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ABSTRACT

uT-CONVERGENCE IN LOCALLY SOLID VECTOR LATTICES

Dabboorasad, Yousef A. M.
Ph.D., Department of Mathematics

Supervisor : Prof. Dr. Eduard Emel’yanov

March 14, 2018,[60| pages

We say that a net (x,,) in a locally solid vector lattice (X, 7) is ur-convergent to a vec-
torz € X if |2, —2|Aw = 0 forall w € X . The aim of the thesis is to study general
properties of ur-convergence, which generalizes unbounded norm convergence. Be-
sides, general investigation of u7-convergence, we carry out detailed investigation
of its very important case, so-called “unbounded m-convergence” (um-convergence,
for short) in multi-normed vector lattices. Unlike “unbounded order convergence”,
we showed that the ur-convergence is topological and the corresponding topology
serves as a generalization of the unbounded norm topology.

Keywords: Vector Lattice, Locally solid Vector Lattice, uT-Convergence, uo-Convergence,
un-Convergence, um-Convergence, Lebesgue property, Levi property.
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YEREL KATI VECTOR ORGUSUNDE u7-YAKINSAKLIK

Dabboorasad, Yousef A. M.

Doktora, Matematik Boliimii

Tez Yoneticisi : Prof. Dr. Eduard Emel’yanov

Mart 14, 2018 ,[60| sayfa

xo yerel kat1 vector orgiisii (X, 7) da bir net olsun ; Eger her w € X i¢in |z, —

x| Aw = 0 oluyorsa, bu durumda z,, neti # € X vektoriine siirsiz 7-yakinsaktir

diyecegiz. Bu tezin amaci1 sinirsiz norm yakinsamanin bir genellemesi olan sinirsiz 7-

yakinsakligin (kisaca, ur-yakinsakligin) genel 6zelliklerini calisacagiz. Ayrica, multi

normlu vector drgiilermde u7-yakinsamanin dnemli ¢esiti olan sinirsiz m-yakinsaklik™
veya (kisaca um-yakinsaklik) calisilmistir. Sinirsiz sira yakinsakliginin aksine, u7-

yakinsaklig1 ve um-yakinsaklig1 topolojik oldugu ve bunlara karsilik gelen topoloji-

lerin sinirsiz norm topolojinin genellemelerine karsilik geldigi gosterilmistir.

Anahtar Kelimeler: Yoney orgiisii, yerel som yoney orgiisii, u7-Yakinsama, uo- Yakinsama,
un-Yakinsama, um-Yakinsama,Lebesgue 6zelligi, Levi ozelligi.
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CHAPTER 1

INTRODUCTION

The subject of “unbounded convergence” has attracted many researchers [57, 153} 31,
30, 214 [18) 1614 36, 8, 41} 35, 28, 152]]. It is well-investigated in Banach lattices [30,
31,133,136, 158, 61]. In this thesis, we study unbounded convergence in locally solid
vector lattices. Results in this thesis extend previous works [18, 130} 36, 61]].

Many types of "unbounded convergences" were defined in vector lattices, normed
lattices, locally solid vector lattices and in lattice-normed vector lattices; see, e.g.
[7, 18, 110y 116} 17, 18} 23, 31}, 138, 154, 57, |61]]. Using those unbounded convergences,
several related topologies were introduced; see, e.g. [15, 116} 34, 35, 136, 137, 51,
52, 161]. Some new classes of operators were defined and investigated using un-
bounded convergences; see, e.g. [0, (9, 12 [13 24, 25 29, 44} 47, 162]. Further-
more, unbounded convergences has been used in the study of Brezis-Lieb lemma,
risk measures, Kolomos properties and universal completion for vector lattices ; see,
e.g. [11,119, 21} 28} 29,30, 32, 41, 43]].

A net (x4)qca in a vector lattice X is said to be order convergent (or o-convergent)
to a vector x € X if there is another net (y3), possibly over a different index set,
such that ys | 0 and, for every [3, there exists ag satisfying |z, — x| < yz whenever
a > ag. In this case we write, 7, — r. A net (z,,) in a vector lattice X is unbounded
order convergent to a vector v € X if |x, — x| Au = 0 for all u € X, in this
case we say that the net (z,,) uo-converges to x and we write 7, — z. H. Nakano
(1948) was the first who defined uwo-convergence in [45], but he called it “individual
convergence”. He extended the individual ergodic theorem, which is known also
as Birkhoff’s ergodic theorem, to KB-spaces. Later, R. DeMarr (1964) proposed
the name "unbounded order convergence" in [17]. He defined the uo-convergence
in ordered vector spaces and mainly showed that any locally convex space E can be
embedded in a particular ordered vector space X so that topological convergence in £
is equivalent to uo-convergence in X. In 1977, A. Wickstead investigated the relation
between weak and uo-convergences in Banach lattices in [S7]. Two characterizations
of uo-convergence in order (Dedekind) complete vector lattices having weak units
were established in [38] by S. Kaplan (1997/98). In [20], they studied stability of
order convergence in vector lattices and some types of order ideals in vector lattices.
Order convergence of nets was studied in][2, 55].

Recently, in [31], N. Gao and F. Xanthos studied uo-convergent and uo-Cauchy nets



in Banach lattices and used them to characterize Banach lattices with the positive
Schur property and KB-spaces. Moreover, they applied uo-Cauchy sequences to ex-
tend Doob’s submartingale convergence theorem to a measure-free setting. Next,
N. Gao (2014) studied unbounded order convergence in dual spaces of Banach lat-
tices; see [27]. Quite recently, N. Gao, V. Troitsky, and F. Xanthos (2017) exam-
ined more properties of uo-convergence in [30]. They proved the stability of the
uo-convergence under passing to and from regular sublattices. Using that fact, sev-
eral results in [31, [27]] were generalized. In addition, they studied the convergence of
Cesaro means in Banach lattices using the uo-convergence. As a result, they obtained
an intrinsic version of Komlés’ Theorem in Banach lattices and developed a new
and unified approach to study Banach-Saks properties and Banach-Saks operators in
Banach lattices based on uo-convergence.

Moreover, E. Emelyanov and M. Marabeh (2016) derived two measure-free versions
of Brezis-Lieb lemma in vector lattices using uo-convergence in [21]. In 2017, H.
Li and Z. Chen showed in [41] that every norm bounded positive increasing net in
an order continuous Banach lattice is uo-Cauchy and that every uo-Cauchy net in an
order continuous Banach lattice has a uo-limit in the universal completion.

Regarding applications, unbounded order convergence has been applied in finance.
For instance, N. Gao and F. Xanthos have exploited wo-convergence to derive a w*-
representation theorem of proper convex increasing functionals on particular dual
Banach lattices in [32]. Extending this work, representation theorems of convex func-
tionals and risk measures was established using unbounded order continuous dual of
a Banach lattice in [28]].

Let X be a normed lattice, then a net () in X is unbounded norm convergent to a

vector x € X (or z,, un-convergent to z) if |, — x| A u M) 0forallu € X,. In

this case, we write z, — z. In 2004, V. Troitsky defined the unbounded norm con-
vergence in [53]. He called it the “d-convergence”, and studied the relation between
the d-convergence and measure of non-compactness.

Later, in 2016, Y. Deng, M. O’Brien, and V. Troitsky introduced the name “un-
bounded norm convergence” in [[18]]. They studied basic properties of un-convergence
and investigated its relation with uwo- and weak convergences. Finally, they showed
that un-convergence is topological.

The “unbounded norm topology” (or un-topology) in Banach lattices was deeply in-
vestigated in [36], by M. Kandi¢, M. Marabeh, and V. Troitsky (2017). They showed
that the un-topology and the norm topology agree iff the Banach lattice has a strong
unit. The un-topology is metrizable iff the Banach lattice has a quasi-interior point.
The un-topology in an order continuous Banach lattice is locally convex iff it is
atomic. An order continuous Banach lattice X is a KB-space iff its closed unit ball
Bx is un-complete. For a Banach lattice X, By is un-compact iff X is an atomic
KB-space. Also, they studied un-compact operators and the relationship between
un-convergence and weak*-convergence.

The concept of unbounded norm convergence has been generalized in [35] by M.



Kandi¢, H. Li, and V. Troitsky (2017) as follows: let X be a normed lattice and Y a
vector lattice such that X is an order dense ideal in Y, then a net (y,,) un-converges

toy €Y with respect to X if |y, — y| A x 110 for every © € X .. They extended

several known results about un-convergence and un-topology to this new setting.

At the same time, O. Zabeti (2017) introduced and studied the unbounded absolute
weak convergence (or uaw-convergence). A net (z,) in a Banach lattice X uaw-
converges to v € X if |v4 — x| Au = 0 forall u € X ; [61]]. Zabeti investigated
the relations of uaw-convergence with other convergnces. Moreover, he obtained a
characterization of order continuous and reflexive Banach lattices in terms of uaw-
convergence.

After that, Mitchell A. Taylor in [52, 51]] investigated unbounded convergence and
minimal topologies in locally solid vector lattices. In particular, he prove that a Ba-
nach lattice is boundedly uo-complete iff it is monotonically complete. In addition,
he studied completeness-type properties of minimal topologies; which are exactly the
Hausdorff locally solid topologies in which uo-convergence implies topological con-
vergence. Together with Marko Kandié, they proved in [34] that a minimal topology
is metrizable iff X has the countable sup property and a countable order basis. More-
over, they proved relations between minimal topologies and uo-convergence that gen-
eralize classical relations between convergence almost everywhere and convergence
in measure.

The structure of this thesis is as follows. In Chapter 2 we provide basic notions and
results form vector lattice theory that are needed throughout this thesis.

Chapter 3 consists of five sections. We study general properties of unbounded 7-
convergence (shortly, ur-convergence). For a net (x,,) in a locally solid vector lattice
(X, 7); we say that (z,) is unbounded 7-convergent to a vector x € X if |z, —
z| Aw 5 0 for all w € X,. The ur-convergence generalizes unbounded norm
convergence and unbounded absolute weak convergence in normed lattices that have
been investigated recently [[18},136}161]]. Besides, we introduce u7-topology and study
briefly metrizabililty and completeness of this topology.

Finally, in Chapter 4 we carry out a detailed investigation of its very important case,
the so-called “unbounded m-convergence” (um-convergence, for short) in multi-
normed vector lattices [13]. If M = {m,}ex is a separating family of lattice semi-
norms on a vector lattice X, then the pair (X, M) is called a multi-normed vector
lattice (or MNVL). We write z, — x if my (24 —x) — 0 forall A € A. A net (z,) in
an MNVL X = (X, M) is said to be unbounded m-convergent (or um-convergent)
to z if |z, — 2| Au = 0 for all u € X,. The um-convergence generalizes un-
convergence [ 18, 36] and uaw-convergence [61]], and specializes up-convergence [8]]
and ur-convergence [16]. The um-convergence is always topological, whose cor-
responding topology is called unbounded m-topology (or um-topology). We show
that, for an m-complete metrizable MNVL (X, M), the um-topology is metrizable
if and only if X has a countable topological orthogonal system. In terms of um-
completeness, we present a characterization of MNVLs possessing both Lebesgue’s
and Levi’s properties. Then, we characterize MNVLs possessing simultaneously the



o-Lebesgue and o-Levi properties in terms of sequential um-completeness. Finally,
we prove that every m-bounded and um-closed set is um-compact if and only if the
space is atomic and has Lebesgue’s and Levi’s properties.

The results of Chapters 3, and 4 appear in the preprint [[16] and the article [[15]].



CHAPTER 2

PRELIMINARIES

For the convenience of the reader, we present in this chapter the general background
needed in this thesis.

Let "<" be an order relation on a real vector space X. Then X is called an ordered
vector space, if it satisfies the following conditions: (i) z < y implies x + 2 < y + 2
for all z € X; and (ii) z < y implies Az < Ay forall A € R,.

For an ordered vector space X we let X, := {x € X : x > 0}. The subset X is
called the positive cone of X. For each x and y in an ordered vector space X we let
xVy :=sup{z,y} and z Ay := inf{x,y}. f z € X, and = # 0, then we write
x> 0.

An ordered vector space X is said to be a vector lattice (or a Riesz space) if for each
pair of vectors z,y € X the x V y and x A y both exist in X. Let X be a vector lattice
andz € X thenat := V0,2~ := (—z)VO0and |z| := (—x)Vz are the positive part,
negative part and absolute value of x, respectively. Two elements x and y of a vector
lattice X are disjoint written as © L y if |z| A |y| = 0. For a nonempty set A of X
then its disjoint complement A% is defined by A? := {x € X : 2 1L aforalla € A}.
A subset S of a vector lattice X is bounded from above (respectively, bounded from
below) if there is © € X with s < x (respectively, x < s) foralls € S. If a,b € X,
then the subset [a,b] := {z € X : a < x < b} is called an order interval in X. A
subset S of X is said to be order bounded if it is bounded from above and below or
equivalently there is v € X so that S C [—u,u]. If anet (x,) in X is increasing and
& = sup, T, then we write =, 1 x. The notation z,, | = means the net (z,) in X is
decreasing and x = inf, x,. A vector lattice X is said to be Archimedean if %x 0
holds for each x € X . Throughout this thesis, all vector lattices are assumed to be
Archimedean.

A vector lattice X is called order complete or Dedekind complete if every order
bounded from above subset has a supremum, equivalently if 0 < z, 1< wu then
there is x € X such that z,, T x.

A vector subspace Y of a vector lattice X is said to be a sublattice of X if for each
y1 and y» in Y we have y; V yo € Y. A sublattice Y of X is order dense in X if for
eachz > Othereis0 <y €Y with(0) <y < xandY is said to be majorizing in X if
for each x € X there exists y € Y such that z < y.



A linear operator 7' : X — Y between vector lattices is called lattice homomorphism
if |Tx| = T'|z| for all x € X. A one-to-one lattice homomorphism is referred as a
lattice isomorphism. Two vector lattices X and Y are said to be lattice isomorphic
when there is a lattice isomorphism from X onto Y.

If X is a vector lattice, then there is a (unique up to lattice isomorphism) order com-
plete vector lattice X that contains X as a majorizing order dense sublattice. We
refer to X? as the order (or Dedekind) completion of X .

A subset A of X is said to be solid if for v € X and a € A such that |z|< |a] it
follows that = € A. A solid vector subspace of a vector lattice is referred as ideal.
Let A be a nonempty subset of X then [, the ideal generated by A is the smallest
ideal in X that contains A. This ideal is given by

Iy:={zeX:3a,...,a, € Aand X € R, with |z| < )\Z|aj]}.
j=1
For z( € X then I,, the ideal generated by z is referred as a principal ideal. This
ideal has the form [, := {z € X : 3\ € Ry with |z] < Azo|}.

For a net (z,,) in a vector lattice X, we write x, — x, if 2, converges to x in order.
This means that there is a net (yz), possibly over a different index set, such that y3 | 0
and, for every 3, there exists a satisfying |z, — x| < yg whenever a > ag. It follows
that an order convergent net has an order bounded tail, whereas an order convergent
sequence is order bounded. For a net (x,) in a vector lattice X and z € X we have
2o — x| = 0 if and only if 7, = x. For an order bounded net (x,) in an order
complete vector lattice we have, z, -~ z if and only if inf, sup s>alTs — x| = 0. A
net (1) is unbounded order convergence to a vector x € X if |zo — x| Au 3 0
for every u € X,. We write z, — x and say that z,, uo-converges to x. The un-
bounded order convergent was introduced in [45] under the name individual conver-
gence, where the name unbounded order convergence was first proposed by DeMarr
(1964) [17]. Clearly, order convergence implies uo-convergence and they coincide
for order bounded nets. The uo-convergence is an abstraction of a.e.-convergence in
L,-spaces for 1 < p < oo, [30,31]. For a measure space (£2,%, 1) and for a se-
quence f,, in L,(1) (0 < p < 00), f,, — 0 if and only if f,, — 0 almost everywhere
(cf. [30, Remark 3.4]). It is well known that almost everywhere convergence is not
topological in general [46]]. Therefore, the uo-convergence might not be topologi-
cal. Quite recently, it has been shown that order convergence is never topological in
infinite dimensional vector lattices [14].

Suppose that X is a vector lattice. By [30, Corollary 3.6], every disjoint sequence in
X is uo-null. Recall that a sublattice Y of X is regular if the inclusion map preserves
suprema and infima of arbitrary subsets. It was shown in [30, Theorem 3.2] that uo-
convergence is stable under passing to and from regular sublattices. That is, if (y,) is
a net in a regular sublattice Y of X, then y, — 0in Y if and only if 3, — 0in X
(in fact, this property characterizes regular sublattices).

A net (z,)aea in X is said to be order Cauchy (or o-Cauchy) if the double net (z,, —
Tor)(a,a)cAx is order convergent to 0. A linear operator 7' : X — Y between
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vector lattices is said to be order continuous if x, - 01in X implies T'z,, % 0inY.
Order convergence is the same in a vector lattice and in its order completion, see [30,
Corollary 2.9].

A subset A of X is called order closed if for any net (a,) in A such that a, > x
it follows that x € A. An order closed ideal is a band. For xo € X the principal
band generated by z is the smallest band that includes z,. We denote this band by
B,, and it is described as B,, := {x € X : |z| An|z| T |z|}. A band B in a
vector lattice X is said to be a projection band if X = B @ B®. If B is a projection
band, then each z € X can be written uniquely as * = x; + x5 where 1 € B and
w9 € B?. The projection Pg : X — X defined by Pp(x) := z; is called the band
projection corresponding to the band projection B. If P is a band projection then it is
a lattice homomorphism and 0 < P < [;1e.,0 < Px < xforall x € X,. So band
projections are order continuous.

A vector lattice X equipped with a norm ||-|| is said to be a normed lattice if |x| < |y
in X implies ||z|| < |ly||. If a normed lattice is norm complete, then it is called a
Banach lattice. A normed lattice (X, ||||) is called order continuous if x, | 0in X
implies ||z4|| { 0 or equivalently 2, 2 0 in X implies ||z,| — 0. A normed lattice
(X, ||| is called a KB-space if for 0 < z,, 1 and sup, ||z, || < oo we get the net (z,,)
is norm convergent. Clearly, if the norm is order continuous, then uo-convergence
implies un-convergence.

Let X be a vector lattice. An element 0 # e € X is called a strong unit if I, = X,
where [, denotes the ideal generated by e (equivalently, for every > 0, there exists
n € N such that x < ne), and 0 # e € X, is called a weak unit if B, = X,
(equivalently, z A ne 1 x for every x € X ). Here B, denotes the band generated by
e.

Recall that a vector lattice V' is a locally solid vector lattice if it is Hausdorff topolog-
ical vector space possessing a zero base of solid neighborhoods. If (X, 7) is a locally
solid vector lattice, then 0 # e € X is called a quasi-interior point, if the principal
ideal I, is 7-dense in X, that is I_ET = X. [49, Def. 11.6.1]. If X is a normed lattice.
Then it can be shown that 0 < e € X is a quasi-interior point if and only if for every
x € X, we have ||z — z A ne|| — 0 as n — oo. It is known that in a normed lattice

strong unit = quasi-interior point = weak unit.

Anelement a > 0 in a vector lattice X is called an atom whenever for every = € [0, a
there is some real A > 0 such that x = Aa. It is known that B, the band generated
by a is a projection band and B, = I, = span{a}, where I, is the ideal generated
by a. A vector lattice X is called atomic if the band generated by its atoms is X. For
any x > 0 there is an atom a such that ¢ < x. For any atom a, let P, be the band
projection corresponding to B,. Then P,(z) = f,(z)a where f, is the biorthogonal
functional corresponding to a. Since band projections are lattice homomorphisms and
are order continuous, so is f, for any atom a.

Finally we characterize order convergence in atomic order complete vector lattices,
and for the convenience of the reader we provide the following technical lemma.

7



Lemma 1. Let X and Y be vector lattices. If T : X — Y is an order continu-
ous lattice homomorphism and A a subset of X such that sup A exists in X, then

T(sup A) =supT'(A).

Proof. Notethat{a; V---Va,:n €N ay,...,a, € A} 1 sup A. SoT({al\/---\/
a, :n € Nyay,...,a, € A}) 1 T(sup A). Furthermore, T({a1 V---Va, :n €
D\l,al,...,anEA}) ={T(a;V---Va,) :neNa,...,a, € A} ={Ta; V---V
Ta,:n €N ay,...,a, € A} TsupT(A). Hence T'(sup A) = sup T'(A). O

Lemma 2. If X is an atomic order complete vector lattice and (x,,) is an order
bounded net such that f,(x,) — 0 for any atom a, then z,, = 0.

Proof. Suppose the contrary, then inf, supg,|2zs| > 0, so there is an atom a such
that a < inf, supgs,|2s|. Hence a < supgs,|zs| for any a.

Let f, be the biorthogonal functional corresponding to a, then it follows from Lemma
[Mthat 1 = fo(a) < fa(supgsylzsl) = supssalfa(s)| for each . Thus

limsup,|fa(x4)| > 1 which is a contradiction. O

Lemma 3. [30, Corollary 2.9] For any net (1) in a vector lattice X, 1, — 0in X
if and only if o, = 0 in X°.

Combining Lemmas 2] and [3] we obtain the following result.

Proposition 1. If X is an atomic vector lattice and (x,,) is an order bounded net such
that f,(z4) — 0 for any atom a, then x,, = 0.

For a net (z,,) in a normed lattice (X ||-||), we write x,, Tl o if Zo converges to z in

norm. We say that x, unbounded norm converges to x € X (or x, un-converges to

x)if |z — x| Au T for every u € X,. We write z, — x. The un-convergence

was introduced in [53]] under the name d-convergence and studied in [18] and [36].
Clearly, norm convergence implies un-convergence. The converse need not be true.

Example 1. Consider the sequence (e,) of standard unit vectors in cy. Let u =
(u, us, ...) be an element in (co)i. Let 0 < € < 1 then there is n. € N such that
U, < € foralln > n.. Thus forn > n., |ne, A |l = u, < €. Hence ne, —= 0.
The sequence (ney,) is not norm bounded, and so it can not be norm convergent.

For order bounded nets, un-convergence and norm convergence coincide. If the norm
of a normed lattice is order continuous then uo-convergence implies un-convergence.

Proposition 2. /IS, Lemma 2.11] Let X be a normed lattice with a quasi-interior
point e. Then for any net (z,) in X, o — 0 if and only lfH |za| A eH — 0.

Let Y be a sublattice of a Banach lattice X. Clearly, if (y,) is a netin Y and y,, — 0
in X, then y, ™ 0in Y. The converse need not be true.
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Example 2. Let (e,,) be the sequence of standard unit vectors in cy. Then e, — 0 in
co, but this does not hold in l,. Indeed, let u = (1,1,1,...) then e, AN u = e, and

lenlloo =1 # 0.

Theorem 1. /36| Theorem 4.3] Let Y be a sublattice of a normed lattice X and (y,,)
anetin'Y such that y, — 0 in'Y. The following statements hold.

1. IfY is majorizing in X, then y, — 0 in X.
2. IfY is norm dense in X, then yo, — 0in X.

3. Y is a projection band in X, then 1y, — 0 in X.

Since every Archimedean vector lattice X is majorizing in its order completion X°,
we have the following result.

Corollary 1. [36, Corollary 4.4] If X is a normed lattice and z, — x in X, then
To — x in the order completion X° of X.

Corollary 2. [36] Corollary 4.5] If X is a KB-space and x,, — 0 in X, then x, — 0
in X**.

Example 2] shows that the assumption that X is a KB-space cannot be removed.

Corollary 3. /36, Corollary 4.6] Let Y be a sublattice of an order continuous Banach
lattice X. If Yo — 0in'Y then y, — 0in X.

While uo-convergence need not be given by a topology, it was observed in [18] that
un-convergence is topological. For every € > 0 and non-zero v € X, put

Vou={ze X :||z]Aul| <e}.

The collection of all sets of this form is a base of zero neighborhoods for a topology,
and the convergence in this topology agrees with un-convergence. This topology is
referred as un-topology and it was investigated in [36].

Recall that for a net (z,), 7o — 0 if and only if f(z,) — 0 for all f € X*, where
“w" refers to weak convergence, and X* is the topological dual of X (the space of all
real valued continuous functionals on X).

A net (z,,) is unbounded absolute weak convergent to x € X (or x, uaw-converges
to z) if |zq — 2| Au = 0forall u € X,. We write 7, —— . Absolute weak
convergence implies uaw-convergence. The notions of uaw-convergence and uaw-
topology were introduced in [61]].

Let X be a Banach lattice. If x, XX, 0, then x, —% 0, where |o|(X, X*)
denotes the absolute weak topology on X. It was pointed out in [61, Example 3] that
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the converse need not be true. For order bounded nets uaw-convergence and absolute
weak convergence are equivalent.

As in the case of un-convergence the following result illustrates that uaw-convergence
can only be evaluated at a quasi-interior point.

Proposition 3. (61| Lemma 6] Let X be a Banach lattice with a quasi-interior point
e. Then for any net (o) in X, To — 0 if and only if |z4| A e = 0.

Similar to the situation in Corollary [3] uaw-convergence on atomic order continuous
Banach lattices can transfer from a sublattice to the whole space.

Proposition 4. /61, Proposition 16] Suppose X is an order continuous Banach lattice
and Y is a sublattice of X. If Yo —>0in Y then y, — 0 in X.

Next result shows that uo-, un- and uaw-convergences all agree on atomic order
continuous Banach lattices.

Proposition 5. /61, Corollary 14] Suppose X is an order continuous Banach lattice.
Then uo-convergence un-convergence and uaw-convergence are agree if and only if
X is atomic.

Thus if X is an atomic order continuous Banach lattice, (z,,) is a net in X and f,
is the biorthogonal functional corresponding to an atom a € X. Then x, — 0 if
and only if 1o, — 0 if and only if o, > 0 if and only if f,(x,) — 0 for any atom
a€X.
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CHAPTER 3

UNBOUNDED 7-CONVERGENCE IN LOCALLY SOLID
VECTOR LATTICES

Recall that a topological vector space is a vector space assigned with a topology
in which the vector operations are continuous. If X is a vector lattice, and 7 is a
linear topology on X that has a base at zero consisting of solid sets, then the pair
(X, 1) is called a locally solid vector lattice. Tt should be noted that all topologies
considered throughout this thesis are assumed to be Hausdorff. It follows from [3,
Theorem 2.28] that a linear topology 7 on a vector lattice X is locally solid if and
only if it is generated by a family {p;},c; of Riesz pseudonorms, where a Riesz
pseudonorm p is a real-valued function defined on a vector lattice X satisfying the
following properties:

1. p(x) > 0forall z € X.
2. plx+y) <p(z)+py) forall z,y € X.
3. p(Ax) - 0as A — O foreach x € X.

4. 1f |z| < |y| then p(z) < p(y).

Moreover, if a family of Riesz pseudonorms generates a locally solid topology 7 on
a vector lattice X, then z,, — z in X if and only if p;(z, — ) — 0 in R for each
j € J. Since X is Hausdorff, the family {p, };cs of Riesz pseudonorms is separating;
ie., if p;j(z) =0forall j € J, then z = 0.

A subset A in a topological vector space (X, 7) is called topologically bounded (or
simply 7-bounded) if, for every T-neighborhood V' of zero, there exists some A > 0
such that A C AV If p is a Riesz pseudonorm on a vector lattice X and x € X, then
Lp(z) < p(2z) forall n € N. Indeed, if n € N then p(z) = p(niz) < np(iz). The
following standard fact is included for the sake of completeness.

Proposition 6. Ler (X, 7) be a locally solid vector lattice with a family of Riesz
pseudonorms {p;} ;e that generates the topology 7. If a subset A of X is T-bounded
then p;(A) is bounded in R for any j € J.

Proof. Let A C X be7-boundedand j € J. PutV := {z € X : p;(x) < 1}. Clearly,
V' is a neighborhood of zero in X. Since A is 7-bounded, there is A > 0 satisfying
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A C \V. Thus pj(%a) < 1 for all @ € A. There exists n € N with n > ). Now,

Lpi(a) < pj(2a) < pj(3a) < 1foralla € A. Hence, sup,e 4 pj(a) <n <oo. [

n

Next, we discuss the converse of the above proposition.

Let {p; }jcs be a family of Riesz pseudonorms for a locally solid vector lattice (X, 7).

Forj € J,letp; := 5 J’Z) - Then p; is a Riesz pseudonorm on X. Moreover, the family

(pj)jes generates the topology 7 on X. Clearly, p;(A) < 1 for any subset A of X,
but still we might have a subset that is not 7-bounded.

Recall that a locally solid vector lattice (X, 7) is said to have the Lebesgue property
if 2, | 0in X implies z, — 0; or equivalently z, — 0 implies 2, — 0; and (X, 7)
is said to have the o-Lebesgue property if x,, | 0 in X implies x,, — 0; and (X, 7)
is said to have the pre-Lebesgue property if 0 < z, T < x implies only that (z,,) is
7-Cauchy. Finally, (X, 7) is said to have the Levi property if (z,) is 7-bounded net,
with 0 < z, T, implies that (x,,) has the supremum in X; and (X, 7) is said to have
the o-Levi property if 0 < z,, 1 and (z,,) is 7-bounded, then (x,,) has supremum in
X, see [3, Defintion 3.16].

Let X be a vector lattice, and take 0 # w € X,. Then a net (z,) in X is said to
be u-uniform convergent to a vector x € X if, for each ¢ > 0, there exists some
a. such that |z, — x| < eu holds for all @ > a.; and (z,,) is said to be u-uniform
Cauchy if, for each ¢ > 0, there exists some «, such that, for all o, o’ > a., we
have |z, — x| < eu. A vector lattice X is said to be u-uniform complete if every u-
uniform Cauchy sequence in X is u-uniform convergent; and X is said to be uniform
complete if X is u-uniform complete for each 0 # u € X, .

It should be noted that, in a u-uniform complete vector lattice, each u-uniform Cauchy
net is u-uniform convergent. Indeed, suppose that (z,) is a u-uniform Cauchy net in
a vector lattice X. Then, for each n € N, there is «, such that |z, — x| < %u for
all o, o’ > «,,. We select a strictly increasing sequence «,. Then, it is clear that the
sequence (z,,, ) is u-uniform Cauchy and so there is z € X such that (z,,, ) u-uniform
converges to x. Let ng € N. Then, for all &« > «,,,, we get |z, — xan0| < niou, and

for all n > ny, |4, — xano\ < niou Asn — oo, | — a:an0| < nLOu For o > ay,,
|z — 24| < f—ou
Lemma 4. [42] Theorem 42.2] The vector lattice X is uniform complete if and only

if, for every u € X, any monotone u-uniform Cauchy sequence has an u-uniform
limit.

Recall that a Banach lattice X is called an AM -space if ||z V y|| = max{||z||, ||y||}
forall z,y € X withz Ay = 0.

We prove that any sequentially complete locally solid vector lattice is uniform com-
plete. First we provide the following fact.

Lemma 5. Let (X, 7) be a sequentially complete locally solid vector lattice and
(p;)jes be a family of Riesz pseudonorms that generates 7. Given j € J and u € X.
Then, for all € > 0, there is § > 0 such that p;(0u) < e.
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Proof. Given j € J and u € X. If there exists ¢y > 0 such that p;(du) > ¢, for all
0 > 0, then we have, in particular, pj(%u) > g for all n € N. It follows from [3,
Defintion 2.27(3)] that lim,, . pj(%u) = 0 and so g5 < 0, a contradiction. O

Proposition 7. Let (X, 7) be a sequentially complete locally solid vector lattice. Then
X is uniform complete.

Proof. Let (p;);es be a family of Riesz pseudonorms that generates 7. Let 0 # u €
X, and (z,,) be an increasing sequence which is u-uniform Cauchy. We show that
X is uniform complete. Given j € J and ¢ > 0, then, by Lemma [5] there is 6 > 0
such that p;(du) < e. Since (z,,) is u-uniform Cauchy, there is ns € N satisfying
|z, — ©p| < O0u for all n,m > ns. Then p;(|z, — z,|) < p;(du) < e for all
n,m > ng. Thus, (x,) is 7-Cauchy and, since (X, 7) is sequentially complete, (x,,)
is T-convergent, so there is x € X such that z,, I 2. Since (x,) is increasing, =, T .
It remains to show that (z,,) u-converges to x. Take ¢ > 0. Since (x,,) is u-uniform
Cauchy, there is n. € N satisfying

|zy, — | < eu, for all n,m > n.. (3.0.1)

Letting m — oo in (3.0.1)), we get |z, — x| < eu for all n > n.. O

Let (X, 7) be a sequentially complete locally solid vector lattice. By Proposition it
is uniform complete. So, for each 0 # u € X, let [,, be the ideal generated by u and
|||, be the norm on /,, given by

|lz]l, = inf{r > 0:|z| < ru}.

Then, by [5, Theorem 2.58], the pair (7, ||-||..) is a Banach lattice. Now Theorem 3.4
in [1]] implies that (I, ||-||.) is an AM-space with a strong unit u, and then, by [}
Theorem 3.6], it is lattice isometric to C'(K) for some compact Hausdorff space K in
such a way, that the strong unit « is identified with the constant function 1 on K.

3.1 wur-Topology

In this section we introduce the u7-topology in an analogous manner to the un-
topology [36] and uaw-topology [61]. First we define the ur-convergence.

Definition 1. Suppose (X, 7) is a locally solid vector lattice. Let (z,,) be a net in X.
We say that (x,,) is unbounded T-convergent to v € X if, for any w € X, we have
|Tq — x| Aw L 0. In this case, we write x,, — x and say that x, ut-converges to x.

Obviously, if x, 5 2 then x, — z. The converse holds if the net (x4) is order
bounded. Note also that u7r-convergence respects linear and lattice operations. It
is clear that u7-convergence is a generalization of un-convergence [18, [36]] and, of
uaw-convergence [61]].
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Theorem 2. The ut-convergence is topological.

Proof. Let N, be the collection of all sets of the form
Vewi ={r € X : pj(|z[ Aw) < e},

where, j € J,0 # w € X, and £ > 0. We claim that A is a base of neighborhoods
of zero for some topology.

For that note that every set in N, contains zero since p;(|0 A w]) = p;(0) =0 < ¢
forall0 #w e X,,j € J,ande > 0.

1. Now let Vgl’whjl, and ‘/62711}27]'2 € JV(), pute = g1 A &g, w = wy V Wa, Pj > Piis
and p; > p;,. Forx € V., ;, p;(|z|Aw) < e, but |z| Aw; < |z| Aw implies that
pi (Jz] Awr) < pi(Jlz| Awr) < pi(|lz] Aw) < e < ey, similarly pj, (|| Aws) <
g, thatis © € V;, 4, j; N Ve, 5., and hence V_ ,, ; € V2, ) 50 N VE, 0, 5, Which
means that the intersection of ant two sets in N, contains another set from ..

2. Letxy + 29 € Ve j + Ve then pi(Jz1| Aw) < e, and p;(|z2| Aw) < ¢, s0
pi(lzr + z2| Aw) < pjloi| Aw |22 Aw) < pj|oi| Aw) + pj(|2] Aw) < 2e,
thatis x; + 29 € Vi ; € N, and hence for any W € A there exists V' € A
suchthat V +V C W.

3. Let &« € Rsuch that |o| < 1,and W =V, ,,; € N, then for any z € aWW =
aV.j, ¢ = ot for some t € V., ;, with |a]|t| < |t| because |a| < 1, and
p;(|t|Aw) < e which implies that p; (|z|Aw) = p;(|a| [t|Aw) < p;([t|Aw) < e,
hence x € W, and so aW C V.

4. Letx € X,and W = V., ; € No, if p;(|z]) = 0, then take v = 1 to get
that z € aW. If p;(|z]) # 0, take o = M to get that p;( [z| A w) <
pi(E |z]) = Lp(|z]) = mpj(m) =< <es0iz e W, thatisz € aW,
and hence 1V is absorbing.

Nowlet W =V, ; € No,andlety € W.Putd = e —p;(Jy| Aw) > Osincey € W,
for z € V.4, we have p;(ly + x| A w) < pi(ly| Aw + |z] Aw) < pi(|ly] Aw) +
pi(lzl Aw) < pi(lyl Nw) +0 =e,hence y +x € VL, j, and thus y + Vi, ; C Vo ;.

Therefore, by [39, Theorem 5.1] N, is a base of neighborhoods of zero for some
linear topology, call it 7.

Moreover, we show that this topology is Hausdorff. Indeed, suppose that 0 # = €
(W Ve, @ Vewy € Not, then pj(Jz] Aw) < eforall j € J,0# w e X4, ande > 0.
In particular for w = |z|, we have p;(|z| A |z|) < e, forall j € J,and € > 0; i.e., for
all j € J, pj(|z]) < eforalle > 0, hence p;(|z|) = 0, forall j € J, but (p;),.; is a
separating family of seminorms, then |z| = 0, that is z = 0 which is a contradiction.

Finally we show that z, — 0 if and only if z, — 0 in the topology defined above.
First suppose that a net (z,) in X ur-converges to 0. Let V., , € No. Since

T, — 0, forany 0 # w € X, pj(|zo] Aw) — 0in R for all j € J. In particular,
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Pjo(|zal A wo) — 0, and so for gy > 0, there exists oy such that pj, (|za] A wo) < €o
for all @ > . Thus z, € V.5, for all @ > . On the other hand, suppose that
Zo — 0 1n the topology defined above. Let w € X, take j € J and £ > 0, then
Vew,; € No, and thus, there exist a such that z, € V., ; for all & > «p. That is

p;(|zal Aw) < e forall a > ag. Thus p;(|z4| A w) — 0. Therefore 2, — 0.

]

The linear Hausdorff topology in the proof of Theorem [2] will be referred as wur-
topology.

Clearly, if 2, = 0, then 2, — 0, and so the 7-topology, in general, is finer than u7-
topology. On the contrary to Theorem 2.3 in [36], example [5|in chapter 4 provides a
locally solid vector lattice which has a strong unit, yet the 7-topology and u7-topology
do not agree.

It is known that the topology of any linear topological space can be derived from a
unique translation-invariant uniformity, i.e., any linear topological space is uniformis-
able (cf. [50, Theorem 1.4]). It follows from [22, Theorem 8.1.20] that any linear
topological space is completely regular. In particular, the unbounded 7-convergence
is completely regular.

Remark 1. Let (X, 7) be a locally solid vector lattice, where T is generated by a
family (p;)jc; of Riesz pseudonorms. Forall j € J,0 # w € X, ande > 0, V.,
is solid.

Proof. Lety € V., ;, and let |z| < |y
pi(lyl ANw) < e. Hence x € V., ;.

, then |z| Aw < |y| A w, and so p;(|z| A w)

LTIA

The next result should be compared with [36, Lemma 2.1].

Proposition 8. Let (X, 1) be a sequentially complete locally solid vector lattice,
where T is generated by a family (p;) jc s of Riesz pseudonorms. Lete > 0, j € J, and
0 # w € X. Then either V. ,, ; is contained in [—w, w), or it contains a non-trivial
ideal.

Proof. Suppose that V. ,, ; is not contained in [—w, w|. Then there exists z € V_,, ;
such that x ¢ [—w,w]. Replacing x with |z|, we may assume z > 0. Since z ¢
[—w,w], y = (x —w)* > 0. Now, letting z = x V w, we have that the ideal
I, generated by z, is lattice and norm isomorphic to C'(K) for some compact and
Hausdorff space K, where z corresponds to the constant function 1. Also z, y, and w
in I, correspond to z(t), y(t), and w(t) in C'(K) respectively.
Our aim is to show that for all « > 0 and ¢t € K, we have

(ay)() A w(t) < 2(t) Aw(t).
For this, note that y(t) = (z — w)*(¢) = (x — w)(¢) V0.

Lett € K be arbitrary.
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e Case (1): If (x — w)(t) > 0, then z(t) A w(t) = w(t) > (ay)(t) A w(t) for all
« > 0, as desired.

e Case (2): If (x—w)(t) < 0, then (ay)(t) Aw(t) < (ay)(t) = a(z—w)(t)V0 =
0 < z(t) A w(t), as desired.

Hence, for all @ > 0 and t € K, we have (aw)(t) A w(t) < z(t) A w(t) and so
(ay) Nw <z Awforall @ > 0. Note, that ay, w,r € X;. Thus p;(|ay| A w) <
pi(lz| ANw) < e, 50 ay € V., ; and, since V. ,, ; is solid, I, C V, , ;. O

Note that the sequential completeness in Proposition 8| can be removed, as we see
later in Theorem

Theorem 3. [3| Theorem 2.8 and 2.40] Let (X, T) be a Hausdorff locally solid vector
lattice. Then there is a unique (up to isomorphism) Hausdorff topological vector
space (X, T) having the following properties:

A~

. The topological vector space (X, T) is T-complete.

~

2. The T-closure of X is a cone of X and ()A( ,T) equipped with this cone is a
Hausdorff locally solid vector lattice containing X as a vector sublattice.

3. The topology T induces T in X.
4. The vector sublattice X is T-dense in )A( .

5. The T-closure of a solid subset of X is a solid subset of X. In particuler, if N
is a base of zero for (X, T) consisting of solid sets, then {VT: V e N'}is also

~

a base of zero for (X ,T) consisting of solid sets.

The Hausdorff locally solid vector lattice ()A( ,7) in Theorem 3| is the topological
completion of (X, T).

In the following theorem we gather some properties of (5(\' , 7). Recall that

Theorem 4. Let ()? ,T) be the topological completion of a Lebesgue Hausdorff lo-
cally solid vector lattice (X, 7). Then the following statements hold:

1. ()? ,T) satisfies Lebesgue property.
2. X is Dedekind complete.
3. X is order dense in )?, and so X is regular in X.

4. If X? is the Dedekind completion of X, then X C X° C X and both X and
X are regular vector sublattices of X .
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Proof. (I) It follows from [3, Theorem 3.23] that (X, 7) satisfies pre-Lebesgue prop-
erty. Now, [3, Theorem 3.26] implies that (X, 7) satisfies Lebesgue property.

(2) Since ()? ,T) satisfies Lebesgue property, it follows from [3, Theorem 3.24] that
X is Dedekind complete.

(3) Since ()A( ,T) satisfies Lebesgue property, it satisfies Faton property; see e.g., [3,
Lemma 4.2] . Thus, X is order dense in X by [3, Theorem 4.31].

@) Since X C X, X% C (X)? = X as X is Dedekind complete. So, X C X°® C )A(
Since X is regular in X it follows from [30, Theorem 2.10] that X? is regular in X.
Also, since X is regular in X° and X° is regular in X, we get X is regular in X.
Again suppose that (X, 7) is Lebesgue Hausdorff locally solid vector lattice. Then by
[3, Theorem 4.12] there is a unique Lebesgue Hausdorff locally solid topology 7° on
X that induces 7 on X. R

Also, since X is a vector sublattice of X, we can equip X? with the relative topology

induces by 7. Since ()A( ,7) is a Lebesgue Hausdorff locally solid space, so is (X°, 7).
Now [3], Theorem 4.12] implies that 7 = 7 on X°. O

Theorem 5. Let (X, T) be a locally solid vector lattice, where T is generated by a
family (p;)jcs of Riesz pseudonorms. Letc > 0, j € J, and 0 # w € X .. Then
either V., j is contained in [—w, w| or V., ; contains a non-trivial ideal.

Proof. Take ¢ > 0, j € J,and 0 # w € X,. Let ()A(,?) be the topological
completion of (X, 7). In view of Theorem |3, (X,7) is also a locally solid vector
lattice. It follows from the proof of Proposition 22F in [26] that if p; is the contin-

uous extension of p; to )/5 then p; is also a Riesz pseudonorm and 7 is generated
by (P;)jes. In particular, (X 7) is a sequentially complete locally vector lattice. Let
V;w] —{TeX: p;(|z] ANw) < e}. Then Vews = X0 Vawj By Proposmon
either Ve,w ; 18 a subset of [—w, w|¢ in X or V&wd contains a non-trivial ideal of X.
If ‘Z,w,j C [~w, w]g, then

‘/E,w,j =X ﬂ‘//\;‘,w,j g XN [_w7w])? = [—'UJ,U)] g X.

If XA/E@J contains a non-trivial ideal, then XZ,w,j Z [—w,w]. By solidity, we can take
0<7e¢€ XZ,w,j such that T ¢ [—w,w]¢, thatis, (Z — w)* > 0. Now take a net
(o) C X such that zq = 7. Then zf = % = 7, and (¢} — w)* = (T —w)™.
Since VE w,j 1S an open set containing z, we may take x = z} € ngj N X such
that y := (x — w)* > 0. By the same argument in Proposmonlto X ,T), we get
(ay) Nw <z Awforall @« € Ry. Since z € VE’wJ, ay € V., forall o € Ry. But
ay € Xy forall o € Ry and, since V,,; = X N ‘va’j’ we get ay € V., ; for all
a € R4. Since V, ,, ; is solid, we conclude that the principal ideal /, taken in X is a
subset of V , ;. [

Lemma 6. Let (X, 1) be a locally solid vector lattice, where T is generated by a
family (p;)jes of Riesz pseudonorms. If V., ; is contained in [—w,w), then w is a
strong unit.
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Proof. Suppose V. ,,; C [—w,w]. Since V., ; is absorbing, for any z € X, there
exist @ > 0 such that o € V., ;, and so ax € [—w,w], or < *w. Thus w is a
strong unit, as desired. 0

3.2 wur-Convergence in sublattices

Let Y be a sublattice of a locally solid vector lattice (X, 7). If (y,) is a net in Y then
Yo — 0inY means: |y,| Ay = 0forall y € Y,. Clearly, y, — 0 in X implies
Yo — 0in Y. The converse does not hold in general. For example, the sequence
(e,,) of standard unit vectors is un-null in ¢, but not in /... In this section, we study
when the uT-convergence passes from a sublattice to the whole space.

The following theorem extends [36, Theorem 4.3] to locally solid vector lattices.

Theorem 6. Let (X, 7) be a locally solid vector lattice and Y be a sublattice of X.

If (yo) isanetinY and yo, — 0inY, then yo, — 0 in X in each of the following
cases:

1. Y is majorizing in X;
2. Y is T-dense in X

3. Y is a projection band in X.

Proof. 1. It is obvious to see that.

2. Letu € X,. Fixe > 0 and take 7 € J. Since Y is 7-dense in X, there is
v € Y, such that p;j(u — v) < e. Buty, — 0inY and so, in particular,
pi(|ya] A v) — 0. So there is o such that p;(|ya| A v) < € for all @ > «.
It follows from v < v + |u — v|, that |ys| A v < |ya] A v + |u — v|, and so
pi(Jal A ) < pillyal A v) + pjlu—v) < 22 Thus, py(yal A u) — 0'in R
Since j € J was chosen arbitrary, we conclude that y, — 0 in X.

3. Letu € X;. Thenu = v + w, where v € Y, and w € Y. Now || A u =
Yo AU+ Yol Aw = |ya] Av = 0in X, since y, €Y
[

Corollary 4. If (X, 7) is a locally solid vector lattice and x,, — 0 in X, then x, —
0 in the Dedekind completion X° of X.

Corollary 5. If (X, 7) is a locally solid vector lattice and x,, — 0 in X, then x, —
0 in the topological completion X of X.

The next result generalizes Corollary 4.6 in [36]] and Proposition 16 in [61].

Theorem 7. Let (X, T) be a Dedekind complete locally solid vector lattice that has

the Lebesgue property, and Y be a sublattice of X. If Yo — 0in 'Y, then y, — 0 in
X.
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Proof. Suppose 3, — 0in Y. By Theorem , Yo —> 0 in the ideal I(Y') gen-
erated by Y in X. By Theorem , Yo — 0 in the closure {I(Y)} of I(Y). It
follows from [3, Theorem 3.7] that {/(Y")} is a band in X. Since X is Dedekind
complete, {I(Y)}  is a projection band in X. Then yo — 0 in X, in view of Theo-

rem [0](3). O

Suppose that (X, 7) is a locally solid vector lattice possessing the Lebesgue property.
Then, in view of Theorempart (1), its topological completion ()A( ,T) possesses the
Lebesgue property as well. Hence, by [3, Theorem 3.24], X is Dedekind complete.
It follows from [3, Theorem 2.41] that X is regular in X , so that X C X by [30,
Theorem 2.10]. Now,ATheorem assures that, given a net (z,) in X 0 if z, — 0in

X? then z, — 0in X.

Proposition 9. Every band in a locally solid vector lattice is ut-closed.

Proof. Let B be a band in X. Suppose (z,) is a net in B such that 7, — x. Let
z € BY then |z4] A 2| = |z| A|z|. But |24] A |2] = 0 for all o and so || A |z| = 0.
Soz € B¥ = B. [l

3.3 Unbounded relatively uniform convergence

In this section we discuss unbounded relatively uniform convergence. Recall that a
net (z,) in a vector lattice X is said to be relatively uniform convergent to x € X if,
there is u € X, such that for any n € N, there exists «, satisfying |z, — z| < %u for

a > «a,,. In this case we write =, — x and the vector u € X . 1s called regulator, see
[56, Defintion III.11.1]. Moreover, in a locally solid vector lattice (X, 7), z, 00
implies that z,, 5 0. Indeed, let V be a solid neighborhood at zero. Since z,, 0,
there is u € X such that, for a given ¢ > 0, there is «. satisfying |z,| < eu for all
a > a.. Since V' is absorbing, there is ¢ > 1 such that %u € V. There is some «
such that |z,| < %u for all @ > «. Since V is solid and |z, | < %u for all o > «ay,

zo € V forall @ > o. Thatis z, — 0.

The following result might be considered as an ru-version of Theorem 1 in [[14]].

Theorem 8. Let X be a vector lattice. Then the following conditions are equivalent.

(1) There exists a linear topology T on X such that, for any net (x,) in X: 2, —= 0
if and only if x, = 0.

(2) There exists a norm ||-|| on X such that, for any net (x,) in X: x4 — 0 if and
only if || za| — 0.

(3) X has a strong order unit.

Proof. (1) = (3) It follows from [14, Lemma 1].
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(3) = (2) Let e € X be a strong order unit. Then x, — 0 if and only if ||z, || — 0,
where ||z, := inf{r : |z| < re}.

(2) = (1) It is trivial. O

Let X be a vector lattice. A net () in X is said to be unbounded relatively uniform
convergent to v € X if |z, — 2| Aw =5 0 for all w € X,. In this case, we write
To —% 1. Clearly, if 7, — 0 in a locally solid vector lattice (X, 7), then z, — 0.

In general, uru-convergence is also not topological. Indeed, consider the vector lat-
tice L0, 1]. It satisfies the diagonal property for order convergence by [42, Theorem
71.8]. Now, by combining Theorems 16.3, 16.9, and 68.8 in [42] we get that for any
sequence f, in L1[0,1] f,, = 0 if and only if f,, = 0. In particular, f, — 0 if and
only if f, — 0. But the uo-convergence in L, [0, 1] is equivalent to a.e.-convergence
which is not topological, see [46].

However, in some vector lattices the uru-convergence could be topological. For ex-
ample, if X is a vector lattice with a strong unit e, It follows from Theorem (8] that
ru-convergence is equivalent to the norm convergence ||-||., where ||z == inf{\ >
0: |z| < Ae}, z € X. Thus uru-convergence in X is topological.

Consider the vector lattice cyy of eventually zero sequences. It is well known that
in coo: o — 0 if and only if x, 2 0. For the sake of completeness we include a
proof of this fact. Clearly, 2, — 0 = z, — 0. For the converse, suppose z, — 0
in cop. Then there is a net yg | 0 in ¢go such that, for any 3, there is ap satisfying
|zo] < yp for all @ > ag. Let (e,) denote the sequence of standard unit vectors
in cop. Fix fBy. Then yg, = cf‘)ekl + oo+ ey, cfo € R,i =1,...,n. Since
ys is decreasing, yz < yg, for all 3 > [y. So, ysz = Cfekl + - + Pey,, for all
B> fBo,d €Ri=1,...,n Since yz | 0, limgc’ = 0foralli =1,...,n Let
u = eg, + -+ eg,. Take € > 0. Then, there is 3. > [y such that cf < ¢ for all
B > p.fori =1,...,n. Consider ys_ then there is . such that |z,| < yg. for all
a > B.. Butys. = cex, + -+ + ey, < eu. So, |z,] < euforall a > «. Thatis
To — 0. Thus, the uru-convergence in cgg coincides with the uo-convergence which
is pointwise convergence and, therefore, is topological.

Proposition 10. Let X be a Lebesgue and complete metrizable locally solid vector
lattice. Then x,, — 0 if and only if x4 - 0.

Proof. The necessity is obvious. Let d be the metric that induces the Lebesgue locally
solid topology on X. For the sufficiency assume that z, — 0. Then there exists
ys 4 0 such that for any [ there is ag with |z,| < ys as o > ap. Since d(yz,0) — 0,
there exists an increasing sequence (), of indeces with d(kygs,,0) < 5. Let s, =
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> 1 kyg,. We show the sequence (s,,) is Cauchy. For n > m,

d(sns Sm) = d(Sp, — Sm,0) = d( Z kygk,0> < Z d(kyg,,0)

n

1
< Z §—>0, asn, m — oo.
k=m+1

Since X is complete, the sequence (s,,) converges to some u € X . That is, u :=
oo

> kyg,. Then

k=1

k|l’a| < kyﬁk Su (VO& 2 aﬂk)

which means that z,, — 0. ]

Let X = R% be the vector lattice of all real-valued functions on a set €).

Proposition 11. In the vector lattice X = R®, the following conditions are equivalent:
(1) for any net (f.) in X: fo 2 0 if and only if f, — 0;

(2) Q is countable.

Proof. (1) = (2) Suppose f, — 0 < f, —= 0 for any net (f,) in X = R®. Our aim
is to show that € is countable. Assume, in contrary, that {2 is uncountable. Let F(£2)
be the collection of all finite subsets of €2. For each a € F(Q2), put f, = X,, the
characteristic function on «. Clearly, f, 1 1, where 1 denotes the constant function
oneon ). Then1 — f, L Oor1 — f, 2 0in R2, So, there is 0 < g € R® such that,
for any ¢ > 0, there exists « satisfying 1 — f, < eg forall & > a.. Letn € N. Then
there is a finite set v, C € such that 1 — f,, < 2g. Consequently, g(x) > n for all
z € Q\ o, Let S = U2, q,. Then S is countable and 2 \ S # (. Moreover, for
each z € '\ S, we have g(x) > n for all n € N, which is impossible.

(2) = (1) Suppose that €2 is countable. So, we may assume that X = s, the space of
all sequences. Since, from z,, — 0 always follows that z,, = 0, it is enough to show
that if 2, 2 0 then z, —> 0. To see this, let (27), = z, — 0. Then, the net (z,) is
eventually bounded, say |z,| < u = (uy,), € s. Take w := (nu,), € s. We show that
To — 0 with the regulator w. Let £ € N. Since z,, 2 0, foreach n € N, x — 01in
R. Hence, there is oy, such that k|z}| < wy, k|22| < wy, - -, k|21 < wy_, for all
a > ay. Note that for n > k, k|z?| < w,. Therefore, k|z,| < w forall & > ay. O

It follows from Proposition that, for countable €2, the uru-convergence in R% coin-
cides with the uo-convergence (which is pointwise) and therefore is topological. We
do not know, whether or not the countability of {2 is necessary for the property that
uru-convergence is topological in R®.
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3.4 Topological orthogonal systems and metrizabililty

A collection {e, }cr of positive vectors in a vector lattice X is called an orthogonal
system if e, A e, = 0 for all v # +/'. If, moreover, v Ae, = Oforally € T
implies x = 0, then {e },cr is called a maximal orthogonal system. It follows from
Zorn’s Lemma that every vector lattice containing at least one non-zero element has
a maximal orthogonal system. Motivated by Definition III.5.1 in [49], we introduce
the following notion.

Definition 2. Let (X, 7) be a locally solid vector lattice. An orthogonal system () =
{e4 }rer of non-zero elements in X is said to be a topological orthogonal system if
the ideal 1 generated by () is T-dense in X.

Lemma 7. If Q = {e,}.er is a topological orthogonal system in a locally solid
vector lattice (X, T), then Q) is a maximal orthogonal system in X.

Proof. Assume x Ae., = 0 for all v € I'. By the assumption, there is a net (x,) in the
ideal I such that z, L 2. Without lost of generality, we may assume 0 < z, <
for all a. Since z, € I, there are 0 < p, € R and 7y, 72,..., Y, such that
0 <2y < plaley+ep+-Fey,). S00 < x4 = 2, AT < [pto(€y, +€4, 4+ - ey, )| Az
= [ftaly | A&+ -+ - + [ptaes,] Az = 0. Hence z,, = 0 for all o, and so x = 0. O

We recall the following construction from [49, page 169]. Let X be a vector lattice
and Q = {e,},er be a maximal orthogonal system of X. Let ¥ (I') denote the
collection of all finite subsets of I" ordered by inclusion. For each (n, H) € Nx % (I)

and z € X, define
TnH = Z T A\ nesy.
yeH

Clearly {x,, i : (n, H) € N x % (I")} is directed upward, and by Theorem 6.5 in [60]
it follows that
Zog <z forall (n,H)eNxFT). (3.4.1)

Moreover, Proposition I1.1.9 in [49] implies x,, x T .

Theorem 9. Let Q) = {e, }cr be an orthogonal system of a locally solid vector lattice

(X, 7). Then Q is a topological orthogonal system if and only if we have x,, y —
over (n,H) € N x F(I') for each x € X.

Proof. For the backward implication take x € X . Since

ZBn,H:E m/\nevgng €,

yeH yeH

it follows that z,, y € I for each (n, H) € Nx % (I'). Also, we have, by assumption,
Tpp — . Thus, z € TZ;) i.e., () is a topological orthogonal system of X.

For the forward implication, note that () is a maximal orthogonal system, by Lemma
Letz € Xy,andj € J. Takee > 0, let V.., = {z € X : p;(z — x) < £}. Then

22



V-2, 18 a neighborhood of x in the 7-topology. Since I is dense in X with respect
to the T-topology, there is z. € I such that p;(z. — z) < e.

Note that
lzf Ao —z| =zt Ao — 2 A2
< |zt — x| by Theorem 1.9(2) in [4]
= |zl — a7

< |xe — x| again by Theorem 1.9(2) in [4]].

Since z. € Ig which is an ideal, 7 A x € I. Thus without lost of generality, we
can assume that there is z. € I with 0 < z. < z such that p;(z. — z) < €. Now,
x. € Ig implies that there are H. € & (I') and n. € N such that

re<n. Yy e (3.4.2)
yeH:
Let
wi=xzA Y ne,. (3.4.3)
yEH:

It follows from 0 < w < > n.e, and the Riesz decomposition property, that, for
YyEH:
each v € H., there exists y, with

0 <y, <nce, (3.4.4)
such that
w=> y,. (3.4.5)
v€EH:
From (3.4.3)) and (3.4.3]), we have
y, <z (Vy e H,). (3.4.6)
Also, (3.4.4) and (3.4.6) imply that y, < n.e, A z. Now
w = Z Yy < Z TANngey =Ty H,. (3.4.7
YEH, YyEH,
But, from (3.4.2)) and (3.4.3), we get
0< 2z <w. (3.4.8)

Thus, it follows from (3.4.7)), (3.4.8), and (3.4.1)), that 0 < z. < z,,_ . < 2. Hence,

0<z—x, 4 <z-—z.andso pj(r —zppn) < pj(r —2p n.) < pj(z — x.) for
each (n, H) > (n., H.). Therefore z,, i 5o O

Corollary 6. Let (X, 7) be a locally solid vector lattice. The following statements
are equivalent:
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1. e € X is a quasi-interior point;

2. foreachx € X, x —x Ane = 0asn — oo.

Moreover, if (X, T) possesses the o-Lebesgue property, then every weak unit in X is
a quasi-interior point.

Proof. The first part is obvious, for the second part, let z € X, and let e be a weak
unit. Then x A ne 1 . So, by the o-Lebesgue property, we get z — x A ne — 0 as
n — oo. [

Proposition 12. Let e € X . Then e is a quasi-interior point in (X, ) if and only if
e is a quasi-interior point in the topological completion (X ,T).

Proof For the forward implication let 7 € X e Our aim is to show that 7 — T Ane =
0in X asn — 0. By Theoreml 4| part (2), X, = X . So, there is a net (x,) in X

such that z,, % Zin X. Let j € Jand e > 0. Since p;(z, — &) — 0, there is a.
satisfying

Pj(Ta. —T) <. (3.4.9)

Since e is a quasi-interior point in X and z,. € X, we have 7,, — Z,, Ane — 0 in
X as n — oo. Thus, there is n. € N such that

Pi(Ta. —neNxy) = pj(xa. —neNzy) <e (Vn=n.). (3.4.10)

Now, 0 < T —ZAne =2 — Ty + To. —NENZTo +neNx, —TAne. So
pi(@ —x Ane) < pi(T — x4.) + pj(a. — ne A x4 ) + pj(ne Az, — A ne). For
n > n., we have, by (3.4.9), (3.4.10), and [4, Theorem 1.9(2)], that

pi(—TAne) <et+e+pjneNz, —TAne) <e+e+pj(re. —7) < 3.

Therefore, e is a quasi-interior point in X.

The backward implication follows trivially from Corollary [6] 0

Another way to see the forward implication of Proposition [I2] suppose that e is a
quasi-interior point of X, then the closure of /. in the 7- topology is X. By Theorem
lm) 7 induces 7 in X, so the closure of /. with respect to 7in X is X itself. But

I." in X 18 subset of I,” in X so X C 1) which implies by Theorem |3 I (iv) that
X=X C 1.”. Hence X = 1.". Therefore e is a quasi-interior point of X.

Theorem 10. Let (X, 7) be a locally solid vector lattice, and () = {e,}er be a
topological orthogonal system of (X, 7). Then x, — 0 if and only if |v,| A e, = 0
foreveryy eT.
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Proof. The forward implication is trivial. For the backward implication, assume
|zl Aey, = Oforeveryy € I'. Letu € X, j € J. Fixe > 0. We have

|Za] Au = || A (U — Up g + Un i)
<Nzal A(w =) + |Ta| Atn g

< (u—tUnpm)+|Tal A z:u/\ne7

yeH
< (= Un,pr) + |Ta| A z:ne7
yEH
< (u—up ) + n(|za| A Z e,)
yeEH
= (u— Upp) + nZ]ma\ A e,

yeH

where the last equality is provided by Theorem 6.5 in [60].

Now, Theorem @ assures that u,, i — u, and so, there exists (n., H.) € N x F(T)
such that
pi(U— Up, p.) <e. (3.4.11)
Thus, |74|Au < u—u,_ g+ . n.(e,Alr,|). But, by the assumption, e, A|z,| = 0
YEH:
forall v € T, and so n.(e, A |74|) — 0. Hence, there is a. . such that

9
| He |

0; (nE(e,y A \xal)) < (Va > ag ., Vy € He). (3.4.12)

Here |H.| denotes the cardinality of H.. For o > a. y_, we have

pillzal A ) < pi(u—tn i) + pj(ne Y |zal Aey)

YEH:
€
<e+ Z pi(ne(ey A lza])) < e+ Z A = 2¢,
’YEHS ’YEHs
where the second inequality follows from (3.4.11)) and the third one from (3.4.12).
Therefore, p;(|za| A u) — 0, and so 7, — 0. O

Corollary 7. Let (X, 7) be a locally solid vector lattice, and e € X be a quasi-
interior point. Then v, — 0 if and only if |x,| A e = 0.

Proof. The forward implication is trivial. For the backward implication assume |z, |A
e 5 0. Letu € X, and fix ¢ > 0. Note that for all k € N,
|z Au < |z A(u — uNke + uNke) < |zo|A(u — uNke) + |za|A(u A ke)

< (u —unke) + klzo| A(kunke) = (u — uNke) + k[lza| A(une)].
Hence |zo| Au < (u — uAke) + k(|za| Ae). Thusforall j € J,

pi(aal ) < p; (u — uke) + kp; (fea] Ac)
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for all « and for all £ € N. Since e is a quasi-interior point, and u € X, for the fixed
e, and for all j € J, there exist k. ; € N such that p; (u — u A k. je) < 5.

Furthermore. it follows from z, A e — 0, that for the fixed ¢, and for all j € J, there
exists o ., such that p; (|z,| Ae) < 5 thatis ke jp; (|zal A€) < 5. Thus for the
fixed ¢, and for all j € J, there exists «; ., and k. ; € N, such that « > «; . implies
that p; (|za| Au) < £ + £ = e. Therefore z, — 0 as desired. O

Theorem 11. Let (X, 7) be a sequentially complete locally solid vector lattice, where
T is generated by a family (p;) e of Riesz pseudonorms. Let e € X . The following
are equivalent:

1. e is a quasi-interior point;

2. for every net (zo) in Xy, if 1o A e =3 0 then x, — 0;

3. for every sequence (z,,) in X, if v, A e = 0 then x,, — 0.

Proof. (I)=-(2) It follows from Corollary

@=Q@) is trivial.

B)=(0).

Suppose (@). Fix z € X,. We need to show that z — (z A ne) = 0 or, equivalently
by [4, Theorem 1.7(1)] (z — ne)* = 0 as a sequence of n. Put w = z V e. The ideal
I,, is lattice and norm isomorphic (as a vector lattice) to C'(K') for some compact
Hausdorff space K, with w corresponding to 1. Since x,e € [, we may consider z

and e as elements of C'(K'). Note that x V e = 1 implies that x and e never vanish
simultaneously.

For each n € N, we define

F,={te K : z(t)>ne(t)} and O, = {t € K : z(t) > ne(t)}.

Observe that O,, C F},, and O,, is open in K, because for any t € O,,, (x—ne)(t) > 0,
that is O,, is the inverse image of (0, c0).

And F, is closed, because for any t € F,,, (x — ne)(t) > 0, that is F,, is the inverse
image of [0, c0).

Claim I: F, 11 C O,. Indeed, lett € F,, 1. Then x(t) > (n + 1)e(t). If e(t) > 0
then z(t) > ne(t), sothatt € O,. If e(t) = 0 then x(¢) > 0, but x and e never vanish
simultaneously, so x(t) > 0, and hence ¢t € O,,.

By Urysohn’s Lemma, we find f,, € C'(K) such that 0 < f,, < z, f, agrees with =
on F},,, and vanishes outside of O,,. We can also view f,, as an element of X.

Claim 2: n(f, Ne) < z. Lett € K. Ift € O,, then n(f, A e)(t) < ne(t) < x(t). If
t ¢ O, then f,(t) = 0, so that the inequality is satisfied trivially.
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Claim 3: (z— (n+ 1)€)+ < fo. Again, lett € K. Ift € F,1 then (z—(n+ 1)€)+ <
2(t) = fo(t). It ¢ F,,y then 2(t) < (n+ 1)e(t), so that (z — (n + 1)e) " () = 0
and the inequality is satisfied trivially.

Now, Claim 2 yields f, A e < %x, but f, N\e > 0,500 < f, Ae < %(L‘, and so for all
j € J,wehave 0 < p;(f,Ae) < p;(z),and asn — oo, we get that p;(f, Ae) — 0,
that is f, A e = 0. By assumption, this yields f, — 0. Since 0 < f, < x for
every n, the sequence (f,) is order bounded, so take w = x, to get that f, A x 50,
therefore f,, — 0. Now Claim 3 yields (z — (n + 1)e)" 5 0, which concludes the
proof. 0

Recall that a topological vector space is metrizable if and only if it has a countable
neighborhood base at zero, [3, Theorem 2.1]. In particular, a locally solid vector
lattice (X, 7) is metrizable if and only if its topology 7 is generated by a countable
family (py)ren of Riesz pseudonorms because there is a one to one corresponding
between Riesz pseudonorms and neighborhood base at zero, as follows:

Lete, =<, neN;

1
Vik ={r € X : pr(z) < ﬁ}

Lemma 8. Suppose that p : X x X — [0, o0] is a semimetric, thend : X x X —
[0, ] defined by d(z,y) = % is also a semimetric. In particuler, if p is a
metric, then d is a metric as well.

Proof. Clearly d(z,y) > 0 for all z,y € X and d(x,y) = d(y,z). We prove the
triangle inequality. That is for all x,y, z we have d(z,y) < d(x,z) + d(z,y). Let

f(t) = 15 for t € [0,00), then f'(t) = {73557 > 0. Thus, f is an increasing function
over [0,00). That is, if ¢ < s then IL—&—t < 13- We know that p satisfies triangle

inequality. So, p(z,y) < p(z, z) + p(z,y). Then we get

plry)  _ _ple,z) +p(z9)
L+p(z,y) = 1+ p(x,2) + p(2,9)

_ p(z, 2) N p(z,y)
L+ p(z,2) +p(z,y) 1+ p(x,2) + p(z,y)
p(z, 2) p(2,y)
T Lplaz)  T+p(zy)
Thus d(z,y) < (z,2) + d(z,y). O
Lemma 9. Let (z,,) be a net in R. Then, z, — z in R if and only if lfﬁa_i' — 0in

R.

Proof. (=) Trivial.

(<) Suppose 14|ﬁ2;flx|

e >0 Take § = $%. Note 0 < § < 1. Since t%e=2 — 0 in R, there is

\a:af:r\ _e
< ¢ for all @ > . or Traa] < Tiz for all @ > «g, so

— 0 in R. Our aim is to show that x, — z in R. Given

|za—2|

ag such that T lra—]
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(14+¢)|zy — x| < e+ elz, — x|, thatis |z, — x| < e for all @« > «p. Thus, z, — =
in R. ]

The following result gives a sufficient condition for the metrizabililty of u7-topology.

Proposition 13. Let (X, 7) be a complete metrizable locally solid vector lattice. If X
has a countable topological orthogonal system, then the ut-topology is metrizable.

Proof. First note that, since (X, 7) is metrizable, T is generated by a countable family
(pr)ken of Riesz pseudonorms.

Now suppose (en)nen to be a topological orthogonal system. For each n € N, put

dn(z,y) = ; oF % Note that each d,, is a semimetric by Lemma 8| and

dy(x,y) < lforallz,y € X.Ifd,(x,y) =0, thenpk(|x—y|/\en) =0Oforall k € N,

so (Jt —y|ANe,) =0.Forz,y € X,letd(x,y) = Z 7o (2, y). Clearly, d(z,y) is
nonnegative. Also d satisfies the triangle 1nequa11ty, Indeed

D=3

2n

n=1

(dn (2, 2) + dn (2,9))

=1
+22—n
1 n=1

_<, 2 td(zy).

"
WK
2| =

S
Il
—

I
hE
le

d

It is easy to see that d(x,y) = d(y,x) forall z,y € X. Now d(z,y) = 0 if and only
if d,,(z,y) = 0 for all n € N if and only if py(|]z — y| Ae,) = 0 forall k£ € N if and
only if (|Jx —y| Ae,) = 0 forall n € N if and only if |x — y| = 0 if and only if x = y.
Thus (X, d) is a metric space.

It remains to show that d generates the ur-topology. Suppose that (x,)ac4 is a net in
X such that z, == 0. Then by Theorem we have |z,| A e, = 0 over « for each
n € N. Thus, for each k € N, pi. (Jzo| A €,) — 0 over « and this holds also for each
n € N. Given n € N. Then,

pr (|za] A €,) — 0 over a for each k € N (3.4.13)
Our aim is to show that z, <% 0 where d,, (x,y) = E %% Given ¢ > 0.
Then there is ky € N such that -
=1 €
Z 7 <3 (3.4.14)
k=ko
Fork =1,---, ko — 1, there is o such that
p1(|zal Aen) + -+ prg—1 (|za] Aen) < % for all o > ay (3.4.15)
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For o > «y,

= 1 o n
dn($a70)zz_ pk(|$|/\e)

k=1
ko— 00

=1 pe(wal Aen) Zi pr ([2a| A en)
— 251+ pi (|zal Aen) —~ 281+ pi (|zal Aen)

1

F Troleaie = 1 and in the second sum -£2:Uzelren) g

In the first sum note that = Tron(ealnen) =

So for o > «y,

ko—1

Q:aa Zpk |xa| /\en + Z 2k

k=ko

By[B.4.14and 5415, < 5 + 5 —c

Hence, we have proved that for n € N, d,, (z,,0) — 0 over a.. Note that d (z,y) =
> 5=d, (z,y). Given e > 0, there is ny € N such that
n=1

1 =
— < = 3.4.16
2wy (3410
Also, there is . such that
dy (20, 0) + -+ dny 1 (20, 0) < g forall @ > a.. (3.4.17)
Therefore, for all o > «.,
d (20, 0) = i L, (20,0)
) n:1 27l )
no—1 1
D IETACNIRSD SEATN
n=1 n=ng
no—1 o] 1
< dn (3] o
n=1 n=ng
By[3.4.16land[3.4.17, < g + g =c

So far we have shown that if z, — 0 then z, 4. Conversely, suppose that
2o 50, ie. d(z4,0) — 0 over a. But d(z,,0) = > 5:dy (24,0). Note that
n=1
dy (24,0) < d(xa,O) — 0 over a, s0 d,, (74,0) — 0 over « for all n € N. Note
(zalnen) (zaAen)
that d (I’a, ) Z ka and 2’“% < d (iL‘a,O) — 0 over a,
then by Lemma@pk |xa| Ae,) — 0over a forall k € N, and so for all n € N. It
follows that |z,|Ae, — 0foralln € N. Again by Theorem.we have z, — 0. [
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Recall that a topological space X is called submetrizable if its topology is finer that
some metric topology on X.

Proposition 14. Let (X, 1) be a metrizable locally solid vector lattice. If X has a
weak unit, then the ut-topology is submetrizable.

Proof. Note that, since (X, 7) is metrizable, 7 is generated by a countable family
(pr)ken of Riesz pseudonorms.

+pr(Jz—ylne)
d(xz,y) = 0if and only if py(|x —y|Ae) = 0 forall k € N if and only if |z —y| Ae =
0 and, since e is a weak unit, z = y. By the same argument used in the proof
of Proposition it can be shown that d satisfies the triangle inequality. Assume
To — x. Then, pi(|z — y| Ae) — 0 forall k € N. Now, we show shown that

Suppose that e € X is a weak unit. Put d(z,y) = > %M Note that
k=1

Zo % 2. Fix £ > 0. There is ko € N such that ki; o < £. Since py,(Jz —y|Ae) = 0
ko—1 - OA

for all £ € N, there is «g such that 1; %% < % for all & > «y. Thus, for

all @ > «yp, -

k=1
ko—1 00
Oz:i pi(lza — [ Ne) Zi
k _ k
c~ 281+ pe(|Ta — x| Ne) = 2
< c + - €
2 2

d
Thus, z, — .

Therefore, the ur-topology is finer than the metric topology generated by d, and hence
uT-topology is submetrizable. 0

The converse of Proposition [I3] holds for a particular case as shown in Proposition
Where the converse of Proposition|14|in general, does not hold, see [34, Example
2.1].

3.5 wur-Completeness

A subset A of a locally solid vector lattice (X, 7) is said to be (sequentially) ur-
complete if, it is (sequentially) complete in the u7-topology. In this section, we relate
sequential uT-completeness of subsets of X with the Lebesgue and Levi properties.
First, we remind the following theorem.

Theorem 12. [59, Theorem 1] If (X, 7) is a locally solid vector lattice, then the
following statements are equivalent:
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1. (X, 7) has the Lebesgue and Levi properties;

2. X is T-complete, and c is not lattice embeddable in (X, T).

Recall that two locally solid vector lattices (X1, 71) and (X3, 72) are said to be iso-
morphic, if there exists a lattice isomorphism from X; onto X that is also a homeo-
morphism; in other words, if there exists a mapping from X; onto X, that preserves
the algebraic, the lattice, and the topological structures. [3, Page 52].

A locally solid vector lattice (X1, 71) is said to be lattice embeddable into another
locally solid vector lattice (X5, 79) if there exists a sublattice Y5 of X5 such that
(X1, 7) and (Y2, 7») are isomorphic.

Note that (X, 7) can have the Lebesgue and Levi properties and simultaneously con-
tains ¢y as a sublattice, but not as a lattice embeddable copy. The following example
illustrates this.

Example 3. Let s denote the vector lattice of all sequences in R with coordinatewise
ordering. Clearly, cy is a sublattice of s. For j € N, define the Riesz pseudonorm p;
on s as follows:
Pi((@n)nen) = |x;].

Let R = {p; : j € N}. Then R generates a locally solid topology T on s. We show
that (s, T) has the Lebesgue and Levi properties. Let 0 < z® 1 be a T-bounded net in
s. For each o, x* = (2%)nen. The condition 0 < x® 1 implies that, for each j € N,
(2)a is an increasing net in R,.. Note that the p;’s here are Riesz seminorms, so the
T-boundedness of the net (%) assures that, for each j, the net (), is bounded in R.
Thus, by the monotone convergence theorem in R, we have for each j, 0 < z% T x;
for some x; € R. Define v = (z;)jen € S, then z* 1 x. Now, suppose x* | 0
in s. Then, for each 7 € N, the sequence (x;")a decreases to zero in R. That is
pi(x®) = x§ — 0in R for each j € N. Hence, z* 55 0. Therefore, (s, T) possesses
the Lebesgue and Levi properties. Although cq is a sublattice of s, but (cy, ||*||~) is
not lattice embeddable in (s, 7). To see this, let @ : (co, ||*||0) — (8,T) be a lattice
embedding. Let (e,) be the standard basis in c¢y. Then (Pe,,) is a disjoint sequence
in (s,7), which is easily seen to converge to 0 in (s, 7). It follows that e,, — 0 in
(co, ||*||o0)» Which is absurd.

Proposition 15. Let (X, 7) be a complete locally solid vector lattice that has the
Lebesgue property. If every T-bounded ut-Cauchy sequence is ut-convergent in X,
then (X, T) also has the Levi property.

Proof. Suppose X does not possess the Levi property. Then, by Theorem [I2] ¢ is
lattice embeddable in (X, 7). So there is a map @ : (¢, ||||oc) — (X, 7) which is
a lattice embedding. Let s,, = Zzzl er, where e;’s denote the standard unit vectors
in ¢o. It follows from [36, Lemma 6.1] that (s,,) is un-Cauchy in (co, ||-||oc). Thus
(Psy,) is ur-Cauchy in (Pcy, 7). Now [3, Theorem 3.24] assures that X is Dedekind
complete and hence (Ps,,) is uT-Cauchy in (X, 7) by Theorem Suppose ®s,, — x
in X. Since 0 < &s,, T and (X, 7) has the Lebesgue property, it follows by a similar
argument to [36, Lemma 1.2(i)] that x = sup,, @s,, so that Ps,, — x in (X, 7) due to
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the Lebesgue property again. This implies (®s,,) is Cauchy in (X, 7), so that (s,,) is
Cauchy in (co, ||| ), Which is absurd. O

Theorem 13. [59, Theorem 1'] If (X, T) is a Dedekind complete locally solid vector
lattice, then the following statements are equivalent:

1. (X, 7) has the o-Lebesgue and o-Levi properties;

2. X is T-sequentially complete, and c is not lattice embeddable in (X, T).

Using the proof of Proposition[I5|and Theorem[I3] one can easily prove the following
result.

Proposition 16. Let X be a Dedekind complete vector lattice equipped with a se-
quentially complete locally solid topology 7. If (X, T) has the Lebesgue property and
every T-bounded ut-Cauchy sequence is ut-convergent in X, then (X, 1) also has
the o-Levi property.

As it was observed in [36, page 271 before Example 6.5], the Lebesgue property can
not be removed from Propositions [I5]and [T6]

Clearly, every finite dimensional locally solid vector lattice (X, 7) is ur-complete.
On the contrary of [36, Proposition 6.2], we provide an example of a T-complete
locally solid vector lattice (X, 7) possessing the Lebesgue property such that it is
ut-complete and dim X = oco.

Example 4. Let X = s and R = (p;)jen such that p;((z,,)) = |z,

, where () € s.

First, we show that (X, R) is T-complete. Let (z*) be a T-Cauchy net in (X, R), then
2% = (22)pen and 2 — 2% 5 0 over o, 8. For j € N, we have pj(z® — %) — 0
in R over o, 8. That is, for j € N, 2§ — $Jﬁ| — 0in R over «, 8. Thus, for each
j € N, the net (a:?)a is Cauchy in R and so, there is x; € R such that %0‘ — x; over
a. Take x := (x;)jen € s. Since, for each j € N, z§ — xj over ain R, it follows that

pj(z® — ) — 0in R. Hence, z* 5 x. Therefore, (X, R) is T-complete.

Second, we show that (X, R) has the Lebesgue property. Assume x® | 0, our aim is
to show that x* = 0. We know that v = (1%),en. For each j € N, z | 0 implies
that x| 0 in R. That is p;(x®) | 0 in R. Thus, z* = 0.

Finally, we show that (X, R) is ur-complete. Suppose (x*) is ur-Cauchy net. Then,
foreachu € X, we have | — 2°| Au = 0. Now, u = u,, and, v = 2. Let j € N,
then p;(|z* — °| Au) — 0 in R over o, 3 if and only if |2 — xf| ANuj — 0inRif
and only if |z$ — x]5| — 0in R over a, S.

Thus, (v$)q is Cauchy in R and so there is x; € R such that x§ — x; in R over . Let

x = (7;)jen € 8, then, clearly, 2 = z.
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CHAPTER 4

UNBOUNDED m-TOPOLOGY IN MULTI-NORMED VECTOR
LATTICES

Unbounded convergences have attracted many researchers (see for instance [31, 27,
30, 214 (18} 161}, 136, 18, 141}, 137,135, 29, 128, 152, [16]. Unbounded convergences are well-
investigated in vector and normed lattices (cf. [18, 130} 36,153} 57]). In this chapter,
we also extend several previous results from [[18} 130} 36,53} 157,161]] to multi-normed
setting. This work is a continuation of Chapter 3, in which unbounded topological
convergence was studied in locally solid vector lattices.

Let (X, 7) be a locally solid vector lattice, if 7 has base at zero consisting of convex-
solid sets, then (X, 7) is called a locally convex-solid vector lattice. Tt is known
that a linear topology 7 on X is locally convex-solid if and only if there exists a
family M = {m, }en of lattice seminorms that generates 7 (cf. [3, Theorem 2.25]).
Moreover, for such M, x, — x if and only if m (2, —2) = 0in R for each my € M.

Since 7 is Hausdorff, the family M is separating.

Recall that subset A in a topological vector space (X, 7) is called 7-bounded if, for
every T-neighborhood V' of zero, there exists A > 0 such that A C AV. In the case
when the topology 7 is generated by a family {m },ca of seminorms, a subset A of
X is 7-bounded if and only if sup,. 4, my(a) < oo forall A € A.

4.1 Multi-normed vector lattices

Let (X, 7) be a locally convex-solid vector lattice with an upward directed family
M = {my}en of lattice seminorms generating 7. Throughout this chapter, the
pair (X, M) will be referred as a multi-normed vector lattice (MNVL). Also, 7-
convergence, 7-Cauchy, 7-complete, etc. will be denoted by m-convergence, m-
Cauchy, m-complete, etc.

Let X be a vector space, E be a vector lattice, and p : X — £ be a vector norm (i.e.
p(r) =0 2 =0,p(Az) = |A|lp(z) forall A € R,z € X, and p(z+y) < p(x)+p(y)
forall z,y € X), then (X, p, F) is called a lattice-normed space, abbreviated as LNS,
see [40]. If X is a vector lattice, and the vector norm p is monotone (i.e. |z| <
ly| = p(z) < p(y)), then the triple (X, p, F) is called a lattice-normed vector lattice,
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abbreviated as LNVL (cf. [18, 9]).

Given an LNS (X, p, F'). Recall that a net (z,,) in X is said to be p-convergent to =

(see [8]) if p(x, — x) = 0in E. In this case, we write z, 2y 2. A subset A of X is
called p-bounded if there exists e € E such that p(a) < e forall a € A.

Proposition 17. Every MNVL induces an LNVL. Moreover, for arbitrary nets, p-
convergence in the induced LNVL implies m-convergence, and they coincide in the
case of p-bounded nets.

Proof. Let (X, M) be an MNVL, then there is a separating family {m, } ca of lattice
seminorms on X. Let £ = R* be the vector lattice of all real-valued functions on A,
and define p : © — p, from X into F, such that p,[A] .= m,(z).

We show that p is a vector norm on X.
o If © = 0, then py[\] = mx(0) = 0, so po[A] = 0 forall A € A. So py = 0.
Assume, p, = 0, then p,[\] = 0 forall A\ € A, or my(z) = 0 for all A € A.

Since (m)) e is a separating family of lattice seminorms on X, we have x = 0.
Therefore, p,, = 0 if and only if z = 0.

e For r € R, we show p,, = |r|p,. Indeed, p,.[\] = my(rz) = |rimy(x) =
|r|ps. Next we show triangle inequality. For all x € X. Let A € A, then
p(:c-‘ry)[)‘] = m/\(x + y) S m)\(x) + m)x(?/) = pm[)‘] + py[)‘] = (p:v +py) [)‘]
Thus, pty) < Pa + py-

Now we show that p is monotone. Assume that |z| < |y, then for A € A | p, [\ =
my(z) < my(y) = py[A], hence p is monotone. Therefore (X, p, E) is an LNVL.

Let (z,) be a netin X. If 2, & 0, then p,, = 0 in R, and so p,,[\] — 0 or
my () — 0 forall A € A. Hence z, — 0.

Finally, assume a net () to be p-bounded. If z, —» 0, then my(z,) — 0 or
PealA] — O for each A € A. Since (z,) is p-bounded, p,, — 0 in R*. That is
T 0. ]

The following proposition characterizes quasi-interior points, and should be com-
pared with [4, Theorem 4.85].

Proposition 18. Ler (X, M) be an MNVL, then the following statements are equivalent:

1. e € X is a quasi-interior point;
2. forallx € X, . —x Ane = 0asn — 0o,

3. e is strictly positive on X*, i.e., 0 < f € X* implies f(e) > 0, where X*
denotes the topological dual of X.
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Proof. (I)=-(2)) Suppose that e is a quasi-interior point of X, then = X. Let
x € Xy. Then z € zm, so there exists a net (z,) in I, that m-converges to x.
But x, — = implies |z,| - |z| = z. Moreover, 1, Az — z Az = x, and
o Nz <z, implies that x, A z € I, because I, is an ideal. So we can assume also
that v, < z. Hence, forany z € X, thereisanet0 < x, € [, and z, < x. Then
0 <z ,Ane <xAne < zxforalln € N. Now, take A € A, and let ¢ > 0, then there is
a. such that my(x —z,.) < e. But0 < z,_ € I,,s00 < z,_ < k.e for some k. € N.
Since 0 < . = 2o Nkee < xAk.e < x,we getmy(z—xAne) < my(z—xAk.e) <
mx(z — xq N kee) = my(x — z,.) < e foralln > k.. Hence my(z — z Ane) — 0
as n — oo. Since A € A was chosen arbitrary, we get z — z A ne — 0.

@)=@) Let 0 < f € X* and assume in contrary that f (¢) = 0. Now let z € X,
then 0 < x Ane < neforalln € N. Since 0 < f € X*, f(z Ane) < f(ne) =
nf(e) = 0. So, f(x Ane) = 0 forall n € N. Since x A ne —» z and f € X*,
by continuity of f, we have f (x Ane) — f(x)asn — oo, ie., f(x) = 0 for all
x € X,.and so f = 0 which is a contradiction.

@)=-() If I. is not dense in X with respect to m-topology, then by Hahn-Banach
Theorem [48] Theorem 3.5] there is a non-zero f € X* such that f (z) = 0 for every
x € I. Since f = fT — f~ and f # 0, either f™ # 0 or f~ # 0. Assume without
lose of generality that f™ > 0. Now Riesz-Kantorovich formula implies that
ff(e)=sup{f(z):z€ Xand0 <z < e}
=sup{f(z):z€l,and0 <z <e} =0

which is a contradiction. Thus, I, = X, that is e is a quasi-interior point of X .

]

It should be noted that in the proof of (I)) = (2) of Proposition [18 we can select
an increasing bounded from above net (x,) in I} such that z, — x. Indeed, if
x € I, then we know that there is a net (Ta)aea in I such that 0 < z, < z
for all « € A. Let & (A) denote the collection of all finite subsets of A. Clearly,
F (A) is directed upward. For each A € F(A) let ya: = supz,. Then ya 1 and

acA
ya < xforall A € F(A). We claim that yn — 2. Let A € A. Given ¢ > 0, since
To — z, there is a; satisfying my(z — z,) < ¢ forall @ > a.. Let A, = {a.}. For
A D Aeg, we have yp > x,, ofr —ya < —x,.and so 0 < x —ya < z — z,,. Hence,
mx(z — ya) < my(z — x,.) < e forall A O A.. Therefore, 0 < ya 1 in I, and
YA g Z.

More generally we have,

Proposition 19. Let (X, p, E') be an LNVL and [ be an ideal in X. For x € X, if
there is a net (x,) in I satisfying x,, 2y x, then there is a net 0 < yg in I with yg T
and yg 5o

Proof. Suppose that x € X, and there exists a net (z,) € I with z, 2y x, then by
the same argument used in the proof of (I)) = (2) of Proposition 18] we may consider
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Ty € I with z, < zor z, € [0,2] for all a. Let B = [0, 2] N I, then B is directed
upward, and the net (y,) = (b) for all b € B is increasing in [ with 0 < ;. In
particular y,, = z,, forall a. Forb > z,,wehave 0 <z —yp=2—-b< 2z — 2, =
T —Yz,,and so p(yp, — ) < p(xo —x) as b > x,. Now by assumption = — z,, 2 0as
o — 00, i.e., p(rq — ) = 0in E, then there is a net e, J 0in £, such that for all 7,
there exist o, satisfying p(z, — ) < e, forall & > a,. In particular p(z,, —2) < e,.
We want to show that p(y, — 2) - 0. For that consider the net (e,) as above, then
ey 4 0in F, and for all ~, take b, = w,.,. Then for all b > b, = =z, , we have

p(b— ) < p(by, — x) = p(z,, — x) < e,. Therefore p(y, — z) = 0. O

Corollary 8. Let (X, M) be an MNV L, and let I be an ideal in (X, M) with T =
X. Then for every x € X, there exist a net (yg) € I such that 0 < yz 1< x and

yﬁgl’.

Proof. Suppose that I is an ideal in (X, M) with I~ = X, then for every z € X,
there is a net (z,,) € I such that 2, = z, and by the same argument used in the proof
of (I) = (@) of Proposition [I8] we may assume that =, € I, with z, < z. Now by
Proposition (X, M) induces an LNVL (X, p, E) with E = R*, andp : X — E,,
such that z — p,, where p,: A — R and p,[\] := m,(z). Then for all A € A,
Do [N = mia(za) < ma(z) = pa[A], so p(x,) < p(x). Hence z,, € I, is p-bounded.
But z, — , then by Proposition |17| z, = x, hence by Proposition , there exist
anet (y,) € I such that y, 1 and v, 5 oz Again by Proposition (17| y, — z as
desired. ]

It follows from Theorem 6.63 (ii) and (iv) [3] that an MNVL satisfies the KB-property
if and only if it has the Lebesgue and Levi properties.

4.2 um-Topology

In this section we introduce the um-topology in a analogous manner to the un-
topology [36] and uaw-topology [61]. First we define the um-convergence.

Definition 3. Ler (X, M) be an MNVL, then a net (x,,) is said to be unbounded m-
convergent to z, if |vq — x| Au ~» 0 for all w € X,. In this case, we say (1)
um-converges to x and write T, — .

Clearly, that um-convergence is a generalization of un-convergence. The following
result generalizes [36,, Corollary 4.5].

Proposition 20. If (X, M) is an MNVL possessing the Lebesgue and Levi properties,
and o, == 0in X, then x, —> 0 in X**.

Proof. Tt follows from Theorem 6.63 of [3] that (X, M) is m-complete and X is a
band in X**. Now, [3, Theorem 2.22] shows that X** is Dedekind complete, and so
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X is a projection band in X**. The conclusion follows now from Theorem [6] part

Bl O

In a similar way as in Theorem [2] one can show that A\, the collection of all sets of
the form

Veur ={x € X :my(Jz| Au) < e},

where e > 0, 0 #u € X, and A € A, forms a neighborhood base at zero for some
Hausdorff locally solid topology 7 such that, for any net (z,) in X: z, — 0 if and
only if 2, = 0. Thus, the wm-convergence is topological, and we will refer to its
topology as the um-topology.

Clearly, if z, 20, then 2, — 0, and so the m-topology, in general, is finer
than um-topology. On the contrary to Theorem 2.3 in [36], the following example
provides an MNVL which has a strong unit, yet the m-topology and um-topology do
not agree.

Example 5. Ler X = C[O 1]. LetA = {[a,b] € [0,1] : @ < b}. For[a,b] € A
and f € X, let migy(f) := f |f(t)|dt. Then M = {my,y : [a,b] € A} isa
separating family of lattlce semmorms on X. Thus, (X, M) is an MNVL. For each
2<neéeN, let

n ifz €0,1],
fo=n*(L=n)z+n® ifzell, 1,
0 ifz € [;5,1].
So we have
1 ifz €10,55],
faNL=3Sn*(1—n)z+n® ifxe [ L],
0 ifz € ;.1

Now, let 0 < b < 1, then there is ng € N such that L < b. So, for n > ngy, we
have == < b, and so we get myoy(f,) = (1 + —) —> + # 0asn — oo. Thus,
fn 2> 0. On the other hand, if [a,b] € A then there is ng € N such that m < b so,
forn > (ng — 1), we have myqp)(fn A1) = ﬁ("ﬂ + m) — 0asn — oo.

Since 1 is a strong unit in X, by Corollary@ fo 2

4.3 Metrizabililty of um-topology

The main result in this section is Proposition 21} which shows that the um-topology
is metrizable if and only if the space has a countable topological orthogonal system.

It is well known (cf. [3, Theorem 2.1]) that a topological vector space is metrizable
if and only if it has a countable neighborhood base at zero. Furthermore, an MNVL
(X, M) is metrizable if and only if the m-topology is generated by a countable family
of lattice seminorms, see [56, Theorem VII.8.2].
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Notice that, in an MNVL (X, M) with countable M = {my}ren, an equivalent
translation-invariant metric p can be constructed by the formula

o0

my(z —y)
T,y) = g r,y € X). 4.3.1
Since the function ¢ — 5 is increasing on [0,00), |2| < [y| in X implies that

A series ) -~ z; in a multi-normed space (X, M) is called absolutely m-convergent
if 7 ma(x;) < oo forall X € A; and the series is m-convergent, if the sequence
Sy =y ., x; of partial sums is m-convergent.

Lemma 10. A metrizable multi-normed space (X, M) is m-complete if and only if
every absolutely m-convergent series in X is m-convergent.

Proof. (=) Let (X, M) be sequentially m-complete, with M = (my, )ren. If the se-

ries ) x; is an absolutely convergent in (X, M), then for each k € N, > my (x;) <
=1 =1

o0 n
oo. Given ¢ > 0, there exists V. such that >  my (x;) < . Let S, = >_ z; the
=1

n=Ng
oo

sequence of partial sums of the series > x;, then for n > m > N. we have
i=1

1=N¢

But k£ € N is arbitrary, so the sequence (.5,),,,, is m-Cauchy and by sequentially

m-completeness of (X, M), (Sy),,c, m-converges to an element say x € X.

(<) Let (x,) be an m-Cauchy sequence in X. For k = 1, my (z,, — x,,) — 0 as

n,m — oo.

For each i € N, there exist n; € N such that m; (x, — x,,) < 27 for all n,m > n,,

and we may choose that n}s so that n;.; > n;. Then (xn)fil is a subsequence of

(x,) . Letting y; = x,,,, and y; = x,,, —x,,_, fori > 2 we obtain a series » _ y; whose
i=1

i*" partial sum is @,,,. But my (z,,, — 5, ,) < 2707V, so we have m; (y;) < 27!

for ¢ > 2. Thus

Z ma (y;) < mqy(y) + Z 27 =y (yp) + 1. (4.3.2)
i—1 =2

Hence, the sequence (y;) which is a subsequence of (x;) satisfies the condition in
(#.3.2)). We repeat the same argument above for & = 2 to produce a subsequence (z;)
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of (y;) which satisfies that

ng (z;) <mg(z1) + 1< oc.
=1

So by this diagonal argument we obtain a common subsequence (xn]) of (z,) such

that foreach k € N, > my, (y;) < oo where yy = 1, and for j > 2, y; = 1, — ;.
j=1

Thus, ) y; is absolutely convergent series. By hypothesis it follows that the series
j=1

o0 [e.9]
> yj; is convergent. That is the sequence (Sy),, of partial sums of ) y; is m-
j=1 Jj=1

¢

convergent in X. Thatis Sy = Y y; = ,,, ie. (xn]) is m-convergent. Therefore,
j=1

we have an m-Cauchy sequence (,,) and an m-convergent subsequence (xnj) which

implies that (x,,) is m-convergent. O

The following result extends [36, Theorem 3.2].

Proposition 21. Let (X, M) be a metrizable m-complete MNVL. Then the following
conditions are equivalent:

(1) X has a countable topological orthogonal system;

(17) the um-topology is metrizable;

(1ii) X has a quasi interior point.

Proof. Since (X, M) is metrizable, we may suppose that M = {my, } e is countable
and directed.

(1) = (dt) It follows directly from Proposition [13|. Notice also that a metric d,, of
the um-topology can be constructed by the following formula:

o0

1 my(|z —y| Aep)
) — . 433
(x,y) k; T Trme— gl he) (4.3.3)

where {e,, },cn is a countable topological orthogonal system for X.

(1) = (4i7) Assume that the um-topology is generated by a metric d,,, on X. For
eachn € N, let By, (0,2) = {z € X : dyn(z,0) < 1}. Since the um-topology is
metrizable, for each n € N, there are k,, € N,0 < u,, € X, and €, > 0 such that
Ve ainsen © Bum (0, 1), where

Vewnk ={z € X :my(|z] Auy) < e}
Notice that {V_ ., x }->0.nken 1S @ base at zero of the um-topology on X.

Let B,,(0,1) = {z € X : d,,,(x,0) < 1}, where d,, is the metric generating the m-
topology. There is a zero neighborhood V' in the m-topology such that V' C B,,(0, 1).

39



Since V' is absorbing, for every n € N, there is ¢,, > 1 such that iun € V. Thus

—un €V C B,,(0,1) for each n € N. Hence, the sequence —un is d -bounded and
so it is bounded with respect to the multi-norm M = {my }ren. Let

(4.3.4)

n=1

We Verify the absolute convergence of the above series. Fix £ € N. Since the se-
quence ¥ is bounded with respect to M, there exists r; € R such that my(22) <
T < 00 for all n» € N. Hence,

Sn(i)-Sam(z)nE ben

n=1

Thus, the series > - is absolutely m-convergent. Since X is m-complete,

Un
Cn

Lemma assures that the series > is m-convergent to some e € X.

Up,
n=1 2
Now, we show that e is a quasi-interior point in X. Let (z,) be a net in X, such that
To A e — 0. Our aim is to show that z, —» 0. Since

To A p < 2"Chxg A2"che = 2"cp(zq Ne) 2 0 (a — 00),

we have x4 A u, —» 0 for all n € N. In particular, my, (4 A u,) — 0. Thus, there
exists ay, such that my, (v, A u,) < &, for all @« > «,,. Thatis z, € V,, 4, 1, for

En,
. . . dum

all @« > «,, which implies z, € By, (0, %) Therefore, z, —= 0 and so 7, — 0.

Hence, Corollary [f|implies that e is a quasi interior point

(73) = (7) It is trivial. O

Similar to [36, Proposition 3.3], we have the following result.

Proposition 22. Let (X, M) be an m-complete metrizable MNVL. The um-topology
is stronger than a metric topology if and only if X has a weak unit.

Proof. The sufficiency follows from [I4]

For the necessity, suppose that the um-topology is stronger than the topology gener—
ated by a metric d. Let e be as in (4.3.4) above. Assume x A
= 0, and hence x A u,, = 0 for all n. Then T e ngumkn
for all n, andeB( )—{xGX d(z,0) < 2} foreachn € N. Soz = 0,
which means that ¢ is a weak unit. ]

4.4 um-Completeness

A subset A of an MNVL (X, M) is said to be (sequentially) um-complete if, it is
(sequentially) complete in the um-topology. In this section, we characterize um-
complete subsets of X in terms of the Lebesgue and Levi properties.
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We begin with the following technical lemma.

Lemma 11. Let (X, M) be an MNVL, and A C X be m-bounded, then A" s
m-bounded.

Proof. Given A € A, then My = sup,.,mx(a) < co. Letz € A", then there is

a net (a,) in A such that a, — . So my(|aq — x| Au) — 0 forany u € X,. In
particular,

ma(|z]) = ma([z] A |z]) = ma(Jr — aq + aa| Alz]) <
my(|z — ao| A |2]) + Sugmk(a) =my(|z — an| A |z|) + M.
ac

Letting a — 00, we get m (z) = my(|z]) < My < oo forallz € A", O

The following theorem and its proof should be compared with [31, Theorem 4.7].

Theorem 14. Let (X, M) be an MNVL and let A be an m-bounded and um-closed
subset in X. If X has the Lebesgue and Levi properties, then A is um-complete.

Proof. Suppose that (x,) is um-Cauchy in A, then, without lost of generality, we
may assume that (x,,) consists of positive elements.

Case (1): If X has a weak unit e, then e is a quasi-interior point, by the Lebesgue
property of X and Proposition Note that, for each k£ € N,

|z N ke — x5 A ke| < |xq — 28| A ke,

hence the net (x, A ke), is m-Cauchy in X. Now, [3, Theorem 6.63] assures that X

is m-complete, and so the net (z,, A ke), is m-convergent to some y; € X. Given
A € A. Then

ma(yr) = ma(yx — xo N ke + x4 A ke)
< ma(yr — Ta A ke) +ma(2q)
< ma(Yr — To A ke) 4+ supmy ().

[0}

But x, A ke =% 1y, so for all € > 0, there exist o/ such that & > o/ implies that
mx (yg — xo N ke) < €. Hence for all ¢ > 0, my (yx) < € + supm,(z,) that is

my (yg) < supmy(z,) < oo by m-boundedness of A. Hence (yy) is m-bounded in

X. Note also that if &y < ks, then z, A kie < x4 A koe, and hence yi, < yi, by
montoncity of m/,s.

Thus (yy) is m-bounded and increasing in X, but X has the Lebesgue and Levi prop-
erties, so by [3, Theorem 6.63], (i) is m-convergent to some y € X.

It remains to show that y is the wm-limit of (x,). Given A € A. Note that, by
Birkhoff’s inequality,

|zo N ke — x5 N ke| Ne < |z, —xp| Ae.
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Thus

mx(|za A ke — x5 A kel Ae) <my(|xg — x5 Ae).

Taking limit over (3, we get

m>\(|l‘a N ke — yk| A 6) < hénmk“wa - ZL‘5| A 6)'

Now taking limit over k, we have

ma(|za —y|ANe) < li/gnmk(\:ca — x| Ne).

Finally, as (z,) is um-Cauchy, taking limit over «, yields

limmy(Jza —y| Ae) < lirglmk(ua — x5/ ANe)=0.
Thus, =, — y and, since A is um-closed, y € A.

Case (2): If X has no weak unit. Let {e,},cr be a maximal orthogonal system
in X. Let A be the collection of all finite subsets of I'. For each § € A, § =
{m.72,..., 7}, consider the band Bjs generated by {e,,,e,,...,e,, }. It follows
from [3, Theorem 3.24] that Bs is a projection band. Then Bj is an m-complete
MNVL in its own right. Moreover, by Lemma [I5] the m-topology restricted to Bj
possesses the Lebesgue and Levi properties. Note that Bs has a weak unit, namely
€y, + €y, + -+ +e,,. Let P5 be the band projection corresponding to Bs.

Claim 1: We want to show that for any x € X, we have that Psx 1 x. Now since
0< Ps<I,Psx<uzforalld € A. If 0 < z < zand Psz < zforall 6 € A,
then —FPsx > —z or —z < —Pjsx which implies that 0 < x — 2z < x — Psx. Note
x— Psx € B forall § € A, since Bf is an ideal, we get that z — 2 € B{. In particular,
xT—z € Bg"W forall y € I', so (z — z) Ae, = 0 forall v € I, then by maximality we
getthat,z — 2 =0, and so =z = z.

For 0 € A, since (z,,) is um-Cauchy in X and P; is a band projection, and so lattice
homomorphism, then |P,, — P,,| Ab = plza — z5| Ab < |zq — 23] Ab =5 0,
thus | P, — Pxﬁ] Ab 550, then Pz, is um-Cauchy in Bs. Lemma assures that
Pg(A)um is m-bounded in Bs. Thus, by Case (1), there is zs € B; such that

Psroy 2% 25> 0in Bs  (a — 00).

Since B;s is a projection band, we have

Psro — 25> 0in X (over ). 4.4.1)
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Note that, 0 < z5 1, moreover, (zs) is m-bounded. Indeed, given A € A, then

ma(2s) =

(
m (|zs] A ze])

=my (|zs — Psxo + Psta| A 25)

<my (|zs — Psxo| N 25) + my (Psxo A 25)

< my (Jzs — Psxo| A z5) + my (Pszy,)

< my (|zs = Pszal A zs5) + my (z4)

< my (|zs — Pszol A 2z5) + k.

Taking the limit over a, we get m) (2zs5) < ky < oo where my, (z,) < k) < oo for all
«. Thus, zs is m-bounded in X.

Since X has the Lebesgue and Levi properties, it follows from [3, Theorem 6.63],
that there is z € X, such that

25 — z, and 80 z5 T 2. 4.4.2)

It follows also from (#.4.2) that z; —> 2.

Our aim is to show that z, — 2. Letu € X, we verify |z, — 2| Au = 0. Let B,
be the band generated by u and P, be the corresponding band projection. As above,
(P,x4) is um-Cauchy in B, and so there is 0 < z,, € B,, such that

um .
P,x, — x, overa, in B,

So,
P,r, = 1z, in X. (4.4.3)

Note that |z, — z,| A u € B for all a. Hence,

To — Tyl ANu= P, (|to — xu| A u)

= |Puty — 74| Au 5 0in X by @#F43).

o |z — 24| Au 5 0 over ain X. (4.4.4)
Given § € A;
|Psxo — Psay| ANu= Ps (|xg — x4]) Au
< |Za — o] Au 25 0 over avin X by @4.4).
Thus,

|Psxo — Pszy| Au 5 0 over ain X. (4.4.5)

But Psz, —% 25 in X by @#@4.1).
In particular,
|Pswo — 25] Au —> 0 over av in X. (4.4.6)
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Since
|26 — Psxy| Au < |zs — Psxo| ANu+ |Pszo — Pszy| A u,

Taking limit over « we get from (#.4.5)) and (4.4.6)) that
|zs — Psxy| Au=0. 4.4.7)
Taking limit over § in (.4.7), it follows from (4.4.2)) and Claim 1 that
|z — x| Au=0.
Note that |z — z,| A u € B, and so
0=|z—zu| Au=P,(|z —xu| ANu) = |Puz — x| ANu.

Since u is a weak unit in B,,,

Now,
|20 — 2| ANu= P, (|t — 2| Au)
= |Puxa — Puz| Au
by @48) = |Puta — 74| A u 2> 0 over a by #4.3).
We get that

|Tq — 2| Au 50

Since, u € X was arbitrary, we get 7, — 2. Since (z,) in A and A is um-closed,
we get that z € A and so A is um-complete. O]

Lemma 12. Any monotone m-convergent net in an M NV L (X, M) o-converges to
its m-limit.

Proof. Tt is enough to show that if (X, M) > z, 1 and 2, — u, then z, 1 x. Fix
arbitrary . Then 25 — 2, € X for all 8 > «. So, taking the limit over 3 we get
T3 —Tq 2 x—x,, hence t —x, > 0and soz > z,. Butais arbitrary. Thus z > =z,
for all v, that is z is an upper bound for (x,). We show z is the least upper bound.
Suppose that y > z,, for all a, then y — z, > 0 for all «, and since y — z,, = y—x
over a, y —x > 0 ory > x. Therefore x,, 1 . OJ

Lemma 13. If (z,,) is an increasing net inan MNV L (X, M), and v, — z, then
To T and x,, = .

Proof. Since lattice operations are um-continuous, the same argument in Lemma
applies here as well and we get that x, 1T x. Thus (z,) is order bounded and so
um-convergence agrees with m-convergence. [

Lemma 14. Let (X, M) be an M NV L that has the pre-Lebesgue property. Let (x,,)
be a positive disjoint sequence such that (x,,) is not m-null. Put s, = Y x;. then

i=1
(sn) is um-Cauchy but not um-convergent.
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Proof. The sequence (s,,) is monotone increasing, and since (x,,) is not m-null, we
get that (s,,) does not m-converge, otherwise s,, and s,,_; also m-converge to some
x, consequently x,, = s, — S,_1 2 0 which contradicts the hypothesis. Hence
by Lemma (13 s,, is not um-convergent. To show that (s,) is um-Cauchy, fix any

e > 0, and a non-zero u € X . Since (x;) is a positive disjoint sequence, we have
n

Sp Au = Y (x; A u) by Theorem 6.5 in [60]. The sequence (s, A u) is increasing
=1

and order bounded by u, hence is m-Cauchy by Theorem 3.22 in [3]]. Fix A € A, we

can find n., such that my (s, Au— s, Au) < ¢ forall m >n > n,,. Observe that

m n

Sm ANU— S, ANu = (sz) ANu— <2x1> AU
i=1 i=1

n

(xi/\u)—Z(xi/\u)

=1

(x; ANu) = (Z a:z> Au

i=n+1

[z -

~

Mz L

i=n+

= (S — Sp) AU = |8y — Sp| Au.

It follows that my (|s,, — sp| A u) < eforallm > n > n.,. But A was fixed arbitrary.
Hence (s,,) is um-Cauchy. O

Let (X, M) be a finite dimensional m-complete M NV L, then by Theorem 5.4 in
[4], it is um-complete.

On the contrary of [[36], Proposition 6.2] we provide an example of an m-complete
MNVL (X, M) satisfying the Lebesgue property such that it is um-complete and
dim X = oc.

Example 6. Let X = s and M = (m;),, such that m; ((x,)) = |z;| where
() € loo.

First we show (X, M) is m-complete. Let (x) be an m-Cauchy net in (X, M),
2 = (22),en » 50, * — 2 = 0 over a, 3. For j € N we have m; (:zra — azﬂ) -0
in R over , 3. That is, for j € N, |x§ — :cf] — 0in R over «, 8. That is, for each
J € N, the net (x%) is Cauchy in R and so there is x; € R such that x§ — x; over a.
Put x := (x;)jen, then x € s. Since for each j € N x§ — x; over v in R, this means

that mj (v — z) — 0 in R. Hence, x* = x. Therefore, (X, M) is m-complete.

Second, (X, M) has the Lebesgue property. Assume z* | 0, our aim is to show that
z* 25 0. We know z = (T ) nen - For each j € N; x* | 0, implies that x§ | 0 in R,
That is m;j(z®) | 0 in R. Thus, & = 0.

Finally, we show that (X, M) is um-complete. Suppose () is um-Cauchy net. Then
foreachu € X, we have | — 2P| Au =5 0. Now, u = (uy,),, oy 2% = (22),,cn - Let
j € Nthenm; (|Jz* — 2P| Au) — 0in R over a, 8. if and only if |5 —xf| Nu; — 0
in Rif and only if < |2$ — :L‘]ﬂ| — 0in R over a, B.
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Thus, (z§) is Cauchy in R and so there is x; € R such that x§ — x; in R over a.

Let © = (z;)jen € s, then clearly, x* N

Lemma 15. Let (X, M) be an m-complete M NV L which satisfies Lebesgue and
Levi properties. Let B be a band in X. Then B is an m-complete M NV L in its own
right which in addition satisfies Lebesgue and Levi properties.

Proof. Let (x,) be an m-Cauchy net in B, then (x,) is an m-Cauchy in X. Since X
is m-complete, there is * € X such that z, 2 x, but by [3, Theorem 2.21] B is
m-closed and so x € B. Thus, B is m-complete.

Assume z, | 0 in B. Since B is regular, see [30, Lemma 2.5], we have z,, | 0 in X.
But X satisfies Lebesgue property so z, — 0, since (z,) in B, 7, — 0in B. Hence,
B satisfies Lebesgue property.

Suppose 0 < z, 1in B, then 0 < x, T in X. Since X has Levi property, there is
r € X such that 0 < z, T in X, i.e. 7, = z, but (z,) in B and B is order closed.
Hence, x € Bandsox > z, forall . If 0 < 2z < z and z, T 2 in B, then by
regularity of B in X we have z, 1 z in X, which implies z = x. 0

Next theorem generalizes Theorem 6.4 in [36].

Theorem 15. Let (X, M) be an m-complete MNVL with the pre-Lebesgue property.
Then X has the Lebesgue and Levi properties if and only if every m-bounded um-
closed subset of X is um-complete.

Proof. The necessity follows directly from Theorem[I4]

For the sufficiency, first notice that, in an m-complete MNVL, the pre-Lebesgue and
Lebesgue properties coincide [3, Theorem 3.24].

If X does not have the Levi property then, by [3, Theorem 6.63], there is a disjoint
sequence (x,) in X, which is not m-null, such that its sequence of partial sums

Sn = 5, T; is m-bounded. Let A = {s, : n € N} . By Lemmawe have that

A is m-bounded. By Lemma the sequence (s,,) is um-Cauchy in X and so in A,
in contrary with that the sequence s, .1 — s, = 41 1S not m-null. O

Theorem 16. Let (X, M) be an m-complete metrizable MNVL, and let A be an m-
bounded sequentially um-closed subset of X. If X has the o-Lebesgue and o-Levi
properties then A is sequentially um-complete. Moreover, the converse holds if, in
addition, X is Dedekind complete.

Proof. Suppose M = {my}ren. Let 0 < x,, be a um-Cauchy sequence in A. Let
e=> " %o Fork €N,

n=1 2n
ka (:;—Z) = Z Z%mk(xn) < ckz 2% < 00,
n=1 n=1 n=1

o

where my(a) < ¢, < oo foralla € A. Since )~ | 7= is absolutely m-convergent,

by Lemmal[I0} >, %2 is m-convergent in X. Note that, z,, < 2"e, so x,, € B, for

n=1 2n ~
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all n € N. Since X has the Levi property, X is o-order complete (see [3, Definition
3.16]). Thus B, is a projection band. Also e is a weak unit in 5B,. Then, by the same
argument as in Theorem we get that there is x € B, such that x,, 2 2 in B,
and so z,, — z in X. Since A is sequentially um-closed, we get z € A. Thus A is
sequentially um-complete.

The converse follows from Proposition O

4.5 um-Compact sets

A subset A of an MNVL (X, M) is said to be (sequentially) um-compact, if it is (se-
quentially) compact in the um-topology. In this section, we characterize um-compact
subsets of X in terms of the Lebesgue and Levi properties. We begin with the fol-
lowing result which shows that um-compactness can be “localized” under certain
conditions.

Theorem 17. Let (X, M) be an MNVL possessing the Lebesgue property. Let {e~}er
be a maximal orthogonal system. For each v € T, let B, be the band generated by
e, and P, be the corresponding band projection onto B.. Then x, 0 in X if
and only if P, x, ™ 0in B, forall v €T.

Proof. For the forward implication, we assume that x, — 0in X. Letb € (B,),.
Then
|Pyzo| Ab= Plaa) Ab < |za| Ab 250,

that implies P,z, — 0in B,.

For the backward implication, without lost of generality, we may assume that z, > 0
for all . Let v € X,. Our aim is to show that z, A u —» 0. It is known that
To A=) p Py (za Au). Let F be a finite subset of I'. Then

xa/\u:ZPw(xa/\u)—i- Z P (xq A uw). (4.5.1)
YEF ~eD\F
Note
> Py(xaAu) =) Pyrg A Pyu 0. (4.5.2)
VEF vyeEF

We have to control the second term in (4.5.1)).

> Py(zaAu) < %Z Pu+ Y Pu, (4.5.3)

Yye\F YeEF ~yeT\F

where n € N. Let & (I") be the collection of all finite subsets of I". Let A = & (I') x N.
For each 6 = (F,n), put

Ys = %ZPvu—i- Z Pu.

YEF ~yel\F
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We show that (ys) is decreasing. Let §; < 0, then §; = (Fy,nq), 02 = (F2,n2). Then
81 < &y if and only if Iy C F and n; < ne. But n; < n, if and only if nil > niz So,

—ZPu>—ZPu (4.5.4)

’YEFl "/€F1

—ZPu— ZPu—i—— > P (4.5.5)

WGFZ 'y€F1 'yEFz\F1

Since F; C Fy, '\ F} 2 T"\ F» and hence, ZWGF\Fl Pou> ZWGF\FZ P, u. Note, that

> Pu= > Pu+ Y Pu (4.5.6)

~eT\Fy YER\Fy ~ET\ Fy

Z Pu>— Z Pyu. (4.5.7)

YEFR\F1 ’YEFQ\FI

Combining {.5.6) and (4.5.7)), we get
> Pu> ZPu+— > Pu (4.5.8)

~yel'\ F1 ~veD\ F» ’YGFQ\Fl

Adding (.5.4) and (4.5.8)), we get
—ZPu—i— > Pu>—ZPu+— Y Pu+ Y Pu

V€F1 ~yel\ F1 ’y€F1 'yEFQ\Fl ~yeT\ F»
It follows from (&.5.5)), that

—ZPu—i— > Pux>— ZPu—i— > Pu,

Lyer yEM\F1 2 yeR YEN\F}

Note also

Now,

that is y5, > vys,. Next, we show ys | 0. Assume 0 < z < y; for all 9 € A. Let
70 € I' be arbitrary and fix it. Let ' = {7y}, n € N, then

O<x< oW+ Z Pu.
yel\{~0}

We apply P,, for the expression above, so 0 < P, x < %Pm)u for all n € N, and so
P, x = 0. Since 7y € I' was chosen arbitrary, we get P,z = 0 for all v € I". Hence,

x = 0and so ys | 0. Since (X, M) has the Lebesgue property, we get y5s — 0.

Therefore, by (4.5.3)),
D Pi(aaAu) <ys 0. (4.5.9)

~yeT\F

Hence @3.1)), @#5.2), and (#3.9) imply 2, A u — 0. O

The next theorem and its proof should be compared with [36, Theorem 7.1].
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Theorem 18. Let (X, M) be an MNVL possessing the Lebesgue and Levi properties.
Let {e,} er be a maximal orthogonal system. Let A be a um-closed m-bounded
subset of X. Then A is um-compact if and only if P,(A) is um-compact in B., for
each v € I', where B, is the band generated by e, and P, is the band projection
corresponding to B.,.

Proof. Suppose A is um-compact. Since band projections are um-continuous, i.e.
continuous with respect to um-topology and a continuous image of a compact set is
compact, we conclude that P, (A) is um-compact in B, for all ~.

For the converse, suppose that P, (A) is um-compact in B, for every v € I'. Let
H = [] B,, the formal product of all the bands B,,~v € I'. That is, H consists of
vyer

families () er indexed by I', where ., € B,. We equip H with the topology of
coordinatewise um-convergence; this is the product of um-topologies on the bands
that make up H. This makes H a topological vector space. Defined ® : X — H
via ®(z) = (Pyz), . Clearly, @ is linear. But {e, : v € I'} is maximal orthogonal
system, and so ® is one-to-one. Then by Theorem ® is a homeomorphism from
X equipped with um-topology onto its range in H.

Let K be a subset of H defined by K = [[ P, (A). By Tychonoff’s Theorem, K is

vyerl

compact in H. It is easy to see that  (A) C K. We claim that ®(A) is closed in H.
Indeed, suppose that ®(z,) — h in H for some net (x,) in A. In particular, the net
(®(z,)) is Cauchy in H. Since P is a homeomorphism, the net (x,,) is um-Cauchy in
A. Since (x,) is m-bounded and X satisfies Lebesgue and Levi property, (z,) um-
converges to some x € X by Proposition[I5] Since A is um-closed, we have = € A.
It follows that b = ®(x), so h € ®(A). Being m-closed subset of a compact set, $(A)
is its self compact. Since ® is homeomorphism, we conclude A is um-compact.

]

If (Za)aea is @ net in a non-empty set X, then a net (Z,,)sep is said to be subnet of
(Za)aea if there is a function ¢ : B — A satisfying:

1. Foreach 3 € B, x4, = Ty(g).-

2. For each o € A there exists some 3y € B such that if 5 > 3 then p(53) > «p.

See for example [4, Definition 2.15].

Lemma 16. Let X be a vector lattice and (x,)oec 4 be an increasing net in X. If there
is a subnet (v,,)pep such that v, 1 v, then v, 1 .

Proof. We know there is a function ¢ : B — A such that if oy € A then there is
Bo € B satistying ¢(3) > ap when 8 > fo. Since 2o T, Ty(g) > Tag OF Tay > Tay-
Since x4, T2, 2 > x4, Butag € A was arbitrary, thus x > =z, for all « € A and so
x is an upper bound for (24)aca. If 2 > z, for all « € A, then in particular z > z,,
for all 5 € B and since Tayg 1T x, z > x. Therefore, z, T x. O]
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The following theorem should be compared with [36, Theorem 7.5].
Theorem 19. Let (X, M) be an M NV L. The following are equivalent:

1. Any m-bounded and um-closed subset A of X is um-compact.

2. X is an atomic vector lattice and (X, M) has the Lebesgue and Levi properties.

Proof. (I) = (@). Let [a,b] be an order interval in X. For x € [a,b], we have
a<x<bandso(0 <z —a < b— a. Consider the order interval [0,b — a] C X .
Clearly, [0,b — a] is m-bounded and um-closed in X. By (I)), the order interval
[0, b—a] is um-compact. Let (z,) be anetin [0,b—a]. Since [0, b—a] is um-compact,
there is a subset z,,, such that z,, — xin [0,b—a]. Thatis |z,, —2|Au = 0 for all
u € [0,b—a]. Hence, |za, — 2| = |24, —2|A(b—a) = 0. So, 24, — zin [0,b—a].
Thus, [0,b — a] is m-compact. Consider the following shift operator 7, : X — X
given by T, (z) := x + a. Clearly, T, is continuous, and so 7,([0,b — a]) = [a, b] is
m-compact.

Since any order interval in X is m-compact, it follows from [3, Corollary 6.57] that
X is atomic and has the Lebesgue property. It remains to show that X has the Levi
property. Suppose 0 < =z, T and is m-bounded. Let A = {[B—a}um Then A is um-
closed and, by Lemma|[I1] A is an m-bounded subset of X. Thus, A is um-compact
and so, there are a subnet (z, B) and z € A such that z,, 5 X 2. Hence, by Lemma
Tay T @, and so x, T x. Thus, X has the Levi property.

(@) =(I). Let A be an m-bounded and um-closed subset of X. We show that A is
um-compact. Since X is atomic, there is a maximal orthogonal system {e, } e of
atoms. For each v € I, let P, be the band projection corresponding to e,. Clearly,
P,(A) is m-bounded. Now, by the same argument as in the proof of Theorem 7.1 in
[36], we get that P,(A) is um-closed in [ ] . B,, and so it is um-closed in B,. But
um-closedness implies m-closedness. So P, (A) is m-bounded and m-closed in B,
for all v € T'. Since each e, is an atom in X, B, = span{e,} is a one-dimensional
subspace. It follows from the Heine-Borel theorem that P, (A) is m-compact in B,,
and so it is um-compact in B, for all v € T'. Therefore, Theorem [T8]implies that A
is um-compact in X. 0

Lemma 17. Let X be a topological space andY C X.If A CY and A is compact
inY, then A is compact in X.

Proof. The inclusion map ¢ : Y — X is continuous (let O open set in X, then
i1(0) = ONY whichis openinY.)
Since A is compactin Y, i(A) = A is compact in X. ]

Lemma 18. Let X be a topological space. Let S C'Y C X. If S is compact in X,
then S is compact in'Y.

Proof. Let (O,) be an open cover for S in Y. Then for each «, there is G, open in
X such that O, = G, NY. Hence, S C |JO, = | J(Ga NY) C |JG,. Since S is

«
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compact in X, there is a1, . .., a,, such that S C G, U --- U G,,,,, which implies

S=5NY C(Ga, U---UG,,)NY = J(Go,nY) = O,
=1

=1
Thus, S is compactin Y. ]

Lemma 19. Let (X, M) be a sequentially m-complete M NV L that satisfies the
Lebesgue property. Then X is o-order (Dedekind) complete.

Proof. Assume 0 < z,, 7< w. Since (X, M) satisfies the Lebesgue property, by [3,
Theorem 3.23], (X, M) satisfies the pre-Lebesgue property. By Theorem 3.22 in [3]]
it follows that (z,,) is m-Cauchy. Since (z,,) is sequentially m-complete, z,, — x for
some = € X. Since z,, T, by Lemma[I2]z,, 1 . Thus, X is o-order complete. [

In view of paragraph after [Definition 1.47,p.22] in [3] it follows that every o-order
complete vector lattice satisfies (PPP).

Proposition 23. Let A be a subset of an m-complete metrizable MNVL (X, M).

1. If X has a countable topological orthogonal system, then A is sequentially
um-compact if and only if A is um-compact.

2. Suppose that A is m-bounded, and X has the Lebesgue property. If A is um-
compact, then A is sequentially um-compact.

Proof. (I)). It follows immediately from Proposition [21]

(). Let (z,,) be a sequence in A. Find e € X such that (z,,) is contained in B, (e.g.,
take e = Zzo:l g%'). Since A is um-compact, A is um-closed, but B, is um-closed,
so A N B, is um-closed, again A is um-compact, so A N B, is um-compact in A
and hence by Lemma([I7] A N B, is um-compact in X, and by Lemma([I§] A N B, is
um-compact in B.. Now, since X is m-complete and has the Lebesgue property, by
Lemma [I3] B, is also m-complete and has the Lebesgue property, so by Corollary [6]
e is a quasi-interior point of B.. Thus, by Proposition the um-topology on B,
is metrizable, consequently, A N B, is sequentially um-compact in B,.. It follows
that there is a subsequence (x,, ) that um-converges in B, to some z € AN B.. It
follows from Lemma |19 that B, is a projection band, then Theorem|[6] part[3]implies
T, —= xin X. Therefore, A is sequentially um-compact. 0
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