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ABSTRACT

DISCONTINUOUS GALERKIN FINITE ELEMENTS METHOD WITH
STRUCTURE PRESERVING TIME INTEGRATORS FOR GRADIENT FLOW
EQUATIONS

Sar ayd n-Filibeliglu, Ayse
PhD, Department of Scienti c Computing
Supervisor : Prof. Dr. Blent Kara$zen

August 2015 92 pages

Gradient ows are energy driven evolutionary equationdahat the energy decreases
along solutions. There have been surprisingly a large numbeell-known partial
differential equations (PDEs) which have the structure gfadient ow in different
research areas such as uid dynamics, image processintpgpi@and material sci-
ences. In this study, we focus on two systems which can be lexdg gradient ows;
Allen-Cahn and Cahn-Hilliard equations. These equationsaitbé phase separation
in material science. Since an essential feature of the Allahn and Cahn-Hilliard
equations is the energy decreasing property, it is impottadesign ef cient and ac-
curate numerical schemes that satisfy the correspondiegygmecreasing property.
We have used symmetric interior penalty Galerkin (SIPG)hoeétto discretize the
Allen-Cahn and Cahn-Hilliard equations in space. The resylarge system of ordi-
nary differential equations (ODES) as a gradient systensalied by the energy sta-
ble (energy decreasing) time integrators: implicit Euled average vector eld (AVF)
methods. We have shown that implicit Euler and AVF time ina¢grs coupled with
SIPG method are unconditionally energy stable. Numereslis for both equations
with polynomial and logarithmic energy functions, and dans and variable mobility
functions illustrate the ef ciency and accuracy of this eqgrch.

Advective Allen-Cahn equation is the simplest model of stefeension in the droplet
breakup phenomena. The small surface time scale and coevéote scale lead to
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unphysical oscillations in the solution. In contrast to tecretization of Allen-Cahn
and Cahn-Hilliard equations using the method of lines, thveative Allen-Cahn equa-
tion is rst discretized in time using implicit Euler meth@hd the resulting sequence
of semi-linear elliptic equations are solved with an adegpélgorithm. This corre-
sponds to Rothe's method. As a remedy of unphysical osaifiatian adaptive version
of SIPG method based on residual based a posteriori eriorastis applied. Numer-
ical results for convection dominated Allen-Cahn equatibovs the performance of
adaptive algorithm.

Keywords gradient ow equations, discontinuous Galerkin nite glents method,
structure preserving time integrators
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GRADYAN DENKLEMLERI ICIN YAPI KORUYAN ZAMAN
INTEGRATORLER ILE SUREKSZ SONLU ELEMANLAR YONTEMI

Sar ayd n-Filibeliglu, Ayse
Doktora, Bilimsel Hesaplamad@imi
Tez Yoneticisi : Prof. Dr. Bllent Karagzen

Agustos 20159, 92 sayfa

Gradyan ak slar bir enerji taraf ndadyetilen ve enerjinin@ziimler boyunca azald
sistemlerdir. Ak skanlar dinami, goruntl isleme, biyoloji ve malzeme bilimi gibi
farkl arast rma alanlar nda gradyan ak s yap s nagsahs rt ¢ sekilde pek ¢ok k smi
tirevli denklem bulunmaktad r. Bu tezde, gradyan ak slartadellenen iki sistem
uzerinde ygunlast k; Allen-Cahn ve Cahn-Hilliard denklemleri. Bu ilernklem mal-
zeme biliminde faz ayr m n modellemektedir. Allen-CahnGehn-Hilliard denklem-
lerinin endnemlidzelligi azalan enerji oldgu icin, bu azalan enerizelligini saglayan
etkili ve dogru nimerik yontemlerin gelistiriimesdnem kazanmaktad r. Allen-Cahn
ve Cahn-Hilliard denklemlerinin uzaydaki ayr klast rasinda simetrik kesintili Ga-
lerkin yontemini kulland k. Ortaya ¢ kanilyiik adi diferansiyel denklem sistemlerini
gradyan sistem olarak yap koruyan zaman intéglatinden geriye dgru yap lan Eu-
ler yontemi ve ortalama veét alan yontemi ile @zdik. Geriye dgru yap lan Euler
yontemi ve ortalama veéit alan yontemlerinin simetrik kesintili Galerkingntemi
ile bir araya geldyinde sarts z olarak enerjiyi korugunu gsterdik. Her iki den-
klemin polinom ve logaritmik enerji fonksiyonlar ve sabi¢ degisken ak skanl k
fonksiyonu ile elde edilen say sal sonuclar kngemin verimlilgini ve dayrulugunu
gostermektedir.

Advektif Allen-Cahn denklemi damlac k ayr Imas olay ndgkizey geriliminin basit
bir modelidir. Kiigik zamardlgegi ve konvektif zamardlgegi bu denklemin ¢ziinde
ziksel olmayan dalgalanmalara sebep olmaktad r. gRdar yontemi kullan larak
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ayr klastr lan Allen-Cahn ve Cahn-Hilliard denklemlannaksine, advektif Allen-
Cahn denklemini ilkonce geriye dgru yap lan Euler §ntemi ile zamanda ayr klast -
r larak ortaya ¢ kan yar liner elliptik denklemleri uyanabilir algoritmalarla ¢zuk.
Bu Rothe yntemine kars | k gelmektedir. Fiziksel olmayan dalgatealara bir care
olarak @ziime bagl hata kestiricileriizerine kurulu simetrik kesintili Galerkinon-
teminin uyarlanabilir bicimini kulland k. Konveksiyonubask n oldgu Allen-Cahn
denklemi icin verilen say sal sonuclar uyarlanabilig@&itman n performans n @s-
termektedir.

Anahtar Kelimeler gradyan denklemleri,isekli olmayan Galerkin sonlu elemanlar
yontemi, yap koruyan zaman integbderi



To My Mom and Dad
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CHAPTER 1

INTRODUCTION

Gradient ows are evolutionary systems driven by the eneliggipation mechanism.
A large number of well-known PDEs with a gradient ow struatwccur in different
research areas such as uid dynamics, image processirigglpiand material science
[23,132,[40/ 58] 60]. In this thesis, we deal with two famouaregle from material
science; Allen-Cahn (AC) and Cahn-Hilliard (CH) equations.

The AC equation was rst introduced by Allen and Cahh [2]L#i79as a simple model
for phase separation in a binary alloy at a xed temperatane, given by

u= (u 2 u f(u in (0; T]; (1.1)
u(x;0)=ug in f Og:

The CH equation was proposed by Cahn and Hilliard [16]968to describe the phase
separation of a binary uid mixture below a critical tempeena, and given by

rof@r @ 2 uw;in O; T]; (1.2)
Ug In f Og:

Ut
u(x;0)

Both equations are considered with periodic, Neumann, dcidéet boundary condi-

tions. The functioru represents the concentration of one of the components of the

mixture with the values in the regionl < u < 1 representing the mixture state and

the end points correspond to pure states. Here, R%d  3) is a bounded domain,

the parameter is a measure of interfacial layer representing the effedlifusivity,

and (u) is the non—negative mobility function. There are two chsife mobil-

ity function; constant mobility and degenerate mobility rhany numerical studies

constant mobility is used [3, 20, 22,137,/ 39]. The degenevateariable mobility is

given as a non-negative quadratic function either @9 = u (1 u) [40,[79] or
(uy= (1 u?) [9,[11,40[82], where is a constant.

The phase separation is thoroughly explained by the diffexen the concentration
of mixture of a binary alloy in the time evolution of AC and CHuzgions. It starts
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with cooling of a uniform mixture of a binary alloy under ateral temperature where
the uniform mixture becomes unstable. After that, two phasi¢h different concen-
trations develop immediately. If initially both componeritave roughly similar pro-
portions, spinodal decomposition process takes placesendhmixture of two or more
materials separates into distinct regions with differemhposition. On the other hand,
if the amount of one component is higher, nuclei of the patan@mponent form and
grow, and phase separation takes via a process called tianlead growth. During
the late stages of the time evolution, the structure becamasser, either by merging
of particles or by the growth of bigger particles at the exggsof smaller ones, known
as domain coarsening phenomena. The transition betwesa pinecesses is known as
metastability, representing the transition from unstablstable state in a short time.

The AC and CH equations can be written as a gradient descent ow

E(u
W= @ 13)
with the Ginzburg-Landau free energy
Z 2
E(u) = Ejr uj?+ F(u) dx; (1.4)

in L? space andd ! Hilbert spaces, respectively. HereE(u)= u denotes the vari-
ational derivative andr (u) is the free energy function whefgu) = FYu). There
are two common types of energy functions. One of these fonstis the non-convex
logarithmic energy function [12, 68]

F(u)= Q[(l uin( u)+(1+ u)in(l+ u)] Ecuz; (1.5)

which has different forms for CH equation (see([9, (11,40, 3)).8The other one is
the convex double-well energy functian [32] 54] 55]

1 u’)?

4 1
which is an approximation of the logarithmic energy funitfor temperatures close
to .. In most of the studies, AC and CH equations are considerddduaitible-well
energy function and constant mobility. In this thesis, wasider the double-well

energy and logarithmic free energy with constant and degémenobility function for
both equations.

F(u)= (1.6)

The main characteristic of both equations is the energyedeang property,i.e.,
E(u(tn)) E (u(tm)); 8 ta>tn

which poses a challenge to construct an unconditionallyggretable numerical meth-
ods. Moreover, the inherent non-linearity in the equatidhe presence of the small
parameter in phase separation applications and the different timkesad the stages
in the evolution of the concentration are other dif cultiescountered in the numerical
solution of AC and CH equations.



AC and CH equations are the most popular examples of gradestedt ow. In
gradient ow problems, the construction of higher order haoets with above energy
decreasing property is one of the major topics. The conservaf other structural
properties is also important. So, it is needed ef cient aoclaate numerical methods.

In the literature, many numerical methods have been degdlapth nite difference
[18,[73], spectral elements [23], continuous nite elem@®3{, and local discontinuous
Galerkin (LDG) methods [31, 39] for space discretizationAf equation. Time in-
tegration is performed by implicit-explicit (IMEX) methed69], standard integrators
like Crank-Nicolson method [34] and linear multi-step irmegrs [33]. Recently high
accurate time integrators like the spectral deferred ctme methods([55] and expo-
nential integratorg [713] are applied. The CH equation is tpasinsidered with the
constant mobility function and nite differences [23], t@ elements [12] and spectral
methods([20, 43] are used for space discretization whereasqDEtion with degener-
ate mobility is discretized by continuous nite elements[19,[12], by LDG method
[82,[83] discontinuous Galerkin (DG) method wifl? elements and with mixed nite
elements[79], nite difference$[51], NURSB[B6] and by spatmethods[84]. Most
of the time discretization methods for CH equation with degate mobility are based
on the convex splitting of the energy function. Moreoveitip methods are used by
adding stabilization terms to the energy functiofu). A survey of time discretization
techniques for CH equation can be foundin/[72].

Discontinuous Galerkin nite elements methods (DGFEMsyehhecome so popular
since they exhibit attractive properties. They have higteeuracy and work better in
complex geometries in contrast to continuous nite elermenéthod (FEM). Further-
more, the discontinuous approximation spaces bring théikty of discontinuous
Galerkin (DG) methods which allows to adapt the mesh and éhgpmial degree of
the basis function. By this way, the sharp layers and singigaican be detected eas-
ily. Another interesting feature of DG method is local massservation which makes
them a good candidate to solve ow and transport problemadtfition, the boundary
conditions can be imposed weakly different from continuaite element method. In
this thesis we discretize the AC equation and mass conser\@it equation in space
with symmetric interior point discontinuous Galerkin (&Pmethod[[4, 63].

The design of energy stable time discretization techniigiaa important topic in the
numerical solution of gradient ow equations. The smalluesd of the diffusion param-
eter leads to stiff systems after spatial discretizations. |a tase, implicit-explicit
methods are developed since the explicit methods are rtabseifor stiff systems and
the fully implicit systems require solution of non-lineajuations at each time step.
In the semi-implicit schemes, the linear stiff part is teshimplicitly and the non-
linear part explicitly, so that at each time step a lineatesysof equations is solved.
Implicit Euler method and average vector eld (AVF) metha@ &nergy stable time
discretization techniques which are robust with smallmplicit Euler method is the
most popular energy stable method. It is strongly energyedesing, i.e. the discrete
energy decreases without any restriction on the step sider very stiff gradient sys-
tems for very small [41]. The AVF method is the only second order implicit energy
stable method [17, 41] and it preserves energy decreasipgpy for the gradient sys-
tems and for systems with Lyapunov functionals. The midr{paiethod corresponds



to AVF method for quadratics non-linearities. For gradigygtems involving higher
order polynomial or general nonlinear terms, the mid-poiathod is not energy stable
[41]. There are also some higher order energy decreasirtgpaetvith orders 3; the
discontinuous Galerkin-Petrov in time methods (with ddf& trial and test functions)
[66] and Gauss Radau IIA Runge-Kutta collocation methods. [E@)wever, they re-
quire coupled systems of equations at each time step whicbase the computational
cost.

The AC and CH equations are also investigated by an adveetrontb model surface
tension in the droplet breakup phenomena [56, 57]. We censite advective AC
equation[[57]

u+r (uv) = u :—Lf (u) in O; TY; (2.7)
@u _ - —
@n 0 in @ [OT]

with an appropriate initial condition and prescribed vépceld V = (Vi; V)T, In
most studies, the velocity eld is divergent free, for exdenvhen the AC equation
with the incompressible Navier-Stokes equation is comeile Since we consider
droplet breakup phenomena under compressible ow, thecitgloeld V is not di-
vergent free; it is expanding when V > Ooritis contractingwhem V < O.

The existing numerical studies for advective AC equati@especially on the behav-
ior of solutions with respect to droplet breakup phenomemnbamalysis of the breakup
condition (seel[57] and references in it). On the other hémel advective AC equa-
tion is known for its computational stiffness due to the dreatface time scale and
convective time scale. These two different time scales teatharp gradients and un-
physical oscillations in the solution and require an adapéilgorithm. We utilize a

space adaptive algorithm by rst discretizing the advexs#h\C equation in time using

implicit Euler method and then solving the resulting seaqaeof semi—linear elliptic

equations with an adaptive version of SIPG method using nghiwg for the convective

term. This is known as Rothe's methad [26]. We also derivediedibased a posteri-
ori error estimate [74] which is based on the a posteriodregstimates for stationary
non-linear diffusion-convection-reaction equationdwdivergent free velocity eld.

The fully discretized systems of AC/advective AC and CH equmetiresult in non-
linear system of equations. We apply Newton's method toestiivs non-linear sys-
tem of equations and all linear system of equations arisioig the applied Newton's
method are solved by sparse direct solvers of MATLAB.

The goal of this thesis is to solve AC and CH equations in anratewand ef cient
way using DG methods and structure preserving time integgamplicit Euler and
AVF methods. We have derived unconditionally energy stableemes coupling DG
space discretization with implicit Euler and AVF methodsethhas not been applied
to AC and CH equations with constant and degenerate molplitynomial and non-
polynomial free energy functionals. We developed a residased adaptive algorithm
to resolve the dynamics of the advective AC equation withaexiing and contracting
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velocity lelds. To the best of our knowledge, this is the tistudy combining adaptive
algorithms with Rothe's method and non-divergent velociyd.

The thesis is organized as follows: in Chagdiér 2, we rst camgtdiscontinuous
DGFEM based on the interior penalty method for the genersls®a problem. Then,
we give SIPG discretization of AC equation for Dirichlet, iIeann and periodic
boundary conditions. The large system of ordinary diffée¢requations (ODES) re-
sulting from semidiscretization by the SIPG method are el with the implicit
Euler method and AVF method, which corresponds to methothe§! The proof of
the unconditionally energy stability of the fully discreteheme is given. Also, a time
adaptive algorithm is presented to resolve the multipletitynamics of AC equation.
Several numerical examples are given to demonstrate thHealpifity of the DGFEM
discretization coupled with time integrators for the AC atijon.

In Chaptef B, we give the SIPG method discretization of massawative CH equa-
tion for Dirichlet, Neumann and periodic boundary condigcand present the time
discretization with the implicit Euler and AVF methods. Timeconditionally energy
stability of the fully discrete schemes is given. Numerieshmples are presented to
demonstrate the applicability of our method for the CH eaqumati

In chaptef 4, we rst discretize the advective AC equatiortiime by implicit Euler
method and the resulting sequence of semi-linear elligimBons are discretized by
SIPG method. Then, we construct space adaptive algorithadfcective AC equation
with non—divergent velocity eld and residual based a posteerror estimates are
utilized. We highlight some examples that our adaptive witlgm is capturing the
spatial layers in the solution of advective AC equation. alfijp we end up with a
conclusion and future work in Chapfdr 5.






CHAPTER 2

THE ALLEN-CAHN EQUATION

The rst occurrence of AC equation goes over the 1970s whdanmdand Cahn in-

troduced it to describe the motion of anti-phase boundaniesystalline solids[[2].

Recently, it has been widely used to model various phenonmenature including bi-

ology, image processing, uid ows, and material sciencetdally, it is a basic model

equation for the diffuse interface approach to study phaparation and inter—facial

dynamics in material science. The generalized AC equatioa bounded domain
RY(d 3)is given by

u= (u 2 u f(u in (0; T]; (2.1)
u(x;0) = ug in f Og;

with suitable boundary conditions such as periodic boundandition [18[ 23], homo-
geneous Neumann boundary condition| [22,[31, 35] or homamenBirichlet bound-

ary condition [33/.50]. In the above, represents the phase state between materials,
the parameter is known as the interaction length, capturing the domimpéfiect of

the reaction kinetics and represents the effective difftysf (u) = FYu) is an energy
function, and (u) is the non negative mobility function which describes thgsits

of phase separation.

It is well-known that the AC equation is a gradient ow withdpunov energy func-
tional in L2

VA 2
E(u) = ijr uj>+ F(u) dx; (2.2)

with the convex double-well energy functidn [32) 54| 55]

Fu= 30 W2 2.3)

or the non—convex logarithmic energy functionl[12, 68]

F(u)= E[(l uin(l u+@+ uinl+u)] =u? (2.4)
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where is the absolute temperaturg,is the transition temperature with .. Note
that the logarithmic free energy function is usually apjpmated by the double well
energy function when is close to ; which has the advantage of being smooth.

If the double-well energy functioi (2.3) is taken into catesiation,f (u) = u® u
represents the bi-stable non-linearity. The bi-stabititynes from checking the sign
of f (u) on various intervals at the equilibrium poinis= 0, u =1, andu = 1. It

is easily seen that = 0 is an unstable equilibriumy = 1 andu = 1 are stable
equilibrium which leads to new behavior. When we obtain sohg withu 0, the
stateu = 1is not relevant and traveling waves occur. However, if tHatgms are
betweeru = 1andu = 1, we have a rather interesting competition between equal
and opposite stable states. When the logarithmic free eriengyion [2.4) is consid-
eredf (u) = 51In i*—ﬂ cU in which the logarithmic terms describe the entropy of
mixture. The AC equation is considered with the double—wetential and constant
mobility in all numerical studies [33, 34, B5,154,/%55] 81].[&8] it is introduced with
degenerate mobility function and logarithmic free energlythe rst time. The de-
generate mobility function is introduced agu) = (1 u?), is a constant, which

is thermodynamically reasonable choice. The main progesgtya mobility function
should have is that it is zero in the pure component, i.e, when 1, and the mobility
function should be positive fquj < 1.

The mobility function (u), and both energy functionalg_(2.3) arid {2.4) and their
derivatives are Lipschitz continuous fag;u, 2 R with the constraintgu;.,j 1

[75] :

J (u1) (up)j L jur uyj;
jf(u)  f(u)j Lejur  uyj; (2.5)
ifqui)  FAu2)i  Lyojur  uyj;

withL ;L¢;Lso Ostand for the related Lipschitz constants.

The main characteristic of the AC equation is the energy ylecaperty obtained by
differentiating the energy functiondl(2.2) to get

Z

(f (Wu+ 2ru r u)dx
Z

(f(u) 2 uudx

Z

d
&E(U)

(uy)dx

where we have used integration by parts and apply periodimdeary condition or
homogenous Neumann boundary condition. Therefore, tlkdokrgy is decreasing
intime, i.e.,

E(u(tn)) < E(u(tm)); 8th >tm: (2.6)

In addition to energy decreasing property, the other maamaiteristics of AC equation
are



No mass conservation:

Z Z
u(x;t)dx 6  u(x;0)dx:

Phase separation:

When the timd is large enough, the solutiarn(x;t) shows the combination of
intervals ofu(x;tp) = 1 andu(x;tg) = 1atthetimet = to.

Metastability phenomena:

In the time evolution of AC equation, the solution pass tb&atate in a short
period and transforms to another state dramatically.

The presence of the small inter-facial parameter the equation and inherent non-
linearity leads to the dif culties in the numerical solutiof AC equation. To overcome
these dif culties the spatial mesh sizex and the time t has to be identi ed properly
to have an accurate and ef cient solution. In most of the igsid nite difference
[18,[73], spectral elements [23], continuous nite elemf&3], LDG methods/[31, 39]
are used for space discretization of AC equation.

Designing energy stable time discretization methods wbaiserve the decay of dis-
crete energy is also a signi cant topic in the numerical soluof AC equation. Most
of the energy stable methods for AC equation have been deeith constant mo-
bility function. It is observed that the small values of th#usion parameter leads
to stiff systems after spatial discretizations. In thissgdBMEX methods are developed
(see for example [69]), since the explicit methods are nibakie for stiff systems and
the fully implicit systems require solution of non-lineaguations at each time step.
In the semi-implicit schemes, the linear stiff part is teshimplicitly and the non-
linear part explicitly, so that at each time step a lineateysof equations is solved.
Since the semi—implicit methods have time step restriciibrerently, parametrized
energy stable methods are developed like the IMEX metHo@ls fandard integra-
tors like Crank-Nicolson method [34] and linear multi-stapegrators[[33]. Recently
high accurate time integrators like the spectral defermdection methods [55] and
exponential integrators [73] are applied for solving the égqliation.

In this work, we use interior penalty discontinuous Galerkiite elements method
(IPDGFEM) for the space discretizatidn [5]63]. The DG methwere rstintroduced
in 1973 by Reed and Hil[[62] for the solution of steady-stageitnon transport being
a rst-order hyperbolic problem. Then, Dougles, Dupont alitieeler [27| 80], and
Arnold [5] developed the DG methods for elliptic and parabploblems. Afterward,
the DG methods for elliptic problems were developed in [7[18[61/65] and for the
ones with advection in [6, 14, ?4,138,146].

In recent years, the DG methods have become so popular siegexhibit attractive
properties of both classical nite elements method (FEMl amte volume method
(FVM). The combination of pros of both methods gives the DGhuods exibility,
stability, conservation of local quantities, robustnessd eompactness properties. The
discontinuity of the functions in DGFEM space along the inedement boundaries
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brings in the exibility of DG methods. Then, one can construnstructured meshes
or hanging nodes to handle the complex geometries. In addtiifferent order basis
functions on each element can be used with DG discretizaltience, it allows to use
in hp-methods|[[70] which arranges the mesh elements and alsadlee af polyno-
mials on each element adaptively. The stabilization of DGhoe@s are handled via
the penalty term which penalizes the jumps of the solutiotherelement boundaries.
Since the stability in DG methods are inherited by this wiagre is no need to propose
additional stabilization as in the classical FEMs. The DGhuods locally conserve
several physical quantities such as mass and energy, wlaigh @n important role in
the ow and transport problems. Moreover, the sharp gradienthe singularities in
the mesh can be locally detected owing to the fully discardus polynomial repre-
sentation of the solution. In addition to all, the (Dirict)lboundary conditions in DG
methods are imposed in a weak manner. In this way, one notanty a scheme which
is robust on the boundary conditions but also do not need ietoact nite element
spaces with certain conditions on the boundary. Besidebakhdvantages, DG meth-
ods have some drawbacks. Compared to the continuous niteezitss methods, DG
methods produce systems with larger degrees of freedonllazmhditioned matrices
increasing linearly with the order of basis functions.

For time discretization, energy stable implicit Euler nogtland AVF method is used.
Implicit Euler method is the most popular energy stable metht is strongly energy
decreasing, i.e. the discrete energy decreases withoutatrction on the step size

t for very stiff gradient systems for enough smal41]. The AVF method is the
only second order implicit energy stable method [17, 41] &mdeserves energy de-
creasing property for the gradient systems and for systathd ywapunov functionals.
The mid-point method corresponds to AVF method for quadsaton-linearities. For
gradient systems involving higher order polynomial or gaheonlinear terms, the
mid-point method is not energy stable [41]. Higher ordemrgpelecreasing methods
with orders 3 are the discontinuous Galerkin-Petrov in time methodsh(@itferent
trial and test functions) [66] and Gauss Radau IIA Runge-Kediiocation methods
[42]. However, they require coupled systems of equationsaah time step which
increase the computational cost.

In this chapter, we rst construct discontinuous Galerkimte elements method based
on the interior penalty method for the general Poisson prakih Sectio 2J1. Then,
in SectiorL 2.2, we give the SIPG discretization of AC equata Dirichlet, Neumann
and periodic boundary conditions. Section 2.3 presentsrtieediscretization with the
implicit Euler method and AVF method, where solution of thennlinear equations
are described in detail. Unconditionally energy stabidifythe fully discrete scheme
is given in Sectiofl 2]4. In Sectign 2.5, a time adaptive atlgor is presented. Lastly,
several numerical examples are given Sedtioh 2.6 to demaweshe applicability of
the DGFEM discretization coupled with time integratorstfoe AC equation.
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2.1 Interior Penalty Galerkin Method

In this section, the construction of interior penalty GkierIPG) method([4, 63] ap-
plied to the general Poisson equation

= f in (2.7)
=g on@°"°;
run =gy on@N;

with@= @P[ @N and@P\ @N = ; is presented since the construction of
interior penalty Galerkin methods concern with the difturspart of the problem.

We rst give some basic de nitions used in the constructidn®G methods. On a
polygonal domain irRY, for 1< p < 1 , the spacekP() are de ned by

LP() = fw Lebesgue measurabtekwk{,, < 1g ;

with the norms

R i
jw(x)jPdx ;1 p<1

kaLp()

Kwk 1 () esssupgjw(x)j:x2 g ; p=1

Along this thesis, th& 2() space which is a Hilbert space given with the udu&l
inner product

z P——
(uyw) = u(x)w(x)dx; kwkiz2(y = (w;w) :

LetD() denotes the subspace of the sp@éerﬁvmg compact support in. For any

multi-index = ( 1;:::; ¢) 2 Ndwithj j = i—1 i, the distributional derivative
D wis de ned by

Z =
Dw()=( 1 w2

m; 8 2D() :

Then, the Sobolev spad¥ (S is introduced as
WEP ()= fw2LP(): Dw2LP() ;80 j j sg
Our main interest along this thesis is the Sobolev spacagigei S() = WE2)()

for an integess with the associated Sobolev norm

O 1 1=2
X
kaHS() = @ kD WkLz() ;

0j | s
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and the associated Sobolev seminorm
0 142
X
joHs() = kr SWkLZ() =@ kD kaz() A
i j=s
The Sobolev spaces with vanishing functions on the domaimdary are de ned by
Ho()= fw2H*(): wje =0g;
and we have fos = 1

Hi(O)= fw2L?): rw2(L?)) Y;
Moreover, for a partition (most possibly trianglés)of the broken Sobolev spaces
are de ned by
HS(Th) = fw2 L%(): wje 2 H3(E); 8E 2 Tyg;

with the associated broken Sobolev norm
|

S 1=2
kaH S(Tp) = ka|2_|s(E) ;
E2Th
and the associated broken gradient semi-norm
X =
Winoer,y = kr Wki 2
E2Th

Now, we are ready to construct the IPG method. fllgfg be a family of shape regular
meshes with triangular elements, i.e., there exists a antgtsuch that

nt
e

wherehg is the diameter angEj is the area oE, and also the elements; 2 Ty,
satises = [E andE;\ E; = ; for E;, E; 2 Th. We split the set of all edgesy,
into the set of interior edges?, the set of Dirichlet boundary edgé® and the set of
Neumann boundary edg&s', so thatE, = E@[ ECwithE@= EP [ EN. Then, set

the nite dimensional solution and test function space by
Vo= u2L?): ujg 2 PYE); BE2Ty 6 HJ() ;

whereP9(E) denotes the set of all polynomials &2 Ty, of degree at mosy. Note
that the space of solution and test functions are chosentteetgame since the bound-
ary conditions in DG methods are imposed weakly. In cont@stontinuous nite
element method, discontinuous Galerkin methods are deitaluse non—conforming
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Figure 2.1: Left: two neighbor elements sharing an edge, (Rt element adjacent
to boundary of the domain

spaces in which case the functiond4n2z H} are allowed to be discontinuous along
the inter-element boundaries.

Because of the discontinuity of the functionsvnalong the inter element boundaries,
there are two different traces from the neighboring elesishtiring that edge. Ac-
cordingly, let us rst give some notations before the comstion of IPG methods. Let
the edgee be a common edge for two elemeitsandE; (i < j ), (see Figuré2]1).
Then for a scalar function, there are two common traces wfalonge, denoted by
Ujc. from insideE; andujEj from insideE;. Then, the jump and average wfacross

the edges are de ned as
1
[u] = Ui, Ne U Ne; fug= E(qui + quj);

whereng is the unit normal to the edgeoriented fromE; to E;. Similarly, we set the
jump and average values of a vector @ldion e

[rul=rug ner U, Ne; fr ug= %(r U + 1 quj);
Observe thaju] is a vector for a scalar functiom, while, [r u] is scalar for a vector
eld r u. On the other hand, for a boundary edge E;\ @ , we set

[ul = e n; fug=u.; [rul=ru. n; frug=r
wheren is the unit outward normal to the boundaryeat

Now, the IPG method discretization of the diffusion partted problem is constructed.
If we multiply the continuous equatioh (2.7) by a test fuaotv 2 4, integrate over
and split the integrals, we obtain

x Z x £
uvdx = fvdx
E2T, E E2T, E
Applying the divergence theorem on every element integvalsy
x £ x < x < X
ru r vdx (r u n)vds= fvdx + On Vds
E2r, E g2, ©E E2T, K 2N €
Using the jump de nitionsy 2 V;, are element-wise discontinuous), we get
x < x £ x < X
ru r vdx [vr ulds= fvdx + On Vds
E2T, E e2EQ[EP °© 2Ty 2B ©
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It can be easily veri ed thafvr u] = f r ug [v]+][ r u] fvg. Also, using the fact
that[r u] =0 (uis assumed to be smooth enough so thatis continuous), we get
x < x < x < x £
ru r vdx f rug [vlds= fvdx + On Vds
g2, E e2EQ[ED © E2T, E e2E) ©

However, the left hand side is not coercive, even not symmelo handle this and to
penalize the solutions, using the fact thgt= 0 along the interior edgesi (s assumed
to be continuous), we reach at

x £ x £ x £
ru r vdx f rug [v]ds f r vg [u]ds
E2Ty E e2E0[EP °© e2El ©
x £ x < x £
+ e [u] [v]ds= fvdx + On Vds
e2E0 ° E2T, K wE) ©

whereh, denotes the length of the edgeand is called the penalty parameter. It
should be suf ciently large to ensure the stability of the BiScretization with a lower
bound depending only on the polynomial degree such thatDgorbblems = g(q+

1)?and =3q(q+ 1) for 2D problems.

Finally, by keeping unknown on the left hand side and impgd$hrichlet boundary
condition on the right hand side, we add to the both sides dge éntegrals on the
Dirichlet boundary edges

x £ x £ x £
ru r vdx f rug [vlds+ K f rvg [u]ds
E2t, E e2E0[EP °© e2E0[EP ©
X z x £ x £
+ — [u] [v]ds= fvdx + Uo h—v rv n ds

e2E0[EP ¢ © Eot, E e2EP © €

X Z

+ On Vds:
eEN ©

which gives the IPG formulation. In this formulation, therpaeter determines the
type of the IPG method. It takes the valueskog f 1, 0; 1g giving that

K = 1. symmetric interior penalty Galerkin (SIPG) method
K =0: incomplete interior penalty Galerkin (IIPG) method
K =1: non—symmetric interior penalty Galerkin (NIPG) method

In this thesis, symmetric interior penalty Galerkin (SIRfEthod is considered.
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2.2 SIPG Discretization of Allen-Cahn Equation

In this section, we describe the DG discretization basedIB&Snethod applied to
the diffusion part of the AC equatiof (2.1) for Dirichlet, tWeann [63], and periodic
boundary conditions [76]. Using the de nitions and notasdrom the previous sec-
tion, the solution of[(Z]1) reads as: for each (0; T] nd un(t) 2 V4 such that

(@Qun; n) +an( suUn; n)*+ Bh(un;vh) = 1n(h); 8 n2 W (2.8)

whereb, (un;vh) = ( (u)f (u);v) and the bilinear form is of the forra,( ;u; )=
an( ;U )+ IR u; ) with

x Z x £
an( ;Un; n)= rur f rug [ ]ds
E2r, E e2E? ©
5 Z x Z
frog[u+ N [u] [ ]ds:
e2E? © el ¢ ¢

In the aboyg formula, the mobility function(u) is computed explicitly as in form of
the integral E2T, (uMd , whereu" denotes the approximate solution at the previous
time stepn as for continuous nite elements in the Cahn-Hjlliard eqaat[3, 4, 12].

In the DG discretized bilinear forni (2.8) stands for = E2T, 2 (uMd . The

the bilinear forman( ;un; 1) includes the face integrals only on the interior edges,
the termJ & ;un; 1) includes the corresponding face integrals on the boundhygs
and together with the right hand sitl ). So, it changes depending on the boundary
conditions. If Dirichlet boundary conditiom, = gp, is prescribed, we set

Z x Z
I su; ) = f rug [ ]ds fr gy
e2EP © 7 e2EP ©
£ g lul (s
eZEE
X
In() = — rn gpds:
e2Ep & ¢

In the case of Neumann boundary conditicit, u n = gy, they become
Z

X
J& U )=0; In( )= gy ds:

N e
e2Ey

When periodic boundary condition is applied, the periodigesdare treated as un-
known, in other words, as interior edges with appropriataitens of the so—called
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jump and average terms. In this case, the set of all eBges splitted into the set
EP of interior edges and the sE{*" of periodic boundary edge—pairs. An individual
element of the seE[®" is of the form! = fE|;E,g whereE, @K\ @, and
En @K, \ @ is the corresponding periodic edge-pairBfwith | > m, and
we associate with eadh a common normal vectar that is outward unit normal to
E, @K\ @ . Then, for each such, we de ne the jump and average operators

. . 1 . .
[ul = ujg,n  Ujg,n; fug = E(WE|+ UjE)"

In this case, we have

x £ x £
‘]rg@( up ) = f rug []ds fr g [ul
12EP ! 2P !
X
+ o [ul [ ] ds;
12EPr B!
andl,( )=0.

2.2.1 Semi-Discrete System in Matrix-Vector Form

The approximate solution of the semi—problém](2.8) hasdha f

X Xa
Un(t) = OB (2.9)

m=1 j=1
where " are the basis functions &f and [" are the unknown coef cients is local
dimension withng = g+ 1 for 1D problemsng = @292 for 2D problems, and
N is the number of intervals for 1D problems or the number @nigular elements
for 2D problems. In DG methods, the basis functiori§s are chosen in such a way
that each piecewise basis polynomial has only one triangla aupport, i.e., on a
speci c triangleEe, € 2 f 1;2;:::; Ng, the basis polynomialss® are zero outsid&e.
This construction makes the stiffness matrix in DG methddskostructure, each of
which related to a triangle. The produtdf := N  nq gives the degree of freedom
in DG methods. Inserting the approximate solutignin (2.8) and choosing the test
functions asv, = jm,j =1;2::5,ng, m=1;2:::;N, the semi—discrete system
(2.8) in matrix vector form is given by

M+A +r()=L; (2.10)

where 2 R%f js the vector of unknown coef cients™s, M 2 Rdof dof g the

mass matrixA 2 R 9 js the stiffness matrix corresponding to the bilinear form
an( ;un;Vh), r 2 R% s the vector function of related to the non-linear form
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rn(up;vy) andL 2 R is the load vector related to the linear teti( ). The
explicit de nitions are given by

2 3 2 3
Mll M12 I\/Il;N All A12 A1;N
M:§M_21 M2z i Z; A:§A_21 Az 5 Z
MNl IVINN AN;l ANN
2 3 2 3 2. 3
1 ' Ly
r L
-§ 70 10878 L=§
N 'n Ln
where all the block matrices have dimensign
2 .
(1) (2 1) nq; 1)
T RS ,
(3 hy) hgt o)
2 i3
DD A b an( 5 g )
gah( P an( s b b : z;
o hy) an( ; hg hy)
2 .3 2 2 i
1 Fh(Un; 1) In( 1)
__g '22_ r__gfh(uh, Z §|h( 2)2
he rh(Un; h,) Ih( he)

2.3 Time Discretization by Backward Euler and AVF Method

In this section, the fully discrete formulation of AC equati(Z.1) in matrix—vector
notation is given by using the backward Euler method and Aéfhmd time integrators
through the semi—discrete formulatidn (2.10).

2.3.1 Time Discretization by Backward Euler Method

We consider the semi—linear system of ordinary differ¢etipations

M +A +r()=L; (2.11)
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for the ordered unknown coef cient vector

— 1..... 1. 2..... 2 ... N..... NNT.
- l!"'1nq’ 1""nq1"'11""!nq)

Let consider the uniform partitioB = to <t; <::: <t ; = T of the time interval
[0; T] with the uniform time step-sizet = tx tx 1,k =1;2;:::;J. Fort =0,
let un(0) 2 V, be the projection (orthogonaP-projection) of the initial conditionig
onto 4, and let o be the corresponding coef cient vector (ordered) satigfyfZ.9).
Then, the backward Euler method applied to the semi linestesy[Z2.111) reads as:
forn=0;1;:::;J 1, solve

M s M
nlt n"'An+l"'r( n+1) = Lnes

M+ tA) i+ tr( ne) tLner = M g

which is the fully discretized system that we will solve f@r; . We solve this non-
linear system of equations using Newton's method in Aldgwnifl. From the algebraic
point of view, Newton's method corresponds to solving tha-tinear equations

R( n+1) = ( M + tA) n+1 T tl’( n+l) tI-n+1 M n- (2-12)

Algorithm 1 Newton's Method
given initial guess°
fork=0;1;2;:::do

solve g2R-s¢ = R

update solutionk*! =k + gk

end for

Starting with an initial guessff?l , thek  th Newton iteration to solve the non-linear
equation[(Z2.12) for the unknown vectqy,; reads as
Js® = R(W): e = W4 s k=0;1;::: (2.13)

n+l/»

until a user de ned tolerance is satis ed. [n(2]13)stands for the Jacobian matrix of
R( n+1), Whose entries are the partial derivatives with respecttp

@R
@ n+1 )j ’
at the current iteration. It is easy to diffg,rentiate theedéinterms, to differentiate the

ng N

nonlinear term using the expansiop = 4, "  * ordered version of{219), we
obtain

Jj = ] =1;2::5,ng N

_@ir():_@ n P N T T T, M
H() = —@j ) @j((uh)f(uh), ); ) =1;2::0;N

()  fquy) U Tdx
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wheref (u) is the double well potential or the logarithmic function inaranodel. We
nally reach

J=(M+ tA)+ tH( n+1): (2.14)
Note that the Jacobian matdix is in the form of
26,) @) @) 3
@1 @> @n
H()= 4 .. 6
an() @an() @n()
@1 @> @n

2.3.2 Time Discretization by AVF Method

The semi-discretized AVF equation is a gradient system
u=rg (u)

evolving into a state of minimal energy. Gradient systengsdaracterized by the
monotonically energy decreasing property of the potential

E(u(t)) E (u(s)); fort>s:

In the numerical approximation of the gradient systems, dasirable to preserve the
energy decreasing property monotonically

E(u(th)) E (u(ty 1)); forn=1;2

The average vector eld (AVF) method
1
Up = Up 1 t rE (up+(1 Ju, 1)d
0
possesses the energy decreasing property without restrict step sizes t. Itis a
modi cation of the implicit mid-point rule. In[[25[_41] higér order variants of the
AVF methods for Hamiltonian and Poisson systems with Gaueggendre collocation
points are given. As Gauss-Legendre Runge-Kutta methodsAiF method, and
higher order versions do not have damping property for veifysystems, whereas for
discontinuous Galerkin-Petrov methods and Radua Il RungeKuethods, the en-
ergy decreases monotonically without restriction to tleg size t and the Lipschitz
constant forE (y). But they require solution of coupled system of equationscivh
increases the computation cost for 2 and 3 dimensional A@temms, where ef cient
solution techniques are requiréd [30]. The AVF method carebarded as an ef cient
integrator for the AC equation, i.e. the integrals by the D¥gnisdiscretized can be
computed with the desired accuracy at low cost.

The AVF method is equivalent to the Petrov-Galerkin discardus Galerkin in time,
when the trial functions are piecewise linear and the testtfans are piecewise con-
stant, which are given by
tn
Un = Up 1 rE(t Nt th Jun+ t Nt, t)u, 1)dt: (2.15)

th 1
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With the time parametrizatiot{ ) = t, 1 +(t, t, 1) and using the change of
variable formulation

Z, Z,
n dt
o= gt )T
th 1 0
we obtain for the integral term il (2.115)
Z,
Uy = Up 1 re (t 1(t th Jun + t 1(tn t)u, 4)dt
t
nZ L

= Uy t rE (u,+(1 J)un 1)d
0

which is the AVF method on the intervl) 1;t,].

The semi-linear system of ordinary differential equatiass gradient system

Mi=T1E ()=A +r() L (2.16)
for the ordered unknown coef cient vector
— 1..... 1. 2..... 2 i N..... NA\T.
- 1)-'-1nq1 1---|nq1'--11|'--1nq))

same order for the basis functions. Let consider the same inerval partition in
the previous section. Then, for= 0, letu,(0) 2 V, be the projection (orthogonal
L 2-projection) of the initial conditiomiy ontoV,, and let o be the corresponding coef-
cient vector (ordered) satisfyind (2.9). Then, the AVF thetl applied to the gradient
system[(Z.16) reads as: for=0;1;:::;J 1, solve

Z 1
Mn+1tMn = rE ( ni1 +(1 ) n)d
0 7 .
Mupg = M+ t L A( ne+(2 ) n)ld
12 {z }
7 ) linear
+ t I’( n+1 +(1 ) n)d
|2 {z }
non linear

After a simple calculation for the linear part, we get
t
M n+1 = M n + tL + 7(A n + A n+1) (2.17)
Z 1
+ t I’( n+1 +(1 ) n)d
0

which is the fully discretized system that we will solve fgr, . We solve this non-
linear system of equations using Newton's method in Aldonifl. Newton's method
for (2.117) corresponds to solving the non-linear equations
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t
R( n+1) = M tL M+ ?(A nt A n+1)

+
—

r( nat(@ ) n)d (2.18)

Starting with an initial guess(ﬂ)l , thek th Newton iteration to solve the non-linear
equation[(Z.1B) for the unknown vectqy,; reads as

Is = R( W) () = 0 450 k=011 (2.19)

n+l/» n+1

until a user de ned tolerance is satis ed. [n_(219)stands for the Jacobian matrix of
R( n+1), Whose entries are the partial derivatives

@R
@ n+1)j ,

at the current iteration. It is easy to differentiate theéinterms in[(Z.18)

@
@ n+1)j

We apply the chain rule to differentiate the non-linear term
Z 1 V4 1

@ _ — @r
@ 1), t . ri( ner +(1 ) n)d t o @ nn);

Jj = j =1;2::0;ng N

t t
M ni1 M, tL+ 7(A nt A i) = IVlij + 7Aii:

( na*t(@  )a)d

P
where, using the expansioR = = ¢, N K ordered version of(219),

@i )
Q@;

—@( (upf (un);" ") ) =1;2::0;ng N (2.20)
J Z an
(up) Y j') I Tdx

j=1

We obtain nally

Z

t ! .
J=M+ SA+ t 3 hy@ ) nd: (2.21)
0

whereJ, ( ,ﬂ‘ffll) +(1 ) n) is the differential matrix, whose entries are given in

(2.20), at r(]'ffll) +(1 ) n. At each Newton iteration, we approximate the integral
term in [2.21) using the fourth order Gaussian quadratuee ru
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2.4 Energy Stability of Fully Discrete Scheme

Itis generally accepted that the fully discrete energylstathemes should preserve the
discrete energy dissipation as their continuous parts;tiwleads to qualitatively better
approximations. The continuous (in time) energy of the séisgrete AC equation is

given as[[31] :

2
E'(u) = Sk UK 27,y *+ (F(U); 1)
X 2
+ (f *Qug; [u])e + s (Wl [uDe (2.22)
E2EQ €

On the other hand, the discrete DG counterpart of the comtigenergy[(2.22) at a
timet" = n treadsas

2
Epe(U") = Sk u"kio,, + (F(u");1)
X 2
+ (f *@ug [U"De + 5 (WEWDe : (2:29)
E2EQ

In this section, we show that backward Euler and AVF methqgidied to the semi-
discrete systeni (2.8) are energy stable through the diseretrgy[(Z.23).

2.4.1 Energy Stability of Fully Discrete Scheme with BackwarcdEuler

When the backward Euler method applied to the semi-discystes [2.8), the SIPG
discretized fully discrete scheme is given by

it(U”+1 uho) +an( (U HuTTg+ h(U)id) =05 842 Wk (224)

where the bilinear fornay, ( ; u; V) is given by

x £ x £
an( (U") Zuv) = (u™ ?r u r vdx f (u") ?r ug[v]ds
E2 q E eZEE e
X Z X (un) 2 YA
f (u") ?r volulds+ —h [u][v]ds:
ezEﬁzf e2E ¢ e
X
by(u;q = (u™f (u)qdx:
E2 , E
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Takingg= u"™! u"in (2.24), we obtain
it(unﬂ un; un+1 un) + (un)ah( 2; un+1 : un+1 un)

) @)umt )
= 0:

+

By using the identitfa;a b) = %(a2 ¥ +(a b)? 1) and the bilinearity ofy,
we get
(un+l Un; un+1 un) + (un)(f (Un+1); un+1 un)
+ (un)%ah( 2;un+l;un+1) (Un)%ah( 2;Un;un) (225)
+ (un):_zLah( 2;un+1 un;un+1 un) =0:
Expanding the ternfr (u") aroundu*!, and neglecting the higher order terms, we

obtain

F(un) - F(un+1) FO(un+1)(un+1 un)
F(u™) F"™) f@mh)w™t u") (2.26)

(F(u™™);u™ U (FU™);1)  (Fu");1) :
Note that the bilinear forma, ( %;u"**;u"*!') satis es
2 X
an( ZuMt "ty = zkr U™t ke f 2r u"tg[u"tt]ds
e2EY €
X 2 17,2
n+

+ 2—hzk[u ]kLZ(E) (227)
e2Ef

0

since all the terms in[((Z.27)) are non—negative (5ek [68, 8&.1] for positivity of
edge integral term). Similarly, we hagg( 2;u"** u";u"*' u") 0. Using these
identities, and substituting the last equatiorin (P.26) {&.2%), we obtain

1 n+1 un 2 1ah( 2; un+t un: un+l un))

0 ( ) u 0 +§

(F(Un+1);1) + %ah( 2;un+1;un+l) (F(Un),l) + %ah( Z;Un;un)
= E@u") E (u")

which implies thaE(u"**) E (u"): Hence, the backward Euler method is uncondi-
tionally energy stable.
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2.4.2 Energy Stability of Fully Discrete Scheme with AVF Methal

Time discretization of semi-discrete systdm|2.8) by thé-Akethods, leads to
1 n+1 n. n 1 2.,,n+1 n.

_t(Uh uhl h) + (uh)_ah( 1uh + uh! h)

4

1
+ Wy f(upt+@ Hup); R) d =0; 82V,
0

Taking n = ul* ull, we obtain
1 n+1 n n+1 n n 1 2.,,n+l n n+1 n
_t(uh U Uy up)  +  (up)zan( Sup™ + upsup Un)

z,

(up) . (FCug™+@  Hupiup™  up) d

= 0:

+

By using the identitfa+ b;a b =(a®? ;1) and the bilinearity ofy,, we get

Z
1 1
—t(Uﬂ+1 upsup™ oup) (up)  (FCup™+@  Hup)up™ up) d
0

+

+

1 N . 1
(UR)Zan( 2 up™ up™)  (up)5an( % ug; up)
= 0: (2.28)
Taylor expansions df aroundup, anduﬂ+l leads to
F(up)  FCup™+@  u) fCup™+@  Hup (™ up);
FUpi™)  FCup™+@ up+f(up™+@  Hup@ ™ up):

Subtracting= (u?l) from F (up**) and ignoring higher order terms including the deriva-
tives off , we obtain

F(up™) Fup)  fCup™+@  Hupup™ up)
. (Fup™)1)  (F(up);1) (F ( upt™t + (@ up)iupt™toup) (2.29)
1 1
i (F(up*);1)  (F(u™);1) )d (1 uptt (@ Hup);upt™t oup) d
Z 1
(Fup™);1)  (F(u));1) (F(up™+@  Humup™ o) d

0
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We note that the bilinear form, ( %;u"*!;u"*!) satis es

Z
X
an( Zu™hu™) = Zkr uM™tkE,, 2 f 2r u"glut]ds
Ecel E
X _2 n+1172 .
¥ KU ke, O: (2.30)
he
E2EQ

Similar to previous case all the terms[in (2.30) are non-tregéseel[63, Sec. 2.7.1] for
positivity of edge integral term). Then, we haag( 2;u"*t;u"*')  0and similarly
an( 2;u™;u") 0. Using these identities and substituting the last equatiq@.29)
into (2.28) we obtain

1 + + 1 + +

L UE} Un 0, (UR) (FUR™)D) + San( % up™sup™)
z
0

1
(UR)  (F(UR;L) + Zan( 5upsup)
1 Un+1 un (F(un+1).1) + :_Lah( 2.un+1.un+1)
t (up) {h hL2() h /J 2 »Up o U
|

z
0

(F(up);1) + %ah( Z up;up);
= E(uy™) E (up);

which implies thatE(up™) E (ul), i.e., AVF discretized scheme is energy stable
through the discrete enerdy (2123).

2.5 Time Adaptivity with Average Vector Field (AVF) Method and Ripening
Time

The solution of AC equation includes transition layers hesw stable equilibriums.
The initial dynamics require small time steps as the traorslayers are formed. Then,
the metastable state is formed and during the metastaldée gta dynamics changes
not much, larger time steps are required. Moreover, thesesition layers changes
rapidly by crossing the zero axis with the time scale of etfoflu At the moment
where the solution crosses the zero axis, it takes its mimmumaximum value and
this time is named as ripening time. To determine the ripgtime arising from rapid
changes in the solution, and steep gradients in transiipers the uniform time steps
are inef cient as shown in[[23, 81]. We use adaptive time pieg to resolve the
multiple time dynamics of the AC equation. The time adaptivs required a local
error estimator. In our time adaptive algorithim {2.2), focdl error estimation two
discrete solutions , 0 of orderp+ 1 andp are computed in parallel such that

u()=u()+0(P?); a()=u()+O(P);
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where denotes the time stept. Then

AN=ku() 0k=CP? (2.31)
is an estimator of the actual of @ measured in an Euclidean norm [26]. In the next
step, we search for the optimal step sizesatisfying” ToL, Where to. denotes

a user speci ed tolerance. By insertion of bottand into (2.31), the estimation
formula r

_ 1 TOL
- A

is obtained with a safety factor 0:9. Then, it is checked fof ToL. Ifit

is satis ed, we accept the current time stepand use in the next step; or else the
current time step is rejected and the present step is repeatie the time step . In
the successful case, the more accurate val(e) will be used to start the next step.

In our time adaptive algorithm, the backward Euler methodl AviF method are cho-
sen which are order gf andp + 1, respectively. When we leto. ! 0 the ripening
time estimates converge which matches the convergencersobution to an accu-
rate value. Mi{eover it is expected that the required nunobéime steps follow

M52 = 710, wherep is the order of the method, and in our cgse 1. The

decrease ofyo_ by a factor ofl0leads to erroroq = C P*. The new error will be

new = C( )Pt = pHlC Pt = Pl where isa constant. Therefore the time
step size should be reduced by a fac’tgyrjf) to reduce the local error by a factb®.
The ndings of this numerical method are presented in thiofahg section.

2.6  Numerical Results

In this section, we give several numerical examples dematirsg the accuracy and
stability of our numerical approach. In all numerical expmnts, we have used linear
elements for the space discretization. Only for the ripgriime calculations, linear

and quadratic elements are used for comparison.

2.6.1 1D AC equation with constant mobility function and dowble—well potential

We rst consider 1D AC equation with constant mobilitfu) = 1, homogeneous
Neumann boundary conditions in the doméint) 2 [ 1;1] [0;80]and with the
initial condition [18]

u(x; 0) =0:53x +0:47sin( 1.5x ):

The diffusion constant? = 0:01is taken as in[[18] where Fourier spectral elements
method and Strang splitting method are used for space aeddisoretization respec-
tively with mesh sizes x = t = 0:02 The time discretization is performed by
backward Euler method and the mesh sizes are takerxas t = 0:01 In Fig-
ure[2.3, the evolution of phase function and energy are gividre solutions of AC
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Figure 2.2: Time Adaptive strategy
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equation move from one equilibrium to the other one, whidtniswn as phase separa-
tion. The interfaces between two stable equilibria move exponentially long times
between the region, which is known as metastability phemamé& he right plot in
Figure[2.8 shows the phase separation and metastable Istatly.cThe state of phase
function is re ected in monotonically decreasing numekieaergy for both time dis-
cretization techniques. We have proven that backward EarndrAVF methods are
unconditionally energy stable. Figure 2.4 shows the endegyease for different time
step sizes for both methods. It is clearly seen that both ihtegrators are energy
stable independent of time step size.

0 20 40 60 80
t

Figure 2.3: Examplé_2.8.1: evolution of phase function aadag of the numerical
energy with backward Euler

2.6.2 1D AC equation with constant mobility function and dowble—well potential

We consider the 1D AC problem with constant mobilitfu) = 1, periodic boundary
conditions and initial condition with diffusion constant= 0:12 [81] in the domain
(xt)2[0;2 ] [0;600]

u(x; 0) = 0:8 + sin(x):

Computations are done with the step sizes= =50and t = 0:01by AVF method.
The same problem was solved in [81] again using Fourier splesgace discretization
with the mesh size x = =64 and with adaptive time integration using Backward
Differential formula (BDF3)- Adams-Bashfort method (AB-3).

We see in Figuré 215 the fast dynamics from the initial caadito the metastable
state, where two transition layers are formed. Also, theemical energy is decreasing
monotonically.

For this problem, we also compute the ripening time givenabl&2.1. The calcu-
lations are done with linear and quadratic polynomials iacgp The time adaptive
algorithm is applied with initial time step size= 0:05and 1oL =1e 04. We see

that our solytion converges 1 = 546:5 as we expect. Also, the ratio ™ ( to.)

converges to” 10 = 3:1622which shows the reliability of our adaptive algorithm. In
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Figure 2.4: Examplie 2.6.1: decay of the numerical energdy backward Euler method
and AVF method for different time steps:t = 0:5 (top left), t = 0:25 (top right),
t = 0:1 (bottom left), t =0:01(bottom right)
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Figure 2.5: Examplé_2.8.2: evolution of phase function aadag of the numerical
energy with AVF method

Figure[2.6, the time step size evolution is presented. Weageé growth initially and
step by step decline since the metastable state is nished.
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Table 2.1: Examplé_2.6.2: Convergence of the ripening tinté e adaptive AVF
method using linear (quadratic) polynomials.

toL Ripening Time  # Time Steps M ( 1o, )=M( 7o,
1e-04 54952 (539.71) 480 (480) 3.02 (3.02)
1e-05 554.46 (544.54) 1515 (1515) 3.12 (3.16)
1e-06 555.99 (546.05) 4792 (4790) 3.16 (3.16)
1e-07 556.47 (546.52) 15153 (15152) 3.16 (3.16)

Time-Steps vs Time

20

15

0 200 400 600
t

Figure 2.6: Example2.8.2: evolution of time step sizes

2.6.3 2D AC equation with constant mobility function and dowble-well potential

2D AC equation with constant mobility(u) = 1 under periodic boundary conditions
and initial condition for the diffusion constant 0:18in [81] in the domair(x;y;t) 2
[0;2 ]2 [0;33]is given as:

u(x;y; 0) = 2esn0tsin(y) 2 4 9.9g sin(x) sin(y) 2.4 1 -

We have taken as mesh sizx = y = =8 after three re nement steps in order to
obtain accurate solutions. The solutions with contourgpéoe obtained for uniform
time integration by average vector eld (AVF) method witretktep size t = 0:01
The evolution of phase solution at different time steps a@vs in Figurd 2.J7. It is
observed that the smaller region is annihilated prior toléinger region. Both reach
the stable state af = 1 at the end as we expect.

The ripening time for different tolerances with linear angadratic polynomials is
given in Tablé 2.2.The time adaptive algorithm is appliethwnitial time step size =
0:05and 1oL =1e 04 We observe that the ripening time converges by decreasing
tolerance and the ratio is close to the theoretical 6ri®. The numerical energy is
also decreasing for the adaptive time stepping in Figurdlef§ and until formation

of metastable state aroumd= 30, the small time steps are required. Afterward, time
steps are increaséd .8 (right) .
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Figure 2.7: Example_2.8.3: evolution of phase function

2.6.4 2D AC with constant mobility function and double-wellpotential

We consider 2D AC equation with constant mobilitju) = 1 under periodic boundary

condition for diffusion constant = 0:1 [39] in the domain = [0 ;2 ]

O<t< 05

2

[0;2 ] for

Ut u+ f(u)= glxy:t);
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Time-Steps vs Time
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Figure 2.8: Examplé 2.8.3: decay of numerical energy (lefi)l evolution of time
steps (right)

Table 2.2: Example 2.8.3: Convergence of the ripening tintle adaptive AVF method
using linear (quadratic) polynomials

ToL Ripening Time # Time StepsM ( 75, )=M( 7o,
1e-03 27.20(30.10) 209 (216) 3.12 (3.13)
le-04 27.33(30.24) 668 (692) 3.20 (3.20)
1e-05 27.37(30.25) 2121 (2197) 3.18 (3.17)
1e-06 27.37(30.27) 6707 (6956) 3.16 (3.17)

with the exact solutiomi(x; y;t) = e 2 “tsin(x)sin(y). The source functiog is com-
puted from from the left hand side using the exact solutiohe Thitial condition is
taken to be consistent with the exact solution. We presexit trerror and the numer-
ical order of accuracy for both time integrators in Tdblé & 3meT = 0:5. We can
see that both methods wiBf elements have thg + 1) -th order of accuracy.

2.6.5 2D AC with constant mobility function and double-wellpotential

We consider 2D AC equation with constant mobilitju) = 1 under homogenous
Dirichlet boundary conditiori [33] with diffusion constant 0:01in the domain =
[0;2] [0;2 JforO<t< 120 We have taken the meshsizeas = y= =8,
and uniform time step t = 0:1 for AVF method. The initial condition is randomly
distributed from 0:01 to 0:01 to each grid point. In Figure 2.9, the corresponding
solution contours are plotted, the numerical energy iseBsing again monotonically.

2.6.6 2D AC equation with constant mobility function and logrithmic free en-
ergy

We consider the 2D AC equation with constant mobilifu) = 2 [68] and diffusion
constantis = 0:04subject to periodic boundary condition in the domamn[0 ;2 ]
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Table 2.3: Accuracy test for AC equation with constant mtbfbr backward Euler
method and AVF methodt =0:03 x, x=

Backward Euler Average Vector Field
Mesh Size L%—Error Order L2-Error Order
(Dof)
h(24) 1.605e+000 - 1.605e+000 -
P! | h/2(96) 4.595e-001 1.80 4.595e-001 1.80
h/4(384) 1.225e-001 1.91 1.225e-001 1.91
h/8(1536) 3.142e-002 1.96 3.115e-002 1.98
h(48) 4.179e-001 - 4.179e-001 -
P2 | h/2(192) 1.027e-001 2.02 1.027e-001 2.02
h/4(768) 1.399e-002 2.88 1.400e-002 2.88
h/8(3072) 2.300e-003 2.60 2.308e-003 2.60
[0;2 ]for 0 <t < 10 The logarithmic functiorf (u) = 5 In(i*—ﬂ cu is given.

The initial condition isup(x; 0) = 0:05(2
in [O; 1].

rand 1) where rand’' means a number

The spatial mesh size istaken ag = y = =8. The snapshots of phase evolution
is obtained with time adaptive algorithm for parameter galu= 0:15, . = 0:30with
time adaptive scheme. The initial time step size s 0:05and oL =4e 03 In
Figure[Z.11, the corresponding solution contours and nigaleznergy are plotted. It
is clearly seen that the time adaptive solutions are in ggoelanent with the reference
solutions in[[68]. Figuré2.12 shows the progressivelyéase of time step based on
the energy evolution of the solution. When the coarseningines dominant (for
examplet > 1), the time steps become larger which shows that time adgptworks
well.

2.6.7 2D AC with degenerate mobility function and logarithmric free energy

We consider th@D AC equation with mobility function (u) = 2(1  u?) [68] with
the diffusion constant = 0:04in the domain = [0 ;2] [0;2 J[forO<t< 10
The initial condition isug(x; 0) = 0:05(2 rand 1) where rand' means a number
in [0; 1].

The phase evolution is obtained for parameter values0:50, . = 0:95 with time
adaptive algorithm where the initial time step size is 0:05and 1oL =1e 04 In
Figure[2.1B, the corresponding solution contours aregudotind the numerical energy
decrease is seen clearly with time step evolution in Figutd.2
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10 Time-Steps vs Time
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Figure 2.12: Example_2.8.6: decay of numerical energy)(kfid evolution of time
steps (right)

t=0.4833

Figure 2.13: Example 2.8.7: evolution of solutions
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CHAPTER 3

THE CAHN-HILLIARD EQUATION

The CH equation is the most known model of phase separatiomadtoriginally
introduced by Cahn and Hilliard to describe the phase saparahd coarsening phe-
nomena in a binary alloy [16]. It is also used as diffuse fiaiee model problem from
different application areas, such as, image processirmgeplformation and cancer
growth. The fourth order CH equation in a bounded domain RY(d  3) is given

by,

u = r [ (r (f(u 2 u]+ g(x;t); in (0;TJ; (3.1)
u(x; 0) Up in f Og;

or, equivalently, the CH systerin [40,]71, 82]

uo = r [ (urw]+g(xt); in O;T];
w = 2 u+ f(u); in (0;TI; (3.2)
uix;0) = up in f Og;

with the suitable boundary conditions such as periodic damncondition ([40]) and
homogenous Neumanr (]11,/48]) or Dirichlet boundary coonif[53]). In the CH
equatioru represents a relative concentration of one component ibitfagy mixture,
the parameter is related to the width of inter-facial layer,(u) is the non negative
mobility function,w is the chemical potential arfd(u) = F9qu) is the homogenous
free energy in the Ginzburg-Landau energy functionad in*

Z 2
E(u) = Ejr uj>+ F(u) dx: (3.3)

In the literature, the free energy functiéi(u) is modeled in two different ways for
CH equation. The rst one is a combination of logarithmic terstated as logarithmic
free energy function and resulting in different forms in liberature
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[9,11,(83]

F(u) = Ec(l u?) + é[(1+ win+ uw+@ uwin(l uvj; (3.4)

[12]
F(u) = E[(1+ winl+ u)+(@ ulin@ u)] Ecuz; (3.5)
[40,[79]
F(u) = E[u Inu+(@1 u)ln(l u)] Ecuz; (3.6)
where is the absolute temperaturgis the transition temperature with< c.

Note that the logarithmic free energy function is a non—exrfunction. The second
one is the convex double well energy function

L u)?

7
which is the approximation of logarithmic free enerfy [3&B),[3.6) in case the ab-
solute temperatureis close to transition temperaturg It is easy to see that double—
well energy function will favor two phases with densitiess 1. The linear term in
double well potential is responsible for the interestingayics including the insta-
bility of constant solutions near= 0 and the nonlinear term is the one which mainly
stabilizes the ow. In logarithmic free energy functiongetlogarithmic terms describe
the entropy of mixture and the conditionr< . ensures thaF (u) has indeed dou-
ble well form. Both logarithmic free energy functioris (3.43.3), (3.6) and double
energy function[(3]7) satisfy the monotonicity and Lipszltiontinuity conditions for
Us; U, 2 R with the constraintgu;,j  1[75]

(f(up)  Fu))(ur up) Ci(ur  up)%
jf(u)  f(uz)j Lejur  uyj; (3.8)
jFAu)  FAu)i  Leojur  uyj;

for Cy;L¢;Lso  Ostand for the related Lipschitz constants.

F(u)= (3.7)

The mobility function (u) can be constant or degenerate. In most of the studies
on the CH equation mobility function(u) is assumed to be constant. However, the
original derivation of CH equation includes degenerate titgbiAlthough the CH
equation has been intensively studied, little mathemiaginalysis has been done for
degenerate mobility. The CH equation with degenerate mphilas introduced in
[28] and existence of the solutions are given. The commodbpted versions of
the degenerate mobility function aréu) = u (1 u) [40,[79 and (u) = (1

u?) [0l [11,[40,[82]. The rst representation of mobility funaticeduces the long
range diffusion throughout bulk regions. This is a good chairhen uid ows with
immiscible components are studied. The second represaniatthe most common
one and thermodynamically reasonable choice as well asr8teepresentation. By
these representations the diffusion process is restriotéte interface zone, i.e. itis
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zero in the pure component (i.e., wher= 1) and the mobility function should be
positive forjuj < 1.

The CH model[(311) has two important global properties. Intiast to AC equation,
CH equation has mass conservation property, i.e., the totalat of phase in the
region is always equal to the given original amount :

Z Z Z

E u(t)dx udx= r ( (ur w)dx (3.9)
dt ~

(Wr w ndS=0;
@

where the no ux boundary condition ( or periodic boundaryh@idion) is applied
[20,(40,82].

CH equation has the dissipation of energy property similak@oequation. Since the
CH equation is a gradient ow of energy functional, the totakggy is always non
increasing, that is,

Z Z
EQu)(u) =  f(uuc+ %ruu = wuy (3.10)
z z

= wr ( (ur w)= (u)jr wj’d :

d
SEu()

In the numerical solution of CH equation three main challsngppear; the non—
linearity in the system coming from energy function, thegerece of the parameter
in the equations (usually small in phase separation agjgits) and the different
time scales of each of the stages in the evolution of the curet@n. Then, an ef -
cient numerical resolution of the problem requires propétion of numerical scales,

that is, the spatial mesh sizex and the time step sizet.

It is also desirable to develop numerical schemes which aeegg decreasing and
mass conservative from numerical point of view. Energyiltalimplies that the to-
tal energy of the fully discretized CH equation dissipatetinme analogously to the
continuous energy (3.3). The schemes that preserve theetiseersions of the con-
tinuous energy lead to approximate solutions, which belmaditatively similar to
the continuous ones. Explicit methods are not suitableifioe discretization of the
CH equation because they are not energy stable and requyreswail time steps be-
cause of stability restrictions. Also the semi-discrdt@aof the CH equation in space
leads to stiff systems for small values of the diffusion pagger . Explicit methods
will work with severe restriction on time steps, which ingse the computational cost
enormously. In the literature, mostly the CH equation with ¢bnstant mobility func-
tion is studied using nite differences [23], nite elemenfl2] and spectral methods
[20,[43] for space discretization. Energy stable time dization methods are based
on the convex splitting of the energy functional. Altermaly, splitting methods are
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used by adding stabilization terms to the energy functiéh@l). A recent survey
of different space and time discretizations for the CH is giue[72]. CH equation
with degenerate mobility is discretized by continuous endlements [9, 11, 12], local
discontinuous Galerkin method [8§2,183], discontinuouse@ah method withC® el-
ements, with mixed nite elements [79], nite differencesl], NURSB [36] and by
spectral methods [84].

In this chapter, we use the mass conservative SIPG meth@&g]%or the space dis-
cretization. Since the DG method is based on the set of pisegwlynomials that
are fully discontinuous at the interfaces, the DGFEM apjpnation allows to capture
the sharp gradients or singularities that affect the nuragsolution locally. Further-
more, CH equation describes a gradient owHn ! and the semi-discretized form of
it (3.1)) leads to a gradient system of ordinary differenéigliations. Then, we again
need energy stable time integrators. It is well known that tkt order backward Eu-
ler method is energy stable, i.e., the discrete energy dsesawithout any restriction
for the step size t for very stiff gradient systems with! 0 [41]. The discontinu-
ous Galerkin-Petrov in time methods (with different triadatest functions) [66] and
Gauss Radau IIA Runge-Kutta collocation methdds [42] are thstknown higher
order energy decreasing methods with order3. The only second order implicit en-
ergy stable method is the average vector eld (AVF) methofj[#l] preserving energy
decreasing property for the gradient systems and for systath Lyapunov functions.

The reminder of this chapter is organized as follows: we ashstruct the SIPG dis-
cretization of CH equation with degenerate mobility for Diniet, Neumann and pe-
riodic boundary conditions in Sectidn B.1. In Section] 3ikhet discretization with

backward Euler and AVF method is given. Then, energy stswl both methods is

proven in Section 313. We give several numerical exampl&eition 3.4 to demon-
strate the performance of the SIPG discretization coupligl structure preserving
time integrators.

3.1 SIPG Discretization of Cahn-Hilliard Equation

In this section, we brie y describe the SIPG method disaagton, applied to the dif-
fusion part of the CH equation (3.2) for Dirichlet, Neumanr geriodic boundary
conditions. Using the de nitions and notations from theyioes chapter, the solution
of (3.2) reads as: ndi,(t); wh(t) 2 V4 such that for almost everty2 (0; T] and for
all 2 Vh,

(@un; n) + an( ;Whs n) = In( 5 n);

(Wh; n)  (FQUR); n) = an( %un; n)+ 1n( 2% n): (3.11)
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The bilinear terms in the last two argument is of the fand ;w; ) =-a,( ;w; )+
J2( ;w; ) suchthat

x Z x Z
an( ;w; )= rwr f rwg [ ]ds
E 0 e
'z oz (3.12)
frogw+ o Wl [ ds;
e2E? © e2E0 ° ©

where the mobility function (u) is computed explicitly as in form of the integral

« (u")d , whereu" denotes the approximate solution at the previous time rstep
as for continuousg nite elements inl[9,111]. In the DG disezed bilinear form[(3.12)

stands for = . (u")d or for 2. The the bilinear forma,( ;un; 1) includes
the face integrals only on the interior edges, whereas tine 3& ;uy; ) includes
the corresponding face integrals on the boundary edgesagedher with the right
hand sidd( ; 1). So, it changes depending on the boundary conditions. itiet
boundary conditiony = w = gp, is prescribed, we set

x £ x £
I& su; ) = f rug [1ds froglu
p € p €
XeZEh 7 e2Ey;
+ — [u]l [ Ids;
D he e
e2Ef
x Z
Ih( ;) = ™ rn gpds:
e2Ep ¢ °

In the case of Neumann boundary conditi%ﬂ\‘,: (U)%,W: On, they become

X
IQ su; )=0; In( ;)= gy ds:

e2EN €

When periodic boundary condzition is applied, we have

X X
I u; ) = frug []ds frog [ul
Y 1 2EPer
x h Z h
+ — [ul [ lds;
12EPer E !
andl,( )=0:
The semi-discrete solutiong (t) andw (t) of the system[(3.11) satisfy
X Xa X Xa
Un(t) = O wa(t) = I OR (3.13)
m=1 j=1 m=1 j=1
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where' [" are the basis functions spanning the spége ;" and [" are the unknown
coef cients, nq is the local dimension, and is the number of triangular elements.
By substituting the identities if (3.113) into the systdm 1B.and choosing = ' K,

equations
Mi+A =Ly

A +r() M =Ly (3.14)

for the ordered unknown coef cient vectors and the basigfioms

— 1..... 1. 2..... 2 o N..... NAN\T
- 1 ' nNg? ’ ' Ng!? 1 1 ' Ng ’
— 1..... 1. 2..... 2 ... N..... N\T
- 19 ' ng? 1 ' Ng'*t LI ' Ng 1
[ T vl oo 2.0 ... 2 L. r N..... t N\T
- 1 ' ng!? 1 1 ng!? 1 ' Ng

In (312),M denotes the mass matrix with the entrddg = (' ;' ") , 1  i;j

ng N,A andA are the stiffness matrices with the entrfés); = an( (up);' ;' ")
and(A)j = an( %' 05", 1 i ng N, andbis the non-linear vector of
unknown coef cient vector with the entrieda( ) =( Yun);' ") ,1 i ng N,
andL, andL, are the load vectarth component of which corresponding to the right
hand side linear form,(' '),1 i ng N such that a detailed description of each
term is given in previous section.

3.2 Fully Discrete System by Backward Euler and AVF Method

In this section, we give the fully discrete formulationsioé CH systeni (312) in matrix-
vector notations by using the backward Euler and AVF timegrators through the
semi-discrete formulatiof (3.111).

In the sequel, we consider the uniform partitorF to <t; <:::<t; = T of the
time interval[O; T] with the uniform time step-sizet = t, tx 1, k=1;2;:::;J.
Moreover, fort = 0, we letu,(0); wy(0) 2 Vi be the projections (orthogonaP-
projections) of the initial conditiomip; Wy onto V;,, and we let ¢ = ( o; )" be the
corresponding coef cient vector (ordered) satisfyingl@®. At a speci c timet = t,,
we denote the coef cient vector of the solutiofws, (t,); Wn(t,))" by » = ( n; )7,
as well.

3.2.1 Fully Discrete System by Backward Euler

Backward Euler discretization of the semi-linear systéni4Breads as: fon =
0;1;:::;3 1, solve for 41 and .4, the system

M tA n+1 + t(Ll)n+1 _ M n

= A
A M e (1) (L2)nn 0 (3.15)
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which leads to the residual functid( ) = (Ry( );R2( )T with

Ri( 1) =M nir M p+ tA t(L1)n+a;

3.16

Ro( ne1) = A naa +1(ns1) M pn t(L2)n+a: (3.16)
We solve the non-linear system of equatidns (3.16) usindNeheton's method in Al-
gorithm[d in Chaptel2: starting with an initial guess, = ( 9,; 97, thek th
Newton iteration to solve the nonlinear system of equati@%$8) for the unknown
vector n+1 = ( ns1; ne1)' reads as

W= R(p) W= fh+s® k=0L (3.17)

until a user de ned tolerance is satis ed. IN(3118)5 (s1;s2)" is the increment, and
J stands for the Jacobian matrix Bf ,+1), whose entries are the partial derivatives
with respectto,+1; and .41

@R n+l; n+1) @R n+l; n+1) .
@ n+1)j @ n+1)j ’

at the current iteration. It is easy to differentiate theéinterms in[(3.16), to differ-
entiate the nonlinear term using the expansigr= ELN «' K, ordered version of

B.13), we obtain

z
@f)_@ i v
— = —(f(uy);"") = fYup)' ! 'dx 3.18
@ @,-( (un);" ") Qun) (3.18)
such that (u) may be double well potential or logarithmic function. Henee obtain
for the Jacobien matrix

Jj = ) =1;2,::5,ng N

_ M tA
J= A+, M (3.19)
whereJ, is the Jacobian matrix of the nonlinear forfn) w.r.t. at = 4.

3.2.2 Fully Discrete System by Average Vector Field Method

Firstly, we rearrange the semi linear systém (B.14) fer( ; ):

Mo _ 0 A L
0O 0'Y A M Lo r()

and then applying AVF method to the gradient system (3.28)sas: fon =0;1;:::;J
1, solve

(3.20)

Z
+ 0 A !
A (@ ) wd @2

R1
R 5 Lad
1
I—2 O(t‘( n+l +(1 ) n))d

o<
oo
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After a simple calculation for the linear terms, we get

|\3 c()) n+1t N /S AM %*n (3.22)
2(La)ga *+(Lon)
H(Lna +(Ldn o7( na + (1 ) n)d)

which is the fully discretized system that we will solve for.y = ( n+1; n+1) - We
solve this nonlinear system of equations using Newton'shoetn Algorithm[1 in
Chaptef 2. From the algebraic point of view, Newton's methmd(8.22) corresponds
to solving the nonlinear system of equations

Ri( ne1s nt1) = M(na n)+ %A (nes + 1) (3.23)
S (Lner + L)),
Rao( ne1s ne1) = }A (nes + 1) %M( n+1 + n) (3.24)

Z,

(Can @ )0 (e *+ Lo
0

+

or equivalentlg, 3
M( n+1 n) + TtA ( n+1 T n) Tt((l—l)nﬂ +(L1)n)
R( ni)=4 R, %A (et n) %M( n+1 * n) S (3.25)
+ o s+t @ 0 ) ) 5 ((L2)as +(L2)n)
where +1 = ( n+1; n+1). Starting with an initial guessr(ﬂ)l = ( ,(1021; r(]ofl , the
k th Newton iteration to solve the nonlinear equation (B.23)ferunknown vector
nt+1 reads as

k k k
Js¥ = R( W) ) = 0+ sy k=01 (3.26)
until a user de ned tolerance is satis ed. In(3126)= (s1;S,)" is the increment,

J stands for the Jacobian matrix B{ ,.1), whose entries are the partial derivatives
with respect to n+; and 41

@R n+1; ne1), OR ne1; ne1) . =120

i @)y @) ’ it N
at the current iteration. It is easy to differentiate theéinterms in[(3.23)
@@'?(mn:)lj)i = M
Gk = s 327)
—@@?(mn;)lj)i = %(A )i + @C?—j)j( n+1);
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P
To differentiate the nonlinear term using the expansign= L‘ilN « K, ordered

version of [3.IB), we obtain
@i( )
@,

—§§a(um;'w ;B =1;2:0ng N (3.28)
J

f Quy)' I Tdx

wheref (u) is logarithmic free energy or double—well potential in oundael. Hence,
we obtain for the Jacobien matrixthat

Mo A

J =
IA+3 IMm

(3.29)

wherelJ, ( ,(1":11) ) is the differential matrix whose entries given [n (3.28).

3.3 Energy Stability

In this section, we show that the backward Euler and AVF nuthapplied to the
semi—discrete systern (3]11) are energy stable throughsbeete energy

2
Bpe(U") = Sk ukio,, + (F(u");1)
X 2
+ (f *@u'g[WDe + 5 (ULUDe  (3.30)
E
E2EQ
which is the discrete DG counterpart of the continuous enf&{]

2 X 2
E'(W) = Sk uka, * (f *@ugi[WDe + 5—([ul:[WDe  (3.31)
E2EQ €

+

(F(u);1)

atatimet" = n t.

3.3.1 Energy Stability of Fully Discrete Scheme with Backwardzuler

The backward Euler discretized scheme of the semi-dissystiem [[3.111) is given by

(™t U + tap( (U");w"t:g) = 0; 8092 W (3.32)
W™y WM™ ) = an(Hut ) 8 2 Wy
Takingg= w"** and = u"! u"in ([3.32), we obtain
(un+1 un;Wn+1) + tah( (un);Wn+1 ;Wn+l) - O,
(Wn+l : un+1 un) (f (Un+1); un+l un) — a-h( 2; un+1 : un+1 Un):
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Using the identita;a b = 3(a® b+(a b?%1) and the bilinearity ofy in
the last two arguments, we obtain

@t oumwhy + o tap( (UM wthw™tt) = 0; (3.33)
(Wn+1 : un+1 un) (f (un+1); un+1 un) - %ah( 2; un+1 : Un+1)
%ah( Z-u;uM) (3.34)

+ %ah( 2;un+l un;un+l un):

ExpandingF (u"*') and neglecting higher order terms, we get

F(Un) F(un+l) f (un+l)(un+1 un);

(f (u"*);u™t ") (F(u"):1)  (F@");1) : (3.35)
We note that the bilinear form,( (u"); w"*1; w"*1) satis es
Z
an( (UMW W) = (uhkr WK, 2 f @W")r w"gw"ds;
e2ep E
X n
+ (u)k[w”"l]kfz(E) o (3.36)
E2EQ E

Since all the terms iH_(3.86) are non-negative ($eé [63, Qet.1] for positivity of
edge integral term), we haag( ;w"**;w"*1) 0. Similarly, we havea, ( %;u"**
u";u™ u") 0. Using these identities, subtractiig (3.33) fram (B.34) anbsti-
tuting (3.35), we obtain

1
tah( (u”);w”+1;wn+1) (F(Un+l);1) + Eah( 2;un+1;un+1)

(FW)D) + Jan( u7u)
0

which implies thatEl}; (u"!) E 55 (u"). Hence, the backward Euler discretized
scheme is energy stable through the discrete enkrgyl (3.30).

3.3.2 Energy Stability of Fully Discrete Scheme with AVF Methal

Applying the AVF to the semi-discrete systeim (3.11), thdyfdiscrete system reads
as

(u™t  uhq + ?tah( UMWt +wh:q) = 0; 892 Vi; (3.37)
Z
n+1 n 1
LA (U™ + @ ) ) d = a(Zu e ) 8 2y
0
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Takingg= (w"*? + w")=2and = u"*! u"in (3.37), we obtain

wht g t
un+1 un; 5 + 4ah( (un);Wn+1 +Wn;Wn+l +Wn) - 0;
Z
wh*l + whn 1
— u™toun i f(u™+@ Hu"u™t U d =

%ah( 2;un+1 + un;un+1 un):

By using the identitfa+ b;a b) = (a? ;1) and the bilinearity of, in the
last two arguments, we get

un+l u”;Wn+12+ wh N Ttah( (u”);Wn+1 +whwtt o+ w") =0;
. n 7, (3.38)
w 2+ w STAEET 0 F(u™ +(@ )™t ) d =
1 2., n+l., n+l 1 2. ,n., Ny
Qah( Ut U™ Qah( ;ut;u™): (3.39)

Expanding the termB (u") andF (u"*!), and neglecting the higher order terms, we
obtain

F(u) F(u™+@  Hu") f(u™+@  HuM)( @™ u");
FU™)  F(u™+@ Jun+f(u™+@ HunE )™t u):
Subtracting= (u") from F (u"*!) leads to
Fut) F@") f(u™+@ HuM)u™t u")
(FU™)i1)  (FUL)  (F(u™+@ Humu™ o)
1 Zl
(F(u™™);1)  (F(u");1) )d (F(u™+@  Hu");u™ u") d
ZO
FOND  (FWRD  ((ume@ uet ) d
0

. (3.40)

0

We note that,( (u"); w"*! + w";w"** + w") O similar to previous section. Us-
ing this identity and subtracting (3138) from_(31.39) andstiibting the last equation
in(3.40), we obtain

—a 1
4t ( (un);Wn+1 + Wn;Wn+1 + Wn) (F(Un+1); 1) + Ea ( 2;un+1;un+1)
1
(F(U");1) + San( % umuf)
0
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which implies thatE]}; (u"*') E 55 (u"). Hence, the AVF discretized scheme is
unconditionally energy stable.

3.4 Numerical Results

In this section, we present a set of numerical examples tiat she accuracy and
the stability of our numerical approach. We rst verify thecaracy of our numerical
approach for CH equation with constant and degenerate ryofali both time inte-
grators. Furthermore, the discrete energy dissipationdsstiete mass conservation
properties of CH equation is demonstrated. In all numerigathgles, we have used
guadratic elements for space discretization and averagerveld method is used for
time discretization.

3.4.1 Constant mobility function and double-well potentidunder Neumann bound-
ary condition

We rst carry out 2D CH equation with constant mobility furmti (u) = 1 under
homogenous Neumann boundary condition [20]. The CH equatior [  1;1]
[ 1;1]forO<t< 1withthe exact solution

u(x;y;t) = €0 cos(x ) cos(y )

Is considered. The source functigns computed from the left hand side by using
the exact solution and = 0:1. The initial condition is taken to be consistent with
the exact solution. The? error and the numerical order of accuracy using time steps

t=0:5 xattimeT =1 with linear and quadratic DG polynomials are presented in
Table[3.1. We can see that both methods Witrelements give gk + 1) -th order of
accuracy.

Table 3.1: Examplé_3.4.1: Accuracy test with constant niybibr backward Euler
and AVF methods

Backward Euler Average Vector Field

x DoF L%—Error Order L%—Error Order

1/2 24 1.871e+000 - 3.347e+000 -
Pl | 1/4 96 7.320e-001 1.35 1.633e+000 1.04
1/8 384 2.035e-001 1.85 4.810e-001 1.76
1/16 1536 4.797e-002 2.09 1.079e-001 2.16

1/2 48 4.880e-001 - 6.694e-001 -

P2 | 1/4 192 1.428e-001 1.77 2.685e-001 1.32
1/8 768 1.968e-002 2.86 3.376e-002 2.99
1/16 3072 2.256e-003 3.12 3.733e-003 3.18
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3.4.2 Degenerate mobility function and double-well poterndl under periodic
boundary condition

The next example is the CH equation(in|[40] with exact solution
u(x;y;t) = e #sin(x) sin(y)

inthe domain =[0 ;2 ] [0;2 JforO0<t< 1under periodic boundary condition
with degenerate mobility function(u) = 1 u? and double— well potential. The
effective diffusivity is takenas = 1.

The L2-error and the numerical order of accuracy at tifne 1 for backward Euler
method and AVF method are presented in Tablé 3.2 with linedrcuadratic poly-
nomials. For the rst order DG polynomials we use time stegs= 0:0032 and
quadratic DG polynomials t = 0:00032 with AVF method. Time steps are taken
as t =0:00032 for linear DG polynomials and t = 0:000032 for quadratic DG
polynomials with backward Euler method. Order reductionbserved in Tablg_3.2
for the rst and second order DG polynomial which be due tonbe-linearity of the
degenerate mobility function. Both methods withelements give €k + 1) -th order
of accuracy.

Table 3.2: Example_3.4.2: Accuracy test with degenerateilityofor backward Euler
and AVF methods

Backward Euler Average Vector Field

x DoF L°—Error Order L2-Error Order

=2 24 1.620e+000 - 2.054e+000 -
PL| =4 96 4.690e-001 1.79 5.742e-001 1.84
=8 384 1.294e-001 1.86 1.566e-001 1.87
=16 1536| 3.308e-002 1.97 5.478e-002 1.52

=2 48 4.181e-001 — 4.342e-001 -
P2| =4 192 1.040e-001 2.01 1.136e-001 1.93
=8 768 4.240e-002 1.29 1.713e-002 2.73
=16 3072| 6.007e-002 -0.50 4.895e-003 1.81

3.4.3 Constant mobility function and double-well functionunder Neumann bound-
ary condition: spinodal decomposition and nucleation

We consider 2D CH equation with constant mobiliyu) = 1 and double—well energy
function under homogenous Neumann boundary condition [3Tije computational
domainistaken=[0 ;1] [0;1]forO<t< O:4with =1 10 °.

This problem represents the two main separation mechansmmodal decomposition
and nucleation. Both mechanisms in the CH equation are de getdinitial condi-
tion up(x) = u+ r whereu is a constant andis random number uniformly distributed
on[ 0:005 0:005]
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Whenu = 0, the spinodal decomposition is formed in Figure}3.1). tFitee mixture
separates from a randomly perturbed homogeneous state(), and then a com-
plicated striped pattern that coarsens over time is pratlutfene let the simulation
evolve, the stationary solution would be a fully separated with two rectangular
patches.
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Figure 3.1: Example_3.4.3: Phase solution of 2D CH equatidh wonstant mobility
with t=1 10 5(spinodal decomposition)

While u 6 0, the nucleation is formed seen Figure {3.3). The simulatesults are
given foru = 0:4. The other parameters are the same as in the previous onlee In t
nucleation mechanism, isolated nuclei come up from theurext Again, the spatial
microstructure of the mixture coarsens over time.

In both cases the discrete energy dissipates and the mamssisreed (see Figufe 8.2
and3.4). Our results are similar to thoselin/[37], where fatisl discretization local
discontinuous Galerkin method and for time dicretizatimplicit convex splitting are
used.
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Figure 3.2: Example_3.4.3: Energy decrease and mass catisersf 2D CH equation
with constant mobility with t =1 10 5(spinodal decomposition)

3.4.4 Constant mobility and logarithmic energy under Neuman Boundary Con-
dition

2D CH equation with constant mobility function and logaritbhrnergy functior (u) =
600unu+(1 wu)In( u))+1800u(l wu) (u)=1 isconsidered under homoge-
nous Neumann boundary condition [40]. The diffusion caomsataken as = 1. The
initial condition is

071 x2 1

UX0=" 559 x2 ,

where the square domais ( 0:5;0:5) ( 05;05), 1=( 02,02) ( 0:20:2),

2= 1-

The plus shaped region evolves in to a circular region as showrigure[3.5. The
evolution process is characterized by grain diffusion aodrgening. Also, energy
decreases and mass is conserved as seen in Eiglire 3.6.

3.4.5 Degenerate mobility and logarithmic energy under Nemnann boundary
condition

We consider 2D CH equation with degenerate mobility functign) = u(1 u)
under homogenous Neumann boundary condifion [40] wittusliéfn constant = 1.
The computational domain is= [ 0:5;0:5] [ 0:5;05]for0 <t < 02 The
logarithmic energy functiof (u) = 3000(ulnu+(1 u)In(1 u))+9000u(l u)
is given. The initial condition is a random variation of wonin stateu = 0:63 with a
change no larger tham05.
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Figure 3.3: Example_3.4.3: Phase solution of 2D CH equatidh eonstant mobility
with t=1 10 ® (nucleation)

Figure [3.7) shows the evolution of the concentration elfhe two phases in the
concentration evolution, the phase separation stage ancbirsening process stage,
can be seen clearly. We can also see in Figure 3.8 that eneaygase and mass
conservation is satis ed.
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Figure 3.4: Example 3.4.3: Energy decrease and mass catiserof 2D CH equation
with constant mobility with t =1 10 (nucleation)

Figure 3.5: Example 3.4.4: Phase solution of 2D CH equatidh sonstant mobility
with t=1 1038
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Figure 3.6: Example 3.4.4: Energy decrease ans mass catisargf 2D CH equation
with constant mobility with t=1 10 8

Figure 3.7: Example 3.4.5: Phase solution of 2D CH equatitimaegenerate mobility
with t=1 107
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Figure 3.8: Example 3.4.5: Energy decrease and mass catiserof 2D CH equation
with degenerate mobility witht =1 10 *
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CHAPTER 4

ADVECTIVE ALLEN-CAHN EQUATION

Interfacial dynamics has great importance in the modelingnalti phase ow. Re-
cently, it has raised quite interest since it plays an ingodrtole in different scienti ¢
and industrial applications such as micro-structure diaruand grain growth in mate-
rial science [21], binary uids ow movement [59], and congy interfacial dynamics
[44].

There have been various diffuse interface models for mhiéise ow [49, 57]. In
this study, we focus on a speci ¢ model of diffuse interfaoetivo phase ow; Allen-
Cahn model with advection. Itis the most known dynamical nhtmteliffuse interface
dynamics associated with surface energies [57]. Actudliypjodels droplet breakup
phenomenon of an incompressible material with another cessgble uid. It is an
important model problem for studying the in uence of ow dland surface tension
on droplet breakup phenomena.

The AC model with advection is

%l:+ r (Vu) = u 1-f (w; In (0; T] (4.1)
@u _ .
@n - 0 on @ (0;T]

with an appropriate initial conditiorf,(u) = F{u) =2u(1 u)(1 2u) double-well

potential and prescribed velocity el = (Vi;V,)T. The velocity eld is related to
the Navier-Stokes equations since AC model with advectiairally comes from the
combination of AC dynamics and uid mechanics [49, 57]. Inshof the studies, it
generally satis es Navier-Stokes equations, thus theoisloeld V is divergent free.
Here, our main interest is whan V 6 0 in general, i.e.V is not divergent free
which is the less studied case. The ow is stated as expandivenr VvV > 0and

contracting whem V < O.

It is known from the previous chapters, the original AC eguratioes not satisfy the
mass conservation. For this reason, an additional teisroften added to the equation
such that by adding the term instead of to keepu localized, the mass conservative
advective AC equation can be written as
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%‘:ﬂ VU = u W+ u in 0:T] (4.2)
@u _ _
@F? =0 on @ (0;T]
where is chosen so that u(x;0)d = M, M is a constant which can also be
computed as R
_ 1 f(u),
= VIR

and it is called as the advective non-local AC equation.

Problems with surface tension in two-phase uids are knosmailti-scale problems
with two different time scales, the small surface tensiow), e convection time scale,
which results in computational stiffness. Most of the stgdior surface tension in
two phase uids are based on the modeling aspect. Actudigret exists three main
algorithms: the sharp interface algorithm method, theleset algorithm method and
the diffuse interface method [57]. The numerical simulagiare illustrated using nite
elements method in space and semi—implicit schemes or saplieit schemes with
splitting in time [10, 56].

In this chapter, we focus on the numerical solution of adve®C equation. In the
solution some unphysical oscillations occur at the intdegers due to convection and
non-linear reaction leads to sharp fronts. Since the stdrfelBMs are known to pro-
duce strong oscillations around layers, we utilize the adajalgorithms to tackle all
the so-called unphysical oscillations and shock. The adgpdioes this by re ning the
mesh locally instead of re ning the all mesh. By this way anweate approximation
can be found with less degrees of freedom (DoFs) and coniughtime. The major
part of the adaptive algorithms is to estimate the localrsrto re ne the elements if
their estimated local errors are large. A posteriori ergtineation is the main tool to
estimate the local errors which uses the approximate sol@nd the given problem
data. Many of the studies on a posteriori error estimatiencdotained by the weak
formulation with respect to the energy norm [1, 8, 77]. SititeeDG methods have the
exibility on adaptive meshes, there have been many stuclies posteriori error esti-
mation using DG discretization. The rst study for a postererror estimation using
DG methods was proposed by Karakashian and Pascal in [4&h, Hoppe et al. [45]
proposed the convergence analysis of a posteriori erronason for SIPG method.
A posteriori error estimation using DG discretization alsoatudied by Rinere et al.
[64], Houston et al. [46] and Ern et al. [29], and referentesein.

We introduce an adaptive strategy for the numerical satutibadvective non-local
AC equation (4.2). In the previous chapters, AC and CH equoat@we rst discretized
in space by the SIPG method and the resulting large systef@®&f are integrated
using implicit Euler and AVF methods. On the other hand, thheeative non-local
AC equation is discretized rst in time by implicit Euler ntetd which produces a
sequence of semilinear elliptic equations, which is knowrRathe's method [26].
Then, the resulting equations are solved with an adaptirgoreof SIPG method using
upwinding for the convective term. The adaptive stratedyaised on a residual based
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a posteriori error estimation. We prove the a posterioordsounds with respect to the
energy norm induced by the SIPG formulation of the systerargin [74] for semi-
linear diffusion-convection-reaction equations withetiyent free velocity eld. We
have applied only space adaptivity because the solutiometishow strong variations
with respect to time.

In this chapter, we rst derive time discretization of adiree AC equation to obtain
a stationary problem in Section 4.1. Then, SIPG formulaisoronstructed in Section
4.2 for the fully discrete advective AC equation. A detaileplanation for space
adaptive algorithm is presented in Section 4.3. In Sectidn Wwe derive a posteriori
error bound for stationary problem. Finally, a series of ruoal examples are given
in Section 4.5 to demonstrate the applicability of the mdtho

4.1 Time Discretization of Advective AC Equation

Since the solutions of advective AC equation do not changehmuith the evolution
of time, we apply only space adaptivity. For this reason, vt derive semi— discrete
formulation of the problem (4.2) using backward Euler methshich corresponds to
Rothe's method [26]. For the semi—discrete scheme, we cengid uniform partition
O=tp<t;<:::<t; =T ofthetime interval0; T] with time step-size t = ty

tx 1,k =1;2;:::;J. Then, the semi—discrete problem, implicit Euler in timeads
as: given initial conditiorug, setu® = ug and fork = 1;2;:::;J, nd u®  u(ty)
satisfying the stationary problem

uk Uk 1t
t

For eachk = 1;2;:::;J, the system (4.3) can be written in the form of a semi-linear
elliptic problem as

uk U+ Vo U+ (U = Y, (4.4)

uk+ vV oruk+(r V)u uk+}f(uk)=0: (4.3)

where = L+r V ,r(u) = f (u), andh(u) = Lu. The stationary semi-
linear elliptic equation (4.4) are solved using SIPG metiwiii an adaptive strategy.

We assume that the non—linear reaction term is bounded aathid.ipschitz contin-
uous, i.e., satisfy for ang; s;;s, 0, S;5:;S; 2 R the following conditions
jr(s)j C; C>0 (4.5)
kr (Sl) r(Sz)kLZ() LkSl SszZ() o L> 0

Moreover, we assume that there is a non-negative consgaatisfying

1

ér V(X) 0s K r V + k|_1 O C o, (46)
for a positive constart . In (4.6) the coercivity of the bilinear form, is satis ed by
the rst condition, and the latter is used to prove the religbof our a posteriori error

estimator [67].
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4.2 Full Discretization of Advective AC Equation

In this section, we apply SIPG method using upwinding ford¢bhevective term [52,

62] to discretize the stationary problem (4.4). For diszegton of the convection term,
we rstde ne the sets of in ow edges, and out ow edges { for the boundary edges
fort 2 [0; T] by

= fx2@: V(xit) nx)<0g; {=fx2@: V(xt) n(x) O0g;

wheren is the unit outward normal to the bounda@y . The set of in ow and out ow
boundary edges of an elemdnt2 T, is de ned in a similar way by

@E = fx2 @E V(x;t) ng(x)< 0g; @E =fx2 @E V(x;t) ng 0g:

whereng is the unit outward normal vector to the element bound@fy Moreover,
for an interior edge® E we denote the trace of a functiarfrom inside the elemert
by u™ and from outside the elemeBRtby u°“.

The set of interior and boundary edges are denoteH bgndE 2 respectively, such
that the frame of the mesh is the unigg = E2 [ E@ The initial mesh is speci ed
by T, and then a mesHi,k is associated to each time step 1 which is obtained
by locally re ning or coarsening the mes‘fkk 1. We also assign the nite element
spaceVi = Vy(TX) to each mesf,k. Then, applying the SIPG construction given
in Chapter 2 the fully—discrete problem reads as:tfer 0, setuy(0) 2 Vih(T,°) as
the projection (orthogondl-projection) ofug ontoVj,(T,?); fork = 1;2;:::;J, nd

Uk 2 Vh(T,¥) such that for alvk 2 Vi, (T,X)

an (1, U Vi) + b (E Uss V) = Tn(t; vi); (4.7)
X £ x <
an(t;uf; vk = ruf rovidx+ (V ruf+ uf)vidx
E2Th ZE E2T, E
X .
+ Vong((ug™*  (uh)*)vids (4.8)
E2T, @& n@
X 2 inyk,,k X ‘ k k
V' ng(uy) vpds+ n [up] [vh]d(4.9)
E2ThZ@E\ t e2E, © €
X
(f rvsg [uf] f rufg [vy]ds;
e)2<Eh Ze
b (t; Ui vi) = r(uf)vdx; (4.10)
In(tvE) = h(u® Yvkdx: (4.11)
21, K
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4.3 The adaptive algorithm

In this section, an adaptive procedure (in space) is preddot advective non-local
AC equation (4.2) which is similar to the one [74]. Followitig steps of the adaptive
algorithm given in Figure 4.1, for each time step, we soheftllly discrete station-

ary system (4.7) of the advective non-local AC equation)(ddaptively through the

residual-based a posteriori error estimator.

SOLVE for uf
onTk 1

ESTIMATE

Compute ?jg

MARK
Find Mg;M¢c T %1
%jg > stol", E 2 Mg

%jg < stol€, E 2 M¢

k
SET SET Create T
Rene E 2 Mg
= k — k 1
k=k+1 =T CoarsenE 2 M¢

Figure 4.1: Adaptive algorithm chart on a single stgp 1; tk]

In the adaptive algorithm, the rst step SOLVE correspormsiimerical solution of
SIPG discretized system (4.7) for the unknoulnon the given triangulatioﬁhk L
The ESTIMATE step constitutes the crucial part of the adepprocedure. This step
provides information to mark the elements to re ne/coarséfe prescribe two toler-
ancesstol " andstol ¢ related to the re nement and coarsening, respectively.sidreal
based error estimator is used to mark the elements, whicingdacation of the error
estimator given in [67] for non-stationary diffusion-c@uation-reaction equation with
non-linear reaction mechanism [74]. For this, the nondieaction term is inserted
in the a posteriori error indicator as local contributionghe cell residuals and not to
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the interior/boundary edge residuals [78, Chp. 5.1.4]. Bovenience, we ignore the
superscripk and we letu,, be the solution to the elliptic problem (4.7) at an arbitrary
time step. Then, the local error indicatoi for each elemeriE 2 T,* 'is given as

E= Rt B0t gy (4.12)
where g, stands for the cell residual
Ge = Ekh(un) un+  un Vorun o r(un)kfae;

while, EQ and EN denote the edge residuals coming from the jump of the nuaderic
solution on the interior and Neumann boundary edges, résplc

, _ X 1 1 he ,
g0 = > K[ 1 Unlkf 2 + 2(h_+ ohe + —)K[un]ki2(g
2@ EQ €
2 — 1 2 .
EEI - 2 ekl‘ Uh nkLZ(e).
e2@BEQ

On an elemenE, we set the weightsg and . as
. 1 1 i 1 1
e=minfhg 2, ,°9, e=minfhe 2; ,°0;
for ¢ 60. When o=0,wetake g = hg > and e = hg z. Then, our a posteriori

error indicator is given by 0 1
1=2

X
=@ A (4.13)
E2TX !
Also, we introduce the data approximation error
0 l 1:2
X
= @ 2(F)A

k 1
E2T,

where
E(f ) = é(kh(U) h(uh)kLZ(E) k(V Vh) r UthZ(E) + k( h)UthZ(E)):
In the step MARK, we form the setdg andM¢ of the elements to be re ned and
coarsened, respectively, given by
Mg=fE2TX ' : 3¢ > stol'g;
Mc=fE2TX ' : 2% < stol®g;
where the error indicator is introduced in (4.12).

Finally, we create the new meglf by re ning the element& 2 Mg using the newest
vertex bisection method [19], and by coarsening the elesrten2 M. Numerical
studies show the capability of the error indicator to nd tagers properly.
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4.4 A posteriori error estimation

We utilize the energy norm and the semi-norm to present tiebrity and ef ciency
of a posteriori error estimator. The energy norm is given by

X X
jiiviij? = (kr VkEZ(E) + OkaEZ(E)) + h—k[V]kEZ(e)J (4.14)
e

E2Th e2ED

and the semi-norm is

X h
Vig = iVviP+ (ohet =)KIVIKS 2(q); (4.15)
e2Ep
with R
. g r udx
g = sup ——

u2H$() nfog nyuj)

The termgV vj? and h—ek[v]kfz(e) in the semi—norm are used to bound the convective

part. The other term Ohek[v]kfz(e) is used to bound the linear reaction part of the
discrete system. To bound the non-linear reaction parfytlededness property (2a)

[Chp. 5.1.1-4, [78]] is used.

Theorem 4.1. For any time-stegk = 1;2;:::;J, let u and u, be the solutions to
the continuous probler(®.4) and the discrete SIPG proble(®.7) respectively. Also,
assume that the assumptidds5)and (4.6) hold. Then, we have the a posteriori error
bounds

iu unjii +ju Unje .+ ( reliability); (4.16)
. Jiu upjjj +ju Upjc t ( efciency): (4.17)

4.4.1 Proof of a Posteriori Error Bounds

For the proof of a posteriori error estimate, we follow [74hiah is for stationary
diffusion—convection—reaction equation with a nonlinesction mechanism. We use
the DG norm de ned by ,

kvkpg = Hiiviii + vie (4.18)
with the de nitions (4.14) and (4.15). Also, the symbolsaand& represents the bounds
that are eligible up to positive constants independent efltical mesh sizé, the
diffusion coef cient and the penalty parameter

Since the spatial errdw®  uikpg is not well-de ned due tas® 2 H}() anduf 2
Vh(Th) * HE() , we rstsplit the stationary SIPG solutiauf as

Up = up + Uy,
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whereuf 2 H3() \ Vi(Ty)) is the conforming part of the solution anfl 2 Vi, (Ty))
is the remainder term . By this way, we ggt2 H3()+ W (Ty)), and

ku® UﬁkDG k u® UﬁkDG + kuLkDG

holds from the triangular inequality. Note that all the teron the right hand side
become well-de ned norms, and now we can nd bounds for th&irst, the following
auxiliary forms are utilized:

z
X
Dn(t;u;v) = (rurv+( r V)uv)dx; (4.19)
E2Th EZ 7
X X
On(t;u;v) = Vu r vdx+ V  nuvds;
E2r, E g2, @B\ 7
x Z h
+ V nu(v v*Yds (4.20)
E2T>2 @’ZE”@
Kn(t;u;v) = (f rvag [un] f rung [va])ds;
e2Ey E
X
Jn(t;u;v) = P [u] [v]ds: (4.21)
280 © ©

Then, for a speci @ 2 [0; T] the bilinear formey (t; u;v) ful lls,
an(t;u;v) = Dp(t;u;v) + Op(t;u;v) + Jn(t;u;v)

which is well-de ned onH}()+ Vi(Th) and satis es the coercivity property [Lemma
4.1, [67]]

en(t;u;v) Jij uiii® u2 HG() :
Furthermore, the SIPG bilinear foraa(t; u; V) in (4.7) satis es

an(t;u;v) = an(t;u;v)+ K(t;u;v);  8u;v2 Vih(Th); (4.22)
an(tu;v) = an(tu;v); 8uv2 HY() : (4.23)

Also, the auxiliary forms are continuous [Lemma 4.2, [67]]:

iDa(tu;v)j -+ dijuiiidiiviii ;. wv2 Ha(O)+ Va(Th); (4.24)
jon(t;u;v)j . jVuj ijviii 5 u2 HEO)+ Va(Th);v2 HE() ; (4.25)
Pn(tuv)i - diuiigivii s uv2 HgO+  Va(Th); (4.26)
and foru 2 Vi, (Th), v 2 Va(Th) \ HE() [Lemma 4.3, [67]]
0 1
. - 1—2 X ......
JKn(tu;v)j 2@ KulkieeA il (4.27)
e2E? €
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Moreover, using the boundedness assumption of non-liegargiven in (4.5), we get
for non-linear form, (t; u; v) for a speci c timet

jm(Guv)i L givii  wv2 HEO)+ Va(Th): (4.28)
Then, some auxiliary results and conditions used in thefprax@ given.

Lemma 4.2. The inf-sup condition in [Lemma 4.4, [67]] gives

jjuj + iV . sup LY, (4.29)
- : vzHg()pnng nvi

forallu2 H3() .
De nition 4.1. For anyu 2 V,(T,), the following inequalities hold

X . x £
ku  Anukizg, - ehej[u]] ds; (4.30)
E2T, e2EQ
X X 'Z 4
kr (U Apu)ke gy - h—j[u]jzds: (4.31)
E2Th el ¢ ¢

whereAy, : Vi(Ty) 7! V¢ is the approximation operator wit® = V;,(Tp) \ H3()
being the conforming subspace\g{(T;).

Lemma 4.3. For anyu 2 H}() , the interpolation operator is de ned as
lh: H3() 7'fw2C(): wje 2P(E);8K 2T;w=00n g

and it satis es

iyl - gy (4.32)
X P1=2
£’ku |hUkEZ(E) - il (4.33)
E2T
0 1=
X 1—2 l 2 ------
@ 2 tku o Thukla gy AL i (4.34)
e2Ep

Now, consider the splitting of the stationary solutigh= ug + uj, asuy = Apup 2
H3() \ Vi(Th) with Ay, is the approximation operator anfl = uS Ut 2 V.

Lemma 4.4(Lemma 4.4, [67]) The bound for the remainder term holds
kupk . (4.35)

where is the a posteriori error estimator given {@.13)
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Lemma 4.5. For a givent 2 (0; T] and for anyv 2 H3() , we have
z

h(up)(v  Thv)dx  an(up)(v  1hv)  ba(t;up;vo Thv) o (+ ) ijviii(4.36)

wherel, is the interpolation operator.

Proof. Let
Z

T= h(t;up;v o Thv)dx  an(t;up;v 1hv)  b(tup;vo Thv):

Applying integration by parts gives
z

X
T = (h(up)+  up V ru r(u))(v Thv)dx
E2T, E
X Z
rup n(v Ilyv)ds
@E
+ Von(ug  uw)(v o lhv)ds
E2T, @EN@
= T1+ T2+ T3:
Addition and subtraction of the data approximation ternts the termr; yields
Z
T, = (h(up)+  up Vi ruy r(u)(v  Ipv)dx
E2T, E
X Z
+ ((h(u)  h(un)) (V' Vi) rup)v  Thv)dx:
E2T, E

Using the Cauchy-Schwarz inequality and interpolation afmeridentity (4.33)
! !

X , - 1=2 X , , 1=2
T]_ . Re E kV I thLZ(E)
E2Th E2Th |
X 2- 1=2 X , , + 1=2
+ E E kv IthLZ(E)
E2Th |E2Th
X 2 2 . 1=2 ......
(Re ™ E) Vi
E2Th

For the termd, andTs, we have [Lemma 4.8, [67]]



Ts. S diiviii:

E2Th

[

Lemma 4.6. For a givent 2 (0; T], the bound of the conforming part of the error
satis es

ku® ufkps . + (4.37)

Proof. Sinceu® uf 2 H3() ,we havgu® Uufjc = jV(us uf)j . Then, from the
inf-sup condition (4.29)

ku* urkps = jjju® ugjj +ju®  ufjc . sup —————
hToe " M a0 g i Vil

So, we need to bound the teag(t; u® uf;v). Using thatu® uf 2 HE() , we have

an(t;u® up;v) Qh(t;us;v) an(t; up;v)

h(u®)vdx  by(t;u®;v) an(t;ug;v)

Z

Z

h(u)vdx  by(t;up;v) + ba(t;up;v)  ba(t;u®;v)
&n(t; up; V) + Di(t;up; v) + Jn(t; up; v) + On(t; up;v):
We also Eave from the SIPG scheme

h(u)Ihvdx = an(t;ui; 1hv) + Kn(t;ug;Thv) + ba(t;up; 1hv)

Hence, we obtain
a(t;u® up;v)= T+ T+ T+ Ty

Z
T, = h(up)(v  Ipv)dx  an(t;up;v Thv)  by(tug; v Thv)
T, = Dn(t;uf;v)+ Jn(t;uf;v) + On(t;uf; V)
Ts = Kn(t;up;1nv)
Ts = B(tupv) (G us;v)

From the inequality (4.36), we have
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Moreover, using the identities (4.27) and (4.32), we get
[ !
X = X
1=2 2 e e

Ty, 2 s diilnvii - S diiviii:
E2T E2T

Finally, using Cauchy-Schwarz inequality and the boundssipeoperty (4.28), we get
Z z

Ts = bo(t;up;v)  b(t;u’v) = r(up)vdx r(u®)vdx
ClkaLZ() CszkLz()

mvi-

which nishes the proof. [
Now, we can give the proof of Theorem 4.1.

Proof. Combining the bounds (4.35)) and (4.37)) to the remaindetl@mdonforming
parts of the error, respectively, we obtain

ku® Urs]kDG k u® UﬁkDG + kuLkDG
+ +
+

[

The proof of the ef ciency is similar to Theorem 3.3 in [67].&/nly use the bound-
edness property (4.5) of the non-linear reaction term tanddbe terms occurring in
the procedure in [67].

45 Numerical Results

In this section, we present several numerical examples deecive non-local AC

equation under homogenous Neumann boundary conditionsn®mand two dimen-

sional problems. For the 1D problems, our aim is to show tlopldt breakup phe-
nomena, where space adaptivity is not needed. For 2D preblesrdemonstrate the
effectiveness of the adaptive SIPG method to recapture &ngers in convection dom-
inated cases.

4.5.1 1D advective non-local AC equation

The advective AC equation does not satisfy the droplet hunealkder certain situa-
tions. We present a set of 1D numerical examples under whnatittens the droplet

70



breakup is formed by focusing on the dynamics of the solstiwhen the strength of
the velocity eld changes.

We rst consider 1D advective non-local AC equation [56] metdomain =[ 5;5]
for 0 <t < 0:2with the initial condition

(
u(x:0) = 1; 03 x 03

0; otherwise

This test example was solved in [56] by taking he diffusionstant = 0:01 with
the linear nite elements in space and semi—implicit spidtscheme in time for mesh
sizes x = 0:005and time steps t = 0:001 The velocity eld is taken a¥ = Vpx.
We performed simulations with coarser mesh sizes= 0:1 and with the same time
steps t = 0:001 For different values ol,, we obtain different results. A¥j
increases, two different types of solutions appear. W¥en 3 is small as in Figure
4.2, the solution decreases and settles into a non—corstady state depicting a
single droplet. Also, mass conservation is seen in Figueright. If V; = 10 which
Is large in Figure 4.4, the solution decays to a small constalue. Mass is again
conserved as shown in Figure 4.5, right. These two example=al that a typical
advective AC equation that does not show droplet breakupgrhena.

15 t:‘O 15 t:(?lz
1 = 1
5 05 5 05
0 0
0% 0 5 05 0 5
X X

Figure 4.2: Example 4.5.1: Solutions at initial and nal éswithV, = 3

4.5.2 1D advective non-local AC equation: non-monotone itial condition

We again consider 1D advective non-local AC equation [S@jexdomain =[ 5;5]
for 0 <t < 0:45with the diffusion constant = 0:01which is solved again by linear
nite elements in space and semi—implicit splitting scheimé¢ime with mesh sizes

x = 0:005and time steps t = 0:001, respectively. The velocity eld is taken as
V =5x. The non-monotone initial condition is given by
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Mass Error
(=)

0 00 01 015 02
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Figure 4.3: Example 4.5.1: Solution pro le (left) and massoe (right) withVy = 3

t=0 t=0.1
15 ‘ 15 :
1 — 1
5 05 3 05 ﬂ
0 0
-0.5 : 0.5
-5 0 5 -5 0 5
X X
t=0.2 t=0.25
15 ‘ 15 ‘
1 1
> 05 5 05
05 : 0.5
-5 0 5 -5 0 5
X X

Figure 4.4: Example 4.5.1: Solutions witg = 10
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x 10

Mass Error
A

-8

0 005 01 015 02 02
t

Figure 4.5: Example 4.5.1: Solution pro le (left) and massoe (right) with \, = 10

8

21; [ 0:5,0:01)[ (0:010:5]
u(x;0) = S 0:99; [ 0:010:01]

- 0; otherwise

We have used the same coarse mesh sizesnd the same time steps as in the
previous example. When the initial value is non—-monotonehasvn in Figure 4.6,
the solutions take a different from. Even a small concavityha origin leads to a
completely different evolution. The solution shows a brgakAlso, mass conservation
is satis ed in Figure 4.7, right.

4.5.3 2D advective non-local AC equation: expanding ow

For 2D problems, we consider the expanding velocity eld argheer ow [56]. For
the expanding case, the velocity eld is prescribed as

V = (Vox; Voy);

and for sheer ow
V =(0; Wx):

We rst test the expanding ow case. We work onthe domain[ 1;1] [ 1;1]for
0 <t < 0:06with the diffusion constant = 0:01 andVy = 10. The initial condition
is
1, x?+y? 03
u(x;0)= _
(x.0) 0; otherwise
We rst solve by uniform mesh using linear DG elements withsmesizes x =
y = 1=32and the time step sizeist =1 10 3. Similar to 1D case, advective AC
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Figure 4.6: Example 4.5.2: Solutions with non—monotongahcondition

x10°
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Mass Error

-15

0 01 02 03 04
t

Figure 4.7: Example 4.5.2: Solution pro le (left) and massoe (right)
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does not have droplet breakup as shown in Figure 4.8, tops R@sservation is also
satis ed as shown in Figure 4.8, bottom. However, the sohgishow some unphysical
oscillations (see Figure 4.10, left). We have applied trecsmdaptive algorithm with
the prescribed tolerancetol” =1 10 3, stol® =1 10 © and uniform time step

size t=1 10 3. The adaptive mesh at tiffe= 0:06is shown in Figure 4.9, left.

It can be clearly seen in Figure 4.9, right, that re nememaifsening of the adaptive
algorithm works well and spurious oscillations disappedfigure 4.10, right.

X 10°
6 :

Mass Error
LA~] <-] £

2

% oo o 0.?3 004 005 006

Figure 4.8: Example 4.5.3: Uniform solutions at initial andl times (top) for ex-
panding ow and mass error plot (bottom)

Then, we consider the same problem with the square initial da

1; 03 x5y 03

u(x;0)= ,
(x.0) 0; otherwise

The uniform and adaptive solutions at nal time= 0:06are given in Figure 4.11, top,

which shows the effectiveness of our adaptive algorithntatt be seen from Figure

4.11, bottom right, that initially the mesh is re ned, afterd the mesh is coarsened

non-monotonically around the internal layer.
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DoFs:; 19512 X'

o

2.5

<
DoFs

15

0'JO 001 002 003 004 005 006

X {

Figure 4.9: Example 4.5.3: Adaptive mesh at nal titne 0:06 (left) and evolutions
of DoFs (right) for expanding ow

Figure 4.10: Example 4.5.3: Uniform (left) and adaptivglft) solutions at nal time
t = 0:06for expanding ow

4.5.4 2D advective non—local AC equation: sheer ow

Now, we test the sheering ow case. We consider 2D advectivelncal AC equation
[56] in the domain =[ 1;1] [ 1;1]for O <t < 0:06 with diffusion constant
= 0:01andvg = 100. The initial condition is

1, 01 x5y 01

:0) = )
u(x;0) 0; otherwise

We solve using linear DG elements on uniform mesh with measéssix = y =
1=32 and time step size is taken ag = 1 10 3. It can be easily seen in Figure
4.12, top, that advective AC does not have droplet breakupe mass conservation
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DoFs: 11808 S0

15

DoFs
—

0.5¢

Y oo om 0.?3 00 005 006

Figure 4.11: Example 4.5.3: (Top) Uniform (left) and ade@{iright) solutions at nal
timet = 0:06, (Bottom) adaptive mesh (left) at nal time= 0:06 and evolution of
DoFs (right) for expanding ow with square initial data

Is satis ed which is seen in Figure 4.12, bottom. Howeveeréhhave been internal
layers in the solution. We have applied space adaptivitprélyn to handle these
unphysical oscillations with tolerance®l” =1 10 3,stol®=1 10 ® and time
stepsize t =1 10 3, as well. The adaptive mesh at tirfie= 0:06 is given in
Figure 4.13, left. In Figure 4.14, it is shown that all theilbiatons are damped out
by adaptive algorithm using less DoFs compared to the unifmne. When we take
smaller diffusion parameter as= 0:001and the other parameters are the same, the
accuracy of the adaptive algorithm can be seen clearly iarEig.15. In contrast to the
expanding ow, the grids are re ned monotonically aroune tinternal layer (Figure
4.13, right).
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Mass Error
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30 001 002 o.ps 004 005 0.06

Figure 4.12: Example 4.5.4: Uniform solutions at initiatlanal times (top) and mass
error plot (bottom) for sheer ow with = 0:01

DoFs: 12132 x10°

<
DoFs

Figure 4.13: Example 4.5.4: Adaptive mesh at nal titne 0:06 (left) and evolution
of DoFs (right) for sheer ow with = 0:01
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Figure 4.14: Example 4.5.4: Uniform (left) and adaptivglft) solutions at nal time
t = 0:06for sheer ow with =0:01

DoFs: 48492

Figure 4.15: Example 4.5.4: Adaptive mesh (left) and adesolution (right) at nal
timet = 0:06for sheer ow with =0:001
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CHAPTER 5

CONCLUSION

In this thesis, we have studied AC and CH equations modeliagpttase separation
in material sciences. Both equations are considered for argkalass of problems
with constant and degenerate mobility, convex double-amtl non-convex logarith-
mic free energy functions. AC and CH equations have gradiewtstructure with the
energy decreasing property. We have applied the SIPG methtyge of discontinu-
ous Galerkin methods, as an effective space discretizégmmique for both models.
The SIPG method is combined with the energy stable time iategs implicit Euler
and AVF methods in order to capture the gradient ow struetof AC and CH equa-
tions. We gave the proofs of energy decreasing propertyeofutly discrete solutions
for both equations. Numerical results demonstrate theamence of time integra-
tors with the structure of both equation. The presence ofeffective diffusivity
leads to multiple time scale of the dynamics of both equati®his is handled by
the SIPG space discretization being an alternate to thekmelvn stabilized contin-
uous Galerkin methods such as streamline upwind Petrogridal(SUPG) method.
The nonlinear terms were accurately integrated using ataidewton method arising
from the discrete system of stationary equations. The gn#ggreasing property of
implicit Euler and AVF methods for both AC and CH equations @mwgeneral form
is con rmed by several numerical examples.

We have also considered advective AC equation modeling tbelet breakup phe-
nomenon of an incompressible material with another consgvkes uid. The AC and
CH equations are rst discretized in space by the SIPG methddlae resulting large
systems of ODEs are integrated using the implicit Euler avid lethods which corre-
sponds to method of lines. On the other hand, the advectiveqd@tion is discretized
rst in time by implicit Euler method which produces a seqaerof semilinear elliptic
equations, which is known as Rothe's method. At each time, stegpace adaptive
version of the SIPG method is used to discretize the serailialiptic equations. Us-
ing this space adaptive version of the SIPG method, we hawersthat the internal
layers are resolved accurately for convection dominatethlpms as an alternate to
the shock/discontinuity capturing techniques in the ditere. The adaptivity tool is
based on the residual-based a posteriori error estimaiiban, we have also proven
the a posteriori error bounds for stationary semilineaptd! equations at each time
step. Numerical results demonstrate that the space adaggerithm resolves well
the multiscale dynamics of the advective AC equation foragxjing and contracting
velocity elds.
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Extension of the methods to more realistic three dimens$idGaand CH equations,

advective AC equation might be the major topic of a futurekvédso the development
of an ef cient time—space adaptive method would be considen future studies to
resolve the multiscale dynamics of AC and CH equations andcitke AC equation.

Since the formation of the steady state solutions takes @ tiome which makes the
computation expensive, a model order reduction techniguédde also considered
for a future work.

As a further study, numerical solution of Navier Stokes A@ &H equations might
also be considered as different versions of advective AQisagu
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