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ABSTRACT

ADM FORMULATION OF GENERIC MASSLESS SPIN-2
GRAVITY

Dogru, Miisliim
M.S., Department of Physics

Supervisor : Prof. Dr. Bayram Tekin

June 2018, R3] pages

We give a review of the article [1], which uses the Dirac constraint analysis
and 3 + 1 split of geometrodynamics[2] to create the Hamiltonian formulation
of some gravitational actions. We apply the suggested methods to, Born-Infeld
extension of New Massive Gravity, (BINMG) theory and find out the constraints
and their classifications except for two constraints. The number of degrees of
freedom in BINMG depends on the classification of these two constraints. We
could not determine the classes of these two constraints but if some conditions,
collected in chapter [d], are satisfied then BINMG is ghost-free at the nonlinear
level. If these conditions are not satisfied then, BINMG has a third degree of

freedom which does not appear at the linearized studies.

Keywords: ADM, Hamiltonian formulation, constraint analysis, geometrody-

namics, BINMG



0z

GENEL KUTLESIZ SPIN 2 YERCEKIMI TEORILERININ ADM
FORMULASYONU

Dogru, Miisliim
Yiiksek Lisans, Fizik Boliimii

Tez Yoneticisi : Prof. Dr. Bayram Tekin

Haziran 2018 , [83] sayfa

Dirac’in kisitlama analizini ve uzay-zamanin 3 + 1 ayrismasimi[2] kullanan bir
makalenin [I] incelemesi yapilip baz1 gravitasyonel eylemlerin Hamilton formu-
lasyonlari bulundu. Bu makalede 6nerilen metodlar BINMG theorisine uygulanip
kisitlamalar ve kisitlamalarin siniflandirilmas: bulundu, sadece iki adet kisitlama
hari¢. Dordiincii boliimde belirtilen bazi kogullarin saglanmasi halinde BINMG
theorisinin sadece iki dinamik moda sahip oldugu gosterildi. Eger bu kogullar:

saglanmiyorsa BINMG teorisinin ii¢ dinamik modu oldugu gosterildi.

Anahtar Kelimeler: ADM, Hamiltonian formulasyonu, kisitlama analizi, uzay-

zaman dinamigi, BINMG
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CHAPTER 1

INTRODUCTION

To make a quantum theory of an existing classical theory, one has two main
methods. One can use the path integral formalism or one can convert the ac-
tion into the Hamiltonian form and work in the phase space and use Dirac’s
correspondence principle. However, in some theories, gauge symmetry might
lead to infinity when calculating the partition function. This is encountered in
electromagnetism and the problem is solved by introducing gauge conditions.
According to the works initiated by Dirac and Bergmann and later improved
by other physicists, the gauge symmetry is a symmetry that exists in the con-
strained Hamiltonian systems [3]. Since quantum field theories usually have this
type of symmetry, it is important to understand the ways to deal with them.
In this thesis, we review an article [I], perform the calculations in the article
and apply the methods suggested in the article to Born-Infeld Extension of New
Massive Gravity which was worked in detail in [4],[5]. One minor difference will
be that instead of the method suggested in the article [6], we will stick to the
Dirac’s methods [3]. Both of these methods give the same results as is well
known [7]. We will refer to the theory as BINMG in short. In this thesis, the
goal is to find the number of the degrees of freedom of the BINMG theory at the
nonlinear level. The number of the degrees of freedom was previously calculated

in [8] at the linear level.

1.1 Structure of the Thesis

There are some tools we need to understand really well to be able to use the
methods given in the article [I]. Appendices [A| and [B| give short summaries

for the tools needed. Appendix [C] gives some of the main ideas for Born-Infeld
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extension of a theory. Once the tools are mastered, the thesis can be treated as
a step by step application of Dirac’s ideas in the context of constrained systems.
The equations are really long and some of the steps are also cumbersome. We
will not show all of the calculations explicitly. However, we will give the sample
calculations that show the characteristics and difficulties of the step that is being

performed. We will explain the notations as they are needed.



CHAPTER 2

f(Ragw) ACTION AND THE METHOD OF AUXILIARY
VARIABLES

We will find the Hamiltonian formulation for all actions that can be classified

as f(Rapuw) action, that is

Slgw] = 3 | 5Vl (Rope). 2.)

Now, for many gravitational actions this expression is going to be really simple.
However, some actions including the BINMG action are not that simple and a
straightforward application for finding the canonical Hamiltonian is not possible.
This is due to the reason that we cannot invert the tensor relations of higher
than first order. This inversion is necessary for replacing the time derivatives
of configuration space variables with the phase space variables. One can opt to
not invert them at all and make it work in some cases by working with algebraic
expressions but it would be extremely laborious. So we use a well known method
called auxiliary variables method as suggested in the article [I] to make a more

amenable action. Let us describe this method first.

2.1 Auxiliary Variables Method

Let us suppose we are given a general classical field theory action:

ste) = [ aus(od] (2.9)

where €); is a function of the configuration field variables ¢ = {¢1, @9, ..., ¢, } and
f a function of the ;. Let us also seperate the collective index 7 into two groups
of collective indices, namely {i} = {u}J{A}. Now, instead of the action (2.2

we will write an action with the configuration space variables {¢},{A,},{B.}
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which gives the same equations of motion.

S|, A, B] = /de{f[QA[¢], Au] + BHSQ, — Aﬂ)}. (2.3)

The equations of motion for (2.2 are given by

0S5 =0
of _ of 0% 0
5o 6Q; §¢
Of 0y Of 09,
= = 0. 2.4
50 50 o0, 00 " (24)
Equations of motion for the action are
0S5 =0
08
W - Q,u — A“ - 0
08 of
oA~ gan e !
08 of 004 0
—_— = BM K’ — U. 2
56 0. 00 P 5y (25)

These equations give the same equations of motion but allows us to deal with
otherwise hard calculations. One interesting thing to note is that in applying the
auxiliary variables method, we actually insert second class constraints into our
theory. Later, we will use this method to get rid of a second order time derivative
in the f(Rapuw) theory, by transferring the second derivative onto an auxiliary
variable. Now, that sort of manipulation might turn some of the second class
constraints into a first class constraint. Since, there is no consensus on how
to quantize such a constrained Hamiltonian system that contains a first class
constraint, one can expect that the action with the auxiliary variables might
give a different quantum theory than the original action. We will come back to

this warning later, when we do that manipulation.

2.2  f(Rupuw) Action and BINMG Action

We will study gravitational actions that can be written as

gl = 3 | 5V (Rop). (2.6

The equivalent action that uses the auxiliary fields and gives the same equations

4



of motion is
1
S1Guws Apvpo, BH7] = 2 /M dD%\/ —9g [f(AWpo)
+ B (R o — AW,)} . (2.7)

The equations of motion are given in [I]. Let us also give the BINMG action

[5],[4] which is a 2 + 1 dimensional theory:

SBINMG =

427” / Bry/—gF (R, K, S) (2.8)
M

K

o o S A
b i 2 (e ) - (1-2)

R=¢"R

where

g

2
K = R, R"™ — R?,

S =8R,,RCR" — 6RR,, R" + R®.

To have the same action with the article [5] we should choose o = —1.

2.3 Decomposing the Action

Before any sort of Hamiltonian can be written, we must choose a direction the
gradient of which must be a time-like one-form. This is not necessary in many
theories where the time is explicitly given. In gravitation theories time is a part
of space-time and the separation of time is a geometrical process. This is given
as a summary in Appendix [A] while the references given in [9], [10] deal with
it in more detail. Decomposition of the action must be done in a case by case
analysis and usually involves nothing more than multiplication. In this section
we will decompose the action for BINMG. First let us explain a few notations
that will be used throughout the thesis.We will deal with mainly three tensors
in this section. These will be the Riemann tensor and two auxiliary variables
explained previously. Since we will decompose the action, these tensors will be
further separated into independent projections. To understand the notation at

a single glance, we will use a notation slightly different from than the one in the



article [I]. We will write the undecomposed action as

1
S[guw M}LV{)O’? t@,uupa] = 5 /M dDI V—4g [f(%uupa)

+ B (R — @W,)} . (2.9)

) Ropuw Will denote the Riemann tensor for the D dimensional space-time while
" Ras and PR will denote the Ricci tensor and Ricci scalar respectively for
the D dimensional space-time. We will change the superscript to (d) for the
spacelike slices where d = D — 1. These superscripts (D), (d) will only be used
when the tensor in question might be confused with another tensor. The script
font letter #Z,p,, will denote the part of the Riemann tensor fully projected onto
the spacelike slices. Notice that this is the left-hand side of the equation, namely
the Gauss relation, in (A.52). Z,, will denote the part of the Riemann tensor
that is projected once onto the normal direction in the second index and three
times onto spatial directions in the other indices. Note that it has three indices
and it is the left-hand side of the Codazzi relation, (A.56)). Z.s will denote the
part of the Riemann tensor that is projected twice onto the normal direction in
the second and the fourth indices and twice projected onto the spacelike slices
on the first and third indices. Notice that this is the left-hand side of .
All functions of the Riemann tensor can be written in terms of the left-hand
sides of the Gauss, Codazzi, Ricci relations and the normal vector to the space-
like hypersurface. For the auxiliary fields, we will adopt the opposite style of
notation, that is the script font versions will denote the unprojected tensors
while normal versions will denote the projected versions. This is because we
will use the projected parts of these tensors a lot. .7 g, Bapu, Will denote the
unprojected auxiliary fields. A,gu, Baguw Will denote the parts of the tensors
o/, % that are fully projected onto the spatial surface. A, Bay will denote
the parts of the tensors o7, % that are once projected onto the normal direction
in the second index and three times projected onto the spatial surface in the
remaining indices. A,g, B,z will denote the parts of the tensors o7, % that are
twice projected onto the normal direction in the second and fourth indices and
two times projected onto the spatial surface in the remaining indices. Other

than these three tensors we will not need to introduce any notation for the
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decomposition. Let us give the relations for these notations.

Aaﬁw = 7%7%70“7%@7@@7 (2-10)
Ay = Vo™V 1" pran; (2.11)
Aup = ’y”ankfy"gn"%p,\m, (2.12)
Ropu =" a7 57 17w Bprons (2.13)
Ropw = 71"a™ 37"y Rorons (2.14)
Rop =" 510" Rpron, (2.15)

where the same relations can be written for %, B by changing them with the
a7, A respectively. Notice that the left-hand side of the above equations are all

spatial tensors.

2.3.1 Decomposition of the Riemann tensor

Riemann tensor has a decomposition in terms of Zagw, Zapws Zap: Na- Let us

find it.

Riups = 02556287 Ry

1900,04

= (Y- nanu)('yﬁu - nﬁny)('y)‘p - nAnp) (V"s — ”nna)Raﬁ/\n' (2.16)
Due to the symmetries of the Riemann tensor, we can only have the Riemann
tensor contract with the normal vector at most two times. So, we will not
include terms like n“nunﬁnynknﬂ%Ramn since these terms are automatically

zero. The result of the above multiplication is then

Ryupe = 77" 000 — 7 o e — 4% ot e + 4%, ntnnng
—fyaunﬁnﬂ’\p’yng + ’yaunﬁnyn)‘npfyng + ’yaungn,/y’\pn"ng — nan“’yﬁ,/y’\p’y”g
—i—nanﬂyﬂ,,n)‘npvno + nanuyﬂlﬁ)‘pnnno + nan“nﬂnyy)‘pyno] Rogxn, (2.17)

where the fourth and eleventh terms are again zero since the Riemann tensor

is antisymmetric in its first and the last two indices. Using the symmetries of
the Riemann tensor, making some dummy index changes and using the short

notations (2.13)), (2.14), (2.15)), one can reach the result:

Rul/pa = %/u/pa - np'%m/u - nw@pw/ - nl/'%upa - nunp%ua

+ e Ryp + M PFvpo + MM pLve — NyNeRKyp. (2.18)



Any tensor showing the symmetries of the Riemann tensor which includes the
auxiliary fields that we introduced in (2.9) can be decomposed as in the last
equation. One simply changes R, Z with &7, A or A, B respectively.

2.4 Decomposition of """ R, ,,

This is simply a multiplication and using the spatial property of projected parts

and the relation n,n® = —1 one gets:
Ryypoe B = [‘% wpo = WpRovy — Mo puv — W ppo — Ko
+ MNPy + P vpe + My Fve — nunaﬁyp}
X [B””p" — nfB"H — n? BPFY — n” BHP? — nYnf BHC
+ n'n’ B** + n*BY*? + n#n’ B — n“n"B”p]
=R 0poe B""" — AR 1, B" + AR, BY . (2.19)
This part completes the decompositon of the second part of the action
%Wpa(RWpo - /WPU) =BHre (ﬁuvm - A;w,oo) - 4BWP(=%)WP - AWp)
+4B" (R — Apw)- (2.20)

2.5 Decomposition of f(R.z..)

Our action involves the functional f(%7.g.,) = f(Raﬁw)}R - Now,

aﬁuu'
f(Rapuw) involves the Ricci scalar R, the square of the Ricci tensor R, R" =

(RWQ) and the cube of the Ricci tensor R, [R5 R* = (Ruyg) in BINMG. So, we
will decompose these elements and then replace Zogu — Aapuvs Zoapw — Aapws
Rop — Anp to obtain f(o4p,,) decomposition for BINMG in . Let us
decompose the Ricci scalar first.
R = g""9"" R,p0 (2.21)
= ('VM) - n“”p) (’VW - ”Vna) [‘% wpo = NpRovp = Na P pur — R ppo
— R o + Mo Ry + uPRpo + Mo Rue — MNPy
=YY R oo — VNN NN 1y — VI NN P e
= VY Rypo — 270" R pip

= Ry — 2", (2.22)



=R — 2%, (2.23)

The last expression is the decomposition of the Ricci scalar. We are able to write
the last expression with only the spatial indices because we are using coordinates
compatible with the foliation and all the involved tensors in the expression are

spatial. Let us decompose the Ricci tensor.
R,o = ¢"" Ry po (2.24)
= (VMP - "unp) [%w/pd — N HKovp — Mo pp — W upo
— R pio + Mo Ry + 1 Rvpo + MungRe — Nulie Ry |
=Y’ R jvpe — Rve — WP R pe — MoV R pp + MMV R 1
=K o — Rvo — WA o — N 1y + NN X . (2.25)
From the decomposition of Ricci tensor, we can find the decomposition of other
ingredients, (RWQ) and (RWS). Let us also explicitly show the (sz) decom-
position.
R =~+"R,"," =R — "V R,," — VPR + VPR, (2.26)
R°R,, = ['y“p%u”pa — R ="V R, — VPR, + n”n”v“p%up]
X [yaﬁﬁayﬁg — R — n,/yo‘ﬁ%a[ga - ngfy‘m%/gw + nynafy“ﬁ%’aﬁ}, (2.27)

using spatial property of projected parts, some dummy index changes and the

identity n,n* = —1 one finds

= %pl,pg,%’ﬁ”ﬁ” — 2% K" e — 2%%”%’5,3” + R Ry
+ R R, (2.28)
One can change all the contracted indices into spatial indices since we are using
coordinates adapted to the foliation and all the involved tensors are spatial.
Now, only (RW3) remains. Its calculation is also as straightforward as it was
for the others. So, we will only give the result of this multiplication which
comprises 18 terms.
(Rw’) = Ri — Ry — R3 — Ry + Rs — Rg + Ry + Rs + Ry — Ry
— Rii+ Rig + Rig — Ry + Ris + Rig + Ri7 — Ris, (2.29)

where

Ry = R, R 0’50 Rio = B R R o



Ry = B " B yoR o
Ry = B ¢ B" 10T ro
Ry = %% " R 0o K",
Rs = %" %R ,o
Re = BB 1o 2o
Ry = %R jo Ko
Ry = B" 1o BB o
Ry = B )0 B" R

Again, we can change the contracted indices into spatial indices since we are us-
ing coordinates compatible with the foliation and the spatial tensors. Through-
out this thesis some of the more tedious calculations will involve up to twenty
or more terms. We will deal with those calculations term by term so that the
calculation proceeds without mistakes. There are only a few quantities that
require this scheme (including the first order action and the total Hamiltonian).
So, as a notation for the terms we will use Latin letters R, I, H denoting the

quantities (RW?’), first order action and the total Hamiltonian, followed by a

Ry = %“f:@’\ma%%g
Riy = %" ", %,
Ris = %" B 0
Riy = Z°0" B" 1B\
Ris = #°0" A" 10 %)
Rig = B’ 0o "%\,
Rir = B". B\ %)
Ris = B KR,

subscript number indicating the order of the term.

10



CHAPTER 3

FIRST ORDER LAGRANGIAN, HAMILTONIANS AND
PRIMARY CONSTRAINTS

3.1 First Order Lagrangian

Now, if one examines the decomposition of the Riemann tensor, it can be seen
that it contains the time derivative of the extrinsic curvature (A.62). Since, the
extrinsic curvature is already first order in time derivatives, it is to our advantage
that we get rid of the second order time derivatives if we can. Let us separate

the action into two parts.
S9, @ o, B77] = % //vt deNﬁ[f<=Q7quo> + B" R s po
— 4B“a6%ua5 +4B" R, — B"P Ao
+ 4B“aﬁAWﬁ — 4B‘“’AW}
=51+ 95, (3.1)

where

1
S1= 2 //vt deNﬁU("Z{Wm) + B R 1 po

— AB"P R g — B Apype + ABPP A0
_ 4BWAW] : (3.2)
Sy =2 / dxN/YB" R, . (3.3)
We will transfer the time derivat/;/\l/e of extrinsic curvature to auxiliary variable
B, in the integral using Leibniz’s rule. The integrand in (3.3]) is a con-

traction of spatial tensors. So, we can reduce the dummy index to only spatial

indices, since we are using coordinates compatible with the foliation. Then

B" %, = B'" %, (3.4)

11



1 1

Hij = 5" €mi; + 5DiDiN + Kin K™, (3.5)
1. 1 g
B LKy = 57 Lm(Ky BY) —

= V(K BY) —

0 £mBY (3.6)

i ((D)dga:Bz‘j _ (D)£BBij)

= V. (n"Ki;BY) — KiyBYV "
Ki - K g
i _ZBzg _U(d)i’_‘BZJ
N TN R
1 .
NB”(D)fanig =V (n"K”B”) + KUB”K
Ko - Ki g
_ WJB” + WﬂwogBBw, (3.7)

where we used the product rule for derivatives and the fact that in coordinates

compatible with the foliation
(D)DEB’TZ‘]‘ - (d)"gBTij (38)
(D’faTij = (d)faTij for a spatial tensor 7T (3.9)

By using these equations we transferred the time derivative of the extrinsic
curvature to BY. Now, the integral (3.3]) becomes
D;N
Sy =2 / deN\/_< BY + K4y K™;BY + V,,(n" K ;;BY)
. K K
KK;;BY — —2Ri ,£ BY 3.10
FREBY - LB B0 gE ) (30

where the third term is a total divergence and since the variations at the bound-

ary vanish, it is fine to drop it out.

D;D;N
Sop = 2 / deNﬁ< N BY + K, K™;BY
M

i i i Bijw o pij
"‘KKijBJ—WBJ—FW(d)aEBB]), (311)
Sp=2 / d°xN\/AV (" K;;B7), (3.12)
M
So = Sap + S, (3.13)
I'=51+ Sy, (3.14)

Here I denotes the action with the boundary term discarded. The action [ is
first order in time derivatives and we can start finding the conjugate momentum

densities.
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3.2 Conjugate Momenta and the Primary Constraints

We have 9 configuration space variables. These are {v,;, N, 8, Aij, Aijk, Aiji,

BY Bk Bk} We will write the action I as a functional of these fields. As a
short-hand notation, we will use f4 for

fa=F( o) = f(RWpU)|RWpa=mwpo' (3.15)
To write the action as a functional of these fields, we will need to replace

R opuvs £ u0p With the Gauss (A.52) and Codazzi relations (A.56) in the ((3.2).

After replacing the Gauss and Codazzi relations we have 14 terms. To make the

calculations more systematic we will write it term by term separately.

1 1 1 1 1
S = 5[1 + 51.2 + 513 - 51.4 — 2[5+ 21 — §[7 + 21 = 21, (3.16)
Sop = 2140 + 2111 + 2119 — 2143 + 2144, (3.17)
I =5+ Sy.
I, = / dPxN /7 fa Is = / dPxN/yB* Ay,
M M

Iy = / dPxNABM Ry Iy = / dPxN /7B Ay,
M M
I3 = / d°rNYBM Ky Ky Ip= / dPx\/yD;D;NB",
M M
Iy = / d°rNYBM Ky K, 1 = / d°?rN\/YB9 K, K™;,
M M
I = /M d°zN\/YB"*DyK;; T2 = /M dPzN YK K ;;BY,
Is = / d°xN\/yB"*D;Ky 113 = / dPx\/7K;;BY,
M M

I; = /M dPzNYBM Ay Ty = /M dP e\ /YK £5BY.
From the 9 configuration space variables 7 of them do not have time deriva-
tives. So, we have 7 primary constraints. First we will introduce a notation for
the conjugate momentum densities. We will use the Greek letter 7 for all the

conjugate momentum densities.

51 Z. 51

= — m =,

SN 55,

y ol y ol
1) . ) — —
" 074 " 0 Ay
B = 5.[ Wfik = 5.[ ,
9o sBi 5 A1

13



k I, A ’
Uk s Bisk 8 A
B o 5.[
gkt = SBiikl

These denote the conjugate momentum densities and it is easier to understand
than other notations. The indices v, A, B are only there to distinguish between
conjugate momenta that have the same geometric indices. They can be up or
down depending on the placement of the first geometric index. We have only 7

primary constraints. Let us list them.

T=0 (3.18)
=0 (3.19)
™ =0 (3.20)
7k = (3.21)
= (3.22)
T =0 (3.23)
T =0. (3.24)

We have only two non-zero conjugate momentum densities. As a side note, we
will only show the variational derivatives once, for each unique situation since
we have to calculate a lot of variational derivatives. For the other variational
derivatives (that had a similar calculation) we will only give the results. Before
we do, we will point out two small warnings about the variational derivatives.
Consider two tensors one of which, S;; = S;; is a symmetric tensor of rank 2

while the other one, T% is a generic rank 2 tensor. Then

h = SijTij
Sh 8(S; T + 8T
— )
or incorrectly
=T,

The last result is incorrect because if we accept it as an answer, the answer
stops becoming unique. In fact, we can add to the last result any antisymmetric

tensor just by adding to the argument of the variational derivative any 0, say

14



for instance S” K7;;. So, we will force the symmetries on the results, by hand
if necessary. This situation where we get a non-unique answer due to the non-
uniqueness of the zero vector also happens when we use projections. Let us give
a simple example for this as well. Consider an extended spatial tensor, A,,,, in

the context of 3 + 1 split. Then

A=A,9" =A,0" +n'n") = A" (3.25)
Then again it seems there are two answers for %.
0A
=y 3.26
4, = (3.26)
or, incorrectly
0A
= g". 3.27
A, Y (3.27)

Again, the last result is not correct since we can add to it in any expression
like v#n” with a generic vector ¥. Here, we must be more careful since the only
solution seems to be eliminating the normal vector by hand. This also means
that we should be careful in using the chain rule in projections. Let us find the

conjugate momentum of BY.

b O
Y OB
S LA
5B
_ / APy K 6 BI5) (F — §) (3.28)
M

= —2,7K;. (329)

Now, we will find the 7T17J 7:; only exists as part of K;; and there is a simple

relation between the two.

5K
C240 _ _gNsas
67(&7 v
5T 01 6Ky
57” 5Kab 571]
—1 61
= INGk, (3.30)

So, if we divide by —2/N we can obtain the variations correctly. Another type

of trivial variational derivative, like (3.28])), we have to calculate many times is

o / dPyN FBM(SE0L K jy + 0900 K )0 (3 — ) (3.31)
ab M

15



= 2N /YB“Y K, (3.32)
where in the last step, we used the symmetries of B“* and changed some dummy

indices. Another simple variational derivative we have to do is

= dt [ d*zN/vB“""D,K;
6Kab 6Kab M / v ﬁ ’ g
) y
= / dt / d*z\/yD;(NK ,B)
6Kab M

— /M dt / d*z\/AK i D; (NB”"“))
( /M dt / ddx(?j(ﬁKikNBijk))

_ 0 / dPx\/yK 5 D;(NB*)
0K \J

- _% (ﬁpj (NB“*) 4+ \/vD; (NBbj“)> : (3.33)

where at the last step we used the fact that variations vanish at the boundary

)
0K ap

even if it is only part of the boundary which is the boundary of the space-like
slice. Since, theories that do not have any natural boundary conditions include
the biggest set of possible solutions there is no generality lost. Now, we can find
all the variational derivatives to calculate the conjugate momentum density of

spatial metric. The non-zero variations are:

=2N//B""K, = 2N /7B K,
5Kij ﬁ b 5KU ﬁ b
515 ab)k (5I6 aljlb
Ky~ VBN 5K, VIPi(BN)
0l i paj j nai 0112 ab ij ij
S NVAKLBY + KB S = NA(BYKan® + KBY)
1) LY
0113 iy 014
= /B" = /" £5B2.
5K” \/’7 5Kab ﬁ B
Then using (3.14)), (3.16)), (3.17) and the symmetries one can reach:
ol o g . . o
S = 2N B’ K o + 4/7Dy,(NB“*) + 2N /7 (K}, BY + K} B")
ij

+ 2N/~ (BYKuy” + BYK) — 2,/7BY 4+ 2/7 £ 5BY
7 = — B K 4 — 2§Dk(NB(“)’“) — VA(K,BY + K} B™)
—VI(BKuy” + BYK) + %BM — V%%ﬁm : (3.34)

We have both of the conjugate momenta densities. We will also need the inver-

sions to replace time derivatives of configuration space variables. We can give
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them as

. N
Fij = DL g7 + 77@,3? (3.35)
... N .. N N,
B = —n¥% — — B8 4+ 2D, (NBW*) — — (7%, BY + 155, B"
ﬁ Y 2\/,_)/ ( ) 2\/7( B B )

~ L gpBpabyii . L qa pii @ p o pii 3.36

3.3 Canonical Hamiltonian and the Total Hamiltonian

Now, we can start constructing the canonical Hamiltonian, the total Hamiltonian

and work out the consistency algorithm of Dirac.

H. = (m3¢" — L) ¢, (3.37)

H.= / dx A . (3.38)
2
Using the above relations together with (3.35)), (3.36]) and inserting the primary

constraints we can write the canonical Hamiltonian. Notice that the Lagrangian

density is first order in B% so we do not need the longer inversion relation,

(3.36)), conveniently.

quac é 7TN + WZBZ -+ WZA” + ngAz]k + Wqu Az]kl + Us kB”k + 7T B”kl

+ 195y +7EBT - & . (3.39)
3 .. N N g o N y
é Wzyj;)/z'j + 7'('5323 . TﬁfA . TﬁBz]kldRz]kl . T\/f_waleikKjl
N g 3 g
+ TﬁBwlequk + 2N /7D K ;B9 — 2N\ /yB""D;K

+ %BWAW — 2N \/7B7* Ajji + 2N\/YB7 A;j — 2,/yD; D;N B”

— 2N /K n KT BY — 2N \/FKK;;BY + 2\/7K; B”

— 27Ky £5BY (3.40)
L i) £57i; + ﬂﬁBﬁw NV Fa— % Bkl pigkl

v ﬁ”V 2

+ 4\/—Bwkl ikt 2N\ /B D, ﬁ + T\ﬁB”klAzjkl — 2N /BT Ay,

+2N/yBY A;; — 2,/YD;D;NBY — FwﬁnﬂgJBij - ﬁwBa m BY
+ 5 £5BY. (3.41)
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The total Hamiltonian will be denoted by H and its density will be denoted
by 7 . For the Lagrange multipliers that is needed to expand the canonical
Hamiltonian off the primary constraint surface we will adopt a notation just like
the conjugate momentum densities. That is

17kl ijk__B

H =S+ ur +ur' +upm] +ul ]t +udfr

+ uljk‘lﬂ-A ijk
+uftrl. (3.42)
H, = / ddwﬂij(d’ffa%j Hy = ddSB?WZWﬂ'BJB”
b
H2 dd \/_77'577';] H12 = /Ed x?ﬂ-Ba 53”
H; = /E d"w N/~ fa Hyy = /E dan [ £5BY
H4 = / ddl‘NﬁBijkl(d)Rijkl H14 = / ddl‘UW
b b
Hy = / d's—BMrlinh  Hy= / dzu;m’
b Y pX
y a8 :
Hg = /E ddeﬁB”’“Dj\/—Z% Hyg = /E dzufir]
H; = / d'zN\/YB™A;  Hip = / ddm%jkﬂijxk
b b
Hg = / ddiL'NﬁB”kA”k ng = / d iL‘UUklﬂ'gkl
b %
Hy = / ddINﬁBUA” Hiy = / ddxugk gk
b
Hyp = / d'z\/YD;D;NBY  Hy = / drugnly,.
b b
H H H H;
H = H1+H2—73—74+T5+2H6+7—2H8+2H9—2H10
Hy  Hyp
- - T+H13+H14+H15+H16+H17+H18+H19+H20 (3.43)
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CHAPTER 4

CONSISTENCY ALGORITHM AND THE SECONDARY
CONSTRAINTS

Since, we found the total Hamiltonian we can start working out the consistency
algorithm and find the secondary constraints. We will first focus on 4 of the
primary constraints ngl =0, Wf}k =0, Wfikl =0, ng = 0 then we will work out

the rest.

4.1 Results of #gkl =0

Let us see the secondary constraint that will come from the time derivative of

{Tri'?‘klv H} =0
oH
“spin U
1 0H, 1 0H5 1 0H7 _ 0
T 9Bkl 4 §Bikl 9 §RBikl
0H,
s — V7Y " Riju
0H N
SBik ﬁ(ﬂfl;”ﬁc - ”ﬁﬂﬁ)
0H~
(T Tk — i)
Aijkl = Rijkl - ’ 47 . (4-1)
This set of constraints is necessarily second class due to the set of constraints

ngl = 0. Also notice that taking the derivative of (4.1)) we would at most

find a restriction on the Lagrange multiplier uf}kl, however we do not need this

restriction. The reason is simple, since ngl = (0 gets multiplied by the Lagrange
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multiplier this Lagrange multiplier cannot enter into equations of motion. Also
we necessarily have to solve second class constraints (whether we use Dirac
brackets or not) so the restriction on the Lagrange multiplier uf}kl will not be
needed. This is a situation we can see in other cases as well, that is to say, we do
not need the restriction on the Lagrange multiplier that belongs to a secondary

primary constraint. For instance, we can check the case III of

4.2 Results of 7], =0

Let us examine the time derivative of 77, = 0.

B _ B _

{ﬂ-i’;‘k’H} =0
OH
T

0Hg 0Hg

- _2(;Bijk +2(53ijk -

6Hg
spik — NV
(SHg N\/’_)/ W% 7TZ»B;~
— = D;~kt — D~
S Bii 2 V7 NGl
1 B 7B
A== D, — D ”>. 4.2
o 2< Vi 42
7F=o.

This is another set of second class constraints due to the constraints 7’3

A
ik

section [4.1]

Again, uZ;, does not need to be restricted due to the same reasons mentioned in

4.3 Results of 74" =0

. . . . ikl
Let us examine the time derivative of 7" = 0.

M =0= 7" =0
{ﬂ-gkla H} =0
SH
— =0
0Aijki

1 6Hy 1 6H;,

T 20Aum 204
0H3 of
g Y 5 A
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0H~

AV
’ 5f
Bkl — _—J 4.3
0 Asjki (43)
This is also a set of second class constraints since we have 7% = 0. Also, we
ijkl

do not need the restriction on the uy" due to the same reasons mentioned in

section [4.11

4.4 Results of ﬁzk =0

Let us check the time derivative of ng = 0.

™ =0=7x7" =0
{ﬂ-gkv H} =0
0H
- -0
5 Aisn
1 0H 0H
=240 %
20Aik 0Aijk
0H3 of
=N
A V54,
SHyg -~
= N/yB"*
Ay VY
. 8f
4B+ —— =0. 4.4
i (4.4)
This set of constraints are also necessarily second class since we have 77, = 0.

We also do not need the restriction on the Lagrange multipliers because of the
reasons mentioned in [4.]

The set of constraints we have found thus far are common in any f(R,.as)
theory. They are trivial since they are just the auxiliary variables that represent
the actual fields. These constraints are always second class and when they get
treated, which is described in the subsection[B.3.1.1] we just do what is suggested
in [6]. This is what is done in the first part of [1]. The actual constraints that
can change between different theories are the other constraints that we will find
shortly. Before we continue the consistency algorithm we will list these trivial

constraints all of which are second class.
B. B B._B
(731 Tk — ﬂ-ikzﬂ-jl)

B _ _@
Tim =0 = Aiju =7 Ry — ™
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2\
3 5f
B B T
A 0A;jk
) 5f
ijk ijk
=0 = 4BY"= .
A O Aijk

4.5 Results of 1 =0

This constraint 7 = 0 is also common in f(R,..z3) type theories but the sec-
ondary constraint that comes from it is not the same in these types of theories.

Let us examine 7 = 0.

T=0=7=0

0H
H}=0=—=C=0
0H, 16H; 16H, N 10H5 +25H6 N 10H; 0Hs
ON 20N 20N 46N ON 20N ON

5H9 (SHlo 15H11 15H12

C =

TSN TPON 28N 2N (45)
0H e JH

5]\72 B 7T\J/7;V 5_]\/'3 =Vfa

% — B R %I;& _ Bijkijjﬂﬁ

% = \/’_}’Bijijir/—% % _ ﬁBijklAijkl

% = VB Aije % = VB A

5(;[\}0 = \/AD;D;BY 5(5\}1 _ anﬁBﬁ

6H,, 75 aﬂg B
ON VY
If we examine this constraint, , we see that it is contaminated by the second
class constraints , and we should take those parts out since the con-
tamination is due to second class constraints. The terms %, %, % inside the
constraint (4.5)), constitute the constraint multiplied by B“Y*. The terms

56%, % inside the constraint (4.5]), constitute the constraint (4.2)) multiplied by

Bk After taking these out we redefine the constraint as:
O—5H2 1(5H3+2(5H9 5H10 1(5H11 15H12
0N 20N 6N SN 26N 26N’

(4.6)

22



where the variations are as they were given before.

4.6 Results of 7 =0

Let us examine the results of 7 = 0.

T=0=1=0

, oH
{m' H}=0= 52 =0

(5H1 . _5H13

68i 6B

§H, 7
= —-2./7D,—

(5H13 B : Bikﬂ'-Ba
=7 D*BY —2.,/vD .

0B. Vb
. O0H 0H

¢l = 55% 6ﬁ1-3' (4.7)

4.7 Results of 7 =0

This is the last primary constraint but this does not mean the consistency algo-
rithm is over. We will come back to this issue later. Now we will deal with the

time derivative of 7% = 0.

i _ ~ij
Th=0=7m3=0

(9, H}=0= (;Z =0
3 = 35, 25 =
ggj - Nﬁ(siij
gilj = N\/4BY
C" = 4B" — ng =0. (4.8)

At these stage we have worked the consistency algorithm once for each primary
constraint and we should check their Poisson brackets and see whether we get

more constraints or restrictions on the Lagrange multipliers.
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4.8 Determination of The Classes of The Constraints

We already determined the classes of the trivial constraints (3.21)), (3.22)), (3.23)),

(3.24), (4.2), (4.1)), (4.4) and (4.3). Now, the difficulties start since the BINMG

action is really complicated when decomposed. In fact, I could not determine

the classes of any of the constraints (4.6)), (4.7), (4.8]), (3.18), (3.19) and (3.20)).

I can only give roundabout reasons on why some of them should be first class

and some should be second class. The first thing we must be careful about
is that we can only go about finding the classes case by case for the theories
which are given with a general form. For instance, if we are given a potential as
V(&) then constraints can change form depending on the potential which can be
seen in the example of section of appendix |[B] Only for exceptionally simple
constraints such as the ones we called trivial, classes can be determined in a
general formulation. So, the determination of the classes must be done case by
case and it can be really simple as in GR or it can be really complicated as in
BINMG.

To determine the classes of the constraints, we must check the Poisson brackets
of the constraints with each other and see if the result is consistent, that is,
reduces to zero on the constraint surface. Now, the field theory version of this
procedure can be thought as taking out the functionals of the constraints and
their translations (spatial derivatives) out of the Poisson brackets to reduce the
result to zero. Another way to see if the Poisson brackets reduce to zero on
the constraint surface is if the Poisson brackets of the smeared quantities is a
smeared quantity of the constraints and functionals of the test functions. There

are a couple of reasons why C,C*, m = 0 and 7* = 0 should be first class.

i) The total Hamiltonian can be written as a sum of the first class constraints
and a first class Hamiltonian. If we use the product rule and take out the
surface terms out of the Hq, H19 and H3 and also solve the trivial second

class constraints, we can write the total Hamiltonian as
H= / d'z(NC + B;C" + um + w;m’ + uiA}WiAj). (4.9)
)

ii) The constraints C,C%, m = 0 and 7" = 0 are supposed to represent diffeo-

morphism invariance of the action [3], [I1].
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iii) The original article we review, [I], claims to have calculated the Poisson
brackets of the smeared quantities and that they are the same as in GR
for the general case. Suppose S, Q are scalar fields and T', K are one-forms
and that they have corresponding vector fields thanks to the metric. Then,

according to the original article, one has

{C[S],CIQI} = C'[S0,Q — ;5] (4.10)
{C'[T3], CI[K ]} = CF (L2 K) yu] (4.11)
{C'T],C[8]} = C[T'0;9], (4.12)

for any theory whose action contains only f(R,.q3). Here we must em-
phasize that the calculated Poisson brackets above are not enough to prove
these constraints are first class. The Poisson brackets with the constraints
C%, 7% = 0 must also be calculated and it must be shown that it reduces

to zero on the constraint surface.

Because of all these reasons, we will not concern ourselves with the constraints
C,C' 7w =0 and 7 = 0 and assume that they are first class constraints. We
will assume that they represent the diffeomorhism invariance. Also notice that
if our assumption is correct and the Hamiltonian constraint C' and the momen-
tum constraints C? are first class they do not lead to any more constraints or
restrictions on Lagrange multipliers since the total Hamiltonian is a sum of the
first class constraints plus the WZ = (0 constraint. We will focus on the remaining

constraints C¥, 7 = 0.

4.8.1 Classification of the C'¥

We first notice that since the action of the BINMG is infinite order in Riemann

tensor the Poisson brackets of C*/, ' is not zero. Let us give our results on this

first. From (£2.8) and (2.6)

8m?
f(Ryvas) = =——5 F(R, K, S). (4.13)
Here we will define some quantities
Ra=Rl, ., . (4.14)
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Ka=Kl, ., . (4.15)
Sa=8lp s (4.16)
A
F(R,K,8)=VT -1+ 5 (4.17)
R K S
T=1 — — 4.1
+ 2m?  2m*  24mS (4.18)
Ra  Ka Sa
Ty=1 — — 4.1
A + 2m2  2m*  24mS (4.19)
A
FA:\/TA—l—i-E. (4.20)
Now, the constraint C% for BINMG action becomes when divided by four
: ;o 2m2 5FA
O = BY
* K2 514”
2
I{Q 2\/TA 5141]
2m? 1 1 0R 1 0K 1 98
—piy A A 4. (4.21)
K2 2VTA 2m?2 5141] 2m?* §AZ] 24m$ 514”
Let us give the variations
OBa _ o (4.22)
oA, ! '
0K 4 ikj ij ij Ak ij Akl
SA :—2Ak j—FQAJ—Q’)/JA k—|—2’7JA kl (423)
]
59 o - , A _ . o
(SAA = 24A, AT 24ART AT — 24 ART A 1 24 AR AL — 24 AR AT
]

+ 1279 AR A — 248 AR A™ 2440 AR AP 11245 AR A

— 1279 Ak Al 124, AR — 124, AT 12~ AR A

— 24 AL AL 4 24 AL AT — 64T AT ARS (4.24)
We must determine whether C% is first class or second class or if it leads to

tertiary constraints. For this reason if the assumptions made in the previous

section are true, we must check two Poisson brackets, the critical one being
{749, C},

y 6
1y aby
{C y A 5Aab

- m? 0 1 0Ty

T K2 0Ay (\/T_AéA,-j)

oom? [ op _OTa 0T, 5TA]
T 22?2 [T N6AW0A;  0Awm 04|

This is the result of the Poisson brackets and since there are no spatial derivatives

(4.25)

of the auxiliary variable tensors in the BINMG action there is no boundary
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terms that needs to be removed while taking the Poisson brackets. The only
tool needed is the partial derivative for this calculation. The bad news is that
the last expression even with the most optimistic view is about 70 — 80 terms.
We can see this easily by considering that T 4 itself contains about 20 terms. The
problem becomes a simplification problem. The functionals of the constraints
and its translations (spatial derivatives) multiplied by some functionals of the

phase space variables should be equal to the last expression. That is
m2 (52TA 5TA (STA:| .

2T —
2k2T%? | 10Aw0A;  5Aw 04

Z{Fl[gb,w]Gl[C,ci,...,C"j,nﬁ]+...}. (4.26)

At this stage there are a few possibilities. Let us write them so that we can

guide ourselves to an answer.

I) Let us suppose that the last expression cannot be written for any of the 9
index combinations of ijab, where there is symmetry as ¢ <> j,a <> b,ij <>
ab. Then both sets of constraints 7% = 0, C% = 0 become second class and
the number of the degrees of freedom are reduced accordingly. Suppose
this is true then consistency algorithm is not over and we must check the
time derivative of C%. Luckily, it contains A;; and its time derivative which
is a Lagrange multiplier. Then what we will get at most is a restriction on
the Lagrange multiplier uf}- which is not needed since we have to solve the
second class constraints. The number of degrees of freedom in this case is
3 which is calculated as in below. We have C, C%, 7, 7’ as sets of first class
constraints; trivial constraints as second class and 7rf4j, C% as second class
constraints. Then the trivial constraints eliminate Aijk,Aijkl,Bijk,Bijkl
in all cases. Then we are left with v,;, N, 3;, A;;, BY and the rest of the
constraints. Then the number of phase space variables is 2(3+1+2+3+3) =
24. C,C" 7,7 eliminate 2(2 +1+ 2+ 1) = 12 and Cij,ﬂ'i{ eliminate
(3+ 3) = 6 of them and we are left with 6 phase space variables. So, we

would have 3 degrees of freedom.

IT) The linear analysis shows that BINMG has 2 degrees of freedom [§], [5]. It
also seems there are some heuristic arguments as to why BINMG should

not contain a ghost degree of freedom [12]. If we accept that BINMG
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contain two degrees of freedom then there are only a few possibilities (here
we also exclude the possibility of a single degree of freedom.) What is
common among these possibilities is that there are constraints among the
C%, ' that have Poisson brackets which reduce to zero on the constraint
surface. A combinatorial reasoning shows that the only possibility for
this situation is if the constraints C''?, 7' have a Poisson brackets that
reduce to zero on the constraint surface. Any other index combination
necessitates that some other Poisson brackets also reduce to zero. That
is , if the index combinations 1111,1112,1122,1211 have Poisson brackets
that reduce to zero, then it must also be true that the index combinations
22222221, 2211, 2122 also have Poisson brackets that reduce to zero. Then
there are simply too many constraints and degrees of freedom are lower
than two. So, if there is a Poisson brackets that vanish on the constraint
surface then it must be the index combination 1212. I had hoped that there
would be simplification in the resulting expressions when this particular
index combination is inserted in the . There is simplification but not

as much as I hoped. Let us write about the possibilities:

i) Both C''2, w12 are first class and time derivative of C'? only leads to
zero equal to zero. Then we have to eliminate one more degree of freedom
since first class constraints eliminate twice as many degrees of freedom and

we have two degrees of freedom.

ii) Time derivatives of C''? lead to another constraint but only once.
So, together with that we get three constraints. Then since we exclude
the possibility BINMG contains a single degree of freedom, these three
constraints should contain two second class and one first class constraint.

Then we again get two degrees of freedom.

iii) Time derivatives of C'? lead to two more constraints. Then, all four

of the constraints must be second class and we get two degrees of freedom.

So, then there are a few things that must happen for BINMG to contain two

degrees of freedom. The first thing that must happen is that {C1o, 7'2} must

vanish on the constraint surface. I could not show this. The expression (4.25)) is

fourth order in the tensor ./ (without the Ti/ ? part in front). It is a really big
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expression as we have indicated and I only calculated the order zero and order
one terms before I gave up on proving that the Poisson brackets vanish. I will

give the order one and zero terms of the expression
62T 4 0T 4 6T o

veb .= 2T — 4.2
© A0A40A;,;  0Aw A, (4.27)
O'1.(S) = the order n terms (in tensor T) in S (4.28)
OAQ7) = —— (7" + 9" = 77y™) (4.29)

ﬁIIL‘(ngab) — __G(Aklkb’yja + Aklka'}/]b + Akjkb'ym + Akjka'}/Zb . Aaz,y]b
m

o Aaj,yib . Aib’}/ja . Abjyi“ . 3Akakb,}/ij . SAkikj,yab + 3Aab’}/ij

+ 3A’ij,yab . 2,yab,yijAk‘k + Q,Yab,yijAk‘lkl) ) (430)
I gave up here because I could not see a way that I could show that the Poisson
brackets reduce to zero on the constraint surface for expressions as complicated
as these. There could be symbolic computation software that might be able
perform this sort of calculation. Though, I doubt that there is a symbolic
computation software available that is powerful enough to simplify the resulting
Poisson brackets. We already gave the first partial derivatives according to A;;

of the expressions R4, K 4,54. We will also give the second partial derivatives

if one wishes to continue this calculation.

?Ra
s S 4.31
5 A0 Ay 0 (4:31)
2K o o g
Agas = = 2y (4.32)
a 17
525A ikb_ ja ika_jb jkb . ia jka . ib
a 1]

— 12( A%y 4 A% 4 AtbyTe . AbyT) 94 (A, 00 4 A, et
4 24(Aab’)/ij + Ai‘j’}’ab) + 12All(7ia7jb + ,yib,yja) . 24,Yij,yabAkk
— 6A" (Y49 +7"97%) 4 12974 A, (4.33)
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APPENDIX A

GEOMETRICAL PART OF ADM FORMULATION

This appendix is mostly a summary of the lecture notes of Eric Gourgoulhon
given in [I0]. Some calculations that do not exist in the notes are performed
which are needed in modified theories of gravity. Some comments are made on

some of the confusing parts of the 3-+1 formalism.

A.1 Framework and Notations

Spacetime is considered to be a real smooth manifold M of dimension 4, endowed
with a Lorentzian metric g with signature (—, 4+, +, +). Also (M, g) is assumed
to be time-orientable. This means that it is possible to divide the light cone
at each event into a future and a past part continuously. V is the Levi-Civita
connection associated with g. 7,M denotes the tangent space of the manifold
M at point p while 7;M denotes the cotangent space at p and is dual to the
vector space of 7T, M. All Greek indices take values in (0, 1,2,3) while Latin
indices only take values in (1,2, 3). Vectors are denoted by ¥, while one forms are
denoted by @ when we do the calculations independently of any basis. (M)
denotes the space of p-forms. We use [0, 4] to indicate the commutator of two
vector fields and £3T to indicate the Lie derivatives of any rank tensor with
respect to the vector field 4. I'(TPM) is used to indicate the smooth sections
on the (p, ¢) tensor bundle. For coordinate basis vectors and the dual basis one-
forms, we will use the notation 0_(;, dz® respectively. For non-coordinate basis,
we will use e,, 8¢ which are only needed in the last section of this appendix.
The action of a vector on a function v{f} = v* f , is denoted like this. The inner
product of two vectors and contraction of a vector and a one-form are denoted

as (U-u), (@,u) respectively.
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A.2 Hypersurface Embedded in Spacetime

A hypersurface > of M is the image of a 3-dim manifold S defined by an
embedding

@:f)—)./\/l
p— P (A.1)

where p is a point in 3 and P is a point in the M. If ® : & —» d(Y) is a
diffeomorphism then we have a smooth embedding. There are three ways to
define a submanifold. We can set a collection of scalar functions to a constant
or we can give a collection of vector fields which form a Lie algebra. We can also
give a collection of one-forms which satisfy some conditions [I3]. The easiest way
to define a submanifold is by setting functions on the manifold to a constant.
One of the results of Frobenius’s theorem is that the rank of the pushforward
matrix (sometimes also called differential map or the Jacobian matrix) is equal to
the dimension of the submanifold. In the case of a hypersurface, a codimension
one surface, we set only a single function to a constant. To be able to create a
Hamiltonian formulation for relativistic theories, which do not assign any specific
meaning to coordinates, we choose a function for which the vector form of the
gradient of the function is time-like. In the case of 3-+1 splitting of gravity

theories we have
PeM,Pely — t(P):to,tQGR, (A2)

where t is the time coordinate. The theory is still covariant but it is not mani-
festly covariant. We will use ®T' to denote that the tensor T is defined on the
manifold X. We will also use T to denote that the tensor T' is defined on the
manifold M. These notations will only be used when the tensor in question

might be confused with another tensor.

A.3 Normal vector to The Hypersurface X

The gradient of a function is orthogonal to its level sets so if we have a scalar field
¢ its normal vector is simply g~'(dt). We have ® : 3 — M and t € C®(M)

where C*°(M) denotes the set of smooth functions on M. Also if we have y, z
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as any coordinates on M, 3 respectively, then we can see
D(p) =P ed) < tP) =1
XeT,X=d.XcTpM
(dt, ®.X) = &, X {t}

1
= ((I)*X)ua(t © ii )
X x@))
1
_ xiOte®oz)l (A.3)
Oz ()

since t is constant on the particular hypersurface. We have some conventions
that are used in the choice of unit normal vector 7 o g~*(dt). Now, the normal
vector can be multiplied with any scalar nonvanishing field and it would still be a
normal vector. To make it a unit normal vector we normalize it. It is also chosen
for unit normal to be future pointing, that is the time component of the vector
is positive, (d~t, 1) > 0. Let us adopt these conventions while remembering that

the normal vector is timelike.
i = hg~'(dt), h € C®(M)
(hg’l(d}) hg~Mdt)) = —1, and (dt,7) > 0

-1
hﬁ>0 <~— h<0

h=—(—g7'(db) - g~'(dD))

1
2

, N:=—hand i =—Ng~'(dt). (A4)

A.4 Moving Tensors Between Manifolds

There are five operations that we will use extensively to be able to move tensors

between vector spaces.

A.4.1 Pushforward and Pullback Maps

Since we have a map ® : 3 — M we can uniquely move vectors from Tpfl to
T pM and also we can move one-forms from 75 M to 7’;‘,2. Also @ is considered
to be identity so that pullback and pushforward maps are trivial. Let’s make

this part clear. Given a coordinate chart (z,U) on % and another coordinate

35



chart (X, V) on M, f € C®(M), X € T,% and & € T5HM we have

@) (1) = X{fo0}| o0w) =7
—1 -1
(Q*X)“a(f;): ) _ Xia(f O(;Diox )
X X(p) x z(p)
_ XZ-@(foX_1 BXiOCI)ox_l)
v 2(p)
0 ox)| X o@or)
ox« Xep) oz’ ()
-, Fodog! ,
(@, %y = JXe@oaT )l v (A.5)
Ox' *(p)
The identity sense and trivial pushforward map is realized when
(Xto®ox )| = X'p = (to,x' (p).2*(p), *(P)",
- qH
0 00
Fodog ! 1 00
I(XH o iox ) _ (@) (A6)
O z(p) 010
00 1)

This last matrix is the pushforward matrix and we also have a pullback matrix.

(@', X) = (@, 0.X),

((I)*W>iXi = w”(q)*)_é)“’
(D) jwaX? = w, (P X" (A7)
Since the last equation is true for all X and @ we have (®*)#; = (®,)*;. With
these maps, we also have an induced metric on the hypersurface. Since the
pushforward and pullback matrices are trivial, we can quickly do the above
transitions without the need to work them out every time. Let’s collect the

results:
(wo, w1, ws,ws3) € TpM 2 (w1, wa,ws3) € T;f)
(XL X2 X eT,o 2 (X0=0,X", X2, X%) € TpM
v=9%g

Vij = Yij- (A-8)
Since the &, ®*, &, maps are now trivial we will drop them. That is p = P, 5=

>, <I>*X’ = X and so on. We need to be able to also move between other vector
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spaces, however these maps cannot be provided by ® since it is not surjective

thus not invertible.

A.4.2 Orthogonal Projection and Orthogonal Extension

At all points of spacetime, we can decompose the vectors in 7, M into two parts,

one part in 7,2 other part in the one dimensional vector space spanned by 7.
TpM =T,E @ Vect(n). (A.9)
The orthogonal projector is given as
Pi.:TyM—T,X
Ur— U+ n(n-9J). (A.10)
In components:
(PL.8)" = P1.%s0" = v* +n®nfv’g,,
P1.%s =5 +nng. (A.11)
As a result, we have P, ¥ L n. Also, for ¥ € T,X, we have P, , 4 = v. We
can orthogonally extend one forms from 7% to T, M.
P TY— T M
(P'w, D) = (W, P1.7). (A.12)

Let’s extend the induced metric.

(PL"Y)ap = Gap + Nans. (A.13)
We can see that this is just what we get if we lower one index of P ,. Also
for @,% € T, we have (P,*~)(#,¥) = (%, %). For any X € T,M we have
(P*)(X, %) = 0 and (P *y)(7,7) = 0. So P1*yas can be called the extended
induced metric, since it reduces to the metric for spatial vectors and is zero if it

gets a vector parallel to 7. We will also drop P, .%s from expressions and just
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use 7% = 03 +nng. We will also use 7P and 44. There is one more map we

need to define. This one is:

LT, MeTIM — T,Me TiM
(LT)*s =T 4" - (A.14)

Extension to higher rank tensors is clear. The expression on the right hand side
is orthogonal to 72 in the sense that if it contracts with the normal vector or its

one-form dual then it is zero. So the right hand side is tangent to X.

A.4.3 Decomposing Tensors

This part is best understood with an example. So let’s decompose a second rank

tensor. We will just change the identity tensor for the extended induced metric.

Anp = Auohoy
= Au(V'a — n¥'na) (775 — n'np)
= (VuavyﬂAw/) - (Aw,’y“an”)nﬂ - (’YVBAWH}L)TLQ
+ (A nfn”)ngn,

= Aap — bgNa — Cap + dngng. (A.15)

From this we can see that a second rank tensor is separated into four parts.
One part is a completely spatial tensor (a.s = fygygAW), one part is once
projected onto normal direction in the first index and once projected onto space
(bg = vgn“AW), another part is once projected onto normal direction in the
second index and once projected onto space (c, = v#n”A,,) and a part that is
completely projected onto normal direction (d = n*n”A,,). When the tensor to
be decomposed have symmetries the number of independent parts will decrease.
For instance if A was symmetric in its indices then we would have b, = ¢,. Also
for spatial tensors we can change the contraction range to only spatial indices,
that is, S""“ﬁ_._Ta_.ﬁ“' = Si“'j_.TZ-__j'“ for S, T spatial tensors. The reason is

dxz® = dt oc 1 and so upper zero indices are zero for spatial tensors.
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A.5 The Link between the V and D connections

Given a tensor field on ¥ its covariant derivative according to D is expressible

in terms of the covariant derivate on M according to:
P*(DT) = L(VP,T), (A.16)
D,T% =77 7" w78V T (A.17)

Normally, we would need to extend the tensor field T on ¥ to M in some way
since the support (domain of definition) of T' is not an open set and we need
open sets to be able to take derivatives. In the end however the extension does

not enter into the formula since we are projecting orthogonally.

A.6 Extrinsic Curvature of The Hypersurface

Intrinsic curvature of ¥ is determined fully by the induced metric, -, in the
usual way. We can define another curvature called the extrinsic curvature for
embeddings. For example, we know all one dimensional manifolds are Riemann-
flat. However, a circle looks curved. This is because it is embedded in a higher
dimensional manifold. We define the Weingarten map (or the shape operator)
as the endomorphism

—

U —> V{;’FL = X(’U),

which satisfies

Sy
I

1
i Vot = V(i - ) = 0. (A.18)

The last equation indicates that Vv € T,% so the map is well-defined. Wein-

garten map is also self adjoint according to the inner product. That is

@ X(¥) = % - X(4) (A.19)



- 7.V

—Va(T )+ T Vi
X (4), (A.20)

1
ey
|

cy

I
cl
Sy

where we used the fact that the commutator of two spatial vectors is again a
spatial vector according to the Frobenius’s theorem. Since the Weingarten map
is an endomorphism we can find its eigenvalues and eigenvectors by solving the
equation X(v) = kU. The eigenvalues k are called principal curvatures and the
eigenvectors ¥ are called principal directions. The mean curvature of ¥ is the

average of the principal curvatures. We define the bilinear form K as

K:T,29T,2 —R,

(U, V) —> —u - X(V), (A.21)
which is called the extrinsic curvature of . It is also called the second funda-
mental form of 3. It is symmetric in its arguments. The minus sign in the defi-
nition is a convention. Numerical relativity community [10] and [9] use it while
[13],[14] and [I5] use the opposite convention. We will extend K € T,;X ® T,;%
to T;M @ T; M with the help of the orthogonal projector. First let’s define
a new quantity. Normally we can’t take the gradient of 7 since it does not lie
on an open subset of M. Consider any extension of 7. Then @ = Vzn. Since
(- 1) = —1 which is a constant, we have @ € T,X. So we don’t even need to
project it. It is called the four-accelaration of 72 since 73 is timelike and has unit

magnitude.

K(4,%) = (PK)(6,7)  V(4,9) € T,M
K(P,,@,P.,%) =—P,,@-Vp, 57

Ka/g = —ana — NgQg, (A22)
where we used the fact that - Vgn = 0. It can be shown that

K =—1(Vh) (A.23)
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and K%, = —V,n® = K%. We have an interesting equation which is called the
Gauss-Weingarten equation. Let us calculate the spatial covariant derivative of

a spatial vector along another spatial vector.
V(4,9) € T2, (Da®)™ =u’Dyv* = u’y" o3V, 0°
=u”’(05 + n“ng)V,v”
=u’'V, 0" + u”no‘ngvyvﬁ
=u’'V, v + u”nangvyvﬁ
+ u”no‘vﬁvynﬂ — u”no‘vﬁvynﬁ

=u’'V, v — u”n%BV,,ng

Da® = Vgt + K (4,9), V(4,7) € T,5.  (A.24)

When K = 0 we have what is called a totally geodesic hypersurface, since the
geodesics of X are also geodesics of M. So, in a sense K measures the deviation

between covariant derivatives V and D, as is clear from Dzv—V 39 = nK (4, V).

A.7 Globally hyperbolic spacetimes and foliations

We will assume that the spacetime can be foliated. This assumption is equivalent
to accepting that the spacetime is globally hyperbolic that is it admits a Cauchy
surface. A Cauchy surface is a spacelike hypersurface in the spacetime that is
intersected by causal curves (worldline of real particles i.e. photons and electrons
and such, not tachyons) only once. Its domain of dependence (the events that are
affected by it and the events that affect it) is the whole spacetime. The topology

of a globally hyperbolic spacetime is necessarily homeomorphic to ¥ ® R.

A.8 Foliation Kinematics
A.8.1 The Lapse Function

When the coordinates are chosen so that the shift vector is zero, (described in

the section [A.9.1)) the lapse function gives the amount of proper time between

41



the two points which has the same spatial coordinates [9].
Vit =g l(dt), N = /- (V} : ﬁt)
= —NVt. (A.25)

N is called the lapse function and due to the future pointing convention and the

regularity of time scalar field, it is positive definite.

A.8.2 Eulerian Observers

Since 71 is a unit timelike vector pointing towards future it can be considered as
the four velocity of some observer. This observer is called a Eulerian observer.
Such an observer has the four-acceleration @ = V7. Let us find a nice relation

on this expression.
Ao = 1"V, n, = ntV,(—=NV,t)
= —Nn'V, V.t — V,t(n"V,N)

(10) m
N (n*V,N)

= —-Nnt'V,V,t +

= Vo (NV,t) + n'V VN + (?\?‘) (n"V,N)

VolN (1)
= n“Van“ + N + T(TLHV“N)
1 V,.N
= NVMN(ng + nan') =", ]lif
DN
= = = Da(lnN), (A.26)

where we have used Vit = 1/N.

A.8.3 Normal evolution vector

Suppose we have a tensor field A € T'(71M) and two infinitesimally close points
p € Xy, and P € ¥y 45:. What is the first order correction to the tensor between

these two points? Let us find it.
T 1
x |zi =zt + 0t |p (A.27)
One might suspect that this looks like an infinitesimal diffeomorphism and ex-

pect that there will be Lie derivatives in the first order correction. Let us make

this part clear. The basis vectors act on coordinate functions as in 8;{955} = 6P
p
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and dual coordinate basis is defined as (dz®, 93) = 0. The first order correction

to the bases can be found from these relations.

Oa| = (00 +000)| 00, = €*20)
p p
do{aty| = ot
P
O+ Cadi) (o + 81| = 63

ok + otet \ + €'y = 0h = €', = —0tE" ,

and the correction to the dual basis is calculated as

(dz®,05) = 65, dx®| = dz®| + ddx®
P p P
(dx® + 8dx®, D — StE" 50,) = 6%
ddx® = 5te® gdaP. (A.28)

Now we can find the correction a tensor gets.
5A|p = Al, - A|p

= A", 8,dx"| — AM,8,dz"

p

= (A" (2 + 0tE))(T), — 6t ,05) (da” + 6t&” sdz)

p

p
- Aﬂy(xa)a;d}ﬁ‘
p

0A",

0A|, = dt (SQW — AN+ fA,yA“A) O, da (A.29)

P

If we define a vector field E = f“@; then we can see that the first order correction
is going to be the Lie derivative of this tensor along E . Not every vector field is

acceptable. We have the restriction that
tls=to+ ot =to + &, = & =1. (A.30)

We might also impose other restrictions on é’ . The most obvious restriction one
might want is that a spatial tensor remains spatial. This brings about another
restriction on €. Let us see what it is. First we rewrite € = N7+ 8, § € ['(T%)
since £° is fixed and every spatial vector has its zero component as zero. Let us

first check for spatial one-forms.



5t£§<<b, 1) = 0. (A.31)
For spatial one forms we do not get a further restriction on é’ . Now, let us look

at spatial vectors.

v-n=0, (U4 00) - (n+on)=0,
0t - [N+ 8, 1] + 6tni - [N1i + 8, 0] = 0. (A.32)
After using [U, 4] = Vzu — V50U and the product rule for covariant derivative

one reaches

After using i -m = —1,v-1=0,8-1n =0, ¥- Vzn = =" one gets
U-Vias§+n-Vzs=0, (A.34)
or in component form
01’ (Vgse + Vass) = 0. (A.35)

The last equation is like an equation for Killing vectors and unless the spacetime
has an isometry it will not be satisfied for non-trivial solutions. So, in the end
for vectors to remain spatial we get a restriction that is, § = 0. So, as long as we
are evolving the spatial tensors with é = Nn spatial tensors will remain spatial.

We will rename E to m = N7 and call it the normal evolution vector.

A.8.4 Gradients of the unit normal and the normal evolution vector

These are calculated from the equation (A.22) and the definition of the normal

evolution vector easily.

DN
Vgna = —Kaﬁ — ng, (A36>
N
Vem® = —-NK% — D*Nng +n*VzN. (A.37)

A.8.5 Evolution of the induced metric

We can calculate this by substituting the equations (A.36)), (A.37) and (A.13]).

£7ﬁ’7a6 = mUVU’YaB + /Yaﬁvama + 7aavﬂma>
fﬁl’yag = —QNKQB. (A38)
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A.8.6 Evolution of the Orthogonal Projector

We have P,,%3 = P**3 = L% = 7“3. Again, by substituting the equations
, and one can show

Ly =m Vs —175Vem® + 4%, Vem? = 0. (A.39)
This has the implication that a spatial tensor remains spatial while we are
moving between slices of the foliation since for spatial tensors one has A% =

VAR 5.
A.9 Coordinates adapted to the foliation

On each hypersurface, one can introduce a coordinate system z' = {z!, x?, 23}.
If this coordinate system changes smoothly between slices of the foliation then

2@ = {2% = t, 2!, 2% 23} constitutes a well-behaved coordinate system.

A.9.1 The Shift vector

The difference between 8; and m is called the shift vector B = 8:/ —m. Itisa

spatial vector. The we can write 1, n as below.
n® = {1/N,—j3"/N}, (A.40)
no = {—N,0,0,0}. (A.41)
With this knowledge we can write the metric tensor and the extended induced

metric explicitly.

Jap = Oa - 05,
- Pb™ Bi| (A.42)
i Bi Yij o8
YaB = Jap + NaNg, (A.43)
P
_ |\ A (A.44)
i Bi Vij of
By taking the matrix inverse of g,z we get
af
—1/N? 7 /N?
b — / B/ : (A.45)

BI/N? A —(B'B7)/N*

45



,Yaﬁ — gOé/B + nanﬁ (A46>

af
0 0
= N : (A.47)
0 A%
We can also express the v explicitly:
Vs = 05 +nng (A.48)
0 0
= , : (A.49)
BN 5

These coordinates are called the ADM coordinates.

A.10 Decomposition of the Riemann tensor

We are just going to list the results here and give the main points in the deriva-
tion of the decomposition. They are done very explicitly in Eric Gourgoulhon’s

lecture notes [10].

A.10.1 Gauss Relation

Let us fully project the Riemann tensor onto Y. It is much easier to start with

the Ricci identity for the connection D.
D,Dgv" — DgDyv" = R7 ,opv"; U € T,2
DaDgv" ="07" 57" )V a(D,0")
=787 Va7 A Vor). (A.50)
With the help of equations and and also using the idempotent
property of projection operators one can show
D,Dgv" = —Ko5Y an° Voot — K;Kw\v}‘ + y“a’yaﬂ’y”)\vuvav’\. (A.51)
Then subtracting and using the symmetry of extrinsic curvature one gets
DoDgv" — DD = (K oy Ky — Kp, K )0"
+ a5V AV, Vvt = V,V 00
Va8 VA R gy = RVsap + K55 K} — KooK (A.52)

«

By using v*,v* = v®, ¥ € T,X one can reach the last equation. The equation

(A.52) is called the Gauss relation.By contracting on 7, « indices one gets the
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contracted Gauss relation
Va8 Ry + Yua" Y 50V RY poe = Rap + KKop — KoK, (A.53)
Contracting once more one gets

<4)R + 2<4>Ru,,n“n'j =R+ K2 — KZJKZ] (A54)

A.10.2 Codazzi Relation

Apply the Ricci identity to unit normal vector and then project it three times

onto X.
(VaVs = VVo)n? =9 RY 50"
Yy 87 p(VuVon? =V, VP ) = "0y 577 ) R gpum?. (A.55)
By using , and one can show

VA B = DK~ D) (A.56)

called Codazzi relation or Codazzi-Mainardi relation. Contracting it on + and

« one gets

Van "R, = DK — D, K", (A.57)

A.10.3 Ricci Equation

First we are going to need a quantity that will be substituted later. Let us show
it.

LinKaop=Nn'V, Kop —2NKo, Ky — Koy D"Nng — Kg, D" Nn,.  (A.58)
which is obtained by just substituting (A.37)) in the Lie derivative. Since extrin-

sic curvature is spatial we can project its Lie derivative according to m, by L

and not lose any information.
LmKop = Ny sn’ VK, — 2NKQMKZ. (A.59)

Now we can find the part of Riemann tensor that is twice projected onto normal
direction. Start by applying Ricci identity to unit normal and project the tensor

twice onto X and once onto normal direction.

Yo’V 5(Vu Ve — Vv 0! = va,m°v" 5 R, o’ (A.60)
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Yapn’y gn” Y RY 0 = —Koo K+ %DgDaN

+ a7 s Vo K. (A.61)

The way to get this equation is by using the equation successively. After

replacing the last term which also exists in equation we reach to the
result:

Yauny” sn” P R* 0 = %meag + Koo KG + %D[-}’DQN. (A.62)

This equation is called the Ricci equation. With these three equations we have

the full extent of Riemann tensor expressed entirely in terms projected parts.

We can’t project the Riemann tensor three times onto normal direction because

of the antisymmetry of Riemann tensor.

A.11 Calculation of Christoffel Symbols

For some of the modified theories of gravity we need the Christoffel symbols
because we have not been able to calculate some of the terms like VzT; T €
T,% ® T,% without the Christoffel symbols. We will not use the usual formula
for Christoffel symbols since it will be hard to pull out spatial tensor quantities
from the partial derivatives. This section is entirely based on the knowledge
gathered from chapter 14 of [9]. We can even calculate the decomposition of
Riemann tensor with the method that will be described shortly but we will be
content with Christoffel symbols. We will try to give the calculations concisely

so some of the trivial steps will not be shown explicitly.

A.11.1 Extended exterior derivative

One can extend the definition of exterior derivative. First we will make a change
of point of view and look at some tensors as tensor valued forms. This will be

clear shortly. For the usual exterior derivative we have
(df i) = Vaf = @{f} (A.63)
(dw)(u, ¥) == u{{w, v)} — 0{(w, 4)} — (w, [4, 7)) (A.G4)
These two equations together with the product rule for the exterior derivative
that is,
daNB=daNB+ (-1)’and3 (A.65)
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acP(M), Be QM) allow us to find the exterior derivative for all p-forms.
To extend the definition of exterior derivative to tensor valued forms we will just
add another defining equation and modify the product rule.

(dB,4) = Vb = dv = V& = (dD)*30,dz’ = V0" 0da” (A.66)

dSANB=dSAB+ (-1)PSAdB (A.67)
where S is tensor valued p-form and @3 is an ordinary g-form. We can treat
vectors as vector valued O-forms so treating it like this we expect it to be a
vector valued one-form after taking its exterior derivative which can be seen
more clearly in the component form from equation . Now let us show how
we can use the equation to define higher rank tensor valued forms. A

general vector valued one form is a a linear combination of objects 4 ® &

!

No

]
I
g1

&
di N6 =di e+ (—1)"4Ade
dt = Vu®dpda” = dit A & = (0,V su®8,)dz® A da”
d6 = 0, 5dz” A dz" = 4 A dé = (u“0, 50,)dz’ A da*
di A& = (0,V 5u®0n + uo, 595)dz® A dz'. (A.68)
For the first equation we used the definition of wedge product of forms with
a zero form. Notice that the vector valued two-form has components which

themselves are vectors.

A.11.2 Connection one-form and curvature two-form

Now choose any maximally independent minimally spanning set of vectors as a
non-coordinate basis e, for the tangent space7,M . These are not necessarily
the tetrads or vielbeins that are used in literature which are chosen so as to
make the metric tensor look like Minkowski metric at all points. By using
(69, e5) = 6% one can find a dual non-coordinate basis for the dual space. One

defines the curvature one-form as w®s as in below equation.

de, = e, w’, (A.69)

From these we can also give the connection coefficients a general definition. First

write the connection one-forms as w,, = C*,,07 then we find

(deq, ep) = Ve, = (e why, e5) = €,C" 675 = €,C%p, (A.70)
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Cygg = <0’1,V§eg> (A71)

(A.70) or (A.71)) as the definition for connection coefficients. They are not sym-

metric in lower indices for non-coordinate bases so index placement is important.

To make the formulas easier let us define e = [60 e ... en] as a row vec-

T
tor whose elements are basis vectors, also 6 := [99 [ 0’3} as a column
vector whose elements are dual basis one-forms where (.)” denotes the transpose

operation. We also define a matrix {2 as

(W% WY . W,
1 1 1
W=y Wi ... W
Q= B - " (A.72)
_an w”_l c. wﬂ,_l_
then we can write the equation (A.69) as
de = ef (A.73)
T
Now we can write any vector as ¥ = ve where v = [UQ T UZL] is a

column vector whose elements are the components of the vector. Let’s calculate
dv and d*v = d(dv).
dv = d(ve) = d(v*e,)
= dv* Ne, + (1) Ade,
d*0 = d(dv* N ey,) + dot A de,,
= —dv* Nde, + dv* N e, + vHd(de,,)

= v¥d(e, 2 ,,)

v ((dey) N, + (—1)%, A d<¥*,,)
= vH(dV, + W AQ% e, (A.74)

where we have used the fact that d> = 0 for ordinary scalars. It is not zero
for tensor valued p-forms, p > 1. The last equation can also be written as
d*0 = eRv, where RY, = dQ¥, + ¥, AQ°, is a (1,1) valued 2-form. We have
the equation

(dw)(d, v) = u{{w,v)} — 9{{w, d)} — (@, [u,D]) (A.75)
We can generalize this equation to tensor valued one-forms as follows.
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Taking S = dw one can write

d*w (i, V) = VgV — VgVa — Va5 (A.77)
where we have used (dv,ud) = Vs, and also we changed vector action on
function to covariant derivative so that we have a covariant expression for vector
action on vector valued forms. The last equation is the definition of Riemann

tensor. So what we have as R is just the Riemann tensor. Now suppose we

make a change of basis. Then

é=eA (A.78)
6=A"Yg (A.79)
dé = e (A.80)
Q=ACYQA+ ACVgA (A.81)

where the first equation defines the basis change, second equation can be ob-
tained from the requirement of leaving the identity tensor, § = eHO’f , invariant
and last equation is easily calculated from the definition of connection one-form
which is the third equation. The Levi-Civita connection is the torsion-free (the
covariant derivative of identity tensor is zero) metric compatible (the covariant

derivative of metric tensor is zero) connection. These two restrictions are given
by
déd =0=d(ef) =0
=deNO+ (—1)’eNdd =0
=eQQN0+edd =0
=QN0+dO =0 (A.82)
0=w, NO"+do°
d(u-v) = (du - V) + (d - dv) (A.83)
d(gp

where wa5 = garw”s and d(g,,) = €a{g,, }O° since the metric is a (0,2) valued

)= Wuy + Wyp (A.84)

I

zero-form. The equations (A.82)) and ({A.83) are called the torsion-free condition

and metric compatibility conditions respectively. Before finding the connection

one-forms for the metric in ADM coordinates let us do a simple example and
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analyze the simplest case, that is, polar coordinates on Euclidean plane.

gij = Lo (A.85)
0 r?
As a general tactic we will choose non-coordinate bases to simplify the metric as
much as possible. We can choose e, = d,., ey = rdy and 67 = da”, 69 = dz® /r
as a non-coordinate basis in which the metric is simply the identity matrix.

10
9ij = (A.86)
01

In this case dg;; = 0 and the metric compatibility condition is w?; + wl; =0

here we use w;; = g;zw";. Now let us find the torsion free conditions.

0" = di" = do" =0 (A.87)
- or A 6?
0% = ds’ /r = d6? = — h (A.88)
T
So 0 = dw®, A 0¥ + d6* becomes
Wy A+ W' NG =0
T 0
e +wlo N+ Wl NO" =0
. 0 r
w' =0 (A.89)
Wl =0 (A.90)
wiy+wl, =0 (A.91)

together with the metric compatible conditions. The solutions are very easy and

they are given below.

Wl = —w'y=—6%r (A.92)

wrr _ wQ

SN
Il
(@]

(A.93)

Then from these we can find the connection coefficients with the equation (A.70)).
We will apply these same steps to find the connection coefficients for the metric
in ADM coordinates. The equations are a bit long but since they are linear they

always have a solution.

A.11.3 Calculation of Christoffel Symbols in ADM coordinates

First we will calculate the extrinsic curvature in ADM coordinates since it will

come as a connection coefficient later and we will need to recognize it. From the
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definition of extrinsic curvature
Kij=—0;+ Vi
=~ (Vi(5 ) + 7 Vi)
=7 - 9,07
= nOM)FOij

1
Oro,; = 59[))\(91’)\,]‘ + Gini — Gij\)
k

1 o] I
Kij = W(giO,j + gjoi — Gij0) — W’Ymk(g)r ij
= (D;Bi + DjBi — vij0) /2N
(3)»53%3‘ — 7ij,0

— o (A.94)

Here the ®£5A denotes that the Lie derivative is taken with respect to the

covariant derivative D of the hypersurface. To calculate the connection coeffi-
cients in ADM coordinates we follow the same steps described in the previous

example. First we adopt a non-coordinate basis that simplifies the metric.

e =1 = (1/N)do — (B'/N)D;, e = 0; (A.95)
0° = —f = Ndz°, 6 = B'dz® + da’ (A.96)
5; = ej, 50 = NBQ + Bieé <A97)
U i .
dx® = ¥ dx' = —NBQ + 6' (A.98)

These equations describe the transformation between the coordinate basis and

non-coordinate basis. In the non-coordinate basis the metric becomes

-1 0
g;_w - (A99)
0 7y
L 4 pr
_ _—
-1 0
gkt = - ) (A.100)
0 ,V,ZJ
For the exterior derivative of dual non-coordinate basis we have
N, .
dg°® = W’(eZ A 69) (A.101)
46" = %(ek A6 . (A.102)

For the exterior derivative of the metric a (0,2) valued 0-form we have

g,y = €a{guy }0° (A.103)
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= e {7:;10" + eo{7i;}6" (A.104)
k
= ’Y_ij,kah + (’Y_z'j,o — ’Y_z‘j,k%)eg- (A.105)

We can also write for w,g

woo = Jaowy = —w' (A.106)
woi = Jagw®i = —w’; (A.107)
Wio = Jaiw o = Vijwo (A.108)
Wij = Joiw®j = VikwW"; (A.109)

Now let us write the torsion-free and metric compatible conditions explicitly for

ADM coordinates.

0=w, A"+ do°

0= ]X[ (6N 0°) + (w A 0Y) + (W2 A BF) (A.110)
0= %(0’“/\00)+(w?0/\00)+(w?k/\0’“) (A.111)

These are the torsion-free conditions.

A(Guv) = Wpy + Wy

0= w (A.112)
0 = —w; + (A.113)

o B
(7 0 P i k)OQ + ’Yij,kek = ’Ykiwkj + ’ij‘-"k,i (A.114)

N N
These are the conditions for metric compatibility. By using w*, = Cﬁ_ﬂgeﬁ we
can turn all of these equations into equations for the connection coefficients.
Normally we would directly solve for the connection one-form but here we will

just use the equations for the connection coefficients.

0= C@ﬂc _ CQEJ (A.115)
0= C_iﬂC _ C'ilfj (A.116)
N ; 0 0
N — _O__iQ + O_Ql' (All?)
5]\,;: — Clyp = Cig (A.118)
0= CQgQ (Allg)
0= _CQQ@ + fyjz.cggg (A120>
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ij 0 B*vij k
N N
Yijam = T0iC%mj + Y13 C¥mi (A.122)

= 71iC%0; + 11 C%0s (A.121)

Let us solve these equations. All the equations carrying information about the

C™;; are from equations and (A.116)).
"y —C" =0 (A.123)
Vijm — ykiCkmj — vij’Em =0 (A.124)
These equations are exactly the equations a coordinate basis connection co-
efficient will satisfy for the spacelike hypersurface. So we have the solution
C™y; = @Iy Now we try to find C%j. By substituting C?y from equation
(A.120]) into equation (A.118]) we get

| j
—C% +7i(Clos — =) =0

N
A, g
—C%% + 71 (Cl; — ﬁN’ ) = C%i + i (Clox — %) =0

The last equation is just obtained by symmetrizing in the ¢, %k indices. Now we
can use equation (A.115) to get
J J .
0 j j B k 5 K
=207 + 7350 + e Coi = Yig T~ Thi Ty

At this step we use the equation (A.121]) to get
Yik,0 Vik,i _ Vil _ Yk
N N N N

QNCQ_iE = Yik,0 — ’Yz'k,jﬁj - ’szﬂj,k - ’ijﬁj,i

= Yik,0 — %’k,jﬁj — Bik+ ’Vji,kﬁj — Bri+ ’ij,zﬂj

= 0.

0=—2C%; +

= Yik,0 — Bj(%'k,j — Yjik — 'ij,z‘) - Bk,z’ - Bi,k
= Yiko + 28 9im Tk — Bri — Bi

C% = — Ky (A.125)
Now other equations for the coefficients can be solved easily. From
ngj = ’Ykickjg
C*jo = —K";. (A.126)

From equation (A.118)|)
Bk
N

Clop = Ky, + (A.127)
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From equations (A.120)), (A.119) and (A.117)

0= —~C%; + 7i;Coo

% =0

N
C% = ~
CY; = ]]VV
Clog =~ ]X;

Now we can list all of the connection coefficients.

Now these equations are useful in

convert them into coordinate basis.

conversion there.

Oml,_, — <3)sz‘j
C%j = — Ky
CE]Q = _Kkj
Clo = =K'y, + 5]\’[’“
C%0 =0
N,

C%; = N

. N,
Cloo = 7" 7
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non-coordinate basis.

(A.128)

(A.129)

(A.130)

(A.131)
(A.132)
(A.133)

(A.134)
(A.135)

(A.136)

(A.137)

But we know how to

So when we need them we will do the



APPENDIX B

CONSTRAINED HAMILTONIAN SYSTEMS

This appendix is a basic review of the constrained Hamiltonian systems. We
will give a non-geometrical summary since it is good enough for our purposes
and the geometrical considerations might make one get lost in the details. We
will use the notations for finite degree of freedom systems but the methods
developed here can be used in field theory as well, if one is careful. There are
of course problems which arise due to field theory aspects, but the methods
described here are still the best ones for dealing with constraints. Also, there
are a lot of open questions yet, so there are disagreements about the best method
[16]. So, it is better to be more flexible in the treatment of this subject until
a rigorous treatment is available. The standard reference on this subject is [3].
For geometrical aspects of this subject one can examine [17], [18], [I9]and [20].
For pedagogical treatment the lecture notes of Bernard Whiting [21] and Dirac’s
Yeshiva lectures [I1] is very helpful.

B.1 Motivation - Gauge Invariance and Constraints

A gauge theory emerges when the equations of motion involve arbitrary functions
of coordinates. If we want to make a quantum theory then we need to be able
to upgrade this symmetry of the solutions into a local (in terms of spacetime)
symmetry. For instance in electromagnetism the four-potential is not completely
determined by equations of motion. We can add the gradient of an arbitrary
smooth scalar to it and it would still be a solution. Now if we change the wave
function with a local U(1) symmetry, that is, ¥ +— exp(«(z))¥, which does not
change the probabilities, to get the same equation of motion for the ¥ we would

need to vary the four-potential in the Hamiltonian with the gradient of a(z). So,
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one is inclined to seek the symmetries in the Hamiltonian equations of motion.
This arbitrariness in equations of motion is also encountered in constrained
Hamiltonian systems. So, it is important to understand constraints really well.
This is the basic motivation to study constrained Hamiltonian systems. Another
motivation is to be able to deal with the dynamics of singular Lagrangians (the

ones with non-invertible Legendre maps) consistently and efficiently.

B.2 Dynamics in terms of Lagrangian or Various Hamiltonians

In this section we will not be interested in quantization of the dynamical system
but only try to get the correct dynamical equations. We will also classify the
constraints but not treat them. They will be treated in the next section with

examples.

B.2.1 Primary Constraints

We will suppose that we are given a Lagrangian L = L(q, ¢). The action is given

as

S = /dtL(q,cj) (B.1)

where ¢ = {¢'(t)}Y, are the configuration space variables. The equations of

motion are given by

0S :
P 0, Vq¢'(t)
d { OL oL
— - ) — - = B.2
dt( aqz) o7 " (B:2)
or
- 0’L oL . 0’L
) = — — ¢ ——— B.3
Togo9 ~ o¢ T ogog (B.3)
where the matrix
0*L
WU aqlaq] ( )

is given as the Hessian matrix of the Lagrangian map. If W;; is invertible then
for some initial conditions we can find the solution to the equations of motion
uniquely. If it is not invertible then equations of motion will not be uniquely

determined and the arbitrariness in the equations of motion will be interpreted
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as gauge freedom. We will not assume that W;; is invertible but we will assume
that it has constant rank everywhere. When WW;; is not invertible we will have
equations ¢,,(q,p) =0, m = 1,..., M satisfied for any physical (satisfying the
equations of motion) solution of the system at all times. Here p represent the

conjugate momenta and are defined as usual.
oL
=25

The equations ¢, = 0 are called primary constraints. They are called primary

Di (B.5)

since we did not use any time evolution of the system (equations of motion).
The submanifold defined by the primary constraints is called the primary con-
straint surface. There are some conditions that these constraints (and any other

constraint we will come to) must satisfy so that some theorems are satisfied.

B.2.2 Regularity Conditions

Not all descriptions of the constraint surface is acceptable. There are four equiv-
alent descriptions of the conditions which must be satisfied by the constraint
equations so that they are admissible. The basic idea is to be able to define a

submanifold according to the conditions of the Frobenius theorem [22].

i) The 2N — M dimensional primary constraint surface should be coverable
with open regions, on each of which the constraint functions ¢ can be sep-
arated into independent constraints ¢,, and dependent constraints é =0
which hold as consequences of the independent ones. Furthermore the rank

of the Jacobian matrix 68?’;) should be M.

ii) There must exist Frobenius charts, that is, charts for which the coordinates
on the submanifold, say {x“}, are a part of the coordinates on the mani-
fold together with the constraint functions {¢,,, x*} where the coordinate

description of the submanifold reduces to ¢,, = 0.

iii) The gradients d¢y,...,doy should be linearly independent or dg; A - -+ A
doyr # 0.

iv) The variations of ¢,, are of order € for arbitrary variations of (¢, p) of order

€. This means that ¢, are first order in (g,p) but this is not the most
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comprehensive way to define a submanifold.

Let us examine an example from [3]. Suppose we are given the below equivalent

representations of the same constraint surface.

p =0 (B.6)

(m)*=0 (B.7)
p1=0,(p1)* =0 (B.8)
Vi =0 (B.9)

The first description is admissible. Second and the fourth descriptions are in-
admissible and should be replaced with the first one. The third description is
redundant. We will always assume that the regularity conditions hold. If they do
not hold then we can make them hold by taking a subset of the constraint equa-

tions. There are two theorems which are correct when the regularity conditions

hold.

Theorem B.2.1 If a smooth phase space function disappears on the primary

constraint surface then it can be written as

G(q,p) = 9™(¢: p)¢m(q,p) for some functions g™ (B.10)

Theorem B.2.2 If \;d¢' + p'dp; = 0 for arbitrary variations dq, dp then on the

constraint surface we can write

= U _—

\i ! B.11
oG (B.11)

; Obm
i gmm B.12
W=t (B.12)

where u™ is any function of (q,p).

The first theorem can be inferred from the existence of Frobenius charts
which are charts compatible with both the submanifold and the manifold itself.
The second theorem is an exercise in nonlinear functional analysis. If the regu-
larity conditions hold and no redundant constraints appear then the variations
0¢,, form a basis for the null space for the functions defined on the constraint
surface. However, if there happens to be redundant constraints (squares of the

constraints etc.) then u™ will not be unique. For details, one can look at [3].

60



B.2.3 The Canonical Hamiltonian

The canonical Hamiltonian is defined as usual, that is,

H(q,p) = d'pi — L. (B.13)
The equations of motion can be found from the canonical Hamiltonian as
08 = 5/dt(q'ipi — H) =0, (B.14)
subject to the conditions
¢m(q,p) =0, (B.15)
0¢m(q,p) =0 m=1,.... M (B.16)

where S is the action integral. Let us derive the equations of motion by using
the canonical Hamiltonian. We will suppress the coordinate indices. 4S5 = 0

implies the below equations only.

08 = /dt(tjdp—l— @ — poq — %—Zléq — %6]9)

0= (p5q)}ij+/dt(6p{cj—%—;j}—i-(;q{—p—(;—];}). (B.17)
Now the first term in the last equation simply defines the conjugate momenta
(by equating to the boundary term of the variation of the Lagrangian in the
case of variations which do not vanish at the boundary). We also have the
constraints so, we can not directly write the equations of motion. As in any
singular linear equation system we can have many solutions or no solutions. No
solution systems are not physically interesting (they are inconsistent), indicating
a poor choice of Lagrangian like I = ¢, which has the equations of motion 1 =0

[11]. Now, from d¢,, = 0 one gets

_ 0o 0Pm
0= 5 0q + 5 D.

If there are no inconsistencies the best we can deduce is

(5p{q - (is_[];[} n 5q{—p . %—ZI}) — W™ (t) (%’" g+ % p). (B.19)

Here u,, is arbitrary and by also including the constraint

(B.18)

Pm = 0, (B.20)
we can write all of the equations of motion.
. OH OPm
"= ot B.21
i =SB (B.21)

61



. OH OPm
= ——— —u"(l) == B.22
o= =G G (B.22)

¢m =0, (B.23)

for all ¢ and m. The regularity conditions must be satisfied for these equations

of motion to be the correct ones [3].

B.2.4 The Total Hamiltonian

Another way to obtain the correct dynamical equations (ones that are equivalent
to the Euler-Lagrange equations) is through the total Hamiltonian. We derived
the equations of motion by restricting the possible motions to the primary con-
straint surface in the case of canonical Hamiltonian. This means however that
we can extend the canonical Hamiltonian off the primary constraint surface ar-

bitrarily. This way we can obtain the total Hamiltonian.
Hr = H+u"(p,q)bm (B.24)
and the action becomes

&Mnﬂz/wm—%d (B.25)

where the [g, p,u] means the action is a functional of ¢',p;,u™. We have the

equations of motion

. OH . 0o
§'= T (t) o (B.26)
R) ; S 1o
bi= =g (t) o7 (B.27)
Pm =0 (B.28)

for all 4 and m. Here we changed u™ to a function of time only since starting
from an initial condition ¢(0), p(0), u™ can be written as a function of time. As
a side note, in general, satisfying ¢,, = 0 does not satisfy ¢,, = 0 for all times.
So we might have to impose some restrictions on u’s or the (g, p)’s at all times.
They will be clear with examples. Now, if the Legendre map is not invertible
the transformation from conjugate momenta to the generalized coordinates is
multivalued, that is to say we have multiple generalized velocities corresponding
to the same conjugate momentum. Here the variables v can be considered

as the extra parameters in the phase space needed to make the Legendre map
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invertible. So then it is possible to define the Legendre map as

FL:TQ — T*Q

¢ —q (B.29)
" — u™ (B.31)

Here FL denotes the fibre derivative with respect to function L and is properly
defined in [I7]. It is a bit hard so we will be content with the local version
Pi = g—;. We can write equations of motion more briefly with the help of Poisson

brackets as

Qg p) = {2, Hr} (B.32)
Pm = 0. (B.33)

B.2.5 Secondary Constraints

The constraint equations must be satisfied at all times. This leads to some

consistency equations requiring
= {om, H} + 0™ {dm, b } (B.35)

Here we are free to enforce ¢, = 0 after all the Poisson brackets are calculated.
Then,these equations if independent from the Lagrange multipliers u will lead
to either 0 = 0 or more restrictions on (g, p) say X(q,p) = 0. Then we have to
check the time evolution of X with the total Hamiltonian again and see what
we get. We must repeat this process for all the constraints we obtained until
all the time evolution of constraints lead only to 0 = 0 or an equation on u’s.

Suppose we obtained K new equations then in total we will have M + K = J

constraints.
Om =0 Vmel,....M (B.36)
o =0 Ve e M+1,... M+ K (B.37)
¢; =0 Vi oel,....J (B.38)

The difference between primary and secondary constraints will not be extremely

important in the final form of the theory so the notation is a bit loose but is in
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accord with [3]. The constraints ¢, = 0 will be called secondary constraints since
we used the time evolution (equations of motion). We will assume ¢; = 0 obey
the regularity conditions as well. We will also assume the rank of the matrix

{¢j,¢;} is constant (throughout the surface ¢; =0, j=1,...,J describes).

B.2.6 Weak and Strong Equations

We will denote the surface the constraints ¢; = 0 describes as C and call it the
constraint surface. The surface described by only primary constraints ¢,, = 0
will be denoted as C,. If two functions F(¢,p), G(¢,p) are equal on the C we will
denote it by F' = G. This equality will be called weakly equal. If two functions
are only equal on primary constraint surface we will denote it by F £ @. This
equality won’t be used much. Notice that it is appropriate to use this equality
in the consistency equations. We also enforce the primary constraints in the
definition of canonical Hamiltonian. Now if two smooth functions F, G and
their gradients are weakly equal on the constraint surface then they are called
strongly equal which means they are equal in an open set around the constraint
surface but we will take this open set to be the entire phase space. Strong
equality will be denoted by the ordinary equal sign. Due to theorem we

can write
F=G < F—-G=d(q,)¢; (B.39)

We can rewrite the equations of motion as Q(q, p) = {Q, Hr }.

B.2.7 Restrictions on Lagrange multipliers

When the consistency algorithm is playing out we might have some equations on
the Lagrange multipliers u™. We will not get a solution for all of the Lagrange
multipliers and while some of them will be completely solvable some of them
will be partially solved and will remain arbitrary. This will be clear in the next
section when we do some simple examples, but we can still get an expression for

the solutions of the equations on the Lagrange multipliers.

{¢j, H} +u™ {¢j, dm } = 0. (B.40)
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Some equations in (B.40)) are not trivial, that is, 0 = 0. Now consider the linear

homogeneous equation

V™ {¢j, ¢m} =0 (B.41)
which will have some non-trivial solutions V"™,, a = 1,..., A and the general

solution of the inhomogeneous equation on u™ can be written as
um=U"4+0'V", (B.42)

where v* is arbitrary functions of time and U™ is any specific solution of the
inhomogeneous equation. Notice that we can now rewrite the total Hamiltonian

as Hr = H+ v%¢, where H=H~+ Um¢p, and ¢, = V™ (.

B.2.8 First and Second Class Functions

A function F(q,p) is said to be first class if it satisfies
{(F,¢;} =0, j=1,....J (B.43)

or equivalently

{F 65} = F50; (B.44)
If it does not satisfy the above equations then the function is said to be second
class. With this classification we can separate the constraints into two sets: first
class ones and second class ones. Obviously, we will have to set the constraints to
zero after the expression in Poisson brackets explicitly calculated. However the
separation into first and second class might not be trivial to perform. Namely,
the constraints might be given impurely that is as a sum of second class and first
class constraints. The complete separation is achieved by satisfying irreducibility
conditions which will be described later at the end of this section[B.2l First class
functions satisfy a nice property. The Poisson bracket of two first class functions
is again a first class function which can be demonstrated with the help of the
Jacobi identity. Also it can be checked that H and ¢, are first class. Since the
v® are arbitrary, there will be an equivalence class of (¢q,p) that correspond to
a single physical state. This can be shown as follows. Suppose we have chosen
two different v’s v® and 0*. We also have some initial conditions at t,. After

some small amount of time &t a phase space function F will evolve to F + 6tF.
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The difference between the two values of F', with respect to the choice of v’s, at
t + 0t, denoted JF', will be given by

OF = dt(v* —0%) {F, ¢, }. (B.45)
Now the only way we can have a deterministic system classically (without con-
sidering the tougher issues associated with the quantum picture) is if the two
descriptions of the F' are equivalent. Also the change in F' is proportional to
v = §t(v® —0%). So, the two systems described by different choices of v’s show
the same dynamical picture, meaning, they are physically equivalent. Then by
extending a terminology used in the theory of gauge fields one says that the
primary first class constraints generate the gauge transformations [3]. However
there are good reasons to consider that secondary first class constraints generate
the gauge transformations as well. These reasons are due to these two following
facts. The first is that {¢,, ¢ } also a gauge generator since it leads to the same
dynamics for F'. The second is that {H ,q } 18 also a gauge generator. So one
might consider that some of the secondary first class constraints generate gauge
transformations as well. This is not entirely true unless we also restrict the
variations of some of the Lagrange multipliers to show the invariance explicitly
[3]. The basic idea in [3] is that all first class constraints generate the gauge
transformations of a dynamical system and we should use an extended Hamilto-
nian (to be described in the next section) to count for all gauge freedom. This
is so that a method of quantization can be achieved. So, it is postulated that
all first class constraints generate gauge transformations, even if the equations
of motion does not contain arbitrary functions. There are also papers which
create the gauge transformations only using the total Hamiltonian [I9]. As we
said in the beginning of this appendix a fully rigorous treatment has not been
performed. Nevertheless, in either approach, one has to use both primary and
secondary constraints in the generating function for a gauge transformation.
That is why the distinction between primary and secondary constraints is not
extremely important. However the distinction between first and second class
constraints is important because second class constraints do not generate gauge
transformations or any other transformation of significance. However the treat-
ment of second class constraints is also much easier than first class constraints,

at least with some methods. We will use the notation ~, to denote a constraint
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which is first class and x, to denote a constraint which is second class.

B.2.9 Reducible First and Second Class Constraints

In the irreducible case we can separate the constraints by following the method
which will be described now. To separate the constraints into first and second
class sets we first check the rank of Cj; == {¢;,¢;}. If the determinant of the
matrix C;; vanishes on the constraint surface then there must be at least one
first class constraint among ¢;. By solving the linear equation ¢/C; F <0 for ¢,
we can redefine a constraint 7, = /¢;. A solution for ¢/ must exist since the
matrix is not full rank so its null space is not trivial. This new constraint 7, = 0
is automatically first class since {¢/¢;, ¢;} = ¢/ {d;,d;} +¢; {c?, 05} < 0. Here
¢ might depend on the (q,p). Then by repeatedly applying this procedure one

can take linear combinations of the constraints to reach to a separation such

that
Y% Xg
0L % [0 0 (B.46)
Xo |0 Cas

In the reducible case constraints might be expressed with extra parts, which are

unnecessary. For instance take this set of three constraints.

¢1=x1= ¢ +p1 =0 (B.47)
pr=x2=q¢ =0 (B.48)
P3 = X3= D1 =0 (B.49)

Now the constraints cannot be separated simply by checking their Poisson brack-
ets since the first one is contaminated. The determinant of the C';; vanishes but
we do not have any first class constraints. A set of constraints {¢; = 0} are
completely separated into first and second class constraints {7, = 0, x, = 0}

when the following conditions hold [3].

i) The reducibility conditions split the constraints into pure first-class and

pure second class sets as

Ziv% =0 (a=1,....,A44a=1,...,A) (B.50)
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ZiYa =0 (a=1,...,Bid=1,...,B) (B.51)

where the reducibility functions Z’s may depend on the g, p.

ii) The following brackets weakly vanish.

(Y} =0 (B.52)
{Yas Xa } = 0. (B.53)

iii) The matrix {xa, xs} is of maximal rank.

rank({xa,Xxs}) = B— B (B.54)

B.2.10 The Extended Hamiltonian

The extended Hamiltonian is defined as in below.
Hg = H+4w¢; = H+uy, (B.55)
Selg, p,ul = /dt(pd — Hp) (B.56)

where v/ ¢; = u* Al ,¢; and 7, = A,¢;. The extended Hamiltonian does involve
more arbitrary functions than the total Hamiltonian. This is to account for a
more general description of gauge freedom which might be required if one has
quantization in mind. The subject of quantization is also not entirely settled

and there are many methods with different caveats.

B.3 Treatment of The Constraints in Constrained Hamiltonian Sys-

tems

We will first examine a system with a singular Lagrangian and classify the
constraints. Then we will list the ways one can deal with the constraints. In
many problems the method of attack will require a case by case analysis. Let

us take the below hypothetical Lagrangian as our starting point.

1
L= ng + iz — V(x,y). (B.57)
This Lagrangian has the primary constraint:
oL
.= — = . B.58
Pe=5o =0 (B.58)
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The other conjugate momentum is defined as

oL |

The momenta defined through the equation (B.58) is a primary constraint since
we can not invert the  from the conjugate momentum. The Hessian matrix of

the Legendre map is

O?L 0 0

Toodoy o 1| (360
ij
The canonical Hamiltonian is defined as
H 2 pig' — L(q.4)- (B.61)

Here, as we have said before, unless we enforce the primary constraints we cannot
get a canonical Hamiltonian since not all generalized velocities will be invertible
due to the singular Lagrangian. The canonical Hamiltonian for (B.57)) is given

by

H 2 poi+pyi — Ly, &,9) (B.62)
2
H % i(p, —2) + 2%+ V(2,y) (B.63)
Cp py2

== tV(zy) (B.64)

So now our system can be described as

2
HE % +V(z,y) (B.65)
Pr=ps—xT = (B66)

where ¢; = 0 is a primary constraint. We can also write the total Hamiltonian

as
2
Hy = H+A(t)é1 = P4+ V(.y) + Aps — @) (B.67)
where A is a Lagrange multiplier. We can also write the equations of motion:
T=A (B.68)
oV
)y = —— + A B.69
p 5 T (B.69)
y = Dy (B?O)
ov
Dy = ——— B.71
py ay ( )
o1 =p, —x=0. (B.72)



To be able to satisfy the primary constraints at all times we need to work out

the consistency algorithm and see what we get.

pr=ps—a=0 (B.73)
1%
: PV PV
§=(=25+ 900y"" = 0. (B.75)

As one can see we can not determine what the consistency algorithm will bring
in a general situation. The equations for ¢ and ¢ might be another constraint
or might be a restriction on the Lagrange multiplier, depending on the form of

the function V(z,y). Let us take the function V' as the below three cases.

Case 1)
Vs 0 (B.76)
£=0~0=0 (B.77)
(=0~0=0 (B.78)

We only have a single primary constraint and no restrictions on
A exist. Since there is only a single constraint it Poisson bracket

commutes with itself so it is a first class constraint. We will rename

P1 =M.
Case II)
V o~y (B.79)
E=0~ y=0 (B.80)
¢(=0~p,=0 (B.81)
Here, we have no restrictions on the Lagrange multiplier and we
have three constraints: v = ¢ = p, — x = 0 a first class constraint,
X1 =§ =y =0 asecond class constraint and lastly X, =( =p, =0
another second class constraint.
Case III)
Vs 2 (B.82)
E=0~ z= (B.83)
(=0~ A=0 (B.84)
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Here, we have two constraint equations and a single restriction on
the Lagrange multiplier: X; = ¢1 = p, — x = 0 a second class
constraint, Xo = x = 0 another second class constraint and A =0 a

restriction on the Lagrange multiplier.

Now we will try to see what we can do about the constraints. First we will deal

with second class constraints, since they are easier to handle.

B.3.1 Systems with Only Second Class Constraints

Here we will assume the system contains only second class constraints. This
assumption is harmless since one can usually convert the first and second class
constraints into one another, which is a method for dealing with the constraints.
So, the order or dealing with the constraints does not matter. This will be clear

when we finish the section [B.3l

B.3.1.1 The First Method: Solve the Constraints First

The simplest method of dealing with second class constraints is directly solving
them. By solving the second class constraints we can get rid of some degrees
of freedom. For instance for the example we presented at the beginning of
this section , the total Hamiltonian involved two degree of freedom and
a Lagrange multiplier to enforce the primary constraint, namely, (z,y, p.,py)
and A. Here we are considering the case presented in (B.82). By solving the
constraints Xo = ¢ = 0 and X1 = p, — x = 0 we can get rid of x,p, and A
and treat the total Hamiltonian as if it is an ordinary Hamiltonian with a single
degree of freedom, (y,p,). Of course the phase space functions must also be

constrained to the constraint surface. More symbolically we can write:
Fle = {Flc, Hrlc}. (B.85)
Here we should be careful to take the Poisson brackets according to the remaining

variables. Let us perform this method for our example.

_ py2
Hrle = Y (B.86)
. oF
Fle = p, 2 (B.87)
Y 8y r=pz=0
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Notice that by solving the second class constraints we did not have to solve
for Lagrange multiplier \. We will need constraints to be irreducible to be
able to use this method however, otherwise we might set some of the first class

constraints to zero.

B.3.1.2 The Second Method: Dirac Brackets in the case of Irre-

ducible Constraints

Sometimes eliminating the constraint equations might be difficult or undesirable.
In this case we can define a new bracket in terms of the ordinary Poisson bracket
to define a new bracket structure, called Dirac bracket, to obtain the correct
dynamics. Here we impose the second class constraints after we have taken the
Dirac bracket. Dirac bracket will be denoted by {F,G }*. The Dirac bracket is
defined as

{F7G}* = ({F7G}_ {Fﬂxa}caﬁ {Xﬂ7G})|C <B88>
Cap = {Xa,Xg} (B.89)
C*PCg, =09 (B.90)

Let us apply the method for our example (B.82)). First we will apply the first
method described in (B.3.1.1]), to show how Poisson brackets are computed in

the case we solve the constraints first.

oF 0G  O0F 0G
Fle,Gle}=|—77——7—— . B.91
tFle, Gl (811 Opy  Opy 8y> 2=pa=0 (591
Now we will compute the Dirac brackets for the same system.
0 —1
Cap = (B.92)
1 0
L Jdap
— - aﬁ
0 1
Cc*P = (B.93)
-1 0
. oF OF oG
oFr oG 0G
() o 3] (B0
r=p,=0
OF 0G  OF 0G
_ (=2 2 P B.95
(ay Opy  Opy 3y> - (:95)
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As we can see the Dirac brackets allow us to calculate without the need to solve

the second class constraints. The Dirac brackets satisfy some good properties:

i) The Dirac bracket is antisymmetric,
{F,G}" = —-{G,F}". (B.96)
ii) The Dirac bracket obeys the Leibniz rule,
{F,GR}" ={F,G}'R+ {F,R}'G. (B.97)
iii) It obeys the Jacobi identity,
{{F,.G}Y R}y +{{G,R}" . F}"+ {{R.F}",G}" =0. (B.98)
iv) Second class constraints Dirac bracket commute with all phase space func-
tions,
X, F}*=0 (B.99)
v) For a first class function G' and an arbitrary F,
{F.G}* = {F,G}. (B.100)
vi) For F, G first class functions and an arbitrary R,

{RAF,GY}Y = {R,{F.G}}. (B.101)

This method can also be used in the reducible case if we manage to reduce the

constraints.

B.3.1.3 The Third Method: Dirac Brackets in the case of Reducible

Constraints

It is also possible to write the Dirac bracket in the case of reducible constraints.
The method is to write the Dirac bracket more generally which is equivalent to
the Dirac bracket in the case we make the constraints irreducible. It is defined

like this:
{A,BY = {A, B} — {A,X,}D*" {X5, B} (B.102)

where

Do = _pPe (B.103)
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obeys on X, =0
D*? {Xs,X,} = 05 + 794\, for some \%,. (B.104)

Let us show the equivalence of this method with the first reduce then create the
Dirac bracket method. Suppose we have the below constraints, X; = ¢! = 0,
Xy = p; = 0 and X5 = ¢* +p; = 0. Clearly we can take out any one of the X’s to
pass to the irreducible case. Let us assume we eliminated X5. Then the Dirac

bracket can be calculated as below.

0 1 1]
Oaﬂ = {XOHXB}: -1 0 -1 (avﬁ) < {17273} (B105)
-1 1 0
_eP
0 1
OAF = {XA7XF} - 10 <A7F) € {173} (B106>
J AT

So, we chose X1, X3 as the reduced complete set of constraints. Now the Dirac

bracket reads:

(A, B} = ({A, BY — {A, X, }OM {xp, B}> (B.107)
c
— [A,BY+ {A, X} {Xs, B} — {4,X3) {XI,B}‘X . (B10g)
1=Y, A3=
Now we will try to create the Dirac bracket without reducing the system.
Zaan =0 ~ ZaXa = —X3 + Xl + Xg =0 (B109)
D {Xg,X,} = 6% 4 Z%4X% v D {Xg, X, } = 65 + Z°),. (B.110)

Here we have to solve the last equation as best as we can for both A and D
matrices, while also accounting the fact that the latter is antisymmetric. It is a

linear equation system so it is pretty easy.

«

_D12 _ D13 D13 _DlQ
Daﬂcﬁp — D23 D23 _ pDl2 D12 (B111>
D23 _D13 _D13 + D23

[0}

I+XA A A3
=70 = M 1+ A (B.112)
-\ Ay 1=
From these equations we get a single restriction on the possible A, that is, —Ay —

A = 1 — \3. We also solve for D in terms of \, which gives D3 = \,, D2 =
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—)\3, D?3 = —)\;. Now, we simply insert this in the definition of Dirac bracket

in the reducible case.
{A, B} = {A, X, }D*? {X3, B} . (B.113)
By using the restrictions on D and A one gets:

{A,B} ={A,B}+ {A, X1} {X3,B} — {A, X3} {X4,B} 0. et (B.114)
1=Y, A3=
There are some more flexibility in the definition of D matrix, but we were not

able to understand how those parts in [3] came about.

B.3.1.4 The Fourth Method: Convert the Second Class Constraints

into First Class Constraints

This last method is intimately related to a method of dealing with the first class
constraints so we will describe it there, in

B.3.2 Systems with only First Class Constraints

As far as the classical dynamical picture is concerned we were done in section[B.2]
There are simply some equations of motion which are not uniquely determined
but this is alright since the arbitrariness just means we have an equivalence
class of the physical states rather than a single unique description. However,
once we wish to create a quantum field theory we might need to get rid of
this gauge freedom since we wish to avoid multiple counting of the states , or
extend the phase space and treat it accordingly as in BRST quantization [23],
[3], [16]. So, the main problem of systems with first class constraints is to be
able quantize the system. Classically, we have the problem that the two-form
induced from the phase space onto constraint surface is degenerate and some
degrees o freedom are not actual degrees of freedom. That is to say, first class
constraints do not just reduce the dimension of the physical phase space by
one but also introduces gauge symmetries which are the null eigenvectors of the
induced two form. Treating the first class constraints is much harder than the
second class constraints. That is why we will focus on a single method

and only describe the other methods very briefly. There are also other methods
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in the literature than the ones we are going to discuss. So we will try to do
simple examples and show how the counting of the true degrees of freedom in a

system goes. We will assume we are in the irreducible case.

B.3.2.1 The First Method: Gauge Fixation

Now, to avoid multiple counting of the states, which is important in calculating
the path integrals [23], we introduce ad-hoc equations restricting the gauge free-
dom. For instance, in electromagnetism we may introduce the Lorenz gauge or
the Coulomb gauge or for ADM formulation of general relativity we can choose
the Gaussian normal coordinates. There are two conditions a satisfactory set of

gauge conditions Cy(q, p) = 0 must satisfy [3].

i) The gauge must be accessible. That is, all possible states of the dynamical
system should have a representative in the chosen gauge condition and start-
ing from this representative we should be able to reach any other equivalent

state by using infinitesimal transformations of the form du® {F,~, }.

ii) The gauge conditions should fix the gauge completely. That is, any state
should have only a single unique representative. Even discrete transforma-
tions, the ones which are created in a single finite step rather than infinitely
many arbitrarily small steps, are not allowed. This is equivalently stated

by the condition, du® {C}, 7, } = 0 should imply du® = 0.

If this conditions are satisfied by gauge conditions they are called canonical
gauges. The Lorenz gauge is not canonical, since we can still use scalar func-
tions with vanishing Laplacians in creating a gauge transformation. Choosing
Gaussian normal coordinates is not a canonical gauge condition, since Gaussian
normal coordinates can be chosen smoothly in only a part of a manifold and
not everywhere in the manifold. By looking at the gauge fixing conditions as a
set of constraints we can see that C',, form a set of second class constraints.
So, after introducing the gauge fixing conditions one can apply the methods
described in [B.3.1], to deal with the dynamical system. Now, we can also ask the

question: if it is possible turn first class constraints into second class constraints
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by introducing a set of gauge conditions, then is it also possible to eliminate
some constraints (or introduce more hypothetical degrees of freedom) to turn a
system with a set of second class constraints into a system with a set of first
class constraints and gauge fixing conditions? The answer is yes, although per-
forming the said feat might be difficult. Let us examine two examples from [3].
First example is a system with constraints: X; = ¢ = 0 and X, = p; = 0. By
eliminating the constraint X; we can turn the system into a system with first
class constraints. We can also introduce more degrees of freedom as in this next
example. Suppose we have the same set of constraints as before. Now introduce
a hypothetical degree of freedom (¢?,ps) and turn the constraints X;, X, into
v =q'+¢> =0 and v, = p; — po. The Poisson brackets of the constraints
vanish and the system can be treated as a first class system. The gauge fixing
conditions might be impossible to construct globally [3], this problem is called

Gribov obstruction.

B.3.2.2 The Second Method: Reduced Phase Space

Suppose we define a gauge orbit as the equivalence class of states which are
related by a gauge transformation. Then it should be possible to quotient the
constraint surface by these gauge orbits and get a reduced phase space. This

method has the caveat that the reduced phase space may not be a manifold [16].

B.3.2.3 The Third Method: Dirac Constraint Quantization

Dirac’s proposition is to upgrade the first class constraint functions into their
quantum analogs and take the physical Hilbert space as the smaller set of the
states which vanish when taken as an argument for the constraint operators.
This method has the caveat that we might need to deal with the operating

ordering issues.

B.3.2.4 The Fourth Method: BRST Quantization

The main idea in this quantization is to replace the gauge symmetry by a rigid

BRST symmetry which will be present even after gauge fixing. This is achieved
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by introducing more fields into the theory [23].

B.4 Counting of The Degrees of Freedom

Now, the strategy we will follow can be summarized as:

Step 1) Find the canonical Hamiltonian and determine the primary constraints,
Step 2) Find the total Hamiltonian, work out the consistency algorithm,
Step 3) Classify the constraints into first and second class constraints,

Step 4) Solve the second class constraints if it is possible if not write the Dirac

bracket,

Step 5) For dealing with the first class constraints assume a canonical gauge is

given and they turn into second class constraints.
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APPENDIX C

BORN - INFELD EXTENSION OF A THEORY AND THE
PRINCIPLE OF FINITENESS

This is a short summary of the original article [24] which gives a description for
creating theories with finite field strength. Now, the article only described how to
use the principle of finiteness for the electromagnetic theory of Maxwell. There
is also another article describing the same principle for gravitational actions,
[25]. T do not understand every part of that article so I will only summarize the
[24]. It seems that [25], consider the ghost-freedom as a secondary principle in
creating a Bl extension of a gravity theory, however they also seem to open the
action only up to second order. I am not entirely sure if it can be claimed that
a BI extended gravity theory is ghost-free since the action is of infinite order
in Ricci tensor. In this appendix, we are working with the assumption of flat

space-time.

C.1 Principle of Invariant Action

Since, all field theories must be independent of the possible coordinate systems
they must have an invariant action. This is a requirement for all field theories
so we will talk just a little bit about this. The requirement simply means that
the action must have a determinant form inside a square root since that makes
the integral invariant. This is because of the fact that totally antisymmetric
tensors, top forms, are all proportional to the totally antisymmetric Levi-Civita

tensor and all of them can be written as
fe= feap. pda®da’...da" (C.1)

= fy/det(gpn)dat Adz® A ... A dzP (C.2)
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where fe is any top form. The dz® Adx® A ... Adz* only gives the orientation for
the infinitesimal volume element. Since the orientation remains the same, due
to its definition, what must be the integrand is always a scalar times the square
root of determinant of the metric. Since determinants are all proportional to
each other by scalars we can use any square root of a determinant to make an

invariant action integral.

C.2 Principle of Finiteness

Here, the inspiration is taken from special relativity. If one examines the free

particle Lagrangian in special relativity it is found as
Lfree,rel = —mv 1-— ’02. (Cg)

Also it is interesting that it can be written as a determinantal form

Lfree,rel = =My / det((sz — Ui’l}j). (C4)

As it is well known velocity has a finite limit in special relativity and now we
have one more reason to use determinantal actions for theories with finite field
strength. This does not mean that this is the only way to create theories with
finite field strength but it seems to be common. There could be other methods.
We will examine how the original article [24] crates a theory for electromag-
netism and then we will write a little bit about the same procedure for gravi-
tational actions which is much more explained in [25]. Since the action should
be determinantal there are many possibilities for the integrand. Taking inspi-
ration from one claims that the action should be a linear combination of
V—det(gu + Foy), /—det g, 1/det Flypy in some suitable units. Let us write

L= e/~ det(gu, + Fpu) + Ay/= det g,y + By/det F,,. (C.5)

The article claims that y/det F',, can be shown to be a surface integral. Let

us try to show this. First, we will give a couple of facts about skew-symmetric
matrices (here adapted for geometrical quantities, two froms). Suppose A is a

two-form in a 2n dimensional manifold. Then
1 . .
A= 5Aw,(dx“ A dz) (C.6)

det(A,,) = pf(A)* (C.7)
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where pf(A) denotes the Pfaffian of A. We also have another nice formula about
the Pfaffians,

ANAN 2 ANA=nlpf(A)dz' Adz® A ... A dz®™. (C.8)

Using these facts and the fact that F' = dA we can show that /det F w Teduces

to a surface integral. Let us show this.
B\/det F,, = Bpf(F
Bpf(F,,)da® A dxt A da® A da® = gF AF
= gd(dil NA) = gd(A AdA) (C.9)

reduces to a surface integral due to Stokes’ theorem. Here, B is a constant. So,
we will deal with Lagrangians that can be constructed from the other two terms,

that is,

L= e\/— det(gu + Fow) + Ay/—det g, (C.10)

Here we might put another obvious condition. If the field strength is low, then
it must reduce to Maxwell’s theory. This condition fixes A and e. In Cartesian

coordinates

det(nu + F) = -1+ Fg, — F?j + det(F,,) sum over i and j

1
LMaxwell = _ZF VFMV

_ by
2
Vitr=1+3> +ﬁ2( )

L= \/1 F§ + F3 +det(F,,) + A sum over i and j

sum over ¢ and j

FOz - F?g 4 . .
=¢ 1_T + A+ O0°(F,,) sumoveriandj.
(C.11)
This fixes e = —1 and A = 1. This is not the only possible Lagrangian we can

construct. We can construct other Lagrangians as well. Let us constract another

one. Let us examine this quantity \/ —det(g,, + Fu). It, being a polynomial,
can be Taylor expanded in both g,, and F,, in any order. We first open the

series up to first order in g,

det(gu + Fu) = det(gu) + ®[F o, gl (C.12)
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QF 0, 9] = det(g + Fu) — det(g). (C.13)
We also Taylor expand this up to first order in F',,.

Q[F, gpw) = det(F ) + O Fuw, gy
det(gu + Fw) = det(gu) + det(F ) + o[Fuw, 9wl (C.14)

We can determine the form of ¢[F,,, g,.] in a geodesic coordinate system. Re-
member we are in flat space-time in some general coordinate system so, we have

to find the value of ¢[F,, g,,] in a generic coordinate system.
det(gw, + FW’) . det(nﬂf, + Fﬂf,)

— C.15
det(gm,) det(nﬂ,;) ( )
where the indices with the hat indicate Cartesian coordinates
= —1 det(nﬂﬁ + Fﬂ,;)
= —1(=1— F% + Fg; + det(Fp))
= 1+F% —F?)%—det(Fﬂ,;)
det(guw + Fou) 1 . det(Fyp)
=14 -F ,F" 4 — 7 C.16
det(g,.) 2 # det(g;») ( )
where the right hand side can be made into a general coordinate system
1 det(F )
=14+ —-F, FW 4
+ 2 # + det(g,.)
1
det(gu + Fw) = det(gu) + det(gu,,)§FWF“” + det(F )
= det(g,)(1 — G* + F)
1
F = éFWF’“’
det(F,,
> detlF) (C.17)
det(g,u,)

Both F and G? are also invariant quantities. So, they can also be used to create

Lagrangians. For instance,
Ltrial = — det(gw,)\/ 1 —+ F

= \/— det(g,w + F ) + det(F ). (C.18)

This is the general method of creating a theory whose field strength is bounded.
The rest of the article [24] deals with the physical consequences of the La-
grangians we have constructed and examines which one is more appropriate for

the nature.
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C.3 Gravitational Actions

What we have described above for the Born- Infeld extension of Maxwell’s theory
can be applied to Einstein’s theory. In fact, such an extension in Einstein’s
theory preceded Maxwell’s theory. | See the PhD thesis [8] and the references
therein for more details. | I do not know much about this method but as far as

I understand [25] uses a general action

I= / dDa:\/— det(agu, + bR, + cX w[R]) (C.19)
M

with a fudge tensor, X, which is a functional of Ricci tensor, to impose some

freedom on the theory and apply whichever extra principle one can fancy. For
instance, they use the ghost freedom as an extra principle. BINMG is also

created like this [8], [5].
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