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ABSTRACT 

 

PURE TENSILE FRACTURE MODELLING AND TOUGHNESS MEASUREMENTS 

ON BRAZILIAN DISCS OF ANDESITE AND MARBLE 

 

¥zdoĵan, Cansēn 

M.S., Department of Mining Engineering 

Supervisor: Prof. Dr. Levend Tutluoĵlu 

 

August 2017, 148 pages 

 

In fracture mechanics, mode I loading type is characterized by opening of cracks in 

tension. Considering the convenient availability samples from drilling work of the site 

investigations, core-based specimen geometries are commonly used in rock fracture 

testing. Three- or four-point bending loading and compressive loading are major loading 

configurations for fracture toughness testing. 

 

For the investigation of geometric parameters in tensile fracturing of Brazilian disk type 

geometries, Flattened Brazilian disc (FBD) method is employed for mode I fracture 

toughness testing. This method is chosen due to simple specimen preparation procedure 

and loading configuration. Brazilian disc geometry is constructed with opposite flat ends 

corresponding to specific loading angles from the specimen center. Testing with this core-

based geometry can be conducted without pre-cracking. Disc with flattened ends is 

subjected to compressive loading along vertical diametric line. Compressive loading 

generates a centerline crack under tensile opening mode.   

 

Numerical modeling is conducted to compute mode I stress intensity factors for the 

centerline crack initiation.  Parametric relations are proposed to express stress intensity 
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factor in terms of the geometric entities of the samples.  Improved equations established 

the relations between the stress intensity factor and loading angle for a wider range of 

loading angles than those of the previous work. The range was expanded from 2Á to 50Á.  

 

Two rock types as Ankara andesite and Afyon marble were included in the testing work. 

Average mode I fracture toughness was measured as 2.58Ñ0.34 MPaЍά and 3.43Ñ0.27 

MPaЍά, respectively for 75 mm core specimens of andesite and marble. For 100 mm 

diameter samples, mode I toughness values were 3.34Ñ0.15 MPaЍά  for andesite and 

3.04Ñ0.70 MPaЍά for marble. 

 

Specimen size effect on the toughness was investigated by employing two different 

diameters of 75 mm and 100 mm for andesite and marble core samples. The size effect is 

observed to be around 30% (3.34/2.58=1.29) for andesite having 75 mm and 100 mm 

diameter.   

 

KEYWORDS: rock fracture testing, mode I fracture toughness, flattened Brazilian disc 

method, fracture numerical modelling  
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¥Z 

 

ANDEZĶT VE MERMER BRAZĶLYAN DĶSKLERĶNDE SAF ¢EKME KIRILMA 

MODELLEMESĶ VE TOKLUK ¥L¢¦M¦ 

 

¥zdoĵan, Cansēn 

Y¿ksek Lisans, Maden M¿hendisliĵi Bºl¿m¿ 

Tez Yºneticisi: Prof. Dr. Levend Tutluoĵlu 

 

Aĵustos 2017, 148 sayfa 

 

Kērēlma mekaniĵinde mod I y¿klemesi ­ekme etkisinden a­ēlan ­atlaklar ile karakterize 

edilmektedir. Kaya kērēlma testlerinde karot bazlē numune geometrileri zemin 

et¿dlerindeki delme faaliyetlerinden elde edilen numunelere kolay ulaĸēldēĵēndan yaygēn 

olarak kullanēlmaktadēr. ¦­ ile dºrt nokta eĵilme ve basma y¿klemeleri kērēlma tokluĵu 

testi i­in ºnemli y¿kleme ĸeklidir.  

 

Brazilyan disk tipi geometrilerin ­ekme kērēlmasēna iliĸkin boyutsal parametrelerinin 

araĸtērmasēnda mod I kērēlma tokluĵu testi i­in D¿zleĸtirilmiĸ Brazilyan disk yºntemi 

kullanēlmaktadēr. Bu metod kolay numune hazērlama ve basit y¿kleme konfig¿rasyonu 

sebebiyle tercih edilmektedir. Brazilyan disk geometrisinin her iki zēt ucuda merkezden 

ge­en belirli y¿kleme a­ēlarēna gºre d¿zleĸtirilmiĸtir. Karot bazlē geometrilerin testi, 

hen¿z ­atlak a­ēlmadan ger­ekleĸtirilebilmektedir. D¿zleĸtirilmiĸ disk ¿zerinde basma 

y¿k¿ dikey ­apsal hat boyunca etki etmektedir. Bu y¿k ­ekme etkisiyle merkez ­izgisi 

boyunca ­atlak oluĸumunu saĵlar.  

 

Sayēsal modelleme merkezde baĸlayan ­atlak oluĸumuna iliĸkin mod I gerilme ĸiddeti 

faktºrlerini hesaplamak amacēyla yapēlmaktadēr. Gerilme ĸiddeti faktºrlerini numuneye 

ºzg¿ geometrik parametreler cinsinden ifade etmek i­in parametric denklemler 
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ºnerilmektedir. Ķyileĸtirilen form¿ller, gerilme ĸiddeti faktºr¿ ile ºnceki ­alēĸmalardan 

daha geniĸ bir y¿kleme a­ē aralēĵē arasēnda iliĸki kurmuĸtur. Bu aralēk, 2 derece ile 50 

derece arasēnē kapsamaktadēr. 

 

Test ­alēĸmasēnda Ankara andezit ile Afyon mermer olmak ¿zere iki ­eĸit kaya tipi 

kullanēlmēĸtēr. Ortalama mod I ­atlak tokluĵu 75 mm ­aplē andezit ve mermer 

numunelerinde 2.58Ñ0.34 MPaЍά ve 3.43Ñ0.27 MPaЍά  olarak ºl­¿lm¿ĸt¿r. Mod I 

­atlak tokluĵu her iki 100 mm ­aplē ºrnekte andezit i­in 3.43Ñ0.27 MPaЍά  ve mermer 

i­in 3.04Ñ0.70 MPaЍά ódir. 

 

Tokluk ¿zerindeki boyutsal etki, 75 mm ve 100 mm olan iki ayrē ­aptaki andezit ile 

mermer karot numunelerini kullanarak incelenmiĸtir. Andezit i­in boyutsal etki 75 mm ve 

100 mm ­aplarda y¿zde otuz civarēnda (3.34/2.58=1.29) gºr¿lm¿ĸt¿r. 

 

Anahtar Kelimeler: kaya kērēlma testi, mod I ­atlak tokluĵu, d¿zleĸtirilmiĸ Brazilyan 

disk yºntemi, kērēlmaya iliĸkin sayēsal modelleme 
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CHAPTER I  

CHAPTERS 

 

1. INTRODUCTION  

 

 

 

In nature, the rocks contain different size cracks changing from microscale to macroscale 

and the cracks or flaws can exist in distinct shapes. These defects cause accumulation of 

infinite stress concentrations around the crack and is responsible for the stress 

transformation at the crack tip due to crack orientation. Thus, depending on the magnitude 

of stress, crack starts to form or propagate after failure, namely fracture happens. The 

science of rock fracture mechanics is primarily interested in fracture behavior during 

loading and fracture toughness, which is an expression of crack resistance to propagation 

of the crack. In development of fracture mechanics, supplementary fields of mechanics 

are benefitted to settle important relations between fracture and failure of the rock. These 

areas are summarized as continuum mechanics, solid mechanics, the elasticity and 

plasticity theories.  

In classical mechanics, the materials are assumed to be flawless or without any cracks. 

However, fracture mechanics focuses on the material having cracks or defects. With 

regard to this, Inglis (1913) initially presented his mathematical solution involved with a 

elliptical hole defined in a plate by holding the linear elastic material assumption. This 

was concerned about high stress concentrations around elliptical cracks and ever yielding 

material condition. Then, Griffithôs earliest work (1921) defined stress intensity factor as 
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a large amount of stress gathered at the crack tip compared to the rest of material by using 

Inglisô view about stress concentration. Advancing from this step, Griffith put forward 

that an increase in the potential energy is spent to the formation of new crack surfaces. 

Thus, Griffith (1921) invented the relation between stress intensity factor, K and critical 

energy release rate, Gc. After the development of elastic solutions, Irwin (1948) modified 

the Griffith theory by showing the plastic deformation in the metals. Later, Rice (1968) 

pioneered the field of the elastic plastic fracture mechanics by taking the plastic region 

concentrated around the crack tip into account using a simple mathematical theory. 

 

1.1 Some fracture mechanics applications in the past 

 

This part covers the important structures related to practice on the use of fracture 

mechanics in the past. Regarding this, the structures such as Liberty ships, aircrafts 

constructed during both World Wars provided many practical solutions against failures. 

Until World War II, rivets and bolts had been used as local crack arresters to prevent 

catastrophic failures. In World War II, weldment techniques began to be applied upon 

ships against fractures; however, 1031 damage or accidental events related to Liberty 

ships were recorded. This was caused by the ignorance and limited data about the fracture 

properties of welds. In the report about ship accidents (Kobayashi and Hisahiro, 1943), 

these brittle fractures in Liberty Ships occurred because high strength and ductile steels 

transformed into low strength and brittle steels at low temperature. Herein, low 

temperature caused the steel to show brittle-ductile transition property and so many ship 

accidents happened in wintertime. Besides this, low weldability of steel, low weld quality 

and poor design were responsible for them. 

In the 1950s, another disaster was the first jetliner of the World named as Comet aircraft, 

which happened because of very small fatigue cracks beginning at the rivets surrounding 

the openings of window. These cracks were aroused from the square shape of window 

whose sharp corners caused greater stress concentration than curved or oval edges. 
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Moreover, repeated cabin pressure with the ups and downs provoked the metal to be 

fatigued (Shukla, 2005).  

In the past, bridge collapses such as Point Pleasant Bridge disaster were experienced due 

to structural integrity. In this manner, the usage of only special material becomes 

inadequate, also tangled relations between materials, design, fabrication and loading 

conditions might raise fracture problems (Shukla, 2005). 

The previous catastrophic events and investigations about them built up fracture 

mechanics knowledge applied in the fields of mechanical engineering, aerospace 

engineering, civil engineering, metallurgical engineering and mining engineering. From 

mining engineering perspective, the rock material and rock mass are with inherent cracks, 

discontinuities such as joints, voids etc. different from other disciplines.  

1.2 The statement of the problem 

Mode I fracture toughness is of interest in rock cutting, rock fragmentation, hydraulic 

fracturing. In underground mining applications, compressive loads are activated by the 

overburden stress. Stress concentrations due to the excavation-induced activities lead new 

crack surfaces to initiate.  

For the measurement of rock fracture toughness, there are some methods recommended 

by ISRM and ASTM. The methods suggested by ISRM are chevron bend (CB), 

(Ouchterlony, 1988), short rod (SR), (Ouchterlony, 1988), cracked chevron notched 

Brazilian disc (CCNBD), (Fowell, 1995) and semi-circular bending (Kuruppu et al., 

2015). Brazilian type methods with compressive loading on disc specimens  include 

cracked chevron notched Brazilian disc (CCNBD), (Shetty et al., 1985), cracked straight 

through Brazilian disc (CSTBD), semi-circular bending test (SCB) (Chong and Kuruppu, 

1984), Brazilian disc (BD) (Guo et al., 1993), flattened Brazilian disc (FBD) (Wang and 

Xing, 1999).  
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About the flattened Brazilian disc (FBD) testing method research outcomes like accurate 

stress intensity factors with tedious modeling work,  testing procedure requirements, and 

reliable test results for a wide range of different rocks are limited. With recent improved 

fracture modeling and statistical processing techniques, it is possible to produce new 

expressions for stress intensity factors and fracture toughness measurement with FBD 

geometry. 

1.3 The objective of the study 

The major aim of this study is to measure the mode I fracture toughness values of the 

rocks in an improved and a more reliable way.  

Although in previous studies, SIF solutions obtained from FBD related numerical models 

were profoundly investigated, there is still need for improvements. This study is designed 

to improve the quality of stress intensity factor computations by advanced numerical 

fracture modeling.  

The second aim is to generate an improved parametric equation in order to compute stress 

intensity factor (SIF) in terms of the loading angle. Loading angle controls the width of 

the flat loading ends and thus the ideal specimen geometry to be used in testing. 

Final goal is to check if selected rock types show a significant size effect as reported in 

the previous work by Bazant and Pfeifferôs (1987), Bazant and Kazemi, (1990), Bazant 

et al. (1991), Bazant et al. (1995, 1996) and Tutluoglu and Keles (2011). In recent 

literature survey, it is observed that there is a scant amount of researches interested in size 

effect issue of mode I fracture toughness measurements. This study aims at presenting 

extra findings and more explanations. 
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1.4 The methodology of the study 

The first task is to create precise numerical models related to FBD specimen geometries 

with the same boundary conditions as in laboratory work. Testing work follows next on 

two rock types having different grain size and matrix.  

In numerical work, according to input parameters obtained from mechanical properties 

of the rocks, FBD models are constructed by using ABAQUS v12. finite element 

program. Three major stages are the model generation, the mesh convergence study and 

the generation of the stress intensity factors (SIFs). Then, statistical processing of 

numerical modeling results yield expressions for estimating SIF in terms of loading angle 

and critical crack lengths of specimen geometries of various diameters.  

Numerical models are generated under 2D plane strain condition to simplify the problem 

and save time. According to this, proper FBD geometries are constructed at each defined 

loading angle to catch convenient equations.  

In experiments, two rock types namely andesite and marble are used in testing. These 

rocks are commonly used in the pavements, subway, wall lining, decoration etc. and are 

easily accessible. Ankara andesite is a pinkish-gray colored, fine grained, slightly 

weathered, massive, strong, igneous rock with some vesicles while Afyon marble is a 

beige-light gray colored, fine grained, fresh, strong metamorphic rock containing several 

micro fractures oriented in different directions. With the choice of these rocks, the 

variation in mode I fracture toughness results is assessed based on rock type.  

In the experimental work, there exists three subdivisions containing the preparation of 

specimen, test set-up and size effect investigation. Firstly, specimen proper for FBD 

geometry with a specific loading angle is ready for testing and appropriate test procedure 

is applied by MTS 815 Rock Testing Machine in laboratory. In interpretation part, the 

consistency between past and present results are controlled and size effect is monitored 

according to current results. 
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Numerically computed critical crack lengths and experimentally measured critical crack 

lengths are compared to assess the quality of the modeling work to simulate real testing 

conditions.  

Two fitting equations derived by Tutluoglu and Keles (2011) are used in experimental 

studies. There are some shortcomings of these equations. The drawbacks of the equations 

can be listed as low fit quality, wrong selection of parameters and narrower range of 

loading angle. Therefore, these equations can lead to controversial and misleading 

interpretations regarding site investigation and material design parameters. In this respect, 

an improved numerical equation is proposed. In order to monitor extensive fracture 

behavior of the material, the range of loading angle is relatively enlarged compared to the 

study investigated by Tutluoglu and Keles (2011). 

1.5 Sign convention 

This work is performed by means of ABAQUS finite element program utilized for 

analyzing the general engineering applications. During interpretation stage, the sign of 

mechanics used in ABAQUS program play an important role in the verification of the 

model. In the contrary to rock mechanics convention, stresses, strains and displacements 

having negative sign are interpreted as in compression whereas positive ones are in 

tension. Furthermore, ABAQUS program defines coordinates axes as the digits of 1, 2, 3 

in three dimensional space corresponding to x, y, z axes in tensor notation. According to 

this, „ is denoted by Ὓ  and Ὓ   gives the normal stress value along x-direction. Initial 

coordinate system referred to global reference system (x, y, z) is transformed into the local 

coordinate axes of xô, yô, zô located in ABAQUS visualization part. Ὓ ô is expressed as 

the horizontal normal stress perpendicular to crack plane in this study while Ὓ ô becomes 

the vertical normal stress parallel to crack plane.  

The signs of stress intensity factors under mode I and mode II loadings (KI and KII) are 

interpreted differently from those of stresses. For instance, positive KI value is obtained 
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as a result of the crack opening subjected to the tensile stresses which is interpreted as 

positive.  Similarly, the sign of  KII  value changes upon whether crack is opened or closed. 

Negative sign in KII is induced by the negative shear stresses due to the closing of crack 

along crack line.   

1.6 Outline of thesis 

In Chapter 1, a brief introduction and some historical events about fracture mechanics are 

presented and in Chapter 2, rock fracture toughness tests suggested by ISRM and ASTM 

and former investigations about fracture toughness are discussed. In Chapter 3, numerical 

analysis related to various FBD geometries is presented to achieve mainly stress intensity 

factor equation. In Chapter 4, preliminary experimental studies and procedure applied 

upon FBD specimens are conducted to obtain reliable and consistent fracture toughness 

results. In Chapter 5, experimental results, discussion and comparison about FBD method 

and BD methodôs results are presented. Finally, conclusions and recommendations for 

FBD experiments, FBD and BD methods are given in Chapter 6.  

  



8 

 

  



9 

 

CHAPTER 2 

 

 

2. THEORETICAL BACKGROUND OF ROCK FRACTURE MECHANICS  

 

 

 

Fracture mechanics is the science of the materials having cracks, defects and flaws. These 

irregularities may lead structural failures because of high stress concentrations at local 

points. To prevent these failures and expand focus of this area, many crack-based 

theoretical studies and definitions were presented until now. Here, some of them were 

provided. 

2.1 Fracture modes  

Irwin (1957) firstly described basic fracture modes with respect to loading conditions at 

the crack tip. In Figure 2.1, three independent movements along x, y, z directions defined 

in local Cartesian coordinate system are shown. They are expressed as mode I (pure 

tensile or opening mode), mode II (sliding mode) and mode III (tearing mode) which are 

respectively in plane and out of plane shear modes based on loading types. According to 

this, a crack can initiate and propagate in three principal modes (Rossmanith, 1983).   
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Figure 2. 1 The principal fracture modes with respect to loading type: (a) mode I 

(opening), (b) mode II (sliding), (c) mode III (tearing). (Chin Teh Sun and Zhihe Jin, 

2012) 

 

2.2 Linear elastic fracture mechanics (LEFM)  

According to LEFM, the material is presumed to be homogenous, isotropic and linear 

elastic. More importantly, plastic zone surrounding crack tip is assumed to be very small 

for brittle rocks. Elastic Modulus (E) and Poissonôs Ratio (‮  are elastic material 

properties. Related formulas including these constants are arranged based on elasticity 

theory. 

2.2.1 Stress intensity factors 

Irwin also defined the general term of stress intensity factor (SIF), K as a quantity 

measuring the stress field around the crack tip. The stress intensity factors of KI, KII, KIII  

were denoted for corresponding loading conditions. The formulas of KI and KII were given 

in Equation 2.1. According to them, K changes with crack length (a), far field stress (s), 

dimensionless stress intensity factor (Y) depending on crack and specimen geometry.  

KI= ὣ „zЍ“z ὥ         KII= ὣ †zЍ“z ὥ                 

(2.1) 

Where; 

KI: mode I stress intensity factor 
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KII: mode II stress intensity factor 

„ ÆÁÒ ÆÉÅÌÄ ÓÔÒÅÓÓ 

† = shear stress 

a= crack length 

ὣ  mode I dimensionless stress intensity factor 

ὣ  mode II dimensionless stress intensity factor 

W= width of the specimen 

According to Irwinôs criterion, when KI arrives a critical value at which the material 

doesnôt resist, material failure occurs due to the crack initiation and propagation. This 

critical stress intensity factor is named as fracture toughness, Kc. It is a material property 

presumed to be independent from size.  

2.2.2 Crack tip stress and displacement solutions 

 

Considering the elastic material assumption, Westergaard (1934) represented the stress 

and displacement solutions near the crack tip stated below. In Figure 2.2, a stress element 

is demonstrated. According to this, stress calculations were made in terms of r, the radial 

distance from crack tip and —, angle. Stress at crack tip has a square root singularity, 1/Ѝὶ.   
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Figure 2. 2 Near crack tip stress configuration (Adapted from Ayatollahi MR, Akbardoost 

J., 2014) 

Stress components near crack tip under mode I loading  

 

„  
Ѝ
ÃÏÓ ρ ÓÉÎ ÓÉÎ                              (2.2) 

               

„  
Ѝ
ÃÏÓ ρ ÓÉÎ ÓÉÎ                              (2.3) 

 

†  
Ѝ
ÃÏÓÓÉÎ                             (2.4) 

 

„ π for plane stress                            (2.5) 

„ z‮ „ „  for plane strain      (2.6) 

†   = 0  †  0                   (2.7)  

crack 
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Displacement components near crack tip under mode I loading 
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Stress components near crack tip under mode II loading 
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„ π for plane stress                      (2.16)                      

„ z‮ „ „  for plane strain     (2.17) 

†   = 0  †  0       (2.18) 

 

Displacement components near crack tip under mode II loading 
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2.3 Elastic plastic fracture mechanics (EPFM) 

Plastic deformation occurs as stress applied surpasses the strength of the material. In some 

materials like ductile steels, plastic region around the crack tip is not negligibly small and 

LEFM approach is not applicable for them. Instead of it, elastic plastic fracture mechanics 

formulas are used for ductile materials. According to EPFM, the material is assumed to 

be elasto-plastic and isotropic. Here, J integral concept is explained as an EPFM criteria. 

2.3.1 Path Independent J integral  

A path independent contour integral denoted as J was discovered by Rice (1968). J 

integral was used for calculating energy required for creating new crack surfaces. The 

contour integral theory can be employed for both LEFM and EPFM approaches. In Figure 

2.3, the contour surrounding crack tip is depicted through Cartesian coordinates of x, y.  

 

Figure 2. 3 Arbitrary contour around the crack tip 

 

J integral formula is denoted by the Equation 2.24. 

J= ᷿ ὡὨώ Ὕz
G

 Ὠί                          (2.24)  

Where; 

G: arbitrary contour around the crack tip beginning from lower flat notch surface up to 

upper notch surface in a counterclockwise direction 
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W: strain energy density 

W= W(x,y)= ᷿ „ Ὠz‐
G

 

Ti: components of traction vector based on outward normal along G. 

Ti: „ ὲz 

„  : stress tensor 

‐ : strain tensor 

ui: the components of displacement vector 

nj: components of unit outward vector normal to contour defined as G 

ds: differential arc length of contour G 

In next section, mode I fracture toughness testing background with different specimen 

geometries and testing methods is summarized. The specimens used for testing are 

divided into three types of geometry which are bending, Brazilian disc and pre-cracked 

Brazilian disc.  

2.4 Fracture testing with bending type specimens 

Bending tests are commonly used to inspect mode I failure of brittle rocks. For three-

point and symmetric four-point bending tests, rectangular beams are used while for semi-

circular disc and straight notch disc bending tests, either disc or half disc shaped 

geometries are necessary. Semi-circular disc and straight-notched disc geometries are 

rather new geometries loaded by bending until fracturing. In all these specimens, an edge 

crack at lower boundary is constructed through the center of geometry with a wire saw. 

For test set-up, two rollers as support points underneath the specimen are put at the same 

distance from the crack. Another roller is mounted to the upper center of the specimen.  
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2.4.1 Three-point bending test  

Srawley (1976) proposed the mode I stress intensity factor solution with a polynomial 

expression in terms of crack length (a), width (W), span length (S), applied concentrated 

load (P).  As he stated, this solution is used for many purposes including fatigue crack 

growth due to broad range of a/W ratio from 0 and 1. However, according to ASTM E399 

standard, Srawley noted that a/W ratio should be within the range of 0.45 and 0.55 to 

measure more reliable and accurate mode I stress intensity factors. Besides this 

restriction, this solution becomes valid for the condition of S/W=4.  

Srawley stated this formula as below 

ὑὄЍὡ Ȣ

ὖ
 
σz

Ὓ
ύЍὥ ρȢωω

ὥ
ὡ ρ

ὥ
ὡ ςȢρυσȢωσȢ

ὥ
ὡ ςȢχ

ὥ
ὡ

ς ρ ς
ὥ
ὡ ρ

ὥ
ὡ

Ⱦ
 

(2.25) 

KI: mode I stress intensity factor 

P: applied concentrated load  

ὣ (a/W): mode I dimensionless stress intensity factor  

B: thickness of test specimen 

W: depth of test specimen 

S: span length  

a: crack length 

a/W: dimensionless crack length 

Tada et al. (2000) expressed Srawleyôs formula with another form. 
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KI ὣὥȾὡ  „zz Ѝ“z ὥȟ    „
Ȣ
ȟ   ὓ

ᶻ
 

(2.26) 

for  
 

 1 and 
 

 4,   

YI (a/W)   =
Ȣ Ȣ Ȣ Ȣ Ȣ

Ѝ   Ⱦ
 

(2.27) 

KI =
ᶻᶻ

ᶻᶻ
ὣz Ѝz“z ὥ 

(2.28) 

Where; 

M: moment  

„: tensile stress 

2.4.2 Symmetric four -point bending test  

According to ASTM C 1421-16 (2001), four-point bending fixture for fracture test is 

given under suggested test fixture procedures in the Annex ïA1 as seen in Figure 2.4. 

Stress intensity factor solution (KI) proposed by ASTM C 1421 (2001) for four-point 

bending model is presented below. This formula is valid within the range of 0.35 

a/W 0.6. Moreover, according to ASTM C 1421-16 (2001), outer span length to inner 

span length ratio (ὛȾὛ) must be ideally taken as 2. 
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Figure 2. 4 View of four-point bending test set-up  

KIPB= ὣᶻ
ᶻ

ᶻ Ⱦ *
ᶻ Ⱦ

ᶻ Ⱦ
 

 (2.29) 

ὣ ὣ ρȢωψψχρȢσςφz
Ȣ Ȣ ᶻ Ȣ ᶻ

 
ᶻ ᶻ

    

(2.30) 

Here, 

KIPB: mode I stress intensity factor under four-point bending test 

P: applied concentrated load 

B: thickness of test specimen 

W: depth of test specimen 

SO: outer span length of test specimen 

SI: inner span length of test specimen 

a/W: dimensionless crack length  

ὣ: mode I dimensionless stress intensity factor 
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2.4.3 Semi-circular bending test 

Semi-circular bending (SCB) method, namely Straight notched semi-circular bending 

method was suggested by Chong and Kuruppu in 1984. Both load line displacement 

(Chong and Kuruppu, 1984) and fracture toughness computations (Chong et al., 1987) 

were provided. They performed finite element analysis for limited range of crack lengths 

and span lengths. Lim et al. (1993) conducted an extensive numerical analysis for a broad 

range of crack length, span length and mixed-mode stress intensity factors. 

As seen in Figure 2.5, the SCB specimen is subjected to three-point bending loading. SCB 

disc contains a straight edge notch. It can be machined with a chevron notch instead of 

straight notch because of the easiness in machining and high stress concentration causing 

stable crack growth and less fracture process zone (FPZ), (Ayatollahi, 2013).   

 

 

Figure 2. 5 Three-point loading (a) and crack line (b) configuration of semi-circular 

specimen (Adapted from Ayatollahi et al., 2016) 

 

The SCB method is recommended due to simplicity in preparation of specimen, 

laboratory set-up, test procedure, only applicability to wide range of rocks, less machining 

and small size amount of material requirement, (Lim et al., 1994). Moreover, it is proper 



21 

 

for mixed mode, mode I and mode II loading modes. Mode I fracture toughness value can 

be computed by using the formula in Equation 2.31 (Kuruppu et al., 2015).  

 

     ὑ
 zЍ
 ὣ ȟ)      (2.31) 

Where; 

KI : mode I stress intensity factor 

P: applied concentrated load  

a: crack length  

R: radius of test specimen 

B: thickness of test specimen 

S: half of span length 

ὣ : dimensionless stress intensity factor based on a/R and S/R (Lim et al., 1994) 

ὥȾὙ: dimensionless crack length 

YI is given in Equation 2.32 by Lim et al. (1994) below. This formula is valid for 0.1 

a/R  0.8 and S/R=0.8.  
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(2.32) 

Lim et al. (1993) studied the influences of a, S, — over SIF evaluation of SCB geometry 

using the numerical models. In this work, SCB geometry with dimensionless span length 

varying between 0.5 and 0.8 and dimensionless crack length varying between 0.1 and 0.8 

was used. Considering these limits, when half of span length (S) to radius ratio decreases, 

pure mode II SIF becomes dominant. Likewise, ὣ reduces with KIC when the parameters 

of a and — increase. In addition, numerical results show that shorter crack lengths are 

preferred because of less variation in KIC values than longer crack lengths.  
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In Funatsu et al.ôs study (2015), Kimachi sandstone located in Japan was tested under 

three- point loading. These semi-circular specimens with a straight crack had 100 mm 

diameter and 25 mm thickness. By using diamond saw with the thickness of 0.3 mm, a/R 

ratio were adjusted for the cases of 0.3, 0.4, 0.5 and span length to radius ratio of 0.8 was 

kept constant in each specimen. 

In Wei et al.ôs experiments (2015), test specimens including five granites and five 

sandstones were tested for S/R =0.8. They were 30 mm in thickness and 36.5 mm in 

radius.  The range of a/R ratio was kept between 0.36 and 0.4 and at S/R=0.8. Related 

mode I fracture toughness values were listed in Table 2.1. 

 

Table 2. 1 Mode I fracture toughness values with SCB testing method 

Material Type KIC (MPaЍ□ ) Source 

Dazhou Sandstone 0.56 Wei et al. (2015) 

Qingdao Granite 0.87 Wei et al. (2015) 

Granite 0.68 Chang et al. (2002) 

Marble 0.87 Chang et al. (2002) 

Limestone 0.68 Khan and Al-Shayea (2000) 

Ankara Andesite 0.94 Tutluoglu and Keles (2011) 

Johnstone (synthetic mudstone) 0.06 Lim et al. (1994) 

Sandstone 0.27 Singh and Sun, 1990  

 

2.4.4 Straight notched disc bending test  

Straight notched disc bending (SNDB) method was initially proposed by Tutluoglu and 

Keles (2011) to measure mode I fracture toughness value of rock materials and concrete, 

etc. SNDB specimen has a circular plate type geometry with a straight notch subjected to 

three-point bending loads as seen in Figure 2.6.  
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This method presents many advantages such as easy specimen preparation, simple test 

procedure, smaller fracture process zone (FPZ) size, and thickness-based variable 

stiffness which is an advantage in specimen size effect investigations. 

 

 

Figure 2. 6 Straight notched disc bending (SNDB) specimen geometry under three-point 

loading 

Tutluoglu and Keles (2011) computed dimensionless stress intensity factors and 

measured fracture toughness with SNDB method. They were estimated by changing 

significant geometrical parameters containing dimensionless crack length (a/t), 

dimensionless thickness (t/R), dimensionless span length (S/R).  

Mode I dimensionless stress intensity factor was represented by the Equation 2.33.  

  ὣ =
 Ѝ

   and „  =                                  (2.33) 

Where; 

ὑ : mode I stress intensity factor 

P:  applied concentrated load  

a: crack length  

R: radius of test specimen 

t: thickness of test specimen 
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S: half of span length 

„ : tensile stress  

ὣ: mode I dimensionless stress intensity factor based on a/t, S/R and t/R 

 

Tutluoglu and Keles (2011) proposed two parametric equations for computation of mode 

I stress intensity factors for the specimens within the ranges of πȢρ a/t 0.9, πȢυ t/R 3 

and πȢυ Ὓ/R 0.8. 

 

The linear form of mode I dimensionless stress intensity factor equation strongly depends 

on S/R ratio.  Parameters m and n in the equation are functions of a/t and t/R ratios. 

ὣ ά ὲ                                                 (2.34) 
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          (2.35) 

Second formula composed of fifth order polynomial function with coefficients was 

offered for various t/R ratios. It was found that the increase in disc thickness results in 

higher mode I fracture toughness values. 

2.5 Brazilian disc test background 

In early 1940s, Akazawa (1943) and Carneiro (1943) proposed Brazilian disc test (BDT), 

namely split-tension test to measure tensile strength of brittle rocks and concrete. 

Carneiro worked on a correlation between the uniaxial compressive strength and tensile 

strength („ . In 1978, ISRM suggested a tensile strength measurement method with a 

testing configuration formed by inserting two opposite curved jaws for loading cores 

under compression as seen in Figure 2.7.  
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Figure 2. 7 Indirect tensile strength test configuration of Brazilian disc (Improved 

illustration from ISRM, 1978) 

 

„
ᶻᶻ

                                                         (2.36)                                                                                                            

Where;  

P: failure load 

R: disc radius 

t: disc thickness 

2.5.1 Stress distribution induced by a point load and uniform arc loading  

Prior to use of loading device suggested by ISRM (1978), some loading alternatives were 

evaluated for tensile strength measurement. As seen in Figure 2.8, compressive loading 

was applied by a concentrated load, P at the upper and lower part of thin circular disc 

specimen to measure the tensile strength based on the tension generated indirectly at the 

center of the disc. Related to stress distribution, vertical normal stress, horizontal normal 

stress and shear stress in Cartesian coordinates are expressed by the symbols of  „ , „ , 

„ , respectively. 
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According to Timoshenkoôs theory (1970), there is a linear contact at initial stage of 

diametric compression test and at the loading point, this causes compressive stress go to 

infinity along vertical line. On the other hand, based on Hondrosô approach (1959), when 

time elapses, load ascends and linear contact converts into slightly flat contact area with 

load increase. Although both theories give identical results, slightly flat surface is 

deformed by increasing load. This means that in extreme points along vertical line, 

compressive stress is not infinite (Ćlvarez Fern§ndez et al., 2015). 

 

 

Figure 2. 8 Brazilian disc subjected to concentrated load at upper and lower ends (Ćlvarez 

Fern§ndez et al., 2015) 

 

Based on elastic solution, stress distribution at the center r/R=0 of the disc were given by 

Hondros (1959). Maximum tensile stress was reported to be at the center perpendicular 

to the compressive loading direction; this is where tensile failure occurs. The solution 

included an angle of 2Ŭ and p for circular distribution of concentrated loading at the 
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loaded ends. This was necessary in order to eliminate the effect of crushing problem under 

the concentrated loading in testing practice (Figure 2.9).  

 

Figure 2. 9 Radially distributed compressive load at loaded ends (Ćlvarez Fern§ndez et 

al., 2015). 

For the load distribution adjusted geometry, stress distribution transformed into polar 

coordinates (r, — is given by:  
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„   ( ρ) (2.39) 

„   ( ρ)                                       (2.40) 

p:  
ᶻ

                                                                 (2.41) 

Where;  

P: applied concentrated load 

p: applied pressure 

R: disc radius 

t: disc thickness 

w: projected width over loaded section 

2‌: loading angle in degrees 

r: radial distance from the center of the disc  

—ȡ angular displacement of a point from the center of the disc 

„: radial normal stress  

„: tangential normal stress  

Herein, the pressure along projected width which is flat surface was calculated using the 

parameter of w equal to Dsin‌ and tangential stress along loaded vertical line was found 

as  at the center.  

According to these expressions, when half of loading angle approaches to zero, it is found 

that „, tangential stress and „, radial stress at the center are found equal to   and  

, respectively. In other scenario including half of loading angle tending towards infinity, 
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both of them become . Coming to another case, while R and t tend to zero, 

separately, stress becomes zero. For this condition, t/R ratio was taken as 1 to be able to 

negotiate with the plane strain assumption and simplify the equation by removing the 

uncertainty about the parameters in the calculation. 

After Hondrosô (1959) stress solutions, Cauwellaert (1994) derived the approximation 

displacement formula for the Brazilian disc by applying opposite uniform radial loads 

over arc length of disc. The idea lying behind this loading is the stress transformation 

over arc lengths. 

Wang et al. (2004) adapted the same formula for flattened Brazilian disc specimen by 

considering flat ends instead of opposite circular arc lengths and rearranged closed form 

stress solution of Brazilian disc (BD) by adding Pcos— instead of P as seen in Figure 2.10.   

 

Figure 2. 10 Differential stress and force components in polar coordinates  

Where; 

▀ⱭⱣᴂ =
╟ ╬▫▼ Ᵽ

Ⱬ╡
      (2.42) 
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Ὠ„ᴂ =
  

                                       (2.43)                  

2.5.2 Crack initiation conditions for FBD and BDT methods 

The stress distribution changing with disc geometry induces failure conditions to 

alternate.  According to Griffith strength criterion (1924), crack initiation conditions were 

given based on specimen geometry associated with test type as below. 

If 3„ „ π  ,  „ „                                (2.44) 

If 3„ „ π  ,  „                            (2.45) 

When in Brazilian disc method, equalities of 3„ „ π  and „ „ are achieved at 

the center of the disc, tensile crack initiates at the disc center. In other words, rock fails 

at which tensile stress surpasses the tensile strength of rock. 

On the other hand, in Flattened Brazilian disc method, as the conditions of 3„ „ π  

and „  are satisfied at the center of the disc, tensile crack initiates from the 

center.  

2.6 Fracture toughness testing with flattened Brazilian disc test method 

Guo et al. (1993) suggested a mode I fracture toughness-testing method based on 

Brazilian tensile strength testing specimen geometry. With this method, mode I fracture 

toughness (KIC) can be measured without machining a notch or crack.  

Guo et al. (1993) studied the relations between SIF parameters and defined a formula 

between YI, dimensionless stress intensity factor and a/R, dimensionless crack length 

using a numerical integration method. The numerical solution indicated that 

dimensionless stress intensity factor was a function of dimensionless crack length.  
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Guo et al. (1993) changed the loading angles from 5Á to 50Á to display how dimensionless 

stress intensity factor behaves at different crack lengths. According to this, the 

dimensionless stress intensity factor decreases due to expansion of contact area when 

loading angle increases. This causes tensile region narrowing and reducing fracture 

toughness.  

After numerical interpretations, mode I fracture toughness formula for BDT was derived 

as below (Guo et al., 1993).  

KIC ὄ ὖz ὣz       (2.46) 

Where; 

KIC: mode I fracture toughness (MPaЍά ) 

B: the constant dependent on geometry of the specimen 

B:
Ѝ ᶻᶻᶻЍ

  

Pmin: local minimum load 

D: disc diameter 

R: disc radius 

t: disc thickness 

YI ( ȡ dimensionless stress intensity factor 

a: half of crack length 

a: half of loading angle (in radians) 

a/R: dimensionless crack length 
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„: radial normal stress  

„: tangential normal stress  

In Guo et al.ôs method (1993), there were a number of discrepancies such as: it did not 

guarantee crack initiation at the center and crack propagation along vertical axis of 

diameter and did not explain how loading angle controls where the crack initiates (Wang 

and Xing, 1999). Uniform arc loading presumed in the calculations was difficult to 

practice and wrong selection of domain led to inconsistent SIF results for center cracked 

problems. 

In pursuit of a better method, Wang et al. (2004) developed a Flattened Brazilian disc 

(FBD) method to overcome the shortcomings of Brazilian disc test (BDT) suggested by 

Guo et al. (1993). In Figure 2.11, the geometry proposed for this method was 

demonstrated and opposite curved surfaces with the same flattened end width (2L) are 

constructed to maintain easy loading and guarantee crack initiation at the disc center by 

discarding crushing problem at contact points.  

 

Figure 2. 11 The geometric representation of Flattened Brazilian disc (Keles and 

Tutluoglu, 2011) 
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Dashed line in Figure 2.11 shows where the crack formation occurs during loading. 

Wang et al. (2004) derived a formula for mode I fracture toughness of FBD geometry as 

given in equation 2.47.  

         KIC=
ᶻ

Ѝz
      (2.47) 

Where; 

KIC: mode I fracture toughness (MPaЍά ) 

P: applied concentrated load (N) 

Pmin: local minimum load (N) 

ὣ: dimensionless stress intensity factor 

ὣ  = maximum dimensionless stress intensity factor 

R: disc radius (mm) 

D: disc diameter (mm) 

t: disc thickness (mm) 

L: half of flattened end width (mm) 

2a: loading angle in radians 

a: half of crack length (mm) 

ac: half of critical crack length (mm) 

a/R: dimensionless crack length 

In Table 2.2, the results of fracture toughness tests applied by Guo et al. (1993) were 

given. In these tests, six specimens including sandstone, varied colored limestone, 
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different coarse-grained marbles were used to determine fracture toughness. In addition, 

chevron test suggested by ISRM and Guo et al.ôs BDT results (1993) were found rather 

close to each other. To illustrate, KIC values of sandstone, grey limestone subjected to 

chevron bend test resulted in 0.68 MPaЍά, and 1.85 MPaЍά, while corresponding 

values were obtained as 0.67 MPaЍά and 1.58 MPaЍά under Brazilian disc test.  

 

Table 2. 2 Mode I fracture toughness values with FBD geometry 

Material Type KIC (MPaЍ□) Source 

Sandstone 0.67Ñ0.05 Guo et al. (1993) 

White limestone 1.38Ñ0.2 Guo et al. (1993) 

Grey limestone 1.58Ñ0.16 Guo et al. (1993) 

Fine-grained marble 1.00Ñ0.07 Guo et al. (1993) 

Coarse-grained marble 1.12Ñ0.19 Guo et al. (1993) 

Basalt 3.01Ñ0.49 Guo et al. (1993) 

Chalk 1.15 Ñ 0.15 Proveti and Michot (2006) 

Granite 1.29Ñ0.16 Chang et al. (2002) 

Marble 0.99Ñ0.16 Chang et al. (2002) 

 

A valid Brazilian type (FBD) mode I fracture test should have a central crack forming 

during the load application. Crack is supposed to be in line with the direction of applied 

boundary loading. Crack presumably propagates in a stable manner with a decrease in the 

applied concentrated load P and this part is associated with a negative slope of load-

displacement plot. Load drop continues for a while.  Then, with a positive slope, applied 

load shows an increase until disc is completely split into two halves. It must be ensured 

that cracking does not begin under the loading platens.  
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In experiments conducted by Wang and Xing (1999), the FBD methods were compared 

with CCNBD suggested by ISRM (Fowell, 1995). According to this, KIC value of 

Chongqing limestone was found as 1.25 MPaЍά for FBD method whereas KIC value of 

same rock type for CCNBD test was obtained as 1.26 MPaЍά. It was seen that there was 

a close relationship between the results of both test types. In extensive study of  Tutluoglu 

and Keles (2011), FBD fracture toughness results were found as 1.40 MPaЍά for 

andesite and 1.12 MPaЍά for marble while KIC value of andesite was 1.45 MPaЍά for 

CCNBD tests. 

Wang and Xing (1999) made efforts to determine the range of optimum loading angle by 

applying a boundary element method. Wang and Xing found that the loading angle of 2Ŭ 

required to initiate crack at the center should be greater than 19.5Á. Later, Wang and Wu 

(2004) computed this critical loading angle (2Ŭ) as 20Á by using finite element method 

and in Kaklis et al.ôs finite element models (2005), this angle was calculated as 15Á. 

Optimum loading angle for mode I fracture toughness was found within the range of 20Á 

and 30Á (Huang et al., 2014 and Wang et al., 2004). 

In stress analysis conducted by Keles and Tutluoglu (2011), while loading angle of 10Á 

and 12Á less than 14Á gave normalized equivalent stress higher than 1, the angle more 

than 14Á resulted in smaller than 1. These results emphasize that the crack initiation 

occurs out of disc center for the angle lower than 14Á. According to these findings, too 

small flattened length is expected to yield unreliable fracture toughness result. 

2.7 Fracture toughness testing with cracked Brazilian disc geometry  

Tension failure of cracked Brazilian disc type specimens under compressive loading is 

induced at the tip of central crack. Then, the crack propagates along diametric line parallel 

to loading direction to initiate mode I failure.  
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For initial crack, a wire saw is used for central cracks inside disc. The shape, direction, 

location, sharpness and machining of the crack influence stress concentration developed 

from the crack tip. Although pre-cracking stage is a critical and demanding operation, 

these cracked methods are preferred due to simpler test set-up and specimen preparation, 

compared to those of CB (chevron bend) test and SR (short rod) tests. 

2.7.1 Cracked straight through Brazilian disc (CSTBD) test 

The cracked straight through Brazilian disc (CSTBD) is a circular specimen containing a 

central crack subjected to compressive loading to determine mode I, mode II and mixed 

mode fracture toughness of rocks. Firstly, Libatskii and S.E.Kovchik (1967) developed 

an analytical solution for CSTBD geometry to investigate the mode I fracture toughness. 

Secondly, Awaji and Sato (1978) used this specimen to indicate mode I, mode II and 

mixed mode fracture toughness of graphite, plaster and marble. Later, Atkinson et al. 

(1982) derived the SIF solutions for Brazilian disc with a straight through crack (STC) 

aligned at any direction. This method enables different modes of loading on the same test 

conditions by changing the direction of crack inclination angle. 

As illustrated in Figure 2.12, inside a Brazilian disc, a straight through crack is opened 

from the center by a means of drill bit and wire saw based on crack orientation. This pre-

cracked specimen is compressively loaded along its core diameter using the platens.  
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Figure 2. 12 Brazilian disc with a straight through crack (STC) with crack inclination 

angle 

 

Mode I and mode II stress intensity factors for CSTBD specimens containing both 

inclined cracks and straight through cracks (STC) were determined by using these 

equations proposed by Atkinson et al. (1982) as below.  

ὑ
Ѝ

Ѝ
ὣ                                                   (2.48) 

  ὑ
Ѝ

Ѝ
ὣ                                                 (2.49) 

Where;  

ὑ : mode I stress intensity factor 

ὑ : mode II stress intensity factor 

P: applied concentrated load (N) 

R: disc radius (mm) 

ὄ: disc thickness (mm) 
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ςὥ: crack length (mm) 

— : crack inclination angle 

‌ : dimensionless crack length  

ὣȡ mode I dimensionless stress intensity factor  

ὣ: mode II dimensionless stress intensity factor  

The dimensionless stress intensity factor equations based on Ŭ and — presented below are 

valid for the condition of a/R πȢσ. According to this, more reliable fracture toughness 

results were obtained from Atkinsonôs experiments upon PMMA specimens at short crack 

lengths. Also, Krishnan et al. (1998) studied upon crack inclination angle to obtain pure 

ὣ and found it as 29Á at a/R=0.145 when ὣ=0. 

ὣȡρ τίὭὲ— τίὭὲ—ρ τὧέί—
ὥ

Ὑ
 

                                                 (2.50) 

ὣȡς ψὧέί— υ
ὥ

Ὑ
ίὭὲς— 

           (2.51) 

Fowell and Xu (1993) provided the ὣ solution (Equation 2.52) with a best-fit  polynomial 

function valid for the wide range of 0.05ὥȾὙ πȢωυ.  

ὣȡ πȢπσυτςȢπσωτ‌ χȢπσυφ‌ ρςȢρψυτ‌ ψȢτρρρ‌ σπȢχτρψ‌

       ςωȢτωυω‌ φςȢωχσω‌ φφȢυτσω‌ ψςȢρσσω‌ χσȢφχτς‌

χσȢψτφφ‌ ) 

           (2.52) 
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2.7.2 Cracked chevron notched Brazilian disc (CCNBD) test  

Shetty et al. (1985) developed a new method called as cracked chevron notched Brazilian 

disc method (CCNBD) and applied it to determine fracture toughness of three ceramics 

by adapting SIFôs solutions of CSTBD specimen to chevron notched discs. In 1995, 

ISRM recommended CCNBD specimen as an ideal specimen for fracture toughness 

measurements under mode I, mode II and mixed mode loadings. Advantages of the 

proposed test are higher failure loads, larger tolerance against machining error, easier test 

procedure and less variation in results due to the notch type (ISRM, 1995). 

Geometry of CCNBD specimen depicted in Figure 2.13 is transformed into dimensionless 

parameters represented as below.  

 

Figure 2. 13 CCNBD specimen and test configuration (Fowell et al., 2006) 

Where; 

‌ ὥȾὙ 

‌ ὥȾὙ 

‌ ὄȾὙ 

‌ ὈȾὈ      
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Restrictions related to geometric parameters of CCNBD test and valid range for ‌ȟ‌ 

and ‌  parameters were presented below and in Figure 2.14. 

πȢς ‌ πȢσ 

πȢτ ‌ πȢψ 

‌ ‌Ⱦς 

‌ ρȢπτ 

‌ ρȢρχςωz‌Ȣ  

‌ πȢττ 

 

Figure 2. 14 Valid range of ‌ and ‌  parameters 

Chevron notch is constructed with two circular cuts from symmetric faces at the center 

of Brazilian disc along the same diametrical cutting plane by using diamond saw. The 

cutting depth is determined based on radius and the dimensionless geometric parameters 

such as Ŭ0, Ŭ1 or ŬB (Chang et al., 2002). Also, the cutting depth should be identical for 

both cuts. After specimen preparation, compressive loading is simply applied over the 

specimen by plate along straight through crack line.  
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The mode I fracture toughness and minimum dimensionless stress intensity factor 

solutions were expressed as below (ISRM, 1995).  

ὑ  
Ѝz

*ὣ                                               (2.53) 

ὣ = όz Ὡᶻ                                                  (2.54) 

 

KIC: mode I fracture toughness (MPaÕm) 

Pmax: failure load (N) 

B: thickness of disc (mm) 

D: diameter of disc (mm) 

Ymin* : minimum dimensionless stress intensity factor  

The constants of ό and dna ‌ fo seulav eht no dneped ‮ ‌ . 

In Chang et al.ôs work upon granite and marble, CCNBD specimens having 75 mm and 

54 mm in diameter and 15-35 mm in thickness were investigated for the size effect on 

fracture toughness. For specimen preparation, the cutting machine used for opening a 

chevron notch had a diamond saw with a diameter of 50 mm and a thickness of 0.8 less 

than 1.5 mm upper limit suggested by ISRM. 

KIC results of CCNBD experiments by some researchers are tabulated for various rocks 

in Table 2.3. 
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Table 2. 3 Mode I fracture toughness values by CCNBD tests 

Material Type KIC  (MPaЍ□ ) Source  

Barre granite 1.38ᴜ πȢπφ Iqbal and Mohanty (2006) 

Laurentian granite 1.38ᴜ πȢπσ Iqbal and Mohanty (2006) 

Stanstead granite 1.05ᴜ πȢπχ Iqbal and Mohanty (2006) 

Granite  1.35 0.06 Chang et al. (2002) 

Marble 1.06 πȢπψ Chang et al. (2002) 

Dolerite 1.43 0.03 Dwivedi et al. (2000) 

Agglomerate 1.32 0.05 Dwivedi et al. (2000) 

Basalt 1.51 0.06 Dwivedi et al. (2000) 

Fine grained Sandstone 0.24 0.01 Dwivedi et al. (2000) 

Limestone 0.79 0.01 Dwivedi et al. (2000) 

Dolomite 1.09 πȢπ1 Dwivedi et al. (2000) 

Quartz-mica Schist 1.27 0.02 Dwivedi et al. (2000) 
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CHAPTER 3 

 

 

3. FINITE ELEMENT PROGRAM AND NUMERICAL MODELLING OF 

FBD GEOMETRY  

 

 

 

The majority of engineering problems is solved by partial differential equations due its 

complexity (e.g. geometry, boundary conditions, etc.). To find approximate solution of 

them, finite element method (FEM) is used for different geometries (e.g. stress intensity 

factors). ABAQUS software licensed to the Middle East Technical University users is a 

powerful finite element package to handle fracture mechanics applications.  This software 

package is used to compute stress intensity factors of specimen geometries employed in 

this research. ABAQUS is selected to interpret the models adapted from fracture 

mechanics problems according to the outputs of stress, strain and displacements. From 

the numerical models, mode I, mode II and combined mode stress intensity factors of 

various geometries are computed. 

Higher accuracy and convergence for solutions are achieved by increasing number of 

mesh elements in this program. It is known that as the number of elements and nodes in 

mesh increase the solution accuracy rises. However, the higher computation time is 

required based on the problem type and geometry. A detailed mesh optimization work is 

conducted to increase accuracy of KI and acn computations.  Overall specimen geometry 

mesh and special crack tip mesh parameters are varied for the optimization.  
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3.1 The program structure of ABAQUS 

ABAQUS analysis modules are divided into two groups including ABAQUS/Standard 

and ABAQUS/Explicit which consist of complementary and integrated tools. 

¶ ABAQUS/Standard : general-purpose, FE module 

¶ ABAQUS/Explicit : explicit dynamics, FE module 

¶ ABAQUS/CAE : combination of analysis modules into a complete ABAQUS 

environment for modelling, managing and monitoring analysis and visualizing its results 

¶ ABAQUS/Viewer: forming output database through the files containing extension 

.odb to interpret (ABAQUS 6.14-1 Documentation, 2014) 

3.1.1 The assignment description of ABAQUS Modules 

In this part, some modules such as part, property, etc. are introduced to generate the model 

in ABAQUS software. Within these modules described below, a logical sequence is 

followed prior to submit the model into program for being interpreted.  

In part module, a new geometry is constructed by selecting proper shape such as 

rectangle, circle and so on from the related options and in this module, partitions are 

created. Moreover, number of part can be increased based on the needs.  

In property module, necessary material properties of the part are identified. Related 

module presents many material options listed as elasticity, plasticity, Mohr-Coloumb 

plasticity, clay plasticity, Drucker Prager and so on. In subsequent step, section should be 

assigned to the part. In assembly module, parts and instances are defined and entire model 

including instances is formed by adjusting the location of parts with respect to coordinate 

system (ABAQUS 6.14-1 Documentation, 2014). 

In step module, a sequence of analysis steps is created and can be edited depending on 

loading, boundary conditions, analysis procedure. Moreover, the specifications about 
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steps can be changed upon whether analysis is linear or nonlinear. In fact, number of steps 

and its specifications are influenced by the mechanical behavior of problem.   

To get desired outputs related to steps, output requests are obtained from selected output 

request type. Output requests are divided into two groups which are History Output and 

Field Output requests. While outputs can be acquired for entire model or specific region 

from Field Output request, those related to a specified node can be taken from Field 

Output request. 

In load module, a number of loads such as the concentrated and distributed load can be 

applied with the desired boundary conditions.  

In mesh module, mesh elements are created for the parts or instances by using specific 

mesh techniques. Moreover, element types, shapes, mesh quality and seeding are assigned 

inside this module. 

In interaction module, interactions including surface to point, surface to surface and point 

to point can be generated. Also, connections are defined between two deformable bodies 

and between one deformable and rigid body. Other interactions are made by using some 

constraints such as tie and coupling.   

In job module, after essential processes within model are completed, entire model is 

submitted as a job. Errors and warnings about the job are obtained from monitoring 

option. 

In visualization module, deformation outputs restored to output database are shown by 

means of contour, vector and X-Y graphics through viewports.  

In sketch module, a two dimensional profile is built to form geometry prior to describe a 

native form of ABAQUS part. 

 



46 

 

3.1.2 The descriptions of general terms and notation used in ABAQUS 

This part identifies common terms and notation utilized in FEM analyses. Basic terms are 

seeding, partitions and degree of freedoms. The degree of freedoms (dofs) are the number 

of independent coordinates needed to define location of body and divided into two groups 

including both rotations and displacements. ABAQUS defines six dofs in terms of 

displacements as u1, u2, u3 along the directions x, y, z and rotations as ur1, ur2, ur3 around 

the x, y, z axes, respectively. The restrictions along these components can be applied upon 

faces, lines and edges. 

Partitioning is to divide model region by creating supplementary internal lines, edges and 

faces. This facilitates to control the movement of the model by implementing necessary 

loads, boundary conditions and couplings. By this method, meshing quality and solution 

accuracy is enhanced since it can adjust mesh intensity by focusing on critical regions. 

Also, partitions can manage the seeding operation in a more qualified. Seeding is to assign 

nodes depending on discretization of boundary and to adjust the number of nodes upon 

lines or faces. By increasing number of nodes, mesh refinement is maintained for mesh-

sensitive regions. Thus, seeding and partitioning procedure is shown in Figure 3.1. 

 

 

Figure 3. 1 Half of flattened Brazilian disc with partitions and seeds in 2D plane strain 
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3.1.3 Crack modelling procedure and related terms in ABAQUS Software 

ABAQUS software introduces some parameters widely used in the field of linear elastic 

fracture mechanics. These parameters are denoted as seam crack, crack front or cell, crack 

tip or line, crack extension direction, singularity elements assigned at crack tip and crack 

propagation direction in terms of angle (̄).   

There are two types of cracks defined as seam cracks and notches, namely blunted cracks. 

Seam crack is represented with a virtual edge and plane having zero thickness as seen in 

Figure 3.2 and Figure 3.3. This crack type is enclosed by the region; however, it tends to 

open when loaded. In this study, closed region refers to contour integral region in 2D 

space. Crack front, crack tip, crack extension direction, singularity elements at crack tip 

are assigned in this region.  

 

 

Figure 3. 2 The representation of two-dimensional seam crack (ABAQUS 6.14-1  

Documentation, 2014) 
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Figure 3. 3 The representation of three-dimensional seam crack (ABAQUS 6.14-1 

Documentation, 2014) 

 

After seam crack is indicated, crack front is selected as the first circle surrounding the 

crack tip. While crack front becomes circular plane in 2D space, the cell replaces in 3D 

space. Thus, as observed in Figure 3.4 and Figure 3.5, contour integral calculation occurs 

between the first contour and the outmost contours. Within 3D crack front, contour 

integral is calculated for each node along the crack line.  

 



49 

 

 

Figure 3. 4 Two-dimensional crack front and successive contour integral regions 

surrounding the crack tip (ABAQUS 6.14-1 Documentation, 2014) 

 

 

Figure 3. 5 Three-dimensional crack front and contour integral calculation region 

(ABAQUS 6.14-1 Documentation, 2014) 
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Crack extension direction shows in which direction the crack starts to propagate during 

loading. In ABAQUS, it is represented by q vector which is a unit vector parallel to crack 

extension.  

Another issue about the crack modelling is the stress state at the crack tip corresponding 

to stress singularity. Stress concentration occurs around sharp edges such as cracks, 

notches due to the influence of far field stresses.  At the crack tips, stresses accumulated 

rise towards infinity and become singular. To calculate it precisely, the relation of square 

root singularity is used for linear elastic brittle materials. In order to create square root 

singularity, second-order elements are used at the crack tip since first-order elements 

ignores the mid-side nodes and so mid-side nodes are preferred for accuracy. In elastic 

case, mid-side node moves to 0.25 of the distance between native nodes (Figure 3.6). 

Therefore, these collapsed elements at the singularity are created by eliminating single 

node or duplicate nodes to be able to extend the crack. The collapsing of 2D elements at 

the crack tip is illustrated in Figure 3.7. 

 

Figure 3. 6 Singularity option at crack tip for 2D and 3D linear elastic region  
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Figure 3. 7 Single-sided collapse of second-order quadrilateral elements at the crack tip 

(ABAQUS 6.14-1 Documentation, 2014) 

 

After seam crack and contour integral region are specified, stress intensity factors KI and 

KII  are computed in the contour integral region. The crack propagation direction (CPD) 

at initial condition is made available as a result of contour integral computation. In this 

study, maximum tangential stress (MTS) is preferred to compute CPD angle —. Related 

formula is given in Equation 3.1.  

— ὧέί  )                                        (3.1) 

 

CPD angle which makes KII value to be zero. CPD angle is calculated based on crack line. 

For pure mode I state, KII value is supposed to be zero. In this case, crack propagation is 

in the straight direction along the crack plane and — is found as zero. If KII >0, — becomes 

less than zero. In contrast, if KII <0, — becomes greater than zero. This angle is determined 

from q vector and normal vector n. 
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3.2 Numerical modelling of FBD geometry 

Numerical modeling is performed to compute mode I stress intensity factor and to 

investigate the characteristic parameters related to the FBD geometry. For the modelling 

work, ABAQUS v12 package is used to simulate the numerical models of FBD 

geometries.  The variation of KI value with loading angle and acn/R value is analyzed.  

Mesh convergence study is required to reach the reasonable outcomes for varying loading 

angles. Approximately 150 models with varying flat loading end widths are run. After 

completion of mesh convergence study, best fitted equations for KI and acn/R based on 

loading angle are explored. The loading angle range applied is expanded from 2̄ to 50̄  

to derive a reliable KI.  

3.2.1 Model generation  

Two-dimensional plane strain modelling is applied. In the initial trials, diameter and 

loading angle are selected as 75 mm and 20,̄ respectively to check the accuracy of the 

modeling work. This loading angle is chosen since it stays within the optimum range 

between 20̄ and 30̄ (Wang et al, 2004). In addition, accurate boundary conditions with 

the loading are applied to investigate pure tensile effect upon FBD geometry. The 

concentrated load of 1000 N is implemented from the bottom layer of the specimen 

through +y direction. The results are verified at different crack lengths for this angle. 

Related FBD geometry is shown in Figure 3.8 and related dimensions are listed in Table 

3.1. As illustrated in Figure 3.8, the half of crack length (a) is 22.5 mm and the half 

loading angle (a) is taken as 10̄.   
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Figure 3. 8 Dimensions of FBD geometry 

 

Table 3. 1 Dimensions of FBD geometry 

Dimensions Value 

R 37.5 mm 

a 10Á 

a 22.5 mm 

L 6.51 mm 

 

Boundary conditions for FBD modeling are summarized in Table 3.2. FBD model is fixed 

at the flat top boundary along y-direction.   Upper boundary center is fixed in x-direction. 

The load of 1 kN is applied from the flat bottom boundary along y-direction with a 

reference point. Reference point transfers concentrated load as an uniformly distributed 

load along flat bottom boundary and is coupled at +y-direction. There is no displacement 

constraints applied along the crack plane. Elastic Modulus (E) and Poissonôs Ratio ((‮ 
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are used as 12 GPa and 0.15, respectively based on the work by Tutluoglu and Keles 

(2011) on a similar andesite material. These elastic properties do not affect the KI 

computations anyway, since Rice J-integral used in contour integral computations of SIFs 

is a path independent scalar work based entity.  

Table 3. 2 Boundary Conditions of FBD test geometry 

Boundary Condition Application Points Fixed DOF 

B.C. 1 Upper central point u1=0 

B.C. 2 Upper flattened length u2=0 

B.C. 3 Lower flattened length u1=0 

B.C. 4 RP1 u1=0, u3=0 

 

 

Figure 3. 9 Boundary conditions and loading configuration of FBD geometry 
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In mesh generation of the model, the most crucial part includes meshing of the whole 

body. Meshing is the combination of contour integral region surrounding the crack tip 

and the resting body. According to this, the elements around crack tip are assigned by the 

singular elements to compute singular stresses accumulated at the tip of crack (Wang et 

al., 1977). These elements are signified by the factor of „*
Ѝ

  as performed in element 

library of ABAQUS Software. 

In models assigned with cracks, meshing process mostly suffers from the size of contour 

integral region, because extremely large or small size of contour integral region creates 

wrong SIF values. According to the suggestions made by ABAQUS Userôs Manual 

(2014), 16 contour integrals are signified for the outmost contour integral region 

including the radius of 2 mm. The singular stresses start to be calculated from the 

innermost contour integral region with the radius of 0.25 mm. Within this region, swept 

mesh is applied whereas the rest is subjected to structured mesh. During this process, 

80000 mesh elements are employed and element type is selected as CPE8R. This element 

type is expressed as quadratic, plane strain reduced integrated. At each crack tip, 612 

quadrilateral elements are found to calculate the mode I stress intensity factor. 
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Figure 3. 10 Contour integral region with partitions around the seam crack of FBD 

geometry  

 

 

Figure 3. 11 Seeds and meshing surrounding the contour integral region  
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In Figure 3.12, un-deformed and deformed shape of the overall FBD specimen geometry 

subjected to symmetric compressive loading at flat ends is illustrated.   

 

Figure 3. 12 Un-deformed (left view) and deformed (right view) shape of the overall FBD 

specimen geometry under loading  

 

In Figure 3.13, it is seen that yielding occurs in tension, since Von mises stress values are 

positive. High stress gradients are seen at the corners under compressive loading and they 

expand from the crack tip to the flat loading boundary. 

 

Figure 3. 13 Potential yielding zone developed from crack tip towards the loaded flat 

boundaries 






































































































































































