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ABSTRACT

INTEGRATED LIMIT EQUILIBRIUM METHOD FOR SLOPE STABILITY
ANALYSI S

Yal,Yampéezer
M.S., Department of Civil Engineering

SupervisorAsst. Prof. Dr. Onur Pekcan

September 201844 pages

Limit equilibrium is a welestablished conceptith successful implementations
slope stability analysis problems. Basedddferent underlying assumptions, there are
numerous limit equilibrium methods (LEMs), yet all of them interpret the system
reliability to that of the critical slip surface, which requires iterative optimization
procedures to locate. Therefore, a congéatalysisframework involves modules to

(i) generate/represent, (ii) analyze and (iii) optimize slip surfaaksof which
influence the reliability and time complexity of tlselutions Within this context,
many studies were conducted in the past tweades, mostly focusing on improved
optimization procedures. However, little effort is availabletlo@ developmentof
enhanced surface generation algorithms and analysis strategies. In that regard, the
present study introduces Integrated Limit Equilibrivathod (ILEM), wherein novel
procedures are incorporated to generate and analyze slip suFacégating the
optimization procesd$l.EM generates trial slip surfaces wibaled quadratic splisg
which require a minimal number of geometric variables ér accuratesurface
representationin addition,quadraticfunctiors render it possibléo developa unified
formulation of common LEMsvith differential equationsThe governing equations
are derived andclosedform solutiors are obtained through realytical integration

eliminatng theneed for and therror imposed by sleapproximatiorof conventional



LEMs. Moreover, high-order numericalintegration methodsre provento yield
impartial accuracy with reasonaltemputational effortThe reliability andrefined
efficiency of ILEM are validated through comparative benchmark testing. With
significant improvement ovevailableapproachedLEM is proposed asamproved

limit equilibrium techniqudor slopestability analysis.

Keywords: Slope Stability Anbysis, Integrated Limit Equilibrium Methodseneral

Slip Surface, Engineering Optimization
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KEV STABKLKTESK ANALKZK KG¢KN KNTEGRAL TA

Y¥ NT E MK
Yal - én, Yajézer
Yéksek Lisans. , Knkaat M¢ihendi sl

Tez YoOneticisiDr. ¥ ] r . Qnyré&ekcan

Eylll 2018,144 sayfa

Li mit denge met odu, Kev sdidakbai Hilineh dis i ane
y°ntemdir . Farkl & kabull ere dayanan bir -
b¢eten yo°ntemler kayma g¢venlijini, itera
bulunan kritik kayma y¢zeyiyl e kaymak ki | en
anal i zi, -%z¢ml erion gesvenilirl i Jini vV e

yézeylerinin (1) ol ukturul masé, (i1 1) an
i -ermektedir. Bu bajl amda, son yirmi y el
verimni arttérmak i-in bir-ok -alékma yapél
analiz etmek i1i-in kullanélan y°ntemlerin
-al eékxkmada, yukar édaki eksi kl ikl eri gi de
ol uktur alnmdsei v&konusunda yenilikler i-er
Y°nt emi (I'LEM) °neri |l mektedir. Opti mi zas
I LEM, test kayma y¢zeylerini, i kinci de

geomet ri k par azmiedirgeraekteda.Buna ikaveten, ammsi gecen ikinci
dereceden fonksiyonl ar, ' i mit denge koku
temsi | edi |l mesine de ol anak tanémaktadeér
ve integrasyomrl al &g BdyleckHEN zkgnwansgyonel limit
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denge y°ntemlerinin dilimlere dayaleée -°z¢ml .
kaynakl anan tahmin hatalaréné ortadan kal de
sayeésal i ntegral almamgfAdaemyieréksayebendeaok

d a bu met odun ka-énél maz bir sonucudur . ||

verimliliji, bir -0k test probl emi kul |l ané
y°ntemlere go°re ciddi anl amdyan ILEMer | e me k a:
ilyilektirilmik bir |'imit denge y°ntemi ol ar a

Anahtar Kelimelerk e v S si@dmlizil IntégealT a b aLimit Benge Yontemi,

Genel Kaymaruzeyi, Mihendislik Optimizasyonu
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CHAPTER 1

INTRODUCTION

1.1.Overview

With the gradual expansion of urbanized areas, |[dpwent of transportation
networks in landslide susceptible areas and common application of engineered soil
structures such as embankments, cut sloped earth retaining wall§1], slope
stability analysis has become a vipart of civil engineering practice. In search of
reliable analysis procedures, extensive research has been conducted over the past 80
years [2], giving rise to numerous methods that combine the principles of soall
mechanics witlsolution approaches based on analytical techniquibe ooncepts of
continuumdiscontinuummechanics. As a result, contemporary analysis techniques
include, but are not limited to, Limit Equilibrium Methods (LEMSs), Finite Element
Method and Discrete Eteent Method. Among thosd,EMs have been widely
preferred owing to their capability to produce reliable results within reasonable
computational demand. Given a possible failure surface, these methods utilize static
equilibrium condiltiimins sttatdet esromil n s htehaea
quantify the stability in terms an artificial measure named factor of s&gtwhich

is the ratio between the mobilized and available soil shear streng#failure limit
state.The analysis proceedstivdifferent surfaces and the critical one (i.e. the surface
with minimum Fs) is associated with slope system safety. In other words, limit
equilibrium procedures require backlculation of the critical slip surface, hence a
complete analysis framework ndorporates modules for (i) surface
generation/representation, (ii) stability analysis and (iii) surface optimization.
Consequently, the reliability and computational efficiency of the framework depends

on the capability, as well as the compatibility céth modules.

—



Surface generation module is perhaps the most underrated yet influential component
of a slope stability analysis framework. Most of the available methods and the common
practice aim to facilitate the optimization procéssoughsimplifying asumptions
regarding the surface geometry. For instance, & agsmmonapproach to limit the
surface geometry to planar, circular, composite plaivaular or logarithmic spiral
shapes, which can bmodeledwith only a few decision variables. However, sbe
assumptions significantly limit the accuracy of the results as the critical surface often
deviates from such simple geometiji8k Therefore, it is essential that the method is
competent to represent any reasonable sundseh may assume arbitrary shapes
with variable curvature andbrupt transitiongi.e. general slip surfaces). Although
these issues are addressed in the literature, there are only a few general surface
generation methods to choose from. Furthermtre available methods generally
require excessive numlisaof decision variables faccurate surface representatias;

a result, they produce challenging optimization problems. Therefore, improved

techniques are still in demand.

After their generation, the daces are analyzed using a LEM. Although all LEMs
share the common features mentioned before, they differentiate with unique
assumptions based on force distribution, equilibrium critemad sometimes slip
surface geometry. A broad classification divittesm into two groups as singiee

body procedures and procedures of slices. Singgsbody procedures include simple
methods like Infinite Slopg4], Logarithmic Spiral5, 6], and Swedish Circl§7, 8].

One characteristic property of these methods is that the underlying assumptions yield
formulations where the normal stress altimgslip surface is either constant or do not
affect the overall equilibrium. As a result, equilibrium equations can be formulated for
the wholefree-body[2]. Conversely, such a simplification is not possible with other
LEMs, hence they discretize ttiree-body into slices to determine the normal stress
distribution. However, discretization itself is not sufficient to resolve such a force
system because the number of unknowns becomes greater than the number of available

equilibrium and boundary conditions when all ingéice reactions are accounted for.



Therefore, either simplifications or additional boundary conditions are required to
render the problem determinate. In this sense, unique solution schemes were proposed
in theliterature, giving rise to LEMknown asFellenius[9], Bi simgifiedand s
rigorous[10], J a snfiplifiédsand generalized11], Lowe and[l2Kar afi &
Corps of Engineer§l3], MorgensterePrice [3], Speidd,eamds SdI5mad s
methods. These methods mainly diffe¥m one another based tme considerations
regarding thequilibriumconditions and internal forces, yet it is possible to unify some

of them with a common formulation like General Limit Equilibrium (GLE) method
[16]. In gereral, procedures of slices are capable of handling complex slope
geometries, variable soil propertiasd external loading effedtk] and therefore often
preferred over singldree-body procedures. However, they are compoitetily

upscaleon the account of frebodydiscretization and individual slice evaluation.

Since LEMs require the location of the critical surface, the analysis proeébadbe

surface optimization stewhere the geometric parameters of the trial sohgtiare
updated with an optimization method. Limit equilibrium approach inherently makes it
possible to formulate the analysis procecdase shape optimization problem with an
objective to minimize~s. The complexity of the problem depends on the combined
effect of (i) model constants (e.g. slope geometry, soil profile, groundwater and
loading conditions)and (ii) innate characteristics of the selected surface generation
method. When simple surface geometries are assumed, the problem becomes
sufficiently easy to solve with simple trial and error routines. However, accurate
representation of critical surfaces requires general surface generation methods, which
produce higkdimensional optimization problems. Considering that the search spaces
of these problem often contain multiple local minimg], implementng robust
optimization techniques is essential for the reliability of the analysis framework. This
issue has been extensively studied in the literature, and both detemmanisti
stochastic optimization techniques have bemployed Currently, there is a growing
consensus that the modality and dimensionality of slope stability analysis problems

make it necessary to adopt global optimization methods, which ineobegtain



degree of random operations. In that regard, stochastic optimization algorithms such
as Genetic Algorithni17i 25|, Differential Evolution[26, 27], and Particle Swarm

Optimization[28i 31] were successfully adopted in the literature.

With multiple factors in effectheapplication ofLEM requires a clear understanding

of the fundamental concepts regardthg surface generation, stability analysasd
surface optimization methods. Limitations imposed by each component can easily
engender the overestimation of safety and inevitably ultsin catastrophic
consequences. Therefore, both individual and collective performances of the
integrated methods should be assessed when developamglgsisframework.

1.2.Research Objectives

Aiming to develop a reliable and computationally efficient slgtability analysis
framework, the present study proposgthancedsurface generation and analysis
procedures. Focusing on general slip surfaces and procedures of slices, the defects of
the available methods and formulations are identified to speciaheerésearch
objectives. Examination dheavailable general surface generation methods draws the
inferences that they; (i) require excessive numbers of decision variables for accurate
surface representation, rendering surface optimization a difficulf (askack the
flexibility to converge to complex surface geometries, and (iii) reprekerglip
surfaces with contiguous linear segments, causing unnecessary loss of accuracy.
Similarly, when available LEM formulations are adopted for stability ansyly8iFs
evaluation becomes computationally upscale on the account of tedious operations to
discretize the sliding bodsind individually evaluate each slice; and By is often
overestimated due tthe sensitivity of results to the number of slices used
discretization. Based on these arguments, the present study aims to develop advanced
methods to generate and analyze generalssiifaces ananhcorporate them into a

proficient slope stability analysis framework.



1.3. Scopeof the Study

Addressing the is®$ mentioned in the preceding section, the present study introduces
Integrated Limit Equilibrium Method (ILEM), wherein nove@rocedures are
implemented to generate and analyze general slip surfélcessirface generation
procedure of ILEM incorporatestachnique name8caled Quadratic Spline method
(SQS) which utilizespiecewisecontinuous quadratic spline functions for surface
representation. The method aims to handle complex geometries with variable
curvature andabrupt gradient transitions using a mimmal number of decision
variables and hence produces relatively lowdimensional optimization problems.
Furthermore, SQS capacitates higher accuracylevel with smooth curve
representation, compared to available methods that adopt linear segmendgidn ad

to this embedmenén enhanced analysis strategy is proposed in ILEM as an extension
of SQS. ILEM analysis approach is similar to GLE in the sense that it cachelpéed

into several LEMs. Howevethe static equilibriumconditions are formulateldased

on the quadratic function representation of SQ3he derivation results in two
governing equations that consist of definite integrals, which canntegrated
analyticallyto obtain closedorm solutions. ThereforédLEM can eliminate the errors

of slice approximation procedureSurthermore, the integrals can be evaluated with
numerical methods such &i mp s o mrd Sausk /qBadratureules to produce
adequate results with reasonably low computational effort. Based on these properties,
ILEM is introduced as an alternative tioe available limit equilibrium formulations.

To validate the reliability of the proposed approach, ILEM surface generation and
analysis methods are evaluated individualytst, a benchmarkproblem set is
assembled withthe slope stability analysis problems available in the literature. The
resulting seincludesa total of 11 examples, incorporating a broad range of cases from
simple homogeneous slopes to complex soil profiles; withwaitut the presence of
groundwater effectexternal and pseuestatic earthquake loadin@.hen, SQS is

combined with GLE formulation and Differential Evolution (DE) optimization



algorithmand evaluated in a series of experiments with these proldkamisarly, the
general surface generation methdd available literature studig¢g1, 32, 33] are
adopted with the same configuratifor performancecomparison The results are
interpretedwith statistical significance tests to assess the improvement rate of SQS
over other methodandadditionally evaluateavith respect tathe commercial slope
stability analysis softwar&lide v7[34]. The result@mphasize theapability of SQS

and validatehe applicability of the proposed analysis procedure.

Accordingly,ILEM analysis procedure is tested in comparison with GLE formulation.
For the analyses in this part, the critical slip surfaces obtained in the previous
experiments are further analyzed usthg closeeform formulation of ILEM and other
variants based onumericalintegration methodsuch adrapezoida) Si mps on d s
and Gauss quadratureules. The closeegform solution approach is validated for the
procedues of sliceproposed byellenius, Bishop, Janbu, Lowe and Karafiath, Corps
of Engineers, Spenceand Morgenstenfrice. Then, a computationally efficient
ILEM variant isdeveloped based on numerical approximation technidusessly, a

comparison is praded to illustrate the improved efficiency of ILEM over GLE.

1.4. Thesis Outline

To deliver the findings and contributions of the study, the rest of the manuscript is
organized as followsChapter 2 provides detailed information about available surface
generatbn, stability analysisand optimization techniques, outlining the general
framework oflimit equilibrium based slope stability analysis procedu€sapter 3s
dedicated tdLEM surface generation procedure, S@&e method is conceptually
introduced, fomulated and validated through comparative benchmark testing with
other available surface generation techniqu&hapter 4 presents the unified
formulation of ILEM stability analysis procedurén this chapter, several ILEM
variants are developed and a gitationally efficient configuration is proposed as an
alternative to the available limit equilibrium formulationkastly, Chapter 5

summarizes the findings and concludes the study.
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CHAPTER 2

LIMIT EQUILIBRIUM CONCEPT FOR SLOPE STABILITY ANALYSIS

The facus of this chapter is to provide the fundamentals of the theory and application
of limit equilibrium concept to slope stability analysis problems. Therefore, the scope
is constrained with the currently available methods, with an emphasis on procedures
of slices and general surface generation techniques. Accordingly, in Section 2.1, limit
equilibrium concept isntroducedand available analysis methods are discussed in
detail. Section 2.2 is dedicated to slip surface generation methods, while Section 2.3
covers the surface optimization strategies proposed in the literature. Furthermore, the

methods adopted in the succeeding chapters are formulated in each section.

2.1. Theory of Limit Equilibrium

Limit equilibrium approach assumes that a slope is stable amnefreebody inside

the soil medium is at rest, implying that the static equilibrium conditions are satisfied.
Based on this assumption, LEMs cannot yield a direct measure of system reliability;
instead, they analyze multiple paths within the soil pedatldetermine the critical slip
surface. For any surface, the safety level is quantified with a constant feaotoadf
safety Fs, which is the ratio between the available soil shear strength and the
equilibrium shear stress at the slip surface. Whershear strength is expressed with
Mohr-Coulombsoil model, the definition oFs extends to the expressions given in

Egs.(2.1) and(2.2), whereFsis assumed to be constant throughout the slip surface.

F _t _ c+s, tanf 01

° s ¢ +s5, tanf, (21)
c_f
F.=—=—

STe T (2.2

whereU peak shear stress, equilibrium sheastressfin: normal stress; and : soil

cohesion and friton angle( i . e . sn@ b @& ethéntoldlized parameters).



Considering thgenericslip surface given ifrigure2.1, it is possible to formulate the
equilibrium equations and determine the mobilized sheamgth based on the inertial
forces, external loads and base reactions. Among those, calculations of inertial and
external forces are relatively straightforward. On the other lthadasereaction is

the resultant of two variable stress distribution®. (inormal stress and shear
resistance), hence require additional considerations. The common approach is to
divide the freebody into a finite number of slices and derive the equilibrium equations
based on the individual effect of each segment. Howeverpithielem becomes
statically indeterminate when all internal reactions are accounte@dosideringa
bodynofslices, the available equilibrium and
in Table2.1 For each stie, theraarethree equilibrium (i.e. horizontal force, vertical
force and moment) and one boundary (i.e. MGbulomb criterion) conditios)
resulting in a total ofdequations. On the other hand, the unknownsKsgalue,the
magnitude and locatiorf ¢the baseand interface reactions illustratedfigure 2.1b)

add up to 6-2 variables as given ihable2.2 Consequently, the problem is statically
indeterminate with alegree of2n-2, and therefore requires either simplifications or
additional boundary conditions to solve.

@ (b)

Figure 2.1: Freebody diagram o& genericslip surface
(a) overall diagam(b) vertical slicediagram



Table 2.1: Available equilibrium and boundary conditions of LEM

Equations Number
Horizontal force equilibrium n
Vertical force equilibrium n
Moment equilibrium n
Mohr-Coulombcriterion n
Total 4an

Table 2.2: Unknown variables in LEM

Unknown s Number
Normal force at the base thfeslice n
Location ofthenormal force at the base thfe slice n
Shear force at the basetbéslice n
Interslice normal force n-1
Interslice shear force n-1
Location oftheinterslice force (i.e. line of thrust) n-1
Factorof safety Fs 1
Total 6n-2

Provided that the indeterminacy problem is handled, limit equilibrium can provide the
Fsrelated  an assumed slip surface. However, a single analysis does not yield a direct
measure of system reliability as the stability of the slope is associated with the critical
slip surface (i.e. the frelgody withtheminimumFs). Therefore, a surface optimizari
procedure is necessary to minimize the Without the aid of computers, both
individual slice evaluation and surface optimization can translate to be tedious tasks.
Suitably, the earlier studies focused on simplifications that either facilitate anagiem
these steps. For instance, methods likaite Slope[4], Logarithmic Spiral %, 6],

and Swedish Circle7] 8] greatly simplify the problem with restricted surface
geometries, allowing the formulation of equilibrium equations without-thay
discretization. Also known as sindieee-body procedures, these methods are simple
enough to adopt in hand calculationepever, their application is limited specific

slope and slip surface geometries, soil types, loading and groundwater conditions.



In the following decades, the advances in computer technology altbwedactical
implementation of methods based on individual slice evaluation, namely, procedures

of slices. Procedures of slices are competent to handle complex geometries and loading
conditions, hence applicable to a wider range of analysis problems. Despite having
simglifications and intuitive assumptions to overcome static indeterminacy, some
variants of these methods rigorously satisfy the equilibrium conditions. For instance,
procedures of slices like e | | €9, i uBsi6s imglifed [40], s J a siniplifiéds

[11], L owe an dl2kaadrCarpsiofsEngnéegs3] methods ignore some of

the equilibrium conditions andtiner nal f orces. On the other
[10], Janbuods [1G aeviorgenserrrrice¢3t] Spenced §14]and Sar mads
[15] methods overcome indeterminacy through minor assumptions, rigorously
satisfying the equilibrium conditions. Although the underlying assumptions of these
methods are slightly different, they can be accommodated within unifiedi@tions

like General Limit Equilibrium (GLE)16].

2.1.1. Single~ree-Body Procedures

Despite their limitations, singleee-body procedures like Infinite Slope, Logarithmic
Spiral, and Swedish Circle can provide a roughnestion of Fs under specific
conditions. Although not utilized in this study, these methods are discussed in the
following subsections to provide a rudimentary understandirtgefmit equilibrium

concept.

2.1.1.1. Infinite Slope Method

Proposed by Taytj4], Infinite Slope method considers a fully translational failure
mechanism. The method assumes that failure develops along an infinitely long plane,
parallel to the ground surface as illustratedrigure2.2 Therefore, base normal and

shear stresses are constant. Based on this idea, the analysis can be performed on any
vertical element by resolving the stresses along the slip direction. The interface
reactions candignored as the forces on the opposite sides of the element are collinear

with equal magnitude.

10
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Figure 2.2: Infinite slope analysis

Slice weight,W, and aerage poravater pressre, u, are calculated using Eq&.3)
and(2.4), respectively. For Eq2.4), hydrostaticcondition is assumed.
W = ghDx (2.3)

u=g,h, (2.4)

whered: unit weight of soil h: height of slicepw: unit weight of waterhw: height of
slice belowthewatert a b Kk &idth aftheslice

Base normal forcey, is cdculated considering force equilibrium, using E25).
N =Wcosa (2.5)

wherel inclination of slice baseneasured from horizontal.

Based orthe Mohr-Coulombfailure citerion, shear resistanc8, is calculated using
Eq.(2.6).

c tanf&\I uDx §

S=— —0
Fs cosa Fs Cosa +

(2.6)

where Fs. factor of safety,c' andt": effective soil cohesion and friction angle,

respectivey.

To evaluate the factor of safetls, force equilibrium is satisfied along the slip
direction. As aesult,Fscan be singled out to obtain E§.7).

c'Dxseca +%\l ubx o
E - C cosa - (2.7)
s Wsina
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The given procedure can be adopted for effective stress analysis, yet it is possible to
modify the equations to evaludte based on total stresses.that case, the effect of
porewater pressure is ignored and,and!' in Eq. (2.7) are replaced with the

undrained shear strength parameterand: u.

Although Infinite Slope approach is based on force equilibrium, moment equilibrium
is implicitly satisfied since the interface forces canceland rest pass through the
same point, producing zero n@bment Having a straightforward formulation, the
method can provide a quick estimationFaeffor translational failure, and therefore
often preferred when thiere is a shallow bedrock oseft il interlayer. However,

its application is limited to cases whénegroundsurface and soil layers are in parallel
alignment. Another issue of Infinite Slope methotth&tthe effect oklip toe and scarp

are ignored, hence the method usually undenests Fs compared to rigorous
procedures of slices

2.1.1.2. Swedish Circle Method

Introduced by Fellenius 1922[7], SwedishCircle is one of the earliest slope stability
analysis methods, having applicatiotiat date back to 191f8]. The procedure
considerghe rotationalfailure of a circular slip surface around its central axis and
utilizes moment equilibrium to determine tRe Therefore the basenormal streses
focalizeto the center of rotatioas illustrated ifFigure2.3. Furthermore he frictional
resistance of soil is ignored (i'e=0) to overcomestaticindeterminay and eliminate
free-body discretization completely. As arsequencehe method is only applicable
to circular slip surfaces with cohesive soll interfaces, under fully undrained condition.
Considering moment equilibrium with respect to pditFs can be derived for a
homogeneous soil profile as follows:
= a Miessing = cLr (2.8)

a Mdriving Wrx
wherer: radius of slip circleL: total arc lengthyV: total weight of freebody, xc and

S

Xr: abscissas ajravitational center of massd rotational axis, respectively

12
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Figure 2.3: Swedish circle analysis

Despite its limitationsSwedishCircle method can handle composite soil profiles
through discrete evaluation of resisting forces. Furthermore, the methodustyoro
satisfies the static equilibrium conditions. Although force equilibrium is not
exclusively evaluatedhenormal stress distribution can assumg @nfiguration that
satisfesthe criteria. Swedish Circle is a reliable method within its range oicagiph,
however, it often overestimatés due to limitations imposed by circular surface

assumption.

2.1.1.3. Logarithmic Spiral Method

Similar to other singldree-body procedured,ogarithmic Spiral method exploits the
slip surface geometry to overcorsiatic indeterminacynitially proposed by Taylor
[5] and further extended by Frohli¢6], the methodemployslogarithmic spiral slip
surfaces as illustrated frigure 2.4. The geometry of the spiral is a functiontbé
centerof rotation, mobilized friction angle m, the angle of rotatiord and the initial

radius,ro, as given in Eqg2.9) and(2.10).

13
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Figure 2.4: Logarithmic spiral analysis

tanf
tanf = o (2.9)
S
r=rg""n (2.10)

Using the proposed geometry, the resultant of the normal direasd the frictional
resistance (i.elrtart m) always passes through the rotatibaxis producingzero net
moment Therefore, it is possible to evaluate Bwbased on moment equilibriuby
ignoring the contribution of normal stress similar to Swedsh Circle method.
Another similarity withSwedishCircle method is that force equilibrium is satisfied
without explicit consideration. HoweveLogarithmic Spiral method may require
several trials to achieve complete equilibrium since the resufithgnd the one
initially assumed to calculate the mobilized friction angle are different. Therefore, an
iterative procedure is often adopted to assure the agreement of these two terms.
Through this implementation, the method can analyze slopes under both @mihed
undrained conditios) which is an improvement ovedwedishCircle method. In
addition, logarithmic spirals are relatively more capable of representing complex slip
surface geometries, compared to planar and circular surfaces adopted in other single

freebody-procedures. However, the formulatiohthe method is rath@omplex,and
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its application is only possible when the soil profile is homogeneoas least friction

angle is the same for all layers

2.1.2. Procedures of Slices and General Limitugrium Method

Procedures of slicesave widerapplicdion rangescompared to singléree-body
procedures, being able to handle composite soil profiles under complex loading
configurationsin both drained and undrained conditions. Furthermore, mosteof t
available formulationgan analyzeyeneral slip surfaces, which are more flexible to

represent the criticalase compared tbesimplified approaches presented previously.

In this section, some of the common procedures of slices are conceptuatlycetio
based on General Limit Equilibrium (GLE) formulation, which is proposed by
Fredlundet al.[16] to provide a unified formulation for the available approaches.
Therefore, GLE is not considered as a separate lt&tMera generalized form on the
existing onesilt is worth mentioning that there are several other unified formulations
in the literature 44, 45|, however, they are kept out tife scopeof this study. he
formulationof GLE can be manipulated with slight adjustments to prodesels for

the procedures of slicegroposed by FelleniyBishop, Janbu, Lowe and Karafiath,
Corps of EngineersMorgensterrandPrice and Spencer. In its gendead form,the
formulationconsiders vertical force equilibrium to derive the equations for base shear
and normal forces. TheRsis separately computddr horizontal force and moment
equilibrium. In other words, GLE utilizes two separ&e definitions, which are

iteratively equatedb satisfy complete equilibrium.

GLE incorporates two maj@ssumptioato overcome static indeterminacy. Fitsie
normal force at the base of each slice is assumedt towards the middle, which
reduces the degree ofdeterminacy ta-2 for a body ofn slices. In additionGLE
either specifies a direction or a location (i.e. line of thrust) for the interslice forces. All

LEMs presented in this section can be formulated with the former assumption, hence

15



it will be the facal point. Based on the approach proposetMbygenstern and Price

[3], the direction of resultant interslice forces can be specified witf2Ad).
X/E =1 f(x) (2.11)
whereX: interslice shear forc&: interslice normal forcest a constant scale factdr,

(x): a prescribed function that dictates the variatiod/&fratio along the slip surface.

Applicable to each slice interface, the boundary condigoren in Eq. (2.11)
interpolatesn-1 equations @d one unknown (i.e. constant scale fac®rto the
problem. Accordingly, the system becomes statically determinate. Based on this
approachGLE method is formulated for the effective stress analysis of the general
slip surface given ifrigure2.5, where the slope is subjected to external and pseudo
static earthquake loading. Only the governing equations are provided in this section,

andthe detailedformulation is provided later i@hapter 4

The normal and shear forces illusé@ inFigure2.5b are computed using Eq2.12)

and(2.13), respectively.

WAL+K,)+Q+(Xg- X, )- (Dxtana)(")lg—'+(qutana)('§ﬂ

N — _ S S ]
sina tanf" (212)
coa+ —————

S

SziC')DX than/‘&\I qu8

Fs cosa F ¢ cosa=

(2.13)

whereW: weight of slice (i.e. refer to Eq2.3)), kv and kn: vertical and horizontal

seismic coefficientsQ: resultant of external load acting above the slKendE:

intersic e shear and nor maldo fadRodc gis VFigure2Bbn s ubscr i
denote leftandright and si des of < Wwittitogslicelliedimatoc t i vel y) ,

of slice base measured from horizontalaverage porgvater pressure on slice base

(i.e. refer to Eq(2.4)), c'and: ": effective sd cohesion and friction angle, respectively.
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Figure 2.5: GeneralLimit Equilibrium analysis approach
(a) slip surfaceof a slope under external and seismic loading
(b) free-body diagram of a vertical slice

To satisfy complete force equilibrium, horizontal forces in each slice are summed up,

producing the forc&sof GLE, given in Eq(2.14).
_ 4 [(c- utanf)x + tanf'N cosa]

s 4 (Nsina +Wk )

(2.149)
whereFs;: force factor of safety.

Similarly, moment equilibrium is satisfied with respect to a common rotational center,

pointRin Figure2.5a. As a result, the momeRt can be determined using Eg.15).

a ?gc utan)6 2%+ Ntanr 26, §
F. = i cosxa H ),/ (215
sm .. - e
a {[Q+WC§1+ kv)] Ox +WK1 ry - Nrn}

whereFsm: moment factor of safetys, rx, ry, andrn: moment arms ifrigure2.5a.

Although the formulation of GLE is given foffective stress analysis, the equations
can beadaptedfor total stresseby ignoring the effect of porevater pressure and

17



substitutingheundrained parameteirsto the equationsgn the following subsections,

GLE interpretatios of common LEMsaredisaussed further.

2.1. 2. 1. Fell eni usd Met hod

Felleniusd method (i.e. al so known as Ordin
procedure of slices in the literature. The method was initially proposed as an extension

of Swedish Circle method to deal with sailsder drained condition. In this procedure,

interslice forcesare completely ignored andFs is determined based on moment
equilibrium. Contrary to other procedures, F
force equilibrium. Instead, the vertical forcase resolved intdheir components,
parallelandperpendicular to the slip surface. The perpendicular component is assumed

to beequatto the base normal force that is used to determine the shear resistance. Since

this approach is contradictorytotheamel o pt ed i n GLE, Felleniusbo

an additional modification. For this method only, the normal force is calculated using

the expression given in E(R.16).

N =[Wd1+k )+Q]|tbosa - Wk sina (2.16)

Contrary to the normal force equation given for GLE, d.6) is independent dfs.
Therefore, for F el | ecalculatood conoledeshtiiedanalyses s i ngl e
Since Fellenius©6 meeagudilibridm,thevwlge disdependsant i sfy f or
the location otherotationalcenter R. It is usually acceptable to use the centdhef
arcasthereferencepointwhen cicular slip surfaces are adop{@%]. However, such

a distnct location is not available for general slip surfaces. Therefore, the application

of Fell eniusd met hod i s tcisculaa klip gurfanes.t recomme
Furthermore, the method often yields unrealistic results, espdoiaflat slopes with

high porewater pressurd86].
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2.1.2.2. Bishopo6és Simplified Method

SimilartoFel | eni us & a pimplifted methpd igdares hovizorias foree
equilibrium and determineSs based on moment evaluation. However, basenabr
forces are calculated based on Ef12), which ensures vertical force equilibrium.
The procedure accounts for interslice forces but ignores the shear cormspgonent
overcome static indeterminacy (i2ifx)=0). Based on these assumptioRscan be

evaluated using E@2.15).

Bi s h ompldied method does not guarantee complete force equilibrium, Hence

is dependent on the point of reference selected for moment calos|agimilar to
Felleniusd method. Howe v er ,verticdl positior®efs ul t s
the reference point since the fieedy is in vertical force equilibriunRegardlesghe

application of this procedure msostlyrestricted tacircular slp surfaces.

2.1.2.3J a n bSimplgied Method

It is apparent that simplified methods that evallaibasedon moment equilibrium
require adistinct axis of rotation, which is not clearly defined for general slip surfaces.
Addressing this issue, Janbwposed a procedure wheffe is evaluated based on
horizontal force equilibrium instead. As a result, phecedure commonly known as

J a n bim@difsied reethodignores momentequilibrium Assumptions regarding the
internal force are the same &ishopd ,sn that, interslice shear forces are ignored (i.e.
&ifx)=0). With this approachFscan be evaluated using Eg.14).

Ignoring the shearesistance n t he sl i ¢ e smpliffeeemethedaleays Janb
underestimate&s [2] compared to rigorous @ethods. Accordingly, Janbu proposed
correction factors to adjust tmesultsbased on experimentdatafrom various slope

stability analysis problems.
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2.1. 2. 4. Lowe and Karafiathoés Met hod

Lowe and Karafiath introduced a side force correction within aeqgisimilar to the

one proposed by Janbu. I n Lowe and Karafiath
the directiom of the resultant interslice forcm aninterface is equal to the average of

the ground and slip surface slopes as illustratgtth Figure 2.6. Using GLE

formulation, this approach is accommodated by setifagtor to 1 and applying the

interslice force function given ikq. (2.17). Lowe and Karafiath snethodis often

considered as thmost accurate of all force equilibrium meth¢as37].

9(x)

f(x)
fi (%)

Xt Xs

Figure 2.6: Interslice force function of Lowenad K a r mdthocht h 6 s

/ =1, fi(X):M (2.17)
wheref(x): a function representing the slip surfaaggx): a functionrepresenting the

ground surface.

2.1.2.5. Corps of Engineers led

Corps of Engineers method is essentially the sastiee one proposed by Lowe and
Karafiath. However, in this method, the direction of the interslice force is assumed to
be equal to the average ground surface slope. This statement is interpreted in tw
different ways as (i) thimclinationof the chord passing througie slip toe and scarp

and (ii) the average ground surface slope alibeeinterface Therefore,Corps of

Engineers method has twariatiors used in practice as illustrated kigure 2.7 and
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given in Egs. (2.18) and (2.19). Compared to Lowe and Kar a

assumption, both of these approactisnlead to overestimatdeks values[2, 37].

g(x)
f(x)
fi (¥ (i)
/ \
o/ ) \
X Xs

Figure 2.7: Interslice force functions d@orpsof Engineersnethod

Case(i): / =1, fi(X):M (2.18)
X=X
Case(ii): / =1, f,(X)=9'(X) (2.19

wherex: andxs: abscissasf slip toe and scarp.

2.1.2.6. MorgensterPriceard Spencer 6s Met hods

MorgensterAPricemethod is possibly the most common rigorous procedure of slices.
The method accounts for all internal reactions and equilibrium conditions, hence can
be adopted as the generalized form of GLE formulation. In this agiprthe direction

of interslice forcds again dictated witla prescribed functiorfj(x). However, in this
casepdfactor is utilized to scale the function, in order to achieve complete equilibrium.
As a result, botlrs andaare unknown variables iMorgensterAPrice methodThere

are various interslice force functions proposed in the literature (e.g. constant,
trapezoid, halsine, clipped sine functions)However the Fs computed by
MorgensterrPrice method isreasonably insensitive to this selecti@h. Therefore

any reasonable relation can baplemented Among the available approaches,
constant and haline functions are commonly preferred in engineering praj@g&je
Therefore, these futions are defined in Eq&.20) and(2.21) and further illustrated
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in Figure 2.8. |t Sshould be noted that Spencer 0s
MorgensterAPricemethod wherehte interslice function is constant (ial interslice

forces are parallel).

Constant function:f, (x) =1 (2.20
_ _ € ax-x 00
Half-sine function: f; (X) =singp Y (2.21)
eck- x4
9(X
f
fi (%) ¥
1 constant
half-sine
0
Xt Xs

Figure 2.8: Interslice force functions of MorgensteRticemethod

Using one of the abovementioned interslice functions, MorgenBigra method
analyzes the slip siace based on force and moment equilibrium. As a result, the
problem is defined by twgoverningequations, Eqs(2.14) and (2.15), and two
unknowns,Fs and & Since normal force is dependent Bf) both expressionsare
recursive (i.e.Fs appears on both sidesTherefore,the system cannot be solved
through algebraic operations. Instead, trial and epproacks graphical procedures

or multivariate quasNewton root finding methods can be adopted to find the couple
that satisfies both equilibrium conditions. Rbe nonrigorous LEMsproposed by
Bishop, Janbu, LowandKarafiath,and Corps of Engineerthe solution procedure is
comparably simpleThe probém is either defined biq.(2.14) or (2.15) and the only
unknown isFs. Accordingly, bracketing methods fixed-point iteration can also be

adopted to findFs, in addition to the methods mentioned poenly. Based on the
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discussions presented in this section, a summary of common procedures of slices are

given inTable2.3.

Table 2.3: Summary and comparison of procedures of slices

Equilibrium Conditions

Method Vertical Horizontal

Force Force Moment Surface Comments

The smplestmethod of slices;
ignores interslice forces; very
inaccuratéor flat slopes with
high porewater pressures
Ignores interslice shear force:
Circular accurate within its range of
applications
Simplest force method; ignore
J a n simgifeed [11] n n n General interslice shear forces; alway:
underestimateBs
Assumes the magnitude and
. direction of interslice shear
Lowe and Karafiattil12] n n n General forces: most accurate force
equilibrium method
Assumes the magnitude and
Corps of Engineerd 3] n n n General directionof interslice shear
forces; often overestimatés
Simplest rigorous method;
Spencefl4] n n n General assumes parallel interslice
forces; accurate
Rigorous method; variable
MorgensterPrice[3] n n n General interslice force direction;
accurate

Felleniug[9] Circular

3
3
13

Bi s h impldied [16]  n

3
>

2.2. Slip Surface Generation

The procedures discussed so far can only evaluate the stability of an assumed slip
surface. Therefore, a method is required to generatestiialions considering that

LEMs associate the slope system safety to that of the critical slip surface. In this
section, some of the available surface generation methods are introduced through a
classification of available approaches. First, procedinasgenerate simple surface
geometries such as planar, circular &mgharithmic spiral are presented in Section
2.2.1. Then, in Section 22.some of the common general slip surface generation
methods are discussed and formuldtedhe succeeding chapse
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2.2.1. Planar, Circular and Logarithmic Spiral Slip Surfaces

The approaches discussed in this section are based onespmaifiace geometries that

are coupld with specific LEMs oradoptedto simplify the surface optimization
procedure. Acommon feture of these approaches is that the resulting surfaces can be
represented with at most a few geometric parameters. For instance, planar surfaces
used in Infinite Slope analysis are defined by only one geometric parameter, which is
the slip surface depthAs a result, a specific surface generation or optimization

technique is not necessarily adopted for this method.

In the case of circular and logarithmic spiral surfaces, the geometry can be defined by
a center and a radius (i.e. initial radius for lodemic spirals). Therefore, a two
dimensional analysieptimizesthree control variables to determine the critical slip
surface. In practice, this procedure is often handled with a grid search rf@mjne

The example given ifrigure 2.9 illustrates a circular failure analysis. Each node of
the grid is a possible center for the critical slip surface. For each center, multiple
surfaces are generated and the radjus optimized to minimiz€&s. The coniguration

that yields the minimunfs is specified as the critical slip surfadeor logarithmic

spiral surfacesasimilar approach can be adopted as well. Although this approach is
relatively simple, theresult accuracyis limited as the criticalslip suiface can

significantly deviate fronthese constrainegeometries.

Figure 2.9: Grid search approach for circular failure analysis
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2.2.2. General Slip Surfaces

The reliability of Imit equilibrium solutions significantlgepend®n the capability of

the implemented surface generation method. To accurately represent the critical case,
the method should be flexible to produce any reasonable slip surface, which may
incorporate a compdsin of planar and rotational segments with variable curvature
and even abrupt gradient transitions. In this sense, general surface generation methods
(i.e. also known as neaircular surface generation methods) eliminate the restrictions
imposed by the gpoaches presented previously. Although this concept is widely
accepted, it is not extensively studied in the literature except for the notable efforts of
Sun[21], Malkawi [32], Bolton[41], Chend 33, 39] and Li[42]. In the following sub

sections, the methods proposed by Malkawi, ChandSun are presented.

2.2.21 . Mal kawi 6s Met hod

The method suggested by Malkgd2] is one of the mostffectiveapproaches in the
literature, having successful applications to slope stability analysis problems. When
generating a slip surface wtlices the formulation requirean geometric parameters,
which are normalized between [0, 1]. The parameters can either be chosen randomly
or produced by an optimization routine. The method always generates convex surfaces
to meethekinematicaladmissibilityrequiremenproposedn [28, 32, 39, 40]. Beyond

that, no major geometric restrictions are imposedhe surface geometries. The
procedure is formulated below, based on the generic surface illustré&tigdiia2.10.

Step 1 Define the horizontal boundary limits of the slip toe and sdéi(;, y1) and

Vin+1(Xn+1, Yhe1), respectiely.

XlI [Xl,min’ Xl,max] ’ Xn+1| [Xn+1,min’ Xn+1,max] (222)
wherexi,min andXn+1,min: Minimum limits ofxs andXn+1, X1,max andXn+1,max mMaximum

limits of x1 andxn+1.
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Figure210: Mal kawi 6s surface generati on

Step 2 Prescribe the number of slicesand generate a decision vectooiariables

using an optimization method.
(A (2.23)

r: a decision vector withrvariablesyq: d" geometric variable af, whereraN [0, 1].

Step 3 Determine the positions &fi(x1, y1) andVn+1(Xn+1, Yn+1) USing Eqs(2.24)i
(2.27).

X = Xm0 e i) (2.24)
Y1 = 9(%) (229

X1 = Xner i + oKt ma = Y1) (2.26)
Yo = 9(%pu1) (2.27)

wherey=g(x): the function representing the groundfaae.

Step 4 Determine the toe anscarpangles of the surface, denoted sand Uh
respectively, using Eq$2.28) and (2.29). It should be noted that the toe angle is
limited between-3(° and -45° to avoid computational difficulties during thes
evaluation,in accordance wit [43]. However, this approach does not impose any

restrictions to the generated surfaces since slice widths are variable. The width of the
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first slice may converge to zero and practically be replaced by the second slice,

allowing any toe angle greater ths80°.

a=2 (-9 (228
a,= % +t,a, (2.29)

Step 5 Determine the position dfn+2(Xn+2, Yn+2) analytically bydrawing two lines

from V1 andVn+1 with anglesth andUh, respectively.

Step 6 Determine the position &f2(x2, y2) using Eqs(2.30) and(2.31).

X =%+ 15X~ %) (2.30)
Y, =¥, +(x, - x)tana, (2.31)
Step 7 Determine the positions of vertices3 to 2n using Eqs(2.32) and(2.33).
X1 =% g o4 X) (2.32)
Viu =¥+ (%, - X )tana, (233

fori=nt2,n+ 3, &1 2

Step 8 Determine the positions of verticesdn-1 using Eqs(2.34)i (2.36).

Xu=X* ri+n+2()§+n+l - )ﬂ) (2-34)
— Yina ™ Y
tang, = 2”0 2.3
Kins1™ % ( 5)
Yiu =¥ + (%, - % )tana, (2:36)
fori= 2, n3, é,

Step 9 Assign the coordinates of thé using EqQ.(2.37). Note thatVn and Van

correspond to the same vertex.

X =%, Yo = Yon (2:37)
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2222Cheng6s Equal and Variable Division Methoc

In their study, Cheng et aJ33] evaluated the performances of various surface

generation methods, including the one proposed by Malkawi. The study concluded that

Malka wi 6 s met hod is fairly efficient for probl
yet it may not be applicable to complicated loading cases. Accordingly, they proposed

the alternative approaches presented i n th
assiging the slip toe and scapwsitions Then,the slice widths andhe base angles

are assigned considerinige kinematical admissibility requirements. There are two

variations of this method, based on (i) equal slice division (i.e. slice width is constant)

and (ii) variable slice division (i.e. slice width is variable) which generate a slip surface

of n slices usingn+1 and2n geometric parameters, respectively. The procedure is

formulated below considering the generic slip surface illustratédjure2.11.

77

Figure211: Chengb6s surface generation met hi

Step 1 Define the horizontal boundary limits of the slip toe and sdéi(;, y1) and

Vi+1(Xn+1, Yne1), respectively.

Xll [Xl,min’ Xl,max]’ Xn+1I [Xn+1,min’ Xn+1,max] (238)
wherexi,min andXn+1,min: Minimum limits ofxs andXn+1, X1,max andXn+1,max Maximum

limits of x1 andxn+1.
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Step 2 Prescribe the number of slices,and sedct either equal or variable division
approach. For equal division approach, generate a decision vectét ofariables.

Forthevariabledivision approach, generate a\2Zariables.
Equal division:I' = (I’l,...,fd !""rn+1) (2:39)

Variable division:I' = (rl,---’rda---’rzn) (2.40)

wherer: a decision vector with eithar+1 or 2h variables based on the selected

approachrqd: d" geometric variable af, whererq™ [0, 1].

Step 3 Determine the positions &fi(x1, y1) andVn+1(Xa+1, Yn+1) USing Eqs(2.41)i
(2.44).

X = Xm0+ 0 e X (241)
¥, =9(%) (2.42)
Xou1 = Xz * oKyt~ Xovtn) (243
Yo = 9(X500) (2.44)

wherey=g(x): the function representing the groundfaae.

Step 4 Cdculate the average slice widtipg, using Eq(2.45) and determinabscissas
of vertices2 to n using either Eq. (2.46) or Eq. (2.47), depending on the selected

approach
Dx= ™ X (2.45)
n
Equal division:X =%_; + DX fori=2, 3, n (2.46)
Variable division:X = X_; t (0.5+ ri+n)Dx fori=2,3,n (2.47)

Step 5 Determine the toe angle of the surface, denotdd,assing Eq(2.48). Note
that the toe angle is limited between the ground surface inclination &nd 90

a,=- %"' rsggl()ﬁ) ) %g (2.48)
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Step 6 Calculate therdinateof V2 usingEqg. (2.49).
Y, =y, +Dxtanag, ; (2.49
Step 7 Forslices 2o n-1, determine the minimum and maximum limits of base angles

using Eqs(2.50) and(2.51). Then calculate the base angles amdinatesusing Egs.
(2.52) and(2.53), respectively

A min = Ei-1 (2.50)
e 8y -V - )-y (o

aiymax :tan-le:mim yn+1 y| ’ g()g+1) yl Hl:,l (251)
g i X~ X Xa™ X )'/l]

a =8y, * ri+2(ai,max ) ai,min) (252)

Y... = Y, + Dxtana, (2.53

fori=2, 3,n-1
whereU min andU max minimum and maximum limits dofl.

2.2.2.3. Sunds Cubic Spline Method

The common feature of Malkavias nd Chengdés met hods is that
number of geometric parameters for accurate surface representation, and thus produce
high-dimensional, dificult surface optimization problems. Addressing this issue, Sun

[21] proposed a procedure to minimize the number of geometric variables through

spline interpolation. The method generatasuenberof verticesand connects them

with continuous cubic spline functions. Then, the resulting-lhiegy is divided into

equally spaced vertical slices. Based on the description given by Sun, the method is
summarized as follows:

Step 1 Constructnst1 vertices as represented in E8.54). The vertices should

comply with the constraints given in E§8.55)1 (2.58).

Vi Yo Vo0, Yo ) Vo a6, 1 Vo) (2.5
Equal horizontal spacingastraint:
X, :xj_l+—(x"s+l_ Xl) forj= 2, n3, é, (2.55)

S
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Boundary constraints:

Xin ¢ X X forj= 1, nedl, é, (2.56)

yl = g(xl)’ yns+1 = g(XnS+1) (2'57)

Kinematic admissibility constraint:

Leacac.cac.ca ¢% (258)

ng+1

wherens: number of splingmin andXmax minimum and maximum horizontal limits
of vertices y=g(x): the function representing the ground surfaganclination ofthe

line passing through verticgsandj+1.

Step 2 Perform cubic spline interpolation to connect the vertices. Based on this
approach, kinematical admissibility not guaranteed as cubic spline functions can

oscillateto produce coneee down segments.

Step 3 Divide the freebody inton vertical slices and process the data to compute slice

properties.

Although the general concept of the method is described, an explicit formulation was

not given inthe study of Suri21]. In the scopeo f this study, Sun
formul ated based on Mal kawi 6s approach t
slice widths. The resultingrocedureaequiresnstl geometric parameters to generate

a surface ohs splinesas formulated in the following pseudocodeonsidering the

generic slip surface illustrated Fgure2.12.

Step 1 Define the horizontal boundary limits of the slip toe and sd&i(;, y1) and

Vns+1(Xnst1, Yhs+1), respectively.

Xil [Xl,min’ leax] ’ Xn5+1| [an+1,min’ Xn5+1,max] (259)
wherexy,min andxns+1,min: Minimum limits ofxis andxns+1, X1,max aNdXns+1,max. Maximum

limits of x1 andxXns+1.
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“"'°"i/ns+2
Figure212Sunés surface generation met hoo
Step 2 Prescribe the number of splines, and generate a decision vectornefl

variables using an optimization method.
r :(rl,...,rd, r ) (2.60)

ey ns+1

r: a cecision vector witms+1 variablesrq: d geometric variable af, whererg [0,1].

Step 3 Determine the positions &fi(x1, y1) andVns+1(Xns+1, Yns+1) using Eqs(2.62)1
(2.64).

X = X0+ 10 Kn) (2.61)

¥ =9(%) (262

X1 = Xt K tmme Xosan) (263
Yoo = 9(X, 1) (2.64)

wherey=g(x): the function representing the grousutface.

Step 4 Cdculate the average slice widthy, using Eq.(2.65) and determine the
abscissasf vertices2 to ns using Eq(2.66).

Dx= 0" B (2.65)
nS
Xj = Xi-l + Dx forj=2,3,ns (2.66)
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Step 5 Determine the toe anscarpangles of the surface, denoted ldsand Uhs
respectivelyThe methodimits the base angled5° and 60. Therefore, the equations

gi ven for Mal k aweddosomplewithtbisireqairereentmo d i f

_p
a,=—I\r,- 3 2.6
. 12(3 ) (267)
a, = % +r,a, (2.68)

Step 6 Determine the position Afns+2(Xns+2, Yns+2) analyticallyby drawing two lines
from V1 andVns+1 with anglesth andUhs, respectively.
Step 7 Determine therdinatesof V2 andVns using Eqs(2.69) and(2.70).
=%t (Xz ) X’l)tanal (269
Yo, = Yoa - Poa- %, Jtana,, (2.70)

Step 8 Determine the positions of verticas-3 to 2ns-1 using Eqs(2.71) and(2.72).
Xisg =X T, (an+1 - Xj) (2.71)
Yin =Y + (Xj+1 B )g)tananS (2.72)

forj=ns2,n+ 3, g2 2

Step 9 Determine the ordinates of verticetods-1 using Eqs(2.73) and(2.74).
_ yj+ns+1 - yj

tang. =—————
X 273
forj= 2, n2, é,

Step 10 Perform cubic spline interpolation to connect the vertices. The boundary
conditions of the splinesvere not clearly specifiedby Sun Therefore,the study
possibly emplogdnatural splines.

Step 11 Divide the freebody inton vertical slicesas illustrated irFigure 2.12 and

process the data to computee properties.
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2.3. Surface Optimization and Differential Evolution Algorithm

Each surface generation method presented in the previous section requires input
decision vectors contdimg the geometric parameters of the trial slip surfaces. These
paramegrs are essentially the problem variables that are optimized in order to
minimizeFs. Whengeneral slip surfacgeneratiommethod areemployedtheanalysis
procedures translate intogh-dimensionaloptimizationproblems Considering that

the search spasof these problems often contain multiple local minimglemening

a global optimization technique is vital to produce reliable results. In other words, the
optimization method shoulikecapable of exploring the search space and avoid/escape
local minima through randonoperations In this sense, stochastic optimization

algorithms are often preferred over other alternatives.

Despite the above arguments, determinigpproache®ased on conjugaigradient
technique46], dynanic programmind47, 48], alternatingvariablesearch49, 50],
simplex method51i 54], Powell, BoydenFletcherGoldfarbShanno and Daviden
FletcherPowell algorithms[53] wereadopted in the earlier studies due to relatively

high computational cost ofachastic search techniques.

After this era, structured random procedures basedante Carlo simulationwere
proposed for the problem by Grefsb] and Malkawi et al.[32, 56]. Following the

rapid advent of computer technology, deterministic techniques were suppretised
development of naturmspired stochastic optimization algorithms named
metaheustics and became obsoléte the problemGenerally inspired by the random
concepts observed in biology, physics, material sciesoeial studies, etc.,
metaheuristic algorithms imitat®me phenomenaithin an iterative framework to
converge to a solittn. The random nature of these algorithms help them avoid local
optima incomplex problems, hence they are favored over deterministic techniques in
a broad range of engineering applications, including slope engineering. Among the
available metaheuristidgorithms,GeneticAlgorithm has numerousnplemenations

to slope stability problem$l7i 25]. Variants of another evolutionarglgorithm,
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Differential Evolution,wereadopted in 26, 27]. Swarm intelligence algorithmare
also popular witlapplications oParticle Swarm Optimization, Artificial Fish Swarm
Algorithm and Cuckoo SeardR8i 31]. Furthermore, there are notable studies based
on Harmony Searc}29, 33], Simulated Annealing and Tabu Seaj29], Ant Colony
Optimization[57, 58], Gravitational Search Algorithi®9, 60], Artificial Bee Colony
Optimization [61], Immunised Evolutionary Programmin8], and Imperialistic
Competitive Algorithm[62]. In this study, thespecificfocus will be onDifferential

Evolution algorithm.

l nspired by Darwinds principles ofe3]natura
introducedDifferential Evolution (DE) algorithm for continuous variable optimization
problems. The algdghm initializes with a randomly generated population of
individuals (i.e. decision vectors) and performs successive operations named (i)
mutation, (ii) crossover, and (iii) selection. These operations basically simulate
evolution within the search spactan optimization problem, in order to improve the
guality of the individuals (i.e. slip surfacesjpr each member of the populati®@E

arbitrarily selectand combinethe genes (i.e. variables in the decision vedbif)ree

i ndi vidual soO ntasnepgr dgidlwon® r s nthetrassovephasect or .
the individuals exchange some of their genes (i.e. geometric parameters of the
surfaces) with their mutants to produce new membarshe selectionphase, the
fitnessvalues(i.e. Fs of the surfaes) of the new members are compared with their
predecessors. The individuals that produce better quality solutions replace their
predecessors to form the next generation of individuals. This procedure is repeated
until a specified termination criteriors met. DE has two control parameters; (i)
crossover rateCRN [0, 1] and, (i) mutation factor- N [0, 1], which are constant

factors that can be tuned to manipulate theckebehavior of the algorithnThese
concepts and their mathematical implementegion the algorithm argivenin the

following pseudocodand further illustrated in the flowchart givenkigure2.13.
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Step 1- Initialization: Generate a random populationfolK éndividuals, where the
position of each individal in the search space is represented by the design v&ctor
defined inEq. (2.75).

r":(rlk,...,rd",...,rr',‘) fork= 1, K2, é, (2.75)
whereD: dimension of the problennks: the postion of the k" individual on thed™

dimension.
Step 2- Evaluation: Evaluate the fitness of each individual.

Step 3- Mutation: For each individual, randomly select three donors from the

population and generate a mutant vector, using?2.76).
Ve EA10) fork= 1., K2, 6, (2.76)
K — [,k k K
V= (V) 2.77)
wherevk: mutant vector ofhe k™ individual, r', r2 andr™: randomly selected donor

vectors(i.e.rl, r2, r3v{ 1, ,K}), & mutation factoryk: the positionof v on the

d" dimension

Step 4- Crossover Perform crossover operation to produce trial decision veatrs,
using Eq(2.78).

. _évs, if Rf¢CRord=i*

u ford= 1, Dandks 1, K2, (2.
¢TI i RY>CRandd | i 2.78)

whereu®s: the positionof uk on thed" dimension,R4: uniformly distributed random

number [0, 1],i% randomly chosen index {1, 2,é , D}, CR crossover rate.

Step 5- Selection Evaluate the fitness of each trial decision vectoand compare

with the fitness of*, keep the best one in the population.

Step 6- Termination: Stop iterations if the termination criteria are satisfiédot,
return to Step 3. It is common to conttioé termination with a prescribed number of

maximum iterationsJ.
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Figure 2.13: Flowchart of Differential Evolution algorithm
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CHAPTER 3

INTEGRATED LIMIT EQUILIBRIUM METHOD - PART |: SURFACE
GENERATION

In this chapterthesurface generation modulelategrated_imit Equilibrium Method,
namey, Scaled Quadratic Spline method (SQS) is intreduand proposed as an
alternative tahe available approaches. In Section 3.1, the general principles and the
aim of SQSarediscussed and the method is formulated. Section 3.2 comprises a series
of numerical experimenthatvalidate the improved performee of SQS over other
surface generatiomethods inthe literature. To emphasize the capability of the
proposed method more clearly, the results are further evaluated in comparison with a
common commercial stability analysis software. Lastly, a summadngdindings and

discussions are given in Section 3.3.

3.1. Scaled Quadratic Spline Method

Theproposedurface generation procedure, Scaled Quadratic Spline (8€1B8ddis
conceptually similar to Sins c ubi ¢ s p2L]iIimboth mgqthpds,ahe slip
surfaces are represented witbnlinearspline functions instead of linear segments,
aiming to (i) eliminate the unnecessary accuracy loss and (ii) minimize the number of
geometric parameters required focuratesurface represéation. With this ideain
mind, Sun proposed a procedure with cubic spline interpolation, wraslsome
deficiencies based on the observations made in this sthéyfirst issuewith Su n 6 s
Cubic Spline Methods that theformulation lacks an explicit catraint to produce
admissiblesurfaces The methodsuggests a criterigrgivenin Eg. (2.58), to assure
that the lines passing through thig@inenodesform a convex surface. Although this
measure implicitly controls the feasilbyliof the surfacest is still possible to produce
deficient geometries, as illustrated Figure 3.1. In some cases, cubic splines may

oscillateto producenon-convexsurfaces atheir geometriesare entirely dictated by
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the algnment of the node#&notheri s sue wi th Sunds approach

spline boundary conditions. Aubic surface produced by conventional procedures
inherently has continuous first and second derivatives at each wbdsh is not
necessarilya favorablefeature forslope stability analysisThe critical slip surfaces
often incorporate sudderadient transitionander external loading or in casekere

the soil profile is stratified.

Figure 3.1: Kinematically inadmissible slip surface

Addressing the abovementioned issues, SQS is proposadiample, yet efficient
alternative to the available surface generation methods. In §)ie nodesare
generated using the appih proposed by Malkawi32]. Then, the surface is

constructed witlpiecewisecontinuous quadratic splinas illustrated irfFigure3.2

Figure 3.2: Scaled Quadratic Spline Methodjeneral view of a slip surface

For each segment, three boundary conditions are required to calculate the spline
coefficientsfia0, i W, andf @ given in Eq(3.1).

fi(x):(af)sz+(bf)jX+(df)j (3.1)

wheref; (X): quadratic spline function representing fhsegment of the surface.
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The first twoboundaryconditions come from the positions of end nod&sticesV;
andVj+1 in Figures3.2 and 3.3 The last boundary condition is prescribed with the
derivative offj (X) at its first nodefj '(x). For continuous spline interpolation, thislue

is alreadyknownandequal to the derivative of the preceding spline at the same node,
fi'1(x). On the other hand, SQS utiliZz@s(x) as a lower limit ofj'(x), while the upper

limit is taken aghe slope of the linear segmdrdgtween thered nodegi.e. reference

l i ne produced wi t,Hdendtkd dei@mFigires.3. pdditionalyd ur e )
another lower limit value is implemented to prevent a negative inflection on the second
node,Vj+1. Fromthe resultingange, SQS assigns a valud;jig;) using a scale factor
between 0 and 1. In other words, t@ine geometrys scaled between that of a
continuous spline and a linear segmditrough theseonsiderationsSQSalways
produces convex surfacedloreover,the proposed approach stimulatesdden
gradient transitions and linear segmentdo provide the flexibility to deal with
geometricalljcomplex problemsTo produce a surface represented witbplines, he
procedurerequires 8s geometric parameters awdn bedescribed based dfigures

3.2and3.3as follows:

.
Atan’(m.)

i

V(X _ Atan (M)
tan'l[ fi '(Xi+1)] X, Yi) 4

\/j+1(Xj+1, yj+1)

an'l[ f060)]

tar”[ f0%)] tar”[ f04)]
X

@ (b)
Figure 3.3: Scaled Quadratic Spline Methoalose upof splines

Step 1 Prescribe the number of splines, and generate a decision vector of 3

variables using an optimization method.

I (O I (3.2
wherer: a decision vector withr8 variablesrq: d" geometric variable af, ra™ [0,1].
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Step 2: Generatenstl nodal points forquadratic spline interpolation. Employ

Ma | k apsocetligeusing thegeometric parametens throughrans, and take the

following into consideration:
()1 nStep4d of Mal kawi 0s

between-30° and -45°. To provide more flexibility, SQS considers a wider range

between 0and-45°.

(i) In the same step, scarp inclination is determined with an expression based on

p r oon ésdestricked in & range

angle. SQS formulation considers scargination as an independent parameter.

Based on theeargumentsSQSadops Ma | k a wi &by reptacing Eg(d.28r e

and(2.29 with Ecs. (3.3) and(3.4), respectively.

(3.3)

(3.4)

Step 3 Consecutively for each splineet@rmine e lower and upper limitef fi'(x)

using Ea. (3.5)1 (3.8); determindj'(x) using Eq(3.9); cdculate the spline coefficients

using Eqgs(3.10)i (3.12).

e -1 =1

[fj'(xj )]L1 %lfj_l.(xj) ) (3.5

' _F 2rnj-m'+1 ’j<ns
[fj (Xj)]Lz _Jf [fj'(Xj)L1 ,j =n, (36)
[fi'(xi )]L = max{ [fj'(xj )]Ll’ [fj'(xj )]Lz} (3.7)
[fil(xj)]u =m, (3.8)
fi'(x) = [fil(xi)]L tlonsj é[fj'(xj)L - [fj'(xj)]L} (3.9
(af)jzw,if (a); <t, set(af)jzo (3.10)
(b)), =m; - (a), C'ij +Xj+1) (3.11)

42

t

oe

nc



(de), =y~ (af)jQXj)z' (bf)jé(j (312
where f,(x) = (a;);x* +(b; ), x+(d,), (3.13)
forj= 1, ns2, é,
wheref; '(x): function representing th& quadratic splinem: slope ofj®" reference
line, [fj '(x)]. and [ '(X)]u: lower and upper limits df (X)), Zx: threshold value foas
(i.e. zx is set to 1@ in this study)

Step 4 Divide the freebody inton vertical slices as illustrateth Figure 3.2 and

process the data to compute slice properties.

Note that tlere are two lower limits df'(x), given in Eqs(3.5) and(3.6). Eq.(3.5) is
based on the terminal gradient of the preceding spline, hence not apphdalel&rst
node. Accordingly, for the first spline, this limit is utilized to keep the slip toe
inclination above-45°. Eq. (3.6) is applied to prevena negative inflection at the
second node of each spline, and can be derived by eqgdtng to the slope of the
succeeding reference ling+1. Therefore, this boundary condition is not applicable to
the last spline. The maximum of the values obtawmi¢ll Egs.(3.5) and(3.6) are used

as he lower limit offj '(x), given in Eq(3.7). In Figures3.3a and3.3b, the governing
limits are based on E{B.5) and(3.6), respectivelyLastly,athreshold valués defined
forarin EQ.(3.10). De n o t ezgo theethresholdstimulates linearity and helps with

the convergence issues encountered later in Chapter 4

In addition toSQS, a simplified versioof the formulation is also adopted in the
numerical experimentdn this simplified varianhamed Quadratic Spline Method
(QS), Eqgs(3.5)i (3.9) are only applied to the first spé function to specify the initial
boundary condition. The rest of the splines are constructed continuously without the
scaling operation. As a result, QS utilizestA geometric parameters as opposed to
SQS which requiresr@ parametersA summary of Q&nd SQS methods are given in
Table 3.1, togetherwith the surface generation mettsgoresented in Chapter. &
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should be noted that the following sections refertese methasl with the

abbreviations given in this table.

Table 3.1: Summary and comparison of surface generation methods

Abbreviation: Method D

Comments

M1: Malkawi[32] 2n

M2:Chengdos EqB33]I

M3:Chengbs Var [338t 2n

M4:Sunds Cufl]c

QS: Quadratic Spline 2ns+

SQS:Scaled Quadraticfine 3ns

n+1

St ntl

1

Guarantees kinematical admissibility; allows
variable slice width

Guarantees kinematical admissibility; keeps slice
width constant

Guarantees kinematical admissibility; allows
variable slicewidth

Promotes kinematical admissibility but does not
guarantee it; keeps spline width constant; reduce
problem dimension; may not be efficient to handle
stratified soil profiles and externialading

Promotes kinematical admissibility but does not
guarantee it; allows variable spline width; reduces
problem dimension; may not be efficient to handle
stratified soil profiles and external loading

Guarantees kinematical admissibility; allows
variable spline width; reduces problem dimension
aims to handle complex cases by allowing
discontinuous function derivative and stimulating
linearity

whereD: dimension of the problem (i.thenumbe of geometric parameters), number of slices)s number of splines.

3.2.Numerical Experiments

To validate the efficiency of ILEM surface generation module, SQS, a series of
numerical experiments are performed watket ofbenchmarlslope stability analsis
problemsassembled from the literaturdhe problem set includes six different
geometric modelscomprising cases with homogeneous and stratified soil profiles.
Furthermore, additionatonfigurationswith groundwater effect, surchargand
pseudestatc earthquake loading are considered for some of the examples, resulting in
a total of 11 benchmark problems.

The analysis framework is completed with General Limit Equilibrium (GLE)

formulationand Differential Evolution (DE) algorithnthe same configuten is also
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employed with the other surface generation methods (i.€MMland QS, given in
Table3.1), in order to evaluate the performance of SQS comparatiVak.control
parameters of each modwdee summarized inrable 3.2 and briefly discussed in the

following paragraph.

Table 3.2: Parameters settings of the framework components

Module Method Parameter
Number of splinespsN { 3, 4, é
Surface generation QS QS M4 Number of slicespv { 10, 20,

M1, M2, M3 Number of slicespnd¥ { 10, 20,

Effective stress analysis
Error tolerance foFs anda; (y =10°

Mutation factorfF=0.5
Crossover rateCR=0.9
Surface optimization DE Population sizeK=50
Maximum iteration,T=1000
Number of independent runs = 30

Stability analysis GLE - Spencer

GLE is adopted based on Morgenstemnice approachwith constant interslice force
function, given in Eq.(2.20), which iscommony known asS p e n anethod Ehe
resulting formulation produces a 2x2 system of nonlinear equatitin€qgs. (2.14)
and(2.15) andunknownsFsandes To sol ve the system,

Newton root finding methogb4] is adoptedwith an error tolerancef G =10° for

Broy

bothunknownssor DE al gorithm, the contro odangar a

crossove€CRnNnatae et uned based on a prelimina

in the literature. Considering the example problems adopted in this study, the

configurationusedn [65, 66] isadopted as an efficieparameter settinigr all surface
generation methods presented in the manuscript. AccordiBglyis implemented
with mutation factor==0.5 and crossover rat€R=0.9, usinga population oK=50

individuals and maximm T=1000 iterations for each analysidue to the stochastic

nature of DE, each problem is analyne®0 independent runs to obtain the statistical

performance measuresor the surface generation method#e main control

parameter is eitheahe numberof slices or number of splinelspth ofwhich identify
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the dimension of the probler8ince the performance of each method depends on this
selection, a parametric study is performed to assess the most efficient configuration
Accordingly, the experimentsomprise the analysis of benchmark problems with
numberof splines varying between 3 and (i®. whee applicable)and number of
slices between 10 and 100.

To deliver the findings and validate the applicability of SQS, the following sub
sections are orgared as follows: Section 3.2.1 presents the benchmark problems in
terms of slope geometry, soil profile and loading condition and gives concise
discussions about the expected failure mechanis$estion 3.2.2 includeshe
parametric sensitivity analysesthe surface generation methobisSection 3.2.3 e
methods are comparea terms ofstatistical performanceapabilityto minimizeFs,

and convergenceefficiency. Then, in Section 3.2.4, theapability of SQS is
emphasizé through a comparison with thenownedcommercial analysis software,
Slide[34].

3.2.1.Benchmark Problems

Example 1adopted fronfredlund and Krahf67], evaluates the stability @f 12.2 m
high slope with 1:2 face inclinatipas llustrated inFigure3.4. Thesoil profile isdry
and idealized as a single homogeneous cohssiVenit with the parameters given in
Table3.3. External loading and seismic effects are not considéet;e the slope is

analyzed under gravitational loads only.

Example 2is taken from Yamagami and Uefa3] and is similar to the previous
problem. Theexampledeals with a 10 m wide5 m high simple slope geomng with

a dry homogeneous soil profile as illustratedFigure 3.5, Yamagami and Ueta
analyzed this example under gravitational loads ohtiditionally, in this study, the
slope is further analyzecbnsideringa 3.5 m wide surcharge of 75 kPa, placeth5
away from the crest of the slope. In the following sections, experiments without and
with theexternal loading are denoted@aseqi) and (i), respectively.
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Figure 3.4: Example I slope geometry and soil profile
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Figure 3.5: Example 2 slope geometry and soil profile

In Example 3which was originally studied by Zolfagh4#0], a 17 m wide 8.5 m
high, multiHlayered dry slope is analyzed. As illustratedrigure 3.6, the soil profile
is idealized into four discrete units with the parameters givemainie 3.3. The
preliminary examination of this problem indicates that there is a thin soft soil deposit

(i.,e. Soil 3.3 between relatively stiffer layers, which may induce a partially
translational failure.
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Figure 3.6: Example 3 slope geometry and soil profile

Adopted from Arai and’agyo[46], Example 4onsiders a 30 m wide dry slope with
1:2 face inclination. lllustrated frigure3.7, the soil profile comprises parallel aligned

three layers. The base soil is a relatively stiff material and the interlayer soil is

considerably weak, which will possibly limit the critical slip surface to stay within the

upper layers. Caidering that the interlayer deposit is relatively thick, either a

Airotational o or a d

45 . : .
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Figure 3.7: Example 4 slope geometry and soil profile
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Example 5s introduceddy Zolfaghari[20], and incorporatea dry infinite slope with
stratified soil profile as shown iRigure3.8. There are three soil layers, including an
interlayer softsoil deposit. The problem is analyzed under static load3ase(i).
Then, a pseudstatic earthquake analysis is conducted withrizontal seismic
coefficient,kn=0.1 in Case(ii). For practical purposes, the width of the critical slip
surface is limitedto 100 m since the slope displays a fully translational failure.

Otherwise, the surface width would tend to infinity and promote divergence.

30

Case (i) : kh=0
Case (ii) : kh=0'1

30 40 50 60 70 80 90 100 110 120 130
X (m)

Figure 3.8: Example 5 slope geometry and soil profile

Example5, alsotaken from Zolfaghaif20], examines a slope with complex soil profile
under groundwater and seismic effects, as illustrateBigare 3.9. The slope is
analyzedor four different configuratins, which are summarized as followZase(i):
there isno earthquake load and no pavater pressureCase (ii): there is no
earthquake load baydrostatiqgoorewater pressure exists dgeundwaterCase(iii ):
there is a pseudstatic earthquake loaditlv kn=0.1, but no porevater pressure;ase
(iv): there is both pseuestatic earthquake loading wikh=0.1 and hydrostatic pore

water pressure due ggoundwater
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k
Case (i) :k,=0, no GW h
51 h
Case (ii) : kh=0, GW (22, 50)
49 | Case (iii) : k,=0.1, no GW Soil 6.1
Case (IV) s khzo. I, GW y=0.0111x +47.8
=47 20.46D ... 7.
= Soil 6.2
> y=45
. Soil 6.3
y=44
8 Soil 6.4
41 (5,41.5)
39 - L L L |
0 5 10 15 20 25
x (m)

30

Figure 3.9: Example 6 slope geometrgnd soil profile

All surface generation methods presented in this manuscript require boundary

condi ti

~ ~

X0 , respectivel y.

ons

to | i

mi t

the horizonk@lampdsition

For each

b e n ¢ delected k

andsummarized iMable3.3, together with the soil parameters.

Table 3.3: Model boundaries and soil parameters

Problem [Xtmin, Xtmax] [Xsmin, Xsmax] SO'I 1 (kN/m 3) C' (kPa) ! (O)
Example1l [0, 17.6]" [42,60]" 1 18.83 28.75 20
Example 2 [0, 5™ [15, 25]" 2 17.64 9.8 10
3.1 19 15 20
Example3  [0,10" [20,30] 32 T o2
3.4 19 35 28
4.1 18.82 29.4 12
Example 4  [10, 25]" [48, 70]" 4.2 18.82 9.8 5
4.3 18.82 294 40
5.1 18.63 32,5 17
Example5  [30, 30" [35, 130T 5.2 18.63 29.4 10
5.3 18.63 49 27
6.1 18.63 14.7 20
6.2 18.63 16.7 21
Example 6 [0, 15" [22, 30" 6.3 18.63 4.9 10
6.4 18.63 34.3 28

Soil numbering is based on the figures. Wniight of waterpw, is taken as 9.81 kNffmvhen

necessary
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3.2.2.Parametric Sensitivity Analyses

Themainpurpose of the parametstudypresented in this section is to maximize the
statistical performance of the surface generation meth®dlo develop asuitable
methodologyfor each a distinction is made between the methods that represent the
slip surfaces using (i) slices and (ii) splines. The former group includes Mlard2

M3, in which the only parameter is the number of sliEes thelatter groupincluding

M4, QS and SQS bothnumbes of splines and slices are expected to affect the results.
Therefore, slightly differeriroceduresre adopted to assess the performances of these
groups of methods, in the following ssbctions. Throughout the analyses, GLE and
DE are adopted with the parameter settings givenTable 3.2, and for each
experiment, mediafs obtained from 30 independent runs are used as the basis of

comparison.

3.2.2.1.SliceBased Methods

First, it should be mentioned that GLE forntida overestimates thiés, provided that
the step size used in fré@dy discretization is not sufficiently small. Therefore, any
analysis framework that incorporates GLE is inherently bia®sseards higher
numbes of slices However,when slicebased sudce generation methods liké&l,
M2, andM3 are adoptedsuch armapproachproduceshigh-dimensional optimization
problems, which areonsiderablynore difficult to handleAccordingly, it is necessary
to compromise a certain degreepwécisionto better eploit the capability othese
methodsInvestigating this issughe performances &1, M2, andM3 are evaluated

with varnablenumber of slicem.

Fornn { 10, 2 0,théperfoimaned oM1 is summarizedn Table3.4, in terms
of medianFs of 30 independent run®r all examples In this table, bold notation
denots the bestparameterconfiguration for each example, while theoverall
performance of the configuratiors are represented througthe meanvalue of the

relativeerror, Gk, calculated using E¢3.14). As an examplgherelative error 0h=20
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slice analysis folExample 1lis calculated as (19921.9942)/1.9942%x100=0.15%.

Average oftherelative erros for all benchmark problems is 0.75%.

_ (Fs,med)n - mm{ Fs,med}
(6a), =" F ]
mim F eq
where Esmedn: medianFs obtained for an example usingslices, andFsmed={(
Fsmed10, (Fsmedz20, € Fsmef)10a}.

3100 (3.14)

Based on the approach given aboM, is most efficient with40 slices which
producesthe lowest meartk at 0.27% It is notable that the success rateMif
decreases with increasingumber of slicesUsing 60 slices, more than half the
analyses did not converge to a feasible solutioExample 8Caseqi) and (i). Above

60 slices, this issue is encoergdin all experiments

Table 3.4: Sensitivity of M1 tothe numberof slices

nA 10 20 30 40 50 60 70 80 90 100
Example 1 1.9968 1.9972 1.9942 1.9961 1.9947 1.9944 NC NC NC NC
Example Zi) 1.3342 1.3328 1.3331 1.3327 1.3331 1.3339 NC NC NC NC
Example Zii) 1.0068 1.0065 1.0063 1.0030 1.0054 1.0059 NC NC NC NC
Example 3 1.0928 1.0939 1.0928 1.0935 1.0930 1.0957 NC NC NC NC
Example 4 0.4173 0.4173 0.4170 0.4168 0.4171 0.4187 NC NC NC NC
Example i) 10744 1.0845 1.0731 1.0639 1.0590 1.0827 NC NC NC NC
Example ii) 0.8736 0.9127 0.9357 0.8802 0.9056 0.8968 NC NC NC NC
Example §i) 1.3392 1.3367 1.3367 1.3409 1.3386 1.3400 NC NC NC NC
Example gii) 1.2122 1.2135 1.2104 1.2122 1.2204 NC NC NC NC NC
Example giii) 1.0532 1.0513 1.0476 1.0476 1.0531 1.0502 NC NC NC NC
Example giv) 0.9442 0.9422 0.9423 0.9531 0.9542 NC NC NC NC NC
MeanLon(%) 0.30 0.75 0.81 0.27 0.62 NC NC NC NC NC

The results are given in terms of mediaof 30 independent runs.

Similarly, theoutcomes of the sensitivity analysisM2 aresummarizedn Table3.5.

In this case, the resultgeaunanimously in favor 020 sliceconfiguration which
achieves the best statistical outcenfer the benchmark problems. It is worth
mentioning that M2 does not suffer from divergence issues like M1. However, its
performance is significantly sensitive the number of slicesThe mean difference

between the mediahsobtained with 20 slices and 30 slices exceed 10%, which is a
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considerablyhigh deviationfor slope stability analysisthe differences significantly

increase when highemaluesare adopted.

Using M3, the results are similar to those obtained with M2 in the sense that the
performance of the method is significantly influenced by the dimensionality of the
problem. As illustrated ifable3.6, M3 is most efficient withdwer numbers of slices,

10 being the best alternative consideringrémultingmeantk value. Thereafter, the

error increases monotonically.

Table 3.5: Sensitivity of M2 tothe numberof slices

nA 10 20 30 40 50 60 70 80 90 100
Example 1 2.0072 1.9920 1.9998 2.0112 2.0318 2.0445 2.0474 2.068 2.1049 2.1345
Example Zi) 1.3319 1.3251 1.3276 1.3334 1.3382 1.3515 1.3649 1.3945 1.3796 1.4176
Example Zii) 1.0158 1.0083 1.0162 1.0294 1.0542 1.0793 1.0986 1.1190 1.1373 1.1414
Example 3 2.1321 1.1886 1.8154 1.7212 1.7086 1.7586 1.7816 1.8794 1.8932 1.9918
Example 4 0.4197 0.4177 0.5699 0.5557 0.5487 0.5453 0.5428 0.5418 0.5401 0.5397
Example §i) 1.3112 1.1978 1.3171 1.6368 2.0215 1.9007 1.8428 1.7946 1.7611 1.7545
Example §ii) 1.1252 1.0025 1.0837 1.3117 1.4124 1.3622 1.3394 1.3100 1.314 1.3167
Example i) 1.3984 1.3795 1.4443 1.7301 2.1934 2.1867 2.1996 2.2028 2.2231 2.2456
Example gii) 1.2609 1.2561 1.2900 1.5003 2.1431 2.1527 2.1615 2.1492 2.1945 2.2200
Example gjii) 1.1040 1.0941 1.1387 1.3321 1.3515 1.3597 1.3942 1.4199 1.4473 1.5154
Example giv) 0.9898 0.9784 1.0001 1.0719 1.1945 1.2700 1.3303 1.3683 1.4265 1.4965

MeanLOJg(%) 9.76 0.00 11.12 20.47 33.41 3352 34.27 35.33 36.65 39.36

Table 3.6: Sensitivity of M3 tathe numberof slices

nA 10 20 30 40 50 60 70 80 90 100
Example 1 1.9911 1.9920 1.9998 2.0187 2.0323 2.0322 2.0588 2.0705 2.0969 2.1093
Example Zi) 1.3301 1.3252 1.3292 1.3330 1.3390 1.3454 1.3720 1.3736 1.4034 1.4117
Example Zii) 1.0026 1.0010 1.0058 1.0411 1.0514 1.0971 1.1004 1.1256 1.1386 1.1395
Example 3 1.1335 1.6450 1.6149 1.6108 1.6807 1.7218 1.7802 1.8546 1.8941 1.9473
Example 4 0.4148 0.4161 0.5444 0.5396 0.5369 0.5354 0.5349 0.5347 0.5347 0.5346
Example §i) 1.1760 1.1413 1.2698 1.5927 1.7043 1.6685 1.6431 1.6285 1.6305 1.6237
Example gii) 0.9804 0.9756 1.0027 1.2809 1.2508 1.2301 1.2377 1.2615 1.2777 1.2962
Example §i) 1.3656 1.3814 1.4211 2.0959 2.1243 2.1279 2.1449 2.1785 2.1900 2.2329
Example gii) 1.2393 1.2461 1.2955 1.6539 2.0539 2.0906 2.1020 2.1178 2.1731 2.1660
Example gjii) 1.0784 1.0813 1.1184 1.3241 1.3335 1.3710 1.3893 1.4083 1.4702 1.5137
Example giv) 0.9737 0.9710 0.9908 1.1964 1.2159 1.2688 1.2970 1.3557 1.4454 15277

Meanl:Ja(%) 039 431 939 2563 3032 31.70 3298 35.02 37.79 39.83
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3.2.2.2.SplineBased Methods

For the splinebasedmethods, M4, QSand SQS, the parametric analyses are
conducted in two stages. First, for each method, the number of, siicisskept
constant a#l0 and the benchmark problems are analyzed mithbes of splines ns,
ranging between 3 and 10 (i.es N { 3, 4 , éUsingltile} most efficient
configurationfrom these analysefhie methods are further evaluated with {10,
20, é,.Usimysplnebasednethods, the complexity of the optimization problem
is not directly influencedrom the number of slices. Therefore, the outcomes are

expected to be in favor of higher values.

The results obtained with Mir differentns values argyiven inTable3.7. First, it is
noticed that parameter selection is less influential on the performance of M4, compared
to the previous methods. For all benchmark problems, excegExample 3and
Example 5 Casi), adoption of4 to 10 splinescan yieldFsvalues in the same order

of magnitudeConsideringhe mearik values M4 is most efficient witt6 splines.

Table 3.7: Sensitivity of M4 tothenumber of splines

n=40 [nsA 3 4 5 6 7 8 9 10

Exanple 1~ 1.9848 1.9796 1.9789 1.9790 1.9802 1.9838 1.9902 1.9905
Example i) 1.3256 1.3238 1.3228 1.3227 1.3227 1.3228 1.3229 1.3229
Example i) 1.0461 1.0208 1.0159 1.0168 1.0162 1.0140 1.0190 1.0162
Example 3 2.2963 1.1654 1.1481 1.1477 1.5167 1.5018 1.4783 1.4614
Example 4 0.4183 0.4160 0.4158 0.4152 0.4140 0.4143 0.4132 0.4140
Example §i) 1.4603 1.2227 1.1639 1.1076 1.0775 1.0682 1.0708 1.0791
Example i) 1.2332 1.0350 0.9759 0.9265 0.8887 0.8832 0.9168 1.0929
Example €i) 1.3828 1.3680 1.3524 1.3527 1.3525 1.3528 1.3641 1.3641
Example i) 1.2652 1.2389 1.2254 1.2257 1.2130 1.2218 1.2228 1.2394
Example i) 1.0867 1.0688 1.0644 1.0614 1.0674 1.0611 1.0680 1.0739
Example fiv) 0.9875 0.9604 0.9513 0.9536 0.9521 0.9492 0.9508 0.954

I\/IeanLodg(%) 1767 362 199 099 318 292 331 527

Based on the outcoragiven inTable3.7, nsis kept constant &and M4 is evaluated
with n ranging between 10 and 10Dhe results given iifable 3.8, indicate that the

method favorshigher numbers of slicesldeally, the meand would decrease
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monotonically with increasing, yet there are some deviations in the resultieh are
most probably related to the stochastic nature of the implemented optmizat
algorithm, DERegardless}is selected as 70 for M4, considerthgimprovedresults

overotherconfigurations

Table 3.8: Sensitivity of M4 tothe number of slices

ns6 |na 10 20 30 40 50 60 70 80 90 100

Example 1 1.9936 1.9841 1.9803 1.9790 1.9798 1.9785 1.9789 1.9785 1.9783 1.9787
Example Zi) 1.3352 1.3254 1.3233 1.3227 1.3225 1.3223 1.3222 1.3222 1.3222 1.3221
Example Zii) 1.0169 1.0180 1.0173 1.0168 1.0165 1.0163 1.0162 1.0161 1.0160 1.0160
Example 3 1.1587 1.1594 1.1388 1.1477 1.2034 1.1431 1.1365 1.1372 1.1357 1.1385
Example 4 0.4171 0.4165 0.4156 0.4152 0.4159 0.4150 0.4152 0.4158 0.4151 0.4150
Example §i) 1.1135 1.1260 1.1080 1.1076 1.1561 1.1032 1.1041 1.1059 1.1021 1.1063
Exampleb (i) 0.9208 0.9987 0.9281 0.9265 0.9435 0.9283 0.9281 0.9261 0.9270 0.9270
Example §i) 1.3785 1.3661 1.3568 1.3527 1.3678 1.3499 1.3486 1.3516 1.3534 1.3496
Example gii) 1.2511 1.2471 1.2315 1.2257 1.2381 1.2322 1.2218 1.2266 1.2243 1.2213
Example6 (jiii) 1.0811 1.0904 1.0676 1.0614 1.0801 1.0691 1.0651 1.0593 1.0637 1.0653
Example giv) 0.9804 0.9677 0.9515 0.9536 0.9693 0.9526 0.9510 0.9669 0.9530 0.9512

MeanLOJg(%) 136 197 038 030 183 032 014 033 0.15 0.16

Similarly, QS is evaluatedith variablens and the results are summarizedTable

3.9. The results indicate th&S isless sensitive tthe selectionof ns, compared to

M4. The meartk valueonly deviates by 0.17% considering the range between 4 and
7 sgdines. Among those, the best results are obtained with 6 splines, which is exactly
the same as M4. Thimay indicatethat quadratic order functions are sufficiently

flexible to represent the critical slip surfaces.

Table 3.9: Sensitivity of QS tahenumber of splines

n=40 |nsA 3 4 5 6 7 8 9 10

Example 1  1.9800 1.9786 1.9785 1.9785 1.9786 1.9785 1.9789 1.9796
Example i) 1.3231 1.3231 1.3230 1.3230 1.3230 1.3230 1.3233 1.3237
Example Zii) 1.0145 1.0127 1.0041 1.0015 1.0026 1.0053 1.0059 1.0096
Example 3 1.1023 1.1003 1.1002 1.1056 1.1008 1.1245 1.1115 1.1449
Example 4  0.4130 0.4122 0.4118 0.4118 0.4118 0.4118 0.4122 0.4124
Example §i) 1.0345 1.0189 1.0274 1.0245 1.0276 1.0395 1.0516 1.0447
Examples (i) 0.8760 0.8544 0.8571 0.8556 0.8621 0.8542 0.8835 0.8970
Example §i) 1.3495 1.3439 1.3439 1.3395 1.3381 1.3423 1.3473 1.3487
Example §ii) 1.2100 1.2095 1.2062 1.2047 1.2066 1.2091 1.2072 1.2130
Example iii) 1.0610 1.0587 1.0541 1.0527 1.05% 1.0537 1.0589 1.0626
Example fiv) 0.9484 0.9447 0.9453 0.9396 0.9433 0.9460 0.9467 0.9525

Mean(h(%) 0.82 029 025 012 024 055 095 150
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Regarding the sensitivity of Q® n value, the results are reasonably close to the
expectations. Given iifable 3.10, the mediarFs values obtained with QS tend to
decrease with increasing number of slices, and the maximum among the adopted

values, 100 slices, yields the best results.

Table 3.10: Sensitivity of QS tadhenumber of slices

Ns=6 | nAa 10 20 30 40 50 60 70 80 90 100

Example 1 1.9960 1.9824 1.9793 1.9785 1.9779 1.9778 1.9780 1.9779 1.9779 1.9775
Example Zi) 1.3353 1.3257 1.3239 1.3230 1.3226 1.3226 1.3223 1.3225 1.3222 1.32D
Example Zii) 1.0088 1.0058 1.0020 1.0015 1.0013 1.0015 1.0020 1.0017 1.0017 1.0009
Example 3 1.1012 1.1001 1.0987 1.1056 1.0989 1.1009 1.0997 1.1022 1.1036 1.0980
Example 4 0.4145 0.4124 0.4119 0.4118 0.4119 0.4119 0.4117 0.4118 0.4118 0.4118
Exampe 5(i) 1.0294 1.0265 1.0306 1.0245 1.0237 1.0336 1.0194 1.0230 1.0238 1.0235
Example §ii) 0.8575 0.8634 0.8503 0.8556 0.8556 0.8534 0.8652 0.8514 0.8526 0.8519
Example §i) 1.3452 1.3448 1.3421 1.3395 1.3404 1.3401 1.3404 1.3380 1.3389 1.3373
Exampe 6(ii) 1.2099 1.2106 1.2074 1.2047 1.2089 1.2067 1.2045 1.2074 1.2077 1.2056
Example gjii) 1.0529 1.0540 1.0494 1.0527 1.0542 1.0497 1.0515 1.0527 1.0507 1.0547
Example giv) 0.9438 0.9440 0.9444 0.9396 0.9433 0.9392 0.9394 0.9423 0.9394 0.9426

Meanljg(%) 067 051 024 023 025 023 023 018 0.17 0.15

Lastly, the proposed surface generation method, SQS, is evaluated with the same
procedure as M4 and QS. Presentedahle3.11, the outcomes of the analysis with
variable numbes of splines highlight the statistical soundness of the method.
Compared to the M4 and QS, SQS is significantly less sensitive to this parameter. The
minimum(k values are obtained with 6 and 7 splines, and the tikateviates at most

by 0.02% withn the range between 6 and 9 splindse number of splines in SQS is
fixed to 6 for the following analyses.

The outcomes of SQS obtained with varying number of slices, givieabie3.12, are
somewhat similar to those of M4. Atihgh the results are in favor of higher values,
there are some deviatignpossibly resulting from the stochastic nature of DE
algorithm. Within the considered range, 70 skoafigurationis statisticaly the best

alternativewith a mearik value of 0.05%.
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Table 3.11: Sensitivity ofSQS tothenumber of splines

n=40 |nsA 3 4 5 6 7 8 9 10

Example 1 ~ 1.9792 1.9785 1.9788 1.9785 1.9786 1.9785 1.9787 1.9789
Example i) 1.3230 1.3230 1.3234 1.3230 1.3230 1.3231 1.3227 1.3229
Example Zii) 1.0012 0.9988 0.9990 0.9991 0.9993 0.9991 0.9990 0.9990
Example 3~ 1.1022 1.0995 1.0911 1.0898 1.0902 1.0907 1.0901 1.0898
Example 4  0.4129 0.4116 0.4114 0.4114 0.4114 0.4114 0.4115 0.4114
Example §i) 1.0231 1.0145 1.0143 1.0158 1.0127 1.0144 1.0149 1.0157
Example i) 0.8513 0.8474 0.8457 0.8457 0.8447 0.8448 0.8461 0.8458
Example €i) 1.3458 1.3401 1.3349 1.3342 1.3372 1.3382 1.3356 1.3365
Example i) 1.2119 1.2062 1.2043 1.2012 1.2022 1.2019 1.2019 1.2019
Example i) 1.0611 1.0523 1.0526 1.0500 1.0475 1.0456 1.0489 1.0499
Example §iv) 0.9466 0.9437 0.9391 0.9344 0.9368 0.9384 0.9356 0.9371

Meanlfpl(%) 074 036 0.18 0.08 008 010 0.10 0.13

Table 3.12: Sensitivity ofSQS tothe number of slices

Nns=6 | nA 10 20 30 40 50 60 70 80 90 100

Example 1 1.9954 1.9823 1.9795 1.9785 1.9782 1.9780 1.9782 1.9778 1.9779 1.9777
Example Zi) 1.3343 1.3259 1.3240 1.3230 1.3228 1.3223 1.3223 1.3223 1.3225 1.3224
Example Zii) 1.0062 1.0000 0.9994 0.9991 0.9990 0.9991 0.9988 0.9988 0.9997 0.9991
Example 3 1.0928 1.0917 1.0910 1.0898 1.0938 1.0917 1.0902 1.0936 1.0898 1.0905
Example 4 0.4140 0.4123 0.4116 0.4114 0.4113 0.4112 0.4112 0.4113 0.4114 0.4112
Example §i) 1.0164 1.0139 1.0146 1.0158 1.0121 1.0145 1.0149 1.0133 1.0135 1.0165
Example Kii) 0.8453 0.8451 0.8461 0.8457 0.8452 0.8443 0.8443 0.8459 0.8448 0.8448
Example i) 1.3403 1.3381 1.3360 1.3342 1.3353 1.3356 1.3345 1.3351 1.3340 1.3376
Example gii) 1.2060 1.2062 1.2056 1.2012 1.2037 1.2031 1.2002 1.2028 1.2045 1.2033
Example gjii) 1.0512 1.0503 1.0502 1.0500 1.0475 1.0505 1.0466 1.0488 1.0461 1.0464
Example giv) 0.9401 0.9422 0.9416 0.9344 0.9377 0.9363 0.9353 0.9376 0.9392 0.9393

MeanLoJa(%) 056 031 025 011 013 013 0.05 0.15 0.11 0.15

In light of the sensitivity analyses given in this section,rtust efficientparameter
configurations for the surface generation methodsaasessed anslimmarized in
Table3.13.

Table 3.13: Parameter settings of surface generation methods

M1 M2 M3 M4 QS SQS
Number of splines,: - - - 6 6 6
Number of slices, n 40 20 10 70 100 70
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3.2.3.Comparison of Surface GeneratioMethods

In this section, the outcomes of the benchmark analyses are evaluated in further detail
to gain insight about the capability, computational efficiency and statistical reliability
of each surface generation method. Accordingly, a comparative symsrformed

based on the results obtained with the parameter settings giVal#3.13. In the
following subsections, each benchmark problem is investigated separately, and then
the results are utilized in statistical sign#fince tests to assess the most reliable surface

generation method.

3.2.3.1.Example 1

The outcomedor Example lare given inTable 3.14, summarizingthe statistical
performancs of the surface generation meth®drhe results are reported terms of
statistical parameteti&e minimum, median, maximum, mean and standard deviation
values, which are calculated based on Rberaluesobtained from30 independent
analysesTheoutcomesndicatethatsplinebasednethodqi.e. M4, QS andSQS are
effectiveto deal withExample 1Among those, QS perfornstightly better than M4
and SQS, finding the minimufs as 1.9771. The statistical parameters also highlight
QS as the best alternative, howewvee differences compared to M4 and SQS are
argudly small On the other handy1, M2, andM3 are not as competitive, despite

achievingpracticallysimilar results.

Table 3.14: Example T statistical comparison of surface generation methods

ML M2 M3 M4 QS  SQS

Fsmin 1.9878 1.9833 1.9898 1.9777 1.9771 1.9773
Fsmed 1.9961 1.9920 1.9911 1.9789 1.9775 1.9782
Fsmax 2.0195 2.0202 2.0007 2.0022 1.9789 1.9799

Fsmean 1.9976 1.9954 1.9923 1.9808 1.9778 1.9784
St.Dev. 7.E03 1.E02 3.E03 5.E03 6.E-04 1.E03

The critical slip surface located by each method is illustratédgare 3.10. Similar

to the previous finding$44, QS andSQS are istrongagreemensuch that the critical
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surfaces located by these methods are almost aaén®n the other hand, M1, M2

andM3 slightly deviate from thesesults estimatingrelatively deeper critical paths.

22 T T T T T
20l M1 -FS _=1.9878 |
M2 -FS . =109833
18 L min
M3 -FS . =1.9898
) min
167 M4 -FS . =19777 1
min
14y QS -FS_. =19771 1
512 . ———SQS-FS_. =1.9773 J
oy
10t |
8r i
6 L -
4 L a
2 1 1 1 1 1
0 10 20 30 40 50 60

X (m)

Figure 3.10: Example I comparison of critical slip surfaces

The last evaluation fdExample Tegards the computational efficiency of the methods.
Accordingly, for each methodhe analysisprogress is illustrateoh the convergence
graph given irFigure3.11, where the x and-gixes represent the number of itevas

and mediarrsof 30 independent runs, respectivélyst, it is noticeable that the initial
populations generated by M3 are significantly better than those of other methods.
However, M3 achieves limited improvement afails to produce resultghat are
comparable to those of M4, Q8dSQS. An important finding is thdteconvergence

of QS, which is statisticallyhe best methodor Example 1requires over twice the
iterations required with other methods. On the other hand, the analyses wittdM4 an
SQS mature in less than 100 iterations, whicteliatively low. As a result M4 and

SQS may be preferred over QS in ordemd¢hieve computationally efficient solutions
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Figure 3.11. Example I thecornvergenceof surface generation methods

3.2.3.2.Example 2

The statistical results dixample 2are given inTable 3.15 for both cases of the
benchmark problem. FdC€ase(i), which incorporates a homogeneous soil profile
under no externabhding, the outcomes further validate the efficiencyptihebased
methods to deal with simple problems. SimilaEi@ample 1M4, QS andSQS exhibit
competitive statistical performances, improving the resultghf M2 and M3 The
minimumFsis reportel as 1.3219 based on the analyses with QS. However, M4 and
SQS are able to find similar resultSsor Case i{), which additionally considers
surcharge loading, the outcomes are strictly in favor of SQS considering all statistical
measures, as well as minim Fs reportedas 0.9976. Although QS can find similar
resulsin some occurrences, it is statistically inferior compared to SQS, while M4 fails
to produce competitive results. It is also noteworthy to mentiorbaiM2, andM3

performfairly better tharM4 for this problem.
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Table 3.15: Example 2" statistical comparison of surface generation methods

M1 M2 M3 M4 QS  SQS

Fsmin 1.3280 1.3240 1.3298 1.3222 1.3219 1.3220
Fsmed 1.3327 1.3251 1.3301 1.3222 1.3229 1.3223
Case(i)  Fsmax 1.3419 1.3295 1.3332 1.3273 1.3240 1.3240
Fsmean 1.3334 1.3257 1.3303 1.3226 1.3230 1.3226
St. Dev. 3.503 2.E03 7.E04 1E03 9.E04 7.E-04
Fsmin 1.0012 1.0058 1.0013 1.0160 0.9978 0.9976
Fsmed 1.0030 1.0083 1.005 1.0162 1.0009 0.9988
Case(ii) Fsmax 1.0108 1.0226 1.0074 1.0340 1.0281 1.0051
Fsmean 1.0046 1.0097 1.0031 1.0175 1.0020 0.9995

St. Dev. 3.503 4.E03 2.E03 4.E03 6.E03 2.E-03

The critical slip surfaces fdCases(i) and (i) are demonstrateith Figures3.12 and

3.13 respectively. Fo€Case(i), the resulting surfaces are in good agreeraadthe

main differenceis the smoothness obtained witte splinebasedmethods. On the
other hand, there are visible deviations between the estimations obtaiGadédr).
Regardless, all methods except for M4 estimate a curvilinear critical path with a
triangular wedge below the surcharge area, as illustrateBigare 3.13. The
underlying reason behind the failure of M4 may be attributedhe simplifying
assumptionswithin the formulation of the method. M4 keeps the spline widths
constant and uses continuous interpolation. As a result, the surfacteeldexkibility

to represent the sudden transition observe@ase(ii). QS overcomes this issue by
allowing variable spline widths, in that a spline in QS can assume infinitesimal width
and high curvature to allow an abrupt transition. On the other hand pb&§)&lly

encourages such surfaces through the scaling operation.

The convergence graphskxample 2given in Figure8.14and3.15 further illustrate
the efficiency of SQS. Although Mdonverges slightly faster than SQSGase(i),

the method significantly deviates from the optimum solutio@ase(ii). On the other
hand, QS is computationally the most inefficient alternative among the -bplseel

methods, while M1, MzandM3 are rasonably coséffective despite their limitations.

61



12 . .

Ml -FS . =13280
11 - min -
M2 -FS . =1.3240
min
100 M3 -FS _ =13298
min
9 M4 -FS . =13222 i
min
_ ol QS -FS . =13219 |
E SQS-FS . =1.3220
> 7t _
6 L _
5 -
4+ i
3 1 1 1
0 5 10 15 20

X (m)

Figure 3.12 Example 2 Casg@) i comparison of critical slip surfaces

12 ‘ ' ' |
Ml -FSmin= 1.0012 75 kPa
I wm FS_. =1.0058 \I/ \L 1
10| ———M3 -FS__=1.0013
. M4 -FS_.=1.0160

-FS . =0.9978
min

y (m)

0 5 10 15 20 25
x (m)

Figure 3.13. Example 2 Casgi) i comparison of critical slip surfaces

62



1.74

Ml -FS__ =13327
1.68 tmed 1
M2 -FS__ =13251
med
1.62 . — M3 -FS__ =13301 -
M4 -FS_ =13222
1.56 med |
: QS -FS__ =1.3229
= med
(/]E 1.50 —SQS-FSmed:13223 h
&
1.44 .
1.38 .
1.32 =
1.26 ‘ .
1 10 100 1000
Iteration
Figure 3.14: Example 2 Casg) i theconvergencef surface generation methods
1.60
M1 -FS__ =1.0030
med
1.50 M2 -FS__ =10083
med
— M3 -FS___=1.0026
1.40 med -
M4 -FS__ =1.0162
med
5130 QS -FS_  =1.0009 |
E ———SQS-FS . =0.9988
= 1.20 -
1.10 T
1.00 —
0.90 e ‘ B
1 10 100 1000

[teration

Figure 3.15. Example 2 Casgi) i theconvergencef surface generation methods

63



3.2.3.3.Example 3

Based on the results given Table 3.16, Example 3has proven to be a challenging
problem for the surface generation methods. Among those, M2aMBQS have
shown severe deafions as indicated by the reportedan andnaximumFs values.
Although M1 is more competent than these methods, SQS is the best alternative
considering all performance measure. It is notable to mention that the nked&in

SQS is better than the minimuwhall methods, except for QS. The most critical slip
surface is also obtained with SQS, with a corresponéénglue of 1.0878.

Table 3.16. Example 3 statistical comparison of surface generation methods

M1 M2 M3 M4 QS  SQS

Fsmin 1.0904 1.1152 1.1157 1.1175 1.0893 1.0878
Fsmed 1.0935 1.1886 1.1335 1.1365 1.0980 1.0902
Fsmax 1.1203 1.5419 1.2325 1.7087 1.4351 1.1049

Fsmean 1.0954 1.2394 1.1406 1.1804 1.1408 1.0933
St.Dev. 7.E03 1E01 3.E02 1.E01 1.E01 6.E-03

The critical slip surfaces, given Figure 3.16, illustrate that all methods indicate a
deep translational failure within tiseft soil interlayerThe surfaces produced by QS
and SQS are in strong correlatidl slightly deviates from these methods, while M2,
M3 and M4 estimate the position of the diig about 1 to 1.5 m away frothe most

critical surface.

The convergence graphgiven in Figure 3.17, highlight M1 and SQS as the bes
alternatives folExample 3 The analyses with M2, M&nd QS require significantly
higher computational co$t about twice the iterations required with M1 and SQS.

Lastly, the analyses with M2 fail to mature within 1000 iterations.
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3.2.3.4.Example 4

Dealing withExample 4both QS an®QS are effective to produce improved results
over the other methods. Among those, SQS performs slightly better than QS based on
the statistical parameters givenliable3.17, while both methods report the minimum
Fsas 0.4110M3 and M4 exhibit consistent performances, however, their accigacy

limited.

Table 3.17: Example 4 statistical comparison of surface generation methods

M1 M2 M3 M4 QS SQS

Fsmin 0.4157 0.4121 0.4136 0.4149 0.4110 0.4110
Fsmed 0.4168 0.4177 0.4148 0.4152 0.4118 0.4112
Fsmax 0.4225 0.4215 0.4169 0.4160 0.4124 0.4122

Fsmean 0.4175 0.4172 0.4148 0.4152 0.4118 0.4113
St. Dev. 2.E03 2.E03 7.E04 3.E-04 3.E-04 3.E-04

The critical slip surfaces illustied in Figure 3.18, indicate a somewhat rotational
failure mechanism. All methods estimate thhé slip and slope toes coincide.
However,the scarp locations can vary as much as 1.5 m. It is also notidbabthae

critical slip surfaces producelly all methods, except for M4, include a discontinuity

at the interface between the uppermost and middle soil layers, which illustrates the

limitations imposed in the formulation of M4.

The convergence graphs, givenFigure 3.19, indicatethat the computational effort
required to analyzé&example 4is more or less similar for all surface generation
methods. Furthermore, most methods prodoearoptimum solutions with their
initial populations, indicating thahé geometric and soil properties of this example
produce a relatively easier optimization problem compared to the preness
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3.2.3.5.Example 5

In Example 5the slope is analyzed under static loads in Gased further evaluated
considering pseudstatic earthquake loading in §&&a(i). The results of the analyses,
presented iTable3.18, indicate that M2, M3andM4 fall to locate the critical surface

for both cases. M1 is capabte find nearoptimum solutions, however, cannot
improve the results of ®and SQS, which produce the most critical slip surfaces. For
Case ), the minimumFs is reported with QS as 1.0096, while SQS yields the
minimum value for Casei] as 0.8400. In either case, the minimegvalues of these
two methods differ only slightl However, it should be noted that SQS is statistically

the better alternative.

Example Ss presumably the most awkward of all the benchmark problems presented
in this manuscript. As illustrated in Figurd220and3.21, the failure is translational.
Furthermore, the search space of the problem does not contain any strong local minima
considering the distinct soft soil band. However, the critical slip surface is extremely
flat with a wide linear segment in the middle. Therefore, the problem mostly tests the
capabilities of the surface generation methods. In this sense, MandBI4 fail in

both cases of the problem. On the other hand, M1,aQ&SQS are observed to be

flexible enougho represent the critical surfaces.

Table 3.18: Example 5 statistical comparison of surface generation methods

M1 M2 M3 M4 QS SQS

Fsmin 1.0187 1.1319 1.1080 1.0975 1.0096 1.0101
Fsmed 1.0639 1.1978 1.1760 1.1041 1.0235 1.0149
Case(i)  Fsmax 1.1813 1.5908 1.2785 1.1371 1.1305 1.0779
Fsmean 1.0730 1.2370 1.1805 1.1079 1.0398 1.0199
St. Dev. 4E02 1.E01 4.E02 1.E02 4.E02 1.E-02
Fsmin 0.8461 0.9647 0.9542 0.9251 0.8408 0.8400
Fsmed 0.8802 1.0025 0.9804 0.9281 0.8519 0.8443
Case(ii) Fsmax 0.9745 1.1541 1.0308 0.9514 0.9461 0.8791
Fsmean 0.8954 1.0087 0.9851 0.9313 0.8628 0.8469

St. Dev. 5.E02 4.E02 2.E02 8.E03 3.E02 8.E-03
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Convergence graphtr Cases(i) and (i) are givenin Figures3.22 and 3.23
respectively. Considering bodxamplesthe computationatost of SQS is relatively
higher compared to the previous experiments. However, the analyses fully converge

in alout 200 to 300 iterations, which is either similar to or better tharother

methods.
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3.2.3.6.Example 6

The last example considers four configurations with different loading and groundwater
conditions as summarizedkingure3.9. The results of the experiments, giveable

3.19, further emphasize the capability of SQS, which yields the best statistical
outcomes awell asthe minimumFsvalues for all cases. Using SQS, the mininfesn
values forCased(i) through {v) are obtained as 1.3303, 1.1971, 1.0419 and 0.9317,
respectively. QS often finds similar resubist deviates more than SQS, especially in
the casewith seismic loading (i.eCaseqiii) and (v)). Considering the other methods,

M1 is the moscompetitive alternative, while M2, MandM4 often produce inferior

solutions

Table 3.19: Example 6 statistical comparison of surface generation methods

M1 M2 M3 M4 QS SQS

Fsmin 1.3312 1.3514 1.3490 1.3392 1.3304 1.3303
Fsmed 1.3409 1.3795 1.3656 1.3486 1.3373 1.3345
Case(i) Fsmax 1.3710 1.4166 1.3892 1.3829 1.3599 1.3467
Fsmean 1.3429 1.3832 1.3677 1.3522 1.3382 1.3371
St. Dev. 9.E03 2.E02 9.E03 1.E02 6.E-03 6.E-03
Fsmin 1.2022 1.2120 1.2197 1.2045 1.1985 1.1971
Fsmed 1.2122 1.2561 1.2393 1.2218 1.2056 1.2002
Case(ii) Fsmax 1.2285 1.3700 1.2687 1.3282 1.2119 1.2091
Fsmean 1.2162 1.2636 1.2429 1.2477 1.2064 1.2016
St. Dev. 1.E02 4.E02 2.E02 5.E02 5.E03 4.E-03
Fsmin 1.0424 1.0703 1.0643 1.0559 1.0422 1.0419
Fsmed 1.0476 1.0941 1.0784 1.0651 1.0547 1.0466
Case(iii) Fsmax 1.0776 1.1766 1.0987 1.3269 1.0639 1.0596
Fsmean 1.0514 1.0949 1.0775 1.0928 1.0538 1.0471
St. Dev. 1.E02 2.E02 9.E03 8.E02 7.E-03 4.E-03
Fsmin 0.9335 0.9595 0.9472 0.9430 0.9320 0.9317
Fsmed 0.9531 0.9784 0.9737 0.9510 0.9426 0.9353
Case(iv) Fsmax 0.9662 1.1029 0.9983 0.9770 0.9688 0.9432
Fsmean 0.9516 0.9908 0.9746 0.9526 0.9456 0.9367

St. Dev. 1.E02 4.E02 2.E02 8.E03 1.E02 4.E-03
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The critical slip surfacesbtained with each method are illustratedrigures3.24

3.27 for Cases(i) through {v), respectively. Considerin@ase (i), a partially
trarslational failure mechanism @bservedabove the relatively stiff base soil layer.

The most visible differences are observed for M2 and M3, which locate theeslip
about 1 m away from the other methods. Furthermore, the approxinohthd4 is

slightly dfferent than M1, QSand SQS, considering the deviations around the
interface between the soft soil band and the upper layer. Similar observations are made

for the other cases illustratedfigures3.25 3.27.

The convergence graphgiven in Figures3.28 3.31, support the findings of the
previous experiments. For each case, the convergence rate of SQS is significantly
better thanthe other methods, which promotes SQS as a computationally efficient
surface generation method. Although QS can find comparable terminal values, the
scaling operation in SQS facilitatdse optimization process significantly.
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Figure 3.24: Example 6 Cas@) i comparison of critical slip surfaces
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Figure 3.25: Example 6 Caséi) 1 comparison of critical slip surfaces
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3.2.3.7.Statistical Significance Tes

The experiments presented so far propound SQS as a proficient and statistically

Iteration

reliable alternative to the existing surface generation methods. To validate this claim

and encapsulate the findings of the experiments, a comparative analysis is performed
to assess the statistical significance of the improvements achieved with SQS.
Accordingly, SQS is paired with each surface generation method separately and

evaluated using Wilcoxasignedrankcomparisorj68] to test the hypot s i s thé h a t

pairwise difference between the results of SQS and the opposing method has a median

Fsvalue equaltozeto. The

reasoned that the method with lower medtaperforms significantly better than the
other if the hypothesis is rejected. The tests are performed based on the results of 30
independent anadgs of each benchmark problem, resulting in a total of 11 cases.

The outcomes of the significance tests are summariz&dbte 3.20, in terms of p
values and indications to denote the favorable method for each example. Tlenotati

is explained as follows; (i) the examples where SQS significantly improves the
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opposi ng met ho ds oai tbe edamnples twherd thevapposing method
significantly i mpr ov e andgiRtBeexampesvite the t e d
differences between the results are not significant are denoteiwithCompared to

M1 and M4, SQS exhibits significant inguement in 10 of the 11 instances, and the
differences are observed to be insignificant in one case for each method. The
improvement rate of SQS over M2 and M3 is 100%. The only method that exhibits
improvement over SQS is QS, which is only observediample 1 Furthermore, it

is noteworthy to mention that the resuwfghesetwo methods are similar iExample

2 Case |). Both of these examples consider the analysis of simple slope geometries
with homogeneous soil profiles under gravitational loads.dfdy such simple cases,

QS may be preferred over SQS. On the other hand, SQS ieffemrtevefor complex
problems as it produces significant improvement in 8 out of the 9 cases that either

incorporate stratified soil profiles or consider external logdin

Table 3.20: Summary of signedank tests

SQSvs.A M1 M2 M3 M4 QS
Example 1 1.73E06 § 1.73E0€ & 1.73E0€ § 4.72E02 § 2.30E02 t
Example 2 (i) 1.73E06 § 1.73E06 1.73E06 § 6.73E01$  6.56E02 $
Example 2 (ii) 4.07E05 S 1.73E0€ & 7.69E0€ § 1.73E06 § 3.38E03 §
Example 3 2.62E01§ 1.73E06€ 8§ 1.73E0€ § 1.73E0€ § 1.25E04 8§
Example 4 1.73E06 § 1.73E06€ 8§ 1.73E0€ § 1.73E06 § 3.72E05 §
Example 5 (i) 3.52E06 § 1.73E0€ $§ 1.73E0€ § 1.73E06 § 1.17E02 §
Example 5 (ii) 5.22E06 § 1.73E06 § 1.73E0€ § 1.73E06 5  1.83E03 §
Example 6 (i) 9.84E03 § 1.73E0€ & 1.73E0€ § 2.88-06 § 6.29E01 $§
Example 6 (ii) 3.18E06 1.73E06 § 1.72E0€ $ 3.88E06%  1.71E03 %
Example 6 (iii) 4.07E02 S 1.73E0€ & 1.73E0€ § 1.73E06 § 453E04 §
Example 6 (iv) 6.98E06 § 1.73E06 § 1.73E0€ § 1.73E06€ § 2.41E04 §

Summary: 108 ;0t ;1 118 ;0t ;06 115 ;0t ;06 105 ;0t ;1§ 88 ;1t ;2§
The results are in terms ofvalues.§ : SQS shows significant improvemert,: opposing method shows significant
improvement$ : thedifferenceis not significant in 95% confidence interval.

3.2.4.Comparison of SQS with Commeial Analysis Software

In this section the reliability of the analysis framework is verified and the efficiency
of SQS is further investigated through a comparison with the renowned slope stability
analysis softwareSlide v7[34]. First, the program is calibrated into the analysis

settings wused for SQS. @Li/MorgesstersPricedop, t i 0 n

1
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interslice force Cohnetanct i gmoumsdwapteern foprptdi @ars ifis
fiwater Surfaceas a n d tolerancesfaFsioset totl . Using this configuration,

the critical slip surfaces produced with SQS are analyzed for result verification. The

outcomes, given irAppendix A, indicate that the results reported in the previous

sections are in perfect agreement with the software. The agreement of the results

allows a comparative performance evaluation between the proposed framework and
Slideanalysis software. Accordingly, the benchmark problems are analyzed using the

softwarewi h t he f ol |l owi ng sett inangrsularosumrsfeace ht ype
met hod i s QugkeocSeafdh,e dt laes mu mbesevalmfionisdei ces f or
to 100 (i.e. convergence &lide v7is not sensitive to the number of slices) and the

surface optimization settings are kept at the default configurations. The software does

not report statistical results, hence a comparison is only possible in terms of minimum

Fsand theawvalues. Given imrable3.21, the results further emphasize the capability

of SQS, which yields a slightly improvéd value for each experiment.

Table 3.21: Comparison of SQS arfdide v7

SQS Slide v7

FSmin =8 FSmin o
Example 1 1.9773 0.3026 1.9920 0.3031
Example 2 (i) 1.3220 0.2497 1.3252 0.2499
Example 2 (i) 0.9976 0.2874 1.0018 0.2918
Example 3 1.0878 0.0719 1.0904 0.7010
Example 4 0.4110 0.2430 0.4140 0.2332
Example i) 1.0101 0.4531 1.0207 0.4431
Example 5 (i) 0.8400 0.5680 0.8457 0.5674
Example 6 (i) 1.3303 0.1384 1.3321 0.1385
Example 6 (i) 1.1971 0.0703 1.1980 0.0706
Example 6 (i) 1.0419 0.4141 1.0436 0.4136
Example 6 (iv) 0.9317 0.3323 0.9329 0.3397

The critical slip surfaces located with SQS &iule v7are illustrated irFigure3.32
For the experiments except feBkample 2Case(ii) andExample 4the critical paths
areexactmatches The main difference in all cases is #moothness of the surfaces
generatedvith SQS.
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3.3.Discussion of Results

The experiments in this chapter provide an elatsoassessment of the available
surface generation procedures and the alternative methods develspegeaf the

present study. First, a parametric study is conducted to better understand and exploit
the capabilitiesof these methods, which are broadhassified into two groups as slice

and splinebased methodsSlice-based methods like the ones proposed by Malkawi
(i.,e. M1) and Chengi.e. M2 and M3)utilize discrete lines to represetite slip
surfaces Therefore they require a great number of segm® and consequently
geometric parameterdor accurate surface representatioGonsequently the
convergencerates of these methodsare greatly influenced by theesulting
dimensionality On the other hand, splifea s ed appr oac hiiesM4) Sunods
and the ones developed in this study (i.e. QS and SQS), seem to overcome this issue.
Using any of these methods, a few spline functions are sufficieatboratesurface
representation. Accordingly, the resulting surface optimization problems include

maminally low numbers of decision variables.

In light of these internal observatiorise methods are comparatively evaludiaded

on result accuracy, statistical soundnessd computational efficiencyFor simple

slopes with homogeneous soil profiled,sglline approaches are favorable over slice
based met hods. However, the capability o
limited for complex cases with stratified soil profiles or external loading. For such
problems, slicdbased methods like M1 car lmnore reliable. Regardless, quadratic
spline approaches, QS and SQS, are proficient based on result accuracy and statistical
reliability. Furthermore,tiis notable that the critical slip surfaces alwwaysreported

with either ofthese methodS he difference between QS and SQS is still significant.

The scaling operation proposed in SQS seems to improve the capabititg of
quadraticsplineapproach in all aspects, especially in terms of convergence efficiency.
SQSusually requires less than half theeiiitions required with QS, in addition to

finding better approximations for the location of the critical slip surfadesever it
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should be noted that QS is slightly better than SQS for simple problems, disspite
questionable convergence atBegardéss the statistical assessments of the results

emphasize the enhanced performance of @8 QS, as well as the other methods

Lastly, a verification study is performed withe commercialslope stabilityanalysis
software Slide The outcomes confirm ¢hcomputational implementations and give
further insight into the potential of the proposed mettiakn when pplied with a
conventional optimization algorithm (i.e. Differential Evolution) without problem
specific modifications, SQS is able to improves tividely used softwareSlide
Considering the collective of these findingbe surface generation module of
Integrated Limit Equilibrium Method, SQS, is proposedas a reliable surface
generation methothat can individually be regarded as an enhanceavemtavailable

procedures
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CHAPTER 4

INTEGRATED LIMIT EQUILIBRIUM METHOD - PART Il: STABILITY
ANALYSIS

In this chapter, the stability analysis moduldrdégrated.imit Equilibrium Method,
ILEM, is introduced and proposeas a refined alternative to the existindimit
equilibrium formulations In Section 4.1, thenalysisproblemand the governing
equations are derived usirguadraticorder relations andolution strategiesre
proposed based on analytical and numerical evaluation neefhioeh, theresulting
ILEM variants areverified in terms of computationafficiency andesultprecisionin
Section 4.2including a comparison with the renowned GLE formulation. Then, the

findings are summarized and discussed in Section 4.3.

4.1.Integrated Limit Equilibrium Method

To elucidate the objective of developing ILEM analysis procedure, it is necessary to
refer to Chapter 2 where the limit equilibrium methods were broadly classified into
two categories as singleee-body procedures and proceduoéslices. Among those,
procedures of slices are often preferred over the others, owing to theiravndes of
applicationsand ability to accommodate general slip surfaces. The downside of using
procedures of slices is thachieving asatisfactorylevd of precisionrequires a
considerableeomputational cost on the accountextensiveoperations taliscretize

and evaluate the soil body.

Addressing this issue, a different solution approach is suggested in ILEM as an
extension of the proposed surface gration method, SQS. Accordingly, equilibrium
conditions are formulated based on quadratic order surface representation. Then, the
resulting equations are derived into definite integrals that can either be integrated

analyticallyto find closedform solutonsor accurately approximated with higinder
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numerical integration methods, both of which eliminate-fredy discretization. The
underlying assumptions and the range of application of ILEM are exactly the same as
procedures of slices and the formulationifies several LEMs, similar to GLE.
However, the proposed methoehuires neither individual slice evaluation nor free
body discretiation, hence resembles a sinflee-body procedure. In other words,
ILEM incorporateghepositive featuresf both lineages of limit equilibrium methsd

These ideas and their implementations in ILEM are given in the following sub

sections.

Section 4.1.Jmakes an introductiowith the basic definitions and representation of
geometric problem variables with quadratic ordelations In Section 4.1.2, the
governing equations are formulated considering the equilibrium conditions. Then in
Section 4.1.3, the governing equations are analytically derived into dmsed
solutiors for Fs evaluation. Furthermore, numerical appnsation methods and their
implementation in the literature are briefly discussed. Section 4.1.4 outlines the
implementation process of ILEM, including further consideratiéor complex
problemsLastly, in Section 4.1.5, ILEM interpretation of common LEN discussed

and a solution approach is given for each method.

4.1.1.Basic Definitions and Geometric Variables

Before commencing with the formulation, it is necessary to give the explicit definitions
of the geometric variables. As there are quite a few of theah appear in the
formulation, this entire subection is dedicated tgiving the simple definitions
illustratedin Figure4.1. The notation irFigure4.1 follows the oneadopted in Chapter

3. However, in this case, the surfaces and the distributed surcharge loading, given in
Figure4.la, are represented with quadratic order polynomials as given in4&d)s.

(4.4).

84



K
Q ‘_lkv
OR(XR, yR)
T (% ¥s)
a(x)
) yQ) ------- WX
Rl e
- o [em
1+k,)
y w0
T
E))

E

U= tan'[ fir'(00)]

dN

(b)

Figure 4.1: Integrated Limit Equilibrium Method analysis approach
(a) slip surface of a slope under external and seismicrgadi
(b) free-body diagram of an infinitesimal element

y, = f(x)=a,x* +b,x+d,

Yo = 9(X) =a,x" +byx +d,

Yo =W(X) =a, X" +h,x+d,
q(x) = a,x* +h,x+d,

(4.1)
(4.2)
(4.3)

(4.4)

wheref (x), g(X), w(x): functions representing the failure surface, ground suréame

groundwater table elevations, ag): the magnitudeof the distributedsurcharge.

The height values illustrated Figure4.1b are calculated using Eqg.5) and (4.6)

and the base inclinatide obtaired from thefirst-orderderivative off (x) as given in

Eq. (4.7). Note thathw assumes negative values if the water level is belovslthe

surface. In such a case, the functiarshould beset to zero.

h(x)=g(x)- f(x)=ax +bx+d,

() =wx)- f(x)=a,x +hx+d,
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a(x) = tan [ £'(x)] = tan*|2a, x + b | (4.7)
whereh(x) andhw(x): functions representing the height of soil and water alioze
failure surface, respectively, abkk): inclination of the failure surface, measured from

horizontal.

Using these definitions it is possible to determine the total weighedfee-body,W,
with Eg. (4.8), andlocateits center of gravityC(xc, Yyc), using Eqs(4.9) and(4.10).
Note that these expressions dezived consideng a homogeneous soil profignd

singlefunction representation. These definitionsexterdedfor complex casesater

in Sectiord4.14.

Xs ° 3 2 ~|%
e »
X ¢ Tl
12 . . gAax' bx  dxad
=— hQ@Ix== + +—h 4.
& chﬁ(@ WC%4 3 29 (4.9)
. da,ax (@ +ab,)&' | (ad +hb +ad,)008"
_ L emnerye @@ 5 4 3 6
Ye = o Gy @ Gix= = & iy 0 (4.10)
W W B&Mmmdhx 5
¢ 2 o
Whel’e ym = m(X) = w = amxz + me+ dm (411)

Lastly, theresultant external loa€Q, and its point of application dhex-axis, xr, are

calculated using Eq$4.12 and(4.13), respectively.

*s aa x° NG o}
Q-ﬁq@lx:é%a"?+ g (4.12)
1.k _ 1 8ax' bx® dx*0
xQ—amrcqcmx_a%;4 R 8 (4.13)
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4.1.2.Formulation of Equilibrium Conditions

Thederivation of equilibrium equansin ILEM is similar to the approach previously
adopted in GLE. The main difference is that the formulation given in this section is
based on an infinitesimal element, ilastrated in Figure 4.1. Note thatin the
following formulation, all the forces and geometric parameters are treated as
dependent variables (i.e. as a functioxpfwhereas soil parametesiseassumed to

be constant Furthermore,the groundwater table, slip and ground surfaaes
representa by single continuous functian Later in Sectiod.1.4 an extension is
provided to accommodate complex caassmentioned previouslyrhe method is
formulated considerinfylly drainedconditions However, it can badaptedo analyze

a slope in undraid condition by ignoring the pore pressure and replacing the effective

stress parameters,andt ', with the total stress parametansandt u.

For the infinitesimal element given Kigure4.1b, weight, dW, surcharge loadjQ,
and base uplift forc&lU, are calculated using Eq4.14i (4.16).

dW = ghdx (4.19)

dQ = qax (415

du = Dl gy (4.16)
cosa

Consideringhe infinitesimal elemenfprce equilibriumin horizontal directiorgives

an expression to calculatee change of inteal normal forcedE in Eq. (4.17).
dE =dNsing +dWk - dScosa (4.17)

wheredN anddS normal and shear reactions on the bagheaihfinitesimalelement.

Similarly, vertical force equilibrium yields an expression for the change ohatlter
shearforce,dXin Eq.(4.19.

dX =dW (L +k )+dQ- dNcosa - dSsina (4.18)

To overcome static indeterminacy, Morgensterite internal force assumption is

applied. As a resulgrelation can be written beeendE anddX as follows:
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X/E =/ f(x) (4.19)

dX =/ f,E- /(f +f 'dx)@E- dE)=/dEf - /Ef dx (4.20)
df

f'= 4.21

avw (4.21)

fo=f +f 'dx (4.22)

wherefi*: the value of internal force function on thght-handside of the infinitesimal

element.

Substituting Eq(4.20 into Eq.(4.18 and combining with Eq(4.17) eliminates dE
anddX from the equations, and yields an expression between base shear and normal

forces, denoted atSanddNin Eq.(4.23, respectively.

FdSC[Blna /f cosa] +dNC[>/f sina +cosa]

i=0 (4.23)
HdWCE/f k- k- 1] - dQ- /Ef dx

< C

When Mohr-Coulomb strength model is considered, another relagsonbtained
betweerdSanddNin Eq.(4.24).

_ ¢ dx +tanf'

Fscosa K

(dN- du) (4.24)

Substituting Eq(4.16 into Eq.(4.24 and dividing both sides by the infinitesimal
thicknessdy, yields the equation fdyaseshear stress(x) in Eq.(4.25.

ds c tanf'§ g.h, 0
S(X)=—= + &S, -0 :
) dx Fgcosa Fs ¢ cosa + (429

wheres (x) = ?j')\(l (4.26)

Then, Egs. (4.14), (4.195 and (4.29 are substituted into Eq4.23). The resulting
equationis arranged to single odN. Dividing both sides bylx results in arequation

for basenormalstress{in(x), given in Eq.(4.27).
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ik, +1- /fi*kh)+ac'gWFth‘§C6/fi* - tanf)+ g+ /EF;
= = (4.27)

cosa C%- /1, tanf” tanfl§+sina C%[anf' +/1
Fo ¢ F
c S - C 's

sn(X) =

QDO

Although he equations given so far aefficient to satisfy interndbrce equilibrium

it is necessary toheck overall equilibrium explicitly. Based on E¢g$.25 and(4.27),

both normal and shear stress distributions are dependéme anternaihormal force
variation,E(x), which may assume an infinite number of configuratiohs already
known thatE is zero at the entrance and exit points of the slifacesincethe
interfaces disappear at these locations. Therefore, the boundary conditiors in Eq
(4.28 and(4.29 must beappliedto guarantee complete force equilibriuNpte that
intemal shear forceX, is linearly dependent o based onthe interslice force
assumption given in Eq4.19. Therefore the boundary conditions for the internal

shear forces aneotconsidered separately
E(x=x)=0 (4.28
E(X = Xs) =0 (4.29

The boundary condition in E@4.28 is directly applied to Eq4.27) and the total

change of interslice normal force is set &@aby integrating both sides of E4.17)

as follows:
% % " o b "
ffE = rpina @N +k, GW- fosa @S=0 (4.30)
% X % %

The resultingexpressions basically the summation ¢fie horizontal components of
the externa) inertial and base reaction forceBheintegralof dWis equal to the total
weight oftheslidingb o dy , d e n\ot igliredsa. Thie fordesiINanddScan
be replaced witliin(x)dx ands(x)dx, respectivelyto obtainEq. (4.31).

Xs X
a H =Wk + f§,sina @x- fpcosa @x=0 (4.32)
% %
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The aboveequation can be combined with Hg.25) and arrangedhto Eq. (4.32),

whichi s simi |l a0t oft G& EAf or me (2d44.i on

X Xs
fc- g.h, tanf")@x+ f , tanf*cosa Gix
Fo =2

X5
Wk, + f , sina Q@ix
%

2 (4.32)

gi ven

The normal stress is replaced with E427) to developthe explicit form oftheforce

Fs expressiomgiven in Eq.(4.33).

Xs ) 2 iy
% :)hC@AV +1- aifkh)+%cowFM§C§aif - tana)+q+ aE'f
flc- g.,h, tanf")Gix+ | tans' ¢ s = _ Gix
% a-f tanf" Atanf' o)

1- = +tana % +a,fg
FS = o
X ac-9o,h, tanf'Q.
ohdk, +1- afk, |+&———gQe-f - tana)+q+o E'f
cﬁ(v i h) 9 FS gcﬁal ) q E )
Wk, + ” — Q@ix
a o ftanf'0. tanf'
cota @8- g+ +af
Xt C Fe 2 F

(4.33

In Eq. (4.33), Fs appears on both sides and cannot be singled out. Therefore, an

iterative approach should be adopted tcambt resultIn the manuscript, a quasi

Newton root finding method iproposedater in Section 4.5, hence Eq(4.33) is

arranged into the form given in E¢.35).

L +1,

Wk +1,

Let Fs=

(439

wherels, 12, andls: integral terms in Eq4.33) (i.e. the arrangement of the terms in

Eq. (4.33) and(4.34) follow the same order).

To satisfy horizontal force equilibrium, both sides of @34) shouldyield the same

result. Thereforea governing equation can be definfed horizontal force equilibrium

as follows:

|+
e g Wk =0

S

fy(Fs, /)=

wherefu(Fs, 8: governing equation for horizontal force equilibrium.
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Lastly, moment equilibrium isatisfied with respect to a common rotational center,
illustrated as poinR in Figure4.1la. To satisfy tlis condition,the moments generated

by the external, inertial and base reaction forceseayeated to zero in E4.36). In

this calculation, the internal forcds,andX, are ignored, considering that the forces
on the opposite sides of an interfaceuld cancel out and generate zeromement
However, t is worth mentioning thaninternal moment equilibriurequationcan be

used to determine the locationtb&line of thrustat any interface

- Q- %) WL+ K ) e - xc)- K, Bye- ve)]
+ Fpdsina G, - x)- cosa dy, - v, i

Xt

+);;Fn Cl):osa QXR' X)+Sina C'éyR- yf)mx

AM= =0 (4.36)

———) =) =) =) iy =) =) =) (D
< = = = = S = oy
|

Theexpression in Eq4.36) is arranged Y substituting the shear stres&), with Eq.
(4.25). The resulting expressionEq.(4.37is essentially sHomil ar
of GLE, given in Eq.(2.15. However, there are some differences based on the

arrangement of the terms.

Xs
| - o Snadis ) G- i
Xt

Fs= (4.37)

£ tanf' . g . £ tanf"' .
- sncfcosa QX - %)- 7y, - y)u+sina Qlys- y)+ T i, - X@dx
i é Fs a é Fs (7

Q- 30) WLk )i~ 30)- K By 3 )]

Normal stress is replaced WIiEQ.(4.27) to obtain the explicit form ahe momentFs

equationgiven in Eq.(4.39).
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T P~ guh, tanr cGtana G - x)- (v - y)‘%’@x
SEN.

é tanf"' . £ tanf' . A
T - X)- oy, - y)+tana Gy, - y)+ e dxe - X
1 Fs é Fs l])'/

(4.39)

:)hc'ﬂkV +1- aifkh)+§§wﬂgdaif - tana)+q+a E*
¢ F =

1- ol tanf +tana (.%tanf +aif§
F EF, 0

S

Qix

— =) ———> ]
< = e

Xy

+ QC.QXR_ XQ)"'WCK]-"'kv)QXR' Xc)' kh QYR' YC)]

Similar to the procedure adoptguleviously Eq. (4.38) is arrangedto form the
governing equatiogiven inEq. (4.40).

L4
- 1y + Qg - xo ) +W A1+ K ) B - % )- K, By - vl (439

Let FS =

fu (Fs, ’):IF—4+'5- Qb - x)- W+ k)t - x)- K,y - ve)]=0 | (440

wherels andls: integral terms in Eq4.38), andfm (Fs, 8: governing equation for
moment equilibrium.

The resulting formulation is similar tbat of GLE, presented in Chapter 2. There are
two governing equations.é. Eqs(4.35) and(4.40)) and two unknowns (i.d=s and

9. Using Eqs.(4.35) and/or(4.40), it is possible to obtain solutions based on the
asumptians of BishopJanbu, LowandKarafiath, Corps of Engineenglorgenstern

Price and consequently Spencéfowever,F e | | emethod griores vertical force
equilibrium, instead follows a different assumption to calculate base normal stresses
(i.e. refer toSection 2.1.2.1). Therefore, the equations are modified to obtain a solution

forF e | | enethod as dollows:
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Special CaseF e | | donce assuption

Considering the infinitesimal element givenFigure 4.1b, the forces are resolved
along the slip surface. From force equilibrium along the base normal diretitiand
Un can be obtained as follows:

(Z—N =s, =ghd(k, +1)&osa - k, sina]+qcosa (4.41)
X

Fell eni usd met hforcks dogprely ansl caiculatés based bn
moment equilibrium. Therefore E(.38) can be modified by substituting Eg.41)

for Un, and replacingwith zero. After arrangind;scan be singledut & given in Eq.
(4.42).

Xg

rfgc ah, tanf"g(?tana . - x)- (v, - y)@l;@ *gtanf'cos’ a Qoh Gk, +1- k, tana) +q]u Gix
X
Xs

3[tana @ - X)- (Ve - V)] )7

(Fou), = (4.42)
I Neco§a({)ghd§k +1- k, tana)+q)0 SN L
1 [ xetanady, - ) yOIX+QC6X X J+W AL+, ) e - %) K, @Y - ¥ )]
where Esm)e: momenttrsbased on Fell eniusdé nor mal for
Additionally, in this studyF e | | enormalfarcé@ assumpbin is used to calculate

Fs based orhorizontalforce equilibrium. It should be noted that this not a common
approach in the literatureatheran experimental trial to evaluate the agreement of the
results with rigorous LEMs. To obtain the fofegbasedn this assumption, E(4.41)

is simply substituted into Eq4.33 and a-is replaced with zeroThe resulting

expression is given in E.43.

f{c g,h, tanf' )Qix+ ﬁanf coga ehdk, +1- k, tana)+q]cix
(Feu). == (443
Wk, + ﬁ;inza C{)ch'[(kV +1)(@ota - k, |+ qcota} Gix
%

where Esu)r: horizontal forcessb ased on Fel l eni usd nor mal
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4.1.3.Solution Approaches fothe Governing Equations

In the following subsectiors, two solution approacésare propcsedto computethe
governing equationg-irst, an analytial approach is adopted to derive clo$ean
solutiors. Then, numerical integration approaches are discusghdheir available

implementations in the literature

4.1.3.1.ClosedForm Solution withAnalytical Integration

Using the derivation given in this sigection, it is possible to compute exact solutions
for the governing equationeenceavoid freebody discretization and the associated
precision losses altogether. The dation initiates withEgs.(4.35) and(4.40), which

can beadaptedo find results for several LEMBy manipulating the internal force
function,fi, andacoefficient. Among thosea-can be treated as a constant, while a
method specific dependent variable that can be a trigopnometric function, a polynomial
in any order or even apecific userdefined function.Therefore,the analytical
derivation intiates with an assumption regarding the generalized forfn &f is
sufficient to assume a constant interfaate function for the approaches proposed by
Fellenius, Bishop, Janbu, Corps of Engineers ¢ase(i)) and Spencer, hence the
following formulation adopts the relatismgiven in Eqs(4.44) and(4.45).

] df
f=constlgq 6 f'=—= (4.44)
dx
fr=f (4.45)

In the governing equation related to force equilibrium, @39, there are three

integral terms, which are explicitly given in E¢$.491 (4.48) for the sake of clarity.

1, = f{c- g,h, tanf')Gix (4.46)
o ohc'ﬁlg +1- a»i?kh)+%w§6ﬁai? - tana)+q+ o E'f
l,= | tanf’ ?tg p > t_ pz 5 Q@i (4.47)
o ftan Atan
1- = +t +of
3 5 ana C%%g F o :
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" ohcﬁkv+1 a»fk) gﬂocﬁa?-mna%qﬂa{f

|. = - QIx .
3T a»?tanf 0 tanf' | _ (4.48)

a
cota + o
% |:S !

Xt T

The dependent variables in the equations are replaced with the function definitions
given in Eqs(4.1)i1 (4.13. After applying thanternal force assumptiogiven inEgs.

(4.44) and(4.49, theintegralscan be arranged intbepolynomial formggiven in Egs.
(4.49)i (4.51). Thecoefficients in the equations can be calculated using the expressions
given in Eq.(4.52).

Xs
= Ax? + Bx+C,) Gl (4.49)
X
Xs 3 2
1, = B CXE D, g, (450)
X E.x+F,
_ S AX+BX*+Cx+D,
s Col 451
e Exer)eH, & e
A =-a,4g,tanf’, B =-b,g,tanf’, C, =c-d,,g, tanf’
x=g@k, +1- /fk ), h=Db, - /f,
hA +2
A= 2a,A B, =ax+a, - A +2a, B,
Fe Fs
hB, +2a,C hC
C _th+b —F—fl D zdhX+dq' 1 (452)

S

C%: Q _h +1+bf/fi
e tanf 8= F, tanf'

A=A,B,=B,, D, = D2,E=2af,F3=bf

/f, tanf’ H, _ tanf

S S

+/f

G, =1-

Througha series polynomial arrangement and substituttm closeeform solutions
of the definite integrals are obtained given in Eqs.(4.53)i (4.55). Note that the
coefficients in the equations are not subscripted for the sake of simplicity. However,
for each integral, the corresponding polynomial coefficients in(€§2) should be

applied inthe calculations
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_Apne Bé g
=gt +0qg (4.53)
¢ =,
&DE® - CE?F + BEF?- AF?)tn(|Ex+F|) of
€ E4 U
2 =¢ ) , U (4.54)
é A, BE-AF , CE’- BEF+AF’ U
s—X + > X+ 3 X
& 3E 2E E H,
€ A&DE’H’- CE’FH®- CE’GH* § o a
1 & 0 U |
16, 2 BEF?H®+2BEFGH? 6 0 7
16126 60n(|EHx+ FH +G| )3 :
16 a@BEGZH AF°H® - 3AF2GH? u !
e Eaarch-ac 0 N
B . Ol (45
* 16r3AEH X" + 4E°H* BEH - AG)&X 0 12E*H°; (459
1€ . . .
16+ 6E2H2 dCE?H? - BEGH + AFGH + AG?)6¢ u :
}gleH ADE’H*-CE'GHBEFGH® 8, 3 :
78 %BEGZH-AFZGH2-2AFGZH-AG39 B y

%

The solution forl1 is quite straghtforward, however]2 and Iz require additional
considerations. When the slip surface is defined by a linear segmeai £i.@), the
coefficientsAz, As, E2, and Es become zero. When these values substituted 0/0
form indeterminacy is encounterad Egs. (4.54) and (4.55). Furthermore, the
equationgareill -conditionedfor ar values approachinzero sincee2 andEs appear in
the denominators as higitder exponential terms. This issue is alreadiyressed in
SQS formulation with the threshold value appliectan Eq.(3.10. To overcome
indeterminacy, closetbrm solutions of2 andls are explicitly derived for linear order
surface functions and abbretgd aslzin andlsin. In short, for linear surfaces, Eqs.
(4.54) and(4.55) are replaced with Eq§4.56) and(4.57), respectively.

“BX+Cx+D .. €1 .ABx¢ CxX s
=E,=0- I, =ff———Q@x=¢= + .
A2 2 2,lin . = éF g 3 2 . (456)
SBx2+Cx+D & 1 ABX¢ C¥ aa”
=B =0- lg = Qix= & + =X 4 Dx
A3 E3 3,lin X‘| G/F"‘H gG/F+H%? > 8_] (457)

X!
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In the governing equation related to moment equilibrium, (E40, there ardwo
integral termsl|4 andls in Eqs.(4.58 and(4.59), respectively.

= r“fgc guh, tanf"8&ana @x, - x)- (e - y)2 Gix (4.58)

e tanf' . £ tanf' . dl
[ - 0)- 2 gy, - y)+tana lye - v)+ B b - 60
i Fs e FS uy

ohcﬁg+1 a»?k) ac- oWhNtanf 0(63? tana)+q+a~E

o f tanf Atanf"' o}
+tana ( =t ofg
S

(4.59)

1-

— =) ———> D:
< = C;—)——hc)
X

S
Xt

Similar to the previous steps, the dependent variables are substitutdeqmitd. 1)
(4.13, (4.44 and(4.49. Then, the integrals are arranged into the polynomial forms

given in Egs.(4.60) and (4.61), wherethe coefficients are calculated using the

expressions in Eq4.62).

= f{A4x4+B4x3+C4x2+D4x+ E4)C'alx (4.60)
~A5x +Bx +Cx +Dx +Ex +FX+G;
s =N Hox+ M, = (alx (4.61)

Xt

w=d; +b; Xz - Yr: A =-a; A, B, =& CQZ'A&XR' Bl)
C,=wA +a, ®2x;B - C), D, =wB, +2a,x.C,, E, =wC,

k3:—2af2,k2:-afc'%b tanfgk 28, XR::anf-'_yR'de'bfz‘l
¢ - ¢ s :

tanf' ax. tanf" 0]
ko:XR"'(df'yR) +be%RF—+yR-df8
G s -

Fs

- hA +2
Ay aea, AEZE
S S

hC
ng=dhx+dq— Fl’ A =kym, Bi=kom+k,m, Cg=k,m+k,m+km

(4.62)

m= S
S

S

D, =k;m+k,m+km+k,m, Eg=k,m+km+k,m, & =km+k,m
atanf' o} tanf" A tanf'Q

—k.m H.=2a /58 M. =1- 71 82 4, Gt +
G5 o1 5 fcé%FS |§ 5 i FS f%| F 8
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Similarly, the integrals are analyticalgolvedto obtain the closetbrm solutions
given in Egs.(4.63) and (4.64). For eab integral, the corresponding polynomial
coefficients in Eq(4.62), are applied

 _&p¢ BX CF DX, EX6XS 63
“?5 4 3 2 Q '

Xt

A|%s
€e &AM®- BHM®+CH’M*- DH’M?®@ 2 a
1660 8 (\Hx+M\) U |
e &FEH'M?- FH®M +GH® Q N i
ié a i
1t +10AH °X° - 12H° @AM - BH)GC o 4 1

|5 =16+15H* 4AM 2 - BHM +CH?) &’ Uo7d (464

}e 20H? QAM® - BHM? +CH?M - DH?)&¢ N ;
Ae+30H 2AM“ - BHM® +CH?M2 - DHM + EH*)&x? N I
& 60H GAM® - BHM* +CH?M®- DH®M 2+ EH*M - FH®)&XY §,

%

In this casels is indeterminate for linear surface functions, consideringAtandHs
are zero wheras is zero. Accordingly, the closddrm solution ofls is explicitly

derived for linear surfackinctionsand abbreviated dsiin in Eq. (4.65).

SDx3+Ex+Fx+G

A, =B =C=E=0- |5, = M C@ix
X%
. . (4.65)
@1 aDx* EX P o8
=&—
éM g 4 Xt
Special CaseF e | | donce assuption

For Fel |l eni utsré of thegovemidg,equatibns giver&gs.(4.42) and

(4.43) are significantly differenfrom other methodsTherefore, a separatierivation

is required to obtain an analytical solution. However, the procedure is more or less
similar. The main differencemF e | | e ni u s 0t thefe valnes dan bedirettih a
obtained from the closefdrm solutions These derivations and the resultifg

equations argiven inAppendixB.
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4.1.3.2. Approximation witiNumerical Integration

The definite integrals in the governiaguations caalsobe evaluated using numerical
integration methaosl In this study, the accuracy of the wikllown approaches like
Riemann sum trapezoidal rule, Si mp s o n dule and Gauss quadrature
approximation are investigated. It is worth mentignthat, when the slip surface is
defined by linear segments (i.e. conventional slicesigpoint Riemannsum
approximation reduces the accuracy of ILEM to that of GLE exactly. On the other
hand, higher order approximation rules can prove to be more effitmefact, Gauss
quadraturea ppr oxi mati on was pr e Vv[690/0 and owetmp | e me
al. [71] based orsimilarideas. Th e st u d iaeaoptprocédurds efr sicet
analyze circular surfacgget the proposedormulationtreatsthe sliding massegke

single free-bodes. To be more specifithe surfaces are evaluated with sirgfiep
Gaussquadratureapproximations over whole intervalsesulting in significantly
improved convergence rates. Differently, Low performed experiments with general
slip surfaces; however, utilized linear slice representation for both types of surfaces.
Consequently, the capabilities of the method were not fully exploited, producing
argudly limited improvements on computational efficiency and result accuracy

compared to the quadratic surface representation adopted in this study.

4.1.4.Extension of ILEM to Complex Problems

The formulations given in the previous sections assume constant soilgbars and
continuoussinglefunction representatiofor all surfaces (i.e. groundwater table, slip
and ground surfaces), as well as the distributed surcharge loRdingrore complex
cases, the governing equations can be evaluated using the summatteqgrafs for

discrete segmentas defined in E|4.66).
=a i, (4.66)
i=1
wheren: number of segmentsl][: any definite integral defined fdahei" segment,

evaluaed for the intervaly, Xi+1].
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To demonstrate, a comprehensive example is givéiigare 4.2. The example slip
surface is composed of 4 splines, which are further divided intansedvals at
geometric or parametric discontitias (i.e. layer transitions, slope toe and crest
locations, intersections with the groundwater level and any point where the surcharge

load is discontinuous).

7777 \N\\N

777 N\\N

@ spline node
-* geometric discontinuity

Figure 4.2: lllustration of ILEM application

It is possible to account for variable soil shear strength parameters using this process;

however, profiles with variable soil unit weight require further considerations. In such

cases, computing the total weigit, andthe locaion of itscenter of gravityC(xc, Yc),

Is straightforward. On the other hand, evaluating the normal stress based42%q.

or(44)can get rather complicated.midtosi mple g
manipulate the function that represents the height oft¥a)l, It is possible to define

the height of soil within each laydi(x), in terms of quadratic expressions. Then, an

equivalent soil height can be computed using (Bd7) and adopted instead of EQ.

(4.5) in the calculationsUsing this approachenter of gravity calculations, more

specificallyEqg. (4.10), should be modified slightlyThe rest of the formulatn can be

implementeds is.

() =~ C& gjh, () (@67)

j
(i.e. implemented withg, )

wherel: number of soil layers above the slip surface
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4.1.5.Interpretation of CommonLEMs andFs Evaluatonwi t h Br oydenods

Thederivation ofthe governing equations in ILEM formulation éssentially similar
to GLE, with the exception of differential equation representatibimerefore
interpretation of other LEMs followthe patterrpreviouslydiscused in Section 2.1.2.
However, in this section, these approaches are personalized for TieMjoverning
equations and unknown variables for eddBM are summarized, and concise
discussions are given ifable4.1. It is should benoted that the following sections

refer tothese methaslwith the abbreviations given in this table.

Table 4.1: ILEM interpretation of common LEMs

Abbreviation: Method Equation(s) Unknown(s) Explanation
Conventional Fe
(Fsm)F=const. T directsolution is possiblérom

R moment equilibrium.
FM: Felleniu® etnod

Experiment al F e
(FsHF= const. T direct solution is possibiieom
horizontal force equilibrium.
BS:Bi s h omplfied msthod fw (Fs, 0)=0 Fs Seta=0; solve the equation féis
JS:J a n bimgifeed rsethod fu (Fs, 0)=0 Fs Seta=0; solve the equation féis.

Sete=1 and apply internal force
LK: Lowe and Karafiath method  fu (Fs, 1)=0 Fs assumptionri Eq.(2.17); solve
theequation forFs.

Seta=1 and apply internal force
CE: Corps of Engineemethod fu (Fs, 1)=0 Fs assumption in Eq2.18) or (2.19;
solve the equation fd¥s.

fu (Fs, =0 Apply internal force assumption
SM: Spenced method b (F ' -0 Fs, & in Eq.(2.20); solve the 2x2 systel
M (Fs &= of equations foFsanda:
] fu (Fs, =0 Apply any reasonable internal
MP: MorgensterrPricemethod b (Fs, 9=0 Fs, & force assumptigrsolve the 2x2

system of equations féts anda:

(Fsme: Eq. (4.42)1 (FsHe: EQ.(4.43) 7 fu: Eq.(4.395 71 fu: EqQ.(4.40

UsingFel | eni us 6 f dspaessbledossiagle oy tiesimEys.(4.42)tand
(4.43), hence a direct solution is possible for both, conventional and experifabhtal
which are based amomentandhorizontal force equilibriumrespectivelyHowever,

otherassumptions need indirect approaagiagthe governing equationBefined in
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Eq.(4.68), the most complex case is associated with the rigorous methods,2x2ere
systens of nonlinear equationare solved to determinéhe Fs anda-values Among
the many possible techniqai s the present study proposes

quastNewton root finding methofb4] for the problem
x=(Fs,/), f®=(f,.f,)=0 (4.69)

wherex: unknownvector and: vectorvaluedfunction.

The procedure, formulated beldar two-variable problers is adopted in ILEM to
obtain solutiongor rigorous methods like SM and MBinglevariable version of the
sameprocedurds implemented fothe simplifiedmethodslike BS, JS LK, andCE

variants

Step 1 Prescribe the error tolerandgy, andmakeinitial guesses foFs anda: The
quality of the initial guesses greathffects the convergence of gradiebased

methods, hence reasonable inputs are essential.

It is suitable to use the solution®M to estimatean initial Fsvalue in the same order
of magnitudeasthe final result. Oservations throughout the stuithjormally suggest
that the experimental force equilibrivappproachs reliable evenfor odd slp surface
geometries. For such surfaces, the conventiBNabften finds unrealistic solutions.

Therefore, Eq(4.69) is suggested faheinitial Fsvalue.

(Fs)o =(Fs): (4.69)

where Es)o: initial Fsguess for Br oy Bse)n toce Fomgedhand and (
experimentaF e | | e n i u(iseérefemteBn. U B3 andAppendixB).

For a-coefficient, it is ot possible to obtain an initial guess usthg simplified

methodsSuitably, Zhu et al[72] proposed an empirical correlation basecwoerage
slip surface inclinationNote that the correlation, given in Hg.70) is computedn a

mannersimilar tothe interslice force functioof Corps of Engineemniethod given in
Eq(2.18).
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/0:0763%%}£99 (4.70)

whereao: initalaguess for Broydends met hod.
Step 2 Evaluate the initiavectorvaluedfunction, fo, and the Jacobian matridy,

defined in Eq(4.71), respectively. It is possible to evaluate the partial derivatives in

Jo using fnite difference method.

e, W.o
e u
7V S V7 s
J,=¢ u .
* @ Mg @7y
BFs W H

Step 3 Update the unknown vectox, using Eq.(4.72) andincreasethe iteration
numberby one
X, =X, - I, (4.72)
t=t+1
wheret: denotes the iteration number.
Step 4 Compute therectorvaluedfunction, fi, and differential vectorsyx: andgd ¢
usingEqg. (4.73).
DX, =X, - X,.,, Df, =f, - f,, (4.73)

Step 5 Compute absolute errare | at ed t o B idpupidgeEn.@.84). met h o
Terminate if is smaller than the tolerandgy.

G =|Dx 4.74)

o

Step6: Update the inverse Jacobian matrix using (B4.5) and return t&tep 3 The
method adoptsa rank-one updateinstead of computing the Jacobian matrix in every
iteration In addition,Broyden further refined thermulationwith ShermarnMorrison
Formulato update the inverse of the Jacobian matrix directly.

Dx, - J;%Df

Wt Dad (479)
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4.2.Numerical Experiments

In this section,the closedform formulation of ILEM is validated andhe
computationathe efficiency ILEM variantdased on numerical integration methods
are evaluatedthrough extense experimentation. Utilizing the critical slip surfaces
located in Chapter 3, a benchmark set is constructed in Section 4.2.1. Then in Section
4.2.2 theclosedform version of ILEM denoted as ILEMCF, is implemented to find
results based on common limequilibrium assumptions. After validating the
applicability of the proposed formulation, the results are further used as a basis of
comparison for the subsequent sections. In Section 4.2.3, ILEM formulation is
implemented with numerical integration metlsp in search of improvements on
computational efficiency. Based on these results, an efficient ILEM variant is
compared with GLEormulation and proposed as an alternative limit equilibrium
formulationin Section 4.2.4.

4.2.1.Benchmark Problems

The benchmark spe stability analysis problems adopted in this section aretesdlse

the samesChapter 3, except that a surface optimization routine isnootporated

in the experiments. Since the current objective is to evaluate the stability analysis
modules, intoducing a stochastic element (i.e. optimization algorithm) would
unnecessarily influence the outcomes by instigating bias to the model. In order to avoid
this issue, the slip surfaces are-gedined for the analyses as illustratedrigure4.3.

The surfaces are exactly the saaséhose obtained with SQS in Section 3.2. For each
example, thexisof moment equilibriumR, and splindransition points are indicated
andthedetailedsurface information is provided AppendixA.

For each slip surface, the indicated rotational axis is the center of thét lzst
determined through a regression analysis with the following criteria: (i) the arc must
pass through the slip toe and scarp, (ii)gbgweight inside the armust beequal to

the weight ofthe sliding massThe indicated rotational centers are only utilized for
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FM andBS, which areconventionallynot applicable t@nalyz general slip surfase
yet similar approaches are adoptedtlie comnercial analysis software-lowever, i
should be emphasized ththe location oftherotational axis significantly affects the
results in simplifiedmoment equilibriummethods, hence such an approach is
questionable for practical application©n the othethand, the results of rigorous
LEMs are not sensitive to thmsitionof therotationalaxis; therefore, any reasonable
point can be selectedor rigorous LEMs the gravitational centerof the sliding

masgsare convenientlgonsidereds the reference pas for moment equilibrium
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4.2.2.ClosedForm Solution Approach forCommon LEMs

In this section,lie benchmark problesetis utilized to validatehe reliability of the
proposed analysis framework. Furthermore, ttesedform equations and the
resulting formulationLEM-CF is verified as a precise unified method common

limit equilibrium assumptions. The experiments adofM -CF forFM, BS, JS CE-
Case(i) andSM approachesand approximate the trie valuesfor LK, CE-Case(ii)
andMP using excessive discretization and numerical evaluafiberefore, the results
reported in this section are exact withiire limits of theerror tolerancelbi, which is
prescribed a0 forB r o y dgeasifesvton techniquelt should be noted th&iv

is utilized to findFs values based on both, moment and horizontal force equilibrium.

Lastly, MP is adopted with hal§ine internal force function.

The resilts are reported imable 4.2 for all limit equilibrium assumptionsand
benchmark problem3he table denotes ILEMF solutions and the approximated true
values witht h e s u I€Boc raifpdt, si r fie s pt & adtideable thtyhe results
given forSM are in agreement with the ones previously repontld GLE in Table
3.21. In fact, the Fs values of ILEMCF are slightly improved versions of the ones
previously obtained using 70 slic&nceSM encbses the entire analytical derivation,
the outcomesalso validate the closedform ILEM formulation for the simplified

methods that can be reduced from.SM

The comparison betweelifferent approaches can also prove to be beneficial to verify
the reliabilityof ILEM. For instance, the results 8M andMP, which only differ in

the appliedinternal forcefunctiors, are strongly correlated. The average deviation in
Fsisabout 0.7%suggesting thdhe rigorous formulatiors not highly sensitive to the
selecton oftheinternal force functiopaspreviously argued by Morgensteaind Price

[3]. To evaluate the results of teenplified approachegelative differencevalues are
calculatedwith respect toSM and MPand denoted aRD: and RDy, respectively
Based on these measuBSaccurately estimatdss with meanRD values below 1%.

This is already an expected outcome for circular failure amalyn this case, the
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procedure adopted &ssigrthe center of rotation may have reedlin a practical way

of achieving similaaccuracyfor general slip surfaceblowever, the reliability of this
approach requisecareful assessment with complete analysis framewBd&garding

the force equilibrium method3S always underestimatésasexpected?2]. With the
application ofinternalforce function in LK and CE, the results approach to those of
rigorous methods. Howeve€ase (i) assumption of CE fails to produce reliable

results based on the mel@D values tlat exceed 4.5%.

It is interesting to note that the results of the conventiBNhare reasonably close to
those ofSM and MP However the trials during the studyointoutthatits application
within a general slip surface optimization framework oftgields unrealistic
outcomesOn the other hand, the experimeriid is observed to be moo®nsistent
to produceFs values at leastin the same order of magnitudsthe othemmethods
Therefore, the experimental Fvased on force equilibriums proposed aa simple
yet efficient method to provide initial guesdor the iterative analyseswith this
embedment, divergence issues are seldom encountered anchgéakilities of

Broydenos nsafficient accueay sithin 2 to iferations.
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4.2.3.The Hficiency of Numerical Integration Methods

Aiming to develop a computationally efficient ILEM variatite benchmark examples
are further analyzedith approximation methodsnsteadof using theclosedform
formulation Accordingly, common numerical integratide@chniquedike Riemann
sum trapezoidakule, Si mp s o mlé andQ@als§uadratureare incorporated into
the formulation of ILEM. A summary of these methods are giverainie4.3, where
the number of quadrature nodego, their positionsandweightsareindicated for an
arbitrary function,f (x), within the normalized intervadf [-1, 1]. Based on these
definitions, the belowgiven equationcan beusedto approximate the value of a

definite integral.

1

nf (x)dx° %QEQ f(x)Qy (4.76)

LY

Table 4.3: Summary of numerical integration methods

Method no Nodes on [-1, +1] Weights

Midpoint Riemanrsum 1 x=0 w=2

Trapezoidatule 2 =-1, x,=+1 w =1 w,=1

Si mpsomnigs 1/3 X=-1, %=0, x;,=+1 w =1/3, w,=4/3, w; =1/3
Gausgjuadrature 2 x =- 13, x, =+1/J3 w=1 w,=1
Gausgjuadrature 3  X=-35,%x=0,x%=+/3/5 wW=59, w,=89, w,=59

whereng: number of quadrature nodes within each interval

The efficiency of GLE formulation is also evaluated in comparison to these methods.
In order b avoid anybias due to possible differences inthe computational
implementatiorof these formulationslLEM analysis proceduris interpreted to yield
results for GLE. When the slthe surfacés discretized into linear segmenggloption

of midpoint RiemannigmreducedLEM formulationto GLE, based on the derivation

given in Section 4.2.

For the analysesSM is adopted. Approximation intervals are determined by

discretizing the slip surfaces idegments with the pcedures given in Section 4.1.4.
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Then, they arefurther refined into equally spaced swiltervalsto increase the
precison. The number of sumtervals, multiplied byne gives the number of
governing function evaluations 6k, denoted witiNFE. Note that the minimuriNFE
required foiFsevaluation varies for different integration methods, and the calculations
ignoretheié r at i ons wi t hfindingBacedyrel e n6s r oot

The results of the analyses dhestrated with theconvergence graplggvenin Figure

4.4. In these graphs-axes indicat®&NFE andy-axes represent the absolute erroFef
values(i.e. not relative, the values are absoldé¥iations from trud-s values)with
respect to those obtained with the clo$auin equationsThe convergence graphs
demonstrate that th@ecisionof GLE is comparably lower than other methods, except
for thetrapezoidatule, which is computationallypnoredemandingSi mpsomlés 1/ 3
and2-node Gaussuadratureare relatively more efficient. However, these methods
may require a dege of refinement fofirotationab slip surfaces, as illustrated in
Figuresd4.daand4.4b. In general, surfaces with planar segments are easier to analyze
as the order and complexity of the integrand functions refdudimearfunctions On

the other hand3-node Gausguadratureapproximation is invariablyprecisefor SM

without further surface refinement.

It is notablein some casehatthe approximation of the method does not improve until
a certain point. This is more visibler the convergence graphs giverFigures4.4f
and4.4g, which are associated with the infinite slope problExgample 5The slip
surfaces in these prarhs include wide planar segments. Considering a linear surface,
the integrands it throughla (i.e. refer toEgs.(4.49)i (4.51) and(4.60)) reduceto 2"
orderpolynomialsandthe integrand is in Eq.(4.61) reduces t@ order, all of which

are approximated exactly usi@gand3-node Gaussguadraturerules. Therefore, the
linear segments are refined unnecessanilthese experimentskegardless3-node
Gaussquadratureapproximationyields impartial results with those of ILEMCF
without any refinement, and thuselected aa computationally efficient addition to

the formulation of ILEM
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4.2.4.Comparison of ILEM with GLE

The experimentdor SM in the previous sectiopromotea computationally efficient
ILEM variant based oi3-node Gaussquadrature approximatiomenoted as ILEM
GQ3from now on.In this sectionthereliability of this configurations validatedfor
other limit equilibrium assumptiorierough a comparison with GLE atrdeFsvalues
reported inTable4.2 Using ILEM-GQ3 the slip surfaceare analyzedavithout any
refinement, hencene number of function evaluatign$FE, is the minimumrequired
for each example. Accordingly, the numbef slices used for GLEreadjusted to

equivalent valuefor fair comparison

Considering the above cogtirations, an extract of the results obtained with SM are
given inTable4.4. For each benchmark problem, the outcomes of GLE and {LEM
GQ3 are summarized based on the approxinfadaddavalues and reported together
with the values obtained usinglEM-CF. Furthermore, lsolute errors of
approximatedFs valuesare also given for both formulations. The results further
illustrate the capability of ILEM5Q3, which reports precise values fés in five
significant figuresAlthough the results of GLE stay within practically acceptable error
margins, sucheliability is not possiblatthe same computationebst

Table 4.4: Comparison of ILEM anGLET S p e n anethod s

GLE ILEM-GQ3 ILEM
NFE Fs & s Fs > s (Fs)cr o
Example 1 24  1.9799 0.3026 3.E03 1.9769 0.3023 5.E-05 | 1.9770 0.3025
Example Zi) 24 1.3239 0.2506 2.E03 1.3218 0.2495 4.E-05 | 1.3218 0.2496
Example Zii) 27 0.9983 0.2875 7.E-04 0.9975 0.2874 5.E-07 | 0.9975 0.2874
Example 3 27 1.0884 0.0753 7.E04 1.0877 0.0702 1.E-08 | 1.0877 0.0702
Example 4 27 0.4115 0.2441 5.E04 0.4110 0.2428 1.E-07 | 0.4110 0.2428
Example i) 24 1.0118 0.4541 2.E03 1.0095 0.4527 7.E-06 | 1.0095 0.4527
Example Hii) 24 0.8412 0.5688 2.E03 0.8396 0.5676 1.E-06 | 0.8396 0.5676
Example §i) 27 1.3321 0.1440 2.E03 1.3300 0.1377 2.E-07 | 1.3301 0.1377
Example §ii) 36 1.1981 0.0726 1.E03 1.1967 0.0692 5.E-08 | 1.1967 0.0691
Example §ii) 27 1.0428 0.4182 1.E03 1.0418 0.4136 1.E-07 | 1.0418 0.4136
Example §iv) 36 0.9322 0.3336 8.E-04 0.9315 0.3317 3.E-08 | 0.9315 0.3317

whereGQ3 3-node GausguadratureCF: closedform solution,NFE: number of function evaluations.
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Considering the simplified methods such as FM, BS, JS, LK and CE, the outcomes
given in Tables4.5'4.11, are similar to those of SM, which further validates the
enhanced efficiency of ILEMGQ3 over GLE. Except for a few instances, the proposed
methodreportspreciseFs values On the other handhe experiments with MP raise
somequestions anthspire possible improvements. As mentiongeviously MP is
adopted with halkine internal force function, which significantly affects the
complexity ofthe governing equations. Asrasult the precisionof both GLE and
ILEM-GQ3 are comparably reduced, as illustrate@iahle4.12. GLE formulation is
prone to significant error withrelatively lower numbers of slices especiallyin
Examples and2 (i). ILEM-GQ3 can find more acceptable valuesFgrhowever -
coefficiens, and consequently thestimatedorce distributios still deviate from the
approximated true caseAddressing this issue, either a higloeder approximation
method or a surface refinement procedure may be adéptéddP. Considering the
latter alternative, the problems are analyzed using 48 function evaluations. As a result,
the solutions of both methods reach more satisfactory levels. Although-GEBlis
visibly the better alternativéyrther improvements may be achieved by developing a
more efficient surface refinement procedur¢he future studies

Table 4.5: Comparison of ILEM and GLE conventionaFellern u reethod

GLE* ILEM-GQ3 ILEM

NFE Fs U Fs G (Fs)cr
Example 1 24 1872z 2.603 1.8703 1.E-05 1.8703
Example i) 24  1.2497 7.E04 1.2488 1.E-04 1.2490
Example Zii) | 27 0.9507 4.E04 0.9503 7.E-07 | 0.9503
Example 3 27 1.0801 7.E04 1.0794 3.E-06 1.0794
Example 4 27 0.398t 2.E04 0.3983 5.E-07 0.3983
Example §i) | 24 0.9812 3.E03 0.9785 5.E-07 | 0.9785
Example i) | 24 0.8104 2.E-03 0.8085 1.E-07 | 0.8085
Example i) | 27 1.309C 1.E-03 1.3080 3.E-06 | 1.3080
Example §ii) 36 1.183€ 2.E03 1.188 3.E-06 1.1823
Example giii) | 27 1.030¢ 6.E-:04 1.0303 1.E-06 1.0303
Example §iv) | 36 0.9207 9.E-04 0.9198 8.E-06 0.9198
*GLE normally does not accommodate Felleniusdéd method,
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GLE* ILEM-GQ3 ILEM

NFE Fs Gs Fs Gs (Fs)cr
Example 1 24 19867 3.E03 1.9836 1.E-06 1.9836
Example 2i) | 24 1.3194 2.E03 1.3179 3.E-06 | 1.3179
Example Zii) | 27 1.0934 7.E-04 1.0926 1.E-06 | 1.0926
Example 3 27 1.098¢ 6.E04 1.0982 4.E-06 1.0982
Example 4 27 0.394t% 3.E04 0.3941 1.E-06 0.3941
Example i) 24 0.9854 3.E03 0.9829 9.E-06 0.9829
Example 5ii) | 24 0.809€ 2.E03 0.8077 2.E-06 | 0.8077
Exampé 6(i) 27 1.4291 1.E03 1.4280 7.E-06 1.4280
Example §ii) 36 1.312€ 6.504 1.3120 4.E-06 1.3120
Example giii) | 27 1.0324 9.E04 1.0315 4.E-06 1.0315
Example §iv) 36 0.914C 1.E03 0.9131 2.E-05 0.9131
*GLE normally does not accommodatd Heeni usd met hod, her e

GLE ILEM-GQ3 | ILEM-CF
NFE  Fs (s Fs s (Fs)cr

Example 1 24 1.9662 2.E03 1.9537 2.E-05 1.9637
Example i) | 24 1.3038 1.E03 1.3024 1.E-05 | 1.3024
Example 2ii) | 27 0.9867 4E04 0.9863 2.E07 | 0.9863
Example 3 27 1.0894 8.5-04 1.0886 8.E-08 1.0886
Example 4 27 0.4057 4.E-04 0.4053 5.E-08 0.4053
Example i) 24 1.0002 1.E-03 0.9992 6.E-06 0.9992
Example §ii) | 24 0.8247 1.E03 0.8235 1.E06 | 0.8235
Example ) | 27 13274 1.E03 1.3261 1.E07 | 1.3261
Example §ii) | 36 1.1945 1.E03 1.1932 2.E-08 | 1.1932
Example iii) | 27 1.0482 9.E04 1.0473 1.E-07 | 1.0473
Example &iv) | 36 09364 1.E-03 0.9354 2.E-09 | 0.9354

GLE ILEM-GQ3 ILEM-CF
NFE Fs Gs Fs G (Fs)cr

Example 1 24 1.8334 2.603 1.8314 2.E-06 1.8314
Example2 (i) 24 1.2123 9.E04 1.2115 6.E-07 1.2115
Example Zii) 27 0.8963 3.E-04 0.8960 4.E-08 0.8960
Example 3 27 1.085€6 5.£04 1.0851 6.E-08 1.0851
Example 4 27 0.3952 3.E04 0.3951 2.E-08 0.3951
Example i) 24 0.9898 9.E-04 0.9888 6.E-06 0.9888
Exampé 5(ii) | 24 0.815C 1.E03 0.8139 1.E-06 | 0.8139
Example i) | 27 13034 6.E04 1.3029 4.E-07 | 1.3029
Example €ii) | 36 1.183C 7.E04 1.1823 2.E-07 | 1.1823
Example §iii) | 27 1.012C 3.504 1.0118 5.E-08 | 1.0118
Example §iv) 36 0.908t 7.£-04 0.9078 1.E-05 0.9078
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Table 4.9: Comparison of ILEM and GLEL o we and
GLE ILEM-GQ3 ILEM

NFE Fs Gs Fs Gs (Fs)at
Example 1 24  2.0071 3.E03 2.0035 2.E-04 | 2.0037
Example 2i) | 24 1.342C 2.E03 1.3308 1.E-04 | 1.3399
Example Zii) | 27 1.031€ 9.E04 1.0309 4.E-07 | 1.0309
Example 3 27 1.105C 1.E03 1.1039 1.E-08 1.1039
Example 4 27 0.4094 6.E04 0.4088 2.E-06 0.4088
Example i) 24  0.982¢ 3.E03 0.9794 1.E-06 | 0.9794
Example ii) 24 0.808€ 2.E03 0.8065 2.E-07 0.8065
Example i) 27 1.418t 1.E03 1.4172 1.E-06 | 1.4172
Example §ii) 36 1.3064 8.E04 1.3056 5.E-07 1.3056
Example giii) | 27  1.0401 1.E03 1.0389 1.E-06 | 1.0389
Example €iv) | 36 0.929¢ 1.E03 0.9286 7.E-10 | 0.9286

GLE ILEM-GQ3 ILEM

NFE Fs U Fs U (Fs)cr
Example 1 24  2.0381 3.E03 2.0349 7.E-05 2.0348
Example Zi) 24  1.385t 1.E03 1.3843 3.E-05 1.3843
Example i) 27 0.991€ 5.E04 0.9911 6.E-07 0.9911
Example 3 27 1.102¢& 4.E04 1.1024 1.E-06 1.1024
Example 4 27 0.428¢ 4.E04 0.4284 1.E-06 0.4284
Example i) 24  1.0177 2.E603 1.0157 7.E-06 1.0157
Example Kii) 24  0.8397 1.E03 0.8382 1.E-06 0.8382
Example §i) 27 1.3897 5.E04 1.3892 5.E-07 1.3892
Example §ii) 36 1.2754 6.E04 1.2748 5.E-07 1.2748
Example giii) | 27 1.041C 4.E04 1.0405 3.E-07 | 1.0405
Example §iv) | 36 0.9377 5.E-04 0.9371 9.E-08 0.9371

GLE ILEM-GQ3 ILEM

NFE  Fs (s Fs s (Fs)ar
Example 1 24 2.1064 3.E-03 2.1034 1.E-04 2.1033
Example Zi) | 24 1.4642 1.5:03 1.4628 6.E-05 | 1.4627
Example 2ii) | 27 1.0001 6.E04 0.9994 5.E-06 | 0.9994
Example 3 27 1.103Z 4.504 1.1028 2.E-06 1.1028
Example 4 27 0.461€ 6.E04 0.4612 9.E-06 0.4612
Example §i) | 24 1.0177 2.603 1.0157 7.E-06 | 1.0157
Example ii) 24 0.8397 1.E03 0.8382 1.E-06 0.8382
Example §i) 27 1.4140 3.504 1.4136 9.E-07 1.4136
Example §ii) 36 1.301C 8.504 1.3002 9.E-07 1.3002
Example §iii) 27 1.054€ 3.504 1.0542 5.E-07 1.0542
Example §iv) 36 0.9511 4.E04 0.9507 2.E-07 0.9507
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Table 4.12: Comparison of ILEM and GLE MorgensterrPrice method

(9= smeo g GLE . ILEM-GQ3 . ILEM
& ?T—u NFE Fs = Us Fs = Us (Fs)at  (aT

Example 1 24 1.9760 0.4031 1.E02 1.9648 0.4180 9.E-04 | 1.9657 0.3722
Example Zi) 24 1.3215 0.3258 8.E-03 1.3098 0.3286 4.E-03 | 1.3139 0.3053
Example Zii) 27 0.9818 0.3843 4.E-03 0.9785 0.3899 8.E-04 | 0.9777 0.3922
Example 3 27 1.0880 0.0886 1.E-03 1.0871 0.0751 4.E-04 | 1.0866 0.0675
Example 4 27 0.4094 0.3013 2.E03 0.4077 0.2629 1.E-04 | 0.4078 0.2540
Example i) 24 1.0002 0.6331 2.E-03 0.9971 0.5930 7.E-04 | 0.9978 0.5823
Example Hii) 24 0.8264 0.8665 2.E-03 0.8239 0.8146 9.E-04 | 0.8248 0.7936
Example §i) 27 1.3344 0.1690 5.E03 1.3330 0.1731 4.E-03 | 1.3289 0.1468
Example §ii) 36 1.1979 0.0809 3.E-03 1.1969 0.0797 2.E-03 | 1.1954 0.0712
Example §ii) 27 1.0468 0.4873 5.E03 1.0464 0.5005 4.E-03 | 1.0421 0.4219
Example §iv) 36 0.9322 0.3641 2.E-03 0.9321 0.3719 2.E-03 | 0.9299 0.3265
Example 1 48 1.9695 0.3839 4.E-03 1.9655 0.3776 1.E-04 | 1.9657 0.3722
Example Zi) 48 1.3168 0.3156 3.E-03 1.3136 0.3073 3.E-04 | 1.3139 0.3053
Example Zii) 48 0.9798 0.3877 2.E-03 0.9780 0.3904 3.E-04 | 0.9777 0.3922
Example 3 48 1.0870 0.0736 4.E-04 1.0867 0.0688 9.E-05 | 1.0866 0.0675
Example 4 48 0.4084 0.2747 6.E-04 0.4078 0.268 3.E-05 | 0.4078 0.2540
Example i) 48 0.9994 0.6549 2.E-03 0.9974 0.5903 4.E-04 | 0.9978 0.5823
Example Hii) 48 0.8257 0.8564 9.E-04 0.8244 0.8071 5.E-04 | 0.8248 0.7936
Example §i) 48 1.3311 0.1539 2.E-03 1.3297 0.1488 8.E-04 | 1.3289 0.1468
Example §ii) 48 1.1970 0.0773 2.E03 1.1957 0.0723 3.E-04 | 1.1954 0.0712
Example §ii) 48 1.0456 0.4729 4.E-03 1.0425 0.4273 4.E-04 | 1.0421 0.4219
Example §iv) 48 0.9314 0.3523 2.E-03 0.9305 0.3386 7.E-04 | 0.9299 0.3265

4.3.Discussion of Results

The experiment# this chapter serve disparate objectives, yet support each other to
validate the collective performance of the proposed unified limit equilibrium method,
ILEM. The frst part of the experiments mostly serves as a verificatibthe
formulation and deriation of the closedorm governing equationsithin. The results
based orEM indicate thatLEM-CF yields similar, more specifically slight improved

Fs values compared to those obtained using GB&sed on these outcomdhke
proposed formulation caeliminate freebody discretization and the corresponding
errors of approximatiocompletely The error margin ofhis variantis equalto the
prescribed tolerance value, which is an enhancement on reliabuiy other
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formulations in the literature. Furthernepthe results validate ILEMas a unified

formulationfor commonlimit equilibrium assumptions.

Despite these positive features, clo$aan equations are considerably lengthy and
tedious to evaluate. Therefotkeir application within a complete analgdramework

may translate to be computationally upscale. Addressing this issa#ficgentILEM
variant is developed based 8mode Gaussquadraturemethod, denoted as ILEM
GQ3. Compared to GLE, ILEMEQ3 exhibits significant improvement on result
precison, yielding reliable approximationgithout freebody discretization or surface
refinement dbr mostLEMs. Using SM, FM, BS, JS, LKandCE, single evaluatios

over entire surface intervals can yield exact solutions for 5 significant figures, except
for rare occurrence®©n the other hand, GLE is prone to considerable error without
extensiveslicing, especially when a relatively complex internal force function is
incorporated This issue is clearly visibléor MP, which is appliedwith half-sine
function n the experiments. Although affecteg this implementation, ILEMGQ3
estimategelatively better and practically acceptable solutions. Furthermore, surface
refinement can improve the results at a reasonable computational d&vigmihese
enhancements drunique characteristics, ILEM is proposed as a refined alternative to

the available unified limit equilibrium formulations.
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CHAPTER 5

SUMMARY AND CONCLUDING REMARKS

Engineering problem solving often exploits analytical and numerical methods withi
extended models of mechanics. Consequently, developing reliable solution approaches
is only possible with a clear understanding of the applied mathematical concepts. With
this on mind, the present study relies on the assessment of available limit agmilib
formulations and incorporated analysis procedures, in order to develop enhanced
alternatives. In light of these assessments, a collective of novel procsgumsosed

within the unified formulation of Integrated Limit Equilibrium Meth@HEM), which
illustrates that basic mathematical technigques can be manipulated to effectively solve

slope stability analysis problems.

ILEM incorporates two distinahethod4o generate and analyze general slip surfaces
Forsurfacegenerationa modified spline iterpolation procedure geveloped through
considerations okinematicaladmissibility and surface flexibility. The procedure,
namedScaled Quadratic Spline method (SQBilizes piecewise continuous quadratic
order functions to represent the slip surfaaad includes a unique scaling operation
to stimulate linear segments and abrupt transitions. With these implementations, SQS
provides the flexibility to represent composite failure surfaces accurately without
requiringexcessive numbers of geometric paeses, which is @ improvement over
the availablemethods The performance of SQS is validated through comparative
benchmark testingnd the methods proposed as aenhancedsurface generation
method with significant improvementsn computational efficiscy and result

accuracy with respect to other approaches.

The secondcomponentof ILEM is the refined stability analysismodule Using
quadratic orderffunctions for surface representatipiit was possible to develop a

unified formulation of commonLEMs basd on differential equationsThe
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formulation is extendedo derive closedform governing equationswvhich can be
adapted to evaluafgeciseFsvalues for many of the common LEM3espite bearing
the characteristics of procedures of slices, ILEM treapsssirfaces as single free
bodies, evaluating thEs with singlestepcomputationsover whole intervalsAs a
result, ILEM eliminats free-body discretizatiomndtherelated approximatioerrors

of conventional LEMs completely Furthermore, the formulatio allows the
implementationof high-order numerical approximation techniques, which can yield
precise approximations with marginal numbers of function evaluations. The
experiments demonstrate thah8de Gaussjuadrature approximation is a suitable
approaty, producingconsiderablémprovemenbncomputational efficiency oveslice
approximationBased on these findings, ILEM is proposs@nimproved alternative

to the available slope stability analysis procedures.

In order to realize its full potentiahe future studies should focus on several aspects
to further developLEM. First, an extensive study is required to incorporate or develop
an improved surface optimization routine. The convergence rate of SQS is promising
and the resulting optimization gislems are relativelijow-dimensional. Therefore, a
hybrid stochastideterministic optimization method may be a suitable option to
improve the efficiency. With this enhancemdhEM may facilitate the applidaility

of the computationally demandingrobablistic analysis models Similarly, an
extension of ILEM to threelimensional analysis problems could make significant
contributions as these problems a@nsiderably more difficult andubstantially

demandindor practical applications
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APPENDIX A

RESULT VERIFICATION WITH SLIDE SOFTWARE

Table A.1: Detailed information of critical slip swates

Spline number, A 1 2 3 4 5 6
(&) 0.055( 0.022: 0.038: 0.020¢ 0.040¢ 0.127:
(bx)j -2.477¢  -1.069: -2.286¢ -0.805: -2.569: -10.590:
Example 1 (ck); 32.374¢ 17.303  40.264: 8.6797  47.981 234.078
Xj 17.600( 21.317: 37.832t 41.676¢ 45.009¢ 464531
Xj+1 21.317. 37.832¢ 41.676¢ 45.009¢ 46.453: 47.661¢
(&) 0.116° 0.057¢ 0.089¢ 0.026¢ 0.075¢ 0.249:
(bx)j -1.769:  -0.960% -1.827( 0.098t -1.490¢ -7.667:
Example 2(i)  (c); 10.691; 7.933¢ 13.707:  -0.919¢  11.995¢ 66.835!
Xj 4.630: 6.819¢ 13.&26C 15.179: 16.253t 17.931!
Xj+1 6.819¢ 13.626( 15.179: 16.253¢ 17.931! 18.291¢
(&) 0.070: 0.031¢ 0 0.024: 0.030¢« 0.051°
(bx)j -1.237 -0.601¢ 0.273¢ -0.005¢ -0.264¢ -1.2137
Example 2(ii)  (ck); 9.430.  6.798 0.790¢  -3.2537  -0.584¢ 9.953¢
Xj 5.000C 8.159¢ 13.574¢ 20.000( 20.952¢ 22.504:
Xj+1 8.159: 13.574¢ 20.000( 20.952¢ 22.504: 23.500(
(a)j 0.272¢ 0 0.065: 0.027¢ 0.003: 0.740¢
(bx)j -2.798: 0.213¢ -1.939¢ 0.283¢ 1.291¢ -31.891:
Example 3 (d); 49.183:  40.859: 58.544: 29.538t¢ 19.060: 392419t
Xj 4.340¢ 5.527¢ 17.505: 19.558! 20.766: 22.534¢
Xj+1 5.527¢ 17.505: 19.558! 20.766: 22.534¢ 22.665(
(&) 0.042¢ 0.016% 0.015: 0.008% 0 0.119:
(bx)j -2.091¢ -0.868t¢ -0.733¢ -0.084¢ 0.762( -12.544°
Example 4 (ck); 38.775. 24.371¢  21.790 5.497¢ -15.018t 354.0471
Xj 17.890 23.041. 28.071¢ 46.378: 46.952 60.693:
Xj+1 23.041. 28.071¢ 46.378: 46.952° 60.693: 62.471¢
(&) 0.017¢ 0.004¢ 0 0.026( 0.019:¢ 0.376:
(bx)j -1.238¢  -0.021: 0.545¢ -5.638: -3.917: -94.404
Example 5(1)  (c); 377336 9.321¢  -6.998¢ 360.245( 250.078: 5985.682
Xj 30.000(  39.597¢ 57.570: 120.623: 123.591. 126.929.
Xj+1 39.597¢ 57.570: 120.623. 123.591. 126.929. 129.997
(&) 0.013¢ 0.016¢ 0 0 0.021( 0.264"
(bx)j -0.983: -1.098: 0.545¢ 0.545! -4.409( -65.768t¢
Example 5(ii)  (ck); 33.430( 33.282¢  -6.999¢  -6.995: 284.476: 4148.106.
Xj 30.000(  40.145: 48.822' 110.222: 120.753: 125.934:
Xj+1 40.145. 48.822' 110.222: 120.753: 125.934. 129.999i
(an)j 0.453¢ 0.000: 0.068( 0.060¢ 0.022:; 0.057(
(bx)j -9.926: -0.003: -2.258( -1.456¢ 0.275¢ -1.355:
Example 6(i) (ck); 98.315¢ 44.0200  62.719¢  49.282.  29.850: 49.005:
Xj 10.335!  10.899: 17.321: 20.507. 21.685! 23.678t
Xj+1 10.899: 17.321: 20.507. 21.685! 23.678t 24.488:
(a)j 0.207: 0 0.109: 0.081¢€ 0.009¢ 566.679:
(bx)j -4.809( 0 -3.883¢ -2.271% 0.9037 -27871.887
Example 6(ii) (d); 71.870¢ 44.0000 78.483  56.976.  21.866t 342766.838
Xj 10.496¢ 11.591: 17.992¢ 20.793: 21.821° 24.593°
Xj+1 11.591. 17.992¢ 20.793: 21.821° 24.593° 24.593!¢
(&) 0.029¢ 0.000: 0.048: 0.152¢ 0.011¢ 0.275¢
(bx)j -0.682¢  -0.002: -1.5977 -5.514« 0.710: -11.956¢
Example 6(iii) (d); 47.943¢ 44013  57.228.  93.299!  24.746! 176.484:;
Xj 10.107! 10.983. 16.962¢ 21.135¢ 21.998¢ 23.980(
Xj+1 10.983: 16.962¢ 21.135¢ 21.998¢ 23.980( 25.017¢
(&) 0.5127 0 0.063: 0.082¢ 0.049: 0.237:
(bx)j -11.146:  -0.000:z -2.200: -2.436¢ -0.917¢ -9.972:
Example 6(iv) (d) 104.579 44.001: 63.1377 59.350°  42.032( 150.961
Xj 10.311! 10.774( 17.955: 21.427. 22.600! 24.169:
Xj+1 10.774(  17.955. 21.427. 22.600! 24.169: 25.012(
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Figure A.1: Example I result verification usinglide
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Figure A.2: Example2 Case(i) T result verification usinglide
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Figure A.3: Example2 Case(ii) i result verification usinglide

Figure A.4: Example3 i result verification usinglide
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