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ABSTRACT

Il NVESTI GATI NG MI DDLE SCHOOL MATHEMATI CS
MATHEMATICAL KNOWLED GE FOR TEACHING ALGEBRA: A MULTPLE
CASE STUDY

Girit, Dilek
Ph.D., Department dilementaryEducation
SupervisorAssoc Prof.Dr.Didem AKY | Z

November2016 423 pages

The aim of this study was to examineniddle school mathematict e ac her s 0
mathematical knowledge for teaching generalization of patterns and operations with
algebraic expressions in planning and implementing proceBsés were collected

from two middle school mathematics teachendso workedin the same public

school throughout the instruction of algebra unit 8tgfade.In data collection

process, lesson planprepared by the teachers, jmigservation interviews,
observations,field notes, and posibservation interviews weresed as data
collection tools. The teachers prepared lesson plans indilicand implemented

them in the instruons. The researcher observed the lessons and took notes. After
the implementdon, the researcher conducted tredlective interviews with the

teachers Data were analyzed qualitativelyithin the frame ofMathematical
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Knowledge for Teaching (MKT) modellhe descriptions and definitions of the
knowledge domains of MK1vere utilizedfor analysis Findings indicated that the

teachers had lack ofspecialized content knowledge about mathematical
representationsuch as figuralrepresentatiorfor patterns or algebra tiles for

algebraic expressions.hTe t eacher s6 ¢ oncoemmdnucantent and a
knowledge CCK) andspecialized content knowledg8GK) had a positive impact

on their pedagogical content knowledg@(K). When the teachers had strong
subject matter knowl edge, dctoenyKCs8)amadk i nt o
they used teaching methods effectively (KCThus their strong knowledge also
influenced positively classroompracticesto be effective However, the teahers

need to have a good conceptual mathematical understanding and also knowledge of

st ude nt sroorderhoidesigeffeciyvelassons.

Keywords: Mathematical Knowledge for Teaching, Generalization of Patterns,

Operations with Algebraic Expressions.
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CHAPTER |

INTRODUCTION

There can be many factors that affect st
achievement with respect to the perspectives of students and teachers in mathematics
education. @e of these aspects that comes from the perspective of teacher is
teacherds knowl edge. Tthiea tr etseeaaq lcenr sedv i kKdremwlee ¢
positive effect on studentsd achievement ( Fe
& Empson, 1996; Hill, Ball,& Schilling, 2008; Hill, Rowan & Ball, 2005;
Tchoshanov, Lesser, & Salazar, 2008)is idea is also supported with international
exams such as PISA (Programme for International Student Assessment), studies such
as TEDSM (Teacher Education and Developnm&tudy in Mathematics) and LMT
(Learning Mat hemati cs for Teaching), t hat
mat hematics content knowledge is i mportant f
Delaney, 2012).

Teacherés knowledge as anedbyrShimans f i r st r
(1986), and he claimed thabntent knowledgaes a missing part of exams to
certificate teachers by examining tests for teachers and he defined content knowledge
as fithe amount and organization ofp. knowl edge
9). He divided content knowledge into three categories: subject matter knowledge,
pedagogical content knowledge and curricular knowle8galman (1986) indicated
t hat Afpedagogi cal content knowl edge include
learningspci fi c topi cs e &maoe theny madyirdséaickers haved ( p . 9)
identified the components of teacher knowledge and elaborated this concept (Graeber
& Tirosh, 2008). To illustrate, some researchers (e.g. Even & Tirosh, 1995; Fennema
& Franke, 1992; Marks, 1990) added knowledge of students, some of them (e.qg.
Grossman, 1990) added knowledge of curriculum, and knowledge of instructional
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strategies as important components to pedagogical content knowledge. Actually, i
has been shown that content kheage is more effective for teaching with
pedagogical knowledgaséll, Thames, & Phelps, 2008all, 2000;Hill, Rowan, &

Ball, 2005;Hill, Schilling, & Ball, 2004).

1.1 Mathematical Knowledge

Il n recent year s, sever al kmnoelsdgeaforc her s
mathematics, especially in mathematics education. Stacey (2008) explained what
mathematical knowledge that teachers should know for secondary teaching by
examining teacher education program. According to her, teachers should have
knowledge ofthe content of mathematics, experience of doing mathematics with
problem solving, investigations and modeling, knowledge about mathematics that
includes history and developments of concepts, and knowledge of how to learn
mathematics.

Based on mawbrknaevedakreséarchers developed frameworks
for teacher knowl edge in mathematics &ed
framework that includes the concept of profound understanding of fundamental
mathematics. However, she does not only focus owlaage of mathematics, she
indicates that knowledge should be combined with knowing when and how to use for
teaching. Anot her framework is An, Kul m
content, teaching and curriculum components and there is knowlédegching in
the center of this framework. Although Ma thinks that teachers should have profound
understanding of fundamental mathematics, An et al. (2004) think profound content
knowledge is not sufficient itself and suggest that the combination ofntosubel
pedagogy is an important aspect for teaching mathematics effectively. Thus, they
definepr of ound pedagogi c addeep and bread knowdedge df k n 0 w |
teaching and curriculumm ( p . 14 4h&i) framework, pedagogical content
knowledge of s udent s6 thinking is explained as

on student sb i deas i n mat hemati cs, addr e
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students in mathematics learning, and promoting student thinking about mathematics.
These categories inkk@ different components, for example, the category of
engaging students in mathematics learning has six components such as manipulative
activity, connecting to concrete model, using one representation and both
representations, giving examples, and conngcto prior knowledge (An et al.,
2004, p.155). They note that I f teachers kn
guides teachers for better mathematics teaching with developing their knowledge of
content, curriculum and instruction. Similarly, basedohul mandés 1 dea of PCK
other literature (Ball, 2000; Ma, 1999), Chick Baker, Pham, and Cheng (2006)
proposed a detailed framework of explicit elements of PCK. There are three
categories in this framework; clearly PCK, content knowledge in a pedagogical
context, and pedagogical knowledge in a content context. The elemesiézaity
PCK category are about pedagogy and contentu c h as studentso t h
misconceptions; the second categorgastent knowledge in a pedagogical context
about content knowdge for teaching such as conceptual and procedural knowledge,
the third categorypedagogical knowledge in a content contiexaibout knowledge
and strategies for particular content of mathemgadiesh as classroom techniques for
teaching.
Ball, Thames,and Phelps (2008) proposed a model for mathematical
knowledge for teaching. This model is a domain map that shows mathematical
knowledge for teaching consisting of subject matter knowledge and pedagogical
content knowledge. Subject matter knowledge hasmmmcontent knowledge and
specialized content knowledge components. Common content knowledge (CCK) is
Amat hemati cal knowl edge that is wused in teac
and it is used by people working with mathematiaad specializedcontent
knowledge (SCK) is specific to mathematics teachers (Bidep, Lewis,& Ball,
2007, p. 132). According to Ball et al. (2008), PCK consists of knowledge of content
and students (KCS), knowledge of content and teaching (KCT), and knowledge of

conent and curriculum (KCC). They separate KCS from subject matter knowledge



and explain KCS wi t h focusing on Stuc
understanding and they also note that teachers should know KCS.

As it is seen, the theory of teacher knowledges wdgveloped first by
Shulman (1986), and then it has been continued to be evaluated, elaborated and
investigated in other areas, particularly mathematics education. Researchers have
been trying to explain teacher knowledge for particular mathematicaktagpich as

algebra (e.g. functions), probability, and statistics (Graeber & Tirosh, 2008).

Howevert her e has been | ack of research abou
algebra in the literature (Doerr, 2004; El Mouhayar & Jurdak, 2013; Wilkie, 2014).
Studentsd | earning and wunderstanding of

regarding studentsd perspective as stude
and difficulties; andthere have been many studmbich show middle and high

school studentshave difficulties with algebra (Cooper, Boulthewis, Atweh,

Pillay, Wilss, & Mutch, 1997; Linchevski & Livneh, 1999; Sfard & Linchevski,

1994; Stacey & Macgregor, 199%Warren, 1999 However, algebra teaching,
considering the aspects of what and hogehbfa is taught, has not been examined

much in the perspective of teacher when reviewing mathematics education literature.

At t hat point, examining teacherso al g
understanding how students learn algebra and why they u$waly difficulty in

learning it. Two of the issues that were important and difficult about algebra teaching
and |l earning for teachersdo development
knowl edge of teachers for t eacknawmgg al ge
(Doerr, 2004). Considering these issues in learning and teaching algebra, it may be
said that there is a need to do research for learning and teaching algebra regarding

teachersodo knowl edge.

1.2. Algebra in Mathematics Education

According to RakesValentine, McGatha, and Ronau (2010), algebra is core
for devel oping of understanding of hi gh
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learning fundamental concepts of algebra is an important issue. These fundamental
concepts argariables, writing algebraiexpressions, and simplifying with algebraic
expressionshat are introduced to students &tdFade inthe curriculum developed
byMi ni stry of Nati onal Education ( MoNE, 2013
can be suitable for this situation that Carradued Schliemann (2007) defined early
al gebra as Acompass al gaabed mstractiom en@sgo Nni ng an
young learnel$ r om approxi mately 6 to 12nctears of a
of Teacher s oNCTNW 42000)cendarsemens asppofted the idea
that algebra should be taught in early grades, and The Rand Mathematics Study
Panel Report (2003) indicates that algebra in elementary curriculum is a gatekeeper
for K-12 schooling. Schmittau (2005) examines the Vygotskian Perspectice wh
emphasizes that students should be taught initially the most abstract and general level
of understanding to develop algebraic thinking. Vygotsky states that the students
should have theoretical and empirical concepts to learn mathematics or algebra.
Empirical concepts can be learned from everyday experiences, but theoretical
concepts are given to students by teachers and so it is important to constitute the
theoretical basic in the elementary school years (Schmittau, 2005). As another
suggestion, Kierarf2007) developed a model about what should be done in early
grades. Based on this model, working with unknowns, variables, and equality, such
as equations that represent problem situations, expressions of generalization as
generational activity; and facing, substituting one expression for one another,
adding and multiplying polynomial expressions, solving equations and inequalities as
examples for transformational activity, can be done in early algebra.
Algebraic thinking develops with generalizingpdtterns and using variables
in elementary and middle school levels and this development confirtmespre
kindergarten to high school (Van de Walle, Karp, & B&yliams, 2013).When our
middle school mathematics curriculum is examined, in grade 6, ajagion from
patterns is given to build studentsd al gebr
expressions expressing verbal statements in algebraic form; in grade 7, solving

simple equations and linear equations, drawing linear graphs; and in grade 8,
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identities and factorization are taught within the content of algebra learning domain
(MoNE, 2013). If the students could learn the algebra topics regarding the objectives

in these grades, they would have a conceptual algebraic thinking in later grades.
Thus, supporting the students to think algebraically in elementary grades could
prevent middle and high school student so
2011). Sincemiddle grade and lower secondary school students have difficulties in
algebra, larning of algebra topics early yearshas gained importance to prevent

the difficulties in older grades (&ran, 2007).This suggestion is also practicable
since research results showed that St ude
could be develped with the approaches, such as tasks, or discourse that supported
algebraic thinking (Ferrara & Sinclair, 201Btalara & Navarra, 2009Warren &

Cooper, 2008; Warren, Cooper, & Lamb, 2006).

At this point, it may be said that teachers have importantinoteaching
algebraMal ara and Navarra (2009) emphasize
the construction of chil drenoJherk s@awl ed g
didactic cut in the childdés thounglthe i n t
students have a resistance in operating with unknowns in the transition to algebraic
thinking (Gallardo, 2000). Teachers may overcome this obstacle with their roles in
t he classroom in earl vy grades while tr
knowledge of arithmetic to beginning algebra. In connection with this, the
examination of the teaching of beginning algebra may proanrdenderstanding on
how studentsd | earning i mproves conceptu
teaching and a positie ef f ect on st Wreheema, Carperdec, hi e v €
Franke, Levi, Jacobs, & Empson, 1996; Hill, Rowan & Ball, 208®wever, there
have been few studies related to teaching of early algebra topics (Doerr, R@94).
studies about teacher subject matk@owledge focused on generally functions,
slopes, and equations (e.g. Even, 1990; Stump, 1999; Even, Tirosh, & Robinson,
1993) . Besi des, more recent studies foc!
pedagogical content knowledge for middle grade awbrsdary grade level algebra
topics.Artigue, Assude, Grugeon and Lenfant (2001) described three dimensions, as
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epi stemol ogical, cognitive, and di dactic di
inequalities; FerrinMundy, Floden, and McCrory (2006) develogatbwledge for

teaching algebra framework for teaching expressions, equations inequalities, and

function at middle school and secondary level; and Li (2007) proposed a framework

for teachersdé knowledge specifieatchmers®d vVving
knowl edge of studentsd thinking as pedagogic
algebra word problem solving (e.g. van Dooren, Verschaffel, & Onghena, 2002;

Nathan & Koedinger, 2000). As it is seen, the proposed models and frameworks

generally a@ about the algebra topics at secondary level (Doerr, 2004). Although

there have been studies about algebra knowledge, Wilkie (2014) has asserted that

there ar e few studies about teacherso Kno\
particul ar | yeinteaahingy graces$ Thps; thix study focused on both

teacher knowledge and teacher practice for teaching early algebra topics to develop

teacher algebra knowledge literature.

1.3. The Significance of the Study

Al gebr a i s e s s e n standirig offthighr scheot mathemmatics 6 under
(Rakes et al., 2010). However, students have resistance in the transérithrogtic
thinking to algebraic thinkingGallardo, 2000Q) If this transition to algebra is not
provided conceptually, students may have clifly in mathematics since then, and
there have been many studies which shoiddle and high school students have
difficulties with algebra (Kieran, 2007; Sfard & Linchevski, 1994; Stacey &
Macgregor, 1997; Warren, 199®specially, in this study, the iestigation of early
algebra topics may be useful to understand where studieimido not conceptualize
fundamental concepts of algebra in transition to algebraic thinkihghat point,
how algebra teaching in early grades should be is a critical asli¢he teaching
role belongs to the teachers in mathematics education. The teachers have this role,
since they are the practitioners of what is suggested by the curriculum for effective
al gebra teachi ng Qomeaim th& roldof tpgamen tedtiting 4 ) .
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algebra to student s, examining teachersbo
one of the components of MKT, may be useful for understanding the reasons of
studentsdé misconceptions and difficultie
having the studentso be prepardo transfer algebra, designing their lessons, and
completing their knowledge effectively. If the problems are overcome in early
al gebr a, it eases studentsd understandi n.
Moreover, research ned t s have shown that t each
positive effect o (Ball,s2000;dHd, Roved & Bal, 12004).v e me n t
Chazan et a[2003) also assumes that if teachers have right knowledge, this provides
an Il ncrease i n st u d,e ih tinssérvice a tedchers vhavee n t .
misconceptions and lack of knowledge about algebra based on the findings of this
study, trainings can be done to assist them for developing their knowledge. It may
help to increase studentso6 achievement i
More partcularly, the scope of this research includes generalization of
patterns and operations with algebraic expressions, and these are also important for
devel oping studentsdé algebra conceptual:
indeed all of mathemasc i s about generalizing patt
patterns provides using arithmetical relationships between the input and output
values and this is seen as one of the components of algebra (Katz, 1997; Usiskin,
1988). Generalization is important fateveloping the schemas about algebraic
thinking (Hargreaves, Threlfall, Frobisher, & Shorrodksylor, 1999; Steele &
Johanning, 2004). The understanding of functional relationship between the position
number and the term can support the learning of tmeapt of function in later
grades (Usiskin, 1988). Thus, how the teachers teach and give the idea of
generalization inthe context of patterns can providederstanshigt he st udent
learning and help them to form meaningful schemas of algebra. After the
conceptualization of variable and algebraic expression within generalization of
patterns, the context of operations with algebraic expressions provides the procedural

understanding of these concepts that the students manipulate algebraic expressions



with adding, subtracting and multiplying in the learning of this topic (Capraro &
Joffrinon, 2006).

This study which is also important for examining middle school mathematics

teachersbo knowl edge about al gebr a, i s expe
educatioriiterature. As the researchdrsB a K , Erbak, & ¢etinkaya, 20
El Mouhayar & Jurdak, 201Xieran; 1992;Wilkie, 2014) indicated, mathematics

education has | ack of research about teacher

been an increasy interest in investigating teacher content knowledge and

pedagogical content knowledge of algebra (Saul, 2008). The current study focused

on the teachersd knowledge in a process in t
the qualitative research desigan enable to gain detailed and rich information about

the investigated phenomenon, this methodology is preferred for this study in order to
examine teachersd knowledge rather than <co
(Cresswell, 2007). Two teachers parci pat ed i n this study anc
instruction for each topic was considered as a case and their knowledge was the unit

of analysis within the context of this research. Actually, the quantitative studies, even

large scale projects (TED®, LMT, COACTIV) were conducted to investigate

teacher knowledge. However, measuring teacher knowledge quantitatively with a

survey and once at a time can limit the understanding of the concept (Hill et al.,

2008). Kahan, Cooper, and Bethea (2003) suggest conduptaigative research

with different teachers to determine teacher knowledge with the aspect that affects

the teaching process. Wi th the current study
give us more detailed information about their knowledge amdralsble patterns as

the study was focused on a long process. In this process, the observation of the

instructions and the interviews with the teacher could give an accurate picture of
teacher knowl edge. Besi des amgtruction,itheg t he t ea
process of their planning of the lessons were also analyzed. While the planning
provided an understanding of the teachersbod

provided an observation on how the teachers used their knowledge for teaching.



Thus, the data collection process of this study could give a holistic understanding
about the teachersodo teaching with planni
Bal | and her coll eagues (2008) develo
(1986) theory of teacher knowledge asitemt knowledge and pedagogical content
knowledge. This MKT model has been widely accepted and used by mathematics
education researchers. Teacher knowledge is explained intosdins specific to
mathematic teachingith this model(Hill et al., 2008). Tus, it is also considered to
reveal existing teacher knowledge as specific to algebra teaching with using this
model, which gives detailed descriptions of the knowledge domains. Another reason
for using this model was that it was based on observatianseoh c her s6 i nst r u
qualitative aspect of the development of it. Since the main data of this study was
observations of the instructions, the MKT model was found as appropriate. One of
the aims of the study was t wtheyausediih t he
practice as Ball et al. (2008) indicated. The researchers also explained that MKT
model provided to determine what teachers need to know to teach the content and
how they need to use it in practice. In connection with this, the secondf dhis
study was to propose that the teachers need to know what and how to teach
generalization patterns and operations with algebraic expressions. Stacey and Chick
(2004) asserted that developing knowledge forms for teachers to learn and use with
thekowl edge of studentsdé thinking and the
work. The current study attempted to contribute to this aim, to teacher knowledge
literature, even particularly for algebra. Considering the aims of the study under
these contribubns, since MKT model includes content knowledge and pedagogical
content knowledge together, it was preferred to be used for this resdarelover,
this study also attempted to explore timfuence of subject matte knowledge
(SMK) on pedagogical contérknowledge(PCK) qualitatively in the context of the
algebra topicsEven (1993) emphasized that conceptual subject matter knowedge
required for teaching mathematics effectively. Sitlue study also seeks what is
needed for teaching algebrtne role of SMK in teachingis investigated Several

large-scaleprojects also found that content knowledge wexgiired for pedagogical
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content knowl edge (Ball et al ., 200 8; Bl ° me
Krauss, Baumert, & Blum, 2008aBesidesDepaepe et al. (2015) pointed out the
need of thequalitativeresearch about the relationship between content knowledge
ard pedagogical content knowledge for particular mathematical confénis, this
study might contribute to the literature of teacher kieolye by exploring the
influence of SMK on PCK

Examining teachersd6 knowledge can al so be
education programs and if teachers have misconceptions and lack of knowledge
about algebra, teacher educators can design their pregamd method courses
regarding devel oping prospecti ve teachersbo
mathematics teacher educators indicated that teachers need to have conceptual and
connected knowl edge about algebra to suppo
However, Magiera, van den Kieboom, and Moyer (2013) asserted that the
suggestions on how to develop the teacherso
that point, the current study, such studies, could reveal existing teacher knowledge
and what it is lack o and how the teachers use their existing knowledge. This
situation may help the mathematics teacher educators to design training programs to
devel op teacher sd knowl etdiggstudy isdonsideredtd hese con

contribute to teaching anddrning mathematics, particularly algebra.
1.4. The Problem Statement

Algebra is one of the learning domains of our middle school mathematics
curriculum and it is introduced to children # §r ade ( Mo NE, 2013) . NC
(2000) endorsement and The Randtianatics Study Panel Report (2003) have
supported that algebra should be taught in early grades because of its important role
for understanding middle school and secondary school mathent&ipgt (2000)
advocated teaching algebra in early grades andhasmed the learning éft he st udy
of functions, relations, and jith ithis t vari at.|i

description, two important conceptsare variable and algebraic expression
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(Subramaniam & Banerjee, 2004). The development of these concepts as
conceptually and procedurally is important for forming an equation and solving it
later (Capraro & Joffrinon, 2006). The concept of variable is taught firshen
context of generalization of patterns, and then in relation with the generalization,
algebmic expressions are taught conceptually and procedurally in the context of
operations with al gebraic expressions
conceptualization of algebra with the concept of variable begins to develop in the
generalization of pattns first. Patterns can provide for analyzing the relationship
between input and output values as numbers within the contexts or figures and
making generalization using variables. It supports the students to transit arithmetic to
algebra and to understatite function of variable in the generalization (English &
Warren, 1998) . According t o Ki eranods
generalization of patterns is a generalization activity and then comes
transformational activity that requires manipulatitige symbolic form of an
expression or an equation in order to
grades. Qerations with algebraic expressions as an algebra topic smaldellect

like terms and multiply algebraic expressions to simplify algelexpressions in the
curriculum (MoNE, 2013). Thus, the scope of this study is teaching generalization of

patterns and operations with algebraic expressions.

I n the perspective of teaching, t eac

aspect of rng;g algkleran assindlicatedeia some studeeslt eacher s 6

knowledge has positivémpacton st udentsd achievement
Franke, Levi, Jacobs, & Empson, 1996; Hill, Rowan & Ball, 2005). However, there

has been | ack of rnevdedge ard Ipracich m algebrd ie thee her s

l i t er ateatei n&Brayxkh, a0d1,; Doerr, 2004; El Mouhayar & Jurdak,
2013; Kieran; 1992;Wilkie, 2014). Considering the importance of algebra as a

learning domain in mathematics and the lack of researchabaue acher s kno

for teaching algebra, the purpose of this study is to reveal middle school mathematics
teachersbo mat hemat i c adenerilimabow |ofe phtjeens dna r
operations with algebraic expressioWith this study, teacher knowdge was
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examined in planning and within the practices of implementing of lesJues.
process of their planning of the | essons pr
existing knowledge. The instruction provided an observation on how the teachers
used heir knowledge for teaching to reveal their practidesestigating teacher
practices as well as teacher knowledge dae | p t o under stand of
understanding since teaching practices suppo
Seltzer,1999) Lampert (2004) defined practice with act
with meaning, and practice is action informed by a particular organizational context
(p. 2).Thus, itwasfocusedort he t eachersdé actions in the pr
throughout thedaching of the topics to extract the practices. In this process, the
observations provided an examination of the
time of the class, while the interviews provided a correct interpretation of what was
observed with sking to the teachers and getting their explanations. As Wilkie (2014)
indicated, the research about teaching algebra in middle school was few, especially,
the study about teacher practice for teaching algebra as classroom research was
scarce. Thus, thiswgdy also contributed to the literature with filling the void about
practicing teacher algebra knowledge in classroom research.
For this study, the following research questions are framed:
1. What is the nature of mi dd| e ticelc hool ma t
knowledge for teaching (MKT) generalization of patterns in planning and
implementing lessons?
1.a. What is the nature of middle school
knowledge for teaching (MKT) for generalization of patterns in planning
lessons?
1.b. What is the nature of middle school
knowledge for teaching (MKT) for generalization of patterns within the practices
of implementing lessons?
2. What i's the nature of mi ddl e school ma t
knowledge for teaching (MKT) operations with algebraic expressions in

planning and implementing lessons?
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2.a. What is the nature of middle sch
knowledge for teaching (MKT) for operations with algebraic expressions in
planning lessons?

2.b. What is the nature of middle sch
knowledge for teaching (MKT) for operations with algebraic expressions within
the practices of implementing lessons?

After, t hese r esear cloredgtheedationship lsefweea n s we |
subject matter knowledge and pedagogical content knowledge as components of
MKT is investigated with the following research question:

3. How does middle schoomathematics eacher sé subject ma t

(SMK) influence thai pedagogical content knowledge (PCK) in the context

of teaching generalization of patterns and operations with algebraic

expressions?

To answer these questions, the researct
Knowledge for Teaching (MKT) theoretickhmework in the study. This model has
two main components as subject matter knowledge and pedagogical content
knowledge and subcomponents as knowledge types. The components (SMK and
PCK) and suldlomains (CCK, SCK, KCS, KCT, and KCC) of MKT model were
ut i lized to analyze the demmlzdtienrokpaterksn owl e
and operations with algebraic expressions in this study. Teacher knowledge is
explained into domains and sdbmains specific to mathematic teaching within this
model (Hill et al., 2008). Thus, it could be considered thather knowledge can be
explained in detail wi t In this studyy, gnalyzihngtlee mo d e
teachersé knowledge using this model, it
their exiging knowledge and alsa proposabn what the teachers need to know for

teaching these topics.
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1.5. Definitions of Important Terms

It is necessary here to clarify exactly what is meant by the terms in the
research questions. In this regard, the seane defined as in the following.

Mathematical Knowledge for Teaching (MKBall et al. (2008) describes
mathematical knowledge for teachisgt at i ng @At he mat hemati cal K n
to carry out the work of t eaddadhinggmothe( p. 395) .
definition and emphasized the tasks and mathematical demands of these tasks related
to teaching. Bal I et al . (2008) explained t
to solve probl ems, answering s&uwemk, s soitques
demands an understanding of the content of
developed moddior mathematics knowledge for teaching (MKT) as a domain map
consists of subject matter knowledge (SMK) and pedagogical content knowledge
(PCK) conponents.

Subject Matter Knowledge (SMKghulman (1986) defined subject matter
knowledge as "the amount and organization of knowledge per se in the mind of the
teacher" (p. 9). According to Shulman (1986), teachers should have the knowledge of
facts and pocedures of subjects with reasoning underlying them. SMK includes the
general mathematical knowledge as common content knowledge (CCK), the
mathematical knowledge specific to teaching as specialized content knowledge
(SCK), and the mathematical knowleddelee relations of the topics between grades
as knowledge at the mathematical horizon (KMH) in the current study (Ball et al.,
2008).

Pedagogical Content Knowledge (PCK)Shulman (1986 defined
pedagogi cal content knowl eahdpgedagogythasipeci al an
uniquely the province of teachers, their own special form of professional
under st andAccogding t¢ Shulmad )(1986), teachers should have the
knowledge of different representations of the concepts, and the knowledge of
studen s 6 thinking. PCK includes the knowl edge
of content and students (KCS), the knowledge of teaching methods and techniques as
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knowledge of content and teaching (KCT), and the knowledge of mathematics
curriculum contents andbjectives as knowledge of content and curriculum (KCC)
in the current study (Ball et al., 2008).

Practice: Practices are defined asc or e activities (wit
domain and appropriate grade levels) that could and should occur regularly in the
teaching of mat h e m&tBatteys 2007( g= 248)n Bawe, et & a z e mi
(1999) stated that the practices are formed between the teacher and the students
that c¢classroom practice can support and
of mathenatics.

Middle School Mathematics Teach#tiddle school where'® 6", 7", and &'
graders receive education after the primary school education in Turkey. Middle
school mathematics teacher is the teacher who teaches mathematics with respect to
the midde school mathematics curriculum to these grades.

Generalization of Patternsthis topic has the objectiveh i ch i s t o fe
using |l etters the relation in number pat
and Re | a{earming sdémairs of kalgea learning area in the™7grade
mathematis curriculum (MoNE, 2009). This objective belongs to algebra learning
area of & mathematics curriculum in the new curriculum (MoNE, 2013).

Operations with algebraic expressionBbhis topic has the objectiveshich
are to fAperform addition and subtraction
Amul tiply two algebraic express-lemnngo und
domain of algebra learning area in th® grade mathematic curriculum (MoNE,

2009) These objectives belong to algebra learning ared" @@ &' mathematics

curriculum in the neveurriculum (MoNE, 2013).
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CHAPTER Il

LITERATURE REVIEW

The purpose of this study was to examine middle school mathematics
teachersbo maewletige rfoa teacbirgl gendralization of patterns and
operations with algebraic expressions. In this context, frameworks about teacher
knowl edge in general and teachersdé algebra k
teaching and learning are reviewedhrs chapter. Furthermore, this chapter includes
the following sections; theoretical frameworks about teacher knowledgggels of
teacher knowledge specific to mathematics teachivegrelationship between subject
matter knowledge and pedagogical conterawledge, models of teacher knowledge
for teaching algebra, early algebrand studiesrelated to teaching and learning

algebraA summary of literature review is presented at the end of the chapter.

2.1. Theoretical Frameworks about Teacher Knowledge

Shulman (1986) first defined the concept of teacher knowledge and since then
this concept has been elaborated and expanded by many rese&@iwhrsan,
DeRuiter, & King, 1993; Grossman, 1990; Magnusson, Krajcik & Borko, 1999).
Especially, several reseami have described teacher knowledge for mathematics
teachers (An, Wu, & Kulm, 2004; Ball, Thames, & Phelps, 2008; Fennema &
Franke, 1992; Rowland, Turner, Thwaites, & Huckstep, 2009). In this section, the
developed frameworks and models for teacher knagden gneral are explained.
Shulman (1986) stated that assessing teacher candidates regarding their
subject matter knowledge and pedagogical knowledge could be a new issue
addressing the research entitled AKnowl edge

exams in 1800s to be a teacher, that had questions mostly based on subject matter
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knowledge and few of them was about pedagogical skills. Thus, he noted that
pedagogical issues were not regarded as important firstly for the qualified teachers.
Then, in 198s, the contents in the examinations for being a teacher were about
reading, writing, and solving problems. Although these examinations were based on
research about designing lesson plans, assessment, the characteristics of children, and
educational poli@s, Shulman (1986) queried where content knowledge to be taught.
According to him, how subject matter knowledge was presented in the instruction
should be questioned. I n this regard, Sh
knowl edgeo itefexmmato cersficatedeacpersrby examining tests for
teachers. Shulman (1986) also asked if content was more important than pedagogy,
or if knowing pedagogy did not require content. He recognized the distinction
between pedagogy and content. When xaened the studies about teaching, he
noticed that the interest of the studies was pedagogical issues such as classroom
management, preparing lesson plans, organizing tiame, giving assignment.
However, Shulman (1986) noted the necessity of answeresg ttype of questions,
AWhere do teacher explanations come from
how to represent it, how to question students about it and how to deal with problems
of misunderstanding?0 (p. 8 ) etuplahbalange he a
among content and pedagogy in their study. In this context, they studied with
secondary English, biology, and mathematics teachers imfitts¢ yearof teaching.
The researchers conducted interviews with the teachers about their planding
interpretations about materials they used, and observed their instructions. They
collected data about their teacher education program. They observed one of the
problems arise during the study that the teachers did not learn some topics to teach,
and trey found the textbooks or curriculum materials insufficient. With this research,
Shulman anchisc ol | eagues devel oped a model for
They proposed three categories for teacher knowledge as subject matter knowledge,
pedagogical aatent knowledge and curricular knowledge.

Shulman (1986) defined subject matter knowledge as "the amount and
organization of knowledge per se in the mind of the teacher” (p. 9). According to
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Shulman (1986), knowing subject with facts and procedures isnmatgh, teachers
need to understand the reason how it is so. Shulman identified the content knowledge
with the structures of subject matter knowledge as substantive and syntactic referring
Schwab (1978). He explained the substantive aspect as the bas&ptsoand
principles of discipline, and the syntactic structure as the validity issues of the rules.
According to Shulman (1986), teachers should explain the facts with warrants, their
value for learning, and the relation with other disciplines based eorythand
practice.
The second category of teacher knowledge is pedagogical content knowledge.
This term is first seen as a component of the theory of teacher knowledge by
Shulman (1986). Pedagogical content knowledge (PCK) is about teaching and a
particuar form of content knowledge (Shulman, 198®edagogical content
knowl edge is defined by Shul man (1987) as
pedagogy that is uniquely the province of teachers, their own special form of
professional u n dhecording aon $hulmagm q1986) p pedagdgical
content knowledge provides teachers to present subjects with different
representations, analogies, illustrations, examples, explanations, and demonstrations
to teach learners effectively. Thus, he also indicated fihpte d agogi c a l cont e
knowledge includes an understanding of what makes learning specific topics easy or
di fficulto (p. 9) . Teachers should know t he
different leveled and aged children have, since teachers could harsfibl@o
difficulties and misconceptiona designing their lessons by using differemthods
and technigues based o nthinkimgé¢Shmam #08B6.d ge of t he
Curricular knowledge is the third category of content knowledge in
Shul manwer kr @6 86 ) . He def i nwithpactioular i cul ar k|
grasp of the materials and programs that se
(Shulman, 1987, p. 8). He also suggested two aspects of the curricular knowledge
that were lateral and wezal knowledge. The lateral curriculum knowledge is about
the connection the topics that is taught with the other topics in different disciplines.
On the other hand, the vertical curriculum knowledge is about knowing and being
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aware of before and aftergtiopics that is taught in previous and will be taught in
future years. Teachers with this knowledge could connect the topics with prior
concepts and next concepts of the same topic.

Shulman (1987) developed a model knowledge base for teaatiiig
categoizing teacher knowledge into seven groups after one year of the proposal of
teacher knowledg concept. These categories apentent knowledge; general
pedagogical knowledge that is about the strategies of classroom management;
curriculum knowledge that isbout materials and programs; pedagogical content
knowledge; knowledge of learners and their characteristics; knowledge of
educational contexts; and knowledge of educational ends, purposes, and values, and
their philosophical and historical grounds (Shaim1987, p. 8). Shulman indicated
the importance opedagogical content knowledge concept particularly for teaching.
For this knowledge, hexplained as the combination obntent and pedagogy to
teach a topic with representations and organizations gpéxithis topic. Thus, he

asserted t hat Afpedagogi cal content kK now

di stinguish the understanding of the con

(p. 8).

Based on Shul mands (1986) Ileddeasevaralt er i z

components for teacherds knowledge have
researchers in teacher education (e.g. Cochran, DeRuiter, & King, 1993; Grossman,
1990; Magnusson, Krajcik, & Borko, 1999%rossman (1990), was one of the
students of Shulman, studied with secondary English teachers. Grossman (1990)
proposed teacher knowledge model with four categories, 1) subject matter
knowledge, 2) general pedagogical knowledge, 3) pedagogical content knowledge,
and 4) knowledge of contexthe subject matter knowledge category is formed with

the knowledge of content, knowledge of the substantive, and knowledge of the
syntactic structures. The aspects of the substantive, and the syntactic structures
knowledge explained by Schwab (#96as d¢ed in Shulman, 1986)While the
substantive structure is related with the content as facts and principles, the syntactic
structure is related with the process ways of the accuracy and validity of the rules and
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principles. | n this cont e x9), descHptions f sabjed snattdr 1 9
knowledge is related with the content that teachers know and present in teaching.
The general pedagogical knowledge category is formed with learners and learning,
classroom management, curriculum and instruction, and g@é@agogical issues
about teaching and learning. The third category of this model is pedagogical content
knowledge. This knowledge is affected and developed by other three categories. One
of the components of pedagogical content knowledge category is kigmviaf
studentsodé understanding that consists of the
misconceptions as Shulman (1986) indicated. Other components of this knowledge is
knowl edge for curriculum including teachersb?o
resources and materials for teaching a specific topic. This component also requires
knowing of the relations of the topic with other disciplines, and the connections with
previous and future topics with the same content. Although Shulman (1986) defined
curricular knowledge separately explaining these properties, Grossman (1990)
included this component to pedagogical content knowledge. Other components of
this knowledge is conceptions of purposes for teaching subject matter. This
component refers to the amptions of objectives for teaching a topic and related
beliefs about teaching the topic. Grossman (1990) expanded teacher knowledge
concept with i1including teachersd beliefs.
content knowledge is knowledge of instructbrstrategies. These strategies are
method and techniques, representations, models to provide students to learn a topic
conceptually. The knowledge of context category is formed with the knowledge of
the school such as the culture of school, the charsiitsrof district that the school
is placed, the structure of families of students. This category and pedagogical content
knowledge category interact with themselves.
In the perspective of constructivist learning, Cochran, DeRuiter, and King
(1993) expandd Shul manés model to explain teacher
suggestedi k nowi ngo word instead of using fdAknowl
knowledge since knowing indicated the development in a process that was related
with constructive approach. Cochrat al. (1993) redefined PCK as Pedagogical
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Content Knowing (PCKg). In their model, PCKg is the center of it and is defined as

Nfa teacher ds integrated wunderstanding o
matter content, student characteristics and tkeiem o n me nt a | context
266). Cohran et al. (1993) indicated the environmental context of learning and
teacher s knowledge of students when <con
construct their learning in the constructive learning, tedcker k nowl edge of

is important component of PCKg. The other indicated component is the
environmental context of learning about understanding the structure of teaching and

| earning such as school cul ture,tatgdar ent s
the effect and contribution of four components on PCKg in the model could change

in time. Thus, they suggested that teacher education programs present opportunities

to experience four components to developprer vi ce teachersé know

2.2. Modds of Teacher Knowledge Specific to Mathematics Teaching

The researchers in mathematics education also proposed models for teacher
knowledge especially in mathematics based on the frameworks (Cohran et al., 1993;
Grossman, 1990; Shulman, 1986) about teakhowledge as mentioned above. One
of the models of teachersd knowl edge for
and Franke (1992). They reviewed the literature about teacher knowledge critically
and indicated knowledge of mathematics teaching is comsideith subject matter
knowl edge, representation of subject ma
thinking and t eacher si8suasach asaddite situaliams c her s
manipulatives and presend them studentsby relating mathematicaldeas to
promote studentsd wunderstanding. The ot
from review is knowledge of stedts that teachers would use decision making in
the instruction to improve studentsd und
Franke (1992) proposed a research model
Thus, they asserted that teacher knowledge has dynamic and interactive structure that
this knowledge is developed in time with experiences of teaching. Their proposed
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model is formed with knowledge of mathematics, pedagogical knowledge,
knowl edge of | earnersd <cognitions, and bel
referred by Shulman, as content knowledge is the knowledge of concepts,
procedures, and problesolving procedures. Téicontent knowledge requires the
conceptual understandings of concepts, understanding the relationships among
concepts, and knowing the use of the concepts and procedures in mathematical
situations. Pedagogical knowledge is the knowledge of pedagogicsdsider
teaching and learning such as classroom management, methods and techniques for
pl anning, c¢classroom organization is similar
knowl edge. Knowledge of | earnersoéngognitions
think and learn mathematictpics. It requires also knowing of acquisition of
mathematical knowledge, possible difficulties, and expectationtabos t udent sé6 good
performancein learning process. These three knowledge components are in an
interaction with catext specific knowledge as the center of this model. Fennema and
Franke (1993) emphasized t hestakimgpatintaance of b
cont ext. The researchers explained the role
teacher sé6 &omrmotwd retd gientodr acts with knowledge o
cognitions and combines beliefs to create a unique set of knowledge that drives
classroom behavioro (p. 162) . Fennema and Fr
in the development of teacher kn@dfe by interacting with content knowledge and
students throughout of the instruction. According to Fennema and Franke (1993),
teachers must transform content knowledge into teaching to enable students to learn.
In this transformation, teachers adapt theiowledge regarding the students learning
and so teacher knowledge can change and develop.

Another model about mathematics knowledge for teacherentitied
AKnowl edg eand@roposed leytRowland, Huckstep, and Thwaites (2005).
The researchers stied with preservice elementary teachers, and observed their
lessons based on their planning. Their purpose was to revesleomrevi ce t eacher s
mathematics knowledge, and mathematicevkedge in teaching. Rowland et al.
(2005) proposed thmodel using grunded theory for analysis. The categories of this
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model are foundation, transformation, connection, and contingency. The first
category, foundatign consists of mathematical theoretical knowledge and
mathematical knowledge for teaching, and beliefs alibig knowledge. The
researchers asserted that teachers learn the knowledge by their own in school and in
pre-service training. The following three categories, except the first category, include

the knowledge about planning and teaching mathematics. Tledsesategory,
transformati on, is teachersd transfor mat
on Shul mands (1987) definition. As Fenne
teachers can use pictures, concrete materials, and multiple representations to
transform the knowledge that they have
category, connection, includes choices and decisions for planning and implementing
lessons. For this, teachers set connections between concepts, procedures, and topics;
order ontents, questions, tasks among lessons coherently. Connection knowledge is
consistent with Shulmands curriculum kno
contingency, i's about teacher sd whohowl edg
occurr during teahing. This cggory includesestteeashadsat g
questions or statements, readapting the lessons including the unexpected situations to
the Il esson pl an, and wusihelgemsdafuidtendos06 s eu
learning. This model is fferent with including contingency category from the
frameworks and models that were mentioned up to mtevewith, Rowland et al.

(2005) suggested using this model for lesson observations of teaching mathematics.

More particularly, the models specific mat hemati cs teacher
explained in the following. These frameworks categorized R&3idecially for
mathematics (An, Kulm, & Wu, 2004; ChicRaker, Pham, & Cheng, 200&}hick,

Baker, Pham, and Cheng (2006) proposed one of the frameworks forBa€&d on

Shul manés (1986) theory of PCK and other
et al. (2006) proposed a detailed framework to explicit elements of PCK. There are
three categories in this framework; clearly PCK, content knowledge in a pedagogical
context, and pedagogic&howledge in a content contexthe elements irclearly

PCK category are about pedagogy and content, that are discussing and using teaching
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strategi es; Il denti fying and addressing stu
understandig; describing representations of concepts; using resources, and

curriculum knowledge. The researchers emphasized the knowledge of
misconceptions in separate element of the first category. The second category is

content knowledge in a pedagogical contabut content knowledge for teaching.

The elements in this category are using conceptual and procedural knowledge,

making connections in mathematical concepts and structures, solving a mathematical

problem. The third categonyedagogical knowledge in a cent contextis about

knowledge and strategies for particular content of mathematics. The elements are
describing goals for students, focusing stud
techniques for teaching. Chick et al. (2006) proposed this framesy@&ific to

decimals with detailed descriptions from based on literature (Ball, 2000; Ma, 1999;

Shulman, 1986), and suggested using it to examine for other mathematics topics.

Anot her framework for PCK in mathematics
framework Based on Shul manés (1987) concept of
the network of pedagogical content knowledge. The researchers suggested the
concepts of profound pedagogi cal content kna
of profound understanding dfindamental mathematics. An et al. (2004) indicated
that content knowledge shoulde conneced with curriculum and teaching for
effective mathematics teaching. In the model, PCK has three components, knowledge
of content, knowledge of curriculum, and knedtje of teaching. Especially,
knowledge of teaching component is the center of the model. There are interactive
relaionships between each componehh et al. (2004) studied with mathematics
teachers i n China and i n U. S| ¢coatentc ompar e t
knowledge. They collected data from questionnaires about mathematics teaching and
beliefs, interviews, and observations. The topics they included to the mathematics
teaching questionnaire were fractions, ratios, and proportions. The researchers
concluded that while Chinese teachers aimed to develop conceptual understanding
depending on effective traditional met hods,

understandings using creativity and inquiry without connection of activities and
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abstractionand procedures. Based on the analysis of data, An et al. (2004) proposed

four components and categories in the components for pedagogical content
knowl edge. According to their model of P
knowledge is important andenc e s sary f or effective teac
should connect prior knowledge, concrete materials with conceptual knowledge to
build on studentsd math ideas. 't s 1 mp
using picture, table, and concrete rabtb correct them. Teachers also should use
representations to engage students in math learning, and questions, activities, and
tasks to promote studentsdé mat hematical

More broadly and detailed than these models, Ball, Thames, and Phelps
(2008) developed a moddhat is entitled mathematical knowledge for teaching
(MKT) that includes SMK and PCK specific to mathematics teachers. This model is
explaned in the following.

Bal | and Bass (2002) described the 1
teachiundai ng of Shul manés concept of PC
conducted to investigate and explain PCK for many years, this term has been
acknowledged and used for mathematics educaticently. According to Ball et al.

(2008), PCK concept has nbeen developed well to show its usage in teaching as
empirical evidence. Since there is not empirical testing, the concept of PCK does not
function to improve teaching and learning, to revise the curriculum for teachers, to

guide teacher development, ata understand the relationship between teacher
knowl edge and studentsdé | earning. The <co
that teachers need to have. From this point of view, Ballkar colleagues have
conducted a projetd provide empirical bader knowledge for teaching.

Bal | (1990) investigated prospective
had when they entered teacher education program. She asked questions to teacher
candidates that were formed with classroom scenarios. She founde#ahiert
candidatesd knowledge as superficial and
teachers should have deep knowledge to understand the concepts and procedures
conceptually anknowledge oflearning of mathematics of students with the ways
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thatt hey | ear n. Teachers also should have dece

qguestions reasonabl e, use multiple represen

interpreting their ideas. Ball (1990) called this knowledge as substantive knowledge

that requirezorrect knowledge of concepts and procedures, underlying principles of

them, andconnection between thenBall and her colleagues emphasized that

teachers must have deep mathematical knowledge to teach mathematics from the

investigations about teacher knedge in 1980 and 1990s (Ball, 1990; Ball & Bass,

1993). Thus, Ball and colleagues conducted prdjeat is entitled Mathematics

Teaching and Learning to Teach (MTLT) for 1in

in class and what mathematical knowledgeheas must have to teach mathematics

(Ball & Bass, 2003). They examined a third grade teaching of mathematics in a year.

They collected data from video records of lessons, transcriptions of audio records,

studentsd wor ks, and t etlaecraetices @ tegchingn s . They

mathematics to propose a framework for mathematical knowledge. Ball and Bass

(2003) indicated the work of teaching as what happens in the class such as using

representations to enabl e st uahdingtoghé under st a

studentsand using mathematical language appropriately (Ball, 1990; Ball & Bass,

2003; Hill, Rowan, Ball; 2005). Ball and Bass (2003) made three implications for the

work of teaching based on the analysis in their study. The first is tgablais

substantial mathematical work to solve problems in mathematics. The second

implication is unpacking of mathematical knowledge for teaching. For example, to

devel op childrenb6és conception of rational nu

rationd numbers, teachers should develop fraction concept and then decimals

concept connection with fraction in the process of teaching rational numbers. The

third implication is the connectedness of mathematical topic. To illustrate, showing

the difference ofx*+y* and &+y)> with explaining their areas in geometric

representations. According to Ball and Bass (2003), teachers also should predict

studentsé thinking as they are |l earning and
With examining teacher knowledge in this je qualitatively, Mathematical

Knowledge for Teaching (MKT) model was developed basedthe work of
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teaching (Ball et al.2008). Thent he measures were devel ope
MKT to support the model quantitativelHill, Ball, & Schilling, 20(8). They
investigatedt h e answer s for how t he organi zat
knowledge, andealibility of the questions. The researchers developed survey items
based on number and operations, patterns and function at elementary level as topics,
and content knowledgand knowledge of content and studest teacher knowledge
domains. They concluded that content knowledge requires more than subject matter
knowledge of mathematids order to teacliHill, Schilling, & Ball, 2004). Schilling,
Blunk, andHill (2007) stated that measuring content knowledge for teaching using
validity argument approach contributed to differentiate the teachers with content
knowledge and the teachers who did not have adequate content knowledge in their
teaching dammingst udent so

Up to this point, the concerns about subject matter knowledge and
pedagogical content knowledge for teachers to teach mathematics are mentioned.
The development of constructs of mathematical knowledge for teaching (MKT) and
the measurement ohése constructs have provided the model of MKT. Ball et al.
(2008) describes MKT as fAthe mat hemati cal
of teachingo (p. 395). Teaching involves
student s6 | eednstiudtiongand dil tagks imalass. In dddition to this, it
includes planning lessons, assessing and grading students, assigning tasks and
homework, informing parent about the works, providing equity, and having
responsibility to principal. Ball et al( 200 8) anal yzed teache
determined mathematical demands of teaching. According to them, teachers need
more mathematical knowledge than others. They exemplified it like this, everyone
can do subtraction in three digit numbers and teacheos maisst know and do.
However, this is not sufficient for teac
in this operation, beyond the reasoning of this error, recognize the different
procedures of the different @alsoequsest o he
explaining procedures, terms, and concepts with reasoning. While selecting examples

to teach a procedure, teachers should know what critical numbers to use to improve
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studentsbo understanding. Wit h t hibed anal ysi ¢
mat hemati cal demands of teaching and expanc
knowledge in their model.
Their proposed moddbr mathematics knowledge for teaching is a domain
map that shows mathematical knowledge (PCK) for teaching consists of subject
matter knowledge (SMK) and pedagogical content knowledge. Ball et al. (2008)
divided these domains into subdomains in the model. Subject matter knowledge
(SMK) is divided into three subdomains trEaecommon content knowledge (CCK),
specialized content nowledge (SCK), and horizogontent knowledge (HCK
Pedagogical content knowledge (PCis)divided into three subdomairthat are
knowledge of content and students (KCS), knowledge of content and teaching
(KCT), and knowledge of content and curriculum &C
The first subdomain of subject matter knowledge, common content
knowl edge ( CCK) I's defined as fAthe mat hemat
settings ot h(8alletalh2808,p. 83)aThis knowdedge is not unique
for teachers; this knowtge can be used by everyone who deals with mathematics.
To illustrate, knowing the sides of rectangle are perpendicular, or multiplication of a
number with zero yields 0. Teachers with this knowledge must recognize incorrect
explanations, questions, defit i on s o f textbooks, i ncorrect
solutions. The understandingof mathematics is necessary in planning and
implementing the instructiorDtherwise, teaching can be interfered with the lack of

CCK. The second subdomain of subject matteovidedge, specialized content

knowl edge ( SCK) is defined as fAthe mat hemat
teachingo (Ball et al ., 2008, p . 400) . Thi s
il lustrate, understanding t loerepsedentidgent sé6 err

division of 3 by 2/5 is about SCK. According to Ball et al. (20@8xchers must

have decompressed and unpacked knowledge for teaching. Teachers can develop
student sé compl ex mat hemati cal knowl edge T
knowledye. However, this knowledge is beyond of the conceptual understanding.

Teacher use this knowledgéth pedagogical purposes for teaching mathematics. On
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the other hand, teachers should unpack the knowledge with presenting @sntent
available forstudentsto visualize and understanding. As a whole, the demands of
mathematics teaching require specialized mathematical knowledge. The third
subdomain of subject matter knowledge, horizon content knowledge (HCK) is
defi ned as fAan awar e niessase retated oweo the spem fh e ma t
mat hematics included in the curricul umo
with this knowledge that how the topic that students learn is related in the next
grades6 topics. Thus, t erssidenirg rthe topmica that pr e p ¢
they learn in next years. Horizon content knowledge can guide teachers to connect
the topics between grades and to make decisions about how the optesented
To illustrate, teachers can prepare students to learn rationabans while using
number line with emphasizing the number line is filled with other numbers
throughout the grades. However, Ball et al. (2008) are not sure about including HCK
as a component to SMK or other categories.

The other domain of MKT is pedagegi content knowledge (PCK). The first
subdomain of PCK is knowledge of content and students (KCS). KCS is defined as
fithe knowledge that combines knowing about students and knowing about
mat hematicso (Ball et al ., 2098, copmmoAmm 1
conceptions and misconceptions, errors, difficulties specific to a mathematical topic
as the focus of KCS. KCS is a component
apart from subject matter knowledge. The second subdomain of PCK is knowledge
ofcont ent and teaching (h&k@ovledge thkaCcombines de f i
knowing about teaching and knowing about
Teachers need to know how to design instruction for teaching mathematics. KCT
involves the combinain of mathematical knowledge and pedagogical issues specific
to mathematics. Teacher have KCT can make decisions about the instruction. The
third subdomain of PCK is knowledge of content and curriculum (KCC). KCC is
explained as the knowledge of the co$eregarding the curriculum order, suggested

activities,andimportant explanations for teaching.
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Ball and colleagues have detailed the components of teacher knowledge
specific to mathematics. However, they consider that this model should be revised.
They have indicated three problems about this model. One of them is about the
difficulty to determine which knowledge teachers use while responding to some
situations. For example, while one teacher is analyzing the errors using SCK, another
teacher can knowhat is a common misconception based on previous experiences
using KCS. The second problem is the structure about categories, which is not
considered as dynamic. Ball et al. (2008) have indicated that they are interested in
using knowledge in practice. Theird problem is the difficulty to separate the
categories each other in some situations, common content knowledge and specialized
content knowledge, or specialized content knowledge and knowledge of content and

students.

2.3. The relationship Between Spject Matter Knowledge and Pedagogical

Content Knowledge

The models proposed the concept of teacher knowledge as including subject
matter knowledge and pedagogical cohtemowledge as explained above. Besides,
several studies also examine the relatiomstl@tween these two knowledge types. To
il lustrate, Even (1993) i nvestigated how ¢
knowledge related with pedagogical content knowledge in the context of the function
concept. Based on the qualitative analysis, Even (1888cluded that most of the
prospective teachersé subject matter knowl e
adequate.Therefore, the researcher notdtht prospective teachers should have
subject matter knowledge with a relational understanding sincé ieaft s t eacher so
pedagogical reasoning for teaching mathematics. Thus, the researcher suggested
devel oping prospective teachers6 subject ma |
perspective and then the relational subject matter knowledge should be used in

pedagogical decisions.
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The largescale projects, LMT (Learning Mathematics for Teaching),
COACTIV (Cognitively ACTIVating instruction, and development of students'
mathematical Literacy), and TEE® (Teacher Education and Development Study
in Mathematicswer e al so conducted to investiga
(CK) and pedagogical content knowled§€K) of mathematics teachers.

The researchers (Ball et al.,, 2008; Hill et al., 2005) in LMT project
investigated the knowledge that mathematics teachwve as Mathematics
Knowledge for Teaching(MKT). The researchers developed a test to examine
subject matter knowledge, CCK and SCK, and concluded that content knowledge
affected studentsd achievement poba tivel
relationship between CK and PCK since the instrument had the items related to
subject matter knowledge. On the other hand, COACjidject investigatedhe
i nfl uence of PCK on students6é | earning.
correlated stronglyKrauss et al.2008a) Similarly, TEDSM study wasconducted
to examine CK and PCK, arntlwas concluded that prospective teachers who took
the training special to their teaching area had better CK and PBK ° me ke &
Kaiser, 2012) Consistent with this findig, Krauss et al. (2008b) conducted a study
within the context of COACTIV project and they concluded that the connection of
CK and PCK was an indicator for expertise of mathematics. Based on the
guantitative analysis in these projects, it was conclutiedA CK and PCK a
related positively and CK is necessarybunot suf fici eadetalf or PC
2015, p. 82).

However, the items related with CK and PCK was in different mathematics
learning areas inhe last two studies. Thus, Depaeet al. (201pemphasized the
need of research to investigate the relationship between CK and PCK in particular
mathematical topiceind they examined this relationship in rational numbers area
guantitatively. They also suggested investigating this relationship suppaovith
gualitative data as further research. Considering this need in teacher knowledge
research, this study also aimed to investigate itfiience of subject matter
knowledge (SMK) on pedagogical content knowledge (PCK) for teaching
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generalization of ggerns and operations with algebraic expressions. Thus, it can be
considered that this study can contribute with the findings related this aim to the

literatureot eacher sé6 knowledge of al gebra.

2.4.ClassroomPracticesand Teacher Knowledgein Mathematics

Franke et al. (2007) poimut the need othe explanation ofoutines of
practicefor teaching mathematics witkspet to content and grade levels. They also
assertthat how the practices s si st ed teachersdé teaching of
stue nt s 6 rathamaticshowdd benvestigatedThere are several studies that
showedappropriate pacticeswhich providedoing mathematicwithin the context of
problem solving constructions and discoursesupported stdent s 0 l earning
mathematicqArcavi, Kessel, Meira, & Smith, 199& hapman, 20Q6Schoenfeld,
Minstrell, & van Zee, 1999Silver & Smith; 1996. Thus, Gearhart et al. (1999)
suggested developing teach@msowledge to reveal effective practices.

One of the factors that has an influenan teaching practices is teacher
knowledge (Hiebert, 1997 However, Ball (2000) asserted that there was a gap
bet ween cont ent knowl edge and t he practice
knowl edge is i mportant itflelpsitoptesent diffeerit st udent
and valuable opportunities for students about mathematics, but the presentation of
content knowledge in practice can provide students to learn. Teachers should think
whether the tasks or activities are gpa@propriate for the level ahe students
interesting for student®r not and if they hae important mathematical ideas.
Teachers should manage the discussions in class, know which ideas to use, which
probing questions to ask, when explanations are needed to continue idis¢oiss
helpthe devel opment of student sé understanding.
suggested three issues to prepare teachers to teach, first is what content teachers
should know for teaching, second is how they know this knowledge, and third is how
teachers lea to use this knowledge in practice. Ball (2000) also presented saglution
for these issues. She indicated that teachers could analyze the role of content

knowledge in their work (p. 244Especially, theyshould aware of their content
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knowledge specific @ mathematics teaching in their practices. To illustrate,
presenting their knowledge with using multipépresentations and models supported
effective mathematict¢eaching (Tchoshanov, 2011RBesides having strong and
conceptual content knowledgeathes alsoshouldhave connectedness of contents
to under st and s tcambieeoftcant@nt knowiedgk with gedagagy d
as pedagogical content knowledge to transform the knowledge to the stidedds.
this, he opportunities sarl lor videotaping thenlgssorsst ud e r
should be presented for teachers andsgreice teachers to improve their knowledge
to use in practice (Ball, 2000\s Franke et al. (2007) stated the importancéhef
knowl edge of student s6 hehs & ksiphiegce,thaoc ed e v e
knowledge of studeniainderstandings well as conceptual knowledigenecessary
to organize effective lessongedagogically(Fennema & Franke, 199ZHiebert,
1997).In sum,teachers should haw®nnectedcontentknowledge, andhey should
use their knowledgpedagogically taevelop their teachingractices (Doerr, 2004).

As Ball (2000) pointed out the gap between teacher knowledge and practice
in generalabove, DoerrZ004) supported this claim for algebra teachamgctices
Doerr (2004) defined thissituation as a dilemma that was eeéd to the
contradiction of the knowledge with the practicgeaching algebreSince teachers
did not have conceptual perceptions and experiefioes their learning, it caused
their practicenot to be effective. Thus, the researchgik® suggestions to support
and devel op t eac heTodllostrafe Beownt anc Smitho(1997p | ge b 1
suggestedhe use ofjuestioningechniqueo helpthe students to thinklgebraically.
Particularly, he presenting of tasks with algebraic thinkingtfees, supporting
teachers with experiences that includethg models or representationfsalgebraic
expressions, anshowing how arithmetic and algebra can be conneza@adhelp to
i mpr ov e khoaladgehaad psactices of algelrasquith, Stephens, Knuth, &
Alibali, 2007; Ayalon & Even, 2013; Blanton & Kaput, 200However, Wilkie
(2014) pointed out the lack of reseaout teacher practice for teaching algebra.

Thus, the aim of the current studly to examine teacher knowledgeéthin the
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practices ofteaching algebraandto contribute the literature of teacher knowledge
and practice of algebra.

2.5. Models of Teacher Knowledge for Teaching Algebra

As there have been models of teacher knowlddgenathematics teaching,
more particularly there have beatso models of teacher knowledge for teaching
algebra as a domain in mathematics (Artigue, Assude, Grugeon, & Lenfant, 2001;
Even, 1990, 1993; Ferriundy et al., 2006; Kieran, 2007; Li, 200Bven (1990)
proposed a framework about teachersod subject
Even (1990) described seven features of subject matter foridnncbncept.
Essential featureare the knowledge of a concept such as knowingtefexamples
and nonrexanples.Different representationarethe knowledge of theepresentation
of a concept that includes usimtifferent representation, anmiaking connection
among them. Alternative ways of approachingre the knowledge oélternative
approaches antthe useof themfor teaching a carept. The strength of a concejs
the knowledge of understanding a concept relatingubtopics or suboncepts that
provides learning ohew topics.Basic repertoireis the knowledge of important
principles, procedureand examples with conceptual understandiirpwledge and
understanding a concep the knowledge of conceptual and procedural knowledge
with relating them.Knowledge about mathematiés the general knowledge of
mathematics tgetconceptual and proceral knowledge.
Artigue et al. (2001) focused on inequalities and described three dimensions
for teachersé knowledge of al gebra as epi s
dimension. There are two properties of epistemological dimension. One of them is
i te somplexity of the algebraic symbolic system and the difficulties of its historical
devel opmento (p. 2 6elpt elcher Enowl eudhgdeercamnd
difficulties. Other property is the extension and diversity of algebiaclides the
undestandng of how algebra is hold in the curriculum with its function in solving

problems. The cognitive dimension is about the knowledge of learning algebra that is
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about studentsdéd algebraic thinking. On t|
the knowledge about objectivexf algebra in the curriculunDi f f er ent fr om
(1990) model , Artigue et al . 6s (x®01) m
thinking and curriculumEven (1990)had proposed the model foonly subject
matter for algebra tehing.

Consistent with the el emevundg Fladén, Eveno
and McCrory (2006) proposed knowledge for teaching algebra framework, especially
for expressions, equations inequalities, and function at middle school and secondary
level. The framework formed as twa@imensional matrix that the rows have
categories of knowledge of algebra, and the columns have tasks of teaching. As the
third category of this framework, FerriMundy et al. (2006) defined three
overarching categories; decomgsig, trimming, and bridging. The researchers
formed the categories of knowledge of algebra teaching (KAT) based on literature
and their study. The categories are core content knowledge, representation, content
trajectories that is the connection with fmor concepts and the concepts learned in
future topics, applications and contexts is about the use of algebra in solving
problems, language and conventions, and mathematical reasoning and proof. The
other component of the framework is tasks of teachilgat i nvol ves teac
in using algebra knowledge in practice. FerNhindy et al. (2006) derived from the
categories of tasks of teaching component from the discussion for knowledge of
algebra teaching. The categories aen al y z i n g work tanddtleinkihgs 6
designing, modifying and selecting mathematical tasks; establisimdgrevising
mathematical goals for students; accessing and using tools and resources for
teaching; explaining mathematical ideas and solving mathematical problems;
building and supporting mathematical community and discourse. Fitundy et
al. (2006) describethe overarching categories as mathematical practices with using
knowledge of algebra in tasks of teaching. Decompressing is getting new and
complex knowledge usingxisting knowledge, as similar to Ball et al. (2008)
indicated connecting concepts to unpack the knowledge. Trimming, is the

transformation of complex knowledge to a mathematical situation with including the
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mathematical idea or content to enable studentsderstand. On the other hand,
FerrinktMundy et al . (2006) explained bridging as:s
with studentsd understandi ng; relating schoo
connections among mathematics domains. The resFarduggested using this
framework as an analytical tool for examining knowledge of algebra teaching.

Li (2007) proposed a framework for teache
to solving algebraic equations based on the literature about knowledgeebfaalg
teaching as menti oned above. Li (2007) def
knowl edge as knowledge of the mathematical s
conceptions, and knowledge of didactic representations. Knowledge of the
mathematical subgt matter is the subject matter of concepts, rules, theories,
principles, facts, and methods. More particularly, Lin (2007) examined this
knowledge into categories, concepts such as structure, reasoning methods such as
induction, mathematical activitiesduas proofing, and products such as definitions.
Knowl edge of | earnersd conceptions is based
consists of the knowledge of |l earnersdé | eve
difficulties, and learning process. Knatge of didactic representations is
presenting the content by using teaching methods and strategies, and tools such as
manipulatives, textbooks.

The existing frameworks about teachersé a
this point are generally about thigebra topics at secondary level. Thus, the purpose
of this study is to investigate teacherso |
patterns and operations with algebraic expressions as algebra topics at middle school
grades, a n d200B)adnmewonrk is utdized t6 sarry(ouhis aim. Using
MKT framework, this study also aims to propose what knowledge mathematics
teachers need to have for teaching early algebra topics.
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2.6. Early Algebra

Algebra has been seen as one of the importancbhes of mathematics that
Cai, Ng and Moyer (2011) state algebra i@ at ek eep er 0 Natiobnalmat h e n
Council of Teachers of Mathemati®CTM, 2000 standardsletermine four goals
for teaching algebra that are, Goaurderstand patterns, relatiores)d functions;
Goal 2represent and analyze mathematical situations and structures using algebraic
symbols; Goal 3i1se mathematical models to represent and understand quantitative
relationships; and Goatdnalyze change in various contexts.

Children areintroduced with algebra in elementary grades and then they
continue to learn and use algebra throughout middle school and high school (MoNE,
2013). According to Rakes et a{2010), algebra is a core element for developing
understanding of high school matimat i c s and t hus studer
fundamental concepts of algebra is important issue. Howe (2005) defines algebra as
in the following:

Working with variables, and in particular, arithmetic with variables, so the

formation of polynomial and rationalxpressions. This also includes
representing, or fAmodel i ngd concrete sit.t
up equations. It is also often extended to include extracting roots. (If these

processes are iterated, they can produce highly complicated eapsegit

school algebra does not go very far down this road.) It also includes

manipulating expressions and equations, to simplify, solve and interpret (p,

1).

The fundamental concepts such as variables, generalizations of patterns, and
algebraic expressis are introduced students &tdrade in Turkey (MoNE, 2013).
Carraher and Schliemann (2007) call the process that involle 6 aged st ude
algebraic thinking as HAEarly Algebrao s
students. They define algebra i el ement ary | evels as ear.|l
algebraic reasoning and algelsedated instruction among young learnéen
approximately 6 t o Vande Walleaet a(20183findiaageehat ( p .
understanding algebra develops in eletagn and middle school levels, since

children do many things about algebra such as generalization from patterns and using
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variable in these levels. Thus, algebraic thinking improves frorkipdergarten to

high school (Van de Walle et al., 2018gi, Ng,and Moyer (201)lsuggesassisting

students to think algebraically in elementary graidesrder toprevent middle and

hi gh school studentsé difficulties in algeb
students work on arithmetic and algebra in fing five or six years of elementary

school. War r en and Cooper (2008) assert t hat d e
algebraic thinking can prevent the difficulties in algebra of adolescents. To support

this, the researchers designed two lessons for aged abeat8and a teacher. They

used tasks about extending the pattern and exploring the relationship between the

position number and pattern. The results supported the suggestion of the researchers

t hat studentsé6é wunderstandingsElementagg devel ope
student sé functional thinking can be devel
relationship between input and output values, and they can also express their thinking

symbolically (Warren, Cooper, & Lamb, 2006). With similar purpose, Ferrara and

Sinclair (2016) proposed the algebra discourse approach that was emerged with
communication and interaction in the <classr
understanding of variable concept. They asked both figural and numerical patterns to

seek using gebra in the recursive and functional strategies. As conclusion, the

researchers asserted that the discourse approach with focusing on pattern
generalization developed early grad€™(and 3 gr ade) student sé f unq

reasoning.

One of the approachesa@li algebra teachinig early grades is an elaborated
Davydov approach. In this approach, algebra is introduced to pupils at the beginning
of primary school, and as not a different topic, it is given to students within elstop
and concepts related witthe development of algebraic thinking. To illustrate,
students can learn quantitative and abstract thinking with equality and inequality
activities (Sutherland, 2004). Schmittau (2005) also states based on the Vygotskian
Perspective, empirical concepts che learned from everyday experience, but
theoretical concepts are given to students by teachers. So, it is important to constitute

the theoretical basics of algebra in the elementary school years.
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Whereassome mathematicians think algebra should be gwesarly grades,
some mathematicians think that students should spend about 6 years to learn the
basics of arithmetic. Thus, when algebra should be given is an issue for teaching and
learning algebra in mathematics education. Research related to algghes ithat
algebra is difficult to learn for many adolescents and algebraic thinking development
is important in early grades. Early algebra does not mean to give all algebraic
notations and structures in early grades. For example; it includes the ability
comparing quantities, interpreting graphs and tablesstutlents gainedhese
abilities, they can comprehendlgebraic notations and structures easier in next
grades. In this point, it is necessary to separatalgebra and early approaches. The
perspectives of pralgebra approaches are about facilitating of the transition from
arithmetic to algebra. On the other hand, early algebra approaches assert that
mathematical symbols are used both in arithmetic and algebra. (Carraher and
Schliemann, 2007Malara and Navarra (2009) handle the issue of how teachers can
promote of childrené algebraic thinking
linguistic model that consist of categories for early algebra based on the
constructivist perspective. Theategories are general, mathematical, linguistic,
sociateducational, psychological aspects to approach to early algebra (p. 244).
Malara and Navarra (2009) gave examples for each category like this, the use of
relational thinking for general, the use @friable for mathematical, the use of letter
for linguistic, discussing for sock@ducational, and perception of pupils for
psychological aspects. The researchers based on this approach, developed a task
related to pattern generalization and had parteashing sequence to enable-pre
service teachers t o analyze studentsé [
concluded that teachers could notice the importance of their ralesdiscusson of
pattern generalization to constructh i | sdknosvledye. Oa of the advocators of
early algebra approaches is Kaput (2000) that explainsg e b r a Nt he st
functi ons, relations, a ntobn witlo thisydescripteom, i at i o

the currentstudy includes pattern generalization and operatiorh waigdoraic
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expressions as content in the investigatont ¢ acher s knowl edge of t

algebra topics.

2.7. Studies Related to Teaching and Learning Algebra

More studies in algebra learning and teaching have been seen recently, when
literature isexamined. Kieran (2007) described the main reasons to focus on in this
domain ar e; firstly, the influence of Piag
psychology on mathematics education. Second, the studies based ochasatls
approach did not show poesi ve effect on studentsd perform
on algebra had been influenced by gover nmen
Lastly, developing technology has affected the content and implementation of school
algebra. Besides these influencesthe studies, thmterest ofalgebra topics in the
research to the present day hasen changed. In ancient times, algebra was
considered just abouas manipulating symbols andising of algebra tosolve
problems. Thus, research sventerested in studentd error s i n solving eq
application of rules. Then, psychologists with a behaviorist perspective affected this
view, and the issues about skills and memorization were gained attention. Towards
the end of 1970s, algebra education researchers tagether and they focused on
studentsé | earning and understanding of al g
application of al gebraic activities and the
conducted. After with constructivism effects on algebray learners construct their
conceptions about algebraic conceptisd the interactions on algebra in clagth
sociocultural approacivhile learning werénvestigated. Since 1990s, technology has
been begun to gain importance in studies about algebrairigaahd learning
(Kieran, 2007).

In the perspective of teaching algebra, Doerr (2004) examined the studies
about teacher knowledge of algebra, and their practice in algebra teaching in detailed
perspective. She reviewed the studies up to 2004, and ceddldt there was lack
of research of teaching algebra. Doerr (2004) also presented four dilemmas about
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teacher knowledge and practice of algebra based on implications of Working Group.
The first dil emma was adewicetteachescansileeed s 0 e X
that the methods their teachers used were effective since they thought that they could
learn with these ways. Thus, their perceptions about teaching to children was limited

and not conceptually. The second dilemma was about the contentionsttiuetions

of algebr a. Since teachers6 knowl edge an
thus theywere needed taunderstand. The third dilemma svabout the structure of
teachersdé knowl edge. It was need téo be i
knowledge in a process. The last dilemma was about the lack of large studies about
teacher knowledge and this situation pre
knowledge and teaching algebra.

Doerr (2004) also stated that the studies about teashbject matter
knowledge focused on generally functions, slopes, and equations (e.g. Even, 1990;
Stump, 1999; Even, Tirosh, & Robinson, 199®) the other hand, the studies about
teachersé knowledge of student s dcusedi nki n
on algebra word problem solving (eathan & Koedinger, 2000yan Dooren,
Verschaffel, & Onghena, 2002;). Asigtseen, there had been few studies related to
early algebraic topics, and since that time, more studies have been conducted about
ttachersdéd knowledge of al gebra at el ement
will be explained in the following sections. However, Wilkie (2014) has asserted that
there are few studies about teacherso kni

In the perspetive of learning algebra, Kieran (2007) concluded that many
studiesd results have shown that mo st g
different levels when the studies about algebra learning and teaching are examined.
Considering these studies, Kiardeveloped a model for conceptualizing algebraic
activity called GTG model that has three components: generational, transformational
and globalmetalevel activity. In the GTG model, generational activity includes
working with unknowns, variables, and @djty, such as equations that represent
problem situations, expressions of generalization. This activity is usually used to

begin formal algebra. Transformational activity is fblesed and requires the
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symbolic form of an expression or equation. Collegtiike terms, operations with
algebraic expressions, factoring, substituting expressions in other ones, simplifying
algebraic expressions, solving equations and inequalities can be example for
transformational activity. These examples are generally abaniperiating algebraic
expressions. The globaietalevel activity deals with constructing and working with
algebraic objects and processes. It is thought as a tool for algebra and requires high
level skills. Problem solving, modeling in generalization aftgrns, justifying, and
proving can be exemplified for globaietalevel activity (Kieran, 2007). This study
particularly interested in pattern generalization as generational activity, and
simplification of algebraic expressions and operations with ttetmaasformational
activity regarding the scope of this research.
In learning algebra, the concepts of variable and algebraic expressions are
important (Subramaniam & Banerjee, 2004). The development of these concepts
both procedurally and conceptuallysabstantialfor writing and solving equations
later (Capraro & Joffrinon, 2006). The concept of variable is taught firstly when
formal algebra begins. Arcavi and Schoenfeld (19&&ertt h a t At he concept
variable is a basis for transition from arithme ¢ t o al gebrao (p. 420) .
have been many studies about studentsdé misc
Schoenfel d, 1988; Ké¢chemann, 1978, 1981; Ma
1983). The variable concept is given in the context of pettand generalizations in
middle grades, and then in algebraic expressions (MoNE, 2013). In this context, the
studies about these algebraic topics are presented in the following sections.
After a brief history of research in teaching and learning algebage
particularly this section presents the studies related to algebra within teacher
knowl edge and st udd algebrdThe studies earticuladgrei z at i on
examined based on two algebra topics, generalization of patterns and algebraic

expresvns undertwo main parts
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2.7.1. Studies Related to Generalization of Patterns

The studies related to generalization of patterns are presented under two

sections as teachersé knowledge and stud:

2.7.1.1.T e a ¢ h emowdedge ¢ Generalization of Patterns

Teachersdé knowledge has been investig
of subject matter knowledge (SMK) and pedagogical content knowledge (PCK). In
general, when the interest isservice teachers, the studiegedigate the concept of
PCK ( Batke,t i n& &y b a20d1; Blanton & Kaput, 2001; EI Mouhayar &

Jurdak, 2013; Kutluk, 2011; Wilkie, 20%4yhereas the focus is pservice teachers,
the studies investigate the both concept of SMK and PCK about pattern

generalization& (KA&ky&%Zme r®og klkuun,2009; Bar b
Callejo & Zapater a, 2016 ; Kmre & Akko-,
Ki eboom, Moyer, 2013; Rivera & Becker,

Liljedahl, 2002). The studies apeesentedn the following sections.

The opinionsof teachers to pattern generalipatiis different in somehow.
Bi shop and Stump (2000) concluded that [
conceptualizations for pattern generalization task were as problem solving merely.
Theydid not consider pattern generalization as facilitating of transition to algebraic
thinking. Consistent with this, Kutluk (2011) found that elementary mathematics
teachers did not regard pattern generalization as important for algebra because of that
the eachers did not have adequate CK, PCK and curriculum knowledge for teaching
pattern generalizati on. Especially, they
difficulties in pattern generalization, and could not explain the readahem when
they enountered while teaching. The teachers had also difficulties in generalization
that some teachers considered the relationship only among between input values or
output values. In their instruction, they used only numerical reasoning to find the

relationshipand they did not focus on the features of figures in figural patterns
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(Kutluk, 2011). However, the studies suggest finding relationship in the context of

figur al patterns can develop studentsd reasda
2015; Rivera & Bcker, 2005; Walkowiak, 2014).
Teac lcanecepgtions an change in time with seeing |

thinking algebraically. Blanton and Kaput (2001) shared the reflections'dfjeagle
teacher on algebraic activities, and examined the develtpofieconceptualization
about generalization of this teacher. The researchers presented tasks to this teacher
with aiming to improve studentso6 algebraic r
multiplication 1 by a number, or a context, handshake prolhat created a pattern.
As the teacher were using these tasks in a
algebraic reasoning was improved and students could think algebraically to find a
number in the blank, or generalizing a rule, or generalizingtarpafThe researcher
pointed out the teachersd practices for tea:
taskswhich had algebraic thinking, anthey decided the implementation of this
program for other teachersé6é devel opment.

Rivera (2010) described thgeneralization process with abductineluctive
action and symbolic actioriRivera (2010) explains asvestigating the relationship
in the pattern to propose a hypothesis based on the given steps of the pattern, and
extending the pattern regarding theatelnship is abductivenductive action. This
relationship is transformed as a rule to algebraic representation in symbolic action. El
Mouhayar and Jur dak (2013) acknowl edged R
generalization process and formed the questionsdbas this definition. They
conducted a large study that they studied with 83 middle school mathematics
teachers. They investigated how teachersé e
generalization process of patterns. In this context, they seekngveeis for how
teachers identify andinduetvgdnéd symbolis aicticthe nt s 6 abd
The researchers presented to the teachers two pattern tasks, one linear and one non
l i near growth pattern, with exppattetned student
The teachers were asked to identify student s

while finding a term of pattern as near generalization, and getting the general rule as
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far generalization tasks. As the results of the study, teachersicauld nt i f y st ud
strategies, but they did not have adequate knowledge to explain théme f@ason

of their strategiesMoreover Btaext, i ndn@dEyrab(a0&1) found that teachers

did not identify adequately the possible strategibst students usk for
generalization of patterns. The teachers
strategies for generalization of patterns. To illustrate, the teachers expected from the
students to use functional thinking with -cariational strategies easily, tothe

students listed the terms to find near term and they were forced to use functional
thinking when the generalization was asked. Another thing was that students mostly
used numerical reasoning, although their teachers stated using figural reasoning.
Aft er t hey were presented actual student s
studentsé thinking and determine the str
the reasons for the discrepancy of teach
beginning might be about the limitations of their strategies they used and the lack of
content knowledge.

In a broader perspective to knowledge, Wilkie (2014) examined upper
primary teachersdé content knowledge and
focusing on functions, relations, and joint variation. The researcher developed an
instrument with opeended questions based on four domains of MKT framework,

SCK, KCS, KCT, and KC. This survey was applied 105 teachers that used
Australian curriculumn orderto investigate their knowledge for teaching algebra for
8-12 aged students. The contents and purposes of survey items are explained in detall
in the following paragraphs since the relation with this study.

For SCK knowledge domain, Wilkie (2014) pezed the opeended items
about generalizing a geometric pattern, writing a functional relationship, and
explaining generalization approaches. She expected from teachers as generalization
approaches with two methods that\@riational (recursive) and aaspondence (the
relationship between input and output values based on functional thinking). For these
questions in the survey, teachers were asked to write possible correct students

answers, and comparing different tables including input and output védues
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deter mi ne teacherso generalization strateg
approaches. The researcher examined teacher ¢
determining the devel opment of functional t
(2010) study. For KS knowledge domain, Wilkie (2014) aimed to determine
teacherséo suggesting di fferent correct gen
studentsod | evel I n generalization answer s,
explicit generalization that studentsed. The researcher presented an incorrect
studentds answer to determine how teachers e
i denti fied KCT for pattern generalization
generalization and identifying appropriate sttgaés for conceptualizing functional
thinking. Teachersd answer s -levelrubricthse 1t ems
was about assessing the knowledge for teaching and learning functional thinking.
Especially, for identifying appropriate strategie¢sachers were presented terms
related with functional thinking and they were asked to prepare an activity about
function machine with using these terms, and they were also asked to explain how
they used and select inpotitput values for teaching functidn@elationship as an
example for KCT knowledge domain. For KC knowledge domain, the researcher
presented the teachers content descriptions of curriculum and they were asked to
scale this wording as easy or difficult to understand.

In general, Wilkie (201¥ concluded that teachers have adequate SCK for
generalizing figural patterns, but their KCS and KCT were not adequate and
conceptual for teaching functional thinking in pattern generalization. That is,
although teachers have knowledge of content for pageneralization, they do not
have adequate pedagogical content knowledge for teaching this algebraic topic. More
particularly, teachers could generalize patterns with words or calculation, and
exemplify correct student s 0in stratsgigse ass ; but t
recursive ofr explicit of sih usth@ algelwaic answer s,
symbols for general ruleand they did not have adequate experiences to create
activities for teaching pattern generalization. Wilkie (2014) explainedithatisn
that teachersd6 weaknesses for the reason of
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functional thinking. Thus, teachers had
and difficulties in generalization as (KCS), and they could not usetigc

function machine, or tables, or inpotitput values for teaching functional thinking

(KCT). The researcher also investigated the relationship between the knowledge
domains specific to functions, relations, and joint variation. She concluded that SCK

and KCS is distinct that although teachers have strong SCK, they can have weak
KCS. Since the teachers have weak relational understanding that requires getting
generalization with understanding the procedures conceptually rather than writing a
general rud¢ with rules, they could not use effective teaching strategies and they had

less KCT knowledge than SCK.

The studies that have focused on -peevice teachers examined their
knowledge both SCK and PCK generally. Furthermore, the researchers presented
exanples to them fromsident s®é answers to investiga
(Callejo & Zapatera, 2016 ; Kmre & Akko-
Moyer, 2013). Carpenter and Fennema (1992) indicated the importance of
developingpres er vi ce teachersd PRPCEKOwuhdernntadiyadi
conceptions. The following studies gener
responses whiléearning pattern generalizatioBeveral studies also whose aims to
developpres er vi ce teacher sé PCK coorsedmelatadéod t he
teaching experiences.

Kmre and Akko- (-2®OrL2i) c ee xtaena mfear spdr eP CK
generalization in the context of school practice course in teacher education program.
The researchers also aimed to develop p
elements of PCK, knowld g e of student sé under stand
knowledge of topic specific strategies and representations. They redefined the two
components of PCK specific t o pattern
architecture of algebraic pattern genemtiian. Radford (2008) describes the
generalization process as including abduction, transforming, eddcohg phases.

Abduction phasds recognizing the relationship and commonality in the pattern,
transforming is using this relationship to find other teroy extending the pattern,
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and deducing phase is generalizing pattern and finding a general rule algebraically.
According to Kmr e and Ak k o - (2012) , t
misconceptions about using the difference between consecutive t@nohgheir
difficulty in using algebra to generalize in abduction and transforming phases. The
second component includes using representations for generalization patterns such as
arithmetic, algebraic, pictorial and tabular in deducing phase. With thegniafi
developing PCK particularly for two components, the researchers studied with three
pre-service teachers using their observations of teaching practices in schools and
their instructions for pattern generalization in the context of the course. The
resarchers and the pigervice teachers in the course discussed and evaluated the

i nstructions based on Rad f-sewickGesachearsodd e |
not consider studentsd difficulties in
writing arithmetic relationship for the first terms of the pattern. Thespreice
teachers could not use different representations such as pictorial reasoning. After the

he f

Bef o

recec

course, the researchers concluded thatspeer vi c e teacherséo under s

studentgobwadhid&vel oped that they took i
They could guide the students to find a general rule to find each term in the pattern,
and their use of algebra in generalization was improved. Theepv&ee teachers

also used of tabularand partially pictorial representations while teaching
generalization in their second instruction.

Similarly, in a fieldbased course, Magiera, van den Kieboom and Moyer

nt o

(2013) investigated preer vi ce teachersod knowledge of al

sd ves and studentsé algebraic thinking.

The

preservice teachersd solutions and interviewi

preservice teachersodé analyzing studentso
The researchers suggested pattern generalization tasks fsemmiee teachers to

solve and use irhe interviews with students. The taskaild provide students to use
algebraic thiking features that were organizimgformation, identifying a pattern,
descibing a rule, and justifying the rule based
107). The results of this study showed thatg®evice teachers could not identify or
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notice all features of algebraic thinking tasks. However, their ability in algebraic
thh nki ng related wi t hgebracdahmking fability.nThat eaf st ud
they did not investigate the features that they did not use in generalizing pattern. The
another finding was consistent with the
that preservice teachers did not use different representations for generalizing
patterns and thus they did not seek thi
Cokkun, and Hacé°meroj | use(rvd0Oc%) taelascoheir s
translation among different representations such as tabular, graphical, algebraic, and
numerical n generalizing pattern. In consistent with the mentioned studies, they
found that using different representati
reasoning. Other finding was according to Magiera et al. (2013jgvwce teachers
had difficulty injustifying a general rule as one of the algebraic thinking features that
many studies also concluded it (Bar bosa
Kirwan, 2015; Rivera & Becker, 2007; Tan:
Callejo and Zapatera (2016) conducted the stwithh similar purpose as
focusing on prser vi ce teachersdé PCK. The resea
characteristics of preer vi ce teachersdé noticing stu
based on their identification amd i nt
generalization of patterns. They have proposed three mathematical elements and
related with three stages in pattern generalization based on literature. The first
el ement is numerical and spati al structu
and thephysical location of each element of this term in relation to the other
el ement s i m 6).tlthierelated with stagg that students can do near
generalizations, but cannot relate numerical and spatial features. The second element
is functionalrelationship that is finding the relationship between the position of term
and corresponding number. It is related with stage 2 that students can connect with
numerical and spatial features, and generalize verbally or algebraically of the
relationship. Thethird element is inverse process that determines the position
number for a given term. It is related with stage 3 that students can connect with

numerical and spatial features, use functional relationships and invert the term in
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position number using futional thinking. According to the findings of this study,
althoughpreser vi ce teachers could identify these e
had difficulty in interpreting and expl aini.
as El Mouhayar and Jurdék013) stated in their findings.

Besides these studies, there have been studies that seek hearvpme
teachers generalize different tgad patterns. Some pigervice teachers tried to find
the general rule of nuemical pattern using recursive strategy (Zazkis & Liljedahl,
2002). They considered the rule without algebra was not adequate. On the other
hand, some prservice teachers usdigural reasoning that vgaabout using the
features of figures to get relatidng in figural patterns (Barbosa & Vale, 2015;
Rivera & Becker, 2007). The studies suggest finding relationship in the context of
figural patterns can develop stsemient sé reas
teachers can use both numerical and figteasoning in pattern generalization, but
preservice teachers who had figural reasoning
& K°se, 2011) . However , -$eivicewencherqwh®dbth) assert
generalization could use figural features engralizing, and numerical features for

verifying the generalization.

2712Student sd Conceptualization of Generali za

The studies related with studentsd conce
generally about dgdasomng fot generaliging pateresgAimg & an
Neria, 2008; Becker & Rivera, 2005; El Mouhayar & Jurdak, 2016; Lannin, Barker,
& Towsend, 2006; Rivera, 2010; Rivera & Becker, 2008; Steele & Johanning, 2004;
Walkowiak, 2014; Warren & Cooper, 2008), and teyelopment of using algebra
for generalization at different grades (Jurdak & El Mouhayar, 2014; Walkowiak,
2014).

Steele and Johanning (2004) examinéig’r ader s6 schemas for
generalization probl ems, and aitaachidg t o devel
experiment. The findings of the study showed that students who hadomelcted
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schemas could generalize symbolically that was one of the essential components of
algebraic thinking. They checked particular cases when they reached generalization
in contrast to students with partial formed schemas. These students got help from
tables with diagrams to interpret the relationship in the pattern. On the other hand,
students with partial formed schemas had difficulty in generalizations and using
algebrac notations. With a more particular perspective on conceptions that students
have, their strategies for generalization are examined. Healy and Hoyles (1999)
define recursive and explicit strategies for generalization. Students using recursive
rule that eplain the relationship focusing on the difference among consecutive
output values in the pattern. Explicit rule is finding a rule relating input and output
values in the pattern. Even students use both recursive and explicit strategies,
students are expext to think explicitly to conceptualize generalization. Lannin,
Barker, and Towsend (2006) asserted that
of explicit strategies after thinking recursively.

Rivera and Becker (200 &)nceptiang kteraturet e n d e
about pattern generalization with particularly figural patterns. Figures change from
one figure to the next one based on a relationship in figural patterns (Billings, 2008).
Studies suggest the use of figural patterns for developibgudent sd gener 8
strategies (Moss, Beatty, McNab, & Einsband, 2005; Rivera & Becker, 2008;
Walkowiak, 2014; Warren & Cooper, 2008) Rivera and Becker (2008) proposed
constructive and deconstructive strateg
generéization of figural linear patterns. Constructive strategy is defined as
Acognitively perceiving f i g u foeedappirtgh a t S
constituent gestalts or partso (Rivera &
the relationship Wh counting the part separately in figures. On the other hand,
deconstructive strategy iIis explained as
configurations in the structure of the c
constructing theelationship with considering the overlapping parts in the figures. To
il lustrate, i n square toothpick pattern
separately in constructive strategy and one possible generalization is1;+8iimce
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the patterng consi dered as 4, 4+ 3, 4+3+3, € in wus
hand, the whole toothpicks are added and subtract the overlapping toothpicks in
deconstructive strategy and one possible generalization(is-8n since the pattern
is considered as @ho overlap), 4+4L (take away 1 overlapping side), 4+424take
away 2 overlapping sije é using this strategy. Rivera and Becker (2008)
concluded that using deconstructive strategy was difficult for students to establish the
relationship and generalition than constructive strategy in their teaching
experiment.

Besi des studentsd6 conceptions about figu
(2010) defines studentsd6 actions in gener al
actions as in the following:

(1) abductivéinductive action on objects, which involves employing
different ways of counting and structuring discrete objects or parts in a
pattern in an algebraically useful manner; and (2) symbolic action, which
involves translating (1) in the form of afgebraic generalization (p. 300).

Students seek the relationship in the pattern and try to propose a hypothesis
based on the given steps of the pattern in abdurtdctive action. Then, they can
extend the pattern regarding the hypothesis. To illiestexploring a relationship
based on the total number of toothpicks in tfe2l”, and &' step of the pattern and
finding the number of toothpicks in the™6tep. This exploration is transformed as a
rule to algebraic representation in symbolic actio

Sever al studies have examined students?®o
across grade | evel. One of t hem thas Jur dak
investigate the trend of generalization throughout the grad®s¢dq411" grades), and
the effectsdb f eatures of tasks on studentsd gener a
applied a test that consisted of four pattern generalization questions to a large sample
of students, as in their study with teachers. The questions were classified in pattern
genealization type, function type, and degree of complexity. In this regard, one of
the findings of the study was the facilitation effect of the generalization type and
function type to studentsd6 reasoning | evel

near geerralization type of tasks in linear patterns; however, they had difficulty with
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getting a general rule for'nterm in far generalization type of tasks. Other findings
from the result of the study were that t
and the variation of studentso6é strategies
Wal koviak (2014) aimed to explore studen:
patterns for %, 5", and & grade students. The researcher concluded thderstsi
used both figural and numerical reasoning for generalization; however, younger
students used more figural reasoning. The findings show that the use of algebraic
notations increase across the grade that younger students can use their invented
notatiors (e.g. using a circle for representing stam)lolder students can use formal
notations for generalization of patterns. Different from this study, El Mouhayar and
Jurdak, (2016) found that lower graders (grade 4 and 5) used mostly numerical
reasoning,and upper graders (grade 10 and 11) used mostly figural reasoning in
pattern generalization. The researchers also suggest that students who used functional
strategy had figural reasoning for pattern generalization as Markworth (2010) stated.
However, higHevel students have difficulty with representing generalization
o f patterns algebraically too (¢tCayeér &
examined9gr ader sd analysis of patterns and |
the figural pattern, but fewfdhem could generalize and represent the general rule
with algebraic formula. MacGregor and Stacey (1996) asserted that older students
could not relate the position number and the term in the pattern. When students only
consider the consecutive terms imetpattern not the relationship between the
position number and corresponding term of the entry pattern, they can have difficulty

in making generalization (Harel, 2001).
2.7.2. Studies Related to Algebraic Expressions

The studies related to algebraic exgsions are presented under two sections

as teachersd knowledge and studentsd con:
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2721.Teacher sd0 Knowl edxpressions Al gebr ai c E

I n t he aspect of PCK, Knowi ng student s
understanding is onef the components of teacher knowledge. Tirosh, Even and
Robinson (1998) examined this aspect in the context of algebraic expressions. They
examined teachersd awareness of studentso t
expressionssincethis tendency caed difficulty for learning algebraic expressions
and operations with them. The students with this tendency can add 4x+5 as 9 or 9x as
an example. The researchers studied with two novice and two expert seventh grade
teachers based on the years of expeegndhe data were collected from lesson
observatiosi n t hat teachers were teaching al gebra
plan, and interviews with teachers after lessons. Tirosh et al. (1998) found that two
novice teachers were not aware of this tengenbile two experienced teachers
expected that students had this tendency in dealing with algebraic expressions. The
researchers observed that one novice teacher was not aware of the misconception that
students could hayeand thus he emphasized adding tmembers and letters
separately as a rule when teaching simplification of algebraic expressions and the
students gave incorrect answers. Whereas, the other novice teacher used rules,
adding fAli ke ter mso adln kiec atteirngy .u ih$eh et aedrsnabd hiaf «
techniques while explaining operations in algebraic expressions with representing
apple and pear for variables. These strategies were used mostly in teaching algebraic
expressions, but the researchers observed that these strategies caussh&mee

in student learning. Thus, students had difficulty to understand the reasoning of

al gebraic expressions. One of the experience
termso and Aunlike termsodo were bguedconsi der i |
the |l esson with wusing this concept. Ot her (

conceptualization with using challenging strategies such as substitution, order of
operations, and going backward. Tirosh et al. (1998) suggested that teachers should
know studentsdé difficulties and design their

regarding studentsd conceptions.
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The knowledge of studentsd conception:
of pedagogical content knowledge. In this context, Hallagan (20@ayided
teachers to get studentsdé wor ks. The re
instruction particularly for teaching equivalent expressions. The researcher
developed tasks that included modeling the equivalent expressions, and the teacher
implement e d t he tasks and constructed a [
solutions and works. The teacher used this modeling for the first time and gave lots
of time for the instruction. Students worked on to show and explain 4s+4 expression
equaled with 4(®l), s+s+s+s+4, 2s+2(s+2), and 4(s#2yithin different pictures.

This taskhad a context that askéae border of a square pool. As a result, the teacher
recognized the usefulness of using the visual strategies based on area modeling to

i mpr ov e cenceptdat undesstéanding than using only distributive property as
procedur al . Hal | agan (2004) suggests ge
exempl ary works to develop teachersdé kno\

27.22.St udent s 0 liz&ionrofcAlgebtaic Bxpressions

The studies about algebraic notations and manipulations of algebraic
expressions show that students do not have adequate conceptual knowledge for
understanding the structure of the expressions and they have difficulty wit

manipulating them (Banerjee & Subramaniam, 2012; Booth, 1984; Gunnarsson,

S°nner hed, & Hernel |, 2015; K¢chemann, 1
2010) . Mac Groger and Stacey (1997) propo
about using algebri ¢ not ati ons: Ai ntuitive assumg

about a new notation, analogies with familiar symbol systems, interference from new

| earning in mathematics, and the mislead
taking into the reasons @munt can support teaching and learning algebra.
Further more, Seng (2010) identified st ui
expressions in detail. These errors are incorrect order of operation (e.g.

2l a+a+15=30+a+a), a d diignoriaghcoeffidients of t @lg er s i
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in front of the variable, multiplication of negative integer before the bracket
incorrectly, ignoring the multiplication of second term in the bracket in using
distributive property, addition of exponential form of expiass (e.g 3&8+4&=7&
and writing the result 14a), conjoining expression incorrectly (e.g. 3a+3=7a or 7).
Consistent with the reasons that were proposed by MacGroger and Stacey (1997),
Seng (2010) also asserted possible causes for these errors as ¢pliotenference
from new learningdifficulty in operating with the negative integers, misconceptions
of algebraic expressiorad misapplication of rules. Astated, new learnt concepts
can lead students taference somencorrect rules such as in the panential
algebraic expressions. Students can operate negative integers when they are
coefficients of terms incorrectly that they could aéixt-3x as-9x. Besides, students
did not conceptualize algebraic expressions and had misconceptions. For example,
they can thinkab andba are unlike terms, or the coefficientafs 0. MacGroger and
Stacey (1997) explained this situation with intuition about new notation. Last,
students made errors in application of
and particularly application of distributive property with ignoring the multiplication
of second term in the bracket such as 2(4a+3) = 8a+3. Seng (2010) concluded that
students do not have conceptualizati on
understading should be developed for simplifying algebraic expressions.

One of the commonly suggestegpproachef many studies related with
teaching algebraic expressions is transformation arithmetic to algebra (Livheh &
Linchevski, 2007; Subramaniam & Banarj@®04;Warren, 2003)In this context,

Banerjee and Subramaniam (2012) implemented a teaching approach to slipport 6

r ul

of

grade studentsd understanding for transit.i

algebra. They investigated the development of estad s 6 al gebraic
throughout the approach over two years. They focused on particularly understanding
rules and procedures in operations, simplifications of algebraic expressions, and
equivalence of expressions. Thus, they aimed to give studentiethef similarity

of the structure of arithmetic expressions and algebraic expressions connecting them

with rules and properties used. One of the examples from the tasks used was that
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Awhi ch of the expressions gi ven afs equ
51 x+161+17d0.x This study was conducted as a
trials were revised during the study. Banerjee and Subramaniam (2012) found that
students could use the rules and procedures in addition and subtraction of algebraic
expresns, and they could also understand the reasoning of the equivalence of
expressions. As a result, the researchers emphasized the importance of connecting
arithmetic with algebra at the beginning algebra to tedgmprovementof t udent s 6
understanding odlgebraic expressions. Particularly, teachers shioellduppliedhe
experiences about algebraic expressions with proving the equivalence of them to
promote studentsodo understanding (Ayalon

With similar purpose, Livheh and Linchevski (200ihplemented an
intervention as a direct instruction including numerical contexts that could address
future algebraic structures such as order of operations, collecting like terms and the
use of eq a | sign. T 0 -25+25 lequa brret equal t655610s? 07 X ou | d
addr e s-@dx+3x egsial dr Bot equaltoBX 2 0 ( p . 219). This s
arithmetic teaching including correspond]
understanding of algebra. Similarly, Subramaniam and Banarjee (2004) tioain
the students who learnt algebra connecting with arithmetic were better on writing
algebraic expressions of verbal statements, simplifying algebraic expression, and
applying rules in operations with bracket expressions than other students learnt
algebra without arithmetic.

With a more particular perspective ahgebraic expressionghe order of
expressions and the role of brackets are examined in studies (Hoch & Dreyfus, 2004;
Marchini & Papadopoulos; 2011tivneh & Linchevski, 1999 The studies
swggested that elementary level students could do operations more correctly with
emphasizing the brackets. Howev&u nnar sson, S°nner hed an
i nvestigated whether the brackets hel ped
correctly. They oncluded that use of brackets did not assist students to apply the

rules in learning the order of operations in expressions. Livnheh and Linchevski
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(1999) suggest giving the structure sense

understanding.

2.8. Summary of the Literature Review

The literature review began with the frameworks of teacher knowledge in
general. In the section, the components of teacher knowledge were explained, and the
different models of teacher knowledge were compared within themselves. The
models have common components like subject matter knowledge, pedagogical
content knowledge, and curriculum knowledge (Shulman, 1986). Whereas, curricular
knowledge was examined in the context of pedagogical content knowledge in some
models (Grossman, 1990) s ome of them added new compon:
categorization(Cochran, DeRuiter, & King, 1993; Magnusson, Krajcik & Borko,
1999) These components were like knowledge of students such as knowledge of
learners and abilitiesand knowledge of context suclas school culture were
emphasized and included to some models. Then, the models specific to mathematics
teaching were reviewed and they put forward PCK concept that mathematics teachers
must have (An et al., 2004; Chick et al., 2006; Fennema & Frankg; R@®vland et
al ., 2005) . From these model s, Bal | et al . 6
teaching (MKT) was examined especially as the conceptual framework of the study.
Ball et al. (2008) proposed swulomains for content knowledge and pedagogical
content knowledge for MKT. Furthermore, since the aim of the study is to examine
teacher knowledge of algebra, the models for algebra kngeledso reviewed.
These models wee al so based on Shul manotieyt eacher Kk
presened features rkated with to specific algebra topics such as functions,
inequalities, and linear equations at secondary level (Artigue, Assude, Grugeon, &
Lenfant, 2001; Even, 1990, 1993; Feniiundy et al., 2006; Kieran, 2007; Li,
2007).

The studies have emphasizdtk timportance of teaching algebra in early
years to facilitate st udewhktgs toalgebra(Ca,f or mati or
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Ng, & Moyer, 2011; Van de Walle et al., 2013). Moreover, the studies showed that
student sdé al gebr ai c withlapprogiaten approaches sucheas d e v e
tasks or discourse (Ferrara & Sinclair, 2016; Warren & Cooper, 2008; Warren,
Cooper, & Lamb, 2006) . At t hat point, e
that is the beginning of algebraic thinking can be more adgaonus to enhance

studemt sO0 | ear ni n gteachers ltaeepnpartant folg in tedcking and a
positive effect olRrennemayuChpentersBanke,d évi, Jacokesme n t
& Empson, 1996; Hill, Ball, & Schilling, 2008; Hil, Rowan & Ball, 2005
Tchoshanov, Lesser, & Salazar, 2008). Particularly for algebra teabhataya and

Navarra (2009) pointed out this issue ant
di scussion of pattern generalizatiron for
study.

The studies about learning algebra show that studgaetserally have
difficulty in generalizing patterns algebraically and manipulating algebraic
expressions as early algebra (Amit & Neria, 2008; Becker & Rivera, 2005; El
Mouhayar & Jurdak, 216; Kieran, 2007; Lannin, Barker, & Towsend, 2006; Rivera,
2010; Rivera & Becker, 2008; Steele & Johanning, 2004; Walkowiak, 2014; Warren
& Cooper, 2008). Actually, as Capraro and Joffrinon (2006) stated that the
development of the concepts of variable atgkbraic expressions both procedurally
and conceptually is important for writing and solving equations later. Thus, it may be
mor e I mportant to i nvestigate mi ddl e
misconceptions in these topics as the beginning alg&sgzecially, understanding
functional relationship between the position number and the term in pattern
generalization can support the learning the concept of function in later grades
(Usiskin, 1988). However, Jurdak (nd EI
to 11" graders) generalization conceptions and concluded that the students had
difficulty in generalization of patterns algebraically more than extending the pattern.
This finding might show that the wide range as elementary, middle school and
secomlary school l evel studentsdé difficult

finding was consistent with Becker and
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students also had difficulty in pattern generalization. Similarly, Seng (2010)
presented different reconceptions about algebraic expressions that students had in
manipulating them. Asvell asMalara and Navarra (2009) indicatéte importance
of the role of teachers teaching generalization of patterns, Ayalon and Even (2013)
suggested the developmenf t eachers in order to promote
algebraic expressions.
I n addition to the studentsdé difficulties
lack of knowledge for teaching these topi&d. Mouhayar and Jurdak (2013)
explored that theeachers did not have adequate knowledge to explain the reason of
the studentsd6 strategies for generalization.
primary teachersd knowledge of content and
teaching of functional thking were not adequate and conceptual. Even, they had
difficulty in using algebra for generalization as subject matter knowledge. Similarly,
for teaching algebraic expressiongirosh et al. (1998) suggested improving
teacher sé knowln&nggerdes o designthdirdassors éffedtively.
Considering the importance of teacher K r
revealing teachersdéd existing knowledge and
generalization of patterns and operations with algebexpressions might provide
teachers to assist developing studentsoé und:
study. Mor eover, as it has been indicated t
knowledge and practice of these topics in litera{@e K |, Er bak, & ¢Cetinkaya
Doerr, 2004; ElI Mouhayar & Jurdak, 201Rieran; 1992;Wilkie, 2014) At this
point, this study carbe consideredo contribute to mathematics education literature

with this investigation téhelack of research about knowlezlgf algebra.
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CHAPTER 1lI

METHOD OLOGY

The purpose of this study is to examine the middle school mathematic
teacherséo mat hemati cal knowl edge for t e
operations with algebraic expressions. More particularlyc teer sd subj ect
knowledge and pedagogical content knowledge that form MKT are investigated in
planning and implementing the lesson for teaching generalization of patterns and
operations with algebraic expressions. Besides, it is also aimed to exhavine
teachersusetheir MKT in teaching these algebraic topics in their instructions. In this
context, the following research questions are framed:

1. Wh at is the nature of mi ddl e schoc
knowledge for teaching (MKT) gerdization of patterns in planning and
implementing lessons?

la. What IS t he natur e of mi ddl e S C
mathematical knowledge for teaching (MKT) for generalizatafnpatterns in
planning lessons?

1.b. What is the nature of thid | e school mat hemat i
mathematical knowledge for teaching (MKT) for generalizawbrpatterns within
the practices of implementing lessons?

2 . Wh at is the nature of mi ddl e schoc
knowledge for teaching (MKTpperations with algebraic expressions in planning
and implementing lessons?

2. a. Wh a 't I S t he natur e of mi ddl e
mathematicaknowledge for teaching (MKTpperations with algebraiexpressions

in planning lessons?
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2b. What IS t he natur e of mi ddl e schoo

mathematical kRowledge for teaching (MKTpperations with algebraic expressions
within the practices of implementing lessons?

3. How doegniddle schoomathematics eacher s subject matter
(SMK) influence theirpedagogical content knowledge (PCK) in the context of
teaching generalizatioof patterns and operations with algebraic expressions?

This chapter presents the research design and the characteristics of case study
first. Then, for thiscase studyparticipantsand the procedures of data collection are
explained. The framework and the procedures for data analysis are presented in the

following sections. Finally, the trustworthiness of this study is explained.

3.1. Research Design

In this study, qualitative research design was used to reveal middle school
mat hemati cs teacherséo mat hemati cal knowl edg
generalizatiorof patterns and operations with algebraic expressions. Patton (1985)
defined qualitatve reseac h as fAan effort to understand si
as part of a particul ar cont ext and the in
qualitative researchers investigate situations in their natural settings with the
meanings of people attritriDenzin & Lincoln, 2005)
Creswell (2007)explainsabout conducting a qualitative research, that if a
problem or issue needs to be explored, complex and etbtaiiderstandings of the
issue andthe interpretations of the participants are placed. Qtigbtaesearch
begins with assumptions and a theoretical perspective for a problem and inquiries the
meanings of individuals or groups about this problem. This qualitative inquiry
continues in a natural setting, with inductive data analysis and forminge$hieam
data. In conclusion, there are interpretations of participants and researcher about the
problem (Creswell, 2007). The concern of the researchers in qualitative research is
the interpretations and meanings that people have about their experiecaan,
2009)

63



Merriam (2009) describes four characteristics for the qualitative research.
One of them is the focus on the process, understanding, and meaning that the
researcher investigates in naturale settd]i
what the nature of the mathematical knowledge for teaching (MKT) is and how the
teachers attend their MKT in class in the process of teaching of generaliahtion
patterns and operations with algebraic expressions. As Merriam (2009) indicated that
the researcher did not intervene to this process. The researcher attempted to
understand the teachersd MKT with examir
meanings that they attributed without interveniiothe current study

The second characteristicstigat the researcher is the primary instrument of
data collection and analysigMerriam, 2009) The researcher can adapt
herself/himself regaling to what is investigated wittonsidering the purpose of the
study. The researcher also can interpret the data holistic perspective by
collecting the data with acquiring unexpected situations, the correctness of responses,
and the interactions at the time as well as the planned and expected process. Since
the classrooms has complex structure, the qualitatisearch provides to examine
this atmosphere (Lagemann & Shulman, 1999). This studyalsn this type of
context andhe researcher had opportunity to observe the teaching process in class as
natural setting with expected and unexpected situations, thensss and reactions
of teachers in teaching and students in learning, and theirdtibera at the time.
Thus, the researchadaped herself regarding considering the possibilities and also
investigatdt he t eacher sdé knowl ed theonwvectionhwiths e v er 8
the data collection process, the researcher could analyze the data taking the teaching
process on the whole and in depth into consideratispedally, in this studythe
researcheros observation of thé écachers s s ons
throughout the teaching process provided and eased forming the themes and codes to
analyze the data.

The third characteristics is the inductive process that the collected data is used
to develop concepts or theories, mr explain the conceptswithin the theory
(Merriam, 2009).In this study, it is aimed to explain the teacher knowledge of
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algebra witin the model of Mathematical Knowledge for Teaching. In analysis
process, forming themesd codes also was inductive ghdy depenedon the d&a

that was gathered froobservations, interviews and written documents. Based on the
model of MKT components anitheir descriptions, the codes mgeformed for this
study. The findings also cannot be determined before the investigation; they are
exploredin the process of research.

The fourth characteristics is the descriptive product that words are used to
explain what is investigated than the use of numbers (Merriam, 2008
researcher used the transcribed videotapes, interviews, field notes, amndpless
as written documents to give detailed descri

In sum, the qualitative research design, especially case study, is preferred for
this study in the light of the explanations regarding the characteristics of the
qualitative research. In the following section, the characteristicas# study that is
used for the currerstudy are explained.

3.2.Case Study

Creswell (2007) states that case study approach includes a case/cases that is
explored by the researcheretdiled and irdepth data collection from multiple
sources (e.g. observations, interviews), and reporting the themes for the case.
According to Yin (2003) , case studies ar e
questions about a phenomenon in4dal Yin (2003 gives a technicalefinition for
case studyas i aase study is an empirical inquiry that investigates phenomenon
within its reatlife context, especially when the boundaries between phenomenon and
context are not cl ear | ys, ehati il iavestigated (isp . 13) .
considered with their variables related with the context (Yin, 2008).

Merriam (2009)considersthat the case is a bounded system regarding the
purpose of the study. The researchers (Fraenkel, Wallen, & Hyun, 2012; Merriam,
2009; Miles & Hubeman, 1994; Stake, 2006) definke case as a phenomenon
which is bounded wiiin context. They explain that the casgght be an individual,
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an event ol situation, an activity or process. Regarding to the case within context,
the concept oftte unit of analysis is proposed for case studies. The unit of analysis
woul d be Aone particul ar progr am, cl as:
(Merriam, 2009, p. 41). The qualitative researchers determine the unit of analysis by
considering the purposH the studyaswhat is aimed to investigate.

Merriam (2009) asserts that the phenomenon is must be bounded to be case.
This bounding can be provided with limiting the time for data collection, the number
of people to participate to the study, or theidoghat is investigated. Thke
boundaries also used for the curreuialitative research. The time and topics are
limited with the duration of instruction of algebra units, particularly generalization of
patterns and operations with algebraic express®esauseahe purpose of this study
is to examine the nature of mathematical knowledge for teaching algebra of middle
school mathematics teachers. Thus, the instruction of these topics were lasted for
four weeks and the research was carried out for thedes\aedimewas limited The
participants also were limited with two middle school teachers, since the teachers
taught these topics based on the curriculum at the same time.

In case studies, investigating the case within the context provides to evaluate
the variables that interact with the case. Thus, the researcher presents a holistic
description with case study (Merriam, 2009). For this study, the observations of the
instructions provided to consider the wh
teani ng and the studentsdé |l earning in cla
helped to understand the teaching process in the perspective of the teachers. Thus,
these several data sources considering together can yield a holistic explanation about
teacle r s & mat h e rgetfor teaghing dgeloaw | e

Yin (2008) describes four types of case study design that stagke degin
with single unit of analys#bolistic, multiplecase degn with single unit of analysis
holistic, singlecase designvith multiple units of analysiembedded, and multiple
case desigmwith multiple units of analysiembedded. In this study, multipbase
study design with single unit of ayals wa used from types of case study designs to
investigate mathematical knowledge foathing based on teaching process of two
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mi ddl e school mat hemati cs teachers by exami
process, and their reflections about lessons. In the design of this study, the context is

algebra topics (generalization of patternd aperations with algebraic expressions)

instruction, the cases are two middle school mathematics teachers, and the unit of
analysis is teachersdéd mathemati dveldw knowl edg
figure The teacher so6 MKT bicatlytby itsedf, amdwphlusingn e d i n  hc

comparecontrast technique in findings.

Algebra Algebra
Instruction 1 Instruction 2
Middle School Middle School

Mathematics Mathematics

Teacher 1 Teacler 2

Figure 1 Multiple case study design with single unit of analysis in this study

According to Yin (2008), two or more cases are selected in mutigde
study design to show similar results for literal replications or contrasting results for
t heoretical replications. For this study, t
knowl edge based on Ball et al . o0sycan2005) MKT
be considered for literal replication, that the MKT model also can be evaluated by

exemplary outcomes from using cases as two t

3.3 Participants

This section describes the sampling method used for this study vidthalat
and the participants withtheir demographic information. In this study, the
participants were two middle school mathematics teacthdrsse mathematical
knowledge for teachingrere examinedbased on their instructions of algebra. They
have been working irhe same public school in Ankara. They were teaching algebra
topics to 7' grade students at the same time during the data collection. For the
selection of these teachers, convenient sampling method was used to provide the
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accessibility to the teachers, smnthey taught algebra at the same time in the same
school. When random sampling is difficult as in this study, the researchers use
convenient sampling and select the participants that are available in terms of
location, and time (Fraenkel et al, 2012; Nemn, 2009). One of the reasons for
selecting these teachers was that they volunteered to participate to this study.
Becausehis study required a long time and the participants were expected to give
time for interviews and discussions out of the clas®tifthus, considering these
availabilities, these participants were selected for this study. On the other hand, this
selection could be purposiyeirposeful sampling for theeason that giving rich and
detailed information about teaching process of teacti&eswell (2007) suggests
using purposive sampling for qualitative case studies. Sample which can give rich
information about the case in depth is selected to understand the phenomenon
regarding the purpose of the study in purposeful sampling (Merria@d®)2Batton
(2002) st at es -ricthaades afei thoge drommahich ane can learn a
great deal about i ssues of <centr al i mpor
Thus, the researchers select the sample based on their personal knowksdge a
participants (Fraenkel et al., 2012). The teachers in this study had a master degree
from elementary mathematics education, and they have also beewnactorate
program in elementary mathematics education. According to the researcher opinion,
they can have more knowledgeable about research and mathematical content than
other teachers who had only bachelor degree, and this situation can provide give rich
and detailed information about existing and required teacher knowledge in
connection with the pugse of this study.

This research was conducted in 2015 Fall Semester with two female
middle schoolmathematicgeachers in the same public school. Their names of the
participants were changed to provide confidentiality of them, and used pseudonyms
as A and B to represent them. Their demographformation is presented in the

tablebelow:
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Table 1 The demographics information of the teachers

Demographics Teacher A Teacher B

Gender Female Female

Bachelod degree ElementaryMathematics Elementary Mathematics
Education Education

Education Level PhD student in doctorate PhD student in doctorate
program program

Experience in Teachinc 3 years 9 years

The detailed characteristics of participants are described in the following
sections in detail.

3.3.1.Teacher A

Teacher A was 27 years old during the data collection. She had a bachelor
degree from elementary mathematics education department and she had also a master
degree in elementary mat heimavasiabost sietducati on.
grade studentsO6 mat hemati cal thinking in pr
solution strategies using Caiods (2000) mathe
are also problems about patgebra that are figal and numericapatterns,and
writing and solving first degree equations. Thus, she was considered to have
knowl edge and experiences about anal yzing s
algebraic problems. She has also been in a doctorate program in elementary
mathematis educati on. She took course called fADe
in el ementary gradeso in doctorate program.
the doctoral students about algebraic thinking literatureitaaldo required doinga
project as praatal aspect. Thusthis teacher has literagitknowledge about early
algebra andshe can be expected to collaborate with the researcher throughout the
data collection Teacher A has experienced in teaching middle school mathematics
and has been working in middle sociceconomic level school for 3 years. This
school was her second school that she worked. She has been tefciigpsd

grade students and thus she has been teaching algebraic topics for each level of the
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middle school for 3 years. Thesearcher observedths&dac her 6 s | essons
to her before. The researcher explained the aim of the study to her, and she
volunteered to participate to this study. She also expressed that she needmttassist

for teaching some topics and wantewl develop herself. Thus, when she was

explained e purpose of the study, she waling to participate to this research.
3.3.2.Teacher B

Teacher B was 32 years old during the data collection. She had a bachelor
degree from elementary mathematics edion department and she had also a master
degree in elementary mathematic&gadducati
mat hemati cal classroombs di sc agpects’me i n t e
contents that Teacher B focused on were abauatbers and geometry irer master
thesis. Thus, she hammowledge and experiences about research, but not particularly
in algebra topicsOn the other handleacher B can be expected to collaborate with
the researcher throughout tloata collection She has also beern a doctorate
program in elementary mathematics education. She did not take any courses related
with algebra teaching in graduate classes. She has been tedgHifigahd 7' grade
students for 9 years and thus she has been teachimgaadgpics for each level of
the middle school for 9 years. The researcher observedettascth er 6 s | es s o
talked toher beforethe researchThe researcher explained the aim of the study, and

she volunteered to participate to this study.
3.4. The Context of the Study

In Turkey, the new Middle School Mathematics Curriculwas proposed in
2013 for 4(elementargchool) #(middle school) #(secondary schookducation
system. However, thenplementationof this curriculum has beereflected onthe
textbooks gradually grade by grade. Thus, at the time of the data collection of this
study, since the textbook was not published regarding oihtplementationof the
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new curriculum, the teachers were using the books based on the old curriculum
(MoNE, 2009) The old curriculum was designed f6¢8 grade levels. The books
also were prepared based on the objectives and topics in this curriculum (MoNE,
2009). This textbook weawritten and published bthe institution of Ministry of
National Education in 2014.hTe t eacher s f ol l owed this text
workbook throughout the instruction of algebra topics fBrgvade level. The unit
t hat was selected for this study was entit]
This study focused on the two topics thaére generalization of patterns and
operations with algebraic expressions. The objectives, the sample of activities and
the explanations for teaching these topics as in the curriculum (MoNE, 2009; p. 280
283) translated by the researcher are in the AgpehdThe objectives in the new
curriculum (MoNE, 2013) that correspond with these objectives of the old
curriculum as in the following:

6.2.1.1. Rpresent the relationship in the number patterns with letters, find the
asked terms of the pattern whichépresented with letters.

6.2.1.5.Add andsubtractalgebraic expressions.

6.2.1.6.Multiply a whole number and an algebraic expression.

8.2.1.2. Multiply two algebraic expressions.

These objectives are in the nefi&nd &' grade mathematics curriculumadan
under algebra learning area. The difference between the old and new curriculum
regarding the objectives is that all of the objectives above belonf geade in the
old curriculum.

Beside the mathematical content of the instructions, the generalptiescof
the instruction pedagogically and the physical structure of the classrooms can be
explained in order to describe the context. The teachers used the same textbook by
MoNE (2014) including teachérsguidebook, studestdextbook and studestd
workbook. They designed their lessobg focusing onthe textbook order wh its
examples and activities, anaetteachers used direct instruction metlRekidesthe

desls were set as to see the board, #wedteachers usually were in front of the board
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and wote what they explained on the board. There was also a projector, but the
teachers did not use it the throughout the observations.

The research was conducted in tWbgfade classrooms and there were about
35 students aged 4B years oldin each classThe teachers indicated that the
students came from midglsocieeconomic level familiesin the classrooms, the
students siin pairsin one desk as the teacher arranged. Although there were bulletin

boards in the classroombgere were noany mathematis works of students.
3.5. Data Collection Procedures

The data collection procedure had two main phases for this study: before the
instruction, and during the instruction. In before the instruction phase, the teachers
prepared the lesson plans individyathe researcher interviewed with each teacher,
and the researcher suggeb examples, activitiegnethods and techniques, and
shared the findings of the questions in the tests (e.g. the strategies used by the
students, misconceptions, errors that arnoséhe solutions). The teachers revised
their lesson plans with what was suggested by the researcher. The setting of the
suggestions and the teachersdo pweef er enc
explained in detail in 3.& section. In the second pleasiuring the instruction, the
researcher observed the lessons in two differEngrade classes, took field notes,
and videerecorded by the camera. After each class session, the researcher conducted
postobservation interviews with the teachers.

In sum Figure 2 shows the process of data collection with the flow diagram

below:
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Lesson planning

Suggestions

Implementation

Post-observation

interviews

+The teachers + The researcher +The teachers * The researcher
prepared the suggested implemented interviewed
lesson plans activities, their plans with the
individually tasks, methods teachers

and techniques +The researcher individulaly

« Individual to the teachers observed them after each
interviews and took notes lesson
were
conducted with
each teacher

A ~— A ~—

Figure 2 The process of data collection

The researcher gathered data from multiple sources (e.g. lesson plans,
interviews, and obsertians) and this culd provide understaniohg the actual
classroom environment. Eatype ofdata was collected to support other data from
different instrument. € s s o n t e eobshreation 0

pl ans with respon:

i ntervi ews; teacher sdé rempeornsaetsi onwnist hwiotbhs etr eve
responses from posbservation interviews were supported and completed each

other.

3.6. Data Sources

Multiple data sources were utilized to get rich and depth information about

teachersé mat hemat i cilhis ktudp Wd Eresgedl (2000)r t eac hi
states that Aqual i tative researchers typical
i ntervi ews, observations, and document, rath

38). For this study, the data were collected frprepared the lesson plans by the
teaches before the instruction, examining lesson plans with the teachers before the
instruction and interviewing with the teachers {pbservation interviews),
observation the class during the instruction of algebraiccgppand reflective
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interviews (posbbservation interview) with the teackeafter the instruction. The
data sources are explained in detail with rationale in the following sections.

3.6.1. Prepared Lesson Plans by the Teachers

The purpose of preparinigssons plans individually is texamineexisting
teacher sé mat hemat nhgcamdbraWitm prephriagllesson dlaosy t e a
it is aimedto investigatewnh at t eachersoé knowledge for p
teaching algebra (subject matter Wedge) is, and how teachers take into account
studentsdé thinking (pedagogical content
lessons. Preparing the lesson plans individually also provided the teachers to review
the content which they would teach to #tedents.

In preparing lesson plan process, the reseanstesented the objectives of
algebra topics as in thé"grade mathematics curriculum for the teachers before the
preparation of the lesson plans first. The algebra unit has 4 topics and ®vebjec
Thus, the teachers were expectegtepared lesson plans for each topieor this
study, teachersd mathemati cal knowl edge
and operations with algebraic expressions, were examined. Thus, two lesson plans
were examined in this study. The objectives that were included in the two lesson
plans are shown in Appendix A. The teachers prepared the lesson plan for
generalizationof patterns first, and then for operations with algebraic expressions.

The first lessonplan had one objectv@ Ex pr ess the relation i
which are modelletdy using lettere , t h elessorepdan mad objectivésP e r f or m
addition and subtraction operations with
al gebr ai c dlgssor plans were préparedTby each teacher individually
before the instruction. After they prepared the lesson plans, the researcher
interviewed with each teacher about their lesson plans. This was an opportunity for

the teachers to revise and develbg kesson plans, since their explanations verbally
provided them to realize the stromagd weak aspects of the lesson plans. In these

pre-observation interviews, the researcher asked questions about preparation process

74



to the teachers why they designed l#ssons in this way. The structure of interviews
is explained in detail in the following section.

After the interviews, the researcher and the two teachers came together. The
researber suggested activitiespethods and techniques frotime literature reated
with the objectives in the lesson plans for the teachers. If the teachers considered
which of themcould be useful for improvingt udent sé under standi ng,
their lesson plans and involved them in their lesson plans. The settings thagsnclud
the researchérs s u g g e s t raathods antl iteghniquéesefrem literature are
explained detailed in the Appendix B and Appendix C. The aithesfe suggestions
from literature wado understand ofvhat the reasons of the teachaysselect the
activities or questionsand to observe ofhow they implement them in their
instruction. It was considered that the selection and the implementation could
provide to explore the teacherso tknowl edge
suggested activitiesnghods and techniques were from the literature, the teachers

were suggested using them to improve the stu

The setting of suggestions for generalization of patterns

The researcher made suggestions for the teadiassd o the research
related to teaching and learning of generalizatiaf patterns and algebraic
expressions. The researcher prepared the suggestions before the data collection.
Especially she took the activitiegxamplesand methods that were suggestedtfier
teachers to develop their instructiofhe suggestionwere implemented and found
usefult o support the studentsd | earning in res
generalization patterns was based on the literdRlesmton & Kaput, 2003Healy &

Hoyles, 1999; Herskowitz, et al. 2002annin, Barker & Townsend, 2006; Magiera,
van den Kieboom & Moyer, 2013/oss, Beatty, McNab, & Einsband, 2005; Moss,
Beatty, Barkin, & Shillolo, 2008; Rivera & Becker, 2005mith, Silver & Stein,
2005; Walkowiak, 20%; Warren & Cooper, 2008). The researcher suggested a
pattern test, three activities, and a representation for supporting the instruction of
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generalizationof patterns (Appendix B). The researcher developed a pattern test
using the questions in the litena¢ and implemented this test t8, " and &" grade
students in the same school in the previous semester before this study. The test
contained numeric, pictorial, and tabular representations of linear growth patterns.
The aim of the implementation ofi¢ test was to share the findings abouddle
school studentsd reasoning and strategi
patternswith the teachets The researcher pointed out
misconceptions, errors, and difficulties whdeneralizing patterns in this sharing.
The teachers involved the pattern test to their lesson plans and revised the lesson
plans.

The suggested activities wepeesented and explained in detail in Appendix
B. However, the teachemecided not use thesetities in their lessons. As the
representation, the reseher suggested the use of tablem the examination of
studentsbo sol ut i omsthe istudents who gotathet eomest t e s
generalization generally used tabular representations. Iniaddid this, the
researcher suggested using the reasoning within figures or pictures in figural patterns
asthe studies (Healy & Hoyles, 1999; Moss, Beatty, McNab, & Einsband, 2005;
Rivera & Becker, 2005; Walkowiak, 2014; Warren & Cooper, 2008) also dtzéd
the students used numerical and figural reasoning, even younger students used
figural reasoning more in pattern generalizations. The teachers used tabular
representation of the patterns to underlie the relationship in the patterns in the
instruction,and they used figures to provide visuality.

The setting of suggestions for operations with algebraic expressions

The setting of suggestions for operations with algebraic expressions was
based on the literature (Gay & Jones, 2008; Kindt, 2014; Van de ¥tal., 2013).
The researcher suggested several activities from the course bddlrbg Kindt
andthe textbook (Appendix C)he teachers involved these activities to their lesson

plans and revised them, and they used them in the instructions.

76



The esearcher prepared AnAAlgebraic expressi
suggested activities and questions (see Appendix C). The researcher implemented
this test for 8 graders in the same school. This test had four parts: operating with
expressions, equivalergxpressions, people at the amusement park activity, and
correcting the error in subtraction operation that had two parenthesis algebraic
expressions. The first reason for preparing this test was to have an idea about the
practicality of suggested actina in teaching operation with algebraic expressions
before the teachersd I mplementations. The s
was to warn or prepare the teachers for possible conceptions, misconceptions, errors
and difficulties that studentsan have while teaching. In this setting, the solution
strategies, misconceptions, errors and difficulties of students were shared with the
teachers. The results showed that the students had difficultyrevitemberingd
multiply each term in the parenthesidile using the distributive property. The
teachers agreed with this difficulty of students, and they indidhitdvercoming
these typsof errorsweredifficult by giving severalexamples while teaching.

As the method and technique, the researchegesigd explaining the
properties of addition and multiplication properties in algebraic expressions with
connecting the properties of operations in arithmetic for the students as Van de Walle
et al. (2013) indicated. The textbook published by MoNE alsluded the activity
that provided this connection and these activities also were suggested to the teachers.
The researcher explained that the use of algebra tiles with modeling for teaching
multiplication was suggested representation in the curriculum (M&QH9; 2013)

and literature. The teachers already included the use of them in lesson plans.
3.6.2. PreObservation and PostObservation Interviews

Yin (2003) states that interviews are important tools to collect data in case
studies since these typef studies generally are about humans. The interviewed
person can explain and make interpretations about what is investigated, and it can

provide information beyond what is observed and understood. One of the interview
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types used in case studies that Yi®Q2) explaings focused interviews that they
include the questions from what is investigated as case, focus on specific situation,
and lasted for short time. In this study, interviews were conducted before (pre
observation interviews) and after the instron (postobservation interview). Pre
observation interviews focused on the lesson plans were prepared by the teachers,
and postbservation interviews focused on the instruction for one or two class times.
According to Fraenkel et al. (2012), interviewan provide to understand
what is on peopleds mind and al so whet he
observations. The purpose of the -pleservation interviews was to understand
teacherso k n qoarédeedsg fer teachinlg algebtapics. The pre
observation interviews were conducted after the teachers prepared the lesson plans.
In these interviews, it was aimed to investigate how teachers decide to design the
lessons like in the plans, and what the teachers take into account about gtudents
thinking while preparing the lesson plans. -Bbservation interviews could also
provide to check whether the researchers
The researcher used sestiiuctured type of questions in the interviews.
Corbetta (2003) efines the sermstructured interviews as in the following:

Within each topic, the interviewer is free to conduct the conversation as he
thinks fit, to ask the questions he deems appropriate in the words he
considers best, to give explanation and ask farifaiation if the answer is

not clear, to prompt the respondent to elucidate further if necessary, and to
establish his own style of conversation (p. 270).

The researcher prepared the same questions for the teachers to explain their

lesson plans in theiwords based on the questions. The questions vger
structured in nature and thuish e expected answers can de
knowledge and the prompt questions can be asked if necessary. The questions were
asked to the teachers in the-pleservabn interviews as in the following:

1. How can you explain your lesson plan briefly?

2. How did you plan your lesson in this way?

3. What are the methods or techniques do you plan to useujgporting

studentsé | earning?
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4. What prior or prerequisite knowledge thhetstudents should have to learn
this topic?
5. What possible misconceptions that students have while learning this topic?
6. What possible difficulties that students have while learning this topic?
7. What do you planto do when the students have difficulty durirthe
instruction?
8. What do you plan to measure and assess th
The preobservation interviews provided the researcher to understand the
lesson plans as written documents in detsihe teachers explained the design of the
lesson plans ith rationale for each question and activity lesson plans. These
interviews also provided the researcher to evaluate the lesson plans correctly by
teachersdé explanati ons.
After each class, the researcher made -pbservation interviews as
reflective nterviews. In a week, mathematics classes were carried out for three days
and total five class hours. Thus, three postrviews were conducted by each
teacher after each class in a weshgl in total 24 post interviews veemade with the
two teachersThese interviews lasted aboutl® minutes. The reason to conduct
these interviews right after the instruction was to prevent the teachers to forget what
and how the lesson went on considering the implementation of questions or
activities, drhxesst udiefnftisddulrteaseps and the tea
situations happened during the instruction. One of the purposes of these interviews in
this study was to provide to evaluate teach
understand what the teachensught about implementation of the lesson plans. The
other purpose of the pesbservation interviews was to check whether the researcher
understood teacheroés instruction properly o
comparing the t e aedaehespiepared thgpsamesqaestions foh e
the teachers to evaluate their lessons in their words based on the questions. The
guestions were serstructured in naturand thughe expected answers could depend

on the teacher 6s o pionsicould lse askedd necdssary. fheo mpt g u e
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questions were asked to the teachers in-pbseérvation interviewsas in the
following:

1. How was the lesson in general?

2. What do you think of the impheentation of the lesson plans ihe
instruction?
What do you think laout the implementation of questions and activities?
How was the level of the students in this class?
Where did the students have difficulty in the instruction?

What did the students learn in this class?

N o g A~ W

Did you encounter any unexpected situations dutmegdass? If yes, what

were they, and how did you handle these situations?

The postobservation interviews provided the researcher to understand the

lessons in the eye of the teachers. Thus, the researcher asked the questions about how

the teachers percad the flow of the lesson. These interviews also provided the

researcher to evaluate the classescotrd v by teachersé expl ana
The interview questions were prepared by the researcher examining the used

interview protocols in related literature arilen reviewed by a mathematics

education researcher. Pilot interviews were conducted with the teachers for another

topic before the main study to determine if the questiamsserve fothe purpose of

the study. All interviews were audirecorded with thggermission of the teachers to

transcribe later for analyzing. The interviews were conducted in the school library or

in a classroom if which of the place was suitable to carry on the conversation

comfortably and without interrupting.

3.6.3. Observations

Creswel | (2012) defines obserended,i on a:
firsthand information by observing peopl
Observations also are one of the data sources in case studies2008).
McDonough and Clark€2002) statethat observing lessons is a good method to
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examine teachersdé knowl edge. Thus, one of t

observations. The researcher observed total 33 mathematics lesson hours that

included the instructions of generalizatiohpatterns and operations with algebraic

expressions. The purposé the observations was to explore how teachers actually

used their knowledge. Thesesalovations could also provide comparinge ac her s 0

practice in class wi tdswiritienandesserplass. t hi nki ng an
During the instructions, the researcher acted aspacticipant observer.

Creswell (2012) indicates the role of mparticipant observer as taking notes in the

research setting and not to participate in the activities. Tleaneser sat at the back

of the classroom, and watched the instructions. All observations werereiceaed

with the official permission. The researcher focused the camera at the board and the

teacher, and changed the direction of the camera not totcacac her 6 s acti ons.

researcher also took field notes throughout of the instructions. Denzin (1989)

describes the observation field notes that are about participants, interactions,

routines, and interpretations. Thus, the researcher took notes abotiétegson

was going on and her interpretations about the instructions.
3.7. Duration of the Study

This study was conducted diug the instruction of algebtapics at ¥ grade.
The algebra unit had 9 objectives, and 16 lesson hours were advised dg/time
MoNE (2009). In the new curriculum (MoNE, 2013), it is advised to allow about 13
lesson hours for 4 objectives to teach these topics. However, the data collection
process for two topics from the algebra unit was about 2 weeks for preparing lesson
plans and 4 weeks for the instructions. The timeline for data collection for this study
as inthe tablebelow:
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Table 2 Timeline for data collection

Date Events

July 2014 Permissions from Research Center for Applied
Ethics

August 2014 Permissions from Ankara Provincial Directorate 1

National Education and Ankara Yenimahalle
District National Education Directorate

September 2014 Classrooms were determined, Pilot lesson plann
and interviews, Main study lesson planning and
interviews

October 2014 Pilot observations and Pesbservation interviews

November 2014 December 2014 Main study observatiorend Posbbservation
interviews

January 2015 General interview about the whole research proc

Before data colleg@n, the researcher prepared necessary official forms and
an interview protocol, and applied Research Center for Applied Ethics of Middle
East Technical University to get permissions. After getting the permission from
ethics committee (see Appendix D).ethesearcher applied tankara Provincial
Directorate for National Education to get permission for conducting the study in
determined public school in Yenimahalle. For this particatzhool, the permission
was takenfrom Ankara Yenimahalle District Natiah Education Directorate (see
Appendix E for the document). Getting this permission, the researcher explained the
purpose of the study and the data collection process to thel snohoagement. The
teachersalreadywasinformed about the study and thus thmcame volunteer. The
school management adjusted the f'graleher s?o
and not to cross the teachersd classes a
observe all classes for two teachers. According to thedeach 6 s peadtiul e s ,
posto bser vat i onimes wdree determieed.s@uring the data collection

necessary changes were made in these times.
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In September 2014, the first two weeks of the 2RQ45 Fall semester were
seminar weeks for the teacherddre the lessons began. The working hours in these
weeks finishedat noon Then the researcher interviewed with the teachers about the
lesson plans. The teachers prepared the lesson plans before they came school. After
interviewing with the teachers inddually, the researcher sug¢ed examples,
activities, methods and techniques for the tofmc which they prepared the lesson
plan. Thus, before the lessons began, one lesson plan for the pilot study and four
lesson plans for the instruction of algebratwere prepared and revised regarding
the suggestions by the teachers.

After the semesterbegan, the pilot study witlobservations and post
observation interviewsvere conducted for a week in October 2014. After the
teachers experienced the researctcgse for short time, the main study began in
November 2014. The main study lastedhe mid of December 2014 included the
two teacherso | essons. The main sofudy inclu
patterns and operations with algebraic expressidrhe observations and post
observation interviews were made about in 6 weeks. The researcher continued to
observe the instructions and interview with the teachers for another 6 weeks. The all
instructions were completed at the last week of January 20&5end of the
semester. At last, the researcher conducted a general interview with the teachers
individually to get their opinions, interpretations, and suggestions about the research

process.

3.8 Pilot Study

Before data collection for the main study,pilot study was conducted in
order to provide the teachers to get used to the research process of the study. To do
this, before designing lessons for algebra unit, a lesson plan was prepared for rational
number s. This topi c htlzedatioBal mumbers and sheweosn t hat e
the number line, represent the rational numbers in different representations, compare

and order of rational number so. The pil ot I
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hours in a week. The teachers were interviewed indalig about their lesson plans.

The researcher suggested activities, tasks, methods and techniques that could be used
for the teaching of this topic. The teachers wanted to use them and they involved
them to their lesson plans. This mteidy was expectetb provide the teachers to
experiencehe lesson plan preparation, and inform and guide the researcher about
what and how was examined in this preparation process.

After planning the lesson, the pilot observation was made in the class
sessions. The reseah e r took field notes about t ec
teacher 6s | e ghe mstructonday the eamera. This grocess provided
the teachers and students to get used the camera in the classroom. After this lesson,
the researcher determindte pointsnst udent sd responses in t
be discusseas difficulty, misconceptions or conceptiobg reviewing the videos
and field notes. Then, the researcher interviewed with the teachers to reflect and

evaluate their lessons.

3.9. Data Analysis Procedure

In this study, the data sources were lesson plans, interviews, and observations.
I n data analysis process, f i robseryation he t e
interviews about preparing lesson plans, the instructions as -sédeads, and
teacher sdé r e sqgbservaiensintedviews mboyp the instruction were
transcribed and read by the researcher. Then, the transcriptions, and the lessons plans
and observation notes as written work were gathered together to give t&c holis
picture about teachersé MKT, and organi
collection.

Creswell (2007) explained the data analysis procedure in qualitative research
as that Afconsists of preparing and organ
data into themes through a process of coding and condensing the codes, and finally
representing the data in figures, tabl e
Creswell (2007) indicated crossse analysis for multiple case studies. In this
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analysis each case and themes are described in detail and then analyzed the cases
within themes by comparing. Yin (2003) also suggested -@asssythesisas a
analytic techniquéor the analysis of two or more cases. The researcher can compare
and contrast othe cases based on the framekvthat is used for analysié this
study, the crossase analysis techniqdieat was suggested by Yin (2008as used
for analyzing and interpreting of the findings of the two cases.

The analysis ofhe qualitative reseaitt designs was beguwith forming the
initial and tentative codings, and thems continued with grouping them in themes
with respect to similaritiesandwasended with reporting the data (Merriam, 2009).
Forthisstudyhie cases as t hnengandvmstruttiens wenteeanatyzed p | a n
and described independently firsthe datafrom the casesvere analyzed and coded
as a statement, an explanation, a dialogue, or a question that considered to be
meaningful within itself. Then, the extracted codes wereinto one of themes and
then subthemes considering the descriptions and definitionshemes and sub
themes in the MKT modeBEMK and PCK as knowledge domains were considered
as themes, their components as knowledgedsuains (CCK, SMK, KCS, KCT,
and KCC) were considered as stitemes for this study, since the purpose of the
study i s to ex anhispocessepeocide to aralysibl Kf Tcases
individually within itself. Mer ri am (2009) s-tcase andlysis i3 a t i a
followedbyacoss-case anal ysi so (amultigl®case stidies: t he
Thus, after forming these tentative codes, the codes which were categorized by
comparing and contrasting and had a pattern in one casealgeravestigated for
other casel-rom theanalysis of two cases, the codesich wereoccurred in the two
cases within a patterwere determined for the current stu(®ppendix F).The
extracted codes were presentedtl interpretedy stating positive sigif+) for the
t e a c bse of appropriatand adequate knowledge, and negative §ipfor the
t e a c hse of ;dppropriate and inadequate knowlediin tablesfor each case
in findings independently. This analysis was carried out ferolbserved knowledge
types.Thus, the negative sign ditbt mearthe absence of knowledggo illustrate,
SCK7(+) indicates thahe teacher hathe knowledge to choose, make and use the
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tabular representation with focusing on the arithmetical relationships in tabular
representation to underlie the relatiomsim pattern to conceptualize generalization
ard she usether knowledge effectively in instructio@r, the students had difficulty

in applying distributive property in learning multiplicatidosut the teacher stated that
she did not understand what theaeded to learn and apply it correctly. At this point,
KCS3() indicates that h e t e a c h e rtadwderktand thé difficgjtieand
needsof students with application of distribution property appeared inadequately.
After the data were coded with thisethod, the results were compared and
contrasted in discussion under the knowledgedarbain headingm the discussion

at the endThe comparisornof two casesould providemaking interpretation about
the knowledeg that the teachers should have by empghasithe existing and lack of

knowledge in two cases.

3.9.1. The Famework Used for the Analysis in This Study

I n this study, Bal | et al.é6s (2008) M
of mi ddl e school mat hemati cs testiagcdier s o
teaching generalization of patterns and operations with algebraic expressions.
Although the related data set of planning and implementing were different, MKT
model used to analyze them. The framewtbikt wasused for analysis of data with

related research questions and ds¢dareas in the following table:

Table 3 The framework used for analysis of data with related research questions and

data set
Research questions Related data set Framework
for Analysis

1.a. What ighe nature of middle school Interviews about lesson
mat hemati cs t eache planning MKT
knowledge for teaching (MKT) for Lesson plans framework
generalizatia patterns in planning
lessons?
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Table 3 (Continued)

Research questions Relateddata set Framework
for Analysis
1.b. What is the nature of middle school Observations and field MKT
mat hemati cs t eacheilnotes framework
knowledge for teaching (MKT) for PostObservabn

generalization patterns within the practice interviews
of implementing lessons?

2.a. What is the nature of middle school Interviews about lesson MKT
mat hemati cs t eachelplanning framework
knowledge for teaching (MKT) for Lesson plans

operations with algebraic expressions in
planning lessons?

2.b. What is the nature of middle school Observations and field MKT
mathematict eacher sé mat notes framework
knowledge for teaching (MKT) for PostObservation

operations with algebraic expressions interviews

within the pratices of implementing

lessons?

3. How does middle school mathematics Interviews about lesson MKT
teachersd subject 1 planning framework
influence their pedagogical content Lesson plans

knowledge (PCK) in the context of teachii Observations and field
generalization of patterns and operations notes

with algebraic expressins? PostObservation
interviews
Bal I , Thames a n dModelhoé Matherdasical (K2owl€dge) for

Teaching (MKT)

Ball, Thames, and Phelps (2008) proposed adeh for mathematics
knowledge for teaching. This model is a domain map that shows mathematical
knowledge for teaching consists of subject matter knowledge and pedagogical
content knowledge Higure 3. Subject matter knowledge (SMK) has common
content knowedge (CCK), specialized content knowledge (SCK), and horizon

content knowledge HCK) components. Pedagogical content knowledge (PCK)
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consists of knowledge of content and students (KCS), knowledge of content and
teaching (KCT), and knowledge of curricul{iKC) as in thefollowing figure:

SUBJECT MATTER KNOWLEDGE PEDAGOGICAL CONTENT KNOWLEDGE

- “H
Cam m'f'" Knowladge of
E?E-ﬁlz-du“ content and
: == students (KCS)
(CCK) Specialized Knowledge
{ contant of content |
| knowladge (SCK) and
| Horizon curmiculum ,"
N content !
| L Knowlodga of
knowledge content and
feaching (KCT)
- -

Figure 3 Domain Map for Mathematical Knowledge for Teaching (MKT)

The first component of subject matter knowledge, common content

knowl edge (CCK) is defined aarkofiteachtng k n o wl
in ways in common with how it is used in many other professions or occupations that
al so use mathematicso (Hill, Bal | , & Sc

indicatedthat this mathematical knowledge can be used any settingshweguire
mathematics. Thus, this knowledge is not specific for teaching and therefore
mathematic teachers. The occupational groups who use mathematics in their working
area have this knowledge. For teaching settings, Hill et al. (2008) state that CCK
refars to subject matter knowledge proposed by Shulman (1986). Ball et al. (2008)

also explained CCK that mathematics teachers should hageaoyplifyingsuch as

fisimply calculating an answeor, more generallycorrectly solving mathematics
on(p.BWelnboard
and

problems using erms and notation correctlwr i t i ng
addi ti CCK
answers, solutions of students or incorrect definitions, questions, and explanations of

the textbooks. If the tehers did not have CCK or adequate CCK, they can make
88
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errors, use the terms incorrectly, or have difficulty in solving problems. These
deficiencies in teacherdos CCK can i mpede the
cause wasting time from the instructi@Ball et al., 2008). Beside these definitions,
Sosa (2011, as cited in Carrefo, Roj as, Mo
descriptors for CCK in her dissertation that CCK includes the knowledge of
fidefinitions, rules, properties, and theorems related specific topic .

Based on the definitions, descriptions, and examples from the literature and
reviewing the data in this study, these three codes are framed for CCK component in
this study:

CCKZ1: The knowledge of definitions, rules, properties, andréras related

to a specific topic

CCK2: The knowledge to use terms and notation correctly

CCK3: The knowledge to simply calculating an answer or, more generally,
correctly solving mathematics problems

The second component of subject matter knowledgesiadjzed content
knowl edge ( SCK) is defined as fAthe mat hemat
teachingo (Ball et al ., 2008, p . 400) . Th
understanding and reasoning. With this knowledge, teachers can explain and justify
the mathematical ideas. However, this knowledge is beyond of the conceptual
understanding. SCK is also about explaining the content and making decisions
pedagogically. Ball et al. (2008) explain SQ¥ giving such examples that the
k nowl ed g ehow mdahematicallanguége is usedow to choose, make, and
use mathematical representations effectivalydh ow t o expl ain and | ust
mathematical ideas ( p . 400) . The researchers al so de:
for teachingthat require SCK, such slinkihg representations to underlying ideas
and to other representationsonnecting a topic being taught to topics from prior or
future years giving or evaluating mathematical explanatiprend choosing and
devel oping us@abl).e definitionso

Based on the definitions, descriptions, and examples from the literature and
reviewing the data in this study, these seven codes are framed for SCK component in

this study:
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SCK1: The knowledge to connect a topic being taught to topics from prior or
futureyears

SCK2: The knowledge to link representations to underlying ideas and to
other representations

SCKa3: The knowledge to choose/give usable definition or explanations
SCK4: The knowledge of how to explain al
ideas

SCKb5: The kiowledge of how mathematical language is used

SCK6: The knowledge of how to provide mathematical explanations for
common rules and procedures

SCK7: The knowledge of how to choose, make, and use mathematical
representations effectively

The third componentof subject matter knowledge, horizon content
knowl edge ( HCK) is defined as f@dAan awar e
related over the span of mathematics i ncl
403). Teachers know with this knowledggthe bpic that they taught how is related
i n the next gradesd curricul ums. Thus, t
they know in next years about the topic that they learn now. However, for this study,
the codescould not be formed based on HCKincethe data did not give any
examples for this knowledge type.

The other category of MKT is pedagogical content knowledge (PCK). This
category has three components. The first component of PCK is knowledge of content
and students ( KC3gknowedys that mmhinesfkmowiegdboats
students and knowing about mat hemati cso
(2008) asserted that knowledge of students refer to how students think about, know,
or learn particular content. Thus, they indicathdt tthis knowledge is not about
Aknowl edge of teaching mov e cananticipdtecor t ea c h
predict the mistakes or misconceptions that commonly arise during the instruction
(p.375), andknow conceptions and preconceptions that stusldrave KCS can be a
component of Shul manés PCK concept, and
knowledge. Ball et al. (2008) explain KCS with givirsgveral examples To
illustrate,f wh en ¢ hoos i rnegchessmeee tpraditpwhat students will
find interesting and motivatingr when assigning a task, teachers neahtwipate
what students are likely to do with it and whether they will find it easy orohard p .
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401). Sosa (2011, as cited in Carreno et al., 2013) describes K@8astanding b
the needs and difficulties of students with mathematics topics

Based on the definitions, descriptions, and examples from the literature and
reviewing the data in this study, these six codes are framed for KCS component in

this study:

KCS1: The knowledg to anticipate where and how students have difficulty
KCS2: The knowledge to anticipate the misunderstandings that might arise
with specific items being studied in class

KCS3: The knowledge to understand the needs and difficulties of students
with mathenatics

KCS4.: The knowl edge t o hear and interpret

incomplete thinking as expressed in the ways that pupils use language
KCS5: The knowledge of common student conceptions and misconceptions
about particular mathematical content

KCS6: The knowledge to predict what students will find interesting and
motivating

The second component of PCK is knowledge of content and teaching (KCT).
KCT i s d etleiknowlebige ahsit cdmbines knowing about teaching and
knowing about m & al. h2008.apt 40&)s Accorflimdyad Hill eteal.

n !

C

(2008) KCT is formed with howetodbld ongg moves
st udent sobhow th addréss andjremedy student errors effectvelf p. 378) .

Ball et al. (2008) explain KCT with giving such amples that the knowledge is

about managing the order of topics for teaching or selecting examples for improving
studentsé | earning. Teachers with this kno
disadvantages of representations or methods for teaching aulgartioncept. They

also must guide the classroom discussions with making decisions about when to
explain, to use studentsodé6 ideas, and to ask
t hese al | exampl es ar e about tne ot her s 6 [
supportinppnd | mproving studentsé | earning.

Based on the definitions, descriptions, and examples from the literature and
reviewing the data in this study, these eight codes are framed for KCT component in
this study:

KCT1: The knowledge to choosghich examples to start with and which
examples to use to take students deeper into the content
KCT2: The knowledge to sequence particular content for instruction
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KCT3: The knowledge to choose a particular representation or certain

material for learning aoncept or mathematical procedure

KCT4: The knowledge to evaluate the instructional advantages and
disadvantages of representations used to teach a specific idea

KCT5: The knowledge to decide when to pause for more clarification, when

t o us e aemarkta chakena ndathematical point, and when to ask a

new question or pose a new task to furth
discussion

KCT6: The knowledge to identify what different methods and procedures

afford instructionally

KCT7: The knowledgediow t o build on studentsd thin
KCT8: The knowledge of how to address student errors effectively, remedy

student errors

The third component of PCK is knowledge of content and curriculum (KCC).
KCC is explained athe knowledge of the contents regaglithe curriculum order,
suggested activities, important explanations for teachBgsa (2011, as cited in
Carreno et al ., 2013) described as fAcont
and forthcoming mathemati cal o cormgrt thes 0 . T
relation with the topics for different grades. Teachers should khevdevelopment
of what is taught related with particular topic between gradssidesthey should
know the materialsand assessmetgchniques proposed by national auifies.

Based on the definitions, descriptions, and examples from the literature and
reviewing thedata in this study, these two codes are framed for K@@ponent in

this study:

KCC1: The knowledge to know the content and objectives in the curriculum
KCC2: The knowledge to judge how to utilize it to present, emphasize,
sequence and instruct

In sum, all codes used for analyzing MKT of teachers, for SCK and PCK
respectively, are presented within tables in the Appendix F.

As considering Balle t al .)d&exsplan@tidré @ur subdomains for
teaching decimals rder, it can be exemplified imalgebra teaching, particularly
generalization opatterns lie thatthe knowledge to generalipatternsand writethe
generalization algebraicallig CCK, the knowlede to usedifferent representation
such as table tgupportthe students to explore the relation between the position
number and the terms SCK, the knowledge to recognizdudents have difficulty
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with writing the general rule algebraicallyKCS, andthe knowledge to remedie

studentsodé errors tIsEGQGT. ari se while generali zi
One of the reasons for using MKT model for this study is that this MKT

model is widely accepted and used in mathematics education research. The authors

developed this modelased on the conceptualization of teacher knowledge of

Shul mandés (1986) theory as content knowl edge

This model also was developed as the result of qualitative and quantitative research

in a longitudinal process. Another ason is that this modelvas based on

observations of teachersd instructions in qu

in this study are observations of the instructions. For that reason, the use of MKT

model could be considered appropridte the curent study Ball et al. (2008)

indicate their purpose of developing MKT model is to determine what teachers know

to teach contenand how they usat in practice (p. 395). One of the arof this

study is to put forward what teachers need to know forhtegcgeneralizatiorof

patterns and operations with algebraic expressions with the revealing of the existing

knowledge. Thus, MKT model is usedthis studyunder these considerations.

3.9.2. Analysis of Planning and Instruction

The knowledge of the tehers in planning is examined in the context of
topics; generalizatioof patterns and operations with algebraic expressionsvihd
respect to the phases of data collectionTo anal yze the teachersbo
interviews about their lesson plans ahd meeting$or suggestion by the researcher
were transcribed and they were examined with their written lesson plans. These
written documents were used to explore what the existing knowledge of the teachers
was by using the codes based on the MKT framéwdrihe extracted knowledge
types were explained and interpreted based on MKT framework.
The mathematical knowledge for teaching of the teachers was extracted from
her actions throughout the instruction by focusing on common patterns in

observation data sad on MKT framework. The mathematical knowledge for
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teaching of teachers that sva@xtracted from her aots throughout the instruction

was examined and interpreted within their practices. Based on the common patterns

i n the teacher dfermed thriouglout the ihstruations,tthe practicpse

of the teachers were grouped. Teacher A
were grouped into six practices: 1) choosing an example or activity to start teaching

the topic with connecting to topicsofn prior years, 2) discussing on the activity

related to the topic, 3) choosing the examples or activities to use to take students
deeper into the topic, 4) implementing the suggested activities, 5) doing exercises
related to the topic from textbook and nklbook, and 6) presenting problems that
combi ne knowl edge related to other topi
purposeful actions to teach the topics were grouped into five practices: 1) connecting

the topic being taught to topics from prior years, i8rdssing on the activity related

to the topic, 3) choosing the examples or activities to use to take students deeper into

the topic, 4) implementing the suggested activities, and 5) solving the questions and
problems related to the topic from differensoarces. The practices of the teachers

were examined within the context of topics; generalizadigpatterns and operations

with algebraic expressions. It is important to note that the extracteddaige types

from instruction wa also examined with plamg before the instruction, reflections

of the instruction in the postbservation interviews, and evaluated together to

conclude the teachersd knowledge for tea:

3.1Q Trustworthiness

In qualitative research, findings and intesfations are needed to be accurate
(Creswell, 2012). Merriam (2009) indicates that validity and reliability issues are
necessary for research in collecting, analyzing and interpreting the findings to
conceptuali ze the st udyriatenesganeanthgfulngss, r ef e |
correctness, and usefulness of the inferences a researcher makes. Reliability refers to
the consistency of scores or answers from one administration of an instrument to

another, and from one s edl, 2012 p.il47ems t o an:
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In order to provide the trustworthiness of the stusiBveral methods (e.g.
triangulation, member checking, peer examination, and -cfessking) are used.

ATriangulation is the process of asorroborat

(e.g., a principal and a student), types of data (e.g., observational field notes and

interviews), or methods of data collection (e.g., documents and interviews) in

descriptions and themes in qualitative

study, data were collected from several sources that \wegparinglesson plans,

interviews, and observations order to provide trustworthiness

rese

Member checking is providing accuracyoy t aki ng participant

interpretations about findingsnd initial data malysis by asking them (Guba &
Lincoln, 1981). In this study, the interviews wex@nducted with the teacheis get
thar comments on findings and initial analysis of the daftar transcribing and
coding the datas member checking.

Another validating sategy is peer examination. According to Merriam
(2009), peer examination means criticizing research findings together with
researcher(s) who are familiar with the study or new to the study (Merriam, 2009).
One researcher from who was a PhD student inema&tics education, was asked to
examine the coding of the data in this study.

To provide reliability of coding the data, credseckingcan be utilized

According to Creswell (2009) dAcross checki

by comparing resdt t hat are independently der.i

expert in research and mathematics education, and also familiar with the research

was asked to code the data for crosecking. Then, the level of the coding in

agreement was calculated to detme the consistency in coding. Wiersma (2000)

stated that the importance of analyzing the data by several researchers and getting
similar results in order to provide internal consistency. For this study, the researcher

and the expert coded the data inelegiently and then reached a full agreement with

discussing the coding.
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Last, his study was conducted in about aweeklong period. This situation
can also provide reliability of the studgr the regarchergo gain patterns in data

accurately by co#icting data in a long process.
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CHAPTER IV

FINDINGS

Thi s chapter document s aand TexglhairnsBoBe:
mathematical knowledge for teaching algekin planning and instructionThe
planningphaseincludes the teaehr s 6 e x i rtdesigrang Ik¥ESons lesson
plans and interviews. The instruction phase includes how the teachers use their MKT
in teaching.The two phases are examined withime context ofgeneralization of
patternsand operationsvith algebraic egressionsThen, the chapter also presents
how the teachersd SMK influences their PCK

generalization of patterns and operations with algebraic expressions.

4.1. The Gase of Teacher A

This section documents and expla Teacher AO6s mat hemati ca
for teaching algebra in planning and instruction. The two phasg¢segentedvithin
two topics of algebra unit, generalization of patterns and operations (addition,

subtraction and multiplication) with algebraic esgsions.

4.11.Planning

The mathematical knowledge for teaching of Teacher A extracted from her
lesson plans and the interview about plannivith her by focusing on common
patterns in data based on MKT framework. The two lesson plans were prepared
before the instruction of the topics. The knowledge of Teacher A in planning was
examined in the context of topics; generalization of patterns and operations with

algebraic expressions; and in three main groups with respect to the phases of data
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collection: peparation of lesson plans individually, explanation of the lesson plans to
the researcher, and revision of the | ess
These phases were conducted before the instruclibe. planning process of

TeachelA was asn the followingfigure:

Preparation of lesson plan
individually

Revision of the lesson plan
(based on the researcher's

Explanation of the lesson

plan (to the researcher)
suggestions)

«Individual interviews were
conducted with the teacher

+ The teacher prepared the
lesson plans individually

* Researcher suggested
activities, tasks, methods
and techniques to the

teachers

Figure 4 The process of planning

As seen in the figure, Teacher A prepared her lesson plan as written
document for the instructions individuallythen, the individual interview with
Teacher B was conduwexd to explain of her lesson plan to the researcher. Last, the
researcher and two teachers came together, and the researcher suggested activities,
tasks, methods and techniques about the topics to the teachers. The teachers selected
one of the questions auctivities that they wanted to use in the instruction aneé@dd
them to their lesson plan, and revised the lesson plans with these cHhanges.
important to note that the extracted knowledge types from planning is also examined
with reflecting in the insr ucti on and evaluated toget h:

knowledge for teaching the algebra topics.

4.1.11. Planning for Teaching Generalization of Patterns

The planning process of teaching generalizatdbrpatterns included the
lesson plans that thedcher used for the instructiamnd t he t eacher 6s r
anticipations in the interview about preparing the lesson plan. Teacher A explained
the structure of her I esson plan with ra

thinking throughotithe instruction.
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Teacher A planned the lesson with respect to the objective for teaching
generalization of p atutleats shauld berable threpreseatr r i cul ur
the relationship in the number patterns with lettygsnod e |l | i ng Thise pattern
objective is under patterns and relations-&avning domain and algebra learning
area. The teacherods knowledge of objective t
for designing lesson was essential (KG{L1She indicated integers, operations with
integers, and getting the generalization rule as the prior concepts and knowledge that
students should have for learning pattern generalization. She allbweetesson
hoursfor the instruction in general. She did not detail the organization of time for
what she would do during the instruction. For the instruction, she planned to use
guestionanswer technique and direct instruction method. As materials, she stated to
use matchsticks to represent the patterns in activities.

Teacher A made explanation fare lesson plan following the order of it.

Considering the objective at the beginning of the lesson plan, Teacher A stated that
teaching of patterns began &f grade with counting rhythmically and then pictorial
patterns, andontinting generalization opatterns algebraically af"@and 7' grades

based on the objectives in the curriculum:

A: The students learn the patterns in pictorial forms.

Researcher: Then, do not they write the general rule algebraically, do they?

A: Algebraic expressions are taugat 6" grade. Even, the teaching of

patterns begins at"gyrade simply.

Researcher: Can counting rhythmically be a pattern?

A: This is also a pattern™fgraders will learn linear and ndimear growth

pattern in addition to the pattern knowledge indogrades.

I n this situation, Teacher Abds knowl edge
emphasized what was taught about patien lower grades and judged lodw to
utilize the patterns at™grade in this lesson planning. Thus, she planned to remind
the dudents what they learnt about patterns in previous year by asking to the students
Awhat do you know and remember about patter |
prior knowledgeand then to teach generalization of Aimear growth patternsShe
plannedto recall whatwas learnt about patterns 5 grade, and to tell them linear

and norlinear patterns they would learn in addition to their existing knowledge
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about patterns. Teacher A judged her knowledge of curriculum between grades to
organize instruedbn of generalization of patterns. To do this, it is important to note
that the teacher used the knowledge to p
knowledge, and emphasize what was learnt in previous grades and what would be
learnt in this gradéKCC2+).

Teacher Aplanned to teach the generalization of patterns as she sequenced
that first was linear growth patterns and then-hoear growth patterns. To do this,
she chose examples and activities to start and totkekstudents deeper into the
pattern generalization appropriately (KGA1She planned to start with teaching the
generalization in linear growth pattern even though it was taugHf gtagle. She
believed that if the students conceptualize the generalization of linear pattern, they
can generalize the ndimear patterns easily. With respect to this, she sequenced the
content for the instruction to be effective as she thought. She used her knowledge in
organizing the contents in a reasonable way that the knowledge of generalization of
linear pattern was a prerequisite concept for learning generalization dinean
patterns (KCT2). To start the instruction, she planned to begin with simple linear
growth figural patterns that they coul d
4,8 , 12¢é fromltemenh@aock and Middl e School
walle et al. (2013, p. 269T.eacher A aimed to remind the pattern conceptraakle
the studentfeel the need oh relationship with these examples as introduction to the
topic. The examples were linear growth figural patterns that their general rules were
3n, 5n, and 4n, and could be written using variable only and not require any
constants. Thus, they were simple examples and appropriate for the grade level and
beginning of the istruction. One of the examples for linear patterns that Teacher A

planned to give from the book as in figure:

100



Pattern blocks

Step 1 Step 2 Step 3

Figure 5 The example for linear growth figural pattern (Mdmwalle et al., 2013, p.
269)

The beginningattern examples had the first three steps (as seen in the figure
for one example), and Teacher A planned to ask students to work in pairs or small
groups to represent the number of units in figures in these patterns as numerical
within a table. After usig the table, Teacher A planned to draw a graph with respect

to the position number and the number of triangles in figures. She planned to show

other three patterns with the same procedures as tabular and graphical representation.

The t eacher disktaburoand geaghigca regresentations to underlie the
relationship in pattern to conceptualize generalizatianuld be effectiveas she
planned to use multiple representations and connect them to represent the concept of
general rule (SCK®). She planed to complete the recalling process with these
examples and finish the introduction part of the lesson plan.

In the middle of the lesson plan, she planned to focus on generalization
patterns algebraically and she planned to do three pattern genenaletvities to
take the students deeper into the content. The two activities had linear growth
patterns and it was asked to represent the pattern with a table and a graph, and
explore the relationship between the position number and the number ofnunits

figures. The first pattern was a linear figural pattern constructed with matchsticks and

its terms were presented as 3, 5, 7, 9

from the beginning patterresits general rule was 2n+1 and formed with aalae
(2n) and constant (+1). Althoughis example was a bit more difficult to get the
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general rule than the starting activities was appropriate for the sequence of the
activities andthe level of the studenis this grade regarding the objective of the
curriculum. Teacher A planned to represent the number of matchsticks in the figures
in a table and then with a graph. Her knowledge appeared in using tabular and
graphical representations and linking them once more that she planned to teach
pattern generaation with providing theseconnections throughout the lesson
(SCK2+).

The second activity was similar to theepious pattern activitiest wWas asked
to generalize the linear growth numerical pattern and also to find tAete?®
particularly. Intheact i vi t vy, it was asked to model
matchsticks first and to fill the blanks in the given table ainle4:

Table 4 The table to represent the figural pattetith numbers

The position The number of  The relation between the position number ar

number matchsticks the number of matchsticks
1 3 3x1
2 é 3x2
3 é é
4 é é
n é é

The activity had three questions: 1) explain the relationship between the
postion number and the number of matchsticks, 2) find how many matchsticks are
used for the Z0term, 3) find the &, 5", and &' term of the pattern whose general
rule is 6n2. In the activity, it was asked to find 2Germ after exploring the
relationsip. Asking the 28 term might be more appropriate before getting the
relationship since it also could provide to think on the need of a general rule to find
the other terms. Besides this, the third question was related to another pat®&yn (6n
but it was usedn the context of this activityThus, this question was not appropriate
since it was not related to 3, 6, 9, 12
would implement this activity in lesson plan. However, changing the sequence of the

first two activities could be more appropriate that generalizing 3, 6, 9, 12 ... pattern
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before 3, 5, 7, 9 ... pattern was more reasonable regarding the difficulty of them.
Because generalizing the pattern as 3n could be easier for students than getting 2n+1
for the reason that using a constant in general rule might be difficult to understand.
Besides, 3, 6, 9, 12 ... pattern was similar to the examples in recalling phase. Thus,
the order of generalization of these patterns shdédhange to provide the
dewelopmentofst udent s6 under standing.

The third activity cal llirear grdmihdigusal i n g
pattern with formed unit cubes. It was asked to show the terms in a tabte and
generalize the relationship algebraically. The pattern wasngas 2, 6, 12, 26
with figures to the fourth term. First, it was asked to continue the pattern to the next
two steps with numbers and figures. In the second part of the activity, éskedo

fill the blanks in theTable5 5 and write the term for thé'mumber algebraically.

Table 5 The table to represent the figural pattern with numbers

The position The number of unit  The relation between the position numbe

number cubes and the nmber of matchsticks
1% option 2" option

1 2 1.(1+1) 1%+1

2 6 2.(2+1) 2°+2

3 12 3.(3+1) 3+3

4 20 4.(4+1) 42+4

n é? e ?

Presenting two options to show the relationship of the pattern could be useful
f or the s standirgnEspedallyute®aption was related to exponential
number that the students had learnt before the pattern generalization could provide
students to connect the topick. was asked to express the written numerical
relationshipsverbally in thethird part of the activityHowever, Teacher A included
this activity to the lesson plan since it was in the textbook and it exemplified-a non

linear pattern. She did not make any explanations about the reason of selecting it and
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how she would implement ith activity. She planned to ask the questions in the
activity and wanted the students to answer them. This was the last activity in the
lesson plan and this pattern was the only-lmo@ar growth pattern as an example.
This nonlinear growth pattern was geralized as n.(n+1) or?fal and this
expression required exponential forms of the variabfednd also a constant (+1).
Thus, this example could be more difficult than linear growth patterns for students
and the teacher gave the table as seen abohe &iudent instead of asking them to
draw it by herself. In this regard, Teacher A sequenced the examples and activities to
teach pattern generalization from simple to complex ones using her knowledge and
they also were appropriate for the level of thelstus (KCT1).

Although Teacher A statethe requirement ofeaching nodinear growth
patternfor gr aders, she also explained student
algebraically based on the previous experiences. To facilitate understahding t
relationships in patternshe planned to make links among representations to give the
ideas about the relationships in the patterns by representing figural pattern with
numbers in a table arsthowingthe slope in graphic:

A: 1 will ask the students tbe a group of -3 people, ando examine the

pattern and answer the questions. | will want them to represent the figures in

pictorial pattern as numbers in a table. Then, there is also the graph of

function.

Researcher: What is the graph of function?

A: For example, it is about how the terms in the patterns change regarding

their position numbers. The change of the number of triangles with respect to

the position number. But | did not examine for this pattern (irFigare5)

how | can use the graph of function. | will look before the lesson.

In this situation, Teacher A used her knowledge to link representations among
figural, tabular, and graphical representation to underlying the relationship between
the positon number and the number of triangles as functional thinking ($LK2
Especially, she emphasized that the graphical representation could be useful for
studentsto show the change of the terms regarding their position humbers and she
chose to use it for impovi ng studentsd | earning of
However, er knowledge of particular representation for learning the relationships

between input and output values in pattern based on functional thinking appeared
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inadequately (KCTJ asshe couldnot explain the use of this representation for the
pattern in the script above.

Teacher A alsindicated the difference between linear and-tiogar pattern
pointing out these last two activities:

A:In 3, 6, 9 ... pattern, the difference between telsnsonstant, that is 3.

Additionally, there is an example for ndinear pattern in the textbook. The

AiModel ling the patternd activity is an

goes 2, 6,12, 20..

She stated the difference was constant in linear grpatterns,while she
was giving Modeling Ativity pattern as an example for the Horear growth
pattern. The teacher A had the knowledge of the patterns types and their properties
and used technical language with calling the name of the patterns asglioe#n
pattern and notinear growth pattern correctly by giving examples (C@KAt this
point, she expressed her concerns and
find the general rule of patterns:

A: It is too difficult for students to ideify the relationship. Students have
difficulty with writing the general rule of the pattern. For example, in 3, 5, 7
€ pattern, they can say dnit i ncreases

writing the general rul e ahapknear ai cal | y.

patterns is more difficult for students. Even though | give the figures for
representing the pattern, it is difficult to understand the growth of the figures

for student sé | ndeed, the students were

e X amj

antic

by 260.

e Tt

taug

of patternsat6'gr ade. But, | cannot know how they | ea

students see the numbers one under the other in a table and then in a form

like thatfor example3 . 1, 3.fa2d3, 36 3 ®é pattern, t hey
general rule in algebraic form eéag r but thés activity can be extrdf. the

students model the patterns by using cubes or matchsticks themselves, they

can see the relationship easily. It can be better to model by themselves.

In her explanations, her knowledge to anticipate where awdshalents had
difficulty in generalizing pattern algebraically appeared (KESEhe explained that
although students expressed the relationship between the terms as difference (it
increased by 2) verbally, they could not represent the relationship ailggdlyr. She

can W

especially emphasized st uddmeargdterndiof fi cul ty

support student séb understanding, she

representation, and manipulatives for modelling the pattern. With respect to the
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suggestions, she predicted about student
the studentsvould find interesting and motivating for understanding the relationship

in the pattern to improve their understanding was appespprbpriately(KCS6+).

She exphinedthat using figural pattern could help the students to show the growth
between figures. In a table, students could see tharaeiical relationship such as

3x1, 3x2, 38 ... one under the other in rows and it could guide students to write the
generalrule algebraically easier by recognizing what changes and where n should be
written. The other suggestion that she proposed was using manipulatives such as
cubes and matchstickand modeling the pattern by students. Teacher A thought
modeling would be hter for students. She made more explanations on using figures
and modeling to represent the pattern:

A: The models can be used, but it is important that how students investigate

the relationship and what perspective they look the models or figuresatAt th

point, the teacher should guide the students to investigate the increment

bet ween the figures. My |l ecturer marked t
| cannot remember now, | should examine
manipulatives are given onlyand the students are asked to find the

relationship by themselves, it will not be useful. Modeling should support

with other representations. After modeling, the translation of the terms to

graph, and then to table is also important.

Teacher A gave empkis to the use of figures and manipulatives to represent
the pattern effectively while teaching generalization patterns. She noted the
importance of guiding students for where and how they should look these models to
explore the increment or growth to g#ie relationship. However, she could not
explain more how to use the manipulatives concretely or figures in figural pattern
because sheould not remember. She could not have adequate knowledge about
using the representations or models for guiding studerggplore the relationship in
figural patterns (SCKJ. She also thought that these figural representations should
be supported with tabular as numerical and graphical representations{}SCK2

After Teacher A expr es s e dsibldifficulizes,t i ci p :
she continued to tell about the flow of thkanning She stated giving the definition
of general term after the generalization

following two patternghatwere 3, 6,9 ... aslineargrdwt patt er n and 2,
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as nonlinear growth pattern in the lesson plan. The definition was from the textbook

and Teacher A selected to give it in the lesson. This definition was:

6nd is the letter that i s teseldisit o represent

a sign, notation, symbol that indicates the position number of the numbers in
the pattern. Thus, n is called &8 term, the representative number, or the
general term of the pattern. This n is a variable.

This definition was from the textiok and the teacher selected to give it to the
students. Thus, her knowledge about usable definition appeared as merely choosing it
from the textbook (SCKZ. This definition included the function of n as general

term that it was a letter and was usedejoresent general rule. It is important to note

t hat find was defined as a variabl e, since

The teacher wanted to give this definition that the textbook presented it and the
teacher tried to present in the instian what the textbook gave.

In general, Teacher A planned to teach the generalization of patterns as she
sequenced that first was linear growth patterns and thefinear growth patterns.

To start the instruction, she planned to begin with simple diggawth figural
patterns and then, she planned to focus on generalization patterns algebraically and
she planned to do three pattern generalization as activities to take the students deeper
into the content. In this regard, Teacher A sequenced the exaampleactivities to

teach pattern generalization from simple to complex ones and they also were
appropriate for the level of the students with her knowledge (KE However, she

did not state the answers of the questions in the lesson plan and any cexpecte
answes that the students would givelowever, involving the expected answers
could help the teacher to prepare herself how she would handle or overcome the
possible situations. This preparation also could prevent the waste of the time from
the instructon. Besides, she did not determine the homework and assessment
guestions from textbook and workbook and so she did not indicate them in the lesson
plan.

After the interview with the teacher, revision was the part where the teachers
made the final versionfdheir lesson plans with suggestions of the researcher. For
the suggestions, the setting for pattern generalization was explained in Appendix B.
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Revision included adding new examples, activities and acknowledging suggested
method or techniques to lessoh pn s wi t h t he aim of su
understanding. Teacher A decided to add the pattern task and revised the middle part

of her lesson plan where she asked students to generalize several patterns from
different resources. The implementation of thé paer n t est based on
knowledge was explained in tivaplementing theuggested activitiggractice in the
instructionsection One of the suggested activities was dot patterns that she did not
prefer to use isince her knowledge of objectiveass grade level, both™7and &

grade, of the curriculum appeara@propriately withoutnvolving these activities

(KCC1+).

4.1.1.2.The Extracted Knowledge Types from Planning for Generalization of

Pattern

Table 6 The extractd knowledge types from planning for generalizatibpatterns

SMK PCK
CCK SCK KCS KCT KCC
CCKI(+) SCK2(+++) KCSI(+) KCTi(++) KCCIi(++)
SCK3g)  KCSB(+) KCT2(+)  KCC2(+)
SCK76) KCT3(-)

Table 6shows whatype of knowledge of subject matter knowledge (SMK)
and pedagogical content knowledge (PCK) that Teacher A had in planning phases.
(+) sign indicates the teacherodés existi
while () sign i ndi cat steig khowledget veas mddequadesor e x i
inappropriate Each sign (+ of) in the same knowledge type refersitee ac her A0 s
different intention of use this knowledgduring planning Thus, the knowledge
which refers to same intention of use the knowledge wagnesented in the table.
Besidesfor SCK3 knowledge type,o) s used to indicate the |
develop definition or explanation appeared as merely choosing it from the textbook
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and presenting to the students. Since this situation meetsdbe(SCK3) partially,
( 9Sign is used.

In general, CCK1(+) indicatethat her knowledge of the patterns types and
their propertiesand her knowledge taise of technical language with calling the
name of the patterns as linear growth pattern andinear growth pattern correctly
by giving examples was adequaBCK2i ndi cat es tstkrowleddaee ac her
link tabular (SCK2(++)) and graphical representatio(SCK2(+) to underlie the
relationdip of pattern to conceptualizneralization was approprain order to use
multiple representations and connect them to represent the concept of general rule.
However, SCK7) indicates that her knowledge about using the representations or
models for guiding the students to explore the relationship in figuttdrpa was
inadequate that, she could not explain how to use the manipulatives concretely or
figures in figural pattern. Besideshe emphasized that the graphical representation
could be useful for students show the change of the terms, Ilskie could ot
explain the use of this representation for the pattder. knowledge of particular
representation for learning the relationships between input and output values in
pattern based on functional thinking appeared inadequately (KJ3.T3(

Related with thek nowl edge of studentsdé thinki
indicates that her knowledge to anticipate the students had difficulty in generalizing
pattern algebraically, and her knowledge to predict using figural patterns that the
studentswould find interestingand motivating for understanding the relationship in
the pattern was appeared appropriate CTK(++) indicates her knowledge to
choose examples and activities to start with simple linear growth figural patterns was
appropriateand her knowledge to choeswhich examples and activities to take
students deeper into the pattern generalization with linear growth patterns and non
linear growth patterns as simple examples to complex ones was appropriate. In the
curriculum perspective, KCC elated with cuaiculum knowledge aniKCC1(++)
indicates thaherknowledge of objective that belonged to content and curriculum for
designing leson was essential and adequate. BesKIE§2(+) indicates thaher
knowledge to judge and present the instructiomppeared adequately with
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emphasizing counting rhythmically and then pictorial patterns in lower grades, and
then generalization of patterns algebraically"aasd 7.

4.1.1.3. Planning for Teaching Operations with Algebraic Expressions

The planning process afperations with algebraic expressions included the
|l esson plans that the teacher wused for t
anticipationsabout preparing the lesson planthe interview. Teacher A explained
the structure of herlessonplanw h r ati onal e and stated an
thinking while teaching

Teacher A planned the lesson with respect to the objective for operations with
al gebraic expr essi oStwents shoulddpable touaddrandc ul u m
subtractalgebraicexpressions and students should be able to multiply two algebraic
expressionso. These object i vlesingdonainunder
and algebra |l earning area. The teacher 0:¢
content and curriculum fodesigning lesson was essential (KG{L1Teacher A
planned the lessons with respect to the order of the objectives in the curriculum.
Thus, she planned to teach addition and subtraction of algebraic expressions first,
and then multiplication of algebraiexpressionsShe indicatedhat variable and
addition and subtraction with integease the prior concepts and knowledge that
students should have for learning operations with algebraic expressions. She allowed
five lesson houror the instruction in gegral. She did not detail the organization of
time for what she would do during the instruction. For the instruction, she planned to
use questiomnswer technique, discussion and direct instruction method. As
materials, she stated to use algebra tiles tdahalgebraic expressions.

Teacher A gave a general overview about how she designed the lessons at the
beginning of the interviewkirst, $1e explained that she planned to remind term and
coefficient conceptas prior knowledge with thBeginning Activiy. She planned to
recall term, coefficient, and unknown concepts frothggade with this activity.

Teacher A judged her knowledge of curriculum between grades to organize
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instruction of operations with algebraic expressions. To do this, it is important to
note that the teacher used her knowledge to present the instruction with recalling
studentsdé prior knowl edge, and emphasize

(KCC2+). She planned to do the following activitythrefigure:

Activity: There are 2 eggs and 4 olives in one of the plates, and the
1 egg and 6 olives in the other plate. In total,

How many eggs are there?

How many olives are there?

Can you add olives and eggs?

Can you subtract eggs from olives?

Figure 6 Beginning Activity

This activity was from 8 grade textbook and its purpose was to nthkdeel
of the addition or subtraction of similar foods in the plates. However, the teacher
indicatedto involve this activityin order to remindhe @ncepts of term, coefficient,
and unknown withquestioning ofwhy these concepts were needed and what they
were. But, the information in the activity was known, it would be troublesome to
represent the known situations with algebra concepts. She did atet aby
explanations about the implementation of the activifier this activity, she planned
to explain the concepts about algebraic expressions with examining in 8t+3,-and 9x
expressions. To exemplify, she indicated in her lesson plan as 8t is,atBima
constant, 8 is a coefficient, and t is variable (unknown). Her knowledge to connect
the topic being taught to algebraic expression from prior year appsapecpriately
as sheplanned to remind the concepts of term, constant, coefficient, arablea
with using these examples (SCK1 Beginning wih the examples was appropriate
sincethe students had leartitem in previous year and they would remember them
easily However, 1 could be more appropriate to change the sequence of the
beginning advity and the examples since the first activity was ablieg term
concept and it could providée intuition of like term foteaming ofthe addition and

subtraction operations for the middle of the lesson. Thus, her knowledge to choose
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which examplesa start appeared inefficiently at this point (KCYasthe examples

were appropriatebut the order of activity and examples should be changed to
provide the development of studentsd und
students to write the deftions of term, constant term, and coefficient concepts in

their notebooks. The definitions were:

Each of the addends that form the algebraic expressions is called term. The
terms that do not have variable are constant term, the number that is written
as fctor before the variable is called as coefficient.

The definitions were the textbook definition and the teacher selected to give
them to the students. Thus, her knowledge about usable definition appeared as
merely choosing it from the textbook (SCH3 The definitions included the
explanationghattermwasdescribed asach addend of the algebraic expression first,
and constant term was defined as without variable usingettme concept, and
coefficient wa called the number that was multiplied with tlvariable. The only
thing might bea problem thatvasthe use of addend concepecause itould make
the studentso think thatsubtraction was ignorednd only addition was investigated
to determine the term in the expressiorise teacher wanted to gthis definition in
order to remind the students what the concepts were.

I n the middle of the | esson, she pl a
provide the students to connect the addition and subtraction of algebraic expressions.
To do this, she plandeto ask the following question fronf"&rade textbook to
makethefeel of the concept of like term:

Questionl (Q1): There are 6 chickens and 2 cocks in one of the coops, and
there are 4 chickens and 1 cock in the other coop. When we get them
together ina third coop, write the algebraic expressitmeepresent them in

this coop.

This question was similar to the first activity where she planned to ask the
students to represent the number of eggs and olives as algebraically. Teacher A
aimedwith this quetion to showthe number of these animalkyebraically and then
of how like terms were added when the two coops were gathered. To illustrate, the
first coop was represented as 6t+2h; the second coop was represented as 4t+h; and
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lasty the third coop was presented as 10t+3h when the first two coops were got
together (t represemntchicken; h represents cock). However, as inBbginning
Activity, the number of animalswas known,thus it would be troublesome to
represent the known situations with algebracspts.
Up to now, she planned to give the idea of like term with Beginnicteyity
and Q1 in a similar way. After these activitiesh e pl anned t o define dlii
the textbookby using the addition and subtraction of algebraic expressions dsncep
This explanation was:

Like terms are the terms that have the variables with same or different
coefficients in an algebraic expression. The coefficients of like terms are
added or subtracted for addition and subtraction of algebraic expressions.

This definition was the textbook definition and the teacher selected to give it
to the students. Thus, her knowledge about usable definition appeared as merely
choosing it from the textbook once again (S@K3This definition included the
explanations for like terms that had variables with same or different coefficients.
However, this definition could be inadequate that x ahdre the expressions that
have same variable but they are unlike terms. Thishatld have been stated that
the like terms had the same variable with the same exponential forms. Teacher A
planned to use it for the reason that the textbook presented, but she did not examine it
and think that it might cause any misunderstandings.

Afterwards,she indicated to continue the lesson with modeling the addition
of algebraic expressions. While she was explaining the design of the lesson plan, she
emphasized the use of algebra ta¢so for subtraction and multiplicatiowhen the
researcher sked why she thoughhat the use of algebra tiles was useful for the
students, she made following explanations:

A: The students think that x is an abstract concept. What is x? What is 3X,
3x-2? When they modeéhemwith algebra tiles, they can understahdt x

is nota frightening thing. Even, 8graders have a fear about using algebra.
Using modelling with tiles can provide the algebraic expression to be more
concrete. The tiles also will be yellow. The students can understand that the
same colored #ls can come together. They are visual materials and the
students can visualize easily.
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In this situation, Teacher A explaindgiat the visualization of using algebra
tiles in modelling, and the same colored tiles could assist the students to
conceptualie the addition of algebraic expressions. Since the students had difficulty
with the conceptualization of the variable concept, and related with addition of
algebraic expressions, the teacher suggested that the visualization of abstract
concepts withtles oul d support studentsd under st at
understand the needs and difficulties of students with working on this topic
(KCS3+). The first example to model with algebra tiles was-ZB2x+6) in her
lesson plan. While modeling, sheaphed to represent the expressions separately first
using the tiles as in tHellowing figure:

—x [@—o @—-

Figure 7 The represent®sn of x, +1, and1 with tiles

She explained the implementation of the modeling that she indicatedujp gro
the variables (3x and 2x), and constant terai2sanhd +6) separately to add the
expressions antb get the result as 5x+4 in her lesson plan. Then, she planned to
exemplify the subtraction of algebraic expressions. For teaching subtraction, she
would u the same procedure as teaching addition that she planned to ask a question
(see Q2) similar to Q1 firsand then use the modeling for (8%(2x-2) with algebra
tiles.

Q2: A farmer had 3 cows and 9 sheep. The farmer sold 1 cow and 5 sheep.
Write algelvaic expression teepresent the rest of the cows and sheep.

In general, Teacher A designed the instruction of addition and subtraction
with algebraic expressions with beginning with the questions (Q1 and Q2) that had
contexts required representing of givinformation algebraically and then doing
operations with using the algebraic representations. The questions could be useful to
teach the requirement of like terms to add and subtract, however representing the
known situations with using variable nextttee number of items (e.g. 6 chickens =
6t, 4 cocks= 4h) might be troublesome that the numbers of them were known and
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wasnot neeedto use variable. After solving these questions, she planned to model

addition and subtractiooperations with using alpeat i | es. Teacher Ab6s knt

to choose which examples to use take into the students deeper into the content

appearedappropriately(KCT1+) as she planned to connect the like term concept

with real life situations first anthen touse models to explaimathematical point

that was how the like terms were added or subtracted. Thus, the sequence of the

examples and activities to teach addition and subtraction with algebraic expressions

were appropriattort he devel opment of studentsdé under st
For the second objective of topic as multiplication with algebraic expressions,

she designed the lesson as in the instruction of addition and subtrdetisin

presenting an activity that had a context about saving marel then modeling

several multiplicathn operations. The activity called Bise r mi n 6 svas Wdhe e y

textbook and itvasrequired to write algebraic expressions of verbal statements, and

the multiplication of a number and an algebraic expression. This activity was as in

the following:

Nermin saves money from her allowance and has some in her moneybox.
Nermin puts 5TL that her mother gave to her into her moneybox. Her father
said that he would give money that 2 times of the saved money. Write the
algebraic expression that Nermin would take frbar father and explain
how you would write it.

This question had a real life context and could connecinthléplication It
required to multiply 2 and n+5, which could be a simple example for the beginning
of multiplication Thus this activity was appmpriate for the studentss her
knowledge to choose which examples to sappieared at this point (KCF)L Later
onnTeacher A planned to ask the following qu

algebraic expression that shows the perimeter of the beltangge Figure8):
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Figure 8 The rectagle with m and n length sides

Teacher Ab6s aim for asking ddladdisonquest |
with multiplication, thusshe panned to show 2m+2n as the multiplication of 2 and
the total length of sides of the rectangle as 2.(m+n). This question might be useful for
the connection with addition instead of directly using multiplicagpvocedures.
Teacher AO6s Kk n o vwobie t gddition asnpredaoud topic hppeared
effectively as she used the concept of perimeter of rectangle (SEKAfter this
example, Teacher A planned to model 4x and 3.(x+2) with algebra tiles. She
explained the use of tiless in the textbook. Thextbook presented the modeling
with showing 4 itera of x tiles and showed the rectangle with 4 and x length sides.
For other modeling, the textbook showed the rectangle with 3 and x+2 length sides
and presented the area of it. The teacher would modelths textbook that she did
not make more explanations for these examples. Hmenplanned to ask what (4m
3)+(4m3) was. This question was similar to the question thas asked the
perimeter of the rectangées it alsgrovided the connection of repeatsdtition with
multiplication. Since this question was similar to ferimeter of the rectanglé,
could be asked after it and the sequence could be changed as before the modeling
activities. This sequence could be more appropaatonnecting with adton for
multiplication first could provide to understand the underlying idea of multiplication
and then modeling with tiles of multiplicatiolor the development ofst udent s 0
understanding. Thus, the place of this question should be changed as after the
rectangle example. As a different example, she planned to ask the students to write

the expression whose model was given as irritpaere9:
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Figure 9 The representation of modeling 2.(2x+1)

The teacher would expect the students to write 2.(2&#l) it was invese
procedure of the modeling gfven multiplied expressions.

She especially emphasized the use of algebra tiles to teach operations with
algebraic expressions in theenview. However, she also indicated that the students
would have difficultywith multiplication of algebraic expressions atite use of
algebra tiles in the instruction. She expressed her concerns and anticipations about
st udent sed indpplyifhgithe distributive property in multiplication and
modeling with algebra tiles for multiplication:

A: The students can understand easily addition and subtraction by modelling
with tiles. Since they see the similar ones and add them to find the number of
them But, they have difficulty with the multiplication, especially while
using distributive property such a893x+2). The students can get confused
addition with multiplication. Perhaps, they can understand it by modelling
with tiles. But they have difficytusing the tiles, also.

In this situation, Teacher A indicatélgatthe studentdiaddifficulty in using
distributive property in multiplications of algebragxpressions with the reason for
confusing the addition and multiplication, although they coddd addition and
subtraction operations easily. She suggested the use of algebra tiles to overcome this
difficulty, but she also considered that the stud had difficulty with it asher
knowledge to anticipate where and how the students had difficudiyt @pplication
of distribution propertyppeared appropriate(i{ CS1+).

Therewith, when the researcher asked wpassible misconceptionthe
students had while working on this topic, the teacher made explanation with focusing
on 4x as an example as iretfollowing script:

A: For example, multiply 4 by x, it is 4x. The students can ask if a number
substitute for x as considering 4x td@it number. Typical error. They have
difficulty with these types of representations of multiplications. However,
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they mght understand the meaning of x as an unknown by modelling with
tiles. Besides, | had also difficulty with teaching 4x as multiplication.

In this situation, Teacher A stated that the misconception about multiplication
expressions such as 4x and explditteat the students could consider 4x as-dgit
number and they could not perceive as multiplicationy4xbHer knowledge of
common student séo mi sconceptions about
appropriately (KCS%). She suggested using modelling witles to overcome this
misconceptionWhen she was asked how the tiles could provide the students to link
to multiplication idea, she explained as in the script:

A: | will make these tiles by myself or | will want the students to prepare
them. They can nk& with using colorful papers. These tiles modelled the
multiplication of algebraic expressions. For example, 4x, suppose this

|:lrepresents Axo. How manput x are thi
four of them side by sid&hen, | connect like this, the shortcut ig 4f this
addition operation. We can do like this.

[ ]
[ ]
[ ]
1

Figure 10 The representation of 4x with algebra tiles

Teacher A explained that the algebra tiles would provide the demonstration of
the repeated addition by putting 4 tilegde by side. She planned to link the
representations for multiplication operation with using algebra tiles in this way.
However, she did not indicate the concept of area calculation in this representation to
link algebraic and geometric representasimte her knowledgeo choose, make and
use the algebrdles was appeared inadequatelgcésing on repeated addition in this
representation could not have provided this link to underlie the multiplication idea
(SCK2). Lastly, the teacher planned to adketmultiplications from the textbook
exercisesabout the application of distributive propefseeFigure 11). She did not
indicate how she applied this property especially.
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a.5.y=5y b.7.(x+1)=Tx+7
€. 12, (5%+6)=60x+72 ¢.6.(2x+5)=12x+30
d.7.(3x+2y+4)=21x+14y+ 28 e.8.(x+2t+3)=8x+16t+24

Figure 11 The multiplication exercises {(Gyradetextbook, Sevgi Publications, p.
192)

In general, Teacher A designed the instruction of multiplication with
algebraic expressiortsy beginning withN e r mi n 0 #ctiviyathratehgd contexts
required representing of given information algebraically and tieéng operations
with using the algebraic representations. Then, she planned to model multiplication
operation with using algebra tiles. Teacher
to use take intdahe students deeper into the content appeared efédgt(iKCT1).
Sinceshe planned to connect multiplication concept as 2 times of a money with real
life situations first,and then toconnect repeated addition with multiplication, and
then to use models to explain mathematical point that was how the algebrai
expression were multiplied based on the area of rectangle. Thus, the sequence of the
examples and activities to teach multiplication with algebraic expressions was
appropriate for the devel opment of studentso

After the interview with the@eacher, revision was the part where the teachers
made the final version of their lesson plans with suggestions of the researcher. For
the suggestions, the setting for operations with algebraic expressions was explained
in Appendix C. Revision included aitd new examples, activities and
acknowledging suggested method or techniques to lesson plans with the aim of
supporting st ud eTedcled A apprecateds and nndludedg the
suggested activities by the researcher to revise her lesson plamfleenentation
of the suggested activities was explainedthe implementing of the suggested
activities practicein the instructionsection Beside the activities, the researcher

suggested connecting arithmetic with algebra for teaching the propertidditbéra
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and multiplication properties in algebraic expressions as a method, and using algebra
tiles as manipulatives. Teacher B would use algebra tiles as she indicated in her
lesson plan andppreciate t@onnect between arithmetic and algebra while tegch

as a suggestion.

4.1.1.4.The Extracted Knowledge Types from Planning for Operations with

Algebraic Expressions

Table 7 The extracted knowledge types from planning for ojpanatwith algebraic

expressions

SMK PCK
CCK SCK KCS KCT KCC

SCK1(++) KCS1(+) KCT1(+++) KCCL(+)

SCK2¢)  KCS3(+) KCC2(+)

SCK3@e) KCS5(+)

Table7 shows what type of knowledge of subject matter knowledge (SMK)
and pedagogical content knowledge (PCK) that Teacher A had in planning phases.

(+) sign indicates the teacherdés existin
while (-) sign indicates t he teacher 6s e Xi s
inappropriateEach sign (+ofr) i n t he same knowledge typ

different intenton of use this knowledge during planning. Thus, the knowledge

which refers to same intention of use the knowledge was not presented in the table.
Besidesfor SCK3 knowledge type,gy s used to indicate the |
develop definition or explanation appeared as merely choosing it from the textbook

and presenting to the students. Since this situation meets the code (SCK3) partially,

( @Sign is used.

In general SCK1@,+) indicates that her knowledge to connect the topic with
reminding the concepts of term, constant, coefficient, and variable with using these
examples for teaching addition and subtraction, and to connect repeated addition
with multiplication as previosi topic appeared effectively. To remind the algebraic
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concepts SCK3 g ) indicates that her knowledge about usable definition of term,

constant term, coefficient, and like term appeared as merely choosing it from the
textbook. Especially, her knowledge choose, make and use the algebra tikes
representatiorwas appead inadequatelyince focusing on repeated addition in

using of algebra tiles could not have provided the link amaligbraic and

geometric representatioto underlie the multiplication idea (SCK)( However,

KCS1(+) and KCS3(+) indicat¢éhat her knowe d ge about student soé6 di
working on variable concept related with addition of algebraic expressions and
application of distribution property in learning multiplication was appropaathe

suggested using algebra tiles to overcome their difitsu Besides, KCS5(+)

i ndicates that h e comionmiscbneeptipres was fapprepriated e nt s 6
such as the st udent-digt number.Fokthenigstruatibns, 4. x as t
KCT1(-,+) indicate that her knowledge to choose which examples tovatartvas
inappropriateand to use take into the students deep#o ithe content was
appropriate. KCT1(+,+) indicates that & sequenceof teaching addition and

subtraction was thdirst connecting the like term concept with real life situations

andthen using models to explain how the like terms were added or subtr&ated

the other hand, her sequerioeteaching multipltation of algebraic expressions was

that first connecting multiplication conceptith real life situations and then

connecting repsted addition with multiplication, anthen using models how the

algebraic expressions were multiplied. In the curriculum perspedi@£1(+)

indicatesthat her knowledge of objectives that belonged to content and curriculum

for designing lesson was esahandadequate as in the curriculum ak@C2(+)

indicates that her knowledge toepent the instructioappropriatelywith recalling

studentsd prior knowledge, and emphasize wha

41.2. Instruction

The mathematical knowtige for teaching of Teacherwasextracted from

her actions throughout the instruction by focusing on common patterns in
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observation dat a. Based on the common p.
performed throughout the instructions, the practafe$eacher A were grouped as

seen inthe Figure 12T he teacher 6s purposefswdre acti o
grouped into six practices: 1) choosing an example or activity to start teaching the

topic with connecting to topics from prior years, 2) disoug®n the activity related

to the topic, 3) choosing the examples or activities to use to take the students deeper
into the topic, 4) implementing the suggested activities, 5) doing exercises related to

the topic from textbook and workbook, and 6) presenproblems that combine
knowledge related to other topics. The two different instructieer® conducted for

teaching two algebrtopics. The practices of Teacher A were examined within the
context of topics; generalization of patterns and operation$ \aigebraic
expressions in the following sections. It is important to note that the extracted
knowledge types from instruction ar@so examined with planning before the
instruction,andthe reflections of the instruction in the pesbservation interviews
andthenareeval uated together to conclude Teac

algebra topics.
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Instruction

Choosing an example or
activity to start teaching the
topic with connecting to
topics from prior years

Discussing on the activity
related to the topic

Choosing the examples or
activities to use to take the
students deeper into the
topic

Implementing the suggested
activities

Doing exercises related to
the topic from textbook and
workbook

Presenting problems that
combine knowledge related
to other topics

Figure 12 The practices of Teacher A during the instruction

4.1.2.1.Practices in the Instruction of Generalizationof Patterns

Teacher

Abs

pur posef ul

a oft patternssweré o r

grouped into six practices: 1) choosing an example or activity to start teaching

generalizationof patterns with connecting to topics from prior years, and 2)
discussing on thactivity related generalizatiaof patterns, 3) choosing the examples

or activities to use to takéhe students deeper into generalization patterns, 4)

implementing the pattern test, 5) doing exercises related to generalization patterns

from textbook andvorkbook, and 6) presenting problems that combine knowledge

r el

ated to

exponen

ti al

number s.

The

extract

framework was analyzed within these practices. The reflection of the instruction after

each lesson was also presen@grovide the teacher to evaluate her instruction by

herself. The interpretations of the teacher could give information about her
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knowl edge about studentsd thinking and
classroom dialogues that were most espntative for knowledge type the teacher
had were selected from the instruction to illustrate how the teacher used her
knowledge in teaching.

The first practice wa choosing an example or activity to start teaching
generalizatiorof patterns with conneicig to topics from prior years and this title is
extracted from one of the descriptors of KCT and SCK. This practice exaithiaie

the teacher chose which example or activity to start teaching pattern generalization

with rationale, and how she implementenh the classroom. Itinclude he t eacher

recalling process for prior knowledge that students have to learn pattern
generalization. To do this, the teacher first reminded the prior knowledge related
with pattern concept that the students learnt irviptes grades. Then, connecting
with them she indicated what they would learn in this grade. For this connection, the
teachers asked questions about pattern concept, such as what it was, anddsow it w
formed. The second practice svdiscussing on the aciiy related generalizatioof
patterns and this practice svalso affected by the descriptors of KCT. This practice
included a discussion for generalizing linear growth figural pattern with using its
tabular representation. The teacher emphasized theajeagon at this part of the
lesson since it provided the first teaching of getting the general rule. She let the
students to explain their answers and providegutinitiesto discuss the answers if
they worked for the entry pattern lencouragingthe stidentsto participate The

third practice wa choosing the examples or activities to use to take the students
deeper into generalizatiori patterns and this title also wa&xtracted from onef the
descriptors of KCT. This wsmalso as a continuation of asing an example or
activity to start practice. This practice inclad®w the teacher taught generalization
ofnonl i near pattern to improve students?o
using nonlinear patterns that required the exponential forgekeral rule and thus it
could be challenging for thetudents. The fourth practice svamplementing the
pattern test and differs from the nbmear activity with including only linear
patterns. Since the teacher involved the pattern test that the hesesarggested and
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the teacheallocated about one lesson hauane, this part of the lesson waxplained

under a separat@ractice The fifth practice ws doing exercises related to

generalization of patternsom textbook and workboglkand the teacher kesd the

exercises to the students as in the order of the book. This part was as questioning by

the teacher and answering bhe students. The sixth practice svgresenting

problems that combimkeknowledge related to exponential numbassthe teacher

preseat ed three problems from research to i mp
generalization of notfinear patternsand she hadalso given one example the

beginning of the development. These practices are explained with examining how the

teacher used her knowigel based on MKT framewoik the following sections

4.1.2.1.1.Practice One: Choosing an Example or Activity to Start Teaching
Generalization of Patterns with Connecting to Topics from Prior Years

At the first lesson of the instruction, Teacher A betfam instruction with
asking questions about pattern concept. She asked the questions with connecting the
pattern topic from prior years to recall st u
students what they remembered about patterns ffogrsle and 8 grade, and how
the pattern was defined. She used her knowledge to connect the knowledge about
pattern topic between grades (SG#1As the students gave answers, she responded
to students appropriately. When the students gave correct answers, shetederp
studentsd answers and made explanations wit
gave answers incorrectly, she asked to the student a new question to make realize the
error in their answers. Her knowledge to develop a usable definition for the pattern
conceptwithusingatd e nt s 6 a n sawiae thefollewmng srgpt: e d

A: We will remember the patterns first. What do you remember frm 6
grade and Bgrade? What is the pattern?

S: Continuing with the same figure.

A: Does the figure not change?

S: It changes.

A: It can change. What is between them?

S: Particular figures continue by forming a pattern.
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S: But, the sizes of the figures can change. The figure does not change. It
goes bigger or smaller.

S: It goes taller or shorter.

A: Yes, the pattemare the relations between the different figures, are not?
We will do operations with numbers in patterns.

I n this situation, the students respo
or complete their answers. Teacher A did not respond to the fudenta ns wer s
individually, but then she interpreted the answers and gave a definition. Her
knowledge to develop usable definition appeared (STkBd she defined the
pattern as the relations between the figures, but the patterns were created also with
numbes and had relationships in them. Thus, her developed definition could be
inadequate and might cause lack of understanding as if patterns have always figures.
At that point, she tried to connect this definition with numbers, but she stated the
operations \th numbers at this time. She would state using variables and algebra
i nstead of arithmetic to increase studei
pattern generalization. As in the defin
instead of the patteras if they had same meaning at some points of the flow of the
lesson. However, the pattern has figures or numbers based on a relationship and her
knowledge of definition of pattern appeared inappropriately (GEK1

Teacher A sequenced the examples fstruction as simple to more complex
ones regarding studentsd | earning. After
definition of it, she started to give the pattern examples to teach generalization. She
chose to start figural patterns that couldréeresented with numbers such as 3, 6, 9
., 5, 10,15 ...,and 4, 8,12, 16 ... fromthe beakt i t | ed AEIl ement ar \
School Mat hemati cs 0 ( V.aThe gdneral wked of ¢hese 2 0 1 3
patterns were 3n, 5n, and 4n, and could be writt#ng variable only anthey did
not require any constants. Her knowledge to choose these pattern examples to start
appearedappropriately aghe examples were simple ones and appropriate for the
beginning and theysupportedto recall what the students te& in prior year
(KCT1+).
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Teacher A generally asked the question to one student and focused on his/her
answers later on throughout the instruction. She sometimes let the students to discuss
the answers creating the discussion environment. For the festioo in which the
pattern had triangles (s&&gure5), the dialogue between Teacher A and the student
was in the following script. She asked to the student what the relation could be in the
termsof patternand hen she expl ained and justified thi

A: How is the relationship for this pattern?

S It goes 3 by 3.

A: Yes, add 3 here (3 to 6), add 3 here (6 to 9). It goes like this. It increases
3 by 3. What is the"#term? %' term?

S': 12 and ten 15.

A: Okay, how can we find this relationship instead of counting one by one?
Can we write a rule to find 3Qterm? For example, if what the 1oerm is
asked, do you write the terms to faerm?

S’ 1 will multiply 100 by 3.

A: Since it increase 3 by 3, you say that you multiply 100 by 3. So, you
multiply the position number by the increment. Is it true?

S Yes.

A: For example, does it work for thd ferm? The position number is 2, the
increment is 3, 6. It is true. For thE &rm?

S': It works.

A: Mul tiply 3 by 3, 9. 't wor ks. Do you agre
what do we do with the position number and the increment?

Students: We will multiply.

(S represents the same student)

I n this situation, Teacdnstogehdmletai m was ¢
find the asked terms. Thus, she askell 0m, but without waiting an answer, she
asked what the 180term was. In this dialogue, Teacher A generally explained the
student s ideas and | usasherfknodedge iofthowbty doi ng m
explain and justify the stude™eandafthenat hemat i «
pattern appeareadequatelf(SCK4+). However, she did not ask other students what
their ideas were and only usedelatiohslep st udent 6
could be explored. Ldgt Teacher A interpreted the meaning of this multiplication
as the position number and the increment by herself without allowing the students
find out it. She also exemplified this multiplication for the first three seasin the

following representation:
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Figure 13 The representation of the multiplication of the position number and the

increment by Teacher A

In this situation, Teacher A did not
between numbers first, but she used the equal sign aienumbers and multiplied
them. Her knowledge of how mathematical languages used appeared
inappropriatel(SCK5-) sinceshe did not use required notation (multiplication sign)
and this representatiamas not correct.

For the first question, while the student was answering for whafthedt 4"
term, the teacher filled the table and wrote the numbers in it. Teacher A used the
table to show the relationship between terms in the patterns througheut t
instruction. As in the first question, generally she wanted the students to form a table
to represent the figural patterns and numerical patterns with numbers in the table.
Teacher A asked what the terms wesgspectivelyand wrote these numbers in the
table. She transferred tlmits offigures as numbers in the table and pointed out the

difference between the terms in the table as seEmgurel4:

Figure 14 The tabular representatidor the terms of the first pattern used by
Teacher A
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Her knowledge to choose, make and use the tabular representation appeared
with focusing on the arithmetical relationships in tabular representation to underlie
the relationship in pattern to conceptaali generalization could be effective
(SCK7). Actually, shehad emphasized using graphs and ilimk amongthese
representations in lesson her planning. But, she did not mention about it for this
question. She asked what thé"26rmand then 100 term ofthe pattern wai order
to make feel the needf a rule to find these asked terms. After she stated the
multiplication of the increment and the position number, she guided the students to
write an unknown number using letters:

A: When the position numbes 20, and the increment is 3, then the term is
6 0. If we continue this, for example, we say
here. What can we write? We represented with letarsh.

She wrotea as the unknown number in the position humber row arttien
right column after the 20term (seeFigure14). At this point, her knowledge of how
mathematical langg®e was used appearedappropriatelysince s h e used nan
unknown number o term i)nThd ercept ob YariaMeais i ab |l e s
essential to understand the generalization of patestisee general term is changed
based on the position number. However, the unknown number term is used for
equations and different valuegamot be written for the unknownumbers. The
number which provide the equality in the equation are substituteginfonknown
number. Then, she wrogein the position number row and wrota i the number of
triangles row. This situation, representing the multiplication 3aad & without
explaining might berbublesome for the students sirtés representation did not
show clearly the multiplication operation and this was the first example. Teacher A
should have explained the steps in procesliim clearer way.

Teacher A used theame procedure tgetthe general rule for thiollowing
three pattern examplemnd the following script exemplified how Teacher A made
generalizatiorior the linear growth pattern:
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Step 1 Step 2 Step 3

Figure 15 The example for linear growfigural pattern (Van de walle et al., 2013,
p. 269)

A: Now, you are drawing a table. Write the position number, and what can
you write the second row? The number of squares. How does the position
number go on? 1, 2, 3, 4. (She is drawing the table)t, Fieswill find the

20" term, and ther@™ term. Okay? How does the relationship between the
position number and the number of squares change? Continue fof the 4
term,and thendo the 268t er m | ast .ad Th&xamiwnet ¢ hé patt
and try to findout the relationship. How many squares in tfepitture?
Then, find the 2 picture.

S:5.

A: What is the difference between terms? Try to find out. We are trying to
find the pattern between the terms in terms of numbers. Come to the board.
S:(Sheiswri ting 5, 10, 15, 20é 60, 5

S: She did wrong. (Ss erasing 60)

A: How many squares in theé'picture? 5. For the"2picture? 10., for the

3" picture, 15. So, what is the increment?

Students: 5.

A: Multiply the position number by the increment. Wisathe increment for

20" term? 5. So, what is it? It is 100. Then, multiply a by 5. I8 5

Students: Yes.

A: Is there something that is not understood, here?

Students: No.

In this situation, Teacher A guided the students to find the relationshie i
pattern. She wanted them to draw a table,tamdace the position numbers and the
number of squares. For this, she asked the stutteretsamine how the relationship
changed. At that point, her knowledge of how mathematical language seds u
appeaed incorrectly (SCK5. She made error in using mathematical langusigee
the relationship did not change in the linear gtowattern as in this questiohhen,
she wanted the students to find thd 2&rm and therto write the & term after right
asshe used the similar procedure in thevious pattern generalizatiofihe way was
finding 20" term first and then writing for the next column as in tHigure:
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Figure 16 The representation of geral term (a) used byekcher A

Afterwards Teacher A found the general rule fdt ®rm. Teacher A used
this way also for the next pattern questions. This situatiight cause
misconceptions and let the students to think that the pattern question can be solved
only by usingthis way. For the following step, Teacher A wanted the students to find
out the relationship in the pattern by multiplying the position number and the
increment. The students could perceive this phrase as a rule for generalization and
they might memorizet.i This way could prevent the students to conceptualize the
generalization process. Her knowledge to anticipate the misunderstandings that
might arise with pattern generalization being studied in class appeared inadequately
(KCS2). Because the studentsicthink that the general term always come aftét 20
term, and thg may also considethatit is 21" term. This situation can prevent the
understanding the function of variable and so general term. Thus, the telactler
have made explanations for theeaming and reasoning of the procedure #rel

general ternconceptually.

4.1.2.1.2.Practice Two: Discussing On the Activity Related to Generalization

Patterns

After Teacher A generalized the third pattern using the same procedure as
explained above, shéid not want the students to do the fourth pattern since she

thought the students could understand the generalization for these type of patterns.
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Then, she continued with the figural pattern that was formed with matchsticks and

their terms were like 3, &,, 9 ... as linear growth pattern. This pattern example was

in the introduction part of the instruction and different from the first exanasitrse

general rule of this pattern required to be written with using constant. For this
discrepancy, Teacher Amphasized the generalization process more with creating

the discussion environment. Actually, Teacher A generally used question and answer
teaching method in the generalization process, and she focused on one or two
student sé answer s, theia ankwerd. Thahveasthet discussignp | a i
environment was not seen frequently in lessons. The discussgenefalization of

this patterrthat several students participated by giving answers, and the students and

Teacher A tried to generalize the pattemgetber as in the following script:

/A /\ /\\
\\ / \\/\

(1. adim) (2. adim) (3. adim) (4. a;dlm) (n. adim)

Figure 17 The matchsticks pattern

A: How many triangles are used for the first figure?
S:.

A: How many matchsticks are used for the first figure? We will count the
matchsticks in the §ures. For example, there are 3 matchsticks in the first
figure. How many matchsticks are used for the second figure?

S: 5.

A: In the 3 figure?

S: 7. ltis increasing by 2.

A: Yes.

S:9.

S:11.

A: 11. It goes like this. How many matchsticks will we usethe ' term?
How can we find it?

S: 13.

S: 2n.

A: ls it 2n? Letbs say 2
we doto findthelt er m? What does

for the relati
2n0 mean? We sa\

o5
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position number by the increment. (She is writing 2 under this). Does it
work?
S: It does not.

In this situation, Teacher A wanted the students to focus on the number of
matchsticks and asked them what the next temere after the given terms. While
the students were answering, the teacher recafusd answers in a table. After
Teacher A got answers; she aslditkctly what the f' term was with using her
knowledge of when to pose a new question to further learning of students in the
discussion (KCT5). First,the studentame up with 13 as the awar, but Teacher A
did not take into this answerccount This student may not have conceptualization of
n™ term, since the student answered using number instead of algebraic notation.
Then, Teacher A used 2n as anothéar student
worked. She emphasized the multiplication of the position number and the
increment, and she multiplied 1 by 2 regarding this formula (@hgn she did not
get3 as the T term, the students realized 2n did not work. Then the discussion went
on likethis:

A: What can we do then?

S: Letds say 3.

A: We say the increment, 3. Does it work? Multiply 1 by 3, 3.

S Yes, it works.

A: Let 6 s "ttermg? Multply 2 by3e6. But here is 5. It does not
work.

S: Does 65n6 wor k?

A: Multiply 5 by 2, 10;5 by 3, 15. It does not work, too.

(S represents the same student)

Later in the discussior§ proposed to use 3 instead of 2. Thus, Teacher A
multiplied 3 by 1, but, when she multiplied 3 by 2, she obtaineds&ad of 5.
Another student proposed 5n as the general rule, Teacher A showed that the terms
wer e 5, 10, and 15 with wusing 5n. Up to th
answers (2n, 3n, and 5n), and tried them if it worked, and her knowledge ofavhen t
use studentsd remar ks t o appréapaateg( KOz}t hemat i c al
asshe guided them to need a different general rule from their answers. Thus, Teacher

A led the student® add or subtra@ number to algebraic expressiarorderto find
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the general rule of the pattern, and she asked what the multiplication of the increment
and position number was for th& term:

A: We try to find 3, 5, 7, 9 ... Will we do something different from previous

examples? Will we add or subtract somethinge Whave expl ained it
position number x the incremento once af
number to this expression, can it be? The position number x the increment =

12(2 =2. To get 3, for the™term, what number do we add?

S: 1

A: (She is writing (2#) + 1). Okay, does it work for"2term, too? What is

the position number?

S:2.

A: When multiply 2 by 2 and add 1, will we get 5? (She is writing (2x2) +1

on the board).

(S represents the same student)

At this point of the ledgedocdecsds whemtp Te a
pause for more clarification for writing the arithmetical rule for tffeadd 2° term
appearedappropriately, andghe paused the discussion and made explanation. First,
she got 2 from 1x2 and she asked what was added to geh& &steérmthis time
She wrote (2x1) + 1, and then she showed that this rule worked fot%ttesra. At
that point, most of the students had difficulty with understanding how this expression
was written and asked to the teacher to explain again, addeteaxplained again.

Then, she wrote this representation for tfleaBd 4" term and got 7 and 9. She made
explanation to make clarification for the arithmetical rule that she wrote with
exemplifying for the first four terms (KCH). Lasty, she connectk this
representation to"hterm and wrote (#n) +1 algebraically. She explained that this
was the general rule in algebraic representation. Her knowledge of how mathematical
language was used appeared appropri@edhe used notations such as parermshes
operation signs, and algebraic notation (n) correctly (SgK3hroughout the
instruction, she generally first wrote arithmetical rule using numbers to help the
students tagetthe general rule and then she wrote the general rule algebraically by
usingappropriate notations.

After Teacher A generalized the 3, 5,

two students asked the questions as in the following script:
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S: Teacher, can we only write fApluso in

write minus?

A: Itis plus here. Minus can also be regarding the relationship of the pattern.

S: Why did we find Aplus 10°7?

A: You said that the increment is 2, the position number 1, and we got 2. |

asked, what is added to get 3? Thus, we add 1.

S': So, this added 1 can beanged.

A: Yes, it can change regarding the pattern. We will examine different

patterns also.

(S represents the same student)

In this situation, Teacher A respondtm the student who was wondering
about the general rule was only written with addittbat the general rule can be
changed in terms of pattern relationship. In the second question, Teacher A made
explanati on t o overcome the student 6s
explained how she found the genemak once again. Her knowledge tmderstand
the needs and difficulties of students with writing the general rule appeared
appropriatelyasshe explained the missed points or responded the asked questions by
students (KCS8).

I n this discussion process,(2n,Beandher
5n), tried them if it worked, and guided them to get the general Wikeen the
dialogues were examined, it could be observed that Teacher A talked more than the
students. The students answered only asked questions and proposed 2n, &n, and 5
for the general rule. Teacher A tried these answers and did operations by herself and
then she asked to the students if the rule worked or not. However, when this process

was compared the other pattern generalization process, it could be said thdt severa

gener

di

students <could participate by explaining

lead a discussion in the classmappeared with this wathat included getting
several answers, showing they did not wankd explaining how the general rule for

the patten could be found. It is important to note another point in the generalization
process that focusing on the arithmetical relationships in tabular representation to
underlie the relationship in pattern to conceptualize generalization could be effective
with her knowledge to choose, make and use the tabular representation+{SCK7

However,she used the figures (matchsticks) merely to provide visuality since she did
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not make any explanations about the change of the figures and the relationship
among the numbsmandher knowledge to link figural and numerical representations

to underlying the idea of the relationship of the pattern appeared inadequately
(SCK2).

At the end of the lesson, Teacher A gave the following definition of general
term, as she stated lner lesson plan:

6nd letter which is used in gener al rul

determines the position number in the pattern. Thus, n is calledmber,

representing term or the general term. This letter is a variable.

Her knowledge to givéhe definition appeared at the end of the lesson with
choosing from textbook and giving it to the students after the introduction activities
about generalization of patterns (SGK3She was explaining the general term and
the general rule as in the folling:

A: We used the letter fino. I't determines
So, it can be a symbol, notation, or sign. We say that it rmumber and the

number for the A term. It is called representing term or the general term.

What is n? It isa variable. You learned the concept of variable and unknown
conceptions. findo is not known, so it is u

Her knowledge of how mathematical language was used about general term
and general rule appeared problematic at some points of the flow oédbenl
(SCK5). In above explanations, she did not differentiate variable and unknown
conceptions and used them ifsthey had the same meaning. Related with the
concept of general term, another situation that Teacher A had troublesome was the
usage of thgeneratterm and general rule concept. & asked t o t he st
isther ul e? o, when she wanted the students
have asked what the general rule was since this question might cause the students to

perceive theule was in use for only*hterm.
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4.1.2.1.3.Practice Three: Choosing he Examples or Activities to Use to Take
the Students Deeper into Generalization of Patterns

During the second day of the instruction, Teacher A ooeti with the
Modeling Patternactivity as in her lesson plan. She indicated not to generalize the
ot her matchstick pattern ( 3ftertiefirst@dgy 12 ¢é)
instruction.Thus, she wanted the students to open their books for ttahdodeling
Patternactivity. This activity had a nofinear figural pattern formed with unit cubes

and gave also the representation of the terms in a taaldg5).

7

1% number  humber "Bhumber "umber "mumber

Figure 18 The nonlinear gowth figural patten in modeling pattern activity

Teacher A asked the students to read the activity silently first, and then
explained that this pattern was different from previous patterns. To explain this
difference, she exemplified a linear patterntfee students first:

A: How many cubesareused for the first figure?

S:2

A: 2. For the second figure?

S:6

A: 6. (She is writing on the board like 2, 6, 12, 20 ...). Now, we seek the
relationship again. How were the patterns in the previous lesson? For
example, we used 5 for the first figure, how many of them we used for the
second figure?

S: 10

A: 10. For the third figure?

S: 15.

A: It increases by 5 that is in a regular order.

Her knowledge to connect the concept of linear growth pattern antinean

growth pattern appeared appropriatebshe reminded the linear growth pattern with
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giving 5, 10, 15 ... pattern as an example for it and then she made connection by
emphasizing the difference between these two types of patterns {HCaiid
explainedthis nonlinear growth pattern like this:

A: Then, we look for this pattern. Does it increase in a regular order
similarly? From 2 to 6, it increases 4. For the second difference (from 6 to
12) how does it increase?

S: 6.

A: 6. Here (from 12 to 20)?

S: 8.

A: That is, the increment is increasing. The pattern goes by increasing.

S: It increases irregularly.

A: Yes, it increases irregularly. There is not a certain order. 466, 8h € mm,
actually, it increases regularly, the increment increases by 2. Does i
continue with growingnoh i near |l y, doesnoét it?

Teacher A showed the difference between the terms and explained the
increment increased by 2. Since she first explained the increment was regular for the
l i near pattern (5, 1dDas thelifcrendeht wastirdegulargot u d e n
the nonlinear pattern. First, she accepted this answer as increasing irregularly, but
then she realized the increment had a #ioear growth ad she corrected the
statement thathe increment increased by 2 regulafat was a rule to provide this
regularity. She should have emphasized the difference between the terms of a linear
growth pattern was constant instead of
could cause misunderstanding about the concepts of larehmonlinear growth
patterns. However, her knowledge of how mathematical languagesed appeared
andshe used inappropriate word to explain the property ofiinear growth pattern,
but she then corrected it and explained it appropriately (SEK%hen, she
continued with explaining the given table to show the relationship in the pattern:

A The relationship is given in the tabl
multiply 1 and 1 and add (L. (1+1)). Is it the multiplication of the position

number andhe number of cubes? ... But, what it happened? The position

number is 1, the number of cubes is 2, (she is examining the activity as in the

book), it is not the number of cubes. For example, to find 1, 1+1; to find 6,

2.(2+1) is written. For the"3term 3.(3+1); for the @ term, 4.(4+1) and it

goes like this. Then, if we want to write this representation using n, how is

it?
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First, Teacher A explained the relationship incorrectly that she indicated the
multiplication of the position number and the nwenbf cubes. However, the number
of cubes was the result and not one the multiphengh formed the general rule.
But then, she realized this definition was incorrect and told it was not the number of
cubes. Her knowledge of how to provide mathematigplamation for general rule
appeared with this waginceshe did not examine the table before the lesson and
used the relationship as it was in the table (SEK®he did not ask the students to
explore themselves first, and she gave it directly to themlé/ghe was explaining
the first four terms, she asked how they would write the rule using n. At that point,
she did not use the™rterm, or ask how they could find the other terms, she only
stated writing the rule with using n. Thus, her knowledge ok ho provide
mathematical explanations for procedures of getting the generalapgeared
inappropriatelyandstudents could perceive the only purpose was using n in writing
the rule (SCK6). However, the students did not give any answers to this question
the teacher, then she explained once again the representations in the table:

A: How can we express the multiplication of the position number and the
number of cubes? For example, when the position number is 1, here
(showing the T option column) is 11+1); when the position number is 2, it

is 2.(2+1). When th@osition number is 3, it is @+1). When the position
number is n, how can we write?

S:n.(n+1).

A: You have said that when the position number is n, multiply n and n and
add 1. Here, n comés the position number. Add the position number 1 to n
(n+1). Then, multiply them (n.(n+1)).

I n this explanation, Teacher A wused the
position number and the number of cubeso ag
rule as indicated above. This time, the student gave the correct answer, and the
teacher explained as the multiplication of the position number and 1 more of it
correctly using her knowledge to provide explanations for procedures (§C8lite
also emphasized ¢h?" option to represent the relationship in the table:

A: There is also % option here. We have learnt the distribution property of

multiplication on addition, the second option is about it. For example, we

distribute 1, 1.1 + 1.1, what happened ther, 1 . Letds |l ook second on
2.2+2.1, how can we represent 2.2? How manysiZnie written?
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Students: 2.

A: Then, 2 power of 2,%22. For the % term, 3.3+3.1=3+3. If we write this

representation with using n, it i$+m.

She explained the second remmmtion with showing the application of
distribution property on the first representation. Her knowledge to provide
explanations for tlsi procedure was appropriate e students have learnt this
property and they could understand (S@K6She also wrotehe distribution
representation using the operation signs correctly such as 2.2+2.1 {BCK5
However, she asked how many 2 was written in 2.2 to represent it as in exponential
form. This question might be troublesome for the studeethere are 2 itesiof 2
in 2+2, but this is an addition operation. She might have asked as how many 2 was
multiplied to prevent misunderstanding. Thus, her knowledge of how mathematical
language in this question sentence was not appropriate (3CKavard the end of
this activity, another student came up with another idea:

S*: Teacher, | found the rule like this: | multiplied 1 with the next number, 1

and 2, then 2 and 3, 3 and 4. | could find the same results.

A: How did you find the general rule? What do you multiplythg position

number?

S*: | multiply the position number and the next number after the position

number.

A: It is the same thing. Actually we did likbat multiplying 1 and 2, 2 and

3, 3 and 4. Thatdés good and correct.

S explained his solution as mulljing the position number and the next
number after the position number such as 1 and 2, 2 and 3, 3 and 4. In response to his
proposed answer, Teacher A indicated that it had same reasoning with her
explanation and accepted this answer. However, the dtddend a relationship
between the position numbers as input values, but the relationship was between the
position number and the terms, input and output values. Teacher A did not realize the
studentds incorrect r eas on ithatgoing meiches he ac
Abs knowledge of how to explain and just
she accepted his explanation as solbsitsolution and explanation weigcorrect

(SCK4).
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4.1.2.1.4Practice Four: Implementing the Pattern Test

After, the modeling pattern activity, Teacher A asked to students to do the
questions in the pattern test that the researcher suggéstethajor added task was
the pattern testvhich TeacherA appreciated and includetb her lesson plan.
Teacher A examirtethe questions in the test amdplainedthat the test could be
usef ul for supporting studentsd | earning of
statedthatthe figural patterns could facilitate to get the relationship since the figures
provide visually for students. Her knowledge to predict figural patterns that students
would find interesting and motivating appeared to select this test (KCEéacher
A included this test to her lesson plan where she planned to do exercises after
teaching generalitian. In connection with the pattern test, the researcher suggested
the use of table from examination of student
already planned to represent the patterns with table and also a graph.
While solving these questis in the test Teacher A generally first draw a
table and then she wrote the first, second, third and fourth term in the table by asking

to the students as seen in figurel9:

Figure 19 The tabular repres¢ation of terms of the pattern
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Then, she guided the student to generalize pateasking what the hiterm
with pointing out what the difference between terms was. Since the teacher taught
exploring the relationship Wi emphasizing the difference, the students perceived the

general rule as if adding the difference to n. For example, if the difference was 3 as

i n 5, 8, 11, 14¢é pattern that was t he f
students generally wrote tigeneral rule as n+3 algebraically:

A é Then, | et 6s f i nd "figlteandtieelnanbéronshi p b

of chairs. What is the increment?

S:lsitn+3?

A: Does it work?

S Yes.

A: Letds try. I't increases By13. When th

get 4. But the first term is 5. Then, it does not work.
S: Teacher, n.3+2.
(S represents the same student)

Since the teacher focused on the increment among the terms to explore the
relationship, Sanswered n+3 for'hterm. The students couldrite the increment
adding to n to get the general rule. Since they could not understand the generalization
process conceptually, they tried to write general rule using the increment and n.
Thus, Teacher Ab0s emphasis omghtdalsethedi f f e
misconception about generalization because some students answered adhe¢heest
questions of the test with using this reasoning. Her knowledge to anticipate the
misunderstanding that might arise with pattern generalization being studitabsn
appeared inadequatedinceshe did not realize it even though the students continued
to use same reasoning for other pattern generalizations KCS2

Teacher A explained the generalization for the first question in detail and but
she did not make @kanation much for the restf the questions in theest. She
generally asked who solvdle question and if the answer was true, she wanted to
this student to show at the board how the student found the general rule. However,
since the students had diffity with the sixth question of the test especially, she
discussed with students how the generalization could be made. Because the numbers

of the pattern in this question were dec
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students did not have familigy with this type of patterns. Teacher A and the

studentsdé6 generalization process of this pat
A: For this question, the numbers go from the big numbers to smaller ones.
S: nxn/2.
S: I did. The numbers go down 5 by 5.
A: Good, it is decreasing 5 by 5. So, we will multiply the position number by
5. Is that s0?
S: nx5/2.
A: The F'term is 60, then, 55, 50, 45. Write the position number and the
number. Writethe multiplication of 5 by the position number. What is the
position number here (for*iterm)?
S: 1.
A: 1. Yes, 5xn, 5n.
S: Teacher, it does not work.
A: Yes, it does not. The position number is 1, itis 5. But, here is 60. Then, to
get 60, what can wktermd, o fultiplyel toys WHatr y . For the 1
can we addo get 607?
S 55.
A: So, does it work for all terms?
S No.
A: Then, thinkit is related to 5n.
S': Teacher, is it 5n/2?
A: 5n/2 does not work for®iterm. Put 1 instead of n, 5/2 is 2,5. It does not
work. Think of other things. Do you agree on
Students: Yes.
(S represents the same student)
I n this situation, Teacher A ignored the
did not respond to this student. However, in proceed of the discussion, she responded
to S appropriately and interpreted his wmp answer and made explanations by
putting 1 in n why it was wrong. She wanted the studentsse her formulization
that wa multiplying the position number and the increment. Teacher A had the
tendency to answer to her questions without waiting thesttde 6 answer s. She
5n as the answer herself without waiting the students to think, and so she generally
led the studentby saying the answer. When the students did not have any ideas to
get 60, Teacher A led the students to think the subtractiongnoamber:
A: For example, here, think 5n at the beginning of the rule. Determine a
number and think of subtraction 5n from this number. Try for this. (She is
going around the class). 8as approached to the rul e. Wr it e

Can you write on thedard?
S: (She is witing (70-5)-5, (705)-10 ...)
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2 — 12} )—‘E)

(30-5)=10
(F0-5)-15
(y0-5)-20

Figure 20 The repesentation by the student

A: Has she found the®lterm, 65? Yes. For
the 29 term, it is 60. Does it work? Actually| |
we can represent like this (Theather is| |/ =
writing (70-5)-1.5, (705)-2.5, (705)-3.5 ... (70 6) E
one under the other to show the positi (?O—g)—.% L
number). We can write 7B, thus 65. The rule o=

is 655n. You can try and see whether th (}O’U)) %3
rule works for all terms. ( \TC)—‘S)—’_)/A

Figure 21 The epresentation by Teacher A

The general rules that the students found to this question were ax+b form in
algebraically. In these type of questions, Teacher A also generally asked the students
what was added to find thé'ferm and guided them adding wiamumber to get the
rule. Then, Teacher A usedd production for the generalization and her knowledge
to interpret this studentods emalrupiang and
expressed in the way which wher explored representation appeaapgropriately
(KCS4+) . Teacher A rearranged t he student
multiplications to emphasize the position number, such ab¥10 as (766)-2.5
(Figure 21). Teacher A showed the relationsh with these representations and
connected to its algebraic fomthwr i ti ng n for the positio

also subtracted 5 from 70 as 65 and wrote the general e Gbally.
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4.1.2.1.5.Practice Five: Doing Exercises Related to Generaktion Patterns
from Textbook and Workbook

After solving the pattern tesshe asked the questions in the textbook and
studentdéds workbook to the students. This pa
completing a worksheet at the same time. Teacheav& gpme timeo the students
and then wanted the students who got the correct generalization to show at the board
to other students. Teacher A did not make any explanations by herself. Teacher A
asked the questions as in the order of the textbook. Tretiop® asked to generalize
a |linear figural pattern (e.g. 4, 8, 12, 16
term for the pattern whose general rule was given (e.g. find herm for the
pattern that its general rule was 3a+1).

In answering thesguestions, it was important to note that some students
asked to the teacher why they did not add something to 4n for writing the general
rul e of 4, 8, 12, 16 . .. pattern. |t seems
explanation (multiply the differece and position number, and add a number to find
the first term) as a rule and memorized it, and wanted to apply it for all
generalization pattern questions. In response to this question, Teacher A explained
that adding or subtracting some numbers forgieeralization was not required for
every generalization. At that point, her knowledge to anticipate the misunderstanding
that raised with pattern generalization being studied in class appeared inadequately
since s h e di d not real i z etiond hbout explarimgethet s 6 mi s c
relationship of the pattern (KC92

It was askedo generalize four numerical patterimsthe last question of the
exercises fromhte textbook in thislesson Two patterns were | inear
and 4, 6, 8,thedpdttera Jvere nahni dn etalre poat t erns (1, 4,
2, 5, 10, 17 ¢é) . I n the generalization proc
pattern, she guided the students with a different explanation from previous ones:

A: Let 6s | oo kthe rglatianship between the positidnenumber
and the number. Not only between numbers (output values). Up to now, we
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have investigated whether it is increasing by Sitetm is 3, 2 term is 4.
What is the difference between the position number antbthe?

Students: 2.

A: Itis increasing by 2. Then, we can add 2 to the position number. You can
have the rule with this way. So, what is the general rule?

Students: n+2.

When this pattern was asked to generalize, the students gave answer as n+1
by consdering the difference between theterass he r eason mi ght be
emphasis of the difference for generalization before. In the above dialogue, although
she guided the students appropriately to investigate the relationship between the
position numler and the number, she did not do what she said. Actually, she should
have investigated the relationship as between the position number and the number for
pattern generalization, but she might have considered that the relationship between
the numbers (outg values) up to novas she generally emphasized the increment
among the terms, and thus her explanation indicated her misconception about
generalization of pattern3his explanation also differed from her explanation that
was the general rulasthe multplication of the position number by the increment
that she stated previous pattern examples. She added the increment to n for this
pattern instead of multiplying it by MChis situation showed her lack of content
knowledge that she did not provide mathéo@ explanations for procedure for
functional thinking in generalization (SCKR6. For the 3, 4, 5, 6
the difference as 2 from-B (for the £'term) and add it to n to represent the general
rule algebraically. It might cause miscoptiens since some students used this
method for the next pattern 4, 6, 8 ..., and they found the difference between the
position number and the term as 3 frorl 4nd add the difference to n, and
generalized this pattern as n+3 incorrectly; or when thierdiice between the
position number and the term as 4 fron2 &nd add the difference to n, and
generalized this pattern as n+4 incorrectly. Her knowledge to anticipate the
misunderstanding that might arise with pattern generalization being studiedsin clas
appeared inadequatedinceshe did not realize it even though the students continued

to use same reasoning for this pattern generalization (RCS2
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After the generalization of two patterns, the students generalized 1, 4, 9, 16
é n-tinear growth patter as A with the help of the teacher, and Teacher A gave
t he ot her 2,-linéar patterd as hdméwoi simce the time was over for
the lesson. She finished the lesson with giving this questiohomeworko the

students.

4.1.2.1.6.Practice Six Presenting Problems That Combine Knowledge Related

to Exponential Numbers

Before doing the pattern test and the
workbook, Teacher A introduced ndinear growth patterns with only generalizing
2, 6, 12, RoWevet, she ditl hoe comtinue with this type of patterns,
instead of this, she gave many examples about linear growth patterns from the
pattern test and the books. After these examples, she gave examples adimgianon
patterns from suggested exampledit@rature in this lesson. She focused on-non
linear patterns for two hotlessons and she guided the students to find an algebraic
expressi ®n f ws i-linayr gfowthopatterns throughout the teaching-non
linear patterns. Thus, the studentsoterrf first and then used trial and error by
adding or subtracting numbers ta fthe students generally try to find the first term
by putting 1 in the place of .o illustrate,for 2, 5, 10, 17 ... pattern (see the below
figure), the student generalizatas f+1 andshe explained that she added 1 fo n
and tried A+1 for the first five terms whether it workeBeacher A made explanation

about the solution:

Figure 22 The first nonlinear growth pattern example (Smitgilver,& Stein, 2005,
p.33)
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A: When the first term is 1, the number of squares is 2. When the second
term is 2, the number of squares is 5. So, 3 is added. Then, 5 is added and the
third term is 10. So, the differences are 3, 5, 7, 9 ... They go on increasing by
2. It goes on by changing, not linear. Then, this type of pattern is called non
linear pattern (increasingly go on). The distinction from previous patterns is
that. The relationship between patterns goes on increasingly. How did your
friend do? She multied the position number by itself and added 1 to it.
Let ds try: Znal=2p 2.2+1=215, 13841= B+1=10. The
general rule works for all of them. Then, what can we say for n? That is
n?+1. It is the general rule algebraically.

In this situation Teacher A first explained what the distinction of this type of
patterns was from linear growth patterns. But, then she said that the relationship
between patterns went on increasingly. In this mathematical explanation, she used
mathematical language inaopriately. Because, one of the reasons is the
relationship does not increase, and it is always same and it works for all terms in the
pattern. The second reason is that she wu
knowledge of how mathematicalniguage was used appeared with this explanation
incorrectly (SCK5) . Then, Teacher A explained the
that the rule worked for the first three terms. While writing the expressions with the
numbers, she used notations (operatiagnsi equal sign and exponential form)
appropriately with her knowledge to use notations (SEKbhen, she generalized
the pattern as n.n+1 and represented it?a$.nMnother similar pattern was 1, 4, 9,

16 é pattern const Figue23gd with triangl es

Figure 23 The second natinear growth pattern example (Warren & Cooper, 2008,
p. 176)
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Teacher A wanted the students to use similar way as in the previous example
to generalize of this pattern. One student explaingeddasoning by explaining trial
and error method using.nHe showed that the rule worked for the first four terms.
Teacher A did not make more explanationseaft t h e student 6s

However, the students had difficulty with the patterit afble8:

Table 8 The tabular represented nbinear pattern (Steele & Johanning, 2004, p. 80)

The number of sides ¢ The number of

polygon diagonals
3 0
4 2
5 5
6 9
e é
n ?

In this quesbn, the relationship between the number of sides of polygon and
the number of diagonals of polygon in the pattern was asked. The number of
diagonals for 3ided polygon, 4ided polygon, Ssided polygon, and -6ided
polygon were given as 0, 2, 5, andt9wasaskedwhat the number of diagonals for
n-sided polygon was. Thguestioning process between ttedent and Teacher A
was as in the following script:

S': The difference is between 0 and 2 is 2; 2 and 5is 3; 5 and 9 is 4; 9 and 14
is 5. Teacher, thdifferences go like +2, +3, +4, and +5. So, | have found
(n+1).n, since there is 1 between the differences, | selected the choice that
has (n+1).

A: Does it work? For example, triangle, write 3 in the place of n. Can you
try?

S: It works for the first tan, but it does not work for others.

A*: What did you write in the place of n?

S:0.

A: Then, did you take the number of diagonals?

S: Yes.

A: So, if you write 2 for n, what do you find?

S': Teacher, the choice is like that n.(n+1). Otherwise n+1.

(S represents the same student)
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In this situation, Teacher A gave four different choices for the general rule,
when the students had difficulty and they did not come up with any answers. The
choices were in order of A) {8).n, B) (n+1).n, C) (18).n/ 2, D) 6+1).n / 2. When
the students were showed these choices, they used the trial and error method to find
the correct choice. However, the student only considered the incrémeddtd0 b et we en
the differences ithe pattern, he selected the choice that had nelalsb stated that
the rule was n+1, but it was not included in choices, thus he selected (n+1).n.
Teacher A6s emphasizing the difference b
student to think with this wayThus, ler knowledge to anticipate the pdse
misunderstanding with getting the general rule appeared inadequately-JKTId2
student also used 0 (the number of polygons) in general rule by substituting 0 for n
and got the number of polygons again as 0. The student did not understand the
relgionship between the position number and the term, she focused on getting the
result as the number of diagonals. The teacher realized this fault, and she continued
getting other studentsd answer s:

S The answer is C.
A: Can you show us your solution?
S: | have tried the all choices one by one. (She is writin@)(n/2 = 3

3=0.3=0/2=0)
A: You did for 3. (Teacher A is writing (3)=0, 0.3/0=0). You did for 4, (4
3).4/2, it is 2. | shouldndét have given t

increasing no-linear pattern, you will get something witf. ffor example,

we said that 8, why? Here, the number of sides is 3, to get 0, we have to

subtract from 3. So, it can be-gn) . n . Letds suppose that th
the first term, 3. We continue. Foretlsecond term, 2, what will | do? | have

to divide by 2. So, we will write the number of sides of polygon in place of

n, and we will get the number of diagonals of polygon.

(S represents the same student)

The student found the correct answer and expdaihat she tried the rule in
C for n=3 and n=4. This student represented for n=3 incorrectly -8sni2=3
3=0.3=0/2=0. Because, the expressions in the both sides of the equal sign did not
equal each other. Teacher A did not correct it, but she wroteatigrherself while
explaining using her knowledge of parenthesis, operation sign, and equal sign
(SCK5t) . Teacher A sometimes corrected the
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she missed some of them. However, Teacher A used the equal sign cotinectly;
students might misunderstand and have misconceptions about the equal sign if their
writings were not corrected.

Teacher A accepted the studentds soluti or
for n=3 and n=4. Teacher A ¢efimtpdmainthe ed f i ndi i
pattern. According to T8&dclhéeémgehAraitt wapriemso
required to get 0, and also the rule had to hdvéut, there were two choices that
had (r3).n expression. Thus, she also tried the rule for n=thtbthe second term.

She explained thahis expression must be divided bya2get 2 as in the patterRor

this pattern, Teacher A made explanations an
andher knowl edge to expl ai msasihvhsappeasetl i fy of t
inappropriately by using trial and error method (S©K4However, she led the

students to try the choices and she also used the same way herself. This guidance

might cause the students to memorize and prevent them to conceptualize
gereralization of the notinear growth pattermndTeac her A6és knowl edge |
provide mathematical explanations appeared in this way appropriately {5CK6

After the lesson, in the pesbservation interview, Teacher A asserted that
the students had difiidty with the generalization of nelmear growth patterns and
they did not understand it. She explained her impressions as in the script:

A: They did not understand in this lesson, the-liogar growth pattern. The
situation of multiplication of n by nThey did not make any efforts. They
wanted to find the general rule immediately as in the linear growth pattern.
So, the level of the students was not good.

Teacher A expl ained t he reason of t he

generalization of the nelmear growth pattern was that the lack of efforts of the

students for getting the generalization. In this regard, when she was asked how she

could overcome this struggle, she suggested the design of lesson in a different way

such as using the relifle exampks. However, she explained that this type of lesson

shouldbe desigred well and the use of real life examples in instruction takes time.

Her knowledge to identify using relifle situations as a different method afford

instructionally appeareds she suggasted to design the lessons based on real life
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situations and she only explained that it required -stelictured design and took
time to implement (KCT4.

Teacher A finished the instruction for teaching generalization of patterns with
these examples atdhthird day. At the end, she did not summarize what she taught
for generalization patterns. The only thing that she did not use was the graph of
function. Although she indicated the use of it and she would examine before the

lesson, she did not mention alban the lessons.

4.1.2.1.7. The Extracted Knowledge Types from the Instruction for
Generalization of Patterns

Table 9 The extracted knowledge types frahneinstruction for generalization

patterns

Extracted knowlegde types

Practices SMK PCK
CCK SCK KCS KCT KCC
Choosing an CCK1() SCK1(+) KCS2() KCT1(+)
example or activity SCK3()
to start teaching SCK4(+)
generalization of SCK5¢,-,-)
patterns with SCK7(+)

connecting to topics
from prior years

Discussing on the SCK2() KCS3(+) KCT5(+,+,+)
adivity related SCK3()
generalization of SCK5,-)
patterns SCK7(+)
Choosing the SCK1(+)
examples or activities SCKA4()
to use to take SCK5(+,+-)
students deeper intc SCK6(,-,+,+)
generalization of
patterns
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Table 9 (Continued)

Extracted knowledge types

Practices SMK PCK
CCK SCK KCS KCT KCC
Implementing the KCS2(+)
pattern test KCS4(+)
KCS6(+)
Doing exercises SCK6() KCS2(,-)
related to

generalization of
patterns from
textbook and

workbook
Presenting problems SCKA4() KCS2() KCT6(-)
that combine SCK5¢,-,+)
knowledge related tc SCK6()

exponential number:

Table 9shows what type of knowledge of subject matter knowledge (SMK)
and pedagogical content knowledge (PCK) that Teacher A had stnudtion
practices. (+) sign i ndicates the teacher 6.
appropriate and she used it effectively, while ( si gn i ndi cates the teac
knowledge was inadequate or inappropriate and she usesfféctively. Eachsign
(+ or-) in the same knowledge type refers to
knowledge during instruction. Besidefor SCK3 knowledge type, ¢ js used to
indicate the teachero6és knowledge dso devel op
merely choosing it from the textbook and presenting to the students. Since this
situation meets the code (SCK3) partiallysign is used.

CCK1() indicatesthat her knowledgeof definition of pattern appeared
inappropriately since she defined pattern as the relationship. For SCK, SCK1(+) in
the first practice indicates that her knowledge to connect the knowledge about pattern
topic between grades. In connectiwith this, SCK3{) indicates her knowledge to
develop usable defition appeared inadequately sirgtee defined the pattern as the
relations between the figures, but the patterns were created also with numbers and

had relationships in them. On the otheand, SCK8g)n the second practice
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I ndicates the teacheros wuse of the defir
from the textbook and explaining to the students. SCK7(+) indicates that her
knowledge to choose, make and use the tabular representath focusing on the
arithmetical relationships in tabular representation to underlie the relationship in
pattern to conceptualize generalization could be effective, while ST K®jcates
that her knowledge to link figural and numerical representatito underlying the
idea of the relationship of the pattern appeared inadequaitilyusingthe figures
(matchsticks) merelyotprovide visuality and not makireny explanations about the
change of the figures and theatbnship among the numbe&CK5knowledge type
is related with the mathematical language the teacher used. Particularly,- SOK5(
in the first practice idicates respectively that were nging multiplication sign in
arithmetical representation, using unknown and variable concapgehble without
their function, and explaining the relationship changed for linear growth patterns
incorrectly. Beside this, SCK§(in the second practice indicates that she used
general rule as the™rule inappropriately. Especially, SCK4(+) indicatbst the
teacher explained the studentsd ideas fo
or 2 for n if they worked or not . The
thinking and KCS3(+) indicates & knowledge to understand the needs and
difficulties of students with writing the general rule appeared appropriasediie
explained the missed points or responded the asked guestions by students. However,
KCS2¢) in the first practice [terhifistandes t he
then witing a for the next column as the method for generalization might cause
mi sunderstanding and her knowledge to an
pattern generalization appeared inadequately. KKicavledge type is related with
t he t e adnp efrthiée disclissionKCT5(+,+,+) indicatesthatt he t eacher
asking ' term to further learning of students, guiding the students to find a rule
including a constant (e.g. 2n+1), and making clarification about arithmetical
representation of the rule.¢e 2.1+1=3).

SCK1(+) in the third practice indicates that her knowledge to corthect
concept of linear growth pattern and Horear growth pattern with pointing out the
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increment between the terms of these two types of patterns was appropriate. In
comection with this, though SCK5(+) in the third practice indicatiest her
knowledge of how mathematical language was used with explaining the increment
increased regularly as the progeof nonlinear growth patterns was appropriate. On

the other handSCK5(-) in the sixth practice indicatethat her knowledge of
inappropriate se of mathematical language. Sirstee emphasizethat the relation
increased in notfinear growth patternand she used pattern and term concept as
same. Although SCK6(+,+in the third practicethat her knowledge of how to
provide explanation for the relationship between the position number and the output
values as the multiplication of the position number and 1 morew&st adequate
(for 2, 6, 12, -)Andicae s pahaternhhe SE€EK6hHer 6s expl
general rule of the nelinear pattern as using was inadequate in the third practice.

She used notations (operation signs, equal sign and exponential form) appropriately
with her knowledge (SCK5(+,+) in the dixpractice). However, she had difficulty in
generalization of notinear patterns and thus SCKpih the fourth practice indicates

her knowledge to provide explanation was inadequate. Besides, S@Kte third
practiceindicates that her knowledge bbw to explain the studemts answer was
inappropriate sinceshe accepted the incorrect answer thveds about the
multiplication of position numbers respectively such as 2 and 3, or 6 and 7. In
addition to her difficulty in no#inear pattern generalizatiprshe made incorrect
explanations in generalization of linear growth patterns. SGk®{hesixth practice
indicates that her knowledge to provide mathematical explanation for the relationship
in pattern was inappropriat@nceshe had investigated thelationship among the
output values. This situation showed her lack of content knowledge about functional
thinking in generalization. Because of her explanations about generalization linear
growth patternsvith emphasizing the difference between termsaatting a number

to get the general rule throughout the instruction, the students had misundiegstand
andthey added the difference to n and tried to put a number for all generalization.
Thus, KCS2{-) in the fifth practice indicates that her knowledgeanticipate the

misunderstanding that might arise was inadequate. Nevertheless, when she realized
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the studentsd emerging i diaéghe fourth mactice gener
i ndicates that her knowl edge tlzationoft er pr e
the pattern whose terms were decreasing was appropriatéy, l&SIT6(-) in the
sixth practiceindicates that her knowledge to identify using 4iéal situations as a
different method afford the instruction of pattern generalization instnadto

appeared inadequately sirglge could not suggest a design for this oeth

4.1.2.2. Practices in he Instruction of Operations with Algebraic Expressions

There were two objectives for teaching operations with algebraic expressions
as indicated pinning section and the teacher designed her lessons respectively base
on the two objectivesvithin the same lesson plan. Since she taught addition and
subtraction first and then multiplication of algebraic expressions, her instructions

were explained andocumented respectively in this section.

4.1.2.21. Practices in the Instruction of Addition and Subtraction

(Simplification) of Algebraic Expressions

The teacher 6s pur pimgsadditianland subtractommae f or
algebraic expressions wereogped into six practices: 1) choosing an example or
activity to start teaching addition and subtraction of algebraic expressions with
connecting to topics from prior years, 2) discussing on the activity related to addition
and subtraction of algebraic ergsions, 3) choosing the examples or activities to
use to take the students deeper into addition and subtraction of algebraic expressions,
4) implementing the suggested activities, 5) doing exercises related to addition and
subtraction of algebraic exprésss from textbook and workbook, and 6) presenting
problems that combine knowledge related to fraction and geometry. The extracted
teacherdéds knowledge based on MKT framewo
The reflection of the instruction after eaesson was also presented to provide the
teacher to evaluate her instruction by herself. The interpretations of the teacher could
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give information about her knowl edge about
respect to the instruction. The classroomajaks that were most representative for
knowledge types the teacher had were selected from the instruction to illustrate how
the teacher used her knowledge in teaching.
The first practice ws choosing an example or activity to start teaching
addition and gbtraction of algebraic expressions with connecting to topics from
prior yearsand this title alsavasextracted from one of the descriptors of K@id
SCK. This practice examined thtite teacher chose which example or activity to
start teaching additioand subtraction of algebraic expressiovith rationale, and
how she implemented it ithe classroom. It also includedh e t eacher s recal
process for por knowledge that students h&al learn addition and subtraction of
algebraic expressions. To daig, the teacher first reminded the concepts of term,
coefficient, and variable as prior knowledge that the students learnt in previous
grade. For this connection, the teacher illustrated the algebraic terms on two
algebraic egressions. The second praetiwas discussing on the activity related to
addition and subtraction of algebraic expressimg this practice vgaalso affected
by one ofthe descriptors of KCT. This practice include small discussion about
which terms in algebraic expression coulddoeled and how they were add&te
teacherlet the students to explain their answers and responded their questions that
they asked in order to understand. The two practices were to introduce of addition
and subtraction of algebraic expressiansl the intoduction part lasted thrdesson
hour s. Then, she followed the middle part o]
understanding in the development of thstiuction. The third practice wahoosing
the examples or activities to use to take the studde&per into addition and
subtraction of algelaic expressions and this title svalso extracted from oné the
descriptors of KCT. This waalso as a continuation of choosing an example or
activity to start practice. This practice includeow the teachretaught addition and
subtraction of al gebraic expressions to i mp
deep the content using algebra tiles and problebmutreal life stuations. The
fourth practice wa implementing the suggested activities that wereutabwiting
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algebraic gpressions. The fifth practice waloing exercises related to addition and
subtraction of algebraic expressioinem textbook and workbook and the teacher
asked the exercises to the students as in the order of the book. This pag was
questioning by teacher and answeriygstudents. The sixth practice svpresenting
problems that combimeknowledge related to geometry that the teacher presented
problemswhich required fractions and geometry knowledge. These practices are
explained vith examining how the teacher used her knowledge based on MKT

frameworkin the following sections

4.1.2.2.1.1 Practice One: Choosing an Example or Activity to Start Teaching
Addition and Subtraction of Algebraic Expressions with Connecting to Topics

from Prior Years

At the first lesson of the instruction, Teacher A reminded the prior knowledge
that the students had learnt df §rade by explaining the term, unknown, and
coefficient terms with exemplifying two algebraic expressions. After explaining the
term concept, she connected the like term concept to teach addition and subtraction
and her knowledge to connect the topic being taught to topics from prior years
appeared with reminding algebra concepts (SK8he gave and explained 8t+3

and-9x-7 as eamples for recalling their prior knowledge as in the following:

A: 8t+3 is given. What does the meaning ¢
is the coefficient, and 3 is the constan
with another example9x-7. What & x?

S: Unknown.

A: Yes.-9 is the coeftient, 7 is the constant terr®x is the term.

Figure 24 The representatiorf algebra concepts by Teacher A
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In this situation, Teacher A reminded the concepts related with algebra
expressions that the students learnt thenf"ajréde. She used two examples: 8t+3
and -9x-7. She explainedhat 8, and-9 were the coefficients; t and x were the
unknowns; 3 and 7 were the constant teramgt8t and-9x were the terms. She used
the urknown and variable concept together as they had the same meamueghe
wrote as in the figure using slash. She also used with this way in the instruction of
generalizatiorof patterns. She might not have known the difference between these
termsand ths her knowledge to use terms was problematic (CGgK2owever, she
showed only 7 for the constant term without the sign of it as seibe iingure This
showing might be misunderstanding for the studemse they migh ignore the
signs of the terms. Ahis point,her knowledge to anticipate the misunderstandings
that might arise with the term concept being studied in class appeared inadequately
(KCS2). Then,the teachegave the following definitions to the students:

Each of the addends that form tHgedraic expressions is called term. The
terms that do not have variable are constant term, the number that is written
as factor before the variable is called as coefficient.

The definitions were the textbook definition and the teacher gave them to the
students as in the textbook. Thus, her knowledge about usable definition appeared as
merely choosing it from the textbook (SCH3and the analysis of this definitiomas
explained in planning section in detail.
Teacher A began the instruction with algebraikpressions using pattern
generalization that the students leaaat he r esear cher 6s suggestion
usethe bacterial growth patterrand operating with number stripgo make this
connection with her knowledge appropriately (S@K1 First, Teaber A
implemented théacterial Growth Patterractivity from the textbook. This activity
had two patterns in the context of growing bacteria. The first bacteria type was
growing as 2, 4, 6, 8 é, and the second bact e
was asked to generalize patterns first, tteadd and multiply the terms of the first
pattern and the second pattern, andyeneralize the added pattern and multiplied

pattern in the activity. Finally, it was asked that how there was a relationship
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betwea the generalizations at the beginning and the generalizations after operated
them. This question guided the learners to recognize and explore the addition and
multiplication of the general rules of patterns as 2n and 3n as algebraic expressions.
With implementing theBacterial Growth Activity her knowledge to choose which
examples to start with appeared effectively (KEJ'1The dialogues between the
teacher and the students in the implementation of the activity were as in the

following:

A: What is asked® is asked to express the general rule of the patterns with
using n. The first pattern (2, 4, 6, 8 ...) is increasing by 2. Who wants to say
the general rule of the first pattern?

S:n+2.

S: .

A: Letds try. n+2. Add 2doeswotworlk.é® positi on
The squared of n. It does not work.

S: n. Can it be the rule?

A: Substitute 1 for n, itis 1. But, we must find 2.

S: ntimes 2?

A: Does it work? Multiply the position number by 2. Multiply 1 by 2, then 2
by 2, 3 by 2. They are corredf.we go on like this, n.2 that is 2n, is it
correct? Yes. Look for the second pattern.

S: ntimes 3.

A: Letbdbs try (She is substituting 1, 2,
generalization of pattern in previous lessons. It is asked to addoditsms.

Add 2 and 3,..

S: 5, 10, 15, 20.

A: What will we get from the addition of 2n and 3n?

S:5n.

A: Okay, can we find it without the addition of the terms? Can we find this
rule from the pattern, generalization of the pattern (5, 10, 15, 20 ...)%tYes

is 5n again. You have found 5n from addition.

Il n this situati on, Teacher A respond:
general rule appropriately. She tried all of them and showed whether they worked or
not. However, Teacher A carried out the atyias if the students knew the addition
and multiplication of algebraic expressions. She wanted the students to find the
addition and multiplication of the general rules first, then she found the general rule
of the result pattern and used this patterie o check the result of operations.
Nevertheless, Teacher A was expected to generalize the result patterns first, and then

to make connection the general rules of added and multiplied patterns with the
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operations. It might more make sense tifiashe shald have made guided the
students to find the general rules of added and multiplied patterns then she could
have asked #m to operate the general rules. Thes, knowledge of how to provide
mathematical explanations for common rules and procedures agpear
inappropriately (SCK§. Instead of this, she added and multiplied the general rules
and used the result patternds gener al rul e
the other hand, the part of the multiplication of patterns were explained in
multiplication practices section in detail.
Related to the pattern generalization, the other suggested activity was
Operating with Strips activity r om i n A P o Aicdllectior of grddycivéd r a
exerciseso course book. This activitye She d8d ther oceed t I
first two questions in this activity: one addition and one subtraction of patterns
guestions. She gave the two questions as homework. There were three patterns in
each question. The terms of two patterns were added and subteaude the
operation resulted the third patternds term
first, and then to do operations, addition or subtraction. The researcher suggested this
activity to provide the students to recognize the connection betweereshlted
pattern rule and the addition of the rulek tbe addend patterns. Teacheb A
knowledge to connect operations with algebraic expressions to generalization pattern
that the students had learnt and known appespptopriatel(SCK1+) to selecthis
activity and implemented it. There were four questions in this activity: two addition
and two subtraction questions, and three patterrméof thequestios as in the

following figure:

Figure 25 Operating with Numbert8ps
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