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ABSTRACT 

 

 

INVESTIGATING MIDDLE SCHOOL MATHEMATICS TEACHERSô 

MATHEMATICAL KNOWLED GE FOR TEACHING ALGEBRA: A MULTIPLE 

CASE STUDY 

 

 

 

Girit, Dilek 

Ph.D., Department of Elementary Education 

     Supervisor: Assoc. Prof. Dr. Didem AKY¦Z 

 

November 2016, 423 pages 

 

 

 

 

The aim of this study was to examine middle school mathematics teachersô 

mathematical knowledge for teaching generalization of patterns and operations with 

algebraic expressions in planning and implementing processes. Data were collected 

from two middle school mathematics teachers who worked in the same public 

school throughout the instruction of algebra unit at 7
th
 grade. In data collection 

process, lesson plans prepared by the teachers, pre-observation interviews, 

observations, field notes, and post-observation interviews were used as data 

collection tools. The teachers prepared lesson plans individually and implemented 

them in the instructions. The researcher observed the lessons and took notes. After 

the implementation, the researcher conducted the reflective interviews with the 

teachers. Data were analyzed qualitatively within the frame of Mathematical 



v 

 

Knowledge for Teaching (MKT) model. The descriptions and definitions of the 

knowledge domains of MKT were utilized for analysis. Findings indicated that the 

teachers had lack of specialized content knowledge about mathematical 

representations such as figural representation for patterns, or algebra tiles for 

algebraic expressions. The teachersô conceptual and adequate common content 

knowledge (CCK) and specialized content knowledge (SCK) had a positive impact 

on their pedagogical content knowledge (PCK). When the teachers had strong 

subject matter knowledge, they took into the studentsô thinking account (KCS), and 

they used teaching methods effectively (KCT). Thus, their strong knowledge also 

influenced positively classroom practices to be effective. However, the teachers 

need to have a good conceptual mathematical understanding and also knowledge of 

studentsô thinking in order to design effective lessons. 
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ORTAOKUL MATEMATĶK ¥ĴRETMENLERĶNĶN CEBĶR ¥ĴRETĶMĶNDEKĶ 

MATEMATĶKSEL BĶLGĶLERĶNĶN ARAķTIRILMASI: ¢OKLU DURUM 

¢ALIķMASI 

 

 

 

 

 

Girit, Dilek 

Doktora, Ķlkºĵretim Bºl¿m¿ 

     Tez Yºneticisi:  Do­. Dr. Didem AKY¦Z 

 

November 2016, 423 sayfa 

 

 

 

 

Bu ­alēĸmanēn amacē, ortaokul matematik ºĵretmenlerinin ºr¿nt¿ genellemesi ve 

cebirsel ifadelerle iĸlemleri ºĵretmek i­in planlama ve uygulama s¿re­lerindeki 

bilgilerini incelemektir. Veriler, aynē devlet okulunda ­alēĸan iki ortaokul matematik 

ºĵretmeninden ve 7. sēnēftaki cebir ¿nitesi ºĵretimi s¿resince toplanmēĸtēr. Veri 

toplama s¿recinde, ºĵretmenler tarafēndan hazērlanan ders planlarē, ders ºncesi 

gºr¿ĸmeler, gºzlemler, alan notlarē ve ders sonrasē gºr¿ĸmeler veri toplama aracē 

olarak kullanēlmēĸtēr. ¥ĵretmenler, bireysel olarak ders planlarēnē hazērlamēĸ ve 

ºĵretimde uygulamēĸlardēr. Araĸtērmacē dersleri gºzlemiĸ ve alan notlarē almēĸtēr. 

Her dersten sonra, araĸtērmacē ºĵretmenlerle yansētēcē gºr¿ĸmeler yapmēĸtēr. Veriler, 



vii  

 

¥ĵretmek i­in Matematik Bilgisi (¥MB) modeli ­er­evesinde analiz edilmiĸtir. Bu 

analiz i­in ¥MB modelindeki bilgi ve alt bilgi alanlarēnēn tanēmlamalarē ve 

betimlemelerinden yararlanēlmēĸtēr. Bulgular, ºĵretmenlerin gºsterimler konusunda, 

ºr¿nt¿lerde ĸekilsel gºsterim ya da cebirsel ifadelerde cebir karolarē gibi, uzmanlēk 

alan bilgilerinin eksik olduĵunu gºstermiĸtir. ¥ĵretmenlerin kavramsal ve yeterli 

genel alan bilgileri ve uzmanlēk alan bilgileri, onlarēn pedagojik alan bilgisini 

olumlu bir ĸekilde etkilemiĸtir. ¥ĵretmenler saĵlam bir konu alan bilgisine sahip 

olduklarēnda, ºĵretim esnasēnda ºĵrencilerin d¿ĸ¿nmesini dikkate almēĸlar (alan ve 

ºĵrenci bilgisi) ve ºĵretim yºntemlerini etkili bir ĸekilde kullanmēĸlardēr (alan ve 

ºĵretme bilgisi). Ayrēca ºĵretmenlerin g¿­l¿ alan bilgisi, etkili ºĵretim 

uygulamalarēnda da olumlu bir etkiye sahiptir. Dolayēsēyla, etkili ders tasarēmlarē 

i­in, ºĵretmenler kavramsal olarak matematiĵi anlamaya ve ºĵrencilerin d¿ĸ¿nme 

bilgisine sahip olmaya ihtiya­ duymaktadērlar. 
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CHAPTER I  

 

 

INTRODUCTION  

 

 

There can be many factors that affect studentsô learning, understanding and 

achievement with respect to the perspectives of students and teachers in mathematics 

education. One of these aspects that comes from the perspective of teacher is 

teacherôs knowledge. The research evidence proves that teachersô knowledge has 

positive effect on studentsô achievement (Fennema, Carpenter, Franke, Levi, Jacobs, 

& Empson, 1996; Hill, Ball, & Schilling, 2008; Hill, Rowan & Ball, 2005; 

Tchoshanov, Lesser, & Salazar, 2008). This idea is also supported with international 

exams such as PISA (Programme for International Student Assessment), studies such 

as TEDS-M (Teacher Education and Development Study in Mathematics) and LMT 

(Learning Mathematics for Teaching), that they emphasize that teachersô 

mathematics content knowledge is important for studentsô achievement (Blºmeke & 

Delaney, 2012). 

Teacherôs knowledge as a term is first revealed and defined by Shulman 

(1986), and he claimed that content knowledge is a missing part of exams to 

certificate teachers by examining tests for teachers and he defined content knowledge 

as ñthe amount and organization of knowledge per se in the mind of the teacherò (p. 

9).  He divided content knowledge into three categories: subject matter knowledge, 

pedagogical content knowledge and curricular knowledge. Shulman (1986) indicated 

that ñpedagogical content knowledge includes an understanding of what makes 

learning specific topics easy or difficultò (p. 9). Since then, many researchers have 

identified the components of teacher knowledge and elaborated this concept (Graeber 

& Tirosh, 2008). To illustrate, some researchers (e.g. Even & Tirosh, 1995; Fennema 

& Franke, 1992; Marks, 1990) added knowledge of students, some of them (e.g. 

Grossman, 1990) added knowledge of curriculum, and knowledge of instructional 
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strategies as important components to pedagogical content knowledge. Actually, it 

has been shown that content knowledge is more effective for teaching with 

pedagogical knowledge (Ball, Thames, & Phelps, 2008; Ball, 2000; Hill, Rowan, & 

Ball, 2005; Hill, Schilling, & Ball, 2004). 

 

1.1. Mathematical Knowledge 

 

In recent years, several researchers have defined teachersô knowledge for 

mathematics, especially in mathematics education. Stacey (2008) explained what 

mathematical knowledge that teachers should know for secondary teaching by 

examining teacher education program. According to her, teachers should have 

knowledge of the content of mathematics, experience of doing mathematics with 

problem solving, investigations and modeling, knowledge about mathematics that 

includes history and developments of concepts, and knowledge of how to learn 

mathematics.  

Based on Shulmanôs framework, several researchers developed frameworks 

for teacher knowledge in mathematics education. One of them is Maôs (1999) 

framework that includes the concept of profound understanding of fundamental 

mathematics.  However, she does not only focus on knowledge of mathematics, she 

indicates that knowledge should be combined with knowing when and how to use for 

teaching. Another framework is An, Kulm and Wuôs (2004) framework that includes 

content, teaching and curriculum components and there is knowledge of teaching in 

the center of this framework. Although Ma thinks that teachers should have profound 

understanding of fundamental mathematics, An et al. (2004) think profound content 

knowledge is not sufficient itself and suggest that the combination of content and 

pedagogy is an important aspect for teaching mathematics effectively. Thus, they 

define profound pedagogical content as ñknowledge a deep and broad knowledge of 

teaching and curriculumò (p.148). In their framework, pedagogical content 

knowledge of studentsô thinking is explained as including four categories: building 

on studentsô ideas in mathematics, addressing studentsô misconceptions, engaging 
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students in mathematics learning, and promoting student thinking about mathematics. 

These categories involve different components, for example, the category of 

engaging students in mathematics learning has six components such as manipulative 

activity, connecting to concrete model, using one representation and both 

representations, giving examples, and connecting to prior knowledge (An et al., 

2004, p.155). They note that if teachers know studentsô mathematical thinking, it 

guides teachers for better mathematics teaching with developing their knowledge of 

content, curriculum and instruction. Similarly, based on Shulmanôs idea of PCK and 

other literature (Ball, 2000; Ma, 1999), Chick Baker, Pham, and Cheng (2006) 

proposed a detailed framework of explicit elements of PCK. There are three 

categories in this framework; clearly PCK, content knowledge in a pedagogical 

context, and pedagogical knowledge in a content context. The elements in clearly 

PCK category are about pedagogy and content, such as studentsô thinking, 

misconceptions; the second category is content knowledge in a pedagogical context 

about content knowledge for teaching such as conceptual and procedural knowledge, 

the third category pedagogical knowledge in a content context is about knowledge 

and strategies for particular content of mathematics, such as classroom techniques for 

teaching.  

Ball, Thames, and Phelps (2008) proposed a model for mathematical 

knowledge for teaching. This model is a domain map that shows mathematical 

knowledge for teaching consisting of subject matter knowledge and pedagogical 

content knowledge. Subject matter knowledge has common content knowledge and 

specialized content knowledge components. Common content knowledge (CCK) is 

ñmathematical knowledge that is used in teaching, but not directly taught to studentsò 

and it is used by people working with mathematics, and specialized content 

knowledge (SCK) is specific to mathematics teachers (Hill, Sleep, Lewis, & Ball, 

2007, p. 132). According to Ball et al. (2008), PCK consists of knowledge of content 

and students (KCS), knowledge of content and teaching (KCT), and knowledge of 

content and curriculum (KCC). They separate KCS from subject matter knowledge 
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and explain KCS with focusing on studentsô mathematical thinking and 

understanding and they also note that teachers should know KCS. 

As it is seen, the theory of teacher knowledge was developed first by 

Shulman (1986), and then it has been continued to be evaluated, elaborated and 

investigated in other areas, particularly mathematics education. Researchers have 

been trying to explain teacher knowledge for particular mathematical topics, such as 

algebra (e.g. functions), probability, and statistics (Graeber & Tirosh, 2008). 

However, there has been lack of research about teachersô knowledge and practice of 

algebra in the literature (Doerr, 2004; El Mouhayar & Jurdak, 2013; Wilkie, 2014). 

Studentsô learning and understanding of algebra have been investigated mostly 

regarding studentsô perspective as studentsô misconceptions and conceptions, errors 

and difficulties; and there have been many studies which show middle and high 

school students have difficulties with algebra (Cooper, Boulton-Lewis, Atweh, 

Pillay, Wilss, & Mutch, 1997; Linchevski & Livneh, 1999; Sfard & Linchevski, 

1994; Stacey & Macgregor, 1997; Warren, 1999). However, algebra teaching, 

considering the aspects of what and how algebra is taught, has not been examined 

much in the perspective of teacher when reviewing mathematics education literature. 

At that point, examining teachersô algebra knowledge may shed light on 

understanding how students learn algebra and why they usually have difficulty in 

learning it. Two of the issues that were important and difficult about algebra teaching 

and learning for teachersô development literature were defining the nature of 

knowledge of teachers for teaching algebra, and articulating teachersô knowing 

(Doerr, 2004). Considering these issues in learning and teaching algebra, it may be 

said that there is a need to do research for learning and teaching algebra regarding 

teachersô knowledge. 

 

1.2. Algebra in Mathematics Education 

 

According to Rakes, Valentine, McGatha, and Ronau (2010), algebra is core 

for developing of understanding of high school mathematics and so studentsô 
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learning fundamental concepts of algebra is an important issue. These fundamental 

concepts are variables, writing algebraic expressions, and simplifying with algebraic 

expressions that are introduced to students at 6
th
 grade in the curriculum developed 

by Ministry of National Education (MoNE, 2013). The concept of ñearly algebraò 

can be suitable for this situation that Carraher and Schliemann (2007) defined early 

algebra as ñcompass algebraic reasoning and algebra-related instruction among 

young learners-from approximately 6 to 12 years of ageò (p.670). National Council 

of Teachers of Mathematicsôs (NCTM) (2000) endorsement has supported the idea 

that algebra should be taught in early grades, and The Rand Mathematics Study 

Panel Report (2003) indicates that algebra in elementary curriculum is a gatekeeper 

for K-12 schooling. Schmittau (2005) examines the Vygotskian Perspective which 

emphasizes that students should be taught initially the most abstract and general level 

of understanding to develop algebraic thinking. Vygotsky states that the students 

should have theoretical and empirical concepts to learn mathematics or algebra. 

Empirical concepts can be learned from everyday experiences, but theoretical 

concepts are given to students by teachers and so it is important to constitute the 

theoretical basic in the elementary school years (Schmittau, 2005). As another 

suggestion, Kieran (2007) developed a model about what should be done in early 

grades. Based on this model, working with unknowns, variables, and equality, such 

as equations that represent problem situations, expressions of generalization as 

generational activity; and factoring, substituting one expression for one another, 

adding and multiplying polynomial expressions, solving equations and inequalities as 

examples for transformational activity, can be done in early algebra.  

Algebraic thinking develops with generalizing of patterns and using variables 

in elementary and middle school levels and this development continues from pre-

kindergarten to high school (Van de Walle, Karp, & Bay-Williams, 2013). When our 

middle school mathematics curriculum is examined, in grade 6, generalization from 

patterns is given to build studentsô algebraic thinking, and simplifying algebraic 

expressions expressing verbal statements in algebraic form; in grade 7, solving 

simple equations and linear equations, drawing linear graphs; and in grade 8, 
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identities and factorization are taught within the content of algebra learning domain 

(MoNE, 2013). If the students could learn the algebra topics regarding the objectives 

in these grades, they would have a conceptual algebraic thinking in later grades. 

Thus, supporting the students to think algebraically in elementary grades could 

prevent middle and high school studentsô difficulties in algebra (Cai, Ng, & Moyer, 

2011). Since middle grade and lower secondary school students have difficulties in 

algebra, learning of algebra topics in early years has gained importance to prevent 

the difficulties in older grades (Kieran, 2007). This suggestion is also practicable 

since research results showed that studentsô algebra understanding in early grades 

could be developed with the approaches, such as tasks, or discourse that supported 

algebraic thinking (Ferrara & Sinclair, 2016; Malara & Navarra, 2009; Warren & 

Cooper, 2008; Warren, Cooper, & Lamb, 2006).  

At this point, it may be said that teachers have important role in teaching 

algebra. Malara and Navarra (2009) emphasize the importance of teachersô role in 

the construction of childrenôs knowledge of algebra in early grades. There is a 

didactic cut in the childôs thought in the transition from arithmetic to algebra and the 

students have a resistance in operating with unknowns in the transition to algebraic 

thinking (Gallardo, 2000). Teachers may overcome this obstacle with their roles in 

the classroom in early grades while transforming studentsô understanding and 

knowledge of arithmetic to beginning algebra. In connection with this, the 

examination of the teaching of beginning algebra may provide an understanding on 

how studentsô learning improves conceptually since teachers have important role in 

teaching and a positive effect on studentsô achievement (Fennema, Carpenter, 

Franke, Levi, Jacobs, & Empson, 1996; Hill, Rowan & Ball, 2005). However, there 

have been few studies related to teaching of early algebra topics (Doerr, 2004). The 

studies about teacher subject matter knowledge focused on generally functions, 

slopes, and equations (e.g. Even, 1990; Stump, 1999; Even, Tirosh, & Robinson, 

1993). Besides, more recent studies focused on both teachersô subject matter and 

pedagogical content knowledge for middle grade and secondary grade level algebra 

topics. Artigue, Assude, Grugeon and Lenfant (2001) described three dimensions, as 
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epistemological, cognitive, and didactic dimension, for teachersô knowledge of 

inequalities; Ferrini-Mundy, Floden, and McCrory (2006) developed knowledge for 

teaching algebra framework for teaching expressions, equations inequalities, and 

function at middle school and secondary level; and Li (2007) proposed a framework 

for teachersô knowledge specific to solving algebraic equations. Especially, teachersô 

knowledge of studentsô thinking as pedagogical content knowledge was examined in 

algebra word problem solving (e.g. van Dooren, Verschaffel, & Onghena, 2002; 

Nathan & Koedinger, 2000). As it is seen, the proposed models and frameworks 

generally are about the algebra topics at secondary level (Doerr, 2004). Although 

there have been studies about algebra knowledge, Wilkie (2014) has asserted that 

there are few studies about teachersô knowledge and practice about algebra, 

particularly teachersô practice in teaching process. Thus, this study focused on both 

teacher knowledge and teacher practice for teaching early algebra topics to develop 

teacher algebra knowledge literature. 

 

1.3. The Significance of the Study 

 

Algebra is essential for studentsô understanding of high school mathematics 

(Rakes et al., 2010). However, students have resistance in the transition of arithmetic 

thinking to algebraic thinking (Gallardo, 2000). If this transition to algebra is not 

provided conceptually, students may have difficulty in mathematics since then, and 

there have been many studies which show middle and high school students have 

difficulties with algebra (Kieran, 2007; Sfard & Linchevski, 1994; Stacey & 

Macgregor, 1997; Warren, 1999). Especially, in this study, the investigation of early 

algebra topics may be useful to understand where students do or do not conceptualize 

fundamental concepts of algebra in transition to algebraic thinking. At that point, 

how algebra teaching in early grades should be is a critical issue and the teaching 

role belongs to the teachers in mathematics education. The teachers have this role, 

since they are the practitioners of what is suggested by the curriculum for effective 

algebra teaching (Dede & Arg¿n, 2004). Considering the role of teachers in teaching 
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algebra to students, examining teachersô pedagogical content knowledge, which is 

one of the components of MKT, may be useful for understanding the reasons of 

studentsô misconceptions and difficulties. It can provide teachers the chance of 

having the students to be prepare to transfer algebra, designing their lessons, and 

completing their knowledge effectively. If the problems are overcome in early 

algebra, it eases studentsô understanding of the topics in higher levels. 

Moreover, research results have shown that teachersô knowledge has a 

positive effect on studentsô achievement (Ball, 2000; Hill, Rowan & Ball, 2004). 

Chazan et al. (2003) also assumes that if teachers have right knowledge, this provides 

an increase in studentsô achievement. Thus, if in-service teachers have 

misconceptions and lack of knowledge about algebra based on the findings of this 

study, trainings can be done to assist them for developing their knowledge. It may 

help to increase studentsô achievement in algebra. 

More particularly, the scope of this research includes generalization of 

patterns and operations with algebraic expressions, and these are also important for 

developing studentsô algebra conceptualization. Lee (1996) indicated that ñalgebra, 

indeed all of mathematics is about generalizing patternsò (p.103). Generalizing 

patterns provides using arithmetical relationships between the input and output 

values and this is seen as one of the components of algebra (Katz, 1997; Usiskin, 

1988). Generalization is important for developing the schemas about algebraic 

thinking (Hargreaves, Threlfall, Frobisher, & Shorrocks-Taylor, 1999; Steele & 

Johanning, 2004). The understanding of functional relationship between the position 

number and the term can support the learning of the concept of function in later 

grades (Usiskin, 1988). Thus, how the teachers teach and give the idea of 

generalization in the context of patterns can provide understanding the studentsô 

learning and help them to form meaningful schemas of algebra. After the 

conceptualization of variable and algebraic expression within generalization of 

patterns, the context of operations with algebraic expressions provides the procedural 

understanding of these concepts that the students manipulate algebraic expressions 
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with adding, subtracting and multiplying in the learning of this topic (Capraro & 

Joffrinon, 2006).  

This study which is also important for examining middle school mathematics 

teachersô knowledge about algebra, is expected to contribute to mathematics 

education literature. As the researchers (Baĸ, Erbaĸ, & ¢etinkaya, 2011; Doerr, 2004; 

El Mouhayar & Jurdak, 2013; Kieran; 1992; Wilkie, 2014) indicated, mathematics 

education has lack of research about teachersô knowledge of algebra. Thus, there has 

been an increasing interest in investigating teacher content knowledge and 

pedagogical content knowledge of algebra (Saul, 2008). The current study focused 

on the teachersô knowledge in a process in the context of qualitative research. Since 

the qualitative research design can enable to gain detailed and rich information about 

the investigated phenomenon, this methodology is preferred for this study in order to 

examine teachersô knowledge rather than collecting static data once at a time 

(Cresswell, 2007). Two teachers participated in this study and each teacherôs 

instruction for each topic was considered as a case and their knowledge was the unit 

of analysis within the context of this research. Actually, the quantitative studies, even 

large scale projects (TEDS-M, LMT, COACTIV) were conducted to investigate 

teacher knowledge. However, measuring teacher knowledge quantitatively with a 

survey and once at a time can limit the understanding of the concept (Hill et al., 

2008).  Kahan, Cooper, and Bethea (2003) suggest conducting qualitative research 

with different teachers to determine teacher knowledge with the aspect that affects 

the teaching process. With the current study, the teachersô actions in a process could 

give us more detailed information about their knowledge and also reliable patterns as 

the study was focused on a long process. In this process, the observation of the 

instructions and the interviews with the teacher could give an accurate picture of 

teacher knowledge. Besides analyzing the teachersô practices in their instruction, the 

process of their planning of the lessons were also analyzed. While the planning 

provided an understanding of the teachersô existing knowledge, the instruction 

provided an observation on how the teachers used their knowledge for teaching. 
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Thus, the data collection process of this study could give a holistic understanding 

about the teachersô teaching with planning and instructions.  

Ball and her colleagues (2008) developed MKT model based on Shulmanôs 

(1986) theory of teacher knowledge as content knowledge and pedagogical content 

knowledge. This MKT model has been widely accepted and used by mathematics 

education researchers. Teacher knowledge is explained into sub-domains specific to 

mathematic teaching with this model (Hill et al., 2008). Thus, it is also considered to 

reveal existing teacher knowledge as specific to algebra teaching with using this 

model, which gives detailed descriptions of the knowledge domains. Another reason 

for using this model was that it was based on observations of teachersô instructions as 

qualitative aspect of the development of it. Since the main data of this study was 

observations of the instructions, the MKT model was found as appropriate. One of 

the aims of the study was to reveal the teachersô knowledge and how they used it in 

practice as Ball et al. (2008) indicated. The researchers also explained that MKT 

model provided to determine what teachers need to know to teach the content and 

how they need to use it in practice. In connection with this, the second aim of this 

study was to propose that the teachers need to know what and how to teach 

generalization patterns and operations with algebraic expressions. Stacey and Chick 

(2004) asserted that developing knowledge forms for teachers to learn and use with 

the knowledge of studentsô thinking and the knowledge of teaching was not an easy 

work. The current study attempted to contribute to this aim, to teacher knowledge 

literature, even particularly for algebra. Considering the aims of the study under 

these contributions, since MKT model includes content knowledge and pedagogical 

content knowledge together, it was preferred to be used for this research. Moreover, 

this study also attempted to explore the influence of subject matter knowledge 

(SMK) on pedagogical content knowledge (PCK) qualitatively in the context of the 

algebra topics. Even (1993) emphasized that conceptual subject matter knowledge is 

required for teaching mathematics effectively. Since this study also seeks what is 

needed for teaching algebra, the role of SMK in teaching is investigated. Several 

large-scale projects also found that content knowledge was required for pedagogical 
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content knowledge (Ball et al., 2008; Blºmeke & Kaiser, 2012; Hill et al., 2005; 

Krauss, Baumert, & Blum, 2008a). Besides, Depaepe et al. (2015) pointed out the 

need of the qualitative research about the relationship between content knowledge 

and pedagogical content knowledge for particular mathematical contents. Thus, this 

study might contribute to the literature of teacher knowledge by exploring the 

influence of SMK on PCK. 

Examining teachersô knowledge can also be valuable for mathematics teacher 

education programs and if teachers have misconceptions and lack of knowledge 

about algebra, teacher educators can design their programs and method courses 

regarding developing prospective teachersô knowledge of algebra. Actually, 

mathematics teacher educators indicated that teachers need to have conceptual and 

connected knowledge about algebra to support studentsô learning of algebra. 

However, Magiera, van den Kieboom, and Moyer (2013) asserted that the 

suggestions on how to develop the teachersô knowledge by educators are a few. At 

that point, the current study, such studies, could reveal existing teacher knowledge 

and what it is lack of, and how the teachers use their existing knowledge. This 

situation may help the mathematics teacher educators to design training programs to 

develop teachersô knowledge. Under these considerations, this study is considered to 

contribute to teaching and learning mathematics, particularly algebra. 

 

1.4. The Problem Statement 

 

Algebra is one of the learning domains of our middle school mathematics 

curriculum and it is introduced to children at 6
th
 grade (MoNE, 2013). NCTMôs 

(2000) endorsement and The Rand Mathematics Study Panel Report (2003) have 

supported that algebra should be taught in early grades because of its important role 

for understanding middle school and secondary school mathematics. Kaput (2000) 

advocated teaching algebra in early grades and emphasized the learning of ñthe study 

of functions, relations, and joint variationò (p. 19). In connection with this 

description, two important concepts are variable and algebraic expression 
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(Subramaniam & Banerjee, 2004). The development of these concepts as 

conceptually and procedurally is important for forming an equation and solving it 

later (Capraro & Joffrinon, 2006). The concept of variable is taught first in the 

context of generalization of patterns, and then in relation with the generalization, 

algebraic expressions are taught conceptually and procedurally in the context of 

operations with algebraic expressions in MoNE (2013). Thus, middle gradersô 

conceptualization of algebra with the concept of variable begins to develop in the 

generalization of patterns first. Patterns can provide for analyzing the relationship 

between input and output values as numbers within the contexts or figures and 

making generalization using variables. It supports the students to transit arithmetic to 

algebra and to understand the function of variable in the generalization (English & 

Warren, 1998). According to Kieranôs (2007) model of algebraic activity, 

generalization of patterns is a generalization activity and then comes 

transformational activity that requires manipulating the symbolic form of an 

expression or an equation in order to develop studentsô algebraic thinking in early 

grades. Operations with algebraic expressions as an algebra topic enables to collect 

like terms and multiply algebraic expressions to simplify algebraic expressions in the 

curriculum (MoNE, 2013). Thus, the scope of this study is teaching generalization of 

patterns and operations with algebraic expressions. 

In the perspective of teaching, teachersô knowledge can be an important 

aspect of studentsô learning algebra as indicated in some studies and teachersô 

knowledge has positive impact on studentsô achievement (Fennema, Carpenter, 

Franke, Levi, Jacobs, & Empson, 1996; Hill, Rowan & Ball, 2005). However, there 

has been lack of research about teachersô knowledge and practice in algebra in the 

literature (Baĸ, ¢etinkaya, & Erbaĸ, 2011; Doerr, 2004; El Mouhayar & Jurdak, 

2013; Kieran; 1992; Wilkie, 2014). Considering the importance of algebra as a 

learning domain in mathematics and the lack of research about teachersô knowledge 

for teaching algebra, the purpose of this study is to reveal middle school mathematics 

teachersô mathematical knowledge for teaching generalization of patterns and 

operations with algebraic expressions. With this study, teacher knowledge was 
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examined in planning and within the practices of implementing of lessons. The 

process of their planning of the lessons provided an understanding of the teachersô 

existing knowledge. The instruction provided an observation on how the teachers 

used their knowledge for teaching to reveal their practices. Investigating teacher 

practices as well as teacher knowledge can help to understand of studentsô 

understanding since teaching practices support studentsô learning (Saxe, Gearhart, & 

Seltzer, 1999). Lampert (2004) defined practice with action that ñaction is behavior 

with meaning, and practice is action informed by a particular organizational context 

(p. 2). Thus, it was focused on the teachersô actions in the process of the instructions 

throughout the teaching of the topics to extract the practices. In this process, the 

observations provided an examination of the teachersô reactions and responses at that 

time of the class, while the interviews provided a correct interpretation of what was 

observed with asking to the teachers and getting their explanations. As Wilkie (2014) 

indicated, the research about teaching algebra in middle school was few, especially, 

the study about teacher practice for teaching algebra as classroom research was 

scarce. Thus, this study also contributed to the literature with filling the void about 

practicing teacher algebra knowledge in classroom research.  

For this study, the following research questions are framed:  

1. What is the nature of middle school mathematics teachersô mathematical 

knowledge for teaching (MKT) generalization of patterns in planning and 

implementing lessons? 

1.a. What is the nature of middle school mathematics teachersô mathematical 

knowledge for teaching (MKT) for generalization of patterns in planning 

lessons? 

1.b. What is the nature of middle school mathematics teachersô mathematical 

knowledge for teaching (MKT) for generalization of patterns within the practices 

of implementing lessons? 

2. What is the nature of middle school mathematics teachersô mathematical 

knowledge for teaching (MKT) operations with algebraic expressions in 

planning and implementing lessons? 
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2.a. What is the nature of middle school mathematics teachersô mathematical 

knowledge for teaching (MKT) for operations with algebraic expressions in 

planning lessons? 

2.b. What is the nature of middle school mathematics teachersô mathematical 

knowledge for teaching (MKT) for operations with algebraic expressions within 

the practices of implementing lessons? 

After, these research questionsô answers are explored, the relationship between 

subject matter knowledge and pedagogical content knowledge as components of 

MKT is investigated with the following research question: 

3. How does middle school mathematics teachersô subject matter knowledge 

(SMK) influence their pedagogical content knowledge (PCK) in the context 

of teaching generalization of patterns and operations with algebraic 

expressions? 

To answer these questions, the researcher used Ball et al.ôs (2005) Mathematical 

Knowledge for Teaching (MKT) theoretical framework in the study. This model has 

two main components as subject matter knowledge and pedagogical content 

knowledge, and sub-components as knowledge types. The components (SMK and 

PCK) and sub-domains (CCK, SCK, KCS, KCT, and KCC) of MKT model were 

utilized to analyze the teachersô knowledge for teaching generalization of patterns 

and operations with algebraic expressions in this study. Teacher knowledge is 

explained into domains and sub-domains specific to mathematic teaching within this 

model (Hill et al., 2008). Thus, it could be considered that teacher knowledge can be 

explained in detail with using this modelôs components. In this study, analyzing the 

teachersô knowledge using this model, it is aimed to provide a detailed description of 

their existing knowledge and also a proposal on what the teachers need to know for 

teaching these topics.  
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1.5. Definitions of Important Terms 

 

It is necessary here to clarify exactly what is meant by the terms in the 

research questions. In this regard, the terms are defined as in the following. 

Mathematical Knowledge for Teaching (MKT): Ball et al. (2008) describes 

mathematical knowledge for teaching stating ñthe mathematical knowledge needed 

to carry out the work of teachingò (p. 395). They centered the word of teaching in the 

definition and emphasized the tasks and mathematical demands of these tasks related 

to teaching. Ball et al. (2008) explained teaching as follows ñshowing students how 

to solve problems, answering studentsô questions, and checking studentsô work, it 

demands an understanding of the content of the school curriculumò (p. 395). Their 

developed model for mathematics knowledge for teaching (MKT) as a domain map 

consists of subject matter knowledge (SMK) and pedagogical content knowledge 

(PCK) components. 

Subject Matter Knowledge (SMK): Shulman (1986) defined subject matter 

knowledge as "the amount and organization of knowledge per se in the mind of the 

teacher" (p. 9). According to Shulman (1986), teachers should have the knowledge of 

facts and procedures of subjects with reasoning underlying them. SMK includes the 

general mathematical knowledge as common content knowledge (CCK), the 

mathematical knowledge specific to teaching as specialized content knowledge 

(SCK), and the mathematical knowledge of the relations of the topics between grades 

as knowledge at the mathematical horizon (KMH) in the current study (Ball et al., 

2008).   

Pedagogical Content Knowledge (PCK): Shulman (1986) defined 

pedagogical content knowledge as ñspecial amalgam of content and pedagogy that is 

uniquely the province of teachers, their own special form of professional 

understandingò (p. 8). According to Shulman (1986), teachers should have the 

knowledge of different representations of the concepts, and the knowledge of 

studentsô thinking. PCK includes the knowledge of studentsô thinking as knowledge 

of content and students (KCS), the knowledge of teaching methods and techniques as 
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knowledge of content and teaching (KCT), and the knowledge of mathematics 

curriculum contents and objectives as knowledge of content and curriculum (KCC) 

in the current study (Ball et al., 2008).   

Practice: Practices are defined as ñcore activities (within mathematical 

domain and appropriate grade levels) that could and should occur regularly in the 

teaching of mathematicsò (Franke, Kazemi & Battey, 2007, p. 249). Saxe et al. 

(1999) stated that the practices are formed between the teacher and the students so 

that classroom practice can support and provide a development for studentsô learning 

of mathematics.  

Middle School Mathematics Teacher: Middle school where 5
th
, 6

th
, 7

th
, and 8

th
 

graders receive education after the primary school education in Turkey. Middle 

school mathematics teacher is the teacher who teaches mathematics with respect to 

the middle school mathematics curriculum to these grades.  

Generalization of Patterns: This topic has the objective which is to ñexpress 

using letters the relation in number patterns which are modelledò under the óPatterns 

and Relationsô sub-learning domain of algebra learning area in the 7
th
 grade 

mathematics curriculum (MoNE, 2009). This objective belongs to algebra learning 

area of 6
th
 mathematics curriculum in the new curriculum (MoNE, 2013). 

Operations with algebraic expressions: This topic has the objectives which 

are to ñperform addition and subtraction operations with algebraic expressionsò and 

ñmultiply two algebraic expressionsò under the óAlgebraic Expressionsò sub-learning 

domain of algebra learning area in the 7
th
 grade mathematic curriculum (MoNE, 

2009). These objectives belong to algebra learning area of 6
th 

and 8
th
 mathematics 

curriculum in the new curriculum (MoNE, 2013). 
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CHAPTER II  

 

 

LITERATURE REVIEW  

 

 

The purpose of this study was to examine middle school mathematics 

teachersô mathematical knowledge for teaching generalization of patterns and 

operations with algebraic expressions. In this context, frameworks about teacher 

knowledge in general and teachersô algebra knowledge, and studies related to algebra 

teaching and learning are reviewed in this chapter. Furthermore, this chapter includes 

the following sections; theoretical frameworks about teacher knowledge, models of 

teacher knowledge specific to mathematics teaching, the relationship between subject 

matter knowledge and pedagogical content knowledge, models of teacher knowledge 

for teaching algebra, early algebra, and studies related to teaching and learning 

algebra. A summary of literature review is presented at the end of the chapter. 

 

2.1. Theoretical Frameworks about Teacher Knowledge 

 

Shulman (1986) first defined the concept of teacher knowledge and since then 

this concept has been elaborated and expanded by many researchers (Cochran, 

DeRuiter, & King, 1993; Grossman, 1990; Magnusson, Krajcik & Borko, 1999). 

Especially, several researchers have described teacher knowledge for mathematics 

teachers (An, Wu, & Kulm, 2004; Ball, Thames, & Phelps, 2008; Fennema & 

Franke, 1992; Rowland, Turner, Thwaites, & Huckstep, 2009). In this section, the 

developed frameworks and models for teacher knowledge in general are explained. 

Shulman (1986) stated that assessing teacher candidates regarding their 

subject matter knowledge and pedagogical knowledge could be a new issue 

addressing the research entitled ñKnowledge growth in teachingò. He examined the 

exams in 1800s to be a teacher, that had questions mostly based on subject matter 
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knowledge and few of them was about pedagogical skills. Thus, he noted that 

pedagogical issues were not regarded as important firstly for the qualified teachers.  

Then, in 1980s, the contents in the examinations for being a teacher were about 

reading, writing, and solving problems. Although these examinations were based on 

research about designing lesson plans, assessment, the characteristics of children, and 

educational policies, Shulman (1986) queried where content knowledge to be taught. 

According to him, how subject matter knowledge was presented in the instruction 

should be questioned. In this regard, Shulman and colleagues proposed that ñcontent 

knowledgeò is a missing part of exams to certificate teachers by examining tests for 

teachers. Shulman (1986) also asked if content was more important than pedagogy, 

or if knowing pedagogy did not require content. He recognized the distinction 

between pedagogy and content. When he examined the studies about teaching, he 

noticed that the interest of the studies was pedagogical issues such as classroom 

management, preparing lesson plans, organizing time, and giving assignment. 

However, Shulman (1986) noted the necessity of answering these type of questions, 

ñWhere do teacher explanations come from? How do teachers decide what to teach, 

how to represent it, how to question students about it and how to deal with problems 

of misunderstanding?ò (p. 8). Thus, he and his colleagues aimed to set up a balance 

among content and pedagogy in their study. In this context, they studied with 

secondary English, biology, and mathematics teachers in their first year of teaching. 

The researchers conducted interviews with the teachers about their planning and 

interpretations about materials they used, and observed their instructions. They 

collected data about their teacher education program. They observed one of the 

problems arise during the study that the teachers did not learn some topics to teach, 

and they found the textbooks or curriculum materials insufficient. With this research, 

Shulman and his colleagues developed a model for defining teachersô knowledge. 

They proposed three categories for teacher knowledge as subject matter knowledge, 

pedagogical content knowledge and curricular knowledge. 

Shulman (1986) defined subject matter knowledge as "the amount and 

organization of knowledge per se in the mind of the teacher" (p. 9). According to 
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Shulman (1986), knowing subject with facts and procedures is not enough, teachers 

need to understand the reason how it is so. Shulman identified the content knowledge 

with the structures of subject matter knowledge as substantive and syntactic referring 

Schwab (1978). He explained the substantive aspect as the basic concepts and 

principles of discipline, and the syntactic structure as the validity issues of the rules. 

According to Shulman (1986), teachers should explain the facts with warrants, their 

value for learning, and the relation with other disciplines based on theory and 

practice.  

The second category of teacher knowledge is pedagogical content knowledge. 

This term is first seen as a component of the theory of teacher knowledge by 

Shulman (1986). Pedagogical content knowledge (PCK) is about teaching and a 

particular form of content knowledge (Shulman, 1986). Pedagogical content 

knowledge is defined by Shulman (1987) as ñspecial amalgam of content and 

pedagogy that is uniquely the province of teachers, their own special form of 

professional understandingò (p. 8). According to Shulman (1986), pedagogical 

content knowledge provides teachers to present subjects with different 

representations, analogies, illustrations, examples, explanations, and demonstrations 

to teach learners effectively. Thus, he also indicated that ñpedagogical content 

knowledge includes an understanding of what makes learning specific topics easy or 

difficultò (p. 9). Teachers should know the conceptions and preconceptions that 

different leveled and aged children have, since teachers could handle possible 

difficulties and misconceptions in designing their lessons by using different methods 

and techniques based on the knowledge of the studentsô thinking (Shulman, 1986). 

Curricular knowledge is the third category of content knowledge in 

Shulmanôs framework (1986). He defined curricular knowledge as ñwith particular 

grasp of the materials and programs that serve as "tools of the trade" for teachersò 

(Shulman, 1987, p. 8). He also suggested two aspects of the curricular knowledge 

that were lateral and vertical knowledge. The lateral curriculum knowledge is about 

the connection the topics that is taught with the other topics in different disciplines. 

On the other hand, the vertical curriculum knowledge is about knowing and being 
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aware of before and after the topics that is taught in previous and will be taught in 

future years. Teachers with this knowledge could connect the topics with prior 

concepts and next concepts of the same topic. 

Shulman (1987) developed a model knowledge base for teaching with 

categorizing teacher knowledge into seven groups after one year of the proposal of 

teacher knowledge concept. These categories are: content knowledge; general 

pedagogical knowledge that is about the strategies of classroom management; 

curriculum knowledge that is about materials and programs; pedagogical content 

knowledge; knowledge of learners and their characteristics; knowledge of 

educational contexts; and knowledge of educational ends, purposes, and values, and 

their philosophical and historical grounds (Shulman, 1987, p. 8). Shulman indicated 

the importance of pedagogical content knowledge concept particularly for teaching. 

For this knowledge, he explained as the combination of content and pedagogy to 

teach a topic with representations and organizations specific to this topic. Thus, he 

asserted that ñpedagogical content knowledge is the category most likely to 

distinguish the understanding of the content specialist from that of the pedagogueò 

(p. 8).  

Based on Shulmanôs (1986) characterization of teachersô knowledge, several 

components for teacherôs knowledge have been identified and elaborated by different 

researchers in teacher education (e.g. Cochran, DeRuiter, & King, 1993; Grossman, 

1990; Magnusson, Krajcik, & Borko, 1999). Grossman (1990), was one of the 

students of Shulman, studied with secondary English teachers. Grossman (1990) 

proposed teacher knowledge model with four categories, 1) subject matter 

knowledge, 2) general pedagogical knowledge, 3) pedagogical content knowledge, 

and 4) knowledge of context. The subject matter knowledge category is formed with 

the knowledge of content, knowledge of the substantive, and knowledge of the 

syntactic structures. The aspects of the substantive, and the syntactic structures 

knowledge explained by Schwab (1964, as cited in Shulman, 1986). While the 

substantive structure is related with the content as facts and principles, the syntactic 

structure is related with the process ways of the accuracy and validity of the rules and 
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principles. In this context, Grossmanôs (1990) description of subject matter 

knowledge is related with the content that teachers know and present in teaching. 

The general pedagogical knowledge category is formed with learners and learning, 

classroom management, curriculum and instruction, and other pedagogical issues 

about teaching and learning. The third category of this model is pedagogical content 

knowledge. This knowledge is affected and developed by other three categories. One 

of the components of pedagogical content knowledge category is knowledge of 

studentsô understanding that consists of the knowledge of studentsô conceptions and 

misconceptions as Shulman (1986) indicated. Other components of this knowledge is 

knowledge for curriculum including teachersô decisions about the appropriateness of 

resources and materials for teaching a specific topic. This component also requires 

knowing of the relations of the topic with other disciplines, and the connections with 

previous and future topics with the same content. Although Shulman (1986) defined 

curricular knowledge separately explaining these properties, Grossman (1990) 

included this component to pedagogical content knowledge. Other components of 

this knowledge is conceptions of purposes for teaching subject matter. This 

component refers to the conceptions of objectives for teaching a topic and related 

beliefs about teaching the topic. Grossman (1990) expanded teacher knowledge 

concept with including teachersô beliefs. The fourth component of pedagogical 

content knowledge is knowledge of instructional strategies. These strategies are 

method and techniques, representations, models to provide students to learn a topic 

conceptually. The knowledge of context category is formed with the knowledge of 

the school such as the culture of school, the characteristics of district that the school 

is placed, the structure of families of students. This category and pedagogical content 

knowledge category interact with themselves.  

In the perspective of constructivist learning, Cochran, DeRuiter, and King 

(1993) expanded Shulmanôs model to explain teacher knowledge. The researchers 

suggested ñknowingò word instead of using ñknowledgeò in pedagogical content 

knowledge since knowing indicated the development in a process that was related 

with constructive approach. Cochran et al. (1993) redefined PCK as Pedagogical 
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Content Knowing (PCKg). In their model, PCKg is the center of it and is defined as 

ña teacherôs integrated understanding of four components of pedagogy, subject 

matter content, student characteristics and the environmental context of learningò (p. 

266). Cohran et al. (1993) indicated the environmental context of learning and 

teacherôs knowledge of students when compared Shulmanôs model. Since students 

construct their learning in the constructive learning, teacherôs knowledge of students 

is important component of PCKg. The other indicated component is the 

environmental context of learning about understanding the structure of teaching and 

learning such as school culture, parentsô involvement. Cochran et al. (1993) stated 

the effect and contribution of four components on PCKg in the model could change 

in time. Thus, they suggested that teacher education programs present opportunities 

to experience four components to develop pre-service teachersô knowledge.  

 

2.2. Models of Teacher Knowledge Specific to Mathematics Teaching 

 

The researchers in mathematics education also proposed models for teacher 

knowledge especially in mathematics based on the frameworks (Cohran et al., 1993; 

Grossman, 1990; Shulman, 1986) about teacher knowledge as mentioned above. One 

of the models of teachersô knowledge for mathematics was proposed by Fennema 

and Franke (1992). They reviewed the literature about teacher knowledge critically 

and indicated knowledge of mathematics teaching is considered with subject matter 

knowledge, representation of subject matter knowledge, knowledge of studentsô 

thinking and teachersô beliefs. Teachers must know issues such as real-life situations, 

manipulatives and present to them students by relating mathematical ideas to 

promote studentsô understanding. The other point that the researchers concluded 

from review is knowledge of students that teachers would use for decision making in 

the instruction to improve studentsô understanding. With this review, Fennema and 

Franke (1992) proposed a research model for teachersô knowledge of mathematics. 

Thus, they asserted that teacher knowledge has dynamic and interactive structure that 

this knowledge is developed in time with experiences of teaching. Their proposed 



23 

 

model is formed with knowledge of mathematics, pedagogical knowledge, 

knowledge of learnersô cognitions, and beliefs. Knowledge of mathematics as 

referred by Shulman, as content knowledge is the knowledge of concepts, 

procedures, and problem-solving procedures. This content knowledge requires the 

conceptual understandings of concepts, understanding the relationships among 

concepts, and knowing the use of the concepts and procedures in mathematical 

situations. Pedagogical knowledge is the knowledge of pedagogical issues for 

teaching and learning such as classroom management, methods and techniques for 

planning, classroom organization is similar to Shulmanôs explanation for pedagogical 

knowledge. Knowledge of learnersô cognitions in mathematics is about how students 

think and learn mathematics topics. It requires also knowing of acquisition of 

mathematical knowledge, possible difficulties, and expectation about studentsô good 

performance in learning process. These three knowledge components are in an 

interaction with context specific knowledge as the center of this model. Fennema and 

Franke (1993) emphasized the importance of beliefs and knowledgeôs taking part in a 

context. The researchers explained the role of context as ñwithin a given context, 

teachersô knowledge of content interacts with knowledge of pedagogy and studentsô 

cognitions and combines beliefs to create a unique set of knowledge that drives 

classroom behaviorò (p. 162). Fennema and Franke (1993) pointed out the transform 

in the development of teacher knowledge by interacting with content knowledge and 

students throughout of the instruction. According to Fennema and Franke (1993), 

teachers must transform content knowledge into teaching to enable students to learn. 

In this transformation, teachers adapt their knowledge regarding the students learning 

and so teacher knowledge can change and develop.  

Another model about mathematics knowledge for teachers is entitled 

ñKnowledge Quartetò, and proposed by Rowland, Huckstep, and Thwaites (2005). 

The researchers studied with pre-service elementary teachers, and observed their 

lessons based on their planning. Their purpose was to reveal pre-service teachersô 

mathematics knowledge, and mathematics knowledge in teaching. Rowland et al. 

(2005) proposed the model using grounded theory for analysis. The categories of this 
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model are foundation, transformation, connection, and contingency. The first 

category, foundation, consists of mathematical theoretical knowledge and 

mathematical knowledge for teaching, and beliefs about this knowledge. The 

researchers asserted that teachers learn the knowledge by their own in school and in 

pre-service training. The following three categories, except the first category, include 

the knowledge about planning and teaching mathematics. The second category, 

transformation, is teachersô transformation of content knowledge into teaching based 

on Shulmanôs (1987) definition. As Fennema and Franke (1993) indicated above, 

teachers can use pictures, concrete materials, and multiple representations to 

transform the knowledge that they have to improve studentsô learning. The third 

category, connection, includes choices and decisions for planning and implementing 

lessons. For this, teachers set connections between concepts, procedures, and topics; 

order contents, questions, tasks among lessons coherently. Connection knowledge is 

consistent with Shulmanôs curriculum knowledge description. The fourth category, 

contingency, is about teachersô knowledge of handling unexpected situations which 

occurr during teaching. This category includes teachersô responses to studentsô 

questions or statements, readapting the lessons including the unexpected situations to 

the lesson plan, and using studentsô emerged ideas for the benefit of studentsô 

learning. This model is different with including contingency category from the 

frameworks and models that were mentioned up to now. Herewith, Rowland et al. 

(2005) suggested using this model for lesson observations of teaching mathematics.  

More particularly, the models specific to mathematics teachersô PCK are 

explained in the following. These frameworks categorized PCK especially for 

mathematics (An, Kulm, & Wu, 2004; Chick, Baker, Pham, & Cheng, 2006). Chick, 

Baker, Pham, and Cheng (2006) proposed one of the frameworks for PCK. Based on 

Shulmanôs (1986) theory of PCK and other literature (Ball, 2000; Ma, 1999), Chick 

et al. (2006) proposed a detailed framework to explicit elements of PCK. There are 

three categories in this framework; clearly PCK, content knowledge in a pedagogical 

context, and pedagogical knowledge in a content context. The elements in clearly 

PCK category are about pedagogy and content, that are discussing and using teaching 
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strategies; identifying and addressing studentsô thinking, misconceptions, and 

understanding; describing representations of concepts; using resources, and 

curriculum knowledge. The researchers emphasized the knowledge of 

misconceptions in separate element of the first category. The second category is 

content knowledge in a pedagogical context about content knowledge for teaching. 

The elements in this category are using conceptual and procedural knowledge, 

making connections in mathematical concepts and structures, solving a mathematical 

problem. The third category pedagogical knowledge in a content context is about 

knowledge and strategies for particular content of mathematics. The elements are 

describing goals for students, focusing studentsô attention on content, and classroom 

techniques for teaching. Chick et al. (2006) proposed this framework specific to 

decimals with detailed descriptions from based on literature (Ball, 2000; Ma, 1999; 

Shulman, 1986), and suggested using it to examine for other mathematics topics.  

Another framework for PCK in mathematics is An, Kulm and Wuôs (2004) 

framework. Based on Shulmanôs (1987) concept of PCK, An et al. (2004) developed 

the network of pedagogical content knowledge. The researchers suggested the 

concepts of profound pedagogical content knowledge based on Maôs (1999) concept 

of profound understanding of fundamental mathematics. An et al. (2004) indicated 

that content knowledge should be connected with curriculum and teaching for 

effective mathematics teaching. In the model, PCK has three components, knowledge 

of content, knowledge of curriculum, and knowledge of teaching. Especially, 

knowledge of teaching component is the center of the model. There are interactive 

relationships between each component. An et al. (2004) studied with mathematics 

teachers in China and in U.S to compare the teachersô pedagogical content 

knowledge. They collected data from questionnaires about mathematics teaching and 

beliefs, interviews, and observations. The topics they included to the mathematics 

teaching questionnaire were fractions, ratios, and proportions. The researchers 

concluded that while Chinese teachers aimed to develop conceptual understanding 

depending on effective traditional methods, U.S. teachers aimed to develop studentsô 

understandings using creativity and inquiry without connection of activities and 
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abstraction, and procedures. Based on the analysis of data, An et al. (2004) proposed 

four components and categories in the components for pedagogical content 

knowledge. According to their model of PCK, ñdeep and broad pedagogical content 

knowledge is important and necessary for effective teachingò (p. 169). Teachers 

should connect prior knowledge, concrete materials with conceptual knowledge to 

build on studentsô math ideas. It is important to teachersô addressing misconceptions 

using picture, table, and concrete model to correct them. Teachers also should use 

representations to engage students in math learning, and questions, activities, and 

tasks to promote studentsô mathematical thinking. 

More broadly and detailed than these models, Ball, Thames, and Phelps 

(2008) developed a model that is entitled mathematical knowledge for teaching 

(MKT) that includes SMK and PCK specific to mathematics teachers. This model is 

explained in the following. 

Ball and Bass (2002) described the term ñmathematical knowledge for 

teachingò building of Shulmanôs concept of PCK. After the studies and research 

conducted to investigate and explain PCK for many years, this term has been 

acknowledged and used for mathematics education recently. According to Ball et al. 

(2008), PCK concept has not been developed well to show its usage in teaching as 

empirical evidence. Since there is not empirical testing, the concept of PCK does not 

function to improve teaching and learning, to revise the curriculum for teachers, to 

guide teacher development, and to understand the relationship between teacher 

knowledge and studentsô learning. The concept of PCK had a theoretical structure 

that teachers need to have. From this point of view, Ball and her colleagues have 

conducted a project to provide empirical base for knowledge for teaching.  

Ball (1990) investigated prospective teachersô subject matter knowledge that 

had when they entered teacher education program. She asked questions to teacher 

candidates that were formed with classroom scenarios. She found that teacher 

candidatesô knowledge as superficial and consists of rules. Ball (1990) asserted that 

teachers should have deep knowledge to understand the concepts and procedures 

conceptually and knowledge of learning of mathematics of students with the ways 
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that they learn. Teachers also should have deep knowledge to respond studentsô 

questions reasonable, use multiple representations, and improve studentsô learning 

interpreting their ideas. Ball (1990) called this knowledge as substantive knowledge 

that requires correct knowledge of concepts and procedures, underlying principles of 

them, and connection between them. Ball and her colleagues emphasized that 

teachers must have deep mathematical knowledge to teach mathematics from the 

investigations about teacher knowledge in 1980 and 1990s (Ball, 1990; Ball & Bass, 

1993). Thus, Ball and colleagues conducted project that is entitled Mathematics 

Teaching and Learning to Teach (MTLT) for investigating teachersô implementations 

in class and what mathematical knowledge teachers must have to teach mathematics 

(Ball & Bass, 2003). They examined a third grade teaching of mathematics in a year. 

They collected data from video records of lessons, transcriptions of audio records, 

studentsô works, and teachersô plans. They analyzed the practice of teaching 

mathematics to propose a framework for mathematical knowledge. Ball and Bass 

(2003) indicated the work of teaching as what happens in the class such as using 

representations to enable studentsô understanding, interpreting and responding to the 

students, and using mathematical language appropriately (Ball, 1990; Ball & Bass, 

2003; Hill, Rowan, Ball; 2005). Ball and Bass (2003) made three implications for the 

work of teaching based on the analysis in their study. The first is teaching has 

substantial mathematical work to solve problems in mathematics. The second 

implication is unpacking of mathematical knowledge for teaching. For example, to 

develop childrenôs conception of rational numbers, instead of giving the definition of 

rational numbers, teachers should develop fraction concept and then decimals 

concept connection with fraction in the process of teaching rational numbers. The 

third implication is the connectedness of mathematical topic. To illustrate, showing 

the difference of x
2
+y

2 
and (x+y)

2
 with explaining their areas in geometric 

representations. According to Ball and Bass (2003), teachers also should predict 

studentsô thinking as they are learning and their knowledge are growing.  

With examining teacher knowledge in this project qualitatively, Mathematical 

Knowledge for Teaching (MKT) model was developed based on the work of 
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teaching (Ball et al., 2008). Then, the measures were developed to assess teachersô 

MKT to support the model quantitatively (Hill, Ball, & Schilling, 2008). They 

investigated the answers for how the organization of teachersô mathematical 

knowledge, and realibility of the questions. The researchers developed survey items 

based on number and operations, patterns and function at elementary level as topics, 

and content knowledge and knowledge of content and student as teacher knowledge 

domains. They concluded that content knowledge requires more than subject matter 

knowledge of mathematics in order to teach (Hill, Schilling, & Ball, 2004). Schilling, 

Blunk, and Hill (2007) stated that measuring content knowledge for teaching using 

validity argument approach contributed to differentiate the teachers with content 

knowledge and the teachers who did not have adequate content knowledge in their 

teaching and studentsô learning.  

Up to this point, the concerns about subject matter knowledge and 

pedagogical content knowledge for teachers to teach mathematics are mentioned. 

The development of constructs of mathematical knowledge for teaching (MKT) and 

the measurement of these constructs have provided the model of MKT. Ball et al. 

(2008) describes MKT as ñthe mathematical knowledge needed to carry out the work 

of teachingò (p. 395). Teaching involves everything that teachers most do to support 

studentsô learning that are the instructions and all tasks in class. In addition to this, it 

includes planning lessons, assessing and grading students, assigning tasks and 

homework, informing parent about the works, providing equity, and having 

responsibility to principal. Ball et al. (2008) analyzed teachersô practice and 

determined mathematical demands of teaching. According to them, teachers need 

more mathematical knowledge than others. They exemplified it like this, everyone 

can do subtraction in three digit numbers and teachers also must know and do. 

However, this is not sufficient for teaching. Teachers also recognize studentsô errors 

in this operation, beyond the reasoning of this error, recognize the different 

procedures of the different errors to help studentsô learning. Teaching also requires 

explaining procedures, terms, and concepts with reasoning. While selecting examples 

to teach a procedure, teachers should know what critical numbers to use to improve 
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studentsô understanding. With this analysis, Ball et al. (2008) have described 

mathematical demands of teaching and expanded Shulmanôs concept of teacher 

knowledge in their model.  

Their proposed model for mathematics knowledge for teaching is a domain 

map that shows mathematical knowledge (PCK) for teaching consists of subject 

matter knowledge (SMK) and pedagogical content knowledge. Ball et al. (2008) 

divided these domains into subdomains in the model. Subject matter knowledge 

(SMK) is divided into three subdomains that are common content knowledge (CCK), 

specialized content knowledge (SCK), and horizon content knowledge (HCK). 

Pedagogical content knowledge (PCK) is divided into three subdomains that are 

knowledge of content and students (KCS), knowledge of content and teaching 

(KCT), and knowledge of content and curriculum (KCC). 

The first subdomain of subject matter knowledge, common content 

knowledge (CCK) is defined as ñthe mathematical knowledge and skill used in 

settings other than teachingò (Ball et al., 2008, p. 399). This knowledge is not unique 

for teachers; this knowledge can be used by everyone who deals with mathematics. 

To illustrate, knowing the sides of rectangle are perpendicular, or multiplication of a 

number with zero yields 0. Teachers with this knowledge must recognize incorrect 

explanations, questions, definitions of textbooks, incorrect studentsô answers or 

solutions. The understanding of mathematics is necessary in planning and 

implementing the instruction. Otherwise, teaching can be interfered with the lack of 

CCK. The second subdomain of subject matter knowledge, specialized content 

knowledge (SCK) is defined as ñthe mathematical knowledge and skill unique to 

teachingò (Ball et al., 2008, p. 400). This knowledge is related with teaching. To 

illustrate, understanding the studentsô errors with their reasons, or representing 

division of 3 by 2/5 is about SCK. According to Ball et al. (2008), teachers must 

have decompressed and unpacked knowledge for teaching. Teachers can develop 

studentsô complex mathematical knowledge in time by teaching decompressed 

knowledge. However, this knowledge is beyond of the conceptual understanding. 

Teacher use this knowledge with pedagogical purposes for teaching mathematics. On 
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the other hand, teachers should unpack the knowledge with presenting content as 

available for students to visualize and understanding. As a whole, the demands of 

mathematics teaching require specialized mathematical knowledge. The third 

subdomain of subject matter knowledge, horizon content knowledge (HCK) is 

defined as ñan awareness of how mathematical topics are related over the span of 

mathematics included in the curriculumò (Ball et al., 2008, p. 403). Teachers know 

with this knowledge that how the topic that students learn is related in the next 

gradesô topics. Thus, teachers can prepare the students considering the topics that 

they learn in next years. Horizon content knowledge can guide teachers to connect 

the topics between grades and to make decisions about how the content is presented. 

To illustrate, teachers can prepare students to learn rational numbers while using 

number line with emphasizing the number line is filled with other numbers 

throughout the grades. However, Ball et al. (2008) are not sure about including HCK 

as a component to SMK or other categories.  

The other domain of MKT is pedagogical content knowledge (PCK). The first 

subdomain of PCK is knowledge of content and students (KCS). KCS is defined as 

ñthe knowledge that combines knowing about students and knowing about 

mathematicsò (Ball et al., 2008, p. 401). Teachers must know studentsô common 

conceptions and misconceptions, errors, difficulties specific to a mathematical topic 

as the focus of KCS. KCS is a component of Shulmanôs PCK concept, and this is 

apart from subject matter knowledge. The second subdomain of PCK is knowledge 

of content and teaching (KCT). KCT is defined as ñthe knowledge that combines 

knowing about teaching and knowing about mathematicsò (Ball et al., 2008, p. 401). 

Teachers need to know how to design instruction for teaching mathematics. KCT 

involves the combination of mathematical knowledge and pedagogical issues specific 

to mathematics. Teacher have KCT can make decisions about the instruction. The 

third subdomain of PCK is knowledge of content and curriculum (KCC). KCC is 

explained as the knowledge of the contents regarding the curriculum order, suggested 

activities, and important explanations for teaching.  
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Ball and colleagues have detailed the components of teacher knowledge 

specific to mathematics. However, they consider that this model should be revised. 

They have indicated three problems about this model. One of them is about the 

difficulty to determine which knowledge teachers use while responding to some 

situations. For example, while one teacher is analyzing the errors using SCK, another 

teacher can know that is a common misconception based on previous experiences 

using KCS. The second problem is the structure about categories, which is not 

considered as dynamic. Ball et al. (2008) have indicated that they are interested in 

using knowledge in practice. The third problem is the difficulty to separate the 

categories each other in some situations, common content knowledge and specialized 

content knowledge, or specialized content knowledge and knowledge of content and 

students. 

 

2.3. The relationship Between Subject Matter Knowledge and Pedagogical 

Content Knowledge 

 

The models proposed the concept of teacher knowledge as including subject 

matter knowledge and pedagogical content knowledge as explained above. Besides, 

several studies also examine the relationship between these two knowledge types. To 

illustrate, Even (1993) investigated how prospective teachersô subject matter 

knowledge related with pedagogical content knowledge in the context of the function 

concept. Based on the qualitative analysis, Even (1993) concluded that most of the 

prospective teachersô subject matter knowledge of the function concept was not 

adequate. Therefore, the researcher noted that prospective teachers should have 

subject matter knowledge with a relational understanding since it affects teachersô 

pedagogical reasoning for teaching mathematics. Thus, the researcher suggested 

developing prospective teachersô subject matter knowledge within the constructive 

perspective and then the relational subject matter knowledge should be used in 

pedagogical decisions.  
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The large-scale projects, LMT (Learning Mathematics for Teaching), 

COACTIV (Cognitively ACTIVating instruction, and development of students' 

mathematical Literacy), and TEDS-M (Teacher Education and Development Study 

in Mathematics) were also conducted to investigate teachersô content knowledge 

(CK) and pedagogical content knowledge (PCK) of mathematics teachers.  

The researchers (Ball et al., 2008; Hill et al., 2005) in LMT project 

investigated the knowledge that mathematics teachers have as Mathematics 

Knowledge for Teaching (MKT). The researchers developed a test to examine 

subject matter knowledge, CCK and SCK, and concluded that content knowledge 

affected studentsô achievement positively. It was not investigated in this project the 

relationship between CK and PCK since the instrument had the items related to 

subject matter knowledge. On the other hand, COACTIV project investigated the 

influence of PCK on studentsô learning. It was found that CK and PCK were 

correlated strongly (Krauss et al., 2008a). Similarly, TEDS-M study was conducted 

to examine CK and PCK, and it was concluded that prospective teachers who took 

the training special to their teaching area had better CK and PCK (Blºmeke & 

Kaiser, 2012). Consistent with this finding, Krauss et al. (2008b) conducted a study 

within the context of COACTIV project and they concluded that the connection of 

CK and PCK was an indicator for expertise of mathematics. Based on the 

quantitative analysis in these projects, it was concluded that ñCK and PCK are 

related positively and CK is necessary but not sufficient for PCKò (Depaepe et al., 

2015, p. 82).   

However, the items related with CK and PCK was in different mathematics 

learning areas in the last two studies. Thus, Depaepe et al. (2015) emphasized the 

need of research to investigate the relationship between CK and PCK in particular 

mathematical topics and they examined this relationship in rational numbers area 

quantitatively. They also suggested investigating this relationship supporting with 

qualitative data as further research. Considering this need in teacher knowledge 

research, this study also aimed to investigate the influence of subject matter 

knowledge (SMK) on pedagogical content knowledge (PCK) for teaching 



33 

 

generalization of patterns and operations with algebraic expressions. Thus, it can be 

considered that this study can contribute with the findings related this aim to the 

literature on teachersô knowledge of algebra.    

 

2.4. Classroom Practices and Teacher Knowledge in Mathematics  

 

Franke et al. (2007) point out the need of the explanation of routines of 

practice for teaching mathematics with respect to content and grade levels. They also 

assert that how the practices assisted teachersô teaching of mathematics and affect 

studentsô learning mathematics should be investigated. There are several studies that 

showed appropriate practices which provide doing mathematics within the context of 

problem solving, constructions, and discourse supported studentsô learning of 

mathematics (Arcavi, Kessel, Meira, & Smith, 1998; Chapman, 2006; Schoenfeld, 

Minstrell, & van Zee, 1999; Silver & Smith; 1996). Thus, Gearhart et al. (1999) 

suggested developing teachersô knowledge to reveal effective practices. 

One of the factors that has an influence on teaching practices is teacher 

knowledge (Hiebert, 1997). However, Ball (2000) asserted that there was a gap 

between content knowledge and the practice of a teacher. Teachersô content 

knowledge is important to interpret studentsô ideas, and it helps to present different 

and valuable opportunities for students about mathematics, but the presentation of 

content knowledge in practice can provide students to learn. Teachers should think 

whether the tasks or activities are good, appropriate for the level of the students, 

interesting for students or not; and if they have important mathematical ideas. 

Teachers should manage the discussions in class, know which ideas to use, which 

probing questions to ask, when explanations are needed to continue discussion to 

help the development of studentsô understanding. In this context, Ball (2000) 

suggested three issues to prepare teachers to teach, first is what content teachers 

should know for teaching, second is how they know this knowledge, and third is how 

teachers learn to use this knowledge in practice. Ball (2000) also presented solutions 

for these issues. She indicated that teachers could analyze the role of content 

knowledge in their work (p. 244). Especially, they should aware of their content 
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knowledge specific to mathematics teaching in their practices. To illustrate, 

presenting their knowledge with using multiple representations and models supported 

effective mathematics teaching (Tchoshanov, 2011). Besides having strong and 

conceptual content knowledge, teachers also should have connectedness of contents 

to understand studentsô thinking, and combine of content knowledge with pedagogy 

as pedagogical content knowledge to transform the knowledge to the students. To do 

this, the opportunities such as using studentsô work, or videotaping the lessons 

should be presented for teachers and pre-service teachers to improve their knowledge 

to use in practice (Ball, 2000). As Franke et al. (2007) stated the importance of the 

knowledge of studentsô thinking to develop the teachersô practices. Hence, the 

knowledge of studentsô understanding as well as conceptual knowledge is necessary 

to organize effective lessons pedagogically (Fennema & Franke, 1992; Hiebert, 

1997). In sum, teachers should have connected content knowledge, and they should 

use their knowledge pedagogically to develop their teaching practices (Doerr, 2004). 

As Ball (2000) pointed out the gap between teacher knowledge and practice 

in general above, Doerr (2004) supported this claim for algebra teaching practices. 

Doerr (2004) defined this situation as a dilemma that was referred to the 

contradiction of the knowledge with the practice in teaching algebra. Since teachers 

did not have conceptual perceptions and experiences from their learning, it caused 

their practice not to be effective. Thus, the researchers give suggestions to support 

and develop teachersô practice of algebra. To illustrate, Brown and Smith (1997) 

suggested the use of questioning technique to help the students to think algebraically. 

Particularly, the presenting of tasks with algebraic thinking features, supporting 

teachers with experiences that included using models or representations of algebraic 

expressions, and showing how arithmetic and algebra can be connected can help to 

improve teachersô knowledge and practices of algebra (Asquith, Stephens, Knuth, & 

Alibali, 2007; Ayalon & Even, 2013; Blanton & Kaput, 2001). However, Wilkie 

(2014) pointed out the lack of research about teacher practice for teaching algebra. 

Thus, the aim of the current study is to examine teacher knowledge within the 
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practices of teaching algebra, and to contribute the literature of teacher knowledge 

and practice of algebra.  

 

2.5. Models of Teacher Knowledge for Teaching Algebra 

 

As there have been models of teacher knowledge for mathematics teaching, 

more particularly there have been also models of teacher knowledge for teaching 

algebra as a domain in mathematics (Artigue, Assude, Grugeon, & Lenfant, 2001; 

Even, 1990, 1993; Ferrini-Mundy et al., 2006; Kieran, 2007; Li, 2007). Even (1990) 

proposed a framework about teachersô subject matter knowledge of function concept. 

Even (1990) described seven features of subject matter for function concept. 

Essential features are the knowledge of a concept such as knowing of its examples 

and non-examples. Different representations are the knowledge of the representation 

of a concept that includes using different representation, and making connection 

among them. Alternative ways of approaching are the knowledge of alternative 

approaches and the use of them for teaching a concept. The strength of a concept is 

the knowledge of understanding a concept relating to subtopics or sub-concepts that 

provides learning of new topics. Basic repertoire is the knowledge of important 

principles, procedures, and examples with conceptual understanding. Knowledge and 

understanding a concept is the knowledge of conceptual and procedural knowledge 

with relating them. Knowledge about mathematics is the general knowledge of 

mathematics to get conceptual and procedural knowledge.  

Artigue et al. (2001) focused on inequalities and described three dimensions 

for teachersô knowledge of algebra as epistemological, cognitive, and didactic 

dimension. There are two properties of epistemological dimension. One of them is 

ñthe complexity of the algebraic symbolic system and the difficulties of its historical 

developmentò (p. 26). This knowledge can help teachers to understand studentsô 

difficulties. Other property is the extension and diversity of algebra. It includes the 

understanding of how algebra is hold in the curriculum with its function in solving 

problems. The cognitive dimension is about the knowledge of learning algebra that is 
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about studentsô algebraic thinking. On the other hand, the didactic dimension is about 

the knowledge about objectives of algebra in the curriculum. Different from Evenôs 

(1990) model, Artigue et al.ôs (2001) model had the knowledge about studentsô 

thinking and curriculum. Even (1990) had proposed the model for only subject 

matter for algebra teaching.   

Consistent with the elements of Evenôs framework, Ferrini-Mundy, Floden, 

and McCrory (2006) proposed knowledge for teaching algebra framework, especially 

for expressions, equations inequalities, and function at middle school and secondary 

level. The framework formed as two-dimensional matrix that the rows have 

categories of knowledge of algebra, and the columns have tasks of teaching. As the 

third category of this framework, Ferrini-Mundy et al. (2006) defined three 

overarching categories; decompressing, trimming, and bridging. The researchers 

formed the categories of knowledge of algebra teaching (KAT) based on literature 

and their study. The categories are core content knowledge, representation, content 

trajectories that is the connection with the prior concepts and the concepts learned in 

future topics, applications and contexts is about the use of algebra in solving 

problems, language and conventions, and mathematical reasoning and proof. The 

other component of the framework is tasks of teaching that involves teachersô actions 

in using algebra knowledge in practice. Ferrini-Mundy et al. (2006) derived from the 

categories of tasks of teaching component from the discussion for knowledge of 

algebra teaching. The categories are analyzing studentsô work and thinking, 

designing, modifying and selecting mathematical tasks; establishing and revising 

mathematical goals for students; accessing and using tools and resources for 

teaching; explaining mathematical ideas and solving mathematical problems; 

building and supporting mathematical community and discourse. Ferrini-Mundy et 

al. (2006) described the overarching categories as mathematical practices with using 

knowledge of algebra in tasks of teaching. Decompressing is getting new and 

complex knowledge using existing knowledge, as similar to Ball et al. (2008) 

indicated connecting concepts to unpack the knowledge. Trimming, is the 

transformation of complex knowledge to a mathematical situation with including the 
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mathematical idea or content to enable students to understand. On the other hand, 

Ferrini-Mundy et al. (2006) explained bridging as connecting the teachersô purposes 

with studentsô understanding; relating school algebra to abstract algebra; and making 

connections among mathematics domains. The researchers suggested using this 

framework as an analytical tool for examining knowledge of algebra teaching.  

Li (2007) proposed a framework for teachersô knowledge of teaching specific 

to solving algebraic equations based on the literature about knowledge of algebra 

teaching as mentioned above. Li (2007) defined three categories for teachersô 

knowledge as knowledge of the mathematical subject matter, knowledge of learnersô 

conceptions, and knowledge of didactic representations. Knowledge of the 

mathematical subject matter is the subject matter of concepts, rules, theories, 

principles, facts, and methods. More particularly, Lin (2007) examined this 

knowledge into categories, concepts such as structure, reasoning methods such as 

induction, mathematical activities such as proofing, and products such as definitions. 

Knowledge of learnersô conceptions is based on PCK concept in the literature and 

consists of the knowledge of learnersô levels, conceptions, misconceptions, errors, 

difficulties, and learning process. Knowledge of didactic representations is 

presenting the content by using teaching methods and strategies, and tools such as 

manipulatives, textbooks.  

The existing frameworks about teachersô algebra knowledge mentioned up to 

this point are generally about the algebra topics at secondary level. Thus, the purpose 

of this study is to investigate teachersô knowledge for teaching generalization of 

patterns and operations with algebraic expressions as algebra topics at middle school 

grades, and Ball et al.ôs (2008) framework is utilized to carry out this aim. Using 

MKT framework, this study also aims to propose what knowledge mathematics 

teachers need to have for teaching early algebra topics.  
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2.6. Early Algebra  

 

Algebra has been seen as one of the important branches of mathematics that 

Cai, Ng and Moyer (2011) state algebra is a ñgatekeeperò in mathematics. National 

Council of Teachers of Mathematics (NCTM, 2000) standards determine four goals 

for teaching algebra that are, Goal 1-understand patterns, relations, and functions; 

Goal 2-represent and analyze mathematical situations and structures using algebraic 

symbols; Goal 3-use mathematical models to represent and understand quantitative 

relationships; and Goal 4-analyze change in various contexts. 

Children are introduced with algebra in elementary grades and then they 

continue to learn and use algebra throughout middle school and high school (MoNE, 

2013). According to Rakes et al. (2010), algebra is a core element for developing 

understanding of high school mathematics and thus studentsô learning of 

fundamental concepts of algebra is important issue. Howe (2005) defines algebra as 

in the following:  

Working with variables, and in particular, arithmetic with variables, so the 

formation of polynomial and rational expressions. This also includes 

representing, or ñmodelingò concrete situations with expressions, and setting 

up equations. It is also often extended to include extracting roots. (If these 

processes are iterated, they can produce highly complicated expressions. But 

school algebra does not go very far down this road.) It also includes 

manipulating expressions and equations, to simplify, solve and interpret (p, 

1). 

 

The fundamental concepts such as variables, generalizations of patterns, and 

algebraic expressions are introduced students at 6
th
 grade in Turkey (MoNE, 2013). 

Carraher and Schliemann (2007) call the process that involves 6-12 aged studentsô 

algebraic thinking as ñEarly Algebraò stating algebraic reasoning among young 

students. They define algebra in elementary levels as early algebra that ñcompass 

algebraic reasoning and algebra-related instruction among young learners-from 

approximately 6 to 12 years of ageò (p. 670). Van de Walle et al. (2013) indicate that 

understanding algebra develops in elementary and middle school levels, since 

children do many things about algebra such as generalization from patterns and using 
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variable in these levels. Thus, algebraic thinking improves from pre-kindergarten to 

high school (Van de Walle et al., 2013). Cai, Ng, and Moyer (2011) suggest assisting 

students to think algebraically in elementary grades in order to prevent middle and 

high school studentsô difficulties in algebra. They also suggest that teachers and 

students work on arithmetic and algebra in the first five or six years of elementary 

school. Warren and Cooper (2008) assert that developing elementary studentsô 

algebraic thinking can prevent the difficulties in algebra of adolescents. To support 

this, the researchers designed two lessons for aged about 8 years and a teacher. They 

used tasks about extending the pattern and exploring the relationship between the 

position number and pattern. The results supported the suggestion of the researchers 

that studentsô understandings were developed with the experiment. Elementary 

studentsô functional thinking can be developed with giving the sense of the 

relationship between input and output values, and they can also express their thinking 

symbolically (Warren, Cooper, & Lamb, 2006). With similar purpose, Ferrara and 

Sinclair (2016) proposed the algebra discourse approach that was emerged with 

communication and interaction in the classroom context to examine early gradersô 

understanding of variable concept. They asked both figural and numerical patterns to 

seek using algebra in the recursive and functional strategies. As conclusion, the 

researchers asserted that the discourse approach with focusing on pattern 

generalization developed early grade (2
nd

 and 3
rd

 grade) studentsô functional 

reasoning. 

One of the approaches about algebra teaching in early grades is an elaborated 

Davydov approach. In this approach, algebra is introduced to pupils at the beginning 

of primary school, and as not a different topic, it is given to students within all topics 

and concepts related with the development of algebraic thinking. To illustrate, 

students can learn quantitative and abstract thinking with equality and inequality 

activities (Sutherland, 2004). Schmittau (2005) also states based on the Vygotskian 

Perspective, empirical concepts can be learned from everyday experience, but 

theoretical concepts are given to students by teachers. So, it is important to constitute 

the theoretical basics of algebra in the elementary school years.  
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Whereas some mathematicians think algebra should be given in early grades, 

some mathematicians think that students should spend about 6 years to learn the 

basics of arithmetic. Thus, when algebra should be given is an issue for teaching and 

learning algebra in mathematics education. Research related to algebra implies that 

algebra is difficult to learn for many adolescents and algebraic thinking development 

is important in early grades. Early algebra does not mean to give all algebraic 

notations and structures in early grades. For example; it includes the ability of 

comparing quantities, interpreting graphs and tables. If students gained these 

abilities, they can comprehend algebraic notations and structures easier in next 

grades. In this point, it is necessary to separate pre-algebra and early approaches. The 

perspectives of pre-algebra approaches are about facilitating of the transition from 

arithmetic to algebra. On the other hand, early algebra approaches assert that 

mathematical symbols are used both in arithmetic and algebra. (Carraher and 

Schliemann, 2007). Malara and Navarra (2009) handle the issue of how teachers can 

promote of childrenô algebraic thinking in early grades. They developed a theoretical 

linguistic model that consist of categories for early algebra based on the 

constructivist perspective. The categories are general, mathematical, linguistic, 

social-educational, psychological aspects to approach to early algebra (p. 244). 

Malara and Navarra (2009) gave examples for each category like this, the use of 

relational thinking for general, the use of variable for mathematical, the use of letter 

for linguistic, discussing for social-educational, and perception of pupils for 

psychological aspects. The researchers based on this approach, developed a task 

related to pattern generalization and had parts as teaching sequence to enable pre-

service teachers to analyze studentsô productions. Malara and Navarra (2009) 

concluded that teachers could notice the importance of their roles in the discussion of 

pattern generalization to construct childrenôs knowledge. One of the advocators of 

early algebra approaches is Kaput (2000) that explains algebra ñthe study of 

functions, relations, and joint variationò (p. 19). In connection with this description, 

the current study includes pattern generalization and operation with algebraic 
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expressions as content in the investigation of teachersô knowledge of these early 

algebra topics.  

 

2.7. Studies Related to Teaching and Learning Algebra 

 

More studies in algebra learning and teaching have been seen recently, when 

literature is examined. Kieran (2007) described the main reasons to focus on in this 

domain are; firstly, the influence of Piagetôs ideas and cognitive development 

psychology on mathematics education. Second, the studies based on skills-based 

approach did not show positive effect on studentsô performance. Then, the research 

on algebra had been influenced by government policies such as óalgebra for allô. 

Lastly, developing technology has affected the content and implementation of school 

algebra. Besides these influences on the studies, the interest of algebra topics in the 

research to the present day has been changed. In ancient times, algebra was 

considered just about as manipulating symbols and using of algebra to solve 

problems. Thus, research was interested in studentsô errors in solving equations, and 

application of rules. Then, psychologists with a behaviorist perspective affected this 

view, and the issues about skills and memorization were gained attention. Towards 

the end of 1970s, algebra education researchers came together and they focused on 

studentsô learning and understanding of algebra. Then, the empirical studies about 

application of algebraic activities and the effect on studentsô understanding were 

conducted. After with constructivism effects on algebra, how learners construct their 

conceptions about algebraic concepts, and the interactions on algebra in class with 

sociocultural approach while learning were investigated. Since 1990s, technology has 

been begun to gain importance in studies about algebra teaching and learning 

(Kieran, 2007).  

In the perspective of teaching algebra, Doerr (2004) examined the studies 

about teacher knowledge of algebra, and their practice in algebra teaching in detailed 

perspective. She reviewed the studies up to 2004, and concluded that there was lack 

of research of teaching algebra. Doerr (2004) also presented four dilemmas about 
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teacher knowledge and practice of algebra based on implications of Working Group. 

The first dilemma was about teachersô experiences. Pre-service teachers considered 

that the methods their teachers used were effective since they thought that they could 

learn with these ways. Thus, their perceptions about teaching to children was limited 

and not conceptually. The second dilemma was about the content of the instructions 

of algebra. Since teachersô knowledge and its development were not adequate and 

thus they were needed to understand. The third dilemma was about the structure of 

teachersô knowledge. It was need to be investigate to the development of teachersô 

knowledge in a process. The last dilemma was about the lack of large studies about 

teacher knowledge and this situation prevented to reach conclusions about teachersô 

knowledge and teaching algebra.  

Doerr (2004) also stated that the studies about teacher subject matter 

knowledge focused on generally functions, slopes, and equations (e.g. Even, 1990; 

Stump, 1999; Even, Tirosh, & Robinson, 1993); on the other hand, the studies about 

teachersô knowledge of studentsô thinking as pedagogical content knowledge focused 

on algebra word problem solving (e.g. Nathan & Koedinger, 2000; van Dooren, 

Verschaffel, & Onghena, 2002;). As it is seen, there had been few studies related to 

early algebraic topics, and since that time, more studies have been conducted about 

teachersô knowledge of algebra at elementary and middle school grade levels, that 

will be explained in the following sections. However, Wilkie (2014) has asserted that 

there are few studies about teachersô knowledge and practice about algebra.  

In the perspective of learning algebra, Kieran (2007) concluded that many 

studiesô results have shown that most students have difficulty with algebra at 

different levels when the studies about algebra learning and teaching are examined. 

Considering these studies, Kieran developed a model for conceptualizing algebraic 

activity called GTG model that has three components: generational, transformational 

and global-meta-level activity. In the GTG model, generational activity includes 

working with unknowns, variables, and equality, such as equations that represent 

problem situations, expressions of generalization. This activity is usually used to 

begin formal algebra. Transformational activity is rule-based and requires the 
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symbolic form of an expression or equation. Collecting like terms, operations with 

algebraic expressions, factoring, substituting expressions in other ones, simplifying 

algebraic expressions, solving equations and inequalities can be example for 

transformational activity. These examples are generally about manipulating algebraic 

expressions. The global-meta-level activity deals with constructing and working with 

algebraic objects and processes. It is thought as a tool for algebra and requires high-

level skills. Problem solving, modeling in generalization of patterns, justifying, and 

proving can be exemplified for global-meta-level activity (Kieran, 2007). This study 

particularly interested in pattern generalization as generational activity, and 

simplification of algebraic expressions and operations with them as transformational 

activity regarding the scope of this research.  

In learning algebra, the concepts of variable and algebraic expressions are 

important (Subramaniam & Banerjee, 2004). The development of these concepts 

both procedurally and conceptually is substantial for writing and solving equations 

later (Capraro & Joffrinon, 2006). The concept of variable is taught firstly when 

formal algebra begins. Arcavi and Schoenfeld (1988) assert that ñthe concept of 

variable is a basis for transition from arithmetic to algebraò (p.420). However, there 

have been many studies about studentsô misconceptions about variables (Arcavi & 

Schoenfeld, 1988; K¿chemann, 1978, 1981; MacGregor & Stacey, 1997; Wagner, 

1983). The variable concept is given in the context of patterns and generalizations in 

middle grades, and then in algebraic expressions (MoNE, 2013). In this context, the 

studies about these algebraic topics are presented in the following sections. 

After a brief history of research in teaching and learning algebra, more 

particularly this section presents the studies related to algebra within teacher 

knowledge and studentsô conceptualization of algebra. The studies particularly are 

examined based on two algebra topics, generalization of patterns and algebraic 

expressions, under two main parts.  
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2.7.1. Studies Related to Generalization of Patterns 

 

The studies related to generalization of patterns are presented under two 

sections as teachersô knowledge and studentsô conceptions in the following. 

 

2.7.1.1. Teachersô Knowledge on Generalization of Patterns 

 

Teachersô knowledge has been investigated in the studies within the context 

of subject matter knowledge (SMK) and pedagogical content knowledge (PCK). In 

general, when the interest is in-service teachers, the studies investigate the concept of 

PCK (Baĸ, ¢etinkaya, & Erbaĸ, 2011; Blanton & Kaput, 2001; El Mouhayar & 

Jurdak, 2013; Kutluk, 2011; Wilkie, 2014); whereas the focus is pre-service teachers, 

the studies investigate the both concept of SMK and PCK about pattern 

generalization (Aky¿z, Coĸkun, & Hacēºmeroĵlu, 2009; Barbosa & Vale, 2015; 

Callejo & Zapatera, 2016; Ķmre & Akko­, 2012; Kirwan, 2015; Magiera, van den 

Kieboom,  Moyer, 2013; Rivera & Becker, 2007; Tanēĸlē & Kºse, 2011; Zazkis & 

Liljedahl, 2002). The studies are presented in the following sections. 

The opinions of teachers to pattern generalization is different in somehow. 

Bishop and Stump (2000) concluded that elementary and middle school teachersô 

conceptualizations for pattern generalization task were as problem solving merely. 

They did not consider pattern generalization as facilitating of transition to algebraic 

thinking. Consistent with this, Kutluk (2011) found that elementary mathematics 

teachers did not regard pattern generalization as important for algebra because of that 

the teachers did not have adequate CK, PCK and curriculum knowledge for teaching 

pattern generalization. Especially, they had lack of knowledge to identify studentsô 

difficulties in pattern generalization, and could not explain the reasons of them when 

they encountered while teaching. The teachers had also difficulties in generalization 

that some teachers considered the relationship only among between input values or 

output values. In their instruction, they used only numerical reasoning to find the 

relationship and they did not focus on the features of figures in figural patterns 
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(Kutluk, 2011). However, the studies suggest finding relationship in the context of 

figural patterns can develop studentsô reasoning for generalization (Barbosa & Vale, 

2015; Rivera & Becker, 2005; Walkowiak, 2014).  

Teachersô conceptions can change in time with seeing the ability of studentsô 

thinking algebraically. Blanton and Kaput (2001) shared the reflections of a 3
rd

 grade 

teacher on algebraic activities, and examined the development of conceptualization 

about generalization of this teacher. The researchers presented tasks to this teacher 

with aiming to improve studentsô algebraic reasoning such as generalizing the rule of 

multiplication 1 by a number, or a context, handshake problem that created a pattern. 

As the teacher were using these tasks in an order, he realized that the studentsô 

algebraic reasoning was improved and students could think algebraically to find a 

number in the blank, or generalizing a rule, or generalizing a pattern. The researchers 

pointed out the teachersô practices for teaching algebra could be improved with the 

tasks which had algebraic thinking, and they decided the implementation of this 

program for other teachersô development.  

Rivera (2010) described the generalization process with abductive-inductive 

action and symbolic action. Rivera (2010) explains as investigating the relationship 

in the pattern to propose a hypothesis based on the given steps of the pattern, and 

extending the pattern regarding the relationship is abductive-inductive action. This 

relationship is transformed as a rule to algebraic representation in symbolic action. El 

Mouhayar and Jurdak (2013) acknowledged Riveraôs (2010) definition of 

generalization process and formed the questions based on this definition. They 

conducted a large study that they studied with 83 middle school mathematics 

teachers. They investigated how teachersô explain and identify studentsô actions in 

generalization process of patterns. In this context, they seek the answers for how 

teachers identify and explain studentsô abductive-inductive and symbolic actions. 

The researchers presented to the teachers two pattern tasks, one linear and one non-

linear growth pattern, with expected studentsô answers for generalization of patterns. 

The teachers were asked to identify studentsô actions, and explain studentsô thinking 

while finding a term of pattern as near generalization, and getting the general rule as 
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far generalization tasks. As the results of the study, teachers could identify studentsô 

strategies, but they did not have adequate knowledge to explain them for the reason 

of their strategies. Moreover, Baĸ, ¢etinkaya, and Erbaĸ (2011) found that teachers 

did not identify adequately the possible strategies that students used for 

generalization of patterns. The teachersô expectations did not match with studentsô 

strategies for generalization of patterns. To illustrate, the teachers expected from the 

students to use functional thinking with co-variational strategies easily, but the 

students listed the terms to find near term and they were forced to use functional 

thinking when the generalization was asked. Another thing was that students mostly 

used numerical reasoning, although their teachers stated using figural reasoning. 

After they were presented actual studentsô answers and solutions, they could explain 

studentsô thinking and determine the strategies better. The researchers asserted that 

the reasons for the discrepancy of teachersô predictions and students thinking at the 

beginning might be about the limitations of their strategies they used and the lack of 

content knowledge. 

In a broader perspective to knowledge, Wilkie (2014) examined upper 

primary teachersô content knowledge and pedagogical content knowledge of algebra 

focusing on functions, relations, and joint variation. The researcher developed an 

instrument with open-ended questions based on four domains of MKT framework, 

SCK, KCS, KCT, and KC. This survey was applied to 105 teachers that used 

Australian curriculum in order to investigate their knowledge for teaching algebra for 

8-12 aged students. The contents and purposes of survey items are explained in detail 

in the following paragraphs since the relation with this study.  

For SCK knowledge domain, Wilkie (2014) prepared the open-ended items 

about generalizing a geometric pattern, writing a functional relationship, and 

explaining generalization approaches. She expected from teachers as generalization 

approaches with two methods that co-variational (recursive) and correspondence (the 

relationship between input and output values based on functional thinking). For these 

questions in the survey, teachers were asked to write possible correct students 

answers, and comparing different tables including input and output values to 



47 

 

determine teachersô generalization strategies and knowledge about studentsô 

approaches. The researcher examined teachersô answers using the framework about 

determining the development of functional thinking adapting from Markworthôs 

(2010) study. For KCS knowledge domain, Wilkie (2014) aimed to determine 

teachersô suggesting different correct generalizations, teachersô recognition of 

studentsô level in generalization answers, and their knowledge about recursive and 

explicit generalization that students used. The researcher presented an incorrect 

studentôs answer to determine how teachers explain the reasoning of this answer. She 

identified KCT for pattern generalization as addressing a studentôs mistake in 

generalization and identifying appropriate strategies for conceptualizing functional 

thinking. Teachersô answers for these items were analyzed using a 4-level rubric that 

was about assessing the knowledge for teaching and learning functional thinking. 

Especially, for identifying appropriate strategies, teachers were presented terms 

related with functional thinking and they were asked to prepare an activity about 

function machine with using these terms, and they were also asked to explain how 

they used and select input-output values for teaching functional relationship as an 

example for KCT knowledge domain. For KC knowledge domain, the researcher 

presented the teachers content descriptions of curriculum and they were asked to 

scale this wording as easy or difficult to understand.  

In general, Wilkie (2014) concluded that teachers have adequate SCK for 

generalizing figural patterns, but their KCS and KCT were not adequate and 

conceptual for teaching functional thinking in pattern generalization. That is, 

although teachers have knowledge of content for pattern generalization, they do not 

have adequate pedagogical content knowledge for teaching this algebraic topic. More 

particularly, teachers could generalize patterns with words or calculation, and 

exemplify correct studentsô answers; but they could not explain strategies as 

recursive or explicit of studentsô answers, they had difficulty in using algebraic 

symbols for general rule, and they did not have adequate experiences to create 

activities for teaching pattern generalization. Wilkie (2014) explained the situation 

that teachersô weaknesses for the reason of their lack of relational understanding for 



48 

 

functional thinking. Thus, teachers had difficulty to explain studentsô misconceptions 

and difficulties in generalization as (KCS), and they could not use effectively 

function machine, or tables, or input-output values for teaching functional thinking 

(KCT). The researcher also investigated the relationship between the knowledge 

domains specific to functions, relations, and joint variation. She concluded that SCK 

and KCS is distinct that although teachers have strong SCK, they can have weak 

KCS. Since the teachers have weak relational understanding that requires getting 

generalization with understanding the procedures conceptually rather than writing a 

general rule with rules, they could not use effective teaching strategies and they had 

less KCT knowledge than SCK.  

The studies that have focused on pre-service teachers examined their 

knowledge both SCK and PCK generally. Furthermore, the researchers presented 

examples to them from studentsô answers to investigate their PCK in research 

(Callejo & Zapatera, 2016; Ķmre & Akko­, 2012; Magiera, van den Kieboom, & 

Moyer, 2013). Carpenter and Fennema (1992) indicated the importance of 

developing pre-service teachersô PCK with analyzing studentsô understanding and 

conceptions. The following studies generally use representative or actual studentsô 

responses while learning pattern generalization. Several studies also whose aims to 

develop pre-service teachersô PCK conducted their research in the courses related to 

teaching experiences. 

Ķmre and Akko­ (2012) examined pre-service teachersô PCK about pattern 

generalization in the context of school practice course in teacher education program. 

The researchers also aimed to develop prospective teachersô PCK based on two 

elements of PCK, knowledge of studentsô understanding and difficulties, and 

knowledge of topic specific strategies and representations. They redefined the two 

components of PCK specific to pattern generalization using Radfordôs (2008) 

architecture of algebraic pattern generalization. Radford (2008) describes the 

generalization process as including abduction, transforming, and deducing phases. 

Abduction phase is recognizing the relationship and commonality in the pattern, 

transforming is using this relationship to find other terms by extending the pattern, 
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and deducing phase is generalizing pattern and finding a general rule algebraically. 

According to Ķmre and Akko­ (2012), the first component includes studentsô 

misconceptions about using the difference between consecutive terms, and their 

difficulty in using algebra to generalize in abduction and transforming phases. The 

second component includes using representations for generalization patterns such as 

arithmetic, algebraic, pictorial and tabular in deducing phase. With the aiming of 

developing PCK particularly for two components, the researchers studied with three 

pre-service teachers using their observations of teaching practices in schools and 

their instructions for pattern generalization in the context of the course. The 

researchers and the pre-service teachers in the course discussed and evaluated the 

instructions based on Radfordôs model. Before the course, pre-service teachers did 

not consider studentsô difficulties in recognizing the relationship of pattern and 

writing arithmetic relationship for the first terms of the pattern. The pre-service 

teachers could not use different representations such as pictorial reasoning. After the 

course, the researchers concluded that pre-service teachersô understanding of 

studentsô thinking was developed that they took into studentsô conceptions account. 

They could guide the students to find a general rule to find each term in the pattern, 

and their use of algebra in generalization was improved. The pre-service teachers 

also used of tabular and partially pictorial representations while teaching 

generalization in their second instruction. 

Similarly, in a field-based course, Magiera, van den Kieboom and Moyer 

(2013) investigated pre-service teachersô knowledge of algebraic thinking of their 

selves and studentsô algebraic thinking. They used multiple data sources that were 

pre-service teachersô solutions and interviewing with them, studentsô solutions, and 

pre-service teachersô analyzing studentsô solution and interviewing with the students. 

The researchers suggested pattern generalization tasks for pre-service teachers to 

solve and use in the interviews with students. The tasks could provide students to use 

algebraic thinking features that were organizing information, identifying a pattern, 

describing a rule, and justifying the rule based on Driscollôs (2001) description (p. 

107). The results of this study showed that pre-service teachers could not identify or 
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notice all features of algebraic thinking tasks. However, their ability in algebraic 

thinking related with identifying of studentsô algebraic thinking ability. That was, 

they did not investigate the features that they did not use in generalizing pattern. The 

another finding was consistent with the findings of Ķmre and Akko­ôs study (2012) 

that pre-service teachers did not use different representations for generalizing 

patterns and thus they did not seek this feature in studentsô solutions. Aky¿z, 

Coĸkun, and Hacēºmeroĵlu (2009) also investigated pre-service teachersô use of 

translation among different representations such as tabular, graphical, algebraic, and 

numerical in generalizing pattern. In consistent with the mentioned studies, they 

found that using different representations could support studentsô generalization 

reasoning. Other finding was according to Magiera et al. (2013), pre-service teachers 

had difficulty in justifying a general rule as one of the algebraic thinking features that 

many studies also concluded it (Barbosa & Vale, 2015; Ķmre & Akko­, 2012; 

Kirwan, 2015; Rivera & Becker, 2007; Tanēĸlē & Kºse, 2011). 

Callejo and Zapatera (2016) conducted the study with similar purpose as 

focusing on pre-service teachersô PCK. The researchers aimed to determine the 

characteristics of pre-service teachersô noticing studentsô mathematical thinking 

based on their identification and interpretation of studentsô answers for 

generalization of patterns. They have proposed three mathematical elements and 

related with three stages in pattern generalization based on literature. The first 

element is numerical and spatial structure that is ñthe number of elements of a term 

and the physical location of each element of this term in relation to the other 

elements in the termò (p. 6). It is related with stage 1 that students can do near 

generalizations, but cannot relate numerical and spatial features. The second element 

is functional relationship that is finding the relationship between the position of term 

and corresponding number. It is related with stage 2 that students can connect with 

numerical and spatial features, and generalize verbally or algebraically of the 

relationship. The third element is inverse process that determines the position 

number for a given term. It is related with stage 3 that students can connect with 

numerical and spatial features, use functional relationships and invert the term in 
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position number using functional thinking. According to the findings of this study, 

although pre-service teachers could identify these elements in studentsô answers, they 

had difficulty in interpreting and explaining studentsô generalization understanding, 

as El Mouhayar and Jurdak (2013) stated in their findings.                                      

Besides these studies, there have been studies that seek how pre-service 

teachers generalize different types of patterns. Some pre-service teachers tried to find 

the general rule of numerical pattern using recursive strategy (Zazkis & Liljedahl, 

2002). They considered the rule without algebra was not adequate. On the other 

hand, some pre-service teachers used figural reasoning that was about using the 

features of figures to get relationship in figural patterns (Barbosa & Vale, 2015; 

Rivera & Becker, 2007). The studies suggest finding relationship in the context of 

figural patterns can develop studentsô reasoning for generalization. As pre-service 

teachers can use both numerical and figural reasoning in pattern generalization, but 

pre-service teachers who had figural reasoning could use functional thinking (Tanēĸlē 

& Kºse, 2011). However, Kirwan (2015) asserted that pre-service teachers who got 

generalization could use figural features in generalizing, and numerical features for 

verifying the generalization.  

 

2.7.1.2. Studentsô Conceptualization of Generalization of Patterns 

 

The studies related with studentsô conceptions of pattern generalization are 

generally about studentsô strategies and reasoning for generalizing patterns (Amit & 

Neria, 2008; Becker & Rivera, 2005; El Mouhayar & Jurdak, 2016; Lannin, Barker, 

& Towsend, 2006; Rivera, 2010; Rivera & Becker, 2008; Steele & Johanning, 2004; 

Walkowiak, 2014; Warren & Cooper, 2008), and the development of using algebra 

for generalization at different grades (Jurdak & El Mouhayar, 2014; Walkowiak, 

2014).  

Steele and Johanning (2004) examined 7
th
 gradersô schemas for solving 

generalization problems, and aimed to develop studentsô schemas with a teaching 

experiment. The findings of the study showed that students who had well-connected 
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schemas could generalize symbolically that was one of the essential components of 

algebraic thinking. They checked particular cases when they reached generalization 

in contrast to students with partial formed schemas. These students got help from 

tables with diagrams to interpret the relationship in the pattern. On the other hand, 

students with partial formed schemas had difficulty in generalizations and using 

algebraic notations. With a more particular perspective on conceptions that students 

have, their strategies for generalization are examined. Healy and Hoyles (1999) 

define recursive and explicit strategies for generalization. Students using recursive 

rule that explain the relationship focusing on the difference among consecutive 

output values in the pattern. Explicit rule is finding a rule relating input and output 

values in the pattern. Even students use both recursive and explicit strategies, 

students are expected to think explicitly to conceptualize generalization.  Lannin, 

Barker, and Towsend (2006) asserted that using spreadsheets to support studentsô use 

of explicit strategies after thinking recursively.   

Rivera and Becker (2008) have extended the studentsô conceptions literature 

about pattern generalization with particularly figural patterns. Figures change from 

one figure to the next one based on a relationship in figural patterns (Billings, 2008). 

Studies suggest the use of figural patterns for developing studentsô generalization 

strategies (Moss, Beatty, McNab, & Einsband, 2005; Rivera & Becker, 2008; 

Walkowiak, 2014; Warren & Cooper, 2008) Rivera and Becker (2008) proposed 

constructive and deconstructive strategy for middle school studentsô use for 

generalization of figural linear patterns. Constructive strategy is defined as 

ñcognitively perceiving figures that structurally consist of non-overlapping 

constituent gestalts or partsò (Rivera & Becker, 2008, p. 70). It is about constructing 

the relationship with counting the part separately in figures. On the other hand, 

deconstructive strategy is explained as ñthe basis of initially seeing overlapping sub-

configurations in the structure of the cuesò (Rivera & Becker, 2008, p. 70). It is about 

constructing the relationship with considering the overlapping parts in the figures. To 

illustrate, in square toothpick pattern (4, 7, 10, 13, é), the toothpicks are added 

separately in constructive strategy and one possible generalization is 4+3(n-1), since 
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the pattern is considered as 4, 4+3, 4+3+3, é in using this strategy. On the other 

hand, the whole toothpicks are added and subtract the overlapping toothpicks in 

deconstructive strategy and one possible generalization is 4n-(n-1), since the pattern 

is considered as 4 (no overlap), 4+4-1 (take away 1 overlapping side), 4+4+4-2 (take 

away 2 overlapping side) é in using this strategy. Rivera and Becker (2008) 

concluded that using deconstructive strategy was difficult for students to establish the 

relationship and generalization than constructive strategy in their teaching 

experiment.  

Besides studentsô conceptions about figural pattern generalization, Rivera 

(2010) defines studentsô actions in generalization process with two interdependent 

actions as in the following:  

(1) abductiveïinductive action on objects, which involves employing 

different ways of counting and structuring discrete objects or parts in a 

pattern in an algebraically useful manner; and (2) symbolic action, which 

involves translating (1) in the form of an algebraic generalization (p. 300). 

 

Students seek the relationship in the pattern and try to propose a hypothesis 

based on the given steps of the pattern in abductive-inductive action. Then, they can 

extend the pattern regarding the hypothesis. To illustrate, exploring a relationship 

based on the total number of toothpicks in the 1
st
, 2

nd
, and 3

rd
 step of the pattern and 

finding the number of toothpicks in the 10
th
 step. This exploration is transformed as a 

rule to algebraic representation in symbolic action. 

Several studies have examined studentsô conceptions about generalization 

across grade level. One of them is Jurdak and El Mouhayarôs (2014) study that 

investigated the trend of generalization throughout the grades (4
th
 to 11

th
 grades), and 

the effects of features of tasks on studentsô generalization reasoning. The researchers 

applied a test that consisted of four pattern generalization questions to a large sample 

of students, as in their study with teachers. The questions were classified in pattern 

generalization type, function type, and degree of complexity. In this regard, one of 

the findings of the study was the facilitation effect of the generalization type and 

function type to studentsô reasoning level. For example, students could generalize 

near generalization type of tasks in linear patterns; however, they had difficulty with 
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getting a general rule for n
th
 term in far generalization type of tasks. Other findings 

from the result of the study were that the development of studentsô level across grade 

and the variation of studentsô strategies in same grade. Similarly, for different grades, 

Walkoviak (2014) aimed to explore studentsô strategies for generalization of pictorial 

patterns for 2
nd

, 5
th
, and 8

th
 grade students. The researcher concluded that students 

used both figural and numerical reasoning for generalization; however, younger 

students used more figural reasoning. The findings show that the use of algebraic 

notations increase across the grade that younger students can use their invented 

notations (e.g. using a circle for representing start), and older students can use formal 

notations for generalization of patterns. Different from this study, El Mouhayar and 

Jurdak, (2016) found that lower graders (grade 4 and 5) used mostly numerical 

reasoning, and upper graders (grade 10 and 11) used mostly figural reasoning in 

pattern generalization. The researchers also suggest that students who used functional 

strategy had figural reasoning for pattern generalization as Markworth (2010) stated. 

However, high-level students have difficulty with representing generalization 

of patterns algebraically too (¢ayēr & Aky¿z, 2015). Becker and Rivera (2005) 

examined 9
th
 gradersô analysis of patterns and functions. The students could extend 

the figural pattern, but few of them could generalize and represent the general rule 

with algebraic formula. MacGregor and Stacey (1996) asserted that older students 

could not relate the position number and the term in the pattern. When students only 

consider the consecutive terms in the pattern not the relationship between the 

position number and corresponding term of the entry pattern, they can have difficulty 

in making generalization (Harel, 2001). 

 

2.7.2. Studies Related to Algebraic Expressions 

 

The studies related to algebraic expressions are presented under two sections 

as teachersô knowledge and studentsô conceptions in the following. 
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2.7.2.1. Teachersô Knowledge on Algebraic Expressions 

 

In the aspect of PCK, knowing studentsô misconceptions, difficulties, 

understanding is one of the components of teacher knowledge. Tirosh, Even and 

Robinson (1998) examined this aspect in the context of algebraic expressions. They 

examined teachersô awareness of studentsô tendency to conjoin or ófinishô open 

expressions, since this tendency caused difficulty for learning algebraic expressions 

and operations with them. The students with this tendency can add 4x+5 as 9 or 9x as 

an example. The researchers studied with two novice and two expert seventh grade 

teachers based on the years of experiences. The data were collected from lesson 

observations in that teachers were teaching algebraic expressions, teachersô lesson 

plan, and interviews with teachers after lessons. Tirosh et al. (1998) found that two 

novice teachers were not aware of this tendency while two experienced teachers 

expected that students had this tendency in dealing with algebraic expressions. The 

researchers observed that one novice teacher was not aware of the misconception that 

students could have, and thus he emphasized adding the numbers and letters 

separately as a rule when teaching simplification of algebraic expressions and the 

students gave incorrect answers. Whereas, the other novice teacher used rules, 

adding ñlike termsò indicating the terms had x as like terms. She used ñfruit saladò 

techniques while explaining operations in algebraic expressions with representing 

apple and pear for variables. These strategies were used mostly in teaching algebraic 

expressions, but the researchers observed that these strategies caused some confuses 

in student learning. Thus, students had difficulty to understand the reasoning of 

algebraic expressions. One of the experienced teachers, firstly, explained what ñlike 

termsò and ñunlike termsò were by considering studentsô difficulties, and continued 

the lesson with using this concept. Other experienced teacher provided studentsô 

conceptualization with using challenging strategies such as substitution, order of 

operations, and going backward. Tirosh et al. (1998) suggested that teachers should 

know studentsô difficulties and design their lessons using different approaches 

regarding studentsô conceptions.  
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The knowledge of studentsô conceptions also is one of the important elements 

of pedagogical content knowledge. In this context, Hallagan (2004) provided 

teachers to get studentsô works. The researcher focused on one teacherôs algebra 

instruction particularly for teaching equivalent expressions. The researcher 

developed tasks that included modeling the equivalent expressions, and the teacher 

implemented the tasks and constructed a library selecting studentsô different 

solutions and works. The teacher used this modeling for the first time and gave lots 

of time for the instruction. Students worked on to show and explain 4s+4 expression 

equaled with 4(s+1), s+s+s+s+4, 2s+2(s+2), and 4(s+2)-4 within different pictures. 

This task had a context that asked the border of a square pool. As a result, the teacher 

recognized the usefulness of using the visual strategies based on area modeling to 

improve studentsô conceptual understanding than using only distributive property as 

procedural. Hallagan (2004) suggests getting a library that includes studentsô 

exemplary works to develop teachersô knowledge and improve algebra instruction.  

 

2.7.2.2. Studentsô Conceptualization of Algebraic Expressions 

 

The studies about algebraic notations and manipulations of algebraic 

expressions show that students do not have adequate conceptual knowledge for 

understanding the structure of the expressions and they have difficulty with 

manipulating them (Banerjee & Subramaniam, 2012; Booth, 1984; Gunnarsson, 

Sºnnerhed, & Hernell, 2015; K¿chemann, 1981; Livneh & Linchevski, 2007; Seng, 

2010). MacGroger and Stacey (1997) proposed four reasons for studentsô difficulties 

about using algebraic notations: ñintuitive assumptions and pragmatic reasoning 

about a new notation, analogies with familiar symbol systems, interference from new 

learning in mathematics, and the misleading teaching materialsò (p. 1). Knowing and 

taking into the reasons account can support teaching and learning algebra. 

Furthermore, Seng (2010) identified studentsô errors about simplifying algebraic 

expressions in detail. These errors are incorrect order of operation (e.g. 

2Ĭa+a+15=30+a+a), addition of integers incorrectly, ignoring coefficients of 1 or -1 
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in front of the variable, multiplication of negative integer before the bracket 

incorrectly, ignoring the multiplication of second term in the bracket in using 

distributive property, addition of exponential form of expressions (e.g. 3a
2
+4a

2
=7a

2
 

and writing the result 14a), conjoining expression incorrectly (e.g. 3a+3=7a or 7). 

Consistent with the reasons that were proposed by MacGroger and Stacey (1997), 

Seng (2010) also asserted possible causes for these errors as following; interference 

from new learning, difficulty in operating with the negative integers, misconceptions 

of algebraic expressions and misapplication of rules. As stated, new learnt concepts 

can lead students to inference some incorrect rules such as in the exponential 

algebraic expressions. Students can operate negative integers when they are 

coefficients of terms incorrectly that they could add -6x+3x as -9x.  Besides, students 

did not conceptualize algebraic expressions and had misconceptions. For example, 

they can think ab and ba are unlike terms, or the coefficient of a is 0. MacGroger and 

Stacey (1997) explained this situation with intuition about new notation. Last, 

students made errors in application of rules mostly in multiplication such as aĬa=2a, 

and particularly application of distributive property with ignoring the multiplication 

of second term in the bracket such as 2(4a+3) = 8a+3. Seng (2010) concluded that 

students do not have conceptualization of algebraic expressions and thus studentsô 

understanding should be developed for simplifying algebraic expressions.  

One of the commonly suggested approaches of many studies related with 

teaching algebraic expressions is transformation arithmetic to algebra (Livneh & 

Linchevski, 2007; Subramaniam & Banarjee, 2004; Warren, 2003). In this context, 

Banerjee and Subramaniam (2012) implemented a teaching approach to support 6
th
 

grade studentsô understanding for transition of arithmetic to algebra in the beginning 

algebra. They investigated the development of studentsô algebraic thinking 

throughout the approach over two years. They focused on particularly understanding 

rules and procedures in operations, simplifications of algebraic expressions, and 

equivalence of expressions. Thus, they aimed to give students the idea of similarity 

of the structure of arithmetic expressions and algebraic expressions connecting them 

with rules and properties used. One of the examples from the tasks used was that 
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ñwhich of the expressions given is equal to 23+17Ĭ15+12ò and ñsimplify of 

5Ĭx+16+7Ĭx-11ò. This study was conducted as a design research and the teaching 

trials were revised during the study. Banerjee and Subramaniam (2012) found that 

students could use the rules and procedures in addition and subtraction of algebraic 

expressions, and they could also understand the reasoning of the equivalence of 

expressions. As a result, the researchers emphasized the importance of connecting 

arithmetic with algebra at the beginning algebra to help the improvement of studentsô 

understanding of algebraic expressions. Particularly, teachers should be supplied the 

experiences about algebraic expressions with proving the equivalence of them to 

promote studentsô understanding (Ayalon & Even, 2013). 

With similar purpose, Livneh and Linchevski (2007) implemented an 

intervention as a direct instruction including numerical contexts that could address 

future algebraic structures such as order of operations, collecting like terms and the 

use of equal sign. To illustrate, ñIs 75-25+25 equal or not equal to 75-50?ò could 

address ñIs 16-4x+3x equal or not equal to 16-7x?ò (p. 219). This study showed that 

arithmetic teaching including corresponding algebraic purposes can support studentsô 

understanding of algebra. Similarly, Subramaniam and Banarjee (2004) found that 

the students who learnt algebra connecting with arithmetic were better on writing 

algebraic expressions of verbal statements, simplifying algebraic expression, and 

applying rules in operations with bracket expressions than other students learnt 

algebra without arithmetic.  

With a more particular perspective on algebraic expressions, the order of 

expressions and the role of brackets are examined in studies (Hoch & Dreyfus, 2004; 

Marchini & Papadopoulos; 2011; Livneh & Linchevski, 1999). The studies 

suggested that elementary level students could do operations more correctly with 

emphasizing the brackets. However, Gunnarsson, Sºnnerhed and Hernell (2015) 

investigated whether the brackets helped students to operate such expressions aÑbĬc 

correctly. They concluded that use of brackets did not assist students to apply the 

rules in learning the order of operations in expressions. Livneh and Linchevski 
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(1999) suggest giving the structure sense of expressions to improve studentsô 

understanding. 

 

2.8. Summary of the Literature Review 

 

The literature review began with the frameworks of teacher knowledge in 

general. In the section, the components of teacher knowledge were explained, and the 

different models of teacher knowledge were compared within themselves. The 

models have common components like subject matter knowledge, pedagogical 

content knowledge, and curriculum knowledge (Shulman, 1986). Whereas, curricular 

knowledge was examined in the context of pedagogical content knowledge in some 

models (Grossman, 1990), some of them added new components to Shulmanôs 

categorization (Cochran, DeRuiter, & King, 1993; Magnusson, Krajcik & Borko, 

1999). These components were like knowledge of students such as knowledge of 

learners and abilities, and knowledge of context such as school culture were 

emphasized and included to some models. Then, the models specific to mathematics 

teaching were reviewed and they put forward PCK concept that mathematics teachers 

must have (An et al., 2004; Chick et al., 2006; Fennema & Franke, 1992; Rowland et 

al., 2005). From these models, Ball et al.ôs model for mathematical knowledge for 

teaching (MKT) was examined especially as the conceptual framework of the study. 

Ball et al. (2008) proposed sub-domains for content knowledge and pedagogical 

content knowledge for MKT. Furthermore, since the aim of the study is to examine 

teacher knowledge of algebra, the models for algebra knowledge also reviewed. 

These models were also based on Shulmanôs teacher knowledge concept and they 

presented features related with to specific algebra topics such as functions, 

inequalities, and linear equations at secondary level (Artigue, Assude, Grugeon, & 

Lenfant, 2001; Even, 1990, 1993; Ferrini-Mundy et al., 2006; Kieran, 2007; Li, 

2007).  

The studies have emphasized the importance of teaching algebra in early 

years to facilitate studentsô transformation of arithmetic knowledge to algebra (Cai, 
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Ng, & Moyer, 2011; Van de Walle et al., 2013). Moreover, the studies showed that 

studentsô algebraic thinking can be developed with appropriate approaches such as 

tasks or discourse (Ferrara & Sinclair, 2016; Warren & Cooper, 2008; Warren, 

Cooper, & Lamb, 2006). At that point, examining teachersô teaching early algebra 

that is the beginning of algebraic thinking can be more advantageous to enhance 

studentsô learning conceptually. As teachers have important role in teaching and a 

positive effect on studentsô achievement (Fennema, Carpenter, Franke, Levi, Jacobs, 

& Empson, 1996; Hill, Ball, & Schilling, 2008; Hill, Rowan & Ball, 2005; 

Tchoshanov, Lesser, & Salazar, 2008). Particularly for algebra teaching, Malara and 

Navarra (2009) pointed out this issue and showed the importance of teachersô roles in 

discussion of pattern generalization for construction of childrenô knowledge in their 

study.     

The studies about learning algebra show that students generally have 

difficulty in generalizing patterns algebraically and manipulating algebraic 

expressions as early algebra (Amit & Neria, 2008; Becker & Rivera, 2005; El 

Mouhayar & Jurdak, 2016; Kieran, 2007; Lannin, Barker, & Towsend, 2006; Rivera, 

2010; Rivera & Becker, 2008; Steele & Johanning, 2004; Walkowiak, 2014; Warren 

& Cooper, 2008). Actually, as Capraro and Joffrinon (2006) stated that the 

development of the concepts of variable and algebraic expressions both procedurally 

and conceptually is important for writing and solving equations later. Thus, it may be 

more important to investigate middle school studentsô difficulties and 

misconceptions in these topics as the beginning algebra. Especially, understanding 

functional relationship between the position number and the term in pattern 

generalization can support the learning the concept of function in later grades 

(Usiskin, 1988). However, Jurdak and El Mouhayar (2014) examined studentsô (4
th
 

to 11
th
 graders) generalization conceptions and concluded that the students had 

difficulty in generalization of patterns algebraically more than extending the pattern. 

This finding might show that the wide range as elementary, middle school and 

secondary school level studentsô difficulty in the concept of generalization. This 

finding was consistent with Becker and Riveraôs (2005) conclusion that older 
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students also had difficulty in pattern generalization. Similarly, Seng (2010) 

presented different misconceptions about algebraic expressions that students had in 

manipulating them. As well as Malara and Navarra (2009) indicated the importance 

of the role of teachers in teaching generalization of patterns, Ayalon and Even (2013) 

suggested the development of teachers in order to promote studentsô conceptions of 

algebraic expressions. 

In addition to the studentsô difficulties in early algebra, the teachers also had 

lack of knowledge for teaching these topics. El Mouhayar and Jurdak (2013) 

explored that the teachers did not have adequate knowledge to explain the reason of 

the studentsô strategies for generalization. Besides, Wilkie (2014) found that upper 

primary teachersô knowledge of content and students and knowledge of content and 

teaching of functional thinking were not adequate and conceptual. Even, they had 

difficulty in using algebra for generalization as subject matter knowledge. Similarly, 

for teaching algebraic expressions, Tirosh et al. (1998) suggested improving 

teachersô knowledge of studentsô thinking in order to design their lessons effectively.  

Considering the importance of teacher knowledge for studentsô learning, 

revealing teachersô existing knowledge and what knowledge they need to have in 

generalization of patterns and operations with algebraic expressions might provide 

teachers to assist developing studentsô understanding, as the purpose of the current 

study. Moreover, as it has been indicated that there are few studies about teachersô 

knowledge and practice of these topics in literature (Baĸ, Erbaĸ, & ¢etinkaya, 2011; 

Doerr, 2004; El Mouhayar & Jurdak, 2013; Kieran; 1992; Wilkie, 2014). At this 

point, this study can be considered to contribute to mathematics education literature 

with this investigation to the lack of research about knowledge of algebra. 
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CHAPTER III  

 

 

METHOD OLOGY  

 

 

The purpose of this study is to examine the middle school mathematic 

teachersô mathematical knowledge for teaching generalization of patterns and 

operations with algebraic expressions. More particularly, teachersô subject matter 

knowledge and pedagogical content knowledge that form MKT are investigated in 

planning and implementing the lesson for teaching generalization of patterns and 

operations with algebraic expressions. Besides, it is also aimed to examine how 

teachers use their MKT in teaching these algebraic topics in their instructions. In this 

context, the following research questions are framed: 

1. What is the nature of middle school mathematics teachersô mathematical 

knowledge for teaching (MKT) generalization of patterns in planning and 

implementing lessons? 

     1.a. What is the nature of middle school mathematics teachersô 

mathematical knowledge for teaching (MKT) for generalization of patterns in 

planning lessons? 

     1.b. What is the nature of middle school mathematics teachersô 

mathematical knowledge for teaching (MKT) for generalization of patterns within 

the practices of implementing lessons? 

2. What is the nature of middle school mathematics teachersô mathematical 

knowledge for teaching (MKT) operations with algebraic expressions in planning 

and implementing lessons? 

     2.a. What is the nature of middle school mathematics teachersô 

mathematical knowledge for teaching (MKT) operations with algebraic expressions 

in planning lessons? 
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     2.b. What is the nature of middle school mathematics teachersô 

mathematical knowledge for teaching (MKT) operations with algebraic expressions 

within the practices of implementing lessons? 

3. How does middle school mathematics teachersô subject matter knowledge 

(SMK) influence their pedagogical content knowledge (PCK) in the context of 

teaching generalization of patterns and operations with algebraic expressions? 

This chapter presents the research design and the characteristics of case study 

first. Then, for this case study, participants and the procedures of data collection are 

explained. The framework and the procedures for data analysis are presented in the 

following sections. Finally, the trustworthiness of this study is explained. 

 

3.1. Research Design 

 

In this study, qualitative research design was used to reveal middle school 

mathematics teachersô mathematical knowledge for teaching in the context of 

generalization of patterns and operations with algebraic expressions. Patton (1985) 

defined qualitative research as ñan effort to understand situations in their uniqueness 

as part of a particular context and the interactions thereò (p. 1). For this effort, 

qualitative researchers investigate situations in their natural settings with the 

meanings of people attribute (Denzin & Lincoln, 2005). 

Creswell (2007) explains about conducting a qualitative research, that if a 

problem or issue needs to be explored, complex and detailed understandings of the 

issue and the interpretations of the participants are placed. Qualitative research 

begins with assumptions and a theoretical perspective for a problem and inquiries the 

meanings of individuals or groups about this problem. This qualitative inquiry 

continues in a natural setting, with inductive data analysis and forming themes from 

data. In conclusion, there are interpretations of participants and researcher about the 

problem (Creswell, 2007). The concern of the researchers in qualitative research is 

the interpretations and meanings that people have about their experiences (Merriam, 

2009).  
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Merriam (2009) describes four characteristics for the qualitative research. 

One of them is the focus on the process, understanding, and meaning that the 

researcher investigates in natural setting. For this study, the researcherôs focuses are 

what the nature of the mathematical knowledge for teaching (MKT) is and how the 

teachers attend their MKT in class in the process of teaching of generalization of 

patterns and operations with algebraic expressions. As Merriam (2009) indicated that 

the researcher did not intervene to this process. The researcher attempted to 

understand the teachersô MKT with examining their teaching, experiences and the 

meanings that they attributed without intervention in the current study.  

The second characteristics is that the researcher is the primary instrument of 

data collection and analysis (Merriam, 2009). The researcher can adapt 

herself/himself regarding to what is investigated with considering the purpose of the 

study. The researcher also can interpret the data with holistic perspective by 

collecting the data with acquiring unexpected situations, the correctness of responses, 

and the interactions at the time as well as the planned and expected process. Since 

the classrooms has complex structure, the qualitative research provides to examine 

this atmosphere (Lagemann & Shulman, 1999). This study has also this type of 

context and the researcher had opportunity to observe the teaching process in class as 

natural setting with expected and unexpected situations, the responses and reactions 

of teachers in teaching and students in learning, and their interactions at the time. 

Thus, the researcher adapted herself regarding considering the possibilities and also 

investigated the teachersô knowledge with several perspectives. In connection with 

the data collection process, the researcher could analyze the data taking the teaching 

process on the whole and in depth into consideration. Especially, in this study, the 

researcherôs observation of the lessons, and communication with the teachers 

throughout the teaching process provided and eased forming the themes and codes to 

analyze the data. 

The third characteristics is the inductive process that the collected data is used 

to develop concepts or theories, or to explain the concepts within the theory 

(Merriam, 2009). In this study, it is aimed to explain the teacher knowledge of 
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algebra within the model of Mathematical Knowledge for Teaching. In analysis 

process, forming themes and codes also was inductive and they depended on the data 

that was gathered from observations, interviews and written documents. Based on the 

model of MKT components and their descriptions, the codes were formed for this 

study. The findings also cannot be determined before the investigation; they are 

explored in the process of research. 

The fourth characteristics is the descriptive product that words are used to 

explain what is investigated than the use of numbers (Merriam, 2009). The 

researcher used the transcribed videotapes, interviews, field notes, and lesson plans 

as written documents to give detailed description for teachersô MKT in this study.  

In sum, the qualitative research design, especially case study, is preferred for 

this study in the light of the explanations regarding the characteristics of the 

qualitative research. In the following section, the characteristics of case study that is 

used for the current study are explained. 

 

3.2. Case Study 

 

Creswell (2007) states that case study approach includes a case/cases that is 

explored by the researcher, detailed and in-depth data collection from multiple 

sources (e.g. observations, interviews), and reporting the themes for the case. 

According to Yin (2003), case studies are used to answer ñwhyò and ñhowò 

questions about a phenomenon in real-life. Yin (2003) gives a technical definition for 

case study as ña case study is an empirical inquiry that investigates phenomenon 

within its real-life context, especially when the boundaries between phenomenon and 

context are not clearly evidentò (p. 13). In case studies, what is investigated is 

considered with their variables related with the context (Yin, 2008). 

Merriam (2009) considers that the case is a bounded system regarding the 

purpose of the study. The researchers (Fraenkel, Wallen, & Hyun, 2012; Merriam, 

2009; Miles & Huberman, 1994; Stake, 2006) define the case as a phenomenon 

which is bounded within context. They explain that the case might be an individual, 
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an event or a situation, an activity or process. Regarding to the case within context, 

the concept of the unit of analysis is proposed for case studies. The unit of analysis 

would be ñone particular program, classroom of learners, one older learnerò 

(Merriam, 2009, p. 41). The qualitative researchers determine the unit of analysis by 

considering the purpose of the study as what is aimed to investigate.  

Merriam (2009) asserts that the phenomenon is must be bounded to be case. 

This bounding can be provided with limiting the time for data collection, the number 

of people to participate to the study, or the topic that is investigated. These 

boundaries also used for the current qualitative research. The time and topics are 

limited with the duration of instruction of algebra units, particularly generalization of 

patterns and operations with algebraic expressions. Because the purpose of this study 

is to examine the nature of mathematical knowledge for teaching algebra of middle 

school mathematics teachers. Thus, the instruction of these topics were lasted for 

four weeks and the research was carried out for these weeks as time was limited. The 

participants also were limited with two middle school teachers, since the teachers 

taught these topics based on the curriculum at the same time. 

In case studies, investigating the case within the context provides to evaluate 

the variables that interact with the case. Thus, the researcher presents a holistic 

description with case study (Merriam, 2009).  For this study, the observations of the 

instructions provided to consider the whole teaching process including the teachersô 

teaching and the studentsô learning in class time. The pre and post interviews also 

helped to understand the teaching process in the perspective of the teachers. Thus, 

these several data sources considering together can yield a holistic explanation about 

teachersô mathematical knowledge for teaching algebra.  

Yin (2008) describes four types of case study design that single-case design 

with single unit of analysis-holistic, multiple-case design with single unit of analysis-

holistic, single-case design with multiple units of analysis-embedded, and multiple-

case design with multiple units of analysis-embedded. In this study, multiple-case 

study design with single unit of analysis was used from types of case study designs to 

investigate mathematical knowledge for teaching based on teaching process of two 
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middle school mathematics teachers by examining teacherôs lesson plans, teaching 

process, and their reflections about lessons. In the design of this study, the context is 

algebra topics (generalization of patterns and operations with algebraic expressions) 

instruction, the cases are two middle school mathematics teachers, and the unit of 

analysis is teachersô mathematical knowledge for teaching as shown in the below 

figure. The teachersô MKT both is explained in holistically by itself, and with using 

compare-contrast technique in findings. 

 

 

 

 

 

 
 

Figure 1 Multiple case study design with single unit of analysis in this study 

 

According to Yin (2008), two or more cases are selected in multiple-case 

study design to show similar results for literal replications or contrasting results for 

theoretical replications. For this study, the aim is to reveal outcomes for teachersô 

knowledge based on Ball et al.ôs (2005) MKT model. In this context, this study can 

be considered for literal replication, that the MKT model also can be evaluated by 

exemplary outcomes from using cases as two teachersô instructions.  

 

3.3. Participants 

 

This section describes the sampling method used for this study with rationale, 

and the participants with their demographic information. In this study, the 

participants were two middle school mathematics teachers whose mathematical 

knowledge for teaching were examined based on their instructions of algebra. They 

have been working in the same public school in Ankara. They were teaching algebra 

topics to 7
th
 grade students at the same time during the data collection. For the 

selection of these teachers, convenient sampling method was used to provide the 

Algebra 

Instruction 1 

Middle School 

Mathematics 

Teacher 1 

Algebra 

Instruction 2 

Middle School 

Mathematics 

Teacher 2 
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accessibility to the teachers, since they taught algebra at the same time in the same 

school. When random sampling is difficult as in this study, the researchers use 

convenient sampling and select the participants that are available in terms of 

location, and time (Fraenkel et al, 2012; Merriam, 2009). One of the reasons for 

selecting these teachers was that they volunteered to participate to this study. 

Because this study required a long time and the participants were expected to give 

time for interviews and discussions out of the class time. Thus, considering these 

availabilities, these participants were selected for this study. On the other hand, this 

selection could be purposive/purposeful sampling for the reason that giving rich and 

detailed information about teaching process of teachers. Creswell (2007) suggests 

using purposive sampling for qualitative case studies. Sample which can give rich 

information about the case in depth is selected to understand the phenomenon 

regarding the purpose of the study in purposeful sampling (Merriam, 2009). Patton 

(2002) states that ñinformation - rich cases are those from which one can learn a 

great deal about issues of central importance to the purpose of the inquiryò (p. 230). 

Thus, the researchers select the sample based on their personal knowledge about 

participants (Fraenkel et al., 2012). The teachers in this study had a master degree 

from elementary mathematics education, and they have also been in a doctorate 

program in elementary mathematics education. According to the researcher opinion, 

they can have more knowledgeable about research and mathematical content than 

other teachers who had only bachelor degree, and this situation can provide give rich 

and detailed information about existing and required teacher knowledge in 

connection with the purpose of this study.  

This research was conducted in 2014-2015 Fall Semester with two female 

middle school mathematics teachers in the same public school. Their names of the 

participants were changed to provide confidentiality of them, and used pseudonyms 

as A and B to represent them. Their demographic information is presented in the 

table below: 
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Table 1 The demographics information of the teachers 
 

Demographics Teacher A Teacher B 

Gender Female Female 

Bachelorôs degree Elementary Mathematics 

Education 

Elementary Mathematics 

Education 

Education Level PhD student in doctorate 

program 

PhD student in doctorate 

program 

Experience in Teaching 3 years 9 years 

 

The detailed characteristics of participants are described in the following 

sections in detail. 

 

3.3.1. Teacher A 

 

Teacher A was 27 years old during the data collection. She had a bachelor 

degree from elementary mathematics education department and she had also a master 

degree in elementary mathematics education. Her masterôs thesis was about sixth 

grade studentsô mathematical thinking in problem solving. She examined studentsô 

solution strategies using Caiôs (2000) mathematical thinking scale. In this scale, there 

are also problems about pre-algebra that are figural and numerical patterns, and 

writing and solving first degree equations. Thus, she was considered to have 

knowledge and experiences about analyzing studentsô strategies and thinking for 

algebraic problems. She has also been in a doctorate program in elementary 

mathematics education. She took course called ñDevelopment of algebraic thinking 

in elementary gradesò in doctorate program. The aim of this course was informing 

the doctoral students about algebraic thinking literature and it also required doing a 

project as practical aspect. Thus, this teacher has literature knowledge about early 

algebra and she can be expected to collaborate with the researcher throughout the 

data collection. Teacher A has experienced in teaching middle school mathematics 

and has been working in a middle socio-economic level school for 3 years. This 

school was her second school that she worked. She has been teaching 5
th
, 6

th
, and 7

th 

grade students and thus she has been teaching algebraic topics for each level of the 
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middle school for 3 years. The researcher observed this teacherôs lessons and talked 

to her before. The researcher explained the aim of the study to her, and she 

volunteered to participate to this study. She also expressed that she needed assistance 

for teaching some topics and wanted to develop herself. Thus, when she was 

explained the purpose of the study, she was willing to participate to this research.  

 

3.3.2. Teacher B 

 

Teacher B was 32 years old during the data collection. She had a bachelor 

degree from elementary mathematics education department and she had also a master 

degree in elementary mathematics education. Her masterôs thesis was about 5
th
 grade 

mathematical classroomôs discourse in terms of the teacher and student aspects. The 

contents that Teacher B focused on were about numbers and geometry in her master 

thesis. Thus, she had knowledge and experiences about research, but not particularly 

in algebra topics. On the other hand, Teacher B can be expected to collaborate with 

the researcher throughout the data collection. She has also been in a doctorate 

program in elementary mathematics education. She did not take any courses related 

with algebra teaching in graduate classes. She has been teaching 5
th
, 6

th
, and 7

th 
grade 

students for 9 years and thus she has been teaching algebraic topics for each level of 

the middle school for 9 years. The researcher observed this teacherôs lessons and 

talked to her before the research. The researcher explained the aim of the study, and 

she volunteered to participate to this study.  

 

3.4. The Context of the Study 

 

In Turkey, the new Middle School Mathematics Curriculum was proposed in 

2013 for 4(elementary school) +4(middle school) +4(secondary school) education 

system. However, the implementation of this curriculum has been reflected on the 

textbooks gradually grade by grade. Thus, at the time of the data collection of this 

study, since the textbook was not published regarding of the implementation of the 
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new curriculum, the teachers were using the books based on the old curriculum 

(MoNE, 2009). The old curriculum was designed for 6-8 grade levels. The books 

also were prepared based on the objectives and topics in this curriculum (MoNE, 

2009). This textbook was written and published by the institution of Ministry of 

National Education in 2014. The teachers followed this textbook and studentôs 

workbook throughout the instruction of algebra topics for 7
th
 grade level. The unit 

that was selected for this study was entitled as ñInteger, Algebra and Geometryò. 

This study focused on the two topics that were generalization of patterns and 

operations with algebraic expressions. The objectives, the sample of activities and 

the explanations for teaching these topics as in the curriculum (MoNE, 2009, p. 280-

283) translated by the researcher are in the Appendix A. The objectives in the new 

curriculum (MoNE, 2013) that correspond with these objectives of the old 

curriculum as in the following: 

6.2.1.1. Represent the relationship in the number patterns with letters, find the 

asked terms of the pattern which is represented with letters. 

6.2.1.5. Add and subtract algebraic expressions. 

6.2.1.6. Multiply a whole number and an algebraic expression. 

8.2.1.2. Multiply two algebraic expressions. 

These objectives are in the new 6
th
 and 8

th
 grade mathematics curriculum and 

under algebra learning area. The difference between the old and new curriculum 

regarding the objectives is that all of the objectives above belong to 7
th
 grade in the 

old curriculum.  

Beside the mathematical content of the instructions, the general description of 

the instruction pedagogically and the physical structure of the classrooms can be 

explained in order to describe the context. The teachers used the same textbook by 

MoNE (2014) including teacherôs guidebook, studentsô textbook and studentsô 

workbook. They designed their lessons by focusing on the textbook order with its 

examples and activities, and the teachers used direct instruction method. Besides, the 

desks were set as to see the board, and the teachers usually were in front of the board 



72 

 

and wrote what they explained on the board. There was also a projector, but the 

teachers did not use it the throughout the observations.  

The research was conducted in two 7
th
 grade classrooms and there were about 

35 students aged 12-13 years old in each class. The teachers indicated that the 

students came from middle socio-economic level families. In the classrooms, the 

students sit in pairs in one desk as the teacher arranged. Although there were bulletin 

boards in the classrooms, there were not any mathematics works of students.  

 

3.5. Data Collection Procedures 

 

The data collection procedure had two main phases for this study: before the 

instruction, and during the instruction. In before the instruction phase, the teachers 

prepared the lesson plans individually, the researcher interviewed with each teacher, 

and the researcher suggested examples, activities, methods and techniques, and 

shared the findings of the questions in the tests (e.g. the strategies used by the 

students, misconceptions, errors that arose in the solutions). The teachers revised 

their lesson plans with what was suggested by the researcher. The setting of the 

suggestions and the teachersô preferences for revising their lesson plans were 

explained in detail in 3.6.1 section. In the second phase, during the instruction, the 

researcher observed the lessons in two different 7
th
 grade classes, took field notes, 

and video-recorded by the camera. After each class session, the researcher conducted 

post-observation interviews with the teachers.  

In sum, Figure 2 shows the process of data collection with the flow diagram 

below: 
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Figure 2 The process of data collection 

 

The researcher gathered data from multiple sources (e.g. lesson plans, 

interviews, and observations) and this could provide understanding the actual 

classroom environment. Each type of data was collected to support other data from 

different instrument. Lesson plans with teachersô responses from pre-observation 

interviews; teachersô responses with observations; and observations with teachersô 

responses from post-observation interviews were supported and completed each 

other.  

 

3.6. Data Sources 

 

 Multiple data sources were utilized to get rich and depth information about 

teachersô mathematical knowledge for teaching in this study. As Creswell (2007) 

states that ñqualitative researchers typically gather multiple forms of data, such as 

interviews, observations, and document, rather than rely on a single data sourceò (p. 

38). For this study, the data were collected from prepared the lesson plans by the 

teachers before the instruction, examining lesson plans with the teachers before the 

instruction and interviewing with the teachers (pre-observation interviews), 

observation the class during the instruction of algebraic topics, and reflective 
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interviews (post-observation interview) with the teachers after the instruction. The 

data sources are explained in detail with rationale in the following sections. 

 

3.6.1. Prepared Lesson Plans by the Teachers 

 

The purpose of preparing lessons plans individually is to examine existing 

teachersô mathematical knowledge for teaching algebra. With preparing lesson plans, 

it is aimed to investigate what teachersô knowledge for preparing the lesson plan for 

teaching algebra (subject matter knowledge) is, and how teachers take into account 

studentsô thinking (pedagogical content knowledge) while they are designing their 

lessons. Preparing the lesson plans individually also provided the teachers to review 

the content which they would teach to the students.   

In preparing lesson plan process, the researcher presented the objectives of 

algebra topics as in the 7
th
 grade mathematics curriculum for the teachers before the 

preparation of the lesson plans first. The algebra unit has 4 topics and 9 objectives. 

Thus, the teachers were expected to prepare 4 lesson plans for each topic. For this 

study, teachersô mathematical knowledge for two topics, generalization of patterns 

and operations with algebraic expressions, were examined. Thus, two lesson plans 

were examined in this study. The objectives that were included in the two lesson 

plans are shown in Appendix A. The teachers prepared the lesson plan for 

generalization of patterns first, and then for operations with algebraic expressions. 

The first lesson plan had one objective ñExpress the relation in number patterns 

which are modelled by using lettersò, the second lesson plan had objectives ñPerform 

addition and subtraction operations with algebraic expressionsò and ñMultiply two 

algebraic expressionsò. The lesson plans were prepared by each teacher individually 

before the instruction. After they prepared the lesson plans, the researcher 

interviewed with each teacher about their lesson plans. This was an opportunity for 

the teachers to revise and develop the lesson plans, since their explanations verbally 

provided them to realize the strong and weak aspects of the lesson plans. In these 

pre-observation interviews, the researcher asked questions about preparation process 
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to the teachers why they designed the lessons in this way. The structure of interviews 

is explained in detail in the following section.  

After the interviews, the researcher and the two teachers came together. The 

researcher suggested activities, methods and techniques from the literature related 

with the objectives in the lesson plans for the teachers. If the teachers considered 

which of them could be useful for improving studentsô understanding, they revised 

their lesson plans and involved them in their lesson plans. The settings that includes 

the researcherôs suggested activities, methods and techniques from literature are 

explained detailed in the Appendix B and Appendix C. The aim of these suggestions 

from literature was to understand of what the reasons of the teachers to select the 

activities or questions, and to observe of how they implement them in their 

instruction. It was considered that the selection and the implementation could 

provide to explore the teachersô knowledge to teach the algebra topics. Since the 

suggested activities, methods and techniques were from the literature, the teachers 

were suggested using them to improve the studentsô understanding and learning.  

 

The setting of suggestions for generalization of patterns 

 

The researcher made suggestions for the teachers based on the research 

related to teaching and learning of generalization of patterns and algebraic 

expressions. The researcher prepared the suggestions before the data collection. 

Especially, she took the activities, examples, and methods that were suggested for the 

teachers to develop their instruction. The suggestions were implemented and found 

useful to support the studentsô learning in research. The setting of suggestions for 

generalization patterns was based on the literature (Blanton & Kaput, 2003; Healy & 

Hoyles, 1999; Herskowitz, et al. 2002; Lannin, Barker & Townsend, 2006; Magiera, 

van den Kieboom & Moyer, 2013; Moss, Beatty, McNab, & Einsband, 2005; Moss, 

Beatty, Barkin, & Shillolo, 2008; Rivera & Becker, 2005; Smith, Silver & Stein, 

2005; Walkowiak, 2014; Warren & Cooper, 2008). The researcher suggested a 

pattern test, three activities, and a representation for supporting the instruction of 
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generalization of patterns (Appendix B). The researcher developed a pattern test 

using the questions in the literature and implemented this test to 6
th
, 7

th
 and 8

th
 grade 

students in the same school in the previous semester before this study. The test 

contained numeric, pictorial, and tabular representations of linear growth patterns. 

The aim of the implementation of the test was to share the findings about middle 

school studentsô reasoning and strategies for generalizing different represented 

patterns with the teachers. The researcher pointed out the studentsô conceptions, 

misconceptions, errors, and difficulties while generalizing patterns in this sharing. 

The teachers involved the pattern test to their lesson plans and revised the lesson 

plans.  

The suggested activities were presented and explained in detail in Appendix 

B. However, the teachers decided not use these activities in their lessons. As the 

representation, the researcher suggested the use of table from the examination of 

studentsô solutions in the pattern test as the students who got the correct 

generalization generally used tabular representations. In addition to this, the 

researcher suggested using the reasoning within figures or pictures in figural patterns 

as the studies (Healy & Hoyles, 1999; Moss, Beatty, McNab, & Einsband, 2005; 

Rivera & Becker, 2005; Walkowiak, 2014; Warren & Cooper, 2008) also stated that 

the students used numerical and figural reasoning, even younger students used 

figural reasoning more in pattern generalizations. The teachers used tabular 

representation of the patterns to underlie the relationship in the patterns in the 

instruction, and they used figures to provide visuality.  

 

The setting of suggestions for operations with algebraic expressions 

 

The setting of suggestions for operations with algebraic expressions was 

based on the literature (Gay & Jones, 2008; Kindt, 2014; Van de Walle et al., 2013). 

The researcher suggested several activities from the course book by Martin Kindt 

and the textbook (Appendix C). The teachers involved these activities to their lesson 

plans and revised them, and they used them in the instructions.  
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The researcher prepared ñAlgebraic expressionò test which included the 

suggested activities and questions (see Appendix C). The researcher implemented 

this test for 8
th
 graders in the same school. This test had four parts: operating with 

expressions, equivalent expressions, people at the amusement park activity, and 

correcting the error in subtraction operation that had two parenthesis algebraic 

expressions. The first reason for preparing this test was to have an idea about the 

practicality of suggested activities in teaching operation with algebraic expressions 

before the teachersô implementations. The second reason for implementing this test 

was to warn or prepare the teachers for possible conceptions, misconceptions, errors 

and difficulties that students can have while teaching. In this setting, the solution 

strategies, misconceptions, errors and difficulties of students were shared with the 

teachers. The results showed that the students had difficulty with remembering to 

multiply each term in the parenthesis while using the distributive property. The 

teachers agreed with this difficulty of students, and they indicated that overcoming 

these types of errors were difficult by giving several examples while teaching.   

As the method and technique, the researcher suggested explaining the 

properties of addition and multiplication properties in algebraic expressions with 

connecting the properties of operations in arithmetic for the students as Van de Walle 

et al. (2013) indicated. The textbook published by MoNE also included the activity 

that provided this connection and these activities also were suggested to the teachers. 

The researcher explained that the use of algebra tiles with modeling for teaching 

multiplication was suggested representation in the curriculum (MoNE, 2009; 2013) 

and literature. The teachers already included the use of them in lesson plans.  

 

3.6.2. Pre-Observation and Post-Observation Interviews 

 

Yin (2003) states that interviews are important tools to collect data in case 

studies since these types of studies generally are about humans. The interviewed 

person can explain and make interpretations about what is investigated, and it can 

provide information beyond what is observed and understood. One of the interview 
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types used in case studies that Yin (2003) explains is focused interviews that they 

include the questions from what is investigated as case, focus on specific situation, 

and lasted for short time. In this study, interviews were conducted before (pre-

observation interviews) and after the instruction (post-observation interview). Pre-

observation interviews focused on the lesson plans were prepared by the teachers, 

and post-observation interviews focused on the instruction for one or two class times. 

According to Fraenkel et al. (2012), interviews can provide to understand 

what is on peopleôs mind and also whether peopleôs thoughts support the researcherôs 

observations. The purpose of the pre-observation interviews was to understand 

teachersô knowledge and preparedness for teaching algebra topics. The pre-

observation interviews were conducted after the teachers prepared the lesson plans. 

In these interviews, it was aimed to investigate how teachers decide to design the 

lessons like in the plans, and what the teachers take into account about studentsô 

thinking while preparing the lesson plans. Pre-observation interviews could also 

provide to check whether the researchers understood teachersô reasoning properly.  

The researcher used semi-structured type of questions in the interviews. 

Corbetta (2003) defines the semi-structured interviews as in the following: 

Within each topic, the interviewer is free to conduct the conversation as he 

thinks fit, to ask the questions he deems appropriate in the words he 

considers best, to give explanation and ask for clarification if the answer is 

not clear, to prompt the respondent to elucidate further if necessary, and to 

establish his own style of conversation (p. 270). 

 

The researcher prepared the same questions for the teachers to explain their 

lesson plans in their words based on the questions. The questions were semi-

structured in nature and thus the expected answers can depend on the teacherôs 

knowledge and the prompt questions can be asked if necessary. The questions were 

asked to the teachers in the pre-observation interviews as in the following: 

1. How can you explain your lesson plan briefly? 

2. How did you plan your lesson in this way? 

3. What are the methods or techniques do you plan to use for supporting 

studentsô learning? 
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4. What prior or prerequisite knowledge that the students should have to learn 

this topic? 

5. What possible misconceptions that students have while learning this topic? 

6. What possible difficulties that students have while learning this topic? 

7. What do you plan to do when the students have difficulty during the 

instruction? 

8. What do you plan to measure and assess the studentsô learning? 

The pre-observation interviews provided the researcher to understand the 

lesson plans as written documents in detail as the teachers explained the design of the 

lesson plans with rationale for each question and activity in lesson plans. These 

interviews also provided the researcher to evaluate the lesson plans correctly by 

teachersô explanations.  

After each class, the researcher made post-observation interviews as 

reflective interviews. In a week, mathematics classes were carried out for three days 

and total five class hours. Thus, three post-interviews were conducted by each 

teacher after each class in a week, and in total 24 post interviews were made with the 

two teachers. These interviews lasted about 5-10 minutes. The reason to conduct 

these interviews right after the instruction was to prevent the teachers to forget what 

and how the lesson went on considering the implementation of questions or 

activities, the studentsô responses, difficulties and the teachersô reactions to the 

situations happened during the instruction. One of the purposes of these interviews in 

this study was to provide to evaluate teacherôs lessons by herself. It was aimed to 

understand what the teachers thought about implementation of the lesson plans. The 

other purpose of the post-observation interviews was to check whether the researcher 

understood teacherôs instruction properly or not from observing the lessons by 

comparing the teachersô responses. The researcher prepared the same questions for 

the teachers to evaluate their lessons in their words based on the questions. The 

questions were semi-structured in nature and thus the expected answers could depend 

on the teacherôs opinions and the prompt questions could be asked if necessary. The 
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questions were asked to the teachers in post-observation interviews as in the 

following: 

1. How was the lesson in general? 

2. What do you think of the implementation of the lesson plans in the 

instruction? 

3. What do you think about the implementation of questions and activities? 

4. How was the level of the students in this class? 

5. Where did the students have difficulty in the instruction? 

6. What did the students learn in this class? 

7. Did you encounter any unexpected situations during the class? If yes, what 

were they, and how did you handle these situations? 

The post-observation interviews provided the researcher to understand the 

lessons in the eye of the teachers. Thus, the researcher asked the questions about how 

the teachers perceived the flow of the lesson. These interviews also provided the 

researcher to evaluate the classes correctly by teachersô explanations.  

The interview questions were prepared by the researcher examining the used 

interview protocols in related literature and then reviewed by a mathematics 

education researcher. Pilot interviews were conducted with the teachers for another 

topic before the main study to determine if the questions can serve for the purpose of 

the study. All interviews were audio-recorded with the permission of the teachers to 

transcribe later for analyzing. The interviews were conducted in the school library or 

in a classroom if which of the place was suitable to carry on the conversation 

comfortably and without interrupting. 

 

3.6.3. Observations 

 

Creswell (2012) defines observation as ñthe process of gathering open-ended, 

firsthand information by observing people and places at a research siteò (p. 213). 

Observations also are one of the data sources in case studies (Yin, 2003). 

McDonough and Clarke (2002) state that observing lessons is a good method to 
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examine teachersô knowledge. Thus, one of the data sources for this study was 

observations. The researcher observed total 33 mathematics lesson hours that 

included the instructions of generalization of patterns and operations with algebraic 

expressions. The purpose of the observations was to explore how teachers actually 

used their knowledge. These observations could also provide comparing teachersô 

practice in class with teacherôs thinking and what was written in lesson plans.  

During the instructions, the researcher acted as non-participant observer. 

Creswell (2012) indicates the role of non-participant observer as taking notes in the 

research setting and not to participate in the activities. The researcher sat at the back 

of the classroom, and watched the instructions. All observations were video-recorded 

with the official permission. The researcher focused the camera at the board and the 

teacher, and changed the direction of the camera not to catch teacherôs actions. The 

researcher also took field notes throughout of the instructions. Denzin (1989) 

describes the observation field notes that are about participants, interactions, 

routines, and interpretations. Thus, the researcher took notes about how the lesson 

was going on and her interpretations about the instructions. 

 

3.7. Duration of the Study 

 

This study was conducted during the instruction of algebra topics at 7
th
 grade. 

The algebra unit had 9 objectives, and 16 lesson hours were advised as time by 

MoNE (2009). In the new curriculum (MoNE, 2013), it is advised to allow about 13 

lesson hours for 4 objectives to teach these topics. However, the data collection 

process for two topics from the algebra unit was about 2 weeks for preparing lesson 

plans, and 4 weeks for the instructions. The timeline for data collection for this study 

as in the table below: 
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Table 2 Timeline for data collection 

 

Date Events 

July 2014  Permissions from Research Center for Applied 

Ethics 

  

August 2014 Permissions from Ankara Provincial Directorate for 

National Education and Ankara Yenimahalle 

District National Education Directorate 

 

September 2014  Classrooms were determined, Pilot lesson planning 

and interviews, Main study lesson planning and 

interviews  

 

October 2014 Pilot observations and Post-observation interviews 

 

November 2014 - December 2014  Main study observations and Post-observation 

interviews  

 

January 2015  General interview about the whole research process 

 

 

Before data collection, the researcher prepared necessary official forms and 

an interview protocol, and applied Research Center for Applied Ethics of Middle 

East Technical University to get permissions. After getting the permission from 

ethics committee (see Appendix D), the researcher applied to Ankara Provincial 

Directorate for National Education to get permission for conducting the study in 

determined public school in Yenimahalle. For this particular school, the permission 

was taken from Ankara Yenimahalle District National Education Directorate (see 

Appendix E for the document). Getting this permission, the researcher explained the 

purpose of the study and the data collection process to the school management. The 

teachers already was informed about the study and thus they became volunteer. The 

school management adjusted the teachersô schedules in terms of teaching in 7
th
 grade 

and not to cross the teachersô classes at the same hour. Since the researcher wanted to 

observe all classes for two teachers. According to the teachersô schedules, pre and 

post-observation interviewsô times were determined. During the data collection 

necessary changes were made in these times.  
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In September 2014, the first two weeks of the 2014-2015 Fall semester were 

seminar weeks for the teachers before the lessons began. The working hours in these 

weeks finished at noon. Then, the researcher interviewed with the teachers about the 

lesson plans. The teachers prepared the lesson plans before they came school. After 

interviewing with the teachers individually, the researcher suggested examples, 

activities, methods and techniques for the topic for which they prepared the lesson 

plan. Thus, before the lessons began, one lesson plan for the pilot study and four 

lesson plans for the instruction of algebra unit were prepared and revised regarding 

the suggestions by the teachers.  

After the semester began, the pilot study with observations and post-

observation interviews were conducted for a week in October 2014. After the 

teachers experienced the research process for short time, the main study began in 

November 2014. The main study lasted to the mid of December 2014 included the 

two teachersô lessons. The main study included the instruction of generalization of 

patterns and operations with algebraic expressions. The observations and post-

observation interviews were made about in 6 weeks. The researcher continued to 

observe the instructions and interview with the teachers for another 6 weeks. The all 

instructions were completed at the last week of January 2015, the end of the 

semester. At last, the researcher conducted a general interview with the teachers 

individually to get their opinions, interpretations, and suggestions about the research 

process. 

 

3.8. Pilot Study 

 

Before data collection for the main study, a pilot study was conducted in 

order to provide the teachers to get used to the research process of the study. To do 

this, before designing lessons for algebra unit, a lesson plan was prepared for rational 

numbers. This topic had 3 objectives that ñexplain the rational numbers and show on 

the number line, represent the rational numbers in different representations, compare 

and order of rational numbersò. The pilot lesson plans were prepared for 5 lesson 
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hours in a week. The teachers were interviewed individually about their lesson plans. 

The researcher suggested activities, tasks, methods and techniques that could be used 

for the teaching of this topic. The teachers wanted to use them and they involved 

them to their lesson plans. This pre-study was expected to provide the teachers to 

experience the lesson plan preparation, and inform and guide the researcher about 

what and how was examined in this preparation process.  

After planning the lesson, the pilot observation was made in the class 

sessions. The researcher took field notes about teachersô actions throughout the 

teacherôs lesson and recorded the instructions by the camera. This process provided 

the teachers and students to get used the camera in the classroom. After this lesson, 

the researcher determined the points in studentsô responses in teaching, which could 

be discussed as difficulty, misconceptions or conceptions by reviewing the videos 

and field notes. Then, the researcher interviewed with the teachers to reflect and 

evaluate their lessons.  

 

3.9. Data Analysis Procedure 

 

In this study, the data sources were lesson plans, interviews, and observations. 

In data analysis process, first, the teacherôs responses from the pre-observation 

interviews about preparing lesson plans, the instructions as video-records, and 

teachersô responses from post-observation interviews about the instruction were 

transcribed and read by the researcher. Then, the transcriptions, and the lessons plans 

and observation notes as written work were gathered together to give a holistic 

picture about teachersô MKT, and organized regarding the procedure of data 

collection.  

Creswell (2007) explained the data analysis procedure in qualitative research 

as that ñconsists of preparing and organizing the data for analysis, then reducing the 

data into themes through a process of coding and condensing the codes, and finally 

representing the data in figures, tables, or a discussionò (p. 148). Particularly, 

Creswell (2007) indicated cross-case analysis for multiple case studies. In this 
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analysis, each case and themes are described in detail and then analyzed the cases 

within themes by comparing. Yin (2003) also suggested cross-case sythesis as an 

analytic technique for the analysis of two or more cases. The researcher can compare 

and contrast of the cases based on the framework that is used for analysis. In this 

study, the cross-case analysis technique that was suggested by Yin (2003) was used 

for analyzing and interpreting of the findings of the two cases.  

The analysis of the qualitative research designs was begun with forming the 

initial and tentative codings, and then was continued with grouping them in themes 

with respect to similarities, and was ended with reporting the data (Merriam, 2009). 

For this study, the cases as the two teachersô planning and instructions were analyzed 

and described independently first. The data from the cases were analyzed and coded 

as a statement, an explanation, a dialogue, or a question that considered to be 

meaningful within itself. Then, the extracted codes were put into one of themes and 

then sub-themes considering the descriptions and definitions of themes and sub-

themes in the MKT model. SMK and PCK as knowledge domains were considered 

as themes, their components as knowledge sub-domains (CCK, SMK, KCS, KCT, 

and KCC) were considered as sub-themes for this study, since the purpose of the 

study is to examine teachersô MKT. This process provided to analysis of cases 

individually within itself. Merriam (2009) stated that ña within - case analysis is 

followed by a cross - case analysisò (p. 205) for the analysis of multiple case studies. 

Thus, after forming these tentative codes, the codes which were categorized by 

comparing and contrasting and had a pattern in one case were also investigated for 

other case. From the analysis of two cases, the codes which were occurred in the two 

cases within a pattern were determined for the current study (Appendix F). The 

extracted codes were presented and interpreted by stating positive sign (+) for the 

teachersô use of appropriate and adequate knowledge, and negative sign (-) for the 

teachersô use of inappropriate and inadequate knowledge within tables for each case 

in findings independently. This analysis was carried out for the observed knowledge 

types. Thus, the negative sign did not mean the absence of knowledge. To illustrate, 

SCK7(+) indicates that the teacher had the knowledge to choose, make and use the 
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tabular representation with focusing on the arithmetical relationships in tabular 

representation to underlie the relationship in pattern to conceptualize generalization 

and she used her knowledge effectively in instruction. Or, the students had difficulty 

in applying distributive property in learning multiplication, but the teacher stated that 

she did not understand what they needed to learn and apply it correctly. At this point, 

KCS3(-) indicates that the teacherôs knowledge to understand the difficulties and 

needs of students with application of distribution property appeared inadequately. 

After the data were coded with this method, the results were compared and 

contrasted in discussion under the knowledge sub-domain headings in the discussion 

at the end. The comparison of two cases could provide making interpretation about 

the knowledge that the teachers should have by emphasizing the existing and lack of 

knowledge in two cases.  

 

3.9.1. The Framework Used for the Analysis in This Study 

 

In this study, Ball et al.ôs (2008) MKT model was used to examine the nature 

of middle school mathematics teachersô MKT in planning and implementing of 

teaching generalization of patterns and operations with algebraic expressions. 

Although the related data set of planning and implementing were different, MKT 

model used to analyze them. The framework that was used for analysis of data with 

related research questions and data set are as in the following table: 

 

Table 3 The framework used for analysis of data with related research questions and 

data set 
 

Research questions Related data set Framework 

for Analysis 

1.a. What is the nature of middle school 

mathematics teachersô mathematical 

knowledge for teaching (MKT) for 

generalization patterns in planning 

lessons? 

Interviews about lesson 

planning 

Lesson plans 

 

 

MKT 

framework 
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Table 3 (Continued) 

Research questions Related data set Framework 

for Analysis 

 

1.b. What is the nature of middle school 

mathematics teachersô mathematical 

knowledge for teaching (MKT) for 

generalization patterns within the practices 

of implementing lessons? 

 

Observations and field 

notes 

Post-Observation 

interviews 

 

 

 

MKT 

framework 

 

 

2.a. What is the nature of middle school 

mathematics teachersô mathematical 

knowledge for teaching (MKT) for 

operations with algebraic expressions in 

planning lessons? 

 

2.b. What is the nature of middle school 

mathematics teachersô mathematical 

knowledge for teaching (MKT) for 

operations with algebraic expressions 

within the practices of implementing 

lessons? 

 

 

Interviews about lesson 

planning 

Lesson plans 

 

 

 

Observations and field 

notes 

Post-Observation 

interviews 

 

 

 

 

 

MKT 

framework 

 

 

 

 

MKT 

framework 

 

 

3. How does middle school mathematics 

teachersô subject matter knowledge (SMK) 

influence their pedagogical content 

knowledge (PCK) in the context of teaching 

generalization of patterns and operations 

with algebraic expressions? 

 

Interviews about lesson 

planning 

Lesson plans 

Observations and field 

notes 

Post-Observation 

interviews 

 

MKT 

framework 

 

 

Ball, Thames and Phelpsôs (2008) Model of Mathematical Knowledge for 

Teaching (MKT)  

 

Ball, Thames, and Phelps (2008) proposed a model for mathematics 

knowledge for teaching. This model is a domain map that shows mathematical 

knowledge for teaching consists of subject matter knowledge and pedagogical 

content knowledge (Figure 3). Subject matter knowledge (SMK) has common 

content knowledge (CCK), specialized content knowledge (SCK), and horizon 

content knowledge (HCK) components. Pedagogical content knowledge (PCK) 
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consists of knowledge of content and students (KCS), knowledge of content and 

teaching (KCT), and knowledge of curriculum (KC) as in the following figure: 

 

 

Figure 3 Domain Map for Mathematical Knowledge for Teaching (MKT) 

 

The first component of subject matter knowledge, common content 

knowledge (CCK) is defined as ñthe knowledge that is used in the work of teaching 

in ways in common with how it is used in many other professions or occupations that 

also use mathematicsò (Hill, Ball, & Schilling, 2008, p. 377). Ball et al. (2008) 

indicated that this mathematical knowledge can be used any settings which require 

mathematics. Thus, this knowledge is not specific for teaching and therefore 

mathematic teachers. The occupational groups who use mathematics in their working 

area have this knowledge. For teaching settings, Hill et al. (2008) state that CCK 

refers to subject matter knowledge proposed by Shulman (1986). Ball et al. (2008) 

also explained CCK that mathematics teachers should have by examplifying such as 

ñsimply calculating an answer or, more generally, correctly solving mathematics 

problems, using terms and notation correctly writing on the boardò (p. 399). In 

addition to teachersô CCK knowledge and skills, they must be aware of incorrect 

answers, solutions of students or incorrect definitions, questions, and explanations of 

the textbooks. If the teachers did not have CCK or adequate CCK, they can make 
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errors, use the terms incorrectly, or have difficulty in solving problems. These 

deficiencies in teacherôs CCK can impede the development of studentsô learning and 

cause wasting time from the instruction (Ball et al., 2008). Beside these definitions, 

Sosa (2011, as cited in Carre¶o, Rojas, Montes, & Flores, 2013) proposed the 

descriptors for CCK in her dissertation that CCK includes the knowledge of 

ñdefinitions, rules, properties, and theorems related to a specific topicò. 

Based on the definitions, descriptions, and examples from the literature and 

reviewing the data in this study, these three codes are framed for CCK component in 

this study: 

CCK1: The knowledge of definitions, rules, properties, and theorems related 

to a specific topic 

CCK2: The knowledge to use terms and notation correctly 

CCK3: The knowledge to simply calculating an answer or, more generally, 

correctly solving mathematics problems. 

 

The second component of subject matter knowledge, specialized content 

knowledge (SCK) is defined as ñthe mathematical knowledge and skill unique to 

teachingò (Ball et al., 2008, p. 400). This knowledge requires mathematical 

understanding and reasoning. With this knowledge, teachers can explain and justify 

the mathematical ideas. However, this knowledge is beyond of the conceptual 

understanding. SCK is also about explaining the content and making decisions 

pedagogically. Ball et al. (2008) explain SCK by giving such examples that the 

knowledge is about ñhow mathematical language is used; how to choose, make, and 

use mathematical representations effectively, and how to explain and justify oneôs 

mathematical ideasò (p. 400). The researchers also describe the mathematical tasks 

for teaching, that require SCK, such as ñlinking representations to underlying ideas 

and to other representations, connecting a topic being taught to topics from prior or 

future years, giving or evaluating mathematical explanations, and choosing and 

developing useable definitionsò (p. 400). 

Based on the definitions, descriptions, and examples from the literature and 

reviewing the data in this study, these seven codes are framed for SCK component in 

this study: 
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SCK1: The knowledge to connect a topic being taught to topics from prior or 

future years 

SCK2: The knowledge to link representations to underlying ideas and to 

other representations 

SCK3: The knowledge to choose/give usable definition or explanations 

SCK4: The knowledge of how to explain and justify oneôs mathematical 

ideas  

SCK5: The knowledge of how mathematical language is used 

SCK6: The knowledge of how to provide mathematical explanations for 

common rules and procedures 

SCK7: The knowledge of how to choose, make, and use mathematical 

representations effectively. 

 

The third component of subject matter knowledge, horizon content 

knowledge (HCK) is defined as ñan awareness of how mathematical topics are 

related over the span of mathematics included in the curriculumò (Ball et al., 2008, p. 

403). Teachers know with this knowledge as the topic that they taught how is related 

in the next gradesô curriculums. Thus, teachers can prepare the students what more 

they know in next years about the topic that they learn now.  However, for this study, 

the codes could not be formed based on HCK, since the data did not give any 

examples for this knowledge type.  

The other category of MKT is pedagogical content knowledge (PCK). This 

category has three components. The first component of PCK is knowledge of content 

and students (KCS). KCS is defined as ñthe knowledge that combines knowing about 

students and knowing about mathematicsò (Ball et al., 2008, p. 401). Hill et al. 

(2008) asserted that knowledge of students refer to how students think about, know, 

or learn particular content. Thus, they indicated that this knowledge is not about 

ñknowledge of teaching movesò. The teachers with this knowledge can anticipate or 

predict the mistakes or misconceptions that commonly arise during the instruction 

(p.375), and know conceptions and preconceptions that students have. KCS can be a 

component of Shulmanôs PCK concept, and this is apart from subject matter 

knowledge. Ball et al. (2008) explain KCS with giving several examples. To 

illustrate, ñwhen choosing an example, teachers need to predict what students will 

find interesting and motivating, or when assigning a task, teachers need to anticipate 

what students are likely to do with it and whether they will find it easy or hardò (p. 
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401). Sosa (2011, as cited in Carreno et al., 2013) describes KCS as understanding of 

the needs and difficulties of students with mathematics topics.  

Based on the definitions, descriptions, and examples from the literature and 

reviewing the data in this study, these six codes are framed for KCS component in 

this study: 

KCS1: The knowledge to anticipate where and how students have difficulty  

KCS2: The knowledge to anticipate the misunderstandings that might arise 

with specific items being studied in class 

KCS3: The knowledge to understand the needs and difficulties of students 

with mathematics 

KCS4: The knowledge to hear and interpret studentsô emerging and 

incomplete thinking as expressed in the ways that pupils use language 

KCS5: The knowledge of common student conceptions and misconceptions 

about particular mathematical content 

KCS6: The knowledge to predict what students will find interesting and 

motivating. 

 

The second component of PCK is knowledge of content and teaching (KCT). 

KCT is defined as ñthe knowledge that combines knowing about teaching and 

knowing about mathematicsò (Ball et al., 2008, p. 401). According to Hill et al. 

(2008) KCT is formed with teaching moves considering of ñhow to build on 

studentsô thinking or how to address and remedy student errors effectivelyò (p. 378). 

Ball et al. (2008) explain KCT with giving such examples that the knowledge is 

about managing the order of topics for teaching or selecting examples for improving 

studentsô learning. Teachers with this knowledge can interpret advantages and 

disadvantages of representations or methods for teaching a particular concept. They 

also must guide the classroom discussions with making decisions about when to 

explain, to use studentsô ideas, and to ask a new question. It might be understood that 

these all examples are about teachersô instructional decisions or actions for 

supporting and improving studentsô learning.   

Based on the definitions, descriptions, and examples from the literature and 

reviewing the data in this study, these eight codes are framed for KCT component in 

this study: 

KCT1: The knowledge to choose which examples to start with and which 

examples to use to take students deeper into the content 

KCT2: The knowledge to sequence particular content for instruction 
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KCT3: The knowledge to choose a particular representation or certain 

material for learning a concept or mathematical procedure 

KCT4: The knowledge to evaluate the instructional advantages and 

disadvantages of representations used to teach a specific idea 

KCT5: The knowledge to decide when to pause for more clarification, when 

to use a studentôs remark to make a mathematical point, and when to ask a 

new question or pose a new task to further studentsô learning in classroom 

discussion 

KCT6: The knowledge to identify what different methods and procedures 

afford instructionally 

KCT7: The knowledge of how to build on studentsô thinking 

KCT8: The knowledge of how to address student errors effectively, remedy 

student errors. 

 

The third component of PCK is knowledge of content and curriculum (KCC). 

KCC is explained as the knowledge of the contents regarding the curriculum order, 

suggested activities, important explanations for teaching. Sosa (2011, as cited in 

Carreno et al., 2013) described as ñcontent in textbooks and the relation of previous 

and forthcoming mathematical topicsò. This knowledge requires to connect the 

relation with the topics for different grades. Teachers should know the development 

of what is taught related with particular topic between grades. Besides, they should 

know the materials, and assessment techniques proposed by national authorities.  

Based on the definitions, descriptions, and examples from the literature and 

reviewing the data in this study, these two codes are framed for KCC component in 

this study: 

KCC1: The knowledge to know the content and objectives in the curriculum  

KCC2: The knowledge to judge how to utilize it to present, emphasize, 

sequence and instruct. 

 

In sum, all codes used for analyzing MKT of teachers, for SCK and PCK 

respectively, are presented within tables in the Appendix F. 

As considering Ball et al.ôs (2008) explanations of four sub-domains for 

teaching decimals order, it can be exemplified in algebra teaching, particularly 

generalization of patterns lie that; the knowledge to generalize patterns and write the 

generalization algebraically is CCK, the knowledge to use different representation 

such as table to support the students to explore the relation between the position 

number and the terms is SCK, the knowledge to recognize students have difficulty 
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with writing the general rule algebraically is KCS, and the knowledge to remedy the 

studentsô errors that arise while generalizing is KCT. 

One of the reasons for using MKT model for this study is that this MKT 

model is widely accepted and used in mathematics education research. The authors 

developed this model based on the conceptualization of teacher knowledge of 

Shulmanôs (1986) theory as content knowledge and pedagogical content knowledge. 

This model also was developed as the result of qualitative and quantitative research 

in a longitudinal process. Another reason is that this model was based on 

observations of teachersô instructions in qualitative research context. The major data 

in this study are observations of the instructions. For that reason, the use of MKT 

model could be considered appropriate for the current study. Ball et al. (2008) 

indicate their purpose of developing MKT model is to determine what teachers know 

to teach content and how they use it in practice (p. 395). One of the aims of this 

study is to put forward what teachers need to know for teaching generalization of 

patterns and operations with algebraic expressions with the revealing of the existing 

knowledge. Thus, MKT model is used in this study under these considerations. 

 

3.9.2. Analysis of Planning and Instruction 

 

The knowledge of the teachers in planning is examined in the context of 

topics; generalization of patterns and operations with algebraic expressions and with 

respect to the phases of data collection. To analyze the teachersô knowledge, the 

interviews about their lesson plans and the meetings for suggestion by the researcher 

were transcribed and they were examined with their written lesson plans. These 

written documents were used to explore what the existing knowledge of the teachers 

was by using the codes based on the MKT framework. The extracted knowledge 

types were explained and interpreted based on MKT framework.  

The mathematical knowledge for teaching of the teachers was extracted from 

her actions throughout the instruction by focusing on common patterns in 

observation data based on MKT framework. The mathematical knowledge for 
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teaching of teachers that was extracted from her actions throughout the instruction 

was examined and interpreted within their practices. Based on the common patterns 

in the teacherôs actions that they performed throughout the instructions, the practices 

of the teachers were grouped. Teacher Aôs purposeful actions to teach the topics 

were grouped into six practices: 1) choosing an example or activity to start teaching 

the topic with connecting to topics from prior years, 2) discussing on the activity 

related to the topic, 3) choosing the examples or activities to use to take students 

deeper into the topic, 4) implementing the suggested activities, 5) doing exercises 

related to the topic from textbook and workbook, and 6) presenting problems that 

combine knowledge related to other topics. On the other hand, Teacher Bôs 

purposeful actions to teach the topics were grouped into five practices: 1) connecting 

the topic being taught to topics from prior years, 2) discussing on the activity related 

to the topic, 3) choosing the examples or activities to use to take students deeper into 

the topic, 4) implementing the suggested activities, and 5) solving the questions and 

problems related to the topic from different resources. The practices of the teachers 

were examined within the context of topics; generalization of patterns and operations 

with algebraic expressions. It is important to note that the extracted knowledge types 

from instruction was also examined with planning before the instruction, reflections 

of the instruction in the post-observation interviews, and evaluated together to 

conclude the teachersô knowledge for teaching the algebra topics. 

 

3.10. Trustworthiness 

 

In qualitative research, findings and interpretations are needed to be accurate 

(Creswell, 2012). Merriam (2009) indicates that validity and reliability issues are 

necessary for research in collecting, analyzing and interpreting the findings to 

conceptualize the study. ñValidity refers to the appropriateness, meaningfulness, 

correctness, and usefulness of the inferences a researcher makes. Reliability refers to 

the consistency of scores or answers from one administration of an instrument to 

another, and from one set of items to anotherò (Fraenkel et al., 2012, p. 147).  
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In order to provide the trustworthiness of the study, several methods (e.g. 

triangulation, member checking, peer examination, and cross-checking) are used. 

ñTriangulation is the process of corroborating evidence from different individuals 

(e.g., a principal and a student), types of data (e.g., observational field notes and 

interviews), or methods of data collection (e.g., documents and interviews) in 

descriptions and themes in qualitative researchò (Creswell, 2012, p. 259). In this 

study, data were collected from several sources that were preparing lesson plans, 

interviews, and observations in order to provide trustworthiness. 

Member checking is providing accuracy by taking participantôs 

interpretations about findings, and initial data analysis by asking them (Guba & 

Lincoln, 1981). In this study, the interviews were conducted with the teachers to get 

their comments on findings and initial analysis of the data after transcribing and 

coding the data as member checking. 

Another validating strategy is peer examination. According to Merriam 

(2009), peer examination means criticizing research findings together with 

researcher(s) who are familiar with the study or new to the study (Merriam, 2009). 

One researcher from who was a PhD student in mathematics education, was asked to 

examine the coding of the data in this study. 

To provide reliability of coding the data, cross-checking can be utilized. 

According to Creswell (2009) ñcross checking is developed by different researchers 

by comparing results that are independently derivedò (p, 190). In this study, an 

expert in research and mathematics education, and also familiar with the research 

was asked to code the data for cross-checking. Then, the level of the coding in 

agreement was calculated to determine the consistency in coding. Wiersma (2000) 

stated that the importance of analyzing the data by several researchers and getting 

similar results in order to provide internal consistency. For this study, the researcher 

and the expert coded the data independently and then reached a full agreement with 

discussing the coding.  
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Last, this study was conducted in about a six-week-long period. This situation 

can also provide reliability of the study for the researchers to gain patterns in data 

accurately by collecting data in a long process. 
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CHAPTER IV  

 

 

FINDINGS 

 

 

This chapter documents and explains Teacher Aôs and Teacher Bôs 

mathematical knowledge for teaching algebra in planning and instruction. The 

planning phase includes the teachersô existing MKT for designing lessons in lesson 

plans and interviews. The instruction phase includes how the teachers use their MKT 

in teaching. The two phases are examined within the context of generalization of 

patterns and operations with algebraic expressions. Then, the chapter also presents 

how the teachersô SMK influences their PCK in the context of the instruction of 

generalization of patterns and operations with algebraic expressions.  

 

4.1. The Case of Teacher A 

 

This section documents and explains Teacher Aôs mathematical knowledge 

for teaching algebra in planning and instruction. The two phases are presented within 

two topics of algebra unit, generalization of patterns and operations (addition, 

subtraction and multiplication) with algebraic expressions.  

 

4.1.1. Planning 

 

The mathematical knowledge for teaching of Teacher A extracted from her 

lesson plans and the interview about planning with her by focusing on common 

patterns in data based on MKT framework. The two lesson plans were prepared 

before the instruction of the topics. The knowledge of Teacher A in planning was 

examined in the context of topics; generalization of patterns and operations with 

algebraic expressions; and in three main groups with respect to the phases of data 



98 

 

collection: preparation of lesson plans individually, explanation of the lesson plans to 

the researcher, and revision of the lesson plan based on the researcherôs suggestions. 

These phases were conducted before the instruction. The planning process of 

Teacher A was as in the following figure: 

 

Figure 4 The process of planning 

 

As seen in the figure, Teacher A prepared her lesson plan as written 

document for the instructions individually. Then, the individual interview with 

Teacher B was conducted to explain of her lesson plan to the researcher. Last, the 

researcher and two teachers came together, and the researcher suggested activities, 

tasks, methods and techniques about the topics to the teachers. The teachers selected 

one of the questions or activities that they wanted to use in the instruction and added 

them to their lesson plan, and revised the lesson plans with these changes. It is 

important to note that the extracted knowledge types from planning is also examined 

with reflecting in the instruction and evaluated together to conclude Teacher Aôs 

knowledge for teaching the algebra topics.  

 

4.1.1.1. Planning for Teaching Generalization of Patterns 

 

The planning process of teaching generalization of patterns included the 

lesson plans that the teacher used for the instruction, and the teacherôs responses and 

anticipations in the interview about preparing the lesson plan. Teacher A explained 

the structure of her lesson plan with rationale and stated anticipations about studentsô 

thinking throughout the instruction. 
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Teacher A planned the lesson with respect to the objective for teaching 

generalization of patterns in the curriculum as ñStudents should be able to represent 

the relationship in the number patterns with letters by modelling the patternò. This 

objective is under patterns and relations sub-learning domain and algebra learning 

area. The teacherôs knowledge of objective that belonged to content and curriculum 

for designing lesson was essential (KCC1+). She indicated integers, operations with 

integers, and getting the generalization rule as the prior concepts and knowledge that 

students should have for learning pattern generalization. She allowed five lesson 

hours for the instruction in general. She did not detail the organization of time for 

what she would do during the instruction. For the instruction, she planned to use 

question-answer technique and direct instruction method. As materials, she stated to 

use matchsticks to represent the patterns in activities.   

Teacher A made explanation for the lesson plan following the order of it. 

Considering the objective at the beginning of the lesson plan, Teacher A stated that 

teaching of patterns began at 2
nd

 grade with counting rhythmically and then pictorial 

patterns, and continuing generalization of patterns algebraically at 6
th
 and 7

th
 grades 

based on the objectives in the curriculum: 

A: The students learn the patterns in pictorial forms. 

Researcher: Then, do not they write the general rule algebraically, do they? 

A: Algebraic expressions are taught at 6
th
 grade. Even, the teaching of 

patterns begins at 2
th
 grade simply. 

Researcher: Can counting rhythmically be a pattern? 

A: This is also a pattern. 7
th
 graders will learn linear and non-linear growth 

pattern in addition to the pattern knowledge in lower grades. 

 

In this situation, Teacher Aôs knowledge of curriculum appeared when she 

emphasized what was taught about patterns in lower grades and judged of how to 

utilize the patterns at 7
th
 grade in this lesson planning. Thus, she planned to remind 

the students what they learnt about patterns in previous year by asking to the students 

ñwhat do you know and remember about patterns?ò with aiming to reveal studentsô 

prior knowledge, and then to teach generalization of non-linear growth patterns. She 

planned to recall what was learnt about patterns at 5
th
 grade, and to tell them linear 

and non-linear patterns they would learn in addition to their existing knowledge 
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about patterns. Teacher A judged her knowledge of curriculum between grades to 

organize instruction of generalization of patterns. To do this, it is important to note 

that the teacher used the knowledge to present patterns with recalling studentsô prior 

knowledge, and emphasize what was learnt in previous grades and what would be 

learnt in this grade (KCC2+). 

Teacher A planned to teach the generalization of patterns as she sequenced 

that first was linear growth patterns and then non-linear growth patterns. To do this, 

she chose examples and activities to start and to take the students deeper into the 

pattern generalization appropriately (KCT1+). She planned to start with teaching the 

generalization in linear growth pattern even though it was taught at 6
th
 grade. She 

believed that if the students conceptualize the generalization of linear pattern, they 

can generalize the non-linear patterns easily. With respect to this, she sequenced the 

content for the instruction to be effective as she thought. She used her knowledge in 

organizing the contents in a reasonable way that the knowledge of generalization of 

linear pattern was a prerequisite concept for learning generalization of non-linear 

patterns (KCT2+). To start the instruction, she planned to begin with simple linear 

growth figural patterns that they could be represented with numbers as 5, 10, 15é or 

4, 8, 12é from the book ñElementary and Middle School Mathematicsò by Van de 

walle et al. (2013, p. 269). Teacher A aimed to remind the pattern concept and make 

the students feel the need of a relationship with these examples as introduction to the 

topic. The examples were linear growth figural patterns that their general rules were 

3n, 5n, and 4n, and could be written using variable only and not require any 

constants. Thus, they were simple examples and appropriate for the grade level and 

beginning of the instruction. One of the examples for linear patterns that Teacher A 

planned to give from the book as in the figure: 
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Figure 5 The example for linear growth figural pattern (Van de walle et al., 2013, p. 

269) 

 

The beginning pattern examples had the first three steps (as seen in the figure 

for one example), and Teacher A planned to ask students to work in pairs or small 

groups to represent the number of units in figures in these patterns as numerical 

within a table. After using the table, Teacher A planned to draw a graph with respect 

to the position number and the number of triangles in figures. She planned to show 

other three patterns with the same procedures as tabular and graphical representation. 

The teacherôs knowledge to link tabular and graphical representations to underlie the 

relationship in pattern to conceptualize generalization would be effective as she 

planned to use multiple representations and connect them to represent the concept of 

general rule (SCK2+). She planned to complete the recalling process with these 

examples and finish the introduction part of the lesson plan.  

In the middle of the lesson plan, she planned to focus on generalization 

patterns algebraically and she planned to do three pattern generalization activities to 

take the students deeper into the content. The two activities had linear growth 

patterns and it was asked to represent the pattern with a table and a graph, and 

explore the relationship between the position number and the number of units in 

figures. The first pattern was a linear figural pattern constructed with matchsticks and 

its terms were presented as 3, 5, 7, 9 é with numbers. This pattern was different 

from the beginning patterns as its general rule was 2n+1 and formed with a variable 

(2n) and constant (+1). Although this example was a bit more difficult to get the 
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general rule than the starting activities, it was appropriate for the sequence of the 

activities and the level of the students in this grade regarding the objective of the 

curriculum. Teacher A planned to represent the number of matchsticks in the figures 

in a table and then with a graph. Her knowledge appeared in using tabular and 

graphical representations and linking them once more that she planned to teach 

pattern generalization with providing these connections throughout the lesson 

(SCK2+).  

The second activity was similar to the previous pattern activities. It was asked 

to generalize the linear growth numerical pattern and also to find the 20
th
 term 

particularly. In the activity, it was asked to model the terms (3, 6, 9, 12 é) with 

matchsticks first and to fill the blanks in the given table as in Table 4: 

 

Table 4 The table to represent the figural pattern with numbers 

 
The position 

number 

The number of 

matchsticks 

The relation between the position number and 

the number of matchsticks 

1 3 3x1 

2 é 3x2 

3 é é 

4 é é 

: : : 

n é é 

 

The activity had three questions: 1) explain the relationship between the 

position number and the number of matchsticks, 2) find how many matchsticks are 

used for the 20
th
 term, 3) find the 2

nd
, 5

th
, and 8

th
 term of the pattern whose general 

rule is 6n-2. In the activity, it was asked to find 20
th
 term after exploring the 

relationship. Asking the 20
th
 term might be more appropriate before getting the 

relationship since it also could provide to think on the need of a general rule to find 

the other terms. Besides this, the third question was related to another pattern (6n-2), 

but it was used in the context of this activity. Thus, this question was not appropriate 

since it was not related to 3, 6, 9, 12 é pattern. The teacher did not indicate how she 

would implement this activity in lesson plan. However, changing the sequence of the 

first two activities could be more appropriate that generalizing 3, 6, 9, 12 ... pattern 
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before 3, 5, 7, 9 ... pattern was more reasonable regarding the difficulty of them. 

Because generalizing the pattern as 3n could be easier for students than getting 2n+1 

for the reason that using a constant in general rule might be difficult to understand. 

Besides, 3, 6, 9, 12 ... pattern was similar to the examples in recalling phase. Thus, 

the order of generalization of these patterns should be changed to provide the 

development of studentsô understanding.  

The third activity called ñModeling patternò was non-linear growth figural 

pattern with formed unit cubes. It was asked to show the terms in a table and to 

generalize the relationship algebraically. The pattern was given as 2, 6, 12, 20 é 

with figures to the fourth term. First, it was asked to continue the pattern to the next 

two steps with numbers and figures. In the second part of the activity, it was asked to 

fill the blanks in the Table 5 5 and write the term for the n
th
 number algebraically.  

 

Table 5 The table to represent the figural pattern with numbers 

 

The position 

number 

The number of unit 

cubes 

The relation between the position number 

and the number of matchsticks 

1
st
 option 2

nd
 option 

1 

2 

3 

4 

. 

. 

. 

 

2 

6 

12 

20 

. 

. 

. 

1.(1+1) 

2.(2+1) 

3.(3+1) 

4.(4+1) 

. 

. 

. 

1
2
+1 

2
2
+2 

3
2
+3 

4
2
+4 

. 

. 

. 

n  é? é? 

 

Presenting two options to show the relationship of the pattern could be useful 

for the studentsô understanding. Especially, the 2
nd

 option was related to exponential 

number that the students had learnt before the pattern generalization could provide 

students to connect the topics. It was asked to express the written numerical 

relationships verbally in the third part of the activity. However, Teacher A included 

this activity to the lesson plan since it was in the textbook and it exemplified a non-

linear pattern. She did not make any explanations about the reason of selecting it and 
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how she would implement this activity. She planned to ask the questions in the 

activity and wanted the students to answer them. This was the last activity in the 

lesson plan and this pattern was the only non-linear growth pattern as an example. 

This non-linear growth pattern was generalized as n.(n+1) or n
2
+1 and this 

expression required exponential forms of the variable (n
2
) and also a constant (+1). 

Thus, this example could be more difficult than linear growth patterns for students 

and the teacher gave the table as seen above to the student instead of asking them to 

draw it by herself. In this regard, Teacher A sequenced the examples and activities to 

teach pattern generalization from simple to complex ones using her knowledge and 

they also were appropriate for the level of the students (KCT1+).  

Although Teacher A stated the requirement of teaching non-linear growth 

pattern for 7
th
 graders, she also explained studentsô difficulty in generalizing patterns 

algebraically based on the previous experiences. To facilitate understanding the 

relationships in patterns, she planned to make links among representations to give the 

ideas about the relationships in the patterns by representing figural pattern with 

numbers in a table and showing the slope in graphic: 

A: I will ask the students to be a group of 2-3 people, and to examine the 

pattern and answer the questions. I will want them to represent the figures in 

pictorial pattern as numbers in a table. Then, there is also the graph of 

function.  

Researcher: What is the graph of function? 

A: For example, it is about how the terms in the patterns change regarding 

their position numbers. The change of the number of triangles with respect to 

the position number. But I did not examine for this pattern (in the Figure 5) 

how I can use the graph of function. I will look before the lesson. 

 

In this situation, Teacher A used her knowledge to link representations among 

figural, tabular, and graphical representation to underlying the relationship between 

the position number and the number of triangles as functional thinking (SCK2+). 

Especially, she emphasized that the graphical representation could be useful for 

students to show the change of the terms regarding their position numbers and she 

chose to use it for improving studentsô learning of the relationship in patterns. 

However, her knowledge of particular representation for learning the relationships 

between input and output values in pattern based on functional thinking appeared 
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inadequately (KCT3-) as she could not explain the use of this representation for the 

pattern in the script above. 

Teacher A also indicated the difference between linear and non-linear pattern 

pointing out these last two activities:  

A: In 3, 6, 9 ... pattern, the difference between terms is constant, that is 3. 

Additionally, there is an example for non-linear pattern in the textbook. The 

ñModelling the patternò activity is an example. The terms of this pattern 

goes 2, 6, 12, 20 .... 

 

She stated the difference was constant in linear growth patterns, while she 

was giving Modeling Activity pattern as an example for the non-linear growth 

pattern. The teacher A had the knowledge of the patterns types and their properties 

and used technical language with calling the name of the patterns as linear growth 

pattern and non-linear growth pattern correctly by giving examples (CCK1+). At this 

point, she expressed her concerns and anticipations about studentsô difficulties to 

find the general rule of patterns:  

A: It is too difficult for students to identify the relationship. Students have 

difficulty with writing the general rule of the pattern. For example, in 3, 5, 7 

é pattern, they can say ñit increases by 2ò. But, they have difficulty with 

writing the general rule algebraically. é The generalization in non-linear 

patterns is more difficult for students. Even though I give the figures for 

representing the pattern, it is difficult to understand the growth of the figures 

for studentsé Indeed, the students were taught patterns and generalization 

of patterns at 6
th
 grade. But, I cannot know how they learnt é Perhaps, if the 

students see the numbers one under the other in a table and then in a form 

like that for example 3.1, 3.2, 3.3 é for 3, 6, 9é pattern, they can write the 

general rule in algebraic form easier. ébut this activity can be extra. If the 

students model the patterns by using cubes or matchsticks themselves, they 

can see the relationship easily. It can be better to model by themselves. 

 

In her explanations, her knowledge to anticipate where and how students had 

difficulty in generalizing pattern algebraically appeared (KCS1+). She explained that 

although students expressed the relationship between the terms as difference (it 

increased by 2) verbally, they could not represent the relationship algebraically. She 

especially emphasized studentsô difficulty of generalizing non-linear pattern. To 

support studentsô understanding, she suggested using figural patterns, tabular 

representation, and manipulatives for modelling the pattern. With respect to the 
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suggestions, she predicted about studentsô thinking and her knowledge about what 

the students would find interesting and motivating for understanding the relationship 

in the pattern to improve their understanding was appeared appropriately (KCS6+). 

She explained that using figural pattern could help the students to show the growth 

between figures. In a table, students could see the arithmetical relationship such as 

3x1, 3x2, 3x3 ... one under the other in rows and it could guide students to write the 

general rule algebraically easier by recognizing what changes and where n should be 

written. The other suggestion that she proposed was using manipulatives such as 

cubes and matchsticks, and modeling the pattern by students. Teacher A thought 

modeling would be better for students. She made more explanations on using figures 

and modeling to represent the pattern:  

A: The models can be used, but it is important that how students investigate 

the relationship and what perspective they look the models or figures. At that 

point, the teacher should guide the students to investigate the increment 

between the figures. My lecturer marked the extra added ones in figureé but 

I cannot remember now, I should examine it before the instructioné If the 

manipulatives are given only, and the students are asked to find the 

relationship by themselves, it will not be useful. Modeling should support 

with other representations. After modeling, the translation of the terms to 

graph, and then to table is also important. 

 

Teacher A gave emphasis to the use of figures and manipulatives to represent 

the pattern effectively while teaching generalization patterns. She noted the 

importance of guiding students for where and how they should look these models to 

explore the increment or growth to get the relationship. However, she could not 

explain more how to use the manipulatives concretely or figures in figural pattern 

because she could not remember. She could not have adequate knowledge about 

using the representations or models for guiding students to explore the relationship in 

figural patterns (SCK7-). She also thought that these figural representations should 

be supported with tabular as numerical and graphical representations (SCK2+).  

After Teacher A expressed her anticipations for studentsô possible difficulties, 

she continued to tell about the flow of the planning. She stated giving the definition 

of general term after the generalization of 3, 5, 7, 9 é pattern algebraically, and the 

following two patterns that were 3, 6, 9 ... as linear growth pattern and 2, 6, 12, 20 é 
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as non-linear growth pattern in the lesson plan. The definition was from the textbook 

and Teacher A selected to give it in the lesson. This definition was: 

ónô is the letter that is used to represent the general rule of the pattern. This is 

a sign, notation, symbol that indicates the position number of the numbers in 

the pattern. Thus, n is called as n
th
 term, the representative number, or the 

general term of the pattern. This n is a variable. 

 

This definition was from the textbook and the teacher selected to give it to the 

students. Thus, her knowledge about usable definition appeared as merely choosing it 

from the textbook (SCK3ƍ). This definition included the function of n as general 

term that it was a letter and was used to represent general rule. It is important to note 

that ñnò was defined as a variable, since it varied with respect to the position number. 

The teacher wanted to give this definition that the textbook presented it and the 

teacher tried to present in the instruction what the textbook gave. 

In general, Teacher A planned to teach the generalization of patterns as she 

sequenced that first was linear growth patterns and then non-linear growth patterns. 

To start the instruction, she planned to begin with simple linear growth figural 

patterns and then, she planned to focus on generalization patterns algebraically and 

she planned to do three pattern generalization as activities to take the students deeper 

into the content. In this regard, Teacher A sequenced the examples and activities to 

teach pattern generalization from simple to complex ones and they also were 

appropriate for the level of the students with her knowledge (KCT1+). However, she 

did not state the answers of the questions in the lesson plan and any expected 

answers that the students would give. However, involving the expected answers 

could help the teacher to prepare herself how she would handle or overcome the 

possible situations. This preparation also could prevent the waste of the time from 

the instruction. Besides, she did not determine the homework and assessment 

questions from textbook and workbook and so she did not indicate them in the lesson 

plan. 

After the interview with the teacher, revision was the part where the teachers 

made the final version of their lesson plans with suggestions of the researcher. For 

the suggestions, the setting for pattern generalization was explained in Appendix B. 
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Revision included adding new examples, activities and acknowledging suggested 

method or techniques to lesson plans with the aim of supporting studentsô 

understanding. Teacher A decided to add the pattern task and revised the middle part 

of her lesson plan where she asked students to generalize several patterns from 

different resources. The implementation of the pattern test based on the teacherôs 

knowledge was explained in the implementing the suggested activities practice in the 

instruction section. One of the suggested activities was dot patterns that she did not 

prefer to use it since her knowledge of objectives as grade level, both 7
th
 and 8

th
 

grade, of the curriculum appeared appropriately without involving these activities 

(KCC1+).  

 

4.1.1.2. The Extracted Knowledge Types from Planning for Generalization of 

Pattern 

 

Table 6 The extracted knowledge types from planning for generalization of patterns 

 

 

 

 

 

Table 6 shows what type of knowledge of subject matter knowledge (SMK) 

and pedagogical content knowledge (PCK) that Teacher A had in planning phases. 

(+) sign indicates the teacherôs existing knowledge was adequate or appropriate, 

while (-) sign indicates the teacherôs existing knowledge was inadequate or 

inappropriate. Each sign (+ or -) in the same knowledge type refers to Teacher Aôs 

different intention of use this knowledge during planning. Thus, the knowledge 

which refers to same intention of use the knowledge was not presented in the table. 

Besides, for SCK3 knowledge type, (ƍ) is used to indicate the teacherôs knowledge to 

develop definition or explanation appeared as merely choosing it from the textbook 

SMK PCK 

CCK SCK KCS KCT KCC 

CCK1(+) SCK2(+,+,+) 

SCK3(ƍ) 

SCK7(-) 

 

KCS1(+) 

KCS6(+) 

KCT1(+,+) 

KCT2(+) 

KCT3(-) 

 

KCC1(+,+) 

KCC2(+) 
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and presenting to the students. Since this situation meets the code (SCK3) partially, 

(ƍ) sign is used.  

In general, CCK1(+) indicates that her knowledge of the patterns types and 

their properties, and her knowledge to use of technical language with calling the 

name of the patterns as linear growth pattern and non-linear growth pattern correctly 

by giving examples was adequate. SCK2 indicates that Teacher Aôs knowledge to 

link tabular (SCK2(+,+)) and graphical representations (SCK2(+) to underlie the 

relationship of pattern to conceptualize generalization was appropriate in order to use 

multiple representations and connect them to represent the concept of general rule. 

However, SCK7(-) indicates that her knowledge about using the representations or 

models for guiding the students to explore the relationship in figural patterns was 

inadequate that, she could not explain how to use the manipulatives concretely or 

figures in figural pattern. Besides, she emphasized that the graphical representation 

could be useful for students to show the change of the terms, but she could not 

explain the use of this representation for the pattern. Her knowledge of particular 

representation for learning the relationships between input and output values in 

pattern based on functional thinking appeared inadequately (KCT3(-)).  

Related with the knowledge of studentsô thinking, KCS1(+) and KCS6(+) 

indicates that her knowledge to anticipate the students had difficulty in generalizing 

pattern algebraically, and her knowledge to predict using figural patterns that the 

students would find interesting and motivating for understanding the relationship in 

the pattern was appeared appropriately. KCT1(+,+) indicates her knowledge to 

choose examples and activities to start with simple linear growth figural patterns was 

appropriate; and her knowledge to choose which examples and activities to take the 

students deeper into the pattern generalization with linear growth patterns and non-

linear growth patterns as simple examples to complex ones was appropriate. In the 

curriculum perspective, KCC is related with curriculum knowledge and KCC1(+,+) 

indicates that her knowledge of objective that belonged to content and curriculum for 

designing lesson was essential and adequate. Besides, KCC2(+) indicates that her 

knowledge to judge and present the instruction appeared adequately with 
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emphasizing counting rhythmically and then pictorial patterns in lower grades, and 

then generalization of patterns algebraically at 6
th
 and 7

th
. 

 

4.1.1.3. Planning for Teaching Operations with Algebraic Expressions 

 

The planning process of operations with algebraic expressions included the 

lesson plans that the teacher used for the instruction and the teacherôs responses and 

anticipations about preparing the lesson plan in the interview. Teacher A explained 

the structure of her lesson plan with rationale and stated anticipations about studentsô 

thinking while teaching. 

Teacher A planned the lesson with respect to the objective for operations with 

algebraic expressions in the curriculum as ñStudents should be able to add and 

subtract algebraic expressions and students should be able to multiply two algebraic 

expressionsò. These objectives are under algebraic expressions sub-learning domain 

and algebra learning area. The teacherôs knowledge of objective that belonged to 

content and curriculum for designing lesson was essential (KCC1+). Teacher A 

planned the lessons with respect to the order of the objectives in the curriculum. 

Thus, she planned to teach addition and subtraction of algebraic expressions first, 

and then multiplication of algebraic expressions. She indicated that variable, and 

addition and subtraction with integers are the prior concepts and knowledge that 

students should have for learning operations with algebraic expressions. She allowed 

five lesson hours for the instruction in general. She did not detail the organization of 

time for what she would do during the instruction. For the instruction, she planned to 

use question-answer technique, discussion and direct instruction method. As 

materials, she stated to use algebra tiles to model algebraic expressions.   

Teacher A gave a general overview about how she designed the lessons at the 

beginning of the interview. First, she explained that she planned to remind term and 

coefficient concepts as prior knowledge with the Beginning Activity. She planned to 

recall term, coefficient, and unknown concepts from 6
th
 grade with this activity. 

Teacher A judged her knowledge of curriculum between grades to organize 
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instruction of operations with algebraic expressions. To do this, it is important to 

note that the teacher used her knowledge to present the instruction with recalling 

studentsô prior knowledge, and emphasize what was learnt in previous grades 

(KCC2+). She planned to do the following activity in the figure:  

 

 

 

 

 

 

 

 

 

Figure 6 Beginning Activity 

 

This activity was from 6
th
 grade textbook and its purpose was to make the feel 

of the addition or subtraction of similar foods in the plates. However, the teacher 

indicated to involve this activity in order to remind the concepts of term, coefficient, 

and unknown with questioning of why these concepts were needed and what they 

were. But, the information in the activity was known, it would be troublesome to 

represent the known situations with algebra concepts. She did not state any 

explanations about the implementation of the activity. After this activity, she planned 

to explain the concepts about algebraic expressions with examining in 8t+3, and 9x-7 

expressions. To exemplify, she indicated in her lesson plan as 8t is a term, +3 is a 

constant, 8 is a coefficient, and t is variable (unknown). Her knowledge to connect 

the topic being taught to algebraic expression from prior year appeared appropriately 

as she planned to remind the concepts of term, constant, coefficient, and variable 

with using these examples (SCK1+). Beginning with the examples was appropriate 

since the students had learnt them in previous year and they would remember them 

easily. However, it could be more appropriate to change the sequence of the 

beginning activity and the examples since the first activity was about like term 

concept and it could provide the intuition of like term for learning of the addition and 

subtraction operations for the middle of the lesson. Thus, her knowledge to choose 

Activity: There are 2 eggs and 4 olives in one of the plates, and there are 

1 egg and 6 olives in the other plate. In total;  

How many eggs are there?  

How many olives are there?  

Can you add olives and eggs?  

Can you subtract eggs from olives? 
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which examples to start appeared inefficiently at this point (KCT1-) as the examples 

were appropriate, but the order of activity and examples should be changed to 

provide the development of studentsô understanding. Then, Teacher A would ask the 

students to write the definitions of term, constant term, and coefficient concepts in 

their notebooks. The definitions were: 

Each of the addends that form the algebraic expressions is called term. The 

terms that do not have variable are constant term, the number that is written 

as factor before the variable is called as coefficient. 

 

The definitions were the textbook definition and the teacher selected to give 

them to the students. Thus, her knowledge about usable definition appeared as 

merely choosing it from the textbook (SCK3ƍ). The definitions included the 

explanations that term was described as each addend of the algebraic expression first, 

and constant term was defined as without variable using the term concept, and 

coefficient was called the number that was multiplied with the variable. The only 

thing might be a problem that was the use of addend concept. Because it could make 

the students to think that subtraction was ignored, and only addition was investigated 

to determine the term in the expressions. The teacher wanted to give this definition in 

order to remind the students what the concepts were. 

In the middle of the lesson, she planned to teach ñlike termò concept to 

provide the students to connect the addition and subtraction of algebraic expressions. 

To do this, she planned to ask the following question from 6
th
 grade textbook to 

make the feel of the concept of like term: 

Question1 (Q1): There are 6 chickens and 2 cocks in one of the coops, and 

there are 4 chickens and 1 cock in the other coop. When we get them 

together in a third coop, write the algebraic expressions to represent them in 

this coop. 

 

This question was similar to the first activity where she planned to ask the 

students to represent the number of eggs and olives as algebraically. Teacher A 

aimed with this question to show the number of these animals algebraically and then 

of how like terms were added when the two coops were gathered. To illustrate, the 

first coop was represented as 6t+2h; the second coop was represented as 4t+h; and 
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lastly the third coop was represented as 10t+3h when the first two coops were got 

together (t represents chicken; h represents cock). However, as in the Beginning 

Activity, the number of animals was known, thus it would be troublesome to 

represent the known situations with algebra concepts. 

Up to now, she planned to give the idea of like term with Beginning Activity 

and Q1 in a similar way. After these activities, she planned to define ñlike termò as in 

the textbook by using the addition and subtraction of algebraic expressions concepts. 

This explanation was: 

Like terms are the terms that have the variables with same or different 

coefficients in an algebraic expression. The coefficients of like terms are 

added or subtracted for addition and subtraction of algebraic expressions. 

 

This definition was the textbook definition and the teacher selected to give it 

to the students. Thus, her knowledge about usable definition appeared as merely 

choosing it from the textbook once again (SCK3ƍ). This definition included the 

explanations for like terms that had variables with same or different coefficients. 

However, this definition could be inadequate that x and x
2
 are the expressions that 

have same variable but they are unlike terms. Thus, it should have been stated that 

the like terms had the same variable with the same exponential forms. Teacher A 

planned to use it for the reason that the textbook presented, but she did not examine it 

and think that it might cause any misunderstandings.  

Afterwards, she indicated to continue the lesson with modeling the addition 

of algebraic expressions. While she was explaining the design of the lesson plan, she 

emphasized the use of algebra tiles also for subtraction and multiplication. When the 

researcher asked why she thought that the use of algebra tiles was useful for the 

students, she made following explanations:  

A: The students think that x is an abstract concept. What is x? What is 3x, 

3x-2? When they model them with algebra tiles, they can understand that x 

is not a frightening thing. Even, 8
th
 graders have a fear about using algebra. 

Using modelling with tiles can provide the algebraic expression to be more 

concrete. The tiles also will be yellow. The students can understand that the 

same colored tiles can come together. They are visual materials and the 

students can visualize easily.  
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In this situation, Teacher A explained that the visualization of using algebra 

tiles in modelling, and the same colored tiles could assist the students to 

conceptualize the addition of algebraic expressions. Since the students had difficulty 

with the conceptualization of the variable concept, and related with addition of 

algebraic expressions, the teacher suggested that the visualization of abstract 

concepts with tiles could support studentsô understanding by using her knowledge to 

understand the needs and difficulties of students with working on this topic 

(KCS3+). The first example to model with algebra tiles was (3x-2)+(2x+6) in her 

lesson plan. While modeling, she planned to represent the expressions separately first 

using the tiles as in the following figure: 

 

 

 

Figure 7 The representation of x, +1, and -1 with tiles  

She explained the implementation of the modeling that she indicated to group 

the variables (3x and 2x), and constant terms (-2 and +6) separately to add the 

expressions and to get the result as 5x+4 in her lesson plan. Then, she planned to 

exemplify the subtraction of algebraic expressions. For teaching subtraction, she 

would use the same procedure as teaching addition that she planned to ask a question 

(see Q2) similar to Q1 first, and then use the modeling for (5x-3)-(2x-2) with algebra 

tiles.   

Q2: A farmer had 3 cows and 9 sheep. The farmer sold 1 cow and 5 sheep. 

Write algebraic expression to represent the rest of the cows and sheep. 

 

In general, Teacher A designed the instruction of addition and subtraction 

with algebraic expressions with beginning with the questions (Q1 and Q2) that had 

contexts required representing of given information algebraically and then doing 

operations with using the algebraic representations. The questions could be useful to 

teach the requirement of like terms to add and subtract, however representing the 

known situations with using variable next to the number of items (e.g. 6 chickens = 

6t, 4 cocks= 4h) might be troublesome that the numbers of them were known and it 
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was not needed to use variable. After solving these questions, she planned to model 

addition and subtraction operations with using algebra tiles. Teacher Aôs knowledge 

to choose which examples to use take into the students deeper into the content 

appeared appropriately (KCT1+) as she planned to connect the like term concept 

with real life situations first and then to use models to explain mathematical point 

that was how the like terms were added or subtracted. Thus, the sequence of the 

examples and activities to teach addition and subtraction with algebraic expressions 

were appropriate for the development of studentsô understanding. 

For the second objective of topic as multiplication with algebraic expressions, 

she designed the lesson as in the instruction of addition and subtraction. First, 

presenting an activity that had a context about saving money, and then modeling 

several multiplication operations. The activity called as Nerminôs Money was in the 

textbook and it was required to write algebraic expressions of verbal statements, and 

the multiplication of a number and an algebraic expression. This activity was as in 

the following: 

Nermin saves money from her allowance and has some in her moneybox. 

Nermin puts 5TL that her mother gave to her into her moneybox. Her father 

said that he would give money that 2 times of the saved money. Write the 

algebraic expression that Nermin would take from her father and explain 

how you would write it. 

 

This question had a real life context and could connect the multiplication. It 

required to multiply 2 and n+5, which could be a simple example for the beginning 

of multiplication. Thus this activity was appropriate for the students as her 

knowledge to choose which examples to start appeared at this point (KCT1+). Later 

on, Teacher A planned to ask the following question to the students: ñWrite the 

algebraic expression that shows the perimeter of the below rectangle (Figure 8): 
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Figure 8 The rectangle with m and n length sides  

Teacher Aôs aim for asking this question was to connect the repeated addition 

with multiplication, thus she planned to show 2m+2n as the multiplication of 2 and 

the total length of sides of the rectangle as 2.(m+n). This question might be useful for 

the connection with addition instead of directly using multiplication procedures. 

Teacher Aôs knowledge connect the topic to addition as previous topic appeared 

effectively as she used the concept of perimeter of rectangle (SCK1+). After this 

example, Teacher A planned to model 4x and 3.(x+2) with algebra tiles. She 

explained the use of tiles as in the textbook. The textbook presented the modeling 

with showing 4 items of x tiles and showed the rectangle with 4 and x length sides. 

For other modeling, the textbook showed the rectangle with 3 and x+2 length sides 

and presented the area of it. The teacher would model as in the textbook that she did 

not make more explanations for these examples. Then, she planned to ask what (4m-

3)+(4m-3) was. This question was similar to the question that was asked the 

perimeter of the rectangle as it also provided the connection of repeated addition with 

multiplication. Since this question was similar to the perimeter of the rectangle, it 

could be asked after it and the sequence could be changed as before the modeling 

activities. This sequence could be more appropriate as connecting with addition for 

multiplication first could provide to understand the underlying idea of multiplication, 

and then modeling with tiles of multiplication for the development of studentsô 

understanding. Thus, the place of this question should be changed as after the 

rectangle example. As a different example, she planned to ask the students to write 

the expression whose model was given as in the Figure 9: 
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Figure 9 The representation of modeling of 2.(2x+1) 

 

The teacher would expect the students to write 2.(2x+1) and it was inverse 

procedure of the modeling of given multiplied expressions.  

She especially emphasized the use of algebra tiles to teach operations with 

algebraic expressions in the interview. However, she also indicated that the students 

would have difficulty with multiplication of algebraic expressions and the use of 

algebra tiles in the instruction. She expressed her concerns and anticipations about 

studentsô difficulties in applying the distributive property in multiplication and 

modeling with algebra tiles for multiplication: 

A: The students can understand easily addition and subtraction by modelling 

with tiles. Since they see the similar ones and add them to find the number of 

them. But, they have difficulty with the multiplication, especially while 

using distributive property such as 2.(3x+2). The students can get confused 

addition with multiplication. Perhaps, they can understand it by modelling 

with tiles. But they have difficulty using the tiles, also.  

 

In this situation, Teacher A indicated that the students had difficulty in using 

distributive property in multiplications of algebraic expressions with the reason for 

confusing the addition and multiplication, although they could do addition and 

subtraction operations easily. She suggested the use of algebra tiles to overcome this 

difficulty, but she also considered that the students had difficulty with it as her 

knowledge to anticipate where and how the students had difficulty about application 

of distribution property appeared appropriately (KCS1+). 

Therewith, when the researcher asked what possible misconceptions the 

students had while working on this topic, the teacher made explanation with focusing 

on 4x as an example as in the following script: 

A: For example, multiply 4 by x, it is 4x. The students can ask if a number 

substitute for x as considering 4x two-digit number. Typical error. They have 

difficulty with these types of representations of multiplications. However, 
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they might understand the meaning of x as an unknown by modelling with 

tiles. Besides, I had also difficulty with teaching 4x as multiplication.  

 

In this situation, Teacher A stated that the misconception about multiplication 

expressions such as 4x and explained that the students could consider 4x as two-digit 

number and they could not perceive as multiplication 4 by x. Her knowledge of 

common studentsô misconceptions about algebraic expressions appeared 

appropriately (KCS5+). She suggested using modelling with tiles to overcome this 

misconception. When she was asked how the tiles could provide the students to link 

to multiplication idea, she explained as in the script:  

A: I will make these tiles by myself or I will want the students to prepare 

them. They can make with using colorful papers. These tiles modelled the 

multiplication of algebraic expressions. For example, 4x, suppose this 

 represents ñxò. How many x are there? Letôs add. We put 

four of them side by side. Then, I connect like this, the shortcut is 4.x of this 

addition operation. We can do like this.  

 

 

 

 

 

Figure 10 The representation of 4x with algebra tiles 

Teacher A explained that the algebra tiles would provide the demonstration of 

the repeated addition by putting 4 tiles side by side. She planned to link the 

representations for multiplication operation with using algebra tiles in this way.  

However, she did not indicate the concept of area calculation in this representation to 

link algebraic and geometric representation since her knowledge to choose, make and 

use the algebra tiles was appeared inadequately. Focusing on repeated addition in this 

representation could not have provided this link to underlie the multiplication idea 

(SCK2-). Lastly, the teacher planned to ask the multiplications from the textbook 

exercises about the application of distributive property (see Figure 11). She did not 

indicate how she applied this property especially.  
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Figure 11 The multiplication exercises (6
th
 grade textbook, Sevgi Publications, p. 

192) 

 

In general, Teacher A designed the instruction of multiplication with 

algebraic expressions by beginning with Nerminôs Money Activity that had contexts 

required representing of given information algebraically and then doing operations 

with using the algebraic representations. Then, she planned to model multiplication 

operation with using algebra tiles. Teacher Aôs knowledge to choose which examples 

to use take into the students deeper into the content appeared effectively (KCT1). 

Since she planned to connect multiplication concept as 2 times of a money with real 

life situations first, and then to connect repeated addition with multiplication, and 

then to use models to explain mathematical point that was how the algebraic 

expression were multiplied based on the area of rectangle. Thus, the sequence of the 

examples and activities to teach multiplication with algebraic expressions was 

appropriate for the development of studentsô understanding.  

After the interview with the teacher, revision was the part where the teachers 

made the final version of their lesson plans with suggestions of the researcher. For 

the suggestions, the setting for operations with algebraic expressions was explained 

in Appendix C. Revision included adding new examples, activities and 

acknowledging suggested method or techniques to lesson plans with the aim of 

supporting studentsô understanding. Teacher A appreciated and included the 

suggested activities by the researcher to revise her lesson plan. The implementation 

of the suggested activities was explained in the implementing of the suggested 

activities practice in the instruction section. Beside the activities, the researcher 

suggested connecting arithmetic with algebra for teaching the properties of addition 
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and multiplication properties in algebraic expressions as a method, and using algebra 

tiles as manipulatives. Teacher B would use algebra tiles as she indicated in her 

lesson plan and appreciate to connect between arithmetic and algebra while teaching 

as a suggestion. 

 

4.1.1.4. The Extracted Knowledge Types from Planning for Operations with 

Algebraic Expressions 

 

Table 7 The extracted knowledge types from planning for operations with algebraic 

expressions 

 
SMK PCK 

CCK SCK KCS KCT KCC 

 SCK1(+,+) 

SCK2(-) 

SCK3(ƍ,ƍ) 

 

KCS1(+) 

KCS3(+) 

KCS5(+) 

KCT1(-,+,+,+) 

 

KCC1(+) 

KCC2(+) 

 

Table 7 shows what type of knowledge of subject matter knowledge (SMK) 

and pedagogical content knowledge (PCK) that Teacher A had in planning phases. 

(+) sign indicates the teacherôs existing knowledge was adequate or appropriate, 

while (-) sign indicates the teacherôs existing knowledge was inadequate or 

inappropriate. Each sign (+ or -) in the same knowledge type refers to Teacher Aôs 

different intention of use this knowledge during planning. Thus, the knowledge 

which refers to same intention of use the knowledge was not presented in the table. 

Besides, for SCK3 knowledge type, (ƍ) is used to indicate the teacherôs knowledge to 

develop definition or explanation appeared as merely choosing it from the textbook 

and presenting to the students. Since this situation meets the code (SCK3) partially, 

(ƍ) sign is used.  

In general, SCK1(+,+) indicates that her knowledge to connect the topic with 

reminding the concepts of term, constant, coefficient, and variable with using these 

examples for teaching addition and subtraction, and to connect repeated addition 

with multiplication as previous topic appeared effectively. To remind the algebraic 
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concepts, SCK3(ƍ,ƍ ) indicates that her knowledge about usable definition of term, 

constant term, coefficient, and like term appeared as merely choosing it from the 

textbook. Especially, her knowledge to choose, make and use the algebra tiles as 

representation was appeared inadequately since focusing on repeated addition in 

using of algebra tiles could not have provided the link among algebraic and 

geometric representation to underlie the multiplication idea (SCK2(-)). However, 

KCS1(+) and KCS3(+) indicate that her knowledge about studentsô difficulty in 

working on variable concept related with addition of algebraic expressions and 

application of distribution property in learning multiplication was appropriate as she 

suggested using algebra tiles to overcome their difficulties. Besides, KCS5(+) 

indicates that her knowledge of studentsô common misconceptions was appropriate 

such as the studentsô thinking of 4.x as two-digit number. For the instructions, 

KCT1(-,+) indicate that her knowledge to choose which examples to start with was 

inappropriate and to use take into the students deeper into the content was 

appropriate. KCT1(+,+) indicates that her sequence for teaching addition and 

subtraction was that first connecting the like term concept with real life situations 

and then using models to explain how the like terms were added or subtracted. On 

the other hand, her sequence for teaching multiplication of algebraic expressions was 

that first connecting multiplication concept with real life situations, and then 

connecting repeated addition with multiplication, and then using models how the 

algebraic expressions were multiplied. In the curriculum perspective, KCC1(+) 

indicates that her knowledge of objectives that belonged to content and curriculum 

for designing lesson was essential and adequate as in the curriculum and KCC2(+) 

indicates that her knowledge to present the instruction appropriately with recalling 

studentsô prior knowledge, and emphasize what was learnt in previous grades. 

 

4.1.2. Instruction 

 

The mathematical knowledge for teaching of Teacher A was extracted from 

her actions throughout the instruction by focusing on common patterns in 
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observation data. Based on the common patterns in the teacherôs actions that she 

performed throughout the instructions, the practices of Teacher A were grouped as 

seen in the Figure 12. The teacherôs purposeful actions to teach the topics were 

grouped into six practices: 1) choosing an example or activity to start teaching the 

topic with connecting to topics from prior years, 2) discussing on the activity related 

to the topic, 3) choosing the examples or activities to use to take the students deeper 

into the topic, 4) implementing the suggested activities, 5) doing exercises related to 

the topic from textbook and workbook, and 6) presenting problems that combine 

knowledge related to other topics. The two different instructions were conducted for 

teaching two algebra topics. The practices of Teacher A were examined within the 

context of topics; generalization of patterns and operations with algebraic 

expressions in the following sections. It is important to note that the extracted 

knowledge types from instruction are also examined with planning before the 

instruction, and the reflections of the instruction in the post-observation interviews, 

and then are evaluated together to conclude Teacher Aôs knowledge for teaching the 

algebra topics.  
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Figure 12 The practices of Teacher A during the instruction 
 

4.1.2.1. Practices in the Instruction of Generalization of Patterns 

 

Teacher Aôs purposeful actions for teaching generalization of patterns were 

grouped into six practices: 1) choosing an example or activity to start teaching 

generalization of patterns with connecting to topics from prior years, and 2) 

discussing on the activity related generalization of patterns, 3) choosing the examples 

or activities to use to take the students deeper into generalization patterns, 4) 

implementing the pattern test, 5) doing exercises related to generalization patterns 

from textbook and workbook, and 6) presenting problems that combine knowledge 

related to exponential numbers. The extracted teacherôs knowledge based on MKT 

framework was analyzed within these practices. The reflection of the instruction after 

each lesson was also presented to provide the teacher to evaluate her instruction by 

herself. The interpretations of the teacher could give information about her 
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knowledge about studentsô thinking and learning with respect to the instruction. The 

classroom dialogues that were most representative for knowledge type the teacher 

had, were selected from the instruction to illustrate how the teacher used her 

knowledge in teaching. 

The first practice was choosing an example or activity to start teaching 

generalization of patterns with connecting to topics from prior years and this title is 

extracted from one of the descriptors of KCT and SCK. This practice examined that 

the teacher chose which example or activity to start teaching pattern generalization 

with rationale, and how she implemented it in the classroom. It included the teacherôs 

recalling process for prior knowledge that students have to learn pattern 

generalization. To do this, the teacher first reminded the prior knowledge related 

with pattern concept that the students learnt in previous grades. Then, connecting 

with them she indicated what they would learn in this grade. For this connection, the 

teachers asked questions about pattern concept, such as what it was, and how it was 

formed. The second practice was discussing on the activity related generalization of 

patterns and this practice was also affected by the descriptors of KCT. This practice 

included a discussion for generalizing linear growth figural pattern with using its 

tabular representation. The teacher emphasized the generalization at this part of the 

lesson since it provided the first teaching of getting the general rule. She let the 

students to explain their answers and provided opputinities to discuss the answers if 

they worked for the entry pattern by encouraging the students to participate. The 

third practice was choosing the examples or activities to use to take the students 

deeper into generalization of patterns and this title also was extracted from one of the 

descriptors of KCT. This was also as a continuation of choosing an example or 

activity to start practice. This practice included how the teacher taught generalization 

of non-linear pattern to improve studentsô knowledge with getting deep the content 

using non-linear patterns that required the exponential formed general rule and thus it 

could be challenging for the students. The fourth practice was implementing the 

pattern test and differs from the non-linear activity with including only linear 

patterns. Since the teacher involved the pattern test that the researcher suggested and 
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the teacher allocated about one lesson hour time, this part of the lesson was explained 

under a separate practice. The fifth practice was doing exercises related to 

generalization of patterns from textbook and workbook, and the teacher asked the 

exercises to the students as in the order of the book. This part was as questioning by 

the teacher and answering by the students. The sixth practice was presenting 

problems that combined knowledge related to exponential numbers as the teacher 

presented three problems from research to improve studentsô understanding of 

generalization of non-linear patterns and she had also given one example the 

beginning of the development. These practices are explained with examining how the 

teacher used her knowledge based on MKT framework in the following sections. 

 

4.1.2.1.1. Practice One: Choosing an Example or Activity to Start Teaching 

Generalization of Patterns with Connecting to Topics from Prior Years 

 

At the first lesson of the instruction, Teacher A began the instruction with 

asking questions about pattern concept. She asked the questions with connecting the 

pattern topic from prior years to recall studentsô knowledge about pattern. She asked 

students what they remembered about patterns from 6
th
 grade and 5

th
 grade, and how 

the pattern was defined. She used her knowledge to connect the knowledge about 

pattern topic between grades (SCK1+). As the students gave answers, she responded 

to students appropriately. When the students gave correct answers, she interpreted 

studentsô answers and made explanations with her own sentences. If the students 

gave answers incorrectly, she asked to the student a new question to make realize the 

error in their answers. Her knowledge to develop a usable definition for the pattern 

concept with using studentsô answers appeared as in the following script: 

A: We will remember the patterns first. What do you remember from 6
th
 

grade and 5
th
 grade? What is the pattern? 

S: Continuing with the same figure. 

A: Does the figure not change? 

S: It changes. 

A: It can change. What is between them? 

S: Particular figures continue by forming a pattern.  
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S: But, the sizes of the figures can change. The figure does not change. It 

goes bigger or smaller. 

S: It goes taller or shorter. 

A: Yes, the patterns are the relations between the different figures, are not? 

We will do operations with numbers in patterns. 

 

In this situation, the students responded to other studentsô answers to correct 

or complete their answers. Teacher A did not respond to the studentsô answers 

individually, but then she interpreted the answers and gave a definition. Her 

knowledge to develop usable definition appeared (SCK3-) and she defined the 

pattern as the relations between the figures, but the patterns were created also with 

numbers and had relationships in them. Thus, her developed definition could be 

inadequate and might cause lack of understanding as if patterns have always figures. 

At that point, she tried to connect this definition with numbers, but she stated the 

operations with numbers at this time. She would state using variables and algebra 

instead of arithmetic to increase studentsô awareness of what they would use for 

pattern generalization. As in the definition, she used the word ñthe relationshipò 

instead of the pattern as if they had same meaning at some points of the flow of the 

lesson. However, the pattern has figures or numbers based on a relationship and her 

knowledge of definition of pattern appeared inappropriately (CCK1-).  

Teacher A sequenced the examples for instruction as simple to more complex 

ones regarding studentsô learning. After reminding the pattern concept and giving the 

definition of it, she started to give the pattern examples to teach generalization. She 

chose to start figural patterns that could be represented with numbers such as 3, 6, 9 

..., 5, 10, 15 ..., and 4, 8, 12, 16 ... from the book entitled ñElementary and Middle 

School Mathematicsò (Van de walle, 2013, p. 269). The general rules of these 

patterns were 3n, 5n, and 4n, and could be written using variable only and they did 

not require any constants. Her knowledge to choose these pattern examples to start 

appeared appropriately as the examples were simple ones and appropriate for the 

beginning and they supported to recall what the students learnt in prior year 

(KCT1+). 



127 

 

Teacher A generally asked the question to one student and focused on his/her 

answers later on throughout the instruction. She sometimes let the students to discuss 

the answers creating the discussion environment. For the first question in which the 

pattern had triangles (see Figure 5), the dialogue between Teacher A and the student 

was in the following script. She asked to the student what the relation could be in the 

terms of pattern and then she explained and justified this studentôs answer: 

A: How is the relationship for this pattern? 

S
*
: It goes 3 by 3. 

A: Yes, add 3 here (3 to 6), add 3 here (6 to 9). It goes like this. It increases 

3 by 3. What is the 4
th
 term? 5

th
 term? 

S
*
: 12 and then 15. 

A: Okay, how can we find this relationship instead of counting one by one? 

Can we write a rule to find 20
th
 term? For example, if what the 100

th
 term is 

asked, do you write the terms to 100
th
 term? 

S
*
: I will multiply 100 by 3.  

A: Since it increases 3 by 3, you say that you multiply 100 by 3. So, you 

multiply the position number by the increment. Is it true? 

S
*
: Yes. 

A: For example, does it work for the 2
th
 term? The position number is 2, the 

increment is 3, 6. It is true. For the 3
rd
 term? 

S
*
: It works. 

A: Multiply 3 by 3, 9. It works. Do you agree with your friendôs idea? So, 

what do we do with the position number and the increment? 

Students: We will multiply. 

(S
*
 represents the same student) 

 

In this situation, Teacher Aôs aim was guiding the students to get a rule to 

find the asked terms. Thus, she asked 20
th
 term, but without waiting an answer, she 

asked what the 100
th
 term was. In this dialogue, Teacher A generally explained the 

studentôs ideas and justified it by doing multiplication as her knowledge of how to 

explain and justify the studentôs mathematical ideas about finding 100
th
 term of the 

pattern appeared adequately (SCK4+). However, she did not ask other students what 

their ideas were and only used the studentôs answer to explain how the relationship 

could be explored. Lastly, Teacher A interpreted the meaning of this multiplication 

as the position number and the increment by herself without allowing the students 

find out it. She also exemplified this multiplication for the first three terms as in the 

following representation: 
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Figure 13 The representation of the multiplication of the position number and the 

increment by Teacher A 

 

In this situation, Teacher A did not write multiplication symbol ñxò or ñ.ò 

between numbers first, but she used the equal sign after the numbers and multiplied 

them. Her knowledge of how mathematical language was used appeared 

inappropriately (SCK5-) since she did not use required notation (multiplication sign) 

and this representation was not correct. 

For the first question, while the student was answering for what the 4
th
 and 5

th
 

term, the teacher filled the table and wrote the numbers in it. Teacher A used the 

table to show the relationship between terms in the patterns throughout the 

instruction. As in the first question, generally she wanted the students to form a table 

to represent the figural patterns and numerical patterns with numbers in the table. 

Teacher A asked what the terms were respectively and wrote these numbers in the 

table. She transferred the units of figures as numbers in the table and pointed out the 

difference between the terms in the table as seen in Figure 14: 

 

Figure 14 The tabular representation for the terms of the first pattern used by 

Teacher A 
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Her knowledge to choose, make and use the tabular representation appeared 

with focusing on the arithmetical relationships in tabular representation to underlie 

the relationship in pattern to conceptualize generalization could be effective 

(SCK7+). Actually, she had emphasized using graphs and linking among these 

representations in lesson her planning. But, she did not mention about it for this 

question. She asked what the 20
th
 term and then 100

th
 term of the pattern was in order 

to make feel the need of a rule to find these asked terms. After she stated the 

multiplication of the increment and the position number, she guided the students to 

write an unknown number using letters: 

A: When the position number is 20, and the increment is 3, then the term is 

60. If we continue this, for example, we say, letôs write an unknown number 

here. What can we write? We represented with letters, a or b. 

 

She wrote a as the unknown number in the position number row and in the 

right column after the 20
th
 term (see Figure 14). At this point, her knowledge of how 

mathematical language was used appeared inappropriately since she used ñan 

unknown numberò term instead of variables (SCK5-). The concept of variable is 

essential to understand the generalization of patterns as the general term is changed 

based on the position number. However, the unknown number term is used for 

equations, and different values cannot be written for the unknown numbers. The 

number which provide the equality in the equation are substituted for an unknown 

number. Then, she wrote a in the position number row and wrote 3a in the number of 

triangles row. This situation, representing the multiplication 3 and a as 3a without 

explaining might be troublesome for the students since this representation did not 

show clearly the multiplication operation and this was the first example. Teacher A 

should have explained the steps in procedures in clearer way.  

Teacher A used the same procedure to get the general rule for the following 

three pattern examples and the following script exemplified how Teacher A made 

generalization for the linear growth pattern: 
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Figure 15  The example for linear growth figural pattern (Van de walle et al., 2013, 

p. 269) 

 
A: Now, you are drawing a table. Write the position number, and what can 

you write the second row? The number of squares. How does the position 

number go on? 1, 2, 3, 4. (She is drawing the table). First, we will find the 

20
th
 term, and then a

th
 term. Okay? How does the relationship between the 

position number and the number of squares change? Continue for the 4
th
 

term, and then do the 20
th
 term last. Then, write ñaò. Examine the pattern 

and try to find out the relationship. How many squares in the 1
st
 picture? 

Then, find the 2
nd

 picture.  

S
*
: 5. 

A: What is the difference between terms? Try to find out. We are trying to 

find the pattern between the terms in terms of numbers. Come to the board. 

S
*
: (She is writing 5, 10, 15, 20é 60, 5a) 

S: She did wrong. (S
*
 is erasing 60) 

A: How many squares in the 1
st
 picture? 5. For the 2

nd
 picture? 10., for the 

3
rd
 picture, 15. So, what is the increment? 

Students: 5. 

A: Multiply the position number by the increment. What is the increment for 

20
th
 term? 5. So, what is it? It is 100. Then, multiply a by 5. Is it 5a? 

Students: Yes. 

A: Is there something that is not understood, here? 

Students: No.   

 

In this situation, Teacher A guided the students to find the relationship in the 

pattern. She wanted them to draw a table, and to place the position numbers and the 

number of squares. For this, she asked the students to examine how the relationship 

changed. At that point, her knowledge of how mathematical language was used 

appeared incorrectly (SCK5-). She made error in using mathematical language since 

the relationship did not change in the linear growth pattern as in this question. Then, 

she wanted the students to find the 20
th
 term and then to write the a

th 
term after right 

as she used the similar procedure in the previous pattern generalization. The way was 

finding 20
th
 term first and then writing a for the next column as in the figure:  
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Figure 16 The representation of general term (a) used by Teacher A 

 

Afterwards, Teacher A found the general rule for a
th
 term. Teacher A used 

this way also for the next pattern questions. This situation might cause 

misconceptions and let the students to think that the pattern question can be solved 

only by using this way. For the following step, Teacher A wanted the students to find 

out the relationship in the pattern by multiplying the position number and the 

increment. The students could perceive this phrase as a rule for generalization and 

they might memorize it. This way could prevent the students to conceptualize the 

generalization process. Her knowledge to anticipate the misunderstandings that 

might arise with pattern generalization being studied in class appeared inadequately 

(KCS2-). Because the students can think that the general term always come after 20
th
 

term, and they may also consider that it is 21
th
 term. This situation can prevent the 

understanding the function of variable and so general term. Thus, the teacher should 

have made explanations for the meaning and reasoning of the procedure and the 

general term conceptually. 

 

4.1.2.1.2. Practice Two: Discussing On the Activity Related to Generalization 

Patterns 

 

After Teacher A generalized the third pattern using the same procedure as 

explained above, she did not want the students to do the fourth pattern since she 

thought the students could understand the generalization for these type of patterns. 
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Then, she continued with the figural pattern that was formed with matchsticks and 

their terms were like 3, 5, 7, 9 ... as linear growth pattern. This pattern example was 

in the introduction part of the instruction and different from the first examples as the 

general rule of this pattern required to be written with using constant. For this 

discrepancy, Teacher A emphasized the generalization process more with creating 

the discussion environment. Actually, Teacher A generally used question and answer 

teaching method in the generalization process, and she focused on one or two 

studentsô answers, asked them to explain their answers. That was the discussion 

environment was not seen frequently in lessons. The discussion of generalization of 

this pattern that several students participated by giving answers, and the students and 

Teacher A tried to generalize the pattern together as in the following script: 

 

 

 

 

 

 

 

Figure 17 The matchsticks pattern 

 
A: How many triangles are used for the first figure?  

S:1. 

A: How many matchsticks are used for the first figure? We will count the 

matchsticks in the figures. For example, there are 3 matchsticks in the first 

figure. How many matchsticks are used for the second figure? 

S: 5. 

A: In the 3
rd
 figure? 

S: 7. It is increasing by 2. 

A: Yes. 

S: 9. 

S:11.  

A: 11. It goes like this. How many matchsticks will we use for the n
th
 term? 

How can we find it? 

S: 13. 

S: 2n. 

A: Is it 2n? Letôs say 2n for the relationship in the pattern. Then, what will 

we do to find the 1
st
 term? What does ñ2nò mean? We say, multiplication the 
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position number by the increment. (She is writing 1 x 2 under this). Does it 

work? 

S: It does not. 

 

In this situation, Teacher A wanted the students to focus on the number of 

matchsticks and asked them what the next terms were after the given terms. While 

the students were answering, the teacher recorded their answers in a table. After 

Teacher A got answers; she asked directly what the n
th
 term was with using her 

knowledge of when to pose a new question to further learning of students in the 

discussion (KCT5+). First, the student came up with 13 as the answer, but Teacher A 

did not take into this answer account. This student may not have conceptualization of 

n
th
 term, since the student answered using number instead of algebraic notation. 

Then, Teacher A used 2n as another studentôs answer and checked whether it 

worked. She emphasized the multiplication of the position number and the 

increment, and she multiplied 1 by 2 regarding this formula (2n). when she did not 

get 3 as the 1
st
 term, the students realized 2n did not work. Then the discussion went 

on like this: 

A: What can we do then? 

S
*
: Letôs say 3. 

A: We say the increment, 3. Does it work? Multiply 1 by 3, 3. 

S
*
: Yes, it works. 

A: Letôs try for the 2
nd

 term? Multiply 2 by 3, 6. But here is 5. It does not 

work.  

S: Does ó5nô work? 

A: Multiply 5 by 2, 10; 5 by 3, 15. It does not work, too.  

(S
*
 represents the same student) 

 

Later in the discussion, S
*
 proposed to use 3 instead of 2. Thus, Teacher A 

multiplied 3 by 1, but, when she multiplied 3 by 2, she obtained 6 instead of 5. 

Another student proposed 5n as the general rule, Teacher A showed that the terms 

were 5, 10, and 15 with using 5n. Up to this point, Teacher A got the studentsô 

answers (2n, 3n, and 5n), and tried them if it worked, and her knowledge of when to 

use studentsô remarks to make a mathematical point appeared appropriately (KCT5+) 

as she guided them to need a different general rule from their answers. Thus, Teacher 

A led the students to add or subtract a number to algebraic expression in order to find 
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the general rule of the pattern, and she asked what the multiplication of the increment 

and position number was for the 1
st
 term: 

A: We try to find 3, 5, 7, 9 ... Will we do something different from previous 

examples? Will we add or subtract something? We have explained ñthe 

position number x the incrementò once again. For example, if we add a 

number to this expression, can it be? The position number x the increment = 

1x2 =2. To get 3, for the 1
st
 term, what number do we add? 

S
*
: 1. 

A: (She is writing (2x1) + 1). Okay, does it work for 2
nd

 term, too? What is 

the position number? 

S
*
: 2. 

A: When multiply 2 by 2 and add 1, will we get 5? (She is writing (2x2) +1 

on the board). 

(S
*
 represents the same student) 

 

At this point of the discussion, Teacher Aôs knowledge to decide when to 

pause for more clarification for writing the arithmetical rule for the 1
st
 and 2

nd
 term 

appeared appropriately, and she paused the discussion and made explanation. First, 

she got 2 from 1x2 and she asked what was added to get 3 as the 1
st
 term this time. 

She wrote (2x1) + 1, and then she showed that this rule worked for the 2
nd

 term. At 

that point, most of the students had difficulty with understanding how this expression 

was written and asked to the teacher to explain again, and teacher explained again. 

Then, she wrote this representation for the 3
rd

 and 4
th
 term and got 7 and 9. She made 

explanation to make clarification for the arithmetical rule that she wrote with 

exemplifying for the first four terms (KCT5+). Lastly, she connected this 

representation to n
th 

term and wrote (2xn) +1 algebraically. She explained that this 

was the general rule in algebraic representation. Her knowledge of how mathematical 

language was used appeared appropriately as she used notations such as parenthesis, 

operation signs, and algebraic notation (n) correctly (SCK5+). Throughout the 

instruction, she generally first wrote arithmetical rule using numbers to help the 

students to get the general rule and then she wrote the general rule algebraically by 

using appropriate notations. 

After Teacher A generalized the 3, 5, 7, 9é pattern as 2n+1 algebraically, 

two students asked the questions as in the following script: 
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S: Teacher, can we only write ñplusò in general rules? Can we subtract and 

write minus? 

A: It is plus here. Minus can also be regarding the relationship of the pattern. 

S
*
: Why did we find ñplus 1ò? 

A: You said that the increment is 2, the position number 1, and we got 2. I 

asked, what is added to get 3? Thus, we add 1.  

S
*
: So, this added 1 can be changed. 

A: Yes, it can change regarding the pattern. We will examine different 

patterns also.  

(S
*
 represents the same student) 

 

In this situation, Teacher A responded to the student who was wondering 

about the general rule was only written with addition that the general rule can be 

changed in terms of pattern relationship. In the second question, Teacher A made 

explanation to overcome the studentôs difficulty about the generalization and 

explained how she found the general rule once again. Her knowledge to understand 

the needs and difficulties of students with writing the general rule appeared 

appropriately as she explained the missed points or responded the asked questions by 

students (KCS3+).  

In this discussion process, Teacher A got the studentsô answers (2n, 3n, and 

5n), tried them if it worked, and guided them to get the general rule. When the 

dialogues were examined, it could be observed that Teacher A talked more than the 

students. The students answered only asked questions and proposed 2n, 3n, and 5n 

for the general rule. Teacher A tried these answers and did operations by herself and 

then she asked to the students if the rule worked or not. However, when this process 

was compared the other pattern generalization process, it could be said that several 

students could participate by explaining their answers. Teacher Aôs knowledge to 

lead a discussion in the classroom appeared with this way that included getting 

several answers, showing they did not work, and explaining how the general rule for 

the pattern could be found. It is important to note another point in the generalization 

process that focusing on the arithmetical relationships in tabular representation to 

underlie the relationship in pattern to conceptualize generalization could be effective 

with her knowledge to choose, make and use the tabular representation (SCK7+). 

However, she used the figures (matchsticks) merely to provide visuality since she did 
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not make any explanations about the change of the figures and the relationship 

among the numbers and her knowledge to link figural and numerical representations 

to underlying the idea of the relationship of the pattern appeared inadequately 

(SCK2-).  

At the end of the lesson, Teacher A gave the following definition of general 

term, as she stated in her lesson plan: 

ónô letter which is used in general rule, is a sign, symbol, or notation, 

determines the position number in the pattern. Thus, n is called n
th
 number, 

representing term or the general term. This letter is a variable. 

 

Her knowledge to give the definition appeared at the end of the lesson with 

choosing from textbook and giving it to the students after the introduction activities 

about generalization of patterns (SCK3ƍ). She was explaining the general term and 

the general rule as in the following: 

A: We used the letter ñnò. It determines the position number in the pattern. 

So, it can be a symbol, notation, or sign. We say that it is n
th
 number and the 

number for the n
th
 term. It is called representing term or the general term. 

What is n? It is a variable. You learned the concept of variable and unknown 

conceptions. ñnò is not known, so it is unknown.  

 

Her knowledge of how mathematical language was used about general term 

and general rule appeared problematic at some points of the flow of the lesson 

(SCK5-). In above explanations, she did not differentiate variable and unknown 

conceptions and used them as if they had the same meaning. Related with the 

concept of general term, another situation that Teacher A had troublesome was the 

usage of the general term and general rule concepts. She asked to the students ñWhat 

is the n
th
 rule?ò, when she wanted the students to find the general rule. She should 

have asked what the general rule was since this question might cause the students to 

perceive the rule was in use for only n
th
 term. 
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4.1.2.1.3. Practice Three: Choosing the Examples or Activities to Use to Take 

the Students Deeper into Generalization of Patterns 

 

During the second day of the instruction, Teacher A continued with the 

Modeling Pattern activity as in her lesson plan. She indicated not to generalize the 

other matchstick pattern (3, 6, 9, 12 é) in the post interview after the first day 

instruction. Thus, she wanted the students to open their books for doing the Modeling 

Pattern activity. This activity had a non-linear figural pattern formed with unit cubes 

and gave also the representation of the terms in a table (Table 5).  

 

 
 

 

Figure 18 The non-linear growth figural pattern in modeling pattern activity 

 

Teacher A asked the students to read the activity silently first, and then 

explained that this pattern was different from previous patterns. To explain this 

difference, she exemplified a linear pattern for the students first: 

A: How many cubes are used for the first figure? 

S: 2 

A: 2. For the second figure? 

S: 6 

A: 6. (She is writing on the board like 2, 6, 12, 20 ...). Now, we seek the 

relationship again. How were the patterns in the previous lesson? For 

example, we used 5 for the first figure, how many of them we used for the 

second figure? 

S: 10 

A: 10. For the third figure? 

S: 15. 

A: It increases by 5 that is in a regular order.  

 

Her knowledge to connect the concept of linear growth pattern and non-linear 

growth pattern appeared appropriately as she reminded the linear growth pattern with 

1st number          2nd number                 3rd number                     4th number                       ... nth number 
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giving 5, 10, 15 ... pattern as an example for it and then she made connection by 

emphasizing the difference between these two types of patterns (SCK1+), and 

explained this non-linear growth pattern like this:  

A: Then, we look for this pattern. Does it increase in a regular order 

similarly? From 2 to 6, it increases 4. For the second difference (from 6 to 

12) how does it increase? 

S: 6. 

A: 6. Here (from 12 to 20)? 

S: 8.  

A: That is, the increment is increasing. The pattern goes by increasing.  

S: It increases irregularly. 

A: Yes, it increases irregularly. There is not a certain order. 4, 6, 8. é hēmm, 

actually, it increases regularly, the increment increases by 2. Does it 

continue with growing non-linearly, doesnôt it?   

 

Teacher A showed the difference between the terms and explained the 

increment increased by 2. Since she first explained the increment was regular for the 

linear pattern (5, 10, 15 é), the student answered as the increment was irregular for 

the non-linear pattern. First, she accepted this answer as increasing irregularly, but 

then she realized the increment had a non-linear growth and she corrected the 

statement that the increment increased by 2 regularly. That was a rule to provide this 

regularity. She should have emphasized the difference between the terms of a linear 

growth pattern was constant instead of using the word óregularô. This explanation 

could cause misunderstanding about the concepts of linear and nonlinear growth 

patterns. However, her knowledge of how mathematical language was used appeared 

and she used inappropriate word to explain the property of non-linear growth pattern, 

but she then corrected it and explained it appropriately (SCK5+). Then, she 

continued with explaining the given table to show the relationship in the pattern: 

A: The relationship is given in the tableé When the position number is 1, 

multiply 1 and 1 and add 1 (1. (1+1)). Is it the multiplication of the position 

number and the number of cubes?  ... But, what it happened? The position 

number is 1, the number of cubes is 2, (she is examining the activity as in the 

book), it is not the number of cubes. For example, to find 1, 1+1; to find 6, 

2.(2+1) is written. For the 3
rd
 term, 3.(3+1); for the 4

th
 term, 4.(4+1) and it 

goes like this. Then, if we want to write this representation using n, how is 

it? 
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First, Teacher A explained the relationship incorrectly that she indicated the 

multiplication of the position number and the number of cubes. However, the number 

of cubes was the result and not one the multipliers which formed the general rule. 

But then, she realized this definition was incorrect and told it was not the number of 

cubes. Her knowledge of how to provide mathematical explanation for general rule 

appeared with this way since she did not examine the table before the lesson and 

used the relationship as it was in the table (SCK6-). She did not ask the students to 

explore themselves first, and she gave it directly to them. While she was explaining 

the first four terms, she asked how they would write the rule using n. At that point, 

she did not use the n
th
 term, or ask how they could find the other terms, she only 

stated writing the rule with using n. Thus, her knowledge of how to provide 

mathematical explanations for procedures of getting the general rule appeared 

inappropriately and students could perceive the only purpose was using n in writing 

the rule (SCK6-). However, the students did not give any answers to this question of 

the teacher, then she explained once again the representations in the table: 

A: How can we express the multiplication of the position number and the 

number of cubes? For example, when the position number is 1, here 

(showing the 1
st
 option column) is 1.(1+1); when the position number is 2, it 

is 2.(2+1). When the position number is 3, it is 3.(3+1). When the position 

number is n, how can we write? 

S: n.(n+1).  

A: You have said that when the position number is n, multiply n and n and 

add 1. Here, n comes in the position number. Add the position number 1 to n 

(n+1). Then, multiply them (n.(n+1)).  

 

In this explanation, Teacher A used the phrase ñthe multiplication of the 

position number and the number of cubesò again incorrectly to express the general 

rule as indicated above. This time, the student gave the correct answer, and the 

teacher explained as the multiplication of the position number and 1 more of it 

correctly using her knowledge to provide explanations for procedures (SCK6+). She 

also emphasized the 2
nd

 option to represent the relationship in the table: 

A: There is also 2
nd

 option here. We have learnt the distribution property of 

multiplication on addition, the second option is about it. For example, we 

distribute 1, 1.1 + 1.1, what happened then, 1
2
+1. Letôs look second one, 

2.2+2.1, how can we represent 2.2? How many times 2 is written? 
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Students: 2. 

A: Then, 2 power of 2, 2
2
+2. For the 3

rd
 term, 3.3+3.1=3

2
+3. If we write this 

representation with using n, it is n
2
+n. 

 

She explained the second representation with showing the application of 

distribution property on the first representation. Her knowledge to provide 

explanations for this procedure was appropriate as the students have learnt this 

property and they could understand (SCK6+). She also wrote the distribution 

representation using the operation signs correctly such as 2.2+2.1 (SCK5+). 

However, she asked how many 2 was written in 2.2 to represent it as in exponential 

form. This question might be troublesome for the student since there are 2 items of 2 

in 2+2, but this is an addition operation. She might have asked as how many 2 was 

multiplied to prevent misunderstanding. Thus, her knowledge of how mathematical 

language in this question sentence was not appropriate (SCK5-). Toward the end of 

this activity, another student came up with another idea: 

S*: Teacher, I found the rule like this: I multiplied 1 with the next number, 1 

and 2, then 2 and 3, 3 and 4. I could find the same results. 

A: How did you find the general rule? What do you multiply by the position 

number? 

S*: I multiply the position number and the next number after the position 

number. 

A: It is the same thing. Actually we did like that, multiplying 1 and 2, 2 and 

3, 3 and 4. Thatôs good and correct.  

 

S
*
 explained his solution as multiplying the position number and the next 

number after the position number such as 1 and 2, 2 and 3, 3 and 4. In response to his 

proposed answer, Teacher A indicated that it had same reasoning with her 

explanation and accepted this answer. However, the student found a relationship 

between the position numbers as input values, but the relationship was between the 

position number and the terms, input and output values. Teacher A did not realize the 

studentôs incorrect reasoning and she accepted it as correct. At that point, Teacher 

Aôs knowledge of how to explain and justify the studentôs idea was inadequate that 

she accepted his explanation as so but his solution and explanation were incorrect 

(SCK4-).  
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4.1.2.1.4. Practice Four: Implementing the Pattern Test 

 

After, the modeling pattern activity, Teacher A asked to students to do the 

questions in the pattern test that the researcher suggested. The major added task was 

the pattern test which Teacher A appreciated and included to her lesson plan. 

Teacher A examined the questions in the test and explained that the test could be 

useful for supporting studentsô learning of pattern generalization. Especially, she 

stated that the figural patterns could facilitate to get the relationship since the figures 

provide visuality for students. Her knowledge to predict figural patterns that students 

would find interesting and motivating appeared to select this test (KCS6+). Teacher 

A included this test to her lesson plan where she planned to do exercises after 

teaching generalization. In connection with the pattern test, the researcher suggested 

the use of table from examination of studentsô correct solutions in the test. Teacher A 

already planned to represent the patterns with table and also a graph.   

While solving these questions in the test, Teacher A generally first draw a 

table and then she wrote the first, second, third and fourth term in the table by asking 

to the students as seen in the Figure 19:  

 

 

 

 

 

 

 

 

 
 

 

Figure 19 The tabular representation of terms of the pattern 
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Then, she guided the student to generalize pattern by asking what the n
th
 term 

with pointing out what the difference between terms was. Since the teacher taught 

exploring the relationship with emphasizing the difference, the students perceived the 

general rule as if adding the difference to n. For example, if the difference was 3 as 

in 5, 8, 11, 14é pattern that was the first question in the pattern test, then the 

students generally wrote the general rule as n+3 algebraically: 

A: é Then, letôs find the relationship between the n
th
 figure and the number 

of chairs. What is the increment?  

S
*
: Is it n+3? 

A: Does it work? 

S
*
: Yes. 

A: Letôs try. It increases by 3. When the position number is 1, add 3 to 1, I 

get 4. But the first term is 5. Then, it does not work. 

S: Teacher, n.3+2. 

(S
*
 represents the same student) 

 

Since the teacher focused on the increment among the terms to explore the 

relationship, S
*
 answered n+3 for n

th
 term. The students could write the increment 

adding to n to get the general rule. Since they could not understand the generalization 

process conceptually, they tried to write general rule using the increment and n. 

Thus, Teacher Aôs emphasis on the difference between the terms might cause the 

misconception about generalization because some students answered the rest of the 

questions of the test with using this reasoning. Her knowledge to anticipate the 

misunderstanding that might arise with pattern generalization being studied in class 

appeared inadequately since she did not realize it even though the students continued 

to use same reasoning for other pattern generalizations (KCS2-). 

Teacher A explained the generalization for the first question in detail and but 

she did not make explanation much for the rest of the questions in the test. She 

generally asked who solved the question and if the answer was true, she wanted to 

this student to show at the board how the student found the general rule. However, 

since the students had difficulty with the sixth question of the test especially, she 

discussed with students how the generalization could be made. Because the numbers 

of the pattern in this question were decreasing (60, 55, 50, 54, 40, 35é n), and the 
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students did not have familiarity with this type of patterns. Teacher A and the 

studentsô generalization process of this pattern was as in the following script:  

A: For this question, the numbers go from the big numbers to smaller ones. 

S: nxn/2. 

S: I did. The numbers go down 5 by 5. 

A: Good, it is decreasing 5 by 5. So, we will multiply the position number by 

5. Is that so? 

S: nx5/2. 

A: The 1
st
 term is 60, then, 55, 50, 45. Write the position number and the 

number. Write the multiplication of 5 by the position number. What is the 

position number here (for 1
st
 term)? 

S: 1. 

A: 1. Yes, 5xn, 5n. 

S: Teacher, it does not work. 

A: Yes, it does not. The position number is 1, it is 5. But, here is 60. Then, to 

get 60, what can we do? Letôs try. For the 1
st
 term, I multiply 1 by 5. What 

can we add to get 60? 

S
*
: 55. 

A: So, does it work for all terms? 

S
*
: No. 

A: Then, think it is related to 5n. 

S
*
: Teacher, is it 5n/2? 

A: 5n/2 does not work for 1
st
 term. Put 1 instead of n, 5/2 is 2,5. It does not 

work. Think of other things. Do you agree on ñ5nò? 

Students: Yes. 

(S
*
 represents the same student) 

 

In this situation, Teacher A ignored the studentôs answer at the beginning, and 

did not respond to this student. However, in proceed of the discussion, she responded 

to S
*
 appropriately and interpreted his wrong answer and made explanations by 

putting 1 in n why it was wrong. She wanted the students to use her formulization 

that was multiplying the position number and the increment. Teacher A had the 

tendency to answer to her questions without waiting the studentsô answers. She said 

5n as the answer herself without waiting the students to think, and so she generally 

led the students by saying the answer. When the students did not have any ideas to 

get 60, Teacher A led the students to think the subtraction from a number: 

A: For example, here, think 5n at the beginning of the rule. Determine a 

number and think of subtraction 5n from this number. Try for this. (She is 

going around the class). S
*
 has approached to the rule. Write it using ñnò. 

Can you write on the board? 

S: (She is writing (70-5)-5, (70-5)-10 ...) 

 



144 

 

 

 

 

 

 

 

 

 

Figure 20 The representation by the student 

 

A: Has she found the 1
st
 term, 65? Yes. For 

the 2
nd

 term, it is 60. Does it work? Actually, 

we can represent like this (The teacher is 

writing (70-5)-1.5, (70-5)-2.5, (70-5)-3.5 ... 

one under the other to show the position 

number). We can write 70-5, thus 65. The rule 

is 65-5n. You can try and see whether this 

rule works for all terms.  

 

 

Figure 21 The representation by Teacher A 

 

The general rules that the students found to this question were ax+b form in 

algebraically. In these type of questions, Teacher A also generally asked the students 

what was added to find the 1
st
 term and guided them adding with a number to get the 

rule. Then, Teacher A used S
*
ôs production for the generalization and her knowledge 

to interpret this studentôs emerging and incomplete thinking for the general rule as 

expressed in the way which was her explored representation appeared appropriately 

(KCS4+). Teacher A rearranged the studentôs expressions with showing the 

multiplications to emphasize the position number, such as (70-5)-10 as (70-5)-2.5 

(Figure 21). Teacher A showed the relationships with these representations and 

connected to its algebraic form with writing n for the position numberôs place. She 

also subtracted 5 from 70 as 65 and wrote the general rule 65-5n finally.  
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4.1.2.1.5. Practice Five: Doing Exercises Related to Generalization Patterns 

from Textbook and Workbook  

 

After solving the pattern test, she asked the questions in the textbook and 

studentôs workbook to the students. This part of the lesson was like the studentsô 

completing a worksheet at the same time. Teacher A gave some time to the students 

and then wanted the students who got the correct generalization to show at the board 

to other students. Teacher A did not make any explanations by herself. Teacher A 

asked the questions as in the order of the textbook. The questions asked to generalize 

a linear figural pattern (e.g. 4, 8, 12, 16 é, and 1, 3, 5, 7 é) or to find the asked 

term for the pattern whose general rule was given (e.g. find the 4
th
 term for the 

pattern that its general rule was 3a+1).  

In answering these questions, it was important to note that some students 

asked to the teacher why they did not add something to 4n for writing the general 

rule of 4, 8, 12, 16 ... pattern. It seems as if the students perceived the teacherôs 

explanation (multiply the difference and position number, and add a number to find 

the first term) as a rule and memorized it, and wanted to apply it for all 

generalization pattern questions. In response to this question, Teacher A explained 

that adding or subtracting some numbers for the generalization was not required for 

every generalization. At that point, her knowledge to anticipate the misunderstanding 

that raised with pattern generalization being studied in class appeared inadequately 

since she did not realize the studentsô misconceptions about exploring the 

relationship of the pattern (KCS2-). 

It was asked to generalize four numerical patterns in the last question of the 

exercises from the textbook in this lesson. Two patterns were linear (3, 4, 5, 6 é, 

and 4, 6, 8, 10 é), and the other pattern were non-linear patterns (1, 4, 9, 16 é, and 

2, 5, 10, 17 é). In the generalization process of these patterns, for the 3, 4, 5, 6é 

pattern, she guided the students with a different explanation from previous ones: 

A: Letôs look, you can consider the relationship between the position number 

and the number. Not only between numbers (output values). Up to now, we 
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have investigated whether it is increasing by 1. 1
st
 term is 3, 2

nd
 term is 4. 

What is the difference between the position number and the term? 

Students: 2. 

A: It is increasing by 2. Then, we can add 2 to the position number. You can 

have the rule with this way. So, what is the general rule? 

Students: n+2.  
 

When this pattern was asked to generalize, the students gave answer as n+1 

by considering the difference between the terms as the reason might be Teacher Aôs 

emphasis of the difference for generalization before. In the above dialogue, although 

she guided the students appropriately to investigate the relationship between the 

position number and the number, she did not do what she said. Actually, she should 

have investigated the relationship as between the position number and the number for 

pattern generalization, but she might have considered that the relationship between 

the numbers (output values) up to now as she generally emphasized the increment 

among the terms, and thus her explanation indicated her misconception about 

generalization of patterns. This explanation also differed from her explanation that 

was the general rule as the multiplication of the position number by the increment 

that she stated previous pattern examples. She added the increment to n for this 

pattern instead of multiplying it by n. This situation showed her lack of content 

knowledge that she did not provide mathematical explanations for procedure for 

functional thinking in generalization (SCK6-). For the 3, 4, 5, 6 é pattern, she found 

the difference as 2 from 3-1 (for the 1
st
 term) and add it to n to represent the general 

rule algebraically. It might cause misconceptions since some students used this 

method for the next pattern 4, 6, 8 ..., and they found the difference between the 

position number and the term as 3 from 4-1 and add the difference to n, and 

generalized this pattern as n+3 incorrectly; or when the difference between the 

position number and the term as 4 from 6-2 and add the difference to n, and 

generalized this pattern as n+4 incorrectly. Her knowledge to anticipate the 

misunderstanding that might arise with pattern generalization being studied in class 

appeared inadequately since she did not realize it even though the students continued 

to use same reasoning for this pattern generalization (KCS2-). 
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After the generalization of two patterns, the students generalized 1, 4, 9, 16 

é non-linear growth pattern as n
2
 with the help of the teacher, and Teacher A gave 

the other 2, 5, 10, 17 é non-linear pattern as homework since the time was over for 

the lesson. She finished the lesson with giving this question as homework to the 

students. 

 

4.1.2.1.6. Practice Six: Presenting Problems That Combine Knowledge Related 

to Exponential Numbers 

 

Before doing the pattern test and the exercises in textbook and studentsô 

workbook, Teacher A introduced non-linear growth patterns with only generalizing 

2, 6, 12, 20 é pattern. However, she did not continue with this type of patterns, 

instead of this, she gave many examples about linear growth patterns from the 

pattern test and the books. After these examples, she gave examples about non-linear 

patterns from suggested examples in literature in this lesson. She focused on non-

linear patterns for two hour-lessons and she guided the students to find an algebraic 

expression using ñn
2
ò for the non-linear growth patterns throughout the teaching non-

linear patterns. Thus, the students wrote n
2
 first and then used trial and error by 

adding or subtracting numbers to n
2
. The students generally try to find the first term 

by putting 1 in the place of n. To illustrate, for 2, 5, 10, 17 ... pattern (see the below 

figure), the student generalized it as n
2
+1 and she explained that she added 1 to n

2
 

and tried n
2
+1 for the first five terms whether it worked. Teacher A made explanation 

about the solution: 

 

Figure 22 The first non-linear growth pattern example (Smith, Silver, & Stein, 2005, 

p.33) 
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A: When the first term is 1, the number of squares is 2. When the second 

term is 2, the number of squares is 5. So, 3 is added. Then, 5 is added and the 

third term is 10. So, the differences are 3, 5, 7, 9 ... They go on increasing by 

2. It goes on by changing, not linear. Then, this type of pattern is called non-

linear pattern (increasingly go on). The distinction from previous patterns is 

that. The relationship between patterns goes on increasingly. How did your 

friend do? She multiplied the position number by itself and added 1 to it. 

Letôs try: n.n+1. 1.1+1=1
2
+1=2, 2.2+1=2

2
+1=5, 3.3+1= 3

2
+1=10. The 

general rule works for all of them. Then, what can we say for n? That is 

n
2
+1. It is the general rule algebraically.  

 

In this situation, Teacher A first explained what the distinction of this type of 

patterns was from linear growth patterns. But, then she said that the relationship 

between patterns went on increasingly. In this mathematical explanation, she used 

mathematical language inappropriately. Because, one of the reasons is the 

relationship does not increase, and it is always same and it works for all terms in the 

pattern. The second reason is that she used ñpatternsò as the terms in the pattern. Her 

knowledge of how mathematical language was used appeared with this explanation 

incorrectly (SCK5-). Then, Teacher A explained the studentôs solution and showed 

that the rule worked for the first three terms. While writing the expressions with the 

numbers, she used notations (operation signs, equal sign and exponential form) 

appropriately with her knowledge to use notations (SCK5-). Then, she generalized 

the pattern as n.n+1 and represented it as n
2
+1. Another similar pattern was 1, 4, 9, 

16 é pattern constructed with triangles (see Figure 23). 

 

 

 

 

 

 

Figure 23 The second non-linear growth pattern example (Warren & Cooper, 2008, 

p. 176) 
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Teacher A wanted the students to use similar way as in the previous example 

to generalize of this pattern. One student explained his reasoning by explaining trial 

and error method using n
2
. He showed that the rule worked for the first four terms. 

Teacher A did not make more explanations after the studentôs explanations. 

However, the students had difficulty with the pattern in Table 8: 

 

Table 8 The tabular represented non-linear pattern (Steele & Johanning, 2004, p. 80) 

 
The number of sides of 

polygon 

The number of 

diagonals  

3 0 

4 2 

5 5 

6 9 

é é 

n ? 

 

In this question, the relationship between the number of sides of polygon and 

the number of diagonals of polygon in the pattern was asked. The number of 

diagonals for 3-sided polygon, 4-sided polygon, 5-sided polygon, and 6-sided 

polygon were given as 0, 2, 5, and 9. It was asked what the number of diagonals for 

n-sided polygon was. The questioning process between the student and Teacher A 

was as in the following script: 

S
*
: The difference is between 0 and 2 is 2; 2 and 5 is 3; 5 and 9 is 4; 9 and 14 

is 5. Teacher, the differences go like +2, +3, +4, and +5. So, I have found 

(n+1).n, since there is 1 between the differences, I selected the choice that 

has (n+1). 

A: Does it work? For example, triangle, write 3 in the place of n. Can you 

try? 

S
*
: It works for the first term, but it does not work for others.  

A: What did you write in the place of n? 

S
*
: 0.  

A: Then, did you take the number of diagonals? 

S
*
: Yes. 

A: So, if you write 2 for n, what do you find? 

S
*
: Teacher, the choice is like that n.(n+1). Otherwise n+1. 

(S
*
 represents the same student) 
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In this situation, Teacher A gave four different choices for the general rule, 

when the students had difficulty and they did not come up with any answers. The 

choices were in order of A) (n-3).n, B) (n+1).n, C) (n-3).n / 2, D) (n+1).n / 2. When 

the students were showed these choices, they used the trial and error method to find 

the correct choice. However, the student only considered the increment ñ+1ò between 

the differences in the pattern, he selected the choice that had n+1. He also stated that 

the rule was n+1, but it was not included in choices, thus he selected (n+1).n. 

Teacher Aôs emphasizing the difference between terms to generalize could cause this 

student to think with this way. Thus, her knowledge to anticipate the possible 

misunderstanding with getting the general rule appeared inadequately (KCS2-). This 

student also used 0 (the number of polygons) in general rule by substituting 0 for n 

and got the number of polygons again as 0. The student did not understand the 

relationship between the position number and the term, she focused on getting the 

result as the number of diagonals. The teacher realized this fault, and she continued 

getting other studentsô answers: 

S
*
: The answer is C. 

A: Can you show us your solution? 

S
*
: I have tried the all choices one by one. (She is writing (n-3).n/2 = 3-

3=0.3=0/2=0) 

A: You did for 3. (Teacher A is writing (3-3)=0, 0.3/0=0). You did for 4, (4-

3).4/2, it is 2. I shouldnôt have given the choices to you. Now, since this is an 

increasing non-linear pattern, you will get something with n
2
. For example, 

we said that n-3, why? Here, the number of sides is 3, to get 0, we have to 

subtract from 3. So, it can be (n-3).n. Letôs suppose that this rule works for 

the first term, 3. We continue. For the second term, 2, what will I do? I have 

to divide by 2. So, we will write the number of sides of polygon in place of 

n, and we will get the number of diagonals of polygon. 

(S
*
 represents the same student) 

 

The student found the correct answer and explained that she tried the rule in 

C for n=3 and n=4. This student represented for n=3 incorrectly as (n-3).n/2=3-

3=0.3=0/2=0. Because, the expressions in the both sides of the equal sign did not 

equal each other. Teacher A did not correct it, but she wrote correctly herself while 

explaining using her knowledge of parenthesis, operation sign, and equal sign 

(SCK5+). Teacher A sometimes corrected the studentsô incorrect using notations, but 
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she missed some of them. However, Teacher A used the equal sign correctly; the 

students might misunderstand and have misconceptions about the equal sign if their 

writings were not corrected.  

Teacher A accepted the studentôs solution and showed how the rule worked 

for n=3 and n=4. Teacher A emphasized finding ñ0ò for n=3 as the first term in the 

pattern. According to Teacher A, it was important that ón-3ô algebraic expression was 

required to get 0, and also the rule had to have n
2
. But, there were two choices that 

had (n-3).n expression. Thus, she also tried the rule for n=4 to find the second term. 

She explained that this expression must be divided by 2 to get 2 as in the pattern. For 

this pattern, Teacher A made explanations and justifications for the studentôs answer 

and her knowledge to explain and justify of the studentôs ideas as it was appeared 

inappropriately by using trial and error method (SCK4-). However, she led the 

students to try the choices and she also used the same way herself. This guidance 

might cause the students to memorize and prevent them to conceptualize 

generalization of the non-linear growth pattern and Teacher Aôs knowledge how to 

provide mathematical explanations appeared in this way appropriately (SCK6-). 

After the lesson, in the post-observation interview, Teacher A asserted that 

the students had difficulty with the generalization of non-linear growth patterns and 

they did not understand it. She explained her impressions as in the script: 

A: They did not understand in this lesson, the non-linear growth pattern. The 

situation of multiplication of n by n. They did not make any efforts. They 

wanted to find the general rule immediately as in the linear growth pattern.  

So, the level of the students was not good.  

 

Teacher A explained the reason of the studentsô difficulty of the 

generalization of the non-linear growth pattern was that the lack of efforts of the 

students for getting the generalization. In this regard, when she was asked how she 

could overcome this struggle, she suggested the design of lesson in a different way 

such as using the real-life examples. However, she explained that this type of lesson 

should be designed well and the use of real life examples in instruction takes time. 

Her knowledge to identify using real-life situations as a different method afford 

instructionally appeared as she suggested to design the lessons based on real life 
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situations and she only explained that it required well-structured design and took 

time to implement (KCT6-). 

Teacher A finished the instruction for teaching generalization of patterns with 

these examples at the third day. At the end, she did not summarize what she taught 

for generalization patterns. The only thing that she did not use was the graph of 

function. Although she indicated the use of it and she would examine before the 

lesson, she did not mention about in the lessons.  

 

4.1.2.1.7. The Extracted Knowledge Types from the Instruction for 

Generalization of Patterns  

 

Table 9 The extracted knowledge types from the instruction for generalization 

patterns 

 
 

Practices 

Extracted knowledge types 

SMK PCK 

 CCK SCK KCS KCT KCC 

Choosing an 

example or activity 

to start teaching 

generalization of 

patterns with 

connecting to topics 

from prior years 

 

CCK1(-) 

 

SCK1(+)  

SCK3(-) 

SCK4(+) 

SCK5(-,-,-) 

SCK7(+) 

 

KCS2(-) KCT1(+)  

Discussing on the 

activity related 

generalization of 

patterns 

 

 SCK2(-) 

SCK3(ƍ) 

SCK5(+,-) 

SCK7(+) 

KCS3(+) KCT5(+,+,+) 

 

 

Choosing the 

examples or activities 

to use to take 

students deeper into 

generalization of 

patterns 

 

 SCK1(+) 

SCK4(-) 

SCK5(+,+,-) 

SCK6(-,-,+,+) 
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Table 9 (Continued) 

 

Practices 

 

Extracted knowledge types 

SMK PCK 

CCK SCK KCS KCT KCC 

Implementing the 

pattern test 

 

  KCS2(+)  

KCS4(+) 

KCS6(+) 

 

  

Doing exercises 

related to 

generalization of 

patterns from 

textbook and 

workbook 

 

 SCK6(-) KCS2(-,-) 

 

  

Presenting problems 

that combine 

knowledge related to 

exponential numbers 

 

 SCK4(-) 

SCK5(-,-,+) 

SCK6(-) 

 

KCS2(-) KCT6(-)  

 

Table 9 shows what type of knowledge of subject matter knowledge (SMK) 

and pedagogical content knowledge (PCK) that Teacher A had in instruction 

practices. (+) sign indicates the teacherôs existing knowledge was adequate or 

appropriate and she used it effectively, while (-) sign indicates the teacherôs existing 

knowledge was inadequate or inappropriate and she used it ineffectively. Each sign 

(+ or -) in the same knowledge type refers to Teacher Aôs different use of this 

knowledge during instruction. Besides, for SCK3 knowledge type, (ƍ) is used to 

indicate the teacherôs knowledge to develop definition or explanation appeared as 

merely choosing it from the textbook and presenting to the students. Since this 

situation meets the code (SCK3) partially, (ƍ) sign is used. 

CCK1(-) indicates that her knowledge of definition of pattern appeared 

inappropriately since she defined pattern as the relationship. For SCK, SCK1(+) in 

the first practice indicates that her knowledge to connect the knowledge about pattern 

topic between grades. In connection with this, SCK3(-) indicates her knowledge to 

develop usable definition appeared inadequately since she defined the pattern as the 

relations between the figures, but the patterns were created also with numbers and 

had relationships in them. On the other hand, SCK3(ƍ) in the second practice 
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indicates the teacherôs use of the definition of general term concept with choosing 

from the textbook and explaining to the students. SCK7(+) indicates that her 

knowledge to choose, make and use the tabular representation with focusing on the 

arithmetical relationships in tabular representation to underlie the relationship in 

pattern to conceptualize generalization could be effective, while SCK2(-) indicates 

that her knowledge to link figural and numerical representations to underlying the 

idea of the relationship of the pattern appeared inadequately with using the figures 

(matchsticks) merely to provide visuality and not making any explanations about the 

change of the figures and the relationship among the numbers. SCK5 knowledge type 

is related with the mathematical language the teacher used. Particularly, SCK5(-,-,-) 

in the first practice indicates respectively that were not using multiplication sign in 

arithmetical representation, using unknown and variable concept changeable without 

their function, and explaining the relationship changed for linear growth patterns 

incorrectly. Beside this, SCK5(-) in the second practice indicates that she used 

general rule as the n
th
 rule inappropriately. Especially, SCK4(+) indicates that the 

teacher explained the studentsô ideas for general rule by justifying with substituting 1 

or 2 for n if they worked or not. The teacher used the knowledge of studentsô 

thinking and KCS3(+) indicates her knowledge to understand the needs and 

difficulties of students with writing the general rule appeared appropriately as she 

explained the missed points or responded the asked questions by students. However, 

KCS2(-) in the first practice indicates that the teacherôs finding 20
th 

term first and 

then writing a for the next column as the method for generalization might cause 

misunderstanding and her knowledge to anticipate the studentsô misconceptions with 

pattern generalization appeared inadequately. KCT5 knowledge type is related with 

the teacherôs leading of the discussion. KCT5(+,+,+) indicates that the teacherôs 

asking n
th
 term to further learning of students, guiding the students to find a rule 

including a constant (e.g. 2n+1), and making clarification about arithmetical 

representation of the rule (e.g. 2.1+1=3).  

SCK1(+) in the third practice indicates that her knowledge to connect the 

concept of linear growth pattern and non-linear growth pattern with pointing out the 
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increment between the terms of these two types of patterns was appropriate. In 

connection with this, though SCK5(+) in the third practice indicates that her 

knowledge of how mathematical language was used with explaining the increment 

increased regularly as the property of non-linear growth patterns was appropriate. On 

the other hand, SCK5(-) in the sixth practice indicates that her knowledge of 

inappropriate use of mathematical language. Since she emphasized that the relation 

increased in non-linear growth pattern, and she used pattern and term concept as 

same. Although SCK6(+,+) in the third practice that her knowledge of how to 

provide explanation for the relationship between the position number and the output 

values as the multiplication of the position number and 1 more of it was adequate 

(for 2, 6, 12, 20 é pattern), SCK6(-) indicates that the teacherôs explanation for the 

general rule of the non-linear pattern as using n
2
 was inadequate in the third practice. 

She used notations (operation signs, equal sign and exponential form) appropriately 

with her knowledge (SCK5(+,+) in the sixth practice). However, she had difficulty in 

generalization of non-linear patterns and thus SCK6(-) in the fourth practice indicates 

her knowledge to provide explanation was inadequate. Besides, SCK4(-) in the third 

practice indicates that her knowledge of how to explain the studentôs answer was 

inappropriate since she accepted the incorrect answer that was about the 

multiplication of position numbers respectively such as 2 and 3, or 6 and 7. In 

addition to her difficulty in non-linear pattern generalization, she made incorrect 

explanations in generalization of linear growth patterns. SCK6(-) in the sixth practice 

indicates that her knowledge to provide mathematical explanation for the relationship 

in pattern was inappropriate since she had investigated the relationship among the 

output values. This situation showed her lack of content knowledge about functional 

thinking in generalization. Because of her explanations about generalization linear-

growth patterns with emphasizing the difference between terms and adding a number 

to get the general rule throughout the instruction, the students had misunderstandings 

and they added the difference to n and tried to put a number for all generalization. 

Thus, KCS2(-,-) in the fifth practice indicates that her knowledge to anticipate the 

misunderstanding that might arise was inadequate. Nevertheless, when she realized 
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the studentsô emerging ideas about generalization, KCS4(+) in the fourth practice 

indicates that her knowledge to interpret the studentôs thinking for generalization of 

the pattern whose terms were decreasing was appropriate. Lastly, KCT6(-) in the 

sixth practice indicates that her knowledge to identify using real-life situations as a 

different method afford the instruction of pattern generalization instructionally 

appeared inadequately since she could not suggest a design for this method.  

 

4.1.2.2. Practices in the Instruction of Operations with Algebraic Expressions 

 

There were two objectives for teaching operations with algebraic expressions 

as indicated planning section and the teacher designed her lessons respectively based 

on the two objectives within the same lesson plan. Since she taught addition and 

subtraction first and then multiplication of algebraic expressions, her instructions 

were explained and documented respectively in this section. 

 

4.1.2.2.1. Practices in the Instruction of Addition an d Subtraction 

(Simplification) of Algebraic Expressions 

 

The teacherôs purposeful actions for teaching addition and subtraction of 

algebraic expressions were grouped into six practices: 1) choosing an example or 

activity to start teaching addition and subtraction of algebraic expressions with 

connecting to topics from prior years, 2) discussing on the activity related to addition 

and subtraction of algebraic expressions, 3) choosing the examples or activities to 

use to take the students deeper into addition and subtraction of algebraic expressions, 

4) implementing the suggested activities, 5) doing exercises related to addition and 

subtraction of algebraic expressions from textbook and workbook, and 6) presenting 

problems that combine knowledge related to fraction and geometry. The extracted 

teacherôs knowledge based on MKT framework was analyzed within these practices. 

The reflection of the instruction after each lesson was also presented to provide the 

teacher to evaluate her instruction by herself. The interpretations of the teacher could 
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give information about her knowledge about studentsô thinking and learning with 

respect to the instruction. The classroom dialogues that were most representative for 

knowledge types the teacher had were selected from the instruction to illustrate how 

the teacher used her knowledge in teaching. 

The first practice was choosing an example or activity to start teaching 

addition and subtraction of algebraic expressions with connecting to topics from 

prior years and this title also was extracted from one of the descriptors of KCT and 

SCK. This practice examined that the teacher chose which example or activity to 

start teaching addition and subtraction of algebraic expressions with rationale, and 

how she implemented it in the classroom. It also included the teacherôs recalling 

process for prior knowledge that students had to learn addition and subtraction of 

algebraic expressions. To do this, the teacher first reminded the concepts of term, 

coefficient, and variable as prior knowledge that the students learnt in previous 

grade. For this connection, the teacher illustrated the algebraic terms on two 

algebraic expressions. The second practice was discussing on the activity related to 

addition and subtraction of algebraic expressions and this practice was also affected 

by one of the descriptors of KCT. This practice included a small discussion about 

which terms in algebraic expression could be added and how they were added. The 

teacher let the students to explain their answers and responded their questions that 

they asked in order to understand. The two practices were to introduce of addition 

and subtraction of algebraic expressions and the introduction part lasted three-lesson 

hours. Then, she followed the middle part of the lesson plan to improve studentsô 

understanding in the development of the instruction. The third practice was choosing 

the examples or activities to use to take the students deeper into addition and 

subtraction of algebraic expressions and this title was also extracted from one of the 

descriptors of KCT. This was also as a continuation of choosing an example or 

activity to start practice. This practice included how the teacher taught addition and 

subtraction of algebraic expressions to improve studentsô knowledge with getting 

deep the content using algebra tiles and problems about real life situations. The 

fourth practice was implementing the suggested activities that were about writing 
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algebraic expressions. The fifth practice was doing exercises related to addition and 

subtraction of algebraic expressions from textbook and workbook and the teacher 

asked the exercises to the students as in the order of the book. This part was as 

questioning by teacher and answering by students. The sixth practice was presenting 

problems that combined knowledge related to geometry that the teacher presented 

problems which required fractions and geometry knowledge. These practices are 

explained with examining how the teacher used her knowledge based on MKT 

framework in the following sections. 

 

4.1.2.2.1.1. Practice One: Choosing an Example or Activity to Start Teaching 

Addition and Subtraction of Algebraic Expressions with Connecting to Topics 

from Prior Years 

 

At the first lesson of the instruction, Teacher A reminded the prior knowledge 

that the students had learnt at 6
th
 grade by explaining the term, unknown, and 

coefficient terms with exemplifying two algebraic expressions. After explaining the 

term concept, she connected the like term concept to teach addition and subtraction 

and her knowledge to connect the topic being taught to topics from prior years 

appeared with reminding algebra concepts (SCK1+). She gave and explained 8t+3 

and -9x-7 as examples for recalling their prior knowledge as in the following: 

A: 8t+3 is given. What does the meaning of ó8, t, and 3?ô t is the unknown, 8 

is the coefficient, and 3 is the constant term. 8t is the term. Letôs examine 

with another example. -9x-7. What is x? 

S: Unknown. 

A: Yes. -9 is the coefficient, 7 is the constant term. -9x is the term.   

 

 

 

 

 

 

Figure 24 The representation of algebra concepts by Teacher A 
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In this situation, Teacher A reminded the concepts related with algebraic 

expressions that the students learnt them at 6
th
 grade. She used two examples: 8t+3 

and -9x-7. She explained that 8, and -9 were the coefficients; t and x were the 

unknowns; 3 and 7 were the constant terms; and 8t and -9x were the terms. She used 

the unknown and variable concept together as they had the same meaning since she 

wrote as in the figure using slash. She also used with this way in the instruction of 

generalization of patterns. She might not have known the difference between these 

terms and thus her knowledge to use terms was problematic (CCK2-). However, she 

showed only 7 for the constant term without the sign of it as seen in the figure. This 

showing might be misunderstanding for the students since they might ignore the 

signs of the terms. At this point, her knowledge to anticipate the misunderstandings 

that might arise with the term concept being studied in class appeared inadequately 

(KCS2-). Then, the teacher gave the following definitions to the students: 

Each of the addends that form the algebraic expressions is called term. The 

terms that do not have variable are constant term, the number that is written 

as factor before the variable is called as coefficient. 

 

The definitions were the textbook definition and the teacher gave them to the 

students as in the textbook. Thus, her knowledge about usable definition appeared as 

merely choosing it from the textbook (SCK3ƍ) and the analysis of this definition was 

explained in planning section in detail. 

Teacher A began the instruction with algebraic expressions using pattern 

generalization that the students learnt as the researcherôs suggestion. She decided to 

use the bacterial growth pattern and operating with number strips to make this 

connection with her knowledge appropriately (SCK1+). First, Teacher A 

implemented the Bacterial Growth Pattern activity from the textbook. This activity 

had two patterns in the context of growing bacteria. The first bacteria type was 

growing as 2, 4, 6, 8é, and the second bacteria type was growing as 3, 6, 9, 12é It 

was asked to generalize patterns first, then to add and multiply the terms of the first 

pattern and the second pattern, and to generalize the added pattern and multiplied 

pattern in the activity. Finally, it was asked that how there was a relationship 
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between the generalizations at the beginning and the generalizations after operated 

them. This question guided the learners to recognize and explore the addition and 

multiplication of the general rules of patterns as 2n and 3n as algebraic expressions. 

With implementing the Bacterial Growth Activity, her knowledge to choose which 

examples to start with appeared effectively (KCT1+). The dialogues between the 

teacher and the students in the implementation of the activity were as in the 

following: 

A: What is asked? It is asked to express the general rule of the patterns with 

using n. The first pattern (2, 4, 6, 8 ...) is increasing by 2.  Who wants to say 

the general rule of the first pattern? 

S: n+2. 

S: n
2
. 

A: Letôs try. n+2. Add 2 to the position number, 1+2=3. It does not work. n
2
? 

The squared of n. It does not work. 

S: n. Can it be the rule? 

A: Substitute 1 for n, it is 1. But, we must find 2.  

S: n times 2? 

A: Does it work? Multiply the position number by 2. Multiply 1 by 2, then 2 

by 2, 3 by 2. They are correct. If we go on like this, n.2 that is 2n, is it 

correct? Yes. Look for the second pattern.  

S: n times 3. 

A: Letôs try (She is substituting 1, 2, 3 for n). The rule is 3n. We have learnt 

generalization of pattern in previous lessons. It is asked to add these patterns. 

Add 2 and 3,.. 

S: 5, 10, 15, 20. 

A: What will we get from the addition of 2n and 3n? 

S: 5n. 

A: Okay, can we find it without the addition of the terms? Can we find this 

rule from the pattern, generalization of the pattern (5, 10, 15, 20 ...)? Yes, it 

is 5n again. You have found 5n from addition.  

 

In this situation, Teacher A responded to the studentsô answers about the 

general rule appropriately. She tried all of them and showed whether they worked or 

not. However, Teacher A carried out the activity as if the students knew the addition 

and multiplication of algebraic expressions. She wanted the students to find the 

addition and multiplication of the general rules first, then she found the general rule 

of the result pattern and used this pattern rule to check the result of operations. 

Nevertheless, Teacher A was expected to generalize the result patterns first, and then 

to make connection the general rules of added and multiplied patterns with the 
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operations. It might more make sense that if she should have made guided the 

students to find the general rules of added and multiplied patterns then she could 

have asked them to operate the general rules. Thus, her knowledge of how to provide 

mathematical explanations for common rules and procedures appeared 

inappropriately (SCK6-). Instead of this, she added and multiplied the general rules 

and used the result patternôs general rule to check the result was correct or not. On 

the other hand, the part of the multiplication of patterns were explained in 

multiplication practices section in detail.  

Related to the pattern generalization, the other suggested activity was 

Operating with Strips activity from in ñPositive algebra ï A collection of productive 

exercisesò course book. Teacher B proceed the lesson with this activity. She did the 

first two questions in this activity: one addition and one subtraction of patterns 

questions. She gave the two questions as homework. There were three patterns in 

each question. The terms of two patterns were added and subtracted and the 

operation resulted the third patternôs terms. It was asked to generalize the patterns 

first, and then to do operations, addition or subtraction. The researcher suggested this 

activity to provide the students to recognize the connection between the resulted 

pattern rule and the addition of the rules of the addend patterns. Teacher Aôs 

knowledge to connect operations with algebraic expressions to generalization pattern 

that the students had learnt and known appeared appropriately (SCK1+) to select this 

activity and implemented it. There were four questions in this activity: two addition 

and two subtraction questions, and three patterns in one of the questions as in the 

following figure: 

 

 

 

 

 

 

Figure 25 Operating with Number Strips 
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