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ABSTRACT 

 

 

 

REDUCED ORDER MODELING OF HELICOPTER  

SUBSTRUCTURES FOR DYNAMIC ANALYSIS 

 

 

Hayırlı, Uğur 

     M.S., Department of Aerospace Engineering 

     Supervisor : Prof. Dr. Altan Kayran 

 

 

June 2018, 108 pages 

 

 

Dynamic analysis of a structure is generally conducted by the finite element 

method in aerospace structures. The models usually contain large number of 

elements to be able to obtain more accurate results. Although the most computers 

are capable of solving the large and complex problems, the analysis problems such 

as dynamic optimization, aeroelastic, frequency and time response may take long 

time due to involving iterative and multi-step processes. In this study, various 

model reduction methods are described in order to achieve faster solutions by 

decreasing the size of the finite element model and preserving the dynamic 

behavior of the structure. The reduction techniques are categorized under three 

different approaches namely reduction of system matrices, component mode 

synthesis and stick model development. In this study, the techniques used to create 

the reduced models are reviewed in detail and the capability of the methods to 

reflect the dynamic behavior of the global structure is investigated. A simple 

cantilever plate and a typical helicopter tail finite element models are utilized to 

perform the reduction procedure and to verify the presented methodologies. The 

results of the normal modes, frequency and time response analyses are compared 



vi 

 

with the full/global finite element models to demonstrate the efficiency of the 

reduction techniques. 

Keywords: Model Reduction, Component Mode Synthesis, Stick Model, Dynamic 

Analysis, Aircraft Finite Element Models 
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ÖZ 

 

 

 

HELİKOPTER ALTYAPILARININ DİNAMİK 

ANALİZİ İÇİN DÜŞÜK DERECEDE MODELLENMESİ 

 

 

Hayırlı, Uğur 

     Yüksek Lisans, Havacılık ve Uzay Mühendisliği Bölümü 

     Tez Yöneticisi : Prof. Dr. Altan Kayran 

 

 

Haziran 2018, 108 sayfa 

 

 

Bir yapının dinamik analizi, havacılık endüstrilerinde genel olarak sonlu eleman 

modellemesi ile gerçekleştirilir. Modeller daha doğru sonuçlar elde edebilmek için 

çok sayıda eleman içerir. Çoğu bilgisayar, büyük ve karmaşık problemleri 

çözebilmesine rağmen dinamik optimizasyon, aeroelastik, frekans ve zaman 

cevabı gibi analizler, yinelemeli ve çok aşamalı süreçleri içerdiği için uzun zaman 

alabilir. Bu çalışmada, daha hızlı çözümler elde etmek için sonlu elemanlar 

modelinin büyüklüğünü azaltarak ve yapının dinamik davranışını koruyarak çeşitli 

model azaltma yöntemleri tanımlanmıştır. İndirgeme teknikleri, sistem 

matrislerinin azaltılması, bileşen modu sentezi ve çubuk modeli geliştirme olmak 

üzere üç farklı yaklaşımda sınıflandırılmaktadır. İndirgenmiş modeller oluşturmak 

için kullanılan teknikler ayrıntılı olarak gözden geçirilmekte ve yöntemlerin 

küresel yapının dinamik davranışını yansıtma yetenekleri incelenmektedir. 

İndirgeme prosedürünü gerçekleştirmek ve sunulan metodolojileri doğrulamak için 

basit bir konsol plakası ve tipik bir helikopter kuyruğu sonlu eleman modelleri 

kullanılmaktadır. Normal modların, frekans ve zaman cevabı analizlerinin 

sonuçları, indirgeme tekniklerinin verimliliğini göstermek için tam/küresel sonlu 

eleman modelleri ile karşılaştırılmıştır. 
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Anahtar Kelimeler: Model Azaltma, Bileşen Modu Sentezi, Çubuk Modeli, 
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CHAPTER 1 

 

 

INTRODUCTION 

 

 

 

In finite element analysis, the available capabilities of computers have always been 

insufficient to meet the demand of the engineers. Although the computer 

technologies have developed well in recent years, the size of the models has also 

increased exponentially. In aerospace industries, the finite element models not 

only include the primary structures such as wings, fuselage, tail, stabilizers but 

also the secondary structures such as fairings, cowlings, access panels, doors, 

windows in order to have more reliable solutions. Complete finite element models 

prevent the engineers from solving large problems due to the limits of the 

computer resources and the storage capacity and leading time consuming analyses. 

Therefore, model reduction techniques are proposed for faster computation of the 

mathematical problems. These methods decrease the size of the finite element 

models so that the engineers can perform more efficient analysis. For instance, the 

reduced models are utilized in frequency response or time response analyses 

involving the application of hundreds of different load case scenarios in aerospace 

industry. Moreover, they are used in the analyses including many design iterations 

in the preliminary phase of the aircraft projects. The reduced models are further 

utilized in the optimization or the aeroelastic studies. 

Several reduction methods have been developed to condense the size of the 

models. The methodologies can be grouped into three general categories according 

to the theory of the reduction approach. In the first methodology, the size of the 

system matrices of the global model is decreased directly to some selected degrees 

of freedom. Second, the global model is divided into several substructures and 

then the system matrices of the substructures are reduced and assembled back to 

the remaining structure. Third, the global finite element model is decreased to a 

model that resembles like a stick model.   
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As the first category of reduction methods, the model size is reduced by lowering 

the size of the stiffness and mass matrices of the global finite element model 

directly. The initial and well known technique is introduced by Guyan and similar 

method is proposed by Irons [1], [2]. These methods are embedded in almost every 

commercial finite element programs. The mass matrix is neglected during the 

reduction process so it is generally referred as static condensation. That is, the 

reduction is performed by utilizing the stiffness matrix only. Therefore, it produces 

approximate results of the global model in dynamic analysis. In this method, it is 

necessary to choose some degrees of freedom named as the masters which are kept 

in the reduced model and the remaining degrees of freedom are called slaves which 

are eliminated from the model. The transformation matrix which relates the 

masters and slaves is formed to carry out the reduction procedure. For the selection 

of master degrees of freedom, a systematic approach is followed by Shah and 

Raymund [3]. A cut-off frequency is determined which covers the interested 

natural frequencies of the model. Then, a degree of freedom is chosen for which 

the ratio of stiffness to mass is largest. If this ratio is greater than the cut-off 

frequency, this degree of freedom is selected as slave which is omitted from the 

model. This process continues until the stiffness to mass ratio in the reduced 

system matrices is less than the cut-off frequency. Furthermore, Kammer proposed 

a condensation method named as modal reduction to be used in test and analysis 

correlation studies [4]. The methodology utilizes the mode shapes of the global 

model in order to generate the transformation matrix. Another method developed 

by O’Callahan is the improved reduced system (IRS) which is an extension of the 

Guyan reduction [5]. In this method, inertial effects or mass matrix in the 

development of the reduction are included so it gives more accurate estimates of 

the dynamic behavior of the global model compared to the static condensation. 

Another method for reducing the finite element model is system equivalent 

reduction expansion process (SEREP) which again uses the mode shapes for the 

development of the transformation matrix [6]. Moreover, test-analysis correlation 

studies using the reduced models are carried out to demonstrate the accuracies of 

the existing methodologies [7]. The finite element models cannot be compared 

directly with the test models due to the large analytical models and the limited test 
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instruments. This paper utilizes Guyan and IRS techniques in order to decrease the 

analysis model to the exact test degrees of freedom and presents the advantages 

and disadvantages of the methods by comparing the normal modes analysis results.  

Chung also came up a reduced model which is called as test-analysis-model 

(TAM) to correlate the full structure with the modal test data by following the 

orthogonality, modal effective mass and modal assurance criteria [8]. Similarly, 

the proposed reduction techniques are utilized to create reduced or test-analysis 

models for the evaluation of the methods applied on different case studies [9], 

[10], [11]. Furthermore, Kim and Choi presented an analytical method based on 

the energies of the degrees of freedom estimated by Ritz vectors in order to choose 

the master degrees of freedom in the reduction procedure [12]. The dynamic 

condensation technique is applied to the models which include local nonlinearities 

to obtain reduced system for decreasing the computational effort [13]. Moreover, 

Salvini and Vivio proposed a new approach on obtaining reduced models with the 

Guyan method by preserving the global mass matrix information [14]. For the 

evaluation of the accuracy of the reduced models, an error estimator which 

provides the difference level between the global and reduced models is presented 

by Kim and Lee [15]. 

As the second category of reduction methods the finite element models can be 

reduced to a smaller size by using superelement or component mode synthesis 

(CMS) concept. Craig and Bampton presented a theory which is based on the 

principle of dividing the global model into several components also called as 

substructuring. This method reduces the structure to the boundaries and few 

interior degrees of freedom. Then the reduced substructure is synthesized to the 

rest of the structure [16]. In this paper, the substructure system matrices are 

decreased to the boundary coordinates and the generalized coordinates by using 

constraint modes and fixed interface modes. The constraint modes are the 

constraint forces of all coordinates when a unit displacement is applied on a 

specific coordinate while the others are fixed. On the other hand, the fixed 

interface modes are obtained from the eigensolution of the substructure by 

imposing zero boundary conditions at the interface coordinates. Moreover, 

Benfield and Hruda performed the dynamic analysis of a complex structure 
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involving large number of components by calculating fixed and free-free interface 

component modes of each substructure with an interface loading [17]. In addition 

to the estimation of the constraint modes described in the previous papers, the 

attachment modes are also utilized to reduce the substructure of a system [18]. 

Unlike the constraint modes, the attachment modes are calculated by implementing 

a unit force on a single coordinate and obtaining the displacements of all 

coordinates. Hale and Meirovitch come up with a new approach by developing a 

subspace iteration concept without having a need for calculating the fixed or free-

free normal modes, the constraint modes and the attachment modes for the 

dynamic representation of the substructures [19]. Blades and Craig introduced a 

procedure that transforms the reduced substructure generalized coordinates to the 

physical coordinates in order to have a test analysis model (TAM) that can be 

utilized for test-analysis correlation studies [20]. The constraint modes in the 

component mode synthesis are truncated by defining a new methodology called as 

characteristic constraint modes so that the size of the model is even less when 

compared to the CMS model [21]. Furthermore, component mode synthesis 

technique is performed for direct modal updating of the substructures instead of 

testing the whole complex structure [22]. The mixed Craig-Bampton method is 

introduced to reduce and assemble the divided substructures. The substructure is 

divided into interior degrees of freedom and also fixed and free interface degrees 

of freedom. In addition to the estimation of the internal normal modes and 

constraint modes, the residual flexibility modes are calculated for free interface 

boundary [23]. Moreover, a subspace iteration method is proposed to measure and 

reduce the error of the reduced model obtained by Craig-Bampton component 

mode synthesis [24]. Substructuring approach is also applied to geometrically 

nonlinear structures by proposing a non-intrusive method [25]. 

As the third category of reduction methods, the finite element models are reduced 

by following a different procedure compared to the previous methodologies in the 

literature. Hashemi-Kia and Toossi proposed a technique for generating the stick 

model of the airframe finite element model at the beam axis [26]. In order to 

extract the stiffness properties along the axis of the stick model, a detailed 

procedure involving the calculation of constraint forces is presented in this paper. 
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On the other hand, an in-house mass lumping procedure is used for the mass 

matrix condensation. Furthermore, simplified finite element models of the hollow 

type structures are obtained by determination of the physical parameters or cross-

sectional properties with using Timoshenko beam theory [27]. In addition, a static 

extraction process of the stick model of the aircraft wing structure is presented by 

Elsayed, Sedaghati and Abdo [28]. In this paper, the stiffness properties of the 

wing with respect to its elastic axis are extracted and then employed to create the 

wing stick model. Cirillo introduced a methodology to produce condensed finite 

element models of a business jet aircraft which resembles a beam or stick model 

[29]. Beam section constitutive law is used to obtain the axial and shear stiffness 

properties of the global finite element model. For the mass properties extraction, 

the mass properties tool of MSC Patran is used. 

 

1.1 Objective of the Thesis 

The helicopter involves several substructures such as canopy, engines, landing 

gears, fuselage, tail and stabilizers. The analysis of these structures can be 

performed by either using hand calculation or by the finite element method. Since, 

aircraft structures include high level of complexity, the finite element modeling is 

mostly preferred in aerospace industry. Dynamic analysis of the structures requires 

large number of elements in order to have more accurate results compared to static 

analysis. The computation time increases dramatically for optimization, 

aeroelastic, frequency and time response analyses because of involving iterative 

and multi-step processes. Furthermore, the analysis at the preliminary design phase 

involving many design iterations under different loading conditions causes time 

consuming runs. Therefore, the main objective of the thesis is to decrease the 

required computation time and storage space to have a quick knowledge about the 

dynamic characteristics of the helicopter substructures through reduced order 

modeling.  
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1.2 Scope of the Thesis 

Chapter 2 presents a detailed explanation of the methodologies utilized to 

implement the reduction procedure under three main categories: 

 Reduction of System Matrices 

 Component Mode Synthesis or Superelement 

 Stick Model Development 

Chapter 3 involves the case studies conducted on a simple cantilever plate finite 

element model fixed from one end and a typical helicopter tail finite element 

model fixed at the fuselage interface. The reduced models are produced by 

following the described methodologies. Dynamic analysis results of the reduced 

models are compared with the full/global finite element models.  

Chapter 4 summarizes the results of this study and gives recommendations for 

future work. 
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CHAPTER 2 

 

 

MODEL REDUCTION METHODOLOGIES 

 

 

 

The helicopter structures include various complex substructures so the analysis of 

global finite element model may generally require higher computation effort and 

cause time consuming runs in order to have a solution. This condition is worse 

especially for dynamic analysis because the finite element model has to involve 

more elements to be able to obtain more accurate results. Hence, the model 

reduction approach is applied on the global model to decrease the size of the 

structure and reach the solution faster.  

In this section, the theories of model reduction methodologies are described in 

detail. Three different model reduction approaches are conducted in this study. The 

first approach is the reduction of global model by directly decreasing the size of 

the system matrices. In the second approach, component mode synthesis or 

superelement technique is utilized. This technique divides the global model into 

substructures and then attaches the desired substructure again to the full model 

after reducing the size of the structure. In the third approach, the size of the global 

model is reduced by generating a stick model along the beam axis of the full 

structure. 

 

2.1 Reduction of System Matrices 

In literature, there are many techniques to decrease the size of the finite element 

models. These methodologies are based on the principle that the system matrices 

of the full structure are reduced by using a transformation matrix. The difference 

of the proposed techniques arises from the way in which this matrix is acquired. 

This study deals with the three reduction methodologies, namely Guyan 

Reduction, Improved Reduced System (IRS) and Modal Reduction [1], [4], [5].  
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2.1.1 Guyan Reduction 

Guyan Reduction is the most common used technique to decrease the size of the 

system mass and stiffness matrices [1]. This method is also referred to as static 

condensation since the mass (inertia) matrix is ignored during the reduction 

process. The derivation of this method is achieved by only utilizing the stiffness 

matrix so the reduced model gives exact results for static structural analysis. 

The equation of motion governing the response of an undamped system is written 

as 

 𝑀𝑥̈ +  𝐾𝑥 = 𝐹 (1) 

where M and K are the system mass and stiffness matrices respectively, x is an 

array involving physical displacements and F is an array involving the external 

applied forces. For the reduction procedure, the equation of motion is written in 

partitioned form as, 

 
[
𝑀𝑠𝑠 𝑀𝑠𝑚

𝑀𝑚𝑠 𝑀𝑚𝑚
] {

𝑥̈𝑠

𝑥̈𝑚
} + [

𝐾𝑠𝑠 𝐾𝑠𝑚

𝐾𝑚𝑠 𝐾𝑚𝑚
] {

𝑥𝑠

𝑥𝑚
} = {

𝐹𝑠

𝐹𝑚
} 

(2) 

where subscript “m” (master dof) represents the degrees of freedom to be kept in 

the reduced model and subscript “s” (slave dof) represents the degrees of freedom 

to be omitted from the model. 

The Guyan transformation is derived on the basis of a static solution which 

neglects the mass matrix, 

 
[
𝐾𝑠𝑠 𝐾𝑠𝑚

𝐾𝑚𝑠 𝐾𝑚𝑚
] {

𝑥𝑠

𝑥𝑚
} = {

𝐹𝑠

𝐹𝑚
} 

(3) 

The slave degrees of freedom, {𝑥𝑠}, can be expressed in terms of master degrees of 

freedom, {𝑥𝑚}, by solving the upper partition of Eq. (3). 

 [𝐾𝑠𝑠]{𝑥𝑠}  +  [𝐾𝑠𝑚] {𝑥𝑚}  =   {𝐹𝑠} (4) 

 {𝑥𝑠} =  −[𝐾𝑠𝑠]
−1[𝐾𝑠𝑚] {𝑥𝑚} + [𝐾𝑠𝑠]

−1 {𝐹𝑠} (5) 
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Guyan reduction also assumes that there are no forces applied on the slave degrees 

of freedom. 

 {𝑥𝑠} =  −[𝐾𝑠𝑠]
−1[𝐾𝑠𝑚] {𝑥𝑚} (6) 

The transformation matrix, [𝑇𝐺], to decrease the degrees of freedom (dofs) of the 

global model can be obtained as 

 {
𝑥𝑠

𝑥𝑚
} = [𝑇𝐺]{𝑥𝑚} (7) 

where  

 
[𝑇𝐺] =   [

−[𝐾𝑠𝑠]
−1[𝐾𝑠𝑚]

[𝐼𝑚𝑚]
] 

(8) 

The corresponding reduced mass and stiffness matrices can be given as 

 [𝑀𝐺] =  [𝑇𝐺]𝑇[𝑀][𝑇𝐺]        ,      [𝐾𝐺] =  [𝑇𝐺]𝑇[𝐾][𝑇𝐺] (9) 

 

2.1.2 Improved Reduced System (IRS) 

The Guyan reduction method neglect the inertia terms in the equation of motion 

and assumes that there are no forces applied on the slave degrees of freedom. 

Therefore, Guyan reduction produces approximate results in dynamic analysis. 

The improved reduced system presents a modification to enhance this 

approximation [5]. For this purpose, the second term of Eq. (5) which involves the 

multiplication of the inverse of the partitioned slave stiffness matrix and the 

applied forces on the slave degrees of freedom is included in the development of 

the IRS transformation matrix. 

The eigenvalue equation of the global system is in the form, 

 [𝐾]{𝑥} =  [𝑀]{𝑥}[Ω2] (10) 
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Also, the eigenvalue equation of the reduced system obtained by Guyan reduction 

can be written as, 

 [𝐾𝐺]{𝑥𝑚} =  [𝑀𝐺]{𝑥𝑚}[ω2] (11) 

or 

 {𝑥𝑚}[ω2] =  [𝑀𝐺]−1[𝐾𝐺]{𝑥𝑚} (12) 

The mode shapes of the global system can be recovered by expanding the modes 

of the Guyan reduced model using the transformation matrix given by Eq. (8). 

 {𝑥̃}  =  [𝑇𝐺]{𝑥𝑚} (13) 

Furthermore, the eigenvalue equation of the global system can be represented 

using the expanded modes, 

 [𝐾]{𝑥̃} = [𝑀]{𝑥̃}[ω2] (14) 

The system eigenvalue equation is expressed by substituting Eq. (13) into Eq. (14) 

 [𝐾]{𝑥̃} = [𝑀][𝑇𝐺]{𝑥𝑚}[ω2] (15) 

The external force given in Eq. (3) can be represented by using the modes of the 

reduced model in Eq. (13) as, 

 {𝐹}  =  [𝐾]{𝑥̃}                               (16) 

The external force can also be written by substituting Eq. (15) into Eq. (16) 

 {𝐹} = [𝑀][𝑇𝐺]{𝑥𝑚}[ω2] (17) 

As a result, it can be expressed in terms of the modes of the reduced model by 

inserting Eq. (12) into Eq. (17). 

 {𝐹} = [𝑀][𝑇𝐺][𝑀𝐺]−1[𝐾𝐺]{𝑥𝑚} (18) 
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Then, Eq. (5) can be rewritten by substituting Eq. (18) into the second term of Eq. 

(5). The transformation matrix, [TIRS], can also be obtained as shown in the 

derivation below. 

 
{𝑥} = [𝑇𝐺]{𝑥𝑚} + [𝐾

−1
𝑠𝑠 0

0 0
] {

𝐹𝑠

𝐹𝑚
} 

{
𝑥𝑠

𝑥𝑚
} =  [

−[𝐾𝑠𝑠]
−1[𝐾𝑠𝑚]

[𝐼𝑚𝑚]
] {𝑥𝑚} + [𝐾

−1
𝑠𝑠 0

0 0
] {

𝐹𝑠

𝐹𝑚
} 

where 

{𝐹}  =  [
𝑀𝑠𝑠 𝑀𝑠𝑚

𝑀𝑚𝑠 𝑀𝑚𝑚
] [

−[𝐾𝑠𝑠]
−1[𝐾𝑠𝑚]

[𝐼𝑚𝑚]
] [𝑀𝐺]−1[𝐾𝐺]{𝑥𝑚} 

Then, 

{
𝑥𝑠

𝑥𝑚
} =  [

−[𝐾𝑠𝑠]
−1[𝐾𝑠𝑚]

[𝐼𝑚𝑚]
] {𝑥𝑚} + [𝐾

−1
𝑠𝑠 0

0 0
] [

𝑀𝑠𝑠 𝑀𝑠𝑚

𝑀𝑚𝑠 𝑀𝑚𝑚
] [

−[𝐾𝑠𝑠]
−1[𝐾𝑠𝑚]

[𝐼𝑚𝑚]
] [𝑀𝐺]−1[𝐾𝐺]{𝑥𝑚} 

{
𝑥𝑠

𝑥𝑚
} =  [

−[𝐾𝑠𝑠]
−1[𝐾𝑠𝑚]

[𝐼𝑚𝑚]
] {𝑥𝑚} + [𝐾

−1
𝑠𝑠 0

0 0
] [

−[𝑀𝑠𝑠][𝐾𝑠𝑠]
−1[𝐾𝑠𝑚] + [𝑀𝑠𝑚]

−[𝑀𝑚𝑠][𝐾𝑠𝑠]
−1[𝐾𝑠𝑚] + [𝑀𝑚𝑚]

] [𝑀𝐺]−1[𝐾𝐺]{𝑥𝑚} 

{
𝑥𝑠

𝑥𝑚
} =  [

−[𝐾𝑠𝑠]
−1[𝐾𝑠𝑚]

[𝐼𝑚𝑚]
] {𝑥𝑚} + [

[𝐾𝑠𝑠]
−1([𝑀𝑠𝑚] − [𝑀𝑠𝑠][𝐾𝑠𝑠]

−1[𝐾𝑠𝑚])

[𝐼𝑚𝑚]
] [𝑀𝐺]−1[𝐾𝐺]{𝑥𝑚} 

{
𝑥𝑠

𝑥𝑚
} = [

{−[𝐾𝑠𝑠]
−1[𝐾𝑠𝑚]} + {[𝐾𝑠𝑠]

−1([𝑀𝑠𝑚] − [𝑀𝑠𝑠][𝐾𝑠𝑠]
−1[𝐾𝑠𝑚]){[𝑀𝐺]}−1[𝐾𝐺]}

[𝐼𝑚𝑚]
] {𝑥𝑚} 

[𝑇𝐼𝑅𝑆] = [
{−[𝐾𝑠𝑠]

−1[𝐾𝑠𝑚]} + { [𝐾𝑠𝑠]
−1 ([𝑀𝑠𝑚] − [𝑀𝑠𝑠][𝐾𝑠𝑠]

−1[𝐾𝑠𝑚]) {[𝑀𝐺]∗}−1[𝐾𝐺]∗}

[𝐼𝑚𝑚]
] 

(19) 

Again, the reduced mass and stiffness matrices are given by, 

 [𝑀𝐼𝑅𝑆] =  [𝑇𝐼𝑅𝑆]
𝑇[𝑀][𝑇𝐼𝑅𝑆]      ,      [𝐾𝐼𝑅𝑆] =  [𝑇𝐼𝑅𝑆]

𝑇[𝐾][𝑇𝐼𝑅𝑆] (20) 

 

2.1.3 Modal Reduction 

The modal reduction method utilizes the mode shapes of the global model to 

reduce the mass and stiffness matrices [4]. It offers an alternative approach to the 

Guyan and IRS reduction techniques by preserving the mode shapes of the finite 

element model. 

 
{𝑥} =  {

𝑥𝑠

𝑥𝑚
} =  [Φ]{𝑞} = [

Φ𝑠

Φ𝑚
] {𝑞} 

(21) 
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where [Φ] are the mode shapes of the structure and {𝑞} are the generalized 

coordinates. The generalized coordinates {𝑞} can be expressed in terms of the 

independent coordinates {𝑥} by solving the lower partition of Eq. (21), 

 {𝑞} =  [Φ𝑚
𝑇 Φ𝑚]

−1
[Φ𝑚]𝑇{𝑥𝑚} (22) 

Then, the upper partition of Eq. (21) is written by substituting Eq. (22) into Eq. 

(21). 

 {𝑥𝑠} =  [Φ𝑠[Φ𝑚
𝑇 Φ𝑚]

−1
[Φ𝑚]𝑇] {𝑥𝑚} (23) 

The transformation matrix [T𝑀] for the modal reduction can be obtained as 

 {𝑥} = [T𝑀]{𝑥𝑚} (24) 

where 

 
[T𝑀] = [

[Φ𝑠[Φ𝑚
𝑇 Φ𝑚]

−1
[Φ𝑚]𝑇]

𝐼𝑚𝑚

] 
(25) 

Finally, the reduced mass and stiffness matrices using the modal reduction 

approach are calculated from Eq. (26). 

 [𝑀𝑀] =  [T𝑀]𝑇[𝑀][T𝑀]      ,      [𝐾𝑀] =  [T𝑀]𝑇[𝐾][T𝑀] (26) 

 

2.2 Component Mode Synthesis (CMS) – Superelement Technique 

Finite element models may involve high number of degrees of freedom to be able 

to provide more exact solutions in dynamic analysis. In addition, they may contain 

different complex substructures such as aircraft wings, pylons, engines, fuselage, 

stabilizers for assembling and solving the entire model so the computers may not 

be effective in producing solutions of the full assembly in a short period of time. 

Thus, it is necessary to implement a method to analyze substructures of the global 

model. For this reason, component mode synthesis (CMS) or superelement 

technique is performed as an alternative approach. The principle is based on 
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dividing the global finite element model into several components and reducing 

each substructure to its boundaries by using the superelement technique and 

assembling the reduced superelements to the rest of the structure [30]. The Craig-

Bampton method is one of the most popular and well known techniques of 

component mode synthesis [16]. It is widely used in large and complex structures 

to divide and reduce the size of the global model so that large size aircraft finite 

element models can be analyzed effectively. 

 

2.2.1 Craig-Bampton Method in Modal Coordinates 

This method divides the large structural models into substructures and reduces 

these structures to a smaller number of degrees of freedom. The reduced 

substructures involve physical coordinates at the substructure boundaries and 

modal or generalized coordinates that reflect the dynamic behavior of the 

substructure [16]. Furthermore, the reduced substructure and the remaining 

structure are coupled together to synthesize the global model after the substructure 

reduction process is carried out. 

A substructure can be grouped as interior and boundary degrees of freedom. 

The substructure equations of motion can be written as 

 
[
𝑀𝑖𝑖 𝑀𝑖𝑏

𝑀𝑏𝑖 𝑀𝑏𝑏
] {

𝑥̈𝑖

𝑥̈𝑏
} + [

𝐾𝑖𝑖 𝐾𝑖𝑏

𝐾𝑏𝑖 𝐾𝑏𝑏
] {

𝑥𝑖

𝑥𝑏
} = {

𝐹𝑖

𝐹𝑏
} 

(27) 

where subscripts B and I refer to boundary and interior, respectively. 

The Craig-Bampton method is based on two mode sets: 

Constraint Modes: The constraint modes of a substructure are calculated by 

producing a unit displacement of each boundary degree of freedom respectively 

with all other boundary degrees of freedom constrained. In other words, constraint 

modes can be described as static modes of the internal degrees of freedom 

obtained due to the application of consecutive unit displacement of boundary 

nodes, while other boundary grids are completely fixed [16]. In order to determine 

the constraint modes, the forces at all interior degrees of freedom are set equal to 

zero. 
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 [𝐾𝑖𝑏]{𝑥𝑏} + [𝐾𝑖𝑖]{𝑥𝑖}  = {0} 

{𝑥𝑖} =  −[𝐾𝑖𝑖]
−1[𝐾𝑖𝑏]{𝑥𝑏} =  [𝜓𝑐]{𝑥𝑏} 

(28) 

where the constraint modes can be obtained as  

[𝜓𝑐] =  −[𝐾𝑖𝑖]
−1[𝐾𝑖𝑏] 

Fixed Interface Normal Modes: The normal modes of a substructure describe the 

motion of interior degrees of freedom with fixed boundary degrees of freedom. 

The substructure normal modes can be expressed as the normal modes of the 

substructures with the fixed boundaries [16].  

 𝜔2[𝑀𝑖𝑖][𝜙𝑘] = [𝐾𝑖𝑖][𝜙𝑘] (29) 

The eigenvectors are the normal modes of the constrained substructure. These 

eigenvectors constitute the respective columns of the matrix [𝜙𝑘] and the modes 

can be truncated as by keeping certain number of them in [𝜙𝑘]. The final set of 

coordinates involves the system boundary physical coordinates and generalized 

coordinates for the substructure normal modes. The coordinate transformation 

relating the substructure final coordinates to the substructure initial coordinate is 

then given by, 

 {
𝑥𝑖

𝑥𝑏
} = [𝑇𝐶𝐵1] {

𝑞𝑘

𝑥𝑏
} (30) 

where the Craig-Bampton transformation matrix is 

 [𝑇𝐶𝐵1] = [
𝜙𝑘 𝜓𝑐

0 𝐼
] (31) 

Substructure reduced stiffness and mass matrices can be found as 

 [𝐾𝐶𝐵] =  [𝑇𝐶𝐵1]
𝑇[𝐾][𝑇𝐶𝐵1]              [𝑀𝐶𝐵] =  [𝑇𝐶𝐵1]

𝑇[𝑀][𝑇𝐶𝐵1] (32) 
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2.2.2 Craig-Bampton Method in Physical Coordinates 

The coordinates of the reduced substructure model obtained in the previous section 

consists of boundary (physical) coordinates and modal coordinates. Since, the 

reduced substructure model involves the modal (generalized) coordinates, it cannot 

be used for direct comparison between the global and the reduced model. Hence, a 

methodology conducted by Huang and Craig is described in order to transform the 

modal coordinates to physical coordinates [20].  

First, the interior physical degrees of freedom of the substructure are partitioned as 

 {𝑥𝑖} = {
𝑥𝑚

𝑥𝑠
} (33) 

Subscript “m” is the master degrees of freedom and subscript “s” is the slave 

degrees of freedom. 

The equations of motion can be rewritten as 

 

[
𝑀𝑚𝑚 𝑀𝑚𝑠 𝑀𝑚𝑏

𝑀𝑠𝑚

𝑀𝑏𝑚

𝑀𝑠𝑠

𝑀𝑏𝑠

𝑀𝑠𝑏

𝑀𝑏𝑏

] {

𝑥̈𝑚

𝑥̈𝑠

𝑥̈𝑏

} + [
𝐾𝑚𝑚 𝐾𝑚𝑠 𝐾𝑚𝑏

𝐾𝑠𝑚

𝐾𝑏𝑚

𝐾𝑠𝑠

𝐾𝑏𝑠

𝐾𝑠𝑏

𝐾𝑏𝑏

] {

𝑥𝑚

𝑥𝑠

𝑥𝑏

} = {

𝑓𝑚
𝑓𝑠
𝑓𝑏

} 

(34) 

Furthermore, Craig-Bampton transformation relation obtained for the modal 

coordinates can be rewritten as 

 

{

𝑥𝑚

𝑥𝑠

𝑥𝑏

} = 𝑇𝐶𝐵1𝑞 = [

𝜙𝑚𝑘 𝜓𝑚𝑐

𝜙𝑠𝑘

0

𝜓𝑠𝑐

𝐼

] {
𝑞𝑘
𝑥𝑏

} 

(35) 

The transformation matrix TCB2 relating the modal coordinates to physical 

coordinates is given by, 

 
{

𝑥𝑚

𝑥𝑠

𝑥𝑏

} = 𝑇𝐶𝐵1𝑇𝐶𝐵2 {
𝑥𝑚

𝑥𝑏
} 

(36) 

where 

 
𝑇𝐶𝐵2 = [(𝜙𝑚𝑘

𝑇 𝜙𝑚𝑘)−1𝜙𝑚𝑘
𝑇 −(𝜙𝑚𝑘

𝑇 𝜙𝑚𝑘)−1𝜙𝑚𝑘
𝑇 𝜓𝑚𝑐

0 𝐼
] 

(37) 
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The two transformation matrices can be represented with a global transformation 

matrix as 

 
𝑇𝐶𝐵 = 𝑇𝐶𝐵1𝑇𝐶𝐵2 = [

𝐼𝑚𝑚 0

𝜙𝑠𝑘(𝜙𝑚𝑘
𝑇 𝜙𝑚𝑘)

−1𝜙𝑚𝑘
𝑇

0

−𝜙𝑠𝑘(𝜙𝑚𝑘
𝑇 𝜙𝑚𝑘)

−1𝜙𝑚𝑘
𝑇 𝜓𝑚𝑐 + 𝜓𝑠𝑐

𝐼𝑏𝑏

] 

(38) 

As a result, substructure reduced stiffness and mass matrices can be found as 

 [𝐾𝐶𝐵] =  [𝑇𝐶𝐵]𝑇[𝐾][𝑇𝐶𝐵]             [𝑀𝐶𝐵] =  [𝑇𝐶𝐵]𝑇[𝑀][𝑇𝐶𝐵] (39) 

Also, the reduced system matrices in partitioned form 

 
[𝑀𝐶𝐵] = [

𝑀𝑚𝑚 𝑀𝑚𝑏

𝑀𝑏𝑚 𝑀𝑏𝑏
]                 [𝐾𝐶𝐵] = [

𝐾𝑚𝑚 𝐾𝑚𝑏

𝐾𝑏𝑚 𝐾𝑏𝑏
]   

(40) 

 

2.3 Stick Model Development 

Stick model development is another way of reducing the size of the global model. 

This technique is generally utilized in aerospace industry to generate aircraft 

simplified beam finite element models. It is based on creating a beam model at the 

elastic axis of the aircraft substructures representing the dynamic behavior of the 

global aircraft finite element model. 

This section presents two different methodologies namely the reduction of system 

matrices and the constraint force and the concentrated mass method for the 

generation of stick models. In the first method, stick model is generated by 

reducing the size of the stiffness and mass matrices of the global model to the 

beam axis by utilizing Guyan, IRS and Modal reduction techniques [1], [4], [5]. In 

the second method, the stiffness properties of the stick model are calculated by 

using the method of constraint forces or structural influence coefficients and the 

mass properties of the stick model are obtained by using the mass properties tool 

of MSC Patran [26], [29].  
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2.3.1 Reduction of System Matrices 

For the development of stick model by using the reduction of system matrices, the 

methods of Guyan, IRS and Modal reduction are again utilized in this part of the 

study. However, this method differs from the technique described in section 3.1 on 

the selection of the master degrees of freedom. In the reduction of system matrices, 

the degrees of freedom kept for the reduced model are chosen from the existing 

grids/nodes of the global finite element model to be able to represent the dynamic 

behavior. On the other hand, the global model is reduced to the degrees of freedom 

which are newly created grids/nodes at the beam axis of the aircraft structure in the 

stick model development technique. In other words, the degrees of freedom at the 

beam axis of the global finite element model are selected as the master 

grids/nodes. These degrees of freedom generated on the beam axis are connected 

circumferentially to the nearest grids/nodes of the primary load carrying members 

of the aircraft substructures such as frames and ribs in order to achieve the 

structural characteristics and provide more accurate representation of the global 

model. As a result, the reduced model obtained from Guyan, IRS and Modal 

reduction techniques not only has less degrees of freedom but also resembles to a 

stick model.  

 

2.3.2 Constraint Forces and Concentrated Mass 

In this section of the study, another methodology for generating the stick model is 

explained. The constraint forces technique is utilized to estimate the reduced 

stiffness matrix and the concentrated mass technique is used to obtain the reduced 

mass matrix.  

For the extraction of the stiffness property of the reduced model, structural 

influence coefficient approach is followed [26]. The equation of motion in Eq. (1) 

can be rewritten by neglecting the inertia terms as, 

 𝐾𝑥 = 𝐹 (41) 



18 

 

Leaving alone the stiffness matrix in Eq. (41) and writing in partitioned form, a 

single specific stiffness value of the system can be expressed as, 

 
𝐾𝑖𝑗 = 

𝐹𝑖

𝑥𝑗
 

(42) 

where Kij represents the load at the grid “i” due to unit applied displacement at 

node “j”. 

The stiffness property value at a specific degree of freedom can be extracted by 

implementing this structural influence coefficients approach. Therefore, the entire 

stiffness matrix of the model can be obtained by applying this methodology to all 

the desired grids.  

For the generation of the stick model stiffness matrix, all the grids created at the 

beam axis of the aircraft global finite element model are fixed while the other grid 

points of the global model are free. Then, unit displacement or rotation is applied 

to the degrees of freedom of the grids at the beam axis successively. Each static 

finite element analysis corresponding the applied unit displacement or rotation 

gives the reaction or single point constraint forces at the grid points. These 

reaction forces constitute the different columns of the reduced stiffness matrix of 

the stick model [26]. 

Furthermore, the mass properties of the reduced model should be obtained in order 

to complete the development of stick model. For this purpose, the “Mass 

Properties” tool of MSC Patran is used to get the mass characteristics of the global 

finite element model. This tool provides the mass, the center of gravity location 

and the inertia tensor of the selected elements. Figure 1 demonstrates a sample 

mass properties values obtained from MSC Patran. Once the mass properties are 

extracted from the global model for the desired regions, they are put together to 

represent the mass properties of the stick model. Eventually, the mass property is 

modeled as concentrated or lumped mass with “conm2” elements in MSC Nastran 

[29]. 
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Figure 1 Sample Mass Properties from MSC Patran 
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CHAPTER 3 

 

 

CASE STUDIES 

 

 

 

3.1 Introduction 

The normal modes analysis, which computes the natural frequencies and the mode 

shapes, forms the basis of a dynamic analysis of a structure. The solution of the 

analyses is generally obtained by using finite element modeling because of 

complexity of the structures. Furthermore, the finite element model should contain 

a lower mesh size and higher number of elements in order to give more accurate 

results in dynamic analysis. As the size and complexity of the structure increase, 

the computation time and capacity required to perform the dynamic analysis 

increase. Therefore, several model reduction methods are proposed to decrease the 

size of the finite element models in order to have a quick knowledge about the 

dynamic behavior. The reduction techniques followed in this study can be 

categorized as reduction of system matrices, component mode synthesis or 

superelement technique and stick model development. In this section, two different 

finite element models are utilized to derive the reduced order models by following 

the theories of the methodologies described in the previous chapter. First, a simple 

cantilever plate fixed from one end and having 240 degrees of freedom is utilized. 

Then, a sample helicopter tail finite element model fixed at the fuselage interface 

and involving 3462 degrees of freedom is used. Since, the main purpose of this 

study is to verify the accuracy of the presented methodologies, there is no need to 

conduct any experiments to correlate the global finite element model. Hence, the 

results of the dynamic analyses of the reduced models are compared with the 

global finite element models in order to present the accuracy level of the reduction 

techniques.  
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3.2 Case Studies on a 240 DOF Cantilever Plate Finite Element Model 

A simple cantilever plate finite element model, shown in Figure 2, is utilized to 

demonstrate the model reduction techniques described in the previous chapter. 

MSC Patran is used to generate the plate model and MSC Nastran is employed to 

perform the dynamic analyses. Finite element model of the plate has 32 2D shell 

elements. Furthermore, it has 45 nodes with each having totally 6 degrees of 

freedom in translational and rotational coordinates. The plate is fixed at the left 

through existing degrees of freedom turning the plate into a cantilever plate. 

Hence, the finite element model includes 240 dof which can freely move. The rest 

of the information about the plate is given below in model summary and the 

mechanical properties of the material used for the model is provided in Table 1.   

 

 

Figure 2 Finite element model of cantilever plate 

 

 

Model Summary: 

Model Geometry: 1 m length x 0.5 m width 

Total number of nodes: 45 nodes involving 6 degrees of freedom each 

Boundary Condition: Fixed at left end by all 5 nodes with 6 degrees of freedom 

Model Size: 240 degrees of freedom 

Model Property: 2.5 mm uniform shell thickness 
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Table 1 Aluminum 2024 T3 Mechanical Properties 

Elastic Modulus, E 72394 MPa 

Poisson Ratio, v 0.33 

Shear Modulus, G 26923 MPa 

Density, ρ 2.768 t/mm3 

 

3.2.1 Reduction of System Matrices 

The system matrices which are the mass and the stiffness of the cantilever plate 

model are decreased to a smaller size by using the reduction methodologies of 

Guyan, IRS and Modal. In order to perform the reduction procedure, the system 

matrices have to be extracted from the finite element model. Then, the master 

nodes and the corresponding degrees of freedom should be determined to decrease 

the model to those specific nodes. Figure 3 shows the numbering of the nodes and 

the master grids with a black dotted circle of the cantilever plate model. The grids 

which are kept in the reduced model are chosen accordingly to be able to represent 

the geometry and the dynamic behavior of the global model. The reduced 

cantilever plate model is shown in Figure 4. 

 

 

Figure 3 Representation of node numbers of the cantilever plate 

 

Master nodes: 3, 5, 6, 7, 8, 9, 39, 41, 42, 43, 44, 45 

Master degrees of freedom: 3 (only translation z coordinate of master nodes) 

Reduced Model Size: 12x12 
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Figure 4 Reduced finite element model of the cantilever plate 

 

The extraction of system matrices of the global model, the application of the 

reduction methods and creating the reduced finite element model in MSC Patran 

involving the reduced system matrices are performed by codes written in 

MATLAB. The analysis of the global and the model is achieved using MSC 

Nastran. 

Once, the system matrices are decreased to the master grids by using the 

prescribed techniques, the reduced matrices are imported into a new MSC Patran 

“.db” file. Then, the normal modes analyses can be performed for both global and 

reduced model in order to demonstrate the accuracies of the methodologies. 

The entire reduction procedure which is valid for all techniques is given step by 

step below. 

 ‘param,extout,dmigpch’ command is written into bulk data part of the ‘bdf’ 

file of the cantilever plate model. 

 

 Nastran input (bdf) file of the global model is run to extract the system 

matrices in the so-called punch (pch) file. 
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where 240 denotes the size of the global cantilever plate model. 

 In total, 12 master grid points with a degree of freedom “3” (translation z) 

are selected so the size of the reduced model becomes 12x12. 

 

 The reduced mass and stiffness matrices from the Guyan, IRS and Modal 

reduction methods are written into a “pch” file having the same format 

above. 

 

 A new Patran database (db) file is created which involves only the selected 

master grid points. 

 Point elements having zero mass with 0D mass properties are created at the 

master grid points to assign the reduced mass matrix values to these points 

[31]. 

 Bar elements having zero spring constant with 1D spring properties are 

generated between the grid points of the reduced model to represent the 

reduced stiffness matrix [31]. 

 The analysis file (bdf) of the reduced model is generated. 

 The reduced matrices written into the “pch” file are imported into (bdf) file 

of the reduced model using the commands given below [31]. 

 Case Control Section  –  K2GG=KMAT 

–   M2GG=MMAT  
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 Bulk Data Section     –  INCLUDE ‘file_name.pch’ 

 

where “KMAT” and “MMAT” are the names of the stiffness and mass matrices in 

the pch file. 

The normal modes analyses (SOL 103) of all the reduced models are executed 

with MSC Nastran after the reduction procedure is performed for each method. 

Table 2 gives the natural frequencies of the full/global cantilever plate model and 

also the reduced models obtained by Guyan, IRS and Modal reduction methods. 

The lowest five modes of vibration of each model are extracted from the normal 

modes analyses for the comparison of the natural frequencies. It can be said that 

the results are very close to each other especially between the global and the IRS 

reduced models. Moreover, the difference between the natural frequency values of 

the global and the Guyan reduced model seems to increase as the mode number 

gets higher. For example, considering the 5th mode shapes, it is seen that the 

difference between frequencies is greatest. As a result, it can be said that the 

Guyan reduction technique is good at representing the low frequency dynamic 

characteristics of the global model but it becomes worse as the mode number 

increases. Furthermore, the reduced model obtained by Modal reduction method 

gives better results compared to the Guyan model. However, the eigensolution of 

the global model is needed for the Modal reduction process which means higher 

computation time and more capacity to obtain the Modal reduced model. It can be 

concluded that the IRS method is the best technique which gives almost the exact 

natural frequencies of the global model compared to the Guyan method and 

requires less computation time compared to the application of the Modal reduction 

method. 
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Table 2 Natural Frequencies of the global and reduced models  

Mode Global [Hz] 

240x240 

Guyan [Hz] 

12x12 

IRS [Hz] 

12x12 

Modal [Hz] 

12x12 

1 2.1163 2.1216 2.1158 2.1183 

2 8.4553 8.4661 8.4550 8.7784 

3 12.9470 13.5340 12.9480 13.0550 

4 27.3140 27.6600 27.3140 27.3960 

5 35.6230 40.810 35.8690 35.5400 

 

In addition, the 3rd mode shapes of the global, Guyan, IRS and Modal reduced 

cantilever plate models are presented in Figure 5, Figure 6, Figure 7 and Figure 8. 

When the mode shapes are compared, the cantilever plate vibrates in 2nd bending 

mode in the z direction for all the finite element models below. Moreover, the 

other mode shapes of reduced models reflect the global model quite well. 

 

 

Figure 5 3rd mode of the global model 
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Figure 6 3rd mode of the Guyan reduced model 

 

 

 

Figure 7 3rd mode of the IRS reduced model 
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Figure 8 3rd mode of the Modal reduced model 

 

3.2.2 Component Mode Synthesis (CMS) – Superelement Technique 

In this section, the cantilever plate finite element model shown in Figure 2 is 

utilized to demonstrate the application of the component mode synthesis 

technique. The plate model is divided into two substructures shown in Figure 9. 

Substructure 1 is considered as superelement and it is reduced by component mode 

synthesis technique. For this purpose, Craig-Bampton methods in modal and 

physical coordinates are utilized respectively to perform the reduction procedure 

[16], [20]. Then, the reduced substructure 1 which has a lower degrees of freedom 

compared to its original size is synthesized back to the substructure 2. In other 

words, the substructure 2 and the reduced substructure 1 are combined at the 

intersection grid points. As a result, the combined model or the CMS model is 

obtained which has less degrees of freedom compared to the global cantilever plate 

model. 

The extraction of system matrices of the substructure and the remaining models, 

the application of the Craig-Bampton methods on the substructure system matrices 

and creating the reduced substructure system matrices are performed by codes 
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written in MATLAB. The analysis of the global and the CMS model is achieved 

using MSC Nastran. 

 

 

Figure 9 The cantilever plate model divided into two substructures 

 

3.2.2.1 Craig-Bampton Method in Modal Coordinates 

The cantilever plate finite element model is split into two components. The finite 

element model at the free end of the structure is considered as the substructure part 

shown in Figure 10. On the other hand, the finite element model at the fixed end of 

the plate is regarded as the remaining part, as demonstrated in Figure 11. 

 

 

Figure 10 The substructure finite element model of the plate 

 

The substructure finite element model involves; 

 25 grid points with 150 total degrees of freedom 

 Free-free model 

1 

 

2 
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 5 grid points with a total 30 degrees of freedom at the boundary 

 

 

Figure 11 The remaining finite element model of the plate 

 

The remaining finite element model involves; 

 25 grid points with 150 total degrees of freedom 

 Fixed nodes at the left end with 5 grid points and 30 degrees of freedom. 

 120 degrees of freedom which are free to move. 

 Boundary nodes at the substructure interface with 5 grid points and 30 

degrees of freedom. 

In this method, the substructure model is reduced to the boundary nodes and some 

modal degrees of freedom representing the behavior of the interior structure. Then, 

this reduced superelement is synthesized back to the remaining finite element 

model forming the CMS model which has less degrees of freedom compared to the 

global cantilever plate model. 

The detailed procedure of the application of the Craig-Bampton method in modal 

coordinates on the cantilever plate model is described below. 

 ‘param,extout,dmigpch’ command is written into bulk data part of the 

‘bdf’ file of the substructure finite element model shown in Figure 10. 

 MSC Nastran input (bdf) file of the substructure model is run to extract 

the system matrices in the so-called punch (pch) file. 

 The substructure system matrices are partitioned into interior and 

boundary degrees of freedom as given in Eq. (43). 
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[
𝑀𝑖𝑖 𝑀𝑖𝑏

𝑀𝑏𝑖 𝑀𝑏𝑏
] {

𝑥̈𝑖

𝑥̈𝑏
} + [

𝐾𝑖𝑖 𝐾𝑖𝑏

𝐾𝑏𝑖 𝐾𝑏𝑏
] {

𝑥𝑖

𝑥𝑏
} = {

𝐹𝑖

𝐹𝑏
} 

(43) 

 The number of boundary degrees of freedom is 30 and the number of 

interior degrees of freedom is 120 resulting in totally 150 degrees of 

freedom. 

 The constraint modes of the substructure finite element model are 

calculated by using Eq. (44). 

 [𝜓𝑐] = −[𝐾𝑖𝑖]
−1[𝐾𝑖𝑏] (44) 

where the sizes of the matrices are, 

[120𝑥30] = −[120𝑥120]−1[120𝑥30] 

 The fixed interface normal modes the substructure finite element model 

are estimated by solving the eigenvalue equation given in Eq. (29). 

 𝜔2[𝑀𝑖𝑖][𝜙𝑘] = [𝐾𝑖𝑖][𝜙𝑘] (45) 

where the sizes of the matrices are all 120x120.   

 The fixed interface normal modes are truncated during the mode shapes 

calculation. Only the first 10 mode shapes are extracted from the 

substructure finite element model which provides sufficient accuracy for 

representing the characteristics of the interior structure. Hence, the size of 

the fixed interface mode shapes becomes 120x10. 

 Then, the Craig-Bampton transformation matrix can be obtained from Eq. 

(31). 

 [𝑇𝐶𝐵1] = [
𝜙𝑘 𝜓𝑐

0 𝐼
] (46) 

where the size of the matrix is, 

[150𝑥40] = [
120𝑥10 120𝑥30
30𝑥10 30𝑥30

] 
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 The reduced substructure stiffness and mass matrices are estimated by 

utilizing Eq. (32). 

 [𝐾𝐶𝐵] =  [𝑇𝐶𝐵1]
𝑇[𝐾][𝑇𝐶𝐵1]            [𝑀𝐶𝐵] =  [𝑇𝐶𝐵1]

𝑇[𝑀][𝑇𝐶𝐵1]  (47) 

where the size of the reduced Craig-Bampton matrix is, 

[40𝑥40] =  [150𝑥40]𝑇[150𝑥150][150𝑥40] 

 Similarly, ‘param,extout,dmigpch’ command is written into bulk data part 

of the ‘bdf’ file of the remaining finite element model shown in Figure 11. 

 MSC Nastran input (bdf) file of the remaining model is run to extract the 

system matrices in the so-called punch (pch) file. 

 Once the system matrices of the reduced substructure [40x40] and the 

remaining [120x120] finite element models are obtained, they are 

combined to form the reduced cantilever plate model [130x130]. The 

assembly of both the remaining and the reduced substructure models are 

conducted by using the superposition approach at the boundary degrees of 

freedom. 

 

[𝐾𝑎𝑠𝑠𝑦] =  

[
 
 
 
[𝐾𝑟,𝑖𝑖]90𝑥90

[𝐾𝑟,𝑖𝑏]90𝑥30
[0]90𝑥10

[𝐾𝑟,𝑏𝑖]30𝑥90
[𝐾𝑟,𝑏𝑏]30𝑥30

+ [𝐾𝐶𝐵,𝑏𝑏]30𝑥30
[𝐾𝐶𝐵,𝑏𝑡]30𝑥10

[0]10𝑥90 [𝐾𝐶𝐵,𝑡𝑏]10𝑥30
[𝐾𝐶𝐵,𝑡𝑡]10𝑥10]

 
 
 

130𝑥130

{

𝑥𝑟

𝑥𝑏

𝑞𝑘

} 

(48) 

where [𝐾𝑟] is the remaining finite element model stiffness matrix and [𝐾𝐶𝐵] is the 

reduced substructure finite element model or Craig-Bampton stiffness matrix. 

Moreover, “i” denotes the interior degrees of freedom of the remaining model, “b” 

indicates the boundaries and “t” represents the truncated degrees of freedom of the 

reduced substructure model. The assembly of the mass matrices is also performed 

exactly in the same manner. 

 As a result, the system matrices of the reduced cantilever plate model are 

obtained by following the detailed procedure explained above.   

The eigensolutions of the global and the CMS reduced cantilever plate models are 

carried out in MATLAB by using the assembled system matrices in order to verify 

the accuracy of Craig-Bampton method in modal coordinates. The lowest five 
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modes of vibration are extracted from the normal modes analyses and compared 

with each other. The natural frequencies of the global cantilever plate and CMS 

plate models are provided in Table 3 with the percentage errors. It can be seen that 

the errors are almost zero and the frequencies of both models are in good 

agreement. Therefore, it can be concluded that the CMS model can represent the 

dynamic characteristics of the global cantilever plate model. 

 

Table 3 Natural Frequencies of the Global and CMS Cantilever Plate Models  

Mode 

Global Cantilever Plate 

[Hz] 

240x240 

CMS Cant. Plate (Modal) 

[Hz] 

130x130 

% Error 

1 2.1163 2.1163 0.00000 

2 8.4553 8.4558 0.00591 

3 12.947 12.9514 0.03398 

4 27.314 27.3297 0.05748 

5 35.623 35.6405 0.04913 

 

3.2.2.2 Craig-Bampton Method in Physical Coordinates 

The substructure model shown in Figure 10 is reduced to the interface nodes and a 

few modal degrees of freedom in the Craig-Bampton method in modal 

coordinates. However, this reduced model does not give any physical information 

about the interior nodes of the substructure because of the modal coordinates. In 

order to have a physical knowledge about the interior characteristics of the 

substructure after the application of the component mode synthesis procedure, the 

Craig-Bampton method in physical coordinates is proposed [20]. This technique 

presents a new transformation matrix that converts the modal coordinates to the 

physical coordinates. Thus, the CMS model obtained with this technique includes 

the boundary or interface nodes and also the physical interior or master nodes kept 

in the reduced substructure model. 

The detailed procedure of the application of the Craig-Bampton method in 

physical coordinates on the cantilever plate model is explained below. 

 ‘param,extout,dmigpch’ command is written into bulk data part of the 

‘bdf’ file of the substructure finite element model shown in Figure 10. 
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 MSC Nastran input (bdf) file of the substructure model is run to extract 

the system matrices in the so-called punch (pch) file. 

 

where 150 denotes the size of the substructure system matrices. 

 The interior degrees of freedom of the substructure finite element model 

are partitioned as 

 {𝑥𝑖} = {
𝑥𝑚

𝑥𝑠
} (49) 

where “m” is the master grids to be kept in the model and “s” is the slave grids to 

be eliminated from the model. 

 

 The partitioned equations of motion in Eq. (43) now become 

 

[
𝑀𝑚𝑚 𝑀𝑚𝑠 𝑀𝑚𝑏

𝑀𝑠𝑚

𝑀𝑏𝑚

𝑀𝑠𝑠

𝑀𝑏𝑠

𝑀𝑠𝑏

𝑀𝑏𝑏

] {

𝑥̈𝑚

𝑥̈𝑠

𝑥̈𝑏

} + [
𝐾𝑚𝑚 𝐾𝑚𝑠 𝐾𝑚𝑏

𝐾𝑠𝑚

𝐾𝑏𝑚

𝐾𝑠𝑠

𝐾𝑏𝑠

𝐾𝑠𝑏

𝐾𝑏𝑏

] {

𝑥𝑚

𝑥𝑠

𝑥𝑏

} = {

𝑓𝑚
𝑓𝑠
𝑓𝑏

} 

(50) 

 The master degrees of freedom of the substructure are selected in such a 

way that the reduced substructure model should reflect the original model 

in terms of its shape and geometry. 

 The total number of selected master nodes/grids are taken as 6 involving 

3rd (translation z), 4th (rotation x) and 5th (rotation y) degrees of freedom for 

all nodes which makes 18 degrees of freedom in total. 

 

 The constraint modes of the substructure finite element model are 

calculated by using Eq. (28). 
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 [𝜓𝑐] = −[𝐾𝑖𝑖]
−1[𝐾𝑖𝑏] (51) 

where the sizes of the matrices are 

[120𝑥30] = −[120𝑥120]−1[120𝑥30] 

 The fixed interface normal modes the substructure finite element model are 

estimated by solving the eigenvalue equation given in Eq. (29). 

 𝜔2[𝑀𝑖𝑖][𝜙𝑘] = [𝐾𝑖𝑖][𝜙𝑘] (52) 

where the sizes of the matrices are all 120x120. 

 The fixed interface normal modes are truncated during the mode shapes 

calculation. Only the first 10 mode shapes are extracted from the 

substructure finite element model which provides sufficient accuracy for 

representing the characteristics of the interior structure. Hence, the size of 

the fixed interface mode shapes becomes 120x10. 

 Then, the Craig-Bampton transformation matrix can be obtained from Eq. 

(31). 

 [𝑇𝐶𝐵1] = [
𝜙𝑘 𝜓𝑐

0 𝐼
] (53) 

where the size of the matrix is, 

[150𝑥40] = [
120𝑥10 120𝑥30
30𝑥10 30𝑥30

] 

 

 Furthermore, the Craig-Bampton transformation matrix relating the modal 

coordinates to physical coordinates given in Eq. (37) can be written as, 

 
𝑇𝐶𝐵2 = [(𝜙𝑚𝑘

𝑇 𝜙𝑚𝑘)−1𝜙𝑚𝑘
𝑇 −(𝜙𝑚𝑘

𝑇 𝜙𝑚𝑘)−1𝜙𝑚𝑘
𝑇 𝜓𝑚𝑐

0 𝐼
] 

(54) 

where the sizes of the matrices are, 

[40𝑥48] = [
10𝑥18 10𝑥30
30𝑥18 30𝑥30

] 
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 The combined transformation matrix is, 

 𝑇𝐶𝐵 = 𝑇𝐶𝐵1𝑇𝐶𝐵2 (55) 

where the sizes of the matrices are, 

[150𝑥48] = [150𝑥40][40𝑥48] 

 Hence, the reduced substructure stiffness and mass matrices are estimated 

by utilizing Eq. (39) 

 [𝐾𝐶𝐵] =  [𝑇𝐶𝐵]𝑇[𝐾][𝑇𝐶𝐵]            [𝑀𝐶𝐵] =  [𝑇𝐶𝐵]𝑇[𝑀][𝑇𝐶𝐵]  (56) 

where the size of the reduced Craig-Bampton matrices in physical coordinates are 

[48𝑥48] =  [150𝑥48]𝑇[150𝑥150][150𝑥48] 

 The reduced Craig-Bampton mass and stiffness matrices are then written 

into a “pch” file having the same format of MSC Nastran. 

 A new Patran database (db) file is created which involves only the selected 

master grid points. 

 Point elements having zero mass with 0D mass properties are created at the 

master grid points to assign the reduced mass matrix values to these points 

[31]. 

 Bar elements having zero spring constant with 1D spring properties are 

generated between the master grid points of the reduced model to represent 

the reduced stiffness matrix [31]. 

 The remaining finite element model in Figure 11 is also imported into this 

“db” file. 

 The analysis file (bdf) of the CMS model (physical) is generated. 

 The reduced Craig-Bampton matrices written into the “pch” file are 

inserted into “bdf” file of the CMS model using the commands [31]. 

o Case Control Section - K2GG = KMAT 

M2GG = MMAT 
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o Bulk Data Section - INCLUDE ‘CB_system_matrices.pch’ 

where “KMAT” and “MMAT” denote the names of the stiffness and mass 

matrices in the pch file. 

 

 

Figure 12 CMS Cantilever Plate (Physical) 

 

After the CMS cantilever plate (physical) finite element model shown in Figure 12 

is produced by following the Craig-Bampton methodology, the normal modes 

analysis can be conducted in MSC Nastran (SOL 103). Similarly, the first five 

mode shapes are extracted from the analysis and tabulated together with the global 

cantilever plate natural frequency results in Table 4. It can be seen from the results 

that the natural frequencies of the CMS model almost match with the results of the 

global plate model. In other words, the reduced model obtained by Craig-Bampton 

method provides nearly perfect outcome at presenting the dynamic behavior of the 

global cantilever plate model.  
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Table 4 Natural Frequencies of the Global and CMS Cantilever Plate Models 

Mode 

Global Cantilever Plate 

[Hz] 

240x240 

CMS Cant. Plate (Physical) 

[Hz] 

138x138 

% Error 

1 2.1163 2.1163 0.00132 

2 8.4553 8.4551 0.00285 

3 12.9472 12.9477 0.00425 

4 27.3138 27.3154 0.00560 

5 35.6227 35.6238 0.00326 

 

Since, the substructure finite element model is decreased to the physical degrees of 

freedom, the mode shapes of the cantilever and the cms plate can be compared as 

well. Figure 13 and Figure 14 demonstrate the 3rd mode shape of both models. It is 

seen that they behave like the 2nd bending mode in the “z” direction and the 

maximum magnitudes of the eigenvectors occur at the tip and they are equal to 

each other. Moreover, the other mode shapes of the CMS model reflects the global 

model quite well. 

To summarize, the Craig-Bampton method in physical coordinates creates the 

superelement of the substructure which includes the boundary and interior or 

physical degrees of freedom, and synthesizes this reduced superelement with the 

remaining structure. As a result, this whole procedure creates a reduced cantilever 

plate that almost perfectly reflects the dynamic characteristics of the global model. 
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Figure 13 3rd mode of the Global Model 

 

 

 
Figure 14 3rd mode of the CMS (Physical) Model 
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3.3 Case Studies for a 3462 DOF Helicopter Tail Finite Element Model 

In this study, a typical helicopter tail cone finite element model, shown in Figure 

15, is used to create the reduced order models utilizing the different approaches 

described in chapter 3. For this purpose, MSC Patran and Nastran are used to 

model the helicopter tail cone and to perform the dynamic analysis. Finite element 

model of the tail consists of shell elements which represent the skin of the tail cone 

and the stabilizers. Tail cone also has seven circumferential frames and seven 

longitudinal stringers and six longerons modeled with beam elements. The 

horizontal stabilizer includes a total of twelve ribs and two spars, the webs are 

modeled with shell elements and the flanges are modeled with beam elements. The 

vertical stabilizer is composed of five ribs and two spars, again the webs are 

modeled with shell and the flanges are modeled with beam elements. 

 

 

Figure 15 Finite element model of the helicopter tail structure 

 

In the finite element model of the helicopter tail structure, the fuselage to tail cone 

connection is represented by fixing the boundary grids in all six directions. The 

global finite element model consists of 631 grid points. There are 32 boundary 

condition grids in the model. Moreover, the horizontal stabilizer and the tail cone 

connection is achieved by using RBE2 rigid elements in all six directions 
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involving 22 dependent grids. Furthermore, the vertical stabilizer and the tail cone 

is connected node to node. Then, the number of grid points which are free to move 

is calculated as 577 after elimination of the boundary condition grids and the 

dependent grids of the RBE2 elements. Therefore, the size of the system matrices 

of the global finite element model is 3462x3462. 

 

3.3.1 Reduction of System Matrices 

In this section, the mass and the stiffness matrices of the global model are reduced 

by utilizing the described reduction methodologies of Guyan, IRS and Modal [1], 

[4], [5]. First, the system matrices are extracted from the helicopter tail finite 

element model. Then, the global model system matrices are decreased to the 

master grids of the reduced model with the help of prescribed techniques. 

Furthermore, these reduced matrices are imported into a new MSC Patran database 

file. After all, several dynamic analysis involving normal modes, frequency 

response and time response are conducted for both global and reduced model and 

the results are compared to determine the accuracy of the reduction techniques. 

The selection of the master degrees of freedom of the reduced model are 

determined by considering the mode shapes of the global finite element model. In 

other words, the master grids are chosen such that the reduced model can represent 

at least the first 5 mode shapes of the global model accurately. Moreover, the 

reduced model should reflect the global model in terms of its shape and geometry. 

If an external force is applied to the global model, the nodes having the applied 

external forces have to be selected as master nodes as well. Hence, considering the 

criteria for the master degrees of freedom selection, the nodes located at the tail 

cone frames and also the nodes located at the leading and trailing edges of the 

stabilizers are kept in the reduced model. The representation of the reduced finite 

element model is shown in Figure 16. 

The extraction of system matrices of the global model, the application of the 

reduction methods and creating the reduced finite element model in MSC Patran 

involving the reduced system matrices are performed by codes written in 
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MATLAB. The analysis of the global and the model is achieved using MSC 

Nastran. 

 

 

Figure 16 Reduced finite element model of the helicopter tail 

 

The detailed procedure of the reduction process is explained step by step below.  

  ‘param,extout,dmigpch’ command is written into bulk data part of the ‘bdf’ file 

of the global finite element model. 

 

  Nastran input (bdf) file of the global model is run to extract the system 

matrices in the so-called punch (pch) file. 

 

where 3462 denotes the size of the global system matrices. 
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  In total, 34 master grid points with degrees of freedom “2” (translation y), “3” 

(translation z) and “4” (rotation x) are selected so the size of the reduced model 

becomes 102x102. 

 

  The reduced mass and stiffness matrices calculated for the Guyan, IRS and 

Modal reduction methods are written into a “pch” file having the same format. 

 

  A new Patran database (db) file is created which has only the selected master 

grid points. 

  Point elements having zero mass with 0D mass properties are created at the 

master grid points to assign the reduced mass matrix values to these points [31]. 

  Bar elements having zero spring constant with 1D spring properties are 

generated between the grid points of the reduced model to represent the reduced 

stiffness matrix [31]. 

  The analysis file (bdf) of the reduced model is generated. 

  The reduced matrices written into the “pch” file are imported into the Nastran 

input (bdf) file of the reduced model using the commands given below [31]. 

  Case Control Section  –  K2GG=KMAT 

                   M2GG=MMAT 

 

  Bulk Data Section     –  INCLUDE ‘file_name.pch’ 
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where “KMAT” and “MMAT” are the names of the stiffness and mass matrices in 

the pch file. 

Once the reduction procedure explained above is performed for each technique, 

the normal modes analyses (SOL 103) of reduced models can be carried out with 

MSC Nastran. The natural frequencies of the global helicopter tail finite element 

model and the reduced models obtained by Guyan, IRS and Modal reduction 

methods are given in Table 5. For the comparison of the natural frequencies, the 

lowest five modes of vibration are extracted from the normal modes analysis for 

each model. It can be seen from the results that the natural frequencies of the 

reduced models are in good agreement with the natural frequencies of the global 

model. Furthermore, the 3rd mode shapes of the helicopter tail finite element model 

and Guyan, IRS and Modal reduced models are presented in Figure 17, Figure 18, 

Figure 19 and Figure 20. 

 

Table 5 Natural Frequencies of the Global and Reduced Models  

Mode 
Global [Hz] 

3462x3462 

Guyan [Hz] 

102x102 

IRS [Hz] 

102x102 

Modal [Hz] 

102x102 

1 20.69155 20.73275 20.69304 20.69136 

2 28.31092 28.46795 28.31159 28.30778 

3 28.85441 28.97622 28.85935 28.85473 

4 37.05206 37.35918 37.05241 37.05145 

5 48.73462 49.09079 48.73713 48.73262 

 

It can be concluded from the results of the natural frequencies in Table 5 that IRS 

and Modal reduction techniques provide better results compared to Guyan 

reduction. In other words, the differences between the natural frequencies of the 

global and reduced models are greater for the Guyan model especially in higher 

modes. Furthermore, the eigensolution of the global model is utilized for the 

Modal reduction procedure which requires higher computation time and more 

capacity. Hence, the IRS technique is said to be the best method among the other 

reduction methods. 
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Figure 17 3rd Mode of the Global Helicopter Tail Finite Element Model 

 

 

 
Figure 18 3rd Mode of the Guyan Reduced Model 
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Figure 19 3rd Mode of the IRS Reduced Model 

 

 

 

Figure 20 3rd Mode of the Modal Reduced Model 
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3.3.1.1 Stress Recovery 

In this part of the study, the estimated stress values of the helicopter tail finite 

element model are obtained by using the displacement results of the reduced 

model. This process may also be called as stress recovery. Guyan reduced model is 

chosen to demonstrate how the stress values of the global model can be calculated. 

The detailed stress recovery procedure is explained below: 

 A unit force in +y direction at the top of the vertical stabilizer (Node 2) is 

applied to the Guyan model shown in Figure 21. 

 

 

Figure 21 The Guyan Reduced Model with Unit Force Applied (+y)  

 

 The displacement values at the reduced model grid points are extracted by 

using MATLAB after the static structural analysis is conducted by MSC 

Nastran. 

 The estimated displacement results at all the grid points of the global 

helicopter tail finite element model are calculated by the Guyan 

transformation matrix used in the reduction process, 

{𝑥̃𝑔𝑙𝑜𝑏𝑎𝑙} =  [𝑇𝐺]{𝑥𝑟𝑒𝑑𝑢𝑐𝑒𝑑} 

 With the estimated displacement values of the global model, one can 

perform further analyses such as static structural analysis, forced response 
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dynamic analysis etc. MSC Nastran basically calculates the strain values 

from the displacement results and the stress values from these strain 

results. Hence, one can reach the results without solving the global model. 

 For the comparison of the static analysis results of the global and the 

reduced model, the estimated displacement values obtained at the global 

model grids are applied as enforced displacements in MSC Patran by using 

the codes written in MATLAB demonstrated in Figure 22. 

 

Figure 22 Enforced displacements applied to the global model 

 

 

Figure 23 Detailed view of enforced displacements 
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 The static structural analysis is conducted on the helicopter tail finite 

element model with unit force applied at the top of the vertical stabilizer 

(+y direction). Also, static analysis is performed on again the helicopter 

finite element model with the enforced displacements applied at all the 

nodes at which the estimated displacement results are obtained. 

 The displacement plots of the global model (unit force) and the global 

model (enforced displacements) are shown in Figure 24 and Figure 25. 

 

 

Figure 24 Displacement Plot of The Global Model (Unit Force) 
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Figure 25 Displacement Plot of The Global Model (Enforced Displacements) 

 

 

 The stress plots of the global model (unit force) and the global model 

(enforced displacements) are shown in Figure 26 and Figure 27. 

 

 

Figure 26 Stress Plot of The Global Model (Unit Force) 
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Figure 27 Stress Plot of The Global Model (Enforced Displacements) 

 

It can be seen from the displacement and the stress plots, the maximum values and 

the distribution of both models are exactly same because the Guyan method 

creates the reduced model by using only the stiffness matrix of the global model. 

Hence, the static structural analysis gives exact results for the reduced model. In 

addition, the stress recovery procedure can be extended to the application of the 

forced response dynamic analysis. For this analysis, the estimated displacement 

results obtained from the multiplication of the transformation matrix of the 

reduction method and the reduced model displacements are calculated for each 

time or frequency step and they are applied to the global model as enforced 

displacements explained in the stress recovery procedure. 

 

3.3.2 Component Mode Synthesis (CMS) – Superelement Technique 

In this section of the study, the helicopter tail finite element model presented in 

chapter 4.3 is regarded as the global model. Then, it can be split into the three 
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major components namely tail cone, horizontal and vertical stabilizers shown in 

Figure 28.  

Two different applications of the component mode synthesis technique are 

performed in this part of the study: 

I. Structures “1” and “2” are considered as substructures. “3” is considered as 

remaining structure. 

II. Structure “1” is considered as substructure. “2” and “3” are considered as 

remaining structures. 

After dividing the global model into the substructures, the size of the finite 

element model of the substructure is decreased by utilizing Craig-Bampton 

methods described in chapter 3.2. Then, this reduced substructure is attached to the 

remaining part of the helicopter tail model. Thus, the combined model including 

the remaining and the reduced substructure is obtained with much lower degrees of 

freedom compared to the original global model.  

The extraction of system matrices of the substructure and the remaining models, 

the application of the Craig-Bampton methods on the substructure system matrices 

and creating the reduced substructure system matrices are performed by codes 

written in MATLAB. The analysis of the global and the CMS model is achieved 

using MSC Nastran. 

 

 
Figure 28 The substructures of the helicopter tail finite element model  

3 

 

2 

 

1 
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3.3.2.1 Craig-Bampton Method in Modal Coordinates 

Application I 

The helicopter tail finite element model is separated into three components as 

described above. The tail cone and the horizontal stabilizer model are considered 

as the substructure part shown in Figure 29. On the other hand, the vertical 

stabilizer is regarded as the remaining part as demonstrated in Figure 30.   

 

Figure 29 The substructure finite element model 

 

The substructure finite element model involves; 

 586 grids points with a totally degrees of freedom 3516. 

 Boundary conditions applied at the tail cone-to-fuselage interface with 32 

grid points and 192 degrees of freedom. 

 22 dependent grid points of RBE2 elements utilized at the tail cone-to-

horizontal stabilizer interfaces with 132 degrees of freedom. 

 3192 total degrees of freedom which is free to move. 

 9 grid points which makes 54 degrees of freedom at the substructure-

remaining interface also called as the boundary in the Craig-Bampton 

method. 
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Figure 30 The remaining finite element model 

 

The remaining finite element model involves; 

 54 grid points with a totally 324 degrees of freedom 

 9 grid points with 54 degrees of freedom boundary connecting the 

remaining and the substructure models 

In the Craig-Bampton method in modal coordinates, the substructure finite element 

model is decreased to the boundary degrees of freedom at the tail cone-to-vertical 

stabilizer interface and also to the modal coordinates which represent the behavior 

of the interior degrees of freedom. Then, this reduced superelement is assembled 

to the remaining model at the boundaries forming the finite element model which 

has lower degrees of freedom compared to the global helicopter tail model.  

The detailed procedure of the application of the Craig-Bampton method in modal 

coordinates on the helicopter tail finite element model is explained below. 

 ‘param,extout,dmigpch’ command is written into bulk data part of the ‘bdf’ 

file of the substructure finite element model shown in Figure 29. 

 MSC Nastran input (bdf) file of the substructure model is run to extract the 

system matrices in the so-called punch (pch) file. 
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where 3192 denotes the size of the substructure system matrices. 

 The substructure system matrices are partitioned into interior and boundary 

degrees of freedom as written in Eq. (57). 

 
[
𝑀𝑖𝑖 𝑀𝑖𝑏

𝑀𝑏𝑖 𝑀𝑏𝑏
] {

𝑥̈𝑖

𝑥̈𝑏
} + [

𝐾𝑖𝑖 𝐾𝑖𝑏

𝐾𝑏𝑖 𝐾𝑏𝑏
] {

𝑥𝑖

𝑥𝑏
} = {

𝐹𝑖

𝐹𝑏
} 

(57) 

 The number of boundary degrees of freedom is 54 and the number of 

interior degrees of freedom is 3138 resulting in totally 3192 degrees of 

freedom. 

 The constraint modes of the substructure finite element model are 

calculated by using Eq. (28). 

 [𝜓𝑐] = −[𝐾𝑖𝑖]
−1[𝐾𝑖𝑏] (58) 

where the sizes of the matrices are 

[3138𝑥54] = −[3138𝑥3138]−1[3138𝑥54] 

 The fixed interface normal modes the substructure finite element model are 

estimated by solving the eigenvalue equation given in Eq. (59). 

 𝜔2[𝑀𝑖𝑖][𝜙𝑘] = [𝐾𝑖𝑖][𝜙𝑘] (59) 

where the sizes of the matrices are all 3138x3138. 

 The fixed interface normal modes are truncated during the mode shapes 

calculation. Only the first 10 mode shapes are extracted from the 

substructure finite element model which provides sufficient accuracy for 

representing the characteristics of the interior structure. Hence, the size of 

the fixed interface mode shapes becomes 3138x10.    
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 Then, the Craig-Bampton transformation matrix can be obtained from Eq. 

(31). 

 [𝑇𝐶𝐵1] = [
𝜙𝑘 𝜓𝑐

0 𝐼
] (60) 

where the sizes of the matrices are 

[3192𝑥64] = [
3138𝑥10 3138𝑥54
54𝑥10 54𝑥54

] 

 Consequently, the substructure reduced stiffness and mass matrices are 

estimated by utilizing Eq. (61) 

 [𝐾𝐶𝐵] =  [𝑇𝐶𝐵1]
𝑇[𝐾][𝑇𝐶𝐵1]            [𝑀𝐶𝐵] =  [𝑇𝐶𝐵1]

𝑇[𝑀][𝑇𝐶𝐵1]  (61) 

where the sizes of the reduced Craig-Bampton matrices are 

[64𝑥64] =  [64𝑥3192]𝑇[3192𝑥3192][3192𝑥64] 

 Similarly, ‘param,extout,dmigpch’ command is written into bulk data part 

of the ‘bdf’ file of the remaining finite element model shown in Figure 30. 

 MSC Nastran input (bdf) file of the remaining model is run to extract the 

system matrices in the so-called punch (pch) file. 

 

where 324 denotes the size of the remaining system matrices. 

 Once the system matrices of the reduced substructure [64x64] and the 

remaining [324x324] finite element models are obtained, they are 

combined to form the reduced helicopter tail finite element model 

[334x334]. The assembly of both the remaining and the reduced 

substructure models are conducted by using the superposition approach at 

the boundary degrees of freedom.  
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[𝐾𝑎𝑠𝑠𝑦] =  

[
 
 
 
[𝐾𝑟,𝑖𝑖]270𝑥270

[𝐾𝑟,𝑖𝑏]270𝑥54
[0]270𝑥10

[𝐾𝑟,𝑏𝑖]54𝑥270
[𝐾𝑟,𝑏𝑏]54𝑥54

+ [𝐾𝐶𝐵,𝑏𝑏]54𝑥54
[𝐾𝐶𝐵,𝑏𝑡]54𝑥10

[0]10𝑥270 [𝐾𝐶𝐵,𝑡𝑏]10𝑥54
[𝐾𝐶𝐵,𝑡𝑡]10𝑥10 ]

 
 
 

334𝑥334

{

𝑥𝑟

𝑥𝑏

𝑞𝑘

} 

(62) 

where [𝐾𝑟] is the remaining finite element model stiffness matrix and [𝐾𝐶𝐵] is the 

reduced substructure finite element model or Craig-Bampton stiffness matrix. 

Moreover, “i” denotes the interior degrees of freedom of the remaining model, “b” 

indicates the boundaries and “t” represents the truncated degrees of freedom of the 

reduced substructure model. The assembly of the mass matrices is also performed 

exactly in the same manner. 

 As a result, the system matrices of the reduced helicopter tail model are 

obtained by following the detailed procedure explained above.  

In order to demonstrate the accuracy of the reduced (CMS model in modal 

coordinates) helicopter tail finite element model in terms of the dynamic behavior, 

the eigensolution is carried out in MATLAB by using the assembled system 

matrices. The lowest five modes of vibration are extracted from the eigensolution 

and they are compared with the natural frequencies of the global helicopter tail 

model. The results of both models are presented in Table 6 including the 

percentage error between them. It can be seen that the natural frequencies of the 

two models are in good agreement. The percent errors except for the 2nd and the 5th 

mode shapes are almost zero and for these modes it can be said that the level of the 

errors is acceptable as well. Hence, the reduced helicopter tail finite element model 

which is obtained by utilizing the Craig-Bampton method in modal coordinates 

represents the dynamic behavior of the global model quite well. 

  

Table 6 Natural Frequencies of the Global and CMS (Modal) Models  

Mode 
Global [Hz] 

3462x3462 

CMS (Modal) [Hz] 

334x334 
%Error 

1 20.69155 20.68492 0.03204 

2 28.31092 28.37474 0.22543 

3 28.85441 28.82581 0.09912 

4 37.05206 37.07193 0.05363 

5 48.73462 49.04288 0.63253 
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 Application II 

The tail cone is considered as the substructure part shown in Figure 31. On the 

other hand, the vertical stabilizer and the horizontal stabilizer model are regarded 

as the remaining part demonstrated in Figure 32.   

 

 

Figure 31 The substructure finite element model 

 

The substructure finite element model consists of; 

 454 grids points with a totally degrees of freedom 2724. 

 Boundary conditions applied at the tail cone-to-fuselage interface with 32 

grid points and 192 degrees of freedom. 

 2532 total degrees of freedom which is free to move. 

 13 grid points which makes 78 degrees of freedom at the substructure-

remaining interface also called as the boundary in the Craig-Bampton 

method. 
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Figure 32 The remaining finite element model 

 

The remaining finite element model involves; 

 190 grid points with a totally 1140 degrees of freedom 

 22 dependent grid points of RBE2 elements utilized at the tail cone-to-

horizontal stabilizer interfaces with 132 degrees of freedom. 

 1008 total degrees of freedom which is free to move. 

 13 grid points with 78 degrees of freedom boundary connecting the 

remaining and the substructure models 

In Craig-Bampton method in modal coordinates, the substructure finite element 

model is decreased to the boundary degrees of freedom and also to the modal 

coordinates which represent the behavior of the interior degrees of freedom. Then, 

this reduced superelement is assembled to the remaining model at interface 

boundary forming the finite element model which has lower degrees of freedom 

compared to the global finite element model of the helicopter tail structure.  
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In order to obtain the reduced model, the same procedure described in the 

application I is performed again. Furthermore, the eigensolution of the reduced 

model is carried out by MATLAB and the lowest five modes of vibration are 

extracted. Similarly, they are compared with the natural frequencies of the global 

helicopter tail model. The results of both reduced and global models are presented 

in Table 7 with the percent errors. It can be seen that the natural frequencies of the 

two models are in good agreement. Moreover, the percent errors are nearly zero 

except for the 5th mode but the level of the error can be acceptable. Therefore, it 

can be expressed that CMS model obtained by the Craig-Bampton method in 

modal coordinates is good at representing the dynamic behavior of the global 

model. 

 

Table 7 Natural Frequencies of the Global and CMS (Modal) Models 

Mode 
Global [Hz] 

3462x3462 

CMS (Modal) [Hz] 

1018x1018 
%Error 

1 20.69155 20.69238 0.00401 

2 28.31092 28.31882 0.02790 

3 28.85441 28.87475 0.07049 

4 37.05206 37.06957 0.04726 

5 48.73462 48.94292 0.42742 

 

3.3.2.2 Craig-Bampton Method in Physical Coordinates 

In the previous section, the substructure finite element model demonstrated in 

Figure 29 is reduced to the boundary grids and also to a few modal degrees of 

freedom which are the truncated fixed interface normal modes. However, this 

reduced model does not provide any information about the interior degrees of 

freedom of the substructure due to the utilization of the modal coordinates during 

the application of the component mode synthesis technique. Hence, Craig-

Bamtpon method in physical coordinates is proposed to remedy this problem [20]. 

In other words, the modal coordinates used in the reduction procedure is 

transformed into the physical coordinates. As a result, the reduced substructure 

model now includes the boundary and the physical degrees of freedom. 
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Application I 

The detailed procedure of the application of the Craig-Bampton method in 

physical coordinates for the global helicopter tail finite element model is described 

below. 

 ‘param,extout,dmigpch’ command is written into bulk data part of the ‘bdf’ 

file of the substructure finite element model shown in Figure 29. 

 MSC Nastran input (bdf) file of the substructure model is run to extract the 

system matrices in the so-called punch (pch) file. 

 

where 3192 denotes the size of the substructure system matrices. 

 The interior degrees of freedom of the substructure finite element model 

are partitioned as 

 {𝑥𝑖} = {
𝑥𝑚

𝑥𝑠
} (63) 

where “m” is the master grids to be kept in the model and “s” is the slave grids to 

be eliminated from the model.  

 The partitioned equations of motion in Eq. (57) now become 

 

[
𝑀𝑚𝑚 𝑀𝑚𝑠 𝑀𝑚𝑏

𝑀𝑠𝑚

𝑀𝑏𝑚

𝑀𝑠𝑠

𝑀𝑏𝑠

𝑀𝑠𝑏

𝑀𝑏𝑏

] {

𝑥̈𝑚

𝑥̈𝑠

𝑥̈𝑏

} + [
𝐾𝑚𝑚 𝐾𝑚𝑠 𝐾𝑚𝑏

𝐾𝑠𝑚

𝐾𝑏𝑚

𝐾𝑠𝑠

𝐾𝑏𝑠

𝐾𝑠𝑏

𝐾𝑏𝑏

] {

𝑥𝑚

𝑥𝑠

𝑥𝑏

} = {

𝑓𝑚
𝑓𝑠
𝑓𝑏

} 

(64) 

 The master degrees of freedom of the substructure are selected in a similar 

scheme described in section 4.3.1. That is, the reduced substructure model 

should reflect the original model in terms of its shape and geometry and 

represent the lowest 5 modes of vibration of the substructure. 
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Figure 33 The view of the reduced substructure finite element model 

 

 The total number of selected master nodes/grids are 30 involving both the 

2nd (translation y) and the 3rd (translation z) degrees of freedom for all 

nodes which makes in total 60 degrees of freedom. 

 

 The constraint modes of the substructure finite element model are 

calculated by using Eq. (28). 

 [𝜓𝑐] = −[𝐾𝑖𝑖]
−1[𝐾𝑖𝑏] (65) 

where the sizes of the matrices are 

[3138𝑥54] = −[3138𝑥3138]−1[3138𝑥54] 

 The fixed interface normal modes of the substructure finite element model 

are estimated by solving the eigenvalue equation given in Eq. (66). 

 𝜔2[𝑀𝑖𝑖][𝜙𝑘] = [𝐾𝑖𝑖][𝜙𝑘] (66) 

where the sizes of the matrices are all 3138x3138. 



64 

 

 The fixed interface normal modes are truncated during the mode shapes 

calculation. Only the first 10 mode shapes are extracted from the 

substructure finite element model which provides sufficient accuracy for 

representing the characteristics of the interior structure. Hence, the size of 

the fixed interface mode shapes becomes 3138x10.    

 Then, the Craig-Bampton transformation matrix can be obtained from Eq. 

(67). 

 [𝑇𝐶𝐵1] = [
𝜙𝑘 𝜓𝑐

0 𝐼
] (67) 

where the sizes of the matrices are 

[3192𝑥64] = [
3138𝑥10 3138𝑥54
54𝑥10 54𝑥54

] 

 Furthermore, the Craig-Bampton transformation matrix relating the modal 

coordinates to physical coordinates given in Eq. (37) can be written as 

 
𝑇𝐶𝐵2 = [(𝜙𝑚𝑘

𝑇 𝜙𝑚𝑘)−1𝜙𝑚𝑘
𝑇 −(𝜙𝑚𝑘

𝑇 𝜙𝑚𝑘)−1𝜙𝑚𝑘
𝑇 𝜓𝑚𝑐

0 𝐼
] 

(68) 

where the sizes of the matrices are 

[64𝑥114] = [
10𝑥60 10𝑥54
54𝑥60 54𝑥54

] 

 The combined transformation matrix is 

 𝑇𝐶𝐵 = 𝑇𝐶𝐵1𝑇𝐶𝐵2 (69) 

where the sizes of the matrices are 

[3192𝑥114] = [3192𝑥64][64𝑥114] 

 Hence, the substructure reduced stiffness and mass matrices are estimated 

by utilizing Eq. (39) 

 [𝐾𝐶𝐵] =  [𝑇𝐶𝐵]𝑇[𝐾][𝑇𝐶𝐵]            [𝑀𝐶𝐵] =  [𝑇𝐶𝐵]𝑇[𝑀][𝑇𝐶𝐵]  (70) 
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where the size of the reduced Craig-Bampton matrices in physical coordinates are 

[114𝑥114] =  [114𝑥3192]𝑇[3192𝑥3192][3192𝑥114] 

 The reduced Craig-Bampton mass and stiffness matrices are then written 

into a “pch” file having the same format of MSC Nastran. 

 

 A new Patran database (db) file is created which involves only the selected 

master grid points. 

 Point elements having zero mass with 0D mass properties are created at the 

master grid points to assign the reduced mass matrix values to these points 

[31]. 

 Bar elements having zero spring constant with 1D spring properties are 

generated between the grid points of the reduced model to represent the 

reduced stiffness matrix [31]. 

 The remaining finite element model in Figure 30 is also imported into this 

“db” file. 

 The analysis file (bdf) of the reduced helicopter tail model (cms in physical 

coordinates) is generated. 

 The reduced Craig-Bampton matrices written into the “pch” file are 

inserted into “bdf” file of the CMS model using the commands [31]. 

o Case Control Section - K2GG = KMAT 

M2GG = MMAT 

o Bulk Data Section - INCLUDE ‘CB_system_matrices.pch’ 

where “KMAT” and “MMAT” denote the names of the stiffness and mass 

matrices in the pch file. 
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Figure 34 CMS (Physical) Model  

 

Once the component mode synthesis procedure which is explained above is 

performed, the normal modes analysis in MSC Nastran (SOL 103) of the reduced 

helicopter tail finite element model can be executed. The natural frequencies of the 

global model and the CMS model in physical coordinates are presented in Table 8. 

The lowest five modes of vibration are extracted from the normal modes analysis 

for each model for the comparison of the natural frequencies. It can be seen that 

the natural frequencies of the global and the cms (physical) finite element models 

are very close to each other. Furthermore, the percent errors between the natural 

frequencies are nearly zero.  

 

Table 8 Natural Frequencies of the Global and CMS (Physical) Models 

Mode 
Global [Hz] 

3462x3462 

CMS (Physical) [Hz] 

384x384 
%Error 

1 20.69155 20.68597 0.02697 

2 28.31092 28.37751 0.23521 

3 28.85441 28.82758 0.09298 

4 37.05206 37.07279 0.05595 

5 48.73462 49.04456 0.63598 

 

Figure 35 and Figure 36 show the 3rd mode shape of the global model and the cms 

(physical) model. It can be seen that the shape of the eigenvectors of the tail cone 

and the vertical stabilizer components are almost similar for both models. 
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However, the situation is different for the horizontal stabilizer. In other words, the 

mode shape of the cms model does not represent the global model for this 

component. While converting the modal coordinates to the physical coordinates by 

using the new transformation matrix, TCB2, derived in this technique, the accuracy 

between the results of the global and the cms model is lost for the horizontal 

stabilizer. On the other hand, the mode shapes for the regions of tail cone and 

vertical stabilizer are in good agreement for both models. Moreover, the other 

mode shapes of the CMS model reflects the global model quite well. 

As a result, it can be concluded that the results of the cms (physical) model for 

further studies such as frequency and time response analyses may provide reliable 

information about the global model except for the horizontal stabilizer region. 

  

 

Figure 35 3rd mode of the Global Model 
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Figure 36 3rd mode of the CMS (Physical) Model 

 

Application II 

After following the same procedure described above, CMS (physical) model is 

also obtained from the global finite element model for the application II. Figure 37 

demonstrates the reduced combined model obtained by using the Craig-Bampton 

method in physical coordinates. 

 

 
Figure 37 CMS (Physical) Model 
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Once the CMS model is obtained, the normal modes analysis in MSC Nastran 

(SOL 103) can be executed. Then, the natural frequencies of the global helicopter 

tail finite element model and the CMS model in physical coordinates are presented 

in Table 9. For the comparison of the frequencies, the lowest five modes of 

vibration are extracted from both analyses. The normal modes analysis results 

show that the global and the CMS finite element models are in good agreement. 

Moreover, the percent errors between natural frequencies are almost zero. 

 

Table 9 Natural Frequencies of the Global and CMS (Physical) Models 

Mode 
Global [Hz] 

3462x3462 

CMS (Physical) [Hz] 

1052x1052 
%Error 

1 20.69155 20.69262 0.00517 

2 28.31092 28.32355 0.04461 

3 28.85441 28.87687 0.07784 

4 37.05206 37.07039 0.04947 

5 48.73462 48.95630 0.45487 

 

Figure 38 and Figure 39 demonstrate the 3rd mode shape of the global and the cms 

(physical) finite element models. It can be expressed that the shape of the 

eigenvectors is similar for both models and the eigenvectors behave like lateral 

bending mode. Moreover, the other mode shapes of the CMS model reflects the 

global model quite well. 

As a result, the CMS model obtained by using Craig-Bampton method in physical 

coordinates for application II can be utilized for further studies involving 

frequency and time response, optimization or aeroelastic analyses. 
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Figure 38 3rd mode of the Global Model 

 

 

 

Figure 39 3rd mode of the CMS (Physical) Model 
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3.3.3 Stick Model Development Technique 

Stick model development, a different way of reducing the size of the global model, 

is the last technique covered in this study. The stick models are commonly used in 

aerospace industry especially for vibration, flutter and multidisciplinary 

optimization analyses. This methodology is based on generating a beam/stick 

model at the elastic/center axis of the aircraft substructures such as fuselage, 

wings, stabilizers. 

The helicopter tail finite element model described in chapter 4.3 is again utilized to 

extract the stick model while at the same time the total number of degrees of 

freedom of the global model is decreased respectably. For this purpose, two 

different techniques namely the reduction of system matrices and the method of 

constraint forces and the concentrated mass are followed in this study. In the first 

method, reduction of system matrices procedure is applied for the helicopter tail 

finite element model by following a different approach so that the reduced model 

looks like a stick model [1], [4], [5]. In the second method, the stiffness and the 

mass properties are estimated separately for the creation of the stick model. The 

constraint forces or structural influence coefficients concept is used to obtain the 

stiffness properties of the reduced model [26]. On the other hand, the concentrated 

mass approach with the help of the mass properties tool of MSC Patran is utilized 

to assign the mass properties to the stick model [29]. 

The extraction of system matrices of the global model, the application of the 

reduction of system matrices methods on the global system matrices and creating 

the reduced system matrices are performed by codes written in MATLAB. The 

analysis of the global and the CMS model is achieved using MSC Nastran. For the 

method of constraint forces and concentrated mass, the calculation of the single 

point constraint forces is also estimated by using MATLAB. 
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3.3.3.1 Addition of MPC Elements 

Before performing the reduction process, stick model grids are created at the 

centers of the tail cone and stabilizers for each frame and rib stations respectively. 

Furthermore, they have to be connected somehow to the global finite element 

model grid points. For this purpose, a set of MPC elements are created at each 

frame/rib stations through which the stick model grid points, which are located at 

the centers of the frames/ribs, are connected to the surrounding grid points in the 

relevant sections of the global model. Since, frames and ribs are the primary load 

carrying members for aerospace structures, the stick model grids are attached to 

the nodes of these structures to provide more accurate representation of the global 

model. 

First, RBE2 elements are generated at the frame/rib stations of the model to 

connect the stick model grid points to the surrounding grid points of the full 

model. RBE2 elements defines a rigid body relation between the independent 

degrees of freedom that are specified at a single grid point and the dependent 

degrees of freedom that are specified at an arbitrary number of grid points [32]. 22 

RBE2 elements and centerline grid points are generated to represent the global 

behavior of the full finite element model. They are created at the frame stations for 

the tail cone and at the rib stations for the horizontal and the vertical stabilizers. 

The stick model grid points are located at the centers of the frames/ribs of the tail 

cone and the vertical stabilizer. However, they are not placed at the centers of the 

ribs of the horizontal stabilizer because the center grids are not located at the same 

coordinate of the tail cone grid in the z direction. In other words, the connection of 

these center grids of the tail cone and the horizontal stabilizer does not lie in xy 

plane. Therefore, the stick model grids of the horizontal stabilizer are created at the 

same z coordinate of the tail cone grid in order to connect the stick model grid 

points of the horizontal stabilizer. The modified finite element model with RBE2 

elements is shown in Figure 40. 
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Figure 40 Helicopter Tail FE Model with MPC Elements 

 

Alternatively, RBE3 elements are introduced to the global model instead of RBE2 

elements to connect the stick model grids to the global model. RBE3 elements 

define the motion at a reference grid points as the weighted average of the motions 

at other grid points [32]. In this case, grid points which are again placed at the 

centers of the frames/ribs are now dependent on the surrounding grid points on the 

frames/ribs in the global model. The total number of RBE3 elements is again 22 

and their locations are the same as the RBE2 elements.  

In Nastran, normal modes analysis (SOL 103) is conducted to extract the natural 

frequencies and the mode shapes of the global finite element model. Similarly, 

modal analysis is carried out to find the natural frequencies of the modified finite 

element models with RBE2 and RBE3 elements. The results for the first five 

natural frequencies are given in Table 10. Comparing the results found for the 

global FEM and the modified FEM with RBE2 elements, one can see that the 

differences between the natural frequencies of the two models are not acceptable. 

It can be concluded that adding the RBE2 elements into the model increases the 

stiffness and accounts for large discrepancy between the natural frequencies of the 

original global model and the model modified by RBE2 elements. However, it can 
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be seen from the comparison results of the global model and the modified model 

with RBE3 elements that the frequencies almost do not change after the addition of 

RBE3 elements into the model. Hence, in the present study, the global model 

involving the RBE3 elements is used for the development of stick model of the 

helicopter tail. 

 

Table 10 Natural Frequencies of the Global and Modified FE Models  

Mode Global [Hz] 
Modified - RBE2 

[Hz] 

Modified - RBE3 

[Hz] 

1 20.6916 28.9977 20.6916 

2 28.3109 36.6619 28.3110 

3 28.8544 49.2776 28.8555 

4 37.0521 71.6387 37.0524 

5 48.7346 94.9345 48.7362 

 

3.3.3.2 First Method: Reduction of System Matrices 

In this section, the mass and stiffness matrices of the global model with RBE3 

elements are reduced by using the described reduction techniques of Guyan, IRS 

and Modal [1], [4], [5]. For this purpose, the system matrices are extracted from 

the global Nastran finite element model. At this point it should be noted that the 

grid points of the stick model do not exist in the system matrices since they are 

defined as dependent nodes of RBE3 elements. Consequently, the reduction 

techniques cannot be applied for this situation because the grid points which will 

be the master degrees of freedom are not present in system matrices. In order to 

include the dependent grid points of RBE3 elements in the system matrices, 

coincident grid points are created at the same location as the grid points of the 

stick model. Then, “cbush” elements are generated with rigid stiffness for all six 

directions between the coincident grid points. With this modification, the new grid 

points, which are coincident with the dependent grid points of the RBE3 elements, 

exist in the system matrices once they are extracted from MSC Nastran. Thus, this 

modification allows the model reduction techniques to be applied. 
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For the reduction process,  

  ‘param,extout,dmigpch’ command is written into bulk data part of 

the ‘bdf’ file of the global finite element model. 

  Nastran input (bdf) file of the global model is run to extract the 

system matrices in the so-called punch (pch) file. 

  The coincident grid points at the centers of the frames/ribs are 

selected as master degrees of freedoms. 

  In total, 22 master grid points with all six degrees of freedom are 

selected so the size of the reduced/stick model becomes 132x132. 

  The reduced mass and stiffness matrices calculated for the Guyan, 

IRS and Modal reduction methods are written into a “pch” file having 

the same format. 

  A new Patran database (db) file is created which involves only the 

stick model grid points. 

  Point elements having zero mass with 0D mass properties are 

created at the stick model grid points to assign the reduced mass matrix 

values to these points [31]. 

  Bar elements having zero spring constant with 1D spring properties 

are generated between the grid points of the stick model to represent the 

reduced stiffness matrix [31]. 

  The analysis file (bdf) of the stick model is generated. 

  The reduced matrices written into the “pch” file are imported into 

(bdf) file of the stick model using the commands given below [31]. 

  Case Control Section –  K2GG=KMAT 

                  M2GG=MMAT 

  Bulk Data Section    –  INCLUDE ‘file_name.pch’ 

where “KMAT” and “MMAT” are the names of the stiffness and mass matrices in 

the pch file. 

After reducing the global system matrices for each method and importing them 

into MSC Nastran, the normal modes analyses of stick models are performed. The 

natural frequencies of the global FEM and the stick models for each reduction 

technique are compared in Table 11 for the lowest five modes of vibration. From 
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the results, it is seen that natural frequencies of the stick models are in good 

agreement with the natural frequencies of the global model. Figure 41, Figure 42, 

Figure 43 and Figure 44 show the 2nd mode shape of the global model and the 

Guyan, IRS and Modal stick models. 

 

Table 11 Natural Frequencies of Global and Stick Models  

Mode 
Global [Hz] 

3462x3462 

Guyan [Hz] 

132x132 

IRS [Hz] 

132x132 

Modal [Hz] 

132x132 

1 20.69155 20.72547 20.72572 20.69247 

2 28.31092 28.34332 28.31709 28.30778 

3 28.85441 29.03228 28.86212 28.85836 

4 37.05206 37.39341 37.05169 37.05289 

5 48.73462 49.54552 48.73549 48.73318 

 

 

 

Figure 41 2nd mode of the Global Model 
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Figure 42 2nd mode of the Guyan Stick Model 

 

 

 

Figure 43 2nd mode of the IRS Stick Model 
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Figure 44 2nd mode of the Modal Stick Model 

 

When the results of the natural frequencies of the stick models are compared with 

the natural frequencies of the global model in Table 11, it is seen that the IRS and 

Modal reduction methods give better results than the Guyan reduction especially 

for higher modes. In other words, the errors in natural frequencies between the 

global model and the stick models are less for the IRS and Modal stick models 

compared to the Guyan stick model. Moreover, as mentioned before, the Modal 

reduction procedure requires higher computation time and more capacity because 

the eigensolution of the global model is utilized in this method. Therefore, for 

further analysis, the stick model generated utilizing the IRS method is used to 

carry out the frequency response analysis in the present study. For this purpose, 

unit forces in the y direction are applied at the top of the vertical stabilizer of the 

global and the stick model, as shown in Figure 45. The frequency range of the 

solution is defined between 0 and 50 Hz containing the first 5 modes of the global 

model. The critical damping value is defined as 0.025 between 0 and 50 Hz. In the 

frequency response analysis, the displacement values at the grid points are 
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requested and displacement versus frequency graphs of the global and stick models 

are demonstrated for a few grid points. 

After the frequency response analysis is performed, the displacement results are 

requested at the grid point 660 which is the grid point at the top and the center of 

the vertical stabilizer, as shown in Figure 45. Figure 46 compares the displacement 

magnitude versus frequency plots obtained by the frequency response analysis of 

both models. 

  

 

Figure 45 Unit Force Locations for the Frequency Response Analysis 

 

 

 

Figure 46 Grid 660, Displacement-Frequency Graph 

 

Figure 47 shows two grid points at the tip of the horizontal stabilizer both in the 

global model and the stick model. Grid point 522 is at the tip of the horizontal 

stabilizer of the global model and the grid point 670 is at the tip of the horizontal 

stabilizer of the stick model. These two grid points are not exactly in the same 
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location but they are very close to each other so that the results of the frequency 

response analysis of these points can be compared. The displacement magnitude 

versus frequency plots obtained by the frequency response analysis of both models 

are compared in Figure 48. 

 

 

Figure 47 Grid Locations for Displacement Output 

 

 

 

Figure 48 Grids 522 and 670, Displacement-Frequency Response Graph 

 

Figure 46 and Figure 48 show that the displacement magnitude-frequency plots for 

the grid points at the tail cone and the horizontal stabilizer obtained by the 

frequency response analysis of the global and the stick models are in good 

agreement. Hence, it is concluded that the stick model can be utilized for further 

dynamic analysis of the tail cone under different loading conditions and maneuvers 

for the low frequency range. 

Grid 522 Grid 670 
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Furthermore, the solution time of the global and the IRS stick models for the 

frequency response analyses is compared. Table 12 shows the computation time 

according to the different frequency resolutions requested in the frequency 

responses analyses. As the frequency step size decreases, the solution time 

increases about 4 times for the global model. On other hand, the computation time 

of the IRS stick model remains almost the same. For instance, analyzing the global 

model with 150 different load cases and a frequency resolution of 0.025 Hz may 

take approximately 60 minutes. However, the IRS stick model can give the results 

for the same analysis in only 9 minutes. 

 

Table 12 The computation time values of the frequency response analyses 

Model 
Frequency Resolution 

0.25 [Hz] 0.1 [Hz] 0.05 [Hz] 0.025 [Hz] 
Computation Time [s] 

Global 6.26 7.90 12.60 24.19 
Stick 3.30 3.52 3.63 3.75 

 

3.3.3.3 Second Method: Constraint Forces and Concentrated Mass 

In the constrained force and concentrated mass method, all of the grid points lying 

on the beam axis of the stick model are initially fixed while grid points in the 

relevant sections of the global finite element model are free. Then, unit 

displacement or rotation is applied to the degrees of freedom of the stick model 

successively by unlocking the proper degree of freedom. However, in this 

technique direct modification of the global model with RBE3 elements is not 

applicable. In the MPC definition, stick model grid points are generated as 

dependent degrees of freedoms. These grid points are also used in the SPC (single 

point constraint) definition for the application of the unit displacement or rotation 

to determine the respective columns of the stiffness matrix of the reduced model. 

Hence, MSC Nastran produces an error when using dependent MPC and SPC 

definition for the same grid point at the same time. 

To remedy the problem, similar approach, as in reduction of system matrices 

method, is followed for this methodology. Coincident grid points are again created 
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at the dependent grid points of RBE3 elements with a rigid “cbush” property 

value. Then, these points are used to perform the calculation of the constraint 

forces. Static finite element analysis of the model gives the reaction forces at the 

grid points of the stick model. Reaction forces correspond to the different columns 

of the reduced stiffness matrix and this way the reduced stiffness matrix is 

assembled [26]. 

To complete the generation of the stick model mass properties of the reduced 

model should be obtained. For this purpose, the Mass Properties tool of MSC 

Patran is utilized to get the mass characteristics of the full model [29]. The global 

finite element model is divided into three groups before the calculation of the mass 

properties. The tail cone, vertical stabilizer and horizontal stabilizer are separated 

into different groups in MSC.Patran. Tail cone of the global model is split into 

seven sections and stations in order to obtain the corresponding mass information. 

Figure 50 shows the numbering of the sections and stations and also the stick 

model grid points. The sections have 2D shell and 1D bar elements, while the 

stations contain only 1D bar elements. Moreover, sections are composed of skin 

structure with 2D shell elements and stringers and longerons with 1D bar elements 

while stations involve only linear circumferential frames with 1D bar elements 

demonstrated in Figure 49. 
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Figure 49 Structural members of the tail cone 
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Figure 50 Designation of the tail cone 
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Once the elements in the sections and the stations are divided into different groups, 

the mass properties of each group can be obtained utilizing the mass properties 

tool of MSC Patran. Table 13 and Table 14 give the mass and the center gravity 

information of the sections and the stations of the tail cone. The mass value is zero 

at station 6 because frame member does not exist in the helicopter tail finite 

element model.  

 

Table 13 Section mass and center of gravity data of the tail cone  

Location Mass (t) cg X (mm) cg Y (mm) cg Z (mm) 

Section 1 1.42E-02 8705.4 0.0 2090.9 

Section 2 1.31E-02 9405.0 0.0 2153.8 

Section 3 1.20E-02 10104.6 0.0 2216.7 

Section 4 1.09E-02 10804.1 0.0 2279.6 

Section 5 1.26E-02 11633.4 0.0 2405.7 

Section 6 3.12E-03 12177.1 0.0 2336.7 

Section 7 2.89E-03 12470.3 0.0 2371.2 

 

 

Table 14 Station mass and center of gravity data of the tail cone 

Location Mass (t) cg X (mm) cg Y (mm) cg Z (mm) 

Station 1 3.08E-03 9060.0 0.0 2143.1 
Station 2 2.76E-03 9760.0 0.0 2204.5 
Station 3 2.45E-03 10460.0 0.0 2266.1 
Station 4 2.14E-03 11160.0 0.0 2327.6 
Station 5 1.68E-03 12081.8 -0.1 2378.1 
Station 6 0.00E+00 - - - 
Station 7 1.00E-03 12644.9 0.0 2429.0 

 

 

For the distribution of the mass properties of each group to the stick model grids, a 

different approach unique to this study is developed. The sectional mass is 

distributed to the neighboring stick model grids. Sectional mass is distributed to 

the stick model grids in proportion with the ratio of the distance between the two 

neighboring stations. On the other hand, the mass values at the stations are directly 

added to the corresponding stick model grids. 
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For instance, the total mass at the stick model grid 651 is calculated as, 

𝑚651 = 𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,651 + 𝑚𝑠𝑡𝑎𝑡𝑖𝑜𝑛,651 

where the section mass is calculated as, 

𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,651 =  𝑚𝑠𝑒𝑐,3 ∗
𝑥𝑐𝑔,𝑠𝑒𝑐,3 − 𝑥𝑐𝑔,650

𝑥𝑐𝑔,651 − 𝑥𝑐𝑔,650
+ 𝑚𝑠𝑒𝑐,4 ∗

𝑥𝑐𝑔,652 − 𝑥𝑐𝑔,𝑠𝑒𝑐,4

𝑥𝑐𝑔,652 − 𝑥𝑐𝑔,651
 

 

𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,651 = 1.2𝑒 − 2 ∗
10104.6 − 9760

10460 − 9760
+ 1.09𝑒 − 2 ∗

11160 − 10804.1

11160 − 10460
  

 

𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,651 = 5.90𝑒 − 4 + 5.54𝑒 − 4 = 1.14𝑒 − 2 tons 

and the station mass is calculated as, 

𝑚𝑠𝑡𝑎𝑡𝑖𝑜𝑛,651 = 𝑚𝑠𝑡𝑎𝑡𝑖𝑜𝑛,3 = 2.45𝑒 − 3 tons 

The total mass is then calculated as, 

𝑚651 = 𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,651 + 𝑚𝑠𝑡𝑎𝑡𝑖𝑜𝑛,651 

 

𝑚651 =  1.14𝑒 − 2 +  2.45𝑒 − 3 

 

𝑚651 =  1.39𝑒 − 2 tons 

As a result, the mass properties of stick model grids are obtained by following the 

procedure described above. Table 15 shows the mass information of stick model 

grids of the tail cone. 

Table 15 Mass properties of the grids of the stick model of the tail cone 

 

Stick Model

 Grids
cg X (mm) cg Y (mm) cg Z (mm) Mass_section (t) Mass_station (t) Mass_total (t)

649 9060.0 0.0 2141.2 1.36E-02 3.08E-03 1.67E-02

650 9760.0 0.0 2201.8 1.25E-02 2.76E-03 1.53E-02

651 10460.0 0.0 2262.5 1.14E-02 2.45E-03 1.39E-02

652 11160.0 0.0 2323.2 1.17E-02 2.14E-03 1.38E-02

653 12105.7 0.0 2404.9 8.60E-03 1.68E-03 1.03E-02

654 12368.7 0.0 2427.8 2.73E-03 0.00E+00 2.73E-03

655 12661.9 0.0 2453.4 1.00E-03 1.00E-03 2.00E-03
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Similarly, vertical stabilizer of the global model is divided into five sections and 

stations to extract the corresponding mass properties. Figure 52 shows the 

numbering of the sections and stations and also the stick model grid points. The 

sections and stations has both 2D shell and 1D bar elements. Moreover, sections 

are composed of skin structure, spar webs and flanges while stations consist of rib 

web and flange elements shown in Figure 51. 

 

 

Figure 51 Structural members of the vertical stabilizer 

 

 



88 

 

 

Figure 52 Designation of the vertical stabilizer 

 

Once again the elements in sections and stations are divided into different groups, 

the mass properties of each group are obtained utilizing the mass properties tool of 

MSC Patran. Table 16 and Table 17 gives the mass and the center gravity 

information of sections and stations of the vertical stabilizer. 

 

Table 16 Section mass and center of gravity data of the vertical stabilizer 

Location Mass (t) cg X (mm) cg Y (mm) cg Z (mm) 
Section 1 1.16E-03 12604.3 -1.4 2803.0 
Section 2 1.56E-03 12826.0 -2.3 2980.5 
Section 3 1.27E-03 12993.5 -3.7 3200.4 
Section 4 1.30E-03 13167.4 -5.0 3415.6 
Section 5 1.33E-03 13373.0 -6.6 3660.1 

 

 

Table 17 Station mass and center of gravity data of the vertical stabilizer 

Location Mass (t) cg X (mm) cg Y (mm) cg Z (mm) 
Station 1 3.20E-04 12736.8 -1.6 2867.1 
Station 2 2.68E-04 12917.4 -3.1 3097.7 
Station 3 2.23E-04 13078.7 -4.3 3302.5 
Station 4 1.80E-04 13259.1 -5.8 3532.9 
Station 5 1.94E-04 13462.8 -7.5 3800.0 
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Sectional mass is distributed in a similar fashion as the tail cone. This time, 

sectional mass is distributed by multiplying it with a ratio which is calculated by 

considering the resultant x and z distances between the center of gravity of the 

sectional mass and the stick model grids. On the other hand, the mass values at the 

stations are directly added to the mass of corresponding grids of the stick model. 

For example, the total mass at the stick model grid 657 is calculated as, 

𝑚657 = 𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,657 + 𝑚𝑠𝑡𝑎𝑡𝑖𝑜𝑛,657 

where the section mass is calculated as, 

𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,657 = 𝑚𝑠𝑒𝑐,2 ∗

√(𝑥𝑐𝑔,𝑠𝑒𝑐,2 − 𝑥𝑐𝑔,656)
2
+ (𝑧𝑐𝑔,𝑠𝑒𝑐,2 − 𝑧𝑐𝑔,656)

2

√(𝑥𝑐𝑔,657 − 𝑥𝑐𝑔,656)
2
+ (𝑧𝑐𝑔,657 − 𝑧𝑐𝑔,656)

2
 

 

                      +  𝑚𝑠𝑒𝑐,3 ∗
√(𝑥𝑐𝑔,658 − 𝑥𝑐𝑔,𝑠𝑒𝑐,3)2 + (𝑧𝑐𝑔,658 − 𝑧𝑐𝑔,𝑠𝑒𝑐,3)2

√(𝑥𝑐𝑔,658 − 𝑥𝑐𝑔,657)2 + (𝑧𝑐𝑔,658 − 𝑧𝑐𝑔,657)2
 

 

𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,657 =  1.56𝑒 − 3 ∗
√(12826 − 12737.7)2 + (2980.5 − 2866.6)2

√(12918.4 − 12737.7)2 + (3097.2 − 2866.6)2
 

 

                      +  1.27𝑒 − 3 ∗
√(13079.6 − 12993.5)2 + (3302 − 3200.4)2

√(13079.6 − 12918.4)2 + (3302 − 3097.2)2
 

 

𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,657 =  1.56𝑒 − 3 ∗
144.12

292.97
 + 1.27𝑒 − 3 ∗

133.18

260.63
 

 

𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,657 = 7.67𝑒 − 4 + 6.49𝑒 − 4 = 1.42𝑒 − 3 tons 

where the station mass is calculated as, 

𝑚𝑠𝑡𝑎𝑡𝑖𝑜𝑛,657 = 𝑚𝑠𝑡𝑎𝑡𝑖𝑜𝑛,3 = 2.68𝑒 − 4 tons 
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The total mass is then calculated as, 

𝑚657 = 𝑚𝑠𝑒𝑐𝑡𝑖𝑜𝑛,657 + 𝑚𝑠𝑡𝑎𝑡𝑖𝑜𝑛,657 

𝑚657 = 1.42𝑒 − 3 + 2.68𝑒 − 4 

𝑚657 = 1.69𝑒 − 3 tons 

As a result, the mass properties of stick model grids are obtained by following the 

procedure described above. Table 18 gives the mass information of stick model 

grids of the vertical stabilizer. 

 

Table 18 Mass properties of stick model grids of the vertical stabilizer 

 

 

Finally, horizontal stabilizer of the global model is split into ten sections and 

stations in order to get the corresponding mass information. Figure 54 shows the 

numbering of the sections and stations and also the stick model grid points. The 

sections and stations involve both 2D shell and 1D bar elements. Moreover, 

sections are composed of skin structure, spar webs and flanges while stations 

consist of rib web and flange elements shown in Figure 53. 

 

Stick Model 

Grids
cg X (mm) cg Y (mm) cg Z (mm) Mass_section (t) Mass_station (t) Mass_total (t)

656 12737.7 -1.0 2866.6 1.95E-03 3.20E-04 2.27E-03

657 12918.4 -2.6 3097.2 1.42E-03 2.68E-04 1.69E-03

658 13079.6 -4.0 3302.0 1.29E-03 2.23E-04 1.51E-03

659 13260.1 -5.6 3532.4 1.30E-03 1.80E-04 1.48E-03

660 13465.6 -7.5 3800.0 6.70E-04 1.94E-04 8.64E-04
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Figure 53 Structural members of the horizontal stabilizer 

 

 

 

Figure 54 Designation of the horizontal stabilizer 

 

For the horizontal stabilizer, the elements in sections and stations are divided into 

different groups and then the mass properties of each group are obtained utilizing 

the tool of MSC Patran. Table 19 and Table 20 gives the mass and the center 

gravity information of sections and stations of the horizontal stabilizer. 

 

 

 

 

 

Rib web&flanges 

Spar web&flanges 
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Table 19 Section mass and center of gravity data of the horizontal stabilizer 

Location Mass (t) cg X (mm) cg Y (mm) cg Z (mm) 
Section 1 1.80E-03 12279.6 352.8 2430.4 
Section 2 1.52E-03 12285.8 599.4 2430.6 
Section 3 1.52E-03 12285.8 828.4 2430.6 
Section 4 1.52E-03 12285.8 1057.4 2430.6 
Section 5 1.52E-03 12285.8 1286.4 2430.6 
Section 6 1.80E-03 12279.6 -352.8 2430.4 
Section 7 1.52E-03 12285.8 -599.4 2430.6 
Section 8 1.52E-03 12285.8 -828.4 2430.6 
Section 9 1.52E-03 12285.8 -1057.4 2430.6 

Section 10 1.52E-03 12285.8 -1286.4 2430.6 
 

 

Table 20 Station mass and center of gravity data of the horizontal stabilizer 

Location Mass (t) cg X (mm) cg Y (mm) cg Z (mm) 
Station 1 2.76E-04 12240.4 484.9 2429.7 
Station 2 2.76E-04 12240.4 713.9 2429.7 
Station 3 2.76E-04 12240.4 942.9 2429.7 
Station 4 2.76E-04 12240.4 1171.9 2429.7 
Station 5 2.76E-04 12240.4 1400.9 2429.7 
Station 6 2.76E-04 12240.4 -484.9 2429.7 
Station 7 2.76E-04 12240.4 -713.9 2429.7 
Station 8 2.76E-04 12240.4 -942.9 2429.7 
Station 9 2.76E-04 12240.4 -1171.9 2429.7 

Station 10 2.76E-04 12240.4 -1400.9 2429.7 
 

 

Sectional mass is distributed in a similar fashion as the tail cone. This time, 

sectional mass is distributed by multiplying it with a ratio which is calculated by 

considering the y distances between the center of gravity of the sectional mass and 

the stick model grids. On the other hand, the mass values at the stations are 

directly added to the corresponding stick model grids. As a result, the mass 

properties of stick model grids are obtained by following the described technique. 

Table 21 gives the mass properties of stick model grids of horizontal stabilizer. 
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Table 21 Mass properties of stick model grids of the horizontal stabilizer 

 

 

After extracting the reduced stiffness matrix by the constraint force method and 

the concentrated mass values obtained by the described procedure for the stick 

model grid points, the reduced model can be formed to perform the dynamic 

analyses. 

For the generation of the stick model process, 

 A new Patran database (db) file is created which involves only the stick 

model grid points. 

 Bar elements having zero spring constant with 1D spring properties are 

generated between the grid points of the stick model to represent the 

reduced stiffness matrix [31]. 

 Point elements having the mass values obtained in Table 15, Table 18 

and Table 21 with 0D mass properties are created in MSC Patran as 

lumped mass at the stick model grids [31]. 

 The analysis file (bdf) of the stick model is generated. 

 The reduced stiffness matrix calculated from the constraint force 

technique are written into a “pch” file. 

 The reduced stiffness matrix is imported into (bdf) file of the stick 

model using the commands given below [31]. 

  Case Control Section     –  K2GG=KMAT 

  Bulk Data Section      –  INCLUDE ‘file_name.pch’ 

where “KMAT” are the name of the stiffness matrix in the pch file. 

Stick Model

 Grids
cg X (mm) cg Y (mm) cg Z (mm) Mass_section (t) Mass_station (t) Mass_total (t)

661 12368.7 484.9 2427.8 2.56E-03 2.76E-04 2.83E-03
662 12368.7 713.9 2427.8 1.52E-03 2.76E-04 1.80E-03

663 12368.7 942.9 2427.8 1.52E-03 2.76E-04 1.80E-03

664 12368.7 1171.9 2427.8 1.52E-03 2.76E-04 1.80E-03

665 12368.7 1400.9 2427.8 7.61E-04 2.76E-04 1.04E-03

666 12368.7 -484.9 2427.8 2.56E-03 2.76E-04 2.83E-03

667 12368.7 -713.9 2427.8 1.52E-03 2.76E-04 1.80E-03

668 12368.7 -942.9 2427.8 1.52E-03 2.76E-04 1.80E-03
669 12368.7 -1171.9 2427.8 1.52E-03 2.76E-04 1.80E-03

670 12368.7 -1400.9 2427.8 7.61E-04 2.76E-04 1.04E-03
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Once the stick model is generated, the normal modes analysis is performed to 

extract the natural frequencies. Table 22 shows the comparison of the natural 

frequencies of the global model and the stick model for the lowest five modes of 

vibration. From the results, it is seen that natural frequencies of the stick model are 

close to the natural frequencies of the global model. Comparing Table 11 and 

Table 22 reveals that reduction of system matrices approach produced more 

accurate stick models compared to the constrained forces and concentrated mass 

method. Figure 55 and Figure 56 show the 4th mode shapes of the global and the 

stick models which are in reasonably good agreement. In addition, the other mode 

shapes of stick model reflects the global model quite well. 

 

Table 22 Natural frequencies of the global and stick models  

Mode 
Global [Hz] 

3462x3462 

Stick [Hz] 

132x132 

1 20.69155 20.16081 

2 28.31092 27.43312 

3 28.85441 28.60052 

4 37.05206 37.31829 

5 48.73462 48.26609 
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Figure 55 4th mode of the Global model 

 

 

 

Figure 56 4th mode of the Stick model 

 



96 

 

Furthermore, unit forces in the y direction are applied at the top of the vertical 

stabilizer of the global and stick model in order to carry out the frequency response 

analysis. The frequency range of the solution is defined between 0 and 50 Hz 

containing the first five modes of the global model. The critical damping value is 

defined as 0.025 between 0 and 50 Hz. In the frequency response analysis, the 

displacement values at the grid points are requested and displacement versus 

frequency graphs of the global and stick models are demonstrated for a few grid 

points. 

After the frequency response analysis is performed, the displacement results are 

requested at grid point 660 which is also the same grid point as the force location. 

Figure 57 shows the unit force locations and the displacement output grid point 

660. Figure 58 compares the displacement magnitude versus frequency plots 

obtained by the frequency response analysis of both models.  

 

 

Figure 57 Unit force locations for the frequency response analysis 

 

 

 

Figure 58 Grid 660, Displacement-Frequency Response Graph 
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Figure 59 shows two grid points at the tip of the horizontal stabilizer both in the 

global and the stick model. Grid point 522 is at the tip of the horizontal stabilizer 

of the global model and the grid point 670 is at the tip of the horizontal stabilizer 

of the stick model. The displacement magnitude versus frequency plots obtained 

by the frequency response analysis of both models are compared in Figure 60. 

 

 

Figure 59 Grid locations for displacement output 

 

 

 

Figure 60 Grids 522 and 670, Displacement-Frequency Response Graph 

 

 

Figure 58 and Figure 60 show that the displacement magnitude-frequency plots for 

the grid points at the tail cone and the horizontal stabilizer obtained by the 

frequency response analysis of the global and the stick models are not as in good 

agreement as the frequency response obtained by the IRS method, especially at the 

peak displacements corresponding to the natural frequencies. This may result from 

Grid 522 
Grid 670 
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the little discrepancy of the first two natural frequencies of the global and the stick 

models. It is considered that the differences in the natural frequencies and the 

frequency responses obtained by the global model and the stick model are mainly 

due to the less accurate determination of the mass matrix of the stick model rather 

than the stiffness matrix. It should be noted that reduction of the system matrices 

methods are systematic and once the transformation matrix is obtained between the 

degrees of freedom of the global model and the degrees of freedom of the stick 

model, the reduced stiffness and mass matrices can be readily calculated. 

However, in the constraint forces and concentrated mass method, although the 

calculation of the stiffness matrix is properly made, there is arbitrariness in the 

determination of the mass matrix of the stick model. Distribution of the section 

masses of the global model to the stick model is affected significantly depending 

on the number of the sections taken in the stick model. With a more refined 

discretization, mass matrix of the stick model can be calculated more accurately 

and the peak displacement differences in the frequency responses obtained by the 

global model and the stick model may be decreased by improving the mass 

distribution of the stick model. However, it is considered that the stick model can 

still give preliminary information about the dynamic response of the tail cone for 

the low frequency range. 
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CHAPTER 4 

 

 

DISCUSSION, CONCLUSIONS AND 

RECOMMENDATIONS FOR FUTURE WORK 

  

 

 

4.1 Discussion and Conclusions 

The main objective of the thesis is to decrease the required computation time and 

storage space to have a quick knowledge about the dynamic characteristics of the 

helicopter substructures. For this purpose, three different reduction methodologies, 

namely, reduction of system matrices, component mode synthesis and stick model 

development are followed throughout the study. Case studies on a simple 

cantilever plate totally fixed from one end and a typical helicopter tail finite 

element model fixed at the tail-to-fuselage boundary are conducted in order to 

demonstrate the accuracies of the reduction techniques. 

First, reduction of system matrices approach is applied on both the cantilever plate 

and the helicopter tail finite element models. The mass and the stiffness matrices 

of the cantilever plate model are directly decreased to the selected master degrees 

of freedom by performing the described reduction techniques. The full model and 

the reduced models obtained by Guyan, IRS and Modal reduction methods are 

compared with using the natural frequencies and the mode shapes calculated from 

the normal modes analyses. The lowest five modes of vibration are extracted for 

the comparison of the reduction methodologies. Although the natural frequencies 

and the mode shapes of all the reduced models are in good agreement with the 

global model, the IRS technique is determined to be the best method because it has 

better accuracy than the Guyan method and requires less computation time 

compared to the reduction procedure of the Modal method. Furthermore, the size 

of a typical helicopter tail finite element model is reduced by the same methods 

utilized in the cantilever plate model. The master degrees of freedom of the 

reduced model are selected such that they can represent at least the first five modes 
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of vibration of the global tail model and reflect the shape and geometry of the 

global model. After generating the reduced models with the described reduction 

methods, the normal modes analyses are again performed for all the models in 

order to demonstrate the efficiencies of the reduction techniques. Based on the 

comparison of the natural frequencies of the reduced and the full models of the 

helicopter tail, it is concluded that the IRS and the Modal reduction techniques 

provide better accuracy compared to the Guyan method. However, it is further 

concluded that the IRS technique is more efficient because the Modal reduction 

method requires the eigenvector data of the full model in the reduction procedure. 

As the second main reduction approach, the component mode synthesis or the 

superelement procedure is performed on the cantilever plate and the helicopter tail 

by dividing the finite element models into the smaller substructures. The cantilever 

plate is split into two substructures as the remaining and the superelement parts. 

The superelement model is reduced by the Craig-Bampton method in both modal 

and physical coordinates and synthesized back to the remaining model forming the 

combined model involving less number of degrees of freedom than the initial 

model. Then, the full model and the reduced combined or the CMS model are 

compared utilizing the natural frequencies obtained from the normal modes 

analysis results. The frequencies of the CMS model obtained from the modal and 

physical coordinate techniques are very close to the frequencies of the global 

cantilever plate model and the percent errors between the results are almost zero 

for both methods. The mode shapes of the CMS model in physical coordinates also 

behave in the same way as the modes of the full model. It has been observed that 

the reduced models obtained from both techniques can represent the dynamic 

characteristics of the cantilever plate. In addition, the component mode synthesis 

technique is also applied to the helicopter tail finite element model. The tail model 

is divided into the three major substructures as the tail cone, the horizontal and the 

vertical stabilizers. In this study, two different applications are followed for 

generating the CMS models of the global model. First, the tail cone and the 

horizontal stabilizer are considered as the superelement part on which the 

reduction process is performed. On the other hand, the vertical stabilizer 

component is regarded as the remaining part to which the superelement part is to 
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be attached after the reduction is carried out. Second, only the tail cone is 

considered as the substructure part while the horizontal and the vertical stabilizers 

are regarded as the remaining parts. 

The substructure is decreased by utilizing the Craig-Bampton method in modal and 

physical coordinates and then it is synthesized back to the remaining structure at 

the interface degrees of freedom. This combined model forms the CMS model of 

the helicopter tail which has much lower degrees of freedom compared to the 

original global model. Then, the eigensolutions are implemented and the first five 

modes of vibration are extracted for the CMS model in both modal and physical 

coordinates for the comparison of the dynamic behavior of the global and the 

reduced models. For the CMS model obtained from the Craig-Bampton method in 

modal coordinates, the natural frequencies are close to the frequencies of the 

helicopter tail model and the percentage error values between them are at an 

acceptable level for both applications I and II. Therefore, the reduced model is 

good at representing the helicopter tail model in terms of the dynamic behavior. 

For the CMS model obtained from the Craig-Bampton method in physical 

coordinates, the superelement structure is not only reduced to the boundaries but 

also decreased to the interior master degrees of freedom by transforming the modal 

coordinates to the physical ones. Hence, in this case one can have a knowledge 

about the behavior of the interior grids if necessary after the reduction has been 

performed. If the natural frequencies of the global and the CMS (physical) models 

are compared again, the results are almost same as the CMS (modal) model and it 

is concluded that the reduced combined models represent the dynamic 

characteristics of the global helicopter tail model accurately.  

As the third main study, the detailed procedure for the development of stick 

models from aircraft finite element models by retaining the dynamic 

characteristics of the full model within the low frequency range has been studied. 

Mainly two methods are implemented for the generation of stick models. 

Reduction of system matrices and constraint force methods are employed to 

generate stick models for the tail structure of a typical helicopter. In either method, 

the global model is modified by including appropriate multipoint constraint 

elements before performing the reduction process to obtain appropriate 
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representations of the stick model. It is shown that RBE3 element is the right MPC 

element to use to modify the global model for the purpose of generating the stick 

models for both methods. In extracting the mass and the stiffness matrices from 

the global model modified by the inclusion of the MPC elements, addition of 

coincident grids at the same location and making rigid connections between the 

dependent grids of the RBE3 elements and the generated coincident grids is a 

crucial step in the generation of the stick models. Three condensation methods, 

Guyan, IRS and Modal reduction are used for the development of stick models as 

part of the studies performed for the reduction of system matrices method. Then, a 

systematic approach is followed for the estimation of stiffness and mass properties 

of the reduced model by using the constraint force procedure and the concentrated 

mass application respectively in the second part of the stick model generation 

study. The eigensolutions of the global and stick models and the frequency 

response analyses performed demonstrate that the presented methodologies for the 

reduction of system matrices are sufficiently accurate and represent the dynamic 

behavior of the global model accurately in the low frequency range selected. On 

the other hand, the constraint force and the concentrated mass method does not 

produce the stick model as accurate as the reduction of the system matrices 

methods. In the constraint force and the concentrated mass method, it is considered 

that the differences in the natural frequencies and the frequency responses obtained 

by the global model and the stick model are mainly due to the less accurate 

determination of the mass matrix of the stick model rather than the stiffness 

matrix. It is concluded that there is arbitrariness in the determination of the mass 

matrix of the stick model by the concentrated mass approach and this method is 

not systematic as the reduction of system matrices method. With a more refined 

discretization, mass matrix of the stick model can be calculated more accurately 

and the peak displacement differences in the frequency responses obtained by the 

global model and the stick model may be decreased by improving the mass 

distribution of the stick model.  
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4.2 Recommendations for Future Work 

The reduced order models can be extended to the application of an aeroelastic 

analysis of aircraft structures. Calculation of flutter speed and frequency can be 

estimated by using the reduced models. 

The reduced models can be utilized in fatigue and fracture calculations by 

transforming the stress results of the time response analyses with the application of 

the stress recovery procedure. 

The global finite element models that are used to compare the results of the 

reduced models can also be correlated with an experimental modal test data in 

order to verify the global model in terms of the dynamic characteristics.   
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