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ABSTRACT

INVESTIGATING MIDDLE SCHOOL MATHEMATICS TEACHERS’
MATHEMATICAL KNOWLEDGE FOR TEACHING ALGEBRA: A MULTIPLE
CASE STUDY

Girit, Dilek
Ph.D., Department of Elementary Education
Supervisor: Assoc. Prof. Dr. Didem AKYUZ

November 2016, 423 pages

The aim of this study was to examine middle school mathematics teachers’
mathematical knowledge for teaching generalization of patterns and operations with
algebraic expressions in planning and implementing processes. Data were collected
from two middle school mathematics teachers who worked in the same public
school throughout the instruction of algebra unit at 7" grade. In data collection
process, lesson plans prepared by the teachers, pre-observation interviews,
observations, field notes, and post-observation interviews were used as data
collection tools. The teachers prepared lesson plans individually and implemented
them in the instructions. The researcher observed the lessons and took notes. After
the implementation, the researcher conducted the reflective interviews with the

teachers. Data were analyzed qualitatively within the frame of Mathematical

iv



Knowledge for Teaching (MKT) model. The descriptions and definitions of the
knowledge domains of MKT were utilized for analysis. Findings indicated that the
teachers had lack of specialized content knowledge about mathematical
representations such as figural representation for patterns, or algebra tiles for
algebraic expressions. The teachers’ conceptual and adequate common content
knowledge (CCK) and specialized content knowledge (SCK) had a positive impact
on their pedagogical content knowledge (PCK). When the teachers had strong
subject matter knowledge, they took into the students’ thinking account (KCS), and
they used teaching methods effectively (KCT). Thus, their strong knowledge also
influenced positively classroom practices to be effective. However, the teachers
need to have a good conceptual mathematical understanding and also knowledge of
students’ thinking in order to design effective lessons.

Keywords: Mathematical Knowledge for Teaching, Generalization of Patterns,

Operations with Algebraic Expressions.
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ORTAOKUL MATEMATIK OGRETMENLERININ CEBIR OGRETIMINDEKI
MATEMATIKSEL BILGILERININ ARASTIRILMASI: COKLU DURUM
CALISMASI

Girit, Dilek
Doktora, Tlkégretim Boliimii
Tez Yéneticisi: Dog. Dr. Didem AKYUZ

November 2016, 423 sayfa

Bu caligmanin amaci, ortaokul matematik dgretmenlerinin Oriintii genellemesi ve
cebirsel ifadelerle islemleri dgretmek icin planlama ve uygulama siireglerindeki
bilgilerini incelemektir. Veriler, ayni1 devlet okulunda ¢alisan iki ortaokul matematik
ogretmeninden ve 7. simiftaki Cebir iinitesi 6gretimi siiresince toplanmistir. Veri
toplama siirecinde, 6gretmenler tarafindan hazirlanan ders planlari, ders Oncesi
goriismeler, gézlemler, alan notlar1 ve ders sonrasi goriismeler veri toplama araci
olarak kullanilmustir. Ogretmenler, bireysel olarak ders planlarmi hazirlamis ve
ogretimde uygulamislardir. Arastirmaci dersleri gozlemis ve alan notlar1 almistir.

Her dersten sonra, aragtirmaci 6gretmenlerle yansitici goriismeler yapmustir. Veriler,
Vi



Ogretmek i¢in Matematik Bilgisi (OMB) modeli cergevesinde analiz edilmistir. Bu
analiz icin OMB modelindeki bilgi ve alt bilgi alanlarmm tanimlamalar1 ve
betimlemelerinden yararlanilmistir. Bulgular, 6gretmenlerin gdsterimler konusunda,
ortintiilerde sekilsel gosterim ya da cebirsel ifadelerde cebir karolart gibi, uzmanlik
alan bilgilerinin eksik oldugunu gostermistir. Ogretmenlerin kavramsal ve yeterli
genel alan bilgileri ve uzmanlik alan bilgileri, onlarin pedagojik alan bilgisini
olumlu bir sekilde etkilemistir. Ogretmenler saglam bir konu alan bilgisine sahip
olduklarinda, 6gretim esnasinda 6grencilerin diisiinmesini dikkate almislar (alan ve
Ogrenci bilgisi) ve d6gretim yontemlerini etkili bir sekilde kullanmislardir (alan ve
Ogretme Dbilgisi). Ayrica Ogretmenlerin giicliic alan bilgisi, etkili 6gretim
uygulamalarinda da olumlu bir etkiye sahiptir. Dolayisiyla, etkili ders tasarimlari
icin, 6gretmenler kavramsal olarak matematigi anlamaya ve dgrencilerin diisiinme

bilgisine sahip olmaya ihtiya¢ duymaktadirlar.

Anahtar Kelimeler: Ogretmek i¢in Matematik Bilgisi, Oriintii Genellemesi,

Cebirsel Ifadelerle islemler
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CHAPTER |

INTRODUCTION

There can be many factors that affect students’ learning, understanding and
achievement with respect to the perspectives of students and teachers in mathematics
education. One of these aspects that comes from the perspective of teacher is
teacher’s knowledge. The research evidence proves that teachers’ knowledge has
positive effect on students’ achievement (Fennema, Carpenter, Franke, Levi, Jacobs,
& Empson, 1996; Hill, Ball, & Schilling, 2008; Hill, Rowan & Ball, 2005;
Tchoshanov, Lesser, & Salazar, 2008). This idea is also supported with international
exams such as PISA (Programme for International Student Assessment), studies such
as TEDS-M (Teacher Education and Development Study in Mathematics) and LMT
(Learning Mathematics for Teaching), that they emphasize that teachers’
mathematics content knowledge is important for students’ achievement (Blomeke &
Delaney, 2012).

Teacher’s knowledge as a term is first revealed and defined by Shulman
(1986), and he claimed that content knowledge is a missing part of exams to
certificate teachers by examining tests for teachers and he defined content knowledge
as “the amount and organization of knowledge per se in the mind of the teacher” (p.
9). He divided content knowledge into three categories: subject matter knowledge,
pedagogical content knowledge and curricular knowledge. Shulman (1986) indicated
that “pedagogical content knowledge includes an understanding of what makes
learning specific topics easy or difficult” (p. 9). Since then, many researchers have
identified the components of teacher knowledge and elaborated this concept (Graeber
& Tirosh, 2008). To illustrate, some researchers (e.g. Even & Tirosh, 1995; Fennema
& Franke, 1992; Marks, 1990) added knowledge of students, some of them (e.g.
Grossman, 1990) added knowledge of curriculum, and knowledge of instructional
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strategies as important components to pedagogical content knowledge. Actually, it
has been shown that content knowledge is more effective for teaching with
pedagogical knowledge (Ball, Thames, & Phelps, 2008; Ball, 2000; Hill, Rowan, &
Ball, 2005; Hill, Schilling, & Ball, 2004).

1.1. Mathematical Knowledge

In recent years, several researchers have defined teachers’ knowledge for
mathematics, especially in mathematics education. Stacey (2008) explained what
mathematical knowledge that teachers should know for secondary teaching by
examining teacher education program. According to her, teachers should have
knowledge of the content of mathematics, experience of doing mathematics with
problem solving, investigations and modeling, knowledge about mathematics that
includes history and developments of concepts, and knowledge of how to learn
mathematics.

Based on Shulman’s framework, several researchers developed frameworks
for teacher knowledge in mathematics education. One of them is Ma’s (1999)
framework that includes the concept of profound understanding of fundamental
mathematics. However, she does not only focus on knowledge of mathematics, she
indicates that knowledge should be combined with knowing when and how to use for
teaching. Another framework is An, Kulm and Wu’s (2004) framework that includes
content, teaching and curriculum components and there is knowledge of teaching in
the center of this framework. Although Ma thinks that teachers should have profound
understanding of fundamental mathematics, An et al. (2004) think profound content
knowledge is not sufficient itself and suggest that the combination of content and
pedagogy is an important aspect for teaching mathematics effectively. Thus, they
define profound pedagogical content as “knowledge a deep and broad knowledge of
teaching and curriculum” (p.148). In their framework, pedagogical content
knowledge of students’ thinking is explained as including four categories: building

on students’ ideas in mathematics, addressing students’ misconceptions, engaging
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students in mathematics learning, and promoting student thinking about mathematics.
These categories involve different components, for example, the category of
engaging students in mathematics learning has six components such as manipulative
activity, connecting to concrete model, using one representation and both
representations, giving examples, and connecting to prior knowledge (An et al.,
2004, p.155). They note that if teachers know students’ mathematical thinking, it
guides teachers for better mathematics teaching with developing their knowledge of
content, curriculum and instruction. Similarly, based on Shulman’s idea of PCK and
other literature (Ball, 2000; Ma, 1999), Chick Baker, Pham, and Cheng (2006)
proposed a detailed framework of explicit elements of PCK. There are three
categories in this framework; clearly PCK, content knowledge in a pedagogical
context, and pedagogical knowledge in a content context. The elements in clearly
PCK category are about pedagogy and content, such as students’ thinking,
misconceptions; the second category is content knowledge in a pedagogical context
about content knowledge for teaching such as conceptual and procedural knowledge,
the third category pedagogical knowledge in a content context is about knowledge
and strategies for particular content of mathematics, such as classroom techniques for
teaching.

Ball, Thames, and Phelps (2008) proposed a model for mathematical
knowledge for teaching. This model is a domain map that shows mathematical
knowledge for teaching consisting of subject matter knowledge and pedagogical
content knowledge. Subject matter knowledge has common content knowledge and
specialized content knowledge components. Common content knowledge (CCK) is
“mathematical knowledge that is used in teaching, but not directly taught to students”
and it is used by people working with mathematics, and specialized content
knowledge (SCK) is specific to mathematics teachers (Hill, Sleep, Lewis, & Ball,
2007, p. 132). According to Ball et al. (2008), PCK consists of knowledge of content
and students (KCS), knowledge of content and teaching (KCT), and knowledge of
content and curriculum (KCC). They separate KCS from subject matter knowledge



and explain KCS with focusing on students’ mathematical thinking and
understanding and they also note that teachers should know KCS.

As it is seen, the theory of teacher knowledge was developed first by
Shulman (1986), and then it has been continued to be evaluated, elaborated and
investigated in other areas, particularly mathematics education. Researchers have
been trying to explain teacher knowledge for particular mathematical topics, such as
algebra (e.g. functions), probability, and statistics (Graeber & Tirosh, 2008).
However, there has been lack of research about teachers’ knowledge and practice of
algebra in the literature (Doerr, 2004; El Mouhayar & Jurdak, 2013; Wilkie, 2014).
Students’ learning and understanding of algebra have been investigated mostly
regarding students’ perspective as students’ misconceptions and conceptions, errors
and difficulties; and there have been many studies which show middle and high
school students have difficulties with algebra (Cooper, Boulton-Lewis, Atweh,
Pillay, Wilss, & Mutch, 1997; Linchevski & Livneh, 1999; Sfard & Linchevski,
1994; Stacey & Macgregor, 1997; Warren, 1999). However, algebra teaching,
considering the aspects of what and how algebra is taught, has not been examined
much in the perspective of teacher when reviewing mathematics education literature.
At that point, examining teachers’ algebra knowledge may shed light on
understanding how students learn algebra and why they usually have difficulty in
learning it. Two of the issues that were important and difficult about algebra teaching
and learning for teachers’ development literature were defining the nature of
knowledge of teachers for teaching algebra, and articulating teachers’ knowing
(Doerr, 2004). Considering these issues in learning and teaching algebra, it may be
said that there is a need to do research for learning and teaching algebra regarding

teachers’ knowledge.

1.2. Algebra in Mathematics Education

According to Rakes, Valentine, McGatha, and Ronau (2010), algebra is core

for developing of understanding of high school mathematics and so students’
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learning fundamental concepts of algebra is an important issue. These fundamental
concepts are variables, writing algebraic expressions, and simplifying with algebraic
expressions that are introduced to students at 6™ grade in the curriculum developed
by Ministry of National Education (MoNE, 2013). The concept of “early algebra”
can be suitable for this situation that Carraher and Schliemann (2007) defined early
algebra as “compass algebraic reasoning and algebra-related instruction among
young learners-from approximately 6 to 12 years of age” (p.670). National Council
of Teachers of Mathematics’s (NCTM) (2000) endorsement has supported the idea
that algebra should be taught in early grades, and The Rand Mathematics Study
Panel Report (2003) indicates that algebra in elementary curriculum is a gatekeeper
for K-12 schooling. Schmittau (2005) examines the Vygotskian Perspective which
emphasizes that students should be taught initially the most abstract and general level
of understanding to develop algebraic thinking. Vygotsky states that the students
should have theoretical and empirical concepts to learn mathematics or algebra.
Empirical concepts can be learned from everyday experiences, but theoretical
concepts are given to students by teachers and so it is important to constitute the
theoretical basic in the elementary school years (Schmittau, 2005). As another
suggestion, Kieran (2007) developed a model about what should be done in early
grades. Based on this model, working with unknowns, variables, and equality, such
as equations that represent problem situations, expressions of generalization as
generational activity; and factoring, substituting one expression for one another,
adding and multiplying polynomial expressions, solving equations and inequalities as
examples for transformational activity, can be done in early algebra.

Algebraic thinking develops with generalizing of patterns and using variables
in elementary and middle school levels and this development continues from pre-
kindergarten to high school (Van de Walle, Karp, & Bay-Williams, 2013). When our
middle school mathematics curriculum is examined, in grade 6, generalization from
patterns is given to build students’ algebraic thinking, and simplifying algebraic
expressions expressing verbal statements in algebraic form; in grade 7, solving

simple equations and linear equations, drawing linear graphs; and in grade 8,

5



identities and factorization are taught within the content of algebra learning domain
(MoNE, 2013). If the students could learn the algebra topics regarding the objectives
in these grades, they would have a conceptual algebraic thinking in later grades.
Thus, supporting the students to think algebraically in elementary grades could
prevent middle and high school students’ difficulties in algebra (Cai, Ng, & Moyer,
2011). Since middle grade and lower secondary school students have difficulties in
algebra, learning of algebra topics in early years has gained importance to prevent
the difficulties in older grades (Kieran, 2007). This suggestion is also practicable
since research results showed that students’ algebra understanding in early grades
could be developed with the approaches, such as tasks, or discourse that supported
algebraic thinking (Ferrara & Sinclair, 2016; Malara & Navarra, 2009; Warren &
Cooper, 2008; Warren, Cooper, & Lamb, 2006).

At this point, it may be said that teachers have important role in teaching
algebra. Malara and Navarra (2009) emphasize the importance of teachers’ role in
the construction of children’s knowledge of algebra in early grades. There is a
didactic cut in the child’s thought in the transition from arithmetic to algebra and the
students have a resistance in operating with unknowns in the transition to algebraic
thinking (Gallardo, 2000). Teachers may overcome this obstacle with their roles in
the classroom in early grades while transforming students’ understanding and
knowledge of arithmetic to beginning algebra. In connection with this, the
examination of the teaching of beginning algebra may provide an understanding on
how students’ learning improves conceptually since teachers have important role in
teaching and a positive effect on students’ achievement (Fennema, Carpenter,
Franke, Levi, Jacobs, & Empson, 1996; Hill, Rowan & Ball, 2005). However, there
have been few studies related to teaching of early algebra topics (Doerr, 2004). The
studies about teacher subject matter knowledge focused on generally functions,
slopes, and equations (e.g. Even, 1990; Stump, 1999; Even, Tirosh, & Robinson,
1993). Besides, more recent studies focused on both teachers’ subject matter and
pedagogical content knowledge for middle grade and secondary grade level algebra
topics. Artigue, Assude, Grugeon and Lenfant (2001) described three dimensions, as
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epistemological, cognitive, and didactic dimension, for teachers’ knowledge of
inequalities; Ferrini-Mundy, Floden, and McCrory (2006) developed knowledge for
teaching algebra framework for teaching expressions, equations inequalities, and
function at middle school and secondary level; and Li (2007) proposed a framework
for teachers’ knowledge specific to solving algebraic equations. Especially, teachers’
knowledge of students’ thinking as pedagogical content knowledge was examined in
algebra word problem solving (e.g. van Dooren, Verschaffel, & Onghena, 2002;
Nathan & Koedinger, 2000). As it is seen, the proposed models and frameworks
generally are about the algebra topics at secondary level (Doerr, 2004). Although
there have been studies about algebra knowledge, Wilkie (2014) has asserted that
there are few studies about teachers’ knowledge and practice about algebra,
particularly teachers’ practice in teaching process. Thus, this study focused on both
teacher knowledge and teacher practice for teaching early algebra topics to develop

teacher algebra knowledge literature.

1.3. The Significance of the Study

Algebra is essential for students’ understanding of high school mathematics
(Rakes et al., 2010). However, students have resistance in the transition of arithmetic
thinking to algebraic thinking (Gallardo, 2000). If this transition to algebra is not
provided conceptually, students may have difficulty in mathematics since then, and
there have been many studies which show middle and high school students have
difficulties with algebra (Kieran, 2007; Sfard & Linchevski, 1994; Stacey &
Macgregor, 1997; Warren, 1999). Especially, in this study, the investigation of early
algebra topics may be useful to understand where students do or do not conceptualize
fundamental concepts of algebra in transition to algebraic thinking. At that point,
how algebra teaching in early grades should be is a critical issue and the teaching
role belongs to the teachers in mathematics education. The teachers have this role,
since they are the practitioners of what is suggested by the curriculum for effective
algebra teaching (Dede & Argiin, 2004). Considering the role of teachers in teaching
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algebra to students, examining teachers’ pedagogical content knowledge, which is
one of the components of MKT, may be useful for understanding the reasons of
students’ misconceptions and difficulties. It can provide teachers the chance of
having the students to be prepare to transfer algebra, designing their lessons, and
completing their knowledge effectively. If the problems are overcome in early
algebra, it eases students’ understanding of the topics in higher levels.

Moreover, research results have shown that teachers’ knowledge has a
positive effect on students’ achievement (Ball, 2000; Hill, Rowan & Ball, 2004).
Chazan et al. (2003) also assumes that if teachers have right knowledge, this provides
an increase in students’ achievement. Thus, if in-service teachers have
misconceptions and lack of knowledge about algebra based on the findings of this
study, trainings can be done to assist them for developing their knowledge. It may
help to increase students’ achievement in algebra.

More particularly, the scope of this research includes generalization of
patterns and operations with algebraic expressions, and these are also important for
developing students’ algebra conceptualization. Lee (1996) indicated that “algebra,
indeed all of mathematics is about generalizing patterns” (p.103). Generalizing
patterns provides using arithmetical relationships between the input and output
values and this is seen as one of the components of algebra (Katz, 1997; Usiskin,
1988). Generalization is important for developing the schemas about algebraic
thinking (Hargreaves, Threlfall, Frobisher, & Shorrocks-Taylor, 1999; Steele &
Johanning, 2004). The understanding of functional relationship between the position
number and the term can support the learning of the concept of function in later
grades (Usiskin, 1988). Thus, how the teachers teach and give the idea of
generalization in the context of patterns can provide understanding the students’
learning and help them to form meaningful schemas of algebra. After the
conceptualization of variable and algebraic expression within generalization of
patterns, the context of operations with algebraic expressions provides the procedural

understanding of these concepts that the students manipulate algebraic expressions



with adding, subtracting and multiplying in the learning of this topic (Capraro &
Joffrinon, 2006).

This study which is also important for examining middle school mathematics
teachers’ knowledge about algebra, is expected to contribute to mathematics
education literature. As the researchers (Bas, Erbas, & Cetinkaya, 2011; Doerr, 2004;
El Mouhayar & Jurdak, 2013; Kieran; 1992; Wilkie, 2014) indicated, mathematics
education has lack of research about teachers’ knowledge of algebra. Thus, there has
been an increasing interest in investigating teacher content knowledge and
pedagogical content knowledge of algebra (Saul, 2008). The current study focused
on the teachers’ knowledge in a process in the context of qualitative research. Since
the qualitative research design can enable to gain detailed and rich information about
the investigated phenomenon, this methodology is preferred for this study in order to
examine teachers’ knowledge rather than collecting static data once at a time
(Cresswell, 2007). Two teachers participated in this study and each teacher’s
instruction for each topic was considered as a case and their knowledge was the unit
of analysis within the context of this research. Actually, the quantitative studies, even
large scale projects (TEDS-M, LMT, COACTIV) were conducted to investigate
teacher knowledge. However, measuring teacher knowledge quantitatively with a
survey and once at a time can limit the understanding of the concept (Hill et al.,
2008). Kahan, Cooper, and Bethea (2003) suggest conducting qualitative research
with different teachers to determine teacher knowledge with the aspect that affects
the teaching process. With the current study, the teachers’ actions in a process could
give us more detailed information about their knowledge and also reliable patterns as
the study was focused on a long process. In this process, the observation of the
instructions and the interviews with the teacher could give an accurate picture of
teacher knowledge. Besides analyzing the teachers’ practices in their instruction, the
process of their planning of the lessons were also analyzed. While the planning
provided an understanding of the teachers’ existing knowledge, the instruction

provided an observation on how the teachers used their knowledge for teaching.



Thus, the data collection process of this study could give a holistic understanding
about the teachers’ teaching with planning and instructions.

Ball and her colleagues (2008) developed MKT model based on Shulman’s
(1986) theory of teacher knowledge as content knowledge and pedagogical content
knowledge. This MKT model has been widely accepted and used by mathematics
education researchers. Teacher knowledge is explained into sub-domains specific to
mathematic teaching with this model (Hill et al., 2008). Thus, it is also considered to
reveal existing teacher knowledge as specific to algebra teaching with using this
model, which gives detailed descriptions of the knowledge domains. Another reason
for using this model was that it was based on observations of teachers’ instructions as
qualitative aspect of the development of it. Since the main data of this study was
observations of the instructions, the MKT model was found as appropriate. One of
the aims of the study was to reveal the teachers’ knowledge and how they used it in
practice as Ball et al. (2008) indicated. The researchers also explained that MKT
model provided to determine what teachers need to know to teach the content and
how they need to use it in practice. In connection with this, the second aim of this
study was to propose that the teachers need to know what and how to teach
generalization patterns and operations with algebraic expressions. Stacey and Chick
(2004) asserted that developing knowledge forms for teachers to learn and use with
the knowledge of students’ thinking and the knowledge of teaching was not an easy
work. The current study attempted to contribute to this aim, to teacher knowledge
literature, even particularly for algebra. Considering the aims of the study under
these contributions, since MKT model includes content knowledge and pedagogical
content knowledge together, it was preferred to be used for this research. Moreover,
this study also attempted to explore the influence of subject matter knowledge
(SMK) on pedagogical content knowledge (PCK) qualitatively in the context of the
algebra topics. Even (1993) emphasized that conceptual subject matter knowledge is
required for teaching mathematics effectively. Since this study also seeks what is
needed for teaching algebra, the role of SMK in teaching is investigated. Several
large-scale projects also found that content knowledge was required for pedagogical
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content knowledge (Ball et al., 2008; Blomeke & Kaiser, 2012; Hill et al., 2005;
Krauss, Baumert, & Blum, 2008a). Besides, Depaepe et al. (2015) pointed out the
need of the qualitative research about the relationship between content knowledge
and pedagogical content knowledge for particular mathematical contents. Thus, this
study might contribute to the literature of teacher knowledge by exploring the
influence of SMK on PCK.

Examining teachers’ knowledge can also be valuable for mathematics teacher
education programs and if teachers have misconceptions and lack of knowledge
about algebra, teacher educators can design their programs and method courses
regarding developing prospective teachers’ knowledge of algebra. Actually,
mathematics teacher educators indicated that teachers need to have conceptual and
connected knowledge about algebra to support students’ learning of algebra.
However, Magiera, van den Kieboom, and Moyer (2013) asserted that the
suggestions on how to develop the teachers’ knowledge by educators are a few. At
that point, the current study, such studies, could reveal existing teacher knowledge
and what it is lack of, and how the teachers use their existing knowledge. This
situation may help the mathematics teacher educators to design training programs to
develop teachers’ knowledge. Under these considerations, this study is considered to

contribute to teaching and learning mathematics, particularly algebra.
1.4. The Problem Statement

Algebra is one of the learning domains of our middle school mathematics
curriculum and it is introduced to children at 6" grade (MoNE, 2013). NCTM’s
(2000) endorsement and The Rand Mathematics Study Panel Report (2003) have
supported that algebra should be taught in early grades because of its important role
for understanding middle school and secondary school mathematics. Kaput (2000)
advocated teaching algebra in early grades and emphasized the learning of “the study
of functions, relations, and joint variation” (p. 19). In connection with this

description, two important concepts are variable and algebraic expression
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(Subramaniam & Banerjee, 2004). The development of these concepts as
conceptually and procedurally is important for forming an equation and solving it
later (Capraro & Joffrinon, 2006). The concept of variable is taught first in the
context of generalization of patterns, and then in relation with the generalization,
algebraic expressions are taught conceptually and procedurally in the context of
operations with algebraic expressions in MoNE (2013). Thus, middle graders’
conceptualization of algebra with the concept of variable begins to develop in the
generalization of patterns first. Patterns can provide for analyzing the relationship
between input and output values as numbers within the contexts or figures and
making generalization using variables. It supports the students to transit arithmetic to
algebra and to understand the function of variable in the generalization (English &
Warren, 1998). According to Kieran’s (2007) model of algebraic activity,
generalization of patterns is a generalization activity and then comes
transformational activity that requires manipulating the symbolic form of an
expression or an equation in order to develop students’ algebraic thinking in early
grades. Operations with algebraic expressions as an algebra topic enables to collect
like terms and multiply algebraic expressions to simplify algebraic expressions in the
curriculum (MoNE, 2013). Thus, the scope of this study is teaching generalization of
patterns and operations with algebraic expressions.

In the perspective of teaching, teachers’ knowledge can be an important
aspect of students’ learning algebra as indicated in some studies and teachers’
knowledge has positive impact on students’ achievement (Fennema, Carpenter,
Franke, Levi, Jacobs, & Empson, 1996; Hill, Rowan & Ball, 2005). However, there
has been lack of research about teachers’ knowledge and practice in algebra in the
literature (Bas, Cetinkaya, & Erbas, 2011; Doerr, 2004; EI Mouhayar & Jurdak,
2013; Kieran; 1992; Wilkie, 2014). Considering the importance of algebra as a
learning domain in mathematics and the lack of research about teachers’ knowledge
for teaching algebra, the purpose of this study is to reveal middle school mathematics
teachers’ mathematical knowledge for teaching generalization of patterns and

operations with algebraic expressions. With this study, teacher knowledge was
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examined in planning and within the practices of implementing of lessons. The
process of their planning of the lessons provided an understanding of the teachers’
existing knowledge. The instruction provided an observation on how the teachers
used their knowledge for teaching to reveal their practices. Investigating teacher
practices as well as teacher knowledge can help to understand of students’
understanding since teaching practices support students’ learning (Saxe, Gearhart, &
Seltzer, 1999). Lampert (2004) defined practice with action that “action is behavior
with meaning, and practice is action informed by a particular organizational context
(p. 2). Thus, it was focused on the teachers’ actions in the process of the instructions
throughout the teaching of the topics to extract the practices. In this process, the
observations provided an examination of the teachers’ reactions and responses at that
time of the class, while the interviews provided a correct interpretation of what was
observed with asking to the teachers and getting their explanations. As Wilkie (2014)
indicated, the research about teaching algebra in middle school was few, especially,
the study about teacher practice for teaching algebra as classroom research was
scarce. Thus, this study also contributed to the literature with filling the void about
practicing teacher algebra knowledge in classroom research.

For this study, the following research questions are framed:

1. What is the nature of middle school mathematics teachers’ mathematical
knowledge for teaching (MKT) generalization of patterns in planning and
implementing lessons?

1.a. What is the nature of middle school mathematics teachers’ mathematical
knowledge for teaching (MKT) for generalization of patterns in planning
lessons?

1.b. What is the nature of middle school mathematics teachers’ mathematical
knowledge for teaching (MKT) for generalization of patterns within the practices
of implementing lessons?

2. What is the nature of middle school mathematics teachers’ mathematical
knowledge for teaching (MKT) operations with algebraic expressions in

planning and implementing lessons?
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2.a. What is the nature of middle school mathematics teachers’ mathematical
knowledge for teaching (MKT) for operations with algebraic expressions in
planning lessons?

2.b. What is the nature of middle school mathematics teachers’ mathematical
knowledge for teaching (MKT) for operations with algebraic expressions within
the practices of implementing lessons?

After, these research questions’ answers are explored, the relationship between
subject matter knowledge and pedagogical content knowledge as components of
MKT is investigated with the following research question:

3. How does middle school mathematics teachers’ subject matter knowledge
(SMK) influence their pedagogical content knowledge (PCK) in the context
of teaching generalization of patterns and operations with algebraic
expressions?

To answer these questions, the researcher used Ball et al.’s (2005) Mathematical
Knowledge for Teaching (MKT) theoretical framework in the study. This model has
two main components as subject matter knowledge and pedagogical content
knowledge, and sub-components as knowledge types. The components (SMK and
PCK) and sub-domains (CCK, SCK, KCS, KCT, and KCC) of MKT model were
utilized to analyze the teachers’ knowledge for teaching generalization of patterns
and operations with algebraic expressions in this study. Teacher knowledge is
explained into domains and sub-domains specific to mathematic teaching within this
model (Hill et al., 2008). Thus, it could be considered that teacher knowledge can be
explained in detail with using this model’s components. In this study, analyzing the
teachers’ knowledge using this model, it is aimed to provide a detailed description of
their existing knowledge and also a proposal on what the teachers need to know for

teaching these topics.
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1.5. Definitions of Important Terms

It is necessary here to clarify exactly what is meant by the terms in the
research questions. In this regard, the terms are defined as in the following.

Mathematical Knowledge for Teaching (MKT): Ball et al. (2008) describes
mathematical knowledge for teaching stating “the mathematical knowledge needed
to carry out the work of teaching” (p. 395). They centered the word of teaching in the
definition and emphasized the tasks and mathematical demands of these tasks related
to teaching. Ball et al. (2008) explained teaching as follows “showing students how
to solve problems, answering students’ questions, and checking students’ work, it
demands an understanding of the content of the school curriculum” (p. 395). Their
developed model for mathematics knowledge for teaching (MKT) as a domain map
consists of subject matter knowledge (SMK) and pedagogical content knowledge
(PCK) components.

Subject Matter Knowledge (SMK): Shulman (1986) defined subject matter
knowledge as "the amount and organization of knowledge per se in the mind of the
teacher” (p. 9). According to Shulman (1986), teachers should have the knowledge of
facts and procedures of subjects with reasoning underlying them. SMK includes the
general mathematical knowledge as common content knowledge (CCK), the
mathematical knowledge specific to teaching as specialized content knowledge
(SCK), and the mathematical knowledge of the relations of the topics between grades
as knowledge at the mathematical horizon (KMH) in the current study (Ball et al.,
2008).

Pedagogical Content Knowledge (PCK): Shulman (1986) defined
pedagogical content knowledge as “special amalgam of content and pedagogy that is
uniquely the province of teachers, their own special form of professional
understanding” (p. 8). According to Shulman (1986), teachers should have the
knowledge of different representations of the concepts, and the knowledge of
students’ thinking. PCK includes the knowledge of students’ thinking as knowledge
of content and students (KCS), the knowledge of teaching methods and techniques as
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knowledge of content and teaching (KCT), and the knowledge of mathematics
curriculum contents and objectives as knowledge of content and curriculum (KCC)
in the current study (Ball et al., 2008).

Practice: Practices are defined as “core activities (within mathematical
domain and appropriate grade levels) that could and should occur regularly in the
teaching of mathematics” (Franke, Kazemi & Battey, 2007, p. 249). Saxe et al.
(1999) stated that the practices are formed between the teacher and the students so
that classroom practice can support and provide a development for students’ learning
of mathematics.

Middle School Mathematics Teacher: Middle school where 5", 6™, 7", and 8"
graders receive education after the primary school education in Turkey. Middle
school mathematics teacher is the teacher who teaches mathematics with respect to
the middle school mathematics curriculum to these grades.

Generalization of Patterns: This topic has the objective which is to “express
using letters the relation in number patterns which are modelled” under the ‘Patterns
and Relations’ sub-learning domain of algebra learning area in the 7" grade
mathematics curriculum (MoNE, 2009). This objective belongs to algebra learning
area of 6™ mathematics curriculum in the new curriculum (MoNE, 2013).

Operations with algebraic expressions: This topic has the objectives which
are to “perform addition and subtraction operations with algebraic expressions” and
“multiply two algebraic expressions” under the ‘Algebraic Expressions” sub-learning
domain of algebra learning area in the 7" grade mathematic curriculum (MoNE,
2009). These objectives belong to algebra learning area of 6™ and 8" mathematics

curriculum in the new curriculum (MoNE, 2013).
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CHAPTER II

LITERATURE REVIEW

The purpose of this study was to examine middle school mathematics
teachers’ mathematical knowledge for teaching generalization of patterns and
operations with algebraic expressions. In this context, frameworks about teacher
knowledge in general and teachers’ algebra knowledge, and studies related to algebra
teaching and learning are reviewed in this chapter. Furthermore, this chapter includes
the following sections; theoretical frameworks about teacher knowledge, models of
teacher knowledge specific to mathematics teaching, the relationship between subject
matter knowledge and pedagogical content knowledge, models of teacher knowledge
for teaching algebra, early algebra, and studies related to teaching and learning

algebra. A summary of literature review is presented at the end of the chapter.

2.1. Theoretical Frameworks about Teacher Knowledge

Shulman (1986) first defined the concept of teacher knowledge and since then
this concept has been elaborated and expanded by many researchers (Cochran,
DeRuiter, & King, 1993; Grossman, 1990; Magnusson, Krajcik & Borko, 1999).
Especially, several researchers have described teacher knowledge for mathematics
teachers (An, Wu, & Kulm, 2004; Ball, Thames, & Phelps, 2008; Fennema &
Franke, 1992; Rowland, Turner, Thwaites, & Huckstep, 2009). In this section, the
developed frameworks and models for teacher knowledge in general are explained.

Shulman (1986) stated that assessing teacher candidates regarding their
subject matter knowledge and pedagogical knowledge could be a new issue
addressing the research entitled “Knowledge growth in teaching”. He examined the

exams in 1800s to be a teacher, that had questions mostly based on subject matter
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knowledge and few of them was about pedagogical skills. Thus, he noted that
pedagogical issues were not regarded as important firstly for the qualified teachers.
Then, in 1980s, the contents in the examinations for being a teacher were about
reading, writing, and solving problems. Although these examinations were based on
research about designing lesson plans, assessment, the characteristics of children, and
educational policies, Shulman (1986) queried where content knowledge to be taught.
According to him, how subject matter knowledge was presented in the instruction
should be questioned. In this regard, Shulman and colleagues proposed that “content
knowledge” is a missing part of exams to certificate teachers by examining tests for
teachers. Shulman (1986) also asked if content was more important than pedagogy,
or if knowing pedagogy did not require content. He recognized the distinction
between pedagogy and content. When he examined the studies about teaching, he
noticed that the interest of the studies was pedagogical issues such as classroom
management, preparing lesson plans, organizing time, and giving assignment.
However, Shulman (1986) noted the necessity of answering these type of questions,
“Where do teacher explanations come from? How do teachers decide what to teach,
how to represent it, how to question students about it and how to deal with problems
of misunderstanding?” (p. 8). Thus, he and his colleagues aimed to set up a balance
among content and pedagogy in their study. In this context, they studied with
secondary English, biology, and mathematics teachers in their first year of teaching.
The researchers conducted interviews with the teachers about their planning and
interpretations about materials they used, and observed their instructions. They
collected data about their teacher education program. They observed one of the
problems arise during the study that the teachers did not learn some topics to teach,
and they found the textbooks or curriculum materials insufficient. With this research,
Shulman and his colleagues developed a model for defining teachers’ knowledge.
They proposed three categories for teacher knowledge as subject matter knowledge,
pedagogical content knowledge and curricular knowledge.

Shulman (1986) defined subject matter knowledge as "the amount and
organization of knowledge per se in the mind of the teacher" (p. 9). According to
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Shulman (1986), knowing subject with facts and procedures is not enough, teachers
need to understand the reason how it is so. Shulman identified the content knowledge
with the structures of subject matter knowledge as substantive and syntactic referring
Schwab (1978). He explained the substantive aspect as the basic concepts and
principles of discipline, and the syntactic structure as the validity issues of the rules.
According to Shulman (1986), teachers should explain the facts with warrants, their
value for learning, and the relation with other disciplines based on theory and
practice.

The second category of teacher knowledge is pedagogical content knowledge.
This term is first seen as a component of the theory of teacher knowledge by
Shulman (1986). Pedagogical content knowledge (PCK) is about teaching and a
particular form of content knowledge (Shulman, 1986). Pedagogical content
knowledge is defined by Shulman (1987) as “special amalgam of content and
pedagogy that is uniquely the province of teachers, their own special form of
professional understanding” (p. 8). According to Shulman (1986), pedagogical
content knowledge provides teachers to present subjects with different
representations, analogies, illustrations, examples, explanations, and demonstrations
to teach learners effectively. Thus, he also indicated that “pedagogical content
knowledge includes an understanding of what makes learning specific topics easy or
difficult” (p. 9). Teachers should know the conceptions and preconceptions that
different leveled and aged children have, since teachers could handle possible
difficulties and misconceptions in designing their lessons by using different methods
and techniques based on the knowledge of the students’ thinking (Shulman, 1986).

Curricular knowledge is the third category of content knowledge in
Shulman’s framework (1986). He defined curricular knowledge as “with particular
grasp of the materials and programs that serve as "tools of the trade" for teachers”
(Shulman, 1987, p. 8). He also suggested two aspects of the curricular knowledge
that were lateral and vertical knowledge. The lateral curriculum knowledge is about
the connection the topics that is taught with the other topics in different disciplines.
On the other hand, the vertical curriculum knowledge is about knowing and being

19



aware of before and after the topics that is taught in previous and will be taught in
future years. Teachers with this knowledge could connect the topics with prior
concepts and next concepts of the same topic.

Shulman (1987) developed a model knowledge base for teaching with
categorizing teacher knowledge into seven groups after one year of the proposal of
teacher knowledge concept. These categories are: content knowledge; general
pedagogical knowledge that is about the strategies of classroom management;
curriculum knowledge that is about materials and programs; pedagogical content
knowledge; knowledge of learners and their characteristics; knowledge of
educational contexts; and knowledge of educational ends, purposes, and values, and
their philosophical and historical grounds (Shulman, 1987, p. 8). Shulman indicated
the importance of pedagogical content knowledge concept particularly for teaching.
For this knowledge, he explained as the combination of content and pedagogy to
teach a topic with representations and organizations specific to this topic. Thus, he
asserted that “pedagogical content knowledge is the category most likely to
distinguish the understanding of the content specialist from that of the pedagogue”
(p. 8).

Based on Shulman’s (1986) characterization of teachers’ knowledge, several
components for teacher’s knowledge have been identified and elaborated by different
researchers in teacher education (e.g. Cochran, DeRuiter, & King, 1993; Grossman,
1990; Magnusson, Krajcik, & Borko, 1999). Grossman (1990), was one of the
students of Shulman, studied with secondary English teachers. Grossman (1990)
proposed teacher knowledge model with four categories, 1) subject matter
knowledge, 2) general pedagogical knowledge, 3) pedagogical content knowledge,
and 4) knowledge of context. The subject matter knowledge category is formed with
the knowledge of content, knowledge of the substantive, and knowledge of the
syntactic structures. The aspects of the substantive, and the syntactic structures
knowledge explained by Schwab (1964, as cited in Shulman, 1986). While the
substantive structure is related with the content as facts and principles, the syntactic
structure is related with the process ways of the accuracy and validity of the rules and
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principles. In this context, Grossman’s (1990) description of subject matter
knowledge is related with the content that teachers know and present in teaching.
The general pedagogical knowledge category is formed with learners and learning,
classroom management, curriculum and instruction, and other pedagogical issues
about teaching and learning. The third category of this model is pedagogical content
knowledge. This knowledge is affected and developed by other three categories. One
of the components of pedagogical content knowledge category is knowledge of
students’ understanding that consists of the knowledge of students’ conceptions and
misconceptions as Shulman (1986) indicated. Other components of this knowledge is
knowledge for curriculum including teachers’ decisions about the appropriateness of
resources and materials for teaching a specific topic. This component also requires
knowing of the relations of the topic with other disciplines, and the connections with
previous and future topics with the same content. Although Shulman (1986) defined
curricular knowledge separately explaining these properties, Grossman (1990)
included this component to pedagogical content knowledge. Other components of
this knowledge is conceptions of purposes for teaching subject matter. This
component refers to the conceptions of objectives for teaching a topic and related
beliefs about teaching the topic. Grossman (1990) expanded teacher knowledge
concept with including teachers’ beliefs. The fourth component of pedagogical
content knowledge is knowledge of instructional strategies. These strategies are
method and techniques, representations, models to provide students to learn a topic
conceptually. The knowledge of context category is formed with the knowledge of
the school such as the culture of school, the characteristics of district that the school
is placed, the structure of families of students. This category and pedagogical content
knowledge category interact with themselves.

In the perspective of constructivist learning, Cochran, DeRuiter, and King
(1993) expanded Shulman’s model to explain teacher knowledge. The researchers
suggested “knowing” word instead of using “knowledge” in pedagogical content
knowledge since knowing indicated the development in a process that was related
with constructive approach. Cochran et al. (1993) redefined PCK as Pedagogical
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Content Knowing (PCKGg). In their model, PCKg is the center of it and is defined as
“a teacher’s integrated understanding of four components of pedagogy, subject
matter content, student characteristics and the environmental context of learning” (p.
266). Cohran et al. (1993) indicated the environmental context of learning and
teacher’s knowledge of students when compared Shulman’s model. Since students
construct their learning in the constructive learning, teacher’s knowledge of students
is important component of PCKg. The other indicated component is the
environmental context of learning about understanding the structure of teaching and
learning such as school culture, parents’ involvement. Cochran et al. (1993) stated
the effect and contribution of four components on PCKg in the model could change
in time. Thus, they suggested that teacher education programs present opportunities

to experience four components to develop pre-service teachers’ knowledge.

2.2. Models of Teacher Knowledge Specific to Mathematics Teaching

The researchers in mathematics education also proposed models for teacher
knowledge especially in mathematics based on the frameworks (Cohran et al., 1993;
Grossman, 1990; Shulman, 1986) about teacher knowledge as mentioned above. One
of the models of teachers’ knowledge for mathematics was proposed by Fennema
and Franke (1992). They reviewed the literature about teacher knowledge critically
and indicated knowledge of mathematics teaching is considered with subject matter
knowledge, representation of subject matter knowledge, knowledge of students’
thinking and teachers’ beliefs. Teachers must know issues such as real-life situations,
manipulatives and present to them students by relating mathematical ideas to
promote students’ understanding. The other point that the researchers concluded
from review is knowledge of students that teachers would use for decision making in
the instruction to improve students’ understanding. With this review, Fennema and
Franke (1992) proposed a research model for teachers’ knowledge of mathematics.
Thus, they asserted that teacher knowledge has dynamic and interactive structure that
this knowledge is developed in time with experiences of teaching. Their proposed
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model is formed with knowledge of mathematics, pedagogical knowledge,
knowledge of learners’ cognitions, and beliefs. Knowledge of mathematics as
referred by Shulman, as content knowledge is the knowledge of concepts,
procedures, and problem-solving procedures. This content knowledge requires the
conceptual understandings of concepts, understanding the relationships among
concepts, and knowing the use of the concepts and procedures in mathematical
situations. Pedagogical knowledge is the knowledge of pedagogical issues for
teaching and learning such as classroom management, methods and techniques for
planning, classroom organization is similar to Shulman’s explanation for pedagogical
knowledge. Knowledge of learners’ cognitions in mathematics is about how students
think and learn mathematics topics. It requires also knowing of acquisition of
mathematical knowledge, possible difficulties, and expectation about students’ good
performance in learning process. These three knowledge components are in an
interaction with context specific knowledge as the center of this model. Fennema and
Franke (1993) emphasized the importance of beliefs and knowledge’s taking part in a
context. The researchers explained the role of context as “within a given context,
teachers’ knowledge of content interacts with knowledge of pedagogy and students’
cognitions and combines beliefs to create a unique set of knowledge that drives
classroom behavior” (p. 162). Fennema and Franke (1993) pointed out the transform
in the development of teacher knowledge by interacting with content knowledge and
students throughout of the instruction. According to Fennema and Franke (1993),
teachers must transform content knowledge into teaching to enable students to learn.
In this transformation, teachers adapt their knowledge regarding the students learning
and so teacher knowledge can change and develop.

Another model about mathematics knowledge for teachers is entitled
“Knowledge Quartet”, and proposed by Rowland, Huckstep, and Thwaites (2005).
The researchers studied with pre-service elementary teachers, and observed their
lessons based on their planning. Their purpose was to reveal pre-service teachers’
mathematics knowledge, and mathematics knowledge in teaching. Rowland et al.
(2005) proposed the model using grounded theory for analysis. The categories of this
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model are foundation, transformation, connection, and contingency. The first
category, foundation, consists of mathematical theoretical knowledge and
mathematical knowledge for teaching, and beliefs about this knowledge. The
researchers asserted that teachers learn the knowledge by their own in school and in
pre-service training. The following three categories, except the first category, include
the knowledge about planning and teaching mathematics. The second category,
transformation, is teachers’ transformation of content knowledge into teaching based
on Shulman’s (1987) definition. As Fennema and Franke (1993) indicated above,
teachers can use pictures, concrete materials, and multiple representations to
transform the knowledge that they have to improve students’ learning. The third
category, connection, includes choices and decisions for planning and implementing
lessons. For this, teachers set connections between concepts, procedures, and topics;
order contents, questions, tasks among lessons coherently. Connection knowledge is
consistent with Shulman’s curriculum knowledge description. The fourth category,
contingency, is about teachers’ knowledge of handling unexpected situations which
occurr during teaching. This category includes teachers’ responses to students’
questions or statements, readapting the lessons including the unexpected situations to
the lesson plan, and using students’ emerged ideas for the benefit of students’
learning. This model is different with including contingency category from the
frameworks and models that were mentioned up to now. Herewith, Rowland et al.
(2005) suggested using this model for lesson observations of teaching mathematics.
More particularly, the models specific to mathematics teachers’ PCK are
explained in the following. These frameworks categorized PCK especially for
mathematics (An, Kulm, & Wu, 2004; Chick, Baker, Pham, & Cheng, 2006). Chick,
Baker, Pham, and Cheng (2006) proposed one of the frameworks for PCK. Based on
Shulman’s (1986) theory of PCK and other literature (Ball, 2000; Ma, 1999), Chick
et al. (2006) proposed a detailed framework to explicit elements of PCK. There are
three categories in this framework; clearly PCK, content knowledge in a pedagogical
context, and pedagogical knowledge in a content context. The elements in clearly
PCK category are about pedagogy and content, that are discussing and using teaching
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strategies; identifying and addressing students’ thinking, misconceptions, and
understanding; describing representations of concepts; using resources, and
curriculum  knowledge. The researchers emphasized the knowledge of
misconceptions in separate element of the first category. The second category is
content knowledge in a pedagogical context about content knowledge for teaching.
The elements in this category are using conceptual and procedural knowledge,
making connections in mathematical concepts and structures, solving a mathematical
problem. The third category pedagogical knowledge in a content context is about
knowledge and strategies for particular content of mathematics. The elements are
describing goals for students, focusing students’ attention on content, and classroom
techniques for teaching. Chick et al. (2006) proposed this framework specific to
decimals with detailed descriptions from based on literature (Ball, 2000; Ma, 1999;
Shulman, 1986), and suggested using it to examine for other mathematics topics.
Another framework for PCK in mathematics is An, Kulm and Wu’s (2004)
framework. Based on Shulman’s (1987) concept of PCK, An et al. (2004) developed
the network of pedagogical content knowledge. The researchers suggested the
concepts of profound pedagogical content knowledge based on Ma’s (1999) concept
of profound understanding of fundamental mathematics. An et al. (2004) indicated
that content knowledge should be connected with curriculum and teaching for
effective mathematics teaching. In the model, PCK has three components, knowledge
of content, knowledge of curriculum, and knowledge of teaching. Especially,
knowledge of teaching component is the center of the model. There are interactive
relationships between each component. An et al. (2004) studied with mathematics
teachers in China and in U.S to compare the teachers’ pedagogical content
knowledge. They collected data from questionnaires about mathematics teaching and
beliefs, interviews, and observations. The topics they included to the mathematics
teaching questionnaire were fractions, ratios, and proportions. The researchers
concluded that while Chinese teachers aimed to develop conceptual understanding
depending on effective traditional methods, U.S. teachers aimed to develop students’

understandings using creativity and inquiry without connection of activities and
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abstraction, and procedures. Based on the analysis of data, An et al. (2004) proposed
four components and categories in the components for pedagogical content
knowledge. According to their model of PCK, “deep and broad pedagogical content
knowledge is important and necessary for effective teaching” (p. 169). Teachers
should connect prior knowledge, concrete materials with conceptual knowledge to
build on students’ math ideas. It is important to teachers’ addressing misconceptions
using picture, table, and concrete model to correct them. Teachers also should use
representations to engage students in math learning, and questions, activities, and
tasks to promote students’ mathematical thinking.

More broadly and detailed than these models, Ball, Thames, and Phelps
(2008) developed a model that is entitled mathematical knowledge for teaching
(MKT) that includes SMK and PCK specific to mathematics teachers. This model is
explained in the following.

Ball and Bass (2002) described the term “mathematical knowledge for
teaching” building of Shulman’s concept of PCK. After the studies and research
conducted to investigate and explain PCK for many years, this term has been
acknowledged and used for mathematics education recently. According to Ball et al.
(2008), PCK concept has not been developed well to show its usage in teaching as
empirical evidence. Since there is not empirical testing, the concept of PCK does not
function to improve teaching and learning, to revise the curriculum for teachers, to
guide teacher development, and to understand the relationship between teacher
knowledge and students’ learning. The concept of PCK had a theoretical structure
that teachers need to have. From this point of view, Ball and her colleagues have
conducted a project to provide empirical base for knowledge for teaching.

Ball (1990) investigated prospective teachers’ subject matter knowledge that
had when they entered teacher education program. She asked questions to teacher
candidates that were formed with classroom scenarios. She found that teacher
candidates’ knowledge as superficial and consists of rules. Ball (1990) asserted that
teachers should have deep knowledge to understand the concepts and procedures
conceptually and knowledge of learning of mathematics of students with the ways
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that they learn. Teachers also should have deep knowledge to respond students’
questions reasonable, use multiple representations, and improve students’ learning
interpreting their ideas. Ball (1990) called this knowledge as substantive knowledge
that requires correct knowledge of concepts and procedures, underlying principles of
them, and connection between them. Ball and her colleagues emphasized that
teachers must have deep mathematical knowledge to teach mathematics from the
investigations about teacher knowledge in 1980 and 1990s (Ball, 1990; Ball & Bass,
1993). Thus, Ball and colleagues conducted project that is entitled Mathematics
Teaching and Learning to Teach (MTLT) for investigating teachers’ implementations
in class and what mathematical knowledge teachers must have to teach mathematics
(Ball & Bass, 2003). They examined a third grade teaching of mathematics in a year.
They collected data from video records of lessons, transcriptions of audio records,
students’ works, and teachers’ plans. They analyzed the practice of teaching
mathematics to propose a framework for mathematical knowledge. Ball and Bass
(2003) indicated the work of teaching as what happens in the class such as using
representations to enable students’ understanding, interpreting and responding to the
students, and using mathematical language appropriately (Ball, 1990; Ball & Bass,
2003; Hill, Rowan, Ball; 2005). Ball and Bass (2003) made three implications for the
work of teaching based on the analysis in their study. The first is teaching has
substantial mathematical work to solve problems in mathematics. The second
implication is unpacking of mathematical knowledge for teaching. For example, to
develop children’s conception of rational numbers, instead of giving the definition of
rational numbers, teachers should develop fraction concept and then decimals
concept connection with fraction in the process of teaching rational numbers. The
third implication is the connectedness of mathematical topic. To illustrate, showing
the difference of x*+y* and (x+y)’> with explaining their areas in geometric
representations. According to Ball and Bass (2003), teachers also should predict
students’ thinking as they are learning and their knowledge are growing.

With examining teacher knowledge in this project qualitatively, Mathematical
Knowledge for Teaching (MKT) model was developed based on the work of

27



teaching (Ball et al., 2008). Then, the measures were developed to assess teachers’
MKT to support the model quantitatively (Hill, Ball, & Schilling, 2008). They
investigated the answers for how the organization of teachers’ mathematical
knowledge, and realibility of the questions. The researchers developed survey items
based on number and operations, patterns and function at elementary level as topics,
and content knowledge and knowledge of content and student as teacher knowledge
domains. They concluded that content knowledge requires more than subject matter
knowledge of mathematics in order to teach (Hill, Schilling, & Ball, 2004). Schilling,
Blunk, and Hill (2007) stated that measuring content knowledge for teaching using
validity argument approach contributed to differentiate the teachers with content
knowledge and the teachers who did not have adequate content knowledge in their
teaching and students’ learning.

Up to this point, the concerns about subject matter knowledge and
pedagogical content knowledge for teachers to teach mathematics are mentioned.
The development of constructs of mathematical knowledge for teaching (MKT) and
the measurement of these constructs have provided the model of MKT. Ball et al.
(2008) describes MKT as “the mathematical knowledge needed to carry out the work
of teaching” (p. 395). Teaching involves everything that teachers most do to support
students’ learning that are the instructions and all tasks in class. In addition to this, it
includes planning lessons, assessing and grading students, assigning tasks and
homework, informing parent about the works, providing equity, and having
responsibility to principal. Ball et al. (2008) analyzed teachers’ practice and
determined mathematical demands of teaching. According to them, teachers need
more mathematical knowledge than others. They exemplified it like this, everyone
can do subtraction in three digit numbers and teachers also must know and do.
However, this is not sufficient for teaching. Teachers also recognize students’ errors
in this operation, beyond the reasoning of this error, recognize the different
procedures of the different errors to help students’ learning. Teaching also requires
explaining procedures, terms, and concepts with reasoning. While selecting examples

to teach a procedure, teachers should know what critical numbers to use to improve
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students’ understanding. With this analysis, Ball et al. (2008) have described
mathematical demands of teaching and expanded Shulman’s concept of teacher
knowledge in their model.

Their proposed model for mathematics knowledge for teaching is a domain
map that shows mathematical knowledge (PCK) for teaching consists of subject
matter knowledge (SMK) and pedagogical content knowledge. Ball et al. (2008)
divided these domains into subdomains in the model. Subject matter knowledge
(SMK) is divided into three subdomains that are common content knowledge (CCK),
specialized content knowledge (SCK), and horizon content knowledge (HCK).
Pedagogical content knowledge (PCK) is divided into three subdomains that are
knowledge of content and students (KCS), knowledge of content and teaching
(KCT), and knowledge of content and curriculum (KCC).

The first subdomain of subject matter knowledge, common content
knowledge (CCK) is defined as “the mathematical knowledge and skill used in
settings other than teaching” (Ball et al., 2008, p. 399). This knowledge is not unique
for teachers; this knowledge can be used by everyone who deals with mathematics.
To illustrate, knowing the sides of rectangle are perpendicular, or multiplication of a
number with zero yields 0. Teachers with this knowledge must recognize incorrect
explanations, questions, definitions of textbooks, incorrect students’ answers or
solutions. The understanding of mathematics is necessary in planning and
implementing the instruction. Otherwise, teaching can be interfered with the lack of
CCK. The second subdomain of subject matter knowledge, specialized content
knowledge (SCK) is defined as “the mathematical knowledge and skill unique to
teaching” (Ball et al., 2008, p. 400). This knowledge is related with teaching. To
illustrate, understanding the students’ errors with their reasons, Or representing
division of 3 by 2/5 is about SCK. According to Ball et al. (2008), teachers must
have decompressed and unpacked knowledge for teaching. Teachers can develop
students’ complex mathematical knowledge in time by teaching decompressed
knowledge. However, this knowledge is beyond of the conceptual understanding.
Teacher use this knowledge with pedagogical purposes for teaching mathematics. On
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the other hand, teachers should unpack the knowledge with presenting content as
available for students to visualize and understanding. As a whole, the demands of
mathematics teaching require specialized mathematical knowledge. The third
subdomain of subject matter knowledge, horizon content knowledge (HCK) is
defined as “an awareness of how mathematical topics are related over the span of
mathematics included in the curriculum” (Ball et al., 2008, p. 403). Teachers know
with this knowledge that how the topic that students learn is related in the next
grades’ topics. Thus, teachers can prepare the students considering the topics that
they learn in next years. Horizon content knowledge can guide teachers to connect
the topics between grades and to make decisions about how the content is presented.
To illustrate, teachers can prepare students to learn rational numbers while using
number line with emphasizing the number line is filled with other numbers
throughout the grades. However, Ball et al. (2008) are not sure about including HCK
as a component to SMK or other categories.

The other domain of MKT is pedagogical content knowledge (PCK). The first
subdomain of PCK is knowledge of content and students (KCS). KCS is defined as
“the knowledge that combines knowing about students and knowing about
mathematics” (Ball et al., 2008, p. 401). Teachers must know students’ common
conceptions and misconceptions, errors, difficulties specific to a mathematical topic
as the focus of KCS. KCS is a component of Shulman’s PCK concept, and this is
apart from subject matter knowledge. The second subdomain of PCK is knowledge
of content and teaching (KCT). KCT is defined as “the knowledge that combines
knowing about teaching and knowing about mathematics” (Ball et al., 2008, p. 401).
Teachers need to know how to design instruction for teaching mathematics. KCT
involves the combination of mathematical knowledge and pedagogical issues specific
to mathematics. Teacher have KCT can make decisions about the instruction. The
third subdomain of PCK is knowledge of content and curriculum (KCC). KCC is
explained as the knowledge of the contents regarding the curriculum order, suggested

activities, and important explanations for teaching.
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Ball and colleagues have detailed the components of teacher knowledge
specific to mathematics. However, they consider that this model should be revised.
They have indicated three problems about this model. One of them is about the
difficulty to determine which knowledge teachers use while responding to some
situations. For example, while one teacher is analyzing the errors using SCK, another
teacher can know that is a common misconception based on previous experiences
using KCS. The second problem is the structure about categories, which is not
considered as dynamic. Ball et al. (2008) have indicated that they are interested in
using knowledge in practice. The third problem is the difficulty to separate the
categories each other in some situations, common content knowledge and specialized
content knowledge, or specialized content knowledge and knowledge of content and

students.

2.3. The relationship Between Subject Matter Knowledge and Pedagogical

Content Knowledge

The models proposed the concept of teacher knowledge as including subject
matter knowledge and pedagogical content knowledge as explained above. Besides,
several studies also examine the relationship between these two knowledge types. To
illustrate, Even (1993) investigated how prospective teachers’ subject matter
knowledge related with pedagogical content knowledge in the context of the function
concept. Based on the qualitative analysis, Even (1993) concluded that most of the
prospective teachers’ subject matter knowledge of the function concept was not
adequate. Therefore, the researcher noted that prospective teachers should have
subject matter knowledge with a relational understanding since it affects teachers’
pedagogical reasoning for teaching mathematics. Thus, the researcher suggested
developing prospective teachers’ subject matter knowledge within the constructive
perspective and then the relational subject matter knowledge should be used in

pedagogical decisions.
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The large-scale projects, LMT (Learning Mathematics for Teaching),
COACTIV (Cognitively ACTIVating instruction, and development of students'
mathematical Literacy), and TEDS-M (Teacher Education and Development Study
in Mathematics) were also conducted to investigate teachers’ content knowledge
(CK) and pedagogical content knowledge (PCK) of mathematics teachers.

The researchers (Ball et al., 2008; Hill et al., 2005) in LMT project
investigated the knowledge that mathematics teachers have as Mathematics
Knowledge for Teaching (MKT). The researchers developed a test to examine
subject matter knowledge, CCK and SCK, and concluded that content knowledge
affected students’ achievement positively. It was not investigated in this project the
relationship between CK and PCK since the instrument had the items related to
subject matter knowledge. On the other hand, COACTIV project investigated the
influence of PCK on students’ learning. It was found that CK and PCK were
correlated strongly (Krauss et al., 2008a). Similarly, TEDS-M study was conducted
to examine CK and PCK, and it was concluded that prospective teachers who took
the training special to their teaching area had better CK and PCK (Blomeke &
Kaiser, 2012). Consistent with this finding, Krauss et al. (2008b) conducted a study
within the context of COACTIV project and they concluded that the connection of
CK and PCK was an indicator for expertise of mathematics. Based on the
quantitative analysis in these projects, it was concluded that “CK and PCK are
related positively and CK is necessary but not sufficient for PCK” (Depaepe et al.,
2015, p. 82).

However, the items related with CK and PCK was in different mathematics
learning areas in the last two studies. Thus, Depaepe et al. (2015) emphasized the
need of research to investigate the relationship between CK and PCK in particular
mathematical topics and they examined this relationship in rational numbers area
guantitatively. They also suggested investigating this relationship supporting with
qualitative data as further research. Considering this need in teacher knowledge
research, this study also aimed to investigate the influence of subject matter
knowledge (SMK) on pedagogical content knowledge (PCK) for teaching
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generalization of patterns and operations with algebraic expressions. Thus, it can be
considered that this study can contribute with the findings related this aim to the

literature on teachers’ knowledge of algebra.

2.4. Classroom Practices and Teacher Knowledge in Mathematics

Franke et al. (2007) point out the need of the explanation of routines of
practice for teaching mathematics with respect to content and grade levels. They also
assert that how the practices assisted teachers’ teaching of mathematics and affect
students’ learning mathematics should be investigated. There are several studies that
showed appropriate practices which provide doing mathematics within the context of
problem solving, constructions, and discourse supported students’ learning of
mathematics (Arcavi, Kessel, Meira, & Smith, 1998; Chapman, 2006; Schoenfeld,
Minstrell, & van Zee, 1999; Silver & Smith; 1996). Thus, Gearhart et al. (1999)
suggested developing teachers’ knowledge to reveal effective practices.

One of the factors that has an influence on teaching practices is teacher
knowledge (Hiebert, 1997). However, Ball (2000) asserted that there was a gap
between content knowledge and the practice of a teacher. Teachers’ content
knowledge is important to interpret students’ ideas, and it helps to present different
and valuable opportunities for students about mathematics, but the presentation of
content knowledge in practice can provide students to learn. Teachers should think
whether the tasks or activities are good, appropriate for the level of the students,
interesting for students or not; and if they have important mathematical ideas.
Teachers should manage the discussions in class, know which ideas to use, which
probing questions to ask, when explanations are needed to continue discussion to
help the development of students’ understanding. In this context, Ball (2000)
suggested three issues to prepare teachers to teach, first is what content teachers
should know for teaching, second is how they know this knowledge, and third is how
teachers learn to use this knowledge in practice. Ball (2000) also presented solutions
for these issues. She indicated that teachers could analyze the role of content

knowledge in their work (p. 244). Especially, they should aware of their content
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knowledge specific to mathematics teaching in their practices. To illustrate,
presenting their knowledge with using multiple representations and models supported
effective mathematics teaching (Tchoshanov, 2011). Besides having strong and
conceptual content knowledge, teachers also should have connectedness of contents
to understand students’ thinking, and combine of content knowledge with pedagogy
as pedagogical content knowledge to transform the knowledge to the students. To do
this, the opportunities such as using students’ work, or videotaping the lessons
should be presented for teachers and pre-service teachers to improve their knowledge
to use in practice (Ball, 2000). As Franke et al. (2007) stated the importance of the
knowledge of students’ thinking to develop the teachers’ practices. Hence, the
knowledge of students’ understanding as well as conceptual knowledge is necessary
to organize effective lessons pedagogically (Fennema & Franke, 1992; Hiebert,
1997). In sum, teachers should have connected content knowledge, and they should
use their knowledge pedagogically to develop their teaching practices (Doerr, 2004).
As Ball (2000) pointed out the gap between teacher knowledge and practice
in general above, Doerr (2004) supported this claim for algebra teaching practices.
Doerr (2004) defined this situation as a dilemma that was referred to the
contradiction of the knowledge with the practice in teaching algebra. Since teachers
did not have conceptual perceptions and experiences from their learning, it caused
their practice not to be effective. Thus, the researchers give suggestions to support
and develop teachers’ practice of algebra. To illustrate, Brown and Smith (1997)
suggested the use of questioning technique to help the students to think algebraically.
Particularly, the presenting of tasks with algebraic thinking features, supporting
teachers with experiences that included using models or representations of algebraic
expressions, and showing how arithmetic and algebra can be connected can help to
improve teachers’ knowledge and practices of algebra (Asquith, Stephens, Knuth, &
Alibali, 2007; Ayalon & Even, 2013; Blanton & Kaput, 2001). However, Wilkie
(2014) pointed out the lack of research about teacher practice for teaching algebra.

Thus, the aim of the current study is to examine teacher knowledge within the
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practices of teaching algebra, and to contribute the literature of teacher knowledge
and practice of algebra.

2.5. Models of Teacher Knowledge for Teaching Algebra

As there have been models of teacher knowledge for mathematics teaching,
more particularly there have been also models of teacher knowledge for teaching
algebra as a domain in mathematics (Artigue, Assude, Grugeon, & Lenfant, 2001;
Even, 1990, 1993; Ferrini-Mundy et al., 2006; Kieran, 2007; Li, 2007). Even (1990)
proposed a framework about teachers’ subject matter knowledge of function concept.
Even (1990) described seven features of subject matter for function concept.
Essential features are the knowledge of a concept such as knowing of its examples
and non-examples. Different representations are the knowledge of the representation
of a concept that includes using different representation, and making connection
among them. Alternative ways of approaching are the knowledge of alternative
approaches and the use of them for teaching a concept. The strength of a concept is
the knowledge of understanding a concept relating to subtopics or sub-concepts that
provides learning of new topics. Basic repertoire is the knowledge of important
principles, procedures, and examples with conceptual understanding. Knowledge and
understanding a concept is the knowledge of conceptual and procedural knowledge
with relating them. Knowledge about mathematics is the general knowledge of
mathematics to get conceptual and procedural knowledge.

Artigue et al. (2001) focused on inequalities and described three dimensions
for teachers’ knowledge of algebra as epistemological, cognitive, and didactic
dimension. There are two properties of epistemological dimension. One of them is
“the complexity of the algebraic symbolic system and the difficulties of its historical
development” (p. 26). This knowledge can help teachers to understand students’
difficulties. Other property is the extension and diversity of algebra. It includes the
understanding of how algebra is hold in the curriculum with its function in solving

problems. The cognitive dimension is about the knowledge of learning algebra that is
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about students’ algebraic thinking. On the other hand, the didactic dimension is about
the knowledge about objectives of algebra in the curriculum. Different from Even’s
(1990) model, Artigue et al.’s (2001) model had the knowledge about students’
thinking and curriculum. Even (1990) had proposed the model for only subject
matter for algebra teaching.

Consistent with the elements of Even’s framework, Ferrini-Mundy, Floden,
and McCrory (2006) proposed knowledge for teaching algebra framework, especially
for expressions, equations inequalities, and function at middle school and secondary
level. The framework formed as two-dimensional matrix that the rows have
categories of knowledge of algebra, and the columns have tasks of teaching. As the
third category of this framework, Ferrini-Mundy et al. (2006) defined three
overarching categories; decompressing, trimming, and bridging. The researchers
formed the categories of knowledge of algebra teaching (KAT) based on literature
and their study. The categories are core content knowledge, representation, content
trajectories that is the connection with the prior concepts and the concepts learned in
future topics, applications and contexts is about the use of algebra in solving
problems, language and conventions, and mathematical reasoning and proof. The
other component of the framework is tasks of teaching that involves teachers’ actions
in using algebra knowledge in practice. Ferrini-Mundy et al. (2006) derived from the
categories of tasks of teaching component from the discussion for knowledge of
algebra teaching. The categories are analyzing students’ work and thinking,
designing, modifying and selecting mathematical tasks; establishing and revising
mathematical goals for students; accessing and using tools and resources for
teaching; explaining mathematical ideas and solving mathematical problems;
building and supporting mathematical community and discourse. Ferrini-Mundy et
al. (2006) described the overarching categories as mathematical practices with using
knowledge of algebra in tasks of teaching. Decompressing is getting new and
complex knowledge using existing knowledge, as similar to Ball et al. (2008)
indicated connecting concepts to unpack the knowledge. Trimming, is the

transformation of complex knowledge to a mathematical situation with including the
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mathematical idea or content to enable students to understand. On the other hand,
Ferrini-Mundy et al. (2006) explained bridging as connecting the teachers’ purposes
with students’ understanding; relating school algebra to abstract algebra; and making
connections among mathematics domains. The researchers suggested using this
framework as an analytical tool for examining knowledge of algebra teaching.

Li (2007) proposed a framework for teachers’ knowledge of teaching specific
to solving algebraic equations based on the literature about knowledge of algebra
teaching as mentioned above. Li (2007) defined three categories for teachers’
knowledge as knowledge of the mathematical subject matter, knowledge of learners’
conceptions, and knowledge of didactic representations. Knowledge of the
mathematical subject matter is the subject matter of concepts, rules, theories,
principles, facts, and methods. More particularly, Lin (2007) examined this
knowledge into categories, concepts such as structure, reasoning methods such as
induction, mathematical activities such as proofing, and products such as definitions.
Knowledge of learners’ conceptions is based on PCK concept in the literature and
consists of the knowledge of learners’ levels, conceptions, misconceptions, errors,
difficulties, and learning process. Knowledge of didactic representations is
presenting the content by using teaching methods and strategies, and tools such as
manipulatives, textbooks.

The existing frameworks about teachers’ algebra knowledge mentioned up to
this point are generally about the algebra topics at secondary level. Thus, the purpose
of this study is to investigate teachers’ knowledge for teaching generalization of
patterns and operations with algebraic expressions as algebra topics at middle school
grades, and Ball et al.’s (2008) framework is utilized to carry out this aim. Using
MKT framework, this study also aims to propose what knowledge mathematics
teachers need to have for teaching early algebra topics.
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2.6. Early Algebra

Algebra has been seen as one of the important branches of mathematics that
Cai, Ng and Moyer (2011) state algebra is a “gatekeeper” in mathematics. National
Council of Teachers of Mathematics (NCTM, 2000) standards determine four goals
for teaching algebra that are, Goal 1-understand patterns, relations, and functions;
Goal 2-represent and analyze mathematical situations and structures using algebraic
symbols; Goal 3-use mathematical models to represent and understand quantitative
relationships; and Goal 4-analyze change in various contexts.

Children are introduced with algebra in elementary grades and then they
continue to learn and use algebra throughout middle school and high school (MoNE,
2013). According to Rakes et al. (2010), algebra is a core element for developing
understanding of high school mathematics and thus students’ learning of
fundamental concepts of algebra is important issue. Howe (2005) defines algebra as
in the following:

Working with variables, and in particular, arithmetic with variables, so the
formation of polynomial and rational expressions. This also includes
representing, or “modeling” concrete situations with expressions, and setting
up equations. It is also often extended to include extracting roots. (If these
processes are iterated, they can produce highly complicated expressions. But
school algebra does not go very far down this road.) It also includes
manipulating expressions and equations, to simplify, solve and interpret (p,
1).

The fundamental concepts such as variables, generalizations of patterns, and
algebraic expressions are introduced students at 6™ grade in Turkey (MoNE, 2013).
Carraher and Schliemann (2007) call the process that involves 6-12 aged students’
algebraic thinking as “Early Algebra” stating algebraic reasoning among young
students. They define algebra in elementary levels as early algebra that “compass
algebraic reasoning and algebra-related instruction among young learners-from
approximately 6 to 12 years of age” (p. 670). Van de Walle et al. (2013) indicate that
understanding algebra develops in elementary and middle school levels, since

children do many things about algebra such as generalization from patterns and using
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variable in these levels. Thus, algebraic thinking improves from pre-kindergarten to
high school (Van de Walle et al., 2013). Cai, Ng, and Moyer (2011) suggest assisting
students to think algebraically in elementary grades in order to prevent middle and
high school students’ difficulties in algebra. They also suggest that teachers and
students work on arithmetic and algebra in the first five or six years of elementary
school. Warren and Cooper (2008) assert that developing elementary students’
algebraic thinking can prevent the difficulties in algebra of adolescents. To support
this, the researchers designed two lessons for aged about 8 years and a teacher. They
used tasks about extending the pattern and exploring the relationship between the
position number and pattern. The results supported the suggestion of the researchers
that students’ understandings were developed with the experiment. Elementary
students’ functional thinking can be developed with giving the sense of the
relationship between input and output values, and they can also express their thinking
symbolically (Warren, Cooper, & Lamb, 2006). With similar purpose, Ferrara and
Sinclair (2016) proposed the algebra discourse approach that was emerged with
communication and interaction in the classroom context to examine early graders’
understanding of variable concept. They asked both figural and numerical patterns to
seek using algebra in the recursive and functional strategies. As conclusion, the
researchers asserted that the discourse approach with focusing on pattern
generalization developed early grade (2" and 3" grade) students’ functional

reasoning.

One of the approaches about algebra teaching in early grades is an elaborated
Davydov approach. In this approach, algebra is introduced to pupils at the beginning
of primary school, and as not a different topic, it is given to students within all topics
and concepts related with the development of algebraic thinking. To illustrate,
students can learn quantitative and abstract thinking with equality and inequality
activities (Sutherland, 2004). Schmittau (2005) also states based on the Vygotskian
Perspective, empirical concepts can be learned from everyday experience, but
theoretical concepts are given to students by teachers. So, it is important to constitute

the theoretical basics of algebra in the elementary school years.

39



Whereas some mathematicians think algebra should be given in early grades,
some mathematicians think that students should spend about 6 years to learn the
basics of arithmetic. Thus, when algebra should be given is an issue for teaching and
learning algebra in mathematics education. Research related to algebra implies that
algebra is difficult to learn for many adolescents and algebraic thinking development
is important in early grades. Early algebra does not mean to give all algebraic
notations and structures in early grades. For example; it includes the ability of
comparing quantities, interpreting graphs and tables. If students gained these
abilities, they can comprehend algebraic notations and structures easier in next
grades. In this point, it is necessary to separate pre-algebra and early approaches. The
perspectives of pre-algebra approaches are about facilitating of the transition from
arithmetic to algebra. On the other hand, early algebra approaches assert that
mathematical symbols are used both in arithmetic and algebra. (Carraher and
Schliemann, 2007). Malara and Navarra (2009) handle the issue of how teachers can
promote of children’ algebraic thinking in early grades. They developed a theoretical
linguistic model that consist of categories for early algebra based on the
constructivist perspective. The categories are general, mathematical, linguistic,
social-educational, psychological aspects to approach to early algebra (p. 244).
Malara and Navarra (2009) gave examples for each category like this, the use of
relational thinking for general, the use of variable for mathematical, the use of letter
for linguistic, discussing for social-educational, and perception of pupils for
psychological aspects. The researchers based on this approach, developed a task
related to pattern generalization and had parts as teaching sequence to enable pre-
service teachers to analyze students’ productions. Malara and Navarra (2009)
concluded that teachers could notice the importance of their roles in the discussion of
pattern generalization to construct children’s knowledge. One of the advocators of
early algebra approaches is Kaput (2000) that explains algebra “the study of
functions, relations, and joint variation” (p. 19). In connection with this description,

the current study includes pattern generalization and operation with algebraic
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expressions as content in the investigation of teachers’ knowledge of these early

algebra topics.

2.7. Studies Related to Teaching and Learning Algebra

More studies in algebra learning and teaching have been seen recently, when
literature is examined. Kieran (2007) described the main reasons to focus on in this
domain are; firstly, the influence of Piaget’s ideas and cognitive development
psychology on mathematics education. Second, the studies based on skills-based
approach did not show positive effect on students’ performance. Then, the research
on algebra had been influenced by government policies such as ‘algebra for all’.
Lastly, developing technology has affected the content and implementation of school
algebra. Besides these influences on the studies, the interest of algebra topics in the
research to the present day has been changed. In ancient times, algebra was
considered just about as manipulating symbols and using of algebra to solve
problems. Thus, research was interested in students’ errors in solving equations, and
application of rules. Then, psychologists with a behaviorist perspective affected this
view, and the issues about skills and memorization were gained attention. Towards
the end of 1970s, algebra education researchers came together and they focused on
students’ learning and understanding of algebra. Then, the empirical studies about
application of algebraic activities and the effect on students’ understanding were
conducted. After with constructivism effects on algebra, how learners construct their
conceptions about algebraic concepts, and the interactions on algebra in class with
sociocultural approach while learning were investigated. Since 1990s, technology has
been begun to gain importance in studies about algebra teaching and learning
(Kieran, 2007).

In the perspective of teaching algebra, Doerr (2004) examined the studies
about teacher knowledge of algebra, and their practice in algebra teaching in detailed
perspective. She reviewed the studies up to 2004, and concluded that there was lack
of research of teaching algebra. Doerr (2004) also presented four dilemmas about
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teacher knowledge and practice of algebra based on implications of Working Group.
The first dilemma was about teachers’ experiences. Pre-service teachers considered
that the methods their teachers used were effective since they thought that they could
learn with these ways. Thus, their perceptions about teaching to children was limited
and not conceptually. The second dilemma was about the content of the instructions
of algebra. Since teachers’ knowledge and its development were not adequate and
thus they were needed to understand. The third dilemma was about the structure of
teachers’ knowledge. It was need to be investigate to the development of teachers’
knowledge in a process. The last dilemma was about the lack of large studies about
teacher knowledge and this situation prevented to reach conclusions about teachers’
knowledge and teaching algebra.

Doerr (2004) also stated that the studies about teacher subject matter
knowledge focused on generally functions, slopes, and equations (e.g. Even, 1990;
Stump, 1999; Even, Tirosh, & Robinson, 1993); on the other hand, the studies about
teachers’ knowledge of students’ thinking as pedagogical content knowledge focused
on algebra word problem solving (e.g. Nathan & Koedinger, 2000; van Dooren,
Verschaffel, & Onghena, 2002;). As it is seen, there had been few studies related to
early algebraic topics, and since that time, more studies have been conducted about
teachers’ knowledge of algebra at elementary and middle school grade levels, that
will be explained in the following sections. However, Wilkie (2014) has asserted that
there are few studies about teachers’ knowledge and practice about algebra.

In the perspective of learning algebra, Kieran (2007) concluded that many
studies’ results have shown that most students have difficulty with algebra at
different levels when the studies about algebra learning and teaching are examined.
Considering these studies, Kieran developed a model for conceptualizing algebraic
activity called GTG model that has three components: generational, transformational
and global-meta-level activity. In the GTG model, generational activity includes
working with unknowns, variables, and equality, such as equations that represent
problem situations, expressions of generalization. This activity is usually used to

begin formal algebra. Transformational activity is rule-based and requires the
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symbolic form of an expression or equation. Collecting like terms, operations with
algebraic expressions, factoring, substituting expressions in other ones, simplifying
algebraic expressions, solving equations and inequalities can be example for
transformational activity. These examples are generally about manipulating algebraic
expressions. The global-meta-level activity deals with constructing and working with
algebraic objects and processes. It is thought as a tool for algebra and requires high-
level skills. Problem solving, modeling in generalization of patterns, justifying, and
proving can be exemplified for global-meta-level activity (Kieran, 2007). This study
particularly interested in pattern generalization as generational activity, and
simplification of algebraic expressions and operations with them as transformational
activity regarding the scope of this research.

In learning algebra, the concepts of variable and algebraic expressions are
important (Subramaniam & Banerjee, 2004). The development of these concepts
both procedurally and conceptually is substantial for writing and solving equations
later (Capraro & Joffrinon, 2006). The concept of variable is taught firstly when
formal algebra begins. Arcavi and Schoenfeld (1988) assert that “the concept of
variable is a basis for transition from arithmetic to algebra” (p.420). However, there
have been many studies about students’ misconceptions about variables (Arcavi &
Schoenfeld, 1988; Kiichemann, 1978, 1981; MacGregor & Stacey, 1997; Wagner,
1983). The variable concept is given in the context of patterns and generalizations in
middle grades, and then in algebraic expressions (MoNE, 2013). In this context, the
studies about these algebraic topics are presented in the following sections.

After a brief history of research in teaching and learning algebra, more
particularly this section presents the studies related to algebra within teacher
knowledge and students’ conceptualization of algebra. The studies particularly are
examined based on two algebra topics, generalization of patterns and algebraic

expressions, under two main parts.
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2.7.1. Studies Related to Generalization of Patterns

The studies related to generalization of patterns are presented under two

sections as teachers’ knowledge and students’ conceptions in the following.

2.7.1.1. Teachers’ Knowledge on Generalization of Patterns

Teachers’ knowledge has been investigated in the studies within the context
of subject matter knowledge (SMK) and pedagogical content knowledge (PCK). In
general, when the interest is in-service teachers, the studies investigate the concept of
PCK (Bas, Cetinkaya, & Erbag, 2011; Blanton & Kaput, 2001; El Mouhayar &
Jurdak, 2013; Kutluk, 2011; Wilkie, 2014); whereas the focus is pre-service teachers,
the studies investigate the both concept of SMK and PCK about pattern
generalization (Akyiliz, Coskun, & Hacidmeroglu, 2009; Barbosa & Vale, 2015;
Callejo & Zapatera, 2016; Imre & Akkog, 2012; Kirwan, 2015; Magiera, van den
Kieboom, Moyer, 2013; Rivera & Becker, 2007; Tanish & Kose, 2011; Zazkis &
Liljedahl, 2002). The studies are presented in the following sections.

The opinions of teachers to pattern generalization is different in somehow.
Bishop and Stump (2000) concluded that elementary and middle school teachers’
conceptualizations for pattern generalization task were as problem solving merely.
They did not consider pattern generalization as facilitating of transition to algebraic
thinking. Consistent with this, Kutluk (2011) found that elementary mathematics
teachers did not regard pattern generalization as important for algebra because of that
the teachers did not have adequate CK, PCK and curriculum knowledge for teaching
pattern generalization. Especially, they had lack of knowledge to identify students’
difficulties in pattern generalization, and could not explain the reasons of them when
they encountered while teaching. The teachers had also difficulties in generalization
that some teachers considered the relationship only among between input values or
output values. In their instruction, they used only numerical reasoning to find the

relationship and they did not focus on the features of figures in figural patterns

44



(Kutluk, 2011). However, the studies suggest finding relationship in the context of
figural patterns can develop students’ reasoning for generalization (Barbosa & Vale,
2015; Rivera & Becker, 2005; Walkowiak, 2014).

Teachers’ conceptions can change in time with seeing the ability of students’
thinking algebraically. Blanton and Kaput (2001) shared the reflections of a 3" grade
teacher on algebraic activities, and examined the development of conceptualization
about generalization of this teacher. The researchers presented tasks to this teacher
with aiming to improve students’ algebraic reasoning such as generalizing the rule of
multiplication 1 by a number, or a context, handshake problem that created a pattern.
As the teacher were using these tasks in an order, he realized that the students’
algebraic reasoning was improved and students could think algebraically to find a
number in the blank, or generalizing a rule, or generalizing a pattern. The researchers
pointed out the teachers’ practices for teaching algebra could be improved with the
tasks which had algebraic thinking, and they decided the implementation of this
program for other teachers’ development.

Rivera (2010) described the generalization process with abductive-inductive
action and symbolic action. Rivera (2010) explains as investigating the relationship
in the pattern to propose a hypothesis based on the given steps of the pattern, and
extending the pattern regarding the relationship is abductive-inductive action. This
relationship is transformed as a rule to algebraic representation in symbolic action. El
Mouhayar and Jurdak (2013) acknowledged Rivera’s (2010) definition of
generalization process and formed the questions based on this definition. They
conducted a large study that they studied with 83 middle school mathematics
teachers. They investigated how teachers’ explain and identify students’ actions in
generalization process of patterns. In this context, they seek the answers for how
teachers identify and explain students’ abductive-inductive and symbolic actions.
The researchers presented to the teachers two pattern tasks, one linear and one non-
linear growth pattern, with expected students’ answers for generalization of patterns.
The teachers were asked to identify students’ actions, and explain students’ thinking

while finding a term of pattern as near generalization, and getting the general rule as
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far generalization tasks. As the results of the study, teachers could identify students’
strategies, but they did not have adequate knowledge to explain them for the reason
of their strategies. Moreover, Bas, Cetinkaya, and Erbas (2011) found that teachers
did not identify adequately the possible strategies that students used for
generalization of patterns. The teachers’ expectations did not match with students’
strategies for generalization of patterns. To illustrate, the teachers expected from the
students to use functional thinking with co-variational strategies easily, but the
students listed the terms to find near term and they were forced to use functional
thinking when the generalization was asked. Another thing was that students mostly
used numerical reasoning, although their teachers stated using figural reasoning.
After they were presented actual students’ answers and solutions, they could explain
students’ thinking and determine the strategies better. The researchers asserted that
the reasons for the discrepancy of teachers’ predictions and students thinking at the
beginning might be about the limitations of their strategies they used and the lack of
content knowledge.

In a broader perspective to knowledge, Wilkie (2014) examined upper
primary teachers’ content knowledge and pedagogical content knowledge of algebra
focusing on functions, relations, and joint variation. The researcher developed an
instrument with open-ended questions based on four domains of MKT framework,
SCK, KCS, KCT, and KC. This survey was applied to 105 teachers that used
Australian curriculum in order to investigate their knowledge for teaching algebra for
8-12 aged students. The contents and purposes of survey items are explained in detail
in the following paragraphs since the relation with this study.

For SCK knowledge domain, Wilkie (2014) prepared the open-ended items
about generalizing a geometric pattern, writing a functional relationship, and
explaining generalization approaches. She expected from teachers as generalization
approaches with two methods that co-variational (recursive) and correspondence (the
relationship between input and output values based on functional thinking). For these
questions in the survey, teachers were asked to write possible correct students

answers, and comparing different tables including input and output values to
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determine teachers’ generalization strategies and knowledge about students’
approaches. The researcher examined teachers’ answers using the framework about
determining the development of functional thinking adapting from Markworth’s
(2010) study. For KCS knowledge domain, Wilkie (2014) aimed to determine
teachers’ suggesting different correct generalizations, teachers’ recognition of
students’ level in generalization answers, and their knowledge about recursive and
explicit generalization that students used. The researcher presented an incorrect
student’s answer to determine how teachers explain the reasoning of this answer. She
identified KCT for pattern generalization as addressing a student’s mistake in
generalization and identifying appropriate strategies for conceptualizing functional
thinking. Teachers’ answers for these items were analyzed using a 4-level rubric that
was about assessing the knowledge for teaching and learning functional thinking.
Especially, for identifying appropriate strategies, teachers were presented terms
related with functional thinking and they were asked to prepare an activity about
function machine with using these terms, and they were also asked to explain how
they used and select input-output values for teaching functional relationship as an
example for KCT knowledge domain. For KC knowledge domain, the researcher
presented the teachers content descriptions of curriculum and they were asked to
scale this wording as easy or difficult to understand.

In general, Wilkie (2014) concluded that teachers have adequate SCK for
generalizing figural patterns, but their KCS and KCT were not adequate and
conceptual for teaching functional thinking in pattern generalization. That is,
although teachers have knowledge of content for pattern generalization, they do not
have adequate pedagogical content knowledge for teaching this algebraic topic. More
particularly, teachers could generalize patterns with words or calculation, and
exemplify correct students’ answers; but they could not explain strategies as
recursive or explicit of students’ answers, they had difficulty in using algebraic
symbols for general rule, and they did not have adequate experiences to create
activities for teaching pattern generalization. Wilkie (2014) explained the situation

that teachers’ weaknesses for the reason of their lack of relational understanding for
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functional thinking. Thus, teachers had difficulty to explain students’ misconceptions
and difficulties in generalization as (KCS), and they could not use effectively
function machine, or tables, or input-output values for teaching functional thinking
(KCT). The researcher also investigated the relationship between the knowledge
domains specific to functions, relations, and joint variation. She concluded that SCK
and KCS is distinct that although teachers have strong SCK, they can have weak
KCS. Since the teachers have weak relational understanding that requires getting
generalization with understanding the procedures conceptually rather than writing a
general rule with rules, they could not use effective teaching strategies and they had
less KCT knowledge than SCK.

The studies that have focused on pre-service teachers examined their
knowledge both SCK and PCK generally. Furthermore, the researchers presented
examples to them from students’ answers to investigate their PCK in research
(Callejo & Zapatera, 2016; Imre & Akkog, 2012; Magiera, van den Kieboom, &
Moyer, 2013). Carpenter and Fennema (1992) indicated the importance of
developing pre-service teachers’ PCK with analyzing students’ understanding and
conceptions. The following studies generally use representative or actual students’
responses while learning pattern generalization. Several studies also whose aims to
develop pre-service teachers’ PCK conducted their research in the courses related to
teaching experiences.

Imre and Akkog (2012) examined pre-service teachers’ PCK about pattern
generalization in the context of school practice course in teacher education program.
The researchers also aimed to develop prospective teachers’ PCK based on two
elements of PCK, knowledge of students’ understanding and difficulties, and
knowledge of topic specific strategies and representations. They redefined the two
components of PCK specific to pattern generalization using Radford’s (2008)
architecture of algebraic pattern generalization. Radford (2008) describes the
generalization process as including abduction, transforming, and deducing phases.
Abduction phase is recognizing the relationship and commonality in the pattern,
transforming is using this relationship to find other terms by extending the pattern,
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and deducing phase is generalizing pattern and finding a general rule algebraically.
According to Imre and Akkog¢ (2012), the first component includes students’
misconceptions about using the difference between consecutive terms, and their
difficulty in using algebra to generalize in abduction and transforming phases. The
second component includes using representations for generalization patterns such as
arithmetic, algebraic, pictorial and tabular in deducing phase. With the aiming of
developing PCK particularly for two components, the researchers studied with three
pre-service teachers using their observations of teaching practices in schools and
their instructions for pattern generalization in the context of the course. The
researchers and the pre-service teachers in the course discussed and evaluated the
instructions based on Radford’s model. Before the course, pre-service teachers did
not consider students’ difficulties in recognizing the relationship of pattern and
writing arithmetic relationship for the first terms of the pattern. The pre-service
teachers could not use different representations such as pictorial reasoning. After the
course, the researchers concluded that pre-service teachers’ understanding of
students’ thinking was developed that they took into students’ conceptions account.
They could guide the students to find a general rule to find each term in the pattern,
and their use of algebra in generalization was improved. The pre-service teachers
also used of tabular and partially pictorial representations while teaching
generalization in their second instruction.

Similarly, in a field-based course, Magiera, van den Kieboom and Moyer
(2013) investigated pre-service teachers’ knowledge of algebraic thinking of their
selves and students’ algebraic thinking. They used multiple data sources that were
pre-service teachers’ solutions and interviewing with them, students’ solutions, and
pre-service teachers’ analyzing students’ solution and interviewing with the students.
The researchers suggested pattern generalization tasks for pre-service teachers to
solve and use in the interviews with students. The tasks could provide students to use
algebraic thinking features that were organizing information, identifying a pattern,
describing a rule, and justifying the rule based on Driscoll’s (2001) description (p.
107). The results of this study showed that pre-service teachers could not identify or
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notice all features of algebraic thinking tasks. However, their ability in algebraic
thinking related with identifying of students’ algebraic thinking ability. That was,
they did not investigate the features that they did not use in generalizing pattern. The
another finding was consistent with the findings of Imre and Akkog’s study (2012)
that pre-service teachers did not use different representations for generalizing
patterns and thus they did not seek this feature in students’ solutions. Akyliz,
Coskun, and Haciomeroglu (2009) also investigated pre-service teachers’ use of
translation among different representations such as tabular, graphical, algebraic, and
numerical in generalizing pattern. In consistent with the mentioned studies, they
found that using different representations could support students’ generalization
reasoning. Other finding was according to Magiera et al. (2013), pre-service teachers
had difficulty in justifying a general rule as one of the algebraic thinking features that
many studies also concluded it (Barbosa & Vale, 2015; imre & Akkog, 2012;
Kirwan, 2015; Rivera & Becker, 2007; Tanigh & Kose, 2011).

Callejo and Zapatera (2016) conducted the study with similar purpose as
focusing on pre-service teachers’ PCK. The researchers aimed to determine the
characteristics of pre-service teachers’ noticing students’ mathematical thinking
based on their identification and interpretation of students’ answers for
generalization of patterns. They have proposed three mathematical elements and
related with three stages in pattern generalization based on literature. The first
element is numerical and spatial structure that is “the number of elements of a term
and the physical location of each element of this term in relation to the other
elements in the term” (p. 6). It is related with stage 1 that students can do near
generalizations, but cannot relate numerical and spatial features. The second element
is functional relationship that is finding the relationship between the position of term
and corresponding number. It is related with stage 2 that students can connect with
numerical and spatial features, and generalize verbally or algebraically of the
relationship. The third element is inverse process that determines the position
number for a given term. It is related with stage 3 that students can connect with

numerical and spatial features, use functional relationships and invert the term in
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position number using functional thinking. According to the findings of this study,
although pre-service teachers could identify these elements in students’ answers, they
had difficulty in interpreting and explaining students’ generalization understanding,
as El Mouhayar and Jurdak (2013) stated in their findings.

Besides these studies, there have been studies that seek how pre-service
teachers generalize different types of patterns. Some pre-service teachers tried to find
the general rule of numerical pattern using recursive strategy (Zazkis & Liljedahl,
2002). They considered the rule without algebra was not adequate. On the other
hand, some pre-service teachers used figural reasoning that was about using the
features of figures to get relationship in figural patterns (Barbosa & Vale, 2015;
Rivera & Becker, 2007). The studies suggest finding relationship in the context of
figural patterns can develop students’ reasoning for generalization. As pre-service
teachers can use both numerical and figural reasoning in pattern generalization, but
pre-service teachers who had figural reasoning could use functional thinking (Tanislt
& Kose, 2011). However, Kirwan (2015) asserted that pre-service teachers who got
generalization could use figural features in generalizing, and numerical features for

verifying the generalization.
2.7.1.2. Students’ Conceptualization of Generalization of Patterns

The studies related with students’ conceptions of pattern generalization are
generally about students’ strategies and reasoning for generalizing patterns (Amit &
Neria, 2008; Becker & Rivera, 2005; El Mouhayar & Jurdak, 2016; Lannin, Barker,
& Towsend, 2006; Rivera, 2010; Rivera & Becker, 2008; Steele & Johanning, 2004;
Walkowiak, 2014; Warren & Cooper, 2008), and the development of using algebra
for generalization at different grades (Jurdak & El Mouhayar, 2014; Walkowiak,
2014).

Steele and Johanning (2004) examined 7™ graders’ schemas for solving
generalization problems, and aimed to develop students’ schemas with a teaching

experiment. The findings of the study showed that students who had well-connected
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schemas could generalize symbolically that was one of the essential components of
algebraic thinking. They checked particular cases when they reached generalization
in contrast to students with partial formed schemas. These students got help from
tables with diagrams to interpret the relationship in the pattern. On the other hand,
students with partial formed schemas had difficulty in generalizations and using
algebraic notations. With a more particular perspective on conceptions that students
have, their strategies for generalization are examined. Healy and Hoyles (1999)
define recursive and explicit strategies for generalization. Students using recursive
rule that explain the relationship focusing on the difference among consecutive
output values in the pattern. Explicit rule is finding a rule relating input and output
values in the pattern. Even students use both recursive and explicit strategies,
students are expected to think explicitly to conceptualize generalization. Lannin,
Barker, and Towsend (2006) asserted that using spreadsheets to support students’ use
of explicit strategies after thinking recursively.

Rivera and Becker (2008) have extended the students’ conceptions literature
about pattern generalization with particularly figural patterns. Figures change from
one figure to the next one based on a relationship in figural patterns (Billings, 2008).
Studies suggest the use of figural patterns for developing students’ generalization
strategies (Moss, Beatty, McNab, & Einsband, 2005; Rivera & Becker, 2008;
Walkowiak, 2014; Warren & Cooper, 2008) Rivera and Becker (2008) proposed
constructive and deconstructive strategy for middle school students’ use for
generalization of figural linear patterns. Constructive strategy is defined as
“cognitively perceiving figures that structurally consist of non-overlapping
constituent gestalts or parts” (Rivera & Becker, 2008, p. 70). It is about constructing
the relationship with counting the part separately in figures. On the other hand,
deconstructive strategy is explained as “the basis of initially seeing overlapping sub-
configurations in the structure of the cues” (Rivera & Becker, 2008, p. 70). It is about
constructing the relationship with considering the overlapping parts in the figures. To
illustrate, in square toothpick pattern (4, 7, 10, 13, ...), the toothpicks are added
separately in constructive strategy and one possible generalization is 4+3(n-1), since
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the pattern is considered as 4, 4+3, 4+3+3, ... in using this strategy. On the other
hand, the whole toothpicks are added and subtract the overlapping toothpicks in
deconstructive strategy and one possible generalization is 4n-(n-1), since the pattern
is considered as 4 (no overlap), 4+4-1 (take away 1 overlapping side), 4+4+4-2 (take
away 2 overlapping side) ... in using this strategy. Rivera and Becker (2008)
concluded that using deconstructive strategy was difficult for students to establish the
relationship and generalization than constructive strategy in their teaching
experiment.

Besides students’ conceptions about figural pattern generalization, Rivera
(2010) defines students’ actions in generalization process with two interdependent
actions as in the following:

(1) abductive-inductive action on objects, which involves employing
different ways of counting and structuring discrete objects or parts in a
pattern in an algebraically useful manner; and (2) symbolic action, which
involves translating (1) in the form of an algebraic generalization (p. 300).

Students seek the relationship in the pattern and try to propose a hypothesis
based on the given steps of the pattern in abductive-inductive action. Then, they can
extend the pattern regarding the hypothesis. To illustrate, exploring a relationship
based on the total number of toothpicks in the 1%, 2" and 3" step of the pattern and
finding the number of toothpicks in the 10" step. This exploration is transformed as a
rule to algebraic representation in symbolic action.

Several studies have examined students’ conceptions about generalization
across grade level. One of them is Jurdak and El Mouhayar’s (2014) study that
investigated the trend of generalization throughout the grades (4™ to 11™ grades), and
the effects of features of tasks on students’ generalization reasoning. The researchers
applied a test that consisted of four pattern generalization questions to a large sample
of students, as in their study with teachers. The questions were classified in pattern
generalization type, function type, and degree of complexity. In this regard, one of
the findings of the study was the facilitation effect of the generalization type and
function type to students’ reasoning level. For example, students could generalize

near generalization type of tasks in linear patterns; however, they had difficulty with
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getting a general rule for n™ term in far generalization type of tasks. Other findings
from the result of the study were that the development of students’ level across grade
and the variation of students’ strategies in same grade. Similarly, for different grades,
Walkoviak (2014) aimed to explore students’ strategies for generalization of pictorial
patterns for 2", 5™ and 8" grade students. The researcher concluded that students
used both figural and numerical reasoning for generalization; however, younger
students used more figural reasoning. The findings show that the use of algebraic
notations increase across the grade that younger students can use their invented
notations (e.g. using a circle for representing start), and older students can use formal
notations for generalization of patterns. Different from this study, EI Mouhayar and
Jurdak, (2016) found that lower graders (grade 4 and 5) used mostly numerical
reasoning, and upper graders (grade 10 and 11) used mostly figural reasoning in
pattern generalization. The researchers also suggest that students who used functional
strategy had figural reasoning for pattern generalization as Markworth (2010) stated.
However, high-level students have difficulty with representing generalization
of patterns algebraically too (Cayir & Akyiiz, 2015). Becker and Rivera (2005)
examined 9" graders’ analysis of patterns and functions. The students could extend
the figural pattern, but few of them could generalize and represent the general rule
with algebraic formula. MacGregor and Stacey (1996) asserted that older students
could not relate the position number and the term in the pattern. When students only
consider the consecutive terms in the pattern not the relationship between the
position number and corresponding term of the entry pattern, they can have difficulty

in making generalization (Harel, 2001).
2.7.2. Studies Related to Algebraic Expressions

The studies related to algebraic expressions are presented under two sections

as teachers’ knowledge and students’ conceptions in the following.
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2.7.2.1. Teachers’ Knowledge on Algebraic Expressions

In the aspect of PCK, knowing students’ misconceptions, difficulties,
understanding is one of the components of teacher knowledge. Tirosh, Even and
Robinson (1998) examined this aspect in the context of algebraic expressions. They
examined teachers’ awareness of students’ tendency to conjoin or ‘finish’ open
expressions, since this tendency caused difficulty for learning algebraic expressions
and operations with them. The students with this tendency can add 4x+5 as 9 or 9x as
an example. The researchers studied with two novice and two expert seventh grade
teachers based on the years of experiences. The data were collected from lesson
observations in that teachers were teaching algebraic expressions, teachers’ lesson
plan, and interviews with teachers after lessons. Tirosh et al. (1998) found that two
novice teachers were not aware of this tendency while two experienced teachers
expected that students had this tendency in dealing with algebraic expressions. The
researchers observed that one novice teacher was not aware of the misconception that
students could have, and thus he emphasized adding the numbers and letters
separately as a rule when teaching simplification of algebraic expressions and the
students gave incorrect answers. Whereas, the other novice teacher used rules,
adding “like terms” indicating the terms had x as like terms. She used “fruit salad”
techniques while explaining operations in algebraic expressions with representing
apple and pear for variables. These strategies were used mostly in teaching algebraic
expressions, but the researchers observed that these strategies caused some confuses
in student learning. Thus, students had difficulty to understand the reasoning of
algebraic expressions. One of the experienced teachers, firstly, explained what “like
terms” and “unlike terms” were by considering students’ difficulties, and continued
the lesson with using this concept. Other experienced teacher provided students’
conceptualization with using challenging strategies such as substitution, order of
operations, and going backward. Tirosh et al. (1998) suggested that teachers should
know students’ difficulties and design their lessons using different approaches

regarding students’ conceptions.

55



The knowledge of students’ conceptions also is one of the important elements
of pedagogical content knowledge. In this context, Hallagan (2004) provided
teachers to get students’ works. The researcher focused on one teacher’s algebra
instruction particularly for teaching equivalent expressions. The researcher
developed tasks that included modeling the equivalent expressions, and the teacher
implemented the tasks and constructed a library selecting students’ different
solutions and works. The teacher used this modeling for the first time and gave lots
of time for the instruction. Students worked on to show and explain 4s+4 expression
equaled with 4(s+1), sts+s+s+4, 2s+2(s+2), and 4(s+2)-4 within different pictures.
This task had a context that asked the border of a square pool. As a result, the teacher
recognized the usefulness of using the visual strategies based on area modeling to
improve students’ conceptual understanding than using only distributive property as
procedural. Hallagan (2004) suggests getting a library that includes students’

exemplary works to develop teachers’ knowledge and improve algebra instruction.

2.7.2.2. Students’ Conceptualization of Algebraic Expressions

The studies about algebraic notations and manipulations of algebraic
expressions show that students do not have adequate conceptual knowledge for
understanding the structure of the expressions and they have difficulty with
manipulating them (Banerjee & Subramaniam, 2012; Booth, 1984; Gunnarsson,
Sonnerhed, & Hernell, 2015; Kiichemann, 1981; Livneh & Linchevski, 2007; Seng,
2010). MacGroger and Stacey (1997) proposed four reasons for students’ difficulties
about using algebraic notations: “intuitive assumptions and pragmatic reasoning
about a new notation, analogies with familiar symbol systems, interference from new
learning in mathematics, and the misleading teaching materials” (p. 1). Knowing and
taking into the reasons account can support teaching and learning algebra.
Furthermore, Seng (2010) identified students’ errors about simplifying algebraic
expressions in detail. These errors are incorrect order of operation (e.g.

2xat+at+15=30+a+a), addition of integers incorrectly, ignoring coefficients of 1 or -1
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in front of the variable, multiplication of negative integer before the bracket
incorrectly, ignoring the multiplication of second term in the bracket in using
distributive property, addition of exponential form of expressions (e.g. 3a*+4a’=7a*
and writing the result 14a), conjoining expression incorrectly (e.g. 3a+3=7a or 7).
Consistent with the reasons that were proposed by MacGroger and Stacey (1997),
Seng (2010) also asserted possible causes for these errors as following; interference
from new learning, difficulty in operating with the negative integers, misconceptions
of algebraic expressions and misapplication of rules. As stated, new learnt concepts
can lead students to inference some incorrect rules such as in the exponential
algebraic expressions. Students can operate negative integers when they are
coefficients of terms incorrectly that they could add -6x+3x as -9x. Besides, students
did not conceptualize algebraic expressions and had misconceptions. For example,
they can think ab and ba are unlike terms, or the coefficient of a is 0. MacGroger and
Stacey (1997) explained this situation with intuition about new notation. Last,
students made errors in application of rules mostly in multiplication such as axa=2a,
and particularly application of distributive property with ignoring the multiplication
of second term in the bracket such as 2(4a+3) = 8a+3. Seng (2010) concluded that
students do not have conceptualization of algebraic expressions and thus students’
understanding should be developed for simplifying algebraic expressions.

One of the commonly suggested approaches of many studies related with
teaching algebraic expressions is transformation arithmetic to algebra (Livneh &
Linchevski, 2007; Subramaniam & Banarjee, 2004; Warren, 2003). In this context,
Banerjee and Subramaniam (2012) implemented a teaching approach to support 6"
grade students’ understanding for transition of arithmetic to algebra in the beginning
algebra. They investigated the development of students’ algebraic thinking
throughout the approach over two years. They focused on particularly understanding
rules and procedures in operations, simplifications of algebraic expressions, and
equivalence of expressions. Thus, they aimed to give students the idea of similarity
of the structure of arithmetic expressions and algebraic expressions connecting them

with rules and properties used. One of the examples from the tasks used was that
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“which of the expressions given is equal to 23+17x15+12” and “simplify of
S5xx+16+7xx-11". This study was conducted as a design research and the teaching
trials were revised during the study. Banerjee and Subramaniam (2012) found that
students could use the rules and procedures in addition and subtraction of algebraic
expressions, and they could also understand the reasoning of the equivalence of
expressions. As a result, the researchers emphasized the importance of connecting
arithmetic with algebra at the beginning algebra to help the improvement of students’
understanding of algebraic expressions. Particularly, teachers should be supplied the
experiences about algebraic expressions with proving the equivalence of them to
promote students’ understanding (Ayalon & Even, 2013).

With similar purpose, Livneh and Linchevski (2007) implemented an
intervention as a direct instruction including numerical contexts that could address
future algebraic structures such as order of operations, collecting like terms and the
use of equal sign. To illustrate, “Is 75-25+25 equal or not equal to 75-50?” could
address “Is 16-4x+3x equal or not equal to 16-7x?” (p. 219). This study showed that
arithmetic teaching including corresponding algebraic purposes can support students’
understanding of algebra. Similarly, Subramaniam and Banarjee (2004) found that
the students who learnt algebra connecting with arithmetic were better on writing
algebraic expressions of verbal statements, simplifying algebraic expression, and
applying rules in operations with bracket expressions than other students learnt
algebra without arithmetic.

With a more particular perspective on algebraic expressions, the order of
expressions and the role of brackets are examined in studies (Hoch & Dreyfus, 2004;
Marchini & Papadopoulos; 2011; Livneh & Linchevski, 1999). The studies
suggested that elementary level students could do operations more correctly with
emphasizing the brackets. However, Gunnarsson, Sonnerhed and Hernell (2015)
investigated whether the brackets helped students to operate such expressions at+bxc
correctly. They concluded that use of brackets did not assist students to apply the

rules in learning the order of operations in expressions. Livneh and Linchevski
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(1999) suggest giving the structure sense of expressions to improve students’

understanding.

2.8. Summary of the Literature Review

The literature review began with the frameworks of teacher knowledge in
general. In the section, the components of teacher knowledge were explained, and the
different models of teacher knowledge were compared within themselves. The
models have common components like subject matter knowledge, pedagogical
content knowledge, and curriculum knowledge (Shulman, 1986). Whereas, curricular
knowledge was examined in the context of pedagogical content knowledge in some
models (Grossman, 1990), some of them added new components to Shulman’s
categorization (Cochran, DeRuiter, & King, 1993; Magnusson, Krajcik & Borko,
1999). These components were like knowledge of students such as knowledge of
learners and abilities, and knowledge of context such as school culture were
emphasized and included to some models. Then, the models specific to mathematics
teaching were reviewed and they put forward PCK concept that mathematics teachers
must have (An et al., 2004; Chick et al., 2006; Fennema & Franke, 1992; Rowland et
al., 2005). From these models, Ball et al.’s model for mathematical knowledge for
teaching (MKT) was examined especially as the conceptual framework of the study.
Ball et al. (2008) proposed sub-domains for content knowledge and pedagogical
content knowledge for MKT. Furthermore, since the aim of the study is to examine
teacher knowledge of algebra, the models for algebra knowledge also reviewed.
These models were also based on Shulman’s teacher knowledge concept and they
presented features related with to specific algebra topics such as functions,
inequalities, and linear equations at secondary level (Artigue, Assude, Grugeon, &
Lenfant, 2001; Even, 1990, 1993; Ferrini-Mundy et al., 2006; Kieran, 2007; Li,
2007).

The studies have emphasized the importance of teaching algebra in early

years to facilitate students’ transformation of arithmetic knowledge to algebra (Cali,
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Ng, & Moyer, 2011; Van de Walle et al., 2013). Moreover, the studies showed that
students’ algebraic thinking can be developed with appropriate approaches such as
tasks or discourse (Ferrara & Sinclair, 2016; Warren & Cooper, 2008; Warren,
Cooper, & Lamb, 2006). At that point, examining teachers’ teaching early algebra
that is the beginning of algebraic thinking can be more advantageous to enhance
students’ learning conceptually. As teachers have important role in teaching and a
positive effect on students’ achievement (Fennema, Carpenter, Franke, Levi, Jacobs,
& Empson, 1996; Hill, Ball, & Schilling, 2008; Hill, Rowan & Ball, 2005;
Tchoshanov, Lesser, & Salazar, 2008). Particularly for algebra teaching, Malara and
Navarra (2009) pointed out this issue and showed the importance of teachers’ roles in
discussion of pattern generalization for construction of children’ knowledge in their
study.

The studies about learning algebra show that students generally have
difficulty in generalizing patterns algebraically and manipulating algebraic
expressions as early algebra (Amit & Neria, 2008; Becker & Rivera, 2005; El
Mouhayar & Jurdak, 2016; Kieran, 2007; Lannin, Barker, & Towsend, 2006; Rivera,
2010; Rivera & Becker, 2008; Steele & Johanning, 2004; Walkowiak, 2014; Warren
& Cooper, 2008). Actually, as Capraro and Joffrinon (2006) stated that the
development of the concepts of variable and algebraic expressions both procedurally
and conceptually is important for writing and solving equations later. Thus, it may be
more 1important to investigate middle school students’ difficulties and
misconceptions in these topics as the beginning algebra. Especially, understanding
functional relationship between the position number and the term in pattern
generalization can support the learning the concept of function in later grades
(Usiskin, 1988). However, Jurdak and El Mouhayar (2014) examined students’ (4th
to 11" graders) generalization conceptions and concluded that the students had
difficulty in generalization of patterns algebraically more than extending the pattern.
This finding might show that the wide range as elementary, middle school and
secondary school level students’ difficulty in the concept of generalization. This

finding was consistent with Becker and Rivera’s (2005) conclusion that older
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students also had difficulty in pattern generalization. Similarly, Seng (2010)
presented different misconceptions about algebraic expressions that students had in
manipulating them. As well as Malara and Navarra (2009) indicated the importance
of the role of teachers in teaching generalization of patterns, Ayalon and Even (2013)
suggested the development of teachers in order to promote students’ conceptions of
algebraic expressions.

In addition to the students’ difficulties in early algebra, the teachers also had
lack of knowledge for teaching these topics. EI Mouhayar and Jurdak (2013)
explored that the teachers did not have adequate knowledge to explain the reason of
the students’ strategies for generalization. Besides, Wilkie (2014) found that upper
primary teachers’ knowledge of content and students and knowledge of content and
teaching of functional thinking were not adequate and conceptual. Even, they had
difficulty in using algebra for generalization as subject matter knowledge. Similarly,
for teaching algebraic expressions, Tirosh et al. (1998) suggested improving
teachers’ knowledge of students’ thinking in order to design their lessons effectively.

Considering the importance of teacher knowledge for students’ learning,
revealing teachers’ existing knowledge and what knowledge they need to have in
generalization of patterns and operations with algebraic expressions might provide
teachers to assist developing students’ understanding, as the purpose of the current
study. Moreover, as it has been indicated that there are few studies about teachers’
knowledge and practice of these topics in literature (Bas, Erbas, & Cetinkaya, 2011;
Doerr, 2004; El Mouhayar & Jurdak, 2013; Kieran; 1992; Wilkie, 2014). At this
point, this study can be considered to contribute to mathematics education literature

with this investigation to the lack of research about knowledge of algebra.
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CHAPTER 111

METHODOLOGY

The purpose of this study is to examine the middle school mathematic
teachers” mathematical knowledge for teaching generalization of patterns and
operations with algebraic expressions. More particularly, teachers’ subject matter
knowledge and pedagogical content knowledge that form MKT are investigated in
planning and implementing the lesson for teaching generalization of patterns and
operations with algebraic expressions. Besides, it is also aimed to examine how
teachers use their MKT in teaching these algebraic topics in their instructions. In this
context, the following research questions are framed:

1. What is the nature of middle school mathematics teachers’ mathematical
knowledge for teaching (MKT) generalization of patterns in planning and
implementing lessons?

l.a. What is the nature of middle school mathematics teachers’
mathematical knowledge for teaching (MKT) for generalization of patterns in
planning lessons?

1.b. What is the nature of middle school mathematics teachers’
mathematical knowledge for teaching (MKT) for generalization of patterns within
the practices of implementing lessons?

2. What is the nature of middle school mathematics teachers’ mathematical
knowledge for teaching (MKT) operations with algebraic expressions in planning
and implementing lessons?

2.a. What is the nature of middle school mathematics teachers’
mathematical knowledge for teaching (MKT) operations with algebraic expressions

in planning lessons?
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2.b. What is the nature of middle school mathematics teachers’
mathematical knowledge for teaching (MKT) operations with algebraic expressions
within the practices of implementing lessons?

3. How does middle school mathematics teachers’ subject matter knowledge
(SMK) influence their pedagogical content knowledge (PCK) in the context of
teaching generalization of patterns and operations with algebraic expressions?

This chapter presents the research design and the characteristics of case study
first. Then, for this case study, participants and the procedures of data collection are
explained. The framework and the procedures for data analysis are presented in the
following sections. Finally, the trustworthiness of this study is explained.

3.1. Research Design

In this study, qualitative research design was used to reveal middle school
mathematics teachers’ mathematical knowledge for teaching in the context of
generalization of patterns and operations with algebraic expressions. Patton (1985)
defined qualitative research as “an effort to understand situations in their uniqueness
as part of a particular context and the interactions there” (p. 1). For this effort,
qualitative researchers investigate situations in their natural settings with the
meanings of people attribute (Denzin & Lincoln, 2005).

Creswell (2007) explains about conducting a qualitative research, that if a
problem or issue needs to be explored, complex and detailed understandings of the
issue and the interpretations of the participants are placed. Qualitative research
begins with assumptions and a theoretical perspective for a problem and inquiries the
meanings of individuals or groups about this problem. This qualitative inquiry
continues in a natural setting, with inductive data analysis and forming themes from
data. In conclusion, there are interpretations of participants and researcher about the
problem (Creswell, 2007). The concern of the researchers in qualitative research is
the interpretations and meanings that people have about their experiences (Merriam,
2009).
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Merriam (2009) describes four characteristics for the qualitative research.
One of them is the focus on the process, understanding, and meaning that the
researcher investigates in natural setting. For this study, the researcher’s focuses are
what the nature of the mathematical knowledge for teaching (MKT) is and how the
teachers attend their MKT in class in the process of teaching of generalization of
patterns and operations with algebraic expressions. As Merriam (2009) indicated that
the researcher did not intervene to this process. The researcher attempted to
understand the teachers’ MKT with examining their teaching, experiences and the
meanings that they attributed without intervention in the current study.

The second characteristics is that the researcher is the primary instrument of
data collection and analysis (Merriam, 2009). The researcher can adapt
herself/himself regarding to what is investigated with considering the purpose of the
study. The researcher also can interpret the data with holistic perspective by
collecting the data with acquiring unexpected situations, the correctness of responses,
and the interactions at the time as well as the planned and expected process. Since
the classrooms has complex structure, the qualitative research provides to examine
this atmosphere (Lagemann & Shulman, 1999). This study has also this type of
context and the researcher had opportunity to observe the teaching process in class as
natural setting with expected and unexpected situations, the responses and reactions
of teachers in teaching and students in learning, and their interactions at the time.
Thus, the researcher adapted herself regarding considering the possibilities and also
investigated the teachers’ knowledge with several perspectives. In connection with
the data collection process, the researcher could analyze the data taking the teaching
process on the whole and in depth into consideration. Especially, in this study, the
researcher’s observation of the lessons, and communication with the teachers
throughout the teaching process provided and eased forming the themes and codes to
analyze the data.

The third characteristics is the inductive process that the collected data is used
to develop concepts or theories, or to explain the concepts within the theory
(Merriam, 2009). In this study, it is aimed to explain the teacher knowledge of
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algebra within the model of Mathematical Knowledge for Teaching. In analysis
process, forming themes and codes also was inductive and they depended on the data
that was gathered from observations, interviews and written documents. Based on the
model of MKT components and their descriptions, the codes were formed for this
study. The findings also cannot be determined before the investigation; they are
explored in the process of research.

The fourth characteristics is the descriptive product that words are used to
explain what is investigated than the use of numbers (Merriam, 2009). The
researcher used the transcribed videotapes, interviews, field notes, and lesson plans
as written documents to give detailed description for teachers’ MKT in this study.

In sum, the qualitative research design, especially case study, is preferred for
this study in the light of the explanations regarding the characteristics of the
qualitative research. In the following section, the characteristics of case study that is
used for the current study are explained.

3.2. Case Study

Creswell (2007) states that case study approach includes a case/cases that is
explored by the researcher, detailed and in-depth data collection from multiple
sources (e.g. observations, interviews), and reporting the themes for the case.
According to Yin (2003), case studies are used to answer “why” and “how”
questions about a phenomenon in real-life. Yin (2003) gives a technical definition for
case study as “a case study is an empirical inquiry that investigates phenomenon
within its real-life context, especially when the boundaries between phenomenon and
context are not clearly evident” (p. 13). In case studies, what is investigated is
considered with their variables related with the context (Yin, 2008).

Merriam (2009) considers that the case is a bounded system regarding the
purpose of the study. The researchers (Fraenkel, Wallen, & Hyun, 2012; Merriam,
2009; Miles & Huberman, 1994; Stake, 2006) define the case as a phenomenon
which is bounded within context. They explain that the case might be an individual,
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an event or a situation, an activity or process. Regarding to the case within context,
the concept of the unit of analysis is proposed for case studies. The unit of analysis
would be “one particular program, classroom of learners, one older learner”
(Merriam, 2009, p. 41). The qualitative researchers determine the unit of analysis by
considering the purpose of the study as what is aimed to investigate.

Merriam (2009) asserts that the phenomenon is must be bounded to be case.
This bounding can be provided with limiting the time for data collection, the number
of people to participate to the study, or the topic that is investigated. These
boundaries also used for the current qualitative research. The time and topics are
limited with the duration of instruction of algebra units, particularly generalization of
patterns and operations with algebraic expressions. Because the purpose of this study
is to examine the nature of mathematical knowledge for teaching algebra of middle
school mathematics teachers. Thus, the instruction of these topics were lasted for
four weeks and the research was carried out for these weeks as time was limited. The
participants also were limited with two middle school teachers, since the teachers
taught these topics based on the curriculum at the same time.

In case studies, investigating the case within the context provides to evaluate
the variables that interact with the case. Thus, the researcher presents a holistic
description with case study (Merriam, 2009). For this study, the observations of the
instructions provided to consider the whole teaching process including the teachers’
teaching and the students’ learning in class time. The pre and post interviews also
helped to understand the teaching process in the perspecti