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ABSTRACT

ON SOME CONSEQUENCES OF THE ISOMORPHIC CLASSIFICATION OF
CARTESIAN PRODUCTS OF LOCALLY CONVEX SPACES

Kizgut, Ersin
Ph.D., Department of Mathematics
Supervisor : Prof. Dr. Murat Yurdakul

July 2016, 36| pages

This thesis takes its motivation from the theory of isomorphic classification of Carte-
sian products of locally convex spaces which was introduced by V. P. Zahariuta in
1973. In the case X; x X5 ~ Y] x Y5 for locally convex spaces X; and Y;,7 = 1,2;
it is proved that if X;,Y5 and Y7, X, are in compact relation in operator sense, it
is possible to say that the respective factors of the Cartesian products are also iso-
morphic, up to their some finite dimensional subspaces. Zahariuta’s theory has been
comprehensively studied for special classes of locally convex spaces, especially for
finite and infinite type power series spaces under a weaker operator relation, namely
strictly singular. In this work we give several sufficient conditions for such operator
relations, and give a complete characterization in a particular case. We also show that
a locally convex space property, called the smallness up to a complemented Banach
subspace property, whose definition is one of the consequences of isomorphic classi-
fication theory, passes to topological tensor products when the first factor is nuclear.
Another result is about Fréchet spaces when there exists a factorized unbounded op-
erator between them. We show that such a triple of Fréchet spaces (X, Z,Y) has a
common nuclear Kothe subspace if the range space has a property called (y) which
was defined by Onal and Terzioglu in 1990.



Keywords: Isomorphic classification of Cartesian products, unbounded operators,
strictly singular operators, compact operators, smallness up to a complemented Ba-
nach subspace property
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YEREL KONVEKS UZAYLARIN KARTEZYEN CARPIMLARININ
[ZOMORFIK SINIFLANDIRILMASININ BAZI SONUCLARI UZERINE

Kizgut, Ersin
Doktora, Matematik Boliimii

Tez Yoneticisi : Prof. Dr. Murat Yurdakul

Temmuz 2016 , [36] sayfa

Bu tez motivasyonunu V. P. Zahariuta tarafindan 6nciiliik edilen yerel konveks uzay-
larin Kartezyen ¢carpimlarinin izomorfik siniflandirilmasi teorisinden almaktadir. X;
ve Y;, 2 = 1,2 yerel konveks uzaylar1 verilmis olsun. X; x X5 ~ Y; x Y5 durumunda
carpan uzaylarin da sonlu boyutlu birer altuzay hari¢ izomorfik olabilmesi icin X7, Y5
ve Y7, X5 uzaylan arasinda operator teorisi baglaminda bir kompakt bagint1 olmasi
gerektigi ispatlanmistir. Zahariuta’nin bu teorisi daha sonra sonlu ve sonsuz tipi kuv-
vet toplamli uzaylar basta olmak iizere bazi 6zel yerel konveks uzaylar icin daha
zayif operator bagintilari-strictly singular-altinda detayli bir sekilde ele alinmistir. Bu
calismada s6z konusu operatdr bagintilarinin varlig igin yeterli kosullar tiiretilmig
ve belli bir durumda karakterizasyon elde edilmistir. Bunun diginda izomorfik sinif-
landirma teorisinin sonuglarindan biri olarak yerel konveks uzaylar i¢in tanimlanan
SCBS (tiimlenebilen bir Banach altuzay: diginda yeterince kiigiik olma) 6zelliginin,
ilk carpanin niikleer olmasi kosuluyla, topolojik tensor ¢arpimina gectigi ispatlan-
mistir. Bir diger sonug ise Fréchet uzaylar iizerine olup, iki Fréchet uzay1 arasinda
tanimli ticlincii bir Fréchet uzayi izerinden carpanlarina ayrilan bir sinirsiz operatoriin
varligina dayanmaktadir. Bu durumun sonucunda bu ii¢ uzayin ortak niikleer Kothe
altuzay1 olabilmesi icin, goriintii uzayinda Onal ve Terzioglu tarafindan 1990’da ta-
mimlanan (y) 6zelliginin olmasinin yeterli oldugu ispatlanmisgtir.
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Anahtar Kelimeler: Kartezyen ¢arpimlarin izomorfik siniflandirilmasi, sinirsiz opera-
torler, strictly singular operatorler, kompakt operatorler, SCBS 6zelligi
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CHAPTER 1

INTRODUCTION

The set of results obtained in this thesis is in connection with the theory of isomorphic
classification of Cartesian products (ICCP) of locally convex spaces (Ics) which was
initiated by the remarkable note of Zahariuta [70] published in 1973. In that paper he
defined and characterized a relation between locally convex spaces X and Y called the
relation & which means that every continuous linear operator 7" : X — Y is compact.
It is proved that for Ics’s X = X; x Xy and Y = Y] x Y, with (X;,Y,) € 8 and
(Y1, X32) € R being isomorphic to each other is equivalent to the case that the factors
are near isomorphic, that is, they are isomorphic up to their some finite dimensional
subspaces. Namely, he made use of Fredholm operator theory to compose an ICCP
of locally convex spaces. In Chapter 2] we introduce some results concerning the
relation K in the class of Banach spaces. We then briefly mention strictly singular
operators on Ics’s in the context of operator ideals and emphasize the situation when
their class is an operator ideal. The last part of Chapter [2]is devoted to unbounded
operators and their factorization in Fréchet spaces. We prove that the existence of an
unbounded operator 7" : X — Y over a third Fréchet space Z causes the existence of
a common nuclear K6the subspace of the triple (X, Z,Y") when the range space has

the property (y), which was introduced by Onal and Terzioglu [60].

In 1998, Djakov, Onal, Terzioglu and Yurdakul [20] investigated the ICCP of a special
class of Ics’s, called finite and infinite type power series spaces (pss). They modified
Zahariuta’s method to obtain a similar ICCP of pss’s with the help of a weaker oper-
ator theoretic relation. This relation is based on the type of operators called strictly

singular. We denote (X,Y") € & iff every operator 7" : X — Y is strictly singular. In



Chapter[3] we give sufficient conditions to obtain this relation under some conditions.
First we introduce such conditions in terms of Banach spaces, and then we extend
some of them to the class of Ics’s via projective limit topologies and Grothendieck
space ideals. It is even possible to claim a characterization when we slightly mod-
ify the assumptions for (X,Y") € K. These results are helpful to extend the ICCP of
pss’s to general Ics’s. In Chapter [3| we also revisit the advances in the ICCP of lcs’s.
We see the consequences of changing the assumptions on various types of spaces in
Zahariuta’s theorem. Here we also mention about bounded operators. It is denoted
(X,Y) € B when every operator between X and Y is bounded. Referring to the
note of Djakov, Terzioglu, Yurdakul, and Zahariuta [[19] which investigate the ICCP
of Fréchet spaces up to basic Banach subspaces under the assumption of (X,Y) € B,
we finally setup the basis of the definition of smallness up to a complemented Banach
subspace property (SCBS) which is enjoyed by all Kothe spaces. In Chapter 4} we
give its definition and prove that it is stable under topological tensor products, pro-
vided that the first factor is nuclear. We also mention the class of /-K&the spaces as
a type of generalized Kothe spaces, in which the canonical basis {e, } is an uncondi-
tional one. Their topological tensor products are not known explicitly. However, with
the help our result, we deduce that this product has the SCBS property when the first

factor is nuclear.



CHAPTER 2

OPERATORS IN LOCALLY CONVEX SPACES

2.1 Preliminaries

In this chapter, we focus on the operator theory of Ics’s. Our concentration will be on
compact, strictly singular, bounded and unbounded operators and their roles in com-
posing relations between Ics’s. We give results concerning compact and unbounded
operators. Results on compact operators will be in terms of Banach spaces which
are in particular locally convex. These results rest on weak and strong convergence,
hereditary properties, some other well-known vector space properties such as Schur
property (SP), Dunford-Pettis property (DPP), approximation property and so on.
The duality theory of Banach spaces is also used in the proofs. We will continue
our discussion of Banach spaces in Chapter [3] in strictly singular operators perspec-
tive. We then extend some of these results to the general class by means of projective
limit topologies, and Grothendieck space ideals. The results for unbounded operators
highly depend on failure of bounded factorization property and continuous norm ar-
guments. There we consider the class of Fréchet spaces. Now let us define the tools

we need for the proofs.

A vector space X over the field K is said to be a topological vector space (tvs) denoted
(X,7) if X is equipped with the Hausdorff topology 7 which is compatible with its
vector space structure (the maps +: X x X - X and - : K x X - X are continuous).
A tvs (X, 7) is said to be locally convex if it has a base of neighborhoods % = {U, }
of the origin consisting of convex sets U,. Let such % be a filter-base of absolutely

convex absorbent (a subset S is called absorbent if for all x € X there exists r € R
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such that for all @ € K, |a| > r implies x € «.S) subsets U, of a vector space X
with (U, = 0. If each set pU, € % for p > 0 when U, € %, then a lcs (X, )
is deﬁ%ed by considering % as a base of neighborhoods of the origin. Each Ics can
be constructed this way. Alternatively, let {p,(z)} be a system of semi-norms on a
vector space X, such that for each 2y # 6 there is at least one p, with p,(zq) # 0.
If U, = {x € X : po(x) < 1}, then the system pU (p > 0) of U = ﬁUm. This
base is composed of absolutely convex open sets. Each Ics can also bé::lconstructed
this way. A complete metrizable Ics is called a Fréchet space. The metrizable lcs
(X, 7) can always be topologized by a system of absolutely convex neighborhoods
of (X). This system constitutes a decreasing sequence. The latter is equivalent to
the topology generated by the increasing sequence of semi-norms associated to these
neighborhoods. A vector space X is called a normed space if its topology is given by

a norm, which is a functional satisfying norm axioms. A complete normed space is

called a Banach space. For a more detailed description, the reader is referred to [38].

Let U be an absolutely convex closed neighborhood of alcs X. N(U) = p;(0) is a
closed subspace of X, where pys is the gauge functional of U. Let Xy := X /p;!(0)
be the quotient space with the norm induced by py(-). Its dual is the Banach space
X'[U°] := O nU® (cf. Definition [2.4.2) with the norm defined by U°. If V' c pU
for some pTlo and V' € % (X) also, then N(U) c¢ N(V). Let 7y : X - X be the

canonical quotient map. Then for all U, one can find V' c U such that there exists

ouv : Xy — Xy making the following diagram commutative.

XX, x
e

Xy ——=Xy
If ¢y € A(Xy, Xy), for a pre-ideal 2 of operators then X is called a Grothendieck
2A-space and we denote X € Groth(2l). Here, Xy and Xy are Banach spaces.
This construction may be useful to get a grip on the nuclearity assumption in The-
orem A nuclear space X actually belongs to Groth(91), where 91 denotes the
class of nuclear operators. Almost every class of well-known Ics’s is generated by an
operator ideal. A non-example is the class of Montel spaces. For necessary condi-

tions for a class of Hausdorff Ics’s to be generated by an operator ideal one may read

[9, Theorem 1].



Given a family {¢y : X — X} of linear maps from a tvs X to tvs’s X}, the projective
topology induced on X by the family is the weakest topology on X which makes
each of the maps ¢, continuous. A family { X}, ¢y, } where k, m belong to a directed
set J, Xy is a tvs for each k € J, {¢pm : X,y = X} } is a continuous linear map for
each pair k,m € J with k < m and ¢, © Opun = Ok Whenever k£ < m < n is called an
inverse directed system of tvs’s. The projective limit 1(i£1X  of such a system is the
subspace of the Cartesian product [T X}, consisting of elements {x)} which satisfy
Orm(Tm) =k, Kk < m. The projective limit @Xk is a closed subspace of [] X},
and has the projective topology induced by the family of maps {¢, : 1(i£1X r— Xk}
where ¢y, is the inclusion 1(£1 Xy = [1 X followed by the projection on X. If X is a
Ics, and { X} are the local Banach spaces for k € J then the canonical mappings are

On: X - X, forneJand ¢,,, : X,, > X,,, forn <m.

Throughout, unless otherwise stated, a "subspace" always means an infinite dimen-

sional closed subspace, and will be denoted ¥ < X.

2.2 Compact operators

Definition 2.2.1 Let X and Y be les’s. T € £(X,Y) is called (weakly) compact
if there exists a zero neighborhood U of X such that its image T(U) is (weakly)

precompact in'Y.

As usual we denote (X,Y) € R (resp. (X,Y) € 20) when any operator from X
to Y is compact (resp. weakly compact). Zahariuta [70, Proposition 1.1] character-
ized (X,Y’) € R in the following sense: Y is a pre-Montel (each bounded subset B
of Y is pre-compact) lcs iff (X,Y") € K for each normed space X. Obviously we
have R(X,Y) c 2(X,Y). The converse is not true in general, unless the domain
space has the Schur property (the equivalence of weak and strong convergence) [39,
Lemma 9]. Note that (weakly) compact operators have the conjugacy property on
Banach spaces, that is, 77 : Y’ - X' is (weakly) compact iff 7" : X — Y is (weakly)
compact. In this section, we introduce some results concerning sufficient conditions
for (X,Y") € R, where X and Y are Banach spaces. For similar results in the category

of Ics’s, the reader is referred to [3]], [[14], [[15], [48]], and [[70, Section III]. To work
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with Banach spaces, we will need some concepts related to sequences and equiva-
lence of their convergence with respect to different topologies. A Banach space X
is said to be weakly sequentially complete (wsc) if weakly Cauchy sequences in X
converges weakly. It is called almost reflexive if every bounded sequence (x,) € X

has a weakly Cauchy subsequence.

Theorem 2.2.2 Let X' have SP and let Y be wsc. Then, (X,Y) € &

Proof By [39, Corollary 11], (X,Y) € 20. Let T': X — Y. Then, the conjugate
map 7" : Y’ — X"’ is also weakly compact. Then, 7” maps bounded sequences in Y’
into the sequences in X’ which have weakly convergent subsequences. But X’ has
SP, so those weakly convergent subsequences converge in norm. In other words, 7"

is compact. By the conjugacy property, 7" is also compact. Therefore, (X,Y") € &.

Lemma 2.2.3 [57] A Banach space X is almost reflexive iff (1 + X.

Theorem 2.2.4 Let X' and Y have SP. Then, (X,Y) € &

Proof By [42] and [59], £(X,Y") has SP. Now suppose there exists 7' € £(X,Y)
which fails to be compact. Since Y has SP, 7' cannot be almost weakly compact
because if so, for every bounded sequence (z,,) € X, there would exist a subsequence
(zk,) € X such that T'(xy,) is convergent. So there exists a sequence (7,,) € X with
no weak Cauchy subsequence. That implies by Lemma[2.2.3|that ¢! — X. However,

by [18]], X is almost reflexive. Contradiction.

2.3 Strictly singular operators

Definition 2.3.1 Let X and Y be lcs’s. T € £(X,Y) is said to be strictly singular if

for any M < X, the restriction T|y; is not a topological isomorphism.

The definition above, which is a generalization of the concept of compact operators

in Banach spaces, is due to Kato [33]]. In this work, Kato also proved that the operator
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ideal property is preserved. Later, van Dulst first [63]] stated the obvious generaliza-
tion of strictly singular operators acting on the general class of vector spaces and gave
characterization on Ptak spaces (or B-complete spaces). Then he pursued his inves-
tigation for generalized Hilbert spaces in [64]. Goldberg [24] proved that a linear
operator T': X — Y is stricly singular iff for every M < X there exists N < M such
that the restiction 7’|y has a norm not exceeding ¢, for any positive . The conjugacy
property of strictly singular operators acting on Banach spaces is shown to be absent
by Goldberg and Thorp [25] with a counterexample. The conditions under which this
property exists are investigated by Whitley in [67]].

Note that a compact operator 7' : X — Y is strictly singular (see [11, Theorem 10.3.2]
for a relatively new proof), while the converse is not true in general (the injection map
L: 0P > (11 < p < q < oo) If the pair (X,Y) belongs to the class of Hilbert
spaces, then S(X,Y) = R(X,Y). It is also understood that R(X) = &(X), if
X =/(Pforl <p<ooorX =y Alternatively, a non-compact operator is non-
strictly singular if it fixes an isomorphic copy of /7, that is, for a bounded linear
operator 7' : X — Y there exists M < X with M ~ ¢? for which Ja > 0 so that
|Tz| > x|, Yo € M. To find the equivalence of strictly singular and compact
operators on Hardy and Bergman spaces in terms of composition, Hankel, Toeplitz,
or Volterra-type operators is also a popular research area recently [31], [40], [44].
Strictly singular operators also have a role in the theory of invariant subspaces [4],
[L1], [26], [27]. Fortunately, strictly singular operators are somehow ubiquitiously
compact. That is why they are called semi-compact in some resources. Wrobel [68]]
characterized strictly singular operators on Ics’s for the class of B,-complete spaces.
There he used Ptak-type B,-completeness. To understand that, let X be a barrelled
Ics (every barrelled set in X is a neighborhood of the origin), and let 7" : Y — X be
a linear map where Y is a barrelled space which has a closed graph. If any such 7" is

continuous, X is then called a B,-complete Ics.

Lemma 2.3.2 [68 Theorem 1-1V] Let X and Y be B,.-complete lcs’s. Then, TFAE

1. TeS(X,Y).
2. Forevery M < X, there exists N < M such that Ty is precompact.

7



Now let us investigate strictly singular operators in the operator ideal perspective.

Definition 2.3.3 An operator ideal A(X,Y") < £(X,Y') satisfies the following con-

ditions:

1. IKEQL
2. IfA,BeA(X,Y), then A+ B eA(X,Y).

3. IfCeL(E,X),BeUA(X,Y),Aec &(Y,F), then Ao BoC e A(E,F).

S(X,Y) is a non-surjective operator ideal, if the pair (X, Y") belongs to the class of
Banach spaces. As proved in [[17] by construction of a non-strictly singular operator
which can be written as the summation of two strictly singular operators, this is not
the case when it belongs to the class of general Ics’s. Remember that R(X,Y") is
an operator ideal in Ics’s. With the help of the latter, we readily prove the following

using Wrobel’s characterization.

Theorem 2.3.4 Let X and Y be B,-complete lcs’s. Then, G(X,Y') forms an opera-

tor ideal.

Proof Suppose that7: X - Y and S : X — Y are strictly singular operators. Then,
for any M < X, by Lemma [2.3.2 find N < M such that T'|y is precompact. Then
find P < N such that S|p is precompact. The ideal property of precompact operators

on lcs’s yields the result.

Let X and Y be Ics’s. For M < X, o € I and 8 € J, wap(T|nr) = sup{qs(Tx) :
pa(x) < 1,2 € M}. The following is a characterization of strictly singular operators

in Ics’s.

Lemma 2.3.5 [46| Theorem 2.1] Let X and Y be lcs’s and let T € £(X,Y). Then T
is strictly singular iff for any € > 0, 8 € J and M < X there exists ag € I and there

exists N < M such that w.s(T|y) < € for all c.

8



The following theorem is an extension of [2, Problem 4.5.2] to B,-complete Ics’s by

means of Theorem [2.3.4] and Lemma [2.3.3

Theorem 2.3.6 Let X;,i=1,2,...nandY};,j=1,2,...m be B.-complete Ics’s, and

n

let 7: @ X; -~ @Y; be continuous. T can be represented by uniquely determined
i=1 =1

continuous operators 1; : X; — Y; so that the matrix representation of T is

Ty T Ty,
Ty o Ty,
Tnl Tn2 Tnn
Then, T is strictly singular iff each of T;; is strictly singular for each i = 1,2,...,n

and foreach 7 =1,2,...,n.

Proof Let X := éXi and Y := é Y;, for simplicity of notation, and assume that
each Tj; is strictl;:;ingular. Let 7r: ::1X — X, be the canonical projection and define
pi Y, >Ybypy; =000®---000y; @0 &0, for which y; is the j-th
summand. Consider X =5 X =, Y; 2, vy, and write 7j; = p;j o Tj o m;. Then

Ti(t1 @228 @x,) =0000 000 T);x;®0--- @0, where T}; is the j-th

summand. By Theorem [2.3.4|and rewriting 7 = Z Z Tji, T 18 strictly singular.
i=1 j=1

For the converse, let 7 € &(X,Y’), and suppose that the operator T; is not strictly
singular for some ¢, j. Then by Lemma [2.3.5] for any M < X; and for some /5 € J,
was(Ty) > €, for all a € I. If we write M := {0} @ {0} @ ---@ M @ {0} & --- ® {0}
where M places in the ¢-th summand, M is a vector subspace of X. wag(TM) > ¢, for

all « € I. But, that contradicts the assumption 7 is strictly singular.

We refer the reader to Section for sufficient conditions satisfying (X,Y") € & for
which we also give a characterization. Concerning the smallest surjective operator
ideal G%(X,Y") containing &(X,Y"), Weis [66] proved that X is almost reflexive iff
(X,Y) e &5,



2.4 Factorized unbounded operators

Definition 2.4.1 A linear operator T' : X — Y between lcs’s is called bounded if
there exists a neighborhood U of (X ') whose image T'(U) is a bounded set in'Y .

An operator 7" is bounded iff it can be factored over a normed space. 7' is called
almost bounded if it can be factored over w x B, where w is the set of all sequences
(it admits no continuous norm) and 5 is a Banach space. We call 7" unbounded,
when it is not necessarily bounded. A triple (X, Z,Y") is said to have the bounded
factorization property and it is written (X, Z,Y) € B§F if each T" ¢ £(X,Y") that
factors over Z (that is, 7' = Ry o Ry, where Ry € £(X,Z) and R, € £(Z,Y)) is
bounded.

Nurlu and Terzioglu [49] proved that under some conditions, existence of continuous
linear unbounded operators between nuclear Kothe spaces causes existence of com-
mon basic subspaces. Djakov and Ramanujan [21] sharpened this work by removing
nuclearity assumption and using a weaker splitting condition. In [62], it is shown that
the existence of an unbounded factorized operator for a triple of Kéthe spaces, under
some assumptions, implies the existence of a common basic subspace for at least two
of the spaces. Concerning the class of general Fréchet spaces, the existence of an
unbounded operator in between is studied in [61]. The motivation was there the paper
of Bessaga, Pelczynski, and Rolewicz [7]] in which it is proved that any non-normable
Fréchet space which is not isomorphic to w x B where B is a Banach space, contains
a subspace isomorphic to a Kothe space. In the light of [7, Theorem 1] it is proved
that the existence of a continuous unbounded linear operator 7" : X — Y implies that
X and Y have a closed common nuclear subspace when Y has a basis, and admits a
continuous norm. When the range space has the property (), that implies the exis-
tence of a common nuclear Kothe quotient as proved in [60]. Combining these two
results, when the range space has the property (y), common nuclear Kéthe subspace
is obtained in [S2, Proposition 1]. The aim of this section is to prove the Fréchet space
analogue of [62, Proposition 6], that is, under the condition that Y has property (y),

and (X, Z,Y") ¢ *B§ there is a common nuclear subspace for all three spaces.

Definition 2.4.2 A lcs X with neighborhood base % (X)) is said to have property (y)
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if there is a neighborhood Uy € % (X)) such that

X'= U Xoaoe

UeZ (X)

Condition (y) implies that X’[U}] is dense in X’ and hence py, is a continuous
norm on X (See also [50]). Property (y) is equivalent to being locally closed [65,
Lemma 2.1], or being isomorphic to a closed subspace of a Kiéthe space admitting a

continuous norm|[65, Theorem 2.3].

Theorem 2.4.3 Let X,Y,Z be Fréchet spaces where Y has property (y). Assume
there is a continuous, linear, unbounded operator ' : X — 'Y which factors through
Z such as'T' = Ro S. Then, there exists a nuclear Kothe subspace M < X such that

the restriction Ty and the restriction R|s(ry are isomorphisms.

Proof Let 7 : X — Y be an unbounded operator factoring through Z.

XxX-T.y

17

Z

By [52, Proposition 1], there exists a closed nuclear Kothe subspace M of X such
that the restriction 7’|, is an isomorphism onto 7'(M'). Since 7 is injective on M, R
is injective on S(M) and maps S(M) onto T(M) = R(S(M)). Now let y € S(M).
So find a sequence (S(m,,))nen in S(M) such that lim S(m,,) = y. R is continuous
at y, then lim RS(m,,) = lim T'(m,,) = Ry € T(M) = T(M), since T(M) is closed.
Thus lim7'(m,,) = T'(m) = Ry for some m € M. Since T is an isomorphism on
M, imT-'T(m,) = T-'T(m), that is, limm, = m. S is continuous at m, and
that implies lim S(m,,) = S(m) = y € S(M). Therefore S(M) is closed. Hence
R:S(M)— R(S(M)) is an isomorphism by the Open Mapping Theorem.

Note that this result is consistent with [[7, Theorem 1]. Indeed, if Z were isomorphic to
w x B for a Banach space B, that is, 7" were almost bounded, then by [69, Proposition

1] there would be a continuous projection P : Y — Y such that P(T(X)) = P(Y)

11



w. Since Y has property (y), it has a continuous norm and therefore the operator 7'

which factors over K™ x B must be bounded.

The article [37] is composed of this section.
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CHAPTER 3

ISOMORPHIC CLASSIFICATION OF CARTESIAN
PRODUCTS OF LOCALLY CONVEX SPACES

Before we start our discussion on the concept of ICCP, let us re-state Zahariuta’s
result. Let X (9 denote an arbitrary subspace of the Ics X of codimension 4 (all such
subspaces are isomorphic) when ¢ > 0; and when 7 < 0 an arbitrary space X xZ, where
dim Z = —i. Now let X = X; x Xo and Y = Y] x Y5 be Ics’s such that X ~ Y. Suppose
(X1,Y2) € & (Y1, X,) € & Then X =~ Y iff there exists s such that Y; ~ X, Y, ~
XQ(_S) [70, Theorem 7.1]. His result highly depends on the assumptions (X7, Y3) € &,
(Y1, X3) € R. In this chapter we see how weakening these assumptions slightly will
affect the theory. As we mentioned before, compactness condition is stronger than

that of strict singularity.

3.1 Strictly singular operators and isomorphic classification

Remember that we mentioned Zahariuta [[/0] made use of Fredholm operator the-
ory to construct a method to classify Cartesian products of Ics’s as we explained
above. Djakov, Onal, Terzioglu, and Yurdakul [20] modified Zahariuta’s method
for ¢r-finite and ¢%-infinite type pss’s. Let 0 < ag < a3 < oo, 7 € {0,00}. Then

Ar(a) = {z = (z;) : |z]e = D |zjfee’™ < o0, VE < 1} is called a pss, if 7 = oo of infi-
J

nite type, if 7 = 0 of finite type. They proved that Ag(a) x Ae (D) = Ag(@) x Ao (D) is
equivalent to 3s such that Ag(a@) = (Ag(a))® and Aw (D) = (Aw())(*). In the proof,
they made use of the fact that (Ag(a), A (b)) € B and by means of projective limit
arguments applied through (7, ¢9) € & to end up with (Ag(a), Aw (D)) € BS, and
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(Ao(@), Ao (D)) € BG. Those combined with the properties of factorized Riesz-type
operators gives the result. Even if they did not assume any operator based relations in
advance, it turns out that their selection of a special type of Ics’s shows that actually
they implicitly did. In this chapter, we focus on (X,Y) € G and (X,Y) € BS ina
more general sense as far as the classes of domain and range spaces are concerned.
We investigate the sufficient conditions implying these relations. Our starting point
will be the class of Banach spaces and sequential arguments on it as we did in Sec-
tion There we extensively use H. Rosenthal’s celebrated ¢!-Theorem [57]], and
intersections of operator classes explained in [39, Section II]. Again, with the help
of projective limit structure, we extend some of our result to the class of Ics’s and
topological tensor products. In a particular case, we obtain a characterization (see

Theorem [3.2.32)). Our ultimate aim here is to enhance the classification in [20].

3.2 Sufficient conditions for (X,Y) ¢ &

The most commonly known example for (X, Y") € S in Banach space theory is when
we choose X = (P and Y = (9 such that 1 < p < ¢ < oo. This example is non-trivial
since (¢P, (%) ¢ K. This fact was cruical for the ICCP of pss’s [20] since Ag(a) =
lim tP(exp(~1/kay,)) and Ay (b) = lim ¢4(exp(kby,)). By virtue of Lemma [3.2.26
they reached that (Ag(a), Aw (b)) € &. The aim of this section is to generalize this

classification by relaxing the choice of Ics’s. To do that, we start with finding pairs
of Banach spaces (X,Y) € &. A pair of Banach spaces (X,Y") is called totally
incomparable if there exists no Banach space Z which is isomorphic to a subspace of

X and to a subspace of Y.

Theorem 3.2.1 (X,Y) € & for every totally incomparable pair of Banach spaces
(X,Y).

Proof Suppose 7' : X — Y is a non-strictly singular operator. Then, we may find
M < X to which T restricted is an isomorphism. This means M ~ T'(M). But
T(M)<Y.Since X and Y are totally incomparable, this is impossible.

A Banach space X is said to be very-irreflexive if it contains no reflexive subspace.
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It is said to be quasi-reflexive (of order n), if X”/7(X) is of finite dimension n. A

quasi-reflexive space is reflexive iff it is wsc [[12, Theorem 4.4].

Theorem 3.2.2 (X,Y)e & if

1. X is very-irreflexive and Y is reflexive [25].

2. X is very-irreflexive, and Y is quasi-reflexive.

Proof 1. One may read the proof of [25, Theorem b].

2. Suppose there exists a non-strictly singular operator 7' € £(X,Y"). Then, T
is an isomorphism when restricted to M < X. Then, M is quasi-reflexive.
However, by [30, Lemma 2] there exists a reflexive N < M. This contradicts

the assumption X is very-irreflexive.

A property P on a Banach space X is called hereditary if it is enjoyed by all of its
subspaces. X is said to have nowhere P if it has no subspace having the property P.

Up on that, we give a generalized version of Theorem [3.2.2]

Theorem 3.2.3 Let P be a property of Banach spaces which respects isomorphisms.
Then, (X, Y)eGand (Y, X)e S if
1. 'Y has hereditary P,

2. X has nowhere P.

simultaneously.

Proof Let X and Y be Banach spaces satisfying (1) and (2), and for some M < X
suppose there exists 7' : X — Y such that M ~ T'(M). But T'(M) inherits P. Hence
M has P. This contradicts (2). Now let S : Y — X be such that N ~ S(N) ¢ X for
some N < Y. Since X has nowhere P, S(N) does not enjoy P. This contradicts (1).

Corollary 3.2.4 Let Y be almost reflexive. For any X which is hereditarily (*,
(X,Y)e&.
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Corollary 3.2.5 (X, (') € & for any almost reflexive X.

Proof Let M < X on which T has a bounded inverse. So M ~ T'(M) which is a
subspace of ¢!. By [41} Proposition 2.a.2], T'(M ) contains a subspace Z with Z ~ (!,

so does M. By a remark in [18]], /' can be embedded into X. Contradiction.

T € £(X,Y) is called completely continuous if for every weakly convergent sequence
(z,) € X, (Tx,) converges in Y -norm. By [54] Proposition 1.6.3] we also know that
a completely continuous operator also maps weakly Cauchy sequences into norm
convergent sequences. We denote (X,Y") € U if any such 7" is completely continuous.
It is not hard to prove that R(X,Y") c U(X,Y’) [34]. The converse is also true iff
the domain space is almost reflexive. A Banach space X is said to have the Dunford-
Pettis property (DPP) if 20(X,Y") ¢ U(X,Y"), for any Banach space Y. X is said
to have the reciprocal Dunford-Pettis property (rDPP), if B(X,Y") € 20(X,Y"). One
may browse [53]] for some relations between DPP and SP in connection with the

Radon-Nikodym property.

Lemma 3.2.6 [39 Theorem 1.7] Let Y be almost reflexive. Then (X,Y") € 0 implies
(X,Y) 6.

Theorem 3.2.7 Let X have the SP and Y be almost reflexive. Then, (X,Y) € &.

Proof Any operator 7" with range Y maps bounded sequences into weakly Cauchy
sequences, since Y is almost reflexive. On the other hand, any such 7" defined on
X maps weakly Cauchy sequences into norm convergent sequences by the SP. That
implies (X,Y") € U. Hence by Lemma 3.2.6| the result follows.

Lemma 3.2.8 Let X have SP. Then, for every M < X, (' — M.

Proof Let X have the SP and suppose there exists M < X for which ¢! « M. Then,
any bounded sequence (z,,) in M, has a weakly Cauchy subsequence since M is
equivalently almost reflexive. However, M inherits SP. Then the weakly Cauchy sub-

sequence of () converges in X . Therefore, M is finite dimensional. Contradiction.
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Despite the result above, being a hereditarily /' space does not imply satisfying the
SP. Indeed, some counter-examples are given in [6] and such a subspace of L' is
constructed in [S5)]. As mentioned in [39], an almost reflexive Banach space has

nowhere SP. Hence, the following is straightforward in the light of Corollary [3.2.5]
Corollary 3.2.9 Let X have nowhere SP. Then, (X, (') € .
Theorem 3.2.10 Let Y have SP. Then (X,Y') € & for every reflexive X.

Proof LetT € £(X,Y") have abounded inverse on some M < X, thatis, M ~T(M).
Since Y have SP, it also has the hereditary DPP [18]]. Hence so does M. But M is

reflexive. By [34, Theorem 2.1], reflexive spaces have nowhere DPP. Contradiction.

Corollary 3.2.11 Let X', Y’, Z' have the SP and let W be almost reflexive. Then,
(X©,Y) We,Z)c®.

Proof By [39, Corollary 1.6], (W, Z") € & (cf. Section . So by [23] Theorem 3]
we deduce W®, Z is almost reflexive. On the other hand, by [58, Theorem 3.3(b)]
we reach that £(X,Y”) has SP. But in [39] it is proved that £(X,Y") ~ (X®,Y)".
So (X®,Y)" has SP. Therefore, Theorem yields the result.

Lemma 3.2.12 [/8] X’ has SP iff X has DPP and X is almost reflexive.
Corollary 3.2.13 Let X and Y be almost reflexive, X have DPP. Then, (X',Y') € G.

Proposition 3.2.14 Let X and Y be almost reflexive and let Y have DPP. Then,
(X®,Y, (') e&.

Proof By Lemma [3.2.12] Y’ has SP. Then by [39, Corollary 1.6], (X,Y”) € &.
Hence, [23] Theorem 3] yields that X®, Y is almost reflexive. So by Corollary

we are done.

In the theorem above, DPP assumption on Y can be replaced by (z,, ® y,,) is weakly

null whenever (z,,) and (y,,) are weakly null [16, Theorem 5]. A Banach space X
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is said to have the approximation property if every compact operator defined on X is

the limit of a sequence of finite rank operators.
Proposition 3.2.15 Let X and Y be reflexive spaces one of which having the approx-
imation property, and let (X,Y") € R Let W and Z be spaces having SP. Then,

(X8, Y, We.Z) € 6.

Proof By [39, Theorem 4.21], X®,Y is reflexive. By [42], SP respects injective
tensor products. So W®.~Z has SP. Then, Theorem [3.2.10)| finishes the proof.

Proposition 3.2.16 Let X have the hereditary DPP and let Y be reflexive. Then,
(X,Y)e&.

Proof Let M < X on which an arbitrary operator 7": X — Y has a bounded inverse.

Then, M ~T(M). So, M is reflexive. So M cannot have DPP. Contradiction.

Any operator 7" defined on any complemented subspace M of each of C'(K), B(S),
Lo (S, %, 1), and L(S, X, i) to a reflexive space is strictly singular [39].

Proposition 3.2.17 Let (X,Y) € 20 where X has DPP. Then, (X,Y) € &.

Proof Since X has DPP, (X,Y') € 0. Then, by [39, Theorem 2.3], (X,Y) € &.

Corollary 3.2.18 Let (X,Y') € U where X has the rDPP. Then, (X,Y) € &.

Proof Since X has the rDPP and any 7" : X — Y is completely continuous, 7 €
U nW. By [39, Theorem 2.3] , we are done.

A Banach space X is called a Grothendieck space if any weak*-convergent sequence

in X' is weakly convergent.

Theorem 3.2.19 Let X be a Grothendieck space with the DPP, and let Y be separa-
ble. Then, (X,Y) € &.
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Proof By [47, Theorem 4.9], any such operator 7": X — Y is weakly compact. Since
X has the DPP, T is completely continuous. Hence, by Corollary|3.2.17, (X,Y) € &.

Example 3.2.20 Let K be a compact Hausdorff space and ¢, cannot be embedded
into C'(K'). Then, C(K) is a Grothendieck space [56]. Hence, (C(K),cy) € &.

Theorem 3.2.21 Let X be almost reflexive. Then, for any wsc Banach space Y,
(X,Y) e20.

Proof Since X is almost reflexive, if (x,,) is a bounded sequence in X, then (T'z,,)
has a weakly Cauchy sequence in Y. But Y is wsc, that is, every weakly Cauchy

sequence converges weakly in Y. Therefore, 7' is weakly compact.

Corollary 3.2.22 Let X be very-irreflexive and almost reflexive (see Example[3.2.23)),
let Y be wsc. Then, (X,Y) € 6.

Proof By Theorem[3.2.21] (X,Y) € 20. Now let 7 : X — Y which has a bounded
inverse on M < X. If (x,) is a bounded sequence in M, then there exists (T'xy,) a
weakly convergent subsequence of (7'z,,) in Y. Hence (xy,) is weakly convergent
in M, since 1" has a bounded inverse on M. Thus, every bounded sequence in M
has a weakly convergent subsequence in M. This is equivalent to saying that M is

reflexive. Contradiction.

Example 3.2.23 Note that the non-reflexive space ¢, is almost reflexive. Suppose
there exists a reflexive subspace E of ¢y. Since ¢ fails SP, it is not isomorphic to any

subspace of E. But this contradicts [41, Proposition 2.a.2].

Lemma 3.2.24 Let X have the Dieudonné property (see [28] for definition) and let
Y be wsc. Then, (X,Y") € 0.

Proof Let (x,) € X be weakly Cauchy, and let 7" € £(X,Y"). Then (7'x,) is weakly
Cauchy in Y. Since Y is assumed to be wsc, (7'z,,) converges weakly. But X has the

Dieudonné property, so T € 20(X,Y).
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Theorem 3.2.25 Let X possess both DPP and Dieudonné properties (e.g. C(K),
where K is a compact Hausdorff space [28], [34]), and let Y be wsc. Then, (X,Y) €
G.

Proof By Lemma [3.2.24] (X,Y") € 2. X possesses the DPP, so (X,Y) € 0. By
[39, Theorem 2.3], (X,Y) € &.

Now let us turn our attention to general class of Ics’s. Let P be a class of Banach
spaces having a certain property P. Then, s(P) [10] is defined by the set of lcs’s
X with local Banach spaces X; € P for which X is the completion of the normed
space obtained by X /p;(0), where U is an absolutely convex closed neighborhood
of #(X) and py its gauge functional. For instance, by s(X), we denote the class
of lcs’s such that each of their local Banach spaces are hereditarily /. B&(X,Y")
denotes the intersection of B(X,Y") and &(X,Y"). By virtue of [69] Proposition 1],
we know that a strictly singular operator defined on a Fréchet space into a complete
Ics cannot be unbounded since existence of such an unbounded operator contradicts
with the result in [51]. We see that such an operator is almost bounded or bounded.
If the range space admits a continuous norm, then we guarantee boundedness. A lcs
X 1s called locally Rosenthal [8], if it can be written as a "projective limit of Banach
spaces each of which contains no isomorpic copy of ¢!". A general lcs X with no
copies of /! need not to be locally Rosenthal. A counterexample might be found in

[38]]. In addition, one should assume that it is a quasinormable Fréchet space [45].

Lemma 3.2.26 [20, Lemma 2] Let X and Y be lcs’s such that X = LiLnX L and
Y =limY,,, where { Xy} and {Y,,} are collections of Banach spaces. If (Xk,Y,,) € &
forall m,k then B(X,Y) =6(X,Y).

Example 3.2.27 Let A\(A) € (dz), and \,(A) € (dy) as they are defined in [22].
Then, by [70], (\1(A), A,(A)) € B. It is known that A,(A) = lim £”(a,), for 1 < p <

oo. Since (P(a,),1 < p < oo has no subspace isomorphic to ¢!, (¢, ¢?) € &. Then, by

Lemma[3.2.26] (A1(A),\,(A)) € BS.

Theorem 3.2.28 Let XY be lcs’s where Y is locally Rosenthal, and X € s(X).
Then, B(X,Y) =6(X,Y).
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Proof Since Y is locally Rosenthal, there exists a family of Banach spaces {Y,,,} each
of which does not contain an isomorphic copy of ¢! such that Y = @Ym. Because
X € s(X), there exists a family of Banach spaces { X} such that every M < X
contains a subspace isomorphic to ¢!. By Corollary any linear operator 7, :
Xy — Y, is strictly singular. Making use of Lemma [3.2.26] we deduce that every

bounded operator 7" : X — Y is strictly singular.

By s(V), we denote the class of Ics’s with local Banach spaces each of which having
SP. Notice that Groth(®0) + s(V), since the operator ideal U on Banach spaces is not
idempotent (see [S4, pp. 60] for this property).

Corollary 3.2.29 Let Y be a quasinormable Fréchet space with (' + Y, and let
X es(V). Then, (X,Y) € G.

Proof By [45] Theorem 6], Y is locally Rosenthal. Since X € s(V), by Lemmam
X €5(X). Then, by Theorem 3.2.28} we are done.

A lcs X is called infra-Schwartz if each of its local Banach spaces X is reflexive.
An infra-Schwartz space turns out to be locally Rosenthal, as proved in [8]. Note that

by [13], Groth(20) = s(W), where W denotes the class of reflexive Banach spaces.

Corollary 3.2.30 Ler X be infra-Schwartz Ilcs, and let Y € s(V). Then, B(X,Y) =
S(X,Y).

Proof Since X is infra-Schwartz, any of its local Banach spaces X}, is reflexive.
The assumption on Y completes the conditions in Theorem |3.2.10. Combined with

Proposition [3.2.26 we are done.

Theorem 3.2.31 (X,Y) € & for a pair of Fréchet spaces if they satisfy

1. X es(P).
2. Y es(P).
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Proof Since X € s(P~), one may rewrite X = liLnX ©, where each X, has nowhere
P. That is, no subspace of X has property P. Similarly, YV = LiLnYm where each
Y, has the hereditary property P. Hence, by Theorem (X%, YY) € S for every
k, m. Applying Lemma we obtain (X,Y) € &.

Theorem 3.2.32 Let (X,Y,Z) be a triple of Fréchet spaces satisfying the following

1. Every subspace of X contains a subspace isomorphic to Z.

2. 'Y has no subspace isomorphic to Z.

Then, (X,Y) € &. Let Y have continuous norm in addition. Then, (2) is also neces-

sary if Y is a Fréchet-Montel space.

Proof The sufficiency part is very similar to the proof of Theorem For neces-
sity, let Y be a Fréchet space equipped with the topology identified by an increasing
sequence of semi-norms (py,). Suppose | - || is a continuous norm on Y. If there exists
¢ > 0 and kg such that |y| < cpg,, y € Y, then py, is a norm and so the topology of Y’
can be defined by a sequence of norms (py), k > ko. Let X be a Fréchet space and let
Y be an (FM)-space admitting a continuous norm. Let any linear operator 7': X — Y
be strictly singular. Then, by [69, Proposition 1], it is bounded. Now let there exist
N <Y which is isomorphic to Z. Then I|y : N - Z is bounded, hence compact.

Then N is finite dimensional. Contradiction.

Example 3.2.33 Let Ag(a) and A (a) denote pss’s of finite type and infinite type,
respectively. By [[70] we know that no subspace of A, (<) can be isomorphic to a pss
of finite type. Choose « as it is in the proof (b) of [S, Theorem 1] so that any subspace
X of Ag(«) with a basis has a complemented subspace which is isomorphic to a pss
of finite type. By Theorem [3.2.31] every continuous operator 7 : Ag(a) - Ao () is

strictly singular.

This section constitutes the main substance of the paper [33]].
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3.3 Bounded operators and isomorphic classification

In Section 3.1 we explained how Zahariuta’s method was modified to classify Carte-
sian products of pss’s without spoiling the Fredholm operator theory. Given X; x Xy
Y1 x Y,, Zahariuta assumed (X1,Y>) € R and (Y7, X») € R to make his method work.
It turned out in the previous section that Djakov, Onal, Terzioglu, and Yurdakul im-
plicitly assumed (X7,Y3) € BS and (Y, X2) € BES to obtain a modified method
which makes the respective factors isomorphic up to finite dimensional subspaces. In
1998, Djakov, Terzioglu, Yurdakul, and Zahariuta [19] weakened the operator rela-
tional assumptions on X, Y; even more, namely they started with (X;,Y5) € 98 and
(Y1, X3) € B. However, they discovered, that relaxation caused the failure of Fred-
holm theory. That is, "isomorphic up to a finite dimensional subspace" argument on
the respective factors dissappeared. Despite this failure, the authors still managed to
obtain a meaningful consequence in terms of Kothe spaces. In this case the argument
on the respective factors becomes "isomorphic up to a basic Banach subspace" with
an additional bounded factorization property assumption. In this note they proved
that if X; is a Kothe space and Xs, Y7, Y5 are topological vector spaces satisfying
X; x Xo Y] x Yy with (X7,Y3) € B35, then there exist complementary basic sub-
spcaes E and B of X; and complementary subspaces F' and G of Y] such that B
is a Banach space and F' ~ E, B x X5 ~ G x Y,. In the same paper, while con-
structing their method, the authors consider Kothe spaces X whose bounded sets are
dominated by a basic Banach subspace of X added to €Uy, for any positive €, where
Uk, = {x € X : |z|y, < 1}. At the end, they introduce this property as one which
is enjoyed by a class of Ics’s larger than the one of Kothe spaces. They named it
"smallness up to a complemented Banach subspace property" (SCBS) and used it to
generalize some results given for Kothe spaces. In Chapter 4] we investigate SCBS
property and its stability under topological tensor products. We consider the case
when the first factor is a nuclear Fréchet space. This condition causes the equivalence

of topologies of projective and injective tensor products.
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CHAPTER 4

TOPOLOGICAL TENSOR PRODUCTS OF LOCALLY
CONVEX SPACES

In this chapter, we see the definition of smallness up to a complemented Banach
subspace property (SCBS) which arises from the isomorphic classification theory of
Cartesian products of Ics’s. The question is whether the SCBS property respects
topological tensor products. We have an affirmative answer for that in case X or Y
is nuclear. Our proof takes its power from Jarchow’s lemma [32]. There it is proved
that given Fréchet spaces X (nuclear) and Y with complemented subspaces £ and F'.
Then E®, F is a complemented subspace of X®,Y . After introducing our result, we
also mention projective tensor products of generalized Kothe spaces as a consequence

of our result.

4.1 The SCBS property

Definition 4.1.1 A Fréchet space X with fundamental system of semi-norms (|- |i.) is
said to have smallness up to a complemented Banach subspace (SCBS) property if for
each bounded subset ) of X, for any ky and for every € > 0 there exist complementary

subspaces B and E in X such that B is a Banach space, and ) c B + Uy, n E.

This property was introduced by Djakov, Terzioglu, Yurdakul and Zahariuta [19]
in connection with their investigations of the isomorphic classification of Cartesian
products of Fréchet spaces. They also proved that Kothe spaces have the SCBS prop-

erty. The characterization of Fréchet spaces having this property is put forward as
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an open problem. In [1] it is proved that certain generalized Kothe echelon spaces

(¢-Kothe spaces), some quasinormable Fréchet spaces, and strong duals of some

asymptotically normable Fréchet spaces have this property, while the reflexive, quasi-

normable, non-Montel, primary Fréchet space /% := ﬂ 01 defined in [43]], which has
q>p

no infinite dimensional Banach subspace, fails it. Hence it is mentioned that SCBS

property is neither hereditary nor passes to quotients.

4.2 Topological tensor products of Fréchet spaces with SCBS property

By #(X), we denote the family of all bounded subsets of the Fréchet space X.
acx(A) and co(A) represents the absolutely convex closed hull, and closed convex
hull of a set A, respectively. If X;,¢ = 1,2 are Fréchet spaces with fundamental
systems of seminorms |- |,, X;®,X is a Fréchet space with fundamental system
of seminorms |- |, by the fact that projective tensor product preserves metrizability
[32 Corollary 15.1.4]. As it is proved in [32, pp. 324], for any (U,V) € X; x Xs,
co(U®, V) is absorbent in X &, X.

Theorem 4.2.1 Let X;,1 = 1,2 be Fréchet spaces with the smallness up to a comple-
mented Banach space property, where X is nuclear. Then, X,®.X, has the small-

ness up to a complemented Banach space property.

Proof Let X, i = 1,2 be Fréchet spaces having the SCBS property with fundamental
systems of seminorms | - |,, where X is nuclear. Let ¢ > 0, and let 7 := MUy Vi =
U,

Uk, € % (X1) and V3, € % (X>) for a fixed kg. Take any Q € B(X;®,X5). Since
X is nuclear, by [32, Theorem 21.5.8] there exist €2; € Z(X;),i = 1,2 such that

, T4, [32, Proposition 15.1.5] be the gauge functional of acX (U, ®x Vi, )» Where

Q c acx(Q1®,93). Since, by assumption, X; have the SCBS property find comple-
mentary subspaces B;, E; for X;,7 = 1,2 such that B; are Banach spaces satisfying

Ql C Bl +€Uk0 n El, and QQ C B2 +€Vk0 N EQ.

Take any z € acx(2;®,)>) which might be represented by z = z ® y where x €
and y € {2,. Let us rewrite x = b; + e; for which b; € By and e; € E; such that

Ty, (e1) < \/e. Formulate y similarly as y = by+e5 with TV, (e2) < /€. Then, by ®b, €

26



B, ®, B, since B; are Banach spaces. Consider Ty Vg = Tk, (el)kao (e2) < e. Thus

e1® ey € e+ acX(Up, ®: Vi, ) N E1®; Ey. Hence for any bounded subset 2 ¢ X ®, X5,

Qc ﬁ(Qléwﬁg) C Bléﬂ—BQ +& ﬁ(UkOé)ﬁVko) n E1®7rE2. (421)

Consider now X ®,X,. By assumption, the direct sum X; = B; ® E; is topologi-
cal. Therefore, by [32, Proposition 15.2.3(b)], B1®, B, and F,®, L, should also be
complementary in X;®,X,. Combining with this is equivalent to saying that
X1®,X5 has SCBS property.

Theorem 4.2.1| is also valid for injective tensor products of Fréchet spaces by the
characterization of Grothendieck for nuclearity: X; or X5 is nuclear iff X;®,X, ~

X190 X5 [29].

4.3 (-Kothe spaces

Let ¢ denote the class of all spaces in which the canonical basis {e,,} is an uncondi-

tional one. For the Kéthe matrix A, K*(A) is then defined to be

KYA)={x=(2,):2a=(z,a,) €l,Vae A}.

Equipped with the semi-norms |z|, = |za

(K*(A),| - |). In addition, if A is assumed to be countable, then K*(A) is a Fréchet

, for a € A, we obtain a complete Ics

space.

Corollary 4.3.1 Let K be given by
K = K'(A)&,K'(B)
where K'(A) is nuclear. Then, K has the SCBS property.

Proof As proved in [, /-Kdthe spaces have SCBS property. Since K¢(A) is nuclear,
by Theorem4.2.1] K" has SCBS property.
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Note that Corollary is not trivial, since it is not known whether the topological
tensor product of /-Kothe spaces is again an /-Kothe space. By means of Theo-

rem[4.2.1] [19, Theorem 7] can be restated as follows:

Corollary 4.3.2 Let X = X,©,.X, as in Theorem and let T € B(X). Then

there exist complementary subspaces B and E of X such that

1. B is a Banach space,

2. if mg and i are the canonical projection onto I/ and embedding into X, re-

spectively, then the operator 1 — g T g is an automoprhism on E.

This chapter might also be read from [36].

28



REFERENCES

[1] T. Abdeljawad and M. Yurdakul. The property of smallness up to a comple-
mented Banach subspace. Publ. Math. Debrecen, 64:415-425, 2004.

[2] Y. A. Abramovich and C. D. Aliprantis. Problems in Operator Theory. Gradu-
ate Studies in Mathematics. American Mathematical Society, 2002.

[3] M. Alpseymen, M. S. Ramanujan, and T. Terzioglu. Subspaces of some nuclear
sequence spaces. Nederl. Akad. Wetensch. Indag. Math, 41(2):217-224, 1979.

[4] G. Androulakis and Th. Schlumprecht. Strictly singular, non-compact operators
exist on the space of Gowers and Maurey. J. London Math. Soc, 64(3):655-674,
2001.

[5] A. Aytuna and T. Terzioglu. On certain subspaces of a nuclear power series
spaces of finite type. Studia Math, 69:79-86, 1980.

[6] P. Azimi and J. N. Hagler. Examples of hereditarily ¢! Banach spaces failing
the Schur property. Pac J Math, 122(2):287-297, 1986.

[7] C. Bessaga, A. Pelczynski, and S. Rolewicz. On diametral approximative di-
mension and linear homogeneity of F-spaces. Bull. Acad. Polon. Sci, 9:677-
683, 1961.

[8] C. Boyd and M. Venkova. Grothendieck space ideals and weak continuity of
polynomials on locally convex spaces. Monatsch. Math, 151:189-200, 2007.

[9] J. M. F. Castillo. On Grothendieck space ideals. Collect. Math, 39:67-82, 1988.

[10] J. M. F. Castillo and M. A. Simdes. Some problems for suggested thinking in
Fréchet space theory. Extr. Math, 6:96-114, 1991.

[11] I. Chalender and J. R. Partington. Modern Approaches to the Invariant-
Subspace Problem, volume 188 of Cambridge Tracts in Mathematics. Cam-
bridge University Press, Cambridge, 2011.

[12] P. Civin and B. Yood. Quasi-reflexive spaces. Proc. Amer. Math Soc, 8:906—
911, 1957.

[13] W. J. Davis, T. Figiel, W. B. Johnson, and A. Pelczynski. Factoring weakly
compact operators. J. Funct. Anal, 17:311-327, 1974.

29



[14] N. DeGrande-DeKimpe. L¢(a,r)-spaces between which all the operators are
compact. I. Comment. Math. Uni. Corol, 18:659-674, 1977.

[15] N. DeGrande-DeKimpe and W. Robinson. Compact maps and embeddings
from an infinite type power series space to a finite type power series space.
J. Reine Angew. Math, 293/294:52-61, 1977.

[16] J. Diaz. Non-containment of ¢! in projective tensor products of Banach spaces.
Rev. Math, 3:121-124, 1990.

[17] S. Dierolf. A note on strictly singular and strictly cosingular operators. Indag.
Math, 84:67-69, 1981.

[18] J. Diestel. A survey of results related to the Dunford-Pettis property. Contemp.
Math, 2:15-60, 1980.

[19] P. Djakov, T. Terzioglu, M. Yurdakul, and V. Zahariuta. Bounded operators
and isomorphisms of cartesian products of Fréchet spaces. Michigan Math. J,
45:599-610, 1998.

[20] P.B. Djakov, S. Onal, T. Terzioglu, and M. Yurdakul. Strictly singular operators
and isomorphisms of Cartesian products of power series spaces. Arch. Math,
70:57-65, 1998.

[21] P. B. Djakov and M. S. Ramanujan. Bounded and unbounded operators between
Kothe spaces. Studia Math, 152(1):11-31, 2002.

[22] M. M. Dragilev. On regular basis in nuclear spaces. Math. Sbornik, 68:153—
175, 1965.

[23] G. Emmanuelle. Banach spaces in which Dunford-Pettis sets are relatively com-
pact. Arch. Math, 58:477-485, 1992.

[24] S. Goldberg.  Unbounded Linear Operators: Theory and Applications.
McGraw-Hill, 1966.

[25] S. Goldberg and E. O. Thorp. On some open questions concerning strictly sin-
gular operators. Proc. Amer. Math. Soc, 14:224-226, 1963.

[26] W. T. Gowers and B. Maurey. The unconditional basic sequence problem. J.
Amer. Math. Soc, 6(4):851-874, 1993.

[27] W. T. Gowers and B. Maurey. Banach spaces with small spaces of operators.
Math. Ann, 307:543-568, 1997.

[28] A. Grothendieck. Sur les applications lineares faiblement compactes d’espaces
du type C(K). Canad. J. Math, 5:129-173, 1953.

[29] A. Grothendieck. Produits tensoriels topologiques et espaces nucléaires. Mem.
Amer. Math. Soc, 16, 1955.

30



[30] R. Herman and R. J. Whitley. An example concerning reflexivity. Studia Math,
28:289-294, 1967.

[31] F. L. Hernandez, E. M. Semenov, and P. Tradacete. Strictly singular operators
on LP spaces and interpolation. Proc. Amer. Math Soc, 138(2):675-686, 2010.

[32] H. Jarchow. Locally Convex Spaces. Teubner, Stuttgart, 1981.

[33] T. Kato. Perturbation theory for nullity, deficiency and other quantities of linear
operators. J. Analyse Math, 6:261-322, 1958.

[34] M. C. Kester. The Dunford-Pettis property. PhD thesis, Oklahoma State Uni-
versity, 1972.

[35] E. Kizgut and M. H. Yurdakul. On pairs of locally convex spaces between which
all operators are strictly singular. arXiv:1412.5761.

[36] E. Kizgut and M. H. Yurdakul. On projective tensor products of Fréchet
spaces with smallness up to a complemented Banach subspace property.
arXiv:1504.03254.

[37] E. Kizgut and M. H. Yurdakul. On the existence of a factorized unbounded
operators between Fréchet spaces. arXiv:1605.06251.

[38] G. Kothe. Topological Vector Spaces 1. Springer-Verlag, 1969.

[39] E. Lacey and R. J. Whitley. Conditions under which all the bounded linear maps
are compact. Math. Ann, 58:1-5, 1965.

[40] J. Laitila, P. J. Nieminen, E. Saksman, and H. Tylli. Rigidity of composition
operators on the Hardy space H?. arXiv:1607.00113.

[41] J. Lindenstrauss and L. Tzafriri. Classical Banach Spaces I and II. Springer-
Verlag, 1996.

[42] F. Lust. Produits tensoriels injectifs d’espaces de sidon. Collog. Math, 32:286—
289, 1975.

[43] G. Metafune and V. B. Moscatelli. On the space /% = Ngspl?. Math. Nachr,
147:7-12, 1990.

[44] S. Miihkinen. Strict singularity of a Volterra-type integral operator on H?.
Proc. Amer. Math. Soc, To appear, 2016.

[45] M. A. Mifarro. A characterization of quasinormable Kothe sequence spaces.
Proc. Amer. Math Soc, 123:1207-1212, 1995.

[46] C. G. Moorthy and C. T. Ramasamy. Characterizations of strictly singular and
strictly discontinuous operators on locally convex spaces. Int. Journ. of Math.
Analysis, 4:1217-1224, 2010.

31



[47] T.J. Morrison. Functional Analysis: An Introduction to Banach Space Theory.
Wiley & Sons, 2000.

[48] Z. Nurlu. On pairs of Kothe spcaes between which all operators are compact.
Math. Nachr, 122:277-287, 1985.

[49] Z. Nurlu and T. Terzioglu. Consequences of the existence of a non-compact
operator between nuclear Kothe spaces. Manuscripta Math, 47(1):1-12, 1984.

[50] S. Onal and T. Terzioglu. A normability condition on locally convex spaces.
Rev. Mat. Univ. Complut. Madrid, 4(1):55-63, 1991.

[51] S. Onal and T. Terzioglu. Concrete subspaces and quotient spaces of lo-
cally convex spaces and completing sequences. Dissertations Math. (Rozprawy
Mat.), 343, 1992.

[52] S. Onal and M. Yurdakul. A note on strictly singular operators. Turk J Math,
15(1):42-47, 1991.

[53] P. Pethe and N. Thakale. Note on Dunford-Pettis property and Schur property.
Indiana Univ. Math. J, 27:91-92, 1978.

[54] A. Pietsch. Operator Ideals. North Holland, 1980.

[55] M. M. Popov. A hereditarily ¢! subspace of L' without the Schur property.
Proc. Amer. Math Soc, 133:2023-2028, 2005.

[56] F. Rébiger. Beitriige zur Strukturtheorie der Grothendieck-Rdume. Springer-
Verlag, 1985.

[57] H. P. Rosenthal. A characterization of Banach spaces not containing ¢!. Proc.
Nat. Acad. Sci. USA, 71:2411-2413, 1974.

[58] R. Ryan. The Dunford-Pettis property and projective tensor products. Bull.
Polish. Acad. Sci. Math, 35:785-792, 1987.

[59] R. Ryan. Introduction to the Tensor Products of Banach spaces. Springer-
Verlag, 2002.

[60] T. Terzioglu and S. Onal. Unbounded linear operators and nuclear Kothe quo-
tients. Arch. Math, 54:576-581, 1990.

[61] T. Terzioglu and M. Yurdakul. Restrictions of unbounded continuous linear
operators on Fréchet spaces. Arch. Math, 46:547-550, 1986.

[62] T. Terzioglu, M. Yurdakul, and V. Zahariuta. Factorization of unbounded oper-
ators on Kothe spaces. Studia Math, 161(1):61-70, 2004.

[63] D. van Dulst. Perturbation theory and strictly singular operators in locally con-
vex spaces. Studia Math, 38:341-372, 1970.

32



[64] D. van Dulst. On strictly singular operators. Comp. Math, 23:169-183, 1971.

[65] D. Vogt. Remarks on a paper of S. Onal and T. Terzioglu. Turk J Math, 15:200—
204, 1991.

[66] L. Weis. On the surjective (injective) envelope of strictly (co-)singular opera-
tors. Studia Math, 54:285-290, 1976.

[67] R. J. Whitley. Strictly singular operators and their conjugates. Trans. Amer.
Math. Soc, 113:252-261, 1964.

[68] V. V. Wrobel. Strikt singuldre Operatoren in lokalkonvexen Rdumen. Math.
Nachr, 83:127-142, 1978.

[69] M. Yurdakul. A remark on a paper of J. Prada. Arch. Math, 61:385-390, 1993.

[70] V. Zahariuta. On the isomorphism of Cartesian products of locally convex
spaces. Studia Math, 46:201-221, 1973.

33



34



CURRICULUM VITAE

PERSONAL INFORMATION

Surname, Name: Kizgut, Ersin

Nationality: Turkish (TC)

Date and Place of Birth: 29 September 1987, Mersin
Marital Status: Married

Phone: +90 505 804 3487

e-mail: ekizgut@progon.nl

Fax: +90 312 210 2972

EDUCATION

Degree Institution Department Year of Graduation

BSc Cankaya University Mathematics and Computer Science 2009

PROFESSIONAL EXPERIENCE

Year Place Enrollment

2009-16 METU Mathematics Research Assistant

TEACHING AND TUTORING EXPERIENCE

Year Course Code Course Name

2009-16 MATH 119 Calculus with Analytic Geometry
2010-16 MATH 120 Calculus of Functions of Several Variables
2014-16 MATH 349 Introduction to Mathematical Analysis

35



INTERNATIONAL CONFERENCE AND WORKSHOP PARTICIPATION

Year Event Place

2014 8th Australian and New Zealand Mathematics Convention Melbourne/Australia
2015 Workshop on C*-algebras: Structure and Classification Miinster/Germany
2015 43rd Canadian Annual Symposium on Operator Theory Waterloo/Canada
2015 Workshop on C*-algebras: Geometry and Actions Miinster/Germany
2016 27th Nordic Congress of Mathematicians Stockholm/Sweden

2016 27th International Workshop on Operator Theory and its Applications St. Louis/USA

PUBLICATIONS

1. E. Kizgut, M. H. Yurdakul, On pairs of locally convex spaces between which

all operators are strictly singular, arXiv:1412.5761.

2. E. Kizgut, M. H. Yurdakul, On projective tensor products of Fréchet spaces

with smallness up to a complemented Banach subspace property, arXiv:1504.03254.

3. E. Kizgut, M. Yurdakul, On the existence of a factorized unbounded operator
between Fréchet spaces, arXiv:1605.06251.

36



	ABSTRACT
	ÖZ
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF NOTATIONS
	Introduction
	Operators in Locally Convex Spaces
	Preliminaries
	Compact operators
	Strictly singular operators
	Factorized unbounded operators

	Isomorphic Classification of Cartesian Products of Locally Convex Spaces
	Strictly singular operators and isomorphic classification
	Sufficient conditions for (X,Y) S
	Bounded operators and isomorphic classification

	Topological Tensor Products of Locally Convex Spaces
	The SCBS property
	Topological tensor products of Fréchet spaces with SCBS property
	-Köthe spaces

	REFERENCES
	CURRICULUM VITAE

