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ABSTRACT

ADM FORMULATION OF GENERIC MASSLESS SPIN-2
GRAVITY

Doğru, Müslüm
M.S., Department of Physics

Supervisor : Prof. Dr. Bayram Tekin

June 2018, 83 pages

We give a review of the article [1], which uses the Dirac constraint analysis

and 3 + 1 split of geometrodynamics[2] to create the Hamiltonian formulation

of some gravitational actions. We apply the suggested methods to, Born-Infeld

extension of New Massive Gravity, (BINMG) theory and find out the constraints

and their classifications except for two constraints. The number of degrees of

freedom in BINMG depends on the classification of these two constraints. We

could not determine the classes of these two constraints but if some conditions,

collected in chapter 4, are satisfied then BINMG is ghost-free at the nonlinear

level. If these conditions are not satisfied then, BINMG has a third degree of

freedom which does not appear at the linearized studies.

Keywords: ADM, Hamiltonian formulation, constraint analysis, geometrody-

namics, BINMG
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ÖZ

GENEL KÜTLESİZ SPİN 2 YERÇEKİMİ TEORİLERİNİN ADM
FORMULASYONU

Doğru, Müslüm
Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi : Prof. Dr. Bayram Tekin

Haziran 2018 , 83 sayfa

Dirac’ın kısıtlama analizini ve uzay-zamanın 3 + 1 ayrışmasını[2] kullanan bir

makalenin [1] incelemesi yapılıp bazı gravitasyonel eylemlerin Hamilton formu-

lasyonları bulundu. Bu makalede önerilen metodlar BINMG theorisine uygulanıp

kısıtlamalar ve kısıtlamaların sınıflandırılması bulundu, sadece iki adet kısıtlama

hariç. Dördüncü bölümde belirtilen bazı koşulların sağlanması halinde BINMG

theorisinin sadece iki dinamik moda sahip olduğu gösterildi. Eğer bu koşulları

sağlanmıyorsa BINMG teorisinin üç dinamik modu olduğu gösterildi.

Anahtar Kelimeler: ADM, Hamiltonian formulasyonu, kısıtlama analizi, uzay-

zaman dinamiği, BINMG
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CHAPTER 1

INTRODUCTION

To make a quantum theory of an existing classical theory, one has two main

methods. One can use the path integral formalism or one can convert the ac-

tion into the Hamiltonian form and work in the phase space and use Dirac’s

correspondence principle. However, in some theories, gauge symmetry might

lead to infinity when calculating the partition function. This is encountered in

electromagnetism and the problem is solved by introducing gauge conditions.

According to the works initiated by Dirac and Bergmann and later improved

by other physicists, the gauge symmetry is a symmetry that exists in the con-

strained Hamiltonian systems [3]. Since quantum field theories usually have this

type of symmetry, it is important to understand the ways to deal with them.

In this thesis, we review an article [1], perform the calculations in the article

and apply the methods suggested in the article to Born-Infeld Extension of New

Massive Gravity which was worked in detail in [4],[5]. One minor difference will

be that instead of the method suggested in the article [6], we will stick to the

Dirac’s methods [3]. Both of these methods give the same results as is well

known [7]. We will refer to the theory as BINMG in short. In this thesis, the

goal is to find the number of the degrees of freedom of the BINMG theory at the

nonlinear level. The number of the degrees of freedom was previously calculated

in [8] at the linear level.

1.1 Structure of the Thesis

There are some tools we need to understand really well to be able to use the

methods given in the article [1]. Appendices A and B give short summaries

for the tools needed. Appendix C gives some of the main ideas for Born-Infeld

1



extension of a theory. Once the tools are mastered, the thesis can be treated as

a step by step application of Dirac’s ideas in the context of constrained systems.

The equations are really long and some of the steps are also cumbersome. We

will not show all of the calculations explicitly. However, we will give the sample

calculations that show the characteristics and difficulties of the step that is being

performed. We will explain the notations as they are needed.
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CHAPTER 2

f(Rαβµν) ACTION AND THE METHOD OF AUXILIARY

VARIABLES

We will find the Hamiltonian formulation for all actions that can be classified

as f(Rαβµν) action, that is

S[gµν ] =
1

2

∫
M
dDx
√
−gf(Rαβµν). (2.1)

Now, for many gravitational actions this expression is going to be really simple.

However, some actions including the BINMG action are not that simple and a

straightforward application for finding the canonical Hamiltonian is not possible.

This is due to the reason that we cannot invert the tensor relations of higher

than first order. This inversion is necessary for replacing the time derivatives

of configuration space variables with the phase space variables. One can opt to

not invert them at all and make it work in some cases by working with algebraic

expressions but it would be extremely laborious. So we use a well known method

called auxiliary variables method as suggested in the article [1] to make a more

amenable action. Let us describe this method first.

2.1 Auxiliary Variables Method

Let us suppose we are given a general classical field theory action:

S[φ] =

∫
dDxf

[
Ωi[φ]

]
(2.2)

where Ωi is a function of the configuration field variables φ = {φ1, φ2, ..., φn} and
f a function of the Ωi. Let us also seperate the collective index i into two groups

of collective indices, namely {i} = {µ}
⋃
{A}. Now, instead of the action (2.2)

we will write an action with the configuration space variables {φ}, {Aµ}, {Bµ}

3



which gives the same equations of motion.

S[φ,A,B] =

∫
dDx

{
f
[
ΩA[φ], Aµ

]
+Bµ(Ωµ − Aµ)

}
. (2.3)

The equations of motion for (2.2) are given by

δS = 0

δf

δφ
=

δf

δΩi

δΩi

δφ
= 0

=
δf

δΩA

δΩA

δφ
+

δf

δΩµ

δΩµ

δφ
= 0. (2.4)

Equations of motion for the action (2.3) are

δS = 0

δS

δBµ
= Ωµ − Aµ = 0

δS

δAµ
=

δf

δAµ
−Bµ = 0

δS

δφ
=

δf

δΩA

δΩA

δφ
+Bµ δΩµ

δφ
= 0. (2.5)

These equations give the same equations of motion but allows us to deal with

otherwise hard calculations. One interesting thing to note is that in applying the

auxiliary variables method, we actually insert second class constraints into our

theory. Later, we will use this method to get rid of a second order time derivative

in the f(Rαβµν) theory, by transferring the second derivative onto an auxiliary

variable. Now, that sort of manipulation might turn some of the second class

constraints into a first class constraint. Since, there is no consensus on how

to quantize such a constrained Hamiltonian system that contains a first class

constraint, one can expect that the action with the auxiliary variables might

give a different quantum theory than the original action. We will come back to

this warning later, when we do that manipulation.

2.2 f(Rαβµν) Action and BINMG Action

We will study gravitational actions that can be written as

S[gµν ] =
1

2

∫
M
dDx
√
−gf(Rαβµν). (2.6)

The equivalent action that uses the auxiliary fields and gives the same equations

4



of motion is

S[gµν , Aµνρσ, B
µνρσ] =

1

2

∫
M
dDx
√
−g
[
f(Aµνρσ)

+Bµνρσ(Rµνρσ − Aµνρσ)
]
. (2.7)

The equations of motion are given in [1]. Let us also give the BINMG action

[5],[4] which is a 2 + 1 dimensional theory:

SBINMG =
−4m

κ2

∫
M
d3x
√
−gF (R,K, S) (2.8)

where

F (R,K, S) =

√
1− σ

2m2

(
R +

σ

2m2
K − S

12m4

)
−
(

1− λ

2

)
,

R = gµνRµν ,

K = RµνR
µν − R2

2
,

S = 8RµαR
α
νR

µν − 6RRµνR
µν +R3.

To have the same action with the article [5] we should choose σ = −1.

2.3 Decomposing the Action

Before any sort of Hamiltonian can be written, we must choose a direction the

gradient of which must be a time-like one-form. This is not necessary in many

theories where the time is explicitly given. In gravitation theories time is a part

of space-time and the separation of time is a geometrical process. This is given

as a summary in Appendix A, while the references given in [9], [10] deal with

it in more detail. Decomposition of the action must be done in a case by case

analysis and usually involves nothing more than multiplication. In this section

we will decompose the action for BINMG. First let us explain a few notations

that will be used throughout the thesis.We will deal with mainly three tensors

in this section. These will be the Riemann tensor and two auxiliary variables

explained previously. Since we will decompose the action, these tensors will be

further separated into independent projections. To understand the notation at

a single glance, we will use a notation slightly different from than the one in the

5



article [1]. We will write the undecomposed action as

S[gµν ,A µνρσ,B
µνρσ] =

1

2

∫
M
dDx
√
−g
[
f(A µνρσ)

+ Bµνρσ(Rµνρσ −Bµνρσ)
]
. (2.9)

(D)Rαβµν will denote the Riemann tensor for the D dimensional space-time while
(D)Rαβ and (D)R will denote the Ricci tensor and Ricci scalar respectively for

the D dimensional space-time. We will change the superscript to (d) for the

spacelike slices where d = D − 1. These superscripts (D), (d) will only be used

when the tensor in question might be confused with another tensor. The script

font letter Rαβµν will denote the part of the Riemann tensor fully projected onto

the spacelike slices. Notice that this is the left-hand side of the equation, namely

the Gauss relation, in (A.52). Rαµν will denote the part of the Riemann tensor

that is projected once onto the normal direction in the second index and three

times onto spatial directions in the other indices. Note that it has three indices

and it is the left-hand side of the Codazzi relation, (A.56). Rαβ will denote the

part of the Riemann tensor that is projected twice onto the normal direction in

the second and the fourth indices and twice projected onto the spacelike slices

on the first and third indices. Notice that this is the left-hand side of (A.62).

All functions of the Riemann tensor can be written in terms of the left-hand

sides of the Gauss, Codazzi, Ricci relations and the normal vector to the space-

like hypersurface. For the auxiliary fields, we will adopt the opposite style of

notation, that is the script font versions will denote the unprojected tensors

while normal versions will denote the projected versions. This is because we

will use the projected parts of these tensors a lot. A αβµν ,Bαβµν will denote the

unprojected auxiliary fields. Aαβµν , Bαβµν will denote the parts of the tensors

A ,B that are fully projected onto the spatial surface. Aαµν , Bαµν will denote

the parts of the tensors A ,B that are once projected onto the normal direction

in the second index and three times projected onto the spatial surface in the

remaining indices. Aαβ, Bαβ will denote the parts of the tensors A ,B that are

twice projected onto the normal direction in the second and fourth indices and

two times projected onto the spatial surface in the remaining indices. Other

than these three tensors we will not need to introduce any notation for the

6



decomposition. Let us give the relations for these notations.

Aαβµν = γραγ
λ
βγ

σ
µγ

η
νA ρλση, (2.10)

Aαµν = γραn
λγσµγ

η
νA ρλση, (2.11)

Aαβ = γραn
λγσβn

ηA ρλση, (2.12)

Rαβµν = γραγ
λ
βγ

σ
µγ

η
νRρλση, (2.13)

Rαµν = γραn
λγσµγ

η
νRρλση, (2.14)

Rαβ = γραn
λγσβn

ηRρλση, (2.15)

where the same relations can be written for B, B by changing them with the

A , A respectively. Notice that the left-hand side of the above equations are all

spatial tensors.

2.3.1 Decomposition of the Riemann tensor

Riemann tensor has a decomposition in terms of Rαβµν ,Rαµν ,Rαβ, nα. Let us

find it.

Rµνρσ = δαµδ
β
νδ

λ
ρδ

η
σRαβλη

= (γαµ − nαnµ)(γβν − nβnν)(γλρ − nλnρ)(γησ − nηnσ)Rαβλη. (2.16)

Due to the symmetries of the Riemann tensor, we can only have the Riemann

tensor contract with the normal vector at most two times. So, we will not

include terms like nαnµnβnνnλnργησRαβλη since these terms are automatically

zero. The result of the above multiplication is then

Rµνρσ =
[
γαµγ

β
νγ

λ
ργ

η
σ − γαµγβνnλnργησ − γαµγβνγλρnηnσ + γαµγ

β
νn

λnρn
ηnσ

−γαµnβnνγλργησ + γαµn
βnνn

λnργ
η
σ + γαµn

βnνγ
λ
ρn

ηnσ − nαnµγβνγλργησ

+nαnµγ
β
νn

λnργ
η
σ + nαnµγ

β
νγ

λ
ρn

ηnσ + nαnµn
βnνγ

λ
ργ

η
σ

]
Rαβλη, (2.17)

where the fourth and eleventh terms are again zero since the Riemann tensor

is antisymmetric in its first and the last two indices. Using the symmetries of

the Riemann tensor, making some dummy index changes and using the short

notations (2.13), (2.14), (2.15), one can reach the result:

Rµνρσ = Rµνρσ − nρRσνµ − nσRρµν − nνRµρσ − nνnρRµσ

+ nνnσRµρ + nµRνρσ + nµnρRνσ − nµnσRνρ. (2.18)

7



Any tensor showing the symmetries of the Riemann tensor which includes the

auxiliary fields that we introduced in (2.9) can be decomposed as in the last

equation. One simply changes R,R with A , A or B, B respectively.

2.4 Decomposition of BµνρσRµνρσ

This is simply a multiplication and using the spatial property of projected parts

and the relation nαnα = −1 one gets:

RµνρσB
µνρσ =

[
Rµνρσ − nρRσνµ − nσRρµν − nνRµρσ − nνnρRµσ

+ nνnσRµρ + nµRνρσ + nµnρRνσ − nµnσRνρ

]
×
[
Bµνρσ − nρBσνµ − nσBρµν − nνBµρσ − nνnρBµσ

+ nνnσBµρ + nµBνρσ + nµnρBνσ − nµnσBνρ
]

= RµνρσB
µνρσ − 4RµνρB

µνρ + 4RµνB
µν . (2.19)

This part completes the decompositon of the second part of the action

Bµνρσ(Rµνρσ −A µνρσ) =Bµνρσ(Rµνρσ − Aµνρσ)− 4Bµνρ(Rµνρ − Aµνρ)

+ 4Bµν(Rµν − Aµν). (2.20)

2.5 Decomposition of f(Rαβµν)

Our action involves the functional f(A αβµν) = f(Rαβµν)
∣∣
Rαβµν=A αβµν

. Now,

f(Rαβµν) involves the Ricci scalar R, the square of the Ricci tensor RµνR
µν ≡(

Rµν
2
)
and the cube of the Ricci tensor RµαR

α
νR

µν ≡
(
Rµν

3
)
in BINMG. So, we

will decompose these elements and then replace Rαβµν → Aαβµν , Rαµν → Aαµν ,

Rαβ → Aαβ to obtain f(A αβµν) decomposition for BINMG in (2.9). Let us

decompose the Ricci scalar first.

R = gµρgνσRµνρσ (2.21)

=
(
γµρ − nµnρ

)(
γνσ − nνnσ

)[
Rµνρσ − nρRσνµ − nσRρµν − nνRµρσ

− nνnρRµσ + nνnσRµρ + nµRνρσ + nµnρRνσ − nµnσRνρ

]
= γµργνσRµνρσ − γµρnνnσnνnσRµρ − γνσnµnρnµnρRνσ

= γµργνσRµνρσ − 2γµρRµρ

= Rρσ
ρσ − 2Rρ

ρ (2.22)
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= Rij
ij − 2Ri

i. (2.23)

The last expression is the decomposition of the Ricci scalar. We are able to write

the last expression with only the spatial indices because we are using coordinates

compatible with the foliation and all the involved tensors in the expression are

spatial. Let us decompose the Ricci tensor.

Rνσ = gµρRµνρσ (2.24)

=
(
γµρ − nµnρ

)[
Rµνρσ − nρRσνµ − nσRρµν − nνRµρσ

− nνnρRµσ + nνnσRµρ + nµRνρσ + nµnρRνσ − nµnσRνρ

]
= γµρRµνρσ −Rνσ − nνγµρRµρσ − nσγµρRρµν + nνnσγ

µρRµρ

= Rρ
νρσ −Rνσ − nνRρ

ρσ − nσRµ
µν + nνnσR

ρ
ρ. (2.25)

From the decomposition of Ricci tensor, we can find the decomposition of other

ingredients,
(
Rµν

2
)
and

(
Rµν

3
)
. Let us also explicitly show the

(
Rµν

2
)
decom-

position.

Rνσ = γµρRµ
ν
ρ
σ −Rνσ − nνγµρRµρ

σ − nσγµρRρµ
ν + nνnσγµρRµρ (2.26)

RνσRνσ =
[
γµρRµ

ν
ρ
σ −Rνσ − nνγµρRµρ

σ − nσγµρRρµ
ν + nνnσγµρRµρ

]
×
[
γαβRανβσ −Rνσ − nνγαβRαβσ − nσγαβRβαν + nνnσγ

αβRαβ

]
, (2.27)

using spatial property of projected parts, some dummy index changes and the

identity nαnα = −1 one finds

= Rρ
νρσR

βν
β
σ − 2RνσRµ

νµσ − 2Rρ
ρνR

β
β
ν + RνσRνσ

+ Rµ
µR

α
α. (2.28)

One can change all the contracted indices into spatial indices since we are using

coordinates adapted to the foliation and all the involved tensors are spatial.

Now, only
(
Rµν

3
)
remains. Its calculation is also as straightforward as it was

for the others. So, we will only give the result of this multiplication which

comprises 18 terms.(
Rµν

3
)

= R1 −R2 −R3 −R4 +R5 −R6 +R7 +R8 +R9 −R10

−R11 +R12 +R13 −R14 +R15 +R16 +R17 −R18, (2.29)

where

R1 = Rησ
η
αRρν

ραR
β
νβσ R10 = RσαRν

αRνσ
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R2 = Rθσ
θ
αRρν

ραRνσ R11 = Rµ
µ
νRλ

νλσR
θ
θ
σ

R3 = Rθσ
θ
αRµ

µαR
λ
λσ R12 = Rθ

θ
σRµ

µνR
ν
σ

R4 = Rθσ
θ
αRλ

νλσR
ν
α R13 = Rθ

θ
σRµ

µR
λ
λσ

R5 = Rθσ
θ
αRν

αRνσ R14 = Rθ
θ
αRµν

µαR
λ
λν

R6 = RσαRµν
µαR

λ
νλσ R15 = Rθ

θ
αRµ

µαR
λ
λ

R7 = RσαRµν
µαRνσ R16 = Rθ

θαR
ν
αR

λ
λν

R8 = Rµ
µαR

σαRλ
λσ R17 = Rµ

µ
νRλ

λνR
θ
θ

R9 = Rλ
νλσR

ν
αR

σα R18 = Rµ
µR

α
αR

β
β.

Again, we can change the contracted indices into spatial indices since we are us-

ing coordinates compatible with the foliation and the spatial tensors. Through-

out this thesis some of the more tedious calculations will involve up to twenty

or more terms. We will deal with those calculations term by term so that the

calculation proceeds without mistakes. There are only a few quantities that

require this scheme (including the first order action and the total Hamiltonian).

So, as a notation for the terms we will use Latin letters R, I,H denoting the

quantities
(
Rµν

3
)
, first order action and the total Hamiltonian, followed by a

subscript number indicating the order of the term.
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CHAPTER 3

FIRST ORDER LAGRANGIAN, HAMILTONIANS AND

PRIMARY CONSTRAINTS

3.1 First Order Lagrangian

Now, if one examines the decomposition of the Riemann tensor, it can be seen

that it contains the time derivative of the extrinsic curvature (A.62). Since, the

extrinsic curvature is already first order in time derivatives, it is to our advantage

that we get rid of the second order time derivatives if we can. Let us separate

the action into two parts.

S[gµν ,A µνρσ,B
µνρσ] =

1

2

∫
M
dDxN

√
γ
[
f(A µνρσ) +BµνρσRµνρσ

− 4BµαβRµαβ + 4BµνRµν −BµνρσAµνρσ

+ 4BµαβAµαβ − 4BµνAµν
]

= S1 + S2, (3.1)

where

S1 =
1

2

∫
M
dDxN

√
γ
[
f(A µνρσ) +BµνρσRµνρσ

− 4BµαβRµαβ −BµνρσAµνρσ + 4BµαβAµαβ

− 4BµνAµν
]
, (3.2)

S2 = 2

∫
M
dDxN

√
γBµνRµν . (3.3)

We will transfer the time derivative of extrinsic curvature to auxiliary variable

Bµν in the integral (3.3) using Leibniz’s rule. The integrand in (3.3) is a con-

traction of spatial tensors. So, we can reduce the dummy index to only spatial

indices, since we are using coordinates compatible with the foliation. Then

BµνRµν = BijRij (3.4)
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Rij =
1

N
(D)£ ~mKij +

1

N
DiDjN +KimK

m
j, (3.5)

1

N
Bij (D)£ ~mKij =

1

N
(D)£ ~m(KijB

ij)− 1

N
Kij

(D)£ ~mB
ij (3.6)

= ∇~n(KijB
ij)− Kij

N
((D)£~∂t

Bij − (D)£~βB
ij)

= ∇µ(nµKijB
ij)−KijB

ij∇µn
µ

− Kij

N
Ḃij +

Kij

N
(d)£~βB

ij,

1

N
Bij (D)£ ~mKij = ∇µ(nµKijB

ij) +KijB
ijK

− Kij

N
Ḃij +

Kij

N
(d)£~βB

ij, (3.7)

where we used the product rule for derivatives and the fact that in coordinates

compatible with the foliation

(D)£~βT ij = (d)£~βT ij (3.8)
(D)£~βT

ij = (d)£~βT
ij for a spatial tensor T . (3.9)

By using these equations we transferred the time derivative of the extrinsic

curvature to Bij. Now, the integral (3.3) becomes

S2 = 2

∫
M
dDxN

√
γ

(
DiDjN

N
Bij +KimK

m
jB

ij +∇µ(nµKijB
ij)

+KKijB
ij − Kij

N
Ḃij +

Kij

N
(d)£~βB

ij

)
, (3.10)

where the third term is a total divergence and since the variations at the bound-

ary vanish, it is fine to drop it out.

S2b = 2

∫
M
dDxN

√
γ

(
DiDjN

N
Bij +KimK

m
jB

ij

+KKijB
ij − Kij

N
Ḃij +

Kij

N
(d)£~βB

ij

)
, (3.11)

Sb = 2

∫
M
dDxN

√
γ∇µ(nµKijB

ij), (3.12)

S2 = S2b + Sb, (3.13)

I = S1 + S2b. (3.14)

Here I denotes the action with the boundary term discarded. The action I is

first order in time derivatives and we can start finding the conjugate momentum

densities.
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3.2 Conjugate Momenta and the Primary Constraints

We have 9 configuration space variables. These are {γ ij, N, βi, Aij, Aijk, Aijkl,
Bij, Bijk, Bijkl}. We will write the action I as a functional of these fields. As a

short-hand notation, we will use fA for

fA = f(A µνρσ) = f(Rµνρσ)
∣∣
Rµνρσ=A µνρσ

. (3.15)

To write the action as a functional of these fields, we will need to replace

Rαβµν ,Rµαβ with the Gauss (A.52) and Codazzi relations (A.56) in the (3.2).

After replacing the Gauss and Codazzi relations we have 14 terms. To make the

calculations more systematic we will write it term by term separately.

S1 =
1

2
I1 +

1

2
I2 +

1

2
I3 −

1

2
I4 − 2I5 + 2I6 −

1

2
I7 + 2I8 − 2I9, (3.16)

S2b = 2I10 + 2I11 + 2I12 − 2I13 + 2I14, (3.17)

I = S1 + S2b.

I1 =

∫
M
dDxN

√
γfA I8 =

∫
M
dDxN

√
γBijkAijk,

I2 =

∫
M
dDxN

√
γBijkl(d)

Rijkl I9 =

∫
M
dDxN

√
γBijAij,

I3 =

∫
M
dDxN

√
γBijklKikKjl I10 =

∫
M
dDx
√
γDiDjNB

ij,

I4 =

∫
M
dDxN

√
γBijklKilKjk I11 =

∫
M
dDxN

√
γBijKimK

m
j,

I5 =

∫
M
dDxN

√
γBijkDkKij I12 =

∫
M
dDxN

√
γKKijB

ij,

I6 =

∫
M
dDxN

√
γBijkDjKik I13 =

∫
M
dDx
√
γKijḂ

ij,

I7 =

∫
M
dDxN

√
γBijklAijkl I14 =

∫
M
dDx
√
γKij

(d)£~βB
ij.

From the 9 configuration space variables 7 of them do not have time deriva-

tives. So, we have 7 primary constraints. First we will introduce a notation for

the conjugate momentum densities. We will use the Greek letter π for all the

conjugate momentum densities.

π :=
δI

δṄ
πi :=

δI

δβ̇i
,

πijγ :=
δI

δγ̇ij
πijA :=

δI

δȦij
,

πBij :=
δI

δḂij
πijkA :=

δI

δȦijk
,
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πBijk :=
δI

δḂijk
πijklA :=

δI

δȦijkl
,

πBijkl :=
δI

δḂijkl
.

These denote the conjugate momentum densities and it is easier to understand

than other notations. The indices γ,A,B are only there to distinguish between

conjugate momenta that have the same geometric indices. They can be up or

down depending on the placement of the first geometric index. We have only 7

primary constraints. Let us list them.

π = 0 (3.18)

πi = 0 (3.19)

πijA = 0 (3.20)

πijkA = 0 (3.21)

πijklA = 0 (3.22)

πBijk = 0 (3.23)

πBijkl = 0. (3.24)

We have only two non-zero conjugate momentum densities. As a side note, we

will only show the variational derivatives once, for each unique situation since

we have to calculate a lot of variational derivatives. For the other variational

derivatives (that had a similar calculation) we will only give the results. Before

we do, we will point out two small warnings about the variational derivatives.

Consider two tensors one of which, Sij = Sji is a symmetric tensor of rank 2

while the other one, T ij is a generic rank 2 tensor. Then

h = SijT
ij

δh

δSij
=
δ(SijT

(ij) + SijT
[ij])

δSij

= T (ij)

or incorrectly

= T ij.

The last result is incorrect because if we accept it as an answer, the answer

stops becoming unique. In fact, we can add to the last result any antisymmetric

tensor just by adding to the argument of the variational derivative any 0, say
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for instance SijK [ij]. So, we will force the symmetries on the results, by hand

if necessary. This situation where we get a non-unique answer due to the non-

uniqueness of the zero vector also happens when we use projections. Let us give

a simple example for this as well. Consider an extended spatial tensor, Aµν , in

the context of 3 + 1 split. Then

A = Aµνg
µν = Aµν(γ

µν + nµnν) = Aµνγ
µν (3.25)

Then again it seems there are two answers for δA
δAµν

.

δA

δAµν
= γµν (3.26)

or, incorrectly

δA

δAµν
= gµν . (3.27)

Again, the last result is not correct since we can add to it in any expression

like vµnν with a generic vector ~v. Here, we must be more careful since the only

solution seems to be eliminating the normal vector by hand. This also means

that we should be careful in using the chain rule in projections. Let us find the

conjugate momentum of Bij.

πBij :=
δI

δḂij

= −2
δI13

δḂij

= −2

∫
M
dDy
√
γKijδḂ

ijδ(D)(~x− ~y) (3.28)

= −2
√
γKij. (3.29)

Now, we will find the πijγ . γ̇ij only exists as part of Kij and there is a simple

relation between the two.
δKij

δγ̇ab
= −2Nδai δ

b
j

δI

δγ̇ij
=

δI

δKab

δKab

δγ̇ij

=
−1

2N

δI

δKij

(3.30)

So, if we divide by −2N we can obtain the variations correctly. Another type

of trivial variational derivative, like (3.28), we have to calculate many times is
δI3

δKab

=

∫
M
dDyN

√
γBijkl(δai δ

b
kKjl + δaj δ

b
lKik)δ

(D)(~x− ~y) (3.31)
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= 2N
√
γBaibjKij, (3.32)

where in the last step, we used the symmetries of Bijkl and changed some dummy

indices. Another simple variational derivative we have to do is
δI6

δKab

=
δ

δKab

∫
M
dt

∫
ddxN

√
γBijkDjKik

=
δ

δKab

(∫
M
dt

∫
ddx
√
γDj

(
NK ikB

ijk
)

−
∫
M
dt

∫
ddx
√
γKikDj

(
NBijk

))
=

δ

δKab

(∫
M
dt

∫
ddx∂j

(√
γKikNB

ijk
))

− δ

δKab

(∫
M
dDx
√
γKikDj

(
NBijk

))
= −1

2

(
√
γDj

(
NBajb

)
+
√
γDj

(
NBbja

))
, (3.33)

where at the last step we used the fact that variations vanish at the boundary

even if it is only part of the boundary which is the boundary of the space-like

slice. Since, theories that do not have any natural boundary conditions include

the biggest set of possible solutions there is no generality lost. Now, we can find

all the variational derivatives to calculate the conjugate momentum density of

spatial metric. The non-zero variations are:
δI3

δKij

= 2N
√
γBiajbKab

δI4

δKij

= 2N
√
γBiabjKab

δI5

δKab

= −√γDk

(
B(ab)kN

) δI6

δKab

= −√γDj

(
B(a|j|b)N

)
δI11

δKij

= N
√
γ(Ki

aB
aj +Kj

aB
ai)

δI12

δKij

= N
√
γ(BabKabγ

ij +KBij)

δI13

δKij

=
√
γḂij δI14

δKab

=
√
γ(d)£~βB

ab.

Then using (3.14), (3.16), (3.17) and the symmetries one can reach:
δI

δK ij

= 2N
√
γBiajbKab + 4

√
γDk

(
NBijk

)
+ 2N

√
γ
(
Ki
aB

aj +Kj
aB

ai
)

+ 2N
√
γ
(
BabKabγ

ij +BijK
)
− 2
√
γḂij + 2

√
γd£~βB

ij

πijγ = −√γBiajbKab − 2

√
γ

N
Dk

(
NB(ij)k

)
−√γ

(
Ki
aB

aj +Kj
aB

ai
)

−√γ
(
BabKabγ

ij +BijK
)

+

√
γ

N
Ḃij −

√
γ

N
(d)£~βB

ij. (3.34)

We have both of the conjugate momenta densities. We will also need the inver-

sions to replace time derivatives of configuration space variables. We can give

16



them as

γ̇ij = (d)£~βγij +
N

γ
πBij (3.35)

Ḃij =
N
√
γ
πijγ −

N

2
√
γ
BiajbπBab + 2Dk

(
NB(ij)k

)
− N

2
√
γ

(
πiBaB

aj + πjBaB
ai
)

− N

2
√
γ
πBabB

abγij − N

2
√
γ
πaBaB

ij + (d)£~βB
ij. (3.36)

3.3 Canonical Hamiltonian and the Total Hamiltonian

Now, we can start constructing the canonical Hamiltonian, the total Hamiltonian

and work out the consistency algorithm of Dirac.

H c
C
= (πJφ

J −L )
∣∣
Cp

(3.37)

Hc =

∫
Σ

ddxH c. (3.38)

Using the above relations together with (3.35), (3.36) and inserting the primary

constraints we can write the canonical Hamiltonian. Notice that the Lagrangian

density is first order in Ḃij so we do not need the longer inversion relation,

(3.36), conveniently.

H c
C
= πṄ + πiβ̇i + πijAȦij + πijkA Ȧijk + πijklA Ȧijkl + πBijkḂ

ijk + πBijklḂ
ijkl

+ πijγ γ̇ij + πBijḂ
ij −L

∣∣∣
Cp

(3.39)

C
= πijγ γ̇ij + πBijḂ

ij −
N
√
γ

2
fA −

N
√
γ

2
BijkldRijkl −

N
√
γ

2
BijklKikKjl

+
N
√
γ

2
BijklKilKjk + 2N

√
γDkKijB

ijk − 2N
√
γBijkDjKik

+
N
√
γ

2
BijklAijkl − 2N

√
γBijkAijk + 2N

√
γBijAij − 2

√
γDiDjNB

ij

− 2N
√
γKimK

m
j B

ij − 2N
√
γKKijB

ij + 2
√
γKijḂ

ij

− 2
√
γKij

(d)£~βB
ij (3.40)

C
= πijγ

(d)£~βγij +
N
√
γ
πBijπ

ij
γ −

N
√
γ

2
fA −

N
√
γ

2
Bijkl(d)

Rijkl

+
N

4
√
γ
BijklπBilπ

B
jk + 2N

√
γBijkDj

πBik√
γ

+
N
√
γ

2
BijklAijkl − 2N

√
γBijkAijk

+ 2N
√
γBijAij − 2

√
γDiDjNB

ij − N

2
√
γ
πBimπ

m
BjB

ij − N

2
√
γ
πaBaπ

B
ijB

ij

+ πBij
(d)£~βB

ij. (3.41)
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The total Hamiltonian will be denoted by H and its density will be denoted

by H . For the Lagrange multipliers that is needed to expand the canonical

Hamiltonian off the primary constraint surface we will adopt a notation just like

the conjugate momentum densities. That is

H = H c + uπ + uiπ
i + uAijπ

ij
A + uAijkπ

ijk
A + uAijklπ

ijkl
A + uijkB πBijk

+ uijklB πBijkl. (3.42)

H1 =

∫
Σ

ddxπijγ
(d)£~βγij H11 =

∫
Σ

ddx
N
√
γ
πBimπ

m
BjB

ij

H2 =

∫
Σ

ddx
N
√
γ
πBijπ

ij
γ H12 =

∫
Σ

ddx
N
√
γ
πaBaπ

B
ijB

ij

H3 =

∫
Σ

ddxN
√
γfA H13 =

∫
Σ

ddxπBij
(d)£~βB

ij

H4 =

∫
Σ

ddxN
√
γBijkl(d)

Rijkl H14 =

∫
Σ

ddxuπ

H5 =

∫
Σ

ddx
N
√
γ
BijklπBilπ

B
jk H15 =

∫
Σ

ddxuiπ
i

H6 =

∫
Σ

ddxN
√
γBijkDj

πBik√
γ

H16 =

∫
Σ

ddxuAijπ
ij
A

H7 =

∫
Σ

ddxN
√
γBijklAijkl H17 =

∫
Σ

ddxuAijkπ
ijk
A

H8 =

∫
Σ

ddxN
√
γBijkAijk H18 =

∫
Σ

ddxuAijklπ
ijkl
A

H9 =

∫
Σ

ddxN
√
γBijAij H19 =

∫
Σ

ddxuijkB πBijk

H10 =

∫
Σ

ddx
√
γDiDjNB

ij H20 =

∫
Σ

ddxuijklB πBijkl.

H = H1 +H2 −
H3

2
− H4

2
+
H5

4
+ 2H6 +

H7

2
− 2H8 + 2H9 − 2H10

− H11

2
− H12

2
+H13 +H14 +H15 +H16 +H17 +H18 +H19 +H20 (3.43)
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CHAPTER 4

CONSISTENCY ALGORITHM AND THE SECONDARY

CONSTRAINTS

Since, we found the total Hamiltonian we can start working out the consistency

algorithm and find the secondary constraints. We will first focus on 4 of the

primary constraints πBijkl = 0, πBijk = 0, πijklA = 0, πijkA = 0 then we will work out

the rest.

4.1 Results of π̇Bijkl = 0

Let us see the secondary constraint that will come from the time derivative of

the πBijkl = 0.

πBijkl = 0⇒ π̇Bijkl = 0

{πBijkl, H } = 0

− δH

δBijkl
= 0

=
1

2

δH4

δBijkl
− 1

4

δH5

δBijkl
− 1

2

δH7

δBijkl
= 0

δH4

δBijkl
= N
√
γ(d)Rijkl

δH5

δBijkl
=

N

2
√
γ

(πBilπ
B
jk − πBikπBjl)

δH7

δBijkl
= N
√
γAijkl

Aijkl =(d) Rijkl −
(πBilπ

B
jk − πBikπBjl)

4γ
. (4.1)

This set of constraints is necessarily second class due to the set of constraints

πijklA = 0. Also notice that taking the derivative of (4.1) we would at most

find a restriction on the Lagrange multiplier uAijkl, however we do not need this

restriction. The reason is simple, since πijklA = 0 gets multiplied by the Lagrange
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multiplier this Lagrange multiplier cannot enter into equations of motion. Also

we necessarily have to solve second class constraints (whether we use Dirac

brackets or not) so the restriction on the Lagrange multiplier uAijkl will not be

needed. This is a situation we can see in other cases as well, that is to say, we do

not need the restriction on the Lagrange multiplier that belongs to a secondary

primary constraint. For instance, we can check the case III of B.3.

4.2 Results of π̇Bijk = 0

Let us examine the time derivative of πBijk = 0.

πBijk = 0⇒ π̇Bijk = 0

{πBijk, H } = 0

− δH

δBijk
= 0

= −2
δH6

δBijk
+ 2

δH8

δBijk
= 0

δH6

δBijk
= N
√
γAijk

δH8

δBijk
=
N
√
γ

2

(
Dj

πBik√
γ
−Dk

πBij√
γ

)
Aijk =

1

2

(
Dj

πBik√
γ
−Dk

πBij√
γ

)
. (4.2)

This is another set of second class constraints due to the constraints πijkA = 0.

Again, uAijk does not need to be restricted due to the same reasons mentioned in

section 4.1.

4.3 Results of π̇ijklA = 0

Let us examine the time derivative of πijklA = 0.

πijklA = 0⇒ π̇ijklA = 0

{πijklA , H } = 0

− δH

δAijkl
= 0

=
1

2

δH3

δAijkl
− 1

2

δH7

δAijkl
δH3

δAijkl
= N
√
γ

δf

δAijkl
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δH7

δAijkl
= N
√
γBijkl

Bijkl =
δf

δAijkl
. (4.3)

This is also a set of second class constraints since we have πijklB = 0. Also, we

do not need the restriction on the uijklB due to the same reasons mentioned in

section 4.1.

4.4 Results of π̇ijkA = 0

Let us check the time derivative of πijkA = 0.

πijkA = 0⇒ π̇ijkA = 0

{πijkA , H } = 0

− δH

δAijk
= 0

=
1

2

δH3

δAijk
+ 2

δH8

δAijk
= 0

δH3

δAijk
= N
√
γ
δf

δAijk
δH8

δAijk
= N
√
γBijk

4Bijk +
δf

δAijk
= 0. (4.4)

This set of constraints are also necessarily second class since we have πBijk = 0.

We also do not need the restriction on the Lagrange multipliers because of the

reasons mentioned in 4.1.

The set of constraints we have found thus far are common in any f(Rµναβ)

theory. They are trivial since they are just the auxiliary variables that represent

the actual fields. These constraints are always second class and when they get

treated, which is described in the subsection B.3.1.1, we just do what is suggested

in [6]. This is what is done in the first part of [1]. The actual constraints that

can change between different theories are the other constraints that we will find

shortly. Before we continue the consistency algorithm we will list these trivial

constraints all of which are second class.

πBijkl = 0 ⇒ Aijkl =(d) Rijkl −
(πBilπ

B
jk − πBikπBjl)

4γ
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πBijkl = 0 ⇒ Aijk =
1

2

(
Dj

πBik√
γ
−Dk

πBij√
γ

)
πijklA = 0 ⇒ Bijkl =

δf

δAijkl

πijkA = 0 ⇒ 4Bijk = − δf

δAijk
.

4.5 Results of π̇ = 0

This constraint π = 0 is also common in f(Rµναβ) type theories but the sec-

ondary constraint that comes from it is not the same in these types of theories.

Let us examine π̇ = 0.

π = 0⇒ π̇ = 0

{π,H } = 0⇒ δH

δN
= C = 0

C =
δH2

δN
− 1

2

δH3

δN
− 1

2

δH4

δN
+

1

4

δH5

δN
+ 2

δH6

δN
+

1

2

δH7

δN
− 2

δH8

δN

+ 2
δH9

δN
− 2

δH10

δN
− 1

2

δH11

δN
− 1

2

δH12

δN
. (4.5)

δH2

δN
=
πBijπ

ij
γ√
γ

δH3

δN
=
√
γfA

δH4

δN
=
√
γBijkl(d)

Rijkl
δH5

δN
=
BijklπBilπ

B
jk√

γ

δH6

δN
=
√
γBijkDj

πBik√
γ

δH7

δN
=
√
γBijklAijkl

δH8

δN
=
√
γBijkAijk

δH9

δN
=
√
γBijAij

δH10

δN
=
√
γDjDiB

ij δH11

δN
=
πBimπ

m
BjB

ij

√
γ

δH12

δN
=
πBaa πBijB

ij

√
γ

.

If we examine this constraint, (4.5), we see that it is contaminated by the second

class constraints (4.2), (4.1) and we should take those parts out since the con-

tamination is due to second class constraints. The terms δH4

δN
, δH5

δN
, δH7

δN
inside the

constraint (4.5), constitute the constraint (4.1) multiplied by Bijkl. The terms
δH6

δN
, δH8

δN
inside the constraint (4.5), constitute the constraint (4.2) multiplied by

Bijk. After taking these out we redefine the constraint as:

C =
δH2

δN
− 1

2

δH3

δN
+ 2

δH9

δN
− 2

δH10

δN
− 1

2

δH11

δN
− 1

2

δH12

δN
, (4.6)
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where the variations are as they were given before.

4.6 Results of πi = 0

Let us examine the results of πi = 0.

πi = 0⇒ π̇i = 0

{πi, H } = 0⇒ δH

δβi
= 0

δH1

δβi
= −δH13

δβi

δH1

δβi
= −2

√
γDj

πijγ√
γ

δH13

δβa
= πBijD

aBij − 2
√
γDk

BikπBai√
γ

Ci =
δH1

δβi
+
δH13

δβi
. (4.7)

4.7 Results of πijA = 0

This is the last primary constraint but this does not mean the consistency algo-

rithm is over. We will come back to this issue later. Now we will deal with the

time derivative of πijA = 0.

πijA = 0⇒ π̇ijA = 0

{πijA, H } = 0⇒ δH

δAij
= 0

δH

δAij
= −1

2

δH3

δAij
+ 2

δH9

δAij
= 0

δH3

δAij
= N
√
γ
δf

δAij
δH9

δAij
= N
√
γBij

Cij = 4Bij − δf

δAij
= 0. (4.8)

At these stage we have worked the consistency algorithm once for each primary

constraint and we should check their Poisson brackets and see whether we get

more constraints or restrictions on the Lagrange multipliers.
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4.8 Determination of The Classes of The Constraints

We already determined the classes of the trivial constraints (3.21), (3.22), (3.23),

(3.24), (4.2), (4.1), (4.4) and (4.3). Now, the difficulties start since the BINMG

action is really complicated when decomposed. In fact, I could not determine

the classes of any of the constraints (4.6), (4.7), (4.8), (3.18), (3.19) and (3.20).

I can only give roundabout reasons on why some of them should be first class

and some should be second class. The first thing we must be careful about

is that we can only go about finding the classes case by case for the theories

which are given with a general form. For instance, if we are given a potential as

V (~x) then constraints can change form depending on the potential which can be

seen in the example of section B.3 of appendix B. Only for exceptionally simple

constraints such as the ones we called trivial, classes can be determined in a

general formulation. So, the determination of the classes must be done case by

case and it can be really simple as in GR or it can be really complicated as in

BINMG.

To determine the classes of the constraints, we must check the Poisson brackets

of the constraints with each other and see if the result is consistent, that is,

reduces to zero on the constraint surface. Now, the field theory version of this

procedure can be thought as taking out the functionals of the constraints and

their translations (spatial derivatives) out of the Poisson brackets to reduce the

result to zero. Another way to see if the Poisson brackets reduce to zero on

the constraint surface is if the Poisson brackets of the smeared quantities is a

smeared quantity of the constraints and functionals of the test functions. There

are a couple of reasons why C,Ci, π = 0 and πi = 0 should be first class.

i) The total Hamiltonian can be written as a sum of the first class constraints

and a first class Hamiltonian. If we use the product rule and take out the

surface terms out of the H1, H10 and H13 and also solve the trivial second

class constraints, we can write the total Hamiltonian as

H =

∫
Σ

ddx
(
NC + βiC

i + uπ + uiπ
i + uAijπ

ij
A

)
. (4.9)

ii) The constraints C,Ci, π = 0 and πi = 0 are supposed to represent diffeo-

morphism invariance of the action [3], [11].
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iii) The original article we review, [1], claims to have calculated the Poisson

brackets of the smeared quantities and that they are the same as in GR

for the general case. Suppose S,Q are scalar fields and T̃ , K̃ are one-forms

and that they have corresponding vector fields thanks to the metric. Then,

according to the original article, one has

{C[S], C[Q]} C= Ci[S∂iQ−Q∂iS] (4.10)

{Ci[T i], C
j[Kj]}

C
= Ck

[
((d)£~T

~K)lγkl
]

(4.11)

{Ci[T i], C[S]} C= C[T i∂iS], (4.12)

for any theory whose action contains only f(Rµναβ). Here we must em-

phasize that the calculated Poisson brackets above are not enough to prove

these constraints are first class. The Poisson brackets with the constraints

Cij, πijA = 0 must also be calculated and it must be shown that it reduces

to zero on the constraint surface.

Because of all these reasons, we will not concern ourselves with the constraints

C,Ci, π = 0 and πi = 0 and assume that they are first class constraints. We

will assume that they represent the diffeomorhism invariance. Also notice that

if our assumption is correct and the Hamiltonian constraint C and the momen-

tum constraints Ci are first class they do not lead to any more constraints or

restrictions on Lagrange multipliers since the total Hamiltonian is a sum of the

first class constraints plus the πijA = 0 constraint. We will focus on the remaining

constraints Cij, πijA = 0.

4.8.1 Classification of the Cij

We first notice that since the action of the BINMG is infinite order in Riemann

tensor the Poisson brackets of Cij, πijA is not zero. Let us give our results on this

first. From (2.8) and (2.6)

f(Rµναβ) = −8m2

κ2
F (R,K, S). (4.13)

Here we will define some quantities

RA = R
∣∣
Rµναβ→A µναβ

(4.14)
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KA = K
∣∣
Rµναβ→A µναβ

(4.15)

SA = S
∣∣
Rµναβ→A µναβ

(4.16)

F (R,K, S) =
√
T − 1 +

λ

2
(4.17)

T = 1 +
R

2m2
− K

2m4
− S

24m6
(4.18)

TA = 1 +
RA

2m2
− KA

2m4
− SA

24m6
(4.19)

FA =
√
TA − 1 +

λ

2
. (4.20)

Now, the constraint Cij for BINMG action becomes when divided by four

Cij = Bij +
2m2

κ2

δFA

δAij

= Bij +
2m2

κ2

1

2
√
TA

δTA
δAij

= Bij +
2m2

κ2

1

2
√
TA

(
1

2m2

δRA

δAij
− 1

2m4

δKA

δAij
− 1

24m6

δSA
δAij

)
. (4.21)

Let us give the variations
δRA

δAij
= −2γij (4.22)

δKA

δAij
= −2Ak

ikj + 2Aij − 2γijAkk + 2γijAklkl (4.23)

δSA
δAij

= 24Ak
ikmAjm + 24AkjkmA

im − 24AkjkmAl
ilm + 24Ak

kiAm
mj − 24AkiAjk

+ 12γijAkmknAl
mln − 24γijAklAmkml − 24γijAkkmAl

lm + 12γijAklAkl

− 12γijAkkA
l
l + 12AlmlmAk

ikj − 12AlmlmA
ij + 12γijAkkA

lm
lm

− 24AllAk
ikj + 24AllA

ij − 6γijAlmlmA
ks
ks. (4.24)

We must determine whether Cij is first class or second class or if it leads to

tertiary constraints. For this reason if the assumptions made in the previous

section are true, we must check two Poisson brackets, the critical one being

{πijA, Cab}.

{Cij, πabA } =
δCij

δAab

=
m2

κ2

δ

δAab

(
1√
TA

δTA
δAij

)
=

m2

2κ2T
3/2
A

[
2TA

δ2TA
δAabδAij

− δTA
δAab

δTA
δAij

]
. (4.25)

This is the result of the Poisson brackets and since there are no spatial derivatives

of the auxiliary variable tensors in the BINMG action there is no boundary
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terms that needs to be removed while taking the Poisson brackets. The only

tool needed is the partial derivative for this calculation. The bad news is that

the last expression even with the most optimistic view is about 70 − 80 terms.

We can see this easily by considering that TA itself contains about 20 terms. The

problem becomes a simplification problem. The functionals of the constraints

and its translations (spatial derivatives) multiplied by some functionals of the

phase space variables should be equal to the last expression. That is
m2

2κ2T
3/2
A

[
2TA

δ2TA
δAabδAij

− δTA
δAab

δTA
δAij

]
=

∑{
F 1[φ, π]G1[C,Ci, ..., Cij, πijA] + ...

}
. (4.26)

At this stage there are a few possibilities. Let us write them so that we can

guide ourselves to an answer.

I) Let us suppose that the last expression cannot be written for any of the 9

index combinations of ijab, where there is symmetry as i↔ j, a↔ b, ij ↔
ab. Then both sets of constraints πijA = 0, Cij = 0 become second class and

the number of the degrees of freedom are reduced accordingly. Suppose

this is true then consistency algorithm is not over and we must check the

time derivative of Cij. Luckily, it contains Aij and its time derivative which

is a Lagrange multiplier. Then what we will get at most is a restriction on

the Lagrange multiplier uAij which is not needed since we have to solve the

second class constraints. The number of degrees of freedom in this case is

3 which is calculated as in below. We have C,Ci, π, πi as sets of first class

constraints; trivial constraints as second class and πijA, C
ij as second class

constraints. Then the trivial constraints eliminate Aijk, Aijkl, Bijk, Bijkl

in all cases. Then we are left with γij, N, βi, Aij, B
ij and the rest of the

constraints. Then the number of phase space variables is 2(3+1+2+3+3) =

24. C,Ci, π, πi eliminate 2(2 + 1 + 2 + 1) = 12 and Cij, πijA eliminate

(3 + 3) = 6 of them and we are left with 6 phase space variables. So, we

would have 3 degrees of freedom.

II) The linear analysis shows that BINMG has 2 degrees of freedom [8], [5]. It

also seems there are some heuristic arguments as to why BINMG should

not contain a ghost degree of freedom [12]. If we accept that BINMG
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contain two degrees of freedom then there are only a few possibilities (here

we also exclude the possibility of a single degree of freedom.) What is

common among these possibilities is that there are constraints among the

Cij, πijA that have Poisson brackets which reduce to zero on the constraint

surface. A combinatorial reasoning shows that the only possibility for

this situation is if the constraints C12, π12
A have a Poisson brackets that

reduce to zero on the constraint surface. Any other index combination

necessitates that some other Poisson brackets also reduce to zero. That

is , if the index combinations 1111, 1112, 1122, 1211 have Poisson brackets

that reduce to zero, then it must also be true that the index combinations

2222, 2221, 2211, 2122 also have Poisson brackets that reduce to zero. Then

there are simply too many constraints and degrees of freedom are lower

than two. So, if there is a Poisson brackets that vanish on the constraint

surface then it must be the index combination 1212. I had hoped that there

would be simplification in the resulting expressions when this particular

index combination is inserted in the (4.25). There is simplification but not

as much as I hoped. Let us write about the possibilities:

i) Both C12, π12
A are first class and time derivative of C12 only leads to

zero equal to zero. Then we have to eliminate one more degree of freedom

since first class constraints eliminate twice as many degrees of freedom and

we have two degrees of freedom.

ii) Time derivatives of C12 lead to another constraint but only once.

So, together with that we get three constraints. Then since we exclude

the possibility BINMG contains a single degree of freedom, these three

constraints should contain two second class and one first class constraint.

Then we again get two degrees of freedom.

iii) Time derivatives of C12 lead to two more constraints. Then, all four

of the constraints must be second class and we get two degrees of freedom.

So, then there are a few things that must happen for BINMG to contain two

degrees of freedom. The first thing that must happen is that {C12, π
12
A } must

vanish on the constraint surface. I could not show this. The expression (4.25) is

fourth order in the tensor A (without the T 3/2
A part in front). It is a really big
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expression as we have indicated and I only calculated the order zero and order

one terms before I gave up on proving that the Poisson brackets vanish. I will

give the order one and zero terms of the expression

Qijab := 2TA
δ2TA

δAabδAij
− δTA
δAab

δTA
δAij

(4.27)

On
T (S) := the order n terms (in tensor T) in S (4.28)

O0
A(Qijab) = − 1

m4
(γjbγia + γibγja − γijγab) (4.29)

O1
A(Qijab) = − 1

m6

(
Ak

ikbγja + Ak
ikaγjb + Ak

jkbγia + Ak
jkaγib − Aaiγjb

− Aajγib − Aibγja − Abjγia − 3Ak
akbγij − 3Ak

ikjγab + 3Aabγij

+ 3Aijγab − 2γabγijAkk + 2γabγijAklkl
)
. (4.30)

I gave up here because I could not see a way that I could show that the Poisson

brackets reduce to zero on the constraint surface for expressions as complicated

as these. There could be symbolic computation software that might be able

perform this sort of calculation. Though, I doubt that there is a symbolic

computation software available that is powerful enough to simplify the resulting

Poisson brackets. We already gave the first partial derivatives according to Aij
of the expressions RA, KA, SA. We will also give the second partial derivatives

if one wishes to continue this calculation.
δ2RA

δAabδAij
= 0 (4.31)

δ2KA

δAabδAij
= γiaγjb + γibγja − 2γijγab (4.32)

δ2SA
δAabδAij

= 12
(
Ak

ikbγja + Ak
ikaγjb + Ak

jkbγia + Ak
jkaγib

)
− 12

(
Aaiγjb + Aajγib + Aibγja + Abjγai

)
− 24

(
Am

ambγij + Am
imjγab

)
+ 24

(
Aabγij + Aijγab

)
+ 12All

(
γiaγjb + γibγja

)
− 24γijγabAkk

− 6Almlm
(
γiaγjb + γibγja

)
+ 12γijγabAlmlm. (4.33)
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APPENDIX A

GEOMETRICAL PART OF ADM FORMULATION

This appendix is mostly a summary of the lecture notes of Éric Gourgoulhon

given in [10]. Some calculations that do not exist in the notes are performed

which are needed in modified theories of gravity. Some comments are made on

some of the confusing parts of the 3+1 formalism.

A.1 Framework and Notations

Spacetime is considered to be a real smooth manifoldM of dimension 4, endowed

with a Lorentzian metric g with signature (−,+,+,+). Also (M, g) is assumed

to be time-orientable. This means that it is possible to divide the light cone

at each event into a future and a past part continuously. ∇ is the Levi-Civita

connection associated with g. T pM denotes the tangent space of the manifold

M at point p while T ∗pM denotes the cotangent space at p and is dual to the

vector space of T pM. All Greek indices take values in (0, 1, 2, 3) while Latin

indices only take values in (1, 2, 3). Vectors are denoted by ~v, while one forms are

denoted by ω̃ when we do the calculations independently of any basis. Ωp(M)

denotes the space of p-forms. We use [~v, ~u] to indicate the commutator of two

vector fields and £~vT to indicate the Lie derivatives of any rank tensor with

respect to the vector field ~v. Γ(T pqM) is used to indicate the smooth sections

on the (p, q) tensor bundle. For coordinate basis vectors and the dual basis one-

forms, we will use the notation ~∂α, d̃x
α respectively. For non-coordinate basis,

we will use e
¯
α,θ¯

α which are only needed in the last section of this appendix.

The action of a vector on a function ~v{f} = vµf ,µ is denoted like this. The inner

product of two vectors and contraction of a vector and a one-form are denoted

as (~v · ~u) , 〈ω̃, ~u〉 respectively.
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A.2 Hypersurface Embedded in Spacetime

A hypersurface Σ of M is the image of a 3-dim manifold Σ̂ defined by an

embedding

Φ : Σ̂ −→M

p 7−→ P (A.1)

where p is a point in Σ̂ and P is a point in the M. If Φ : Σ̂ −→ Φ(Σ) is a

diffeomorphism then we have a smooth embedding. There are three ways to

define a submanifold. We can set a collection of scalar functions to a constant

or we can give a collection of vector fields which form a Lie algebra. We can also

give a collection of one-forms which satisfy some conditions [13]. The easiest way

to define a submanifold is by setting functions on the manifold to a constant.

One of the results of Frobenius’s theorem is that the rank of the pushforward

matrix (sometimes also called differential map or the Jacobian matrix) is equal to

the dimension of the submanifold. In the case of a hypersurface, a codimension

one surface, we set only a single function to a constant. To be able to create a

Hamiltonian formulation for relativistic theories, which do not assign any specific

meaning to coordinates, we choose a function for which the vector form of the

gradient of the function is time-like. In the case of 3+1 splitting of gravity

theories we have

P ∈M,P ∈ Σ ⇐⇒ t(P) = t0, t0 ∈ R, (A.2)

where t is the time coordinate. The theory is still covariant but it is not mani-

festly covariant. We will use (3)T to denote that the tensor T is defined on the

manifold Σ. We will also use (4)T to denote that the tensor T is defined on the

manifold M. These notations will only be used when the tensor in question

might be confused with another tensor.

A.3 Normal vector to The Hypersurface Σ

The gradient of a function is orthogonal to its level sets so if we have a scalar field

t its normal vector is simply g−1(d̃t). We have Φ : Σ̂ −→ M and t ∈ C∞(M)

where C∞(M) denotes the set of smooth functions onM. Also if we have χ, x
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as any coordinates onM, Σ respectively, then we can see

Φ(p) = P ∈ Φ(Σ̂) ⇐⇒ t(P) = t0

~X ∈ T pΣ̂⇒ Φ∗ ~X ∈ T PM

〈d̃t,Φ∗ ~X〉 = Φ∗ ~X{t}

= (Φ∗ ~X)µ
∂(t ◦ χ−1)

∂χµ

∣∣∣∣
χ(Φ(p))

= X i∂(t ◦ Φ ◦ x−1)

∂xi

∣∣∣∣
x(p)

= 0 (A.3)

since t is constant on the particular hypersurface. We have some conventions

that are used in the choice of unit normal vector ~n ∝ g−1(d̃t). Now, the normal

vector can be multiplied with any scalar nonvanishing field and it would still be a

normal vector. To make it a unit normal vector we normalize it. It is also chosen

for unit normal to be future pointing, that is the time component of the vector

is positive, 〈d̃t, ~n〉 > 0. Let us adopt these conventions while remembering that

the normal vector is timelike.

~n = hg−1(d̃t), h ∈ C∞(M)(
hg−1(d̃t) · hg−1(d̃t)

)
= −1, and 〈d̃t, ~n〉 > 0

〈d̃t, ~n〉 = 〈d̃t, hg−1(d̃t)〉 = h
(
g−1(d̃t) · g−1(d̃t)

)
> 0

h
−1

h2
> 0 ⇐⇒ h < 0

h = −
(
−g−1(d̃t) · g−1(d̃t)

)− 1
2
, N := −h and ~n = −Ng−1(d̃t). (A.4)

A.4 Moving Tensors Between Manifolds

There are five operations that we will use extensively to be able to move tensors

between vector spaces.

A.4.1 Pushforward and Pullback Maps

Since we have a map Φ : Σ̂ −→M we can uniquely move vectors from T pΣ̂ to

T PM and also we can move one-forms from T ∗PM to T ∗pΣ̂. Also Φ is considered

to be identity so that pullback and pushforward maps are trivial. Let’s make

this part clear. Given a coordinate chart (x, U) on Σ̂ and another coordinate
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chart (χ, V ) onM, f ∈ C∞(M), ~X ∈ T pΣ̂ and ω̃ ∈ T ∗PM we have

(Φ∗ ~X){f}
∣∣∣
P

= ~X{f ◦ Φ}
∣∣∣
p
,Φ(p) = P

(Φ∗ ~X)µ
∂(f ◦ χ−1)

∂χµ

∣∣∣∣
χ
(P)

= X i∂(f ◦ Φ ◦ x−1)

∂xi

∣∣∣∣
x(p)

= X i∂(f ◦ χ−1 ◦ χ ◦ Φ ◦ x−1)

∂xi

∣∣∣∣
x(p)

= X i∂(f ◦ χ−1)

∂χα

∣∣∣∣
χ
(P)

∂(χα ◦ Φ ◦ x−1)

∂xi

∣∣∣∣
x(p)

(Φ∗ ~X)µ =
∂(χµ ◦ Φ ◦ x−1)

∂xi

∣∣∣∣
x(p)

X i. (A.5)

The identity sense and trivial pushforward map is realized when

(χµ ◦ Φ ◦ x−1)
∣∣
x(p)

= χµ|P = (t0, x
1(p), x2(p), x3(p))µ,

∂(χµ ◦ Φ ◦ x−1)

∂xi

∣∣∣∣
x(p)

=


0 0 0

1 0 0

0 1 0

0 0 1



µ

i

= (Φ∗)
µ
i. (A.6)

This last matrix is the pushforward matrix and we also have a pullback matrix.

〈Φ∗ω̃, ~X〉 = 〈ω̃,Φ∗ ~X〉,

(Φ∗ω)iX
i = ωµ(Φ∗ ~X)µ,

(Φ∗)αjωαX
j = ωµ(Φ∗)

µ
iX

i. (A.7)

Since the last equation is true for all ~X and ω̃ we have (Φ∗)µi = (Φ∗)
µ
i. With

these maps, we also have an induced metric on the hypersurface. Since the

pushforward and pullback matrices are trivial, we can quickly do the above

transitions without the need to work them out every time. Let’s collect the

results:

(ω0, ω1, ω3, ω3) ∈ T ∗PM
Φ∗−→ (ω1, ω2, ω3) ∈ T ∗pΣ̂

(X1, X2, X3) ∈ T pΣ̂
Φ∗−→ (X0 = 0, X1, X2, X3) ∈ T PM

γ = Φ∗g

γij = gij. (A.8)

Since the Φ,Φ∗,Φ∗ maps are now trivial we will drop them. That is p = P , Σ̂ =

Σ, Φ∗ ~X = ~X and so on. We need to be able to also move between other vector
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spaces, however these maps cannot be provided by Φ since it is not surjective

thus not invertible.

A.4.2 Orthogonal Projection and Orthogonal Extension

At all points of spacetime, we can decompose the vectors in T pM into two parts,

one part in T pΣ other part in the one dimensional vector space spanned by ~n.

T pM = T pΣ⊕ Vect(~n). (A.9)

The orthogonal projector is given as

P⊥∗ : T pM−→ T pΣ

~v 7−→ ~v + ~n (~n · ~v). (A.10)

In components:

(P⊥∗~v)α = P⊥∗
α
βv

β = vα + nαnµvνgµν

P⊥∗
α
β = δαβ + nαnβ. (A.11)

As a result, we have P⊥∗~v ⊥ ~n. Also, for ~v ∈ T pΣ, we have P⊥∗~v = ~v. We

can orthogonally extend one forms from T ∗pΣ to T ∗pM.

P⊥
∗ : T ∗pΣ −→ T ∗pM

〈P⊥∗ω̃, ~v〉 = 〈ω̃, P⊥∗~v〉. (A.12)

Let’s extend the induced metric.

(P⊥
∗γ)(~v, ~u) = γ(P⊥∗~v, P⊥∗~u)

= (P⊥∗~v · P⊥∗~u)

= ~v · ~u+ (~v · ~n) (~u · ~n) + (~u · ~n) (~v · ~n)

+ (~n · ~n) (~v · ~n) (~u · ~n)

= ~v · ~u+ (~u · ~n) (~v · ~n)

(P⊥
∗γ)αβ = gαβ + nαnβ. (A.13)

We can see that this is just what we get if we lower one index of P⊥∗. Also

for ~u, ~v ∈ T pΣ we have (P⊥
∗γ)(~u, ~v) = γ(~u, ~v). For any ~X ∈ T pM we have

(P⊥
∗γ)( ~X, ~n) = 0 and (P⊥

∗γ)(~n, ~n) = 0. So P⊥∗γαβ can be called the extended

induced metric, since it reduces to the metric for spatial vectors and is zero if it

gets a vector parallel to ~n. We will also drop P⊥∗αβ from expressions and just

37



use γαβ = δαβ + nαnβ. We will also use γαβ and γαβ. There is one more map we

need to define. This one is:

⊥ : T pM⊗T ∗pM−→ T pM⊗T ∗pM

(⊥T )αβ = T µνγ
α
µγ

ν
β. (A.14)

Extension to higher rank tensors is clear. The expression on the right hand side

is orthogonal to ~n in the sense that if it contracts with the normal vector or its

one-form dual then it is zero. So the right hand side is tangent to Σ.

A.4.3 Decomposing Tensors

This part is best understood with an example. So let’s decompose a second rank

tensor. We will just change the identity tensor for the extended induced metric.

Aαβ = Aµνδ
µ
αδ

ν
β

= Aµν(γ
µ
α − nµnα)(γνβ − nνnβ)

= (γµαγ
ν
βAµν)− (Aµνγ

µ
αn

ν)nβ − (γνβAµνn
µ)nα

+ (Aµνn
µnν)nβnα

= aαβ − bβnα − cαnβ + dnαnβ. (A.15)

From this we can see that a second rank tensor is separated into four parts.

One part is a completely spatial tensor (aαβ = γµαγ
ν
βAµν), one part is once

projected onto normal direction in the first index and once projected onto space

(bβ = γνβn
µAµν), another part is once projected onto normal direction in the

second index and once projected onto space (cα = γµαn
νAµν) and a part that is

completely projected onto normal direction (d = nµnνAµν). When the tensor to

be decomposed have symmetries the number of independent parts will decrease.

For instance if A was symmetric in its indices then we would have bα = cα. Also

for spatial tensors we can change the contraction range to only spatial indices,

that is, Sα...β...Tα...β... = Si...j...T i...
j... for S, T spatial tensors. The reason is

˜dx0 = d̃t ∝ ñ and so upper zero indices are zero for spatial tensors.
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A.5 The Link between the ∇ and D connections

Given a tensor field on Σ its covariant derivative according to D is expressible

in terms of the covariant derivate onM according to:

P⊥
∗(DT ) = ⊥(∇P⊥∗T ), (A.16)

DρT
α
β = γσργ

α
µγ

ν
β∇σT

µ
ν . (A.17)

Normally, we would need to extend the tensor field T on Σ toM in some way

since the support (domain of definition) of T is not an open set and we need

open sets to be able to take derivatives. In the end however the extension does

not enter into the formula since we are projecting orthogonally.

A.6 Extrinsic Curvature of The Hypersurface

Intrinsic curvature of Σ is determined fully by the induced metric, γ, in the

usual way. We can define another curvature called the extrinsic curvature for

embeddings. For example, we know all one dimensional manifolds are Riemann-

flat. However, a circle looks curved. This is because it is embedded in a higher

dimensional manifold. We define the Weingarten map (or the shape operator)

as the endomorphism

χ : T pΣ −→ T pΣ

~v 7−→ ∇~v~n = χ(~v),

which satisfies

~n ·∇~v~n =
1

2
∇~v(~n · ~n) = 0. (A.18)

The last equation indicates that ∇~v~v ∈ T pΣ so the map is well-defined. Wein-

garten map is also self adjoint according to the inner product. That is

~u · χ(~v) = ~v · χ(~u) (A.19)

for ∀(~u, ~v) ∈ T pΣ. We can show this as follows:

~u · χ(~v) = ~u ·∇~v~n

= ∇~v(~u · ~n)− ~n ·∇~v~u

= ~n · (−∇~u~v − [~v, ~u])
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= −~n ·∇~u~v = −∇~u(~v · ~n) + ~v ·∇~u~n

= ~v ·∇~u~n = ~v · χ(~u), (A.20)

where we used the fact that the commutator of two spatial vectors is again a

spatial vector according to the Frobenius’s theorem. Since the Weingarten map

is an endomorphism we can find its eigenvalues and eigenvectors by solving the

equation χ(~v) = κ~v. The eigenvalues κ are called principal curvatures and the

eigenvectors ~v are called principal directions. The mean curvature of Σ is the

average of the principal curvatures. We define the bilinear form K as

K : T pΣ⊗ T pΣ −→ R,

(~u, ~v) 7−→ −~u · χ(~v), (A.21)

which is called the extrinsic curvature of Σ. It is also called the second funda-

mental form of Σ. It is symmetric in its arguments. The minus sign in the defi-

nition is a convention. Numerical relativity community [10] and [9] use it while

[13],[14] and [15] use the opposite convention. We will extend K ∈ T ∗pΣ⊗ T ∗pΣ
to T ∗pM⊗ T ∗pM with the help of the orthogonal projector. First let’s define

a new quantity. Normally we can’t take the gradient of ~n since it does not lie

on an open subset ofM. Consider any extension of ~n. Then ~a = ∇~n~n. Since

(~n · ~n) = −1 which is a constant, we have ~a ∈ T pΣ. So we don’t even need to

project it. It is called the four-accelaration of ~n since ~n is timelike and has unit

magnitude.

K(~u, ~v) = (P⊥
∗K)(~u, ~v) ∀(~u, ~v) ∈ T pM

K(P⊥∗~u, P⊥∗~v) = −P⊥∗~u ·∇P⊥∗~v~n

= −
(
~u+ ~n (~n · ~u)

)
·∇~v+~n(~n·~v)~n

=
(
~u+ ~n (~n · ~u)

)
·
(
∇~v~n+ (~v · ~n)∇~n~n

)
= −~u ·∇~v~n− (~n · ~v) (~u ·∇~n~n)

= −∇~n(~u, ~v)− (~u · ~a) (~n · ~v)

Kαβ = −∇βnα − nβaα, (A.22)

where we used the fact that ~n ·∇ ~X~n = 0. It can be shown that

K = −⊥(∇ñ) (A.23)
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and Kα
α = −∇αn

α = Ki
i. We have an interesting equation which is called the

Gauss-Weingarten equation. Let us calculate the spatial covariant derivative of

a spatial vector along another spatial vector.

∀(~u, ~v) ∈ T pΣ, (D~u~v)α = uσDσv
α = uσγνσγ

α
β∇νv

β

= uν(δαβ + nαnβ)∇νv
β

= uν∇νv
α + uνnαnβ∇νv

β

= uν∇νv
α + uνnαnβ∇νv

β

+ uνnαvβ∇νn
β − uνnαvβ∇νnβ

= uν∇νv
α − uνnαvβ∇νnβ

= (∇~u~v)α − nα (~v ·∇~u~n)

= (∇~u~v)α + nαK(~u, ~v)

D~u~v = ∇~u~v + ~nK(~u, ~v), ∀(~u, ~v) ∈ T pΣ. (A.24)

When K = 0 we have what is called a totally geodesic hypersurface, since the

geodesics of Σ are also geodesics ofM. So, in a senseK measures the deviation

between covariant derivatives∇ andD, as is clear fromD~u~v−∇~u~v = ~nK(~u, ~v).

A.7 Globally hyperbolic spacetimes and foliations

We will assume that the spacetime can be foliated. This assumption is equivalent

to accepting that the spacetime is globally hyperbolic that is it admits a Cauchy

surface. A Cauchy surface is a spacelike hypersurface in the spacetime that is

intersected by causal curves (worldline of real particles i.e. photons and electrons

and such, not tachyons) only once. Its domain of dependence (the events that are

affected by it and the events that affect it) is the whole spacetime. The topology

of a globally hyperbolic spacetime is necessarily homeomorphic to Σ⊗ R.

A.8 Foliation Kinematics

A.8.1 The Lapse Function

When the coordinates are chosen so that the shift vector is zero, (described in

the section A.9.1) the lapse function gives the amount of proper time between
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the two points which has the same spatial coordinates [9].

~∇t := g−1(d̃t), N =

√
−
(
~∇t · ~∇t

)
~n = −N ~∇t. (A.25)

N is called the lapse function and due to the future pointing convention and the

regularity of time scalar field, it is positive definite.

A.8.2 Eulerian Observers

Since ~n is a unit timelike vector pointing towards future it can be considered as

the four velocity of some observer. This observer is called a Eulerian observer.

Such an observer has the four-acceleration ~a = ∇~n~n. Let us find a nice relation

on this expression.

aα = nµ∇µnα = nµ∇µ(−N∇αt)

= −Nnµ∇µ∇αt−∇αt(n
µ∇µN)

= −Nnµ∇α∇µt+
(nα)

N
(nµ∇µN)

= −nµ∇α(N∇µt) + nµ∇µt∇αN +
(nα)

N
(nµ∇µN)

= nµ∇αnµ +
∇αN

N
+

(nα)

N
(nµ∇µN)

=
1

N
∇µN(δµα + nαn

µ) = γµα
∇µN

N

=
DαN

N
= Dα(lnN), (A.26)

where we have used ∇~nt = 1/N.

A.8.3 Normal evolution vector

Suppose we have a tensor fieldA ∈ Γ(T 1
1M) and two infinitesimally close points

p ∈ Σt0 and ṕ ∈ Σt0+δt. What is the first order correction to the tensor between

these two points? Let us find it.

xµ|ṕ = xµ + δtξµ|p (A.27)

One might suspect that this looks like an infinitesimal diffeomorphism and ex-

pect that there will be Lie derivatives in the first order correction. Let us make

this part clear. The basis vectors act on coordinate functions as in ~∂α{xβ}
∣∣∣
p

= δβα
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and dual coordinate basis is defined as 〈d̃xα, ~∂β〉 = δαβ . The first order correction

to the bases can be found from these relations.

~∂α

∣∣∣
ṕ

= ( ~∂α + δ ~∂α)
∣∣∣
p
, δ ~∂α = ελα ~∂λ

~∂α{xµ}
∣∣∣
ṕ

= δµα

( ~∂α + ελα ~∂λ){xµ + δtξµ}
∣∣∣
p

= δαβ

δµα + δtξµ,α + εµα = δµα ⇒ εµα = −δtξµ,α

and the correction to the dual basis is calculated as

〈d̃xα, ~∂β〉 = δαβ , d̃xα
∣∣∣
ṕ

= d̃xα
∣∣∣
p

+ δd̃xα
∣∣∣
p

〈d̃xα + δd̃xα, ~∂β − δtξµ,β ~∂µ〉 = δαβ

δd̃xα = δtξα,βd̃x
β. (A.28)

Now we can find the correction a tensor gets.

δA|p = A|ṕ − A|p
= Aµν ~∂µd̃x

ν
∣∣∣
ṕ
− Aµν ~∂µd̃x

ν
∣∣∣
p

= (Aµν(x
α + δtξα))( ~∂µ − δtξλ,µ ~∂λ)(d̃xν + δtξν ,λd̃x

λ)
∣∣∣
p

− Aµν(x
α) ~∂µd̃x

ν
∣∣∣
p

δA|p = δt

(
ξα
∂Aµν
∂xα

− ξµ,λAλν + ξλ,νA
µ
λ

)
~∂µd̃x

ν

∣∣∣∣
p

. (A.29)

If we define a vector field ~ξ = ξµ ~∂µ then we can see that the first order correction

is going to be the Lie derivative of this tensor along ~ξ. Not every vector field is

acceptable. We have the restriction that

t|ṕ = t0 + δt = t0 + δtξ0|p ⇒ ξ0 = 1. (A.30)

We might also impose other restrictions on ~ξ. The most obvious restriction one

might want is that a spatial tensor remains spatial. This brings about another

restriction on ~ξ. Let us see what it is. First we rewrite ~ξ = N~n+~s, ~s ∈ Γ(T Σ)

since ξ0 is fixed and every spatial vector has its zero component as zero. Let us

first check for spatial one-forms.

〈ω̃, ~n〉 = 0, 〈ω̃ + δω̃, ~n+ δ~n〉 = 0,

δt(〈£~ξω̃, ~n〉+ 〈ω̃,£~ξ~n〉) = 0,
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δt£~ξ〈ω̃, ~n〉 = 0. (A.31)

For spatial one forms we do not get a further restriction on ~ξ. Now, let us look

at spatial vectors.

~v · ~n = 0, (~v + δ~v) · (~n+ δ~n) = 0,

δt~v · [N~n+ ~s, ~n] + δt~n · [N~n+ ~s, ~v] = 0. (A.32)

After using [~v, ~u] = ∇~v~u − ∇~u~v and the product rule for covariant derivative

one reaches

N~v ·∇~n~n+ ~v ·∇~s~n− (~v · ~n) ~n{N} −N~v ·∇~n~n− ~v ·∇~n~s

+N~n ·∇~n~v + ~n ·∇~s~v − ~v{N} (~n · ~n)−N~n ·∇~v~n− ~n ·∇~v~s = 0. (A.33)

After using ~n · ~n = −1, ~v · ~n = 0, ~s · ~n = 0, ~v ·∇~n~n = ~v{N}
N

one gets

~v ·∇~n~s+ ~n ·∇~v~s = 0, (A.34)

or in component form

vαnβ(∇βsα +∇αsβ) = 0. (A.35)

The last equation is like an equation for Killing vectors and unless the spacetime

has an isometry it will not be satisfied for non-trivial solutions. So, in the end

for vectors to remain spatial we get a restriction that is, ~s = 0. So, as long as we

are evolving the spatial tensors with ~ξ = N~n spatial tensors will remain spatial.

We will rename ~ξ to ~m = N~n and call it the normal evolution vector.

A.8.4 Gradients of the unit normal and the normal evolution vector

These are calculated from the equation (A.22) and the definition of the normal

evolution vector easily.

∇βnα = −Kαβ −
DαN

N
nβ, (A.36)

∇βm
α = −NKα

β −DαNnβ + nα∇βN. (A.37)

A.8.5 Evolution of the induced metric

We can calculate this by substituting the equations (A.36), (A.37) and (A.13).

£ ~mγαβ = mσ∇σγαβ + γσβ∇αm
σ + γασ∇βm

σ,

£ ~mγαβ = −2NKαβ. (A.38)
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A.8.6 Evolution of the Orthogonal Projector

We have P⊥∗αβ = P⊥
∗α
β = ⊥αβ = γαβ. Again, by substituting the equations

(A.37), (A.36) and (A.13) one can show

£ ~mγ
α
β = mσ∇σγ

α
β − γσβ∇σm

α + γασ∇βm
σ = 0. (A.39)

This has the implication that a spatial tensor remains spatial while we are

moving between slices of the foliation since for spatial tensors one has Aαβ =

γαµA
µ
νγ

ν
β.

A.9 Coordinates adapted to the foliation

On each hypersurface, one can introduce a coordinate system xi = {x1, x2, x3}.
If this coordinate system changes smoothly between slices of the foliation then

xα = {x0 = t, x1, x2, x3} constitutes a well-behaved coordinate system.

A.9.1 The Shift vector

The difference between ~∂t and ~m is called the shift vector ~β := ~∂t − ~m. It is a

spatial vector. The we can write ~n, ñ as below.

nα = {1/N,−βi/N}, (A.40)

nα = {−N, 0, 0, 0}. (A.41)

With this knowledge we can write the metric tensor and the extended induced

metric explicitly.

gαβ = ~∂α · ~∂β,

=

−N2 + βkβ
k βj

βi γij


αβ

. (A.42)

γαβ = gαβ + nαnβ, (A.43)

=

βkβk βj

βi γij


αβ

. (A.44)

By taking the matrix inverse of gαβ we get

gαβ =

−1/N2 βj/N2

βi/N2 γij − (βiβj)/N2

αβ , (A.45)
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γαβ = gαβ + nαnβ (A.46)

=

0 0

0 γij

αβ . (A.47)

We can also express the γαβ explicitly:

γαβ = δαβ + nαnβ (A.48)

=

 0 0

βi/N2 δij

α
β

. (A.49)

These coordinates are called the ADM coordinates.

A.10 Decomposition of the Riemann tensor

We are just going to list the results here and give the main points in the deriva-

tion of the decomposition. They are done very explicitly in Éric Gourgoulhon’s

lecture notes [10].

A.10.1 Gauss Relation

Let us fully project the Riemann tensor onto Σ. It is much easier to start with

the Ricci identity for the connection D.

DαDβv
γ −DβDαv

γ = Rγ
µαβv

µ; ~v ∈ T pΣ

DαDβv
γ = γµαγ

ν
βγ

γ
ρ∇α(Dνv

ρ)

= γµαγ
ν
βγ

γ
ρ∇α(γσνγ

ρ
λ∇σv

λ). (A.50)

With the help of equations (A.36) and (A.22) and also using the idempotent

property of projection operators one can show

DαDβv
γ = −Kαβγ

γ
λn

σ∇σv
λ −Kγ

αKβλv
λ + γµαγ

σ
βγ

γ
λ∇µ∇σv

λ. (A.51)

Then subtracting and using the symmetry of extrinsic curvature one gets

DαDβv
γ −DβDαv

γ = (KαµK
γ
β −KβµK

γ
α)vµ

+ γραγ
σ
βγ

γ
λ(∇ρ∇σv

λ −∇σ∇ρv
λ)

γµαγ
ν
βγ

γ
ργ

σ
λ

(4)Rρ
σµν = Rγ

δαβ +KδβK
γ
α −KασK

γ
β. (A.52)

By using γαµvµ = vα, ~v ∈ T pΣ one can reach the last equation. The equation

(A.52) is called the Gauss relation.By contracting on γ, α indices one gets the
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contracted Gauss relation

γµαγ
ν
β

(4)Rµν + γµαn
νγρβn

σ (4)Rµ
νρσ = Rαβ +KKαβ −KαµK

µ
β. (A.53)

Contracting once more one gets

(4)R + 2(4)Rµνn
µnν = R +K2 −KijKij. (A.54)

A.10.2 Codazzi Relation

Apply the Ricci identity to unit normal vector and then project it three times

onto Σ.

(∇α∇β −∇β∇α)nγ =(4) Rγ
µαβn

µ

γµαγ
ν
βγ

γ
ρ(∇µ∇νn

ρ −∇ν∇µn
ρ) = γµαγ

ν
βγ

γ
ρ

(4)Rρ
σµνn

σ. (A.55)

By using (A.36), (A.17) and (A.23) one can show

γγρn
σγµαγ

ν
β

4Rρ
σµν = DβK

γ
α −DαK

γ
β (A.56)

called Codazzi relation or Codazzi-Mainardi relation. Contracting it on γ and

α one gets

γµαn
ν (4)Rµν = DαK −DµK

µ
α. (A.57)

A.10.3 Ricci Equation

First we are going to need a quantity that will be substituted later. Let us show

it.

£ ~mKαβ = Nnµ∇µKαβ − 2NKαµK
µ
β −KαµD

µNnβ −KβµD
µNnα. (A.58)

which is obtained by just substituting (A.37) in the Lie derivative. Since extrin-

sic curvature is spatial we can project its Lie derivative according to ~m, by ⊥
and not lose any information.

£ ~mKαβ = Nγµαγ
ν
βn

σ∇σKµν − 2NKαµK
µ
β. (A.59)

Now we can find the part of Riemann tensor that is twice projected onto normal

direction. Start by applying Ricci identity to unit normal and project the tensor

twice onto Σ and once onto normal direction.

γαµn
σγνβ(∇ν∇σ −∇σνσ)nµ = γαµn

σγνβ
(4)Rµ

ρνσn
ρ (A.60)
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γαµn
ργνβn

σ (4)Rµ
ρνσ = −KασK

σ
β +

1

N
DβDαN

+ γµαγ
ν
βn

σ∇σKµν . (A.61)

The way to get this equation is by using the equation (A.36) successively. After

replacing the last term which also exists in equation (A.59) we reach to the

result:

γαµn
ργνβn

σ (4)Rµ
ρνσ =

1

N
£ ~mKαβ +KασK

σ
β +

1

N
DβDαN. (A.62)

This equation is called the Ricci equation. With these three equations we have

the full extent of Riemann tensor expressed entirely in terms projected parts.

We can’t project the Riemann tensor three times onto normal direction because

of the antisymmetry of Riemann tensor.

A.11 Calculation of Christoffel Symbols

For some of the modified theories of gravity we need the Christoffel symbols

because we have not been able to calculate some of the terms like ∇~nT ij T ∈
T ∗pΣ⊗ T ∗pΣ without the Christoffel symbols. We will not use the usual formula

for Christoffel symbols since it will be hard to pull out spatial tensor quantities

from the partial derivatives. This section is entirely based on the knowledge

gathered from chapter 14 of [9]. We can even calculate the decomposition of

Riemann tensor with the method that will be described shortly but we will be

content with Christoffel symbols. We will try to give the calculations concisely

so some of the trivial steps will not be shown explicitly.

A.11.1 Extended exterior derivative

One can extend the definition of exterior derivative. First we will make a change

of point of view and look at some tensors as tensor valued forms. This will be

clear shortly. For the usual exterior derivative we have

〈d̃f , ~u〉 := ∇~uf = ~u{f} (A.63)

(dω̃)(~u, ~v) := ~u{〈ω̃, ~v〉} − ~v{〈ω̃, ~u〉} − 〈ω̃, [~u, ~v]〉 (A.64)

These two equations together with the product rule for the exterior derivative

that is,

dα ∧ β = dα ∧ β + (−1)pα ∧ dβ (A.65)
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α ∈ Ωp(M), β ∈ Ωq(M) allow us to find the exterior derivative for all p-forms.

To extend the definition of exterior derivative to tensor valued forms we will just

add another defining equation and modify the product rule.

〈d~v, ~u〉 := ∇~u~v ⇒ d~v := ∇~v ⇒ (d~v)αβ ~∂αd̃x
β = ∇βv

α ~∂αd̃x
β (A.66)

dS ∧ β = dS ∧ β + (−1)pS ∧ dβ (A.67)

where S is tensor valued p-form and β is an ordinary q-form. We can treat

vectors as vector valued 0-forms so treating it like this we expect it to be a

vector valued one-form after taking its exterior derivative which can be seen

more clearly in the component form from equation (A.66). Now let us show how

we can use the equation (A.67) to define higher rank tensor valued forms. A

general vector valued one form is a a linear combination of objects ~u⊗ σ̃.

~u⊗ σ̃ = ~u ∧ σ̃

d~u ∧ σ̃ = d~u ∧ σ̃ + (−1)0~u ∧ dσ̃

d~u = ∇βu
α ~∂αd̃x

β ⇒ d~u ∧ σ̃ = (σµ∇βu
α ~∂α)d̃xβ ∧ d̃xµ

dσ̃ = σµ,βd̃x
β ∧ d̃xµ ⇒ ~u ∧ dσ̃ = (uασµ,β ~∂α)d̃xβ ∧ d̃xµ

d~u ∧ σ̃ = (σµ∇βu
α ~∂α + uασµ,β ~∂α)d̃xβ ∧ d̃xµ. (A.68)

For the first equation we used the definition of wedge product of forms with

a zero form. Notice that the vector valued two-form has components which

themselves are vectors.

A.11.2 Connection one-form and curvature two-form

Now choose any maximally independent minimally spanning set of vectors as a

non-coordinate basis e
¯
α for the tangent spaceT pM . These are not necessarily

the tetrads or vielbeins that are used in literature which are chosen so as to

make the metric tensor look like Minkowski metric at all points. By using

〈θ¯
α, e

¯
β〉 = δ¯

α

¯
β one can find a dual non-coordinate basis for the dual space. One

defines the curvature one-form as ω¯
α

¯
β as in below equation.

de
¯
µ := e

¯
νω¯

ν

¯
µ (A.69)

From these we can also give the connection coefficients a general definition. First

write the connection one-forms as ω
¯
µ

¯
α = C¯

µ

¯
γ

¯
αθ¯

γ then we find

〈de
¯
α, e

¯
β〉 = ∇

¯
βe

¯
α = 〈e

¯
µω¯

µ

¯
α, e

¯
β〉 = e

¯
µC¯

µ

¯
γ

¯
αδ¯

γ

¯
β = e

¯
µC¯

µ

¯
β

¯
α (A.70)
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C¯
µ

¯
β

¯
α = 〈θ¯

µ,∇
¯
βe

¯
α〉 (A.71)

(A.70) or (A.71) as the definition for connection coefficients. They are not sym-

metric in lower indices for non-coordinate bases so index placement is important.

To make the formulas easier let us define e :=
[
e

¯
0 e

¯
1 . . . e

¯
n

]
as a row vec-

tor whose elements are basis vectors, also θ :=
[
θ¯

0 θ¯
1 . . . θ¯

n

]T
as a column

vector whose elements are dual basis one-forms where (.)T denotes the transpose

operation. We also define a matrix Ω as

Ω :=


ω¯

0

¯
0 ω¯

0

¯
1 . . . ω¯

0

¯
n

ω¯
1

¯
0 ω¯

1

¯
1 . . . ω¯

1

¯
n

...

ω¯
n

¯
0 ω¯

n

¯
1 . . . ω¯

n

¯
n

 (A.72)

then we can write the equation (A.69) as

de = eΩ (A.73)

Now we can write any vector as ~v = ve where v =
[
v¯

0 v¯
1 . . . v¯

n

]T
is a

column vector whose elements are the components of the vector. Let’s calculate

d~v and d2~v = d(d~v).

d~v = d(ve) = d(v¯
µe

¯
µ)

= dv¯
µ ∧ e

¯
µ + (−1)0v¯

µ ∧ de
¯
µ

d2~v = d(dv¯
µ ∧ e

¯
µ) + dv¯

µ ∧ de
¯
µ

= −dv¯
µ ∧ de

¯
µ + dv¯

µ ∧ e
¯
µ + v¯

µd(de
¯
µ)

= v¯
µd(e

¯
νΩ¯

ν

¯
µ)

= v¯
µ((de

¯
ν) ∧ Ω¯

ν

¯
µ + (−1)0e

¯
ν ∧ dΩ¯

ν

¯
µ)

= v¯
µ(dΩ¯

ν

¯
µ + Ω¯

ν

¯
α ∧ Ω¯

α

¯
µ)e

¯
ν (A.74)

where we have used the fact that d2 = 0 for ordinary scalars. It is not zero

for tensor valued p-forms, p > 1. The last equation can also be written as

d2~v = eRv, where R¯
ν

¯
µ = dΩ¯

ν

¯
µ + Ω¯

ν

¯
α ∧ Ω¯

α

¯
µ is a (1,1) valued 2-form. We have

the equation

(dω̃)(~u, ~v) := ~u{〈ω̃, ~v〉} − ~v{〈ω̃, ~u〉} − 〈ω̃, [~u, ~v]〉 (A.75)

We can generalize this equation to tensor valued one-forms as follows.

(dS)(~u, ~v) = ~u{〈S, ~v〉} − ~v{〈S, ~u〉} − 〈S, [~u, ~v]〉 (A.76)
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Taking S = d~w one can write

(d(d~w))(~u, ~v) = ~u{〈d~w, ~v〉} − ~v{〈d~w, ~u〉} − 〈d~w, [~u, ~v]〉

d2 ~w(~u, ~v) = ∇~u∇~v ~w −∇~v∇~u ~w −∇[~u,~v] ~w (A.77)

where we have used 〈d~v, ~u〉 := ∇~u~v, and also we changed vector action on

function to covariant derivative so that we have a covariant expression for vector

action on vector valued forms. The last equation is the definition of Riemann

tensor. So what we have as R is just the Riemann tensor. Now suppose we

make a change of basis. Then

é = eA (A.78)

θ́ = A(−1)θ (A.79)

dé = éΏ (A.80)

Ώ = A(−1)ΩA+ A(−1)dA (A.81)

where the first equation defines the basis change, second equation can be ob-

tained from the requirement of leaving the identity tensor, δ := e
¯
µθ¯

µ, invariant

and last equation is easily calculated from the definition of connection one-form

which is the third equation. The Levi-Civita connection is the torsion-free (the

covariant derivative of identity tensor is zero) metric compatible (the covariant

derivative of metric tensor is zero) connection. These two restrictions are given

by

dδ = 0⇒ d(eθ) = 0

= de ∧ θ + (−1)0e ∧ dθ = 0

= eΩ ∧ θ + edθ = 0

= Ω ∧ θ + dθ = 0 (A.82)

0 = ω¯
α

¯
µ ∧ θ¯

µ + dθ¯
α

d (~u · ~v) = (d~u · ~v) + (~u · d~v) (A.83)

d(g
¯
µ

¯
ν) = ω

¯
µ

¯
ν + ω

¯
ν

¯
µ (A.84)

where ω
¯
α

¯
β = g

¯
α

¯
λω¯

ω

¯
β and d(g

¯
µ

¯
ν) = e

¯
α{g

¯
µ

¯
ν}θ¯

α since the metric is a (0,2) valued

zero-form. The equations (A.82) and (A.83) are called the torsion-free condition

and metric compatibility conditions respectively. Before finding the connection

one-forms for the metric in ADM coordinates let us do a simple example and
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analyze the simplest case, that is, polar coordinates on Euclidean plane.

gij =

1 0

0 r2

 (A.85)

As a general tactic we will choose non-coordinate bases to simplify the metric as

much as possible. We can choose e
¯
r = ~∂r, e

¯
θ = r ~∂θ and θ¯

r = d̃xr, θ¯
θ = d̃xθ/r

as a non-coordinate basis in which the metric is simply the identity matrix.

g
¯
i
¯
j =

1 0

0 1

 (A.86)

In this case dg
¯
i
¯
j = 0 and the metric compatibility condition is ω¯

i

¯
j + ω¯

j

¯
i = 0

here we use ω
¯
i
¯
j = g

¯
i
¯
kω¯

k

¯
j. Now let us find the torsion free conditions.

θ¯
r = d̃xr ⇒ dθ¯

r = 0 (A.87)

θ¯
θ = d̃xθ/r ⇒ dθ¯

θ = −θ¯
r ∧ θ¯

θ

r
(A.88)

So 0 = dω¯
α

¯
µ ∧ θ¯

µ + dθ¯
α becomes

ω¯
r

¯
θ ∧ θ¯

θ + ω¯
r

¯
r ∧ θ¯

r = 0

−θ¯
r ∧ θ¯

θ

r
+ ω¯

θ

¯
θ ∧ θ¯

θ + ω¯
θ

¯
r ∧ θ¯

r = 0

ω¯
r

¯
r = 0 (A.89)

ω¯
θ

¯
θ = 0 (A.90)

ω¯
r

¯
θ + ω¯

θ

¯
r = 0 (A.91)

together with the metric compatible conditions. The solutions are very easy and

they are given below.

ω¯
θ

¯
r = −ω¯

r

¯
θ = −θ¯

θ/r (A.92)

ω¯
r

¯
r = ω¯

θ

¯
θ = 0 (A.93)

Then from these we can find the connection coefficients with the equation (A.70).

We will apply these same steps to find the connection coefficients for the metric

in ADM coordinates. The equations are a bit long but since they are linear they

always have a solution.

A.11.3 Calculation of Christoffel Symbols in ADM coordinates

First we will calculate the extrinsic curvature in ADM coordinates since it will

come as a connection coefficient later and we will need to recognize it. From the
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definition of extrinsic curvature

Kij = −~∂j ·∇i~n

= −
(
∇i

(
~∂j · ~n

)
+ ~n ·∇i

~∂j

)
= ~n · ~∂α(4)Γαij

= n0
(4)Γ0

ij

(4)Γ0
ij =

1

2
g0λ(giλ,j + gjλ,i − gij ,λ)

Kij =
1

2N
(gi0,j + gj0,i − gij ,0)− βk

N
γmk

(3)Γmij

= (Djβi +Djβi − γ ij ,0)/2N

=
(3)£~βγ ij − γ ij ,0

2N
(A.94)

Here the (3)£~vA denotes that the Lie derivative is taken with respect to the

covariant derivative D of the hypersurface. To calculate the connection coeffi-

cients in ADM coordinates we follow the same steps described in the previous

example. First we adopt a non-coordinate basis that simplifies the metric.

e
¯
0 = ~n = (1/N)~∂0 − (βi/N)~∂i, e

¯
i = ~∂i (A.95)

θ¯
0 = −ñ = Nd̃x0, θ¯

i = βid̃x0 + d̃xi (A.96)

~∂j = e
¯
j, ~∂0 = Ne

¯
0 + βie

¯
i (A.97)

d̃x0 =
θ¯

0

N
, d̃xi = −β

i

N
θ¯

0 + θ¯
i (A.98)

These equations describe the transformation between the coordinate basis and

non-coordinate basis. In the non-coordinate basis the metric becomes

g
¯
µ

¯
ν =

−1 0

0 γ
¯
i
¯
j


¯
µ
¯
ν

(A.99)

g¯
µ

¯
ν =

−1 0

0 γ¯
i
¯
j

¯
µ
¯
ν

. (A.100)

For the exterior derivative of dual non-coordinate basis we have

dθ¯
0 =

N ,i

N
(θ¯

i ∧ θ¯
0) (A.101)

dθ¯
i =

βi,k
N

(θ¯
k ∧ θ¯

0) . (A.102)

For the exterior derivative of the metric a (0,2) valued 0-form we have

dg
¯
µ

¯
ν = e

¯
α{g

¯
µ

¯
ν}θ¯

α (A.103)
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= e
¯
k{γ

¯
i
¯
j}θ¯

k + e
¯
0{γ

¯
i
¯
j}θ¯

0 (A.104)

= γ
¯
i
¯
j ,kθ¯

k + (γ
¯
i
¯
j ,0 − γ

¯
i
¯
j ,k
βk

N
)θ¯

0. (A.105)

We can also write for ω
¯
α

¯
β

ω
¯
0
¯
0 = g

¯
α

¯
0ω¯

α

¯
0 = −ω¯

0

¯
0 (A.106)

ω
¯
0
¯
i = g

¯
α

¯
0ω¯

α

¯
i = −ω¯

0

¯
i (A.107)

ω
¯
i
¯
0 = g

¯
α
¯
iω¯

α

¯
0 = γ

¯
i
¯
jω¯

j

¯
0 (A.108)

ω
¯
i
¯
j = g

¯
α
¯
iω¯

α

¯
j = γ

¯
i
¯
kω¯

k

¯
j. (A.109)

Now let us write the torsion-free and metric compatible conditions explicitly for

ADM coordinates.

0 = ω¯
α

¯
µ ∧ θ¯

µ + dθ¯
α

0 =
N ,i

N
(θ¯

i ∧ θ¯
0) + (ω¯

0

¯
0 ∧ θ¯

0) + (ω¯
0

¯
k ∧ θ¯

k) (A.110)

0 =
βi,k
N

(θ¯
k ∧ θ¯

0) + (ω¯
i

¯
0 ∧ θ¯

0) + (ω¯
i

¯
k ∧ θ¯

k) (A.111)

These are the torsion-free conditions.

d(g
¯
µ

¯
ν) = ω

¯
µ

¯
ν + ω

¯
ν

¯
µ

0 = ω¯
0

¯
0 (A.112)

0 = −ω¯
0

¯
i + γj iω¯

j

¯
0 (A.113)

(
γij ,0
N
− βkγij ,k

N
)θ¯

0 + γij ,kθ¯
k = γkiω¯

k

¯
j + γkjω¯

k

¯
i (A.114)

These are the conditions for metric compatibility. By using ω¯
µ

¯
α = C¯

µ

¯
β

¯
αθ¯

β we

can turn all of these equations into equations for the connection coefficients.

Normally we would directly solve for the connection one-form but here we will

just use the equations for the connection coefficients.

0 = C¯
0

¯
j
¯
k − C¯

0

¯
k
¯
j (A.115)

0 = C¯
i

¯
j
¯
k − C¯

i

¯
k
¯
j (A.116)

N ,i

N
= −C¯

0

¯
i
¯
0 + C¯

0

¯
0
¯
i (A.117)

βi,k
N

= C¯
i

¯
0
¯
k − C¯

i

¯
k
¯
0 (A.118)

0 = C¯
0

¯
α

¯
0 (A.119)

0 = −C¯
0

¯
α
¯
i + γj iC¯

j

¯
α

¯
0 (A.120)
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γij ,0
N
− βkγij ,k

N
= γkiC¯

k

¯
0
¯
j + γkjC¯

k

¯
0
¯
i (A.121)

γij ,m = γkiC¯
k

¯
m

¯
j + γkjC¯

k

¯
m

¯
i (A.122)

Let us solve these equations. All the equations carrying information about the

C ¯
m

¯
i
¯
j are from equations (A.122) and (A.116).

C ¯
m

¯
i
¯
j − C ¯

m

¯
j
¯
i = 0 (A.123)

γij ,m − γkiC¯
k

¯
m

¯
j − γkjC¯

k

¯
m

¯
i = 0 (A.124)

These equations are exactly the equations a coordinate basis connection co-

efficient will satisfy for the spacelike hypersurface. So we have the solution

C ¯
m

¯
i
¯
j = (3)Γmij. Now we try to find C¯

0

¯
j
¯
k. By substituting C¯

j

¯
k
¯
0 from equation

(A.120) into equation (A.118) we get

−C¯
0

¯
k
¯
i + γij(C¯

j

¯
0
¯
k −

βj ,k
N

) = 0

−C¯
0

¯
i
¯
k + γkj(C¯

j

¯
0
¯
i −

βj ,i
N

)− C¯
0

¯
k
¯
i + γij(C¯

j

¯
0
¯
k −

βj ,k
N

) = 0.

The last equation is just obtained by symmetrizing in the i, k indices. Now we

can use equation (A.115) to get

−2C¯
0

¯
i
¯
k + γijC¯

j

¯
0
¯
k + γkjC¯

j

¯
0
¯
i − γij

βj ,k
N
− γkj

βj ,i
N

= 0.

At this step we use the equation (A.121) to get

0 = −2C¯
0

¯
i
¯
k +

γik,0
N
− γik,jβ

j

N
− γj iβ

j
,k

N
− γjkβ

j
,i

N

2NC¯
0

¯
i
¯
k = γik,0 − γik,jβj − γj iβj ,k − γjkβj ,i

= γik,0 − γik,jβj − βi,k + γj i,kβ
j − βk,i + γjk,iβ

j

= γik,0 − βj(γik,j − γj i,k − γjk,i)− βk,i − βi,k

= γik,0 + 2βjγjm
(3)Γmik − βk,i − βi,k

2NC¯
0

¯
i
¯
k = γik,0 −Dkβi −Dkβi

C¯
0

¯
i
¯
k = −Kik (A.125)

Now other equations for the coefficients can be solved easily. From (A.120)

C¯
0

¯
j
¯
i = γkiC¯

k

¯
j
¯
0

C¯
k

¯
j
¯
0 = −Kk

j. (A.126)

From equation (A.118)

C¯
i

¯
0
¯
k = Kik +

βi,k
N

. (A.127)
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From equations (A.120), (A.119) and (A.117)

0 = −C¯
0

¯
0
¯
i + γijC¯

j

¯
0
¯
0

C¯
0

¯
j
¯
0 = 0 (A.128)

C¯
0

¯
0
¯
i − C¯

0

¯
i
¯
0 =

N ,i

N

C¯
0

¯
0
¯
i =

N ,i

N
(A.129)

C¯
j

¯
0
¯
0 = γij

N ,i

N
(A.130)

Now we can list all of the connection coefficients.

C ¯
m

¯
i
¯
j = (3)Γmij (A.131)

C¯
0

¯
i
¯
j = −Kij (A.132)

C¯
k

¯
j
¯
0 = −Kk

j (A.133)

C¯
i

¯
0
¯
k = −Ki

k +
βi,k
N

(A.134)

C¯
0

¯
α

¯
0 = 0 (A.135)

C¯
0

¯
0
¯
i =

N ,i

N
(A.136)

C¯
j

¯
0
¯
0 = γij

N ,i

N
. (A.137)

Now these equations are useful in non-coordinate basis. But we know how to

convert them into coordinate basis. So when we need them we will do the

conversion there.
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APPENDIX B

CONSTRAINED HAMILTONIAN SYSTEMS

This appendix is a basic review of the constrained Hamiltonian systems. We

will give a non-geometrical summary since it is good enough for our purposes

and the geometrical considerations might make one get lost in the details. We

will use the notations for finite degree of freedom systems but the methods

developed here can be used in field theory as well, if one is careful. There are

of course problems which arise due to field theory aspects, but the methods

described here are still the best ones for dealing with constraints. Also, there

are a lot of open questions yet, so there are disagreements about the best method

[16]. So, it is better to be more flexible in the treatment of this subject until

a rigorous treatment is available. The standard reference on this subject is [3].

For geometrical aspects of this subject one can examine [17], [18], [19]and [20].

For pedagogical treatment the lecture notes of Bernard Whiting [21] and Dirac’s

Yeshiva lectures [11] is very helpful.

B.1 Motivation - Gauge Invariance and Constraints

A gauge theory emerges when the equations of motion involve arbitrary functions

of coordinates. If we want to make a quantum theory then we need to be able

to upgrade this symmetry of the solutions into a local (in terms of spacetime)

symmetry. For instance in electromagnetism the four-potential is not completely

determined by equations of motion. We can add the gradient of an arbitrary

smooth scalar to it and it would still be a solution. Now if we change the wave

function with a local U(1) symmetry, that is, Ψ 7→ exp(α(x))Ψ, which does not

change the probabilities, to get the same equation of motion for the Ψ we would

need to vary the four-potential in the Hamiltonian with the gradient of α(x). So,
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one is inclined to seek the symmetries in the Hamiltonian equations of motion.

This arbitrariness in equations of motion is also encountered in constrained

Hamiltonian systems. So, it is important to understand constraints really well.

This is the basic motivation to study constrained Hamiltonian systems. Another

motivation is to be able to deal with the dynamics of singular Lagrangians (the

ones with non-invertible Legendre maps) consistently and efficiently.

B.2 Dynamics in terms of Lagrangian or Various Hamiltonians

In this section we will not be interested in quantization of the dynamical system

but only try to get the correct dynamical equations. We will also classify the

constraints but not treat them. They will be treated in the next section with

examples.

B.2.1 Primary Constraints

We will suppose that we are given a Lagrangian L = L(q, q̇). The action is given

as

S =

∫
dtL(q, q̇) (B.1)

where q = {qi(t)}Ni=1 are the configuration space variables. The equations of

motion are given by
δS

δqi
= 0, ∀qi(t)

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0 (B.2)

or

q̈j
∂2L

∂q̇i∂q̇j
=
∂L

∂qi
− q̇j ∂2L

∂qj∂q̇i
(B.3)

where the matrix

W ij :=
∂2L

∂q̇i∂q̇j
(B.4)

is given as the Hessian matrix of the Lagrangian map. If W ij is invertible then

for some initial conditions we can find the solution to the equations of motion

uniquely. If it is not invertible then equations of motion will not be uniquely

determined and the arbitrariness in the equations of motion will be interpreted
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as gauge freedom. We will not assume that W ij is invertible but we will assume

that it has constant rank everywhere. When W ij is not invertible we will have

equations φm(q, p) = 0, m = 1, . . . ,M satisfied for any physical (satisfying the

equations of motion) solution of the system at all times. Here p represent the

conjugate momenta and are defined as usual.

pi =
∂L

∂q̇i
. (B.5)

The equations φm = 0 are called primary constraints. They are called primary

since we did not use any time evolution of the system (equations of motion).

The submanifold defined by the primary constraints is called the primary con-

straint surface. There are some conditions that these constraints (and any other

constraint we will come to) must satisfy so that some theorems are satisfied.

B.2.2 Regularity Conditions

Not all descriptions of the constraint surface is acceptable. There are four equiv-

alent descriptions of the conditions which must be satisfied by the constraint

equations so that they are admissible. The basic idea is to be able to define a

submanifold according to the conditions of the Frobenius theorem [22].

i) The 2N −M dimensional primary constraint surface should be coverable

with open regions, on each of which the constraint functions φ can be sep-

arated into independent constraints φm and dependent constraints φ̃ = 0

which hold as consequences of the independent ones. Furthermore the rank

of the Jacobian matrix ∂φm
∂(qi,pi)

should be M .

ii) There must exist Frobenius charts, that is, charts for which the coordinates

on the submanifold, say {χA}, are a part of the coordinates on the mani-

fold together with the constraint functions {φm, χA} where the coordinate

description of the submanifold reduces to φm = 0.

iii) The gradients dφ1, . . . , dφM should be linearly independent or dφ1 ∧ · · · ∧
dφM 6= 0.

iv) The variations of φm are of order ε for arbitrary variations of (q, p) of order

ε. This means that φm are first order in (q, p) but this is not the most
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comprehensive way to define a submanifold.

Let us examine an example from [3]. Suppose we are given the below equivalent

representations of the same constraint surface.

p1 = 0 (B.6)

(p1)2 = 0 (B.7)

p1 = 0, (p1)2 = 0 (B.8)
√
p1 = 0 (B.9)

The first description is admissible. Second and the fourth descriptions are in-

admissible and should be replaced with the first one. The third description is

redundant. We will always assume that the regularity conditions hold. If they do

not hold then we can make them hold by taking a subset of the constraint equa-

tions. There are two theorems which are correct when the regularity conditions

hold.

Theorem B.2.1 If a smooth phase space function disappears on the primary

constraint surface then it can be written as

G(q, p) = gm(q, p)φm(q, p) for some functions gm. (B.10)

Theorem B.2.2 If λiδqi +µiδpi = 0 for arbitrary variations δq, δp then on the

constraint surface we can write

λi = um
∂φm
∂qi

(B.11)

µi = um
∂φm
∂pi

(B.12)

where um is any function of (q, p).

The first theorem (B.2.1) can be inferred from the existence of Frobenius charts

which are charts compatible with both the submanifold and the manifold itself.

The second theorem is an exercise in nonlinear functional analysis. If the regu-

larity conditions hold and no redundant constraints appear then the variations

δφm form a basis for the null space for the functions defined on the constraint

surface. However, if there happens to be redundant constraints (squares of the

constraints etc.) then um will not be unique. For details, one can look at [3].
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B.2.3 The Canonical Hamiltonian

The canonical Hamiltonian is defined as usual, that is,

H (q, p) = q̇ipi − L. (B.13)

The equations of motion can be found from the canonical Hamiltonian as

δS = δ

∫
dt(q̇ipi −H) = 0, (B.14)

subject to the conditions

φm(q, p) = 0, (B.15)

δφm(q, p) = 0 m = 1, . . . ,M (B.16)

where S is the action integral. Let us derive the equations of motion by using

the canonical Hamiltonian. We will suppress the coordinate indices. δS = 0

implies the below equations only.

δS =

∫
dt

(
q̇δp+

d(pδq)

dt
− ṗδq − δH

δq
δq − δH

δp
δp

)
0 =

(
pδq
)∣∣t2
t1

+

∫
dt

(
δp
{
q̇ − δH

δp

}
+ δq

{
−ṗ− δH

δq

})
. (B.17)

Now the first term in the last equation simply defines the conjugate momenta

(by equating to the boundary term of the variation of the Lagrangian in the

case of variations which do not vanish at the boundary). We also have the

constraints so, we can not directly write the equations of motion. As in any

singular linear equation system we can have many solutions or no solutions. No

solution systems are not physically interesting (they are inconsistent), indicating

a poor choice of Lagrangian like L = q, which has the equations of motion 1 = 0

[11]. Now, from δφm = 0 one gets

0 =
δφm
δq

δq +
δφm
δp

δp. (B.18)

If there are no inconsistencies the best we can deduce is(
δp
{
q̇ − δH

δp

}
+ δq

{
−ṗ− δH

δq

})
= um(t)

(
δφm
δq

δq +
δφm
δp

δp

)
. (B.19)

Here um is arbitrary and by also including the constraint

φm = 0, (B.20)

we can write all of the equations of motion.

q̇i =
∂H

∂pi
+ um(t)

∂φm
∂pi

, (B.21)
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ṗi = −∂H
∂qi
− um(t)

∂φm
∂qi

, (B.22)

φm = 0, (B.23)

for all i and m. The regularity conditions must be satisfied for these equations

of motion to be the correct ones [3].

B.2.4 The Total Hamiltonian

Another way to obtain the correct dynamical equations (ones that are equivalent

to the Euler-Lagrange equations) is through the total Hamiltonian. We derived

the equations of motion by restricting the possible motions to the primary con-

straint surface in the case of canonical Hamiltonian. This means however that

we can extend the canonical Hamiltonian off the primary constraint surface ar-

bitrarily. This way we can obtain the total Hamiltonian.

HT = H + um(p, q)φm (B.24)

and the action becomes

ST [q, p, u] =

∫
dt(pq̇ −HT ) (B.25)

where the [q, p, u] means the action is a functional of qi, pi, um. We have the

equations of motion

q̇i =
∂H

∂pi
+ um(t)

∂φm
∂pi

(B.26)

ṗi = −∂H
∂qi
− um(t)

∂φm
∂qi

(B.27)

φm = 0 (B.28)

for all i and m. Here we changed um to a function of time only since starting

from an initial condition q(0), p(0), um can be written as a function of time. As

a side note, in general, satisfying φm = 0 does not satisfy φ̇m = 0 for all times.

So we might have to impose some restrictions on u’s or the (q, p)’s at all times.

They will be clear with examples. Now, if the Legendre map is not invertible

the transformation from conjugate momenta to the generalized coordinates is

multivalued, that is to say we have multiple generalized velocities corresponding

to the same conjugate momentum. Here the variables um can be considered

as the extra parameters in the phase space needed to make the Legendre map
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invertible. So then it is possible to define the Legendre map as

FL : T Q −→ T ∗Q

qi 7−→ qi (B.29)

q̇i 7−→ pi (B.30)

φm 7−→ um (B.31)

Here FL denotes the fibre derivative with respect to function L and is properly

defined in [17]. It is a bit hard so we will be content with the local version

pi = ∂L
∂q̇i

. We can write equations of motion more briefly with the help of Poisson

brackets as

Ω̇(q, p) = {Ω, HT } (B.32)

φm = 0. (B.33)

B.2.5 Secondary Constraints

The constraint equations must be satisfied at all times. This leads to some

consistency equations requiring

φ̇m = {φm, HT } = 0 (B.34)

= {φm, H }+ uḿ {φm, φḿ} (B.35)

Here we are free to enforce φm = 0 after all the Poisson brackets are calculated.

Then,these equations if independent from the Lagrange multipliers u will lead

to either 0 = 0 or more restrictions on (q, p) say X(q, p) = 0. Then we have to

check the time evolution of X with the total Hamiltonian again and see what

we get. We must repeat this process for all the constraints we obtained until

all the time evolution of constraints lead only to 0 = 0 or an equation on u’s.

Suppose we obtained K new equations then in total we will have M + K = J

constraints.

φm = 0 ∀m ∈ 1, . . . ,M (B.36)

φk = 0 ∀k ∈M + 1, . . . ,M +K (B.37)

φj = 0 ∀j ∈ 1, . . . , J (B.38)

The difference between primary and secondary constraints will not be extremely

important in the final form of the theory so the notation is a bit loose but is in
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accord with [3]. The constraints φk = 0 will be called secondary constraints since

we used the time evolution (equations of motion). We will assume φj = 0 obey

the regularity conditions as well. We will also assume the rank of the matrix

{φj, φj́ } is constant (throughout the surface φj = 0, j = 1, . . . , J describes).

B.2.6 Weak and Strong Equations

We will denote the surface the constraints φj = 0 describes as C and call it the

constraint surface. The surface described by only primary constraints φm = 0

will be denoted as Cp. If two functions F (q, p), G(q, p) are equal on the C we will
denote it by F C

= G. This equality will be called weakly equal. If two functions

are only equal on primary constraint surface we will denote it by F
Cp
= G. This

equality won’t be used much. Notice that it is appropriate to use this equality

in the consistency equations. We also enforce the primary constraints in the

definition of canonical Hamiltonian. Now if two smooth functions F, G and

their gradients are weakly equal on the constraint surface then they are called

strongly equal which means they are equal in an open set around the constraint

surface but we will take this open set to be the entire phase space. Strong

equality will be denoted by the ordinary equal sign. Due to theorem B.2.1 we

can write

F
C
= G ⇐⇒ F −G = cj(q, p)φj (B.39)

We can rewrite the equations of motion as Ω̇(q, p)
C
= {Ω, HT }.

B.2.7 Restrictions on Lagrange multipliers

When the consistency algorithm is playing out we might have some equations on

the Lagrange multipliers um. We will not get a solution for all of the Lagrange

multipliers and while some of them will be completely solvable some of them

will be partially solved and will remain arbitrary. This will be clear in the next

section when we do some simple examples, but we can still get an expression for

the solutions of the equations on the Lagrange multipliers.

{φj, H }+ um {φj, φm} = 0. (B.40)
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Some equations in (B.40) are not trivial, that is, 0 = 0. Now consider the linear

homogeneous equation

V m {φj, φm} = 0 (B.41)

which will have some non-trivial solutions V m
a, a = 1, . . . , A and the general

solution of the inhomogeneous equation on um can be written as

um = Um + vaV m
a (B.42)

where va is arbitrary functions of time and Um is any specific solution of the

inhomogeneous equation. Notice that we can now rewrite the total Hamiltonian

as HT = H́ + vaφa where H́ = H + Umφm and φa = V m
aφm.

B.2.8 First and Second Class Functions

A function F (q, p) is said to be first class if it satisfies

{F, φj }
C
= 0, j = 1, . . . , J (B.43)

or equivalently

{F, φj } = f j́ jφj́ (B.44)

If it does not satisfy the above equations then the function is said to be second

class. With this classification we can separate the constraints into two sets: first

class ones and second class ones. Obviously, we will have to set the constraints to

zero after the expression in Poisson brackets explicitly calculated. However the

separation into first and second class might not be trivial to perform. Namely,

the constraints might be given impurely that is as a sum of second class and first

class constraints. The complete separation is achieved by satisfying irreducibility

conditions which will be described later at the end of this section B.2. First class

functions satisfy a nice property. The Poisson bracket of two first class functions

is again a first class function which can be demonstrated with the help of the

Jacobi identity. Also it can be checked that H́ and φa are first class. Since the

va are arbitrary, there will be an equivalence class of (q, p) that correspond to

a single physical state. This can be shown as follows. Suppose we have chosen

two different v’s va and v́a. We also have some initial conditions at t0. After

some small amount of time δt a phase space function F will evolve to F + δtḞ .
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The difference between the two values of F , with respect to the choice of v’s, at

t+ δt, denoted δF , will be given by

δF = δt(va − v́a) {F, φa}. (B.45)

Now the only way we can have a deterministic system classically (without con-

sidering the tougher issues associated with the quantum picture) is if the two

descriptions of the F are equivalent. Also the change in F is proportional to

δva = δt(va− v́a). So, the two systems described by different choices of v’s show

the same dynamical picture, meaning, they are physically equivalent. Then by

extending a terminology used in the theory of gauge fields one says that the

primary first class constraints generate the gauge transformations [3]. However

there are good reasons to consider that secondary first class constraints generate

the gauge transformations as well. These reasons are due to these two following

facts. The first is that {φa, φá} also a gauge generator since it leads to the same

dynamics for F . The second is that {H́, φa} is also a gauge generator. So one

might consider that some of the secondary first class constraints generate gauge

transformations as well. This is not entirely true unless we also restrict the

variations of some of the Lagrange multipliers to show the invariance explicitly

[3]. The basic idea in [3] is that all first class constraints generate the gauge

transformations of a dynamical system and we should use an extended Hamilto-

nian (to be described in the next section) to count for all gauge freedom. This

is so that a method of quantization can be achieved. So, it is postulated that

all first class constraints generate gauge transformations, even if the equations

of motion does not contain arbitrary functions. There are also papers which

create the gauge transformations only using the total Hamiltonian [19]. As we

said in the beginning of this appendix a fully rigorous treatment has not been

performed. Nevertheless, in either approach, one has to use both primary and

secondary constraints in the generating function for a gauge transformation.

That is why the distinction between primary and secondary constraints is not

extremely important. However the distinction between first and second class

constraints is important because second class constraints do not generate gauge

transformations or any other transformation of significance. However the treat-

ment of second class constraints is also much easier than first class constraints,

at least with some methods. We will use the notation γa to denote a constraint
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which is first class and χα to denote a constraint which is second class.

B.2.9 Reducible First and Second Class Constraints

In the irreducible case we can separate the constraints by following the method

which will be described now. To separate the constraints into first and second

class sets we first check the rank of Cj j́ := {φj, φj́ }. If the determinant of the

matrix Cj j́ vanishes on the constraint surface then there must be at least one

first class constraint among φj. By solving the linear equation cjCj j́
C
= 0 for cj,

we can redefine a constraint γ1 = cjφj. A solution for cj must exist since the

matrix is not full rank so its null space is not trivial. This new constraint γ1 = 0

is automatically first class since {cjφj, φj́ } = cj {φj, φj́ }+φj {cj, φj́ }
C
= 0. Here

cj might depend on the (q, p). Then by repeatedly applying this procedure one

can take linear combinations of the constraints to reach to a separation such

that

0
C
=

γb χ
β[ ]

γa 0 0

χ
α 0 Cαβ

. (B.46)

In the reducible case constraints might be expressed with extra parts, which are

unnecessary. For instance take this set of three constraints.

φ1 = χ1≡ q1+p1 = 0 (B.47)

φ2 = χ2≡ q1 = 0 (B.48)

φ3 = χ3≡ p1 = 0 (B.49)

Now the constraints cannot be separated simply by checking their Poisson brack-

ets since the first one is contaminated. The determinant of the Cj j́ vanishes but

we do not have any first class constraints. A set of constraints {φj = 0} are

completely separated into first and second class constraints {γa = 0, χα = 0}
when the following conditions hold [3].

i) The reducibility conditions split the constraints into pure first-class and

pure second class sets as

Z á
aγa = 0 (a = 1, . . . , A; á = 1, . . . , Á) (B.50)
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Z ά
αχα = 0 (α= 1, . . . , B; ά = 1, . . . , B́) (B.51)

where the reducibility functions Z’s may depend on the q, p.

ii) The following brackets weakly vanish.

{γa, γb}
C
= 0 (B.52)

{γa, χα}
C
= 0. (B.53)

iii) The matrix {χα, χβ } is of maximal rank.

rank({χα, χβ }) = B́ −B (B.54)

B.2.10 The Extended Hamiltonian

The extended Hamiltonian is defined as in below.

HE = H́ + ujφj = H́ + uaγa (B.55)

SE[q, p, u] =

∫
dt(pq̇ −HE) (B.56)

where ujφj = uaAjaφj and γa = Ajaφj. The extended Hamiltonian does involve

more arbitrary functions than the total Hamiltonian. This is to account for a

more general description of gauge freedom which might be required if one has

quantization in mind. The subject of quantization is also not entirely settled

and there are many methods with different caveats.

B.3 Treatment of The Constraints in Constrained Hamiltonian Sys-

tems

We will first examine a system with a singular Lagrangian and classify the

constraints. Then we will list the ways one can deal with the constraints. In

many problems the method of attack will require a case by case analysis. Let

us take the below hypothetical Lagrangian as our starting point.

L =
1

2
ẏ2 + ẋx− V (x, y). (B.57)

This Lagrangian has the primary constraint:

px =
∂L

∂ẋ
= x. (B.58)
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The other conjugate momentum is defined as

px =
∂L

∂ẋ
= ẏ. (B.59)

The momenta defined through the equation (B.58) is a primary constraint since

we can not invert the ẋ from the conjugate momentum. The Hessian matrix of

the Legendre map is

W ij :=
∂2L

∂q̇i∂q̇j
=

0 0

0 1


ij

. (B.60)

The canonical Hamiltonian is defined as

H
Cp
= piq̇

i − L(q, q̇). (B.61)

Here, as we have said before, unless we enforce the primary constraints we cannot

get a canonical Hamiltonian since not all generalized velocities will be invertible

due to the singular Lagrangian. The canonical Hamiltonian for (B.57) is given

by

H
Cp
= pxẋ+ pyẏ − L(x, y, ẋ, ẏ) (B.62)

H
Cp
= ẋ(px − x) +

py
2

2
+ V (x, y) (B.63)

H
Cp
=
py

2

2
+ V (x, y) (B.64)

So now our system can be described as

H
Cp
=
py

2

2
+ V (x, y) (B.65)

φ1 ≡ px − x = 0 (B.66)

where φ1 = 0 is a primary constraint. We can also write the total Hamiltonian

as

HT = H + λ(t)φ1 =
py

2

2
+ V (x, y) + λ(px − x) (B.67)

where λ is a Lagrange multiplier. We can also write the equations of motion:

ẋ = λ (B.68)

ṗx = −∂V
∂x

+ λ (B.69)

ẏ = py (B.70)

ṗy = −∂V
∂y

(B.71)

φ1 = px − x = 0. (B.72)
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To be able to satisfy the primary constraints at all times we need to work out

the consistency algorithm and see what we get.

φ̇1 = ṗx − ẋ = 0 (B.73)

=
∂V

∂x
≡ ξ = 0 (B.74)

ξ̇ = ζ ≡ ∂2V

∂x2
λ+

∂2V

∂x∂y
py = 0. (B.75)

As one can see we can not determine what the consistency algorithm will bring

in a general situation. The equations for ξ and ζ might be another constraint

or might be a restriction on the Lagrange multiplier, depending on the form of

the function V (x, y). Let us take the function V as the below three cases.

Case I)

V 0 (B.76)

ξ = 0  0 = 0 (B.77)

ζ = 0  0 = 0 (B.78)

We only have a single primary constraint and no restrictions on

λ exist. Since there is only a single constraint it Poisson bracket

commutes with itself so it is a first class constraint. We will rename

φ1 ≡ γ1.

Case II)

V  xy (B.79)

ξ = 0  y = 0 (B.80)

ζ = 0  py = 0 (B.81)

Here, we have no restrictions on the Lagrange multiplier and we

have three constraints: γ1 ≡ φ1 = px− x = 0 a first class constraint,
χ

1 ≡ ξ = y = 0 a second class constraint and lastly χ2 ≡ ζ = py = 0

another second class constraint.

Case III)

V x2 (B.82)

ξ = 0  x = 0 (B.83)

ζ = 0  λ = 0 (B.84)
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Here, we have two constraint equations and a single restriction on

the Lagrange multiplier: χ
1 ≡ φ1 = px − x = 0 a second class

constraint, χ2 ≡ x = 0 another second class constraint and λ = 0 a

restriction on the Lagrange multiplier.

Now we will try to see what we can do about the constraints. First we will deal

with second class constraints, since they are easier to handle.

B.3.1 Systems with Only Second Class Constraints

Here we will assume the system contains only second class constraints. This

assumption is harmless since one can usually convert the first and second class

constraints into one another, which is a method for dealing with the constraints.

So, the order or dealing with the constraints does not matter. This will be clear

when we finish the section B.3.

B.3.1.1 The First Method: Solve the Constraints First

The simplest method of dealing with second class constraints is directly solving

them. By solving the second class constraints we can get rid of some degrees

of freedom. For instance for the example we presented at the beginning of

this section (B.57), the total Hamiltonian involved two degree of freedom and

a Lagrange multiplier to enforce the primary constraint, namely, (x, y, px, py)

and λ. Here we are considering the case presented in (B.82). By solving the

constraints χ2 = x = 0 and χ
1 = px − x = 0 we can get rid of x, px and λ

and treat the total Hamiltonian as if it is an ordinary Hamiltonian with a single

degree of freedom, (y, py). Of course the phase space functions must also be

constrained to the constraint surface. More symbolically we can write:

Ḟ |C = {F |C, HT |C }. (B.85)

Here we should be careful to take the Poisson brackets according to the remaining

variables. Let us perform this method for our example.

HT |C =
py

2

2
(B.86)

Ḟ |C = py
∂F

∂y

∣∣∣∣
x=px=0

(B.87)
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Notice that by solving the second class constraints we did not have to solve

for Lagrange multiplier λ. We will need constraints to be irreducible to be

able to use this method however, otherwise we might set some of the first class

constraints to zero.

B.3.1.2 The Second Method: Dirac Brackets in the case of Irre-

ducible Constraints

Sometimes eliminating the constraint equations might be difficult or undesirable.

In this case we can define a new bracket in terms of the ordinary Poisson bracket

to define a new bracket structure, called Dirac bracket, to obtain the correct

dynamics. Here we impose the second class constraints after we have taken the

Dirac bracket. Dirac bracket will be denoted by {F,G}∗. The Dirac bracket is

defined as

{F,G}∗ := ({F,G} − {F, χα}Cαβ {χβ, G})|C (B.88)

Cαβ := {χα, χβ } (B.89)

CαβCβρ = δαρ . (B.90)

Let us apply the method for our example (B.82). First we will apply the first

method described in (B.3.1.1), to show how Poisson brackets are computed in

the case we solve the constraints first.

{F |C, G|C } =

(
∂F

∂y

∂G

∂py
− ∂F

∂py

∂G

∂y

)∣∣∣∣
x=px=0

. (B.91)

Now we will compute the Dirac brackets for the same system.

Cαβ =

0 −1

1 0


αβ

(B.92)

Cαβ =

 0 1

−1 0

αβ (B.93)

{F,G}∗ =

[
{F,G} −

(
∂F

∂x
+
∂F

∂px

)(
∂G

∂px

)
+

(
− ∂F
∂px

)(
− ∂G
∂px
− ∂G

∂x

)]∣∣∣∣∣
x=px=0

(B.94)

=

(
∂F

∂y

∂G

∂py
− ∂F

∂py

∂G

∂y

)∣∣∣∣∣
x=px=0

(B.95)
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As we can see the Dirac brackets allow us to calculate without the need to solve

the second class constraints. The Dirac brackets satisfy some good properties:

i) The Dirac bracket is antisymmetric,

{F,G}∗ = − {G,F }∗. (B.96)

ii) The Dirac bracket obeys the Leibniz rule,

{F,GR}∗ = {F,G}∗R + {F,R}∗G. (B.97)

iii) It obeys the Jacobi identity,

{{F,G}∗, R}∗ + {{G,R}∗, F }∗ + {{R,F }∗, G}∗ = 0. (B.98)

iv) Second class constraints Dirac bracket commute with all phase space func-

tions,

{χα, F }∗ = 0 (B.99)

v) For a first class function G and an arbitrary F ,

{F,G}∗ C= {F,G}. (B.100)

vi) For F,G first class functions and an arbitrary R,

{R, {F,G}∗}∗ C= {R, {F,G}}. (B.101)

This method can also be used in the reducible case if we manage to reduce the

constraints.

B.3.1.3 The Third Method: Dirac Brackets in the case of Reducible

Constraints

It is also possible to write the Dirac bracket in the case of reducible constraints.

The method is to write the Dirac bracket more generally which is equivalent to

the Dirac bracket in the case we make the constraints irreducible. It is defined

like this:

{A,B }∗ := {A,B } − {A,χα}Dαβ {χβ, B } (B.102)

where

Dαβ = −Dβα (B.103)
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obeys on χα = 0

Dαβ {χβ, χρ} = δαρ + Zα
άλ

ά
ρ for some λάρ. (B.104)

Let us show the equivalence of this method with the first reduce then create the

Dirac bracket method. Suppose we have the below constraints, χ1 = q1 = 0,
χ

2 = p1 = 0 and χ3 = q1 + p1 = 0. Clearly we can take out any one of the χ’s to

pass to the irreducible case. Let us assume we eliminated χ2. Then the Dirac

bracket can be calculated as below.

Cαβ = {χα, χβ }=


0 1 1

−1 0 −1

−1 1 0


αβ

(α, β) ∈ {1, 2, 3} (B.105)

CΛΓ = {χΛ, χΓ} =

 0 1

−1 0


ΛΓ

(Λ,Γ) ∈ {1, 3} (B.106)

So, we chose χ1, χ3 as the reduced complete set of constraints. Now the Dirac

bracket reads:

{A,B }∗ =
(
{A,B } − {A,χΛ}CΛΓ {χΓ, B }

)∣∣∣∣
C

(B.107)

= {A,B }+ {A,χ1} {χ3, B } − {A,χ3} {χ1, B }
∣∣∣
χ1=0, χ3=0

. (B.108)

Now we will try to create the Dirac bracket without reducing the system.

Zα
ά
χ
α = 0  Zαχ

α = −χ3 + χ
1 + χ

2 = 0 (B.109)

Dαβ {χβ, χρ} = δαρ + Zα
άλ

ά
ρ Dαβ {χβ, χρ} = δαρ + Zαλρ. (B.110)

Here we have to solve the last equation as best as we can for both λ and D

matrices, while also accounting the fact that the latter is antisymmetric. It is a

linear equation system so it is pretty easy.

DαβCβρ =


−D12 −D13 D13 −D12

−D23 D23 −D12 −D12

D23 −D13 −D13 +D23


α

β

(B.111)

= Zα
άλ

ά
ρ =


1 + λ1 λ2 λ3

λ1 1 + λ2 λ3

−λ1 −λ2 1− λ3


α

β

(B.112)

From these equations we get a single restriction on the possible λ, that is, −λ2−
λ1 = 1 − λ3. We also solve for D in terms of λ, which gives D13 = λ2, D

12 =
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−λ3, D
23 = −λ1. Now, we simply insert this in the definition of Dirac bracket

in the reducible case.

{A,B }∗ = {A,χα}Dαβ {χβ, B }
∣∣∣
C
. (B.113)

By using the restrictions on D and λ one gets:

{A,B }∗ = {A,B }+ {A,χ1} {χ3, B } − {A,χ3} {χ1, B}
∣∣∣
χ1=0, χ3=0

. (B.114)

There are some more flexibility in the definition of D matrix, but we were not

able to understand how those parts in [3] came about.

B.3.1.4 The Fourth Method: Convert the Second Class Constraints

into First Class Constraints

This last method is intimately related to a method of dealing with the first class

constraints so we will describe it there, in B.3.2.1.

B.3.2 Systems with only First Class Constraints

As far as the classical dynamical picture is concerned we were done in section B.2.

There are simply some equations of motion which are not uniquely determined

but this is alright since the arbitrariness just means we have an equivalence

class of the physical states rather than a single unique description. However,

once we wish to create a quantum field theory we might need to get rid of

this gauge freedom since we wish to avoid multiple counting of the states , or

extend the phase space and treat it accordingly as in BRST quantization [23],

[3], [16]. So, the main problem of systems with first class constraints is to be

able quantize the system. Classically, we have the problem that the two-form

induced from the phase space onto constraint surface is degenerate and some

degrees o freedom are not actual degrees of freedom. That is to say, first class

constraints do not just reduce the dimension of the physical phase space by

one but also introduces gauge symmetries which are the null eigenvectors of the

induced two form. Treating the first class constraints is much harder than the

second class constraints. That is why we will focus on a single method B.3.2.1

and only describe the other methods very briefly. There are also other methods
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in the literature than the ones we are going to discuss. So we will try to do

simple examples and show how the counting of the true degrees of freedom in a

system goes. We will assume we are in the irreducible case.

B.3.2.1 The First Method: Gauge Fixation

Now, to avoid multiple counting of the states, which is important in calculating

the path integrals [23], we introduce ad-hoc equations restricting the gauge free-

dom. For instance, in electromagnetism we may introduce the Lorenz gauge or

the Coulomb gauge or for ADM formulation of general relativity we can choose

the Gaussian normal coordinates. There are two conditions a satisfactory set of

gauge conditions Cb(q, p)
C
= 0 must satisfy [3].

i) The gauge must be accessible. That is, all possible states of the dynamical

system should have a representative in the chosen gauge condition and start-

ing from this representative we should be able to reach any other equivalent

state by using infinitesimal transformations of the form δua {F, γa}.

ii) The gauge conditions should fix the gauge completely. That is, any state

should have only a single unique representative. Even discrete transforma-

tions, the ones which are created in a single finite step rather than infinitely

many arbitrarily small steps, are not allowed. This is equivalently stated

by the condition, δua {Cb, γa}
C
= 0 should imply δua = 0.

If this conditions are satisfied by gauge conditions they are called canonical

gauges. The Lorenz gauge is not canonical, since we can still use scalar func-

tions with vanishing Laplacians in creating a gauge transformation. Choosing

Gaussian normal coordinates is not a canonical gauge condition, since Gaussian

normal coordinates can be chosen smoothly in only a part of a manifold and

not everywhere in the manifold. By looking at the gauge fixing conditions as a

set of constraints we can see that Cb, γa form a set of second class constraints.

So, after introducing the gauge fixing conditions one can apply the methods

described in B.3.1, to deal with the dynamical system. Now, we can also ask the

question: if it is possible turn first class constraints into second class constraints
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by introducing a set of gauge conditions, then is it also possible to eliminate

some constraints (or introduce more hypothetical degrees of freedom) to turn a

system with a set of second class constraints into a system with a set of first

class constraints and gauge fixing conditions? The answer is yes, although per-

forming the said feat might be difficult. Let us examine two examples from [3].

First example is a system with constraints: χ1 = q1 = 0 and χ2 = p1 = 0. By

eliminating the constraint χ1 we can turn the system into a system with first

class constraints. We can also introduce more degrees of freedom as in this next

example. Suppose we have the same set of constraints as before. Now introduce

a hypothetical degree of freedom (q2, p2) and turn the constraints χ1, χ2 into

γ1 ≡ q1 + q2 = 0 and γ2 ≡ p1 − p2. The Poisson brackets of the constraints

vanish and the system can be treated as a first class system. The gauge fixing

conditions might be impossible to construct globally [3], this problem is called

Gribov obstruction.

B.3.2.2 The Second Method: Reduced Phase Space

Suppose we define a gauge orbit as the equivalence class of states which are

related by a gauge transformation. Then it should be possible to quotient the

constraint surface by these gauge orbits and get a reduced phase space. This

method has the caveat that the reduced phase space may not be a manifold [16].

B.3.2.3 The Third Method: Dirac Constraint Quantization

Dirac’s proposition is to upgrade the first class constraint functions into their

quantum analogs and take the physical Hilbert space as the smaller set of the

states which vanish when taken as an argument for the constraint operators.

This method has the caveat that we might need to deal with the operating

ordering issues.

B.3.2.4 The Fourth Method: BRST Quantization

The main idea in this quantization is to replace the gauge symmetry by a rigid

BRST symmetry which will be present even after gauge fixing. This is achieved
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by introducing more fields into the theory [23].

B.4 Counting of The Degrees of Freedom

Now, the strategy we will follow can be summarized as:

Step 1) Find the canonical Hamiltonian and determine the primary constraints,

Step 2) Find the total Hamiltonian, work out the consistency algorithm,

Step 3) Classify the constraints into first and second class constraints,

Step 4) Solve the second class constraints if it is possible if not write the Dirac

bracket,

Step 5) For dealing with the first class constraints assume a canonical gauge is

given and they turn into second class constraints.
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APPENDIX C

BORN - INFELD EXTENSION OF A THEORY AND THE

PRINCIPLE OF FINITENESS

This is a short summary of the original article [24] which gives a description for

creating theories with finite field strength. Now, the article only described how to

use the principle of finiteness for the electromagnetic theory of Maxwell. There

is also another article describing the same principle for gravitational actions,

[25]. I do not understand every part of that article so I will only summarize the

[24]. It seems that [25], consider the ghost-freedom as a secondary principle in

creating a BI extension of a gravity theory, however they also seem to open the

action only up to second order. I am not entirely sure if it can be claimed that

a BI extended gravity theory is ghost-free since the action is of infinite order

in Ricci tensor. In this appendix, we are working with the assumption of flat

space-time.

C.1 Principle of Invariant Action

Since, all field theories must be independent of the possible coordinate systems

they must have an invariant action. This is a requirement for all field theories

so we will talk just a little bit about this. The requirement simply means that

the action must have a determinant form inside a square root since that makes

the integral invariant. This is because of the fact that totally antisymmetric

tensors, top forms, are all proportional to the totally antisymmetric Levi-Civita

tensor and all of them can be written as

fε = fεαβ...µd̃x
αd̃xβ...d̃xµ (C.1)

= f
√

det(gρλ)d̃x
1 ∧ d̃x2 ∧ ... ∧ d̃xD (C.2)
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where fε is any top form. The d̃xα∧ d̃xβ ∧ ...∧ d̃xµ only gives the orientation for

the infinitesimal volume element. Since the orientation remains the same, due

to its definition, what must be the integrand is always a scalar times the square

root of determinant of the metric. Since determinants are all proportional to

each other by scalars we can use any square root of a determinant to make an

invariant action integral.

C.2 Principle of Finiteness

Here, the inspiration is taken from special relativity. If one examines the free

particle Lagrangian in special relativity it is found as

Lfree,rel = −m
√

1− v2. (C.3)

Also it is interesting that it can be written as a determinantal form

Lfree,rel = −m
√

det(δij − vivj). (C.4)

As it is well known velocity has a finite limit in special relativity and now we

have one more reason to use determinantal actions for theories with finite field

strength. This does not mean that this is the only way to create theories with

finite field strength but it seems to be common. There could be other methods.

We will examine how the original article [24] crates a theory for electromag-

netism and then we will write a little bit about the same procedure for gravi-

tational actions which is much more explained in [25]. Since the action should

be determinantal there are many possibilities for the integrand. Taking inspi-

ration from (C.4) one claims that the action should be a linear combination of√
− det(gµν + F µν),

√
− det gµν ,

√
detF µν in some suitable units. Let us write

L = ε
√
− det(gµν + F µν) + A

√
− det gµν +B

√
detF µν . (C.5)

The article claims that
√

detF µν can be shown to be a surface integral. Let

us try to show this. First, we will give a couple of facts about skew-symmetric

matrices (here adapted for geometrical quantities, two froms). Suppose A is a

two-form in a 2n dimensional manifold. Then

A =
1

2
Aµν(d̃x

µ ∧ d̃xν) (C.6)

det(Aµν) = pf(A)2 (C.7)
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where pf(A) denotes the Pfaffian of A. We also have another nice formula about

the Pfaffians,

A ∧ A ∧ n... ∧ A = n!pf(A)d̃x1 ∧ d̃x2 ∧ ... ∧ d̃x2n. (C.8)

Using these facts and the fact that F = dÃ we can show that
√

detF µν reduces

to a surface integral. Let us show this.

B
√

detF µν = Bpf(F µν)

Bpf(F µν)d̃x
0 ∧ d̃x1 ∧ d̃x2 ∧ d̃x3 =

B

2
F ∧ F

=
B

2
d(dÃ ∧ Ã) =

B

2
d(Ã ∧ dÃ) (C.9)

reduces to a surface integral due to Stokes’ theorem. Here, B is a constant. So,

we will deal with Lagrangians that can be constructed from the other two terms,

that is,

L = ε
√
− det(gµν + F µν) + A

√
− det gµν . (C.10)

Here we might put another obvious condition. If the field strength is low, then

it must reduce to Maxwell’s theory. This condition fixes A and ε. In Cartesian

coordinates

det(ηµν + F µν) = −1 + F 2
0i − F 2

ij + det(F µν) sum over i and j

LMaxwell = −1

4
F µνF

µν

=
F 2

0i − F 2
ij

2
sum over i and j

√
1 + x = 1 +

x

2
+ O2(x)

L = ε
√

1− F 2
0i + F 2

ij + det(F µν) + A sum over i and j

= ε

(
1−

F 2
0i − F 2

ij

2

)
+ A+ O4(F µν) sum over i and j .

(C.11)

This fixes ε = −1 and A = 1. This is not the only possible Lagrangian we can

construct. We can construct other Lagrangians as well. Let us constract another

one. Let us examine this quantity
√
− det(gµν + F µν). It, being a polynomial,

can be Taylor expanded in both gµν and F µν in any order. We first open the

series up to first order in gµν

det(gµν + F µν) = det(gµν) + Φ[F µν , gµν ] (C.12)
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Φ[F µν , gµν ] = det(gµν + F µν)− det(gµν). (C.13)

We also Taylor expand this up to first order in F µν .

Φ[F µν , gµν ] = det(F µν) + φ[F µν , gµν ]

det(gµν + F µν) = det(gµν) + det(F µν) + φ[F µν , gµν ]. (C.14)

We can determine the form of φ[F µν , gµν ] in a geodesic coordinate system. Re-

member we are in flat space-time in some general coordinate system so, we have

to find the value of φ[F µν , gµν ] in a generic coordinate system.
det(gµν + F µν)

det(gµν)
=

det(ηµ̂ν̂ + F µ̂ν̂)

det(ηµ̂ν̂)
(C.15)

where the indices with the hat indicate Cartesian coordinates

= −1 det(ηµ̂ν̂ + F µ̂ν̂)

= −1(−1− F 2
îĵ

+ F 2
0̂̂i

+ det(F µ̂ν̂))

= 1 + F 2
îĵ
− F 2

0̂̂i
− det(F µ̂ν̂)

det(gµν + F µν)

det(gµν)
= 1 +

1

2
F µ̂ν̂F

µ̂ν̂ +
det(F µ̂ν̂)

det(gµ̂ν̂)
(C.16)

where the right hand side can be made into a general coordinate system

= 1 +
1

2
F µνF

µν +
det(F µν)

det(gµν)

det(gµν + F µν) = det(gµν) + det(gµν)
1

2
F µνF

µν + det(F µν)

= det(gµν)(1−G2 + F )

F =
1

2
F µνF

µν

G2 =
det(F µν)

det(gµν)
. (C.17)

Both F and G2 are also invariant quantities. So, they can also be used to create

Lagrangians. For instance,

Ltrial =
√
− det(gµν)

√
1 + F

=
√
− det(gµν + F µν) + det(F µν). (C.18)

This is the general method of creating a theory whose field strength is bounded.

The rest of the article [24] deals with the physical consequences of the La-

grangians we have constructed and examines which one is more appropriate for

the nature.
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C.3 Gravitational Actions

What we have described above for the Born- Infeld extension of Maxwell’s theory

can be applied to Einstein’s theory. In fact, such an extension in Einstein’s

theory preceded Maxwell’s theory. [ See the PhD thesis [8] and the references

therein for more details. ] I do not know much about this method but as far as

I understand [25] uses a general action

I =

∫
M
dDx

√
− det(agµν + bRµν + cXµν [R]) (C.19)

with a fudge tensor, Xµν which is a functional of Ricci tensor, to impose some

freedom on the theory and apply whichever extra principle one can fancy. For

instance, they use the ghost freedom as an extra principle. BINMG is also

created like this [8], [5].

83


	ABSTRACT
	ÖZ
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	INTRODUCTION
	Structure of the Thesis

	 f(R) Action and the Method of Auxiliary Variables
	Auxiliary Variables Method
	f(R) Action and BINMG Action
	Decomposing the Action
	Decomposition of the Riemann tensor

	Decomposition of BR 
	Decomposition of decomfriemann 

	First Order Lagrangian, Hamiltonians and Primary Constraints
	First Order Lagrangian
	Conjugate Momenta and the Primary Constraints
	Canonical Hamiltonian and the Total Hamiltonian

	Consistency Algorithm and The Secondary Constraints
	Results of R4CONSbijkl 
	Results of R4CONSbijk  
	Results of R4CONSaijkl  
	Results of R4CONSaijk 
	Results of R4CONSpi 
	Results of R4CONSpii 
	Results of R4CONSpiaij
	Determination of The Classes of The Constraints
	Classification of the classcij


	REFERENCES
	APPENDICES
	Geometrical Part of ADM Formulation
	Framework and Notations
	Hypersurface Embedded in Spacetime
	Normal vector to The Hypersurface   
	Moving Tensors Between Manifolds
	Pushforward and Pullback Maps
	Orthogonal Projection and Orthogonal Extension
	Decomposing Tensors

	The Link between the   and D connections
	Extrinsic Curvature of The Hypersurface
	Globally hyperbolic spacetimes and foliations
	Foliation Kinematics
	The Lapse Function
	Eulerian Observers
	Normal evolution vector
	Gradients of the unit normal and the normal evolution vector 
	Evolution of the induced metric
	Evolution of the Orthogonal Projector

	Coordinates adapted to the foliation
	The Shift vector

	Decomposition of the Riemann tensor
	Gauss Relation
	Codazzi Relation
	Ricci Equation

	Calculation of Christoffel Symbols
	Extended exterior derivative
	Connection one-form and curvature two-form
	Calculation of Christoffel Symbols in ADM coordinates


	Constrained Hamiltonian Systems
	Motivation - Gauge Invariance and Constraints
	Dynamics in terms of Lagrangian or Various Hamiltonians
	Primary Constraints
	Regularity Conditions
	The Canonical Hamiltonian
	The Total Hamiltonian 
	Secondary Constraints
	Weak and Strong Equations
	Restrictions on Lagrange multipliers
	First and Second Class Functions
	Reducible First and Second Class Constraints
	The Extended Hamiltonian

	Treatment of The Constraints in Constrained Hamiltonian Systems
	Systems with Only Second Class Constraints
	The First Method: Solve the Constraints First
	The Second Method: Dirac Brackets in the case of Irreducible Constraints
	The Third Method: Dirac Brackets in the case of Reducible Constraints
	The Fourth Method: Convert the Second Class Constraints into First Class Constraints

	Systems with only First Class Constraints
	The First Method: Gauge Fixation
	The Second Method: Reduced Phase Space
	The Third Method: Dirac Constraint Quantization
	The Fourth Method: BRST Quantization


	Counting of The Degrees of Freedom

	Born - Infeld Extension of a Theory and the Principle of Finiteness
	Principle of Invariant Action
	Principle of Finiteness
	Gravitational Actions


