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ABSTRACT 

 

 

OPTIMIZATION OF RIDE COMFORT FOR VEHICLES EQUIPPED WITH 

PASSIVE AND ACTIVE HYDRO-PNEUMATIC SUSPENSIONS 

 

 

 

Sağlam, Ferhat 

Ph.D., Department of Mechanical Engineering 

Supervisor: Prof. Dr. Y. Samim Ünlüsoy 

 

February 2016, 443 pages 

The main objective of this study is the optimization of ride comfort performance of 

vehicles equipped with Hydro-Pneumatic (HP) suspension systems. In order to 

improve ride comfort performance together with handling behavior as a constraint, 

active-passive, and unconnected-interconnected HP suspension systems are included 

in the study. 

The basic HP suspension model is developed and validated by experiments. Various 

HP suspension systems of increasing complexity are modeled, and their dynamic 

characteristics are analyzed and compared with each other. Nonlinear models of the 

active HP suspension system are derived and nonlinear active suspension controllers 

are designed in order to improve ride comfort, to control vehicle attitude, and to get 

safe driving conditions, using a quarter car model with active HP suspension system. 

Similarly, modeling and active suspension control of the half and full vehicle models 

with active HP suspension systems are carried out. A nonlinear feedback control 

method, State Dependent Riccati Equation (SDRE) control, is used for the design of 
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the active controllers. Performance of the active suspension systems have been 

examined by time and frequency domain simulations. Simulation results show that, 

the active HP suspension systems improve ride comfort and vehicle attitude 

performance together with vehicle handling characteristics. 

As the next step of the study, analysis and design of the interconnected HP 

suspension systems for multi-axle vehicles are performed. Interconnections are 

enumerated for pitch plane of a three-axle vehicle and then, various interconnection 

layouts for roll, pitch, and coupled roll and pitch planes of the three axle-vehicles are 

examined. Stiffness and damping characteristics of different interconnections are 

obtained and compared with each other. Performances of vehicles with 

interconnected HP suspension system are evaluated by simulations. Simulation 

results have shown that, interconnected HP suspension systems improve vehicle 

handling considerably, together with slightly degraded ride comfort performance, as 

compared to the unconnected HP suspension systems. A general interconnected 

suspension design guideline is developed for the systematic parametric design of the 

HP suspension system for multi-axle vehicles. 

Finally, suspension system parameters for a three-axle vehicle equipped with 

unconnected and interconnected HP suspension systems are optimized for ride 

comfort with handling constraint. Optimization results show that, even though both 

unconnected and interconnected HP suspension systems improve the ride comfort, 

interconnected HP suspension system results in additional performance improvement 

in ride comfort and vehicle handling as compared to the unconnected HP suspension 

system, due to increased stiffness and damping performance in the roll and pitch 

planes. 

 

Keywords: Hydro-Pneumatic Suspension, Ride Comfort, Active Suspension, 

Nonlinear Control, State Dependent Riccati Equation Control, Suspension 

Optimization, Interconnected Suspension  
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ÖZ 

 

 

PASĠF VE AKTĠF HĠDROPNÖMATĠK SÜSPANSĠYONLU ARAÇLARIN SÜRÜġ 

KONFORUNUN OPTĠMĠZASYONU 

 

 

Sağlam, Ferhat 

Doktora, Makina Mühendisliği Bölümü 

Tez Yöneticisi: Prof. Dr. Y. Samim Ünlüsoy 

 

ġubat 2016, 443 sayfa 

Bu çalıĢmanın temel amacı, aktif ve pasif Hidro-Pnömatik (HP) süspansiyon 

sistemlerine sahip araçların sürüĢ konforu için optimizasyonudur. SürüĢ konforu 

performansı iyileĢtirilirken, sürüĢ güvenliliği araç yol tutuĢ performansı 

sınırlandırılarak ve iyileĢtirilerek göz önüne alınmıĢtır. ĠyileĢtirilmiĢ sürüĢ konforu 

performansını elde etmek için aktif-pasif ve bağlı-bağımsız süspansiyon sistemleri 

kullanılmıĢtır. 

Temel HP süspansiyon modeli geliĢtirilmiĢ ve deneylerle doğrulanmıĢtır. DeğiĢik 

tiplerdeki HP süspansiyon sistemleri modellenmiĢ, dinamik karakteristikleri 

incelenmiĢ ve birbirleri ile karĢılaĢtırılmıĢtır. Doğrusal olmayan aktif HP 

süspansiyon sistemi türetilmiĢ ve sürüĢ konforunu, araç yükseklik kontrolünü ve 

güvenli sürüĢ durumunu iyileĢtirmek için çeĢitli doğrusal olmayan aktif süspansiyon 

kontrolcüleri tasarlanmıĢtır. Benzer Ģekilde, aktif HP süspansiyonlara sahip yarım ve 

tam araç modellerinin modellenmesi ve aktif süspansiyon kontrolü tasarımı 

gerçekleĢtirilmiĢtir. Aktif kontrolcülerin tasarlanmasında, doğrusal olmayan 

geribeslemeli bir kontrol yöntemi olan Durum Bağımlı Riccati Denklemi kontrolü 
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kullanılmıĢtır. Aktif süspansiyonların performansı zaman ve frekans tabanlı 

benzetimlerle incelenmiĢtir. Benzetim sonuçları, aktif süspansiyonun, yol tutuĢ 

performansıyla birlikte sürüĢ konforu ve araç yükseklik performanslarını 

iyileĢtirdiğini göstermiĢtir. 

ÇalıĢmanın ikinci basamağı olarak, çok akslı araçlar için bağlı HP süspansiyon 

sistemlerinin analizi ve tasarımı gerçekleĢtirilmiĢtir. Önce üç akslı bir aracın 

yunuslama düzlemi için değiĢik bağlantı yerleĢimleri belirtilmiĢ ve daha sonra aracın 

yalpa, yunuslama ve birleĢik yalpa ve yunuslama düzlemleri için çeĢitli bağlantı 

Ģekilleri incelenmiĢtir. Bu çeĢitli bağlı süspansiyonların direngenlik ve sönümleme 

karakteristikleri elde edilmiĢ ve birbirleriyle karĢılaĢtırılmıĢtır. Bağlı HP süspansiyon 

sistemine sahip aracın performansı benzetim çalıĢmalarıyla incelenmiĢtir. Benzetim 

sonuçları, bağlı HP süspansiyonun, aracın yol tutuĢ performansını önemli ölçüde 

iyileĢtirdiğini ve bağımsız HP süspansiyona göre azda olsa bozulmuĢ araç sürüĢ 

konforu performansına sahip olduğunu göstermiĢtir. Çok akslı araçlar için bağlı HP 

süspansiyonların parametrik tasarımları için genel bir bağlı süspansiyon tasarım 

rehberi geliĢtirilmiĢtir. 

En son olarak, bağlı ve bağımsız HP süspansiyonlara sahip araçların süspansiyon 

parametreleri sürüĢ konforu performansı, yol tutuĢ sınırlamasıyla birlikte 

eniyileĢtirilmiĢtir. EniyileĢtirme sonuçları, hem bağımsız hem de bağımlı 

süspansiyonların sürüĢ konforunu iyileĢtirmesine rağmen, bağlı süspansiyon 

sisteminin yalpa ve yunuslama düzlemindeki artan direngenlik ve sönümleme 

performansı sebebiyle ek bir sürüĢ konforu performansı artıĢına olanak verdiğini 

göstermiĢtir. 

 

Anahtar Kelimeler: Hidro-Pnömatik Süspansiyon, SürüĢ Konforu, Aktif 

Süspansiyon, Doğrusal Olmayan Kontrol, Durum Bağımlı Riccati Denklemi 

Kontrolü, Süspansiyon EniyileĢtirmesi, Bağlı Süspansiyon 
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CHAPTER 1 

 

 

INTRODUCTION 

 

 

 

HP suspension systems have many advantages with respect to conventional 

suspension systems, and thus are commonly used in military and off-road vehicles, 

as well as in some passenger vehicles. In its basic structure, an HP suspension system 

consists of a gas volume which acts as a spring and an oil volume which provides the 

damping to the system by flow through an orifice and therefore acts as a damper. 

General structure of the HP suspension system is shown in Figure 1.1. 

 

Figure 1.1: General Structure of HP Suspension System 
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HP suspension system shown in Figure 1.1 consists of the main piston which 

supports the sprung mass by the piston rod, orifices on the fixed plate which act as 

damper, the floating piston which separates the gas volume from oil volume, and the 

cylinder which houses all structural elements, hydraulic oil, and gas. When the 

cylinder of the HP suspension system connected to the unsprung mass is displaced, 

the gas compresses or expands and moves the floating piston. Then the oil goes 

through the orifices on the fixed plate and moves the main piston. Thus, the HP 

system provides the shock absorbing and damping functions of a suspension system. 

HP suspensions have a number of advantages compared with the conventional 

suspension systems [1]. In conventional suspensions when the sprung mass is 

increased, since the suspension stiffness is essentially constant the bounce natural 

frequency of the suspension decreases. On the contrary, in HP suspension systems, 

when the sprung mass is increased, the stiffness of the suspension also increases and 

almost constant bonce natural frequency can be maintained. Leveling control of the 

vehicle can be easily performed with the HP suspension systems, which is difficult to 

implement in conventional suspension systems. By changing the orifice area and by 

adding gas into or removing gas from the accumulator, or by connecting or 

disconnecting another accumulator into the system, damping and stiffness 

characteristics of the HP suspension can be modified. Therefore, active or semi-

active suspension applications are relatively easy in HP suspension systems. Since 

the gas stiffness increases with an increasing rate when it is compressed, HP 

suspension system prevents the unsprung mass from approaching its mechanical 

limits. One of the most important advantages of the HP suspension systems is that 

implementing interconnections in HP suspension systems are relatively 

straightforward. By interconnected suspensions, vehicle performance can be 

improved considerably. However, HP suspension systems have also some 

disadvantages when compared with mechanical suspensions. Due to their more 

complicated structure, they have high initial and maintenance costs and relatively 

low reliability. Nevertheless due to their significant advantages, HP suspension 

systems enjoy wider use in many types of vehicles including military vehicles, off-

road vehicles, heavy commercial vehicles, and large mobile cranes. 
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An active HP suspension system can be obtained by pumping oil to hydraulic 

cylinder or extracting the hydraulic oil from the hydraulic cylinder. By this way, 

improved ride comfort characteristic can be obtained. In mechanical suspension 

systems with the conventional helical spring and the shock absorber, application of 

active suspension is somewhat difficult, since a separate actuator placed between the 

sprung and unsprung masses is required. On the other hand, a separate hydraulic 

actuator is not required for an active HP suspension system.  

For off-road vehicles different vehicle height is required for off-road and on-road 

driving performance. On off-road conditions, a high vehicle height is required. On 

the contrary, on the asphalt roads a low vehicle height is required for good handling. 

Therefore, the suspension system should adjust the vehicle height according to the 

user defined suspension input. For vehicles with mechanical suspension system this 

requires an extra actuator. However, for a vehicle with HP suspension system, 

vehicle height can be adjusted by changing the oil volume in the hydraulic cylinder. 

Another advantage of the HP suspension systems is that stiffness and the damping 

characteristic of the suspensions can be changed easily by driving the valves on the 

suspension hydraulic circuit. For sport utility vehicles with sport and soft driving 

conditions, stiff spring and damper characteristics are required for good handling, 

while softer spring and damper characteristics are needed for more comfortable 

driving conditions. Again with mechanical suspension, hard and soft driving settings 

cannot be obtained easily. However, with an HP suspension system, spring 

characteristics can be modified by increasing or decreasing the gas volume or by 

adding or removing extra gas volumes into the system. Similarly softer and stiffer 

damper characteristics can be obtained by simply opening or closing the on-off 

directional control valve in the system.  

For road vehicles, requirements for good handling and ride comfort are in conflict. In 

general, good ride comfort requires a relatively soft suspension and good handling 

requires a stiff suspension. Therefore, in order to improve vehicle handling without 

degrading the ride comfort, an anti-roll bar which is a suspension stiffener in the roll 

plane is used. Thus, left and the right suspension units are connected to each other by 
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a mechanical bar. In vertical motion, anti-roll bar does not affect the vertical motion 

significantly. However, in roll anti-roll bar increases the roll stiffness and improves 

handling. Similarly, for a vehicle equipped with an HP suspension system, left and 

right suspension can be interconnected in a special pattern to increase the roll 

stiffness. By this interconnection the handling of the vehicle can be improved 

without affecting the vertical motion. Anti-roll bar is used in the roll plane easily, yet 

for pitch motion use of the anti-roll bar is not applicable due to space requirements 

and cost. On the other hand, for a vehicle with HP suspension systems, suspension 

units in roll and pitch plane can be interconnected easily by adding cheap hydraulic 

conductors and desired suspension performance can be obtained with different 

interconnection patterns. For commercial vehicles, military vehicles, and off-road 

vehicles with multi-axles, interconnections of the HP suspension units for 

performance improvements in handling, ride comfort, mobility, and the load sharing 

result in significant advantages. 

Due to all these advantages of the HP suspension systems with respect to the 

commercial mechanical suspensions, they have been more and more commonly used 

in road and off-road vehicles. Thus, the possible approaches to the design and 

optimization of the HP suspension systems for ride comfort are investigated in this 

dissertation. While ride comfort is optimized, improvement of the handling and the 

mobility of the vehicle are also considered. Moreover, analysis and design of the 

interconnected HP suspension systems for two and multi-axle vehicles are also 

studied. The topics of detailed investigation are summarized below. 

 Modeling of the HP suspension system unit. 

 Parametric design of the HP suspension system unit. 

 Active HP suspension design for ride comfort, handling, and the attitude 

control. 

 Adaptive HP suspension design for the performance improvements of the 

active HP suspension system. 

 Analysis and design of the interconnected HP suspension system for two and 

multi-axle vehicles in pitch plane. 
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 Analysis and design of the interconnected HP suspension system for the full 

vehicle model in roll and pitch planes. 

 Optimization of the unconnected and the interconnected HP suspension 

systems for improved ride comfort together with handling constraints. 

In the literature, there are a number of studies related to the modeling, simulation, 

and analysis of HP suspension systems. Those studies cover mainly some aspect of 

interest and many possible applications of the HP suspension system have not been 

covered to any extent. Most of the publications consider a simple model with only a 

single HP suspension unit without going into higher order models, and thus cannot 

provide insight into the interaction between suspension units of a vehicle. Some 

studies provide a qualitative analysis only and they lack a formal quantitative 

analysis. The potential of interconnected HP suspensions have received only very 

limited attention.  The motivation of this thesis study is to contribute to the work 

done so far on HP suspension systems, considering a unified approach starting with 

the basic ideas with simple systems and then extending the investigation to more 

complicated higher order active and passive systems. Further, it is aimed to handle 

the difficult aspect of interconnected HP suspensions in a more detailed fashion.  

In the thesis, second chapter presents a literature survey covering the modeling and 

the analysis of the HP suspension systems, studies on the active and semi-active HP 

suspension systems, different active HP suspension layouts, control methods, and 

simulation results together with the interconnected HP suspension systems. In the 

third chapter, a mathematical model for the basic HP suspension unit is developed 

and a detailed parametric design analysis is performed. In the fourth chapter, active 

HP suspension system design for the quarter car model, half vehicle model, and full 

vehicle models are studied. Firstly, the models of these active suspension systems are 

developed and then active suspension controllers are designed. In the fifth chapter, a 

general study on the interconnected HP suspension systems is given. For a vehicle 

with three axles, possible interconnections are determined. In sixth chapter, analysis 

and design of the interconnected HP suspension system for the vehicle pitch plane is 

carried out to increase the pitch performance. In seventh chapter, analysis and the 
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design of the interconnected HP suspension systems for the full vehicle model are 

considered. Different interconnection layouts are determined and compared to each 

other. In chapter eight, a general guideline for the design of the interconnected HP 

suspension system for the multi-axles vehicles is proposed. In chapter nine, 

optimization of the parameters for the interconnected HP suspension systems is 

made. The optimization is aimed to increase the ride comfort, yet vehicle handling is 

also taken into account. Effect of the performance improvements of the 

interconnected HP suspension on the ride comfort was illustrated by a detailed study 

comparing the results from the simulations of the optimized interconnected and 

unconnected HP suspension systems. In chapter ten, studies in this dissertation are 

summarized and conclusions reached are stated. 
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CHAPTER 2 

 

 

LITERATURE SURVEY 

 

 

 

In this chapter, previous studies on the modeling, simulation, and applications in 

vehicles of HP suspension systems are presented. The detailed reviews of the 

previous studies are given together with their contributions and limitations. Then the 

motivation and contribution of this study are discussed. 

2.1. INTRODUCTION 

There are studies in the literature on various different aspects of the HP suspension 

systems. The main subjects of these publications may be classified as, 

 Modeling and analysis of the HP suspension systems, 

 Active and semi-active HP suspension systems, 

 Interconnected HP suspension systems, 

 Optimization of the HP suspension systems. 

In the following sections, each subject is covered in turn. 

2.2. LITERATURE SURVEY 

In the publications in vehicle dynamics, there is a somewhat limited number of 

studies taking the HP suspension system as the subject area. In the study of Deprez et 

al. [2], passive and semi-active Hydro-pneumatic suspension system used as a cabin 

suspension in an off-road vehicle was optimized to improve ride comfort. The cost 

function was formed as the squared difference between the desired frequency 
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response function and the actual frequency response function. The HP suspension 

system was modeled in Matlab/Simulink and its schematic representation is given in 

Figure 2.1. 

 

Figure 2.1: HP Suspension System [2] 

In the passive model the optimized parameters were internal pressure, volume of two 

nitrogen bulbs, opening of the valve, and the dimensions of the hydraulic cylinder 

and piston. In semi-active HP suspension system, the damping force was taken as 

proportional to relative velocity between the input and output. The design parameters 

in this force model were optimized according to effective root mean square and 

vibration dose value. According to results, the semi-active suspensions were better 

than the passive suspensions, while passive suspensions reduced effective root mean 

square and vibration dose values by more than 60 and 80%, respectively, as 

compared with the no suspension condition. 

In the study by Shi et al. [3] a nonlinear HP suspension model was linearized using 

feedback linearization and then the sliding mode control method was applied to to 

get an active HP suspension system. The schematic of the HP suspension system is 

given in Figure 2.2. 
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Figure 2.2: HP Suspension System [3] 

In this study while modeling HP suspension system, the compressibility of the 

hydraulic oil was neglected. To validate this model, a test rig shown in Figure 2.3 

was used. In static tests the force and displacement input are measured to obtaine the 

static stiffness characteristics of the HP suspension system. In dynamic 

characteristics tests, sinusoidal displacement input is used and the relation between 

the force and displacement inputs is measured. After the mathematical model was 

validated, the active HP suspension system was formed by pumping or extracting 

hydraulic fluid into the system or from the system using two different pumps, one of 

which is small and the other of large capacity as shown in Figure 2.4. The friction 

between the piston and the cylinder was neglected. After the active HP suspension 

system was modeled, it was linearized by feedback linearization method. Then the 

sliding mode control method was applied to control the active system. The 

simulation results showed that the active system has more accurate results and 

robustness as compared with the passive system. 
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Figure 2.3: Test Rig for the Validation of the HP Suspension Model [3] 

 

Figure 2.4: Active HP Suspension System [3] 
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In the paper of Gao et al. [4], a semi-active HP suspension was designed and 

investigated by developing the passive HP suspension. This suspension was built and 

investigated on the quarter car model. There are two different controllers, one of 

which is a two-stage controller and the other of which is continuously adjustable 

damping controller. The model of the suspension system is shown in Figure 2.5. 

 

Figure 2.5: Semi-Active HP Suspension System [4] 

In this study, the damping force in the hydraulic cylinder was assumed to include 

Coulomb friction and a velocity dependent damping. The leakage across the piston 

was also taken into account, and the fluid compressibility and cavitation effects were 

modeled. The damper valve was modeled using experimental data and it was 

incorporated into a look up table. In the simulation the cubic spline or linear 

interpolation of damper valve was used. The proportional servovalve was modeled as 

a second order critically damped system in which the input is the valve current and 

the output is the valve position. In this study the skyhook damper control was used to 

obtain a semi-active HP suspension system. The nominal drive current was 

optimized with respect to body accelerations, tire deflections and suspension 

deflections to find an optimum controller. After the optimization of the controller, 

simulations were performed. Simulation results showed that the two-stage valve 

caused harshness problems and in general continuously variable valve provided 

better performance. Since the sensors used were limited, filters were designed to 
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measure the body and suspension velocities using the body accelerations and 

suspension travel. In addition, it was shown that the valve bandwidth should be 20-

30 Hz to achieve sufficient performance. 

In the paper of Beno [5], a simulation-based active suspension control system was 

developed. The vehicle model was constructed in a Multi Body Simulation Software 

DADS and the suspension controller was designed on the Matlab/Simulink. Two 

systems were then coupled and the suspension unit of the military tank modeled in 

the DADS was controlled using the control unit formed in the Simulink. The coupled 

system is shown in Figure 2.6. 

 

Figure 2.6: Coupled Controller and Vehicle Model [5] 

Vehicle states and outputs taken from the simulations were fed into vehicle control 

unit and the suspension control unit. Then a control input was sent into actuator in 

the vehicle suspension to obtain active suspension control. To validate the vehicle 

and suspension model, tests were performed with the suspension system and the full 

vehicle. 

In the paper of Gao et al. [6] the HP suspension systems were modeled in two 

different ways. Firstly, Bathfp software was used for detailed physical modeling of 

the HP systems using dynamic equations and experimental data, and then the neural 

network model of the system was obtained. In the neural network modeling, 

experimental data was used to train the model. The structure of the HP system used 
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in this study is shown in Figure 2.7. The test rig of the HP suspension system is 

shown in Figure 2.8. At the top of the HP suspension system there is a load cell 

which is used to measure the strut force and the displacement input is given from the 

bottom of the system. In the actuator model the friction was modeled as a 

combination of the Coulomb friction and velocity dependent friction. The 

compressibility of the fluid was taken into account using a first order model. Leakage 

across the piston was considered, yet leakage across the rod seals was not included in 

the model. Moreover the cavitation effect of the fluid volume was taken into 

consideration. In this study the identification of the friction forces were performed by 

the existing test setup. The damper valves were removed and then the strut was 

excited using 0.01-20 Hz frequency input. Then the friction model of the strut 

consisting both constant and the velocity dependent parts was identified. The damper 

valve model was identified using flow bench tests and a look up table was formed to 

be used in the HP suspension model. To train the neural network model, HP 

suspension was tested with a random road profile. The input in the test was the 

velocity and displacement of the strut and the output was the strut force. Then, the 

HP suspension was tested with the random road profile input and the same input was 

used in the simulation of the Bathfp and the neural network model. The results 

showed that neural network model gave better results than the Bathfp model. It was 

concluded that since the Bathfp model does not consider higher dynamics, using 

neural network model is more appropriate. However, since the Bathfp model was a 

physical model, it could be used to examine the system dynamics especially when 

the parameters of the system changed. The neural network model did not consider 

the changes in parameters since it was trained with a fixed parameter set. 
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Figure 2.7: Structure of the HP Suspension Systems [6] 

 

 

Figure 2.8: Test Rig for HP Suspension System [6] 

In the paper of Gao et al. [7], control of active HP suspension system was described. 

The system consisted of an HP suspension systems and a nonlinear valve. HP 
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Suspension system and the three-way flow control valve were modeled in the fluid 

power simulation software Bathfp. The structures of the HP suspension system and 

the valve are shown in Figure 2.9. HP suspension model was adopted from [6]. The 

dynamics of the proportional valve was identified by an experimental study. The 

active suspension control is shown in Figure 2.10. After the model was constructed, 

it was validated on the four poster vehicle tester. The harmonic sine inputs and the 

random road profile inputs were used in the model validation. Then the system 

model was linearized and the model was reduced for use in control applications. The 

objective of the controller was disturbance rejection and the body leveling control. 

Linear Quadratic controller was used for disturbance rejection. For leveling control, a 

PID controller which uses the suspension deflection as the feedback was designed. 

These controllers were evaluated in Bathfp nonlinear model using simulations. In 

this paper, other practical issues of the active suspension systems like valve 

bandwidth, valve deadband, and power consumptions were also examined.  

 

 

Figure 2.9: HP Suspension System and Flow Control Valve [7] 
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Figure 2.10: Active Suspension Control [7] 

In the study of Giliomee et al. [8], a semi-active HP suspension system was designed. 

The semi-active HP suspension system consists of two state HP springs and two state 

dampers as shown in Figure 2.11. By switching between two different spring states, 

both good right comfort and good vehicle handling were obtained. Similarly, by 

switching between two different damper states, good ride comfort was obtained in 

different road conditions. Therefore in this study, by changing the damper and spring 

states, an improved ride comfort and handling were obtained in different road and 

driving conditions. With this system, the height adjustment of the vehicle could also 

be performed. 
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Figure 2.11: Two State Switchable Semi-active HP Suspension System [8] 

In the paper of El-Tawwab [9], an advanced semi-active HP suspension system was 

evaluated, and it was compared with the passive HP suspension system and the twin 

accumulator systems. The general structure of the passive and the twin accumulator 

HP suspension systems were given in Figure 2.12 and Figure 2.13, respectively. 

 

 

Figure 2.12: Quarter Car Model with Passive HP Suspension System [9] 
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Figure 2.13: Quarter Car Model with HP Suspension System with Two 

Accumulators [9] 

In this study, the semi-active HP suspension system was obtained by the 

modification of the double accumulator-HP suspension systems. The general 

structure of the semi-active HP suspension system is given in Figure 2.14. 

 

 

Figure 2.14: Semi-active HP Suspension System [9] 
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The quarter car model with twin accumulator HP suspension was simulated with a 

random road profile input, and the root mean square values of the body acceleration, 

suspension displacements, and tire loads were calculated. Simulations were repeated 

by changing the openings of the orifice valves. In the frequency range from 1.5 to 8.0 

Hz, dynamics tire loads and the body acceleration results were improved. According 

to the simulation results, the best ride comfort was obtained by adjusting the 

openings of the first damper. Therefore, the twin accumulator suspension system 

gave better performance than the conventional HP suspension system. Finally the 

semi-active HP suspension system gave the best result of all suspensions systems. 

In the paper of Sihong and Baozhan [10], a model of the HP suspension system with 

an adjustable damper was developed. Then the effects of the changes of parameters 

on the output force characteristics of the HP suspension were examined. The 

structure of the HP suspension system is shown in Figure 2.15. The friction between 

the piston and the cylinder and the compressibility of the oil were neglected.  

 

Figure 2.15: HP Suspension System [10] 

The design parameters were the initial volume and pressure of the accumulator, the 

number and area of the valves, the diameter of the throttle and the input parameters. 

When the initial pressure was increased, the displacement and velocity output curves 

were translated upwards while the shape of the curves did not changed. The effect of 
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the initial volume was more important in compression. Moreover, decreasing the 

diameter and number of orifices increased suspension force. When the diameter of 

the adjustable valve was small, the change in the output force was high. In addition, 

the sinusoidal input affected the velocity and displacement characteristics of the 

output force. A rise in the amplitude and frequency of the input led to a considerable 

rise in the output force. 

In the paper by Purdy et al. [11], a mathematical model of the HP suspension system 

was derived and simulated. Compressibility of the hydraulic oil and the compliance 

of the components of the HP suspension system were also included in the model. 

Spring loaded orifice valves were used as dampers. Moreover, the friction between 

the piston and the cylinder was neglected and while deriving the equation of motion 

of the system, piston mass was neglected. Then the HP suspension system was 

incorporated into the eight degrees of freedom, six-wheel station tracked vehicle. The 

optimum orifice diameters were determined for different terrain inputs. 

In the paper by Siminski [12], a HP suspension model was integrated into the 

multibody dynamics model of the 8-wheeled armored fighting vehicle. Various 

simulations were performed to examine the dynamics and performance of the 

vehicle. Similarly, in the paper of Ryu et al. [13], both torsion bar and HP suspension 

systems were integrated into the multibody dynamics model of the tracked military 

vehicle and various simulations were performed. 

In the paper of Becker et al. [14], an active suspension system which used HP 

suspension system was designed for the active body control of a bus. The HP 

suspension model was validated by experiment and was used in a simple vehicle 

model as shown in Figure 2.16. Controllers were designed for pitch, roll, and height 

control of the body. The controller parameters were determined by optimization. The 

bus was tested in a double lane change maneuver and it was shown that with the 

controlled suspension, better driving safety can be obtained.  
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Figure 2.16: HP Suspension System [14] 

El-Demerdash and Crolla [15] studied the active and slow-active HP suspension 

systems with preview control. They developed a linear HP suspension system and 

used a linear optimal control approach for the active suspension. Rosam and Darling 

[16] designed an active roll controller to improve the roll motion for the 

interconnected HP suspension system. Schuman and Anderson [17] used an optimal 

control law to design a controller for an active suspension to control the roll motion 

in an interconnected HP suspension system. The nonlinear interconnected hydragas 

suspension model was linearized to design the linear optimal controller.  

In the thesis by Joo [18] a detailed model of the HP suspension was developed. The 

shock and vibration isolation potentials of the HP suspension system were examined. 

Then the HP suspension model was incorporated into a seven degrees of freedom 

tracked military vehicle model. The author reached the conclusion that the HP 

suspension model gave better results than the conventional suspensions as regards to 

vibration and shock isolations. There is also a book written about HP suspension. In 

the book by Bauer [1], general structures and practical considerations about the HP 

suspension, rather than dynamics of HP suspension system, were detailed. 

The studies about the HP suspension in the literature are mostly about the modeling, 

simulation, and control of the single unit HP suspension systems. Mathematical 

model of the HP suspension system is derived and simulations are performed to 

examine the dynamics of the system. If a controller is to be designed, the HP 

suspension system is linearized, and then linear controllers are designed for semi-



 

 

22 

 

active and active suspension systems. There are also studies which use full vehicle 

models or multibody dynamics model with HP suspension systems. In these studies, 

simulations are performed mostly to examine system characteristics rather than 

control them. 

In the literature there are some studies investigating the interconnected suspension 

configurations [19] - [24]. In these studies, the so called X type suspension 

interconnection is examined. In this configuration, the aim is to increase the roll and 

pitch stiffness, and the roll and pitch damping for improved vehicle handling and 

mobility. For the pitch and the roll motion, this type of interconnection may be used 

to increase the stiffness and damping to get superior performance against the 

disturbances coming from the vehicle body. In the thesis by Cao [19], HP suspension 

systems including single and twin gas chambers were modeled and then roll and 

pitch interconnected HP suspension systems were studied. Bounce, pitch, roll, and 

the warp responses of the vehicle with interconnected suspensions to external 

excitations were examined. It was shown that hydraulically coupled vehicle 

suspensions enhanced the vehicle ride and handling performance of the vehicle 

considerably. Zhang et al. [22] derived the frequency dependent mathematical model 

of the hydraulically interconnected suspension system in the pitch plane. For this 

model, a test setup was prepared and the tests were performed in order to evaluate 

ride comfort. Results from the model and experiments were compared and the model 

was validated. Zhang et al. [23] derived the mathematical model of the full vehicle 

model with hydraulically interconnected suspension system. Simulations, performed 

for the vehicle handling, showed that hydraulically interconnected suspension 

systems improved vehicle handling, yet they decreased vehicle ride comfort at the 

same time. Ding et al. [24] studied the modeling of a vehicle with three-axles by the 

hydraulically interconnected suspension system in the pitch plane. 

In literature, there are numerous studies about the active and semi-active control of 

conventional suspension systems. Basic functions of the suspensions, suspension 

control methodologies, and the theoretical and practical limitations of the 

controllable suspensions were examined in the study by Karnopp and Heess [25]. 
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Butsuen [26] examined invariant properties of the quarter car model and analyzed 

different performance considerations in active suspension systems. Elmadany [27] 

proposed an optimal linear active suspension system controlled by multivariable 

integral control. Alleyne et al. [28] investigated linear and nonlinear control methods 

in active suspension systems. The desired active force was obtained using skyhook 

control methods and the realization of the control force from the hydraulic actuator 

was performed using Proportional, Integral, and Derivative (PID) control, feedback 

linearization control, and sliding control. They showed that active suspension with a 

nonlinear control method provided better performance than that with linear control. 

Pilbeam and Sharp [29] examined different active suspension system configurations 

with preview control together with power consumptions. Thompson and Chaplin [30] 

studied the inner loop force control in active suspensions. Applications of the optimal 

control theory in vehicle dynamics area were investigated in the study by Sharp and 

Peng [31]. Hudha [32] designed an active suspension system for a vehicle with firing 

capability. Performance of the active suspension system was examined against 

disturbances coming from firing shocks and the road. Youn et al. [33] designed an 

active suspension for the attitude and the level control of a full car model. The 

integral control was used to obtain zero steady state suspension deflection for ramped 

road and the body forces and the derivative control was used to improve the 

performances for the bump and braking inputs. Wang and Shen [34] studied the 

active suspension control for vehicle ride, and roll control for the full car model. Roll 

control was achieved by actively tilting the vehicle body inwards against the steering 

maneuvers. It was shown that integrated ride comfort and roll controls improved ride 

comfort and prevented possible vehicle rollover. There are other studies on active 

suspensions with conventional suspension systems which use control approaches 

such as H-infinity control [35], switched control [36] hybrid control [37] and fuzzy 

control [38]. Cooke et al. [39] studied the active control of vehicle ride comfort and 

handling. Two control strategies for ride comfort and the road holding were derived 

and then combined. The performance of combined controllers was tested for straight 

running, J-Turn test, Sine Steer Test, Double Lane Change Test. They showed that, 
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in general, combined controller had slightly superior performance for handling and 

ride comfort simultaneously.  

In the literature, there are many studies on the parameter optimization of vehicle 

suspension system. In most of these studies, stiffness and damping parameters of the 

suspension units are optimized. Wong [40] examined the effects of the spring 

stiffness, damper damping, and the unsprung mass on the ride comfort, suspension 

packaging, and the road holding performance for a quarter car model. Thoresson [41] 

studied the optimization of the suspension system parameters of an off-road vehicle 

for ride comfort and handling. The parameters, damping characteristics scale 

coefficients, and the HP suspension gas volumes of the front and rear suspensions are 

optimized. Objection function for the vehicle ride comfort and handling was defined 

as the weighted rms of the vertical acceleration and body roll angle, respectively. Els 

and Uys [42] studied the optimization of the suspension system for ride comfort and 

handling. Parameters of the suspension system, HP suspension gas volume and 

damper scale factors, were optimized. The cost function to be minimized was formed 

as the weighted rms of the vertical acceleration in the Belgian paved road simulation, 

and the optimization constraint was formed as the maximum roll angle in the double 

lane change simulation. Then, maximum roll angle was taken as the cost function 

and rms of the vertical acceleration was used as the optimization constraint. 

According to the results, it was suggested that optimization should be performed for 

improved handling for better optimization results. Drehmer et al. [43] studied the 

optimization of the suspension system parameters for ride comfort, suspension 

packaging, and road holding on different roads at different longitudinal velocities. A 

detailed sensitivity study was performed to examine the effects of the suspension 

system parameters on the objective function. In the studies of Naude and Snyman 

[44], [45] damper parameters of the suspension system of a three axle vehicle for ride 

comfort were optimized. Thoresson et al. [46], [47] studied the modeling of a 

simplified vehicle ride and vehicle handling to be used in the vehicle suspension 

optimization and the full vehicle model in Msc ADAMS software. The simplified 

vehicle models were used for the gradient information and the full vehicle model was 

used for the objective function evaluation. Normalized HP suspension gas volume 
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and normalized damper scale factors were used as the parameters to be optimized. 

Optimization were performed according to ride comfort, handling, and both ride 

comfort and handling. As expected, for handling optimization, gas volumes were set 

to the lower bounds on the boundary and damper values were set to upper boundary 

values. For ride comfort, gas volumes were set to upper boundary values and 

dampers were set to lower boundary values. For combined ride comfort and handling 

optimization, the damper and gas volumes were set to values within the parameter 

space for compromised solution. Choi et al. [48] designed an optimum suspension 

for the best vehicle mobility. Optimum suspension parameters to minimize the 

stabilization time and the driver vertical acceleration were found. 

2.3. MOTIVATION 

In the literature, there are somewhat limited number of studies about the HP 

suspension systems Most of these are concentrated on the modeling, simulation, and 

control of single unit HP suspension system. There are also a limited number of 

studies on the interconnected HP suspension systems. Studies on the interconnected 

HP suspension systems are mostly for vehicles with two axles. The following topics 

involving the HP suspension systems have not received adequate cover in the 

literature and will be examined in full detail in the following chapters. 

2.3.1. Development of Single Unit HP Suspension Systems 

In the literature, usually the simple configuration of the HP suspension system which 

consists of a single gas volume and orifices was modeled. However, when additional 

gas volume and orifices are added to the basic HP suspension system, different 

stiffness and the damping characteristics can be obtained. In this study, HP 

suspension systems with single and double gas chambers are going to be modeled, 

analyzed, and compared to each other. Similarly, HP suspensions systems with single 

and double orifices are also be examined. 

2.3.2. Active HP Suspension Design 

In the literature, there exists large number of studies in which a single unit HP 

suspension system is studied, and controllers are designed for active and semi-active 



 

 

26 

 

suspensions. Since the HP suspension has highly nonlinear dynamics, the model is 

first linearized, and then linear controllers are designed. In this study, to capture the 

true dynamics of the system, nonlinear controllers will be designed for the single unit 

HP suspension model, half vehicle model, and the full vehicle model for active 

suspension designs. Active controllers to improve ride comfort and attitude control 

are studied in only a few studies. In these studies, attitude and the ride comfort 

control are performed separately, and then two controllers are combined. Moreover, 

one of the important concepts in the controller design, stability analysis is not carried 

out in most of the active HP suspension system studies. In this dissertation, an active 

controller for both ride comfort and attitude control is examined in a detailed way, 

and a combined controller is directly designed. Since there is only a compromise 

solution for the simultaneous attitude control and ride comfort control, an adaptive 

active controller is designed to improve ride comfort and attitude control 

performances simultaneously and a mathematical analysis of the stability of the 

proposed controller is carried out. 

2.3.3. Interconnection of the HP Suspension Systems 

One of the main advantages of the HP suspension system is that the HP suspensions 

in full vehicles can be interconnected by hydraulically or pneumatically. By this way 

handling, ride comfort, and pitch and roll stability of the vehicle can be improved. 

The most detailed study about interconnected HP suspension systems was performed 

by Cao [19]. As also specified in that study, different strategies of passive 

interconnected suspensions can be developed. However, interconnected HP 

suspension systems for multi-axle vehicles are not adequately studied. In this study, 

interconnected HP suspension systems for multi-axle vehicles are studied in detail 

and a general conclusion is made.  

With the results found from this study, vehicle designer can select the best 

interconnected suspension configuration for the specific purposes. Thus, the 

interconnected HP suspension system studied for the three axle vehicles is 

generalized for the four and multi-axle vehicle models. 
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2.3.4. Optimization of the HP suspension system 

When a new suspension is designed, its parameters must be tuned for different 

objectives such as ride comfort and handling. To be able find the correct parameter 

set, related parameters have to be optimized for specific purposes. Similarly, when 

the controller is to be designed for the active and semi-active suspensions, the 

controller parameters can also be found by parameter optimization. 

Optimization studies have been performed mostly using a quarter car model with the 

HP suspension system. Optimization studies can also be applied to full vehicle model 

or multibody dynamics model of a vehicle. In this case, the optimization can be 

performed with respect to roll stability, pitching, vertical ride comfort, leveling of the 

vehicle, and handling. Thus, the vehicle can be designed for realistic driving 

conditions. Therefore, in this study the HP suspension parameters will be optimized 

both for full vehicle model equipped with unconnected and interconnected HP 

suspension systems. In the literature, there are no studies on the optimization of the 

interconnected HP suspension systems. In this study, the parameters of the 

interconnected HP suspension systems are optimized to find the best ride comfort 

with a handling constraint. Therefore, a method of selecting the type of the 

interconnections and the parameters of the interconnection are proposed.  
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CHAPTER 3 

 

 

MODELLING OF THE HP SUSPENSION SYSTEMS 

 

 

 

In the literature, there are a number of different HP suspension models each of which 

is suited for a different application. In its basic form, a HP suspension model consists 

of a gas volume, two oil volumes, and an orifice (or damping valve). The gas volume 

provides system with elastic element to absorb road shocks and the flow of oil 

through the orifice provides system damping. However, for different applications, 

one or more other components can be inserted to the system.  

3.1. MODELING OF THE HP SUSPENSION 

In this chapter, an HP suspension system with a single gas chamber is modeled, and 

its static and dynamic characteristics are examined in both time and frequency 

domains. Then, the HP suspension system with double gas chambers and double 

orifices are modeled, their characteristics are examined, and they are compared with 

the HP suspension system having a single orifice and a single gas volume. 

3.1.1. Modeling of the HP Suspension System with Incompressible Oil 

Assumption 

The general structure of the HP suspension system considered in the following 

modeling phase is shown in Figure 3.1.  
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Figure 3.1: Quarter Car Model with HP Suspension System  

The first step in the derivation of the mathematical model is to write the force 

balance to determine the force on the piston. The piston force, F, is 

 
1 p pf pHSF = PA -F -F   (3-1) 

where P1 is the oil pressure in the first oil volume, Ap is the piston area, Fpf is the 

Coulomb Friction between piston and the cylinder wall, and FpHS is the force 

between the piston and the hard stops. The equation of motion for the sprung mass 

can be written as 

 
1 p pf pHS pPA -Mg -F -F = Mz   (3-2) 

where M is the sprung mass, g is the gravitational acceleration, and, and zp is the 

piston displacement. Friction force is expressed as 

 

pC p t

pf p t

pC p t

F if z - z > 0

F = 0 if z - z = 0

-F if z - z < 0







  (3-3) 

where FpC is the Coulomb friction force and zt is the wheel hub displacement. 

Similarly, the hard stop force is given by, 
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pHS p t pHSU p t pHSU

pHS pHSL p t pHSU

pHS p t pHSL p t pHSL

k z - z h if z - z > h

F = 0 if h z - z h

k z - z h if z - z < h

 


 




 (3-4) 

where kpHS is the hard stop spring constant, hpHSU is the distance between the piston 

and the upper hard stop at static equilibrium position, and hpHSL is the distance 

between the piston and the lower hard stop at static equilibrium position. The 

assumed force deflection characteristic of the hard stop is shown in Figure 3.2. 

 

Figure 3.2: Hard Stop Force Characteristics 

The equation of motion of the floating piston is 

  3 Atm 2 p fp fpf fpHS fp fpP - P - P A - M g - F - F = M z   (3-5) 

where P3 is the absolute gas pressure in third chamber, PAtm is the atmospheric 

pressure, P2 is the oil pressure in second chamber, Mfp is the floating piston mass, zfp 

is the floating piston displacement, Ffpf is the Coulomb friction force between 

floating piston and the cylinder wall, and, FfpHS is the hard stop force between the 

floating piston and the hard stop. The Coulomb friction force is 

 

fpC fp t

fpf fp t

fpC fp t

F if z - z > 0

F = 0 if z - z = 0

-F if z - z < 0







 (3-6) 
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where is FfpC is the Coulomb friction force. Similarly, the hard stop force is, 

 

 

 

fpHS fp t fpHSU fp t fpHSU

fpHS fpHSL fp t fpHSU

fpHS fp t fpHSL fp t fpHSL

k z - z h if z - z > h

F = 0 if h z - z h

k z - z h if z - z < h

 


 




 (3-7) 

where kfpHS is the hard stop spring constant, hfpHSU is the distance between the 

floating piston and the upper hard stop at static equilibrium position, and hfpHSL is the 

distance between the floating piston and the lower hard stop at static equilibrium 

position. Force displacement characteristics of the hard stops are similar to one 

shown in Figure 3.2. When the oil is assumed as incompressible, from the continuity 

of the oil in first and second oil chamber:  

 
fp pz z  (3-8) 

Thus, the motion of the main piston and the floating piston becomes the same. Using 

Equation (3-5), the pressure P2 can be found as, 

 
fp fp fp fpf fpHS

2 3 atm

p

M g + M z + F F
P = P - P -

A


 (3-9) 

Oil flow rate, Q12, passing through the orifice can be found by using the orifice 

equation as, 

 12 v d 2 1 2 1

2
Q = A C P - P sign(P - P )

ρ
 (3-10) 

where Av is the orifice area, Cd is the drag coefficient, and ρ is the oil density. 

Equation (3-10) can also be written as, 

 12 v d 2 1 p t

2
Q = A C P - P sign(z - z )

ρ
 (3-11) 

From the continuity of the oil in chamber 1, 

  12 p p tQ = A z - z  (3-12) 
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The absolute gas pressure can be found using polytropic gas equation as, 

 κ κ

30 30 3 3P V = P V  (3-13) 

where P30 is the absolute gas pressure at static equilibrium (or initial gas volume), 

V30 is the gas volume at static equilibrium (or initial gas volumes), P3 is the 

instantaneous absolute gas pressure, V3 is the instantaneous gas volume, and κ is the 

polytropic gas coefficient. The relation between the initial gas properties and gas 

properties at static equilibrium can be found by using the isothermal polytropic gas 

equation as, 

 30 30 3i 3iP V = P V  (3-14) 

where P3i is the precharge gas pressure and V3i is the precharge gas volume. The 

instantaneous gas volume can be obtained as, 

  3 30 p p tV = V + A z - z 
 

 (3-15) 

The instantaneous gas pressure can be obtained as 

 

 

κ

30 30
3 κ

30 p p t

P V
P =

V + A z - z 
 

 (3-16) 

As a result, one degree of freedom HP suspension model is obtained assuming 

incompressible model. Using the derived equations so far, oil pressure P2 can be 

found as, 

 

 

κ
fp fp fp fpf fpHS30 30

2 Atmκ

p
30 p p t

M g + M z + F FP V
P = - P -

AV + A z - z



 
 

 (3-17) 

Similarly, oil pressure P1 can be found as, 

 
 

 

κ
fp fp fp fpf fpHS30 30

1 Atmκ

p
30 p p t

2

p p t

p t

v d

M g + M z + F FP V
P = - P - -

AV + A z - z

A z - z ρ
- sign(z - z )

A C 2



 
 

 
 
  

 (3-18) 
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Then, the suspension force F can be found as, 

 
 

 

κ
fp fp fp fpf fpHS30 30

Atmκ

p
30 p p t

p pf pHS2

p p t

p t

v d

M g + M z + F FP V
- P - -

AV + A z - z

F = A - F - F
A z - z ρ

- sign(z - z )
A C 2

 
 
    

 
  
  
    

 (3-19) 

The equation of motion for the tire can be written as, 

 
     t 0 t t 0 t 3 Atm p 2 p 1 p

pf fpf pHS fpHS t t

k z - z + c z - z - P - P A + P A - P A

+F + F + F + F = M z


 (3-20) 

where z0 is the road displacement input, kt is the tire stiffness, ct is the tire damping 

coefficient, and Mt is the tire mass. 

3.1.2. Modeling of the HP Suspension with Compressible Oil Model 

In previous part HP suspension system is modeled with incompressible oil 

assumption. However, in real oil is somewhat compressible. Therefore, in this part, 

HP suspension system is to be modeled with compressible oil model. Here, the first 

order compressible oil model is used. When the compressibility of the oil is also 

taken into account, the continuity equation of the oil in first chamber becomes, 

 
1 12 β1Q = Q -Q  (3-21) 

where Q1 is the net flow rate to first chamber, Q12 is the flow rate through the orifice 

into first chamber, and Qβ1 is the flow rate due to compressibility of the oil. From the 

compatibility relations, the net flow rate to first chamber can be found as, 

  1 p p tQ = A z - z  (3-22) 

Moreover, the flow rate, Qβ1, due to compressibility of the oil in first chamber can be 

found as, 

 1
β1 1

V
Q = P

β
 (3-23) 
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where β is the oil bulk modulus, and V1 is the instantaneous volume of the first 

chamber. V1 can be found as, 

  1 10 p p tV = V + A z - z  (3-24) 

where V10 is the initial volume of the oil in the first chamber. From these equations, 

the pressure P1 can be found as, 

 
 

   1 d v 2 1 2 1 p p t

10 p p t

β 2
P = C A P - P sign P - P - A z - z

ρV + A z - z

 
 
 

 (3-25) 

Similarly, the continuity equation for the oil in second chamber becomes, 

 
2 12 β2Q = -Q -Q  (3-26) 

where Q2 is the net flow rate to second chamber, and Qβ2 is the flow rate due to 

compressibility of the oil. From the compatibility relations, Q2 can be found as, 

  2 p fp tQ = A -z + z  (3-27) 

Then, the flow rate due to compressibility of the oil in second chamber becomes, 

 2
β2 2

V
Q = P

β
 (3-28) 

where V2 is the instantaneous volume of the second chamber and is given as, 

  2 20 p fp tV = V + A -z + z  (3-29) 

where V20 is the initial volume of the oil in the second chamber. Using the continuity 

equation of the oil in the second chamber, the pressure P2 can be calculated as, 

 
 

   2 d v 2 1 2 1 p fp t

20 p fp t

β 2
P = -C A P - P sign P - P - A -z + z

ρV + A -z + z

 
 
 

 (3-30) 

The gas pressure can be expressed as, 

 

 

κ

30 30
3 κ

30 p fp t

P V
P =

V + A z - z 
 

 (3-31) 
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The suspension force F is found by using the derived equations so far. However, an 

explicit equation cannot be found. Solving the nonlinear differential equations 

derived so far by numerical methods, the suspension force and other variables can be 

obtained. The equation of motion for the tire for the incompressible and the 

compressible cases are identical.  

Vehicle and HP suspension model parameters are given in Table 3.1. 

Table 3.1: Vehicle and Suspension Parameters 

Parameter Symbol Value 

Sprung Mass M [kg] 1500 

Floating Piston Mass Mfp [kg] 1 

Tire Mass Mt [kg] 150 

Orifice Opening Av [m
2
] 2e-4 

Piston Area Ap [m
2
] 0.007 

Polytropic Gas Constant κ 1.4 

Orifice Drag Coefficient Cd 0.8 

Oil Density ρ [kg/m
3
] 800 

Coulomb Friction Force for Piston Fp [N] 40 

Coulomb Friction Force for Floating Piston Ffp [N] 20 

Tire Stiffness kt [N/m] 6e5 

Initial Gas Volume for Single Gas Chamber HP 

Suspension System 
V30 [m

3
] 0.0019 

Initial Gas Volume for Double Gas Chamber HP 

Suspension System 
V30 [m

3
] 0.0031 

Oil Bulk Modulus β [Pa] 1.3e9 

Gravitational Acceleration g [m/s
2
] 9.816 

Atmospheric Pressure PAtm [bar] 1 

Piston Rod Area Ar [m
2
] 0.004 

Initial Gas Pressure at 4
th 

Volume for Double Gas 

Chamber HP Suspension 
P40 [bar] 12 

Initial Gas Volume at 4
th 

Gas Volume for Double Gas 

Chamber HP Suspension 
V40 [m

3
] 0.0008 

 

3.1.3. Static Analysis 

After the dynamic equations are derived for the HP suspension system with 

incompressible and the compressible oil models suspension variables are to be found 

at the static equilibrium. At static equilibrium, the suspension force become, 
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fp

30 Atm p

p

M g
F = P - P - A

A

 
 
  

 (3-32) 

Thus, absolute gas pressure at static equilibrium becomes, 

 
 fp

30 Atm

p

M M g
P P

A


   (3-33) 

3.1.4. Effect of Compressibility on the Dynamics of the Suspension 

To see the effect of the oil compressibility on the system dynamics, as a first attempt, 

time domain simulations are performed and the responses of the HP suspension with 

compressible and incompressible oil models are compared to each other. Previously 

derived HP suspension models with the compressible and the incompressible oil 

models are simulated by a road displacement input which is a sine sweep input in the 

frequency range 1-10 Hz.  

 

Figure 3.3: Sprung Mass Accelerations Obtained from HP Suspension with 

Compressible and Incompressible Oil 
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Figure 3.4: Suspension Deflections Obtained from HP Suspension with 

Compressible and Incompressible Oil 

 

Figure 3.5: Tire Deflections Obtained from HP Suspension with Compressible and 

Incompressible Oil 
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Figure 3.3 to Figure 3.5 show the simulation outputs. As the results illustrate, for the 

specified input, the HP suspension model with the compressible and the 

incompressible oil models have similar results. In other words oil compressibility 

does not appreciably affect the simulation outputs. This is due to the fact that gas 

compressibility is much higher than the oil compressibility and thus dominates the 

stiffness characteristics of the HP suspension system. In the following section, the 

effect of the oil compressibility on the stiffness characteristics of the HP suspension 

system is examined. 

3.2. ANALYSIS OF THE HP SUSPENSION SYSTEM 

After the comparison between the HP suspension systems with compressible and 

incompressible oil models are performed, now the stiffness and the damping 

properties of the HP suspension system is to be performed and a general parametric 

study is to be carried out in both time and the frequency domains. 

3.2.1. Stiffness and Damping Characteristics of the HP Suspension  

3.2.1.1. Stiffness Characteristics 

For stiffness properties of the HP suspension system, the model shown in Figure 3.6 

is used. Stiffness characteristic of the HP suspension system is to be obtained for 

both the incompressible and the compressible oil models. 

 

Figure 3.6: HP Suspension Layout Used in Analysis 
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Incompressible Oil 

Stiffness of the HP suspension system changes with the relative displacement of the 

main piston with respect to the tire displacement. Thus suspension stiffness, k, is 

dependent on the relative piston displacement and can be found as, 

 
p

dF
k = -

dz
 (3-34) 

and F is the suspension force at steady state and is, 

 

κ

30 30 p

Atm p fpκ

30 p p

P V A
F = - P A - M g

V + A z  

 (3-35) 

Thus suspension stiffness can be found as, 

 
 

 

κ

30 30 p

Atm p fpκ
κ 2

30 p p 30 30 p

κ+1

p p 30 p p

P V A
d - P A - M g

V + A z P V A κdF
k = - = - =

dz dz V + A z

 
 
 
 

 (3-36) 

As can be seen from the Equation (3-36) the gas stiffness increases when zpt 

decreases. At static equilibrium, suspension stiffness become, 

 

2

30 p

30

P A κ
k =

V
 (3-37) 

Compressible Oil 

When the incompressible oil model is used in the derivation of the HP suspension 

force, the motion of the floating and main piston become the same. However, when 

the compressible oil model is used, they are different. Therefore, another elastic 

medium, oil, has also an effect in the stiffness characteristic of the HP suspension 

system. At steady state conditions, 

 
fp 0

0 30 Atm

p p

M g F
P P P

A A
     (3-38) 

Thus the compressibility of the oil in oil volume can be written as, 
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dP = -β
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 (3-39) 
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where 

 
p

F
P

A
  (3-42) 

From the derived equations, the suspension force, F, can be found as, 

 

0
p

κ

30 30 p

Atm p fpκ
F

-P
A

-β

0
30 p p

p

P V A
F = P A - M g

V
V + A z - e 1
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 (3-43) 

After some manipulation, Equation (3-43) can be written as, 

 

0
p

F
1 -P

Aκ

30 30 p -β

30 0

Atm p fp

p

p

P V A
- V + V e -1

F + P A + M g

= z
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 (3-44) 

where 

 
fp0

30 Atm

p p

M gF
P P

A A
    (3-45) 

Suspension stiffness characteristics can be found from Equations (3-44) and (3-45). 
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3.2.1.2. Comparisons of Stiffness Characteristics 

In this section, the suspension stiffness is compared for HP suspension model with 

compressible and incompressible oil assumptions. Figure 3.7 shows the stiffness 

characteristics of the HP suspension with the compressible and incompressible oil 

models.  

 

Figure 3.7: Effect of Oil Compressibility in the Suspension Stiffness 
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stiffness values of the HP suspension also decreases. However, when the oil 
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typical hydraulic oil can be modeled with the incompressible oil assumption. 

3.2.1.3. Damping Characteristics 
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2

p p t

p p t

v d

A z - z ρ
F = A sign(z - z )

A C 2

 
 
  

 (3-46) 

The damping force is proportional to the amplitude of the relative velocity between 

the sprung and unsprung masses. At low velocities, the system has low damping and 

at high velocities it has high damping. As explained in the study of the Bauer [1], 

low damping at low velocities gives the feeling of losing contact of the tires with the 

road. Therefore, instead of using the direct orifice damper in the modeling, combined 

valve systems are used. By combination of different valve systems, the pressure drop 

and the flow rate or the damping force and the suspension relative velocity 

characteristic can be obtained. In the study of the Dixon [49], modeling of the 

damper valves is explained in detail. In this study, the damping characteristics are 

modeled by using both the orifice damping and the combined damping models. The 

combined damping model is shown in Figure 3.8. The mathematical representation 

of the combined damper model is, 

 

 

 

E vmax E
v E max E

max Ev E

vmax E v E max E

C vmax C
v C max C

max Cv C

vmax C v C max C

P A
A if P P

PA P

A A if P P

P A
A if P P

PA P

A A if P P


   

  
    


   

  
    

 (3-47) 

where “E” and “C” stand for defining the parameters when the suspension expands 

and compresses, respectively, ∆P is the pressure difference, ∆Pmax is the pressure 

difference which results in maximum valve opening, Avmax is the maximum valve 

opening, and Av is the constant orifice opening. 
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Figure 3.8: Combined Damper Model 

The change of the valve opening area with the pressure drop is shown in Figure 3.9. 

 

Figure 3.9: Change of the Valve Opening with the Pressure Drop 

When the variable valve opening becomes maximum, the valve behaves as a constant 

area orifice and the damping force changes proportional to the square of the 

suspension velocity. However, when the valve openings are not fully open, damping 

force changes proportional to square root of the suspension velocity. Moreover, 

orifice with constant area is used as the bleed orifice. 

3.2.2. Parameter Sensitivity Study 

After the stiffness and the damping characteristics of the HP suspension system are 

derived, a parameter sensitivity study is to be performed. The stiffness characteristic 

of the HP suspension system with incompressible oil model is dependent on piston 

area, gas pressure at static equilibrium, gas volume at static equilibrium, and 

polytropic gas constant. Initial gas pressure is dependent on sprung mass and piston 

area. Therefore, the gas stiffness is dependent on the two basic suspension design 
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parameters, piston area, and the gas volume at static equilibrium (or initial gas 

volume). By changing these parameters, suspension stiffness can be tuned 

accordingly. The variation of the suspension stiffness with the piston area is shown 

in Figure 3.10 and Figure 3.11. 

 

Figure 3.10: Variation of Suspension Stiffness with Piston Area 

 

Figure 3.11: Variation of Suspension Stiffness with Initial Gas Volume 
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As can be seen from Figure 3.10, when the piston area is increased, the amount of 

displaced oil also increases and thus the stiffness increases. On the contrary, when 

the piston area is reduced, suspension stiffness also decreases. 

As Figure 3.11 illustrates, when the initial gas volume is increased, suspension 

stiffness decreases and when the initial gas volume decreases, suspension stiffness 

increases. Further, as Figure 3.10 and Figure 3.11 illustrate, when the gas volume 

decreases, suspension stiffness increases with an increasing rate. On the contrary, 

when the gas volume increases, suspension stiffness deceases with a decreasing rate. 

As can be seen from Equation (3-46), the orifice damping is dependent on the design 

parameters, piston area, and orifice opening. The variation of the damping force with 

piston area and orifice opening are shown in Figure 3.12 and Figure 3.13, 

respectively. 

 

Figure 3.12: Variation of Damping Force with Piston Area 
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Figure 3.13: Variation of Damping Force with Orifice Opening 
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root mean square of the response value to root mean square of the road velocity 

input. The frequency response functions are obtained as, 

  
  
  

p

Accl

0

rms z t
H ω =

rms z t
 (3-48) 

  
  
  

t0

Tire Def

0

rms z t
H ω =

rms z t
 (3-49) 

  
  
  

pt

Sus Def

0

rms z t
H ω =

rms z t
 (3-50) 

where HAccl(ω) is the sprung mass acceleration frequency response function, 

HTireDef(ω) is the tire deflection frequency response function, and the HSusDef(ω) is the 

suspension deflection frequency response function. The road displacement input is, 

z0=Aisin(2πfit) where  iA 0.1m,0.01m  and  if 0.4 Hz,20 Hz . The amplitude of 

the displacement input used in the simulation is shown in Figure 3.14. 

 

Figure 3.14: Amplitude vs Frequency Plot of the Road Displacement Sine Input 
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3.2.3.1. Piston Area 

Variation of the acceleration, suspension deflection, and the tire deflection with the 

piston area in frequency domain are shown in Figure 3.15, to Figure 3.17. Variation 

of the FRFs of the HP suspension systems with the suspension design parameters can 

be interpreted in view of the stiffness and damping properties. When the piston area 

increases, suspension damping force also increases in proportion to third power of 

the piston area. Thus the FRFs, around body bounce and wheel hop frequencies 

decrease. Thus, ride comfort, suspension deflection, and tire deflection are improved. 

For the vertical acceleration and the tire deflection FRFs, in the isolation region, 

increasing piston area causes an increase in responses which in turn causes 

deterioration in ride comfort and road holding. However, for suspension deflection, 

piston area has no effect in the isolation region. Moreover, when the piston area is 

increased, suspension stiffness also increases, and body bounce frequency increases. 

Thus ride comfort performance is decreased. Increasing stiffness improves 

suspension packaging performance by decreasing suspension deflection. In 

summary, changing piston area changes both suspension stiffness and damping.  

 

Figure 3.15: Variation of Sprung Mass Acceleration with Piston Area 
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Figure 3.16: Variation of Suspension Deflection with Piston Area 

 

Figure 3.17: Variation of the Tire Deflection with Piston Area 
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3.2.3.2. Initial Gas Volume 

Variation of the acceleration, suspension deflection, and tire deflection with initial 

gas volume are shown in Figure 3.18 to Figure 3.20. When the initial gas volume 

increases, suspension stiffness decreases and thus body bounce frequency is also 

lowered. When the initial gas volume is reduced, suspension becomes more stiff and 

thus body bounce frequency increases. Initial gas volume has nearly no effect on the 

FRFs around wheel hop frequencies. Thus increasing initial gas volume increases the 

acceleration response around body bounce frequency and around isolation 

frequencies, and thus ride comfort is degraded.  

 

Figure 3.18: Variation of Sprung Mass Acceleration with Initial Gas Volume 
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Figure 3.19: Variation of Suspension Deflection with Initial Gas Volume  

 

Figure 3.20: Variation of Tire Deflection with Initial Gas Volume 
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3.2.3.3. Orifice Opening 

Variations of the sprung mass acceleration, suspension deflection, and tire deflection 

with orifice opening area are shown in Figure 3.21 to Figure 3.23. Variation of the 

vehicle performance characteristics with the orifice opening is similar to variation of 

the vehicle performance characteristics with the piston area with regard to damping. 

When the orifice opening is reduced, suspension damping increases and thus 

performance variables around body bounce frequency dampen out. Moreover, tire 

and suspension deflections around wheel hop frequencies brought down. 

Nonetheless, in the isolation region, vertical acceleration and tire deflection are 

increased. 

 

Figure 3.21: Variation of the Sprung Mass Acceleration with the Valve Opening 
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Figure 3.22: Variation of Suspension Deflection with Valve Opening 

 

Figure 3.23: Variation of Tire Deflection with Valve Opening 
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3.2.3.4. Input Amplitude 

Variation of the sprung mass acceleration, suspension deflection, and tire deflection 

with input amplitude are shown in Figure 3.24 to Figure 3.26. Since the HP 

suspension is a nonlinear system, FRFs are dependent on the input amplitude. 

Variation of the FRFs with the input amplitude again can be interpreted in 

accordance with the damping property. When the input amplitude increases, the 

damping force increases and thus performance variables around the body bounce 

frequency are also reduced. Moreover in the isolation region, increasing the input 

amplitude increases the vertical acceleration and tire deflection and ride comfort and 

road holding performances are degraded. Therefore, input amplitude and the orifice 

opening have similar effect on the response characteristics. The only difference is the 

degree of the effect. Damping force is proportional to square of the input velocity, 

and is inversely proportional to the square of the orifice opening. Thus orifice 

opening and suspension velocity have similar inverse effect of the response 

variables. 

 

Figure 3.24: Variation of Sprung Mass Acceleration with Input Amplitude 
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Figure 3.25: Variation of Suspension Deflection with Input Amplitude 

 

Figure 3.26: Variation of Tire Deflection with Input Amplitude 
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In summary, increasing piston area increases both suspension stiffness and damping, 

increasing initial gas volumes decreases suspension stiffness and increasing orifice 

opening decreases suspension damping.  

3.3. COMPARISON OF DIFFERENT HP SUSPENSION SYSTEM 

In this section the HP suspension system with double gas chambers will be modeled 

and its characteristics will be compared to those of the HP suspension system with 

single gas chamber. 

3.3.1. Modeling of the HP Suspension System with Double Gas Chambers 

With double gas chambers HP suspension, different stiffness and damping 

characteristics of the HP suspension system can be obtained. Therefore, more design 

parameters are available for suspension design. The schematic of the double gas HP 

suspension is given in Figure 3.27. 

 

Figure 3.27. Double Gas Chamber HP Suspension 
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Equation of motion of the main piston can be written as 

 
1 p 6 pr pf pHS pPA -P A -Mg -F -F = Mz  (3-51) 

where P6 is the pressure at the 6
th

 chamber, Apr is the difference between the main 

piston area and the rod area. 

Suspension force F can be written as, 

 
1 p 6 pr pf pHSF = PA -P A -F -F  (3-52) 

Equation of the motion for the 1
st
 floating piston can be written as, 

 
2 fp 3 Atm fp fp fpf1 fpHS1 fp fp1P A -(P -P )A -M g -F -F = M z  (3-53) 

where Afp is the floating piston area, Ffpf1 is the friction force, FfpHS1 is the hard stop 

force for the first floating piston, and zfp1 is the displacement of the first floating 

piston. Similarly, the equation of motion of the second floating piston can be written 

as, 

  4 Atm fp 5 fp fp fpf2 fpHS2 fp fp2P - P A - P A - M g - F - F = M z  (3-54) 

where P4 is the absolute gas pressure at the 4
th

 chamber, P5 is the oil pressure at the 

5
th

 chamber, Ffpf2 is the friction force, FfpHS2 is the hard stop force for the second 

floating piston, and zfp2 is the displacement of the second floating piston. 

Assuming incompressible oil, from continuity, it can be easily shown that, 

 
 pr p t

fp2 t

fp

A z - z
z = z -

A
 (3-55) 

and 

 
 p p t

fp1 t

fp

A z - z
z = z -

A
 (3-56) 

Moreover, the oil flow rate through 1
st
 orifice is, 

  65 d v1 6 5 p t

2
Q = C A P - P sign z - z

ρ
 (3-57) 
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where, Av1 is the valve opening of the first orifice. Furthermore, Q65 is also equal to, 

  65 pr p tQ = A z - z  (3-58) 

Therefore P6 can be found as, 

 
 

 
2

pr p t

6 p t 5

d v1

A z - z ρ
P = sign z - z + P

C A 2

 
 
  

 (3-59) 

In a similar way, P1 can be found as, 
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p p t

1 2 p t
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A z - z ρ
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C A 2

 
 
  

 (3-60) 

where Av2 is the valve opening of the second orifice. The gas pressure in 3
rd

 chamber 

can be found from the polytropic gas equation as, 

 

 

κ

30 30
3 κ

30 fp fp1 t

P V
P =

V - A z - z 
 

 (3-61) 

Similarly, the gas pressure in 4
th

 chamber can be found as, 

 

 

κ

40 40
4 κ

40 fp fp2 t

P V
P =

V + A z - z 
 

 (3-62) 

where P40 is the initial gas pressure at the 4
th

 chamber and V40 is the initial volume of 

the gas in the 4
th

 chamber. Pressures P2 and P5 can be found as, 

 
 3 Atm fp fp fpf1 fpHS1 fp fp1

2

fp

P P A M g F F M z
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A

    
 (3-63) 

 
 4 Atm fp fp fpf 2 fpHS2 fp fp2

5

fp

P P A M g F F M z
P =

A

    
 (3-64) 

After some manipulation, the pressures P1 and P6 are found as, 
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3.3.2. Static Analysis of the Double Gas Chamber HP Suspension System 

At static equilibrium, the suspension force become, 

 
   30 Atm fp fp 40 Atm fp fp

p pr

fp fp

P - P A + M g P - P A - M g
F = A - A Mg

A A

   
   

      
 (3-67) 

This force is equal to weight of the sprung mass M. Therefore, initial gas pressures 

P30 and P40 can be determined from Equation (3-67). However, there are two 

unknown initial gas pressures and one equation; there is a parameter family of 

solutions. To be able to determine a unique set of initial gas pressures, one of the 

initial gas pressures is set to a value, and the other one can be found.  

3.3.3. Stiffness Characteristics of the Double Gas Chamber HP Suspension 

System 

Since there are two gas chambers, the HP suspension system with double gas 

chambers has different stiffness characteristics. Let  

 
   p p t p p t

1 fp1 t t t

fp fp

A z - z A z - z
z = z - z = z - - z = -

A A
 (3-68) 

and 
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Then the suspension force becomes, 
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 (3-70) 

Then the suspension stiffness become, 

 

κ 2 κ 2
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 (3-71) 

At static equilibrium, the suspension stiffness can be found as 

 

2 2

30 p 40 pr

30 40

P A P A κ
k =

V V


  (3-72) 

The variation of the stiffness of double gas chamber suspension with relative 

displacement is shown in Figure 3.28. 

 

Figure 3.28: Variation of Gas Stiffness with Relative Displacement 
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The suspension stiffness in the double gas chamber HP suspension depends on many 

design parameters; initial gas volumes, V30, and V40, main piston area, Ap, floating 

piston area, Afp, difference between piston and piston rod area, Apr, and initial gas 

pressures P30 and P40. Therefore, a more flexible tuning of suspension parameters can 

be obtained to satisfy suspension performance. The main difference between the 

suspension stiffness of the single-gas chamber and double-gas chamber HP 

suspension system is the shape of the stiffness curve. For the HP suspension system 

with single gas chamber, when the suspension displacement increases, stiffness 

decreases, and when the suspension displacement decreases stiffness increases. 

However, double gas chamber HP suspension system has a stiffness characteristic 

which has a minimum at some suspension displacement value. At other displacement 

values, increasing or decreasing suspension displacement increases suspension 

stiffness.  

3.3.4. Damping Characteristics of the Double Gas Chamber HP Suspension 

System 

Damping force F due to orifices in HP suspension system with double gas chamber 

can be written as, 

 
 

 
 

 
2 2
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 (3-73) 

As can be seen from Equation (3-73), the HP suspension system with double gas 

chamber has a damping force due to two orifices. This damping force can be 

provided in a HP suspension system with single gas chamber with an equivalent 

orifice area. On the contrary to stiffness characteristics, damping characteristics of 

the single and double gas chambers HP suspension system are identical. 

3.4. EXPERIMENTAL VERIFICATION OF THE HP SUSPENSION UNIT 

In order to validate the model of the HP suspension system used in the control and 

design studies, an experimental test setup is built and the HP suspension system is 

tested. Data collected from the experiment and model are compared to each other and 
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the HP suspension system is validated and the unknown parameters of the HP 

suspension system are determined by optimization. 

3.4.1. Test Setup 

HP suspension system test setup and HP suspension system are shown in Figure 3.29 

and Figure 3.30 respectively. 

 

Figure 3.29: HP Suspension Test Setup 
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Figure 3.30: HP Suspension Test Setup 

The HP suspension system can be built in different ways. In one construction, gas 

volume, oil volume, and orifices are all placed in the hydraulic cylinder as a whole 

unit. In the other construction, separate hydraulic elements are used to form the HP 

suspension system. In this study, separate industrial hydraulic elements are 

connected to each other to get a HP suspension system. The hydraulic system 

components making up the HP suspension system are listed below. 

 Custom made ø40mm, 200mm stroke Hydraulic Cylinder (shown in Figure 

3.32) 

 Fox 0.7 liter Membrane Type Hydraulic Accumulator (shown in Figure 3.33) 

 Parker Needle Valve (shown in Figure 3.34) 

 Pressure Gage 

 Check Valve 

 Pressure Relief Valve 
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 Hand Pump 

 Hydraulic Connectors 

 Hydraulic Hoses 

 Hydraulic Tank 

Figure 3.31 shows the schematic of the HP suspension system used in the 

experiment. 

 

Figure 3.31: Schematic of the HP Suspension System 

As shown in Figure 3.31, lower port of the hydraulic cylinder is connected to the 

needle valve and the needle valve is connected to the gas charged accumulator. Oil is 

pumped to the HP suspension system by a hand pump. In order to protect the pump 

from high pressure oil, a check valve is connected between the pump and the needle 

valve. In order to unload the system, a ball valve is connected between the main 

pressure line and the hydraulic reservoir. Moreover, a pressure relief valve is 

installed between the main pressure line and the hydraulic tank in order to protect the 

system against overpressure. The gas charged accumulator is used to provide the 
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system stiffness characteristics and the needle valve is used to provide the system 

damping characteristics. HP suspension system is mounted between the table and 

piston of the INSTRON test machine as shown in Figure 3.29. The INSTRON test 

machine produces the desired motion by its piston rod using a hydraulic system. 

Desired force and the corresponding displacement, or the desired displacement and 

the corresponding force can be obtained by the test machine. Both the force and the 

displacement of the piston are measured and recorded during the tests.  

 

Figure 3.32: Hydraulic Cylinder 

 

Figure 3.33: Fox 0.7 L Membrane Type Hydraulic Accumulator [50] 
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Figure 3.34: Parker 9MV600S Needle Valve [51]. 

3.4.2. Experiments 

As stated before, the aim of the experiments is to validate the mathematical model of 

the HP suspension system. For this reason, two different types of tests are performed. 

In first group of tests the stiffness and in the second group of tests damping 

characteristics of the HP suspension system are examined. A ramp displacement 

input with lower ramp rate is used in the first group of tests and sinusoidal 

displacement inputs with different frequencies are used in the second group of tests. 

Then the unknown parameters of the model are estimated and responses of the model 

and experimental results are compared to each other. Figure 3.35 to Figure 3.37 show 

the comparison of the responses obtained from the tests and from the simulations of 

the model for different initial gas pressures. 
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Figure 3.35: Measured vs Simulated Gas Force for Pi=25.8 bar 

 

Figure 3.36: Measured vs Simulated Gas Force for Pi=33 bar 
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Figure 3.37: Measured vs Simulated Gas Force for Pi=45 bar 

As Figure 3.35 to Figure 3.37 show, force-displacement characteristics of the HP 

suspension setup and the HP suspension model are almost identical. Since the ramp 

input is used with very low ramp rate, polytropic gas model is approximately on the 

isothermal working conditions. After the stiffness tests are performed, damping tests 

are conducted at different input frequencies and amplitudes. Figure 3.38 to Figure 

3.43 show the comparison of the force-displacement characteristics of the HP 

suspension setup and the HP suspension model for different input frequencies and 

amplitudes, and valve openings. Figure 3.38 to Figure 3.40 show the experimental 

results at 1 Hz sinusoidal input for different valve openings. Since the valve opening 

cannot be measured during the experiment, an estimated value is used while 

comparing the experimental and the model results. As can be seen from the 

experimental results, the magnitude of the Coulomb friction, approximately 220 N, 

can be estimated from the results directly.  
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Figure 3.38: Measured vs Simulated Gas Force for Pi=25.8 bar, A=35mm, f=1 Hz 

 

Figure 3.39: Measured vs Simulated Gas Force for Pi=25.8 bar A=35mm, f=1 Hz 
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Figure 3.40: Measured vs Simulated Gas Force for Pi=25.8 bar A=35mm, f=1 Hz 

 

Figure 3.41: Measured vs Simulated Gas Force for Pi=25.8 bar A=35mm, f=1.5 Hz 
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Figure 3.42: Measured vs Simulated Gas Force for Pi=25.8 bar, A=25mm f=2.5 Hz 

 

Figure 3.43: Measured vs Simulated Gas Force for Pi=25.8 bar, A=25mm f=3 Hz 
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volume is modeled by the polytropic gas model and the dynamics of the orifice is 

modeled by the orifice equation. Since the model and the experiment results are close 

to each other for the specified parameters of the test, it can be concluded that, the 

derived model of the HP suspension system can be used in the control, optimization, 

and the design studies. 

3.5. TUNING OF THE PARAMETERS OF HP SUSPENSION SYSTEM 

For a HP suspension system with single accumulator and single valve, the design 

parameters are the piston area, initial gas volume, and the orifice area. By tuning 

these parameters, stiffness and the damping characteristics of the HP suspension 

system can be determined. As stated in previous part, stiffness of the HP suspension 

system at static equilibrium depends on the initial gas volume and the piston area. 

The damping of the HP suspension system, on the other hand, depends on the piston 

area and the orifice opening. Therefore, for a desired stiffness and the damping 

characteristics, these three parameters need to be adjusted. Normally, two parameters 

are enough to design the suspension stiffness and the damping, yet extra one 

parameter provides design flexibility. By fixing the piston area, the suspension 

stiffness can be adjusted by changing the initial gas volume and damping can be 

adjusted by changing the orifice area. 

For a HP suspension system with double gas chamber, the suspension parameters are 

the initial gas volumes, initial gas pressures, piston area, floating piston area, rod 

area, and orifice openings. As can be seen from Equation (3-72), the suspension 

stiffness depends on the initial gas volumes, initial gas pressures, main piston area, 

and rod areas. However, as the static equilibrium equation indicates, one of the initial 

gas pressures can be set and the remaining initial gas pressure can be found, i.e. one 

of the initial gas pressures is not an independent parameter. Thus, the suspension 

stiffness depends on only five design parameters which are the main piston area, rod 

area, initial gas volumes, and one of initial gas pressures. This case provides more 

design flexibility as compared with the HP suspension system with single gas 

chamber. Moreover, the damping force in the HP suspension system with double gas 

chamber depends on the main piston area, rod area, and orifice opening. There are 
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more design parameters for the damping force in a HP suspension system with 

double has chamber as compared with the HP suspension system with single gas 

chamber. For a quarter car model with HP suspension system, for an approximate 

body bounce frequency ωbb, the initial gas volume can be found for a predetermined 

piston area by, 

 

2

30 p

30 2

bb

P A κ
V

M



 (3-74) 

This initial gas volume provides a starting value for the design of the HP suspension 

system. In summary, to be able to design the HP suspension system firstly, the type 

of the HP suspension system, either single gas volume or double gas volume, is 

determined. Then the piston area (and rod area) is determined according to the initial 

gas and the oil pressure. In order not to increase the oil pressure too much, the piston 

area is set to some limited range of values. When the piston area is fixed, the only 

design parameter which effects suspension stiffness is the initial gas volume. 

In the following chapters, the HP suspension system with single gas chamber is used 

so that the subjects for investigation are not shadowed by the more involved 

characteristics of the double gas chamber HP suspension system. 
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CHAPTER 4 

 

 

ACTIVE HP SUSPENSION SYSTEM 

 

 

 

The HP suspension systems are more suitable for the implementation of active and 

semi-active suspension control compared with mechanical suspensions. In the HP 

suspension system, active suspension can be designed by pumping hydraulic oil into 

suspension, or by extracting the hydraulic oil from the suspension back to the 

reservoir. Similarly, the semi-active suspension can be implemented by introducing a 

controllable damper valve opening. 

4.1. INTRODUCTION 

A suspension system is expected to isolate the vehicle body from road disturbances 

and keep the tires in contact with the road. Ride comfort is directly associated with 

sprung mass acceleration, and road holding is associated with tire deflection. Passive 

suspension systems can satisfy ride comfort, road holding, and handling 

requirements only to a limited extend. To improve suspension performance, various 

active and semi-active suspensions have been proposed in the literature and there are 

numerous studies on the active control of the conventional suspension systems. 

Models of active systems in these studies are mostly linear and thus linear control 

methods have been applied to determine the desired active force. In some of the 

studies, hydraulic actuators which provide active force are included in the model and 

thus actuator dynamics are also taken into account. 
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It is observed that, most of the studies related to the design of controllers for active 

suspensions which involve conventional linear suspension systems. For these 

systems well-known linear control methods can be used to design the controller. 

There are, on the other hand, few studies about the active control of the HP 

suspension system with nonlinear controllers. Since the HP suspension system is 

inherently nonlinear due to the orifice and the gas equations, the controller should 

also be nonlinear to capture the system dynamics thoroughly. Linearizing the 

nonlinear HP suspension system for specific operating point and designing the 

controller for that point is not effective for the whole dynamic range of the system.  

Designing a suboptimal nonlinear controller for the quarter car with a nonlinear 

active HP suspension in a systematic manner is the main target of this chapter. The 

basic concern is the design of the active HP suspension to obtain improved ride 

comfort together with improved handling by taking the nonlinear behavior of the 

system into consideration. Therefore, a state space model with state dependent 

matrices (SDM) of the nonlinear HP suspension system is derived by the extended 

linearization [52] to be used for the controller design. Polytropic gas model is 

rewritten as a polynomial gas equation, such that the gas force is a polynomial 

function of the relative gas displacement. Thus, the gas force is expressed in terms of 

a linear stiffness equation with a state dependent spring coefficient. Similarly, the 

orifice equation is written as a linear damping equation with state dependent viscous 

coefficient. By this way, all nonlinearities of the original nonlinear HP suspension 

system are preserved. Then, a nonlinear control method, State Dependent Riccati 

Equation (SDRE) control, is used to design the nonlinear active controller. A 

nonlinear active controller is designed effectively and systematically, instead of 

using more complicated formal nonlinear control approaches. The proposed method 

can also be applied to suspension systems with different types of nonlinear spring 

and damper characteristics easily. Further, as explained in reference [53], saturation 

on the oil flow rate can also be incorporated with the SDRE control. The control 

designers are required only to adjust the weighting parameters of the performance 

variables according to the aim of the control.  
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SDRE control is a systematic way of designing a nonlinear controller. It is similar to 

the Linear Quadratic Regulator (LQR) control and by applying the SDRE control as 

a nonlinear control method; all properties of the well-known LQR control can be 

exploited [53], [54]. Mracek and Cloutier [53] studied the theory of SDRE control 

and illustrated the applications of SDRE for nonlinear control problems. Banks et al. 

[54] studied the SDRE method for nonlinear control and estimation problems. 

Various methods for the solution of the SDRE were also covered in the study. An 

extensive review of the SDRE control was presented by Çimen [55]. In the literature, 

there are various applications of the SDRE control in different areas such as vehicle 

dynamics, aerospace, robotics, etc. Kanarachos et al. [56] and Jansen et al. [57] used 

the SDRE control for the design of the braking controller of electric vehicles. 

Alirezai et al. [58] developed a vehicle dynamics controller using the SDRE control 

and then validated the performance of the controller experimentally. There are also 

studies which use the SDRE control method to design nonlinear controllers for 

robotics, motor, and aerospace control applications [59]-[61]. 

4.2. QUARTER CAR MODEL WITH ACTIVE HP SUSPENSION SYSTEM 

In this section, active suspension application with the HP suspension on a quarter car 

model is considered. Firstly, the active HP suspension with various complexity levels 

is modeled and then a nonlinear control method, SDRE is used for the design of the 

controllers. Finally, the performance of the HP suspension system is examined by 

simulations. 

The HP suspension system has inherent nonlinear dynamics due to the gas and 

orifice characteristics. When the gas is compressed or expanded, it behaves 

according to the polytropic gas equation. Moreover, the pressure drop and oil flow 

rate characteristics of the damping orifice are also nonlinear. In the literature, there 

are many studies about the active suspension control [25]-[39]. In these studies, 

mostly, conventional mechanical suspension system together with a linear actuator is 

used. The output of the linear actuator, which is force, is used as the control input to 

the active suspension system. The behavior of the mechanical spring and the damper 

are approximated by linear relations, and a linear controller design problem is 
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formed. In most of these studies, the well-known linear quadratic regulator is used 

for the design of the controller. In some studies, actuator dynamics is also taken into 

account in the design of the active controller [28]-[30]. 

4.2.1. State Dependent Riccati Equation (SDRE) Control 

In the SDRE control, the first step is to obtain a state space model of the system in 

which the matrices are functions of states. By this way, a linear structure of the 

nonlinear model is obtained and the nonlinearities in the model are fully captured in 

the state space formulation. Then the cost function to be minimized is formed using 

the SDM. Thus the Algebraic Riccati Equation is also state dependent and is solved 

online along the trajectory of states, and a state dependent control law is obtained.  

A detailed theoretical analysis of both the control and estimation with the SDRE, 

which is followed with some modifications here, is presented in reference [54]. 

A nonlinear, input affine system, 

    x = f x + B x u  (4-1) 

  z = C x x  (4-2) 

can be written as 

    x = A x x + B x u  (4-3) 

where 

    A x x = f x  (4-4) 

The infinite horizon cost function, 

     T T

0

1
J = x Q x x + u R x u dt

2



  (4-5) 

can be minimized by solving the SDRE, 

              
-1T T TA x P + PA x - PB x R x B x P + C x C x = 0  (4-6) 
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where P≥0 and constructing the nonlinear feedback controller, 

      -1 Tu = -R x B x P x x  (4-7) 

The controllability and observability matrices associated with the state dependent 

linear model are defined as, 

            n-1Con x = B x A x B x ... A x B x    (4-8) 

            n-1Obs x = C x C x A x ... C x A x    (4-9) 

respectively. 

Theorem 1: If the pairs {A(x), B(x)} and {C(x), A(x)} are pointwise stabilizable and 

detectable in the linear sense for all, x  then the closed loop system is locally 

asymptotically stable [53]. 

For a vehicle, ride comfort is related to the vertical, roll, and pitch accelerations; road 

holding is associated with tire deflection, suspension packaging is related with the 

suspension deflection, and vehicle handling is related with roll and pitch angles of 

the vehicle body. In active suspension design, the aim is to improve the vehicle ride 

comfort by decreasing the vertical acceleration, to improve the road holding by 

decreasing the tire deflection, and to improve suspension packaging by decreasing 

the suspension deflection. When complete vehicle dynamics is taken into account, 

the active suspension should also improve vehicle ride comfort and vehicle handling 

by decreasing the roll and the pitch accelerations, and the roll and the pitch motion of 

the vehicle. The design of a controller which can fulfill all these performance 

requirements is a difficult task. In the active suspension control, linear quadratic 

regulator is a commonly used control method, since a controller which improves the 

performance of the weighted combination of the performance variables can be 

designed. According to the aim of the controller, weighting coefficients can be 

assigned for the specific performance requirements. Therefore, one of the reasons of 

the use of the SDRE for the active controller design is that, a multi-objective 

nonlinear controller can be designed for weighted performance variables in a 

systematic manner. Moreover, in multi-objective controller design, it is difficult for a 
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single controller to improve all the performance variables simultaneously. 

Sometimes, according to the magnitude of the performance variables, the controller 

should be targeted for different performance considerations. As will be shown in 

following sections, with SDRE control, weighting coefficients can be changed online 

according to the measured or calculated performance variables, since the controller is 

updated online with the changing states at each time step. By this way, different 

performance considerations can be satisfied according to the changing situation of 

the system. Moreover desired control applications such as using state constraint or 

input saturation can easily implemented with SDRE control. Consequently, SDRE 

control is selected for the controller design of the active HP suspension system. 

First step in the design of the active HP suspension system, the mathematical model 

of the active HP suspension system must be obtained. Then, a linear state space 

model with state dependent matrices is to be obtained. Finally the controller is 

designed by using the SDRE control method. In order to obtain the linear state space 

model with state dependent coefficients, the gas model and the orifice equations 

should be linearized by called extended linearization [52] or direct parameterization 

[53], [54]. The schematic of the active HP suspension design is shown in Figure 4.1. 

 

Figure 4.1: Active HP Suspension Design by SDRE Control 
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4.2.2. Quarter Car with Active HP Suspension System 

The first active HP suspension is to be designed for the simplest vehicle ride model, 

i.e. the classical quarter car model.  

4.2.2.1. Modeling of the Quarter Car Model with Active HP Suspension System 

Linearizing the HP Suspension system about an equilibrium point yields accurate 

results only in the neighborhood of the equilibrium point. At other points, the results 

obtained from linear model deviates from reality. The schematic of the quarter car 

model with active HP suspension system is shown in Figure 4.2. An active oil flow 

rate into the second oil volume of the suspension or an oil flow rate from the second 

oil volume of the suspension to the hydraulic tank is introduced. Therefore, the oil 

flow rate is taken as the control input for the active HP suspension system. All the 

equations obtained while deriving the equations of motion of the single unit HP 

suspension system are still valid, except the continuity equation for the second oil 

volume. Since there is an active oil flow rate into the second oil volume, the 

continuity equation for the second oil volume become, 

  in 12 p fp tQ Q A z z     (4-10) 

where Qin is the oil flow rate to the second oil volume Similarly, the continuity 

equation for the first oil volume is, 

  12 p p tQ A z z   (4-11) 

From Equation (4-10) and Equation (4-11), the relation between floating piston 

motion and the main piston motion can be found as, 

  in p p fpQ A z z   (4-12) 

As can be seen from Equation (4-12) , the motion of the floating piston and the main 

piston is governed by the oil flow rate in to the system. Other equations can be 

adopted from the previous chapter.  
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Figure 4.2: Quarter Car Model with the active HP Suspension System 

To be able to get the linear state space model with state dependent coefficients of the 

active HP suspension system, there should be no constant terms in the nonlinear state 

equation. Moreover, the state coefficients should be finite when the states go to zero. 

There are infinitely many direct parameterization form of the given nonlinear system. 

In linear springs, spring force is proportional to spring deflection. In other words, 

spring force is a polynomial function of spring deflection with zero constant term. 

Mimicking the linear spring characteristics, the gas dynamics is expressed as the 

polynomial function of the relative floating piston displacement with zero constant 

term. The degree of fitted polynomial can be determined according to the domain of 

the fitted curve. To illustrate, a five degree polynomial is fitted to the dynamic gas 

force as, 
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where, zfpt is the relative displacement across the gas volume and p‟s are the 

polynomial coefficient. The fitted polynomial and the polytropic gas model are 

shown in Figure 4.3.  

 

Figure 4.3: Polynomial Model of Polytropic Gas Equation 

Thus, the state dependent linearized model becomes, 

      2 3 4

1 fpt 1 2 fpt 3 fpt 4 fpt 5 fpt fpt 1 fpt fptF z = p + p z + p z + p z + p z z = f z z  (4-14) 

where f1 is the state dependent gas stiffness and is equal to, 

   2 3 4

1 fpt 1 2 fpt 3 fpt 4 fpt 5 fptf z p + p z + p z + p z + p z  (4-15) 

As can be seen from the Equation (4-15), when the relative gas displacement is zero, 

the gas stiffness is finite and the there is no constant term in gas force equation. 

Similarly, the state dependent formulation of the orifice equation is straightforward 

and it can be expressed like linear damper equation. The state dependent model of 

the orifice equations become, 

  
2

p pt

2 p pt 2 pt pt

v d

A z ρ
F = A sign(z ) = f z z

A C 2
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where 
ptz  is the relative suspension velocity, 

 
pt p tz z z   (4-17) 

and f2 is the state dependent damping coefficient expressed as, 

  
2

p

2 pt pt p pt

v d

A ρ
f z = z A sign(z )

A C 2

 
 
 

 (4-18) 

After the nonlinear elements are converted into direct parameterization form, the 

state dependent model of the HP Suspension model can be obtained. Assume that 

friction forces and floating piston dynamics are negligible and assuming road 

velocity displacement is integrated white noise, system states can be defined as, 

 
1 px = z  (4-19) 

 
2 fp tx = z - z  (4-20) 

 3 t 0x = z - z  (4-21) 

 4 tx = z  (4-22) 

 
5 p tx = z - z  (4-23) 

The system states are sprung mass velocity, floating piston relative displacement, tire 

deflection, tire velocity, and suspension deflection. Normally, first four states are 

sufficient to define the system dynamics. However, the fifth state is also defined for 

used in the performance index for controller design. Then the state equations 

become, 

 2 1 2
1 1 2 4

f f f
x = - x x + x

M M M
  (4-24) 

 in
2 1 4

p

Q
x = x - x -

A
 (4-25) 

 3 4 0x = x - z  (4-26) 

 
t2 1 2

4 1 2 3 4

t t t t

kf f f
x = x - x - x - x

M M M M
 (4-27) 

 5 1 4x = x - x  (4-28) 
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For this active HP suspension system, linear state space model with state dependent 

coefficients become, 

 

2 1 2

1 1

2 2
p

3 3 in

t2 1 24 4

t t t t5 5

f f f
0- 0 0

x x 0M M M
1

-1 0 0 1 0x x 0
A

0 0 0 1 0x x w Q1
0

kf f fx x 0
- - - 0 0

M M M Mx x 0
0

1 0 0 1 0

 
                                           

        
        
                 

 (4-29) 

When the road disturbance input is assumed as the filtered white noise, a new state 

equation can be defined as, 

 0 r 0z z w    (4-30) 

where βr is the constant which depends on the road type and w is the zero mean 

white noise. When a new state x6=z0 is also inserted into the equations of motions, 

and the state space equations are obtained as follows: 

 2 1 2
1 1 2 4

f f f
x = - x x + x

M M M
  (4-31) 

 in
2 1 4

p

Q
x = x - x -

A
 (4-32) 

 3 4 6x = x +βx -w  (4-33) 

 
t2 1 2

4 1 2 3 4

t t t t

kf f f
x = x - x - x - x

M M M M
 (4-34) 

 5 1 4x = x - x  (4-35) 

 6 6x x w    (4-36) 

The state space equation with state dependent coefficients become, 
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 (4-37) 

The suspension deflection is desired to be regulated or to be adjusted to user defined 

value at steady state, thus an integral state of the suspension deflection is also added 

as another state. Define new state x7 as, 

  7 p tx z z   (4-38) 

Then the new state equation become, 

 
7 p t 5x z z x    (4-39) 

For this new system, the state space model with state dependent coefficients become, 
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0 0 0 1 0 β 0x x -1
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0 0 0 0 0 -β 0x x 0
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 (4-40) 

When the road displacement input is taken as the integrated white noise, together 

with the integral control, the state space model becomes, 
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 (4-41) 

In all the models derived so far, the control input, which is the oil flow rate, is taken 

as unconstrained. As explained in reference [53], input saturation can also be inserted 

in the formulation and the controller design. By SDRE control input saturation can 

be easily modeled by defining the new state as, 

 8 inx Q  (4-42) 

State equation for the new state is, 

 8 1x u  (4-43) 

where u1 is the new control input. Thus second state equation can be rewritten as, 

 8
2 1 4 8

8 p

sat(x )
x = x - x - x

x A
 (4-44) 

where sat is the saturation function an can be defined as given in reference [53], 

  

in
max

max

in in
in max

max max

in
max

max

Q
Q if

Q 2 2

Q Q
sat Q Q sin if

Q 2 2 Q 2 2

Q
Q if

Q 2 2

 



       

       
   

  
  



 (4-45) 

In Equation (4-44), since as x goes to zero, the limit goes to zero, the state equation 

is well behaved around the operating point. As explained also in reference [53], the 

input constraint and the derivative of input constraint can be implemented in the 
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SDRE formulation without much difficulty. Another saturation function which can 

be used in controller design is shown in Figure 4.4. 

 

Figure 4.4: Saturation Function-Saturation of the Oil Flow Rate  

4.2.3. Controller Design for Active HP Suspension System 

After the linear state space models with state dependent coefficients are obtained for 

an active HP suspension system with different complexity levels, the SDRE control 

method is used to design the active controller. The aim of the active HP suspension 

system is to, 

 improve the ride comfort by decreasing the vertical acceleration of the sprung 

mass, 

 improve the road holding by decreasing the tire deflection, 

 control the suspension packaging by decreasing the suspension deflection, 

 adjust the vehicle attitude by driving the suspension deflection to zero, or by 

driving the suspension deflection to user specified suspension height value. 

In most studies found in the literature, the first two performance requirements are 

studied. However, there is a conflict between the third and the first two performance 

criteria. As will be shown in the following section, when the active controller is 

designed only for ride comfort and road holding, suspension deflection performance 

is degraded at low frequencies. At steady state, suspension deflection stays at 

Qin 

Qsat  

Qmax 

Qmin 
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nonzero values for certain types of road displacement inputs. In other words, there is 

a steady state error which is not desired in practice. To be able to overcome this 

problem, integral state of the suspension deflection is added in the controller design. 

The use of the integral state is also necessary to drive the suspension height to user 

specified reference values. In the following sections, two active controllers for the 

active HP suspension system are designed, with and without the integral state.  

4.2.3.1. Active Controller without the Integral State 

For this controller, the aim is to improve ride comfort, road holding, and control the 

suspension travel. The performance index to be minimized is given as 

    2 2 2 2

1 p 2 pt 3 t0 in

1
J x q z q z q z RQ dt

2
     (4-46) 

where qi‟s are the weighting parameters for the suspension performance variables, 

and R is the weighting parameter for the control input. The performance output is, 

  per perz C x x  (4-47) 

where zper is the performance variables, Cper(x) is the performance matrix given by, 

  

2 1 2
1 1 1

per 2

3

f f f
- q q 0 q 0

M M M

C x = 0 0 0 0 q

0 0 q 0 0

 
 
 
 
 
 
  

 (4-48) 

In order to examine the stability of the designed controller, Theorem 1 is used. 

Controllability and observability matrices are formed with symbolic parameters and 

variables. According to the Theorem 1, since the rank of the controllability and the 

observability matrices are five, the active HP suspension system is locally 

asymptotically stable. 

4.2.3.2. Active Controller with the Integral State 

In addition to the performance variables given in Equation (4-46), additional 

performance variables, integral of the suspension deflection and the suspension 
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deflection velocity, are added to the formulation. The aim of the integral controller is 

to improve the suspension deflection performance at steady state. When the integral 

controller is not used in the active suspension control, some disturbances may create 

nonzero suspension deflection which degrades the vehicle performance. When the 

integral of the suspension deflection is incorporated into controller design, the 

performance index becomes, 

     
2

2 2 2 2 2

1 p 2 pt 3 t0 4 pt 5 pt in

1
J x q z q z q z q z q z RQ dt

2
        (4-49) 

For this design, the performance output matrix is: 

  

2 1 2
1 1 1

2

per
3

4

5 5

f f f
- q q 0 q 0 0

M M M

0 0 0 0 q 0

C x
0 0 q 0 0 0

0 0 0 0 0 q

q 0 0 q 0 0

 
 
 
 
 
 
 
 
  

 (4-50) 

To be able to set the suspension height to user defined suspension height value, r, the 

states x5 and x6 in Equation (4-23) and (4-38) can be redefined as, 

 
5 p tx z z r    (4-51) 

  6 p tx z z r    (4-52) 

Assuming that r is a nearly constant or slowly varying variable, the same state 

equations derived previously are used. For this case, the cost function to be 

minimized can be written as, 

        
22

2 2 2 2

1 p 2 pt 3 t0 4 pt 5 pt in

1
J x q z q z r q z q z r q z RQ dt

2
          (4-53) 

According to the Theorem 1, since the rank of the controllability and the 

observability matrices are both six, the active HP suspension is locally 

asymptotically stable. 
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4.2.3.3. Active Controller with the Adaptive Integral Controller 

Even though, the active suspension is used to improve ride comfort and the vehicle 

attitude performance, there is a compromise for the ride comfort and vehicle attitude 

improvement. As will be shown in the following sections, when the active controller 

is used mainly for the ride comfort, the vehicle attitude performance requirement is 

not satisfied. Similarly, when the active controller is designed mainly for the vehicle 

attitude control, the ride comfort performance requirement is not satisfied. Therefore, 

a controller with a compromise performance for ride comfort and the vehicle attitude 

is obtained. One approach to simultaneous control of both targets is the use of an 

adaptive controller. Under normal road conditions, the active controller works 

mainly for the ride comfort performance. When the vehicle suspension height 

approaches some critical value, or when the suspension height comes to a set value 

and exceeds that value towards an upper threshold, the controller works mainly for 

the vehicle attitude control. 

In the SDRE control, since the controller is renewed with the changing states, the 

weighting parameters can also be modified when the states change. In studies [62]-

[63], SDRE control with state constrains are studied. State constraints can be used in 

the controller design in order to limit the value of the state to a specified value. When 

the state approaches the limiting value, weighting of the state increases, and thus the 

controller works to decrease that state mainly. Moreover, state constraints can be 

used to model the physical hard or bump stops and thus the nonlinear characteristics 

of the bump or hard stop can be incorporated in the controller design. Since the 

controllability and the observability matrices for the given domain of the adaptive 

weighting parameter are both six, active controller with the adaptive integral 

controller is locally asymptotically stable similar to the active controller with fixed 

integral controller. 

4.2.4. Simulations 

In this section, the performances of the designed controllers are to be examined by 

the time and frequency domain simulations. To get the frequency response functions, 

sinusoidal inputs at with different amplitudes and frequencies representing road 
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inputs are applied to the system model. At each frequency, the frequency response is 

obtained as the ratio of the rms of the performance variable to the rms of the road 

velocity input. For time domain simulations, random road inputs at different 

longitudinal velocities, ramp road displacement input, and body disturbance input in 

the form of a vertical body force, are used. The random road displacement input is 

used to examine ride comfort performance, and the ramp road displacement input 

and vertical body force input are used to examine the vehicle attitude performance. 

Finally, the reference suspension deflection input is used to examine the vehicle 

attitude performance in terms of suspension height adjustment. 

4.2.4.1. Simulations with Active Controller without Integral Controller 

Inputs with the same amplitude and frequency characteristics used in Chapter 3, are 

again used here to examine the performance of the active HP suspension system with 

respect to the passive counterpart in the frequency domain. Simulation results are 

shown in Figure 4.5 to Figure 4.7. 

From the simulation results it is observed that the active controller considerably 

attenuates the sprung mass vertical acceleration and tire deflection around body 

bounce frequency. However, the active controller degrades the tire deflection 

response in the frequency range between body bounce to wheel hop frequency. For 

the suspension deflection, the active suspension has lower response around body 

bounce frequency. At lower frequencies, passive suspension has better performance 

and active suspension cannot improve suspension deflection performance. Therefore, 

in general active suspension improves performance variables particularly around the 

body bounce frequency. The required oil flow rate in the simulation is given in 

Figure 4.8.  
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Figure 4.5: Acceleration FRF 

 

Figure 4.6: Tire Deflection FRF 
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Figure 4.7: Suspension Deflection FRF 

 

Figure 4.8: rms Value of the Oil Flow Rate 
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[64] are used in this study. Power spectral densities of the random road displacement 

inputs are shown in Figure 4.9. Time history of the random road input at 50 kph 

longitudinal velocity is shown in Figure 4.10 and the simulation results for this input 

are shown in Figure 4.11 to Figure 4.14. 

 

Figure 4.9: Power Spectral Densities of Random Road Displacement Input At 

Different Velocities 

 

Figure 4.10: Random Road Input at 50 kph 
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Figure 4.11: Acceleration Response 

 

Figure 4.12: Suspension Deflection Response 
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Figure 4.13: Tire Deflection Response 

 

Figure 4.14: Oil Flow Rate 
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Table 4.1: rms Values of Performance Variables with the Active and Passive HP 

Suspensions 

Long. Velocity 

[kph] 
Acc.[m/s

2
] 

Tire 

Def.[mm] 

Sus. 

Def.[mm] 

Flow Rate 

[L/Min] 

 Act. Pas. Act. Pas. Act. Pas. Act. Pas. 

50 0.10 0.56 0.8 1.7 5.9 10.7 12.4 - 

60 0.13 0.73 1.0 2.1 7.5 14.0 16.3 - 

70 0.15 1.04 1.2 2.8 7.8 19.8 19.4 - 

80 0.18 1.05 1.4 2.9 8.8 20.0 23.0 - 

90 0.22 1.27 1.5 3.4 10.0 24.1 27.3 - 

 

As Table 4.1 shows, the rms values of the active suspension are considerably lower 

than the rms values of the passive suspension. These performance improvements can 

be satisfied by reasonable amounts of oil flow rate. Moreover, as the longitudinal 

velocity increases, the amount of oil flow rate also increases. 

4.2.4.2. Simulations of the Active System with the Integral Controller 

After, the performance of the active system without the integral controller is 

examined in the previous section; the same steps have been followed to examine the 

performance of the active system with the integral controller. As can be seen from 

the simulation results, the active system without the integral controller, improves the 

ride comfort, road holding, and suspension packaging for the normal driving 

conditions on random road. However, for other road and body disturbance inputs, the 

active system without the integral controller cannot drive the suspension deflection to 

zero. Therefore, vehicle height changes with different road inputs. This may 

deteriorate vehicle handling, and cause unsafe vehicle driving. In previous studies, 

most active suspension systems do not include the integral controller. Moreover, for 

the active HP suspension system, in only one study [7], the vehicle attitude controller 

is added to the active system. In that study, separately designed vehicle attitude and 

the active controller are added to form a combined controller. At low frequencies, the 

vehicle attitude controller tries to improve suspension deflection performance, and at 

higher frequencies active controller works to improve ride comfort performance. In 
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this study, the active controller and the vehicle attitude controller are designed to 

control vehicle ride comfort and vehicle attitude simultaneously. Thus stability of the 

combined controller is guaranteed. By changing the weighting parameter in the 

performance index, relative performance of the vehicle attitude controller and the 

ride comfort controller can be adjusted.  

There are six weighting coefficients used in the controller design. Three of these 

coefficients, q2, q4, and q5 are directly associated with vehicle attitude control. When 

the values of these coefficients are increased the vehicle attitude performance is 

improved, however ride comfort performance is degraded. A sensitivity study is 

performed to obtain a sound understanding of the effects of these coefficients on ride 

comfort, attitude control, and the control input. The performance of the controller is 

evaluated by simulations in the frequency and the time domain. The effect of the 

vehicle attitude controller on ride comfort controller is also examined. The 

simulation results, for the effect of the controller weighting parameters q2, q4, and q5 

on the frequency response characteristics of the sprung mass acceleration, suspension 

deflection, and the tire deflections are given in Figure 4.15 to Figure 4.26.  

 

Figure 4.15: Acceleration FRF 
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Figure 4.15 shows that the best acceleration response is obtained for low values of 

q2. For these values the peak around the body bounce frequency tends to level off 

completely.  

As Figure 4.16 illustrates, when the weighting of the suspension deflection is 

increased, suspension deflection response is lower and approach the passive 

suspension response at lower frequencies and thus steady state performance also 

increases. However, increasing q2 causes deterioration in the ride comfort. This 

illustrates the compromise solution of the active controller for the ride comfort and 

suspension packaging performance. For tire deflection, it can be observed from 

Figure 4.17 that, increasing q2 increases response amplitude around body bounce 

frequency, and decreases response amplitude after 3 Hz.  

 

Figure 4.16: Suspension Deflection FRF 
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Figure 4.17: Tire Deflection FRF 

 

Figure 4.18: rms of the Oil Flow Rate 
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Figure 4.18 indicates that the required oil flow rate is reduced by increasing values of 

effect of q2, particularly at very high values. However, in this case, there is 

considerable need for larger flow rate at frequencies above the wheel hop frequency. 

Weighting coefficient of the integral of suspension deflection, q4, has similar effects 

on the response variables as weighting coefficient q2, as shown in Figure 4.19 to 

Figure 4.22. When q4 is increased, acceleration and tire deflection responses are 

raised around the body bounce frequency and the suspension deflection is reduced at 

frequencies lower than the body bounce frequency.  

 

Figure 4.19: Acceleration FRF 
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Figure 4.20: Tire Deflection FRF 

 

Figure 4.21: Suspension Deflection FRF 
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Figure 4.22: rms of the Oil Flow Rate 

As Figure 4.18 and Figure 4.22 show, required oil flow rate is reduced as the values 

of the weighting coefficients q2 and q4 are increased. However, the high oil flow rate 

requirement above the wheel hop frequency in Figure 4.18, is not observed in Figure 

4.22. 

Effects of the weighting of the suspension deflection velocity, q5, on the response 

characteristics are somewhat different than the previous results as shown in Figure 

4.23 to Figure 4.26. When q5 is increased, acceleration also increases at mid 

frequencies and at frequencies higher than wheel hop frequency, and therefore ride 

comfort is worsened. However, tire deflection decreases around wheel hop frequency 

with increasing weighting coefficient q5. Moreover effects of the weighting 

coefficient q5 on the response variables are more dominant than the effects of the 

response variables q2 and q4. Oil flow rate requirement also increases considerably 

with increasing q5. Therefore in the controller design, the value of the weighting 

coefficient q5 should be limited to maintain the level of ride comfort as well as to 

prevent excessive control effort. 
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Figure 4.23: Acceleration FRF 

 

Figure 4.24: Suspension Deflection FRF 
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Figure 4.25: Tire Deflection FRF 

 

Figure 4.26: RMS of the Oil Flow Rate 
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weighting parameters on the rms values of the sprung mass acceleration, suspension 

deflection, and tire deflection are given in Figure 4.27 to Figure 4.30. 

 

Figure 4.27: rms of the Acceleration 

 

Figure 4.28: rms of the Suspension Deflection 
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Figure 4.29: rms of the Tire Deflection 

 

Figure 4.30: rms of the Flow Rate 
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effects of the weighting coefficients q2 and q4 on the ride comfort performance are 

not as significant when compared with those of q5. Increasing the values of the 

weighting coefficients q2 and q4 decreases the ride comfort performance in almost 

the same level. However, an increase in the weighting coefficient q4 does not have 

any influence on the oil flow rate, yet an increase in the weighting coefficient q2 

increases the required oil flow rate.  

After the performance of the active controller has been investigated, now the attitude 

control performance of the active HP suspension system is examined. Active HP 

suspension system is simulated by the 7% ramp road starting at 2
nd

 second. The 

effects of the controller parameters on the vehicle attitude performance are given in 

Figure 4.31 to Figure 4.35. 

 

Figure 4.31: Suspension Deflection 
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Figure 4.32: Oil Flow Rate 

 

 

Figure 4.33: Suspension Deflection 
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Figure 4.34: Oil Flow Rate 

 

Figure 4.35: Suspension Deflection 
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Figure 4.36: Oil Flow Rate 
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effects of the controller weighting parameters on the vehicle attitude control 

performance were examined by the simulation. Simulation results are given Figure 

4.37 to Figure 4.42. 

 

Figure 4.37: Suspension Deflection 

 

Figure 4.38: Oil Flow Rate 
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Figure 4.39: Suspension Deflection 

 

Figure 4.40: Oil Flow Rate 
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Figure 4.41: Suspension Deflection 

 

Figure 4.42: Oil Flow Rate 
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rate also decreases with it. However, when this weighting coefficient is increased, the 

steady state suspension deflection performance is degraded. This is due to the fact 

that when the weighting coefficient q2 is increased while the weighting coefficient q4 

is kept constant, the weight of the integral controller is reduced in the control law. 

Figure 4.39 shows that when the weighting coefficient q4 is increased, the maximum 

value of the suspension deflection is reduced. Moreover, for this performance 

improvement, the maximum value of the oil flow rate also decreases. Since the 

steady state performance is basically dictated by the integral controller and thus the 

weighting coefficient q4, increasing this coefficient increases the steady state 

performance substantially with respect to weighting coefficient q2. On the other hand 

when the weighting coefficient q5 is increased, the maximum value of the suspension 

deflection decreases. However, the steady state performance of the suspension 

deflection again is degraded, since when the weighting coefficient q5 increases, the 

effect of the weighting coefficient q4 in the cost function decreases. Therefore, again 

increased values of the weighting coefficient q4 give the best performance results.  

One solution of getting improved performance of ride comfort and vehicle attitude 

simultaneously is using a weighting parameter somewhat between low and high 

values. By this way a compromise solution can be obtained. The other solution is the 

use of the adaptive controller which adapts to different controllers according to the 

response variables. According to the simulation results, three controllers with fixed 

parameter sets and one controller with the adaptive parameter set are designed. In the 

adaptive controller, the control weighting parameter q4 is changed by the suspension 

deflection according to the Figure 4.43. Thus, when the vehicle travels on an asphalt 

road, ride comfort performance is important, and thus the integral weighting 

parameter should be low. However, when there is a ramp road or other body 

disturbance input, the priority of the controller switches to attitude control. 
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Figure 4.43: Change of Integral Controller Coefficient with Suspension Deflection 
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First three sets are used as fixed weighting coefficients and the fourth set has the 

adaptive weighting. The weighting coefficient q4 changes between 1.0x10
3
 and 

1.0x10
5
 according to the magnitude of the suspension deflection. When the 

suspension deflection is low, the weighting coefficient q4 is nearly equal to 1000. On 

the other hand when the suspension deflection is high, the weighting coefficient is 

adjusted to its maximum value which is 1.0x10
5
. First set of coefficients are mainly 

for the improved ride comfort and thus low values of the weighting coefficients q2, 

q4, and q5 are used. The third set is mainly for the improved vehicle attitude control 

and thus larger values of weighting coefficients q2, q4, and q5 are used. 

Results from simulations with random road input at different longitudinal velocities 

are summarized in Table 4.3 to Table 4.7. 

Table 4.3: rms Values for Random Road Simulations for 50 kph 

 Passive Set 1 Set 2 Set 3 Set 4 

Vertical Acceleration 

rms [m/s
2
] 

0.56 0.12 0.16 0.22 0.12 

Suspension Deflection 

rms [mm] 
10.7 7.1 5.8 4.6 7.1 

Tire Deflection 

rms [mm] 
1.7 0.8 0.7 0.8 0.8 

Oil Flow Rate 

rms [L/min] 
- 14.4 22.8 22.6 14.4 

 

Table 4.4: rms Values for Random Road Simulations for 60 kph 

 Passive Set 1 Set 2 Set 3 Set 4 

Vertical Acceleration 

rms [m/s
2
] 

0.73 0.16 0.22 0.30 0.16 

Suspension Deflection 

rms [mm] 
13.9 9.0 7.7 6.2 9.0 

Tire Deflection 

rms [mm] 
2.1 1.0 0.9 1.00 1.0 

Oil Flow Rate 

rms [L/min] 
- 18.3 27.61 27.3 18.3 
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Table 4.5: rms Values for Random Road Simulations for 70 kph 

 Passive Set 1 Set 2 Set 3 Set 4 

Vertical Acceleration 

rms [m/s
2
] 

1.04 0.18 0.26 0.38 0.18 

Suspension Deflection 

rms [mm] 
19.81 9.2 8.4 7.6 9.2 

Tire Deflection 

rms [mm] 
2.8 1.1 1.1 1.3 1.1 

Oil Flow Rate 

rms [L/min] 
- 21.2 31.9 31.7 21.2 

 

Table 4.6: rms Values for Random Road Simulations for 80 kph 

 Passive Set 1 Set 2 Set 3 Set 4 

Vertical Acceleration 

rms [m/s
2
] 

1.05 0.21 0.30 0.45 0.21 

Suspension Deflection 

rms [mm] 
20.0 10.3 9.7 8.7 10.3 

Tire Deflection 

rms [mm] 
2.9 1.3 1.2 1.5 1.3 

Oil Flow Rate 

rms [L/min] 
- 24.7 36.1 35.9 24.7 

 

Table 4.7: rms Values for Random Road Simulations for 90 kph 

 Passive Set 1 Set 2 Set 3 Set 4 

Vertical Acceleration 

rms [m/s
2
] 

1.27 0.25 0.36 0.55 0.25 

Suspension Deflection 

rms [mm] 
24.1 11.7 11.00 10.3 11.7 

Tire Deflection 

rms [mm] 
3.4 1.4 1.4 1.7 1.4 

Oil Flow Rate 

rms [L/min] 
- 28.6 39.8 39.4 28.6 

 

As can be seen from Table 4.3 to Table 4.7, the active suspension with first 

controller gives the best performance in terms of ride comfort. On the other hand, the 

active suspension with third controller gives the worst result with regard to ride 

comfort performance. Second controller provides a performance in between the third 

and the first controllers. In the case of the fourth controller, under normal road 
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conditions, suspension deflection is small and the adaptive weighting controller 

adjusts the weighting coefficient q4 to low values. The resulting controller becomes 

similar to the first controller and thus it gives better performance with respect to ride 

comfort. 

Simulation results for the ramp road displacement input are given in Figure 4.44 and 

Figure 4.45. As can be seen from Figure 4.44, the active suspension with the third 

controller minimizes the maximum value of the suspension deflection and gives the 

best results in terms of the vehicle attitude performance among all controllers. First 

controller gives the worst result with regard the suspension deflection performance. 

Second controller gives the compromise suspension deflection performance between 

first and third controllers. On the other hand since the amplitude of the suspension 

deflection is higher, at the beginning of the simulation, the weighting coefficients q4 

is adjusted to higher values and thus the fourth controller is adjusted for the vehicle 

attitude performance mainly. Therefore, the fourth controller gives better 

performance than the first and second controllers though not as good as the third 

controller. 

 

Figure 4.44: Suspension Deflection 
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Figure 4.45: Oil Flow Rate 

The attitude performance of the controllers is evaluated with simulations involving 

vertical body disturbance inputs. Simulation results are given in Figure 4.46 to 

Figure 4.47. As expected, the third controller provides the best suspension deflection 

results. First controller provides the worst performance and the second and the fourth 

controllers provide compromise results between the first and third controllers. When 

the amplitude of the disturbance input is larger, the performance of the adaptive 

controller becomes better since the weighting coefficient q4 is adapted to higher 

values. This improves the applicability of the adaptive controller 

0 2 4 6 8 10
-300

-250

-200

-150

-100

-50

0

50

100

150

200

Time [s]

F
lo

w
 R

at
e 

[L
it

er
/M

in
]

 

 

CS1

CS2

CS3

CS4



 

 

122 

 

 

Figure 4.46: Suspension Deflection 

 

Figure 4.47: Oil Flow Rate 
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off-road vehicles, military vehicles, sport utility vehicles, etc. which necessitate 

different driving conditions on different driving environments, adjustment of the 

suspension to the user defined reference suspension value is important. By this way, 

the vehicle body is lowered on a good road surface for better handling characteristic 

and vehicle longitudinal performance. On the contrary, in off-road environment, 

vehicle body may be lifted up. By this way, the mobility of the vehicle on the off-

road environment is improved. Lowering and lifting of the vehicle body can be 

performed by the suspension height adjustment of the active HP suspension system. 

To examine the suspension height adjustment performance of the HP suspension 

system for the reference suspension height input given in Figure 4.48, simulations 

were performed and results are given in Figure 4.48 and Figure 4.49. 

 

Figure 4.48: Suspension Deflection 
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Figure 4.49: Oil Flow Rate 

As Figure 4.48 illustrates, all controllers provide satisfactory performance for the 

vehicle suspension adjustment. The controllers are able to adjust the suspension 

deflection to reference inputs in a reasonable time 
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performed against road and body force disturbance inputs. In the literature, nearly all 

of the active control studies are applied to the quarter car model and hence only the 

control of the vertical motion of the vehicle is considered. In some of these studies, 

vehicle attitude control is also considered. However, active control of the vehicle 

with HP suspension has not been fully studied for the half and full vehicle models, 

and the vehicle attitude control has not been applied to these higher order models.  

In summary, in this chapter the following points will be elaborated. 

- Active controller design for ride comfort 

- Active controller design for handling  

- Active controller design for vehicle body height adjustment  

- Combined active controller 

In the previous chapter, it was shown that the controller could not adjust the vehicle 

attitude at steady state. By combining an integral constraint on the suspension 

deflection, the vehicle attitude could be controlled. This situation is similar for the 

half vehicle model, and thus integral constraints will be imposed for the left and right 

suspensions in the design of the active controller for the half car model. 

4.3.1.1. Modeling of Half Vehicle Roll Model with Active HP Suspension 

System 

Sketch of the half vehicle roll model with an active HP suspension is shown in 

Figure 4.50. 



 

 

126 

 

 

Figure 4.50. Half Vehicle Roll Model with Active HP Suspension System  

The equation of motion for the suspension unit and the tire are the same with the 

equations developed for the quarter car model. In the derivation, “L” and “R” 

subscripts are used to define the left and right of the vehicle respectively, and the 

same variable and parameter notation in the previous chapter is used. Left piston 

force is given as, 
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Right piston force is given as 
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κ
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(4-55) 

In a similar way, equations of motion for the tires can be derived. To be able to 

derive a simpler model to be used in the controller design, some simplifications 

should be made. Assuming small angular displacements around equilibrium, the 

equation of motion for the vehicle body in vertical direction is, 

 L R DF + F - Mg - F = Mz  (4-56) 

where FD is the disturbance body force. The equation of motion of the body in roll 

direction is, 

 L R D xx

t t
F - F - M = I

2 2
   (4-57) 

where t is the track width, Ixx is the roll moment of inertia for half vehicle model, and 

MDø is the body disturbance moment in roll direction. From the kinematics, the 

relationships can be obtained as, 

 pL

t
z = z +

2
  (4-58) 

 pR

t
z = z -

2
  (4-59) 

Moreover, assuming negligible floating piston dynamics and negligible friction 

forces, the front and rear piston forces become, 

 

2
κ

fp p ptL30L 30L
L Atm ptL pκ

p v d30L p fptL

M g A zP V ρ
F = - P - - sign(z ) A

A A C 2V + A z

  
  
      

 (4-60) 

 

2
κ

fp p ptR30R 30R
R Atm ptR pκ

p v d30R p fptR

M g A zP V ρ
F = - P - - sign(z ) A

A A C 2V + A z

  
  
      

 (4-61) 
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4.3.1.2. Static Analysis of the Suspension System 

At static equilibrium left and right suspension forces become, 

 L R

Mg
F = F =

2
 (4-62) 

From these two equations, initial absolute gas pressures can be found as, 

 
fp

30L 30R Atm

p p

M gMg
P = P = + + P

2A A
 (4-63) 

Initial gas pressures are determined according to the static equilibrium analysis. The 

other important design step is the determination of the initial gas volumes which are 

specified according to the prespecified body bounce frequencies.  

4.3.1.3. Stiffness Characteristics 

Vertical Motion 

Front and rear suspension forces are, 

 

κ

30L 30L p

L Atm p fpκ

30L p ptL

P V A
F = - P A - M g

V + A z  

 (4-64) 

 

κ

30R 30R p

R Atm p fpκ

30R p ptR

P V A
F = - P A - M g

V + A z  

 (4-65) 

 

κ κ

30L 30L p 30R 30R p

F R Atm p fpκ κ

30L p ptL 30R p ptR

P V A P V A
F = F + F = + - 2P A - 2M g

V + A z V + A z      

 (4-66) 

Assuming that, 

 
pL tL pR tR ptz - z = z - z = z  (4-67) 

and taking the derivative of the elastic force with the vertical displacements, the 

suspension stiffness can be found. 

 

κ 2 κ 2

30L 30L p 30R 30R p

κ+1 κ+1

pt 30L p pt 30R p pt

P V κA P V κAdF
k = - = +

dz V + A z V + A z      

 (4-68) 
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Roll Motion 

The moment exerted by the elastic forces on the sprung mass about the mass center 

is, 

 

L R

κ κ

30L 30L p 30R 30R p

κ κ

30L p tL 30R p tR

t t
M = F - F

2 2

P V A P V At t
M -

2 2t t
V + A z + - z V + A z - - z

2 2





   
   
   
   
                   

         

 (4-69) 

Assuming ztL=ztR=0 and taking the derivative of the elastic moment with respect to 

roll angle ø, 

 

κ κ

30L 30L p p p 30R 30R p p p

κ+1 κ+1

30L p 30R p

dz t dz t
P V A A + A P V A A - A

d 2 d 2dM t t
= - +

d 2 2t t
V + A z + V + A z -

2 2

      
       

       
          
          
            

 (4-70) 

where z and 
dz

d
 can be found from the static equilibrium equation in vertical 

direction as, 

 

κ κ

30L 30L p 30R 30R p

Atm p fpκ κ

30L p 30R p

P V A P V A
+ - 2P A - 2M g - Mg = 0

t t
V + A z + V + A z

2 2

      
        

      

 (4-71) 

 

κ κ

30L 30L p p p 30R 30R p p p

κ+1 κ+1

30L p 30R p

dz t dz t
P V A A + A P V A A A

d 2 d 2
- - = 0

t t
V + A z + V + A z

2 2

   
     

    

      
        

      

 (4-72) 

From the derived equation, the roll stiffness can be found as, 

 
dM

k
d

  


 (4-73) 
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An initial guess about the body bounce frequency and the roll frequency can be 

found from these stiffness values as at static equilibrium. 

 

pt

2 2

30L p 30R p

z

pt 30L 30Rz 0, 0

P κA P κAdF
k = +

dz V V
 

   (4-74) 

In a similar, manner, 

 

ptz 0, 0

dM
k

d


 

 


 (4-75) 

can be found. From these equations, the approximate natural frequencies can be 

found as, 

 bb

k
ω

M

z  (4-76) 

 roll

xx

k
ω

I


  (4-77) 

Note that in order to set the body bounce frequency to a design value initial gas 

volumes are used. In this case, the roll frequency is automatically set and cannot be 

tuned by changing suspension design parameters. The details of the calculation of the 

stiffness of half vehicle model are to be presented in Chapter 6. 

4.3.1.4. State Space Representation of the Linearized Half Vehicle Model with 

the HP Suspensions 

While deriving the state dependent linear state space model equation of the half 

vehicle roll model with the active HP suspension system, it is assumed that the 

friction forces and the floating piston dynamics are negligible as compared with the 

pressure and inertial forces. Let the dynamics left and right gas forces are represented 

as, 
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κ

30L 30L p

1L Atm p fpκ

30L p tL

2 3 4 5

1L fptL 2L fptL 3L fptL 4L fptL 5L fptL

6 7 8 9

6L fptL 7L fptL 8L fptL 9L fptL 1L fptL fptL

P V A Mg
F = - P A - M g =

2t
V + A z + - z

2

= p z + p z + p z + p z + p z

p z p z p z p z f z z


  

  
  



    

 (4-78) 

 

 

κ

30R 30R p

1R Atm p fpκ

30R p tR

2 3 4 5

1R fptR 2R fptR 3R fptR 4R fptR 5R fptR

6 7 8 9

6R fptR 7R fptR 8R fptR 9R fptR 1R fptR fptR

P V A Mg
F = - P A - M g =

2t
V + A z - - z

2

= p z + p z + p z + p z + p z

+p z + p z + p z + p z f z z


  

  
  





 (4-79) 

where 

 
  2 3 4

1L fptL 1L 2L fptL 3L fptL 4L fptL 5L fptL

5 6 7 8

6L fptL 7L fptL 8L fptL 9L fptL

f z = p + p z + p z + p z + p z +

+p z + p z + p z + p z
 (4-80) 

 
  2 3 4

1R fptR 1R 2R fptR 3R fptR 4R fptR 5R fptR

5 6 7 8

6R fptR 7R fptR 8R fptR 9R fptR

f z = p + p z + p z + p z + p z

+p z p z p z p z



  
 (4-81) 

Similarly, state dependent orifice damping equation can be written as, 

  

2

p tL

2L p tL 2L ptL ptL

v d

t
A z + - z

ρ t2
F A sign z + - z = f z z

A C 2 2

  
        

  
  

 (4-82) 

  

2

p tR

2R p tR 2R ptR ptR

v d

t
A z - - z

ρ t2
F A sign z - - z = f z z

A C 2 2

  
        

  
  

 (4-83) 

where, 

  
2

p

2L ptL p tL tL

v d

A ρ t t
f z A z + - z sign z + - z

A C 2 2 2

     
       

    
 (4-84) 
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2

p

2R ptR p tR tR

v d

A ρ t t
f z A z - - z sign z - - z

A C 2 2 2

     
       

    
 (4-85) 

Then the equations of motion become; 

  t 0L tL 1L fptL 2L ptL t tLk z - z - f z + f z = M z  (4-86) 

  t 0R tR 1R fptR 2R ptR t tRk z - z - f z + f z = M z  (4-87) 

 
1L fptL 2L ptL 1R fptR 2R ptR Df z - f z +f z - f z -F = Mz  (4-88) 

    1L fptL 2L ptL 1R fptR 2R ptR D xx

t t
f z - f z - f z - f z M = I

2 2
   (4-89) 

The relations between the floating piston velocity and the main piston velocity is, 

 inL
fptL ptL

p

Q
z z

A
   (4-90) 

 inR
fptR ptR

p

Q
z z

A
   (4-91) 

Define state variables as, 

 1x = z  (4-92) 

 
2x =   (4-93) 

 
inL

3 fptL tL

p

Qt
x = z = z + - z -

2 A



 (4-94) 

 
inR

4 fptR tR

p

Qt
x = z = z - - z -

2 A



 (4-95) 

 5 pL tL tL

t
x = z - z = z + - z

2
  (4-96) 

 6 pR tR tR

t
x = z - z = z - - z

2
  (4-97) 

 7 tL 0Lx = z - z  (4-98) 

 8 tR 0Rx = z - z  (4-99) 

 9 tLx = z  (4-100) 
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 10 tRx = z  (4-101) 

  11 pL tL tL

t
x = z - z = z + - z

2

 
 

 
   (4-102) 

  12 pR tR tR

t
x = z - z = z - - z

2

 
 

 
   (4-103) 

State equations can be written as, 

 1 1L 3 2L 1 2 9 1R 4 2R 1 2 10 D

1 t t
x = f x - f x x x + f x - f x x x - F

M 2 2

    
       

    
 (4-104) 

 

1L 3 2L 1 2 9

2

xx

1R 4 2R 1 2 10 D

t t
f x - f x x x -

2 21
x =

I t t
- f x - f x x x M

2 2


   
    

    
 

           

 (4-105) 

 inL
3 1 2 9

p

Qt
x x x - x -

2 A
   (4-106) 

 inR
4 1 2 10

p

Qt
x = x - x - x -

2 A
 (4-107) 

 5 1 2 9

t
x x x - x

2
   (4-108) 

 6 1 2 10

t
x = x - x - x

2
 (4-109) 

 7 9 0Lx = x - z  (4-110) 

 8 10 0Rx = x - z  (4-111) 

 9 t 7 1L 3 2L 1 2 9

t

1 t
x -k x - f x f x x x

M 2

  
     

  
 (4-112) 

 10 t 8 1R 4 2R 1 2 10

t

1 t
x -k x - f x f x x x

M 2

  
     

  
 (4-113) 

 11 5x x  (4-114) 

 12 6x x  (4-115) 
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Then the state dependent linear state space model of the half vehicle model with the 

HP suspension can be obtained from the state equations. The system and control 

input matrices are given in Appendix A.  

HP suspension system and vehicle parameters for half vehicle model are given in 

Table 4.8. 

Table 4.8: Suspension and Vehicle Parameters for Half Vehicle Model 

Parameter Symbol Value 

Sprung Mass M [kg] 3300 

Roll Moment of Inertia Ixx [kgm
2
] 1950 

Distance between Roll 

Center and COG 
hRC-COG [m] 1.1 

Track Width t [m] 2 

Left Suspension 

Initial Gas Volume 
V30L [m

3
] 0.0019 

Right Suspension 

Initial Gas Volume 
V30R [m

3
] 0.0019 

Left Suspension 

Orifice Opening 
AvL [m

2
] 2e-4 

Right Suspension 

Orifice Opening 
AvR [m

2
] 2e-4 

Left Suspension 

Piston Area 
ApL [m

2
] 0.007 

Right Suspension 

Piston Area 
ApR [m

2
] 0.007 

 

4.3.1.5. Design of an Active Controller for Half Vehicle Model with the Active 

HP Suspension System 

Active controller for vehicle suspensions is designed primarily for vehicle ride 

comfort, vehicle attitude control, and handling control in mind. Vehicle ride comfort 

comprises reducing sprung mass acceleration, suspension deflection, and tire 

deflection. These three performance requirements for ride comfort are conflicting 

with each other. In the active control of the quarter car model, design of active 

controller for these performance variables is studied in detail. Moreover, another aim 

of the active controller is to satisfy the vehicle attitude control. In other words, the 

suspension deflection should be regulated around zero position or it should be 
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adjusted to a user specified reference value at steady state driving situation. In 

braking or acceleration, leveling of the vehicle in the pitch plane or in cornering 

leveling in the roll plane of the vehicle are other aims of the active controller. An 

active controller which comprises all these performances is considered here. For 

local controllers, the performance index to be minimized is written for the left and 

the right suspension separately as 

     
2

2 2 2 2 2

L 1 pL 2 ptL 3 t0L 4 ptL 5 ptL L inL

1
J x q z q z q z q z q z R Q dt

2
        (4-116) 

     
2

2 2 2 2 2

R 1 pR 2 ptR 3 t0R 4 ptR 5 ptR R inR

1
J x q z q z q z q z q z R Q dt

2
        (4-117) 

In the global controller, the controller is designed using all the system knowledge 

and the control input is formed using all state variables in the system. The 

performance variables to be minimized are the vertical and roll acceleration of the 

sprung mass, left and right tire deflections, and the left and right suspension 

deflections. Therefore, the performance index to be minimized is, 

  
 

 

2
2 2 2 2 2 2

1 2 3 ptL 3 ptR 4 t0L 4 t0R 5 ptL

2
2 2 2 2

5 ptR 6 ptL 6 ptR L inL R inR

q z + q + q z + q z + q z + q z + q z +1
J x = dt

2
+q z q z + q z + R Q + R Q

 
 
 
 
 





 (4-118) 

In the performance index, integral states for the left and the right tire deflections are 

used to adjust the left and the right suspension deflections and thus vehicle height 

and roll angle can be controlled especially at steady state. Firstly, the controller for 

vehicle ride comfort and the vehicle attitude control will be designed and then this 

controller will be adjusted for different purposes. The controller which is aimed to 

improve vehicle ride motion and to control the vehicle attitude should comprise 

states of common half vehicle model and the integral states of the left and right 

suspension deflections. When the active controller is designed only for ride comfort, 

suspension deflections at low frequencies and at steady state increases and cannot be 

regulated to zero position. To regulate the suspension deflection or to adjust the 

suspension deflections to reference user input value, integral constraints of the left 

and the right suspension deflections will be embedded into the cost function to be 
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minimized. In order to examine the stability of the designed controller, similar to 

previous controllers, Theorem 1 is used. However, since the order of the system 

matrix is large, calculating the rank of the symbolic controllability and observability 

matrices are difficult. For this reason, PBH rank test Theorem is used. 

Theorem 2 [65]: Popov-Belevitc-Hautus (PBH) test for controllability, 

stabilizability, observability and detectability: 

The pair (A, B) is stabilizable if and only if  

 rank A I B n   

for all eigenvalues λ of A with Reλ≥0. 

The pair (A, B) is controllable if and only if  

 rank A I B n   

for every eigenvalue of A. 

The pair (C, A) is detectable if and only if 

A I
rank n

C

 
 

 
 

for all eigenvalues λ of A with Reλ≥0. 

The pair (C, A) is observable if and only if 

A I
rank n

C

 
 

 
 

for every eigenvalue A. 

Stability of the active controller is evaluated in two ways: Firstly, rank of the 

symbolic controllability and the observability matrices are calculated. Secondly, 

matrices of the state dependent state space systems are evaluated at some state values 

in the operating range in the state domain. 

Rank of the symbolic controllability and the observability matrices of the half 

vehicle model with active suspension system are both 12. Moreover, when the state 
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dependent matrices are evaluated at some state values in the operating domain of the 

states, it is observed that  rank A I B 12   and 
A I

rank 12
C

 
 

 
 for all 

eigenvalues of the A matrix. Therefore, the obtained active controller is locally 

asymptotically stable. 

4.3.1.6. Simulations 

4.3.1.6.1. Straight Line Driving: Random Road Displacement Input 

In this section, the active HP suspension will be simulated with the same random 

road displacement input used in section 4.2.4.1 at different longitudinal velocities. 

Selected controller weighting parameters are given in Table 4.9. 

Table 4.9: Controller Weighting Parameters 

Weighting Parameter Value 

q1 1 

q2 1 

q3 1 

q4 100 

q5 1 

q6 5e4 

RL 1e5 

RR 1e5 

 

The rms values of the responses are given in Table 4.10 to Table 4.13. 

Table 4.10. rms Values for Performance Variables for 60 kph 

 
z  

[m/s
2
] 

  

[rad/s
2
] 

ptLz  

[mm] 

ptRz  

[mm] 

t0Lz  

[mm] 

t0Rz  

[mm] 

inLQ  

[L/Min] 

inRQ  

[L/Min] 

Passive 0.61 0.57 13.4 13.1 1.9 1.9 - - 

Active 0.22 0.20 6.1 6.2 1.1 1.1 14.2 14.6 
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Table 4.11. rms Values for Performance Variables for 70 kph 

 
z  

[m/s
2
] 

  

[rad/s
2
] 

ptLz  

[mm] 

ptRz  

[mm] 

t0Lz  

[mm] 

t0Rz  

[mm] 

inLQ  

[L/Min] 

inRQ  

[L/Min] 

Passive 0.63 0.73 14.7 14.5 2.1 2.1 - - 

Active 0.26 0.29 7.7 8.0 1.3 1.3 18.1 17.4 

 

Table 4.12. rms Values for Performance Variables for 80 kph 

 
z  

[m/s
2
] 

  

[rad/s
2
] 

ptLz  

[mm] 

ptRz  

[mm] 

t0Lz  

[mm] 

t0Rz  

[mm] 

inLQ  

[L/Min] 

inRQ  

[L/Min] 

Passive 0.82 0.87 18.4 18.6 2.5 2.5 - - 

Active 0.34 0.33 8.9 9.5 1.5 1.6 20.7 20.8 

 

Table 4.13. rms Values for Performance Variables for 90 kph 

 
z  

[m/s
2
] 

  

[rad/s
2
] 

ptLz  

[mm] 

ptRz  

[mm] 

t0Lz  

[mm] 

t0Rz  

[mm] 

inLQ  

[L/Min] 

inRQ  

[L/Min] 

Passive 0.87 1.1 20.7 21.4 2.8 2.8 - - 

Active 0.38 0.38 10.3 10.2 1.7 1.7 23.2 23.0 

 

As the simulation results show, the active suspension controller improves ride 

comfort by reducing the vertical and roll accelerations. For the performance 

improvement, moderate amounts of oil flow rates are required. 

4.3.1.6.2. Steady State Cornering 

After the ride comfort characteristics of the half vehicle model with active HP 

suspension systems has examined, the handling characteristics will be examined. For 

this purpose, simulations for steady state cornering and the double lane change 

maneuvers are to be performed. The input for the simulations is the disturbance 

moment induced by the lateral acceleration during maneuver. Lateral acceleration for 

the steady state cornering is taken from the well-known linear bicycle model and is 

given in Figure 4.51. Steady state cornering simulation is performed with a steering 

wheel input of 30 degree at 90 kph. The used vehicle model has an understeer 

characteristic with a steering wheel ratio of 18. 
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Figure 4.51: Lateral Acceleration  

Simulation results are given in Figure 4.52 to Figure 4.58. 

 

Figure 4.52: Left Suspension Deflection 
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Figure 4.53: Right Suspension Deflection 

 

Figure 4.54: Roll Angle 
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Figure 4.55: Left Tire Deflection 

 

Figure 4.56: Right Tire Deflection 
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Figure 4.57: Left Suspension Flow Rate 

 

Figure 4.58: Right Suspension Flow Rate 
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suspension deflection and thus the roll angle to considerably small steady state 

values. Moreover, similar to the compromise solution between the vehicle attitude 

and ride comfort, there is also a compromise solution between ride comfort and 

vehicle handling. Increasing the values of the weighting coefficients for the 

suspension deflection improves the vehicle handling performance by reducing the 

roll angle. However, this diminishes the ride comfort performance by increasing the 

vertical and the roll accelerations. 

4.3.1.6.3. Double Lane Change 

The handling performance of the active controller in roll vehicle plane is examined 

by the double lane change maneuver as well. Similar to the previous case, the lateral 

acceleration response is taken from the simulation of the bicycle model. Lateral 

acceleration response for the double lane change maneuver at 90 kph is shown Figure 

4.59.  

 

Figure 4.59: Lateral Acceleration 

Simulation results are given in Figure 4.60 to Figure 4.66. 
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Figure 4.60: Left Suspension Deflection 

 

Figure 4.61: Right Suspension Deflection 
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Figure 4.62: Roll Angle 

 

Figure 4.63: Left Tire Deflection 
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Figure 4.64: Right Tire Deflection 

 

Figure 4.65: Left Suspension Flow Rate 
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Figure 4.66: Right Suspension Flow Rate 

As Figure 4.62 illustrates, the active suspension system has slightly better roll angle 

performance than the passive suspension system. However, since the double lane 

change maneuver is severe and highly transient, the weighting of the suspension 

deflections in the controller design may be increased to improve the vehicle handling 

further. 

4.3.2. Conclusion 

In this chapter, the performance of the active half vehicle model with HP suspension 

in roll plane is investigated. An active controller is designed to improve ride comfort, 

control the suspension deflection at steady state, and to improve vehicle handling.  

In the next section, an active controller for the full vehicle model with HP suspension 

system is developed. Full vehicle model has seven degrees of freedom which 

comprises four tire degrees of freedom, and vertical, pitch, and the roll degrees of 

freedom of the vehicle body. One of the aims of the controller is to control the 

vertical, roll, and pitch dynamics of the vehicle. The other aim is to control the 

vehicle attitude at steady state against disturbances coming from the road and the 

vehicle body. Firstly, the active full vehicle model with HP suspension systems will 
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be developed and then the state dependent linear model of the developed nonlinear 

model will be obtained. After that, the controller will be designed and simulations 

will be performed both in time and frequency domain to examine the performance of 

the controller. 

4.4. FULL VEHICLE MODEL WITH ACTIVE HP SUSPENSION SYSTEM 

4.4.1. Modeling of the Full Vehicle Model with Active HP Suspension System 

Schematic of the full vehicle model with active HP suspension system is shown in 

Figure 4.67. The equation of motion for the full vehicle model with the active 

suspension system can be derived in a similar way to the case of half vehicle model 

with the active suspension system. Thus, front left, front right, rear left and the rear 

right suspension forces can be written as, 
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where FFL is the suspension force for front left suspension, FFR is the suspension 

force for the front right suspension, FRL is the suspension force for the rear left 

suspension, and the FRR is the suspension force for the rear right suspension. 

Similarly the equation of motion for the front left tire, front right tire, rear left tire, 

and the rear right tire can be obtained. 

The equation of motion for the vehicle in vertical direction (in +z direction) is, 

 FL FR RL RR dF F F F Mg F Mz       (4-123) 

The equation of motion in roll direction (around +x direction) is, 

 r r f f
RL RR FL FR D xx

t t t t
F F F F M I

2 2 2 2
       (4-124) 

where tf is the front track width, tr is the rear track width, Ixx is the moment of inertia 

in roll direction, and ø is the roll angle. The equation of motion in pitch direction is, 

 RL RR FL FR D yyF b F b F a F a M I       (4-125) 

where a is the distance between front axle and center of gravity, b is the distance 

between rear axle and center of gravity, Iyy is the pitch moment of inertia, and θ is the 

pitch angle. Assuming small rotations around x and y axes, the following kinematical 

relationships for displacements can be written. 

 f
pFL

t
z z a

2
     (4-126) 

 f
pFR

t
z z a

2
     (4-127) 

 r
pRL

t
z z b

2
     (4-128) 
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 r
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t
z z b
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     (4-129) 

 

 

Figure 4.67. Full Vehicle Model with Active Suspension  
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4.4.2. Static Analysis of the Full Vehicle Model with HP Suspension System 

In static condition, assuming left and right symmetry, the suspension forces become, 

 
 FL FR

Mgb
F F

2 a b
 


 (4-130) 

 
 RL RR

Mga
F F

2 a b
 


 (4-131) 

Therefore, the absolute gas pressures at the static equilibrium become, 
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   (4-135) 

The gas forces can be expressed as, 
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 (4-139) 

4.4.3. Vertical Stiffness of the Full Vehicle Model 

The total suspension force in vertical direction is, 
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z gasFL gasFR gasRL gasRRF F F F F     (4-140) 

Assume that all suspension deflections are equal to each other, 

 
fpFL tFL pFL tFL ptFL ptz z z z z z      (4-141) 

 
fpFR tFR pFR tFR ptFR ptz z z z z z      (4-142) 

 
fpRL tRL pRL tRL ptRL ptz z z z z z      (4-143) 

 
fpRR tRR pRR tRR ptRR ptz z z z z z      (4-144) 

Then the vertical stiffness of the suspension is, 
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 (4-145) 

At static equilibrium, the suspension stiffness become, 

 

2 2 2 2

30FL p 30FR p 30RL p 30RR pz

pt 30FL 30FR 30RL 30RR

P A P A P A P AdF
k

dz V V V V

   
       (4-146) 

4.4.4. Roll Stiffness of the Full Vehicle Model 

Roll moment created by the suspension forces is, 

    f r
gasFL gasFR gasRL gasRR

t t
M F F F F

2 2
      (4-147) 

Inserting the suspension forces obtained previously into Equation (4-147), an explicit 

equation for the roll moment can be obtained as, 
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Assuming that the vertical displacement and the pitch angle are both zero, the only 

motion is the roll motion with the roll angle ø, roll moment becomes 
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Then the roll stiffness can be derived as, 
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At static equilibrium the roll stiffness become, 
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4.4.5. Pitch Stiffness of the Full Vehicle Model 

Similarly the pitch moment created by the suspension forces is, 

    gasFL gasFR gasRL gasRRM a F F b F F       (4-152) 

When the suspension force expressions are inserted into Equation (4-152), the pitch 

moment becomes 
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Assuming that the only motion is the pitch motion, then the pitch moment can be 

obtained as, 
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Finally, the pitch stiffness is found as, 
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At static condition, the pitch stiffness become, 
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Detailed examination of the stiffness and damping characteristics of the full vehicle 

model with HP suspension system is to be presented in Chapter 7. 

4.4.6. State Dependent Linear Model of the Full Vehicle Model with the 

Active HP Suspension System 

Now the state space model of the full vehicle with active HP suspension system is to 

be derived. Vehicle with four tires forms a statically indeterminate structure. For the 

sprung mass, three equilibrium equations in vertical, roll, and pitch directions can be 

written. Thus, in order to satisfy the equilibrium equations, three suspension forces 

are needed. Similar to the full vehicle model with four tires, depending on the initial 

suspension configurations, different solutions can be obtained. In the literature, 

studies of active suspension control of full vehicle model, four tire displacements and 

four suspension deflections are used as the states. However, as explained by 

Esmailzadeh and Fahimi [66], one of the tire deflections can be written in terms of 

the other states. By this way, 14 states are enough to define the complete full vehicle 

model with the HP suspension systems. The remaining states like suspension, 

integral of the suspension deflection, etc. are required to improve the vehicle 

performance in controller design. In summary, three states for the vertical, roll, and 

pitch velocities of the sprung mass, four states for the floating piston displacement, 

three states for tire deflections, four states for tire velocities, four states for 

suspension deflection, four states for the integral of the suspension deflections, four 

states for the double integral of the suspension deflections, and four states for the 
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road displacement inputs are used to define the full vehicle model with active HP 

suspension systems. If the fourth tire displacement is also used as the state, there can 

be problems in the solution of the SDRE. Moreover, in order to get controller which 

has reference trajectory control, road displacement inputs are also modeled and 

defined as states using the first order filter equations. In order for the controller to 

regulate the suspension deflections to zero values for ramp road inputs, second 

integral of the suspension deflections are used as the states. By this way, type of the 

system can be increased, and thus the controller has zero steady state responses for 

ramp input. Thus, the states are defined as 

 1x = z  (4-157) 

 
2x =   (4-158) 

 
3x = θ  (4-159) 

 
4 fptFL fpFL tFLx = z z z   (4-160) 

 
5 fptFR fpFR tFRx = z z z   (4-161) 

 
6 fptRL fpRL tRLx = z z z   (4-162) 

 
7 fptRR fpRR tRRx = z z z   (4-163) 

 
8 ptFL pFL tFLx = z z z   (4-164) 

 
9 ptFR pFR tFRx = z z z   (4-165) 

 
10 ptRL pRL tRLx = z z z   (4-166) 

 
11 ptRR pRR tRRx = z z z   (4-167) 

 12 tFLx = z  (4-168) 

 13 tFRx z  (4-169) 

 14 tRLx = z  (4-170) 

 15 tFLx = z  (4-171) 

 16 tFRx = z  (4-172) 

 17 tRLx = z  (4-173) 

 18 tRRx = z  (4-174) 
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 19 0FLx = z  (4-175) 

 20 0FRx = z  (4-176) 

 21 0RLx = z  (4-177) 

 22 0RRx = z  (4-178) 

 23 ptFLx = z  (4-179) 

 24 ptFRx = z  (4-180) 

 25 ptRLx = z  (4-181) 

 26 ptRRx = z  (4-182) 

 27 ptFLx = z   (4-183) 

 28 ptFRx = z   (4-184) 

 29 ptRLx = z   (4-185) 

 30 ptRRx = z   (4-186) 

Assume that the floating piston dynamics and friction forces are negligible, then the 

equations of motions become, 
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Then, the state equations become, 
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 (4-208) 

 19 V 19 FLx R x w    (4-209) 

 20 V 20 FRx R x w    (4-210) 

 21 V 21 RLx R x w    (4-211) 

 22 V 22 RRx R x w    (4-212) 

 23 8x x  (4-213) 

 24 9x x  (4-214) 

 25 10x x  (4-215) 

 26 11x x  (4-216) 

 27 23x x  (4-217) 

 28 24x x  (4-218) 

 29 25x x  (4-219) 

 30 26x x  (4-220) 

HP suspension system and vehicle parameters for full vehicle model are given in 

Table 4.14. 

Table 4.14: Suspension and Vehicle Parameters for Full Vehicle Model 

Parameter Symbol Value 

Sprung Mass M [kg] 6000 

Roll Moment of Inertia Ixx [kgm
2
] 3545 

Pitch Moment of Inertia Iyy [kgm
2
] 13376 

Distance Between Front 

Axle and COG 
a [m] 1.815 

Distance Between Rear 

Axle and COG 
b [m] 1.485 

Distance between Front hRC-COGL [m] 1.1 
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Roll Center and COG 

Distance between Rear 

Roll Center and COG 
hRC-COGR [m] 1.1 

Front Track Width tf [m] 2 

Rear Track Width tr [m] 2 

Front Left Suspension 

Initial Gas Volume 
V30FL [m

3
] 0.0019 

Front Right Suspension 

Initial Gas Volume 
V30FR [m

3
] 0.0019 

Rear Left Suspension 

Initial Gas Volume 
V30RL [m

3
] 0.0019 

Rear Right Suspension 

Initial Gas Volume 
V30RR [m

3
] 0.0019 

Front Left Suspension 

Orifice Opening 
AvFL [m

2
] 2e-4 

Front Right Suspension 

Orifice Opening 
AvFR [m

2
] 2e-4 

Rear Left Suspension 

Orifice Opening 
AvRL [m

2
] 2e-4 

Rear Right Suspension 

Orifice Opening 
AvRR [m

2
] 2e-4 

Front Left Suspension 

Piston Area 
ApFL [m

2
] 0.007 

Front Right Suspension 

Piston Area 
ApFR [m

2
] 0.007 

Rear Left Suspension 

Piston Area 
ApRL [m

2
] 0.007 

Rear Right Suspension 

Piston Area 
ApRR [m

2
] 0.007 

 

4.4.7. Design of the Controller for the Full Vehicle Model with Active HP 

Suspensions 

The aim of the controller is to improve vehicle ride comfort, to control the vehicle 

attitude or the suspension deflections, and to improve the vehicle handling. The 

performance index to be minimized is, 
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 (4-221) 

In the performance index, weighting coefficients q1, q2, and q3 are used to penalize 

the vertical, roll and pitch accelerations, respectively. Weighting coefficients q4 and 

q5 are used to decrease the suspension deflections, and tire deflections respectively. 

In order to improve the steady state performance of the vehicle, integrals of the 

suspension deflections are included in the performance index by the weighting 

parameters q6 and q7. Moreover, suspension deflection velocity is weighted by the 

weighting parameter q8 in order to increase the specific performances. Finally, in 

order to get a realistic amount of oil flow rate for real applications, control input 

which is the oil flow rate is penalized by the weighting coefficients Rij‟s in the 

performance index. 

Stability of the active controller can be evaluated like the stability of the active 

controller for the half vehicle model. However, calculating the rank of the symbolic 

controllability and the observability matrices are time consuming for active 

controller for the full vehicle model. Thus, the stability of the active controller is 

examined according to Theorem 2. Similarly, state space matrices are evaluated at 

state values in the operating range of the state domain.  rank A I B 30  for all 

eigenvalues λ of A with Reλ≥0. Moreover, 
A I

rank 30
C

 
 

 
 for all eigenvalues λ 

of A with Reλ≥0. Thus, the pair (A, B) and (A, C) are stabilizable and detectable in 

the linear sense, then the active controller is locally asymptotically stable. When the 

state space model of the active controller is examined, it is observed that, four states 
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which are the road displacement inputs, are uncontrollable but stable states. Thus 

system is stabilizable but not controllable. 

4.4.8. Simulations 

The performance of the controller will be examined in the time domain. The ride 

comfort characteristics of the full vehicle model with active and passive suspensions 

are going to be examined and compared to each other by simulations with random 

road input. Then, handling characteristics of the full vehicle model with active and 

passive HP suspension systems are going to be examined by a braking in cornering 

maneuver. Controller weighting parameters are given in Table 4.15. 

Table 4.15: Controller Weighting Parameters 

Weighting 

Parameter 
Value 

q1 1e-4 

q2 1e-4 

q3 1e-4 

q4 100 

q5 1e4 

q6 1e4 

q7 10 

q8 1 

RFL 1e5 

RFR 1e5 

RRL 1e5 

RRR 1e5 

4.4.8.1. Simulation with Random Road Displacement Input 

Random road displacement inputs same as those used in section 4.2.4.1 at different 

vehicle longitudinal speeds are used to simulate the full vehicle model with active 

suspension. The rms values of the responses are listed in Table 4.16 to Table 4.19. 

Table 4.16: rms Values of Responses for the Active and Passive Suspensions at 

V=60 kph 

 Active Passive 

Vertical Acceleration [m/s
2
] 0.13 0.46 

Roll Acceleration [rad/s
2
] 0.15 0.27 

Pitch Acceleration [rad/s
2
] 0.08 0.23 

Front Left Sus. Def. [mm] 5.3 8.2 
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Front Right Sus. Def. [mm] 5.0 8.9 

Rear Left Sus. Def. [mm] 4.0 12.7 

Rear Right Sus. Def. [mm] 4.1 13.1 

Front Left Tire Def. [mm] 1.0 1.4 

Front Right Tire Def. [mm] 1.0 1.5 

Rear Left Tire Def. [mm] 1.1 2.1 

Rear Right Tire Def. [mm] 1.0 2.1 

Front Left Flow Rate [Liter/min] 17.2 - 

Front Right Flow Rate [Liter/min] 17.0 - 

Rear Left Flow Rate [Liter/min] 18.4 - 

Rear Right Flow Rate [Liter/min] 18.3 - 

Table 4.17: rms Values of Responses for the Active and Passive Suspensions at 

V=70 kph 

 Active Passive 

Vertical Acceleration [m/s
2
] 0.16 0.44 

Roll Acceleration [rad/s
2
] 0.23 0.58 

Pitch Acceleration [rad/s
2
] 0.09 0.23 

Front Left Sus. Def. [mm] 6.5 11.4 

Front Right Sus. Def. [mm] 6.9 11.3 

Rear Left Sus. Def. [mm] 5.0 13.4 

Rear Right Sus. Def. [mm] 4.8 13.1 

Front Left Tire Def. [mm] 1.2 1.8 

Front Right Tire Def. [mm] 1.2 1.8 

Rear Left Tire Def. [mm] 1.2 2.2 

Rear Right Tire Def. [mm] 1.2 2.2 

Front Left Flow Rate [Liter/min] 19.1 - 

Front Right Flow Rate [Liter/min] 18.9 - 

Rear Left Flow Rate [Liter/min] 21.9 - 

Rear Right Flow Rate [Liter/min] 21.6 - 

Table 4.18: rms Values of Responses for the Active and Passive Suspensions at 

V=80 kph 

 Active Passive 

Vertical Acceleration [m/s
2
] 0.21 0.66 

Roll Acceleration [rad/s
2
] 0.28 0.78 

Pitch Acceleration [rad/s
2
] 0.12 0.3 

Front Left Sus. Def. [mm] 7.5 14.9 

Front Right Sus. Def. [mm] 8.0 14.7 

Rear Left Sus. Def. [mm] 6.2 19.5 

Rear Right Sus. Def. [mm] 6.4 18.7 

Front Left Tire Def. [mm] 1.4 2.2 

Front Right Tire Def. [mm] 1.4 2.1 

Rear Left Tire Def. [mm] 1.4 3.1 
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Rear Right Tire Def. [mm] 1.4 3.0 

Front Left Flow Rate [Liter/min] 21.9 - 

Front Right Flow Rate [Liter/min] 21.9 - 

Rear Left Flow Rate [Liter/min] 25.1 - 

Rear Right Flow Rate [Liter/min] 25.2 - 

 

Table 4.19: rms Values of Responses for the Active and Passive Suspensions at 

V=90 kph 

 Active Passive 

Vertical Acceleration [m/s
2
] 0.25 0.63 

Roll Acceleration [rad/s
2
] 0.34 0.87 

Pitch Acceleration [rad/s
2
] 0.13 0.27 

Front Left Sus. Def. [mm] 8.6 15.6 

Front Right Sus. Def. [mm] 8.8 16.3 

Rear Left Sus. Def. [mm] 7.1 18.4 

Rear Right Sus. Def. [mm] 7.1 17.8 

Front Left Tire Def. [mm] 1.5 2.3 

Front Right Tire Def. [mm] 1.5 2.3 

Rear Left Tire Def. [mm] 1.6 3.0 

Rear Right Tire Def. [mm] 1.6 2.9 

Front Left Flow Rate [Liter/min] 24.0 - 

Front Right Flow Rate [Liter/min] 24.3 - 

Rear Left Flow Rate [Liter/min] 27.8 - 

Rear Right Flow Rate [Liter/min] 27.4 - 

 

The active suspension controller is designed mainly to improve ride comfort. As can 

be seen from the rms values of the responses, all vertical, roll, and the pitch 

accelerations are improved by the active suspension control. With the active 

suspension control, both suspension deflections and the tire deflection responses are 

also improved. To get these suspension improvements, the required oil flow rate is 

feasible.  

4.4.8.2. Braking In Cornering Simulation 

For handling analysis, braking in cornering test is performed. In this test scenario, a 

braking force is applied while the vehicle is in steady state turning motion. In the 

passive suspension, there will be a steady state roll angle due to the disturbance 

moment created by the steering input and braking force, respectively. However, in 
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the active suspension, roll and pitch angle deflections will be lowered due to the 

action of the active suspension control. The lateral and longitudinal accelerations 

used in the simulation are taken from the full vehicle model derived in Chapter 7 and 

are given in Figure 4.68 and Figure 4.69. Braking in cornering simulation is 

performed with a 40 degree steering wheel input at 90 kph. Simulation results are 

given in Figure 4.70 to Figure 4.83.  

 

Figure 4.68: Longitudinal Acceleration  
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Figure 4.69: Lateral Acceleration 

 

Figure 4.70: Roll Angle 
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Figure 4.71: Pitch Angle 

 

Figure 4.72: Front Left Suspension Deflection 
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Figure 4.73: Front Right Suspension Deflection 

 

Figure 4.74: Rear Left Suspension Deflection 
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Figure 4.75: Rear Right Suspension Deflection 

 

Figure 4.76: Front Left Tire Deflection 
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Figure 4.77: Front Right Tire Deflection 

 

Figure 4.78: Rear Left Tire Deflection 
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Figure 4.79: Rear Right Tire Deflection 

 

Figure 4.80: Front Left Flow Rate 
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Figure 4.81: Front Right Flow Rate 

 

Figure 4.82: Rear Left Flow Rate 
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Figure 4.83: Rear Right Flow Rate 

As simulation results show, the active suspension has better roll and pitch 

performance as compared with the passive suspension. Active controller decreases 

the roll angle considerably and thus handling performance of the vehicle is improved 

considerably. Moreover, the pitch angle is reduced by the active controller and thus 

braking-acceleration performance of the vehicle is improved. In the simulations, 

some oscillations are observed in the case of the passive suspension system. Since 

the orifice damper has little damping at low suspension velocities, the vibrations 

induced by the disturbances cannot be damped out with the passive suspensions. On 

the contrary, active controller has damped out those oscillations completely. Thus, 

the use of the orifice damping in the passive suspension system is not adequate.  

4.5. CONCLUSION 

In this chapter, modeling and design of an active HP suspension system have been 

investigated. An active HP suspension system is designed for a quarter car model. 

The aim of the controller is to decrease sprung mass acceleration to improve ride 

comfort, and to reduce the suspension deflection to improve vehicle attitude control. 

The active controller is designed for only ride comfort first, and then for combined 
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ride comfort and vehicle attitude control. A detailed sensitivity study is performed to 

examine the effect of the controller weighting parameters on the vehicle performance 

characteristics. Performances of the controllers are examined by the time and 

frequency domain simulations. According to results: 

 SDRE formulation can be successfully adapted to model and control the 

active HP suspension system. 

 By expressing nonlinear gas model and orifice equations as linear stiffness 

and damping equations using direct parameterization method, a convenient 

form of the model is obtained. 

 General active HP controllers with different complexity and order can be 

designed with the SDRE control method. 

 Saturation of the oil flow rate, modeling of the physical hard bound can be 

appropriately modeled and incorporated into SDRE control design. 

 Active HP suspension system designed for only ride comfort cannot control 

the vehicle attitude and there is going to be a steady state error for certain 

types of road inputs. 

 In order to design the HP suspension system for both ride comfort and vehicle 

attitude control, the use of the integral state and constraint in the formulation 

is a must. 

 According to the sensitivity study, suspension deflection integral weighting 

parameter has the most prominent effect on the performance of the vehicle 

attitude control. 

 Only a compromise solution for the ride comfort and vehicle attitude control 

can be achieved. 

 By increasing the integral of the suspension deflection weighting parameter, 

vehicle attitude performance is improved, yet vehicle ride comfort 

performance is degraded. 

 In order to improve the performance of the active controller for ride comfort 

and vehicle attitude control, adaptive active suspension controller can be 

designed by using the state constraint. 
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 By tuning the suspension deflection integral weighting parameter according 

to the suspension deflection, both ride comfort and vehicle attitude 

performances can be improved. 

 At low suspension deflection, controller is tuned for ride comfort and at high 

suspension deflection; controller is tuned for vehicle attitude control. 

 The designed active suspension controller can be further applied to the half 

vehicle model with active HP suspension system.  

 When the integral of the suspension deflection weighting is increased, vehicle 

handling performance is increased. 

 Simulation results show that active suspension control can improve ride 

comfort and vehicle handling simultaneously. Vehicle attitude control can be 

satisfied with the active suspension controller. 

 Active suspension controller designed for the full vehicle model is used to 

improve ride comfort, vehicle handling, and braking/acceleration 

performance of the vehicle. 

 For the derivation of the state dependent model of the full vehicle model with 

active HP suspension system, one of the tire displacements is written in terms 

of the other state variables. This removes over-constraint states in the 

problem formulation and prevents possible problem of the solution of the 

Riccati equation. 
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CHAPTER 5 

 

 

INTERCONNECTED HP SUSPENSION SYSTEMS 

 

 

 

In Chapter 4, vehicles with individual active HP suspension systems have been 

studied. In this chapter, another important application of HP suspension system, 

interconnection of HP suspension systems, is studied. Interconnection in mechanical 

suspension systems can be performed with mechanical linkages, as in the case of 

anti-roll bar. One of the advantages of the fluid power systems with respect to the 

mechanical systems is that pressurized fluid can be transferred easily between 

different circuit elements. In a similar situation, the pressurized hydraulic oil can be 

transferred among different suspension units by simply addition of the hydraulic 

conductors, such as hoses and fittings. As will be illustrated in the following 

chapters, by interconnecting individual HP suspension systems in different 

configurations, handling and the ride comfort characteristics of the vehicle may be 

improved considerably with respect to unconnected HP suspension systems. 

5.1. INTRODUCTION 

An example of vehicle with three axles is shown in Figure 5.1 and the schematic of 

the vehicle in pitch direction is shown in Figure 5.2. FF, FM, and FR are the 

suspension forces of the three suspension units. The main idea behind using the 

multiple axles in a vehicle is to decrease the axle load which is restricted by the 

regulations, improve the mobility of the vehicle as in the case of military vehicles, 

and to protect the vehicle components by distributing the load evenly on axles. For a 

vehicle with the HP suspension system, individual HP suspension units may be 



 

 

178 

 

interconnected. These interconnections change the stiffness and damping 

characteristics of the vehicle considerably. For a vehicle with two axles, the 

interconnections in the pitch and roll planes are simpler. However, for a full vehicle 

model as explained in the study of the Cao [19], connections are more complex and 

there are a number of possibilities. Similarly, there are many different possible HP 

interconnections in a vehicle with multi-axles. When the HP suspensions are 

interconnected to each other, some pressure variables are equated and the suspension 

force characteristics change. Thus, the interconnections will be classified firstly in 

terms of the independent suspension forces in static condition. This analysis gives an 

insight into the feasibility of different possible interconnections. Otherwise, for a 

vehicle with three and more axles, feasible interconnections cannot be seen easily 

without a mathematical classification of the interconnections on some basis. 

 

Figure 5.1: A Military Vehicle with Three-Axles [67] 

 

Figure 5.2: Pitch Plane Vehicle Model  

FF FM FR 
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After possible configurations are found, these configurations will be analyzed 

statically in terms of pitch stiffness and pitch damping characteristics. One of the 

possible interconnections for a three axle vehicle is illustrated in Figure 5.3. 

 

Figure 5.3: One Possible Interconnection Configuration in the Pitch Plane 

5.2. SOLVABILITY OF THE SUSPENSION FORCES AND THE 

SUSPENSION PRESSURES 

Since at static equilibrium two independent equilibrium equations are written and 

since the suspension forces and the pressures are linear in these equations, 

existence/uniqueness of the solutions for linear systems is going to be examined. 

Theorem 3 [68]: A linear system with m equations and n unknowns,  

     
mxn nx1 mx1

A x b
 

is  

 Inconsistent if rank[A]<r=rank[A b] 

 Consistent if rank[A]=r=rank[A b] 

Consistent system has, 
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 A unique solution if and only if rank[A]=r=n 

 An (n-r) parameter family of infinite solutions if and only if rank[A]=r<n. 

Therefore, the feasibility of the interconnection is to be determined in the view of the 

Theorem 2. 

5.3. EXAMINATION OF THE POSSIBLE HP INTERCONNECTIONS FOR 

A VEHICLE WITH THREE AXLES 

In this part, possible classifications are going to be determined in terms of the 

solvability of the static equilibrium equations. Since a vehicle with three axles in a 

pitch plane is a statically indeterminate system, the suspension forces cannot be 

found uniquely in the static case from the static equilibrium equations. Initial 

configuration of the system changes the values of the suspension forces in static 

equilibrium. In the pitch plane of the vehicle, two independent static equilibrium 

equations can be written in the vertical and pitch direction since pitch plane model of 

the vehicle has two degrees of freedom. These equations are, 

 F M RF F F Mg    (5-1) 

 F M RaF bF cF 0    (5-2) 

where suspension forces are 

 F 1F p 4F prF P A P A   (5-3) 

 M 1M p 4M prF P A P A   (5-4) 

 R 1R p 4R prF P A P A   (5-5) 

In the unconnected case, P1F, P1M, P1R, P4F, P4M, P4R are six independent pressure 

variables if all the HP suspension units has double gas chambers. When the 

suspensions are interconnected to each other, these pressure variables are equated to 

each other in the static case and thus the number of independent pressure variables 

decreases. Different possible interconnections should be found based on the relations 

among these pressure variables. Since there are two equilibrium equations, at least 

two independent suspension forces are necessary. Therefore, interconnections which 
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result in only one independent suspension force forms an infeasible configuration. 

One of the examples of infeasible configuration is illustrated in Figure 5.4. This 

configuration satisfies the equilibrium equations only for a special case where a=c, 

and b=0. 

 

Figure 5.4: Unfeasible Interconnection Configurations 

The degree of freedom of the interconnections can be defined on the bases of the 

independent suspension forces. Degrees of freedom can also be defined in terms of 

the independent pressure variables. However, the solution of the static equilibrium 

equations are directly related with the suspension forces, rather than the pressure 

variables. Thus, the number of the independent suspension forces is defined as the 

number of the degree of freedom of the interconnections. An interconnection should 

have at least two degrees of freedom to form feasible interconnections. Suspension 

forces for interconnections with two degree of freedom have a unique solution. For 

the interconnections which have more than two degrees of freedom, there are an 

infinite number of solutions. The definition of feasibility defined above has a sense 

in mathematical point of view. In physical point of view, an interconnection should 

be also physically feasible such that the pressures and the suspension forces turn out 
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to be be positive variables. Therefore, the necessary but not sufficient condition is 

that an interconnection should have at least two degrees of freedom. In the 

unconnected suspension configurations, depending on the suspension type (double-

sided cylinder or single sided cylinder), there are three to six independent pressure 

variables, and an unconnected suspension configuration has three degrees of 

freedom. If only one of the three suspensions is double-sided type, there are four 

independent pressure variables. In this case, the unconnected suspension 

configuration has still three degrees of freedom. If only one of the three suspension 

units is single-sided type, there are five independent pressure variables. 

5.3.1. One Degree of Freedom Interconnections 

When the interconnections are performed in such a way that all suspension forces are 

equal to each other, the obtained interconnection has one degree of freedom. Since 

there are two equilibrium equations, static equilibrium equations are inconsistent and 

there is no solution and thus configuration is infeasible. 

5.3.2. Two Degrees of Freedom Interconnections 

In two degrees of freedom interconnection, there are two independent suspension 

forces. In general (other than the specific case), these two independent suspension 

forces can be solved from the static equilibrium equations. According to the type of 

the suspension units used, there are different interconnections. An example of two 

degrees of freedom interconnections are given in Figure 5.5. 
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Figure 5.5: Two Degrees of Interconnections 

5.3.3. Three Degrees of Freedom Interconnections 

In three degrees of freedom interconnections, there are three independent suspension 

forces. In general, since there are only two equilibrium equations, there is no unique 

solution of the pressure values at static equilibrium, and thus there are an infinite 

number of solutions. To be able to determine the values of the suspension force in 

static case, one suspension force is set to a value and from that value the remaining 

suspension forces are obtained. Three degrees of freedom interconnections have the 

advantage of one free suspension force. This property gives the flexibility of 

selecting the design parameters. Example of three degrees of freedom 

interconnection is given in Figure 5.6. 
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Figure 5.6: Three Degrees of freedom Interconnection 

After the suspension forces are determined from the static analysis, the pressure 

forces are determined from Equations (5-3), (5-4), and (5-5). Similar to the 

suspension forces, when the number of the independent pressure variables is higher 

than 3, there is an infinite number of solutions. 

5.4. CONCLUSION 

 In general, the results found here can be summarized (except for specific cases) as 

follows according to the Theorem 3. 

n=Number of Degrees of Freedom=Number of Independent Suspension Forces 

 If n=1: Inconsistent set of equations: There is no solution, system does not 

reach static equilibrium. 

 If n=2: Consistent set of equations: There is a unique solution to the 

suspension forces. 

 If n=3: Consistent set of equations: There is a one parameter family of 

solutions. (Infinite number of solutions). 
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After the suspension forces are found, whether they are physical or not must be 

checked. In a similar manner, the pressure variables should be physical for proper 

interconnection. In summary, for an interconnection to be proper: 

1) The equilibrium equations should be consistent, 

2) The suspension forces should be positive, 

3) The pressure variables should be positive. 

Consistency of the equation can be also examined according to the Theorem 3 

directly, when the Equations (5-1) and (5-2) are combined by the Equations (5-3), 

(5-4), and (5-5). 

Interconnected HP suspension systems have different uses in vehicles. One of these 

is the improvement of the handling and braking/traction performances. Another use 

of the interconnected HP suspension system is the distribution or equalization of the 

suspension force among different axle groups. In order to increase the handling and 

braking/acceleration performance of the so called “X” type of interconnection is 

used. However, in order to equalize the suspension forces, parallel interconnection is 

used. In X type interconnections, piston side of front (left) suspension unit is 

connected to the rod side of the rear (right) suspension unit, and the rod side of the 

front (left) suspension unit is connected to piston side of the rear (right) suspension 

unit. In parallel interconnections, piston and rod side of a suspension unit are 

connected to piston and rod side of another suspension unit, respectively.  
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CHAPTER 6 

 

 

ANALYSIS AND DESIGN OF A PITCH 

INTERCONNECTED HP SUSPENSION SYSTEM FOR 

THREE-AXLE VEHICLES 

 

 

 

6.1. INTRODUCTION 

In this chapter, interconnected HP suspension systems for a three-axle vehicle for the 

pitch plane are studied. It was shown in the literature that, when there are 

connections between the piston side of the front suspension and the rod side of the 

rear suspension, and rod side of the front suspension and the piston side of the rear 

suspension; the pitch stiffness of the interconnected suspension increases with 

respect to pitch stiffness of the unconnected suspension systems. This characteristic 

of the interconnected suspension system is useful in improving the performance of 

the vehicle with respect to braking/acceleration performance, and to other special 

vehicle characteristics like firing stability and mobility in military vehicles. When the 

vertical stiffness and the damping characteristics of the interconnected and the 

unconnected suspension systems are equated to each other, the pitch stiffness and the 

pitch damping of the interconnected suspension are higher than those of the 

unconnected suspension system. Higher pitch stiffness and damping improves the 

vehicle performance against certain disturbances coming to vehicle bodies. 

Therefore, vehicles with interconnected suspension system have improved 

performances against disturbances coming from braking/accelerating and firing 
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shocks of the vehicle with firing ability. For improved braking/accelerating 

performances and the firing performance of the vehicle, low pitch angles and 

oscillations are desired. In the following parts these response characteristics are 

examined in a more detailed way.  

For a vehicle with two axles X interconnection is straightforward. The stiffness and 

the damping characteristics of the vehicle with X type interconnected HP suspension 

system were studied in the literature [19], [69]. However, for large and heavy 

vehicles, more than two axles are required. The main reasons for using more than 

two axles are the improvement of the mobility of the vehicle and reduction of the 

axle loads. For a vehicle with three axles, there may be different interconnected 

configurations. A vehicle with three axles forms a statically indeterminate problem 

and axle loads can be found from the coupled solutions of the static equilibrium 

equations and the suspension deflections. When the stiffness of the suspension units 

is changed, the static suspension forces also change. Therefore there may be an 

infinite number of solutions. When the HP suspension units are interconnected to 

each other, static suspension pressures are related to each other and therefore 

suspension characteristics and in turn the static suspension forces change.  

In this chapter, for a vehicle with three axles, possible interconnections will be 

examined. Possible interconnections include full interconnected suspension, semi-

interconnected suspension, and unconnected suspension. Full interconnection can be 

defined as an interconnection such that piston side and rod side of each suspension 

units are interconnected at least one times. Similarly, semi-interconnection can be 

defined such that at least one piston or rod side of the suspension unit is not 

connected to other piston or rod side of the suspension units. Finally unconnected 

configurations can be defined such that all piston or rod side of the suspension units 

are unconnected. In this chapter two full interconnected configurations, three semi-

interconnected suspension configurations and one unconnected suspension 

configurations are examined. First, a mathematical model of nine degree of freedom 

vehicle model is derived. Then the suspension forces for different suspension 

configurations are going to be derived. After the model of the vehicle with different 
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suspension configurations are obtained, vertical stiffness and damping and pitch 

stiffness and damping characteristics are going to be obtained. The suspension 

configurations are compared in terms of 

 Leveling performance against the disturbances coming from the vehicle body, 

 Pitch stiffness  

 Pitch damping  

Then simulations are performed to further examine the performance of the vehicle 

with different suspension configurations. To be able to make a realizable comparison 

of the stiffness and the damping of the different suspension configurations, vertical 

stiffness and the damping of the suspensions are equated to each other. To equate the 

vertical stiffness of different suspension configurations, initial gas volumes are 

adjusted and to equate the vertical damping of the configurations damping valve 

parameters are set accordingly.  

In this study, the initial suspension parameters are selected such that the three 

suspension forces are equal to each other as much as possible. This constitutes an 

optimization problem. A Lagrange Multiplier optimization method is used to find the 

optimum suspension forces which are as close as possible to each other. After all 

parameters of the suspension configurations are determined, simulations are 

performed to examine the performances of the suspensions for ride comfort, 

braking/accelerating performance, and firing mobility. For ride comfort simulations, 

random road inputs and road bump inputs are used. For random road simulations root 

mean square values of the responses are calculated and for bump road simulations 

maximum and the minimum values of the responses are observed. For handling 

performance, simulations with braking input at wheels are performed. For firing 

performance, a simulation with a firing shock is performed. For both simulations 

maximum overshoot values are obtained to grade the suspension configurations. A 

suspension metric is determined to specify the suspension configurations for 

specified use of purposes. 
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6.2. DEVELOPMENT OF A THREE-AXLE VEHICLE MODEL IN PITCH 

PLANE 

In this part a pitch plane model of a three-axle vehicle is to be developed. The 

schematic of the vehicle model is shown in Figure 6.1. For the simulation of the 

designed suspension configurations, a nine degree of freedoms vehicle model is 

formed. The vehicle model consists of longitudinal, vertical, and pitch degrees of 

freedom of the sprung mass, vertical degrees of freedoms of three equivalent tires, 

and rotational degrees of freedom for the three equivalent tires. 

 

 

Figure 6.1: Pitch Plane Model of a Three-Axle Vehicle  

The interaction of the tires with the road surface is modeled using the Magic Formula 

tire model. By this way, braking, traction, fire shock input, and road inputs can be 

used in the simulation. Free body diagrams of the tires and the vehicle sprung mass is 

shown in Figure 6.2. Definition of the variables and parameters used in the 

formulations are given in Table 6.1 and Table 6.2, respectively. In the variable and 

parameter definitions “i” stands for the “F”, “M”, and “R” which refer to front, 

middle, and rear, respectively. 
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Figure 6.2: Free Body Diagram of the Tires and the Vehicle Sprung Mass 

Equation of Motion of the Tires: 

Equations of motion for the front, intermediate and the rear tires are written as, 

 FO F tFF F Mz   (6-1) 
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 FXO FX t tFF F M x   (6-2) 

 F FXO tF tyy tFT F r I    (6-3) 

 MO M t tMF F M z   (6-4) 

 MXO MX t tMF F M x   (6-5) 

 M MXO tM tyy tMT F r I    (6-6) 

 RO R t tRF F M z   (6-7) 

 RXO RX t tRF F M x   (6-8) 

 R RXO tR tyy tRT F r I    (6-9) 

Equation of motion for the sprung mass can be written as, 

  FX MX RX S SF F F F cos Mx      (6-10) 

  F M R S DF F F Mg F sin F Mz        (6-11) 

 F M R s COGF FX COGF MX COGF RX yyaF bF cF M h F h F h F I          (6-12) 

Assuming small displacements, kinematical relationships can be written as, 

 pFz z a    (6-13) 

 pMz z b    (6-14) 

 pRz z c    (6-15) 

where zpF, zpM, and zpR are the front, intermediate, and the rear piston displacements 

respectively. 
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Table 6.1: Definition of variable 

Definition Symbol 

Sprung Mass and Tire Longitudinal Displacement x 

Longitudinal Velocity u 

Tire Rotation θi 

Braking or Traction Force Between Tire and the Road FiXO 

Vertical Reaction Force Between Tire and Road FiO 

Longitudinal Slip S 

Longitudinal Force Acting on the Wheel Center of 
 
Tire FiX 

Vertical Suspension Force on Tire Fi 

Braking or Traction Torque Acting on the Wheel  Ti 

Missile Shock Force FS 

Moment of Missile Shock Force MS 

 

Table 6.2: Definition of Parameters 

Definition Symbol 

Vertical Distance between Missile 

Launcher Centerline and COG 

hzSCOG 

Horizontal Distance between Missile 

Launcher Mounting and COG 

hxSCOG 

Vertical Distance between the Wheel 

Center and COG 

hCOGi 

Firing Angle βs 

Longitudinal Distance between the 

Front Axle and COG 

a 

Longitudinal Distance between the 

Middle Axle and COG 

b 

Longitudinal Distance between the 

Rear Axle and COG 

c 

Loaded Tire Radius of tire rti 

Mass Moment of Inertia of 

Tire about y Axis 

Ityy 

Pitch Moment of Inertia of Sprung Mass Iyy 

Magic Formula Tire Model Parameter C, B, D, E, Sx, Sy  

Magic Formula Tire Model Parameter b‟s 

 

Longitudinal Slips 

In the braking situation, longitudinal slips can be found for each tire as, 
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tF F

F

r u
S

u

  
  (6-16) 

 
tM M

M

r u
S

u

  
  (6-17) 

 
tR R

R

r u
S

u

  
  (6-18) 

Tire Model 

Longitudinal tire forces between the ground and the tire contact can be found from 

the Magic Formula Tire Model. For longitudinal tire forces, Magic Formula tire 

model can be written as [70], [71], [72]: 

 0C b  (6-19) 

 
2

1 z 2 zD b F b F   (6-20) 

 
   5 zb F2

3 z 4 zb F b F e
B

CD




  (6-21) 

 
2

6 z 7 z 8E b F b F b    (6-22) 

 h 9 z 0S b F b   (6-23) 

 vS 0  (6-24) 

 s hX s S   (6-25) 

   1 1

x s s s vF Dsin C tan BX E BX tan BX S          (6-26) 

A longitudinal force characteristic of the Magic Formula tire model for different 

vertical tire load is shown in Figure 6.3. As Figure 6.3 shows, when the vertical load 

is increased, longitudinal traction/braking force also increases. 
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Figure 6.3: Magic Formula Tire Characteristics 

6.3. MODELING OF A PITCH INTERCONECTED HP SUSPENSION 

SYSTEM FOR A THREE AXLE VEHICLE  

In previous part, a general formulation of the vehicle model and the tire model were 

derived. The suspension forces used in the general formulation is to be derived in this 

chapter. Firstly different suspension configurations are determined and then their 

mathematical models are derived. Then stiffness and damping characteristics of the 

interconnected and the unconnected suspension configurations are calculated. A 

comparison is to be made about the stiffness and the damping characteristics. Vehicle 

parameters are given in Table 6.3. 
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Table 6.3: Vehicle Parameters 

Parameters Symbol Value 

Vehicle Mass M [kg] 4500 

Pitch Moment of Inertia Iyy [kgm
2
] 9484 

Tire Mass Moment of Inertia about y Axis Ityy [kgm
2
] 18.75 

Front Axle to Center of Gravity Distance a [m] 2 

Middle Axle to Center of Gravity Distance b [m] 0.3 

Rear Axle to Center of Gravity Distance c [m] 2 

Tire Radius at Static Equilibrium rt [m] 0.5 

Vertical Distance Between the Wheel Center and COG 

At Static Equilibrium for Front, Middle, and Rear Axles 

hCOGij [m] 1.1 

Vertical Distance Between Missile 

Launcher Centerline and COG 

hzSCOG [m] 1.5 

Horizontal Distance Between Missile 

Launcher Mounting and COG 

hxSCOG [m] 0 

 

6.3.1. Possible Interconnected Suspension Layout 

For a vehicle with three axles there are different possible interconnections as already 

explained in Chapter 5. Among these interconnections, the ones which are suitable 

for increasing the pitch stiffness are shown in Figure 6.4 to Figure 6.8. In each 

suspension unit there may be two independent pressure variables in static conditions. 

In the first two arrangements, both volumes of each suspension units are 

interconnected to volumes of other suspension units in X arrangements. In the 

remaining three arrangements only two suspension units are interconnected to each 

other in X arrangements. The unconnected suspension configuration is also included 

to provide the reference suspension characteristics. Therefore, in total six suspension 

configurations are modeled and compared to each other in terms of pitch stiffness 

and pitch damping characteristics. In this chapter, while forming the 

interconnections, the following rules are followed: 

 There is only one port for each volume of each suspension units. 

 The port of one suspension unit is connected to the port of the other 

suspension units in X arrangement.  

When all volumes of the suspension units are interconnected to each other, the 

interconnection is defined as full-interconnection. When only two suspension units 
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are interconnected, the interconnection is defined as semi-interconnection. In this 

study, two full interconnections and three semi-interconnections are formed.  

 

 

Figure 6.4: First Possible Full Interconnection 

 

Figure 6.5: Second Possible Full Interconnection 
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Figure 6.6: First Possible Semi-Interconnection 

 

Figure 6.7: Second Possible Semi-Interconnection 
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Figure 6.8: Third Possible Semi-Interconnection 

 

Figure 6.9: Unconnected Suspension Configuration 

In chapter 5, the degree of freedom of the interconnection is defined as the number of 

the independent suspension forces. Therefore, the degrees of freedom of the selected 

configurations are all three and all configurations are feasible. 
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6.3.2. Mathematical Modeling of the Pitch Interconnected HP Suspension 

Systems 

In this section, the equations of motion of the selected suspension configurations are 

going to be derived. After the governing equations are derived, stiffness and damping 

characteristics of the interconnected and the unconnected HP suspension 

configurations are to be obtained. The definitions of the parameters and variables 

used in the derivation are listed in Table 6.4 and Table 6.5. 

Table 6.4: Definition of Parameters  

Definition of Parameters Symbol 

Initial Gas Volume In the Third Volume  V30i 

Initial Gas Pressure in the Third Volume  P30i 

Resistance Of The Hydraulic Hose Between The Fourth Volume 

Of The Front Suspension And The First Volume Of The Rear 

Suspension 

R4F1R 

Resistance Of The Hydraulic Hose Between The Fourth Volume 

Of The Middle Suspension And The First Volume Of The Front 

Suspension 

R4M1F 

Resistance Of The Hydraulic Hose Between The Fourth Volume 

Of The Rear Suspension And The First Volume Of The Middle 

Suspension 

R4R1M 

Diameter of the Hose Connecting Fourth Oil Volume of Front 

Suspension and First Oil Volume of Rear Suspension Units 

D4F1R 

Diameter of the Hose Connecting Fourth Oil Volume of Middle 

Suspension and First Oil Volume of Front Suspension Units 

D4M1F 

Diameter of the Hose Connecting Fourth Oil Volume of Rear 

Suspension and First Oil Volume of Middle Suspension Units 

D4R1M 

Length of the Hose Connecting Fourth Oil Volume of Front 

Suspension and First Oil Volume of Rear Suspension Units 

L4F1R 

Length of the Hose Connecting Fourth Oil Volume of Middle 

Suspension and First Oil Volume of Front Suspension Units 

L4M1F 

Length of the Hose Connecting Fourth Oil Volume of Rear 

Suspension and First Oil Volume of Middle Suspension Units 

L4R1M 

Oil Viscosity μ 
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Table 6.5: Definition of Variables Used in Derivation 

Definition of Variables Symbol 

Absolute Gas Pressure in the Third Volume  P3i 

Oil Pressure in the First Volume  P1i 

Oil Pressure in the Second Volume  P2i 

Oil Pressure in the Fourth Volume  P4i 

Oil Flow Rate between the Second and First Oil Volumes  Q2i1i 

Oil Flow Rate between the Fourth Volume of the Front 

Suspension and the First Volume of the Rear Suspension 

Q4F1R 

Oil Flow Rate between the Fourth Volume of the Middle 

Suspension and the First Volume of the Front Suspension 

Q4M1F 

Oil Flow Rate Between the Fourth Volume of the Rear 

Suspension and the First Volume of the Middle Suspension 

Q4R1M 

Floating Piston Displacement  zfpi 

Piston Displacement  zpi 

 

For brevity, modeling of the first interconnected HP suspension system only is 

derived here. Models of the other interconnected HP suspension system can be 

derived similarly. 

6.3.2.1. Modeling of the First Suspension Configuration 

Oil continuity equations for the first volume of the front, intermediate, and the rear 

suspensions can be written as, 

    2F1F pr pM tM p pF tFQ A z z A z z     (6-27) 

    2M1M pr pR tR p pM tMQ A z z A z z     (6-28) 

    2R1R pr pF tF p pR tRQ A z z A z z     (6-29) 

From the oil continuity equations for the second volumes of the front, intermediate 

and the rear suspension units, floating piston displacements can be written as, 

  pr

fpF pF pM tM

p

A
z z z z

A
    (6-30) 

  pr

fpM pM pR tR

p

A
z z z z

A
    (6-31) 
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  pr

fpR pR pF tF

p

A
z z z z

A
    (6-32) 

Oil flow equations through the hydraulic hose can be written assuming laminar flow, 

    4F1R pr pF tF 4F1R 4F 1RQ A z z R P P     (6-33) 

    4M1F pr pM tM 4M1F 4M 1FQ A z z R P P     (6-34) 

    4R1M pr pR tR 4R1M 4R 1MQ A z z R P P     (6-35) 

From these equations, oil pressures in fourth oil volumes can be written as, 

 
 pr pF tF

4F 1R

4F1R

A z z
P P

R


   (6-36) 

 
 pr pM tM

4M 1F

4M1F

A z z
P P

R


   (6-37) 

 
 pr pR tR

4R 1M

4R1M

A z z
P P

R


   (6-38) 

Hose lose factors, R4F1R, R4M1F, and R4R1M can be found as, 

 

4

4F1R
4F1R

4F1R

D
R

128 L





 (6-39) 
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 (6-40) 
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 (6-41) 

Front, intermediate, and the rear suspension forces can be written as, 

 F 1F p 4F prF P A P A   (6-42) 

 M 1M p 4M prF P A P A   (6-43) 

 R 1R p 4R prF P A P A   (6-44) 
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After the suspension forces are found, the static analysis which is required to find the 

suspension forces and pressures at initial static equilibrium is performed. To be able 

to find the suspension forces, in addition to static equilibrium equations, suspension 

deflection relations should also be written. For a vehicle with two axles, the 

suspension forces can be directly found from the static equilibrium equations. 

Whatever the initial pressures in the suspension, the final pressures can be 

determined when the vehicle reaches static equilibrium. However, for a vehicle with 

three axles, the parameters of the suspension units before they are mounted on the 

vehicle are important. Those parameters affect the suspension forces and 

displacements after they are mounted on the vehicle and the vehicle reaches static 

equilibrium. 

Static analysis for multi-axle vehicles is rather complex as compared with the static 

analysis of two-axle vehicle. Therefore, while performing static analysis, a procedure 

starting from the simplest one to more complex one is followed.  

6.3.2.1.1. The Suspension Forces, Gas Pressures and Volumes, Suspension and 

Tire Deflections after the Vehicle Reaches Static Equilibrium 

In this section, for a given suspension, tire and the vehicle parameters, the suspension 

and tire deflections and parameters are going to be determined when the vehicle 

reaches static equilibrium. In other words given the values of the suspension 

parameters before they are mounted on vehicle, the values of the suspension 

parameters after the vehicle reaches static equilibrium are sought.  

6.3.2.1.2. The Optimum Initial Suspension Parameters Which Yield Equal 

Suspension Forces as Much as Possible 

In this section, the initial suspension parameters are found in order to find the 

optimal suspension force characteristics at static equilibrium. The optimization 

problems become: 

      
3iF, 3iM, 3iR

SF, SM sR

TF, TM TR

2 2 2

P P P F M F R M R

L L ,L

L L ,L

Argmin F F F F F F      

subject to static equilibrium equations. 
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However, this optimization problem is difficult, since the optimization includes the 

solving equilibrium equation derived in previous chapter. To be able to simplify the 

optimization process, some conditions on the optimization can be inserted. For 

example, after the optimization, the followings are desired: z=0, θ=0. By this way, 

the optimization structure can be changed. 

6.3.2.1.3. Finding the Optimum Suspension Force Characteristics First and 

then Finding the Initial Suspension Parameters 

Now the optimum suspension force characteristics are to be found after the vehicle 

reaches static equilibrium. From this knowledge the optimum initial suspension 

parameters are going to be found. Suspension forces at static conditions are given by: 

 
fp pr

F 30F p Atm p fp 30R pr Atm pr

p

M gA
F P A P A M g P A P A

A
       (6-45) 

 
fp pr

M 30M p Atm p fp 30F pr Atm pr

p

M gA
F P A P A M g P A P A

A
       (6-46) 

 
fp pr

R 30R p Atm p fp 30M pr Atm pr

p

M gA
F P A P A M g P A P A

A
       (6-47) 

At static equilibrium, the following equations can be written. 

 F M RF F F Mg    (6-48) 

 F M RaF bF cF 0     (6-49) 

There are two equations and three independent suspension forces. Therefore, one 

suspension force can be set freely, and then two remaining suspension force values 

can be found. Here the aim is to make the suspension forces as close as possible to 

each other. Therefore, the optimization problems become: 

Minimize  

      
2 2 2

F R F M M RF F F F F F      

subject to Equations (6-48) and (6-49). 



 

 

205 

 

This optimization problem can be solved by using the Lagrange Multiplier 

Optimization Method. Thus, the equality constraints, the static equilibrium equations, 

can be used in the optimization easily. Optimal suspension forces can be found as: 
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 (6-50) 
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 (6-51) 
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 (6-52) 

After that, the initial suspension parameters are found such that at the equilibrium 

these suspension forces are attained. 

6.3.2.2. Stiffness Characteristics  

The front, intermediate, and rear suspension forces are written as, 
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Let us use the abbreviation as, pF tF ptFz z z  , pM tM ptMz z z  , pR tR ptRz z z  . To 

be able to find the vertical stiffness of the suspension, it is assumed that, 

 ptF ptM ptRz z z z    (6-56) 

Then the vertical stiffness can be found as, 

 
 F M Rd F F F

k
dz

 
   (6-57) 

 
     

2 2 2
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1 1 1

30F r 30M r 30R r
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 (6-58) 

At static equilibrium, the vertical stiffness can be found as, 

 

2 2 2

30F r 30M r 30R r

30F 30M 30R

P A P A P A
k

V V V

  
    (6-59) 

As explained in the reference [19], pitch stiffness can be found from, 

 
dM

k
d


  


 (6-60) 

where M is the pitch moment 

 F M RM aF bF cF      (6-61) 

Mθ can be expressed as: 
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 (6-62) 

Inserting the kinematic relations derived before into the moment equation, and 

assuming that tire displacements are zero ztF=ztM=ztR=0, pitch moment can be found 

as,  
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 (6-63) 

In this equation 
dz

d
 can be found from the static equilibrium equation in vertical 

direction. Static equilibrium equation is, 

 F M RF F F Mg 0     (6-64) 

Taking derivative of this equation with respect to vertical and pitch displacement, 

 
F M R F M RF F F F F F

z z z 0
z z z

     
         

     
 (6-65) 

From these equations 
dz

d
 can be found. Moreover for a given θ, z can be found from 

the static equilibrium equations. To simplify the analysis, vertical displacement can 

be fixed at zero value and thus the only variable is the pitch displacement. 
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6.3.2.3. Damping Characteristics  

The front, intermediate, and rear suspension forces are given as: 
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Assume that all suspension relative velocities are equal to each other. Then 

 pF tF ptF pM tM ptM pR tR ptRz z z z z z z z z z          (6-69) 

The vertical damping force can be found as, 
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The total damping force is, 
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Assume that z 0  and tF tM tRz z z 0   , the pitch damping moment can be found 

as, 

 Damp F M RM aF bF cF     (6-74) 
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Suspension parameters are given in Table 6.6. 
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Table 6.6: Suspension Parameters 

Parameters Symbol Value 

Piston Area for Front, Middle, 

and Rear Suspension 
Ap [m

2
] 0.007 

Oil Dynamic Viscosity μ [mPa.s] 82 

Hose Diameter D [mm] 25 

 

Other suspension parameters are given in the following parts depending on the type 

and strength of the interconnections. 

6.4. A GENERAL FORMULA FOR THE PITCH INTERCONNECTED HP 

SUSPENSION SYSTEM FOR THE THREE AXLE VEHICLES 

After the models of the different interconnected HP suspension configurations are 

derived, general formulas for the suspension forces of the full interconnection and 

the semi-interconnections are going to be developed. These general formulas are 

valid for the following cases: 

 Fourth oil volume of the any suspension unit and the first oil volume of the 

one of the remaining suspension units are connected to each other, also called 

X arrangement. 

 Each oil volume is connected only once. 

When the first volume of the i
th

 suspension unit is connected to the fourth volume of 

the j
th

 suspension unit, and when the fourth oil volume of the i
th

 suspension unit is 

connected to the first oil volume of the k
th

 suspension unit, the suspension force can 

be found by, 
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where i, j, and k represent F, M, and R. 
*

prA  and prA
 can be found as, 

st th

* pr

pr st th

A if 1 oil volumeof i suspension unit is connected
A =

0 if 1 oil volumeof i suspension unit is unconnected





 

th th

+ pr

pr th th

A if 4 oil volumeof i suspension unit is connected
A =

0 if 4 oil volumeof i suspension unit is unconnected





 

6.4.1. Stiffness Properties 

Assuming that zpi-zti= zpj-ztj= zpk-ztk= zpt, and assuming that the first and fourth oil 

volumes of i
th

 suspension unit is interconnected as specified above, vertical stiffness 

of i
th

 unit can be found as, 
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i 1 1
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For the pitch stiffness, the layout of the configuration is important, so here a general 

formula is not given. 

6.4.2. Damping Properties 

Assuming that pi ti pj tj pk tk ptz z z z z z z      , and assuming that the first and 

fourth oil volumes of i
th

 suspension unit is interconnected as specified above, the 

damping force of i
th

 unit in vertical direction can be found as 
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Similarly for the pitch damping, the layout of the interconnection is important and 

thus a general formula for the pitch damping is not given. 

6.5. COMPARISON OF THE STIFFNESS PROPERTIES OF THE 

DIFFERENT INTERCONNECTED SUSPENSION CONFIGURATIONS 

After the mathematical model of different suspension configurations are derived, 

their dynamic properties will be compared to each other. When the same suspension 

geometry, vehicle, and suspension parameters are used for all suspension 

configurations, completely different suspensions are obtained. To be able to make a 

reasonable comparison between different suspension configurations, some of their 

properties are equated to each other. In this study, vertical stiffness values at static 

equilibrium are equated to each other by changing the suspension dimensions, when 

the pitch properties are to be compared. Initial gas volumes of the suspension units 

are optimized in order to have an equal vertical stiffness for different suspension 

configurations. Therefore, optimization problem becomes, 

 zi z6
x

Arg min k k  
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where  30ix : V  is the parameter set to be optimized and kzi is the vertical stiffness of 

i
th

 suspension configuration. While comparing the stiffness properties of the 

suspension configurations, two different piston rod areas are used. These are 

Ar=0.6Ap and Ar=0.8Ap. 

Case 1: Ar=0.6Ap 

The properties of the different suspension configurations are given in Table 6.7. 

Table 6.7: Suspension Parameters 

 Suspension Configurations 

Parameters Symbol 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Piston Area Ap [m
2
] 0.007 0.007 0.007 0.007 0.007 0.007 

Initial Gas 

Volume 
V30F [m

3
] 0.0011 0.0011 0.0012 0.0019 0.0012 0.0019 

Initial Gas 

Volume 
V30M [m

3
] 0.0011 0.0011 0.0012 0.0012 0.0019 0.0019 

Initial Gas 

Volume 
V30R [m

3
] 0.0011 0.0011 0.0019 0.0012 0.0012 0.0019 

First Sus 

Initial Gas 

Pressure 

P30F [bar] 37.2 37.5 38.0 23.7 37.3 23.7 

Intermediate 

Sus. 

Initial Gas 

Pressure 

P30M [bar] 36.4 35.5 36.7 35.2 21.9 21.9 

Rear Sus. 

Initial Gas 

Pressure 

P30R [bar] 34.7 35.2 20.6 34.2 35.1 20.6 

First  

Sus. Force 
FF [N] 15875 15875 15875 15875 15875 15875 

Intermediate 

Sus. Force 
FM [N] 14614 14614 14614 14614 14614 14614 

Rear  

Sus. Force 
FR [N] 13683 13683 13683 13683 13683 13683 

 

Vertical stiffness characteristics of the different interconnected suspension 

configurations are given in Figure 6.10. As can be seen from Figure 6.10, all 

suspension configurations have practically equal vertical stiffness characteristics. 

After the vertical stiffness characteristics of all suspension configurations have been 

equalized, now the pitch stiffness characteristics which given in Figure 6.11 are 

examined. 
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Figure 6.10: Vertical Stiffness of Different Suspension Configurations 

 

Figure 6.11: Pitch Stiffness of Different Suspension Configurations for Ar=0.6Ap 
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configuration has the lowest pitch stiffness among all suspension configurations. The 

semi-interconnected HP suspension configurations which are third and fourth have 

lower pitch stiffness with respect to first, second and fifth, and higher pitch stiffness 

as compared with the sixth suspension configuration. 

Case 2: Ar=0.8Ap 

The properties of the different suspension configurations are given in Table 6.8. 

Table 6.8: Suspension Parameters 

 Value 

Parameters Symbol 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Piston Area Ap [m
2
] 0.007 0.007 0.007 0.007 0.007 0.007 

Initial Gas  

Volume 
V30F [m

3
] 0.0015 0.0015 0.0015 0.0019 0.0015 0.0019 

Initial Gas  

Volume 
V30M [m

3
] 0.0015 0.0015 0.0015 0.0015 0.0019 0.0019 

Initial Gas  

Volume 
V30R [m

3
] 0.0015 0.0015 0.0019 0.0015 0.0015 0.0019 

First Sus.Initial 

Gas Pressure 
P30F [bar] 28.7 28.9 29.0 23.7 28.7 23.7 

Intermediate Sus. 

Initial Gas Pressure 
P30M [bar] 27.4 26.9 27.5 26.8 21.9 21.9 

Rear Sus. Initial 

Gas Pressure 
P30R [bar] 25.8 26.1 20.6 25.7 26.1 20.6 

First Sus.  

Force 
FF [N] 15875 15875 15875 15875 15875 15875 

Intermediate  

Sus. 

Force 

FM [N] 14614 14614 14614 14614 14614 14614 

Rear Sus. 

Force 
FR [N] 13683 13683 13683 13683 13683 13683 

 

The vertical and pitch stiffness of the different suspension configurations are given in 

Figure 6.12 and Figure 6.13, respectively. As Figure 6.12 shows, vertical stiffness 

characteristics of all suspension configurations are the same. When the ratio of the 

rod to piston area, also called the strength of the interconnection, is increased, there 

is a trend for all suspensions to get close to unconnected suspension configurations in 

terms of the stiffness characteristics as can be seen from Figure 6.11 and Figure 6.13. 
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Figure 6.12: Vertical Stiffness of Different Suspension Configurations 

 

Figure 6.13: Pitch Stiffness of Different Suspension Configurations for Ar=0.8Ap 
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the maximum pitch stiffness. Since front and the rear suspension units are connected 

to each other, maximum amount of the oil is displaced by the pitch angle from front 

to rear and rear to front suspension. Moreover, first and second suspension 

configurations which are full interconnections have also high pitch stiffness. This is 

due to the fact that a high amount of oil is displaced between suspension units. 

However, third and fourth semi-interconnections have lower pitch stiffness as 

compared with the other interconnections. This is due to the fact that, the 

interconnections are either between front and intermediate suspensions, or 

intermediate and rear suspensions. Thus the amount of oil displaced between 

suspensions is not as much as in other interconnections. When the interconnection is 

made only between the intermediate and front, or intermediate and rear suspension 

units, the pitch stiffness is not high since the piston displacement is related with the 

distances between the suspension units and the center of gravity (COG). The distance 

between the intermediate suspension unit and the COG is small resulting in lower 

amount of oil displaced among suspensions. When the interconnection is made 

through the front and intermediate, or between intermediate and rear suspension 

units, asymmetric suspension pitch stiffness are obtained. 

6.6. COMPARISON OF THE DAMPING PROPERTIES OF DIFFERENT 

SUSPENSION CONFIGURATIONS 

Now the damping characteristics of the derived suspension configurations are going 

to be compared. First, the suspension damping forces in the pure vertical direction 

are equalized to each other by changing the valve parameters. Then the pitch 

damping moments are examined. Comparisons are made for two cases of the piston 

rod areas which are Ar=0.6Ap and Ar=0.8Ap. When the vertical suspension forces are 

equated to each other, the sixth suspension configuration which has unconnected 

front, intermediate, and rear suspension units is taken as the reference configuration. 

The vertical damping forces of the other suspension configurations are equated to the 

vertical damping force of the sixth suspension configurations by optimization as, 

 Dampi Damp6
x

Arg min F F  
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where  valve max pos max neg max pos max negx : A ,A ,A , P , P   is the parameter set to be 

optimized and FDampi is the vertical damping force for i
th

 suspension configurations. 

Case 1: Ar=0.6Ap 

Vertical damping forces and the pitch damping moments of the derived suspension 

configurations are given in Figure 6.14 and Figure 6.15.  

 

Figure 6.14: Vertical Damping Force for Suspension Configurations  

As can be understood from Figure 6.14, all suspension configurations have nearly 

equivalent vertical damping characteristics.  
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Figure 6.15: Pitch Damping Moment for Interconnected Suspension Configurations 

Case 1: Ar=0.8Ap 

Vertical damping forces and the pitch damping moments of the derived suspension 

configurations are given in Figure 6.16 and Figure 6.17.  

 

Figure 6.16: Vertical Damping Force for Suspension Configurations 
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As Figure 6.16 illustrates, all suspension configurations have equivalent vertical 

damping characteristics. 

 

Figure 6.17: Pitch Damping Moment for Suspension Configurations 
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is subjected to a vertical load or when the mass of the vehicle is increased, a new 

static equilibrium is obtained and suspension forces change. For the suspensions, it is 

desired to have as small as possible vertical and pitch deflections and it is desired to 

have nearly equivalent suspension forces with the original case. 

When there is an increase in mass ∆M of the vehicle at a distance ∆L from the center 

of gravity, vehicle reaches static equilibrium at a new vertical and pitch position. 

Comparisons are made with Ar=0.6Ap and Ar=0.8Ap rod piston areas.  

Now the simulations are performed with the obtained suspension configurations. The 

results are given in Table 6.9 to Table 6.12. 

The disturbance mass is 2000 kg and it is placed ±0.6 m from the center of gravity.  

Table 6.9: Static Equilibrium for Ar=0.6Ap, ∆L=0.6m and ∆M=2000kg 

 Displacement Suspension Forces [kN] 

 Vertical [m] Pitch [Degree] Front Intermediate Rear 

1
st
 Con. -0.062 -0.13 19.9 21.4 22.6 

2
nd

 Con. -0.062 -0.14 19.9 21.4 22.6 

3
rd

 Con. -0.062 -0.24 18.7 24.2 20.9 

4
th

 Con. -0.07 -0.10 19.8 21.5 22.5 

5
th

 Con. -0.062 -0.11 19.9 21.2 22.6 

6
th

. Con. -0.062 -0.60 19.9 21.3 22.6 

 

Table 6.10: Static Equilibriums for Ar=0.8Ap, ∆L=0.6m and ∆M=2000kg 

 Displacement Suspension Forces [kN] 

 Vertical [m] Pitch [Degree] Front Intermediate Rear 

1
st
 Con. -0.062 -0.30 19.9 21.3 22.6 

2
nd

 Con. -0.062 -0.30 19.9 21.4 22.6 

3
rd

 Con. -0.062 -0.42 19.3 22.7 21.8 

4
th

 Con. -0.066 -0.32 20.1 21.0 22.8 

5
th

 Con. -0.062 -0.26 19.9 21.2 22.6 

6
th

. Con. -0.062 -0.60 19.9 21.3 22.6 
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Table 6.11: Static Equilibrium for Ar=0.6Ap, ∆L=-0.6m and ∆M=2000kg 

 Displacement Suspension Forces [kN] 

 Vertical [m] Pitch [Degree] Front Intermediate Rear 

1
st
 Con. -0.062 0.14 26.1 20.7 17.1 

2
nd

 Con. -0.062 0.13 26.0 20.7 17.0 

3
rd

 Con. -0.062 0.23 27.3 17.8 18.7 

4
th

 Con. -0.073 0.60 23.1 27.5 13.1 

5
th

 Con. -0.062 0.11 25.9 21.1 16.8 

6
th

. Con. -0.062 0.59 26.1 20.5 17.2 

 

Table 6.12: Static Equilibriums for Ar=0.8Ap, ∆L=-0.6m and ∆M=2000kg 

 Displacement Suspension Forces [kN] 

 Vertical.[m] Pitch [Degree] Front Intermediate Rear 

1
st
 Con. -0.062 0.31 26.1 20.6 17.1 

2
nd

 Con. -0.062 0.29 26.1 20.6 17.1 

3
rd

 Con. -0.062 0.40 26.7 19.1 18.0 

4
th

 Con. -0.067 0.67 25.2 22.7 15.9 

5
th

 Con. -0.062 0.26 26.0 20.9 17.0 

6
th

. Con. -0.062 0.59 26.1 20.5 17.2 

 

As can be seen from Table 6.9 to Table 6.12, the first, second, and the fifth 

suspension configurations have the lowest pitch deflections due to extra mass. The 

fourth and the sixth (unconnected) HP suspension configuration has the highest pitch 

deflection due to their low pitch stiffness characteristics. Therefore, from these 

results, it can be said that, interconnected suspension configurations increase the load 

leveling performance of the vehicle. 

6.8. SIMULATIONS 

In this part simulations are performed in order to examine the characteristics of the 

suspension configurations considered so far. With the simulation results, 

performances of the suspensions are evaluated. Firstly, the simulations are to be 

performed for improved ride comfort characteristics. Random road inputs and the 

bump road inputs are used as the disturbance inputs at the simulations. HP suspension 

will be simulated with the same random road displacement input used in section 4.2.4.1 

at different longitudinal speeds. The rms values of the performance parameters are 



 

 

224 

 

calculated and tabulated. The bump road input is formed at 25 kph longitudinal 

vehicle velocity.  

6.8.1. Simulations with Random Road 

Case 1: Ar=0.6Ap 

Simulation results are given in Table 6.13 to Table 6.16. 

Table 6.13: Random Road Simulations for V=60kph 

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] 0.27 0.27 0.27 0.27 0.27 0.28 

Pitch. Acc. [rad/s
2
] 0.23 0.23 0.21 0.18 0.24 0.15 

Front Tire Disp [mm] 1.3 1.3 1.3 1.0 1.2 1.0 

Intermediate Tire Disp [mm] 1.0 1.0 1.3 0.8 1.0 0.9 

Rear Tire Disp [mm] 1.3 1.3 1.1 1.3 1.4 1.0 

Front Sus. Disp [mm] 4.1 4.1 3.6 4.3 4.1 5.2 

Intermediate Sus. Disp [mm] 4.3 4.3 3.8 4.8 4.2 4.4 

Rear Sus. Disp [mm] 4.8 4.8 5.4 5.5 4.6 5.5 

 

Table 6.14: Random Road Simulations for V=70kph 

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] 0.36 0.36 0.36 0.35 0.36 0.36 

Pitch. Acc. [rad/s
2
] 0.33 0.34 0.28 0.23 0.35 0.18 

Front Tire Disp [mm] 1.7 1.7 1.7 1.2 1.6 1.3 

Intermediate Tire Disp [mm] 1.3 1.3 1.7 1.1 1.2 1.1 

Rear Tire Disp [mm] 1.8 1.8 1.5 1.7 1.9 1.3 

Front Sus. Disp [mm] 5.3 5.3 4.9 5.3 5.2 6.4 

Intermediate Sus. Disp [mm] 5.7 5.6 5.1 6.3 5.6 5.8 

Rear Sus. Disp [mm] 6.2 6.2 6.8 7.2 5.9 6.9 

 

Table 6.15: Random Road Simulations for V=80kph 

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] 0.44 0.44 0.45 0.42 0.44 0.45 

Pitch. Acc. [rad/s
2
] 0.43 0.43 0.33 0.28 0.45 0.21 

Front Tire Disp [mm] 2.1 2.1 1.9 1.4 2.0 1.5 

Intermediate Tire Disp [mm] 1.6 1.6 2.0 1.3 1.5 1.4 

Rear Tire Disp [mm] 2.2 2.2 1.8 2.0 2.4 1.5 

Front Sus. Disp [mm] 6.3 6.3 6.0 6.1 6.2 7.6 

Intermediate Sus. Disp [mm] 6.9 6.9 6.4 7.7 7.0 7.1 

Rear Sus. Disp [mm] 7.6 7.5 8.3 8.9 7.2 8.2 
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Table 6.16: Random Road Simulations for V=90kph 

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] 0.58 0.58 0.59 0.55 0.59 0.59 

Pitch. Acc. [rad/s
2
] 0.56 0.57 0.42 0.36 0.60 0.25 

Front Tire Disp [mm] 2.7 2.7 2.4 1.8 2.6 1.9 

Intermediate Tire Disp [mm] 2.1 2.0 2.5 1.7 2.0 1.7 

Rear Tire Disp [mm] 2.9 2.9 2.3 2.6 3.2 1.9 

Front Sus. Disp [mm] 8.3 8.4 8.1 7.9 8.3 10.0 

Intermediate Sus. Disp [mm] 9.3 9.3 8.7 10.3 9.4 9.4 

Rear Sus. Disp [mm] 10.2 10.1 10.9 11.8 9.7 10.6 

 

As Table 6.13 to Table 6.16 illustrate, vertical accelerations of the suspension 

configurations are almost equal to each other. This is due to equal vertical damping 

and stiffness characteristics of the suspension configurations. The first, second, and 

fifth suspension configurations have the highest pitch acceleration due their higher 

pitch stiffness. The sixth suspension configuration has the lowest pitch acceleration 

due to its low pitch stiffness and damping characteristics. 

Case 1: Ar=0.8Ap 

Simulation results with the random road input for Ar=0.8Ap are given in Table 6.17 

to Table 6.20. 

Table 6.17: Random Road Simulations for V=60kph 

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] 0.27 0.27 0.28 0.27 0.27 0.28 

Pitch. Acc. [rad/s
2
] 0.19 0.19 1.7 0.16 0.19 0.15 

Front Tire Disp [mm] 1.0 1.0 1.1 1.0 1.0 1.0 

Intermediate Tire Disp [mm] 0.9 0.9 1.0 0.8 0.9 0.9 

Rear Tire Disp [mm] 1.2 1.2 1.1 1.1 1.2 1.0 

Front Sus. Disp [mm] 4.0 4.0 4.2 4.7 4.1 5.2 

Intermediate Sus. Disp [mm] 4.3 4.3 4.1 4.5 4.4 4.4 

Rear Sus. Disp [mm] 5.2 5.2 5.5 5.5 5.1 5.5 
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Table 6.18: Random Road Simulations for V=70kph 

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] 0.36 0.36 0.36 0.35 0.36 0.36 

Pitch. Acc. [rad/s
2
] 0.24 0.24 0.21 0.20 0.26 0.18 

Front Tire Disp [mm] 1.3 1.3 1.4 1.2 1.3 1.3 

Intermediate Tire Disp [mm] 1.2 1.2 1.3 1.1 1.2 1.1 

Rear Tire Disp [mm] 1.5 1.5 1.4 1.4 1.6 1.3 

Front Sus. Disp [mm] 5.1 5.1 5.4 5.8 5.1 6.4 

Intermediate Sus. Disp [mm] 5.7 5.7 5.5 6.0 5.8 5.8 

Rear Sus. Disp [mm] 6.7 6.6 6.9 7.0 6.5 6.9 

 

Table 6.19: Random Road Simulations for V=80kph 

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] 0.44 0.44 0.45 0.43 0.44 0.45 

Pitch. Acc. [rad/s
2
] 0.30 0.30 0.25 0.24 0.32 0.21 

Front Tire Disp [mm] 1.5 1.6 1.6 1.5 1.5 1.5 

Intermediate Tire Disp [mm] 1.5 1.5 1.6 1.3 1.4 1.4 

Rear Tire Disp [mm] 1.9 1.9 1.6 1.7 2.0 1.5 

Front Sus. Disp [mm] 6.1 6.1 6.5 6.8 6.1 7.6 

Intermediate Sus. Disp [mm] 7.0 7.0 6.8 7.3 7.1 7.1 

Rear Sus. Disp [mm] 8.2 8.2 8.4 8.6 8.0 8.2 

 

Table 6.20: Random Road Simulations for V=90kph 

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] 0.58 0.58 0.59 0.57 0.58 0.59 

Pitch. Acc. [rad/s
2
] 0.38 0.38 0.31 0.29 0.41 0.25 

Front Tire Disp [mm] 2.0 2.0 2.0 1.8 1.9 1.9 

Intermediate Tire Disp [mm] 1.9 1.9 2.0 1.7 1.9 1.7 

Rear Tire Disp [mm] 2.4 2.4 2.1 2.1 2.5 1.9 

Front Sus. Disp [mm] 8.0 8.1 8.7 8.8 8.0 10.0 

Intermediate Sus. Disp [mm] 9.4 9.4 9.1 9.7 9.5 9.4 

Rear Sus. Disp [mm] 10.9 10.8 10.9 11.2 10.7 10.6 

 

Similar results can be obtained as in the previous case, as can be seen from Table 

6.17 to Table 6.20. As a result, the first, second, and the fifth suspension 

configurations which have the higher pitch stiffness and the damping characteristics 
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have the lowest ride comfort characteristics among suspension configurations 

considered. 

6.8.2. Simulation with Bump Input 

Now the performance of the interconnected and the unconnected HP suspension 

systems will be examined with the bump road simulations. The input used in the 

simulation is given in Figure 6.18. 

 

Figure 6.18: Ramp Input 

Firstly the simulations will be performed for Ar=0.6Ap and then for Ar=0.8Ap. 

Case 1: Ar=0.6Ap 

Simulation results are given in Figure 6.19 to Figure 6.27. 
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Figure 6.19: Sprung Mass Vertical Acceleration 

 

Figure 6.20: Pitch Acceleration 
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Figure 6.21: Front Suspension Deflection 

 

Figure 6.22: Intermediate Suspension Deflection 
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Figure 6.23: Rear Suspension Deflection 

 

Figure 6.24: Pitch Angle 
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Figure 6.25: Front Tire Force 

 

Figure 6.26: Intermediate Tire Force 
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Figure 6.27: Rear Tire Force 

Maximum and the minimum values of the response variables are given in Table 6.21 

and Table 6.22. 

Table 6.21: Maximum Values of the Performance Variables  

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] 1.5 1.5 1.5 1.6 1.4 1.5 

Pitch. Acc. [rad/s
2
] 4.4 4.3 2.7 1.9 4.5 1.3 

Pitch Angle [deg] 0.8 0.9 0.8 0.9 1.0 0.6 

Front Tire Disp [mm] 22.0 22.2 15.6 10.8 21.2 8.2 

Intermediate Tire Disp [mm] 9.1 8.8 11.0 12.6 7.4 5.6 

Rear Tire Disp [mm] 19.3 19.2 8.0 13.8 21.8 8.4 

Front Sus. Disp [mm] 28.7 29.5 35.3 29.0 29.1 31.2 

Intermediate Sus. Disp [mm] 14.4 12.3 17.1 21.7 12.9 13.8 

Rear Sus. Disp [mm] 25.6 23.8 34.4 32.7 26.5 29.2 
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Table 6.22: Minimum Values of the Performance Variables  

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] -1.1 -1.0 -1.3 -1.5 -1.4 -1.2 

Pitch. Acc. [rad/s
2
] -4.1 -4.2 -2.2 -2.2 -4.8 -1.4 

Pitch Angle [deg] -0.9 -0.9 -0.9 -0.5 -0.9 -0.6 

Front Tire Disp [mm] -17.6 -17.7 -16.1 -13.2 -19.6 -12.1 

Intermediate Tire Disp[mm] -17.5 -18.1 -14.4 -16.1 -12.2 -11.4 

Rear Tire Disp [mm] -18.8 -18.3 -12.7 -16.9 -17.6 -10.6 

Front Sus. Disp [mm] -26.3 -26.2 -28.5 -38.3 -29.3 -40.2 

Intermediate Sus. Disp[mm] -23.2 -24.7 -28.1 -29.1 -36.1 -39.9 

Rear Sus. Disp [mm] -24.7 -25.1 -32.8 -28.6 -27.6 -31.8 

 

As can be seen from Table 6.21 and Table 6.22, all suspension configurations have 

closely equal positive vertical accelerations. Moreover, there are some differences 

between the negative vertical accelerations of the suspension configurations, yet 

these differences are small. For pitch accelerations, the first, second, and fifth 

suspension configurations have the highest values due to their high pitch stiffness 

and damping characteristics. Moreover, unconnected suspension configuration which 

has the lowest pitch stiffness and damping among all suspension configurations has 

the lowest pitch acceleration. The third and fourth suspension configurations have 

the pitch acceleration responses in between the first, second, and fifth and sixth 

suspension configurations due to their medium pitch stiffness and damping 

characteristic. As a result, with regard to ride comfort, the sixth suspension 

configuration has the best performance, and the first, second, and the fifth suspension 

configurations have the worst results. The remaining suspension configurations have 

somewhat compromise performance between these two groups of configurations. 

Case 1: Ar=0.8Ap 

Simulation results are given in Figure 6.28 to Figure 6.36. 
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Figure 6.28: Sprung Mass Vertical Acceleration 

 

Figure 6.29: Pitch Acceleration 
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Figure 6.30: Front Suspension Deflection 

 

Figure 6.31: Intermediate Suspension Deflection 
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Figure 6.32: Rear Suspension Deflection 

 

Figure 6.33: Pitch Angle Response 
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Figure 6.34: Front Tire Force 

 

Figure 6.35: Intermediate Tire Force 
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Figure 6.36: Rear Tire Force 

Maximum and minimum values of the responses are given in Table 6.23 and Table 

6.24. 

Table 6.23: Maximum Values of the Performance Variables  

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] 1.4 1.5 1.4 1.5 1.4 1.5 

Pitch. Acc. [rad/s
2
] 2.5 2.4 1.9 1.5 2.6 1.3 

Pitch Angle [deg] 0.6 0.6 0.5 0.7 0.6 0.6 

Front Tire Disp [mm] 13.1 13.1 10.9 9.3 13.3 8.2 

Intermediate Tire Disp [mm] 6.4 6.6 7.1 6.3 6.6 5.6 

Rear Tire Disp [mm] 10.9 11.3 8.6 9.8 11.5 8.4 

Front Sus. Disp [mm] 32.5 33.1 34.2 30.2 32.8 31.2 

Intermediate Sus. Disp [mm] 12.4 12.8 12.7 15.4 14.4 13.8 

Rear Sus. Disp [mm] 24.3 24.9 23.7 30.5 24.8 29.2 
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Table 6.24: Minimum Values of the Performance Variables  

 1
st
 2

nd
 3

rd
 4

th
 5

th
 6

th
 

Ver. Acc. [m/s
2
] -1.1 -1.1 -1.1 -1.3 -1.2 -1.2 

Pitch. Acc. [rad/s
2
] -2.0 -2.2 -1.8 -1.6 -2.4 -1.4 

Pitch Angle [deg] -0.7 -0.7 -0.7 -0.5 -0.8 -0.6 

Front Tire Disp [mm] -14.2 -14.2 -13.8 -12.5 -13.6 -12.1 

Intermediate Tire Disp [mm] -13.3 -13.6 -13.0 -13.1 -11.5 -11.4 

Rear Tire Disp [mm] -13.5 -13.2 -11.0 -12.8 -13.1 -10.6 

Front Sus. Disp [mm] -33.9 -33.7 -34.5 -39.3 -34.6 -40.2 

Intermediate Sus. Disp [mm] -32.7 -32.5 -33.5 -35.3 -37.2 -39.9 

Rear Sus. Disp [mm] -30.8 -29.1 -28.9 -30.0 -32.4 -31.8 

 

As can be seen from in Table 6.23 and Table 6.24, the sixth suspension configuration 

has the lowest pitch acceleration response. Pitch accelerations of the first, second, 

and the fifth suspension configurations have higher than the other suspension 

configurations. Moreover, since the piston rod area is set to a higher value, the 

difference between the response variables get smaller as compared with the previous 

case. Therefore, similar to the previous observations, unconnected suspension 

configuration has the best ride comfort performance.  

6.8.3. Simulations with Body Disturbance Inputs 

Now performance of the vehicle with respect to the disturbances coming from the 

vehicle body is to be examined. First braking performance and then the firing shock 

performance of the vehicle are examined with simulations. 

6.8.3.1. Simulation with Braking Input 

To be able to examine the performance of the different suspension configurations, 

simulations with various braking scenarios were performed. The braking torque 

model was adapted from the study of Cao [19] shown in Figure 6.37.  
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Figure 6.37: Brake Torque Input 

Case 1: Ar=0.6Ap 

Simulation results are given in Figure 6.38 to Figure 6.44. 

 

Figure 6.38: Front Suspension Deflection 
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Figure 6.39: Intermediate Suspension Deflection 

 

Figure 6.40: Rear Suspension Deflection 
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Figure 6.41: Pitch Angle  

 

Figure 6.42: Front Tire Force  
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Figure 6.43: Intermediate Tire Force 

 

Figure 6.44: Rear Tire Force 
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responses of the other suspension configurations. The response of the third 

suspension configuration has lower pitch angle response than the response of the 

fourth suspension configuration. This situation can also be seen from the pitch 

stiffness analysis of the suspension configurations. The sixth suspension 

configuration which is the unconnected suspension configuration has the worst pitch 

angle response and thus it has the worst braking performance among the given 

suspension configurations. 

Case 2: Ar=0.8Ap 

Simulation results are given in Figure 6.45 to Figure 6.51. 

 

Figure 6.45: Front Suspension Deflection 
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Figure 6.46: Intermediate Suspension Deflection 

 

Figure 6.47: Rear Suspension Deflection 
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Figure 6.48: Pitch Angle 

 

Figure 6.49: Front Tire Force 
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Figure 6.50: Intermediate Tire Force 

 

Figure 6.51: Rear Tire Force 

As can be seen from Figure 6.48, there are considerable differences between the 
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Accordingly, the first, second, and the fifth suspension configurations have the best 

braking performance, and the sixth suspension configuration has the worst braking 

performance. Maximum values of the pitch angle are given in Table 6.25. 

Table 6.25: Maximum Values of the Performance Variables  

 Pitch Angle [Deg] 

 Ar=0.6Ap Ar=0.8Ap 

1
st
 1.4 2.7 

2
nd

 1.3 2.4 

3
rd

 2.4 3.3 

4
th

 3.1 4.1 

5
th

 1.2 2.3 

6
th

 4.7 4.7 

6.8.3.2. Simulation with Firing Shock Input 

The final simulation is performed with the firing shock input as shown in Figure 

6.52. 

 

Figure 6.52: Firing Shock Input 
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Case 1: Ar=0.6Ap 

Simulation results are shown in Figure 6.53 to Figure 6.59. 

 

Figure 6.53: Front Suspension Deflection 

 

Figure 6.54: Intermediate Suspension Deflection 
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Figure 6.55: Rear Suspension Deflection 

 

Figure 6.56: Pitch Angle Response 
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Figure 6.57: Front Tire Force 

 

Figure 6.58: Intermediate Tire Force 
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Figure 6.59: Rear Tire Force 

As can be seen from the pitch angle response, the first, second, and fifth suspension 

configurations have the lowest pitch angle response as well as lowest suspension 

deflection together with quickest settling times, and thus they have the best 

performance against the firing shock. 
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Case 2: Ar=0.8Ap 

For second case, the simulation results are given in Figure 6.60 to Figure 6.66. 

 

Figure 6.60: Front Suspension Deflection 

 

Figure 6.61: Intermediate Suspension Deflection 
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Figure 6.62: Rear Suspension Deflection 

 

Figure 6.63: Pitch Angle Response 
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Figure 6.64: Front Tire Force 

 

Figure 6.65: Intermediate Tire Force 
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Figure 6.66: Rear Tire Force 

Minimum values of the pitch angles are summarized in Table 6.26. 

Table 6.26: Minimum Values of the Performance Variables  

 Pitch Angle [Deg] 

 Ar=0.6Ap Ar=0.8Ap 

1
st
 -0.5 -0.6 

2
nd

 -0.5 -0.6 

3
rd

 -0.6 -0.7 

4
th

 -0.7 -0.8 

5
th

 -0.5 -0.6 

6
th

 -0.8 -0.8 

 

Even though there is not much difference between the minimum values of the pitch 

angle responses as can be seen from Table 6.26, when the magnitude of the shock 

moment acting on the sprung mass increases, the difference between the minimum 

values of the pitch angle response also increases. Therefore, the capacity of the 

interconnected HP suspension system can be exploited more. 
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6.9. COMPARISON OF SUSPENSION CONFIGURATIONS 

In this section, the suspension configurations analyzed so far are going to be 

compared in terms of different performance considerations; ride comfort, 

braking/acceleration performance, and firing shock performance. The suspension 

metrics used for this purpose can be defined as, 

6 th 6 th

6 th 6 th

RMS RMS
RCPV RCPP SPV

RMS RMS 6th

MAX MAX
SPP FSP BP

6th MAX MAX

RCPV RCPP SPV SPP FSP BP

z z
w w w

z z

w w w

M 100
w w w w w w

 
   

 
  
   
    

    
 

where wRCPV is the weighting factor of vertical acceleration for ride comfort, wRCPP is 

the weighting factor for the pitch acceleration of the ride comfort, wSPV is the 

weighting factor for the maximum and minimum values of the vertical acceleration 

for the bump road input, wSPP is the weighting factor for the maximum and the 

minimum values of the pitch acceleration for bump road input, wFSP is the weighting 

factor for maximum pitch angle for firing shock performance, wBP is the weighting 

factor for the pitch angle for the braking input, RMSz  is the rms of the vertical 

acceleration of the sprung mass, RMS  is the rms of the pitch acceleration, z  is the 

vertical acceleration,  is the pitch acceleration, and MAX  is the maximum values of 

the pitch angle. The weighting factors are given in Table 6.27. 

The suspension metrics calculated for vehicle with improved ride comfort and for 

improved pitch perfrormances are shown in Table 6.28. 

Table 6.27: Weighting Factors Used For a Military Vehicles 

 wRCPV wRCPP wSPV wSPP wFSP wBP 

Ride Comfort 10 10 10 10 1 1 

Pitch 1 1 1 1 10 10 
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Table 6.28: Calculated Suspension Metrics for Military Vehicles 

 Ride Comfort Handling 

Suspension 

Conf. 

Suspension 

Metric 

(Ar=0.8Ap) 

Suspension 

Metric 

(Ar=0.6Ap) 

Suspension 

Metric 

(Ar=0.8Ap) 

Suspension 

Metric 

(Ar=0.6Ap) 

1
st
 131 183 78 70 

2
nd

 130 182 75 69 

3
rd

 114 140 85 77 

4
th

 106 120 96 84 

5
th

 135 188 75 69 

6
th

 100 100 100 100 

 

For a military vehicle with firing capability, the first, second, and the fourth 

suspension gives the best results for both piston rod areas as can be seen from Table 

6.28. However, for a vehicle designed mainly for ride comfort, unconnected 

suspension configurations give the best performance. However, in real road vehicles, 

suspension should always be designed for best ride comfort with necessary driving 

road safety. For this reason, pitch angle and roll angle should always be limited for 

specific maneuvers. In Chapter 8 and 9, when the full vehicle model is examined in 

terms of the ride comfort and driving safety performances, the role of the 

interconnected suspension system will be better understood.  

6.10. PARAMETER SENSITIVITY ANALYSIS  

In order to see the effect of the suspension parameters on the vehicle performance, a 

detailed sensitivity analysis is performed. With the sensitivity analysis, variation of 

the stiffness, damping, and vehicle responses with the suspension design parameters 

are examined. 

6.10.1. Change of the Vertical Stiffness with the Piston Area, Rod Area, and 

Initial Gas Volume 

Change of the vertical stiffness of the vehicle with the piston area, initial gas 

volumes, and the piston rod area are shown in Figure 6.67, Figure 6.68, and Figure 

6.69. 
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Figure 6.67: Change of the Vertical Stiffness with the Piston Area 

 

Figure 6.68: Change of the Vertical Stiffness with the Initial Gas Volume 
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Figure 6.69: Change of the Vertical Stiffness with the Rod Area 
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increased, as can be seen from Figure 6.72, pitch stiffness decreases due to the 

characteristics of the interconnected HP suspension systems 

 

Figure 6.70: Change of the Pitch Stiffness with the Piston Area 

 

Figure 6.71: Change of the Pitch Stiffness with the Piston Area 
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Figure 6.72: Change of the Pitch Stiffness with the Piston Rod Area 

6.10.3. Change of the Vertical Damping with the Piston Area, Rod Area, and 

Damper Valve Parameters 

After the change of the stiffness characteristics of interconnected suspension system 

with the suspension design parameters are investigated, now the change of the 

damping characteristics with piston area, rod area and the damping valve parameters 

are examined. Figure 6.73 to Figure 6.75 show the changes of the vertical damping 

force with the piston area, rod area, and the maximum valve openings. Results 

observed from Figure 6.73 and Figure 6.75 are similar to results found in Chapter 3. 

As Figure 6.74 illustrates, decreasing rod area results in a decrease in effective piston 

area which in turns decreases vertical damping force. 
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Figure 6.73: Change of the Vertical Damping Force with the Piston Area 

 

Figure 6.74: Change of the Vertical Damping Force with the Piston Area 
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Figure 6.75: Change of the Vertical Damping Force with the Maximum Valve 

Opening 

6.10.4. Change of the Pitch Damping with the Piston Area, Rod Area, and 

Damper Valve Parameters 

Change of the pitch damping moment with the piston area, rod area, and the 

maximum valve openings are given in Figure 6.76, Figure 6.77, and Figure 6.78. 
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Figure 6.76: Change of the Pitch Damping Moment with the Piston Area 

 

Figure 6.77: Change of the Pitch Damping Moment with the Piston Rod Area 

-0.5 0 0.5
-100

-80

-60

-40

-20

0

20

40

60

80

100

Pitch Velocity [rad/s]

P
it

ch
 D

am
p
in

g
 M

o
m

en
t 
[k

N
m

]

 

 
75% Ap

100% Ap

125% Ap

-0.5 0 0.5
-80

-60

-40

-20

0

20

40

60

80

Pitch Velocity [rad/s]

P
it

ch
 D

am
p
in

g
 M

o
m

en
t 
[k

N
m

]

 

 

75% Ar

100% Ar

125% Ar



 

 

266 

 

 

Figure 6.78: Change of the Pitch Damping Moment with the Maximum Valve 

Opening 

As can be seen from Figure 6.76, when the piston area increases, pitch damping also 

increases. Moreover, when the rod area is decreased, the strength of the 

interconnection increases and the interconnected HP suspension system provides 

higher pitch damping moment. After the effect of suspension design parameters on 

stiffness and damping characteristics of the interconnected HP suspension system are 

examined, now the change of the performance variables with the suspension design 

parameters are studied. The results obtained can also be directly observed from the 

parameters sensitivity analysis performed in this part. However, to make the 

sensitivity analysis results performed so far clear, the results are to be given. 
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Figure 6.82, when the piston area increases, suspension stiffness, and thus pitch 

stiffness increases. Increased pitch stiffness results in a decreased pitch angle 

response in braking simulation. 

 

Figure 6.79: Change of Front Suspension Deflection with Piston Area 

 

Figure 6.80: Change of Intermediate Suspension Deflection with Piston Area 
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Figure 6.81: Change of Rear Suspension Deflection with Piston Area 

 

Figure 6.82: Change of Pitch Angle with Piston Area 
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Figure 6.83: Change of Front Tire Force with Piston Area 

 

Figure 6.84: Change of Intermediate Tire Force with Piston Area 
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Figure 6.85: Change of Rear Tire Force with Piston Area 

 Sensitivity w.r.t. Piston Rod Area 

Change of the braking simulation results with the piston rod area are given in Figure 

6.86 to Figure 6.92. As Figure 6.89 shows, when the piston road area is decreased, 

the strength of the interconnection and thus the pitch stiffness increases. Increased 

pitch stiffness results in a decreased pitch angle response. 
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Figure 6.86: Change of Front Suspension Deflection with Piston Area 

 

Figure 6.87: Change of Intermediate Suspension Deflection with Piston Area 
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Figure 6.88: Change of Rear Suspension Deflection with Piston Area 

 

Figure 6.89: Change of Pitch Angle with Piston Area 
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Figure 6.90: Change of Front Tire Force with Piston Area 

 

Figure 6.91: Change of Intermediate Tire Force with Piston Area 
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Figure 6.92: Change of Rear Tire Force with Piston Area 

 Sensitivity w.r.t. Initial Gas Volume 

Change of the braking simulation results with the initial gas volumes are given in 

Figure 6.93 to Figure 6.99. As can be seen from Figure 6.96, when the initial gas 

volume is decreased, suspension stiffness and thus vertical stiffness increases. 

Increased pitch stiffness decreases the pitch angle response for the braking 

simulation. 
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Figure 6.93: Change of Front Suspension Deflection with Initial Gas Volume 

 

Figure 6.94: Change of Intermediate Suspension Deflection with Initial Gas Volume 
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Figure 6.95: Change of Rear Suspension Deflection with Initial Gas Volume 

 

Figure 6.96: Change of Pitch Angle with Initial Gas Volume 
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Figure 6.97: Change of Front Tire Force with Initial Gas Volume 

 

Figure 6.98: Change of Intermediate Tire Force with Initial Gas Volume 
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Figure 6.99: Change of Rear Tire Force with Initial Gas Volume 

 Sensitivity w.r.t. Valve Opening 

Change of the braking simulation results with the maximum valve opening are given 

in Figure 6.100 to Figure 6.106. 

 

Figure 6.100: Change of Front Suspension Deflection with Valve Opening 
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Figure 6.101: Change of Intermediate Suspension Deflection with Valve Opening 

 

Figure 6.102: Change of Rear Suspension Deflection with Valve Opening 

0 1 2 3 4 5 6
-10

-5

0

5

10

15

20

25

30

35

40

Time [s]

 S
u
sp

en
si

o
n
 D

ef
le

ct
io

n
 [

m
m

]

 

 

75% Amax

100% Amax

125% Amax

0 1 2 3 4 5 6
-20

0

20

40

60

80

100

Time [s]

 S
u
sp

en
si

o
n
 D

ef
le

ct
io

n
 [

m
m

]

 

 

75% Amax

100% Amax

125% Amax



 

 

280 

 

 

Figure 6.103: Change of Pitch Angle with Valve Opening 

 

Figure 6.104: Change of Front Tire Force with Valve Opening 
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Figure 6.105: Change of Intermediate Tire Force with Valve Opening 

 

Figure 6.106: Change of Rear Tire Force with Valve Opening 
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angle. However, since the suspension damping has important effect on the 

suspension dynamics mostly on the high frequencies, suspension damping has little 

effect on the pitch angle of braking maneuver which is close to steady state 

maneuver. All results observed from Figure 6.79 to Figure 6.106 are related to 

vertical and pitch stiffness and damping which studied in detail. Since effects of the 

suspension design parameters on simulation results are observed, a tough 

understanding can be obtained on parametric study.  

6.10.6. Random Road Simulation 

After the parametric study with the braking performance is performed, now the 

parametric study with respect to ride comfort is to be performed Random road 

displacement inputs same as those used in section 4.2.4.1 at different longitudinal 

speeds are used in simulations. Change of the rms values of the vertical and pitch 

accelerations with respect to suspension design parameters are given in Table 6.29 to 

Table 6.32. 

 Sensitivity w.r.t. Piston Area 

Table 6.29: Vertical and Pitch Acceleration rms for Different Piston Areas 

 100 % 75 % 125 % 

Vertical Acceleration rms [m/s
2
] 0.58 0.57 0.60 

Pitch Acceleration rms [rad/s
2
] 0.38 0.33 0.44 

 

 Sensitivity w.r.t. Piston Rod Area 

Table 6.30: Vertical and Pitch Acceleration rms for Different Piston Rod Areas 

 Unconnected Ar=0.8Ap Ar=0.6Ap 

Vertical Acceleration rms [m/s
2
] 0.61 0.58 0.56 

Pitch Acceleration rms [rad/s
2
] 0.29 0.38 0.51 

 

 Sensitivity w.r.t. Initial Gas Volume 

Table 6.31: Vertical and Pitch Acceleration rms for Different Initial Gas Volumes 

 100 % 75 % 125 % 

Vertical Acceleration rms [m/s
2
] 0.58 0.70 0.50 

Pitch Acceleration rms [rad/s
2
] 0.38 0.44 0.35 
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 Sensitivity w.r.t. Maximum Valve Openings 

Table 6.32: Vertical and Pitch Acceleration rms for Different Maximum Valve 

Openings 

 100 % 75 % 125 % 

Vertical Acceleration rms [m/s
2
] 0.58 0.55 0.62 

Pitch Acceleration rms [rad/s
2
] 0.38 0.40 0.38 

 

Again, the effect of the suspension design variables on the rms values of the vertical 

and pitch accelerations can be interpreted in terms of the change in the stiffness and 

damping characteristics. When the piston area is decreased, suspension stiffness and 

damping also decrease and thus vertical acceleration and pitch acceleration 

decreases. This improves the ride comfort performance of the vehicle. However, 

piston rod area has somewhat different effect on the vertical and pitch stiffness and 

damping characteristics of the interconnected HP suspension system. When the 

piston rod area is decreased, suspension vertical stiffness and damping also decrease. 

On the contrary, when the suspension piston rod area is decreased, pitch stiffness and 

damping increases. Therefore, decreased vertical stiffness and damping results in 

decreased vertical acceleration. However, increased pitch stiffness and damping 

result in increased pitch acceleration. As regard to initial gas volume, increasing 

initial gas volume increase suspension vertical and pitch stiffness. Thus, vertical and 

pitch accelerations also increase and ride comfort is decreased. Finally, when the 

valve opening is decreased, suspension damping increases. Depending on the 

frequency content of the road displacement inputs, vertical and pitch accelerations 

may increase or decrease. In our case, increased suspension damping decreases 

vertical accelerations slightly, and nearly has no effect on the pitch acceleration. 

6.11. CONCLUSION 

In this chapter, analysis of the pitch interconnected HP suspension systems for a 

three-axle vehicle has been carried out. As the first step, a nine degree of freedom 

vehicle model for a three axle vehicle is derived. Then, full and semi-interconnected 

HP suspension configurations were enumerated. Stiffness and damping 

characteristics of these interconnected suspensions are formed and compared to each 
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other. A detailed parameter sensitivity analysis was performed in order to examine 

the effects of the suspension design parameters on the stiffness and the damping 

characteristics. Then, simulations are performed to examine the vehicle ride comfort, 

braking/acceleration, and fire shock performances. According to the results obtained, 

a suspension metric is formed to classify the interconnections quantitatively in terms 

of ride comfort and pitch performance. After that, a specific interconnection was 

selected for further sensitivity analysis. In this sensitivity analysis, effects of the 

suspension design parameters on the suspension performance variables were 

inspected directly. The results are summarized below: 

 For a vehicle with three axles, different full and semi-interconnected HP 

suspension configurations can be obtained. 

 When an unconnected HP suspension configuration is converted into an 

interconnected HP suspension configuration, completely different suspension 

characteristics are obtained in terms of the vertical and pitch stiffness and 

damping properties. 

 In order to compare the stiffness and the damping characteristics of the 

interconnected HP suspension configurations, some of their properties should 

be equalized and other characteristics should be compared. 

 In this study, vertical stiffness and the damping characteristics of different 

interconnected HP suspension configurations are equated to each other by a 

mathematical optimization approach. 

 In order to have suspension configurations with equal vertical stiffness, there 

are two methods. First method is to equate the vertical stiffness of the 

suspensions at static equilibrium. By this way, analytical expressions can be 

obtained for the suspension parameters resulting in equal stiffness. However, 

the stiffness of the HP suspension systems changes with the changing 

suspension displacement. Second method of obtaining equivalent suspension 

stiffness is to equate the stiffness characteristics for a range of vertical 

suspension displacement. Then, for a range of suspension displacement, 

equivalent suspension stiffness characteristics are obtained. However, instead 
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of analytical expressions, numerical values of the suspension parameters are 

obtained by optimization. In this study, the second approach is used. 

 In order to obtain equivalent suspension damping characteristics for different 

suspension configurations, damping force of suspension are equated to each 

other for a range of suspension velocities by mathematical optimization, like 

the second method of getting equivalent suspension stiffness. 

 Pitch stiffness and damping characteristics of the interconnected HP 

suspension configurations which have equivalent vertical stiffness and 

damping characteristics are compared to each other. A suspension 

configuration which has connection between front and rear suspension units 

has highest pitch stiffness and damping. This is due to the amount of the fluid 

displaced among suspension configurations with the vehicle motion.  

 Suspension configurations have the highest pitch stiffness at zero pitch angle. 

When the pitch angle increases, pitch stiffness decreases. 

 Fully interconnected HP suspension configurations have the highest pitch 

stiffness and damping characteristics than come the semi-interconnected and 

unconnected HP suspension configurations. 

 According to the sensitivity study, when the piston area is increased, vertical 

and pitch stiffness and damping also increase.  

 When the initial gas volume is increased vertical and pitch stiffness decrease. 

 When the piston rod area is decreased, vertical stiffness and damping 

decrease, however, pitch stiffness and damping increase. 

 Suspension configurations having equivalent vertical stiffness and damping 

characteristics have approximately the same vertical accelerations. 

 Interconnected HP suspension configurations decrease the pitch angle of the 

vehicle in braking and firing simulations as compared with the unconnected 

HP suspension configurations. 

 According to the simulation results, interconnected HP suspension systems 

have higher pitch performance and lower ride comfort performance. 

Therefore, in an unconnected HP suspension system, the only way of increasing 

pitch stiffness and the damping is to increase the vertical suspension stiffness and 
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damping, respectively. However, in an interconnected HP suspension system, pitch 

stiffness and damping can be increased both by increasing the vertical stiffness and 

damping and by decreasing the piston area. Therefore, interconnected HP suspension 

system for the improved pitch performance of the vehicle has a promising solution 

by more flexible design parameters. 

 



 

 

287 

 

 

 

CHAPTER 7 

 

 

ANALYSIS AND DESIGN OF THE FULL 

INTERCONNECTED HP SUSPENSION SYSTEM FOR 

THREE-AXLE VEHICLES 

 

 

 

In the previous chapter, interconnected HP suspension systems were examined for a 

three-axle vehicle in the pitch plane. It has been shown that, with specific 

interconnections, the pitch stiffness and damping characteristics of the vehicle can be 

increased considerably. While increasing pitch stiffness and the damping, almost 

equal vertical stiffness and the damping characteristics can be obtained for the 

unconnected and the interconnected HP suspension systems. In this chapter, design 

and analysis of the interconnected HP suspension systems for a three-axle full 

vehicle model are performed.  

7.1. INTRODUCTION 

Interconnections between suspensions are sought to improve both the pitch and the 

roll stiffness of the vehicle. For this reason, different interconnections are 

enumerated and their characteristics are examined. Pitch and roll stiffness and 

damping and warp moment characteristics are compared to each other. To be able to 

determine the appropriate suspension type, a quantitative analysis is performed. 

According to the results, groups of interconnected suspension type are selected for 

further performance examination. To determine the effects of the suspension 

parameters on the stiffness and the damping characteristics of the HP suspension 
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system, a detailed sensitivity analysis is performed. From the results, the selection of 

the design parameters and their importance on the vehicle performance are evaluated. 

In order to make a complete performance evaluation, a full vehicle model with 

interconnected HP suspension system is derived. Simulations are performed to 

examine the performance of the full vehicle model with the interconnected HP 

suspension system. Simulations are performed with random road displacement inputs 

at different longitudinal velocities to examine the ride comfort characteristics of the 

deigned suspensions. Then, a simulation with braking in cornering input is performed 

to determine the handling performance of the vehicle. For vehicles with firing 

performance, the performance of the interconnected suspension system for firing and 

mobility performance are examined by the simulations. For these reason 9 dof and 18 

dof full vehicle models are derived. 9 dof full vehicle model is used for the 

derivation of the stiffness and damping characteristics, and the 18 dof full vehicle 

model is used for the ride comfort, handling, and the mobility performance 

evaluations. 

7.2. FULL VEHICLE MODEL 

The parameters and the variables used in the derivation of the full vehicle models are 

presented in Table 7.1. In variable definition “ij” stands for front left, front right, 

intermediate left, intermediate right, rear left, and rear right. 
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Table 7.1: Variable Definition 

Variable Definition 

Fij Suspension Force 

FijX Reaction Force between Suspension and Sprung Mass in  

x Direction 

FijY Reaction Force between Suspension and Sprung Mass in  

y Direction 

Mij Reaction Moment between Tire and Sprung Mass in z Direction 

FijXO Traction or Braking Force on Tire  

FijYO Cornering Force on Tire  

FijO Reaction Force Between Ground and Tire in z Direction 

FijRC Vertical Force on Tire due to Jacking Moment 

zpij Piston Displacement 

θij Tire Rotational Displacement 

Tij Tire Traction or Braking Torque 

δij Steering Input at Tires 

u Longitudinal Velocity in Ground Plane 

v Lateral Velocity in Ground Plane 

r Yaw Velocity 

Ψ Yaw Angle 

aGx Sprung Mass Acceleration in x Direction 

aGy Sprung Mass Acceleration in y Direction 

aGz Sprung Mass Acceleration in z Direction 

αGx Sprung Mass Angular Acceleration in x Direction 

αGy Sprung Mass Angular Acceleration in y Direction 

αGz Sprung Mass Angular Acceleration in z Direction 

ωGx Sprung Mass Angular Velocity in x Direction 

ωGy Sprung Mass Angular Velocity in y Direction 

ωGz Sprung Mass Angular Velocity in z Direction 

Fx Forces on Sprung Mass in x Direction 

Fy Forces on Sprung Mass in y Direction 

Fz Forces on Sprung Mass in z Direction 

atxij Acceleration of Tire in x Direction 

atyij Acceleration of Tire in y Direction 

atzij Acceleration of Tire in z Direction 

αtzij Tire Angular Acceleration in z Direction 

αtyij Tire Angular Acceleration in y Direction 

FtRCij Reaction Force on Tire Due to Suspension Jacking 

αij Slip Angle 

Sij Longitudinal Slip 

FD Disturbance Moment in Vertical Direction 

Mθ Disturbance Moment in Pitch Direction 

Mø Disturbance Moment in Roll Direction 
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7.2.1. Modeling of the Nine Degree of Freedom Full Vehicle Model  

In this section, the model of the vehicle with three axles is going to be derived. The 

model has nine degrees of freedom. The sprung mass has three degrees of freedom in 

the roll, pitch, and vertical directions, and the tires have six degrees of freedom in the 

vertical directions. The schematic of the full vehicle model with three axles is shown 

in Figure 7.1. 

The equation of motion for the sprung mass in the vertical, roll, and pitch directions 

can be written as, 

 FL FR ML MR RL RR D sF F F F F F F M z        (7-1) 

      FL FR ML MR RL RR D yya F F b F F c F F M I          (7-2) 

      f m r
FL FR ML MR RL RR D xx

t t t
F F F F F F M I

2 2 2
         (7-3) 

Assuming small displacement, suspension piston displacement and velocities can be 

expressed as follows: 
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Figure 7.1: Nine Degree of Freedom Full Vehicle Model 

7.3. MODELING OF THE EIGHTEEN DEGREE OF FREEDOM FULL 

VEHICLE MODEL  

The vehicle ride model derived in the previous part includes the vertical, roll, and 

pitch motions of the sprung mass and the vertical motions of the tires. Road 

displacement inputs at the tires and the roll, pitch and vertical body disturbance 

moments and forces are the inputs to the ride model. Roll and pitch body disturbance 

moments can be calculated from the lateral and longitudinal accelerations obtained 

from the simulations of the complete vehicle models or from simple vehicle handling 
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models like bicycle model. Body disturbance moments can be used in the vehicle 

ride model in the simulations for the vehicle inertial forces due to cornering and 

braking-traction. By this way vehicle ride model can be used for ride and handling 

studies. In vehicle ride model, tire braking-tractive and steering inputs cannot be 

used. Another approach for the simulation of the vehicle ride and the handling 

dynamic is the use of the more accurate and complex vehicle models. In this model 

both handling inputs which are steering, braking, and tractive inputs, and the ride 

inputs which are the road displacement inputs can be used directly. Therefore, in this 

part full vehicle model which consists of vehicle ride, handling, and tire dynamics 

are derived. Full vehicle model with three axles has 18 degrees of freedom which are 

three displacements, and three rotations of sprung mass and the vertical 

displacements and rotations for each tire.  

In the literature, there are different full vehicle models which comprise vehicle ride, 

handling, and tire models of different complexity [73]-[78]. In these studies 14 

degrees of freedom vehicle models are derived with different assumptions. Modeling 

of the suspension linkage kinematics in low order vehicle models is a difficult and 

complex issue. For this reason different modeling concepts for the suspension 

kinematics are studied. Roll center approach is one of the most commonly used 

methods of representing the effects of the suspension kinematics on the sprung mass. 

However, using roll center approach has some limitations. In severe maneuvers, 

when the suspension moves, roll center also moves and thus constant roll center 

cannot be used. Moreover, for a vehicle with three or more axles, the use of the roll 

center approach is difficult as explained in the reference [78]. While the suspension 

kinematic is modeled, one of the important considerations is the suspension jacking 

forces [73], [77]. As explained in the reference [77], modeling of suspension jacking 

force is necessary for accurate vehicle modeling. In the study of Huh et al. [79], 

handling and the driving characteristics of a three-axle-vehicle is studied and an 18 

dof full vehicle model is developed to be used in the simulations.  
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In this study, a full vehicle model with three-axles is modeled. Interconnected HP 

suspension system is used in the derived model. The derived model consists of the 

degrees of freedom of, 

 6 dof of Sprung Mass (Roll, Pitch, Yaw, Vertical, Lateral, and Longitudinal) 

 12 dof of 6 Tires (Vertical, and Rotational for each tire) 

While deriving the equation of motions Newton-Euler method is used. For tires, a 

Magic Formula tire model which gives combined lateral and longitudinal force 

characteristics is selected. The schematic of the full vehicle model with three axles is 

shown in Figure 7.2 and the free body diagrams of the tires are shown in Figure 7.3. 

 

 

Figure 7.2: Full Vehicle Model - Sprung Mass Free Body Diagram 
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Figure 7.3: Free body Diagrams of Tires 
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Figure 7.4: Slip Angle Definitions 

Roll center approach can be applied to a vehicle with two axles easily. However, as 

stated in the study of Guiggiani [78], for a three axle vehicle it is difficult to adapt. 

While deriving the equations of motion, it is assumed the lateral forces are applied to 
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the sprung mass around roll center points which are fixed on ground. In pitch 

motions, the longitudinal forces are assumed to be applied at wheel-hub center. The 

rotational motion of the sprung mass and tire is defined by the Ψ, θ, and ø angles 

which are the yaw, pitch, and roll angles respectively. Yaw angle, Ψ, defines the 

motion of the tires and the sprung mass on the ground plane. x
1
y

1
z

1
 is the frame 

obtained when the initial frame is rotated about Z axis of XYZ frame by angle yaw 

angle Ψ, 

 

1 1

1 1

1

1 1

x cos sin 0 X x X

y sin cos 0 Y y R Y

z 0 0 1 Z z Z

         
       

             
                

 (7-10) 

Then the x
1
y

1
z

1
 frame is rotated about the y

1 
axis by pitch angle θ and the x

2
y

2
z

2
 

coordinate frame is obtained. 

 

2 1 2 1
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 (7-11) 

Then the x
2
y

2
z

2
 frame is rotated about the x

2 
axis by roll angle ø and the xyz 

coordinate frame is obtained. 

 

2 2

2 2
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2 2

x 1 0 0 x x x

y 0 cos sin y y R y

z 0 sin cos z z z

        
       

            
                  

 (7-12) 

While writing the kinematic constraint between tires and the sprung mass, it is 

assumed that tires move on the ground plane. Then the sprung mass has three relative 

motions with respect to tires which are roll, pitch, and the vertical movement. The 

Newton- Euler equations for sprung mass can be written as, 
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 (7-14) 

If the xyz frames are the principal axes, the Euler equations become, 

  x xx x yy zz y zM I I I       (7-15) 

  y yy y zz xx x zM I I I       (7-16) 

  z zz z xx yy x yM I I I       (7-17) 

Assuming that, tires are always perpendicular to the ground, the equations of motion 

for each tire can be written as, 

 

tx tGx

ty s tGy

tz tGz
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 (7-18) 

 ty tyy tyM I   (7-19) 

 tz tzz tzM I   (7-20) 

For the front left tire: 

 FLXO FLX t tGxFLF F M a   (7-21) 

 FLYO FLY t tGyFLF F M a   (7-22) 

 FLO FL FLRC t tGzFLF F F M a    (7-23) 

 FL FLXO tFL tyy tyFLT F r I    (7-24) 

 FL tzz tzFLM I   (7-25) 

Similar Equations can be written for the remaining tires. 

Slip angles for the tires as shown in Figure 7.4 are defined as, 
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In these equations, u and v are the corresponding velocities in the moving reference 

frame fixed to the center of gravity of the sprung mass. 

In the braking situation, longitudinal slips can be found for each tire as, 
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  (7-32) 

 tFR FR FR
FR

FR

r u
S

u

  
  (7-33) 

 tML ML ML
ML

ML

r u
S

u

  
  (7-34) 



 

 

299 

 

 tMR MR MR
MR

MR

r u
S

u

  
  (7-35) 

 tRL RL RL
RL

RL

r u
S

u

  
  (7-36) 

 tRR RR RR
RR

RR

r u
S

u

  
  (7-37) 

For the interaction of the tires and the ground, the Magic Formula tire model is the 

most commonly used tire model. It has different versions with varying complexity. 

For pure lateral and longitudinal forces, Magic Formula can be directly used. 

However for combined lateral and longitudinal force characteristics, use of the 

Magic Formula requires extra parameters. The Magic Formula Tire model used in 

this study is adapted from the references [70], [71], [72]. Lateral force Fy can be 

defined as: 

 0C a  (7-38) 
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1 z 2 zD a F a F   (7-39) 
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 6 z 7E a F a   (7-41) 

 h 9 z 10 8S a F a a     (7-42) 

 v 11 z 12 z 13S a F a F a     (7-43) 

 hX S    (7-44) 

   1 1

y vF Dsin C tan BX E BX tan BX S 

  
         (7-45) 

Magic Formula tire model for longitudinal forces is given in Chapter 6. 

The tire forces Fy and Fx are pure lateral and pure longitudinal tire forces 

respectively. For the combined case, these tire forces can be found as, 
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Definitions of the parameters and the variables used in the Magic Formula tire model 

are given in Table 7.2. 

Table 7.2: Definition Parameters/Variables for Magic Formula Tire Model 

Definition of Parameter/Variable Symbol 

Slip Angle α 

Longitudinal Slip s 

Pure Lateral Tire Force Fy 

Pure Longitudinal Tire Force Fx 

Lateral Tire Force in Combined Case Fy* 

Longitudinal Tire Force in Combined Case Fx* 

Vertical Tire Force Fz 

Ratio of Slip Angle to Slip Angle 

at which Maximum Lateral Force Occurs 
α* 

Ratio of Longitudinal Slip to Longitudinal Slip 

at which Maximum Longitudinal Force Occurs 
s* 

Magic Formula Tire Model Parameters a‟s and b‟s 

Magic Formula Tire Model Parameters B,C,D,E,Sh,Sv 

 

Cornering force vs slip angle characteristics for different vertical tire load is shown 

in Figure 7.5. 
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Figure 7.5: Cornering Force vs Slip Angle Characteristics for Different Vertical Tire 

Load at zero Longitudinal Slip 

Longitudinal force vs longitudinal slip characteristics for different vertical tire load is 

shown in Figure 7.6. 

 

Figure 7.6: Longitudinal Force vs Longitudinal Slip Characteristics for Different 

Vertical Tire Load at Zero Slip Angle 
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Variation of the cornering force with longitudinal slip and slip angle is shown in 

Figure 7.7 and change of the longitudinal force with longitudinal slip and slip angle 

is shown in Figure 7.8.  

 

Figure 7.7: Change of Cornering Force with Slip Angle and Longitudinal Slip 

 

Figure 7.8: Change of Longitudinal Force with Slip Angle and Longitudinal Slip 
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Vehicle parameters are given in Table 7.3. 

Table 7.3: Vehicle Parameters 

Parameters Symbol Value 

Vehicle Mass M [kg] 9000 

Roll Moment of Inertia Ixx [kgm
2
] 5318 

Pitch Moment of Inertia Iyy [kgm
2
] 18968 

Yaw Moment of Inertia Izz [kgm
2
] 20910 

Tire Mass Moment of Inertia about z Axis Itzz [kgm
2
] 9.4 

Front Axle to Center of Gravity Distance a [m] 2 

Middle Axle to Center of Gravity Distance b [m] 0.3 

Rear Axle to Center of Gravity Distance c [m] 2 

Distance Between Roll Center and Center of Gravity 

At Static Equilibrium for Front, Middle, and Rear Axles 

hRC-COG [m] 1.1 

Vertical Distance Between Missile 

Launcher Centerline and COG 

hzSCOG [m] 1.5 

Horizontal Distance Between Missile 

Launcher Mounting and COG 

hxSCOG [m] 0 

Vertical Distance Between the Wheel Center and COG 

At Static Equilibrium for Front, Middle, and Rear Axles 

hCOGij [m] 1.1 

Firing Elevation Angle βs [deg] 10 

Firing Azimuth Angle λs [deg] 20 

 

7.3.1. Interconnected Suspension Layouts 

In Chapter 6, different interconnected suspension configurations were examined for 

the three axle vehicle in pitch plane. Among these interconnections, two full 

interconnections and one semi-interconnection result in higher pitch stiffness. The 

aim of the interconnected HP suspension system for the full vehicle model is to 

increase the roll and pitch performance of the vehicle by increasing the roll and pitch 

stiffness and damping without affecting the bounce properties. Therefore, X type 

interconnected HP suspension system should be used both in roll and pitch plane of 

the full vehicle model.  

For a vehicle with three axles, there are six suspension units. These suspension units 

can be interconnected in different configurations. However, finding the proper 

configuration is an important task for the performance improvement of the full 

vehicle model. Therefore, both an indirect approach and the direct approaches can be 
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used to find the initial suspension configurations which will yield performance 

improvements.  

In the indirect approach, all schematically different suspension configurations are 

enumerated. Then these suspension configurations are tested to satisfy some criteria 

to result in feasible suspension configurations. Then the performance of these 

suspension configurations are examined by simulations and the best suspension 

configuration is found. This method takes somewhat longer to find the proper 

suspension. 

In the direct approach, the type of the suspension configuration which improves the 

performance is initially known. Then the candidate configurations are specified and 

those which satisfy the performance requirements are determined. They are 

examined by the simulations. Since the some basic knowledge about the suspension 

configuration which improves the pitch and roll performance of the vehicle is known 

a priori, this method is used determine the proper suspension configurations. 

7.3.1.1. Solvability of the Suspension Forces and the Suspension Pressures 

In this section, the existence and uniqueness of the solutions of the suspension forces 

and the suspension pressures are going to be examined. Since at static equilibrium 

three independent equilibrium equations are written, and since the suspension forces 

and the pressures are linear in these equations, existence/uniqueness theorem for 

linear systems can be used. To be able to solve the static equilibrium equation for a 

full vehicle model, three equilibrium equations in the vertical, pitch, and the roll 

directions should be satisfied. Further, a vehicle with more than three tires forms a 

statically indeterminate system since; the number of the independent suspension 

forces is higher than the number of equations. Therefore for a full vehicle model to 

reach static equilibrium at least three independent suspension forces are required. 

The interconnected suspension configurations are evaluated according to this 

condition at a first glance. This condition is necessary but not sufficient condition to 

get a feasible interconnection. Static equilibrium equations are; 

 z FL FR ML MR RL RRF F F F F F F Mg        (7-51) 
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      f m r
FL FR ML MR RL RR

t t t
M F F F F F F 0

2 2 2
         (7-52) 

      FL FR ML MR RL RRM a F F b F F c F F 0          (7-53) 

The first condition is used to select the proposed suspension configurations at the 

first stage. Then all pressure variables and the suspension forces should be positive to 

get a feasible suspension interconnection. When these conditions are satisfied, the 

performance of the interconnection is open for evaluation.  

Now the existence and the uniqueness conditions of the solutions of the suspension 

forces and the suspension pressures at the static equilibrium are to be examined in 

terms of the Theorem 3. In matrix form, the static equilibrium equations can be 

written as, 
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 (7-54) 

Similarly, the oil pressure can be calculated from, 
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In combined form, these equations will be 
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 (7-56) 

Therefore, the equations given above should be examined in terms of consistency to 

obtain a solution. When there are only two independent suspension forces or 

pressures, the equation system becomes an inconsistent system and thus there is no 

solution. The interconnected suspension configurations for the full vehicle model can 

be classified according to its mathematical solvability (its mathematical degrees of 

freedom) and the number of ports of pressure chambers as fully interconnected, 

semi-interconnected, and unconnected. After the consistency of the solution is 

guaranteed, the uniqueness of the solutions can be examined. If there is no unique 
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solution at the initial condition, the vehicle may stay at static equilibrium at different 

conditions depending on the initial suspension parameters. 

If the suspension forces and the initial pressures are set in such a way that the static 

equilibrium equations are not satisfied, the vehicle reaches static equilibrium 

equations at other force and pressures values. These values are determined from the 

combined solutions of the static equilibrium equations and the suspension parameters 

which determine the stiffness and the deflection characteristics of the suspension. 

Therefore, according to the above explanations, there are two approaches which are 

used to calculate the suspension forces and pressures at the static equilibrium: 

 Set the independent initial pressures and the initial parameters of each 

suspension unit and calculate the pressures and suspension forces when the 

vehicle reaches static equilibrium. This method requires the solution of 

coupled static equilibrium equation and the suspension deflection equations 

together with the tire deflection equations. 

 Set the suspension forces and the independent initial pressures to their design 

values such that the vehicle stays at static equilibrium equations with the 

desired parameters. 

The suspension design parameters can be set by using the both approaches. In first 

approach, an optimization study should be performed to calculate the optimum 

suspension initial parameters in order to satisfy the user objective at the static 

equilibrium. In the second approach, the objective at the static equilibrium conditions 

is defined, and the suspension initial parameters are calculated by solving the linear 

equations directly. In this study, second method is used to calculate the design 

suspension forces and design initial pressures.  

Among the infinitely many suspension forces which satisfy the static equilibrium 

equations, the ones which are closest to each other are taken as the initial design 

suspension forces, as previously explained in Chapter 6. After the suspension forces 

are set to known design values, suspension pressures at static equilibrium can be 

calculated directly.  
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7.3.1.2. Mathematical Degree of Freedom of Interconnected HP Suspension 

Systems 

The mathematical degree of freedom of the interconnected suspension configurations 

was defined as the number of the independent suspension forces. According to the 

mathematical degrees of freedom, the feasibility of the suspension configuration can 

be determined. To get a feasible suspension configuration, the degrees of freedom 

should be at least three. For three degrees of freedom suspension configurations, the 

resulting interconnection is statically determinate and the pressure variables and thus 

the suspension forces can be found from the static equilibrium equations. When the 

degree of freedom of the interconnections is higher than three, both static equilibrium 

equations and the suspension deflection equations are to be used to find the pressure 

variables and the suspension forces at static equilibrium. This provides flexibility to 

the suspension designer to determine the pressure variables and the suspension 

forces. 

7.3.1.3. Type of the Interconnected HP Suspension System 

When the first and the fourth chambers of each suspension unit are connected at least 

once, the resulting suspension configuration is called a fully interconnected HP 

suspension system. When one of the chambers of the suspension units is not 

connected, the resulting suspension configuration is called as semi-interconnection. 

When none of the chamber is connected, the resulting suspension configuration is 

called as the unconnected suspension. Unconnected HP suspension system for the 

full vehicle model is shown in Figure 7.21. As can be seen from Figure 7.16, the 

interconnected suspension configuration is used only to improve the pitch 

performance of the vehicle. This suspension configuration was examined in Chapter 

6 in detail. There are many possible interconnections for the full vehicle model. With 

a systematic method as in Chapter 5, all of these interconnections can be found. 

However, to increase the performance of the vehicle in roll and pitch directions, 

specific interconnections among these should be found. 
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7.3.1.4. Determination of the Full Interconnections  

As a first approach to improve the roll and the pitch performance of the vehicle, X 

coupling among the longitudinal and the lateral directions should be performed. For 

example, the first pressure chamber of the front left suspension unit should be 

interconnected to the fourth suspension unit of the intermediate right or rear right 

suspension unit. Moreover, each pressure chamber is connected only one time to 

other pressure chambers. Then four different interconnections can be identified. 

These interconnections are; 

P1FL-P4MR-----P1ML-P4RR-----P1RL-P4FR-----P1FR-P4ML-----P1MR-P4RL----

P1RR-P4FL 

P1FL-P4RR-----P1ML-P4FR-----P1RL-P4MR-----P1FR-P4ML-----P1MR-P4RL----

P1RR-P4FL 

P1FL-P4MR-----P1ML-P4RR-----P1RL-P4FR-----P1FR-P4RL-----P1MR-P4FL----

P1RR-P4ML 

P1FL-P4RR-----P1ML-P4FR-----P1RL-P4MR-----P1FR-P4RL-----P1MR-P4FL----

P1RR-P4ML 

These interconnections are shown in Figure 7.9 to Figure 7.12. The first and the 

fourth interconnected HP suspension systems have a symmetric structure with 

respect to the pitch axis. The interconnection configurations studied in Chapter 6 

were extended for the full vehicle model to improve the roll and the pitch 

performances. There are also other full interconnections which can be obtained by 

the extension of the pitch interconnections to the full vehicle model. Figure 7.13 

shows an interconnection with front and rear suspensions interconnected by X 

coupling in roll and pitch directions, and the intermediate suspensions interconnected 

by X coupling in the roll plane. This interconnection can be also generalized to other 

axles as illustrated in Figure 7.14 and Figure 7.15. The interconnections shown so far 

contain both pitch and roll connections. There are also full interconnections which 

only contain either roll or pitch connections. These are given in Figure 7.15 and 

Figure 7.16. 
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7.3.1.5. Determination of the Semi-interconnections  

To be able to make a comparison among fully interconnected, unconnected, and 

semi-interconnected HP suspension systems, semi interconnection configurations are 

also modeled and shown in Figure 7.18 to Figure 7.21. There are other semi-

interconnections in which only the suspension units on one axis are interconnected. 

For brevity these are not explained in detail. The interconnected HP suspension 

systems used in Chapter 6 (3
th

, 4
th

, and 5
th

) can be adapted to the full vehicle model 

and semi-interconnections may be formed. These also are not explained in detail 

here. 
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Figure 7.9: First Interconnected HP Suspension System for a Three Axle Vehicle 
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Figure 7.10: Second Interconnected HP Suspension System for a Three Axle Vehicle 
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Figure 7.11: Third Interconnected HP Suspension System for a Three Axle Vehicle 
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Figure 7.12: Fourth Interconnected HP Suspension System for a Three Axle Vehicle 
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Figure 7.13: Fifth Interconnected HP Suspension System for a Three Axle Vehicle 
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Figure 7.14: Sixth Interconnected HP Suspension System for a Three Axle Vehicle 
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Figure 7.15: Seventh Interconnected HP Suspension System for a Three Axle 

Vehicle 
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Figure 7.16: Eighth Interconnected HP Suspension System for a Three Axle Vehicle 
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Figure 7.17: Ninth Interconnected HP Suspension System for a Three Axle Vehicle 
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Figure 7.18: Tenth Interconnected HP Suspension System for a Three Axle Vehicle 
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Figure 7.19: Eleventh Interconnected HP Suspension System for a Three Axle 

Vehicle 
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Figure 7.20: Twelfth Interconnected HP Suspension System for a Three Axle 

Vehicle 
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Figure 7.21: Thirteenth HP Suspension System for a Three Axle Vehicle- 

Unconnected HP Suspension Configuration 
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Among the configurations given above, the existence and uniqueness of solutions of 

the static equilibrium equations and pressure equations are going to be given for the 

first configuration only. 

In the first interconnection configuration, the suspension system improves both the 

pitch and the roll motions of the vehicle. To be able to go further with this 

configuration, the first condition of the feasible interconnected suspension is 

analyzed. For this configuration suspension forces become, 

 FL 1FL p 1RR prF P A P A   (7-57) 

 FR 1FR p 1RL prF P A P A   (7-58) 

 ML 1ML p 1FR prF P A P A   (7-59) 

 MR 1MR p 1FL prF P A P A   (7-60) 

 RL 1RL p 1MR prF P A P A   (7-61) 

 RR 1RR p 1ML prF P A P A   (7-62) 

There are six independent pressure variables which are P1FL, P1FR, P1ML, P1MR, P1RL, 

P1RR, and there are six independent suspension forces resulting in a six degree of 

freedom interconnection.  

Since 

 

f f m m r r

f f m m r r

1 1 1 1 1 1

t t t t t t
rank

2 2 2 2 2 2

a a b b c c

1 1 1 1 1 1 Mg

t t t t t t
rank 0 3

2 2 2 2 2 2

a a b b c c 0

  
  
      
  
     

 
 
     
 
   

 (7-63) 

the system of equations is consistent. Since n=6>rank=3, there are 3 parameter 

families of infinite solutions. Further since, 
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 (7-64) 

the system of equations is consistent. Since rank=6=n=6, the pressure variables have 

unique values. The other suspension configurations can be analyzed with regard to 

Theorem 3. There are many other interconnections which include full and semi-

interconnections. Some of these interconnections are feasible and some of them are 

infeasible. As in Chapter 6, different combinations of the interconnections can be 

derived and then can be examined as to whether they are feasible or not. An 

infeasible suspension configuration is shown in Figure 7.22. Since there are only two 

independent forces, it forms an infeasible interconnection. 
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Figure 7.22: Infeasible Interconnected HP Suspension System for a Three Axle 

Vehicle 
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Interconnected HP suspension configurations presented above have six dofs. 

7.4. MODELING OF THE INTERCONNECTED HP SUSPENSION 

SYSTEM FOR THE FULL VEHICLE MODEL WITH THREE AXLES 

In chapter 6, a general formula is given for the suspension forces. By adapting that 

formula, the suspension forces for the specified suspension configurations can be 

found easily. After the suspension forces are found, the stiffness and the damping 

properties of the interconnected HP suspension configurations are found. Similar to 

the method in the study of Cao [19], the stiffness and the damping properties of the 

interconnected suspension system can be found. Assuming that wheel hub 

displacements are fixed, by rotating the sprung mass about the roll and the pitch axes 

while keeping the vertical displacement of the sprung mass fixed, stiffness and 

damping characteristic can be found. In Chapter 6, the pitch stiffness is calculated by 

rotating the sprung mass about the pitch axis. However, the vertical displacement is 

found by satisfying the equilibrium equations and the vertical displacement is found 

by solving the equilibrium equations. Similarly, the roll and the pitch damping are 

found by rotating the sprung mass around pitch axis and the roll axis at constant 

velocities assuming that the wheel hub velocities are zero. Therefore, the stiffness 

characteristics can be found by: 

 
dF

k
dz

   (7-65) 

 FL FR ML MR RL RRF F F F F F F       (7-66) 

 
dM

k
d


  


 (7-67) 

      FL FR ML MR RL RRM a F F b F F c F F         (7-68) 
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 (7-69) 

      f m r
FL FR ML MR RL RR

t t t
M F F F F F F
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While calculating the vertical stiffness and vertical damping, it is assumed that the 

pitch and roll angles and velocities are zero. Therefore, all piston relative 

displacements are equal to each other and all piston relative velocities are equal to 

each other. Thus, 

 ptFL ptFR ptML ptMR ptRL ptRR ptz z z z z z z       (7-71) 

 ptFL ptFR ptML ptMR ptRL ptRR ptz z z z z z z       (7-72) 

In following sections, the stiffness and the damping characteristics of the first 

suspension configuration are derived. The derivations for other configurations can be 

performed similarly. 

7.4.1. 1
st
 Interconnected Suspension Configuration 

In this part, the model of the interconnected HP suspension system for a full vehicle 

model with three axles is to be derived. The suspension force of each suspension 

units is obtained. Suspension forces of the front left, front right, intermediate left, 

intermediate right, rear left, and rear right suspension units can be found from the 

derived equation. 

7.4.1.1. Static Analysis 

At static equilibrium, the suspension forces can be found by Equations (7-57)-(7-62). 

Since the number of the unknown suspension forces is higher than the number 

equilibrium equations, there are an infinite number of solutions. For a vehicle with 

two axles, assuming left and right symmetry, the forces of the front and rear 

suspension units can be found uniquely from the static equilibrium equations 

whatever the initial conditions of the suspension. However, for a vehicle with more 

than 2 axles, when the initial suspension parameters change, the suspension forces at 

static equilibrium also change. Therefore, the initial suspension parameters should be 

tuned in order to get desired suspension characteristics at static equilibrium. This is 

one of main differences between two and multi-axles vehicle (three and more axles). 

Similar to Chapter 6, the suspension forces at static equilibrium are tuned such that 

they are as close as to each other for the sharing of the vehicle weight equivalently. 

Therefore, equivalent suspension forces can be found by mathematical optimization. 
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subject to static equilibrium equations. Assuming left and right symmetry of the 

vehicle optimum suspension forces are found as, 
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From these equations initial pressure variables can be found. 

7.4.1.2. Stiffness Characteristics 

Elastic components of the suspension forces are, 
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Assuming that all suspension relative displacements are equal to each other, then the 

vertical stiffness can be found as: 
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At static equilibrium, the vertical stiffness becomes, 
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Assuming that piston displacements, wheel hub displacements, and pitch rotation are 

zero, roll stiffness can be found.  
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Similarly, assuming that piston displacements, wheel hub displacements, and roll 

rotation are zero, pitch stiffness can be found.  

 



 

 

333 

 

 

 

 

 

 

 

 

 

 

30FL 30FL p p pr 30RR 30RR pr p pr

1 1

30FL p pr 30RR p pr

30FR 30FR p p pr 30RL 30RL pr p pr

1 1

30FR p pr 30RL p pr

P V A aA A b P V A cA A a

V aA A b V cA A a
k a

P V A aA A b P V A cA A a

V aA A b V cA A a

 

 

  

 

    
 

         
   

 
   

 
         
   

 

 

 

 

 

 

 

 

30ML 30ML p p pr 30FR 30FR pr p pr

1 1

30ML p pr 30FR p pr

30MR 30MR p p pr 30FL 30FL pr p pr

1

30MR p pr 30FL p pr

P V A bA A c P V A aA A b

V bA A c V aA A b
b

P V A bA A c P V A aA A b

V bA A c V aA A b

 

 

 

 










 

   
 

         
   


   

 
         
   

 

 

 

 

 

 

 

1

30RL 30RL p p pr 30MR 30MR pr p pr

1 1

30RL p pr 30MR p pr

30RR 30RR p p pr 30ML 30ML pr p pr

1

30RR p pr 30ML p pr

P V A cA A a P V A bA A c

V cA A a V bA A c
c

P V A cA A a P V A bA A c

V cA A a V bA A c

 

 

 



 
 
 
 

 
 
 
  

   
 

        
   


   

 
     
   

1

 
 
 
 
 
 
 

    
 (7-85) 

7.4.1.3. Damping Properties 

Damping component of the suspension forces are, 
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Assuming all suspension relative velocities are equal to each other, vertical damping 

force is expressed as: 

 D FLD FRD MLD MRD RLD RRDF F F F F F F       (7-92) 

 

 
2 2 2

r pt pr pt pr pt

D r pt

v D 4FL1RR 4FR1RL

2 2 2 2

pr pt pr pt pr pt pr pt

4ML1FR 4MR1FL 4RL1MR 4RR1ML

A z A z A z
F 6A sign z

A C 2 R R

A z A z A z A z

R R R R

  
    

 

   

 (7-93) 

Assuming that, piston velocities, wheel hub velocities, and pitch velocity are zero, 

damping moment in roll direction is given by the expression: 

      f m r
FL FR ML MR RL RR

t t t
M F F F F F F

2 2 2
        (7-94) 

where FFL, FFR, FML, FMR, FRL, and FRR can be obtained from Equations (7-76) to 

(7-81). 
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Similarly, assuming that, piston velocities, wheel hub velocities, and roll velocity are 

zero, damping moment in pitch direction is given by the expression: 

      FL FR ML MR RL RRM a F F b F F c F F         (7-96) 
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7.4.1.4. Warp Moment 

For a vehicle with two axles, warp stiffness and warp moment are defined in the 

literature. However, for a vehicle with three and more axles there is no exact 

definition in the literature. For this reason, the warp moment is calculated with the 

assumptions: 

 pFL pFRz z z     (7-98) 

 pRL pRRz z z    (7-99) 
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Assuming wheel hub displacements are zero, warp moment can be calculated as 
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7.5. COMPARISON OF STIFFNESS PROPERTIES OF THE 

INTERCONNECTED HP SUSPENSION SYSTEM 

When unconnected suspension configurations are converted into interconnected 

suspension configurations, the new suspension configurations have completely 

different stiffness and damping properties. To be able to compare the stiffness 

properties of the interconnected HP suspension systems in a proper manner, vertical 

stiffness of all suspension configurations are equated to each other. The same 

procedure followed in Chapter 6 is followed here as well.  

Comparisons of the interconnected suspension configurations are again performed 

for different rod areas, Ar=0.8Ap and Ar=0.6Ap in order to see the effect of the 

interconnections.  

7.5.1. Case 1: Ar=0.6Ap 

Before, calculating the vertical stiffness of the interconnected HP suspension system, 

the initial gas pressures and the initial gas volumes should be determined. Therefore, 

static analysis should be performed. These volumes can be determined according to 

the body bounce frequency requirement. For this case, the initial oil pressures at 

static equilibrium are summarized in Table 7.4 and the initial gas volumes which 

result in equivalent vertical stiffness are summarized in Table 7.5. 
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Table 7.4: Initial Oil Pressure at Static Equilibrium for Different Interconnected 

Configurations 

 Pressure [bar] 

Suspension 

Configuration 
P30FL P30FR P30ML P30MR P30RL P30RR 

1
st
 37.2 37.2 36.4 36.4 34.7 34.7 

4
th

 37.5 37.5 35.5 35.5 35.2 35.2 

5
th

 37.3 37.3 35.8 35.8 35.1 35.1 

6
th

 38.8 38.8 35.2 35.2 34.2 34.2 

7
th

 38.0 38.0 36.7 36.7 33.6 33.6 

8
th

 37.2 37.2 36.4 36.4 34.7 34.7 

9
th

 38.8 38.8 35.8 35.8 33.6 33.6 

10
th

 37.3 37.3 21.9 21.9 35.1 35.1 

11
th

 23.7 23.7 35.2 35.2 34.2 34.2 

12
th

 38.0 38.0 36.7 36.7 20.6 20.6 

13
th

 23.7 23.7 21.9 21.9 20.6 20.6 

Unconnected suspension configurations (13
th

) with the given pressures and the 

interconnected suspension configurations with the given pressures have the same 

vertical suspension force characteristics. As can be seen from the Table 7.4, since in 

the interconnected suspension configurations, the effective static load area is smaller 

relative to the effective road area of unconnected suspension configurations; the 

initial pressures of the interconnected suspension configurations are higher than the 

initial pressure of the unconnected suspension configuration. 

Table 7.5: Gas Volumes of Front, Intermediate, and Rear Suspension Volumes 

 Volume [L] 

Suspension 

Configuration 
V30F V30M V30R 

1
st
 1.1 1.1 1.1 

4
th

 1.1 1.1 1.1 

5
th

 1.1 1.1 1.1 

6
th

 1.1 1.1 1.1 

7
th

 1.1 1.1 1.1 

8
th

 1.1 1.1 1.1 

9
th

 1.1 1.1 1.1 

10
th

 1.2 1.9 1.2 

11
th

 1.9 1.2 1.2 

12
th

 1.2 1.2 1.9 

13
th

 1.9 1.9 1.9 
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As Table 7.5 shows, to be able to get the same vertical stiffness characteristics of the 

interconnected and the unconnected suspension configurations, different gas volumes 

at static equilibrium are needed. Moreover, since interconnected suspension 

configurations have smaller effective piston area, they also have smaller gas volume 

for the similar vertical suspension stiffness of the unconnected suspension 

configurations as expected.  

Equivalent vertical stiffness characteristics of the suspension configurations are 

given Figure 7.23 and roll and pitch stiffness characteristics for different 

interconnection configurations are given in Figure 7.24 and Figure 7.25. 

 

Figure 7.23: Vertical Stiffness of Different Interconnections 

As can be seen from Figure 7.23, after the optimization study, all suspension 

configurations have the same vertical stiffness characteristics for equivalent 

remaining suspension parameters. 
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Figure 7.24: Roll Stiffness of Different Interconnections 

 

Figure 7.25: Pitch Stiffness of Different Interconnections  
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manner, integral of the roll and the pitch stiffness values for the specified deflection 

sets are calculated. The results are given in Figure 7.26 and Figure 7.27. 

 

Figure 7.26: Integral of Roll Stiffness 
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, 
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Figure 7.27 shows the comparison of the pitch stiffness characteristics of the 

different interconnections. 5
th

 suspension configuration has the highest pitch stiffness 

characteristics. This is due to the nature of the pitch stiffness interconnection which 

is placed between the first and fourth oil volumes of the front and the rear 
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, 4
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, 

and 10
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 configurations have also high pitch stiffness characteristics. The 9
th

 and 13
th
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interconnected suspension configurations have the lowest pitch stiffness, since the 9
th

 

suspension configuration is purely interconnected in the roll plane and it does not 

have an interconnection in the pitch plane. The 13
th

 suspension configuration is an 

unconnected and thus it does not have a pitch interconnection and has also very low 

pitch stiffness. The remaining interconnections have semi-interconnected pitch 

connections and thus they have pitch stiffness values between the unconnected and 

fully pitch interconnected configurations.  

 

Figure 7.27: Integral of Pitch Stiffness 

The roll and the pitch stiffness values at zero roll and pitch deflections are 

summarized in Table 7.6. These stiffness values are normalized with respect to the 

stiffness values of the unconnected suspension configuration. 
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Table 7.6: Roll and Pitch Stiffness Characteristics of Different Interconnections 

Suspension 

Conf. 

Roll 

Stiffness 

[kNm/rad] 

Pitch 

Stiffness 

[kNm/rad] 

Roll 

Stiffness 

[%] 

Pitch 

Stiffness 

[%] 

1st 2537 5359 540 421 

4th 2537 5517 540 434 

5th 2537 6803 540 535 

6th 2537 2313 540 182 

7th 2537 2532 540 199 

8th 466 5359 100 421 

9th 2537 1261 540 100 

10th 1848 5785 393 455 

11th 1791 2225 381 175 

12th 1891 3150 402 248 

13th 470 1272 100 100 

 

As can be understood from Table 7.6, the first, second, third, and tenth suspension 

configurations have both high pitch and roll stiffness values. Since the eighth 

suspension configuration has only pitch interconnection, it has lower roll stiffness 

and high pitch stiffness. Similarly, the ninth suspension configuration has only roll 

interconnection, and thus it has higher roll stiffness and low pitch stiffness, 

7.5.2. Case 2: Ar=0.8Ap 

Similarly interconnections with Ar=0.8Ap have been analyzed. The ratio of the rod 

area to piston area is important suspension parameter of the interconnected 

suspension configuration and it represents the strength of the interconnections. When 

this ratio is decreased, the interconnection becomes more prominent and when it is 

increased, the interconnection becomes weak and the suspension configuration 

begins to get closer to the unconnected suspension. Again to be able to make a 

reasonable comparison between different suspension configurations, vertical stiffness 

and the damping characteristics of the different suspension configurations have been 

equalized. The calculated initial gas pressures and initial gas volumes are 

summarized in Table 7.7 and Table 7.8, respectively. 
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Table 7.7: Initial Oil Pressure at Static Equilibrium for Different Interconnected 

Configurations 

 Pressure [bar] 

Suspension 

Configuration 

P30FL P30FR P30ML P30MR P30RL P30RR 

1
st
 28.7 28.7 27.4 27.4 25.8 25.8 

4
th

 28.9 28.9 26.9 26.9 26.1 26.1 

5
th

 28.7 28.7 27.1 27.1 26.1 26.1 

6
th

 29.4 29.4 26.8 26.8 25.7 25.7 

7
th

 29.0 29.0 27.5 27.5 25.4 25.4 

8
th

 28.7 28.7 27.4 27.4 25.8 25.8 

9
th

 29.4 29.4 27.1 27.1 25.4 25.4 

10
th

 28.7 28.7 21.9 21.9 26.1 26.1 

11
th

 23.7 23.7 26.8 26.8 25.7 25.7 

12
th

 29.0 29.0 27.5 27.5 20.6 20.6 

13
th

 23.7 23.7 21.9 21.9 20.6 20.6 

 

Table 7.8: Gas Volumes of Front, Intermediate, and Rear Suspension Volumes 

 Volume [L] 

Suspension 

Configuration 

V30F V30M V30R 

1
st
 1.5 1.5 1.5 

4
th

 1.5 1.5 1.5 

5
th

 1.5 1.5 1.5 

6
th

 1.5 1.5 1.5 

7
th

 1.5 1.5 1.5 

8
th

 1.5 1.5 1.5 

9
th

 1.5 1.5 1.5 

10
th

 1.5 1.9 1.5 

11
th

 1.9 1.5 1.5 

12
th

 1.5 1.5 1.9 

13
th

 1.9 1.9 1.9 

 

With the obtained initial gas volumes, vertical stiffness characteristics are obtained. 

Vertical stiffness characteristics of different interconnected suspension 

configurations are given Figure 7.28. As can be seen from Figure 7.28, vertical 

stiffness characteristics of the different suspension configurations are equivalent to 

each other. Therefore pitch and the roll stiffness can be compared. Roll and pitch 
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stiffness of different interconnection configurations are given in Figure 7.29 and 

Figure 7.30, respectively. 

 

Figure 7.28: Vertical Stiffness of Different Interconnections 

 

Figure 7.29: Roll Stiffness of Different Interconnections 
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Figure 7.30: Pitch Stiffness of Different Interconnections 

To be able to compare the roll and pitch stiffness quantitatively, the area under the 

integral of the roll and the pitch stiffness values are calculated. The calculated values 

are shown in Figure 7.31 and Figure 7.32. 

 

Figure 7.31: Integral of Roll Stiffness 
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Figure 7.32: Integral of Pitch Stiffness 

According to Figure 7.31 and Figure 7.32, the results are similar to the case with 

interconnections for Ar=0.6Ap. The roll and pitch stiffness values at static 

equilibrium are summarized in Table 7.9. 

Table 7.9: Roll and Pitch Stiffness Characteristics of Different Interconnections 

Suspension 

Conf. 

Roll 

Stiffness 

[kNm/rad] 

Pitch 

Stiffness 

[kNm/rad] 

Roll 

Stiffness 

[%] 

Pitch 

Stiffness 

[%] 

1st 1053 2416 224 190 

4th 1053 2480 224 195 

5th 1053 2832 224 223 

6th 1053 1564 224 123 

7th 1053 1667 224 131 

8th 468 2416 100 190 

9th 1053 1266 224 100 

10th 859 2582 183 203 

11th 843 1540 179 121 

12th 871 1802 185 142 

13th 470 1272 100 100 
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As can be seen from Table 7.9, interconnections for Ar=0.8Ap have lower roll and 

pitch stiffness as compared with the interconnections for Ar=0.6Ap. In other words, 

the magnitudes of the roll and the pitch stiffness decreased to less than half of those 

of the interconnections for Ar=0.6Ap. 

7.6. COMPARISON OF DAMPING PROPERTIES OF THE 

INTERCONNECTED HP SUSPENSION SYSTEM 

In order to compare the damping characteristics of the interconnected suspension 

configurations in a proper manner, the approach explained in Chapter 6 is again used. 

First, suspensions with equal damping characteristics in vertical direction are 

obtained, and then the pitch and roll damping characteristics are formed and 

compared. In order to get equivalent vertical damping characteristics, damping valve 

parameters are optimized.  

7.6.1. Case 1: Ar=0.6Ap 

The vertical damping force of different suspension configurations are given in Figure 

7.33 and roll and pitch damping moments are given in Figure 7.34 and Figure 7.35, 

respectively. 

 

Figure 7.33: Vertical Damping of Different Interconnections 
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As can be seen from Figure 7.33, all suspension configurations have almost identical 

vertical damping characteristics. 

As can be seen from Figure 7.34 and Figure 7.35, some of the interconnected HP 

suspension systems have similar roll and pitch damping performances and some of 

them have different roll and pitch damping performances. To be able to compare the 

different suspension configurations in terms of roll and pitch damping in a 

quantitative manner, the area under the curves are calculated. Figure 7.36 and Figure 

7.37 show the values of the integral of the roll and pitch interconnections. 

 

Figure 7.34: Roll Damping of Different Interconnections  
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Figure 7.35: Pitch Damping of Different Interconnections 

 

Figure 7.36: Integral of Roll Damping of Different Interconnections 
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highest roll damping. Since the eighth and thirteenth suspension configurations are 

unconnected in roll plane, they have lower roll damping. The tenth, eleventh, and 

twelfth suspension configurations have semi-interconnection in roll plane and thus 

they have higher roll damping as compared to unconnected suspension 

configurations in roll plane and they have lower roll damping as compared to fully 

interconnected suspension configurations. 

As Figure 7.37 illustrates, the first, fourth, fifth, eighth, and tenth interconnections 

have the higher pitch damping. Unconnected suspension configurations in the pitch 

plane which are the ninth and thirteenth have lower pitch damping. The remaining 

suspension configurations have pitch damping between the fully interconnected and 

the unconnected interconnections. 

 

Figure 7.37: Integral of Pitch Damping of Different Interconnections 
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Table 7.10: Integral of Roll and Pitch Damping of Different Interconnections  

Suspension 

Conf. 

Int Roll 

Damping 

Int Pitch 

Damping 

Roll 

Damping [%] 

Pitch 

Damping [%] 

1st 2.0925e+04 5.7195e+04 434 518 

4th 2.0925e+04 5.5938e+04 434 506 

5th 2.0925e+04 7.6055e+04 434 689 

6th 2.0925e+04 2.0156e+04 434 182 

7th 2.0925e+04 2.8165e+04 434 255 

8th 4.7601e+03 5.7309e+04 99 519 

9th 2.0925e+04 1.1032e+04 434 100 

10th 1.3799e+04 6.4354e+04 286 583 

11th 1.3804e+04 1.7883e+04 286 162 

12th 1.3973e+04 2.6409e+04 290 239 

13th 4.8175e+03 1.1045e+04 100 100 

 

7.6.2. Case 2: Ar=0.8 Ap 

The vertical damping force of different suspension configurations are given in Figure 

7.38 and roll and pitch damping moments are given in Figure 7.39 and Figure 7.40, 

respectively. As Figure 7.38 illustrates, all interconnected suspension configurations 

have equivalent vertical damping characteristics. 

 

Figure 7.38: Vertical Damping of Different Interconnections 
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Figure 7.39: Roll Damping of Different Interconnections 

 

Figure 7.40: Pitch Damping of Different Interconnections 
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7.42. Since the strength of the interconnection is reduced, the roll and pitch damping 

are lower as compared with the roll and pitch damping of the suspension 

configurations for Ar=0.6Ap. 

 

Figure 7.41: Integral of Roll Damping of Different Interconnections 

 

Figure 7.42: Integral of Pitch Damping of Different Interconnections 
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The normalized integral values are summarized also in Table 7.11. 

Table 7.11: Integral of Roll and Pitch Damping Characteristics of Different 

Interconnections 

Suspension 

Conf. 

Ar=0.8Ap 

Int. Roll 

Damping 

Int Pitch 

Damping 

Roll 

Damping [%] 

Pitch 

Damping [%] 

1st 9.8208e+03 2.1285e+04 204 193 

4th 9.8208e+03 2.1514e+04 204 195 

5th 9.8208e+03 2.5163e+04 204 228 

6th 9.8208e+03 1.3255e+04 204 120 

7th 9.8208e+03 1.5526e+04 204 141 

8th 4.8177e+03 2.1314e+04 100 193 

9th 9.8208e+03 1.1079e+04 204 100 

10th 8.0411e+03 2.4238e+04 167 219 

11th 8.0220e+03 1.3568e+04 167 123 

12th 8.0341e+03 1.4856e+04 167 135 

13th 4.8175e+03 1.1045e+04 100 100 

In summary, there are two important tuning approaches for the interconnected 

suspensions. One of them is the type of the suspension configurations and the other is 

the ratio of the rod area to piston area. By changing the type of the interconnection, 

different suspension characteristics can be obtained both in the roll and pitch 

directions. These characteristics change with the connection type (full 

interconnection or semi-interconnection) and connection direction (pitch plane, roll 

plane, full). In all interconnections when the ratio of the rod area to piston area is 

reduced, the stiffness and the damping characteristics of the suspension 

configurations increase. While designing the suspension, these two design features 

can be observed. 

7.7. COMPARISON OF WARP MOMENT CHARACTERISTICS OF THE 

INTERCONNECTED HP SUSPENSION SYSTEM 

In this section warp moment characteristics are compared. Comparisons are 

performed first for Ar=0.6Ap and then Ar=0.8Ap.  
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7.7.1. Case 1: Ar=0.6Ap 

Warp moment for different suspension configurations are given in Figure 7.43. 

 

Figure 7.43: Warp Moment of Different Interconnections 

Integral values are summarized in Table 7.12. 
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As can be seen from Table 7.12, the fifth, tenth, twelfth, and thirteenth suspension 

configurations have lower warp moment. However, the sixth and ninth suspension 

configurations have very high warp moment as compared to other configurations. 

7.7.2.  Case 2: Ar=0.8Ap 

Warp moment for different suspension configurations are given in Figure 7.44. 

 

Figure 7.44: Warp Moment of Different Interconnections 
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Suspension configurations have somewhat closer warp moment characteristics to 

each other for the interconnection for Ar=0.8Ap, as compared for the suspension 

configurations for Ar=0.6Ap, due to strength of the interconnections. 

7.8. COMPARING THE SUSPENSION CONFIGURATIONS FOR ROLL 

AND PITCH PERFORMANCE 

The stiffness and damping characteristics of different interconnections are compared 

to each other for two different values of the rod to piston area, now they are 

compared in the view of the combined characteristics. For this reason, a metric for 

performance of the vehicle is determined. The calculations are to be performed with 

Ar=0.8Ap and the suspension metric is calculated according to, 

 

PS RS WM
PS RS WM

PS13th RS13th WM13th

PS RS WM

k k k
w w w

k k k
SM

w w w

 


 

 (7-103) 

where SM is the suspension metric, wPS is the pitch stiffness weighting factor, kPS is 

the pitch stiffness, wRS is the roll stiffness weighting factor, kRS is the roll stiffness, 

wWM is the warp moment weighting factor, kWM is the warp moment integral. The 

applicability of this suspension metric can also be evaluated after the time domain 

simulations. The SM for different suspension configurations are given in Table 7.14 

for the weighting factors, wPS=0.4; wRS=1, wWM=0.2 and for wPS=0.4; wRS=2, 

wWM=0.2. 
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Table 7.14: Suspension Metrics of Different Interconnected Configurations 

 Normalized Values  

Suspension 

Conf. 

Pitch 

Stiffness 

Roll 

Stiffness 

Warp 

Moment 

SM1 SM2 

1
st
 190 224 129 228 226 

4
th

 195 224 137 229 227 

5
th

 223 224 103 244 235 

6
th

 123 224 243 187 204 

7
th

 131 224 176 201 212 

8
th

 190 100 213 111 106 

9
th

 100 224 257 177 198 

10
th

 203 183 100 203 194 

11
th

 121 179 166 162 170 

12
th

 142 185 104 184 185 

13
th

 100 100 100 100 100 

 

While selecting the vehicle suspension weighting metrics, mainly roll and pitch 

performances are considered. It is known that the handling performance of the 

vehicle is directly related with the roll angle and thus roll stiffness of the vehicle. 

Similarly, the braking-traction and the firing performance of the vehicles are related 

to the pitch stiffness and thus the pitch angle responses. However, since handling is 

more important for safe driving, in both situations its parameters are high. According 

to the results, all suspension configurations except, eighth and thirteenth have high 

suspension metrics. 

7.9. SENSITIVITY STUDY: EFFECT OF THE SUSPENSION 

PARAMETERS ON THE STIFFNESS AND DAMPING 

CHARACTERISTICS OF THE INTERCONNECTED SUSPENSION 

SYSTEMS 

After the stiffness and the damping characteristic of the interconnected HP 

suspension system are derived, a sensitivity study is to be performed. With the 

sensitivity study, effect of the suspension parameters on the stiffness and the 

damping characteristics are to be examined. The examined suspension parameters are 

Ap, Ar, V30, Amaxpos, Amaxneg,. To be able to obtain the sensitivity plots, the related 

parameters are perturbed by 25 % about its nominal value. Sensitivity study is to be 

performed with the first suspension configurations only. 
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7.9.1. Stiffness Sensitivity Study 

In this part, changes of the vertical, roll, and the pitch stiffness with the suspension 

parameters which are initial gas pressures, piston area, and the rod area are to be 

examined.  

7.9.1.1. Effect of Piston Area 

Changes of the vertical, roll, and the pitch stiffness with piston area are shown in 

Figure 7.45, Figure 7.46, and Figure 7.47, respectively for Ar=0.6Ap. The parameters 

of the first interconnected suspension configurations derived in previous parts are 

used to get the nominal stiffness values. Then the piston area is perturbed to 25% 

lower and upper values from the nominal values and the stiffness are computed.  

 

Figure 7.45: Change of the Vertical Stiffness with Piston Area for Ar=0.6Ap 
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Figure 7.46: Change of the Roll Stiffness with Piston Area for Ar=0.6Ap 

 

Figure 7.47: Change of the Pitch Stiffness with Piston Area for Ar=0.6Ap 
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7.9.1.2. Effect of Initial Gas Volume 

Now the changes of the stiffness with the initial gas volumes are obtained. The 

results are given in Figure 7.48 to Figure 7.50. 

 

Figure 7.48: Change of the Vertical Stiffness with Initial Gas Volume for Ar=0.6Ap 

 

Figure 7.49: Change of the Roll Stiffness with Initial Gas Volume for Ar=0.6Ap 
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Figure 7.50: Change of the Pitch Stiffness with Initial Gas Volume for Ar=0.6Ap 
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Figure 7.51: Change of the Vertical Stiffness with Rod Area  
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vertical suspension stiffness further decreases. The reason for getting lower initial 

gas volumes for the interconnected suspension configurations with respect to 

unconnected HP suspension configuration in order to equalize the vertical stiffness of 

unconnected and interconnected suspension configurations is the effective piston 

area. In order to get rid of the stiffness decrease due to decreasing effective piston 

area, initial gas volumes are decreased and stiffness increases. In final situation, 

vertical stiffness remains the same. However, the interconnection results in higher 
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roll and pitch stiffness as can be seen from Figure 7.52 and Figure 7.53. In other 

words, interconnected suspension results in lower vertical stiffness. This results in 

pitch and roll stiffness decrement. However, it is explained before that 

interconnection increases roll and pitch stiffness. Thus the overall effect is rises of 

the roll and pitch stiffness. 

 

Figure 7.52: Change of the Roll Stiffness with Rod Area  

 

Figure 7.53: Change of the Pitch Stiffness with Rod Area  
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7.9.2. Damping Sensitivity Study 

Now the changes of the vertical, roll, and the pitch damping of the interconnected 

suspension configurations with the maximum valve opening, piston area, and the rod 

area are to be found. For the sensitivity study with the maximum valve opening and 

the piston area, the nominal parameters of the first interconnection suspension 

configurations are used. However, for the sensitivity study with the rod area, 

parameters of the unconnected suspension configurations are used to see the effect of 

the interconnection on the damping characteristics of the suspension. 

7.9.2.1. Effect of Maximum Valve Opening 

Change of the damping characteristics with the maximum valve openings are shown 

in Figure 7.54 to Figure 7.56. 

 

Figure 7.54: Change of the Vertical Damping with Maximum Valve Opening  
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Figure 7.55: Change of the Roll Damping with Maximum Valve Opening  

 

Figure 7.56: Change of the Pitch Damping with Maximum Valve Opening  
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7.9.2.2. Effect of Piston Area 

Change of the damping characteristic with the piston area is shown in Figure 7.57 to 

Figure 7.59. 

 

Figure 7.57: Change of the Vertical Damping with Piston Area  

 

Figure 7.58: Change of the Roll Damping with Piston Area 
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Figure 7.59: Change of the Pitch Damping with Piston Area 

When the piston area increases, the amount of the oil passing through the orifice also 

increases which results in increased damping force and moment. 

7.9.2.3. Effect of Rod Area 

Change of the damping characteristics with the rod area are shown in Figure 7.60 to 

Figure 7.62. While calculating the damping characteristics, nominal parameters of 

the unconnected HP suspension system are used. Then the rod area is lowered to 

Ar=0.8Ap and Ar=0.6 Ap to examine the effect of the interconnection on the damping 

characteristics. 
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Figure 7.60: Change of the Vertical Damping with Rod Area 

 

Figure 7.61: Change of the Roll Damping with Rod Area 
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Figure 7.62: Change of the Pitch Damping with Rod Area 

As Figure 7.60 illustrates, when the suspension configuration is changed from 

unconnected to interconnected, effective piston area decreases. A decrease in 

effective piston area causes a decrease in vertical damping force as can be seen 

Figure 7.57. However, interconnected suspension configuration results in an increase 

in roll and pitch damping moments; the overall effect is the increase in roll and pitch 

damping. In other words, a decrease in effective piston area due to interconnection 

results in a decrement in roll and pitch damping. However, the interconnection itself 

causes roll and pitch damping to increase. The overall effect is the increase of roll 

and pitch damping. 

7.10. SIMULATIONS 

In this part, the performances of the suspension configurations are evaluated with 

simulations. First ride comfort characteristics, and then the handling performance of 

the vehicle with three axles are examined. 
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7.10.1. Ride Comfort Simulations 

In this part, the ride comfort performance of a vehicle with three axles is going to be 

evaluated with random road displacement inputs same as those used in section 4.2.4.1 at 

different vehicle longitudinal speed. rms values of the responses are given in Table 

7.15 to Table 7.18. 

Table 7.15: rms Values for Random Road Simulation at 60 kph Longitudinal 

Velocity 

 Ar=0.6Ap Ar=0.8Ap Unconnected 

Vertical Acceleration [m/s
2
] 0.21 0.21 0.22 

Pitch Acceleration [rad/s
2
] 0.18 0.14 0.12 

Roll Acceleration [rad/s
2
] 0.26 0.25 0.26 

 

Table 7.16: rms Values for Random Road Simulation at 70 kph Longitudinal 

Velocity 

 Ar=0.6Ap Ar=0.8Ap Unconnected 

Vertical Acceleration [m/s
2
] 0.25 0.25 0.28 

Pitch Acceleration [rad/s
2
] 0.26 0.19 0.16 

Roll Acceleration [rad/s
2
] 0.40 0.41 0.45 

 

Table 7.17: rms Values for Random Road Simulation at 80 kph Longitudinal 

Velocity 

 Ar=0.6Ap Ar=0.8Ap Unconnected 

Vertical Acceleration [m/s
2
] 0.35 0.36 0.38 

Pitch Acceleration [rad/s
2
] 0.37 0.28 0.20 

Roll Acceleration [rad/s
2
] 0.63 0.59 0.54 

 

Table 7.18: rms Values for Random Road Simulation at 90 kph Longitudinal 

Velocity 

 Ar=0.6Ap Ar=0.8Ap Unconnected 

Vertical Acceleration [m/s
2
] 0.41 0.42 0.44 

Pitch Acceleration [rad/s
2
] 0.54 0.32 0.22 

Roll Acceleration [rad/s
2
] 0.98 0.79 0.63 

 

As can be seen from Table 7.15 to Table 7.18, the vertical accelerations of the 

interconnected and the unconnected suspensions are close to each other. This is due 
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to the fact that the interconnected and the unconnected suspension configurations 

have equivalent vertical stiffness and damping characteristics. However, since 

interconnected HP suspension configurations have higher pitch and roll stiffness and 

damping, the roll and pitch accelerations of the interconnected HP suspension system 

are higher than those of the unconnected suspension. In conclusion, the 

interconnected suspension systems have the same vertical ride comfort performance 

with the unconnected suspension systems, yet they have slightly degraded ride 

comfort performances in roll and pitch directions. 

7.10.2. Vehicle Handling Simulation 

Since, the interconnected HP suspension system is fully modeled both in the roll and 

pitch planes, the simulations exciting both roll and pitch dynamics of vehicle is 

necessary. Braking in turn simulations are performed to evaluate the handling 

properties of the interconnected HP suspension system. As proposed in the study of 

Cao [19], braking force is to be applied in proportion to the static tire load. Only 

front wheels are steered in cornering. The braking torques and the steering inputs are 

shown in Figure 7.63 and Figure 7.64, respectively. 

 

Figure 7.63: Steering Input 
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Figure 7.64: Braking Input 

One of the important considerations while determining the tire parameter for the 

vehicle is the stability concern. If the tire cornering stiffness and the vehicle 

parameters are not selected appropriately, unstable vehicle behavior can be observed. 

This prevents the evaluation of the vehicle handling performance. For a vehicle with 

two axles, handling stability has been well studied in literature. There are some 

studies which examine the vehicle handling for three axle vehicles [80]-[81]. 

According to these studies, cornering stiffness values can be selected for a stable 

vehicle. After that, simulations are performed. Simulation results are given in Figure 

7.65 to Figure 7.73. 

0 2 4 6 8 10 12
-2.5

-2

-1.5

-1

-0.5

0

0.5

Time [s]

 T
o
rq

ue
 [

k
N

m
]

 

 

Front

Middle

Rear



 

 

376 

 

 

Figure 7.65: Front Left Suspension Deflection 

 

Figure 7.66: Front Right Suspension Deflection 
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Figure 7.67: Intermediate Left Suspension Deflection 

 

Figure 7.68: Intermediate Right Suspension Deflection 
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Figure 7.69: Rear Left Suspension Deflection 

 

Figure 7.70: Rear Right Suspension Deflection 
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Figure 7.71: Roll Angle 

 

Figure 7.72: Pitch Angle 
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system has the lower roll angle response. When the strength of the interconnection is 

increased, roll angle decreases further. The interconnected HP suspension system 

also improves the vehicle pitch performance by decreasing the pitch angle as can be 

seen from Figure 7.72. 

 

Figure 7.73: Trajectory of the Vehicle 
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by the vehicle path. Figure 7.73 shows the longitudinal and lateral displacement of 

the vehicle. As can be seen from Figure 7.73, vehicle with the interconnected HP 
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words, the vehicle with the interconnected HP suspension system curves more 

rapidly than the vehicle with unconnected suspension configurations.  
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the firing shock force given in Figure 7.74. The elevation angle of the gun is 20 

degrees and the azimuth angle of the gun is 30 degrees. Simulation results are given 

in Figure 7.75 to Figure 7.82. As can be seen from the simulation results, maximum 

values and the settling time of the vehicle with the interconnected HP suspension 

system is better with respect to settling time and maximum values of the vehicle with 

the unconnected HP suspension system. 

 

Figure 7.74: Firing Shock Force 

 

Figure 7.75: Front Left Suspension Deflection 
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Figure 7.76: Front Right Suspension Deflection 

 

Figure 7.77: Intermediate Left Suspension Deflection 
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Figure 7.78: Intermediate Right Suspension Deflection 

 

Figure 7.79: Rear Left Suspension Deflection 
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Figure 7.80: Rear Right Suspension Deflection 

 

Figure 7.81: Pitch Angle 
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Figure 7.82: Roll Angle 

7.11. CONCLUSION 

In this chapter the design and analysis of the full vehicle model with different 

interconnected HP suspension systems have been studied. The interconnected HP 
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interconnected HP suspension system, the vertical stiffness and damping 

characteristics have been equalized by optimizing the initial gas volumes and 

damping valve parameters. Then the stiffness and damping characteristics of the 

interconnected HP suspension system have been compared in the vertical, roll, and 

pitch directions. According to the results, when the suspension is fully interconnected 

in coupled roll and pitch directions, the roll and pitch characteristic values are 

increased. When it is semi-interconnected in coupled roll and pitch directions, a 

somewhat lower roll and pitch stiffness and damping characteristics have been 

obtained with respect to fully interconnected HP suspension system. However, fully 

interconnected HP suspension system in either roll or in pitch directions have high 

stiffness and damping only in the roll or pitch directions. The stiffness and damping 
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characteristics of the pure roll or pure pitch interconnections are similar to stiffness 

and damping characteristics of the unconnected suspension. After the stiffness and 

damping characteristics of the HP suspension system have been examined a detailed 

sensitivity analysis have been performed. Change of the vertical, roll, and pitch 

stiffness and damping characteristics with respect to suspension design parameters 

which are initial gas volumes, piston area, rod area, and damping valve parameters 

have been studied. In sensitivity study, the nominal parameters of the first 

interconnected HP suspension system have been used. According to the result, when 

the initial gas volumes are reduced, vertical, roll, and pitch stiffness increases. 

Moreover, when the piston area increases, stiffness characteristics of the suspension 

increase. Finally, the effect of the piston rod area which resembles the strength of the 

interconnection has been investigated. When the unconnected suspension 

configurations are converted into interconnected suspension configurations, vertical 

stiffness decreases, however the roll and pitch stiffness increase. This result is 

important characteristic of the interconnected HP suspension system and will be used 

in the optimization studies. After the stiffness sensitivity analysis has been 

completed, damping sensitivity analysis has been performed. As expected, when the 

valve opening areas are decreased, vertical, roll, and pitch damping increases. Also 

an increase in piston area increases the damping characteristics. Finally, when the 

rod area is increased vertical damping decreases yet roll and pitch damping increases. 

After sensitivity study, the performance of the vehicle with fully interconnected HP 

suspension system has been examined by the simulations. For this reason a 18 dof 

full vehicle model with combined lateral and longitudinal Magic Formula tire model 

is derived. To examine the ride comfort performance, simulations with random road 

displacement input at different longitudinal velocities have been performed. 

According to the results, interconnection does not affect vertical ride comfort, yet it 

results in a slight roll and pitch ride comfort degradation. Handling performance of 

the interconnected HP suspension system has been examined by braking in cornering 

maneuver simulations. The results show that the interconnected HP suspension 

system reduces the roll angle considerably. The firing shock performance of the HP 

suspension system has also been examined by the firing shock simulation. The 



 

 

387 

 

results show that the vehicle with the interconnected HP suspension system comes to 

steady state in shorter time and with lower maximum response values.  

As a conclusion, for a multi-axle vehicle, considerable performance improvement 

can be obtained by fully roll and pitch coupled HP suspension systems by properly 

tuning the design parameters of the suspension. 
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CHAPTER 8 

 

 

DESIGN OF THE PITCH INTERCONNECTED HP 

SUSPENSION SYSTEM FOR MULTI-AXLE VEHICLE 

 

 

 

In this chapter, the roll and pitch interconnection for multi-axle vehicles is going to 

be examined. For a vehicle with four and more axles, there are many different multi-

axle interconnections. These interconnections are explained according to the results 

of the previous chapter. Then a guideline for the design of the interconnected HP 

suspension system for multi-axle vehicles is presented. 

8.1. INTRODUCTION 

For a vehicle with three axles, the possible interconnections were classified as full 

interconnections and semi-interconnections. In full interconnections, first and fourth 

volumes of each suspension units are connected to each other. In semi-

interconnections first and fourth oil volumes of only two suspension units are 

interconnected to each other. According to the results obtained, full and semi-

interconnections result in suspension configurations which have the highest pitch 

stiffness. However, for a vehicle with four and more axles, there are many more 

possible interconnections which may improve roll and pitch performance of the 

vehicle. These interconnections can be enumerated as done in the previous chapters. 

Again X coupled interconnections between different axles of the vehicle can be tried 

in coupled roll and pitch plane of the vehicle. As shown in the previous chapters, in 

general fully interconnected HP suspension system improves the roll and/or pitch 
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performances in the plane of connection (or connections). In Chapter 7, it was shown 

that a full interconnection purely in the roll plane improves the performance of the 

vehicle only in the vehicle roll plane. However, in the pitch plane, its performance is 

exactly the same as the performance of the unconnected suspension. Similarly, a 

fully interconnected HP suspension system in the pure pitch plane of the vehicle 

improves the pitch performance, yet it has low performance in the roll plane, 

identical to the roll performance of the unconnected HP suspension system. 

Moreover, in the roll plane, closely equivalent roll stiffness and the damping 

characteristics are obtained according to the type of the interconnections which are 

unconnected, semi-interconnected, and full-interconnected. In other words, all fully 

interconnected HP suspension systems in the roll plane have similar dynamic 

characteristic and all semi-interconnected HP suspension systems have similar 

dynamic characteristics. However, in the pitch plane of the vehicle, according to the 

type of the interconnections both for the full or semi-interconnections different 

characteristics can be obtained. After the type of the interconnection is determined, 

selection of the suspension design parameters is made. A general guideline for the 

design of the interconnected HP suspension system for a multi-axle vehicle is 

proposed in the following sections. 

8.2. INTERCONNECTED HP SUSPENSION SYSTEM FOR A MULTI-

AXLE VEHICLE 

For a vehicle with three axles possible interconnections in pitch, roll, and coupled 

pitch and roll plane of the vehicle have been enumerated in Chapter 7. From the 

results of Chapter 7, the generalization of the interconnection for multi-axle vehicles 

can be made.  

According to the Chapter 7 results: 

 When different suspension units of the interconnected suspension system 

have similar parameters, the roll plane properties of the interconnected HP 

suspension system strongly depends on the type of the interconnected 

suspension system which may be fully interconnected, semi-interconnected 

and unconnected suspension. Therefore, in order to increase or reduce the roll 
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stiffness or roll damping characteristics, one or more interconnection in the 

roll plane can be added or removed.  

 The pitch plane characteristics of the interconnected HP suspension system 

depend strongly on the configurations of the interconnection. However, in 

general, fully interconnected HP suspension systems consisting of pitch 

interconnections of all suspension units have higher pitch stiffness and 

damping. When the distance between the suspension units at which the pitch 

interconnection is performed increases, pitch stiffness and damping also 

increases. This is because the amount of the oil pumped between 

interconnected suspensions units due to the motion of the vehicle is 

proportional to the distance between them. For this reason, as shown in 

Chapter 6 and 7, when the front and rear suspension units are interconnected 

to each other, pitch stiffness and the damping is high. 

To illustrate, the interconnected suspension configurations shown in Figure 8.1 and 

Figure 8.2 have similar pitch characteristics, yet they have different roll 

characteristics. Interconnected suspension configurations shown in Figure 8.1 have 

full roll interconnections which are of the pure X type. This means that, the fourth oil 

volume of a suspension unit is interconnected to the first oil volume of the opposite 

suspension unit in the roll plane, and the first oil volume of the same suspension unit 

is interconnected to the fourth oil volume of the opposite suspension unit in the roll 

plane.  
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Figure 8.1: Interconnected HP Suspension System for a Three Axle Vehicle 
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However, the interconnected HP suspension unit shown in Figure 8.2 has roll 

interconnection between the intermediate and the rear suspension units, and thus is 

not pure X type. 

 

Figure 8.2: Interconnected HP Suspension System for a Three Axle Vehicle 
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In a summary, for a multi-axle vehicle, suspension units should be interconnected in 

the roll plane to form a pure X type connection to obtain higher roll stiffness and 

damping. Yet for the pitch plane, there are many possible interconnections. However 

as explained previously, interconnecting the suspension units which are far from 

each other in the pitch plane increases pitch stiffness and damping. According to 

these explanations, possible interconnections for multi-axle vehicles can be 

enumerated. After the possible type of the interconnected HP suspension system is 

determined, the next step is the determination of the initial suspension parameters. 

Important vehicle characteristics, such as suspension forces and the body bounce 

frequency are dependent on the vehicle suspension parameters at static equilibrium. 

Therefore, suspension parameters in static equilibrium are taken as the base 

parameters for the design. After the suspension parameters are determined, initial 

parameter sets before static equilibrium can be determined. Moreover, one of the 

special characteristics of the multi-axle vehicles is that the state of the vehicle at 

static equilibrium depends on the initial suspension parameters. This situation 

provides flexibility in the design of the suspension system. When the suspension 

initial parameters are changed, suspension parameters at static equilibrium also 

change. One of the possible ways of determining the suspension state at static 

equilibrium is specifying the suspension forces and the vehicle body bounce 

frequency. By this way, suspension parameters at static equilibrium can be 

determined. 

A guideline for the design of the interconnected HP suspension system for two and 

for multi-axle vehicle for improved pitch and roll plane characteristics can be 

summarized in Figure 8.3 and Figure 8.4, respectively. The main difference between 

the design of the interconnected HP suspension system for two and multi-axle 

vehicles is the number of possible interconnections. For a vehicle with three and 

more axles, the number of the possible interconnections increases sharply. This 

provides flexibility in suspension design and different suspension systems with 

different characteristics can thus be obtained.  
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Figure 8.3: Interconnected Suspension Design Layout 
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Figure 8.4: Interconnected Suspension Design Layout 
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As can be seen from Figure 8.4, the design of the interconnected HP suspension 

system can be summarized as, 

 Determine the type of the interconnection as fully roll interconnected; fully 

pitch interconnected, fully coupled roll or pitch interconnection, or semi-

interconnected. Vehicle with the fully roll interconnection has the highest roll 

stiffness and damping, vehicle with the fully pitch interconnection has highest 

pitch stiffness and damping, and vehicle with coupled fully roll and pitch 

interconnection has higher roll and pitch stiffness. When interconnection is 

converted from full to semi-interconnection, the roll and/or pitch stiffness 

decreases. 

 Examine the feasibility of the interconnected suspension configurations by 

analyzing the consistency of the equations. Perform a static analysis to find 

the suspension forces at static equilibrium. For a vehicle with two axles, 

assuming left and right symmetry of vehicle, suspension forces at static 

equilibrium can be determined uniquely. For a vehicle with three and more 

axles, suspension forces at static equilibrium should be determined from the 

initial suspension configurations and static equilibrium. However, initial 

suspension configurations can be adjusted to obtain desired suspension 

parameters. For instance, suspension forces which are as close as to each 

other can be taken as the desired suspension forces, and suspension forces can 

be found uniquely. 

 Specify the piston area. Piston area can be specified according to the gas and 

oil pressures at the static equilibrium. Moreover, while the vehicle is in 

operation, oil and gas pressures increases too. High oil pressures may 

increase the leakage across the piston and/or cylinder and/or from other 

connections. Thus according to the applications, the piston area should be 

selected according to reasonable oil pressures. 

 Specify a piston rod area. When the piston rod area is low, the strength of the 

interconnection decreases and when the piston rod area increases the 

interconnection loses its strength. Oil and gas pressures at static equilibrium 
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change with the piston and piston rod areas. Therefore, piston rod area should 

be specified both according to the pressures at static equilibrium and desired 

stiffness and damping characteristics. 

 Once the piston area, piston rod area, and the type of interconnection are 

determined, gas volumes at static equilibrium can be determined from the 

desired body bounce frequency. 

 After the gas volumes are found and damper parameters are specified, the 

vertical, roll and pitch stiffness, and damping characteristics can be found. If 

the roll and pitch characteristics are found to be insufficient, the type of the 

interconnection can be changed such that higher roll and pitch stiffness can 

be obtained and/or the piston rod area can be decreased. If the roll and pitch 

stiffness and damping characteristic are too high, the suspension type can be 

changed into semi-interconnections and/or piston rod area can be increased. 

If the suspension configuration is unconnected, the roll and pitch stiffness and 

damping can be increased by increasing suspension stiffness and damping. However, 

increasing suspension stiffness and damping also increases vertical stiffness and 

damping. This results in degraded vertical vehicle characteristics. However, in 

interconnected suspension configurations, the pitch and roll stiffness and damping 

can be increased by decreasing piston rod area without changing vertical stiffness 

and damping characteristics of the vehicle. 

8.3. CONCLUSION 

Interconnected HP suspension systems provide considerable flexibility for the 

performance improvements of multi-axle vehicles. Proper interconnected in the roll 

and/or pitch planes with suitable suspension parameters, handling and 

braking/acceleration and firing performance of the vehicle can be improved. 

Moreover, due to high number of possible interconnections, more design flexibility is 

offered to the designer. 
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CHAPTER 9 

 

 

OPTIMIZATION OF HP SUSPENSION SYSTEMS 

 

 

 

9.1. INTRODUCTION 

In the previous chapters, HP suspension system integrated in different vehicle 

models analyzed and the active suspension applications of HP suspension systems 

are investigated. To be able to improve the roll and pitch performance of the HP 

suspension system in a complete vehicle model, interconnected HP suspension 

systems have been modeled. In all these studies, the nominal parameters of the HP 

suspension system have been used. In this chapter, to be able to satisfy the 

predefined vehicle performance consideration, optimum parameters of the HP 

suspension system are going to be determined.  

Vehicle dynamics is a complex subject. It is customary to classify vehicle dynamics 

under three sub areas [82]: 

 Vehicle Handling 

 Vehicle Ride 

 Vehicle Longitudinal Performance 

These three characteristics of a vehicle are related to each other with the complex 

suspension dynamics. A well designed suspension system should improve the 

performance under these sub areas as much as possible. Even though the relations of 

the vehicle ride comfort with the suspension is obvious, the relation of the 
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suspension with the vehicle handling and the vehicle longitudinal performance are 

not so clear. When the vehicle is cornering, there is a lateral load transfer from the 

inner wheels to outer wheels. Lateral load transfer is due to many vehicle parameters 

one of which is the suspension stiffness. As can be understood from the tire models, 

tire cornering force increases with the increasing vertical load. Therefore when the 

vehicle is cornering, the outer tire cornering forces increase and the inner tire 

cornering forces are reduced. However, the total cornering force of the vehicle 

decreases with the increasing lateral load transfer. Moreover, tire deflections, due to 

road disturbances, result in the fluctuations of the tire vertical load and hence the 

effectiveness of traction, braking, and cornering will be variable. Therefore, it is 

desired to decrease the tire deflection fluctuations from the static equilibrium as 

much as possible to obtain better road holding.  

Wong [40] examined the effects of the stiffness, damping, and the unsprung mass on 

the ride comfort, suspension packaging, and the road holding performance for a 

quarter car model. His results can be used as basic guidelines in the design of 

suspension systems. 

 High suspension stiffness is required for better vibration isolation below the 

body bounce frequency, 

 Low suspension stiffness is required for better vibration isolation between the 

body bounce and wheel hop frequencies, 

 High damping is required for better vibration isolation around the body 

bounce frequency, 

 Low damping is required for better vibration isolation between the body 

bounce and wheel hop frequencies, 

 Lower damping ratio is required for better vibration isolation above the wheel 

hop frequency. 

 Higher suspension stiffness is required for better suspension packaging at 

frequencies below body bounce frequency. 
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 Lower suspension stiffness is required for better suspension packaging 

between the body the bounce frequency and the crossover frequency, 

 Higher suspension stiffness is required for better suspension packaging 

between the crossover frequency and the wheel hop frequency. 

 Higher damping ratio is required for better suspension packaging.  

 Lower suspension stiffness is required for better road holding.  

 Around wheel hop frequency, higher suspension stiffness is required for 

better road holding. 

 Higher damping ratio is required the better road holding around the body 

bounce and the wheel hop frequencies. 

 Lower damping ratio is required for better road holding between the body 

bounce and wheel hop frequencies  

In order to design a suspension system for the desired vehicle performance 

characteristics, a detailed suspension optimization study is going to be performed in 

the following sections. The aim of this chapter is to determine the optimum 

parameters of the HP suspension system for the desired ride comfort and the vehicle 

handling performance. The parameters of the interconnected HP suspension system 

are optimized to get a compromise vehicle ride and handling performance. The 

objective function is defined as the weighted vertical acceleration of the driver and 

passengers. A maximum value of the roll angle is imposed in the optimization as an 

optimization constraint. 

9.2. SUSPENSION OPTIMIZATION 

As stated in Chapter I, the HP suspension system has certain advantages with respect 

to mechanical suspension systems. The fact that HP suspension units can be 

interconnected to each other easily improves the flexibility for the design of the 

suspension system for ride comfort, handling, and vehicle mobility. Thus in this 

chapter, the parameters of the interconnected and the unconnected HP suspensions 

are optimized to improve the vehicle ride comfort. To consider driving safety as well, 
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a constraint on vehicle handling is imposed in the process. Evaluation of the ride 

comfort is a subjective and the international standard ISO 2631 “Guide for the 

Evaluation of Human Exposure to Whole-Body Vibrations” [83] and BS6841 “Guide 

to Measurement and Evaluation of Human Exposure to Whole-Body Mechanical 

Vibration and Repeated Shock” [84] have been commonly used for this purpose. 

These standards provide a quantitative manner of evaluation of human exposure to 

vehicle accelerations in different directions. Human sensitivity to vibration changes 

with vibration amplitude, direction, duration, and frequency content. According to 

the ISO 2631, human exposure to vibrations can be evaluated in a quantitative 

manner by the so called reduced comfort boundaries. These reduced comfort 

boundaries provide the rms values of the limiting vibration values in different 

directions at different exposure durations and in a range of frequencies. For this 

reason, frequency shaping filters are used to evaluate the results of vibration 

exposure. In the study by Zuo and Nayfeh [85], low-order continuous time filters for 

the ride comfort frequency weighting curves are obtained. These filters are used in 

this study. The frequency weighting filter for vertical direction is given in Figure 9.1. 

 

Figure 9.1: Weighting Frequency Approximation of the ISO-2631 Weighting Curve 

for Vertical Acceleration [85] 
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Third order mathematical representation of this weighing filter (dashed line in Figure 

9.1) is given as [85], 

  
2

k 3 2

80.03s 989.0s 0.02108
W s

s 78.92s 2412s 5614

 


  
 (9-1) 

The stiffness of the single one-sided HP suspension system depends on the initial gas 

volume and the piston area. Similarly, the damping of the HP suspension system 

depends on the piston area and the orifice opening. When the suspension units are 

interconnected to each other, the vertical, pitch, and roll stiffness depend on the 

piston areas, rod areas, initial gas volumes, and the type of the interconnection. 

Similarly, the vertical, roll, and the pitch damping depend on the piston areas, rod 

areas, orifice parameters, and the type of the interconnection. Among these 

parameters, the piston rod area is the main parameter of the interconnection and 

determines the effect of the interconnection dynamics on the whole suspension 

dynamics. The parameters of the interconnection connectors also affect suspension 

damping and also stiffness to a small extend. However, for the simplicity and 

brevity, these parameters are not included in the suspension design parameters. The 

design parameters to be optimized in the study are selected as the initial gas volume 

and the piston rod area for the stiffness, and the orifice parameters and the rod area 

for the damping. The piston area affects both the stiffness and damping and thus it is 

not included in the design parameters to simplify optimization. The piston area and 

the piston rod area change the initial oil pressure in the suspension units and they can 

be used for this purpose. The piston rod area is used in the optimization when the 

interconnected suspension configuration is considered. In summary, the suspension 

parameters, the optimized parameters, and the related vehicle dynamics are 

summarized in Table 9.1.  
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Table 9.1: Optimized and Design Parameters 

 Suspension 

Parameters 

Optimized 

Parameters 

Vertical Stiffness Ap, Ar, V30 Ar, V30 

Roll Stiffness Ap, Ar, V30 Ar, V30 

Pitch Stiffness Ap, Ar, V30 Ar, V30 

Vertical Damping Ap, Ar, Orifice Parameters, 

Connector Parameters 

Ar, Orifice Parameters 

Roll Damping Ap, Ar, Orifice Parameters, 

Connector Parameters 

Ar, Orifice Parameters 

Pitch Damping Ap, Ar, Orifice Parameters, 

Connector Parameters 

Ar, Orifice Parameters 

To examine the effects of the design parameters on the suspension performance, a 

sensitivity study is performed. The variation of the vertical, roll, and the pitch 

accelerations, and the variation of the roll and the pitch angles with the suspension 

design parameters are examined. Instead of using the design parameters directly in 

the optimization, dimensionless design parameters are used. These parameters are 

defined as, 
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where nV30 is the scaled initial gas volume, V30n is the initial gas volume to be 

optimized, V30 is the nominal value of the initial gas volume, nDamp is the scaled 

orifice damping, PQn is the orifice damping to be optimized, PQ is the nominal 

orifice damping, nAr is the scaled piston rod area, Arn is the piston rod area to be 

optimized, and the Ap is the nominal piston area. The range of the scaled design 

parameters are, 
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When nAr is equal to 1, the suspension configuration becomes unconnected, and 

when nAr is not equal to 1, the suspension configuration become interconnected. 

Thus, nAr determines the strength of the interconnection. The optimized function is 

the weighted summation of the vertical, roll, and pitch accelerations of the sprung 

mass. To be able to take driving safety into consideration, constraint on the roll angle 

is imposed. As stated earlier, ride comfort is associated with the vertical, roll, and the 

pitch accelerations, and vehicle handling is associated with the maximum roll angle. 

Therefore the optimization process is formed as, 

   
V30 Damp Arn ,n ,n k FL FR ML MR RL RRarg min W f z z z z z z      

subject to  

 

 
 

V30 V30min V30max

Damp Dampmin Dampmax

Ar Ar min Ar max
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Roll angle constraint on the optimization was imposed as a new objective function 

as, 

  
2n

max

C
 

   
 

 (9-5) 

Roll angle constraint function used in the optimization study is given in Figure 9.2. 
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Figure 9.2: Roll Angle Constraint 

In optimization study, the same random road displacement input used in section 4.2.4.1 

is used for the ride comfort optimization, and the double lane change is used for the 

handling optimization.  

9.3. SENSITIVITY STUDY 

To get an initial insight into the optimization study, a sensitivity study is performed 

first. The variations of the vertical, roll, and pitch accelerations with the suspension 

design parameters are given in Figure 9.3 to Figure 9.5. 

As can be seen from Figure 9.3 to Figure 9.5, when the ratio of the gas volumes to 

the nominal gas volumes are lower, suspension stiffness increases and vertical, pitch, 

and roll accelerations also increase. This causes deterioration in ride comfort.  
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Figure 9.3: rms of Vertical Acceleration 

 

Figure 9.4: rms of Roll Acceleration 
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Figure 9.5: rms of Pitch Acceleration 

Variation of the vertical, roll, and pitch accelerations with damping ratio are given in 

Figure 9.6 to Figure 9.8. The effects of the damping ratio on the accelerations are 

variable. As can be seen from Figure 9.6 to Figure 9.8, in the low damping ratio 

region, when the damping ratio increases accelerations are reduced. When a certain 

damping ratio threshold is exceeded, increasing the damping ratio results in 

increased accelerations. Finally, the effects of the piston ratio on the acceleration 

responses are examined. Variation of the vertical, roll, and pitch accelerations with 

the piston rod area are given in Figure 9.9 to Figure 9.11. 

The variation of the accelerations with the piston ratio is not as obvious as the change 

of the accelerations with the volume ratio or with the damping ratio, since the piston 

ratio affects both the stiffness and the damping characteristics simultaneously. With 

regard to stiffness, when the piston ratio is reduced, the vertical stiffness decreases. 

However, when the piston ratio is reduced, tendency of increasing pitch and the roll 
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increasing piston ratio results in lower vertical ride comfort performance and higher 

roll and pitch ride comfort performances. 

 

Figure 9.6: rms of Vertical Acceleration 

 

Figure 9.7: rms of Roll Acceleration 
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Figure 9.8: rms of Pitch Acceleration 

 

Figure 9.9: rms of Vertical Acceleration 

0 0.5 1 1.5 2 2.5
0.18

0.19

0.2

0.21

0.22

0.23

0.24

0.25

Damping Ratio

P
it

ch
 A

cc
el

er
at

io
n

 [
ra

d
/s

2
]

0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

0.29

0.3

0.31

0.32

0.33

0.34

Piston Ratio

V
er

ti
ca

l 
A

cc
el

er
at

io
n
 [

m
/s

2
]



 

 

411 

 

 

Figure 9.10: rms of Roll Acceleration 

 

Figure 9.11: rms of Pitch Acceleration 
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which is the roll angle with respect to the suspension design parameters are going to 

be examined. For simulations with the steering input, a linear two degrees of freedom 

bicycle with three axles are used. Then the roll moment disturbance is formed using 

the lateral acceleration data. Steering wheel input used for double lane change 

simulation is given in Figure 9.12. Figure 9.13 to Figure 9.15 show the variation of 

the maximum roll angle with respect to the volume ratio, damping ratio, and the 

piston ratio. When the volume ratio is reduced, the suspension stiffness increases, 

and the roll angle is reduced. When the damping ratio increases, maximum value of 

the roll angle decreases. The volume ratio has a stronger influence on the roll angle 

response than the damping ratio. When the piston ratio decreases, the roll stiffness 

increases, and the roll angle gets smaller. 

 

Figure 9.12: Steering Wheel Input for Double Lane Change Maneuver 
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Figure 9.13: Roll Angle versus Volume Ratio 

 

Figure 9.14: Roll Angle versus Damping Ratio 
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Figure 9.15: Roll Angle versus Piston Ratio 

In summary, as expected, making the suspension stiffer by reducing the gas volumes 
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performance. 
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optimum values to minimize the accelerations and the roll angle is set to the 

maximum roll angle. Thus, interconnected suspension configuration has one more 

design parameter which is the piston rod area. For the completeness of the study, 

suspension optimization is to be performed for both the unconnected and the 

interconnected suspensions. 

9.4. OPTIMIZATION RESULTS 

As a first step optimization is carried out by taking the identical front, intermediate, 

and rear suspension gas volumes, damping ratios, and piston rod area ratio. 

Optimization is performed for improved ride comfort and improved handling. As 

stated in previous section, vehicle handling is imposed as the constraint in the 

optimization. For the ride comfort optimization, the maximum constraint on the roll 

angle is specified as the 8 degrees and for the handling optimization the constraint on 

the roll angle is specified as 4 degrees for the double lane change maneuvers at the 

specified longitudinal velocity. For the optimization, a well-known heuristics global 

optimization algorithm, the Matlab Genetic Algorithm toolbox [86] is used.  

The optimization results are given in Table 9.2 and the optimum parameter sets are 

given in Table 9.3. 

Table 9.2: Optimization Results 

 Ride Comfort (ø=8 Deg) Handling(ø=4 Deg) 

 Uncon. Intercon. % Uncon. Intercon. % 

Acceleration [m/s
2
] 0.90 0.43 55 1.32 0.48 62 

Roll Angle [Deg] 7.9 4.4 35 4.0 4.0 0 

 

Table 9.3: Optimum Parameter Sets 

 Ride Comfort (ø=8 Deg) Handling(ø=4 Deg) 

 Uncon. Intercon. Uncon. Intercon. 

Volume Ratio 1.47 2.50 0.76 2.26 

Damping Ratio 0.83 0.40 1.73 0.50 

Piston Area Ratio - 0.60 - 0.60 
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As can be seen from Table 9.3, vehicle with the unconnected HP suspension system 

has a volume ratio of 1.31 and a damping ratio of 1.06 for the best ride comfort 

performance and in order to constrain the maximum roll angle to 8 degrees. For the 

vehicle with the interconnected HP suspension system, the volume ratio is set to the 

upper limit and the damping ratio is set to the lower limit in order to minimize the 

weighted vertical accelerations. However, the piston rod area is set to the possible 

minimum value for the roll angle constraint. Even though, 8 degrees roll angle 

constraint is imposed at the optimization, after optimization, 5.2 degree roll angle is 

obtained. When the optimization results for unconnected and interconnected HP 

suspension systems are compared to each other, it is seen that the vehicle with the 

interconnected HP suspension system has lower acceleration than the acceleration of 

the vehicle with the unconnected suspension system. The vehicle with the 

interconnected HP suspension system has a lower maximum roll angle as compared 

with the maximum roll angle of the vehicle with the unconnected suspension system. 

For the improved handling behavior of the vehicle 4 degrees roll angle constraint is 

imposed during the optimization. As Table 9.3 illustrates, the vehicle with the 

interconnected HP suspension system has a somewhat higher volume ratio and lower 

damping ratio. These parameters result from the need to lower the vertical 

acceleration and thus increasing the ride comfort. However, the piston rod area is 

again set to its lower limit in order to reduce the roll angle. For the vehicle with the 

unconnected HP suspension system, a low value of the volume ratio and a high value 

of the damping ratio are obtained in order to limit the roll angle to 4 degrees. Thus 

the suspension stiffness is increased and thus ride comfort is degraded. Since the 

vehicle with the interconnected HP suspension system has lower acceleration, it has 

better ride comfort performance. In order to reduce the roll angle and improve the 

handling performance, roll stiffness and damping should be high. For a vehicle with 

the unconnected suspension system, the only way of achieving high roll stiffness and 

damping is to reduce the gas volume and increase the suspension damping. While 

increasing the roll stiffness and damping, vertical stiffness and damping are also 

increased and thus ride comfort is deteriorated. However, for a vehicle with the 

interconnected HP suspension system, the roll stiffness and damping can be 



 

 

417 

 

increased either by reducing gas volumes, increasing the suspension damping, or by 

reducing the piston rod area. In the first case both roll and vertical stiffness as well as 

damping are increased. However in the second case, vertical stiffness and damping 

characteristics can be kept constant, while increasing pitch stiffness and damping. As 

a result, more than 50 % improvement in ride comfort is obtained with equal 

handling performance by using the interconnected HP suspension system. 

The same optimization procedure is also repeated with independent front, 

intermediate, and rear suspension parameters and the results in Table 9.4 to Table 9.6 

are obtained.  

Table 9.4: Optimization Results 

 Ride Comfort (ø=8 Deg) Handling(ø=4 Deg) 

 Uncon. Intercon. % Uncon. Intercon. % 

Acceleration [m/s
2
] 0.77 0.46 40 1.00 0.48 52 

Roll Angle [Deg] 7.7 5.0 35 4.0 3.9 3 

 

Table 9.5: Optimum Parameter Sets for Ride Comfort Optimization 

 Unconnected Interconnected 

Parameter Value Value 

Front Volume Ratio 1.00 2.45 

Front Damping Ratio 1.61 0.76 

Front Piston Rod Ratio - 0.63 

Intermediate Volume Ratio 1.47 2.45 

Intermediate Damping Ratio 0.41 0.43 

Intermediate Piston Rod Ratio - 0.62 

Rear Volume Ratio 2.50 2.50 

Rear Damping Ratio 0.42 0.41 

Rear Piston Rod Ratio - 0.63 
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Table 9.6: Optimum Parameter Sets for Handling Optimization 

 Unconnected Interconnected 

Parameter Value Value 

Front Volume Ratio 0.50 2.39 

Front Damping Ratio 2.50 1.28 

Front Piston Rod Ratio - 0.65 

Intermediate Volume Ratio 0.44 1.82 

Intermediate Damping Ratio 0.77 0.41 

Intermediate Piston Rod Ratio - 0.61 

Rear Volume Ratio 2.50 2.47 

Rear Damping Ratio 0.41 0.50 

Rear Piston Rod Ratio - 0.60 

 

As can be seen from Table 9.4, both unconnected and interconnected suspensions 

improve the ride comfort and handling performances of the vehicle. Similar to the 

previous results, interconnected HP suspension system have better ride comfort 

performance than the unconnected suspension.  

As Table 9.5 and Table 9.6 illustrate, for minimized acceleration, optimized 

parameters for front, intermediate, and the rear suspension units are set to different 

values. For the unconnected HP suspension system to satisfy the roll angle constraint 

the initial gas volume of the front suspension unit is set to an intermediate value and 

initial gas volumes of the intermediate and the rear suspension units are set to 

somewhat higher values for ride comfort optimization. On the other hand, for the 

interconnected HP suspension system, roll angle constraint is satisfied by lower 

piston rod ratios for ride comfort optimization. By this way, initial gas volumes of 

front, intermediate, and the rear suspension units are optimized to their upper values 

for ride comfort performance. 

For handling optimization, initial gas volumes of the front and intermediate 

suspension units are set to their lower limits in order to constrain the roll angle. 

However, initial gas volume of the rear suspension unit is set to its upper limit for 

reduced vertical acceleration. Interconnected HP suspension system minimizes the 

vertical acceleration by raising the initial gas volumes to their upper limits and 

lowering the damping ratios to their lower limits. Roll angle constraint is satisfied by 
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piston rod ratios set to their lower limits for the interconnected HP suspension 

systems. 

9.5. CONCLUSION 

In this chapter, suspension design parameters of the vehicle with the unconnected 

and interconnected HP suspension systems were optimized. The main aim of the 

optimization is to improve the ride comfort together with driving safety. The 

optimized suspension parameters for the unconnected HP suspension system are the 

gas volumes and the suspension damping. For the interconnected HP suspension 

system, the piston rod area is also an optimized suspension parameter. In the 

optimization normalized values of the suspension deign parameters are used. The 

objective function was formed as the weighted rms of the sum of the vertical 

accelerations at different locations on the vehicle, and the maximum roll angle was 

imposed as the optimization constraint. Upper and lower limits were set to the 

optimized parameters in order to get physical parameter set. In the optimization, a 

well-known heuristic optimization algorithm, genetic algorithm is used. Optimization 

is performed for two different vehicle performance, first of which is the improved 

ride comfort and the second of which is the improved vehicle handling for both the 

unconnected and interconnected HP suspension systems. According to the 

optimization results, the vehicle with the interconnected HP suspension system has 

better ride comfort and handling performances with respect to vehicle with the 

unconnected HP suspension system. For the unconnected HP suspension system, the 

roll angle is lowered by reducing gas volumes and by increasing the suspension 

damping, which degrades the ride comfort. However, for the interconnected HP 

suspension system, the roll angle can be reduced by reducing the piston rod area. 

Therefore, suspension stiffness and damping in the vertical direction are not 

increased, so that ride comfort is not affected. As a result, vehicle with the 

interconnected HP suspension system has better ride comfort and vehicle handling 

performance as compared to the vehicle with the unconnected HP suspension system. 
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CHAPTER 10 

 

 

CONCLUSION 

 

 

 

In this study, the main subject has been the design and analysis of the HP suspension 

systems for road vehicles. At the beginning a single gas chamber HP suspension 

system is modeled and the model is validated by laboratory experiments and a 

detailed parametric analysis of HP suspension system is performed. Then active 

control of HP suspension system for the vehicle ride comfort, attitude, and handling 

has been performed. Various active suspension controllers with different complexity 

have been designed for the quarter, half, and full vehicle models. Performance of the 

active HP suspension systems have been examined by time and frequency domain 

simulations. Simulation results show that, the active controllers improve ride comfort 

and vehicle attitude performance considerably, by maintaining adequate vehicle 

handling response.  

In the second part of the study, interconnected HP suspension systems for multi-axle 

vehicles have been studied. For a vehicle with three-axles, various roll and pitch 

coupled HP suspension systems have been modeled, their stiffness and damping 

characteristics have been derived. Various simulations have been performed to 

examine the performance of the interconnected suspension system. Simulation 

results show that properly selected interconnected HP suspension systems improve 

vehicle handling considerably while maintaining the ride comfort performance as 

compared with unconnected HP suspension systems. Finally, optimization of the 

connected and unconnected HP suspension systems has been performed for ride 
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comfort performance with adequate vehicle handling. Optimization results show that 

both the unconnected and interconnected HP suspension system improve the ride 

comfort while satisfying the handling constraint. However, the interconnected HP 

suspension system has better ride comfort and handling performance than the 

unconnected HP suspension system. This is basically due to higher roll and pitch 

stiffness and damping characteristics of the interconnected HP suspension systems.  

Some of the specific conclusions related to the passive and HP suspension 

characteristics, design and control of the unconnected and interconnected suspension 

for multi axle vehicles are listed below. 

 Stiffness characteristic of the HP suspension system with single gas chamber 

depends on the piston area and initial gas volume. Damping characteristics, 

on the other hand is governed by the piston area and orifice opening. 

 A large piston area increases both the stiffness and the damping 

characteristics of the HP suspension, a large initial gas volume on the 

contrary lowers the suspension stiffness. Similarly an increased orifice 

opening results in a reduction in the suspension damping and vice versa. 

 The main difference between the double gas chamber and the single gas 

chamber HP suspension systems is in their stiffness characteristics. In the 

single gas chamber HP suspension system, compression of the suspension 

increases stiffness and expansion of the suspension lowers the suspension 

stiffness. On the other hand, in a double gas chamber HP suspension system, 

both expansion and compression of the suspension increases suspension 

stiffness in general. 

 By tuning the orifice areas of the single and double gas chamber HP 

suspension systems, similar damping characteristics can be obtained. 

By using the derived model of the HP suspension system, active HP suspension 

control can be designed. After the active controller has been designed and 

performance it has been analyzed, the following specific conclusions have been 

reached: 
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 Since the HP suspension system has inherently nonlinear characteristics, 

nonlinear control methods should be used to design the active HP suspension 

controller. The SDRE control method is suitable for this purpose 

 In order to design the controller with the SDRE control method, state space 

model of the HP suspension system with state dependent matrices is derived. 

In the implementation of the SDRE control, direct parameterization of the gas 

and orifice model is obtained by fitting a polynomial model to the polytropic 

gas equation.  

 Active suspension controller can successfully improve the ride comfort 

performance. 

 For certain types of road inputs, a steady state suspension deflection in the 

active suspension system should be reduced to zero and the active suspension 

controller should be designed with the suspension deflection integral 

constraint. 

 Active suspension controller designed with the suspension deflection integral 

controller improves both the ride comfort and vehicle attitude performance. 

 There has to be a compromise between the vehicle ride comfort and the 

vehicle attitude control performance of the active suspension control since 

these two objectives are conflicting. 

 Suspension deflection integral weighting parameter has an important effect 

on the vehicle attitude performance. In order to improve the vehicle attitude 

performance, suspension deflection integral weighting parameters should be 

high.  

 Ride comfort and vehicle attitude performance can be further improved with 

the adaptive controller using the state constraints formulation. By adaptation 

of the suspension deflection integral weighting parameter both ride comfort 

and vehicle attitude performances can be improved. With the adaptive 

controller, improvement of the ride comfort is emphasized at low suspension 

deflection, and lowering the suspension deflection is emphasized at high 

suspension deflection. By switching continuously between the different 
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values of the weighing parameters, different controllers can be implemented 

online.  

 By using SDRE control, oil flow rate saturation and bump or hard stop can be 

incorporated into the active suspension control formulation. 

After active suspension control has been performed, another important application of 

the HP suspension control, interconnected HP suspension systems for multi axle 

vehicles has been studied. Related to the applications of the interconnected HP 

suspension systems, the following specific conclusions can be stated: 

 By connecting different HP suspension units using hydraulic connectors, 

significant improvements in the main characteristics of the HP suspension 

system can be obtained. 

 For a vehicle with three axles, different interconnected HP suspension 

systems can be formed in the pitch plane, as full or semi-interconnection 

according to the degree of freedom of the interconnections. 

 In order to compare the pitch stiffness and the damping characteristics of the 

different interconnected HP suspension systems, vertical stiffness and 

damping characteristics of the configurations should be equalized to each 

other. 

 Vertical stiffness of different interconnections can be equalized to each other 

by optimizing the initial gas volumes. Similarly, vertical damping 

characteristics can be made similar by optimizing the damping parameters. 

 The interconnections which connect front and rear suspension units have 

higher pitch stiffness. Moreover, all interconnections either full or semi-

interconnection have pitch stiffness higher than the unconnected suspension. 

 Simulation result show that vehicle with different suspension configurations 

have similar vertical accelerations response. However, the interconnected HP 

suspension systems bring about higher pitch accelerations due to their high 

stiffness. 
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 Interconnected HP suspension systems improve the pitch performance of the 

vehicle considerably by decreasing the pitch angle during braking maneuvers. 

or firing situation. 

 For a full vehicle model with three axles, numerous interconnected HP 

suspension systems for pitch and roll plane can be enumerated. However, in 

order to obtain physically appropriate interconnected HP suspension systems, 

a feasibility study should be performed. 

 Interconnected HP suspension systems which have full roll interconnections 

have higher roll stiffness. On the other hand, for an interconnected HP 

suspension system to have higher pitch stiffness, front and rear suspension 

units should be connected to each other. Thus the fully interconnected HP 

suspension systems in pitch plane have the highest pitch stiffness. 

 Simulation results show that interconnected HP suspension systems improve 

the roll and pitch performance of the vehicle considerably in braking in turn, 

and firing tests. 

 The interconnected HP suspensions systems improve handling and pitch 

performance, and slightly degrade ride comfort performance. 

Finally optimization studies have been performed in order to improve the ride 

comfort with safe driving. Optimization is performed for both the unconnected and 

interconnected HP suspension systems. According to the optimization results, the 

following conclusions have been reached: 

 When the suspension damping is increased starting from the lower value, 

vertical, roll, and the pitch accelerations are reduced till some value and then 

they start increasing indicating the presence of an optimum value.  

 Increasing piston ratio decreases roll and pitch accelerations, yet increase 

vertical acceleration. Roll angle decreases with a decrease in piston ratio. 

 Sensitivities of the roll angle to initial gas volumes and piston rod area are 

higher than the sensitivity of roll angle to damping. 

 As a result, in order to control the roll angle, initial gas volumes and the 

piston rod area should be optimized. 
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 For ride comfort optimization, the unconnected HP suspension system 

minimizes the accelerations by increasing the initial gas volumes and by 

decreasing the damping to somewhat lower values. However, the 

interconnected HP suspension system minimizes the acceleration by 

increasing the initial gas volume to its upper limit, by reducing the damping 

and the piston rod area to their lower limits. Since the effects of the initial gas 

volume and the damping on accelerations are stronger than the effects of the 

piston rod area, with the interconnected HP suspension systems lower 

accelerations can be obtained. 

 For ride comfort optimization, unconnected HP suspension system controls 

the maximum roll angle by tuning the initial gas volumes and damping ratio. 

However, interconnected HP suspension system controls the maximum roll 

angle directly by optimizing the piston rod area. 

 For handling optimization, unconnected suspension systems controls the 

maximum roll angle by reducing the initial gas volumes to its lower limits 

and by increasing the damping to its upper limit. On the other hand, the 

interconnected HP suspension system controls the roll angle mainly by 

setting the piston rod area to its lower limit. Initial gas volume and damping 

are close to their upper and lower limits, respectively. Therefore, the 

interconnected HP suspension system controls the roll angle by reducing the 

piston rod area and lowers the vertical accelerations by increasing initial gas 

volume and by reducing damping. 

 Both the unconnected and interconnected suspension systems can improve 

the ride comfort by satisfying the handling constraint. 

 The interconnected suspension system can lower the vertical accelerations to 

lower values than the unconnected HP suspension system. 

 Thus, the interconnected HP suspension configuration can be implemented to 

improve the ride comfort to higher levels than that can be reached with the 

unconnected HP suspension systems. 
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APPENDIX A 

 

 

STATE DEPENDENT MATRICES OF HALF 

VEHICLE MODEL WITH ACTIVE HP SUSPENSION 

SYSTEM 

 

 

 

A.1. HALF VEHICLE MODEL 

State space representation of the half vehicle model with HP suspension system is, 

 x Ax Bu   

State vector is 
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Other elements, which are not written here, are zero. Control input matrix is 
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Control input vector is 
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