 = 0.375,6=0.0375) ——

fx (X)

fx (X)

fx (X)

T T T T T T T
X1.2,3.4=N(u=0.375,6 =0.0375) ——
Xs=N(u=12506=0.125) ------

Xi234

Xs

Xi.2.3,4: Xs

Figure 4.30: Probability Distributions of the Random Valésbof Limit State Equa-
tions With Four Correlated Normal Variates for the ParallgtSm.
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Figure 4.31: Convergence of Iterations of the Limit State &muns With Four Cor-

related Normal Variates for the Parallel System.

Table 4.12: Results for the Components of the Parallel System.

Component Number | The Reliability | The Probability| The Probability
of Iterations Index of Failure of Safety
1 2 1.2804 0.10021 0.89979
2 2 1.2804 0.10021 0.89979
3 2 1.2804 0.10021 0.89979
4 2 1.2804 0.10021 0.89979

4.5.10 Series-Parallel System

Th following series-parallel system (Figure 4.32) is coisgal of three failure com-
ponents as described by the limit state equatigns, ¢(2), andg(3) below.

g(1) = 2X7 - 2X;

9(2) = X1 — X;
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9(3) = 1.5X; + 0.5X; — X (4.99)

1 1
— 1 2
3 3

Figure 4.32: A Series-Parallel System.

The system is reduced to an equivalent single componentaaensim Figure 4.33.
Random variableX;, X, and X3 are normally distributed and uncorrelated and their

descriptor values are shown in Table 4.13.

/ /
] 3/ ® ® %/ o
/ /
4 r, 5
f/
e i ® l#/ ® = ®

& 0 ®

Figure 4.33: Reduction of the Series-Parallel System to anvalgnt Single Com-

ponent.

Figurel4.34 shows the convergence of the reliability indethe number of iterations
increased for three components. Reliability index, proitgmf failure and proba-
bility of safety are calculated for the three componentsanedisted Tableé 4.14. The
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Table 4.13: Random Variables of the Limit State Equations\Whree Uncorrelated
Normal Variates for the Series-Parallel System.

Random Variable Mean Value| Standard Deviation Distribution Type
X, 2.0 0.2 Normal
X5 3.0 0.3 Normal
X3 1.0 0.1 Normal

reliability index obtained after system reliability ansily is calculated as.2119, the
probability of failure is0.11281, and the probability of safety 887109.

Reliability Index
8

46

44

Reliability Index

42+

40

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Component 3

I I I
15 20 25 3.0

Number of Iterations

Figure 4.34: Convergence of Iterations of the Limit State d&iquns With Three Un-

correlated Normal Variates for the Series-Parallel System

Table 4.14: Results for the Components of the Series-Paggiem.

Component Number | Reliability Probability | Probability
of Iterations| Index of Failure of Safety

1 4 1.2317 0.10903 0.89097

2 2 4.4721 | 0.38756x107° | 0.1 x10*!

3 3 1.1479 0.12551 0.87449

45.11 Series-Parallel System (Three Bars Connected in Palel)

Figure[4.35 shows a parallel system made up of three barghisgeroblem, condi-
tional failures of the bars will be considered. For instgntear 1 fails first, bar 2
may fail next. This event will be denoted by Bar 2|1. After théures of the first
two bars, bar 3 may fail, which causes the failure of the syst€his event will be
defined as Bar3|1,2 i.e failure of bar 3 given that bars 1 andv2 hheady failed.

All other possible sequences of the failures of three bansbealisted in a similar

70



way. The resulting failure model for the system will consisseries occurrences of
6 possible scenarios where each scenario contains paredlefrences of 3 possible
failure sequences of the three bars as shown in Figuré 4.36dBan these events,
limit state equations can be written. The equation thatrifess the failure of bar 1 is
g(1) whereDF; is a distribution factor that describes how much of the Icathken

by Bar 1. The limit state equations are as follows:

g(1) = Ry — DF,(P) (4.100)

9(2) = Ry — DF,(P) (4.101)

9(3) = Ry — DF3(P) (4.102)

g(4) = Ry — DFy(P —mRy) (4.103)

g(5) = Ry — DF5(P — mRy) (4.104)

g(6) = Ry — DFg(P — 1, Ry) (4.105)

g(7) = Ry — DF:(P — 1yR,) (4.106)

g(8) = Ry — DFy(P — 13R3) (4.107)

9(9) = Ry — DFy(P — n3R3) (4.108)
9(10) = Rg — DFyo(P — m Ry — nyRy) (4.109)
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g(11) = Ry — DF1 (P — m Ry — 1n3R3) (4.110)

g(12) = Rl — DFlg(P — 773R3 — 772R2) (4111)

01010

Figure 4.35: Physical View and the Failure Mode Represemntati a

II

Bar 1|2

Parallel System Made up of Three-Bars

Bar 2|1 Bar 3|1

Figure 4.36: Three Bar Parallel System Modeled as a
Series-Parallel System.

Similarly, equationg(4) describes the failure of bar 2 given that bar 1 has already
failed (Bar 2|1), and equatiof(10) describes the failure of bar 3 after both bars 1
and 2 have failed (Bar3|1,2). In these equationis,the ductility factor which is the
percentage of the elastic load that a bar is able to carryfaftere. Random variables
R1, Ry, Rz and P are normally distributed as shown in Table 4.15.

Plots of probability distributions for random variablRs, R, R; andP, and the con-
vergence of the reliability index for twelve componentssttewn in Figures 4.37 and
respectively. The reliability index, the probabildffailure, and the probability
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of safety are calculated for the failure paths as shown idelddl6. The reliabil-
ity index based on system reliability analysis is calcudads 2.6894, the probability
of failure of the system is 0.0035833, and the probabilitpafiety of the system is
0.9964167.

Table 4.15: Random Variables of the Limit State EquationshWiur Uncorrelated
Normal Variates for the Three-Bar Series-Parallel System.

Random Variable Mean Value| Standard Deviation Distribution Type
R, 0.5 0.05 Normal
Ry 0.5 0.05 Normal
R3 0.5 0.05 Normal
P 1.0 0.10 Normal

Figure 4.37: Probability Distributions of the Four Uncdated Normal Variates for

the Three-Bar Series-Parallel System.

45.12 Series-Parallel System (Three-Bar Indeterminate Trss With Hinged

Supports)

The system failure event for the three-bar indeterminatssiras shown in Figure
[4.39, is modeled as a series-parallel system where allledsilure paths are con-

sidered (Figure 4.40). The limit equations below defineipog of these failure paths.
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Figure 4.38: Convergence of Iterations of the Limit State &iguns With Four Un-

correlated Normal Variates for the Three-Bar Series-Rar&ifstem.

Table 4.16: Results for the Three-Bar Series-Parallel System

Failure
Event

Number
of Iterations

Reliability
Index

Probability
of Failure

Probability
of Safety

O© 00 ~NO Ol WN P

el
N RO

N

P PP DNDNMNNNMNDNDNDNDNDDNDDN

2.7736
2.7736
2.7736
1.7408
1.7142
1.7678
1.7408
1.5535
2.4254
0.1x10730
0.1x1073°
0.1x1073%

0.27723x1072
0.27723x1072
0.27723x1072
0.40861x10~!
0.43246x107!
0.38550x 107!
0.40861x107!
0.60153x107!
0.76467x10~2

0.5

0.5

0.5

0.99723
0.99723
0.99723
0.95914
0.95675
0.96145
0.95914
0.93985
0.99235
0.5
0.5
0.5
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9(1) = 01 (204145 + V2 (41 4y + Az )

(4.112)
— V2PA; (cosf + sinf) — 2.0P A, cos 8
9(2) = 09 <2OA1A2 + \/§ (AlAQ + A3A2)>
(4.113)
— V2P ((A; — As)cos 0 + (A, + As)sin6)
9(3) = 03 (\/§A1A3 + A1A2 + A3A2>
(4.114)
+ P <A3 sin@ — As cos @ — V24, cos 9)
g(4) = 0345 — P (sinf + cos 0) + V2o A, (4.115)
9(5) = o343 — P\/2cos 0 + noy A, (4.116)
9(6) = 0141 — V/2/2 (P (sin f + cos 0) + noa Ay) (4.117)
g(7) = 0345 — V/2/2 (P (cos  — sin f) + 1oy A,) (4.118)
9(8) = 01 A; — V2P cos 0 + nosAs (4.119)
9(9) = 5345 — P (sinf — cos f) — v/2no3As (4.120)

The following assumptions are made. The correlation betvie yield stresses of
the barsy; ando; is assumed ag,; ,; = 0.30. There is no correlation between the
bar yield stresses and the load A;, A;, and A5 are the cross-sectional areas of
the three bars anglis the ductility factor. Random variabldsl, R2, R3 and P are
normally distributed as shown in Talble 4.17.
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Figure 4.39: Three-Bar Indeterminate Truss.

Bar 1l

Barl

Bar2|1

Bar 3|1

Bar 2

Bar 3

Bar 3|2

Bar1|3

Bar 2

Bar1]|2

Bar 3

Bar2|3

Figure 4.40: System Failure Model for the Three-Bar Indeieate Truss.

Table 4.17: Random Variables of the Limit State EquationshWitree Correlated
Normal Variates for the Series-Parallel System of the TH#aelndeterminate Truss.

Random Variable Mean Value| Standard Deviation Distribution Type
Ry 15.0 1.5 Normal
Ry 15.0 1.5 Normal
Rs 10.0 15 Normal
P 20.0 4.0 Normal

Plots of probability distributions for the random variablel, R2, R3 and P, and the

convergence of the reliability index for the nine failureeats are shown in Figures
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4.41 and 4.42 respectively. The reliability index, the @oibity of failure, and the
probability of safety for each failure component are calted as shown in Table
4.18. The reliability index for the whole system after systeeliability analysis is
calculated as 3.4115, the probability of failure of the $riss 0.00032321, and the
probability of safety of the truss is obtained as 0.99967679

T T T T T T T
[04=N(u=15.0,6=15) —— [=N[@=150,0=15) ------
04 - B 04 - 4
03 B 03 g
— —
G )
hc hc
02 B 02 Y —
01 B 0.1 - B
1 1 1 1 I 1 Sad L
5 10 15 20 25 5 10 15 20 25
2 o,
T T T T T T T T T
[[05=N(u=10.0,6=0.1) [P=N(u=20.0,6=4.0) —----
04 - B 04 -
03 B 03
= o
G S
e W2
02 g 02
041 - g 01
1 1 1 1 1 1 Il 1 o . 1 1 1 Ted 1
2 4 6 8 10 12 14 16 18 5 10 15 20 25 30 35

o3 P

Figure 4.41: Probability Distributions of the Limit Statgiations With Three Corre-
lated Normal Variates for the Series-Parallel System ferTithree-Bar Indeterminate

Truss.

4.6 Summary

In this chapter, to analyze and evaluate load and capadiipiléy problems, First-
Order Reliability Method (FORM) implemented in the program IS is used.
Some of the problems from the manual of RELSYS and some additjgroblems
from|Ang and Tangl(1975) are solved by using the program irerotal verify that

the results obtained are the same as the results presentednranual and the book.
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Figure 4.42: Convergence of Iterations of the Limit State dmqus With Three Un-
correlated Normal Variates for the Series-Parallel Sydtamnthe Three-Bar Indeter-

minate Truss.

Table 4.18: Results for the Series-Parallel System for thed-Bar Indeterminate
Truss.

Failure| Number | Reliability Probability Probability

Event | of Iterations| Index of Failure of Safety
1 2 3.4735 | 0.25692x1073 0.99974
2 2 7.4960 | 0.33159x107!3 | 1.00000
3 2 3.9073 | 0.46691x10~* | 0.99995
4 2 0.42985 0.33365 0.66635
5 2 -0.84945 0.80219 0.19781
6 2 2.1836 | 0.14495x107! 0.98550
7 101 11.865 | 0.92723x10732 | 1.00000
8 2 0.95832 0.16895 0.83105
9 2 11.180 | 0.26268x10~2® | 1.00000
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The procedures consisted of component and a system analysése component
analysis, there were both uncorrelated and correlatecbranagriables. The uncor-
related random variables were classified into normal andnaomal distributions in
terms of the same limit state equation, mean value, and atdrdeviation of ran-
dom variables. Comparing the results, it is observed thavahees of reliability for
normal distributions are greater than that of non-normstriiutions. Similarly, the
correlated random variables are also categorized as namdahon-normal. For the
correlated cases also, the values of reliability for norisiributions are observed
to be greater than that of non-normal distributions. Anotlemparison is made be-
tween correlated and uncorrelated random variables dasebich reliability of both
uncorrelated random normal and non-normal variables asergbd to be greater than

that of both correlated random normal and non-normal vie&gab

In addition to component analyses, system analyses war@atformed which were
classified as series, parallel, and series-parallel sydteaystem problems, the num-
ber of failure components to be considered depends on tlea gikoblem. Accord-
ingly, the reliability for each component is calculated aepely and the system is
eventually reduced to an equivalent single component. Eaesingle component is

used by the program to calculate the reliability of the syste

Considering all of the components and systems problemsestuivo more example
problems were analyzed and the obtained results indichttctparallel system can
be modeled as a series-parallel system by considering sdlifgle failure paths. To
summarize, the analyses and evaluations presented irhtdgi$es were performed to
verify the results of the program RELSYS and, based on thisvledge, to write a
new algorithm, which can be used for time variant reliap@ihalyses to be presented
in the next chapter.
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CHAPTER 5

DEVELOPMENT OF A COMPUTATIONAL ALGORITHM
FOR TIME VARIANT RELIABILITY ANALYSIS

5.1 Introduction

A bridge structure is subjected to direct exposure of déffeistress mechanisms after
it is built. Examples of these stress mechanisms, whichec#hes deterioration of
the resistance of bridge component, consist of environahattacks, such as Alkali-
Silica Reactivity (ASR), sulfate attack, freeze-thaw cygliand reinforcing corrosion
among many others. Not only does the resistance of a bridggaoent vary with
time, but also the live load varies with time because of venmain the number of
vehicles and their weights on a bridge. For these reasomseliability becomes also
a time variant value due to the variations in resistance meddad. Therefore, in
order to analyze reliability, it is necessary to impleméetsie factors into the analyses

in the most realistic sense.

In order to achieve this goal, time variant reliability farfations will be obtained at
the beginning of chapters. These formulations will baseditiarent methods such
as: repetitive loading,three periods of failure, bathtubve, stochastic load model
(two independent Poisson load processes), random strdegthdation function, and
load and capacity. Afterwards, time variant reliabilitylde calculated for each
formulation.

In the next section, the importance of deterioration anigdiht deterioration models

in literature are discussed. To be able to calculate the tian@nt reliability of a
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component and/or a system by using the FORM technique (i.e.SRBLprogram),
A FORTRAN 95 program is developed in this chapter. The vetificeof the FORM
technique such that a new algorithm can be developed aslgpsbglam was already
achieved in Chapter 4. Moreover, various deterioration areddad models will be
defined in the newly developed program. Six separate examplebe solved using

the developed program and the results will be evaluated.

5.2 Time Variant Reliability Formulation

In load-capacity inference theory presented in Chaptemk twas not considered at
all. The applied load was considered as the maximum load tbeelifetime of the
component or system. In reality, however, for a given detating structural com-
ponent, subjected to increasing live load, such as a britfgetsre, as time passes,
probability density distribution of the loafl(/) shifts to the right and the PDF of the
resistancef.(c) should take weakening with age into account as Figure 5itates
and f.(c) distribution shifts to the left. Therefore, in reality, #eetwo effects result
in a decrease in reliability of the component as the time r@sges. If desired, time
in Figure[5.1 can be shown as the third dimension which casatete approaching

locations of both PDFs with respect to each other at eachr@ssmg time increment.

D, fe(0)

Figure 5.1: Shifting of the Probability Density Functiorigtte Load and the Capacity
With Time.
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For a system subjected to repetitive loading, magnitudeaohdoad is defined by
the random variablé described by the probability density(/), and the capacity
c(t) is known at timet, as shown in Figure 5.2. Therefore, based on this figure, the
probability, which represents the event that the load aougirat time¢ will cause

system failure, can be written as:
P = / fi(l) dl (5.1)
c(t)

JlO)

c(t)

Figure 5.2: Probability Density Function of the Load When @&pacity is Time

Variant.

Repetitive loading, however, may be occurring at equal (fegu3) or random time
intervals (Figuré514).

load

> €

At = constant

Figure 5.3: Repetitive Loading at Equal Time Intervals.
The model that will be formulated below will be based on randptervals as shown
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load

(. I
t t

ty Loty

Figure 5.4: Repetitive Loading at Random Time Intervals.

in Figurel5.4. The random times at which the load occurs candmeled as follows.
During a small time incremenkt, probability of the load occurrenceig\t¢, where

~ is the number of the load occurrences per unit time,ant so small thay A <<

1. Then, the probability of the load occurring at any time bees independent of
time with frequencyy. Now, using Eq[5]1 and the definition above, the following

probability can be formulated:

P(A load that is large enough to cause failure will be occuyytretween timeg and
t+ At) = P'.y.At

P=x / ) £(1) dIAt (5.2)

Since the reliability is the probability that the system basvived until timef, then:

P(Failure duringAt) = P(System survived till time N Failure load occurs during
At) = R(t).Py. At

Therefore,
R(t + At) = P(System survived till time N No failure occurred during\¢)

or

R(t+ At) = R(t)[1 - P] (5.3)

Substituting Eq[C512 into E@. 3.3, we obtain:
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R@+AQ:P—7/WMDﬂA4R@ (5.4)
e(t)

Performing mathematical manipulation on Eq.] 5.4 resulthéfollowing steps:

1W+Aw:R@—7/:MUﬂALR@ (5.5)
BUETAD =R _ " a Ry (5.6)
At c(t)

Taking the limit of Eq[ 5.6 yields:

E%R“+ﬁf*wtrwlzmwﬂiw> (5.7)
%mw:—yéﬂmwmiw> (5.8)

Dividing both sides of the above equation byz(¢), Eq. [5.10, that is time variant
failure rate \(¢) (also called as hazard rate or mortality rate) in terms ofltiael

distribution is obtained.

1 d *
- m%}%(zﬁ) =7 " full) dl (5:9)
A = [ ) d (5.10)

c(t)

Since the capacity and the load are time variant[Eql] 5. I®igiost general formula

for time variant failure rate in terms of the load distrilmurti

If the capacity of the system is time independent (k€. = ), then, timet also

disappears from the failure rate model in Eg. 5.10 and faitate becomes constant:

A0 = [ haa (5.11)
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If \(t) = A, the time variant reliability becomes(t) = e~*!, which is the common

exponential distribution, which was first presented in Eg3115ch3 in Chapter 3.

Eq.[5.11 yielded the time-variant failure rate in terms &f fibad distributiony; (1) for
a fixed capacity:(t) = ¢, case.

However, aging is closely associated with capacity detation, and it is present if
the capacity decreases with time. Capacity deterioratidima can be formulated

as:

e(t) = co — g(t) (5.12)

wherec, is initial capacity at = 0, andg(¢) is a monotonically increasing function of
time with g(0) = 0. If ¢(¢) decreases as time elapsk&@g, will become larger because
the lower limitc(t) of the integral in Eq_5.10 will move to zero. Despite thag thte
at which \(¢) increases will depend on the load distributify(V) also. Once\(¢) is
known, the reliability can be obtained. From EQs.] 5.9 [andl $he following can be

written:

1 d
A(t) = oL (t) (5.13)
A(t)dt = 4R (5.14)

0 (5.15)

Using this equation, reliability can be written in terms loé ffailure rate as:
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R(t) = ¢~ JoAW) av (5.16)

Substituting Eg[5.10 into Eq. 5116 in termstbfields:

R(t) = el Jo (VG 110 dt)ar’] (5.17)

R(t) = el=fo @ G 2) (5.18)

Sincec(t') = ¢y — g(t'), this reliability can be calculated for a givepas:
R(t]eo) = el=Jo 471G A dl] (5.19)

5.3 \Variable Capacity

Because of variability in the manufacturing or construcfioncess, we now consider
the situation where some components of a system have differiéial capacities.
We model this variable by letting, become a random variable, which is described
by the PDF. Considering a collection of such components, eébhts own capacity,

system reliability can be written as an average ayer

R(t) = / " o) Ritlco) deo (5.20)

Substituting Eq[_5.19 into the equation above yields:

R(t) = / deo fulco) el J0 41 10 (5.21)
0

which is the reliability formula for variable capacity case
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5.4 Time Variant Reliability Formulation Based on Repetitive Loading and

Three Periods of Failure

Now, we consider the case where the system is subjected tpeditiee loading.
Repetitive loading may occur at either equal or random tinbervals. Figuré 515 is
a model based on random time intervals, in which there is mialiity in load. In
Figure[5.6, there is also no loading variability and no cégaa@riability, but there
is capacity deterioration, and it crosses the load valuesat }00. If capacity de-
teriorationc(t) crosses the load distribution within a given time, the timerosses
the mean load is called as the time to failuye For instance, in Figurle 5.7 capacity
deterioration crosses the load distribution at year 51 rdfbee, year 51 is the time to
failure t;. System does not fail before tinte, but it fails at the first loading, there-
after, causing the rapid exponential decay in reliabiltgured 5.8 and 5.9 show the

time variant failure rate and the reliability for this case.

Figure[5.10 shows a case where there is no capacity vatyalodipacity is constant
(c(t) = co) but loading variability exists. Figurés 5111 dnd 5.12 shbevfailure rate
and reliability of this case respectively.

5.5 Reliability Bathtub Curve

Bathtub curve has been used in reliability to show the threelpeeriods of failures of
a system that originates with birth (construction) and shes with death (collapse)
as shown in Figure 5.13. These periods are infant mortdtigyly Failure) followed
by a constant failure rate (Useful Life, Poisson Failureymal Life Failure) and
concluding with the so-called wear-out failure (End of Lidailure or Aging Failure).

The bathtub curve is inspired by the human life cycle andohtieath.

Due to the risks of birth and fragility of life during the ped of infancy, there is a

high rate of death in this early period of life. The rate of tthedecrease to a steady
state level until we age, and our bodies start to wear-outmédical science has tried
to extend our lives in the last century, it is the responiybdf engineering sciences

to increase the life of engineering products, systems actitres. It is important to
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Figure 5.5: Repetitive Loading at Random Time Intervals, Whieer& is No Loading
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Figure 5.6: Repetitive Loading at Random Time Intervals, Wheer& is No Loading
and Capacity Variability, in the Presence of Capacity Detation ¢, = 100).
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Figure 5.7: Repetitive Loading at Random Time Intervals, Wheer& is No Loading
and Capacity Variability, in the Presence of Capacity Detation (¢, = 51).
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Figure 5.8: Failure Rate, When There is No Loading and Capaaeaitiability, in the
Presence of Capacity Deterioratidn & 51).
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Figure 5.10: Repetitive Loading at Random Time Intervals, Wheere is no Capac-
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Figure 5.13: Bathtub Curve (Conor Quinn, 2010).

notice that the bathtub curve does not depict the failure o&ta single component
but describes the relative failure rate of an entire systeen ime. For products, for
instance, some individual units will fail early, which idlea infant mortality failures.
Failures during infant mortality are mostly caused by matetefects, design blun-
ders, or error in assembly. Some of the remaining units waillduring the following
extended period, typically called as the normal life. F&tuduring normal life are
normally considered to be a random case of "stress excedwngirength”. Finally,

other remaining units will last until the wear-out periodefihis J. Wilkins|, 2002).

Infant mortality is the period over which the failure rateagproduct is declining and
this period may last for years. Although this period is a twigen the failure rate
is dropping, it is an undesirable time because a significantber of failures take
place in a short period. In theory, the failures during ndrif@occur at random but
with a relatively constant rate when measured over an egtépdriod of time. It is
our intention to have a long constant failure rate with a lattdim in this zone of
the bathtub curve. In fact, until the wear-out mode takesglthe reliability would
continue to improve over time. Wear-out is a zone on the cuttven the failure rate

is increasing, it is a fact of life due to fatigue or depletadfmmaterials.

When a system is subjected to repetitive loading, the Loadx€igpinterference the-
ory can be used to derive a failure rate. In this theory, infiaortality, constant failure
rate and aging are correlated with capacity variabilitgdwariability, and capacity

deterioration.
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In the following sections, various possible combinatiohfadure types are used to

obtain the failure rate and the reliability in each case. fbflewing assumptions are

used to create the failure rate model by using Load-Capaugyference theory.

the load.

g(t) = a.co(t/te)™

5.5.1 Combination of Failure Types

Parameter values are= 1.5, p; = 0.15, p. = 0.10, « = 0.1, and~t, = 100.
The load applications occur randomly at the assumed tineeviak

The load magnitudes are independent and identically diged with CDF of

The capacity formula ig(t) = ¢y — g(t) whereg(t) is calculated from:

(5.22)

In this section, combination of different failure types &bulated in terms of pres-

ence of each failure mode in each model and density disiibof load and capacity.
As Table[5.1 indicates, loads and capacities are modeledrasafly distributed and

the wear effect (aging) as a power of time. Regarding thisetdbkwis and Chen

(1994) examined various possible cases by eliminating dileré types, and they

were able to plot the bathtub curve when all failure typesayeesent.

Table 5.1: Failure-Type Characterization (Adopted fromwise 1996)).

Failure Tvpe Capacity, Load| If this failure | If this failure
yp or Deterioration| type is absent type is present

I. Infant Mortality _ _
(Variable Capacity) feleo) oo =) | dllco —2o)/0e]
II. Poisson Failures - -
(Variable Load) full) o =1 ol =)ol
. Agin

o g(t) 0 acoltfto)"

(Deteriorating Capacity

5.5.2 General Formula for Failure Rate Including All Failur e Modes

To derive a general formula for the failure rate that inckid# three failure modes,

we use the failure rate formula in terms of reliability in Eg13:
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At) = —ﬁ%]—%(t} (5.23)

General formula for reliability including variable loadjrand variable capacity was
obtained in EqC5.21. Substituting R(t) from Eq. 5.21 into E@3, we obtain:

% {fooo fc(Co) 6[7 fot dt/fyfco((;’) fi®) dl]dCO}

Mt) = -
. fooo fe(co) L= Jo 4 [5Gy £i0) d] dey
(5.24)
% {fooo fe(co) e[—t.vff(j’) full) di] dco}
- Iy~ fe(co) e[ Jo v 5oy 10 ) g
We then perform the following mathematical manipulations:
{foo fc(co) ie[ft-’}/fco(oﬂ) fl(l) dl]dco}
)\(t) _ — 0 dt : _
fooo fc(CO) e[_'on dt’ fc(t/) §i10) dl] dCO
T e LR IO NG [t ) 70 ] deo
fooo fc(CO) e[_ng dt’ [y firl) dl] dey
(5.25)

(6 st 50004 3, 0] )
fOOO fc(CO) 6[_’Yf0t dt! fco(?f’) Ji() dl} dCO

c

Iy~ fe(co) el=7 15 v [ 1 dl]dco

,yf(]oo fc(CO) fij/) fl(l) dl 6[77f0t at’ ff@/) fi(D) dl]dCO

Egs. [5.I2[5.21 and 525 constitute a reliability model iriclvhinfant mortality,
random failures and aging are represented explicitly imseof capacity variability,

loading variability and capacity degradation.
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5.5.2.1 Combined Failure Types Il & llI

In this case, infant mortality (variable capacity) is akseRigures 5.4 anf 5.15
show the scripts which are written using the MAPLE softwargénerate the graphs
shown in Figure§ 5.16 and 5]17. Furthermore, by using EGZ &nd5.2l7 below,
Figures5.16 and 5.17 are generated for the three agingierpm m=1, 2, 4. In these
equations, in order to generate Figures b.16[and 5.1¥the homogeneous Poisson
process intensity for load application with the assumedevalf 0.99956, is the
initial capacity with the assumed value of 104,is the standard deviation of the
load with the assumed value of 1.02js a constant with the assumed value of 0.1,
and(, is the initial load with the assumed value 6.8. These valeeassumed values
selected here to generate characteristic shapes of fadteeand reliability graphs,

These values can be changed for the problem at hand.

R(t|co) = e Jo 41 S i (5.26)
A0 = [ i (5.27)
c(t)

FT = proce( ! 0, sigma [, ¢ 0, alpha, gamma, mn )
global lambda, m, p :

for m from 1 by 1 tomn do
lambda[m] := (int(exp(-( (/-1 _0)/sigma [)"2*1/2)/(sqrt(2*Pi)),l=c_0-((alpha*c_0)
* (gamma* ¢/ 100) “m) ..infinity) ),
plm] = plot(lambda[m], t=0..100,»=0..0.01) :
print (lambda[m]);
end do:

plots-display([p[11], [p[2]1], [p[4]1]);
end proc:

Figure 5.14: Script Program Used to Generate the Graphgjundb.16.

Figure[5.16 indicates that failure rate is increasing wiithet As the value of aging

exponent increases, the rate of increase of failure raterbes steeper. Figure 5]17
shows the time-variant reliability for three different agiexponents. The reliability

declines as the time increases. In Figure5.17 at time 108biléy values for all
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RT := proc( [_0, sigma_I, c_0, alpha, gamma, mn )
global v, m, p :

for m from 1 by 1 to mn do

r[m] = exp( - (¢t* gamma* int(exp (- (({-1 0)/sigma [)"2%*1/2)/ (squt(2*Pi)),/=c 0
- ((alpha* ¢ _0) * (gamma * ¢/100) " m) ..infinity) ) );

plm] = plot(r[m], t=0.100,y=0.1) :

print (lambda[m]);
end do:

plots:-display([p[1]], [p[2]], [p[4]], axes = boxed);
end proc:

Figure 5.15: Script Program Used to Generate the Graphgjundb. 1V.

values of aging exponent become equal to zero. However, §rea time prior to

year 100, the reliability is larger for the larger valuestod iging exponent.

0.010
T At =vy | fihdl /i
I c(t) m=4 I
0.0081 &, =1.02, co =10.2 /7
i m=2 ;]
| @=0.1, [h=6.8 m=1 i
0.006| ¥=0-99956 \ i
= - / P
f< |
0.004 - / .
I /
L V4 ]
0.002 - P |
- / ,,' 4
0.000 - T
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Time (Years)

Figure 5.16: Combined Failure Types Il and Ill: Failure Rate ¥sme for Three
Aging-Exponents.
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Figure 5.17: Combined Failure Types Il and IlI: Reliability viSme for Three Aging-

Exponents.

5.5.2.2 Combined Failure Types | & Il

In this case, Poisson failure (variable load) is absent. Bszaf this, we substitute
fil) = §(1 — 1) in Egs. [5.28 an@5.29 below. After the substitution, we abtai
Eqgs.[5.30 and 5.31 shown below. By using the produced eqsatiewere able to
generate Figure 5.018. In these equations in order to genErgure 5.18, where

is the homogeneous Poisson process intensity for loadcapipin with the assumed
value of 0.99956¢, is the initial capacity with the assumed value of 10:2is the
standard deviation of the load with the assumed value of, k08 a constant with

the assumed value of 0.1, ahds the initial load with the assumed value 6.8.
R(t) — / fco (60)67 f(;5 dt'~y fco(j/) fl(l)dldco (528)
0

N fooo fCo (CO) (fcij,) fl(l)dl e Jy dt’ I fz(l)dl) deq
t pr—

a3 (5.29)
fooo F Co)e_fo dt’ [y fi(Ddl dco
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A(t) = 76 | Feleo)deo + J70 7 @D £ (co)deo| (5.30)

= (et fy fuleodeo — 00 {1 — b= @Y g cg)de

0.0010 ——————————
" 1,=6.8, o;=1.02

| ¢0=10.2, 7,=1.02 |
0.0008 || @ = 0.1, y = 0.99956 ]

0.0006 :

o)
y

0.0004 |- :

0.0002 ]

0.0000 T B S ——
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Figure 5.18: Combined Failure Types | and llI: Failure RateTise.

J I+9(t) B
R(t)=1-(1- e ) /l feleo)dey — /H-g {1 — e"’[t_gil(cf’_l)]} fe(eo)deo (5.31)
0 l

Figure[5.18 shows a similar behavior encountered frequénthtigue testing. After
the early failure time period (0-5 yrs), fraction of popudat (for which the initial
capacity is less than the load) is removed at the first loadiihgse are the defective
products or components. For human lifetime, they represéatt mortalities. Fol-
lowing this period, in the random failure period the failuege \(¢) is vanishingly
small (5-30 yrs) until the effects of aging becomes signifid®0-100 yrs) (Lewis &
Chen,; 1994).

Time variant reliability plotted in Figurle 5.119 displaysudsien fall for a short period
for reliability at the beginning (0-5 yrs). Afterwards, iedines in a constant rate
for a long period (5-50 yrs). As the effects of aging becongmificant, reliability

falls in great magnitude (50-100 yrs). As Figlre 5.18 intéisg is the homogeneous
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Poisson process intensity for load application with theiasesd value of 0.9995@,
is the initial capacity with the assumed value of 1@:2is the standard deviation of
the load with the assumed value of 1.02is a constant with the assumed value of

0.1 andi, is the initial load with the assumed value 6.8.

1.000
0.998 - .
> I
= 0.996 - .
©
g I |
[v'4
0.994 - | -6.8,0 =102 1
co=10.2, o, = 1.02 \
| a=0.1,y=0.99956 1
0.992 -
I I I | I I I | I I I | I I I | I I I
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Figure 5.19: Combined Failure Types | and llI: Reliability ¥$mne.

5.5.2.3 Combined Failure Types | & lI

In the absence of aging, infant mortality and Poisson faguccur together. Figure
shows the script program written using the MAPLE sofeni@ generate the
graphs in Figur€ 5.21. By settingt) = ¢, in Eqgs.[5.28 and5.29, we produce the
graphs in Figuré 5.21. As the graphs show, failure rates aceedsing with time.
The larger the coefficient of variations of capacity, thgdauthe failure rate becomes.
As Figure[5.2]1 indicates is the homogeneous Poisson process intensity for load
application with the assumed value of 0.9995@s the initial capacity with the value

of 10.2,0; is the standard deviation of the load with the assumed vdlded@, o is

a constant with the assumed value of 0.1 &nd the initial load with the assumed

value 6.8.
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LT := proc( /_0, sigma_l, c_0, sigma_c, alpha, gamma )
global 4, B, t, At, Bt, [, pointsl, pl :

A=A :=int(exp(-(c-c_0)"2/(2* (sigma _c)"2))/sqrt(2*Pi) *int(exp(- (/-1 0)"2/(2
* (sigma_1)"2))/sqr

t(2*Pi) *exp(-gamma*int(1, td=0..t) *int(exp( - (I-1_0)"2/(2* (sigma_l)"2)) /sqrt(2*Pi), !
=c..inf

inity)), I =c ..infinity), ¢ =0 ..infinity);

B :=int(exp(-(c-c_0)"2/(2* (sigma_c)"2)) /sqrt(2*Pi) * exp( -gamma * int(1, td =0 ..t)
*int(exp(-(/—1

_0)"2/ (2% (sigma_[)"2))/sqrt(2 * Pi), I=c .infinity)), c =0 ..infinity);

for ¢ from 0 by 5 to 100 do
At = evalf (A) : Bt :== evalf (B) : I[t] :== (At/Bt),
end do:

points] == {seq([t,1[t]],t=0.100,5)};
plots:-pointplot( points 1, connect = true, view=[0..100, 0..0.011);
end proc:

Figure 5.20: Script Program Used to Generate the Graphgjumdb.21.
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Figure 5.21: Combined Failure Types | and II: Failure Rate wselfor Four Sepa-
rate Coefficients of Variation Values of Capacity.

5.5.2.4 Combined Failure Types I, Il and IlI

This final case represents the most general case for timentagliability based on

repetitive loading and three periods of failure. In thisezadl three failure types are
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present. The script program shown in Figure 5.22 is writending Eq[5.29 and the
the MAPLE software to generate the graph in Figure]5.24. Thptshown in Figure

is written by using Ed._5.28 and the MAPLE software toegate the graph in
5.25. When all failure types are present, we were able to pbhathtub curve as
shown in Figuré 5.24. The graphs in Figlre 5.26 display cufee various combi-
nations of failure modes. As Figures 5.24 and b.25 indigai® the homogeneous
Poisson process intensity for load application with theiasesd value of 0.9995@,

is the initial capacity with the assumed value of 1@:2is the standard deviation of
the load with the assumed value of 1.02is a constant with the assumed value of

0.1 andl, is the initial load with the assumed value 6.8.

mode = module( )
option package;
global f1, /2, 13, 14, Atl, Btl, t, I1, pointsi, points2, p2, pl :
global P1, P2 :
export lambda;

lambda := proc(Cobar, sigmaC, lbar, sigmal, gamma)
f1 = (1/sqrt(2*Pi)) *exp( - (Co-Cobar)"2/(2* (sigmaC)”"2)) :
2= (1/sqrt(2*Pi)) *exp( - (I-bar) "2/ (2 * (sigmal)~2)) :
f3 == exp(-gamma*int(1, td=0..t) *int( f2,1=Co-0.1* Co™* (gamma*¢/100) "4 ..infinity) ) :
f4 = int(f2,1=Co-0.1*Co* (gamma* ¢/100)"4 .infinity) :
Pl = f1*f4* (3.
P2 = f1*f3:

for ¢ from O by 5 to 140 do
Atl[t] = evalf (int(P1, Co =0 .infinity) ) :
Btl[t] = evalf (int(P2, Co =0 ..infinity) ) :
[1[¢t] == (At1[t]/Bt1[1]);

end do:
pointsl = {seq([¢t, 11[t]],t=0..100,5)}:
pl = pointplot( pointsl, connect = true, view=[0..100, 0..0.011]) :
plots:-display([ p1], axes = boxed);

end proc:
end module:

Figure 5.22: Script Program Used to Generate the Graph ur&lig.24.
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mode = module( )
option package,
global /1, /2, /3, Btl, 1, I1, pointsi, points2, p2, pl .
global P2 :
export R;

R = proc(Cobar, sigmaC, lbar, sigmal, gamma)

f1 == (1/sqrt(2*Pi)) *exp(- (Co-Cobar)"2/ (2* (sigmaC)"2)) :
f2 = (1/sqrt(2*Pi)) *exp( - (I-Ibar)"2/(2* (sigmal)"2)) :

f3 = exp(-gamma* int(1, td =0 ..t) * int( f2, | = Co ..infinity) ) :
P2:={fl1*f3:

for ¢ from 0 by 5 to 100 do
Bt1[t] :== evalf (int(P2, Co =0 ..infinity) ) :
end do:

pointsl = {seq([t, BtI[t]],¢=0..100,5)}:

end proc:
end module:

Figure 5.23: Script Program Used to Generate the Graph uré&lig.25.
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Figure 5.24: Combined Failure Types |, Il, Il (Bathtub CurvEgilure Rate vs Time.
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5.6 Time Dependent Reliability Formulation Based on Stochd& Load model
(Two Independent Poisson Load Processes) and Random StrehdDegra-

dation Function

In this section, an alternative approach for time dependsiability formulation is

presented based on the woks of Ellingwood and Mori (1993)isRexe of a struc-
tural component and the applied load on it vary in time, m@lgtiuctural reliability

time dependent. Structural safety under a single load cacalelated as follows
(Thoft-Christensen & Baker, 1982):

P.=P(R>5)= [ Fr)fulr)ir (532)

whereF;(r) is the CDF of the structural action due to applied load #ng-) is the
PDF resistance of the structural component. The religiiiction is the probability

that the structural component survives during a desired titerval (Ot;):

R(t,)=P(S1<rn..NnS,<r)
=P(S1 <r).(S,<r)

(5.33)

where S,, is the random load intensity. If random load intensities identically

distributed, the equation above can be written as follows:

R(tr) = [Fs(r)]" (5.34)

Strength of the component may deteriorate in time due torenmiental stressors.
The time dependent resistance (i.e. deterioration) ofdgbrcomponent as a func-
tion can be modeled as the product of initial resistance aggadlation function as

follows:

r(t) = r9.9(t) (5.35)
wherer is the initial resistance, anglt) is the degradation function. The following
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formula can be used for deterioration due to corrosion,asalfttack and similar
environmental effects. However, it does not apply to fagiglrhe formulation that

follow are adopted from Ellingwood and Mori (1993).

If n events occur within time interval(¢,) at deterministic times;. j = 1, ...,n, we
substitute Eq._5.35 info 5.B3:

R(ty) = Fs,(r(t))...Fs,(r(t)) (5.36)
thus,
R(ty) = H Fs(r.g;) (5.37)

whereg; = ¢(t;) andt; < t; < ... < t,. In general, loads occur randomly at times
T =1T,..,T,. These random times can be described by the joint PEF. As a
result, Eq[5.36 becomes:

R(ty) = /tt_l/ot

wheren is the number of load events occurring within time intenvaltf] which

H Fs(r-gj)] fr(t)dt (5.38)

is described by the Poisson process. Occurrence times & tbad event§™ are
the n order statistic of the random variable = 77, ..., T, which are uniformly
distributed.

Since the intensities of the loads are statistically indeleat and identically dis-

tributed, Eq[5.37 can be written as follows:

117 g} = I ] #s trg(T0)} (5.39)

whereT} is the random occurrence timesrokvents, and;; is then-order statistics
of the random variablé™.

Joint PDF of7™ given thatn events occur within time interval(t;) is:
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Fre(t%) = (tlL)n (5.40)

Eq.[5.38 also can be written in termsBf as follows:

R(ty) = /OtL /Ot

The above equation can be written as follows:

1 Fs(rg(Ti))

fr(t")dt” (5.41)

R(t;) = [ / " s ron) %dt} :

The conditioning on the number of load eventsvithin time interval (), ;) is re-

(5.42)

moved, this removal is performed by using the Maclaurin &eeixpansion with the
occurrence of load events modeled as Poisson process:

o0

Ritr) =Y [ /0 " F {rg() %dt] < % (5.43)

By assuming = fOtL Fs{r.g(t)} %dt andc = (\t;)", the above equation becomes:

C

R(ty) =) p"—
n=0 )

n
. > p”
—e Z o (5.44)
n=0
e (o)
=€ Z n!
n=0
By using Maclaurin Series:
r_q r oz |
e = +ﬁ+§+...+x n!+ ...
- i o (5.45)
- n!
0 n:

Therefore,
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o _ ()
e = ; p (5.46)
By using Eq[5.46 in Eq.5.44, the reliability regardingndp is:
R(tp) = e “e®
(5.47)
— ¢—c(1-p)
Therefore, Eq._5.43 becomes:
R(ty) = e el ot Pt (5.48)

Moreover, the conditioning on the initial strength is remdvn order to take into

account the randomness in initial strength as follows:

R(t) = / e [1ma ot Fstraae] e g, (5.49)
0

wherefg, (r) is the PDF of the initial strengtR,.

When a component is subjected to two statistically indepeinibad processes;
andsSs,, only Sy is time dependent. Then,

R(tr) = P(S, < 7)
P(Sl + SQ < ’l“) (550)
P(Sl <r-— SQ)

F5'1 (7“ — 52)

By using the law of total probability, EQ. 5.49 becomes:

R(t) = /O /0 oM [1o 7 P {rg@—saat] Fs,(82) fry(r)dsadr  (5.51)

Based on these formulations, the probability of failure drareliability for various

cases are investigated. In all the cases, the followingnaggons are used:
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e It is assumed that’, = 0, which means that the coefficient of variation for
dead load is zero. Therefore, Eqg. 5.49 is used, in whickr.¢(t)} is replaced

by Fi {r.g(t) — pp}.
e Linear degradation model is useg{) = 1 — at).

e ¢(40) = 0.8 which means that 80 percent of the initial strength remairda

year.

Ellingwood and Mori ((1993) used a large volume of statidtdata to obtain the
means, coefficients of variation, and PDFs of the resistariterespect to common
design limit states of several concrete structural compt#und in nuclear power
plants. To obtain the resistance statistics, it was assuhatdhe rate of the applied
load to the component is relatively slow, levels of on-sitalgy control that are
typical of those found nuclear plant construction sitescigie with variabilities in

material properties and dimensions, and long-term sthedgterioration in concrete

or steel are ignored.

Coefficient of variation values of resistance based on thisstal data were selected
as 0.13, 0.18 and 0.14 for beam or slab flexure, beam sheamwsibshear, and short
column compression, respectively. However, they used &slthe initial coefficient
of variation of resistance in their study which happens tthieeaverage of these three
values. In order to investigate the effect of the variatibmesistance on the com-
ponent reliability, the value of initial’z was increased by 20% and 60%. Therefore,
three different values of coefficient of variation (0.15,8).0.24) resistance were used

in their study.

Based on analysis results of a survey on nuclear power plzogffjcient of variation
values of various loads were also obtainec_by Ellingwood ldiodi (1993). These
coefficient of variation values are for the dead load (C.O.V.6¥} equipment load
(C.0.V =0.04), accidental pressure load (C.O.V=0.20), autia temperature load
(C.0.v=0.08). The other coefficient of variation value foe five load is 0.50. They
used 0.50 the initial coefficient of variation of resistameeheir study. In order to
investigate the effect of the variation of the load on the ponent reliability, the

value of initial VV;, was increased by 20% and 60%. Therefore, three differenesal
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of the coefficient of variation (0.5, 0.6, 0.8) for the livealbwere used in their study.

It is important to consider that there are remarkable uagdrés in these estimates
since in some cases they are based on a few responses. Thgnefthis part of
thesis, different values for the load occurrence rate, tiedficient of variation of the
strength and live load from_Ellingwood and Mori (1993)'s @éstigation are used to

investigate the effects of mentioned parameters on theiéty of a component.

Furthermore, a script program is written based on theseuiations and using the
MAPLE software to generate the upcoming graphs (Figure &2{5.2D).

MyModn == module( )

option package,

globala, g.j. /1, 12, 21, 3, /4, zx, tl, xc, points1, p1, p, R, Pf, points :

export c2f;

c2f == proc(muR, sigmaR, mulL, sigmal, muD, lambda)

Digits = 14 :

with( plots) :

f1 = (1/ (r*sigmaR *sqrt(2*P1))) *exp( - (In(r) -muR) "2/ (2 * sigmaR"2)),
2 =exp(-(I-mul)"2/(2*sigmal"2) )/ (sigmal * sqrt (2 *Pi) );
2 = int(f2,1=0.r* (1-(1-30)/200) -muD),

3 =int(f21,1=0.1);

f4 := exp(-lambda* (#/-/3));

zx = f1*f4,

for t/ from 0 by 5 to 100 do xc[#] := evalf (zx) :

R[] == evalf[ 18 |(Int(xc| U], ¥ =0 ..infinity, method = Dexp, epsilon=10"(-10))) :
print(R[H]);

Pflil] = 1-R[t]:

print("PL" =Pf]);
end do;

points = {seq( [, Pf[]],1=0.100,5)}:
pl == poiniplot( points, connect = true, view=[0..100, 0..0.018]) :
display( [ pl), axes = boxed) :

end proc:end module:

Figure 5.27: Script Program Used to Generate the Graph iticB&g6.

In the first case, the effect of load occurrence vaten the probability of failure and
reliability is studied. Three different values for load ao@nce rate are used where
the coefficient of variation for resistance is assumed to.b& (/z = 0.10), and the
coefficient of variation for the live load is assumed to b&/@1, = 0.17) which is the
average of five different load types of Ellingwood and Mofielgraphs in the Figures
and’5.29 show the time variant probability of failurel éime reliability for three
different load occurrence rates. As the graphs in Figur8 Stdw, the highest graph
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belongs to the highest value af and the lowest graph belongs to the lowest value
of A\. As the graphs in Figuie 5.9 show, the highest time varigidbility belongs
to the lowest value ok, and the lowest time variant reliability belongs to the lagh
value of\. This means that for the larger value)of the probability of failure will be

larger and the reliability will be lower.

g(40)=0.8
Vi =0.10 1]

V, =047 Tl

0.12

0.10-
0.08]

0.06|-

Probability of Failure

0.04

0.02

0_007 _ ————————— -7 --r-- T T . . .
0 20 40 60 80 100

Time (Years)

Figure 5.28: Probability of Failure vs. Time for Three Ditéat Values for the Load

Occurrence Rate.

In the second case, the effect of the live |dgdon the probability of failure and
reliability is studied |(Ellingwood & Mori| 1993). To this enthree separate values
for the coefficient of variation of live load are used, the fGomnt of variation for
resistance is assumed to be 0.1Q, (= 0.10), and the load occurrence rakeis
assumed to be 1000. The graphs in the Figured 5.30_and 5.@Atlsbdime variant
probability of failure and reliability for three differembefficient of variation values
of the live load, respectively. As the graphs in Figure 5.80vg the highest graph
belongs to the highest value b}, and the lowest graph belongs to the lowest value
of V;. And as the graphs in Figure 5131 show, the highest grapmgelo the lowest
value of;, and the lowest graph belongs to the highest valug,ofThis means that
for the higher values df;, , the probability of failure will be higher and the relialbyli

will be lower.
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Figure 5.29: Reliability vs. Time for Three Different Valukes the Load Occurrence

Rate.
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Figure 5.30: Probability of Failure vs. Time for Three Ditat Values for Coefficient

of Variation of the Live Load.

In the third case, the effect of component strerigtion the probability of failure and

reliability is studied(Ellingwood & Mori} 1993). To this enthree different values
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Figure 5.31: Reliability vs. Time for Three Different Valugs the Coefficient of

Variation of the Live Load.

for the coefficient of variation of the strength are used dbefficient of variation for
the live load is assumed to be 0.1/, (= 0.17), and the load occurrence rates
assumed to be 1000. The graphs in the Figured 5.32_ and 5.@3tlsbdime variant
probability of failure and reliability for three differembefficient of variation values
of strength, respectively. As the graphs in Figure5.32 stimhighest graph belongs
to the highest value ofz, and the lowest graph belongs to the lowest valu&pf
Similarly, as the graphs in Figure 5133 show, the highegtlytzelongs to the lowest
value ofV, and the lowest graph belongs to the highest valuézofThis means that
for the higher value of’; , the probability of failure will be higher and the relialyi

will be lower.

In the last case, the effect of degradation titpes studied |(Ellingwood & Mori,
1993). A linear strength degradation model by taking intooamtt, is used as fol-

lows:
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Figure 5.32: Probability of Failure vs. Time for Three Drtéat Values for the Coef-

ficient of Variation of Strength.
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Figure 5.33: Reliability vs. Time for Three Different Valugs the Coefficient of
Variation of Strength.

To this end, four different values for degradation titpeare used, the coefficient of

variation for resistance is assumed to be 0.p & 0.10), and the coefficient of
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variation for the live load is assumed to be 0.37 (= 0.17). The graphs in the
Figured5.34 and 5,85 show the time variant probability déifa and reliability for
four different degradation times respectively. As the gsaim Figuré 5.34 show, the
highest graph belongs to the lowest valug Hfand the lowest graph belongs to the
highest value of,. Similarly, as the graphs in Figure 5135 show, the higheaplgr
belongs to the highest value ©f and the lowest graph belongs to the lowest value of
to. This means that for the higher valuestgfthe time variant probability of failure

will be lower and the reliability will be higher.

T
0.14-| g40)=0.8 1
| 1=1000
0.12+| Vg =0.10
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® 010 |
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Figure 5.34: Probability of Failure vs. Time for Four Diféart Values of Degradation

Time.

5.7 Formulation Based on Load and Capacity

In addition to different approaches of time variant forntiadas for reliability pre-
sented in sections 5.2 through 5.6, time variant religbddn also be obtained in a
discretized way based on the FORM technique. If we assumehbdbad and ca-
pacity of a structural component are normally distributshacity may be assumed

to be changing by time based on a relationship such as theiwerelgelow:

115



1.00 ] 1

0.95 -

Reliability

0.90 |-

| g0 =08
| A=1000
| Vg =0.10
| v.=017

080 L L L 1 L L L 1 L L L 1 L L L 1 L L L
0 20 40 60 80 100

Time (Years)

0.85

Figure 5.35: Reliability vs. Time for Three Various Valuesdegradation Time.

c(t) = co(1 — 0.0018¢ — 0.00001¢%) (5.53)

With this assumption, time variant reliability can be cdétad by using a computer
algorithm developed in this study, The flowchart of time &atireliability calculation
using the convolution integral presented in Sectioh 4.2 FEE3) is shown in Figure
[5.36, where the values for reliability are obtained for tim&erval betweerd and
100 years. As the time variant reliability graph in Figlre 5.3ibws, aging of the
structure is associated with deterioration of capacityFigure[5.37, the convolution
integral and the traffic spray damage deterioration modeluged to calculate the
time variant reliability, wherg:. with the assumed value of 5 is the mean value of
capacity,oc with the assumed value of 0.5 is the standard deviation otdpacity,

1 with the assumed value of 3 is the mean value of the loadgawith the assumed

value of 0.3 is the standard deviation of the load.

Also in Figurd 5,38, normal distribution of capacity andddar assumed mean values
are plotted vertically showing the capacity deterioraton the mean load at ten year

intervals.
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Figure 5.36: Flowchart for Calculating the Time Variant Rieiidy Using the Con-

volution Integral.

5.8 Condition Deterioration Models

In order to obtain realistic results from a time variantabllity analysis, the analysis
must be based on a so-called condition deterioration mdtelges deteriorate due
to the effects of aging, live loads, corrosion, environmaéfdctors, fatigue, among

117



0.99

0.98

0.97

0.96

0.95

Reliability

0.94

0.93

0.92 -

0.91

r =fmf “t()dif(c)do

c(t) = 5.0 (1 - 0.0018t - 0.00001t?)
u.=5.0,06,=05
w=3.006=03

10 20 30 40

50 60 70 80 90
Time (Years)

Figure 5.37: Reliability vs. Time by Using the Convolutiondgtal.
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Figure 5.38: Capacity and Load Distributions vs Time DispigyTime Variant Ca-

pacity Deterioration.

many other causes. To study these phenomena, there havedremrs studies in

the past to obtain deterioration models since 1965. Thessareh studies can be

classified into different groups based on the methods used.
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Barkiw et al. (1965), Golabi et al. (1992), Hawk (1995), Ng avidses (1999),
Hearn (2000), Bruhwiler et al. (2001), and Frangopol and Ri@0g) used Markov
chain or semi-Markov process in their models. Markov chainsed in Barkiw et
al's model because it gives the opportunity of describirggdbmplete system in case
there is an approximately exponential failure law. Morepitean be considered the
stochastic as past history has no predictive value, a propérich is regarded a lia-
bility. Semi-Markov process is also defined in this modelgpresent the transitions
between states that take place only at certain times. Slyildawk used Markov
chain to model bridge element deterioration in BRIDGIT (a feadnanagement sys-
tem used in the U.S.) and obtained the following Markoviamsition probability

matrix relationship:

NEWQUAN QUAN

TOTQUAN _[]WTOTQUAN (5.54)

where NEWQUAN is the quantity of elements in state Y years, TOTQUAN is
the total quantity of an element, QUAN is the quantity of thengents in state
(1 <i < '5) at the beginning of the year of the analysis, dhds the probability that

a quantity in state will still remain in that state one year later.

Ng and Moses (1999) also proposed the application of a seankd¥ model in which
transitions from one stateo another statg are controlled by the transition probabil-
ities P;; while the duration in statéeprior to the transition is controlled by the holding

time distribution’;;.

Another feature in using Markov chain introduced by Frargd@nd Liu (2005) is
that it can be used to model bridge deterioration continlyaarsd/or mechanistically.
That is to say, a limited number of previous states are censtin the model and
the immediately preceding state is only considered in the siap Markov model.
There is consistency in the essential transition matrixs@ibing the probabilities
of changing from one state to another state throughout teeifsgd time horizon in
stationary models. Monte Carlo simulation can be also usebt&in statistical time
varying performance profiles of deteriorating structumnegar maintenance, assuming
that there is sufficient available data. Likewise, HearrD®Qused Markov chain to
explain the transition probability? of an element moving to the next condition state
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as a function of the time spent in the current statg;cnce as:

P11 (5.55)

tResistence

tResistence = tState + tTrans (556)

where,ts.q IS the prior time in current state (year), ang,,. is the time left before
the transition (year).

Additionally , Golabi et al. (1992), in the Pontis Techniddanual, explained two
condition state prediction models. When two consecutivarba inspection reports
are absent, they used the prior model in which probab#fjtyof transiting from state

i to statej in two years is:

P;=1-0.5%h (5.57)

whereT; is the engineer’s estimate. When there is statistical data t least two
consecutive inspection reports, they use the posterioehtodietermine the transi-

tion probabilities in the Markov chain by linear regression

Moreover, Bruhwiler et al. (2001) interpreted the Markoviaansition probability

matrix based on the Bayesian theorem in two different waysthid percentage of a
segment changed from condition state condition state and (2) the probability of
a unit quantity of a segment to pass from condition stébecondition statg.

Other methods to obtain a deterioration model are suggést&BI bridges by Busa
et al (1985) and the Pennsylvania Department of Transpamté®ennDOT) (1987).
In Busa et al.'s model, condition states of the bridge deckgesstructure, and sub-

structure are formulated as a function of bridge age, arffictralue as follows:

Deck =9 — 0.119(AGE) — 2.158 x 107 5(ADT x AGE) (5.58)
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Super =9 — 0.103(AGE) — 1.982 x 10~ (ADT) (5.59)

Sub =9 — 0.105(AGE) — 2.051 x 10~%(ADT) (5.60)

where AGE is the age of the bridge (years), and ADT is the aeedaily traffic.

Pennsylvania Department of Transportation (PennDOT) mizdeased on bridge

condition ratings (CNR). CNR at equivalent age is:

0.7
£ QA) (5.61)

where EQA is the equivalent age of bridge element (years) B8l =estimated life
of bridge element (years).

Miyamaoto (2001) also proposed a model for reinforced-oetecbridges, where
bridge age shows up on the abscissa and the mean soundnessafdoad-carrying
capacity and durability are displayed on the ordinate. Is thodel, load carrying
capacity is defined as:

SL(t> = fo(t) = bL - aLt4 (562)

wherea;, andb;, are emprical constantsis the bridge age (years), arfigt) is the de-
terioration function from the beginning of service untietfirst inspection. Similarly,

durability is defined as:

Sp(t) = go(t) = bp — apt’ (5.63)

whereap andbp, are emprical constants|s the bridge age (years), agglt) is the

deterioration function from the beginning of service utti# first inspection time.

In similar manner, Ellingwood (1998) presented a functiondoncrete deterioration

including the depth of penetration or section loss:
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X(t) = C(t —1,)° (5.64)

where(C is the rate parameter (random variable)s the time-order parameter, and
t;=induction or initiation period for deterioration procgsandom variable)C' and
« are determined by regression analysis of experimental Batssible values fax’s

1 . . - - y
are; and1. For diffusion-controlled processes, such as alkali-eggte reactiony’s
value is1 and for reaction- controlled one, such as corrosion andsuittacksy's

value isl. In this thesis, Ellingwood’s model will be used in Sectiof.5

In order to estimate the lifetime reliability of a short ly&lconcrete slab when it is
subjected to chloride attacks, Thoft-Christensen (1998)dluced a sensitivity factor
and determined whether stochastic or deterministic aisatys be used in the mod-
eling. Initially, the physical properties of the structwaed the dynamic factors are
critical. Considering the estimation of the deterioratiomeainforced-concrete decks,
Fitch et al. (1995) state that this is a typical combinatiéra gghenomenological
model with statistical data obtained from inspection, kelitation history, anti-icing
needs, and average daily traffic (ADT) in order to estimagetiime to rehabilitation

(TTR). The formula for the resulting model is as follows:

y = —10.2 + 14.02 — 11.42"% (5.65)

wherey/’ is the fitted time to rehabilitate decks based on applicataedards, and
is the percentage of deck delaminated, spalled, or patched.

In the snowbelt (a region in the U.S.) the function is modi@sdollows:

y = —11.2 + 5.34z — 3.412"* (5.66)

wherez is the percentage of the worst traffic lane delaminated)eshabr patched.
The last deterioration model is developed for the reinfdrcencrete suggested by
Madanat and Lin (2000) in which the authors used a Bayesiahadélanev, 2007).
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5.9 Time Variant Evaluation of Reliability for a Structural C omponent Based
on the FORM Technique

In this thesis, a FORTRAN 95 shell algorithm is developed tlwidate the time
variant reliability of a component and/or a system by usirgpee FORM program
developed by Estes, A.C. and Frangopol, D.M. (1997). FigGrd8 and 5.40 show
the flowchart of the generated algorithm. The following mfiation explains the

variables used in the flowchart.

e t, = Time horizon
e t, = Time increment

e LNCONYV (LogNormal CONVersion) = A subroutine which calculatie pa-
rameters of lognormal distribution whenever the resisgdadognormally dis-
tributed

e 11z = Mean value of the resistance
e oy = Standard deviation of the resistance
e 17, = Mean value of the live load

e o = Standard deviation of the live load

Due to variations in resistance and live load, reliabilgyime variant. The difference
between the time variant reliability algorithm developedthis thesis and the one
developed by Enright and Frangapol (1998) (i.e. RELTSYShéat;tfor a realistic

analysis of reliability, in this program five different datgation models and two
different live load models are defined. The user is able t@sbavhich deterioration

and live load models to use.

The resistance of a structure deteriorates due to distreshanism and aging. This
time dependent deterioration can be modeled by the use oésistance degradation
function. This can be performed by multiplication of initr@sistance by resistance

degradation function as follows:
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R(t) = Ro.g(t) (5.67)

In this study, four different degradation functions aredise modeling deterioration.
Each degradation function represents a specific degradagahanism (Norris et al.,

1994) as follows:

Eq[5.68 is used to model corrosion mechanism, wheres a coefficient that may
vary due to the degradation rate.

gt)y=1—art (5.68)
Eq. [5.69 is used to model Sulfate attack mechanism, wiagrie a coefficient that
may vary due to the degradation rate.

g(t) =1 — apt? (5.69)

Eq.[5.70 is used to model diffusion controlled degradati@cinanism, wheres is a

coefficient that may vary due to the degradation rate.

g(t) =1 —agVt (5.70)
Eq. [5.71 is used to model traffic spray damage mechanism,ewheand k, are
random variables.
g(t) =1 — kgt + kyt? (5.71)
Another deterioration model which is implemented in theadeped program is based
on the load-carrying capability. This model is as follows:
R(t) = Ry — apt* (5.72)

whereR, is the initial resistance, and, is a constant.
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Use deterioration
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Call LNCONV ’ Resistance 1v
subroutine lognormal?

Calculate the parameter
of lognormal distribution

Use corrosion
model?

Use load-carrying
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End @ @
Figure 5.39: Flowchart for Time Variant Reliability Shelldgram Using the Core

Program RELSYS Based on the FORM Technique (Continued).
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Figure 5.40: Flowchart for Time Variant Reliability Shelldgram Using the Core
Program RELSYS Based on the FORM Technique.

Figurd5.41 shows the graphs of five different deteriordfimetions explained above
when initial resistance is 1000 for a period of 75 years. isfigure, the deterioration
is considered with reference to an assumed residual stresafjie at 66 year. In

other wordsg(60) = 0.85, refers to 85% of the initial strength remaining at 60 years.

In addition to resistance degradation modeling, the liadleffects on the bridge
must also be modeled in order to perform a realistic timeavdnieliability analysis

for bridges. Therefore, it is crucial to calculate the maxmnumber of trucks for
a given period of time in order to develop a live load modetsisuch a model is
also in direct correlation with the safety of a bridge. Toiagh this goal, Nowak’s
(A._Nowak,|1993) and Sivakumar’s (Sivakumar, Ghosn, & Mp2898) live load

models are used in this thesis.
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Figure 5.41: Five Different Degradation Functions (Detsation Models) for Resis-
tance.

In Nowak’s model, the CDFs and extrapolation is used in ordg@roject maximum
moments and shears for the assigned time periods. To etahé initial lognormal
distribution of maximum moment value, A. Nowak (1993) uske btbtained mean
value and standard deviation due to the fact that the preseha single truck on
the bridge at the initial time is the determining factor. Gamsently, the future mean
value of the maximum moment is calculated according to tmeber of actual trucks
for a future time. Nowak considered a sample size- 300000 for a year. In this
analysis, not only the maximum moment but also the maximulerevaf the sample
size are random variables; therefore, each has its own ppitpalistribution. If
the initial distribution is normal or lognormal, when thergale sizen is selected as
a large number, the initial distribution converges to Guhahstribution over time.
Mean and standard deviation values of the Gumbel distohuti terms of the values

of descriptors of the initial distribution are as follows:

= o + (u ; l) o (5.73)
[y = (é@ >00 (5.74)
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wherey = 0.5772166, uo = initial mean value,o, = initial standard deviation,
andu,, andq,, are the location and scale parameters. These parametens ifatial

normal or lognormal variate can be obtained from the follayiormulas:

(In [In(n)] + In(4)) (5.75)

20,

a, = +/2In(n) (5.76)

In comparison to Nowak’s live load model, Sivakumar et/abQ&) proposed a new
formulation to analyze the same live load process. In thidehdhe formulations are

more analytic, and they are given as follows:

e = tio + 00 STl () — oo (In(In(n)) + In(47)) (5.77)
21n(n)
g = —20 (5.78)

v/21In(n)

In this thesis, first, the traffic spray damage deterioratimael and Nowak'’s live load
model are used to calculate the time variant reliabilityisiillustrated in Examples
1 through 5. Finally, Example 3 is used to compare the tim@awaareliability for five

different deterioration models and two different live laaddels.

5.9.1 Example 1: Uncorrelated Normally Distributed Resistace and Load

Let us suppose that the resistance R of a structural compmmarmally distributed.
Likewise, the applied load Q is also assumed to be normal.n,Tthe limit state

function can be written as:

g X)=R—-Q (5.79)

For this problem, it is assumed that the resistance destei®in time and the applied

load is changing with respect to the number of trucks in a.yEae graphs in Figures
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£.42[5.48, and 5.44 show the time variant reliability indenobability of failure and
the reliability, respectively. In Figufe 542 and() are normally distributed with the
assumed mean values of 1000 ferand 480 forQ, the assumed standard deviation
values of 100 forR and 48 for@), andm is the number of trucks passing over the
bridge per year, which is assumed as 1000. As the graph indflgd2 shows, the
value for the reliability index at timé = 0 is 4.6879. When t=0, the live load model
is not applied yet. After applying the live load model, thdéiaeility index drops
drastically within the first year and reaches to 3.5692, wagsafter this sudden drop,
the reliability index decreases gradually.

T T T T T T T T T T T T T T

g(x)=R-Q
45 R(t) = Ry (1- 0.0018t - 0.00001t%) |
R = N(1=1000.0,0=100.0)
Q = N(u=480.0,0=48.0)

40 m = 1,000 B

Reliability Index

10 -

05 - -

1 1 1 1 1 1 1 1 1 1 1 1 1 1
5 10 15 20 25 30 35 40 45 50 55 60 65 70

Time (Years)

Figure 5.42: Reliability Index vs. Time for the Uncorrelatddrmally Distributed
Resistance and Load.

5.9.2 Example 2: Uncorrelated Lognormally Distributed Resisance and Load

The problem presented in Example 1 is solved here again. ¥Hawthis time, the
resistance (structural strength) R and the applied loaceQognormally distributed.
The parameters of the lognormal distribution ) are calculated using Eg$._5180
and5.81 below.
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T T T T T T T T T T T T T T

0es |- | 9 =R-Q /|
i 2

R(t) = Ry (1- 0.0018t - 0.00001t?)
0.060 |- | R =N(u=1000.0,0=100.0) B
Q = N(u=480.0,0=48.0)
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Figure 5.43: Probability of Failure vs. Time for the Uncdated Normally Dis-

tributed Resistance and Load.
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Figure 5.44: Reliability vs. Time for the Uncorrelated Nofipdistributed Resis-
tance and Load.
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A=Inpu— 5 (5.80)

v=|In <1 + (%)2) (5.81)

The same resistance deterioration model and live load maxiai Example 1 are
used. The graphs in Figures 5.45,5.46, and15.47 show thevament reliability
index, probability of failure and reliability plots, resgtevely. In Figurd 5.452 and@

are lognormally distributed with the assumed mean valud9060 for R and 480 for
@, the assumed standard deviation values of 10@fand 48 for(), and the number
of trucks passing over the bridge per year, is assumed as ¥3)6hown in Figure
£.45, the value for the reliability index at time= 0 is 4.6355. Whern = 0, the live
load model is not applied yet. After applying the live loaddeb the reliability index
drops drastically within the first year and reaches to a vaft&20871, whereas after

this sudden drop, the reliability index decreases graguall

T T T T T T T T T T T T T T

481 9 =R-Q 7
461 R(t) = R, (1- 0.0018t - 0.00001t%) |7
441 R = LN(u=1000.0,0=100.0) 7
427 Q = LN(u=480.0,0=48.0) 7
4.0 1 m = 1,000 B

3.8 - -
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Figure 5.45: Reliability Index vs. Time for the Uncorrelatsajnormally Distributed

Resistance and Load.
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T T T T T T T T T T T T T T

0.44 - [ () =R-Q /]
0.42 |- | R(t) = Ro (1- 0.0018t - 0.00001t%) .
040 | | R =LN(u=1000.0,0=100.0) -
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Figure 5.46: Probability of Failure vs. Time for the Uncdated Lognormally Dis-

tributed Resistance and Load.
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Figure 5.47: Reliability vs. Time for the Uncorrelated Logmally Distributed Re-
sistance and Load.
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5.9.3 Example 3: Uncorrelated Normally Distributed Resistace, Live Load
and Dead Load

Suppose that the resistance R of a structural componentnsafly distributed. Let
us now separate the applied load Q into two parts, i.e. adiad tomponent L and a
dead load component D. Let us assume that, the live load Lrenddad load D are

also normal. Then, the new limit state function for this geob can be written as:

gX)=R—L-D (5.82)

The same resistance deterioration model and the live loadkhas in Example 1
are used agian. The graphs in Figures 5(48.]15.49[ andl 5.50 thieotime variant
reliability index, probability of failure and reliabilitplots, respectively. In Figure
B.48 R, L and D are normally distributed with the assumed mean values o8 B84
for R, and 1407 forl, and 1889.4 forD. In addition, the assumed standard deviation
values are 588.376 fdt, 351.9 forL. and 188.974 foD, andm, the number of trucks
passing over the bridge per year, is assumed as 300,000. odssh Figure 5.48,
the value for the reliability index at time= 0 is 2.8853. Whert = 0, the live load
model is not applied yet. After applying the live load modeélke reliability index
drops drastically within the first year and reaches to a vafue7001, whereas after

this sudden drop, the reliability index decreases graguall

5.9.4 Example 4: Uncorrelated Non-Normally Distributed Resstance, Live Load
and Dead Load

The problem presented in Example 3 is solved here again, \sowihis time, the
resistance (structural strength) R is lognormal, the logdlis normal, and the dead
load is Type-I largest value. The parameters of the lognbdis&ibution (\, v) are
calculated using EgE. 5180 and 5.81 mentioned in Sectiod &rfl the parameters of
the Type-I largest value distribution are calculated udtiog. [5.88 an@ 5.84 shown

below.
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3.0 g(x)=R-L-D .

28 R(t) = R (1- 0.0018t - 0.00001¢?) | |
R = N(u=5348.88,0=588.376)

2.6 L = N(u=1407.6,0=351.9) B

24 D = N(u=1889.4,0=188.94) .
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Figure 5.48: Reliability Index vs. Time for the Uncorrelatddrmally Distributed

Resistance, Live Load and Dead Load.
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Figure 5.49: Probability of Failure vs. Time for the Uncdated Normally Dis-
tributed Resistance, Live Load and Dead Load.
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Figure 5.50: Reliability vs. Time for the Uncorrelated Notipdistributed Resis-

tance, Live Load and Dead Load.

T 1
u=p— 0'277 (5.84)

The same resistance deterioration model and live load maxiai Example 1 are
used. The graphs in Figures 5.5, 5.52, and]5.53 show theviamant reliability
index, probability of failure and reliability plots, resgevely. In Figure[5.51R is
lognormally distributed/. is normally distributed and is Type-I largest value with

the assumed mean values of 5348.88 fprand 1407 forL. and 1889.4 forD. In
addition, the assumed standard deviation values are 5888 #, 351.9 forL and
188.974 forD, andm, the number of trucks passing a bridge per year, is assumed as
300,000. As shown in Figute 5J51, the value for the religbiiidex at timet = 0 is
2.8253. Whent = 0, the live load model is not applied yet. After applying theeli

load model, the reliability index drops drastically withime first year and reaches

to a value of 1.7779, whereas after this sudden drop, thabikty index decreases
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gradually.

T T T T T T T T T T T T T T
gx)=R-L-D B
R(t) = R, (1- 0.0018t - 0.00001t?)

26 R = LN(u=5348.88,0=588.376) |
L = N(u=1407.6,0=351.9)
2.4 D = Type-1(u=1889.4,0=188.94) ||
m = 300,000
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Figure 5.51: Reliability Index vs. Time for the Uncorrelatsdn-Normally Dis-
tributed Resistance, Live Load and Dead Load.

5.9.5 Example 5: Correlated Normally Distributed Resistane, Live Load and
Dead Load

The problem presented in Example 3 is solved here againhmitiine including
correlation among some of the random variables. R is noyrdatributed. Likewise,
the live load L and the dead load D are also assumed to be nofesistance and
dead load are assumed to be positively correlated. Siyildehad load and live load

are also partially correlated. Variables are correlateflésnys:

PR,D = 0.80
pr,r. =0
PD,L = 0.30

The same resistance deterioration model and live load maslél Example 1 are
used. The graphs in FigurEs 5.54, 5.55, Bnd]5.56 show thevamant reliability
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Figure 5.52: Probability of Failure vs. Time for the Uncdated Non-Normally

Distributed Resistance, Live Load and Dead Load.
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Figure 5.53: Reliability vs. Time for the Uncorrelated Nowihally Distributed
Resistance, Live Load and Dead Load.
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index, probability of failure and reliability plots, resgevely. In Figure[5.54R, L
and D are normally distributed with the assumed mean values 08 B84for R, and
1407 for L and 1889.4 forD. In addition, the assumed standard deviation values are
588.376 forR, 351.9 forL and 188.974 forD, andm, the number of trucks passing
over the bridge per year, is assumed as 300,000. As showgimeEs.54, the value

for the reliability index at time = 0 is 3.3836. When = 0 the live load model is not
applied yet. However, after applying the live load modeg taliability index drops
drastically within the first year and reaches to a value 01883 However, after this
sudden drop, the reliability index decreases gradually.

T T T T T T T T T T T T T T T

36 g(x) =R-L-D -
341 R(t) = Ry (1- 0.0018t - 0.00001t) |7
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Figure 5.54: Reliability Index vs. Time for the Correlated Naidly Distributed Re-

sistance, Live Load and Dead Load.

5.9.6 Time Variant Reliability Analysis Based on Different Deterioration and

Live Load Models

The problem presented in Example 3 is solved here, but tms tomparing five
different deterioration models and two live load modelse @halyses of this problem
resulted in four different figures. The graphs in Figures/sb6d 5.5 show the time
variant reliability index, and Figurés 558 and 5.60 show time variant reliability
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Figure 5.55: Probability of Failure vs. Time for the CorrelhiNormally Distributed

Resistance, Live Load and Dead Load.
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Figure 5.56: Reliability vs. Time for the Correlated Normdllistributed Resistance,
Live Load and Dead Load.
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plots. As shown in Figure 5.57, there is a dramatic fall fottz reliability index in
the first year. Up to the 6D year, the highest graph belongs to the reliability index
with load-carrying capability deterioration model, and #econd highest one belongs
to the Sulfate attack for the same time interval. Respegtitted lowest graph belongs
to diffusion controller degradation model, and corrosiod ¢he traffic spray damage
cause a similar behavior. Interestingly, these behavioasige completely after the
60" year. That is to say, the highest reliability index belongsliffusion controller
degradation model while the lowest belongs to load-caggapability deterioration
model.

R =Ry (1-ap £
R(t) = Ry —ap t*

Reliability Index

_27\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
0 10 20 30 40 50 60 70

Time (Years)

Figure 5.57: Time Variant Reliability Index for Five DiffemeDeterioration Models

and Nowak’s Live Load Model for a Period of 75 Years.

In order to obtain the time variant reliability profiles showm Figure[5.58, the reli-
ability index is used, and consequently, the results hageséime trend as in Figure
5.57.

To compare two different live load models by A. Nowak (1998) &ivakumar et al.
(2008), sulfate attack model is used in Figure b.59and 8Cédsidering Figure 5.59,
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Figure 5.58: Time Variant Reliability for Five Different Dexioration Models and

Nowak’s Live Load Model for a Period of 75 Years.

it is evident that the reliability index in Sivakumar's maedemoderately higher that
that in Nowak’s model. Therefore, the trend for both model&igure[5.6D is also
similar in terms of the reliability profile.

5.10 Summary

To have a complete analysis of time variant reliability,atyeof which was explained
in Chapter 4 for the time invariant case, this chapter dissiise variant reliability

and developed formulations based on time to calculate tiabilgy profile.

First, repetitive loading and three periods of failure wascdssed. In this section,
it was assumed that the load occurred at random time inseoc@isidering three
separate cases: (1) when there is no loading variabilijyw(ten there is no loading
and capacity variability but there is capacity deterianatiand (3) when there is no

capacity variability but there is constant capacity andliog variability.

Based on the presented cases, the related time varianefadte and time variant
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Figure 5.59: Time Variant Reliability Index for Sulfate AttaDeterioration Model

and Nowak’s and Sivakumar’s Live Load Models for a Period®ivéars.
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Figure 5.60: Time Reliability for Sulfate Attack Deterio@t Model and Nowak’s

and Sivakumar’s Live Load Models for a Period of 75 Years.

reliability graphs were plotted for the three separatexasecase one, the component

does not fail because capacity is always more than load|iabifigy is 1. In case two,
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the component starts to fail at a specific time because ofdtexidration of capacity.
Reliability remains 1 up to the time to failure, and after tredtability decreases. In

case three, reliability decreases starting from the iritize.

Another model to which the formulations were based was tltletila curve model,
which is used to study the failure of a system made up of mampoments or units.
A system may fail in three different periods,i.e. in earljufee, useful life, and wear-
out failure periods. For each case, the formulations wetaiogd to calculate the

time variant reliability.

As an alternative approach, time dependent reliabilitynigation based on a stochas-
tic load model and random strength degradation functionalss discussed. Based
on this formulation, the effects of load occurrence rate load, component strength,

and degradation time on reliability were investigated.

Finally, convolution integral and deterioration functimere used to obtain a formu-

lation to calculate time variant reliability.

In the last section, a computer algorithm was developed|tulzde the time variant
reliability based on the FORM technique, and incorporatiiffgint deterioration
and live model models. Various cases of random variablek agcnormally dis-
tributed, non-normally distributed, correlated or unetated, were examined includ-
ing the effects of the traffic spray damage deteriorationehadd Nowak’s live load
models. For the problem of normally distributed and undatesl random variables,
comparisons were made among five different deterioratiodatscand two live load
models.
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CHAPTER 6

CONCLUSIONS

This thesis started with an investigation of the previousligs carried out on time in-
variant and time variant reliability of bridges. Previoysingineers concentrated on
time invariant reliability studies since they did not halve tomputational technology
to compute time variant reliability. Therefore, most of thevelopments were in an-
alytical and theoretical nature. As of today, the developinoé computer technology
enabled the fast computation of time variant reliabilityspible. After this investi-
gation, the thesis sought to devise a time variant religlaligorithm with reference
to the studies both on time invariant and time variant rdiigtb In chapter 4, a de-
tailed analysis and evaluation of load and capacity rditggroblems is presented by
using the First-Order Reliability Method (FORM) which is ireptented in the REL-
SYS program. First, the reliability of the RELSYS was verifigdsolving numerous
examples involving both components and systems. Thenptiducted analyses and
evaluations provided the basis for devising a time variahability algorithm. For
the verification, RELSYS program was examined for variousloam variables with
normal and non-normal distributions, and for the cases i lsorrelation and no

correlation among these random variables.

During the last decades, engineers attempted to deviseeahtfformulations in order
to evaluate time variant reliability. Some of these forntiolas are derived in this
thesis and are presented in Chapter 5. These approachesasbiclosely examined

in this thesis can be summarized as listed below.

1. Repetitive Loading, Capacity Variability and Capacity Deterioration. In

this approach, due to the occurrence of repetitive loadimgradom time inter-
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vals, failure of a component or a system is investigatedreetlifferent cases.
The first case is when there is no variability in loading andacity. Since
capacity does not deteriorate, there will be no failurerdfare, the reliability
will always be equal to 1. The second case is when there is nabiity in
loading and capacity, but there is deterioration in caga@lecause of the de-
terioration, the capacity will cross the mean load (i.e. ilt become less than
the mean load) at the time to failure. The reliability wilhmain equal to 1 until
this instance. However, there will be a rapid exponentiglagiean reliability
after this time to failure. The third case is when there is agecity variability,
there is constant capacity deterioration, and there igdity in loading. In
this case, exponential decay in reliability occurs stgrfiom the initial time.
All these cases described above are generated in ChapterHe4ifferences

between each case and it formulations are closely examined.

. Generation of Bathtub Curve. A system may fail in the early years of its
operation, during its normal life, or at the end of normag I{fvear-out pe-
riod). Therefore, it is necessary to study the failure ratevlrious possible
combinations of failure types. In order to do this, it is resay to derive the
formulations for the combinations of these failure types] #or the time vari-
ant failure rate and reliability for each combination actiogly. The first case
is when variable load (Poisson failures) and deteriorateygacity (aging) are
present (Chaptér 5.5.2.1). In this combination, there isuttnien drop in the
failure rate, which starts almost from 0 and increases gaddue to the ab-
sence of variable capacity. The second case is when vacapkcity (infant
mortality) and deteriorating capacity (aging) are preg&maptef 5.5.212). In
this combination, there is a drastic drop in the failure natine early years due
to the presence of variable capacity. However, there is & sbastant failure
rate during the normal life time of the system because ofltiseiace of variable
load. In fact, the failure rate will rise gradually after @dgastic drop due to de-
terioration capacity. The third case is when variable cépéofant mortality)
and variable load (Poisson failures) are present (Chadie2.B). In this case,
the failure rate drops because of the presence of variapleiy and continues

in a constant rate due to variable load. As the deterioratapacity is absent,
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the failure rate is not increasing. The last case is whembbaicapacity (infant
mortality), variable load (Poisson failures), and detexiimg capacity (aging)
are present (Chapter 5.5.2.4). In this case, all failuresygpe present; there-
fore, the failure rate drops drastically in the early yeaferwards, it shows
a constant behavior. Consequently, it will increase gragudlhe reliability
of this case is more realistic than the other three casesadtiee tpresence of
all the three failure modes. Formulations for each of thesiibs combinations
of failure modes described above are individually derived #nen script pro-
grams are developed using the MAPLE software to generatgréphs of the
time variant reliability and failure rate. It has been obserthat the graphs

obtained verified the behavior of each case described above.

. Stochastic Load Model and Random Strength Degradation Funcgn. In
this approach, the effects of load occurrence rate, livd,Is&rength of com-
ponent and degradation time are formulated. The less tliedoeurrence rate
on a component is, the more reliable the component will beHerdesired
time interval. It has been observed that for the same meare \allive load
with different coefficient of variation, the component wgteater coefficient of
variation will fail earlier in comparison to the less coeiffiat of variation. Simi-
larly, for the same mean value of strength with differentftoent of variation,
the component with greater coefficient of variation willl f@arlier in compar-
ison to the less coefficient of variation. However, for diffiet degradation life
times, the two cases show the same behavior until year 7Cer &fat time,
the reliability becomes less and less for the smaller degi@dlifetime case, a

behavior which eventually results in failure.

. Load and Capacity. The convolution integral, which is obtained in Chapter 4,
and the traffic spray damage deterioration model are usedrergte a com-
puter program. The flowchart of the developed program isgortes! in Chapter
B.4. Moreover, new values of mean and standard deviatioedohn time incre-
ment are obtained by the use of traffic spray damage detgaonraodel. In
each step, the new mean and standard deviation values aténube convo-
lution integral to obtain the reliability. It is observedatithe reliability of the

structural component decrease by time as expected.
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After examining the results of derived formulations, asaly and evaluations de-
scribed above, a computer program was developed to evaheatene variant reli-
ability of a structural component or system. This programsuRELSYS program
(based on the FORM technique) as the core module, and awadabtrioration and
live load models in the literature. Using the developed prog calculation of the
time variant reliability is achieved by analyzing the traffpray damage deterioration
model and Nowak'’s live load model. The analyses resultslastrated in Examples
1 through 5, which are categorized according to two diffetenit state functions.
The first group includes Example 1 with resistance and loatiate uncorrelated and
normally distributed. Example 2 includes resistance amd fihat are uncorrelated
and lognormally distributed. Comparing these two exampidbeainitial time, it is
observed that the value of reliability &t 0 is slightly larger if random variables are
normally distributed. However, with the passage of timg,eatr 75, in both cases the
value of reliability decreases although this decreaseriseddent when lognormally

distributed random variables are used.

The second group includes Example 3 with resistance, |a@,land dead load which
are uncorrelated and normally distributed, Example 4 we#istance, live load, and
dead load which are uncorrelated and non-normally didethuand Example 5 with
resistance, live load, and dead load which are correlatddnammally distributed.
Among these examples, the highest reliability belongsecatirrelated and normally
distributed random variables at time- 0, and the lowest reliability belongs to the un-
correlated and non-normally distributed random varialitesvever, with the passage
of time, the highest reliability belongs to uncorrelated aon-normally distributed
random variables at time= 75, and the lowest reliability belongs to correlated and
normally distributed random variables. The latter valuesfaintly lower than the

values obtained from uncorrelated and normally distridugsndom variables.

From the five examples investigated, Example 3 is selectadasple problem to be
used in the developed program in order to compare the efféutmious deterioration
models on reliability when Nowak’s live load model is usedr &ll of the reliabilities

calculated, a drastic fall in the first year is observed. Hiability obtained using the
load-carrying capability deterioration model has the kghreliability up to the 60th

year. The second highest reliability for the same periodrgs to the sulfate attack
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model. Within the same interval, the lowest reliability ebged is for the diffusion
controlled degradation model, while corrosion and thdfitrapray damage models
are observed to display a similar behavior. However, thegedomplete reversal in
these trends after the 60th year. This means that the higblesility is obtained
for the diffusion controlled degradation model, and thedstweliability is produced
when using the load-carrying capability deterioration elo&urthermore, while Ex-
ample 3 is still used as a sample problem, this time, live lnadels of Nowak’s and
Sivakumar’s are compared. Accordingly, it is observed thatSivakumar's model
produces slightly higher reliability values than that Né&sanodel.

In conclusion, as a result of the studies presented in teisisha computer program
is developed for examining time variant reliability for égies. The contribution of
the developed program to the reliability theory is that it llae capability to read
from the input data. If the reliability is time variant or nnvariant based, and if it is
time invariant, it only calculates the reliability of thevgn data; otherwise, it starts the
time steps assigned to analyze the input data for time arées®. The most important
advantage of the developed algorithm is that the user hasptien of defining which
deterioration and live load model to use for the problem atdhfor a given time
horizon. Finally, there is also an option of defining spedffijgut data, for instance
if resistance deterioration, live load model and/or botbesaare only needed to be
calculated. By using the developed program, effects of diffedeterioration models
and different live load models on the time variant relidpibf a bridge component
or system are observed and evaluated. This study showedbiaduse of highly
uncertain nature of time variant reliability, the selentaf a degradation model and a
live load model to be used for a given analysis may have anitapbeffect on time
variant reliability computation. Furthermore, implemetidn and testing of available
or newly developed deterioration and load models into tisugawt bridge reliability

programs is an area that requires further study.
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