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ABSTRACT 

 

 

DETERMINATION OF ROUGH SURFACE CONTACT  

STIFFNESS COEFFICIENT 

 

 

Yıldırım, Emine Gülşah 

M.Sc., Department of Mechanical Engineering 

Supervisor: Prof. Dr. Metin Akkök  

 

September 2017, 98 pages 

 

In this thesis, the resistance against deformation under the effect of loading, which is 

simply called as stiffness, is investigated for the contacting bodies. The contact stiffness 

at mixed lubrication regime is tried to be found for line contact. Because of the mixed 

lubrication regime, the overall contact stiffness is investigated in two major parts as 

asperity stiffness and oil film stiffness which are considered to be connected in parallel in 

a spring model. Also, overall stiffness is calculated by regarding the contribution ratios of 

the asperity and oil stiffness.  

In this study, Greenwood and Williamson (GW) approach is taken as baseline to determine 

the contacting pressure. Despite GW model is based on symmetric surface roughness 

distribution using Gaussian function, the approach of the GW is converted to Weibull 



vi 
 

distribution to take into consideration asymmetric surface roughness where the skewness 

range is more convenient -1 < Sk < 1. Hence the loading and deformation can be defined 

for both symmetric and asymmetric height distributions. Thus, the contact stiffness is 

calculated for mixed lubrication regime. 

After analysis, it is found that contact stiffness is inversely proportional to speed and 

proportional to loading. Moreover, it is found that the non – dimensional total contact 

stiffness is almost independent of non – dimensional speed for small values of skewness. 

However, in the transition region as the skewness increases, a decrease in contact stiffness 

is observed. Besides, the film thickness between the contacting bodies is constant for 

different skewness values in the boundary lubrication regime and increases with speed in 

the mixed and hydrodynamic lubrication regime. The film thickness decreases as the 

skewness increases from negative values to positive values. 

 

Keywords: Weibull function, skewness, contact stiffness coefficient, mixed lubrication, 

line contact. 
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ÖZ 

 

 

TEMAS EDEN PÜRÜZLÜ YÜZEYLERDEKİ DİRENGENLİK KATSAYISININ 

BELİRLENMESİ  

 

 

Yıldırım, Emine Gülşah 

Yüksek Lisans, Makina Mühendisligi Bölümü 

Tez Yöneticisi: Prof. Dr. Metin Akkök 

 

Eylül 2017, 98 sayfa 

 

Bu tezde temas eden yüzeylerde yükleme etkisi altındaki deformasyona karşı direnç yani 

direngenlik araştırılmıştır. Temas direngenliği, karışık yağlama rejimindeki çizgisel temas 

için bulunmuştur. Karışık yağlama rejiminden dolayı toplam temas direngenliği, pürüz 

direngenliği ve yağ direngenliği olmak üzere iki ana kolda incelenmiştir ve temas 

yüzeyindeki direngenlik, paralel bağlı yay modeli kullanılarak ifade edilmiştir. Ayrıca 

pürüz ve yağ direngenliklerinin toplam temas direngenliğine katkı oranı da göz önünde 

bulundurulmuştur. 

Bu çalışmada temas basıncını belirlemek için Greenwood ve Williamson yaklaşımı temel 

alınmıştır. Greenwood ve Williamson modelinde yüzey pürüzlülüğü simetrik olarak kabul 



viii 
 

edilmiş ve Gaussian fonksiyonu kullanmış olmasına rağmen, asimetrik pürüzlü yüzeylerin 

dağılımını göz önüne almak için GW yaklaşımı Weibull dağılımına çevrilmiştir. En uygun 

Weibull çarpıklık aralığı da -1 < Sk < 1 olarak belirtilmiştir. Bu sayede simetrik ve 

asimetrik pürüzlü yüzeylerin her ikisi için yükleme ve deformasyon bulunabilir. Böylece 

karışık yağlama rejimleri için temas direngenliği hesaplanır. 

Analizler sonucunda temas yüzeyi direngenlik katsayısının, hız ile ters orantılı iken 

yüklemeyle doğru orantılı olduğu sonucuna ulaşılmıştır. İlaveten boyutsuz toplam temas 

direngenliğinin, küçük çarpıklık değerlerinde boyutsuz hızdan bağımsız olduğu 

görülmüştür. Buna rağmen geçiş bölgelerinde çarpıklık arttıkça, temas direngenliğinde 

düşüş gözlemlenmiştir. Bunun yanında sınır yağlama rejiminde farklı çarpıklık değerleri 

için temas yüzeyindeki film kalınlığı sabittir. Temas yüzeyindeki film kalınlığı, karışık ve 

hidrodinamik yağlama rejimlerinde hız arttıkça artar. Film kalınlığı negatif çarpıklıktan 

pozitif çarpıklığa geçtikçe düşer.  

 

Anahtar Kelimeler: Weibull fonksiyonu, çarpıklık, temas direngenlik katsayısı, karışık 

yağlama, çizgisel temas. 
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s
 B1 = M1 

E'         : Reduced elastic modulus, 
2

E' = (
1-ν1

2

E1
+

1-ν2
2

E2
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Fw, FA : Dimensionless separation functions of contacting surfaces 
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Fn(t) : Integral of summit height distribution 
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R : Radius of contacting body 

R′        : Reduced radius of curvature, 
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R' =
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R1
+

1

R2
 

Ra : Center line average 

Rq : Root mean square 
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T : Ambient temperature in K 

U̅ : Non-dimensional speed parameter, U̅ = 
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FT

 E' R' Le
 

a : Contact radius for circular point contact 
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CHAPTER 1 

 

 

INTRODUCTION 

 

 

 

1.1. Definition of the Problem 

Contacting surface is a very common concept and many people have searched this title so 

far. Gears, bearings, joints of mechanisms can be considered as examples of contacting 

parts. When two surfaces are in contact, it is possible to have some problems like 

deformation. These problems are the reason of short lives of the machine elements 

although it is desired to use machines for a long time. For this reason, many investigations 

have been performed to study mating regions.   

To analyze contacting surfaces, surface roughness and contacting geometries should be 

taken into consideration. If a surface is examined using sensitive tools, it is observed that 

there are many peaks and valleys, which can also be called as asperities, even if the surface 

looks like smooth. To reduce these irregularities and improve surface smoothness, surface 

finishing operations are applied. However, in real life there is not a perfect geometry in 

spite of high quality surface machining operations. So, when two rough surfaces are in 

contact, real contact area is less than the apparent area. Therefore, some approaches are 

stated to describe contacting areas. For example, the shape of the mating region of gear 

teeth can be considered as line or elliptical with high ellipticity ratio. On the other hand, 
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point contact can be assumed at the ball bearings. These contacting areas affect the load 

distribution and deformation at the asperities. Hence, by considering load distribution, the 

bodies show resistance against deformation under the effect of loading. For this purpose, 

stiffness parameter is introduced at the contact region to determine the deformation 

resistance due to loading. 

In addition to surface roughness and surface geometries, lubricant is also a considerable 

factor for machines’ lives because of the decreasing effect of lubricant on deformation. 

While lubricant usage increase length of service for materials, oil film causes stiffness at 

the mating surfaces. So, the quality and amount of oil becomes important. For this aim, 

regimes of lubrication, which influences the load distribution, are also taken into 

consideration during the analysis of contacting surfaces. If the amount of oil allows the 

carrying of loads by both asperities and lubricant, then the regime is called as mixed 

lubrication. In other words, in mixed lubrication regime, applied load is shared between 

asperities and lubricant. Therefore, it is possible to define scaling factors to understand 

the load sharing between asperities and oil film. According to load sharing proportions 

and film thickness, oil film stiffness can be determined.  

Gears are one of the widely considered machine elements for studying contacting regions. 

There exist loads and displacement at the asperities of gear teeth contacts. In this research, 

gear contact stiffness is studied. In presenting the model, the contact type is assumed to 

be line contact. Additionally, due to the existence of lubricant at the asperities, the 

lubricant stiffness is also investigated. The approach is developed according to mixed 

lubrication regime in this work.  

 

1.2. Objective of the Thesis 

The object of this thesis is to determine the rough surface contact stiffness at the contacting 

teeth of gears. Mixed lubrication regime is considered in this thesis.   
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In the mixed lubrication regime, asperity and lubricant load contributions to the total load 

are considered. Then, the effect of speed on film thickness is researched. Besides, surface 

roughness is taken into account during the development of the model. After deriving 

contact stiffness, related plots are presented. For this purpose, MathCAD is used as a 

computational platform.  

Literature review is also given. Some comparisons and similar approaches with other 

searches are mentioned in the thesis.    

 

1.3. Outline of the Thesis 

Brief information is given about the definition of the problem in the first chapter. Then, 

the objective of the thesis is stated at the same part. 

In Chapter 2, surface roughness is investigated. Some of the models for contacting rough 

surfaces are presented. Besides, regimes of lubrication are introduced. After giving the 

property of mixed lubrication regime, Stribeck curve is stated to determine lubrication 

regime.  

In Chapter 3, mixed lubrication contact model is searched. The approaches in the literature 

are stated for this lubrication contact model. By considering the mixed lubrication model, 

the contact stiffness is presented in two major parts. Firstly, asperity contact stiffness is 

studied. Secondly, lubricant stiffness is investigated. 

In Chapter 4, the Weibull function is introduced. A comparison between Gaussian and 

Weibull function is made. The input parameters and flow chart for the evaluation of the 

stiffness are given. Using the inputs, related graphs are plotted and assessed.  

In Chapter 5, conclusion is stated with the obtained results. Also, future work is added. 
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CHAPTER 2 

 

 

THEORY OF CONTACTING ROUGH SURFACES AND REGIMES OF 

LUBRICATION 

 

 

 

2.1. Rough Surface Topography   

Surface roughness is an important parameter that influences the effectiveness of the 

machine elements. Therefore, most of the time it is tried to produce smooth machine 

surfaces. But in reality, there is not a perfectly smooth surface and many irregularities are 

observed on the surface even if it looks like smooth. These irregularities, which can also 

be called as “asperities”, can be in any shape and height. While some of the peaks and 

valleys show spiny characteristics, some of them have smooth characteristics. Figure 1 

shows an example for different surface roughness characteristics.  

Actually, surface roughness profiles can be different according to applied surface finishing 

operations. While the operations such as milling, drawing, etc. produce rougher surfaces, 

the operations such as lapping, superfinishing, etc. help to improve the smoothness of the 

surface. The importance of the surface finishing operations can change regarding to the 

application areas of the machine elements. To illustrate, the contacting surfaces of the 

gears are less smooth with respect to bearings. So, the smoothness of the contacts of 

bearings can be improved by machining processes.  
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Figure 1 Examples of Surface Roughness Profiles [43] 

 

Surface roughness profile describes the characteristics of surfaces such as height and 

distribution of asperities. In other words, surface topography for machine elements 

consists the combined effects of waviness and roughness. Waviness is the measurement 

of surface irregularities with a wider spacing than surface roughness. Also, waviness 

indicates greater wavelength regarding to the surface roughness [44]. Schematically, 

waviness and roughness profiles can be shown in Figure 2. 
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Figure 2 Total Profile, Waviness Profile and Roughness Profile [1] 

 

Moreover, surface topography is described by some parameters such as center line average 

(Ra value) and root mean square (Rq value). Center line average is considered as the 

arithmetic average of absolute values of surface heights like peaks and valleys from mean 

line. Only Ra may not be enough to determine the surface since different surfaces can have 

the same Ra values. Therefore, root mean square helps to specify the surfaces [3]. Ra and 

Rq are shown graphically with mean line and measured surface height z in Figure 3. 

The mathematical expression for center line average and root mean square are also given 

in the following equations, respectively: 

Center line average, Ra : Ra=
1

Le
∫ |z|

Le

0
dx          (2.1) 

Root mean square, Rq : Rq=√
1

Le
∫ z2Le

0
dx                       (2.2) 
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where Le is the length of the surface and z is the measured asperity height above the mean 

line. 

 

 

Figure 3 Graphics of Ra and Rq [2] 

 

At this point, it should be noted that surface finishing operations have important roles to 

determine the surface roughness topography. In other words, surface improvement 

processes can change the roughness characteristics. Table 1 gives a brief idea for 

roughness values for different manufacturing operations. According to the Table 1, it is 

obvious that the roughness decreases as surface improvement processes change from 

shaping to superfinishing. 

 

 

Figure 4 Gaussian Surface Height Distributions [4] 

Furthermore, skewness and kurtosis are also parameters that are used to determine surface 

topography. Skewness (Sk) gives information about the asymmetry of asperity height 
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distributions. To illustrate skewness value is zero for symmetric heights distributions. 

These kinds of symmetric surfaces are also called as “Gaussian surfaces”. In Figure 4, 

height distribution for a Gaussian surface can be shown. Also, kurtosis (Ku) is another 

parameter that determines the peak sharpness. Numerically, kurtosis of a Gaussian surface 

is 3. When kurtosis value of the surface is greater than 3, the surface is sharper than 

Gaussian surface. On the contrary, the surface asperities are not sharp as Gaussian surface 

if kurtosis value is less than 3 [3].  

 

Table 1 Roughness Values from Different Machining Processes [42] 

 

 

In more details, skewness becomes positive or negative if the asymmetry of the surface 

increases. Similarly, kurtosis value changes with the sharpness of the surface. 

Mathematically, the formulations for skewness and kurtosis are given as: 

Skewness: 

Sk = 
1

σ3 ∫ z3ϕ(z)dz
+∞

-∞
                           (2.3) 
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Kurtosis: 

  Ku = 
1

σ4 ∫ z4ϕ(z)dz
+∞

-∞
                            (2.4) 

where σ is the standard deviation of the height distribution and ϕ(z) is the asperity height 

distribution function. 

Figure 5 shows the skewness behavior of surface different from Gaussian. In Figure 5 the 

surface height distribution is asymmetric for non – Gaussian surfaces. Additionally, 

Figure 6 shows the kurtosis of non-Gaussian surfaces and the sharpness characteristics for 

non – Gaussian surfaces is given. If the Kurtosis value is greater than 3, it is called as 

Leptokurtic. If the Kurtosis value is less than 3, the surface becomes Platykurtic.   

 

 

Figure 5 Skewness of Non-Gaussian Surface [5] 
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Figure 6 Kurtosis of Non-Gaussian Surface [5] 

 

2.2. Contacts of Rough Surfaces 

Explicitly, it is demonstrated that surfaces are not perfectly smooth and these rough 

surfaces come into contact during applications. Therefore, when considering the mating 

surfaces, it is obvious that the real and nominal areas are not equal to each other due to 

the existence of the asperities. It should be noted that the differences between the real and 

nominal contact areas affect the analysis of the contacting regions. So, the shapes of the 

contacting areas should be determined. For this aim, Hertz tried to describe the nominal 

contact area. According to the shapes of the contacting bodies, the contact type can be 

either point or line contact. General points of views of point and line contact geometries 

are schematized as in Figure 7.   
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Figure 7 Point Contact and Line Contact [6] 

 

In this case, radius of circular point contact and half width of rectangular line contact are 

described as following: 

Circular Point Contact Radius: 

a = (
3 FT R'

2 E' )
1/3

                                                  (2.5) 

Half Width of the Rectangular Line Contact: 

b = (
8 FT R

'

π Le E')
1/2

                                                                (2.6) 

where FT is the total applied load, R' is the reduced radius of curvature, E' is the reduced 

elastic modulus, Le is the length of the line contact. 

According to Hertz, the contacting bodies are considered to be smooth and frictionless. 

Besides, the deformation is elastic and contacting bodies are assumed to be elastic half-

space. Also, the contacting area is known to be small when comparing with the size of the 
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curved bodies. Greenwood and Tripp [7] studied the Hertzian theory for elastic contact 

between spheres. The Hertzian theory which deals with two smooth spherical bodies was 

improved by considering one of the spheres as being rough. It was found that the effective 

half width approaches to Hertzian half width for high loads but the effective half width 

was independent of load for low loads. In other words, since Hertzian theory was for 

smooth surfaces, the effective half width was similar to Hertzian half width for high loads. 

Moreover, real contact area and number of microcontacts increased as the separation 

between the macroscopic surfaces was reduced, either by increasing the load or decreasing 

the roughness. McCool [17] made a similar research and stated that the summation of 

microcontacting areas was a small fraction of nominal contact area. Another study was 

made by Gelinck and Schipper [8] who published an article about the effects of roughness 

on deformation for line contacts. Similarity analysis was made for some of the parameters 

such as pressure, half contact width, real contact area and real number of asperities. Half 

contact width, real total contact area and number of asperities were derived by using curve 

fitting. After analysis, it was found that central pressure was a suitable parameter to 

determine the pressure distribution for rough line contacts. Additionally, it was pointed 

that as roughness increases the maximum pressure also increases regarding the total 

applied load.  Similarly, Kumar et al. [9] studied on surface roughness effects in 

elastohydrodynamic lubrication of rolling line contact. It was stated that surface roughness 

was the reason of very high contact pressures which leads to local thinning of the film. In 

addition, it was pointed that higher roughness amplitude caused higher pressure peaks. 

Besides, minimum film thickness decreased as roughness amplitude increased. 

During application of the machines that have rough surfaces, load is carried by contacting 

points. Due to the existence of the load, deformations occur at the asperities. Kumar et al. 

[9] searched the effecting parameters of the asperity deformation. It was given that 

maximum deformation at the asperities increased as the roughness amplitude increased. 

Another analysis was made by Olshevskiy et al. [10] about deformation at the asperities. 

It was presented that even if the displacements at the asperities seemed to be negligible, 

the change at the contact stress and contact area, which were the results of roughness, 
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could be remarkable for especially high precision machines. In other words, very small 

deformations at the contact tips were the reason of the considerable growth of the contact 

area and reduction of contact stress in the case of low loads.  

 

2.3. Dry Contact Models for Rough Surfaces 

Some models and approaches have been presented and parameters like pressure, 

contacting area or number of asperities are described during studying of contacting 

surfaces. These parameters are necessary to describe the contacting phenomenon. In other 

words, pressures, contacting area or number of asperities are mainly the basic factors to 

overcome some tribological issues such as wear, friction, and stiffness due to contacts of 

mating bodies. For this purpose, many models have been developed to find pressures and 

contacting area. Therefore, Greenwood and Williamson model, Greenwood and Tripp 

model, Onion - Archard model and Halling – Arnell – Nuri model are briefly given in this 

part. 

 

2.3.1. Greenwood – Williamson Model 

For Greenwood – Williamson (GW) model, it is considered that elastic contact occurs 

between a plane and a nominally flat surface which have many number of asperities. In 

addition, the summits of the asperities are almost spherical and the radii of asperity 

summits are assumed to be the same. Besides, Gaussian asperity distribution is assumed 

and for Gaussian function, surface height distribution is considered to be perfectly 

symmetric. However, in reality, it is very difficult to produce perfectly smooth surfaces. 

By considering all assumptions, some expressions are improved like total real contact area 

and contact pressure for GW model. Formulations are listed as following [11]: 
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Contacting Asperity Pressure: 

p
a
 = 

2

3
η

d
E'β

R

1/2
σ3/2F3/2(t)                     (2.7) 

Total Contact Area at the asperities: 

A = πη
d
A0β

R
σF1(t)                        (2.8) 

where ηd is the asperity density, A0 is the nominal contact area, Fn(t) is the integral of 

summit height distribution, βR is the mean radius of the summits, σ is the standard 

deviation of asperity summit heights, E’ is the reduced elastic modulus, t is the 

standardized separation. 

Integral of summit height distribution is derived as below: 

Fn(t) = ∫ (z̅-t)nϕ̅(z̅)dz̅
∞

t
                          (2.9) 

where ϕ̅(z̅) is asperity height distribution function.  

Gaussian function is used for ϕ̅(z̅) in GW model and given as in Equation (2.10). 

Normalized Gaussian distribution: 

ϕ̅(z̅)=
1

√2π
exp (-

z̅2

2
)                                                                       (2.10) 

Equation (2.10) is placed into equation (2.9). Then equation (2.9) becomes: 

Fn(t)=
1

√2π
∫ (z̅-t)ne-z̅2/2dz̅

∞

t
                           (2.11) 

Dimensionless separation of contacting surfaces is defined as t = h / σ and h is the film 

thickness at the contacting surfaces. 
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Alternatively, instead of Equation (2.11), F3/2(t) is also expressed for Gaussian surface 

[17]: 

F3/2(t) = 0.43exp(-0.31t2-1.43t)              (2.12) 

In detailed, a parameter called as plasticity index, ψ, is given in GW model [11]. Plasticity 

index, which is defined as the ratio of elastic hardness to real hardness, helps to determine 

the deformation is elastic or plastic. According to Greenwood and Williamson (GW) 

model, the deformation is elastic when plasticity index is low. On the contrary, the 

deformation is plastic if the plasticity index is high. However, the model is established for 

elastic contact and the interactions between the asperities are independent of each other. 

 

2.3.2. Greenwood – Tripp Model 

Greenwood and Tripp (GT) [13] improved the previous model for contacting rough 

surfaces. According to GT model, contacting surfaces are assumed to be rough and 

asperities are considered as paraboloidals. Furthermore, the model is established as one of 

the contacting surfaces is rough and the other mating part is smooth. It is claimed that 

when the both contacting surfaces are rough, this assumption can be established. 

For elastic GT model, asperity pressure and total real area are calculated from the 

following equations: 

Contacting Asperity Pressure: 

p
a
=

8√2

15
π(η

d
β

R
σ)

2
E'

√
σ

βR

F5/2(t)              (2.13) 

Total Contact Area at the asperities: 

A=π2(η
d
β

R
σ)

2
A0F2(t)                (2.14) 

where F5/2(t) is the integral of summit height distribution for GT model.  
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F5/2(t) is found from Equation (2.11) by replacing ‘n’ with 5/2 for GT model and Equation 

(2.15) is written as:  

F5/2(t) = 
1

√2π
∫ (z̅-t)5/2e-z̅2/2dz̅

∞

t
                  (2.15) 

 

2.3.3. Onions – Archard Model 

Whitehouse and Archard defined the surface profile by considering height distribution and 

auto-correlation function [14]. Then, Onions and Archard [15] (OA) stated the model for 

the randomly structured surfaces with standard deviation value of the height distribution 

and the correlation distance, βR
* .  

For OA model, the elastic contact model GW formulations [11] were updated as [15] 

following:  

Contacting Asperity Pressure: 

p
a
 = 

2

15(2.3βR
*

)
E'σFw(t)                                (2.16) 

Total Contact Area at the asperities: 

A = 
1

5
πA0FA(t)                               (2.17) 

where βR
*  is the correlation distance, Fw and FA are the dimensionless separation of 

contacting surfaces.  

Fw and FA are given as a table by Onions and Archard [15]. Formulations of these 

functions are given as [15]: 

Fw(t) = 0.612exp(-0.4t2-1.3t)                          (2.18) 

FA(t) = 0.3885exp(-0.4t2-1.3t)                      (2.19) 
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2.3.4. Halling – Arnell – Nuri Model 

Halling et al. [16] derived expressions for elastic and plastic deformation of the asperities 

separately. Elastic condition equations for contacting asperity pressure and total contact 

area at the asperities are given respectively: 

Contacting Asperity Pressure: 

p
a
=

2

3
η

d
E'β

R

1/2
σ3/2 1

√2π
∫ (z̅-t)3/2e-z̅2/2 dz̅

t+1/ψ2

t
             (2.20) 

Total Contact Area at the asperities: 

A=πη
d
A0β

R

1/2
σ

1

√2π
∫ (z̅-t)e-z̅2/2 dz̅

t+1/ψ2

t
                  (2.21) 

Plastic condition equations are also derived for asperity pressure and total contact area at 

the asperities as following: 

Contacting Asperity Pressure: 

p
a
=2πHη

d
β

R
σ

1

√2π
∫ (z̅-t)3/2e-z̅2/2 dz̅

3

t+1/ψ2        (2.22) 

Total Contact Area at the asperities: 

A=2πη
d
A0β

R
σ

1

√2π
∫ (z̅-t)3/2e-z̅2/2 dz̅

3

t+1/ψ2                   (2.23) 

where H is the indentation hardness, ψ is the plasticity index.  
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2.4.  Regimes of Lubrication for Rough Contact Surfaces 

Machine parts are deformed during the operations. In general, the deformation occurs due 

to wear and friction between the mating parts. These problems are mainly observed at the 

asperities between the mating parts. Therefore, lubrication is used to overcome the 

problems such as wear and friction.  

In the previous parts, it is pointed out that there are many asperities on the contacting 

surfaces of the machine elements. Obviously, these asperities are surrounded by lubricant 

in order to maintainability of the machines. In this instance, type and amount of the 

lubricant becomes important to provide the effective performance of the machines.  

Lubricant effects on machine elements can show different characteristics according to 

fluid between asperity gaps. Sometimes the quantity of the oil is low and oil does not fill 

the gaps between asperities. On the other hand, the gaps between contacting surfaces may 

be filled with oil fully. Also, sometimes the average amount of fluid may be enough for 

the desired performance of the machines. Considering the proportion of the fluid between 

asperities, generally regimes of lubrication are classified into three groups such as 

boundary lubrication, hydrodynamic lubrication and mixed lubrication. 

It is focused that the decision of lubrication regime is important. According to film 

thickness between contacting surfaces and amount of oil film at the gaps, the regime of 

lubrication is identified. At this point, Stribeck curves helps to specify the lubrication 

regime. Figure 8 shows the general view of the Stribeck curve. Stribeck curve gives the 

friction coefficient in terms of lubrication parameter. Obviously, the friction coefficient 

between the contacting surfaces changes as lubrication number increases. Also, it should 

be noted that lubrication parameter is defined as: 

Lu =
η

0
 x u

p
av

 Ra

 

where u is speed, η0 is dynamic (absolute) viscosity, pav is the average pressure and Ra is 

the center line average. 
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Figure 8 Stribeck Curve [18] 

 

In detailed, when looking at the Stribeck curve, lubricant does not exist at the beginning. 

If contacting surfaces are not lubricated, the situation is called as dry contact. Then, the 

lubrication number starts to increase with the existence of the fluid. However, the oil film 

cannot carry the applied load fully. Hence, the applied load is mainly carried by asperities. 

Also, the friction coefficient is quite high. This kind of lubrication regime is named as 

boundary lubrication. Boundary lubrication regime is basically shown at Figure 9. 
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Figure 9 Boundary Lubrication Regime 

 

On the other hand, mixed lubrication regime is a kind of transition from boundary 

lubrication to hydrodynamic lubrication. In that regime, despite oil fills the gaps between 

asperities, applied load is shared by both asperities and lubricant. When Stribeck curve is 

examined, it is obvious that friction decreases at the mixed lubrication regime. Figure 10 

shows the mixed lubrication regime. 

 

 

Figure 10 Mixed Lubrication Regime 

 

For hydrodynamic lubrication regime, oil fully fills all gaps between irregularities at the 

mating surfaces. Since oil film is thick enough to separate mating parts, the contact 

between asperities might be ignored. In other words, applied load is carried by only 

lubricant. Figure 11 is an example representation of hydrodynamic lubrication.  
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Figure 11 Hydrodynamic Lubrication Regime 

 

Stribeck curve was tried to be calculated by Gelinck and Schipper by considering the 

mixed lubrication for rough line contact [18]. The transition from boundary lubrication to 

mixed lubrication and the transition from mixed lubrication to elastohydrodynamic 

lubrication were predicted. Also, separation of the contact was found for various speeds. 

Another discussion was published by Faraon and Schipper [19] about Stribeck curve for 

starved model and separation in the mixed lubrication regime. Calculations were given for 

different oil supply layer thickness over roughness values ( h / σ ). In that study, it was 

found that if values of the oil layer thickness over roughness ratio was greater than about 

6, the Stribeck curve and separation between the rough surfaces was almost the same when 

compared to the fully flooded situation. In addition, when the h / σ ratio was in the rage 

of 6 down 0.7, friction started to increase and film thickness decreased. On the other hand, 

Stribeck curve transformed to a straight line and separation was similar to boundary 

lubrication regime if the oil layer thickness over roughness ratio was less than about 0.7. 

Similarly, Kalin et al. [20] investigated the Stribeck curve and lubrication design for non-

fully wetted surfaces. Friction between contacting surfaces was lower in the 

elastohydrodynamic lubrication regime for non-fully wetted surfaces (shifting down of 

the curve). Besides, minimum friction was lower and shifted to higher Stribeck values 

(shifting down of the curve to the right) if the surfaces was non-fully wetted. Additionally, 

non-fully wetted surfaces had high wear resistance when comparing to fully wetted 

surfaces. Since film thickness between contacting surfaces was less, which means more 

asperity contact, so that causes wear at higher Stribeck values. Zhu et al. [46] also studied 

Stribeck curve for different kinds of surface contacts. The contacting surface roughness 
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orientations were chosen as longitudinal, transverse and isotropic. Besides, the contacting 

geometry was assumed for both line and point contacts with the different ellipticity ratios 

as 2, 1, and 0.5. In order to evaluate the lubrication regimes, the speed range was widely 

extended. It was found that the effects of the ellipticity ratio and surface roughness 

orientation on friction were limited especially for hydrodynamic and boundary lubrication 

regimes. Moreover, the friction continued to decrease as the speed and film thickness 

increased even at the hydrodynamic lubrication regime. 
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CHAPTER 3 

 

 

MIXED LUBRICATION MODEL AT CONTACTING ROUGH SURFACES 

 

 

 

3.1. Mixed Lubrication Model 

The contact of rough surfaces includes gaps which are filled with oil. Sometimes, the oil 

can fully separate the contacting surfaces. On the other hand, for some of the mating 

bodies, the lubrication cannot be enough to separate surfaces. In the mixed lubrication 

regime, supporting occurs at asperity contacts and lubricant. So, the total applied load is 

carried by both asperities and oil film. In other words, mixed lubrication regime can be 

considered in two parts as dry contact and lubrication. 

In literature, there are many investigations for dry contacts and some models are improved 

as mentioned in the previous chapter. One of the essential models was developed by 

Greenwood – Williamson [11] for dry contacts. In that model, asperity contact pressure 

was determined for elastic deformation. Besides, number of contacting spots and 

contacting area were improved. The Greenwood – Williamson theory was accepted as a 

baseline and combined with elastohydrodynamic lubrication to investigate the loading of 

asperity contacts by Johnson, Greenwood, and Poon [21]. Johnson et al. [21] showed that 

the load was shared between asperity contact and hydrodynamic pressure for mixed 

lubrication contacts. Additionally, it was claimed that most of the applied load was carried 

by lubricant part. A correlation was established between rough surface mean separation 
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and elastohydradynamically lubricated smooth surface film thickness. Similarly, Gelinck 

and Schipper [18] tried to find film thickness and friction for line contact by considering 

GW model [11] and Johnson et al. approach [21]. In other words, mixed lubrication 

regime was considered to determine the film thickness and friction coefficient. For this 

aim, Stribeck curve was calculated for mixed lubrication line contacts. 

It is known that the mixed lubrication concept takes into account both asperity contact and 

lubricant. So, in this part, mixed lubrication contact phenomenon will be explained. 

Regarding to the mixed lubrication model, stiffness for a line contact will be stated.  

 

3.1.1. Loading of Mixed Lubrication Model 

In the mixed lubrication contact, Johnson et al. [21] built a model in which the total applied 

load is shared by both oil film and asperity contacts. During the study, Greenwood and 

Williamson [11] theory is considered. According to Johnson et al. [21], most of the applied 

load is carried by oil film. So, it is known that the oil film is stiffer than the contacting 

asperities. The model for Johnson et al. [21] is constructed as in Figure 12. 

 

Figure 12 Pressure Distributions in Mixed Lubrication Regime according to 

Johnson et al. [18] 
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In Figure 12, pt is the total pressure, pl is the lubricant pressure and pc is the central 

contacting asperity pressure. As seen from the figure, most of the load is carried by 

lubricant. Since the total applied load is shared between asperities and lubricant film in 

the mixed lubrication model, two scaling factors are introduced. These factors are used to 

determine the ratios of the asperities and lubricant film. Therefore, the total load is 

mathematically expressed as follows [21]: 

FT = Fa + Fh                                (3.1) 

where FT is the total applied load, Fa is the load carried by asperities, Fh is the load carried 

by the lubricant.  

The relationship between scaling factors and loads are given as below: 

1

γ1

+
1

γ2

 = 1                  (3.2) 

Fhγ
1 

= FT                (3.3) 

Faγ
2
 = FT                 (3.4) 

where γ1 is the scaling factor for load carried by lubricant, γ2 is the scaling factor for load 

carried by asperities. 

By considering Johnson et al. [21] approach, Figure 13 (a) is illustrated for highly loaded, 

non-conforming metallic contacting surfaces which are lubricated. Despite that the total 

pressure distribution is almost Hertzian; there exist a sudden increase in pressure at the 

inlet and a sudden decrease in pressure at the exit of the contacts. However, these effects 

are ignored. Moreover, it is assumed that asperity pressure at the contact spots is 

continuously distributed within the contacting area. Then, the total pressure is composed 

of asperity pressure and lubricant pressure which is the reason of bulk elastic deformation 

at the contacting bodies. Therefore, the contribution ratio of the asperity and lubricant film 

pressures to the total pressure are significant.  
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Furthermore, Johnson et al. [21] shows the contacting phenomenon schematically as in 

Figure 13 (b). The two mating bodies are exposed to load FT which causes deformation 

and increase the nominal contact area A0. In addition, Kt represents the overall stiffness at 

the rough surfaces. The stiffness at the oil film and asperities are implied with parallel 

springs Kl and Ka , respectively. Furthermore, the load sharing ratio for the each spring is 

related to their relative uncompressed length and their relative stiffness. It is pointed that 

a lubricated smooth surface is expressed with asperity spring and there exists an 

uncompressed part of the spring. Hence, the remaining load is carried by the lubricant. In 

other words, if the contacting surfaces are insufficient or starved lubrication, the total 

applied load is carried by asperity spring. On the other hand, if the mating bodies are fully 

lubricated and there is no asperity contact, the whole applied load is carried by fluid spring. 

For mixed lubrication contact model, the total applied load is shared by both asperity 

contacts and oil film. So, both springs, which are Ka and Kl, are compressed in parallel 

and the summation of asperity stiffness and oil film stiffness gives the overall stiffness, Kt 

[21].   

 

Figure 13 (a) Mixed Lubrication Contact Model with Rough Surfaces  (b) A Diagram 

for the Flexible Elements for Mixed lubrication Regime [21] 
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3.1.2. Lubricant Film Thickness for Mixed Lubrication Model 

Lubricant film thickness at the contacting surfaces is tried to be determined for the mixed 

lubrication regime. Hamrock and Dowson [22] studied the concept of film thickness 

between contacting surfaces for isothermal elastohydrodynamic lubrication. Additionally, 

the effects of ellipticity ratio, dimensionless speed, load and material parameters on film 

thickness were investigated. In that study, the relations for minimum film thickness and 

central film thickness were derived. These relations were offered to use for point, line and 

elliptical contacts by changing the ellipticity ratio in the range from 1 to 8. While the 

ellipticity ratio was 1, the relations of film thickness were considered to be point contact. 

If the ellipticity ratio was 8, the given relations of film thickness were used to calculate 

line contact.  

The following equations are used for minimum and central film thickness [22]: 

Hmin = 3.63 U̅
0.68

 G0.49 W̅
-0.073

 (1 - e-0.68k)                  (3.5) 

Hc = 2.69 U̅
0.67

 G0.53 W̅
-0.067

 (1 - 0.61e-0.73k)                  (3.6) 

where Hmin is the non-dimensional minimum film thickness parameter, Hc is the non-

dimensional central film thickness parameter, U̅ is the non-dimensional speed parameter, 

G is the non-dimensional material property parameter, W̅ is the non-dimensional load 

parameter and k is the ellipticity ratio. 

The minimum and central film thicknesses were derived by Hamrock and Dowson [22].  

It was possible to use the Equations (3.5) and (3.6) to calculate the minimum and central 

film thickness for different contact area types by changing the ellipticity ratio. Also, 

Chittenden et al. [23] improved the expressions for minimum and central film thicknesses. 

Moreover, Moes [24] introduced a new method for deriving similarity analysis to 

elastohydrodynamic lubrication. Using dimensionless parameters, Moes developed an 

expression for central film thickness. Similarly, Gelinck and Schipper [18] and Masjedi 

and Khonsari [47] followed the same approach. In these studies, Elastohydrodynamic 
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Lubrication (EHL) theory was used for mixed lubrication model. According to the EHL 

theory, Reynolds equation, deformation equation and loading equations were solved 

simultaneously. Then a central film thickness expression was derived. While Gelinck and 

Schipper [18] analyzing the line contact, Masjedi and Khonsari [47] worked on the point 

contact. On the other hand, Nogi [48] derived central film thickness and minimum film 

thickness by considering Hamrock and Dowson [22] approach.  

When considering Gelinck and Schipper [18] approach, it is stated that three basic 

equations are used to EHL approach. These equations are the Reynolds equation, the 

separation equation and the equilibrium of forces. The steady – state Reynolds in one 

dimension is written as [18]: 

∂

∂x
(

ρ h3

η

∂pt

∂x
) =6u

∂(ρ h)

∂x
          (3.7) 

where x is the spatial coordinate, ρ is the density of the fluid, h is the film thickness, η is 

fluid viscosity, pt is the total pressure and u is the velocity. 

For a line contact, the separation is expressed as: 

h(x)=h00+
x2

2R
-

4

πE' ∫ p
t
(s) ln(|x-s|) ds

∞

-∞
             (3.8) 

where h00 is a combination of a central separation when the contacting cylinders are not 

deformed and a constant of integration. In addition, R is the radius of contacting bodies 

for a line contact. 

Reduced elastic modulus, E’, is defined as follows: 

2

E' = (
1-ν1

2

E1
+

1-ν2
2

E2
)          (3.9)  

where  ν1,2 are the Poisson’s ratio and E1,2 are the modulus of elasticity for two bodies. 
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The lubricant load is written by considering equilibrium of forces as: 

Fh=Le ∫ p
t
(x) dx

∞

-∞
                                                   (3.10) 

Then, non – dimensional parameters are introduced to derive the film thickness. These 

dimensionsionless parameters are also called as “Moes numbers” and given as follows 

[18, 24]: 

M = W̅ U̅
-1/2

            (3.11) 

L = G U̅
1/4

           (3.12) 

Hc = h̅ U̅
-1/2

                  (3.13) 

where L is lubricant Moes number, M is load Moes number and Hc is the non – 

dimensional film thickness.  

It should be noted that Moes stated a diagram as shown in Figure 14 to derive the film 

thickness. 

 

Figure 14 The Moes Diagram [18]  
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The dimensionless numbers that are used in Moes diagram are expressed as follows: 

h̅ = 
h

R'
             (3.14) 

W̅ = 
FT

 E' R' Le
            (3.15) 

U̅ = 
η0 u

E' R'
      (3.16) 

G = α E'          (3.17) 

where η0 is the inlet viscosity at ambient pressure, α is the pressure-viscosity coefficient, 

h̅ is the non-dimensional film thickness parameter, W̅ is the non-dimensional load 

parameter, U̅ is the non-dimensional speed parameter, G is the non-dimensional material 

property parameter. 

R’ is the reduced radius of curvature and defined as in Equation (3.18) for radius of 

contacting bodies [8]: 

1

R' =
1

R1
+

1

R2
           (3.18) 

The central film thickness is derived by curve fitting as follows [18, 24]: 

Hc= [(HRI
7/3+HEI

7/3)
3s/7

+(HRP
-7/2+HEP

-7/2)
-2s/7

]
s-1

       (3.19) 

where s is an auxiliary variable and defined as: 

s = 
1

5
 (7+8 e

-2HEI / HRI)        (3.20) 

HRI is rigid-isoviscous asymptote: 

HRI = 3 M -1      (3.21) 

HEI is elastic-isoviscous asymptote: 

HEI = 2.621 M -1/5      (3.22) 
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HRP is rigid-piezoviscous asymptote: 

HRP = 1.287 L -2/3      (3.23) 

HEP is elastic-piezoviscous asymptote: 

HEP = 1.311 M -1/8 L -3/4      (3.24) 

In the previous part, it is emphasized that in the mixed lubrication model, the load is shared 

between lubricant and asperities [21]. Besides, this is expressed with the formulae as 

p
l
γ

1 
= p

t
 and p

a
γ

2 
= p

t
 . Gelinck and Schipper [18] emphasize that to calculate the film 

thickness for mixed lubrication model, the Reynolds equation, the separation equation and 

the force equilibrium equation are re – written by applying the mixed lubrication model 

approach for hydrodynamic part (p
l
γ

1 
= p

t
). Then, Reynolds equation, separation equation 

and force equilibrium equation become as follows [18]:  

Reynolds equation : 
∂

∂x
(

ρ h3

η

∂pl

∂x
) =6u

∂(ρ h)

∂x
        (3.25) 

Separation equation : h(x)=h00+
x2

2R
-

4γ1

π E' ∫ p
l
(s) ln(|x-s|) ds

∞

-∞
     (3.26) 

Force equilibrium equation : FT=γ
1
 Le ∫ p

l
(x) dx

∞

-∞
      (3.27) 

Furthermore, when taking into consideration the mixed lubrication model, reduced elastic 

modulus, E’, and total applied force, FT, are replaced by E’/γ1 and FT/ γ1, respectively. 

After solving equations (3.25) – (3.27), the same film thickness formulation, Equation 

(3.19), is taken. Then, the film thickness expression for mixed lubrication model is defined 

with γ
1 

= FT/ Fh in equation (3.19) [18]: 

Hc= [γ
1
s/2 (HRI

7/3+ γ
1
-14/15H

EI

7/3
)

3s/7

+γ
1
-s/2(HRP

-7/2+HEP
-7/2)

-2s/7
]

s-1

γ
1
1/2                                  (3.28)  
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where 

s = 
1

5
 (7+8 e

-2γ1
-2/5HEI / HRI)         (3.29) 

Gelinck and Schipper [18] used Equation (3.28) to calculate film thickness for line contact 

of mixed lubrication model.  

 

3.1.3. Contact Pressure for Mixed Lubrication Model 

Gelinck and Schipper [8] studied the effect of surface roughness on deformation of line 

contacts. For this aim, Greenwood and Williamson [11] approach was assessed. Equation 

(2.7) was stated by Greenwood and Williamson for elastic and spherical asperity contact. 

For line contacts, nominal contact area does not exist. So, nominal contact pressure is 

adapted for a line contact in Equation (3.30) [18]: 

p
a
 = 

2

3
η

d
E'β

R

1/2
σ3/2F3/2(t)                  (3.30) 

It has been shown that central pressure can be used to reach the pressure distribution for a 

line contact [8]. For this aim, a similarity analysis approach is made to reduce the number 

of parameters. Therefore, non-dimensional parameters are used in the similarity analysis. 

Three of the non-dimensional parameters, which are called Moes – numbers, are given in 

Equation (3.11), Equation (3.12) and Equation (3.13). The remaining dimensionless 

parameters are defined in Equation (3.31) and Equation (3.32). 

Non-dimensional density of asperities, ηd’: 

η
d

'= η
d
 R' √β

R
 R'      (3.31) 

Non-dimensional standard deviation of asperity summit heights: 

σ'= 
σ

R'      (3.32) 
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where ηd is the asperity density, R’ is the reduced radius of curvature and βR is the mean 

radius of the summits.  

Moreover, the maximum pressure is known to be equal to the central pressure and the 

central pressure, which is considered to be asperity pressure, is calculated [18]. For this 

aim, Figure 15 has been plotted by assuming the equality of central pressure and asperity 

pressure distribution. 

 

Figure 15 Central Pressure as a Function of ηd’W̅̅̅ for Different Values of ηd’σ’ [18] 

 

When Figure 15 is examined, it is obvious that the central pressure is scaled with Hertzian 

pressure, ph, by multiplying with ph
-1. Hertzian pressure, ph for a line contact is defined in 

Equation (3.33): 

p
h
= √

FT E'

2π Le R'                      (3.33) 
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Figure 15 shows the equality of central pressure to maximum Hertzian pressure for high 

loads [18]. So, curve fitting method is applied to Figure 15 and the relation in Equation 

(3.34) is derived. 

pc

ph

= [1+(a1η
d

' a2  σ' a3  W̅
 a2 - a3)

a4
]

(1/a4)

      (3.34) 

where pc is central pressure, ph is Hertzian pressure, ηd’ is the dimensionless asperity 

density, σ’ is the dimensionless standard deviation of asperity summit heights, ai is fit 

parameters and tabulated in Table 2. 

Table 2 Fitting Parameters for Central Pressure [18] 

a1=1.558 a2=0.0337 a3= - 0.442 a4= - 1.70 

 

Gelinck and Schipper [18] noted that Equation (3.34) is used to calculate the central 

pressure for a rough line contact and the fitting is valid up to 4%.  

Derivation of film thickness calculation is based on hydrodynamic component [18]. 

Similar approach [18] is taken into consideration for the contact pressure derivation. Due 

to the load sharing concept of mixed lubrication model, asperity part is scaled with γ2 and 

the relation is p
a
γ

2 
= p

t
. The asperity contact pressure, separation and force equilibrium 

equations are written by applying the scaling of asperity phenomenon as follows: 

Asperity pressure equation: p
a
 = 

2

3
 η

d
 E' β

R

1/2 σ3/2 F3/2(
h

σ
)             (3.35) 

Separation equation: h(x)=h00+
x2

2R
-

4γ2

π E' ∫ p
a
(s) ln(|x-s|) ds

∞

-∞
                (3.36) 

Force equilibrium equation: FT=γ
2
 Le ∫ p

a
(x) dx

∞

-∞
      (3.37) 

The relations are solved by replacing reduced elastic modulus, E’, total applied force, FT, 

and asperity density, ηd, with E’/γ2, FT/ γ2, and ηdγ2, respectively. Similarly, this 

replacement is applied on central pressure in Equation (3.34) and the equation becomes: 
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pc

ph

= [1+(a1η
d

' a2σ' a3W̅
 a2 - a3

γ
2

a2)
a4

]
(1/a4)

1

γ2

      (3.38) 

Gelinck and Schipper [18] claimed that Equation (3.38) is valid for the calculation of 

central pressure at the asperities in a mixed lubrication contact model. By this way, 

asperity contact pressure is also verified with Equation (3.35).  

Furthermore, there exists a distance between the mean level of the surface and mean height 

of the summits. Figure 16 is shown the difference of the mean level heights.  

 

Figure 16 The Mean Level Difference of the Summits and Surfaces [18] 

 

where dd is introduced as the distance between mean line of the asperities and mean line 

of the surface. Besides, the correlation between asperity summit heights and the distance, 

dd, is stated in Equation (3.39) [18]:  

dd=1.5 σ     (3.39) 

According to the Figure 16, it should be noted that the reference mean level height is 

considered to be the mean level at the surface. Hence, the asperity contact pressure is re-

written with distance between mean levels as follows: 

Asperity pressure equation: p
a
 = 

2

3
η

d
 E' β

R

1/2 σ3/2 F3/2(
h-dd

σ
)             (3.40) 
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3.2. Modeling of Contact Stiffness for Mixed Lubrication 

In the previous part, mixed lubrication contact model phenomenon is studied. For this aim, 

the concepts for the film thickness between asperities and contacting loading are focused. 

Besides, the load sharing is assessed separately between asperities and lubricant due to the 

mixed lubrication model. Using the film thickness and loading, deformation at the 

asperities is considered. Basically, the deformation due to loading reminds to focus on 

stiffness. In other words, there exists a resistance against deformation under the effects of 

loading and this is called as stiffness of a body. In this study, the resistance against 

deformation at the contacting bodies will be searched. Since the load sharing concept is 

applied for a mixed lubrication model, it should be separated the stiffness as lubricant and 

asperity contact. Similar to superposition principle, the overall stiffness is found by 

combining the asperity contact stiffness and oil film stiffness. In this part, the asperity 

stiffness, lubricant film stiffness and total stiffness is examined. 

 

3.2.1. Asperity Contact Stiffness 

The surfaces are always rough and there exist many irregularities. When two surfaces are 

in contact, deformation is observed at the asperities due to the acting load on the surfaces. 

This concept is known as stiffness of contacting surfaces. In detailed, asperity contact 

stiffness can be described as the resistance against deformation of the asperities under the 

loading effects. This deformation at the asperities can be either elastic or plastic [12]. To 

illustrate, while Bowden and Tabor [25] considered that asperity deformation was fully 

plastic, Greenwood and Williamson [11] thought that deformation was fully elastic. On 

the other hand, Halling et al. [16] took into consideration both elastic and plastic 

conditions. 

So far, it is tried a lot of times to develop an expression for contact stiffness. To determine 

the contact stiffness, spring model is stated. For this aim, Zhu [12] point that two ideally 

elastic bodies were modeled with spring model by Tattersall [26] in Figure 17.  
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Figure 17 Model of Interface [26] 

 

In that study, interfacial forces were stated as springs’ density of mating parts. 

Furthermore, the strength of the springs is defined as the interfacial stiffness and the 

expression for contact stiffness, K is stated by Tattersall [26] as follows: 

K=
increase in stress on the adjacent surfaces

increase in separation between adjacent surfaces
                                                 (3.41) 

The light springs are capable of transmitting the stress instantaneously between bodies. In 

other words, the stresses at the two bodies are the same since the contacting bodies are 

elastic and isotropic. Mathematically, Equation (3.42) defines the interfacial stiffness [12, 

26]: 

K=-
dpnom

dh
                                                         (3.42) 

where pnom is nominal contact pressure and h is the film thickness at the contacting 

surfaces. 

Tattersall [26] emphasized that the contact stiffness goes to infinity (K→∞) when there 

exists perfect adhesion between mating surfaces. In other words, the roughness is zero at 

the contacting surfaces and the distance between mating parts is almost zero. On the other 

hand, if there are infinitely slack (K=0) at the mating surfaces, body 1 becomes free 

surface and there is not an energy transfer between the bodies. This means that the 

contacting area between mating bodies is almost zero. Also, according to contact stiffness 

equation, it is obvious that if the contact area increases, stiffness at the asperities increases, 
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because of the fact that contact area and separation of the surfaces are inversely 

proportional. Furthermore, similar point of view is kept and it is said that contact stiffness 

proportionally increases when load increases. 

In literature, there are some approaches to determine the asperity contact stiffness. Thomas 

and Sayles [30] stated an approach for stiffness of machine tool joints. Thomas and Sayles 

[30] approach was based on Greenwood and Williamson [11] model. Besides, the loading 

was elastic and surface distribution was assumed to be Gaussian. But it should be noted 

that the surface distribution was not perfectly symmetric. According to Thomas and Sayles 

[30], the following formulation was stated to define contact stiffness: 

Ka =  η
d
 β

R

1/2 σ1/2 E' F1/2(t)         (3.43) 

where F1/2(t) is calculated by using Equation (2.11). 

Also, Krolikowski and Szczepek [49] derived a formulation to calculate the asperity 

stiffness under the nominal contact pressure for the Greenwood and Williamson model. 

This formulation was given for two flat surfaces, one of them was smooth and hard and 

the other one was rough with isotropic geometry of roughness [49]: 

Ka=
pa

σ
[2.05-1.24 log

e
(

pa / E'

0.57 ηd βR
1/2 σ3/2

)]
1/2

                  (3.44) 

Asperity contact pressure, pa is found by using the Equation (2.7). It should be reminded 

that Gaussian asperity distribution is assumed at the Greenwood and Williamson model. 

So, Equation (3.43) is valid for Gaussian surface roughness. 

On the other hand, Sarangi et al. [27] derived an expression to calculate asperity contact 

stiffness for isothermal and mixed lubrication regime. For this aim, hydrodynamic 

equation, elastic deformation equation and contact pressure relations were solved 

simultaneously. During derivation, surface roughness was also taken into consideration as 

Gaussian surface distribution. In addition, the equation was derived by considering ball 

bearings for elliptical contact. Moreover, the stiffness equation was based on Greenwood 
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– Tripp model. Using non-linear least square optimization technique, non-dimensional 

asperity contact stiffness formulation was found as below [27]: 

K̅a=b1 Gb2  U̅
b3  W̅

b4 (b5 - kb6  e(k
b7))  K'b8  tb9  e-tb10  γb11         (3.45)  

where K̅a is the non-dimensional asperity contact stiffness, G is the non-dimensional 

material property parameter, U̅ is the non-dimensional speed parameter, W̅ is the non-

dimensional load parameter, k is the ellipticity ratio, K’ is the contact stiffness parameter, 

t is the roughness parameter (or called as separation parameter), γ is the surface roughness 

pattern.  

The constant values, bi, are given in Table 3. 

Table 3 Constants for Asperity Contact Stiffness Coefficient [27] 

b1= -0.1828 b2= 0.1065 b3= -0.4931 b4= 0.7239 

For k ≤ 4 b5= -0.1263 b6= 0.2377 b7=0.2462 

For k > 4 b5= 0.0588 b6= 0.4420 b7= 0.1081 

b8= 1.0418 b9= 0.5396 b10= 1.6221 b11= 0.0861 

 

Different contacting geometries were also studied for asperity stiffness. Sarangi et al. [27] 

and Chippa and Sarangi [32] derived contact stiffness and damping for elliptical and line 

contacts, respectively. Moreover, while Sarangi et al. [27] emphasizing mixed lubricated 

ball bearings, Chippa and Sarangi [32] focused on the fully lubricated cylindrical roller 

bearings. Besides, the effecting parameters of contact stiffness were investigated. Mainly, 

Sarangi et al. [27], Chippa and Sarangi [32] were stated that loading, speed and material 

parameters are significant importance during determining the contact stiffness. It has been 

shown [27] that while material property and speed increases, contact stiffness decreases. 

However, it was given that asperity stiffness increases with increasing the loading. 
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Furthermore, the effects of other parameters like roughness (t), ellipticity ratio (k), 

roughness pattern (γ) and contact stiffness parameters (K’) were searched. It was 

presented that contact stiffness decreases as surface roughness and ellipticity ratio 

increases. However, asperity stiffness increases with increasing the contact stiffness 

parameter and roughness pattern parameter. 

Another study was made by Shi and Polycarpou [28] who used experimental approaches 

to measure contact stiffness and damping for spherical Hertzian and flat rough surfaces. 

Similarly, it was proven experimentally that if the load increases, stiffness increases. 

Moreover, surface roughness has a decreasing effect on contact stiffness. Besides, it was 

shown that oil and wear debris had decreasing effects on contact stiffness. Likewise, Jiang 

et al. [29] found similar results for contact stiffness of the plane joint rough surfaces 

considering fractal geometry. In that study [29], it was reached that decreasing the surface 

roughness was the reason of increase in contact stiffness for a fixed load. Besides, contact 

stiffness increases with increasing the contact load due to the increase in real contact area. 

As well, Shi et al. [33] were tried to derive normal contact stiffness of joint for perfectly 

elliptical asperities. In that study, firstly, the contact stiffness for a single asperity was 

derived by taking into account Greenwood and Williamson (GW) model. Then, normal 

contact stiffness for the whole asperities on the contacting surface was derived by 

considering the number of asperities at the mating regions. Lastly, normal contact stiffness 

for a unit area was determined. It was stated that contact stiffness affected from both 

material and geometrical properties such as radius of curvature, contact area size, angle of 

curvature direction. 
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3.2.2. Lubricant Film Stiffness 

Asperity contact stiffness is calculated considering dry contact. However, in reality 

lubricant is used at the machine elements. So, while some part of the load is carried by 

asperities, the remaining part is taken by lubricant. Hence, it is possible to mention the 

load carrying capacity. Due to the load carrying capability of the oil film, lubricant 

between mating surfaces has also stiffness effects. Similar to asperity contact stiffness, the 

oil film stiffness has been tried to be found in many times. 

In general, it is known that lubricant film stiffness is much higher than the contact 

stiffness. Walford and Stone [34] assumed that lubricant stiffness has rigid effect. 

Therefore, lubricant stiffness is not taken into consideration during derivations in that 

study. Because the film thickness was very small and the deflection was quite little. In this 

manner, oil film stiffness was ignored for simplification of the model. However, thin 

layered film thickness was measured ultrasonically by Dwyer – Joyce et al [35, 36] and 

the ultrasonic reflection was used to find lubricant film thickness for 

elastohydrodynamically lubricated bodies. Besides, a spring model helped to determine 

the reflected ultrasonic wave’s proportions. According the Dwyer-Joyce et al. [36], the oil 

film stiffness was related to film thickness and oil film bulk modulus. 

Firstly, similar to contact stiffness, thin layered film stiffness is given as [36]: 

Kl=-
dpt

dh
                              (3.46) 

At this point, bulk modulus is defined as a measurement of a body’s resistance to under 

pressure. Therefore, bulk modulus, B, is formulized in Equation (3.47) [36]:  

B= -
dpt

dV / V
                          (3.47) 

where V is the volume of compressed liquid. The fluid area is taken as constant and 

equating the terms [36]: 
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dV

V
=

dh

h
                               (3.48) 

Rewriting the Equation (3.46) [36]: 

B= -h
dpt

dh
               (3.49) 

After that, Equations (3.46) and (3.49) are combined and Equation (3.50) is derived to 

calculate oil film stiffness [36]: 

Kl=
B

h
              (3.50) 

Bair [35, 37] used Equation (3.50) to calculate the bulk modulus, B: 

B = {1-
1

1 + Bo
'  ln [1+

pl

B0
(1 + B0

' )]} [B0 + p
l
 (1 + B0

' )]                   (3.51) 

where pl is the lubricant pressure, B0 is the bulk modulus at ambient pressure (p = 0), B0’ 

is the pressure rate of change of bulk modulus at ambient pressure and assumed to be 

equal to about 11. 

Fakhreddine and Zoller [35, 38] described the bulk modulus at the ambient pressure, B0, 

in Equation (3.52):  

B0=Bl1exp (-Bl2T)                  (3.52) 

where T is ambient temperature in K, Bl1 is taken about 9 GPa, Bl2 is 6.5 x 10-3 K-1. 

In addition, stiffness of the lubricant was also derived by Sarangi et al. [27] for elliptic 

contacts and mixed lubrication regime. Similar way to derivation of asperity stiffness [27], 

hydrodynamic equation, elastic deformation equation and contact pressure relations were 

solved simultaneously. As well, the lubricant stiffness equation was derived considering 

Greenwood – Tripp model and using non-linear least square optimization technique. The 

dimensionless lubricant stiffness expression was calculated as follows [27]: 
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K̅l=d1G
d2U̅

d3
W̅

d4 (d5 - (ke
k)

d6
) K'd7td8e-td9

γd10                      (3.53)  

where K̅l is the non-dimensional lubricant stiffness. di are the constants for lubricant 

stiffness and given in Table 4. 

Similar to contact stiffness approach [27], lubricant stiffness was affected by material 

properties, speed and loading. Surface roughness (t), ellipticity ratio (k), roughness pattern 

(γ) and contact stiffness parameters (K’) were the remaining parameters which influenced 

the oil film stiffness. It was reached that oil stiffness increased with increasing the loading 

and surface roughness parameter. However, oil stiffness decreased as speed parameter, 

material parameter, surface roughness pattern, ellipticity ratio and contact stiffness 

parameter decreased.  

 

Table 4 Constants for Lubricant Stiffness Coefficient [27] 

d1= -0.4053 d2= -0.2521 d3= -0.6995 d4= 1.1678 d5= -0.5891 

d6= -0.3102 d7= -0.0358 d8= -0.3368 d9= -0.928 d10= -0.0399 

 

Likewise contact stiffness, lubricant stiffness is also denoted by spring model. Although 

Walford and Stone [34] showed the lubricant stiffness in a spring model schematically, 

this term was not calculated due to its rigidity effects. However, Dwyer-Joyce et al. [36] 

claimed that spring model can be used for thin layered lubricants and Equation (3.50) was 

used for the calculation of oil film stiffness. 

Another approach was stated by Zhang et al. [50] for oil stiffness. In that research [50], 

empirical elastohydrodynamic lubrication film thickness method was one of the methods 

to derive oil stiffness for line contact. It was found that the loading was the main effecting 

parameter of the oil stiffness. The central oil film stiffness was determined empirically as 

follows [50]: 
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Kl=10 Le E' R' (3.06 U̅
0.69

 G
0.56

 R')
10

h
-11

   (3.54) 

where h was considered as central film thickness and calculated using Equation (3.55) 

[50]: 

h = 3.06 U̅
0.69

 G
0.56

 W̅
-0.10

 R'      (3.55) 

The other empirical formulation was even presented to calculate the lubricant stiffness. 

But the minimum film thickness approach was assumed to derive this formulation as 

follows [50]: 

Kl=7.69 Le E' R' (2.65 U̅
0.7

 G
0.54

 R')
7.69

hm
-8.69

   (3.56) 

where hm was the minimum film thickness and calculated by using Equation (3.57) [50]: 

hm = 2.65 U̅
0.7

 G
0.54

 W̅
-0.13

 R'      (3.57) 

Also, Zhou et al. [51] made an investigation for oil stiffness by considering line contact. 

According to Zhou et al. [51], the normal and tangential oil stiffness’ were assessed 

separately for non – Newtonian elastohydrodynamically lubricated gear. The normal 

stiffness was defined as the ratio of the total pressure on film to the compression of the oil 

film thickness. Besides, tangential stiffness was derived as the ratio of the total shear force 

on the film to the tangential displacement of the film. Additionally, similar to previous 

studies, the effects of operating parameters such as loading and speed were searched. 

Moreover, the effects of geometrical parameters like module and tooth number were 

studied. It was pointed that the amplitude and fluctuation of the stiffness were affected 

from shear rate, effective viscosity and radius of curvature. 
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3.2.3. Overall Stiffness 

Asperity contact stiffness and oil film stiffness have been determined separately. When 

the lubricant is insufficient or dry contact assumption is made, it is possible to use only 

asperity stiffness for overall stiffness. On the other hand, oil film stiffness is used only for 

overall stiffness if hydrodynamic lubrication is considered at the mating machine 

elements. However, if there are both asperity contact and oil film, the regime is mixed 

lubrication. Due to mixed lubrication regime, overall stiffness can be defined by 

considering both asperity and lubricant stiffness. 

Similarly, overall stiffness is indicated with spring model as in Figure 13 b). Furthermore, 

as seen from the Figure 13 b), springs for asperity and lubricant stiffness are connected in 

parallel springs; because the flow regime is mixed which means that the load is shared by 

both asperity and lubricant. Hence the asperity and lubricant stiffness are taken into 

consideration separately and the summation of these stiffness values gives overall 

stiffness. Mathematically, the overall stiffness is expressed as follows: 

Kt = Ka + Kl                                   (3.58) 

where Kt is the overall stiffness, Ka is the asperity contact stiffness, Kl is the lubricant film 

stiffness. 

It should be noted the contribution of oil film stiffness to overall stiffness is dominant for 

mixed lubrication regime. Since the lubricant layer is quite thin and oil film is significantly 

stiff [35]. Therefore, the oil film stiffness is greater than the asperity contact stiffness. 

Likewise, Dwyer – Joyce et al [35] calculated the asperity stiffness and the oil film 

stiffness one by one and the overall stiffness was found by summing them up. Also, Qin 

et al. [31] presented the contact stiffness of elastohydrodynamic line contact. In that study, 

it was indicated that the elastohydrodynamic pressure distribution and the deformation of 

elastic body subjected to elastohydrodynamic pressure gave similar results to Hertzian 

estimation for highly loaded cases. Therefore, it was reached that the stiffness was nearly 
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estimated as Herztian stiffness for high loads. When the load was low, it was stated that 

Hertzian stiffness was lower.  

Obviously, the effecting parameters of asperity and oil film stiffness are also related to 

overall stiffness. In other words, speed, loading and material properties are the main 

effecting parameters for total stiffness. Qin et al. [31] stated that elastohydrodynamic 

stiffness approached to Hertzian stiffness when increasing the loading, decreasing the 

speed and radius of curvature. 

 

3.3. Contact Damping Coefficient 

Damping is a term that has a reducing effect against oscillation. In the literature, there are 

so many experimental and theoretical approaches about damping sources and 

determination. To understand the damping phenomenon, the reason of the damping has 

been investigated. Dareing and Johnson [39] discussed the lubricant effects on the total 

damping system. Mainly, it was concluded that fluid film damping had important effects 

on total damping of a system and the reason of fluid film damping was explained by 

compressing the film. In addition, it was noted that the oil film damping should be taken 

into consideration during the determination of the damping of the system. Specifically, 

Walford and Stone [34] investigated the sources of damping. The model was established 

with elastohydrodynamically lubricated rolling elements bearing under oscillation. Then, 

it was considered that the reasons of damping were the joints and the damping coefficient 

was given in Equation (3.59). It was stated that minimum film thickness, hm, was used for 

the calculation of damping coefficient as follows:  

C = 
3

√2
 

π η R'1.5
 Le

hm
1.5      (3.59) 

Another study was made to calculate damping coefficient for elastohydrodynamically 

lubricated contact by Dietl [52]. The elliptical contacting region was transformed to line 

contact for mixed lubrication regime and the corresponding damping coefficient was 
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derived. Similarly, Sarangi et al., Chippa and Sarangi [27, 32, 40] tried to determine 

damping coefficients for elastohydrodynamically lubricated elliptical and line contacts, 

respectively. Firstly, Sarangi et al. [40] derived an expression for damping of 

elastohyrodynamically lubricated elliptic contact. Despite that the surface roughness was 

taken into consideration at the approach, the contact stiffness parameter effects were 

neglected. After a year, another study [27] was performed to improve a formula for 

damping of elastohyrodynamic mixed lubricated ball bearings. At that time, the effects of 

contact stiffness parameter, K’, was considered in addition to surface roughness. 

Moreover, while surface roughness was taken into consideration by Sarangi et al. [27, 40], 

Chippa and Sarangi ignored the surface roughness effect [32]. In these studies, the 

effecting parameters of the damping coefficient were searched. However, it was pointed 

that the damping coefficient mainly related to loading, speed and material properties.  

Also, Sarangi et al. [27] emphasized that ellipticity ratio (k), contact stiffness parameter 

(K’), geometrical parameter (r)̅, surface roughness parameter (t) and surface roughness 

pattern (γ) significantly affected the damping coefficient at the contacting bodies. It was 

presented that contact damping increased as the loading and surface roughness increased. 

However, contact damping decreased when speed, material properties, contact stiffness 

parameter, geometrical parameter and surface roughness pattern increased. On the other 

hand, ellipticity ratio displayed variable effects on damping. Initially, contact damping 

decreased as ellipticity parameter increased. It was claimed that this was due to increasing 

of the film thickness. Then, contact damping started to increase by increasing the 

ellipticity ratio. Reasonably, it was explained as the change of the contacting area from 

elliptical to rectangular. 

Though Sarangi et al. [27] made the study for elliptical contact region, it was possible to 

apply the developed formulation for both point and line contacts by changing ellipticity 

ratio. The derived equation based on Greenwood – Tripp model for a Gaussian surface 

distribution at steady state. In derivations, non-linear least square optimization technique 

was used. 
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The non – dimensional contact damping equation is stated as follows [27]:  

Cl̅=
c1

r ̅
G

c2U̅
c3

W̅
c4 (c5-(k

c6e(k
c7))) K'c8tc9e-tc10

γc11                       (3.60) 

where ci are the constants for contact damping, r ̅ is the geometrical parameter, G is the 

non-dimensional material property parameter, U̅ is the non-dimensional speed parameter, 

W̅ is the non-dimensional load parameter, k is the ellipticity parameter, K’ is the contact 

stiffness parameter, t is the roughness parameter, γ is the surface roughness pattern. 

The roughness parameter [27] which is valid for both line and circular contact:  

t=
h

σ
           (3.61) 

The geometrical parameter is defined as [27]: 

r ̅=
R

R'                    (3.62) 

where R is radius of the contacting surface, and R’ is the reduced radius of curvature.  

The contact stiffness parameter is calculated by using Equation (3.63): 

K'=
16√2

15
π(η

d
β

R
σ)

2
√

σ

βR

                              (3.63) 

The constants for contact damping formulation are given in Table 5. 
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Table 5 Constants for Damping Coefficient [27] 

c1 c2 c3 c4 c5 c6 

-0.7300 -0.7511 -0.5871 -1.1963 -0.5188 0.1275 

 

c7 c8 c9 c10 c11 

-0.4548 0.0013 -0.3521 -0.8472 -0.0366 

 

In the previous part, asperity contact stiffness and oil film stiffness are displayed with 

spring model. Similar to stiffness, to express damping, generally, spring damper system 

is used for simplicity. This model can be shown in Figure 18 where Kt is the overall 

stiffness and C is the damping coefficient.   

 

Figure 18 Spring - Damper Model for Lubricated Rough Contact Surfaces 
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CHAPTER 4 

 

 

CONTACT STIFFNESS CALCULATION FOR NON – GAUSSIAN SURFACES 

BY CONSIDERING MIXED LUBRICATION MODEL 

 

 

 

4.1. The Weibull Distribution 

In reality, it is known that the surfaces include many peaks and valleys even if it seems to 

be smooth. So, when the machine elements are in contact, the contacting of the surfaces 

occurs at these peaks and valleys. These peaks and valleys have irregular distribution on 

the bodies and designate the roughness of the surface. So, during the analysis, it is 

important to identify the regularity of the asperity distribution. Though, the surface 

roughness is actually asymmetric, the roughness of the contacting surfaces is considered 

to be symmetric in many researches. Therefore, Gaussian surface, which symbolizes 

symmetric asperity distribution, is assumed in many models.  

In Chapter 2, it is pointed that the characteristics of the surface roughness is described 

with two terms as skewness and kurtosis. The asymmetry of the surfaces is described with 

the term skewness. Also, the peakness or sharpness of the surfaces is expressed with the 

term kurtosis. If the surface is flatter than the Gaussian, it is called as platykurtic. On the 

other hand, when the surface is peakier than Gaussian, the surface is known to be 

leptokurtic. Mostly, these kinds of surface characteristics are shaped during the surface 

finishing operations. To illustrate, while some of the surface finishing operations can 
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produce peakier surface roughness, other kinds of processes can be the reason of flatter 

surface. Therefore, according to the applied surface improvement processes, it is tried to 

take the desired surface characteristics. In detailed, Thomas [54] noted that turning, 

shaping and electro – discharge machining operations help to manufacture a peaked 

surface with positive skewness. It was also added that grinding, milling, honing and 

abrasion processes are the reason of high kurtosis and negative skewness. Furthermore, 

Sahoo et al. [41] stated that when the peaks were removed from the surface, the skewness 

was negative. Supportingly, the valleys or high peaks were the reason of positive 

skewness. 

Generally, it is obvious that the asperity distribution on the surface is asymmetric and the 

surfaces are non – Gaussian. In literature, there are many studies to express the non – 

Gaussian surfaces. McCool [53] selected the Weibull function to determine the asperity 

heights for asymmetric surfaces which had two parameters. Besides, Weilbull function 

provided to express both the positive skewness surfaces and negative skewness surfaces. 

Additionally, it was possible to use Weibull distribution to specify the symmetrical 

surfaces. However, Gaussian function only used to establish the symmetrical surfaces with 

one parameter. Sahoo et al. [41] studied elastic – plastic adhesive contact for non – 

Gaussian rough surfaces using Weibull distribution. In that study, Weibull function was 

used to identify the asperity height distribution.  

The two-parameter Weibull distribution is given as follows: 

ϕ(z) =
β zβ-1

η
s

β exp [- (
z

ηs

)
β

], z > 0 , β > 0 , ηs > 0        (4.1) 

where β is shape parameter and ηs is scale parameter. 
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The nth moment of the Weibull distribution Mn is given as: 

Mn= E(zn)= ∫ zn ϕ(z) dz = η
s
n Bn

∞

0
          (4.2) 

where Bn is the Gamma function and defined as: 

Bn=Γ (1+
n

β
)                        (4.3) 

Also, the mean (expectation) of the distribution is given as: 

E(z) = η
s
 B1 = M1            (4.4) 

The variance is expressed as follows: 

σ2=M2 - M1
2= η

s
2 [B2 - B1

2]           (4.5) 

The skewness and kurtosis parameters for Weibull distribution are determined as: 

Skewness : Sk = 
B3 - 3B2B1+ 2B1

3

(B2 - B1
2)

3/2                                                                                        (4.6) 

Kurtosis : Ku = 
B4- 4B3B1+ 6B2B1

2 - 3B1
4

(B2 - B1
2)

2                                                                                (4.7) 

The Weibull function, which is given in Equation (4.1), is dimensional and has two 

parameters as shape and scale parameters. The Weibull distribution is non – 

dimensionalized as following procedures [41]: 

z̅ =
z – E(z)

σ
 = 

z - ηs B1

√ηs
2 (B2- B1

2)

          (4.8) 

By definition: 

ϕ̅(z̅)dz̅ = ϕ(z)dz            (4.9) 
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The non – dimensional Weibull distribution is written as:  

ϕ̅(z̅) = β (B1+ z̅√B2 - B1
2)

β-1

√B2 - B1
2 exp [- (B1+ z̅√B2 - B1

2)

β

]                            (4.10) 

where ϕ̅(z̅) is only a function of shape parameter, β. 

 

4.2.Comparison of Gaussian Distribution and Weibull Distribution 

Gaussian is a one – parameter function and helps to estimate the symmetric surface 

topography. In contrast, the machined surfaces have generally asymmetric asperity 

distribution. So, Gaussian function is not enough to compensate the asymmetry. 

Reasonably, other function like Weibull is used to signify the asymmetric skewness.  

Sahoo et al. [41] pointed that Gaussian distribution might be preferable because it was 

more suitable for reproduction under addition. In other words, summation of random 

Gaussian variable is Gaussian. So, it is possible to express the contacts of two rough 

surfaces with the contact of a smooth plane and a rough surface having Gaussian asperity 

distribution. However, it is difficult to manufacture a symmetrically rough surface by 

finishing operations such as grinding, polishing, lapping, etc [41]. Therefore, Weibull 

distiribution helps to take into consideration the asymmetric skewness. In detailed, it is 

noted that Weibull is a two – parameter function and these are the shape and scale 

parameters. But Weibull function, is normalized as in Equation (4.10) [41].  

Furthermore, Sahoo et al. [41] stated that kurtosis, skewness and variance are taken by 

measuring the surface roughness. Besides, skewness and kurtosis are only the function of 

shape parameter, β. Nevertheless, the variance depends on both shape parameter, β, and 

scale parameter, ηs. During the definition of the Weibull parameters, skewness or kurtosis 

is specified. Similar to Sahoo et al. [41], kurtosis is neglected and it is tried to find the 

shape parameter by using Equation (4.6) for a specified skewness value. Then, it is 

possible to calculate the scale parameter with Equation (4.5). Alternatively, this approach 
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can be made by using kurtosis instead of skewness. In other words, if a specified Kurtosis 

value is used, shape parameter is defined by using Equation (4.7). The remaining part is 

the same as the calculation of scale parameter. 

 

Table 6 Calculated Shape and Scale Parameters (σ = 0.05 μm) for the 

Corresponding Skewness Values 

Skewness Kurtosis 
Shape 

Parameter 

Scale 

Parameter 

1.00 4.16 1.56 0.085 

0.75 3.49 1.84 0.10 

0.50 3.03 2.22 0.12 

0.25 2.77 2.76 0.14 

0.00 2.72 3.60 0.18 

-0.25 2.88 4.97 0.24 

-0.50 3.26 7.50 0.34 

-0.75 3.88 13.40 0.57 

-1.00 4.77 40.7 1.64 

 

The shape parameters are calculated for the corresponding skewness values in Table 6. 

Additionally, the scale parameters for 0.05 μm surface asperity deviation are estimated. 

Also, related kurtosis values are computed after calculation of the shape parameters. 

Moreover, Weibull distribution is plotted in Figure 20 by considering the normalized 

Weibull distribution that is given in Equation (4.10). Sahoo et al. [41] focuses that the 

most convenient skewness changes between -1 < Sk < 1. Therefore, similar approach is 

kept in this study about the skewness range. 

In detailed, while the graph shows symmetric characteristics for zero skewness, 

asymmetric behaviors are observed for other skewness values. In other words, taking into 
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consideration Weibull function, the shape parameter is calculated as 3.6 when skewness 

is zero. Noticeably, skewness becomes negative when the shape parameter is greater than 

3.60. On the other hand, if the shape parameter is less than 3.60, skewness becomes 

positive. 

It should be noted that despite the zero skewness means that the surface asperity 

distribution is symmetric for Weibull function, kurtosis value is calculated as 2.72 for the 

regarding shape parameter value. But the kurtosis value is expected to be 3 for Gaussian 

surfaces. Therefore, it is displayed that Weibull function does not exactly match for a 

symmetric distribution even if the skewness is zero.  

 

Figure 19 Normalized Weibull Distribution for the Given Skewness Values 
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On the other hand, Gaussian and Weibull distributions are compared in Figure 20. 

Although the skewness is zero, Weibull function and Gaussian function are not coincident. 

However, it can be considered that the asperity height distributions for Gaussian and 

Weibull functions are almost same. So, it is accepted that the difference between the 

Weibull distribution for zero skewness and Gaussian distribution is reasonable. 

 

 

Figure 20 Comparison of Gaussian and Weibull Distributions (Sk = 0 & Ku = 2.72) 

for Symmetric Surface 
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4.3.Contact Stiffness for a Rough Surface 

Stiffness is a term that helps to identify the resistance of a body against deformation under 

the effect of loading. Specifically, the deformation resistance at the asperities is considered 

to identify the contact stiffness. Therefore, the deformation thickness and applied loads 

are important parameters for contact stiffness. Deformation thickness can be regarded as 

the thickness between the asperities at the contacting surfaces. Mostly, these surfaces are 

filled with an oil film layer. This oil film layer separates the mating parts and decreases 

the effects of the contacting phenomenon. However, the contacting bodies are not fully 

separated. In other words, while there is lubricant between mating bodies, the contact 

between the asperities are also present. Simply, this phenomenon is said to be the mixed 

lubrication model.  

The mixed lubrication contact model is assumed during the analysis. In the previous 

chapter, it is pointed that mixed lubrication regime investigated in two parts as dry contact 

and lubricant film. The load sharing factors specify the contributions of dry contact and 

lubricant. Besides, this study is based on Greenwood – Williamson model. According to 

the Greenwood – Williamson model, the contacting asperity pressure is tried to be found 

for dry contact. It is known that Greenwood – Williamson model assumed Gaussian height 

distribution. On the contrary, the non – Gaussian surface is considered for this study. So, 

during identifying the integral of summit height distribution, Weibull distribution is used 

instead of Gaussian height distribution.  

The lubricant between the asperities does not fully separate the contacting surfaces for the 

mixed lubrication regime. Still, some part of the loads is carried by oil film. Obviously, 

load taken by lubricant is identified after defining the loading of dry contact. Moreover, 

the central film thickness is computed for a mixed lubrication model.  

Calculation of loading and deformation help to derive the stiffness of the contacting 

phenomenon. For the mixed lubrication regime, the contacting stiffness is divided into 

two parts as asperity contact stiffness and oil film stiffness. Similar to the defining of the 
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asperity pressure for a non – Gaussian height distribution, it should be reminded that the 

Weilbull height distribution is assumed during the calculation of the asperity stiffness. 

After that, oil film stiffness is calculated. Then, appropriately with the literature, spring 

model is supposed to find the overall stiffness. According to the spring model, the asperity 

contact stiffness and lubricant stiffness are remarked as parallel springs due to load 

sharing. Thus, the summation of the dry contact stiffness and oil film stiffness gives the 

overall contact stiffness for Weibull distribution.  

 

4.3.1. Model Inputs for Calculation of Contact Stiffness 

In this study, the main assumptions that are made during the analysis can be listed as 

below: 

- The contacting rough surface is based on gear contact. In other words, spur gear 

contact stiffness is derived. 

- The mating parts of the gears are observed as line contact along the teeth. 

Therefore, during analysis line contact assumption is taken into consideration for 

Greenwood – Williamson model. Besides, the contacting between asperities is 

thought on the face of the gear tooth. In detail, the related figure is shown as in 

Figure 21. 

- Mixed lubrication condition 

- The rough surfaces are elastic. 

- Steady – state condition 

- Central film thickness separation is supposed. Also, the film thickness is accepted 

to be constant. 

- In this part, the input data is mainly taken from the study of Gelinck and Schipper 

[18]. Table 7 includes the model inputs for gear contact. Hence, geometrical and 

material properties of the gear and lubricant are listed in this table. Also, total 
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applied load at the contact is stated. The analysis is repeated for each case of the 

load. Additionally, speed is taken as variable input. 

 

Figure 21 Contact Geometry [45] 

 

Table 7 Geometrical and Material Properties [18, 35] 

Parameter Symbol Value 

Reduced elastic modulus  E’ 231 GPa 

Reduced radius of curvature R’ 20 mm 

Asperity density ηd 1011 m-2 

Mean radius of the summits βR 10 μm 

Standard deviation of asperities σ 0.05 μm 

Length of the line contact Le 10 mm 

Distance between mean line of the asperities 

and mean line of the surface 
dd 0.058 μm 

Center line average Ra 0.055 μm 

Inlet viscosity at ambient pressure η0 20 mPa.s 

Pressure – viscosity coefficient α 2 x 10-8 Pa-1 

Bulk modulus  B 1.339 GPa 

Applied force FT 300 N, 500N, 1000N 
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4.3.2. Flow Chart for Contact Stiffness 

Flow chart for the determination of contact stiffness analysis can be summarized in Figure 

22. According to the flow chart, the equations and the procedures to analyze the contact 

stiffness for mixed lubrication model are stated as follows: 

1. Firstly, the parameters such as elastic modulus, asperity density, line contact 

length, total applied load etc. are taken as model inputs. 

2. Secondly, total applied load is shared between asperity load and lubricant load. So, 

asperity contact load is assumed. 

3. After assuming the asperity load, load carried by lubricant, load sharing factor for 

oil film and load sharing factor for asperities are computed by using Equation 

(3.1), Equation (3.3) and Equation (3.4) [19]. 

Equation (3.1) : FT = Fa + Fh 

Equation (3.3) : Fhγ
1 

= FT 

Equation (3.4) : Faγ
2
 = FT 

4. Then the separation is calculated by using Equation (3.28) and Equation (3.29) 

[18]. 

Equation (3.28) : Hc= [γ
1
s/2 (HRI

7/3+ γ
1
-14/15H

EI

7/3
)

3s/7

+γ
1
-s/2(HRP

-7/2+HEP
-7/2)

-2s/7
]

s-1

γ
1
1/2 

 Equation (3.29) : s = 
1

5
 (7+8 e

-2γ1
-2/5HEI / HRI) 

5.  The pressure distribution for Greenwood – Williamson approach by considering 

line contact is determined via Equation (3.30) [18]. 

Equation (3.30) : p
a
 = 

2

3
η

d
 E' β

R

1/2 σ3/2 F3/2(t) 
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It should be noted that Weibull distribution is used for integral of summit heights. 

Therefore, Equations (4.8) and (4.10) are used instead of Gaussian distribution 

[41]. 

Equation (4.8) : z̅ =
z – E(z)

σ
 = 

z – ηs B1

√ηs
2 (B2- B1

2)

 

Equation (4.10):ϕ̅(z̅) = β (B1+ z̅√B2 - B1
2)

β-1

√B2 - B1
2 exp [- (B1+ z̅√B2 - B1

2)

β

] 

6. At the same time, central pressure is estimated by combining Equation (3.33) and 

Equation (3.38). 

Combination of Equation (3.33) and Equation (3.34) [18]: 

p
c
= [1+(a1η

d
' a2σ' a3W̅

 a2 - a3
γ

2

a2)
a4

]
(1/a4)

1

γ2

√ FT E'

2π Le R'     (4.11) 

7. After that, the correctness of the assumption for asperity is checked. For this aim, 

the equality of the central pressure and line contact pressure distribution for 

Greenwood – Williamson model is controlled. In other words, the iteration is 

checked whether Equation (3.30) and Equation (4.11) are equal to each other or 

not. 

8. If the equality of line contact asperity pressure for Greenwood – Williamson and 

central pressure is not satified, then a new and another assumption is made for load 

carried by asperities. 
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9.  If the equality of line contact asperity pressure for Greenwood – Williamson and 

central pressure is provided, then asperity contact stiffness, oil stiffness and total 

stiffness are estimated for the stated condition [12, 30]. Remarkably, Weibull 

function is used for the surface distribution. 

Equation (3.43) : Ka =  η
d
 β

R

1/2 σ1/2 E' F1/2(t) 

 Equation (3.50) : Kl=
B

h
 

 Equation (3.58) : Kt = Ka + Kl 

For the derivation of line contact stiffness the procedures is summarized regarding to 

Figure 22. The calculation procedure of contact pressure is similar to Gelinck and 

Schipper approach [18, 19]. In addition, MathCad is used for the calculation of the 

stiffness at the contact. Besides, the detailed information for the computer program is 

given in Appendix A. 
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Figure 22 Flow Chart of Contact Stiffness 
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4.3.3. Calculation of Contact Stiffness for a Rough Surface 

In this part, the model outputs are presented for the related conditions. 

4.3.3.1.Results of Load Sharing Factors 

In Figure 23 and Figure 24, scaling factors for mixed lubrication regime are presented. 

‘γ1’ implies for the lubricant load contribution whereas ‘γ2’ implies for asperity contact 

load contribution to the total applied load. In addition, the speed is made non – 

dimensional via Equation (3.16). Moreover, Weibull function is used during the 

calculations of surface height distribution. 

When the graphs in Figure 23 and Figure 24 are examined, at the beginning the scaling 

factor for lubricant is higher than the scaling factor for asperities. Besides, it is reached 

that scaling factors for lubricant loads show decreasing behavior as speed increases. On 

the other hand, scaling factors for asperity load shows increasing behavior as speed 

increases. At the beginning, load sharing is obvious. However, as speed continues to 

increase, the lubricant scaling approaches to unity and the asperity scaling converges to 

infinity. This means that the oil film tries to take the full portion of the loading with the 

increase of the speed. In other words, there exist asperity contacts at the beginning. 

However, the contacting area at the asperities reduces and finally the mating bodies are 

fully separated. In more details, the film thickness between contacting bodies increases 

when speed increases. Hence, the lubrication regime starts with boundary flow regime and 

the flow become mixed lubrication. Then it indicates a trend to become hydrodynamic 

lubrication. 

Furthermore, Figure 23 displays the scaling factors distribution for various surface 

skewness values. The corresponding kurtosis values of the skewness are stated in Table 

6. The figure is plot for 500 N total applied load. According to the figure, as skewness 

decreases the transition of between the lubrication regimes occurs at higher speeds.  
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Hence, the fully flooded regime is observed at very high speeds for negative skewness. In 

other words, film thickness at low speeds is less for positive skewness. Additionally, the 

film thickness increases as skewness value decreases. Nevertheless, the lubricant scaling 

ratio reaches to 1 as speed continues to increase. 

 

 

Figure 23 Comparison of Scaling Factors for Different Skewness Values by 

Considering Weibull Function (FT=500N) 

 

In Figure 24, the scaling ratio for the lubricant and asperity is presented. While the 

skewness value is taken as 1, the corresponding kurtosis value is computed as 4.16. In that 

figure, the changes of scaling ratio for various applied loads are compared. When load 

increases, the load carrying ratio of the lubricant increases. Hence, the film thickness of 

high loading for a specified speed is thinner. 
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Figure 24 Comparison of Scaling Factors for Different Total Applied Loads by 

Considering Weibull Function (Sk=1 & Ku=4.16) 

 

4.3.3.2.Results of Separation 

In Figure 25 and Figure 26, the separations between contacting surfaces with respect to 

dimensionless speed are displayed. It should be noted that the plots are stated for Weibull 

distribution. Expectedly, the figures are similar with the literature. So, the graphs are given 

in the non – dimensional forms and the x axes of the separation graphs are stated in 

logarithmic. In detail, the non – dimensional separation is calculated according to the 

following expression: 

Separation : t=
h

σ
 

By examining Figure 25 and Figure 26, it is obvious that the separation almost remains 

constant for boundary lubrication regime. When the amount of oil film increases, the 

regime is changed from boundary to mixed lubrication. This transition occurs at about 

dimensionless speed of 8x10-13 if the skewness range is 0 ≤ Sk ≤ 1. However, when the 
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skewness value becomes -0.5, the transition takes place at about dimensionless speed of 

8 x 10-12. Thus, there exist increments at the separation. The regime becomes 

hydrodynamic lubrication at about dimensionless speed of 9 x 10-12 when the skewness 

range is 0≤Sk≤1. If the skewness is -0.5, then transition from mixed lubrication to 

hydrodynamic lubrication occurs at dimensionless speed of 2 x 10-11. Hence, the 

separation increases remarkably when the regime becomes hydrodynamic lubrication. It 

should be noted that the transition between flow regimes occur by change of speed. Since 

the oil film has a negligible effect at the boundary lubrication, the increment of speed has 

almost no effect on separation for boundary lubrication. However, lubricant takes place at 

the mixed lubrication regime; the film thickness starts to increase remarkably as speed 

increases. Identically, the hydrodynamic flow means that there is no contact between 

mating bodies. So, the increase of speed has a noticeable effect to increase the film 

thickness. Additionally, the transitions between flow regimes occur at higher speeds as 

skewness decreases.   

 

Figure 25 Comparison of Separation for Different Skewness Values by Considering 

Weibull Function (FT=500N) 
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Figure 25 indicates the separation of contacting bodies for various skewness values by 

considering Weibull function. Relatedly, the Kurtosis values for the stated surface 

asymmetry are given in Table 6. The figure is plot for 500 N total applied load. The results 

are calculated for the concerning skewness at each case. If the graph is analyzed, it is 

observed that the separation between the contacting surfaces decreases as the asymmetry 

of the surfaces changes from negative skewness to positive skewness. In other words, the 

highest separation is observed when the skewness is negative for a specified speed. On 

the contrary, the lowest separation is taken when the skewness is the highest positive 

value. It should be noted that the changes of skewness does not affect the separation at 

high speeds. 

 

 

Figure 26 Comparison of Separation for Different Total Applied Loads by 

Considering Weibull Function (Sk=1 & Ku=4.16) 
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In Figure 26, the separation of the mating bodies for various total applied loads is 

presented. The total applied loads are taken as 300 N, 500 N and 1000 N. For each case, 

the separation is plotted by changing the speed. Besides, while skewness value is taken as 

1, the corresponding kurtosis is calculated as 4.16. If the graphs are studied in Figure 26, 

it is obvious that the separation and total load are inversely proportional. This means that 

the film thickness decreases if the total load increases.  

 

4.3.3.3.Results of the Contact Stiffness 

In this part, the results of contact stiffness are stated. The stiffness calculations are made 

for asperity contact stiffness, lubricant stiffness and total stiffness. Since the surface 

roughness is assumed to be asymmetric, Weibull function is used during calculation of 

stiffness. Moreover, the graphs are presented in the dimensionless form. Previously, it is 

pointed that speed is made dimensionless via Equation (3.16). In addition, the stiffness is 

expressed in the non – dimensional form as follows: 

K̅ = 
K R'

E'
 

where K is the dimensional stiffness, R’ is the reduced radius of curvature, E’ is the 

reduced elastic modulus and K̅ is the non – dimensional form of the stiffness. Also, it 

should be noted that the expression given for dimensionless stiffness is applicable to all 

stiffness such as asperity contact, lubricant and total stiffness.  

In Figure 27 and Figure 28, the asperity stiffness results at the contacting bodies are stated. 

According to the figures, the asperity stiffness is inversely proportional with speed. This 

means that the asperity stiffness falls down as speed increases.  
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Figure 27 Comparison of Asperity Contact Stiffness for Different Skewness Values 

by Considering Weibull Function (FT=500N) 

 

In detail, Figure 27 shows the comparison of the asperity stiffness for various surface 

asymmetries. The figure is drawn for positive, negative and zero skewness. Regarding 

skewness and kurtosis values for this asymmetry is also listed in Table 6. Moreover, the 

asperity stiffness decreases as skewness changes from negative to positive. Also, it should 

be noted that the asperity stiffness is not influenced by the change of skewness at high 

speeds. 
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Figure 28 Comparison of Asperity Contact Stiffness for Different Total Applied 

Loads by Considering Weibull Function (Sk=1 & Ku=4.16) 

 

On the other hand, Figure 28 indicates the behaviors of asperity stiffness for different 

applied loads. The skewness value is taken as 1 for this condition. Besides, the 

corresponding kurtosis value is computed as 4.16. According to the results, the asperity 

stiffness for the minimum applied load is less than the others. Furthermore, the asperity 

stiffness increases when the total applied load increases. 
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Figure 29 Comparison of Lubricant Stiffness for Different Skewness Values by 

Considering Weibull Function (FT=500N) 

 

Figure 29 and Figure 30 indicates the lubricant stiffness for the contacting phenomenon. 

Similar to asperity stiffness, the oil stiffness is inversely proportional to speed. Therefore, 

the oil stiffness displays descending trends with ascending of speed. Besides, the 

increasing of the speed causes the increment of the oil film. Since it is known that the oil 

stiffness is the resistance of oil against deformation under pressure, the lubricant stiffness 

is inversely proportional with film thickness. Thus, the lubricant stiffness decreases if the 

speed increases. 

In Figure 29, oil film stiffness is compared for the various skewness values. Likewise to 

asperity stiffness, the positive, negative and zero skewness values are computed. 

According to the results, the oil stiffness is higher than others when skewness is positive. 

In other words, oil stiffness decreases for a specified speed when skewness decreases. In 

addition, the lubricant stiffness is compared by changing the total applied load in Figure 
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30. Again, the skewness is considered to be 1 for this case and the related kurtosis is 4.16. 

Precisely, the oil stiffness value is less at the low applied load. In other words, oil stiffness 

increases when the load also increases. 

 

Figure 30 Comparison of Lubricant Stiffness for Different Total Applied Loads by 

Considering Weibull Function (Sk=1 & Ku=4.16) 

 

Previously, it has been pointed that the total contact stiffness is the summation of asperity 

and lubricant stiffness. By considering the superposition principle, Figure 31 and Figure 

32 are presented. So, while the comparison of total contact stiffness for different skewness 

values are given in Figure 31, total stiffness behaviors are stated by changing the total 

applied load in Figure 32. Since the asperity stiffness is high for negative skewness, the 

plot is drawn as in Figure 31. Nevertheless, the overall contact stiffness decreases as speed 

increases at general point of view. 
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Figure 31 Comparison of Overall Contact Stiffness for Different Skewness Values 

by Considering Weibull Function (FT=500N) 

 

 

Figure 32 Comparison of Overall Contact Stiffness for Different Total Applied 

Loads by Considering Weibull Function (Sk=1 & Ku=4.16) 



78 
 

 

Figure 33 Comparison of the Asperity and Lubricant Stiffness Contribution to the 

Total Stiffness by Considering Weibull Function (Sk=1 & Ku=4.16) 

 

The relations between asperity contact stiffness, lubricant stiffness and total contact 

stiffness are plotted in Figure 33. Skewness value is thought to be 1 and the related kurtosis 

is computed as 4.16 for this case. According to the figure, the contribution of oil stiffness 

to total stiffness is much higher and asperity stiffness contribution is less for a mixed 

lubrication regime. Furthermore, it can be reached that oil film is stiffer than the asperity 

stiffness.  

  



79 
 

4.4.Comparison of Results for Gaussian and Weibull Distribution 

In this part, the results of Gaussian surface distribution and zero skewness for Weilbull 

distribution is compared from Figure 34 to Figure 38. The skewness for weibull 

distribution is taken as zero. Figure 34 shows the scaling factor comparison and Figure 35 

denotes the separation. Asperity contact stiffness, lubricant stiffness and overall contact 

stiffness are given in Figure 36, Figure 37 and Figure 38, respectively. When examining 

the figures, it is obvious that there exist some differences for scaling factors, separation 

and contact stiffness. When assessing the overall behavior of the graphs, it can be said that 

the differences occur at the low speed. As speed increases, the trends are similar for 

symmetric surface asperity distribution. Therefore, the differences between graphs can be 

considered as acceptable.  

 

 

Figure 34 Comparison of Scaling Factors for Gaussian and Weibull Distributions 

(Sk = 0 & Ku = 2.72) 

 



80 
 

 

Figure 35 Comparison of Separation for Gaussian and Weibull Distributions (Sk=0 

& Ku = 2.72) 

 

Figure 36 Comparison of Asperity Contact Stiffness for Gaussian and Weibull 

Distributions (Sk = 0 & Ku = 2.72) 
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Figure 37 Comparison of Lubricant Stiffness for Gaussian and Weibull 

Distributions (Sk = 0 & Ku = 2.72) 

 

 

Figure 38 Comparison of Overall Contact Stiffness for Gaussian and Weibull 

Distributions (Sk = 0 & Ku = 2.72)  
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4.5.Evaluation of the Results 

The contacting concept is analyzed into two basic branches such as asperity contact 

stiffness and oil film stiffness. Since the applied load is shared by lubricant and contacting 

asperities at the mating regions. So, the resistance against deformation under pressure is 

derived separately for asperity and oil film. The graphs are presented in §4.3.3. In this 

part, the results can be stated as follows: 

- Firstly, it is found that the contribution of the oil stiffness is much higher than the 

asperity. Figure 33 is also proved that oil film is stiffer than asperity. Since Dwyer 

– Joyce and Zhu [35] points that the oil film modulus is low and the separation is 

thin [35]. The results are compatible with the literature. Walford and Stone [34] 

consider the lubricant as a rigid body and ignore lubricant stiffness during 

calculation. Likewise, Dwyer – Joyce and Zhu [35] find similar results for 

Gaussian surface distribution. 

- Secondly, the effect of speed on stiffness at the contact is studied. It is concluded 

that as speed increases contact stiffness decreases. It can be said that this result 

agrees with the literature. To illustrate, Sarangi et al [27] also reach similar 

conclusion. According to Sarangi et al [27], Gaussian surface is thought. In 

addition, Greenwood – Tripp model is assumed by Sarangi et al [27]. However, 

Greenwood – Williamson model is applied in this study.  

- On the other hand, the effect of speed not only investigated for contact stiffness, 

but also the effect of speed on separation is considered. It is found that the film 

thickness at the contacting surfaces proportional with speed in mixed lubrication 

regime. This is also an expected result. Dwyer Joyce et al [35], Gelinck and 

Schipper [18] indicate the similar result for Gaussian surface distribution. 

- Moreover, the effect of total applied load is searched. It is shown that the contact 

stiffness is greater for higher loads. On the contrary, film thickness is lower if 

loading increases for a specified speed.  
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- Furthermore, the contact stiffness for changing skewness is calculated. The 

asperity contact stiffness has lower value if the skewness is positive for a specified 

speed. As the surface becomes symmetric, the asperity stiffness increases under 

the same operating condition. It should be noted that when the skewness is zero, 

surface asperity distribution is symmetric. Clearly, it can be claimed that negative 

surface skewness has higher asperity stiffness and positive skewness has lower 

contact stiffness for the stated skewness. On the other hand, oil stiffness is higher 

for positive skewness. It should be noted that the calculation of contact stiffness 

for mixed lubrication regime is impractical if the skewness is negative and the 

speed is low. Since Sahoo et al [41] explains that the shape and scale parameters 

are quite high for negative skewness. Therefore, the most convenient range for the 

skewness is stated between -1 and 1. After the analysis of this study, it can be 

claimed that the contact stiffness calculation for negative skewness is inconvenient 

if the speed is low. Hence, it is found that the calculation of contact stiffness is 

practical for positive skewness. 

- In addition, film thickness for changing skewness is studied. It is concluded that 

the separation increases as skewness decreases for a specified speed. Also, it 

should be noted that at very high speeds, the change of skewness does not affect 

the separation.  

- Lastly, Gaussian and Weibull distribution for zero skewness are compared. It is 

reached that there exist differences between Weibull (Sk = 0 & Ku = 2.72) and 

Gaussian (Sk = 0 & Ku = 3.00) at low speeds. As speed increases differences 

decreases. This is the expected result. Since Sahoo et al. [41] focuses that zero 

skewness is accepted as symmetric. Therefore, the results are compatible with 

literature. 
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CHAPTER 5 

 

 

CONCLUSIONS AND FUTURE WORKS 

 

 

 

In this study, the contacting phenomenon of the mating spur gear teeth is investigated. For 

this aim, the contact stiffness and the separation at the contacting surfaces are calculated. 

Due to the contact profile of a gear tooth, line contact is considered. Additionally, the 

results are calculated by considering Weibull surface height distribution for a mixed 

lubrication regime. Besides, this study is based on Greenwood –Williamson asperity 

contact. During calculations, MathCAD is used as a computer program. 

The contact stiffness at the spur gear teeth interface is analyzed in two major parts as 

asperity contact and oil film. Due to mixed lubrication regime, the load is shared between 

asperities and oil film. Thus, the spring model is used to find the total stiffness at the 

contact. The springs, which imply the asperity stiffness and lubricant stiffness, are 

connected in parallel because of the load sharing between asperities and oil film. Then 

overall stiffness at the contact is found by superposition principle. After calculating the 

overall contact stiffness, it is reached that oil film is stiffer than asperity stiffness because 

of the thin separation. So, the contribution of the lubricant stiffness to the total stiffness at 

the contact is much higher as expected.  

The contact stiffness is calculated for changing speed. It is reached that speed has a 

decrement effect on contact stiffness. Although separation remains constant at low speeds, 
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separation increases by increasing the speed at mixed and hydrodynamic lubrication 

regimes. In literature, similar results are found for Gaussian height distribution. Therefore, 

it is said that the results are compatible with literature for Weibull distribution. 

Additionally, the same analysis is repeated for different total applied loads. It is concluded 

that separation is lower for the greater total applied load. Also, contact stiffness is higher 

for higher applied load under the same operating condition.  

Another study is made to understand the effect of skewness of height distribution. For this 

aim, the positive, negative and zero skewness are compared. When the surface profile is 

examined, it is obvious that positive skewness has high peaks. On the contrary, the peaks 

at the surface profile are removed and the surface profile mainly includes valleys for 

negative skewness. Therefore, the scale and shape parameters that are used in the Weibull 

function are so high for negative skewness. Hence, it should be noted that the given non 

– dimensional Weibull function is more practical for -1 < Sk < 1 [41]. For the given 

skewness range, the contact stiffness and separation are compared. It can be said that in 

the transition region the overall contact stiffness is less for positive skewness when 

comparing with negative skewness for a specified speed. In other words, as skewness 

range decreases for a specified speed, the overall contact stiffness increases in during the 

transition of lubrication regimes. Additionally, the comparison of separation for positive, 

negative and zero skewness values are checked. It is indicated that the separation at the 

contacting bodies is greater for negative skewness under the same operating speed. On the 

contrary, the separation is lower if the skewness is positive for a specified speed. 

In literature, the analyses have been generally made for Gaussian height distribution. The 

new thing that is presented for this study is to use Weibull height distribution at mixed 

lubrication regime. Since Weibull distribution provides the asymmetric surface modeling. 

However, it is possible to express the symmetric rough surface with Weibull function. It 

is proven that the zero skewness for Weibull function state similar consequences with 

Gaussian function as speed increases. 
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In this study, Greenwood – Williamson model approach is applied to calculate the asperity 

pressure. In the future, other models such as Greenwood - Tripp and Halling et al. models 

can be considered to calculate the contact pressure for a mixed lubrication regime. Also, 

since the gear contact area is considered as line contact, this study based on line contact 

area. Other contact models can be improved for line contact. These models can also be 

improved to calculate contact stiffness for asymmetric surfaces. In addition, damping 

effect of the contact can be derived for mixed lubrication regime.  
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APPENDIX A 

 

 

SAMPLE CALCULATION OF ROUGH SURFACE CONTACT STIFFNESS 
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 Asperity density, [m-2]  

 Average asperity radius, [m] 

 Standard deviation of asperities, [m] 

 Contact length, [m] 

 Reduced elastic modulus, [Pa] 
 

 Viscosity at the inlet, [Pa.s] 

 Pressure - viscosity coefficient, [Pa-1] 

 Distance between mean line of the asperities and mean line of the 
surface, [m] 

 Average pressure, [Pa] 

 Total applied load, [N] 

 Assumed asperity load, [N] 

Reduced radius, [m] 

n 10
11



 10 10
6



s 0.05 10
6



B 10 10
3
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9
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dd 0.058 10
6



pav 238 10
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FT 500
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Scaling Factors γ1 is for lubricant, γ2 is for asperity 

Non - Dimensinal parameters for loading, speed and material: 

  Moes parameters (dimensionless) 

  Non - Dimensinal parameters 

Numbers and expression for film thickness: 
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Central film thickness: 

 Shape parameter for Sk=0 

 Scale parameter for Sk=0 

Gamma functions for Weibull: 

   

Integrals of summit heights: 
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Constants for Gelinck and Schipper: 

        

Central pressure for Gelinck and Schipper: 

Check of the assumption 
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 Bulk modulus, [Pa] 
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 Overall contact stiffness 
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