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ABSTRACT

SOME OPTIMAL CONTROL PROBLEMS IN ELECTRIC VEHICLES

Ahıska, Kenan

Ph.D., Department of Electrical and Electronics Engineering

Supervisor : Prof. Dr. Mehmet Kemal Leblebicioğlu

Co-Supervisor : Prof. Dr. Mustafa Kemal Özgören

December 2016, 125 pages

Conventional internal combustion engine-powered vehicles are the mainstream mean
in nowadays private transportation. However, their fuel consumption results in envi-
ronmental problems. Electric vehicles, on the other hand, have zero pollutant emis-
sion and benefit from high highly-efficient electric motor technology. These make the
electric vehicles as the most promising alternative in private transportation. However,
limitations in current battery technology aggravate the widespread usage of electric
cars. The question of optimal solutions even for the small travel distances in urban
traffic are very intriguing.

In this thesis, several optimal control problems concerning electric vehicles are stud-
ied: (1) energy optimality of electric vehicles moving along roads with uphill and
downhill sections, (2) energy and time optimality of electric vehicles cornering arcs
with various radii along asphalt road and the Pareto-front between these two objec-
tives, and (3) vehicle handling of electric cars cornering around arcs with various radii
along icy roads.

A mathematical model for electric vehicles including longitudinal, lateral and rota-
tional dynamics is constructed. Wheel skidding kinematics and battery dynamics are
incorporated into the mathematical model. This model is derived through necessary
simplification of a previously derived more comprehensive mathematical model that
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includes the suspension characteristics as well. The simplified model is named gross
motion model and it is verified with in several tests.

Energy and time optimality problems are solved with methods based on classical op-
timal control theory. A solution method for these two-point boundary value problems
with defined state boundaries and free final time has been developed and the obtained
solutions are compared with constant velocity cruise controllers. For roads includ-
ing icy uphill and downhill sections a skidding compensation logic is proposed to
reduce the wheel slippage. It has been observed that the optimal control solution has
superiority in energy management against the cruise controllers and it reaches a solu-
tion near the global optimum without being influenced by the skidding compensation
logic. The sensitivity of the energy optimal controller on passenger seating configu-
rations and initial state-of-charge of the battery turns out to be smaller in magnitude
compared to the changes in the parameters. The superiority of the energy optimal
controller against the cruise controllers becomes more evident in the scenarios where
the battery is far from being fully charged.

The vehicle cornering problems for electric vehicles are evaluated in terms of both
energy and time optimality. Significant improvements compared to the cruise control
solutions for both objectives are obtained with the solutions based on classical optimal
control approach. A Pareto-front analysis is carried out with multi-objective energy
and time minimization. The analysis provides a multi-objective solution to the vehicle
cornering problem with a compromise between travel time and energy consumption
that enables the vehicle to travel over the corner with minimum energy consumption
within the given speed limits. The optimality of the Pareto-front results is discussed.
Furthermore, a sensitivity analysis is performed and it is confirmed that the optimal
control solution is insensitive to the different passenger seating arrangements.

The vehicle handling problem for electric cars cornering around roads with low fric-
tion coefficients is studied and an autopilot design is proposed to satisfy desired han-
dling performance. A novel hierarchical optimization approach is presented to gen-
erate off-line solutions for cornering along roads with different friction coefficients
and radii of curvature. Vehicle motion as the output of this optimization process, to-
gether with vehicle states and control commands at each sampling time are generated
and stored for different selected scenario parameters with various rotation radii and
friction coefficients. A vehicle status definition is presented as a function of vehicle
states that contains the most informative data to evaluate the vehicle handling perfor-
mance. The vehicle statuses at each decision instant among these off-line optimized
data are clustered with the k-means clustering technique. These are associated with
the control commands applied. A cluster centre-control command corresponds to a
rule that produces the unique control command to be applied as a function of vehicle
status. The autopilot is constructed by a convex combination of these rules. This
basic idea of autopilot design has been extended for motions along a specific rotation
radii and friction coefficients; the control commands corresponding to arbitrary sce-
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nario parameters are obtained by a runtime scheduling of the weighted-interpolation
among the control commands corresponding to different scenario parameters.

Keywords: electric vehicles, optimal control, sensitivity analysis, Pareto-front analy-
sis, vehicle handling, cornering autopilot, skidding autopilot
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ÖZ

ELEKTRİKLİ ARAÇLARDA BAZI OPTİMAL KONTROL PROBLEMLERİ

Ahıska, Kenan

Doktora, Elektrik ve Elektronik Mühendisliği Bölümü

Tez Yöneticisi : Prof. Dr. Mehmet Kemal Leblebicioğlu

Ortak Tez Yöneticisi : Prof. Dr. Mustafa Kemal Özgören

Aralık 2016 , 125 sayfa

Geleneksel içten yanmalı motorlu taşıtlar, günümüz kişisel ulaşımında en çok ter-
cih edilen araçlardır. Ancak, yakıt tüketimleri çevresel sorunlar ortaya çıkarmaktadır.
Elektrikli araçlar ise sıfır kirlilik salınımına sahiptir ve yüksek verimli elektrik mo-
toru teknolojisinden yararlanırlar. Bunlar elektrikli araçları kişisel ulaşım için en ümit
veren alternatif haline getirmektedir. Ancak, mevcut batarya teknolojilerindeki kısıt-
lar elektrikli arabaların yaygın kulanımını zorlaştırmaktadır. En iyilenmiş çözümlerin
aranması, kent hayatındaki kısa seyahat mesefaleri için bile ilgi çekicidir.

Bu tezde, elektrikli araçların optimal kontrolü çeşitli problemlerde değerlendirilmiş-
tir: (1) yokuş ve iniş kısımları içeren yollarda giden elektrikli araçlar için enerji eni-
yilemesi, (2) asfalt yollarda dönüş yapan elektrik araçlar için enerji ve zaman eni-
yilemesi, ve bu iki hedef arasındaki Pareto-yüzey, ve (3) buzlu yolda dönüş yapan
elektrikli araçlar için araç hakimiyeti problemleri çalışılmıştır.

Elektrikli araçlar için boylamsal, yanal ve dönüş dinamiklerini içeren bir matematik-
sel model oluşturulmuştur. Tekerleklerin kayma kinematikleri ve batarya dinamikleri
bu model içerisine gömülmüştür. Bu model, süspansiyon karakteristiklerini de içe-
ren daha ayrıntılı bir matemaiksel modelde gerekli sadeleştirilmelerin yapılması ile
elde edilmiştir. Büyük hareket modeli olarak isimlendirilen bu sadeleştirilmiş model,
çeşitli test senaryolarında doğulanmıştır.
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Enerji ve zaman eniyileme problemleri klasik optimal kontrol yöntemleri ile çalışıl-
mıştır. Durum sınırları tanımlı, serbest son zamanlı bu iki-nokta sınır değer prob-
lemleri için bir çözüm tekniği geliştirmiş ve elde edilen çözümler sabit hızlı seyir
kontrolcüleri ile karşılaştırılmıştır. Buzlu yokuş ve iniş kısımları içeren yollar için bir
kayma giderme mantığı önerilmiştir. Optimal kontrol çözümünün seyir kontrolcüle-
rine kıyasla enerji tüketimi açısından üstünlüğü gözlemlenmiş ve bu çözümün global
optimum çözümüne yakın olduğu ve kayma giderme mantığından etkilenmediği tes-
pit edilmiştir. Enerji optimal çözümün değişik yolcu oturma konfigürasyonları ve ba-
taryanın ilk şarj durumuna olan duyarlılığının, bu değerlerdeki değişimlerine kıyasla
düşük olduğu ortaya çıkmıştır. Enerji optimal kontrolcünün seyir kontrolcülerine olan
üstünlüğü, batarya tam doluluktan uzaklaştıkça daha belirgin olmuştur.

Elektrikli araçlar için dönüş problemi hem enerji hem de zaman eniyilemisi açısından
değerlendirilmiştir. Seyir kontrolcülerine kıyasla, klasik optimal kontrol tekniği ile
elde edilen çözümler, amaçları cinsinden önemli iyileştirmeler sağlamışlardır. Enerji
ve zaman çok amaçlı eniyileştirme ile bir Pareto-yüzey analizi yapılmıştır. Bu analiz,
yolculuk zamanı ve enerji harcaması arasında bir ödünleşme ile dönüş problemi için
çok amaçlı bir çözüm sağlayarak aracın verilen hız limitleri içinde minimum enerji
harcaması yaparak dönüşü tamamlamasını sağlamaktadır. Pareto-yüzey çözümlerinin
optimalitesi tartışılmıştır. Ayrıca, bir duyarlılık analizi ile optimal kontrol çözümleri-
nin değişik yolcu yerleşimlerine duyarsız olduğu doğrulanmıştır.

Düşük sürtünme katsayılı yollarda dönüş hareketi yapan elektrikli araçlar için araç
hakimiyeti problemi çalışılmış ve istenilen performansı sağlayan bir otopilot tasarım
önerilmiştir. Hiyerarşik bir optimization methodu önerilmiş ve çevrimdışı optimiza-
tion sonuçları durum ve komut vektör çiftleri olarak her bir karar anında değişik dönüş
çapları ve sürtünme kuvvetleri için kaydedilmiştir. Araç hakimiyetini değerlendirmek
için en bilgilendirici verileri içeren, araç durumlarının bir fonksiyonu olarak araç sta-
tüsü tanımı sunulmuştur. Çevrimdışı eniyilenmiş çözümler içinde her bir karar anı için
araç statüleri k-means kümelemesi tekniği ile kümelenmiş ve her bir küme merkezine
kontrol komutları atanmıştır. Her bir küme merkezi-kontrol komutu, araç durumunun
bir fonksionu olarak bir kural tanımlar. Otopilot bu kurallrın konvesk birlerşiminden
oluşmaktadır. Otopilot tasarımındaki temel fikir herhangi bir dönüş çapı ve sürtünme
katsayısı için genişletilebilir: herhangi bir senaryo değişkenine karşılık gelen kontrol
komutları, değişik senaryolardaki kontrol komutlarının ağırlıklı ortalamasının koşan-
zamanda ayarlanması ile elde edilebilir.

Anahtar Kelimeler: elektrikli araçlar, optimal denetleç, duyarlılık analizi, Pareto yü-

zey analizi, araç hakimiyeti, dönüş otopilotu, kayma otopilotu
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Mankind of our age produce new technologies very fast and bound their life to these
technologies even faster. Within less than one and a half century, auto-mobiles has
become part of many people’s life, and it is estimated that today there are more than
one billion auto-mobiles around the world [50]. Conventional internal combustion
engine-powered vehicles, matured over the last 100 years, have the majority share in
private transportation means; yet they still require significant improvements to reduce
their fuel consumption and pollution emissions [14].

Electric vehicles (EVs) are proposed as a highly-efficient environmentally friendly
alternative in private transportation. They have one or sometimes more electric mo-
tors which have high efficiency in electric to mechanical power transformation and
fast response in control loops. The electric motors are powered with rechargeable
battery packages. With their propulsion systems, EVs can be considered to have zero
pollutant emission [24, 54]. That’s why the increasing public concerns of the envi-
ronmental issues and energy efficiency praise electric vehicles [27, 26, 60].

Electric vehicles are known to be cutting-edge of technology; however, we were intro-
duced to them as long time ago as the vehicles with conventional internal combustion
engines were first deployed. Following the invention of the first DC-powered motor
by Joseph Henry in 1830, the first practical EV is created by Thomas Davenport in
1834. In 1851, Charles Page built a 20 mph electric car. The rechargeable battery
was introduced in 1859, and in 1899 Camille Jenatzy achieved a speed record of 66
mph with an electric vehicle powered by two 12 V motors. It has been recorded that
by 1912, there were 34000 electric vehicles registered in the U.S. and 50 companies
were producing them between 1895 and 1920 [6]. In 1912, the invention of electric
starters by Charles Kettering eliminated problems in gasoline-powered cars and the
conventional internal combustion engines gained the dominion over the transporta-
tion sector. However, the environmental pollution and rapid depletion of the natural
resources start to shake the throne of the conventional engines and electric vehicles
are considered as an alternative again at the dawn of the new century.

On the other hand, the electric vehicles have their own limitations. There are some
challenges related with current battery technology, resulting in shorter driving range,
longer charging time and higher battery cost [57]. These drawbacks of EVs boost
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researches on both improving the battery technology and optimizing the energy usage
of the vehicle [55].

This thesis has a chapter devoted to efficient energy management policies for electric
vehicles. The major advantage of the electric vehicles over the conventional vehicles
are their capability to generate and save energy during regenerative braking. The
effective means to benefit from regenerative braking maximally can be developed,
especially for roads with uphill and downhill sections. In the thesis, following a
detailed literature review, these problems are tried to be solved by methods based on
classical optimal control theory.

The design of controllers with various objectives requires a complete and correct
modelling of the vehicle. Mike Blundell, et al. notes the following comment in
the introduction section of their book entitled as Multi Body Systems Approaches to
Vehicle Dynamics [9].

"In 1969, man travelled to the moon and back, using maths invented by Kepler, New-
ton and Einstein to calculate trajectories hundreds of thousands of miles long and
spacecraft with less on-board computing power than today’s pocket calculator. With
today’s computing power and the mathematical frameworks handed down to us by
Newton and Lagrange, it is scarcely credible that the motor car, itself over 100 years
old, can exercise so many minds and still show scope for improvement. Yet we are still
repeating errors in the dynamic design of our vehicles that were made in the 1960s."

It has been observed that, the literature of vehicle control studies, uses simplified
motion models for vehicles. The coupling between motions along different axes are
sometimes ignored, or the fidelity of the power consumption dynamics are selected
inadequate. The methods proposed in the literature lack being valid in all the cases
whether the wheels are in slippage or not. Hence, in this thesis, before the optimal
control problems being handled, a detailed mathematical model incorporated with
wheel skidding kinematics and the power consumption dynamics of the vehicle is
presented. The high fidelity model is used in all the considered problems.

As the amount of time we spent in auto-mobiles increases, the accidents caused by or
with cars become a major problem. The first driving accident was recorded in 1770,
just a year after the development of the first motor driven vehicle, and since then
researches to understand the nature of accidents and to find the ways to avoid them
have been conducted [33]. It has been observed that the incidence of the car accidents
occur when the vehicle is under not under drivers control is over 50% [74]. Vehicle
handling defines a measure of control of vehicle according to the drivers command.
Other than mechanical problems, the wheel slippage is the main cause of low vehicle
handling [38].

A detailed literature review on the systems developed by the engineers throughout the
years to prevent wheel skidding and to increase handling capabilities are introduced
in this thesis. A method to find control commands that optimizes the vehicle handling
along roads with different friction coefficients is proposed, and data collected through
motions with optimized handling performances are used to generate rules to be used
in the runtime decision making process of the autopilot proposal.
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1.2 Thesis Organization and Contributions

This thesis is composed of six chapters: Chapter 1: Introduction, Chapter 2: Math-
ematical Modelling, Chapter 3: Energy Optimality, Chapter 4: Vehicle Cornering,
Chapter 5: Vehicle Handling and Chapter 6: Conclusions.

In Chapter 2: Mathematical Modelling, a mathematical model of an electrically
driven, four-wheel vehicle will be explained. The vehicle is considered to be front-
drive, front-steering, and all wheels able to brake. In the literature, depending on the
application, mathematical models with different fidelity has been proposed for elec-
tric vehicles. The mathematical models used in optimal vehicle cornering problem,
as well as other yaw motion characteristics, such as yaw stability, of the vehicle are
quite simplified models [62, 32]. Similar to the one employed in this study; how-
ever, a vehicle model can be constructed as a combination of subsystems such as the
chassis, the suspended body and the wheels [9, 78, 4].

The chapter starts with definition of reference frames and the transformations between
the reference frames. Vector and matrix representations of dynamic relationships, i.e.,
Newton-Euler equations are stated. Aerodynamic forces and moments, and interac-
tion forces and moments due to suspension system are explained. Then, wheel dy-
namics are studied. The chapter continues with calculations of angular velocities and
angular accelerations. Thereafter, an overall dynamic motion model of the vehicle is
presented. The cornering behaviour is introduced. The power consumption dynamics
are presented to complete the model the electric vehicle.

One of the main aims of this thesis is to develop an overall detailed mathematical
model of an electric vehicle. This model is then can be simplified to study different
problems such as energy, time and handling optimality. Necessary assumptions re-
lated to gross motion of the vehicle are made to simplify the model for handling the
optimal control problems addressed in this thesis.

The gross motion model developed is tested in three scenarios:uphill/downhill motion
along asphalt road, braking along asphalt and icy roads, and cornering around asphalt
roads. The aim is to give an insight about the validity of the developed method com-
pared against the daily-life experiences. It has been observed that in Matlab/Simulink
2016b, there is a vehicle model for longitudinal motion only. The first scenario is
tested against the model in Matlab/Simulink to verify the modelling approach with
the commercial vehicle models.

In Chapter 3: Energy Optimality, for the gross motion model of the vehicle moving
on a variable-slope road, an energy optimal controller is designed with torque, speed
and battery constraints. The energy consumption of the vehicle under the optimal
controller is compared against the standard cruise controllers of various speed refer-
ences in several scenarios including uphill and downhill motions with various slopes
and lengths. According to the simulation results, the optimal controller is shown to
be more energy efficient than the cruise controllers in all the considered scenarios.

The tests are repeated along icy road sections, and the superiority of the energy opti-
mal controller is verified for roads with low friction coefficients as well. A skidding
compensation logic is proposed and tested to minimize the wheel slippage and it is
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observed that energy optimality of the solution is not affected by this compensation.
A sensitivity analysis has been performed and it has been shown that, as a represen-
tative of different combinations of passengers, the sensitivity of the energy optimal
controller on the mass change and distribution is small in magnitude. Furthermore,
the tests with different initial values of the state-of-charge of the battery demonstrates
that the superiority of the energy optimal controller against cruise controllers becomes
significant especially when the battery is not fully charged and battery characteristics
limit the charging capability during regenerative braking. The assumptions and the
coverage of the presented optimal control approach is compared qualitatively with
some recent studies addressing the similar problems.

This chapter introduces the following outcomes:

1. Energy optimal control problem is defined for the vehicle. The problem is a
free-final time problem. On the other hand, the distance to be travelled is fixed.
A numerical method based on mapping the control inputs from the time domain
to position domain has been developed and utilized to satisfy the fixed distance
constraint (see Section 3.2).

2. The energy optimal controller is compared against cruise controller with dif-
ferent reference speeds in extensive simulations. The results depicts the supe-
riority of the energy optimal controller. The energy optimal solutions obey the
speed constraints, avoids wheel slippage, and completes the roads in a travel
time still comparable with the cruise controllers (see Section 3.3).

3. The energy optimal controller is shown to preserve its superiority in terms of
the energy consumption of the electric vehicle for all the considered scenarios
where the uphill and downhill sections of the road is icy. A skidding compen-
sation logic is proposed to reduce the wheel slippage. The results show that,
with no compromise in energy consumption of the vehicle, the occurrence of
the wheel slippage is reduced with this compensation (see Section 3.4).

4. It has been shown that as a representative of different combinations of passen-
gers, the sensitivity of the energy optimal controller on the mass change and
distribution is smaller in magnitude. Furthermore, the tests with different ini-
tial values of the state-of-charge of the battery demonstrates that the superiority
of the energy optimal controller against cruise controllers becomes significant
especially when the battery is not fully charged and battery characteristics limit
the charging capability during regenerative braking (see Section 3.5).

A qualitative comparison with the literature is performed and the following points are
presented as the main contributions of this study (see Section 3.6):

1. A numerical method based on mapping the control inputs from the time domain
to position domain has been proposed to deal with the free-final time two point
boundary value problems.

2. A skidding compensation approach is proposed to reduce the percentages of
the time instants when the wheels are in slippage. The skidding compensation
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logic is shown to be effective in reducing slippage and it has been observed that
the energy optimality of the solution is preserved.

3. The superiority of the optimal control theory based solution for the energy man-
agement problem of electric vehicles is shown with comparisons against stan-
dard cruise controllers in asphalt and icy roads, which depicts that autopilot
designs for electric vehicles based on optimal control solutions will be far more
energy efficient.

4. The low sensitivity of the energy optimal controller with respect to passenger
arrangements and initial state-of-charge of the battery in electric vehicles are
demonstrated.

The results of the studies introduced in Chapter 3: Energy Optimality are submit-
ted to publication in "International Journal of Control" with an article entitled as
"Energy Optimal Controller for an Electric Vehicle on a Variable-Slope Road". Fur-
thermore, some sections of the chapter are presented in a conference article in "15th
International Conference on Control, Automation and Systems (ICCAS 2015)" enti-
tled as "Energy Optimal Controller for Electric Vehicles on Partially Icy Roads with
Heuristic Skidding Compensation", see [4].

In Chapter 4: Vehicle Cornering, vehicle cornering under constant Ackerman’s steer-
ing law is investigated. The average power consumption of the vehicle, and the
amount of time vehicle corners the circular arc are calculated as merits of energy
and time optimal control problems. Applying wheel torque, vehicle speed and bat-
tery power constraints to the problem, the performances of the optimal controllers are
evaluated in simulations. In terms of battery charge and time consumption measures,
the behaviour of the vehicle under optimal controllers are compared with those un-
der cruise controllers. The simulation results confirm the effectiveness of the optimal
controllers against standard cruise controllers.

A Pareto-front analysis is carried out with multi-objective energy and time minimiza-
tion using NSGA-II algorithm. The analysis provides a multi-objective solution of
the vehicle cornering problem with a compromise between travel time and energy
consumption of the vehicle that enables vehicle to complete cornering with minimum
energy consumption within the given speed limits. The optimality of the Pareto-front
results are discussed. Furthermore, a sensitivity analysis is performed and it is con-
firmed that the optimal control solution is insensitive to the different passenger seating
arrangements.

The studies in this chapter aim to generate the following contributions to the literature
available on the optimality problem in vehicle cornering motion:

1. The optimal control problem is discussed on vehicle mathematical model which
is sufficiently detailed to be applicable for any gross motion. In addition to the
motion model, battery model and regenerative braking capability of the electric
drive are included.

2. The classical optimal control is shown to be a valid and applicable technique for
time and energy optimization for vehicle motion. Time and energy optimality
problems are both handled in a single solution structure.
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3. Both time and energy optimal control problems are free-final time problems.
On the other hand, the distance to be covered is chosen to be fixed. A numer-
ical method based on mapping the control inputs from the time domain to the
position domain has been developed and utilized to satisfy the fixed distance
constraint.

4. It has been shown with NSGA-II genetic algorithm that there is a Pareto-front
between time and energy optimization problems. The optimality of this Pareto-
front is validated with classical optimal control approach.

5. A sensitivity analysis is performed and it is confirmed that the optimal control
solution is insensitive to the different passenger seating arrangements.

The results of the studies introduced in Chapter 4: Vehicle Cornering are submitted to
publication in "Optimal Control Applications and Methods" with an article entitled as
"Multi Objective Optimal Vehicle Cornering Behaviour under Constant Ackermann
Steering".

In Chapter 5: Vehicle Handling, vehicle cornering around roads with low friction co-
efficients is studied and an autopilot design is proposed to satisfy desired handling
performance. A novel hierarchical optimization approach is presented to generate
off-line solutions for cornering along roads with different friction coefficients and
radii of curvature. Vehicle motion as the output of this optimization process, together
with vehicle states and control commands at each sampling time are generated and
stored for different selected scenario parameters with various rotation radii and fric-
tion coefficients. A vehicle status definition is presented as a function of vehicle states
that contains the most informative data to evaluate the vehicle handling performance.
The vehicle statuses at each decision instant among these off-line optimized data are
clustered with the k-means clustering technique. These are associated with the con-
trol commands applied. A cluster centre-control command corresponds to a rule that
produces the unique control command to be applied as a function of vehicle status.
The autopilot is constructed by a convex combination of these rules. This basic idea
of autopilot design has been extended for motion along a specific rotation radii and
friction coefficients; the control commands corresponding to arbitrary scenario pa-
rameters are obtained by a runtime scheduling of the weighted-interpolation among
the control commands corresponding to different scenario parameters.

Vehicles under autopilots with different number of clusters are tested in cornering
motions along the icy roads, and according to the vehicle handling performances,
the number of clusters is tuned. The autopilot design is compared with the off-line
optimized control command sequences along the same test scenarios. It has been
observed that performance of a vehicle under autopilot control does not differenti-
ate from those under off-line optimized control commands in terms of vehicle states,
vehicle handling performances and energy consumptions more than 5%. The per-
formance of the autopilot proposal is also tested with different scenarios, and the ap-
proach based on runtime scheduling of the weighted-interpolation between the control
commands corresponding to different scenario parameters is verified.

The main contributions of the studies introduced in this chapter can be summarized
as follows:
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1. The vehicle handling problem is tried to be solved with a high fidelity mathe-
matical model of electric vehicles for all road conditions.

2. An optimization technique, as proposed in the outer layer of the hierarchical
optimization procedure, to find the probably complex solution of the relatively
difficult problem, cornering around icy roads, is presented. The method attacks
the problem by proposing simpler solutions to the relatively easier problems,
cornering around higher friction roads, and gradually decreasing the friction
coefficients.

3. An optimization technique, as proposed in the inner layer of the hierarchical op-
timization procedure, to minimize deviation of the position of the vehicle from
the desired route, is presented. The method makes search around a neighbour-
hood of a solution proposal in a search cone. The centreline of the search cone
is generated as the difference between two consecutive optimization steps, and
the volume of the cone is adjusted according to the changes in the cost through-
out these steps.

4. An autopilot for vehicle cornering around icy roads is proposed based on run-
time decision making process. The rule sets to be used in the process are gen-
erated by clustering the vehicle statuses and calculating control command vec-
tors at centroids of each clusters. The control commands corresponding to arbi-
trary scenario parameters are obtained by a runtime scheduling of the weighted-
interpolation among the control commands corresponding to different scenario
parameters

The results of the studies introduced in Chapter 5: Vehicle Handling are submitted to
publication in "IEEE Transactions on Vehicular Technology" with an article entitled
as "Autopilot Design for Vehicle Cornering Through Icy Roads".

7



8



CHAPTER 2

MATHEMATICAL MODELLING

In this chapter, mathematical modelling of an electrically driven, four-wheel vehicle
will be explained. The vehicle is considered to be front-drive, front-steering, and all
wheels are able to brake. In the literature, depending on the application, mathemat-
ical models with different fidelities have been proposed for electric vehicles. The
mathematical models used in the optimal vehicle cornering problem, as well as other
yaw motion characteristics, such as yaw stability, of the vehicle are quite simplified
models [62, 32]. Similar to the one employed in this study; however, a vehicle model
can be constructed as a combination of subsystems such as the chassis, the suspended
body and the wheels [9, 78, 4].

The chapter starts with definition of reference frames and the transformations between
the reference frames. Vector and matrix representations of dynamic relationships, i.e.,
Newton-Euler equations are stated. Aerodynamic forces and moments, and interac-
tion forces and moments due to the suspension system are explained. Then, wheel
dynamics are studied. The chapter continues with calculations of angular velocities
and angular accelerations. Thereafter, an overall dynamic motion model of the ve-
hicle is presented. The cornering behaviour is introduced. The power consumption
dynamics are presented to complete of the model of the electric vehicle.

One of the main aims of this thesis is to develop a comprehensive mathematical model
of an electric vehicle. This model includes the suspension characteristics as well.
Depending on the motion scenarios, the model is then simplified to study different
problems such as energy, time and handling optimality. The simplified model is such
that the wheels and the suspension system are assumed to be rigid. The motion of the
simplified model is designated as the "gross motion of the vehicle".

The simplified gross motion model mentioned above is tested in three scenarios: up-
hill/downhill motion along asphalt road, braking along asphalt and icy roads, and
cornering around asphalt roads. The aim of these tests is to verify the validity of the
developed method as compared to the daily-life experiences. It has been observed
that in Matlab/Simulink 2016b, there is a vehicle model for longitudinal motion only.
Therefore, in the first scenario, the model used in this thesis is tested additionally
against the model used in Matlab/Simulink. Both models gave similar results.
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2.1 Reference Frames

In this section, reference frames are defined. There are four reference frames: Earth-
fixed reference frame (Fo), local ground reference frame (Fe), chassis-fixed reference
frame (Fc) and body-fixed reference frame (Fb).

2.1.1 Earth-Fixed Reference Frame

Earth-fixed reference frame is denoted by Fo. This is an inertial reference frame with
its z-axis towards the centre of Earth. The other two axes can be chosen to satisfy the
right hand rule. The reference frame can have origin as the projection of the centre of
gravity of the chassis (Gc) at initial position.

It is assumed that, throughout the movement of the vehicle, the Earth surface is flat.
In other words, the elliptic shape of the globe is ignored; however, the contact surface
between wheels and the ground can be changing. Earth-fixed reference frame Fo is
depicted in Fig. 2.1.

2.1.2 Local Ground Reference Frame

The local ground reference frame is denoted by Fe. The frame is also called wheel-
base frame. It moves with the vehicle so that the contact points of the wheels are on it.
It is assumed that all four wheel contacts with the ground are confined in a common
plane. The reference frame has x-axis towards the movement of the vehicle, y- axis
in the direction towards lateral surface of vehicle, and z-axis according to right hand
rule. The frame has origin as the projection of Gc on the frame.

The frame has roll and pitch orientations with respect to Fo. The rates of change
of these orientations are assumed to be small compared to the respective orientation
changes of the chassis. Hence, it is assumed that the reference frame is parallel to
the chassis fixed reference frame with a translation in common z-axis. Therefore, the
contact points between ground and wheels are fixed on this reference frame.

It is also assumed that the ground surface is flat for any instant throughout the move-
ment of the vehicle. Hence contact points of wheel all have 0 position in z-axis,
corresponding to different z-positions in Fo due to roll and pitch orientations of Fe
with respect to Fo. The local ground reference frame Fe is depicted in Fig. 2.1.

2.1.3 Chassis Fixed Reference Frame

Chassis fixed reference frame is denoted by Fc. The reference frame has origin asGc.
It has x- direction in longitudinal axis of the chassis, y-direction in the lateral axis of
the chassis and z-direction according to the right hand rule. Fc is parallel in common
z-axis with Fe. The chassis fixed reference frame Fc is depicted in Fig. 2.1.
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Figure 2.1: Reference frames defined in vehicle dynamics

2.1.4 Body Fixed Reference Frame

Body fixed reference frame is denoted by Fb. The reference frame has origin as Gb of
the suspended body of the vehicle which is connected to chassis with four suspension
systems. It has x-direction in longitudinal axis of the body, y-direction in the lateral
axis of the body and z-direction according to the right hand rule. Fb has an orientation
with respect to Fc. It is assumed that due to mechanical limitations Fb has no yaw
orientation with respect to Fc. The body fixed reference frame Fb is depicted in Fig.
2.1.

2.1.5 Transformations between Reference Frames

Let Fx and Fy be two reference frames. Ĉ(x,y) is the transformation matrix from Fy
to Fx so that the matrix representation of vector ~r in Fx and r̄(x), i.e., r̄(x) = {~r}|Fx
and r̄(y) = {~r}|Fy are related as follows:

r̄(x) = Ĉ(x,y)r̄(y) (2.1)

At the same time, Ĉ(x,y) represents orientation of Fy with respect to Fx. Multiple
transformations between orientations of reference frames is also possible.

Ĉ(x,z) = Ĉ(x,y)Ĉ(y,z) (2.2)

Inverse transformation is defined as:

Ĉ(x,y) = Ĉ(y,x)−1

= Ĉ(y,x)T (2.3)

A skew symmetric matrix is defined corresponding to its column matrix is defined as:
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c̄ =

 cx
cy
cz

⇒ c̃ =

 0 −cz cy
cz 0 −cx
−cy cx 0

 (2.4)

A general orientation matrix can be written as:

Ĉ(x,y) = eũzψxyeũyθxyeũxφxy

=
[

cos(ψxy) −sin(ψxy) 0
sin(ψxy) cos(ψxy) 0
0 0 1

] [
cos(θxy) 0 sin(θxy)
0 1 0
−sin(θxy) 0 cos(θxy)

] [
1 0 0
0 cos(φxy) −sin(φxy)
0 −sin(φxy) cos(φxy)

]
(2.5)

Using (2.5), orientation matrices between the defined reference frames can be defined.
Between local ground reference frame (Fe) and Earth-fixed reference frame (Fo) all
three orientations are different than zero.

Ĉ(o,e) = eũzψoeeũyθoeeũxφoe (2.6)

Between chassis-fixed reference frame (Fc) and local ground reference frame (Fe),
roll and pitch orientations are very small, and yaw orientation of (Fe) is chosen to be
coincided with that of (Fc).

φec ≈ 0, θec ≈ 0, ψec = 0 (2.7)

Ĉ(e,c) = eũzψeceũyθeceũxφec = (Î)eũyθeceũxφec

= (Î)(Î + ũyθec)(Î + ũxφec) = Î + ũyθec + ũxφec ≈ Î
(2.8)

Ĉ(o,c) = Ĉ(o,e)Ĉ(e,c) ≈ Ĉ(o,e) (2.9)

Between body-fixed reference frame (Fb) and chassis-fixed reference frame (Fc),
there is no yaw orientation due to mechanical limitations, but roll and pitch orien-
tations exist, yet they are very small as well.

φcb ≈ 0, θcb ≈ 0, ψcb = 0 (2.10)

Ĉ(c,b) = eũzψcbeũyθcbeũxφcb = (Î)eũyθeceũxφec = Î + ũyθec + ũxφec ≈ Î (2.11)

Ĉ(e,b) = Ĉ(e,c)Ĉ(c,b) ≈ Î (2.12)

Ĉ(o,b) = Ĉ(o,e)Ĉ(e,c)Ĉ(c,b) ≈ Ĉ(o,e) (2.13)

Inverse transformations are transpose of the forward transformations. The reference
frame is depicted in Fig. 2.1.
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2.2 Vector Form of Dynamic Relationships

In this section, vector form of Newton-Euler equations for chassis and suspended
body [68] are presented.

2.2.1 Vector Newton-Euler Equations for the Chassis

mc~aoc =
4∑

k=1

(
~Fwkc + ~Fskc

)
+mc~g (2.14)

Ĵc · ~αoc + ~ωoc × Ĵc · ~ωoc =
4∑

k=1

[(
~Mwkc + ~Mskc

)
+ ~rcpk ×

(
~Fwkc + ~Fskc

)]
(2.15)

In 2.14 and 2.15,
~g is the acceleration of gravity.
mc is the mass of the chassis.
Ĵc is the inertia tensor of the chassis about its centre of mass Gc.
~aoc = (d2~roc/dt

2) |Fo is the acceleration of Gc with respect to Fo(Oo).
~roc = ~rOoGc is the position vector of Gc. with respect to Fo(Oo).
~ωoc is the angular velocity of the chassis with respect to Fo(Oo).
~αoc = (d~ωoc/dt) |Fo is the angular acceleration of the chassis with respect to

Fo(Oo).
~Fwkc is the interaction force applied by the k-th wheel to the chassis.
~Fskc is the interaction force applied by the k-th suspension unit to the chassis.
~Mwkc is the interaction moment applied by the k -th wheel to the chassis about

the wheel centre Ck.
~Mskc is the interaction moment applied by the k-th suspension unit to the chas-

sis about the connection point Pk ≈ Ck.
~rcpk is the position vector of Pk ≈ Ck with respect to Fc(Gc) = Fc(Oc).

2.2.2 Vector Newton-Euler Equations for the Suspended Body

mb~aob =
4∑

k=1

~Fskb + ~Fab +mb~g (2.16)

Ĵb · ~αob + ~ωob × Ĵb · ~ωob =
4∑

k=1

[
~Mskb + ~rbpk × ~Fskb

]
+ ~Mab (2.17)

In 2.16 and 2.17,
mb is the mass of the suspended body.
Ĵb is the inertia tensor of the suspended body about its centre of mass Gb.
~aob = (d2~rob/dt

2) |Fo is the acceleration of Gb with respect to Fo(Oo).
~rob = ~rOoGb is the position vector of Gb. with respect to Fo(Oo).
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~ωob is the angular velocity of the suspended body with respect to Fo(Oo).
~αob = (d~ωob/dt) |Fo is the angular acceleration of the suspended body with

respect to Fo(Oo).
~Fskb is the interaction force applied by the k-th suspension unit to the suspended

body.
~Mskb is the interaction moment applied by the k -th suspension unit to the

suspended body about the wheel centre Pbk ≈ Ck.
~rbpk is the position vector of Pbk ≈ Ck with respect to Fb(Gb) = Fb(Ob).
~Fab is the aerodynamic force applied to the suspended body.
~Mab is the aerodynamic moment applied to the suspended body about Gb.

2.3 Matrix Form of Dynamic Relationships

In this section, matrix form of Newton-Euler equations for chassis and suspended
body are presented.

2.3.1 Matrix Newton-Euler Equations for the Chassis

mcĈ
(c,o)ā(o)oc =

4∑
k=1

(
F̄ (c)
wkc

+ F̄ (c)
skc

)
+mcgĈ

(c,o)ūz (2.18)

Ĵ (c)
c ᾱ(c)

oc + ω̃(c)
oc Ĵ

(c)
c ω̄(c)

oc =
4∑

k=1

[
M̄ (c)

wkc
+ M̄ (c)

skc
+ r̃(c)cpk(F̄

(c)
wkc

+ F̄ (c)
skc

)
]

(2.19)

2.3.2 Matrix Newton-Euler Equations for the Suspended Body

mbĈ
(b,o)ā

(o)
ob =

4∑
k=1

F̄
(b)
skb

+mbgĈ
(b,o)ūz + F̄

(b)
ab (2.20)

Ĵ
(b)
b ᾱ

(b)
ob + ω̃

(b)
ob Ĵ

(b)
b ω̄

(b)
ob =

4∑
k=1

(
M̄

(b)
skb

+ r̃
(b)
bpk
F̄

(b)
skb

)
+ M̄

(b)
ab (2.21)

2.4 Aerodynamic Forces and Moments

Aerodynamic forces and moments are acting on the suspended body. The forces are
related to linear velocity of the suspended body. The disturbances due to wind gusts
are neglected. The air drag force can be as follows:

~Fab = −1

2
ρa||~vob||2DA

~vob
||~vob||

(2.22)

14



In (2.22),
ρa is the density of air.
D is the air drag coefficient as a function of angle of drag with respect to ~u(b)x .
A is the nominal surface area of the vehicle.

This force is in the opposite direction of ~vob and it is assumed that F̄ (b)
ab,z ≈ 0.

If there is a difference between geometric centre of the vehicle and midpoint of A,
then aerodynamic forces will result in moments as well. It is assumed that the vehicle
is symmetric and its geometric centre coincides with its aerodynamic centre; hence,
the air drag does not create a moment on the vehicle.

2.5 Suspension System Related Forces and Moments

It is assumed that suspension system between chassis and suspended mass can be
modelled a spring and damper system [68]. The suspension system is assumed to
induce forces only in ~u(e)z ≈ ~u(c)z ≈ ~u(b)z .

~Fsk,z = kk(sk − s0k) + bkṡk + uk (2.23)

In (2.23),
kk is the stiffness coefficient of k-th suspension unit.
bk is the damper coefficient of k-th suspension unit.
sk is the length of the k-th suspension unit.
s0k is the free length of the k-th suspension unit.
uk is the active suspension force input to the k-th suspension unit.

sk is the length of the suspension unit at the corner connection points. Note that r̄(o)oc
and r̄(o)ob can change; in other words, centre of gravities of chassis and suspended body
are not supposed to be the same. However, the corner points are fixed and may have
motion in ~u(e)z ≈ ~u

(c)
z ≈ ~u

(b)
z . Small angle assumption can be made for φcb and θcb.

Therefore,

sk = ūTz r̄
(o)
ob − ū

T
z r̄

(o)
oc + ūTz r̃bpk × [φcb θcb 0]T (2.24)

2.6 Wheel Dynamics and Interaction Forces and Moments

In this section, orientation matrices, and Newton-Euler equations in vector and ma-
trix forms for the wheels are defined. Then the interaction forces and moments are
explained. The vehicle has fixed axes for rear wheels and orientable axes for front
wheels.
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2.6.1 Orientation Matrices for the Wheels

Ignoring the slight deformations, the wheels can be considered to be spinning sym-
metric bodies. Thus, Newton-Euler equations can be defined in their associated non-
spinning frames. Since rear wheels have fixed axes, Fc can be used instead of Fwrl
and Fwrr , and the orientation matrices are as follows.

Ĉ(o,wrl) = Ĉ(o,wrr) = Ĉ(o,c) ≈ Ĉ(o,e) = eũzψoeeũyθoeeũxφoe (2.25)

Front wheels are steered by angles ψfl and ψfr about ~u(c)z ; hence, the orientation
matrices for Fwfl and Fwfr can be written as follows.

Ĉ(o,wfl) = Ĉ(o,c)Ĉ(o,wfl) ≈ Ĉ(o,e)eũzψfl = eũxφoeeũyθoeeũz(ψoe+ψfl)

Ĉ(o,wfr) = Ĉ(o,c)Ĉ(o,wfr) ≈ Ĉ(o,e)eũzψfr = eũxφoeeũyθoeeũz(ψoe+ψfr)
(2.26)

2.6.2 Vector Newton-Euler Equations for the Wheels

For each wheel, k = 1, 2, 3, and 4:

mwk~aowk = ~Fcwk + F̄gwk +mwk~g (2.27)

Ĵwk · ~αowk + ~ωowk × Ĵwk · ω̄owk = ~Mcwk + ~Mgwk + ~rwkqk × ~Fgwk (2.28)

In 2.27 and 2.28,
mwk is the mass of the k-th wheel.
Ĵwk is the inertia tensor of the k-th wheel about its centre of mass Ck.
~aowk = (d2~rowk/dt

2) |Fo is the acceleration of Ck with respect to Fo(Oo).
~rowk is the position vector of Ck with respect to Fo(Oo).
~ωowk is the angular velocity of the k-th wheel with respect to Fo(Oo).
~αowk = (d~ωowk/dt) |Fo is the angular acceleration of the k-th wheel with re-

spect to Fo(Oo).
~Fcwk is the interaction force applied by the chassis to the k-th wheel. ~Fcwk =

−~Fwkc.
~Fgwk is the interaction force applied by the ground to the k-th wheel.
~Mcwk is the interaction moment applied by the chassis to the k -th wheel about

Ck. ~Mcwk = − ~Mwkc.
~Mgwk is the interaction moment applied by the ground to the k-th wheel by the

contact point Qk.
~rwkqk is the position vector of Qk with respect to Fwk(Ck) = Fwk(Owk).

2.6.3 Matrix Newton-Euler Equations for the Wheels

For each wheel, k = 1, 2, 3, and 4:
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mwkĈ
(wk,o)ā(o)owk = F̄ (wk)

cwk
+ F̄ (wk)

gwk
+mwkgĈ

(wk,o)ūz (2.29)

Ĵ (wk)
wk

ᾱ(wk)
owk

+ ω̃(wk)
owk

Ĵ (wk)
wk

ω̄(wk)
owk

= M̄ (wk)
cwk

+ M̄ (wk)
gwk

+ r̃(wk)wkqk
F̄ (wk)
gwk

(2.30)

2.6.4 Interaction Forces and Moments

In this section interaction forces and moments applied by the ground on the wheels
and the chassis are studied. The wheel has suspension system model as simple stiff-
ness generating the force in ~u(e)z from ground to the chassis through the wheels.

~Fgwk,z = kwk(swk − s0wk ) (2.31)

In (2.31),
kwk is the stiffness coefficient between the wheel and the ground of the k-th

wheel.
swk is the length of the stiffness of the k-th wheel from chassis to ground.
s0wk is the free length of the stiffness of the k-th wheel from chassis to ground.

Note that Ĉ(o,wrl) = Ĉ(o,c), Ĉ(o,wrrl) = Ĉ(o,c), Ĉ(o,wfl) = Ĉ(o,c)eũzψfl and Ĉ(o,wfr) =
Ĉ(o,c)eũzψfr . Small angle assumption can be made for ψoc and θoc. Therefore,

swk = ūTz r̄
(o)
oc + dwk + r̃wkqk × [φoc θoc 0]T (2.32)

In (2.32), dwk is the disturbance from the road.

There are many tire-road friction models available in the literature [12, 82]. Coulomb’s
friction law, Lu-Gre friction model [11], finite element method based friction mod-
els [36] and Magic formula [65] are among the most famous models explaining the
nature of tire contact friction effects. Some cruising algorithms exclude tire-road
friction effects or assume a road-tire static friction proportional to weight of wheel
[19].

In this study, wheels are assumed to be rigid and are subject to the friction forces
according to the Coulombs law. In other words, Magic Formula [65], which is an em-
piric equation commonly used to model tire friction forces, is simplified to Coulomb’s
friction law owing to the rigid wheel assumption [69]. Even if this assumption does
not reduce the computational complexity, the nature of wheel skidding becomes eas-
ier to handle in the rigid wheel model.

The Coulomb’s friction law is formulated as in 2.33 for each wheel. In the equation,
ūvwk is the unit vector indicating the direction the linear velocity of the k-th wheel,
µs,wk and µd,wk are static and dynamic friction coefficients of the road at the contact
point with k-th wheel.
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ūTvwk
v̄
(o)
wk = Rω̄

(wk)
owk if |ūTvwk F̄

(wk)
gwk | < µs,wk ū

T
z F̄

(wk)
gwk

ūTvwk
F̄

(wk)
gwk = µd,wk ū

T
z F̄

(wk)
gwk if ūTvwk

v̄
(o)
wk 6= Rω̄

(wk)
owk

(2.33)

During wheel slippage, the friction force is known; however, the speed of the wheel
cannot be deduced from the speed of the vehicle. During no-slippage condition; on
the other hand, the relation between speeds of the wheel and the chassis velocities are
in action, but the exact value of the static friction force is unknown. The unknown
friction force, as well as the accelerations of the wheels and the chassis, are calculated
by solving the Newton-Euler equations. All structural forces can also be extracted
through this computation.

2.7 Angular Velocities

In this section, angular velocities of the vehicle subsystems in their inertial frames are
defined.

ω̃(c)
oc = Ĉ(c,o) ˙̂

C(o,c) ≈ Ĉ(e,o) ˙̂
C(o,c)

=
(
e−ũzψoee−ũyθoee−ũxφoe

) (
eũxφoceũyθoceũzψoc

)[
ũzψ̇oc

(
Î + ũyθoc + ũxφoc

)
+ ũyθ̇oc

(
Î + ũzψoc + ũxφoc

)
+ũxφ̇oc

(
Î + ũyθoc + ũzψoc

)] (2.34)

Here, it is assumed that inclination of the ground changes slowly, and as stated above,
Fc has no orientation difference compared to Fe are small in magnitude. Hence, the
equation above becomes:

ω̃(c)
oc ≈

(
e−ũzψoee−ũyθoee−ũxφoe

) (
eũxφoeeũyθoeeũzψoe

)[
ũzψ̇oe

(
Î + ũyθoe + ũxφoe

)
+
(
ũzψ̇ec + ũyθ̇ec + ũxφ̇ec

)] (2.35)

ω̃(c)
oc ≈ ũzψ̇oe

(
Î + ũyθoe + ũxφoe

)
+
(
ũyθ̇ec + ũxφ̇ec

)
(2.36)

ω̃(c)
oc ≈ ũxφ̇ec + ũyθ̇ec + ũzψ̇oe (2.37)

ω̄(c)
oc ≈ ūxφ̇ec + ūyθ̇ec + ūzψ̇oe (2.38)

Similarly,

ω̄
(b)
ob ≈ ūx(φ̇ec + φ̇cb) + ūy(θ̇ec + θ̇cb) + ūzψ̇oe (2.39)

ω̄
(b)
cb ≈ ūxφ̇cb + ūyθ̇cb (2.40)

18



For the angular velocities of the wheels, remember that rear wheels have non-spinning
inertial frames Fwrl = Fc and Fwrr = Fc .

ω̄(wrl)
owrl

= ω̄(c)
owrl
≈ ūxφ̇ec + ūy(θ̇ec + θ̇cwrl) + ūzψ̇oe (2.41)

ω̄(wrr)
owrr = ω̄(c)

owrr ≈ ūxφ̇ec + ūy(θ̇ec + θ̇cwrr) + ūzψ̇oe (2.42)

For the front wheels, angular velocities are defined in their own non-spinning frames
Fwfl and Fwfr .

ω̄
(wfl)
owfl ≈ ūxφ̇ec + ūy(θ̇ec + θ̇cwfl) + ūz(ψ̇oe + ψ̇fl) (2.43)

ω̄
(wfr)
owfr ≈ ūxφ̇ec + ūy(θ̇ec + θ̇cwfr) + ūz(ψ̇oe + ψ̇fr) (2.44)

2.8 Angular Accelerations

In this section, angular accelerations are calculated for chassis, body and the wheels.
According to the Coriolis theorem, for reference frames Fx, Fy and Fy, the following
relation can be defined:

~αxz = (d~ωxz/dt) |Fx = (d~ωxz/dt) |Fz (d~ωxz/dt) |Fy + ~ωxy × ~ωxz
= (d~(ω)xz/dt)|Fy + ~ωxy × ~ωyz

(2.45)

The corresponding matrix equation is written in Fy as

ᾱ(y)
xz = ˙̄ω(y)

xz + ω̃(y)
xy ω̄

(y)
xz = ˙̄ω(y)

xz + ω̃(y)
xy ω̄

(y)
yz (2.46)

Hence, the accelerations can be stated as

ᾱ(c)
oc = ˙̄ω(c)

oc = ūxφ̈ec + ūyθ̈ec + ūzψ̈ec (2.47)

ᾱ
(b)
ob = ˙̄ω

(b)
ob = ūx(φ̈ec + φ̈cb) + ūy(θ̈ec + θ̈cb) + ūzψ̈ec (2.48)

ᾱ
(b)
cb = ˙̄ω

(b)
cb = ūxφ̈cb + ūyθ̈cb + ūzψ̈ec (2.49)

ᾱ(c)
cwrl

= ˙̄ω(c)
cwrl

+ ω̃(c)
oc ω̄

(c)
cwrl

= ūx(φ̈ec − θ̇cwrlψ̇oe) + ūy(θ̈ec + θ̈cwrl) + ūz(ψ̈ec + θ̇cwrlφ̇ec)
(2.50)

ᾱ(c)
cwrr = ˙̄ω(c)

cwrr + ω̃(c)
oc ω̄

(c)
cwrr

= ūx(φ̈ec − θ̇cwrr ψ̇oe)
+ ūy(θ̈ec + θ̈cwrr) + ūz(ψ̈ec + θ̇cwrr φ̇ec)

(2.51)
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ᾱ
(wfl)
cwfl = ˙̄ω

(wfl)
cwfl + ω̃

(wfl)
oc ω̄

(wfl)
cwfl

= ūx

[
φ̈ec − θ̇cwfl(ψ̇oe + ψ̇fl)

]
+ ūy(θ̈ec + θ̈cwfl) + ūz(ψ̈ec + ψ̈fl + θ̇cwflφ̇ec)

(2.52)

ᾱ
(wfr)
cwfr = ˙̄ω

(wfr)
cwfr + ω̃

(wfr)
oc ω̄

(wfr)
cwfr

= ūx

[
φ̈ec − θ̇cwfr(ψ̇oe + ψ̇fr)

]
+ ūy(θ̈ec + θ̈cwfr) + ūz(ψ̈ec + ψ̈fr + θ̇cwfr φ̇ec)

(2.53)

2.9 Overall Dynamic Motion Model of the Vehicle

In the previous sections, Newton-Euler equations for chassis, suspended body, and
four wheels are derived. There are six equations for each set and with total 36 equa-
tions. However, many of the forces and torques are due to structural effects and they
can be eliminated. In this section, these eliminations will be performed and an overall
dynamic model for the vehicle is obtained.

Note that, in x and y axes and yaw orientation of motion, suspended body and chassis
cannot move independently, and ūTx F̄

(c)
skc = −ūTx F̄

(b)
skb

, ūTy F̄
(c)
skc = −ūTy F̄

(b)
skb

, and

M̄
(c)
skc + r̃

(c)
cpkF̄

(c)
skc = −

(
M̄

(b)
skb

+ r̃
(b)
bpk
F̄

(b)
skb

)
. Assuming ūTz F̄

(b)
ab ≈ 0, and substituting

angular velocities and accelerations into the Newton-Euler equations, the following
motion model for chassis and the body can be attained. Note that in addition to these
equations, in order to calculate F̄ (c)

skc, for each suspension unit sk should be considered
as a state as well.
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ūTx (mc +mb) Ĉ
(c,o)ā(o)oc = ūTx

(
4∑

k=1

F̄ (c)
wkc

+ F̄
(c)
ab

)

ūTy (mc +mb) Ĉ
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(2.54)

Note that, wheels are locked to move with chassis and body in x- and y- directions.
These are satisfied with structural forces in between the wheels and the chassis. Po-
sitions of the wheels in z- direction is not inside the scope of interest, yet note that in
addition to these equations, in order to calculate F̄ (c)

gqk , for each wheel swk should be
considered as a state as well. Since the structural force between the wheels and the
chassis is derived, and the gravitational force has effects on the wheels themselves, in
z- axis no separate equations for wheels are written.

Now note among structural forces ~Mcwk and ~Mgwk , all will cancel out except the
torque commands to the wheels τk. In this combination, it is assumed that

4∑
k=1

||Ĵ (wk)
wk

ᾱ(c)
oc + ω̃(c)

oc Ĵ
(wk)
wk

ω̄(c)
oc || � ||(Ĵ (c)

c + Ĵ
(b)
b )ᾱ(c)

oc + ω̃(c)
oc (Ĵ (c)

c + Ĵ
(b)
b )ω̄(c)

oc )||

(2.55)

Following cancellation of structural forces, the overall model can be attained as fol-
lows including wheels and torque commands τk
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(2.56)

In (2.56),
the states are: v̄(c)oc , v̄(c)cb,z, ω̄

(c)
oc , ω̄(b)

cb,x, ω̄(b)
cb,y, ω̄

(wfl)
owfl,y, ω̄

(wfr)
owfr,y, ω̄

(c)
owrl,y and ω̄(c)

owrr,y.
the gravitational forces considered are on the chassis and the suspended body,
the disturbance is air drag given in (2.22), and road input affecting through ~rqk

in F̄ (c)
gwk,z given in 2.31,

the forces due to suspension system given in (2.23),
the forces due to wheel skidding is checked with or determined by 2.33.

2.10 Simplified Motion Model for Gross Motion of the Vehicle

The overall dynamic model of the vehicle considered in this study is obtained as a
combination of the dynamic models of the subsystems based on the Newton-Euler
equations as stated above. The subsystems consist of the chassis, the suspended body
and the wheels [39, 44, 4]. The scope of this study requires a simplified model for the
gross motion of the vehicle, in which the vibratory motions are neglected. Hence, the
following assumptions are made for the motions of the subsystems:
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• The chassis can move in longitudinal and lateral directions with respect to its
coordinate frames.

• The chassis can make yaw rotation.

• The wheels can move in longitudinal and lateral directions with respect to their
coordinate frames.

Since gross motion of the vehicle is considered, the following simplifications in the
motion can be assumed:

• The chassis cannot move in the up/down directions.

• The chassis cannot make roll and pitch rotations with respect to its longitudinal
and lateral axes.

• The wheels cannot move in in the up/down directions.

• The wheels cannot make roll rotations around their joints attached to the chas-
sis.

Due to the gross motion consideration, the suspended mass and the chassis are incor-
porated into a single rigid body, which is referred here simply as the chassis. Conse-
quently, the suspension system is ignored. Furthermore, the wheels are modelled to
be rigid obeying the well-known Coulomb’s friction law.

The vehicle model is presented in Figs. 2.2-2.4. The arrows in the figures indicate
positive directions for the forces. Governing equations for chassis can be written as
follows.

mc a
(c)
c,x = F (c)

cwfl,x
+ F (c)

cwfr,x
+ F (c)

cwrl,x
+ F (c)

cwrr,x +G(c)
c,x + F (c)

a,x

mc a
(c)
c,y = F (c)

cwfl,y
+ F (c)

cwfr,y
+ F (c)

cwrl,y
+ F (c)

cwrr,y +G(c)
c,y

0 = F (c)
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+ F (c)
cwfr,z

+ F (c)
cwrl,z

+ F (c)
cwrr,z −G

(c)
c,z

0 = F (c)
cwfl,z

lfl,y − F (c)
cwfr,z

lfr,y + F (c)
cwrl,z

lrl,y − F (c)
cwrr,z lrr,y

+M (c)
cwfl,x

+M (c)
cwfr,x

+M (c)
cwrl,x

+M (c)
cwrr,x

0 = F (c)
cwfl,z

lfl,x + F (c)
cwfr,z

lfr,x − F (c)
cwrl,z

lrl,x − F (c)
cwrr,z lrr,x

+M (c)
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+M (c)
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+M (c)
cwrl,y

+M (c)
cwrr,y(
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∑
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)
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(2.57)

In (2.57), it is assumed that there is no air-drag force applied on the chassis along its
z axis. Assuming, the chassis and the wheels share parallel reference frames, in the
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Figure 2.2: Vehicle model (top view)
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Figure 2.3: Vehicle model (longitudinal view)
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Figure 2.4: Vehicle model (Lateral view)
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equation, Mcw,y = −Mwc,y stands for the driving/braking torque applied to the wheel
w. The subscript v denotes the overall vehicle.

mw a
(w)
w,x = F (w)

wg,x − F (w)
wc,x +G(w)

w,x

mw a
(w)
w,y = F (w)

wg,y − F (w)
wc,y +G(w)

w,y

0 = F (w)
wg,z − F (w)

wc,z −G(w)
w,y

0 = M (w)
wc,x −Rw F

(w)
wg,y

Iw,y αw,y = M (w)
wc,y −Rw F

(w)
wc,x

(2.58)

The general vehicle gross motion model is applicable for the motion scenarios consid-
ered in this study. The model under consideration is a front-drive front-steered vehicle
with all wheels capable of independent braking. The driving commands to the front
wheels and the braking commands to all the wheels can be different from each other.
The actuation system for wheel driving and gears are assumed to be perfect with a
transfer function of unity.

2.11 Cornering Motion

The most commonly used steering mechanisms for vehicles are Ackerman steering,
differential steering and skid steering [90]. Ackerman steering has good lateral stabil-
ity and good controllability [70] and low power consumption [75]; however, it creates
low manoeuvrability [59]. Differential steering has high manoeuvrability with a zero
turning radius [91]; however, it generates low traction and low mobility [90]; hence,
it is not preferred in outdoor operations. Skid steering has high manoeuvrability [13],
faster response [61], strong traction and high mobility [67]; however, it is difficult to
model and control [89], and it is energy inefficient [61].

In this study, during cornering if at least two of the wheels are not in slippage, with
its non-skidding wheels, the vehicle obeys the well-known rule of rotational motion
of the vehicles: Ackerman’s steering law [30] as represented in Fig. 2.5. For the
front-drive wheel, the rotation radius r is taken as the distance of midpoint of the rear
axle to the centre of rotation (CoR).

For non-skidding wheels and, if at least two of the wheels are not skidding, for the
chassis,the radii of rotation, can be calculated according to Ackermann’s steering law,
and the steering angles for the front wheels can be extracted as a consequence. Since
the rotational velocities and accelerations are the same for every point on the vehicle
throughout the rotation around a fixed CoR, they can be calculated as well if the
overall non-slippage cornering condition is satisfied. The governing equations for
Ackerman’s steering law are stated in 2.59.
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Figure 2.6: Charging characteristics of the battery package

ωv,z = ωw,zωc,z
αv,z = αw,zαc,z
awx = αv,zrw,z

awy = ω2
w,zrw,z

(2.59)

2.12 Power Consumption Dynamics

The torque commands to be applied cannot be independent of the power consump-
tion dynamics of the vehicle. The energy requirement of the vehicle motion is ful-
filled with 7104 lithium-ion battery packed with 74 in parallel and 96 in series of the
cells described in [1]. The charging and discharging characteristics of the battery are
presented in Figs. 2.6 and 2.7, respectively . According to the discharging character-
istics of the battery package, during driving, the maximum torque that can be applied
to the front wheels is determined from discharging power as a function of the state-of-
charge (SoC) of the package. During regenerative braking, according to the charging
characteristics of the battery package, the amount of power below the charging power
as a function of the current value of SoC can be charged back to the battery. The
amount of power exceeding the charging power of the battery is dissipated as heat in
the vehicle mechanics. It is assumed that the maximum power points of the electric
motors controlling the wheels are always below the charging and discharging powers
of the battery for all instants of the scenarios.
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Figure 2.7: Discharging characteristics of the battery package

2.13 Open Loop Simulations of the Vehicle Model

In this section, the simplified mathematical model developed in Section 2.10 for the
gross motion of the vehicle is tested under different scenarios. Three scenarios are
considered: uphill / downhill motion along asphalt road, braking along asphalt and
icy roads, and cornering around asphalt roads. The aim is to verify the developed
method as compared to the daily-life experiences. It has been observed that in Matlab
/ Simulink 2016b, there is a vehicle model for longitudinal motion only. . Therefore,
in the first scenario, the gross motion model is tested additionally against the model
of Matlab/Simulink. It is seen that both models supported each other.

2.13.1 Scenario-1: Uphill/Downhill Motion along Asphalt Road

,In this scenario, a 1-km road is considered. The road is composed of five sections: a
200 m of straight section, a 200 m of uphill section with inclination of 3 degs, a 200 m
of straight section, a 200 m of downhill section with declination of 3 degs, and finally
a 200 m of straight section. The road is asphalt with µ = 0.72. Similar scenarios are
also considered later in theenergy optimality studies in Chapter 3.

Since the motion in the test scenario is longitudinal only, it has been possible to com-
pare the gross motion vehicle model with the model of the Matlab/Simulink 2016b.
The Simulink diagram built for this purpose is demonstrated in Fig. 2.8.

In the Simulink diagram, on the right side, a block entitled ScenarioInputs adjusts
the commands and road inclination according to the vehicle position. The torque
commands are applied according to power consumption dynamics of the vehicle given
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Figure 2.8: Simulink model developed to test the gross motion model
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Table2.1: Parameters of the model

Parameter Name Value

Chassis mass 1200kg

Passenger/Driver mass 80kg

Wheel mass 12kg

Wheel radius 0.6m

Dimensions of chassis 4m× 2m

Density of air 1.225kg/m3

Air drag coefficient 0.682

Average drag area 1m2

FPCB Fig. 2.6
RPCB Fig. 2.7
Sampling time 1/100s

in 2.12, the torque commands are shaped. The shaped torque commands are applied
to the tires. The tire model follows the Coulomb’s law of friction. The vehicle model
has interactions with tire model through traction and normal forces. The wind velocity
is considered to be zero, and the vehicle speed and vehicle position are stored.

The gross motion vehicle model is implemented and compared against the Simulink
model. Parameters of the model used in the simulations is given in Table 2.1. These
parameters are are approximations of the parameters of electric vehicles in the market.
All the simulations are carried out for an autonomous vehicle with no passengers. On
this occasion, it is to be noted that the same model parameters are used in all the other
simulations presented in this thesis.

The vehicle is assumed to have an initial speed of 50 km/h, and the wheels have their
initial angular velocities according the initial velocity of the vehicle. The front wheels
are excited with 100 Nm torque commands, and the rear wheels are left unexcited.
The motion characteristics of the developed model and the Simulink model are com-
pared and the differences in terms of the vehicle position and vehicle speed between
the models are presented in Figs. 2.9 and 2.10, respectively. It has been observed that
the difference in vehicle positions is less than 0.25 m throughout the road of 1 km,
and the difference in vehicle speeds is less than 0.4 km/h for the reference speed of
50 km/h. Note that these small differences are not only due to the modelling devi-
ations but also due to the fact that, the vehicle model developed in this thesis is run
in discrete time with time step of 0.01 s, while the Simulink model is run in continu-
ous time due to continuous time solver requirements of the VehicleBody block in the
Simulink model. Nevertheless, the small differences between the two models verify
that the modelling work in this thesis is compatible with the commercially available
Simulink vehicle model.
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Figure 2.9: The difference in vehicle positions of Simulink model and the model
developed in this study throughout the test scenario between
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Figure 2.10: The difference in vehicle speeds of Simulink model and the model de-
veloped in this study throughout the test scenario between
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Figure 2.11: Change in the positions of the braking vehicles along asphalt and icy
roads (solid line: asphalt road and dashed line: icy road)

2.13.2 Scenario-2: Braking along Asphalt and Icy Roads

In this test, vehicle moving at 90 km/h speed will apply braking of 250 Nm in four
wheels until the vehicle stops. The test is repeated along asphalt road µ = 0.72 and
icy road µ = 0.19 to check the effect of friction coefficient on braking characteristics
of the vehicle. The changes in position and velocity of the braking vehicle along
different road conditions are demonstrated in Figs. 2.11 and 2.12, respectively.

As expected from daily life experience, its it difficult to stop vehicle along icy roads, it
takes more time and distance to achieve full stop condition compared to asphalt roads.
The results demonstrated in the figures are consistent with the common experience.

2.13.3 Scenario-3: Cornering along Asphalt Road

In this scenario, a vehicle with 50 km/h initial speed will start cornering a quarter
circle along asphalt road obeying constant Ackerman’s steering law. Front wheels
are excited with 50 Nm constant torque throughout the scenario. The position of the
vehicle and the tangential velocities of the vehicle and the wheels are presented in
Figs. 2.13 and 2.14, respectively.

According to Ackerman’s steering law, the tangential velocities of the vehicle is pro-
portional to their distances to the centre of rotation CoR. The rotation radius r is
defined as the distance of a hypothetical point in middle of the rear axle to CoR.
The tangential velocity figure depicts the small difference between the speeds of the
wheels due to their relative distances to the CoR.
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Figure 2.12: Change in the speeds of the braking vehicles along asphalt and icy roads
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Figure 2.13: Change in the position of a vehicle cornering a quarter circle along
asphalt road obeying constant Ackerman’s steering law
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CHAPTER 3

ENERGY OPTIMALITY

In this chapter, for the gross motion model of the vehicle moving on a variable-slope
road, an energy optimal controller is designed with torque, speed and battery con-
straints. The energy consumption of the vehicle under the optimal controller is com-
pared against the standard cruise controllers of various speed references in several
scenarios including uphill and downhill motions with various slopes and lengths. Ac-
cording to the simulation results, the optimal controller is shown to be more energy
efficient than the cruise controllers in all the considered scenarios. The tests are re-
peated along icy road sections, and the superiority of the energy optimal controller
is verified for roads with low friction coefficients as well. A skidding compensation
logic is proposed and tested to minimize the wheel slippage and it is observed that
energy optimality of the solution is not affected by this compensation. A sensitivity
analysis has been performed and it has been shown that, as a representative of dif-
ferent combinations of passengers, the sensitivity of the energy optimal controller to
the mass change and distribution is small in magnitude. Furthermore, the tests with
different initial values of the state-of-charge of the battery demonstrates that the supe-
riority of the energy optimal controller against cruise controllers becomes significant
especially when the battery is not fully charged and battery characteristics limit the
charging capability during regenerative braking. The assumptions and the coverage
of the presented optimal control approach is compared qualitatively with some recent
studies addressing the similar problems.

3.1 Introduction

The biggest challenges in the widespread usage of the electric vehicles for private
transportation are the limitations due to current battery technology, and as a conse-
quence of it, the requirement of high energy efficiency in vehicle control. Energy
optimization in the electric vehicles is of crucial importance since it affects the phys-
ical properties of the vehicles through the battery requirements and vehicle capabili-
ties. The uphill and downhill structure of the urban roads is an essential input for the
development of energy-efficient driving policies.

There are various studies conducted on controllers to improve energy efficiency or
fuel consumption. Corona, et.al, review adaptive cruise control systems and make
a common benchmark set-up for their comparison. The methods investigated are
non-linear model predictive control, on-line piecewise affine model predictive control
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with mixed logical dynamical model, control for linear approximation model and for
tangent approximation model, and gain scheduling techniques [19].

Khayyam, et.al, benefit from neuro-fuzzy inference system to predict road slope with
a look-ahead system to improve adaptive cruise control and achieves 3% reduction
in energy consumption [48]. Schwickart, et.al, propose an energy-efficient model
predictive cruise controller for electric vehicles, with a linear prediction model, linear
constraints corresponding to piecewise linear system behaviour and a quadratic cost
function [72]. Kamal, et.al, employ generalized minimum residual method for model
predictive control of energy consumption of the vehicles [45].

Hierarchical control schemes for energy efficient drive are available in literature as
well. Li et.al, propose a low-level controller to compensate the non-linear vehicle
dynamics to track the acceleration inputs, and a high-level controller based on model
predictive control theory for energy management. To improve computational feasi-
bility, a constraint softening method is applied to optimal control law with quadratic
programming algorithm [52]. Chen, et.al, constructed a hierarchical control structure
consisting of a high-level dynamic sliding mode controller and a low-level adaptive
energy-efficient control allocation scheme. For vehicles with four in-wheel motors,
they have achieved input-to-state stability of the overall system for planar motion
[18]. Wang, et.al, present a hierarchical control structure for four-wheel driving and
four-wheel steering electric vehicle [85]. The higher-level design is an LQR con-
troller for lateral force and yaw moment controls, and lower-level design checks the
tires to work in their stable regions for establishing the tracking control.

In addition to studies proposing improvements on energy management for cruise con-
trollers, various algorithms have been used to minimize energy consumption of the ve-
hicle directly. Kachroudi, et.al, proposed a particle swarm optimization algorithm for
on-line energy optimisation of an electric vehicle [42]. In the study, battery autonomy,
driving comfort indexes and travel time are taken into consideration as optimization
measures. Wang, et.al, presented a constrained A* algorithm for energy management
for fully electric vehicles taking both the battery capacity and the real-time traffic
conditions into account [87]. The context-aware algorithm achieves a route planning
under the limited battery conditions. Chen, et.al, proposed a Karush-Kuhn-Trucker
based optimization to find local optimal solutions, and to select the global optimal
among these local solutions for energy-efficient control allocation for over-actuated
electric vehicles [17]. The optimization scheme transfers the standard non-linear op-
timisation problem into a classical eigenvalue problem. Wang, et.al, studied optimal
control method to maximize the cruising range and to minimize the travelling time for
a specified destination under limited battery constraints [86]. The authors adopted an
electric vehicle power consumption model for their optimal control application. Fur-
thermore, Li et.al, address an approach to overcome the computational complexity
of the model predictive control in adaptive cruise controllers. They propose a mov-
ing block strategy together with a constraint-set compression technique to reduce the
scale of the problem and to relax inequality constraints in the prediction horizon [53].
Similarly, Chen, et.al, use terrain preview information to create energy-optimal speed
references with the help of dynamic programming and model predictive control [16].

Sciarretta, et.al, benefit from optimal control theory and other off-line techniques to
find solutions to energy management problem for vehicle families including electric
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vehicles [73, 23]. Pennycott, et.al, use a look-up table of control allocation outcomes
of an off-line optimization study, to increase regenerative breaking and energy opti-
misation in electric drive [66].

In an energy optimal controller design, dependences of the policies on the road topol-
ogy are investigated as well. Fuel optimal speed profiles based on information from
road topology or estimates of the road gradient are studied for various types of vehi-
cles including heavy trucks and trains [15, 39].

Similar to the problem investigated in this paper, Kamal, et.al, propose energy opti-
mal control of electric vehicles throughout roads with up-down slopes. The authors
utilize non-linear model predictive control with a fast optimization algorithm using
road gradient conditions obtained from digital road maps. In simulations, the method
reduces the fuel consumption of the vehicle [44, 43].

In controller schemes mentioned above, the vehicle model is simplified to longitu-
dinal motion of vehicle. Lateral affects are discarded. However, even if the desired
motion is longitudinal only, for the vehicle with wheels generating uneven traction
forces due to road conditions affecting left and right sides differently, lateral dynamics
should be included in the model. Slope of road is included in topology-dependent en-
ergy optimization methods [19, 44, 43]. State dependent energy consumption model
[86], or tabulated databases with road slope, battery’s state of charge, motor torque
and vehicle speed [63] are used in optimization processes.

In this chapter, an energy optimal control policy is developed considering the gross
motion of an electric vehicle. The 3-DoF (degree of freedom) dynamic model pre-
sented here for the vehicle includes longitudinal and lateral translational motions as
well as planar rotational motions. Since the gross motion of the vehicle is consid-
ered, the small oscillatory motions of the suspension system are neglected. Thus, the
chassis and the suspended body are treated in unison. The dynamic model employs
Coulomb’s friction law between the wheels and the road. During the simulations, the
wheel contact forces are calculated at each time step by using the dynamic model of
the vehicle. The comparison of the tangential contact force acting on a wheel with
the static friction threshold determines whether that wheel skids or not. To handle
the case of skidding, as the rotational motions of the wheels lose their dependencies
on the linear motion of the chassis, the dynamic model of the vehicle is expanded to
include the speeds of wheels as separate additional states. Therefore, the proposed
dynamic model is general enough and it can be used under all sorts of road condi-
tions with arbitrary friction, slope and curvature. Note that such a detailed model is
required when the wheels have independent driving and braking capabilities or where
the friction coefficient of the road changes, even if the desired motion is solely longi-
tudinal and the controller designs try to avoid skidding.

In this chapter, the energy management strategy is based on the classical optimal con-
trol theory with constraints on vehicle speed, wheel torques and battery limitations.
Through extensive simulation studies on different scenarios, the energy optimal con-
troller has been shown to be more effective in energy management compared to the
standard cruise controllers with various speed references. The comparisons in simu-
lations are held on roads including variable slopes of various lengths. The scenarios
are selected to cover all combinations of the selected possible road slopes seen in
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urban traffic network. Main aim in this study is to show through simulations that,
preserving the high fidelity of the vehicle and battery models, the optimal control
theory based approach is suitable to develop a basis for reference autopilot designs.
The energy optimal controller is compared against cruise controllers to fulfil this aim,
and verification through simulations are considered to be adequate. Reference sets of
outcomes for optimal control based approaches are obtained for future comparison
with experimental measurements.

This chapter introduces the following outcomes:

1. Energy optimal control problem is defined for the vehicle. The problem is a
free-final time problem. On the other hand, the distance to be travelled is fixed.
A numerical method based on mapping the control inputs from the time domain
to position domain has been developed and utilized to satisfy the fixed distance
constraint (see Section 3.2).

2. The energy optimal controller is compared against cruise controller with differ-
ent reference speeds in extensive simulations. The results depict the superiority
of the energy optimal controller. Energy optimal solutions obey the speed con-
straints, avoids wheel slippage, and completes the roads in a travel time still
comparable with the cruise controllers (see Section 3.3).

3. The energy optimal controller is shown to preserve its superiority in terms of
the energy consumption of the electric vehicle for all the considered scenarios
where the uphill and downhill sections of the road is icy. A skidding compen-
sation logic is proposed to reduce the wheel slippage. The results show that,
with no compromise in energy consumption of the vehicle, the occurrence of
the wheel slippage is reduced with this compensation (see Section 3.4).

4. It has been shown that as a representative of different combinations of passen-
gers, the sensitivity of the energy optimal controller on the mass change and
distribution is smaller in magnitude. Furthermore, the tests with different ini-
tial values of the state-of-charge of the battery demonstrates that the superiority
of the energy optimal controller against cruise controllers becomes significant
especially when the battery is not fully charged and battery characteristics limit
the charging capability during regenerative braking (see Section 3.5).

A qualitative comparison with the literature is performed and the following points are
presented as the main contributions of this study (see Section 3.6):

1. A numerical method based on mapping the control inputs from the time domain
to position domain has been proposed to deal with the free-final time two point
boundary value problems.

2. A skidding compensation approach is proposed to reduce the percentages of
the time instants when the wheels are in slippage. The skidding compensation
logic is shown to be effective in reducing slippage and it has been observed that
the energy optimality of the solution is preserved.
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Figure 3.1: Uphill downhill motion representation

3. The superiority of the optimal control theory based solution for the energy man-
agement problem of electric vehicles is shown with comparisons against stan-
dard cruise controllers in asphalt and icy roads, which depicts that autopilot
designs for electric vehicles based on optimal control solutions will be far more
energy efficient.

4. The low sensitivity of the energy optimal controller with respect to passenger
arrangements and initial state-of-charge of the battery in electric vehicles are
demonstrated.

3.2 Optimal Controller Design

The optimal control problem addresses the generation of an energy optimal policy for
the vehicle, mathematical model of which is described in Chapter 2. The motion of
the vehicle along a sloped road can be illustrated as in Fig. 3.1.

The optimal control problem is defined on the state of the vehicle, x, in (3.1) which
is an abstraction of the positions and velocities of the chassis and the wheels defined
in pseudo-inertial ground fixed reference frame. Model in Chapter 2 allows us to
determine linear and angular accelerations of the chassis and the wheels, which can
be used to update velocities and the positions. This update function is represented in
an abstract form as f in (3.2). Function f is a nonlinear function of the state variables,
SoC of the battery and the driving/braking torque commands, M (w)

wc,y, and it returns
the linear and angular accelerations of the chassis and the wheels independently of
adherence, curvature or slope of the road.

x =
[
x
(o)
V y

(o)
V ψV ẋ

(o)
v ẏ

(o)
v ωv,z ωfl,y ωfr,y ωrl,y ωrr,y

]T
(3.1)

ẋ = f
(
x, SoC ,M (w)

wc,y

)
(3.2)
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The optimal control problem for time-discretized model can be written as in (3.3).
Power, as a multiplication of speed and the torque for each wheel, summed through-
out time for energy calculation. In (3.3), RPCB is reverse power capacity of the
battery of the vehicle obtained from charging characteristics given in Fig. 2.6. The
energy production due to regenerative braking is limited to reverse power capacity of
the battery which is a function of SoC. The amount greater than this limit cannot be
charged to the battery, but is dissipated as heat. There can be control input constraints
on the optimal control problem. Maximum applied power to the wheels during driv-
ing cannot exceed the power supply limits. Furthermore, for preserving safe drive,
torque inputs cannot exceed wheel torque capacities. Speed constraints can also be
added by the driver/user. FPCB denotes the Forward Power Capacity of the Battery;
MTC is the Maximum Torque Capacity of each wheel. The latter two constraints in
(3.3) are required to prevent skidding of the wheels.

minimize

Je

(∑
w

M (w)
wc,y

)

=

tf∑
t0

(
M

(wfl)
wflc,y

ωwfl,y
+M

(wfr)
wfrc,yωwfr,y if

∑
w
M

(w)
wc,y ≥ 0

−min(M
(wfl)
wflc,y

ωwfl,y
+M

(wfr)
wfrc,yωwfr,y +M

(wrl)
wrlc,y

ωwrl,y
+M

(wrr)
wrrc,yωwrr,y, RPCB) if

∑
w
M

(w)
wc,y < 0

)
subject to

ẋ = f
(
x, SoC ,M (w)

wc,y

)
v(o)v,xmin ≤ v(o)v,x ≤ v(o)v,xmax

M
(wfl)
wflc,yωwfl,y +M

(wfr)
wfrc,yωwfr,y ≤ FPCB

M (w)
wc,y ≤MTC

|ūTvwk F̄
(wk)
gwk
| < µs,wk ū

T
z F̄

(wk)
gwk

(3.3)

The energy optimal control problem is defined for a path of a specified length; hence,
the initial state is known, and final state can be specified in terms of position. Other
than state boundary conditions, optimal control problem has free final time. Accord-
ing to Pontryagin’s minimum principle a solution satisfying the control input con-
straints is found. State constraints follow the artificial state method explained in [49].
Therefore, Hamiltonian at discrete time step, k, can be written as in (3.4).

Hk =

(
M

(wfl)
wflc,y

ωwfl,y
+M

(wfr)
wfrc,yωwfr,y if

∑
w
M

(w)
wc,y ≥ 0

−min(M
(wfl)
wflc,y

ωwfl,y
+M

(wfr)
wfrc,yωwfr,y +M

(wrl)
wrlc,y

ωwrl,y
+M

(wrr)
wrrc,yωwrr,y, RPCB) if

∑
w
M

(w)
wc,y < 0

)
+pTf

(
x, SoC,M (c)

wc,y

)
+ pl

[(
v(o)v,xmin ≤ v(o)v,x

)3 (
v(o)v,xmax ≤ v(o)v,x

)3]
(3.4)
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state update

∂H
∂p

= ẋ∗(t)

ẋ1:10(t) = f
(
x, SoC ,M (w)

wc,y

)
ẋ11(t) =

[(
v(o)v,xmin − ||(x4:5(t)||

)3 (
v(o)v,xmax − ||x4:5(t)||

)3]
co− state update

∂H
∂x

= −ṗ∗(t)

control input

u∗(t) = argmin
u
H

terminal conditions

xinitial =
[

0 0 0 v
(o)
v,xref 0 0 ωw,yref ωw,yref ωw,yref ωw,yref

]T
v(o)v,xref = 90km/h

ωw,yref =
v
(o)
v,xref

R
p1:10,initial = 0

transversality condition

p11,initial =
(
||(x4:5(tf )|| − v(o)v,xref

)2
control input constraints

M
(wfl)
wflc,yωwfl,y +M

(wfr)
wfrc,yωwfr,y ≤ FPCB

M (w)
wc,y ≤MTC

Characteristicsofthebattery : Fig. 2.6 and Fig. 2.7.

(3.5)

In (3.4), p denotes the co-state and f
(
x, SoC,M

(c)
wc,y

)
denotes the nonlinear state up-

date function. The velocity constraints are taken into consideration in the form given
in (3.4) with a Lagrange multiplier pl. This structure comprises a multiplication of
upper and lower limit constraints in the form similar to a multiplication of the sign
and the modulus for each. This interpretation not only penalize the values exceed-
ing the limits but also drifts the solution towards the midpoint. In other words, the
structure preferred to impose velocity constraints tries to keep the velocity at its ref-
erence value. In (3.5), equations of optimality, terminal constraints and transversality
conditions for this two-point boundary value problem in (3.3) and (3.4) are given.

Remark: The optimal control outcome is obtained by an iterative solution of the
equations of optimality. Note that state update is in forward direction with the given
initial condition while the co-state update is in the backward direction from the given
initial condition at final time. In each iteration, the update for the augmented control
vector U is determined with a one dimensional search algorithm. Note that when
time-discretized U is updated, the information to be transferred to the next iteration
is the control input to be applied at those resultant positions of the vehicle along the
path. Time-discretized augmented control vector U together with positions of the
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Figure 3.2: Iterative solution approach proposed for free-final time optimal control
problems

vehicle at the instants u being applied are interpolated with fixed position resolution
to obtain position-discretized version of U , denoted as Û . At the beginning of each
iteration, for current position and velocity, the position of the vehicle at the next time
step is predicted, and a new control command is interpolated from Û . The solution
approach is presented in Fig. 3.2.

The optimal control algorithm is explained as follows. In the algorithm, x denotes
the state vector, u denotes the control input vector at a given time instant, U is time
discretized control input vector sequence over time instants, Û is position discretized
the control input vector sequence, k is the time index, i is the iteration index, α is the
one dimensional search step vector, β is the one dimensional search step rate and H
is the Hamiltonian defined as augmented cost function.

State update in (3.5) is performed in step 9, terminal conditions of this two-point
boundary value problem is checked in this step of the algorithm as well. The transver-
sality condition is used in step 17 and co-state update is performed in step 18. The
numeric derivative of Hamiltonian function with respect to the control input is ob-
tained in step 24 and it is used to update the control input for the next iteration. The
constraints on the control input as well as skidding algorithm avoidance logics are
taken into consideration in steps 10-14 of the algorithm. The state vector is not aug-
mented with another variable expressing SoC. Instead, history and update of SoC is
computed separately in step 16 of the algorithm.

Note that in step 24 of the optimal control solution algorithm, derivative of the Hamil-
tonian function defined in (3.4) with respect to the control input is calculated. When
the control input is positive, the vehicle is consuming energy, when it is negative,
due to regenerative braking properties of the electric motors, some amount of energy
can be stored back to the batteries. Note that Hamiltonian is discontinuous when the
control input u becomes zero. This discontinuity can be solved with an adjustment in
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Table3.1: Optimal control solution algorithm

01: Procedure: Optimal Solution
02: Initialization :

03: Initialize U1,1:kf = Uinitial,1:kf .
04: Initialize x1,1 = xinitial.
05: From x1,1 and U1,1:kf , generate x1,1:kf until x1,kf = xfinal.
06: Re-sample time-discretized U1,1:kf applied at positions x1,1:kf

to generate Û1,1:kf sampled at fixed position resolution.
07: Initialize i = 1, initialize γ, set β.
08: Optimal Control Loop :

09: For each time sample k, with current position and next position
predicted with a constant current speed, interpolate position
discretized Ûi,1:kf , and save as ui,k.

10: Apply control input related constraints to ui,k:
11: If ui,k > MTC, then ui,k = MTC.
12: If ui,k < −MTC, then ui,k = −MTC.
13: If |F (w)

wg,x| < µs,xF
(w)
wh,z or |F (w)

wg,y| < µs,yF
(w)
wg,z, skidding begins.

If
∑

wM
(w)
wc,y ≥ 0, then decrease M (w)

wc,y control commands rationally,
until there is no skidding. If

∑
wM

(w)
wc,y < 0, then increase M (w)

wc,y

control commands rationally, until there is no skidding.
14: Limit ui,k according to current SOC and battery characteristics,

according to Fig. 2.6 and Fig.2.7.
15: Until x1,kf = xfinal, generate Ui,1:kf and corresponding x1,1:kf .
16: Update SoC according to Ui,1:kf and battery characteristics

according to Fig. 2.6 and Fig.2.7.
17: Initialize pi,kf = pinitial calculated according to

transversality condition in (3.5).
18: From xi,1:kf , Ui,1:kf and pi,kf , generate pi,1:kf .
19: CalculateHi,1:kf .
20: If two consecutive

∑kf
1 Hi,k values are close enough,

quit the algorithm.
21: Update α:
22: If

∑kf
1 Hi,k ≥

∑kf
1 Hi−1,k, then αi+1 = αi/β.

23: If
∑kf

1 Hi,k <
∑kf

1 Hi−1,k, then αi+1 = αi ∗ β.
24: Calculate ∂H

∂U
|
i,1:kf

.

25: Ui+1,1:kf = Ui,1:kf − α 1
‖ ∂H
∂U
|
i,1:kf

‖
∂H
∂U
|
i,1:kf

.

26: Re-sample time-discretized Ui+1,1:kf to be applied at positions xi,1:kf
26: to generate Ûi+1,1:kf sampled at fixed position resolution.
27: Increment i, go back to the step 9.
28: end procedure
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the definition of the Hamiltonian. Instead of using two disjoint functions for positive
and negative control inputs, their averaged sum weighted with a continuous function,
such as tan−1(·) can be used. The modified Hamiltonian can be expressed as in (3.6).
Together with this modification, in this study an energy optimal control algorithm is
proposed. The energy optimal control problem is a free-final time problem. On the
other hand, the distance to be covered is fixed. A numerical method based on map-
ping the control inputs from the time domain to position domain has been developed
and utilized to satisfy the fixed distance constraint.

Hk =

(
0.5 +

1

π
tan−1

(
η
∑
w

M (w)
wc,y

))(
M

(wfl)
wflc,yωwfl,y +M

(wfr)
wfrc,yωwfr,y

)
−

(
−0.5 +

1

π
tan−1

(
η
∑
w

M (w)
wc,y

))[
min

(
M

(wfl)
wflc,yωwfl,y +M

(wfr)
wfrc,yωwfr,y

M (wrl)
wrlc,y

ωwrl,y +M (wrr)
wrrc,yωwrr,y, RPCB

)]
+ pTf

(
x, SoC,M (c)

wc,y

)
+ pl

[(
v(o)v,xmin ≤ v(o)v,x

)3 (
v(o)v,xmax ≤ v(o)v,x

)3]
(3.6)

In (3.6), η stands for the smoothing factor, and it has been chosen sufficiently large
so that the smoothed Hamiltonian approximates the discontinuous one. In Fig. 3.3,
for different values of η and control commands, the normalized differences between
the modified Hamiltonian given in (3.6) and the discontinuous Hamiltonian given in
(3.4) is presented. The vehicle speed is chosen to be 90 km/h, the wheel speeds are
calculated accordingly, and other components in Hamiltonian equations are taken to
be the same.

It has been observed in Fig. 3.3 that for η greater than 1, the normalized difference
between modified and discontinuous Hamiltonian functions are less than 1E-4, which
is negligible. Since the modified Hamiltonian has smoother characteristics compared
to the discontinuous one, the convergence of the solution is faster with the modified
Hamiltonian function.

3.3 Results

The energy optimal controller is compared with cruise controllers of 70 km/h, 90
km/h and 110 km/h speed references with respect to their energy consumptions under
the scenarios presented in Table 3.2. The cruise controller speed references are cho-
sen to represent the speed limits defined for the optimal controller adequately. The
scenarios are selected to cover all the possible combinations of the uphill/downhill
sections with 100 m and 200 m. A road with a total length of 1 km is divided into two
equal parts. The comparison scenarios are defined categorically as presented in Table
3.2.

The first categorization is based on which half includes uphill section. For example,
in scenarios 1-12, the first 500 m comprises an uphill section, then the second 500
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Table3.2: Test scenarios

Scenario ID
1st Slope
Angle (◦)

1st Slope
Location (m)

2nd Slope
Angle (◦)

2nd Slope
Location (m)

Scenario-01 +3 200-300 -3 700-800
Scenario-02 +3 200-300 -6 700-800
Scenario-03 +6 200-300 -3 700-800
Scenario-04 +6 200-300 -6 700-800
Scenario-05 +3 100-300 -3 700-800
Scenario-06 +3 100-300 -6 700-800
Scenario-07 +6 100-300 -3 700-800
Scenario-08 +6 100-300 -6 700-800
Scenario-09 +3 200-300 -3 600-800
Scenario-10 +3 200-300 -6 600-800
Scenario-11 +6 200-300 -3 600-800
Scenario-12 +6 200-300 -6 600-800
Scenario-13 -3 200-300 +3 700-800
Scenario-14 -3 200-300 +6 700-800
Scenario-15 -6 200-300 +3 700-800
Scenario-16 -6 200-300 +6 700-800
Scenario-17 -3 100-300 +3 700-800
Scenario-18 -3 100-300 +6 700-800
Scenario-19 -6 100-300 +3 700-800
Scenario-20 -6 100-300 +6 700-800
Scenario-21 -3 200-300 +3 600-800
Scenario-22 -3 200-300 +6 600-800
Scenario-23 -6 200-300 +3 600-800
Scenario-24 -6 200-300 +6 600-800
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Figure 3.3: Normalized difference between modified and discontinuous Hamiltonian
functions for different values of η

m comprises a downhill section. In scenarios 13-24, this selection is reversed. The
second categorization is based on the lengths of the sloped sections. For example, in
scenarios 1-4, the road starts with an uphill section of 100 m, then continues with a
downhill section of 100 m. In scenarios 13-16, the lengths of the sloped sections are
the same but the slopes are reversed. The other categories include mixed patterns such
as, first uphill of 200 m, then downhill of 100 m (e.g., scenarios 5-8), first downhill
of 200 m, then uphill of 100 m (e.g., scenarios 17-20), first uphill of 100 m, then
downhill of 200 m (e.g., scenarios 9-12), and first downhill of 100, then uphill of 200
m (e.g., scenarios 21-24).

The scenarios are selected such that all possible combinations of ±3 deg, and ±6
deg slopes are included as given in Table 3.2. Thus, a total of 24 different scenarios
are studied. In urban traffic, such instant slope changes are not available; hence, the
slope change is smoothed with a hypothetical radius curvature tangent to the sections
of the roads at 10 m distance to the slope edges. The smoother slope transition is
demonstrated in Fig. 3.4.

In order to create references in the upcoming figures, start and stop points of the first
and the second slope are marked with A, B, C and D. For Scenario-1, the marks are
shown in Fig. 3.5.

To show typical samples in limited space, the vehicle speed variations under stan-
dard cruise controller with different speed references and optimal control policy are
presented in Fig. 3.6 for Scenarios 01, 05, 09, 13, 17 and 21. The histogram of the
speed profile of the vehicle under optimal controller is observed to obey the defined
speed limits. Since the cruise controllers follow their references, they are not pre-
sented in the figures. It has been observed that, to reduce the energy consumption of
the vehicle, the energy optimal control decreases the speed of the vehicle. However,
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Figure 3.4: An example of slope smoothing at edges

0 100 200 300 400 500 600 700 800 900 1000

Forward Direction-X (m)

0

1

2

3

4

5

6

U
pw

ar
ds

 D
ire

ct
io

n-
Z

 (
m

)

A

B C

D

Figure 3.5: Marks for the start and stop points of the sloped sections
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Figure 3.6: Histogram of the speed profiles of vehicle under energy optimal con-
troller for various scenarios (top left: Scenario-01, top middle: Scenario-05, top
right: Scenario-09, bottom left: Scenario-13, bottom middle: Scenario-17, and bot-
tom right: Scenario-21)

note that the vehicle speed does not stick to lower speed limit defined for the energy
optimal controller which is 70 km/h. This is because, as the speed of the vehicle
becomes smaller, the amount of time to complete the road gets greater, and such an
increase in time may result in more energy consumption. The energy optimal con-
troller, therefore, generates speed profiles optimized for the vehicle constraints and
the road topology. Note that the histograms show that the speeds of the vehicles un-
der the energy optimal controller have components greater than the reference speed
90 km/h very rarely to reduce the acceleration and consecutive power consumption.
In Table 3.3, average speeds of the vehicle under energy optimal controller are pre-
sented for all the scenarios. It has been observed that the average speeds are always
below the reference speed defined for the optimal controller. Note that there is al-
ways a trade-off between the reduction in energy consumption and the effect of the
constraint keeping the speed of the vehicle close to the reference speed.

Driving/braking torque commands applied to the wheels throughout Scenario 20 un-
der cruise controllers with different reference speeds and the energy optimal con-
troller are shown in Fig. 3.7. Remember that the vehicle is front drive with four
wheels can have independent braking commands, in other words, the rear wheels are
only used in braking and only excited with negative torque commands. It has been ob-
served that the energy optimal controller demands more negative driving commands
from front wheels and greater braking commands from all the wheels compared to
the cruise controllers. Energy management strategy with greater regenerative braking
results in admissible extension to duration for completing the given path compared
to the standard cruise controller with 90 km/h speed reference which is initial speed
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Table3.3: Average speeds of the vehicles under energy optimal controllers (km/h)

Scenario ID 01 02 03 04 05 06 07 08
Average Speed 79.24 79.79 78.78 78.54 79.13 79.58 79.65 78.56

Scenario ID 09 10 11 12 13 14 15 16
Average Speed 79.27 78.63 78.74 78.09 78.88 79.90 78.73 79.40

Scenario ID 17 18 19 20 21 22 23 24
Average Speed 78.89 79.79 78.30 79.24 78.92 79.26 78.53 79.10

for energy optimal controller as well. Furthermore, note that since the road profile is
longitudinal only and there is no change in road friction coefficients throughout the
scenario, the torque commands are symmetrical for left and right side wheels.

Friction forces applied on the wheels at their contact points with the ground are shown
in Fig. 3.8 for a vehicle performing Scenario 19. Step 13 of the algorithm presented
avoids the wheels to skid, and it has been observed that none of the wheels gets
closer to the static friction limits of the wheels which is around 2 kN. Scenario 19
and Scenario 20 have close definitions in Table 3.2. Note the similarities in Figures
3.7 and 3.8 that since the wheels avoid slippage, the driving/braking commands are
transferred directly to tire friction forces and generate traction.Furthermore, note that
since the road profile is longitudinal only and there is no change in road friction
coefficients throughout the scenario, the friction forces applied on the wheels are
symmetrical for left and right side wheels.

In Fig. 3.9, change in SoC of vehicle batteries under the energy optimal controller and
cruise controllers with different reference speeds for Scenarios 9-12 are demonstrated.
It has been observed that during regenerative braking, batteries of the vehicle are
charged. The superiority of the energy optimal controller compared to the cruise
controllers is found to be clear. Note that to preserve some capacity in the battery that
can be charged with regenerative braking, the initial state-of-charge of the package is
taken as 90%.

Energy consumption (EC) of the vehicle is calculated according to (3.7). The energy
efficiency (EE) of the energy optimal controller with respect to the cruise controller
with different reference speed is calculated with (3.8). In Table 3.4, ECs of the ve-
hicle under cruise controllers with different speed references and the energy optimal
controller and the EEs of the energy optimal controller with respect to the others
are presented. It has been observed that energy consumptions of the vehicle under
the energy optimal controller are the smallest in all the scenarios and the efficiencies
compared to the cruise controllers are up to 80%.

EC = SoCinitial − SoCfinal (3.7)

EE =
ECCruise Controller − ECOptimal Controller

ECCruise Controller
(3.8)
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Figure 3.7: Torque commands applied to the wheels for Scenario 20 (red: cruise
controller with 110 km/h speed reference, green: cruise controller with 90 km/h speed
reference, blue: cruise controller with 70 km/h speed reference and black: energy
optimal controller; top left: front left wheel, top right: front right wheel, bottom left:
rear left wheel and bottom right: rear right wheel)
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Figure 3.8: Longitudinal friction forces applied to the wheels for Scenario 19 (red:
cruise controller with 110 km/h speed reference, green: cruise controller with 90
km/h speed reference, blue: cruise controller with 70 km/h speed reference and black:
energy optimal controller; top left: front left wheel, top right: front right wheel,
bottom left: rear left wheel and bottom right: rear right wheel)

52



Table3.4: ECs of the vehicle under different controllers (kJ) and EEs of the energy
optimal controller with respect to cruise controllers (%)

Scenario ID ECCC,70 ECCC,90 ECCC,110 ECOC EECC,70 EECC,90 EECC,110

Scenario-01 8.58 6.73 5.53 1.20 86.01 82.17 78.30
Scenario-02 8.58 6.73 5.53 1.18 86.25 82.47 78.66
Scenario-03 9.02 6.80 5.58 2.34 74.06 65.59 58.06
Scenario-04 8.71 6.80 5.58 2.32 73.36 65.88 58.42
Scenario-05 8.59 6.75 5.55 2.37 72.41 64.89 57.30
Scenario-06 8.59 6.75 5.55 2.35 72.64 65.19 57.66
Scenario-07 8.59 6.75 5.55 3.58 58.32 46.96 35.50
Scenario-08 8.59 6.75 5.55 3.38 60.65 49.93 39.10
Scenario-09 7.31 5.72 4.68 1.18 83.86 79.37 74.79
Scenario-10 7.31 5.72 4.73 1.13 84.54 80.24 75.85
Scenario-11 7.45 5.80 4.68 2.32 68.86 60.00 50.95
Scenario-12 7.45 5.80 4.73 2.27 69.53 60.86 52.01
Scenario-13 8.61 6.74 5.54 1.32 84.67 80.41 76.17
Scenario-14 8.72 6.81 5.59 1.50 82.80 77.97 73.17
Scenario-15 8.61 6.74 5.54 1.19 86.18 82.34 78.52
Scenario-16 8.72 6.81 5.58 1.50 82.80 77.97 73.12
Scenario-17 7.38 5.75 4.70 1.07 85.50 81.39 77.23
Scenario-18 7.49 5.82 4.75 1.50 79.97 74.23 68.42
Scenario-19 7.38 5.75 4.70 0.66 91.06 88.52 85.96
Scenario-20 7.49 5.79 4.75 0.15 80.37 74.61 69.05
Scenario-21 8.61 6.75 5.55 2.47 71.31 63.41 55.50
Scenario-22 8.61 6.75 5.55 2.27 73.52 66.22 58.92
Scenario-23 8.61 6.75 5.55 2.29 73.40 66.07 57.74
Scenario-24 8.61 6.75 5.55 3.28 61.90 51.41 40.90
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Figure 3.9: Change in state of charge of vehicle battery package (black: cruise con-
troller with 110 km/h speed reference, red: cruise controller with 90 km/h speed refer-
ence, green: cruise controller with 70 km/h speed reference and blue: energy optimal
controller; top right: Scenario-09, top left: Scenario-10, bottom right: Scenario-11
and bottom left: Scenario-12)

In Table. 3.5, number of iterations spent in finding the energy optimal control solution
for the scenarios is presented. For a computer, with Intel Core i7-6700 HQ CPU,
2.60 Ghz, and 16 GB Ram, and x64 bit Windows 7, an iteration takes 20 seconds to
complete.

3.4 Skidding Compensation

In this section, for the scenarios given in Table 3.2, the sloped sections are considered
as icy road sections with µ = 0.19 [8]. It has been observed that both the optimal

Table3.5: Number of iterations to find the energy optimal solution

Scenario ID 01 02 03 04 05 06 07 08
Iterations 1340 1302 1288 1290 1312 1302 1297 1352

Scenario ID 09 10 11 12 13 14 15 16
Iterations 1320 1327 1290 1321 1340 1279 1360 1298

Scenario ID 17 18 19 20 21 22 23 24
Iterations 1353 1298 1352 1349 1339 1320 1326 1299
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Figure 3.10: Skidding conditions of the wheels under different controllers in icy
sloped version of Scenario-01 (red: cruise controller with 110 km/h speed reference,
green: cruise controller with 90 km/h speed reference, blue: cruise controller with 70
km/h speed reference and black: energy optimal controller; top left: front left wheel,
top right: front right wheel, bottom left: rear left wheel and bottom right: rear right
wheel)

controller and the cruise controllers with different speed references drive the vehicle
with wheels in slippage during the icy sloped sections. The wheel skidding conditions
for Scenario-01 is presented in Fig. 3.10.

It has been observed that rear wheels are in slippage during braking along the downhill
on icy road, while the front wheels are in slippage both during driving along the
uphill and braking along the downhill on icy road sections. Note that the vehicle is
front drive; hence, as the controller generates a positive driving command along the
uphill section, the rear wheels are left unexcited. The observation on wheel skidding
conditions show that, even if the road is icy, the wheels enter slippage condition when
there is torque command applied to them.

In this study, a skidding compensation logic is proposed to minimize the amount of
skidding. According to the aforementioned results, a wheel enters into slippage when
non-zero torque command is applied on it; hence, the skidding compensation logic
tries to reduce the magnitude of the torque commands applied to the wheels when
they are under skidding, and compensates these command along the sections prior to
the skidding part, [4]. The proposed skidding compensation is illustrated in Fig. 3.11.

Skidding compensation logic transfers the torque commands to be applied to the
wheels during their slippage to the previous time instants for reducing slippage and
compensating its action. The approach can be interpreted as increasing speed of the
vehicle before an icy uphill road to complete the section with the available kinetic en-
ergy and no further need to apply drive commands during this icy part, or decreasing
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Figure 3.11: Skidding compensation logic transfers the command to be applied during
wheel slippage to the instants prior to the skidding section

the speed before an icy downhill to complete the section with a speed in the limits and
no further need to apply brake commands during the icy part. The energy optimality is
observed to be affected less than 1% with skidding compensation being enabled. The
results can also be considered as a validation of insensitivity of the optimal controller
to local changes in wheel skidding conditions.

The validity of the skidding compensation is depicted in the results presented in Table
3.6. The first three columns following the header column shows the efficiency of the
energy optimal controller compared to the cruise controllers with different reference
speed according to (3.8). The following column shows the change power consump-
tion of the vehicle under energy optimal controller with and without skidding com-
pensation, and the columns to the end show the percentage of reduction in the instants
where the wheels are in slippage when the skidding compensation is enabled.

According to the results, it has been shown that, the energy optimal controller pre-
serves its superiority in energy management along roads with icy sections compared
to the cruise controllers with different reference speeds. Furthermore, the proposed
skidding compensation does not yield any change in energy consumption of the ve-
hicle; while, it enables reduction in skidding occurrences of the wheels, fulfilling its
objective.
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Table3.6: Efficiency of the energy optimal controller compared to the cruise con-
trollers in (%) and changes in power consumption of the vehicle under optimal con-
trol with and without skidding compensation logic, and the reduction in slippage on
the wheels with skidding compensation logic enabled(%)

Scenario ID EE70 EE90 EE110 ECOC SCFL SCFR SCRL SCRR

Scenario-01 86.13 83.32 78.48 0.00 E-0 07.37 07.37 09.50 09.50
Scenario-02 86.36 82.62 78.84 -1.38 E-3 05.41 05.41 07.39 07.39
Scenario-03 73.82 66.47 59.14 4.15 E-3 05.25 05.25 06.88 06.88
Scenario-04 73.94 66.62 59.32 2.77 E-3 06.14 06.14 08.15 08.15
Scenario-05 72.88 65.48 57.64 -1.38 E-3 08.21 08.21 10.15 10.15
Scenario-06 72.99 65.63 58.20 -2.77 E-3 10.02 10.02 12.52 12.52
Scenario-07 66.38 61.39 53.36 1.38 E-3 05.63 05.63 08.13 08.13
Scenario-08 67.20 63.17 57.85 1.38 E-3 07.55 07.55 11.24 11.24
Scenario-09 83.86 79.37 74.79 -1.38 E-3 05.91 05.91 07.22 07.22
Scenario-10 84.54 80.24 75.85 1.38 E-3 08.22 08.22 09.87 09.87
Scenario-11 69.13 60.34 51.37 -1.38 E-3 07.74 07.74 09.48 09.48
Scenario-12 66.85 61.85 50.08 -2.77 E-3 09.23 09.23 12.22 12.22
Scenario-13 83.26 78.64 74.01 0.00 E-0 10.12 10.12 14.70 14.70
Scenario-14 84.14 78.41 73.70 -4.15 E-3 08.78 08.78 14.73 14.73
Scenario-15 84.28 79.97 75.63 0.00 E-0 09.56 09.56 15.17 15.17
Scenario-16 83.26 78.56 73.84 -4.15 E-3 07.13 07.13 16.08 16.08
Scenario-17 84.40 80.00 75.53 4.15 E-3 06.37 06.37 14.27 14.27
Scenario-18 80.37 74.74 69.05 -5.53 E-3 05.76 05.76 16.48 16.48
Scenario-19 90.08 87.30 84.47 -2.77 E-3 11.17 11.17 17.22 17.22
Scenario-20 80.64 75.09 69.47 0.00 E-0 13.04 13.04 19.10 19.10
Scenario-21 70.51 62.52 54.41 -1.38 E-3 07.48 07.48 09.64 09.64
Scenario-22 69.89 60.71 51.96 2.77 E-3 07.48 07.48 09.88 09.88
Scenario-23 72.73 65.33 57.84 -1.38 E-3 06.31 06.31 08.69 08.69
Scenario-24 71.78 63.99 55.39 0.00 E-0 05.68 05.68 07.76 07.76
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3.5 Sensitivity Analysis

In this section, a sensitivity analysis on the energy consumption of the vehicle under
the energy optimal controller has been performed. Note that the solutions attained by
energy optimal control solution is a sequence of control commands to be applied at
fixed time instants, i.e. at each sampling time of 0.01 s. In the sensitivity analysis,
these control sequences obtained for the nominal vehicle and scenario parameters are
preserved, but the parameters of the vehicle or the scenario are disturbed. Hence,
the control sequence to be applied at fixed time instants may not correspond to the
exact position of the road where they will be applied in the new parameters case. In
order to preserve this information, similar to what is done in the solution approach for
the energy optimal controller, a transformation between position and time domains is
performed. The optimal control sequence is associated with the positions along the
road which is sectioned with a high resolution. Similar approach is followed for cruise
controller command outputs to achieve a fair comparison.

In Section 3.3, results are presented for an autonomous vehicle with no driver or
passenger inside. In the sensitivity analysis, the following four configurations are
considered: only driver case (Configuration-1), driver and a passenger seated on front
right (Configuration-2), driver and a passenger seated on rear right (Configuration-3,
taxi configuration), and driver and 3 passengers (Configuration-4). The parameters
are stated in Table 2.1.

According to the different configurations in the sensitivity analysis, mass of the vehi-
cle, location of CoG, inertia of the vehicle are changed. The results are presented for
the average of the all Scenarios 1-24. Note that mass of passenger/driver over mass
of chassis is changing between 6.25% to 25%. The change in energy consumption of
the vehicle under optimal controller is always less than 4%, however. The magnitude
of the change in total energy consumption is smaller compared to the change of mass
in the configurations. The sensitivity of the optimal control solution for the defined
scenarios towards different passenger configurations are small in magnitude indeed.
In Table 3.7, changes in total energy consumption of the vehicle under standard cruise
controllers with different reference speeds are presented as well. Note that the mag-
nitude of these changes are smaller yet comparable with those of the energy optimal
controller. In the results, it is shown that with increasing mass, total energy consump-
tion of the vehicle under cruise controllers are increasing. Yet, the energy optimal
controller has achieved to decrease the energy consumption of the vehicle in different
passenger configurations. The controller benefits from regenerative braking smarter
as the total mass to be carried alters for the same initial SoC. Note that however,
the increase in effectiveness is limited compared to the change in total mass of the
vehicle, as expected.

All the simulations are held on an electric vehicle with initial SoC of 90%. The
battery is not fully charged to allow further charging via regenerative braking. Sim-
ulations above are repeated for initial SoC − 75% and SoC − 50% cases as well.
In Table 3.8, changes in energy consumptions of the vehicle under standard cruise
controllers and the energy optimal controller for different initial SoC cases averaged
for all the scenarios in Table 3.2 are presented. The calculation of changes in total
energy consumption of the vehicle follows (3.9).
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Table3.7: Corresponding change in totalEC of the vehicle under different controllers
(%) for different configurations (%), average of all scenarios

Configuration ID ∆mV ,% ∆EC,%CC,70 ∆EC,%CC,90 ∆EC,%CC,110 ∆EC,%OC

Configuration-1 6.25 0.47 0.30 0.26 -0.83
Configuration-2 12.50 0.82 0.59 0.34 -2.50
Configuration-3 12.50 0.86 0.64 0.39 -2.55
Configuration-4 25.00 1.40 0.89 0.54 -4.17

Table3.8: For different initial SOC values changes in total energy consumptions of
the vehicle under different controllers, average of all scenarios

∆EC ∆ECInitial SoC,75% ∆ECInitial SoC,50%

∆EC,%CC,70 7.55 7.52
∆EC,%CC,90 6.61 6.54
∆EC,%CC,110 5.70 5.59
∆EC,%OC 248.75 244.59

∆EC,% =
ECInitial SoC,100% − ECInitial SoC

ECInitial SoC,100%
(3.9)

According to results in Table 3.8, all the controllers reduces the energy consumption
of the vehicle for initial SoC of battery,75% and 50% cases. However, the energy
consumption of the vehicle under energy optimal controller reduces drastically for
lower initial SoC values. In fact, average improvement in energy management is
greater than 100% for energy optimal controller indicating that the vehicle starts to
use regenerative braking so effectively that it stores energy to battery for lower initial
SoC values compared to the energy consumption in 100% SoC initiation, according
to (3.9). In other words, the effectiveness of the energy optimal controller becomes
significantly visible for lower initial SoC of the battery package. This noticeable re-
sult validates as the energy consumption limitations become tighter, the performance
of the vehicle under the energy optimal controller is incomparably better than those
of the cruise controller.

3.6 Conclusions and Discussions

In this chapter, the mathematical model presented in Chapter 2 is used to design
an energy optimal controller. In the selected scenarios with roads including uphill
and downhill sections with different slopes and lengths, the optimal controller per-
formance is compared with cruise controllers with various speed references. The
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superiority of the optimal control approach is demonstrated through these extensive
simulations. The optimal control problem is a free-final time problem. On the other
hand, the distance to be travelled is fixed. A numerical method based on mapping the
control inputs from the time domain to position domain has been developed and uti-
lized to satisfy the fixed distance constraint. The proposed method is one of the main
contributions of this study. It has been shown that the energy efficiency is achieved
with no violations on speed constraints, wheel torque limits and battery constraint,
with a travel time comparable with cruise controllers.

The uphill and downhill motion is also studied along icy roads. The high energy effi-
ciency of the optimal control approach compared to the cruise controller with different
speed references is validated on icy road sections as well. A skidding compensation
function is proposed to reduce the amount of slippage, and it has been observed that
the energy efficiency is preserved. The proposed skidding compensation technique is
verified through simulations and presented as one of the major contributions of this
study.

A sensitivity analysis is also performed. It has been shown that as a representative of
different combinations of passengers, the sensitivity of the energy optimal controller
on the mass change and distribution is smaller in magnitude. It has also been demon-
strated that for different initial values of the state-of-charge of the battery, the energy
efficiency of the vehicle under the energy optimal controller becomes significantly
improved as compared to the standard cruise controllers. This noticeable result vali-
dates that as the battery characteristics dominates the energy storage capability during
regenerative braking, the performance of the vehicle under the energy optimal con-
troller is incomparably better than those of the cruise controller. The analysis itself
can be considered as a benchmark for all the controllers proposed to the literature.

The performance of the optimal controllers is not directly compared to the policies
available in the literature due to the differences in the fidelities of the mathematical
models. The simplified models ignoring lateral dynamics, air drag, road conditions,
battery models and torque constraints and possible skidding conditions prevent estab-
lishing an accurate comparison basis. Instead, in this study, a numeric comparison
between energy optimal controller and standard cruise controllers for different speed
references is performed. The cruise controllers with different speed references are
used to generate an insight about energy efficiency of the proposed method. There
can be better cruise controllers in literature; but the concept has been proven by con-
stant speed cruise controllers. The results are considered to be used as reference out-
comes for future experimental validation of the optimal control theory based energy
management policies.

In addition to numerical comparison with standard cruise controller, qualitative com-
parisons between this study and those available in the literature are performed as
presented in Table 3.9. The studies are compared in terms of their model complexity:
consideration of wheel skidding conditions, consideration of sloped roads, and con-
sideration of the nonlinear vehicle dynamics. Furthermore, as additional comparison
merits, it is taken into consideration whether the earlier studies include detailed power
consumption models or sensitivity analyses as well.

The studies in the literature closest to the present study are given in Table 3.9. Mainly,
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Table3.9: Comparison against methods in the literature

Wheel Motion Nonlinear Power Sensitivity
Method Slippage on Slopes Dynamics Cons. Model Analysis

This study X X X X X
Sciarretta’15 [73] × × × X ×
Pennycoat’14 [66] × X × × ×
Dib’14 [23] × × × X ×
Chen’12 [17] × X × × ×

the studies based on off-line energy optimization methods include simpler vehicle
dynamics, and they discard wheel skidding kinematics. Pennycott, et al., and Chen,
et al. include road sections with slopes in their studies. Sciarretta, et al., and Dib,
et al. take power consumption battery dynamics into account during their optimal
control studies.

The literature comparison is held between this study and the others following off-line
optimization approaches. On-line methods are left out of this comparison, since it
is unfair to compare on-line methods with off-line methods. The on-line methods
use rather simplified mathematical models and can reach a local optimal solution
due to their assumptions required to satisfy runtime computation limits. The off-line
methods, on the other hand, can reach to a global optimal solution, yet they cannot be
implemented in practice, especially when the road conditions alter rapidly. However,
the off-line optimization results can be used to generate rule sets and references for
on-line controllers.
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CHAPTER 4

VEHICLE CORNERING

In this chapter, vehicle cornering under constant Ackerman’s steering law is investi-
gated. The average power consumption of the vehicle, and the amount of time vehicle
corners the circular arc are selected as objectives of energy and time optimal control
problems. Applying wheel torque, vehicle speed and battery power constraints to the
problem, the performances of the optimal controllers are evaluated in simulations. In
terms of battery charge and time consumption measures, the behaviour of the vehicle
under optimal controllers are compared with those under cruise controllers. The sim-
ulation results confirm the effectiveness of the optimal controllers against standard
cruise controllers.

A Pareto-front analysis is carried out with multi-objective energy and time minimiza-
tion using NSGA-II algorithm. The analysis provides a multi-objective solution of
the vehicle cornering problem with a compromise between travel time and energy
consumption of the vehicle that enables vehicle to complete cornering with minimum
energy consumption within the given speed limits. The optimality of the Pareto-front
results are discussed. Furthermore, a sensitivity analysis is performed and it is con-
firmed that the optimal control solution is insensitive to the different passenger seating
arrangements.

4.1 Introduction

In this chapter, energy and time optimal control policies are proposed for electric
vehicles by using optimal control techniques for the cornering behaviour often en-
countered in the urban traffic. The vehicle cornering is assumed to obey well-known
Ackermann’s steering law, dynamics of which can be found in [30] in details.

Cornering behaviour and steering control has been studied for vehicles extensively.
Sharp, et al. describe a mathematical model for an auto mobile based on the Newton-
Euler equations. The equations do not take any specific modification for skidding of
the wheels. The authors propose an optimal discrete time controller with a horizon,
for which the nonlinear vehicle model is linearised. An evaluation of path tracking
performance is provided in simulated scenarios, [76]. Ahmadi, et al. propose an
adaptive nonlinear control scheme for a vehicle under steering command sequences
and evaluates the path tracking performance. The model is based on the Newton-Euler
equations with no skidding assumption. The control scheme has cascaded loops; one
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of them is for cancelling the non-linearities in the error dynamics, and the other one
is for tracking the curved road through an inverse dynamics model, [5].

Cossalter, et al. generate a method using two-point optimal control boundary value
problem to evaluate vehicle manoeuvrability. Physical constraints like tire adherence
and road boundaries are taken into consideration for the motion of a vehicle controlled
with an ideal driver performing optimal manoeuvres. The vehicle model is special-
ized for yaw motion of the vehicle and the penalty function is adjusted to optimize
invulnerability, [21]. Thommyppilai, et al. model the car drivers, and use a linear
optimal control theory in vehicle cornering. In the simulations, on their linearised
vehicle model, trim states are defined and gain-scheduling adaptive control laws are
shown to be advantageous against fixed control schemes in terms of path tracking
performances, [80].

A detailed literature survey on time optimal control policies for vehicle cornering can
be found in [77]. Velenis, et al. use Bellman’s principle of optimality to generate
minimum time velocity profiles for a vehicle, modelled as a point mass. The semi-
analytical method includes acceleration limits along a specified path in the problem
definition, [84]. The authors extent their approach to a half-car model in [83].

Tavarnini, et al. use a symbolic-numerical indirect method for nonlinear optimal
control technique to solve minimum time car manoeuvring problem. For different
road surfaces optimal driver control results are evaluated, [79]. Rucco, et al. study
minimum time vehicle cornering problem with a nonlinear optimal control technique.
The authors include a rigid car model, planar track, lane boundaries, and enforce
normal force constraints on the tires as well as steering and tire limits. Similar to our
study, a 90-degree turning scenario is simulated, [71].

Hendrikx, et al. use the distance travelled along the centre line of the road as an in-
dependent variable in their optimal control approach based on the gradient descent
algorithm. Simulations are based on inverse dynamics of car handling including cal-
culations of the driver actions to perform the manoeuvres in the shortest time. The
authors have presented a solution to the lane changing problem, [35]. Fuijoka, et al.
generate a numeric solution for the optimal time problem along a road with a given
3D description. A sequential conjugate gradient restoration algorithm is applied to an
oversimplified point mass vehicle model, [28].

Gerdts, et al. use the moving horizon technique and solve a sequence of local op-
timal control problems with suitable continuity conditions. The reference trajectory
attained in this way is turned out to have a high accuracy in reproduction of the op-
timal trajectory, [29]. Timings, et al. use convex optimization to calculate minimum
manoeuvre time, and linearise the nonlinear vehicle model at each time step. The
authors use model predictive control and minimize the deviations from the centre-
line. The steering constraints and minimization of the cost function enhances the
non-optimal linearised steering actions, [81].

The energy and time management strategies proposed in this study are based on the
classical optimal control theory with constraints on vehicle speed, wheel torques and
applicable battery power. The constrained optimal control problems are defined and
solved for an electric vehicle, where regenerative braking is possible to improve the
energy management. The optimal controller performances are shown to be more
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effective compared to standard cruise controllers, as expected.

Furthermore, the energy and time optimal control objectives are used to carry out a
Pareto-front analysis with multi-objective energy and time minimization using NSGA-
II (Non-Dominating Sorting Genetic Algorithm) algorithm. The analysis provides a
multi-objective solution to the vehicle cornering problem with a compromise between
travel time and energy consumption of the vehicle that enables vehicle to complete
cornering with minimum energy consumption within the given speed limits. The op-
timality of the Pareto-front is validated with classical optimal control solution for the
problem with weighted energy and time optimality objectives.

The study aims to generate the following contributions to the literature available on
the optimality problem in vehicle cornering motion:

• The optimal control problem is discussed on vehicle mathematical model which
is sufficiently detailed to be applicable for any gross motion. In addition to the
motion model, battery model and regenerative braking capability of the electric
drive are included.

• The classical optimal control is shown to be a valid and applicable technique for
time and energy optimization for vehicle motion. Time and energy optimality
problems are both handled in a single solution structure.

• Both time and energy optimal control problems are free-final time problems.
On the other hand, the distance to be covered is chosen to be fixed. A numer-
ical method based on mapping the control inputs from the time domain to the
position domain has been developed and utilized to satisfy the fixed distance
constraint.

• It has been shown with NSGA-II genetic algorithm that there is a Pareto-front
between time and energy optimization problems. The optimality of this Pareto-
front is validated with classical optimal control approach.

• A sensitivity analysis is performed and it is confirmed that the optimal control
solution is insensitive to the different passenger seating arrangements.

In Section 4.2, the energy and time optimal control problems are defined based on the
3-DoF gross motion model of the vehicle. In several cornering scenarios, the optimal
control problems are solved with application of Pontryagin’s minimal principle taking
the constraints on the vehicle speed, the wheel driving torques and the battery power
into account. In Section 4.3, the optimal control solutions are presented and they are
compared with the results obtained for a vehicle under standard cruise controllers. In
Section 4.4, The Pareto-front analysis is carried out for multi-objective optimization
and the optimality of the results are discussed with optimal control results obtained
for weighted time and energy objectives. In Section 4.5, a sensitivity analysis is
performed and it is confirmed that the optimal control solution is insensitive to the
different passenger seating arrangements.
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Figure 4.1: Motion representation for vehicle cornering

4.2 Optimal Controller Design

In this study, the behaviour of the vehicle cornering around a CoR with constant
Ackermann’s steering law is investigated. The motion of the vehicle through the
cornering scenarios is illustrated in Fig. 4.1.

The optimal control approach and algorithm is presented in Section 3.2. The algo-
rithm is presented with a visualization as a reminder in Fig. 4.2 as well.

The energy and time optimal control problem can be written as in (4.1) and (4.2),
respectively. Note that both of the problems have the boundary conditions and con-
straints in terms of the state only and the final time is free. The problem definition
for vehicle cornering motion is the same as that of uphill/downhill motion defined in
(3.3).
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Figure 4.2: Optimal controller design algorithm
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=
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∑
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(4.1)

minimize

Jt (tf ) =

tf∑
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1
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(
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)
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T
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(4.2)

The optimal control problems are defined for a path of a specified length; hence, the
initial state is known, and final state can be specified in terms of position. Other than
state boundary conditions, optimal control problems have free final time. According
to Pontryagin’s minimum principle a solution satisfying the control input constraints
is found. State constraints follow the artificial state method explained in [49]. There-
fore, Hamiltonians at discrete time step, k, can be written as in (4.3) and (4.4) for
energy and time optimal control problems, respectively.

Hk =
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)
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(
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)
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[(
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)3]
(4.3)
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Hk = 1 + pTf
(
x, SoC,M (c)

wc,y

)
+ pl

[(
v(o)v,xmin ≤ v(o)v,x

)3 (
v(o)v,xmax ≤ v(o)v,x

)3]
(4.4)

In (4.3) and (4.4), p denotes the co-state and f
(
x, SoC,M

(c)
wc,y

)
denotes the nonlin-

ear state update function. The velocity constraints are taken into consideration in the
form given in (4.3) and (4.4) with a Lagrange multiplier pl.

Note that as depicted in Fig. 4.2, derivative of the Hamiltonian function defined in
(4.3) with respect to the control input is calculated. When the control input is positive,
the vehicle is consuming energy, when it is negative, due to regenerative braking
properties of the electric motors, some amount of energy can be stored back to the
batteries. Note that Hamiltonian is discontinuous when the control input u becomes
zero. This discontinuity can be solved with an adjustment in the definition of the
Hamiltonian. Instead of using two disjoint functions for positive and negative control
inputs, their averaged sum weighted with a continuous function, such as tan−1(·) can
be used. The modified Hamiltonian can be expressed as in (4.5). Together with this
modification, in this study an energy optimal control algorithm is proposed. Similar
discontinuity problem does not exist for time optimal control Hamiltonian definition.

Hk =

(
0.5 +

1

π
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(
η
∑
w

M (w)
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))(
M

(wfl)
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)
−

(
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1

π
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(
η
∑
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M (w)
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))[
min

(
M
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wflc,yωwfl,y +M

(wfr)
wfrc,yωwfr,y

M (wrl)
wrlc,y

ωwrl,y +M (wrr)
wrrc,yωwrr,y, RPCB

)]
+ pTf

(
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wc,y

)
+ pl

[(
v(o)v,xmin ≤ v(o)v,x

)3 (
v(o)v,xmax ≤ v(o)v,x

)3]
(4.5)

In (4.5), η stands for the smoothing factor, and it has been chosen sufficiently large
so that the smoothed Hamiltonian approximates the discontinuous one. In Fig. 4.3,
for different values of η and control commands, the normalized differences between
the modified Hamiltonian given in (4.5) and the discontinuous Hamiltonian given in
(4.3) is presented. The vehicle speed is chosen to be 90 km/h, the wheel speeds are
calculated accordingly, and other components in Hamiltonian equations are taken to
be the same.

It has been observed in Fig. 4.3 that for η greater than 1, the normalized difference
between modified and discontinuous Hamiltonian functions are less than 1E-4, which
is negligible. Since the modified Hamiltonian has smoother characteristics compared
to the discontinuous one, the convergence of the solution is faster with the modified
Hamiltonian function.
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Figure 4.3: Normalized difference between modified and discontinuous Hamiltonian
functions for different values of η

4.3 Results

Parameters of the model used in the simulations are given in Table 2.1. The model
parameters are approximate average values of the electric vehicles in market.

The test scenarios are selected to satisfy the minimum cornering radius for the corre-
sponding vehicle speed. Hence, the cruise controllers do not have to alter their speed
and preserve their control behaviour throughout the cornering. The vehicle speed ref-
erence for the cruise controller is selected as 50 km/h. The speed range of vehicle
under cruise controller is defined as 49 - 51 km/h. The optimal controllers are en-
abled to command the vehicle through a speed range of 45 to 55 km/h. There are 6
scenarios as presented in Table 4.1. Both cruise controller and the optimal controllers
are functions of driving/braking torque commands. The steering command is applied
as the cornering initiates according to Ackermann’s steering law for the radii given in
the second column of the table. The trajectory is presented in Fig. 4.1.

The energy and time optimal controllers with Hamiltonian definitions in (3.6) and
(4.4), respectively are designed in accordance with the aforementioned algorithm.
The energy efficiency of the vehicle under an optimal controller is calculated with the
ratio of the energy consumption of the vehicle under the optimal control against that
under the standard cruise controller. Energy consumption is calculated with (4.6), and
energy efficiency is calculated with (4.7) as percentage of the relative improvement
in energy consumption of the vehicle. The equation will yield positive results greater
than 100%, meaning that in some cases, the vehicle under energy optimal controller
can regenerate energy while the vehicle under cruise controller consumes.
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Table4.1: Test scenarios

Scenario ID Rotation Radius (m)

Scenario-01 50
Scenario-02 60
Scenario-03 70
Scenario-04 80
Scenario-05 90
Scenario-06 100

EC = SoCinitial − SoCfinal (4.6)

EE =
ECCruise Controller − ECOptimal Controller

ECCruise Controller
(4.7)

The cruise controller is selected as constant speed controller with reference speed of
50 km/h. The initial speed of the vehicle for the optimal controllers are selected to the
same according to problem definition, yet they can be chosen any value between the
speed limits of 45 km/h to 55 km/h. For different initial speeds of the vehicle, energy
and time consumptions of the vehicle are calculated. For the initial speeds close to
upper speed limits, time optimal controller is failed generate solutions with the given
speed limits, similarly for the initial speed close to the lower limit, energy optimal
controller cannot results into a feasible solution. The effect of selection of different
initial speeds to the optimal controller problems are presented in Table. 4.2.

According to results it has been observed that the energy consumption of the vehicle
under energy optimal controller reaches a minimum and stays at this minimum as
the initial speed of the vehicle becomes greater than or equal to 50 km/h. For initial
speed greater than 50 km/h, energy consumption of the vehicle under energy optimal
controller does not change, only the time consumption gets smaller. Similarly, time
consumption of the vehicle under time optimal controller does not change much for
the initial speeds less than or equal to 50 km/h, but the energy consumption does.
Hence, 50 km/h initial vehicle speed is chosen to be the best selection that optimizes
the vehicle motions under both energy and time optimal controllers. As the initial
speed is selected as 50 km/h, for the different scenario, the energy consumption per-
formances of the optimal controllers are presented in Table 4.3.

Since there is a speed limitation of ±5 km/h around 50 km/h reference speed, a com-
parison on absolute time consumptions of the vehicle to complete the cornering mo-
tion under different controllers is misleading. Instead, extremes of the durations for
vehicle to complete the road within the given speed range are calculated as tmax and
tmin. Time performance of a controller is equated to 0% if the consumed time to
complete the road under this controller is equal to tmax, and 100% if it is equal to
tmin. The results are presented in Table 4.4 and Fig. 4.4.
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Table4.2: Energy consumptionsEC and time consumptions TC of the vehicles under
energy optimal controller EOC and time optimal controller TOC for different initial
vehicle speeds for SC-01 (NS indicates no solution)

Initial Speed (km/h) ECEOC(J) TCEOC(s) ECTOC(J) TCTOC(s)

45 NS NS 950 5.26
46 NS NS 940 5.26
47 350 6.18 930 5.25
48 -250 6.14 920 5.25
49 -290 6.13 920 5.24
50 -280 5.91 910 5.24
51 -280 5.79 900 5.22
52 -270 5.68 890 5.20
53 -270 5.58 860 5.16
55 -260 5.47 NS NS

55 -250 5.37 NS NS

Table4.3: Energy performances of the optimal controllers, EOC: Energy Optimal
Controller, TOC: Time Optimal Controller, EC: Energy consumption in J , EE:
Energy efficiency

Scenario ID ECCC(J) ECEOC(J) ECTOC(J) EEEOC(%) EETOC(%)

Scenario-01 1.10E+3 -0.28E+3 0.79E+3 125.45 28.18
Scenario-02 1.31E+3 -0.34E+3 0.96E+3 125.95 26.72
Scenario-03 1.53E+3 -0.41E+3 1.18E+3 126.80 22.88
Scenario-04 1.74E+3 -0.47E+3 1.38E+3 127.01 20.69
Scenario-05 1.95E+3 -0.52E+3 1.00E+3 126.67 48.72
Scenario-06 2.17E+3 -0.58E+3 1.81E+3 126.73 16.59
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Figure 4.4: Time consumptions of the controllers: tmin: minimum time to complete
the road (with the maximum speed in the range), tmax: maximum time to complete
the road (with the minimum speed in the range), tcc: time to complete the road under
cruise controller, teo: time to complete the road under energy optimal controller, tto:
time to complete the road under time optimal controller

Table4.4: Time consumption performances of the optimal controllers, EOC: Energy
Optimal Controller, TOC: Time Optimal Controller, TC: Time consumption in s,
TE: Time efficiency

Scenario ID TCCC(s) TCEOC(s) TCTOC(s) TEEOC(%) TETOC(%)

Scenario-01 05.68 05.91 05.24 -20.13 38.52
Scenario-02 06.81 07.10 06.27 -21.15 39.39
Scenario-03 07.95 08.51 07.31 -35.01 40.02
Scenario-04 09.08 09.76 08.48 -37.20 32.83
Scenario-05 10.21 10.93 09.42 -35.01 35.99
Scenario-06 11.35 12.19 10.59 -36.76 40.70
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In Fig. 4.4, for each scenario, tmax, tmin values and performances of the optimal
controllers and the cruise controller are demonstrated. Time efficiency values are cal-
culated according to the improvements attained in the time consumed to finalize the
given path relative to the standard cruise controller. Note that, while the time optimal
controller results into a time minimized solution, the energy optimal controller has
worse travel time results as compared to the cruise controllers.

In Fig. 4.5, positions of the vehicle under cruise controller and energy and time
optimal controllers are presented for Scenario-01. In the colour-bar, the acceleration
of the vehicle under the controllers are presented as well. It has been observed that
magnitudes of the vehicle accelerations are around the same order for the vehicles
under the considered controllers. However, energy optimal controller generates the
lowest accelerations to minimize the energy consumption, while the time optimal
controller requires the highest acceleration to maximize the speed. Similar results
have been obtained for the other scenarios as well.

In Fig. 4.6, speeds of the vehicle under standard cruise controller, energy optimal
controller and time optimal controller are depicted for Scenario-01. All the controllers
have the same initial state in position and velocity and the same boundary conditions
in the final position. By intuition, it is expected that vehicle shall reach the upper
speed limit of 55 km/h in time-optimal drive and the lower speed limit of 45 km/h
in energy optimal drive immediately and preserve those speeds. However, due to
constraints on power supply capacity of the battery, maximum torque to be applied
on the wheels and the skidding prevention requirement, the vehicle speeds do not
approach the extreme terminal values. Furthermore, note that for energy optimal
control solution, sticking to the lower speed limit and applying full braking to charge
the battery via regeneration, will result in greater amount of time for the vehicle to
complete the cornering. The amount of energy consumed throughout this time will
become comparable with the saved energy. Hence, the optimal control problem for
the vehicle has no such trivial solution. The optimal control policies generate the
commands to yield vehicle motion that optimize the objectives within the vehicle
constraints, road profile and power dynamics of the battery package. In Table 4.5,
average speeds of the vehicle under energy and time optimal controllers are presented
for all the scenarios. It has been observed that the average speeds are always below
the reference speed defined for the energy optimal controller and always above it for
the time optimal controller. Note that there is always a trade-off between the reduction
in energy or time consumption and the effect of the constraint keeping the speed of
the vehicle close to the reference speed.

In Fig. 4.7, driving/braking torque commands applied to the wheels under standard
cruise controller, energy optimal controller and time optimal controller are depicted
for Scenario-01. According to the results, it has been observed that the energy optimal
control policy applies the lowest torque commands to the wheels in average and the
time optimal control policy applies the highest. These characteristics yield energy
minimization and reduction in time to complete the given path in the energy optimal
and the time optimal controllers, respectively. Note that according to Ackerman’s
steering law, the speeds of the front wheels during the cornering motion have small
differences, which in turn, results in small differences between the torque commands
applied to the front wheels. A similar discussion is valid for the rear wheels. The
close equivalence in the torque profiles of the wheels in different sides of an axle is
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Figure 4.5: Positions and accelerations of the vehicle under different controllers (top:
cruise controller, middle: energy optimal controller and bottom: time optimal con-
troller)

75



0 1 2 3 4 5 6
Time (s)

46

47

48

49

50

51

52

53

54

55

V
eh

ic
le

 S
pe

ed
 (

km
/h

)

Figure 4.6: Speed of the vehicle under different controllers (solid line: cruise con-
troller, dashed line: energy optimal controller and dash-dotted line: time optimal
controller)

Table4.5: Average speeds of the vehicles under energy and time optimal controllers
(km/h)

Scenario ID Vehicle Speed under TOC Vehicle Speed under EOC

01 53.96 47.84
02 54.11 47.79
03 54.15 46.51
04 53.34 46.35
05 54.02 46.56
06 53.39 46.39
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Figure 4.7: Torque commands applied to the vehicle under different controllers (solid
line: cruise controller, dashed line: energy optimal controller and dash-dotted line:
time optimal controller; top left: front left wheel, top right: front right wheel, bottom
left: rear left wheel and bottom right: rear right wheel)

due to this nature of Ackerman’s steering law.

Fig. 4.8 presents the friction forces on the wheels of the vehicle under the cruise
controller, the energy optimal controller and the time optimal controller obtained in
Scenario-01. It has been observed that the friction forces do not exceed static friction
limits for each wheel as shown in dashed lines in Fig. 4.8. The net friction on the
wheel is in the direction of the net velocity of the contact point between the wheel
and the ground. The friction forces on longitudinal and lateral directions of wheel are
projected to the direction of the net velocities of their contact points with ground.

In Table. 4.6, number of iterations spent in finding the energy and time optimal
control solutions for the scenarios are presented. For a computer, with Intel Core i7-
6700 HQ CPU, 2.60 Ghz, and 16 GB Ram, and x64 bit Windows 7, average time to
complete an iteration step is also given in the table.

4.4 Pareto Front Analysis

In Section 4.2, time optimal and energy optimal control policies are introduced, and in
Section 4.3, the results attained with these control policies over six scenarios are pre-
sented, and the results are compared against standard cruise controllers. It has been
observed that the energy optimal control policy returns an energy efficient drive at a
cost of decrease in the time efficiency and vice versa for the time optimal control pol-
icy. However, note that achieving the cornering with low speed does not always mean
an energy efficient drive; since, the lower the vehicle speed, the longer the vehicle
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Figure 4.8: Friction forces on the wheels of the vehicle under different controllers
(solid line: cruise controller, dashed line: energy optimal controller and dash-dotted
line: time optimal controller; top left: front left wheel, top right: front right wheel,
bottom left: rear left wheel and bottom right: rear right wheel)

Table4.6: Number of iterations to find the energy and time optimal solutions

Scenario ID Iterations EOC Iterations TOC Single Iteration Time (s)

01 1843 1745 22.53
02 1828 1726 26.56
03 1882 1712 30.12
04 1851 1755 33.96
05 1862 1769 36.47
06 1816 1741 41.56

78



completes the road, and the energy consumed in these instants becomes compara-
ble with the energy saving with regenerative braking. Hence, there is a compromise
between time and energy optimality. In this section, with help of multi-objective
control, a Pareto-front for energy and time optimization for vehicle cornering will be
searched.

A genetic algorithm (GA) is used to generate torque commands. Note that the time-
discretized control commands, U has variable size for different drives due to varying
total travel time. Instead, position-discretized control commands, Û is used as opti-
mization vector. Two objectives defined in 4.1 and 4.2 for energy and time optimiza-
tion are employed in multi-objective optimization problem. Computations have been
performed to determine the Pareto-optimal solutions. The characteristics of the multi-
objectives generates a solution along the Pareto-front that has the minimum energy
consumption among those with the same time consumption, or it has the minimum
time consumption among the energy consumption equivalent solution set.

NSGA-II algorithm [22] is used to find the Pareto-optimal solutions. The algorithm
defines a crowding distance and uses a crowded comparison to sort the population
according to their non-domination rank. A binary tournament selection is used to
select from the parent population. The offspring population generated after mutation
and recombination is then mixed with the parent population. The elitism is preserved
through this new mixed population. Thereafter, a sorting according to the non domi-
nation rank of the individuals are used to generate the new parent population, and the
algorithm continues the iterations. For further details, please refer to [22].

The solutions not completing the corner, or not satisfying the limitations on vehicle
speed, wheel torque and battery are eliminated throughout the GA iterations by setting
both of the objectives to a big number.

The energy and time optimal solutions are given as members of the initial population.
The results for multi-objective Pareto-front analysis is depicted in Fig. 4.9. Some so-
lution on the Pareto front are marked with different colours to be used in comparisons
for speed and torque profiles. Similar results are obtained for other scenarios as well.

According to Fig. 4.9, for any point along the Pareto-front, a multi-objective optimal
controller performance exists. Above the Pareto-front, there are non-optimal solu-
tions for the vehicle cornering problem. Below the Pareto-front, solution is not fea-
sible for the given limits on vehicle speed, battery characteristics, and applied torque
to the wheels under constant Ackermann’s steering for the given scenarios.

In Fig. 4.10, the speeds of the vehicle for the selected non-dominating solutions of
multi-objective energy and time optimization problems for Scenario-01 are presented.
The colour codes are the same as those in Fig. 4.9. According to the results in Fig. 4.9
and Fig. 4.10, for the given speed range limits, minimum energy vehicle cornering
behaviour can be obtained. As a result of the Pareto-front analysis, in accordance with
the traffic regulations or any other user requirements, the time and energy optimal
driving policies can be generated for various speed limits and cornering radii.

In Fig. 4.11, the driving/braking torque commands applied to the wheels under the
control of the selected non-dominating solutions of multi-objective energy and time
optimization problems for Scenario-01 are presented. The colour codes are the same
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Figure 4.9: Pareto-front analysis of multi-objective energy and time optimization with
NSGA-II algorithm
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Figure 4.10: Speed profiles for the steps along Pareto-front of time and energy multi-
objective controller (colour codes matches with Fig. 4.9)
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Figure 4.11: Torque commands applied to the wheels along Pareto-front of time and
energy multi-objective controller (colour codes matches with Fig. 4.9; top left: front
left wheel, top right: front right wheel, bottom left: rear left wheel and bottom right:
rear right wheel)

as those in Fig. 4.9. The general characteristics of the torque commands applied
to the wheels can be used as an selection criterion of the operating point along the
Pareto-front.

In Table. 4.7, number of iterations spent in finding the Pareto-front for the scenarios
are presented. The population size in the Genetic Algorithm is selected as 100. For a
computer, with Intel Core i7-6700 HQ CPU, 2.60 Ghz, and 16 GB Ram, and x64 bit
Windows 7, average time to complete an iteration step is also given in the table. In the
table, the number of solution candidates tested by NSGA-II is presented as well. It
has been observed that as the rotation radius becomes greater, the number of solutions
checked and the number of NSGA-II iterations increase.

In Fig. 4.12, the Pareto-front obtained for Scenario-01 is presented together with
the solutions of weighted energy and time optimality objectives solved with classical
optimal control approach. The time and energy optimality results for weighted objec-
tives is turned out to be unevenly distributed along the Pareto-front. For instance, the
blue marker in Fig. 4.12 shows the results where the objective is 0.84 energy efficient,
0.16 time efficient, while, the solution with green marker has objective weighting of
0.90 energy and 0.10 time. The other weightings are, 0.94 energy, 0.06 time for black
marker, and 1 energy 0 time for cyan marker.

The results demonstrated in Fig. 4.12, show that the non-dominating solutions are as
optimal as the results obtained with weighted objectives solved with classical optimal
control approach. This outcome gives an insight about the optimality of the Pareto-
front. Furthermore, for the problems where the weighted-objective optimal control
solutions are unevenly distributed, the Pareto-front analysis with multi-objective op-
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Table4.7: Number of iterations to find the Pareto-front

Scenario ID Iterations Single Iteration Time (s) Number of Solutions Tested

01 118 122.03 57001
02 123 124.74 66501
03 156 128.91 78501
04 201 133.44 101001
05 225 148.51 117001
06 277 155.96 139001
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Figure 4.12: Pareto-Front for Time and Energy Multi-Objective Optimization and
Weighted Optimal Control Results
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timization provides more detailed results. Note that, the solution of optimal control
problems require more time and computational power compared to non-dominating
solution analysis with NSGA-II algorithm.

4.5 Sensitivity Analysis

In this section, a sensitivity analysis on the energy and time consumptions of the ve-
hicle under the optimal controllers has been held. Note that the solutions attained
by energy and time optimal control criteria are sequences of control commands to be
applied at fixed time instants, i.e., at each sampling time of 0.01 s. In the sensitiv-
ity analysis, these control sequences obtained for the nominal vehicle and scenario
parameters are preserved, but the parameters of the vehicle or the scenario are dis-
turbed. Hence, the control sequences to be applied at fixed time instants may not
correspond to the exact positions of the road where they will be applied in the new
parameters case. In order to preserve these information, similar to what is done in the
solution approach for the optimal controllers, a transformation between position and
time domains is performed. The optimal control sequences are associated with the
positions along the road which is sectioned with a high resolution. Similar approach
is followed for cruise controller command outputs to achieve a fair comparison.

In Section 4.3, the results are attained for an autonomous vehicle with no driver
or passenger inside. In the sensitivity analysis, the following four configurations
are considered: only the driver case (Configuration-1), the driver and a passenger
seated on the front right seat (Configuration-2), the driver and a passenger seated on
rear right seat (Configuration-2, taxi configuration), and the driver and 3 passengers
(Configuration-4). The parameters are stated in Table 2.1.

According to the different configurations in the sensitivity analysis, the mass of the
vehicle, the location of CoG, the inertia of the vehicle are changed. The sensitivity
analysis shows that the optimal control strategies are insensitive to the parameter
changes. Although the speed profiles and torque command profiles are changing
for different configurations, the final energy consumption and travel time costs are
attained to be the optimal ones. In Fig. 4.13 and Fig. 4.14, for different passenger
arrangements defined in the configurations, the velocity and torque outcomes of the
energy and time optimal solutions in Scenario-01 are presented, respectively.

4.6 Conclusions and Discussions

In this chapter, vehicle motion and power consumption models are used to design
energy and time optimal controllers based on classical optimal control theory. The
vehicle speed boundaries for the optimal controllers are chosen as 50 ± 5km/h. The
energy consumption and travel time performances of the optimal controllers are com-
pared with the standard cruise controllers for various cornering scenarios.

The time and energy management problem is defined for electric vehicles including
battery and wheel torque constraints. The problem may be subjected to specified
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Figure 4.13: Speed profiles of the vehicle under optimal control strategies for dif-
ferent passenger configurations (red: Configuration-1 and time optimal, orange:
Configuration-2 and time optimal, light green: Configuration-3 and time optimal,
green: Configuration-4 and time optimal, turquoise: Configuration-1 and energy op-
timal, blue: Configuration-2 and energy optimal, violet: Configuration-3 and energy
optimal, and purple: Configuration-4 and energy optimal)
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Figure 4.14: Torque commands applied to the wheels of the vehicle under opti-
mal control strategies for different passenger configurations; (red: Configuration-
1 and time optimal, orange: Configuration-2 and time optimal, light green:
Configuration-3 and time optimal, green: Configuration-4 and time optimal,
turquoise: Configuration-1 and energy optimal, blue: Configuration-2 and energy
optimal, violet: Configuration-3 and energy optimal, and purple: Configuration-4
and energy optimal; top left: front left wheel, top right: front right wheel, bottom left:
rear left wheel and bottom right: rear right wheel)
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speed constraints as well. A solution algorithm employing Pontryagin’s minimum
principle is presented. The optimal control problem is free final time with boundary
conditions defined as a function of state variables only.

The study aims to generate the following contributions to the literature available on
the optimality problem in vehicle cornering motion:

• The optimal control problem is discussed on vehicle mathematical model which
is sufficiently detailed to be applicable for any gross motion. In addition to the
motion model, battery model and regenerative braking capability of the electric
drive are included.

• The classical optimal control is shown to be a valid and applicable technique for
time and energy optimization for vehicle motion. Time and energy optimality
problems are both handled in a single solution structure.

• Both time and energy optimal control problems are free-final time problems.
On the other hand, the distance to be covered is chosen to be fixed. A numer-
ical method based on mapping the control inputs from the time domain to the
position domain has been developed and utilized to satisfy the fixed distance
constraint.

• It has been shown with NSGA-II genetic algorithm that there is a Pareto-front
between time and energy optimization problems. The optimality of this Pareto-
front is validated with classical optimal control approach.

• A sensitivity analysis is performed and it is confirmed that the optimal control
solution is insensitive to the different passenger seating arrangements.

The proposed energy optimal controller gives an insight about the limits of energy
management in the electric vehicles benefiting from regenerative braking and per-
forming cornering. In this study, a cruise controller is utilized to give a reference
merit for this comparison. There may exist better cruise controller policies for vehi-
cle cornering.
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CHAPTER 5

VEHICLE HANDLING

In this chapter, vehicle cornering around roads with low friction coefficients is stud-
ied and an autopilot design is proposed to satisfy desired handling performance. A
novel hierarchical optimization approach is presented to generate off-line solutions
for electric vehicles cornering along roads with different friction coefficients and radii
of curvature. Vehicle motion as the output of this optimization process, together with
the vehicle states and control commands at each sampling time are generated and
stored for different selected scenario parameters with various rotation radii and fric-
tion coefficients. A vehicle status definition is presented as a function of vehicle states
that contains the most informative data to evaluate the vehicle handling performance.
The vehicle statuses at each decision instant among these off-line optimized data are
clustered with the k-means clustering technique. These are associated with the con-
trol commands applied. A cluster centre-control command corresponds to a rule that
produces the unique control command to be applied as a function of vehicle status.
The autopilot is constructed by a convex combination of these rules. This basic idea
of autopilot design has been extended for motion along a specific rotation radii and
friction coefficients; the control commands corresponding to arbitrary scenario pa-
rameters are obtained by a runtime scheduling of the weighted-interpolation among
the control commands corresponding to different scenario parameters.

Vehicles under autopilots with different number of clusters are tested in cornering
motions along the icy roads, and according to the vehicle handling performances,
the number of clusters is tuned. The autopilot design is compared with the off-line
optimized control command sequences along the same test scenarios. It has been
observed that performance of a vehicle under autopilot control does not differenti-
ate from those under off-line optimized control commands in terms of vehicle states,
vehicle handling performances and energy consumptions more than 5%. The per-
formance of the autopilot proposal is also tested with different scenarios, and the ap-
proach based on runtime scheduling of the weighted-interpolation between the control
commands corresponding to different scenario parameters is verified.

5.1 Introduction

Vehicle cornering is one of the most intriguing problems in vehicle control, especially
along the curvatures with low friction coefficients. Establishing a stable vehicle mo-
tion as well as a desired path tracking performance along the curvature is a compli-
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cated problem on icy roads. During wheel slippage, control transmission between
the torque applied to the wheel and the consequent traction capacity is reduced. Ef-
fects of the steering commands and the resultant handling performance are even more
difficult to inspect.

Electric vehicles, with their environmental-friendly characteristics and usage of high-
efficient electric motor technology, are one of the most promising alternative for pri-
vate transportation. However, the problem of vehicle handling along curvatures with
low friction coefficients turns out to be even more complicated for electric vehicles,
due to their limitations in power consumption and electric motor torque capabilities.

There are significant number of studies conducted to optimize vehicle handling. The
non-linear problem is linearised with some saturation effects and tried to be solved
to improve the path tracking performance as in [76]. Alternatively, non-linear con-
trollers are used directly to settle the problem. In [5], the authors propose a control
scheme in a cascaded loop; one of them is for cancelling the non-linearities in the
error dynamics, and the other one is for tracking the curved road with an inverse
dynamics model.

The complexity of the problem can be overcame with simplifying the motion model
to a yaw-only motion model, and a two-point boundary value optimal control problem
can be solved to optimize vehicle manoeuvrability, [21]. Model reduction via lineari-
sation prior to the application of optimal control rules are also proposed. In [80],
for instance, the authors show in simulations that on their linearised vehicle model
with trim states, gain-scheduling adaptive control laws are advantageous against the
fixed control schemes in terms of path tracking performances. In addition to the con-
trollers based on optimal control theory, H-∞ controller on linearised vehicle model
to improve handling [41], and neural network traction control algorithms to improve
vehicle steer-ability throughout the cornering motion [31] are also studied. In addition
to these methods, four-wheel steering systems [85] and direct yaw moment control
systems [3] are proposed to improve vehicle handling as well. Various studies are
available in the literature to optimize direct yaw moment control [25, 10].

The skidding prevention problem is treated with different solution philosophies. Anti-
lock brake systems (ABS) handles skidding during braking [62], while traction con-
trol systems (TCS) addresses the problem during acceleration [88]. These controllers
reduce the torque applied on the wheels under slippage due to low road friction coef-
ficient, to prevent skidding or to reduce the skidding range with certain performances
[47]. Another approach to vehicle handling problem along icy roads is to evaluate
the problem as a trajectory tracking problem. In [20], a discrete-time sliding mode
control is proposed as a solution. In order to improve the degraded performance of
ABS especially for the scenarios including icy roads, in [51], a fuzzy model reference
learning control technique is presented. Additionally, studies maximizing the traction
forces up to the limits of skidding with wheel slippage observers [58] or methods
avoiding unstable vehicle dynamics based on measurements of steering torque, ve-
hicle side-slip and tire-road friction coefficients [7] are proposed to improve vehicle
handling along roads with low friction coefficients.

In this study, the problem of vehicle cornering around roads with low friction coeffi-
cients is addressed and an autopilot design is proposed. A hierarchical optimization
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approach to generate a vehicle motion with desired handling performance and an au-
topilot design based on runtime decision making through an evaluation of the rules
extracted from these optimized solutions are presented.

A two-level optimization logic to construct the motions of the vehicles cornering
along icy roads with desired vehicle handling error is illustrated. The outer layer op-
timization algorithm first tries to solve the easiest problem which is cornering along
an asphalt road, and the first solution proposal is the simplest which is applying a
constant control command throughout the entire road. If a solution with desired ve-
hicle handling performance is achieved with optimizing this solution proposal, then
the friction coefficient is decreased gradually, and as skidding starts, the problem is
modified to more difficult ones by dividing the road iteratively into increasing num-
ber of sections. In each section, a different optimal control command is found. In
any of these iterations, if the solution cannot reach the desired performance, in one
of the sections, that section is divided further into two sections. Hence, the number
of control commands to be optimized is increased. This is defined as more complex
solution in the context, since the number of command vectors to be optimized be-
comes larger. As the outer optimization layer selects the current friction coefficient
and optimizes the solution complexity, the inner layer optimizes the control command
vectors one vector at a time to minimize the handling error. Assuming that the con-
trol command space is divided into cells, an optimization technique focusing a search
cone on the direction of the cell whose handling cost minimum, has been proposed.
The optimization algorithms are counted among the main contributions of this study.

A vehicle status definition is proposed as a function of vehicle states that contains the
most informative data to evaluate vehicle handling performance, such as the devia-
tion from the curvature, the vehicle velocity, and the angular difference between the
velocity and the line tangent to the curvature. The optimization results are used to
generate a motion where vehicle status vectors and control command vectors at each
sampling time can be stored. A clustering is performed on the vehicle status space,
following the well known k-means clustering technique. For each cluster centre, a
control command vector is assigned. Different cluster sets are generated for different
rotation radii and friction coefficients. A cluster corresponds to a rule that defines the
command to be applied as a function of the vehicle status. These rules are used in
runtime decision making process of the autopilot.

The proposed autopilot calculates its current vehicle status and makes a decision
about the command vector to be applied at that instant from the control commands
associated with each cluster centre. This assignment is inversely proportional to the
relative distances of the current vehicle status to those at the cluster centres. The con-
trol commands to be applied for motion along a specific rotation radius and friction
coefficient are obtained by runtime scheduling of the weighted-interpolation between
the control commands corresponding to different scenario parameters. The imple-
mentation of clustering based decision making process, and its application on electric
vehicles cornering around roads with different friction coefficients, can be considered
as one of the main contributions of this study.

The autopilot design is verified in comparisons to off-line optimization results in
terms of vehicle handling performances and energy consumption of the vehicle, and
the number of clusters is tuned in these tests. The performance of the autopilot
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Figure 5.1: Motion representation for vehicle handling problem

proposal is also tested with different scenarios, and the approach based on runtime
scheduling of the weighted-interpolation between the control commands correspond-
ing to different scenario parameters is verified.

In Section 5.2, the solution approach is proposed. In Sections 5.3-5.3.2, the multi-
level optimization logic to generate solutions for vehicles cornering an icy road with
desired vehicle handling error is presented. In Section 5.4, off-line optimization re-
sults are evaluated, the rules to be employed in autopilot design are generated with
k-means clustering. In Section 5.5.1, the approach used in tuning the number of
clusters is introduced. In Section 5.5.2, for the parameters determined, the autopilot
results are compared with off-line optimization results as a verification of the solu-
tion approach, and in Section 5.5.3, for different test scenarios, the vehicle handling
performances of an electric car under the proposed autopilot design are presented.

5.2 Solution Approach

This study addresses the vehicle handling problem for cornering motion along roads
with low friction coefficient, such as icy roads. The motion of the vehicle is presented
in Fig. 5.1. As depicted in the illustration, a margin along the curvature can be
defined, where it is assumed that the vehicle motion inside this margin has satisfactory
handling performance.
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The cornering during slippage autopilot design is founded on a runtime decision
making process according to current vehicle status. A vehicle status definition is
proposed as a function of vehicle states that contains the most informative data to
evaluate the handling performance. An off-line optimization is performed to generate
vehicle motion with adequate handling performance. The off-line optimization for
cornering around a certain radius along roads with low friction is obtained with first
finding an optimized solution for asphalt road (µ = 0.72 [8]), and then reducing the
friction coefficient to icy road (µ = 0.19 [8]). The optimized motion is stored in pairs
of vehicle status vectors and the corresponding control command vectors for each
decision instant.

The vehicle status vectors throughout the motion are later clustered with well-known
k-means clustering. The control command vector to be applied in each of the clus-
ter centre is calculated as the weighted sum of control commands corresponding to
each vehicle status sample in that cluster, where the weights are taken inversely pro-
portional to the Euclidean distances between the vehicle status of the sample and the
vehicle status at the cluster centre. Hence, a representative control command to the
applied at a representative vehicle status is obtained for each cluster, which is then
interpreted as a rule in decision making process. The clustering is performed for dif-
ferent scenarios with different friction coefficients and rotation radii; thus, cluster sets
are obtained for these different scenarios.

The generated rules are used in runtime decision making process. At each decision
instant, this process evaluates the current vehicle status, and proportional to the Eu-
clidean distances to each cluster centre, the control command according to the sce-
nario under consideration is calculated. The control command to be applied for mo-
tion along a specific rotation radius and friction coefficient is obtained by runtime
scheduling of the weighted-interpolation between the control commands correspond-
ing to different scenarios with different friction coefficients and rotation radii.

The autopilot design is verified in tests considering the off-line optimization outputs
as ground truth. The number of clusters are tuned in these verification tests. Tuned
parameters are used in solution approach, and scenarios with different friction coef-
ficients and rotation radii are tested to demonstrate the autopilot performance. The
overall solution approach is depicted in Fig. 5.2.

5.3 Optimization Algorithms

The vehicle motion with desired handling performance during cornering is optimized
with a hierarchical optimization process. The hierarchy is composed of two layers:
an outer layer is for guiding the solution to answer the desired problem, and an inner
layer is for generating a solution with a non-gradient based optimization algorithm to
minimize the vehicle handling cost for a given problem.

The outer layer initiates its optimization with a simple solution for relatively easy
problem: a constant command is applied throughout the entire cornering motion along
an asphalt road. The difficulty of the problem increases as the skidding starts due to
low friction coefficient; hence, the solution gets complex which is defined as applying
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Figure 5.2: Solution approach for vehicle handling problem

different control commands at different sections of the road.

The inner layer is for optimizing the control command vector to minimize the han-
dling error. The vehicle motion model comprises Newton-Euler equations for the
chassis and the wheels. In cases of wheel slippage, the relation between linear and
angular velocities and accelerations of the wheels does not hold, and skidding dy-
namics become in act. Depending on these modes of the wheels and including the
non-holonomic conditions due to Ackerman’s steering law, the motion model is com-
plicated. In each solution step, to find the traction forces and accelerations of the
vehicle, all the structural forces are also calculated. The accuracy of the model pre-
served in return of computational complexity. Hence, instead of a gradient-based
optimization algorithm, one following a non-gradient based approach is designed in
the inner layer.

5.3.1 Outer Layer Optimization: from easy problem to difficult problem, from
simple solution to complex solution

Determining a sequence of control command vectors for the vehicle cornering along
an icy road (µ = 0.19) with desired handling performance is the ultimate aim of the
outer layer optimization algorithm, yet this problem is difficult to solve due to skid-
ding conditions. This goal is achieved through iterations of solving the problem for
cornering the roads with slightly higher friction coefficients. Hence, the outer layer
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optimization logic is initiated with a control command vector to perform cornering
with desired handling performance along asphalt roads (µ = 0.72), which is the solu-
tion of a relatively easy problem.

As the initial solution to this relatively easy problem, a single command vector of
size five, consisting of four torque commands applied to the wheels and the steering
command, is selected. This is the simplest solution proposal with complexity of one,
where complexity is defined as the number of road sections where control command
vector is constant. If the solution complexity does not yield the desired handling
performance, the solution proposal is changed to more complex one. The replicas
control command vector to be applied at a road section is considered as two different
vectors to be applied in two halves of this section, and then these two vectors are
optimized separately by the inner layer optimization algorithm. Hence, the problem
to be solved is attacked with the solution proposal with minimum complexity.

Such an approach to solve a difficult problem which probably requires a complex
solution, starting with defining an easier version of the problem probably requiring a
simpler solution, is one of the main contributions of this study. Note that, an attempt
to solve the difficult problem directly, may yield significant amount of time, and for
the case of the vehicle cornering along icy roads, may generate tumbling of vehicle
creating a feeling that the problem has no solution at all. The approach in the outer
layer optimization logic is illustrated in Fig. 5.3.

5.3.2 Inner Layer Optimization: non-gradient based optimization algorithm

The vehicle handling problem is defined in (5.1), which minimizes the cost of de-
viation from a desired arc or a determined margin around this arc. Since the road
description is a quarter circle with radius r, the determined margin can be defined in
terms of the radius as δr. Here note that, the vehicle motion dynamics, the power con-
sumption dynamics, the wheel torque limits should also be included in the problem
as constraints. Furthermore, in order to enforce the vehicle to complete the defined
path within a time budget, the velocity of the vehicle can be constrained. Moreover,
the intuition of an acceptable vehicle motion requires the vehicle prevent tumbling,
in other words, normal forces on the wheels should always be positive.

minimize

Cost ,
tf∑
t=0

(r̄
(o)
oc − r)2 if ||r̄(o)oc − r|| > δr

subject to

ẋ = f
(
x, SoC ,M (w)

wc,y

)
v(o)v,xmin ≤ v(o)v,x ≤ v(o)v,xmax

M
(wfl)
wflc,yωwfl,y +M

(wfr)
wfrc,yωwfr,y ≤ FPCB

∀wk M (w)
wc,y ≤MTC

∀wk ūTz F̄
(wk)
gwk

> 0

(5.1)
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Easy Problem
(asphalt road)

Difficult Problem
(icy road)

Simple Solution 
Complexity=1

Complex Solution 
Complexity=n

Figure 5.3: The outer layer optimization logic
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Table5.1: Outer layer optimization algorithm

01: Procedure: Outer Layer Optimization Algorithm
02: Initialization :

03: Generate road with µ = µinit and r = rinit.
04: Generate a solution with some arbitrary fixed control commands with

Complexity = 1 (SolutionSetSize = Compexity × 5).
05: Calculate CurrentCost = Cost.
06: Inner Loop :

07: For each complexity, k:
08: Solve min

Solution(k)
Cost.

09: If CurrentCost 6= 0, then go to Step Compexity Increase.
10: If CurrentCost = 0, then go to Step Outer Loop.
11: Complexity Increase :

12: Update Complexity = Complexity × 2 and
SolutionSetSize = Compexity × 5.

13: Update Solution, by duplicating each block of size 5 in Solution.
14: Go to Step Inner Loop.
15: Outer Loop :

16: Update µ and r.
17: If µ = µfinal and r = rfinal, then return.
18: Generate road, and go to Step Inner Loop.
19: end procedure
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In (5.1), FPCB stands for forward power capacity of the battery package to be
extracted from Fig. 2.7, and MTC defines the maximum torque capacity of the
wheels. The cost function defined in (5.1) is a squared sum of the position devia-
tions throughout the cornering. The motion model incorporated with the non-linear
battery model is too complicated to calculate this cost analytically. Note that depend-
ing on the slippage conditions for each wheel, the governing equations for the vehicle
motion switches between different conditions, and this behaviour further complicates
the model. Therefore, a non-gradient based optimization algorithm is preferred to
minimize the cost. The problem parameters such as the friction coefficient is selected
by the outer optimization layer, which optimizes the solution complexity as well.
There are many non-gradient based optimization methods available in literature; ge-
netic algorithms, simplex methods [64], particle swarm optimization [46], or Hooke
and Jeeves method [37] are proposed as solutions based on cost optimization without
a gradient calculation.

In the inner layer, an optimization algorithm is proposed to minimize the handling
cost. The control command space of five dimensions: four torque and one steering
input, is divided into cells. The middle points of these cells are assumed to represent
the entire cell. Hence, for a given control command vector, there are always neigh-
bouring cells, for example, there are 35 − 1 = 242 possible new solutions that can be
checked within an 1-neighbourhood; and 55 − 1 = 3124 in 2-neighbourhood of the
current solution proposal.

In each iteration, the optimization algorithm searches the alternative with a minimum
cost inside its neighbourhood. A search cone along the direction of two consecutive
optimization iterations is generated. The costs of the solution candidates inside this
cone will be checked. If a solution with better cost performance is found inside this
cone, the current status is updated with this candidate. The direction towards this can-
didate is stored as the direction of the centre line of the search cone for the upcoming
iteration. Furthermore, in an iteration, if a better solution is found, a narrower search
cone is used in the next iteration, and if otherwise, the search cone is enlarged. The
approach has a strong analogy with adaptively adjusting the one dimensional search
step in gradient-based optimization techniques. The proposed optimization logic and
its application to optimize vehicle handling in a cornering problem is considered to
be one of the main contributions of this study. An example of the search cone opti-
mization is presented for 3 variables and 1-neighbourhood case in Fig.5.4.

Note that since the candidates inside the neighbourhood of the current state are solved
and stored, in the next iteration, only performances of the candidates that are not
solved in previous iterations are computed. The number of calculations in this algo-
rithm is equal to that of searching all possible candidates around the current state,
only in the worst case i.e, α = pi. Otherwise, the number of computations is always
smaller than exhaustive search. Furthermore, focusing in the direction towards the
candidate with the best cost at each optimization step, and eliminating the other can-
didates, increase the convergence rate of the algorithm compared to those of other
non-gradient based optimization algorithms.
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If a better solution is 
found, focus the cone in 

that direction

If there is no better 
solution, increase the 
volume of search cone

Figure 5.4: The inner layer optimization logic

Table5.2: Non-gradient based optimization algorithm: search cone optimization

01: Procedure: Optimization of x, with initial condition of xinit
02: Initialization :

03: Calculate cost of current state x, and store as CurrentCost.
04: Define cone angle as α = pi, set cone angle update rate 0 < β < 1.
05: Define initial direction as ∆x = ∆xinit.
06: Create CandidatePool = ∅.
07: Iterations :

08: Generate solution candidates which are α neighbourhood of x as x̂k.
09: Select solution candidates that are not inside the CandidatePool.
10: Calculate Costs of each solution candidate, Costsk.
11: If minkCostsk < CurrentCost, update CurrentCost = minkCostsk,

∆x = xk − x, x = xk, update α = α× β.
12: Else Update α = α β.
13: Put all the candidates solved into the pool, update CandidatePool.
14: If CurrentCost < Threshold, return; else, go to Step Iterations.
15: end procedure
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5.4 Status Clustering and Rule Generation

In this study, an autopilot design for electric vehicles cornering around low-friction
roads; i.e. icy road (µ = 0.19) is proposed. Vehicle motions are first optimized
off-line to achieve a desired handling performance. A vehicle status definition is
proposed as a function of vehicle states that contains the most informative data to
evaluate the handling performance. Vehicle statuses and control commands applied
at each decision instant are stored to be used as data set in rule generation. The rule
sets used in the runtime decision making process are generated via clustering the
vehicle statuses and calculating associated control commands.

The vehicle status is defined as Θ = [pd, v, θ]
T ; pd: radial position deviation nor-

malized with rotation radius (r), v: velocity of the vehicle, θ: angle of velocity of
the vehicle with respect to tangent of the desired route, as depicted in Fig. 5.5. The
hierarchical optimization procedure gives a result of control command vector(s) to be
applied at different road sections that optimizes the vehicle handling for the scenario
with a certain rotation radius and friction coefficient. When this command sequence
is applied, at each sampling time defined as decision instants, the control commands,
the vehicle states and hence the vehicle statuses are obtained. Even solution of a
single scenario, generates hundreds of such data.

The vehicle status sets at each decision instant are clustered with a centroid-based
clustering technique: k-means clustering [56]. In k-means, the number of clusters is a
parameter to be specified in advance. Other than centroid based clustering, there are
distribution-based clustering and density based clustering techniques are available
in the literature [34]. In this study, to ease computation and keep the focus on the
autopilot design rather than clustering techniques, k-means clustering is preferred.
In k-means clustering, the vehicle status samples represented in the space of Θ =
[pd, v, θ]

T are clustered into k classes, according to the Euclidean distances between
the samples. The samples that are close enough to each other generate a cluster.

For k clusters, the clustering process associates each vehicle status to a cluster and
generates k cluster centres. Similar to vehicle statuses, the control commands are
stored at each decision instant. For each cluster, a control command vector corre-
sponding to the cluster centre is calculated with weighted sum of the control com-
mands of each sample in that cluster. The weighting is inversely proportional to the
Euclidean distance between the vehicle status of the sample and that of the cluster
centre. A thresholding can be performed as well to ease the computation by elimi-
nating the contributions of the control commands associated with the vehicle statuses
that are far away from the cluster centre, see (5.2).
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Figure 5.5: Definitions of vehicle statuses, Θ = [pd, v, θ]
T ; pd: radial position de-

viation normalized with rotation radius (r), v: velocity of the vehicle, θ: angle of
velocity of the vehicle with respect to tangent of the desired route
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C̄Ck =

NCk∑
j=1

γkξ
k
j C̄j

ξkj = 1/Dk
j

γk =

Nk∑
j=1

1/ξj

Dk
j = ||Θj −ΘCk ||

(5.2)

In (5.2), Ck indicates the k-th cluster, C̄Ck is the representative control command
vector of the cluster Ck, C̄j is the control command vector of j-th vehicle status
vector clustered in cluster Ck. ξkj is the weight of the j-th vehicle status vector, γk is
the normalization factor of Ck, and NCk is the number of vehicle status vectors in this
cluster. ξkj is inversely proportional to the distance of the j-th vehicle status vector to
the cluster centroid vehicle status. Θj defines the location of the j-th vehicle status
vector in vehicle status space, and similarly, ΘCk is the location of the cluster centroid
in the vehicle status space.

Hence, for each cluster, a characterizing vehicle status at the cluster centroid, and
a characterizing control command vector to be applied at this cluster centroid are
attained. A cluster corresponds to a rule that defines the command to be applied as
a function of the vehicle status. These rules are used in runtime decision making
process of the autopilot. Similar rule sets can be acquired for other scenarios with
different rotation radii and friction coefficients.

5.4.1 Autopilot Design: Runtime Decision Making

The autopilot design is based on runtime decision making process based on the rule
sets generated from the off-line optimization results. At each decision instant t in
runtime, the vehicle status vector Θt is extracted from the vehicle state. The cor-
responding control command to be applied, C̄t is calculated with interpolating be-
tween commands to be applied at cluster centroids, C̄Ck , weighted inversely propor-
tional with the distance of the current vehicle status to each of the cluster centroid,
Dk
j = ||Θj − ΘCk ||. The clustering and command generation in the autopilot are

performed for each cluster set attained for a selected rotation radius and friction coef-
ficient. Finally, control commands to be applied for motion along a specific rotation
radius and friction coefficient are obtained by runtime scheduling of the weighted-
interpolation between the control commands corresponding to different scenario pa-
rameters.

100



Figure 5.6: Vehicle cornering under control of autopilots with different number of
clusters for scenario r = 115m,µ = 0.19 (green: k=20, blue: k=10 and red: k=5)

5.5 Results

5.5.1 Tuning Cluster Parameters

The major drawback for k-means clustering is the need to define the number of clus-
ters beforehand. To determine the number of clusters, for different cases the perfor-
mance of the autopilot for different rotation radii and friction coefficients are eval-
uated. For example, the off-line optimization result for r = 115m,µ = 0.19, icy
road, is selected as the training data, and with different number of clusters k, the
vehicle status samples are clustered. The performances of autopilot design with dif-
ferent number of clusters is presented in Fig. 5.6. Similar tests are repeated for
r = 110m,µ = 0.19, icy road, and outcomes are illustrated in Fig. 5.7.
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Figure 5.7: Vehicle cornering under control of autopilots with different number of
clusters for scenario r = 110m,µ = 0.19 (green: k=20, blue: k=10 and red: k=5)
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Figure 5.8: Autopilot results compared with off-line optimization results, for r =

115m,µ = 0.19, normalized differences on various features (blue: position error,
red: rotation radius commands, yellow: velocity of the vehicle and violet: power
consumption of the vehicle)

The results depict that, the minimum divergence from the rotation radius is attained
when the number of clusters is selected as 20. It is observed that the number of
clusters greater than 20 does not yield significant improvement in vehicle handling.

5.5.2 Autopilot Performance Compared against Off-line Optimization Results

Parameters of the model used in the simulations are given in Table 2.1. The model
parameters are approximate average values of the electric vehicles in market.

Number of clusters being selected as 20, the autopilot design is tested against the
optimization results for various rotation radii and friction coefficients. Below in Figs.
5.8 an 5.9, the design validation tests for r = 115m,µ = 0.19, icy road, and r =
110m,µ = 0.19, icy road, are presented. The comparisons give differences between
absolute position errors, rotation radius commands, vehicle velocities and changes in
SoC of the battery package under autopilot control and under the control commands
optimized off-line, in percentage.

The results show that, the changes in measures of vehicle depicted in the figures
under control of the autopilot are not greater than 5% compared to those in optimized
control commands. The handling performance is satisfactory for the vehicle under
autopilot control as well; in other words, with vehicle handling margin of δr = 1m,
the vehicle under autopilot generates zero cost according to the cost definition in (5.1).
The power consumption of the vehicle does not alter significantly either. This can be
interpreted as a verification of the autopilot proposal.
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Figure 5.9: Autopilot results compared with off-line optimization results, for r =

110m,µ = 0.19, normalized differences on various features (blue: position error,
red: rotation radius commands, yellow: velocity of the vehicle and violet: power
consumption of the vehicle)

5.5.3 Autopilot Performances in Test Scenarios

The off-line optimization data have been used to generate rules for runtime decision
making process. It is not possible to attain off-line optimization data for every sce-
nario; hence, for various rotation radii and friction coefficients, the rules obtained
for different off-line optimization will be interpolated. As depicted in previous re-
sults, for r = 115m,µ = 0.19, icy road, and r = 110m,µ = 0.19, icy road, num-
ber of clusters are selected as 20, and by clustering the rules to be used in decision
making process are acquired and tested against off-line optimization data. In this
part, r = 112m,µ = 0.19 is tested. The results are depicted in Fig. 5.10. In the
test, ground truth is depicted in black. The behaviour of the vehicle with decisions
being made based on rules only from r = 115m,µ = 0.19 is in blue, only from
r = 110m,µ = 0.19 is in red, and based on runtime scheduling of the weighted-
interpolation of these two rule sets is in green. It has been observed that the latter
approach presents far better handling performance compared to that of decision mak-
ing based on rules generated from a single scenario.

In Fig. 5.11, the position deviation from the perfect arc, the rotation radius com-
mands, the deviations in velocity of the vehicle from the reference 50km/h speed and
the changes in state-of-charge of the battery as an indication of power consumption
of the vehicle under control of autopilot designs, based on rules from single rotation
radius, r = 110m,µ = 0.19 and r = 115m,µ = 0.19 and runtime scheduling of the
weighted-interpolation of the two are presented, for the vehicle moving along icy road
r = 112m,µ = 0.19. It has been observed that, total position deviation of the vehicle
from the desired route, as the definition of the vehicle handling is the smallest in the
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Figure 5.10: Autopilot performance for r = 112m,µ = 0.19 with runtime schedul-
ing of the weighted-interpolation the rule bases from different rotation radii (black:
ground truth, blue: rule bases of r = 115m,µ = 0.19 only, red: rule bases
of r = 110m,µ = 0.19 only and green: runtime scheduling of the weighted-
interpolation of the rule bases)
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Figure 5.11: Autopilot performance measures for r = 112m,µ = 0.19 with runtime
scheduling of the weighted-interpolation of the rules from different rotation radii,
normalized differences on various features (blue: rule bases of r = 115m,µ = 0.19

only, red: rule bases of r = 110m,µ = 0.19 only and green: runtime scheduling of
the weighted-interpolation of the rule bases)

case of runtime scheduling autopilot design. Furthermore, it has been demonstrated
that the runtime scheduling of the weighted-interpolation of the commands obtained
different radii sticks to the reference speed tighter compared to the others.

In order to test the effects of runtime scheduling of the weighted-interpolation be-
tween control commands generated from off-line optimization data for the same ro-
tation radius but different friction coefficients, the following road is generated. As
depicted in Fig. 5.12, the quarter circled road has gradually decreasing friction coef-
ficient. In real life, instead of sharp changes, such gradual changes in friction coeffi-
cient are more common.

In varying friction coefficient road test, rules from 20 clusters for r = 110m,µ =
0.19, icy road, r = 110m,µ = 0.24, wet road, and r = 110m,µ = 0.72 dry
asphalt road each are generated based on off-line optimization results. The results
are depicted in Fig. 5.13. It has been observed that, the runtime scheduling of the
weighted-interpolation of the rules generates the only autopilot design that vehicles
completes the test road with varying friction coefficient. The autopilots based on rules
from clustering the optimization data from only a single friction coefficient scenario
cannot achieve to be valid throughout the scenario.

Measures similar to those in Fig. 5.11, are presented for the varying friction coeffi-
cient scenario as well in Fig. 5.14. It has been observed that, the runtime scheduling
of the weighted-interpolation of the rules makes the vehicle approach to a converging
error in position deviation from the desired route. The deviation from the reference
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Figure 5.12: Test road with gradually decreasing friction coefficient

velocity is the smallest as well.

5.6 Conclusion

In this chapter, the problem of vehicle cornering around roads with low friction coef-
ficients is addressed and an autopilot design is proposed. A hierarchical optimization
approach to generate a vehicle motion with desired handling performance and an au-
topilot design based on runtime decision making through an evaluation of the rules
extracted from these optimized solutions are presented. A two-layer optimization
logic to generate motions of a vehicle cornering an icy road with desired handling
error is presented. The outer layer optimization algorithm first tries to solve the eas-
iest problem which is cornering along the asphalt road. The first solution proposal is
the simplest which is generating a constant command vector to be applied throughout
the entire road. If a solution with desired vehicle handling performance is achieved,
then problem gradually updated with more difficult ones and the friction coefficient is
decreased and the skidding initiates as a consequence. In any of these iterations, if the
solution cannot reach the desired performance, and the solution proposal is updated
with more complex ones. The replicas control command vector to be applied at a
road section is considered as two different vectors to be applied in two halves of this
section, and then these two vectors are optimized separately.

As the outer optimization layer selects the current friction coefficient and optimizes
the solution complexity, the inner layer optimizes the control command vectors to
minimize the handling error. Assuming that the control command space is divided
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Figure 5.13: Autopilot performance for r = 110m,µ = 0.72 − 0.19 with runtime
scheduling of the weighted-interpolation of the rules from different friction coeffi-
cients (black: ground truth, red: rule bases of r = 110m,µ = 0.19 only, blue: rule
bases of r = 110m,µ = 0.24 only, cyan: rule bases of r = 110m,µ = 0.72 only, and
green: runtime scheduling of the weighted-interpolation of the rule bases)
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Figure 5.14: Autopilot performance measures for r = 110m,µ = 0.72 − 0.19

with runtime scheduling of the weighted-interpolation of the rules from different
friction coefficients, normalized differences on various features (red: rule bases of
r = 110m,µ = 0.19 only, blue: rule bases of r = 110m,µ = 0.24 only, cyan: rule
bases of r = 110m,µ = 0.72 only, and green: runtime scheduling of the weighted-
interpolation of the rule bases)
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into cells, an optimization technique focusing a search cone towards the direction of
the cell whose cost minimum, has been proposed. In this non-gradient based opti-
mization method, the volume of the search cone is decreased if the current optimiza-
tion direction minimizes the cost, or increased otherwise, similar to the adjustments
performed in search step, in one dimensional search algorithms. The optimization
algorithms are counted among the main contributions of this study. The optimization
algorithms are counted among the main contributions of this study.

The optimization results are used to generate vehicle states and control commands
applied at each sampling instant throughout a single scenario. A vehicle status is
defined as Θ = [pd, v, θ]

T ; pd: radial position deviation normalized with rotation ra-
dius (r), v: velocity of the vehicle, θ: angle of velocity of the vehicle with respect to
tangent of the desired route. A clustering is performed on the vehicle status space,
based on well known k-means clustering technique. For each cluster centre, a control
command vector is calculated. A cluster corresponds to a rule that defines the com-
mand to be applied as a function of the vehicle status. The clustering is performed for
different scenarios with different friction coefficients and rotation radii; thus, cluster
sets are obtained for these different scenarios.

The generated rules are used in runtime decision making process. At each decision
instant, this process evaluates the current vehicle status, and proportional to the Eu-
clidean distances to each cluster centre, the control command according to the sce-
nario under consideration is calculated. The control command to be applied for mo-
tion along a specific rotation radius and friction coefficient is obtained by runtime
scheduling of the weighted-interpolation between the control commands correspond-
ing to different scenarios with different friction coefficients and rotation radii. The
implementation of clustering based decision making process, and its application on
electric vehicles cornering around roads with different friction coefficients, can be
considered as one of the main contributions of this study.

The autopilot design is verified in comparisons to off-line optimization results in
terms of vehicle handling performances and energy consumption of the vehicle. The
results show that, the vehicle under control of autopilot design has similar motion
characteristics as the vehicle under control of optimized control commands. The han-
dling performance is satisfactory for the vehicle under autopilot control as well. The
power consumption of the vehicle does not alter significantly either. This can be in-
terpreted as a verification of the autopilot proposal. The number of clusters is tuned
in these tests. The results depict that, the minimum divergence from the rotation ra-
dius is attained when the number of clusters is selected as 20. It is observed that the
number of clusters greater than 20 does not yield significant improvement in vehicle
handling.

The runtime scheduling of the weighted-interpolation of the rules obtained from op-
timization results for different scenarios with different rotation radii and friction co-
efficient is also tested to be successful. According to the results, autopilot design
based on the runtime scheduling of the weighted-interpolation of the rules obtained
for different friction coefficients is the only solution that vehicle completes a road
with friction coefficient varying from asphalt road to icy road.
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CHAPTER 6

CONCLUSIONS

Auto-mobiles are in our life for more than a century, and the main stream technol-
ogy in auto-mobile propulsion is based on conventional internal combustion engines.
However, our bondage with combustion engine driven auto-mobiles left its scar in
the environment, and depleted our resources rapidly. As a clean alternative in public
transportation, electric vehicles seem to be the most promising technology.

The widespread usage of electric cars, however, is limited with current battery tech-
nology, and the distances to be travelled with a fully charged battery are not as long
as the conventional vehicles. The energy and time optimization are crucial problems
for electric vehicles in addition to the other available problems for any vehicle, such
as handling. Battery characteristics, constraints related to electric motor technologies
complicates the solutions of these problems in electric vehicles.

This thesis addressed the challenges in electric vehicles: energy optimality, time op-
timality, and handling optimality. To generate optimal solutions to these problems,
first necessary familiarity with electric vehicles were acquired. A high fidelity math-
ematical model for electric vehicles was introduced. Wheel skidding kinematics and
battery dynamics were incorporated into the mathematical model.

Energy and time optimality problems were solved with approaches based on classi-
cal optimal control theory. A solution method for these two-point boundary value
problems with defined state boundaries and free final time was developed and the
obtained solutions were compared with the cruise controllers with various speed ref-
erences. The optimal control solutions were observed to benefit from regenerative
braking more effectively, as in the scenarios studied along the roads with uphill and
downhill sections. The superiority of the optimal control was demonstrated to be
valid on icy uphill and downhill sections as well.

A skidding compensation logic was proposed to reduce wheel slippage. The opti-
mal control solution, however, seems to be insensitive to such a compensation. The
sensitivity of the energy optimal controller on passenger seating configurations and
initial state-of-the-charge of the battery were turned out to be smaller in magnitude
compared to the changes in altering parameters. The results exhibited an evidence
that the solution with optimal control reach the global optimum. Superiority of the
energy optimal controller against the cruise controllers became more evident in the
scenarios where the battery is far from being fully charged.
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The vehicle cornering problem for electric vehicles were evaluated in terms of both
energy and time optimality. Significant improvements in both objectives compared
to the cruise control solutions were obtained with classical optimal control approach.
A Pareto-front analysis were carried out with multi-objective energy and time min-
imization. The analysis provided a multi-objective solution to the vehicle cornering
problem with a compromise between travel time and energy consumption that en-
ables the vehicle to travel over the corner with minimum energy consumption within
the given speed limits. The optimality of the Pareto-front results were discussed. Fur-
thermore, a sensitivity analysis were performed to confirm that the optimal control
solution is insensitive to the different passenger seating arrangements.

The vehicle cornering around roads with low friction coefficients were studied as
well and an autopilot design was proposed to satisfy desired handling performance.
A novel hierarchical optimization approach was presented to generate off-line solu-
tions for cornering along roads with different friction coefficients and radii of curva-
ture. Vehicle motion as the output of this optimization process, together with vehicle
states and control commands at each sampling time were stored for different selected
scenario parameters with various rotation radii and friction coefficients. The vehicle
statuses as a function of vehicle states were clustered with the k-means clustering
technique, and they were associated with the control commands applied. A cluster
centre-control command corresponds to a rule that produces the unique control com-
mand to be applied as a function of vehicle status. The autopilot was constructed by
a convex combination of these rules. This basic idea of autopilot design has been ex-
tended for motion along a specific rotation radii and friction coefficients; the control
commands corresponding to arbitrary scenario parameters are obtained by a runtime
scheduling of the weighted-interpolation among the control commands corresponding
to different scenario parameters.

The autopilot design was compared with the off-line optimized control command
sequences along the test scenarios, and it was observed that performance of a vehi-
cle under autopilot control does not differentiate from those under off-line optimized
control commands in terms of vehicle states, vehicle handling performances and en-
ergy consumptions more than 5%. The performance of the autopilot proposal was
also tested with different scenarios, and the approach based on runtime scheduling of
the weighted-interpolation between the control commands corresponding to different
scenario parameters was verified.

The following contributions to the available literature is proposed in this thesis:

1. A high fidelity vehicle model incorporated with wheel skidding kinematics and
power consumption dynamics was developed and used in all the simulations.
The energy optimality problem for vehicles moving along roads with icy or
asphalt uphill/downhill sections, the energy, time and multi-objective optimal
control problem for vehicle cornering and the vehicle handling problem for cor-
nering along icy roads were all simulated on this detailed mathematical model.

2. In solution algorithms of optimal control problems, a numerical method based
on mapping the control inputs from the time domain to position domain was
proposed to deal with these free-final time two point boundary value problems.

3. A skidding compensation approach was proposed to reduce the incidences of
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wheel slippage. The skidding compensation logic was shown to be effective
in reducing the slippage and it was observed that the energy optimality of the
solution is preserved.

4. The superiority of the optimal control theory based solution for the energy man-
agement problem of electric vehicles was shown with comparisons against stan-
dard cruise controllers both in asphalt and icy roads.

5. Low sensitivity of the energy optimal controller with respect to passenger ar-
rangements and initial state-of-charge of the battery in electric vehicles were
demonstrated for motions along roads with uphill and downhill sections.

6. Low sensitivities of both energy and time optimal controllers with respect to
passenger arrangements were demonstrated for vehicle cornering motions.

7. It was shown with NSGA-II genetic algorithm that there is a Pareto-front be-
tween time and energy optimization problems for vehicle cornering. The op-
timality of this Pareto-front was validated with classical optimal control ap-
proach.

8. As solution to the vehicle handling problem in cornering along icy roads, an
optimization technique was proposed. The approach finds the probably com-
plex solution that may vary between different sections of the curvature, of the
relatively difficult problem, cornering around icy roads. The method attacks
the problem by first trying to solve the relatively easier problems, cornering
around higher friction roads. The proposed solution is simple at first, fixing the
commands throughout the entire curvature and optimizing the commands. If
a solution is not found, the road is sectioned by two-fold with different com-
mand are assigned and optimized. As the number of the sections increases, the
number of variables to be optimized becomes larger; hence, the solution gets
complex. When the desired handling performance is obtained, the friction co-
efficient is decreased until the icy road conditions are reached. Eventually the
skidding starts, and the problem becomes complicated, yet a solution proposal
was always obtained.

9. An optimization technique to minimize position deviation from the desired
route, was presented. The method searches the candidates around a neighbour-
hood of a current best solution bounded within a search cone. The centreline
of this search cone is generated from the difference between two consecutive
optimization steps, and its volume is adjusted according to the changes in the
cost throughout these iterations.

10. An autopilot for vehicle cornering around icy roads is proposed based on run-
time decision making process. The rule sets to be used in the process are gen-
erated by clustering the vehicle statuses obtained in off-line optimization and
associating control command to these clusters. A cluster centre-control com-
mand corresponds to a rule that produces the unique control command to be
applied as a function of vehicle status. This basic idea of autopilot design has
been extended for motion along a specific rotation radii and friction coeffi-
cients; the control commands corresponding to arbitrary scenario parameters
are obtained by a runtime scheduling of the weighted-interpolation among the
control commands corresponding to different scenario parameters.
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In this thesis, based on classical optimal control theory, energy optimal control so-
lutions for vehicles moving along roads including uphill and downhill sections, that
may be icy or not, were derived. The superiority of the optimal controller compared
to the standard cruise controllers with various speed references, and the insensitivity
of the optimal controller to the changes in mass distribution of the vehicles according
to different passenger configurations and initial state of charge of the battery depicted
that the approach is valid. The optimal control solutions can be used as foundation
of an autopilot design. Similar to the one designed in Chapter 5: Vehicle Handling,
autopilots based on runtime decision making according to the rules generated by the
optimal control solutions can be proposed.

In real life, unlike that is assumed in Chapter 4: Vehicle Cornering, the roads with
such constant cornering radius does not exist. The road designs obey the so called
clothoid pattern, [2, 40]. As a future work, energy and time optimal control struc-
tures based on optimal control theory can be applied to the vehicles cornering such a
clothoid curvature. Furthermore, the energy, time and multi-objective optimal control
solutions proposed in this study, can be extended to the lane changing problem. Note
that there are two consecutive cornering, in opposite directions in a lane changing
problem. Additionally, in order to benefit from advantages of optimal control solu-
tions in real-life application, autopilot designs based on rule extraction from off-line
optimization data and using them in runtime convex combination of the rules can be
proposed.

In this thesis, in Chapter 5: Vehicle Handling, cornering motion along roads with
different and especially low friction coefficients were studied and an autopilot design
was proposed. The proposed autopilot can be further extended to overtaking the ve-
hicle moving in front as along roads with low friction coefficients. Furthermore, the
scenarios where only the wheels on one side, left or right, are on icy section of the
road, the performance of the autopilot can be tested.

This thesis was focused on some optimal control problems, and the solutions were
evaluated only in simulation environment. The experimentation of the methods on
vehicles requires not only taking some measurements from a vehicle moving along
some road section, but also the capability and permission to intervene into control
commanding hardware of the vehicle. The lack of such resources and permissions
retained us from the experimental proof of the approaches introduced.

114



REFERENCES

[1] Panasonic Lithium Ion NCR18650 Datasheet, 2012.

[2] A. Aashto. Policy on geometric design of highways and streets. American
Association of State Highway and Transportation Officials, Washington, DC,
1(990), 2001.

[3] M. Abe, N. Ohkubo, and Y. Kano. A direct yaw moment control for improving
limit performance of vehicle handling - comparison and cooperation with 4ws-.
Vehicle System Dynamics, 25(sup1):3–23, 1996.

[4] K. Ahiska, M. K. Ozgoren, and M. K. Leblebicioglu. Energy optimal controller
for electric vehicles on partially icy roads with heuristic skidding compensation.
In Control, Automation and Systems (ICCAS), 2015 15th International Confer-
ence on, pages 101–106, Oct 2015.

[5] J. Ahmadi, A. K. Sedigh, and M. Kabganian. Adaptive vehicle lateral-plane
motion control using optimal tire friction forces with saturation limits consid-
eration. IEEE Transactions on Vehicular Technology, 58(8):4098–4107, Oct
2009.

[6] C. Alaoui. Electric vehicle energy management system. PhD. thesis, Depart-
ment of Electrical Engineering, University of Massachusetts Lowell, 2001.

[7] C. E. Beal and J. C. Gerdes. Model predictive control for vehicle stabilization
at the limits of handling. IEEE Transactions on Control Systems Technology,
21(4):1258–1269, July 2013.

[8] P. Blau. Friction Science and Technology. CRC Press, 2009.

[9] M. Blundell and D. Harty. The Multibody Systems Approach to Vehicle Dynam-
ics. Butterworth-Heinemann, Oxford, 2004.

[10] M. Canale, L. Fagiano, A. Ferrara, and C. Vecchio. Vehicle yaw control via
second-order sliding-mode technique. IEEE Transactions on Industrial Elec-
tronics, 55(11):3908–3916, Nov 2008.

[11] C. Canudas de Wit, H. Olsson, K. J. Astrom, and P. Lischinsky. A new model
for control of systems with friction. IEEE Transactions on Automatic Control,
40(3):419–425, Mar 1995.

115



[12] C. Canudas de Wit, P. Tsiotras, E. Velenis, M. Basset, and G. Gissinger. Dy-
namic friction models for road/tire longitudinal interaction. Vehicle System Dy-
namics, 39(3):189–226, 2003.

[13] L. Caracciolo, A. de Luca, and S. Iannitti. Trajectory tracking control of a four-
wheel differentially driven mobile robot. In Robotics and Automation, 1999.
Proceedings. 1999 IEEE International Conference on, volume 4, pages 2632–
2638, 1999.

[14] C. C. Chan. The state of the art of electric, hybrid, and fuel cell vehicles. Pro-
ceedings of the IEEE, 95(4):704–718, April 2007.

[15] D. J. Chang and E. K. Morlok. Vehicle speed profiles to minimize work and fuel
consumption. Journal of Transportation Engineering, 131(3):173–182, 2005.

[16] Y. Chen, X. Li, C. Wiet, and J. Wang. Energy management and driving strategy
for in-wheel motor electric ground vehicles with terrain profile preview. IEEE
Transactions on Industrial Informatics, 10(3):1938–1947, Aug 2014.

[17] Y. Chen and J. Wang. Fast and global optimal energy-efficient control allocation
with applications to over-actuated electric ground vehicles. IEEE Transactions
on Control Systems Technology, 20(5):1202–1211, Sept 2012.

[18] Y. Chen and J. Wang. Adaptive energy-efficient control allocation for planar
motion control of over-actuated electric ground vehicles. IEEE Transactions on
Control Systems Technology, 22(4):1362–1373, July 2014.

[19] D. Corona and B. D. Schutter. Adaptive cruise control for a smart car: A com-
parison benchmark for mpc-pwa control methods. IEEE Transactions on Con-
trol Systems Technology, 16(2):365–372, March 2008.

[20] M. L. Corradini, T. Leo, and G. Orlando. Experimental testing of a discrete-
time sliding mode controller for trajectory tracking of a wheeled mobile robot
in the presence of skidding effects. Journal of Robotic Systems, 19(4):177–188,
2002.

[21] V. Cossalter, M. D. Lio, R. Lot, and L. Fabbri. A general method for the evalu-
ation of vehicle manoeuvrability with special emphasis on motorcycles. Vehicle
System Dynamics, 31(2):113–135, 1999.

[22] K. Deb. Multi-Objective Optimization Using Evolutionary Algorithms. John
Wiley & Sons, Inc., New York, NY, USA, 2001.

[23] W. Dib, A. Chasse, P. Moulin, A. Sciarretta, and G. Corde. Optimal energy
management for an electric vehicle in eco-driving applications. Control Engi-
neering Practice, 29:299 – 307, 2014.

[24] M. Eshani, Y. Gao, and A. Emadi. Modern electric, hybrid electric, and fuel cell
vehicles: Fundamentals, theory, and design. Boca Raton: CRC Press, 2010.

116



[25] E. Esmailzadeh, A. Goodarzi, and G. Vossoughi. Optimal yaw moment control
law for improved vehicle handling. Mechatronics, 13(7):659 – 675, 2003.

[26] M. Ferdowsi. Plug-in hybrid vehicles - a vision for the future. In 2007 IEEE
Vehicle Power and Propulsion Conference, pages 457–462, Sept 2007.

[27] A. E. Fuhs. Hybrid vehicles and the future of personal transportation. Boca
Raton: CRC Press, 2009.

[28] T. Fujioka and M. Kato. Numerical analysis of minimum-time cornering. In
International Symposium on Advanced Vehicle Control (1994: Tsukuba-shi,
Japan), pages 260–265, 1994.

[29] M. Gerdts, S. Karrenberg, B. Muller-Bessler, and G. Stock. Generating locally
optimal trajectories for an automatically driven car. Optimization and Engineer-
ing, 10(4):439–463, 2008.

[30] T. D. Gillespie. Fundamentals of vehicle dynamics. Technical report, SAE
Technical Paper, 1992.

[31] A. Haddoun, M. E. H. Benbouzid, D. Diallo, R. Abdessemed, J. Ghouili, and
K. Srairi. Analysis, modeling and neural network traction control of an electric
vehicle without differential gears. In 2007 IEEE International Electric Ma-
chines Drives Conference, volume 1, pages 854–859, May 2007.

[32] N. Hamzah, Y. M. Sam, H. Selamat, and M. K. Aripin. Ga-based sliding mode
controller for yaw stability improvement. In Control Conference (ASCC), 2013
9th Asian, pages 1–6, June 2013.

[33] P. M. Hart. An Antilock-Braking Systems (ABS) Control: A Technical Review.
Draft Report, 2003.

[34] J. A. Hartigan. Clustering Algorithms. John Wiley & Sons, Inc., New York,
NY, USA, 1975.

[35] J. P. M. Hendrikx, T. Meijlink, and R. F. C. Kriens. Application of optimal
control theory to inverse simulation of car handling. Vehicle System Dynamics,
26(6):449–461, 1996.

[36] K. Hofstetter, C. Grohs, J. Eberhardsteiner, and H. Mang. Sliding behaviour
of simplified tire tread patterns investigated by means of fem. Computers &
Structures, 84(17 - 18):1151 – 1163, 2006. Formulations and Computational
Models for Finite Strains.

[37] R. Hooke and T. A. Jeeves. Direct search solution of numerical and statistical
problems. Journal of the Association for Computing Machinery, 8(2):212–229,
April 1961.

117



[38] Y. H. Hosam el deen. Computer control of vehicle skidding on slippery roads.
PhD. thesis, Department of Electrical and Computer Engineering, University of
Wisconsin-Madison, 1986.

[39] M. Ivarsson, J. Aslund, and L. Nielsen. Look-ahead control consequences of
a non-linear fuel map on truck fuel consumption. Proceedings of the Insti-
tution of Mechanical Engineers, Part D: Journal of Automobile Engineering,
223(10):1223–1238, 2009.

[40] A. Jeffrey, editor. Handbook of Mathematical Formulas and Integrals (Third
Edition). Academic Press, Burlington, third edition edition, 2004.

[41] T. A. Johansen, J. Kalkkuhl, J. Ludemann, and I. Petersen. Hybrid control
strategies in abs. In American Control Conference, 2001. Proceedings of the
2001, volume 2, pages 1704–1705, 2001.

[42] S. Kachroudi, M. Grossard, and N. Abroug. Predictive driving guidance of
full electric vehicles using particle swarm optimization. IEEE Transactions on
Vehicular Technology, 61(9):3909–3919, Nov 2012.

[43] M. A. S. Kamal, M. Mukai, J. Murata, and T. Kawabe. Ecological driver assis-
tance system using model-based anticipation of vehicle-road-traffic information.
IET Intelligent Transport Systems, 4(4):244–251, December 2010.

[44] M. A. S. Kamal, M. Mukai, J. Murata, and T. Kawabe. Ecological vehicle
control on roads with up-down slopes. IEEE Transactions on Intelligent Trans-
portation Systems, 12(3):783–794, Sept 2011.

[45] M. A. S. Kamal, M. Mukai, J. Murata, and T. Kawabe. Model predictive control
of vehicles on urban roads for improved fuel economy. IEEE Transactions on
Control Systems Technology, 21(3):831–841, May 2013.

[46] J. Kennedy and R. Eberhart. Particle swarm optimization. In Neural Networks,
1995. Proceedings., IEEE International Conference on, volume 4, pages 1942–
1948, Nov 1995.

[47] P. Khatun, C. M. Bingham, N. Schofield, and P. H. Mellor. An experimental lab-
oratory bench setup to study electric vehicle antilock braking/ traction systems
and their control. In Vehicular Technology Conference, 2002. Proceedings. VTC
2002-Fall. 2002 IEEE 56th, volume 3, pages 1490–1494 vol.3, 2002.

[48] H. Khayyam, S. Nahavandi, and S. Davis. Adaptive cruise control look-ahead
system for energy management of vehicles. Expert Systems with Applications,
39(3):3874 – 3885, 2012.

[49] D. E. Kirk. Optimal control theory: an introduction. Courier Corporation,
2012.

118



[50] K. M. Kritayakirana. Autonomous Vehicle Control at the Limits of Handling.
PhD. thesis, Department of Mechanical Engineering, Stanford University, Cali-
fornia, 2012.

[51] J. R. Layne, K. M. Passino, and S. Yurkovich. Fuzzy learning control for an-
tiskid braking systems. IEEE Transactions on Control Systems Technology,
1(2):122–129, Jun 1993.

[52] S. Li, K. Li, R. Rajamani, and J. Wang. Model predictive multi-objective vehic-
ular adaptive cruise control. IEEE Transactions on Control Systems Technology,
19(3):556–566, May 2011.

[53] S. E. Li, Z. Jia, K. Li, and B. Cheng. Fast online computation of a model pre-
dictive controller and its application to fuel economy/-oriented adaptive cruise
control. IEEE Transactions on Intelligent Transportation Systems, 16(3):1199–
1209, June 2015.

[54] C.-C. Lin. Modelling and Control Strategy Development for Hybrid Vehicles.
PhD. thesis, Department of Mechanical Engineering, University of Michigan,
Ann Arbor, 2004.

[55] X. Lin. Reinforcement Learning in Hybrid Electric Vehicles (HEVs) / Electric
Vehicles (EVs) and Other Cyber Physical Systems. PhD. thesis, Department
of Electrical and Computer Engineering, Northeastern University, Boston, MA,
2016.

[56] S. Lloyd. Least squares quantization in pcm. IEEE Transactions on Information
Theory, 28(2):129–137, Mar 1982.

[57] S. M. Lukic and A. Emadi. Charging ahead. IEEE Industrial Electronics Mag-
azine, 2(4):22–31, December 2008.

[58] G. A. Magallan, C. H. D. Angelo, and G. O. Garcia. Maximization of the trac-
tion forces in a 2wd electric vehicle. IEEE Transactions on Vehicular Technol-
ogy, 60(2):369–380, Feb 2011.

[59] A. Mandow, J. L. Martinez, J. Morales, J. L. Blanco, A. Garcia-Cerezo, and
J. Gonzalez. Experimental kinematics for wheeled skid-steer mobile robots.
In 2007 IEEE/RSJ International Conference on Intelligent Robots and Systems,
pages 1222–1227, Oct 2007.

[60] T. Markel, A. Brooker, J. Gonder, M. O’Keefe, A. Simpson, and M. Thorn-
ton. Plug-in hybrid vehicle analysis. National Renewable Energy Laboratory,
Report No. NREL/MP-540-40609, 2006.

[61] J. L. Martínez, A. Mandow, J. Morales, S. Pedraza, and A. García-Cerezo. Ap-
proximating kinematics for tracked mobile robots. The International Journal of
Robotics Research, 24(10):867–878, 2005.

119



[62] K. Moriwaki. Autonomous steering control for electric vehicles using nonlin-
ear state feedback h-infinity control. Nonlinear Analysis: Theory, Methods &
Applications, 63(6):2257 – 2268, 2005.

[63] A. Mozaffari, M. Vajedi, and N. L. Azad. A robust safety-oriented autonomous
cruise control scheme for electric vehicles based on model predictive control and
online sequential extreme learning machine with a hyper-level fault tolerance-
based supervisor. Neurocomputing, 151, Part 2:845 – 856, 2015.

[64] J. A. Nelder and R. Mead. A simplex method for function minimization. The
Computer Journal, 7(4):308–313, 1965.

[65] H. B. Pacejka. Tyre and Vehicle Dynamics. Butterworth-Heinemann, Oxford,
second edition, 2006.

[66] A. Pennycott, L. De Novellis, P. Gruber, and A. Sorniotti. Optimal braking
force allocation for a four-wheel drive fully electric vehicle. Proceedings of
the Institution of Mechanical Engineers, Part I: Journal of Systems and Control
Engineering, 228(8):621–628, 2014.

[67] P. Petrov, J. de Lafontaine, P. Bigras, and M. Tetreault. Lateral control of a
skid-steering mining vehicle. In Intelligent Robots and Systems, 2000. (IROS
2000). Proceedings. 2000 IEEE/RSJ International Conference on, volume 3,
pages 1804–1809, 2000.

[68] K. Popp and W. Schiehlen. Ground Vehicle Dynamics. Springer Berlin Heidel-
berg, Berlin, Heidelberg, 2010.

[69] L. E. Ray. Estimation of terrain forces and parameters for rigid-wheeled vehi-
cles. IEEE Transactions on Robotics, 25(3):717–726, June 2009.

[70] I. R. N. Roland Siegwart. Introduction to Autonomous Mobile Robots. Intelli-
gent Robotics and Autonomous Agents. The MIT Press, 1st edition, 2004.

[71] A. Rucco, G. Notarstefano, and J. Hauser. An efficient minimum-time trajectory
generation strategy for two-track car vehicles. IEEE Transactions on Control
Systems Technology, 23(4), July 2015.

[72] T. Schwickart, H. Voos, J. H. Minaglou, M. Darouach, and A. Rosich. Design
and simulation of a real-time implementable energy-efficient model-predictive
cruise controller for electric vehicles. Journal of the Franklin Institute,
352(2):603 – 625, 2015. Special Issue on Control and Estimation of Electri-
fied vehicles.

[73] A. Sciarretta, G. D. Nunzio, and L. L. Ojeda. Optimal ecodriving control:
Energy-efficient driving of road vehicles as an optimal control problem. IEEE
Control Systems, 35(5):71–90, Oct 2015.

120



[74] S. G. Shadle, L. H. Emery, and H. K. Brewer. Vehicle braking, stability and
control. Technical report, SAE Technical Paper, 1983.

[75] B. Shamah, M. D. Wagner, S. Moorehead, J. Teza, D. Wettergreen, and W. L.
Whittaker. Steering and control of a passively articulated robot. In SPIE, Sensor
Fusion and Decentralized Control in Robotic Systems IV, volume 4571, October
2001.

[76] R. Sharp, D. Casanova, and P. Symonds. A mathematical model for driver
steering control, with design, tuning and performance results. Vehicle System
Dynamics, 33(5):289–326, 2000.

[77] R. S. Sharp and H. Peng. Vehicle dynamics applications of optimal control
theory. Vehicle System Dynamics, 49(7):1073–1111, 2011.

[78] L. I. Silva, G. A. Magallan, C. H. D. Angelo, and G. O. Garcia. Vehicle dynam-
ics using multi-bond graphs: Four wheel electric vehicle modeling. In Indus-
trial Electronics, 2008. IECON 2008. 34th Annual Conference of IEEE, pages
2846–2851, Nov 2008.

[79] D. Tavernini, M. Massaro, E. Velenis, D. I. Katzourakis, and R. Lot. Minimum
time cornering: the effect of road surface and car transmission layout. Vehicle
System Dynamics, 51(10):1533–1547, 2013.

[80] M. Thommyppillai, S. Evangelou, and R. S. Sharp. Car driving at the
limit by adaptive linear optimal preview control. Vehicle System Dynamics,
47(12):1535–1550, 2009.

[81] J. P. Timings and D. J. Cole. Minimum maneuver time calculation using con-
vex optimization. Journal of Dynamic Systems, Measurement, and Control,
135(3):31015–31023, March 2013.

[82] R. van der Steen. Tyre road friction modelling : Literature survey. Technical
report, Eindhoven : Technische Universiteit Eindhoven, 2007.

[83] E. Velenis and P. Tsiotras. Optimal velocity profile generation for given acceler-
ation limits; the half-car model case. In Proceedings of the IEEE International
Symposium on Industrial Electronics, 2005. ISIE 2005., volume 1, pages 361–
366, June 2005.

[84] E. Velenis and P. Tsiotras. Optimal velocity profile generation for given acceler-
ation limits: theoretical analysis. In Proceedings of the 2005, American Control
Conference, 2005., volume 2, pages 1478–1483, June 2005.

[85] R. Wang, C. Hu, Z. Wang, F. Yan, and N. Chen. Integrated optimal dynamics
control of 4wd4ws electric ground vehicle with tire-road frictional coefficient
estimation. Mechanical Systems and Signal Processing, 60-61:727 – 741, 2015.

121



[86] T. Wang, C. G. Cassandras, and S. Pourazarm. Optimal motion control for
energy-aware electric vehicles. Control Engineering Practice, 38:37 – 45, 2015.

[87] Y. Wang, J. Jiang, and T. Mu. Context-aware and energy-driven route opti-
mization for fully electric vehicles via crowdsourcing. IEEE Transactions on
Intelligent Transportation Systems, 14(3):1331–1345, Sept 2013.

[88] J. Y. Wong. Theory of Ground Vehicles. John Wiley & Sons, 2001.

[89] J. Yi, D. Song, J. Zhang, and Z. Goodwin. Adaptive trajectory tracking control
of skid-steered mobile robots. In Proceedings 2007 IEEE International Confer-
ence on Robotics and Automation, pages 2605–2610, April 2007.

[90] W. Yu, O. Y. C. Jr., E. G. C. Jr., and P. Hollis. Analysis and experimental verifi-
cation for dynamic modeling of a skid-steered wheeled vehicle. IEEE Transac-
tions on Robotics, 26(2):340–353, April 2010.

[91] Y. Zhang, D. Hong, J. H. Chung, and S. A. Velinsky. Dynamic model based
robust tracking control of a differentially steered wheeled mobile robot. In
American Control Conference, 1998. Proceedings of the 1998, volume 2, pages
850–855, Jun 1998.

122



CURRICULUM VITAE

PERSONAL INFORMATION

Surname, Name: Ahıska, Kenan
Nationality: Turkish (TC)
Date and Place of Birth: 21/07/1987, Akstafa-Azerbaijan
Marital Status: Single
Phone: 05056869553
Fax: -

EDUCATION

Degree Institution Year of Graduation
M.S. Electrical and Electronics Eng. Dept., METU 2012
B.S. Electrical and Electronics Eng. Dept., METU 2010
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