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ABSTRACT

EXOTIC 4-MANIFOLDS AND HYPERELLIPTIC LEFSCHETZ
FIBRATIONS

Altundz, Tiilin
Ph.D., Department of Mathematics

Supervisor : Prof. Dr. Mustafa Korkmaz

February 2018, 91| pages

In this thesis, we explicitly construct genus-3 Lefschetz fibrations over S? whose total
space is T? x 82#6@2 using the monodromy of Matsumoto’s genus-2 Lefschetz fi-
bration over S2. We also present exotic minimal symplectic 4-manifolds BCPQ#k@2
for £ = 13,...,19 by twisted fiber summing of our monodromy or the genus-3 ver-
sion of generalized Matsumoto’s fibration constructed by Korkmaz or by applying
lantern substitutions to these twisted fiber sums. In addition, we generalize our con-
struction of genus-3 Lefschetz fibration to genus-3k Lefschetz fibrations over S? us-
ing the generalized Matsumoto’s genus-2k Lefschetz fibration over S? constructed by
Korkmaz and independently by Cadavid. Using the generalized version of our mon-
odromy, we derive exotic 4-manifolds via Luttinger surgery and twisted fiber sum.
Secondly, we prove that the minimal number of singular fibers in a hyperelliptic Lef-
schetz fibration over a sphere is 2g + 4 for even ¢ > 4, and also, we find a lower
bound for odd g > 5 when the fibration is holomorphic. In addition, we discuss the
number of singular fibers of a hyperelliptic Lefschetz fibration over a sphere which
does not carry a complex structure.

Keywords: Lefschetz Fibrations, Hyperelliptic Lefschetz fibrations, Exotic 4-manifolds,
Mapping Class Groups.
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EGZOTIK 4-MANIFOLDLAR VE HIPERELIPTIK LEFSCHETZ LiF
DEMETLERI

Altunoz, Tiilin
Doktora, Matematik Boliimii

Tez Yoneticisi : Prof. Dr. Mustafa Korkmaz

Subat 2018 , 01 sayfa

Bu tezde, Matsumoto’nun cinsi 2 olan S? tizerindeki Lefschetz liflemesini kullanarak
cinsi 3 ve total uzay1 T? x S246CP" olan S? iizerinde Lefschetz liflemeleri iirettik.
Ayrica, elde ettigimiz Lefschetz liflemelerine ya da Korkmaz ve bagimsiz olarak Ca-
david’in elde ettigi cinsi 3 olan genellestirilmis Matsumoto Lefschetz liflemesine lif
toplamini ve bu lif toplamlarina lantern degisimini uygulayarak £ = 13,...,19 icin
egzotik minimal simplektik 3@]?2#]{;@2 manifoldlarini elde ettik. Bunlara ek olarak,
elde ettigimiz cinsi 3 olan S? {izerindeki Lefschetz liflemesini genellestirerek cinsi 3k
olan S? iizerindeki Lefschetz liflemeleri elde ettik. Bu Lefschetz liflemelerini kullana-
rak, Luttinger operasyonu ve lif toplami aracilifiyla egzotik 4-manifoldlar elde ettik.
Ikinci olarak, kiire iizerindeki holomorfik hiperelliptik Lefschetz liflemelerinin tekil
liflerinin minimal sayilarinin g > 4 ve ¢ift olmak tizere 2g + 4 oldugunu, g > 5 ve
tek olmak iizere 2g + 6 dan biiyiik ya da esit oldugunu ispatladik. Ek olarak, total
uzay1 kompleks yap1 tasimayan kiire lizerindeki hiperelliptik Lefschetz liflemelerinin
singiiler liflerini arastirdik.

Anahtar Kelimeler: Lefschetz Liflemeleri, Hipereliptik Lefschetz Liflemeleri, Egzo-
tik 4-manifoldlar, Gonderim Sinifit Gruplart.
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CHAPTER 1

INTRODUCTION

There is a close relationship between objects in 4-dimensional topology and algebra
by virtue of the pioneering works of Donaldson and Gompf. By the remarkable work
of Donaldson, it was shown that every closed symplectic 4-manifold has a structure of
a Lefschetz pencil which, after blowing up at its base points, yields a Lefschetz fibra-
tion [23]]. Conversely, Gompf [38]] proved that the total space of a genus-g Lefschetz
fibration admits a symplectic structure if ¢ > 2. This relation between symplectic
4-manifolds and Lefschetz fibrations provides a way to understand any symplectic
4-manifold via a positive factorization of its monodromy, if it exists. Given a genus-g
Lefschetz fibration f : X — S?, one can associate to it the identity word W = 1 in
the mapping class group of a closed orientable genus-g surface. Conversely, one can
construct a genus-g Lefschetz fibration over S? corresponding to a given monodromy
consisting of right handed Dehn twist factorization t,, %, - - - to,, = 1 in the mapping

class group of the regular fiber.

Proving the existence of minimal symplectic structures on 4-manifolds and construct-
ing such manifolds in the homeomorphism classes of simply connected 4-manifolds
with very small topology, such as rational surfaces with b = 1,3 have been an
interesting topic that has used several construction techniques such as rational blow-
downs, knot surgery, fiber sums and Luttinger surgeries. (e.g. [L, 6} (11, 22} 132, [33]
34,136, 37,147,159, 160, 65].) Recently [7, 4,5, 9, 28, 29, 27], some authors have ap-
plied some relations in the mapping class group, such as lantern relation or Luttinger
surgery, to construct Lefchetz fibrations with b;r = 1, 3. For instance, in [15, 2| [7]],

genus-2 Lefschetz fibrations are studied and exotic genus-2 Lefschetz fibrations with



by < 3 are obtained via several constructions and especially their monodromies.
Also, Akhmedov and Monden constructed some higher genus fibrations via lantern
and daisy substitutions [3]. We would like to specify that the aim of this study is not
only to construct exotic smooth structures on very small 4-manifolds with b = 3
but also to use the twisted fiber sum operation and lantern substitution corresponding
to the symplectic rational blowdown surgery along a —4 sphere [28] to study smooth
structures on various 4-manifolds using the monodromies of Lefschetz fibrations with

small numbers of singular fibers.

In this thesis, we construct a relation W/ = 1 in the mapping class group of a closed
orientable genus-3 surface, denoted by Mods, using Matsumoto’s well known rela-
tion [S3], via the construction technique given by Baykur and Korkmaz in [14], (see
[13] for more examples of this technique), and we obtain T? x 82#6@2 admitting
genus-3 Lefschetz fibration over S?. We apply lantern substitutions to the twisted
fiber sums of genus-3 Lefschetz fibrations over S* with monodromy W = 1, to get
minimal genus-3 Lefschetz fibrations whose total spaces are homeomorphic but not
diffeomorphic to 3@[@2#]0@2 for p = 13,14,15. We also construct simply con-
nected genus-3 Lefchetz fibrations via fiber sums of the genus-3 Lefschetz fibrations
corresponding to W = 1 and Korkmaz’s fibration for ¢ = 3 [43]], which is also
constructed independently by Cadavid [19] and later with a different proof [20]], and
use lantern substitution to the twisted fiber sums to get exotic minimal symplectic 4-
manifolds in the homeomorphism classes of 3CP2#q@2 for ¢ = 16,...,19. More-
over, we generalize our relation W' = 1 in Modj to the relation W, = 1 in Modsy, the
corresponding total space of which is diffeomorphic to > X 82#6@2. Using this
Lefschetz fibration structure, we produce exotic copies of (4k — 1)CP?# (4k + 5)@2
for any positive integer k via Luttinger surgery and finally we construct minimal ex-
otic copies of (4k? — 2k + 1)CIP?#(4k? + 4k + 7)@2 admitting Lefschetz fibration

structure for any integer k£ > 0 via twisted fiber sum.

In Chapter 2, we give a review of background information about Lefschetz fibrations,
symplectic 4-manifolds, classification of simply connected 4-manifolds, Luttinger

surgery and Seiberg-Witten invariants.

In Chapter 3, we construct a factorization W of ¢s; in the mapping class group of



genus-3 surface with one boundary component denoted by Modé. Let X denote the

genus-3 Lefschetz fibration with the monodromy . We prove

Theorem 1.0.1. The 4-manifold X is diffeomorphic to T2 x S>#6CP.

By twisted fiber summing and applying Lantern relation to the twisted fiber sum of

X, we construct Lefschetz fibrations (X1, f1), (Xs, f2) and (X3, f3) and we prove

Theorem 1.0.2. For i = 1,2,3, the genus-3 Lefschetz fibration f; : X; — S? is

minimal and has

(i) e(X;) =21 —1i,
(ii) (X)) =3+,

(iii) m(X;) = 1.

In Chapter 4, using simply connected genus-3 Lefschetz fibrations constructed in
Chapter 3, and Matsumoto’s genus-3 Lefchetz fibration, we derive exotic copies of
S(CIP’Q#k’WQ, for k = 13,...,19. Moreover, we generalize the factorization W = t;
in Modj to the factorization W;, = t; in Mods,. Let X (k) denote the genus-3k

Lefschetz fibration with the monodromy W},. We prove

Theorem 1.0.3. The 4-manifold X (k) is diffeomorphic to ¥, X 82#6@2 for k any

non-negative integer.

Using twisted fiber sum of the genus-3% Lefcshetz fibration X (k), we prove

Theorem 1.0.4. There exist new minimal symplectic exotic copies of (4k* — 2k +
1)CP?4(4k> + 4k + 7)@2 admitting genus-3k Lefschetz fibration structure for each
integer k > 1.

Moreover, using Luttinger surgery we contruct smaller exotic manifolds. We prove

Theorem 1.0.5. There exist new smooth exotic copies of (4k — 1)CP?#(4k + 5)@2.

In Chapter 5, after giving some background information about hyperelliptic Lefschetz
fibrations, the number of singular fibers in Lefschetz fibrations and classification of

complex surfaces, we prove



Theorem 1.0.6. Let N, ; be the minimal number of singular fibers in a genus-g hyper-

elliptic Lefschetz fibration over S*. Then

5. NI € {19,20},

6. Nb > 24,

7. NI € {23,24}.
For hyperelliptic holomorphic Lefschetz fibrations, let M ; be the minimal number of
singular fibers. We prove
Theorem 1.0.7. Let g be grater than 3 and even. Then M ;‘ =29+ 4

Theorem 1.0.8. Let g be grater than 6 and odd. Then M ;‘ > 29 + 6.



CHAPTER 2

LEFSCHETZ FIBRATIONS

2.1 Preliminaries

In this section, we first state some preliminary definitions and recall some useful
results concerning mapping class groups, lantern relations, Lefschetz fibrations [31,
38, 53]]. Then we give some details on Matsumoto’s well known fibration [55]] and
generalized Matsumoto’s fibration to higher genus orientable surfaces [43]. Also, we

give the Endo and Nagami’s method to compute signatures Lefschetz fibrations [30].

2.1.1 Mapping class groups

Let X7 denote a compact connected oriented surface of genus g with n boundary
components, Diff * (X7) denote the group of all orientation preserving self-diffeomorphisms
of X7 that fixes all points on the boundary and let Diff} (ZZ) denote the subgroup of
Diff *(X7) consisting of orientation preserving self-diffeomorphisms of 33 which are
isotopic to the identity. The mapping class group Mod; is defined to be the group of
isotopy classes of orientation preserving self-diffeomorphisms of .. fixing all points
on the boundary, i.e.,

Mod; = Diff " (X7)/Diffy (3})
We denote Modg and 22 by Mod, and ¥, respectively.

Definition 2.1.1. Let a be a simple closed curve on an oriented surface 3. A right
(or positive) Dehn twist about a is the diffeomorphism t, obtained by cutting 37 along

a and gluing it back after rotating one of the sides by 360 degrees to the right.

5



Throughout this thesis, for any two mapping classes, the multiplication f g means that

g is applied first and then f.

Lemma 2.1.2. [3]]] Let f be an orientation preserving self-diffeomorphism of ¥ and

a and b be two simple closed curves on 37. Then

1. ftof = tsa)
2. if a and b are disjoint, then t, and t, commute,

3. if a intersects b transversely at a single point, then the corresponding Dehn

twists t, and ty, satisfy the braid relation t,tyt, = tpt,tp.

2.1.2 Some relations in the mapping class group

In the following we review some relations in the mapping class group.

2.1.2.1 Even chain relation

A chain of length 2h is an ordered 2h-tuple (e1, s, . .., esy,) of simple closed curves

on a genus-g surface >, if

(i) for each i = 1,2,...,2h — 1, the simple closed curves e; and e;,; intersect

tranversely at one point,

(i) e;Ne; = @ when |i — j| > 1.

Now, consider the even chain (cy, ¢a, . .., ¢a1). A tubular neighborhood of
(crUecaU---Ucap)
is a genus-h surface with one boundary component d. Then the relation
(tertes =+ teyy )™ =14 (2.1)

is called even chain relation in Mod, (cf. Figure[2.1). A curve bounding a subsurface

of genus A (such as d) is called a separating curve of type h.

6



Figure 2.1: The curves in the even chain relation and the hyperelliptic relation

2.1.2.2 Hyperelliptic relation

Definition 2.1.3. A hyperelliptic involution on a closed orientable surface Y., is (the
isotopy class of ) a self diffeomorphism of order two which has exactly 2g + 2 fixed

points.

Figure 2.2: Hyperelliptic involution ¢

Let us embed the surface ¥, in R? as in Figure so that it is invariant under the

rotation ¢ by 7 about the y-axis, which we take as the hyperelliptic involution.

The hyperelliptic involution ¢ can be written as

L=te oty 12t ooty

€2g7C2g4+1 €29

so that

(tey = eyl sy - le)” =1, (2.2)

which is called hyperelliptic relation in Mod,. It is easy to see that the simple closed

curves (cq, Co, - . -, ng+1) form the longest chain on >, as in Figure

7



2.1.2.3 Lantern relation

Let us record the lantern relation which was proved by Dehn and reproved by Johnson.

Lemma 2.1.4. [31,4]] Let 6y, 65,03 and 6, be the boundary curves of 3 and x1, x5
and x5 be the simple closed curves as shown in Figurd2.3| Then the following relation

holds in Mody.

tsito,tosts, = toitastas.

Figure 2.3: Lantern relation

2.1.3 Lefschetz fibrations and monodromy representations

We start with a review of some basic definitions and properties of Lefschetz fibra-

tions.

Let M be a compact oriented smooth 4-manifold. A smooth surjective map f : M —
S? is a Lefschetz fibration of genus g if it has finitely many critical points and can be
written as f (21, 22) = 27 + 22 with respect to some local complex coordinates around
each critical point. The genus of a regular fiber F' is called the genus of the fibration.
We assume that all the critical points lie in the distinct fibers, called singular fibers,
which can be achieved after a small perturbation. Each singular fiber is obtained by
shrinking a simple closed curve, called vanishing cycle, to a point in the regular fiber.
If the vanishing cycle is nonseparating (resp. separating), then the singular fiber is
called irreducible (resp. reducible). In this work, we also assume that all Lefschetz

fibrations are nontrivial, i.e. there exists at least one singular fiber and fibrations are

8



relatively minimal, i.e. no fiber contains a (—1)-sphere, otherwise one can blow it

down without changing the rest of fibration.

Lefschetz fibrations can be described combinatorially via their monodromies. The
monodromy of a Lefschetz fibration f : M — S? is given by a positive factorization
tartas - ta, = 11n Mod, where «;’s are the vanishing cycles of the singular fibers.
Conversely, for given a positive factorization ¢, t,, - - - t,, = 11n Mod,, one can con-
struct a genus-g Lefschetz fibration over S? by attaching 2-handles along vanishing
cycles a; in a X, fiber in ¥, x D? with —1 framing, and then close it up by a fiber
preserving map to get a fibration over S2. Such a fibration is uniquely determined
up to isomorphisms, which are orientation preserving self-diffeomorphisms of the to-
tal spaces and S? making the fibrations commute. The relation t,,,, - - “tq, = 11n

Mod,, is uniquely determined up to Hurwitz moves (exchanging subwords ¢,,t,,,, =

taisitta;, (@) and global conjugations (changing each ¢,, with t,,,) for some ¢ €
Mod,) if ¢ > 2. Amap o : S* — M is called a section of a Lefschetz fibration
f: M — S?if foo = idge. If there exists a lift of a positive relation t o, o, - * + ta, = 1
in Mod, to Mod’gc such that gt -+ te, = 5157 -tgzk where m;’s are integers
and §;’s are boundary curves then the Lefschetz fibration f : M — S? admits k

disjoint sections 51, . . ., S, where S; is of self-intersection —m; and vice versa [16].

Fori = 1,2, let f; : M; — S? be a genus-g Lefschetz fibration with a regular
fiber F; and monodromy factorization WW; = 1. Let r be an orientation-reversing self-
diffeomorphism of S! and ¢ : F, — F} be an orientation-preserving diffeomorphism.
We remove a fibred neighborhood of F; from M; and glue the resulting manifolds
along their boundaries using the orientation reversing diffeomorphism r x ¢. Then
the resulting 4-manifold is a genus-g Lefschetz fibration over S? with monodromy
factorization W; W2¢ , which is called a twisted fiber sum of Lefschetz fibrations f;
and f,. Moreover if , for i = 1,2, the Lefschetz fibration f; : M; — S? admits a
section with self-intersection m;, then the twisted fiber sum of f; and f, admits a
section with self-intersection m; + m,. Here the notation ¢ denotes the conjugated

word of W, i.e., W? = totantofas) *  totan)s T W = tarta, -+ ta

n*



2.1.4 Generalized Matsumoto’s relation

Let By, By, ..., By, a,band C be simple closed curves on >, as shown in Figure@
and W, be the following word:

(tBotBl e thtc)Q if g = 2]{7,

W, =
(tBOtBl L tht2t§)2 if g = 2k + 1.

The word W, represents the identity in the mapping class group Mod,, which was
shown by Matsumoto in [55]] for ¢ = 2, and by Korkmaz [43] and Cadavid indepen-
dently [19] for g > 3. Stipsicz and Ozbagci showed that 1V, is equal to the Dehn
twist £5; when there is one boundary component [56]], where ¢ is the boundary of the
genus-g surface. When there are two boundary components 0; and Js, there is also a
lifting of W, that equals to the product of ¢5, ¢5, obtained by Korkmaz [45]]. Recently,
Hamada gave a maximal set of disjoint (—1) sections of 1¥,. One of the liftings that
he constructed is W, = t5,t5,, where the curves ¢; and 0, are as depicted in Figure
E [39]]. Let M, be the total space of the Lefschetz fibration over S? with the mon-
odromy factorization W,. It is known that )M is diffeomorphic to >J;, X 82#4@2
(resp. ¥j X 82#8@2) when g = 2k (resp. g = 2k + 1) [43,[19].

Figure 2.4: The curves B;’ s, B{, a, band C' on ¥,

10



Csj

Figure 2.5: The curves B;’ s, B}, a, b and C on 23

2.1.5 Signature of a relation

In [30], Endo and Nagami discovered a useful method to calculate the signature of a
Lefschetz fibration over S? by introducing the notion of the signature of a relation in
a mapping class group. This method allows one to determine the signature of a Lef-
schetz fibration over S? as the sum of signatures of basic relations in its monodromy.
They also explicitly compute the signature of some known relations. Let us recall the

definition of the signature of a relation and some results that we will need later.

Let F be the free group generated by all isotopy classes of simple closed curves on
4. There is a natural homomorphism ¢ : / — Mod, mapping a simple closed curve
a on X, to the right-handed Dehn twist ¢,. Since Mod, is generated by Dehn twists
[21,150], the homomorphism p is surjective. We call an element of Kerp a relator. A
relator p is of the form p = c{'c5’ - - - ¢i» where ¢;’ s are simple closed curves on ¥,
and ¢, = +1 for? = 1,...,n. The word p is said to be a positive relator if ¢, = +1

for: = 1,...,n. For instance,
—1g—15—1g5—1

is a relator of Mod? coming from the Lantern relation (2.1.2.3), which we call the

lantern relator. The words
(BoB; - - B,C)? if g is even,
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and

(BoB; - - - Bya®b*)? if g is odd

are also relators in Mod,. There is an explicit homomorphism ¢, : Kerp — Z
inducing the evaluation map H>(Mod,) — Z for the cohomology class of 7,, where
74 Mody, x Mod, — Z is the Meyer’s signature cocycle. For a relator p € Kerop,

the signature of p is given by

Iy(p) == —c4(p) — s(p),

where s(p) is the sum of the exponents of Dehn twists about separating simple closed
curves appearing in the word p. Endo and Nagami also extend this definition for any

element of the free group F.

Definition 2.1.5. Let p = W YW, and & = UWLV be relators such that U, V, W
and Wy are positive words in F. Then we can obtain a new positive relator £ =
EV=LpV = UW,LV. This operation is called p-substitution to &. When p is a lantern

relator then we say that &' is obtained by applying the lantern substitution to &.

For the proofs of the following lemma and theorem, we refer the reader to [30]].

Lemma 2.1.6. The signature 1, satisfies the following:
(i) I,(a) = —1, where a is the isotopy class of a separating curve .
(ii) I,(L) = +1, where L is a lantern relator.

(iii) I,((BoBy - - - B,C)?) = —4  if g is even,
I,((BoBy - - - Bya*b?)?*) = —8  if g is odd.

Theorem 2.1.7. Let f : X — S? be a genus-g Lefschetz fibration with the monodromy
tetey -+ - te,, SO that cica - - - ¢, € Ker(p) a positive relator. Then the signature (X))

of the 4-manifold X is equal to the signature of cicy - - - ¢y, iLe.,

o(X) =1I,(cica- - cp).
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2.1.6 Minimality of symplectic fiber sums

In this subsection, we give the definition of symplectic fiber sum operation and some

useful theorems to determine minimality of fiber sums.

Definition 2.1.8. A symplectic 4-manifold is called minimal if it does not contain any

symplectically embedded 2-sphere with self-intersection —1.

Definition 2.1.9. Let X; be a closed, oriented, smooth manifold of dimension 4 con-
taining a smoothly embedded surface Y. of genus g > 1 such that the surface Y. has
zero self-intersection in X; and represents a homology class of infinite order for each
v = 1,2. The generalized fiber sum X #,X, along closed embedded genus-g sur-
faces X is defined as (X, \ vX) U, (Xz \ vX), where v¥ = ¥ x D? in both X, and
Xy denotes a tubular neighbourhood of the surface 3. and the gluing map ¢ is an

orientation-reversing and fiber preserving self-diffeomorphism of S' x X.

For a symplectic manifold X; and embedded symplectic submanifold in X; for each
¢ = 1,2, Gompf showed that the resulting manifold X;#,X5 admits a symplectic

structure [37].

Let e(X) be the Euler characteristic of a manifold X . Some topological invariants of

X1#,X5 can be computed using the following lemma.

Lemma 2.1.10. Let X #,X> be the fiber sum of X, and X, along closed embedded
surface 3. of genus g (g > 1) determined by . Then

(i) e(X1#,X5) = e(X1) + e(Xa) — 2e(%),
(ii) 0 (X 1#,X2) = 0(X1) + 0(X2).

One can describe the minimality of a symplectic fiber sum using the following theo-

rem:

Theorem 2.1.11. [68 24] Let (X, wx) and (Y,wy) be two symplectic 4-manifolds
containing an embedded symplectic surface S of genus g > 0 and M be the symplec-
tic fiber sum X#gY.

1. The 4-manifold M is not minimal if
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(a) X \ Sx orY \ Sy contains an embedded symplectic (—1)-sphere, where
Sx C X and Sy C 'Y are copies of the surface S,

or

(b) X#sY = Z#s,,, CP? with Scp> an embedded +4-sphere in class [Sep2] =
2[H] € Hy(CP?,Z) and Z has at least two disjoint exceptional spheres E;
so that each E; meets the submanifold S; C Z transversely and positively

in a single point with [E;] - [Sx] = 1.

2. If X#sY = Z#s, B where B is a S*-bundle over a surface of genus-g and Sg

is a section of this bundle then M is minimal if and only if Z is minimal.

3. M is minimal in all other cases.

We will use the following proposition which is a simple corollary of Theorem [2.1.11]
on symplectic sums to verify that our Lefschetz fibrations are minimal symplectic

4-manifolds, (see also [[15]]).

Proposition 2.1.12. Let (X, f) be a Lefschetz fibration associated to a factorization
W = Wfb Wy in Mody, where ¢ is any mapping class and Wy, W5 are positive fac-

torizations in Mod,. Then the 4-manifold X is minimal.

Definition 2.1.13. For a 4-manifold X, the topological blow-up of X at one point is
diffeomorphic to the 4-manifold X #CP?. Here CP? is CP? with the reversed orien-

tation.

The reverse process of the topological blow-up operation is called topological blow-

down.

Note that every symplectic 4-manifold can be made minimal by blowing down a

maximal collection of symplectically embedded (—1)-spheres.

Definition 2.1.14. Symplectic manifolds that blow-down to an S*-bundle over a Rie-

mann surface of genus-g > 0 are called ruled surfaces.

Definition 2.1.15. Symplectic manifolds that blow-down to CP? or S* x S? are called

rational surfaces.
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The minimal model of a ruled surface is not unique. It is known that there are exactly
two minimal models of ruled surfaces of genus g, the trivial bundle >, x S? and the
nontrivial bundle 3, x S? [12]]. Li and Liu proved the following two theorems about

symplectic structures of ruled surfaces.

Theorem 2.1.16. [48] The symplectic structure of an S*-bundle over a genus-g Rie-

mann surface is unique up to symplectic deformation and diffeomorphism.

Theorem 2.1.17. [48|] The symplectic structures of blow ups of geometrically ruled

surfaces are unique.

Therefore, for k > 0, 3, x S’#kCP? and &, x S?#kC P? are symplectomorphic.

Theorem 2.1.18. ([l67], [51]]) Let X be a minimal symplectic 4-manifold which is not
a ruled surface. Then c3(X) > 0, where c3(X) = 30(X) + 2¢(X).

Let (X,w) be a symplectic 4-manifold. Then the set cx is defined to be the set of
all E € H?*(X;Z) such that E is the Poincaré dual of the homology classes which
can be represented by a smoothly embedded (—1)-sphere in (X,w) and F - [w] > 0.
When the 4-manifold X is neither rational nor ruled, we may assume that £ - [w] > 0,
because one can change the orientation of the smoothly embedded (—1)-sphere that
represents the class E if necessary to get £ - [w| > 0. Then we have the following

theorem.

Theorem 2.1.19. [62)] Let (X, f) be a relatively minimal Lefschetz fibration of genus-
g over S? where g > 2. Suppose that the set £ x is non-empty andex = {E1, Es, ..., E,}.

If X is neither rational nor ruled, then

(i)n <29 — 2.

(ii) (ij) L F<2g—2.
=1

(iii) 1l < E;- F <2g9—2, foranyiwithl <1 <n.

Theorem 2.1.20. [64] Let g > 2 and (X, f) be a genus-g Lefschetz fibration over a
sphere with by (X)) = 1. Then either e(X) > 0 or X is the blow-up of a ruled surface.
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2.1.7 Classification of simply connected 4-Manifolds

In this subsection, we will state Freedman’s remarkable theorem which determines
the homeomorphism type of a simply-connected closed 4-manifold. His theorem is

based on the intersection form of 4-manifolds.

For a closed oriented 4-manifold X , let a,b € Hy(X;Z) be homology classes and
let the cohomology classes o, 3 € H?(X;Z) be their Poincaré duals. The intersec-
tion form Qx of X is defined by Qx(a,b) = (a U b, [X]) where U : H*(X;Z) x
H?*(X;Z) — H*(X;Z) the cup product of cohomology groups. It is known that
the intersection form ()x is symmetric and unimodular. The rank of the form Q) x
is defined to be the dimension of Hy(X;7Z) / Torsion, which is the group obtained by
dividing out the torsion part of Hy(X;Z). The form is called even if Qx (o, ) =0
mod?2 for all @ € Hy(X;Z). Otherwise the form ()x is called odd. The signature
o(X) of X is defined to be the signature of the diagonalizable (extended) form Qg,
which is given by b — b, , where b5 and b, denote the number of positive and nega-

tive eigenvalues associated to the form (g, respectively.

Theorem 2.1.21. [35] Given a unimodular bilinear symmetric form Q), there exists a
simply-connected, closed topolological 4-manifold X such that the intersection form
Qx of X is isomorphic to Q. If () is even, there exists uniqgue homeomorphism class
with this property. If Q) is odd, there exist two different homeomorphism classes of
4-manifolds with this property. At most one of these classes can be represented by a

4-manifold with a smooth structure.

2.1.8 Luttinger surgery

Luttinger surgery is a technique used to produce symplectic 4-manifolds using known
symplectic 4-manifolds. We will use this technique in Chapter [ to construct some
exotic 4-manifolds.

Let (X, w) be a symplectic 4-manifold. Given any Lagrangian torus 7" in X, a neigh-

bourhood v(T) of T can be identified (symplectomorphically) with a neighbourhood
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of the zero section of the cotangent bundle of 7" with its standard symplectic structure.
This identification is called Lagrangian push off or Lagrangian framing.

Let y be a co-oriented simple closed loop in 7. One can identify 7" with R? / 72 s0
that v and its co-orientation agrees with the first coordinate x; and the second coordi-
nate axis xo with the standard orientation, respectively. The symplectic form is given
by w = dxy A dy; + dxs A dys, where (x1, x5) denotes the corresponding coordinates
on T and (y;,ys) denotes the dual coordinates on the cotangent bundle. Let r be a
positive real number in such a way that the neighbourhood v(7") of 1" contains the
set U, = R?/Z? x [—r,r] x [—r,r] under the identification. Take a smooth function

X : [—r, 7] = [0,1] satisfying

Then for any £, define ¢y, : U, — U, o — U, — U, /2 by

. r
o Op(x1,T2,y1,Y2) = 21 + kx(y1), T2, Y1, Y2), if yo > 5

e ¢ = ud, otherwise.

Then define the manifold X (7', v, k) is to be obtained by removing the neighbourhood
U, /2 and gluing U, using the self-diffeomorphism ¢, of U, — U, ; to identify their

boundaries.

The surgery described above is equivalent to the surgery operation introduced by
Luttinger [52] (see also [23])).

Disregarding the symplectic structure, in the topological set up one can describe this
construction as a certain type of Dehn surgery along a Lagrangian torus as follows:
Cut out a neighbourhood 7' x D? of T" and glue back it by identifying the boundaries
T x S' with a diffeomorphism so that it acts trivially on H;(7';Z) and maps [] to
(1] + k[y] where [u] is the homology class of the meridian.

Under a natural framing of the normal bundle to 7" along 7, one can push away the

loop 7 in a canonical way. This provides us to define homotopy class of v in 1 (X —
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T). After performing this surgery, the fundamental group (X (7,7, k)) of the 4-
manifold X (T, v, k) is computed as follows and also some topological invariants of

the resulting manifolds satisfies the following:

Lemma 2.1.22.

(1) T(X(T,7,k)) = m(X — T)/N(u~*), where N(p~*) is the normal closure of
the group generated by jiry",

(2) e(X(T', 7, k) = e(X),

(3) o(X(T,7,k)) = o(X).

It is known that this surgery operation is symplectically well-defined [10, 52]]. The
above construction is obtained by 1/k-Dehn surgery along a Lagrangian torus 7" in
a symplectic 4-manifold X. One can also perform p/g-Dehn surgery along a La-
grangian torus 7. In this case, after cutting out a neighbourhood 7' x D? of T, a
diffeomophism ¢ satisfying ¢([i]) = p[u] + q[7] is used when gluing it back to iden-
tify the boundaries. The fundamental group of the resulting manifold is isomorphic

to

(X (T,v,p/q)) = m(X —T) /N (1Py)

where N (#+9) is the normal closure of pP~? in the group 71 (X —T'). When p # +1,
the 4-manifold X (7,7, p/q) generally does not admit a symplectic structure.

2.1.9 Seiberg-Witten invariants

In this subsection we review the basics of Seiberg-Witten invariants which are a dif-
feomorphism type invariant for compact smooth 4-manifolds.

For a smooth closed 4-manifold M with b5 > 1, the Seiberg-Witten invariant of the
manifold M is an integer valued function from the set of spin® structures on M [69].
If H,(M;Z) has no 2-torsion ( in particular if M is a simply-connected 4-manifold)
then there is a one to one correspondence between the spin® structures on M and
characteristic classes of elements of H?(M;Z) (i.e. their Poincare duals reduce mod2

to the second Stiefel-Whitney class wy of M). Under this identification, each spin®
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structure s on M corresponds to a bundle of positive spinors W on M. Hence one

can view the Seiberg-Witten invariant as a function

SWar : {k € H*(M;7Z)|k = wy(mod2)} — 7Z

If SWy(B) # 0 for 8 € H*(M;Z) then § is said to be basic class of M. It is
known that the set of basic classes of a 4-manifold is finite. If 3 is a basic class, the

Seiberg-Witten invariant of — [ is given as follows:
SWa(=B) = (=1)M+eD)/Agyy, (5),

Hence, one can conclude that — /3 is also a basic class of M. Now, we will state some

useful theorems about Seiberg-Witten invariants.

Theorem 2.1.23. [66] Let (M,w) be a compact, oriented, closed, symplectic 4-
manifold with by > 2. Then SWy(c1(X)) = 41 where ¢;(X) is the canonical

class of the symplectic structure of M.

Theorem 2.1.24. (Connected Sum)(cf.[61]) Let M; be a compact oriented smooth
4-manifold with by (M;) > 1 for i = 1,2. Then all Seiberg-Witten invariants of
Mi# M, are zero.
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CHAPTER 3

CONSTRUCTIONS OF GENUS-3 LEFSCHETZ FIBRATIONS

3.1 Construction of a genus-3 Lefschetz fibration from Matsumoto’s genus-2

Lefschetz fibration

In this section, we explicitly construct a positive factorization for a genus-3 Lefschetz
fibration whose total space is diffeomophic to T? x 82#6@2. The technique we
used to produce the genus-3 Lefchetz fibration over S? comes from the idea of the
construction of the smallest hyperelliptic genus-3 Lefchetz fibration produced by Ko-
rkmaz and Baykur [[14]. This technique is also used in [[13] and [40].

Consider the genus-3 surface 31 represented in Figure The lifting of W5 con-
structed by Hamada given in Section 2.1.4] and the embeddings of the genus-2 sur-

faces ¥ and ¥} in 1 give rise to the following identities in Mods:
(tootmitmste)” = (tetsotsits,)” = tor, (3.1)
(tytptpte)? = tots, (3.2)
where the curves B;, B, C' and C” are as shown in Figure|3.1|and 0 is a curve parallel
to the boundary component of 3. The first identity comes from the commuta-
tivity of the Dehn twists along disjoint curves C and C" and the second identity
is obtained by capping off one boundary component in Hamada’s lifting given in Sec-

tion [2.1.4] Using the fact that ¢ and ¢{c» commute, we get the following relation in
Mods:

Finally, we get the following identity in Mod:l,) consisting of the product of positive
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Figure 3.1: The curves B;, B., C, C".

Dehn twists along 12 nonseparating curves B;, B; and 2 separating simple closed

curves C and C’;

teotmitBletByle te,ttp teytetp lp e, = ts. (3.3)

Let W be the positive factorization of ¢; in the equation [3.3] and let X denote the
smooth 4-manifold admitting the genus-3 Lefschetz fibration over S?, with a section

of self-intersection —1, whose global monodromy is V.

Theorem 3.1.1. The 4—manifold X is diffeomorphic to T? x S246CP.

Proof. We first compute the fundamental group 7, (X). Since the Lefschetz fibration
(X, f) with monodromy W has a section, by the theory of Lefschetz fibrations [38]],
m1(X) is isomorphic to the quotient of 7; (X3) by the normal subgroup generated by
vanishing cycles of (X, f).

Using the generators a;, b; of m1(33) shown in the Figure we get the following

relations coming from the vanishing cycles:

By = biby=1, (3.4)
By = ay'[as, bs)by by tayt =1, (3.5)
By = ay'[ay,bia;t =1, (3.6)
B) = bybs =1, (3.7)
By = az'b;'bytayt =1, (3.8)
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By = bsaz'bzlayt =1, (3.9)
C = Ja,b] =1, (3.10)
C' = [as,by) = 1. (3.11)
In addition, 71 (X) has the relation
by by tby  (arbyal ) (agboas ') (agbsazt) = 1. (3.12)

Thus, 7;(X) admits a presentation with generators a;, as, as, by, by, b3 and the rela-

tions — (3.12).
The relatlons and . glve b = b = bs3. From the relations , ,

and 3.10, we obtain a; = aQ = ag. We conclude that 7, (X ) is a free abelian group
of rank 2 generated by a; and b;.

We next show that the signature o(X) of X is —6 using Endo and Nagami’s method
given in Section 2.1.5] (Alternatively, the signature of X can be calculated using
Ozbagci’s algorithm [S7]]).

Consider the relator (By B, BoC)?*(B}, B ByC")2C~1C"~! associated to the relation
W = tBotBlthtCtBotBlthtBétBitBétC/tBétBitBé =1

in Mod; obtained by the factorization of ¢ in Modé by capping off the boundary
component. It follows from Theorem the additivity of the signature I, and
Lemma[2.1.6]that we have,
o(X) = I,((BoBi1B:C)*(ByBByC')*’C~H(C")7Y),
= 1,((BoB1B2C)?) + 1,((ByBByC")?) — I,(C) — 1,(C"),

= —4—4—(-1)—=(-1) = —6.

Other topological invariants of X we need are computed as follows:

e(X) = e(S*e(X3) + #singular fibers = 2(—4) + 14 = 6,
A(X) = 2e(X)+30(X) = —6.

We will now prove that X is a ruled surface. Suppose that X is neither rational nor

ruled. Let X be the minimal model of X ,s0 X & X #k@Q for some non-negative
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Figure 3.2: The curves ¢;’s, y(az),y(b1) and y(by) and the generators of 7 (X3).

integer k. It is easy to see that
AX)=AX)+k=—6+k

Since X is a minimal symplectic 4-manifold that is neither rational nor ruled, c? ()Z' ) >

0 by Theorem [2.1.18] so that we have £ > 6. Moreover, since X has k£ > 6 disjoint
exceptional spheres, it follows from Theorem [2.1.19|that £ < 2g — 2 = 4, which is a

contradiction.

Therefore, X is either a rational or a ruled surface. Since b;(X) = 2, we conclude

that X is diffeomorphic to (a blow up of) a ruled surface with invariants (b3, b, , b;) =

(1,7,2). So, X is diffeomorphic to T? x S?#6CP".

3.2 Construction the genus-3 Lefschetz fibrations X, X; and X3

Recall the factorization
W =t tp tetotpte et tstototststs,
of t5 in the mapping class group of ¥.1. We may rewrite TV as
W = Vipyth,,
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where

V=t ot o bl o)h) ol sntet it @)ty syt (8)-

Let

a = te,talpyle,teste totes,

and

B = t) tetyttegtestert Bytes,

where the curves ¢; are as in Figure and the curves a and b are as in Figure

for g = 3. It is easy to see that a(B}) = a, a(Bj) = ¢1, B(Bj) = band $(Bs) = ¢5.
The conjugations of W with « and 3 give the factorizations

ts =W = V2 pytap,) = Votat:

a’cy
and

B _— 84242 _ 42,2 1,8
—Wwh=Vv" tﬂ B,)tﬂ(BQ =V Lple, = tbtc7V .

It follows that

t5 = WoW? = Ve 412 VP = VOVl 2 . (3.13)

a c1 c1ver

We see that the curves {ci, ¢1, a, b} bound a sphere with four boundary components,
which allows us to use the lantern substitution explained in Section[2.1.2.3] Using the

lantern relation £ ,,tt> . = testotp, we get the identity
VAV totptatots, =t (3.14)

in Modé. Moreover, the curves {c7, ¢z, a, b} bound a sphere with four boundary com-

ponents. By applying the lantern substitution tatbt§7 = te;tortpy, We get
VOV (testatp,)(tetortny) = t3. (3.15)

For later use, up to conjugation and the inversion, we write the vanishing cycles of

X1, X3 and X3 in the fundamental group of 71 (X3) in the generating set {ay, as, ag, b1, by, b3 }.
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Let

Uy = a(tz(By)) Uy = Bt (Bo))
Us = a(t52(B1)) Ub = B(t5(By))
Uz = a(ty (C)) U = B(t5,(0))
Uy = a(tp,(Bo)) | = B(tp(Bo))
Us = a(tp,(Br)) U5 = B(tp,(B1)
Us = a(Byp) Us = B(By)

Uz = a(B)) Uz = B(B))

Us = a(tg(C")) Ug = B(ts,(C"))
Uy = altp(By)) Uy = B(ts,(Bp))
Uio = a(tp,(Bi)) Uiy = B(tsy(B1))

so that (3.13), (3.14) and (3.15)) are given, respectively, as

ty = tutuy -t tutu, - tugtotato 2 (3.16)
ty = tutuy - tututu, - tug (testots, tatst?, - (3.17)
ty = tugtuy - tugtutu, e tug (tetots,) (tetortsy). (3.18)

Let (X1, f1), (X2, f2) and (X3, f3) be the genus-3 Lefschetz fibrations with the mon-
odromies (3.16)), (3.17) and (3.18]) respectively.

The vanishing cycles U; are shown in Figure[3.3] One may find that

U, = [b71, a1])baay 'hsaz tby tby tay by atbybsasby t(axby ') ?arby tay®

(b1, a1)boas thsaz by Ty tar,  (3.19)
U, = [b %, ay)baay tbsas b3 by tarby ta byt ag]asby ta by tad, (3.20)
Us = [b 1, ay]baay tbsas b3 by tay thray thabsashs tasby tarby tay, (3.21)
Uy = b}, ay)boay M bsag b3 by tayby  aybobsasbs  (agby M) 2arby tay

(b7, a1)boay thsaz 'y Ty tar,  (3.22)

U5 = [bl_l, al]agbglalbl_lal [bl_l, al]bgaglbgaglbglbz_lalbl_lal, (323)
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-1 —-1;—-1 —1;—-1 -1 —1
2 -1 _—-17—-1 —1 -1
—1 -1 -1 -1 -1
Ug = b3a3b3 CL2b26L2 Qs a2b2 as

-1 —17—-1 —1;—-1 —1 -1
Ug :b2a2 b36L3 bg a2b2a2 b3 ag[al,bl ]blal s

—1 -1 -1 _—13—1 -1
U10 = [bl ,(11](12 b3a3a2b2 Ay b2 albl .

(3.24)
(3.25)
(3.26)
(3.27)
(3.28)

Figure 3.3: The curves U,’s,

We now prove that for each i = 1,2,3, the fundamental group 7 (X;) of the 4-

manifolds X is trivial.

Lemma 3.2.1. The 4 manifold X is simply connected.
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Proof. The monodromy of (X1, f1) is given in (3.16)). Since this Lefschetz fibration
has a section, 71 (X) has a presentation with generators a, as, as, b1, by, b3 and with

the defining relations
by 'by b7 (arbrar ) (agbaay ) (asbsaz ) = 1,
U=U=a=b=c=c=1, (i=1,2,...,10).
Note that a = aq, ¢; = a7 and ¢; = as.
The relations U; = Uy = Uy = Us = 1, then gives

bty toyt =1 (3.29)

Similarly, the relations Ug = U; = 1 and Ug = Uy = 1 yield

bg - blbgbg. (330)

By the relation (3.29), we get
by = by,
also, using the identity , we obtain
by = biba = by (b ?)2.

Therefore by and bs can be written in terms of b;. It follows that 7; (X ) is abelian and
is isomorphic to a quotient of the free abelian group Z, generated by b,. Therefore

m1(X7) is isomorphic to Hy(X1;7Z).

Let us now determine the homology class of the vanishing cycle U} = B(t57(Bo)).
One can easily determine the effect of the Dehn twist ¢, on the homology class of the

curve b as to be:
[tn(D)] = [b] + ni(a,b)[a] € H\(X3,7Z); (3.31)

where i(a, b) is the algebraic intersection number of the oriented simple closed curves
a and b.

In order to find the homology class of tp2 (By), use By = by + by and By = a; + as
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in H;(X3;7Z) and the formula (3.31). Hence, applying the Dehn twist tgj to the curve
By, we get
tp.2(Bo) = Bo — 2(i(Bz, Bo) Bs) = By — 4B,
= —4(11 — 4@2 + b1 + bg. (332)

It is enough to determine the effect of the diffeomorphism (5 on the homology gener-

ators ay, as, by and by of Hy(X3;7Z) in order to find the homology class of U7.

Let § = tZﬂ where v = 1., tytp,te,teste,tBytes. Using y(a1) = a; and the curves
v(az),y(b1) and (o) in Figure[3.2] we obtain

Y(a1) = ai, (3.33)
Y(az) = —a1 — as, (3.34)
v(by) = ay + ag + by — b, (3.35)
v(by) = as + az — by — bs. (3.36)

Blar) = ay — Thy, (3.37)
Blaz) = —a1 — az + 7hy, (3.38)
B(by) = ay + ag — 6by — by, (3.39)
B(by) = ag + az — by — bs. (3.40)

Therefore the identity gives rise to
U = 5(t352(30)) = [(—4a; — 4as + by + by)
and using the identities (3.37)-(3.40)
U} = a1 + 6ay + a3 — 6b; — 2by — b3. (3.41)

Combining the identities a; = as = a3 = 0, (3.41), (3.29) and (3.30), we have the
following relations in H;(X1;Z):

—6by — 2by — by =0 (3.42)
2b; +by =0 (3.43)

29



This completes our claim that H,(X;;Z) = 0 since the above relations (3.42)-(3.44)
in H;(Xy;Z) imply that by = by = b3 = 0. l

Lemma 3.2.2. The 4-manifold X is simply connected.

Proof. The monodromy of (X5, f2) is (3.17). Since this Lefschetz fibration has a sec-
tion, 71 (X3) has a presentation with generators a1, as, as, by, bs, b3 and with defining
relations

bglbglbfl(alblafl)(agbgagl)(agbgagl) = 1,

U'/:Ui:CSZC:BQIG/:b:C7:1, 221,2,,10

7

Note that ¢ = as, ¢c; = a3 and

c3 = alagl, (3.45)
C = [CLl, bl], (346)
By, = [b7', ai]aza;. (3.47)

It follows from identity (3.45)) and the relation a = as = 1 in m(X5) that a; = 1.
Therefore, m1(X5) has the same relations as m1(X;). We conclude that 71 (X5) = 1
by the proof of Lemma[3.2.1] O

Lemma 3.2.3. The 4-manifold X3 is simply connected.
Proof. The monodromy of (X3, f3) is (3.18). Since this Lefschetz fibration has a

section, 71 (X3) has a presentation with generators aq, as, as, by, bo, b3 and with the

defining relations
bglbglbfl(albl(zfl)(angagl)(agbgagl) = 1,
UZ(:UZ‘ZCg:C:BQZC5:C/:Bé:1, 7,:1,2,,10

In addition to the identities (3.45)), (3.46) and (3.47), we have

cs = agaz’, (3.48)
C' = |as, bs], (3.49)
B, = [bs,as]azas. (3.50)
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Using the relations
by 'oy 07 (arbrar ) (agbeay ) (asbsazt) = 1,
C =la,b] =1,C" = [az, b3] =1,
then [as, by] = 1 holds in 7 (X3). By the identities and (3.48), we have
a; = as = as. (3.51)

Also, by the relations (3.47) and (3.50) we get the equations

Ao201 — a3y — 1, (352)
It follows from (3.51)), (3.52)), [a1, b1] = [ag, ba] = [as, bs] = 1 and the presentations
(3.27) and (3.28) of Uy and Uy, respectively that Uy = Uyg = 1 in 71 (X3) give

Uy = b3bs by = 1 (3.53)
Uy = ay'bsby ?byt = 1. (3.54)

The equations (3.53) and (3.54) yield a; = 1. Hence a; = ay = az = 1 and 7 (X3)
has the same relations as 71(X7). This implies that 7;(X3) = 1 by the proof of

Lemma[3.2.1 O
Theorem 3.2.4. For i = 1,2,3 the genus-3 Lefschetz fibration f; : X; — S? is
minimal and has

(i) e(X;) =21 -1,

(ii) A(X;) =3 +1,

(iii) m(X;) = 1.

Proof. For each i = 1,2, 3 the Euler characteristic e(X;) of X is given by

e(X;) = e(S?)e(X3) + #singular fibers
= 2(—4)+29—i=21—1i

and the signature o (X;) is
o(X;) =0(X1)+o(X1)+i—1=—-13+1,
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by using Novikov additivity and the fact that Lantern substitution increases the sig-

nature by 1 (Lemma?2.1.6|ii). The topological invariant ¢?(X;) is as follows:

By Proposition 2.1.12] each X is minimal. Also, one can explain the minimality of
X, by considering a lantern substitution as a rational blowdown surgery along a —4
sphere [32]. The rational blowdown surgery along a —4 sphere can be obtained by the
symplectic sum operation. So, Xy = Xi1#syv,,, CP? where S is symplectic —4 sphere
in X, and Vp> which is an embedded 44 sphere in CIP? in class of [Vpp2] = 2[H] €
H,(CP?, Z). Since X is minimal by Theorem (iii) then again it follows from
the Theorem[2.1.T1] X, is minimal. Similarly, since X3 can be viewed as a symplectic

sum of minimal X, and CP?, we get X3 is minimal using the same argument.

Finally, for ¢ = 1, 2, 3, the fundamental group 7 (.X;) of each X is trivial by Lemma

[3.2.1l Lemma[3.2.2]and Lemma[3.2.3]

32



CHAPTER 4

CONSTRUCTION OF EXOTIC 4-MANIFOLDS

4.1 Exotic fibered 4-manifolds with b} = 3

In this section, we will construct minimal symplectic 4-manifolds admitting Lef-
schetz fibration of genus 3 over S? which are homeomorphic but not diffeomorphic
to 3@1[”2#11'@2 for £ = 13,...,19 using the Lefschetz fibration prescribed by the

factorization W and generalized the Matsumoto Lefschetz fibration for genus 3.

Consider the generalized Matsumoto’s Lefschetz fibration for genus 3, the total space
M corresponding to the word W3 = (tg,tg ts,t5,t2t2)? is diffeomorphic to T? x
82#8@2. Here we denote the vanishing cycles of M3 by f;’s instead of B;’s as
shown in Figure to distinguish them from the vanishing cycles of X. To deter-
mine the relations in 7 (M3), consider the following identification of the fundamental

group of M3 using the existence of sections of Matsumoto’s fibrations :

7T1(M3) = 7T1(E3)/<507 B, B2, B3, a, b>,

Bo = bibbz =1, 4.1)
B1 = bibsbsasa; =1, 4.2)
Bo = bebsasbs'a; =1, (4.3)
PBs = agbylbs, aslas =1, 4.4)
a = ay=1, (4.5)
b = [a, by ay!t = 1. (4.6)
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The equations (4.1)) and (4.2)) yield the relation aza; = 1. Since
bglbglbfl(alblal_l)(agbgagl)(agb?)agl) = 17

az = 1 and the relation (4.6) give [b3, az] = 1. Using these relations and the relation
(4.4) , we get by = 1. We have the relations

asa; = 1 and b1b3 =1
in 71 (M3). Therefore 71 (Ms3) is the free abelian group of rank 2.

We first present the minimal symplectic genus-3 Lefschetz fibrations with (b5, b, ) =
(3,19) and (3, 18). To obtain such Lefschetz fibrations, consider the following posi-

tive factorization:

WaW3 = (taot sy tantastats) (tagao totsn to(am) toss) tya tom)” = ts: 4.7)
where the diffeomorphism ¢ = by taotar-

Let us rewrite the positive factorization W3. In [43], it is shown that the product of
positive Dehn twists t,t3,¢s,t 5,27 is the vertical involution ¢ of the genus-3 surface

with two fixed points. Hence, it preserves the curve (3, then we have
taotaitastastats (Bo) = Bo.
By applying Lemma 2.1.2] we get the following identity of the factorization Wj:

W = t50t51tﬁQtﬁ?,thLtztﬂotﬁltﬁztﬁstitl%

= tﬁotﬁotﬁltﬁQtﬁstitZtﬁlt&tﬁstitz

= t%o (t,Bl t52t53t2t§)2 = ts.
It is easy to see that ¢(5y) = a;. It follows that

¢ _ 2 42
W3Wy3' = Titatpt; Ts = 1, 4.8)
where
T = tﬂotﬁl t,32tﬁ3tc2ztgtﬁot/31 tﬁ2tﬁ3tatb

and

2 2 2
Ty = (to(sn)to(sa)toss) toa) tom)) -
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Since the curves {a, b, ¢1, ¢; } bound a sphere with four holes, we can use the lantern

relation t,tyt? = t,tctp, to get the identity
WsWy' = Tite,totp, Ty = t5. (4.9)

Let M9 and Mg be the genus-3 Lefschetz fibrations with the monodromies (4.7) and
(4.9), respectively. We now prove that 71 (Myg) = m(Mig) = 1.

Lemma 4.1.1. The fundamental group m1(Mg) of Mg is trivial.

Proof. Since the Lefschetz fibration Mg has a section, 71 (Mjg) has a presentation

with the generators a; and b;, (j = 1,2, 3) and with the relations
bglbglbfl(alblal_l)(agbga;l)(agbgagl) = 1,

Bi=a=b= ¢<5z) = ¢(CL> = ¢<b) =1, (Z = 071’273)'

Since the monodromy of (Mg, f19) contains the factorization Wj, the relations com-
ing from the factorization W3 make 7 (M9) a quotient of the free abelian group of
rank 2. So, we can find additional relations coming from the conjugated Wf using
the action of ¢ on the generators of first homology group H;(X3;Z). Using the rela-
tions (@.1)-(@.6) in 7 (M3) , in addition to the relations a; = by = 0, the following
abelianized relations hold in H;(Mg; Z):

ai+a; =0, (4.10)
by +b3 =0. 4.11)

as can be seen in Figure the effect of the diffeomorphism ¢ on the generators a;
and ag of Hy(X3;Z) are as follows :

¢<a1) =a; — by — by — b3, 4.12)

Qb(a,g) = ag — bl - bg - 2b3, (413)

From the fact that ¢(3;) and ¢(/y) = a, are the vanishing cycles in the Lefschetz
fibration, and using the identities (4.2]) and (4.3)), we get the relation

o(B1) = ¢(Bo + a1 + as) = ¢(ag + az) = 0.
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Figure 4.1: The curves ¢(ay), ¢(as), x and z .

Hence, by the identities (4.12) and (4.13), the relation

¢(a1) + Qb(ag) =ay + a3 — 2b; —2by — 3b3 =0

holds in H,(X3;Z), which implies that bs = 0 by the relations (4.10) and (4.11).

Also, using ¢(5y) = a; = 0 and the relations (4.10) and (4.11), we conclude that
H,(33;7Z) = 0. This proves that the 4-manifold Mg is simply connected. O

Lemma 4.1.2. The fundamental group 71(Mig) of Mg is trivial.

Proof. The monodromy of the Lefschetz fibration Mg is given as (4.9). Hence
m(Mis) has a presentation with generators a; and b;, (j = 1,2,3) and, for each

1=0,1,2,3and k = 1, 2, 3, the relations
bglbglbfl(alblafl)(angCLQ_l)(agbg,a?:l) = ]_,

fima=b=c;=C=By=0(5) = o(a) = 6(b) = 1.

The relations coming from the factorization W3 hold in 71 (M;g). Since cj is a vanish-
ing cycle of Mg , the relation c3 = ajay 1'— 1 is satisfied in 7, (M;g). It follows from
the relation @ = a; = 1 that a; = 1. Moreover the relation ¢(/;) = 1, m;(Mg) has
the same presentation as 71 (Mg). By the proof of Lemmal.1.1} 7 (Mg) = 1. [

Theorem 4.1.3. The 4-manifolds Mg and Mg are exotic copies of the manifolds

3CP?*# 18CP” and 3CP2#19@2, respectively.

Proof. The 4-manifolds Mg and Mg have the following topological invariants:
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The Euler characteristics of M9 and Mg are given by
e(My) = e(S?)e(X3) + #singular fibers
= 2(—4)+32 =24,
e(Mig) = e(S?)e(33) + #singular fibers
= 2(—4)+31 =23,

and the signatures of M9 and Mg are given by
O'(Mlg) = O'(Mg) +O'(M3) = —16,
O'(Mlg) = O'(Mlg) + 1 = —15,

using Novikov additivity and the fact that lantern substitution increases the signature

by 1 (Lemma2.1.6]ii).

By Lemmai.1.1land4.1.2] M9 and Mg are simply connected. Hence the identities

6<M19) = 24 = 2 — 2b1(M19) —+ b2<M19)
= 2+ bf (M) + by (M),

and

o(Myg) = —16 = by (Myg) — by (M)
imply that (b (M), by (Mig)) = (3,19). Using Theorem 2.1.21], we conclude that
Mo and Mg are homeomorphic to 3CP2419CP° and 3CP2#18CP, respectively.
It follows from Theorem that Mg and M9 are minimal by similar arguments
in the proof of Theorem [3.2.4{i.e., it cannot contain a smoothly embedded -1 sphere.
But the manifolds 3CP2#19CP and 3CP2418CP° contain smoothly embedded -1

spheres, the exceptional spheres. Hence M9 and Mg cannot be diffeomorphic to

3CP*# 19CP" and 3@1@2#18@2, respectively. O

We now present the minimal symplectic genus-3 Lefschetz fibrations with (b5, b, ) =
(3,17) and (3, 16). To obtain such Lefschetz fibrations, consider the following iden-
tity of the factorization W in (3.3):

W =Tstctor = ts,
Where T3 = ttal(Bg)ttal(Bl)ttal(Bg)tBOtBltBJBétBitBéttc/(Bé)ttc/(Bi)tt'c(Bé)'
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Recall that the factorization

W3 = Titty = ts,
where Th = tg,tg,ts,tat 210t 5,5,y t gt aty-
Thus we have
WsW = Tit tytoto Ty = t3. (4.14)

Since the curves {a, b, C, C’} bound a sphere with four holes, we have the identity

titctcz = t,tyt,. Therefore we get the following factorization
Tit tyt, Ty = t3, (4.15)

where the Dehn twist curves = and z are depicted in Figure 4.1| Let M;; and M4 be

the genus-3 Lefschetz fibration with the monodromy (@.14)) and (@.15]), respectively.

Lemma 4.1.4. The fundamental group of M7 is trivial.

Proof. The monodromy of the Lefschetz fibration M7 is (4.14). Hence, 71 (M;7) has
a presentation with the generators a; and b;, (j = 1,2, 3) and for each i = 0,1,2,3

and k£ = 0, 1, 2 with the relations
bglbglbfl(alblafl)(agbw;l)(agbgagl) = 1,

Bi=a=b=By=B,=C=C =1.

Therefore the relations (4.1)-(4.6) and (3.4)-(3.11) hold in 7, (M,7). These relations

immediately imply that all generators are trivial in 71 (M;7). [
Lemma 4.1.5. The fundamental group 71(Mig) of Mg is trivial.
Proof. The monodromy of the Lefschetz fibration (Mg, f16) is (4.13). Hence, 1 (Mig)

has a presentation with the generators a; and b;, (7 = 1,2,3) and for each i =

0,1,2,3 and k = 0, 1, 2 with the relations

bglbz_lbfl(alblafl)(agbmz_l)(agbgagl) = ].,

fi=a=b=By,=B,=C=C"=1.

Thus, the relations (4.1)-(4.6) and (3.4)-(3.9) hold in 7 (M) which gives rise to
7T1(M16) =1. ]
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Theorem 4.1.6. The 4-manifolds M,; and Mg are exotic copies of the manifolds
3CP*# 17CP° and 3@]1”2#16@2, respectively.

Proof. The manifolds M;7; and M4 have the following topological invariants:
The Euler characteristic e(M;7) of My; and e(Mg) of Mg are

e(Mi7) = e(S?)e(33) + #singular fibers
= 2(—4)+30 =22,

e(Mg) = e(S?)e(33) + #singular fibers

(

= 2(—4)+29=21
and the signature o(Mg) of Mg and o(M;g) of Mg are

o(Mi7) = o(Ms)+o(X)=—14,
O'(Mlﬁ) = U(M17)+1:—13,

using the Novikov additivity and Lemma [2.1.6]ii.

It follows from Lemma [4.1.4] and Lemma [4.1.5] that M;; and M6 are simply con-

nected. Thus, the identities

6<M17) = 22 = 2 — 2b1(M17) —+ b2(M17)
= 2+ by (My7) + by (My7),

and

O'(M17) = —]_4 = b;(M17) — b2_(M17)

imply that (b5 (M), by (M7)) = (3, 17). Similarly, we obtain that (b5 (M), by (M) =
(3,16). Using Theorem , we see that M7 and M are homeomorphic to
3CP*# 17CP and 3@[’32#16@2, respectively. It is shown that the manifolds M
and Mg are minimal in a similar way in the proof of Theorem Therefore,
M7 and M, cannot be diffeomorphic to BCPQ#N@Q and BCPQ#M@Q, respec-
tively. U

Now, let us consider the minimal genus-3 Lefschetz fibrations (X;, f;) (i = 1,2,3)

constructed in Subsection [3.2]
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Theorem 4.1.7. The 4-manifolds X, X5, and X3 are exotic copies of 3@?2#15@2,
3CP*# 14CP° and 3@]1”2#13@2, respectively.

Proof. For each ¢ = 1,2, 3, the manifold X; is minimal, simply connected and has
the following invariants:
= 2405 (Xi) + by (X0),

and the signature o (X;) is
o(X;) = =13+ = b3 (X;) + by (X;).

Therefore, (by (X;), by (X;)) = (3,16 — 7). It follows from Theorem [2.1.21|, we see
that X; is homeomorphic to 3CP?# (16 — i)@z. Since each X is minimal, X; can
not be diffeomorphic to 3CP2#(16 — i)CP". This finishes our proof. O

4.2 Constructions of genus-3% Lefschetz fibrations and some exotic 4-manifolds

In this section, we generalize our construction of genus-3 Lefschetz fibration over
S? to the construction of genus-3k Lefschetz fibration over S? with total space is
diffeomorphic to > X 82#6@2 using generalized Matsumoto’s genus-2k fibration.
Moreover, we give some fibered and nonfibered examples of exotic structures using

our generalized construction via twisted fiber sum or Luttinger surgery.

4.2.0.1 Construction genus-3k Lefschetz fibrations from generalized Matso-

moto’s genus-2k fibrations

We have the following two identities in Mod3 . using the liftings of generalized Mat-

sumoto’s fibration for even g given by Hamada as explained in[2.1.4

(tBotBitn, - - tBytc)’ = (totpetmitsy, tBy)" = tor

(tpytpitpy - -tp ter)? = tots,
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Q

k E+1 i 3k —141 3k

Figure 4.2: The curves for the monodromy W,

Here the curves B;, B., C' and C’ are as shown in Figure and the curve ¢ is the
curve that is parallel to the boundary component of 33,. The first identity holds by
the commutativity of the separating curves C' and C’ and the lifting of the factoriza-
tion to Mody,,, which is easily obtained by capping off the boundary component 6; .
Embedding these curves into 3}, , and again using the fact that ¢- and ¢ commute,

we obtain the following relation in Mods, .

tpolp, oottt ey tptny -ty totpyls -ty totolcis
= tpotp, - taylotts, -~ teutetsy -ty totpts -ty =t
Let us denote the above relation in Mod}, by W, . Note that W}, is a product of
8k + 6 positive Dehn twists, two of which are about separating simple closed curves.
Let X (k) — S? be the genus-3k Lefschetz fibration corresponding to the word W,
By applying the technique of Endo and Nagami explained in Subsection (2.1.5)) to
compute the signature o (X (k)) of X (k) and the Euler characteristic formula for the
Lefshetz fibrations, we get the topological invariants of X (k) as follows:
e(X(k)) = e(S*e(Xsk) + #singular fibers
= 2(2—-6k)+8k+6=—4k + 10,
o(X(k)) = Isk((BoBi -+ BuC)*(ByB) -+ By, C')’C'C")
= Lu((BoBi - BaC)?) + I ((ByBy - - By, C')?) — Isn(C) — Lsi(C)
= 44— (- - (1) =6,
G(X(k) = 30(X(k)+2e(X (k) = -8k +2,
xn(X(R)) = (e(X(k)) +0(X(k)))/4=—k+ 1L
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asj.

6o~ 0)

Figure 4.3: The generators of 7 (X3y)

Lemma 4.2.1. Foreach1 < 1 < kand1 < j < k — 1, the fundamental group
71 (X (k)) of X (k) has the following relations:

aiaop—iv1 = 1, QpyiQ3k—iy1 = 1, (4.16)

bj+1bj+2 T b2k—j = [a2k+1—ja b2k+1—j][a2k+2—j7 bzk+2—j] T [a2k> b2k]7 4.17)

bt jt1bkrja2 -+ b3k—j = [askr1—js bskr1—j][askro—j, bakro—j] - - - [ask, bsk].  (4.18)

Proof. Let a; and b; be the generators of 7y (33;,) fori = 1,...,3k as in Figure
Since the genus-k Lefschetz fibration X (k) — S? admits a section, (X (k)) is
isomorphic to the quotient of 71 (X3;) by the normal closure of vanishing cycles.

The fundamental group 71 (X (k)) has the following relations up to conjugation:

By = biby---bop =1,

Boio1 = aibibip1 -+ - bapyi—iCorri—itorp1— = 1, 1 <0 <k,
By = aibiy1bite - bop—iCop—itopr1—i =1, 1 <i <k —1,
Bor = apcrape =1,
36 = bk+1bk+2 by = L
By 1 = Qyibrribeyivr - bspr1—iCanr1—iasrp1— = 1, 1 <i <k,
By = apiibpyiv1brrive bsp—iCap—ispii—i = 1, 1 <i<k—1,
Bék = QgkCorQaky1 = 1,
c = Cr, = 1,
D = C9r = 1,
csk = a1, bi)[ag, ba] - - - [ask, bsi] = 1,

where ¢; = [ay, b1][ag, bs] - - - [a;, b;] for 1 < j < k . First consider the relations

By = ajbiby - - bygcopag, =1,

By = biby---byp =1,

42



and the relation ¢y, = D = 1 then one can easily get ayag, = 1. Now consider
By = ay1bybz - - - by _1cop—1a2; = 1.
Using the equation ajaq, = 1, we get
babs - - - bop—1Cop—1 = 1.

Using the relation

Bs = agby - - - bap_1cop—102k—1 = 1

we have asasp_1 = 1. Inductively, one can obtain the relations a;ag,_;.1 = 1 for
1<i<k.

To get the relations ay;a3;—;+1 = 1 for 1 < ¢ < k, combine the equations

/
By = ai41bpq1bpgo - - bagesrasy = 1,

B, = bppibrio---bgp =1,
and c3; = 1, we have ax a3, = 1. Then, consider the relation

!
B = ap11bpq2brys - - - bap—1car—1az, = 1

together with the equation ay, a3, = 1, we obtain

bit2brs3 -+ bgp—1c31—1 = 1.

Then, by inserting it into

!
By = ajy2bpi2bp12 - - bapcsp—1asp—1 = 1

we have ay sa3,_1 = 1. Continuing in this way, we conclude that a;ask—;11 = 1
forl <i¢<k.
We next show that b; 1019 - - bap—i = [Aory1—i» bokr1—i) [@2kr2—i, Dakta—i] - - - [ao, bag]

for 1 <17 < k — 1. Since we have the equations

Bai = a;bip1bito - - - bop_icop—iaopy1— = 1

and a;asr_;11 = 1 then it follows that

-1
bip1biva -+ bop—i = Cok—i-
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This actually gives the required relation by the definition of co,_;.

The last equation (4.18)) comes from the relations
AptiA3k—it1 = 1
and
/
By = aptibirivibrriva - bap—iCak—iasri1-i = 1

for 1 < <k — 11n a similar way. O

Corollary 4.2.2. The first homology group H,(X (k);Z) of X (k), is isomorphic to
Y/

Proof. Observe that ay; for all ¢ = 1,...,2k can be written in terms of a; for
j =1,...,k by the relation (4.16) in the Lemma The abelianization of the rela-
tion (4.17) gives rise to the equation b;; = —bg;,_; foreach j = 1,..., k—1. Further-

more, it follows from the abelianization of the relation (4.18) that by ;11 = —bs;_;
foreach j = 1,...,k — 1. One can easily observe that b ; foralli = 1,...,2k can
be written also in terms of b; for 7 = 1, ..., k. This finishes the proof. [

Theorem 4.2.3. Let X(k) — S? be the genus-3k Lefschetz fibration constructed
above. The 4-manifold X (k) is diffeomorphic to ¥, X 82#6@2 for all k non-negative

integers.

Proof. Using H,(X (k);Z) = Z*" and some other topological invariants that we ob-
tained above, one can easily compute that b; (X (k)) = 2k and b (X (k)) = 1. When
k = 1, we showed that the total space X of the Lefschetz fibration with the factoriza-
tion W = W, is diffeomorphic to T2 x S246CP in Theoremm

When k = 2, we will show that X (2) is diffeomorphic to a blow-up of a ruled surface.
Assuming that X (2) is not diffeomorphic to (a blow-up of) a ruled surface, then
X(2) = )/(\(2/)#m@2 where m is the minimal model of X (2) and m is some non-
negative integer. It is easily computed that c? ()/((\2/)) =cA(X(2)+m=—-14+m.
By Theorem since the minimal 4-manifold X (2) is neither rational nor ruled

then ¢?(X(2)) = —14 + m > 0, which implies that m > 14. On the other hand,
it follows from Theorem [2.1.19]that m < 2g — 2 = 10, where g is the genus of the
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Lefschetz fibration X (2) — S?, which is 6. since X (2) is not rational nor ruled then

it admits m disjoint exceptional spheres. This yields a contradiction.

Lastly, when k& > 2 since e(X(k)) < 0, X (k) is diffeomorphic to a blow-up of a
ruled surface by Theorem [2.1.20] Thus using the signature and Euler characteristic of
X (k), we can deduce that X (k) is diffeomorphic to 3, X 82#6@2. Therefore, the
fundamental group 71 (X (k)) of X (k) that has the representation in Lemma(@.2.1)) is

isomophic to the surface group m (Xy). O

4.2.0.2 Construction of fibered exotic (4k2 — 2k + 1)CP?#(4k? + 4k + 7)CP,
using genus-3/ fibration on ¥, x S?#6CP°

To produce exotic 4-manifolds (4% — 2k +1)CP24#(4k>+4k+T7)CP" which carry the
Lefschetz fibration structure, we will perform sufficiently many twisted fiber sums of

the genus-3k Lefschetz fibration X (k) to get a simply-connected 4-manifold.

Theorem 4.2.4. There exist new minimal symplectic exotic copies of (4k* — 2k +
1)CP?*# (4k% + 4k + 7)@2 admitting genus-3k Lefschetz fibration structure for each
integer k > 1.

Proof. We start with the Lefschetz fibration X (k) = ¥ X 82#6@2, we can choose
a diffeomorphism in such a way that when we perform twisted fiber sum of Wy,
the word induced by conjugating W, with this diffeomorphism kills some genera-
tors of the fundamental group 7;(X}). Consider the disjoint vanishing cycles By
and B, one can find the diffeomorphisms f;(Bax) = a;, fi(BY,) = b1 for each
i=1,...,k —1and fy(Bax) = aj and f;(B),) = by by the classification of sur-
faces where a;, b;" s are the generators of m;(X}) as in Figure and the curves
By, and Bj, are depicted in Figure We obtain the monodromy factorization
WkW]f Lo W,f * by conjugating such diffeomorphisms. Let X ,’j“ be the correspond-
ing total space of the Lefschetz fibration to the monodromy factorication W W,f LEEE W,f k.
Using the theory of Lefschetz fibrations and the existence of a section, the fundamen-
tal group 71 (XFt!) of X is a quotient of 71 (X}) that is the surface group with
generators a;,b; for7 = 1,... k. The conjugated words Wif * induce the additional

relations containing f;(Bax) = a; = 1, f;(B},) = b1 = 1foreachi =1,...,k—1,
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fr(Bag) = ar, = 1 and f;(Bj,) = by = 1. So, the additional relations induced by
conjugated monodromy factorizations kill all generators a;, b; fori =1, ..., k, which
makes 71 (X ,’j“) is trivial. The other topological invariants can be computed using

the fiber sum computations as follows:

e(XFY) = e(S*)e(S3r) + #singular fibers

= 2(2—6k) + (k+1)(8k + 6) = 8k* + 2k + 10,
o(Xy) = (k+1Do(X (k) = (k+1)(—6) = —6k — 6,
(X = 3o(XyT)

P 4 2e(XFHY) = 16K% — 14K — 16,
Xn(Xp™) = (o(X

+
+e(XF)) /4 =2k — k + 1.
Using Theorem [2.1.21, X is homeomorphic to (4> — 2k + 1)CP?#(4k? 4 4k +

7)@2 for any integer £ > 0. Theorem (2.1.11]) (or Proposition [2.1.12)) implies the
minimality of X}, so they are not diffeomorphic to (4k? — 2k + 1)CP?*#(4k* +

4k + 7)@2 for any integer k£ > 0. O

Remark 4.2.5. Further fibered minimal exotic examples can be constructed using

other genus-3k Lefschetz fibrations over S* and performing lantern substitutions.

4.2.0.3 Construction of exotic, not fibered, (4k — 1)CP2#(4k + 5)CP using
genus-3k fibration on X, x S24£6CP

To construct exotic copies of (4k —1)CP?# (4k + 5)@2 for any positive integer k, we
will use the following family of symplectic building block. It is obtained from >Jg; X
T? by performing a sequence of torus surgeries. Also, our computations are similar
to the some computations in [§]. Let us denote this construction by Y5 (1/p,m/q)
which is smooth 4-manifold obtained by performing the following 6k-torus surgeries

on X35, x T? for fixed integers m, k > 1 and p, ¢ > 0:

(51 X CUHBQIW _1)7 (ai’)k X d/ d/ m/q)
(5; X CU?BQk—I—h _1)7 (O/l X 6,7 0/17 _1)’

(6{/3 X C,/762k+27 _1)7 (O/2 X Cla 0/27 _1>7
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(5],6 X Cl’7ﬁ3/€*17 _1)7 (a;c—l X 0/7 O‘;c—la _1)7
(ﬁllc+1 X Cllvﬁlv _1)7 (O‘;c X Cl? a;m _1>7

(ﬂl{c+2 X C,/, 527 _1)7 (O‘;chl X Cl? O‘;ngh _1)7

(/Bék X C”’ Bkv _1)7 (0/21@—1 X Cl? O/Zk—la _1)’
(ﬁék-i-l X Cuv Bk’-i-la _1)a (O/2k X 0/7 O/Qka _1)a

(5£k+2 X CN? Bkz-ﬁ-Za _1)a (O/Qk—i-l X Cl? CYlQlc—‘,—l? _1)7

(55/%71 X 0”762k*17 _1)7 (O[Z/Sk72 X Clv Oéék—Qu _1)7

(Oégk X 0/7 Cl? 1/]?), (O‘:/Skfl X clv O‘ékflv _1)7

where oy, i, i = 1,2...3k and c, d are the generators of 7 (X3;,) and m(T?), re-
spectively. When we set m = 1, the above torus surgeries are Luttinger surgeries
and in this case the Luttinger surgery preserves the minimality and can be performed

symplectically as explained in Subsection[2.1.22]

: o >< i c d

™

T by T

Figure 4.4: Lagrangian tori 8] x ¢ and o} x ¢

The fundamental group of the resulting manifold Y (1/p, m/q) is generated by «;, 5;,

1 =1,2...3k and ¢, d and it has the following relations:
[al_la d] = ﬁQk) [a2_17 d] = /62k+17 ) [alzlv d] = ﬁ3k—17

[Oé];ip d] = 617 [Od’;im d] = ﬁQ? ) [a/{;klfl? d] - 62k—17
[6_17/83k]_m - dqa [ 1_17d_1] = aq, [ 2_17d_1] = Oy,
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[ﬁ:&_kl—l’ d_l] = Q3k—1, [d_1>ﬁ3_k1] =, [Bj’ C] =1,

[a3k’ad] = 17 [O'/jac] = 17 [O-/?)k:vc] = 17

[041; 51][0417 51] Tt [Oé3k7 53k] =1, [Cu d] =1 (4.19)

where 1 < j < 3k — 1.

Theorem 4.2.6. There exist new smooth exotic copies of (4k — 1)CP?# (4k + 5)@2.

Proof. Consider the symplectic manifold X (k) constructed above (Subsection
with a genus-3% symplectic submanifold Y5, a regular fiber coming from its genus-
3k Lefschetz fibration structure (Theorem.2.3)) and the symplectic 4-manifold (1, 1)
which we obtained by performing torus surgeries from Y3, x T? where p = ¢ = m =
1 above with the symplectic submanifold 3, that is a copy of X3, x {pt} in Y} (1, 1).
Let Z(k) be the 4-manifold obtained by symplectic fiber sum of X (k) and Y (1, 1)
along the surfaces >3, and >,. We need to find an orientation-reversing gluing dif-
feomorphism to perform symplectic fiber sum such that Z (k) is simply-connected.
Recall from the Lemma[.2.1]a;, b; (i = 1, ..., 3k) are the generators of 7 (X (k)) =
(S X 82#6@2) > 7, (3 ) but the generators a;, b; (k + 1 < i < 3k) are nullho-
motopic. (X (k) \ vXs3) is isomorphic to the fundamental group 7 (X (k)) since
the genus-3k Lefschetz fibration X (k) — S? admits a section and hence the normal
circle to Y35, denote it by A is nullhomotopic in 7 (X (k) \ vX3;). The generators
of m(Yx(1,1)) are o, B;,cand d fori = 1,...,3k and 7 (Yx(1, 1)) has the relations
([@.19). Choose a base point p of 71 (Y;(1, 1)) on dvX}, = ¥4, x S in such a way that
m(Ye(1,1) \ X%, p) is normally generated by o, 5;,c and d fori = 1,...,3k. One
can perform above tori surgeries such that ¥, C Yj(1, 1) is disjoint from all tori surg-
eries performed. Hence the relations in (4.19) still hold in 7 (Y} (1, 1) \ 5, p) except
for [¢, d] = 1, which represents a meridian, denote it by X', in 71 (Y3 (1,1) \ 35, p).
Now, choose the gluing diffeomorphism ¢ : 9(23) — 0(X%,) mapping the genera-
tors of 7; as follows:

a; — oy
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b, — B
A= N

By Van Kampen’s theorem, the fundamental group 71 (Z(k)) of the resulting 4-manifold
Z(k) = (X (k) \ vEg, U, Yi(1,1) \ v3%;) is isomorphic to

7T1(X(kf) \'UEgk * 7'['1(Yk<1, 1) \ Z{’ik)
<a'i =, b; :6i7)‘:)‘/> .

1%

m(Z(k))

One can conclude that 7 (Z(k)) admits a presentation with generators a;, b; (i =

1,...,3k), c and d and the relations (@.16)), (4.17)), (4.18)) and relations (4.19) hold
in m1(Z(k)). Keep in mind a; = «;,b; = ;A = XN and [¢,d] = N, it is enough to

prove that c = d = 1 in m;(Z(k)) to show that 7y (X (k)) is trivial using the relations
in (4.19). To do this, first consider the relations in (4.19)

lase, d] = 1, [ay, d] = by
and the relation in (4.16)
agk = al;iv

which yields b; = 1. Next, since [b;',d™!] = a; in (4.19) then a; = 1. Also, using

the relations

a10op, = QopQok+1 = 1,

we have ag;, = agp41 = 1 by relations (4.19). Using these equations, it can be

obtained that
by =bpp1 =1

since [a,;!, d] = by and [a,;. ;. d] = by41. Using the relation in (4.19) [b, ', d7] = ay,
and b, = 1, we get

CLkzl.

Also, since [a; ', d] = bzx_; in (4.19) and a; = 1 then
bap—1 = 1.
Similarly, the relations [bgkl_l, d™1] = asp_1 and bs,_; = 1 give the equation

agp—1 = 1.
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Recall that we found a;, = 1, using equations [ay, ax11] = [axs1, agk] = 1, we get
asr — 1.
Now, the relation (.18)) gives the relation

br2bris -+ - bar—1 = [asp—1, b3p—1][ask, b3i]

and we have the relation
bry1brio - ba =1

coming from vanishing cycle B, in Figure So, they result in the relations

r42brss - b3p—1 = bpy1bpyo - b3 =1
using asx_1 = asr = 1. Then we get

br+1bar = 1,
which impiles that b3, = 1 using b1 = 1. Finally, we can obtain that
c=d=1

by using the relations [c!, bs;] = d and [d~!,b5;!] = c. Therefore, the following
relations

b;thd=a, i=1,...,3k—1
la; ', d) =bop_14s, i=1,....k
la; ', d =biy, i=k+1,...,3k—1
coming from the equations prove that my (Z(k)) = 1.

Using the fact that Luttinger surgery preserves the Euler characteristic and the signa-

ture by Lemma[2.1.22} the topological invariants of Z(k) are computed as follows:
) k) + e(Yi(1,1)) — 2¢(Zsp) = 6 + 8k,

o(Z(k)) = o(Z(k))+ ) =
T = 30(Z(k)) +2¢e(Z(k)) = 6 + 16k,

xn(Z(k)) = (o(Z(k))+e(Z(k)))/4 = 2k.

i
=
?
—_

Cc

Using Theorem[2.1.21} Z (k) is homeomorphic to (4k — 1)CP?# (4k + 5)@2 for pos-
itive integer k. Since Z(k) is symplectic and b3 (Z(k)) > 2 then the Seiberg-Witten
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invariant of the canonical class of Z(k) is =1 by Theorem . However, the
Seiberg-Witten invariant of the canonical class of (4k — 1)CP?# (4k + 5)@2 is triv-
ial by Theorem Hence, we distinguish Z (k) with (4k — 1)CP*#(4k + 5)@2
up to diffeomorphism, since Seiberg-Witten invariant is a diffeomorphism invariant.
Also, we replace 4-manifold Yj (1, 1) with Y, (1, m) in our construction above, where

the integer m # 1 to construct an infinitely many exotic copies of (4k —1)CIP?#(4k +
5)CP". 0
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CHAPTER 5

THE NUMBER OF SINGULAR FIBERS IN HYPERELLIPTIC
LEFSCHETZ FIBRATIONS

This chapter is devoted to hyperelliptic Lefschetz fibrations over a sphere, which are a
special kind of Lefschetz fibration. More precisely, we examine the minimal number
of singular fibers in genus-g hyperelliptic Lefschetz fibrations over a sphere. We
obtain some results about them when g = 4,5,6,7,8,9 and 10. We next focus on the
minimal number of singular fibers in genus-g holomorphic hyperelliptic Lefschetz
fibrations over a sphere. In this case, we obtain the exact values of the minimal
number of singular fibers in such Lefschetz fibrations for even genus ¢ > 4 and
improve a lower bound for them for odd genus g > 5. Since the total spaces of
homolorphic Lefschetz fibrations carry complex structures, then we give a summary
of the Enrique-Kodaira classification of complex surfaces, which is crucial in proving

our results in holomorphic cases.

5.1 Preliminaries

In this chapter we focus on a special kind of Lefschetz fibrations called hyperelliptic

Lefschetz fibrations. First, we present some definitons and properties related to them.

Definition 5.1.1. The hyperelliptic mapping class group of a genus-g surface 3,
denoted by HMod,, is the group of mapping classes of ¥, that commute with the
hyperelliptic involution . (as defined in Subsection[2.1.2.2).

Definition 5.1.2. A genus-g Lefschetz fibration is said to be hyperelliptic if its van-

ishing cycles are invariant under some hyperelliptic involution.
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It follows that for a genus-q hyperelliptic Lefschetz fibration over S* with global mon-
odromy

taltaz T ta,L - 1a

there exists a mapping class ¢ € Mod, such that ¢t,,¢~' € HMod, for all i =
1,2,...,n.

5.1.1 First homology group of the hyperelliptic mapping class group

We collect some useful facts about the first homology group of the hyperelliptic map-

ping class group.

Recall that for any group G, the first homology group with integral coefficients,
H(G;2) = G/[G, G,

is the abelianization of the group G, where [G, G] is the commutator subgroup of
G, which is the subgroup generated by all commutators [a,b] = aba~'b~! for all
a,b € G. It is known that H;(Mod,; Z) is generated by the class of a Dehn twist

about a nonseparating simple closed curve and also we have the following lemma:
Lemma 5.1.3. For a closed orientable surface of genus g > 1, the first homology
group H1(Modg; Z) of the mapping class group Mod,
Z/12, ifg=1,
Hy(Mod,;Z) = { /10, ifg =2,
0, ifg>3.

For further details about the homology groups of the mapping class group and the
proof of the Lemma|[5.1.3] see [44].

The following lemma can be proven from the presentation of hyperellipitic mapping
class group [17].
Lemma 5.1.4. For a closed orientable genus-g surface, the first homology group
H,(HMod; Z) of the hyperelliptic mapping class group HMod,, is

Z]4(29 + 1), ifgisodd,

H;(HMod; Z) =
Z])2(2g + 1), if g is even.
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All right Dehn twists about nonseparating hyperelliptic simple closed curves on >,
are nontrivial in the hyperelliptic mapping class group HMod, of X, and each of
them maps to the same generator in H; (HMod,,) under the quotient map HMod, —
H I(HModg). Note that, by the even chain relation, a right handed Dehn twist about
the separating simple closed curve of type i in HMod, can be written as a product
of 2h(4h + 2) right Dehn twists about the nonseparating simple closed curves. The

following lemma is from this observation.

Lemma 5.1.5. Let n be the number of nonseparating and s, be the number of sepa-

rating vanishing cycles of type h in a factorization of the identity in HMod,. Then

lo/2] 0 (mod 4(29+1)) ifgisodd,
n+ Y 2h(4h+2)s, = ( ( ) (5.1)
h=1 0 (mod 2(2g+1)) ifgiseven.

5.1.2 Signatures of hyperelliptic Lefschetz fibrations

Here we review the signatures of hyperelliptic Lefschetz fibrations.

Lemma 5.1.6. [26, 54, 55] Let (X, f) be a genus-g hyperelliptic Lefschetz fibration
over S?. Let n and s = %’i i] Sp be the numbers of nonseparating and separat-
ing vanishing cycles of this fibration, respectively, where s; denotes the number of
separating vanishing cycles of type h. Then the signature of X is

l9/2]

+1 4h(g — h
O'(X) = —iﬁn + Z(% — 1)Sh. (52)

Lemma 5.1.7. [57/] For any 4-manifold X admitting a genus-g Lefschetz fibration
over S? orD?, o(X) <n — s.
Lemma 5.1.8. [57)] For any 4-manifold X admitting a genus-g hyperelliptic Lefschetz

fibration over S*, 0(X) <n — s — 4.

Lemma 5.1.9. [[/9] For any 4-manifold X admitting a genus-g Lefschetz fibration

over S?,

o(X)<n—s—2(2g—b(X)).

It can be easily obtained that o(X) < n — s — 2 using b;(X) < 29 — 1 by the

handlebody decomposition of Lefcshetz fibrations.
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Recall that the topological invariant c(X) = 30(X) + 2¢(X) of a symplectic 4-

manifold satisfies the following inequalities.

Theorem 5.1.10. [63] Any relatively minimal nontrivial Lefschetz fibration X over
S? satisfies ¢2(X) > 4 — 4gq.

Theorem 5.1.11. [49] Let X be a relatively minimal Lefschetz fibration of genus g

over a surface of genus-h. If X is not rational nor ruled then
ci(X) = 2(g = 1)(h - 1),
and it is sharp if h = (.

Theorem 5.1.12. [42|] Let 3, and X}, be closed, oriented surfaces with h > 1 and let

Y, be connected. If f : X, — X5, be a continuous map of degree d, then
d [e(Xn)] < le(3g)]-

Theorem 5.1.13. [63] If (X, f) be a relatively genus-g Lefschetz fibration over S?
then the fiber sum X # X is minimal.

Theorem 5.1.14. [64)] For any genus-g Lefschetz fibration X — S? with homologi-

cally essential fiber F, the homology class [F| is primitive.

5.1.3 'The number of singular fibers in Lefschetz fibrations
In this section, we collect some results about the number singular fibers in Lefschetz
fibrations.

Recall that for any genus-g Lefschetz fibration, n and s denote the number of nonsep-

arating and separating vanishing cycles, respectively.
Lemma 5.1.15. [49] If any Lefschetz fibration of genus g has 0 > —(n + s) + 4, it
has
(i) b1 <29 -2
(ii) by < (n+s)—2,
(i) by <n —3,
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(iv) o <n—s—4.
Theorem 5.1.16. [64] Let X — S? be a nontrivial Lefschetz fibration of genus g with
b =1,
(1) If g > G is even, then it admits at least 2g+4 singular fibers. (This lower bound
is sharp.)

(2) If g > 15 is odd, then it admits at least 2g + 10 singular fibers. (This lower
bound is sharp.)

(3) If g > 9 is odd, then it contains at least 2g + 6 singular fibers.
Theorem 5.1.17. [I8] Let X — S? be a nontrivial Lefschetz fibration of genus g > 1.

Then X — S? has at least +(8g — 3) nonseparating vanishing cycles.

Let N, be the minimal number of singular fibers in a genus-g Lefschetz fibration over

S?. Combining the results about N,, we have the following theorem:

Theorem 5.1.18. [46, 115,70, 18, |19, 43|] For the number N, the following holds.

(i) Ny =12.
(ii) No=T.

(iii) (a) (89 —3) < Ny <2g+4ifg>4iseven.
(b) (89 —3) < N, <29+ 10if g > 3 is odd.

Therefore, if g > 3 then the exact value of N, has not been known yet.

If we restrict ourselves to hyperelliptic Lefschetz fibrations over a sphere then we

have the following estimates for the minimal number of singular fibers, denote it by

h.

Ny

Theorem 5.1.19. [46, |15, 70,114, |18, |19, 43] For the number N gh the following holds.
(i) Nh=12.
(ii) N} =1.
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(iii) NI =12.

(iv) (a) %(89—3) < Ngh <29+4ifg>4iseven.

(b) +(8g—3) < NI <59 —3ifg>5isodd.

Since all genus-g Lefschetz fibrations are hyperelliptic for g = 1,2, N = N; = 12
and N} = N, = 7. For even g > 4, the upper bound comes from the generalized
Matsumoto’s fibration explained in Subsection [2.1.4, However, the generalized Mat-
sumoto’s fibration is not hyperelliptic for odd g > 3. Recently, Korkmaz constructed
a genus-g hyperelliptic Lefschetz fibration over a sphere with 5g — 3 singular fibers.
Therefore, the upper bound for the number N, 5 is bg — 3 forodd g > 5.

5.1.4 Classification of complex surfaces

In section[5.3] we examine the minimal number of singular fibers in a genus-g hyper-
elliptic holomorphic Lefschetz fibrations over S?. The classification of complex sur-
faces helps us to determine the total spaces of hyperelliptic holomorphic Lefschetz fi-

brations. For further information about the classification of complex surfaces see [12].

The Kodaira dimension ~ takes four values —oo, 0,1 and 2 and so it divides com-
plex surfaces into four classes. Starting from the coarse classification using Kodaira
dimension, complex surfaces are divided into ten classes by Enriques-Kodaira classi-

fication.

Theorem 5.1.20. Every minimal complex surface is in exactly one of the classes
(1) — (10) in the following table. The minimal model of the complex surfaces is
unique, up to isomorphism, except for the complex surfaces with minimal models in

the classes (1) and (3).
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The class of X k(X)) | by (X) A(X) e(X)

(1) minimal rational surfaces —o0o |0 8or9 4or3
(2) minimal surfaces of class VII —oo |1 <0 >0

(3) ruled surfaces of genus g > 1 —00 | 2¢g 8(1—g) | 41—g)
(4) Enriques surfaces 0 0 0 12

(5) hyperelliptic surfaces 0 2 0 0

(6) Kodaira surfaces-g > 1 0 lor3 0 0

(7) K3-surfaces 0 0 0 24

(8) tori 0 4 0 0

(9) minimal properly elliptic surfaces | 1 0 >0
(10) minimal surfaces of general type | 2 =0 mod2| >0 >0

Recall that the holomorphic Euler characteristic x;, of a manifold X is given by

o(X)+e(X) AX) —|—e(X).

Xh = 4 - 12

In the above table the minimal model of a complex surface with x;, < 0 is a minimal
surface of class V11 (the class (2) in the Table) or a ruled surface of genus g > 1 (the
class (3) in the Table). It is known that closed symplectic 4-manifolds have b; > 0
([38]], p.390). Therefore, it follows from surfaces of class V' /I have by = 0 that
they do not carry a symplectic structure. One can conclude that the minimal model
of a complex surface with x; < 0 is a ruled surface of genus g > 1 if it admits a

symplectic structure.

The minimal model of a ruled surface is an S* bundle over a Riemann surface of genus
g > 0. By Theorem [5.1.20] this minimal model is not unique. It is known that there
are exactly two minimal models of ruled surfaces of genus g, the trivial bundle 3, x S
and the nontrivial bundle ¥, x S*. It follows from Theorem and Theorem
that for k > 0, ¥, x S?’#kCP? and ¥, x S?*#kCP? are symplectomorphic.
In a nutshell, it follows from the fact that the holomorphic Euler characteristic xy, is
invariant under blow ups that a non minimal symplectic complex surface with x;, < 0

is 3, x S*#kCP? for some positive integers g and k.
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5.2 The minimal number of singular fibers in hyperelliptic Lefschetz fibrations

over a sphere

In this section, we determine the minimal number of singular fibers in some hyperel-
liptic Lefschetz fibrations over S?. Let N gh be denote the minimal number of singular

fibers in a hyperelliptic Lefschetz fibration over S?.

Lemma 5.2.1. The 4-manifold X5 x S*#3CP? does not admit any Lefschetz fibration

of genus 4 over S2.

Proof. Suppose that ¥y x S?#3CP? admits a genus-4 Lefschetz fibration and con-

sider the homology class of a regular fiber '. We may write

[F] = alU] + b[V] + ) alE] € Hy(S x S*#3CP2 Z),

i=1
where [U], [V] and [E;] denote the homology classes of the section and fiber of the
ruling 33 x S? — 3, and E; is the exceptional class of the ith blow-up such that
U2 =[V]?=0,[U][V] =1, a,b and ¢; are some integers.

The composition of the blowing down and the projection map Xy x S? — Y, leads a
degree-d map F' — Y,. The degree must be a. Moreover, since the fiber of S?>-bundle
¥, x S? — Y, has pseudo-holomorphic representative [48] then the degree of the

map F' — X5 is positive by the positivity of intersection.

Consider a singular fiber /. Since the normalization of F' has genus < 3, by Theo-

rem[5.1.12} for such a degree-d map yields to inequality
3—1>¢g(F)—1>dh—-1)=a(2-1),

where g(F') is the genus of the fibers F'. Therefore, 0 < d = a < 2.

Since [F)? = 0, we have
3
2ab =Y . (5.3)
=1

Since the symplectic structure on X5 x S2#3CP? is unique up to deformations and

diffeomorphism we can apply the adjunction formula



where [K| = —2[U]+ (2h — 2)[V| 4+ [E1| + [ E»] + [ E5] is the canonical bundle where
h = g(33) = 2. In this case the adjunction formula is

3
29(F)—2=2ah—2a—-2b— ) ¢ (5.4)
=1
Thus, for g(F') = 4, h = 2, we have

3

- 2a—2b—Zci. (5.5)

i=1
If a = 0, then ¢; = 0 by the identity (5.3) , which implies that [F] = b[V]. Also,
by Theorem [5.1.14, b = £1. However, [F| cannot be represented by a smoothly
embedded sphere [58]].

For a = 1, by the identities (5.3) and (5.5) we have

3

3
Zcf = 2b and Zci:—4—2b,
i=1

i=1
which leads to

C? + C; = —4.

7

3
=1

3
=1
3
1 13 S .
Hence Z(cZ + 5)2 =-7 which is not possible.
i=1

In the case a = 2, using the identities (5.3)) and (5.5), we have the following equalities:

3 3
=) cfand2=-2-) ¢
=1 =1
which gives

3 3
=1 i=1

3

Thus, the resulting equality is Z(Cl +1)% = —1, which is a contradiction. Therefore,
i=1

this shows that ¥y x S?#3CP? does not admit a genus-4 Lefschetz fibrations over

S2. O]

Lemma 5.2.2. The 4-manifold ¥.3 x S?#3C P2 does not admit any Lefschetz fibration

of genus 7 over S*.
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Proof. Suppose that X3 x S?#3CP? admits such a Lefschetz fibration and consider

the homology class of a regular fiber /'. We may write

[F] = a[U]+b[V] + > a|E] € Hy(S5 x S*#3CP2 Z),

i=1
where [U], [V] and [E;] denote the homology classes of the section and fiber of the
ruling X3 x S? — Y3 and e; is the exceptional class of the ith blow-up such that

U =[V]*= 0,[U][V] =1, a,b and ¢; are some integers.

The composition of blowing down and the projection map X3 x S? — X3 give rise
to a degree-d map F' — X3. The degree d must be a. Also, since the fiber of any
S?-bundle has pseudo-holomorphic representative [48] then the degree of the map

F' — 3., is positive by the positivity of intersection.

Let I be a singular fiber. Since the normalization of /" has genus < 6, Theorem[5.1.12]
yields to the inequality

6—-1>¢g(F)—1>a(3-1).
This implies that a < 2.

Since [F)? = 0, we have

3

2ab = ¢ (5.6)

=1

Also, applying the adjunction formula (5.4) for g(F') = 7 and h = g(X3) = 3, we get

3
12 = 4a — 2b — Zc (5.7)
=1

If a = 0, then ¢; = 0. In this case [F] = b[V]. It follows from Theorem [5.1.14] that
b = +1. But the homology class [F'| can not be represented by a smoothly embedded
sphere [38]].

For a = 1, the identities (5.6) and (5.7) imply that

3

3
» d=2band Y ¢ =—8—2b.
=1

i=1
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Therefore, we get

3
1 29
This yields to Z(CZ + 5)2 = which is a contradiction.
i=1

In the case a = 2, the identities (5.6) and (5.7) result in

3 3
Zcf = 4b and Zc,-: —4 —2b
1=1

i=1

3

implying that Z(c’ + 1) = —5, which is a contradiction. This proves that the
i=1

manifold 3 x S?#3CP? does not admit a genus-7 Lefschetz fibrations over S?. [

Since the number N ; is known for g < 3 (Theorem|5.1.19), we will examine N, gh for
g =>4

Theorem 5.2.3. Let N, gh be the minimal number of singular fibers in a hyperelliptic
Lefschetz fibration over S%. Then

1. Nt =12,

5. NI e {19,20},
6. Ni > 24,

7. NI e {23,24}.

Proof. The proof is divided into a series of lemmas, Lemma[5.2.4lLemma[5.2.10] [

Lemma 5.2.4. N} = 12.
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Proof. Assume that N < 12, so that we have a hyperelliptic genus-4 Lefschetz
fibration X. Letn and s = s; + s2 denote the number of nonseparating and separating

vanishing cycles. Hence n + s < 12.

The equation (5.1]) leads to n+12s; +4s, = 0 (mod 18), so that n is even. Moreover,
we have n > 6 using Theorem The signature and the Euler characteristic are
given as

-5 3 7
U(X): n+951+ S9

and
e(X)=4—4g+n+s=—124+n+s1 + sa.

The possible values of (n, s1, s3) and e(X), o(X), ¢2(X) are as follows:

(n,51,52) e(X) o(X) ci(X)
M| Lo | 5 | 3 | -19
@] 640 | 2 | 2 | -10
3| 603 | 3| -1 | 9
@| @2 | -1 | 3 | -1

‘We now rule out all cases:

Case (1). In this case, ¢3(X) = —19 < 4 — 4g = —12. This contradicts to Theo-
rem[5. .10

Cases (2)-(4). In these cases, ¢(X) < 2 — 2g = —6. Theorem 5.1.11|implies that X
is a blow up of a rational or ruled surface. Moreover, using the inequality in Lemma
[5.1.9] one can conclude that X can not be simply-connected and so it is a blow up of

a ruled surface. Thus we have b3 (X) = 1. The equalities
e(X) = 2—2b(X)+b5(X)+b3(X)=3—2b(X) + b3 (X)
o(X) = b (X) = by (X) =1-b(X)

imply that b;(X) = 4. But, then in the cases (2) and (3), the inequality in Lemma
5.1.9
o(X)<n—s—2(29g—b(X))=n—s—38
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does not hold. In the case (n, s1, $2) = (8,2,1), since (by(X),b3,b5) = (4,1,4), X
is diffeomorphic to 3y x S?#3C P2, which is impossible by Lemma

Since there is a hyperelliptic genus-4 Lefschetz fibration with 12 singular fibers by

Theorem|5.1.19] N} = 12. O

Lemma 5.2.5. NI > 15.

Proof. Suppose that N < 15 so that we have a hyperelliptic genus-5 Lefschetz
fibration X. Let n and s = s; + so be the number of nonseparating and separating

vanishing cycles. Hence n + s < 15.
The equation (5.1)) turns out
n+12s; —4se =0 (mod 44)

so that n is divided by 4. It follows from the Theorem that n > 8. The

signature and the Euler characteristic are computed as

—6n + 581 + 1382
o(X) = T

and

e(X)=4—4g+n+s=—-164+n+ s, + so.

Hence the possible values of (n, s1, s9) are as follows:

(n,51,82) e(X) o(X) (X) xa(X)

(| 8,20 -6 -2 -18 -2
2)| 83,0 -5 -3 -19 -2
3) | B,L,5) -2 2 2 0
4 | 84.3) -1 1 | 0

‘We now eliminate all cases:

Case (1), (2). In these cases, c?(X) < 4 — 4g = —16. This is impossible by Theo-
rem[5. .10

Case (3), (4). In these cases, o(X) > n — s — 4. This contradicts to Lemma

Therefore, NgL can not be less than 15.
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Lemma 5.2.6. N = 16.

Proof. Suppose that N < 16 so that we have a hyperelliptic genus-6 Lefschetz
fibration X. Let n and s = s; + s2 + s3 denote the number of nonseparating and
separating vanishing cycles, respectively. Thus, n + s < 16. The equation (5.1)) turns
out to be

n+ 12s; + 14s9 + 6s3 =0 (mod 26),

so that n is even. The signature formula and the Euler characteristic computation give

rise to
— 1 2
U(X) _ ™+ 7s1 + 1959 + 2353 (58)
13
and
e(X)=4—4g+n+s=—-20+n+ s + 2+ ss. (5.9)

Therefore, the possible values of (n, s1, 52, s3) and e(X), o(X), c2(X) are as follows:

(n,s1,892,83) e(X) o(X) (X)

| 10030 | -7 | -1 | -17
@ | 10301 | 6 | -2 | -18
3)| (102,03 | -5 1 -7
@ | (10,1,40) | -5 1 7

S) | (12,0,1,0) 7 5 29
©6) | (12,1,2,0) 5 3 -19
(M| (14,1,0,0) -5 -7 -31

We now eliminate all cases:

Cases (5) and (7). In these cases,

(X)) <4—4g=-22

This contradicts to Theorem[5.1.10|
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Cases (1), (2) and (6). In these cases, ¢? < 2 — 2g = —10. Hence, X is a blow up
of rational or ruled surface by Theorem [5.1.T1] Also, the inequality in Lemma [5.1.9]
implies that X is not simply connected and so it is a blow up of a ruled surface. Thus,

by (X) = 1. However, this contradicts to Theorem|5.1.16
Cases (3) and (4). In these cases, we have the following identities:

o(X) = bf(X)—by(X) =1, (5.10)
e(M) = 2—2b(X)+b3(X)+by(X)=-5. (5.11)

3, (5.12)
by (X) = bi(X)— 4. (5.13)

Observe that M cannot be a rational surface because by (M) > 0 by the inequality
in Lemma Also, X is not a blow up of a ruled surface since ruled surfaces
have ¢ < 0. Let X be the minimal model of X so that X & X #k@Q for some
non-negative integer k. It follows from Theorem that c%()? ) > 0. Also, using
the equation

AX)=AX)+k=—-T+k,

we have k& > 7. Tt is known that by (X) > k > 7. The identity (5.13) gives rise
to by (X) > 11. Since b1(X) < 29 — 1 = 11 by the theory of Lefcshetz fibrations,
b1(X) = 11. However, this contradicts with Lemma|5.1.15

Hence N/ cannot be less than 16. Since there exists a genus-6 hyperelliptic Lefschetz

fibration with 16 singular fiber by Theorem|5.1.19, N% = 16. O
Lemma 5.2.7. N > 17.
Proof. Suppose that N < 17, so that we have a hyperelliptic Lefschetz fibration

X. Letn and s = s; + s2 + s3 denote the number of nonseparating and separating

vanishing cycles. Thus, n 4+ s < 17.
The equation (5.1)) yields to
n+ 12s; — 208y + 24s3 =0 (mod 60),
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so that n is divided by 4. We get n > 12 by Theorem The signature formula

and the Euler characteristic are

—8n + 1981 + 2582 + 3383
o(X) = 1

and

e(X)=4—4g+n+s=—-24+n+ s, + sy + 3.
The possible values of (n, s1, 2, s3) and e(X), o(X), c3(X) are as follows:

(n,s1,82,83) e(X) o(X) A(X)
M| 12002 | -10 | 2 | 26
@ | 12201 | -9 | 3 | 27
3) | (124,00 -8 -4 -28

In all cases, the manifold X has ¢}(X) < 4 — 4g = —24 . This contradicts to
Theorem [5.1.10L Therefore, N < 17.

Lemma 5.2.8. N? € {19,20}.

Suppose that N} < 19. so that there exists a hyperelliptic genus-4 Lefschetz fibration
X. Letn and s = 51 + s9 4+ s3 + s4 be the number of nonseparating and separating

vanishing cycles. Hence n + s < 19. For g = 8, the equation (5.1)) turns out to be
n+ 12s; + 6s9 + 1653 + 8s4 =0 (mod 34),

so that n is even. Using Theorem we have n > 14. The signature and the

Euler characteristic of X are given as

o(X) = —9n + 1157 + 31sy + 43s3 + 4754 (5.14)
17

and
e(X)=4—4g+n+s=—-284+n+s;+ s+ 83+ s4. (5.15)

Therefore, the possible values of (n, sy, so, 83, 54) and e(X), 0(X) and ¢(X) are as

follows:
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(n,s1,82,83,81) e(X) o(X) A&(X)

(1) (14,1,0,0,1) -12 -4 -36
2) (14,0,2,0,1) -11 -1 -25
3) (14,0,1,3,0) -10 2 -14
4) (14,4,1,0,0) -9 -3 -27
5) (14,2,1,1,1) -9 1 -15
(6) (16,1,1,0,0) -10 -6 -38
(7) (16,0,3,0,0) -9 -3 -27
(8) (18,0,0,0,1) -9 -7 -39

Now, we eliminate all cases:

Cases (1), (6), (8). In these cases, ¢ < 4 — 4g = —28. This contradicts to Theo-
rem[5. .10

Cases (2), (4), (5), (7). In these cases ¢ < 2 — 2g = —14. Hence, the manifold X is
a blow up of rational or ruled surface by Theorem Also, since b1 (X) > 0 by
Lemma5.1.9} it can not be a rational surface. Hence, we have b3 (X) = 1. But this
contradicts to Theorem

Case (3). In this case, X is not rational nor ruled by Theorem [5.1.11} Let X be the
minimal model of X. Then X & X #k@z for some integer £ > 0. The 4-manifold
X has

o(X) = bJ(X)—by(X)=2 (5.16)
and
e(X) = 2—=2b(X)+b3(X)+ by (X)=-10. (5.17)

So, the identities (5.16]) and (5.17) result in

bj(X) = bi(X)—5 (5.18)
by (X) = bi(X)—T. (5.19)

The minimal 4-manifold X must satisfy ¢2(X) > 0 by Theorem[2.1.18| We have the
following identity:

AX)=AX)+k=—144+k>0.
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Then we get & > 14. It follows from
by(X)=b(X)—=7T>k>14

that b, (X) > 21. However, any genus-g Lefschetz fibration must satisfy b; < 2g.

Therefore, there exist no such a Lefschetz fibration.

Since there exists a genus-8 hyperelliptic Lefschetz fibration with 20 singular fibers
by Theorem [5.1.19} one can conclude that NI = 19 or 20.

Lemma 5.2.9. N/ > 24.

Proof. Suppose that NI < 24, so that we have a hyperelliptic Lefschetz fibration X.
Let n and s = 51 + s9 + s3 + s4 denote the number of nonseparating and separating

vanishing cycles. Hence, n 4+ s < 24.
The equation (5.1)) gives rlse to
n + 12s; + 40s9 + 8453 + 14454, =0 (mod 76),

so that n is divided by 4. We have n > 16 by Theorem[5.1.17] The signature formula

and the Euler characteristic are

—10n + 1357 + 3759 + 53s3 + 6154
o(X) = 19

and

e(X)=4—4g4+n+s=-324+n+ s+ S2+ s3+ s4.

(n,s1,82,83,81) e(X) o(X) A(X)

(1) | (16,0,0,0,2) 14 | 2 | 34
@) | (16,1,1,1,0) 13 | -3 35
3) | (16,0,0,1,3) 12 | 4 12

@ | (165000 | -11 | -5 | -37
G)| 61,121 | -11 | 3 -13
©) | (16,0320 | -11 | 3 13
7| (163,1,02) | -10 | 2 14
2
2

®) (16,3,0,3,0) -10 -14
9 (16,2,3,0,1) -10 -14
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(n,s1,82,83,81) e(X) o(X) &(X)

(10) | (16,1,5,0,0) | -10 | 2 14
(1) | (16,0024) | -10 | 10 10
(12) | (16,5,0,1,1) 9 1 -15
(13) | (16,4,2,1,0) 9 1 -15
(14) | (16,2,0,0,5) 9 9 9
(15) | (16,1,2,0,4) 9 9 9
(16) | (16,1,1,3,2) 9 9 9
17 | (16,1,0,6,0) 9 9 9
(18) | (16,0,4,0,3) 9 9 9
(19) | (16,0,3,3,1) 9 9 9
(20) | (20,0,1,2,0) 9 | 3 | 27

Now, we eliminate all cases:

Cases (1), (2), (4). In these cases, c% < 4 — 49 = —32. This contradicts to Theo-
rem([5.1.10

Case (20). In this case ¢? < 2 — 2g = —16. Hence, the manifold X is a blow up of
rational or ruled surface by Theorem|5.1.11| Also, since b;(X) > 0 by Lemma/5.1.9]
it is a ruled surface. Hence, we have b3 (X) = 1. But this contradicts to Theorem

5.1.16]

Cases (11), (14)-(19). In these cases, o(X) > n — s — 4. However, this is a contra-
diction with Lemma[3. 1.8l

Case (3). In this case, X is not rational nor ruled by Theorem [5.1.11} Let X be the
minimal model of X. Then X = X #k@Q for some integer £ > 0. The 4-manifold
X has

o(X) = by (X)—b(X)=4 (5.20)
and

e(X) = 2—2by(X)+ b5 (X) + by (X) = —12. (5.21)
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So, the identities (5.20) and (5.21)) result in

bH(X) = bi(X)—5 (5.22)
by (X) = by(X)—09. (5.23)

The minimal 4-manifold X must satisfy ¢2(X) > 0 by Theorem[2.1.18, We have the
following identity:

AX)=EX)+k=—-12+k>0.
Then we get k£ > 12. It follows from
by (X)=b1(X)—9>k>12
that b; (X') > 21. However, any genus-g Lefschetz fibration must satisfy b; < 2g.

Cases (5), (6). In these cases, X is not rational nor ruled by Theorem Let
X be the minimal model of X. Then X = X#kCP for some integer k > 0. The
4-manifold X has

o(X) = by(X)—0by(X)=3 (5.24)
and
e(X) = 2=20(X) +b5(X)+b; (X) =—11. (5.25)

So, the identities (5.24)) and (5.25)) result in

b(X) = bi(X)—5 (5.26)
by (X) = by(X)—8. (5.27)

The minimal 4-manifold X must satisfy ¢2(X) > 0 by Theorem[2.1.18| We have the

following identity:
AX)=A(X)+k=—-13+k>0.
Then we get k£ > 13. It follows from
by (X)=0b(X)—8>k>13
that b; (X') > 21. However, any genus-g Lefschetz fibration must satisfy b; < 2g.
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Cases (7)-(10). In these cases, X is not rational nor ruled by Theorem [5.1.11] Let
X be the minimal model of X. Then X = X#kCP for some integer k > 0. The
4-manifold X has

o(X) = bf(X)—by(X)=2 (5.28)
and
e(X) = 2—20(X)+ b5 (X) + by (X) = —10. (5.29)

So, the identities (5.28) and (5.29) result in

bi(X) = bi(X)—5 (5.30)
by (X) = bi(X)—T. (5.31)

The minimal 4-manifold X must satisfy ¢2(X) > 0 by Theorem[2.1.18| We have the

following identity:
AX)=A(X)+k=—-14+k>0.
Then we get £ > 14. It follows from
by (X)=b(X)—T7T>k>14

that b;(X) > 21. This contradicts with the fact that any genus-g Lefschetz fibration
has b; < 2g.

Cases (12), (13). In these cases, X is not rational nor ruled by Theorem Let
X be the minimal model of X. Then X = X #k@Q for some integer £ > 0. The
4-manifold X has

o(X) = b3 (X)—-b(X)=1 (5.32)
and
e(X) = 2-20(X)+ by (X)+by(X)=-09. (5.33)

So, the identities (5.32)) and (5.33)) result in

bi(X) = b(X)=5 (5.34)
by (X) = by(X)—6. (5.35)
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The minimal 4-manifold X must satisfy cf()z ) > 0 by Theorem[2.1.18, We have the
following identity:

AX)=A(X)+k=—-15+k>0.
Then we get &k > 15. It follows from
by (X)=b(X)—6>k>15

that b;(X') > 21. This contradicts with the fact that any genus-g Lefschetz fibration
has b; < 2g. Thus, there exist no such a Lefschetz fibration. Therefore Nél >24. [

Lemma 5.2.10. N} € {23,24}.

Proof. Assume that NJi) < 23, so that we have a hyperelliptic genus-10 Lefschetz
fibration X. Let n and s = s; + sy + S3 + S4 + S5 be the number of nonseparating

and separating vanishing cycles. Thus, n + s < 23.

The equation (5.1)) gives rise to
n+12s; — 2s9 + 18s4 + 10s5 =0 (mod 42)

so that n is even. Also, using Theorem|5.1.17, we have n > 16. The signature and

the Euler characteristic are given as

—11n + 1551 + 4359 4+ 6353 + 7554 + 7955
o(X)= 9

and
e(X)=4—4g4+n+s=-36+n-+ s+ 2+ s3+ sS4 + S5.

Thus, the possible values of (n, sy, so, 83, 84, 85) and e(X),0(X), c2(X) are as fol-

lows:
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(n7 31752a83754785) G(X) U<X) C%(X)

1| (16,0,1,0,1,1) 17 |1 31
@) | (16,1,2,0,1,0) 16 | 0 32
3| (16,0,1,1,1,1) 16 | 4 20
@ | (16,1,2,1,1,0) 15 | 3 21
G)|  (16,1,0,0,2,2) 15 | 7 9
©) | (16,0,2,0,0,3) 15 | 7 9
7| (16,0,1,2,1,1) 15 | 7 9
®) | (16,4,0,0,0,2) 14 | 2 22
© | (16,2,1,0,2,1) 14 | 6 -10
(10) | (16,1,3,0,0,2) 14 | 6 -10
(1| (16,1,2,2,1,0) 14 | 6 -10
(12) | (16,1,0,1,2,2) 14 | 10 2
(13) | (16,0,2,1,0,3) 14 | 10 2
(14) | (16,0,2,0,4,0) 14 | 10 2
(15) | (16,0,0,0,1,5) 14 | 14 14
(16) | (16,5,1,0,0,1) -13 1 23
a7 | (16,4,0,1,0,2) 13 | 5 11
(18) | (16,3,2,0,2,0) 13 | 5 11
(19) | (16,2,4,0,0,1) 13 | 5 11
Q0) |  (16,2,1,1,2,1) 13| 9 1
eh | (16,1,3,1,0,2) 13 | 9 1
22) | (16,1,2,3,1,0) 13 | 9 1
23) | (16,1,1,0,1,4) 13 | 13 13
Q4| (16,1,02,2.2) 13 | 13 13
25 | (16,0,5,0,2,0) 13 | 9 1
26) | (16,0,2,2,0,3) 13 | 13 13
QN | (16,02,1,4,0) 13 | 13 13
28) | (16,0,1,4,1,1) 13 | 13 13
29 |  (16,0,0,1,1,5) 13 | 17 25
(30) | (16,0,0,0,5.2) 13 | 17 25
G| (18,2,0,0,0,0) 16 | -8 | -56
(32) | (18,2,0,1,0,0) 15 | -5 | 45
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(na 51752733754735> G(X) U(X) C%(X)

(33) | (18,2,0,2,0,0) 14 | 2 | -34
(B4) | (18,1,0,0,3,0) 14 | 2 22
(35) | (18,0,2,0,0,1) 14 | 2 22
(36) | (18,4,0,0,1,0) 13 | 3 | 35
37 | (18,2,0,3,0,0) 13 1 23
(38) | (18,1,3,0,1,0) 13 1 23
(39 | (18,1,0,1,3,0) 13 | 5 -11
40) | (18,02,1,1,1) 13 | 5 11
1) | (20,1,0,0,0,1) 14 | -6 | -46
42) | (20,2,1,0,0,0) 13 | 7 | 47
43) | (20,1,0,1,0,1) 13 | 3 | 35

We now rule out all cases:

Cases (31), (32), (41), (42). In these cases, c%(X) < 4 — 49 = —36. This contradicts
to Theorem [3.1.10

Cases (1)-(4), (8), (16), (33)-(38), (43). In these cases, ¢?(X) < 2—2g = —18. Thus,
X is a blow up of rational or ruled surface by Theorem[5.1.11] Also, since b1(X) > 0
by Lemma [5.1.9} it can not be a rational surface. Hence, we have b3 (X) = 1. But
this contradicts to Theorem 5.1.16]

Cases (12)-(15), (20)-(30). In these cases, o(X) > n — s — 4. However, this is a

contradiction with Lemma[3. 1.8l

Cases (17)-(19), (39), (40). In these cases, X is not rational nor ruled by Theo-
rem [5.1.11) Let X be the minimal model of X. Then X & X #k@z for some
integer £ > 0. The manifold X has

o(X)=b5(X)—-b,(X)=5 (5.36)
and

e(X) =2 —2b)(X) + b} (X) + b (X) = —13. (5.37)
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Thus, we have

bi(X) = bi(X)—5 (5.38)
by (X) = by(X)— 10. (5.39)

Since the minimal 4-manifold X must satisfy ¢2(X) > 0 by Theorem [2.1.18] We

have
AX)=AX)+k=—114+k>0.
Then we conclude that k& > 11. It follows from
by (X) =b1(X)—10>k > 11

that b;(X) > 21. However, any genus-g Lefschetz fibration must satisfy b; < 2g.

Therefore, there exists no such a Lefschetz fibration.

Cases (5)-(7). In these cases, since X is not rational nor ruled by Theorem [5.1.11]
then for some integer £ > 0, X = X #k:@Q where X is the minimal model of X.
We have

o(X) = bf(X)—by(X)=7 (5.40)
e(X) = 2—=2b(X)+ b5 (X)+b;(X)=—15. (5.41)

bi(X) = b(X)—5 (5.42)
by (X) = by(X)—12. (5.43)

The minimal 4-manifold X must satisfy c%()? ) > 0 by Theorem|[2.1.18, We have the
following identity:

AX)=EX)+k=-9+k>0.
Then we get k£ > 9. It follows from
by (X) = bi(X) = 12> k > 9

that b;(X) > 21. However, this contradicts with the fact that any genus-¢g Lefschetz

fibration must satisfy b; < 2g.
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Cases (9)-(11). In these cases, it follows from Theorem [5.1.11] that X is not rational
nor ruled. Thus, X = X #k@z for some integer £ > 0 where X is the minimal
model of X. We get
o(X) = by (X) = by (X) =6, (5.44)
e(X) = 2—2by(X)+bf(X)+by(X) = —14. (5.45)

Consequently, we obtain the equations
by (X) = bi(X) -5, (5.46)
by (X) = h(X)— 11 (5.47)
The minimal X has c%()N( ) > 0 by Theorem We have the following identity:
AX)=E(X)+k=-10+k>0.
This implies that £ > 10. It follows from
by (X)=0b(X)—11>k>10

that b;(X') > 21. And so again we get a contradiction since b; can not be grater than

20 for any genus-10 Lefschetz fibration.

Therefore, the number N{% can not be less than 23. Since we have a genus-10 hyper-
elliptic Lefschetz fibration with 24 singular fibers by Theorem [5.1.19, N7 is either
23 or 24. [

As long as genus-g increases, the number of possibilities of n and s increases, the
number of irreducible and reducible fibers, respectively. Hence, it is hard to find the
exact value of NV, gh. The odd case is more harder because of the upper bound of NN, gh
which is 5g — 3. However, one can improve the lower bound of N, ;L for small odd ¢
as in the case of g = 5 and g = 7 in the Theorem [5.2.3] For general case we have the

following:

Proposition 5.2.11. Let f : X — S? be a genus-g hyperelliptic Lefschetz fibration
withn + s < 29 + 4 and g > 6. Then the signature of X, o(X) is positive.

Proof. Suppose that X admits a genus-g hyperelliptic Lefschetz fibration X with

n + s < 2g + 4. Consider the 4-manifold Y = X # ;X obtained by fiber sum of X
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with itself. The manifold Y admits a genus-g Lefschetz fibration over S2. It follows

from Theorem [5.1.13|that Y is minimal. By Theorem [2.1.18 we have ¢2(Y) > 0.
Hence, we have the following inequality using Lemma [2.1.T0}

0<ci(Y)

30(Y) +2e(Y)
3(20(X))+2(4—4g+2(n+s))
60(X)+8—8g+4(29 + 3)

60 (X) + 20.

IA

This implies that (X)) > —3. The manifold X is not a blow up of ruled surface by
Theorem Also, it cannot be a blow up of a rational surface since b;(X) > 0
by the inequality in Lemma So, it follows from Theorem that ¢2(X) >
2 — 2g. Therefore we get:

2-2g<cj(X) = 30(X)+2¢(X)
= 30(X)+2(4—-4g9g+n+s)
< 30(X)+2(4—49+2g+3)
= 30(X)+ 14 —4g.
29 —

2
The above inequality results in o(X) > , which implies that o(X) > 0 when

g > 6. ]

Remark 5.2.12. The above proposition implies that every hyperelliptic genus-g Lef-
schetz fibration with n + s < 2g + 4 has by(X) >
o(X) <n—s—2(29— b (X)) by Lemma However, there exists no known

such a Lefschetz fibration.

using the equation

5.3 The number of singular fibers in a holomorphic hyperelliptic Lefschetz fi-

bration over S?

In this section, we will focus on holomorphic Lefschetz fibrations and we will ex-
amine their minimal number of singular fibers using the classification of complex
surfaces. Let M ; denote the minimal number of singular fibers in a holomorphic

hyperelliptic Lefschetz fibration of genus g over S.
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Recall that n and s denote the number of nonsepataing and separating vanishing cy-

cles, respectively.

Lemma 5.3.1. Let f : X — S? be a genus-g holomorphic hyperelliptic Lefschetz
fibration with g > 6 and even or g > 9 and odd. If n + s < 2g + 4 thenn > 2g + 2.

Proof. Suppose that there exist a holomorphic hyperelliptic Lefschetz fibration with
n < 2g+2.

Let us first consider n < 2¢. Using the inequality o(X) < n — s — 4 by Lemma
, we have

e(X) 4+ o(X)
4
Ad—4g+n+s)+(n—s—4)
4

xn(X) =

2n — 4g
= 0.
1 <

Now, assume that n = 2¢, which gives rise to s < 3. By the signature formula (5.2)),

we get
l9/2]
g+1 4h(g — h)
X) = — —7 1 _1
o(X) 29+1n+;( g1 e
+1 4(qg/2 2
< _9_(29)+3(M_1)
29 +1 29 +1
_ 983
29 +1
g
< ==3
2
and also, using n + s < 2g + 3 we have
e(X)+o(X
i) = o)
4—49+29+3+(9/2) -3
4
—3(qg/2 4
o et

Hence, we conclude that x,(X) < 0if n < 2¢g. By classification of complex sur-
faces X is diffeomorphic to a blow up of a ruled surface which implies that b = 1.
However, this is a contradiction with Theorem [5.1.16] Therefore, n > 2¢. Since the

number 7 is even by equality (5.1, we get the required inequality.
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Now, we are ready to prove one of the main theorems.

Theorem 5.3.2. Let g > 4 and even. Then M ; =29 +4.

Proof. Suppose that we have a holomorphic hyperelliptic Lefschetz fibration X with
n+s < 2g+4, g > 6andeven. Hence, n > 2g + 2 by Lemma[5.3.1] The equality
1} implies that n is even and also s = Ebgﬁ] sp > 0. Thus, s = 1.

The signature o(X') of X is computed using the signature formula (5.2)) as follows:
l9/2]

g+1 4h(g — h)
X) = — — 71
o(X) 2g+1n+;< 20 +1 Jsn
g+1 4(9/2)(9/2)
— I (9g42) + (RLEAIE
S Ty i+ (T )
_ 9 +6g+3
B 29 + 1
g
< 5%
Using o(X) < —g, n=2g+ 2and s = 1, we get:
e(X)+o(X
wx) = Lo
4—49+29+3—(9/2)
4
—5(g/2 7
e VDR

In this case, the classification of complex surfaces implies that X is a blow up of
a ruled surface and hence b; = 1. However, this is impossible if g > 6 by Theo-
rem[S.T.T6

Now, consider the remaining case, g = 4. It follows from Theorem|[5.2.3|that minimal
number of singular fibers in a genus-4 hyperelliptic Lefschetz fibration is 12. This

completes the proof.

]

In the case of g odd and g > 5, we improve the lower bound of M :. We prove the

following theorem.
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Theorem 5.3.3. Let g > 7 and odd. Then M) > 2g + 6.

Proof. Suppose that there exist a holomorphic hyperelliptic Lefschetz fibration X
with ¢ > 5,0odd and n + s < 2g + 6.

First consider the case g > 9. If n < 2¢ then it can be shown that y(X) < 0 using
the inequality o(X) < n — s — 4 as in the proof of Lemma This implies that
by = 1 by the classification of complex surfaces. But, this gives a contradiction with
Theorem|[5.1.16] The odd case of the equation leads ton = 0 (mod 4). We can
conclude that n > 2g + 2. The assumption n + s < 2g + 6 gives rise to n = 2g + 2
and s < 3. Therefore, the signature formula implies the following inequality:

l9/2]
g+1 4h(g — h)
X) = — + A A A |
oX) = g Sy D
g+1 4(g/2)(9/2)
< - 2 2 —_ 1
S o T+ T )
_ g*> —10g — 5
20 +1
g
= — 5.
= 2

Then, using the inequality o(X) < 3—5, the holomorphic Euler characteristic x(X)
of X,
e(X)+o(X) 4—4dg+n+s+o(X)

(X)) = 4 4
4—49+29+5+(9/2) -5
4
-3
< Tg+1<o.

Hence the classification of complex surfaces implies that X is a blow up of a ruled

surface. In this case, b5 (X) = 1. However, this contradicts to Theorem|5.1.16)

Now consider the g = 7 case. By Lemma the number of singular fibers must
be grater than 16. Also , we know by the proof of Lemma [5.2.7] that

n>12,
n=0 (mod 4)

and the equation

n+ 12s; — 20se + 24s3 =0 (mod 60)
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must be satisfied where s = s; + s2 + s3. Hence the possible values of (n, s1, $2, S3)

are as follows:

(n,51,52,85) e(X) o(X) (X) xa(X)

(1) | (12,1,0,4) -7 3 -5 -1
2)| (12,0,3,2) -7 3 -5 -1
3) | (12,3,0,3) -6 2 -12 -1
4 | (12,2,3,1) -5 1 -7 -1
(5) | (12,0,0,7) -5 9 -5 1
6) | (12,5,0,2) -5 1 -7 -1
(7| (12,4,3,0) -5 1 -7 -1
8) | (16,0,2,1) -5 -3 -19 -2

Cases (1)-(4),(6)-(7). In these cases, x(X) < 0. Thus, X is a blow up of a ruled
surface. However, o (X ) must be nonnegative for such a manifold. Hence, we exclude

these cases.

Case (5). In this case, the manifold X does not satisfy the inequality o(X) < n—s—4
by Lemma|5.1.8]

Case (8). In this case, since x,(X) < 0, X is diffeomorphic to a blow up of a ruled

surface. Hence by = 1. We have

e(X) = —5 =2 — 2b,(X) + b5 (X) + by (X) = 3 — 20,(X) + by (X)

and

o(X)=-3=0b(X)—by(X)=1+0b;(X).
Hence (b1(X), b3 (X),b; (X)) = (6,1,4). Therefore, X = 33 x S?#3CP2. But
Y3 x S2#3C P2 does not admit a genus-7 Lefschetz fibration over S? by Lemma
This finishes the proof. 0
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