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ABSTRACT

INVESTIGATING MIDDLE SCHOOL PRESERVICE MATHEMATICS
TEACHERSOG CONGHRARGEBRANASID KNOWLEDGE OF TASK
PURPOSES ANGSTUDENT THINKING

Alapala, Burcu

M.S., Department of Elementary Science and Mathematics Education

(o]l

Supervisor: Assist. Prof . Dr . | K

August2018,163pages

Starting with the beginning of the 2icentury, teaching algebra in the early
grades has gained maoaéention. Since teachers ayee of the crucial factors in
teaching early algebra, this study aimed to understand middle sclees#rgice
mat hemat i c $PSMT® pmwaneaasss @out the underlying algebraic
structure of given task their conceptions of algeby@&xpectations about possible
student solutions, and the changes after attending the algebra weeks in the
Methods of Teaching Mathematics Course. With this aimualitative study was
conducted with third year middle school {m@&rvice mathematics teachevso
were enrolled to the Methods of Teaching Mathematics Courses Hidimentary
Mathematics Education prograat a public university in Ankara, Turkeyhe
data were collected throughout hdang, semistructured, taskased individual

interviews. The prénterviews were conducted with eight participants before the

iv



two weels focus on algebra chapter in the tewtek of the first semester and the
postinterviews were conducted with seven of these participants after the algebra
weeks in the fourth week of the second semester. The findings of the study
indicated that the PSMTs were successful in their awareness of task purposes and
knowl edge of bt soldtenst éxeept pnticgpating student
misconceptions regarding the equal sign in the-imerviews. In the post
interviews, PSMTs were more successful at this. While, in thenpreviews,
PSMTsd6 categorization of s tsingdoe symbols o | ut i
manipulation than on relational thinking, this situation changed in the post
interviews. However, PSMTwere not found to hold consistent conceptions of

algebra during the interviews.

Keywords: Early Algebra, Middle School PserviceMathematics Teachers,

Algebra Conceptions, Knowledge of Student Thinking and Task Purposes
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CHAPTER 1

INTRODUCTION

Romberg and Kaput (1999) stated that th& @dntury demands people
who have a deeper mathematical understanding. However, Kaput (1999) indicated
algebra as a gatekeeper to higher mathematics. Kaput (2008) argued that the
school algebra worldwide is mostly based on symbol manipulation. He also
claimed that what algebra is depends on how we approach it.

Several researchers (e.g., Blanton and Kaput, 2011; Carpenter, Franke, &

Levi, 2003;Ryan & Williams, 2007) advocated that algebraic thinking should be
developed in cooperation with arithmetic thirgistarting from the early grades.

The researchers stated that the focus on the symbol manipulation and the
separation of arithmetic and algebra seems to prevent students from building
sophisticated mathematical understandieg.(Cai & Knuth, 2011; Carpder et

al., 2003)Kaput (1999) argued that, in the school, algebra has been usually taught
following some procedures to simplify algebraic expressions, solve equations
without making a connection with real life and mathematical ideas. In the school,
we reed an education which expands our view of algebra with deeper and
meaningful mathematical and practical connections (Kaput, 2@@3Blanton

and Kaput (2005) stated teachers are the key point to develop algebraic thinking
in the classrooms.

Teachers shdd give importance to mathematical processes and relational
thinking t o broaden student séb algebraic
Afal gebraficationo strategies could be summar
Blanton and Kaput (2005, p. 71), which are riastional materials, finding and
supporting studentsd algebraic thinking, an

teaching practices that promote algebraic thinking. Additionally, many studies
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(e.g., Blanton & Kaput, 2004; Blanton et al., 2015; Carpentere%i,L2000)
showed that when students were led to focus on relations, discuss mathematical
ideas, and were challenged through questioning, they were found to be able to
make generalizations and generate relational thinking. That is thiky
Aal gebr €ai&RKhuthp20Xi, p. viii) skills of the teachers are the key
point of fosterthnkgpg.studentsd al gebraic

Since the teachers are cruci al in el
thinking, having insight about pee r vi ce mat h econadptiomsof t eact
algebra and their knowledge of content and student in relation to algebra could
give an opportunity to make inferences about what they will give importance and
what they will focus on in their future lessons in terms of algebra. Theraidee g
a few studies conducted with PSMTs in this area so far, and they mostly focused
on equivalence and equations, and variable afeas. g . , Di di k Kabar
2018 Gokkurt, kahi n, & Soylu 2016; Step
However, these stuels did not focus on how the algebra weekth@Methods of
Teaching Mathematics Coursiesthe teacher education programgyht have an
i nfl uence on PSMTsO6 conceptions of al
knowledge in relation to algebra

This studyfocuse on this gap and attengat to draw a generalrdme
about middle school PSMTsd6 awareness ab
of a given tasktheirconceptions of algebya and anti ci pati on of
solutions, and lastlythe changes, if any, after attending the algebra weeks in the
Methods of Teaching Mathematics course their thirdyear in the teacher
education programThese weeks focused on teaching algebra followhngy t
course book similar téocusing onteachingother ontentarea like geometry
Therefore, the algebra weeks wei@ designed as an intervention, but rathey

were parbf ongoing MoTM courses.

1.1 Motivation for the Study

During my teaching experience ifft 4nd 8" grades for two years, | had an

opportunity to observe students' misconceptions, their various types of reasoning

2



and solution strategies, and their development when provided with appropriate
instruction. Additionally, | realized that my students were ye&a generate

various ideas when provided with the best practices that were relevant to them, so

I reali zed the i mportance of teacherso

Therefore, it was my desawarenessofthetasker st and

purposes their conceptions of algebrand the possible student solutions in this

study.
1.2 Research Questions

This study was conducted with middle school PSMTs who were in their
third year in theElementary Mathematidsducation progranand enrolled to the
Methods of Teaching Mathematics courses in a public university in Ankara,
Turkey during the fall and spring terms in the 2@DA8 academic yeailhe
study focused on answering the following research questions:

1. To what extent are middle school mervicemathematics teachers aware

of the underlying algebraic structure of a given task?

r ol

2. What are middle school pgeer vi ce mat hemati cs teachersbo

algebra?

3. What are middle school pieer vi ce mat hematics teacher :

about possible studesblutions provided to the tasks?

4. How do middle school pre er vi ce mat hematics teachersbéo

algebra, awareness of task purposes and possible student solutions
provided to the tasks change after they attend a Methods of Teaching
Mathematics Coues?

1.3 Significance of the Study

There are some studies in Turkey which were conducted witbepvéce
mathematics teachers to understand to what extent they could identify the
student sdé errors and which strat&gi es
Peker, 2007; DdK&bar & A&8maG9 letkal)Ad16; Tanisli & Kose,
2013). In the international literature, there are some studies (e.g., Asquith,
Stephens, Knuth, & Alibali, 2007; Stephens, 2006, 2008) which focused on pre

3
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servi ce tesstandimgsrofscore algehdaic concepts and conceptions of
algebra. Also, these studies were found to focus on one or two big ideas of algebra
such as equivalence and equations, variables among the five big ideas which are
equivalence and equations, genesd arithmetic, functional thinking, variable
and quantitative reasoning (Blanton, Levi, Crites, & Dougherty, 2011).

This study aimed to focus on the three big ideas which are equivalence and
equations, functional thinking, and variable to draw a genieahe about
P S M Tawareness about the underlying algebraic structure of a given task, their
conceptions of algebra,nd anti ci pation of studentsao
the changes, if any, after attending the algebra weeks in the Methddaafing
Mathematics coursia their thirdyear in the fowyear teacher education program.
This study might beimportantaboutwhat we might neeto knowin terms of
mathematicaknowledgefor teachingocusing on algebra. The study might also
providesggesti ons about how to design fiTea

teacher education programs.
1.4 Definition of Important Terms

Al gebraic Reasoning: I n this study,
route fhaf involves generalizing and expressing thgenerality using
increasingly formal languages, where the generalizing begins in arithmetic, in
modeling situations, in geometry, and in virtually all the mathematics that can or
should appear in the el ementary grades.

Co n c e pA geweral notiin or mental structure encompassing beliefs,

meani ngs, concept s, proportions, rul es,
2007, p. 259).
Early Al gebr a: It iI's defined as aldg

encompass algebraic reasoniagd algebraelated instruction among young
learner8 f r om approxi mately 6 to 12 years o
2007, p. 670).

Middle School Preservice Mathematics Teachers: The college students

who were in their third year in a foyear Elementay Mathematics Education

4



(EME) programat a public university in Ankara, Turkey. The graduates of the
program are certified to teach mathematics betwdearl &' grades (middle

school).



CHAPTER 2

LITERATURE REVIEW

This study aimed to identify the middle school -pegvice mathematics
t e a c pezcepsiohs about the underlying algebraic structure of a given task
their conceptions of algebyaheir awareness about possible solutions of students,
and the possible chgas in all these three categoribsfore and after the
NRnal gebraic t .hTihen fkelevangy dterature avpst ddvided into three
sections: in the first part, theoretical frameworks will be described. In the second
part, elementary and middle studentniing and misconceptions regarding
equivalence and equations, functional thinking, and variable will be summarized.
Then, studies related to teacher knowl e
presented. Finally, algebra in the national curriculuthb@ summarized.

2.1 Theoretical Frameworks

In this study, two theoretical frameworks were used. The first framework,
Kaputdos framework for algebraic reasoni
conceptions of algebra. The second framework, Mathematical kdge! for
Teaching (Ball, Thames, & Phelps, 2008) was used to understand to what extent
PSMTsd6 knowledge of cont ent and thet udent
underlying algebraic structure of a given task, and possible correct and incorrect
student solutions. | n this section, firstly Kapu:
reasoning will be summarized. In the following section, Mathematical Knowledge

for Teaching (MKT) framework will be reviewed.
211 Kaput 6s Framework for Algebraic Reas

According to Kaput (2008), algebraic reasoning comprises five

complementary strands as forms of reasoning (Figure 2.1). As reported by Kaput,
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the first two forms of the reasoning (Core Aspects A & B) are the core aspects,

which diffuses into the three forms of reasoningd&ds 1, 2, & 3).

The Two Core Aspects

A. Algebra as systematically symbolizing generalizations of
regularities and constraints.

B. Algebra as syntactically guided reasoning and actions on

generalizations expressed in conventional symbol systems.

CoreAspects A & B Are Embodied in Three Strands

1. Algebra as the study of structure and systems abstracted fr

computations and relations, including those arising in arithmet

(algebra as generalized arithmetic) and in qualitative reasonin

2. Algebra aghe study of functions, relations, and joint variation

3. Algebra as the application of cluster of modeling languages I
inside and outside of mathematics.

Figure 2.1Core Aspects and Strandskma put 6 s Fr amewor k

ReasoningReprinted fromAlgebra in the early gradg®. 11), by J. JKaput,
2008,Mahwah, NJ: Lawrence Erlbaum/Taylor & Francis Group.

According to Kaput (2008), Core Aspect B which focuses on manipulation

of formalism should be advanced after Aspect A which focusesgularities,

of

relations and makingyeneralizations in order to build deep and meaningful

understanding. Indeed, the relational understanding should be developed first,
then the rulébased actions on symbols should be focused on. As Kaput stated
(2008), Stands 1, 2 and 3 are embodied by Core Aspects A and B. Among these
three strands, Strand 1 could be explained as a syntactic form of transition of
arithmetical structure to algebra by making generalizations (i.e., generalized

arithmetic). In this processhe focus is on making arithmetic expressions

according to its form, not the value that we get when it is computed e.g.

generalized arithmetic and quantitative reasoning. The following strand, Strand 2,

is about functions. The strand focuses on represergggarities and systematic

variations with the base of generalization e.g. functional thinking. Strand 2
comprises the important part of the school algebra, and it depends upon syntactic

view of algebra, e.g. writing a function rule by using symboliratibhe last
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strand, Strand 3, is based on three types of modeling. The first category of
modeling is the number or quantity specific modeling in which the syntactic
notion represents the unknown, not the variable, in an equation. The second
category of modling includes Core Aspect A. In this category, generalization,
which is the form of expressions of a function is modeled. The third category of
modeling refers to modeling generalization to make the relation to be grasped by
comparing it with other situans.

Kaput and Blanton (2008) indicated that generalization and symbolization
are essential parts of algebraic thinking. Actually, these generalization and
symbolization concepts refer to Kaput 0
(2008) hypothesized thahese two main aspects are embodied in the three
strands, Core Aspects A and B wil/ be 1

conceptions of algebra.
2.1.2 Mathematical Knowledge for Teaching Framework

Shul man (1986) defined the <content
organi zation of knowledge per se in the
Shulman claimed that without pedagogical knowledge, merely content knowledge
is not practical. Therefore, Sm&n suggested evaluating content knowledge by
dividing it into three main domains which are subject matter content knowledge,
curricular knowledge and pedagogical content knowledge (PCK). Since PCK is
Asubj ect ma totteaching n ¢ wl e d gstatedShatuHe teachers
have to be aware of the opportunity of
current conceptions and misconceptions. Also, the teachers should be able to
present the topic by taking into consideration the grade level of the studen

Bal I, Thames, and Phel ps (2008)
categorization, and they worked on a framework, Mathematical Knowledge for
Teaching (MKT). In their framework, MKT consists of two main parts as subject
matter knowledge (SMK) and PCK. They alefined three domains under SMK
and PCK (see Figure 2.2). When the SMK part is examined, common content



knowledge (CCK), horizon content knowledge (HCK), and specialized content

knowledge (SCK) would be seen under it.

SUBJECT MATTER KNOWLEDGE PEDAGOGICAL CONTENT KNOWLEDGE

Common

Knowledge of

Eﬁgtjlgtd e content and

9 students (KCS)

(CCK) Specialized Knowledge
content of content
knowledge (SCK) and

Horizon curriculum
content

Knowledge of
knowledge content and

teaching (KCT)

Figure 2.2Domains of Mathematicddnowledge for TeachindgReprintedfrom
AContent knowledge for teaching: What makes
Thames, & G. Phelps, 2008urnal of Teacher Education, &8, p. 403.

Under the PCK, they also described three domains; knowledgetehton
and student (KCS), knowledge of content and teaching (KCT), and knowledge of
content and curriculum (KCC). KCS was defined as the knowledge about
mat hematics and studentsd thinking. It inclu
misconceptions and whaluslents find difficult. KCT was defined as a
combination of knowledge about teaching and mathematics. Regarding KCT,
teachers should be able to prepare and choose tasks to make connections with
other contents and build deeper mathematical understandiegefdre, teachers
should have the adequate mathematical knowledge to make appropriate task
design and implementation. As the last domain of PCK, knowledge of content and
curriculum could be defined as the knowledge of the followed curriculum,
objectives athe related grade level, preparing tasks according to corresponding

objectives and level of the students. Also, teachers should know what students
9



learn in the previous years and what they will learn in the following years related

to the teachingaredMe t hods of Teac hMoTiMIl)aadt hemat i c ¢
AMet hods of Teac hMoTvill) ddardedineostipfocuscosthd | 0 (
PCK, and this study aimed to identify the middle schoolsgr@ice mathematics

t e a c pemepsods about the underlying algebstracture of a given task

their conceptions of algebréheir awareness about possible solutions of students

which are related to KCS and the knowledge of content and curriculum. That is

why this study focused on the PCK part of the MKT framework in qaer.

22 El ement ary and Mi ddlI e School Studen

Misconceptions

The teachers should be aware of stu
different ways of thinking and misconceptions to help them. This section will
summarize internatioha and national studies about s
the first part, studentsd misconception
algebraic thinking will be attempted to summarize in the following part.

Elementary and Middle School Stednt s 6 Di fficulti
Misconceptions.The equal sign is defined as fit
guantitieso (Carpenter, Franke, and Lev
t hat represents a rBahtometiad2011,0pf 25)énghei v al er
el ementary grades, many students focus
computati ono, Aithe answer o, or At he to
Alibali, 2005; Yaman Toluk, & Olkun 2003). A study conducted by Falkner,

Levi, and Carpenter (1999showed that even middle school students have
difficulty in interpreting the equal sign as a relation between two quantities. In
their study, the question A8 + & 3=

4 and 56 and only 5% of the grades2] 9% of the grades-3, and 2% of the

grade 56 gave the correct answer as 7. The rest gave a response as 12 or 17. In
Tur key, Kezéltoprak and K°se (20%7) h a

grade students were asked t brestudgnise st i or

10



responded by adding 3 and 8, while three students responded the question by
adding 3, 8, and 5.
Apart from the difficulty in understanding equivalence, many studies show
that students have various difficulties in interpreting the variablegquifts
Stephens, Knut h, & Alibali, 2007; Dede, Yal
(2011) defined five meaning of variabl es; A (
fixed but unknown numbers, (3) quantities that vary, (4) parameters, and (5)
abstract mcehol der s in an algebraic processo (p
variable might have more than one meaning, students might have several
difficulties with the variableiLet t er ignoredo is one of t h
thinking in the vnann, B8 g 25 ineparticulas,rthe ( K¢ ¢ h e
result of a study (Dede, Yal én, " Arge¢n, 2 (
grade students in Turkey showed that students mainly gave a response by ignoring
the letter in the variable question. In the study, 60% @fsthhdents gave incorrect
answer to algebraic »xxp?Pessasaindn oqee sgtrioaurp X
studentsbé gave 070 rrsthealgebraicgxmeasssor. THEY i gnor i n
ot her group of t hasr esltautdeedhtts®d trledssgfdance@easptwanc e
closureo (Colli s, 1975 as <cited in K¢gcheman
was a number (for exampl e, a A0O0) on the ot
tried to solve the equation.
As Ryan and Williams (2007) stated, another typical erréhénvariables
is Asubstitutiono (p. 108). They defined thi
the unknown for instancey = 1, b = 2, orc = 3. Also, MacGregor and Stacey
(1997) mentioned in their study that students caisdequal to 1 ob is equéto
2 because of the alphabetical order or that they might have a tendency to put 1
i nstead of a letter. Studentsd another conf
stem from the use of in arithmetic as a multiplication sign e.g., Ryan and
Wiliams (2007) exempkmdy ebde irteads & 65 ti mesdo (p.
The aforementioned common misconceptions were also observed in the
study conducted by Soylu (2008) in Turkey. Additionally, the researcher indicated

another I i mi t at i o ningsoaboutsvariabtt® The sresearcherd er st an d

11



conducted the study with the purpose of
of a variable. In the scope of the study, 50 gfade students were asked to
respond to eight opeended questions about variables. Thsult of the study
showed that, similar to Ryan and Williams (2007¥ dviacGregor and Stacey
(1997),students put a numerical value instead of a variable. For example, in the
question 3¢ + 5), 17 students found a numerical result by putting a random
number instead af, e.g.n = 10, in all the questions, participants assigned a value
instead of the unknown. Furthermore, students were found to ignore a variable
similar t o etdhoe dfelfeitnteedr biyg nkogrc hemann (19"
in the ogtedtioron3 hexorOtasaresnlt la additowvte 9
assigning a number instead of an unknown or ignoring a variable, the study
presented another limitation of studentsjwhhh i s t he studentsod |
in their solutions instead of the given symbolization such,as, n, y in the given
tasks.

Apart from the equivalence and equations, and variable, students were also
found to have some difficulties in functidrihinking. As it is stated by Blanton et
al. (2011), functions have an important role in developing algebraic
understanding. Since the functions express the relation between quantities, they
support meaningful understanding of symbolic notation. Accordinglanton
and Kaput (2004), building a meaningful functional thinking, patterns are used as
a transition, but just focusing on recursive patterns might prevent students from
developing sophisticated functional thinking. In the study conducted by Islér et
(2015), in the preess, the majority of the3, 4" and %' graders were found to
focus on recursive relationships thaovariational relationshipr functional
relationshipin words and variablewhen asked to describe the patterns that they
saw

To sum up, as defined by many researchers (e.g., Asquith et al., 2007;
K¢chemann, 1978; Mac Gregor and Stacey,
students have difficulties and misconceptions around fundamental algebraic

concepts. As presented in the stud(esy., Dede et al., 2002; Soylu, 2008)
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students, even in middle school, were mostly obsertedhave these
misconceptions.

El ementary and Middle SchoolhthiStudentsd A
part, the studies which show studentsd abild:i
reviewed undeffunctional thinking and equivalence and equationSince the
variable infuses into these two big ideas, it will be summarized under these
categores. Fi r st | vy, t he studi es regarding studen
secondly the studies regarding equivalence and equations will be summarized.

Studies conducted regar diThegfirstsmoudent s6 f u|
study (Blanton & Kaput, 2004sler et al., 2015) will present how the students
from different grade levels can develop functional thinking after instructional
interventions. The following two studies (NgR018; T a RELK) Iwédl be
summari zed to presentthsknggmdent sé ways of func

Blanton and Kaput (2004) conducted a study to investigate how student
develop functional thinking. The data were collected fromyad¥project which
was about teacher devel opment i n t er ms o f
practices about algedic reasoning. Data were gathered from-Rre 5" grade
studentsdé6 responses to a task aiming to as
relationships, and also interviews were conducted with teachers. The task was
askingh | f t her e was o0 nwoulditiere be? Whavif tneeevere ey e s
two dogs? Three dogs? 100 dogs?0 and AHow m
one dog? Two dogs? Three dogs? 100 dogs?0 (
the prekindergarten students drew-attart with the help of the aeher also they
found the far function values by counting without making a prediction. In
kindergarten, students recorded the data by drawing a dot for each eye and
drawing a notch for each tail, or they drewehart and focused on a pattern. In
the ' grade, students drew thehart without the help of the teacher, and they
noticed the recursive pattern. For example, they realized that the number of the
eyes increases by 2 and the number of the eyes and tiles increases by 3™In the 2
grade, studest were able to identify the multiplicative relationship that the

number of eyes is the two times the number of the dogs. Also, they prddicted
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function values by usintis relationship. In the$grade, in addition to drawing a

chart, realizing recuinge pattern and multiplicative relationship, they also
described the re2at 0nmof Byp.wrlidtanhd I1fnn t h
grades, students could perform the aforementioned ones, the only difference was
that they could realize the pattern amdte the function rule by using fewer data.

This study showed how students developed functional thinking in each grade
level, to what extent they were able to realize the patterns and relations, how they
used representations, and when they were ablesdosymbols to represent the
relationships.

A study conducted by Isler et al. (2015) focused on how a-lgagr
teaching experiment devel oped students
conducted on two classes each from tffe 4", and the B grade. Bfore the
teaching experi ment started, a pretest
knowledge. During the teaching experiment, students worked on some problems
in their small study groups. These problems aimed to enable the students to work
on different kinds of functional relationships including recursive, covariational
and correspondence relationships with the help of a teacher facilitating group
discussions by asking triggering questions. After the small group discussions,
students were asked to shdheir ideas with the whole class. According to the
pretest, although students had difficulty in identifying covariational thinking and
writing functional relationship in symbols and words, in the est, students
from all grade levels made signifitigprogress.

Tanéxkl e (2011) W ogradteis,n epnduatédt thblasddo u r 5
i ntervi ews ai ming t o understand studer
interview consisted of 16 questions about linear function tasks, and they all were
shown to students on the function table. Since thgraders in Ttkey are not
exposed to using letters as a variable in the curriculum, the researcher represented
the dependent and independent variables by circles and triangles. The akesult
the study were examined in two main contextsalizing a pattern and
determning their ways of functional thinking. The researcher observed that

students focused on finding a recursive pattern primarily by focusing on the
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change either in the dependent variable or in the independent one in the tables.
When the results about funatial thinking were examined, students identified the
correspondence relationship by using additive and multiplicative relationship.
Although the ¥ graders were not able to use a letter as an unknown, they
explained the correspondence relationship by gusiamisymbolic rules. For
exampl e, nlf we subtract four out of t
difference [the second instrumental pattern], then we add up the difference with

the numbers of triangle ... we find this [the first instrumental pdtte then we

add up the difference [the first instrumental pattern] with the numbers of triangle

we find the numbers of squareo (p. 221).

5" graders were successful in realizing correspondence relationshipséimd a
generalization. Moreover, the study also demonstrated that the students were able
think more than one way to make a generalization, so the teachers should be
aware of studentsodo alternative thinking
Lagdly, a study conducted by Ng (2018) aimed to understand how students
make a generalization in the function tasks. The participants were 10 students
from ™ to 6" grades. The interview was prepared in two different levels: one
level of the interview for dower primary grade which included froni' to 3¢
graders, and the other level for an upper primary grade level which included from
4" to 6" graders. The interview was based on functitachine tasks which
focused on input number, output number, figdanrule which make input number
to output number, and writing a general rule. The interview task was designed in
the increasing structural complexity, that is, it started with a single operation and
went up to writing a functional rule by using a letfEine researcher assumed that
students should be made to think to see the relationship between the input and
output and write a general rule on the basis of the various tasks. In the lower
primary grades, since the students were not able to use letterstheharalized
the relationships between numbers, they wrote the function rule by aisergi
symbolic rule. All in all, although these students did not receive an intervention,

the students at each grade level were found capable of noticing a relgtianghi
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making a generalization when a task with increasing structural complexity was

provided.

Studi es conducted regarding student
equationsAs mentioned in the studentsod diff
students couldnit er pr et the wequal sign as fdper
answer 0, or Athe total o (Bl anton et al

al., 2003). In order to handle this misconception, Carpenter et al. (2003) suggested
that students should be chalier with this misconception by using opemmber
and truefalse sentences. The following studies will summarize to what extent the
students can build relational understanding of the equivalence and equations by
using opemumber and truéalse sentences.

Carpenter and Levi (2000) conducted a study in order to understand how
students in the early grades develop a sense of equality as one of the subdomains
of the algebraic thinking. They planned eight lessons to be conducted in a month
with an experiencetkacher. Their participants were eight students frérarid
2" grade. At first, the students were asked-false questions with the addition
of the two numbers and a single answer after the equal sign. After similar
examples, when the teacher showeshttanothertrué al se questi on e.
5 + 20 (p. 7) , the students c¢claimed t he
sentence., then they conducted a discussion about the meaning of the equal sign.
During the other lessons, the teacher focusedhe open number sentences,
firstly with one variable, secondly with two variables, and then with repeated
variables e.g.ﬁD D D +|:’ + T = 100
also focused on making a generalizatiamg students werasked to find numbers
to make the sentence true andakm a elation between numbers e.g.
ﬁ|:|+ D A = o (p. Sdn®3%graddrhviere mestlyu dy s
successful at the end of the intervention at realizinglatioe and making a
generalization with the help of the opeamber and truéalse sentences.

A study conducted by Stephens et al. (2013) with 184rade, 108 %
grade and 78" grade students aimed to assess studeritsr knowledge before

they receive any specific algebraic instructional intervention. Their prior
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knowledye wasassessed by usiran houtlong written assessment which foeds
on equivalence and equation&t first, students were asked the meaning of the
equal signin the number séanence A3 + 40nky six7oot of( 280 176)
students provided relational meaning of the equal siginich means both sides
are the sameand the majority of the students focused on operational thinking
which means interprigty the equal sign as a tbi&tephens et a(2013)used two
different codes for relational thinking; relatiorstuctural and relational
computational thinkingRelationalstructural code was used when the students
focused on the underlying structure of a task. For examplan open number
sent &nd8=e..fid (p. 176), i f f6khouldbe pladesint s st at ec
in the blank in 7 + 3 = ... + 4 because 4 is one more than 3, so the number in the
blank must be one less thad 7 (746).it was coded aselationatstructual. The
answers which focesl on computation to find the unknown numbvegre coded
asrelationalcomputational. For example, in the previous number sentdrtbe
students stated th&6 should be placed in the blank in 7 + 3 = ... + 4 because the
sum ofeach side would be ®0 (7). it was coded aeelationatcomputational.
In the previous open number sentence, if the studetetpreedthe equal sign as
a total and saidhat the unknown number should b8, These responses were
coded as operainal. As a result of the study, studedtmderstanding of the equal
sign mostly depended on the operational meaning. The researchersesligest
by wusing open number sentemceand trueffalse questionsstudents
0 under s shautdde ohgllenged artiey should be helped to focus on
relational thinking.
A study conducted by Blanton at (2015) aimed to understand the effect
of the intervention on the third grades st
conducted with 106 third graders and 39 of them received an intervention. The
interventions were planned during the academic yeallytatonsisting of 19 one
hour l ong | essons. These | essons were desic
algebraic concepts and practices. Each lesson started with a group task around the
big ideas of the algebra e.g. equivalence and equations.aRdepostwritten

assessments were conducted at the beginning and the end of the intervention. The
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students were asked two questions about equivalence and equations that consisted
of opernumber sentences (7 + 3 = ... + 4, p. 51) ortalee number sentence (57

+ 22 =58 + 21, true or false, p. 51). The responses of the students were coded as
structural, computational or operational. In the-pssessment, the students in the
intervention and noimtervention groups mostly had operational understanding in
both op@&-number and truéalse sentences questions, while none of them used
structural strategy. When the p@ssessment results were examined, it was seen
that, in the intervention group, 61% of the students used computationafi{etg.,
3=10and 6 + 4 = 16p. 51 and 16% of the students used structural strategy
(e.g, fif you take one away from the 7 and add it to the 3 you have 6 pefi]l)

inthe taskfi 7 + 3 = . . However, dmost @llpstuderslin the non
intervention group continued tabe the operational strategy. When the jaired
postassessment results were examined, it was seen that operational understanding
of the equal sign did not change in the group who did not receive the intervention,

while the students in the intervention gpodeveloped relational thinking. This

study shows how appropriate i nstructic
thinking.
An experiment al study aiming to unde

developmentinBgr ade was conduct €deby 2K0aZd | twd g
students in Turkey. A clinical interview which focused on equivalence and
equations were conducted firstly before the teaching process to understand to
what extent the students can think relationally. Then the teaching process which
basd on interaction between students themselves and testadent interaction
was designed. Totally eight sessions were condyuatedi these sessions focused
on building a relational understanding of the equal sign. Lastly-ghliogtal
interviews were coducted and amost all of the students including who
interpreted the equal sign as Athe tota
understanding of the equal sign in the-pnéerviews, were fountb besuccessful
in the postinterviews.

Although the elementary and middle school students were found to have

various difficulties and misconception, the aforementioned national and
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international studies (e.g., Blantonkaput, 2004; Carpenter & Levi, 2000; Isler

et al., 2015; ,KeépélFtopgak 2&1BSsdanéexkl e, 201:
studentsodé algebraic thinking can be devel opc¢
the students are presented lessons and tasks that lead them to questioning and

thinking about the relationships. Also, whead¢hers ask triggering questions, use

multiple representations and create a learning environment based on reasoning

and discussions, the results seem to be successful.

23 Teachersbo Pedagogi cal Content Knowl edge
Mi ddl e Sc h o odebratThirkiegrandsVisscoceptions

This part addresses national and international studies which are about
Pedagogical Content Knowledge (Ball et al., 2008). Students have various
thinking ways and the teachers should be aware of their ways of thifBatiget
al., 2008, Lannin, Barker, & Townsend, 2006; Yetkin, 2003). In addition,
teachersdé ability to be aware of studentsodo ¢
valuable contribution to the meaningful learning process (Yetkin, 2003). That is
why teache s 6 awar enes tat thd stutlehte think saagd that the
misconceptions they possibly hold are important components of fostering
algebraic thinking (Blanton & Kaput, 2003)According to Thompson (1992),
there is a strong opnedpteonsiofonathematitsvaeddheir t e ac her s ¢
instructional practicesalsotheir conceptions of teaching and their concestimhn
student sd6 mat he ma Thongpaoh (1992 ated thatdhg studiesA | s o,
conducted with preservice teachers showed that thegepbions are not easy to
change because they assimilate the new ideas instead of internalizing them by
accommodating. To change teachersd concepti
claimedt hat teachers should be morentef,amiliar wi
Fennena, Peterson, Chiang, & Loef, 1989 the following parts, studies which
are about the teachgredaggicd content knowledge about elementary and
mi ddl e school st udent s degatding tinekeguivgencend mi scon

and equations arfdnctions will be summarized.
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A study which was conducted by Stephens (2006) aimed to understand
PSMTs6 awareness of possi ble student mi
opportunities of the given tasks about equivalence and relational thinking. The
researcher studied with 30 elementary PSMTs who were at thestimndster in a
five-semester program. The participants were enrolled in their first course which
was related to teaching mathematics, and the study was conducted at the
beginning of the cours¢ er m t o assess P Sd#dcturéd r eadi
interviews which consisted of five tasks about equivalence and relational thinking
was conducted. According to the findings of the study, the majority of the PSMTs
were found to have awareness about the ggewf the tasks addressing relational
thinking mathematical equivalence. Although the PSMTs recognized the
underlying relational structures of the task, some of them additionally specified
the aim of the task as symbol manipulation or performing computdti
procedur es. For the purpose of having i
studentsdé thinking, the PSMTs were aske
the given tasks. The findings suggested that although in some tasks, participants
anticipatedthe relational thinking solutions, they tended to pose computational
strategies more frequently. In some tasks, participants were presented with student
work including relational thinking strategy (relational structural strategy as
categorized in Stephems al., 2013). The findings indicated that the PSMTs were
successful in summarizing strategies that were employed by the students. Finally,
the | ast research question aimed to de
misconceptions. Although operational tkimg of the equal sign is one of the
most common misconception of students as discussed earlier, only six PSMTs out
of 30 anticipated this misconception. Afterwards, a student solution including the
operational understanding of the equal sign was presemtbé participants, and

26 participants could recognize student

the equal sign, whil e other participant
of attention. However, when another task with student solufidh & | s e |, becau
you minus nine it wil./ not stildl equal

16 + 157 9 = 3171 9 true or false?, p. 270) including the operational
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understanding of the equal sign was presented to the PSMTSs, they were found not
sccessful in clarifying the studentds miscon
based their explanation on the meaning of the equal sign, while 17 out of 30
PSMTs referred to the student Adidndt seeo0 o
The researcher ated that since the second task and regarding student solution
were not as straight forward as the first one, PSMTs might have had difficulty to
identify the studentds misconception.

A similar study that aimed to understand -pegvice middle school
mathenat i cs teachersdéd knowledge about student ¢
equation, and variable was conducted by Tanisli and Kose (2013). Theyearth
PSMTs were chosen from two different state universities in Turkey. They chose
fourth year students sindbe researchers required them having to complete the
Mathematics Teaching | and Il coursetich PSMTs focused on pedagogical
content knowledge. Sixty participants from one university and 70 participants
from the other university were chosen to parti@patthe study. A questionnaire
that included three oppemnded questions to investigate pa
about the thinking process of students, ability to ask questions to identify
studentsdé errors and ant i c itopkgplace.nnghest udent s o

study, for instance, yseondecm.adller thdan&Sedag fest i ons w
Sedaismmcm. tall, how tal/l is Ayse?0 (p. 5), and
solution to PSMTs was fAral: Alwsvee&s height i

asked to how to handle this difficulty, their responses were found not at the

expected | evel. Example of their suggestion
requires adding, not multiplying in mathemat
Ayseisbur times taller than Seda, om 4 cm. tal
and Ayse is 4 cm. taller than Seda, arenot

(p. 8). As it was seerthe PSMTs asked instructional questions which indude
guiding studentsoo muchinstead of having studentisrealize their mistake.
Likewise, in a study conducted by Asquith et al. (2007), the researchers
focused on the teachersdé6 knowledge of studer

sign and variables. In the scope of tesaarch, 20 middle school teachers were
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asked possible student strategies for five tasks. In the variable task, teachers
successfully anticipated studentsd use
means that @Athe symbol theanknowntwhichdheahsor an
t hat Aithe symbol can stand for one spe
related to the equal sign, although most of the participants were aware of the
studentsdé misinterpretation ohetedachess equa
did not anticipate students can give these answers, and they anticipated possible
student responses including relational
exposure to the equal sign since kindergarten might have had an influence on their
operational thinking. For example, one
the wequal sign a | ot since kindergart
successful in anticipating possible student solution regarding the variable and the
equal sign. Hwever, although they were aware of the student misconception
related to the equal sign, teachers thought that students do not hold such a
misconception since they have been exposed to the equal sign for years.

Sever al studi es i n T uowlkdgey of stublent e s s e ¢
thinking in relation to algebra in the recent ye®@®. k kurt et al . (20
understand the middle schoolfgee r vi ce mat hemati cs teache
studentsdé misconceptions abostudy, eghtr i ab | €
openended questions were asked to ¥2gvade students. Based on the data, the
researchers chose six questions with the most common student misconceptions. In
the following stage of the study, 63 pervice middle school mathematics
teaches, who were fourth year students in a state university in Tyrkeye
presented six questions with the incorrect student responses, and they were
expected to realize the studentsd misco
found that the PSMTs weren ot qgui te successful i n
misconceptions and where these misconceptions stem from. For example, one of
the PSMTs stated AnAS/ he misunderstood tl
guestion slowlyo (p. 22)thdahet heskBEMTobd
is not at the sufficient and expected level to recognize and overcome these

misconceptions.
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Li kewi se, Di di k Kabar and -Aavke (2018) w
middle school mathematics teachers who were in their-yigiad in a fouyea
program and enrolled in the Methods of Teaching Mathematics | course in a state
uni versity 1in Turkey. The study aimed to wu
anticipation of the studentso difficulties
handle with these diffulties and errors regarding the variable. As a first stage of
the study, the researchers collected data from #9graders by applying
K¢chemanndés (1978) wvariable test to identif
misconceptions. Then, the researcheevetbped an interview protocol that
consisted of six taskased opemnded questions to evaluate middle school
PSMTsd6 knowl edge of students6é6 misconception
misconceptions. The findings from the study suggested that the PSvfoemed
i nadequate performance to anticipate student
explain where they stemmed from. The PSMTs e
by using gener al explanations without d
misconceptions. Moreove, PSMTs 0 instructional strategi
misconceptions varied from task to task. For example, in some questions, they
preferred they preferred giving direct information by making a description and
showing the mistake to students, in some questibey preferred having students
realize their errors. The researchers interpreted the inconsistencies in instructional
strategies as a result of insufficient PCK.

Similarly, a study conducted by Dede and Peker (2007) aimed to
understand PSMTs anticipatn o f studentsé errors and their
to overcome these difficulties. In this context, the researchers conducted a study
that comprised two stages, similar to the d
first stage of the study, 99 middkchool students includind"and &' graders
were applied a test. The data collection tool included 10-epdad questions
about wvariabl es. After the researchers analy
and misconceptions, the same test was appli¢det®SMTs to understand their
anticipation of student so errors and mi s c C

solutions to handle these difficulties. Skitye secondary PSMTs and 55 middle
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school PSMTs who were in their fourth year in a fgear teacher edtation

program were chosen as participants from a state university in Turkey. The result

of the study suggested that the PSMTs could anticipate generally one type of

student error and there were also some participants who could not anticipate any

possiblestudent solutions or misconceptions. Additionally, most of the PSMTs

could not make suggestions to overcome these misconceptions and difficulties. In

particular, the PSMTsd6 instructional s u

on deepeni aggbrag thinking, rowt héy were mostly about teacher

centered explanations.k+onr =exlaOmplEep. idhl

possible wrong student solution, PSMTs suggested similar instructional strategies

to overcome it elairged thafi the sigrs wilb chande whe:n e x p

numbers are passed to other side of the
As seen in the summarized studies,

misconceptions and instructional strategies to overcome their difficulties were not

foundat the expected level to help students.
2.4 Algebra in the National Grades 18 MathematicsCurriculum

In this part, analysis of the national curriculum developethbinistry
of National Education (MoNE, 2018) will be presented according to the algebra
objectives that were included in the different grade levels. When the national
curriculum was examined, it could be seen that the learning area for algebra is
specified in the middle school, in th& grade, for the first time. Although algebra
was not secifically mentioned in the curriculuinefore Grade J6there are some
objectives which are about the big ideas of algebgmivalence and equations,
generalized arithmetic, functional thinking, variable, and quantitative reasoning
(Blanton et al., 2011).In this regard, the related objectives in tBeades 18
National Curriculum provided bythe Ministry of National Education (MoNE,
2018) will be summarized, respectively.

The objectivesaddressinglgebra inGrades 14 wereshown in Table 2.1
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Table 2.1

Learning objectives addressing algebra@nades 14

Grades Numbering

in the
Curriculum

Objectives

M.1.1.2.2.

Students perform addition with the numbers which
sums up to 20 (20 included).

a) Thesign of the addition (+) and the equal sign (=
are introduced and their meanings are emphasized

lst

M.1.1.2.3.

Students notice that the sum does not change whe
order of theaddends change.

Grade

M.1.2.3.1.

Students find the rule of a pattern consisting of
objects, a geometric object or figure, and complete:
the pattern by identifying the missing objects in the
pattern.

M.1.2.3.2.

Students form a pattern that has three items at mos
geometric objects or figures.

2nd

M.2.1.1.6.

Studentsdentify number patterns that has a consta
difference, find the rule of the pattern and complete
the pattern by determining the missing item.

Grade

M.2.1.3.5.

Students realize the meaning of the equal sign as .
Afequal ityo bet ween ohshe

M.2.1.4.2.

Students multipt natural numbers.
c¢) Students are made to notitetchanginghe order
of the multipliersvould notchangehe product

M.3.1.1.7.

Students expand and generate the number pattern:
has a constamtifference.

3I’d
Grade

M.3.1.2.2.

Students realize that, adding two numbers in differe
order does not change the result.

M.4.1.4.2.

Students showhiat changing the order of the
multipliers in multiplication with three natural
numbers does nahange the result.

Grade

M.4.1.5.7.

Students identify the value that is not given in one ¢
the two equal mathematical expressions and explai
that the equality holds.

For instance,

8+ =157 3

12:4=__+1

6 | =487 12

M.4.1.5.8.

Studentsexplain the operations that must be perforn
to make two mathematical expressions that are not
equal

For instance, students focus on what to do to make
equality hold inB+5, 121 3.
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In the middle schoajradesalgebra as a learning area officially takes place in the
Grades 6 (see Table 2.2)

Table 2.2

Learning objectives addressing algebraGnades 58

Numbering
Grades in the Objectives
Curriculum
M.5.1.1.3" Students construct the required steps when given
5" Grade rule of the pattern for number and shape patterns.

M.6.2.1.1. Students write an algebraic expression for the giv
verbal situation and write a verbal situation for the
given algebrai@xpression.

M.6.2.1.2. Students compute the value of the algebraic

6" Grade expression for different natural number valthest
the variable can take.

M.6.2.1.3. Students explain the meaning of simple algebraic
expressions.

M.7.1.1.2° Students use theroperties of addition as a strategy
for fluent operations.

a) For example, in the addition oft57 + (-5) = ?,
thecommutative, associative, inverse element, an
identity element (additive identity) properties are
shown and the operation is ddite: 5+ 7+ (-5) =5
+((-5)+7) = (5+(5)) +7=0+7

b) The @mmutative, associative, inverse element,
and identity element (additive identity) properties
theadditionareworked on

M.7.2.1.1. Studentgerform addition and subtraction with
algebraic expressions.

M.7.2.1.2. Students multiply an algebraic expression by a
natural number.

M.7.2.1.3. Students express the rule of the number patterns
using letters and finds the asked term of the patte
when the rule was expressed by letters.

M.7.2.2.1. Students understand the principle of the preserva

! Although there is no algebra domain ir" rade the curriculumthe objective
M.5.1.1.3, it was found related to the big ideafonhctional thinkingunder algebra.

Z Although the objectivév.7.1.1.2.was not categorized under the algebra domain in the
curriculum, it was found related to the big idea of generalized arithmetic under algebra.
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Table 2.2 (continued)

7" Grade

of anequivalence.
a) In order to keep the equatgin balancdike in 7
+ 2 =__ +3,students find what to put in the place

b) The scaleand balance models are showrorder
to show the presertian of equivalence ithecase
of addition and subtraction.

c) The preservation of equivalence is workedmon i
thecase of addition or subtraction thie same
number from the both sides of the equation iarttie
case ofnultiplication or division by the same
number.

M.7.2.2.2.

Students identifyinear equations with one unknow
and construct a linear equatiafith one unknown
corresponding to the given rddk situations.

M.7.2.2.3.

Students solvénear equations with one unknown.

M.7.2.2.4.

Students solve the problems that require construc
linear equations with one unknown.

M.8.2.1.1.

Studentaunderstand simple algebraic expressions
and write them in different forms.

M.8.2.1.2.

Students multiply algebraic expressions.

8" Grade

M.8.2.1.3.

Students explain the algebraic identities with mod

M.8.2.1.4.

Students factorize thalgebraic expressions.

M.8.2.2.1.

Students solve the linear equations with one
unknown.

M.8.2.2.2.

Students identify the coordinate system with its
characteristics and shows the coordinates.

M.8.2.2.3.

Students express how one of the variables chiang
relation to the other using a table and an equation
when there is a linear relationship between the
variables.

M.8.2.2.4.

Students draw the graph of linear equations.

M.8.2.2.5.

Students formulate equations, tables and graphs f
real life situations involving linear relationships ant
interpret them.

M.8.2.2.6.

Students explain the slope of the line with models
and associate the linear equations and graphs wit
the slope.

M.8.2.3.1.

Students write relevant mathematical sentences fi
daily life situations that involve linear inequalities
with one unknown.

M.8.2.3.2.

Students show the linear inequalities with one
unknown on the number line.

M.8.2.3.3.

Students solve the linear ingglities with one
unknown.
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2.5 Summary of the Literature Review

In the related literature, firstly, theoretical frameworks were reviewed and
explained in terms of their use in thi
reasoning framework which includes Core Aspect A that focuses on regularities,
relations and makg generalizations and Core Aspect B that focuses on
manipulation of formalisms was reviewed. Secondly, Mathematical Knowledge of
Teaching (MKT) framework (Ball et al., 2008) was reviewed. These frameworks
were reviewed t opehceptiopsauktheluraériving BlgeMaics 6
structure of a given taskheir conceptions of algebrand their awareness about
possible solutions of studentdext, the studies which addressed elementary and
mi ddl e school studentsd algebraic think

Then, the studies about teachersoé p
focused on algebraic concepisre reviewed to gather mfmation. As a result of
the studies about el ementary and middl e
mi sconceptions, many students were foun
(Blanton et al., 2011; McNeil & Alibali, 2005; Yaman et al., 2003)lenstanding
regarding to the equal sign. Regarding the variable they had various difficulties;

Nl etter ignoredo (K¢gchemann, 1978, p .
(Col Il i s, 1975 as cited in K¢gchemann, 1¢
2007; MacGregor & Stacey, 1997), usexoin arithmetic as a multiplication sign

(Ryan & Williams, 2007).

Even though, the students have had various difficulties and misconceptions
regarding basic algebraic concepts, they were also found to have capabilities of
performing algebraic thinking as early as-gnedergarten. As Carpenter et al.,

(2003) suggested, when students were triggered in appropriate ways, they can
build equivalence understanding of the equal sign. Additionally, the study
conduct ed alkky akiéaz eKl°tsoepr( 2017) al so indic
thinking-basedlesson and classroom environment was built, students can have
opportunities to develop functional thinking. Regarding the functional thinking,

the intervention study conducted by Iskdral. (2014) and the studies without

intervention conducted by Ng (2018) an
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from different grade levels can demonstrate abilities of functional thinking and
making a generalization when they were provided with -gtalictured tasks.
Additionally, even though the students in the early grades were not able to use
variables, they were found to represent generalizations by usingsgernolic
representations.

The studies conducted with pservice teachers to understangeit

awareness of the studentsd possible

s ol

PSMTs have di fficulties i n predicting

ut i

t he

misconceptions (e.g., Dede & Peker 2 0 0 7 ; Didi k KalG@rk k&r Ama - ,

et al.,, 2016; Stephen2006; Tanisli & Kose, 2013). Several researchers (e.g.,

Didi k Kabar8 &GAkmGAurt2etd al ., Andida&d Tani sl i

that it could stem from the teacher education programs as they might not provide
enough experiences to help PSMTs depéheirPCK in algebra.

Lastly, the national curriculum (MoNE, 2018) objectives were reviewed to
see algebraic topics addressed and their respective grade levels. Although the
algebra learning area officially takes place starting in fAgde, there were
many objectives addressed in the early grades which were found related to big
ideas of algebra that include patterns, the order of the operations, the meaning of

the equal sign and equalities.
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CHAPTER 3

METHODOLOGY

Throughout this chapter, the information about detailshefresearch
designand the components will @ovided.This chapter will be divided into the
following parts: restatement of the research questions, design of the study,
participants, data collaon methods,instrument data analysis procedures,
trustworthiness of the study, assumptions of the stliahjtations of study and
ethics

3.1 Restatement of the Research Questions

The research questions of the study are designed as follows:
To what extentare middle school prservice mathematics teachers aware of the
underlying algebraic structure of a given task?
What are middle school peer vi c e mat hemati cs t each
algebra?
What are middle school peer vi ce mat hemat ess about eac he
possible studentsd solutions provided t
How do middle schoolpre er vi ce mat hemati cs teachers
awareness of task purposes and possible student solutions provided to the tasks

change after they attend a Meth@dg eaching Mathematics Course?
3.2 Design of the Study

Research questions drive the methodology as a qualitative research since
AQualitative research uses a natur al i s
phenomena incontestpeci fi ¢ sett i08,gs600). Thepdrpases hani
of this study is to understand the middle schoolgp®r vi ce mat hemat i c
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(PSMTs) conceptions of algebra. Qualitatwa@se study research methodology

was employed to investigate the research questions. Creswell (200i8sdefs:

Case study research is a qualitative approach in which the
investigator explores a bounded system (a case) or multiple
bounded systems (cases) over time, through detailetepth data
collection involving multiple source of information (e.g.,
observations, interviews, audiovisual material, and documents and
reports), and reports a case description and-ltased themes

(p-73).
The instrumental case study fits the nature of the current study. Stake
(2005) characterized an instrumental case study imai nly t o provide in
an issue or to redraw a generalization. The case is of secondary interest, it plays a
supportive role, and it facilitates our wunde
The study was conductéal the 20172018 Fall and fring semestenwith
PSMTs who were the undergraduate studentshefElementaryMathematics
Education (EME) program. EME students were observedthe fiMethods of
Teaching MaMdTBmMatancd fAMet(hods of Teaching Ma
(MoTM 1II) courses during two terms. Thiata for this study came from the
individual preinterviews and poshterviewswhich were carried out witlsome
of the courseparticipants.
The focus of the following parts is to give detailed information about the

department and the classroom environment.
3.2.1 Department Context

Elementary Mathematics Education (EME) program is one of the five
programs under the Department of Mathematics and Science Education at a public
university in Ankara. English is the medium oftiugtion at the universitylo be
gualified as thegraduate of EME program, students should compdetesight
semester teacher education program. The program offers 36 must (e.g., physics,
history, language, and majorly mathematics, educational sciences, elementary
mathematics education) arsik elective courses (Se€able 3.1). The content
courses are tdred by the respective departments (e.g., Mathematics, Statistics,

Physics, History, Modern languages, Turkish language, Computer Education and
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Instructional Technology), the Educational Sciences courses suclheas

Introduction to Education are offered bhe Educational Sciences department,

and lastly, and elementary (mathematics) education courses are offered by the

Mathematics and Science Education department. The graduates of this program

are certified to teach mathematics in middle schd@aiades 5o 8.

Table 3.1

Undergraduate curriculum for Elementary Mathematics Education (EME)

program

Semesters

Course Name

First Semester

Fundamentals of Mathematics

Analytic Geometry

Calculus |

Introduction to Education

Second Semester

DiscreteMathematics

Basic Algebraic Structures

Calculus i

Third Semester

Introduction to Differential Equations

Introduction to Probability &tatsticsl

Instructional Principles and Methods

Educational Psychology

Fourth Semester

Elementary Geometry

Introduction to Probability &taisticsl|

Measurement and Assessment

Fifth Semester

Basic Linear Algebra

Methods of Teaching Mathematics |

Elective |

Elective Il

Sixth Semester

Community Service

Instructional Technology and Materiakvelopment

Methods of Teaching Mathematilds

Classroom Management

Restricted Elective |

Seventh Semester

Research Methods

School Experience

Nature of Mathematical Knowledge for Teaching

Restricted Elective Il

Elective Il

Eighth Semester

Practice Teaching in Elementary Education
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Table 3.1 (continued)

Turkish Educational System and School Managen
Guidance
Elective IV

3.2.2 Course Context

As seen in theTable 3.1, EME students are required to enroll in the
AMet hods o0 Ma tTheeancahtMoThb |) toodrse (during their fifth
semester and fAMet hods ™MbTMTIg@uwdeinthgir Mat hemat i «
sixth semester in their teacher education program. AdoTM | was the
prerequisite course f&MoTM II. These coursesere offereal four class hours in a
week and focus on both theory and practice following mainly the book
AEl ementary and Middle School Mat hemati cs: T
de Walle, Karp, and Bawi | | i a ms dhe ¢arire$ 3ejjuire one miero
teaching per ch#ter starting with the mathematics content areambersAt the
end of these courses, PSMTs are expected to be able to:

Construct connections among mathematical ideas in elementary

mat hematics curricul um, anal yze student s¢
to the sbool mathematigause representations to organize, record,

and communicate mathematical idedssign and implement plans

and activities design and employ tools for effective teaching of

school mathematics, participate in productive classroom discourse,

be confident in teaching mathemat{@gecademic Catalog, 2018).

The main learning areas of these courses are numbers, algebra, geometry,
measurement, probability, and data analysis, which are the learning areas in the
Turkish national mathematics curricului@oNE, 2018) Although in almost all
these chapters, algebra connections are mentioned, there is a special chapter
(Aal gebraic thinkingo) just focusing on al ge

half weeks is allocated to this chapter throughout thensketsom.

3.2.3 Classroom Context

There were 25 students in the course MoTM I, where 6 of them were male
and 18 of them were female. In MoTM |l course, there were 26 students, 6 of

whom were male and 19 of whom were female. Apart from the instructor, there
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was abo a teaching assistant to supervise peer discussions and group work, to help
prepare class materials, and to help the instructor and the students in the class
when additional support was needed.

The MoTM | and lisectiors were one of two sectiorthat wee offeredfor
this course each semester. The instruct
did we talk about in the | ast |l esson?
knowledge and terminology. Sometimes, the instructor showed interesting short
videos orprepared a warrmap game to start a lesson. PSMTs were required to
read the chapter before coming to each class, the instructor asked what Big ideas
andthe new terminology they arrivethile they were reading the chapter.

During the lesson, the instructagave importance to the learning
environment so she built the lessons on small groups, pair and -claste
discussions. In each lesson, thipéir-share time was a considerable part of the
lesson. Experiencing many different possible strategies seenhetpt® SMTs to
develop different points of view to use multiple representations and solutions and
connect mathematical ideas. Before starting a task, the instructor always wanted
to be sure all students fully understood what was asked in a task, if thetmst
realized that someone hesitated, she tried to makeshé®nception clear. During
the lesson, the classroom routinesr@mostly the same, if there was something
unclear for students, the instructor facilitated discussion around making sense of
one anothero6s ideas. When PSMTs met Wi
encouraged students to construct a definition for new teimsuch a situation,
the instructor used a holistic approach to come to a conclusion, and she behaved
like each member in the class had something unique to add to the learning
process. As described above, since the instructor gave importance to sharing
multiple experiences, methods, and strategies, she appreciated the students when
they shared the points that they agreed on and those they disagreed on. The

instructor mostly closed the lesson with a summary discussion which were based

3 Big ideas are defined at the beginning of each chapteeibhdbk and were expected to
be arrived at by the PSMTs.
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on a wholeclass disassion by asking the big idead the chapter and new
mathematical terminology of the current chapter.

The courses included several homework assignments that include
reflection of the main points of the chapter. In addition, there were individual and
groupprojects. For instance, each group of two or three was supposed to prepare
activities and implement in the class related to the content of the week. MoTM |
course also included one project, that is making an interview with a student and
MoTM Il course intuded two projects, making an interview and conducting a
campus math trail (see Appendix A for the syllabi). Besides the assignments, there

were one paper and pencil midterm and final in both courses.
3.2.3.1 Algebraic Thinking Chapter

The textbook (Van de Wall&arp, and BayWilliams, 2013) suggest
that PSMTs should internalize and make their future instruction around the
following big ideas at the end of the algebraic thinking chapter:

1. Algebra is a useful tool for generalizing arithmetic and
representing pattes and regularities in our world.

2. Symbolism, especially involving equality and variables, must
be well understood conceptually for students to be successful in
mathematics, particularly algebra.

3. Methods we use to compute and the structures in our number
system can and should be generalized. For example, the
generalization thad + b = b + atells us that 83 + 27 = 27 + 83
without computing the sums on each side of the equal sign.

4. Patterns, both repeating and growing, can be recognized,
extended, and gendizzed.

5. Functions in k8 mathematics describe in concrete ways the
notion that for every input, there is a unique output.

6. Understanding of functions is strengthened when they are
explored across representations, as each representation provides
a different vew of the same relationship. (p. 258)

Generalization, patterns and functiomgere covered throughout the
algebraic thinking chapteas part ofan ongoing teachingoy following the
activities in the booko make the PSMTs be able to reach dbgectives ofthe
chapter. Additionally, the instructor shoed the PSMTsa TED video that
explainedwherethe symbolk came fromand the other one was an interview with
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an elementary studeanhd theteacher werehallengingher tohelpbuild relational
thinking.

3.3 Participants

Since the current study is a case study, the PSMTs were etisartheir
natural settings irthe MoTM | and MoTM |l courses. Purposeful sampling
methodology (Creswell, 2012) was employed for the current study. Hence the
study was qualitativeesearch, the PSMTs who were willing to talk and would
likely to give more information in serstructured interviews were chosen as
participants. Ei ght PSMTs were chosen t
perceptions about the underlying algebratcucture of a given tasktheir
conceptions of algebrand their awareness about possible student soluflans
be able to sethe possiblechanges in all these three categobefore and after
the fnalgebrai c tdnd posintenvigws werd copdticeed. . Thep r e
participants were enrolled MoTM | andMoTM Il courses respectively in their
fith and sixth semesters in the teacher education program. Among eight
participaits, two PSMTs were male and the remaining were female. The gender of
the chosen participants was in approximate proportion with the number of the
male and female PSMTs enrolled in the courses. VilheMoTM | course was
complete,the MoTM |l course wasaken as a new coursand oné' of the
participants dropped out of the study due to her participation in an overseas
ERASMUS Program. Therefore, the pasierviews were conducted with seven
PSMTs as participants.

331 Researcher s Rol e

At the beginning of the Fall 2017 term, the researcher started to attend the
MoTM | course with the permission of the instructor and introduced herself to the
class and described her study. The researcherigyear experienced middle
school mathematicgeacher. During the Fall 2017 and Spring 2018 terms, the

researcher attended all the methods of teaching mathematics classes to observe the

*PSMT 3 went to abroad for a semester to attend an ERASMUS program
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class and took notes to describe the | earni:
perceptions and responses. Theeexcher also attended group work and pair
discussions trying not to affect PSMTs reasoning and change the flow of the
lesson.

Although the researcher made observations and took notes during the
classes, two cameras were used to record the classes igéheaachapter
AAl gebraic Thinking: Generalizations, Patte
Karp, & BayWilliams, 2013) not to miss any important parts. The researcher
wanted to gain insights abotlteP SMTs 6 nat ur al attitude, so t
used to pesence of the cameras, video recording started two weeks before the

chapter. This was not aimed to use as data in the study.

3.4 Data Collection Methods

Data were collected via pre and post interviews with the aim of getting
det ail ed i nf or meonhceptons ofdigebuatandPlssétvasod was
made, necessary documents (in class papers) were collected and videos were
recorded to get supplementary information. Data collection procedure started
when the approvals were obtained from the University HumaeSts Ethics
Committee (See Appendix B). After the written consent forms from the students
were collected, the video recording stage of the study started. Approval of the
students was also taken to be able to use their class materials. This is also

explaned to the PSMTs as one of the requirements of the study.

3.5 Instrument

Wi t h respect t o data <coll ection, det ai |
conceptions of algebra were collected through ssrictured individual
i ntervi ews. The par tthecasqarghertts @sk follemp ponses hel
guestions and to investigate the PSMTs' conceptions further. The interviews were
recorded and notes were taken as well.

In this study, pre and post interviews were conducted to examine the
research questions of thestulyo assess t he depereegptopsment of PS

about the underlying algebraic structure of a given,tés&r conceptions of
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algebra their awareness about possible student solutions, and the changes in all
these three categories after attending Metlufdeeaching Mathematics Courses

the same interview protocol was applied before and after the algebra chapter,
specifically in thetenthweek ofthe MoTM 1, the preinterviews were conducted,

and in thefourth week ofthe MoTM II, in the second semest@gstinterviews

were completed. The questions in the interview were taken from different related
resources, and they were adapted to make them suitable for the purpose of this
study where necessary. Even though the medium of language in the university
was English, the interviews were conducted in Turkish to have the participants
feel comfortable to talk in their native languages. Most of the questions used in
the interview were translated from English into Turkish. When the instrument was
prepared, contentalidation was checked by a mathematics education researcher
who was interested in algebra and teacher education. Content validation includes
an evaluation whether the instrument assesses what it is supposed to assess, clarity
of language and directionsna appropriateness of language (Fraenkel et al.,
2012).

The interview protocol consisted of three parts. Part | included questions
about the demographic information. Part Il started with the question "How would
you describe what algebra is to someone wa® tever heard it before?" which
was taken directly from Stephens (2004). Part Il included four tasks and for each
task, the PSMTs were first asked the purposes, then they were asked whether they
addressed algebra or not with their reasons, and ,ldsdy were asked what
responses students might provide to these tasks. This continued in the same order
for each task. The tasks focused on the three fundamental ideas (Blanton et al.,
2011) of early algebra which are equivalence and equations, functioriahgfin
and variable (see Figure 3.2). Task 1 and Task 2 which focused on relational
thinking and corresponding student solutions wel@ted from a doctoral thesis
(Stephens, 2004) which focused on PSMTs
corresponding sdent solutions weredoptel from a study which aimed to
under stand student so al gebraic thinkir

specifically, focused on functional thinking that is writing the rule of an equation.
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Lastly, Task 4 and one of the studentusiohs weread@ted from a studyhat
focusedon studentsd misconceptions about algebr.
(2007). The ot her student solution (Se-i106s sol

researchefTask 4 focused on the ability of collecting like terms.

Tasks Big Ideas
Addressed
Task 1 Equivalence
What number goes in t{_] ? and Equations
37+54=[ ] +55 Variable
Task 2 Equivalence
The solution to the equatiomz 15 = 31 isn = 8. and Equations
What is thesolution to the equation? Variable
2n+ 1571 9=31i 9
Task 3
Nehiris having hefriends over for a birthday party. She Functional
Thinking
wants to make sughe has a seat for everyone. She has
Variable
square tables.
She can seat 4 people at cg@are table in this way:@|%©
fshe joins another square t
people: L
If Nehir has 100 tables, how many people can she seat?
Task 4 Equivalence
Write the simplest form of 5 +x4+ 2x. andEquations
Variable

Figure 3.1 Tasks and the big ideas addressed by the tasks
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The last part of the interview protocol, Part Ill, consisted of two student solutions

provided to each of these four tasks. The participants asked whether the

solution of students is algebraic or not and why. Regarding each task, student

s ol

ut i

ons were chosen car ef

ul Iy

t o

Figure 3.3). In Task 1, two different student solutions who used relational

computational and relationatructural were presented. Regarding Task 2, again,

two different solutions, preservation of equivalence and solving an equation were

presented. In the following task, Task 3, a solution based on writing an equation

and a solutiorbased on continuing a recursive pattern using a table were chosen.

In the last task, Task 4, two student solutions respectively which included

collecting like terms by using representation and symbol were presented.

Tasks Studentsod Solut Codes
Burakds sol ut i o Relational
36 goes in the box because 37 plus 54 is 91, so || Computati
to figure out what plus would be 91. 36 plus 55 is onal
so it is 36. Thinking
Nurdéds solution
Task 36 goes in the box. 55 is one more than 54, so t| Relational
1 numberin the box has to be one less than 37, so | Structural
36. Thinking
Keremdbs solutio
2n+15719=317 9
2n+6=22 Solving
Task i6 i6 Equation
2
n=_8
Defneds solutio The
It is the samen = 8 because you are subtracting th Preservatio
same thing from both sides. n of
Equivalenc
e
Figure3.2St udent s6 solutions for the
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Kemal 6s solutio
Thepeople column goes up by 2s. So, if | extend
table as below, that would be 202 people that car
seated at 100 tables.
Number of | Number of Recursive
tables people pattern by
1 4 using a
Task 2 6 table
3
100 202
*Kemal fills out the table.
Dilayods solutio
The number of people is 2 more than 2 times th
number of tables. So, the rule 822 =mwhere | Constructi
n = number of tables and ng an
m = number of people. Equation
At 100 tables,
2 1 100 + 2 = 202 pc¢
Se-il 6s soluti g
L et 0 sxthhtawuch
| have 4 groups of this, Collecting
(——1—]—] Like Terms
Then, | add 2 groups of this; by Using a
Task eSS Representg
4 Now | have 6 groups of this, also | add 5; tion
— [ ——]—J—]— K3
So, | have 8+ 5.
Gi zemb6s sol ut i o] Collecting
| have 4 groups of. Then | add 2 groups af Now, | | Like Terms
have 6 groups of, so it is & Then | add 5, %+ 5. by Using
Symbolizat
ions

Figure 3.2 (continued)

After the interview protocol was prepared, a pilot study was conducted by
using the finalized interview protocol with a PSIMWho was not part of the
actual studyenrolled inthe MoTM | course in December 2017. Following the
pilot study, a clarification upon aolution provided by a student Task 4 was

needed. After all the revisions were reathe interview protocol (seepfiendix
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C) was finalized. The interviews took approximately an hour and were recorded to

be transcribed later.

Table 3.2

Implementatiortime of the pilot study and interviews

Term/Course Interview Time
Pilot Study 2017 Fall December 2017
PrelInterviews 2017 Fall/MoTM | December 2017, the
tenth week
Postinterviews 2018 Spring/MoTM I March 2017, the

fourth week

3.6 Data Analysis

As thefirst step of data analysis the recorded eightipterviews and
seven posinterviews were transcribed. As Merriam (2009) suggests, the
interviews were transcribed by the researcher, since it helped the researcher to
make sense of the data by gainingght The researcher used tables to be able to
organize the transcriptions in a meaningful and manageable way. Manuel coding
and analysis were preferred instead of software since it was assralalstudy.
The researcher preferred to analyze and marlo(aading) the qualitative data
by hand as Creswell (2012) suggested.

In the analysis of the data, initial coding was used as a first cycle coding
met hod whi ch i s -ahded appreadh tcaceding the data with n
some recommended general guiddire ( Sal da¢{ a, 20009, p . 8
coding is open to codes and categories which are driven from the data. The codes
that come from the literature including Kaput (2008), Stephens (2006), and
Stephens et al. (2013) were used as preexisting ¢edesigure 3.3) After the
first cycle of the coding, in the second cycle, focused coding was used. According
to Charmaz (2006) focused coding is employed after the initial coding since it
Arequires decisions about whi cdmseioni ti al

categorize your data incisively and com
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Interrater agreement was obtained by randomly selecting a 20% of the data
and coding it independently by a second coder wb® a mathematics educator
researcher with a doctoral degree focusing on qualitative studies and algebra in
her research to assess the reliability of coding. In the cases where the agreement
between two coders was lower than 80%, the codes were discuss&yviarmhs
were reflected to the analysis until 80% agreement between the two oaers

reached.
3.7 Trustworthiness of the Study

Qualitative study is different from the quantitative one. In qualitative
studies, a research study starts by broad researchiomset learn more from
participants via exploration to understand underlying phenomena in a particular
situation. Unlike the quantitative study which seeks an answer how often and why
something occurs and what is the tendency, the qualitative studyciemplore
and describe the big picture in detail by using a holistic approach (Creswell, 2007;
Fraenkel, Wallen, & Hyun, 2012). As Golafshani (2003) stated, the tealatity
and reliability in quantitative study are not enough to define qualitativeystud
because of its different nature. The terms suggested by Lincoln and Guba (1985)
are credibility instead of internal validity, transferability instead of external
validity, and consistency or dependability instead of reliability. On that account
credibility, transferability and consistency or dependability were employed to

assess the trustworthiness of the study and are explained in the following sections.
3.7.1 Credibility and Transferability

As Merriam (2009) defined theofcredibil it
how research findings match realityo (p. 21
validation strategies and he recommended that a qualitative study should have at
least two of these strategies. The strategies that Creswell mentioned are persistent
obsevation, triangulation, peer review, negative case analysis, clarifying
researcherdéds bias, me mber <checking, t hi ck de
study, three of them which are triangulation, thick description, and clarifying
resear ch eredoyed fo an@ease ehe credibility of the study.
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Triangulation method was employed to increase the credibility of the
study. Among Denzinés (1978) four types
use of multiple methods, multiple sources of data, ipialtinvestigators, or
multiple theories, the multiple source of data was employed. The PSMTs
conceptions of algebra were investigated through an-epdad question in the
first, in the second part, they were shown tasks and were asked whether they
addresed algebra or not, and lastly, in the last part, they were shown various
student solutions and were again asked whether they used algebra or not. This
helped the researcher to getthe PSMTs conceptions of algebra in multiple
ways.

In order to providethick description, the context of the department, the
classroom and the course information, participants, and the data categorization
and analysis procedures were tried to be explained in detail in the respective parts.

The researcher tried to be cleararher writing giving rich description of the
findings and used direct gquotations fro

As for the possible biases of the researcher, it is possible to say that, she
was a novice researcher in this field. The data wetlected by the researcher
during the courses @he MoTM | and Il. The participation in the study depended
on participantséo willingness. Before |
interviews it was reminded that PSMTs will not be judged because of their
answers, the aim is just to understand their reasoning in conceptualizing algebra.
During the interview, the researcher was careful about not confirming and guiding
participantsd® answer s.

Merriam (2009) defined transdngsof abi | i
one study can be applied to other situa
to make a generalization, I n pdrcaptidns it e
about the underlying algebraic structure of a given task, their conceptions of
algebra, their awareness about possible student solutions, and the changes in all
these three categories after attending Methods of Teaching Mathematics Courses
by conducting irdepth interviews. On the other hand, some degree of

generalization could be poskhbin similar contexts given the thick description.

44



According to Creswell (2007), to ensure the transferability of a study, thick
description is needed to transfer the findings accurately to readers M&s@am

(2009) advocated that with the help offriand detailed description, the readers
could be able to decide in what degree their context is conformed with the context
of the current study and to what extent they can transfer the findings. In the
present study, transferability was aimed to be ineds/ detail description of

the design and context of the study, participants, interviews, and data analysis
process which were expressed in the respective parts. On that account, the readers
can have the opportunity to see to what extent they could dierdtee findings

to a similar context.
3.7.2 Consistency or Dependability

Reliability is defined as a principle tha
i nferences over ti me, |l ocati on, and circumst
As Lincoln and Guba (1985suggested in Merriam (2009) preferred to use
dependabilityand consistencyShe advocated that if the findings are parallel to
the data and it makes sense to the reader, the study is dependable and consistent.
That is to say the researcher should éxplicit in her explanation about the
process of conducting research, findings and interpretation of data. With the help
of this clear explanation, the readers could be able to understand why the
preferred methodology was applied, how the data were ietegand ideas were
developed. Hence, the readers could have the opportunity to conclude whether
they come to same results with tlesearcher or not (Flick, 2007). The strategies
that could be used to make a study consistent and dependable are triamgulati
peer examinati on, investigatordés position, é
this study,the triangulation methocand i nvestigatorso position
and explained in the credibility and transferability section.

3.8 Assumptions of the Study

Thee were two assumptions of the study. First, it was assumed that
participants gave sincere information in interviews. Also, it was assumed that the
interview protocol assessed what it was supposed to assess.
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3.9 Limitations of the Study

There are some limitaths in this study such as the number of the
participants, the researcherds rol e, T
The details of the limitations and how the researcher tried to minimize these
limitations were aimed to be explained in this setti

The study was conducted with seven participants in a public university in
Ankara, Turkey. Since the number of the participants were limited, it can be one
of the limitations of the study. Nonetheless the aim of the study was to understand
P S MTworicepions of algebra, their perceptions about the underlying algebraic
structure of a given task, their awareness about possible student solutions, and the
changes in all these three categories after attending Methods of Teaching
Mathematics Courseabrough tak-based interviews not to make a generalization,
so the limited number of the participants may not be a big handicap in the current
study.

Another limitation is the fact that the researcher had to use an instrument
that she prepared in orderto getthe mnded wunderstandings a
conceptions The study is limited with the questions asked in the interview
protocol. Different tasks or questions might have provided different findings.

Lastly, thepré nt er vi ew mi ght have dieaeds an ef
about the subject of algebra. Similarly, since the same interview protocol was
employed as data collection tool in pend postinterviews, the PSMTs could
have remembered the questions. To deal with these limitations thanpr@ost
interviews were applied at intervals of two months. Aldbe questions in the
interviews were opeended and rather than the responses the PSMTs gave, the

reasoning behind their responses was paid attention.
3.10 Ethics

Confidentiality and anonymity are important in terms of ethical reliability
(FIick, 2007) . The collected data and p
are kept confidential. Participants were coded assigning a number, so the second
coder did not havany personal information about the participants. Moreover, the
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transcriptions were done by the researcher. This also helped to keep
confidentiality standards.

Participants gave consent before they were recorded in the interviews, and
they were informed #tt they had a chance to stop recording or they could leave
from the research whenever they wanted to. During the interviewing process, the
researcher was careful about not to judge, hurt or make the participants

embarrassed with the interpretation of thgponses.
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CHAPTER 4

FINDINGS

In this chapter, research findings are presented under three main sections.
In the first section, pranterview results and in the second section, joasirview
results, and in the third, and the last section, changes betwearigovéew and
postinter ews are reported. Fi n dthewgderlyingb o ut F
algebraic structure of a given task, P <
awareness of studentsd possible misconc

section.
4.1 Findings of the Pre-Interviews

4.1.1 Middle School Pres er vi c e Mat hemati cs Teacher

Underlying Algebraic Structure of a Given Task

This section provides the findings abdoitwhat extent middle school pre
service mathematics teachers can perceive the underlying algebraic structure of a
given task. To have awaenessothes undetyiogs t par
al gebraic structur e Whiywogld ateaaher mightdose, t he
thisquestion8 was asked for each task.

Regarding Task 1 (see Figure 4.1), seven out of eight PSMTs stated that a
teacher could ask this question to have the students build relational structural
thinking. For e x am@ameées,mosPlRalyTo hdve [stadantsp d A T
understand the question as a whole and realize the relation between 54 and 55
wi t hout adding up and to make [t hem] wr
participant, PSMT 8, stated that the teacher could askqimstion to have
students build relational computational thinking. PSMT 8 repditddo me , it

the sum of these two numbers, relevant to the equal sign, and the sum of the other
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two numbers, what to write in the gap, and what the space (empty box} in thi

sense means. 0

What number goes inth ] 2
37+54=[] +55

Figure 4.1 Task 1

Regarding Task 2 (see Figure 4.2), responses of all the PSMTs indicated that they
recognized the preservation of equivalenpgortunity of the task. For example,
PSMT 5 said:

So [the teacher] may have asked to make them [the students]
realize that the balance is not lost and to make them realize that the
value ofn is still the same. [The teacher] subtracts 9 from both
sides to show that the equation has not changed.

The solution to the equatiomz 15 = 31 isn = 8.
What is the solution to the equation?
2n+ 157 9 = 317 9?

Figure 4.2 Task 2

Upon examining Task 3 (see Figure 4. 3),
to have focused on noticing a pattern, constructing an equation, and constructing
an equation or a correspondence relationship through noticing a pattern. Two out
of eight PSMTs stated that the teacher could ask this question to make students
find a pattern. F o A teagheraaskp thie questoStdhaver s ai d
students find the rule for the patt@ritwo out of eight participants stated that the
aim is to have stughts construct an equation. For instance, PSMT 3 reported:

| think the teacher here actually wants them [the students] to
discover something [...] The teacher wants them to build equations,
similar to the formulas there [...] | would ask this questiohawee
them [the students] find2+ 2.

49



The remaining four participants stated that the teacher could ask this question to
have students construct an equation or a correspondence relationship through
noticing a pattern. For example, PSMT 5 stated:

Joiningo n e, t wo, three tabl es, seating
could help [the students] see something like a pattern and then [the

teacher] would want [the students] to set up an equation and then

place 100 in that equation and then find the result.

In addtion to building an equation through noticing a pattern, two PSMTs

also mentioned making generalization as a potential aim of the teacher.

Nehir is having his friends over for a birthday party. She wants to make

he has a seat for everyone. Shedugre tables. oo

She can seat 4 people at one square table in this way: ol -

I f he joins another square @bl e
people:

If Nehir has 100 tables, how many people can she seat?

Figure 4.3 Task 3

In Task 4 (see Figure 4.4.), seven out of eight participants stated the aim
of the task as collecting |ike terms to
[a teacher] asks to have students understand agdlisg wbist.hd One parti
PSMT 7 did mt directly mention collecting like terms, but she had a close
explanation to others. PSMT 7stafed t i s obvious that the
what this unknown expression means is thabdd X do not specify different
things, they ar e mul tAingng teespartipants, REMTs a me
4 also stated taking outa commonfagtss a t eacher 6s ai m:

[A teacher] could assess taking out the common factor and placing
it in front of the parenthesis. [...] Because, [a student] reakzes
something different. What could be added up With4x could be
added up, because there xsalso. | think that taking out the
common factor (5 % (4 + 2))is also assessable here
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Write the given expression in the simplest form 5S¢+ 4£x.

Figure 4.4 Task 4

4.1.2 Middle School Pres er vi c e Mat hemati cs Teacher sbo C

Algebra

4121 PSTMsd responses to fAiHow would you descH

someone who has never heard of it before
I n this part, particiepdetdsduesspoms e&isHo Wwc
woul d you describe what algebra is to someon

were examined. Four PSMTs based their algebra definitions on the presence of an
unknown or an equation. For instanéeSMT 7 st ated il try to e
equations, what t he Apotheraxampteforthisscategorsn at it i s
was Eduadns which includexd sy s come t o nyPSMiIliGhd directly
Three out of eight PSMTsé definitions of alg
For instance, PSMT 6 stated fiMat hemati cal g
oper at i on s padtcipard, $EMT)8, mertioned use of modeling. PSMT
8 reported fiAs far as algebra is concerned,
i's modeling in my mind. o0

Further information about PSMTsd concept.i

the taskbasedquestions which will be presented next.

4.1.2.2 How Did Middle School Preservice Mathematics Teachers Classify
the Tasks and the Related Studentsd Sol u:

I n this section PSMTs6é algebra categori z.
rel ated st udeenxtasnd nsedl. utTihocen squeaersee i on AWoul d vy
to be an algebra problem?d6 was asked i n ec:
conceptions of algebra. Moreover, for each task, two different student solutions
were presented and they were asked whether the studstsalgebra or not in

their solutions.
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Participantsd catlelhhporP3MTsoncafedarsik

Task 1 as algebra or not are provided in Table 4.1.

Table 4.1

Participantsd6 categorization of Task 1

Task Algebra Non-algebra
Wha number goes in thq_]?

37+54=[_] +55

6 2

Six out of eight participants evaluated Task 1 as algebraic. Among these
six participants, three PSMTs made their decisions based on the presence or
absence of an unknown or an equation. For exarfpeMT 1 st ated ATh
unknown, there is an equalignd [the student] is asked to find out the [value of
an] unknown by devel oPENMg & smeahed. 6dB&
equality, it is like an equation. If we see an unknown such wnén the place of
the empty box, it seems to me as an alg¢brpue st i on] . 0 Apart f |
participants, two PSMTs categorized the task as algebra by referring to the
relational computational thinking. For
task that we perform oper atonegartcipaatb st r ac
PSMT 6, categorized the task as an algebra problem focusing on the relational
structur al thinking. PSMT 6 stated #dlt
studentsdé performing four oper attheons [ b
relationship [between numbers], and this is higher level [than performing four
operations] . o

On the other hand, two out of eight participants, who evaluated Task 1 as
nonalgebraic, also based their reasoning on the presence or absence of an
unknown or an equatioand relational structural thinking, respectively. PSMT 8
focused on the presence or absence of a
think it is not an algebra question. [L..mean, if | had seen anhere, | would
have called it amlgebra question. PSMT 3, who categori zed

an algebra task focused on relational structural thinking and assessed it as number
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sense stating Al say that it is not an al gel
we assess numberserisé | n t he al gebraic expressions as
such a question. o

Participantsd cl assi fi catTwo student student s
solutions (see Figure 4.5), were asked to the PSMTs to see whether they

categorize the responses as algebra or not.

Burakds solu Nur's solution

36 goes in the box because 37 plus| 36 goes in the box. 55 is one mors
is 91, so | had to figure out what plu| than 54, so the number in the box h
would be 9136 plus 55is 91, soitis  to be one less than 37, so it is 36
36.

Figure45St udent s6 solutions for Task 1

A

Table 4.2 provides information abdatSMTs 6 cat egori zation of stud
solutions for Task 1.

Table 42

Participants6é categorization of studentsd so

Burakos solwu Nur's solution
Algebraic Non-Algebraic Algebraic Non-Algebraic
5 3 6 2
Asseen in Table 4. 2, five out of ei ght [

solution as an algebraic solution. Among these participants, four PSMTs focused

on Burakdéds use of a computationally based st
fiBurak worked one by oneghdid not use onap oned o wn . Burakdos solutio
an algebraic solution, because he did the operation step by step and reached the

resultdo The remaining participanBSMT 3, had a different justification focusing

on the presence of an unknown:

PSMT 3:In Burak's thing (solution), | noticed that there is an
expression saying that Anwhat plus 55 wo!
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confused my mind. In algebraic expressions, let'sxsayb = 10,

what plus, | mean what is th& Since we think like that, what

would be to get the thing [10] by adding 5, the solution is algebraic

| think.

R: What would it be if Burak said 37 + 54 is equal to 91, 91 out of

55, I got 36.

PSMT 3:Then | would think it would not be an algebraic solution.

It seems to me we putin the place of the empty box by saying

AWhat would be. o

Three out of eight partici plgebtaic eval
offering similar reasoning to the participants who categorized Burak's solution as
algebrai® the use of a computationallyased strategy, aratditionally two of
them mentioned the absence of the relational structural thinkiogexample,
PSMT 1 reported:

| think this is not an algebraic solution. What is required here, |

mean in the algebraic expressions, is realiziegotieup onedown

relation between the two numbers. | think the aim of the question is

not assessing adding skills, but [the aim is] understanding the

relation between the two numbers.

Upon assessing Nurds sol watdagairedit si x o0
as algebraic, and two of them as not algebraic. Five participants among the six
participants, who evaluated Nurés sol ut
emphasizingNur 6 s r el at i on &dr example uPSMTUT stiated t hi n
NfBecause she focuses on equality and eq
way, this increases one, this wild.l dec

participant, PSMT 8, based his justification on the presence of an unknown saying

AThere@enks®oam, so to find it, we perform
Two out of eight participants, on th
asnoral gebr ai c. PSMT 2 emphasized Nurdés r

as using | ogi c s ety [sle thinks that] if it Baesmsed 1oigi ¢ d
has to decrease 1. But she did not h &
participant, PSMT 3, justified her own
with number sense. PSMT @&n algebrai¢ anel Byi Nur 0
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saying if 55 is 1 more than 54, [the empty box] has to be 1 less than 37, she uses

number sense as | said before (in the task

Participantséo c at.eSpwemn out aft digbt nPSMI$ Task
categorized Task 2 as algebra question (See Table 4.3). One participant, PSMT
7, specified that the categorization could be algebraic omalgebraic according
to the aim of the task, and PSMT 7 changed her mind when she started to evaluate
the student sd edonringitalssas analgebrad ask.kOvezall,

all participants evaluated Task 2 as an algebra task.

Table 4.3

A

Participantsd categorization of Task 2

Task Algebra Non-algebra
The solution to the equation
2n+15=31imn=8, 8 0
What is the solution to the equatior
2n+ 1571 9=311 9

Half of the participants directly cited thg@resence of an unknown or an
equatonas t heir justificati on @&sforBlgebra,asnst ance,
| said before, expressions that includsomes to my mind, like there should be an

u n k n o Three marticipants specified the preservation of equivalence as their

justifications in their categorization. For

a relation between numbers, indeed. Actually, it examines the operational

property (subtraction prapty of equality). In equations, subtracting the same

2

c

P

number from both sides of the equation seems

Among these threparticipants, PSMT 7, on the other hand, at first stated that
Task 2 could be categorized as algebosioonalgebraic based on the aim of the
task. PSMT 7 said:

| think it is an algebra question, becaustnink [a student] will
solve the new system after making subtraction. But when | think of
the teacher's purpose, then this question is not an algebession.

If [a teacher] wants to have [a student] understand that subtracting
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the same number from both sides does not change anything

(equality), when the aim is not to solve a new equation (second

eqguation in the question), it does not look like an lalgeuestion.

[So, itis] both algebra and neaigebra.
When PSMT 7 started to categorize stude
justification and categorized Task 2 as an algebra question. PSMT 7 reported:

Now my previous ideas have begun to change, | think this question

is already an algebra [question], because understanding the logic of

the equation that it maintains the equality is also algebraic, right?

This requires an algebraic operation, too, | swbtéafrom both

sides [of the equation] and nothing has changed.
Lastly, one participant, PSMT 2, justified her categorization of algebra by
focusing on s ok kavenaghunercal expressionsand we Bkpect
children to solve equations. Thathy it's an algebraic questian.

Participantsdé <c¢cl assi fi catHSHTs werd st ud
al so asked to categorize the provided ¢

4.6).

Keremds sol u Defneds sol |
2n+ 1571 9=311 9 It is the samen = 8 because you ar
N+ 6= 22 subtracting the same thing from bg
sides.
76 16
n=238

Figure46St udent sd6 solutions for Task 2

The majority of the participants categorized both solutionslgsbraic
(see Table 4. 4), but Kerembs solution

solution.
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Table 44

Participants6é categorization of studentsd so

Kerembs sol u Defne's solution
Algebraic Non-Algebraic Algebraic Non-Algebraic
7 1 5 3
Seven out of ei ght participants, who e\

algebraic, mentioned solving an equation in their justifications. For example,

PSMT 4 Kesemiisdrying to establish the relationsbhigtween the numbers.

He said 2 + 6 = 22, to isolate, | should subtract 6 from both sides. Then he

dividesn [by 2] and finds the [value ofhio6 A mong these participant
them, PSMT 1,additionally stated that Kerem could understand that two

equations in the question were the same. PSMT 1 stated:

Even if he solved it in different ways, or by following the necessary

ways, [at the end] he noticed that [the valuanjoélid not change,

because the aim is to make [the students] realize that teehear

same.

The only participant, PSMT 6, who <catego
algebraic, based his justification also on solving an equation. PSMT 6 stated:

Kerem also solves equation and gets the right result, but he uses

just mathematicgarithmetic). [...] In my opinion, algebra requires

logic, but Kerem [solved it] procedurally, and he got the right

answer. That is why it is not algebraic.

The five participants, who categorized De
their justifications a Def neds understanding of t he p
equi val ence. For instance, PSMT 1 said ALet'
9 from both sides. Does my balance change? No, why should it change, it did not
change. | think, this is an algebraicap@mch. 0 Among these five part
of them believed that Defne used algebra for the same reason, but still she felt

uncomfortable since she did not perform a particular procedure. PSMT 5 stated:
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This is algebraic, | think. Nine was added to both sides, nothing is

changed so it is eighBut it seems that she solved it by reasoning.

[...] It seems to me that it is not algebra, when | do not see the

process. [...] It is coded in my mind if there asgiables withx, v,

it seems more algebraic.

Three out of ei ght participants cat
algebraic solution basing their jJjustifi
an equival ence. For I nsttaon cNeuyr 6FS MsTo | 2u tri «
[the question] give the result, and Defne knows that it does not changés but
solution is not an algebraic solution either. She just realizes that it is thedsame.
Additionally, one participant, PSMT 3, focused on the lack ofrafns in
Defneds response stating #fAlf we subtrac
results would stay the same; therefore, she did not perform an algebraic
operation. 0o

Participant sod c atAkd the pardacgpdnis oategoozed T a s k
Task3( see Table 4.5) as algebraic. The pa

different justifications.

Table 45

Participants6é categorization of Task

Task Algebra  Non
algebra

Nehir is having his friends over for a birthdagrty.

She wants to make sure he has a seat for everyone. 8 0
has square tables. She can seat 4 people at one sqt

table in this way: O%O

I f he joins another squ
seat 6 people: Ciﬁl

@]

If Nehir has 100 tables, how mapgople can she seat’
Would you consider this to be an algebra problem?
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Wh e n t he

participantso

responses

responses were grouped under two categories which are constructing an equation

or a correspondence relationship and the presence of an unknown. Seven out of

eight participants justified theicategorizations by referring to constructing an

equation or a correspondence relationship. For exarRpeM T 7

stated

finding out the pattern rule, it is a necessity to look at the relationship between the

numbers. Looking at the relationship bedéwenumbers is something that requires

an

generalization.

PSMT 6
you put 100 tables side by side, s/he will have to makenarglizatioro T h e

sai d

e g udanbrig thase seven participants, PSMT 6 also mentioned making a
AS/ mdf wi l

for

AWhil e

ma k e

| ast

participant PSMT 3, who also evaluated Task 3 as an algebra question mentioned

t ask
t o fi

t he
try

t hat

thatw e

Participant sostcudeasrrnstidd cewoASKHTsowvead Tas k 3.

asked to
Figure 4.7).

i The leasahavhdy it & @an algebkaic question is A

nd

an

categorize

unknown. O

~

t wo student séb

Kemal 6s

s ol

u |

Dilayds sol

tables.
Number| Number
of of
tables | people
1 4
2 6
3 8
4 10
5 12
6 14
7 16
8 18
9 20
10 22

The people column goes up by 2s. So
| extend the table as below, that woul
be 2@ people that can be seated at 1

The number of people is 2 more
than 2 times the number @ibles.
So, the rule is2+ 2 =mwhere

n = number of tables and

m = number of people.

At 100 tables,
2 I 100 + 2 = 2
seated.
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99 200
100 202 *Kemal fills out
the table.

Figure4.7St udent s6 solutions for Task 3

Seven out of eight partici p-algebrac,amds al uat

all the participants categorized Dil ay?o

Table 4.6

ParticipantsoOo categorfarzaskt3i on of student

Kemal 6s sol u Dilay's solution
Algebraic Non-Algebraic Algebraic Non-Algebraic
1 7 8 0

One out of eight participants eval ue
solution because of Kemal 6s awareness o0

He has asense of logic. Actually, when a table is added, [the

number of] people is also increasing by 2. But he could not

construct an equation, that is why he wrote all of them (he filled

out the table).

Seven out of ei ght PSMTs who-eval u
algebraic, similarly referred to his use of a pattern in their justifications. For
example, PSMT 5 stated:

In fact, he also realizes the pattern, the increase by 2, but instead of
constructingthe equation, he used a table and completed the table
without thinking. | think he has not realized something algebraic
here.
In addition to focusing on his awareness of a pattern as their categorizations for
nonalgebra, two participants also mentidnthe absence of an unknown. For
i nstance, PSMT 1 stated ndlt (the solut

because Kemal did not mention unknowns.
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Al l participants based their jJustificati

on constructing an equatioRor instance, PSMT 2 stated:

She formed an equation, then she specifiedrtheitthe number of

the tablemis the number of people. We already know thegfers

to a 100 table, and she finds the number of the people from the
equation.

Par t i cdatpgarizétian @f Task 4During the categorization of Task
4, participants had some difficulty since the question did not ask for the value of

X. Frequencies of ©partici fpnlgebrbicde shoms ponses

in Table 4.7.
Table 4.7
Participantsodo categorization of Task
Task Algebra Non-algebra
Write the given expression in thi
simplest form 5 + ¥+ 2x 5 3

Five participants who classified the task as algebraic emphasized the
presence of an unknown and collecting like terms together. Four out of five
participants based their reasoning on the presence of an unknown. For example,
PSMT 7 report et amalgbbsaoquastiore Bgcause ithiere is an
unknown, and we perform an operation
participants focused on collecting like terms together in her justification of
algebra. PSMT 4 stated:

We are taking linear algebra [ase] now. What are we doing in
linear algebra? It is also like relationship between numbers. If it
[the question] assesses the ability of using a parenthesis for the
common factor, could it be the thing [algebra]? | could not decide
whether this propertysi under algebra. There is a common
multiplier parenthesis in the 5 &4 2x by usingx (5 + x (4 + 2)),
could it be labeled operational property? [...] It is like collecting
like terms together.
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Three out of eight participants evaluated Task 4 asatgebraic. These
participants based their reasoning on the lack of an equation or an equivalence.
For exampl e, PSMT 1 said ANo, it is not
equati on, there is not an equality.o A
evduated the task based on the lack of an equation or an equivalence, even though
she noticed collecting like terms. PSMT 6 said:

In the algebra questions, we get a result by performing four
operations. [...] For example, would it be an algebra questign if
was given a value? [In this situation] again we get a result as a
numerical solution, we perform operations and get a result. But in
this question, we leave it in the simplest form, we do not get a
result. How does it lead [the students] to make seng® lideads

to make [students] understand that the same kind of data can be
added up, and that the other must stay out oBIUi it is not
algebraic in that matter because it does not use operations much.

Participantsdé <cl| assi hilraska4. wo student St uc
responses (see Figure 4.8) were shown for Task 4. Six out of eight participants
evaluated Se-ild6s solution as algebraic
anoral gebraic solution, and al lionpsaant i ci p

algebraic solution.

Se-il 6s sol u Gi zembs sol U
Let 0 sxthhtanuch=—= | have 4 groups of. Then | add 2
| have 4 groups of this, groups ofx. Now, | have 6 groups d

X, soitis & Then | add 5, %+ 5.

Then, | add 2 groups of this;

Now | have 6 groups of this, also | ac
S5;

+5
So, | have 8+ 5.

Figure 4.8St u d eoiutiossdor Task 4

Table 4.8 provides information about PS
solutions for Task 4.
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Table 4.8

Participants6é categorization of studentsd so

Se-i 1l 6s soluwu Gizem's solution
Algebraic Non-Algebraic Algebraic Non-Algebraic
6 2 8 0
As seen in Table 4. 8, Si X PSMTs evaluate

Four of these participants focused owllecting like terms by using a
representationFor example, PSMT 4 stated:

Actually, Se-il used mox[e]She ng, she used
puts a bar in place of actually she makes it concrete a little more.
Se-il said that | have 4 bars, 1 f | add 2

is also 5, so it is 6 groups af plus 5.1think it is an algebraic
solution, because she is also trying to build a relationship.

The other two participants had different justifications. One participant, PSMT 7,

based her reasoning on the presence of an

algebraic [solution], sheuseadd The | ast participant, PSMT 8,
useofmodel | i ng. PSMT 8 said dAlt i s an al gebr ai
model ing method that | Howwaduidygono dedcribee f or e ( wh e
what algebra is to someong. who has never hea

On the other hand, two PSMTs, who evaltmd Se-i | 6s- sol uti on a
al gebrai c, emphasized Se-ildés use of a repi
reported:

| do not expect it to be an algebraic solution, because | do not think

it is an algebraic question as | said. [...] To me, it is not meaulingf

to represenk in this way,x could be equal to zero, so I think it is

not logical to make it concrete.

Al | participants categorized Gizemds solu
six of them referred to Gizenmdimms.Eool | ecting |
instance, PSMT 2 stated:

She [Gizem] tried tsolve it more numerically [and] she shows 5 +
6x directly. There is na beside the 5, so she left it alone. She said
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something like collecting thed s t o Gieeimhsgntbolically

summarized.
Theot her two participants, emphasi zed th
their categorizations of algebr a. For i

an algebraic solution because | evaluate theequaioh[ as an abstract

4.1.3 Middle Schod Preesser vi ce Mat hemati cs Teache

Student sé Possible Solutions

In this study,middle schoolpres er vi ce mat hemati cs t eé¢
of studentso possi bl e solutions was a
participants were asked possible solutions (correct and incorrect) that students
could provide in response to the tasks. In this phe, number of the total
responses could be more than the number of the participants since each participant
were asked to provide as many solutions as they could. The findings will be
presented task by task. Responses that were provided less than bytimoepés
and that were not particularly interesting were categorized underotties
category.

PSMTs6 Vviews about possible student
presented in Table 4.9. In Task 1, seven participants mentioned relational
computational asa possible student strategy. For instance, PSMT 4 reported
AFirstly, he or she could add 34 and 54
[the total].o Al so, f o ugtructpral sttategy iapa nt s
possible student response@ F e x ampl e, PSMT 7 said fAPr
think to increase one on this side. He or she will use that method, this one
increased by one, so this one wil/ dec
were good at anticipating possible correct sohgjoonly two participants
anticipated studentsd possible misconce
answer comes right after it. For exampl
54 and write the result dir edertdolptioy As a
five participants emphasized a mathematical equivalence mistake. For instance,
PSMT 5 reported fiMaybe s/ he could not
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l i ke i f 54 increases by one, 37 also increasc

Lastly, four participants emphasized an algebraic manipulation mistake. For

exampl e, PSMT 4 stated AThey may make a mi st
or in subtraction of 55.0
Table 4.9

Participant s possihl studenesslutionefgrdasklli n g

Possible Student Solutions Frequencyof the Given
Responses by Participan

Relational computational strategy
Relational structural strategy
Operational thinking

Mathematical equivalence mistake
Algebraic manipulation mistake

I NECALNIET R

Participantsd6 responses to possible stude
summarized in Table 4.10. In Task 2, seven out of eight participants emphasized
that students could ignore the first equation, and they could solve the second
equation. Forexample PSMT 8 stated ABy subtracting 9 f
and by following certain procedures he or

N

participants anticipated realizing the preservation of an equivalence as a possible
student solution. For instance, PSMT sai d fAWe expected students

have subtracted the same thing from both sides, the equation stayed the same, and

not hing has changed. 0 Besi des, five parti
mani pul ation mistake. For make s miagtake ia , PSMT 2
addition or subtraction. o Finally, one part|

solutions that could not be categorized under the aforementioned categories.
PSMT 5 stated dAMaybe, xpihtheequation. ..]ad [ i n t he p
finds 22.0 She also stated AWell n I dondt Kkr

i's equal to 8, maybe s/ he subtracts 8 from 9
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Table 4.10

Participantsd responses regarding possi

Possible Student Solutions Frequency of the Given
Responses by Participan

Solving an equation 7

Preservation of an equivalence 6

Algebraic manipulation mistake 5

Other 2

PSMTs6 responses to possible student
in Table 4.11. In Task 3, six participants emphasized that students could write a
correct function rule to predict far function values. For instance, PSMT 3 stated:

If he or she represents the [number of] tablenbythere aren

people sitting on one side, and there arpeople sitting on the

other (opposite) side, and there are two people on the sides of the

table. So, he or she can find 2 2.
Besides, five participants expected that students would write an incilometibn
rule to predict far function values. P
people can sit on each table, and tHe® 0 | 4, 400 Threeopl e cC
participants emphasized that students could identify a recursive pattern and use it
to predictnear dat a. For instance, PSMT 1 s a
students) represent thé 3tep. Then, they may count until 100 [tables] by
thinking 4, 6, 8... it increases by 2.0
students would useegmetric visualizatiorio find the number of people for 100
tables to solve the task. For exampl e,
people will seat at the upper side [of the rectangle], 100 people will seat at the
lower part [of the rectangle]andwo peopl e wi | | seat on t}
example of a viswualization strategy, P S
edges. Three people [are sitting] at the first table and are people [are sitting] at the
last table. At the tables [between therf s t and the | ast] t he
Lastly, three participants gave answers which were not categorized under the

aforementioned categories. For exampl e
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calculations, s/he can say 200 or 300. Alternatively, s/he @anf st asks that

much, the result will definitely be 100. 0

Table 4.11

Participantsd responses regarding possible s

Possible Student Solutions Frequency of the Given
Responses by Participan
Using a correct function rule to predict 6
far function values
Using an incorrect function rule to 5
predict far function values
Identifying a recursive pattern and use 3
to predict near data
Using geometric visualization to find tF 3
number of peopléor 100 tables
Other 3
Lastl vy, participantsd responses about P O ¢

Task 4 were presented in Table 4.12. In Task 4, six participants stated the students
who understand the like terms can collect them as %. @& instance, PSMT 7

said AThe right result can be reached. I f s/
be added, i f s/ he got the i dea, s/ he wil/l g
expected that the students would ignore like terwisich means that irthe

expr ess koMo thiepwotlldignorekb s, and, for example add
For instance, PSMTXx, lhsetatedhé@Bgi igoabryngees

Likewise, PSMT 6 said:

If the child is not aware that the numbers that have the same
coefficient are added, and the others should not be added, he or she
could give 1k as a result. | mean, he or she thinks like there ¥s an
beside 5.

Four participants stated that the students could intex@eta multiplication sign.
For exampl e, PSMT 6 repoxosedi ke mot tspéei daet
does s/ he?0 Moreover, two participants notec

X. ForexamplePSMT 1 st ated fABYy X bdkeghinghasnthg a val ue f
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value ofx, they can think that the result w
gave responses which were coded wunder
PSMT 4 reported fAThis may | ook | ike the
beableé do anything. o

Table 4.12

Participantsd responses regarding possi

Possible Student Solutions Frequency of the Given
Responses by Participan

Collecting like terms 6

Ignoring like terms 5

Interpretingx as a multiplication sign 4

Assigning a value fathe unknown 2

Other 2

4.2 Findings of the Postinterviews

4.2.1 Middle SchoolPre-s er vi ce Mat hematics Teacher:
Underlying Algebraic Structure of a Given Task

The same intervieyprotocol was implemented after the algebra weeks in
the methods course. Because of one drop out from the’stheyresults will be
provided out of seven PSTMs. This parll present findings aboub what extent
PSMTs could perceive the underlying algebraic structures of given fak&s.

g u e s Wihyomouldid teacheposet hi s questi on?0 was asKke
each task and will be presented respectively.

When Task 1 was shown to PSMTs, all participants focused on relational
thinking in their responses. In particular, five out of seven participants
emphasized the relationsiructural thinking as the purpose of the task. For
exampl e, PSMT Ais 55 thexe ieldnord ib therd (at he right side
of the equation), there must be one less [to keep balance], so ibis3bwo out o

seven participants focused on the relatisomhputational thinking and they

*PSMT 3 went to abroad for a semester to attend an ERASMUS program
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emphasized the meaning of the mathemb&qgaivalence and the equal sign. For
instance, PSMT 8 reported:

In order to understand what the equal sign means and how it makes
sense to students. As we discussed in the class, [students]
immediately write the answer after the equal sign. However,
students can not realize that equal sign is actually used to show that
both sides are equal to each other. [A teacher asks the question] to
understand whether they know that the results of both sides are
equal or whether there is a problem with this issue [meaning of the
equal sign].

When the purpose of Task 2 was askedpsoticipants, all PSMTS
participants stated the purpose of the task as the preservation of equivatence
example, PSMT 6 stated:

The aim is to provide the understanding of the concept of equality
on both sideslf | remove the same thing from bothdes of the
scales, does the equilibrium or the equality change? For example,
the same amount is added to both sides. Will this affect the
balance? | think this question is asked to have students to make
sense of the equality and not to make them perfornabipns.

Regarding Task 3, the responses of the participants revealed categories
including noticing a pattern ancbnstructing an equation or a correspondence
relationship through noticing a patter®ix out of seven participants stated
constructing anequation or a correspondence relationship through noticing a
patternas the main aim of the question, additionally these participants mentioned
generalization. For instance, PSMT 4 reported:

The teacher asks the question to have [students] reach a
generakation by realizing the pattern. Yes, to make them
(students) understand the relations between them. For example, the
student is going to draw thé3tep, and he will think about how
many people there are. There are four (in the first step), there are
six (in the second step), and in th€gep, there will be 8 [people].
Then, how many people are going to be in the next step? Here,
[students] are going to realize a pattern and make a generalization
about the R term.

69



One patrticipant, PSMT 7, onlyedcribed noticing a pattern as the purpose
of the task without referring to making a generalization or constructing an
equation. PSMT 7 stated:

Because [the teacher] may want to have children build relations

between the successive steps. Because therdwesy/saa rule

between the steps and between the previous step and the next steps.

Actually, what is the rule? Increasing by 2. [The teacher] asks this

guestion to make students understand the rule, the sequence.

When the aim of Task 4 was asked to gaticipants, all participants
emphasized that the aim would be collecting like terhts example, PSMT 7
stated:

In fact, he (the teacher) wants to [make students undersiaaid]
thex Gase the same unknown numbers and the same véfiukes
studentinterprets these two ¥&and %) in a different way, he or she
cannot put them together and write 6

Among these seven participants, one participant, PSMT 4, additionally stated that
the teacher could ask this queusthe on t o
common factor and placing it in front of the parenthesis as well. PSMT 4 reported
ARnOr he (the teacher) may assess the [ st
taking out the common factor. o

The anal ysi s of t h e of mlgebra inctheppasht s 6 ¢

interviews will be presented next.

4.2.2 Middle School Preess er vi c e Mat hemati cs Teacher

Algebra

I n this part, PSMTs6 conceptions of
main sections. Firstly, twiowdd youedsspriben s e s 1
what algebra is to someone who has nev
Secondl vy, the PSMTsd algebra <categoriz

solutions were examined task by task.
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4.2.2.1 How would you describe what algebra is teomeone who has never

heard of it before?

I n this part, participantsd responses t
descri be what algebra is to someone who has
examined. Five out of seven participants based their justificatiotise presence
o f an unknown or an equat ieguationskvbere ex ampl e,
there is more than one unknown, and variables are used to obtain the result.

Among these participants, PSMT 5 al so empha:
unknown andhlso operational things.

Two out of seven participants based their reasoning of algebra on
making a generalization. For example, PSMT 8 reported:

That is what I call algebra, the generalization of some terms, series,

or some rulesA certain order baskon a specific generalization, a

certain rule. [The question] such as after finding tfe2l?, 3% step

and generalizing it to a certain thing can be called algebra.

Further I nformation about PSMTs06 <concept
interviews was gaered by taslbased questions which will be presented next.
4.2.2.2 How Did Middle School Pre-service Mathematics Teachers Classify

the Tasks and the Related Studentsod Sol u

I n this part, the participantsd algebr a
through thai evaluation of tasks and student solutions as algebraic or not. To have
i nsights about their algebra conceptions in
consider this to be an algebra probl em?590 W E
different student sations were displayed for each task in order to have detailed
i nformation about PSMTsd algebra conceptions

Participant s6 c atAeigioim Taldeadtld, sixiouteff Task 1.
seven participants evaluated the task as an algebra question, and one participant
evaluated it as a nealgebra question.
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Table 4.13

Participants6é categorization of Task 1

Task Algebra Non-algebra
What number goes in tI'D ?

37+54= ] +55

6 1

Among hose evaluating the task as an algebra questiop, ¢he t i ci pant
responses were divided into three categories. One of the categories was the
presence or absenceaf unknown or an equation, while the others were related
to the relational thinking which are relatior@mputational and relational
structural. Two participants emphasized the presence or absence of an unknown or
an equation in their justifications. Ferx a mp | e, PSMT 2 stated
an unknown. [A student] has to perform a certain operation to find the unknown,
and [the student] finds the answer at
participants justified their algebra categorizations $éoog on the relational
thinking. Three of them focused on relatiosauctural thinking. For instance,

PSMT 7 said:

At first, | thought it is just related with addition and subtraction.

But then,l realized that it is the relation between the numbgesn

when we consider the fact that it increases 1 (from 54 to 55) and in

this case, it should also decrease by 1 (from 37 to 36)it sepms

to me as algebra.
One participant, PSMT 5, based her reasoning on the relatomgutational
thinking PSMT 5 stated fAThere is also oper:
equality, and s/ he builds a relationshi

PSMT 8, who categorized Task 1 as +abgebraic, initially evaluated the
question as algebraic because of the relational structure of the @igK. B
stated, NfBecause there is an unknown, a
rat her than the unknown, there is [a r
examining Task 2, PSMT 8 changed his mind and decided that the Task 1 is non

algebraicc Hedcused on generalization stating
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supposed to be algebra, either. We can writestead of the empty box, there is

also an unknown. If the unknown is here, instead of generalizing, we try to find it.

So,itcouldgounddrhe category of the equations. o
Participantsd classifi caiihssgection, student s

participantsd conceptions of algebra were in

on student responses and categorize as algebra or not (sed.Tdpld hree out

of seven participants evaluated Burak's strategy as algebraic, while four of them

evaluated it as neralgebraic, and all of the participants evaluated Nur's strategy

as algebraic. To dntedview agemancdncepti®ndi@is 6 post

justifications were analyzed.

Table 4.14

A

Participantsodo categorization of studentsodo so

Burakds sol u Nur's solution
Algebraic Non-Algebraic Algebraic Non-Algebraic
3 4 7 0

Three participants, who evaluated Burak's solution as algebraic,
emphasi zed Burakdéds computationally based str
il think it i's an algebraic solution. Al [
thinks that he can find thenknown by adding this (37) and this (54), and
subtracting 55 from this (total).o

Four out o f seven participants, who eval
al gebrai c, al so based their reasoning on Bu
strategy, additionally hree of them mentioned the absence of the relational
structural thinking. For example, PSMT 7 reported:

The only reason why evaluated this question as algebra question
is that [the question] is based on the meaning of balance provided
by the equal signral the relation between numbers. Here the child
did not use this meaning. [...] | mean, he just performed operations.
It is a solution justonsisting of additiossubtraction.
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Al l participants evaluated that Nuro
participants evaluated her solution as algebraic because of the use of relational
structural thinking. For exampl e, PSMT
she says that iIif this increases by one,

Although theremaining one participant, PSMT 4, classified the solution as

al gebrai c, she focused on finding the
reported:
| think it is also an algebraic solution since she tries to find the
unknown. [ é] There I ftweanothem mu c h di f
(Burakodés and Nurds solutions), but C

practical. But this practical thinking is related with her success in

number sense.

Participantsd catTeejoegquancgnodf thaslk
categorization offask 2 was shown in Table 4.15. Four out of seven participants
evaluated the task as an algebraic task while three participants evaluated i as non
algebraic. Their justifications were categorized under the preservation of

equivalence, solving an equati@md presence of an unknown or an equation.

Table 4.15

Participants6é categorization of Task 2

Task Algebra Non-algebra
The solution to the equation
2n+15=31imn =8, 4 3

What is the solution to the equation
2n+ 1571 9=31i 9

Two out of thefour participants who evaluated the task as algebraic
focused on the preservation of equivalence. For example, PSMT 6 repoived| |
the students get the result by performing operations or will the students realize it
(the result) as 8 again without performing the openafoSince he or she [the
teacher|] tries to under st anAdother twat , It

participaits, who evaluated Task 2 as algebraic, justified their reasoning by
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referring to the presence of an unknown or an equation. For example, PSMT 5
stated, AThere 1 s again an equation and eql
task] . o
When t wo praspdansexwhp evaluatedithe task asalgabraic
were examined, it was seen that these participants emphasized that there was no
need to solve an equation. For example, PSMT 2 explained as follows:

It is not [an algebraic task]. There is already a resghyally, the
child knows the result is 8. There is an unknown, but in the (second
equation) below nothing is changed, so he or she directly knows
thatn is equal to 8, and it is same with the one (the first equation)
above. The important thing here islizing that equivalence will
not change the result. [...] There is an unknown, but there is also
the result of the unknown above, so the student does not need to
perform any operations.

The last participant, PSMT 8, who categorized the task aslgebg, reported:

There is an unknown. It is like an equation, but | do not know

whether the equation is algebra. [The task] is mostly about finding

the unknown, instead of making a generalization. That is why it

may not be algebraic.

Parti cdlpandgisféi cati on of dntthisdection,s 6 wor k on
participantsd conceptions of algebra were e
about student strategies provided for Task Pour out of seven participants
eval uat ed Ker e mdaicwhiedhrea ¢of themnevauated d@ bhsgnerb
algebraic (see Table 4.16). The participant.
algebraic, based their reasoning on solving an equation. For example, PSMT 4
stated Al think it 1 seisolatesdhegternesideijof sol uti on.
the equation]. Without it (performing operation), it does not seem to be an

algebraic task. o
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Table 4.16

Participantsdé categorization of student

Kerembs sol u Defne's solution
Algebraic Non-Algebraic Algebraic Non-Algebraic
4 3 5 2
Three out of seven participant-s, wh C

algebraic, based their reasoning also on solving equations. They emphasized that
Keremds solution does not focus on rel
equation. For instance, RS 1 stated:

After subtracting the same number from both sides, he performed

the operations step by step. He subtracted 9 from 15, then he tried

to eliminate that 6. He did not consider subtracting the same thing

[from both sides] as important. The onlyirtg he cared about it

was to isolate the on one side and to isolate the numbers on the

other side.

When participantsodé reflections on De
categories which are the preservation of an equivalence and the lack of
performing operations were revealed. Five out of seven participants, who
evaluated Defnebs solution as algebrai
preservation of an equivalence. For exs¢
response was also algebraic. She alakas use of the equivalence. She used the
equivalence rather than solving the question-bieptep. She thought adding to
both sides would not change anything. o

Among these five participants, one of them also mentioned generalization
in his explanationPSMT 8 stated:

Because, as | said before adding and subtracting the same number
means a generalization at a certain level. For example, if 10 is
added to one side, while 8 is added to the other side, [the student]
may see the number at this side (the suwtich 8 was added) will

be 2 more. If [the student] sees that the same things (quantity) were
subtracted from both sides, he or she can understand what happens
to the relationship when different numbers are added or subtracted.
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The two participants, whe val uat ed Def neafgsbraigol uti on as
based their reasoning on the lack of performing operations. For example, PSMT 2,
AShe got t he resul t without performing an )
information which was given above (in the first equatioBut Kerem went
throughastefpy-st ep sol uti on. 0

Participantséo c at.eAy ocseen naTableo 417, cali Task 3
participants categorized the functional thinking task as algebraic. Five out of
seven participants focused on constructing an equatioa oorrespondence
relationship through noticing a pattern. Among the five participants, PSMTs 4 and
8 additionally emphasized making a generalization. PSMT 8 stated:

| think it is clearly an algebra task. As | said before, there is a

certain order. When entable is added certain number of people

is increasing. [...] Again there is a certain relationship, there is a

certain pattern between them. He or she needs to find a general rule

to explain it in by algebraic terms so that he or she can find any

step | mean there is a generalization, that is why it is an algebra

task.
The two out of seven PSMTs justified their reasoning based on constructing an
equation or a correspondence relationship without referring to a pattern, and they
additionally mentioned making a generalizati
only difference fom the previous ones (tasks) is constructing the equation on his

or her own and his or her ability to make a

Table 4.17

Participantsé categorization of Task 3

Task Algebra Non-
algebra

Nehir is having hidriends over for a birthday

party. She wants to make sure he has a seat 7 0
everyone. She has square tables. She can se

people at one square table in this way:

@
el Je

® - -
Ifhejoinsanot her square t
she can seat 6 people:
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Table4.17 (continued)

If Nehir has 100 tables, how many people can
she seat?

Participantsdé classi fi c ®ixoubohsewwrd st ud
participants cat egor-agelwal (sKeeTabeld.0483. Thsee | u t i
ofthemj usti fied their reasoning based on
Among these three participants, PSMT 1 also mentioned about the absence of a
generalization in Kemal s solution. For
pattern, he noticed the s¢m and realized the arithmetic increase [...] he could
not make a generalization. He could not represent the number of the table by a

|l etter [...] he did basic counting. o

Table 4.18

Participant soé catselgiansforZask3d on of student

Kemal 6s sol u Dilay's solution
Algebraic Non-Algebraic Algebraic Non-Algebraic
1 6 7 0
Two out o f six participants, -who e\

algebraic, based theneasoning only on the absence ofyeneralization. For

i nstance, PSMT 4 said AKemal could not
solution) is not a higher order thinkin
al so evaluated K e ralgebraig focuised ant theo lack afs no
perfaming operations stating:

There are four [people] at one table, and then six [people] at the
second one. It is like guess and check method. | never think that
this is an algebraic solution. Instead of performing an operation and
finding the value, the unknowm he drew until 100thbles].

The only participant, PSMT 5, wh o
algebraic said:
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Well, even though there is not an unknown, there is not an

equation, he continued arithmetically as a result, in some way he

counted by 2. Actually, | think theseithmetic things go under the

category of algebra. There is again counting and numbers, that is

why it is algebraic.

When participants6é reflections on Dilayo
participants were found to categorize it as an algebraic solatidnbased their
justifications on constructing an equation. For instance, PSMT 2 clarified:

Dilay represented the certain number of table by an unknown, and

she represented the certain number of people by an unknown. She

constructed an equation by usidges$e unknowns. When we said

Al f the number of the table is 100, wh a

peopl e?o0, s he found t he val ue of t he ul

equation. Therefore, this is an algebraic solution.

Among the participants, three of them also emphasized making a
generalizati on. For instance, PSMT 6 reporte
of generalization. She has definedndm properly... | mean if it is a 1000 table,
she will find it (the numberfo t he people). That is why it is

Participantsd6 caffbgofregqgueoonoyobf Tpaktdcinp

responses for Task 4 in their algebra categorization was shown in Table 4.18.

Table 4.19

Participantsé categorization of Task 4

Task Algebra Non-algebra
Write the given expression in th
simplest form 5 + %+ 2x S 2

Two out of five participants, who evaluated Task 4 as an algebra task,
based their reasoning on the presence ofuamk n o wn . PSMT 1 said fl
definitely an algebra question. | am not kidding; | evaluate it as an algebra
guestion when | see an unknown. It (algebra) is the word of the unknown after

a | The other participant, PSMT 7, also made her decision on theocasgn
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of algebra by referring to the presence of an unknown, but the participant
hesitated because of the lack of an equation or an equivalence in the problem:

PSMT 7 Normally | would not evaluate it as an algebra question,

but in this case, | evaluait as an algebra question because of the

unknown.[...] We studied variables in the algebra chapter, and

dependent and independent variables. Since we mentioned them, |

think it (the task) goes under the category of algebra.

R: What would be the reasdor this task not to be seen as an

algebra question?

PSMT 7:Because it does not lead to a result or an operation

because | am looking for the equal sign.
One PSMT stated her justification of algebra referring to collecting like terms.
PSMT 6 said AThe studentxis.x8bouhd Oef iami
and combined together. Il n the sake of t
participantPSMT 5, made her decision by looking for the presence of performing
operations. PSMT 5 reported AThere are
There is again an operation, like, &, there is a thing [...], | mean there is an
oper at i on. 08 justfiedthis yeasonP@Ghy Tocusing on generalization
as he did in previous evaluations. PSMT 8 said:

| think it might be an algebra question. For exampiet+ & could

be a rule of a pattern or something that is generalized. | mean, there

is not somethig like [6x + 5] is equal to 10. If there were [e.gx 6

+ 5 = 10], it would not be an algebraic task, but now I think it is.

Two of the participants, who evaluated the task asaigebra, referred to
in their explanations. For example, PSMT 2 clarified fi | cannot get
result, | do not know what is related to. [...] For example, if | said 5 x 6 11,
thenxwoul d be equal to 1, this time it wo
participant, PSMT 4, had a similar reasoning with PSMT 2 mahirig the value of
X, but she made her final decision by referring to taking out the common factor.
PSMT 4 st at eah algebrs, orfthe preséncegalgebra? [...] | think
this (task) is not an algebra task since it assesses the ability of taking out the
common factor. o

Participantsdé <classificat.i Regardingf stu

participantsdé evaluation o#19sfiveaueoht sé w
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seven participants categorized Se-ilo0s solut

evaluated itasanem|l gebr ai c sol uti on. The five PSMTs,
solution as algebrai c, collectingfike ¢echs by o Se- i | 0 s
using a representatioR.or exampl e, PSMT 1 stated fiShe de:

quantity that she does not know by visualization. There is two of it and four of it.

She knows thatdme ans f our of that quantity. o

Table 4.20

A

Participantsodo categorization of studentsodo so

Se-il 6s soluwu Gizem's solution
Algebraic Non-Algebraic Algebraic Non-Algebraic
5 2 6 1

Two participants eval valgebmid. PSW-4i | 6s sol ut
focused on the lack of an equation:

To me, the task should ask for the valuexofThat is why I

evaluated that task as nafgebraic, and that is why the solution of

the task is not algebraic. In there, theyadds , t hey add the ter ms

with the same thing (coefficient). It seems to me it is not related

with algebra.
The last participnt, PSMT 6, based her decision of fadgebra on the
concreteness of Se-il 6s solution. PSMT 6 s
concrete level, she could not reach the abstract level. [...]. If she stays at this level,

it will not be an algebraic solutio. 0

Si x out of seven participants, wh o cat €
al gebrai c, emphasi z ecdlecttag like tedms byausirgr e n e s s of
symbolizatons For exampl e, PSMT 7x byaietlerr A" She repre

Then, she added two more and she got six groups &f so she saidX6+ 5. 0
Among these participants, PSMT 6 additionall
Gi zembs solution as she also mentioned the

The remaining participant, PSMT 4, who evaldate Gi zemd6s sol ution as
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algebraic, based her justification on the sameddbe lack of an equation in the

tas whi ch i s presented in the reasoning ¢

4.2.3 Middle School Preesser vi c e Mat hemati cs Teache
St uden thie &oluRons s i

In this partmiddle schoopres er vi ce mat hemati cs teac
student sé possi b-interviesvoWwilllbe presented. In Bachttdsle p o s
participants were asked possible solutions (correct and incorrect) that students
could provide. The findings were presented for each task separately. Note that the
number of the total responses could be more than the number of the participants
since each participant were asked to provide as many solutions as they could.
Also, responsethat were provided less than by two participants and that were not
particularly interesting were categorized under the Other category.

In response to Task 1, six participants stated that students could
demonstrate relationakructural thinking. For examgl, PSMT 6 stated
she could see that this one (55) is 1 more than this one (54). Then, to make both
sides equal and unchanged, this shoul d
participants emphasized relatiot@mputational thinking. For inshce, PSMT 1
said AThey may think |ike that 37 plus
addition to these possible student solutions, participants also emphasized
misconceptions that students could hold. Six participants emphasized the
misconcepbins regarding the meaning of the equal sign, and they focused on
studentsd interpretation of the equal S
PSMT 7 reported AThe children mostly se

the result. Unfortunatehhy i gnor i ng 55, t hey may wri
six participants mentioned a mathematical equivalence mistake. For example,

PSMT 6 stated AA student can think 11k
i ncrease 1, and t he twe patieipantseemphagized that 3 8 .

students can perform an algebraic manipulation mistake. For instance, PSMT 1

stated AThey may find something |ike 26
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Table 421

Par ti ci panregardingmpassbtestndent solutions for Task 1

Possible Student Solutions Frequency of the Given
Responses by Participan

Relational structural strategy 6

Relational- computational strategy 4

Operational thinking 6

Mathematical equivalence mistake 6

Algebraic manipulation mistake 2

Participantsodo anticipated student solutio
Table 4.21. All participants stated the preservation of an equivalence as a
possible student solution. For exampl e, PSMT
sides, so the equality #anot changed. He or she could sais equal to 8 by
saying it is the same with the one above (t
participants emphasized studentsd solving a
instance, PSMT 2 reported:

He or she maygrform operations step by step, like2 6 = 31 1 9
and continues. He or she finds the same solutien&) again, but
he or she cannot realize the meaning of the equality.

Moreover, six participants mentioned that students can do an algebraic
manipulaton mistake when they are solving the equation. Lastly, two participants
mentioned some solutions which were not related to the aforementioned
categories. For exampl e, PSMT 7 reported AA

16, 16 minus 9 [will give theraesl t ] . 0

Table 4.22

Participantsd responses regarding possible s

Possible Student Solutions Frequency of the Given
Responses by Participan

Preservation of an equivalence
Solving an equation

Algebraic manipulation mistake
Other

NIO|~N
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In Task 3 responses (see Table 4.22), participants indicated using a correct
function rule to predict far function value, using geometric visualization to find
the number of the people for 100 tables, atehtifying a recursive pattern and
using it to predict near data as possible student solutions. Particularly, six
participants referred to using a correct function rule to predict far function values
as a possible student strategy. For instance, PSMT 8ilsaiHe or she ma\
right answer by thinking like how many people can seat in Tstep, how many
people can seat in th&8%8tep, and how many people can seat in thet8p. Then
he or she may find a cert aisremphasited. 0 Ad
writing an incorrect function rule to predict far function values as another solution
strategy, and three participants mentioned the geometric visualization to find the
number of people for 100 tablesO0For e
table looking face to face. The student will count as 2, 4, 6, ..., 200, and there are
two [peopl e] on the sides (at the firs
participant, PSMT 7, emphasized that the students may solve the question by
identifying a recursive pattern and use it to predict near data. PSMT 7 reported
AHe or she could find the result by t
participants provided strategies that are not categorized under the aforementioned
categories. For instance,SMT 1 st ated AMaybe a studer

asks for 100 tabl e, the result coul d be

Table 4.23

Participantsd responses regarding possi

Possible Student Solutions Frequency othe Given
Responses by Participant:

Using a correct function rule to predict 6

far function values

Using an incorrect function rule to 4

predict far function values

Using geometric visualization to find th 3

number of people for 100 tables

Identifying a recursive pattern and use 1

to predict near data

Other 2
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Lastly, in Task 4, participants listed collecting like terms, ignoring like
terms, interpretingxk as a multiplication sign, and assigning a value for the
unknown as possible student solutions (see Table 4.23). Five participants
emphasized collecting like terms as a possible student solution. For instance,
PSMT 2 said fASince hneebetweerstieewumber andthe t he di f f o

x6s, i &0 iMorseorver, al.l parti casppossible st ated i ¢
mi sconception. For exampl e, xbBSMTh e5 orre psohret e d
directly add 5, 4, 2 and efpiordd edl .sdt ublend s ot
possible interpretation of the letteas a multiplication sign. For instance, PSMT

8 said ql do not k nxas a multplicatienrsignt thegy i nt er pr
could. o Lastly, one participant menti oned a

PSMT 1 sai d f B yxbythemselvneg, fomexampl# ifuequalttopl,

then [by adding] 4 and 6, they may find 11.
solution that are not categorized in the aforementioned categories. PSMT 4

repor t e dnpld &ding 5and & equals to 9, then s/he mayxad X,

like 9 + X.0

Table 424

Participantsdé responses regarding possible s

Possible Student Solutions Frequency of the Given
Responses biparticipants

Collecting like terms

Ignoring like terms

Interpretingx as a multiplication sign
Assigning a value fathe unknown
Other

NI IMENIIS,

4.3 Changes Between Preand PostiInterview Findings

In this section, the changes between jared postinterview findings will
be outlined i n ter mshe agebraie Pupdose of agivear eness of
t ask, PSMTsb6 conceptions of algebra and PSMT

solutions, respectively
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4.3.1 Changes inMiddle SchoolPre-s er vi ce Mat hemati cs

Awareness ofthe Underlying Algebraic Structure of a Given Task

Upon Task 1, all participants in preand posinterviews stated that a
teacher could ask the question to have the students build relational thiséeng
Table 4.25) In the preinterviews, seven out of eight PSMTs emphasized the aim
of the task as buildingetational structural thinking while one participant focused
on relational computational thinking. When the postrview results were
examinedit was seen that five out of seven PSMTs specified the aim as building
relational structural thinking while theemaining two participants mentioned

relational computational thinking.

Table 4.25

Participant s undeshpngalgsbeie structuig aliaskil n g

What number goes in th[ ] ?
37+54=[ ] +55

Preinterviews Postinterviews
Relational Relational Relational Relational
Structural Computational Structural Computational
Thinking Thinking Thinking Thinking

7 1 5 2

As seen in Table 4.26pon Task 2, all participants identified the purpose
of the question as using tpeeservation of equivalence in both the-m@ed post
interviews.

Table 4.26

Participant s o6 undeslyng algelmaic struetugeadfask 2 n g

The solution to the equatiomz 15 = 31 isn = 8.
What is the solution to the equation?
2n+ 157 9 = 317 9?
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Table 4.26continued)

Preinterviews Postinterviews
Preservation of the Equivalesnc Preservation of the Equivalence
8 7

Upon Task 3, categories that are noticing a pattern, constructing an
equation, and constructing &guation or a correspondence relationship through
noticing a pattern were revealed in the-pterviews (see Table 4.27)In the
postinterviews, none of the participants provided a purpose related to only
constructing an equation category, while two ipgrants in the prénterview
referred to constructing an equation. In the-ipterviews, four PSMTs gave
responses which were coded as constructing an equation or a correspondence
relationship through noticing a pattern, while this number increased to gie
postinterviews. Besides that, all these six participants also mentioned making a
generalization in the postterviews, while two participants mentioned it in the

pre-interviews.

Tale 4.27
Participant s o6 undeshypng algelmasstructerg af Tagdki3n g

Nehir is having his friends over for a birthday party. She wants to make st
has a seat for everyone. She has square tables. She can seat 4 people a
square table in this way: ®|%®

I f he joins anotrbtene, smqau:eeatépet)pbeb
If Nehir has 100 tables, how many people can she seat?

@

Preinterviews Postinterviews

Noticing Constructin  Constructing an Noticing a Constructing an

aPattern g an Equation or a Pattern  Equation or a
Equation Correspondence Correspondence
Relationship relationship
ThroughNoticing ThroughNoticing
aPattern aPattern
2 2 4 1 6
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Upon Task 4, all participants identified the purpose of the task as
collecting like terms in both the prand postinterviews(see Tablet.28) Among
these participants, one participaREMT 4, additionally mentionethking out a

commonfactomes a teacherdés aim in both interyv

Table 4.28

Participant s o6 undeslyng algelmaic struetugeaof Tdsk 4 g

Write the giverexpression in the simplest form

5+ &+ 2X.
Preinterviews Postinterviews
Collecting Like Terms Collecting Like Terms
8 7

4.3.2 Changes inMiddle SchoolPre-s er vi ce Mat hemati cs Tea

Conceptions of Algebra

4321Changes to PSTMsO r espodeseile whdo fi How
algebrai s t o someone who has never heard

Examining the parfiHowpwoubd yvyespdese
algebra is to someone who has never hea
the presence of an unknownam equatiorand performing operations in the pre
interviews. In the post nt er vi ews, a category fAmaki |
revealed instead of performing operatigase Table 4.29)n the preinterviews
three participants emphasized performing openati and in the postterviews
two participants emphasized making a generalization. Also, the responses of four
PSMTs in the prénterviews and five PSMTs in the peasterviews were related

to the presence of an unknown or an equation in their algefinéides.
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Table 4.29

Participant soé6 thegeestiomses regarding

How would you describe what algebra is to someone who has never hear
before?
Preinterviews Postinterviews

The Presence Performing Modeling The Presence  Making a

of an Operation of an Generalization
Unknown or Unknown or
an Equation an Equation
4 3 1 5 2

4.3.2.2How Did Middle School Pre-service Mathematics Teachers

Classification of the Tasks and the Rel at e

Upon t he parti ci paTasksldésix oattok gight i zat i on 0

participants evaluated the task as algebraic in thénpresiews(see Table 4.30)

Among these six participants, three PSMTs made their decisions based on the

presence or absence of an unknown or an equation, two PSMTs made their

decisions based on relatiorsdtuctural, and, lastly, one participant based her

justification on relationatomputational. In the postterviews, six out of seven

participants evaluated the task as an algebra question. Among these six

participants, twaf them emphasized the presence or absence of an unknown or

an equation, three of them emphasized relational structural, and one of them

emphasized relational computational thinking in their justifications.

Tade 4.30

Participant s o6 chirteegreand postinterviews of Tas Kk

Preinterviews Postinterviews

Algebraic Non-Algebraic Algebraic Non-
Algebrai
C
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Table 4.3(0(continued)

The Relation The Relation The Relation  Other
Presence al Presence al Presence al
or Thinkin  or Thinking or Thinking
Absence ¢ Absence Absence
of an of an of an
Unknow Unknow Unknown
nor an noran or an
Equation Equation Equation
3 3 1 1 2 4 1

Upon the participantsod cl asfwedut cati o
of eight partici pant sanagebaaic sodutior id theBpoer a k 6 s
i nterviews, and four of them focused on
strategy while one of them focused on the presence of an unkfsaenTable
4.31) In the posinterviews,three out of seven participants avated Burak's
strategy as algebraic, and they based their justifications on the presence of a
computationally based strategy. In the -prerviews, three out of eight
participants eval ua-tlgebraicBhyreferrfingte hissecof ut i on
a canputationally based strategy, aadditionally two of them mentioned the
absence of relational st rSimdariyintadpost hi n Kk i
interviews, four participants provided the same justification to explain their non
algebraic evalat i on of Bur akods solution, and
mentioned the absence of rel at iVeheml str
t he participantsé®é cat egor i z atndoposs o f )
interviews were compared, it was seert thathe preinterviews, six out of eight
participants evaluated Nur 0dntewiews,.alt i on a
participants evaluated it as algebraic. Indeed, in theinpeeviews, five
participants who categorized it as algebra based ffustifications on the
relational structural thinking. Likewise, in the pasterviews, six out of seven
participants justified their reasoning by referring to her use of relational structural
thinking.
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Table 4.31

Parti ci pant s 6Bumakstsaugoafor Tazka ih theopne arad fpost
interviews

Burakos solution
36 goes in the box because 37 plus 54 is 91, so | had to figure out what
would be 91. 36 plus 55is 91, so it is 36

Preinterview Postinterview
Algebraic Non-algebraic Algebraic Non-
algebraic
Computationall Presence Computationall Computationall Computati
y Based of an y Based y Based onally
Strategy Unknown Strategy Strategy Based
Strategy
4 1 3 3 4

Table 4.32s h o ws R&dgdrizaboro f Nu r 0 dor Tmskll inthepre n

and postinterviews

Table 4.32

Participantsod6 categori ziathepperandpdst Nur 6 s sol ut i
interviews

Nur's solution
36 goes in the box. 55 is one more than 54, so the number in the b
to be one less than 37, so iB&.

Preinterview Postinterview
Algebraic Non-algebraic Algebraic Non-
algebrai
c
Presence o Relatio Relational Finding  Relatio
an nal Thinking the nal -
Unknown Thinki  Strategy as Unknow  Thinkin
ng Using Logic n g
1 5 2 1 6 0
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Regarding Task ,2n the preinterviews,all participants evaluated Task 2
as an algebra task, while in the pogerviews, four out of seven participants
evaluated it as algebraic. In the jonéerviews, half of the participants based their
justifications of algebra othe presence of an unknown or an equation while this
number was found to decrease to two in the -pastviews (see Table 4.33)
Also, the number of the PSMTs whkpecified the preservation of an equivalence
as their algebra justificationa the pre and postinterviews were three and two
respectively. While one participant in the jiméerviews justified her response as
categorization of algebra by referring to solving an equation, two PSMTs in the
postinterviews referred to the same justification,vaa an equation, in their
classifications of the task as nalgebra. Additionally, among the three
participants, who categorized Task 2 as-atgebraic, two of therfocused on the

preservation of an equivalence, and they emphasized there is no nebaet tans

equation.
Table 4.33
Particic pant s6 categor i z-aahdiposintergidws Task 2 i n t
Preinterviews Postinterviews
Algebraic Non Algebraic Non
Algebrai Algebraic
C
The Preserva Solvin The Preservati Sol Oth
Presence tion of g Presence on of an .
. : vin er
of an an Equati - of an Equivalen
Unknow Equivale on Unknow ce g
noran nce n Equ
Equation or an 9
Equation atio
n
4 3 1 0 2 2 2 1

Upon the participantsd cl ass(@dei cat i c

Table 4.34)seven out of eight participants,
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algebraic, mentioned solving an equation in their justifications in the pre

interviews. In the posnterviews, four out of seven participants categorized it as

algebraic based their reasog also on solving equations. They emphasized that

Keremds solution does not focus on relation
equation.

I n the examinati on o f-intebvewsnfeeed aut obedghtut i on i n t
participants who categorized Deffmeds sol uti
understanding of the preservation of equivalence. Likewise, in thenpestiews

five outofss en partici pants evaluated Defneds sol
th e same justification. Wh e n t he categori z.
eval uat ed Def n-algebraicsvere examinedin tlkae gntenviews,

it was seen that these three apants justified their reasoning based®e f ne 6 s

use of the preservation of an equivalence, and one PSMT additionally focused on

the lack of operations in the response. In the-pustviews, the two participants

who categori zed Dagébme basedheinreasaing oa the n o n

lack of performing operations.

Table 4.34

Participantsd categori z 2inthepreandfposKker embés sol u
interviews

Kerembébs Solution
2n+ 1571 9=311 9

2n+6=22
T 16
n=8
Preinterview Postinterview
Algebraic Non-algebraic Algebraic Non-algebraic
Solving an Solving an Solving an Solving an
Equation Equation Equation Equation
7 1 4 3
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Table 435s hows PSMTsO6 categorization -of Def

and postinterviews.

Table 4.35

Participantsd categori z aihtheopreammpostDef ne b s
interviews

Defne's solution
It is the samen = 8 because you are subtracting the same thing from both

Preinterview Postinterview

Algebraic Nonalgebraic Algebraic Non-algebraic

Preservation of Preservation of Preservation of Lack of Performing
an Equivalence an Equivalence an Equivalence Operations

5 3 5 2

Upon the partici pang slfpartcigabhteeyaduntédz at i o
the task as algebraic in both the-paed postinterviews(see Table 4.36)n the
preinterviews,PSMTs & responses were grouped un:q
constructing an equation or a correspondence relationship and the presence of an
unknown. Seven out of eight participants justified their categorizations by
referring to constructing an equation a correspondence relationship, while one
participant based her reasoning on the presence of an unknown. In the post
interviews, none of the participants mentioned the presence of an unknown. In
fact, the responses of the five participants in the-pstviews revealed a new
category fAconstructing an equation or
noticing a pattern. The remaining two PSMTs indicated constructing an equation
or a correspondence relationship without referring to a pattern. Furthenmore
the postinterviews, four PSMTs additionally mentioned making a generalization
in their algebra justifications for the task, while in the-jpterviews only one
PSMT mentioned it.
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Table 4.36

Participantsd c arteegreand postinterviews of Task 3

Preinterviews Postinterviews
Algebraic Non Algebraic Non
Algebrai Algebrai
C C
The Constructing Constructing Constructin
Presence an Equation an Equation gan
of an or an or an Equation or
Unknow Corresponde - Corresponder an -
n nce ce Correspond
Relationship Relationship ence
Through Relationshi
Noticing a p
Pattern
1 7 0 5 2 0

Upon the participantsdéd cl asFodfeication of
participant from the prénterviews and one participafiom the posinterviews
evaluated Kemal s solution as algebraic by r
(see Table 4.37)n the preinterviews,seven out of eight participants evaluated
Kemal 6 s s o-hlgebraicoby agairsrefamriogito his usiagattern in their
justifications. In the posnterviews, six out of seven participants evaluated
Ker emds s o lalgdabriaio. Amoagsthese sir participants, three of them
referred to Kemal 6s use of a pattheern, and on
absence of a gener al i z avb ottemparticipant§ ama | 6 s sol ut
eval uat ed Ke ma l-algebrais mlthe postierviews, shasedaheir
reasoning on the absence of a generalization énty. t he exami nati on of I
solution, all participants in both the prand posiinterviews categorized it as an
algebraic solutonWh en partici pantsd responses were an
al | participants based their justifications

responsen both the preand posiinterviews. The difference was that, in the post
Ch)



interviews, three participants also emphasized making a generalization in her

solution.

Table 4.37

Participantsod6 categori zainthepreaodpostKke mal 6 s
interviews

Kemal 6s sol ut i| Rumber Tables| Number of
The people column goes up by People
2S. 1 4
So, if I extend the table as 2 6
below,
3 8
that would be 202 people that
can 4 10
be seated at 100 tables.
*Kemal fills out thetable
Preinterview Postinterview
Algebra Non- Algebr Nonalgebraic
ic algebraic aic
Awaren Only Being Other Only Absence  Absence
ess of a Aware of a Being of an ofa
Pattern Pattern Aware of a Operation Generaliz
Pattern ation
1 7 1 3 1 2

Table438& hows PSMTsd6 categori zatdimhepef Di l

and postinterviews.
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Table 4.38

Participantsod6 categor i z ainthepmandpostDi | ay 0s

interviews

Di | &gl

The number of people is 2 more than 2 times the number of tables.

So, the rule is2+ 2 =mwhere
n = number of tables and
m = number of people.
At 100 tables,

2 I 100 + 2 = 202 people
Preinterview Postinterview
Algebraic Non Algebraic Non-
algebraic algebraic
Constructing an - Constructing an Equatiol -
Equation
8 0 7 0

s ol

Upon t he partici pant ¢,0fivecoattoé gight i zat i on

participants who classified the task as algebraic emphasized the presence of an
unknown and collecting like terms in the pngerviews(see Table 4. 39)n fact,

four participants based their reasoning on the presence of an unknown, and one
participant focused on collecting like terms in their justifications of algebra. In the
postinterviews, similarly, five out of seven participants classified the task as
algebraic. Indeed,wio out of five participants based their reasoning on the
presence of an unknown while one out of five participants based her reasoning on
collecting like termsUnlike the categories in the piterviews, one participant
made her decision by looking for the presence of performing operations and the
other one emphasized the making a generalization in thenpestiews. Three

out of eight participants, on theéher hand, evaluated Task 4 as tabgebraic in

the preinterviews basing their reasoning on the lack of an equation or an

equivalence. Similarly, two out of seven patrticipants, who evaluated Task4 non

algebraic in the poshterviews, referred to the sa&njustification.
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Table 4.39

Participant s o6 c arteegreand postinterviews of Task 4

Preinterviews Postinterviews
Algebraic Non- Algebraic Non-

Algebraic Algebraic

The Collecting The Lack The Collectin Oth The Lack

Presence Like of an Presence g Like er ofan

of an Terms Equation of an Terms Equation

Unknown and an  Unknow and an
Equivalen n Equivalen

ce ce
4 1 3 2 1 2 2

Upon the participantsd cl as,sbiduti cati o
of eight par t i cisplationtas algebrag linuhe pidtetvievidse - 1 | 6 s
(see Table 4.40)our of these participants focused on the useoltéating like
terms by using a representatiom the postinterviews, five out of seven
participants evaluated Se-il ds solution
use ofcollecting like terms by using a representation. Two participants, who
categori zed Se --dlgebaic inghe Iprnterviews, emplzaized o n
Se-il 6s wuse o.fAlsoain the posirdesviewsitveot participants
eval uat ed Se- i-dlgébsaic Byadfetrihgitoothe laekf an @gnation
and the concreteness of Se-il 6s soluti
Gi z e mlton, is the pra nt er vi ews , al | partici pan
solution as an algebraic solution, and six of them referred tedilecting like
terms by using symbolizatons The ot her two participant
the fAabstraemdessol of Hindrviews,Isit out di sevep o0 s t
participants evaluated Gizembés solutior
collecting like terms by using symbolization®ne of these participants

additionally menti oneds dolbtien. Tha temainm@ ct n e ¢
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participant, wh o e v al u a-tlgebraic, Giasec mey s solutio

justification on the lack of an equation in the task.

Table 4.40
Participantsd categor i z anthepreanadpbst Se-i |1 6s sol u
interviews
Seésl Sol ution
Let 0 sxthhtanwche=
| have 4 groups of this,
Then, | add 2 groups of this;
Now | have 6 groups of this, also | add 5;
So, | have 8+ 5.
Preinterview Postinterview
Algebraic Non-algebraic Algebraic Non-algebraic
Collecting Like Oth Use ofa Collecting Like The Lack Other
terms by Using er Representatio terms by Using of an
a n a Equation
Representation Representation
4 2 2 4 2 1

Table4.4ls hows PSMTs6é categorizati ontheof Gi zembs

pre- and postinterviews.

Table 4.41

Participantsdé categorization of Gizemds solu

Gizembs Solution
| have 4 groups of. Then | add 2 groups af Now, | have 6 groups of so it
is 6x. Then | add 5, %6+ 5.
Preinterview Postinterview

Algebraic Non-algebraic Algebraic Nonalgebraic
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Table 4.41(continued)

Collecting Othe Collecting Like  The Lack of an
Like Terms by r - Terms by Equation
Symbolization Symbolizations

S
6 2 0 6 1

4.3.3 Changes inMiddle SchoolPre-s er vi ce Mat hematics Tea

Awareness of Student sé6 Possible Solu

Firstly, the PSMTsO responses to st
were examinedsee Table 4.42)in the preinterviews, four out of eight PSMTs
and in the posinterviews, six out of seven PSMTs emphasized relational
structural strategy. In addition, seven out of eight participants kinfge/iews
and four out of seven participants anticipatectiehalcomputational strategy.
Al t hough only two out of =eight partici |
misconception regarding the operational understanding of the equal sign in the
pre-interviews, six out of seven participants reported thah@npgostinterviews.
Lastly, in the pranterviews, five out of eight PSMTs reported on a mathematical
equivalence mistake, while in the pasterviews, six PSMTs provided it.

Table 4.2

Par t i créespoasedsregérding possible student solutions for Task

Task 1 Preinterview Postinterview
Relational- ComputationalStrategy 7 4
Relational- StructuralStrategy 4 6
Operationallhinking 2 6
MathematicaEquivalenceMistake 5 6
AlgebraicManipulationMistake 4 2
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Secondl vy, when the
for Task 2 were examingdee Table 4.43)t was seen that all participants in the
pre-interviews and four out of seven participants in the pustviews indicated
anticipated student solutions about the preservation of an equivalence.
Additionally, six out of seven participants in the jomeerviews and four out of

seven patrticipants in the pasterviews anticipated students solving the second

equation.

Table 4.43

Participantsdé responses

participants?©o

regading

Task 2 Pre

interview  interview
Preservation of aikquivalence 6 7
Solving anEquation 7 4
AlgebraicManipulationMistake 5 6
Other 2 2

Regarding Task 3Zix participants referred to using a correct function rule
to predict far function values as a possible student strateggth the preand
postinterviews(see Table 4.44fFurthermore, three participants in both the-pre
and posinterviews expected that students would use a geometric visualit@ation
find the number of people for 100 tables to solve the tdskeover,in the pre

interviews, three PSMTs anticipat&bbntifying a recursive pattern and using it to

respons ¢

possi bl e s

predict near data as a possible student solution, this number decreased to one in

the postinterviews Also, in the préanterviews, five PSMTsemphasized that
students could write an incorrect function rule such as multiplying the number of

tables by 4 to find the number of people to predict far function values, and this

number decreased to four in the piogérviews.
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Table 4.44

Partici pant s dingposssble studsnesslutions ford askl 3

Task 3 Pre Postinterview
interview

Using a Correct Function Rule to 6 6

PredictFar FunctionValues

Using anincorrectFunction Rule to 5 4

PredictFar FunctionValues

Identifying a RecursivePattern and 3 1

Use it toPredictNearData

Using Geometric Visualization to 3 3

Find the Number ofPeople for 100

Tables

Other 3 2

Lastly, regarding Task 4, Lastly, six out of eight participants in the pre

interviews, and five out of seven participants in gustinterviews focused on

collecting like terms as a possible student solufsee Table 4.45)Also, in the

pre-interview five out of seven participants mentioned ignoring like terms, while

all participants mentioned it in the pasterviews. Half of he participants in the
pre-interviews and three out of seven participants in the -iptstviews

mentioned that students could interprets a multiplication sign. Moreover, two

out of eight participants in the pmeterviews and one out of seven partanips in

the postinterviews emphasized assigning a value for the unknown as a possible

student solution.

Table 4.45

Participantsd responses

rega#dding

Task 4 Preinterview Postinterview

CollectingLike Terms

6

5
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Table 4.45continued)

IgnoringLike Terms

Interpretingx as aMultiplication Sign

Assigning avalue for thednknown

Other

N| N A~ O

R P W N
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CHAPTER 5

DISCUSSION AND IMPLICATIONS

5.1 Middle SchoolPre-s er vi ce Mat hemati cs theeacher sé¢

Underlying Algebraic Structure of a Given Task

When the pre-service teachers' awareness of the underlying algebraic
structure of a given task was examined on a-ba&sled basis, it was seen that all
the marticipants stated that the task purpose in Task 1 as relational thinking (seven
relationatstructural and one relationebmputational strategy in the pre
interviews, five relationastructural and two relationglomputational strategy in
the postinterviews), in Task 2 as the preservation of equivalence, and in Task 4 as
collecting like terms in both preand posti nt er vi ews . When the
responses regarding the purpose of Task 3 were examined, it was observed that
the number of the participantwho statedconstructing an equation or a
correspondence relationship through noticing a pattern as a task purpose increased
from four to six, from preto postinterviews. Additionally, these six participants,
in the postinterviews, mentioned making aigeralization in their justifications,
while only two participants had emphasized it in the-ipterviews. Also, the
number of the PSMTs who emphasized noticing a pattern as a task purpose
decreased from two to zero, from pte the posinterviews.As it can be seen in
the presented results above, PSMTso a\
structure of a given task was already high especially in Tasks 1, 2, and 4 in the
pre-interviews. That is why there might be no remarkable chahge PSMTs
were found successfuin noticing the underlying algebraic structure of a given
task this might bedue totheir experiences in a prior courddeasurement and

Assessmentwhich they took in their fouh semesteand focusel on writing
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mathematial tasks provided the objectives.This migh have affected their
awareness about task purp®sea positive way.

In a study conducted by Stephens (2006) which aimed to identify pre
service el ementary teachersdé6 awareness of ta
and equivalence (Tasks 1 and 2), similar results were also observed. PSMTs were
found successful in notieg the underlying purposes of the tasks that addressed
relational thinking and equivalence.

In Task 3, when preand posinterview findings were comparedt was
seen that in Task 3, the PSMfscus on generalization increasgdthe post
interviewswith respect to theiawareness of the underlying algebraic structure of
a given taskThis might have stemmed from the focus on generalization in the

instructionand the textbook.

5.2 Middle SchoolPreess er vi ce Mat hematics Teachersod6 Con
Algebra

521 PSTMsédsponses to AHow would you describe

someone who has never heard of it bef ore?

In the preinterviews the partici pddotws Oworue sip oynosue s t
descri be what algebra is to someone who has
analyzed, ad these results revealed the categorigb@fpresence of an unknown
or an equationand performing operations. However, responses to the same
question in the postnt er vi ews revealed fdAmaking a gen:¢
instead of performing operations. Wetheless,when the distribution of the
participantsé responses into these categori
majority of the participants based their algebra conceptioneeopresence of an
unknown or an equation. Indeed, four participantshie preinterviews and five
participants in the posihterviews referred to presence of an unknown or an
equation in their algebra definitions. The PSMTs algebra conceptions seems too
narrow given t hat Kaput (20 @lgepra asescri bed t
syntactically guided reasoning and actions on generalizations expressed in

conventional symbol systems a s mai nl y f-based actionsgon on Ar ul e
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symbol so (p. 11). On the other hand, wh
was seen that two part@Ents in the posghterviews referred to making a
generalization, while none of them mentioned it in theipierviews. Making a
generalization I S aligned wiAlgdbra Esaput 0 s
systematically symbolizing generalizations of regtilarie s and constr ai i
Another encouraging finding was that although three participants in the pre
interviews associated algebra with operations, none of the participants mentioned

it in the postinterviews. To sum up, while the increase in thacus on
generalization seems to be encouraging,
concepti on s idthdpesemag of mreunkandwa or an equation could be

discouraging.

5.2.2 How Did Middle SchoolPre-service Mathematics Teachers Classify
the Tasksaml t he Rel ated Studentsd Solutio

In the pre and posinterviews,P SMTs 6 al gebra <concept
examined through their categorizations of the interview tasks and the related
studentsé solutions. The question AWou
probl em?0 was asked in each sold#iecn&per Mor eo
task were presented, and they were asked whether the students used algebra or not
in their solutions.

When the responses regarding Task 1 categorizations without focusing on
algebra and noealgebrawere examinedit was observed that fouragicipants
based their justification on relatioinatructural thinking in both interviews.
Regarding Task 1, although in the pamnd postinterviews, all participants had
clarified the purpose of the task as building relatiestalictural thinking or
relationalcomputational thinking by referring to the meaning of equivalence, in
the task categorization as algebra or not, only three RSMihe preinterview
and four PSMTs in the positerviews used these for their justifications for task
categorizata as al gebr a. The rest o-dlgebtah e p arr

justifications (four in the preand two in the posinterviews) who categorized the
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task by focusing on the presence or absence of an unknown or an equation
depended on manipulations ofsyols.

The PSMTs justifications for Task 1 student solutions varied. Regarding
Burakods solution, h al finteviews and ¢hregoautrof i ci pant s
seven participants in the pasterviews made their algebra categorization by
focusing on thepresence of a computationally based strategy. On the other hand,
it was also seen that the majority of the PSMTs (five PSMTs in pre and six
PSTMsinthepost nt er vi ews) categorized Nurds sol uti
her using relationadtructural tinking. Looking at both the task and student
solution justifications for Task 1, one could say that the PSMTs did not hold
consistent conceptions of algebra.

Regarding Task 2, in the prand posinterviews, all participants had
clarified the purpose ofe task as the preservation of equivalence. When their
categorizatioa of Task 2 were examinedit was seen that all participants
evaluated Task 2 as algebraic. However, when
examined, it was seen that only three PSMTthe pre and two PSMTs in the
postinterviews referred to the preservation of equivalence in their algebra
categorizations. On the contrary, five PSMTs in the prel four PSMTs in the
postinterviews based their algebra justifications on hesenceof an unknown
or an equatioror solving an equatiorTherefore, we could see thiabth in the
pre- and post interviews, the number of PSMTs who focused on the surface
features such as the existence of a variable or manipulation of formalism was
high. These findings were parallel with the findings of Stephens (2004) in the
same tasks, Tasks 1 and 2. Stephens also found that the majority of the PSMTs in
her study were found to focus on manipulation of formalism in their justification
although they were awarof the task purposes. These findings might give us
opportunity to make inferences about PSMTs future classes in terms of focusing
on algebra, and one could interpret that the PSMTs may not give importance to
build such relational thinking in their classms because of not seeing them as

algebra.
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Regarding the student solutions provided to Task 2, almost all of the
PSMTs in the prénterviews and more than half of the PSMTs in the post
interviews referred to solving an equation in their justificationsKoe r e moé s
solution as algebra. Regarding Tard neds
postinterviews categorized it as algebra referring to her use of preservation of
equivalence. This was again similar to the findingsalobutTask 1 andNur 6 s
solutoni n t hat while the majority of t he
algebra based on her use of the preservation of equivalence, this was not the case
in their task justifications for their categorizations of Task 2.

In Task 3, PSMTs made their daoiss without any hesitation. This was
one of the tasks which the PSMTs stated purposes and algebra justifications for
their categorizations were mostly parallel. All participants categorized the task as
algebraic in the preand postinterviews, and in thpre-interviews, the majority of
the PSMTs (five out of eight) based their justifications on constructing an
equation or a correspondence relationship, in the-iptstviews the majority of
them (five out of seven) focused on the relationships within lagidveen
variables, and the category of constructing an equation or a correspondence
relationshipthrough noticing a pattern was reveale&lso, there was an increase
in their focus on generalization from pre to pdstfact, while two participants
menticmed making a generalization in the {meerviews, four participants
mentioned it in the poshterviews.

Regarding student solutions provided to Task 3, it was noticed that while
the majority of the PSMTs-algetuasfacusigoned Ken
his awareness of a pattern only in the-ipterviews, two PSMTs in the pest
interviews justified their decisions based on his not being able to make a
generalization. Regarding Dilayds sol ut
it as algebra, #y also had the same justifications in both pred postinterviews
that is her construction of an equation. Alsothe preinterviews, while none of
the PSMT mentioned her ability to generalize, three PSMTs mentioned it in the
postinterviews. As it isseen, t he PSMTs 0 awar enes s

generalization was noticeably higher in the postrviews than in the pre
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interviews both in task and student solutions justifications for their categories.
Actually, the textbook that was mainly followed duritige methods of teaching
mat hemati cs course focused on making a gener
al ways true?0 or fADoes it always work?0 in s
and algebra. This might have helped PSMTs develop awareness in their
conceptions of algebra around making a generalization.
In Task 4, the PSMTs had the most difficulty to make a decision and spent
the most time to give a response in the pied posinterviews. To remind, all
PSMTs stated the task purpose as collecting tthkms. Both in the prend post
interviews, five PSMTs categorized this task as algebra; however, both in the pre
and postinterviews, only one participant focused on collecting like terms in their
justifications as algebra. On the contrary, halfrd PSMTs in the preand two
PSMTs in the posnterviews made their justifications on the presence of an
unknown in their categorizations of algebra. Although it is encouraging that the
number of PSMTs who focused on surface features decreased in the post
interviews, the ratio (two out of seven) was high. Interestingly, three PSMTs and
two PSMTs focused on the lack of an equation or an equivalence in thengre
postinterviews, respectively, in their categorization of the task asafgwbra.
This mighthave stemmed from PSMTsd misconception
closureo issue that i's not being able to ac
1981, p. 319). Similarly, as presented in the study conducted by Tanisli and Kose
(2013), the pre-service teachers had some misconceptions about the concept of
variable. Indeed, one of the misconceptions in their study, that was exemplified by
participant responsdoss nd meah anghsng sincentee s y mb o |
expressiond+7isnotequal o anyt hingo or fAit does not rep
there is an equality (p. 15) was parallel to the misconceptiorfiesvdSMTs held
in this study.
When the student solutions provided to Task 4 were examined, it was seen
t hat bot h Gi g solitibiss inathe dporeaBck posiritedviews were
categorized as algebra by the majority of the PSMTs (four, in both themule
posti nt er vi ews f or Se --iahd pestimtdrviesvs far Gizegmh b ot h t he
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referring to their use of collecting likertas. This was in contrast to their task
categorization since only one participant focused on collecting like terms as
algebra. This inconsistency in their reference points could show that the PSMTs
did not have consistent algebra conceptions.

Additionally, three participants during the pregerviews and five
participants during the positerviews requested to change their past
categorizations of algebra and ralgebra, while they were examining the other
tasks, or the related student solutions provitethe tasks later. Therefore, there
was evidence that the PSMTs conceptions of algebra were unstable during both
the pre and postinterviews.

Besides, in the preand post nt er vi ews , when the PSI
for their algebra categorizations weneamined, it was observed that some of the
participants based their reasoning on their views from the linear algebra course,
MATH 260, Basic Linear Algebra, which most of them were taking during their
fifth semester in the eigl#emesteteacher educatioprogram The content of the
course MATH 260 includes matrix algebra, linear system of equations, and
determinants. PSMTs were sometimes found to make their justifications based on
the course experiences. For i nstance,
Linear Algebra course) comes to my mind, | think this is an algebra task. Because
in algebraic expressions or i-intervew sy st el
whil e examining Task 2. Similarly, PSMIT
solution ... Ithink absolutely it is, | am thinking about the courses that | took, it
(course) i's adbhstracvti @wi wht he p&amining
Task 4. The reason of why PSMTs might have been influenced more by the
mathematics content courses tHatused on algebra than the Methods of
Teaching Mathematics course could stem from the time that they ispirese.

Although the student®ok the linear algebra course during@mesterthey spen
only two weeks on the algebra chapter in the Methodgeathing Mathematics

course.
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5.3 Middle SchoolPre-s er vi ce Mat hematics Teachersod6 Awa
Student s®6 Possible Solutions

The participants were mostly successful é
solutions; however, this was not always true about student misconceptions.

Regarding Task 1, four PSMTs in the fméerviews and six participants in
the postinterviews anticipate relational structural thinking strategy as a possible
student solution. As another possible student solution, the relational
computational thinking strategy was anticipated by seven PSMTs in the pre
interviews and four PSMTs in the post interviews. Wihieese findings were
examined, it could be seen that in the powrviews, PSMTs focused on the
structure more than the computation as a possible student solution. Participants
were also asked to anticipate incorrect student solutions. The misconception
regarding the operational thinking of the equal sign was anticipated by only two
PSMTs in prenterviews, while this was expected by six PSMTs in the-post
interviews. Stephens (2006) and Isler and Knuth (2013) also found out that the
pre-service teachers we not much familiar with the misconception regarding the
operational thinking of the equal sign. In this study, the two PSMTs, who
anticipated the operational thinking of the equal sign, indicated that the instructor
mentioned this misconception in theepious year innstructionalPrinciplesand
Methods coursewhich they were asked to design lesson plans considering student
expected solutions in various learning areasl thePSMTs alsaeferred to their
own oneto-one teaching experiences. These t&VH's asked a similar question
to the student they tutored last year, and they shared that their students answered
the question by making this operational mi s
experienced it with my student. When the instructor mentiongerétional
thinking of the equal sign) last year, | was surprised a lot. She mentioned that the
students directly write the result by adding these two (addends) after the equal
sign. | asked it to my%grade student, and he added these (showed 37 and 54
Task 1) two and wrote the result. Without caradgputthis one (showing 55 in
Task 1).0 This finding could show that the
include courses which offers PSMDpportunities to experience a variety of
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correct and incorredtudentstrategies including misconceptions to broaden their

algebraic knowledge of content and studexgtsalso stated by several researchers

(e.g.,Di dHalkar& A maol8, G° k k ur t & Sdyla, BG16 Tanisli &

Kose, 2013 Tirosh, 2000. In addition, when the postterview findings were

examined, it was seen that six out of seven participants anticipated the operational

thinking of the equal sign as a possible student solution. The remarkable increase

in their awareness about this misconceptn coul d stem from t h

textbookds emphasis on the issue during
Another important point was that while majority of the participants were

found to realize the algebraic stsructur

as discussed in the first paspme participants did not anticipate these answers as

a possible student solution. For instance, although in Task 1, seven out of eight

participants stated the aim of the task as building a relatstnadtural thinking,

only four participants anticipated that the students could respond in this way in the

preinterviews As St ephens (2008) stated, t his

algebra conceptions, that is why even though they had identified the algebraic

structure ofa task, they might have not evaluated it as a solution method.
Regarding Task 2, PSMTsO6 anticipatio

were found quite successful (six PSMTs in-prierviews and seven PSMTSs in

postinterviews). Similar to Task 1, evenatigh all participants in both prand

postinterviews clarified the purpose of the task to have students realize the

preservation of the equivalence, some of the PSMTs (two in thmtpreiews

and one in the postterviews) did not anticipate this as pmssible student

solution. As another possible student solution, seven participants in the pre

interviews and four participants in the post interviews anticipated solving an

equation. In this matter, when the findings across Tasks 1 and 2 were exatnined, i

could be seen that the PSMTsd anticipat

thinking than structural thinking in the pmterviews. Stephens (2006) working

with the preservice teachers in Tasks 1 and 2 at the beginning of a methods

course also founchat the PSMTs focused more on computational thinking than

structural thinking. However, this situation changed in the -jmbstviews.
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Indeed regarding Task 1, six participants anticipated relational structural thinking
while four PSMTs anticipated relatial computational thinking. Regarding Task

2 four participants anticipated solving an equation, while seven PSMTs
anticipated the preservation of equivalence in the -pasterviews. The
differences between prand postnterviewscould havestemmedfrom the focus

on relational thinking in theextbook and instruction.

Regarding Task 3, six PSMTs anticipated using a correct function rule to
predict far function values, and also three PSMTs anticipated using geometric
visualization to find the number of gegle for 100 tables in both the pr@nd post
interviews. As an incorrect solution, five PSMTs in the-ipterviews and four
PSMTs in the posihterviews anticipated using an incorrect function rule to
predict far function values. As it can be seen, theaes almost no variation in the
PSMTsO6 responses regarding the anticipation
this task might have been sireitfingomwedl i ar nal gel
variables and equation.

Regarding Task 4, six participants in fire-interviews and five participants
in the postinterviews anticipated collecting like terms. As an incorrect solution,
five PSMTs in the prénterviews and seven PSMTs in the pogerviews
anticipated ignoring like terms. Also, several PSMTs antictpatterpretingk as
a multiplication sign (four in the priaterviews and three in the pasterviews)
or assigning a value fahe unknown (two in the praterviews and one in the
postinterviews), the numbers did not change much between gqd post
interviews.

As it seen, participants weffeund mostly aware of the possible student
sol uti ons. warbBness &8uMpossible studsotutiors could stem
from the courselnstructional Principles anlllethods that they took in their third
semesterin this course the PSMTsere asked to design lesson plans considering

expectedstudentsoluions in various learning areas.
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5.4 Implications

In this part, the implications of the present study will be presented. As it is
indicated above, the twaveeksfocus in the Methods of Teaching Mathematics
(MoTM) course on algebraic thinking might have not been enough to broaden the
PSMT conceptions of algebra. Even though the PSMTs were found successful
on addressing the aims of the task and anticipating rstséutions mostly, their
conceptions were majorly related to the traditional symbol manipulation aspect of
algebra. In order to help the PSMTs broaden and transform their conceptions of
algebra, in relation to the knowledge of conterd atudents spedd to algebra,
the algebraic thinking should be handled as a course instead of a chapter in the
teacher education progr ams. As al so su
(2016), teacher education programs do not offer courses which might enable pre
servie teachers to have enough experiences to develop their PCK. As an
alternative solution, Tanékl e and K°se
programs could offer more elective courses which aim to broadesepriee
teacher sé PCK ykhowkdged tontent aedsstodems table inore
familiar with studentsd6 misconceptions.

Indeed, in this study, during the preand postinterviews, some
participants were found to change their task categorizations when they were
shown student solutions provided to the tasks. Therefore, designing the algebra
chapter by focusing on a tablasedesson addressing the big ideas of algebra that
are equivalence and equations, generalized arithmetic, functional thinking,
variable, and quantitative reasoning (Blanton et al.,, 2011) which might also
include different student solutions ardiscussbn of them in terms of the
Aal gebraicd nature might hel p P3AMTs br
mentioned by Thompson (1992), teacher conceptions are resstamnge and
as argued by Thompson (1992) and Carpenter et al. (1f288)g with tasks in
their teacher education program is aphdl way to broaden concaphs of
teachers and preservice teach®ssigning the algebra chapter by focusing on a
taskbased lesson addressing the big ideas of algeta also broaden the

PSMTsb6 thinking about studentsdé possi bl
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to approach the students to help develop their algebraic thinking. As also
sugger d by-K®bdr Kk and )Aeacher educatipid @ograms should
suply both theoretical and practical education which might provide an
opportunity to PSMTs to experience different student solutions and thinking
ways. Li k e wat al.€2016) Giggekted rthat the Methods of Teaching
Mathematics courses should be regiesd to help preservice teachers have more
experiences about studentsdé misconceptions
these misconceptiondVhen all suggestions by the national and international
researchers taken into consideratibipuld be recommnded thathe newcourse
A Teac hi ngwhiéghlisgregbiredoropreservice teachers in their sixth term
by the Council of Higher Educatiori2018) shouldinclude a variety of algebra
tasksand correspondingstudents solubns The teacher educators should give
importance to develop per vi ce teachersbo al gebr a ConNC
developing their knowledge of student thinking including their common
difficulties and misconception3he instructor of the course can keause othe
tasks and the student solutiadghatwere used in the present study in their courses
Some recommendations for future studies can be made in light of this
study. I n order to examine the PSMTs® conce
exposing them to vaus tasks and student solutions, they could be asked to
design a lesson plan that focuses on algebra both in elementary and in middle
school. In that wayit could be seewhat kind of tasks theSMTsinclude in the
lesson plans, what student solutioh®yt anticipate, what questions they ask,
which can provide evidence about thaigebraconceptions. Additionally, in the
interviews of this study, the participants were asked to categorize student
solutions as algebraic or not, but in the gagtrviews,for instance, more student
solutions wer e c aot eTghoerriezfeodr ea,s afidadligteibornaailcl y t
be askedstudenshalctht i on seems more algebraic to

understand their conceptions deeper.

115



REFERENCES

Il eri
alanendakKackavepm yangkgsel ae

Ak kaya, R.S. & 2d0ulrenmu-8 ,KIske°njerfe t° jm ebn c
me
t es3l,1-I2er gi si

°Jren
Faky¢l

Asquith, P., Stephens, A. C., Knuth, E. J., & Alibali, M. W. (2007). Middle school
mathematics teach&rknowledge of students' understanding of core
algebraic concepts: Equal sign and varialblathematical Thinking and
Learning 9(3), 249272.

Ball, D. L., Thames, M. H., & Phelps, G. (2008). Content knowledge for teaching:
What makes it speciallburnal of Teacher Education, 9, 389407.

Bastable, V., & Schifter, D. (2008). Classroom stories: Examples of elementary
students engaged in early algel¥Xkgebra in the early graded465184.

Baki bg¢gye¢k, K., kahi n, So¥lu YGXRIXK The t , B. , E
mistakes that are made by students with regard to functions: Evidence
from Erzincan (A Province in TurkeyWlniversal Journal of Educational
Research,d 1), 25232532.
doi:10.13189/ujer.2016.041105

Blanton, M. L., &Kaput , J. J. (2003). Developing
eyes anear® Teaching children mathematics)(2), 70-77. National
Council of Teachers of Mathematics.

Blanton, M., & Kaput, J. (2004Elementary grades students' capacity for
functionalthinking Proceeding from PME 28Conference of the
International Group for the Psychology of Mathematics Educafdr85
142. BergenNorway. PME

Blanton, M. L., & Kaput, J. J. (2005). Characterizing a classroom practice that
promotes algebraieasoningJournal for Research in Mathematics
Education 36(5), 412446.

116



Blanton, M., Levi, L., Crites, T., Dougherty, B., & Zbiek, R. M.
(2011).Developing Essential Understanding of Algebraic Thinking for
Teaching Mathematics in Gradesb3Series irEssential Understandings
National Council of Teachers of Mathematics.

Blanton, M., Knuth, E., Isler, ., & Gardiner, A. (2015). Just say YES to early
algebral!Teaching Children Mathematic22(2), 92101.

Blanton, M., Stephens, A., Knuth, E., Gardin&r M., Isler, I., & Kim, J. S.
(2015). The development of children's algebraic thinking: The impact of a
comprehensive early algebra intervention in third grddecnal for
Research in Mathematics Educatjd(1), 3987.

Cai, J., & Knuth, E. (Eds.J2011).Early algebraization: A global dialogue from
multiple perspectivedieidelberg, Germany: Springer. doi:10.1007/378
642-177354

Carpenter, T. P., & Levi, L. (2000). Developing Conceptions of Algebraic
Reasoning in the Primary Grades. Rese&eport. Universityof
Wisconsin, Madison.

Carpenter, T. P., Fennema E., Peterson, P. L., Chiang, C. P., & Loef, M. (1989).
Using knowledge of childrenbés mat hemati cs
teaching An experimental studyAmerican Educational Research
Journal 26,499-531.

Carpenter, T. P., Franke, M. L. & Levi, L. (2003hinking mathematically:
Integrating arithmetic and algebra in the elementary schBoltsmouth,
NH: Heinemann.

Charmaz, K. (2006). Constructing groundieeory A practical guidehrough
gualitative analysis. Thousand Oaks, CA: Sage.

Creswel] J. W. (2007)Qualitative inquiry & research desigi2nd ed.).
Thousand Oaks, CAage.

117



Creswell, J. W. (2012Educational research: Planning, conducting, and
evaluating quantitative angualitative researclt4th ed.). Boston, MA:

Pearson.
Dede, Y., Yal én, H. K., & Arg¢n, Z. (20
deji kken kavraménén °jJreni mMndeki h a
Ul us al Fen Bilimleri vyl&l8Mat emati k E]J
Dede, Y., & Peker, M. (2007) . Student so
al gebr a: Preservice mathematics teac

misunderstanding and solution suggesti&ismentary Education
Onling, 6(1), 3549.

Denzin, N. K. (1978)The research act: A theoretical introduction to sociological
methodg2nd ed.). New York: McGrawHill.

Didi k Kabar, M. G., & Rabiya, A. (2018)
adayl arénén °jJrenci b bilgisinin srcelenmasi: ve °
Cebir Abrannet] iKzzet Baysal ''niversitesi

18(1), 157185.

Eroj |l u, D., & Tanéxle, D. (2017). Zi hni
entegrasyonK | k © J r e t 16(8), 566883. n e

Fal kner , K. P., Levi, L., & Carpenter,
Equality: A Fo urldaahing @hitddref Mathematiégy e br a. 0
232 236.

Flick, U. (2007).Designing qualitative researchondon: Sage publications.

Fraenkel, J. RWallen, N. E., & Hyun, H. H. (2012How to design and evaluate
research in educatio(8th ed.). New York, NY: McGrawill Higher
Education.

Golafshani, N. (2003). Understanding Reliability and Validity in Qualitative
Research Understanding Reliability and Validity in Qualitative Research.
The Qualitative Repor8(4), 5971 606.

118



G°kkwurt, T, B., kahin, ¥., &nSoegjiukke&n (2016
kavraména y°neli k pedagoji k alan bilgiler
incelenmesiPamukkal e | niversiteS8¥39EJjFi tim Fakg¢glt

31.

Isler, 1., & Knuth., E. (2013). Preservice teachers' conceptions of algebra and
knowledge of student thinking. In Lindmeier, A. M. & Heinze, A. (Eds.).
Proceedings of the 37th Conference of the International Group for the
Psychology of Mathematics Educati&np. 77.Kiel, Germany: PME

Isler, I., Marum, T., Stephens, A., Blanton, M., Knuth, E., & Gardiner, A. M.
(2015). The string task: Not just for high schd@aching Children
Mathematics21(5), 282292.

Kaput, J. (1999). Teaching and learning a new algebra. In E. Fennema & T.
Romberg (Eds.)Mathematics classrooms that promote understan(pg
133-155). Mahwah, NJ: Erlbaum.

Kaput, J. J. (2008). What is algebra? What is algebraic reasoning? In J. J. Kaput,
D. W. Carraher, & M. L. Blanton (EdsAJgebra in the early gradggp.
51 17). Mahwah, NJ: Lawrence Erlbaum/Taylor & Francis Group; Reston,
VA: National Council of Teacheisf Mathematics.

Kézeltoprak, A. , RektomaPtlenkingThe bridgé betweeh0 1 7 ) .
arithmetic and algebrénternational electronic journal of elementary
education, 3@), 1-18.
DOI: 10.26822/iejee.201713189

K¢chemann, D. (nde&siaBd)ng of Mmiéricalvariabkes ' s
Mathematics in schopf(4), 2326.

Lannin, J. K., Barker, D. D., & Townsend, B. E. (2006). Recursive and explicit
rules: How can we build student algebraic understandlagfal of
Mathematical Behaviqr25,299 317.

Lincoln, Y. S., & Guba, E. G. (1989)aturalistic inquiry Thousand Oaks, CA:
Sage.

119



Mac Gregor , M., & Stacey, K. (1997). Stu
notation: 1115. Educational Studies in Mathemati&3(1), 19.

Merriam, S. B. 2009).Qualitative research: A guide to design implementation.
San Francisco: Joss®ass.

Mi | | Ejitim BakMatl efast i(KMEBOr s(i280°1j8r) et i m

s é n &rf.d.).&Retrieved July 25, 2018, from
http://mufredat.meb.gov.tr/ProgramDetay.aspx?P1D=329

Ng, S. F. (2018). Function tasks, inputfmu, and the predictive rule:d#w some

Singaporeprimary children construct thele. In C. Kieran (Ed.),
Teaching and learning algebraic thinking withté 12-yearolds: The
global evolution of an emerging field of research and pragppe 2749).

Cham, Switzerland: Springer International Publishing.

Philipp, R. A. (2007). Mathematics teachers' beliefs and affect. In F. K. Lester
(Ed.),Second handbook of research on mathematics teaching and learning

(pp. 25%315). Reston, VA: National Council of Teachers of Mathematics.

Romberg, T., &aput, J. (1999). Mathematics worth teaching, mathematics
worth understanding. In E. Fennema & T. Romberg (ENt)hematics

Classrooms that Promote Understand{pg. 3 32). Mahwah, NJ:
Lawrence Erlbaum Associates.

Ryan, J., & Williams, J. (2007Children's mathematics-45: Learning from
errors and misconception®McGrawHill Education (Poland).

Sal daf a, Thd coding &h@nh0abfgr qualitative researchdrendon: Sage

Publications.
Soylu, Y. (2008). 7. séneéef ©°Jrencilerin
(Dejikkenleri) yorumlamal ar@&elveulbu vy
l'niversitesi Ahmet Kel ek @37248. Ej i t i m

120


http://mufredat.meb.gov.tr/ProgramDetay.aspx?PID=329

Stake, R. E. (2005Rualitativecase studiedn N. K. Denzin & Y. S. Lincoln
(Eds.), The Sage handbook of qualitative research (3rd ed.) (pp. 443
466). Thousand Oaks, CA: Sage.

Stephens, A. Q2004).Preservice elementary teachers' conception of algebra
and algebraic equivaleng®&npublished doctoral dissertation). University
of Wisconsin, Madison.

Stephens, A. C. (2006). Equivalence and relational thinking: Preservice
el ementary teachersd6 awareness of opp
misconceptionsJournal of Mathematics Teacher Educatio(B), 249
278.

Stephens, A. C. (2008). What Acountso as
elementary teachersPhe Journal of Mathematical Behavj@7(1), 33
47.

Stephens, A. C., Knuth, E. J., Blanton, M. L., Isler, I., Gardiner, A. M., & Marum,
T. (2013).Equation structure and the meaning of the equal sign: The
i mpact of task selection in eliciting
understandingslhe Journal of Mathematical Behavj@&2(2), 173182.

Shulman, L. S. (1986). Those who understand: Knowledge growthcinitga
Educational Researcher, (3, 414.

Tanéxkl &, D. (2011). Functional thinking
elementary school studenthe Journal of Mathematical Behavj@Q(3),
206-223.

Tanisli, D., & Kose, N. Y. (2013Preservice Mathematics Teachers' Knowledge
of Students about the Algebraic Concepisstralian Journal of Teacher
Education 38(2), 1-18.

Thomps on, A. G. (199 2)onceptienaAsynthessofthbel i ef s
research. In D. A. Grouws (EdHandbook of research on mathematics
teaching and learningpp. 127146). NewYork: Macmillan.

121

ort

al

el

way

and

D



Tirosh, D. (2000). Enhancing prospective teachers' knowledge of children's
conceptions: The case of division of fractiodsurnal for Research in
Mathematic€EEducation.31(1), 525.

Van deWalle, J. A., Karp, K. S., & BaWilliams, J. M. (2013)Elementary and
middle school mathematics teaching developmen(aight ed.).

Yaman, H., Toluk, Z., 80| k u n, S. (2003) Kl k°jretim ©°
nas el algeHamakt apger ) ar®er sitesi EJ i
24, 142-151.

Yetkin, E. (2003). Student difficulties in learning elementary mathematics. ERIC
Digest.ERIC Clearinghouse fdScience Mathemats and Environmental
Education.Retrived from
https://eric.ed.gov/?id=ED482727

Yeksek®jJretim Kurulu (Y¥K) (&01§). LKliIska
Pr o g rlnadm Ketrieveduly 25, 2018, from
http://www.yok.gov.tr/documents/10279/41805112/llkogretim_Matematik
_Lisans_Programi.pdf

122


https://eric.ed.gov/?id=ED482727

APPENDICES

APPENDIX A: SYLLABI OF MoTM | AND MoTM Il COURSES
Methods of Teaching MathematicSection 2

Course Description:

This course focuses on the basic concepts of school mathematics and how they are
taught. More specificallyMoTM | includes a study of techniques, materials,
strategies, and current research used in the teaching of mathematical concepts to
elementary and middle grade students. Students will study contemporary
approaches in teaching mathematics and recent curricuiamges. They will
develop an awareness for the professional resources, materials, technology, and
information available for teachers; prepare unit and lesson plans with related
assessment procedures on a variety of topics.

Course Objectives:

1 Understand th basic concepts related to school mathematics

1 Understand the basic concepts and recognize connections among
mathematical ideas in elementary mathematics curriculum

1 Prepare and present plans for mathematics instruction that utilize different
teaching methds.

1 Use a variety of resources for mathematics teachers (e.g., websites,

publications)

Understand the misconceptions related to school mathematics

Recognize connections among mathematical ideas and other disciplines

Use representations to organize, recard] communicate mathematical ideas

Apply a variety of appropriate strategies to solve problems

Analyze mathematical thinking of other classmates

Be selfconfident in teaching mathematics

Have positive attitude toward teaching mathematics.

Be motivated tdeach mathematics

E

Course Community:

My intent and expectation is to fully include all students in this course. Please let
me know if you need any accommodations to allow you to fully participéée.

are committed to creating a dynamic, diverse and welogmlearning
environment for all students and has a-d@trimination policy that reflects this
philosophy. Disrespectful behaviors or comments addressed towards any group
or individual are unacceptable in this class.

Course Principles:
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We are a communjit of learners The process of learning requires curiosity
courage, determination, honesty, humility, and humor. | expect us to support and
encourage each other in our learning.

Ideas, not individuals, are open to critiqWiée all have opinions and ideasnse

of which we hold or believe in strongly. As we are all here to learn from each
other, we must all contribute to the establishment and maintenance of a safe,
social environment that allows us as participants to engage critically with ideas
but avoids d@acking or disparaging individuals.

Questions represent an opportunity to le@ametimes students hesitate to ask
guestions because they fear they may "sound dumb" or go against what is thought
to be the opinion of the majority. Questions, however, arar indication of

one's engagement with the subject matter. Do noteelor; your questions may

lead to an improved understanding for the whole class.

Participants assume responsibility for their own learning and suctkss.is
another way of asomdwat trite (but true) expressi
you put into it.o If there is any way I
call, or visit me. | am committed to your becoming an excellent mathematics
teacher and will do whatever | caelp you reach that goal.

Required Textbook:
Van De Walle, J. A., Karp, K. S., & BaWilliams J. M. (2013)Elementary and

middle school mathematics: Teaching developmen(8tly ed.). Boston,
MA: Pearson Education, Inc.

Additional Resources:
Books
Blanton, M. (2008). Algebra and the elementary classroom: Transforming

thinking, Transforming practice. Portsmouth, NH: Heinemann.

Blanton, M., Levi, L., Crites, T., & Dougherty, B. (2011). Developing Essential
Understanding of Algebraic Thinking for Teachin@tfiematics in Grades
3-5. Reston, VA: NCTM.

Carpenter, T.P., Fennema, E., Franke, M. L., Levi, L., & Empson, S.B. (1999).
Children's mathematics: Cognitively Guided Instruction. Portsmouth, NH:
Heinemann.

Carpenter, T. P., Franke, M. L., & Levi, L. (2008hinking mathematically:
Integrating arithmetic and algebra in the elementary scRaotsmouth,
NH: Heinemann.
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Lannin, J. K., Ellis, A. B., & Elliott, R. (2011). Developing essential
understanding of mathematical reasoning for teaching mathematics in
prekindergartergrade 8. Reston, VA: NCTM.

Ma , L. (1999) . Knowi ng and teaching el eme|
understanding of fundamental mathematics in China and the United States.
Hillsdale, NJ: Erlbaum.

National Council of Teachers of Mathematiq2014). Principles to action:
Ensuring mathematical  success for all. Reston, VA: Author.

Smith, M. S., & Stein, M. K. (2011). Five practices for orchestrating productive
mathematics discussions. Reston, VA: NCTM

Talim ve Terbiye Kur udrut aBoakkukla nrhatj e&ma(t2i0kl 3d e r
progr ame 8. 5 senéfl ar. Retrieved
http://ttkb.meb.gov.tr/'www/guncellenaygretimprogramlari/icerik/151

Talim ve Terbiye Kuml u Bakkanl éjé (2015) . Kl kokul ma t
progr amé 4. 1 senefl ar. Retrieved
http://ttkb.meb.gov.tr/www/ogretirprogramlari/icerik/72

Talim ve Terbiye Kurulu Bakkanleéejeée (2017).
( KI kokul ve ortaokul 1, 2, 3, 4, 5, 6,
http://mufredat.meb.gov.tr/Dosyalar/2017717175055350
02MATEMATIK%201-8.pdf

Journals

Teaching Children Mathematics (TCM), Mathematics Teaching in the Middle
School (MTMS)

There will be some readings that are assigned from the resources above and
beyond. These readingsll be provided to you in PDF or in paper form.

Course Requirements:

Attendance and Class Participatiori0%

Your participation in our class activities and discussions is extremely important,
not only for your own learning but also for the learningotiiers. You are
expected to be in class on time and participate in every class. If it is absolutely
necessary for you to miss a class, please request permission from me on email, in
advance, giving your reasons. The first absence results-poatldedution; two
absences result in an additionap@nt deduction (a total of 3 points deducted).
Missing four sessions will result in a drop from the class.

If you do miss a class meeting:
(1) Talk in detail with at least one classmate about what we didgiclass.
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Preferably talk with two classmates, so you get more than one perspective.

(2) CheckMoodlefor all new postings, emails, etc.

(3) If you are absent during a class meeting where a HW check is occurring, send
your work electronically via email.df full credit, send it by the beginning of the
class meeting. You are responsible for any and all information that occurred
during your absence.

Reading Reflections and Homework Assignmiedts%

In this assignment, you are required to read assignedechagmd articles and
come to class prepared to discuss/reflect and write the main points of the
reading(s) and/or submit the homework assignment for the week. During the
semester you will have 5 homework assignments.

In-class Activities/Presentatiofis10%
During the last six weeks, you will be asked to prepare activities related to the

topic and implement them during the class hour. You will be asked to work in
groups.

Quizzes 10%
There will be several unannounced quizzes during the semester. Thiebe wi

related to the readings, homework assignments and/or class discussions.

Midterm Exani 15%
You will have a midterm exam that addresses the book chapters, class discussions
and presentations. The midterm exam will be held in the week of Noveffiber 6

Projecti 15%

In this assignment, you will be asked to interview a student to see what the student
knew in order to solve a task and what was learned as a result of doing the task.
The task might help uncover any misconceptions the student might haed, whi
we will discuss during the semester. You will develop and submit the task and the
guestions you will ask during the interview in advance for feedback, incorporate
the feedback from one of the peers and/or the instructor, conduct the interview
and write up a summary of the interview and your interpretation of student
thinking. Depending on the permissions, you can audio videotape the
interview. Further details about this assignment and the evaluation will be
provided in the class.

Final Examd 25%
There will be a final examination that assesses the knowledge of the topics studies
in the course. The date of the final exam will be announced.

Evaluation Criteria:

Course requirement Due date % of final grade
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Attepdanc_;e and Clag Weekly 10%
Participation

Reading Reflections an Weekly 15%
Homework

Quizzes Unannounced 10%
In-class . 0
Activities/Presentations For the last six weeks 10%
Project January B (last day of 15%

classes)

Midterm Exam I6rt1h the week of Novembe 15%
Final Exam To be announced 25%

NOTE: Class schedules, policies, and assignments are subject to change as the
instructors deem appropriate

Email andMoodle

We post assignments, documents shown in class, URLS, some readings, questions
about the readings, and other important information regulaNjodle

(1) You are expected to chebkoodleand email regularly.
(2) To contact us, please send an email to the insmu¢see emails on the
first page).

Course Policies

Tardiness

Students are expected to arrive promptly and come prepared for class by having
completed the readings and assignments due that datim@®rarrival to each

class session is required. We havghart time together, and we will need to use

all of it to accomplish the goals in the course. Tardiness not only is detrimental to
the person who is late (who will miss important information and/or activities); it is
disruptive to others. However, | knowat occasionally life intervenes. Please
inform me if you know you have an unavoidable conflict and will be late to class.

Late Work

Each day an assignment is turned in late, students will lose 10% of the possible
points. The 10% late work penalty is apdl starting immediately after the
specified due date and time. Please make sure you save your work frequently and
keep backup copies of your files. Computer accidents, while very unfortunate, are
not an acceptable excuse to avoid penalties for late work.

Lost Assignments
You should always keep a copy of every computer file or paper you turn in until
your work is graded and you have received your course grade.
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Cell phones, newspapers, etc.

Please turn cell phones off during class. Please do not senddssages during
class. If | have to ask you twice not to text, you will accrue an absence. If you
have an unusual circumstance, please inform me. Also, please do not bring
newspapers or other outside reading materials todclasshave plenty to do
togetherto keep us busy!

Academic Ethics:

All assignments you hand in should be the result of your effort only. Academic
dishonesty, including any form of cheating and plagiarism will not be tolerated

and will result in failure of the course and/or formal diBogry proceedings

usually resulting in suspension or dismissal. Cheating includes but is not limited

to such acts as; offering or receiving unpermitted assistance in the exams, using
any type of unauthorized written material during the exams, handimy ipaat or

all of someone el sebds work as your own,
specific form of cheatingl t means using someone el se
credit. Plagiarism is a literary theft. Therefore, you have to acknowledge the
SOuUr@s you use in your assignments.

You have to adapt the texts/activities you use AND provide the appropriate

citations and references.

NOTE: | expect every student to read the assigned readings prior to class hour.
The assigned readings are given below. Addal papers will be assigned
according to the topics.

Tentative Schedule:

Wee | Date Topic Readings/Assignments Due

k

1 Oct 3 | Introduction to the Syllabus, overview of the clas
course materials

Oct5 | Teaching Mathematic| Van De WalleChapter 1
in the 21st Century
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Oct 10 | Exploring What It Van de Walle Chapter 2
Means to Know and
Do Mathematics

Oct 12

Oct 17 | Teaching Through Van de Walle Chapter 3
Problem Solving

Oct 19

Oct 24 | Planning in the Van de Walle Chapter 4
ProblemBased
Classroom

Oct 26

Oct 31 | Building Assessment | Van de Walle Chapter 5
into Instruction

Nov 2

Nov 7 | Teaching Mathematicy Van de Walle Chapter 6

Equitably to All
Children
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Nov 9

Using Technological
Tools to Teach
Mathematics

Van de Walle Chapter 7

Themidterm exam will be held in the week of Novemb®8r Bhe date
and time will be announced.

7 Nov 14 | Overview of Grades 14 & 5-8 Turkish
Elementary Turkish | Elementary Mathematics
Mathematics Curriculum (See websites at
Curriculum, Grades-5 | the end othe syllabus)
Nov 16 | &
8 Nov 21 | Developing Early Van de Walle Chapter 8
Number Concepts anc
Number Sense
Nov 23
9 Nov 28 | Developing Meanings| Van de Walle Chapter 9
for the Operations
Nov 30
10 Dec 5 | Helping Students Vande Walle Chapter 10

Master the Basic Fact
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Dec 7

Developing Whole
Number and Place
Value Concepts

Van de Walle Chapter 11

11

Dec 12

Dec 14

12

Dec 19

Dec 21

Developing Strategies
for Addition and
Subtraction
Computation

Van de Walle Chapter 12

13

Dec 26

Dec 28

14

Jan 2

Jan 4

DevelopingStrategies
for Multiplication and
Division Computation

Van de Walle Chapter 13

PROJECT IS DUE
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The date and time for the final exam will be announced.

NOTE: Class schedules, policies, and assignments are subject to elsatige
instructors deem appropriate.

Methods of Teaching MathematildisSection 2

Course Description:

Mathematics problems and mathematical problem solving. Importance of
mathematical problem solving, categorization of mathematics problems, purposes
andprocesses of problem solving. Teaching how to solve word problems -and ill
structured mathematics problems. Teaching whole numbers, operations with
whole numbers, fractions, ratio and proportion, data analysis, and geometry in
elementary school. Problebasd learning. Lesson planning, presentation and
evaluation.

Course Objectives:

Students completing this course will have a critical understanding of teaching and
learning processes in Numbers/Algebra/Geometry/Measurement/Probability and
Data Analysis lealing areas.

T
T
T

T
T

Construct the concepts and connections among mathematical ideas in
related mathematics learning areas effectively.

Analyze studentsd misconceptions r1 el
Use representations to organize, record, and communicaitieematical
ideas.

Design and implement plans and activities for mathematics instruction
with different teaching strategies specific to mathematics including
problem solving approaches.

Design and employ materials and resources for effective teaching of
school mathematics.

Participating in productive classroom discourse including teaching
activities and mathematical ideas.

Express interest, setionfidence, and motivation in teaching mathematics.

Course Community:

My intent and expectation is to fully ihe all students in this course. Please let
me know if you need any accommodations to allow you to fully participéée.

are committed to creating a dynamic, diverse and welcoming learning
environment for all students and has a-d@trimination policythat reflects this
philosophy. Disrespectful behaviors or comments addressed towards any group
or individual are unacceptable in this class.

Course Principles:
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We are a community of learner$he process of learning requires curiosity
courage, determinatn, honesty, humility, and humor. | expect us to support and
encourage each other in our learning.

Ideas, not individuals, are open to critiguée all have opinions and ideas, some

of which we hold or believe in strongly. As we are all here to learn faah

other, we must all contribute to the establishment and maintenance of a safe,
social environment that allows us as participants to engage critically with ideas
but avoids attacking or disparaging individuals.

Questions represent an opportunity to le&@ometimes students hesitate to ask
guestions because they fear they may "sound dumb" or go against what is thought
to be the opinion of the majority. Questions, however, can be an indication of
one's engagement with the subject matter. Do noteelo; your questions may

lead to an improved understanding for the whole class.

Participants assume responsibility for their own learning and suctkss.is

another way of a somewhat trite (but true)
you put fthereisany way | can bk helpful to your learning, please email,

call, or visit me. | am committed to your becoming an excellent mathematics

teacher and will do whatever | can help you reach that goal.

Required Textbook:
Van De Walle, J. A., Karp, K. S., & BaWilliams J. M. (2013)Elementary and

middle school mathematics: Teaching developmen(8tly ed.). Boston,
MA: Pearson Education, Inc.

Additional Resources:
Books

At at ¢r k, Gazi Mu Geanteta Ankaeana | T {20 1 D) | Kur umu
Yayénl ar é.
Lannin, J. K., Ellis, A. B., & Elliott, R. (2011).Developing essential
understanding of mathematical reasoning for teaching mathematics in
prekindergartergrade 8 Reston, VA: NCTM.

Lobato, J., Ellis, A., Charles, R., & &k, R. M. (2010)Developing essential
understanding of ratios, proportions, and proportional reasoning for
teaching mathematics in gradesB6Reston, VANCTM.

Ma, L. (1999). Knowi ng and teaching el ementary ma t
understanding of fundam&al mathematics in China and the United
States Hillsdale, NJ: Erlbaum.
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National Council of Teachers of Mathematics. (201@jinciples to actions:
Ensuring mathematical success for Beston, VA: NCTM.

Talim ve Terbiye Kurulu Bakkanl éjée (20!
(KI kokul ve ortaokul 1, 2, 3, 4, 5,
http://mufredat.meb.gov.tr/Dosyalar/2017717175055350
02MATEMATIK%201-8.pdf

Journals

Teaching Children Mathematics (TCM), Mathematics Teaching in the Middle
School (MTMS)

There will be some readings that are assigned from the resources above and
beyond. These readingsll be provided to you in PDF or in paper form.

Course Requirements:

Attendance and Class Participatidri0%

Your participation in our class activities and discussions is extremely important,
not only for your own learning but also for the learning dfiess. You are
expected to be in class on time and participate in every class. If it is absolutely
necessary for you to miss a class, please request permission from me on email, in
advance, giving your reasons. The first absence results-poatldeductn; two
absences result in an additionap@nt deduction (a total of 3 points deducted).
Missing four sessions will result in a drop from the class.

If you do miss a class meeting:

(1) Talk in detail with at least one classmate about what we did dulegg,

Preferably talk with two classmates, so you get more than one perspective.

(2) CheckMoodlefor all new postings, emails, etc.

(3) If you are absent during a class meeting where a HW check is occurring, send
your work electronically via email. Fdull credit, send it by the beginning of the
class meeting.

You are responsible for any and all information that occurred during your
absence.

Reading Reflections and Homework Assignmieat%

In this assignment, you are required to read assigheg@ters and articles and
come to class prepared to discuss/reflect and write the main points of the
reading(s) and/or submit the homework assignment for the week. Please do not
use Turkish characters in your file names and name them as Surname_RQ1 as an
example for the first reading question.
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In-class Activities 15%
During the last six weeks, you will be asked to prepare activities related to the

topic and implement them during the class hour. You will be asked to work in
groups.

Quizzed 5%
There wil be several unannounced quizzes during the semester. These will be
related to the readings, homework assignments and/or class discussions.

Midterm Exami 15%

You will have a midterm exam that addresses the book chapters, class discussions
and presentatian The midterm exam will be held in the week of MarcH.27
Further information will be provided.

Project 11 10%

For this assignment, you will be asked to relate the mathematics we talk in the
class to your campus environment and potential future sol@aronments.
Further details about the project will be provided in the class.

Project 21 10%

In this assignment, you will be asked to interview a student or two to see what the
student knew in order to solve a task and what was learned as a resuigahdo

task. The task might help uncover any misconceptions the student might have,
which we will discuss during the semester. You will develop and submit the task
and the questions you will ask during the interview in advance for feedback,
incorporate tk feedback from one of the peers and/or the instructor, conduct the
interview and write up a summary of the interview and your interpretation of
student thinking. Depending on the permissions, you can -aadiddeotape the
interview.

Final Examd 20%
There will be a final examination that assesses the knowledge of the topics studies
in the course. The date of the final exam will be announced.

Evaluation Criteria:

5 .

Course requirement Due date o of final
grade

Attendance and Participation | Weekly 10%

Reading Reflections  an Weekly 15%

Homework

Quizzes Unannounced 5%

In-class Activities Weekly 15%

Project 1 March 15" 10%

Project 2 May 10" 10%
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Midterm Exam I2n7t$]he week of March 15%
Final Exam To be announced 20%

NOTE: Class schedulepplicies, and assignments are subject to change as the
instructors deem appropriate

Email andMoodle

We post assignments, documents shown in class, URLS, some readings, questions
about the readings, and other important information regulaNjotdle.

(3) You are expected to chetkoodleand email regularly.
(4) To contact us, please send me an email to the instructors (see emails on the
first page).

Course Policies

Tardiness

Students are expected to arrive promptly and come prepared for class by having
compleged the readings and assignments due that daytin@narrival to each

class session is required. We have a short time together, and we will need to use
all of it to accomplish the goals in the course. Tardiness not only is detrimental to
the person who ite (who will miss important information and/or activities); it is
disruptive to others. However, | know that occasionally life intervenes. Please
inform me if you know you have an unavoidable conflict and will be late to class.

Late Work

Each day an aggnment is turned in late, students will lose 10% of the possible
points. The 10% late work penalty is applied starting immediately after the
specified due date and time.

Please make sure you save your work frequently and keep backup copies of your

files. Computer accidents, while very unfortunate, are not an acceptable excuse to
avoid penalties for late work.

Academic Ethics:

All assignments you hand in should be the result of your effort only. Academic
dishonesty, including any form of cheating and @agm will not be tolerated

and will result in failure of the course and/or formal disciplinary proceedings
usually resulting in suspension or dismissal. Cheating includes but is not limited

to such acts as; offering or receiving unpermitted assistarnte iaxams, using

any type of unauthorized written material during the exams, handing in any part or
all of someone el seds work as your own,
specific form of cheating.l t means using someoimg el se
credit. Plagiarism is a literary theft. Therefore, you have to acknowledge the
sources you use in your assignments. You have to adapt the texts/activities you
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use AND provide the appropriate citations and references. Please check the
Academic Integri Guide for Students aime Moodle.

NOTE: | expect every student to read the assigned readings prior to class hour and
be ready for discussion.

Week | Date Topic Readings/Assignments
Due
1 Feb 13 | Introduction to the course | Syllabus, your
expectations, my
expectations
Feb 15 | AlgebraicThinking: Van de Walle Chapter 1
Generalization, Patterns,
and Functions
2 Feb 20 | Algebraic Thinking: Van de Walle Chapter 1
Generalization, Patterns,
Feb 22 and Functions
3 Feb 27 | Developing Fraction Van deWalle Chapter 15
Concepts
March
1
4 March | Developing Strategies for | Van de Walle Chapter 1
6 Fraction Computation
March
8
5 March | Developing Concepts of | Van de Walle Chapter 1
13 Decimals and Percents
March Project 1 is due Marct
15 15"
6 March | Proportional Reasoning Van de Walle Chapter 1
20
March
22
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The midterm exam will be held in the week of Marc'2The date and
time will be announced.

7

March
27

March
29

April 3

April 5

Developing Measurement
Concepts

Van de Walle Chapter 1

April
10

April
12

10

April
17

April
19

Geometric Thinking and
Geometric Concepts

Van de Walle Chapter 2

11

April
24

April
26

Developing Concepts of
Data Analysis

Van de Walle Chapter 2

12

May 1
(no
class)

May 3

Exploring Conceptsf
Probability

Van de Walle Chapter 2

13

May 8

May 10

14

May 15

May 17

Developing Concepts of
Exponents, Integer, and
Real Numbers

Van de Walle Chapter 2

Project 2 is due May 10
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The date and time for the final exam will &enounced.

NOTE: Class schedules, policies, and assignments are subject to change as the
instructors deem appropriate.
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APPENDIX C: INTERVIEW PROTOCOL

B¥L, M |
DEMOGRAFKK BKLGK FORMU

Cinsiyet|:.| Kadén D Er kek
Yak:
¥zel ¥JretilcheYSmnnemidahia °nce al déenéez meé?
Matemati k ejitiminden aldéjénéz se-meli ders
¥Jretmenlik ile ilgild@i b imisiniz?ecr ¢ beni z var mé

BY¥L!M 11|
1. Cebirin ne oldujunu daha ©°nce hi- duymamé
2. Akaj édaki sorularéen bir cebir sorusu ol up

ay Bok kutu yerine hangi sayé gel melidir?

37+54[ ] +55

T Sizce bir ©°jrrientemebn® yljer ebnicri Iseor uyu n«

sorar?

‘ﬂCebirsorusd:l

T Cebir sdJusu dej il

T Bu sonuca naseél ul aktéenéz/ Bu karar e
T ¥Jrencilerinizden hangi dojru veya

vermelerini beklerdiniz? Neden?
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b) 2nb mMp I om RSy nSyarm)

2n+15¢9=31¢p RSy 1 f SYAYAY

T Sizce bir °Jretmen °Jrencilerd:i

sorar? D

1 Cebir sorusu:

T Cebir stJusu dejil

T Bu sonuca naseél ul aktéenez/ Bu Kk
T ¥Jrencilerinizden clreamgil ad®] r u

vermelerini beklerdiniz? Neden?

c) Nehir dojumge¢neg partisine arkadack

Kekl indeki masal arén etrafeénda he
ol dujundan emin ol mak istiyor.
Dort ki kiyi bir masanén etraféna

Kekil deki gibi otuekkealsiel 6y &i ki oturtabi

Ejer Nehir 100 masayé yan yana ko

T Sizce bir °Jretmen °Jrencileri
sorar?

1 Cebir sorusu:[_]

T Cebir sor[bu dej i |

1T Bu sonuca nasél ul sk énéz/ Bu Kk

T ¥Jrencilerinizden hangi dojru

vermelerini beklerdiniz? Neden?
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d 5+4x+2x ifadesini en sade kKekilde yazeée

1 Sizce bir ©°Jretmen °jrencilerine b?°
sorar?
71 Cebir sorusu: D
T Cebir sor|:|su dej il
T Bu sonucaéem&zélBuulkak aré nasél verdi
T ¥Jrencilerinizden hangi dojru veya
vermelerini beklerdiniz? Neden?
B¥L, M 1|11
3. Akajédaki °jJrenci -°z¢mlerinin cebirsel 0
a) Bok kutu yerine hangi sayé gelmelidir?

37+54 ] +55

. dzNJ 1 QPY cel T NY Nur@necel T NYNY

1 dziBamern&itid V|

.20 (dzidz @SNRY o}
> pnQRSY 0AN

2
eNy{N o1 FNIP pp
aSoSLX S o0SiyAY as
G2LX F NBFY dm 2 0T
ASNB]{ANP oc @5 as
M QIBRIA NBS 6 S LI S (

b dzZND dzy cel |

Burako6éen -°z¢mg:

T Cebirsel [lir -o°z¢r 1 Cebiselbir

f Cebirsel bild-oz4r OeIAINYRD\L]Y
9 Bu sonuca nasél ul T /SOANBSE
Bukara @asél verdini: rRsex Chany

T .dz a2y dzOl
dzt + 6 G PYy PIT |
yIaPt @GSN
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b)

2nb mMp I om RSy | nIrSyWarRMmN\
2n+15¢9=31cdh RSy 1t SYA YAy
Keren® cel T NYNY Defnediy’ ocel T NYNY
2n+ 159 =31¢9 yr'y 2fF N1 &y
eNYy 1N A1A G N
n+6=22 ®eP1 F NP& 2 NHzd @
C6 (6
n=238
Keremdin -°z¢ 5STYSQYyAy
T Cebirsel b T / SOANRBST q]
f Cebirsel bir[] 7 /S0ANBSEt 0 r:
f Bu sonuca nas RSS)\D}\N\N
Bu kar aard®izh a s 1T BuazydzOl Yyl

dzft I 6 G PV PI
c) Nehrdoj umg¢neg parti si ne Kaarkea dkaexK lair neches

masal arén etrafeénda her ar kadake

olmak istiyor.

D°rt ki kanyéin beitrr arfacBnjaer bu masaya bir me
o Kekil dekilyag.i bi oturt

ekl erse 6 kiki oturtabiliyor.

© O

©

Ejer Nehir 100 masayé yan yana ko
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uca

T Cebirs

Cebirs

T Bu son
verdiniz?

=

nas

Dil aydoéen -°zg
M1 Cebirseb i r -0 D
T Cebirsel bir

-9%92z2¢mg

-%z¢emdegr o

bir[}ezem dejil dir:

el ul akténeéz/ Bu

me :

md ¢ r o

-%z¢m dejil dir:
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d)

T Bu sonuca n

5+4x+2x i

{ S A fe@A NYNY

Bu x kadar olsun——— ,
Elimde bundan 4 tane var,

—

Daha sonra bunlardan 2 tane
daha ekliyorum;

AYRA St AYR&eo
var, bir de 5 ekliyorum;

1+ 5

as

e

Yani elimde 6x+5 oldu.

Se-il 6in -9°9z¢n
1 Cebirsel bi] -
1 Cebirsel birl[]}
T Bu sonuca nase@

Bu kamnaéek verd

f ades.i
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ul aka2énéz/ Bu

ni en sade

DAT $YE@KT NYNY
Elimde 4 tane x var. Daha son
2tanS RI Kl E St
elimde 6 tane x var, yani 6x. Bi
de 5 ekliyorum, 6x+5.

DAT SYQYAY «
1T /SoANBSt d |
T / SOANBESE 0A-

Rea{baNy
f .dz a2y dzOl y

dzf I 8 G PV PI K.

kar ar é

Kekil

de
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APPENDIX D: TURKISH SUMMARY \T| RKCE ¥ZET

ORTAOKUL MATEMATKK ¥JRETMEN ADAYLARININ CI
HAKKI NDAKK ALGILARININ VE SORU AMACI VE ¥
¢¥Z! MLERK HAKKI NDAKI BKLGKLERKNKN KNCELEHD

GKRKK
Romberg ve Kaput (1999)2 1 . yézyeéel én daha derin bi i
anl ayekéna sahip insanlara ihtiya- duydujunu

yé¢ksek mat @ mathiiplarakigespée ml. a mféykntéé rz amanda Kaput
(2008) d¢nya -apénda okul I ar gdgl a°sjyroentuinlae n Cc
dayandeé] émé& wd dag uinmues é | yakl aktejéeméza bajl
S¢rmekKt ¢r .

Bir-ok arakt ér & &Kapat, 2019;rCarpenter, B-faake, t&0 n

Levi, 2003; Ry an & Wil l i ams, 2007) cebirsel de¢ K¢t
baklakyararitmeti k d¢gkegnce 1 1e birlikte gelixk
Ar akt ér macé& | knuth, Z0Cla iCarpenter vd., 2003), sembol

mani p¢ghasydmklvenmandameti k il e cebirin birbi
°Jrencilerin sofigékkar @ magelmakgi kr mainémai ni

belirtmiklerdir.,okKalpluar dal 9®&@r) - ecke byakam ve m

fikirlerle bir bajl ant é kur madan cebirsel

-9%zmek i -1n bazé prosed¢r | @rdidi makeitpmi &t me k
Okull arda <cebir al gémezé dahwmygddraimal ge anl
bajl antléil mbii°rjdrreit h etneyacéméz vardér (Kaput, 20
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Kaput (2005) °Jretmenl erin dlr shkliende ¢
noktaoldk | ab @iniéer t mi k1l er di r .

¥ retmenl er, °Jrencilerin cebir al gé¢
s¢re-lere vV e i kki sel d¢kéenceye 0
fic ebi r s elilad kyteibrr nasrateflemi,tBlartom e Kapat 2005, s. 71)
goreangy-°n¢gyl e ©°2gtrleeanembinhatreryal l eri, o
déekenegkegneg kekf et sop olavak,c edbeisrt seekll edngk ¢vneme y
eden bir sénef k¢l tegré¢ v.eEKk® Jorleatriank , u ybg
- al e kmalan(oA& Kaput, 2004; Blantorvd., 2015; Carpente& Levi,

2000) , °Jrencilerin ilikkilere odakl anm
fikirlerdi tartéktéeklarénda genel hiemel er
ortaya - € Ba r meéedketnél re , °JTrieemens ek i ekt i
(hal gebr)gCaz8aKnutlyg 2G11,s. vi i i ) beceril eri °Jre

d¢kegncecesini kiteekt Bsetdeaenion

Mat emati k ©°Jr et men gavd aepilcik rilgglinonak cebi r
sahi p opedhgojiklhhma@ ve C°lgrineeadaklanmaki I1°dir et men
adayl ar énén gel ecek yéll areéendaki der s
verecekl eri ve neye odakl anacakliaré kor

Bu alanda bug¢ne kadapeéel ahreobhkemzadayléean

bunl ar -ojunlukla denkli k ve denkl eml e
Di di k Kabar & Ama- , & 3dId 3016; Sephehsy 2006, k ah
Tani sl i & Kose, 2013) . Ancak bu inal &k me

bir p ar eehirskénusanni@ pr et men adayl arénén <ceb
al anendaki pedagoji k al an bil gil eri ¢ Z

odakl anmaméxt éer .

Bu -al ékma, alanyazeéndaki bu bokl uj a
aday!l avreérniélne n bir sorunun baréendér déj
farkéndal ekl ar &, cebir kavraml ar é vV e

beklentileri ve son olarak dK | k ° J Ma¢etmatik¥ j r e t m@ rolgirjaimé n &€ n
&-¢é¢nhceg yelenda yer al dersindékizcedikondsurrdant i m Y
sonra bu ¢- al andaki deji kimlemereéril ik
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Budes kapsem@enaoa akl anél an dyearksl akieka b én é htaa ktic
ederekkanylear én (°rn., s albycell aeli, gibigle o met r i)

i Kl enbhokayeéeseéeyl a, cebire odakl alarak an haftal
tasarl,anmam&m et mekte ol an ¥zbilr ¥paertameée Y°nt
olarak verilmiktir.

Araktérma Sorul ar e

Bu -al ékma, Kl kejJretpmodyagamemt i ky & ertdmenl ap
ve 20172 018 ak a dcSenbahadr vy @ ba h ar d°nemlerinde Ankart

devl et ¢chiversitesinde ¥zel ¥Jretim Y°nteml
matemati k ©°Jretmen adayl arée ibheawtergmal m¢gkt
sorul aréenée cevaplamaya odakl anméexkt ér :
1. Ortaokul mat emati k ©°jJretmen adayl aréenén
amacé hakkeéndalais @fl adlrekéndal ekl ar é
2. Ortaokul mat emati k °jJretmen adayl arénén c¢
3. Ortaokul mat e maadtaiykl aP @ ne@mh meonl as é °Jrenci
hakkéndaki fladrkéndal ékl areé ne
4. Or t aokul matemati k ©°jJretmen adayl arénén
amacé hakkéendaki farkéndal ekl ar &, cebir &
hakkeéndaki farkéemdXPakleater ¥zdler ¥ifmnet kat
sonra naséel dejikir?
ALANYAZIN TARAMASI
Al anyazén taramaseé ¢(- ana baxléek alténda
-er-eve, i ki nci ol arak il kokul ve ortaokul

fonksiyonel efliékkeméewnve ¢ ,derine d¢Keéenme ve K

S-¢nce¢g olarak i se °jJretmenlerin °jJrenciler:i
yanél géelaré ¢zerine bilgilerine odaklanan - a
Kur ams al ter -eve

Bu -al ékmada i ki far kl é kur amsal -er-eve k

adayl ar énén incetelmeka maad gyllaar Eagut 6un (2008) Ce
Y¢r ¢ kummsal-er - evesi kull anéel mékteéer. Kki nci ol a
pedagojkal an ereci®jbil gilerinin, verilen bir sor
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hakkeéndaki farkéndal ékl aré ve ol asé ©°]

dejerl endir mek ¥ij-rien meke KMa tBellpGdeamied® | i Bi l
Phelps200@k ur ams al - elrmewte&sri. kul | ané

Klokul ve Ortaokul¥J r enci |l erinin Cebirsel Dg¢kKyg¢nme
¥Jretmenl er °Jrencilerine yar démcée ol a
bi-imlerinin,nemaséi ni®z¢s me yRavram yan
ol mal edeéer | a°rj.r eBuc ib®elr¢ginmdecebi r sel d¢ K¢ nme
ulusl ararasé -al ékmalar °zetlenmixktir.

Kl kokul vV e Ortaokul ¥Jrencilerinin ZC
¥Jrencilerde séeklékla karkél akehampt ihmit

iceviatpwp!l amo ol & radade y(oRd uaedladdieil & Alibali,
2005; Yaman, Toluk, & Olkun2003).

¥Jrenciler dejikken kavraménda da bi
¥rnefikilnem yaparken deji kkenlSeoyluj208Bhar fl er
1) (fLetter Ignorecdp K ¢, ¢ h e ma n n 25 bludn718a,r dsan bi ri si di r .
yanél gel ar @fhdamchbi eirklinonduensagan cebirgebifadelerii
eksik kabul etmesidiffiacceptancef lack of closur@K ¢ ¢ h e man 8. 25).197 8
Bu yanél géeda i°Kareentci diejrerextiar af éenda bi
davr anmak¥ rpaikéirtl airkar et i MmOow|l dujenmnu tadgmi @
ekitlik DPYFrmek yanéinghearifsliee r jnr eanlcfialbeert i
ol dugjiubi sayeésal K@AkKkkmay e l&i rDurisrkd) ke,r i 20 |
(fsubst i Ryant & Witliams, 2007,s. 108) ym €|l gé s éna Bu ¢ K me s

yanélgeda °jJjrenciler verilen bir bilinn
efjilimi g°stermektedirler. ¥orynabdym, 2 al f
dejerini ver me gi bi . Bir bakka yanél g
kul | akna&rletni ni - ar pma malaaéamepDt Bkereak 5y or |
ol arak okunabiliro ¢ Ryla8) & Wiolyll uanis2,003
yapéelan bir -al ékmada ise belirtilen b
NRd] i kkenl er is ébmedlriloa nfoegprgfrdadedr ldA @R t H¥rr nej i n,
sorulardah, m, ygi b sembolizasyonl ar kul |l aneéel

-%z¢ml erde bu s embxklulelra n dkéukl Il aarnemagk® ryéelrm ¢
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Fonksiyonlay °J renci |l er i n cebirsel -bii anl ayex

°neml i bir avdéemd2edl 1()BIl aBhltaomt on ve Kaputda (2
anl aml e bir fonkskgloaradk digwlocinane &lea bg el -iir f e
yinelemeli° r ¢ nt ¢1 er e odla&krliam méa&r i°jJ reoacksi yonel d¢
°nl eyebilir. 3., 4 . vV e 5. @, n201M5), ar | a yapeél
°J renchbilrelriiint e wWe ] ideij mk&renl er aroksendaki i

yinelemeli® r ¢ nt ¢ ye odakl andekl aré go°r ¢l megktegr .
¥zetl emek, gielrkeokkiulseve ortaokul °Jrencil e
kavraml ar ¢ zerlukianve& avreaxmt yianél gél aréna sahip
gor ¢l megkt gr .
Kl kokul ve Ortaokul ¥ ren€&kl edii ki nveCebir

denkl emler ve fonksi yoametln éd ¢ k¢ mnidee doeajriéknkdeenr d

bu al andaki -al ekxmal ar fonksiyonel d¢ K¢ nme
alténda incelenmiktir.

Bu alanda yapeéelan -al ékmalar incelendijin
vd. 2015; Ng, 2018; Tanékl!l e, (reafiohal ) °Jrenci l
thinking) y° nl endi recekiederyslkéry-agplecd xdedg léanrda ya da
onl areée ilikkisel ditmrgsamaéipmimgiknekbaedi sanakdujyu
° 7 r enci kukseviyaierinda itibkren c e bi r s el d¢kenmede bakar

g%zl enmi ktir.

Eki tl ik vV e denkl eml edre n ekyosneul s u n-dad € kynaapl éal r
incelendijvihde 00lBIl,anCtacmenter & Levi, 2000;
2017) , °J°%rendielf erteiidee n d k r mk i zorl ukl ar a vV e

yaneél geéel ar élaréan as arhaijpmeal ntae bi r ssyed n | dkK ¢\nane |l er i

bduk sorul ar e i1 e destekl eptli jd¢klgameyjerenci |
y°nlendirdifji g%°r ¢l megkt gr .
¥Jretmenlerin ¥jJrencil euwd nKawerbam s ¥ & n Dl K& Inames
L zerine Bilgileri

¥Jrenciler -exitl:@ d¢e¢kenme Kekill erine se
d¢kéenme kKekil | eri n(Bal vd, 2008 éannirg Barckér,nga | é dér | ar
Townsend, 2006; Yet ki n, 2003) . ¥Jretmenl eri
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kavram yaneélgéelmBeénaml| bt Eérmbda ¢&Ilf manme
katkelar yapar (Yetkin, 2003).

¥ retmen adayl ar & i |%er., edepdekar2007: e K i t |
Di di k Kabar & Amd,-2Q016; 3tépheds, 20@?° Tiarkisl & Kose,
2013) gestermi ktir ki, °Jret mennéadayl
tanémlamakta ve olasé -°z¢;m yolarl aréneé ©°

Kl kokul vMat@mtaaolkulDer si #&gaCebiri m Pr ogr am
Mat emat i k der si i ®§ eled n(diB] 2008)gabia mé
°Jrenme al ané séei yéki Altbd akRokid &stéas@fn éf t
bakl ayar ak o05.ans éknaézfandcai&lj r ebhc el e@mdigjriam

cebir ol aéeneaks a addlaandeébir il e [ I O O O I
go°r ¢l mekededigéneéelf. arasée cebir ile ilixkk
2.106e, 5. ve 8. séeneéef seviyel eimTabloar as é
2.20ye bakéneéez
Y¥NTEM

Bu -alékmada nitel damrmawm é rzdseestuydyarstee Ml
(Creswell, 2007)k ul | anél mekt ér . Araxkxt ér maneén o d
dejildir, durum sadece genel bir -er-ev
ar a- ol arak kull amaéladajaé idui(imstronimentalb € B A ¢

qualitative study (Stake, 2005)ola r a k d¢ K¢ n¥jlredbtirhanmr adayl

verilen bir sorunun cebirsel amaceée hakk
°Jrenci -%z¢emloer i hakkéendaki farkéndal
der si ndeki cebirsel d¢ K¢ nmd kd®elf ¢ m¢ md earr
°Jrenmek i-in °n ve son g°r¢kKkmel er yapeée

Bl ¢megn K-eriji

Kl k°J reti m¥jMadtenmgan lo ikjr ia mé araxkter man

T¢e¢rkiyebddeki bir devl et Bilimere Epi t emi ni
bol ¢ me¢anl¢tné nodeakk i pr ogr amdan biridir. ¥Jr
programdan mezun ol abil mesi i -in sekiz
tamaml amal aré gerekmektedir. Program b
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gereken dersleri Tabl o 3n 1ndedzeu rb udladn |°% jrrsatnmez
adayl ar éveB.setnaed kK aalkge®brdeav yapmakt adeéer | ar .

Dersin K-erifji

Kl'k°jretim Matemati k ¥jretmenlif]i progr a
Tablo 3.106 de g°r ¢l dej ¢ gi bi bekinci d°neml e
vedténce dPnemlemi Neiat difflzedi ¥[lIraBuder si ni al

derslerhathda d°rt saat oviemark¥ z¢ezl e r¥e] rveetriim nMd°knt e mli
der si N¥zelemMdjerret ilm oYOdnetr si nin °MBukokul u ol a

derslerhem teori hem pratj e odakd aam@k kaynak ol arak #AKI |

Ortaokul Matematii: Ge(VankdeWaleeKarp,®ka k| ak éml a
Bay-Williams, 2 0 1 3) kitabée takip edilmiktir. Bu der
sayeéel ar, <cebi ras égleéokmavael ivzeirlib.t oBeut ulojhrueknt nuer
al anl arénén bir-ojunun i-erijinde cebirsel k
kitapta °zel ol arak fAcebirsel dée¢kenmeo ol ar e
Bu b°l ¢me yaklakék ol arak i ki bu-uk hafta ay
Sérmeft améneéen K-erifji

A¥zel ¥Jretim Y°ntemleri 10 dersine 60sé@
°Jrenci, n¥zel ¥Jretim Y°ntemler.i Il 10 der si
czere 26 °Jrenci kayet ol muktur. Dersl erde

desteko | ma k , ders matyaypateemeei lamga&d almal i nde
ders hocaséna ve °jJrencilere yardéem edebiln
-ojundearkdlaer e kat él mexkter.

Dershn hot phsénme ortameéena °nem verdif§ji N
-am&lkar éna, S I ve sénéef tartékmal aréna da
bakénda bir ° n d¢neakki abmalcgéiyllear i s éhnaétfer pay | ak & mé
Ayréca yeni konuya ge-meden ©°nce, konu il gi
et kinl iJiirii gneeykatperr s & aglag@aenelligklessenre f - a yapéel an bi
czet i1l e dersler sonlandér él méxkter.

Derslere gel meden °nce °jJrencilerin 1ilgi
ilgili belirli haftalarda® d e v | er beldepnma.t aA¥née zamanda °Jrenci

bazzbi r eysel vendgmup ot denv.lue ¥oil nreujkilna ridlkeir ya da
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ki kiden olukan her gr up, hazéerl adékl ar
Derd erin detayl &kledai bakénE2kzencel ere
Cebirsel D¢kéenme Bl ¢ mg

Bu - adegeysebai r -a@ll mxdma] édaif tiaharba der si
di jhaftalardao | duj ¢ °ghbi sayéldarégnn®jpapkékiémiée) ge
kitaptaki etkinliklereve sorularaa d a k| anar ak devam ettirmik
Kat el émcél ar

Katéel éeémcél ar Klk°jJretim Matemati k ¥]

°Jrenci si ol up, N¥zel ¥Jretim Y°ntemle
adayl ar é araseéendan se-i Il mi ktir. Kat el é
y°nt e mi kul | ané&lkmék tneirt.el Y abpiérl anhal-éakkma o

adayl aréndan konukkan olan ve yareée yap
vermesi muhtemeblana day | ar se-i I mi ktir. Bu amac
kadeernk ek sayésée dajél emé erlkeekorvaent &Il teé
kat el émcé ol mak iczere topl amda seki z

Y°nteml eri |l 0 der si tamamlandéktan sonr
katél mak amacéyla yurt déexkéna gittiiji [

tamanh an mékt ér .

Veri Topl ama Araceée

¢tal ékmada kull anéelan yaré(pabpehande&k
C)y) alan yazéendaki Plhgi | kaynakl ardan vy
aracéeneén il k b°l ¢im¢erdeemo gansiyiet yxr dogiinbgii)l e
ol ukur . Kki @ebi mi°d ¢me i gledujiunu daha ©°nc
nasél taméMmbueplerg,? 2004) sorusu ile b
sorusunun al teénda, bu sorunun amacéne
ol ma d éranéve bu serdara cevap olarakrileno|l asé °jJrenci -°
soran alt sorularée i-ermektedir. Bu ma
fonksiyonel d¢ kK¢nme ve adaefikreodékanmd ketré rol m
(kekil 3.20ye baklkihnheme . odaklianmék vecel adn

mat emat i k sorul ar é °Jret men adayl aréné

tezinden (Stephens, 2004),- ¢ nc¢ matemati k sorusu i se
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odakl anmeéck ol up °Trencilerin atéeBimasahn d¢ K¢

(Blanton vd. 2015) ve son soru ise dejikkenlere
cebir hakkeéndaki kavram yanélgélaré ¢zerine
Peker, 2007) al enméextér . Ver i topl ama arace
i ki nci ePi Lbended¥rt mat emat i k vevilerikhn sunun her

farkl & ©°7 ryeercial-ntéBkgneb®l ¢mde ©°jJretmen adayl a

°Jrenci -%z¢mlerinin cebirsel ol up ol madeéej éi
bir °J renci -%z¢:megneénjreemen abdbggl aréeneé d e
anl ayabil mek i-in matemati k sorul arénén se-
se-i |l aké&nez k eBiwincl sordya B pr kel ék veril en °7r
-%z¢ml erindepapés akb isfructerd)dik iPaegme dayanér ken
di j er i -hesdplama¥ka{retatohatcomputationalld ayanmakt adér . Kki nc
soruda ise bir °Jrenci -%z¢mg exkitliJin kor
-%zmeye dayBinmiarkdiad&re. i kinci Ssoruya kar kel
-0 z¢imlerrinci ve i kinci s o(Btephens) 20@4) endéj é do
her hangi bir dejepi Klgir k- ¢ &p él-¢macd;a hsnoar kuednar
veril en bir °Jrenci - 0 z yimelemelid®°ern¢kn tegmy ¢y az may é

(recursive patternkullanarak tald ol ukt ur mayp- gnoeeg me&tegar .

karkel ék verilen ©°jJrenci - % Blantah al.r i de soru
2015ptéojradamep T¢rk-8gr sewvudahki kit kr farkl e
-%z¢e¢mloerx i I se S ér agsPesytlearei meamleo | |teerti onp lea may
i -er meBitred?P 7 renci -%z¢mg do°rdpedeye soru ayne

Peker (20076 d et €ér k e n, di°jzgmxd-jinlen)izgmagkt ér mac é

taraféndan geliktirilmicktir.
Veri Analizi

Veri analizinin ilk akamasé olarak °n g°r
deki fyraepéelrmé kt er . Veri anal i gkikodlamab a k| ar ken
(finitial codingd ) Sa(l dafa, 8IRIWWI9I a nsKll kodlatala alan
y az énd akno dd ealréenklénr A z me , ekitl i yeivaridekor unumu vb
- € kkadhark ul ma r €& BVre r | analizinin i1 kinci akamasén

(Afocusedcoding) (Charmaz2006 p.5dk ul | anél mékt ér .
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Verilerin analizis ér a,kadlanthg ¢ veni | i r |l i 7] i saj] |l ama
%20066%n vV e son ORT g & mel gdgdeelkene )se- i | er
arakteéermiatl alr eadaxkt ér ma oyPanktleam neérki ncel ane
bir mat e mattiakr ad jéintdiamc ibsai] é ms Kadlapéaeb&ar k
araseqgadwu&kn%8 0 a&kakana kadar kogalr@a®madar v .
kar Kkodl&k h et exlead ievparyéal ekaga . - ékan deji Ki

analize yanseétel méekteéer.
BULGULAR
Bulgular, arakterma sorul ar¢e-nkflgpabdl ¢imde
i ncelteamt aokul mat emat i ks 0% jur eatrmaecné ahdaakykl
bilgileri, or t ao k u | mat emat i k °J r et,noetavkul aday |l :

mat emati k °Jret mejhr ardaiy| a* 2gm@ine roleals &k k é
ortaokul matemati k ©°jJretmen adayl ar éneén
hakkeéndaki farkéndal ekl ar éml ereibi h a kK gred
farkéndnae¥ne &l ar¥j reti m YPenk ie mlceerbii r sdeelr s id
bel ¢m¢egnden sonr aki dej i ki mi

Bul gul ara g°re, °jretmen adayl aré ve
amacéené tahmin etmede hem °n g°r ¢Kmede
bul uhadeér

¥ retmen adayl arénén cebir @dbigrel ar én

ne oldujunthi daldaytmamék biriome( Btas@he nts:

2004) sorusu sorul muktur. Bu soruya ver
veya denklemin varl éejé ve iklem yapma
g°r¢kmede verilen cevhbéemrnbvhr hép§ewien
yapma kategorilerini orktiaylk° [°-jarkdedr rmeerk t ¢
adayl aréenén cebir algélaré verivdrlem d°rt
°Jrenci cevaplaré bazéeénda incelenerek d

Ekitlik ve denklemler ve deji%kenl er

ve son (gCcevgpamadekienadkjegineae T@bl o 4.1 ve
°J ret men adaynlbu es®@m uyw] webirsdijiol ar
g°r ¢l me ¥ ¢ et me n biradl sosuyuacebeseléyal a dej i | ol a
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dej

erl endirmel erine bakmaksézén dejerl endir

g°r¢kKmede katél emceéel arén yaréeseénén bir bil i
yokl ujuna odakl anér ken di jerodp&at asdegen da
gor ¢l megkt gr (basskEeng2r Imméberdde80)se do°rt k at
d¢kéenmeye odakl anéer ken | ik kateléemceée bil i
yokl ujuna odakl anméktér ve kalan bir katel e
dejiill i nmeyeni bul maya odakl andéejéné belirtm
Ssoruya kar kel ek gel en °Jrenci -%z¢e¢mloer i

bakél déjéndahesapl amhi kki seén (Burak)e n c i -0z
dejerl endgi®°mrigrkknerd e n s okna tge®lrésnkcnee d(eb ack-énéz Tabl
-0z ¢smeén hesapl ama i -ermesine odakl anar ak l
dejerl endi r miykal peérsdailr . - °Kzl¢inkek i d 2y @ur)dan ©°jJrenci
hakkéendaki veril en cevaplar Il ncelendijinde
Nu r Oiulni kykaipseesla | -%z¢megne odakl anar ak bu -0z
kategorize € t,i J i ki nkédants@!| ENwcréd u n -0 zéimeényg mant éksal
ol ar ak dejerl endirerek cebirseldi pl mayan b i
bul unmu®Bi wur k &@tné [ge°mechék mMmesdemeyenin varl éj éna od
-%z¢m¢g cebirsel ol ar ak s érSefnl agn®drésrkmmeekl teérrd e( b
i se t ¢ m kNau red-lBmacpagegeerb i r s el ol ar ak dejerl en
Kat €1 & nbcoesl éa rgdearne k + eykaipséeslad e - h2g ke noddkIra ki Ki
bilinmeyeni bul maya odakl anméxkxtér (bakénéz T

Eki tl ik vV e denkl em v e bilinmeyenl ere

incelendijinde, °n g°r¢kmelerde t¢g¢m kat él én
dejerl endirdifiji gor ¢lsmnetf grand Kama d & knic € Igeerr éerk
i ncelendijinde, é - ki kinin exkitlijin korunu
denkl!l emin varl ] éna Ve bir Ki Kinin de den
gor ¢l megkt gr (bakénéez Tablo 4. 33). Son g°%r ¢K
dort Ki Ki cebirsel ol arak séneéefl andérérken,
ol ar ak sénéflandeéerdéej é ger ¢l mektedir. K e
i ncelendijinde, son g°r¢kmelerde cebirsel ol
I ki si ekKiumuinidiam bahseder ken dijer i ki ki ki
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denkl| emin varl é] eKldanci bakmreltl yplarakt icr .

dej ermeeemdi¢sr- ki ki den 1 kisinin cevabé | se
kal an nnhcev&lb&i di J er kat eagkoérniénzd eT akbol dol adn.n
soruya kar kel ék gel en °Jrenci - %z ¢ml
i ncelendijinde denkl em (Kerem)¢g fgren2 dayana
g°r¢kmel erde yedi koalt ned%saeaces ¢d e lkelke m e-b9% z
sénéfleandamrérkkat €l émcé yine ayné sebepl e
sénéflandéer méxktér (bakéeénéez TaKéoemdi3m) .
-%z¢ée¢megredpir sel ol ar ak dejerl endiren d

dejerlenddeekKgr edikm zalghknedmn (bakérpémii
Tablo 4. 34). Ekitli]i(@efnk)e P up maanyl nied e ke
cevaplarincelendi J,i n#l e g°r ¢kKmede bek kat el eémc
eki tl i7J i nnkkllarenbensuémuéenubel i rt er ek é&rekbam,s el
¢ - katéel émcé ayne sebeple cebirsel ol ma

go°r ¢kKmel er e bakéel déj énda da b ek kat el

Korunumunu kull anmaséne vurgul ayar ak Cc
kat el eémcéi kDeefrmeyap ma mé K ol duj unu bel ir:
ol mayan bir -°2z¢m ol arak séneéflandeéer mécx

Fonksiyonel dé¢kéenme ve bilinmeyenl er

°n g°r¢kmede hem de son g°r¢kmede t¢gm
dejerl endirnmn g°r ¢kKkmede bir kat &l émc e
bilinmeyenin varl éejéné derl e k-tabnieeinn ddei ] «
kurmayadss ay €l ari lairkaksié nldar maybalbéemaé&t ammbkbé
Son g°r¢é¢kme sénéeflandér élymdemaliP @ ¢ nhget er
fark ederek denkl em kur ma veyayaillniekkia Kk
denkl em kurma ya ddaktdrxkgBdipgkatkegniogyrz Tab

4. 36) . Bu soruya karkél ek gelen °jJrenci
yinelemeli ©r ¢ nt ¢y ¢ kull anar ak tabl@emahl| ukt ur
-%zeéemeneg bir ki Ki cebirsel, kal an yedi

séndmeawergerek-e olarak her i1 ki igrup d
ol mabarak belirtmixktir. Son g°r¢kmel erd
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rk ettijini ama o an i-in denkIl emi yazama
arak sénefllatnalékar &leamcai ¢ebi rasel ol mayan
nefl andérma yapméxl ardeér . Byineleanklit € kat €1 & me
¢cnt¢ye fark ettijinden, ki Ki Ki genel | emi
pmadéej éndan bahset mi kDeinrk | (ebma kyéanzénza y Ea bgleor ek

0]

r @®ijayehezegmegneg 1 se hem °n °go%rkgrkemeddee hem

at el emceéeldaemé&n erh e Kauir mu K ol maseéne belirtere
e

ri endirmiklerdir (bakénez Tablo 4.37).
Ekitlik ve denklenm dvPer ddéen cdée jsiokrkue ni nic-eelrend
g°r ¢kmel erde sekiz °Jrenciden bexi bu sor

¢ cebirsel ol mayan bir soru ol ar ak Sén

>
(o]l

fl andér ma yapan kat el emcél amndan doerdyg

-

€] éndan bahseder ken, kal an bir kat el e
amakt an bahsetmi ktir. Cebirsel ol mayan

©

téel émcé ise soruda exitlik veya denkl emin

r ¢ tbmeé g uncedendej i nde i se bek kat él emcénén S0

t €l éncebgselé @] i Iseol ar ak ¢ rECelirselboisrudéej é gor ¢ |

ar ak sénéfl andér an kat él émcél ardan i ki si

-~

mlerin bir &iayaikoépmaymmgen@me&nkibiar | €] éne
genell eme yapmayé °ne sS¢rmekKt or. Cebirsel
nklem ve exkitlijin eksiklijinden bahset mik

gi | °Jrenci -%zeinkeneil er dee lgePmsdtiecfriinnme e | Mh e g

kullanarakt op | ay an( S®j-rd&rgam¢eneg sekiz ©°jJrenciden al

o |
d o
bi
i f
K i

ce

arak séenéeflandéreérken, I ki si cebirsel dej
rd¢ gerek-e olgédrsaketrdpilacdayd®&e eidmlr &rin, bir k
' i nmeyenin vardeéjSe-éi,| okianl ammo dbeilrl ekmexk ik ul | an
ade et mi Ktir (bakénez Tabl o 4.40). Son g
Kiden Slef-ridloaepmpegebi r s el ol ar ak senefl andér
birsel dejil olarak sénéflandérdéejée g°r¢lm

kat el émcé da dlesntzeetro ;i @ mia ME d r&i@ebirgell | a mé K

ol

mayan bir -%z¢m ol ar ak dejerl endiren é -
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eksi klijinder, Ski-ril|l &i i -°z¢megneén somut

(bakénéz Tablo 4.40) . Benzer terimler:i
°J r g@izem)- °z¢megne verilen cevapl ar i ncel e
kat el emceél ar én b u -9z ¢imeg dbdid uinrmsBex It um | a
kat @&l émceéel ardan altése Gi zembi n benzer
ol maséndan bahseder ken, dijer ik kat e
yapmékter (bakénéz Tablo 4.41). Son g°r
-0 zgmg yedi ki Ki den altésénén cebirsel,
sénéflandéerdéjé go°r ¢l megkter . Bu -°9z¢mg

benzer terimleri sembol kullanarak toplamadan bahsederken, cebirsel olmayan bir
-%z¢m ol ariarke d ejierr | keinkdi i se denkl emin ek

Son ol ar ak °J ret men adayl aréneén ol a
farkéndal ekl ar é Il ncelendijinde °J ret me
sorisu ndaki ol asé °9Ymeneisonr zgimngadek er de
f ar k & n d aderelk dlasakyésnkésne k ol duj u g%zl enmi kKt
denkl emlere odakl anan ve ebkincts oirkuadrae t ienkii
i Kar eftoplamd nol ar ak and y@Ilnaend m&ks g laaer ggra s € °
g°r ¢kmel eridlei y@jl metzmean Dbelidilirkeré but asraayféé nsdam
g°r¢kmel erde alteya y¢ksel miktir (bakeén

TARTI kMA VE ¥NERKLER

¢al @ékma bul gul aréenda g°r ¢l deg] ¢ gi bi
amaceénéettmehdrd nhem °n hem son g°r¢kmel er
¥ ret men adayl ar éneny¢ rocug fda°rrkeemmddea | @aj e n d
Y°ntem ve Tekrdigklcer id °enecEl -emmei nvdee [ael] er | e
derg erinin etkisi ol abderskerdes pr i der ¢ Rglk mealk
g ° matematiksorusgel i Kkt i r me, dealkeé pyweapmérned kutkéru.r

Verilen d°rt matemati k sorusu bazénd
°Jretmen adayl arénén cebir alngétluatraér lieén ck
cebir al gese sergil emedi kl eri vegénr ¢l m¢ K
g°r¢kKkmebarzée kag@p teanlcléedrmae soru séenéfl and
ya da °Jrenci -%z¢e¢ml erioni g°r¢nce dejil
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°J renctiultebimicréb i s & md galamlalder Binreng°®stergesidir.
¢tal € K ma bul gul ar é g°stermektedir K i ¥zel

odakl| arkal amaf t°ajlréekf j aneeli imre n adayl arénén cebir

gel i kKtirmeksdire ndegjeitlediln. b¥jrret mnanvadayl ar én
son go°r ¢xkemedler dear ak gel eneksel sembol man i
bul unmBkt uda Kaput 6un cebirsel d¢ Ké nme kur
genel |l emel erin sembol skgt d Clogrei Aislpeecit f 889 e i
1 O T G I I Ay h & nmukitawnrd.a °J ret men adayl arénén
- %z ¢mledrir sel vesyén édfeljandéorlna ayjkapar ken bexkinc
al dékl arée |l ineer cebir dersine vuwmrgu yaptékl
kar ar v er mdatemaiik B® d i;imd, & n al dékl ar e b u der st e
¥Jretim Ydoasindeinklleerdii kK1 er i cebir bel ¢m¢egnden deé
kal mal arénén sebebi bu derslerde harcadékl ai
adayl aré s aideic-eeradmnl ibndegri scebir dersini bir
pedagojikalan bilgisine odaklanar¥ z e | ¥Jretim Y°o°ntemler. der s
dé¢kegnme bl ¢megneg sadece i ki haftada i K|l emekt

¥Jretmenobhdagl 8fe@enci - %z ¢ml eraki ni t ahmin
bakar &l &l alb dlandan dauyine® j renci |l erin - éncyg¢ dPner
al deXkjlragtéei m Kl ke ve Y°ntemler.i dersinin etki

Bu ders kapsaménda °jretmen adayl arénén ol a:
ders planlaré olukturmal aré beklenmektedir.
°Jrenci -%z¢ml er i nibut ammmleax dadlk maetechatik bakar el é

sorusunda a°sjérnednac iylaeyrgéanr ol arak g°r ¢l en kavr a
i Karfioplamd ol arak yorumlamayeé ©°n ge°r ¢kmel erde
belirtmicktir. Bu °jJretmen adayl arénén bu sc
&-¢é¢nceg dPnemde al deékl aleriéderddndea detsii verenK|l ke ve Y
hocalmé@én konudan bahsetti]jini belirttikleri,
bul dukl ar é iders ©] rkeenncdiil e® z ale ayne soruyu sor
yanélgeséenée g°zlemledikIlerini belirirttikl eri
K i °Jretmen adayl arénén bilgilerinin kaleéecé
onl arrma dej yanl éx -eki tli °Jrenci -%z¢e¢mloer i
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pedagoji k alan bilgilerinibderdokl akakt m
konudabener ©°ner i | e (°dedibduilkunkhaubkatrur& Ama-, 2
vd., 2016; Tanisli & Kose, 2013)
¢cekar éml ar

¥Jretmen adayl arénén <cebir al géel ar ér

pedagojkal an ve °jJrenci bilgilerinin gelikt
¥zel ¥Jretim Y°ntemler. der si ndeteksadece
baké&mna der s ol arak ©°jJretmen ej i ti mi p
ol abilir. Bu daaénéelkemhak Aajyknedt izna mdant e mat i K
programénén alteénce ¥@d? aemn{n¥ Kk o yud 1a81) Ad
i -ere Jjyi°nel i k °neriler sunmaktadeér.

Bu alanda yapeélacak ol an gelecek - al

adayl ar énéélnarcetei rdaasnlag kapsaml é anl ayabil
°Jretmen adayl arénclealangaebs r pehnlkarz&anaeml
i stenebilir. Ayr é ca b utakiduggulaanaopkl ual nl | aarr éénndéa

uygul amal arée i staenm«hl@tramaaieendandg? 2l ene
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