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ABSTRACT

DEVELOPING PROSPECTIVE MATHEMATICS TEACHERS’ KNOWLEDGE
FOR TEACHING QUADRILATERALS THROUGH A VIDEO CASE-BASED
LEARNING ENVIRONMENT

Ulusoy, Fadime
Ph. D., Department of Elementary Mathematics Education
Supervisor: Prof. Dr. Erding CAKIROGLU

May 2016, 428 pages

The aim of this study was to examine the developments in prospective middle school
mathematics teachers’ subject matter knowledge and pedagogical content knowledge
about quadrilaterals as they attended to a teaching experiment that was designed in a
video case-based learning environment. Data was collected from eight prospective
teachers during the fall semester of 2014-2015 in the scope of an elective course. In
data collection process, multiple data sources were utilized such as clinical individual
pre- and post-interviews, initial and revised lesson plans, teaching experiment
sessions, reflection papers, group discussions and field notes. Data was analyzed by
using qualitative methods. Clinical pre-interviews and initial lesson plans indicated
that prospective teachers had various difficulties and inadequacies in definitions,
constructions, classifications, and properties of quadrilaterals. However, in the

progress of teaching experiment sessions requiring analyzing and discussing
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student’s mathematical thinking in micro-case videos, considerable improvements
were observed mostly in prospective teachers’ pedagogical content knowledge about
quadrilaterals. Thus, they developed awareness about what students’ possible
conceptions, misconceptions, difficulties and their possible reasons can be.
Furthermore, they enriched their instructional strategies to overcome problematic
situations in students’ mathematical thinking regarding quadrilaterals. On the other
hand, post-interviews revealed that there were also great developments in subject
matter knowledge about quadrilaterals in addition to pedagogical content knowledge
about quadrilaterals. In this sense, they corrected their errors in pre-interviews and
they expanded their knowledge about definitions, constructions, classifications, and

properties of quadrilaterals.

Keywords: Video Case-Based Learning Environment, Micro-case Videos,
Prospective Teacher Education, Knowledge for Teaching Quadrilaterals, Teaching

Experiment
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MATEMATIK OGRETMEN ADAYLARININ VIDEO DURUM TEMELLI
OGRENME ORTAMINDA DORTGENLERLE iLGILIi OGRETIMSEL
BILGILERININ GELISiMI

Ulusoy, Fadime
Doktora, Ilkdgretim Matematik Egitimi Boliimii
Tez Yoneticisi: Prof. Dr. Erding CAKIROGLU

Mayis 2016, 428 sayfa

Bu c¢alismanin amaci, ilkdgretim matematik 6gretmen adaylarinin video durum
temelli 6grenme ortaminda tasarlanmis bir d6gretim deneyine katilimlari siirecinde
gerceklesen dortgenlerle ilgili konu alan bilgilerindeki ve pedagojik alan
bilgilerindeki gelisimleri incelemektir. Veriler 2014-2015 sonbahar dénemi boyunca
sekiz ilkogretim matematik Ogretmen adaymmdan se¢meli bir ders kapsaminda
toplanmistir. Veri toplama siirecinde bireysel klinik 6n ve son goériismeler, ders
planlar1 ve revize edilmis ders planlari, 6gretimsel deney oturumlari, yansitici
diisiince raporlar1 ve grup tartigmalar1 gibi ¢coklu veri kaynaklarindan yararlanilmistir.
Klinik 6n goriismeler ve ilk ders planlar1 6gretmen adaylarinin dortgenlerin tanima,
c¢izimi, siiflamasi ve Ozellikleriyle ilgili ¢esitli sikintilara ve yetersizliklere sahip
olduklarin1 gostermistir. Fakat video durumlarindaki Ogrencinin matematiksel
diislinlislinii analiz etmeyi ve tartismay1 gerektiren ogretimsel deney oturumlarinda
ise cogunlukla 6gretmen adaylarinin dortgenlerle ilgili pedagojik alan bilgilerinde

kayda deger ilerlemelerin oldugu goézlemlenmistir. Bu sayede, 6gretmen adaylari
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ogrencilerin muhtemel kavrayislari, kavram yanilgilar1 ve zorluklarinin ve 6grenci
diistiniisiindeki problemli durumlarin nedenlerinin neler olabilecegi ile ilgili bir
farkindalik gelistirmislerdir. Ayrica, 6gretmen adaylar1 6grencilerin dortgenlerle
ilgili  problemli durumlarmi gidermeye yonelik Ogretimsel stratejilerini
zenginlestirmiglerdir. Diger taraftan, son gorligmeler Ogretmen adaylarinin
dortgenlerle ilgili pedagojik bilgilerinin yaninda konu alan bilgilerinde de biiyiik
gelismeler oldugunu ortaya c¢ikarmistir. Bu baglamda, Ogretmen adaylari 6n
goriismelerdeki hatalarini diizelterek dortgenlerin tanimi, ¢izimi, smiflamasi ve

ozellikleriyle ilgili bilgilerini genisletmislerdir.

Anahtar Kelimeler: Video Durum Temelli Ogrenme Ortanmi, Mikro Durum
Videolari, Hizmet Oncesi Ogretmen Egitimi, Dértgen Ogretim Bilgisi, Ogretim
Deneyi
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CHAPTER |

INTRODUCTION

Teaching mathematics is complex in nature because it requires well-developed
content knowledge, an understanding about how students reason and learn
mathematical concepts; and knowledge on different instructional strategies (e.g. Ball
& McDiarmid, 1990; Fauskanger, 2015; Harrington, 1999). For instance, in many
cases, teachers should be able to answer students’ questions from the conceptual
aspect rather than instrumental aspect (Borko & Putnam, 1996; Tchoshanov, 2011)
because the conceptual knowledge involves knowing the meaning of mathematical
representations, explaining the reason why certain algorithms and procedures work in
particular situations and establishing strong connections between mathematical
concepts instead of knowing only facts and procedures. On the other hand, having
sufficient subject matter knowledge alone is not enough to provide an effective
teaching to students (Shulman, 1986). In this regard, teachers need to understand the
relationship between what they need to know and how they teach (Davis & Simmt,
2006; Mason & Davis, 2013). Furthermore, they also should know the concepts or
topics which students have difficulties and misconceptions and the strategies to
overcome these misconceptions because their knowledge affects students’
conceptions (Tirosh, 2000). For this reason, understanding the nature of teachers’
knowledge becomes an important issue among teacher educators (Ball, Thames, &
Phelps, 2008; Hill, Sleep, Lewis, & Ball, 2007). After the increasing attention to
teacher knowledge, many studies which were conducted on different mathematical
concepts indicate that not only students but also teachers do not have adequate
knowledge to teach a mathematical concept for elementary level students even it
does not matter what the subject or the concept is (e.g. Ball, 1990a, 1990b; Even,



1993; Isiksal & Cakiroglu, 2011; Hines, & McMahon, 2005; Ma, 1999; Tirosh, 2000;
Toluk-Ugar, 2009).

Among the learning domains of mathematics, geometry is an important
component for every curriculum in all countries (Common Core State Standards
Initiative [CCSSI], 2010; Ministry of National Education [MoNE], 2013; National
Council of Mathematics [NCTM], 2000) because geometry is a key element to
understand and to facilitate students’ visualization and reasoning abilities (Clements
& Battista, 1992; Mammana & Villani, 1998). Specifically, NCTM (2000) and
MoNE (2013) imply the importance of analyzing characteristics and properties of
two- and three-dimensional geometric shapes and developing mathematical
arguments about geometric relationships. In this regard, one of the basic topics of
geometry is quadrilaterals which include the concepts of rectangle, square, rhombus,
parallelogram, kite and trapezoid. Comprehending the attributes and properties of
these shapes is crucial to construct the inclusive relationship between them (e.g.
every square is a rectangle). The inclusive relation of quadrilaterals contributes the
development of geometrical thinking and mathematical argumentation, deductive
reasoning and proof (Fujita, 2012; Fujita & Jones, 2007). To reason these
relationships, learners imagine shapes of geometric figures and examine their
properties conceptually by using the attributes of shapes such as angles, sides, or
diagonals. However, even learners know definitions of shapes, but related studies
indicate that they generally do not recognize the relationship between the definition
and the image of related mathematical concept. In a similar vein, a number of local
and international studies about quadrilaterals have shown that many of students and
prospective and inservice teachers have various difficulties in the issue of how they
correctly and formally define and classify quadrilaterals (Akuysal, 2007; Currie &
Pegg, 1998; De Villers, 1994; Dogan, Ozkan, Karli-Cakir, Baysal & Giin, 2012; Erez
& Yerushalmy, 2006; Monaghan, 2000; Okazaki & Fujita, 2007). In general, the
results of the studies indicate that teachers are not equipped with necessary content
and pedagogical content knowledge about geometrical concepts (Chinnappan,
Nason, & Lawson, 1996; Fuys, Geddes, & Tischler, 1988; Hershkowitz & Vinner,
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1984; Leikin, Berman, & Zaslavsky, 2000; Mayberry, 1983; Swafford, Jones, &
Thornton, 1997). This situation might be related to the current structure of the
professional development programs used in undergraduate level at universities.

Teacher education programs at universities have crucial role to adequately
meet the needs of prospective teachers before they actively enter to the professional
occupations in the schools. However, traditional professional development programs
utilized for training prospective teachers are generally fragmented structure (Guskey,
2002; Hawley & Valli, 1999). Traditional approaches in teacher education accept
teachers as a “conscious decision maker” who can precisely transfer theoretical
knowledge into practical situations (Clark, 1986; Ozc¢mar & Deryakulu, 2011).
However, obtaining enough theoretical knowledge does not guarantee that it could be
transferred directly to the practical situations (Cole & Knowles, 1993; Goodlad,
1990; Veenman, 1984; Zeichner & Tabachnick, 1981). In this regard, it seems that
traditional approaches are not enough to establish a strong bridge between theory and
practice in teacher education. Furthermore, it can be deduced that as educators
continue to utilize current traditional teacher training programs at the universities, it
is difficult to make practical, methodological or theoretical contributions to
prospective teachers’ existing knowledge.

Prospective mathematics teachers take the courses on “teaching of mathematics
methods” and “field experience” during their undergraduate education. For example,
they may have ideas about how to teach a mathematical concept by means of
teaching of mathematics methods course. Furthermore, they have opportunities to
observe experienced teachers in complex classroom environment within the scope of
“field experience”. However, there are some arguments about the complexity of field
experiences (e.g. Santagata, Zannoni & Stigler, 2007). For instance, prospective
teachers are generally prone to concentrate on superficial or irrelevant features of
classroom environment such as students talking each other, the sound of their voice,
and the gestures they used, in the absence of necessary guidance on how to conduct
observations (Fuller & Manning, 1973). Another problematic issue is that field

experience can expose prospective teachers to a limited instructional strategies and
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student groups in isolation (Little, 1993) with little time and the lack of access to
their colleagues’ work (Sherin, 2004). Under this limitation, they may see limited
numbers of strategies, which they observed, are suitable to teach a concept without
thinking alternative ones. From these perspectives, traditional approaches in teacher
education programs are severely being criticized in recent years (e.g. Abell &
Cennamo, 2004; L. Shulman, 1992) because prospective teachers should be equipped
in all these knowledge types before graduating the teacher education programs at the
universities. As a result, how the gap between theory and practice could be reduced
by the alternative approaches become the primary concern of teacher educators. At
this point, case-based professional development in teacher education have been seen
as an alternative approach to establish robust connections among theory and practice
at least for over past two decades (Butler, Lee, & Tippins, 2006; Hammerness,
Darling-Hammond, & Shulman, 2002; Lundeberg, Bergland, Klyczek, Mogen,
Johnson & Harmes, 1999; Merseth, 1991; Shulman L., 1992) because of the many of
potential benefits such as promoting critical and reflective thinking, developing SMK
and PCK, or examining the complex nature of the practice.

In 1990s, the researchers concentrated on text-based (narrative) cases like
photocopies of student work in classroom situations (Barnett, 1991; Merseth &
Lacey, 1993; Shulman, 1992; Stein, Smith, Henningsen, & Silver, 2000). The
immense improvements in the field of technology, researchers begin to focus on
video-cases instead of narrative cases. Especially after the late of 1990s, researchers
tended to use video cases for both prospective teacher education (e.g. Frederiksen,
Sipusic, Sherin, & Wolfe, 1998; Seago, 2004; Sherin, 2003b, 2004) and inservice
teacher education (e.g. Copeland & Decker, 1996; Daniel, 1996; Friel & Carboni,
2000; Goldman & Barron, 1990) since video-cases have been seen as “a window into
the classroom that conveys the complexity and subtlety of classroom teaching as it
occur in real time” (Brophy, 2004, p.287).

After video cases have been highlighted as a powerful tool for teacher
professional development, educators suggested the use of video cases in order to
facilitate especially prospective teachers’ SMK and PCK (Ball, 2000; Ball & Cohen,
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1999; Hiebert, Gallimore, & Stigler, 2002; Lampert, Heaton, & Ball, 1994).
However, researchers generally used classroom videos that involve information
about various dimensions of classrooms such as the students, the teacher,
management, climate, pedagogy, mathematical thinking (e.g. Sherin, Jacobs, &
Philipp, 2011; van Es & Sherin, 2008). In this sense, prospective teachers encounter
a multi-dimensional structure of the classroom in the video-cases. Because of this
complex structure, prospective teachers cannot always directly focus on student
mathematical thinking when analyzing the classroom videos (Chamberlain, 2005;
Ding & Dominguez, 2015; Freese, 2006; Kagan, 1992; Olkun, Altun & Deryakulu,
2009; Shapiro, 1991). Instead, they tend to notice various issues such as classroom
management, the teacher’s reactions or classroom climate when first examining a
classroom video case. However, in recent years, there have been an increasing close
attention to the use of videos involving students’ mathematical thinking instead of
complex classroom situations (e.g. Jacobs, Lamb, & Philipp, 2010; Sherin, 2007;
van-Es, 2011). They generally produced video cases by cutting the events in which a
student or students solve problem on the board in the mathematics classroom in order
to serve the clips to the prospective teachers. In a classroom environment, a student’s
mathematical thinking on a particular concept depends on many factors such as the
teacher’s questions, teaching environment, students’ characteristic features, or time
limitation in the lessons. For example, students on the board could not explain their
mathematical ideas in more detail because of time limitation, or timidity from the
teacher or their friends in the classroom. For this reason, some details related to a
student’s mathematical thinking may be missed in the classroom. Aforementioned
limitations of classroom situations reveal the necessity of production and usage of
specially-designed educational videos that purely and directly concentrate on the
students’ mathematical thinking. Accordingly, as a strong proposal in the current
study, | thought that producing and using “micro-case videos” that reflect students’
mathematical thinking can be used an alternative effective approach to promote
prospective mathematics teachers content related knowledge and pedagogical content

knowledge. In other words, the use of “micro-case videos” in this manner serves
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purely a student-centered perspective instead of focusing on multi-dimensions of
complex classroom learning.

In the study, I defined “micro-case video” as a specially-designed educational
video that involves a collection of significant events related to an individual’s
mathematical thinking process on particular mathematical concepts or problem
situations when the learner works on structured content-related tasks in an isolated
non-classroom learning environment (Note: Further details about micro-case videos
are explained in section 2.5). Just like “microscopes”, micro-case videos allow
zooming in students’ particular ideas about a mathematical concept or problem
situation. In other words, micro-case videos can provide opportunities to understand
how different children understand mathematical concepts in different ways (Friel &
Carboni, 1997; Jacob et al., 2010). In this way, micro-case videos might afford the
opportunity to receive various students’ thinking, and to compare and contrast
different thinking processes. Similar to the arguments that are related to the
affordances of case-based pedagogy, prospective teachers will be able to more easily
identify student misconceptions (Hill & Collopy, 2003); to improve and increase
their reasoning about student thinking and development (Harrington, 1999;
Lundeberg, 1999) and decision making abilities (Grossman, 1992; Jay, 2004;
Merseth, 1992) as well as their subject, pedagogical and professional knowledge
(Manouchehri, 2002; Mayo, 2002) in a more efficient way by analyzing and
discussing micro-case videos. Considering these strong arguments, in the current
study, micro-case video clips are utilized to examine the developments in prospective
teachers’ SMK and PCK on quadrilaterals by integrating a video-case based
professional development program.

Although there are many studies about quadrilaterals in the literature, this
subject was chosen to investigate in this study because it is known to be difficult for
students in all grade levels and prospective teachers and in-service teachers.
Quadrilaterals are central concepts of geometry in all grade levels. Figures and
properties of them have crucial role in understanding other geometric concepts such

as solids, area, and perimeter. As a result, a comprehensive investigation is needed in
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order to assert how prospective teachers’ subject matter knowledge and pedagogical
content knowledge develop in the process of video case analyses and group
discussions. Prospective middle school mathematics teachers are chosen as main
participants, because the results of this study might give future implications to policy
makers and scholars in terms of organizing textbooks, designing their lessons and
teacher education programs. In order to increase teachers’ content and pedagogical
content knowledge, researchers focused on preservice teacher training programs
because prospective teachers will become in-service teachers in the future. For these
reasons, in the current study, it is aimed to examine the nature and developments of
prospective middle school mathematics teachers’ subject matter knowledge and
pedagogical content knowledge about quadrilaterals as they attend to a teaching
experiment designed in a video case-based learning environment that requires
analyzing, interpreting, reflecting, and discussing of micro-case video clips. More
specifically, it is aimed to answer following research questions in this study:

1.1  Research Questions

1) What is the nature of prospective middle school mathematics teachers’ existing
subject matter knowledge and pedagogical content knowledge on quadrilaterals
before attending to a teaching experiment designed within video case-based
learning environment?

e What do they know about definitions, constructions, classifications, and
properties of quadrilaterals before attending to the teaching experiment?
e What do they know about students’ ways of mathematical thinking
about students’ mis/conceptions, difficulties, and confusions as well as
their reasons related to definitions, constructions, classifications, and
properties of quadrilaterals before attending to the teaching experiment?
e What are prospective teachers’ instructional approaches for teaching

quadrilaterals before attending to the teaching experiment?



2) How do prospective middle school mathematics teachers develop or change their
knowledge about quadrilaterals as they attended to the teaching experiment
designed within video case-based learning environment?

3) What is the nature of prospective middle school mathematics teachers’ subject
matter knowledge and pedagogical content knowledge on quadrilaterals after
they attended to the teaching experiment?

1.2  Significance of the Study

This study aimed to investigate the nature and development of prospective middle
school mathematics teachers’ knowledge about quadrilaterals throughout a teaching
experiment designed within video case-based learning environment. The most
significant aspects of this research are explained in the following paragraphs.

First of all, it might be questioned that why do you conduct this research while
there are many of studies about quadrilaterals? The answer of this question can make
clear the importance of this study. In recent years, there have been a huge number of
local and international studies that were centered to understand students’ and pre-
service teachers’ or in-service teachers’ conceptions about quadrilaterals. Many of
them concentrated on why understanding definitions, classifications and properties of
quadrilaterals is difficult for both learners in all grade levels and inservice/preservice
teachers (Fischbein, 1993; Fujita & Jones, 2007; Hershkowitz, 1990; Nakahara,
1995; Tall & Vinner, 1981; Vinner & Hershkowitz; 1980; Walcott, Mohr &
Kastberk, 2009). These theoretical and empirical studies commonly investigated how
learners recognize critical properties of the figures, how they define the concepts
considering necessary and sufficient conditions, or how they classify quadrilaterals
according to inclusive or exclusive relations. Their findings generally bear many of
similarities even participants of the studies were different grade levels or ages. The
tendency of these studies was to reveal learners’ conceptions, misconceptions, and
difficulties about definitions and classifications of quadrilaterals. Although there

have been many details about students’ understanding about quadrilaterals in related
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literature, researchers does not utilize the results of these studies in prospective
teacher education programs and undergraduate courses. Furthermore, the findings of
research on teachers’ knowledge about students’ mathematical thinking indicated
that there are substantial gaps between learners’ actual conceptions, misconceptions,
and difficulties and teachers’ predictions about them. However, teacher educators
emphasize that teachers should be able to anticipate, attend to, and comprehend
students’ ways of various thinking (Ball et al., 2008) as a significant component of
teacher knowledge since teachers’ knowledge about students’ thinking influences on
their instructional strategies and decisions.

It is necessary to find some alternative ways in which teacher educators should
be are able to find effective ways to enhance teachers’ knowledge instead of only
describing the problematic situations in teachers’ knowledge. From this point of
view, related literature indicates case-based research (Harrington & Garrison, 1992;
Mayo, 2004) and noticing theory (e.g. Sherin & van Es, 2005; van Es & Sherin,
2002) are an efficient ways to train prospective teachers for the different teaching
environments. In recent years, researchers have been focusing on case-based
approach that involves classroom videos and prospective or inservice teachers’
noticing abilities in order to improve teachers’ knowledge on students’ mathematical
thinking. However, enhancing teachers’ “professional noticing of students’ thinking”
is a complex and challenging issue by using classroom video cases due to the
complex nature of classrooms teaching environment. Yet, it should be clarified that
how teachers improve their knowledge and noticing abilities on students’ thinking
through their examination of students’ mathematical thinking process in (specially-
designed) videos (Sherin et al., 2011). At this point, | propose that prospective
teachers need professional development experiences to improve their skills and
knowledge about a mathematical concept by collectively analyzing and discussing
specially-designed micro-case videos that involve students’ mathematical thinking
instead of all classroom settings. From this point, the current study can provide
prospective teachers with insights when they become teachers with the responsibility

to teach mathematical concepts to their students by considering students’ actual
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conceptions, misconceptions, and errors. Thus they can have a chance to expand and
enrich their anticipations and instructional decisions. In this regard, the results of
current study are important in terms of giving ideas about the effectiveness of using
micro-case videos to promote prospective teacher SMK and PCK in a video-based
learning environment.

Having adequate theoretical knowledge on an issue does not guarantee
adequacy of practical knowledge on the issue. Prospective teacher training programs
generally try to equip prospective teachers with theoretical knowledge instead of
practical knowledge. However, educators haven’t found this tendency adequate in
terms of gaining all necessary knowledge and abilities for being a teacher. For
example, in traditional teacher training programs, prospective teacher have no
opportunity to directly analyzing and discussing all details of students’ reactions,
responses, and conceptions. They generally graduate from universities by getting
limited knowledge about students’ understanding in their school experience and
mathematics teaching methods courses. Doubtlessly, the most prominent
contribution of current research is to give an alternative approach to the researchers
in terms of how a robust link between prospective teachers’ theoretical and practical
knowledge of mathematics can be established (Butler et. al, 2006; Masingila &
Doerr, 2002). In this study, pre-service teachers able to analyze students’ different
thinking processes via micro-case video clips, to discuss their ideas with their
colleagues in a social learning environment and to monitor the changes of their own
knowledge of quadrilaterals. On the other hand, prospective teachers have
opportunity to stop and replay videos flexibly to analyze and reflect on student
thinking and to develop ways to facilitate student learning (Masingila & Doerr,
2002). This situation gives opportunities them to change their instructional plans by
considering students’ mathematical thinking in the video-cases (van Es & Sherin,
2010). As result, they are able to propose new alternative and multiple instructional
methods (Stockero, 2008). In this sense, examining micro-case videos may facilitate
and support prospective teachers’ critical thinking abilities as they interpret and make

inferences about critical situations in the video cases. Furthermore, the effect of
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analyzing video cases on the prospective teachers’ knowledge about seventh grade
students’ conceptions might be manifested by the pre-interviews and post-interviews
in the current study. By this means, pre-service teachers have opportunity to
recognize the changes in their knowledge world, which can make them a reflective
teacher for their future instructions.

Another important issue is to use of micro-case videos which is an emerging
point in the current study. In general, researchers focused on video cases conducted
in the classroom environment. However, a single student mathematical thinking is a
focal point of a micro-case video in this study. In other words, a single student’s
thinking process about quadrilaterals was monitored and recorded in each video case
instead of monitoring and recording whole classroom. How does the role of using
micro-case videos explain from the point of the significance of the study? The use of
micro-case videos in this manner serves a more student-centered perspective to the
teachers because students’ mathematical thinking processes and misconceptions may
be missed in classroom video recordings. To become a good in-service teacher,
prospective teachers gain knowledge and experience about students’ conceptions in
addition to their misconceptions and difficulties. With this regard, seventh grade
students having different concept images about quadrilaterals are selected for the
videotaping of their processing in this research. From this perspective, the results of
this study might give ideas to the mathematics educators in terms of the importance
of understanding of thinking processes of students who are at any geometric
understanding level, which provides them to examine rich, diverse learning situations
via specially-designed educational video clips.

In the current study, it is also significant in order to inform policy makers
whether they should make revision or improvement for teacher education programs
taking into consideration of students’ and pre-service teachers’ needs because this
study makes use of micro-case videos as a professional development tool.
Additionally, the results of this research also may be used to develop and revise the
presentation of quadrilaterals in the elementary mathematics curriculum because this

research gives information about both students’ and teachers’ understanding related

11



to the concepts of quadrilaterals and their properties. As a last word, it can be
claimed that this study also may contribute not only to the international literature but
also to the Turkish literature on video-case based pedagogy because there is limited
number of studies interested in the uses of video cases for teacher professional
development in Turkey (e.g. Olkun et al., 2009; Osmanoglu, Isiksal, & Kog, 2012;
Osmanoglu, Kog, & Isiksal, 2013).

1.3 Definitions of the Important Terms

Considering the purpose and the research questions in the study, there are some
crucial technical terms related to “case-based approaches in teacher education”,
“types of teacher knowledge”, and “quadrilaterals”. Since it is necessary to clarify
the meaning of essential terms, all the terms utilized within the current study are
constitutively and operationally described in the following.

Case-based pedagogy: According to L. Shulman (1986), a case in classroom
teaching context is —... a piece of controllable reality, more vivid and contextual
than a textbook discussion, yet more disciplined and manageable than observing or
doing work in the world itself (J. Shulman, 1992, p.xiv)”. Case-based pedagogy
involves the using cases to help teachers broaden the knowledge and qualifications
that are necessary to respond to the complexity and authenticity of real classrooms
(Merseth, 1991, 2003; J. Shulman, 1992; Sykes & Bird, 1992). In the current study,
case-based pedagogy refers to a way in which prospective teachers reflect their ideas
and make discussion with their peers about specially-designed video cases involving
student’s mathematical thinking process in a social constructivist learning
environment.

Micro-case videos: Video cases are one of the typical case examples among
lengthy narrative cases, short narrative cases, multimedia cases, and hyper-media
cases. In the literature, Richardson and Kyle (1999) describe video cases as
—...multimedia presentations of classroom actions and analyses that include moving

pictures (usually on videocassette) of classroom action (p.122). In the current study,
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video cases refer to the specially-designed video clips that are called “micro-case
videos” and each of them involves a student’s mathematical thinking instead of a
classroom situation. “Micro-case video” is defined as a specially-designed
educational video that involves a collection of significant events related to an
individual’s mathematical thinking process on particular mathematical concepts or
problem situations when the learner works on structured content-related tasks in an
isolated non-classroom learning environment. The main characteristics features that
are involved by micro-case video clips can be listed as follows: (i) a collection of
specially-designed selected-edited events, (ii) a learner’s thinking process, (iii)
structured content-related tasks or problem situations, and (iv) isolated non-
classroom learning environment.

Subject matter knowledge: Shulman (1986) defined subject matter knowledge
(or it is called content knowledge) as “the amount and organization of knowledge per
se in the mind of teacher” (p.9). It does not mean that subject matter knowledge does
not much differ from knowing facts. In this sense, Shulman (1986) emphasized the
crucial role of content knowledge as providing explanations and definitions for
students. This knowledge type also includes the important points about “why a
particular proposition is deemed warranted, why it is worth knowing, and how it
relates to other propositions, both within the discipline and without, both in theory
and practice” (p.9). In this research, subject matter knowledge refers to prospective
middle school mathematics teachers’ knowledge about definitions, constructions,
classifications, and properties of quadrilaterals. More specifically, prospective
teachers are supposed to write definitions and hierarchical relationship of
quadrilaterals by using their properties with regard to sides, angles, diagonals. In
addition, their knowledge about the reasons of these hierarchical relationships of
quadrilaterals is involved to the scope of the subject matter knowledge.

Pedagogical content knowledge: Shulman (1986) defined pedagogical content

knowledge as:

...the most useful forms of representation of those ideas, the most powerful
analogies, illustrations, examples, explanations, and demonstrations — in a
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word, the most useful ways of representing and formulating the subject that
makes it comprehensible to others.... Pedagogical content knowledge also
includes an understanding of what makes the learning of specific topics easy or
difficult: the conceptions and preconceptions that students of different ages and
backgrounds bring with them to the learning of those most frequently taught
topics and lessons (Shulman, 1986, p.7).

In general meaning, pedagogical content knowledge involves teachers’
knowledge of students’ possible conceptions, misconceptions, and difficulties;
knowledge of the possible sources of them; and knowledge of how these problematic
situations can be solved (Ball & Bass, 2000; Hill, Rowan, & Ball, 2005). Moreover,
prospective teachers’ suggestions to overcome the students’ misconceptions and
difficulties are included the scope of pedagogical content knowledge. In the current
study, it is concentrated on two important dimensions of pedagogical content
knowledge as knowledge of content and students (KCS) and knowledge of content
and teaching (KCT) (Ball et al., 2008). In the scope of the current study, while KCS
involves the proficiency on anticipating students’ possible conceptions, errors and
difficulties and determining the task that students can find challenging, interesting or
motivating, KCT requires the proficiency on selecting suitable examples for different
purposes; assessing the advantages and disadvantages of representations used in
teaching process; and identifying affordable methods and strategies to teach a
concept.

Concept image and concept definition: Vinner (1991) assumed the existence
of two different cells in one’s cognitive structure for the image and definition of the
concept based on their previous research (Tall & Vinner, 1981; Vinner, 1983; Vinner
& Hershkowitz, 1980). Concept image is the set of all the mental representations
associated in the students’ mind with the concept name (Tall &Vinner, 1981; Vinner,
1983). The image might be nonverbal and implicit, that is, it evokes in learners’
mind. On the other hand, concept definition constitutes a form of words which are
used to specify the concept (Tall & Vinner, 1981; Vinner, 1983). In this research, the
theory of concept image and concept definition is used to select seventh grade

students for videotaping their thinking process while they are engaging tasks related
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to quadrilaterals. Furthermore, the theory is utilized when explaining the existing
situations and developments in prospective teachers’ knowledge on quadrilaterals.

Inclusive and exclusive definition: Usiskin and Griffin (2008) mention two
types of definitions of the concepts belong to special quadrilaterals family: “exclusive
definition” and “inclusive definition”. For instance, there are two different definitions
of trapezoid in geometry textbooks. While one is that a quadrilateral with exactly one
pair of parallel sides, another is that a quadrilateral with at least one pair of parallel
sides. As the former one is an example of exclusive definitions (e.g. parallelograms
are not also trapezoids), latter one is a type of inclusive definitions (e.g.
parallelograms are also trapezoids).

Prototypical and non-prototypical example: The prototype examples were
usually the subset of examples that had the “longest” list of attributes all the critical
attributes of the concept and those specific (noncritical) attributes that had strong
visual characteristics” (Hershkowitz, 1990, p.82). Learners often see the figures in a
static way rather than in the dynamic way that would be necessary to understand the
inclusion relations of the geometrical figures (de Villiers, 1994). For instance,
students receive square is not a rectangle because of their misconception about the
length of the opposite sides of rectangle. For this study, prototype examples are used
as a reflective tool of both seventh grade students’ and prospective middle school
mathematics teachers’ conceptions and misconceptions of quadrilaterals. For
instance, they are accustomed to engage squares like in Figure 1-a, they do not
recognize Figure 1-b as being an example of square.

(a) (b)
Figure 1. (a) A prototypical example of square (b) a non-prototypical example of

square
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Classifications of quadrilaterals: In the literature, there are three different
classification types of quadrilaterals such as hierarchical classification, partition
classification, and non-hierarchical classification. Hierarchical classification is
defined as “the classification of a set of concepts in such a manner that the more
particular concepts form subsets of the more general concepts” (De Villiers, 1994,
p.11). The researcher also defined partition classification as the classification where
“the various subsets of concepts are considered to be disjoint from one another”
(p.11). To be more precise, an example situation is given to express the operational
meaning of each classification type in the following. In this study, if a learner treats
all parallelograms, rhombuses, rectangles, and squares as the examples of the set of
trapezoid, it is evaluated that this learner is able to make hierarchical classification in
terms of trapezoid. If a learner treats only parallelograms as a trapezoid example, it is
evaluated that this learner can make partition classification. Finally, if a learner does
not consider all parallelograms, rhombuses, rectangles, and squares as an example of
trapezoid, this learner makes non-hierarchical classification in terms of trapezoid.

Overgeneralization and undergeneralization errors: Two types of common
errors that are exhibited by students have been described in the literature as
undergeneralization and overgeneralization (Klausmeier & Allen, 1978).
Undergeneralization occurs when examples of a concept are encountered but are not
identified as examples. It results when the examples provided in instruction are not
sufficiently different from one another in the variable attributes (Klausmeier &
Allen, 1978; p.217). In the context of this study, for example, a student who has
experienced only right trapezoids having exactly one pair of parallel sides may not
identify trapezoids not having right angle even it has exactly one pair of parallel
sides. On the other hand, overgeneralization occurs when examples of other concepts
treated as members of target concept (Klausmeier & Allen, 1978; p.217). In the
current context, a quadrilateral having no parallel sides and non-equal length of sides
or a polygon having more than four sides may be treated as an example of trapezoid,

which indicates the presence of overgeneralization error.
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CHAPTER II

LITERATURE REVIEW

This study aimed to understand the nature and development of middle school
mathematics teachers’ knowledge about quadrilaterals throughout a teaching
experiment designed within video case-based learning environment. For this purpose,
relevant literature was divided into seven parts. The first part gives information about
types and components of teacher knowledge in the light of different frameworks. In
the second part, geometric knowledge about quadrilaterals and international and local
studies investigating teachers’ knowledge about quadrilaterals are presented and
discussed in terms of their differing methodological approaches, and findings, and
theoretical and practical implications for researchers and teacher educators. In the
following part, the importance and different usages of cases for teachers’
professional development are mentioned. Some empirical studies on the uses of
video cases in teacher education were mentioned in the fourth part. The the need for
micro-case videos in teacher education are specifically emphasized in the fifth
part.Then, social constructivist theory and other theories used in case-based teacher

education were summarized in the last two parts of literature review.

2.1 Frameworks for Teacher Knowledge

It is an undeniable fact that what teacher knows has a crucial effect on their
organization of lessons and students’ knowledge. Especially, teachers’ knowledge of
students’ thinking might have important influence on their teaching practice
(Carpenter, Fennema, Peterson, Chiang & Loef, 1989; Fennema, Carpenter &
Peterson, 1989). Related literature indicates that the nature and types of teachers’
knowledge have been studied by different researchers for many years (Ball et al.,
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2008; Cochran, DeRuither, & King, 1993; Fennema & Franke, 1992; Grossman,
1995; Peterson, 1988; Shulman, 1986). Some prominent frameworks on teacher
knowledge are discussed in a chronological order.

Shulman (1986) proposed a theoretical framework that having different
categories of teacher knowledge: “subject matter knowledge”, “pedagogical content
knowledge” and “curricular knowledge”. He defined teachers’ subject matter
knowledge as “the amount and organization of the knowledge per se in mind of the
teacher” (p.9). According to Shulman (1986), it is not enough to know only the
mathematical structures, rules and principles to become a good teacher. At the same
time, they should know the reasons and underlying factors of them. On the other
hand, he defines pedagogical content knowledge as a kind of content knowledge.
Pedagogical content knowledge involves “the most useful forms of representation of
those ideas, the most powerful analogies, illustrations, examples, explanations, and
demonstrations, the ways of representing and formulating the subject that make it
comprehensible to others” (Shulman, 1986, p.9). It also contain "an understanding of
what makes the learning of specific topics easy or difficult, the conceptions and
preconceptions that students of different ages and backgrounds bring with them to
the learning of those most frequently taught topics and lessons™ (p.9). Moreover,
knowledge about students’ thinking processes is related to this type of knowledge.
Finally, curricular knowledge comprises of the scope and sequence of a subject and
materials that utilized while teaching.

Similarly, Peterson (1988) proposed a framework by building on Shulman’s
framework. She grouped teachers’ knowledge into three categories: how students
think in content areas, how to facilitate growth in students’ learning and self-
awareness of their own cognitive processes. Unlike Shulman, curricular knowledge
is not placed in the Peterson’s framework. There are also some overlapping points
between Shulman's and Peterson's frameworks. For instance, the understanding of
how students learn in specific domain from the first category of Peterson's

framework is covered by pedagogical content knowledge from Shulman.
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Different from these researchers, Grossman (1995) asserted a more
comprehensive framework for teacher education than above frameworks. It includes
six types of knowledge: “knowledge of content”, “knowledge of learning”,
“knowledge of general pedagogy”, “knowledge of curriculum”, “knowledge of
context”, and “knowledge of self”. According to Grossman, content knowledge both
involves subject matter knowledge and pedagogical knowledge of the subject matter.
As a result, pedagogical content knowledge stated by Shulman is included under this
category. Knowledge of learners is nearly the same as Peterson's categories of how
students think in specific subject. It includes students’ potential conceptions,
misconceptions and difficulties of a particular topic Knowledge of curriculum is the
same as Shulman's category. However, the last two knowledge types in Grossman's
framework are obviously not mentioned in the frameworks discussed above. For
instance, knowledge of self refers teachers’ knowledge of their personal values and
educational philosophy, dispositions, strengths, and weaknesses (Grossman, 1995).

In another framework which shapes subject matter knowledge and pedagogical
content knowledge, Ball, Thames, and Phelps (2008) proposed a refinement to
Shulman’s categories because they found the definition of teacher knowledge in
Shulman’s model is not clear to conduct the empirical studies about teacher
education. Therefore, they introduced “Mathematical Knowledge for Teaching
(MKT)”.

They divided subject matter knowledge into two sub-knowledge domains as
“common content knowledge” (CCK) and “specialized content knowledge” (SCK)
(see Figure 2). In this division, CCK means mathematical knowledge being not
specific to teaching. On the other hand, SCK refers to mathematical knowledge that
1s necessary to teach mathematics. Furthermore, they mentioned “horizon content
knowledge” as a component of subject matter knowledge and they defined it as
“awareness of how mathematical topics are related over the span of mathematics
included in the curriculum” (p.403). In addition to the dimensions of subject matter
knowledge, Ball and her colleagues (2008) also divided pedagogical content
knowledge into three subcategories: “knowledge of content and students” (KCS),
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“knowledge of content and teaching” (KCT), and “knowledge of content and

curriculum” (see Figure 2).

SUBJECT MATTER KNOWLEDGE PEDAGOGICAL CONTENT KNOWLEDGE

Cor‘?m?n Knowledge of

o e

9 students (KCS)

(CCK) Specialized Knowledge
content of content
knowledge (SCK) and

Horizon curriculum

content
knowledge :P:{Q:t::f:l%edm
teaching (KCT)

Figure 2. Domains of mathematical knowledge for teaching (Ball et al., 2008, p.403)

In this categorization, KCS can be defined as the combination of knowing
about students and knowing about mathematics. Teachers having this knowledge
type must predict students’ possible conceptions, misconceptions, difficulties and
errors. Teachers also need to anticipate what students can find challenging,
interesting or motivating when deciding to use an example or mathematical
activities. In sum, it is clearly seen that KCS requires the presence of strong
interactions between particular mathematical subject or concepts and students’
understanding in related subject or concepts. Another domain named knowledge of
content and teaching (KCT) combines knowing about teaching and knowing about
mathematics, which requires a mathematical knowledge related to instructional
design of the mathematical tasks. Some examples of KCT includes selecting suitable
examples for different purposes; assessing the advantages and disadvantages of
representations used in teaching process; and identifying affordable methods and
strategies to teach a concept. In other words, KCT is related to the knowledge

involving how to teach mathematical concepts and procedures. As a final component

20



of pedagogical content knowledge, Ball and her colleagues (2008) mentioned
knowledge of curriculum which has similarity with Shulman’s curricular knowledge.

In the literature, it is usually assumed that subject matter knowledge and
pedagogical content knowledge are interrelated (Ball, 1991; Shulman, 1986, 1987).
However, the number of research is limited to support and illustrate this relationship.
Subject matter knowledge, pedagogical content knowledge, and general pedagogy
are more overlapping than discrete (Marks, 1990). Moreover, teachers’ knowledge of
subject matter also affects how they represent the nature of knowing within a content
area to their students (Grossman, 1995). Ball (1991) finds that teachers with weak
conceptual understanding of mathematics are likely to represent the nature of
mathematical knowing as rule bound. The lack of conceptual understanding may lead
to the misuse of instructional strategies. In this sense, teachers’ knowledge of subject
matter has its contribution to classroom instruction. Teachers' subject matter
knowledge may also contribute both to their selection of curricula and to their
critiques of specific curriculum materials (Grossman, 1990).

In the current study, it was aimed to study prospective teachers’ subject matter
knowledge and pedagogical content knowledge on quadrilaterals by using seventh
grade students’ micro-case video clips as a tool. In order to analyze prospective
teachers’ subject matter knowledge, Shulman’s, Ball’s and Grossman’s frameworks
are combined. Prospective teachers’ personal definitions, constructions, and
classifications of quadrilaterals were analyzed for in order to determine their subject
matter knowledge. In terms of pedagogical content knowledge, Shulman’s (1986)
and Ball and her colleagues’ (2008) definitions were used. In this regard, pre-service
teachers’ existing and developing knowledge on (i) common conceptions and
misconceptions held by the elementary school students; (ii) the possible sources of
these conceptions and misconceptions, and (iii) the strategies that pre-service
teachers used to overcome these misconceptions, the representations that prospective
teachers used to reason their understanding, and the strategies that pre-service

teachers used to explain the concepts of quadrilaterals and definitions and properties
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of them will be investigated in order to understand PSTs pedagogical content
knowledge.

After this review of the general characteristics of various frameworks related to
subject matter knowledge and pedagogical content knowledge, the details of the
studies about teachers’ knowledge on quadrilaterals is mentioned in the following

section.

2.2 Teacher Knowledge about Quadrilaterals

In recent years, researchers have proposed several theories and frameworks regarding
the teaching and learning of geometry, including concept image and concept
definition (Tall & Vinner, 1981; Vinner, 1991); common cognitive paths (Vinner &
Hershkowitz, 1980); prototypical phenomenon (Hershkowitz, 1990); figural concepts
(Fischbein, 1993; Mariotti & Fischbein, 1997); personal and formal figural concepts
(Fujita, 2012; Fujita & Jones, 2007); and dynamic figural concepts (Walcott et al.,
2009). Prospective teachers’ subject matter knowledge and pedagogical content
knowledge in terms of understanding students’ conceptions about quadrilaterals have
been examined as the focus of many of studies by utilizing aforementioned theories
and frameworks. In the current study, it is not aimed to identify teachers’
conceptions, misconceptions, difficulties and predictions about students’ possible
conceptions, misconceptions, difficulties on quadrilaterals in order to reflect PSTs’
SMK and PCK. Instead, this study focused on the developmental processes in PSTs’
SMK and PCK on quadrilaterals throughout a teaching experiment designed in a
video case-based learning environment. At this point, it is important to give a
summary about how teachers’ conceptions about quadrilaterals were asserted in the
literature. This review sheds on light how researchers identified and determined
teachers’ conceptions, misconceptions and inadequateness on quadrilaterals by using
various theoretical perspectives in the teaching of geometry. As a result, interpreting
the results of the current study will be meaningful when explaining the

developmental process in PSTs’ SMK and PCK on quadrilaterals. For this reason, in
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this part of the literature review, both international and local studies on teachers’
knowledge related to quadrilaterals are summarized by focusing on critical points

having direct relation with the purpose of the study.

2.2.1 The importance of concept image and concept definition in geometry

The terms of “concept image” and “concept definition” were firstly proposed by
Vinner and Hershkowitz in 1980 as a theoretical framework. This framework serves
significant contributions to the literature in terms of explaining how concept images
influence students’ conceptions and learning processes by emphasizing the role of
learners’ previous learning and pre-conceptions about mathematical concepts. In the
current study, the aim is not to examine prospective teachers’ concept images and
concept definitions about quadrilaterals. However, it is necessary and useful to
explain this theoretical framework that involves the components of concept image
and concept definition to understand how PSTs develop their knowledge about
quadrilaterals because this framework has a potential in terms of developing
substantial ideas about learners’ mathematical thinking (Bing6lbali, 2016). From this
aspect, concept image and concept definition components and the results of some
studies that were conducted based on this framework were mentioned to provide a
philosophical and theoretical background on how learners comprehend geometric
concepts.

Vinner and Hershkowitz (1980) proposed “common cognitive paths” that refer
a statistical method for identifying a path that learners follow to select or realize
similar concepts. The basic idea is as follows:

Denote by a, b, c, d respectively the subgroups of people that answered correctly the
items that test aspects A, B, C, D. Suppose, finally, that it was found that a> b> ¢ d.
We may claim then that A—>B—C—D is a common cognitive path for this group (in
the sense that nobody in the group can know D without knowing also A, B, C and so
on) (Vinner and Hershkowitz, 1980, p.182-183).
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In this sense, Nakahara (1995) investigated Japanese primary school children’s
common cognitive paths related to quadrilaterals and reached that students had a path
such as parallelogram — rhombus — trapezoid. Likewise, Okazaki and Fujita (2007)
conducted a study with 263 Japanese and Scottish trainee elementary school teachers
to reveal prototypical phenomenon and common cognitive paths in teachers’
understanding of the quadrilaterals. They reported that while Japanese prospective
teachers” path can be square/rhombus, rectangle/parallelogram and finally
square/rectangle, Scottish prospective teachers’ path was more likely to be
rectangle/parallelogram, square/rectangle and square/rhombus. The results of such
kind of studies are important to understand students’ and prospective teachers’
conceptions about quadrilaterals at the international level.

In order to assert learners’ cognitive structures, Vinner (1991) assumed the
existence of two different cells in one’s cognitive structure for the image and
definition of the concept based on their previous research (Tall & Vinner, 1981;
Vinner, 1983; Vinner & Hershkowitz, 1980). In the framework, concept image is

defined as following:

[...] the total cognitive structure that is associated with the concept, which includes all
the mental pictures and associated properties and processes. It is built up over the
years through experiences of all kinds, changing as the individual meets new stimuli
and matures (Tall & Vinner, 1981, p.152)

The image might be nonverbal and implicit. On the other hand, concept
definition constitutes a form of words which are used to specify the concept (Vinner,
1991). According to this framework, suitable and robust interactions between
concept definition and concept image might guarantee the conceptual learning rather
than instrumental ones.

In many of studies on triangles and quadrilaterals, researchers utilized Tall and
Vinner’s (1981) and Vinner’s (1991) studies in order to examine the nature of the
relationship between learners’ concept image and concept definition for all grade

levels (e.g. Gutierrez & Jaime, 1999; Hershkowitz, 1989; Hershkowitz & Vinner,
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1984). Unfortunately, learners do not make sense to link between the two elements
because there might be irrelevant properties about the concept evoking in the
learners” mind specifically. For example, Gutierrez and Jaime (1999) conducted a
study with 190 prospective primary teachers by using Vinner’s (1991) framework in
order to examine their concept images, difficulties, and errors about the concept of
altitude of a triangle in a written task. They concluded that the presence of formal
definition and previous classroom activities on the altitude of triangle influence
PSTs’ performances on the task. In order to reflect PSTs’ concept images, they
grouped participants’ errors related to the altitude of triangle into five main
categories: altitude vs median; altitude vs. perpendicular bisector; limitation to
internal altitudes; disregard of length; fixation on side; and marked base as distracter.
Considering these errors, they concluded that pre-service teachers have incomplete
concept images and ill-connections between concept image and concept definition
related to the altitude of triangle. Similarly, the results of some studies indicate that
many of students at different grade levels have a concept image of equilateral
triangle having a right angle or slanted sides of equal length (Burger & Shaughnessy,
1986; Clements & Battista, 1992). Consequently, the results of many of studies
indicated that pre-service teachers, in-service teachers, and students have same
misconceptions when asked them to respond same task. Some researchers concluded
that prospective teachers’ and inservice teachers’ concept images on quadrilaterals
were slightly better than those of the students (e.g. Hershkowitz, 1989; Hershkowitz
& Vinner, 1984).

Fujita and Jones (2006a) investigated whether there is a relationship between
pre-service primary teachers’ concept images and concept definitions. For this
purpose, they selected 158 pre-service primary school teachers at first year of teacher
education program. They asked teachers to identify and construct some
quadrilaterals. In addition, they asked some questions in order to understand how
pre-service primary school teachers make relationship between quadrilaterals.

Results of this research show that teacher did not comprehend the hierarchical
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relationship between quadrilaterals. Moreover, disconnectedness was found among
their concept images and concept definitions.

Additionally, same researchers focused on pre-service teachers’ concept
images about only one quadrilateral such as parallelogram (Fujita & Jones, 2006b)
and square (Fujita & Jones, 2007). The results of these studies presented that most of
pre-service teachers have not got complete concept image. Instead, they had only
prototype examples of quadrilaterals in their minds. In a similar way, Pickreign
(2007) investigated fourteen pre-service teachers’ perceptions about relationship
between parallelograms. The results of the research present teachers have incomplete
or incorrect definitions of rhombus and square. They classify parallelograms taking
into consideration of their appearances rather than their properties.

Considering the discrepancy between learners’ concept images and concept
definitions, Hershkowitz (1989) offered that if learners are encountered limited
examples having common figural features of a geometric concept in school or other
contexts, these examples lead to prototypes phenomenon by focusing on possible
influences of prototypical examples on the learners’ cognitive structures on
quadrilaterals. The meaning of prototypical phenomenon is explained in the

following section.

2.2.2 Prototypical understandings related to quadrilaterals

Prototypes can be defined as a first or early example that is used as a model for what
comes later. Related literature indicates that “prototypicality” influences on the
interpretations of geometric constructions (Noirfalaise, 1991) because geometric
figures can be illustrated in different versions. For example, a right triangle can be
constructed in different orientations and sizes. They are all visual images of a
geometric concept. The main focus of the current study is not to reveal prospective
teachers’ prototypical understandings, but prototypical phenomenon is a significant
theoretical perspective to illustrate PSTs’ knowledge involving limited concept

images about quadrilaterals and developments in these images. Furthermore,
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prototypical phenomenon is also helpful and necessary when interpreting the
influences of prototypical examples on PSTs’ and students’ constructions and
classification of quadrilaterals. For this reason, in this part, | mentioned about what
prototypical understanding means, how it influences learners’ conceptions in the
light of some theoretical and empirical studies.

Hershkowitz (1990) defined the “prototype examples” as the subset of
examples that had the “longest” list of attributes all the critical attributes of the
concept and those specific (non-critical) attributes that had strong visual
characteristics (p.82)”. Learners often see figures in a static way rather than in the
dynamic way that would be necessary to understand the inclusion relations of the
geometrical figures (de Villiers, 1994). For instance, students receive square is not a
rectangle because of their misconception about the length of the opposite sides of
rectangle. In the literature, there are various studies focusing on students and
teachers’ prototypical understanding about quadrilaterals (e.g. Fujita, 2012,
Monaghan, 2000; Nakahara, 1995; Okazaki, 1995; Okazaki & Fujita, 2007; Vinner
& Hershkowitz, 1980). In these studies, researchers utilized and extended
Hershkowitz’s prototype phenomenon of geometrical figures in order to understand
the role of prototypical figures on learners’ conceptions of quadrilaterals. The
common results of the studies generally reported that learners could not recognize
quadrilaterals (e.g. square and rectangle) in different orientations due to the influence
of prototypical figures although they were able to define the concepts correctly. For
example, it is reported that although most of students consider rhombus as a
parallelogram example, they did not treated square and rectangle as being an
example of parallelogram due to the influence of prototypical concept images.

As another perspective, some researchers developed an idea in which
geometrical concepts are characterized as having double nature by two aspects:
“figural” and “conceptual” (Fischbein, 1993; Mariotti & Fischbein, 1997) similar to
the concept image and concept definition (Vinner, 1991), respectively. While figural
aspect involves spatial properties like shape, position, and magnitude; conceptual
aspect involves abstract and theoretical nature as ideality, abstractness, generality
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and perfection. According to Fischbein (1993), figural aspect is generally more
dominant than conceptual one. For example, parallelograms do not look like a
trapezoid, but they are formally trapezoids considering the formal exclusive
definition of trapezoid in our context. Based on these ideas, Fujita and Jones (2007)
proposed the ideas of “personal and formal figural concepts”. “Formal figural
concepts” involve formal concept images and definitions in Euclidian geometry.
However, “personal figural concepts” are constituted through individuals’ own
geometry learning experiences about geometric shapes. For instance, “rectangle is a
parallelogram with four right angles” is a formal figural concept definition. Besides,
the expression of “a rectangle is a quadrilateral with only opposite sides congruent
and four 90° angles” reflects a learner’s personal figural concept.

Taking account aforementioned theories and frameworks, contradictions
between concept images and concept definitions may elicit misconceptions in
students” mind when classifying quadrilaterals. Furthermore, many researchers
claimed that prototypical examples can lead misconceptions and create
inconsistencies between the definitions and hierarchical relations of quadrilaterals
(Fujita, 2012; Fujita & Jones, 2006; Hershkowitz, 1990; Pratt & Davison, 2003). In
this regard, the studies investigating teachers’ conceptions about relations of
quadrilaterals are expressed in the following part of the literature review after giving

important relevant theoretical perspectives.

2.2.3 Learners’ understandings on the definitions and classification of

guadrilaterals

Definitions and relations among quadrilaterals are emphasized in The National
Council of Teachers of Mathematics [NCTM] standards for grades 6-8 as the

following:

All students should precisely describe, classify, and understand relationships among
types of two- and three-dimensional objects using their defining properties (NCTM,
2000, p.232).
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From this point of view, prospective teachers are also expected to have
adequate knowledge about definitions and classifications of quadrilaterals.
Consequently, because knowledge about definitions and classifications of
quadrilaterals is an essential part of PSTs’ SMK and PCK about quadrilaterals, I
reviewed the literature on definitions and classifications of quadrilaterals.

Researchers in literature considered that definitions and classifications of
quadrilaterals are closely related to each other because differences in definitions lead
different classification of quadrilaterals. The presence of a close relationship between
definitions and classification was emphasized by Poincaré (1952) who is a well-

known French mathematician:

The aim of each part of the statement of a definition is to distinguish the object to be
defined from a class of other neighboring objects. The definition will not be
understood until you have shown not only the object defined, but the neighboring
objects from which it has to be distinguished, until you have made it possible to grasp
the difference, and have added explicitly your reason for saying this or that in stating
the definition (p.133).

From the above expressions, it can be inferred that critical properties of
geometric figures are used to define a concept. By this way, definitions allow us to
involve a concept into a suitable class of objects which have related critical
properties. In this regard, quadrilaterals are seen as the best subject to examine the
intertwined nature of definitions of the concepts and their classifications.
Consequently, several researchers focused on the close relationship between
definitions and hierarchical structures of quadrilaterals in their studies (e.g. De
Villiers, 1994; Fujita, 2012; Fujita & Jones, 2007; Schwarz & Hershkowitz, 1999;
Usiskin & Griffin, 2008).

Among these researchers, De Villers (1994) proposed two different
classifications types for quadrilaterals as “hierarchical classifications” and “partition
classification”. While hierarchical definition refers the “the classification of a set of
concepts in such a manner that the more particular concepts form subsets of the more

general concepts” (p.11), partition classification is defined as the classification where
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“the various subsets of concepts are considered to be disjoint from one another” (De
Villers, 1994, p.11). The accurateness of the classification does not depend on the
types of them. Instead, it depends on the purposes and personal preferences.
However, many of researchers prefer to use hierarchical classifications of
quadrilaterals because they believed that using hierarchical classifications give
opportunities to the learners in order to establish relationship between more general
and specific concepts, to make deductions the properties of the concepts, and to
produce alternative definitions for a concept (De Villers, 1994; Fujita, 2012; Fujita &
Jones, 2007). Researchers also emphasize that learners improve their ability to
comprehend the transitivity (e.g. if a square is a rectangle and a rectangle is an
isosceles trapezoid then a square is an isosceles trapezoid), asymmetry (e.g. a
rectangle is a parallelogram but a parallelogram is not a rectangle), and opposite
asymmetry of relations between geometric shapes (e.g. a square is a rectangle and a
rectangle is not a square; but while all properties of a rectangle are valid for a square,
all properties of a square are not valid for a rectangle) by virtue of the functionality
of hierarchical classifications (Fujita & Jones, 2007; Schwarz & Hershkowitz, 1999).
Moreover, it is stated that the inclusive relation of quadrilaterals contributes the
development of geometrical thinking and mathematical argumentation, deductive
reasoning and proof (Fujita, 2012; Fujita & Jones, 2007).

Fujita and Jones (2007) investigated trainee elementary school teachers’
understanding of definitions and their knowledge of inclusive relations between
quadrilaterals in Scotland. The researchers reached a result in which they proposed
the presence of a gap between learners’ personal figural concepts and formal figural
concepts. Their results showed that although teachers were able to correctly draw
geometric figures, they had difficulties in defining and classifying them. Based on
Fujita and Jones’s (2007) study, Fujita (2012) examined trainee teachers and lower
secondary school students’ understanding of inclusive relations of quadrilaterals. As
a result, they offered a theoretical model and method to identify learners’ cognitive
development on inclusive relations of quadrilaterals by synthesizing past and current

theories such as van Hiele’s model, figural concepts, prototype phenomenon, etc.
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They resulted that most of learners recognize quadrilaterals by prototypical
examples, which makes difficult for students to understand hierarchical relations
between quadrilaterals.

As another remarkable study, Usiskin and Griffin (2008) conducted a study
about classifications of quadrilaterals by analyzing various textbooks from the year
1838 to 2008 in order to examine change in definitions through years and provide
equivalent definitions of the concepts excluding trapezoid. They proposed two
groups of definitions such as “exclusive definitions” and “inclusive definitions”. They
explained that when “one definition purposely excludes what the other definition
includes; we call the one definition an exclusive definition and the other definition an
inclusive definition” (p.4). For example, if a trapezoid is defined exclusively as “a
quadrilateral with exactly one pair of parallel sides” (p.27), then rectangles and
trapezoids would be grouped as disjoint subgroups. In contrast, if the trapezoid is
defined inclusively as “a quadrilateral with at least one pair of parallel sides” (p.27),
then all rectangles would be a taken as a subgroup of trapezoids. Therefore, it is
clearly seen that while inclusive definitions are related to hierarchical classifications,
exclusive definitions lead to partition or exclusive classifications of quadrilaterals
similar to the De Viller’s (1994) categorization. In other words, types of
classifications changes on the basis of the choice of exclusive or inclusive
definitions.

Therefore, these important empirical and theoretical studies showed the
connections between prototypical examples, definitions and classifications of
quadrilaterals. Moreover, classification of quadrilaterals is a crucial mathematical
ability because it enables students’ better understanding in terms of differentiating
similarities and differences of figures (Welter, 2001). However, complex nature of
the relationships between the concepts causes difficulties in terms of understanding
inclusive definitions and corresponding hierarchical classifications (Fujita & Jones,
2007; Schwarz & Hershkowitz, 1999). In this sense, some researchers especially
focused on learners’ defining abilities on quadrilaterals. Because teachers’

knowledge on definitions of quadrilaterals is an important part of the current study,
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some theoretical studies on mathematical definitions and empirical studies related to
especially teachers’ defining abilities are mentioned in the following subsection by

summarizing and synthesizing their crucial results.

2.2.4 Teachers’ use of mathematical definitions of quadrilaterals

Definitions were taken in hand both mathematical point of view and pedagogical
point of view in related literature and the standards of curriculum. For example,
NCTM (2000) articulated that giving opportunities experience with definitions
enables students to appreciate the power of precise mathematical language. Besides,
in terms of helping the developments of students’ appropriate concept images and

concept definitions, teachers’ role was offered by Poincaré (1952) as the following:

They [students] should be made to see they do not understand what they think they
understand, and brought to realize the roughness of their primitive concept, and to be
anxious themselves that it should be purified and refined (p.123).

From this point of view, knowing appropriate definitions and selecting
pedagogically suitable definitions in classroom teaching are accepted as significant
components of teachers’ knowledge for teaching mathematics (Ball & Bass, 2003;
Ball, Bass, & Hill, 2004). More specifically, Ball and Bass (2003) stated that
teachers have responsibilities to select appropriate definitions by taking account their
students’ needs and levels instead of using definitions given in textbooks. Similarly,
Winicki-Landman and Leikin (2000) considered the selection and use of definitions
in the classroom teaching is a fundamental component of a teacher’s pedagogical
content knowledge. To sum, considering the importance and necessity of definitions
in PSTs” both SMK and PCK related to quadrilaterals, | needed to mention some
details about the role of definitions on concept acquisition of quadrilaterals and the
results of previous studies that were generally conducted with prospective teachers in

this part.
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Definitions play a crucial role as an important language form in teaching and
learning of mathematics. When considering the fundamental roles of mathematical
definitions in problem solving, argumentation and proof, identifying mathematical
concepts (De Villiers, 1998; Silfverberg, 2003), making relationship among concepts
(Mariotti & Fischbein, 1997), and ensuring oral and written communication for
mathematics teaching and learning (Thompson & Rubenstein, 2000), utilizing
definitions effectively in the instructional processes is a crucial and necessary
component of teachers’ subject matter knowledge and pedagogical content
knowledge (Ball, Bass, & Hill, 2004).

Both some mathematicians and mathematics educators have widely preferred
inclusive definitions involving hierarchical relations among concepts since they
functionally and economically allows to establish an inclusion between more
particular concepts and more general concept (De Villers, 1994; de Villiers,
Govender, & Patterson, 2009; Heinze, 2002; Kaur, 2015; Shir & Zavlavsky, 2002;
Usiskin & Griffin, 2008). In this regard, some researchers (e.g. Solow, 1984; Vinner,
1991; Winicki-Landman & Leikin, 2000) outlined logical principles that should be
fulfilled in defining a mathematical concept, which include defining as giving a
name, establishing necessary and sufficient conditions for the concept, using only
previously defined concepts, minimality, and arbitrariness. To mention but a few,
there are a variety of statements for every mathematical concept, which constitutes
necessary conditions-the concept properties-or sufficient conditions that is indication
of the concept (Winicki-Landman & Leikin, 2000, p.17). For instance, having four
sides is necessary, but not sufficient for a quadrilateral to be a square. However, with
the provision of necessary and sufficient conditions, a class of equivalent definitions
occurs and each definition in equivalence class becomes mathematically correct. In
this regard, it may be critical for teachers to select a definition amongst a number of
equivalent definitions while teaching a mathematical concept. In order to do an
effective selection, it is important that a mathematical definition should also be
considered from didactical perspective, because providing all requirements that
fulfils all logical/mathematical principles is not sufficient to put a didactically sound
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definition. Namely, a definition must be both mathematically correct and didactically
suitable when teaching mathematical concepts. In this regard, Leikin & Winicki-
Landman (2001) stated that when determining to utilize equivalent mathematical
definitions, it should be assessed not only from the epistemological aspects but also
from the cognitive (What definition is the most suitable within a given project for
teaching?), instructional (What definition is the most suitable within a given project
for teaching?), and didactical (pedagogical) (What relationship is established
between the personal meaning learnt and the institutional meaning intended?)
aspects. In parallel this idea, didactically suitable definition for the instructional
processes was explained based on some conceptions (Winicki-Landman & Leikin,
2000) such as relying on previously learned concepts (Edwards & Ward, 2003),
learners’ intellectual development, zone of proximal development of the learners
(ZPD), intuitiveness (Fischbein, 1987; Mariotti & Fischbein, 1997), and elegance
(Vinner 1991; Van Dormolen & Zaslavsky, 2003).

Mathematical and pedagogical considerations are mutually complementary
components for providing both correct and suitable definitions of mathematical
concepts in schools. While prospective teachers’ personal definitions are a
fundamental part of their “subject matter knowledge”, instructional definitions
intended to be shared with students can be regarded as an essential indicator of their
related “pedagogical content knowledge”. In addition, teachers’ knowledge of
mathematical definitions affects their instructional preferences and pedagogical
strategies when teaching mathematical a mathematical concept (Leikin & Zazkis,
2010; Zazkis & Leikin 2008). If teachers have sufficient pedagogical content
knowledge on definitions, they can select and utilize suitable definitions considering
their students’ cognitive abilities and ages. From this point of view, some
researchers aimed to examine teachers’ defining abilities on quadrilaterals (De
Villiers & Govender, 2002; Pickreign, 2007; Vinner, 1991; Zazkis & Leikin, 2008;
Zaslavsky & Shir, 2005). Details about some related studies are mentioned in the

following.
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For example, Shir and Zaslavsky (2001) addressed secondary schools’
mathematics teachers’ conceptions of mathematical definitions of square. They gave
a questionnaire involving eight equivalent statements to the teachers and asked them
to decide whether to accept or reject each statement as a definition of a square and to
provide their reasoning for the decision. After teachers working individually and in a
group having 3-5 persons, they made a whole class discussion. The results of the
study showed that teachers disagreed when deciding to accept a statement as a
definition of square. Similarly, Zazkis and Leikin (2008) conducted a study to
examine 40 prospective secondary mathematics teachers’ understanding of the
definition of a square. At the beginning of the task, teachers were asked to write as
many definitions as they can for a square. However, only five prospective teachers
listed appropriate definitions including necessary and sufficient conditions in
addition to accurate mathematical terminology and 26 out of 40 teachers could write
at least one appropriate definition. They concluded that prospective teachers
disagreed when deciding the validity of a definition in terms of providing necessary
and sufficient conditions as in the case of Shir and Zaslavsky’s (2001) findings. In
another research, Pickreign (2007) conducted a descriptive study to investigate 40
prospective elementary mathematics teachers’ understanding of the properties and
relationships among parallelograms. In data collection process, he asked teachers to
give written definitions of rhombus and rectangle Results of the study indicate that
only nine prospective teachers articulated an adequate definition of rectangle and
only one of them provided an adequate description of rhombus.

Consequently, the results of studies that examine prospective mathematics
teachers’ definitions of a quadrilateral revealed that the preservice teachers tended to
define prototypical figures under the influence of visual characteristics of
prototypical figures. This situation showed unsuitable connections between their
personal and formal figural concepts. Furthermore, they generally provided
inappropriate mathematical language usages in their definitions. On the other hand,
from pedagogical perspective, they had difficulties to determine which definition is
more suitable when teaching the concept to the students in a specific grade level or
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age group. In sum, related literature generally shed light on the inadequate nature of
prospective teachers’ subject matter knowledge and pedagogical content knowledge

relate to definitions of quadrilaterals.

2.2.5 National studies about teachers’ knowledge on quadrilaterals

In recent years, several studies related to quadrilaterals and basic geometric concepts
have been conducted in Turkey. These studies can be grouped as the studies that
aimed to examine middle school students’ (grade 4-8) conceptions about
quadrilaterals (Aktas & Cansiz-Aktas, 2012; Akuysal, 2007; Dogan, Ozkan, Karli-
Cakir, Baysal & Giin, 2012; Duatepe-Paksu & Ubuz, 2009; Erbas & Aydogan-
Yenmez, 2011; Ergiin, 2010; Ozerem, 2012; Tiirniiklii, 2014a; Ubuz & Ustiin, 2004;
Ulusoy, 2015); secondary school students’ (grade 9-12) conceptions (Cansiz-Aktas
& Aktas, 2012; Ubuz, 1999; Yilmaz, Durgut & Alyesil-Kabakg1, 2008); prospective
primary and middle school mathematics teachers’ knowledge about quadrilaterals
(Aslan-Tutak & Adams, 2015; Aslan-Tutak, 2009; Cantiirk-Giinhan, 2014; Cantiirk-
Gilinhan & Cetingoz, 2013; Cetin & Dane, 2004; Contay & Duatepe-Paksu, 2012;
Duatepe-Paksu, lymen & Pakmak, 2012; Duatepe-Paksu, Pakmak & Iymen, 2012;
Ersen & Karakus, 2013; Ko¢ & Bozkurt, 2011; Olkun & Toluk, 2004; Erdogan &
Dur, 2014; Oztoprak¢i, 2014; Tiirniiklii, 2014a; Tiirniikli, 2014b; Tiirniikli,
Gilindogdu-Alayli & Akkas, 2013); and inservice teachers knowledge about
quadrilaterals (Akkas & Tiirniiklii, 2014, 2015). Numerous studies in Turkish context
indicate increasing interest of Turkish researchers on the subject of quadrilaterals in
terms of understanding especially middle school students’ and prospective middle
school mathematics teachers’ knowledge in recent years. In the following,
considering the purpose of the current study, the details of teacher-centered studies
instead of student-centered studies are mentioned by comparing and contrasting their
important results.

Aslan-Tutak (2009) carried out a study to investigate three preservice teachers’

geometry learning and their geometry content knowledge for the case of
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quadrilaterals by both qualitative and quantitative methods. In qualitative part of the
study, she focused on three pre-service teachers’ geometry knowledge and their
usages of effective instructional ways for students’ learning. Based on the results of
qualitative part of the study, pre-service teachers’ geometry content knowledge was
limited and they had difficulties in classifying quadrilaterals. In the quantitative part
of the study, she compared geometric content knowledge of control (n=48) and
treatment (n=54) groups of the pre-service teachers and to specify the increase of
geometry knowledge of pre-service teachers in the experimental group. The results
revealed that both the treatment group participants’ geometry knowledge
significantly increased and the control group participants’ geometry knowledge also
improved. Although the knowledge increase of the participants in treatment group
was greater than the increase in the control group participants, the difference was not
statistically significance.

In a descriptive study, Duatepe-Paksu, Iymen and Pakmak (2012) investigated
45 preservice middle school mathematics teachers’ geometrical content knowledge
about classification of parallelogram. They concluded that these preservice teachers
could not establish class inclusion among trapezoid and parallelogram.

Differently, Akkas and Tirniikli (2014; 2015) examined middle school
mathematics teachers’ pedagogical content knowledge regarding student knowledge
and teaching strategies about quadrilaterals by interviewing with 30 in-service
teachers working in 12 different schools in Turkey. Their results indicated that
teachers considered their students’ previous learning when teaching the concepts.
Researchers’ another conclusion was that teachers thought that students’ mistakes
can be grouped into three main categories as mistakes regarding defining
quadrilaterals, mistakes regarding visual property, classification of quadrilaterals,
and family relation within quadrilaterals. Moreover, they mentioned what kinds of
strategies teachers used when teaching quadrilaterals to their students (e.g. using
formal definition, informal personal definitions or listing properties of the figure;

using daily life example materials or drawing figures).
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Furthermore, from the pedagogical aspect, Tiirniiklii (2014a) investigated 68
prospective middle school mathematics teachers’ perceptions about special
quadrilaterals and their inclusive relations in order to reveal their common cognitive
paths. PSTs’ lesson plans were used as the main data source. The results of the study
showed that PSTs had some misconceptions about the inclusive relations among
quadrilaterals. She also identified prospective teachers’ common cognitive paths as
parallelogram/rhombus,  square/rectangle and  square/rhombus  association.
Considering related international studies, it is noted that there was a similarity
between Scottish prospective teachers’ common cognitive paths and that of Turkish
prospective teachers (Okazaki & Fujita, 2007).

Instead of solely focusing on teachers’ subject matter knowledge or
pedagogical content knowledge, Cantiirk-Gilinhan and Ceting6z (2013) focused on
preschool teachers’ subject matter knowledge and pedagogical content knowledge on
basic geometric concepts (e.g. triangle, square) in the classroom environment
through a case study design. According to the results, both prospective teachers
could not use appropriate mathematical language when describing geometric
concepts. Furthermore, the researchers reported that prospective teachers generally
used real life examples and employed activities involving visual examples to provide
a better understanding for the children. Another important result of the study
emphasized the inadequateness of prospective teachers’ knowledge about students’
conceptions, misconceptions and errors on basic geometric concepts. In a similar
vein, Cantiirk-Gilinhan (2014) conducted a case study to understand five pre-service
teachers’ subject matter knowledge and pedagogical content knowledge about
quadrilaterals. She found that prospective teachers’ subject matter knowledge and
pedagogical content knowledge was not sufficient for interpreting the characteristic
features of quadrilaterals.

In recent years, national studies have frequently been conducted to examine
prospective middle school mathematics teachers’ conceptions about quadrilaterals by
utilizing different theoretical frameworks such as Vinner’s (1991) concept image and
concept definition (Ersen & Karakus, 2013; Tiirniiklii, Glindogdu-Alayli & Akkas,
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2013; Turniikli, 2014a; Erdogan & Dur, 2014). For instance, Tiirniiklii Glindogdu-
Alayli and Akkas (2013) carried out a qualitative study with 36 prospective middle
school mathematics teachers in order to show how they define, image, and classify
quadrilaterals throughout semi-structured interviews. They concluded that some
PSTs had incomplete connections between concept image and concept definition. In
the results, they stated that PSTs could not recognize the difference between rhombus
and square and they had difficulties in drawing of trapezoid. Further, the results
indicated that PSTs tended to prefer partition classification instead of focusing on
inclusive relations among quadrilaterals. Similarly, in another study, Tiirniikli
(2014b) examined middle school students’ and prospective teachers’ concept images
regarding trapezoid in a qualitative study. She reached that both students and
preservice teachers used non-critical properties in non-formal and incorrect
definitions and they made overgeneralizations.

Very similar to Tirniikli et al.’s study (2013), Erdogan and Dur (2014) also
executed a study in which they tried to understand 57 preservice mathematics
teachers’ personal figural concepts and their classification of quadrilaterals by
administering a questionnaire. They reported the dominant nature of prototypical
figures on preservice mathematics teachers’ personal concept images. According to
the researchers, preservice teachers could not completely establish hierarchical
relations among quadrilaterals under the negative influence of prototypical concept
images. They also concluded that even though the preservice teachers could provide
formal definitions of quadrilaterals, their prototypical images influenced their
personal figural concepts.

Taking account of indispensability and importance of definitions in
mathematics, some researchers solely focused on the prospective teachers’ defining
abilities on special quadrilateral concepts (e.g. Aytekin & Toluk-Ugar, 2011;
Duatepe-Paksu, Pakmak & Iymen, 2012; Ersen & Karakus, 2013; Kog¢ & Bozkurt,
2011; Oztoprake1, 2014). Among them, Aytekin and Toluk-Ucar (2011) investigated
36 practicing teachers’ understanding of square, rectangle, trapezoid, and

parallelogram as reflected by the definitions they generate by a written questionnaire.
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Teachers generated 357 statements for the concepts. The results revealed that one
third of teachers produced inappropriate definitions for each concept. Likewise, Kog
and Bozkurt (2011) focused on pre-service teachers’ definitions of major geometric
concepts. For this purpose, they examine how 162 first year mathematics pre-service
teachers define and draw two and three dimensional geometric shapes. Results
indicate that prospective teachers have more difficulties on defining than on drawing.
Furthermore, Duatepe-Paksu, Pakmak and Iymen (2012) specifically concentrated 45
preservice teachers’ descriptions on a rhombus task in terms of providing necessary
and sufficient conditions in individual interviews sessions. Their results indicated
that some of preservice teachers generally could not see the relationship properties of
rhombus and its definition in order to establish a definition involving necessary and
sufficient conditions.

As a noteworthy study, Oztoprake¢1 (2014) examined five preservice teachers’
cognitive processes in constructing and assessing definitions and classification of
quadrilaterals under the support of the Geometer’s Sketchpad learning activities in
her doctoral thesis by a qualitative case study. She conducted one-to-one clinical
interviews with each preservice teacher in the Human-Computer Interaction
Laboratory. The findings showed that using the Geometer’s Sketchpad in learning
environment was found effective to improve preservice teachers’ cognitive processes
of identifying critical properties for the definitions of quadrilaterals, assessing
mathematical importance of a definition, understanding the relations among
quadrilaterals to establish hierarchical classifications.

2.2.6 Summary of literature review about quadrilaterals

In literature, there are a lot of comprehensive international theoretical and empirical
studies about why understanding definitions, classifications and properties of
quadrilaterals is difficult for both the learners in all grade levels and
inservice/preservice teachers. Some of these theoretical frameworks are Vinner’s

concept image and concept definition (Tall & Vinner, 1981; Vinner & Hershkowitz;
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1980, 1983), Fischbein’s figural concepts (Fischbein, 1993), personal and formal
figural concepts (Fujita & Jones, 2007), dynamic figural concepts (Walcott, Mohr &
Kastberk, 2009) and prototype phenomenon of geometric figures (Hershkowitz,
1990; Nakahara, 1995; Okazaki, 1995). These theoretical and empirical studies
commonly investigated how learners recognize critical properties of the figures, how
they define the concepts considering necessary and sufficient conditions, or how they
classify quadrilaterals according to inclusive, exclusive relations. Their findings
generally bear many similarities even participants of the studies were different grade
levels or ages. Some crucial and common results of teachers-based studies can be
summarized in order to show what kinds of conceptions, misconceptions, and
difficulties the learners had as in the following:
— Memorization of concept definition independent of concept image or
developing concept images apart from concept definition
— Insufficiency in using both mathematically and grammatically correct
language in the definitions
— Inability to choose mathematically, instructionally and pedagogically suitable
definitions of the concepts
— Barriers to think quadrilaterals in a flexible/dynamic way due to the
influences of prototypical examples that learners encountered in previous
learning environments
— Classifying quadrilaterals partially or exclusively instead of considering all
hierarchical relationships between quadrilaterals by adopting an inclusive
way.

On the other hand, quadrilaterals have also been a popular subject in Turkey
because many of researchers have carried out their research to examine students’ and
teachers’ conceptions about quadrilaterals for last ten years. However, it can be
clearly seen that almost all teacher-based national studies focused on understanding
the existing situation of pre-service teachers’ or inservice teachers’ knowledge on
quadrilaterals by virtue of replication studies rather than trying to develop their

knowledge by using various theoretical, instructional or methodological approaches.

41



Their results generally pointed out the incomplete and inadequate nature of pre-
service teachers or in-service teachers’ subject matter knowledge and pedagogical
content knowledge on quadrilaterals.

To sum up, many studies indicated that both teachers and students have
difficulty to comprehend definitions, constructions, and classifications of
quadrilaterals. In addition to these studies, some researchers focused on traininig
studies instead of descriptive ones. In training studies, researchers generally used
dynamic geometry applications to enhance teachers’ knowledge (de Viller &
Govender, 2002; Oztoprak¢i, 2014) or mostly students’ knowledge (Erez &
Yerushalmy, 2007; Furinghetti & Paola, 2002; Jones, 2000; Ozgakir, 2013) about
geometric concepts. They used dynamic geometry softwares such as GeoGebra,
Cabri, Geometer Sketchpad, and Shape Maker. They generally concluded that if
learners are actively engaged in defining, constructing, and classifying activities in a
dynamic geometry learning environment, they can establish appropriate mental
models of geometric figures and conceptual understanding of their properties.
However, these studies mostly aimed to develop primary and middle school students’
conceptions. On the other hand, although there are some studies that were conducted
to enhance teachers’ conceptions on quadrilaterals they focused on teachers’ subject
matter knowledge on a specific area as defining and classifiying of quadrilaterals.
Therefore, it is necessary to find some possible ways in which researchers are able to
effectively enhance teachers’ subject matter knowledge and pedagogical content
knowledge instead of only describing the problematic situations in teachers’
knowledge. In this regard, mathematics educators and the educators in other learning
domains offered case-based pedagogy for teachers’ professional development as an
alternative effective approach.

In the following part of the literature review, the most necessary and important
information about the place of case-based pedagogy in teacher education, the uses of
video cases, the necessity of micro-case videos, and the theoretical approaches
utilized in case-based teacher education were given respectively by considering the
purpose and the research questions of the current study.
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2.3 Case-based Pedagogy for Teachers’ Professional Development

Training well-qualified and knowledgeable teachers is substantially challenging task
for teacher educators (Harrington, 1999). From this point of view, it is necessary to
design effective teacher preparation programs aiming in order to prepare prospective
teachers for the realities of classrooms (Shulman, J., 1992) by developing their
subject matter and pedagogical knowledge. In this regard, traditional teacher training
programs at universities like lecture-based instructional methods have been criticized
for being deprived of establishing strong connections among theory and practice
(Abell & Cennamo, 2004; L. Shulman, 1992). In the absence of the necessary
connections among theory and practice, many prospective teachers have difficulty
when transferring their theoretical knowledge to practical learning environments
when they become inservice teachers at schools (Ball, 2000; Doyle, 1986; L.
Shulman, 1992; Merseth, 1999). For this reason, teachers and educators have begun
to explore new effective methods. At this point, case-based professional development
in teacher education have gained more attention and become increasingly popular
among educators at least for over past two decades. Thus, researchers see the uses of
case-based instructional approaches as both a helper and a solvent in order to
minimize the problems in teacher education (Lundeberg, 1999; Lundeberg et al.,
1999; Masingila & Doerr, 2002; Merseth, 1991; L. Shulman, 1992; Van Den Berg &
Visscher-Voerman, 2000).

There are various definitions of cases based on their purposes and uses
(Merseth, 1996). For example, Bruner (1986, 1990) considers cases as a way of
knowing (as cited in L. Shulman, 1992). According to J. Shulman (1992) a case in
classroom context is “...a piece of controllable reality, more vivid and contextual
than a textbook discussion, yet more disciplined and manageable than observing or
doing work in the world itself (p.xiv)”. Case-based instruction is defined as an
instructional design method in which learners analyze and solve cases through

observation, discussion, reflection, and discussion (Ertmer & Stepich, 1999).
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At this point, it is useful to explain why researchers have increasingly preferred
to use case-based pedagogy in teacher education at least for over past two decades. In
other words, what are the potential benefits of case-based pedagogy in teacher
education? The intention in preparation and utilization a case is to help teachers to
broaden knowledge and qualifications that are necessary to respond to complexity
and authenticity of real classrooms (Merseth, 1991, 2003; Richardson, 1996; J.
Shulman, 1992; L. Shulman, 1986; Sykes & Bird, 1992). Thus, prospective teachers
can get the opportunity to learn “fo think like a teacher” through analyzing,
discussing, and reflecting on authentic cases. More specifically, the reasons why
educators intensively prefer to utilize cases for teachers’ professional development
are also related to potential benefits of case-based approaches. In the light of the
related literature, the notable benefits of using cases in teacher education are
summarized as follows: (a) promoting teachers’ critical and reflective thinking and
decision making abilities (Butler, Lee, & Tippins, 2006; Grossman, 1992; Jay, 2004;
Mayo, 2004; Merseth, 1992), (b) developing content and pedagogical knowledge in
subject-specific context (Fernandez, 2005; Manouchehri, 2002; Mayo, 2002); (c)
providing a means of understanding theoretical principles, (d) giving opportunity to
teachers to examine effectively about the complex structures of practice, (e)
overcoming the potential limitations of field experiences (Masingila & Doerr, 2002),
and (f) providing opportunity to cope with ambiguities and dilemmas of schooling
like determining the way of appropriate instruction; (g) learning in a community
through analysis, reflection and discussion of cases in social interactional
environment (Arellano, Barcenal, Bilbao, Castellano, Nichols, & Tippins, 2001;
Shulman, J., 1992). Considering the benefits of the cases in teacher education, it
might be useful to mention some details about types of cases in literature.

In general, there are several types of cases such as text-based cases, video-
based cases, and multi-media cases. In 1990s, most of the studies that investigate the
uses of cases in teacher education have focused on mostly text-based cases of
classroom situations, including written or printed documents such as diaries,

photocopies of student work, observer's notes, and so on (Barnett, 1991; Merseth &
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Lacey, 1993; Shulman, 1992; Stein, Smith, Henningsen, & Silver, 2000). Nowadays,
there are different kinds of cases that have been used for prospective and/or inservice
mathematics teacher education such as lengthy narrative cases (e.g. Hillen &
Hughes, 2008), short narrative cases (e.g. Schifter, Bastable, & Russell, 2008) and
video cases (e.g. Goldsmith & Seago, 2008; Seago, Mumme & Branca, 2004; Van
Zoest & Stockero, 2008). In order to clarify the effect of different presentations of
cases, Moreno and Valdez (2007) conducted a study in which they used a classroom
case in both text and video format to examine students’ learning and ability to
transfer educational psychology principles to novel classroom situations. Their
results indicated that video group had higher transfer and retention scores than the
other groups. Similarly, since video cases begin to be seen as a more powerful and
authentic tool than narratives cases in teacher education (Valmont, 1995; Wetzel,
Radtke, & Stern, 1994), there has been an interest in using video cases in order to
improve prospective teachers’ subject matter knowledge and pedagogical content
knowledge (Ball & Cohen, 1999; Ball, 2000; Barnett, 1991; Hiebert, Gallimore, &
Stigler, 2002; Lampert, Heaton, & Ball, 1994).

2.3.1 Video-cases in teacher education

By the innovations of technological equipment such as portable video, people can
easily reach any of multimedia tools. Therefore, teacher educators have been using
video recordings for microteaching sessions since the late of 1960s by summarizing
teachers’ learning via watching brief clips of classroom instruction (Allen, 1966;
Allen & Clark, 1967; Allen & Ryan, 1969; Limbacher, 1971; Ward, 1970). After the
late of 1990s, researchers began to use video for in-service teacher education
(Frederiksen, Sipusic, Sherin, & Wolfe, 1998; Gwyn- Paquette, 2001; Seago, 2004;
Sherin, 2003a, 2004; Tochon, 1999) and for methods courses in pre-service teacher
education (Copeland & Decker, 1996; Daniel, 1996; Friel& Carboni, 2000; Goldman
& Barron, 1990). With the tendency of using video cases for teachers’ professional

development, researchers focused on teacher progress in identifying crucial moments
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and examining student thinking to deepening their pedagogical content knowledge
and reflective thinking (Brophy, 2004; Jacob, Lamb, Philipp, Schappelle, & Burke,
2007; Santagata, Zannoni, & Stigler, 2007).

The reason why video have become popular and crucial as the means of
instruction and evaluation in teacher education can lurk in its considerable
affordances although it has some drawbacks at the same time. In this regard, Sherin
(2004) categorized the affordances and drawbacks of using video-cases in teacher
education. She offered three drawbacks of using videos before explaining its
affordances. In this purpose, she specified all drawbacks as in the following:

i) Passive role of the person: Persons views the video without any opportunity to
interact the persons in the video clips. Unlike the teacher or observer, viewer
has no chance to ask a student in the video clip to make a detailed explanation
or to elaborate an idea.

i) Limited information: Classroom is a complex learning environment. The data
obtained from video cases are limited only the information captured by video
cameras. For example, because video cameras look only one direction at a
time, viewers cannot know all students engaged the activity or what students
are doing. Furthermore, viewers cannot turn her/his head to look around
whenever they want to examine something in the classroom.

iii) Lack of capturing wide-variety of contextual information: Video gives
information at a time. However, it involves no information about what
happened in earlier days and weeks. Similarly, it cannot be gained information
about the broader atmosphere of school or the students educating other
classrooms.

Sherin (2004) also focused on particular three affordances of video. She
offered first two of them based on the work of Latour (1990). These affordances are
summarized in the following:

(i) Video is a lasting record: A video record can be paused and rewound in any
time and can be watched again and again to examine students’ statements,

constructions, and specific conversations. One may watch and listen a student’s
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specific drawing and explanations in multiple times as a live observation. At
the same time, a researcher can get more information about the details of
interactional processes between teacher and students or students in a group via
external microphones. Additionally, when someone communicates a group of
students, video camera get all interactional process of remaining groups of
students.

(if) Video can be collected, edited, and recombined: Although video involves
chronologically a period of time of a classroom interaction, it can be divided
into segments by using video editing opportunities. Furthermore, these
rearranged videos can be involved in a video library that develops for teacher
education (Frederiksen, 1992). Such types of libraries could include the
excerpts of video collections about specific themes such as teachers’ actions to
manage classroom, students’ mathematical understanding about a particular
topic, and interactional process between students and teacher. Furthermore, by
the help of current developing advances in technology, particular video clips
can be electronically linked to curriculum materials.

(iii) Video sustains a set of practices that are very different from teaching: The
permanent and editable nature of videos allows educators to organize different
set of practices to promote teacher professional development and to recognize
the new ways for teaching and learning (Putnam & Borko, 2000; Sherin,
2002).when examining a pedagogical issue in video case, prospective or
inservice teachers have a luxury of time to think and reflect their ideas on the
issue. They can spend time to explore the ways of alternative interpretations
and instructional strategies. In addition, they get opportunity to see different
colleagues’ classrooms and various teaching ways by comparing and
contrasting these alternative ways. As a result, teachers can determine the
effectiveness of a particular pedagogical strategy. On the other hand, because
the complex nature of classroom practice, video clips enable that teachers can
spend extended amount of time analyzing a small particular event in classroom

practice.
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Considering related literature, it seems that it is not enough to group the
affordances of videos under only aforementioned three headings. From this point of
view, uses of video cases offer many opportunities to teachers and teacher educators:
video (a) allows one to enter into the complex nature of classrooms (e.g. Richardson
& Kyle, 1999) (b) provides an collaborative discussion and reflection environment
(e.g. Lundeberg, Levin, & Harrington, 2000); (c) gives opportunity to examine
alternative pedagogical approaches by comparing and contrasting different
instructional strategies (e.g. Sherin, 2004); (d) enables to examine interaction
analysis among students and teacher (e) supports teachers’ noticing interpretive and

evaluative stance rather than descriptive ones (e.g. Sherin & Han, 2004) and so on.

2.4 Studies on the Uses of Video Cases in Teacher Education

There are several studies in which researchers utilized case-based pedagogy in order
to enhance teachers’ professional development. While some of these studies made
use of narrative cases, some others employed video or multimedia cases. At this
point, it may be useful to recall that the current study is aimed to understand the
developments in prospective middle school mathematics teachers’ knowledge
throughout analyzing and discussing of micro-case video clips involving seventh
grade students’ mathematical thinking process on quadrilaterals. Taking account the
purpose of the current study, it is solely focused on video case-based studies that
were conducted with preservice or inservice (especially mathematics) teachers who
teach primary (grade 1-4), elementary (grade 5-8) or secondary (grade 9-12) school
students. In this regard, some vital and related international and national studies are
presented in this part of the literate review.

In general manner, most of studies using video case-based training programs in
both inservice and preservice teacher education focused on teachers’ noticing of
students’ mathematical thinking in a general way without making emphasis on
particular mathematical concepts and domains. However, exploring the development

of teachers’ knowledge or teachers’ professional noticing abilities in particular
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mathematical domains might be crucial to enhance teachers’ professional
development (Garet, Porter, & Desimone, 2001; Kennedy, 1998; Walkoe, 2014)
considering the influences of teachers’ developing knowledge on the students’
achievement and conceptual understanding (e.g. Kennedy, 1998). In this regard,
researchers have begun to focus on the studies addressing both inservice teachers and
mostly preservice teachers' knowledge or professional noticing of students’
mathematical thinking on particular mathematical concepts by video-based
instructional ways in very recent years (e.g. Ding & Dominguez, 2015; Huang,
Kulm, Li, Smith, & Bao, 2011; Ingram, 2014; Jacobs, Lamb, and Philipp, 2010;
Olkun et al., 2009; McDuffie, Foote, Bolson, Turner, Aguirre, Bartell, Drake, &
Land, 2014; Santagata, 2009; Schack, Fisher, Thomas, Eisenhardt, Tassell, & Yoder,
2013; Sleep & Boerst, 2012; Taylan, 2015; Walkoe, 2014). Consequently, it is
necessary to give the details of video case-based studies that concentrate on the
development of mathematics teachers’ professional noticing of students’
mathematical thinking about particular mathematical concepts in order to see their
theoretical and methodological characteristics and contributions to the literature.
Thus, it is possible to picturize how international and local studies addressed case-
based pedagogy in terms of theoretical, methodological, and didactical aspects and
how they made contributions to mathematics teacher education.

For instance, Santagata (2009) implemented a video-based professional
development program to sixth grade mathematics teachers during two consecutive
years in five low-performing schools. At the end of the first year, the researcher
determined teachers’ problems related to basic understanding about ratio-proportion,
knowledge about students’ mathematical conceptions, their abilities when analyzing
students’ works beyond evaluating them as only right or wrong. In the second year
implementation, she addressed four changes/modifications in the modules: “(a)
increased specificity of content-related questions, (b) focus on common students’
misconceptions, (c¢) refinement of facilitators’ planning and variation in professional
development discourse structure, and (d) increased guidance in the analysis of
student thinking.” (p.48).
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Schack et al. (2013) carried out a comprehensive study in order to improve the
professional noticing abilities of prospective elementary school mathematics teachers
in the context of early numeracy thinking. They collected their data from 94
preservice teachers in mathematics method courses at three different universities by
virtue of five-session module developed by researchers considering three
components skills (attending, interpreting, and deciding) of professional noticing
framework. The results of pre and post-assessment indicated that prospective
teachers significantly improved their professional noticing skills.

Similarly, Ding and Dominguez (2015) investigated six Chinese lower
secondary mathematics prospective teachers’ knowledge and beliefs regarding
teaching pedagogies and students’ mathematics knowledge when they analyze video
clips involving students’ procedural errors consisting of exchanging the order of
Cartesian coordinates in the process of applying the distance formula. More
specifically, they tried to describe how prospective teachers attended, interpreted,
and responded to a video case where a student exchanged the order of the
coordinates when applying the distance formula. They emphasized the
inconsistencies between prospective teachers’ responses in three tasks. The results of
the study also indicated that teachers’ noticing was influenced by their prior
experiences, knowledge and beliefs.

In the video club context, Walkoe (2014) aimed to develop seven USA
preservice teachers’ noticing of students’ algebraic thinking in terms of broadening
their perspectives to algebra concepts, taking account of different students’ algebraic
thinking, and reasoning about students’ conceptions in more detail. Over an eight
week period, preservice teachers watched and discussed classroom video clips taken
form teachers’ algebra classes. She analyzed preservice teachers’ knowledge-based
reasoning by determining the depth of group discussions about students’ algebraic
thinking in order to understand how they examine students thinking either by
evaluating a general sense or looking at the details in students’ conceptions. The
results of the study revealed that participating in a video club not only provided

teachers articulated substantively conceptual aspects of students’ algebraic thinking,
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but also gave opportunities them to reason about the thing they noticed in deeper
ways. At the end of the study, the researcher suggested that researchers can be
examined how preservice teachers’ professional noticing abilities develop in
different mathematical subjects such as spatial abilities in geometry or generalization
in statistics for the future studies.

On the other hand, Huang et al. (2011) conducted an exploratory study in
China with sixteen in-service primary school mathematics teachers having teaching
experience from two years to twenty years via a 5-day video-case based training
program about fractions and decimals. They examined their data by utilizing the
framework in terms of mathematical content knowledge, general pedagogy, and
pedagogical content knowledge to capture how these teachers’ approaches change
when evaluating the videos. Based on the data analysis, they found that teachers
shifted their perspectives from general pedagogical issues to mathematical and
pedagogical content knowledge on fractions and divisions instead of focusing solely
generic classroom management issues. Consequently, they concluded that video-
based training program based on a specific mathematical concept such as fractions
positively influenced on the development of teachers’ understanding of related
mathematical content and pedagogy and their reflective thinking abilities.

Another study was carried out in order to assess the effectiveness of an
experimental elementary mathematics field experience course by proposing a
prediction assessment rubric for evaluating prospective teachers’ knowledge of
children’s mathematical thinking about part-whole relationship in fractions (Norton,
McCloskey, & Hudson, 2011). By establishing and using a model of child’s
mathematics, prospective teachers predicted how the child answers to a mathematical
task. In the findings, researchers made emphasis on the effectiveness of the
instrument that they developed. They concluded that their implementation indicates
moderate to high degrees of interrater reliability in using the rubric to make
assessment about prospective teachers’ models and predictions. Finally, they suggest
that prediction assessments effectively assess the prospective teachers’ pedagogical

content knowledge.
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In addition to the international studies, there are also some video case-based
studies that focused on teacher noticing abilities in online video discussion
environments or teachers’ knowledge (Kog, 2011; Osmanoglu, Kog, & Isiksal, 2013;
Osmanoglu, Isiksal & Kog, 2012; Osmanoglu, Isiksal & Kog, 2015) or professional
noticing abilities of students’ mathematical understanding in specific mathematical
concepts such as numbers and arithmetic (Olkun et al., 2009), multiplication and
division (Taylan, 2015), problems in modeling perspective (Didis, 2014; Didis,
Erbas, Cetinkaya, Cakiroglu & Alacaci, 2015). Parallel with the aim of the current
study, it is mentioned about the details of national studies that focus on teachers’
knowledge and professional noticing of students mathematical understanding in
particular concepts instead of mentioning about the studies related to teachers’
noticing in a general manner independent from the mathematical subject or concepts.

For example, according to case-based instructional design, Olkun, Altun, and
Deryakulu (2009) developed the developmental process of a digital learning tool
(Learning Tool for Elementary School Teachers (L-TEST)) involving children’s
mathematical thinking for the ages of 4-11 years on the subjects of numbers,
arithmetic, and geometric shapes as an teacher training project. They aimed to help
prospective and inservice teachers get to know students thinking by the virtue of
video cases. Finally, they conducted a usability test for the developed learning tool.
The results revealed that teachers provided two main benefits of such kind of
learning tool: supporting and enhancing their knowledge about children’s basic
mathematical concepts, and getting new information about children’s geometric
thinking and their strategies.

In a very recent study, Taylan (2015) examined third grade teachers’
professional noticing of students’ mathematical thinking on multiplication and
division. As the data sources, she used video records of three consecutive
mathematics classes, students’ written documents, field notes, and videotaped
interviews conducted with the teachers. She examined how teachers notice particular
events of classroom instruction by using following components: (i) student thinking

(e.g. student strategies, student understanding, student difficulty, making
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connections, and providing explanations), classroom norms (e.g. checking work,
partnership providing feedback for peers admitting/learning from mistakes), and (iii)
students characteristics (e.i. students’ personality or attributes). As an important
result, she found that teachers’ noticing might influence their instructional
approaches and their students’ learning in better ways.

In her doctoral thesis, Didis (2014) examined twenty five prospective
secondary school teachers’ knowledge of students’ mathematical thinking within an
undergraduate course context about mathematical modelling. She collected data
within four two-week cycles. Prospective teachers firstly examined a non-routine
mathematical task. Then, they examined and discussed a group of high school
students’ solutions to the task by analyzing students’ written documents and video
episodes. The results revealed that prospective teachers’ predictions were
inconsistent with on students’ actual mathematical thinking ways at the beginning of
the course. However, she found that great portion of prospective teachers’
predictions become more consistent over the course as they analyzed and discussed
students’ thinking ways.

Based on Didis’s (2014) doctoral thesis, Didis, Erbas, Cetinkaya, Cakiroglu
and Alacaci (2015) published an article in order to reflect secondary school teachers’
views about the role of analyzing students’ mathematical work in comprehending
students’ ways of thinking. They reached that prospective mathematics teachers
found examining the students work useful in terms of being aware of, understanding,
interpreting students’ ways of thinking. They emphasized the positive influences of
using students’ work from real classroom settings on the development of teachers’
pedagogical content knowledge.

In sum, based on the literature review, it is evident that there are limited studies
on the use of cases and the influences of cases-based pedagogy on teacher education
in Turkey. Thus, it was necessary to conduct a study on what prospective teachers
gain from the case-based professional development programs especially designed in
particular mathematics domains. Based on this necessity, | proposed the use of

micro-case videos in prospective teacher education. In the following, | provide
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explanations about what micro-case video is, why it is necessary, and how
researchers produce such video cases to develop prospective teachers’ knowledge on

specific mathematical concepts or domain.

2.5 The Need for Micro-Case Videos in Teacher Education

In the literature, there are different uses of videos in teacher education such as
microteaching, interaction analysis, modeling expert teaching, video-based cases,
hypermedia programs and field recording (Sherin, 2004). In general, many of video-
based studies that were conducted to enhance learning to notice for teachers
professional development involves the noticing of classroom features, such as
student-teacher interaction and communication in classroom environment (e.g.
Brophy, 2004; Goldman, Pea, Barron, & Derry, 2007; Star & Strickland, 2008; van
Es, 2011).

Classroom videos involve information about various dimensions that can be
noticed when analyzing video clips such as actor (the students, the teacher, and
others), topic (management, climate, pedagogy, mathematical thinking), and stance
(describe, evaluate and interpret) (Sherin, Jacobs, & Philipp, 2011; van Es & Sherin,
2008). These dimensions indicate the complex and multidimensional structure of
classroom environment in terms of prospective mathematics teachers. Among these
dimensions, understanding students’ mathematical thinking has particularly crucial
role to promote the effectiveness of prospective teachers’ professional development.
Especially, reform-based approach for teacher education encourages teachers to get
detailed information about students’ misconceptions, difficulties, errors and thinking
processes on a mathematical concept by adopting a flexible approach to instruction
(Ball & Cohen, 1999; National Council of Teachers of Mathematics [NCTM], 2000;
Ministry of National Education [MoNE], 2013). However, teachers who began to
analyze classroom videos may not have a focused and direct attention on students’
mathematical thinking due to other factors in classroom teaching (Chamberlain,
2005; Ding & Dominguez, 2015; Freese, 2006; Kagan, 1992; Olkun et al., 2009;
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Shapiro, 1991). Instead, they tend to notice different things such as teachers’
explanation, students’ conversations, or classroom environment when first examining
a classroom video case.

In the classroom videos, the noticeable features of students’ mathematical
understanding are hidden in the complex nature of the classroom. At this point,
“professional noticing” enables teacher more focused noticing on students’
mathematical ideas (Jacobs, Lamb, & Philipp, 2010; Sherin et al., 2011; Star &
Strickland 2008; van Es 2011) because mathematics educators make emphasis on the
significance of interpreting and eliciting the meaning of students’ mathematical
works as a primary goal to ensure effective mathematics teaching. To achieve this,
teachers must also have knowledgeable on students’ possible conceptions,
misconceptions, difficulties, and errors in any subject domain in order to access
students’ thinking and get opportunity to devise their own instructional decisions
(Ding & Dominguez, 2015; Jenkins, 2010). The results of several studies indicate
that prospective teachers experience a number of difficulties at the beginning of their
teaching careers in terms of interpreting their observations (Jacobs et al., 2010; Star
& Strickland 2008; van Es & Sherin, 2008; van Es & Sherin, 2002) that are
especially related to interpreting students’ mathematical thinking. Because of the
difficulties, they generally tend to describe mathematical situations in the learning
environment rather than interpreting the meaning of a situation or finding solutions
for problematic events (e.g., Santagata et al., 2007; Roth-McDuffie, Foote, Bolson,
Turner, Aguirre, Bartell, Drake, & Land, 2013).

When considering the courses given in prospective teacher education
programs, observing classroom videos are doubtlessly helpful in constructing a
bridge between university learning to classroom practice in terms of prospective
teachers. Furthermore, though classroom videos, prospective and inservice teachers
can broaden their knowledge on different instructional strategies, and classroom
culture in terms of interactional process and classroom management, and curricula
(Sherin, 2004, p.14). However, we should question that whether the examination of

only classroom videos or some interesting moments of classroom videos can be
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enough to promote prospective mathematics teachers’ professional development in
terms of understanding students’ mathematical thinking.

In order to attend, interpret, and reflect students’ mathematical thinking
thoroughly, it is crucial to detect and edit suitable moments as the cases in the
classroom videos. For the selection of video excerpts from classroom environment,
Linsenmeier and Sherin (2009) identified three types of video clips as What, Wow,
and Hmm clips that are useful to increase productivity of discussion on student
mathematical thinking. These clips refers to “what just happened?”, “I never thought
of that!”, and “there is something interesting in here”, respectively. Additionally,
Sherin, Linsenmeier and van Es (2009) characterized classroom video clips of
student mathematical thinking according to three dimensions such as Window,
Clarity, and Depth by rating twenty six video clips as being low, middle and high on

each dimension (see Table 1).

Table 1. Three dimensions of classroom video clips of student thinking (Sherin et al.,

2009, p.216)
Dimensions  Critical Levels of each dimension
question Low Medium High

Window Is there Little evidence ~ One or more Detailed
evidence of of student sources of information from
student thinking  thinking from information exist, one or more
in the video any source but little detail sources
clip? provided

Depth Are students Task is routine  Some sense- Student engages
exploring for student; calls making applied to  in math sense-
substantive for routine task making, works on
mathematical memorization or task at conceptual
ideas? recall on part of level

student

Clarity How easy isitto Student thinking Much of student  Student thinking
understand the not transparent  thinking transparent;
student thinking transparent, viewer sense-
shown in the though some making not called
video? ideas may be for or single

unclear interpretation
obvious
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They examined the relationship between the video clips and productivity of the
discussions of the clips. Based upon the findings, they proposed that familiarity with
these dimensions leads teacher educators who desire to characterize productive video
clips to use with teachers. In these studies, video clips that involve students’
mathematical thinking are selected and identified through cutting and editing
classroom videos (e.g. small video excerpts that display clear students’ explanations
how s/he solved the problem on the board) rather than focusing on a single student’s
thinking process on a mathematical concept thinking process within a specific video
production process. Absolutely, the way used by Sherin et al. (2009) is helpful to
determine which part of a classroom video can be used for a productive discussion of
students’ mathematical thinking. However, conducting videos in complex classroom
environment in which teachers make natural instruction requires extra time and
effort. Furthermore, in classroom videos, it is almost impossible to examine students’
mathematical thinking in both natural and isolated manner. Accordingly, I think that
producing and using “micro-case videos that reflect student mathematical thinking
can be an effective way to promote prospective mathematics teachers’ content related
knowledge and pedagogical content knowledge in terms of understanding students’
mathematical thinking and developing alternative instructional strategies to
problematic situation in students’ conceptions. Thus, the use of micro-case videos in
this manner serves purely a student-centered perspective to the teachers instead of
focusing on multi-dimensions of complex classroom learning. The uses of micro-
case videos in prospective teacher education programs can be effective and helpful to
fill the gap in video case-based professional development context. In the following, |

provide information about definition and main characteristics of micro-case videos.

2.5.1 A proposal for definition and main characteristics of micro-case

videos

In the scope of this research, it is necessary to answer following questions: What are
the definition and the main characteristics of micro-case video clips? What is the
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difference of micro-case videos from classroom or other types of video cases? In the
current study, I defined “micro-case video™ as a specially-designed educational video
for prospective mathematics teachers that involve a collection of significant events
related to an individual’s mathematical thinking process on particular mathematical
concepts or problem situations when the learner works on structured content-related
tasks in an isolated non-classroom learning environment. Based on the definition, 1
listed four main features that are associated with micro-case video clips as follows:
(i) isolated non-classroom learning environment, (ii) an individual’s thinking
process, (iii) structured content-related tasks or problem situations, and (iv) a
collection of specially-designed selected-edited events. The details of main

characteristic features are expressed in the following:

2.5.1.1 Isolated non-classroom learning environment

Micro-case video clips involved a learner’s thinking process in an isolated non-
classroom environment. In a classroom environment, there are many of student-
related, teacher-related, and classroom-related factors that can affect student learning
and thinking process (Grubaugh & Hauston, 1990). Students’ prior knowledge, level
of participation in class, classroom pacing, time limitation, class climate (e.g.
teacher-centered or student-centered), supportive or non-supportive learning
environment, teachers attitudes about teaching, learning, and students can be given as
only some example factors that might have effect on the level of students’ self-
expression in the classroom. For example, because of having stage fright on the
board under the influence of math anxiety, a student may not adequately express
his/her mathematical ideas about the issue discussed in the classroom (Jackson &
Leffingwell, 1999; Lyons, 1989; Malko¢ & Kaya, 2015). Another crucial point is
that some teachers can inappropriately use classrooms as a bully pulpit, which might
create traditional teacher-centered learning environment instead of student-centered
learning environment. In such a case, students cannot actively take a role in the

center of the learning process to explain their ideas and responses (Berry & Sharp,
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1999; Cubukcu, 2012; Sharma, Millar & Seth, 1999). For these reasons, isolated non-
classroom environments can be more suitable than the classrooms in order to foster
learners’ mathematical thinking in more depth. Especially, well-structured clinical
interviews can be used as an alternative way to deepen learners’ mathematical

conceptions in the current study to produce fruitful video-cases.

2.5.1.2 An individual’s thinking process

In this research, type of video case is named by using the prefix of “micro” because it
involves only a student’s mathematical thinking on a particular mathematical subject.
Such kinds of clips can be called “micro-case videos” and the classroom videos can
be thought as the examples of “macro-case videos”. As mentioned before, related
literature indicates the complexity and multidimensional structure of the classroom
cases. In classroom video cases, researchers generally focused on many of students’
mathematical thinking at the same time due to the nature of classroom context.
Students in the classroom cannot be thought separate from their peers and the teacher
in the classroom environment. For the similar reasons, it is almost impossible to
reach the details related to how a student reason about particular mathematical
concepts. From the point of prospective teachers, examining a learner’s thinking in
more detail is a great opportunity to enhance their knowledge about student
mathematical thinking before graduating teacher education program. However, they
have almost no chance to examine different achievement level student’s conceptions
and thinking processes in the courses such as method courses, field practice or school
experience at universities. At this point, as a strong argument, it is proposed that
micro-case videos involving a single student’s thinking process open the door to the

world of student’s ideas.
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2.5.1.3  Structured content-related tasks or problem situations

Sykes and Bird (1992) mentioned two types of cases as “content-specific cases” and
“context-specific cases” and they gave some examples to explain these cases.
According to Sykes and Bird (1992), while case related to multiplication of fraction
(Barnett, 1991) is an example of content-specific cases, case on teaching Alaskan
communities (Kleinfeld, 1992) is an example of context-specific cases. In this
regard, micro-case videos in the present study can be thought as an example of
content-specific cases because micro-case videos involve middle school students’
mathematical thinking processes on content-related tasks or problem situations about
quadrilaterals. The reasons why | preferred structured content-related tasks or
problem situations in micro-cases were explained in the following.

Teachers’ proficiency on conceptual knowledge is emphasized as a prerequisite
component of their subject matter knowledge. As a new perspective, Tchoshanov
(2011) documents three types of teacher content knowledge: type 1: knowledge of
facts and procedures; type 2: knowledge of concepts and connections; and type 3:
knowledge of models and generalizations. He reports that type 2 knowledge has a
potential role to predict of teaching that will positively effect on students’
achievement. In this sense, structured content-related tasks are utilized in order to
foster students’ knowledge of concepts and connections among the concepts by
considering mathematics educators’ suggestions. Mathematics educators have
stressed the importance of developing students’ conceptual understanding, the ways
of reasoning, and higher level of problem solving competencies rather than focusing
on procedural or short-cut heuristic algorithmic processes (Davis, Maher& Noddings,
1990; Goldin, 1997; von Glasersfeld, 1991) because these tasks give opportunity to
“enter the students’ mind from the conceptual aspect” considering individual
difference and the diversity of their mathematical understandings (Davis, 1984;
Hazzan & Zazkis, 1999). By this way, researchers may draw inferences about the
changing knowledge structure and cognitive processes and the possible meanings of

learners’ verbal or written statements.
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2.5.1.4 A collection of specially-designed selected-edited events

Sherin (2004) stated that “video can be collected, edited and reorganized into a
format that differs from its original presentation” (p.12). Similarly, micro-case video
clips require a careful and structured video production process. An educational video
production process involves different steps such as planning, videotaping, archiving,
selecting and editing as similar stages in the case of cinematography. Why editing is
necessary for the micro-case videos before sharing the videos to the prospective
teachers? Raw videos may involve many of unnecessary data that are unrelated to the
researcher’s purpose. Furthermore, researchers may want to chance the flow of
events in the raw video in order to catch a more effective situation and strengthen the
integrity of the clip. Thus, editing process permits both composition and
decomposition of pieces of a video in a specific manner. In conclusion, micro-case
video clips constitute a collection of selected-edited significant events with regard to
the aim of the researcher and some other criteria. (Important note: all details of the
criteria that | utilized when producing micro-case video clips are explained in
method section.) In micro-case video production, preparing video cases that are
completely suitable with researchers’ purposes can be more possible and easier than
other video preparation process. As a result, researchers have opportunities to select
necessary video cases among a rich collection of specially-designed selected-edited

events related to students’ mathematical thinking.

2.6 Social Constructivist Theory

Constructivism makes emphasis on the idea that learners construct their own learning
via engaging mathematical practices mostly by the way of social interaction (Cobb,
Yackel, & Wood, 1992). According to this theory learners have active roles in any
learning environment and they build mathematical knowledge based on their existing

knowledge, experiences, and beliefs. Thus, the main idea in constructivism may be

61



related to the storage of knowledge in learners’ mind because learners do not store
given information as separate pieces. Instead, they try to understand knowledge by
developing arguments and establishing a connection between them in order to
internalize obtained knowledge (Perkins, 1991).

In the literature, two types of constructivism were mentioned as radical
constructivism and social constructivism (Karagigorgi & Symeou, 2005). Radical
constructivists claim that the process of knowledge construction is dependent on the
individual’s interpretations as being isolated from social context. On the other hand,
social constructivists see construction of knowledge is not solely depend on
individuals’ subjective interpretations. This knowledge construction is also socially
situated and it grows out social interaction with others (Tobin & Tippins, 1993). In
the current study, because | adapted social constructivism assumptions while
producing a video case-based learning environment, | found necessary and useful to
mention some details about social constructivist theory in the following.

Social constructivist theory was emerged based on Vygotsky’s social and
cultural perspective and Piaget’s cognitive constructivist perspective (see Piaget &
Inhelder, 1969). While Piaget see knowledge as the mental organization of the
learner’s individual experience, Vygotsky (1978) considered knowledge as a social
and cultural entity. More specifically, Piaget also acknowledged the role of social
interaction on learning. In this regard, he stated “...individual would not come to
organize his operations in a coherent whole if he did not engage in thought
exchanges and cooperation with others...” (p.174). In this regard, both Vygotsky and
Piaget emphasized the role of social interaction on learners’ cognitive change and
intellectual development. However, there are some differences between Piaget’s and
Vygotsky’s view in terms of the role of social exchange on learner’s cognition.
While Vygotsky focused on social interaction between more capable peer and
learners, Piaget (1965) mainly see social relationship between equal peers. This
difference made contributions to the current study because | combined two

perspectives when examining prospective teachers’ knowledge development in both
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individual process and in group discussion process between participants having
different perspective on a mathematical issue.

As a strong argument, Vygotsky (1978) proposed that “learning awakens a
variety of internal development process that are able to operate only when the
...[learner] is interacting with people in the environment and with his peers” (p.90).
In addition to the importance of social interaction on learning, considering the role of
individual’s own experience, ability, and knowledge on learning, Vygotsky (1978)
proposed the construct of zone of proximal development (ZPD). Accordingly, he
stated that there are two developmental levels in ZPD. This argument if often
supported by the following explanations:

Any function of the child's development appears twice, or on two planes. First
it appears on the social plane and then on the psychological plane. First it
appears between people as an inter-psychological category and then within the
child as an intra-psychological category (Vygotsky, 1978, p.63).

While one is related to what a learner individually can perform, the second
level identifies what this learner can do by the help of support, which indicated that
there is a zone between these two developmental levels. In this sense, Vygotsky
(1978) describes ZPD as the following:

The distance between the actual developmental level as determined by independent
problem solving and the level of potential development as determined through
problem solving under adult guidance, or in collaboration with more capable peers

(p.86).

From this point of view, ZPD provides learners interaction to support their
capacity in order to reconstruct mathematical concepts through modifications in a
constructivist learning environment (Steffe, 1991). Thus, social constructivist theory
emphasizes that learning is defined not to be solely individual process, but also a
social construct produced in social discourse (e.g. Pitsoe, 2007) because learners
have a chance to actively participate to the learning environment with the teacher and

their peers by using their existing knowledge in order to construct new knowledge. In

63



the classrooms or small groups, learners can bring their own perspectives to the
learning context. Thus, social interaction allows the presence of multiple
perspectives on the content (Duffy & Cunningham, 1996; Schreiber & Valle, 2013).
On the other hand, from the mathematics education perspective, Ernest sees learning
as the construction of knowledge through socially situated conversation. Moreover,
he puts emphasis on the necessity of the knowledge construction through active
participation and learners’ interactions. In this sense, Ernest’s philosophy provides an
approach to mathematics education in terms of social constructivist perspective. In
summary, learning is active, contextual, and social in social constructivist theory. In
another mathematics education perspective, Stephan, Bowers, Cobb, & Gravemeijer
(2003) also emphasize that learning is a process involving both individual and social
aspects. In this perspective, there is no primacy over individual process or social
process. They called social constructivism as emergent perspective. In this regard,
they strongly argued that there is a strong connection among individual and social
learning processes and this processes cannot be thought as a separate components
from learning development because their existences depends on the existence of each
other. As a result of this assumption, researchers assumed that the emergent
perspective takes account of learners’ individual mathematical development as they
participate in practices that are carried out in a social and cultural environment such
as classrooms (Cobb, 2000; Yackel & Cobb, 1995). In the light of related literature,
critical features of a social constructivist approach were formulated in many studies
(e.g. Beck & Kosnik, 2006; Hang, Meijer, Bulte, & Pilot, 2015) as in the following:
learning is social; knowledge is experience-based and constructed by learners; all
aspects (e.g. attitudes, emotions) of a learner are connected; and learning
communities should be inclusive and equitable.

As compatible with the nature of social constructivist theory, case-based
instruction also provides an environment where the learners actively participate to
class or group discussion (Mayo, 2002). By this way, in such kinds of environments,
not only the learner get opportunity to construct knowledge individually via own
experiences, but also to enhance his/her learning through social interaction and
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reflection while interpreting and discussing cases (Mayo, 2002). As a result, it is
suggested that case-study method can be utilized to facilitate the development of
reflective thinking and deepening learners’ conceptual understanding. In this regard,
the findings of Mayo’s (2004) study indicated that learners were able to find
solutions to problems together and reconstruct their existing knowledge by the help
of social interaction in case-based settings.

In the current study, social-constructivist approach was adapted due to some
reasons. To be clarify and justify the reasons why | utilized social-constructivist
theory when prospective teachers attended to a teaching experiment designed within
video case-based learning environment, it is necessary to mention other theoretical
perspectives used commonly in case-based teacher education. In this regard, I
summarized some notable characteristics of “situated perspective of learning
theory”, and “noticing theory”. Then, I explained the reasons why social
constructivist theoretical approach was preferred in the current study at the end of

following part.

2.7 Other Theoretical Approaches Used in Case-Based Teacher Education

2.7.1 Situated perspective on cognition and learning

Situated learning was defined as: ‘the notion of learning knowledge and skills in
contexts that reflect the way the knowledge will be useful in real life’ (Collins, 1988,
p.2). Furthermore, apprentice observing community of practice is admitted as a
critical characteristic feature of situated learning (Herrington & Oliver, 2000). Lave
and Wenger (1991) proposed situated perspective in which learning occurs through
interaction and participation in a particular community of practice situated in
authentic learning environments such as teachers’ own classrooms (Putnam & Borko,
2000). According to this theory, social relationship prepares an environment in
which learning occurs (Greeno, 1997) because the learners move from the periphery
with the role of observer to the center of the community with the role of fully
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participant. This social participation is named as “legitimate peripheral participation”
(Lave & Wenger, 1991). Legitimate peripheral participation enables the participant
to become a member in the culture of a group via a community of practice. In this
sense, Lave and Wenger (1991) mentioned that ‘to be able to participate in a
legitimately peripheral way entails that newcomers have broad access to arenas of
mature practice’ (p.110). By the help of situated perspective, teachers are able to
adapt their knowledge to the different situational contexts from the situation they are
currently learned (Shulman, J., 1992), which give opportunity them to think flexibly
(Lundeberg et al., 1999) and to explore the context domain from alternative points
(Merseth, 1996; Van den Berg & Visscher- Voerman, 2000) within case-based
instructional studies. As a result, using a Situative perspective in educational settings
contributes to the emergence of strong professional learning communities that can
foster the development of professional knowledge and improvement of practice
(Little, 2002).

There are several studies utilizing situated learninig theory in case-based
pedagogy of teacher education (Abell, & Cennamo, 2004; Doerr & Thompson, 2004;
Herrington & Oliver, 2000; Leinhardt, 1990; Putnam & Borko, 2000). Among them,
Herrington and Oliver (2000) asserted critical elements of situated learning as in the
following for the researchers who want to design a learning environment in a
multimedia program based on situated learning theory and to explore students’
perceptions of learning environment in more depth. These critical elements are:
providing authentic context reflecting the way the knowledge will be used in real-
life; providing access to expert performances and the modelling of processes;
providing multiple roles and perspectives; supporting collaborative construction of
knowledge; promoting reflection and articulation; providing coaching and
scaffolding; and providing for authentic assessment of learning within the tasks.
Their case-based study conducted in multimedia learning environment revealed that
prospective teachers collaboratively learned to teach through group discussions and
reflective thinking (Herrington & Oliver, 2000).
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2.7.2 Noticing theory

Noticing theory provides information about how teachers notice classroom
interactions. In this theory, the development of teacher noticing is examined by
serving classroom situations like “cases” to teachers (van Es & Sherin, 2002). In
other words, noticing framework expects teachers to be able to establish connections
between teachers’ knowledge to broader principles of teaching and learning by
transferring their knowledge to different situations, which is compatible with the use
of cases in teacher education. In this sense, researchers found meaningful to combine
case-based pedagogy and noticing theory in order to develop teachers’ professional
vision. From this point of view, the nature and functions of noticing theory in teacher
education were mentioned in the following.

Noticing is a natural part of everyday life. However, noticing in professional or
intentional meaning is different from everyday noticing (Mason, 2002) because
professional noticing enables people in a profession to realize complex situations in
particular ways (Jacobs, Lamb, & Philipp, 2010). In this regard, many of researchers
who are studying in mathematics teacher education have focused on “teacher
noticing” as a new theoretical construct in order to train well-qualified teachers
having necessary skills to manage complex classroom environment and to increase
students’ learning (Borko, Jacobs, Eiteljorg, & Pittman, 2008; Borko, Virmani,
Khachatryan & Mangram, 2015; Goldsmith & Seago, 2011; Jacobs, Lamb, &
Philipp, 2010; Sherin & van Es, 2009; Star & Strickland, 2008; van Es & Sherin,
2002; van Es, 2012a; 2012b). After researchers concentrated on noticing in teacher
education, different conceptualizations about teacher noticing have been proposed in
the literature. Among them, van Es and Sherin (2002) developed learning to notice
framework to describe how teachers notice classroom interactions in video-cases by
using a software program. They offered three key aspects of teacher noticing that are;

i.  identifying what is important or noteworthy about a classroom situation,

ii.  making connections between the specific events and the broader

principles of teaching and learning,
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iii.  using what one knows about the context to reason about classroom
interactions (van Es & Sherin, 2002, p.573).

The first aspect of the above conceptualization focused on how teacher identify
noteworthy event in a particular situation of complex classroom environment. It is
difficult to attend all aspect of a teaching situation in a video clip such as interaction
among student or students-teacher, classroom management, student’s mathematical
understanding, and teacher’s strategies or instructional ways. Instead, teachers must
select what they will attend or respond to throughout the lesson (van Es & Sherin,
2002, p.573). The second feature of noticing theory emphasizes the ability of making
connection between specific events and broader principles rather than solely
describing a situation. The last characteristic of noticing is related to what one knows
about the context in order to reason and interpret noteworthy events. It was evident
form the research (e.g. Chi, Glaser, & Farr, 1988) that as individual become more
experienced in a particular domain or context, they began more adaptable at
interpreting the situations they encounter in the particular domain.

Sherin (2007) identified professional vision based on the Goodwin’s words
(1994) that professional vision involves “ways of seeing and understanding events
that are answerable to the distinctive interests of a particular social group” (p.606). In
line with this description, Sherin (2007) identified professional vision as the
combination of two processes of “selective attention” and “knowledge-based
reasoning”. Selective attention is related to how the teacher makes decision about
where to pay attention on a given moment because classroom context are very
complex. In this sense, she grouped selection attention into two main categories as
Actor (e.g. teacher, student, and other) and Topic (e.g. management, climate,
pedagogy and math thinking). On the other hand, she proposed two main dimensions
for the component of knowledge-based reasoning. These two main dimensions are
Stance (e.g. describe, evaluate, and interpret) and Strategy used to explore student
math thinking (e.g. restating student ideas, investigating meaning of student idea,
generalizing and synthesizing across student ideas). According to her, selective

attention and knowledge-based reasoning interact in a dynamic manner.
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Many of researchers concentrated on knowledge-based reasoning proposed by
Sherin (2007) in their studies in order to examine the nature of teachers’ noticing
related to knowledge-based reasoning (e.g. Bas, 2013; Borko et al., 2015; van Es &
Sherin, 2006, 2008a, 2008b). For instance, van Es and Sherin (2006) considered
Stance dimension; involving describe, evaluate and interpret; that teachers utilize to
examine practice in classroom videos. According to the framework, Describe refers
to statements that recounted the events that unfolded in the clip. Evaluate refers to
statements that were judgmental in nature, in which the teachers commented on what
was good or bad or could or should have been done differently. Interpret refers to
statements in which the teachers made inferences about what they noticed, with the
intent of explaining what happened and why. They distinguished the types of
comments related to student math thinking as Level 1: identify statements made by
students, Level 2: Analyze the meaning of student ideas, and Level 3: generalization
& synthesis of student ideas.

As another prominent study, Jacobs, Lamb, and Philipp (2010) focused on
teacher noticing from a more specific aspect. Namely, they concentrated on
“professional noticing of children’s mathematical thinking” in the context of whole-
number operations. Instead of focusing on various dimensions of noticing, they
particularly searched how teachers notice mathematical ideas that students raise. In a
cross-sectional study, they collected their data from 131 prospective elementary
school teachers and experienced K-3 teachers differing in experience years by using
two video clips involving children’s strategies in problem solving processes as the
main data collection tool. In the light of the obtained results, they provided three
interrelated skills for professional noticing of children’s mathematical thinking such
as “(1) attending to children’s strategies; (i) interpreting children’s understandings;
and (iii) deciding how to respond on the basis of children’s understandings” (p.173).
The first skill is related to how teachers pat attention to mathematically noteworthy
things in details of children’s strategies. Second skill refers how teachers construct an
understanding on children’s mathematical thinking. The final skill is mainly related

to teachers reasoning ways when responding to children’s mathematical
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understandings (e.g. kinds of potential instructional strategies and responses). Their
results revealed that teachers had difficulties in all three interrelated skills of
professional noticing of children’s mathematical thinking. As a result, they
concluded that teachers’ professional noticing is a complex and challenging issue as
being parallel with the complexity of students’ ideas.

Another important framework was developed by van Es (2011) in order to
examine how and in which degree seven fourth and fifth grade elementary school
teachers learn to notice student mathematical thinking by using a video-cases
involving the excerpts of classroom. She proposed a framework in which she
mentioned the degree of noticing in terms of four levels as follows: baseline noticing,
mixed noticing, focused noticing, and extended noticing. Considering these levels,
she also divided noticing two central dimensions such as “What teachers notice” that
is similar “selective attention” component in Sherin’s study (2007) and “How
teachers notice” that resembles with “knowledge-based reasoning” in Sherin’s study
(2007). She explained all dimensions of the framework for learning to notice student
mathematical thinking as in Table 2.

In a similar vein, by modifying van Es (2011)’s learning to notice student
thinking framework, Borko, Virmani, Khachatryan and Mangram (2015) used a
framework when analyzing teachers’ video discussions. They analyzed teachers’
conversations in two dimensions of noticing as what teachers notice and how
teachers notice. In this framework, “What teachers notice” refers to the topics and
subjects the teachers attended to when discussing the video. On the other hand, “How
teacher notice” refers to the ways in which teachers reasoned and analyzed what they
observed (Borko et al., 2015, p.98). Specifically, they used a similar way that van Es
(2011) did in order to capture the depth of teachers’ analysis in video discussion
process. They used the following framework: Level 1. Conversations in which
teachers described or evaluated events in the video with little evidence to support
analysis (Code: describe/evaluate); Level 2: Conversations in which teachers made
interpretive and analytic comments about the events in the video clip (code:
interpret/analyze); Level 3: Conversations in which teachers either generalized
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events to principles of teaching and learning or proposed alternative pedagogical
solutions (code: generalize/propose alternatives).

Table 2. Framework for learning to notice student mathematical thinking (van Es,

2011, p.139)
Level 1 Level 2 Level 3 Level 4
Baseline Mixed Focused Extended
Attend to Primarily attend to ~ Attend to Attend to the
» whole class teacher pedagogy particular relationship between
2 environment, students’ particular students’
§ § behavior,and  Begin to attend to mathematical mathematical thinking
E © [earning, and particular students’  thinking and between teaching
< to teacher mathematical strategies and student
= pedagogy thinking and mathematical thinking
behaviors
g From general From general Highlight Refer to specific events
b impression of  impression and noteworthy and interactions as
= what occurred  highlight events evidence
k2 noteworthy events
Q Provide Provide Elaborate on events and
2 descriptive and  Provide primarily interpretive interactions
% evaluative evaluative with comments
T comments some interpretive Make connections
comments Refer to specific  between events and
Provide little events and principles of teaching
or no evidence Begin to refer to interactions as and learning
to support specific eventsand  evidence
analysis interactions as On the basis of
evidence Elaborate on interpretations, propose
events and alternative pedagogical
interactions solutions
2.7.3 Theoretical perspective utilized in the current video case-based study

In this part, the information about which theoretical perspective used in the current
study will be given with the reasons. In this study, it was utilized micro-case video
clips involving a student’s mathematical thinking in a particular concept rather than
classroom videos involving a complex classroom environment. From this
perspective, aforementioned frameworks and studies based on situated learning

theory and noticing theory were prepared to assess how teachers analyze “classroom
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situations”. For this reason, noticing theory is not completely consistent with the
structure of micro-case videos. Classroom video-cases includes multi-dimensional
structure such as pedagogy, climate, management, mathematical thinking. Yet,
micro-case videos, special production video clips, involve single student’s
mathematical thinking and a researcher who is within observer and questioner role.
By this way, micro-case video clips enables teacher to start to analyze videos with a
focused attention because they need to concentrate only student’s actions, responses,
drawings in the clips rather than interaction between student and teacher,
management issues.

This study involves a group of prospective middle school students who are
responsible for reflect, discuss, and share their ideas about students’ mathematical
thinking in a social learning environment by the guidance of researcher. Moreover,
the main focus is to understand the developmental process of prospective teachers’
subject matter knowledge and pedagogical content knowledge about a particular
mathematic subject (quadrilaterals). In other words, it is vital to understand how they
construct or reconstruct mathematical concepts or students’ conceptions. Thus, there
is constructivist and concept-based approach in the current study. From this
perspective, utilizing social constructivist theory was found more suitable and

reasonable than other theories.
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CHAPTER 111

METHODOLOGY

The purpose this study is to understand the nature and development of middle school
mathematics teachers’ knowledge for teaching of quadrilaterals throughout a
classroom teaching experiment designed within video case-based learning
environment. In accordance with this purpose, | firstly mentioned design of the
current study, reasons why | preferred classroom teaching experiment methodology.
Throughout this chapter, | also gave information about the context and participants,
data sources, planning procedures of teaching experiment, implementation
procedures of teaching experiment, data analysis procedures, trustworthiness of the

study, and (de)limitations of the study.

3.1 Research Design: Teaching Experiment Methodology

In this study, classroom teaching experiment methodology (Cobb, 2000) was utilized
in order to examine the nature and development of middle school mathematics
teachers’ knowledge about quadrilaterals. From this point of view, brief information
about the nature and characteristics of teaching experiment was given because this
information was necessary to understand the reasons why this method was preferred
in the current study.

The primary aim of constructivist teaching experiments for researchers is to
provide explanations of students’ mathematical conceptions, reasoning processes and
changes in them (Steffe & Thompson, 2000). Similarly, Yackel, Gravemeijer, and
Sfard (2011) also stated that “the primary goal when conducting a constructivist
teaching experiment is to gain insight into the development of students’

mathematical reasoning” (p.12). In other words, teaching experiment study not only
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aims to identify the beginning and ending situation of the learners’ conceptions or
knowledge, but also it examines how learners progress throughout the experiment by
indicating the ways learners use to restructure, change and organize their existing
knowledge (Steffe & Thompson, 2000). Thus, throughout the teaching experiment
process it is possible to observe learners when they work on mathematical tasks and
to make inferences about how they restructure specific mathematical concepts in
terms of investigators (von Glasersfeld, 1995). On the other hand, classroom
teaching experiment is a natural extension of constructivist (one-to-one) teaching
experiment methodology. In the case of classroom teaching experiment, learners
restructure their knowledge by interacting with the teacher and their peers rather than
with only the teacher in a social context. More specifically, researchers also
emphasize that learning is a process involving both individual and social aspects
(Cobb, 2000; Stephan, Bowers, Cobb, & Gravemeijer, 2003; Yackel & Cobb, 1995).
In this perspective, there is no primacy over individual process or social process.
From this point of view, classroom teaching experiment methodology was found
suitable with the aim of the current research because the aim of this study is to
examine how prospective middle school mathematics teachers develop their
knowledge about quadrilaterals throughout a video-based professional development
program in a social constructivist environment. Consequently, a classroom teaching
experiment methodology was carried out in order to examine PSTs’ knowledge
development processes.

A teaching experiment consists of a sequence of teaching episodes (Steffe,
1983). More specifically, a teaching episode involves following elements: a
teacher/researcher, one or more students, a witness of teaching episodes, and a
method of recording what transpires during the episodes (Steffe & Thompson, 2000).
Furthermore, before conducting a teaching experiment, the researcher should fulfill
some requirements such as identifying (i) a learning objective for the participants, (ii)
existing research on the related mathematical topic, and (iii) participants’ readiness.
In this regard, I primarily examined existing research on students’ and teachers’

conceptions on quadrilaterals. This examination gave me opportunities to understand

74



some problematic issues related to both students’ and teachers’ knowledge and it
enabled me to determine learning objectives and the general structure of teaching
episodes in this study. Finally, I determined participants’ readiness before conducting
a teaching experiment (Note: Further details were explained in preparation
procedures of teaching experiment part).

In a teaching experiment “the researcher acts as a teacher” (Steffe, 1991,
p.177). The researcher/teacher put aside her conceptions and did not insist that
prospective teachers learn what she knows (Norton & D’Ambrosio, 2008; Steffe,
1983) in order to explore learners’ knowledge development on related mathematical
subject. The primary goal of teaching episodes is to understand how the learners
[re]construct knowledge and produce ways to make explicit their processes in a
social interaction process. In this sense, the researcher/teacher adopts two crucial
roles such as (a) asking critical essential questions and providing situations in which
learners can actively participate and learn, and (b) analyzing how learning occurs in
teaching episodes (Steffe, 1991). From this point of view, | was both the teacher and
researcher in this study by adopting aforementioned two crucial roles.

Another important characteristic of teaching experiment is that it requires long-
term interaction from 6-weeks to 2 years with the learners (Yackel, Gravemeijer, &
Sfard, 2011). Moreover, it includes a dynamic passage from one state of knowledge
to another. In other words, it gives information about both what students do and how
they do. Considering objectives in this study and the nature of teaching experiment, |
interacted with the participants about eight weeks. Furthermore, | continued to
communicate them until the semester ended.

Another characteristic is that qualitative data is generally obtained in teaching
experiment rather than quantitative data due to the nature of teaching experiment
including a huge data set coming from the sequences of teaching episodes and
clinical interviews (Cobb & Steffe, 2011). Concordantly, | fully obtained qualitative
data by using multiple data sources such as individual clinical pre- and post-
interviews, group discussions, initial and revised lesson plans, reflection papers, field

notes.
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3.2 Context of the Study

From the broader perspective, this study is related to prospective middle school
mathematics teacher education program. For this reason, | firstly explained broad
context of the study in this part. For this study, | and my supervisor opened an
elective course for fourth year prospective teachers considering the purposes and
research questions of the current study. In the following, | provided information

about context and participants of the study.

3.2.1 Broad context of the study

The context of the study is the undergraduate middle school mathematics teacher
education program, which is a four-year undergraduate program. This is one of the
major teacher education programs in Ankara, Turkey. In this education program, the
means of instruction is English. Graduates of The Elementary Mathematics Teacher
Education (EME) program are qualified to teach mathematics in middle schools,
grades from 5 to 8 (ages 10-14) in Turkey. The program offers content
(mathematics, physics, and statistics) courses, education sciences courses, and
elementary mathematics education courses. Prospective teachers mostly take
mathematics courses in the first 2 years. In the following semesters, they began to
take courses such as methods of teaching mathematics, school experience, and
practice teaching. The undergraduate curriculum for the program is represented in
Appendix 9.

Prospective teachers have opportunities to learn how they can effectively
design the teaching and learning process of mathematics during their mathematics
teaching methods courses and practice teaching. The mathematics teaching methods
courses are offered in their third year. Each of mathematics topics were covered in 5
class hours according to the course book by Van de Walle, Karp, Karp, & Bay-
William (2013) in mathematics teaching methods course in order to guide

prospective teachers in their thinking process. Related with the topic of this study,
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quadrilaterals, specifically geometric concepts for middle school grade levels is one
of the mathematical contents that the method course entails. When dealing with each
mathematical topic in the course book, including quadrilaterals, instructor of the
course supports prospective teachers within the context of discussing content
knowledge and pedagogical content knowledge related to mathematical topics.
Moreover, prospective take two practice teaching courses in their last year. In the
first school experience course, prospective teachers solely observe students and
teacher in natural classroom environment without making active teaching for 14
weeks. On the other hand, they have opportunities both observe and make teaching
practices in the second school experience and teaching practice courses.

In sum, there is no course in the context of the undergraduate middle school
mathematics teacher education program to directly and closely observe and examine
middle school students’ mathematical thinking. This absence in the current
prospective teacher education program creates the necessity of courses in which
prospective teachers closely examine students’ mathematical thinking on specific
mathematical concepts. Considering this absence and purposes of the current study, |
and my supervisor decided to open an elective course named “Projects in elementary
science and mathematics education” at the fall semester of the 2014-2015 academic
years in an undergraduate mathematics teacher education program of a state
university in Ankara, Turkey. | provided details of the general structure of this

elective course and participants who took the elective course in the following.

3.2.2 The context of “Projects in elementary science and mathematics

education” course

For this study, an undergraduate course as an elective course with the name of
“Projects in elementary science and mathematics education” was offered to fourth
year prospective teachers in the fall semester of the 2014-2015 academic years. In the
catalogue description, the course of “Projects in elementary science and mathematics

education” is explained as a project-based course designed to help prospective
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teachers to work on a theoretical or practical needs related to elementary (science or)
mathematics education by investigating of current research studies in elementary
(science and) mathematics education and their applications in classroom settings. To
the extent practical, students are expected to develop projects related to their own
primary area of study and give a project report. As a specific course description, this
course provides a unique chance to students to develop a research project in the area
of mathematics education and gain an experience on designing and conducting a
research to understand students’ understanding of mathematical concepts in the
middle schools.

Considering the general catalogue description and specific course description,
we prepared the structure of the course including two main phases. In the first phase
of the course, prospective teachers analyzed middle school students’ conceptual
knowledge and thinking styles about quadrilaterals through the medium of micro-
case video clips that were prepared by the researchers. Furthermore, prospective
teachers prepared their lesson plans in this direction.

In the second phase of the course, prospective teachers had conducted an
independent study towards understanding students’ conceptual structures in-depth by
approaching a mathematical concept or subject that they chose within the scope of
their research questions. More specifically, following steps were carried out in
second phase of the course: (1) Selection of the concept/subjects on which to be
studied, sharing them in the classroom and taking feedbacks from their peers and
researchers, (2) preparation of the questions to be asked to the students and
preparation of substructure of the research, sharing them in the lesson and taking
feedbacks from their peers and researchers, (3) conducting interviews with the
students in middle schools and sharing preliminary perceptions in the classroom, (4)
writing the reports and sharing data analysis processes and the results of their studies
in the classroom.

Consequently, in the first phase of the course, | aimed to examine how senior
class prospective middle school (grade 5-8) mathematics teachers can develop their

SMK and PCK about quadrilaterals within a video case-based approach by using the
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teaching experiment methodology. For this purpose, | used the data obtained in the
first phase of the course in order to investigate developments in PSTs’ knowledge
about quadrilaterals. More specifically, | gave all details about data collection tools
and the structure of the first phase of the course after | introduced information about

the participants of the study.

3.3 Participants of the Study

As the students to the course, we preferred to admit fourth year prospective teachers
who completed pure mathematical courses some of their required educational
courses that are Methods of Teaching Mathematics 1, Methods of Teaching
Mathematics Il, and School Experience. As a result, eight senior female prospective
middle school mathematics teachers took the elective course. Thus, the study was
carried out by eight senior students attending Elementary Mathematics Teacher
Education program in a public university in Ankara, Turkey.

Because quadrilaterals is the subject chosen to examine prospective teachers’
knowledge development, it was found useful to give participants’ grades of some
educational courses and pure mathematical courses that mostly involve content about
learning and teaching of geometry. In this regard, the information about participants’
academic background is asserted in Table 3. According to the table, prospective
teachers completed the required courses of Analytic Geometry, Elementary
Geometry, Method of Teaching Mathematics 1, and Method of Teaching
Mathematics 1. Furthermore, some participants (Beril, Zehra, Ece, and Emel) took
also Teaching of Geometric Concept as an elective course.

Their calculated cumulative grade points (Cum-GPA) indicated that their
points were between 2.58 and 3.88. More specifically, two participants’ Cum-GPAS
were above 3.50 out of 4.00 three PSTs’ Cum-GPAs were between 3.00 and 3.50,
and three PSTs” Cum-GPAs were between 2.00 and 2.50. The distribution of PSTs’
Cum-GPAs indicates that the participants in the teaching experiment consisted of a
variety of PSTs having different academic achievement level.
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Table 3. Participants’ academic backgrounds

Courses involving learning and teaching of geometric

E
= concepts
G
n —_ = o X
2 > — — D X
S5 .z 5z 58 % 2y &
S .2 =8 S8 B8E TBE 28 O
5.2 < E EE £5 <£5 S 8 £
S5 c 2 23 23 2g SIS =
a o <o w o> =9 =9 — o (&)
Asli DD CcC CcC BB X 2,58
Deniz CC CC CC CB X 2,81
Beril DD CB BB AA BB 2,90
Oya CB CcC CB BA X 3,08
Zehra BB BA DC BA BB 3,01
Ece BB BB BB AA BB 3,18
Maya AA BA AA BA X 3,63
Emel AA AA AA AA AA 3,88

*X means that the student did not take the course of “teaching of geometric concepts”.

** Cum GPA indicates cumulative grade points of all taken courses in all semesters out of 4.
The coefficient of the grades corresponds to DD-1, DC-1.5, CC-2; CB-2.5, BB-3, BA-3.5, and
AA-4.

3.4 Data Collection Tools

The main data sources in the current study were individual clinical pre- and post-
interviews, PSTs’ initial and revised lesson plans, reflection papers, group
discussions, and field notes. The functions and involvement of each data source were
explained in the following. | mentioned all details how | used each data collection
tool in the sections of preparation and implementation procedures of teaching

experiment (see section 3.5 and section 3.6).

34.1 Individual clinical pre- and post-interviews and tasks

Clinical interview has been used as technique in the teaching experiment studies after
Jean Piaget’s studies on child knowledge development in 1975s because he proposed
that observation and standardized tests are not enough to obtain detailed information
about a child’s cognitive processes (Ginsburg, 1997; Opper, 1977). Furthermore,

clinical interviews give opportunity to “enter the students’ mind” considering
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individual difference and their mathematical understanding (Clement, 2000; Hazzan
& Zazkis, 1999; Koichu & Harel, 2007; Newel & Simon, 1972). In this study,
individual clinical pre- and post-interviews were conducted two purposes as (i) to
prepare of micro-case videos, and (ii) to understand prospective teachers’ initial and
final state of subject matter knowledge and pedagogical content knowledge related to
quadrilaterals. In this regard, | prepared a data collection tool involving various tasks
covered with fully open-ended questions. | utilized same tasks in both pre-interviews
and post-interviews. | explained preparation of tasks and purposes of each task in

clinical interviews in the following.

3.4.1.1 Preparation of individual clinical interview tasks

In order to prepare individual clinical pre- and post-interview tasks, | examined some
questionnaires about quadrilaterals in the literature (Fujita, 2012; Nakahara, 1995;
Okazaki, 1995; Oztoprakgi, 2014) and geometry standards in instructional programs
(Common Core State Standards Initiative [CCSSI], 2010; Ministry of National
Education [MoNE], 2013; National Council of Teachers of Mathematics [NCTM],
2000). In this regard, | decided to prepare questions considering five main themes:
definitions, constructions, identifications, properties, and classifications of
quadrilaterals as seen in Table 4. | determined these five main themes considering 6-
8 grades in geometry standards in specifically NCTM (2000) and MoNE (2013). In
NCTM (2000), instructional programs from prekindergarten through grade 12 should
enable all students to analyze characteristics and properties of two- and three-
dimensional geometric shapes and develop mathematical arguments about geometric
relationships. More specifically, in geometry learning domain, grade 6-8
expectations are illustrated as following: In grades 6-8 all students should

o precisely describe, classify, and understand relationships among types of two- and
three-dimensional objects using their defining properties;

e understand relationships among the angles, side lengths, perimeters, areas, and
volumes of similar objects;
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e create and critique inductive and deductive arguments concerning geometric ideas
and relationships, such as congruence, similarity, and the Pythagorean relationship
(NCTM, 2000, p.232).

Above standards indicates that having knowledge on definitions, classification,
and properties of quadrilaterals are very crucial to understand quadrilaterals.
Considering these important themes, I prepared “definition questions”, “properties
questions” and “classification questions” (see Table 4). Furthermore, examination of
relationship between learners’ concept images and concept definitions are seen
important to understand their acquisition of geometric concepts. From this point of
view, I also used “constructions questions”. Finally, I prepared “identification
questions” to understand PSTs’ identification of geometric figures since many of
researchers have prepared specific mathematical tasks involving both examples and
non-examples in order to examine how learners identify examples of geometric
concepts such as triangles (Burger & Shaughnessy, 1986; Tsamir et al., 2008), the
altitude of triangles (Gutiérrez & Jaime, 1999), quadrilaterals (Clements & Battista,
1991), square (Razel & Eylon, 1991; Zazkis & Leikin, 2008), parallelogram (Fujita,
2012; Petty & Jansson, 1987), trapezoid (Ulusoy, 2015), and circles and prism (Razel
& Eylon, 1991; Tsamir et al., 2015). The results of these studies indicate that asking
students to identify examples of a concept among a set of examples and non-
examples can give information about students’ reasoning about specific
mathematical concepts.

In general manner, Table 4 explains what kinds of questions in tasks (see
Appendix 1) I utilized in order to learn PSTs’ initial personal, instructional and
anticipative knowledge on definitions, constructions, selections, properties, and
classifications of quadrilaterals. Because I want to examine PSTs’ existing
knowledge about quadrilaterals, it was important to prepare the tasks that clearly
reveal PSTs’ knowledge about middle school students’ possible conceptions,
misconceptions, and difficulties in addition to their SMK. | explained further details
about questions in the following.
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Table 4. Types of questions in the tasks of individual clinical pre-/post-interviews

Question # of Types of questions Related
types* questions questions
Definition 7 Open-ended questions about PSTs’ 1-2-3-4-5-
questions personal, instructional definitions of 6-7
quadrilaterals and their anticipations
about students’ possible definitions/
descriptions.
Construction 9 Open-ended questions about PSTs’ 8-9-10-15-
questions personal, instructional constructions of 16-17-22-
quadrilaterals and their anticipations 23-24
about students’ possible constructions.
Identification 6 Open-ended questions about PSTs’ 11-12-18-
questions personal selections of quadrilaterals and 19-25-26
their  anticipations about students’
possible selections.
Properties 7 Open-ended questions about PSTs’ 13-14-20-
questions personal and instructional knowledge 21-27-28-
about the properties of quadrilaterals and 29
their anticipations related to students’
possible conceptions about properties of
quadrilaterals.
Classification 2 Questions asking PSTs to represent 30-31
questions hierarchical relations among

quadrilaterals by a diagram and to
present the ways how they teach
hierarchical relations to their students.

* For details of questions, you can examine Appendix 1.

In all tasks, I utilized grid paper because usage of grid/dot paper is strongly
emphasized and suggested in the objectives related to the constructions and
identifications of two dimensional geometric figures (Ministry of National Education
[MoNE], 2013) in revised Turkish curriculum. Furthermore, it is thought that using
grid paper can be useful to observe participants’ reasoning about critical and non-
critical attributes of any geometric figure considering the unit squares in grid paper.

Taking into account this recommendation, I prepared all examples and non-examples

in the present study by using grid paper.
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3.4.1.1.1 Definition questions

There are seven questions related to the definition of the quadrilaterals in the tasks
(see Task 1 in Appendix 1). In the three defining questions (questions 1-3-5),
participants were asked to personally define parallelogram, rhombus, and trapezoid,
respectively. These questions aimed to evaluate PSTs” SMK about definitions of the
concepts because the main focus was whether PSTs are defining a geometric concept
by listing many redundant properties or by using both necessary and sufficient
properties; and whether they were aware of the inclusive relations between geometric
shapes were examined. On the other hand, four questions (2-4-6-7) were prepared to
evaluate PSTs’ PCK about the definitions of quadrilaterals. More specifically, three
questions of them were organized to learn how they give instructional definitions of
parallelogram, rhombus, and trapezoid. Remaining one question was added in order
to get information about PSTs’ predictions about students’ possible descriptions of
quadrilaterals and reasons of possible problems in students’ definitions/descriptions

of quadrilaterals.

3.4.1.1.2 Construction questions

There are nine questions related to constructions of quadrilaterals (see Task 2, Task
3, Task 4 in Appendix 1). The questions of 8-15-22 in the tasks were prepared to
understand what kinds of drawings PSTs will construct when asking them to draw
more than three different examples of parallelogram, rhombus, and trapezoid. These
questions gave information about PSTs’ SMK on their examples spaces about
constructions of quadrilaterals. Furthermore, tasks involved the questions of 9-16-23
that aimed to understand PSTs’ anticipations about students’ possible correct or
incorrect constructions of parallelogram, rhombus, and trapezoid, respectively. By
these questions, it can be possible to understand whether PSTs are aware of students’
overgeneralization and undergeneralization errors, constructional difficulties, or the

errors arising from the inadequate knowledge on basic geometric concepts. Finally, |
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added the questions of 10-17-24 into the tasks in order to understand PSTs’
instructional preferences about the constructions of quadrilaterals. These questions
were important to understand PSTs’ instructional example spaces. Moreover, in all
constructions, I aimed to obtain information about PSTs’ knowledge in terms of

prototypicality and inclusive relations among quadrilaterals.

3.4.1.1.3 Identification questions

In the pre-/post-interviews, identification tasks consisted of six questions (see 11-12-
18-19-25-26 in Appendix 1). Question 18 was prepared to ask PSTs to select
parallelogram among given different polygons. On the other hand, in question 19, |
asked them to say and write what students’ possible parallelogram identifications can
be. In this regard, | aimed to explore what kinds of figures PSTs admit as an example
of parallelogram among different polygons, which gives idea about PSTs’ SMK
related to the image of parallelogram in their minds. Similar questions were prepared
for the concepts of rhombus and trapezoid.

To be clearer, I explained the preparation and involvement of “parallelogram
identification task” in detail. At the beginning of preparation of parallelogram
identification task, |1 examined all studies in which researchers have prepared specific
mathematical tasks involving both examples and non-examples in order to examine
how learners identify examples of geometric concepts such as triangles (Burger &
Shaughnessy, 1986; Tsamir et al., 2008), the altitude of triangles (Gutiérrez & Jaime,
1999), quadrilaterals (Clements & Battista, 1991; Oztoprakei, 2014), square (Razel
& Eylon, 1991; Zazkis & Leikin, 2008), parallelogram (Fujita, 2012; Petty &
Jansson, 1987), trapezoid (Ulusoy, 2015), and circles and prism (Razel & Eylon,
1991; Tsamir et al., 2015). In these studies, researchers generally used
prototypical/non-prototypical examples, hierarchical/non-hierarchical examples, and
non-examples in identification tasks. In this sense, parallelogram identification task

involved 14 quadrilaterals as in Figure 3. More specifically, the task included 10
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examples (1-2-4-5-7-9-10-11-13-14) and 4 non-examples (3-6-8-12) of

parallelogram.

B B <o

I [+ L L3 ] =] T 8 I

4 LR

L

45 4N

Figure 3. Parallelogram identification task

3.4.1.1.4 Properties questions

There are also seven questions by which | wanted to understand what PSTs know
about side, angle, and diagonal properties of parallelogram, rhombus, and trapezoid.
While three questions (13-20-27) were prepared to evaluate PSTs’ SMK on the
properties of quadrilaterals, another three questions (14-21-28) were involved to the
task to obtain knowledge what PSTs’ predictions about students’ possible
conceptions related to the side, angle, and diagonal properties of quadrilaterals. On
the other hand, question 29 was prepared to learn PSTs’ instructional strategies that
they can use when teaching the properties of quadrilaterals in their future lessons.
Details of items can be examined by visiting the end of the Task 2, Task 3, and Task

4 in Appendix 1.
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3.4.1.1.5 Classification questions

At the end of the all questions related to definition, construction, identification, and
properties, there were two questions for the classification of quadrilaterals (see Task
5 in Appendix 1). Question 30 was prepared to obtain data how PSTs’ represent
hierarchical relations of quadrilaterals in a diagrammatic representation. Thus, it can
possible to PSTs’ ability to transfer their knowledge from one representational type
to another one. Question 31 was added to get information about PSTs’ instructional
preferences that they decide to use either inclusive relations or exclusive relation or
partial-inclusive relations of quadrilaterals in their future instructional plans.

In order to construct credibility of all items, independent experts from the
Faculty of Education were asked to match the questionnaire items with the related
five sections. Moreover, experts checked the format of the instrument in terms of
clarity of the language and directions, irrelevant information and physical appearance
of the paper. Furthermore, | piloted pre-interview questions with three prospective

teachers who were not participants to the current study.

3.4.2 Initial and revised lesson plans

Many of studies conducted with beginning teacher and pre-service teachers indicated
that they have inadequate knowledge about curriculum materials and teaching
strategies (Ball & Feiman-Nemser, 1988; Grossman & Thompson, 2004; Nicol &
Crespo, 2006) because choosing a material or teaching technique requires making
critique of their effectiveness and considering the appropriateness to the students’
needs. In this regard, lesson plans have a great importance to see PSTs’ pedagogical
considerations on teaching of quadrilaterals in more realistic and detailed way.

In this study, examination of PSTs’ initial lesson plans was considered as an
important step in the teaching experiment preparation and implementation processes.

In the preparation of teaching experiment, data obtained from PSTs’ initial lesson
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plans were used to select and organize micro-case video clips for teaching
experiment sessions. Further, initial lesson plans were also used to get information
about PSTs’ existing pedagogical knowledge about instructional strategies. On the
other hand, in the implementation process of teaching experiment, I used PSTs’
lesson plan revisions as an important data source because these revisions and PSTs’
reflective notes about the reasons why they needed to make revisions in their lesson
plans were crucial to understand the changing and developing SMK and PCK about
quadrilaterals throughout the teaching experiment. Specifically, it gave more ideas
about prospective teachers’ changing pedagogical decisions and approaches to the

problematic situations in students’ mathematical thinking about quadrilaterals.

3.4.3 Reflection papers

In individual video analysis process, participants were asked to write a reflection
paper for each video clip. For this reason, individual reflection papers have crucial
importance to understand PSTs’ individual perspectives and knowledge related to
students’ mathematical thinking about quadrilaterals in micro-case video clips. For
this purpose, | prepared a guidance involving the general structure of individual
video analysis reflection paper. In the reflection paper, prospective teachers were
asked to explain what they found interesting in video clip and what their idea about
the topic in the video was before analyzing the video case. In the second question of
reflection paper requested PSTs to answer following main question and its sub-
questions:
What did you notice while watching videos individually?
— Explain student’s thinking process in the video case (e.g.
procedural/conceptual, misconception/ difficulty/ misunderstanding)
— If students made incorrect answers in her/his explanations/ constructions/

selections what can the reasons of their difficulty/misconceptions be?
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— Do the correct explanations/ constructions/ selections of students show
that they certainly have complete knowledge about selected mathematical
concepts?

— What are the other points that you noticed in the video clips?

Above questions generally focused on how PSTs comprehend students’
mathematical thinking in video clip, how they identify problematic situation in
student thinking in more detail. They wrote their reflection paper while individually
watching each video clip. Some of them preferred to write after finishing individual
video analysis. After they completed their individual reflection paper, the researcher
collected them and initiated a group discussion after a short break.

PSTs also requested a reflection paper that I called them as “after discussion
reflection papers” (ADRP) at the end of the two sessions of video analysis and group
discussions in each teaching experiment week. More specifically, these reflection
papers involved following questions:

— Explain if there was any change in your thinking after the group discussion
process? How did discussion environment influence your thinking? (Link
between previous knowledge or give some example speeches between you
and your friends)

— Propose some recommendations for classroom applications/teaching methods
to develop student’s mathematical thinking and to overcome their
misconceptions/ misunderstandings in the video clips. (Think as you teach
these concepts...)

In these questions, first question aimed to obtain information about PSTs’
changing SMK and PCK after the group discussions of video clips. Second question
was prepared to get more information about how PSTs develop pedagogical
decisions to overcome students’ misconceptions and to enhance their conceptions.
PSTs wrote this reflection paper at the end of each teaching session. Consequently,
these reflection papers provide information on how PSTs develop their knowledge

after the influences of group discussions and interactions. In line with social
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constructivist approach, | had opportunities to examine the influence of social

interactions on PSTs’ knowledge developments.

34.4 Group discussions

As mentioned before, social-constructivist approach was used in the current study. In
this approach, social aspects of learning gains importance in addition to
individualistic view of learning. From this point of view, group discussions were
used to broaden the prospective teachers’ perspectives on noteworthy events in
micro-case video clips. As the facilitator of the group discussion, | used framework
for the facilitation of video-based discussion that was developed by van Es, Tunney,
Goldsmith, and Seago (2014). I mentioned all details related to the facilitation of

group discussion in section 3.6.2.

345 Field notes

Fraenkel and Wallen (2006) described field notes as “the researchers’ written
account of what they hear, see, experience, and think in the course of collecting and
reflecting on their data” (p.516). They also proposed two types of field notes:
descriptive and reflective. Descriptive field notes involves everything in the setting
such as participants’ behaviors and facial expressions, materials and physical
appearance of the settings, and particular events during the study, etc. (Bogdan &
Biklen, as cited in Fraenkel & Wallen, 2006). On the other hand, reflective field
notes involves information about the researcher’s personal ideas and comments about
what is being observed, such as the problems related to the analysis or design of the
study; possible factors that might affect the study; or any kind of conflicts or
concerns, etc. (Bogdan & Biklen, as cited in Fraenkel & Wallen, 2006). In the
current study, | utilized both descriptive and reflective field notes as data sources in
order to provide an assessment and critique on research process. | prepared a paper

involving two columns. In the first column, I generally wrote descriptive notes such
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as date, names of participant(s), participants’ gestures and facial expressions in both
clinical interviews and group discussions. On the other hand, in the second column, I
generally wrote reflective notes such as what participant might think, why they saw

an event in video as a noteworthy event etc.

3.5 Planning Procedures of Teaching Experiment

In the planning of teaching experiment, | followed three steps as in Figure 4. |

explained all details about each step in the following subsections.

Production of micro-case video
archive involving seventh
grade students’ mathematical

[y

Conducting individual
clinical pre-interviews with
prospective teachers and
getting initial lesson plans

Selection and organization
of micro-case videos for
teaching experiment

Ll . .
sessions accordlng to pre-

interviews and initial lesson

thinking about quadrilaterals .
on quadrilaterals
plans data

Figure 4. Steps in planning of teaching experiment

351 Production of micro-case videos

As mentioned before, I defined “micro-case video” as a specially-designed
educational video that involves a collection of significant events related to an
individual’s mathematical thinking process on particular mathematical concepts or
problem situations when the learner works on structured content-related tasks in an
isolated non-classroom learning environment. The main characteristics that are
involved by micro-case video clips can be listed as follows: (i) a collection of
specially-designed selected-edited events, (ii) a learner’s thinking process, (iii)

structured content-related tasks or problem situations, and (iv) isolated non-
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classroom learning environment. In the following, I mentioned about case production

process.

3.5.1.1 Case production interviews with seventh grade students

For the production of micro-case video clips, | initially selected a middle school
located in the capital city of Turkey considering the easy accessibility to me. |
preferred to select seventh grade students in order to conduct “case production
interviews” because objectives about basic geometric concepts and quadrilaterals are
placed mostly in seventh grade geometry learning area in national curriculum
(Ministry of National Education [MoNE], 2013). In the school, there were two
seventh grade classes with 47 students (21 in 7-A and 26 in 7-B) in total. At the
beginning, | had an informal interview with mathematics teachers of the both classes
to get information about students’ mathematics grades and personal characteristics
(e.g. talkative). Furthermore, each class was observed for four hours in order to
monitor students’ behaviors and each teacher’s mathematics instructions. At the end
of the observations, | asked students and their families to participation to the study
via a consent form (see Appendix 2). 16 seventh grade students in both classes
decided to participate to the study. | conducted “case production interviews” with 16
seventh grade students aged twelve or thirteen who were enumerated from S1 to S16
as in Table 5.

Their achievement levels were categorized according to their average math grades
belonging to the first and second semester. Semester grades were categorized as 5-5
was high; 5-4, 4-5 4-4, 3-4 and 4-3 were moderate; and 3-3 and lower ones were low
math achievement. According to semester grades, three students’ grades were
selected among low level, six were moderate level and seven were high level. Thus, |
aimed to obtain a rich video clip bank involving students’ mathematical thinking at
different achievement levels. | think that the diversity of students’ achievement level

might give ideas to prospective teachers in terms of comparing students’ different
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thinking styles and conceptions related to same mathematical concept when they

examine micro-case video clips in teaching sessions.

Table 5. Demographic information of seventh grade students

Number  Gender  Class Average note in grade 7 Achievement level
Math | Math I1
S1 F 7-B 4 5 Moderate
S2 F 7-B 5 5 High
S3 F 7-A 5 5 High
S4 F 7-A 2 3 Low
S5 F 7-A 5 5 High
S6 F 7-A 4 4 Moderate
S7 F 7-A 4 4 Moderate
S8 F 7-B 5 5 High
S9 F 7-B 3 4 Low
S10 F 7-B 4 4 Moderate
S11 M 7-A 5 5 High
S12 M 7-B 5 5 High
S13 M 7-A 2 3 Low
S14 M 7-A 5 5 High
S15 M 7-B 4 4 Moderate
S16 M 7-A 3 2 Moderate

I conducted all “case production interviews” in a suitable room of the school,

which is approximately 20 m? (see Figure 5).

Figure 5. Case production interview room
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In order to videotape student’s mathematical thinking, I utilized single-camera
video production technique and outlined the process of working with one video
camera from beginning to end. Using multiple-camera settings is more suitable than
using single-camera settings to produce classroom videos due to the situations in
which simultaneous angles might be required to examine multiple aspects of
classroom interactions. However, | think that single-camera settings are sufficient to
produce micro-case videos because students’ drawings and writings may be clearer
in single-camera video production throughout close-up shots.

In order to produce video cases, | conducted case production interviews. For
the interviews, | prepared tasks that are similar to the tasks | implemented to
prospective teachers in pre-and post-interviews. Then, | conducted interviews into
two sessions with each student. The reason why | conducted two sessions instead of
one session depended on time and middle school student’s attention. First, I piloted
all questions in case production interviews with different achievement level students.
After this piloting, | observed that asking all questions in one session might be very
long and tiring for middle school students.

In the tasks, there are different questions about definitions, constructions,
selections, and properties of quadrilaterals. Moreover, | asked students to
construction questions related to basic geometric concepts (e.g. construction of equal
length of line segments). In detail, geometric task about prerequisite knowledge on
geometry (e.g. construction of two parallel line segments) and parallelogram were
asked to the student in the first interview. On the other hand, the task related to
rhombus and trapezoid was handled in the second interview. Specifically,
information about questions in the tasks (Note: see Appendix 3 which involves tasks
and questions used in the second case production interview). Questions types and

structure of each case production interview are given in subsequent sections.
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3.5.1.1.1 Question types in case production interviews

Mathematics educators have stressed the importance of developing students’
conceptual understanding, the ways of reasoning, and higher level of problem
solving competencies rather than focusing on procedural or short-cut heuristic
algorithmic processes (Davis, Maher & Noddings, 1990; Goldin, 1997; von
Glasersfeld, 1991). From this point of view, | prepared tasks and questions in case
production interviews based on conceptual aspects instead of instrumental aspect. In
this sense, in the interviews, | asked different types of questions to seventh grade
students as in Table 6: “performance questions”, “unexpected why questions”, “twist
questions™, “construction tasks” that I called construction question, “give an example
task” (I called it as “exemplification questions™) and “reflection questions” (Hazzan
& Zazkis, 1999).

Table 6. Questions types in case production interviews

Question Types Example questions

Performance -Could you define rhombus in your own words?
-Can you calculate the measurement of other angles of a
parallelogram if the measurement of one angle of this parallelogram
is given as 70°.

Unexpected why  -Why do you think a parallelogram can have more than four sides?
-Why do you think that the sum of interior angle of any quadrilateral
can be both 180° and 360°?

Twist -You draw this figure. Now, can you show the diagonals of this
figure?
-What can you say about the length of diagonals of this figure?

Construction -Can any parallelogram in which the length of all sides are equal be?

Exemplification  -Could you draw three different parallelogram examples?

Reflection -Alara thinks that square is also a rhombus. However, Fatih does not
think square as an example of rhombus. In this situation, Do you

agree Alara or Fatih? How do you convince the student who you
disagree?
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| asked performance questions to reveal students’ understanding of a specific
concept in quadrilaterals. The main interest was not to evaluate their performance by
focusing what participants are doing. Instead, | was interested in how and why they
are explaining the concepts rather than their performance. | asked why questions in
order to reveal or clarify students’ mathematical thinking in unexpected places,
which allows to me to go beyond understanding the successfully applied algorithms
or memorized rules. | utilized construction tasks to obtain data how students built
mathematical objects which satisfy certain properties. Moreover, | also asked
exemplification questions to observe students’ concept images about quadrilaterals.
Furthermore, | used reflection questions how students provide arguments to justify

her/his own thinking and to convince someone.

3.5.1.1.2 The structure of the first case production interview

Prerequisites of quadrilaterals involve the construction of congruent angles, parallel/
perpendicular/ equal length line segments, and knowledge on diagonal. Lack of
knowledge on prerequisite concepts may influence on middle school students’
conceptions related to quadrilaterals. In order to produce information about how
students conceptualize basic prerequisites of quadrilaterals, they were asked to
construct equal length line segments, parallel/perpendicular line segments, and
congruent angles. For this reason, some constructions were made students in the first
case production interviews to get information about their prerequisite knowledge of
basic geometric concepts before asking the questions about parallelograms. The
structure of the first interview was given in Figure 6.

In the first case production interviews, students used grid paper, ruler,
geoboard and colored pencils whenever they wanted when constructing shapes. All
interviews were recorded via HD camera and audio recorder. Each interview took
approximately 50 minutes. In the first interviews, students firstly were asked to
construct equal length of line segments in the grid paper. After they sketched the

figures, they explained the reason why their constructions were equal length and how
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they understand their equality in terms of length. Similarly, they constructed two
parallel line segments in the grid paper. The other constructions were made by using

similar ways.

Construction of equal length of line segments
Construction of two parallel line segments

Construction of two perpendicular line segments

Basic concepts Construction of congruent angles

Parallelograms

Definition of a parallelogram

Identification of parallelograms among given polygons

Construction of parallelograms
Determination of properties of a parallelogram

Hierarchical relationship among quadrilaterals in terms of
parallelogram

Figure 6. The structure of the first case production interview

3.5.1.1.3 The structure of the second case production interview

Second case production interviews were conducted with same sixteen students,
displayed in Table 5, in a different time from the time of first interview. Similarly,
students used grid paper, ruler, geoboard and colored pencils whenever they wanted
while constructing shapes. Each interview took approximately 30 minutes.
Specifically, in these interviews, students were asked to answer the questions about
rhombus and trapezoid. The organization of the questions was demonstrated in
Figure 7.

In this task, definition/description of rhombus was firstly asked to the students.
After describing orally, students wrote down their definition/description of rhombus.
Then, | asked them to identify rhombuses among given quadrilaterals. After
identification part, they constructed a rhombus in the grid paper by using ruler and
determined the properties of rhombus according to sides, angles and diagonals.
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Finally, | asked some conditions to understand their ideas about hierarchical
relationship among quadrilaterals in terms of rhombus. Trapezoid questions were

asked to the students in similar way.

Definition of a rhombus

Selection of rhombus among given quadrilaterals
» Construction of a rhombus

Identification of properties of a rhombus

Hierarchical relationship among quadrilaterals in terms of
rhombus

Rhombus

Trapezoid

Identification of trapezoid among given polygons

Construction of trapezoid

% Definition of a trapezoid

Determination of properties of a trapezoid

Figure 7. The structure of the second task-based clinical interview

In conclusion, I produced approximately 1000 minutes of raw video data set
involving seventh grade students’ mathematical thinking about basic geometric
concepts and quadrilaterals. At this point, it is necessary to prepare an archive
because archiving allows the researchers to determine which segments of the video
to examine and to begin to see patterns within and across segments (Barron & Engle,
1998). Moreover, it is useful to decide which segments should be transcribed at what
detail level. In the following, | gave information about how | archived case

production interview data that were conducted with seventh grade students.

3.5.1.2  Achieving micro-case video clips

| think that transcription of 1000 minutes raw video data is not feasible and
reasonable because transcribing all qualitative data set can be both time-consuming
and unnecessary. For this reason, archiving/segmentation of raw videos is useful and

necessary to cover raw video into meaningful small pieces without completely
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transcribing case videos in the planning process of a teaching experiment. Thus,
these archives function as a “video database” that can be used when selecting and
organizing appropriate micro-case videos for teaching experiment sessions. |

mentioned archiving criteria and strategies in the following sections.

3.5.1.2.1 Archiving criteria of micro-case videos

When archiving videos, | also took into two criteria: (i) length of videos, and (ii)

windows, depth, and clarity.

3.5.1.2.1.1  Length of MCVCs

Determining the length of videos is important issue because someone who is not
accustomed to examine educational videos may find video cases as slow and boring
(Jaworski, 1990). She also mentioned that “it is rarely possible to show more than ten
minutes of real time of a lesson before people fidget, or start to exchange comments”
(Jaworski, 1990, p.64). Accordingly, in the literature, researchers generally do not
use video cases more than ten minutes (e.g. Seago, 2004; Sherin, Linsenmeier & van
Es, 2009) because they found long videos ineffective in terms of providing a
productive video discussion. More specifically, Seago and Mumme (2002) did not
utilize more than six minutes, Colestock and Sherin (2009) used 3-8 minutes video
segments, Sherin (2001) utilized average 5 minutes video clips, and van Es (2011)
used 7 minutes video segments in her study. Considering recommendation in

literature, | generally prepared video segments between 0-10 minutes in the archives.

3.5.1.2.1.2  Windows, Depth, and Clarity

Raw videos involve many of useful and useless events. Therefore, it is necessary to

find a reasonable way for preparing suitable video clips for the teaching experiment
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sessions. As mentioned before, Sherin, Linsenmeier and van Es (2009) hypothesized
that there are three dimensions such as windows, clarity and depth (see Table 7) in
order to establish a video clip that promotes teachers’ group discussions of students’

mathematical thinking.

Sherin et al.’s (2009) conclusion was that watching a clip that is high in depth
does not always guarantee productive conversations. Instead, the clips that are low in
depth lead productive discussions. Moreover, they did not find clarity as a sole
deterministic factor when choosing productive video clips. Consequently, in order to
providing a productive discussion environment to the PSTs, | considered following
three types in terms of “windows-clarity-depth”, respectively: “high-high-low”;
“high-low-low”; “high-low-high” and “high-high-high” by considering the Sherin et

al.’s (2009) proposal about selection of productive video clips.

Table 7. Three dimensions of student thinking (Linsenmeier & Sherin, 2009, p.421)

Dimension Description Questions to consider

Windows  Evidence of Is student written work visible?

students’ — Do students explain their ideas verbally?
mfalth(?matlcs — Do we see students’ gestures or facial
thinking expressions?

Clarity Ease of — Am | confused about what students are doing or
understanding saying?

students’ ideas

Do I understand the students’ ideas or methods?

Depth Nature of — Are students involved in routine tasks based on
students’ memorization and rote recall?
mathematics — Are students engaged in mathematical reasoning
thinking and problem solving?

3.5.1.2.2  Archiving strategies of micro-case videos

| utilized two strategies in the construction of charts after previewing the video
segments again. First strategy was based on the identification and summarization of

all events in a chronological order for each seventh grade student’s video data. In the
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first strategy, | initially previewed raw videos. After that, | took time-indexed notes
known as content logs, for the events in the video. Content logs enabled me to
develop a quick sense of the corpus of the data and to save time the selection of
segments for the further detailed analysis. When dividing raw video into events, |
wrote both descriptive and reflective notes about student’s mathematical thinking in
separate columns in a table. Appendix 4 illustrates an example video segmentation of
S13’s mathematical thinking in the case production interview. As in Table 26 (see
Appendix 4), video production interview took approximately 60 minutes with S13. 1
divided this 60 minutes raw video data into 11 significant events. | placed in and out
of each segment in raw video. Thus, I think that S13’s thinking process can be
analyzed chronologically as a whole. At the same time, this segmentation may allow
me to select a piece of video in production of a micro-case video for teaching
sessions. This table was useful to detect “unpredictable/noteworthy events” in one
student’s thinking. However, this table did not allow comparing how different
students think about same subject, topic or concept at first glance. It was hard to
compare different students’ thinking by using many of tables. At this point, | utilized
second approach in order to archive video segments based on different students’
mathematical thinking for a specific concept or situation like in Table 27 (see
Appendix 5). This table involved information about 16 seventh grade students’
definitions of parallelogram. It gave opportunity to detect easily students’ different
mathematical thinking related to same mathematical concept. In this sense, |
identified each student’s mathematical thinking about same part of the relevant task.
Thus, it gave opportunity to detect easily students’ different mathematical thinking

related to same mathematical concept.

3.5.2 Conducting individual clinical pre-interviews with prospective

teachers and acquisition of initial lesson plan

Conducting individual clinical pre-interviews with prospective teachers who are

participants of the study was found important before starting teaching experiment
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sessions in terms of gaining insights and knowledge about their initial SMK and PCK
levels on quadrilaterals. Thus, the developments in PSTs’ knowledge could be
observed throughout the teaching experiment process. Furthermore, this interview
data was valuable for the selection and organization of micro-case videos that were
used in teaching experiment sessions. For these reasons, | conducted pre-interviews
before preparing teaching experiment sessions. There was not any time restriction in
the implementation process of pre-interviews. Each interview took approximately
one and a half hour for each participant in a silent room at the Faculty of Education.
Each prospective teacher individually participated to the pre-interview (Note: | had
explained the involvement of interviews in section 3.4.1).

In line with the tendency in the literature about the use of clinical interviews in
educational studies, partially standardized version of clinical interviews was
preferred in the current study because it makes possible to compare a participant’s
responses with one another (Opper, 1977). For this reason, the tasks and questions in
the study are standardized, but still permit the interviewer freedom to introduce some
additional probing questions when the interviewer finds inconsistency between
learner’s responses or doubts whether the responses reflect completely the learner’s
real thinking (Opper, 1977).

By adopting partially standardized version of clinical interviews, five tasks
were sequentially implemented to the PSTs. The arrangement of the tasks in pre-
interviews is displayed in Figure 8. In the first task of the pre-interview, PSTs asked
to make personal, instructional definitions of parallelogram, rhombus, and trapezoid
and to explain their anticipations about how any seventh grade student can
describe/define these concepts. Furthermore, following prompting questions in were
asked to understand participants’ mathematical and pedagogical considerations about
definitions of quadrilaterals: What are your personal definitions for the concepts of
parallelogram, rhombus, and trapezoid? Which definitions of those concepts do you
prefer to use for your future instruction? Why do you prefer such a definition in any
teaching situation? Which instructional approaches do you prefer when utilizing the
definitions of the concepts in your future lessons (e.g. teacher-centered approach or
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student-centered approach)? How can selection of a definition influence your

instructional process?

TASK 1 (DEFINITION)

Questions related to the definitions of
Par, Rho, and Tra

TASK 2 (PARALLELOGRAM)

Questions related to the constructions,
selections, and properties of Par

TASK 3 (RHOMBUS)

Questions related to the constructions,
selections, and properties of Rho

TASK 4 (TRAPEZOID)

Questions related to the constructions,
selections, and properties of Tra

TASK 5 (CLASSIFICATION)

Questions related to the classifications of
quadrilaterals

Figure 8. The arrangement and involvement of the tasks in pre/post interviews

After the participant completed the first task, | implemented the remaining task
to the participant as seen in Figure 8. In the second task, participant asked to give
information about the questions related to the constructions, identifications, and
properties of parallelogram. In the following, Task 3 and Task 4 were implemented
to examine PSTs’ SMK and PCK related to the constructions, selections, and
properties of rhombus and trapezoid. Finally, questions related to classification of

quadrilaterals were asked to the participants in the fifth task. At those tasks, some
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additional prompting questions were asked in order to assert participants’ personal,
predictive, and instructional drawings of parallelogram, rhombus, and trapezoid. For
example, in construction items, can you draw at least three different drawings for
each concept (e.g. parallelogram, rhombus, trapezoid)? What do you think about
students’ possible drawings for those concepts? Why do you think that students
might produce drawings that you predicted? What kinds of drawings do you prefer to
utilize for your future instruction? Which instructional approaches do you prefer
when utilizing the drawings of the concepts in your future lessons (e.g. from
definition to drawings, from drawings to definitions or using both of them at the
same time).

At the end of pre-interviews, | asked each participant to prepare an example
lesson plan in 7-10 days as if to teach quadrilaterals the seventh grade students.
Lesson plans have a great importance to see PSTs’ pedagogical considerations on
teaching of quadrilaterals. From this point of view, | considered that examination of
PSTs’ initial lesson plans is an important step when selection of micro-case videos
for teaching experiment sessions.

In the following section, | provided details how | used the data involving PSTs’
existing knowledge about quadrilaterals that were obtained via individual clinical
pre-interviews and PSTs’ initial lesson plans in the process of selection and

organization of teaching experiment sessions.

3.5.3 Selection and organization procedures of micro-case video clips

Selection and organization procedures of micro-case videos for teaching sessions
were executed as in Figure 9. As seen in Figure 9, before starting the teaching
experiment, | initially examined literature and video clip bank produced in planning
process of teaching experiment. Thus, | prepared a tentative MCVC list based on
previous literature on quadrilaterals and video databases that the researcher archived.
I used not only literature but also PSTs’ initial SMK and PCK on quadrilaterals were

used as a significant determinative factor when choosing and organizing MCVCs in
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the raw video data of seventh grade students’ mathematical thinking. After I
analyzed PSTs’ pre interviews data, I updated this tentative MCVC list that involved
35 video segments. When updating, | added some new MCVCs and | moved some
MCVCs from the list. Then, I planned to prepare possible micro-case video clips for
teaching experiment sessions considering pre-interview results. According to this
plan, PSTs required to analyze two MCVCs in each teaching experiment week. In the
following, | explained how | prepared and revised MCVCs throughout the teaching

experiment process.

Preparation of a tentative MCVC list based on
literature on quadrilaterals and video database

/

Updating tentative MCVC list based on pre-

— . .
interview results
Y
Organization/selection of two MCVCs for each
teaching experiment week
4 Times A

(4 weeks)

Y

Analysis of related teaching experiment sessions in
which PSTs watched selected MCVCs

Y

Repreparing MCVCs for the next teaching
experiment sessions

Figure 9. MCVC preparation and organization process

The result of previous studies on quadrilaterals, the data obtained from seventh
grade students in video production interviews, and pre-interviews data that conducted
with PSTs helped to the determination of objectives of the experiment and

organization of MCVCs. Literature and obtained data provided a clarification for
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PSTs’ and students’ conceptions about quadrilaterals. For example, most of PSTs
generally could not provide necessary and sufficient conditions in their personal and
instructional definitions. Moreover, they could not anticipate students’ possible
definitional errors and difficulties. For these reasons, all MCVCs involved students’
definitions/descriptions related concept. In the following, | explained all details about
organization and revision of MCVCs for each teaching experiment week. Final
version of MCVCs was displayed in Table 9 in order to show crucial
characteristics of each MCVC. The duration of clips ranged from 4.23 to 10.05

(minutes/seconds).

3.5.3.1 Preparation of MCVCs in the first week of teaching experiment

At the beginning of the teaching experiment, | decided to prepare two MCVCs that
involved students’ mathematical thinking about parallelogram. This decision was
reasonable because parallelogram is a concept that PSTs and students had more
difficulties in understanding of parallelogram than rhombus or trapezoid.
Furthermore, the set of parallelogram involve rhombus, rectangle and square
according to the inclusive relations of quadrilaterals. Based on these arguments,
MCVC1 and MCVC2 in Table 9 were prepared for the first week of the teaching
experiment.

To be more evident, | explained first micro-case video (MCVC1) in more
detail. MCVC1 was a 5.02 minutes video clip that involves video segments related to
a moderate mathematical achievement level student’s parallelogram definition,
constructions, and selections. Transcription of MCVC1 was given in Table 8.

Based on PSTs’ lack of knowledge about students’ overgeneralization errors in
definitions and constructions, | prepared such a video because pre-interviews
indicated that PSTs had limited knowledge about students’ overgeneralization errors
on quadrilaterals. In this regard, MCVCL1 involves many noteworthy unexpected
events for the PSTs. In MCVC1, the student could not provide a correct description

and construction for parallelogram. In this sense, I think that this clip is useful to
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illustrate the connection among student’s concept image and concept definition

because student thought that two parallel line segments are an example of

parallelogram although she stated there are four sides of parallelogram at the

beginning of the interview. In the following, she drew two parallel line segments to

exemplify parallelogram. In conclusion, this clip clearly showed how a student

describes, classifies, and understands relationships among quadrilaterals in terms of

parallelogram.

Table 8. Conversation between researcher and student in MCVC1

Time Content Conversation between researcher and student

interval

00:00-00:45  Parallelogram
definition

R: How do you orally describe parallelogram?

S: Parallelogram is two line segments in same proportion.
R: How many sides do have a parallelogram?

S
R
S
R
S

Four.

: Can any parallelogram have more than four sides?

: No.

: How do you write definition of parallelogram?

. Definition: Parallelogram is expansion of two line

segments with same proportion through a point starting
from that point’. Two parallel line segments can be
given as an example of parallelogram.

00:45-3:03 Parallelogram  R:
construction S:

How do you draw a parallelogram?
After | determine two points, | merge these two points.

-

-—

: Can you construct another parallelogram example in

this grid paper?
I can draw (she drew initially [LK] and [MN]) | named
them as [KL] and [MN].
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! Turkish version: Paralelkenar iki dogru pargasinm bir noktadan baslaylp o nokta boyunca aym

orantida ilerlemesidir.
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R: At the beginning of the interview, you said that a

parallelogram has four sides. However, you drew [KL]

and [MN]. Please explain the reason why you drew

such a figure?

It is necessary four sides to be a parallelogram.

How many sides does this figure have?

I think this [figure] may not be a parallelogram.

Is it necessary that parallelogram must be a

quadrilateral?

No.

If 1 ask you to draw a parallelogram having four sides,

how do you draw it?

S: 1'will complete [KL] and [MN]. | added other sides.

R: Is the quadrilateral of LMNK an example of
parallelogram?

S: Hmm... [LM] and [KN] seem differently inclined.
However, it can be related to my construction. | think
LMNK quadrilateral is a parallelogram.

3:03-5:02

Parallelogram
identification

R: Which figures do you identify a parallelogram?
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S: 1and 2 are parallelogram In third figure, only [MP] and
[NO] are parallelogram. 4 and 5 are parallelogram
examples. 6 is not a parallelogram. 7 is also
parallelogram. In eighth figure, only [IJ] and [LK] are
parallelogram. However, | am not sure whether eighth
figure is a parallelogram or not.

R: If you are not sure you can write the number of figure

to indicate your indetermination.
I am not sure about figure 8. 9 is also a parallelogram.

. Is there a specific name of figure 9?

It is square. 10, 11, 13, and 14 are also parallelogram.
However, in figure 12, [BC] and [AD] are
parallelogram.

waow
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MCVC2 was 7.26 minutes video clip that involves a high mathematics
achievement level seventh student’s video segments about parallelogram definition,
constructions, and selections. Some students treated hexagon as an example of
parallelogram in video production interviews. One of student’s related
overgeneralization error involved MCVC2 as an unexpected situation. The student
had prototypical and nonhierarchical concept images about parallelogram in
MCVC2. At the beginning of the clip, the student described parallelogram as “a
distorted figure like a pushed down form of rectangle or square”. Furthermore, in the
parallelogram selection part of the clip, she did not consider a rotated square and a
rotated rectangle as a square and rectangle, respectively. This might be an expected
situation for PSTs. However, in MCVC2, the student changed her decisions about
relations among quadrilaterals through the process. This is interesting because PSTs
were unaware of unstability of students’ decisions. MCVC1 and MCVC2 were
prepared “high-high-high” in terms of “windows-clarity-depth” by considering the
Sherin et al.’s (2009) proposal.

3.5.3.2  Preparation of MCVCs in the second week of teaching experiment

Before conducting pre-interviews, | had planned to prepare video clips about
students’ mathematical thinking on rhombus for the second week of teaching
experiment. More interestingly, | did not expect PSTs had difficulty in angle and
diagonal properties of quadrilaterals. However, pre-interviews indicated that they had
inadequate knowledge especially on diagonal properties of parallelogram and
rhombus. For this reason, MCVC3 and MCVC4 were reorganized in order to
develop their knowledge related to the properties of quadrilaterals. As seen in
Table 9, MCVC3 was 4.27 minutes video clip that involves a low mathematics
achievement level seventh student’s video segments about parallelogram definition,
constructions, and angle and diagonal properties. Besides, MCVC4 was 6.15 minutes
video clip that involves a high mathematics achievement level seventh student’s

video segments about parallelogram definition, constructions, angle and diagonal
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properties. Prospective teacher generally thought that if students correctly define and
construct a geometric figure, they also know properties of this figure. In MCVC3 and
MCVC4, although students correctly constructed parallelogram, they made many
mistakes about diagonal and angle properties of parallelogram. These micro-case
videos helped to broaden PSTs’ limited perceptions.

In the first week experiment sessions and pre-interviews results, | recognized
that PSTs did not consider the influence of lack of knowledge related to prerequisite
knowledge about quadrilaterals on students’ conceptions of quadrilaterals.
Considering these insufficiency, | also designed a special video segment about angle
concept in order to show PSTs in group discusion process of MCVC3. On the other
hand, the student in MCVC3 could not differentiate between diagonal and corner. To
provide a different perspective, | reorganized MCVC4 that involves students’

misconceptions about diagonal properties of parallelogram.

3.5.3.3  Preparation of MCVCs in the third week of teaching experiment

At the beginning of the teaching experiment, | decided to use two MCVCs that
include video segments on students’ prototypical and non-hierarchical understanding
about rhombus. .In that situation, pre-interview results indicated that the involvement
of these video clips comprised of expected situations in terms of prospective
teachers. Furthermore, after | recognized PSTs had inadequate knowledge about
properties of quadrilaterals and students’ lack of knowledge on basic geometric
concepts such as perpendicularity and parallelism. For these reasons, | decided to
reorganize MCVC5 and MCVCS6. In this regard, | added new video segments
involving student’s thinking on diagonal properties of rhombus in addition to
rhombus definition, constructions video segments to MCVC5. By this way, PSTs
could recognize students’ misconceptions about basic geometric concepts in teaching
experiment sessions. Consequently, MCVC5 was 7.13 minutes video clip that
involve a moderate mathematics achievement level student’s mathematical thinking

about rhombus. On the other hand, | added a new video segment in which a low
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mathematics achievement level seventh grade student’s inconsistencies between
rhombus and square to the student’s rhombus definition and constructions in
MCVC6. Thus, MCVC6 was a 4.23 minutes video clip that included a low

mathematics achievement level seventh grade student’s conceptions about rhombus.

3.5.3.4  Preparation of MCVCs in the fourth week of teaching experiment

In the last week of the teaching experiment, | prepared MCVC7 and MCVCS8 that
involve students’ mathematical thinking on trapezoid after controlling tentative video
list. When | analyzed 1000 minutes video production interview data, | recognized
that seventh grade students generally had difficulties and misconceptions on
trapezoid due to ordinary usage of “yamuk” in Turkish language, prototypical
understanding and tendency on non-hierarchical relations among quadrilaterals.

After analyzing tentative video list, pre-interviews data, and previous weeks’
sessions data, | prepared MCVC7 that was 10.05 minutes video clip in which there
were a high mathematics achievement level seventh grade student’s trapezoid
definition, constructions, and selections video segments. More specifically, the
student defined trapezoid based on prototypical trapezoid figure and constructed
five-sided polygon as an example of trapezoid in MCVC7. Furthermore, the student
provided unstable decisions about relations among quadrilaterals in terms of
trapezoid. On the other hand, MCVCS8 involved 4.54 minutes video segments in
which there were a seventh grade student’s definition, constructions, and angle
properties of trapezoid. The segment related to properties of trapezoid was added

after the analysis of pre-interviews results and previous sessions data.
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Table 9. General characteristic of selected micro-case video clips in teaching sessions

Week Sessions MCVCs Length Student Level of Mathematical topic inthe ~ Windows Clarity Depth
(min.) student video**
w1 Sessionl MCVC1 5.02 S6 Middle (3-4) D-C-S of Par. High High High
Session2 MCVC2 7.26 S8 High (5-5) D-C-S of Par. High High High
W2 Session3 MCVC3 4.27 S13 Low (2-3) D-C-Prop (Ang-Dia) of High Low Low
Par
Session4 MCVC4 6.15 S1 High (5-4) D-C-Prop (Ang-Dia) of High Low High
Par
W3 Session5 MCVC5 7.13 S6 Middle (3-4) D-C-S & Dia of Rho High Low Low
Session6 MCVC6 4.23 S4 Low (2-3) D-C-S of Rho High High High
W4 Session7 MCVC7 10.05 S5 High (5-5) D-C-Sof Tra High Low High
Session8 MCVC8 4.54 S4 Low (2-3) D-C-S & Side-Ang of Tra  High High High

* Abbreviations mean Tra-Trapezoid, Par-Parallelogram, Rho-Rhombus, D-definition, S-Selection, C-Construction, Prop-Properties, Ang-Angle, and

Dia-Diagonal



3.6 Implementation Procedures of Teaching Experiment

The general structure of implementation phase of the teaching experiment was
illustrated in Figure 10. As seen in Figure 10, after | conducted pre-interviews and
the participants prepared their initial lesson plans, | began to conduct micro-case
video-based teaching experiment sessions. There were two 90 minutes teaching
experiment sessions in each week. All teaching experiment sessions were completed
into four consecutive weeks. Teaching sessions were conducted in a seminar room at
the Faculty of Education. Participants placed the around of the table and each
participant has a personal laptop. Moreover, there was a plasma-screen TV connected

with the researcher’s laptop.

3.6.1 Individual analyses of micro-case videos

Firstly, prospective teachers individually examined a video case in their personal
laptops and wrote a reflection paper in order to answer following questions:

— Explain student’s thinking process in the video case (e.g. procedural/conceptual,
misconception/ difficulty/ misunderstanding)

— If students made incorrect answers in her/his explanations/ constructions/
selections what can the reasons of their difficulty/misconceptions be?

— Do the correct explanations/ constructions/ selections of students show that they
certainly have complete knowledge about selected mathematical concepts?

— What are the other points that you noticed in the video clips?

They wrote their reflection papers while individually watching each video clip.
Some of them preferred to write after finishing individual video analysis. After they
completed their individual reflection paper, | collected them and initiated a group
discussion after a short break.
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Individual clinical pre-
interviews

Preparation of lesson
plans by PSTs

4 Times
(4 Weeks)1

X

Individual analysis of first
MCVC and writing a
reflection paper

A 4

Group discussion of first
MCVC

Individual analysis of
second MCVC and
writing a reflection paper

v

Group discussion of
second MCVC

Writing a reflection paper
about related MCVCs

Revising initial lesson
plans (optional)

N

Individual clinical post-
interviews

Figure 10. Structure of the teaching experiment
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3.6.2 Group discussions about micro-case videos

To be more precise and concrete, how | conducted a teaching experiment session was
explained in more detail. In the first week, | gave a flash memory involving MCVC1
and MCVC2 to each participant. They transferred MCVCs to their personal laptops.
After they completed the transfer of MCVCs, | asked them to individually analyze
MCVC1 and to write a reflection paper about related MCVC. Their individual video
analyses and reflection paper writing process took approximately 35 minutes. After
they completed individual video analysis and writing reflection paper about MCVC1,
| initiated a group discussion in order to elaborate their conceptions and perceptions.

In all group discussions, I utilized framework for the facilitation of video-based
discussion that was developed by van Es, Tunney, Goldsmith, and Seago (2014).
They proposed four dimensions in the framework for utilizing video in more
productive ways: (i) orienting the group to the video analysis task, (ii) sustaining an
inquiry stance, (iif) maintaining a focus on the video and the mathematics, and (iv)
supporting group collaboration. Details of these dimensions and the facilitator’s
some example moves were given in the following.

Orienting the group to the video analysis task. This practice is associated to
two moves in this dimension such as “contextualizing” and “launching”. 1, as a
facilitator, used “contextualizing” before PSTs individually examine the clip in order
to inform the involvement of the each MCVC such as student’s gender, concept, and
duration of clip. For example, I said that “this five minutes-clip (MCVC1) involves a
female seventh grade student’s conceptions about definition, construction, and
selections of parallelogram.” 1 used “launching” at the beginning of the group
discussion of each MCVC in order to elicit PSTs’ ideas by posing general prompts.
For instance, | asked following typical example prompting questions: What did you
noticed when examining the video clip? “What did you find interesting in the
video?” These prompting questions helped to initiate the group discussion by

focusing on some noteworthy events in the video clips.
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Sustaining an inquiry stance. In order to maintain the productivity of group
discussion, | focused on six particular moves: highlighting and lifting up, pressing
and clarifying, and offering an explanation and countering. I used “highlighting”
when drawing attention to some particular events that prospective teachers did not
mention on their own. For example, in group discussion of MCVC1, prospective
teacher did not mention anything about the inconsistency between student’s
definition and construction of parallelogram. At this point, | asked them the
following question: “Yes, you said that this student constructed a wrong
parallelogram example, but, if you examine the definition and construction as a
whole, what can you say the connection among them?” In a similar vein, I utilized
some prompts related to “lifting up” that “refers to the facilitator taking up
noteworthy participant ideas and making them the object of discussion (van Es et al.,
2014, p.7)”. For example, in group discussion of MCVC3, although one participant
proposed that the student do not know the angle relation of parallelogram, another
participant claimed that because the student see two variables in parallelogram, he
divided 360° by 2. At this point, since I found the second participant’s idea was
interesting and important, | raised this idea for further discussion. Furthermore, |
used two moves as “pressing” and “clarifying” in order to elaborate participants’
ideas. Pressing enable PSTs to expand on an idea and to provide further explanation
about their reasoning. For this purpose, following from of questions were utilized:
“can you tell me more about that?” and “I understood your idea. Can you give some
details what you exactly mean?”. “Clarifying” was used when encouraging the group
to get further information on their thinking by rephrasing a participant’s idea.
Finally, remaining two moves as “offering an explanation” and “countering” were
used “to introduce a way of interpreting or making sense of what was happening in
the video (van Es et al., 2014, p.8)”.

Maintaining a focus on the video and the mathematics. | utilized three
strategies such as “redirecting”, “pointing to evidence”, and “connecting ideas”.
Redirecting occurred when the participants focused on an unrelated issue from the
involvement of the video case. At this point, | deflected the discussion into
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mathematical issue. When I want to learn some evidence about the PSTs’ proposed
ideas, she chanced the direction of the discussion by using some prompts. In order to
establish relationship between PSTs’ different ideas and issues related to
mathematics, I used following example prompts: “This idea is similar to what Ece
was doing ?” and what your strategies are if your students would do same mistakes
in your class?”.

Supporting group collaboration. By using three strategies, | facilitated the
group collaboration: “standing back”, “distributing participation”, and “validating
participant ideas”. Sometimes, I gave the group member time to explore an idea and
did not involve the discussion. In order to invite different PSTs, | also tried to
distributed participation of group discussion. Validation of ideas was utilized in
following ways: “it is very interesting. I had not thought that before” or “that could
be”. Consequently, group discussion of each video case was implemented in similar

ways.

3.6.3 Writing after discussion reflection papers (ADRP)

I requested PSTs to write a “after discussion reflection paper (ADRP)” at the end of
the two sessions of video analysis and group discussions in each teaching experiment
week. In these reflection papers, | asked PSTs to respond to the following questions.

— Explain if there was any change in your thinking after the group discussion
process? How did discussion environment influence your thinking? (Link
between previous knowledge or give some example speeches between you
and your friends)

— Propose some recommendations for classroom applications/teaching methods
to develop student’s mathematical thinking and to overcome their
misconceptions/ misunderstandings in the video clips. (Think as you teach
these concepts...)

They individually wrote these reflection papers in either class or their home.

Then, they supplied their ADRP to me as a hardcopy. | preferred to get hardcopy
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version because they were faster when writing in a paper than writing in computer.

Furthermore, they found easier to draw a figure in paper than computer.

3.6.4 Making revisions in lesson plans

As seen in Figure 10, making revisions in the lesson plans was optional for the
prospective teachers at the end of each week in teaching experiment. These revisions
and PSTs’ reflective notes about the reasons why they needed to make revisions in
their lesson plans were crucial to understand the changing and developing SMK and
PCK about quadrilaterals throughout the teaching experiment. In this sense, before
starting a new teaching session (e.g. two days ago), | asked participants to send
revised versions of lesson plans involving the reasons why they needed to make
revisions. They wrote all reflective comments in lesson plans by following the steps
as opening their initial lesson plans in “Microsoft Word Program”, opening “review”
section, and adding a “new comment”. More specifically, one participant’s some
revisions and reflective comments on the reasons why she changed her initial lesson

plan were illustrated in Figure 11.

- At this level, students should be able to know that squareis a special rectangle. If none of
students says this after the properties of square, ask them “What do you get if you draw all sides
of a rectangle equal length?” Students can say we get a squarebut can say that shapeis nota
rectangle any more. So, ask “Is it also a rectangle?” And, direct them to the properties of
rectangle.

---| Agikdama [i3]: I added this
. . . . . statement to provide students focus
| - If students say that opposite sides are parallel in a rectangle or in other quadrilaterals, ask on properties not on shapes.

which sides you mean by opposite and what you mean by parallelism of them. If they do not say
this property, put rectangle on the board naming its vertices. Then, take one pair of opposite sides { Agikdama [ia]: Many students have

aside and ask students positions ofthese segments with respect to each other. Do they intersect or . | difficulty in basic concepts {congruent

coincidem?] angles, congruent line segments,
------------------------------------------------------------------------------------ parallelism and perpendicularity) They

- 3 ; generally decide two segment is
If students cannot remember the properties of parallelogram and trapezoid. put them on the parallel or not but do ot say the as a

board and want from students to examine them. Then, ask the properties again. For the property of that shape

Figure 11. An example from Emel’s lesson plan revisions

3.6.5 Conducting individual clinical post-interviews

Post-interviews were conducted by using the same tasks after all teaching experiment
sessions were completed in order to increase comparability of the results. In the

interviews, I asked the main question of “why did you change your initial idea on
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this question?” in order to understand the changes and developments in PSTs’ SMK
and PCK on quadrilaterals by considering their initial responses in pre-interviews.
Similar to pre-interviewing process, there was not also any time restriction in the
implementation process of post-interviews. Post-interviews took between 35-45

minutes.

3.7 Data Analysis

3.7.1 Analysis of pre/post-interviews

In the analysis of pre- and post-interview data, | utilized thematic coding to identify,
analyze and report the themes in the data. For this purpose, all data were examined
by taking account the phases of familiarization with data, generating initial codes,
searching for themes among codes, reviewing themes, defining and naming themes,
and producing the final report (Braun & Clarke, 2006). Before familiarization of the
data, | examined literature about geometrical theories (e.g. concept image-concept
definition, prototypical phenomenon, figural concepts, van-Hiele geometric
thinking), and conducted national and international studies about quadrilaterals. In
the beginning, | transcribed all interview sessions. Next, in the light of the literature,
I generated initial codes and themes. | then turned to the transcribed video data and
examined each participant’s responses to the items related to quadrilaterals. From
this analysis, | defined the characteristics of each themes and corresponding codes
for the items on each task. Then, I grouped each PST’s responses that are related to
the task such as definitions, constructions, selections, properties, and classification of
quadrilaterals. I code PSTs’ responses in an Excel document to compare all PSTs’

responses for each task. Details of coding process were explained in the following.
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3.7.1.1 Coding of PSTs’ knowledge about definitions of quadrilaterals in pre- and

post- interviews

A good mathematical definition is characterized according to some logical principles
by different researchers (Edwards & Ward, 2003; Khinchin, 1968; Solow, 1984; Van
Dormolen & Zaslavsky, 2003; Vinner, 1991). Among the principles, establishing
hierarchical structures between general and specific concepts and providing
necessary and sufficient conditions were taken as necessary features of a definition
by all researchers. In the current study, | examined prospective middle school
mathematics teachers’ personal definitions in pre- and post-interviews in terms of (i)
establishing necessary and sufficient conditions, and (ii) providing hierarchy between
general and specific concepts. The details how | named the themes and codes in the
PSTs’ personal definitions were given in Table 10.

More specifically, Table 10 shows the codes of participants’ personal
definitions in terms of establishing necessary and sufficient conditions and providing
inclusivity. I generated Theme 1 with four codes in order to examine PSTSs’

definitions in terms of establishing necessary and sufficient conditions.

For example, PDef-Codel is related to PSTs’ definitions involving sufficient
but not necessary defining conditions. More specifically, if a participant defines a
concept by listing all known or many of redundant properties, | grouped such kinds
of definitions into PDef-Codel because these definitions were correct uneconomical
definitions. More specifically, some students can define parallelogram as “a
quadrilateral having two parallel opposite sides” or “a figure having two opposite
parallel sides”. In the first definition, it was evident that “two opposite parallel
sides” is not enough to define parallelogram since trapezoid even can be evaluated a
parallelogram example according to this definition. Similarly, second definition does
not involve information about whether parallelogram is a “closed” figure or not. As
an example of PDef-Code2, if a student define rhombus as “a figure having four
equal length sides”. This definition shows necessary but not sufficient conditions

because the definition involved the term of “figure” instead of a “closed-figure”. On
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the other hand, PDef-Code3 indicates a definition that involves both necessary and
sufficient defining conditions. Finally, an example definition of trapezoid can be
given for the PDef-Code4 as following: “a rectangular region having the lower base
and the upper base”. In this situation, a four-sided figure having no parallel sides can

be an alternative representational interpretation of this definition.

Table 10. Coding of PSTs’ personal definitions according to themes

Themes Name of themes Codes* Coding
Theme 1  Establishing PDef-Code 1 Sufficient but not necessary
necessary and PDef-Code 2 Necessary but not sufficient

sufficient conditions  PDef-Code 3 Necessary and sufficient
PDef-Code 4 Incorrect

Theme 2  Providing hierarchy ~ PDef-Code5 Inclusive definition
PDef-Code6 Partial inclusive definition

PDef-Code7 Exclusive definition
PDef-Code8 Incorrect

Personal Definitions

On the other hand, Theme 2 was prepared to examine PSTs’ definitions in term
of providing hierarchy. There are four codes in Theme 2 as seen in Table 10. Usiskin
and Griffin (2008) state that when “one definition purposely excludes what the other
definition includes; we call the one definition an exclusive definition and the other
definition an inclusive definition” (p.4). It indicates non-hierarchical relations of
quadrilaterals. For example, if a trapezoid is defined exclusively as “a quadrilateral
with exactly one pair of parallel sides” (p.27), then rectangles and trapezoids would
be grouped into disjoint subgroups of quadrilaterals. In contrast, if the trapezoid is
defined inclusively as “a quadrilateral with at least one pair of parallel sides” (p.27),
then all rectangles would be a taken as a subgroup of trapezoids. Consequently, while
inclusive definitions are related to hierarchical classifications, exclusive definitions
lead to partition or exclusive classifications of quadrilaterals. To sum, | grouped
prospective teachers’ personal definitions by considering these themes and
categories.

PSTs’ instructional definitions in pre- and post-interviews were examined
considering the studies about definitions (see Table 11). Accordingly, some
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researchers (e.g. Winicki-Landman & Leikin, 2000) proposed criteria for didactical
(pedagogical) suitability of a definition, based on some conceptions such as relying
on previously learned concepts, learners’ intellectual development, zone of proximal

development of the learners, intuitiveness, and elegance.

Table 11. Coding of PSTs’ instructional definitions

Definition types Possible reasons of the instructional preference
In terms of hierarchy — Enable mathematical generalizations and
Inclusive/Partial inclusive/Exclusive deductive reasoning
— Matching students’ knowledge and needs
In terms of economic structure (e.g. Zone of proximal development)
Economical/Non-economical — Convenience for applying to problem
solving

— Ease to understand

— Intuitiveness (Fischbein, 1987)

— Clarity to the students

— Building knowledge on the basis of known
concepts (Edwards & Ward, 2003; Leikin &
Winicki-Landman, 2001; Winicki-Landman
& Leikin, 2000)

— Noreason

In order to understand PSTs’ didactical considerations for a definition, I
examined how they select appropriate statements for a definition which factors
influence on their selections, and their thinking about how the selection of a
definition can influence their instructional process (Leikin & Winicki-Landman,
2001; Winicki-Landman & Leikin, 2000). More specifically, | firstly examined the
types of PSTs’ definitions in terms of hierarchical and economic structure. Then, I
coded participants’ pedagogical considerations that reflect the reasons why they want
to utilize a definition in their future instruction as in Table 11.

Finally, I examined PSTs’ predictions about students’ possible
definitions/descriptions of quadrilaterals. At this point, | made a detailed analysis
how PSTs anticipate students correct but incomplete descriptions or incorrect
descriptions and their possible reasons in order to understand their pedagogical

content knowledge.
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3.7.1.2  Coding of PSTs’ knowledge about constructions of quadrilaterals in pre-

and post- interviews

I evaluated prospective teachers’ personal drawings for quadrilaterals in terms of
whether or not they are drawn hierarchical /partial hierarchical /non-hierarchical and
prototypical /partial-prototypical /non-prototypical. Based on the methodological and
cognitive approach used by Tsamir, Tirosh and Levenson (2008) in order to
understand children’ intuitive examples and non-examples about triangle, | grouped
prospective teachers’ approaches on determining students’ possible constructions for
parallelogram, rhombus and trapezoid as in the following:

a) Correct constructions (involving correct intuitive and non-intuitive

examples such as hierarchical and non-prototypical concept images)

b) Correct but incomplete constructions (involving only intuitive examples as

prototypical concept images that is the result of undergeneralization error)

c) Incorrect constructions (involving also intuitive non-examples as a result

of overgeneralization error)

d) Difficulties in constructions (grid paper usage, determination of parallelism

etc.)

I also produced some possible reasons of students’ constructional problems that
might be proposed by prospective teachers as in the following: learners’ intuitions,
lack of previous knowledge about basic geometric concepts, disconnection among
concept definition and concept images, prototypical reasoning, and the examples
given in the textbooks and math lessons. Finally, PSTs’ instructional constructions
were grouped according to examples types that they planned to use in their future
instructions such as prototypical/non-prototypical examples, hierarchical/partial
hierarchical/non-hierarchical examples, intuitive examples, and non-examples by
examining their didactical considerations when to utilize a specific example/non-
examples. Moreover, | coded their teaching approach (e.g. teacher-based, student-

based) and the materials (e.g. concrete materials, dynamic geometry applications,
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exemplification only on board) that they plan to use in teaching of the constructions
of quadrilaterals.

3.7.1.3 Coding of PSTs’ knowledge on properties and classification of

quadrilaterals in pre- and post-interviews

PSTs’ verbal and written responses to the items related to properties of quadrilaterals
were examined in terms of the correctness. Again, participants’ knowledge about
classifications of quadrilaterals was examined by analyzing their written and verbal
responses to selections and classifications item in the interview tasks. I coded PSTs’
responses according to inclusive relations of quadrilaterals.

In the coding process of PSTs’ written and verbal responses to all items, |
utilized inter and intro reliability approach proposed by Miles and Huberman (1994).
In this regard, | firstly determined the number of the agreements among the coders.
In the following, | divided the number of agreements by the total number of
agreements and disagreements. In this approach, the result that is equal or higher
than 70% indicates the presence enough reliability. When two separate researchers
coded the responses, there were three disagreements in pre-interview data coding and
four disagreements in post-interview data coding. As a result, while the inter-rater
reliability of pre-test coding was calculated 3/33= 0.09, 0.09x100=90, the inter-rater
reliability of pre-test coding was calculated as 4/33= 0.87, 0.87x100= 87. | reached a
consensus about the items that produced disagreements by making an effective
discussion with the coders. Furthermore, as a researcher, | coded each interview data
thrice three month apart. The intra-rater reliability was found as 98%.

As a conclusion, the verbal and written responses in both interviews were
utilized to provide evidences for PSTs” SMK and PCK about quadrilaterals and how

they are progressed and restructured by comparing their responses.
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3.7.2 Analysis of teaching experiment sessions

In the current study, | determined an analytic three-level analysis approach in order
to examine teaching experiment sessions data. In the low-level preliminary analysis,
I made a chronological order for teaching experiment session data that consisted of
prospective teachers’ individual video analysis reflection papers, group discussions,
reflection papers that were written after group discussions, and revised lesson plans.
After chronological order, | read all reflection papers and group discussions in each
week of teaching experiment. In the following, I took specific field notes about
PSTs’ developments in knowledge about quadrilaterals. Moreover, first viewing of
group discussion videos provided an overview of each PST’s knowledge
development.

In the mid-level analysis process, | transferred all hardcopy reflection papers to
the digital form in computer and | transcribed all group discussions videos. | began to
identify and divide data set into “idea units” in order to code the PSTs’ written
statements and verbal explanations. Idea unit is defined as “a distinct shift in focus or
change in topic” (Jacobs, Yoshida, Fernandez, & Stigler, 1997, p.13). In this regard, |
determined four main idea units that refer PSTs’ knowledge about the topics of
definitions, constructions, classifications, and properties of quadrilaterals. While any
idea unit in a reflection paper sometimes involves one statement, it sometimes
involves a paragraph of comments. However, any idea unit in a group discussion data
consisted of a conversation about a specific issue such a student’s defining abilities.
Consequently, the length of an idea unit generally depends on the content (e.g.
definition, construction, classification, and properties of quadrilaterals) and the types
of data source (e.g. reflection paper, group discussions, and revised lesson plans).
After | completed to divide all teaching experiment data into idea units according to
content and the types of the data, | passed advanced level analysis.

In the advanced level analysis, | focused on how the developments occurred in
PSTs’ knowledge about quadrilaterals throughout the teaching experiment process.

In this sense, I prepared a “knowledge development sheet” in order to examine each
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participant and the group’s knowledge development in each teaching experiment
session.

In order to make how I examined participants’ knowledge developments
throughout teaching experiment process more understandable, | gave the details of
analysis and coding structure for the developments of PSTs’ knowledge about
definitions of quadrilaterals. As mentioned before, PSTs analyzed and discussed two
video clips and wrote reflection papers about the clips before and after group
discussions in each teaching session. Moreover, they optionally made revisions in
their initial lesson plans. In knowledge development sheet, I firstly noted each PST’s
initial SMK and PCK about definitions of quadrilaterals. Then, I read each PST’s
written statements about the definitions of quadrilaterals in individual reflection
papers that they wrote when individually examining the video clip. Then, | examined
each participant’s explanations about the definitions in group discussions and I
highlighted whether each statement shows development/change in knowledge about
definitions of quadrilaterals in terms of SMK and/or PCK or not. After that, |
remarked all comments about definitions in reflection papers that they wrote after
group discussions. Finally, | examined the changing nature of revised lesson plans in
terms of definitions of quadrilaterals. Therefore, | reached a big data that showed
how each participant developed their knowledge about definitions of quadrilaterals
throughout the teaching experiment process. | used same procedure to determine
each participant’s knowledge developments in constructions, classifications, and
properties of quadrilaterals. To be more evident, |1 gave an example coding scheme
for the developments of PSTs” SMK, and PCK about definitions of quadrilaterals
(see Table 12).
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Table 12. An example coding of developments in shifts PSTs’ knowledge on
definitions of quadrilaterals

Common developments in PSTs’ knowledge about definitions

From to
Exclusive or partial inclusive Inclusive definitions
definitions

Inability to establish necessary and Establishing necessary and

sufficient conditions for a sufficient conditions for a
v definition definition
=
» Inadequate mathematical language Precise mathematical language
usage usage
Ignoring didactical considerations  Preferring definitions
according to didactical
considerations
Focusing only student’s correct or  Focusing on students’
incomplete definitional errors and their
definitions/descriptions possible reasons
§ Not realizing the relationship Establishing a strong
between students’ concept image  relationship between students’
and concept definition concept definition and concept
image
Preferring teacher-centered Adopting student-centered
teaching way for the definitions teaching ways
Giving only definitions of Defining and exemplifying
5 quadrilaterals also basic prerequisite
™ geometric concepts
Preferring their personal Differentiating personal
definitions as instructional definitions and instructional
definitions definitions

3.8 Trustworthiness of the Study

Validity and reliability are two essential issues that any researcher should consider
while conducting a study, analyzing the results and mentioning the quality of study

(Patton, 2002; Yildinm & Simsek, 2006). For qualitative research, validity and
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reliability concepts are defined and named different from the validity and reliability
concepts in quantitate research. At this point, it is meaningful to mention about
Lincoln and Guba’s (1985) identification of reliability and validity issues in term of
qualitative research. They defined credibility, transferability, dependability, and
confirmability terms; referring to internal validity, external validity, reliability and
objectivity respectively. According to Lincoln and Guba (1985), these terms may be
seen as the indicators of trustworthiness which is the term to be used to show
reliability and validity for a qualitative research. How I utilized these strategies in the

current study is explained in the following.

3.8.1 Credibility and transferability

Lincoln and Guba (1985) suggested that ensuring credibility referring internal
validity is one of the most important factors in establishing trustworthiness of a
qualitative study. Internal validity deals with the questions of “how research findings
match reality?” (Merriam, 1998, p.213). Merriam (1998) explains that six basic
strategies to enhance internal validity: Triangulation-using multiple sources, multiple
investigators, or multiple methods, member checks, long-term observation, peer
examination, participatory or collaborative modes of research and research’s biases.
In the current study, | utilized most of these methods to provide and increase
credibility.

Firstly, I used triangulation. “Triangulation has been generally considered as a
process of using multiple perceptions to clarify meaning, verify the repeatability of
an observation or interpretation” (Stake, 2000, p.443). In literature, there are four
types of triangulation: data triangulation (the use of a variety of data sources in a
study), investigator triangulation (the use of several different researchers or
evaluators), theory triangulation (the use of multiple perspectives to interpret a
single set of data, and methodological triangulation (the use of multiple methods to
study a single problem or program) (Denzin, 1978; Patton, 1987, 2002). | used

multiple data sources such as pre- and post-interviews, reflection papers, group
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discussions, prospective teachers’ initial and revised lesson plans, field notes,
observation of individual video analysis processes, and self-development reports.
Thus, | used data triangulation in the current study. The investigator triangulation
was also utilized because the first teaching session is observed by a professor in
mathematics educators. This researcher observed prospective teachers’ individual
video analysis processes and group discussion of related video clip. The professor
gave valuable ideas about the methodological issues of teaching experiment process
and what kinds of things he observed interesting in prospective teachers’ ways of
reasoning about the video clip. I also used member-checking to ensure the credibility
of the study. At the end of the task-based post-interviews, | gave their written
responses to pre-interviews and post-interviews and asked them whether they agreed
with these written ideas or not. Furthermore, | obtained information about the ideas
they provided in reflection papers and group discussions. For the methodological
triangulation, | used different methodological approach such as observations,
interviews, group discussions, and written document analysis. Finally, when
interpreting the data, | utilized theory triangulation because | examined prospective
teachers’ SMK and PCK by considering the theories of prototypical phenomenon,
concept image/concept definition, definitions in mathematics, exemplification, and
figural concepts. Furthermore, I used different perspectives that focused on teacher’
professional noticing in video-based professional development programs.

Another strategy, | used to increase the credibility of the study was prolonged
engagement with the participants throughout a semester. Thus, | got opportunities in
terms of building thrust with the participants during the period of data collection.

The second criteria to establish trustworthiness in a qualitative study is
transferability referring to external validity. External validity is related to the
question of “How generalizable are the result of the study?” (Merriam, 1998, p.223).
However, it is not possible to mention about generalizability for qualitative research
because in qualitative research, a single case or small nonrandom sample is selected
in order to understand the context in depth not to find what was true across the
population. Making statistical generalizations is not to the major aim of the
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investigator. Transferability was used by ensuring sufficient information about
implementation processes in qualitative research. Thus, | provided thick description
of the study so that the reader understands it and compare to their own studies. For
this research, the context of the study, the selection criteria of the participants, the
number of participants, the purpose and context of any instrument to be used in the
study, the number of the length of the data collection sessions, and the time period of

the study will be explained in detail for ensuring the transferability.

3.8.2 Dependability and confirmability

The third criteria to establish trustworthiness is dependability referring to reliability.
Reliability is defined as “...to the extent to which research findings can be
replicated” (Merriam, 1998, p.220). It means that whether the results of study are
dependable and consistent with the data (Merriam, 1998). According to Shenton
(2004), how to ensure the dependability of a study depends on the explanations about
how research design was implemented, how the data was gathered, and what was
done to describe the field in the data. In this study, it is aimed that the replication of
the study will be afforded by providing detailed information on the processes of the
study. In this sense, | explained all operational and theoretical details of data
gathering process, the nature of teaching sessions, and the structure of reflection
papers. Furthermore, the coding categories were explained in detail during the coding
processes by helping the second coder in order to ensure the dependability. After
organizing the codes, researcher and the other coder came together and discuss the
codes until they reach an agreement on the categories. Then, main themes were
determined. After coding all the data individually with the final version of the codes,
randomly selected transcription of teaching sessions and reflection papers were given
to the second coder to ensure dependability of the study. The last criteria to establish
trustworthiness in a qualitative research is confirmability referring the objectivity.
Shenton (2004) explains how to ensure confirmability as using triangulation to

reduce the researcher bias, providing detailed methodological information. In a
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similar vein, the confirmability was tried to ensure through triangulation, peer
debriefing, detailed description on the methodology of the study, and presence of

second coder in this study.

3.9 Ethical issues

In any study, some ethical problems may occur during the processes of data
collection and data analysis (Merriam, 1998). For the ethical consideration in this
study, it was taken permission from the Ethical Committee at METU (see Appendix
6). After this permission, for the video-taping and the participation of the study, other
permissions will be taken from Ministry of National Education (MoNE) (see
Appendix 7) and administrators and teacher of schools by using consent form.
Additionally, in order to produce video cases that were necessary for the preparation
of vide-based professional program, | took permission seventh grade students and
their parents to participate in the study via consent form because students’ age is
under the eighteen years old (see Appendix 8). To ensure honesty in the present
study, seventh grade students who willingly was selected to examine conceptions in
quadrilaterals through task-based clinical interviewing processes. When producing
video cases, I did not involve students’ faces and names in the clips. Moreover, | did
not give information about the specific name of the school in which | produced video
cases involving seventh grade students’ mathematical thinking. All the answers to
the questionnaire and the following interviews were confidential and no one without
the researcher and prospective teachers in the study access to the data. Furthermore,
the video cases served to prospective teachers by giving no extra information about
the seventh grade student in order to eliminate the bias.

On the other hand, some ethical considerations took into account after video
producing part of the study. As mentioned before, an elective course was opened in
the department. Some junior and senior class prospective middle school mathematics
teachers decided to select this course. In the first meeting, these prospective teachers
were informed about the data collection process. In this regard, | gave detailed
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information at the beginning of the study about the usage of video-camera in all
process, pre-and post-interviews, individual video analysis and group discussions
about video clips, the general structure of the videos, lesson plans, and reflection
papers. As a result, eight senior class prospective middle school mathematics
teachers decided to enroll to the course. | did not use the names of prospective
teachers in anywhere. Instead, | utilized pseudonyms in reporting the data.

3.10 Limitations and Delimitations of the Study

There are some limitations in this study in terms of: (i) the number of participants,
and (ii) the medium of the study, and (iii) the role of researcher. All these limitations
and how | tried to handle all of them were explained in the following.

The number of the participants is a limitation of this study because the study
was executed by eight senior students who attending Elementary Mathematics
Teacher Education program in a public university in Ankara, Turkey. The
undergraduate course that subjects to the current study was opened to senior class
prospective teachers as an elective course with the name of “Projects in elementary
science and mathematics education”. As a result, the number of participants was
limited to eight prospective middle school mathematics teachers. However, the aim is
not make a generalization. Instead, focal point in the study is revealing the
developmental process of teachers’ knowledge in micro-case video clips analysis and
discussions. In general, video case-based studies within the video club context
involve 1-8 participants in the literature (e.g. Bas, 2013; Sherin, Linsenmeier, & van
Es, 2009; Taylan, 2015).

Medium (micro-case video clips) of the study might be cause a limitation in
terms of due to the research questions and research purpose. Micro-case video clips
involve only students’ mathematical thinking process in contrast to the classroom
videos. Namely, there is only one dimension as student mathematical thinking in the
micro-case video clips. In the literature, Sherin (2007) identified professional vision

as the combination of two processes of “selective attention” and “knowledge-based
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reasoning”. Considering and using classroom Vvideos, she grouped selection attention
into two main categories as “Actor” (e.g. teacher, student, and other) and “Topic”
(e.g. management, climate, pedagogy and math thinking). However, the current study
involves only one component in terms of the dimensions of “Actor” (only student)
and “Topic” (only math thinking) because of the nature of micro-case video clips.

In this teaching experiment, | was the teacher-researcher, which can be a
limitation for the study. Teaching experiments aim to observe the learners in their
settings and report them to the audience. Combining participation and observation is
the main challenge in such kinds of qualitative research (Patton, 2002). For this
reason, establishing a balance between being a participant and being a researcher-
teacher is crucial to provide correct and unbiased results. In the literature related to
the use of video-based professional development programs, researchers emphasizes
the importance of the relationship between a group of participating teachers and a
facilitator in terms of providing fruitful teacher learning environment (Borko et al.,
2015; Borko et al., 2008; van Es, 2012a). Furthermore, Van Es (2012a) mentions the
role of facilitator in video-based professional development programs that need “to be
created to help members become comfortable making their practice public and
analyzing each other’s teaching” (van Es 2012a, p.184). As a result, a framework for
the facilitation of teachers’ analysis of video (van Es, Tunney, Goldsmith, & Seago,
2014) utilized in order to increase the productivity of group discussions and
prospective teachers’ learning in the current study. In conclusion, researcher bias
may be a risky factor for the study (Lincoln & Cuba, 1985). However, making the
aim of study to make clear for the participants, studying with voluntary participants,
assuring confidentiality, trying to make the participants comfortable during the data
collection process, and making a check the interpretation of researcher with the
participants were used to reduce the research bias in the current study.

There are also delimitations that were intentionally set as the boundaries by the
researcher considering the related literature, the purposes of the study. The
delimitations of the study consisted of (i) preferring only senior students in

mathematics teacher education program (ii) the involvement of micro-case video
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clips, (iii) the number of micro-case video clips, and (iv) time period of the teaching
experiment. All of them are elaborated in the following.

Preferring only senior students in mathematics teacher education program to
the course is a delimitation of the study. As the participants to the course, it was
preferred to admit fourth year prospective teachers who completed educational
courses and pure mathematical courses involving information about learning and
teaching of geometry. As a result, eight fourth year prospective middle school
mathematics teachers took the elective course.

One of the delimitations of the study is related to the involvement of micro-
case video clips since they involve only seventh grade students’ mathematical
thinking  processes about quadrilaterals (e.g. definitions, constructions,
classifications, and properties of quadrilaterals). However, this situation was
intentionally decided in consultation with the experts in mathematics education.
Furthermore, quadrilaterals are intensively covered in seventh grade teaching
programs. Besides, concentrating only quadrilaterals in the teaching experiment
process may be admitted as another limitation of the study. At this point, I think that
related literature indicated that there is limited number of video-case based studies
concentrating a particular mathematical domain (e.g. Didis, 2014; Taylan, 2015,
Walkoe, 2014). Conversely, the structure of the current study can be thought as an
emergent perspective for video-based professional development just like a video-
based curriculum proposed by Stockero (2008). Consequently, focusing on only
quadrilaterals to understand the developments in teacher knowledge might not be
evaluated as a limitation.

The number of the micro-case video clips can also be evaluated as the
delimitation because this study is limited with the analyses and discussions around
the eight micro-case video clips selected and watched during the four weeks of the
course. The delimitation in the number of the video clips is substantially related to
several factors: (i) the concepts in quadrilaterals taken the scope of the study, (ii) the
variety of seventh grade students’ conceptions in micro-case production process, (iii)

prospective teachers’ pre-interview results. These factors acted very crucial role in
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determination of sufficient, effective, and productive micro-case video preparations
and selections for the teaching experiment. Moreover, it gives idea to the researcher

about how much time period can be enough video analysis and discussion process.
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CHAPTER IV

FINDINGS

This chapter summarized the findings of the current study in three main sections and
related subsections. In the first section, prospective middle school mathematics
teachers’ existing subject matter knowledge (SMK) and pedagogical content
knowledge (PCK) about quadrilaterals was analyzed by using their written and
verbal responses in individual clinical pre-interviews and initial lesson plans that
were conducted before starting teaching experiment sessions. In the second section, |
examined how prospective teachers’ developed their mathematical knowledge for
teaching quadrilaterals throughout the teaching experiment in more detail. In the last
section, | summarized the final state of prospective teachers’ SMK and PCK about
quadrilaterals was summarized by using the data taken from individual post-

interviews and revised lesson plans.

4.1 Prospective Teachers’ Existing Subject Matter Knowledge and
Pedagogical Content Knowledge about Quadrilaterals

This section provides the findings of prospective middle school mathematics
teachers’ existing subject matter knowledge (SMK) and pedagogical content
knowledge (PCK) about (i) definitions of quadrilaterals, (ii) constructions of
quadrilaterals, (iii) hierarchical relations among quadrilaterals, and (iv) properties
of quadrilaterals by the help of constant-comparative method of data analysis. To
reveal these findings, I used the data obtained from PST’s written and verbal
responses in the individual pre-interviews before starting the teaching experiment as
well as the initial form of their lesson plans in which they plan to teach quadrilaterals

to seventh grade students.
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411 Prospective teachers’ existing knowledge about definitions of

guadrilaterals

In this part, prospective middle school mathematics teachers’ personal and
instructional definitions for the concepts of parallelogram, rhombus and trapezoid
and their predictions about middle school students’ possible definitions/descriptions
for these concepts were consecutively presented in order to reflect an essential part of
their SMK and PCK about quadrilaterals.

4.1.1.1  Prospective teachers’ personal definitions of quadrilaterals

Prospective teachers’ personal definitions were examined in terms of providing some
logical principles that allow a definition to be mathematically correct; i) establishing
necessary and sufficient conditions, and ii) providing hierarchy between general and
specific concepts. The characterization of PSTs’ personal definitions of quadrilaterals
was asserted in Table 13 in terms of providing inclusivity and establishing necessary
and sufficient conditions.

Table 13. Characterization of PSTs’ personal definitions in terms of providing

inclusivity and establishing necessary and sufficient conditions

PSTs Parallelogram Rhombus Trapezoid

Asli SnNC Inclusive NnSC Exclusive  nNnS Exclusive
Deniz SnNC Inclusive  SnNC Inclusive  NSC Exclusive
Beril SnNC Inclusive  NSC Inclusive  NSC Exclusive
Oya NnSC Inclusive ~ NnSC Inclusive ~ NnSC Exclusive
Ece SnNC Inclusive  SnNC Inclusive  NSC Exclusive
Zehra NSC Inclusive  NSC Inclusive  NSC Inclusive
Maya NSC Inclusive ~ NSC Inclusive  NSC Inclusive
Emel NnSC Inclusive  NSC Inclusive  NSC Inclusive

*SnNC: Sufficient but not necessary conditions; NnSC: Necessary but not sufficient conditions; NSC:
Necessary and sufficient conditions; nNnS: neither necessary nor sufficient conditions
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The analysis of prospective teachers’ personal definitions in terms of
establishing necessary and sufficient conditions for the parallelogram concept
indicated that only Zehra’s and Maya’s parallelogram definitions involved all
necessary and sufficient conditions with accurate mathematical terminological
usages (see Table 13). However, Deniz, Ece, Asli and Beril defined the concept by
listing all known properties such as the equality of length of sides or diagonals,
which were examples of correct uneconomical definition of parallelogram. Such
types of parallelogram definitions were grouped as involving sufficient but not
necessary conditions. On the other hand, while Emel defined parallelogram as “a

quadrilateral having two parallel opposite sides®’

having opposite parallel sides®. In Emel’s definition, it was evident that “two

, Oya identified it as “a figure

opposite parallel sides” is not enough to define parallelogram since trapezoid even
can be evaluated a parallelogram example according to this definition. Similarly, Oya
used inadequate expressions because she did not mention whether parallelogram is a
“closed” figure or not. Consequently, Emel and Oya provided necessary but not
sufficient conditions when defining parallelogram.

For the rhombus concept, four prospective teachers made correct economical
definitions by providing both necessary and sufficient conditions. However, similar
to the parallelogram definition, Oya defined rhombus as “a figure having four equal

length sides™

. This is a definition including necessary but not sufficient conditions
because the definition again involved the term of “figure” instead of a “closed-
figure”. On the other hand, Deniz and Ece defined rhombus by mentioning about the
angle and diagonal properties in addition to the congruency of all sides of rhombus,
which showed that they used sufficient but not necessary conditions in their

definitions. They thought that a good definition must involve all known properties of

2 Turkish version: Paralelkenar karsilikl iki kenari paralel olan dértgendir.
® Turkish version: Paralelkenar karsilikli kenarlar1 paralel olan bir sekildir.

* Turkish version: Eskenar dértgen esit uzunlukta dort kenari olan bir sekildir.
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the defined concepts, which is a very common thinking among learners (De Villers,
1998). Finally, Ash defined rhombus as “a figure that all angles are congruent and
all sides have equal length>. Because she gave an extra property about the equality
of the angles without mentioning about the number of the sides and closeness, this
definition might also represent a square or a regular hexagon rather than representing
all rhombuses. However, Asli was unaware of the situation.

Different from parallelogram and rhombus definitions, six prospective teachers
interestingly provided necessary and sufficient conditions in their trapezoid
definitions. However, five of them provided their definitions based on exclusive
relations among trapezoid instead of inclusive relations. On the other hand, Ash
defined trapezoid as “a rectangular region having a lower base and an upper base®”.
In this situation, a four-sided figure having no parallel sides can be an alternative
representational interpretation of Asli’s incorrect trapezoid definition. Furthermore,
Oya’s trapezoid definition again involved necessary but not sufficient conditions due
to the lack of information about “closeness” and “the number of sides”. At that
situation, an unclosed five-sided figure having two opposite parallel sides might be
treated as a trapezoid, which causes overgeneralization error. However, Oya was
unaware of the consequences of her inadequate personal definitions. Consequently,
when considering PSTs’ personal definitions, it was evident that prospective teachers
were unaware how they can define the concepts of quadrilaterals with minimal
conditions in addition to necessary and sufficient ones because they made their
definition either by using inadequate expressions or giving extra information (Leikin
& Winiki-Landman, 2000; Vinner, 1991; Zazkis & Leikin, 2008).

Although participants generally could not establish necessary and sufficient
conditions with a suitable mathematical terminology for the definitions of the
concepts, they generally did not have difficulty in providing inclusive descriptions of

> Turkish version: Eskenar dértgen tiim agilar1 es ve tiim kenar uzunluklar birbirine esit olan sekildir.

® Turkish version: Yamuk alt ve iist taban1 olan dikddrtgensel bolgedir.
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the  concepts. Interestingly, while they could present inclusive
descriptions/definitions of parallelogram and rhombus; they generally preferred
exclusive definition of trapezoid. Among them, only Asli put forth different
definitions in terms of inclusivity. For example, while she provided partially
inclusive definition for parallelogram because her definition followed extra
information such as “only opposite angles must be congruent in parallelogram®.”
Moreover, she incorrectly defined rhombus “a figure that all angles are congruent
and all sides have equal length®’. From this, it was clearly seen that she treated
rhombus as if all angles of it are congruent. Furthermore, she identified trapezoid by
an exclusive definition (remember Asli’s definition: “a rectangular region having a

lower base and an upper base®

.). The difference among the Asli’s descriptions in
terms of inclusivity might be related to her inadequate geometrical content
knowledge because her expressions and drawings in individual pre-interviewing
process also indicated that she was unaware of the hierarchical relations among

quadrilaterals (e.g. rectangles c parallelograms and squares c rhombuses).

4.1.1.2 Prospective teachers’ instructional definitions of quadrilaterals and
predictions about students’ possible definitions/descriptions of

quadrilaterals

PSTs’ instructional definitions are examined in terms of not only mathematical
correctness but also pedagogical suitability. More specifically, instructional
definitions were analyzed considering some pedagogical considerations such as i)
providing hierarchy; ii) establishing necessary and sufficient conditions; iii) clarity

to the students or ease of understanding; iv) intuitiveness; v) matching students'

” Turkish version: Paralelkenarda sadece karsihikli agilar estir.
® Turkish version: Tiim kenarlar1 esit uzunlukta olan ve tiim acilai es olan bir figiirdiir.
® Turkish version: Alt ve iist tabam olan dikdértgensel bolgedir.
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knowledge and needs vi) enabling deductive reasoning. Thus, it was expected to
provide a comprehensive and comparable data for prospective teachers’
mathematical and pedagogical considerations about definitions of various concepts in
quadrilaterals family. Furthermore, PSTs’ predictions about how students can
describe/define aforementioned concepts were presented at the end of this part.

When explaining their preferences of definitions for any future instructional
process, they generally decided to utilize their personal definitions with the limited
number of didactical considerations such as ‘“enabling deductive reasoning” or
“clarity to the students”. For example, Asli and Emel generally found economical
definitions more effective for learning environment because they claimed that
economical definitions might be easy to understand for the students and they can
give opportunity to make deductive reasoning. According to them, if they use
economical definitions, student may deduce other properties of the concept such as
congruency of opposite sides of parallelogram from the given definition. However,
some prospective teachers (e.g. Ece, Beril and Deniz) found uneconomical
definitions more suitable than economical ones to teach the concepts by drawing
attention to their “clarity” and “intuitiveness”. Further, they offered that
uneconomical definitions might also provide a complete understanding for the
concepts. On the other hand, although they decided to use inclusive definitions for
parallelogram and rhombus, most of them preferred to use non-hierarchical definition
of the trapezoid by considering students’ previous learning and intuitions. For
example, Ece made no reasonable explanation why she preferred to use exclusive
definition of trapezoid; however, Oya explained pedagogical considerations when
selecting the definition of trapezoid in teaching process. She preferred to use
exclusive definition of the concept providing the reason that students might have
difficulty to understand hierarchical relations among quadrilaterals if the definition
of trapezoid is given by considering the inclusive relations of quadrilaterals.
However, her explanations indicated that she was unsure which definition type is
more suitable in which conditions. In contrast, Emel, Maya and Zehra chose to give
inclusive definition when to teach the concept by proposing the benefits of giving
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relations among quadrilaterals in order to promote the students’ conceptual
understanding and reasoning abilities. Furthermore, hierarchical definitions were
found suitable due to enabling mathematical generalization and deductive reasoning
while non-hierarchical definitions were found instructionally suitable by proposing
their easy understandable nature and suitability with students’ previous learning and
intuitions. Considering prospective teachers’ instructional definitions from the
didactical perspective, it can be concluded that prospective teachers were unaware of
the role and influence of a definition on the construction of robust relationship
between learners’ concept images and concepts definitions because many of them put
forth no reasonable idea on why teaching a concept by selecting a specific definition
is useful for the students’ learning.

On the other hand, in the individual pre-interview process, PSTs provided only
a few ideas or predictions about what seventh grade students’ possible improper and
incorrect definitions/descriptions of quadrilaterals can be. They generally predicted
that students may not provide formal definitions of the concepts because of
inadequate knowledge about mathematical terminology. Especially, Zehra and Maya
who provided all necessary and sufficient conditions for the definitions of the
concepts in their personal definitions proposed that students can describe the concept
instead of defining. According to them, students might provide correct descriptions
of the concepts by listing many redundant properties. Moreover, only Oya and Emel
predicted that students might define trapezoid incorrectly because of the usage of the
word of “yamuk” in Turkish language for “trapezoid” by emphasizing on the
“irregular” meaning of “yamuk” in ordinary language. However, any of them did not
mention something about how students can use mathematical terms incorrectly or
improperly for the concepts of parallelogram or rhombus and they provided limited
predictions on the connections between students’ inappropriate descriptions and
students’ conceptions about quadrilaterals. These findings showed that PSTs had
inadequate knowledge about determining of students’ possible conceptions,

misconceptions and difficulties on definitions of quadrilaterals might be.
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As a final point, most of PSTs preferred teacher-centered approach for teaching
the concepts of parallelogram, rhombus, and trapezoid definitions instead of a
student-centered approach. According to teacher-centered approach, they preferred to
give definitions or constructions of quadrilaterals on the board or in a Venn diagram
in the beginning of their instructional plans. For example, in the lesson plans, while
Deniz decided to use the diagram in Figure 12-a, Beril provided a prototypical
example for the concepts as in Figure 12-b in order to pass definitions of the

concepts.

Shape Description Name

Trapezoid

- A trapezoid has

(a) (b)
Figure 12. (a) Deniz’s visual-based strategy to teach the definitions of quadrilaterals.

(b) Beril’s instructional approach to teach the definitions of quadrilaterals

Similarly, Oya, Maya, Asli and Ece considered that giving visual
representations of the concepts before the definitions is more useful for supporting

students’ conceptions about quadrilaterals. Their explanations were as following:

| initially introduce concepts by drawing figures. In any case they can find the
definition themselves, because figure is always learnt more easily [Asli, Initial lesson
plan].

It is hard to see the relationship between quadrilaterals by examining their definitions.

However, we can easily teach that square is also a parallelogram by drawing their
figures [Ece, Initial lesson plan].
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However, Emel and Zehra did not prefer to use definitions in their lesson plans.

Instead, they generally focused on properties of quadrilaterals.

4.1.2 Prospective teachers’ existing knowledge about constructions of

guadrilaterals

In this part, PSTs’ personal constructions, predictions about students’ possible
drawings, and instructional preferences to teach the concepts to middle school
students were addressed for the three concepts of parallelogram, rhombus, and
trapezoid, respectively. For all categories of personal drawings, predictions about
students’ drawings, and instructional drawings, prospective middle school
mathematics teachers were asked to draw three of more different parallelograms and

asked why they thought their drawings were different from each other.

4.1.2.1  Prospective teachers’ personal constructions of quadrilaterals

The nature of prospective teachers’ personal constructions of quadrilaterals was
summarized in terms of prototypicality (e.g. prototypical/partial-prototypical/non-
prototypical) and hierarchical structure (e.g. hierarchical/partial hierarchical/non-

hierarchical) in Table 14.

Table 14. Characterization of PSTs’ personal constructions of quadrilaterals

Prototypicality and hierarchical structure

PSTs Parallelogram Rhombus Trapezoid
Asli PT & NH PT & NH PT & NH
Deniz PT & PH PT & NH NPT & NH
Beril PT & PH PPT &H PT & PH
Oya PT & PH PPT &H PT & PH
Ece PT & NH NPT & NH NPT & NH
Zehra PT&H NPT & H NPT & H
Maya PT&H PPT & H NPT & H
Emel PT & PH PPT & H PT & NH

PT: prototypical examples, PPT: partial-prototypical examples, NPT: non-prototypical examples; H:
hierarchical examples, PH: partial-hierarchical examples, NH: non-hierarchical examples
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For parallelogram concept, Asli and Ece constructed only prototypical and
non-hierarchical parallelogram examples like first two parallelograms in Figure 13-a.
These two figures could be accepted as an indicator for the presence of prototypical
and non-hierarchical concept images of parallelogram in their minds. To be sure, |
asked the reasons why they thought these two figures were different examples for a
parallelogram. Asli’s explanations were as following: “Parallleogram rotated 180°
can also be considered as parallelogram. Furthermore, we can rotate the page and
look the figures. Their size can change also (she indicated Figure 13-c). Asli’s
explanations showed that she made differentiation when drawing parallelogram
according to only vertical or horizontal orientation of the figures rather than family
relations among quadrilaterals. She then used geoboard to produce different
parallelograms. However, she only changed the length of the sides instead of
producing a figure as rectangle (see Figure 13-b). This situation asserted the
influence of the strong visual characteristics of prototypical images on the drawings
and constructions of parallelogram as an inclined shape similar to the results of some
studies (Fujita 2012; Hershkowitz, 1990). Another essential point in above
explanations was that she determined to draw her figures considering the influence of
her drawings on students’ concept images. This approach was interesting to present
participant’s didactical considerations when even making personal drawings of

parallelogram.

@ (b)

Figure 13. Asli’s parallelogram constructions (a) in grid paper (b) in geoboard

On the other hand, as seen in Table 14, four prospective teachers’ (Deniz,
Beril, Oya and Emel) personal constructions of parallelogram were grouped into

partial-hierarchical and partial-prototypical structure. Initially, they drew

145



parallelograms like in Emel’s first and second examples in Figure 14-a. These figures
showed that they just perceived “difference” as the differentiation of orientation of
figures either vertically or horizontally. After thinking for a short time, they
elaborated their thinking and produced third and fourth shapes in Figure 14-b. At that
time, they partially focused on inclusive relations among quadrilaterals in terms of
parallelogram by drawing of square and rectangle, but the image of rhombus was not
evoked in their minds. When | asked the question of why you did not draw rhombus
they made the similar explanations such as “it did not come my mind because |
thought rhombus is a very special quadrilateral” (Oya). Finally, as seen in Table 14,
Maya and Zehra provided prototypical and hierarchical constructions for
parallelogram concept because they added prototypical rhombus into their

constructions in addition to prototypical rectangles and squares.

___________________________________________

RO

Figure 14. (a) Emel’s parallelogram constructions (b) Emel’s parallelogram

examples to imply hierarchical relations among quadrilaterals

For rhombus concept, Table 14 illustrated that prospective teachers constructed
different types of drawings in terms of prototypicality and hierarchical structure. For
example, Asli and Deniz constructed rhombuses within prototypical and non-
hierarchical structure. To exemplify, Asli’s constructions were given in Figure 15.
There was an important situation in Asli’s expressions in individual pre-interview
because she couldn’t distinguish the differences and similarities between rhombus
and square. Thus, she was undecided about the correctness of her drawing (see
Figure 15-b) with regard to whether a square is also a rhombus or not. However, her
inappropriate rhombus definition (only squares could be considered as rhombus

according to her definition) and current drawings showed lack of suitable and robust
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interactions between her concept definition and concept image, which leads

instrumental learning rather than conceptual ones (Vinner, 1991). Otherwise,

inability to distinguish rhombus from square also revealed her inadequate subject

matter knowledge about related concept and its characteristic properties. In order to

get a deeper understanding about the participant’s thinking process; | gave an

opportunity to the participant by asking her to draw again a rhombus figure on the

grid paper.

EERDES

@

| i
L

(b) ©

Figure 15. (a) Aslt’s first rhombus construction (b) Asli’s trial-error construction (c)

Asli’s final prototypical rhombus construction

Researcher

Ash
Researcher
Ash

Researcher
Ash

Researcher
Asli
Researcher
Asli

Could you please draw the figures coming to your mind when said
rhombus?

(She drew Figure 15-a but she thought it is wrong) | think it is wrong.
Why do you think it is wrong?

This figure resembled a square. Just because, for a moment | thought
that if square is also a rhombus. In my opinion square is also a rhombus.
This figure confused you, well now, what do you draw once again.

I mean there will show up a figure like this, so I could not be sure if |
have to draw or not. Specifying corner points were difficult for me. (She
is erasing Figure 15-b)

I would say try to draw once again.

(She is drawing Figure 15-c.)

Are you sure that this figure will be a rhombus?

Not really but I suppose | am sure.

Although she attempted to draw a prototypical rhombus she again constructed

a non-prototypical square and then she decided to erase the figure (see Figure 15-b).

She explained her difficulty to determine suitable points as the corner points of a

prototypical rhombus in the grid paper. By the help of researcher, the participant
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produced a prototypical rhombus in Figure 15-c. This situation asserted participant’s
inability in using grid paper by ensuring all required properties of a geometric figure.

Table 14 also indicated that four participants (Beril, Oya, Maya, and Zehra)
drew partial prototypical rhombus examples considering hierarchical relations among
rhombus and square (see the example construction in Figure 16). As a detailed
example, in their construction process, | realized that although Oya wanted to draw a
prototypical rhombus she drew a non-prototypical square. After thinking for a time,
she constructed a new figure, but she also drew a rotated square rather than a
prototypical rhombus as in Figure 16-a. In the interviewing process, by the
researcher’s guidance, she could construct a prototypical rhombus (diamond) in
Figure 16-c. She then drew a prototypical square (see Figure 16-b). Her difficulty in
construction process might be related to being unaccustomed to using grid paper

when drawing a geometric shape by ensuring all necessary and sufficient properties.

(@) (b) (c)

Figure 16. Oya’s personal constructions of rhombus

Differently, Zehra and Ece constructed non-prototypical rhombus examples;
however, their construction differed in terms of hierarchical aspect (see Table 14).
More specifically, as Zehra drew square examples in addition to rhombus examples,
Ece only constructed rhombus examples with the rotated ones.

When I examined participants’ interview data related to personal trapezoid
constructions and explanations in terms of prototypicality, | noticed that four of them
(Asli, Beril, Oya, and Emel) visualized trapezoid considering only prototypical
examples even if they provided their figures according to either exclusive relations or

inclusive relations among quadrilaterals (remember Table 14). Among them, Ash
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and Emel solely focused on the special types of trapezoid in her drawings such as
right, scalene, and isosceles trapezoid, respectively in Figure 17.

A NG B

/J) -z i N

Figure 17. Examples of participants’ prototypical trapezoid constructions

However, Beril and Oya added rectangle, parallelogram or square figures to
their trapezoid examples. In other words, their constructions were categorized in
prototypical and partial-hierarchical constructions as in Figure 18. They started her
drawings with prototypical trapezoid types like isosceles and right trapezoid,
respectively. Then, they drew third non-prototypical trapezoid figure. This drawing
indicated their image related to non-prototypical trapezoid shape as such 180 degree-
rotated version of a prototypical trapezoid. Furthermore, the fourth and fifth
drawings in Figure 18 reflected the participants’ hierarchical understanding about
quadrilaterals regarding trapezoid. This understanding was also supported by the
following explanations “there are many of trapezoid examples such as rectangle and

square due to the definition of trapezoid.”(Oya).

Figure 18. Oya’s personal prototypical and partial-hierarchical trapezoid

constructions

As seen in Table 14, remaining four participants (Deniz, Ece, Zehra, and
Maya) visualized trapezoid considering non-prototypical examples even if they
provided their figures according to either exclusive relations or inclusive relations

among quadrilaterals. For example, Deniz and Ece constructed their figures
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according to exclusive relations among quadrilaterals; however, Zehra and Maya
could also draw prototypical examples of rectangle, square, rhombus, and
parallelogram considering the inclusive relations among quadrilaterals (see examples
in Figure 19). For instance, in the following, Zehra expressed that she visualized all

rotated versions of the all figures in her mind.

Figure 19. Zehra’s personal trapezoid constructions

4.1.2.2  Prospective teachers’ predictions on students’ possible constructions of

quadrilaterals

Prospective  teachers’ predictions about students’ possible conceptions,
misconceptions, and errors about a mathematical concept was essential to determine
their pedagogical content knowledge with respect to understanding of student
mathematical thinking. In this regard, Prospective teachers’ approaches used to
determine students’ possible drawings for parallelogram, rhombus and trapezoid
were grouped according to the methodological and cognitive approach used by
Tsamir, Tirosh and Levenson (2008) as in the following: how they predicted middle
school students’ possible i) example drawings; ii) non-example drawings; and iii)
difficulties in drawings. Furthermore, their knowledge about possible reasons of
students’ problematic drawings (e.g. learners’ intuitions, lack of previous knowledge
about basic geometric concepts, disconnection among concept definition and concept
images, prototypical reasoning, the examples given in the textbooks and math lessons
etc.) was examined according to their inferential ideas. Table 15 summarized

prospective teachers’ predictions about students’ possible constructions involving
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their examples in terms of prototypicality and hierarchical structure, and non-

examples.

Table 15. Participants’ predictions on students’ constructions of quadrilaterals

PSTs Parallelogram* Rhombus Trapezoid
Ashi PT & NH PT&H PT & NH
Deniz PT & NH PT & NH PT & NH
Beril PT & NH PT &H PT & NH + Non-exp.
Oya PT & NH PT & NH + Non-exp. PT & NH + Non-exp.
Ece PT & NH PT & NH PT & NH
Zehra PT & NH + Non-exp. PT&H PT & NH
Maya PT & NH PT & NH PT & NH
Emel PT & NH PT & NH PT & NH+ Non-exp.

*PT: prototypical examples, PPT: partial-prototypical examples, NPT: non-prototypical examples; H: hierarchical
examples, PH: partial-hierarchical examples, NH: non-hierarchical examples; Non-exp.: Non-examples

As seen in Table 15, all prospective teachers generally could predict students’
possible correct parallelogram examples rather than considering the drawings
showing students’ possible non-examples involving their contradictions,
misconceptions, and errors. According to them, almost all students are able to draw
at least a prototypical parallelogram figure considering exclusive relations among
quadrilaterals. For this reason, they generally drew similar parallelograms as in
Figure 20-a. Many of them claimed that some students are able to only shorten or
extend the length of the sides without any manipulations on the figure such as
rotation/orientation changes with an angle different from 90 and its positive integer
multipliers. They proposed that limited number of students can draw the rotated
shape in Figure 20-b as a non-prototypical parallelogram example. This situation

revealed that PSTs couldn’t recognize that it was already a prototypical figure.
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(b)

Figure 20. Oya’s predictions about students’ possible (a) prototypical parallelogram

constructions (b) non-prototypical parallelogram construction

After my critical question about why they thought students cannot draw
rectangle or square to exemplify a parallelogram figure, they explained their
expectations intuitively based on the students’ difficulties in comprehending
hierarchical relations among quadrilaterals. Yet, the result of previous studies
conducted with middle school students in order to understand their conceptions about
quadrilaterals revealed that some students can construct partial hierarchical relations.
Consequently, prospective teachers’ pedagogical content knowledge related to
understanding of students’ possible mathematical conceptions were limited to only
students’ correct prototypical and non-hierarchical concept images of parallelogram.
In this regard, Shulman (1987) mentioned that understanding students’ possible
conceptions involves the knowledge about their prior knowledge, learning
difficulties, errors, the reasons of the difficulties and misconceptions. From this
perspective, only Zehra predicted that students may draw a non-example such as
trapezoid just supposing it as a parallelogram since they couldn’t pay attention the
properties of grid paper. However, she proposed that students can unconsciously
draw a trapezoid.

In sum, participants generally predicted both students’ drawings involving their
correct prototypical concept images of parallelogram with regard to exclusive
relations. However, they (excluding Zehra) couldn’t construct any drawing that
shows students’ possible errors such as an overgeneralized situation (e.g. treating

trapezoid as an example of parallelogram).
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In Table 15, prospective teachers’ predictions showed that they only made their
predictions in terms of prototypicality and hierarchical relation among rhombus and
square. As a result, they only concentrated on what students’ possible correct
drawings can be rather than focusing on how they may have difficulty or how they
may make incorrect drawings such as non-examples. More specifically, four of them
(Deniz, Ece, Maya, and Emel) have predicted that students solely draw prototypical
rhombus examples according to exclusive relations among quadrilaterals. In this
regard, they claimed that students can suppose a rotated square as a prototypical
rhombus example. According to them, because students cannot comprehend the
difference between a rotated square and prototypical square they can easily think that
a square is not a rhombus due to being a special quadrilateral.

Differently, three prospective teachers (Asli, Beril, and Zehra) predictions
could be evaluated were examples of hierarchical and non-prototypical structure. In
this sense, they thought that students could construct a square as a rhombus example
because all sides of a square have equal length (see example in Figure 21).
Interestingly, in the interview process, | observed that since Asli was aware of her
inadequate knowledge about the hierarchical relation between rhombuses and
squares while making personal drawings for rhombus, she predicted that students
also may have same difficulty. Following explanations clearly illustrates the
situation: “In my opinion, they can draw square too. Because they may be confused
like me when said “equal length, I will draw a square too” (Asli). As a result, she
added square into students’ possible drawings in Figure 21. Thus, this situation
indicated how participant’s subject matter knowledge might influence her

pedagogical content knowledge about understanding of students’ thinking.
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(a) (b)

Figure 21. (a) Oya’s predictions (b)Asli’s predictions about students’ possible

drawings for rhombus

Another crucial point is that only Oya made prediction about students’ possible
incorrect drawings rather than focusing only on their correct prototypical concept
images such as the first shape in Figure 21. She constructed this figure by proposing
that students can draw this figure as rhombus even if it is not because they think that
there are two square units for each edge. It was interesting that although Oya had no
idea about students’ incorrect drawings for parallelogram concept, she could give an
example of students’ possible incorrect drawing for rhombus. This situation indicated
that prospective teachers’ pedagogical content knowledge can differ as the concepts,
phenomenon, etc. differ.

Participants generally made predictions about students’ possible trapezoid
drawings by not focusing on their possible contradictions and incorrect drawings (see
Table 15). They mostly concentrated on students’ possible correct but prototypical
trapezoid drawings. They considered that students never make a relationship between
a trapezoid and rectangle, square, rhombus and parallelogram. According to them,
understanding the hierarchical relations especially in terms of trapezoid concept is
very difficult for the primary and middle school students. On the other hand,
participants’ drawings and explanations revealed their inadequate knowledge about
students’ possible trapezoid drawings reflecting students’  difficulties,
misconceptions and errors. In this regard, only three PSTs (Beril, Oya, and Emel)
provided some predictions on students’ possible incorrect drawing and the points in
which students can have difficulty in addition to students’ correct drawings for
trapezoid. For example, they proposed that some students can draw a four-sided

irregular quadrilateral having no parallel opposite sides (see Figure 22-b and Figure
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22-c) or an irregular figure (see Figure 22-a) because of the nomination of the

trapezoid called “yamuk” with the meaning of “irregular” in Turkish language.
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Figure 22. (a) Emel’s prediction (b) Beril’s prediction (¢) Oya’s prediction on

students’ incorrect drawings of trapezoid
4.1.2.3  Prospective teachers’ instructional constructions of quadrilaterals

Prospective teachers’ personal drawings reflected their subject matter knowledge
about drawing of quadrilaterals. Besides, their knowledge about how any middle
school student can draw various quadrilaterals and which type of drawings PSTs
prefer to use in their instructional plans about quadrilaterals presented their
pedagogical content knowledge. For this reason, prospective teachers’ instructional
drawings also were examined in terms of prototypicality and hierarchical structure to
illustrate their existing pedagogical strategies in this part.

Their example instructional constructions were grouped according to inclusive
relations of quadrilaterals and prototypicality in Table 16. When making a
comparison between Table 14 and Table 16, I noticed that participants’ instructional
preferences for the constructions of quadrilaterals were almost same with their

personal constructions in terms of prototypicality and hierarchical nature.
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Table 16. PSTs’ instructional preferences for the constructions of quadrilaterals

PSTs Parallelogram* Rhombus Trapezoid

Asli PT & NH PT & NH PT & NH

Deniz PT & PH PT & NH NPT & NH

Beril PT & PH PPT &H PT & PH

Oya PT &PH PPT &H NPT & NH

Ece PT & NH NPT & H NPT & NH

Zehra PT&H NPT & H NPT & H

Maya PT & H+counter-exp. PPT& H+counter-exp. PT & H+counter-exp.
Emel PT & PH PPT & H PT & NH

*PT: prototypical examples, PPT: partial-prototypical examples, NPT: non-prototypical examples; H: hierarchical
examples, PH: partial-hierarchical examples, NH: non-hierarchical examples; counter-exp.: counter examples

In terms of hierarchical structure, it was evident that only Zehra and Maya
planned to give their instructional constructions for quadrilaterals by taking into
account inclusive relations among quadrilaterals. The constructions in their lesson
plans also supported their preferences as in Figure 23 since they preferred to use
prototypical and hierarchical constructions in order to teach quadrilaterals and their
properties. Furthermore, only Maya planned to give counter-examples (e.g. implying
critical properties of trapezoid by showing a parallelogram example) in her
instructional plans in order to make emphasis on critical attributes of the concepts by

comparing properties of examples and counter-examples.
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Figure 23. (a) Maya’s and (b) Zehra’s instructional constructions of quadrilaterals in

the initial lesson plans

The participants who had partial-hierarchical or hierarchical constructions

proposed two-stage approach in order to teach the concept of parallelogram. In the
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following, an example excerpt taken from individual pre-interview excerpt illustrated
why they proposed to utilize such kind of teaching approach in their instructional

plans.

Researcher ~ Which parallelogram figures do you draw when you teach in your
lesson?

Oya First of all | introduce 1% and 2™ figures and show that two opposite
sides are parallel [in Figure 18].

Researcher ~ Why do you not introduce square and rectangle initially?

Oya I do not introduce them, because firstly they have to understand what
parallelogram means exactly. Their minds do not have to confuse.
They do not have to say “Are not square and rectangle different, are
they parallelogram now?” Thus introducing them later and discussing
is more logical.

In the light of above excerpt, it was evident that Oya believed that after
students comprehend all required properties by encountering prototypical
parallelogram figures they can be more confident in making relations among
quadrilaterals. For this reason, she found useful to firstly utilize prototypical
parallelograms when to teach parallelogram. Following that, she preferred to draw a
non-prototypical rectangle and a prototypical square. Thus, although she put
emphasis on the relations among quadrilaterals superficially, she did not mention any
point related to what she will plan to prevent students’ possible misconceptions and
errors, or which plans, tasks, and activities she will develop to enhance students’
conceptions about parallelogram because she was unaware of students’ all types of

conceptions.
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4.1.3 Prospective teachers’ existing knowledge about hierarchical relations

among quadrilaterals

4.1.3.1 Prospective teachers’ SMK about hierarchical relations among

quadrilaterals

Prospective middle school mathematics teachers’ existing subject matter knowledge
about hierarchical relations among quadrilaterals was summarized in Table 17 by
considering their identifications of related figures among different polygons (e.g.
parallelogram identification task in Figure 24), as well as their oral expressions that
reflect how they classify quadrilaterals. Their responses grouped into four categories
in terms of hierarchical structure: hierarchical classification; partial-hierarchical
classification, non-hierarchical classification; and overgeneralized classification. In
hierarchical classification included identifications of figures based on inclusive
relations between quadrilaterals. Partial hierarchical classifications were based on
partial inclusive relations (e.g. considering rhombus as an example of parallelogram,
but considering rectangle and square as non-examples of parallelogram). On the
other hand, non-hierarchical classification involved exclusive relations between
quadrilaterals. Finally, overgeneralized classification involved prospective teachers’
overgeneralization errors in identification (selection) of quadrilaterals (e.g. treating

trapezoid as an example of parallelogram).

Table 17. Participants’ SMK about hierarchical relations among quadrilaterals

PSTs Parallelogram Rhombus Trapezoid

Ash Partial-hierarchical Hierarchical Non-hierarchical
Deniz Hierarchical Hierarchical Hierarchical
Beril Overgeneralized Hierarchical Overgeneralized

classification classification

Oya Hierarchical Hierarchical Hierarchical

Ece Hierarchical Hierarchical Hierarchical
Zehra Hierarchical Hierarchical Hierarchical
Maya Hierarchical Hierarchical Hierarchical
Emel Hierarchical Hierarchical Hierarchical
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As seen in Table 17, almost all prospective teachers had knowledge about
inclusive relations among quadrilaterals because they provided adequate information
about hierarchical relations of quadrilaterals. However, Asli’s and Beril’s responses
involved some problematic aspects regarding their SMK. In order to provide detailed
information about Asli’s difficulties and doubts in personal parallelogram selection

process, individual pre-interview excerpt is presented below:

Researcher ~ How do you make your choices? Which figures are parallelograms?

Asli Quadrilaterals are subset of parallelogram also. | could not decide if |
should choose them. 1, 10, 11 and 14 are definitely parallelogram. (she
IS examining the other shapes in Figure 24). If | choose 5, | have to
choose 11 and 13.

Researcher  You have already chosen 11. Make up your mind to select the others.

Asli Yes. | will select them. 1, 5, 10, 11, 13, 14 are parallelogram.

Researcher ~ Are these your final decision? Are you saying you are not choosing the
others?

Asli Yes. Exactly.

Researcher ~ Why did you decide to choose these figures? For example why did not
you choose 4 and 9 as an example of parallelogram?

Asli I have chosen them because there are two pairs of opposite parallel
sides in each figure. Differently, all sides are equal length in 4 and 9;
on the other hand only opposite sides are equal in parallelogram. So
actually quadrilaterals are subset of parallelogram.

Researcher ~ You thought a lot while choosing figure 5. What did you think about
then?

Asli I thought like this during that time: 5 and 9 are similar.

Researcher How do you define figure 5?

Ash Figure 9 is rhombus and it is almost the rotated form of 4. We can say
figure 9 is square.

Researcher ~ You were undecided when selecting 5 as a parallelogram. | wonder
about the reason of it. For example, you have chosen 1 and 14
immediately.

Asli Because 1 and 14 were very similar to the figures we saw in our
lessons. For figure 5, | thought that if | have to take also rhombus as a
subset of parallelogram because its all sides are equal lenght.

Researcher Did we take it now? We said that rhombus is a parallelogram.

Ash Yes, we took it.

Researcher If you have doubts you can specify there.

Asli I’m really not sure about for 9 whether it is a parallelogram or not. I’'m

not sure for 4 and 9.
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Figure 24. Parallelogram identification task

Asli’s  explanations indicated that she firstly focused on prototypical
parallelogram figures as 1, 10, and 14. However, although she then selected non-
prototypical rectangle (11 in Figure 24) as a parallelogram, she did not consider
prototypical rectangle as a parallelogram (2 in Figure 24), which revealed her
prototypical concept images about parallelogram in her mind. Afterwards, she was
undecided about whether she selects rhombuses (5 and 13 in Figure 24) as a
parallelogram example or not. Nevertheless, she added rhombus figures in her
parallelogram selections. After researcher asked why she did not consider a square as
a parallelogram type, her limited concept images again appeared because she
considered parallelogram as a quadrilateral having two shorter and two longer
parallel sides. Moreover, she thought a rotated square as an example of prototypical
rhombus from a first impression. When | asked the reason why she had difficulty in
deciding whether rhombus is a parallelogram or not Asli’s inadequate subject matter
knowledge about hierarchical relations among quadrilaterals reemerged because she
focused only appearance of a prototypical example of the figure rather than focusing
the critical attributes in the inclusive definition of rhombus. Furthermore,

researcher’s probing question that aimed to understand her quandary about the
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relationship between square and parallelogram revealed that she thought square as a
special type of quadrilaterals due to its equal length sides.

Differently, as Beril considered trapezoid as a parallelogram example, she
made overgeneralization error when classifying all given shapes in Figure 24. For
example, she also treated trapezoids (e.g. 3, 8, and 12 in Figure 24) as examples of
parallelogram in addition to all square, rectangle, parallelogram and rhombuses
examples. Furthermore, Beril took five-sided polygon in Figure 25 as a trapezoid
example because she only concentrated on the parallelism of two opposite sides

rather than focusing on the number of sides.

Figure 25. The figure Beril considered as an example of trapezoid

4.1.3.2 Prospective teachers’ PCK about hierarchical relations among

quadrilaterals

In this part, it was examined what prospective teachers know about students’ possible
conceptions in terms of hierarchical aspect among quadrilaterals in order to reflect
their PCK related to understanding students’ mathematical thinking. Furthermore, the
information about how they plan to give hierarchical relations among quadrilaterals
in their lesson plans were given in order to reveal PSTs’ existing PCK. Prospective
teachers could successfully predict students’ possible prototypical and hierarchical
approaches on the selection of parallelograms and rhombuses. However, all of them
proposed that students may select trapezoid examples only by considering exclusive
relations of quadrilaterals.

To be more precise, how prospective teachers made predictions on students’

possible conceptions on hierarchical relations considering on their responses
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involving predictive ideas on students’ possible selections of parallelogram in among

polygons in Figure 24 was asserted in Table 18.

Table 18. Participants’ classifications for students’ possible parallelogram selections

PSTs  Predictions for students’ possible parallelogram Meaning of the predictive

selections selections*

Aslh 1-10-14-11 Par + npRec
1-10-14-11-5-9-13 Par + npRec + Rho
1-10-14-11-5-9-13-2-7 Par + Rho + Rec
1-10-14-11-5-9-13-2-7-4 Par + Rho + Rec+ Squ

Oya 1-10-14-5-13 Par + Rho
1-10-14-5-13-14-2-4-7-9-11 Par + Rho + Rec + Squ
Selecting figure 12 as a Par Overgeneralized situation
Selecting fig 6 having no parallel sides as a Par Overgeneralized situation

Emel 1-10-14-11 Par + npRec
1-10-14-5-9-13 Par + Rho
1-10-14-5-9-13-2-4-7 Par + Rho + pRec + pSqu

*Abbreviations in the column means that Par-Parallelogram, Rho-Rhombus, Rec-Rectangle, Squ-Square, np-
nonprototypical, p-prototypical

For example, Asli made four categories that involve either students’ correct
selections or correct/incomplete selections in order to provide her predictions on
students’ possible conceptions about quadrilaterals. For instance, first one presents
her prediction on students’ prototypical concept images because she pointed not only
prototypical parallelogram but also non-prototypical rectangle (11 in Figure 24)
because of its visual similarity with a prototypical parallelogram. She continued her
predictions about students’ understanding involving partial hierarchical relations of
quadrilaterals by adding rhombus and rectangle figures. She finalized her predictive
selections by proposing that some students can construct all hierarchical relations in
terms of parallelogram concept. Differently, Oya focused on students’ possible
incorrect selections in addition to hierarchical or partial hierarchical selections. To be
more precise, she had some prediction on students’ possible selection involving only
rhombuses and parallelograms. According to her, students can decide whether a
figure is a parallelogram considering the presence of inclined opposite parallel sides.

For instance, a group of students couldn’t select square and rectangle as a
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parallelogram due to perpendicular sides. Moreover, she proposed a predictive
category for high achieved students’ possible selections involving complete and
correct hierarchical relations among quadrilaterals if they use the meaning of
parallelogram definition. Upon my question that aimed to increase her concentration
and to elaborate her thinking process, Oya proposed that if students think two
parallel opposite sides were enough for a parallelogram they can consider that
trapezoid is also a parallelogram. Moreover she elaborated her thinking with the idea
of a quadrilateral having no parallel sides (6 in Figure 24) can be taken as a
parallelogram if students pass over the absence of parallelism. At this regard, these
predictions indicated that she considered both students’ correct and incorrect
selections.

Emel’s predictions had similarities and differences with Asli’s and Emel’s
predictive selections. For instance, Emel could not predict any students’ possible
incorrect parallelogram selections. Instead, she focused on students’ partial
hierarchical and non-hierarchical selections in the light of prototype phenomenon. To
be more precise, she proposed a group of students are only able to select
parallelogram and non-prototypical rectangle (11 in Figure 24) due to its visual
similarity with parallelogram based on exclusive relations among quadrilaterals.
Additionally, she claimed that a group of students can make partial relation between
quadrilaterals like rhombus is also a parallelogram because of visual similarity
between them. Finally, she suggested that a few number of students may comprehend
the hierarchical relations completely and correctly. However, Emel’s predictions also
showed that she has no idea about students’ incorrect selections although she had
attended high achievement participant category. That is, even if a participant who
was well at subject matter knowledge about parallelogram it did not guarantee
having a well-structured pedagogical content knowledge on related concept.

As instructional approach to teach hierarchical relations of quadrilaterals, six
participants explained their preferences on teaching of quadrilaterals by taking
account of inclusivity of quadrilaterals in their lesson plans. They planned to give
relations among the quadrilaterals by using Venn diagrams or concept maps in their
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plans. Five of them utilized to use Venn diagram. Some participants’ diagrammatic
representations were presented in Figure 26. However among these diagram, Maya’s
representation was found incorrect as in Figure 26-c because she could not correctly

visualize the relations of square, rhombus, and rectangle.
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Figure 26. PSTs’ representations for hierarchical relations of quadrilaterals in their

lesson plans (a) Deniz’ scheme and (b) Oya’s scheme (¢c) Maya’ scheme

On the other hand, Zehra and Asli did not prefer to use such kind of diagrams
in their lesson plans. Instead, they generally concentrated on the properties of

quadrilaterals or calculations of area of quadrilaterals.

4.1.4 Prospective teachers’ existing knowledge about properties of

guadrilaterals
4.14.1 Prospective teachers’ existing SMK about properties of quadrilaterals

In order to reflect problematic situations in PSTs’ SMK about the properties of

quadrilaterals, their incorrect responses were illustrated in Table 19.
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Table 19. PSTs’ incorrect responses about properties of quadrilaterals

PSTs Parallelogram Rhombus Trapezoid

Ash -Diagonal is angle bisector If diagonals are equal length X
-Diagonals have equal length they become perpendicular.

Deniz X X X

Beril -Diagonals are angle bisector -Diagonals have equal length. X

-Diagonals have equal length
Oya -Diagonals have equal length X X
Ece -Diagonals are perpendicular. X X

-Diagonal is angle bisector.
-Diagonals have equal length.

Zehra X X X
Maya -Diagonals are angle bisector. X X
Emel -Diagonals have equal length -Diagonals have equal length X

X means that there is no misconception.

Participants provided correct information about side and angle properties of
trapezoid. This might be related to the nature of trapezoid having only two
characteristic features as (i) at least two opposite sides are parallel, and (ii) adjacent
angles along the sides are supplementary. In conclusion, PST’s SMK was insufficient
when considering their responses about especially properties of parallelogram and
rhombus because they could not justify and clarify the reasons why they proposed
the properties in Table 19. This table indicated that only Deniz and Zehra provided
correct responses for the properties of quadrilaterals. Although remaining
prospective teachers provided adequate information about angle, side and diagonal
properties of the quadrilaterals, they generally made mistakes when determining
diagonal properties of parallelogram and rhombus. For parallelogram concept, Asli,
Beril, Ece and Maya thought that diagonals of any parallelogram are always angle
bisectors. Furthermore, Asli, Beril, Oya, Ece, and Emel claimed that diagonals of any
parallelogram are always equal length. Similarly, Asli, Beril and Emel proposed that

diagonals of any rhombus also have equal length. Additionally, Ece proposed that
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diagonals of parallelogram are perpendicular. In the following, Ece’s interview

excerpt illustrates how she had difficulties on diagonal properties of parallelogram in

more detail:

Researcher

Ecel

Researcher
Ece2

Researcher
Ece3

A 2
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/./
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N

\

What can you say about the side, angle and diagonal properties of
parallelogram?

Yes. Are diagonals intersecting perpendicularly? I am not good at
diagonals. Hmm... Intersecting perpendicularly. Why are they
intersecting perpendicularly? It should be taught like proof. ... I am
thinking that diagonals are intersecting in the middle. I have not a clear
idea about the issue of diagonals are angle bisector. | remember that
diagonals are intersecting perpendicularly.

Are diagonals intersecting each other equally?

Good question. Yes. For example, if this equals to this and intersect
perpendicularly it will not be. Why? We learnt such a thing. (she is
drawing the parallelogram below). Now, | said they are intersecting
perpendicularly. If it is true, if they are intersecting perpendicularly
these two would be equal and these should be angle bisector, aren’t
they? | would only say its diagonals intersect perpendicularly. | think
diagonals are not dividing each other equally, but I cannot remember.
If | draw like this it seems that they could not be intersect
perpendicularly. For example, if we draw a quite different
parallelogram. Are diagonals perpendicular here in your opinion? |
think they are not. Normally, it seems perpendicular. But, as figure
changes it could not be.

Are you giving up your idea?

I am confused. For example, we can try on parallelogram (she meant
second figure below). (It is recommended to use set square. She is
drawing diagonals with the aid of set square. Set square is being used.)
It is obvious that they are not perpendicular in this case. (She is erasing
what she wrote) Should I write “they are not intersecting
perpendicularly”?

Figure 27. Ece’s constructions of parallelogram to examine angle-diagonal

properties

At the beginning of the above excerpt, | prompted a question to Ece in order to

understand what she knows about angle, side and diagonal properties of
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quadrilaterals. Hereon, Ece immediately focused on diagonal properties. She
mentioned her inadequate knowledge on diagonal and its properties. Moreover, she
claimed that diagonals of a parallelogram are perpendicular without providing any
reasonable expression about the reason of their perpendicularity. Besides, her
following explanations indicated that she was unsure about whether diagonals of
parallelogram are also angle bisectors or not. At that point, | desired to obtain more
information about what she knows about intersection of diagonals. To response, Ece
drew the first parallelogram shape in Figure 27. However, her statements (see Ece2)
revealed that she had difficulty to correctly determine how diagonals of
parallelogram intersect each other in terms of perpendicularity. In this regard, she
decided to examine diagonals in a different parallelogram example in Figure 27. She
saw that diagonals are not always perpendicular in a parallelogram. Then, | asked a
new question related to whether the diagonals of parallelogram bisect each other or

not.

Researcher  Are diagonals intersecting each other equally?

Ece4 I think they intersect each other equally as they do not intersect
perpendicularly.

Researcher  Are you deciding according to appearance of figure? Are you sure?

Ece5 Yes. | am deciding according to appearance of it. | think diagonals
intersect each other equally.

Researcher ~ Well. Are diagonals become angle bisector?

Ece6 Now. Here would be “a” and also here would be a. Then here would be
180°- 2a [in Figure 27]. Actually it fits nice. What would be if not?
This would be b this would also b, this would be a, it would be 180°- (a
+ b). Yes it also fits. If this is angle bisector, branches of angle
bisector, perpendicular bisectors are equal each other in triangle. Now
if we try to find the area of here, triangle, if this would be x and if this
would be x... But these are different. But we are looking different
triangles now.

Researcher  You said diagonals intersect each other equally. You can continue from
that point.

Ece7 I am not sure if they are intersecting each other equally. (Whereupon
she stated that she don’t have a clear idea about whether diagonal is
angle bisector or not.)
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Ece’s ideas were interesting because she proposed that if the diagonals are not
perpendicular to each other, they can bisect each other. Hereon, | asked her whether
she decided according to visual appearance of diagonals or not. In response, she
considered the influence of visual appearance of the shapes on her decision making
process. In the following, | shifted participant’s attention on the relationship between
diagonal and angle bisector. In this sense, Ece, made some calculations. However,
she could not reach a definite conclusion. In conclusion, such kinds of explanations
strongly supported participants’ inadequate SMK about diagonal properties of

quadrilaterals.

4.1.4.2  Prospective teachers’ existing PCK about properties of quadrilaterals

Findings of the study indicated that most of prospective teachers focused on limited
numbers of ‘students’ possible errors related to properties of quadrilaterals. To
illustrate, some participants’ predictive ideas about students’ errors on properties of
quadrilaterals were given in the following. Zehra and Maya proposed that students
can suppose that all angle measures are same in rhombuses due to their inability to
comprehend the differences between square and rhombus. Zehra’s explanations show
clearly the situation: “Actually, each square is a rhombus but students may
misunderstand it. In my opinion, they may think that the measures of all angles of
rhombus should always be equal because its sides are equal.”

Findings also indicated that most of PSTs claimed that students may not have
difficulty to determine side and angle properties of quadrilaterals. However, they
claimed that students might not provide correctly diagonal properties of
quadrilaterals by focusing on different reasons. Some noteworthy examples were

given in the following.

I do not think that students would not confuse angle and side properties of
quadrilaterals because they are easier than diagonal properties. However, | cannot say
the same thing for diagonals. For example, students may assume diagonals in equal
length in rhombus or they may think diagonals are intersecting perpendicularly in
trapezoid [Emel, Pre-interview].
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Even | do not know the diagonal properties completely. | think students cannot know
diagonal properties [Ece, Pre-interview].

Emel thought that student may found angle and side properties of quadrilaterals
easier than diagonal properties. As a result, she proposed that students can consider
the lengths of diagonals of any rhombus iare equal or the diagonals of any trapezoid
are perpendicular. On the other hand, Ece provided general inferences about
students’ possible errors rather than specifically identifying what kinds of errors
students might have by making emphasis on her own inadequate SMK about
diagonal properties. From these statements, we can see how PSTs’ SMK might
influence their PCK related to understanding of students’ mathematical thinking.

It is also important to imply that they could not consider the possible influence
of the lack of students’ knowledge about basic sub-geometric concepts such as
diagonal, parallel and perpendicular line segments on their conceptions related to

properties of quadrilaterals.

In order to teach properties of quadrilaterals, PSTs developed different
strategies in terms of teaching style, using representations, and question types in their
instructional plans. The nature of their strategies was summarized in this part. In the
lesson plans, Asli and Ece utilized a mathematical task involving visual and verbal
representations in which they asked students to match the given properties to suitable
quadrilateral type. Asli’s activity was asserted as an example in Figure 28. In the
activity, Asl desired to ask students to fill the table in Figure 28-a by using side and
angle properties of quadrilaterals. She planned to focus the diagonals of
quadrilaterals in her closing activity (see Figure 28-b) where she only asked students
to draw the diagonals of given quadrilaterals. Besides, Ece utilized diagonal
properties in her matching questions (e.g. for which figures, diagonals bisect each
other? and for which figures, intersecting diagonals are perpendicular?) in addition to
angle and side properties in her activity. However, they did not prefer to activities

that allow exploration of the ways and the reasons why the sum of interior angles in
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any quadrilateral equals to 180° or why the opposite angles of any parallelogram are
congruent. Instead, they addressed an activity involving only matching properties

and the names of suitable quadrilaterals.

Quadrilateral

Properties of

edge and angle

There are four edges

Closed activity
» Draw the diagonals of quadrilaterals
All edges are equal each
other
Opposed sides are equal

Opposed sides are
parallel each other D
Regular polygon

(a) (b)

Figure 28. Asli’s activity for the properties of quadrilaterals (b) Asli’s closing

activity involving diagonal properties of quadrilaterals

Differently, Maya decided to use a more explorative way because she prepared
a lesson plan in which she adopted a student-centered approach within a group study
by using technology-supported activity that allows students to discover what types of
quadrilaterals can be formed when the diagonals meet various ways (see Figure 29-
a). On the other hand, Emel and Deniz utilized some diagrammatic representations
and table in order to summarize properties of quadrilaterals at the end of their
instruction plans. They adopted a teacher-based approach by giving some verbal
expressions about side and angle properties of quadrilaterals. Deniz’s diagram was
presented in Figure 29-b as a representative example. Although Deniz rarely focused
on diagonal properties of quadrilaterals, Emel fully considered diagonal properties
for all types of quadrilaterals. However, they give a misinformation about diagonal
properties such as “diagonals of rectangle intersect at right angle.” (Deniz) and

“lengths of diagonals are equal for any parallelogram” (Emel).
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Figure 29. (a) Maya’s activity for diagonal property of quadrilateral (b) Deniz’

diagram for the properties of quadrilaterals

Different from other participants, Deniz also provided some additional
activities in which she focused on angle properties of quadrilaterals. More
specifically, she showed the sum of the measurements of interior angles of
quadrilaterals and the sum of consecutive angles of parallelogram by referencing the

angle properties of a triangle (see Figure 30).

I show total of internal angles of quadrilateral is equal to 360 degree For example,

180 degree.
Ij'[l ) 180+180=360 degree
= 180 degree.

180 degree so opposite sides are parallel each other.

For example:

I show that the perimeter of quadrilaterals is egual to sum of edges.

For example, I wrap rope perimeter of trepezoid and lenght of rope is egual to perimeter of
trepezoid. Igive all characteristic of square, thombus, rectangle, rapezoid and paralleogram
with proof or using ives. Then, I do some activities about quadrilateral

I show that opposite sides of square, rectangle, parallelogram, thombus are parallel to each
other. Thus, only two sides of trapezoid are parallel to each other.

Figure 30. Deniz’s additional activities on angle properties of quadrilaterals
As a final point, among participants, Beril’s, Zehra’s and Oya’ instructional

plans did not involve any activity or explanations about properties of quadrilaterals.

Instead they generally concentrated on hierarchical relations of quadrilaterals.
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4.2 Developments in Prospective Teachers” Knowledge about

Quadrilaterals in Teaching Experiment Sessions

Developments in prospective middle school mathematics teachers’ knowledge about
quadrilaterals were presented into four main sections: developments in prospective
teachers’ knowledge about (i) descriptions/definitions of quadrilaterals, (ii)
constructions of quadrilaterals, (iii) prototypical and/or nonhierarchical concept
images of quadrilaterals, and (iv) properties of quadrilaterals. According to the
corresponding sections, developmental processes in prospective teachers’ knowledge
were presented by giving some example written statements from reflection papers
and illustrative episodes from group discussions that were conducted during the
teaching experiment process. Moreover, PSTs’ revised lesson plans were utilized to

show and make emphasis on the developmental points in more detail.

421 Developments in prospective teachers’ knowledge about definitions of

guadrilaterals

In the individual pre-interviewing process, prospective teachers provided only a few
ideas or predictions about seventh grade students’ possible improper and incorrect
definitions/descriptions of quadrilaterals. In this regard, some participants generally
predicted that students may not provide formal definitions of the concepts because of
inadequate knowledge about mathematical terminology. However, when they began
to analyze and discuss the students’ descriptions of quadrilaterals in video cases
throughout the teaching experiment sessions, all participants could realize students’
various improper and incorrect descriptions of quadrilaterals as well as their possible
reasons. Furthermore, teachers’ knowledge about content and teaching (KCT) was
developed in the teaching sessions because they built connections between problems
in students’ descriptions and alternative instructional strategies in the teaching
experiment sessions. All developments in teachers’ pedagogical content knowledge

about definitions of quadrilaterals were explained in the following by referencing
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seventh grade students’ descriptions that PSTs considered as noteworthy events.
Interestingly, throughout the teaching experiment sessions, there was no explicit
evidences that showed the developments in PSTs’ subject matter knowledge about

definitions of quadrilaterals.

4211 Developments in PSTs’ knowledge while reasoning about students’

overgeneralization errors in definitions

Individual pre-interviews data indicated that prospective teachers provided a few
ideas about students’ possible overgeneralization errors. For example, only Oya and
Emel predicted that students might define trapezoid incorrectly and treat irregular
polygons as an example of trapezoid because of the usage of the word of “yamuk” in
Turkish language for “trapezoid” by emphasizing on the “irregular” meaning of
“yamuk” in ordinary language. On the other hand, prior to the study, none of the
participants mentioned anything about how students could use mathematical terms
incorrectly or improperly for the concepts of parallelogram or rhombus and they
provided limited predictions on the connections between students’ inappropriate
descriptions and students’ overgeneralization errors about definitions of
quadrilaterals. Throughout the teaching experiment sessions, as they analyzed
seventh grade students’ definitions/descriptions about quadrilaterals in MCVC1,
MCVC4, and MCVC8 (see Table 20) they began to realize the relations among
students’ overgeneralization errors in descriptions of quadrilaterals and their possible
reasons. In this regard, how prospective teachers realized, interpreted and discussed
the noteworthy events in MCVC1, MCVC4 and MCVCS8 including middle school

students’ descriptions of quadrilaterals were explained in the following.
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Table 20. Students’ overgeneralization errors in descriptions as noteworthy events

MCVCs  Concept

Students’ definitions in MCVCs that PSTs determined as
noteworthy events

MCVC1  Parallelogram

MCVC4  Parallelogram

MCVC8  Trapezoid

Verbal explanation: Parallelogram is two vertical line
segments in same proportion’®. (She provided written
definition as following: parallelogram is expansion of two
line segments with same proportion through a point starting
from that point**.) Two parallel line segments can be given as
an example of parallelogram.

A geometric figure composed of equal length opposite sides
that extend in the same direction”. The number of sides can
be more than four. A regular hexagon is an example of
parallelogram.

Trapezoids are figures of which all sides are not equal. They
can have more than four sides. (e.g. any convex or concave

polygon)

42.1.1.1 Noteworthy eventin MCVC1

As seen in Table 20, a seventh grade student described the concept of parallelogram

as “two vertical line segments in same proportion” in a moment of MCVC1. The

student’s parallelogram description in MCVC1 was an unpredictable situation for the

PSTs in the current study because they provided no prediction involving that any

middle school student can identify parallelogram as "two vertical line segments in

same proportion” by constructing only two parallel line segments in the individual

pre-interviews.

10 Turkish version: Paralelkenar ayni orantida dik iki dogru pargasidir.

1 Turkish version: Paralelkenar iki dogru parcasinin bir noktadan baslayip o nokta boyunca ayni

orantida ilerlemesidir.

2 Turkish version: Paralelkenar ayni dogrultuda uzanan esit kenar uzunluklarindan olusan geometrik

bir sekildir.
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421111  Recognizing and interpreting student’s definitional error

The comments in the individual video analysis reflection papers for MCVC1
revealed that as soon as PSTs analyzed the clip, all of them noticed the student’s
incorrect description of parallelogram. In that process, some PSTs (e.g. Asli and
Beril) did not focus on the reasons why the student described parallelogram
incorrectly and by which ways it can be corrected. More specifically, they firstly
explained that the student’s descriptions of parallelogram were unexpected. After
restating the student’s descriptions, they only evaluated the correctness of the
student’s description of parallelogram in terms of correctness. One example of such

comments in reflection paper (BDRP) included:

Before watching the video, | thought that a student in 7" grade would know the
meaning of parallelogram. However, the student may have misconceptions about this,
because he defined parallelogram incorrectly and different from my thought [Asli,
BDRP-MCVC1&2].

Besides, Oya, Deniz and Ece not only focused on the correctness of the
student’s parallelogram description in their reflection papers written in individual
video analysis process but also pointed its mathematical meaning by focusing on the
relationship between the student’s parallelogram description and conceptions. For
example, Oya pointed out the lack of sufficient mathematical terminologies such as
“the parallelism of opposite sides” in the student’s description. Deniz and Ece
explained their expectations about how seventh grade students can define
parallelogram. Furthermore, they inferred that the student’s incorrect description and
misconceptions about parallelogram influenced her parallelogram constructions and
identifications (selections) in the following of the clip. Consequently, they both
noticed student’s incorrect description of parallelogram and reasoned how an
incorrect definition influenced the student’s conception of parallelogram after they
individually examined MCVCL1. On the other hand, Emel, Maya, and Zehra also
concentrated on the reasons of why the student made such an incorrect description in
their written statements. Their comments indicated that they linked the student’s
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definitional error with various reasons. For instance, Emel claimed that the student
had a misconception about the definition of “quadrilateral” rather than the definition
of “parallelogram”. Differently, Maya developed an idea in which she thought the
student concentrated on the word meaning of parallelogram in Turkish language
instead of its conceptual meaning. Further, Zehra proposed that the student could not
differentiate among “corner points” and “sides of parallelogram” and also the
student was not aware of “closeness” property of quadrilaterals by drawing attention
on the inconsistency between student’s verbal and written descriptions in MCVC1.
Therefore, by virtue of individual analysis of the student’s description in MCVC1,
they developed new ideas about students’ errors in the description of parallelogram
and some of them also had opportunities to reason possible reasons of the errors.
However, they made no suggestions in order to overcome the student’s definitional

errors in their written statements.

42.1.1.1.2 Elaborating knowledge about reasons of student’s definitional

error

At the beginning of the group discussion of MCVC1, | sought prospective teachers’
general impressions about the student’s mathematical thinking in the clip. By the
help of my prompting question, the group again concentrated on the student’s

mathematical work (see Episode 1).

Researcher  What do you think about student thinking generally after watching this
video?

Zehra The first thing drew my attention [in video] is student’s [parallelogram]
definition. She doesn’t think quadrilateral as a closed figure. She mostly
finds it sufficient having two parallel line segments to being a
parallelogram. Student is not counting quadrilateral as a closed figure as
we saw in her definition and she is making her [parallelogram] choices
[in oncoming parts of video] according to her definition.

Asli She is defining wrongly. She is directly counting corner points [of two
line segments] as sides of parallelogram.
Emel I am also thinking that student has misconception about quadrilateral

definition. In my opinion, it is sufficient for a figure to have 4 corners
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instead of having 4 sides according to student.

Deniz Yes, she is not saying quadrilateral or so in his definition. She is saying
[two] lines directly.

Beril Yes, it is obvious from her definition that this student is mixing
parallelism of two lines and parallelogram.

Maya Alternatively, | think that student may focus on word meaning of

parallelogram instead of its definition. For this reason child is treating
two parallel line segments as parallelogram and she is making his
definition in this way.

Episode 1 taken from MCVC1 discussion

Zehra firstly responded to my question by focusing on student’s parallelogram
description (Remember pre-interview data in which Zehra have made mathematically
correct parallelogram definition in the individual pre-interview.). Parallel with her
ideas in individual video analysis reflection paper, she proposed that the student did
not think parallelogram as a “closed” and “four-sided” figure. She continued her
explanations with the interpretation of how student perceived parallelogram. At this
point, Asli provided additional information in order to elaborate the issue about why
the student made such a definition and developed such kind of mathematical
understanding about parallelogram. For this, she claimed that the student treated the
endpoints of two parallel line segments as the sides of the parallelogram. Hereon,
Emel participated to the discussion by supporting Asli’s interpretation. In the
following, Deniz put emphasis on some details in the student’s parallelogram
description. She mentioned that the description was made considering two parallel
line segments does not involve the term of “quadrilateral”. In response, Beril offered
a claim in which she explained student’s inability to distinguish the differences
between parallel line segments and parallelogram. After Beril’s interpretations, Maya
proposed an alternative perspective about the reason of the student’s error in the
description of parallelogram. She suggested that when making the description of
parallelogram, the student might reference the meaning of “paralelkenar” in Turkish
ordinary language instead of the conceptual meaning of parallelogram. In Turkish
language, “paralelkenar” corresponds with “parallelogram” and it is formed by

combinations of the words of “paralel-parallel” and “kenar-the edge”. Because of
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the combinations of words in “paralelkenar”, Maya concluded that the student
conceptualized parallelogram considering linguistics structure of Turkish language
instead of developing reasoning based on its conceptual properties. She continued
her explanation by claiming that the student treated two parallel line segments as an
example of parallelogram. From the discussion, it is obvious that prospective
teachers shared different interpretations with their peers. As a result, they had a
chance to elaborate their knowledge about the problems in student’s parallelogram

definition and its possible reasons.

42.1.1.1.3 Building connections between student’s definitional error and

instructional strategies

Towards the end of the group discussion, Asli shared an idea in which she proposed
an alternative way to teach definitions of quadrilaterals to the students. This proposal
initiated a discussion involving how they should give instructional definition of
parallelogram in mathematic lesson. Episode 2 illustrated how PSTs’ enhance their

knowledge from the pedagogical perspective on the issue.

Asli We can provide students to discover definition also.

Researcher How do you make your current definition when you think your own
previous definition? For example, some of you thought that it would
not be enough to give only the parallelism of opposite sides for
parallelogram definition.

Beril Normally we can show that opposite sides are in equal length as a
result of parallelism after showing the parallelism. In addition, they can
measure individually by ruler.

Deniz For example, including angles and diagonals [to definition of
parallelogram] is exaggeration, because there are students cannot
imagine even the figure of parallelogram. Because student cannot
imagine, it is hard [for students] to draw that diagonals or so and
saying diagonals are intersecting each other equally. Student has to
understand parallelogram firstly.

Emel For this reason, | think we have to focus on quadrilateral definition. |
would initially ask student if this is a quadrilateral in your opinion. |
would ask what is required for being quadrilateral. If student
understand the base conditions in definition she can find other
properties herself in any way.
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Episode 2 taken from group discussion of MCVC1

When Asli claimed that it can be given opportunities to the students for
exploring definitions themselves, | lead PSTs to evaluate their instructional
definitions of parallelogram that they made in individual pre-interviews. For
example, in the pre-interview, although Beril had claimed that giving uneconomical
definitions of parallelogram in teaching is more useful for the students, she changed
her mind in discussion process and she found giving only parallelism of opposite
sides when defining parallelogram enough. Similarly, while Deniz preferred
uneconomical definitions involving diagonal and angle properties of concepts as
instructional definitions in pre-interview, she just claimed that mentioning angle and
diagonal properties in definitions of the concepts might be too complicated for the
students by referencing the student’s incorrect concept image and concept definition
of parallelogram in MCVC1. Thus, she developed a pedagogical view on how a
suitable instructional definition should be selected. As a result, she argued
economical definitions are more useful than uneconomical ones in the teaching
process by focusing on their easily understandable nature. Deniz comments were
followed by Emel’s suggestions. Emel made emphasis on the sub-concepts in
geometry that are necessary to understand and make the definition of parallelogram
concept. For this purpose, she explained her instructional strategy to teach the
definition of parallelogram. To this, she thought that teaching the definition of
“quadrilateral” is crucial to pass the definition of “parallelogram”. In her
suggestion, she adopted a student-centered approach rather than teacher-centered
approach. Thus, they began to build connections among students’ thinking and
alternative instructional approaches.

In overall, after they discussed student’s parallelogram description with the
peers, they had opportunities to see alternative interpretations how students might
describe parallelogram and what their possible reasons and solutions can be. In this
regard, prospective teachers’ comments in the reflection papers written after group
discussion process also clearly showed the presence of the developments in

prospective teachers’ pedagogical content knowledge. To illustrate, the
179



developments on prospective teachers’ understanding about the relation among the
student’s ill-conception of parallelogram and the incorrect mathematical language
usages were clearly exemplified in the following chosen excerpts taken from after
discussion reflection papers (ADRP). For instance, at the beginning of the teaching
experiment, Asli and Beril only had evaluated the correctness of the student’s
parallelogram description. However, example comments in the after discussion
reflection papers indicated that they realized that how the student improperly and
informally defined the concept of parallelogram. Additionally, they realized the
influence of mathematically incorrect definitions on students’ misconceptions as well
as instructional strategies involving what possible solutions can be for the student’s

definitional error. A few example statements follow:

I want to give each definition at the beginning of lesson because the student in the
video clip did not adequately know the definition of the parallelogram. I think it is the
base reason for their misconceptions and misunderstandings. So, | think using correct
mathematical terms [in the definitions] is very important [Beril, ADRP-MCVC1&2]

I think the terms in definition have to be taught completely [Asli, ADRP-MCVC1&2].

On the other hand, although Ece evaluated the correctness of student’s
definition in the MCVC1 when individually examining the clip, she also realized the
importance of remembering basic geometric concepts such as “corner” and “angle”
in terms of providing mathematically correct definitions after discussing the

student’s mathematical thinking in the clips. Her statements were:

Furthermore it will be beneficial to remind the concepts in definition again while
defining; because after discussion | have noticed that student has errors about the
[basic geometric] concepts like corner and side in video 1 [Ece, ADRP-MCVC1&2].

Finally, while Zehra, Emel and Maya, as high achiever prospective teachers,
provided limited predictions about the relation among students’ incorrect
descriptions and the conceptions of quadrilaterals in their individual pre-interviews,
they had a chance to develop and elaborate their understanding how students define
incorrectly and why they made errors when describing the concepts after they

180



analyzed and shared their ideas with their peers in the group discussion. For example,
Maya provided following explanations:

| thought that the student in video were focusing on word meaning [of parallelogram]
and didn’t know the parallelogram at all. However, it quite drew my interest that, the
point my friends caught, student does not know that quadrilateral is a closed figure. |
have understood that the words used in definition are very important [Maya, ADRP-
MCVC1&2].

From these explanations, it was evident that Maya reflected her own
developments in understanding student’s mathematical thinking and she also realized
the importance of using suitable mathematical terminological usage in the definitions
in the group discussion process. In conclusion, the ideas asserted in Episode 2 gave
opportunity to revisit their instructional definitions by evaluating a didactical
viewpoint in addition to producing some useful suggestions to the student’s

definitional errors.
4.2.1.1.2 Noteworthy event in MCVC4

As seen in Table 20, a seventh grade student in MCVC4 described parallelogram as
“a geometric figure composed of equal length opposite sides that extend in the same
direction®. Moreover, the student said that parallelogram can have more than four
sides. Accordingly, the student drew a regular hexagon as an example of
parallelogram. In conclusion, these descriptions indicated that the student perceived

parallelogram as a closed geometric figure that might have more than four sides.

" Turkish version: Paralelkenar aym dogrultuda uzanan esit kenar uzunluklarindan olugan geometrik
bir sekildir.
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4.2.1.1.2.1  Recognizing and interpreting student’s definitional error

The student’s description is interesting for PSTs because none of prospective
teachers predicted that any student might define parallelogram as a closed figure
having at least two pairs of parallel sides in the individual pre-interviews. In this
regard, once PSTs individually analyzed the clip, they were generally surprised to
see the student’s both unpredictable and incorrect parallelogram description. Their
comments in the reflection papers of individual video analysis indicated that six of
them noticed student’s inappropriate description of parallelogram. However, Asli and
Deniz thought that the student defined parallelogram in mathematically acceptable
way. For example, Deniz’s comments in her reflection paper showed that she was
unaware of student’s definitional errors. ”The student knows the concept of
parallelogram roughly. The definition [made by student] is acceptable and
parallelogram figures drawn are correct.” (Deniz). On the other hand, Maya
provided additional interpretations in her reflection paper by focusing on why the
student interestingly could not think parallelogram as a four-sided figure. In this
regard, she claimed that the student considered the word meaning of “paralelkenar”

might cause problems in student’s conception of parallelogram.

4.2.11.2.2  Elaborating ideas about student’s definitional error
After they continued to write their reflection papers of individual video analysis, |
launched the discussion by posing general prompts to elicit prospective teachers’

thinking about student’s parallelogram description (see Episode 3).

Researcher What are your opinions about the student’s parallelogram definition?

Deniz I think her drawings and definition are mathematically appropriate and
acceptable.

Emel But her definition is not correct completely in my opinion, because she
said that number of sides didn’t influence being a parallelogram [in her
definition].

Zehra She has already chosen pentagon [as a parallelogram in a moment of the
video].
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Deniz You are right. Even eight-sided figure is a parallelogram according to the
student’s definition.

Ash | had thought that student has enough information about parallelogram
when | heard the definition of student [in video]. But | have just noticed
that she said “number of sides didn’t influence” [in her definition]
showing that she described parallelogram wrongly.

Maya | think this student [like the student in MCVC1] also focusing on the
name of parallelogram. The difference here is, it is obvious from his
drawings, this student knows parallelogram as a closed figure.

Emel I think so. Student is focusing the words “parallel” and “sides” (word by
word Turkish translation of parallelogram is “parallelsides”) while
describing [parallelogram].

Asli I have never thought in this point of view.

Episode 3 taken from group discussion of MCVC4

As seen in the Episode 3, Deniz immediately evaluated the student’s
description in terms of the correctness. However, Emel challenged with the idea of
Deniz and she claimed that the student did not define the concept correctly by giving
evidence from the clip. As a connecting idea, Zehra provided a detail that was
directly related to the issue under discussion. She mentioned that the student treated
pentagon as a parallelogram in the clip. After Emel and Zehra evaluated the
correctness of the student’s description, Deniz and Asli realized student’s definitional
error. Up to this point of the discussion, prospective teachers debated the
mathematical correctness of student’ parallelogram description. However, Maya
shifted the discussion in progress by focusing on why the student described
parallelogram improperly. She offered a claim about the student’s incorrect
description which she linked to student’s usage of the meanings of the words of
“paralelkenar” in Turkish language instead of conceptual meaning of parallelogram.
Supporting Maya’s interpretation, Emel proposed that the student identified the
concept considering the words of “parallel-paralel” and “the edge-kenar” in Turkish
language. In response, Asli stated that she never thought from this perspective.
Therefore, although Asli and Deniz could not realize the errors in the student’s
description of parallelogram in the process of individual analysis of the video clip,
they had opportunities to develop their knowledge about the relation between the

mathematical correctness of definition and students’ language-based reasoning about
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quadrilaterals at the end of the group discussion process. Consequently, in the
analysis and discussion processes of MCVC4, prospective teachers had opportunities
to develop their pedagogical content knowledge about students’ definitions of

quadrilaterals.

4.2.1.1.3 Noteworthy event in MCVC8

In the clip, a seventh grade student described trapezoid as an irregular figure having
non-equal sides and the student constructed a five-sided convex polygon as an
example of trapezoid (see Table 20). Before starting the teaching experiment, only
Emel and Oya predicted that students might identify trapezoid by referencing the
meaning of “yamuk” in Turkish ordinary language. However, remaining prospective
teachers only predicted that a few students may provide exclusive definition of
trapezoid instead of inclusive definition of the concept. In Turkish language, the
word of “yamuk” is used for the English term “trapezoid” in all textbooks and
teachers’ instruction. However, “yamuk” is synonym and also means “irregular” in
Turkish ordinary language. As a result, students may imagine trapezoid as a figure
having more than four sides. In other words, they treat some non-examples as

examples by extending their knowledge to another context in an inappropriate way.

4.2.1.1.3.1  Recognizing and interpreting student’s definitional error

When PSTs individually analyzed the clip, all of them were surprised to see the
student’s inappropriate trapezoid description and construction. Furthermore, seven of
them not only noticed student’s definitional errors but also offered possible reasons
of the errors. However, they suggest any solution way to overcome such kind of
definitional error. Instead, in the reflection papers, they offered that the student might
focus on the word meaning of “yamuk” in ordinary language. One example comment

included:
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It is hard to predict the definition of student being like this. I would say the student
was influenced a lot from the name of trapezoid and said that all sides of figure are not

equal. Generally this . figure comes to student’s minds. Possibly she drew a figure
with five sides | mean she mixed because the word trapezoid does not contain the
number of sides as in quadrilateral [Ece, ADRP-MCVC8].

However, Deniz solely could describe how student defined and constructed
trapezoid in her reflection paper for individual analysis of MCVCS8 instead of

focusing on why the student made such kind of incorrect description.

4.2.1.1.3.2  Elaborating ideas about student’s definitional error

After the individual video clip analysis, | asked them to explain their thinking about
the student’s conception of trapezoid in order to elaborate their pedagogical content
knowledge related to understanding student’s mathematical thinking. As a result,

they began to discuss the student’s description of trapezoid as in Episode 4.

Researcher What did you notice about [student’s] thinking related with trapezoid
when you watched the student in video?

Maya I think she doesn’t know [trapezoid concept].

Oya This student constructed a trapezoid definition in her way and considered
the figures appropriate to her definition [as trapezoid].

Asli A superficial definition.

Deniz I wondered actually how the student found this definition, when I
watched the video.

Ece In my opinion, she thought the meaning in ordinary language when said
trapezoid.

Deniz Is this because the synonym of trapezoid in Turkish?

Beril The trapezoid concept in her mind corresponds to irregular shape like

used in Turkish language. She thinks that trapezoid shape need not be a
regular one. She thinks that if all sides are equal in a shape it could not be
a trapezoid.

Oya The things said by student are not definition already. A figure having
unequal sides is enough to say trapezoid for her. As a matter of fact she
doesn’t know the concept.

Asli So she is not choosing square and rhombus [as trapezoid] but she is
choosing the rest of figures [as trapezoid].

Deniz For instance, why is she choosing the parallelogram as trapezoid?

Oya Because all sides are not equal.

185



Deniz Hmm...
Episode 4 taken from group discussion of MCVC8

Maya provided an inference about student’ lack of knowledge on trapezoid.
While Oya concentrated on student’s informal description of trapezoid, Asli made an
evaluative comment for the student’s description as superfluous and vague. At this
time, Deniz needed to prompt a question to the peers how a student might produce
such kind of description for the concept of trapezoid. In response, Ece claimed an
idea involving student’s possible approach when defining trapezoid based on the
word meaning of “yamuk” in Turkish language. Hereon, Deniz asked a new question
for a validation. In order to give evidence, Beril tried to explain the details of
student’s mathematical thinking and description about trapezoid. She showed the
student expression of “trapezoid having non-equal sides” as an evidence for the
errors in student’s trapezoid conception. Asli connected to Beril’s and Oya’s
interpretation by giving a noteworthy event in the clip (e.g. the student did not
consider rhombus and square as an example of trapezoid). Then, Deniz wondered
why the student thought parallelogram as an example of trapezoid. In response, Oya
immediately presented the reason of because the lengths of all sides are not equal in
any prototypical parallelogram. Overall, at the end of the group discussion of
MCVCS8, Deniz had opportunities to develop her knowledge about why the student
thought trapezoid as an irregular figure and realized possible influences of ordinary
language on the student’s conception of trapezoid by referencing student’s incorrect

trapezoid selections.

I have noticed that student considers an irregular shape when said trapezoid because of
the meaning of ordinary Turkish language, and this thought affects the trapezoid
selection [Deniz, Group discussion of MCVCS8].

The explanations provided by Deniz clearly indicated her knowledge
development related to the possible reasons of student’s incorrect trapezoid

description.
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4.2.1.1.3.3  Building connections between student’s definitional error and

instructional strategies

PSTs provided no suggestive ideas involving how they overcome the student’s
incorrect trapezoid description in group discussion process of MCVCS8. Interestingly,
four PSTs (Asli, Ece, Deniz, and Beril) proposed some strategies to prevent students’
definitional error originated from incorrect language usages in their reflection papers
that they wrote at the end of the group discussions of the MCVC8. They thought that
these strategies might be helpful to prevent the formation of incorrect concept
definition of trapezoid. To be more precise, Beril and Ece claimed that it is important
and necessary to give a warning to emphasize the mathematical meaning of trapezoid
rather than the meaning in ordinary language before starting the lesson. Some

example statements are:

Some students may have misconceptions like “trapezoid need to have irregular sides”
because of the meaning of trapezoid in ordinary Turkish language. Students can
particularly be warned in the beginning of the course to prevent this misconception
[Beril, ADRP-MCVCS8].

Moreover, Asli argued that determining what students understand from
trapezoid is useful to prevent the development of possible similar misconceptions
before giving the definition of the concept. As an alternative way, Deniz preferred to
make emphasis on the point that trapezoid is a quadrilateral in her instructional plans.

In sum, before participating in the teaching experiment, most of prospective
teachers’ predictions about students’ possible parallelogram descriptions did not
involve students’ overgeneralization errors in definitions originating from incorrect
mathematical terminological usages. From this point of view, they developed their
knowledge about how students might perceive parallelogram or trapezoid differently
considering the student’s descriptions in the video clips (e.g. MCVC1, MCVC4, and
MCVCS). Thus, they realized the relation among students’ overgeneralization errors
in mathematical definitions of quadrilaterals and the influences of linguistic factors

and language-based conceptions of quadrilaterals in students’ mind. As a result, they
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had a chance to develop their pedagogical content knowledge in terms of
understanding students’ mathematical thinking by virtue of analyzing and discussing
special designed video cases. Furthermore, interactional process among prospective
teachers and me in the group discussion processes helped them to elaborate their
interpretations and inferences about student’s conceptions rather than only describing
and evaluating what student identified the concepts in the video clips. As result, at
the end of the teaching experiment process, prospective teachers realized students’
incorrect descriptions/definitions as well as they had opportunities to find the reasons
of such kinds of errors in the definitions and the possible influences of these errors in
students’ conceptions about quadrilaterals or the influences of students’ ill-
conceptions on their descriptions of quadrilaterals by analyzing and discussing the
video cases. As a final crucial point, they even offered some specific instructional
strategies to overcome students’ overgeneralization errors in the definitions of
quadrilaterals rather than offering superficial and general instructional strategies.

4.2.1.2  Developments in PSTs’ knowledge while reasoning about students’

undergeneralization errors in definitions

In the individual pre-interviews, prospective teachers predicted that students can
describe the concepts mathematically correct. However, after they examined and
discussed students’ descriptions in MCVC2 and MCVC7 (see Table 21) involving
undergeneralization errors, they realized the possible influence of making only visual
reasoning on students’ incorrect descriptions of quadrilaterals.

How prospective teachers realized, interpreted and discussed the noteworthy
events i MCVC2 and MCVC7 including seventh grade students’
undergeneralization errors in descriptions of quadrilaterals were given with all details

in the following paragraphs.
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Table 21. The nature of students’ undergeneralization errors in descriptions as

noteworthy events

MCVCs Concept Students’ definitions in MCVCs that PSTs determined as
noteworthy events

MCVC2 Parallelogram A kind of distorted figure that is obtained by pushing
down on rectangle or square®. [The student drew
prototypical parallelogram]

MCVC7 Trapezoid A figure formed by putting a triangle next to a square or
rectangle™ [The student drew prototypical right
trapezoid].

4.2.1.2.1 Noteworthy event in MCVC2

As seen in Table 21, a student in MCVC2 described parallelogram as “a kind of

distorted figure that is obtained by pushing down on rectangle or square”.

421211  Recognizing and interpreting student’s definitional error

Comments of prospective teachers’ individual analyses of MCVC2 indicated that all
of them initially realized the student’s improper mathematical terminological usages
in the parallelogram description. More specifically, Asl stated that she did not
understand what the student meant with the term of “pushed down figure” in her
parallelogram description. However, remaining prospective teachers focused on what
the student meant with “pushed down figure” and the possible reasons why the
student used such different terminology in her parallelogram description. In the

statements in the reflection papers, Emel, Zehra and Maya generally argued that the

! Turkish version: Dikdrtgenin veya karenin uglarindan bastirilarak yamulmus bir seklidir.

> Turkish version: Yamuk karenin ya da dikdortgenin yanina gelen tiggen ile olusan sekildir.
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student made such kind of inappropriate description due to her visual reasoning
rather than conceptual ones. To illustrate, Zehra’s comments were given in the

following:

This student is very close to my student model that | had predicted. She is making her
parallelogram definition over image. Sides of figure should be parallel and there
should be short and long sides as well for figure to be a parallelogram. On one hand
figure should not be straight as square or rectangle. She is making her definition
according to her prototype image rather than understanding the concept [Zehra,
BDRP-MCVC2].

From these statements, it was apparent that they considered the student solely
focused on visual properties of (a prototypical) parallelogram figure rather than
focusing on critical attributes in order to establish formal definition of the concept.
Furthermore, three of prospective teachers (Beril, Ece, and Deniz) provided some
comments in their individual video analysis reflection papers in order to explain the
reasons of student’s visual-based approach in the parallelogram description in
addition to the meaning of the student’s rather intuitive description. They provided
an inference in which they claimed that student’s math teacher might have defined
parallelogram after giving basic (prototypical) constructions of parallelogram on the

board.

4.2.1.2.1.2  Elaborating knowledge on student’s definitional error

After individual video analysis process, in the group discussion of MCVC2, PSTs
elaborated their understanding about the student’s mathematical thinking by

referencing student’s parallelogram description and construction as in Episode 5.

Researcher Is it enough for you listening the explanation of student related with
parallelogram? She said like things “pushed down figure”.

Ece The student said “pushed down figure” but she even did not say pushed
down in the same proportion.
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Ash Expressing it like “pushed down figure” is a very rough definition. I
cannot comprehend at the moment how a pushed down figure looks like.
Because when you push down a figure, a warp [not containing
parallelism] is formed.

Deniz I think she does not know anything about the definition and properties of
parallelogram. She only saw its figure once. She is trying to define
parallelogram based on that figure. It seems she does not know anything.
She is trying to understand the other figures by comparing to
[prototypical] figure.

Zehra On the other hand, she does not have error about pushed down figure
because when she pushed down the figure she obtains a parallelogram in
any way. It is not possible to obtain any other figure because opposite
sides are equal. She has at least a definition in her mind in her own way.

Maya | think she learnt something based on memorization. Moreover, she is
consistent in herself actually. She can link to parallelogram figure but she
is defining [mathematically] incompletely and making relations of
quadrilaterals incompletely because of her incorrect or incomplete
knowledge.

Asli Yes, for example she said parallelogram to hexagon and then she changed
her mind by looking other figures, supporting this also.

Episode 5 taken from group discussion of MCVC2

Researcher initiated the discussion in order to get detailed information about
prospective teachers’ interpretations about student’s parallelogram description and
conception. Ece commented on the lack of information in the student’s description.
She claimed that the student did not mention about pushing down on figure in same
proportion in the parallelogram description. Hereon, Asli evaluated the description as
a rough definition and she found the student’s description meaningless. Similarly,
Deniz provided an interpretation about why student made such a description in the
clip. She inferred that student did not know anything about definition and properties
of parallelogram. According to Deniz, student made visual reasoning by giving
student’s prototypical parallelogram construction in the clip as evidence. Here, Zehra
offered an alternative perspective on the correctness of student’s parallelogram
description. She pointed that if they pushed down on rectangle, square, or rhombus,
the figures always turn into parallelogram. By referencing this situation, Zehra
thought that student’s description might be evaluated as a reasonable informal

parallelogram definition. At this point, Maya connected the ideas proposed by Deniz

191



and Zehra. For Maya, the student constructed some relations among quadrilaterals by
the help of rote learning, but she had mathematically inadequate definition of
parallelogram due to her insufficient conceptual knowledge about quadrilaterals.
Following that, Asli supported to Maya’s interpretation by referencing student’s
inconsistent responses in the determination of whether hexagon is also a
parallelogram or not in the video clip.

Considering Asli’s previous comments written in individual video analysis
process, she only stated that she did not understand what the student meant with the
term of “pushed down figure” in her parallelogram description. However, after the

group discussion, she provided following explanation in her reflection paper:

I understood after video discussion that visual thinking and the teacher’s handling way
of the issue can be very important in student’s perception of subject. In other words,
more effective ways should be used instead of using same examples and memorization
all the time in lessons [Asli, ADRP-MCVC2].

These explanations showed that Asli had to restructure and elaborate her
knowledge about the student’s description after recognizing the student’s incorrect
description of parallelogram by virtue of both individual and group discussion
process. Another crucial development was observed in Emel’s and Maya’s written
comments involving their updated knowledge about student thinking. When they
individually analyzed the clip, they only make connection between visual reasoning
and the student’s description. However, after the discussion, they concentrated on the
teaching style as a possible reason of the development of visual reasoning instead of

conceptual ones.
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4.2.1.2.2 Noteworthy event in MCVC7

The student in MCVC7 described trapezoid as “a figure formed by putting a triangle

next to a square or rectangle™®”

and constructed a prototypical right trapezoid in
order to give an example according to the description, which indicated the presence
of undergeneralization error in student’s definition. Prospective teachers had a
chance to develop ideas about how visual reasoning might influence on students’
descriptions of quadrilaterals during individual video analysis and group discussion

by analyzing MCVC7 at the last week of the teaching experiment.

4.2.1.2.21  Making inferences about reasons of student’s definitional error

Normally, prospective teachers could not predict that student might identify
trapezoid as limited to a specific form of trapezoid (e.g. right trapezoid). In this
regard, PSTs’ individual reflective comments indicated that all PTs were surprised to
see the student provided an informal description for trapezoid as a right trapezoid.
After they realized and interpreted student’s description formed by the visual
appearance of the right trapezoid, they commented on why the student identified
trapezoid in such a way. They inferred that the student did not consider properties of
a trapezoid when defining the concept. According to them, the student just
informally described the right trapezoid that she imagined in her mind because of
considering the visual characteristics of right trapezoid rather than considering

conceptual properties of all trapezoids. One example involved:

Student thinks that trapezoid is a figure formed by putting a triangle next to a square
or rectangle. | mean she is identifying trapezoid with right trapezoid. | did not expect

student’s description in this way. I thought that this figure comes into their
head when said trapezoid. But right trapezoid is coming into her head. Again this
student cares about appearance actually [Emel, BDRP-MCVCT7].

'® Turkish version: Yamuk karenin ya da dikdortgenin yanina gelen {iggen ile olusan sekildir.
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However, Ece and Asli provided additional judgmental comments in their
reflection papers. Asli offered a claim in her reflection paper of individual video
analysis to explain the reason of student’s incorrect description by pointing out the
possible teaching approach in the student’s class. She thought that the teacher might
teach the concept based on the limited number of trapezoid examples rather than
considering the formal definition of trapezoid. On the other hand, Ece made a
prediction about the student’s definitional error in MCVC7 by underlying the
organization of mathematics textbooks filled with same kind of (prototypical) figures

of quadrilaterals.

4.2.1.2.2.2  Elaborating ideas about reasons of student’s definitional error

In the group discussion process, | asked to the participants how they had interpreted
student’s description of trapezoid in order to elaborate their knowledge about
student’s mathematical thinking. As a result, the group focused on the student’s

description of trapezoid (see Episode 6).

Researcher ~ What was your comment when you heard the student’s description?

Ece I thought that students’ trapezoid description would be for a normal one
instead of a right trapezoid. Like there should be two triangles on each
side of a square. But student thought right trapezoid directly and

defined it.
Emel Yes | had also thought like that.
Beril Student perceives the trapezoid as only a right trapezoid according to

[her personal] definition.

Researcher ~ To be honest | wondered that why did student define right trapezoid
instead of other types of trapezoid?

Emel Because she is caring about appearance [of figure].
Aslh Yes, appearance.
Oya She is focusing on appearance. But student can be unfamiliar to other

trapezoid types.

Researcher  You may be right but almost half of the students | have interviewed
drew right trapezoid and the other half drew isosceles trapezoid.

Asli I think their teacher may overemphasize on right triangle in lessons.
The group (The group agreed by nodding their head.)
Episode 6 taken from group discussion of MCVC7
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Ece mentioned her expectation that students can define trapezoid by
considering two triangles and one square (e.g. ) rather than one triangle and

one square (e.g. | ). At this point, Emel and Beril supported Ece’s
interpretation. | invited the participants to think and to explore the reasons why
student focused on right trapezoid in the description instead of other trapezoid types.
This was an important moment for PSTs as they had to consider the possible reasons
of the student’s incorrect description. Therefore, Emel, Asli and Oya responded to
my question at the same time. They offered that the student took account into the
appearance of right trapezoid in her description. Furthermore, Oya made an
additional inference in which she claimed that the student might not know the types
of trapezoids. After this point, | offered an alternative viewpoint to the issue under
discussion. In order to provide evidences about the presence of students’ knowledge
about trapezoid types, | gave additional information from the interviews conducted
with the seventh grade students. Hereon, Asli proposed an idea that only she had
wrote earlier in her reflection paper during individual analysis of the video clip. Her
claim was that because teacher might have overemphasized right trapezoid rather
than focusing on definitional properties of the trapezoid in the teaching process, the
student provided such a description.

At the end of the Episode 6, all group members accepted Asli’s and Oya’s
proposals as reasonable ideas to clarify the reasons of the problematic situation in the
student’s description of parallelogram. In other words, different perspectives
especially provided by Asli and Oya had positive contributions on the developments
of other prospective teachers’ pedagogical content knowledge involving
understanding students’ description of trapezoid. Following this, | prompted the
group to elaborate and to explain all the things that they think about the reasons why
the teacher might overemphasize right trapezoid like in Episode 7.

Researcher ~ Why could their teacher overemphasize these typical trapezoid
examples?
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Maya Maybe teacher focused on these because students are mixing
hierarchical relations of quadrilaterals.

Oya Maybe there are questions including mostly these types of trapezoids in
exams. Like “We are drawing perpendicular and sides are equal in
isosceles trapezoids”. I think for that reason I mean.

Maya May be it could be like this. Teacher may want students to use triangle,
square and rectangle during area and circumference calculations
because of their familiarity to these concepts. It is easier to calculate
area in right trapezoid.

Ash It makes sense.
Episode 7 taken from group discussion of MCVC7

This particular prompt challenged prospective teachers own knowledge and
encouraged them to think on some possible reasons of the overemphasized situation.
Thus, by the help of detailed examination of the student’s thinking in the video,
Maya and Oya generated new ideas about why the student described trapezoid
according to the visual appearance of right trapezoid. For example, Maya proposed
that the teacher may focus on right and isosceles trapezoids because of students’
inability to differentiate the relation among quadrilaterals. Differently, Oya thought
that there might be an influence of the involvement of exam questions in the school
on the teacher’s examples of trapezoid. Maya extended these ideas by giving the
details such as the teacher might desire to give such examples because the calculation
of perimeter and area of trapezoid can be easy in a right trapezoid. In sum, at the end
of the group discussion of MCVC7, prospective teachers generated new ideas from
different perspectives to explain the student’s description of trapezoid. As a result,
they developed their knowledge about student’s definitional errors as well as their
possible reasons. Emel’s written statements in after discussion reflection paper were

given as an example:

The ideas that | could not predict before are emerged in this week’s group discussion
again. For instance, first student had identified trapezoid with right trapezoid. I did not
think much that why she was thinking like this. The ideas coming from my friends
were like this: Student’s thinking like this may be caused by her teacher’s
overemphasizing of special types of trapezoids. The reason why teacher was
overemphasizing special types of trapezoid (Student drew right trapezoid when
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requested to draw a trapezoid.) was these types of trapezoids are frequently used in
exam questions and area and circumference calculation examples. These ideas
broadened my mind [Emel, ADRP-MCVC7&38].

Such kinds of written statements were strong indicators to present the
developments in PSTs’ knowledge related to understanding students’ mathematical

thinking.

4.2.1.2.2.3  Building connections between student’s definitional error and

instructional strategies

By referencing students’ students’ definitional errors and difficulties in MCVCs,
PSTs proposed various instructional approaches/strategies in their after discussion
reflection papers. In this sense, Emel, Zehra, and Asli offered an alternative teaching
method involving teaching the concepts based on the definitions rather than focusing
on their visual appearances in their reflection papers. Emel’s statements were given

in the following:

The students are deciding or describing by focusing on appearance of figure.
Furthermore for student it is enough to say trapezoid for a figure to resemble a
trapezoid in some way. The properties of figure are shown in one side and the
[prototypical] examples on the other side just at the beginning of the section in course
books. Actually, we are causing student’s thinking like this. Generally if it is
considered that visual things draw more attention, it is inevitable for students to think
like this. For this reason, in my opinion, figures firstly should not be shown to students
when these concepts are taught [Emel, ADRP-MCVC7&8].

It was clearly seen in Emel’s written statements that they argued that utilizing
and adopting such a teaching method might provide a solution to the negative
influences of students’ restricted concept images that develops with the effect of
visual characteristics of prototypical geometric figures on the concept definitions.
Consequently, at the end of the teaching sessions, PSTs established connections
between students’ inappropriate definitions and students’ visual reasoning.
Accordingly, they concluded that identifying geometric concepts according to their

visual characteristic instead of necessary and sufficient conditions might lead some
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problematic situations in the establishing mathematically correct definitions of the

concepts.

4.2.1.3  Developments in PSTs’ knowledge while reasoning about necessary and

sufficient conditions in students’ definitions

In the video cases excluding MCVC6, students generally provided incorrect informal
descriptions of quadrilaterals instead of formal definitions. For this reason,
prospective teachers generally focused on students’ incorrect descriptions of
quadrilaterals and their possible reasons such as mathematical or ordinary language
usages or students’ approaches in describing the figures visually instead of
conceptually in the analyses and discussion of these clips. Consequently, they could
not realize the absence of necessary and sufficient conditions in the video cases
excluding MCVC6.

4.2.1.3.1 Noteworthy event in MCVC6

In the sixth video case, a seventh grade student provided the definition of “rhombus
is a figure with four sides of equal length'” . This definition seems mathematically
correct but the student used the term of “figure” rather than “a closed figure” in the
definition. According to this definition, a non-closed figure with four sides of equal

length also becomes an example of rhombus despite of being a non-example.

4.2.1.3.1.1 Interpreting the absence of necessary and sufficient conditions

in the student’s definition

Most probably, because the student’s definitions involved small errors, participants

could not recognize them when they were individually analyzing the student’s

' Turkish version: Eskenar dortgen esit uzunlukta dort kenari olan bir sekildir.
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mathematical thinking in the video clip. However, they had opportunity to notice the
absence necessary and sufficient conditions in the student’s definition after my

critical questions in the group discussion process of MCVC6 (see Episode 8).

Asli When | saw the definition and such of student I thought that she is a
successful student. She had defined correctly.

Researcher Is there anyone who has a different opinion than Ashi? Is there any
missing part in student’s definition in your opinion?

Maya She did not state length [of sides].

Ece The student mentioned about [equality of] the length of all sides, but
she did not mention anything about parallelism of opposite sides [of
rhombus].

Oya The parallelism of opposite sides is already provided when it is stated
that the length of opposite sides are equal.

Zehra Parallelism is already a result of length equality of opposite sides.

Ece Yes you are right. Okay, | understood the problem [in my thought].

Researcher ~ Why did you give up the idea of the way of definition as you said?

Ece It is not a problem but in that situation there are additional statements
[in definition].

Oya The students we watched have never stated the parallelism of sides.

Episode 8 taken from group discussion of MCVC6

At the beginning of the group discussion in Episode 8, Asli’s comments
showed that she evaluated the student’s definition of rhombus as mathematically
correct. At this point, | redirected the discussion to understand how remaining
prospective teachers evaluated the correctness of the student rhombus definition in
terms of necessary and sufficient conditions. In response, Maya stated that student
did not mention “the equality of the length” in her definition. In the following, Ece
challenged Maya’s proposition by pointing the absence of “the parallelism of
opposite sides” in the student’s definition of rhombus. Oya and Zehra participated to
the discussion by emphasizing that “the parallelism of opposite sides” in a rhombus
can be easily deducted from “the equality of the length . After they emphasized “the
parallelism of opposite sides” as an unnecessary condition for the definition of
rhombus, Ece changed her previous idea and agreed with her friends. When | asked
to Ece the reason of the change in her thinking, she provided a comment in which she
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found the condition of “the parallelism of opposite sides” as an extra property for the

definition of rhombus.

421312

Elaborating ideas about necessary and sufficient conditions

After they discussed the necessity of “the parallelism of opposite sides” in the

rhombus definition, | asked the question about the presence of other points that they

found unnecessary or insufficient in the student’s definition of rhombus. This

question initiated a new discussion on the presence of necessary and sufficient

conditions in the student’s definition (see Episode 9).

Researcher Are there other points that you found unnecessary and insufficient in the

Emel
Ece
Maya
Ece
Oya

Researcher

Oya
Ece
Emel
Oya

Ece
Oya
Ece
Oya

student’s definition of rhombus?

| think there are not.

I think she defined pretty well for a student.

But she did not stated “identical length” instead of “equal length”.
Yes you are right. That is a lack.

| think it is hard to know that much detail for a student. Even we learnt
the difference between “identical” and “equal” in university.

Well, when you think about the student’s definition, can this figure
[having non-closed sides] be drawn according to her definition.

Mmm, I have never thought like that.

It has never drawn my attention.

Hmm, | have never noticed this situation.

I had mentioned such a situation in my lesson plan. There is quadrilateral,
| had designed an activity to question whether that quadrilateral is
rhombus or not. But it did not come into my mind that the statement in
definition here is insufficient.

The importance of the word “closed” is seemed again.

If he said it was quadrilateral, it would not be sufficient, would it?
Quaderilateral is defined as closed in the end. Isn’t it sufficient?

Yes it is sufficient then.

Episode 9 taken from group discussion of MCVC6

Ece and Emel immediately provided an explanation in which they found the

definition mathematically correct. Differently, Maya pointed the presence of an

unsuitable mathematical term usage in the definition considering the difference
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between the terms of “equal” and “congruent”. While Ece supported Maya’s
viewpoint, Oya criticized the idea because Oya thought that it was difficult to
provide a definition involving fully correct mathematical terminological usages for
the students. In order to elaborate participants’ interpretations on the student’s
definition of rhombus, | constructed a figure on the board as an alternative visual
interpretation of the student’s definition (e.g. a non-closed figure with four sides of
equal length). Thereon, they were surprised with such alternative interpretation of the
definition. Ece, Oya, and Emel verbally explained the reason why they were amazed.
Moreover, Oya provided further information that indicated her awareness in noticing
the absence of necessary conditions in the definition. Ece put emphasis on the lack of
“closeness” in the student’s definition. Oya prompted a question to understand if the
definition involves the term of “quadrilateral” whether it can become correct or not.
Following Oya’s question, Ece explained the meaning of quadrilateral. After Ece’s
explanations, Oya understood how the student’s definition can be corrected.

In summary, prospective teachers realized the absence of necessary and
sufficient conditions at the end of the group discussion. For example, they
understood a property involving “the parallelism of opposite sides” is an extra
property in the rhombus definition, the lack of the term of “closeness” or
“quadrilateral” is an insufficient characteristic in the student definition. Therefore,
by virtue of new ideas that were generated in collaborative peer discussion of the
clip, prospective teachers had a chance to elaborate and develop their knowledge
about students’ definitions from the angle of understanding the role of necessary and
sufficient conditions for providing mathematically correct definitions. This
conclusion was supported with the comments written after group discussion of video
clip 6. Some salient statements taken from reflection papers written after group

discussion were given below.

My knowledge about the students’ possible definitions was improved after discussion.
Student in video did not emphasize the necessity of closeness for figure while defining
rhombus. She said that it is only a figure. | saw that student has serious problems in
definition of figure [Maya, ADRP-MCVC6].
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There are so many changes in my mind before and after discussion. The most
important one of them is that | need to understand students’ aim in their definition
very well. T have noticed in question “Is it sufficient to say “a figure” and not to say
“closed” when defining quadrilaterals” that: What degree will any student be
consistent when we draw figures suitable to this student’s [personal] definition?
[Zehra, ADRP-MCVCE].

Above statements indicated that even though prospective teachers defined all
concepts establishing necessary and sufficient conditions in the individual pre-
interviews they could not evaluate students’ definition in terms of necessary and
sufficient conditions before the teaching experiment. However, group discussion
enabled them to realize unnecessary conditions or extra properties in the student’s
rhombus definition.

The summary of the common developments in prospective teachers’
pedagogical content knowledge about definitions of quadrilaterals throughout

teaching sessions was given in Figure 31.
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Figure 31. Summary of PSTs’ developments in PSTs’ PCK related to definitions of quadrilaterals in teaching session
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4.2.2 Developments in  prospective teachers’ knowledge about

constructions of quadrilaterals

In the individual pre-interviews, prospective teachers generally did not provide
detailed predictions about students’ possible “errors” and “difficulties” when
drawing quadrilaterals. They only anticipated the presence of students’ possible
prototypical and nonhierarchical constructions of quadrilaterals. However, they
began to notice students’ errors and difficulties in the constructions of quadrilaterals
though analyzing and discussing video cases. In this regard, they found students’
construction processes in some video cases such as MCVC1, MCVC3, MCVC7, and
MCVCS8 as noteworthy events in the teaching experiment process. These noteworthy

events were grouped into three categories as in Table 22.

Table 22. Students’ constructions PSTs determined as noteworthy events in MCVCs

MCVCs Concept Students’ constructions in Errors/Difficulties
MCVCs

MCVC1 Parallelogram Two parallel line segments Overgeneralization

MCVC1 Parallelogram A prototypical trapezoid error

MCVC8 Trapezoid A five-sided convex polygon

MCVC7 Trapezoid A prototypical right trapezoid ~ Undergeneralization

MCVC7 Trapezoid A five-sided convex polygon ~ €rror

MCVC3 Parallelogram Prototypical and hierarchical Difficulty in
parallelogram examples construction of non-
prototypical figures

In the following, how prospective teachers developed their knowledge about
constructions of quadrilaterals by recognizing, interpreting, and discussing (i)
overgeneralization errors, (ii) undergeneralization errors, and (iii) difficulties in
students’ construction processes was mentioned in the teaching experiment sessions

by highlighting the noteworthy events.
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4.2.2.1 Developments in PSTs’ knowledge while reasoning about students

overgeneralization errors in constructions

4.2.2.1.1 Noteworthy events in MCVC1

As seen in Table 22, a seventh grade student firstly constructed two parallel line
segments (e.g. [LK] and [MN] in Figure 32) as a parallelogram example. After |
asked the student to construct a four-sided figure, the student incorrectly drew two
line segments with non-equal length ([LM] and [KN]) and claimed that these two

line segments were equal length in spite of being different length.
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Figure 32. Student’s parallelogram constructions in MCVC1

42.2.1.1.1  Recognizing and interpreting student’s constructional error

When prospective teachers individually examined MCVCL, they realized that the
student made an incorrect construction of parallelogram. Furthermore, they found
this situation as a noteworthy event to comment in their reflection paper because they
were surprised to see the student’s construction of parallel line segments as an
example of parallelogram. While some of them (e.g. Asli and Deniz) only described
how the student constructed parallelogram in the clip; others also provided
interpretations about the possible reasons why the student drew an incorrect figure as
an example of parallelogram in the clip. Three prospective teachers interpreted the
meaning of student’s construction of incorrect parallelogram figure in their reflection

papers based on student’s description. Some notable comments taken from
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prospective teachers’ individual video analysis reflection papers were presented and

interpreted in the following:

The student thought only the parallelism of sides because she did not know
parallelogram is also a quadrilateral. For this reason, she considered her construction
as parallelogram although it involves non-equal opposite sides and only one pair of
parallel opposite sides. | think that the reason of the student’s misconceptions is lack
of knowledge about definition of parallelogram. Because of that she had difficulty
when constructing [a parallelogram][Beril, BDRP-MCVC1].

The student in video thought that a quadrilateral is parallelogram if it has at least one
pair of parallel opposite sides. Furthermore, she thought parallelogram as only two
parallel line segments due to the Turkish meaning of “paralelkenar”. This student
could misunderstand the definition of parallelogram in their math lesson [Ece, BDRP-
MCVC1].

In these statements, Beril and Ece inferred that because the student did not
know the definition of parallelogram, its construction became incorrect. Furthermore,
Ece provided an additional claim about the reason of incorrect construction by
focusing on the semantic and syntactic structure of “parallelogram” in Turkish
language. (Remember that in Turkish language, “paralelkenar” used instead of
“parallelogram”. “Paralel-kenar” is a word with the combinations of “parallel-
parallel” and “kenar-the edge”.). On the other hand, two prospective teachers (Zehra
and Emel) provided an additional comment to explain the reason of incorrect
construction by pointing a noteworthy event in the clip. According to them, the
student in the video clip treated four corner points as the sides of parallelogram.
Finally, Maya focused on the inconsistency between student’s expressions and
constructions about parallelogram. More specifically, she commented on the student
drew LMNK quadrilateral in Figure 32 as an example of parallelogram although the

figure involves non-parallel opposite sides of [LM] and [KN].
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422112 Making inferences about reasons of student’s constructional

error

After prospective teachers individually examined the video clip, | asked a question in
order to understand their expectations about the student’s incorrect parallelogram

construction in the group discussion process (see Episode 10)

Researcher  Actually, | wondered that have you ever expected such kinds of
constructions when you think the student’s definition.

Deniz I had never expected that any student could draw two parallel line
segments [as an example of parallelogram].

Beril | also did not expect.

Zehra I expected that the student at least would know parallelogram as a
closed figure.

Ece Considering the student’s definition, I supposed that she would draw a
rectangle.

Researcher  In a moment of the video, the student said parallelogram must have four
sides when | asked her how many sides a parallelogram has.

Emel In my opinion, the student could not differentiate between corner and
side. She said there are four sides but, she counted corners as the sides
of parallelogram.

Maya When the researcher asks her to complete figure to being a [four-sided]
parallelogram, the student drew two additional sides as [LK] and [MN]
[in Figure 32]. Although KLMN is a trapezoid she treated it as a
parallelogram. Also, she said this figure seems not regular.

Deniz The student mentioned about the inclination of [LK] and [MN]. She
intuitively understood these line segments are not parallel.

Zehra After that, the student also said that these line segments are equal
length. If student knew the parallelism, there is also a problem because
she identified all trapezoids as the examples of parallelogram [in
identification task]. | could not understand what the logic of identifying
trapezoids as parallelogram was.

Deniz | think it is clear because the student treated all figures having at least
one parallel opposite sides as a parallelogram.

Beril I think that the student was confused about hierarchical relations
between parallelogram and trapezoid. She inversely interpreted this
relationship.

Researcher Ok, why did the student misinterpret this relationship?

Oya It can be related to side properties of trapezoid since it involves one pair
of parallel opposite sides.

Asli I think that the student solely focused on the parallelism of sides and
she did not know other sub-geometric concepts.

Zehra I also think that student did not know the closeness and the
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[mathematical] meaning of quadrilateral.

Maya Alternatively, | think that she defined and drew parallelogram by
focusing on word meaning of “paralelkenar” in ordinary [Turkish]
language.

Episode 10 taken from group discussion of MCVC1

As a response to my question, Zehra explained her expectation about students’
possible construction of parallelogram at least as a closed figure while Ece expected
that the student would construct a rectangle considering the student description of
parallelogram (Remember the student’s description as parallelogram is two line
segments in same proportion.). After obtaining information about prospective
teachers’ expectancies about student’s parallelogram construction, | raised the
discussion on student’ parallelogram perception as a four-sided figure by giving the
student’s some inconsistent explanations from the clip as an evidence. This prompt
guided group members to seek the reasons why student provided such inconsistent
explanations. At this point, they offered a few details. For example, Emel claimed
that the student did not differentiate between corner points (L, K, M and N) of two
parallel line segments that she constructed and the number of sides in any
parallelogram figure. In the following they began to search some evidences from the
clip to make inference about student’s mathematical thinking in video. Hereon, Maya
changed the direction of discussion by putting emphasis on the non-parallel sides in
the student’s four-sided parallelogram example. Deniz made a prediction on the
reason why the student treated trapezoid as a parallelogram. She proposed that the
student thought the figure as a trapezoid after she saw non-parallel sides. As a
connecting idea, Beril built her proposal that the student in video clip was confused
with hierarchical relation among trapezoid and parallelogram. At this point, |
elaborated to the discussion by asking possible reasons of student’s confusion about
hierarchical relations of quadrilaterals. Here, Oya firstly proposed that the student
focused on the presence of one parallel opposite sides in any geometric figure. Asli
supported Oya’s interpretation and offered an explanation that the student did not
know basic geometric concepts. Zehra provided details about the reasons of student’s
incorrect construction of parallelogram such as lack of knowledge about closeness of
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parallelogram and the definition of quadrilateral. Hereon, Maya came to challenge
with Oya’s and Zehra’s ideas and then offered an alternative perspective for the
reason of student’s incorrect construction. She inferred that the student constructed
her figure considering the meanings of the words of “paralel” and ‘“kenar” in
“paralel-kenar” that is used for “parallelogram” in Turkish language. In summary,
this episode taken from group discussion of MCVC1 indicated that prospective
teachers had opportunities to develop their initial perspectives and knowledge about
student’s incorrect parallelogram constructions and possible reasons of incorrectness

in the constructions by virtue of sharing their ideas in a social learning environment.

4.2.2.1.1.3  Building connections between student’s constructional error

and instructional strategies

Up until this point, the group had focused on the student’s constructional error and
the possible reasons of the error. However, my question that aims to learn PSTSs’
instructional strategies to overcome students’ similar incorrect constructional errors
moved the discussion towards a new point in which they focused on some suggestive
ideas on the issue as in Episode 11. They now reached a point in the discussion
where they need to begin to unpack the pedagogical content knowledge further in

order to claim alternative solution strategies.

Researcher As a teacher, you have ten or fifteen students who had similar
conceptions. What will you plan to overcome problem in their
conceptions?

Oya It is clearly seen from the student’s construction that there is a
misconception here.

Ece We should overcome.

Beril I suggest special quadrilaterals must be taught beginning from trapezoid

because students were confused when differentiating between
parallelogram and trapezoid. | will make the explanation of every
parallelogram is a trapezoid, but every trapezoid is not a parallelogram.
Thus, they can understand the relationship between parallelogram and
trapezoid. In addition, they are able to understand the necessity of two
pair of opposite sides must be parallel in a parallelogram.

Ash | think that | can prepare an activity involving grid paper. In the video, |
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realized that the student had difficulties when constructing figures. In
my activity, | can ask them to construct the examples of parallelogram
or | can use geoboard for same purpose. After | ask them to construct
figures, | can observe what they do.

Zehra I can draw a Venn diagram on the board. Then, | can draw examples of
figures in diagram. Thus, students are able to see the difference between
parallelogram and trapezoid.

Researcher  Is there anyone who disagrees with or challenges the Zehra’s comment?

Emel | disagree with Zehra because students already have difficulty when
drawing a figure. Instead of giving all figures on the board, we can ask
them to construct. We understood from the videos that student even
treated two parallel line segments as a parallelogram. Furthermore, she
could not draw a [prototypical] parallelogram. As | were a teacher, |
would ask students is this figure [two parallel line segments] a
quadrilateral? Then, | ask the question of what do we need to say this
figure a quadrilateral? | prefer a student-centered approach instead of
giving all things.

Episode 11 taken from group discussion of MCVC1

At the beginning of the episode, Oya emphasized the presence of the student’s
misconception by considering the student’s incorrect parallelogram construction.
Following that, Ece implied the necessity of overcoming such kinds of
misconceptions. Hereon, Beril proposed a teaching strategy in which she proposed
that starting trapezoid when teaching quadrilaterals can be useful to avoid students’
inabilities to differentiate parallelogram and trapezoid. Differently, Ash explained
her future instructional plan by mentioning about which material she wants to use for
which purpose. According to her, using grid paper or geoboard might be helpful to
prevent students’ constructional difficulties. At this point, Zehra suggested an
alternative approach in which she aimed to draw a Venn diagram with the examples
of quadrilaterals in order to make emphasis on the main differences between
parallelogram and trapezoid. Up to this point, they generally focused on instructional
materials and representations. However, the question of “is there anyone who
disagrees with or challenges the Zehra’s comment?” activated Emel to explain her
disagreement. By referencing the student’s parallelogram construction in MCVC1,
Emel proposed that instead of drawing all figures on the board in the lesson, it should
be asked the students to construct related quadrilaterals. By indicating student’s two

parallel line segments construction as an example of parallelogram, she claimed that
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questioning students’ knowledge about basic geometric concepts such as the
construction and the meaning of “quadrilateral” is necessary before starting to
construct a parallelogram figure. By the end of the teaching sessions, Emel’s
interpretation was taken under serious consideration as a milestone by all group’s
members. As a result, they suggested some different solution ways to overcome
student’s constructional errors in their after discussion reflection papers and revised
lesson plans. For instance, Maya, Ece, and Asli added grid papers to their lesson
plans for the constructions of quadrilaterals. Furthermore, Zehra, Ece, Oya, and Ash
adopted a student-centered approach instead of direct teaching approach in their
revised lesson plans. While they had preferred to give all examples of quadrilaterals
in a paper before lesson plan revisions, they decided to add grid papers by asking
students to draw example figures. Finally, Zehra and Ece added some explanations
about the meaning of quadrilaterals in their lesson plans by taking account of Emel’s

suggestion in Episode 11.

4.2.2.1.2 Noteworthy event in MCVC8

Analyzing and discussing the student’s mathematical thinking in MCVCS8 also had a
contribution to prospective teachers’ pedagogical content knowledge related to
understanding student’s constructional errors and difficulties related to quadrilaterals.
At the beginning of the clip, the student described trapezoids as the irregular
polygons. Then, she initially drew a five-sided polygon as an example of trapezoid
(see Figure 33-a) although she said that she could not remember how to have a shape
of trapezoid. In the following of the clip, although the student stated that trapezoids
have no parallel sides, she constructed an additional example of trapezoid as ABCD
quadrilateral having parallel opposite sides of [AB] and [DC] in the grid paper (see
Figure 33-Db).
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(a) (b)
Figure 33. (a) Student’s five-sided construction as an example of trapezoid (b)

student’s trapezoid construction that she proposed it has no parallel sides

Prospective teachers’ individual pre-interview data revealed that only Emel and
Oya predicted that students can draw a quadrilateral having no parallel sides as an
example of trapezoid. Furthermore, Emel provided an additional prediction on
students’ possible trapezoid constructions by proposing that students can draw
irregular figures, which are not polygon, in order to exemplify trapezoid figure in the
grid paper. However, all prospective teachers could not predict students’ trapezoid
constructions having more than four sides or the inconsistencies among the

constructions of trapezoid as seen in Figure 33.

422121  Recognizing and interpreting student’s constructional error

When they individually examined the student’s thinking about trapezoid in MCVCS,
they noticed that student constructed both a five-sided polygon and a four-sided
quadrilateral as the examples of trapezoid. In the individual video analysis reflection
papers, while Maya only described the figure the student drew, the others made
inferences about why the student drew a four-sided quadrilateral having one pair of
parallel sides in spite of mentioning the lack of parallelism of the sides of trapezoid
or why the student drew five-sided figure. Ece and Asli focused on the reason of
student’s five-sided construction of trapezoid. They offered that the student made the
constructions considering the word meaning of trapezoid in Turkish language. Ece’s

statements included:
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Student drew a rotated trapezoid in grid paper without awareness because she said that
there is no parallel opposite sides in trapezoid. This was an unpredictable situation for
me. The student drew a five-sided figure. There is no word such as “dortgen” in
“yamuk” as in “dikdortgen” [“dortgen” corresponds to “quadrilateral” in Turkish
language]. Thus, language can be a possible reason of the student’s confusion [Ece,
BDRP-MCVCS].

Differently, remaining prospective teachers concentrated on student’s
inconsistent responses and second construction of trapezoid in Figure 33. Three of
them (Emel, Deniz, and Oya) specifically focused on the student’s inconsistent
responses and second construction of trapezoid. They thought that the student might
not know the parallelism of line segments because the student drew a non-
prototypical trapezoid according to exclusive relations among quadrilaterals in the
grid paper although the student previously stated that there were no parallel sides in a
trapezoid figure. Finally, Zehra provided a comment in her reflection paper in which
she argued that the student drew a five-sided polygon due to the influence of visual
appearance of an exclusive trapezoid figure on the student’s concept images about
trapezoid. Consequently, individual video analysis data revealed the diversity of
prospective teachers’ interpretations and inferences about the meaning and the

reasons of student’s constructional error.

4.2.2.1.2.2 Making inferences about reasons of student’s constructional

error

In the discussion process that was conducted after prospective teachers finished to
individually examine the clip and to write their reflection papers about student’s
mathematical thinking about trapezoid, | asked a question in order to understand their
expectations about students’ possible trapezoid constructions before participating the

teaching experiment (see Episode 15).

Researcher Do you remember what have you predicted about students’ possible
trapezoid constructions in our pre-interviews?

Emel | expected that student draw an irregular figure. However, | did not
expect that she would not draw a polygon because trapezoid is involved
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in quadrilaterals set.

| also thought that students do not draw a figure having more than four
sides as an example of trapezoid.

| thought that students can treat quadrilaterals having non-parallel sides
as the examples of trapezoid.

What did you think when you saw the student’s trapezoid constructions
in video?

I did not expect the student might draw a five-sided polygon because
students learn trapezoid in the context of quadrilaterals.

| agree with you. Moreover, she constructed a rotated trapezoid [as in
Figure 33-b]. Students generally could not draw such a figure.

However, she said that there is no parallel opposite sides in the figure
although there is one pair of opposite sides in Figure 33-b.

She was unaware about whether her construction involved parallel sides
or not.

In my opinion, she did not know parallelism concept.
| think she knew neither parallelism nor trapezoid.

Interesting, she drew correctly [a non-prototypical] trapezoid, but she
did not know what parallelism means. Also, she said there are no
parallel sides.

| think they coincided.

| agree. | think that she did not also know the meaning of quadrilateral
well because she firstly drew a five-sided shape in Figure 33-a. In the
following of the video clip, she identified parallelogram and rectangles
as trapezoids. In my opinion, student made a messy classification in
terms of trapezoid.

When someone asks what trapezoid is, students did not consider the
properties of sides. According to students, the presence of on-equal
sides in a polygon is enough to identify a figure as a trapezoid.

Episode 12 taken from group discussion of MCVC8

Emel began to express her expectations about students’ possible constructions

such as an irregular shape. Additionally, she mentioned that she did not expect
students could draw a polygon having more than four sides as an example of
trapezoid. Here, Beril supported Emel’s expectations. Differently, Oya provided an
explanation involving an expectation of students’ possible quadrilateral construction
having no parallel sides as an example of trapezoid. After that, | shifted the
discussion on the constructions which the student drew in MCVCS8 to understand
how they interpreted in more detail. At this point, Beril stated that | did not expect
the student might draw a five-sided polygon because students learn trapezoid in the
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context of quadrilaterals. Ece provided additional information to develop an idea.
Her explanations showed that she could not discount any student can draw a non-
prototypical trapezoid example. In the following, Oya directly focused on student
inconsistent responses about the presence of parallelism of sides in a trapezoid by
giving evidence from the clip. In response, Ece suggested that the student was not
sure the parallelism of opposite sides in Figure 33. As an alternative viewpoint, Asl
offered the lack of student’s knowledge about parallelism concept. Emel added an
idea in which she claimed that the student have knowledge about neither trapezoid
nor parallelism. Deniz summarized the situation under the discussion by focusing on
how the student arranged the line segments as being parallel in the grid paper. After
challenging Deniz’s claim, Emel explained her interpretation that the student drew
parallel line segments in the figure by chance rather than consciously arranging them.
After supporting all ideas in the discussion episode, Asli summarized student’s
mathematical thinking by giving some evidences from the video clip. As a final
point, Ece made an inference about students’ trapezoid image in their minds based on
the length of the sides of any trapezoid figure. In sum, this episode is significant
prospective teachers’ justifications and interpretations clearly showed how their
knowledge on student’s mathematical thinking reemerged in group discussion
process. Thus, they reached new conclusions to explain why the student developed
such thinking when constructing a trapezoid by sharing their ideas with the peers.
Moreover, after group discussion process, prospective teachers excluding
Emel, Deniz, and Oya explained her own development in their after discussion

reflection paper. To illustrate, Ece’s statements were given in the following:

| had thought that the student solely focused on the word meaning of trapezoid in
Turkish language when individually analyzing the clip. However, I found my friends’
inference because they supposed that the student could not know the meaning of
parallelism. Basic sub-geometric concepts are very important. Even if students know
the word meaning of a concept, they cannot draw the figure if they do not know
parallelism. Group discussion enabled me to receive this issue [Ece, ADRP-MCVC8].

As seen in the example statements, prospective teachers noticed the importance

of basic geometric concepts in addition to the influence of linguistic factors on the
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student’s trapezoid constructions. To conclude, throughout the teaching experiment
process, analyzing and discussing the student’s constructions of quadrilaterals in the
micro case video clips such as MCVC1 and MCVC8 had many contributions to the
prospective teachers’ pedagogical content knowledge in terms of understanding
middle school students’ mathematical work since they noticed both students’
overgeneralization errors and questioned their reasons in social learning

environment.

4.2.2.1.2.3  Building connections between student’s constructional error

and instructional strategies

Another crucial development in PSTs pedagogical content knowledge occurred after
the group discussion of MCVC8 because they needed to develop different solution
strategies in their reflection papers for overcoming students’ constructional errors.
For example, Zehra and Asli suggested that it is useful to use interactive geometry
programs such as Geogebra for overcoming students’ constructional errors of
trapezoid in their written statements. Furthermore, four PSTs (Ece, Beril, Emel, and
Oya) mentioned the effectiveness of using grid papers in constructions of

guadrilaterals. Some example written statements were given in the following:

We should teach how parallel line segments can be constructed by using a student-
centered teaching strategy before teaching quadrilateral to the students in order to
overcome misconceptions about parallelism that we saw in video clips [Ece, ADRP-
MCVCS3].

I noticed that the student could not pay attention to whether line segments are linear or
not. For example, she tried to construct a square and a triangle to produce a trapezoid
when completing a figure having only two sides of trapezoid. In order to overcome
such problem, we can ask them to construct figures in grid paper in our lessons.
Specifically, we firstly show parallel line segments. In the following, we can ask them
to construct various parallel line segments in grid paper [Beril, ADRP-MCVC8].

In these proposals, Ece and Beril focused on the importance of determining
whether students know basic geometric concept such as parallelism or not before

teaching a new concept such as trapezoid. Furthermore, according to them, utilizing
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grid papers for the constructions of quadrilaterals was found reasonable and efficient
with a student-center teaching method. Differently, Maya and Zehra concentrated on
the possible positive influence of using non-examples in teaching process for
preventing students’ overgeneralization errors in which students treat some non-
examples as examples by extending their knowledge to another context in an
inappropriate way. Consequently, such kinds of solution strategies clearly indicates
the inevitable effect of analyzing and discussing MCVCs on PSTs’ PCK involving

instructional strategies.

4.2.2.2 Developments in PSTs’ knowledge while reasoning about students’

undergeneralization errors in constructions

4.2.2.2.1 Noteworthy event in MCVC7

As mentioned before, the student in MCVC7 defined trapezoid as the combinations
of a square and a triangle at the beginning of the clip. After defining, the student
constructed Figure 34-a as an example of trapezoid. | asked her to continue the
partial construction as being a trapezoid in the Figure 34-b in which only the sides of
[AB] and [AE] were given. At this point, the student constructed a five-sided figure

instead of a four-sided figure.

(a) (b)
Figure 34. (a) Student’s first trapezoid construction; (b) second trapezoid

construction
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4.2.2.2.1.1 Recognizing and evaluating student’s constructional error

In the individual video analysis process, prospective teachers’ reflective comments
showed that they were surprised with the student’s five-sided construction of
trapezoid because the student said that trapezoid has only four sides at the beginning
of the clip. In their reflection papers, five of them only focused on the incorrectness
of the construction due to having five sides rather than focusing on how the student
thought when drawing a five-sided figure and why the student drew five-sided figure.
However, Emel and Ece not only evaluated the correctness of the student’s
construction of five-sided figure in terms of being a trapezoid example but also they
proposed some claims involving the possible reasons of incorrect trapezoid
construction. Some notable statements taken from individual video analysis

reflection papers were exemplified in the following:

Moreover, the student tried to combine a square and a triangle by looking at her
personal definition in figure completion process. However, she could not recognize
her trapezoid construction having five sides instead of four sides [Ece, BDRP-
MCVCT].

As seen in these example statements, they offered a claim in which they
proposed that the student tried to construct a figure considering the student’s
personal description of trapezoid. In the following, they specifically concentrated on
the student’s awareness about the incorrectness of the construction of trapezoid. On
the other hand, in the individual video analysis reflection paper, Beril drew attention
to the inconsistencies between the student previous statement about the number of
sides of trapezoid and the student’s five-sided construction of trapezoid. Next, she
continued her reflections by suggesting a reason why the student constructed five-
sided figure as an example of trapezoid. Her comments indicated that she thought
that the student did not carefully construct by considering the properties of grid paper
or the student might not know all critical features of the trapezoid. In summary,

individual video analysis reflections showed that many of participants only described
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how student constructed trapezoid in the clip without providing interpretive

comments.

4.2.2.2.1.2  Interpreting student’s constructional error

In the discussion process of the clip, | asked a question about student’s trapezoid
construction in order to understand how prospective teachers will interpret the
student’s trapezoid constructions within a social learning environment. As seen in

Episode 13, this question initiated the discussion between group members and me.

Researcher ~ What did you notice about the student’s constructions of trapezoid?

Ece When completing the shape in Figure 34-b, the student tried to construct
trapezoid considering her personal definition. As a result, she firstly
tried to construct a square. Then, she put a triangle to the next of square.

Maya I think the most interesting thing in video was the student’s figure
completion process. | never predict she produced such kind of
trapezoid.

Emel Although she said this figure have four sides she constructed five-sided
figure.

Ece In my opinion, she could not pay attention to the non-linearity of the
combination of [DE] and [EA].

Deniz Really, I did not notice [when individually analyzing the video]

Ece Absolutely, she firstly tried to draw a square as in her definition.

Episode 13 taken from group discussion of MCVC7

After my prompting question, Ece explained the way student constructed
trapezoid. She claimed that the student tried to apply her definition on the
construction of trapezoid. More specifically, she considered that the student tried to
combine a square and a right triangle in the given incomplete figure. Then, Maya
explained her inexpectations on a five-sided figure construction. In the following,
Emel specifically focused on the inconsistency between student’s explanations about
the number of any trapezoid and five-sided construction as a trapezoid. At this point,
Ece offered a claim for the reason of the student’s five-sided trapezoid construction.
She claimed that the student did not realize nonlinearity between line segments of

[DE] and [EA]. Here, Deniz developed an understanding about the reason why
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student constructed a five-sided figure as a trapezoid example. In conclusion, as we
see it from the episode, mathematical arguments that provided PSTs shifted from
descriptive stance to evaluative and interpretive stance because they provided new
and alternative comments to explain the reason why this student drew a five-sided

figure as an example of trapezoid.

4.2.2.2.1.3 Making inferences about reasons of student’s constructional

error

In order to elaborate the issue under the discussion, | posited a new question that
enabled the elaboration of the discussion like in Episode 14 for thinking additional

reasons of the student’s incorrect trapezoid construction.

Researcher ~ Why did the student draw a five-sided polygon as an example of

trapezoid?

Emel If the researcher gave the line segments of [AB] and [AE] as a linear
position, the student could draw four-sided figure as trapezoid?

Maya Because the researcher gave half of the figure in grid paper the student
had difficulty to construct remaining part of trapezoid.

Ece She could not provide linearity of [DE] and [EA]. She envisioned
CDEB as a square by considering her definition of trapezoid.

Beril She could not correctly complete the figure.

Aslh The student might think the line segments of [DE] and [EA] as linear
because they seems linear.

Maya I agree with you. She could not recognize non-linearity.

Episode 14 taken from group discussion of MCVC7

For instance, Emel made a prediction that if | gave the incomplete figure that
can be completed as a prototypical trapezoid, student can easily completed the figure.
Based on the Emel’s interpretation, Ece again built her idea in which she claimed
that the student did not construct linearity between line segments of [DE] and [EA]
in the grid paper. Moreover, Beril supported Ece’s idea. Then, Asli provided a new
perspective by claiming the student could not realize whether line segments of [DE]
and [EA] are linear or not. Hereon, Maya supported her. The statements at the end of
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the episode was clearly an indicator of the development in Asli’s and Maya’s
pedagogical content knowledge about students’ mathematical thinking because she
only described how the student constructed trapezoid in her individual reflection
paper.

Moreover, PSTs’ reflection papers written after the group discussion also
showed up the developments in prospective teachers’ pedagogical knowledge about
understanding students’ constructional errors related to quadrilaterals and their
possible reasons. Their comments reflected that they interpreted student’s
construction beyond the description or evaluation of the noteworthy events in the clip
because they commented on how the student reasoned geometrical figures or why the
student constructed such a figure. Some developments in their knowledge were

explicitly asserted in the following excerpts.

In the group discussion, by the help of my friends’ ideas, | noticed that the student
could not recognize whether her construction is a quadrilateral or pentagon [Deniz,
ADRP-MCVCT].

In the group interaction, an interpretation about how the student responded the
questions was very useful for me. In the group discussion, for example, | recognized
that although the student wanted to obtain a quadrilateral when drawing, she could not
adjust the points on a linear line in grid paper and she produced a pentagon [Asli,
ADRP-MCVCT].

| had thought that the student in VC7 did not pay attention to the parallelism of

opposite sides in the following figure -/, but | had never thought she tried to
construct trapezoid as the combination of a square/rectangle and a triangle before
group discussion [Maya, ADRP-MCVCT].

It was evident that Deniz explained that after the group discussion, she noticed
the student could not realize whether Figure 34-b is a quadrilateral or pentagon.
Furthermore, in individual video analysis, Asli’s comments indicated that she only
identified what student draw in the clip. However, after discussion reflection paper,
she commented on the development in her knowledge about student’s mathematical
thinking due to realizing the relation between student’s description and constructions

of trapezoid. On the other hand, Emel’s comments showed that she developed her
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perspective about the reason why the student drew five-sided figure as a trapezoid
example. Before group discussion, she offered a claim that the student tried to
construct a figure considering her description of trapezoid. However, after the group
discussion, she developed a new viewpoint about the reason of five-sided
construction because the group proposed that the student might perceive the line
segments of [AB] and [CD] as linear. In a similar way, Maya developed her
knowledge about the reason of the student’s incorrect drawing since she noticed the
relationship between student’s description and drawing as the combinations of a

square and a right triangle.

4.2.2.3  Developments in PSTs’ knowledge about students’ difficulties in non-

prototypical figure constructions

In the pre-interviews, although prospective teachers predicted students’ tendency in
construction of prototypical figures, they did not consider students’ possible
difficulties in construction of non-prototypical quadrilaterals. However, as they
analysed and discussed video cases in teaching sessions, they realized that students
had difficulties in construction process of geometric concepts. A noteworthy example
was given in the following.

The student in MCVC3 firstly constructed a square as an example of
parallelogram. After | asked him to construct two more examples of parallelogram,
he constructed two additional examples in Figure 35-b and Figure 35-c. Although the
student drew a parallelogram in Figure 35-b and a rectangle in Figure 35-c, he
inappropriately named the figures as “parallel-rectangle” and “parallel-square”

respectively.
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(a)
Figure 35. (a) Student’s first parallelogram construction as ACDB square; (b) BDCA

named as “parallel-rectangle”; (¢) BCDA rectangle named “parallel-square”

Most of prospective teachers’ reflection papers written in individual video
analysis process of the clip indicated that they did not consider the student’s different
parallelogram constructions and denominations of these constructions as a
noteworthy event when individually analyzing the events in the MCVC3. Instead,
they generally focused on the correctness of student’s constructions or other
significant events in the clip instead of the reason why the student always needed to
construct a rectangle or square to provide parallelogram examples. However, after |
asked a question about the types of student’s parallelogram construction to the group
in the discussion process of student’s mathematical thinking about parallelogram,
they wondered why the student always tried to construct a rectangle or square instead
of typical parallelogram examples. Corresponding episode taken from group

discussion of MCVC3 was given and interpreted in below.

Researcher  What kinds of figures did the student when | ask him to construct a
parallelogram?

All group Square and rectangle!

Deniz However | found interesting something. For example, he named
quadrilaterals in Figure 35 as parallel-rectangle and parallel-square. |
never predict such kind of thinking before watching this video.

Asli Such constructions in Figure 35 indicate that he made a personal
classification for parallelogram. It is really interesting.
Beril However, parallel-square named by the student is not actually a square

and he was unaware. | think that this student could not differentiate
between square, rectangle, and parallelogram.

Deniz | expected that the student immediately drew a well-known
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parallelogram, but he always drew a rectangle and square. | wonder why
did he think that?

Emel In my opinion, he could not draw other types of parallelogram.

Researcher ~ Why could not he draw?

Ece He found easy to construct square in the grid paper.

Zehra Additionally, he said that | would draw this figure when the researcher
drew a prototypical parallelogram in the video.

Ece He even explained why he could not construct. He believed that he could
not construct equal length sides in the grid paper.

Deniz Interesting! 1 missed this point.

Maya | could not pay attention this point when individually analyzing video.

Episode 15 taken from group discussion of MCVC3

| oriented the discussion on the student’s constructions of parallelogram. As
soon as they examined the constructions, they have realized that the student drew
square or rectangle whenever | asked him to draw an example of parallelogram in the
clip. At this point, Deniz focused on student’s naming style of the quadrilaterals
(remember that the student named Figure 35-b and Figure 35-c “parallel-rectangle
and parallel-square respectively). Here, Asli offered a new proposal that the student
interestingly asserted a personal classification for parallelogram. However, Beril
pointed out the incorrect naming of the parallelograms such as parallel-square. She
explained that although the student constructed a rectangle in Figure 35-c, he treated
the figure as a square. Furthermore, she claimed that the student did not know the
differences between rectangle, square, and parallelogram. Up to this point, they
discussed the types of student’s parallelogram construction. However, after Deniz
wondered the reason why the student always tried to draw a rectangle or square
instead of a prototypical parallelogram figure they began to produce new ideas about
the possible reasons why the student did not prototypical parallelograms. In response
to Deniz, Emel claimed that the student could not draw other kinds of
parallelograms. Oya elaborated Emel’s idea by proposing that the student found easy
to draw square in a grid paper. After | prompted the discussion with a question
seeking the information about the reason why the student had difficulty to draw
parallelogram figure, Zehra and Ece provided some evidences from the clip in order

to explain student’s difficulty. They put emphasis on the student’s self-explanations
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about the difficulty in drawing a (prototypical) parallelogram. By the help of these
salient evidences, Maya and Deniz realized that they could not carefully pay
attention student’s explanations in the clip. As a result, they realized some details
about student’s errors and difficulties in the construction of parallelogram.

The summary of the common developments in prospective teachers’
pedagogical content knowledge about constructions of quadrilaterals throughout

teaching sessions was given in Figure 36.
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4.2.3 Developments in prospective teachers’ knowledge about students’

nonhierarchical/prototypical concept images of quadrilaterals

In the individual pre-interviews that were conducted before the teaching experiment,
all prospective teachers predicted that students might have prototypical and
nonhierarchical concept images about quadrilaterals. For example, most of them
thought that students would not consider rectangle as an example of parallelogram or
trapezoid. As another example, they proposed that giving parallelogram example in
Figure 37-b to the students when teaching the concept certainly prevents the
formation of prototypical concept images about parallelogram like in Figure 37-a.

(a) (b)
Figure 37. (a) PSTs’ prototypical parallelogram examples (b) PSTs’ non-prototypical

parallelogram examples

On the other hand, throughout teaching sessions, they began to recognize that
some students’ concept images sometimes can be inflexible or unstable (Note: |
mean that inflexible concept images are the images that are resistance to change.
Such images generally develop over a prototypical example. For example, if a
student has inflexible concept image about square s/he cannot inflexibly imagine
square rotated by 45° as an example of square. Instead s/he treats it as an example of
rhombus. On the other hand, unstable concept images do not mean a flexible change.
| used the term of unstable to reflect changing images inconsistently in a learner’s
mind. For instance, a student define trapezoid as a figure having no parallel opposite
sides, but s/he also can draw a figure having parallel opposite sides as an example of

trapezoid or s/he can be confused and change her or his mind while studying on a
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task.). All details how they realized and interpreted middle school students’ unstable
or inflexible concept images about quadrilaterals were mentioned in the following
paragraphs according to the noteworthy events in the video clips such as MCVC2
and MCVC6.

4.2.3.1 Developing ideas about students’ prototypical concept images

4.2.3.1.1 Noteworthy events in MCVC2

The student had prototypical and nonhierarchical concept images about
parallelogram in MCVC2. At the beginning of the clip, the student described
parallelogram as ““a distorted figure like a pushed down form of rectangle or square”.
In the parallelogram selection part of the clip, she selected a rotated rectangle (see 11
in Figure 38) as an example of parallelogram and a rotated square (see 9 in Figure
38) as an example of rhombus. In other words, she did not consider a rotated square
and a rotated rectangle as a square and rectangle, respectively. Instead, she said that a
rotated square and a rotated rectangle become a rhombus and a parallelogram,
respectively. Furthermore, the student considered that a typical square and rectangle
cannot be an example of a rhombus and a parallelogram, respectively. This situation

showed inflexible nature of the student’s conceptions about parallelogram.
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Figure 38. Student’s parallelogram selections in MCVC2
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Another crucial point in the clip was that the student firstly treated rhombuses
(see 5 and 13 in Figure 38) as an example of parallelogram. However, she decided to
exclude all rhombuses from her parallelogram selections after discussing whether a
square is a parallelogram or not with me. At the end of the clip, the student changed
her mind and provided nonhierarchical selections for parallelogram considering the
equal sides in rhombus by stating that only opposite sides must be equal in a

parallelogram, which showed unstable nature of the student’s conceptions.

4.2.3.1.1.1  Interpreting the student’s inflexible and unstable concept image

PSTs’ comments in individual video analysis reflection papers indicated that they
provided some interpretive comments about the student’s changing ideas about the
relations of quadrilaterals to find possible reasons and possible solutions to them.

Some example illustrative comments were as following:

In my opinion, quadrilaterals were always given in same orientation by mathematics
teachers in lessons. As a result, students could not identify figures in rotated forms
such as 9 and 11 (see Figure 38). Furthermore, the student had difficulty to consider
whether a rhombus is also a parallelogram or not. Firstly, she looked the equality of
opposite sides. Then, she changed her decision by focusing the length of all sides in
figures. | concluded that this student memorized something without developing an
understanding [Asli, BDRP-MCVC2].

These comments showed that she made some descriptions and interpretations
about student’s prototypical and nonhierarchical concept images about quadrilaterals.
She mentioned that the student did not realize the figures when they turned. Then,
she commented on the student’s changing ideas about the relation between rhombus
and parallelogram by describing the situation in the clip. At the end of the
descriptions, she made inference about possible reason of the student’s prototypical
nonhierarchical concept images by pointing the possibility of student’s rote learning
in math lessons. Nevertheless, she could not provide detailed interpretations and
inferences on how the student reasoned parallelogram and the relations among

quadrilaterals or why the student changed her mind about the relations among
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rhombus and parallelogram throughout the clip. Another example was given in the

following:

The student knew what parallelogram is. However, the appearance of [prototypical]
parallelogram was always imagined in her mind. According to student, a figure must
be pushed down to be a parallelogram. As a result, rectangle and square are not
[examples of] parallelogram. The student used both the equality of the length of sides
and parallelism of opposite sides when identifying a figure as parallelogram. She
knew the necessity of the equality of the length of sides in parallelogram. However,
she thought a figure must involve two [equal length] short sides and two [equal length]
long sides to be a parallelogram. In other words, she thought that the length of all sides
of parallelogram is not equal. As a result, she did not consider square and rectangle as
an example of parallelogram. Firstly, she considered rhombus as a parallelogram
because rhombus has parallel opposite sides. However, she changed her identification
because she focused on the length of sides. The student could not establish a
relationship between rectangle, square, and rhombus due to the lack of understanding
about inclusive relations. She paid attention on the visual properties of [prototypical]
figure. Although all properties of a figure belong to parallelogram, she gave incorrect
responses based n visual properties [Emel, BDRP-MCVC?2].

Emel’s written comments in her reflection paper of individual video analysis
indicated that she initially interpreted student’s parallelogram perception based on
the student’s description and constructions of parallelogram. By referencing her first
comment, she inferred that student did not consider rectangle and square as a
parallelogram. Then, she interpreted how the student selected parallelogram among
different polygon figures. Furthermore, she explained the reason why the student did
not consider square and rectangle as an example of parallelogram in detail.
According to her, the student firstly focused on the parallelism of opposite sides in a
rhombus and considered it as a parallelogram example. However, because all sides of
rhombus are equal length the student did not consider rhombus as a parallelogram.
As a final point, she inferred that the student always focused on the visual
appearance of prototypical parallelogram rather than focusing on critical properties
of parallelogram. In conclusion, when prospective teachers individually examined
student’s mathematical thinking in MCVC2, they realized the unstable nature in the
student’s selections of parallelogram due to the influence of imperfect concept

images developed under prototypicality and exclusivity of quadrilaterals.
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4.2.3.1.1.2  Establishing a relation between student’s concept image and

concept definition

In the group discussion process of MCVC2, | asked a question about how student in
the clip reasoned about the relations among quadrilaterals by drawing attention to the

student’s description of parallelogram (see Episode 16).

Researcher | expected that the student would consider rectangle and square as
parallelogram because she defined parallelogram over rectangle and
square. Did you think the same thing?

Beril When I read the student’s [parallelogram] definition, I thought that she
was able to establish a relationship between parallelogram and
square/rectangle. | had expected that she did not think properties of a
figure do not change when pushing down the figure.

Emel | thought the same thing.
Ece | thought differently.
Deniz I also thought differently because the student directly identified square and

rectangle as non-examples of parallelogram [in identification task]. She
saw the pushed down form of rectangle and square as parallelogram.

Ece She looked inclined position of figures when saying pushed down.

Asli In my opinion, the student could not comprehend the figures when
changing its orientation. The reason of this situation can be related to
mathematics teacher’s teaching styles. Their teacher can draw only
prototypical figures in her/his lessons. Furthermore, the teacher may not
give information about [invariant] properties of a figure and its rotated
form.

Episode 16 taken frrom group discussion of MCVC2

| supposed that the student might select square and rectangle as a parallelogram
due to the involvement of the student’s description of parallelogram in MCVC2. At
this point, Beril and Emel supported my idea. Furthermore, Beril explained that after
listening student’s description she expected that the student can consider a rhombus
as an example of parallelogram because if square is distorted it becomes a rhombus.
However, Ece and Deniz disagreed with me and their peers’ comments. For example,
Deniz proposed that the student thought suppressed form of rectangle or square as a
parallelogram, but not typical form of rectangle and square. In the following, Ece
offered additional information that is directly related to the issue under the

discussion. She offered an observation of an event in the video segment in which the
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student looked for an inclined quadrilateral because she treated parallelogram as a
figure suppressed from cross corners. Hereon, Asli inferred that the student selected
parallelogram under the influence of her rote learning. According to Asl, math
teacher’s instructional approach can lead prototypical concept images in the student’s
mind because giving only prototypical parallelogram example and not giving any
rotated quadrilaterals in the lessons. Consequently, by virtue of discussing the events
in the video segments, prospective teachers elaborated their knowledge about
student’s prototypical concept images by considering the student’s selections of
rotated figures (e.g. 9 and 11 in Figure 38). For instance, while Asli provided
superfluous interpretations about student’ prototypical concept images in her
individual video analysis reflection paper, she made detailed inferences about the
reasons why the student had prototypical concept images about parallelogram in

group discussion process.

4.2.3.1.1.3  Building a connection between student’s changing concept

image and instructional strategies

Up until this point, prospective teachers realized student’s changing ideas about
prototypical and nonhierarchical concept images of parallelogram by examining and
discussing event segments in MCVC2. Furthermore, they had opportunities to
develop their knowledge on what can the reasons of prototypical and nonhierarchical
concept images of parallelogram can be by the help of group discussion of video clip.
After PSTs understood the student’s difficulties about hierarchical relation among
quadrilaterals and rotated figures, | prompted a new question how they provide an
instructional strategy to overcome the student’s such kinds of difficulties and errors.
This question enabled to see PSTs’ potential solution strategies to the problematic

situations in the student’s prototypical concept images (see Episode 17).

Researcher If you were a teacher how would you overcome such type of student’s
misconceptions and errors?
Ece | rotate figures by different angles. Student must see all kinds of
examples because student in video supposed a figure becomes a different
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figure when rotated.

Zehra | firstly give the definition of concept. Then I ask students to try different
constrictions considering the definition in geoboard.
Maya For example, | also draw a square and then | ask students what this figure

becomes after | rotate it. In school, our teachers generally say if you see a
property of geometric figures you can look the figure by rotating. We can
show various examples of a specific concept.

Oya I will do the same.

Episode 17 taken from group discussion of MCVC2

In response to my question, Ece claimed that it is necessary to give rotated
figures when teaching quadrilaterals by indicating the student’s responses for rotated
figures in MCVC2. In the following, Zehra offered using geoboard. She expressed
her instructional preferences in which she aimed to use geoboard to ask students to
produce figures according to given definitions. Oya supported Zehra’s suggestion.
This episode indicated how they developed pedagogical decisions throughout group
discussion although they were unaware about such a student’s mathematical thinking

before analyzing the video.

4.2.3.1.1.4  Criticizing and reorganizing instructional strategies in lesson

plans

In the following of the group discussion, the group reached a point in the discussion
where they needed to think their initial instructional approaches in order to evaluate
the form of how they had focused on hierarchical relations of quadrilaterals in the

lesson plans as in Episode 18.

Researcher Ok, how do you teach relationship between quadrilaterals?

Oya I do not teach them separately. Instead, | will focus on relations between
them. If they learn hierarchical relations, their relational understanding
develops.

Beril As | said previous lesson, | will start trapezoid concept to teach

quadrilaterals. Thus, students learn concepts from general to specific by
comprehending relations among them.

Researcher Do you agree? Is there anyone who thinks differently?

Emel For example, | prepared my lesson plan as following: Firstly, | asked
students to find properties of figures. At this point, | did not mention
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anything about relation among them. However, | prepared my final two
questions to understand students’ knowledge about hierarchical relations.

Deniz I used similar strategies in my lesson plan. Actually, I did not give any
rotated figure.

Beril Yes, | also recognized it in my plan after watching videos.

Maya I also asked critical questions in my lesson plan. For example, Is every

square also a rectangle? However, | did not mentioned about rotated
figures. | generally used well-known [prototypical] figures. For this
reason, | can add an activity involving rotated figures.

Asli I mentioned the relationship between quadrilaterals in my lesson plan.
However, | did not give any rotated figure.

Episode 18 taken from group discussion of MCVC2

Oya considered that teaching inclusive relations of quadrilaterals helps the
development of students’ relational understanding. In the following, Beril expressed
her instructional strategy in which she offered that teachers should start to teach
quadrilaterals from more general concept (e.g. trapezoid) to more specific concept
(e.g. square). Considering the presence of PSTs’ different possible viewpoints on
inclusive relations of quadrilaterals, | wondered other PSTs’ ideas about inclusivity.
Emel explained how she placed relations of quadrilaterals into her initial lesson plan.
By supporting Emel’s explanations, Deniz began to evaluate her own lesson plan.
She emphasized on the lack of rotated figures in her lesson plan. Deniz’s expression
acted other group members in terms of evaluating their lesson plans whether they are
involving rotated figures or not. As a result, Beril, Maya, and Ash also made
emphasis on the lack of rotated figures in their lesson plans. Moreover, Maya
decided to revise her initial lesson plan by adding an activity involving rotated from
of quadrilateral. Because almost every prospective teacher expressed the
involvement of lesson plans in terms of hierarchical relations of quadrilaterals and
prototypicality, | asked a question in order to understand whether they need a
revision on their lesson plans or not. This is an important moment for the group
members as they again had to consider the possible solutions to prevent students’

prototypical concept images (see Episode 19).

Researcher Do you need to make any revision in your initial lesson plans?
Ece & Deniz  Definitely yes.
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Researcher What do you plan?

Emel I think that definitions are very important. We should ask students to
define concepts themselves. Teacher should provide guidance them in
that process. Then, it is crucial to reinforce students understanding
about hierarchical relations [among quadrilaterals].

Asli Alternatively, after giving the definition, teachers can ask her/his
students to construct figures without making any construction. In that
situation, students can draw rotated figures.

Researcher Acre there any different opinion?

Zehra Instead of drawing figures in paper or constructing figures in
geoboard, we can ask students to cut papers. It might be more useful
because when they cut figures they can easily rotate them. They can
recognize properties of rectangle do not change in rotation.

Episode 19 taken from group discussion of MCVC2

As seen in Episode 19, Ece and Deniz explained that they need to revise their
lesson plans. Again, | asked how they will revise their initial lesson plans. This
question leaded them to think how they revise their initial lesson plans. As a
response, Emel focused on the importance of definitions. She believed that if
students know a common definition for each concept in quadrilaterals they can easily
make relations among the types of quadrilaterals. As another alternative approach,
Asli suggested that students should construct the figures instead of teachers by taking
account of the given definition. After | asked whether there is another alternative
viewpoint or not, Zehra proposed cutting out quadrilaterals instead of only
constructing on geoboard or grid papers. According to her, rotating figures can be
comprehended more effectively by the help of the activities involving cutting paper.
In conclusion, before teaching experiment, PSTs only predicted students’ possible
prototypical concept images. However, throughout group discussion of MCVC2,
PSTs increased their attention and awareness on students’ inflexible prototypical and
non-hierarchical concept images about quadrilaterals. Furthermore, they began to
develop some suggestive ideas to overcome students’ inflexible prototypical

instances at the end of the group discussion.
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4.2.3.1.2 Noteworthy event in MCVC6

Analyzing and discussing video clip 6 also contributed to prospective teachers’
knowledge about understanding students’ unstable or inflexible concept images of
quadrilaterals and they got opportunity to develop their knowledge about alternative
instructional strategies for the problematic situations in the student’s prototypical
conceptions about rhombus. In the clip, a seventh grade student selected all
rhombuses (e.g. 3, 6, and 9 in Figure 39) and a rotated square (e.g. 2 in Figure 39) as

examples of rhombus.
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Figure 39. Student’s rhombus selections in MCVC6

Furthermore, the student was undecided whether a prototypical square (e.g. 4
in Figure 39) is also a rhombus or not. After the student continued to select
rhombuses among the given polygons, | asked the student to explain the relation
among square and rhombus in order to elaborate and deepen student’s mathematical
thinking. At this point, the student used geoboard to show the examples of square
and rhombus. When she turned the square like in Figure 40-a, she claimed that it
becomes a rhombus like in Figure 40-b. Moreover, the student made interesting
explanations such as “If'we do not turn square it is only a square. However, if we

turn the square it becomes a rhombus. Hereafter, it is not a square.”
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Figure 40. Student’s (a) square example and (b) rhombus example in geoboard

4.2.31.2.1  Recognizing and interpreting student’s unstable concept image

In the individual pre-interviews, prospective teachers correctly and easily could
predict that students generally think a rotated square as an example of rhombus
although they do not consider a prototypical square as a rhombus example. However,
when prospective teachers began to individually analyze the student’s thinking about
the relation between rhombus and square in MCVCB, they were surprised to see
student’s unstable decision making process on whether a square is also rhombus or
not. Before starting the teaching experiment, according to prospective teachers, if a
student does not consider square as an example of rhombus, rotating square in a
geoboard can be the best solution to explain relations among square and rhombus.
Yet, they realized that rotating square in a geoboard is not an effective solution
because the student thought square as a different figure when making a rotation by
using a geoboard in MCVC6. PSTs’ some example explanations taken from
individual video analysis reflection papers were presented in the following to show
how they generally reasoned student’s unstable thinking about the relationship
between square and rhombus.

In this regard, three participants (Asli, Deniz, and Ece) provided descriptive
and interpretive comments in her reflection paper. Asli’s comments showed that she
could not find the reasons of student’s unstable responses about the relationship
between rhombus and square. Additionally, she had difficulty to find a solution to

overcome the instability of student’s responses. However, Deniz reached a
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conclusion that the student could not recognize figures when they are rotated and did
not know invariant properties of the figures under the rotation.

The student said that square and rhombus are two different forms of a figure although
we constructed them in geoboard. In other words, she thought the figure changes when
making rotation. | am undecided how | can find a solution this confusion because the
student could not differentiate between rotated square and prototypical square in
geoboard. | think that her responses were very interesting [Asli, BDRP-MCVC6].

Finally, we saw that while the student called a rotated square as rhombus, she called a
[prototypical] square as not a rhombus. This situation clearly showed that she could
not correctly identify figures if they are rotated and she did not know properties of
quadrilaterals do not change under rotation [Deniz, BDRP-MCVC6].

Other three participants (Emel, Zehra, and Beril) provided similar written
comments about student’s concept images of thombus. They also concentrated on
the possible reason of student’s unstable thinking in video clip. According to them,
the student had difficulty to differentiate square and rhombus due to the rote learning
and visual-based reasoning. In other words, they offered that the student always
focused on visual properties of a prototypical rhombus when deciding whether a

square is also a rhombus or not (see Emel’s following comments).

Another interesting point is that the student did not consider square as a rhombus but,
she treated rotated square as a rhombus. | think that she is not aware about rotated
square is also a square. When the researcher asked the reason why she selected [a
rotated square as a rhombus] student made following explanation: when said rhombus,
this figure comes my mind and this figure have equal length sides.” Thus, we can see
the student pays attention to the visual properties of figure. Rhombus is always

imagined in her mind as the following figure [Emel, BDRP-MCVC6].

Remaining prospective teachers (Ece and Maya) developed different
perspectives to express the possible reasons of student’s unstable concept images of
rhombus. For example, Maya focused on other possible reasons such as not using
grid papers and not constructing rotated figures in the lessons. According to Maya,
for these reasons, the student did not establish the relations between quadrilateral

types. In sum, in the individual video analysis of MCVC6, PSTs understood
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student’s unstable concept images of rhombus and its possible reasons in individual

video analysis process.

4.2.3.1.2.2  Building connections between student’s prototypical concept

image and instructional strategies

In the group discussion of MCVCS6, participants concentrated on what possible
solution strategies might be in order to prevent such kind of students’ prototypical

concept images (see Episode 20).

Ece Normally, we prove the invariant properties of a figure by rotating it.
However, the student thought that the figure changes when rotating. We
must use an alternative way to show [invariance].

Oya What will we do?

Ece I think students do not encounter different examples [of a concept] in their
lessons.

Zehra It is necessary to show different examples when teaching the concepts.

Oya I think so.

Maya  In my opinion, there is nothing to do at this point. In my lesson plan, | wrote
that if the student do not convince we can draw a figure again and rotate it. |
see that this strategy even did not work.

Oya We mentioned previously about a teaching strategy in which we propose to
teach quadrilaterals from trapezoid to square. If we say every square is also a
rhombus, students can understand [hierarchical relation among square and
rhombus].

Emel | agree with you. We need to teach quadrilaterals from general to specific.
Student made visual reasoning [instead of attribute reasoning]. For this
reason, we should focus on [critical] properties of concepts.

Zehra | wonder if we give definition and then ask them to draw figures according
to definition. If we initially ask them to construct figure they probably draw
[proto] typical examples.

Oya In my opinion, if students learn the concept based on visual properties, they
may not draw different examples. However, we can try to understand their
conceptions without giving information about which definition belong to
which concept. In that situation, students can draw various examples [instead
of drawing only prototypical examples].

Zehra | mean same thing. We can give a general definition and they try to
understand definition. Or, we can show common properties [of rhombus and
square] in a scheme.

Episode 20 taken from group disccusion of MCVC6
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In Episode 20, Ece made emphasis on the necessity of alternative solution way
in order to prove that rotation does not change the properties and the names of
geometric figures. At this point, she indicated the ineffectiveness of using only
rotating figures on the paper to show invariant properties of the figure. Hereon, Oya
prompted a question in order to learn peers’ alternative solution strategies. In
response, Ece thought that the student’s prototypical concept images might be related
to the limited example spaces given in the math lessons. As a corroborating idea,
Zehra proposed that utilizing figures having different orientation and size at the
beginning of the lesson is crucial and necessary for preventing students’ prototypical
concept images. While Oya considered Zehra’s suggestion as a useful way, Maya
claimed that there is no other effective solution different from “rotating figures” to
overcome students’ prototypical concept images. After a five seconds silence, Oya
offered that starting to teach quadrilaterals from general to specific may be beneficial
to point inclusive relations of quadrilaterals. Furthermore, she believed that if a
student knows the critical properties of geometric figures, s/he also must establish
connection among the figures having hierarchical relations. Emel expressed that she
agreed with Oya in terms of suggestive ideas. In spite of peers’ different solution
strategies, Zehra continued to search about additional instructional approaches that
make possible to produce complete concept images in students’ minds. She desired
to learn her peers’ idea about utilizing a definition-based teaching way instead of a
teaching way based on only visual characteristics of the figures. Oya challenged with
Zehra’s proposal because she thought that if a student previously learn the concept
according to visual properties, the student could not construct non-prototypical
figures. Alternatively, Oya giving definition without the concept name might be
more effective than giving definition with the concept name in order to guide
students to construct different rhombus examples. Zehra approved Oya’s alternative
approach. Consequently, above conversation clearly indicated that PSTs elaborated
their knowledge on content and teaching about quadrilaterals. Thus, they began to
choose which quadrilateral examples to start with and which examples to utilize to
take learners deeper into the concept or content. Furthermore, PSTs evaluated the
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instructional advantages and disadvantages of any example or teaching way to

explain a specific concept.

423123

Criticizing instructional strategies in their initial lesson plans

In the following of the group discussion of MCVCS6, participants deepened their

evaluations about alternative solution methods. For this purpose, they took some

notes for the new instructional approaches that proposed in the group discussion for

their lesson plan revisions. After they finished their note-taking, | asked whether they

need to revise their lesson plans after video analyses and discussion processes. My

prompt enabled them to revisit their initial lesson plans and to deepen on the ways

how they can enrich their plans as in Episode 21.

Researcher

Beril

Oya

Zehra

Maya
Deniz

When you analyzed student’s thinking in video, do you need to make a
revision on your instructional approaches? If so, why?

I never expected that students could confuse a figure and its rotated form.
For this reason, | did not put rotated figures in my initial lesson plan.
After | watched the videos in the lessons, | observe that some students
have a difficulty in realizing that the rotated shapes are the same shapes.
Considering students’ difficulties, I added rotated figures to my lesson
plan. Furthermore, when | teach the quadrilaterals, 1 will show the
various rotated versions of the same shape as possible as and | will add
them to activities to determine whether they can realize the different
versions of the same shapes.

| can change my main activity involving hierarchical relations among
guadrilaterals in this week because | organize quadrilaterals exclusively.
In the activity, | asked students to find properties of quadrilaterals one by
one. | think such kind of organization can be superficial. In order to
emphasize hierarchical relation among quadrilaterals, | can use a
teaching approach from trapezoid to square. | think | will change the
organization of my initial lesson plan.

| also need to revise the appearance of figure. For example, | generally
use prototypical figures instead of their rotated forms in my initial lesson
plan.

| also need to change the orientation of my figures in the lesson plan.
You are right. | also need to change my figures.

Episode 21 taken from group discussion of MCVC6

Beril explained the influence of video analysis and discussion process on her

revised lesson plan in terms of prototypicality. On the other hand, Oya was
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undecided to change the structure of her initial lesson plan in terms of inclusive
relations of quadrilaterals. She developed an idea in which she claimed that starting
more general concepts such as trapezoid when teaching quadrilaterals might be more
effective than other teaching ways. At the end of the Episode 21, Zehra, Maya, and
Deniz again focused on their own instructional strategy that they used in their lesson
plans involving only prototypical quadrilateral examples. Zehra, Maya and Deniz
decided to change the orientation and size of the figures in their lesson plans in order
to avoid producing prototypical concept images. Thus, analyzing and discussing
student’s mathematical thinking in videos enabled them to criticize and evaluate their

initial instructional strategies according to students’ needs and conceptions.

4.2.3.1.2.4 Reorganizing instructional strategies in lesson plans

After the teaching experiment of week 3 continued, they individually worked on
lesson plans to whatever they want to change. Some noteworthy changes in the
lesson plans were exemplified by referencing some PSTs’ written statements and
constructions in revised lesson plans. For instance, Oya added an activity to her plan
in order to teach the relationship between square and rhombus by a property-based
approach as in Figure 41 that was heavily suggested as an effective method in the
Episode 21. In this activity, she wrote following statements “l prepared activities
related to different quadrilaterals [in my initial lesson plan]. After watching videos, |
decided to focus on invariant properties of quadrilaterals in rotation by preparing a
new activity”. For the hierarchical relations of quadrilaterals, Oya changed her
teaching way in which she planned to mention quadrilaterals from trapezoid to

square in her lesson plan.
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Length of sides:

Measurements of angles:

Length of diagonals:

Opposite sides are parallel or not?:

Figure 41. Oya’s activity about square-rhombus relationship in revised lesson plan

Normally, Zehra was aware of the importance of rotated figures in pre-
interview conducted before teaching experiment. However, she did not place any
non-prototypical example to her initial lesson plan. Parallel with her decisions in the
Episode 21, Zehra made revisions on the plans by adding non-prototypical examples
for each concept in quadrilaterals. Her new constructions for rhombus drawn in
Geogebra were illustrated in Figure 42-a. However, Deniz changed figures only in
terms of orientation instead of size and hierarchical relations like in Figure 42-b by
writing following explanations:

From the videos that we watched in the lesson, | recognized that students were not
aware of invariant properties of a figure and its rotated form. For this reason, | added

many of rotated form of each figure, which influences positively students’ conceptions
about a geometric figure [Deniz, Lesson plan reflection].

RHOMBUS

(@) (b)
Figure 42. (a) Zehra’s rhombus examples in revised lesson plan (b) Deniz’s rhombus

examples in revised lesson plan
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As a conclusion, such kinds of revisions indicated how analyzing and
discussing of video clips influenced and unpacked PSTs’ pedagogical content
knowledge about both understanding students’ mathematical thinking and
developing instructional ways. The common developments in prospective teachers’
pedagogical content knowledge about students’ non-hierarchical and non-

prototypical concept images were summarized in Figure 13.
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424 Developments in prospective teachers’ knowledge about properties of
quadrilaterals

Individual pre-interviews had revealed that even though the prospective teachers’
pedagogical content knowledge related to understanding student’s mathematical
thinking about properties of quadrilaterals was weaker than their subject matter
knowledge about properties of quadrilaterals. According to PSTs’ predictions,
students easily know side and angle properties of quadrilaterals but they could have
difficulty with diagonal properties. However, clinical interviews conducted with
many of seventh grade students revealed that the students had various
misconceptions about angle properties of quadrilaterals in addition to diagonal
properties. For instance, some students could not tell the congruency of opposite
angles of any parallelogram or the sum of interior angles of any quadrilateral as 360°.
To illustrate this, the prospective teachers’ reasoning process about student’s
mathematical thinking related to angle properties of quadrilaterals was presented
with some example written statements in reflection papers and episodes from group

discussions and examples from revised lesson plans.

4.2.4.1 Developments in prospective teachers’ knowledge about angle properties of

quadrilaterals

4.2.4.1.1 The noteworthy event in MCVC3

A seventh grade student in MCVC3 initially drew ACDB square (see the first
construction in Figure 44) to show congruent angles of parallelogram. The student
then claimed that only one pair of opposite angles [by marking the angles of A and
D] is congruent for any square. Further, | asked the student to draw a prototypical
parallelogram example and to show angle properties in the figure in order to
understand how the student decided which angles should be congruent in a
parallelogram. In response, by the help of the researcher, the student could construct

MHTR parallelogram as in Figure 44. The student again claimed that only the angles
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of M and T are congruent for MHRT parallelogram without offering any explanation

why these two angles are congruent.

=

Figure 44. Student’s determination of congruent angles of parallelogram in MCVC3

424111  Noticing student’s misconception about congruent angles of

parallelogram

The comments in prospective teachers’ individual video analysis reflection papers
indicated that they were very surprised when analyzing the student’s reasoning about
properties of quadrilaterals in the clip because they could not think any student might
consider only congruence of one pair of opposite angles of a parallelogram until
analyzing the video clip. Four of them (Emel, Oya, Deniz and Asl) identified and
evaluated how the student decided the angle properties of parallelogram in the clip.
In the individual video analysis process, most of prospective teachers tended to only
evaluate the student’s responses into two piles: correct’/knowledgeable or
incorrect/not knowledgeable. However, Maya provided some interpretive comments
in addition to evaluative and descriptive comments in her individual video analysis
reflection paper by drawing attention on the possible reasons of the student’s
understanding about angle property of parallelogram. Maya claimed that the student
could not know the angle properties of parallelogram because the student’s
mathematics teacher might not adequately put emphasis on the definitions and

discuss hierarchical relations of quadrilaterals with the students in the lessons.
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424112

Indicating teaching style as a possible reason of the student’s

misconception

In the group discussion process of MCVC3, | introduced a question that “how did

the student examine angles of parallelograms in Figure 44 in order to understand how

prospective teachers interpreted student’s approach for determining the congruency

of angles in any parallelogram. This question initiated an episode of pedagogical

reasoning that shifted from the expressions of what the student knows and does not

know to the expressions of why the student developed such a perception about angles

of parallelogram (see Episode 22).

Researcher
Zehra

Emel
Researcher
Ece

Emel
Beril
Deniz

Ece
Beril

Oya & Deniz

How did the student examine angles of parallelogram in video
clip?

The student claimed that only one pair opposite angles [of
parallelogram] is congruent.

He did not consider another pair opposite angles.

Why did the student develop such kind of thinking?

It can be related to their mathematics teacher’s explanations in
lesson. Generally, teachers say opposite angles are congruent in
parallelogram and indicates one pair of angles to show congruency
between angles. Students can misinterpret teachers’ explanations
and examples in lessons.

The student could not reason about why the angles are congruent.
Yes, student mentioned something based on his rote learning.

I wonder that why did he think only the angles of A and Das the
congruent angles?

She thought one pair of angles is enough to say congruency.

Their teacher might show only one specific pair of opposite angles
to explain congruent angles. As a result, students might
misinterpret the property.

Probably.

Episode 22 taken from group discussion of MCVC3

As one can see from the episode, Zehra and Emel attempted to describe how

the student mentioned congruency of angles of any parallelogram. At this point, |

asked the possible reasons why the student thought only one pair of opposite sides

were congruent in any parallelogram. Through the question, it became necessary for
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them to take out their pedagogical knowledge in order to find possible reasons why
the student developed such kind of mathematical thinking about angle property of
parallelogram rather than describing and evaluating noteworthy events in the clip.
For this, Ece suggested that because mathematics teachers generally say that
“opposite angles of parallelograms are congruent” without emphasizing on “two
pairs of opposite angles”, the student might misinterpret the angle property of
parallelogram by focusing on the congruency of only one pair opposite angles
instead of two pairs of opposite angles. Following this, Emel and Beril provided
supporting ideas by claiming the lack of mathematical reasoning in the student’s
responses. Hereon, since Deniz was not convinced with her peers’ ideas, she
immediately prompted a question to the group. She asked the reason why the student
concentrated only one pair opposite angles even if he memorized something without
reasoning. Here, they reached a point where they needed to spend time to think
further in order to offer what other possible reasons of the student’s understanding
might be. In this regard, Ece provided a proposal in which she claimed that the
student found the congruency of one pair of opposite angles enough to indicate angle
properties of parallelogram. On the other hand, Beril claimed that the teacher may
show to the students only two angles of parallelogram when teaching the angle
properties of parallelogram in the instructional process. In the following, Oya and
Deniz supported her peer’s idea. To conclude, this episode was important because
prospective teachers’ comments suggested mathematics teachers’ limited examples
and explanations as a possible reason for the student’s conception about angle

property of parallelogram.

424113  Relating student’s misconception to the student’s lack of
knowledge about angle concept

In the following of the discussion, Asli pointed a new noteworthy event as an
alternative perspective and changed the direction of the discussion (see Episode 23).

Asli commented on the lack of student’s knowledge about angle concept as the
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reason of the student’s incorrect responses for the congruency of opposite angles of
any parallelogram. It was an important moment for the group because they accepted
Aslt’s proposal on the student’s misconception about angle concept as a significant
event to pursue (see the student’s responses in Figure 44). Normally, in the
prospective teachers’ individual video analysis reflection papers, there was no
statement emphasizing a relationship between the student’s misconception about
angle concept and the student’s inadequate knowledge about the congruency of
opposite angles of parallelogram. Instead, they only concentrated on the student’s
misconceptions about angle concept and some of them only identified how the
student perceived congruent and non-congruent angles in the clip. However, after
Asli’s proposal, the group discussion moved toward analyzing the student’s
understanding about angle concept and the relationship between student’s conception
of angle and the congruency of angles of any parallelogram in more depth. Following
episode illustrates how the prospective teachers evaluated and considered Asli’s

proposal.

Asli I think that the student lack knowledge about angle concept because
he mentioned the equality of the rays of [AK and [KL. Furthermore,
he indicated them as two different angles. For this reason, the student
could not know angle properties of parallelogram.

Emel& Deniz You are right, he treated rays as angles.

Ash However, he actually treated the corner points of B and D in Figure
44 as angles.

Ece Moreover, the student incorrectly named the angle such as <MST.

Zehra Student also made visual reasoning when determining the congruency
of angles.

Emel Yes, he focused on the length of rays.

Zehra Probably he tried to provide a similarity between <MKL and <AKL
and incorrectly constructed them.

Maya The student could not know angle concept how do we expect he knew

the angle properties of parallelogram?
The group You are so right.
Episode 23 taken from group discussion of MCVC3

When Ash individually analyzed the clip, she primarily interpreted student’s
conceptions about angles in her individual video analysis reflection paper. Now in

this episode, not only she focused on how the student treated the rays of AK and KL
250



as angle by trying to measure the length of the rays but also she established a
relationship between the student’s angle conception and the student’s misconceptions
of angle properties of parallelogram. Emel and Deniz supported Asli’s
interpretations. Following this, Asli focused on the inconsistency among the
student’s perceptions of angles. At this process, the group needed to elaborate their
analysis on student’s conceptions about congruency of two angles. Here, while Ece
evaluated how the student inappropriately named the angles, Zehra pointed that the
student’s conceptions about congruent angles in Figure 44. After the prospective
teachers had concentrated student’s various misconceptions and difficulties about
congruent angles, Maya restated the relationship between the student’s angle
conception and the student’s misconceptions of angle properties of parallelogram. At
the end of the episode, they had agreed that the student’s lack of knowledge about
angle concept seemed potentially linked to the student’s misconception about the

congruency of angle of parallelogram.

4.24.1.1.4  Elaborating knowledge about the student’s approach when

determining angle measurements in parallelogram

The discussion process in this way probably leaded Asli to propose a new
interpretation about how the student’s lack of knowledge about angle concept can
influence the approach the student used when determining the measures of the angles
in parallelogram. In more detail, Asli’s and her peers’ interpretations were illustrated
in Episode 24 in order to show the prospective teachers’ developmental process on
pedagogical content knowledge in terms of understanding students’ mathematical

thinking.
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The noteworthy event in MCVC3

When interviewing with a seventh grade student in
video clip 3, the researcher gave 70° in the
parallelogram and then asked the student to find the
measurements of x and y in the given parallelogram.
The student firstly subtracted 70° from 360°. In the
following, 290° divided by 2. After the division, the
student reached 140°. As a final point, the student
offered that x and y had same measurement and

stated that
x=140° and y= 140°.

Figure 45. Student’s miscalculations for the angles of parallelogram in MCVC3

Asli

Deniz

Researcher
The group
Ece:

Deniz
The group

Additionally, the student could not find the measurement of other
angles in parallelogram because he did not know what angle means.
He correctly mentioned about the sum of interior angles of
parallelogram as 360°. Then, he subtracted 70° from 360°. Until this
point, the student made reasonable calculations. However, | could
not understand why did he divide 290° by 2? Dividing 290° by 3 is
understandable because there were three unknown angles in
parallelogram.

Why did the student divide 290° by 2? What are your opinions?
(Silence and revisiting the noteworthy event in the clip.)

Because there are two variables such as “a” and “b” in
parallelogram, student might divide 290° by 2. I think that if there
were also one additional variable, he might divide 290° by 3. 1
understood that if there is no variable, the student did not need to
consider the presence of any angle in parallelogram.

Hmm, you are right.

(All group found Ece’s explanations reasonable by nodding their
heads.)

Episode 24 taken from group discussion of MCVC3

As seen in the Episode 24, she claimed that the student might not correctly

find the angle measurements of the parallelogram in Figure 45 due to the student’s

lack of knowledge about angle concept. In the following, Deniz described how the

student found angles. Then, she said that she did not understand why the student

divided 290 by 2. Shortly after, | jumped in with an elaboration of the problem about

the student’s approach. Here, prospective teachers had to reconsider the reasons why

the student in the clip correctly could not found other angle measurements of the
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parallelogram in case one angle measurement was given 70° (see Figure 45). For this,
some of them examined the student’s written responses in the paper and others
revisited related part of the video clip in order to analyze the student’s expressions.
Ece provided an interpretive comment in which she proposed that the student divided
290° by 2 due to the presence of the variables such as x and y in Figure 45.
Moreover, she suggested that if there was one more variable such as z, the student
probably divided 290° by 3. At this point, Ece’s proposal has been accepted by the
discussion group as a possible reason that can give opportunity to clarify the problem
in the student’s mathematical approach for determining the measurements of the
interior angles of the parallelogram. However, Oya still needed to understand the
reason why the student did not use his knowledge about the congruency of angles of
parallelogram although he previously stated that only one pair of opposite angles of
parallelogram is congruent. Oya’s interest was taken into consideration by the group
members and the discussion moved toward analyzing this problem in more depth
(see Episode 25).

Oya: Interesting, the student said that one pair of opposite angles are
congruent. By using this information, | expected that he can
understand y is equal to 70°. Why did not he use this information?

Emel: | thought the same thing.

Zehra: However, the student considered only another pair of opposite
angles is congruent. 70° was given other side.

Ece: (She showed the angles of x and y in the paper involving the
student’s written responses to Oya.)

Zehra: There is “x” variable in this situation. Understanding variable is
difficult for students. Furthermore, he thinks that y and 70° are not
equal.

Researcher: So, Do the presence of variables in Figure 45 influence on student’s

calculations?
Emel & Maya: Probably.
Oya: It is reasonable! | never thought about it before.
Episode 25 taken from group discussion of MCVC3

While Emel only agreed with Oya’s thinking, Zehra reminded that the student
treated only A and D angles in ACBD square and M and T angles in MHTK

parallelogram in Figure 44. Zehra offered this situation as the possible reason of the
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student’s difficulty to find interior angles of parallelogram and she put emphasis on
the corner points that the student took congruent angles. When Ece showed x and y
variables in Figure 45 to Oya Zehra continued her previous comment. By combining
the first comment in the above episode, Zehra put the presence of variables in the
parallelogram figure as a problematic situation for the student in calculating interior
angles of parallelogram. Just at that moment, | needed to be sure what the other
group members think about the situation under the discussion. While Oya, Emel and
Maya accepted Zehra’s suggested proposal verbally, remaining group members

communicated by nodding to show that they supported to Zehra.

424115  Building connections between student’s error in angle concept

and alternative instructional strategies

After PSTs concentrated and comprehended the student’s insufficiencies and
misconceptions about angle properties of quadrilaterals and its possible reasons, I
asked a question in order to understand how they develop solution strategies to the
problematic situations in the student’s mathematical thinking. This question initiated

a new discussion in Episode 26.

Researcher If you were a teacher what do you pay attention when teaching angle and
diagonal properties of quadrilaterals to such students?

Zehra For angle concept, | distribute straws in different length to the students.
Then, | ask them to construct congruent angles because the student has
serious problems about angle concept. Firstly, the student should learn
how congruent angles are constructed.

Oya In my initial lesson plan, | thought to remind polygons as basic
geometric concepts. However, it is necessary to remind angle concept.

Zehra Or, it can be mentioned about what parallelism and equal length mean.

Oya However, if student have already misconceptions it is difficult to teach
by only reminding these concepts.

Beril It seems that it is necessary to take on from the top.

Researcher Do you have different opinion?

Oya We can ask student to cut angles and to superimpose them. Thus,

students do not see angles as a corner point and they can understand
congruent angles.

Maya We can also use protractor to teach [angles]. For example, | prepared an
activity that similar to mathematics textbook in Ministry of Education in
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my lesson plan. | aimed to teach angle to the students by using protractor

in my activity.

Emel We can teach the meaning of angle between lines because the student did
not know. We can say how the sum of interior angles of quadrilaterals
can get.

Zehra I wonder we can distribute various quadrilaterals to the students. Then

we ask them to cut its interior angles. In the following, we can ask the
question of what is the degree of the sum of angles when you combine all
of them together.

Ece Or student knew the sum of interior angles of triangle. If we draw one
diagonal of quadrilateral, two triangles occur in quadrilateral. The sum of
interior angles of a triangle is 180°. By using this information, students
can find the sum of interior angles of quadrilaterals adds up 360°.

Zehra But, such type of activity can be difficult for middle school students.
Students can inappropriately draw two diagonal and find four triangles
instead of two triangles.

Maya In Zehra’s example, students can mix angles that they cut if the angles
have no name.

Zehra We can paint and name the angles.

Group (The group found Zehra’s idea reasonable.)

Researcher After you watched and discussed the student’s thinking in video, is there
any point that you want to change in your lesson plan?

Zehra In my opinion, we must pay attention to control students’ knowledge
about basic sub-geometric concepts.
Ashi | agree with my friend.

Episode 26 taken from group discussion of MCVC3

In the Episode 26, by putting emphasis on the necessity of teaching
constructing congruent angles, Zehra explained that she preferred to use “straws” by
cutting one of them from its top point in order to show congruent angles to the
student because the student did not consider the angles in Figure 46 as congruent

angles in a moment of MCVC3.

(R S

Figure 46. Student’s two non-congruent angles construction in MCVC3

By following Zehra’s suggestive ideas, Oya again emphasized the necessity of
controlling students’ knowledge basic geometric concepts such as angle instead of

polygon. Zehra provided additional information to Oya’s comment by focusing on
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other basic geometric concepts such as parallelism and equal length line segments.
However, Oya challenged with the idea of focusing on basic geometric concepts. She
believed that if a student have misconceptions that comes his/her previous learning
experiences, focusing on basic sub-geometric concepts in the instructional process of
quadrilaterals might not work as expected. To response, Beril suggested that it is
necessary to teach the concept again from the beginning. The group did not make any
comment on this suggestion. To continue the discussion, | asked the question of “is
there any other suggestion about the issue under the discussion? After immediately,
Oya provided an alternative approach to overcome the student’ misconception about
angle concept. She proposed utilizing cutting paper activities involving congruent
angles in Figure 46. According to her, if an angle was superimposed on another
congruent angle the student can understand angles constitutes from rays rather than
seeing angle as a corner point. Another alternative solution way was offered by
Maya. She focused on teaching of using protractor and measuring the angles with the
protractor to the students as an effective strategy. Emel approached the issue under
the discussion from a different perspective. She concentrated on the teaching of the
properties of angles between parallel line segments by indicating the student’s lack
of knowledge on related angles in MCVC3. She also suggested that using such an
activity might be useful to teach the sum of the measurement of interior angles of
quadrilaterals. This suggestion acted an idea in Zehra’s mind because she proposed
that giving the angles of a quadrilateral that is cut with scissors to the students and
asking them to combine these angles might enable them to see the sum of interior
angle measurements of any quadrilateral. Similarly, with the influence of Zehra’s
proposal, Ece suggested that showing the presence of two triangles inside of any
parallelogram can be an effective way to teach the relationship between the sum of
interior angles of triangle and quadrilateral. However Zehra disagree with Ece’s
suggestion in terms of the effectiveness. She believed that Ece’s proposal can be
difficult for middle school students due to the possibility of drawing unsuitable
triangles into parallelogram. Hereon, Maya criticized Zehra’s activity involving

cutting the angles of quadrilaterals with s scissors by the students can become
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complicated if students distinguish the angles after cutting. In response, Zehra
suggested that angles can be colored or named before cutting. All group members
found this idea reasonable. After that, | wondered what they think about their lesson
plans in terms of angle properties of quadrilaterals. Consequently, Zehra and Eda
expressed that they need to add information about the prerequisite knowledge
involving basic geometric concepts to their lesson plans.

In summary, all these episodes and the comments in the prospective teachers’
reflection papers written after the group discussion of the MCVC3 illustrated how
their knowledge about understanding student’s mathematical thinking related to
angle properties of parallelogram has developed and changed. Before starting of the
teaching experiment, they provided very few predictions about seventh grade
students’ difficulties and misconceptions related to the angle properties of
quadrilaterals. However, when they individually examined the MCVC3, they firstly
noticed that the student misinterpreted the congruency of opposite angles of
parallelogram. The comments in their individual video analysis reflection papers
revealed that all of them (excluding Ece) described their inexpectations about
student’s approach in the determination of congruent angles of parallelogram in the
clip rather than making inferences or finding solutions to the problems in student’s
understanding. Instead, in the group discussion process, they had opportunities to
share different ideas with the peers. As a result, they needed to focus on the possible
reasons of the problems in student’s understanding about angle properties rather than
identifying only the problematic situations in the clip. For instance, at the end of the
first episode, they agreed with “teaching style” as a possible reason of the student’s
misconception about angle property of parallelogram. In the second episode, they
related student’s misconceptions about angle property of parallelogram to the
student’s lack of knowledge about basic “sub-geometric concepts” such as angle.
Towards the end of the group discussion, they tried to “elaborate” their knowledge
to interpret the student’s approach in the determination of angle measurements of
parallelogram in case one angle measurement is given 70° in more depth.

Consequently, when interpreting the student’s misconceptions about angle properties
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of parallelogram in a social learning environment, they heavily concentrated on
different possible reasons such as teaching style, the lack of student’s knowledge on
basic sub-geometric concepts and variables. Thus, video discussion process created a
need for prospective teachers to develop new pedagogical content knowledge as they
engage with problems of students’ understanding. Moreover, after they understood
the possible reasons of the student’s errors, they began to produce instructional
approaches to prevent or correct problems in student’s conceptions about angle and
angle properties of quadrilaterals. They offered following alternative ways: utilizing
manipulatives such as using “drinking straws”, cutting paper activities, using
protractor to measure angles of quadrilaterals; making emphasize on basic sub-
geometric concepts (e.g. parallelism); using the relationship between the sum of
interior angles of triangle and quadrilateral within an activity in the group discussion

as well as in the after discussion reflection papers by written comments.

4.2.4.1.2 The noteworthy event in MCVC4

A seventh grade student’s misconceptions about the congruent angles of
parallelogram were involved in MCVC4 (see Figure 47). In the clip, | asked the
student to construct a parallelogram and to explain the congruent angles if there are
in the figure. In response, the student initially constructed DASK parallelogram and
claimed that the angles of D and S are congruent and also the angles of A and K are
congruent. After | desired to learn what the student knows about the relationship
between the angles of A and D or K and S. The student changed her idea and stated
that all angles of parallelogram are congruent instead of focusing on the congruency

of opposite angles.
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Figure 47. Student’s representations of congruent angles of Par in MCVC4
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4.24.1.2.1  Early interpretations about the student’s misconception related

to the congruent angles of parallelogram

In the pre-interviews that were conducted before teaching experiment, prospective
teachers provided no prediction about what kinds of misconceptions students could
have related to the angle properties of parallelogram. However, the comments in
prospective teachers’ individual video analysis reflection papers showed that they
noticed the student had a misconception about angle property of parallelogram
because the student treated all angles in a prototypical parallelogram as if they are
always congruent. After they noticed the misconception they further provided
different interpretations when in individually analyzing student’s mathematical work.
For instance, Ece and Emel made a connection between the student’s misconception
and the lack of student’s knowledge about angle concept. Besides, Oya and Deniz
proposed that the student had such a misconception because the student constructed a
rectangle instead of parallelogram. On the other hand, Asli and Zehra claimed that
the student could not distinguish the properties of rectangle and parallelogram in her
reflection papers of individual analysis. In sum, reflective comments provided in the
individual video analysis indicated that prospective teachers concentrated on three
possible reasons to explain the student’s misconception such as (a)“the lack of
student’s knowledge about angle concept”, (b) “student’s inability to distinguish
rectangle and parallelogram” and (c)“constructing rectangle instead of

parallelogram”.
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Surprisingly, Beril and Maya concentrated on solely the incorrectness of the
student’s answer when individually examining the clip. Examples of such comments

involved:

I’'m very surprised because I never predict that a student can think all angles of any
parallelogram are congruent before examining the clip. The student did not correctly
know the angle property of parallelogram [Beril, BDRP-MCVC4].

I did not understand why the student changed her idea about the congruent angles of
parallelogram. In addition, the student could not give any reason about her changing
idea [Maya, BDRP-MCVC4).

Noteworthy in Beril’s and Maya’s comments in reflection papers that they did
not understand why the student thinks all angles of any parallelogram are always
congruent because they seemed genuinely puzzled by the approach the student used
when deciding the congruency of angles of parallelogram. Consequently, Beril and
Maya tended to focus on the wrongness of the student’s answers about angle

properties of parallelogram.

424122 Elaborations in interpretations about the student’s

misconception

In the group discussion process, | posed a general prompt to elicit and elaborate
prospective teachers’ ideas about the student’s thinking related to congruent angles
of parallelogram in MCVC4. The group started to share their ideas with the peers
(see Episode 27).

Researcher When you analyzed the video what did you notice about student thinking
related to interior angles of parallelogram?

Zehra The student was aware of the meaning of angle concept.

Beril The student said that opposite angles [of parallelogram] are congruent,
but she concluded all angles are congruent [at the end of the video].

Researcher Beril is right. Actually, at the beginning, the student considered that only
opposite angles are congruent. Why did the student change her mind
later?

Oya She thought that if line segments are same direction, the angles between
the line segments are same. Thus, the student interpreted the situation in
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her own way.

Beril Student thought that one line segment is common for two angles (she
indicated [AD] in Figure 47) and other line segments are parallel (she
indicated [DK] and [AS] in Figure 47).

Emel In my opinion, the student knew the congruency of opposite angles [in
parallelogram]. However, | am not sure about whether the student knew
the reason why opposite angles are congruent or not. For this reason, she
claimed that the angles of “S” and “D” are congruent. After that, the
student supposed that the angles of A and D are also congruent based on
the parallelism of [AS] and [DK]. Such kind of response results from the
student’s misconception about angle concept. This student saw the angle
as two line segments instead of the area between two intersecting rays.
Furthermore, the student believed that in case the line segments are equal
length angles becomes congruent.

Oya Actually right. We saw in the first week video discussions that students
generally focus on the length of line segments when examining angles.
They misinterpreted angle and provided incorrect descriptions about
angle. The student in MCVC4 also did not know corresponding angles. If
the student knew she might provide correct response.

Zehra But, the student knew alternate internal and exterior angles.

Episode 27 taken from group discussion of MCVC4

In the above episode, while Zehra evaluated whether the student know the
angle concept or not, Beril described what she noticed in the clip. Here, | prompted
to the participants to explain how they reasoned student’s work rather than
describing or evaluating its correctness. At this point, they tried to comment on the
meaning of the student’s responses. Oya and Beril offered an explanation as to how
the student considered that all angles of parallelogram are congruent instead of
mentioning the congruency of opposite angles. They interpreted the student
perception about congruency of angles based on the position of the rays (e.g. DA and
DK in Figure 47) and parallel sides (e.g. DK ad AS in Figure 47) in the
parallelogram. Emel participated to the discussion by supporting her peers’
comments. Furthermore, similar to her individual video analysis comments in the
reflection paper, Emel concluded that the student has misconceptions about angle
concept after identifying the student’s conception of angle.

At the end of the group discussion, Oya and Zehra reached a point in the
discussion where they need to begin to unpack their reasoning about student’s angle

conception. Through this discussion, Zehra and Oya had agreed that-differently from
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their individual video analysis comments in the reflection paper-the misconception
also might be related to the lack of student’s knowledge about angle concept.
Nevertheless, Zehra would like to review the video before making a new claim.
Then, she proposed that since the student misinterpreted the congruency of angles in
the parallelogram due to the construction being similar to rectangle in Figure 47 (see
episode 28). This claim is significant since it lead to the discussion for the
prospective teachers to concentrate on other alternative reason in order to explain the

student’s misconception.

Zehra (After watching a part of MCVC4) | noticed that the student might
establish a similarity between rectangle and her construction in Figure
47 because the student used properties of rectangle when examining
properties of parallelogram.

Oya & Deniz  You are right, | think so too.

Researcher Is Figure 47 a rectangle?

Deniz In my opinion, it seems a rectangle.

Zehra (After carefully examining the student’s construction) this figure is not
a rectangle.

Asli However, the student used solely properties of rectangle. In my

opinion, the student could not differentiate between properties of
rectangle and parallelogram.

Researcher So, do you mean that students’ difficulty is related to her
constructions?

Oya Yes, | think that student reasoned by focusing on visual properties of
her construction because her construction seems a rectangle. As
evidence, many of students decide angle properties by focusing on
appearance of figures rather than controlling [critical] properties.

Aslh I think that student’s thinking is not related to her construction.
Probably, the student was confused the properties of rectangle and
parallelogram.

Beril In my opinion, the student made an overgeneralization because the
diagonals are equal length in squares and rectangles.

Episode 28 taken from group discussion of MCVC4

As seen in the Episode 28, Oya and Deniz supported Zehra’s claim. In order to
ensure all prospective teachers have evaluated the student’s construction as a
rectangle instead of an example of parallelogram, | joined to the discussion. My
question revealed that Deniz perceived the student’s construction as a rectangle
instead of a parallelogram. At this point, Zehra challenged with Deniz’s explanation.

At this point, Asli proposed that the student could not separate the differences
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between a rectangle and a prototypical parallelogram based on the properties the
student used. To be sure, | asked whether the student’s misconception is related to
her parallelogram construction or not. Hereon, Oya showed the student’s
parallelogram construction as the most important reason that lies in the origin of
students' misconception, Asli concentrated on the student’s confusion on the
rectangle-parallelogram differences. Beril agreed with Asli and she provided some
additional comments to elaborate the issue under the discussion by giving the
properties of square and rectangle. In conclusion, they had opportunities to develop
awareness about various alternative interpretations for the reasons of the student’s
misconceptions by sharing their ideas in a social learning environment.

In the following of the discussion, | shifted prospective teachers’ attention to
what other possible reasons of the student’s misconception about congruent angles of

parallelogram can be (see Episode 29).

Researcher Acre there any different view?

Maya An idea currently comes to my mind. | wonder that whether the
teacher overemphasize rectangle in the lessons or not.
Beril Or their mathematics teacher may not adequately emphasize the

properties of parallelogram.
Researcher What do you think about your peers’ ideas?

Oya | make a relation between student error and construction. However, |
found my friends’ ideas quite reasonable.
Maya I could not make sense why the student said all angles of

parallelogram are congruent, but | understood there were many of
reasons to explain student’s mathematical thinking in group
discussion.

Episode 29 taken from group discussion of MCVC4

After my question, Maya bring a new perspective to the discussion. She
suggested that the teacher might overemphasize the properties of rectangle rather
than that of parallelogram, which can affect the student’s interpretation of congruent
angles of parallelogram. It is remarkable development in Maya’s pedagogical
reasoning about student’s thinking because she only evaluated the correctness of the
student’s responses in her individual video analysis reflection papers. Likewise, Beril

made an additional explanation in which she claimed that the teacher might not make
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enough emphasis on the properties of parallelogram. After the explanations made in
the discussion, Oya understood that the teaching methods may have a role in the
student’s misconception, although she only focused on the student’s construction as a
possible reason of the misconception when individually analyzing the clip.
Furthermore, Maya’s final comments indicated that she developed many of ideas
about the reasons of the student’s misconceptions while she could not provide any
reasonable explanation why the student thought parallelogram as a figure having four

congruent angles in individual video analysis process.

4.2.41.2.3  Building connections between student’s error and alternative

instructional strategies

After prospective teachers discussed MCVC3 and MCVC4 in the third week of the
teaching experiment process, they wrote reflection papers involving alternative
solutions ways to the students’ errors, difficulties and misconceptions in the clips.
Moreover, they made revisions on their lesson plans if they found necessary.
Considering PSTs’ suggestive ideas and revised lesson plans, it was clearly seen that
PST’s developments in knowledge about understanding students’ mathematical
thinking about angle properties of quadrilaterals helped them to propose different
solution strategies in order to overcome problems in students’ conceptions about
angle and angle properties. For example, all PSTs agreed that controlling of students’
knowledge on basic sub-geometric concept such as parallelism, and angle is
necessary and crucial before teaching parallelogram or rhombus. In addition, they
added some activities involving basic geometric concepts. One of them was
illustrated in Figure 48. More specifically, Oya added following statements to her
lesson plan when adding below activity: “Before the first activity | may ask students
the meaning of some concepts such as edge, side, diagonal or angle to check whether
they have essential basic knowledge about the topic since there are some students do
not know them”. These explanations indicated how Oya unpacked her pedagogical
content knowledge.
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b) Draw 2 different parallel lines to the given lines.

This week | add b part in this activity, because in the 7" video, | realize that some
students cannot know linearity concept and parallelism adequately. Maybe,
thanks to this part of the activity, | can detect the students who have a difficulty
about it and | can focus on these concepts before starting quadrilateral.

Figure 48. Oya’s activity about basic geometric concept in revised lesson plan

Similar crucial developments are observed in all prospective teachers’
pedagogical content knowledge about quadrilaterals. Another striking point is that
although Maya and Beril only detected students’ errors when individually analyzing
the clips, they made explanations about the contributions of the social learning
environment to their pedagogical content knowledge in after group discussion
reflection paper. More specifically, Beril’s written statements were asserted in the

following:

Before starting to teach quadrilaterals, | think that it is necessary to remind
prerequisite basic geometric concepts to the students. It is obvious that inadequate
knowledge about corner, diagonal, and angle concepts leads some problems. They
have both difficulties in higher concepts [e.g. diagonal and angle properties] and
various misconceptions [Beril, ADRP-MCVC4].

4.2.4.1.3 Noteworthy event in MCVC8

We know that adjacent angles of any prototypical trapezoid are supplementary
because of the parallel sides. This means that their measures add up to 180°.
However, in MCVCS8, the student claimed that if one of adjacent angle is given as

70°, other one must be 360°-70°=290°. Furthermore, the student made following
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explanations: “there is no parallel sides in the trapezoid”. However, she also made

the construction involving one pair of opposite sides as in Figure 49.

Figure 49. Student’s conception of the sum of adjacent angles of trapezoids in video

Student’s such kind of perception about angles of trapezoid is an unpredictable
situation because prospective teachers’ prior knowledge about quadrilaterals that was
obtained from individual pre-interviews data revealed that they were unaware about
what types of difficulties or misconceptions middle school students might have about

angle properties of trapezoid.

4.2.4.1.3.1 Recognizing and interpreting student’s conception about angle

property

When prospective teachers individually examined the clip, they were very amazed to
see the student’s misconception about the sum of the measurements of adjacent
angles of a trapezoid. More specifically, Maya, Asli and Oya only explained that
they had found the student's calculation is different and meaningless without
providing any interpretation on the situation in their reflection papers they wrote
individual video analysis process. On the other hand, Ece made emphasis on the
student’s inability to think the presence of another two angles in her reflection paper.
Emel and Beril made a connection between student’s misconception and the
student’s lack of knowledge about parallelism concept. Besides, Zehra and Damla
proposed that the student misremembered the measures of adjacent angles as adding
up to 360° instead of 180°. To conclude, prospective teachers’ comments about the
student’s mathematical thinking that they provided in individual video analysis
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revealed that how they interpreted differently the possible reasons of problematic

situations in the student’s conceptions.

111111

Elaborations in interpretations about the student’s

misconception

In the discussion process of MCVC8, my prompting question in Episode 30 extended

to the discussion on the student’s conception about adjacent angles of trapezoid.

Researcher
Beril

Ece

Emel

Deniz

Asli & Beril
Maya

Ece

Researcher

Ece

As a new point, is there any point that you noticed about the student’
thinking related to angle concept?

Because the student did not know parallelism, she could not correctly
find the measure of angle in Figure 49.

Student focused on two angles and she immediately decided to
subtract 70° from 360°. She did not even consider remaining two
interior angles.

The student used 360° in subtraction instead of 180° by
misremembering something. It shows the student’s rote learning.
Another reason can be related to student’s mathematics teacher. The
student misremembered the teacher’s solution of a similar question in
any lesson. As a result, she focused on 360° instead of 180°.

It is reasonable.

Ezbere gitti yani.

Parallelism is very crucial to comprehend properties of quadrilaterals.
Students should know parallelism before reasoning about properties.
Although students know parallelism concept, they could not even
reason about angle properties of quadrilaterals.

Students do not also know angle concept. We saw such situations in
previous videos. While students did not interpret angle concept how
we will expect they reason about angle properties of quadrilaterals.

Episode 30 taken from group discussion of MCVC8

In the group discussion process, Beril, Ece and Emel repeated their comments

written in reflective reports when individually examining the clip involving the

student’s misconception of the sum of adjacent angles of a trapezoid. To put in more

detail, each of them linked the student’s misconception with different reasons. For

instance, as a possible reason, Beril emphasized that the student lacks necessary

knowledge about parallelism concept, Ece and Emel commented on the student’s

approach by proposing that it was nourished from rote learning based on the
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student’s memorized knowledge capacity. After listening different reasons, the group
concentrated on Deniz’s interpretation. Deniz reiterated her statements that she wrote
in individual video analysis process. She proposed that the student might
misremember the rule as if it involves 360° instead of 180°. Furthermore, as a
possible reason, she pointed on the influence of the math teacher’s possible examples
given in the lessons on the student’s misconception. At this point, Deniz’s comments
were taken under serious consideration by some participants (e.g. Asli and Beril) as a
sensible reason of the student’s misconception about adjacent angles of trapezoid.
Contrary to her peers, Ece again turned the lack of the student’s knowledge about
parallelism that Beril had suggested at the beginning of Episode 30. Ece put
emphasis on the importance of understanding parallelism concept for establishing the
connection between angles of trapezoid. Hereon, | needed to give additional
information to push Ece to think in more dept. As a result, Ece spent time
interpreting the student’s mathematical work and she offered the lack of students’
knowledge about angle concept as a reason of the misconception considering the
noteworthy events in all video clips that the group examined throughout the teaching
experiment process.

In the statements of reflection papers written after the group discussion of
MCVC7 and MCVCS, the prospective teachers’ changing and emerging ideas about
understanding students’ mathematical mis/conceptions were observed more saliently
and explicitly. More specifically, the correctness of the student’s responses was a
prevalent focus of some PTs’ attention (e.g. Asli, Oya and Maya) when individually
analyzing the student’s work related to adjacent angles in MCVC8. Moreover, these
PTs stayed silent or only participated to the discussion as a supporter role. Following
statements taken from the reflection papers clearly pointed that how they reflected
the knowledge development that they see in themselves. One example is in Maya’s

comments:

Before group discussion, | concluded that the student made such kind of error due to
rote learning. However, | recognized that student could misinterpret the property of
the sum of interior angles and the sum of consecutive angles of parallelogram. | never
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predict such kind of error before watching the video. It is really interesting [Maya,
ADRP-MCVCS].

These expressions shows that her focus was not only on the correctness but
also on the possible reasons of the of the student’s incorrect responses. On the other
hand, before the group discussion, Beril and Emel only had proposed the lack of
student’s knowledge about parallelism concept as a reason lead the misconception.
However, Beril, for example, wrote following statements in her reflection paper after

the discussion:

I understood the possible reason why the student subtracted 70° from 180° instead of
360° in the group discussion process. Student previously encountered the sum of
interior angles of a quadrilateral. However she might do this calculation by forgetting
360° as the sum of all interior angles [Beril, ADRP-MCVCS8]

In general meaning, aforementioned statements was evaluated as an indicator
of the participants’ updating and deepening pedagogical knowledge in terms of
understanding student’s mathematical thinking compared to their initial comments.
Overall, it was observed that PSTs later statements involved more detailed
interpretive comments from different point of views on the student’s misconception
about adjacent angles of trapezoid. From this aspect, the collection of alterative
perspectives coming together in the discussion process was found very reasonable
and stimulating by the group members in order to explain why the student thought
the sum of the measurement of adjacent angles of trapezoid as 360° instead of 180°.
Consequently, sharing the ideas in group discussion provided an opportunity to PSTs
to enhance their pedagogical content knowledge in terms o understanding the

student’s mathematical understanding.

4.2.4.2  Developments in prospective teachers’ knowledge about diagonal

properties of quadrilaterals

4.2.4.2.1 Noteworthy event in MCVC3
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In MCVC3, | asked a seventh grade student to draw the diagonals of HMRT
parallelogram (see Figure 50). At this point, the student said that | could not
remember what the diagonal is. Hereon, | asked the student to show the corner points
of the parallelogram. In the following, the student showed the corner point of R as an
example. After that, | again put a question in order to reveal the student’s conception
about the meaning of diagonal. The student tried to describe the diagonal concept by

providing the following statements:

It did not come back to my memory. | am not sure; it can be the place between two
angles constructed inside of the parallelogram. No, | backed down because | could not
remember what and how the diagonal is [The student in MCVC3].

Figure 50. HMRT parallelogram where student treated corners as diagonals

424211  Recognizing student’s inadequate knowledge about diagonal

In the individual pre-interviews, all of PSTs thought that any seventh grade student
can easily draw the diagonals of quadrilaterals because it is a basic geometric
concept taught in the previous grade levels. Furthermore, according to the PSTs,
students intuitively can deduce the meaning of “diagonal” if they consider the
syntactic and semantic structure of the word of “kdsegen (diagonal)” in Turkish
language (Note: “kdsegen” forms by the combinations of the words of “kose
(corner)” and “-gen” in Turkish language.

After PTs individually analyzed the student’s mathematical work on diagonals
in MCVC3, five of them expressed their surprise to see the student’s lack of
knowledge about diagonal in their reflection papers. Examples of comments

involved:
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| think that any student can know the diagonal concept before watching the video.
Interestingly, although the student knew the corner, he could not know diagonal
[Beril, BDRP-MCVC3]

The student don’t know the diagonal concept because he could not express and draw
diagonal in the video. However, | expected that the student can remember what the
diagonal is by referencing the word structure of diagonal in Turkish language [Emel,
BDRP-MCVC3].

From these comments, it was evident that PSTs tended to evaluate whether the
student knew or could not know the diagonal concept. They made no specific
inferences about why the student could not remember the drawing and meaning of
diagonal in their individual video analysis processes.

In a part of the discussion process of the group discussion of MCVC3 (see
episode 31), | asked what they noticed about the student’s diagonal conception.

The researcher What did you notice about student’s interpretation related to
diagonal concept?

The group The student did not know the meaning of diagonal.

Ece She knew what the corner is at least.

Maya At a moment in video, the student described diagonal as a thing
inside of the figure.

Deniz However, the student was not sure although she made such
description.

Emel Actually, | expected the student could make a deduction considering

the meaning of the Word “kdsegen-diagonal” in Turkish because it
involves the word of “kdse-corner”. However, the student could not.
Episode 31 taken from MCVC3 group discussion

In that process, similar to the individual video analysis process, the group again
evaluated the student knowledge about diagonal concept. They generally described
the situation in the clip or evaluated what the student knew or could not know.
However, they did not need to question the reasons why the student did not know
anything about diagonal or they did not focus on what the possible influences of lack
of knowledge about diagonal on students’ conceptions about quadrilaterals can be.
Nevertheless, it was concluded that PSTs had opportunity to restructure their

knowledge about understanding student’s mathematical thinking by realizing a
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middle school student’s lack of knowledge about basic geometric concepts such as
diagonal.

4.2.4.2.2 Noteworthy event in MCVC4

There was a great opportunity for prospective teachers to develop their PCK related
to understanding students’ mathematical understanding by virtue of the individual
and group analysis of MCVC4. In the clip, a seventh grade student’ representations
(see Figure 51) about diagonal properties of parallelogram were given in the
following.

RO~ A

DO =RO
o= CO
Av- Cu

Figure 51. Student’s responses on diagonal properties of parallelogram in MCVC4

After | asked what she knows about diagonal properties of parallelogram, she
said that the length of the diagonal of parallelogram must be equal because the
diagonals come from the corner points that they have same angle measurements. At
this point, I prompted a question to understand what the student thinks about the
equality of diagonals for all parallelogram types. Hereon, the student drew a
pentagon and analyzed its diagonals. At the end of her examination, she made
following comments: “The diagonals must be equal length for four-sided
parallelogram, not for more than four-sided parallelograms.” In the following, the
student continued her ideas about diagonal properties by saying that the diagonals of
any parallelogram are also angle bisectors. For example, the angle of BAD and the
angle of DAC have same measurements. Student’s such kinds of expressions were
unpredictable situations for prospective teachers because PSTs generally could not
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predict the student’s conceptions about diagonal properties of parallelogram in the
individual pre-interviews. The possible reason why they did not predict the student’s
misconception about diagonal properties might be associated to the inadequate SMK

on related issue.

424221  Early comments about student’ ways of thinking

Prospective teachers’ reflection papers that they wrote in individual video analysis
process indicated that Maya, Beril, Ece, Oya, and Emel evaluated the correctness of
the student’s responses about the length of diagonals of parallelogram. They
concluded that the student’s conception was correct, reasonable and acceptable.
However, Deniz, Asli and Zehra provided some comments in which they evaluated
the student’s explanations as the indicators of the student’s incorrect conceptions
about corresponding diagonal property of parallelogram. Furthermore, they proposed
different views about the reasons why the student had such misconceptions in their
individual video analysis reflection papers. For instance, Deniz found the student’s
parallelogram construction as deceptive point in terms of mentioning on the diagonal
properties because of the similarity between the student’s parallelogram construction
and rectangle figure. In addition, Asli and Zehra argued that the student could not

differentiate parallelogram from rectangle.

4.2.4.2.2.2 Recognizing and interpreting their own error and student’s

error about the length of diagonals of parallelogram

At a point in the group discussion process, they firstly focused on the adequacy of
the student’s knowledge about the concept of diagonal. As seen in Episode 32, Ash
shifted the discussion from the student’s understanding of diagonal concept to the

student’s misconception about the length of diagonals of parallelogram.

Asli The student said that the length of diagonals is equal. This situation is
related to being rectangle.
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Beril For example, if the student examined the diagonals of rhombus, she
might understand diagonals of parallelogram are not always equal
length.

Zehra You are right, the student have such a misconception in her mind.

Researcher Do you think the diagonals are equal length in parallelograms?

Emel & Maya | thought diagonals are always equal length too.

Oya I also, but I gave up this thinking yet.
Researcher Why did you change your mind?
Beril I also thought diagonals are always equal length. Normally, if we

think diagonals of squares and rectangles it seems that diagonals are
always equal length. However, when | consider the diagonals of
rhombus, | recognized my mistake.

Asl X

For example, if we draw the following figure T it is easy to
see non-equal length diagonals.

Researcher In that case, why do students generally suppose that diagonals are
always equal length?

Asli In my opinion, the student started to analyze diagonals of square and

rectangle. Then, she might overgeneralize the equality of length of
diagonals to all parallelograms. Furthermore, she said that all angles in
her Figure are congruent. By referencing this congruency, the student
supposed the length of diagonals is equal [length].

Maya In my opinion, the student considered well-known [prototypical]
figures. As a result, she incorrectly interpreted diagonal property [of
parallelogram].

Episode 32 taken from group discussion of MCVC4

At the beginning of Episode 32, Asli suggested that the student incorrectly
took the diagonals as having equal length like that of rectangle. At this point, Beril
gave additional example situations to elaborate Asli’s idea. She claimed that the
student did not think the rhombus examples when examining the diagonal properties
of parallelogram. Zehra explained her agreement with Beril by making emphasis of
the possible influence of examining limited parallelogram examples on the student’s
misconception about the equality of diagonals of parallelogram. Following this, I
wanted to learn which prospective teachers think parallelogram has equal length
diagonals before the group discussion process. This prompting question revealed that
Emel, Maya, Oya and Beril understood their mistakes about the length of diagonals
of parallelogram by expressing their previous conception to the group. | pressed

PSTs for why they changed their minds by asking a new question. Here, Beril
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explained that when she considered the diagonals of rhombus in addition to square
and rectangle she realized that the diagonals do not have to equal length for every
parallelogram. Similarly, Asli expressed how someone easily can realize the diagonal
properties if s/he consider non-prototypical parallelogram examples. | then asked the
group to seek a possible reason why the student developed such kind of conception
related to diagonals of parallelogram. Asli resumed her explanation by proposing that
the student only concentrated on the diagonals of square and rectangle instead of
considering rhombus or other parallelogram figures. Moreover, she claimed that
since the student supposed all angles of parallelogram have equal measurements the
student believed that diagonals of parallelogram are also equal length. Besides,

Maya’s comments also supported her peer’s comments.

424223  Elaborations in interpretations about the student’s

misconception

Up until this point, the group had focused on the student’s misconception about the
length of diagonals of parallelogram and its possible reasons. In that process, some
group members realized their own incorrect knowledge about diagonal properties of
quadrilaterals. With this awareness, for example, Ece moved the discussion on
another noteworthy event involving the student’s misconception about the
relationship between diagonals and angle bisectors (see Episode 33). This attempting
behavior can be evaluated as an indicator to see how Ece developed her knowledge
on student’s mathematical thinking. Consequently, because of the influence of group
discussion in Episode 33, she might adopt an approach which is less conclusive,

more detailed and more exploratory.

Ece Furthermore, the student thought that diagonals are always angle
bisectors [in parallelograms].

Researcher Do you think diagonals of parallelogram as angle bisectors?

Ece & Oya Sometimes, it can be.

Zehra Not always. For example, diagonals of rectangle are not angle
bisectors.
Emel In squares, diagonals are also angle bisectors.
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Researcher Students generally treated diagonals as angle bisectors. What can
possible reasons of this situation be?

Zehra The student might not understand parallelism of line segments and
congruent angles between parallel line segments.

Researcher Inadequate knowledge about parallelism is an important factor. What
else?

Zehra Another possible reason can be overexposure of isosceles triangle in

mathematics lessons and questions. In 1sosceles triangle, diagonal is
angle bisector and median. In that situation, Might the student think
median as diagonals?

Maya Diagonal separate parallelogram two similar triangles. In such
situation, the student could think that if triangles are same, the
measure of angles [constituted by diagonals] in the triangles are also
same. Thus, she had a misconception about angle properties of
parallelograms.

Oya Alternatively, students generally have difficulty to measure something
in grid paper. it seems that because they could not measure exactly the
angles in grid paper, they might suppose diagonals divide the angle
two equal parts.

Episode 33 taken from group discussion of MCVC4

As seen in Episode 33, after Ece described what the student thought about the
angles that are separated by the diagonals of parallelogram, | asked a question to the
group in order to understand whether they think that diagonals of parallelogram are
angle bisectors or not. In response, Ece, Oya, and Zehra asserted that the diagonals of
parallelogram are not always angle bisectors. Following this, | deflected the
discussion into searching the reasons of the student’s misconception of diagonals of
parallelogram are also angle bisectors. This question was taken under serious
consideration by different participants as they had to consider the possible factors
that lead aforementioned misconception in the student’s mind. Normally, although
Zehra provided no inference to clarify why the student had such kind of
misconception in her individual video analysis process, she indicated the possibility
of the student’s lack of knowledge about parallelism as a possible reason of the
student’s confusion between diagonals of parallelogram and angle bisectors. At this
point, the group members evaluated Zehra’s expressions as a quite reasonable
inference. However, | posed a question to the group in order to understand what
other PSTs think the possible reasons of the student’s misconception. Again Zehra
asserted that to be asked the questions requiring the usage of diagonal properties of
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isosceles triangles in the exams might be a challenging point for the students because
the diagonals of isosceles triangle are also angle bisectors. As an alternative
perspective, Maya proposed that the student might consider two congruent triangles
inside of her parallelogram. According to Maya, the student can unsuitably suppose
diagonals of parallelogram as angle bisectors by focusing on two congruent triangles.
While the group members were concentrating on Maya’s proposal, Oya brought a
new perspective for identifying the possible reason of the student’s related
misconception. Oya claimed that since the student could not measure the length of
diagonals in grid papers, the misconception might occur. It is important to see that
final three comments in Episode 34 clearly showed that how prospective teachers
elaborate their knowledge about understanding student’s mathematical thinking
especially their misconceptions with the possible reasons. Furthermore, reflective
comments indicating the developments in PSTs’ pedagogical content knowledge also
were observed in their reflection papers written after the group discussion of
MCVC4. Overall, rather than making a quick evaluation, all PSTs considered
alternative reasons that could explain the student’s misconception about the
diagonals of parallelogram and proposed alternative solutions to the problematic
situations in the student’s work.

The summary of the common developments in prospective teachers’
knowledge about properties of quadrilaterals throughout teaching sessions was given

in Figure 52.
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Figure 52. Summary of the developments in PSTs’ knowledge related to properties of quadrilaterals in teaching sessions



4.3 The Nature of Prospective Teachers’ Subject Matter Knowledge and
Pedagogical Content Knowledge about Quadrilaterals after Attending

the Teaching Experiment

This part of the results summarized the final situation of prospective middle school
mathematics teachers’ subject matter knowledge (SMK) and pedagogical content
knowledge (PCK) about quadrilaterals at the end of the teaching experiment process.
As the data sources, PSTs’ written and verbal responses to the post-interview tasks
that were same with the pre-interview tasks and revised lesson plans involving their
instructional planning to teach quadrilaterals to the seventh grade students. PSTs’
responses at the beginning and at the end of the teaching experiment were

comparatively presented in the following sub-sections.

4.3.1 The nature of prospective teachers’ subject matter knowledge and

pedagogical content knowledge about definitions of quadrilaterals

4.3.1.1 Updating personal definitions to establish necessary and sufficient

conditions and to provide inclusive relations among quadrilaterals

Comparison of initial and final forms of PSTs’ personal definitions of quadrilaterals
was presented in Table 23 in terms of providing some logical principles that allow a
definition to be mathematically correct; i) establishing necessary and sufficient
conditions, and ii) providing inclusivity among quadrilaterals concepts.

For parallelogram concept, all prospective teachers continued to make their
definitions considering inclusive relations among quadrilaterals. As seen in Table 23,
they changed their personal definitions in terms of establishing necessary and

sufficient conditions.
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Table 23. Comparison of PSTs’ personal definitions of quadrilaterals in terms of

establishing necessary and sufficient conditions and providing inclusivity

PSTs  Parallelogram Rhombus Trapezoid
Pre-Int. Post-Int. Pre-Int. Post-Int. Pre-Int. Post-Int.
Asli SnNC NSC NnSC NnSC nNnS NSC
Inclusive Inclusive Exclusive Inclusive  Exclusive Inclusive
Deniz  SnNC NSC SnNC NSC NSC NSC
Inclusive Inclusive ~ Inclusive  nclusive  Exclusive  Inclusive
Beril SnNC SnNC NSC NSC NSC NSC
Inclusive Inclusive  nclusive  Inclusive  Exclusive  Inclusive
Oya NnSC NSC NnSC NSC NnSC NSC
Inclusive Inclusive Inclusive  |nclusive  EXclusive Inclusive
Ece SnNC NSC SnNC. NSC NSC NSC
Inclusive Inclusive Inclusive  Inclusive  Exclusive Inclusive
Zehra  NSC NSC NSC NSC NSC NSC
Inclusive Inclusive Inclusive  Inclusive  Exclusive Inclusive
Maya NSC NSC NSC NSC NSC NSC
Inclusive Inclusive Inclusive  Inclusive  Exclusive Inclusive
Emel NnSC NSC NSC NSC NSC NSC
Inclusive Inclusive Inclusive  Inclusive  Exclusive  Inclusive

*SnNC: Sufficient but not necessary conditions; NnSC: Necessary but not sufficient conditions; NSC:
Necessary and sufficient conditions; nNnS: neither necessary nor sufficient conditions.

In the pre-interviews, although only Zehra and Maya provided all necessary
and sufficient conditions in their definitions of quadrilaterals, all PSTs (excluding
Beril) revised their parallelogram definitions considering necessary and sufficient
conditions in the post-interviews. For instance, while Emel had defined
parallelogram as “a quadrilateral having two parallel opposite sides'®”, Oya had

19,

identified it as “a figure having opposite parallel sides™”. After teaching experiment,

Emel realized that “two opposite parallel sides” is not enough to define

18 Turkish version: Paralelkenar karsilikli iki kenar1 paralel olan dértgendir.

' Turkish version: Paralelkenar karsilikli kenarlari paralel olan bir sekildir.
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parallelogram since trapezoid even can be evaluated a parallelogram example
according to this definition. Similarly, Oya recognized inadequate expressions in her
previous definition because she did not mention whether parallelogram is a “closed”
figure or not. As a result, she changed her definition as “quadrilaterals having
opposite parallel sides?®.” Consequently, Emel and Oya provided necessary and
sufficient conditions when defining parallelogram. On the other hand, while three
prospective teachers (Deniz, Ece, and Asli) had defined parallelogram by listing all
known properties such as the equality of length of sides or diagonals in the pre-
interviews, they focused only critical properties of parallelogram in their revised
definitions. Their revised definition was “quadrilaterals with opposite sides
parallel”. This definition indicated that they adopted economical definitions instead
of uneconomical ones.

For rhombus concept, all PSTs (excluding Asli) provided economical correct
inclusive definitions in the post-interviews because they considered all necessary and
sufficient conditions for the definition. However, Asli did not make any change on
her previous rhombus definition (remember that she defined rhombus as “a figure
that all angles are congruent and all sides have equal length®*”). In the definition,
although she gave an extra property about the equality of the angles without
mentioning about the number of the sides and closeness, she could not recognize that
this definition represents a square or a regular hexagon rather than representing all
rhombuses.

For trapezoid concept, in the pre-interviews, six prospective teachers
interestingly provided necessary and sufficient conditions based on exclusive
relations among trapezoid instead of inclusive relations in Table 23. However, they

preferred to define trapezoid according to inclusive relations of quadrilaterals after

20 Turkish version: Paralelkenar karsilikli paralel kenarlara sahip olan dortgenlerdir.
2! Turkish version: Paralelkenar karsilikli kenarlari paralel olan dortgenlerdir.

22 Turkish version: Tiim agilar1 es ve tiim kenar uzunluklari birbirine esit olan sekildir.
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the teaching experiment. Additionally, Asli corrected mistakes in her previous
definition as “a rectangular region having the lower base and the upper base?®”. Oya
realized that her definition involved necessary but not sufficient conditions due to the
lack of information about “closeness” and the number of sides.

In sum, at the end of the teaching experiment, PSTs could detect and correct
the errors or inadequateness in their personal definitions and they focused on
necessary and sufficient conditions to provide economical inclusive definitions of
quadrilaterals. PSTs reactions about the student’s rhombus definition in the analysis
and discussion of MCVC6 can be given as evidence in order to show possible
influence of video analysis and discussion process on PSTs’ updated SMK. As a
conclusion, it can be inferred that teaching experiment process contributed the
development of their subject matter knowledge in addition to pedagogical content
knowledge. This situation strongly showed the interrelation among SMK and PCK
(Ball, 1991; Even, 1993; Shulman, 1986).

4.3.1.2 Developing an awareness about students’ definitional errors of

quadrilaterals and their possible reasons

In the individual pre-interview process, prospective teachers had provided only a few
ideas or predictions about what seventh grade students’ possible improper and
incorrect definitions/descriptions of quadrilaterals can be. Some of them (Maya and
Zehra) predicted that some students can only describe the concepts instead of
formally defining them. However, in the post-individual interviews, their responses
about middle school students’ possible definitions of quadrilaterals differed from the
responses in the pre-interviews. For example, they not only focused on the students’
correct or incomplete descriptions but also developed awareness about the students’
incorrect descriptions of quadrilaterals. More specifically, all PSTs took the students’

descriptions especially in MCVC1 and MCVC4 as a referential point in order to

28 Turkish version: Yamuk alt ve iist taban1 olan dikdértgensel bolgedir.
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mention about students’ possible definitional errors related to parallelogram. They
concentrated students’ overgeneralization errors (e.g. defining two parallel line
segments as a parallelogram or treating a regular hexagon as a parallelogram) and its
possible reasons in related clips. PSTs’ some comments taken from post-interview
data was given in the following in order to assert how they developed an idea about

students’ definitional errors at the end of the teaching experiment.

I understood that students did not know basic geometric concepts. For example, the
student in MCVCL1 treated two parallel line segments as an example of parallelogram.
Moreover, the student treated beginning and end points of line segments as the sides
of parallelogram. In the group discussion, we concluded that the student might focus
on the meaning of parallelogram in Turkish language. As a result, we considered
language as a reason for the student’s misconception [about parallelogram]. Maybe,
the student focused on the words of “parallel-paralel” and “edge-kenar” instead of
considering “paralelkenar” mathematically. I was not aware of such kind of student’s
mathematical thinking before watching the video [Ece- Post-interview].

I never predicted a student can have such kind of misconception [about
parallelogram]. While a student could say two parallel line segments is an example of
parallelogram, another student could say a regular hexagon is also an example of
parallelogram. In this regard, students’ conceptual knowledge is very poor. Students
do not even know a quadrilateral as a closed figure [Zehra, Post-interview].

For trapezoid concept, in the pre-interviews, only Oya and Emel predicted that
students might define trapezoid incorrectly because of the usage of the word of
“yamuk” in Turkish language for “trapezoid” by emphasizing on the “irregular”
meaning of “yamuk” in ordinary language. However, in the post-interviews, all PSTs
considered the influence of the meaning of trapezoid in Turkish ordinary language on
students’ conceptions about trapezoid by referencing the students’ incorrect
definition and construction in MCVC8. Post-interview data also revealed that PSTs
realized the influence of visual aspects of shapes on students’ definitions of the

concepts. As an example, Asli provided following explanations:

In lessons, giving always prototypical examples causes limited conceptions in
students” mind. As a result, students generally describe prototypical figures without
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considering [critical] properties. For example, in MCVC7, the student described
trapezoid as “a figure formed by putting a triangle next to a square or rectangle *”.
For this reason, we should firstly give definitions to the students instead of presenting
only prototypical examples in the lessons [Asli, Post-interview].

Aslt’s comments in individual post-interview indicated that she recognized that
students could not pay attention to the conceptual properties of the concepts by
considering the students’ mathematical work in MCVC7. Furthermore, she tried to
develop some teaching strategies to prevent the effects of visual properties on

students’ restricted definitions/descriptions.

4.3.1.3  Focusing on both didactical suitability of an instructional definition and

its mathematical correctness by proposing new teaching strategies

At the beginning of the teaching experiment, prospective teachers generally decided
to utilize their personal definitions as instructional definitions with the limited
number of didactical considerations such as “enabling deductive reasoning” or
“clarity to the students”. However, at the end of the teaching experiment, post-
interview data indicated that they concentrated on didactical suitability of a chosen
definition for the learning process in addition to its mathematical correctness. They
thought that using well-known concepts by the students in the instructional
definitions are crucial to fulfil students’ needs. For example, Ece, Emel, Zehra,
Maya, Oya made emphasis on selecting known concepts that are familiar for the
learners. By this way, they believed that students can build connections between the

concepts. Some example statements were given in the following:

At the beginning [in pre-interviews], | thought a definition that involves all properties
about sides, angles and diagonals of a geometric concepts might be useful for the
students. However, | recognized that students did not even know the meaning of
diagonal and angle in the videos. For this reason, | think that using a clear basic
[economical and minimal] definition is more meaningful than a definition involving

? Turkish version: Yamuk karenin ya da dikdrtgenin yanina gelen iiggen ile olusan sekildir.
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all properties [of the concept]. For example, | will focus on the parallelism of opposite
sides when defining parallelogram. Similarly, | will focus on the equal length of sides
when defining a rhombus [Ece, Post-interview].

Above statements revealed that PSTs decided to select well-known concepts by
the students when considering the students’ lack of knowledge and intuitions in the
video clips that they analysed an discussed throughout teaching experiment process.

On the other hand, Asli, Deniz and Beril commented on the lack of necessity of
giving extra information in the definitions. In the below statements clearly showed
that they took account of economical definitions in post-interviews because

economical definitions allow deductive reasoning.

After watching the videos, | recognized that every student had difficulty about
definitions of geometric concepts. Giving all [critical and non-critical] properties in a
definition can limit students” minds. Furthermore, it can hinder to deductive reasoning.
If we define parallelogram as a quadrilateral having opposite parallel sides, students
can easily deduce parallelograms also have opposite equal length sides themselves.
For this reasons, | made some changes in my initial definitions [considering
minimality and economical definitions] [Asli, Post-interview].

Another crucial change occurred for PSTs’ instructional definition of trapezoid
in terms of inclusive relations. In the pre-interviews, while they mostly decided to
utilize inclusive definitions of parallelogram and rhombus they preferred to use
exclusive definition of trapezoid due to students’ intuitions. However, they changed
their preference for the instructional definition of trapezoid in the post-interviews.
They said that using inclusive definition is necessary to make emphasis on
hierarchical relations among quadrilaterals because inclusive definition gives
opportunity to the students in order to make relational thinking. When making such
kinds of expressions, they always took the students mathematical thinking in the
video cases as a referential point. For this reason, it can be inferred that PSTs’
instructional preferences were changed after they analysed and discussed the
students’ descriptions of quadrilaterals in the video cases.

As a final point, it was observed that after they developed an understanding

about the possible reasons of students’ incorrect or inadequate descriptions, they
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started to device pedagogically powerful teaching strategies. Prospective teachers’
common instructional strategies in pre- and post-interviews were summarized in

Figure 53.

Instructional strategies for teaching definitions

A1l: Asking students to define concepts after
giving prototypical examples

Pre-interviews and
initial lesson plans

A2: Giving no information about definition

h 4
' B1: Asking students to define each concept
according to critical attributes

B2: Giving only the definition of one specific
concept (e.g. trapezoid) at the beginning of
the lesson

Post-interviews and
revised lesson plans

B3: Giving all definitions at the beginning of
the lesson

Figure 53. A summary about PSTs’ instructional ways to teach definitions

By using information in Figure 53, the shift in each prospective teacher’s
instructional strategy was illustrated in Figure 54. For example, all participants
(excluding Zehra and Emel) preferred asking definitions of parallelogram, rhombus,
and trapezoid by giving examples of prototypical examples in the pre-interviews and
initial lesson plans. Besides, in the post-interviews and revised lesson plans, three
participants (Oya, Zehra, and Deniz) again preferred to give definitions in the lesson
by a teacher-centered approach in post interviews and revised lesson plans because
they believed that students must know the basic (economical) definition for each
concept. However, among them, Oya decided to ask the definition of quadrilateral to
the students since she thought that controlling students’ previous knowledge about
prerequisite knowledge is important to produce correct concept images and concept

definitions.
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Initial Instructional ~ Final Instructional

Participants !
strategies strategies
Asl Al
B1
Ece Al
Maya Al
Emel » A2
Zehra A2
Oya A1 > B3
Deniz Al

Figure 54. The comparison of PSTs’ instructional strategies for teaching definitions

Differently, Beril, Maya, and Emel developed an idea in which they proposed
that it is useful to give only the definition of one concept at the beginning of the
lesson. Thus, they believed that students can make deductive reasoning to find the
definitions of other concepts of quadrilaterals. To be clearer, Beril’s explanations

taken from revised lesson plan were given in the following:

Firstly I give the trapezoid definition and properties. In the 8" video, the student thinks
all sides in a trapezoid do not equal to each other because of the meaning of the
trapezoid in Turkish. Thus, for students who can make the same mistake, | emphasize
that it has different meaning in the geometry in the beginning of trapezoid concept
[Beril, Revised lesson plan].

Beril’s explanations showed the influence of the students’ mathematical
understanding in MCVCS8 on her instructional ways. Alternatively, Maya decided to
start the definition of parallelogram by making following explanations in revised

lesson plan:

Use the relation between definitions of the concepts when giving the definitions of
each quadrilateral but not give the whole definition at the same time, give them
gradually by doing deductions. After the learning of definition of parallelogram say
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that a rectangle which has opposite sides and these sides are parallel and same length
is a parallelogram [Beril, Revised lesson plan].

On the other hand, Asli and Ece believed that giving visual representations of
the concepts before the definitions is more useful for supporting students’
conceptions about quadrilaterals in the pre-interviews and lesson plans. However,
they changed their approach at the end of the teaching experiment. They suggested
student-centered and definition-based approach instead of using teacher-based and
figure-based approach. For example, Ece added following additional directions to
teach definitions of the concept to the students (see Figure 55). In her directions, it
was clear that she devised a discussion environment in which students can get
opportunity to produce the definition of each concept considering critical properties

of the concept.

— Ask students to what are their definitions of each quadrilateral according to their properties.
Students may have difficulties about definition of trapezoid.

— Discuss the definitions of students.

—  Give them definitions by completing the missing parts of their definitions.

— Try to use their words so students may be motivated

— Give importance to definition of trapezoid because of at least one parallelism. Students may
get confused. Explain their relations.

— Torelate all quadrilaterals, use Venn diagram.

Figure 55. Ece’s directions about the teaching of quadrilaterals in revised lesson plan

4.3.2 The nature of prospective teachers’ subject matter knowledge and

pedagogical content knowledge about constructions of quadrilaterals

4.3.2.1  Shifting from prototypical examples to non-prototypical examples

Prospective teachers’ personal constructions of quadrilaterals in post-interviews were

compared with the constructions in pre-interviews. According to Table 24 all PSTs
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tended to draw non-prototypical figures for each concept by considering the
hierarchical relations among quadrilaterals at the end of the teaching experiment.

Table 24. Comparison of PSTs’ personal constructions of quadrilaterals in terms of

prototypicality and hierarchical structure

Participants Parallelogram* Rhombus Trapezoid
Pre-Int.  Post-Int. Pre-Int. Post-Int. Pre-Int. Post-Int.

Ash PT-NH  NPT-H PT-NH NPT-H PT-NH NPT-H
Deniz PT-PH  NPT-H PT-NH NPT-H NPT-NH  NPT-H
Beril PT-PH NPT-H PPT-H NPT-H PT-PH NPT-H
Oya PT-PH NPT-H PPT-H NPT-H PT-PH NPT-H
Ece PT-NH  NPT-H NPT-NH  NPT-H NPT-NH  NPT-H
Zehra PT-H NPT-H NPT-H NPT-H NPT-H NPT-H
Maya PT-H PPT-H PPT-H NPT-H NPT-H NPT-H
Emel PT-PH  NPT-H PPT-H NPT-H PT-NH NPT-H

*PT: prototypical, PPT: partial-prototypical, NPT: non-prototypical; H: hierarchical, PH: partial-hierarchical,
NH: non-hierarchical

Moreover, they generally added rotated figures to their lesson plans by using a
geometry application. In this regard, | asked the reason why they changed their initial
constructions in lesson plans. In response, they generally said that students had
difficulties to distinguish square and rhombus or rectangle and parallelogram in
video clips. For example, Deniz wrote following statements in her revised lesson

plan:

From the videos that we analyzed and discussed, I realized that students could not
comprehend rotate form (e.g. 45°) of a figure. For this reason, | think that rotating
figures in different angles can positively influence students’ understanding [Deniz,
Revised lesson plan].

Thus, they needed to add many of rotated figures to their future instructional
plans. From this, we can concluded that prospective teachers both unpacked their
subject matter knowledge and enhanced their pedagogical content knowledge in
order to devise new instructional approaches by the help of the video clips in

teaching experiment.
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4.3.2.2  Developing an awareness about students’ possible difficulties and errors

in construction of quadrilaterals

In the pre-interviews, prospective teachers generally predicted students’ correct
prototypical and non-hierarchical drawings (remember Table 15). Only Zehra
presumed that students may draw a non-example such as trapezoid just supposing it
as a parallelogram since they couldn’t pay attention the properties of grid paper.
Interestingly, all PSTs provided additional constructions of parallelogram such as
two parallel line segments, trapezoid, hexagon or octagon in order to show students’
overgeneralization errors in the constructions of parallelogram. For rhombus concept,
they also give examples of students’ possible incorrect drawings in the post-
interviews. They drew hexagon, parallelogram, four equal-sided figures that are not
closed. While adding the figures to the task in post-interviews, all PSTs made similar

explanations in below:

| never predicted that students made such kinds of errors and difficulties about
quadrilaterals. After analyzing the videos, | know that students can treat non-closed
figures as parallelogram or they can treat a ten-sided regular polygon as a
parallelogram [Oya, Post-interview].

The name of “eskenar dortgen”in Turkish language is clear because “eskenar”
corresponds to “equal length sides” and “dortgen” corresponds to “quadrilateral”.
However, students can even treat a regular hexagon as a rhombus without focusing on
the word of “dortgen-quadrilateral”. Furthermore, | think that a student can see a non-
closed figure as a rhombus because students in videos thought non-closed figures as
the examples of parallelogram [Asli, Post-interview].

It was evident from above explanations that PSTs took into account of the
situations in video cases that they analyzed individually and discussed with their
peers. Finally, all of them constructed non-closed shapes, irregular shapes, and
polygons having more than five sides in order to indicate students’ possible incorrect
drawings of trapezoid, which can be considered as a crucial development in PSTs’

PCK when considering their initial responses in pre-interviews.
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4.3.2.3 Developing a student-centered instructional way to teach the

constructions of quadrilaterals

Final form of participants’ lesson plans indicated that most of them focused on a
student-centered instructional way to teach the constructions of quadrilaterals to the
middle school students. According to student-centered instructional plans, they
generally kept students in an active role to construct quadrilaterals. In this sense, Ece
and Beril added only some comments involving the necessity of giving rotated
figures in teaching of quadrilaterals. However, they did not mention any detail about
how they show rotated figures to the students.

On the other hand, Emel, Maya and Oya proposed that if students select the
asked shapes among different kinds of polygons like in Figure 56, they can
understand prototypicality and hierarchical relations among quadrilaterals by the help
of teacher’s guidance. They devised all polygons in their lesson plans by using
Geogebra.

Figure 56. The selection task that Maya prepared to ask students in her revised plan

When | asked the reason why they changed the form of the figures in their
lesson plans, they offered almost same explanations. One of them was given in the

following:

| added some figures having different orientations and sizes in my revised lesson plan.
| added all figures in grid paper by using Geogebra. Thus, | expect that students can
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easily measure equal length sides, parallelism and perpendicularity in grid paper [Oya,
Revised lesson plan].

As can be understood from the above explanations, they decided to change
their figures with the figures drawn in Geogebra and grid paper in order to make
emphasis on the properties involving parallelism and perpendicularity of line
segments in quadrilaterals. Alternatively, Zehra, Asli and Deniz offered the usage of
different kinds of materials such as paper-clippers and geoboard when teaching non-
prototypical constructions of quadrilaterals. For example, Zehra planned to separate
the class into two groups in her final form of lesson plan. She aimed to give papers
and clippers to one group and to give geoboards to another groups. She also added
each group of students’ anticipated answers for the constructions of quadrilaterals
according to given definitions (see Figure 57). She finalized her teaching for the
constructions of quadrilaterals by using a task similar to the task in Figure 56 in order

to reinforce their conceptions and prevent the formation of misconceptions

originating from prototypical concept images about quadrilaterals.

Figure 57. Zehra’s predictions about students’ anticipated answers for the

constructions of quadrilaterals

Asli proposed another alternative way to teach the constructions of
quadrilaterals by aiming to prevent the formation of possible misconceptions or
limited concept images in students’ mind. By using student-centered teaching
approach, Asli planned to ask students to construct rectangle in geoboard and to cut

figures from the paper. She made following comments about her teaching way:
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Students can cut papers their own ways, which enables them to strengthen their
understanding about properties of quadrilaterals. Additionally, student can think a
figure differently when it is rotated. If we show the figures in different positions, they
can comprehend figures and their rotated forms have same properties [Asli, Revised
lesson plan].

These comments indicated that she aimed to teach that rotation does not change
the properties and names of the figures. The other strategy proposed by the four
participants (Maya, Zehra, Oya, and Ece) is about using the constructions of counter-
examples in their instructional plans as an alternative way to teach the constructions
of quadrilaterals. In the pre-interviews, only Maya proposed that giving the
constructions of counter-examples might be useful to make emphasis on the critical
properties of related quadrilateral (Remember that she had offered to use trapezoid,
parallelogram, and an irregular figure to emphasize critical properties of
parallelogram, rhombus and trapezoid, respectively.) At the end of the teaching
experiment, for instance, Zehra and Ece also added some non-closed figures in the

polygon tasks (see Figure 58-a and Figure 58-b).

(a) (b) (©
Figure 58. (a) Zehra’s counter examples (b) Ece’s counter examples to show
quadrilaterals in revised lesson plans (¢) Oya’s counter-examples to emphasize

critical properties of parallelogram in post-interview

Zehra provided following explanations in order to explain why she needed to

add such kinds of figures on the task:

| added these figures because we discussed the effectiveness of giving counter-
examples to imply the critical properties of the figures in the video clips we examined
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in the third week. After that, I developed an idea such as “why don’t I use counter-
examples? Then, I thought to make students have more critical thinking there is need
[Zehra, Revised lesson plan].

Differently, Oya aimed to use counter-examples in Figure 58-c to ask students
whether trapezoid and hexagon are also parallelogram examples or not. She said that
because students sometimes make overgeneralizations as we saw in the video clips, it
Is meaningful to give counter-examples for an effective teaching of quadrilaterals.

In sum, in the beginning of the teaching experiment, prospective teachers
generally preferred teacher-centered strategy; however, they tended to develop
student-centered instructional way for teaching of the constructions of quadrilaterals
at the end of the teaching experiment. In this process, they suggested using different
kinds of materials or representations such as paper-clipper, geoboard, geometric

applications (e.g. Geogebra), card activities, and counter-examples.

4.3.2.4  Final State of Prospective Teachers’ Subject Matter Knowledge and

Pedagogical Content Knowledge about Properties of Quadrilaterals

4.3.25 Detecting and correcting errors in their personal knowledge about

diagonal properties of quadrilateral

As mentioned before, in the pre-interviews, although participants provided correct
information about side, diagonal, and angle properties of trapezoid. PST’s SMK was
insufficient when considering their responses about especially properties of
parallelogram and rhombus as seen in Table 25).

For instance, only Deniz and Zehra had provided correct responses for the
properties of quadrilaterals. Remaining prospective teachers generally made mistakes
when determining diagonal properties of parallelogram and rhombus in the pre
interviews. When considering their responses in pre-interviews, it was evident that
Asli, Beril, Ece and Maya supposed that diagonals of any parallelogram are always
angle bisectors. Furthermore, Asli, Beril, Oya, Ece, and Emel claimed that diagonals

of any parallelogram are always equal length. Similarly, Asli, Beril and Emel
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proposed that diagonals of any rhombus also have equal length. Additionally, Ece

believed that diagonals of parallelogram are perpendicular.

Table 25. Comparison of PSTs’ misconceptions about properties of quadrilaterals

Concepts Misconceptions Participants having related misconception
Pre-int. Post-int.
Parallelogram Diagonals have equal length. Asli, Beril, Oya, Ece, Emel X
Diagonals are angle bisectors.  Asli, Ece, Beril, Maya X
Diagonals are perpendicular. Ece X
Rhombus Diagonals have equal length. Asli, Beril, Emel X
Diagonals are not always Ash X
perpendicular.
Trapezoid X X X

Post interviews’ data revealed that they recognized their errors about the angle
and diagonal properties of quadrilaterals that they made in the pre interviews and
they corrected all of them. They indicated the positive influences of analyzing and
especially discussing students’ mathematical works in MCVCs on their subject
matter knowledge in addition to pedagogical content knowledge development. For

instance,

I was confused about diagonal properties of quadrilaterals in pre-interviews. At that
time, | recognized the inadequacy in my knowledge about diagonal properties.
However, when my friends provided different ideas and examples in group discussion
I understood the reasons of my mistakes. For example, | concluded that the diagonals
of parallelogram are always equal length in pre-interview. However, when my friends
showed rhombus and its diagonals in the group discussion of MCVC4, | realized that |
always focused on prototypical parallelogram examples instead of other examples
[Ece, Post-interview].

In pre-interview, after | constructed a classical [prototypical] parallelogram and | said
that diagonals are also angle bisectors. However, it was necessary to think other
examples [of the concept]. | noticed my mistake in group discussion of videos [Beril,
Post-interview].
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4.3.2.6  Recognizing the importance of evaluating students’ existing knowledge

about basic geometric concepts

Pre-interviews data indicated that most of PSTs generally focused on limited
numbers of ‘students’ possible errors. It is also important to imply that they could not
consider the possible influence of the lack of students’ knowledge about pre-
geometric concepts such as diagonal, parallel and perpendicular line segments on
their conceptions of quadrilaterals. I mentioned about participants’ predictive ideas
about students’ errors on properties of quadrilaterals were already given in the
“section 4.1.4.2”. Furthermore, I gave detailed information about how develop an
awareness about students’ possible misconceptions and difficulties with the possible
reasons on properties of quadrilaterals in the “section 4.2.4”. For this reason, in this
part, | focused on what and how prospective teachers pedagogically concentrated on
properties of quadrilaterals in the post-interviews.

In the post interviews, all PSTs made emphasis on the importance of evaluating
students’ knowledge about basic geometric concepts such as perpendicularity,
parallelism, equal length line segments, corner, diagonal etc. In the interviewing
process, they claimed that students” many of misconceptions might be related to their
lack of knowledge about basic geometric concepts. According to them, before
teaching of definitions and properties of quadrilaterals, students’ current knowledge
about pre-geometric concepts should be controlled and evaluated by using different
assessment techniques and activities. They generally concentrated on diagonal
concept as well as parallelism and perpendicularity concepts by indicating the
students’ understanding in video cases (especially in MCVC3 and MCVC4).

For instance, Asli, Beril, Oya, Maya, and Ece added many of activities and
tasks to determine students’ existing knowledge about pre-geometric concepts by
using similar strategies. For this purpose, Beril, Oya, and Ece preferred to draw some
prototypical examples of quadrilaterals and ask students to construct or define what
diagonal, angle, edge mean. More specifically, Beril’s example activity was asserted

in Figure 59. To explain the reason why Beril added such an activity to her lesson
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plan, she said that I added the activity to detect whether students’ basic knowledge is
enough to learn quadrilaterals and their properties.

Write the meaning of the each item and show them on the given shapes.
Angle: Draw orthogonal lines: Side:

Edge: Diagonal:

|

Figure 59. Beril’s strategy to determine students’ existing knowledge about pre-

geometric concepts

Asli, Zehra, Oya, Beril, and Maya also focused on the pre-activities enabling to
detect students’ existing knowledge about the concepts of perpendicularity and
parallelism. In these activities, they planned to use student-centered approach. In
other words, they asked students to construct both prototypical and non-prototypical
parallel line segments and perpendicular line segments. Some specific examples were
given in Figure 60. In these activities, while Asli planned to give protractor to the
students in order to measure the angles and to find perpendicular angles in Figure 60-
a, Zehra devised to use Geogebra to construct figures as in Figure 60-b and to

measure angles of them by adopting a student-centered teaching way .

=
] i \ %
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Figure 60. (a) Asli’s activity to remind perpendiculartiy concept (b) Zehra’s activity

to teach intercestion of diagonals of rhombus and perpendicularity concept
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On the other hand, Oya, Beril, and Maya utilized almost same instructional
way to remind pre-geometric concepts such as perpendicularity and parallelism.
They used grid paper and planned to ask students to construct a parallel or
perpendicular line segment to the given line segment in the paper. Figure 61

indicated that they generally concentrated on non-prototypical constructions.

e o
(@) (b)

Figure 61. (a) Maya’s activity (b) Oya’s activity to remind the constructions of

parallel and perpendicular line segments

Deniz made little changes on her lesson plans in terms of teaching of
quadrilaterals because her initial leasson plan involved many of activities aiminig to
teach the angle and diagonal properties of quadrilateras. However, Emel made all
revisions in her lesson plan considering the students’ specific errors and difficulties
in video cases. For example, she added following explanations to the final version of
her lesson plan in order to prevent students’ possible errors originating from the lack
of knowledge about basic geometric concepts and also added an activity involving
strips to examine angles between diagonals. She said that many students have
difficulties in basic concepts such as congruent angles, congruent line segments,

parallelism and perpendicularity.

If students say that opposite sides are parallel in a rectangle or in other quadrilaterals,
ask which sides you mean by opposite and what you mean by parallelism of them. If
they do not say this property, put rectangle on the board naming its vertices. Then,
take one pair of opposite sides aside and ask students positions of these segments with
respect to each other. Do they intersect or coincident? [Emel, Revised lesson plan].
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Furthermore, she provided following expressions by considering students’
possible errors in the properties of parallelogram and trapezoid. In the revised lesson
plan, she said that | added this statement because students can have focused on only

one pair of opposite angles in video clip 3.

If students cannot remember the properties of parallelogram and trapezoid, put them
on the board and want from students to examine them. Then, ask the properties again.
For the parallelogram, they can say the properties of sides (length of opposite sides)
but they cannot be sure about angles. If such a case happens, cut the parallelogram in
half from its diagonal and want from students to compare angles of two triangles. If
students say that opposite angles are congruent in a parallelogram, ask them to show
the angles that they mean by opposite [Emel, Revised lesson plan].

Moreover, many of PSTs again focused on the properties in the closing part of
their revised lesson plans. They aimed to evaluate whether students learn side, angle
and diagonal properties of quadrilaterals or not. In this regard, Zehra,Asli, Maya and
Oya utilized a table to compare and contrast the common characteristics of the
quadrilaterals. Emel preffered to prepare an exit card to ask students following
example questions for each quadrilateral: Are the lenghts of diagonals equal? Are
diagonals also angle bisectors? etc. Additionally, she planned to ask true-falso
questions such as “if I am a parallelogram, then my diagonals are always
perpendicular.”

In revised lesson plans, they also explained the reason why they needed such
kinds of additional activities and why they found these activities are pedagogically
appropriate when teaching quadrilaterals to middle school students. Some example
comments they provided in the final form of lesson plans were presented in the

following:

I add this activity involving the constructions of parallel and perpendicular line
segment to the given line segments, because | realize that some students cannot
adequately know the concepts of linearity and parallelism in MCVC7. Maybe,
thanks to this part of the activity, | can detect the students who have a difficulty
about it and | can focus on these concepts before starting quadrilateral [Beril,
Revised lesson plan].
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In new activities that | prepared after group discussions, | aimed to remind
definitions, properties of quadrilaterals and basic geometric concepts. I think that the
lack of knowledge about basic geometric concepts lead problems in students’
understanding for further concepts in geometry. We understood how the lack of
knowledge about basic geometric concepts influenced students’ conceptions [about
quadrilaterals] in videos. In this regard, I took account of students’ incorrect
responses in MCVC3 and MCVC4 when preparing my new activities [Maya,
Revised lesson plan].

In conclusion, these revisions in lesson plans and above explanations indicated
that prospective teachers had opportunities to develop their instructional approaches
for teaching quadrilaterals by the help of analyzing and discussing video cases that
involves seventh grade students’ mathematical representations and explanations

about definitions, constructions, selections, and properties of quadrilaterals.
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CHAPTER V

CONCLUSIONS AND DISCUSSION

The purpose of the current study is to understand the nature and development of
middle school mathematics teachers’ knowledge about quadrilaterals throughout a
teaching experiment designed within video case-based learning environment. In
accordance with this purpose, this chapter addressed the conclusions of the research
findings and the discussion of the major and critical evaluations, interpretations,
judgments, and justifications about the obtained results of the current study by
referencing previous studies in the literature. In this regard, this chapter divided into
two parts. The first part of the conclusion and discussion section is related to
common developments in prospective teachers’ knowledge throughout the teaching
experiment. The first part is remarkable because | proposed usage of micro-case
video clips in undergraduate teacher education as an emerging and new issue in the
current study. In the second part of the chapter, the content-specific developments of
prospective middle school mathematics teachers’” knowledge related to quadrilaterals
in video case-based learning environment is discussed in order to present the details
of developmental process in prospective teachers’ SMK and PCK about

quadrilaterals.

51 Common developments in prospective teachers’ knowledge in micro-

case video-based professional development context

In this section, I explained common developments in prospective teachers’
mathematical knowledge for teaching of quadrilaterals through micro-case video-
based learning environment. When discussing common developments in teachers’

knowledge in the current study, | utilized results of some crucial studies that focused
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on developmental process of teachers’ noticing abilities and knowledge development
(Jacob et al., 2010; Sherin, 2007; Sherin & van Es, 2005; Stockero, 2008; Taylan,
2015; Tirosh, Tsamir, Levenson, Barkai, & Tabach, 2014; van Es, 2012a, 2012b; van
Es & Sherin, 2002, 2006, 2008a, 2008b, 2010; Walkoe, 2014). Developments in
PSTs’ PCK throughout teaching experiment process were illustrated in

Figure 62.
Teaching Experiment Process
[ |
| I
Pre-interviews Post-interviews
and initial - and final lesson
lesson plans plans
T Individual video . . T
. . Reflective written
| analysis of MCVCs Group dscussions Lesson plan
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|
‘ ‘ H T
v S e v
Determination of y TR v Determination of
initial state of PSTs’ Recognizing& X Criticizing their own . final state of PSTs'
R . elaborating s Adopting&
PCK interpreting and peers - . PCK
B knowledge on n " reorganizing their
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X students . instructional
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thinking in MCVCs

Figure 62. Common developments in PSTs” PCK

In the literature, it is stated that prospective teachers can lack PCK required for
sophisticated analyses of teaching and learning (e.g. Hammerness, Darling-
Hammond, & Bransford, 2005; Star & Strickland, 2008). In this regard, | used the
results of pre-interviews and initial lesson plans when determining PSTs’ initial state
of knowledge on quadrilaterals and preparing micro-case video clips for teaching
experiment sessions. For example, prospective teachers had inadequate knowledge
about students’ possible limitations and errors about quadrilaterals in pre-interviews.
As seen in Figure 62, when prospective teachers individually analyzed micro-case
video clips they generally began to recognize and interpret noteworthy events about
students’ mathematical thinking. By this way, they generally provided
mathematically substantial descriptions instead of providing superficial descriptions

of students’ thinking even in the early meetings of teaching experiment. This result is
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interesting because the results of relevant prior works showed that in early video club
meetings, teachers paid attention a range of issues involving climate, management,
teacher-student relationship, and interactional processes (e.g. Sherin & van Es, 2009;
Star and Strickland 2008; van Es & Sherin, 2008a, 2010; van Es, 2011) than directly
focusing on students’ mathematical thinking. In these studies, teacher noticing
moved from general issues to student thinking after a series of video club meetings.
The difference between other studies on noticing theory and this study can be related
to the nature of type of video case. Researchers generally used classroom videos
when examining teachers’ noticing abilities. Such video cases involve information
about complex learning environments as classrooms. Instead, micro-case videos
focus on a learner’s mathematical understanding as a “microscope”. Thus, the
structure of video might enable prospective teachers to directly attend to students’
mathematical thinking and interpreting students’ strategies in even early meetings.
These results bear some similarities with the results of Jacob et al.” study (2010).
They used video cases involving students’ mathematical process in whole number
operations to examine teachers’ “professional noticing of children’s mathematical
thinking”. They proposed three skills for professional noticing of children’s
mathematical thinking as “(i) attending to children’s strategies; (ii) interpreting
children’s understandings; and (iii) deciding how to respond on the basis of
children’s understandings” (p. 173). Consequently, individual analysis of micro-case
videos provided more detailed and focused noticing on students’ mathematical ideas
in the current study. Thus, prospective teachers began to think about students’
defining, construction, and classification abilities on quadrilaterals in more nuanced
ways throughout the teaching experiment process. This situation revealed the
importance of concentrating a specific concept/subject in mathematics on teachers’
knowledge development in terms of understanding students’ mathematical thinking.
Similarly, researchers concluded that video analysis involving students’
mathematical thinking in a particular mathematics concept may help teachers more

deeply about student thinking in the related mathematics domain such as
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multiplication and division (Taylan, 2015), algebraic concepts (Walkoe, 2014), and
modelling perspective (Bas, 2013; Didis, 2014).

In the group discussions of MCVCs, as seen in Figure 62, they generally had
opportunities to elaborate/expand their knowledge on students’ mathematical
thinking with the influences of their peers’ ideas. By this way, the results indicated
that they began to (i) search possible reasons of students’ errors and misconceptions
rather than concentrating solely on errors in students’ mathematical understanding;
(ii) propose specific suggestions considering students’ errors in video clips instead of
making too general instructional recommendations. Most importantly, even the
prospective teachers who provided interpretive and suggestive ideas in individual
video analysis process expanded their knowledge about student mathematical
thinking in terms of (i) recognizing new details about students’ mathematical
thinking in micro-case video clip; (ii) elaborating diverse ideas about possible
reasons of problematic situations in students’ understanding; and (iii) proposing
alternative instructional strategies in order to overcome problematic situations in
students’ understanding in the group discussion processes. These developments in
the prospective teachers’ knowledge could be related to the nature of social
constructivist learning environment in the study. In the group discussion process,
prospective teachers had a chance to share ideas with their peers, which lead to
deeper discussions away participants. Furthermore, in the following of group
discussions, they began to criticize their peers’ ideas and offering alternatives. Thus,
they were able to conjecture alternative instructional strategies in order to overcome
problematic situations in students’ understanding in video clips and develop ideas
how they can revise their future instructional plans considering peers’ ideas and
student thinking styles. Such developments may be interpreted based on the
Vygotsky (1978)’s study in which it can be concluded two developmental levels of
Zone of Proximal Development (ZPD). First level identifies what a learner can do or
perform individually and independently. The second level describes what this learner
can do in a social learning environment with guidance. From this point, in social

interactional process, the role of facilitator and peer learning opportunities in group
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discussion influenced on the prospective teachers’ developments in especially PCK
related to quadrilaterals in this research. As a result, prospective teachers had
opportunities to share, compare and discuss their ideas with the peers and they
adopted different perspectives and conjectures on the related mathematical issue
(Cunningham, Dufty, & Perry, 1992). Similar to Palinscar’s (1998) idea, individual
video-case analysis and group discussion process in this study created disequilibrium
between prospective teachers’ existing knowledge and newly encountered
knowledge in the teaching experiment process. In conclusion, it is observed that
sharing knowledge in social constructivist environment helped the prospective
teachers to exchange ideas, to restructure their own knowledge and conceptions on
the content, to construct pedagogical solutions, to deeply comprehend students’
mathematical thinking, to receive feedback, and to support from their colleagues
(Hiebert, Morris, & Glass, 2003) throughout the teaching experiment. In more
general manner, the results of this study supported the idea that high quality of
professional development involves teachers working with peers to examine
problematic educational situations related to teaching and learning over sustained
periods of time (Guskey, 2003; Hawley & Valli, 1999; Wilson & Berne, 1999; van
Es, 2012a).

The results of the study also revealed that remarkable developments occurred
in all prospective teachers’ knowledge on the strategies they used to overcome
students’ misconceptions, the representations used to reason their understanding, and
the strategies they used to explain the concepts of quadrilaterals and definitions and
properties of them. Many of growth indicators were seen in prospective teachers’
revised lesson plans that they updated after each week in teaching experiment
process. In their lesson plans, they adopted some teaching strategies that were
discussed by the group and they then reorganized their initial lesson plans
considering peers’ ideas and student thinking styles in micro-case video clips. In this
regard, their revised lesson plans provided a great contribution in terms of
understanding how they enhanced their knowledge with the influence of video

analysis and group discussion. In every group discussion, they reconsidered the
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nature and involvement of their initial lesson plans about teaching of quadrilaterals to
seventh grade students and they determined whether they need to revise their lesson
plans in terms of changing teaching style, representations, examples, and
designing/selecting appropriate new definitional activities, constructional activities
etc. Thus, they approached to their initial lesson plans in more didactic and specific
ways rather than thinking in utopic and more general ways. As a result, as they keep
revising their lesson plans they began to (i) prepare/select student-centered and high-
level tasks, (ii) adopt more detailed instructional approaches, (iii) build robust
connections between students’ errors and appropriate instructional approaches, and
(iv) recognize the importance of asking suitable critical questions to the students.

I also illustrated common developments in PSTs’ SMK on quadrilaterals in
Figure 63 by focusing on a comparison of the results of pre-interviews and post-
interviews because explicit evidences that show developments in SMK have rarely
seen in individual video analysis and group discussions processes. Instead, the post-
interviews results indicated that prospective teachers SMK related to quadrilaterals

also enhanced at the end of the teaching experiment.

Initial Final
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Figure 63. Common developments in PSTs” SMK
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As in Figure 63, pre-interviews revealed that PSTs had incorrect conceptions,
insufficient or superficial knowledge, and limited example spaces about
quadrilaterals. For example, they generally thought only prototypical examples of
quadrilaterals. However, in the post-interviews, they enriched their example spaces
because they gave both prototypical and non-prototypical examples of quadrilaterals.
At this point, it is meaningful to ask the following question: Why did explicit
evidences of PSTs’ developments in SMK occur in post interviews? This situation is
probably related to the involvement of post-interview tasks in which there are many
critical questions focusing on their subject matter knowledge (e.g. How do you
personally classify quadrilaterals?, How do you represent hierarchical relations of
quadrilaterals with a diagram?, Could you select only trapezoids among these
polygons? etc.). Similar developments in teachers’ classification abilities of
quadrilaterals were detected in Oztoprake1’s (2014) study in which she examined
prospective middle school mathematics teachers’ cognitive processes under the
support of the Geometer’s Sketchpad learning activities because she asked some
questions in the pre and post-interview sessions to the participants in order to
examine their subject matter knowledge instead of pedagogical content knowledge.

Other possible reason may be related to the nature of micro-case video clips
because these clips involve a collection of significant events related to a learner’s
mathematical thinking process on particular mathematical concepts or problem
situations. In this regard, micro-case video clips can give more opportunities to the
learners for directly attending to the students’ mathematical thinking instead of
focusing on content. Consequently, the results of post-interviews indicated that
prospective teachers captured their own mathematical errors and misconceptions and
corrected them. In more detail, they recognized their existing misconceptions and
errors in the pre-interviews, corrected these errors and misconceptions, encountered
new mathematical strategies, and internalized the meaning of the mathematical
concepts or ideas at the end of the teaching experiment. Moreover, they emphasized
the help and effective influences of analyzing and discussing students thinking in

micro-case video clips on the development of their own conceptions.
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5.2 The Content-Specific Developments of Prospective Teachers’
Knowledge about Quadrilaterals

In this study, it is important to discuss content-specific developments in PSTs’
knowledge in addition to the common developments. In this regard, | divided this
section into two parts. In the first part, I discussed the nature and developments of
PSTs’ SMK on quadrilaterals. Then, I discussed the nature and developments of
PSTs’ PCK on quadrilaterals.

521 Nature and developments of teachers’ subject matter knowledge on

guadrilaterals

I discussed the nature and developments in PSTs’ SMK on quadrilaterals by focusing
on their personal knowledge on definitions, constructions, classifications, and
properties of quadrilaterals, respectively in the following. The common
developments in PSTs’ SMK were presented in Figure 64.

The results of the pre-interviews indicated that many of prospective middle
school mathematics teachers generally attempted to construct an inclusive definition
or partial inclusive definition for the concepts. Especially, one prospective teacher
(Asli), having low-academic performance compared to other participants, made
partially inclusive definition, inclusive definition and exclusive definition for
parallelogram, rhombus and trapezoid respectively. In terms of subject matter
knowledge, the difference between each definition revealed the presence of partial
conceptions about hierarchical relations among quadrilaterals similar to the results of
previous studies conducted with primary school teachers or middle school
mathematics teachers (Erdogan & Dur, 2014; Fujita, 2012; Tirntkli, 2014). This
result was quite expected because making definitions based on hierarchical relations
requires more sophisticated reasoning (e.g. logical and deductive reasoning) in
company with deep mathematical knowledge on related concepts (Burger &
Shaughnessy, 1986; Jones, 2000).
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Initial state of PSTs’ SMK on quadrilaterals Final state of PSTs’ SMK on quadrilaterals

Definitions of quadrilaterals Definitions of quadrilaterals

- Partial inclusive and inclusive definitions - Providing inclusive definitions

- Inability to establish necessary and sufficient - Establishing necessary and sufficient
conditions "1 conditions

- Using inapproapriate mathematical - Using approapriate mathematical
terminology terminology

Constructions of quadrilaterals Constructions of quadrilaterals

- Mostly prototypical examples ) )
- Prototypical and non-prototypical examples

Y

- Non-hierarchical or partial hierarchical

examples - Hierarchical examples
Classification of quadrilaterals Classification of quadrilaterals
- Incorrect classificatons [ »|- Correcting errors in classifications
- Non-hierarchical classification - Hierarchical classification
Properties of quadrilaterals Properties of quadrilaterals

- Correcting their own errors/misconcepitons
in angle/diagonal properties

- Internalizing mathematical knowledge
related to properties

- Errors/misconcepitons in angle/diagonal
properties
- Inadequate reasoning about properties

Figure 64. Shifts in PSTs’ SMK on quadrilaterals

In addition to the hierarchical aspects of prospective teachers’ personal
definitions, another crucial result of pre-interviews was that prospective middle
school mathematics teachers generally had difficulty to define the concepts of
quadrilaterals considering fundamental characteristics of a definition involving
necessary and sufficient conditions. More specifically, they generally either exposed
non-critical attributes or omitted critical-attributes when defining the concepts. As a
result, they provided either sufficient but not necessary conditions or necessary but
not sufficient conditions in especially parallelogram and trapezoid definitions. Some
prospective teachers were also not aware of the need to use precise language, and
used the term of “figure” rather than “a closed figure” in definitions. To sum, instead

of ensuring all mathematical requirements for definitions of the concepts formally or
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axiomatically, they defined the concepts personally and intuitively as mentioned
Fischbein (1994), namely by trying to remembering memorized definitions which
they learned previously in high schools or at university courses. Yet, definitions
involving necessary and sufficient conditions allow learners to make deductive
reasoning for determining critical attributes of a concept based on others (De Villiers,
Govender, and Patterson, 2009; Winicki-Landman & Leikin, 2000) or producing an
equivalent definition for a concept in quadrilaterals.

In the process of analysis and discussion of micro-case video clips involving
students’ conceptions about quadrilaterals, there were no clear and explicit evidences
that show development in prospective teachers’ personal definitions of quadrilaterals.
Instead, they generally concentrated on student’s conceptions, misconceptions,
difficulties, or errors their possible reasons regarding the definitions/descriptions of
quadrilaterals in video analysis and discussion process. As mentioned before,
possible reason of this situation might be related to the involvement of micro-case
video clips. Other possible reasons can be related to the nature of selected
mathematical subject and learners’ previous experiences. However, different form
the pre-interview process, important developments in prospective teachers’ personal
definitions of quadrilaterals were observed in the post-interviews. For example, they
updated their initial personal definitions in order to provide mathematically correct
economical definitions and to establish necessary and sufficient conditions by
making emphasis on inclusive relations among quadrilaterals in the post-interviews.
More specifically, while only four prospective teachers provided inclusive definition
of trapezoid in pre-interviews, all prospective teachers preferred to give inclusive
definition of trapezoid in post-interview. This changing situation can be evaluated as
a positive development in prospective teachers’ personal definitions because both
some mathematicians and mathematics educators and curriculums (e.g. MoNE,
2013) have widely preferred inclusive definitions since they functionally and
economically allow to establish an inclusion between more particular concepts and
more general concept (De Villers, 1994; De Villiers, Govender, & Patterson, 2009;
Heinze, 2002; Kaur, 2015; Shir & Zaslavsky, 2002; Usiskin & Griffin, 2008).
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Consequently, it is concluded that prospective teachers had a chance to develop their
subject matter knowledge related to definitions of quadrilaterals after participating to
the micro-case video-based teaching experiment process. As a conclusion, it can be
inferred that teaching experiment process contributed the development of their
subject matter knowledge in addition to pedagogical content knowledge because
PSTs always mentioned the influence of analysis and discussion of MCVCs on their
knowledge in post-interviews. This situation strongly showed the interrelation among
SMK and PCK (Ball, 1991; Even, 1993; Shulman, 1986). For example, Carpenter,
Fennema, and Franke (1996) claimed that if teachers comprehend students’
understanding, this would give opportunities to enhance their pedagogical and
content knowledge.

In terms of “constructions of quadrilaterals™, the results of individual clinical
pre-interviews indicated that even prospective teachers made inclusive definition for
a concept; they generally exemplified the concept within non-hierarchical structure
by constructing commonly prototypical examples. For instance, a prospective
teacher made non-hierarchical personal drawings for the concepts of parallelogram,
rhombus, and trapezoid even though she made inclusive, partial-inclusive and
exclusive definitions for the aforementioned concepts respectively. Another striking
example was that although a prospective teacher (Emel) made her personal
definitions inclusively for the concepts of parallelogram, rhombus and trapezoid; she
represented these concepts within partial-hierarchical, hierarchical, and non-
hierarchical structure, respectively. These situations can be evaluated as an indicator
of the influence of memorized concept definition on their concept images (Vinner,
1991) and the strong influence of intuitive representations on formal conception
(Fischbein 1987). At that point, formal definitions can become meaningless if they
are not given with all associated examples by teachers or textbooks (Fischbein,
1993). Consequently, it is necessary to reinforce the communication between verbal
and pictorial information in order to construct robust relationship among concept
image and concept definition (Fischbein, 1993; Vinner, 1991; Vinner &
Hershkowitz, 1980, 1983). On the other hand, pre-interview results also revealed that
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prospective teachers’ personal drawings were influenced by prototypical figures
(Fujita, 2012). For example, their parallelogram drawings showed their prototypical
concept images in their minds because they only shortened or extended the length of
the sides without any other types of manipulations on the figure such as
rotation/orientation changes with an angle different from 90 . Moreover, prospective
teachers made their personal drawing for trapezoid with the influence of prototype
images of the concept. These situations clearly can be assessed an indicator for the
dominant role of figural aspects of geometric concepts (Fischbein, 1993) because
they stated that they always encounters such figures in the textbooks and
instructional processes of geometrical concepts. With the influence of these limited
concept images (Hasegawa, 1997; Hershkowitz, 1989, 1990), it was an expected
situation that prospective teachers generally used prototypical examples of
quadrilaterals for their personal drawings of quadrilaterals in the pre-interviews. In
the teaching experiment process, prospective teachers did not explicitly mention
about what they changed in their minds throughout analyzing and discussing of
micro-case video clips. Instead, they concentrated on students’ thinking process and
instructional approaches to students’ difficulties and errors. However, post-interview
results showed that they changed or updated their initial personal constructions of
quadrilaterals. More specifically, they shifted from prototypical examples to non-
prototypical examples of quadrilaterals considering inclusive relations among
quadrilaterals.

In terms of “classifications of quadrilaterals”, the results indicated that
prospective teachers tended to classify quadrilaterals by considering inclusive
relations among quadrilaterals. From this point, results met the expectation that
learners (especially prospective mathematics teachers) at university level must
construct hierarchical relations among quadrilaterals. Obtained results had similarity
with the results of studies conducted with elementary school students (De Villiers,
1994; Monaghan, 2000; Erdogan & Dur, 2014; Tirniikli et al., 2013; Tirntkli,
2014). Furthermore, the idea of preservice and inservice teachers’ concept images

only slightly better than the students (Hershkowitz, 1989; Hershkowitz & Vinner,
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1984) was supported by the results pre-interviews in the current study. Interestingly,
the clear evidences showing the developments in prospective subject matter
knowledge related to classification of quadrilaterals did not occurred frequently in
the video analysis and discussion process although some of them made wrong
classifications in the pre-interviews (e.g. Beril took trapezoid as a parallelogram
example and Asli treated square not to be an example of rhombus). Based on the
previous research, it is more difficult to determine developmental paths in subject
matter knowledge than the developments in pedagogical content knowledge on
quadrilaterals when they examine students’ works (Aslan-Tutak, 2009). In such
situations, prospective teachers generally concentrated on students’ conceptions and
difficulties instead of explicitly revisiting their own conceptions. However, in the
post-interviews, some developments were observed in prospective personal
classifications of quadrilaterals. As mentioned before, this situation is probably
related to the involvement of post-interview tasks in which there are many critical
questions focusing on their subject matter knowledge.

i3

In terms of “properties of quadrilaterals”, knowing critical properties of
quadrilaterals is crucial to make correct economical definitions, flexible
constructions, and inclusive classification of quadrilaterals because it is necessary to
know critical properties of the concept in order to fulfill mentioned abilities (De
Villers, Govender, & Patterson, 2009; Graumann, 2005; Mason, 2010; Oztopraket,
2014; Usiskin & Griffin, 2008). For example, knowing properties of quadrilaterals
are important to determine critical properties of geometric figures (De Villers,
Govender, & Patterson, 2009; Zazkis & Leikin, 2008). However, related literature
indicated that researchers generally focused on learners’ defining, construction, and
classification abilities instead of directly examining teachers’ knowledge and
conceptions related to properties of quadrilaterals. In the current study, pre-
interviews data revealed that many of prospective teachers incorrectly remembered
the diagonal properties of rhombus and parallelogram because they stated axioms
and theorems related to diagonals of quadrilaterals instead of reasoning how to work

or to think mathematically. More specifically, half of prospective teachers had
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following misconceptions in the pre-interviews: (i) diagonals of any parallelogram
are always equal length, (ii) diagonals of any parallelogram are perpendicular, and
(iii) diagonals of parallelograms are angle bisectors. From the pre-interview data, it
can be argued that the main reasons of these misconceptions may be related to
prospective teachers’ tendency to examine prototypical examples of the figures
(Fujita, 2012; Gutierrez & Jaime, 1999) and inadequate proof, deductive reasoning
and argumentation abilities (Clausen-May, Jones, McLean & Rowlands, 2000;
Leung, 2008; Weber, 2001).

On the other hand, video analysis and group discussion processes revealed that
prospective teachers recognized their own errors related to diagonal properties of
quadrilaterals when encountering their peers’ responses and suggestions. They
specifically mentioned about the contributions of sharing ideas in a social learning
environment to enhancing and unpacking their own conceptions in the post

interviews.

5.2.2 Nature and developments of teachers’ pedagogical content knowledge

on quadrilaterals

I discussed the nature and developments in PSTs’ PCK on quadrilaterals by focusing
on definitions, constructions, classifications, and properties of quadrilaterals,
respectively in the following.

PCK on definitions/descriptions of quadrilaterals. In the individual pre-
interview process, prospective teachers provided only a few ideas or predictions
about what seventh grade students’ possible improper and incorrect
definitions/descriptions of quadrilaterals can be. They generally predicted that
students may not provide formal definitions of the concepts because of inadequate
knowledge about mathematical terminology. As a prominent example, only two
prospective teachers (Oya and Emel) predicted that students might define trapezoid
incorrectly because of the usage of the word of “yamuk” in Turkish language for

“trapezoid” by emphasizing on the “irregular” meaning of “yamuk” in ordinary
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language. Although this is a common overgeneralization error that Turkish middle
school students make (Ersen & Karakus, 2013; Tirniikli, 2014; Ulusoy, 2015) the
participants were not aware of it. In the pre-interviews, it is observed that they were
unaware of overgeneralization errors in students’ descriptions of quadrilaterals (e.g.
“parallelogram consisted of two perpendicular line segments in same proportion”;
“parallelogram can have more than four sides” or “trapezoid is an irregular figure
having non-equal sides”) and their possible reasons. However, throughout the
teaching experiment process, as they analyzed seventh grade students’ conceptions
about quadrilaterals in micro-case video clips they began to recognize the relations
among students’ incorrect descriptions of quadrilaterals and their possible reasons
like inappropriate mathematical and ordinary language usages. All prospective
teachers understood the possible influences of the meaning of concepts in Turkish
ordinary language on students’ conceptions. Furthermore, they recognized students’
tendency to focus solely visual properties of a prototypical geometric figure rather
than focusing on critical attributes for establishing formal definition of the related
concept. In the group discussion process, not only they understood students’
definitional errors, they began to develop conjectures for their possible reasons such
as (i) language-based reasoning, (ii) visual reasoning, (iii) lack of students’
knowledge about definitions, (iv) lack of knowledge on basic sub-geometric
concepts, (v) the prototypical figures given in the textbooks, and (vi) limited
prototypical examples teachers used in instructional process. In conclusion, as they
mostly recognized students’ errors, misconceptions and their possible reasons in the
individual video analysis process they unpacked their pedagogical content
knowledge regarding understanding the possible factors of students’ definitional
errors and misconceptions in especially group discussion process.

When considering the fundamental roles of mathematical definitions in
problem solving, argumentation and proof, identifying mathematical concepts (De
Villiers, 1998; Silfverberg, 2003), making relationship among concepts (Mariotti &
Fischbein, 1997), and ensuring oral and written communication for mathematics

teaching and learning (Thompson & Rubenstein, 2000), utilizing definitions
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effectively in the instructional processes is a crucial and necessary component of
teachers’ subject matter knowledge and pedagogical content knowledge (Ball, Bass,
& Hill, 2004). For this reason, Leikin & Winicki-Landman (2001) stated that when
determining to utilize equivalent mathematical definitions, it should be assessed not
only from the epistemological aspects but also from the cognitive, instructional, and
didactical aspects. Despite its importance and necessity of definitions in mathematics
learning and teaching, results of the pre-interview data revealed that most of
prospective teachers could not consider both mathematical correctness and
didactical suitability of a definition when expressing their instructional preferences
for a mathematical definition of quadrilaterals. Furthermore, they were not
adequately aware of didactical considerations when preferring a definition for the
instructional processes.

In the literature, didactically suitable definition for the instructional processes
was explained based on some conceptions (Winicki-Landman & Leikin, 2000) such
as relying on previously learned concepts, learners’ intellectual development, zone of
proximal development of the learners (ZPD), intuitiveness (Fischbein, 1987; Mariotti
& Fischbein, 1997), and elegance (Vinner 1991; Van Dormolen & Zaslavsky, 2003).
When viewed from this perspective, prospective middle school mathematics teachers
in the current study did not generally have didactical considerations when preferring
a definition for instructional processes at the beginning of the teaching experiment.
More specifically, some prospective teachers only mentioned the importance of
controlling students’ prior knowledge about parallelism before giving the definition
of parallelogram. As an illustrative example, it is useful to remember that Oya
suggested her didactical consideration only for trapezoid concept. She personally
defined trapezoid inclusively; however, she preferred to use exclusive definition
when o teach the concept to the students by the reason of difficult nature of inclusive
definition for the students. In other words, when deciding which definition of
trapezoid to use for the instruction, she paid attention to the learners’ development
built on intuitive meaning of trapezoid concept by limited concept images. On the
other hand, some of them (e.g. Emel) paid attention to selection of her instructional
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definitions in terms of ensuring elegance and necessary and sufficient conditions
according to inclusive relations among quadrilaterals. Similar to the suggestion of de
Villiers, Govender, and Patterson (2009), they believed that if students encounter
firstly an elegant and minimal definition of the concept, they can deduce other non-
critical properties from the given definition. However, other prospective teachers did
not think intuitiveness and minimality of a mathematical definition as a critical
characteristic of the definitions when presenting their instructional preferences.
Based on the pre-interview data and prospective teachers’ initial lesson plans, it was
concluded that that prospective teachers’ knowledge about determining didactically
suitable definitions for instructional processes was formed by a narrow and
inadequate perspective in terms of teachers’ professional development before they
participated to the video case-based teaching experiment process.

In the teaching experiment process, prospective teachers began to develop their
initial instructional decisions and proposed new strategies that they plan to use when
teaching definitions of quadrilaterals. In this regard, they concentrated on both
didactical suitability and mathematical correctness of an instructional definition in
the group discussion process. For instance, because the student’s definition involves
a small error in MCVCS6, prospective teachers could not recognize when individually
analyze the student’s mathematical thinking in the video clip. However, they had
opportunity to notice the absence necessary and sufficient conditions in the student’s
definition after my critical questions in the group discussion process (remember
Episode 8). More interestingly, even high-achiever prospective teachers defined all
concepts establishing necessary and sufficient conditions in the individual pre-
interviews they could not evaluate students’ definition in terms of necessary and
sufficient conditions before the teaching experiment. However, group discussion
enabled all prospective teachers to realize unnecessary conditions or extra properties
in the student’s rhombus definition. In this sense, the result of the current study is
parallel with the research involving peer interactions, and group working
opportunities to the learners in various mathematical contexts (Eizenberg &

Zaslavsky, 2003; Leikin, 2004). For instance, a group discussion environment that
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provides group learning for teachers and the need to share ideas during their attempts
are emphasized for mathematics teachers’ professional development in terms of their
mathematical knowledge, pedagogical content knowledge, and curricular content
knowledge (Leikin, 2004).

Another important development in prospective teachers’ teaching strategies
that after they developed an understanding about the possible reasons of students’
incorrect or inadequate descriptions by virtue of individual analysis and group
discussions of micro-case video clips, they started to think pedagogically powerful
teaching strategies. For example, in the pre-interviews and initial lesson plans, they
generally preferred to utilize teacher-centered approach to teach the definitions of the
concepts by giving the definitions on the board or Venn diagram. Instead, in post-
interviews and revised lesson plans, they developed a teaching strategy in which they
adopted student-centered ways such as asking learners to construct or define
quadrilaterals according to given critical features. They emphasized the crucial
influences of watching different students’ various descriptions in the videos and the
ideas proposed by their peers in the group discussions in terms of enhancing and
unpacking their pedagogical strategies for teaching of quadrilaterals. Thus, analysing
and discussing specifically selected and designed video cases can provide efficient
and effective learning opportunities. Therefore, teachers can be supported in
understanding how different learners understand mathematical concepts in various
ways; adopting a student-centred approach instead of teacher-centred perspective
(Friel & Carboni, 2000); enhancing pedagogical strategies and their ability to
identify a problematic situation with multiple perspectives (Carboni & Friel 2005;
Lin, 2005).

PCK on constructions of quadrilaterals. The ability to anticipate and interpret
students’ responses is crucial component of prospective teachers’ pedagogical
content knowledge because such type of knowledge provides an understanding on
students’ mathematical thinking. However, according to pre-interview data,
prospective teachers’ knowledge about students’ possible drawings for the concept of

parallelogram, rhombus and trapezoid showed that they had limited pedagogical
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concept knowledge about students’ possible drawings since they generally focused
on what can be students’ possible correct drawings rather than the incorrect and
contradicted ones. For example, pre-interview data indicated that prospective
teachers could predict only students’ non-hierarchical prototypical drawings in the
current study. Unfortunately, they had inadequate knowledge about students’
possible partial hierarchical relational thinking and common cognitive paths used
when recognizing inclusive relation between similar concepts such as rhombus and
parallelogram (Okazaki & Fujita, 2007; Vinner & Hershkowitz, 1980). Besides,
prospective teachers could predict students’ possible incorrect rhombus drawings in
addition to the correct ones. This situation was an expected result because
parallelogram/rhombus relations might be grasped more easily than other types of
relations among quadrilaterals, which was parallel with the results of the studies
conducted with students (Fischbein & Nachieli, 1998; Okazaki & Fujita, 2007) and
preservice teachers (Duatepe-Paksu et al., 2012; Fujita & Jones, 2007; Tirnikli,
2014a). On the other hand, in the pre-interviews, only three prospective teachers
could predict what can be students’ possible incorrect drawings for the trapezoid
concept. For example, two of them easily thought that a student might fail to
determine parallelism of opposite sides. Furthermore, only one of them could argue
that students can treat an oblique shape because of the naming of the concept in
Turkish language. Consequently, when evaluating prospective teachers’ knowledge
about students’ possible quadrilaterals drawings, it was clearly seen that their lack of
awareness about the points students have difficulties when drawing and their
incorrect drawings that developed under the influence of intuitive and visual
perceptions (e.g. overgeneralization error like treating two parallel line segments as
an example of parallelogram) before participating to video-based teaching
experiment.

As a prominent development, when analyzing and discussing of micro-case
video clips, prospective teachers enhanced their knowledge and awareness on
students’ possible incorrect constructions and difficulties in the constructional

process of quadrilaterals rather than focusing solely students’ correct prototypical
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and non-hierarchical drawings. The results showed that they realized students’
insufficient knowledge about basic sub-geometric concepts such as closeness of
quadrilaterals and parallelism that is necessary to determine parallel opposite sides.
Furthermore, they noticed students’ inability to construct a quadrilateral in grid paper
as an interesting and unexpected situation. Finally, prospective teachers saw the
influence of incomplete relationship between concept image and concept definition
in students’ conceptions. These developments can lead an ambiguous teaching in
prospective teachers’ future instructions because ambiguous teaching lies at the
intersection of mathematical content and students’ mathematical reasoning (Philipp,
2014).

The ability of planning an effective instructional process by selecting suitable
examples and non-examples is necessary to fulfil different cognitive level of
students’ needs and to activate the interactional processes between concept image
and concept definition of each quadrilateral type. As a crucial component of
pedagogical content knowledge, the examples or non-examples teachers utilized for
their instructional process might support or limit students learning (Leinhardt, 2001;
Rowland, Thwaites, & Huckstep, 2003; Zaslavsky & Zodik, 2007, 2014) and reflects
their knowledge capacity (Zaslavsky, Harel, & Manaster, 2006; Zodik & Zaslavsky,
2009). In this respect, prospective teachers’ instructional drawings that they proposed
for their future instructions showed some similarities and differences in the pre-
interviews and initial lesson plans. A similar point was that they did not consider
utilizing non-examples in order to imply the role of critical and non-critical attributes
of a concept for the construction of appropriate and various concept images and
example spaces (Vinner, 1983; Zaslavsky & Peled, 1996). Yet, NCTM (2000)
emphasizes the necessity of non-examples of the concepts in addition to the many
examples of same concept to allow of concept attainment (Petty & Jannson, 1987).
However, prospective teachers in the study preferred to construct only non-
hierarchical prototypical examples of quadrilaterals as instructional constructions
without any didactical considerations (e.g. students’ prior knowledge, intellectual

level etc.) although they defined parallelogram, rhombus and trapezoid as partial-
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inclusively or inclusively. Inconsistency between PSTs’ concept definitions and
concept images in terms of hierarchical structure might be related to intuitive
responses rather than formalized mathematical knowledge about related concepts
(Vinner, 1991). Furthermore, prospective teachers’ instructional constructions were
substantially similar to their personal constructions of quadrilaterals. In the literature,
it is stated that non-hierarchical and prototypical drawings cannot promote students’
understanding in terms of inclusive relations of quadrilaterals and cannot give
opportunity students to construct a robust and flexible interaction between concept
image and concept definition (Fujita, 2012; Hasegawa, 1997; Okazaki, 1995). As a
result, it is not surprising that students have to develop inflexible (static) mental
images about quadrilaterals by referencing such types of teacher-generated drawings
without reasoning the meaning of the definitions (Fujita, 2012; Monaghan, 2000). As
a final remark, it is believed that prospective teachers should use powerful and
appropriate instructional examples/non-examples (Ball et al., 2005; Ball et al., 2008)
and provide awareness about the affordances and limitations of experiencing with a
specific type of example or non-example (Watson & Mason, 2005) before becoming
inservice teachers because it is necessary for the development of flexible mental
images of concepts in students’ mind.

The results revealed that in the video analysis and discussion process and
revised lesson plans, prospective teachers adopted student-oriented instructional
ways to teach the constructions of quadrilaterals by utilizing different materials and
representations. More specifically, they commonly preferred following instructional
strategies for constructions of quadrilaterals: (i) asking students to construct
quadrilaterals, (ii) a teaching way by beginning trapezoid instead of starting with
square, (iii) controlling students’ conceptions related to basic sub-geometric
concepts, (iv) utilizing different materials and representations such as grid or dot
paper, paper-clipper, geoboard and Geogebra, (v) using non-examples, and (vi)
asking critical questions to assert students thinking deeply. All these crucial results
indicated developments of prospective teachers’ knowledge on knowing mathematics

curriculum and alternative instructional materials as an important dimension of
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pedagogical content knowledge (Grossman, 1990). The ideas proposed in group
discussions gave opportunities to prospective teachers to build connections between
problems in students’ constructions and alternative instructional strategies. From this
point, the results revealed how development of teachers’ knowledge on students
thinking influenced their instructional plans and decisions (Carpenter, Fennema,
Peterson, Chiang, & Loef, 1989; Fennema, Franke, Carpenter, & Carey, 1993;
Mason, 2002; Nathan & Koedinger, 2000a; 2000b).

PCK on classifications of quadrilaterals. Results of the pre-interviews
unexpectedly revealed that even if a prospective teacher is well at subject matter
knowledge about classification of quadrilaterals it does not guarantee having a well-
structured pedagogical content knowledge on related concept. For instance, while
prospective teacher having inadequate SMK about classification of quadrilaterals
focused on students’ incorrect selections of quadrilaterals originated from
overgeneralization errors (Klausmeier & Allen, 1978), another prospective teacher
having enough SMK on classification of quadrilaterals considered only students’
possible correct and/or incomplete selections of quadrilaterals. On the other hand,
they generally could predict partial hierarchical classification majority of students
make for especially parallelogram and rhombus (Erez & Yerushalmy, 2006;
Monaghan, 2000; Fujita & Jones, 2006) rather than focusing on contradicted
situations in which students made a correct inclusive trapezoid definition.
Furthermore, they were aware of students’ possible difficulties to differentiate
between non-prototypical square and rhombus. From such type of examples, it can
be concluded that they partially realized the influence of orientation of figures
evoking prototypical images in students’ minds despite being a non-critical or
irrelevant attribute. This difficulty has been heavily emphasized in the studies
involving middle school students (Aktas & Aktas, 2012; Monaghan, 2000). This
result is not compatible with the results conducted with preservice teachers in which
they reached teachers’ inability to detect students’ prototypical images (Akkas &
Turntkli, 2014; Hannibal, 1999; Tiirntkli, Alaylh & Akkas, 2013). Most probably,
the main reason of this difference may be related to giving different orientations in
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the selection tasks used in pre-interviews, which might lead them enacting to
concentrate on prototypical phenomenon.

The most crucial development in prospective teachers’ knowledge in content
and students throughout teaching experiment process was that they recognized the
influence of students’ inflexible prototypical concept images and exclusive
definitions/constructions of quadrilaterals on the students’ classification abilities. As
a result, in their lesson plans and group discussions, they decided to ask students to
construct figures in different size and orientations by emphasizing hierarchical
relations among quadrilaterals in order to from a strong basis for the hierarchical
classifications of quadrilaterals.

PCK on properties of quadrilaterals. The results of pre-interviews revealed
that prospective teachers’ knowledge on common conceptions and difficulties that
elementary school students might have was insufficient in terms of anticipating
students’ possible errors and difficulties regarding properties of quadrilaterals and
their possible reasons. However, some of them (n=2) predicted that students can
know side and angle properties of quadrilaterals better than diagonal properties. In
this regard, it can be concluded that prospective teachers’ insufficient subject matter
knowledge on especially diagonal properties or inadequate experience with middle
school students can be evaluated as a barrier to their pedagogical content knowledge
in terms of anticipating students’ possible conceptions related to properties of
quadrilaterals. It is also important to imply that many of studies revealed that learners
struggle with in many of basic geometric concepts such as perpendicularity
(Clements, Swaminathan, Hannibal, & Sarama, 1999), altitude of triangle (Gutierrez
& Jaime, 1999), angle (Duatepe-Paksu, 2004; Matos, 1999; Mitchelmore & White;
2000; Prescott, Mitchelmore, & White, 2002; Scally, 1991; Ubuz, 1999).
Unfortunately, prospective teachers in the current study could not consider the
possible influence of the lack of students’ knowledge about basic sub-geometric
concepts such as diagonal, parallel and perpendicular line segments on their

conceptions of quadrilaterals in the pre-interviews and initial lesson plans.
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In the analysis and discussion process of micro-case video clips, prospective
teachers found the events reflecting students’ knowledge of properties of
quadrilaterals in the clips as unexpected situations because they never predicted and
encountered with such kinds of students’ conception before participating to the
teaching experiment in the current study. As a result, in the first glance, they noticed
student’s misconceptions about properties (e.g. student in MCVC3 proposed the
congruence of only one pair of opposite angles of a parallelogram). Results indicated
that they began to seek possible reasons of student’s misconception about angle or
diagonal properties of quadrilaterals such as (i) mathematics teachers’ teaching style,
(i) lack of students’ knowledge about angle, diagonal, perpendicularity, and
parallelism concepts, and (iii) insufficient abilities of angle and diagonal
constructions. As a result, it is clearly seen that analyzing students’ video clips is an
effective method to enhance teachers’ skills and knowledge for comprehending and
interpreting students’ various thinking styles and their possible reasons (Ball, 1997).

Pre-interview results also showed that prospective teachers used various
strategies in terms of teaching style, using representations, and question types in
order to teach or to summarize properties of quadrilaterals at the end of their initial
lesson plans. However, they generally listed all properties of a concept rather than
mentioning and emphasizing critical properties in their instructional plans. This
situation is probably related to their awareness of the importance of necessary and
sufficient conditions in establishing mathematically correct definitions. As a crucial
point, some prospective teachers’ (n=3) initial instructional plans did not include any
activity or explanations about properties of quadrilaterals. Instead, they generally
concentrated on hierarchical relations of quadrilaterals. Besides, in the initial lesson
plans, some misinformation about diagonal properties was detected in some initial
lesson plans that were prepared by prospective teachers having misconceptions about
diagonal properties. On the other hand, pre interviews and initial lesson plans also
indicated that prospective teachers did not give any information aiming to assess
students’ prior knowledge on prerequisite geometric concepts such as angle,

perpendicularity/ parallelism of line segments, constructing congruent angles etc. that
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are necessary to understand properties of quadrilaterals. This situation can be
evaluated as an indicator of the robust relationship between teachers’ knowledge on
students’ thinking and knowledge on instructional approaches. In other words,
knowledge of content and student (KCS) and knowledge of content and teaching
(KCT) can be seen as an amalgam that shapes pedagogical content knowledge in
teachers professional knowledge context (Ball et al., 2008; Tsamir, Tirosh,
Levenson, Tabach, & Barkai, 2014).

Results also indicated that after prospective teachers analyzed students’
thinking in micro case video clips and discussed the possible reasons of students’
misconceptions and errors, they began to propose following alternative solution ways
to overcome the student’s errors: (i) utilizing manipulatives such as using “drinking
straws”, (ii) cutting paper activities, using protractor to measure angles of
quadrilaterals; and (iii) making emphasize on pre-geometric concepts (e.g.
parallelism); using the relationship between the sum of interior angles of triangle and
quadrilateral during and after group discussions. In this regard, their revised lesson
plans also revealed that they added new objectives and activities focusing on pre-
geometric concepts by using grid paper, Geogebra or geoboard. These results have
similarities with the results of some video case-based studies conducted with
prospective mathematics teachers’ development in pedagogical content knowledge
regarding particular mathematical concepts (Ding & Dominguez, 2015; Sherin & van
Es, 2009). In other words, teachers’ learning to interpret students’ thinking in a
video-based professional development program might extend to their teaching
strategies. From this perspective, learning how to use student mathematical
understanding helped mathematics teachers to change their instructional decisions in
a way that aim to enhance students understanding and to prevent possible
misconceptions (Franke, Carpenter, Levi, & Fennema, 2001; Goldsmith & Seago,
2011; Jacobs et al., 2010; Kazemi & Franke 2004; van Es, 2011).
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5.3 Implications and Suggestions

In the light of the obtained results, | proposed some implications and suggestions for
mathematics teacher educators, curriculum developers, and researchers who want to
conduct a study involving micro-case video-based professional development
programs in both prospective and in-service teacher education. In this sense, these
implications and suggestions might shed light on educators’ perspective in terms of
filling gaps in the field of mathematics teacher education program in order to support
teachers’ professional development.

First implication of the findings is related to the use of micro-case video clips
in professional development programs. The results of many studies indicated that
preservice teachers do not have enough knowledge about students’ mathematical
thinking, the possible reasons of students’ errors, and generating Vvarious
mathematical strategies and justifications to the problems (Ball et al., 2008; Philipp,
2008; Ubuz & Yayan, 2010; Zembat, 2007). This situation creates a necessity to
search ways in which teachers have opportunities to develop their SMK and PCK. To
respond this need, the uses video-based professional development programs in
prospective teacher education have been increased in recent years. Accordingly, in
the current study, it has been shown that using micro-case video clips rather than
focusing on classroom videos are very useful and effective way to enhance
prospective teachers’ professional vision before they become in-service teachers. For
this reason, the findings of the study have implications on how to prepare prospective
teachers. The courses given in the universities typically provide prospective teachers
with immediate access to the student mathematical thinking in more detail (Lowery,
2002; Philipp, 2008; Philipp et al., 2007). Within the design of this video-based
study, prospective teachers had many of opportunities to possess a body of rich
knowledge about student mathematical thinking via analyzing and discussing micro-
case videos (MCVCs). By the help of analysis and discussion of MCVCs and their
peers’ ideas, they were able to compare and contrast their own conceptions and

students’ mathematical conceptions. Consequently, it is suggested that designing a
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teaching environment that concentrates on student mathematical thinking can be used
an effective alternative way in the courses at the universities in order to promote
PSTs’ knowledge related to various mathematics concepts.

In the pre-interviews, | realized that prospective teachers underestimate
students’ mathematics and they supposed that the most of students can correctly
answer the questions related to quadrilaterals. At the beginning of teaching
experiment, they evaluated correct answers as evidence for conceptual understanding
and incorrect answers as the lack of conceptual understanding as mentioned in
Clements and Sarama’s (2014) study. However, in reality, studies revealed that
students have many of misconceptions, difficulties in quadrilaterals when defining,
constructing, and making classifications of quadrilaterals. As they restructure their
knowledge on student thinking they became more realistic, analytic and reflective
when interpreting student thinking and developing alternative instructional solutions.
As an implication, efficient use of micro-case video clips in teacher education help
prospective teachers to set realistic mathematical learning goals for their students
(Clements & Sarama, 2014) because participating such video-based teacher
education program give opportunities them to avoid judgmental discourse before
becoming an in-service teacher (Ball & Chazan, 1994; Philipp, 2008).

Another implication is related to the crucial role of socially constructed
learning environment on providing fruitful learning opportunity to prospective
teachers. Sharing knowledge with the peers elaborated their knowledge by
developing subject-related knowledge, obtaining alternative perspectives,
understanding the reasons of students’ errors, anticipating students’ another incorrect
answers, and suggesting possible solutions strategies. In this regard, | suggest that
researchers can utilize socially constructed learning environment in teacher education
programs because learning in a social environment entails enabling learners to
develop, contrast and compare, and discuss different perspectives, arguments, and
conjectures on the issue (Bednar, Cunningham, Duffy, & Perry, 1992) and they
reached a shared understanding (Cobb,1994). For example, at the beginning of each
week of mathematics teaching course, prospective teachers can be asked to
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individually examine selected MCVCs by taking notes. Then, they can start to
discuss the video within a group. After that, they developed an instructional way to
develop students’ mathematical thinking in the video. Thus, developments in
prospective teachers’ knowledge on students’ mathematical thinking can be analyzed
throughout a semester.

In the study, | observed that revising lesson plans after each video analysis and
discussions give chance them reconsider and modify their instructional decisions in
the initial lesson plans. Prospective teachers came to understand the importance of
student mathematical thinking in the lesson plan revisions and they enhanced their
knowledge about different teaching approaches, representations, and materials
considering students’ needs and conceptions. In this regard, it might be useful to
combine video-based approaches and lesson study approaches in order to facilitate
teachers’ professional development considering the influence of lesson study
activities in PSTs’ learning (Murata & Pothen, 2011).

| want to share one another implication for the researchers who want to make
large-scale projects about the use of video case-based pedagogy in prospective
teacher education. It is evident from the results that using micro-case video clips is
useful in terms of supporting teacher professional development. In this sense, I think
that a big research team can set “online case libraries” involving both classroom
videos and specially designed micro-case video clips for each mathematics domain.
Thus, all researchers and teachers can utilize valid and effective micro-case video
clips to enhance teachers’ knowledge in their course designs whenever they want.
Furthermore, I propose the necessity of “video case-based curriculum” in teacher
education as another implication of the current study. For instance, Stockero (2008)
reported on the effectiveness of using a video-case curriculum where PSTs in middle
school mathematics method course viewed, analyzed, and discussed video clips of
students solving mathematical tasks. In the current study, utilized video-based
instructional model can be seen as an example of “learning and teaching

quadrilaterals curriculum (LTQC)”. By this way, video-based curriculums can be
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used as a learning tool in method courses of universities teacher education programs
because they help the development of reflective stance of prospective teachers.
Finally, as an implication, | propose a methodological strategy to the
researchers who plan to conduct a study in micro-case video-based learning
environment with prospective teachers or inservice teachers. As an important point,
conducting pre-interviews with prospective teachers before preparing micro-case
video clips were a helpful and useful when selecting “mathematically unexpected
situations” related to students’ mathematical thinking in raw video data. Why is the
selection of “mathematically unexpected situations” important for the developments
of PSTs’ SMK and PCK? Researchers stated that exploiting unexpected situations
for teachers’ professional development may be helpful to support teachers in
organizing mathematics lessons in ways that enable them to providing flexible and
productive responses to the unexpected situation in future instructions (Chick &
Stacey, 2013; Foster, 2014; Rowland & Zazkis, 2003; Sawyer, 2004). Accordingly,
Brookfield (2006, pp. xi—xii) believed that teaching is “full of unexpected events, un-
looked-for surprises, and unanticipated twists and turns”. Furthermore, Rowland and
Zazkis (2013) grouped the inservice teacher’s response to unexpected situations from
students into three categories: to ignore, to acknowledge but put aside, and to
acknowledge and incorporate. From this perspective, reaching a high degree of
pedagogical content knowledge is so important because prospective teachers’
developing knowledge can provide teachers both acknowledgment and incorporation
in terms of responding students’ mathematically unexpected queries in their future
vocational practices (Sawyer, 2004). Consequently, in this research, detecting
prospective teachers’ existing knowledge on particular related mathematics concepts
before they encountered the micro-case video clips can be considered as an effective
approach both to understand in which degree each learner’s knowledge develops
throughout a case-based professional development program and to select/organize

micro-case video clips considering PSTs’ existing knowledge and needs.
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531 Suggestions for future studies

In the current study, the main concern is the development of prospective teachers’
knowledge on quadrilaterals in video case-based professional development context.
However, | suggest mathematics educators to examine prospective teachers’
developmental process on different mathematical subjects. Quadrilaterals have been
examined by various international and local studies. This situation provided a great
convenience in terms of exploiting students’ conceptions, errors, and misconceptions
about quadrilaterals in order to produce effective micro-case video clips. Examining
teachers’ knowledge development in video case-based professional development
programs also gives opportunities to the researchers to understand how they
developed their SMK when analyzing student mathematical thinking. In this study,
explicit evidences that show developments in SMK have rarely seen in individual
video analysis and group discussions processes. Conversely, post-interview results
indicated prospective teachers SMK related to quadrilaterals also enhanced at the end
of the teaching experiment process. In other context such as statistical reasoning, or
covariational reasoning, developments in SMK can be detected more easily due to
prospective teachers’ mathematical difficulties in concepts related to statistics and
covariation. In this regard, I recommend that different groups of prospective
teachers” SMK development can be investigated and compared in different
mathematical conceptual domains via micro-case video-based development
programs.

In this study, | examined eight prospective middle school mathematics teachers
developmental process in an elective course. Similar studies can be conducted in
classroom environment with all prospective teachers (e.g. Ding & Dominguez, 2015;
Jacob et al., 2010). At this situation, it is possible to observe the nature of all
prospective teachers’ professional noticing abilities in a more realistic environment.
The results might indicate how micro-case video clip usages support prospective
teachers” SMK and PCK throughout a semester in classroom environment. Another

important issue is that I suggested that researchers must examine teachers’
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knowledge development in different ways by using experimental methods, teaching
experiment method or aptitude treatment interaction in order to determine the best
way for their professional development. For example, while students’ written papers
can be given one group, micro-case video clips can be given another group.
Furthermore, their results can be compared the results of control group.

Instead of focusing only prospective teachers’ knowledge development,
researchers may investigate teachers’ professional development and noticing abilities
in a video club context involving both prospective teachers and inservice teachers.
This situation might different contributions to prospective teachers’ perspectives in
the following ways: (i) understanding expert teachers’ perspectives when examining
student’s understanding, (i1) expanding alternative pedagogical strategies in terms of
effectiveness and cognitive aspect, (iii) developing a realistic view to the teaching of
a concept rather than approaching in an utopic way. In a study conducted by
Hammerness, Darling-Hammond and Bransfor (2005), it is determined that the
prospective teachers, intensively participating research activities in teacher training
programs are feeling more prepared and being evaluated positively by their
employers. Additionally, inservice teachers can be utilized social learning
environment involving also prospective teachers in different ways. For example, if
researchers select specially designed micro-case videos that reflect students’
mathematical thinking in inservice teachers’ classroom, inservice teachers can also
notice many of noteworthy events related to their own students’ mathematical
thinking in more detail when analyzing the videos and discussing them with the
prospective teachers. Consequently, it is suggested that inservice teachers and
prospective teachers’ interactional processes should be examined in order to
determine influences of analyzing micro-case video clips on their knowledge and
beliefs in a video club context.

Another suggestion for the future studies is related to micro-case video
production. In the current study, | produced micro-case video clips involving
students’ mathematical thinking about quadrilaterals considering many of criteria. In

the literature, the productivity of video clips in discussion process was examined and
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proposed selection criteria to determine productivity of clips (Linsenmeier & Sherin,
2009; Sherin, Linsenmeier & van Es, 2009). However, videos used in the literature
generally involve classroom situations instead of involving a single student’s
mathematical thinking in a particular mathematics concept. In this regard, it can be
useful finding well-structured effective ways to determine and to select efficiently
the productivity of a micro-case video clip without consuming much time.

On the other hand, prospective teachers can be asked for producing micro-case
video clips during a semester within the context of school experience. They also
asked to determine noteworthy events in the clips that they captured. Thus,
researchers have opportunity to observe how prospective teachers try to produce
micro-case video clips, how they foster student thinking during video shooting, how
they notice and determine noteworthy events in students’ thinking in the clips, and
how they interpret the critical points related to the student’s conceptions throughout a
semester. Such kind of research enables us to learn the developmental process of
prospective teachers’ abilities in task design that is able to foster student
mathematical thinking, knowledge related to understanding students’ thinking
because it is quite important and beneficial for teachers to conduct research in
vocational subjects/topics in terms of their professional development (Cochran-
Smith, 2003). Accordingly, incorporating prospective teachers in inquiry-based
learning processes is a remarkable issue in terms of their occupational improvement.
The necessity of giving place to research based education mainly in undergraduate
level is a subject emphasized from time to time in international level (Boyer
Commisssion, 1998; Brew, 2010).

In my final future suggestion, 1 recommended to the use of the combination of
learning trajectories (LTs) and teachers’ noticing in video-based teacher education
(Philipp, 2014) because it may give opportunity to PSTs in terms of understanding
developmental paths in students’ knowledge related to particular mathematics

concepts.
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APPENDICES
Appendix 1
PRE-/POST-INTERVIEW TASKS

TASK 1 (DEFINITIONS OF QUADRILATERALS)

Asagida isimleri verilen dortgenleri 6nce bildiginiz bicimde, ardindan yedinci
sinifta 6grenim goren bir 6grenciye ifade edecek bicimde tanimlayiniz.

1) Paralelkenar : Kisisel tanim

2) Paralelkenar: Ogretimsel tanim

3) Eskenar dortgen: Kisisel tanim

4) Eskenar dortgen: Ogretimsel tanim

5) Yamuk: Kisisel tanim

6) Yamuk: Ogretimsel tanim

7) Sizce herhangi bir yedinci sinif 6grencisi bu kavramlari nasil tarif edebilir? (Eger

hata ve zorluklara yonelik ifadeler gelirse nedeni nedir?)
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TASK 2
(PARALLELOGRAM TASK)

J—

1 ¢iziniz

a2

kenar sekl

e

farkli paralel

|
4
|
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|
a4
|
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kareli ka
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9) Sizce bir yedinci sinif 6grencisi paralelkenar sekline dair nasil ¢izimler yapabilir?
(Varsa 6grencilerin ¢izimlerindeki hata ve zorluklarinin nedeni nedir?)
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~TTToT
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11) Asagida paralelkenar oldugunu diisiindiigiiniiz sekiller nelerdir?

& [] ] ] W ] Q ] W
i 1 i | ] 3 \ a4 u@w
o € L W P T P H

<1 Q < 4 Q
ZENE AN

Paralelkenar olanlar:

Paralelkenar olmayanlar:

12) Sizce bir yedinci smif 6grencisinin yukarida verilen sekillerle ilgili yapacagi
muhtemel se¢imler nasil olur? Neden bu tip se¢imler yapmis olabilirler? (Eger
ogrenciler hata ve zorluklar yasarsa nedenleri nedir?)
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13) Paralelkenarin bildiginiz 6zelliklerini (kenar, a¢i, kdsegen, simetri dogrularina
gore) siralayiniz.

14) Bir yedinci siif 6grencisinin paralelkenarin ag1, kenar ve kosegen ozellikleriyle
ilgili kavrayislart nasil olabilir? (Eger Ogrenciler hata ve zorluklar yasarsa
nedenleri nedir?)
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TASK 3
(RHOMBUS TASK)

1 ¢iziniz.

P

|
I
I
1
a4
|
|
|
|
)
T
1
|
|
|
a4
|
I
I
1

15) Asagidaki kareli kagida en az ii¢ farkli eskenar dortgen sekl
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18) Asagida eskenar dortgen oldugunu diisiindiigiiniiz sekiller nelerdir?

[*]
- - - . -
1 . z ] - 3 - 4
.i - ' L3 -
L]
"
- . * * - -
L 5 - & L] 7 um = ” . 9 -
L - * - -
U ¥
o - ¥
Eskenar dortgen olanlar:
Eskenar dortgen olmayanlar:

Kararszim:

Eskenar dortgen olanlar:

Eskenar dortgen olmayanlar:

19) Sizce bir yedinci smif 6grencisinin yukarida verilen sekillerle ilgili yapacagi
muhtemel sec¢imler nasil olur? Neden bu tip secimler yapmis olabilirler? Eger
ogrenciler hata ve zorluklar yasarsa nedenleri nedir?
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20) Eskenar dortgenin bildiginiz 6zelliklerini (kenar, ag¢1, kosegen, simetri
dogrularina gore) siralayiniz.

21)Bir yedinci smif Ogrencisinin eskenar dortgenin a¢i, kenar ve kosegen
ozellikleriyle ilgili kavrayislari nasil olabilir? (Eger 6grenciler hata ve zorluklar
yasarsa nedenleri nedir?)
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TASK 4
(TRAPEZOID TASK)

1 ¢iziniz.

=

1daki kareli kagida en az ti¢ farkli yamuk sekl

sag

22) A
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23) Sizce bir yedinci sinif 6grencisi yamuk sekline dair nasil ¢izimler yapabilir?
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(Varsa dgrencilerin ¢izimlerindeki hata ve zorluklariin nedeni nedir?)
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25) Asagida yamuk oldugunu diisiindiigiiniiz sekiller nelerdir?

Y

o

Yamuk olanlar:

Yamuk olmayanlar:

Fi 10 .-'f.
Yamuk olanlar:

a 1
1

I|

4 !

! F 11
. | V T
\‘ v
Yamuk olmayanlar:

A F 1 N W
| £ YK .
Yamuk |::;anlar: 1

Yamuk olmayanlar:

7

Yamuk olanlar:

Yamuk olmayanlar:

26) Sizce bir yedinci sinif 6grencisinin yukarida verilen sekillerle ilgili yapacagi

muhtemel se¢imler nasil olur? Neden bu tip se¢imler yapmis olabilirler? (Eger
ogrenciler hata ve zorluklar yasarsa nedenleri nedir?)
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27) Yamugun bildiginiz 6zelliklerini (kenar, a¢1, kdsegen, simetri dogrularina gore)
siralayiniz.

28) Bir yedinci sinif 6grencisinin yamugun agi, kenar ve kdsegen ozellikleriyle ilgili
kavrayislar1 nasil olabilir? (Eger 6grenciler hata ve zorluklar yasarsa nedenleri
nedir?)

29) Ogrencilerine dortgenlerin 6zelliklerini nasil dgretirsiniz ve Ogretirken nelere
dikkat etmeye ¢alisirsiniz?
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TASK 5
(CLASSIFICATION OF QUADRILATERALS)

30) Dortgenleri Venn diyagrami kullanarak nasil siniflarsiniz?

31) Dortgenler arasindaki ilisikleri 6grencileriniz nasil 6gretmek istersiniz? Neden?
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Appendix 2
SAMPLE INFORMED CONSENT FORM

GONULLU KATILIM FORMU

Sevgili katilimei,

Ben Fadime ULUSOY. Orta Dogu Teknik Universitesi Egitim Fakiiltesi, Ilkogretim Boliimii’nde
aragtirma gorevlisi olarak calistyorum. Ayni zamanda ilkdgretim Fen ve Matematik Egitimi Anabilim
Dali’nda devam ettigim doktora egitimimde tez asamasia gelmis bulunuyorum. Bu calismada, tez
danismanmim Prof. Dr. Erding CAKIROGLU ile birlikte yedinci simif 6grencilerinin video durumlarini
kullanarak ilkdgretim matematik 6gretmen adaylarinin dortgenlerle ilgili konu alan bilgilerini ve
pedagojik icerik bilgilerini arastirilmay1 amagliyoruz.

Arastirmada verilerin elde edilmesi iki asamadan olusmaktadir. {1k olarak, dortgenler ve dzelliklerini
igeren ve 25 sorudan olusan Van-Hiele Geometrik Testi eksiksiz bir bicimde tamamlamalari igin ....
Okulunun yedinci sinifinda 6grenim goren 6grencilere verilecektir. Testin tamamlanmasi yaklasik 35
dakika almaktadir. Testteki sorularin cevaplanmasindan sonra yedinci smifta 6grenim goren bu
ogrenciler arasindan secilen kisilerle dortgenler ve dortgenlerin 6zellikleriyle ilgili sorular ¢dzecektir.
Bu soru ¢6ziimleri 6grencilerle sinif ortami diginda okulun uygun olan bir yerinde bireysel olarak ve
video kayd:i alinarak gergeklestirilecektir. Bu bakimdan, derslere miidahale edilmesi séz konusu
degildir. Arastirmaya katilim gonillii olup, katilimcilarin sonradan vazgegmesi halinde herhangi
olumsuz bir sonu¢ olugmayacaktir. Aragtirma sirasinda toplanan veriler sadece arastirmacinin bilgisi
dahilinde olup gerek diger katilimcilar gerekse baska sahislar tarafindan bilinmeyecektir. Arastirma
raporunda okul, katilimci 6grenci ve Ogretmenlerin ismi hicbir sekilde aynen ge¢meyecek, isim
kullanilmasi gerekirse takma isim kullanilacaktir.

Arastirmamiza yonelik sorulariniz olmasi durumunda benimle ve/veya tez danigmanimla iletigime
gecebileceginiz bilgiler agagidaki gibidir:

Arag. Gor. Fadime ULUSOY, Adres: ODTU, Egitim Fakiiltesi, [lkogretim Béliimii, Oda No: EFA-39,
ODTU/ ANKARA 06531; Telefon: +90 312 210 75 07, e-posta: bfadime@metu.edu.tr

Prof. Dr. Erding CAKIROGLU, Adres: ODTU, Egitim Fakiiltesi, {lkogretim Boliimii, Oda No: 113,
ODTU/ ANKARA 06531; Telefon: +90 312 210 40 90, e-posta: erdinc@metu.edu.tr

Bu ¢calismaya goniillii olarak katlmayr kabul ediyorsaniz, liitfen asagida belirtilen yere isminizi ve
tarihi yazarak imzalayiniz.

Katiliminiz icin tegekkiir ederim.

Ad-Soyad: imza:

Tarih:
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Appendix 3

QUESTIONS IN CASE PRODUCTION INTERVIEW-2

RHOMBUS QUESTIONS

e Eskenar dortgen denilince aklina ilk ne geliyor? Bir arkadasiniza eskenar
dortgeni nasil tarif edersiniz?

e Asagidaki kareli kagida eskenar dortgen sekilleri ¢iziniz.

-----------------------------------------------------------------------------------------------------------------------

***********************************************************************************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

-----------------------------------------------------------------------------------------------------------------------

e Eskenar dortgenin kenarlariyla ilgili bildiginiz 6zellikleri asagiya yaziniz.
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e Asagidaki sekillerin hangilerinin bir eskenar dértgen 6rnegi olup olmadigini

belirleyiniz.
F
-
B J v P
- _l- L - £ ]
.,
o, £ l\ 2 b T - 3 - 4
- - s . - -
o - L H
W
H
.
B H -
- . - - - -
H s .t Y 7 u.\3 \" PPAE TR
LY . - s r
g '
D " 't
Eskenar dortgen olanlar:
Eskenar dortgen olmayanlar:
Kararsmim:

e Asagida verilen kareli kagida bir eskenar dortgen ve bu eskenar dortgene ait
kosegenlerl QlZlan

*************************************************************

-----------------------------------------------------------

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

e Eskenar dortgenln acilariyla ve kosegenleriyle 1lg111 bildiginiz tiim ozellikleri
asaglya yaziniz.
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Alara: Kare bir eskenar dortgendir.

Siz yukaridaki goriislerden hangisine katiliyorsunuz? Diislincenizi agiklamak icin

Fatih: Kare bir eskenar dortgen olamaz.
asagidaki kareli kagida ¢izimler yapabilirsiniz.

\\\\\\\\\\\\\\\\\\

|||||||||||||||||||||||||||||||||||||||||||||

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Hasan: Kdsegenleri dik kesismeyen bir dortgen asla eskenar dortgen olmaz.

Siz yukaridaki goriislerden hangisine katilityorsunuz? Diigiincenizi agiklamak igin

asagidaki kareli kagida c¢izimler yapabilirsiniz.

|||||||||||||||||||||||

||||||||||||||||||||||

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

|||||||||||||||||||||||||||||||||||||||||||||

|||||||||||||||||||||||||||||||||||||||||||||
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TRAPEZOID QUESTIONS

e Yamuk denilince aklina ilk ne geliyor? Bir arkadasiniza yamugu nasil tarif
edersiniz?

e Asagidaki kareli kagida yamuk sekilleri ¢iziniz.

———————————————————————————————————————————————————————————————————————————————————————————————————————————————————————
----------------------------------------------------------------------------------------------------------------
________________________________________________________________________________________________________________
-----------------------------------------------------------------------------------------------------------------------

e  Yamugun kenarlariyla ilgili bildiginiz 6zellikleri asagiya yaziniz.
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e Asagidaki sekillerin hangilerinin bir yamuk 6rnegi olup olmadigini belirleyiniz.

A i E F i L & U .
Pt — - »
\
qbtinh, 2 3 i &
A
\ 5
[ 4 & H % o w

Yamuk olanlar:

Yamuk olmayanlar:

Yamuk olanlar: K

Yamuk olmayanlar:

A F | H ¥
| -
B = E L2 .
. 13 14 | 15 16
\ 1 y . .
n

L

Yamuk olanlar:

Yamuk olmayanlar:
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e Yamugun a¢ilariyla ve kosegenleriyle ilgili bildiginiz tiim 6zellikleri asagiya
yaziniz.
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Appendix 4

AN EXAMPLE OF FIRST ARCHIVING APPROACH

Table 26. The archive of S13’s first case production interview

In Out Topic Descriptive notes Reflective notes on student

on student thinking  thinking

00:00 03:41 Construction of  Incorrect Difficulty in equal length non-
equal length construction prototypical LSs
LSs

03:41 07:28 Construction of  Incorrect and Inability to construct non-
parallel LSs limited prototypical parallel LSs

constructions Treating non equal length
parallel LSs as non-examples

07:28 10:30 Definition of Incorrect Improper mathematical
Par description language

10:30 17:45 Construction of  Rectangles Difficulty in construction of
Par examples and inclined sides of prototypical

hexagon Par
Lack of knowledge about the
number of sides of a Par

17:45 22:05 Identification Correct selections Student easily identify
(selection) of of parallelograms parallelograms among various
Par polygons

22:05 22:39 Side properties  Correct responses Student knew parallelism and
of Par equality of length of sides in a

parallelogram

22:39 28:36 Construction of  Both correct and Student had difficulty to draw
perpendicular incorrect non-prototypical perpendicular
LSs constructions LSs examples

28:36 36:03 Construction of  Incorrect Inability to construct congruent
congruent constructions angles in non-prototypical
angles position

Student thought rays of an angle
must have equal length

36:03 42:11 Construction of  Lack of knowledge  Student thought that diagonal
diagonals of Par  about diagonals and corner are same thing in a

Par.

42:11 53:36 Angle and Inadequate Student claimed that only one
diagonal knowledge on angle pair of opposite is congruent for
properties of Par  property any Par.

Rote learning on the sum of
interior angles of Par
Calculations showed that
student had inadequate
knowledge on decimals

53:36 59:47 Hierarchical Correct responses Student was able to construct
relations of relations among square,

quadrilaterals

rhombus and Par

*Abbreviations means that LSs: Line segments; Par: Parallelogram
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Appendix 5

AN EXAMPLE OF SECOND ARCHIVING APPROACH

Table 27. The archive of students’ parallelogram definition data in 1% interview

In Out Student  Student’s written description of Reflective notes on students’
parallelogram (Turkish version) thinking

8:27 10:54 S1 Uzunluklar1 ve dogrultulari birbirine  Incorrect
esit olan karsilikli kenarlardan olusan ~ Overgeneralization error
geometrik sekildir. Kenar sayis1
onemli degildir.

725  9:.00 S2 Karsilikli uzunluklar birbirine esit, Listing of properties
karsilikli kenarlar1 birbirine paralel, Undergeneralization error
acilar1 dik degil karsilikli olanlart
birbirine esittir.

12:30 15:47 S3 Paralelkenar birbirine paralel iki Inadequate description
kenarin olusturdugu bir sekildir. Hierarchical understanding
Ornegin bir dikdortgen

8:20 11:10 S4 Paralel birbirine esit uzunlukta dogru  Incorrect
parcalarinin birbirini alt ve iist Inadequate description
bi¢cimde gelmesiyle olusur. Overgeneralization error

5:33 7:20 S5 Dikdortgene benzeyen bir sekildir. Visual thinking when defining
Ayni uzaklikta ve agilart aymi olan bir ~ Undergeneralization error
sekildir.

6:28 820 S6 Paralelkenar ayni orantida iki dogru Incorrect description
pargasinin bir nokta belirlenip o Inappropriate language usage
nokta iizerinde ilerlemesidir.

7.03 814 S7 Karsilikli kenarlar1 birbirine paralel Inadequate description. PSTs
ve esit olan dort kenarl bir sekildir. predicted such a definition

6:26 7:25 S8 Benim aklima kare veya dikdortgenin ~ Visual thinking when defining
iki ¢apraz uglarindan bastirilmig bir Undergeneralization error
sekil geliyor.

5:45 7:00 S9 Karsi karsiya denk gelen ¢izgilerdir. Incorrect description

Overgeneralization error

6:00 6:40 S10 Kare ayn1 yonde dogru parcalari Inappropriate language usage

and incorrect description

6:40 835 S11 Paralelkenar bir dortgendir karsilikli Inadequate description.
kenarlar1 birbirine esittir. Student focused on equality of

length instead of parallelism

5:17 7:40 S12 Dortkenart bulunan karsilikl iki Inappropriate description
kenar1 birbiriyle kesismeyen gokgen ~ Overgeneralization error
tiiridiir.

7:28  10:30 S13 Paralelkenarin boyutlarinin ve Incorrect description
uzunluklarimin esit olmasi ve ayni Inappropriate mathematical
hizada olmasi aklima gelir. language usage

6:10 9:02 S14 Paralelkenar iki dogru par¢asinin ayn1  Incorrect and inappropriate
dogrultuda olan dogru pargalarinin description
kenarlarinin birlesimidir

6:14  7:50  S15 Paralelkenar kenarlar1 birbiriyle Inadequate description
kesigsmeyen bir sekildir ve bu sekil
dort kenarlidir

7:34 827 S16 No description Student constructed figure
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APPROVAL OF THE ETHICS COMMITE OF METU RESEARCH CENTER
FOR APPLIED ETHICS
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Appendix 7

I.cC.
FTIMESGUT KAYMAKAMLIGI
lige Milli Egitim Mildarligi

Subesi :Stratcji
Say1  :29378010.605.99- & § O 0472013
Konu :Aragtirma lzni

(IFadime ULUSQY)

NLGILI OKUL MODORLUKLERINE

Ngi :a)Ankara Valiligi 1l M.E.Miid.niin 12/04/2013 1arih ve 605.99-583601 sayith yazsi
b)Mcb Yenilik ve Egitim Teknolojileri Genel Madirliginiin 2012413 nolu genelges

ODIU fkégretim Ana Bilim Dal Doktora Programi Ogirencisi Fadime ULUSOY un
“7. ve 8. Simf Ofrencilerinin Video Durumlanm Kullanarak ilkogretim Matematik Ogretmen
Adaylanmn Dértgenlere lgili Konu Alan Bilgilerinin Arastinlmas® konulu tez  dnerisi
kapsaminda video kayd) ve uygulama yapma istegiinin uygun gorilldgine iligkin 1lgi yaz ve
ckinde alman liste yazimiz ekinde gonderilmistir.

Anketler (13 sayfa) aragtrmaciva ulagtinlomg olup, uypulama yapilacak sayida
araglmac) tarafindan gogalularak aragtirmanin ilgi (b) genelge cergevesinde, okul ve kurum
yoneticileri uygun pdrdogi akdirde génillilik csasina gore uygulmmasim dnemle rica

ederim. "
Sfoted
Unéal COLAK "

ilge Milli Egitim Madiri a.
Sube Mudiira

Ekler:1-Yaz ve Liste

Dagitim:

“Toki Giksu Ortaokulu

-Koaperatifer Birlii Onaokulu

-Hasan Ali Yiicel Ortaokulu

-Schit Rafat Celik Hkokulu

-Sehit Abdiilkadir Yiizbagiogiy Ortaokulu
“Thrkkonut Emel Onal lkokulu
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Appendix 8

PARENT APPROVAL LETTER

(VELI ONAY MEKTUBU)

Saymn Veliler,

Orta Dogu Teknik Universitesi [lkdgretim Boliimiinde doktora tezi kapsaminda “yedinci sinif
ogrencilerin video durumlarinin kullanarak matematik d6gretmen adaylarinin dortgenlerin tanimlari ve
ozellikleriyle ilgili matematik konu alan bilgilerini ve pedagojik konu alan bilgilerini inceleme” isimli
calismay1 ylriitmekteyiz. Arastirmamizin amaci Oncelikle yedinci simif 6grencilerinin dortgenler
konusundaki bilgilerini 6l¢mektir. Bu amaci1 gergeklestirebilmek igin ¢ocuklarinizin bazi sorulara
cevap vermesine ihtiya¢ duymaktayiz.

Katilmasina izin verdiginiz takdirde ¢cocugunuz sorular1 okulda ders saati disinda cevaplayacaktir.
Cocugunuzun cevaplayacagi sorularin onun psikolojik gelisimine olumsuz etkisi olmayacagindan
emin olabilirsiniz. Cocugunuzun dolduracagi anketlerde cevaplariniz kesinlikle gizli tutulacak ve bu
cevaplar sadece bilimsel arastirma amaciyla kullanilacaktir. Bu formu imzaladiktan sonra ¢ocugunuz
aragtirmaya katilmaktan ayrilma hakkina sahiptir. Arastirma sonuglarinin zeti tarafimizdan okula
ulastirilacaktir. Arastirmayla ilgili sorularimizi asagidaki e-posta adresini veya telefon numarasini
kullanarak bize yoneltebilirsiniz.

Saygilarimizla,
Ars. Gor. Fadime ULUSOY Prof. Dr. Erding CAKIROGLU
Orta Dogu Teknik Universitesi, Ankara Orta Dogu Teknik Universitesi, Ankara
Tel: (0312) 210 7507 Tel: (0312) 210 4090
e-posta: bfadime@metu.edu.tr e-posta: erdinc@metu.edu.tr

Liitfen bu arastrmaya ¢ocugunuzun katilim durumunu asagidaki se¢eneklerden size en uygun gelenin
altina imzamizi atarak belirtiniz ve bu formu cocugunuzla okula geri génderiniz.

A) Bu arasgtirmaya tamamen goéniillii olarak ¢ocugum ..........ccccoeeeevveviivieeenenen. nin katilimct olmasina
izin veriyorum. Calismay1 istedigim zaman yarida kesip birakabilecegimi biliyorum ve verdigim
bilgilerin bilimsel amagli olarak kullanilmasini kabul ediyorum.

Velinin Adi-Soyadi: ......c.ccceevveviennniennnnn
IMZA: oo

B) Bu ¢aligmada ¢ocugum ..........cccccceevereinieenenenns "nin katilimc1 olmasina izin vermiyorum.
Velinin Adi-Soyadi: ..o

TMZA: e,
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Appendix 9

UNDERGRADUATE CURRICULUM FOR ELEMENTARY
MATHEMATICS EDUCATION PROGRAM

First Year

First Semester

MATH111 FUNDAMENTALS OF
MATHEMATICS

MATHI115 ANALYTIC GEOMETRY

MATHIIT CALCULLUS 1

EDS200 INTRODUCTION TO EDUCATION

ENG101 ENGLISH FOR ACADEMIC
PURPOSES |

IS100 INTRODUCTION TO INFORMATION

TECHNOLOGIES AND APPLICATIONS

Second Year
Third Semester

PHYS181 BASIC PHYSICS 1

MATH219 INTRODUCTION TO
DIFFERENTIAL EQUATIONS

STAT201 INTRODUCTION TO
PROBABILITY & STATISTICS |

ELE221 INSTRUCTIONAL PRINCIPLES
AND METHODS

EDS220 EDUCATIONAL PSYCHOLOGY
HIST2201 PRINCIPLES OF KEMAL
ATATURK 1

HIST2205 HISTORY OF THE TURKISH
REVOLUTION I

Seeond Semester

MATHI112 DISCRETE MATHEMATICS

MATHI16 BASIC ALGEBRAIC
STRUCTURES

MATHI18 CALCULUS IT

CEIT100 COMPUTER APPLICATIONS IN
EDUCATION

ENG102 ENGLISH FOR ACADEMIC
PURPOSES 11

Fourth Semester

PHY 5182 BASIC PHYSICS 1T

MATH201 ELEMENTARY GEOMETRY

STAT202 INTRODUCTION TO
PROBABILITY &STATISTICS IT

ELE223 MEASUREMENT AND
ASSESSMENT

ENG211 ACADEMIC ORAL
PRESEMNTATION SKILLS

HIST2202 PRINCIPLES OF KEMAL
ATATURK 11

HIST2206 HISTORY OF THE TURKISH
REVOLUTION IT

396



Third Year

Fifth Semester

MATH260 BASIC LINEAR ALGEBRA

ELE341 METHODS OF TEACHING
MATHEMATICS 1

TURK201 ELEMENTARY TURKISH

TURK305 ORAL COMMUNICATION

ELECTIVE

ELECTIVE

Fourth Year

Seventh Semester

ELE301 RESEARCH METHODS

ELE435 SCHOOL EXPERIENCE

ELE465 NATURE OF MATHEMATICAL
ENOWLEDGE FOR TEACHING

ELECTIVE

ELECTIVE
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Sixth Semester

ELE3 10 COMMUNITY SERVICE

ELE32% INSTRUCTIONAL TECHNOLOGY
AND MATERIAL DEVELOPMENT

ELE342 METHODS OF TEACHING
MATHEMATICS 1T

EDS304 CLASSROOM MANAGEMENT

TURK202 INTERMEDIATE TURKISH

TURK3I0G WRITTEN EXPRESSION

ELECTIVE

Eight Semester

ELE420 PRACTICE TEACHING IN
ELEMENTARY EDUCATION

EDS416 TURKISH EDUCATIONAL SYSTEM
AND SCHOOL MANAGEMENT

EDS424 GUIDAMCE

ELECTIVE



Appendix 10

TURKISH SUMMARY

1 Giris ve Gerekce

Matematik Ogretimi, ¢ok 1iyi yapilandirilmis konu alan bilgisi, O6grencilerin
matematigi nasil ogrendikleriyle ilgili derinlemesine bir bilgi birikimi ve bir
kavramin Ogrencilerin ihtiyaglarina cevap verecek sekilde Ogretimine yoOnelik
pedagojik yaklasimlarla ilgili zengin bir bilgi yeterligi gerektirmektedir (Ball ve
McDiarmid 1990; Fauskanger, 2015; Harrington, 1999). Bu nedenle matematik
Ogretimi, donanimli G&gretmenler yetistirebilmek icin iizerinde ¢ok c¢aligsilmasi
gereken oldukga karmasik ve ¢ok boyutlu bir alandir. Bu baglamda, ilgili alan yazin
Ogretmen yeterliklerinden biri olarak Ogrenci sorularina islemsel acgidan ziyade
kavramsal agidan cevap verilmesinin 6nemi tizerinde durmaktadir (Borko ve Putnam,
1996; Tchoshanov, 2011). Ciinkii kavramsal bilgi, matematiksel temsillerin anlamini
bilme ve bir algoritmanin neden belli bir sekilde calistigi gibi daha karmasik
alanlarda bilgi sahibi olmay1 gerektirmektedir. Fakat yeterli kavramsal bilgiye sahip
olmak Ogrencilere iyi bir Ogretim sunabilmenin garantisini tek basmna veremez
(Shulman, 1986). Bu noktada, 6gretmenlerden bir konuda neyin bilinmesi gerektigi
ile 0 konunun nasil 6gretilmesi gerektigi arasinda saglam bir iliski kurmalart
beklenmektedir (Davis ve Simmt, 2006; Mason ve Davis, 2013). Sonug¢ olarak,
ogretmen bilgisinin ¢ok yonlii yapisi, egitimcileri 6gretmenlerin sahip oldugu ya da
sahip olmalar1 gereken bilginin dogasini anlama yoniinde ¢alismaya iten bir giic
olmustur (Ball ve dig., 2008; Hill ve dig., 2007). Ogretmen bilgisini anlamaya
yonelik ilginin artmasiyla, farkli matematiksel kavramlarla ilgili 6gretmenlerin sahip

olduklar bilgi diizeyini inceleyen ulusal ve uluslararasi platformda bir¢cok ¢alisma
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yapilmistir (e.g. Ball, 1990a, 1990b; Even, 1993; Isiksal ve Cakiroglu, 2011; Hines
ve McMahon, 2005; Ma, 1999; Tirosh, 2000; Toluk-Ugar, 2009). Bu ¢alismalarin
sonuglari, 6gretmenlerin hem matematiksel konu ile ilgili hem de o konuyu nasil
Ogretecekleriyle ilgili yetersiz bilgiye sahip olduklarini ortaya ¢ikarmistir. Bu bilgi
eksikliklerin 6zellikle geometri kavramlarinda daha fazla oldugu dikkat ¢cekmektedir.

Matematik Ogrenme alanlari iginde geometri tiim {ilkelerin Ogretim
programinda onemli bir yere sahiptir (Common Core State Standards Initiative
[CCSSI], 2010; Milli Egitim Bakanlhigi [MEB], 2013; National Council of
Mathematics [NCTM], 2000). Ciinkii geometri 6grenme alani, gorsellestirme ve i
boyutlu diisinme gibi 6nemli becerilerinin 6grencilere kazandirilmasi ve bu
becerilerin gelistirilmesi bakimindan kilit bir role sahiptir (Clements ve Battista,
1992; Mammana ve Villani, 1998). Bu baglamda, iki boyutlu ve ii¢ boyutlu sekillerin
karakteristik 6zelliklerinin taninmast ve incelenmesi ile geometrik iligkilerle ilgili
matematiksel muhakemenin gelistirilmesinin tasidigi éneme vurgu yapilmaktadir
(MEB, 2013; NCTM, 2000). Yapilan bu vurgu géz oniinde bulunduruldugunda,
geometri Ogrenme alani icinde dortgenler okul Oncesi egitimden ortadgretim
diizeyine kadar her kademede temel bir geometri konusu olarak kendini
gostermektedir. Dortgenlerin 6zelliklerini ve kritik bilesenlerini anlamak dortgenler
arasinda hiyerarsik iliskilerin kurulmasi gibi noktalarda kritik role sahiptir. Ciinkii bu
hiyerarsik iligkilerin kurulmasi geometrik diisiinmenin gelisimi, matematiksel
arglimantasyon yapabilme, ¢ikarim yapma ve ispatlama becerileri agisindan gerekli
ve Onemlidir (Fujita, 2012; Fujita ve Jones, 2007). Konunun tasidigr ¢ok yonli
oneme dayanarak yapilan ulusal ve uluslararasi calismalar maalesef birgok
Ogretmenin  ve Ogretmen adaymin dortgenleri dogru ve tam manada
tanimlayamadiklarini ve siniflayamadiklari gostermektedir (Akuysal, 2007; Currie ve
Pegg, 1998; De Viller, 1994; Dogan ve dig., 2012; Erez ve Yerushalmy, 2006;
Monaghan, 2000; Okazaki ve Fujita, 2007). Ozet olarak, yapilan c¢alismalarin
sonuglar1 6gretmenlerin dortgenlerle ilgili gereken konu olan bilgisine ve pedagojik

bilgiye yeterince sahip olamadiklarini isaret etmektedir (Chinnappan ve dig., 1996;
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Fuys ve dig., 1988; Hershkowitz ve Vinner, 1984; Leikin ve dig., 2000; Mayberry,
1983; Swafford ve dig., 1997).

Ogretmenlerin konu ile ilgili sahip olduklar1 bilgi eksiklerin temelinde
tiniversitelerde verilen mesleki gelisim programlarinin geleneksel yapisindan
kaynaklanan yetersizlikler yatabilir. Ciinkii tiniversitelerde verilen geleneksel hizmet
Oncesi Ogretmen egitimi programlari teori ile uygulama arasinda yeterince giiglii
baglantilar kuramadigi yoniinde egitimciler tarafindan uzun zamanlardan beri
elestirilmektedir (Abell ve Cennamo, 2004; L. Shulman, 1992). Yapilan g¢alismalar,
teori ve pratik arasinda kurulan zayif baglantilarin 6gretmen adaylariin mesleki
yasamlarina basladiklarinda teorik bilgilerini 6gretim ortamlarina aktarirken gesitli
zorluklar yasadiklarini gostermektedir (Ball, 2000; Doyle, 1986; L. Shulman, 1992;
Merseth, 1999). Bu zorluklarin &nlenmesinde, geg¢mis yirmi yildan beri durum
temelli O0gretim yaklasiminin hizmet Oncesi Ogretmen egitiminde alternatif bir
yaklagim olarak kullanilmasina yonelik bir egilim ortaya ¢ikmistir (Butler ve dig.
2006; Hammerness ve dig., 2002; Lundeberg ve dig., 1999; Merseth, 1991; L.
Shulman, 1992). Bu egilimin ortaya ¢ikmasinda, arastirmacilar durum temelli
Ogretimsel yaklagimin sagladig1 potansiyel faydalar1 géz dniinde bulundurmuslardir.
Bu faydalar alan yazinda genel olarak su sekilde ifade edilmektedir: (i)
Ogretmenlerin kritik diisiinme, yansitici diisinme ve karar verme becerilerini
gelistirme, (ii) Teorik prensipleri anlamada bir arag gérevi gérme, (iii) Ogretmenlere
ogretmenlik mesleginin karmasik yapisini etkili bir sekilde analiz etme imkani
sunma, (iv) Ogretmenlik deneyimi dersinin potansiyel kisitliklarmin dniine gegme ve
(v) Ogretmenlerin konu alan bilgilerini ve pedagojik alan bilgilerini gelistirme.

Siralanan potansiyel faydalar1 géz oniinde bulunduran arastirmacilar 1990’1l
yillarda Ogrencinin smif i¢indeki calisma fotokopilerini igeren metin-esash
durumlara odaklanmiglardir (Barnett, 1991; Merseth ve Lacey, 1993; Shulman, 1992;
Stein ve dig., 2000). Fakat ozellikle 1990’larin sonuna dogru teknolojinin karsi
konulamaz gelisimiyle birlikte hem hizmet dncesi 6gretmen egitiminde (Frederiksen
ve dig., 1998; Seago, 2004; Sherin, 2003b, 2004) hem de hizmet i¢i Ggretmen
egitiminde (Copeland ve Decker, 1996; Daniel, 1996; Friel ve Carboni, 2000;
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Goldman ve Barron, 1990) metin-esasli durumlar yerine video-temelli durumlarinin
kullanim1 popiilerlik kazanmaya baglamistir.

Video-temelli durumlarinin 6gretmenlerin mesleki gelisimleri agisindan gliglii
bir ara¢ olarak kabul gérmesiyle, egitimciler video-temelli durumlarin kullanimini
Ogretmen adaylarinin konu alan bilgilerini ve pedagojik bilgilerini gelisimi agisindan
onermeye baslamistir (Ball ve Cohen, 1999; Hiebert ve dig., 2002; Lampert ve dig.,
1994). Bu baglamda, o0zellikle son zamanlarda &grencilerin  matematiksel
diistinlistinii igeren video durumlarina odaklanan ¢alismalar yapilmaya baslamistir
(6r. Jacobs, Lamb, ve Philipp, 2010; Sherin, 2007; van-Es, 2011). Fakat detayli bir
alan yazin incelemesi yapildiginda yapilan caligmalarda genel olarak sinif video
durumlarmin  kullanildigi  ortaya ¢ikmaktadir. Sinif ortamini igeren video
durumlarinin kullanilmasinin saglayacagi muhtemel faydalar kesinlikle goz ardi
edilemez. Fakat sinif ortami igeriginde 6grenciler, 6gretmen, sinifin sosyal, fiziki ve
pedagojik yapisi gibi gesitli boyutlarda bilgiler muhteva etmektedir (Sherin, Jacobs,
ve Philipp, 2011; van Es ve Sherin, 2008). Bu bakimdan, smif video durumlart sinif
ortaminin karmasik ve ¢ok boyutlu yapisini igerir. Sinif video durumlarini analiz
ederken, bu karmagsik yapiyla karsi karsiya gelen bir 6gretmen adaymin dogrudan
Ogrencinin  matematiksel  diisliniisiine  odaklanmasi  miimkiin  olmayabilir
(Chamberlain, 2005; Ding ve Dominguez, 2015; Freese, 2006; Kagan, 1992; Olkun
ve dig., 2009; Shapiro, 1991). Ogretmen adaylar1 6grencinin matematiksel
diisiiniisiine odaklanmak yerine, dikkatlerini 6gretmenin sinif yonetimi, 6grencilerin
kendi aralarinda yaptiklar1 konusmalar ve smifin fiziksel yapist gibi faktorlere
yoneltebilirler.

Alan yazindaki video durum temelli ¢aligmalarda, 6grencilerin matematiksel
diisiiniisiinii igeren video durumlar1 genel olarak sinif ortaminda 6grencinin tahtada
soru ¢Ozdiigli veya Ogretmeniyle konustugu zaman dilimlerinin ham video veri
setinde kesilip diizenlenmesiyle iiretilmeye calisilmistir. Fakat sinif ortaminda bir
Ogrencinin matematiksel disiiniisiinii yalin haliyle yansitmasi 6gretmenin sordugu
sorular, 6gretim ortami, 68rencinin karakteristik 6zellikleri, 6grencinin arkadaglariyla

olan sosyal iliskisi, dersteki zaman sinir1, simif atmosferi gibi bir¢cok i¢ ve dis
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etkenlere bagli olabilir. Ornegin, bir dgrenci tahtaya kaldirildiginda matematiksel
diistinlisinii 6gretmeninden ve arkadaslarindan utandigi ig¢in ya da dersin sonunda
dar bir zamana denk geldigi icin oldugu gibi aktaramayabilir. Diger taraftan, sinifta
O0grenci odakli 6gretim bicimi yerine O6gretmen-odakli bir 6gretim  bigimi
benimsenmisse ve kavramsal bilgiler yerine soru ¢dzme gibi pratik uygulamalar
yogunluktaysa Ogrencilerin bir matematik kavramiyla ilgili sahip oldugu
kavrayislarin detayma ulagsmak miimkiin olmayabilir. Bu ve benzeri durumlar
sonucunda da sinif ortaminda 6grencinin matematiksel diistinlisiindeki detaylar yok
olabilir ya da gizli kalabilir. Simif ortaminin bahsi gegen sinirliliklar1 yalniz bir
Ogrencinin matematiksel diigiinlisiiniin detaylarin1 dogrudan iceren 6zel tasarlanmig
video durumlarinin iiretimine ve kullanimina olan ihtiyaci ortaya ¢ikarmaktadir. Bu
nedenle, bu g¢alismada, 6gretmen adaylarina Jacobs, Lamb ve Philipp’in (2010)
calismasindakine benzer sekilde tek bir d6grencinin dortgenlerle ilgili matematiksel
diisiiniisiinii i¢eren smif dis1 bir ortamda klinik goriismeler yoluyla elde edilen video
durumlar1 hazirlanmistir. Bu tip videolar “mikro durum videolar:” olarak
isimlendirilmistir. Ogrenci diisiiniisiine odaklanan bu videolar bir mikroskop gibi
Ogrencilerin  matematiksel  diisliniigiindeki  detaylar1  yakinlagtiracagi  ve
detaylandiracagi beklenmektedir. Diger bir deyisle, bu videolarmm degisik
matematiksel basar1 diizeyindeki bircok 6grencinin ayni matematiksel kavrami farkli
acilardan nasil diislinebilecegini gosterme adina faydali olabilecegi diistintilmiistiir
(Friel ve Carboni, 1997; Jacob ve dig., 2010). Boylece 6gretmen adaylarinin
ogrencilerin kavram yanilgilari1 daha kolay bir sekilde tespit ederek (Hill ve
Collopy, 2003), muhakeme yapma becerilerini (Harrington, 1999; Lundeberg, 1999)
ve karar verme becerilerini (Grossman, 1992; Jay, 2004; Merseth, 1992)
gelistirebilirler. Bu sayede 6gretmen adaylar1 konu alan bilgilerini ve pedagojik alan
bilgilerini iyilestirerek zenginlestirme firsati yakalayabilir (Manouchehri, 2002;
Mayo, 2002). Tiim bu giiglii argiimanlara dayanarak, bu calismada 6grenci diigiiniisii
icerikli mikro durum videolart bir video durum-temelli mesleki gelisim programina

entegre edilerek ilkdgretim matematik 6gretmen adaylarinin dortgenlerle ilgili konu
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alan bilgisi ve pedagojik alan bilgilerindeki gelisimi incelemek amaciyla
kullanilmistir.

Daha o6nce de bahsedildigi gibi alan yazinda dortgenlerle alakali ulusal ve
uluslararast oldukca fazla sayida calisma bulunmaktadir. Fakat bu c¢alismalarin
sadece birkag tanesi disinda (6r. Aslan-Tutak, 2009; Duatepe-Paksu ve Ubuz, 2009;
Oztoprake1, 2014) geneli 6grencilerin ve gretmen adaylarinin yasadigi zorluklari ve
bilgi eksiklerini tarif etmekten Oteye gidememistir. Tiim 6grenme diizeylerinde bu
kadar zorluk yasandigi tespit edilen bir konuda asil 6nemli olan nokta, bu zorluklarin
asilmasi icin alternatif yaklasimlar ortaya koymak ve 6gretmenlere bilgi birikimlerini
gelistirecekleri firsatlar sunmaktir. Buradan yola ¢ikarak, bu c¢aligma kapsaminda
O0gretmen adaylarmin dortgenlerle ilgili sahip olduklari konu alan bilgilerinin ve
pedagojik alan bilgilerinin dogasini tespit etmek ve bu bilgileri gelistirmek ve
zenginlestirmek amaciyla Ogrenci disiinlisii icerikli mikro durum videolarinin
izlenmesi ve tartisilmasini gerektiren bir 6gretim deneyi hazirlanmistir. Yedinci sinif
Ogrencilerin dortgenlerle ilgili matematiksel diisiiniisiinii iceren video durumlarinin
incelenmesini ve tartisilmasini igeren deney tasariminda, ilkogretim matematik
Ogretmenlerinin dortgenlerin tanimi, ¢izimi, siniflamasi ve oOzellikleriyle ilgili
bilgilerindeki gelisimlerin/degisimlerinin incelenmesi amaclanmistir. Bu amag
dogrultusunda 6zel olarak asagidaki arastirma sorularina cevap aranmaistir.

1) Ilkdgretim matematik dgretmen adaylarinm 6grenci diisiiniisii igerikli video
durum temelli bir 6gretim deneyine katilmadan 6nce dortgenlerle ilgili konu
alan bilgileri ve pedagojik alan bilgileri nedir?

2) Ilkogretim matematik ogretmen adaylart 6grenci diisiiniisii igerikli video
durum temelli bir 6gretim deneyine katilimlar siirecindeki dortgenlerle ilgili
konu olan bilgileri ve pedagojik alan bilgilerini nasil gelistirmislerdir veya
degistirmislerdir?

3) lilkdgretim matematik dgretmen adaylarmin dgrenci diisiiniisii igerikli video
durum temelli bir 6gretim deneyine katildiktan sonra dortgenlerle ilgili konu

alan bilgileri ve pedagojik alan bilgilerinin dogasi nedir?
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2 Yontem

Ogretim deneylerinin ana amaci dgrencilerin ilk elden nasil matematik 6grendiklerini
ve akil yiriittiikklerini anlamak (Thompson, 2000) ve 6gretim kararlarini buna gore
yonlendirerek Ogrencilere daha iyi bir 6grenme ortami sunmaktir (Cobb, Confrey,
diSessa, Lehrer ve Schauble, 2003). Bu yonleriyle 6gretim deneyi yontemi, deneysel
calismadan ve klinik goriismelerden ayrilan Ozelliklere sahiptir. Daha detayh
aciklamak gerekirse, deneysel ¢alismalar 6grencilerin kavrayislarinin baglangic ve
son durumlanyla ilgilenirken, klinik goriismeler de &grencilerin hali hazirdaki
kavrayislarinin  anlagilmas1 durumuyla ilgilenir. Ogretim deneyleri 6grencilerin
matematiksel etkinliklerinin ve davraniglarinin modelini ortaya ¢ikarmada etkilin bir
yoldur (Steffe ve Thompson, 2000). Yani 6gretim deneyleri sadece Ogrencilerin
kavrayiglarinin baslangi¢ ve sondaki durumlarimi degil silire¢ icinde var olan
bilgilerini nasil yapilandirdiklar1 ve gelistirdikleriyle de ilgilenir (Steffe ve
Thompson, 2000; Steffe ve Ulrich, 2014). Bu nedenle bu ¢alismada ilkdgretim
matematik O6gretmen adaylarinin dortgenlerle ilgili konu alan bilgisi ve pedagojik
alan bilgilerindeki gelisimlerin neler oldugu 6gretimsel deney yontemi kullanilarak

incelenmistir.

2.1 Baglam ve katihmcilar

Bu arastirmanin baglamini dort yillik bir 6gretmen yetistirme programinin
biinyesinde bulunan ilkdgretim Matematik Ogretmenligi programi olusturmustur.
Ozel olarak, arastirmanin yiiriitilmesi amaciyla, 2014-2015 sonbahar déneminde
Ankara’da  bir devlet iiniversitesinin Ilkdgretim Matematik  Ogretmenligi
Boliimii'niin son sinifinda 6grenim géren dgrencilere yonelik “Ilkogretim fen ve
matematik egitiminde projeler” isimli se¢meli bir ders agilmistir. Ders iceriginin
tanitildigr ilk bulugsma sonrasinda sekiz sonuncu sinif 6gretmen aday1 dersi segmeye
karar vermistir. Boylece arastirmanin katilimcilar1  Ankara’da bir devlet

{iniversitesinin Ilkdgretim Matematik Ogretmenligi Boliimii'niin son smifinda

404



Ogrenim goren sekiz dgretmen adayindan olusmaktadir. Katilimcr se¢iminde amacli
orneklem segme tekniginden yararlanilmistir. Ciinkii segmeli ders sadece dordiincii
siniflara yonelik agilmistir. Bu dersin sadece dordiincii smiflara agilmasinin en
onemli nedenleri onlarm Matematik Ogretim Y&ntemleri, Okul Deneyimi derslerini

almis olmalar1 ve Arastirma Metotlar1 dersini de hali hazirda aliyor olmalaridir.

2.2 Verilerin Toplanmasi

Calismada Ogretim deneyi siirecindeki detaylar veri toplama siirecini ve veri
kaynaklarin1 anlama adina biiyilk bir 6nem tasimaktadir. Bu c¢alismada Ogretim
deneyi iki asamada gerceklesmistir. Birinci asama Ogretim  deneyinin
hazirlanmasindan, ikinci asama ise Ogretim deneyinin uygulanmasindan

olusmaktadir.

2.2.1 Ogretim deneyin hazirlanmasi

Ogretim deneyinin hazirlanma asamasi bireysel klinik 6n goriismelerin ve son
goriismelerin hazirlanmasi ve dortgenlerle ilgili ders plani formatinin gelistirilmesi
ve Ogrenci diisiliniisii icerikli mikro durum videolarindan olusan bir video bankasinin
hazirlanmasi adimlarini igermistir. Sekil 1 6gretim deneyinin hazirlanma adimlarim
gostermektedir.

Katilimcilarin diisiince diinyasina girme ve onlarin var olan bilgi diizeylerini
anlamada klinik goriismelerin etkililigi alan yazinda vurgulanan bir noktadir
(Clement, 2000; Hazzan ve Zazkis, 1999; Koichu ve Harel, 2007; Newel ve Simon,
1972). Bu galismada, klinik On-goriismeler her bir katilimci ile bireysel olarak
yaklasik 60 dakika stirecek sekilde gerceklestirilmistir. Gorilisme siireci 33 maddeden
olusan bes gorevden olugmustur: dortgen tanimlama gorevi, paralelkenar gorevi,
eskenar dortgen gorevi, yamuk gorevi ve dortgen siniflama. Goriismede bir gorevin
tamamlanmasinin ardindan ikinci gérev devreye girmistir. On goriismelerdeki bu

gorevler dortgenlerle ilgili alan yazin tarandiktan sonra arastirmaci ve alan uzmani
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bir matematik egitimcisi tarafindan gelistirilmistir. Bu maddelerin bir kismi
Ogretmen adaylarinin o konudaki konu alan bilgisini 6lgmeye ¢alisirken, bir kismi da
Ogrenci diisiintisiyle ilgili bilgileri ve Ogretimsel yaklasimlarini anlamaya yonelik
tasarlanmistir. Ornegin, iic madde dgretmen adaylarinin kisisel dortgen cizimlerini
anlamaya c¢aligirken, iic madde &grencilerin muhtemel cizimleriyle ilgili goriislerini
anlamaya hedeflemis ve bir diger iic madde de onlarin 6gretimsel ¢izimlerini
anlamay1 hedefleyecek icerikte hazirlanmistir. Bu maddeler olusturulduktan sonra
alan uzmanlarina ve matematik 6gretmenlerine danmisilarak maddelerin ¢alismadaki

katilimcilara olan uygunlugu saglanmaya calisilmistir.

Mikro durum video Mikro durum video

,uretme veritabaninin
gorlismelerinin
olusturulmasi
yapilmasi
Ogretmen Ogretmen
adaylariyla 6n adaylarindan ilk ders
goriismelerin planlarinin elde
yapilmasi edilmesi
Video veri
tabanindan Video durumlarinin
muhtemel organize edilmesi

videolerin segilmesi

Sekil 1. Ogretim deneyinin hazirlanma adimlart

On-goriismeler tamamlandiktan sonra katilimcilardan dortgenlerin dgretimine
yonelik bir ders plani tasarlanmalari istenmistir. Bu baglamda, 6gretmen adaylarinin
ogretimsel yaklasimlariin daha detayli anlasilmasini saglayacak ders planlarimin bir
formati hazirlanmistir. Bu formatta 6gretmen adaylarindan yedinci siif 6grencilere
dortgenleri nasil 6greteceklerinin detaylarini barindiran bir ders plani hazirlamalarini
gerektirecek bir icerik olusturulmustur. Bu ders planini katilimeilar yaklasik 7-10

giin i¢inde hazirlayip arastirmactya teslim etmistir.
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Son ve oOnemli hazirlik agsamasi Ogrencinin matematiksel diisiiniisiiniin
detaylari1 igeren mikro durum videolarimin yer aldigi bir video bankasinin
olusturulmasi olmustur. Bu baglamda, 6gretmen adaylarina uygulanan klinik
goriismelerde yer alan 6lgme aracindaki maddelere benzer 6zellikle maddeler igeren
goriigme formlar1 ogrenciler igin olusturulmustur. Daha sonra, yedinci smif
Ogrencilerle yapilacak goriismeler i¢in arastirmaciya yakin bir ilkdgretim okulu
belirlenmistir. Okulda yer alan iki yedinci sinifta bulunan 47 6grenci arasindan
onceki donem matematik not ortalamalarina gore belirlenen ve farkli basari
diizeylerinde bulunan 16 kisi video iiretme goriismelerine (video production
interviews) katilmaya goniilli olmustur. Okulda rehberlik birimi tarafindan
kullanilan bir odada her bir 6grenci ile iki goriisme yapilmistir. Birinci goriisme
yaklagik 50 dakika siirerken, ikinci goriisme 30 dakika stirmistiir. Birinci klinik
goriismede katilimcilara paralel/dik dogru pargalarinin insasi, es agilarin insasi, esit
uzunlukla dogru parcalarinin insas1 gibi temel kavramlar ile paralelkenar tanimu,
cizimi, se¢imi ve dzelliklerine yonelik maddeler yoneltilmistir. ikinci video iiretme
goriismesinde ise Ogrencilere eskenar dortgen ve yamuk kavramlarinin tanimi,
¢izimi, se¢imleri ve Ozellikleriyle ilgili maddeler sorulmustur. Sonug olarak toplamda
yaklasik 1000 dakikalik 6grencilerin matematiksel diistinlisiinii igeren ham video veri
seti elde edilmistir. Daha sonra bu veri seti nitel aragtirma yontemleri kullanilarak iki
tip arsivleme siirecine tabii tutulmustur. Birinci tip arsivleme siirecinde tanimlama,
¢izim, se¢imler ve dortgen Ozelliklerine gore tim katilimcilarin  cevaplar
gruplanmistir (bkz. Ek 4). Ikinci arsivleme tipinde ise her bir katilimcinin tiim
gorevlerdeki durumu dakika araliklarinin da yer aldigi tabloya aktarilmistir (bkz. EkK
5). Ayrica yapilan iki tip arsivlemede de iki kriter gbz 6niinde bulundurulmustur.
Birinci kriterde ilgili alan yazindaki Oneriler goz oniinde bulundurularak mikro
durum videolarmin siireleri 10 dakikayr ge¢meyecek sekilde belirlenmistir. Ikinci
olarak, video durumlarinin grup tartigmalarindaki verimliligi artturmasi i¢in Sherin
ve digerleri (2009) tarafindan onerilen {i¢ bilesene goére mikro durum videolar
tasarlanmistir. Bu ii¢ bilesen; goriiniim, agiklik ve derinlik olarak isimlendirilmistir.

Bu ii¢ bilesene ve bilesenleri ortaya ¢ikaran arastirmacilarin 6nerilerine gore, 6gretim
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deneyinde kullanilmak tlizere “goriiniim-a¢iklik-derinlik” bilesenleri “yiiksek-yiiksek-
diigiik”, “yiiksek-diistik-diisiik” veya “yiiksek-yiiksek-yiiksek” diizeylerde olan klipler
Ogretim deneyi oturumlari i¢in izletilme ihtimali olan klipler kategorisine alinmustir.
Video kesme ve birlestirme islemleri profesyonel bir video diizenleme programi olan

Adobe Premier Pro CS5.5 kullanilarak yapilmustir.

2.2.2 Ogretim deneyinin uygulanmasi

Ogretim deneyinin uygula agamasi, mikro durum videolarinin belirlenmesi, 6gretim
deneyi oturumlarinin gergeklestirilmesi, ders planlarmin revize edilmesi ve son

olarak gorev-temelli klinik son goriigmelerin yapilmasi adimlarindan olusmustur.

2.2.2.1 Ogretim deneyi oturumlarinda kullanilacak video durumlarinin

diizenlenmesi

Yapilan tiim gorev temelli klinik goériismelerin ve ders planlarinin incelenmesinin
hemen ardindan 6gretim deneyi oturumlarinda izletilecek video bankasinda yer alan
ogrenci diisiintisii igerikli video durumlart secilmeye ve diizenlenmeye baglanmistir.
Bu video durumlar1 hazirlanirken belli dlgiitler géz onilinde bulundurulmustur. Bu
Olciitler su sekilde siralanabilir: (i) video durumunun siiresi, (i) Ogrenci
disiiniisiindeki cesitlilik, (i11) 6gretmen adaylariin dortgenlerle ilgili sahip olduklar
bilgi durumlar1 ve (iv) 6grenci diisiintisii boyutlar1 (Linsenmeier ve Sherin, 2009).
Bu olgiitler ve icerikleri kisaca agagida agiklanmistir.

Daha 6ncede belirtildigi gibi videolarin izleyen kisinin dikkatini dagitmamasi
ve video olan odag: arttirma adina Oncelikle alan yazinda onerilen video siiresi ve
yapilan ¢alismalarda yer alan videolarin tagidig: siireler incelenmistir. Ciinkii egitim
videosu izlemek eger uzun olursa izleyen kisiye hem sikict hem de yavas gelebilir
(Jaworski, 1990). Yapilan caligmalarda ortalama dakika ile dakika arasinda
videolarin siklikla kullanildigi goriilmiistiir. Bu ¢alismada da 4.23 ile 10.05

dakika/saniye araliginda sekiz video durumu tasarlanmistir (bkz. Table 9).
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Videolarin her birinde bir Ogrencinin dortgenlerle ilgili diislinsel siirecine yer
verilmistir. Boylece farkli kavrayislara sahip bircok Ogrencinin matematiksel
diisliniisiinii igeren zengin bir video durumu seti elde edilmistir. Videolarin
hazirlanmasinda en kritik 6lgiit 6gretmen adaylarindan 6n goriismelerde ve ilk ders
planlarinda elde edilen veriler olmustur. Cilinkii 6gretmen adaylarinin bilgilerinde
hatal1 ve yetersiz olan noktalarin tespit edilmesi hazirlanacak olan videolarin
icerigini belirleyen en énemli faktdr olmustur. Ornegin, 6n gériismelerde 6gretmen
adaylarinin genel olarak paralelkenarin kosegen ve agi Ozelliklerinde yanilgilara
sahip olduklar1 tespit edildigi i¢in ikinci oturumda dortgen 6zelliklerine yonelik iki

video durumunun hazirlanmasina karar verilmistir.

2.2.2.2 Ogretim deneyi oturumlarinin gerceklestirilmesi

Ogretim deneyi oturumlar1 dort hafta siirmiistiir. Ogretmen adaylar1 her hafta iki
video durumunu bireysel olarak incelemis ve grupca tartismistir. Her videonun
bireysel izlenme siirecinde 6gretmen adaylarindan videodaki konu ile ilgili kendi
diisiincelerini, videodaki 6grencinin diislinlisiinde neleri ilging bulduklar1 ve nelerin
farkina vardiklarini, varsa videodaki 6grenci yanilgilarini ve nedenlerini yansitici bir
diisiince raporu olarak yazmalar1 beklenmistir. Bireysel video analizi ve yansitict
diistince raporlarmin tamamlanmasinin ardindan her bir video sonunda grup
tartismast yapilmistir. Grup tartismasinin verimliligini arttirmak adina van Es,
Tunney, Goldsmith ve Seago’nun (2014) o6nerdigi teorik cergeve kullanmilmistir. Bu
teorik cergeveye gore grup tartigmasi yoneticisi dort temel gorev listlenmistir: grubu
video analizine yonlendirme, grubun video durumunu sorgulamasini saglama, video
ve matematik ile ilgili odagin devamliligini saglama ve grup isbirligini destekleme.
Iki videonun da bireysel incelenmesi ve grup tartismalarinin gergeklestirilmesinden
sonra ogretmen adaylarindan dortgenlerle ilgili konu alan bilgisi ve pedagojik alan
bilgilerinde meydana gelen gelismeleri/degisimleri ifade etmelerini gerektiren
yansitict bir diisiince raporu yazmalar1 ve arastirmaciya teslim etmeleri istenmistir.

Katilimcilar bu yansitici diislince raporlarini oturum sonunda veya evlerinde yazarak
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aragtirmaciya teslim etmislerdir. Son olarak da katiimcilardan her hafta
gerceklestirilen iki 6gretim deneyi oturumunun bitiminde ders planlar1 ilizerinde
gerekli gordiikleri degisiklikleri yapmalari ve bu degisiklikleri neden yaptiklarini
yansitici diisiincelerle plan {lizerine notlar yazarak agiklamalar1 istenmistir. Revizyon
yapilan planlar bir diger 6gretim deneyi oturumuna baslamadan birka¢ giin dnce
arastirmactya mail yoluyla ulagtirllmistir. Diger ii¢ O0gretim deneyi oturumu da
benzer sekilde gergeklestirilmistir.

Her hafta yapilan oturumlardan elde edilen bireysel video analizi yansitici
diisiince raporlari, grup tartismalari verileri, grup tartigmasi sonrasi yansitici diigiince
raporlar1 ve revize edilmis ders planlari incelenerek bir sonraki hafta 6gretim deneyi

oturumunda kullanilacak videolarin tasarlanmasi veya modifikasyonu saglanmistir.

2.2.2.3 Son goriigmelerin yapilmasi ve revize edilen ders planlarinin elde dilmesi

Tiim oturumlarin bitmesiyle 6gretmen adaylarinin dortgenlerle ilgili konu alan bilgisi
ve pedagojik alan bilgisindeki son durumun ne oldugunu anlamak adina her bir
katilimet ile klinik bireysel son goriismeler yapilmistir. Her bir goriisme ortalama 35-
45 dakika slrmiistiir. Bu goriismelerde katilimcilara 6n goriismelerde sorulan
dortgenlerle ilgili maddelerin tiimii sorulmustur. Katilimcilarin bu maddelere ve
aragtirmacinin sordugu ek sonda sorulara verdikleri cevaplar incelenerek onlarin

dortgenlerle ilgili sahip olduklar1 bilgilerdeki degisimler/gelisimler incelenmistir.

2.3 Verilerin Analizi

2.3.1 Bireysel klinik 6n-goriismelerin ve son-goriismelerin analizi

Bireysel klinik 6n goriigmelerin ve son goriismelerin analizinde temalarin ve kodlarin
olusturulmas1 amaciyla tematik kodlama kullanilmistir. Bu amagla, tiim goriisme
verileri belirtilen agamalara gore incelenmistir: verinin taninmasi, ilk kodlarin

olusturulmasi, kodlar arasindan temalarin elde edilmesi, temalarin godzden
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gecirilmesi, temalarin tanimlanmasi ve isimlendirilmesi, tiim tema ve kodlar1 iceren
bir son raporun olusturulmasi (Braun ve Clarke, 2006). Verilerin taninmasi adimi
oncesinde, geometri teorileri (6r. Kavram imaji-kavram tanimi, figural kavramlar,
prototip fenomeni, van-Hiele geometric diistince diizeyleri) ve bu teorileri temel alan
ve dortgenlerle ilgili yapilan c¢aligmalar detayli bir sekilde incelenmis ve
arsivlenmistir. Bu arsivleme, alan yazindan gelebilecek muhtemel kodlarin elde
edilmesinde biiyiik bir role sahip olmustur. Ardindan, tiim goriisme videolar1 yazili
dokiim haline getirilmistir. Daha sonra da veriler i¢inde dortgen tanimlari, ¢izimleri,
siiflamalart ve dortgen o6zellikleriyle ilgili kisimlar ana temalar olarak ayrilmistir.
Bu temalarin altinda 6gretmen adaylarinin konu alan bilgilerine yonelik kisimlar,
Ogrenci diisiinlisiinii anlamaya yonelik bilgileri ve Ogretimsel stratejilerle ilgili
bilgileri alt temalar olarak belirlenmistir. Tema ve alt temalarin belli olmasimin
ardindan her bir tema ve alt temada yer alan muhtemel kodlar ortaya ¢ikarilmistir.
Tiim kodlarin belirlenmesinin ardindan kodlayicilar arasindaki giivenirlik ve
arastirmacinin kendi icinde sagladigi giivenirlik katsayilari Miles ve Huberman
(1994) 6nerdigi metot kullanilarak hesaplanmistir. Kodlayicilar birbirinden bagimsiz
olarak iki katilimcinin 6n ve son goriismelerini incelemisler ve kodlamislardir.
Kodlama sonunda 6n-goriisme ve son goriisme veri setindeki anlasma saglanan kod
sayist ile anlagsma saglanamayan kod sayilar1 belirlenmistir. Bunun sonucunda da
kodlayicilar arasindaki giivenirlik 6n goriisme i¢in 90% bulunurken, son goriigme
icin 87% bulunmustur. Daha sonra kodlayici ile yiiz ylize yapilan bir goriismeyle
kodlamada c¢ikan anlagsmazlik noktalarinda fikir birligine varilmistir. Arastirmaci
kendi i¢inde bir giivenirlik saglama adina ayni veri setini ii¢ ay iginde ili¢ kez
kodlamigtir ve sonugta aragtirmacinin kendi i¢indeki giivenirliginin ortalamasi 98%

bulunmustur.

2.3.2 Ogretim deneyi oturumunda elde edilen verilerin analizi

Ogretim deneyi oturumlarinda elde dilen verilerin incelenmesinde {i¢ agsamal1 analitik

bir veri analizi yaklagimi kullanilmigtir. Birinci asamada Ogretim deneyi
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oturumlarinda elde edilen veriler kronolojik bir sira ile genel bir incelemeye tabii
tutulmustur. Bu kronolojik siralamada incelenen veriler sirastyla su sekilde olmustur:
bireysel video analizi yansitic1 diisiince raporlari, grup tartismalari, grup tartismasi
sonras1 yazilan yansitici diisiince raporlari, revize edilmis ders planlari. Daha sonra
her bir veri setinin incelenmesi siirecinde siirece ve katilimcilarin bilgilerine iliskin
hatirlatici kisa notlar alinmustir.

Ikinci diizey veri analizinde ise yazili formatta olan yansitici diisiince
raporlariin tiimii bilgisayar ortamina aktarilmis ve videolardaki grup tartismalari
yazili olarak dokiim haline getirilmistir. Tiim veri setinin yazilt bir form almasinin
ardindan, veri setlerindeki “birim fikirler” belirlenmeye baslanmigtir (Jacobs,
Yoshida, Fernandez ve Stigler, 1997). Birim fikirler O6gretmen adaylarinin
dortgenlerin tanimi, ¢izimi, siniflanmasi ve 6zellikleriyle ilgili konu alan bilgileri ve
pedagojik alan bilgilerini yansitan yazili veya sozlii sdylemler olarak belirlenmistir.
Bu soylemler bazen bir climleden olusurken bazen bir paragraftan olusurken bazi
durumlarda bir paragraf veya tartisma diliminden olugsmustur.

Birim fikirlerin belirlenmesi ve kodlanmasinin ardindan ii¢lincli diizey veri
analizine ge¢ilmistir. Bu diizeyde, her bir katilimct igin bir “kisisel bilgi gelisim
dokiimanr” hazirlanmistir. Bu dokiimanda ilk olarak her bir katilimcinin 6gretimsel
deney oncesi dortgenlerle ilgili konu alan bilgisi ve pedagojik bilgilerinin durumu
belirtilmistir. Bu analizin nasil ger¢eklestigini daha detayli aktarabilmek adina
katilimcilarin dortgen tanimlariyla ilgili bilgilerinin siire¢ boyunca ele alinis1 detayh
bir sekilde bir sonraki paragrafta aciklanmustir.

[k olarak katilimcilarmn dértgenlerin tanimlarma yonelik bilgileri kisisel bilgi
gelisim dokiimanma not edilmistir. Ardindan, bireysel video analizi sirasinda
yazdiklart yansitict diisiince raporlarinda dortgenlerin tanimina yonelik bilgilerini
yansitan sOylemleri dokiimana aktarilmistir. Bunun akabinde, yine her bir
katilimemnin dortgenlerin tanimiyla ilgili grup tartismalarinda sdyledigi ifadeler
dokiimana eklenmistir. Son olarak, yine dortgen tanimiyla ilgili bilgilerini yansitacak
tartisma sonrasi yansitict diisiince raporlarindaki sdylemleri ve ders planlarindaki

degisiklikler ve bu degisikliklerin gerekgeleri “kisisel bilgi gelisim dokiimani”
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icerigine eklenmistir. Benzer sekilde katilimcilarin dortgen c¢izimleri, dortgen
simiflamas1 ve oOzellikleriyle ilgili bilgilerindeki siiregler de kisisel bilgi gelisim
dokumani igerigine aktarilmistir. Bu kisisel bilgi gelisim dokiimanlar1 her bir
katilimecinin dortgenlerin tanimi, ¢izimi, siniflamasi ve 6zellikleriyle ilgili konu alan
bilgileri, 0©grenci diislinligiinii anlamaya yonelik bilgileri ve &gretimsel
stratejilerindeki gelisimleri/degisimleri anlamay1 kolaylastirmigtir. Daha agik olmasi
amaciyla Tablo 1 6gretmen adaylarinin dortgen tanimlariyla ilgili bilgilerindeki

gelisimin kodlanmasini 6zetle 6rneklemistir.

Tablo 1. Ogretmen adaylariin dortgen tamimlariyla ilgili bilgilerindeki gelisimin

kodlanmasina yonelik 6rnek

Bilgi tiirii  Dortgen tanimlariyla ilgili bilgilerdeki gelisimler

-den/dan

-yelya

Konu alan bilgisi

Hari¢ tutan ya da kismi kapsayici
tanimlar

Bir tanim i¢in gerek ve yeter kosullart
saglayamama

Yetersiz matematiksel dil kullanimi

Kapsayici tanimlar

Tanim igin gereken gerek ve yeter
kosullar1 saglama

Diizgiin matematiksel dil kullanimi

= Ogrencilerin  dogru veya kismi Ogrencileri hatali  tanimlar1  ve
§ ozellikteki tanimlarini kestirme bunlarin  muhtemel  nedenlerine

~ g odaklanma

15} —

1

go ‘2=  Ogrencilerin  kavram imajlar1 ile Ogrencilerin kavram imajlar1 ile
§ kavram tanimlar1 arasindaki iliskinin kavram tanimlar1 arasindaki siki bir
. farkinda olmama iliski kurma
]

Kisisel tamimlar1 Ogretimsel tanim
olarak kullanma

Kisisel tanimlarini Ogretimsel
tanimlarindan didaktif bir yaklasimla
ayirt etme

Tanimlarin = 6gretiminde Ogretmen- Tamimlarin  dgretiminde  Ogrenci-
< A . R
= mer_kezll bir  6gretim  yaklagimi merkezli  bir  6gretim  yaklagimi
e benimseme benimseme
Z -
== Sadece ilgili dortgenin tanimim Dortgenlerdeki kavramlar i¢in  On
o] .
=2 verme kosul olan kavramlar1 da 6rnekleme ve
= tanimlama
E7
|2
)
O
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3 Bulgular ve Sonuclar

Aragtirma bulgu ve sonuglar1 arastirma sorularina paralel olarak ii¢ baslik altinda
verilmistir. Birinci baglikta 6gretim deneyi oncesi 6gretmen adaylarinin dortgenlerle
ilgili bilgi durumlarinin nasil olduguna dair bilgilerin onlarin 6n-goriisme verilerine
ve ilk ders planlarina gore yorumlanmustir. Ikinci baslikta ise Ogretmenlerin
bilgilerinde 6gretim deneyi siirecinde nasil gelisimler/degisimler yasandigiyla ilgili
Ozet sonucglara yer verilmistir. Son olarak, son goriisme verilerine dayanarak
O0gretmen adaylarinin bilgi durumlarinin 6gretim deneyi sonunda nasil bir hal

aldigina yonelik sonuglar 6zetlenmistir.

3.1 Klinik On-Gériismelerin Sonuclar:

3.1.1 Ogretmen adaylarimin dortgen tamimlan ile ilgili konu alan bilgileri ve

pedagojik alan bilgileri

Klinik On-goriigmeler 6gretmen adaylarinin dortgenlerin tanimlariyla ilgili ¢esitli
eksikliklerinin oldugunu ortaya koymustur. Ornegin, sekiz 6gretmen adayindan altis1
yaptiklar1 tanimlarda bir tanimda olmasi gereken yeter ve gerek kosullara yer
verememistir. Bu yoniiyle kisisel tanimlarinin matematiksel olarak dogru olup
olmadigma c¢ok fazla dikkat etmemislerdir. Diger taraftan, 6gretmen adaylar1 genel
olarak paralelkenar ve eskenar dortgen i¢in kapsayict tanimlart kullanirken, yamuk
kavrami i¢in hari¢ tutan tanimlar1 kullanmiglardir.

Ogretmen adaylart &grencilerin tanimlarda yapacag muhtemel yanilgilar,
hatalar ve zorluklar ile ilgili kisith bilgi sunmuslardir. Ornegin, 6grencilerin asir1
genelleme hatalar yiizlinden ortaya ¢ikabilecek yanlis tarif ve tanimlar1 konusunda
nerdeyse hi¢ kimse fikir yiiriitememistir. Birkag 6gretmen aday1 genelde dgrencilerin
dortgen tanimlarinda 6zellikle yamuk tanimi i¢in yamugun giinliik dil kullanimindan
kaynaklanan bazi yanilgilar yasayabileceklerini savunmustur. Diger taraftan,

kullanacaklar1 6gretimsel tanimlart belirlerken ise didaktik bir yaklasim sergilemek
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yerine verdikleri kisisel tanimin aynisini  Ogretimsel tanim olarak da
kullanabileceklerini belirtmiglerdir. Ayrica 6gretmen adaylarinin ders planlar1 onlarin
genel olarak tanimlar1 verirken 6gretmen- merkezli bir 6gretim seklini tercih ettigini
ortaya koymustur. EK olarak, ders planlarinda ilkel (prototip) bir sekil vererek
Ogrencilerden tanim yapmasini isteyen tiirde etkinliklere yer verdikleri ortaya

¢ikmustir.

3.1.2 Ogretmen adaylarimin dértgen cizimleriyle ilgili konu alan bilgileri ve

pedagojik alan bilgileri

Ogretmen adaylarmin neredeyse hepsi birbirinden farkli en az ii¢ paralelkenar,
eskenar dortgen ve yamuk Ornegi ¢izmeleri istenen maddelerde prototip sekiller
¢izmeyi tercih etmislerdir. Onlar i¢in seklin 180 derecelik donmiis versiyonu prototip
olmayan bir sekil 6rnegi olmustur. Diger 6nemli bir nokta da paralelkenar igin
cogunlukla kismi hiyerarsik ¢izimler sunarken eskenar dortgen icin genelde
hiyerarsik ¢izimler sunmuslardir. Fakat yamuk sekli icin ¢ogunlugu hiyerarsik
olmayan ¢izimler gergeklestirmistir.

Ogrencilerin yapacagi muhtemel cizimlerin neler olacag soruldugunda ise
genel olarak oOgrencilerin prototip sekilleri c¢izeceklerini belirtmislerdir. Ayrica
ogrencilerin dortgenler arasindaki iligkilere dair bilgi birikimlerini ortaya koyacak
sekilleri ¢izmekte zorluk yasayacaklarim1 ifade etmislerdir. Fakat Ogrencilerin
muhtemel hatalarina ve zorluklarina yonelik tahminler oldukca smirli sayida
olmustur. Ornegin, higbir katilime1 dgrencilerin paralel iki dogru pargasini veya
diizglin altigeni bir paralelkenar Ornegi olarak alabilecegini tahmin edememistir.
Diger bir nokta da yine higbir katilimeir 6grencilerin kareli kagit kullaniminda
paralellik belirlemede zorluklar yasayacaklarini veya benzer baska c¢izimlerde
yasanacak zorluklar tizerine fikir yiirtiitmemistir.

Son olarak, 6gretmen adaylarinin &gretimsel ¢izimleri kontrol edildiginde
kisisel drnek uzaylarinda yer alan prototip drnekleri ve kismi ya da hiyerarsik iliskide

ornekleri kullanmay1 tercih ettikleri gozlemlenmistir. Sadece bir katilimci her bir
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dortgen cesidinin kritik Ozelliklerini vurgulama adma ornek teskil etmeyen

cizimlerden faydalanacagini belirtmistir.

3.1.3 Ogretmen adaylarimin dortgenlerin simflanmas1 ve ozellikleriyle ilgili

konu alan bilgileri ve pedagojik alan bilgileri

Ogretmen adaylarinin altis1 dortgen gesitlerinin  segilmesini ve smiflanmasini
gerektiren maddelerde dortgenler arasindaki hiyerarsik iliskileri g6z Oniinde
bulundurmustur. Katilimcilardan Eda ise paralelkenar i¢in kismi hiyerarsik siniflama
yaparken, eskenar dortgen icin hiyerarsik, yamuk i¢in ise hiyerarsik olmayan bir
simiflama yapmistir. Beril ise yamuk ile paralelkenarin siniflama iligkisini
karistirarak asir1 genelleme hatalart yapmustir. Ogrencilerin yapacaklarr segimleri
tahmin ederken genelde prototip sekiller ve hiyerarsik olmayan iligkilere
odaklanmadan  ¢ikabilecek  dortgen  smiflamasina  yonelik  problemleri
kestirebildikleri halde 6grencilerin yapacagi muhtemel hatali se¢imleri ve nedenlerini
kestiremedikleri ortaya ¢ikmustir.

Son olarak, tiim katilimcilar paralelkenar ve eskenar dortgen icin hiyerarsik
iliskileri g6z onilinde bulundurarak 6gretim yapmayi planladiklarini belirtmislerdir.
Ders planlarinda genellikle dortgen iliskilerini 6gretmeye yonelik Venn diyagramin
tercih etmislerdir. Fakat iki 6gretmen adayr ders planlarinda hiyerarsik iliskilerin
Ogretimine yonelik bir etkinlik sunmamaistir.

Ogretmen adaylariin  dortgen ozellikleriyle ilgili konu alan bilgileri
incelendiginde ise dortgenlerin kenar 6zelliklerin higbir sikinti yasamadiklar1 halde
ac1 ve ozellikle kosegen ozelliklerinde problemler yasadiklart ve bilgilerinin yeterli
olmadig1 ortaya cikmistir. Ogrencilerin dortgen ozellikleriyle ilgili yapacaklari
yanilgilar konusunda ise oldukg¢a kisith bir bilgi birikimine sahip olduklar
goriilmiistiir. Cilinkii 6grencilerin  kdsegen 0Ozelliklerinde ne gibi zorluklar
yasayacaklar1 ve bu zorluklarin muhtemel nedenlerinin ne olacagiyla ilgili herhangi
bir veriye rastlanmamistir. Bu durumun temel nedeni, 6gretmen adaylariin konu

alan bilgilerindeki yetersizliklerle ilgili olabilir. Ders planlarinda ve klinik
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goriismelerde dortgen Ozelliklerinin Ogretimine yonelik sunduklar1 G6gretimsel
yaklasimlar incelendiginde genel olarak prototip bir sekil verip tablolarda ag1, kenar
ve kosegen Ozelliklerine deginme veya Ogrencilere inceletme egiliminde olduklari

gorilmiistiir.

3.2 Ogretim Deneyi Oturumlar Siirecinde Ogretmenlerin Bilgi Gelisimleri

3.2.1 Ogretmen adaylarinin dértgenlerin tammlanmasina yonelik bilgilerindeki

gelisimler

Ogretim deneyi oturumlar siirecinde elde edilen verilen 6gretmen adaylarinin video
durumlarini izledikge dortgenlerin tanimlarina yonelik bilgilerinde dnemli gelisimler
oldugunu ortaya c¢ikarmistir. Bu gelismelerin en belirgin olanlart su sekilde
siralanabilir: (i) Ogrencilerin hatali tanimlar1 ile matematiksel ve ginliik dil
kullanimlar1 arasindaki iligskiyi odaklanma, (ii) 6grencilerin prototip sekillerin gorsel
ozelliklerine odaklanarak tanim yaptiklarint fark etme, (iii) Ogrencilerin
tanimlarindaki gerek ve yeter kosullarin saglanmamis oldugunu bu nedenle de
matematiksel olarak dogru tanim sunmadiklarini fark etme (iv) Ogrencilerin
yaptiklar1 tanimlardaki hatali durumlarin nedenlerini grup tartigmalari siirecinde
sorgulama ve (v) bu hatali durumlarin iistesinden gelmek icin alternatif yollar

gelistirme.

3.2.2 Ogretmen adaylarin dértgenlerin ¢izimleriyle ilgili bilgilerindeki

gelisimler

Ogretim deneyi oturumlar1 siirecinde elde edilen veriler, dgretmen adaylarmin
ogrencilerin hatali dortgen cizimlerini ve dortgen c¢izimi siirecinde yasadiklar
sikintilar1 fark ederek bu problemli durumlarin nedenlerini sorgulamalarma imkan
vermistir. Ornegin, 6grencinin paralelkenar1 neden iki paralel dogru parcasi olarak

cizdigini fark etmis bu durumun bircok muhtemel nedeni olabilecegini grup
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tartismalarindaki fikir paylasimlarinda anlamiglardir. Diger taraftan, dortgen
cizimlerinin 6gretilmesi adina bircok alternatif yaklasim gelistirerek pedagojik alan
bilgilerini genisletme firsatt yakalamislardir. Bazi strateji ornekleri su sekilde
verilebilir: (i) sekillerin hazir ¢izimlerini vermek yerine 6grencilerden cizmelerini
isteme, (ii) yamuktan kareye dogru giden bir anlatim ve ¢izim yolu benimseme, (iii)
ogrencilerin paralellik, diklik, ag¢1 insas1 gibi temel geometrik kavramlarla ilgili
bilgilerini kontrol etme, (iv) tahtada diiz bir anlatim yontemi benimsemek yerine
farkli materyal ve temsil bi¢imlerinden faydalanma ve (v) 6grencilerin diisiincelerini

aciklamalarina firsat verecek kritik sorular sorma.

3.2.3 Ogretmen adaylarimin dértgenlerin simiflamas1 ve ozellikleriyle ilgili

bilgilerindeki gelisimler

Ogretmen adaylarin dortgenlerin smiflanmasina yonelik bilgilerindeki en &nemli
gelisim Ogrencilerin muhtemel hatali kavrayislarinin dortgen se¢gme ve gruplama
stireclerine olan etkilerini anlama olmustur. Diger taraftan, 6gretim deneyi oturumlari
esnasinda en Onemli gelismeler O0gretmen adaylarmin dortgenlerin o6zelliklerine
yonelik sahip olduklar1 konu alan bilgileri ve pedagojik bilgilerinde gozlemlenmistir.
Ogretmen adaylarmnin tiimii grup tartigmalar1 esnasinda dortgenlerin kdsegenlerine
yonelik kendi kavram yanilgilar1 fark etmislerdir. Bu sayede, paralelkenarin
kosegenlerini her zaman esit oldugunu diisiinme ve birbirine dik oldugunu diisiinme
ve kosegenlerin her zaman aciortay olduguna dair yanilgilarini gidererek konu alan
bilgilerini zenginlestirmislerdir. Diger yandan, 6gretmen adaylar1 6grencilerin yanilgi
ve hatalarini fark ederek bunlarin muhtemel nedenleri olarak matematik 6gretmenin
Ogretim bicimini, dgrencilerin temel geometri konularindaki bilgi eksikliklerini ve
ogrencilerin ac¢1 ve kosegen insasini kareli kagitta yapmadaki yetersizliklerini
gostermislerdir. Ogrencilerin dértgenlerin 6zelliklerine yonelik yasadiklari sikintilar:
gidermek ve hatali kavrayiglarini diizeltmek adma Ogretim deneyinde grup
tartismalar1 esnasinda ve sonunda farkli Ogretimsel yaklasimlar gelistirmislerdir.

Bunlar su sekilde 6zetlenebilir: pipetlerle ag1 ve oOzelliklerinin aktarilmasi, kagit
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kesme etkinliklerinin kullanilmasi, agidlger ile olusturulan sekillerin acilarinin
Olciilmesi, ti¢cgenin i¢ acilar1 toplami ile dortgenin i¢ acilar toplaminin

iliskilendirilmesi.

3.3 Klinik Son-Gériismelerin Sonuglari

Klinik son goriismeler Ogretmen adaylarmin dortgenlerle ilgili bilgilerinin son
durumunu goérmek adina ilk goriismede yoneltilen maddelerin tekrar sorulmasiyla
elde edilen verilerden olusmaktadir. Ogretmen adaylarinin Ogretim deneyi
oturumlarinda konu alan bilgisinden ziyade her ne kadar pedagojik bilgilerinde
gelisme oldugu ortaya ¢iksa da son goriismeler katilimcilarin konu alan bilgilerinde
de bilyiik gelisimler oldugunu ortaya cikarmustir. Ornegin, son gdriismelerde
Ogretmen adaylar1 6n goriismelerdeki tanimlarinin matematiksel olarak dogru olup
olmadig1 ve gerek ve yeter kosullar1 saglaylp saglamadigini kontrol ederek
diizeltmeler yapmislardir. Ayrica yamuk i¢in verdikleri dislayici tanimi kapsayici
tanimla dortgenler arasindaki iliskilerin anlasilmasi agisindan ©6nemli bularak
degistirmislerdir. Ogrencilerin yanilgilarma yonelik gelistirdikleri farkindalikla ek
olarak 6gretimsel tanimlarin1 didaktik bir bakis agisiyla revize etmislerdir.

Son goriismelerde ortaya ¢ikan diger onemli bir sonu¢ da &gretmen
adaylarinin prototip ve yari-hiyerarsik ya da hiyerarsik olmayan dortgen orneklerine
ek olarak prototip olmayan ve hiyerarsik Ozellikte dortgen Orneklerine de
cizimlerinde yer vermeleri olmustur. Ayrica son goriismelerde 6gretim deneyi
oturumlarinda nasil 6grenci disiinlisiindeki detaylar1 anladiklarina ve alternatif
pedagojik yaklagimlar 6grendiklerine dair sdylemlerde bulunmuslardir. Son olarak,
tim Ogretmen adaylar1 dortgen ozelliklerine yonelik yanilgilarini gidermislerdir. Bu
durumun nedeni olarak da yapilan grup tartismalarinin énemli bir etken oldugunu
belirtmislerdir. Ayrica Ogrencilerin temel geometrik kavramlart bildiklerini
varsaymanin biiylik bir eksiklik oldugu sonucuna varmislardir. Boylece dortgen
ozellikleriyle ilgili olarak da pedagojik alan bilgilerini zenginlestirdikleri

gorilmiistiir.
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4 Tartisma ve Oneriler

Bu c¢alismada alan yazinda belirtildigi gibi durum-temelli 6gretmen yetistirmenin
O0gretmen adaylarinin bilgilerini nasil gelistirdigi ve destekledigi ortaya ¢ikarilmistir.
Ozellikle video gibi gelisime acik ve dgrencilerin diisiiniisiiniin okul dis1 ortamlarda
tim netligi ile incelenebilmesi Ogretmen bilgisini arttirma adina 6nemli bir arag
gorevi iistlenmistir. Ogretmen adaylarinin dgretim deneyi oturumlarinda pedagojik

alan bilgilerindeki genel gelisimler Sekil 2°de 6zetlenmistir.

Ogretim Deneyi Siireci

[
|

| ‘

Son goriismeler

On goriigmeler >
ve revize

veilk ders -

edilmis ders
planlari
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T . . T
Bireysel video - Grup tartismasi
j analizi ve yansitici | Vld?aorlt?r:::ng;;pca —® sonrasi yansitici - De:se\ilzarg::][:mn
dustince raporlari s dustince raporlari Y ‘
|
| T T T |
v ' I ' v
Ogretmen Y 4 * Ogretmen
a(;iaylg{(lnlln Videolardaki ;/é?:sgit(rln Arkadaslarinin ve Ogretimsel adaylarinin
b'?le,laQO,l' ta a’?t_ ogrencilerin matematiksel kendilerinin 6gretim yaklagimlari pedagojik alan
rgrenmniespit matematiksel | | || yaklagimlarini kritik | .| benimseme ve kendi | [ _Dilgilerinin tespiti

distinisini fark
etme/yorumlama

dusuntsyle ilgili
bilgiyi genisletme/

gelistirme

etme ve alternatif
yaklagimlar 6nerme

yaklasimlarini yeniden
organize etme

Sekil 2. Ogretmen adaylarinin 6gretim deneyi oturumlarinda pedagojik alan

bilgilerindeki genel gelisimler

Sekil 2°de goriildiigii gibi 6gretmen adaylar1 mikro durum videolarini bireysel
olarak inceledikleri siiregte genel olarak videodaki Ogrencilerin matematiksel
diislinlisiinii fark ederek yorumlama baslamislardir. Bu siirecte bazi katilimcilar
Ogrenci dislinlisiinii yorumlayip ¢ikarimlar sunabilirken bazi katilimcilar sadece
ogrencinin verdigi cevabin dogru veya yanlis olup olmadigini degerlendirmistir.
Fakat videodaki Ogrenci diisiinlisiniin grup ile birlikte tartisildigi siirecte tim
katilimcilar G6grencilerin  matematiksel diisiiniiyle ilgili sahip olduklar1 bilgiyi
genisletme ve gelistirme imkani bulmuslardir. Ornegin, bireysel video analizinde

sadece Ogrencinin yaptig1 hatayr tespit eden Ogretmen adaylari grup tartigmalar
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esnasinda bu hatanin kaynagina ve nasil giderebilecegi gibi hususlara odaklanmaya
baslamislardir. Grup tartigmalarinin sonlarina dogru gecgen siire¢ ve grup tartismalari
sonras1 yazdiklar1 yansitici diisiince raporlari ise 6gretmen adaylarinin arkadaslarinin
ve kendilerinin 6gretimsel yaklasimlarini kritik ettigini ve alternatif yaklasimlar 6ne
stirdiiklerini gostermistir. Son olarak, ders planlarini revize ettikleri 6gretim deneyi
oturumlart sonrasi ise Oretmen adaylar1 kendi ders planlarindaki o6gretimsel
yaklasimlar1 grup tartismalarinda ve video analizi siirecinde edindikleri perspektifle
yeniden organize etmislerdir. Sonug¢ olarak, bu ¢alismanin sonuglar1 6gretmenlerin
mesleki yeterliklerinin gelisimi  acisindan video-durum temelli ¢alismalarin
etkinligini vurgulayan ¢alismalar1 destekler nitelikte olmustur.

Bu calismada, baz1 calismalarda varilan sonuglardan farkli sonuglar da elde
edilmigtir. Ornegin, alan yazindaki c¢aligmalar ogretmen adaylarmin veya
Ogretmenlerinin video kuliip bulusmalarinin son goriigmelerine dogru yorumlama ve
¢ikarimda bulunma gibi becerilerini gelistirerek 6grenci diisiiniisiine daha ¢ok
odaklanmaya basladiklarini gostermistir (6r. Sherin, 2007; Sherin ve van Es, 2005;
van Es ve Sherin, 2008). Fakat bu ¢alismada oOgretmen adaylar1 6grencilerin
diisiiniisiinii daha ilk haftaki 6gretim deneyi oturumunda yorumlamis ve bu diigiiniige
dair ¢ikarimlarda bulunmuslardir. Bu durumun temel nedeni belirtilen ¢aligsmalarda
kullanilan videolarin smif videosu olmasiyla ilgili olabilir. Siif videolarnda sinif
ortaminin karmasik yapist geregi Ogretmenler dikkatlerini sonradan &grenci
diisiiniisiine yonlendirebilirler. Calisma sonuglarimin ortaya ¢ikardigi onemli bir
sonu¢ da Ogretmen adaylarinin grup ortaminda fikir paylasiminda bulunmalarinin
onlarin bilgi gelisimlerini olumlu yonde etkiledigidir. Ciinkii bireysel video
analizlerinde 6grencilerin yanilgilarini fark eden bir 6gretmen adayi, arkadaslariyla
fikir paylasimi yaptigi bir grup tartigmasi sonrasinda Ogrencinin yanilgisinin
muhtemel nedenleri iizerinde birgok diisiince gelistirmis ve alternatif Ogretimsel
yaklasim Onerilerinde bulunmustur (Guskey, 2003; Hawley ve Valli, 1999; Wilson
ve Berne, 1999; van Es, 2012a, 2012Db).

Bu calismada Ogretmen adaylarinin konu alan bilgilerindeki gelisim genel

olarak 6gretim deneyi oturumlarindan ziyade son goriisme verilerinde net bir sekilde
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goriilmistiir. Bu durum videolarin sadece 6grenci diisiiniisii icerikli olmasiyla ilgili
olabilir. Ayrica son goriismelerde sorulan sorular, direkt olarak 6gretmen adaylarinin
konu alan bilgileri 6l¢gmeye ¢alistigi i¢in konu alan bilgilerindeki gelisimin son
goriismelerde daha net ortaya ¢ikmasina neden olmus olabilir. Ogretmen adaylarinin

konu alan bilgilerindeki genel gelisimler Sekil 3’te 6zetlenmistir.

Konu Konu
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bilgisi ilk _ bilgisi son
hali llk ders Bireysel Grup Ders planlarnin hall
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video analizi tartismalan revizyonu
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|
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|

I Matematiksel kavramlarin
| anlamlarini i¢sellestirme

|

: Dortgenlerle ilgili 6rnek

: uzaylarini zenginlestirme

|
I
|
| |
| Kavramlarla ilgili yetersiz ve :
: ylizeysel bilgi |
I
I
|
I
|
|

|
| Dértgenlere yonelik kisitli
I'6rnek uzaylari

On-gérismeler Son-gorusmeler

Sekil 3. Ogretmen adaylarmin konu alan bilgilerindeki genel gelisimler
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