CONTACT MECHANICS OF GRADED ORTHOTROPIC COATINGS

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCE
OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY

ONUR ARSLAN

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR
THE DEGREE OF DOCTOR OF PHILOSOPHY
IN
MECHANICAL ENGINEERING

FEBRUARY 2016






Approval of the thesis:

CONTACT MECHANICS OF GRADED ORTHOTROPIC COATINGS

submitted byONUR ARSLAN in partial fulfillment of the requirements for the
degree oDoctor of Philosophy in Mechanical Engineering Depdment, Middle

East Technical Universityby,

Prof. Dr. Giilbin Dural Unver
Dean, Graduate School Nftural and Applied Sciences

Prof. Dr. Tuna Balkan
Head of Departmenhllechanical Engineering

Prof. Dr. Serkan Da
SupervisorMechanical Engineering Dept., METU

Examining Committee Members:

Assit. Prof. Dr. Gokhan Ozgen
Mechanical Engineering Dept., METU

Prof. Dr. Serkan Da
Mechanical Engineering Dept., METU

Prof. Dr. Altan Kayran
Aerospace Engineering Dept., METU

Prof. Dr. Mehmet Ali Giler
Mechanical Engineering Dept., TOBB ETU

Assoc. Prof. Dr. Recep Glne
Mechanical Engineering Dept., Erciyes University

Date:02/02/2016



| hereby declare that all information in this document has been obtained and
presented in accordance with academic rules and ettal conduct. | also
declare that, as required by these rules and condtjcl have fully cited and

referenced all material and results that are not aiginal to this work.

Name, Last name : Onur ARSLA

Signature:



ABSTRACT

CONTACT MECHANICS OF GRADED ORTHOTROPIC COATINGS

Arslan, Onur
Ph.D., Department of Mechanical Engineering
Supervisor: Prof. Dr. Serkan Da
February 2016, 147 pages

Analytic and computational studies are performed ¢ontact problems of
orthotropic functionally graded material (FGM) dogs which are bonded to
isotropic homogeneous substrates without any imteaf defects. The orthotropic
FGM coatings possess orhotrophic stiffness gradstithrough the coating
thickness direction. The variations of each oritr stiffness constants are
assumed to behave asponential functionsin the analytical procedure, the
problems of orthotropic graded coatings which algected to contact loads by an
arbitrarily shaped inelastic stamp are examinedeurdane strain assumption.
After getting the Navier equations of the elasfigitoblem, Fourier transformation
techniques are used to determine the field exmesdhat satisfy the boundary
conditions of the related problem. A deformatioadjent on the contact region is
used to obtain a singular integral equation (SIB)ctv is collocated through a
discretization procedure on the roots of Chebygtmynomials. Computational
approach for the same contact problem is basetiefirtite element method in
which the coating-substrate systems are divided finite elements having the
material parameters defined at their centroids. rBiselts produced by using the
analytical technique and the finite element methoel compared to assess the
accuracy achieved by both methods. Finally, thepteta contact problems on the

orthotropic homogeneneous coatings are also irgastl.

Keywords: Frictional sliding contact problems, Sitay Integral Equation of the

second kind, Orthotropic FGM coatings, Finite elabygocedure.
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DERECELEND R LM  ORTOTROP K KAPLAMALARIN TEMAS
MEKAN

Arslan, Onur
Doktora, Makina Mihendisli Bolumu
Tez Yoneticisi: Prof. Dr. Serkan Da
ubat 2016, 147 sayfa

Bu tez izotropik yar -sonsuz homojen govde ile mmikeel ekilde yap trIm
olan ortotropik fonksiyonel derecenlendiriimmalzeme (FDM) kaplamalar n
temas mekani Uzerinedir. Kaplama icerisindeki elastik dereoélieme kaplama
kalnl  boyuncadr. Ortotropik kat | k sabitlerinin ekseal olarak dei en
de erleri Ustel fonksiyonlar ile gosterilntir. Geli tirilen Analitik metotda; catli
ylizey profillerine sahip rijit z mbalar ile dereeaHirilmi ortotropik kaplama
yuzeyi aras ndaki surtinmeli temas duzlem-gerintamsay m ile ele al nmtr.
Problemin temelini oluuran k sm diferansiyel denklemler ve problemdekir
bir tekil integral denklemine dontilrdlmi ve bu integralin numerik ¢6zimu
“expansion-collocation” tekni ile sa lanm tr. Hesaplamal yontemde ise; ¢&
ylzey profillerine sahip rijit z mbalar ile dereeaHirilmi ortotropik kaplama
ylzeyi aras ndaki surtinmeli temas, sonlu elemamietodu ile modellenmiiir.
So6zi gecen sonlu elemanlar analizinde; derecelbndikaplama-homojen govde
sistemi sonlu elemanlara boltunerek, her bir sol@dman n malzeme 6zellikendi

a rl k merkezinde tan mlannt r. Geli tirilen iki yontemin farkl z mba profilleri
icin Uretilen sonuclar birbirleri ile katta t r larak her iki metodun da doulu u
ispat edilmitir. Son olarak ise homojen ortotropik kaplamalgdemas mekani

diiz z mba profili igin incelenmiir.

Anahtar Kelimeler: Sdrtinmeli kayma temas problemlerekil ntegral
Denklemleri, Ortotropik FDM kaplamalar , Sonlu elentar metodu.
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CHAPTER 1

INTRODUCTION

This study is performed to investigate frictionahtact problems of orthotropic
functionally graded material (FGM) coatings whiche @éoonded to isotropic
homogeneous substrates without any interfacial aiefeThe problems of
orthotropic graded coatings which are subjectecbtttact loads by an arbitrarily
shaped rigid stamp are examined under plane siissamption. In this chapter,
literature review for the related contact mechapicblems is presented. After all,

the purpose of this study is explained.

1.1Literature Survey

Machine components are generally made of commome@agng materials such
as Nickel, Aluminum and Steel alloys. Although lsunaterials are low-cost,
ductile and easy to reform, they do not possesstft bearing performance when
they are exposed to contact tractions. This defagieresults from their weak
hardness and low wear resistance. In such problg®garts which are made of
the common engineering materials are coated wrdmaie based layers to improve
the load bearing capability of the structure. Fattreason, the coating materials
are desired to have superior hardness and stifimspared to the base materials.
The second main necessity for the layered strugtisréo have a good bonding
strength between two media. Even though the cerdmimogeneous coating
surfaces satisfy the surface hardness and weastaese requirements, they
generally have weak bonding strength when used thithcommon engineering
materials. Because a material property mismatchrscat the interface between
two different homogeneous materials, which may leathe delamination of the

structure under contact loads. It is possible toedy the debonding problems if



the coating is produced of FGMs (Functionally Gdhtiaterials) which also have
good surface resistance to mechanical loadingsalsec some of the material
properties of an FGM coating at the interface camiatched with the material
properties of the substrate material, which impso¥e bonding strength between
two media. From a broad perspective, FGMs can beetktas the combination of
two different materials by using special processaahniques (i.e. Plasma spray
and Electron beam techniques) to be able to optithie material properties at any
spatial location. FGMs have continuously changiragemal properties due to the
change in the volume fractions of constituent phasbe material gradations are
defined by continuous functions for the analytieadl computational purposes and
can be in different characteristics to improve thermal [1], mechanical [2],
electrical [3] or optical [4] performance of FGMs.

Some practical examples can be mentioned for thdegr coatings involving
contact problems. They can be mainly categorizeth@doad transfer members
and abradable seals. Abradable seals are utilizgfhs turbines to provide leak
proofing between the shroud and the turbine bladés. seal is defined as a
ceramic-based graded layer which is bonded to thtalfitc shroud. The stiffness
of the blade is very large relative to the stiffnesthe ceramic coating. Due to this
fact, the blade can be modelled as a rigid stamgetbagainst the surface of the
elastic seal with a relative frictional motion. tinis application, the purpose of
introducing material gradation to the seal is tievaate the interfacial stresses
improving the bonding strength between two medimil8r concept can be
considered for internal combustion engines. Theig®a relative motion between
the piston ring and the coated cylinder potentigilgiding a sliding frictional
contact in-between. Due to the graded coating erathminum cylinder surface,
wear control is accomplished. The force transfgrnmembers such as gears,
bearings, cams and cutting tools can be modelletbatact problems involving
two elastic solids. The contacting surfaces of eh@@mbers can be coated with
graded ceramic layers to increase the surface mgsmtance, which also improves
the bonding strength. The grading in these coatitgs plays a vital role to avoid
the loss of toughness, as the surface wear resgstamncreased.

Although the utilization of FGM coatings reduceg tthelamination risks, their
brittle ceramic surfaces could be prone to crackimplems as long as the surfaces
2



are subjected to contact tractions. For that reasmme research in the technical
literature focused on the surface performance ®RGM coatings. They mainly
investigate the optimization of the system paramsete alleviate the surface
deficiencies. Experimental investigations revea tlecessity of FGMs in the
engineering applications which are under the riskamtact driven failures. Yue
and Li [5] and Zhang et al. [6] showed that usaQE®M surfaces enables wear
control that results from frictional contact. lincle inferred from the experimental
results generated by Kim et al. [7] that the grageecimens possess significant
resistance to contact driven failures. Additionablygraded elastic modulus in
thickness direction is proved to avoid cone-shapadks that results from surface
penetration [8-10] and prevents the initiation efringbone crackings due to the
contact loads with friction [11]. Improving the pesise of the FGMs to frictional
contact, their utilization can be extended to tleéd$ such as high performance

cutting tools [12] and prostheses [13].

Theoretical studies on contact mechanics of elastids were originated by Hertz
[14] in which the contact area is accepted verylsmigh respect to the elastic
body. Therefore, a contacting body can be modelei-;finitely, which

facilitates mathematical modeling. Some guidingiBohs for contact problems in
a semi-infinite graded medium are given in [15-IRje contact problems are
commonly divided into two types as frictional amattionless contact problems.
There are some studies associated with frictiontesgact mechanics problems
[20-24]. Upon the application of normal contactctians to a surface, the
tangential forces arise between two bodies. In groblems, Coulomb law of
friction is used. Some studies examining slidingtimnal contact problems based

on finite element method are given in [25-27].

In the recent literature, various procedures, logdionditions and geometries are
regarded to investigate the behavior of functigngitaded materials involving
contact mechanics problems. Contact mechanics sewmlyf homogeneous
substrates which are coated with isotropic FGMiaymving positive or negative
gradations in the thickness direction are carriel oy Guler [28]. Detailed
analytical results considering stress distributiansliding frictional contact under
plane strain condition are given in this study. riai@kopoulos and Pallot [29]
generated some fully analytical solutions to exanmrplane contact between rigid
3



rollers and graded half planes. When a contactlpnolsan not be solved in closed
form, a singular integral equation (SIE) is enabtedevaluate desired field
variables of the system. Guler and Erdogan [30edmined the response of FGM
coatings which are subjected to contact tractionsidpd intenders of various
profiles by using the SIE approach in plane assiompt Ke and Wang [33-34]
presented a solution based on the SIE method ir dodobserve the behavior of
FGM'’s possessing various material gradations, aaddd by contact tractions
with friction. Partial slip condition can be takamio account in contact problems
when the contacting bodies are in oscillatory nmti&e and Wang [35-36]
investigated some partial slip contact problemsFGMs. Yang and Ke [37]
examined a 2D problem of FGM - substrate systenthvis exposed to contact
tractions by a rigid roller. Choi and Paulino [38Yestigated the SIE solution by
considering the influences of heat generation tiegufrom the frictional sliding
motion on the surfaces of interlayered FGM-substrstructures. Guler [39]
presented a SIE solution technique to examine #t@or of some strips and
plates that are fully bonded to FGM media. Daglef{4®-41] analytically and
computationally solved the contact problem of a isefinite medium having
lateral gradations, which is loaded by inelastiemalers of various surface profiles.
Dag [42] outlined an SIE procedure for the comptaiatact problem of a semi-
infinite medium possessing lateral gradations rhsaiway that, the coefficient of

friction varies along the horizontal coordinatesaxi

As far as the studies dealing with the responsmaifks under contact stresses are
concerned, we can mention some articles. Hasedle [d8] derived an analytical
formulation for a surface crack on an elastic Ipddire under complete contact
loadings by using rational mapping function and ptex stress functions. Choi
[44] considered a non-homogeneous medium whichuded a homogeneous
coating and a base material, which are combinedtd other utilizing a bonding
strip having material gradations. In the relatedigf the stress intensity factors of
a full-crack lying on the base material are evadatnalytically for which the
coating surface is exposed to contact tractiong. &al Erdogan [45] analytically
computed the mixed mode stress intensity factoenaédge crack located on the
surface of a semi-infinite medium having gradatiamghe thickness direction,

such that the medium is under the effectcointact tractions with friction.



developed an analytical procedure which is basati®singular integral equation
(SIE) approach to compute mixed mode SIFs for #asarcrack existing in a
graded half-plane loaded by a sliding flat stampoi@nd Paulino [46] handled an
interface crack problem between an FGM layer ams@rai-infinite medium for
which the system is subjected to contact loadimyelving friction. Dag [47]
analytically calculated the crack tip parameterafedge cracking located in a
semi-infinite half plane possessing material gratat The graded medium is
exposed to contact stresses by frictional slidiagngs of various surface profiles
in this study. The work reported by Dag et al. [481 Apatay [49] consider an
edge crack lying on the free surface of an FGModbonded to a semi-infinite
medium, that are under complete contact loadimghd related study, the cracking
and contacting phenomena are treated separatgiyefLand El Borgi [50, 51]
examined an edge crack problem located on a grambdthg by using a SIE-based
analytical procedure. In their studies, an FGM tayhich is bonded to a semi-

infinite medium is subjected to simple tensional ahear loadings.

In all of the research mentioned above, the mdsehiaving spatial gradations are
accepted as isotropic. It is also required to noergome of the studies concerning
contact mechanics problems of anisotropic matetgsodich [52] analyzed some
dynamic-elastic contact mechanics problems by densig the integral
characteristics procedure in the boundary-initialue problems for anisotropic
structures. Ciavarella et al. [53] generated a migalprocedure to investigate the
response of three dimensional anisotropic materddikh are in contact with
second-order surface geometries. Lin and Ovaeitff@tised on examining the
behavior of a generally anisotropic material ungl@ane assumptions, for which
the asperous surface of the medium is subjectedatdhermal contact loads
involving Coulomb friction Rand and Rovenskii [55] studied some theoretical
technigques and methodologies needed to build theaimentals of the elasticity of
anisotropic materials. Ning et al. [56] solved ffenetration problem between a
rigid globe and a transversely isotropic strip whiocates on an inelastic semi-
infinite medium. Li and Wang [57] investigated tkentact phenomenon on
piezoelectric generally anisotropic parts utilizin§ourier-transformation
techniques. He and Ovaert [58] examined the regpohan anisotropic half plane

having asperous free surface to a contactindp &t asperous inelastic ball by
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handling the Barnet-Lothe tensors based line ialegn 3D inclined surfaces.
Larijani et al. [59] examined effects of degreeamiisotropy on surface crack

propagations in rail head coatings subjected tongptontacts.

Due to the processing techniques used in theirymtozh, FGM structures could
gain anisotropic behavior. Sampath et al. [60] adee that coatings having
gradations which are manufactured by Plasma-Sprathdd mostly possess a
microscopic anatomy with cleavage planes whicholnsated to the boundary.
Additionally, Kaysser and llschner [61] found thia¢ coatings having gradations
which are manufactured by the Electron-Beam methodsess a shaft-like
anatomy which causes greater stiffness throughhils&ness direction and non-
stiff surfaces normal to the medium edges. As &losion, FGM models should
be considered as elastic orthotropic nonhomogenewaun if more realistic
representations of the layered structures are deéedarThere are a few studies
performed on the mechanical behavior of orthotrapiterials that are under
contact loads. Bakirtas [62] focused on the conpdetnomenon of an inelastic
stamp with no friction in an orthotropic nonhomogeus semi-infinite medium.
Hwu and Fan [63] presented the complete contachgrhenon involving the
penetration of a stamp with no friction through amhotropic half plane by
applying a similar solution method of interfaciahckings. Shi et al. [64] analyzed
a contacting phenomenon with no friction on ortbpic semi-infinite medium
loaded with an inelastic ellipsoid stamp. Swan$i] pvaluated the stresses that
result from the contact loadings on orthotropic enats by synthesizing two
previously studied solution methods [66-67]. Thédideor of a multi-layered
piezoelectric orthotropic half-space forced by @timnless inelastic parabolic
intender was examined by Ramirez [68]. Guler [6&hdnstrated the closed-form
solutions of plane strain frictional contacting pbmenon of an inelastic stamp
sliding on an orthotropic semi-infinite medium bsing the SIE based analytical

technique.

1.2 Scope of the Research

In the technical literature, there are no compateti or analytical studies on
contact mechanics of orthotropic FGM coatings. Hetite purpose of this study
6



is to perform analytic and computational studies &mntact problems of

orthotropic functionally graded material (FGM) dogs which are bonded to
isotropic homogeneous substrates without any imteaf defects. The orthotropic
FGM coatings possess orthotropic stiffness gradatithrough the coating

thickness direction. The variations of each oriytr stiffness constants are
assumed to behave a&sponential functionsin the analytical procedure, the
problems of orthotropic graded coatings that algesiied to contact loads by an
arbitrarily shaped inelastic stamp are examined.ehgineering applications,

coating thickness is generally very small relativethe other dimensions of a
coated member. Hence, in this study, the orthatropating thickness should be
considered very small relative to the depth ofrtteglel. Under this consideration,
the aforementioned contact problem is modelledguia plane strain assumption.
After deriving the Navier equations of the probleitme Fourier transformation

techniques are used to determine the field expmesghat satisfy the boundary
conditions. A deformation gradient on the contaagion is used to obtain a
singular integral equation (SIE) which is colloehtthrough a discretization

procedure on the roots of Chebyshev polynomialsadational approach for the
same contact problem is based on the finite elemetitod in which the coating-

substrate systems are divided into finite elembatang the material parameters
defined at their centroids. The solution of thesprg problem by using two

different solution techniques enables us to agbesaccuracy of both methods by
directly comparing their result®Numerical results are obtained regarding flat,
triangular and circular stamp surfaces, which retheseffects of nonhomogeneity,
degree of orthotropy, friction coefficient and dogt thickness on the contact

stresses.

Note that the risks of contact driven damages fdhatropic homogeneous
coatings such as interfacial delamination or s@fexackings can be alleviated
with the properly selected orthotropic material &imel other problem parameters.
Therefore, in this study, the surface and intedlasiresses of an orthotropic
homogeneous coating under the action of completgaco loading is also

investigated, which is not examined in the techritarature so far.






CHAPTER 2

PROBLEM STATEMENT AND THE ANALYTICAL METHOD

2.1. Definition of the Problem

The analytical method presented in this study s&dan the derivation of a SIE to
examine the stress distribution in orthotropic FGd&tings subjected to contact
stresses by a sliding inelastic stamp having aitrarily shaped surface (Fig 2.1).

Ve

Figure 2.1: An orthotropic FGM coating subjected to a contaat by an

arbitrarily shaped inelastic stamp.

It is assumed that the orthotropic FGM coating anded to an isotropic
homogeneous semi-infinite substrate without angrfatial defects. Coulomb
friction is assumed to exist between the stamptl@doating, which yields lateral

force on the FGM surface. The composite strucgireadeled under plane strain
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assumption. The stiffness constants of the ortpaircoating are assumed to
behave as exponential functions through the thiskmrection. The endpoints of
the inelastic stamp which is in contact with theMFGurface are located at the
coordinatey=a andy=b.

The presented contact problem is handled by udiegplane elasticity and
formulated with the utilization of Fourier transfoation techniques. In the
analytical formulation of the problem, contact sses in the orthotropic FGM
coating and the homogeneous semi-infinite subsaegeformulated separately.
After that the required field quantities of the Ipleom are derived by considering

the following continuity and boundary conditions:

S«0y)=5s(y) a<y<b (2.1a)
sy Yy)=hs(y) a<y<b (2.1b)
u(h™,y) =u(h,y) (2.1¢)
v(h",y) =v(h,y) (2.1d)
Su(h" y)=s,(h,y) (2.1€)
Sy, y) =5, (h,y) (2.1f)
ﬂlyU(O, y)=f(y) a<y<b (2.19)
bsxx O y)dy=-P (2.1h)

a

where s (y) is the contact traction existing due to the cantdgnelastic stamp,
and which is the primary unknown of the problefn. is the coulomb friction
coefficient.f (y) is a known function indicating the surface protfehe inelastic

stamp. The contact stresses and the field quanttie expressed in terms of the

surface normal stress(y). The displacement gradient in (2.1g) isnthesed
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to derive a SIE of the second kind. With the nusarsolution of the SIE by
utilizing an expansion-collocation procedure, th&nown function of the problem
s(y) is obtained.

The inverse Fourier transformations utilized thioogt the derivations of field

guantities are given as
¥

u(x, y) :% U(x,r)e" dr (2.2a)

- ¥

v(X,y) = %_iv (x,r)e"vdr (2.2b)

whereu(x, y) and v(x, y) stand for the displacement components amdy axes,

respectively. The Navier equations for the orthpitoFGM coating and the
homogeneous semi-infinite medium are formulatechgigblane elasticity as

follows:

For orthotropic FGM(0< x < h):

The constitutive relation for plane orthotropy @&Ms is stated in the following
form [42]

C C

S XX Cll(X) ClZ (X) o eXX
So, = (X)) G0 0 € (2.3)
S, 0 0 cu(X¥) 26

Xy

where s7(,j=xy) and e/ (,j=xy) are the stress and strain tensors,
respectively. The superscripgtsionates the FGM coating,, (x), ¢,,(x), ¢, (X),

and c,(X) are the stiffness coefficients which vary withgest tox axis as [70]

Cu(X) =Co€",  Cp(X) =Cppp€”,  Cp(X) =C €7, Cie(X) =Ceeo€”.  (2.4)

where g is the non-homogeneity paramete,,, C,,,, C,, and Cy, are the

stiffness constants at the coating surfacex(a0) and defined in terms of the

engineering parameters as
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—— for planestress
E, - nyE,
Ciio = (2.5a)
Ef (VZZVZXEX B szE ) :
Y Y for planestrain
D
E.E,
— for planestress
E, - n,E,
Copo = (2.5b)
Vi Ex E2 (szvzx - l) .
Y for planestrain
D
n,EE,
—— for plane stress
E,-nyE,
Ciz0 = (2.5c)
v,.EE, (Vszszx +V,, Ey) .
- 5 for plane strain
Cos0 = yy (2.5d)
where
D = ViZVZXE)f + ViyVXZEs + VXZEXEy (VXZVZX + 2V X))/yZVZX - 1) (2'5e)
The engineering parameters have to satisfy the restsagioen below
M M n < B (2.6)
E E "VE
The strain-displacement relations in plane are
c fu® c Tn® ) 1 Tu®  In°
exx(X' y) = ’ eyy(x7 y) = ’ exy (X1 y) == + . (27)
x Ty 2 fy f1x

Considering (2.3), (2.4) and (2.7) together, the stre&s fioe orthotropic FGM
coating is obtained as
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Sxx(x y) egx c:tl.loﬂ C120 ﬂn (283.)

x Ty
c _ fTu® n°
Sy (X% y) =e” Clzoﬂ"'czzoﬂ_y (2.8b)
¢ _ fu®  Tn°
Sxy(X, y) _egxceeo ‘H_y+ qx (2-8C)

The equilibrium equations;{ ; =0 (, j = xy) yield the governing equations for

the orthotropic FGM coating as

ﬂ c ﬂZuC ﬂ [ 1-[2 ﬂZu
C1od—— x tCu 2 +C00—— Ty (C120 Ces0 IxTy * Cee0 Ty =0 (2.9a)
660g ﬂ ﬂn (ClZO + C660) ﬂzuc + C660 ﬂznzc + CZZO 1-[2,72(: = 0 (29b)
iy 1x xTy ix Ty

For homogeneous substréitec x < ¥ ):

The stress components for the homogeneous half planeitten by using plane

elasticity as
sy = (k+) T 4 (32 ) 170 (2.10a)
o k-1 x Ty
smooy) = 3- k)T 4 (k1) T (2.10b)
T k-1 x Ty
Tu™ 1"
™ (X,y) = + 2.10c
Sy(Xy)=m 0y ( )

wherek, 7 andn are the Kolosov constant, shear modulus and Possatid of

the homogeneous substrate, respectively. Simgerscriptm denotes the

homogeneous substrate. The Kolosov constant is dgorguiane stress and plane

strain assumptions as
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n
—_— for planestress
k= 10 (2.11)

3-4n for planestrain

The equilibrium equations;T, =0 (i, j = x y) yield the governing equations for

the homogeneous substrate

ﬂZum ﬂznm ﬂzum
k+1 +2 +lk-1 =0 2.12
W+l e 2y (2.122)
ﬂan ﬂZum ﬂan
k-1 +2 +lk+1 =0 2.12b
k- * 20y T (2.12b)

2.2 Formulation
2.2.1 The orthotropic FGM coating

The inverse Fourier transformations given in (2.2) are tesednvert (2.9) into the

system of ordinary differential equations (ODE’s) as follows

du® . dU° ‘ e %
G109 dx +Cllo dXZ - C660/'2U +Clzg/‘|V +((1120+0660)|/'E:0 (2.138)

d?ve dve . o _ du®
Ceeod—xz"'ceeoga' 0220/‘2\/ +Coeo! U +(C120+C660)|rW:O (2.13b)

Letting

C c

v =%, and
X dx

VX)) =x, US(X)=x

=X, (2.14)

The system of ODE’s can be written in the form»f= Ax as
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0 0 1 0

X 0 0 0 1 &
X, — ﬁ,«Z _ gri - g _ (0120+0660)fl X; (2_15)
X3 Ceso Coso X3
X, ) ﬁgri @rz ) (C120+CGGO) i - g X,
Ci10 Ci1o Ci1o

The characteristic equation of the differential equatsystem is defined as

|A- 1l | =0 and its open form becomes

2
r4+2gr3+(g2 +Clr2)r2 +r%gCyr +r—(g20120+r20220):0 (2.16)

10

Rearranging (2.16)

2~ 2 2
I’2+g|'+r Cl +/‘2g2@+/’4 @-& =0 (2.17a)
2 Ciio G 4
where
C = 01220+2C_1200660_ Ci10C220 (2.17b)
] .
Ci10C660

Consider the solutions of differential equations ar¢han following exponential

forms
Uc(x,r)=M,e” +M, e +M,e” +M, e (208
Ve(x,r)=N,M, e”+N,M,e” +N,M, e +N, M, e (2.18b)

Substituting (2.18) into (2.13a}; yields

r(r.+g)- Coo /2
N, =i Ci1o j( i 9) - Ceeo , i=1,..4 19)
r{Ci(r; +9) +Copo}

Solving (2.17a), the roots (j = 1,..,4) are obtained as
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n=- £+%\/gz_ 2f2C1+4 dl A (r1)>0 (2.208.)

2

1 ~
r,= - %+§\/gz- 2r°cC,- 4/d, A (r,)>0 (2.20Db)
= - % %\/gz- 2r%C, +4,d, A (r,)<0 (2.20c)
= - % %\/QZ- 2r°C, - 4,d, A (r,)<0 (2.20d)
where
a=r Cl G rzgzﬁ (2.20e)

4 CllO CllO

Substituting (2.18) into (2.2), the planar displaceneentstituents are obtained as

¥ 4

1 i X+ir
ux,y)=— M. e”"dr (2.21a)
2p_¥j—l :
1 ¥ o4 +i
Ve (X, Y) = M;N;e™"dr (2.21b)
-~y j=l

Therefore, the field quantities of the orthotropic FGM twpare restated in the
following form

¥ 4

sS(X,Y) -1 M, (cllorj +CppoN i r) e iy, (2.22a)

-~y jA1
1 ¥ 4 . (ri+g)x+iry

Sy (XY) :z | M, (clzorj +0220Nj|r)e ’ dr (2.22b)
_y j=1

SE (XY =@¥ ‘ M. (N. r +ir)e(”+“7)x+"ydr (2.22¢)

Xy A7 - J 1] '

VS

ﬂ c — 1 ¥ . rix+iry

—Uu(Xy)=— irM;e’” " dr (2.22d)

ﬂy Zp_¥ j=1
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2.2.2 The homogeneous substrate

The inverse Fourier transformations given in (2.2) are tsednvert (2.12) into
ODE's as follows

21 m m
(/(+1)‘3'O|L)J(2 +2r] d;/X -(k-1)rum=0 (2.23a)
(k- )d_zvzm+2ridum- (k+1)ravm=0 (2.23b)

dx dx

The differentials ofU " (x,7) andV™(X,r) with respect tox axis in (2.23) are

separated by using basic calculus as

d;; - 2r? djiz +r°U™=0 (2.24a)
d;; - 2r? d;\)fz +r'V™"=0 (2.24b)

The two differential equations above have similar stmegtso do their solutions.

The characteristic equation of (2.24) are then defined as
r*-2rr?+r*=0 (2.25)

(2.25) have two double roots as, =|r| andr,,= -|r|. Hence the solutions of

(2.24) are expressed as
U™(x, r) =[ A(r) + xA(r)] & +[ Ar)+ xA,(r)] e (2.26a)
V™ (x,r)=[By(r)+xB,(r)] € +[By(r)+ xB,(r)] e (2.26b)

The relations betweeA, () and B, (r) are defined substituting (2.26) into (2.23)

as
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B,(r)=i 1 Al(r):kAZ(r) (2.27a)

B,(r) —|| |A ,(r) (2.27b)

By(r)= |r|A3(r) KAL) (2.27¢)

B,(r)= -|| |A J(7) (2.27d)

The stresses [/ (x y) and s g(xYy) should be bounded a£ x> + y2) tends to

infinity. Thus, A,(r)=A,(r)=B,(r)=B,(r)=0should be satisfied and then
(2.26a-b) reduce to

U™(x, r) =[ Al(r)+ xA,(r)] gl (2.28a)
V™(x,r) :[ B.(r)+ xB4(r)] gl (2.28b)

Substituting (2.28) into (2.2), the planar displaceneentponents are obtained as

u™(x, y) =$ ¥ [AL(r) +xA,(r)] €7 dr 29a)

- ¥

V"(X, Y) =$ By +xB()] & @

- ¥

Therefore, the stress components of the homogeneousatebist (2.10) are

restated as:

3

¥ k+1)[(1 |/’| )A4 |/’|A§] lry\ |x

B NI A
m — m (3_ k)[(l |f| )Ah |/’|A3] |ry\ |x
Sp(%y)= 2,0(/(- 1)_¥ +( +1)|f[B B ] dr (2.30b)
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% ¥{(1- 17| %)B, - || B, +ir (A, +xA,)} €7 dr (2.30c)

Sa(Xy)=

2.2.3 Determination of unknown constants

The unknown constants in (2.22) and (2.30) are obtainadling the continuity
conditions between the graded coating and the honsages half plane, as shown
below. Hence the constants are defined in terms ofitkaown of the problem

s(y).

u’(h,y)=u"(h,y) (2.31a)
Vé(hy)=v"(hy) (2.31b)
sw(hy)=sg(hy) (2.31c)
syhy)=sg(hy) (2.31d)

(2.31a) and (2.31b) are recast considering (2.2) as

¥ ¥

2 jim Uc(x,r)e”dr =L jim Um(x,r)e”Ydr (2.32a)
20 *®h 20 ¥®h

1 ¥ ) 1 ¥ )
—Ilim V°¢(x,r)e"”Ydr =—Iim V™(x,r)e"’dr (2.32b)
2p x®h y 2p x®h y

Substituting (2.18) and (2.28) into (2.2):

M, ™ +M, e + M, e™" +M,e"" = (A3+ hALl)e""h (2.33a)
N, M, ™" +N,M,e?" +N,M,e™" +N, M, " = (B,+hB,) e " (2.33b)
Considering (2.27c-d), (2.33) is rewritten as

M, " +M, e + M, e™" +M,e™" = (A3+ hALl)e""h (2.34a)
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r;h r,h rsh rh —
N,M,e" +N,M, e +N;M,e* +N,M,e* =

ie'r'h (k- tirl) A |r]A] (2:350)
A;(r) and A,(r) can be defined in terms & ; using (2.34) as
INGER gl 1- fllr-irn,) (2.35a)
i k
A(r)= 4 %eh(””)(|r|- irN,) (2.35b)

j=1

The continuity relations in (2.31c-d) are used to defirgerélations betweeM

(j = 1..4) components. Considering (2.2) the stress compone(2s8hand (2.10)

are expressed as

For orthotropic FGM(0< x < h):

e” ¥ du®

SS(XY)=—— Cuo——+Cuir Ve €7dr (2.36a
20, 1074y 20
¥ c
S (x, y)=% clzoddixmzzoirw e vdr (2.36b)
¥
e ¥ dve . :
S, (X, yY) == Ci, — +iruc e"’dr (2.36¢)
Y 20, % dx

For homogeneous substréine< X <¥):

m ¥ dum

m - - K)irv™ ervd 2.37
s™(x,Y) k1) (k+1) ™ +(3- k)irv™ €"vdr (2.37a)
m _m Y, du” Cm o iry
syy(x,y)——(k_l)_¥ (3- ) ™ +(k+1)irv™ €"vdr (2.37b)
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m* dvnm

(X Y)—Z ,

+iru™ e”dr (2.37¢)

Hence the normal and shear stress components attﬁn‘éad:e(x: h) rewritten

as
Y oduc :
c -> : c iry
Swu(hy) = lim . Ciio— .~ + Gl 1V €777 (2.38a)
¥ c
sy (h, y)—ﬂllm Ceso di+irUC e"vdr (2.38b)
2p ®h v dx
sm(h,y) =——lim ' (k+1)dum+(3- k)irv™ e vdr (2.38c)
“ 20(k-1)en dx
m VA -
sh(h,y)=—Iim +iru™ " dr 2d38
w(h,y) 20 %h | dx (24

Taking (2.18) and (2.28) into account, (2.38) are substitirito the continuity
equations in (2.31c-d). This operation yields the follm\expressions

= pM, +p,M (2.39a)
M; = p;M, +p,M, (2.39b)
where
p, = Kls- Kal, P, = Kols- Ksly  p= ki, - Kol b, = Kil, -k, . (2.40)
k3|1' k1|3 ksll' k1|3 k3|1' k1|3 Kaly - Kylg
k, = " ir N, e+ m%l +e"ey, f, + mr kT+1 (2.41a)
|, =€" N, Ceof, h9+/71r| == +ir cﬁeoe“g+mk7+1 -2m (2.41b)
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The traction boundary conditions on the contact sudiageised to obtaiM , and

M, as follows: Applying Fourier transformation on (2.36a) éh@6c), following

expressions are obtained

c ¥
Cao o 4G rVE =€ 55 (%9 " ds 42a)
dx Ly
c -gx ¥ '
v +iruc=S_ Sy(x9e"ds (2.42b)
dX 660 - ¥

The surface stresses are expressed in terms of the unkridiaerproblems (y)

as
5xQy)=s(y) a<y<b (2.43a)
SyOy)=hs(y) a<y<b (2.43b)

After taking the Fourier transforms, (2.43) is written reariagghe integral

boundaries as

¥ b

5.0,9€"ds= s(9e"°ds=P(r) (2.44a)
- ¥ a
¥ ) b .

5,0, 9e"ds=h s(9€"ds=hnP(r) 42b)
- ¥ a

(2.44) are substituted into (2.42), then following etprest are obtained

Cc

Ci10 d(;j( (X, 1) +Coppir VE(X, 1) =€ 7P(r) (2.452)
Ve e =&
(X, r)+irUc(x,ry=—hP(r) (2.45b)
dx Coso
where
U@ r)=M;+M,+M;+M, (2.462)
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du®
dx

O r)=Mpr+M,r,+M; +M r,

Ve(O,r)=M,N, +M,N, +M,N, +M,N,

dve©
dx

O, 7) =M Ny, + M,N,r, + M,N,r, + M,N,r,

Substituting (2.46) into (2.45), following expressions abtained
J M+ M, +/j M, +/ M, =€ 7P(r)
gM,+g,M,+gM,+g,M,=he?P(r)

where

/| =Cuol; +Cpir N,

g, = CoeoN; 1 +ir )

(2.46b)

(2.46¢c)

(2.46d)

(2.47a)

(2.47b)

(2.48a)

(2.48b)

Substituting (2.39) into (2.47), the equations\bfand M, are written as

tM, +t,M, =e%P(r)

t,M, +t,M,=he%P(r)

where

=/ P+ ,+/ 5P

t2 =/ 1p2 +/4 +/.3p4

t3 :qlpl+q2 +q3p3

t,=q.P,*+q, +q;p,

ThenM,and M, are obtained from (2.49) as
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ht, - t,

M,=P(r)e*——— 2.51a
, =P(r) Lot ( )
t,- ht
M,=P(r)e*—=—> (2.51b)
tt,- tt,

Therefore, all the terms are defined in terms of the unkrfanation S (S).

2.2.4 Derivation of the Singular Integral Equation

In this section, a singular integral equation is careséd using the stress and
displacement expressions obtained in the previoumascThen the kernels of the
stress distributions on the coating surface are detedniline boundary conditions
(2.1g) and (2.1h) are used in the construction andisolwf singular integral
equations. Hence the term (2.22d) is rewritten consigé@.51) and (2.44a) as

q 1 ¥ y .
—u(x,y)=— s(9e "°dsG.,(r,x)e”Ydr 2.52a
Ty (X y) 2 .. (9 Gs(r,X) ( )

where

(.- t.) e +e¥ + pe)
+ (t3 - /nl)( pzerlx + p4er3x + eux)
tt,- tt,

G,(r,¥)=ire? (2.52b)

Changing the sequences of the integrals and rearratiggnigtegral boundaries,

(2.52a) is restated as

b

ﬂlyUC(x,y): Ky (X, ¥, 9)s (s)ds (2.53a)
where
1 -
Kis(X, ViS) =—  G,(r,x)e " Vdr (2.53b)
2Py
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Rewriting (2.53b) in trigonometric form
Kss(X, Y:9) =$ " Gy(r0lcos(y- 9 1) +isiny- 9 ldr (2.54)

Changing the integral boundaries from 0¢to (2.54) is written as

Kes(X ¥,9) :%¥ [K331005((Y' S) ') + Ky, sin((y - s) /’)]d/’ (2.55)
where

Kaai(r:%) = Cp3(7,X) + G- 7, %) (2.56a)
Kago 70 =1 [ G, %) - G- 7, %) ] (2.56b)

The asymptotic expansions of the roots in (2.20) ar@mdd using Maple as

r, =05C, 7 - 05g (2.57a)
ry =05C ,r - 05g (2.57b)
r; =-05C,r - 05g (2.57¢)
r;, =-05C,r- 05g (2.57d)
where

C, :Jz c2- 4%- 2C, (2.57¢)
10

C,= \/ 2|c2- 4520 . oc, (2.57f)
CllO

Note that the error between andr* (i =1..4) are less than 0.06 % far>10.

The square rooted tern€s; andC,, are realized to be real and greater than
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zero for most of the orthotropic materials either in plaimess or in plane strain
assumptions. This information is used during the etitta©®f dominant terms as

I ® ¥ . The engineering constants of materials used in tbidysare given in

Table 2.1. Alumina is used as the coating surfacemaaiand Nickel is used as a

substrate material in most of the parametric analyses.

Table 2.1:Engineering parameters utilized in the parametric angslyse

Property Alumina ( ) Nickel

E, 11636GPa 204GPa
E, 9043GPa 204GPa
E, 9043GPa 204GPa
n, 3821GPa 7786GPa
Viy 028 031

Vie 027 031

Vax 021 031

V,, 014 031

vy, 014 031

Therefore, the asymptotic expansions of (2.56) are caééclilas 7 ® ¥ using

Maple and some algebra as in the following form

f f f f 1 { )
¥ — 11 12 13 14 - 05%(C,, r+3g
K331(/‘,X)— fiot +t—+—=+—+0 — +.. e 2
r r r r r
(2.58a)
A 75
f f f f 1
¥ — 21 22 23 24 - 05X, , r+3g
Kssz(f’x)— fpt—=+—73+—2+—2240 | +.. € (6.2 )
r r r r r
(2.58b)
+'s, +i+2+%+ﬁ+o i + e‘0-5x(cr1’+39)
®r 2 ot re
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where the first termd; ands; are given in Appendix A.

fi0r Sor f20, Sy terms are added and subtracted friig, and K, in order to

omit the singular behavior of the integrals. Then tgkimit as X® 0, Ky, (X, y;S)

in (2.55) has the following form:

¥ K r,X)- f e-O.Sx(Cr2r+3g)
i 0, 9) =lim - sl 7)o sy COSE-9) O
X 2’0 0 _ %Oe-o.SxCstg

1 ¥ K332(r ’ X) _ fzoe - 0.5><(Cr2 r+3g)

sin((y- s)r) dr

x® 0 2p o _ Szoe_ O.SX(Crlr+3g)
15gx ¥
+lim f e 0% x -s)r)dr
5 2p 108 cos(fy/- s) r)d (2.59)
-15gx ¥
+lim f,.e %% *sin((y- s) r)dr
0
-15gx ¥
+lim s.e % *cos(fy- s) r)dr
0
-15gx ¥
+1im " se ¥ sin((y- s) r)dr
0

The 3% to 6" integrals in (2.59) are calculated considering dirdtadkstribution
as

. Lo - 05C,, r x fio
legg 2 foe cos((y- s) r)dr —70’(3- y) (2.60a)
im & g o0y dr =220 ¢ 2.60b
im e " cos(y- s) r)dr =—d(s- :
im=> S (-9 )dr =2 d(s- y) (2.60b)
. e_llng¥ 05C . f 1
lim foe 2 *sin((y- s)r)dr=- 2 — (2.60c)
0 2 20 s-y

-15gx ¥ osc S, 1
lim e " sin((y- s) r)dr=- 2~ 2.60d
in =y S (-9 ndr=- 2= (2.600)

Then (2.59) is rewritten as
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¥ K331(/' ’ X) _ floe - 0.5X(Cr2 r+Sg)

Kss (0, y,9) = lxlg‘;%o cos(fy- s)r) dr

_ %_oe - O.SX(Crl r+3g)
¥ K r,x)- f e’ 0.5x(Cr2r+3g)
+Iimi 71X~ Tao ( ) sin((y- s)r) dr (2.61)
x® 0 2p 0 - S, - 05%(C,, 7 +3g

+ M d(S- y)_ fzo"'%o 1
2 p sy

In (2.61), dividing the integral boundaries of the firgegral into two af)- A,

and A - ¥ and also the second integral into twdJdasA, and A, - ¥ | then (2.61)

can be rearranged as

A
ks (O, Y;9) =$ [(Kaaa(r,¥) - fio- 5) cos(fy- s) r)] dr

0
¥

+ 2 [(Ka(r 9~ - ) cOS(Y- 5) 7)) dr
2P
A
+$ [(K332(f,x)- fr- S20) sin((y- s) /’)] dr (2.62)
+i¥ [(K332(r1x)' fzo' Szo) Sin((y' S) /‘)] dr
2P »,

+ T10* S d(s- v)- fo*tSy 1
2 p sy

where A, and A, are the integration cut-off point€f11+sﬂ)/f and(f21+521)/r
terms cause logarithmic singularities in the integnalesnce(flﬁql)/r term is
added and subtracted from the integral which have dhedary A - ¥, and the

term (f21+321)/ /" can be added and subtracted from the integral hamtegral

boundariesO- ¥ . Because the integral having sine term is definiter & O.

Therefore (2.62) is rearranged as
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A

ks 0, ¥, =% (Keoa(r 0)- (F0+510)) cos(y- ) r)dr

¥
+ (Kegulr 0)- KE,(r 0)) cos(fy- 9) r) dr
A
¥
+ KGO (hotso)- 2% cos(y- 9 r)ar
A
¥ ¥
+ futs, cos(fy- s) r)dr + —f21+sﬂsin((y- s) r)dr
A I 0 I
& f,,+S,, .
+ Ko7 0)- (fro+5,)- % sin((y- s) r)dr
0

+ ¥ (Kssz(f 0)- K (r '0)) sin(fy- s)r) dr
A

+¥ K§32(f ’O)' (f20+520)' @ Sin((Y' 5) l')d/‘
A

fiot Sy (2.63)

fotS 1
+ —— d(s-y)- 2=
> (s- ) sy

4% integral in (2.63) is rearranged in the following form

¥

S cos(ly- ) r)dr= - (f,+5)Ci(A(s- ) (264)
A

whereCi is the cosine integral and formulated as

[A(sy)l coda)- 1
a

Ci(|A(s- y)|)=g. +In| A(s- y)|+ da (2.65)

0

and g, is the Euler-Mascheroni constaﬁge = O.5772156¢.

The 8" integral in (2.63) is calculated as

¥ ¥

1;21"'321 i _ - _ sin((s- Y) /‘) _
iy 9 ndr= () =S d(r(s )

= - (fa+s)Si((s- ¥)= - (f+5,) 7 sionts- y)

(2.66)

29



where Si is the sine integral.

If the magnitudes oy and A are selected large enough, thigghd 7 integrals

in (2.63) can be neglected. Then (2.63) is rewritten as

i A
2
¥

¢ K0 (fo+s,)- 22 cos(y- 9 r)dr

k33 (0’ Yi S) = (Kssl(f ’O) - (flo + S.Lo)) COS(W' S) f) dr

A
- (f11+3_1)Ci0A1(S' Y)|)' %(le"'sn)Sigr(S' y)

A (2.67)
+ K332(/‘ ’0)' (fzo+szo)' @ Sin((Y' S) /‘)d/‘

0
¥

+ Kgész(f ’0)' (f20+520)' @ Sin((Y' S) f)df
A

1:20"'320 1

Using (2.53a) and (2.67), we conclude a second kimgufar integral equation as

f b b
Miyy= 10¥%0 gy TS SOge 1 k(s y)s (9)ds (2.68)
Ty 2 0 ,s-y 2,

and the kerneK(sY) is given as

A
K(y,s) = (K331(/‘ 0) - (flo +SlO)) cos(fy- s) r)dr

0

¥
KGO (fors)- 7% cos(y- 9 r)ar

A

} (f11+§1)Ci(| Ai(s- y)|)' %(f21+821)3igr'(5- y) (2.69)
A
+ K332(f 10)' (f20+520)' @ Sin((Y' S) f)df

¥

+ Ki(r0)- (f+5y)- @ sin((y- s) r)dr
A
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The gradient of the displacement compon&(X,y) with respect to y axis in

(2.21b) is written as

ﬂV 1 ¥ 4 y 1 ¥ ¥ _ _
—(xy)=— ir MNe™dr=— s(9e"°dsG,(r,XYe"’dr (2.70a)
ﬂy 2,0_¥ j=1 b 2,0_¥_¥ ’

where

(A, - t4)(p1 N, e + N, e?* + p3N3er3X)
+(t3 - /7t1)(p2N1erlX +p,N,e” +N 4er“x)

rx)y=e?ir
Ga(r. %) T

(2.70b)

Changing the sequences of the integrals and rearratiggngtegral boundaries,

(2.70a) is restated as

b

1%(x, V)= k(X %9s(9ds (2.71a)
where
kis(X, ;9) =% ¥ Gy(r, X)€" Vdr (2.71b)

Rewriting (2.71b) in trigonometric form
K5 (X, ¥, 9) :% ' Glg(r,x)[cos((y- s)r)+isin((y- s) r)]dr (2.72)

Changing the integral boundaries from 0« (2.72) is written as

Kiz(X ¥,S) :$¥ [Klslcos((y' s) r)+Ky,sin((y- s) f)]df (2.73)
where

Kyaa(7,X) =Ga(r, X) +Gs(- 7, X) (2.74a)
Kisa7,%) =i [Ga(r,%)- G- 7,9 (2.74b)
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The asymptotic expansions of (2.74a) and (2.74b) arelatdd as/ ® ¥ as

Kilr)= dior e S Qa0 v eovbnrad
(2.75a)
h, h, h, h 1 - 05x(C,, r+3
+ h10+%+/’_122+/’_1§+l‘_1:+o ? +...e (6. r+39)
1 - 05X(C,, I+
K1¥32(/’,X): dzo+%+(j,222+(1233+i244+0 g +.e® (C.2 r+34)
(2.75b)
h,, h, h, h 1 - 05x(c,, r+30)
+h +-—24- 24 28, 24,0 = 4 @ 0Ny
|'120 r /,2 I,3 /,4 ,.5

where the termslij and hij are given in the Appendix A.

The kernelk;;(0, y;S) is obtained using similar operations in the presisection.

Hence the displacement derivative is derived as

v d,+h d,,+h,°s(s 1°
Tn= 20 s (- Sl 2Basi - K(sy)s9ds (276)

And K,(sY) is given as

Ky (%9 = ) (Kyaa(7 0) - (dyo +hyo)) cos(ly- ) r)dr

0
¥

+ KO- (do*ho)- S cos(y- 9 ydr
A

- (d11+hll)Ci(| AL(S' y)|)' %(d21+h21)sigr(s- y) (2.77)

A
+ K132(/’ ,0)- (d20+hzo)' @ Sin(()" S) /‘)d/‘

¥

+ Kip(r 0)- (dzo"'hzo)' w sin((y- s) r)dr
A
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2.2.5 The in plane lateral surface stress, (0, y)

Once the contact normal stresgy) is obtained, the in plane stresg, (O,y) can

be derived. The strains for an orthotropic medium ind/adirections are written

as

sxx Vv X sz
exx =E' E—ysyy' ESZZ (278)

X y z

vV vy, s
e=-*s -5 + 2% 2.79
74 E XX E yy E ( )

X y z

For plane strain assumptidg,,=0), S, reduces to

V
s,=E, s 4+ g (2.80)
E, ™ E,

SubstitutingS ,, in (2.78) and taking the limit as® O, we obtain

u
exx (O’ y) = % (O’ y) = %305 XX (01 y) - C4405 yy (01 y) (281)
where
1-v v
Ca30 = f (2.32a
V X +VZ z
Couo :VT*Vy (2.82b)

y

Note that the in plane stresg, (0,y) is formulated by using (2.76), (2.81) and
(2.8b) as

CZZO(le + th)
1 2

1+ Co20Caa0 ~ Copo (dzo + hzo) i S (S) Co2o i
] ds+22 K,(sy)s (s)ds
2,0 a S-y 270 a ’
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2.2.6 On the solutions of the Singular Integral Eqgation

In this section, the unknown functia(y) is obtained with the numerical solution

of the SIE for various stamp profiles. In order to handimenical solution of the

SIE in (2.68) for various stamp profiles, we first introdtlee relations below

b-a b+a
=——r+— -1<r<1 2
y== > q2a)
g—p-a, b+a S1<t<1 g2b)
2 2
__b-a __b-a = 2
F=——r, =—9g, h=——Ah. 2.84c-
2 g 2 g b- a ( c-e)
— b-a —~ b-a
A=—A, A=——A. (2.84f,9)
2 2
s(y)=s b-_2ar+b;a =5(r) (2.84h)

Considering the normalizations in (2.84), the kerd€l,S) in (2.69) is expressed

as:

K(y.9) :b_—zamr,t) (2.65)
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K(r.t) = (K331(F)_ (flo+%o)) cos(( - t) r)dr

¥ Py —_ ra —_ Py —_
f12+512 f13+813 + fl4+sl4
/—,2 73 +4

+... cos((-t)r)dr

A
A f, +3
+ Kssz(f)' (f20+820)- 217 =

sin(f - t) r)dr (2.86a)

¥ f_+s,. f.+5, f,,+5
227522 123753, (24" Su sin(¢ - t) 7) dF
/—,2 /—,3 /—,4

2 _ =
Kaan(r) = Kegn 1= = Ke(7) (2.86b)
2 _ =
Kssz(r): Kas b- ar = Kaa(7) (2.86¢)
: _b-a _ _b-a : -
fi="2h,  § =15, (=12, (j=1..4 (2.86d,€)

Hence the solution of singular integral equation ir6§2 is obtained for flat,
triangular and circular stamp profiles in the followiregtons.
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2.2.6.1 Flat stamp

Figure 2.2: The geometry of the flat stamp problem.

The flat stamp contact problem of an orthotropic FGMiogavhich is bonded to

a homogeneous semi-infinite medium is shown in F2g.Zhe FGM surface is
subjected to contact forde by a flat stamp. In this case, consider that théambn
length (b- a) is independent of the normal contact fofédi.e. complete contact)

and the stamp profile is expressed by
T e _
‘ﬂ_yu Oy)=0 a<y<b (2.87)

The Kernel in (2.85) is substituted into the (2.68) abersng the normalizations
in (2.84). Hence the integral equation (2.68) andetipglibrium equation (2.1h)
become

1

1 —
To*So gy, L S0 g, 1
f2o+Szo p.lt' r (f20+820)p_1

Kt,r)s(t)dt=0 -1<r<1l (2.88)
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S(r)dr=-2 (289

-1
where

s(r
P/(b- a)

(2.90)

According to the theoretic analysis [71, 72], the wwn function5 (r) can be

expanded into the series of Jacobi polynomials #sairfiollowing form

S(r)=w(r) ' A P**(r), w(r)=(@- r)? @+r). (2.91a,b)

n=0

where P#?(r) are the Jacobi polynomials of ordeand A's are the unknown

coefficients.a and b are the strengths of singularities yt=b and y=a

respectively (see Appendix C). These exponents agetedlsuch that1<a <0,

-1<b<0anda+b=1 [28] depending on the value & B as

azi-l, b:-i. for As 0 (2.92a,b)
P P B
f f A
a=-—, =—- for —<0 (2.92c,d)
P P B
where
A=f+s,, B=1f,,+S,. (2.93a,b)
f = arctan® o<re? (2.93¢)
A 2

Substituting (2.91) into (2.89) and using orthogonah&jations [73], A, is

obtained as
2 22" a+) b+])
=-—, = . 294 ,b
& T @a+b+2) (2:942.0)
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where C is the Gamma function. The relation needed to reqaasingular parts
of Cauchy principal value integrals are formulated bgdmii [74] in closed form
and by Guler [28] in recurrence formulation form. These foatmhs are given in

Appendix B. Hence the singular integral equatio(2ii88) is rewritten truncating

the infinite series at N as

" A F.(r)=0 -1<r<i1 (2.95a)

n=0

where

F ) =2a- 1y @enproy- L)
B P

L (2.95b)
+— K,r)@- t)* @+t)°p>°(Hdt
pB.

1
The unknown constant#y, (n= 123..,N) are determined with the numerical
solution of the singular integral equation (2.95) byngsa collocation technique
outlined by Erdogan [71]. In the flat stamp ca(;lél,ﬂ) linear equations are

constructed by applying a collocation method on (R8N points and by using

(2.94). The obtaineo(N+]) equations are handled together to calculde

(n:O,...N). The roots of Chebyshev polynomials of first kind areduas the

collocation points and given as

e @) -
I =Ccos N 1=12..,N (2.96)

Hence the contact stress is calculated using thedted form of (2.91) at N points
as

b-a b+a
r +

2 — _ a b N a,b _
oI5 3 = (- rY (L+r) nzoA‘P” () 1<r<1 (2.97)

S
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2.2.6.2 Triangular stamp

Figure 2.3: The geometry of the triangular stamp problem.

The triangular stamp contact problem of an orthotropic F€dting which is
bonded to a homogeneous semi-infinite medium is showfig.2.3. The FGM
surface is subjected to contact forleeby a triangular stamp. In this case, consider

that contact IengtIG:)- a) is strongly dependent on the normal contact fd?cand

the stamp profile is given by

ﬂlyUC(O, y)= - tan@) a<y<b (2.98)

wheregq is the stamp inclination angle. Considering (2.98) #xe normalizations

in (2.84), the integral equation (2.68) and the equuilrequation (2.1h) become

1 1
fi0 Sk 5(r)- 1°5@ dt+ 1 Kt,r)s(t)dt
fa0+ S50 pat-r (foo+S0)0

, -1<r<1l  (2.99)

(fptS0m,
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1

2P

_l§(r)dr: - 7, ang)(o- ) (2.100)
where
5(r)= migg@) (2.101)

According to the theoretic analysis [71, 72], thenmkn functionS (r) can be
expanded into the series of Jacobi polynomials #seirfiollowing form
¥
s)=w(r) AP, w(r)= (- ry @+r)°. (2.102a,b)
n=0

where P*(r) are the Jacobi polynomials of orderand A's are the unknown

coefficients. @2 and O are the strengths of singularities ¥=b and y=a
respectively (see Appendix C). These exponents aeetsdl such thad<a <1,

-1<bH<0and a+b=0 [28, 73] depending on the value AfB as

a zi, = - i for As 0 (2.103a,b)
P P B

a=1- 1 b zi- 1 for é<O (2.103c,d)
P P B

where A, B andf are given in (2.93a-c).

Substituting (2.102) into (2.100) and using orthogoyaiilations [48], the

normalized contact forc®/(b- @) is obtained as

P _ Ag%”,tang)
b- a 2

(2.104)

where g, is given in (2.94b).

Considering the relations in Appendix B, the singuiéegral equation in (2.99) is
rewritten truncating the infinite series at N as
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N 2

F,.(r)= - - :
=0A1 on(r) Bm 1<r<1 (2.105a)

n y

where

Ay aenprem- =0

Fon(r) = 1 P (2.105b)

+= R, a- O @+ R ()t
pB .,
The unknown constant#), (= 123..,N) are determined with the numerical
solution of the SIE (2.105) by using a collocation teghe outlined by Erdogan
[71]. In the case of the triangular stan(bl +1) linear equations are constructed
by applying a collocation method on (2.105) (M +1) points. These(N+1)
equations are handled together to calcul#e (n:0,...,N). The roots of

Chebyshev polynomials of first kind are utilized as pgoints of collocation and
given as

_ e P@-10) . _
rr=CcO0S ———= 1=12...,N+1 2.106
=608 o 12, (2.106)
Hence the contact stress is calculated using theated form of (2.91) at N points

as

2 2 2 N _
Pib-a) Ab%(l DT ARTO) 1<r<1l (2.107)
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2.2.6.3 Circular stamp

Figure 2.4: The geometry of the circular stamp problem.

The circular stamp contact problem of an orthotropic FGMtiag which is
bonded to a homogeneous semi-infinite medium is showfig.2.4. The FGM
surface is subjected to contact forleeby a circular stamp. In this case, note that
the contact Iengtf(b - a) is strongly dependent on the normal contact fdfce
similar to the triangular stamp case. The stamp prcfil@proximated as in the

following form for R>>b- a

ﬂ c _C'y
—u (Oy)=——= 2.108
iy Oy) = ( )

where ¢ and R are the centerline position and the radius of the @rcstamp,
respectively. Considering (2.108) and the normalization&.84), the integral

equation (2.68) and the equilibrium equation (2.1h) bexo
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fio + S 5(r)- 1 §(t)dt+ 1 K (t,r) 5 (t)dt

f,+5, pat-1 (fu+s)p S1<r<1 (2.109)
_ (2c- (b- a)r - (b+a))
”ly(fzo"'szo)R
1
sdre - 2P (2.110)
_1 m,(b- a)
where
s = 5(r) 121)

y

According to the theoretic analysis [71, 72], thenmkn function5 () can be

expanded into the series of Jacobi polynomials #seifiollowing form

S5(r)=wAr) ' A P°(r), w(r) = @- r)? @L+r)°. (2.112a,b)

=0

where P?”(r) are the Jacobi polynomials of orderand A,'sare the unknown
coefficients. Thea and b are selected such thaka <1, 0<bh<landa+b=1

[28, 73] depending on the value &{B as

a :i, b=1- i for As 0 (2.113a,b)
P P B

a=1- i b :i. for é<O (2.113c,d)
P P B

where A, B and7 are given in (2.93a-c).

Substituting (2.112) into (2.110) and using orthogoyatilations [48], the

normalized contact forc®/(b- @) is obtained as

P - _ A\)anly

b-a 2

(2.114a)

where
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_2pa(l- a)
%= ginpa) (2.114b)

For the circular stamp caga + b =1), the property of Jacobi polynomial given in

Appendix B reduces to:

cot(pa)(@- r)* @+r)°P°(r)
5 (2.115)

T A R
(N

t-r - ;
= sin(pa) R

Q|-

Considering (2.112) and (2.115), the singular integrahggm (2.109) is rewritten

truncating the infinite series at N as

N

/—E?- cot(pa) (L- r)* (L+r)” " AP+ Amy(r)

Lo o (2c- (b )° (0+) -1<r<1 (2.116)
_(2c- (b- a)r - a

+B_pn:0A1rnZn(r)_ ﬂZyBR

where

Wln()‘sm(g) 27°(r) -1<r<1 (2.8)7

m,, (r) = l K, r)P*” t)(@- t)* @+t)” dt -1<r<1 (2.117b)

-1

When the material of the contact surface is AlumiAaE<0), the first term in

(2.116) becomes zero. Hence (2.116) yields as

(2c- (b- a)r - (b+a))
m,BR

AMO) s A0 A<r<l (119

n=0

Expressing the right-hand side of (2.118) in terms of Jgmpnomial of the first

order, the following equation is obtained
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N 1 N _(2c- (b- a)(2a-1)- (b+a))
Ahrnln(r)-'-_ AhrnZn(r) -
"0 o -0 7ER - 1<r <1 (2.119)
_2(b-a) B ()
m, BR

The variablesa/R, b/R and ¢/R are not independent in the circular stamp
problem. One of them is dependent on the other twob&able to define the
relationship betweem/R, b/R and ¢/R; first multiply both sides of (2.119) by

@- r)(+r) ? then integrate from -1 to 1 as follows

1mZn(r)(l- r)*(@-r)’dr=

1 N
n=0 -1

A MO0 0

(2c- (b- a)(2a-1)- (b+a))*
n;yBR _1

- 1) (@- r)y dr (2.120)

_2(b- a)l ) -a by a,-b
—n;yBR _1(1 ry’“@-r)y°’m (r)dr

It is proved by Erdogan [46] that the some of the intsglatated in (2.120)
become zero. Note also that the first integral on diet#hand side of (2.120) are

evaluated as

1

_ -aMm._ -b - 1% —
_1(1 r)y“@-r)y”“dr snwa) a+b=1 (2.121)

Hence, rearranging (2.120) the following expressiabiained

I _p(2c- (b- a)2a-1)- (b+a))

P oo MM = sin(pa) m, R (212
where

M, = l m,, (F)@- r)* (@+r) *dr (2.122b)

-1

Considering (2.122) and (2.119) together, the followixgression is obtained
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N _ 2b-a)
_OAmFBn(r)_ - an R

n= y

P2 2(r) -1<r<1 (2.123a)

B 1 sinpa)
F = - - M -1<r<1 2.12
(1) =My (1) + my(1)- == S5, r (2.1230)

Note thatM, in (2.122b) is a double integral whose computatiomireq much

more time compared to the integrals in flat and trissagstamp cases. By using

(2.122) the centerline position is obtained as

(2.124)

sin(pa) m, N AM +(b+a) N (b- a)(2a - 1)

L
2 p n=0 R R

c
R
In the numerical solution, firse/R and b/R are specified, then (2.123) is

collocated at(N +1) points to calculate the unknown consta#s (n :0,...,N).

The roots of Chebyshev polynomials of first kind are wsethe collocation points

and given as
r :cosp(z_l) i=12.. N+1 (2.125)
' 2(N+1)

Considering (2.114) and the truncated form of (2.91) abMts, the normalized

contact stress is calculated as

b-a b+a
r+——

2 2 _ 2 R _
P/(b- a) - Abql(l-r) (1+r1) n:oA‘P" (r) 1<r<1 (2.126)

S

After all the normalized force and the centerline positime calculated using

(2.114) and (2.124), respectively.
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CHAPTER 3

THE FINITE ELEMENT METHOD

Beside the analytical method defined in the precesiagon, a finite element (FE)
approach is also conducted to examine the respormghotropic FGM coatings
under contact loads. The solution of the contact pnoldg using two different
solution technigues enables assessing the accufdpoth methods directly
comparing their results. By this way, a dependablepeaational approach can be

generated.

This computational solution procedure is carried odizirtg the finite element
analysis software ANSYS [75]. FE simulations are perfortoeidvestigate flat,
triangular and circular stamp contact problems thashosvn in Figures 2.2-2.4.
The 2D models of the FGM coating and homogeneousumedre divided into
guadrangular and triangular solid elements. These quaearand the triangular
finite elements can be seen in Figure 3.1. In the FKErekization of graded
structures, two foremost procedures are utilized to censiie continuous spatial
gradations in the stiffness constants. In this stuayy are named as graded FE
and homogeneous FE methods. The gauss points aréoustibute engineering
parameters for each finite element in the graded FE mi¢Bentare and Lambros
[76]). However, the engineering parameters are computdee aentroids of the
finite elements in the homogeneous FE technique (Yhtdet. al [77] and Dag et
al. [78]).
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Figure 3.1: (a) A quadrangular FE located in the Cartesian coameliiname; (b)
A triangular FE located in the Cartesian coordinate frge)eQuadrangular and
the triangular FE’s located in the iso-parametric cootdiframe.

Hence, in the homogeneous FE method, the materipepres attributed to the
elements are constant all through the surface of aneelerRrevious studies
demonstrate that when an FGM structure is discretimedy enough, one can
capture very correct results utilizing both of theggproaches [77, 78]. The
homogeneous FE method is used in this study. Thewwlh parametric analyses
illustrates that the results of analytical and comjpanal techniques fit to each
other with a high level accuracy. In the computati@rallyses, the flat, triangular
and circular stamp boundaries are taken as rigid talgeients. The surface of the
FGM coating that might contact with the target surfaare described as the contact
elements lying on the solid elements. The rigid staompaces are divided into a

group of target segment elements and are coupidd ity contacting surfaces.

48



These rigid and contact surfaces share the same redhnbset [75]. The target
segment elements can be exposed to any translatomnalational displacement,
voltage, magnetic potential and temperature. Momants forces can also be
applied on target elements. Although these elemeanrtseasily model arbitrary
target shapes, the target surfaces are smooth inudis. £ach target surface can
be coupled with only one contact surface. Howeverremtian one contact
elements may compose the contact surface and conttictthe same target
surface. Similarly, more than one target elements may floentarget surface and
gets the contact with the same contact surface.vidlid for both the target and
contact surfaces that any number of elements can beedefi a one target or
contact surface. Alternatively, the contact and tasgdgtices can be discretized by
dividing the large surfaces into smaller ones whictiuie fewer number of

elements [75].

The augmented Lagrangian method is utilized as aatife procedure of the
contact problem. The theory details of the Augmenteddragan method is given
in a review paper bilijar and Arora[79]. In this method, the contact pressure and
frictional stresses are increased step by step duringjbeigum iterations. the
Augmented Lagrangian method generally yields bettedidoning and is less
dependent on the magnitude of the contact stiffnesspaced to the penalty
method. However, the augmented Lagrangian method mightire extra

iterations in some analyses for which the deformed nsesio distorted [75].

Contact detection points are defined at the Gausgriation points of the contact
elements which are located on the element surface~(ge8.2). The indentation

of the contact element into the target surface is caingd at its integration points.

However, the target surface can penetrate into theacbstrface. Surface-to-

surface contact elements are used in this study tggignGauss integration points
as detection points. This treatment yields more stakhilesses than the nodal
detection scheme for which the nodes are used fomthtaact detection [75].
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Figure 3.2: Contact Detection Points [75].

FE mesh utilized for the flat stamp problem is presemtddgure 3.3. This finite
element mesh includes 500 contact line elements6@nib9 quadrangular and
triangular 2D solid elements. The inelastic flat stgpopsesses three rigid target
surfaces, the inelastic triangular stamp possessesdigdarget surfaces and the
inelastic circular stamp has a unique rigid target sarfache FE simulations. In
Figure 3.3; B, H, W and h stand for the widthle# tnelastic stamp, the vertical
size of the coating-substrate system, the horizoital & the coating-substrate
system and the thickness of the coating, respegtiveland W are taken large
enough not to cause any influences on the resultsedditmulation. Hence, B=W
is assigned as 1=10. H=W and B=h are set as 1=h6@3 =1, respectively. The
FE mesh denseness is refined apparently on the caotaeto be able to take the
abrupt changes of the field quantities into accourttquaarly near the edges of the
stamps. In the meantime, the FE mesh denseness is@sd through the coating

thickness in order to maintain smooth exponentiabnmetgradations.
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Figure 3.3: FE mesh utilized for the flat stamp problem.

The most critical issue managed in the computatiooraiact analysis of this study
is the attribution of different material properties forleéinite element depending
on their position in the vertical x axis. This featuse@ot available in ANSYS and
it is enabled by adding a proper subroutine intar¢tteted ANSYS code.

Note that the computational analyses are optiminet thatR>>(b- a) for the
circular stamp problen((b- a)/R=8" 105) and (b- a)tan@) <<(b- a) for the
triangular stamp problen{tan(q) =873 10‘5). Upon these conditions, the

convergence of iterative method (Augmented Lagrangejrisdeed remarkably.
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CHAPTER 4

NUMERICAL RESULTS

This chapter presents the results produced with thigtemah and computational
techniques. In this section, it is needed to merdloyut the normalizations enabled
in the results of the flat, triangular and circulamgbaproblems. Hence, the non-
homogeneity constarg introduce material gradations to the orthotropiaticw.
The symbolsa andb indicate the coordinates of the leading and traiénds of
the inelastic stampc represents the centerline position of the circular stame
numerical results can be presented considering theatiaged nonhomogeneity
parametergh and the normalized contact lendth- a) /h. On contrary to the flat
stamp problem, in the cases of the triangular andlairstamps the contact length
(b- a) is strongly dependent on the normal contact fokte The normalized
contact forces are evaluated by utilizing (2.104) for tifiengular stamp and
(2.114a) for the circular stamp. For the flat stamp, $irth of calculations is not

needed sincd and (b- @) are independent in that case.

The first group of results are presented in Tables 4.1#d2Fggures 4.2-4.14,
which are generated for a flat stamp. Another set of sequibduced regarding a
triangular stamp, are presented in Tables 4.3-4.7 apdds 4.15-4.27. The third
set are for a circular stamp and presented in Tables #78aAd Figures 4.28-4.40.
The fourth set of results that show the surface and ictalfdehavior of
orthotropic homogeneous coatings under contact l@edgiven in Figures 4.42—
4.52. All the results showing the effects of problem peters on the normalized
surface contact stresses are produced by using thiopegieanalytical procedure.
Note that the interfacial stresses for orthotropic homeges coatings given in
Figures 4.49-4.52 are obtained by using FEA.
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In all the parametric analyses of FGM coatings; thdimgaurface is taken as %

100 Alumina for which the engineering parameters arengineTable 2.1. The
orthotropic stiffness constart,(X) (O<X<¥) of a material corresponds to its

shear modulus in plane strain assumption, for eithem@erial is orthotropic or

isotropic (see Equation 2.4). In this study, the coitynaf stiffness constant

Css(X) is satisfied all through the thickness as doneérsthdy by Ben-Romdhane

et al. [41]. This continuity is enabled using thidwing the procedure: Firstly the

shear modulus at the coating-substrate interface is w®thpsing the relation
Ces(N) =C4o€”" for a given normalized non-homogeneity constgit of the
coating. Then the shear modulus of the isotropic safilestis attributed as
n=cg(h) . After that, the elastic modulus of the isotropic substrate is calculated
by using the restrictiole =277 (L+17) taking the poison’s ratio of the substrate as a

constant(7=03)).

Nickel is one of the most commonly used substratensfor Alumina coatings.
Taking the precedingc,(X) continuity procedure into account, the substrate
material is obtained as % 100 Nickel when the nomedlinon-homogeneity
constantgh is attributed t00.712. The engineering parameters of Nickel are
given in Table 2.1. Thus all the FGM coating resulsspnted in this study are
produced forgh= 0712 except the cases showing the effect of non-nomotenei
constant variations on the normalized contact stremsgshe normalized contact

forces. Note that when the non-homogeneity congéinis taken as negative, the
stiffness coefficientx ,(X), C,,(X), C,(X) are continuously decreasing through
the coating thicknes§0<x<h) and increases sharply at the interfd&e=h).
However, whengh>0 the stiffness coefficientc,(X), c,(X), C,(x) are
continuously increasing through the coating thicknd@<x<h) and also
increases at the interfa€g=h). Therefore, we can infer that the gradation is much
more feasible forgh>0 (see Figure 4.1). Hence all the parametric analyses

generated for FGM coatings are producedgbi> 0.
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The contact analyses of orthotropic homogeneous caatarg enabled by
attributing the normalized nonhomogeneity constartet@ in the analytical and
computational procedures. In the presented results Her tomogeneous
orthotropic coating case, the homogenous coatingtl@mdubstrate are taken as
Alumina and Nickel, respectively. Their elastic matgui@perties are available in
Table 2.1. Additionally, there is no material properontinuity defined at the
interface between the coating and substrate sinceatteegtifferent homogeneous

materials.

Note that the normalized contact stress(0, y)/ (P/(b- a)) and norncbliiteral
contact stresss,,(0,y)/(P/(b- a))  calculated by analytical technicue

independent of the radius of the stalRp  and the miohn angle of the stamg
for the circular and triangular stamp problems, respdgtiviehese normalized

stresses are also independent of the magnitude obthact length(b- a) and
the magnitude of the contact forBefor all the stamp cases. Also note that the
normalized contact force of the circular stalﬁ%/{c(nxy (b- a@)) is dependent on the
ratio (b- a)/R (see Equations 2.114 and 2.123), although the naresationtact
force of the triangular stamE/(tan@)nxy(b- a)) is independent to the contact

length (b - a) (see Equations 2.104-105).

4.1 Flat Stamp

The geometry of the flat stamp problem is shown in Figu2e Figure 4.2 and
Figure 4.3 show the results on the normalized corstaesss,, (O, y)/(P/(b- a))

and on the normalized lateral contact stresg (0, y)/(P/(b- a)), which are

evaluated regarding an orthotropic graded coating wisoexposed to contact
tractions of an inelastic flat stamp. In these figuies ainalytical and finite element
methods are used to calculate the normalized cobstaess results which are
presented together to assess the accuracy and thatdaity of both techniques.

The normalized stresses are plotted versus the noriohaligeaxis

(2y- (b+a))/(b- a) which is equal to -1 foly =a and 1 fory =b.
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The results are provided for two different normalized nordgemeity constants:
gh=01 in Figure 4.2 andgh= 0712 in Figure 4.3. Note that when the
normalized nonhomogeneity constagit is 0712, the substrate material becomes
%100 Nickel. The fixed parameters in the evaluation fefsé results are;
(b- @)/h=10, /=03 Also note that a positive value fgh implies that the

stiffness constants of the coating increase in thérbis direction (positive x-

direction). The coating becomes homogeneous when trenatized non-
homogeneity parametgh is assigned to zero. It is observed from Figure 4.2 and

Figure 4.3 that the analytical and computationahwoes provide very close results.
The scaled deformed shape which is produced by use§E solution of a flat

stamp problem is presented by Figure 4.4. Referringgor€i4.2 and Figure 4.3,
we realize that the contact stresg (0, y)/ (P/(b- a)) and the lateral contact stress

s,,0.y)/(P/(b- a)) possess singular behavior at the leading and wadiitds of

the contact zone ( ay=b and y=a), due to the sharp edges of the flat stamp.
The normalized contact and lateral contact stress cugeeerated are not
symmetric abouty=0 due to laterally acting frictional forces on the cogti
surface. Lateral contact stress is in tensiony&® a° and in compression as
y® b*. After the evaluation of the contact stress(0, y), one can easily calculate

the shear stress, (0, y) by using the dry friction law as, (0,y) =/s,,(0,y) .

In the analytical method, the normalized stresseseasduated through the
truncated forms of series representation. As the trumcatimber N is increased,
a stress result should converge to a definite magnitddnce, we present some
tables in this Chapter to validate the convergendeawer of the analytical
method. The related results are evaluated regardingahstdimp and given in
Table 4.1 and Table 4.2. The results are generated fodistioct normalized
contact length valuegb- a)/h =04 in Table 4.1 and¢b- a)/h=10 in Table 4.2.
These tables present 12 cases in total. For each s# tteses the normalized

contact stresss , (0, y)/(P/(b- a)) is evaluated by increasing the truncation

numberN six times. Note thalN is the upper limit for the truncated form of the

series representation given by (2.91). N also indigaeesumber of discretization
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points utilized for (2.95). As observed in Table 4.1 drable 4.2, the results
quickly converge adN is raised from 1 to 14. For any combination of thabjpem
parameters, three-digit convergence is obtained\ferl 0. Thus, all the analytical

results presented in this study are generateN fotQ

Additionally, the influences of the problem parametardhe contact stresses are
also presented for the flat stamp utilizing the dewadopnalytical technique.
Figure 4.5 shows the effect of the nonhomogeneity petemyh on the
normalized contact stress,, (0 y)/(P/(b- a)) for (b- a)/h=10 an/=03

Due to the singular behavior of the contact stressasthe leading and trailing
contact ends, the results produced for different norexdlimon-homogeneity
parametergh cannot be distinguished in these reditmvgever, the effect of the
nonhomogeneity parameter is observable inside thaciomregion. Note that when
gh increases from 0.0 to 1.0, the magnitude of the corstiess increases
remarkably inside the contact region. Figure 4.6 shibevinfluences of the friction
coefficient on the normalized contact stress(0, y)/(P/(b- a)) for (b- a)/h=10
and gh= 0712 The negative sign of the friction coefficiefitis implies that the
lateral forceQ acts in the negative y-direction. If this sign offitietion coefficient
h is positive, then lateral forc® acts in the pwsity-direction. Examining

Figure 4.6, the contact stress reaches its maxinalaewn the region near the end

point y=Db, if #>00 and on the region near the end pointa, if /1<00.
Figure 4.7 shows the effect of the normalized contawyth (b- a)/h on the
normalized contact stress,, (0, y)/(P/(b- a)) for #=03 and gh= 0712 Note

that the increase of the normalized contact Ier(gtha)/h implies either the

decreasing size of the coating thickness relative figeal contact length or the

increasing size of the contact length relative toxadicoating thickness. When
(b- a)/h is increased from0.1 to 1.0, the magnitude of the contact stress
increases inside the contact region. Figure 4.8 shiosveffect of Elastic modulus
ratio E,/E, on the normalized contact strezg (0, y)/(P/(b- a)) for =03,

(b- @)/h=10 and gh= 0712 In these plots, the engineering parameters of

Alumina are used as in Table 2.1 such that onlygheameterE, is changed to
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get the desirecE, /E, ratio. After that,v,, andv,, are recalculated considering

yz
the restrictions given in (2.6). Also note that all Bwisson’s ratio values should
be between 0 and 0.5. Examining Figure 4.8, the narethlcontact stress
5,.0,y)/(P/(b- a)) slants towards the positive y-direction slightly, wHg, /E,

is increased fron0.6 to 1.5. Figure 4.9 shows the effect of Elastic modulus ratio
E.,/E, on the normalized contact stress,(0,y)/(P/(b- a)) for=03
(b- a)/h=10 and gh= 0712 In these plots, the engineering parameters of

Alumina are used as in Table 2.1 such that only #narpeterg, is changed to get
the desirecE, /E, ratio. Thenv,, andV,, are recalculated obeying the restrictions
given in (2.6). As observed in this figure, variation loé lastic modulus ratio
E,/E, has no significant effect on the normalized contadtess
5,.0,y)/(P/(b- a)). The crack formation or initiation may occur on the oéca
based surfaces loaded by contact loads involving drictiThese defects are
commonly called as herringbone crackings [5] or partgleccrackings [57] which
results from the existence of the lateral contact s#gg6, y) on the surface of the
loaded medium. Therefore, the influences of problem pammen the surface
lateral contact stress,, (O,y)  are illustrated in this stiiyure 4.10 shows the
effect of nonhomogeneity parameter on the normalizeerdhtcontact stress

s,,0y)/(P/(b- &)) for #=03 and (b- a)/h=10. On contrary to the normal

stresss,, (0 y), the lateral contact stress, (0, y) possesses non-zero distributions

on the free surfacelg/ <a, y>b). The effect of the non-homogeneity parameter

on the lateral contact stress is not that significaat the trailing end of the contact.
The magnitude of the compressive stresses decreasdicaigity as the

nonhomogeneity constagh is increased from 0.0 to 1.0. Figure 4.11 showves th
effect of coefficient of friction/7 on the normalized lateral contact stress
s, y)/(P/(b- a)) for gh= 0712and(b- a)/h =10. Examining Figure 4.11, the
lateral contact stress increases significantly on amside the contact zone, when

the absolute value of the friction coefficient is incexhsSome further analytical

results are presented by considering the flat stampgurd=-4.12 forh7= 03 and

gh= 0712, in order to examine the influences of the nomzmdl contact length
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(b- a)/h on the lateral contact stress, (0, y)/(P/(b- a)). As can be seen in Figure

4.12, the lateral contact stress decreases slightgnd outside the contact zone as

the normalized contact lengfh- a)/h is increased from 0.1 to 1.0. In other words,

the magnitude of the lateral contact stress ine®as the size of the coating
thickness relative to the contact length increaSigsire 4.13 shows the influences

of Elastic modulus ratioE,/E, on the normalized lateral contact stress
5,,0,y)/(P/(b- a)) for #=03 and gh= 0712. As seen in Figure 4.13, the effect
of elastic modulus ratioE, /E, on normalized lateral contact stress is very
significant on and outside the contact zoneE JfE, is increased fron0.6 to 15

, it is observed that the magnitude of the laterahtact stress decreases

significantly. Figure 4.14 shows the effect of Elasnodulus ratioE, /E, on the
normalized lateral contact stress, (0,y)/(P/(b- a)) ~ foF 03 (b; a)/h=10
and gh= 0712 As observed in this figure, variation of tha@séc modulus ratio

E,/E, has no significant effect on the normalized ldterantact stress

s,,0.)/(P/(b- a)).

4.2 Triangular Stamp

The results produced for an orthotropic FGM coatigech is subjected to contact
loads by an inelastic triangular stamp are giveRigures 4.15-4.27 and Tables
4.3-4.7. The view of the triangular stamp problenpiesented in Figure 2.3. In
the triangular stamp problem the contact lentha) s stiongly dependent on

the normal contact forde. The normal contact force is analytically compuied
a specified contact length by using (2.104). TaBl8s4.7 tabulates the normalized

contact forcesF’/(nxy tan@)(b- a)) evaluated utilizing the analytical method for
different combinations of the friction coefficienf, the normalized non-
homogeneity constangh, the normalized contact lengffb- a)/h , the elastic
modulus ratioE, /E, and the elastic modulus ratie, /E, . As observed from

these Tables; when the normalized non-homogemeinstantgh is increased
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from 0.1 to 1.0, the normalized contact for&(n,, tan@)(b- a)) &ASes
significantly for any combination of the other plaim parameters. When the
friction coefficient/? is raised from -0.6 to O#e normalized contact force

P/(n,, tan@)(b- a)) also increases significantly regardless of thetuoation of

the other problem parameters. When the normalioedact Iength(b- a)/h is
increased from 0.4 to 1.0, the normalized contactef P/(n,, tan(@g)(b- a))
increases slightly in any case. It should be afeplesized that the effect of the
variations of the normalized nonhomogeneity paramgh on the normalized

force P/(n,tan@)(b- a)) become much more significant, when the ntped
contact lengthb- a)/h is increased. We can infer fronséhables that when the
elastic modulus ratio€, /E, and E,/E, are increased, then the normalized
contact forceP/(n,, tan(g)(b- a)) decreases considerably regardlebe achange

in other parameters. To be able to obtain accostaeds curves for triangular, flat
and circular stamp problems, the curves for allstaenp profiles are normalized

with respect to the normal force/(b- a). The comparisons of the normalized

contact and the normalized lateral contact stresgaksiated utilizing the analytic

and FE techniques are presented for two differenhomogeneity constangh
in Figure 4.15 and Figure 4.16h=01 in Figure 4.15 ghd= 0712 in Figure

4.16. The fixed parameters in the computationhebé normalized stresses are

(b- a)/h=10, A=03. One can observe that the normalized contact sstres
becomes singular at point=a and zero at poinyy =b. The related behavior of
the triangular stamp results from its sharp edggag and smooth edge at=h.

Due to the positive friction coefficient, the laéstress around the trailing end
(y® a’) is tensional and tends to infinity at=a. The lateral contact stress

around the leading end is compressive and nonsingirice the contact is smooth

at y=b. Figure 4.15 and Figure 4.16 indicate thatthalytic and computational

techniques provide very close results. The scaéddrohed shape of the contact
region, which is produced by using the FE solutba triangular stamp problem
is provided in Figure 4.17. Figure 4.18 shows tle&dvior of the normalized

contact stresssXX(O,y)/(P/(b- a)) with the change in the normalized
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nonhomogeneity constagh. Examining Figure 4.18, it can be observed that, th

magnitude of the normalized contact stress inceeasde the contact region of
the triangular stamp as the nonhomogeneity consargised from 0.0 to 1.0.

Figure 4.19 demonstrates the effects of frictioefftoent on the normalized

contact stress,, (0, y)/(P/(b- a)). As seen in Figure 4.19, the normalized contact

stress decreases significantly away from the sbdge of the triangular stamp, as
the coefficient of friction is raised from -0.6 @6. Figure 4.20 shows the effect of

the normalized contact lengtlfb- a)/h on the normalized contact stress
5,0,y)/(P/(b- &) for =03 and gh= 0712. When(b- a)/h is raised from 0.1
to 1.0, the magnitude of the contact stress ineeasside the contact region.
Figure 4.21 shows the effect of Elastic modulugord, /E, on the normalized
contact stress,, (0, y)/(P/ (b- &) for #=03 and gh= 0712. It can be observed

from Figure 4.22 that the change in elastic modtatis EX/Ey has no significant
effect on the normalized contact strexs(0, y)/(P/(b- a)). Figure 4.22 shows the
effect of Elastic modulus ratioE,/E, on the normalized contact stress
5,.0,y)/(P/(b- a)) for h=03 and gh= 0712 . It can be observed from Figure
4.22 that the change in elastic modulus rdfig E, has no significant effect on
the normalized contact stress, (0, y)/(P/(b- a)) . Figure 4.23 iltues the effect
of normalized nonhomogeneity parametgr on the normalized lateral contact

stress 5,,(0,y)/(P/(b- a)) for (b- a)/h=10 and #=03. Unlike the stress

components, (O y), the lateral stress, (0,y) is not zero in the region outside the

contact zone(y<a, y>b). As can be observed in Figure 4.23 that when the

nonhomogeneity constant increases from 0.0 totheDmagnitude of the lateral
compressive stress decreases on and outside ttecttmone, although the effect

is more significant on the contact zone. FiguB#4shows the effect of friction

coefficient on the normalized lateral contact sres, (0, y)/(P/(b- a)) for

(b- a)/h=10 and gh= 0712. Note that the smooth contact at the epdb

becomes the trailing end if the friction coeffidiemnegative, for which the trends

of the lateral contact stress has sharp transiiblys=b. Examining Figure 4.24,
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the effect of the friction coefficient on the laakcontact stress is very remarkable.
The larger the absolute value of the friction cioeght is, the greater the
normalized lateral contact stress near the traikmg we get. Figure 4.25 is

provided to demonstrate the influences of the ntimed contact lengtifb- a)/h
on the normalized lateral contact stress, (0, y)/(P/(b- a)) for /=03 and

gh= 0712. As seen in the figure, when the normalized adriength(b- a)/h is

increased from 0.1 to 1.0, the magnitude of ther#tcontact stress decreases
slightly on and outside the contact zone. Thus areaonclude that the size of the
coating thickness relative to the contact length ba decreased to reduce the
possibility of damage due to the herringbone crawar the trailing end. Figure

4.26 shows the influences of elastic modulus rEtj;bEy on the normalized lateral
contact stress, (0,y)/ (P/(b- a)) for h=03 and gh= 0712. As can be seen in
this figure, the effect of elastic modulus raEQ/ E, on normalized lateral contact
stresss,, (0, y)/(P/(b- a)) is very significant on and outside the contactezoif

EX/Ey is increased from0.6 to 1.5, it is observed that the magnitude of the

lateral contact stress decreases remarkably. Héneeyption of increasing the

ratio EX/Ey can be used in the graded coating so as to préwvemisk of damage
near the trailing end of the contact zone. Figu¥ $hows the effect of Elastic
modulus ratioE, /E, on the normalized lateral contact stresg (0, y) /(P/(b- a))

for =03, (b- a)/h =10 andgh= 0712 As observed in this figure, variation of
the elastic modulus ratik, /E, has no significant effect on the normalized ldtera

contact stress,, (0,y)/(P/(b- a))

4.3 Circular Stamp

The results produced for an orthotropic FGM coatuingch is subjected to contact
loads by an inelastic circular stamp are givenigufes 4.28—4.40 and Tables 4.8-
4.17. The view of the circular stamp problem isspréged in Figure 2.4. In the

circular stamp problem the contact lendth a) is stiprdependent on the

normal contact forcB, just as in the triangular stamp problem. Tall&-4.12
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tabulates the normalized contact foch/é(an(b- a)) evaluated utilizing the
analytical method for different combinations of tfietion coefficient /7, the

normalized non-homogeneity constagfit  , the normdiizatact Iengtfﬁb- a)/h

, the elastic modulus ratiEx/Ey and the elastic modulus ratfs, /E, . The end
point locations which are used throughout the caatpmn of the normalized forces
are 3/R=0 and b/R=002. As observed from these Tables; when the
normalized non-homogeneity constagh Is increagedh f0.1 to 1.0, the
normalized contact forcE’/ (n,,(b- @) increases for any combination of the other
problem parameters significantly. When the frictaoefficient/7 is raised from
0.0 to 0.6, the normalized contact forE’,é(an(b- a)) decreases slightly in any
case. Similarly, when the normalized contact ler{gtha)/h is increased from 0.4
to 1.0, the normalized contact foch/ (n,,(b- @) increases considerably

regardless of the combination of the other probtamameters. It should be also

emphasized that the effect of the variations of ibemalized nonhomogeneity

parametergh on the normalized ford%/(nxy(b- a)) become much more
significant, when the normalized contact lenfjth a)/h  iniseased. We can also
infer from these tables that when the elastic magluétios EX/Ey and E, /E,

are increased, then the normalized contact foFE/éan(b- a)) decreases

considerably for any case. Tables 4.13-4.17 tagsilthte centerline positiog/ R

of the circular stamp evaluated utilizing the atialymethod for different

combinations of the friction coefficienhk , the nmlized non-homogeneity

constantgh , the normalized contact lenth a)/h  , thetielanodulus ratio
EX/Ey and the elastic modulus ratfs, /E, . The end point locations which are
used throughout the computation of the normalizextels area/R=0 and
b/R=002. As observed from these Tables; when the norndlinen-

homogeneity constargh  is increased from 0.1 totheédcenterline position/ R

tends to approach the geometric centerline ofighe circular stamp independently
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to the combination of any other problem parameiéttsen the friction coefficient
h is increased from 0.0 to 0.6, the centerline jsi¢/ R moves away from the

geometric centerline of the stamp to the right ificently. This effect is also
independent to the variation of any other problearameters. The change in the

normalized contact lengtfb- a)/h  does not seem to hamsiderable effect on
the centerline positiog/R for any combination of the problem parametersait
be also inferred from these Tables that when tastielmodulus ratioEX/Ey is

increased, then the centerline positotends to move to the right considerably.

When the elastic modulus rati@/Ez is increased, then the centerline position

¢/R remains almost stationary regardless of the changéher parameters. The

comparisons of the normalized contact and the niwethlateral contact stresses
evaluated regarding the analytic and FE techniguesgiven for two different

nonhomogeneity constangh in Figure 4.29 and Figure 4.39gh=01 in Figure
4.29 andgh= 0712 in Figure 4.30. The fixed parameterthéincomputation of
these normalized stresses dbe a)/h=10, /=03 . One can obsat/¢hth
normalized contact stress is zero at the leadirthe trailing endsy =a and

y =b. That is due to the fact that the stamp edgesmo®th the leading and the
trailing endsyY=a andy =b. Due to the positive friction coefficient, the leik

contact stress around the trailing e(yi® &) is tensional nonsingular due to

smooth contact. The lateral contact stress aron@detading end is compressive

and also nonsingular at=b. Figure 4.29 and Figure 4.30 indicate that the artaly
and computational techniques provide very closelt®sThe scaled deformed
shape of the contact region, which is produceddnyguthe FE solution of a circular
stamp problem is provided in in Figure 4.28. Fighr&l shows the behavior of
the normalized contact stresss,, (O y)/(P/(b- a)) with the change in the
normalized nonhomogeneity constagh. Examining Figure 4.31, it can be

observed that, the magnitude of the normalizedamrdtress increases inside the
contact region of the circular stamp as the nontgeneity constant is raised from

0.0 to 1.0. Figure 4.32 demonstrates the effeftdriction coefficient on the

normalized contact stresSXX(O,y)/(P/(b- )). As seen murei4.32, the
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normalized contact stress slant towards the pesjtidirection significantly, as the
friction coefficient is decreased from 0.6 to -OFdgure 4.33 shows the effect of

the normalized contact lengtlfb- a)/h on the normalized contact stress
5,0 y)/(P/(b- &) for =03 and gh= 0712 When(b- a)/h is raised from 0.1
to 1.0, the magnitude of the contact stress ineeasthe contact region slightly.
Figure 4.34 shows the effect of Elastic moduluis:rﬁx/Ey on the normalized
contact stress,, (O, y)/(P/ (b- a)) for h=03 and gh= 0712. It can be observed

from Figure 4.34 that as the elastic modulus rEt;ngy is decreased from 1.5 to
0.6, the normalized contact stress, (0, y)/ (P/(b- a)) slants towards positive y

direction slightly. Figure 4.35 shows the effec&téstic modulus ratidg,/E, on
the normalized contact stress, (0,y)/(P/(b- a))  #hF03  agi= 0712 . It

can be observed from Figure 4.35 that the changéstic modulus ratide, /E,
has no significant effect on the normalized conttegsss, (0,y)/(P/(b- a)) .
Figure 4.36 illustrates the effect of normalizedinomogeneity parametgh on

the normalized lateral contact stresg, (0, y)/(P/(b- a)) for (b- a)/h=10 and

h=03. On contrary to the normal stres%,(0Yy) , the lateral acinstress
s,,(0y) possesses non-zero distributions on the fream’(y< a, y>b) . As

can be observed in Figure 4.36, the variation afmadized nonhomogeneity

constantgh possesses significant effect on the lateral cordaesses on and

outside the contact zone. When the nonhomogenaitstant is increased from 0.0
to 1.0, the magnitude of the lateral compressingsstdecreases. Figure 4.37 shows

the effect of friction coefficient/7 on the normalized lateral contact stress
s,,© y)/(P/(b- a)) for (b- a)/h=10 and gh= 0712. Note that when the
friction coefficient /7 is positive, the contact end &t=a becomes the trailing
end of the contact and the normalized lateral aistaesss , 0, y)/ (P/(b- a)) has

sharp transitions at that point. However, whenftlogion coefficient is negative,

the contact end & =a becomes the leading end of the contact and thealamed

lateral stresss (0, y)/(P/(b- a)) has smooth transitions at that point. Examining
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Figure 4.37, the effect of the friction coefficiefiton the lateral contact stress is

very remarkable. The larger the absolute valuehefftiction coefficient is, the
greater the normalized lateral contact stress ardbe trailing and the leading
ends. Figure 4.38 is provided to demonstrate imguences of the normalized

contact length (b-a)/h on the normalized lateral temh stress
s, y)/(P/(b- a)) for =03 and gh= 0712. As seen in the figure, when the

normalized contact lengtfb- a)/h is increased from 0.1 to 1.0, the magnitude of

the lateral contact stress decreases slightly dnoatside the contact zone. Thus
we can conclude that the size of the coating tleskmrelative to the contact length
can be decreased to reduce the possibility of dardag to the herringbone cracks

near the trailing end. Figure 4.39 shows the imftes of elastic modulus ratio

E,/E, on the normalized lateral contact stregs(0, y)/(P/(b- a)) for #=03 and
gh= 0712. As can be seen in this figure, the effect oftedanodulus ratioEx/Ey
on normalized lateral contact stress, (O, ) /(P/(b- a)) is very significant on and

outside the contact zone. E.i/Ey is increased fron®.6 to 15, it is observed that

the magnitude of the lateral contact stress deesa@snarkably. Hence, the option

of increasing the ratidEX/Ey can be used in the graded coating so as to prevent
the risk of damage around the trailing end of thretact region. Figure 4.40 shows
the effect of Elastic modulus ratig, / E, on the normalized lateral contact stress

s,,0,)/(P/(b- a)) for #=03, (b- a)/h=10 and gh= 0712 As observed in

this figure, variation of the elastic modulus rafig/E, has no significant effect

on the normalized lateral contact strass(0,y) /(P/(b- a))

4.4 Homogeneous coating

The surface and interfacial contact stresses ofthiotropic homogeneous coating
under the action of complete contact loadings arengin Figures 4.42-4.52. The
view of the circular stamp problem is presente&igure 4.41. The comparisons

of the normalized contact and the lateral conttoésses evaluated utilizing the
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analytic and FE techniques are presented for vapooblem parameters in Figures
4.42-4.44: (b- @)/h=10 and E,/E, =13 (Alumina) in Figure 4.42.
(b- @)/h=04 and E,/E, =13 (Alumina) in Figure 4.43.(b- a/h=10,
EX/Ey =15 in Figure 4.44. It can be inferred from theseaifes that the results of

analytical and computational methods agree witln edher for various problem
parameters, which is the indication of the accurémyboth methods. Some
detailed results showing the influences of probfaEarameters on surface contact
stresses are also given. Figure 4.45 demonstrdtes effects of friction

coefficients on the normalized contact stresg(0,y)/(P/(b- @) and on the
lateral contact stress, (O, y)/(P/(b- a)). Observing Figure 4.45a the contact
stresss ,, (0,y)/(P/(b- a@)) slants toward the positive y-direction, as thetion
coefficient/ is raised from O to 0.45. Figure 4.45b reveals$ the magnitude of
the lateral contact stress,, (0, ) /(P/(b- a)) elevates as the friction coefficient

is raised from 0 to 0.6. Figure 4.46 illustrates effects of the normalized contact

length (b- @)/h on the normalized contact stresg (0,y)/(P/(b- @) and on

the lateral contact stress, (0,y)/(P/(b- a)). One can infer from Figure 4.46 that

the variation of the normalized contact lendth @)/h has no effect on the contact
stresses. Figure 4.47 shows the effects thati@s in the elastic modulus ratio

E./E, on the normalized contact stresg (0,y)/(P/(b- @) and the lateral
contact stresss,, (0, y)/(P/(b- a)). Observing Figure 4.47a the contact stress
5.0 Yy)/(P/(b- @) slants toward the positive y-direction, as thetidanodulus
ratio E, /E, is increased from 0.6 to 1.5. Figure 4.47bveats that the
magnitude of the lateral contact stregs(0,y)/(P/(b- @) decreases
significantly as the elastic modulus ral:‘x;/Ey Is increased from 0.6 to 1.5. Thus
the option of selecting orthotropic materials hgvhigher EX/Ey ratio can be

assessed to prevent surface crackings. Figurerév#ls the influences of the

elastic modulus ratio E,/E, on the normalized contact stress

5« (0.y)/(P/(b- @) and on the lateral contact stresg, (0, y)/(P/(b- @)). It can
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be inferred from this figure that the variationtbé elastic modulus rati&, /E,

has no significant influence on the contact stresSgyure 4.49 demonstrates the

effects of friction coefficient on thaormalized interfacial contact stress

S«(hy)/(P/(b- @) and on the interfacial shear stresg (h,y)/(P/(b- a)).

Examining Figure 4.49a, the magnitude of the cdrgaesss ,, (h,y)/(P/(b- a))
increases remarkably, as the friction coefficienis raised from O to 0.6. Figure

4.49b illustrates that the magnitude of the inwdla shear stress

S,y (h,y)/(P/(b- @) increases significantly as the friction coeffidi¢n is raised

from 0O to 0.6. Figure 4.50 reveals the effect tbe normalized contact length

(b- @)/h on the normalized interfacial contact stress(h, y)/(P/(b- @) and on
the interfacial shear stress, (h,y)/(P/(b- @)). Observing Figure 4.50, the
magnitude of the interfacial contact stresses,(h y)/(P/(b- @) and
S, y)/(P/(b- a)) increase remarkably, as the normalized contacttten
(b- @)/h is raised from 0.4 to 0.7. In Figure 4.51, théluences of the elastic
modulus ratio E,/E, on the normalized interfacial contact stress
S «(,y)/(P/(b- @) and on the interfacial shear stresg(h,y)/(P/(b- @) are

plotted. As seen in Figure 4.51, the magnitudehefinterfacial contact stresses

S« y)/(P/(b- @) ands, (h,y)/(P/(b- @) increase remarkably, as the elastic
modulus ratioE, /E, is increased from 0.6 to 1.5. Figure 4.52 illugisathe
influences of the elastic modulus rati§ /E, on the normalized interfacial
contact stresss, (h y)/(P/(b- @) and on the interfacial shear stress
Sy y)/(P/(b- @)). It can be inferred from this figure thidte variation of

the elastic modulus rati, /E, has no significant influence on the interfacial

contact stresses.
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4.5 Tables

Table 4.1: Convergence of the normalized contact stressesiateal for various
values ofgh, N andr regarding the flat stamgg = 0.3, (b- a)/h =04,

r=(2y- (b+a))/(b- a).

5(0.Y)
N P/(b- a)
gh=01 gh=06 gh=10
1 - 0828 - 0821 - 0815
2 - 0831 - 0838 - 0843
4 - 0832 - 0845 - 0853
r=-06 6 - 0832 - 0843 - 0850
10 - 0832 - 0843 - 0850
14 - 0832 - 0843 - 0850
1 - 0755 - 0763 - 0770
2 - 0756 - 0774 - 0786
r =06 4 - 0757 - 0776 - 0790
6 - 0757 - 0775 - 0789
10 - 0757 - 0775 - 0789
14 - 0757 - 0775 - 0789
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Table 4.2: Convergence of the normalized contact stressesiaeal for various
values of gh, N and r regarding the flat stamp/= 0.3, (b- a)/h:1.0,

r=(2y- (b+a))/(b- a).

5,0.)
N P/(b- a)
gh=01 gh=06 gh=10
1 - 0828 - 0820 - 0814
2 - 0831 - 0848 - 0859
4 - 0835 - 0865 - 0882
r=-06 6 - 0834 - 0.861 - 0876
10 - 0834 - 0.861 - 0876
14 - 0834 - 0.861 - 0876
1 - 0755 - 0764 - 0.771
2 - 0758 - 0783 - 0.801
r=06 4 - 0759 - 0789 - 0810
6 - 0759 - 0787 - 0806
10 - 0759 - 0787 - 0807
14 - 0759 - 0787 - 0807

70



Table 4.3:Normalized forces?/(n,,tang)(b- @) evaluated for various magnitudes

of the friction coefficient?, the normalized non-homogeneity constghtand the
normalized contact lengtfb - a)/h regarding the triangular stamp for which the
coating surface is Alumina

P
n  mtang)-a)

gh=01 gh=04 gh=07 gh=10

- 06 2034 2222 2416 2615
- 03 2193 2383 2578 2776

(b- a)/h=04 00 2354 2543 2735 2929
03 2513 2698 2883 3070

06 2668 2843 3019 3195

- 06 2054 2335 2635 2954

- 03 2213 2504 2813 3136

(b- a)/h=07 0.0 2375 2674 2987 3312
03 2534 2838 3153 3476

06 2688 2994 3308 3627

- 06 2066 2414 2799 3219

- 03 2224 2590 2991 3424

(b- a)/h=10 00 2384 2767 3182 3624
03 2542 2940 3366 3814

06 2693 3105 3541 3996
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Table 4.4:Normalized forces?/(n,,tang)(b- @) evaluated for various magnitudes

of the friction coefficient7, the normalized non-homogeneity paramegbrand
the normalized contact lengtltb - a)/h regarding the triangular stamp,

E,/E, = 06.

P
n mtang)0- 3

gh=01 gh=04 gh=07 gh=10

- 060 2343 2549 2761 2977

- 030 2448 2650 2857 3066

(b- a))h=04 000 2554 2751 2950 3151
030 2660 2849 3040 3232

060 2766 2945 3125 3306

- 060 2356 2668 3002 3354

- 030 2463 2777 3108 3455

(b- a)/h=07 000 2572 2885 3213 3553
030 2681 2992 3.315 3648

060 2790 3098 3414 3736

- 060 2359 2751 3182 3652

- 030 2468 2866 3301 3770

(b- a)/h=10 000 2578 2983 3420 3887
030 2689 3099 3538 4001

060 2800 3224 3653 4111
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Table 4.5: Normalized forces P/(nxytan@)(b-a)) evaluated for various
magnitudes of the friction coefficienfi, the normalized non-homogeneity
parameteh and the normalized contact lendth a)/h regarding the triangular
stamp,E,/E, =15.

P
h m,tan@)(b- a)

gh=01 gh=04 gh=07 gh=10

- 060 1970 2155 2345 2540
- 030 2139 2327 2519 2715

(b- a)/h=04 000 2311 2499 2689 2882
030 2481 2664 2849 3034

060 2643 2818 2992 3167

- 060 1993 2267 2560 2.87¢

- 030 2162 2448 2751 3071

(b- a)/h=07 000 2.33¢ 2629 2939 3262
030 2502 2804 3116 3438

060 2,668 2968 3280 3597

- 060 2007 2347 2722 3133

- 030 2175 2534 2928 3354

(b- a)/h=10 000 2344 2725 3132 3570
030 2510 2905 3327 3772

060 2666 3076 3510 3963
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Table 4.6: Normalized forces P/(ﬂxytanq)(b— a)) evaluated for various

magnitudes of the friction coefficienti, the normalized non-homogeneity
parameteigh and the normalized contact lendih a)/h regarding the triangular

stamp,E, /E, = 0.6.

P
7 m, tan(g)(b- a)

gh=01 gh=04 gh=07 gh=10

- 060 2116 2319 2528 2741

- 030 2283 2488 2698 2910

(b- a)/h=04 000 2454 2658 2864 3072
030 2623 2822 3021 3222

060 2788 2978 3166 3355

- 060 2130 2433 2756 3097

- 030 2298 2613 2944 3292

(b- a)/h=07 000 2470 2794 3131 3481
030 2641 2971 3310 3659

060 2807 3140 3479 3826

- 060 2133 2505 2914 3361

- 030 2300 2692 3119 3578

(b- a)/h=10 000 2469 2880 3323 3793
030 2637 3066 3521 3998

060 2799 3245 3712 4196
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Table 4.7: Normalized forces P/(nxytan@)(b- a)) evaluated for various
magnitudes of the friction coefficienf’, the normalized non-homogeneity
parameteh and the normalized contact lendth a)/h regarding the triangular
stamp,E, /E, = 3.0.

P
h m, tan@)(b- &)

gh=01 g¢gh=04 ¢gh=07 ¢gh=10

- 060 2004 2187 2375 2567
- 030 2158 2342 2531 2772
(b- a)/h=04 000 2313 2497 2682 2870

030 2467 2645 2825 3005
060 2615 2785 2955 3126

- 060 2027 2300 2592 2901

- 030 2181 2463 2763 3076

(b- a)/h=07 000 2336 2626 2930 3245
030 2490 2784 3089 3401

060 2637 2933 3237 3545

- 060 2042 2382 2757 3166
- 030 2195 2552 2942 3362

(b- a)/h=10 000 2350 2722 3124 3553
030 2501 2887 3300 3734
060 2646 3045 3467 3907
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Table 4.8:Normalized forc:esP/(/?Xy (b- &)) evaluated for various magnitudes of
the friction coefficient/?, the normalized non-homogeneity parametierand the
normalized contact Iengt(b— a)/h regarding the circular stamp, for which the
coating surface is Alumin&g/R=0, b/R= 002

L
h m,(b- a)

gh=0.1 gh=04 gh=07 gh=10

0.00 001169 001235 001300 0.01366
0.15 0.01168 0.01233 001299 0.01365
(b- a)/h=04 0.30 001163 001229 001294 0.01360

045 001156 001221 001286  0.01352
0.60 001146 001211 001276 0.01341

000 001179 001285 001394 001506
015 001177 001283 001393 001504
(b-a)yh=07 030 001173 001279 001388 001499
045 001166 001271 001380 001491
060 001156 001261 001368 001479

0.00 0.01185 001325 001473 0.01628
0.15 0.01183 001324 001472 0.01626

(b- a)h=10 0.30 001179 001319 001466 0.01621
045 001172 001311 001458 0.01612
0.60 001162 001300 001447 0.01600
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Table 4.9:Normalized forced:’/(nxy(b- a)) evaluated for various magnitudes of

the friction coefficients, the normalized non-homogeneity paramgbrand the
normalized contact Iengtr(b- a)/h regarding the circular stampg/R=0,

bR= 002 E,/E, =06

P

h m,(b- a)
gh=0.1 gh=04 gh=07 gh=10
000 001270  0.01337 0.01405 0.01474
0.15 001269  0.01337 0.01405 0.0147:
(b- a)/h=04 0.30 0.01267  0.01335 0.01403 0.0147:
045 001265 0.01332 0.01400 0.0146¢
060 001261  0.01329 0.01396 0.01464
000 001283  0.01431 0.01586 0.0174¢
0.15 0.01283  0.01430 0.01585 0.01747
(b- a)/h=1.0 030 0.01281  0.01428 0.01583 0.0174¢
045 0.01279  0.01426 0.01581 0.01742
060 0.01275  0.01422 0.01577 0.0173¢
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Table 4.10:Normalized forcesP/ (1, (b- @) evaluated for various values of the
friction coefficient /i, the normalized non-homogeneity parameggr and the

normalized contact Iengtf(b- a)/h regarding the circular stampg/R=0,
b/R= 002 EX/Ey =15

kP
h m,(b- &)

gh=0.1 gh=04 gh =07 gh=10

000 001150 001213 001278 0.01343
015 001146 001211 001276 001341
(b- ayh=04 030 001141 001206 001270 001336
045 001133 001197 001261 0.01326
060 001121 001185 001249 001313

0.00 0.01164 0.01303 0.01449 0.01602
0.15 001162 0.01301 0.01447 0.01600

(b- a)/h=10 030 001157 0.01295 0.01441 0.01594
045 001149 001286 001431 0.01583
060 001137 001274 001418 0.01569
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Table 4.11:Normalized forcesP/(an(b- a)) evaluated for various magnitudes
of the friction coefficient/1, the normalized non-homogeneity paramejerand
the normalized contact Ienglﬁb— a)/h regarding the circular stam@/R=0,
b/R=002 E,/E, = 0.6.

kb
h Wy(b - a)

gh=01 gh=04 gh=07 gh=10
000 0.01220 0.01290 0.01361 0.01432

015 001218 001289 001359  0.01430
(b- a)/h=04 030 001214 001284 001354 0.01425
045 001206 001276 001346 001417
060 001196 001265 001335 0.01405

000 0.01232 0.01382 001540 0.01707
015 0.01230 001380 001539 0.01705

(b- a)/h=10 030 0.01226 001375 001534 0.01699
045 0.01218 0.01367  0.01525 0.01690
060 0.01208 001356 0.01513 0.01677
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Table 4.12:Normalized forceé:’/(nXy (b- &)) evaluated for various magnitudes of
the coefficient of friction7, the normalized non-homogeneity parameferand the
normalized contact Iengtf{b— a)/h regarding the circular stampa/RZO,
b/R=002 E,/E, = 30.

k.
h ”Zy(b - a)

gh=01 gh=04 gh=07 gh=10

000 0.01149 001212 0.01276 0.01339
015 0.01147 001211 0.01274 0.01338
(b- a)/h=04 030 0.01143 001206  0.01270 0.01333

045 0.01136 0.01199 0.01262 0.01325
060 0.01127 0.01189  0.01252 0.01315

000 0.01166 0.01302  0.01445 0.01594
015 0.01164 0.01300 0.01444 0.01593

(b- a)/h=10 030 0.01160 0.01296  0.01439 0.01588
045 0.01153 0.01288  0.01431 0.01580
060 0.01144 0.01278  0.01420 0.01568
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Table 4.13: Centerline positionC/R of the circular stamp problem for various
magnitudes of the friction coefficienf’, the normalized non-homogeneity

parametergh and normalized contact lengfh- a)/h, 8/ R=0, b/R= 002, for
which the coating surface is Alumina.

¢/R

gh=01 gh=04 gh=07 gh=10

000 001000 001000 0.01000 0.01000
015 0.01035 001032 0.01030 0.01028
(b- a)/h=04 030 001070 0.01064 0.01059 0.01055

045 0.01103  0.01095 0.01088 0.0108z
060 001136 001126 001117 0.01109

000 0.01000 0.01000 0.01000 0.01000
015 0.01034 001032 001029 0.01027
(b- a)/h=07 030 0.01068 0.01063 0.01058 0.01053
045 001102 001094 001087 0.01079
060 001135 001125 0.01115 0.0110%

000 0.01000 001000 001000  0.01000
015 001034 001032 001029 0.01027

(b- a)/h=10 030 0.01068 0.01063 0.01058 0.01053
045 001102 001094 001087 0.0107¢9
060 0.01135 001125 001115 0.01105
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Table 4.14:Centerline positionc/R of the circular stamp problem for various
magnitudes of friction coefficien®, the normalized non-homogeneity parameter

gh and normalized contact lengfh- a)/h, a/R=0, b/R= 002, E,/E, = 06.

¢/R

gh=01 gh=04 ¢gh=07 gh=10

000 001000 001000 0.01000 0.01000
015 001021 001019 001017 0.01015
(b- a)/h=04 030 0.01041 001037 001034 0.01030
045 001062 001056 001050 0.01045
060 001082 001074 001067 0.01060

000 0.01000 0.01000 0.01000  0.01000
015 001021 001019 0.01017 0.01015

(b- a)/h=10 030 001042 001037 0.01033 0.01029
045 0.01063  0.01056 0.01049 0.01043
060 0.01084 0.01074 0.01066  0.01057
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Table 4.15: Centerline positionc/R of the circular stamp problem for various
magnitudes of the friction coefficienfl , the norimatl non-homogeneity
parametergh and normalized contact lenfth a)/h a/R=0, b/R= 002,
E, / E, =15

¢/R

gh=01 gh=04 gh=07 ¢gh=10

000 001000 001000 0.01000 0.01000

015 0.01038 001035 0.01033 0.01030

(b- a)/h=04 030 0.01075 001070 0.01065 0.01061

045 0.01112 0.01104 0.01097 0.01090
060 0.01148 0.01138 001128 0.01119

000 0.01000 0.01000 0.01000 0.01000
015 0.01037 0.01034 0.01032 0.01029

(b- a)/h=10 030 0.01074 0.01069 0.01063 0.01058
045 0.01110 0.01102 0.01095 0.01087
060 0.01145 0.01135 0.01125 0.01115

83



Table 4.16: Centerline positionC/R of the circular stamp problem for various
magnitudes of the friction coefficienfi , the norimatl non-homogeneity
parametergh and normalized contact lenfth a)/h a/R=0, b/R= 002,
E,/E, = 06.

¢/R

gh=01 gh=04 gh=07 ¢gh=10

000 0.01000 0.01000 0.01000 0.01000

015 0.01035 0.01032 0.01030 0.01028

(b- a)/h=04 030 0.01070 0.01064 0.01060 0.01055

045 0.01104 001096 0.01089 0.01082
060 001137 001127 0.01118 0.01109

000 0.01000 0.01000 0.01000 0.01000
015 0.01035 0.01032 0.01030 0.01028

(b- a)/h=10 030 001069 001064 001060 0.01054
045 001103 001096 0.01088 0.01080
060 001137 001127 001117 001107
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Table 4.17: Centerline positionC/R of the circular stamp problem for various
magnitudes of the friction coefficienfi , the norimatl non-homogeneity
parametergh and normalized contact lenfh a)/h a/R=0, b/R= 002,
E,/E, =3.0.

R

gh=01 gh=04 gh=07 gh=10

000 0.01000 0.01000 0.01000  0.01000
015 0.01034 0.01032 0.01029 0.01027
(b- a)/h=104 030 0.01068 0.01063 0.01058  0.01054

045 0.01101 0.01094 0.01087 0.01081
060 0.01134 0.01124 0.01116 0.01107

000 0.01000 0.01000 0.01000  0.01000
015 0.01034 0.01031 0.01029 0.01026

(b- a)/h=10 030 0.01067 0.01062 0.01057  0.01052
045 0.01100 0.01092 0.01085  0.0107&
060 0.01132 0.01122 0.01113  0.01102
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4.6 Figures

Figure 4.1: Gradation of orthotropic stiffness constants gbr> 0.0.
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Figure 4.2: Comparison plots of the normalized stresses etedudy the
analytical and computational procedures for asftatp problem(b - a)/h = 1.0,

h =03, gh=01 a) Normalized contact stress, b) Normalized #teontact
stress.
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Figure 4.3: Comparison plots of the normalized stresses etedudy the
analytical and computational procedures for a flatamp problem,
(b- a)/h=1.0, =03, gh=0712. a) Normalized contact stress, b)

Normalized lateral contact stress.
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Figure 4.4: Scaled deformed shape of the contact region, wisightoduced by
using the FE solution of a flat stamp probleffh- a)/h=1.0, #=03
gh=0712.
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Figure 4.5: Effect of normalized non-homogeneity parametlrvariations on the
normalized contact stress for a flat stamp prob(em,a)/h = 1.0, /# = 03.
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Figure 4.6: Effect of friction coefficient variations on the normalized contact
stress for a flat stamp probleffs,- a)/h = 1.0, gh= 0712.
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Figure 4.7: Effect of normalized contact lengtth- a)/h variations on the
normalized contact stress for a flat stamp problem,0.3, gh = 0.712.
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Figure 4.8: Effect of elastic modulus rati&, /E, variations on the normalized
contact stress for a flat stamp problefm; a)/h =1.0, # =03, gh= 0712.
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Figure 4.9: Effect of elastic modulus ratié, /E, variations on the normalized
contact stress for a flat stamp problefm; a)/h = 1.0, # =03, gh= 0712.
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Figure 4.10: Effect of normalized non-homogeneity paramegér variations on
the normalized lateral contact stress for a flatngt problem,(b - a)/h = 1.0,

h=03.
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Figure 4.11: Effect of friction coefficients variations on the normalized lateral
contact stress for a flat stamp problem; a)/h =1.0, gh= 0712.
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Figure 4.12: Effect of normalized contact lengttb- a)/h variations on the
normalized lateral contact stress for a flat stgmgilem,”» = 0.3, gh = 0712.
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Figure 4.13: Effect of elastic modulus rati&, /E, variations on the normalized

lateral contact stress for a flat stamp problefb,- a)/h=1.0, /=03
gh=0712.
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Figure 4.14: Effect of elastic modulus rati&, /E, variations on the normalized
lateral contact stress for a flat stamp problétm,a)/h =10, # = 0.3, gh= 0712
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Figure 4.15: Comparison plots of the normalized stresses eteduay the
analytical and computational procedures for a tudar stamp problem,
(b- a)/h=10, /=03, gh=01. a) Normalized contact stress, b) Normalized

lateral contact stress.
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Figure 4.16: Comparison plots of the normalized stresses eteduay the
analytical and computational procedures for a ¢udar stamp problem,
(b- a)/h=10, /=03, gh= 0712 a) Normalized contact stress, b) Normalized

lateral contact stress.
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Figure 4.17: Scaled deformed shape of the contact region, wkignoduced by
using the FE solution of a triangular stamp problel= 0.3, gh= 0712,

(b- a)/h = 10.
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Figure 4.18: Effect of normalized non-homogeneity paramegér variations on
the normalized contact stress for a triangular ptgmoblem, (b- a)/h =10,
h=03.
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Figure 4.19:: Effect of friction coefficient? variations on the normalized contact
stress for a triangular stamp problefm; a)/h =10, gh= 0712
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Figure 4.20: Effect of normalized contact lengtfb- a)/h variations on the
normalized contact stress for a triangular stangblem,# = 03, gh= 0712
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Figure 4.21: Effect of elastic modulus rati&, /E, variations on the normalized
contact stress for a triangular stamp problém,a)/h =10, #=03, gh= 0712
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Figure 4.22: Effect of elastic modulus rati&, /E, variations on the normalized
contact stress for a triangular stamp probléhm,a)/ h=10 #=03 gh=0712
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Figure 4.23: Effect of normalized non-homogeneity paramegér variations on
the normalized lateral contact stress for a tri¢angatamp problem(p- a)/h = 1.0,
h=03.
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Figure 4.24: Effect of friction coefficient variations on the normalized lateral
contact stress for a triangular stamp problém,a)/h =10, gh= 0712

102



2y- (b+a)
(b- &)

Figure 4.25: Effect of normalized contact lengtfb- a)/h variations on the

normalized lateral contact stress for a trianguséamp problem,/s =03
gh= 0712
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Figure 4.26: Effect of elastic modulus ratig, /E, variations on the normalized

lateral contact stress for a triangular stamp @mobl(b- a)/h=10, /=03
gh= 0712
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Figure 4.27: Effect of elastic modulus rati&, /E, variations on the normalized

lateral contact stress for a triangular stamp @mobl(b- a)/h=10, # =03
gh= 0712
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Figure 4.28: Scaled deformed shape of the contact region, wikighoduced by
using the FE solution of a circular stamp problefms 03, gh= 0712,

(b- a)/h=10.
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Figure 4.29: Comparison plots of the normalized stresses eteduay the analytical
and computational procedures for a circular stansplpm, (b- a)/h =10, # = 0.3,

gh=0.1. a) Normalized contact stress, b) Normalized &teontact stress.
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Figure 4.30: Comparison plots of the normalized stresses eteduéy the
analytical and computational procedures for a &custamp problem,
(b- a)/h=10, # =03, gh= 0712 a) Normalized contact stress, b) Normalized

lateral contact stress.
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Figure 4.31: Effect of normalized non-homogeneity paramegér variations on
the normalized contact stress for a circular stproplem,(b- a)/h =10, /= 03.
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Figure 4.32: Effect of friction coefficient? variations on the normalized contact
stress for a circular stamp problefb; a)/h =10, gh= 0712
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Figure 4.33: Effect of normalized contact lengtfb- a)/h variations on the
normalized contact stress for a circular stamplprabs = 0.3 gh= 0712
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Figure 4.34: Effect of elastic modulus rati&, /E, variations on the normalized
contact stress for a circular stamp problén, a)/h =10, #=03, gh= 0712
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Figure 4.35: Effect of elastic modulus rati&, /E, variations on the normalized

lateral contact stress for a circular stamp probld a)/h=10, /=03
gh= 0712
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Figure 4.36: Effect of normalized non-homogeneity paramegér variations on
the normalized lateral contact stress for a tri¢angatamp problem(p- a)/h = 1.0,

h=03
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Figure 4.37: Effect of friction coefficients variations on the normalized lateral
contact stress for a circular stamp probléim, a)/h = 1.0, gh= 0712
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Figure 4.38: Effect of normalized contact lengttb- a)/h variations on the
normalized lateral contact stress for a circulamgt problemf7 = 0.3, gh= 0712
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Figure 4.39: Effect of elastic modulus rati&, /E, variations on the normalized

lateral contact stress for a circular stamp probldm a)/h=10, /=03
gh= 0712
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Figure 4.40: Effect of elastic modulus rati&, /E, variations on the normalized

lateral contact stress for a circular stamp probldm a)/h=10, /=03
gh= 0712
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Figure 4.41: The complete contact problem of an orthotropic bgemeous

coating.
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Figure 4.42: Comparison plots of the normalized surface stsesseluated by the
analytical and computational procedures for a #tamp problem of the
homogeneous orthotropic  Alumina  coating,(b- a)/h=1.0, # = 0.3, a)

Normalized contact stress, b) Normalized lateoaltact stress.
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Figure 4.45: Effect of friction coefficient? variations on the normalized surface
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(b- a)/h=10, a) Normalized contact stress, b) Normalized #teontact stress.
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Figure 4.48:Effect of elastic modulus ratig, /E,  variations oe tiormalized
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CHAPTER 5

CONCLUDING REMARKS

5.1 Conclusions

This study presents analytic and finite elemenebtadudies for contact problems
of orthotropic FGM coatings which are bonded totrigoic homogeneous
substrates without any interfacial defects. Thdydicgprocedure is based on the
derivation of a SIE. The comparison figures giverChapter 4 reveals that the
results computed two distinct procedure agree w@bh other with a very good
accuracy, which indicates the validity of both noeth. The strengths of the
singularities described for the orthotropic FGM toog are independent to the
coating thickness and the non-homogeneity pararheteever, dependent on the
engineering parameters and the friction coefficidddrametric analyses are
provided in Section 4egarding complete and incomplete punch loadingshé
complete loading, the FGM surface is exposed tbidmal contact tractions by an
inelastic flat stamp. In the related case, theargtresses tend to infinity at both
leading and trailing ends of the rigid stamp forietththe normal point load P is
not a function of the contact length. However tha incomplete contact problems,
loadings due to rigid triangular and circular stapnpfiles are the functions of the
contact size. Among the incomplete contact probjehescircular stamp problem
solutions take more time compared to the triangatamp problem. Since the
circular stamp problem includes numerically caltedadouble integrals. In the
FEA of all the stamp problems, homogeneous FE fgaenis used and the
orthotropic engineering parameters are definedhat dentroids of the finite
elements. Compatible results of the analytic andefielement based procedures
indicate the utility of the homogeneous FE metinuimerical results are presented
to demonstrate the effects of the non-homeigrconstantgh, the friction
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coefficient 4, the normalized contact lengthb - a)/h, the elastic modulus ratio
E, / E, and the elastic modulus ratlg /E, on the contact stresses. The effects of

the problem parameters are realized to be remarkadoticularly for the lateral

contact stress, (0,y). It is known that the existence of the lateraktienstress

triggers the initiation of surface crackings on teeamic materials. We can infer
for all the stamp problems that; the normalizedrkitcontact stress decreases as
positive elastic gradation is introduced to an airibpic coating. Hence,
introducing elastic gradation to a coating it migbtpossible to avoid the contact
driven damages. If the risk of damage due to latenatact stress is concerned, the

selection of orthotropic materials having relatwéigher elastic modulus ratio

E,/E, should be also taken into account. It is also ndeskthat the change in the

elastic modulus ratidE,/E, has no significant effect on the normalized contac

and lateral contact stresses. Additionally, forta# stamp problems, the way of
decreasing the size of the coating thickness (velab the contact length) seems
such a remarkable alternative to reduce the rislaaiage.

In the computational analyses, the triangular stamolmation angleg is taken as
small as possible whereas the circular stamp radius taken as large as possible
with respect to the other dimensions of the proklémnthe convergence purposes

of the iterative Augmented Lagrange contact alparit

As far as the normalized contact forces are comcknvhen the coating gets stiffer
in the thickness direction, the normalized contantes increase significantly for

all the stamp problems for any combination of ttheeoproblem parameters. When
the magnitude of the friction coefficieft is rals¢he normalized contact force

increases significantly in the triangular staroase and decreases slightly in
the case of circular stamp problem. When the cgatickness is reduced, the
normalized contact force increases slightly for thangular stamp case and

increases significantly for the circular stamp case can also infer from these

tables that when the elastic modulus rafigg E, and E,/E, are increased, then

the normalized contact forces decrease fbrtha incomplete stamp problems
regardless of the change in other parameters opihielems. It should be also
emphasized that the effect of the variationsth& normalized non-homogeneity
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parametergh on the normalized forces become mucle significant for the

circular and triangular stamp cases, as the cogetgthinner.

Some results investigating the behavior of homogeseorthotropic coatings
under contact loads are presented in this studig. $hown by the comparison
figures that the developed analytical and companali approaches work
accurately in the homogeneous coating cases. Thedeneous coatings are under
the risks of interface debonding and the surfaceadges when they are exposed to
contact loadings. Therefore, in the contact analg$iorthotropic homogeneous
coatings, the effects problem parameters on suidaceinterfacial stresses are
illustrated. For that reason, the effect of probjesmameters on the interfacial and
surface stresses are examined. When orthotropierialat having greater elastic

modulus ratio EX/ E, are selected as a coating material, the risksudase

crackings are reduced however the risks of inteafatebonding is increased in
that case. Therefore, depending on the applicadonpptimization should be
carried out during selection of the orthotropic enetl as far as the effect of the

elastic modulus ratidEX/Ey on the contact stresses are concerned. Incredseng t

coating thickness, it could be possible to lowes telamination risks without
providing any negative effect on the surface rasis¢ of the coating surface to the
contact loadings. Finally, if the frictional forcese increased the surface and
interfacial stresses raise, which may encouragsubhface and interfacial failures
due to the contact loads.

5.2 Future work

This study can be extended to a partial slip cdmtaxblem of an orthotropic FGM
coatings bonded to a homogeneous substrate. Pdipi@iontact problems have a
great physical correspondence because the damaggdday slip within stationary

contacts play an important role on the formatiofatifue cracks [80].

It might also important to discuss the relative imotfor contact problem of
anisotropic materials since dynamic frictional &asontact may cause dynamic

instabilities [81]. Thus a dynamic contact modetvizeen the rigid stamp and the
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FGM coating can be modelled such that the rigidngtanoves frictionally at a
constant speed relative to the FGM surface, as oothe study by Zhou and Lee
[82].

In the sliding frictional contact problems, a rekasle amount of heating due to
frictional motion between the two contacting bodwehich leads to the thermos-
elastic distortion and surface crackings at theaiimg surface [83]. In addition,
temperature rise resulting from the sliding fric@b contact may considerably
affect the performance of the FGM coated struct[88k Thus a numerical study
can be handled showing the effect of heat generaiio the contact stress on

orthotropic FGM coatings loaded by a rigid stamp.
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APPENDIX A

ASYMPTOTIC EXPANSION COEFFICIENTS

The asymptotic expansion coefficients of kerned tppear in (2.58) and (2.75)

are determined using MAPLE and given below. Duthélong structures of these

coefficients, the first 16 terms in (2.58) are givexplicitly:

f - . 87C’r2 (C120+CGGO)
10
0660/ 2
f20 - 4'Cr1Cr2(C.I.20 + 0660)
Ceeo/ 2
- &h Crl (Clzo + Ceao)
0
Cee0 / 1
S, - 4Cr1Cr2(C120 + Ceeo)
° Cse0 / 1
f = 8Mg 2Cr2 2C110(Cr1 N CrZ)(CLZO + Ceeo) - Co +
11 / / 660 T G120
Cos0/ 2 2
4g - 2Cr2 2Cr 1C110(Cr1 - CrZ)(Clzo + C660)
for = / /,
Coso/ 2

2(Cee-
f = 8/792Cr zcuo(Crl' Crz) ( i ClZO)

+ (Ceso - ClZO)Crl - (Ceso + ClZO)CrZ

_ (3Cr2 2C119 - 4C120)(C120 + Ceeo)

12—
C660 / 2

139

/2 (CI’22C110 + 40120)

(A.1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A.7)



3CCu0-
Crl(clzo+ceeo) szccl:110+ jClClzo
r2-110 20
47 C. £.(C,-C
fzz = c Qj ZCMO(/ : 2) - 2Cr1(C660' ClZO) - Coso + Ci2o (A.8)
e0” 2 ? +2Cr2(C660+C120)
8hg 2C%c,C.-C +C
=- g rlCllo( r1 rz)(C120 660)_ Ceso+ Cirg (A.9)

0660/1 /1

4g 2C3C.L£.C,-C +G
S$n= C g/ = rZCLlO( = / rZ)(ClZO 660) +(C.L20+0660)Cr1- (Ceeo' ClZO)CrZ (A.lO)
660/ 1 1

Sl - 16/792Cr lcllO (2'5C|‘21C1100120 + O'SCGGOCllOCer + C1220 - 30660C120)

(A.11)
’ C660 / 1(Cr21 CllO + 4(2120)2
Cr41(:1210 (30120 + 0660) + C:l:?)lC:r 2C1210 (5C120 + C660) + 1&1'21(:11001220
+4CrCr ( - 3¢ )+1 2( - G )
322: _ 492 1 2C110C120 C1220 660. 2&:120 ClZO 660. (AlZ)
CGGO / 1(Crlc.l.10 + 4C.I.20)
2C 1(0110C22 - 4C660)
d10: - r r (A13)
0660/2
(11 CE, - Aceen)
d20 - _ 10~r2 660 (A14)
CBGO /2
2C,,(€11eCE - 4eeo)
}-HO - r2 10~r1 660 (A15)
C660 /1
2
h,, = 4/7((:112 r1/ 40660) (A.16)
660 * 1
where
/1 = (Cl’l - CI’Z)(C.HOCrzl + 4C.|.20) (A17)
/ 2 = (Cl’l - Cr2)(c110Cr22 + 4C.I.20) (A18)
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APPENDIX B

CLOSED FORM AND RECURRENCE TYPE SOLUTIONS OF CAUCHY
PRINCIPAL VALUE INTEGRALS

The closed form solution of Cauchy principal vainkegrals for are calculated by
Tricomi [74] and given by

1 a b
1@y tz (i“) P#(r) dt = cotfpa)(L- r)’ (1+r)* P (r)
Pa - -1<r<l (B.])
_277Ga)Gn+b+]) Fn+l-n-a- bi- a’l-_r
pGEn+a+b+l 2

where a>-1, b>-1, at 012.., C is the Gamma functionF() is the

Hypergeometric function. (B.1) can be reduced te ftbllowing form for
c=-(a+b)=(- 10 as:

gy tza D" pas )t =cotipa)- rY: (+r)° P4 (r)
Pa 07T y -1<r<1 (B.2)
L0
sinpa)

The recurrence type closed form solutions of Caymincipal value integrals are
calculated by Guler [28]. The integral can be dedias

1 a b
L.(r) = %Pﬁ’b(r)dt -¥ <r<¥ (B.3)
o1 -
where
L,(r) = : R (L (r)+L -¥ <r<¥ n=12... (B.4)
n Pn‘_aib(r) n n-1 G

n-1
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_ 2&+b+1qa +1)qb+1)

B.5
g Ga+b+2 (B-5)
a+b+1
h = 2 Gn+a+)GEn+b+]) n=12.. (B.6)
@2n+a+b+)nlGn+a+b+])
= 2n+h@+b+n+l) n= 0123,..., (B.7)
(@+b+2n+h(@+b+2n+2)
fora<0, b<0anda+b=-1,
-(r+)?(-r-1” -¥<r<-1
L(N=—P  (-r+17(r +1)* cospa) S1<r<l (B.8)
sin(pa) (r-2%(r+1° 1<r<¥
fora>0, b<0 anda +b =0,
(-r+)?(-r-1°-1 -¥<r<-1
Lo(r):_L (-r+1)7(r +1)” cospa)- 1 -1<r<1 (B.9)
sinpa) (r-17(r+1%-1 1<r<¥
fora>0, >0 anda +b =1,
-(-r+D)*C-r-9°-r+a- b -¥<r<-1
Ly(r) =— p (-r+1)?(r+1)”cospa)-r+a- b -1<r<1 (B.10)
sin(pa) (r-02@+D%-r+a- b 1<r<¥
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APPENDIX C

FUNCTION THEORECTIC ANALYSES

The dominants part of the singular integral equat{@.68) have analogous
structure to that derived for isotropic FGM coasingherefore, a similar procedure
can be used in order to define the strength ofutamgies of the contact end for

orthotropic FGM coatings. The aforementioned proceds given as follows [28]:

Let the dominant part of the SIE is given as

Af(r)-ll@ds=F(r) -1<r<1 ©.
p_,S-r

-1

where the bounded functioR(r) contains part of the integral with the Fredholm

kernels. Defining

f(2) =i. l@ds (C.2)
2pi ,s-z

And utilizing the consecutive Plemelj formulations

. v f(r) -1<r<1
F'(r)-F(r)= 0 r<-1r>1 (C.3)
i_lﬁds -1<r<1
Fr(r)+F (r)= P'asT (C.4)
2F (r) r<-1r>1

(C.1) can be reduced to the consecutive RiemanpeHilproblem for partially

holomorphic functionF (z) as
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F'(r)=GF (r)+g(r) (C.5)

where
_A+
G= A (C.6)
_F@)
9(r) = C.0)

Considering the corresponding homogeneous equation
X*(r)-GX (r)=0 (C.8)

The fundamental solutioiX(z) and the fundamental functiom(x) of (C.1) are

obtained as

X(2)=(z- 9*(z+1)" (C.9)
wmr) = (- r)*(r +1)° (C.10)
where

a=a+ib,+N (C.11)
b=a,+ib,+M (C.12)
a+i =g @1
a, +ib,= - ';7? )

If A>0, the anglg/ can be defined for:
A+i=re" (64)
A-i=re” (6h)
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J = arctan% >0 (C.15c)

Therefore (C.13) and (C.14) becomes

. 1 2 _J
a +ib=——Ine¥ =% (C.16)
2p| p
. 1 i7 /
+ib,= - —Ine* = - C.17
a, +1b, 20 P (C.17)
yielding
a=N+2 (C.18)
p
q
b=M- -+~ C.19)
p
However, If A=- A, <0, the anglg/ can be defined as
. 1
J = arctar‘w; >0 (C.20a
From equation (C.6)X> becomes
el (C.20b)
A +i
The angle/ can be defined for
A +i=re’ (C.21)
A-i=re? (C.22)
. 1
J =arctan— >0 (C.23)
A,

Therefore (C.13) and (C.14) becomes
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a, +ib, :%Ine'”: -% (C.24)
a, +ib,= - %Ineﬂf = - ;—7 (C.25)
Then,a and b yield

a=N- % (C.26)
b=M +% 20)

where N and M arbitrarily selected integers whioh i@lated to the nature of the
problem.
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