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ABSTRACT

DEVELOPI NG EI GHTH GRADE STUDENTSO6 MATHEM
PRACTICES IN SOLIDS THROUGH ARGUMENTATION:
A DESIGN-BASED STUDY

kahin Dojruer, kule
Ph.D., Department dilementaryEducation
Supervisor: Assoc. Prof . Dr . Di dem

July2018,346 pages

The purpose of this study wasdbtainclassroonmathematical practices
ofeighhgr ader s 0 deptof saligsandtb st theoeffectiveness of this
content in an eightigrade matbmaticsclassoom In this respect, an instructional
sequence wassedwith guidance of a hypothetical learning trajectory. The context
was basic elements gbrisms their surface area, basic elements of cylinder, its
surface area and its volume. The proaassinued through four and half weeks.
Argumentations, dynamgeometry software and daily life examples supported the
classroom activities. Pretest and posttest were applied to the students to obtain the
devel opment of studentsd understanding in r

The classroom mathematical practices were obtainedraadgized by using
emergent perspective as a theoretical framework. This view asserts learning occurs
with combination of individual working and social aspects of environment. Using

Krummheuer 6s argument at i oasshaneddeds, thehi ch f oc
iv



mathematical practices were interpreted. Four mathematical practices were
obtained as: (a) finding definition and properties of prisms, (b) finding surface area

of prisms, (c) finding surface area of cylinder and (d) finding volume of cylinder.

The resultsi ndi cated that St u d edmnterssional wsolidke r st an

improved with support of argumentations and dynamic geometry software.

Key Words: Desigibased research,Solids Argumentation, Classroom

mathematical practices, Hypothetical learniragectory.
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CHAPTER 1

INTRODUCTION

School mathematics course has severaldarbains and geometry is one of
the most important ones among them. The niogtortant part of geometrical
thinking is about two or thredimensional geometric shape in space and looking
for various aspects of them @Nonal Council of Teachers of Mathemati2z800).
In geometry classes, students evaluate the relationships between geometric shapes,
Sstructures, theor ems, and formulas (Kek
students should understand how to come up with a theory or a formula, according
to geometricfeatures of related shape. This requires an effective teaching and
learning of geometry. In the opposite case, students prefer memorizing geometrical
concepts and formulas rather than understanding them (Fuys, Geddes, & Tischler,
1988).

Baki (2001) states that students should learn geometry by understanding and
explaining the physical world by using appropriate prob$amiving strategies
within. Our physical world cannot be explained just by-thimensional Euclidean
geometry. Because ayghing that we contact by using, seeing, producing, i.e. have
athreedi mensi onal geometric shape (G¢gven &
Pittalis and Constantinou (2010) state t1l
activity that enables individigto create spatial images and to manipulate them in
sol ving vari ous practical and theoretic
summarizes this statement as getting the meaning of any object or process in the
shape, size, orientation, locatjam direction. Therefore, many national documents
(NCTM, 2000) have stated that all students should have opportunities to work with

threedimensional shapes by visualization to develop spatial skills since they are



important and useful for everyday life and for maagufe careers. Moreover, the
importance of thredimensional thinking abilities has been expressed by
researchers across mathematical and scientific disciplines. Despite its importance,
solid shapes, polygons, triangles, geometrical ratio, geometricafdraration are
defined as the most problematic ones in terms of teaching and learning. Students
tend to define them as difficult to understand (Adolphus, 2011). Thus, three
dimensional solid shapes are among the challenging concepts for students. In this
sense, the research has shown that those concepts should be learned through
appropriate learning experiences (Algahtania, & Powell, 2017; Ganesh, Wilhelm,
& Sherrod, 2009; Marchis, 2012).

For instance, Yackel and Cobb (1996) claim learning mathematicsl@sclu
both individual working, but also collaborative working by involving in whole class
discussions and by explaining and justifying their works in a wider community.
Moreover, in several studies (Bauersfeld, Krummheuer, & Voigt, 1988; Cobb,
Boufi, McClain, & Whitenack, 1997; Giannakoulias, Mastorides, Potari, &
Zachariades, 2010; Mueller, 2009), the importance of discussion and argumentation
in mathematics classes, and the classroom norms are characterized by processes of
explanation, justification, and gumentation. Thus, as a salkea of mathematics,
it is appropriate to adopt the argumentative classroom environment to the geometry
classes. By this way, it might be useful for students to understand the structures and
theorems, and their relations by eanohing ideas. Additionally, while discussing
the scientific argumentation process, Driver, Newton, and Osborne, (2000)
conclude that argumentation promotes deep conceptual understanding of the
context. Moreover, various studies support that argumentatiwmoueages
conceptual understanding of mathematics and geometry by justifying and
criticizing ideas (AbiEl-Mona & Abd-El- Khalick, 2011; Jonassen & Kim, 2010;
Osborne, Erduran, & Simon, 2004; Zerab&aul, 2005). In this respect, it may be
useful to inclu@ argumentation in geometry to increase conceptual understanding
of students.

Aligned with the features of the designed based research, preparing an
instructional sequence with a conjectured hypothetical learning trajectory
(abbreviated as HLT in thiswgly) for geometric concepts may provide benefits for

2



students to think and learn that context effectively. Moreover, by supporting those
activities with classroom discussions and argumentation, students would have a
chance to communicate their ideas witheys. Furthermore, argumentation on a
specific context provides to transfer ideas among students to becomeasaken
shared ideas which are a way of construction of mathematical practices (Cobb,
Gravemeijer, Yackel, McClain & Whitenack, 1997). In this exdpin the current
study, classroom mathematical practices formed by the classroom argumentations
in the context of thredimensional shapes were evaluated.

MoNE (2013) has stressed that the use of technology in mathematics and
geometry lessons developusi ent sé thinking and spati a
instruction should include a specific attention on the tdigeensional figures.

Especially, the visualization skills and representation of tdneensional shapes
should have a continuous development. Bé@im, LappanandHoaung, (1985)
states that spatial thinking can be taught and developed successfully by using
appropriate strategies in the middle and high school students. Relatedly, educators
believe that use of technology as an appropriate strat@geffectively support
teaching and learning mathematics and specifically geometry (McClintock, Jiang
& July, 2002). There are various technological tools that can be used in geometry
lessons such as word processor and spreadsheets. But, dynamic gsoftvedng
(abbreviated as DGS in this study) is a more effective tool to construct more
studentcentered learning environments (Hannafin, Truxaw, Vermillion, & Liu,
2008).

NCTM (2000) states that it is crucial in school mathematics to use concrete
materia, drawings, and dynamic geometry software to provide an effective
learning of geometry. By using DGS in the education field and by transferring them
to the dynamic computer screen, it has become possible for students to evaluate the
relations between strtures, to develop a hypothesis, to test theorems without using
papers and pens (G¢gven &Karatak, 2003) . |
students the opportunity to concentrate on much more abstract structures than
widely used papepen studies withtis dynami ¢ features (Hol | e
2018) . In this way, studentsdé power of i

increase in imagination opens the way of intuition, so the way of creation and
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discovery. When these ways are used, the studehtbeilable to analyze,

hypothesize, and generalize. This will directly develop student's predménmg

skills (Baki, 2001). DGS, with its features of supporting experience and teaching

geometry through research, offers alternative possibilities to geomkich had

been taught in the same way for years (Edwards, 1997). In geometry teaching, by

using dynamic geometry software, students can create geometric drawings or do

interactive investigations on the dynamic geometric shapes prepared by the teacher

(MoN E , 2013) ; and in this way studentsd | eal
through mediating their activity in DGS environments (Algahtania & Powell,

2017).

For an effective usage of DGS and to provide a stuckemtiered inquiry, it
should be created with flexible instruction that is open to making conjectures to
guide students (Holl ebrands, 2007) . For i n
Sketchpad expected that by clicking and dragging geometric shapes, students would
be able to make conjectures abdgt tontext through a series of designed activities
(Hannafin, Truxaw, Vermillion, & Liu, 2008). Many educators who advocate the
effectiveness of such learning environments suggest that in these settings, students
can work together to develop theories andwd inferences (Battista, 2003;
Cognition and Technology Group at Vanderbilt [CTGV], 1992; Sinclair & Crespo,
2006). In this respect, it is appropriate to conduct a ddmged research to provide
students a learning environment in which they would thabkut the context,
discuss, express, and justify their ideas;eptor refute others reasoning, with a
planned, conjectured HLT and instructional sequence including series of activities.

Although there have been various researches conducted to eleduaieg
environment in its natural settings, it seems like there is a gap in the literature on
designbased research on geometry concepts that were with instructional sequence
and also with DGS. With respect to explanations above, since the geometry is an
important area of mathematics in which students have difficulties to learn and
understand structures and context, it may be significant to evaluate and explore their
classroom argumentations in the context of ttleeensional shapes and obtain the
formed classroom mathematical practices. Accordingly, this study evaluated the

argumentation and collaborative learning environment related to planned
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instructional content and activities. This process performed by application of
planned instructional sequencattwthe support of HLT during the teaching
|l earning sessions. In the <coll aborative
understanding of threelimensional shapes were examined. Also, their classroom
discourse was important to evaluate their reasoninthercontext as well as to
identify the construction of classroom mathematical practices. Since, the formation
of classroom mathematical practices is related to the social learning environment
(Gravemeijer & Cobb, 2 0 -Higgnsicmalsshaped wast s 6 | e
evaluated through classroom mathematical practices.

Accordingly, the aim of this study was to develop technolagyported
mathematical contents within an instructional sequence and apply them for a
predetermined period in an eighghade chss to investigate the effects of these
contents on student success. The instructional sequence of the study was prepared
based on Stephandés (2015) study named As.|
according to studentsO umeAlsbsappaopridte t he n:
questions supported with GeoGebra, questions that were inappropriate for the
content of the study were removed and appropriate questions were added.
According to the results, it was planned to evaluate and revise the content to make
it available to use in other classrooms.

Generally, desigihased studies are not formulated with a single question of
purpose. Of course, a research question can be produced on how a topic can be
learned or taught in the most effective way. However, ittrbascompleted with
several assumptions about what conditions affected the answer to this question
should fulfill, and at the same time it should be noted what kind of innovations this
study is expected to bring. In addition, new questions and new egimatearise
during the execution of the research project (Gravemeijer & Cobb, 2013).

In this context, the research questions that guide the study are as in the

following:

1. What are the mathematical ideas that support the mathematical practices

which dudents developed during this instructional sequence?



2. Are there aneffectsof t hi s i nstructional sequen
achievement by usingrgumentations andynamic geometry software in that

context?

1.1 Significance of the Study

Geometry as a study of space has an important place in mathematics lessons
at all grade levels of education. It is important for students to have a deep
understanding of geometry concepts. It is stressed in NCTM (2000) that spatial
understanding and abilis are important to understanding our physical world. By
having an irdepth understanding of spatial relations and relatedly geometric
structures, students are expected to be ready for many careers including advanced
mathematical topics.

Despite the impaance of geometry, international assessment programs
such as Program for International Student Assessment (PISA) and Trends in
International Mathematics and Science Study (TIMSS) show that for many years
Turkey has ranked at the bottom rows in among Hréigipating countries. For
instance, PISA (2015) report indicates that in Turkey, the level of mathematical
literacy of the students is very low and going worse; furthermore, it can be deduced
that studentso6é skills of desstamdpg acefnotmat hemat |
enough. In the same way, TIMSS (2015) report shows that Turkey remains under
the TIMSS average achievement score. In the same way, students have low
mathematics achievement in national examinations like University Entrance
Examination Examining those exams, it has been observed that the most wrongly
answered questions are coming from geometry. At this point, it turns out how
important geometry is. However, despite many efforts, there are still problems that
students having with geometfjdolphus, 2011). To overcome these problems,
there is a need to observe learning environments, plan and prepare instructional
content s, perform those contents for a per
practicesfor whether it has an effect on theicheevement or not (Geraniou,
Mauvrikis, Hoyles, & Noss, 2009).



In geometry, the teaching process consists of series of rules and formulas,
which causes the memorization of them. This process does not provide a conceptual
understanding of content. The gedngdessons are full of ragged drawings that
make students confuse the whole content
Bruce, 2015). Generally, geometry lessons include the teaching of geometrical
concepts. Those concepts are taught in an order by gide§nition, talking about
elements and characteristics of shapes, stressing important rules, giving the
formulas. Students rarely involved in the processes in which they can produce the
related knowledge. With these practices, it is not possible taesipelents to show
success in processes that they need to explain their own ideas on the context, justify
those ideas with using appropriate mathematical language, and apply the produced
formulas to solve conceptual problems (Adolphus, 2011; Cunninghddob&rts,

2010).

As an anticipation, that kind of classroom environment does not provide a
deep understanding of geometric concepts for students. Consequently, forcing
students to imagine those content through their own mental process, makes them
fail to develop insights into the concepts. In this sense, understanding the geometric
content may be difficult for learners in the paper and pen environment and may
prevent learning (Denbel, 2015). To overcome this problem, the curriculum has
stressed the usageDES in geometry lessons for a time (MoNE, 2013). Relatedly,

a conceptual understanding of geometric concepts can be provided by making them
involve in instructional sequences with an addition to technological support. By
operating those instructional semeces with mathematical classroom discourses,
meaningful and deep understanding of geometric concepts can be provided. Yackel
& Cobb (1996) believe that classroom discourse with classroom argumentation on
the context has a positive effect on students ilegrnof mathematics.
Argumentations include mathematical communication in which students share
ideas among students and teacher that shapes the learning environment.
Krummheuer (2015) mentions the process of learning mathematics as
argumentative and statésh a t it is based on studentso
explanation and justification. Accordingly, the learning of mathematics may occur
by participation (Krummheuer, 2011; Sfard, 2008). Thus, argumentation is a social
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phenomenon that occurs while irdgeting verbally with other members of the
classroom by explaining and justifying their actions during the practice

(Krumheuer, 2011). Relatedly, argumentation of mathematical ideas is considered

t o I mprove abilities of s tcondeets, ttheid reasoni

explanations about the context and expressing their justification about that ideas.
Additionally, use of technology in geometry classes seems to increase collaboration
and creative reasoning by providing an environment for students tongeciueas

with others. Furthermore, these collaborative activities enhance creative reasoning
by getting them involved in whole class argumentations (Granberg & Olsson,
2015).

In our national mathematics curriculum, the use of DGS is offered in
geometrylessons (MoNE, 2013), but in mathematics textbooks, there are not
sufficient content to provide a source for students or teacher that explains how those
technological tools can adapt into the lessons. The instructional sequence (Stephan,
2015) prepared fahe current study may be useful both for students and teachers.
Research also indicate that teaching geometry with the support of DGS have a

positive &effect on studentsd conceptual

achievement (Goss & Bennison, 208&nnafin, Truxaw, Vermillian & Liu, 2008;
Kalbitzer, & Loong, 2013; Kondratieva, 2013; Obara, 2009; Tayan, 2011; Yemen,
2009; Kutluca & Zengin, 2011). In the current study, students worked on the
activities with the support of argumentations and DGS thraag instructional
sequence and HLT. The use of dynamic environments also may help students to
develop their visualization, construction, and reasoning skills (Dixon, 1997).

In order to help students to get those skills, the lessons are planned and
organked through an instructional sequence by a conjectured HLT and with an
ongoing analysis of classroom process. Accordingly, conducting a ezessgial
research may be beneficial since itos
both the process of leang and the means that are designed to support that learning,
be it the learning of individual students, of a classroom community, of a
professional teaching community, or of a school or school district viewed as an
organi zati ono ( Coebrbr& Schaubld, 2083yh0). di Ses s a,

ai
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It is also stated that design research both has a theoretical orientation and
also has a pragmatic feature with resulting collaborative learning environment. By
connecting the theory and practice, it should have an ongbargging process that
is redesigned according to needs of students (Cobb, @08B). Involving that
kind of collaborative learning environment within an instructional sequence,
students may construct a deep understanding of geometric concepts.

The hymthetical learning trajectory of the current study was prepared based
on the geometric concept of thrdenensional shapes since it is seemed as difficult
by students (Adolphus, 2011). For this concept, choosing an digide
classroom was appropriate lopnsidering the national curriculum and also the
thinking levels of students.

Looking at the literature, it can be concluded that there is a need for a
learning environment in which students can express and share their ideas freely,
comment on othersd wor kCensidenng raemorigept i ng o0
learning environments, it nabe argued that thimay provide a more meaningful
learning of geometry for students.addition, it may be meaningful to add dynamic
geometrysoftwareto the learning environment when considering the problems that
students have in embodying tretationship between geometric structures in their
minds.

In this respect, this study is expected to fill a gap in the related literature by
planning and preparing lessons through an instructional sequence and HLT on the
concept of threglimensional shapeand by supporting the lessons with using
argumentations during classroom activities, giving daily life examples of related
context and supporting the instruction with one of the dynamic geometry software
GeoGebra.

Additionally, this study aims to maintaian ongoing analysis and
development process for obtaining classroom mathematical practices that occur
during the classroom argumentations. With this aim, by adding technology
supported activities i n Stephanods (2015
prepar ed. By this way, It I's planned to e\
geometry concepts, their errors in those ideas, how geometry lessons should be

designed and what kind of tools should support the instruction of the lesson.
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1.2 Definition of Terms

Hypothetical Learning TrajectofiLT) is a set of instructional activities
designed to support studentsd ment al proce
specific mathemati cal domai n. I't al so ai me
that specific dmain (Clements & Sarama, 2004).

For the current study, an HLT was prepared as a pathway for related context
including expected and actual mental proceststudentand the ways to support
studentsdé | earning t faton anddynandcxgeomeétdgr ough ar

software.

Instructional Sequendacludes set of tasks that are sequenced according to
the developmental progressions for completing the hypothetical learning trajectory.
Tasks are designed t o pr omoartieulascontedtent sé con
by requiring them applying the actions both by mentally and externally (Clements
& Battista, 2000).
In the current study, the instructional sequence was prepared based on
St ephan ( Z2afdbdignd surrieulom k

ClassroomMathematical Practicesocus on the takeasshared ways of
reasoning, arguing, and symbolizing that occur while arguing on specific
mathematical content.akenas-sharedideasindicates the social environment that
includes discussions about specific math#@cal ideas by using appropriate
mathematical language (Cobb, Stephan, McClain, & Gravemeijer, 2011).
In the current study, classroom takes har ed | deas wused as s
common understanding about a specific isand, theyproducedhe mathematida

practice by constructing on eaiclea

Argumentationi s a way of expressing student

mathematical ideas through classroom communication (Lampert, 1990).
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In the current study, argumentations included both-giagussions and
whole class discussions on a specific context. Studaipiessed themwn ideas,

justifiedt hei r wor ks, responded on othero6s i de

Dynamic Geometrpoftwareare computer programs by which geometry
can bdearnednteractively. These softwaregrovide students opportunities rather
than paper and pencil by making constructions and justifications of geometric
conceptsinder various transformatiofBenbe, 2015).

GeoGebrais a free dynamic geometry software for teaching and learning
mathematicghat can be used at all education levels beginning from elementary
(Hohenwarter & Preiner, 200keoGebra has many tools to help construction of
geometric cooepts. Users can construct many geometric concepts with their
measurements. Also, it is possible to see various transformation of shpaes. This
helps users to observe the relationship betwgeometric constructions and

transformations dynamically.
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CHAPTER 2

LITERATURE REVIEW

The National Council of Teachers of Mathematics (NCTM) (2000)
emphasi zes the i mportance of communication
understanding iRrinciples and Standards for School Mathemafidseystate that
the instruction should be designed to enable students to share their ideas in a
mathematical community, evaluate and analyze others thinking in the classroom
community. Students generally work together to construct their solutions while
working on questions whose solutions require justifications (Mueller, 2009).

Students should have opportunities to share and discuss their ideas with others to

involve in mathematical discussions effectively and to reason about context
(Lampert & Cobb, 2003). Bahnd Bass (2003) assert t hat f
understanding is meaningless without a ser
According to them, meaningful learning is possible by understanding the ideas of

the other students and generating new ideas fito In this context, through

reasoning, students can reconstruct previous knowledge, which can be based on

previous knowledge and create new insights. By giving the opportunity to reason

about mathematical knowledge in a supportive environment like asgyas

primary school, young learners can create, reflect and evaluate assumptions and try

to persuade others to accept these reasons (Maher & Davis, 1995; Yackel & Hanna,

2003). The instruction is created that allows students to share their ideas ®aii#h oth

participate in mathematical discussions and reasoning, students can present
persuasive arguments that show various ways of reasoning in the development of

solutions to problems (Maher & Davis, 1995; Maher & Martino, 2000; Mueller &

Maher, 2008).
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Resarchers emphasize some characteristics of an effective classroom
learning environment for mathematics and relatedly for geometry classes, such as
task design, tools, representations, inviting children to explain and justify their
reasoning and mathematick$cussion (Davis & Maher, 1997; Francisco & Maher,
2005; Maher & Davis, 1995; Mueller, 2009; Mueller & Maher, 2008).

For some time, education researchers have recognized the potential for
mathematics learning to be transformed by the availability ofatliggchnologies
such as computers, graphics calculators, and the Internet (Arnold, 2004; Forster,
Flynn, Frid, & Sparrow, 20Q Lynch, 2006). For example, interactive whiteboards
are predicted to be in at least one of every six classrooms around ttdwa€12
(Bowers & Stephens,2011). These technologies offer new opportunities for
students to communicate and analyze their mathematical thinking by enabling fast,
accurate computation, collection, and analysis of data, and exploration of the links
betwe=n numerical, symbolic, and graphical representations (Hennessy, Fung, &
Scanlon, 2001). Researchers state that if used in appropriate way, technology may
be very effective in teaching and learning practices in classroom environment.
Particularly for the rathematics education, technology has the potential to support
the instruction (Connell, 1998; Roschelle, Pea, Hoadley, Gordin & V2a6086).

In the same way, research support that usage of technology as an
instructional tool provides an inquiyased leaning environment in which students
communicate, argue, justify and explain their ideas to construct mathematical
understanding (Chapman, 2011; Goos, Galbraith, Renshaw, & Geiger, 2003;
Hahki°niemi, 2013) .

Since, studies stress the importance of collab@darning environment
and interaction of students, social constructivism has importance for the emergence
of classroom mathematical practices (O'Donnell & King, 1998). For construction
of knowledge, impacts of other people should be considered in t#risscial
interaction, classroom society (Jones & Bradeaje, 2002; Palmer, 2005).

In this respect, this chapter reviews the studies about the issues aligned with
the aim of the study. Firsthe main concepts of the study HLT, classroom
mathematical @ctices and argumentation in mathematics are discusfiedthat,
the geometry education and usage of technolepggcifically DGS are discussed
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relatedly. Lastly,the philosophies who emphasize the current study social

constructivismand RMEare mentioned to explain the theoretical framework.

2.1 Teaching and Learning Geometry

Geometry provides opportunities for students develop their thinking and
proving skills (NCTM, 2000). Thus, for many years, the teaching and learning of
the geometryd an issue for educators and researchers (Adolphus, 2011; Baki, 2001,
2002). Thus, it is affected by many reforrspecifically by modern mathematics
reforms which emphasize avoiding the usage of diagrams in lessons since they
make the geometry difficulfor students. Accordingly, students have confused
because of the knowledge provided by those diagrams since they guide students to
deductive thinking (Laborde, Kynégos, Hol | e

Many researchers viewed that the origin of the problas in the absence
of graphical representations associated with geometry as part of the repertoire for
expressing mathematical meanings. They were expressing the absence of usage of
diagrams a shortcoming for geometry teaching and learning. Freudetfiia) (
was among those researchers thinking as the same as the others; and he was
followed by many researchers, which stressed the reintroducing of diagrams in
geometry teaching. Despite the importance of usage of graphical representations in
teaching anddarning of geometry, it was not yet got the sufficient attention at those
times.

Various theories and studies about the teaching and learning of geometry
focus on the van Hiele model of geometrical thinking (van Hiele 1986), the theory
about figural congats (Fischbein 1993, Mariotti & Fischbein 1997), the theory
about figural apprehension (Duval 1998), and as a more recent theory of geometric
work (Kuzniak, 2014). Moreover, there are more general theories focused on the
specifics of geometry education suas about the conception, knowing, concept
(abbreviated as cKc) model (Balacheff 2013), as a more recent use of discursive,
collaborative, and material perspectives (Ng & Sinclair 2015a, b; Owens 2014,
2015), and use of digital technologies for geomeatiycation (Hegedus & Morero
Armella 2010; Jagoda & Swoboda, 2011). Looking at the literature, it can be
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asserted that more recent studies prefer
threedimensional shapes by using dynamic geometry environments (M&rgan
Alshwaikh, 2012), since thredimensional thinking and understanding those

concepts are labelled as difficult by learners (Adolphus, 2011).

Looking at the research on geometry teaching and learning, the most
obvious theory can be asserted as Van Hee mo d e | originated i
proposed five thinking levels for geometr8iriclair, Bussi, de Villiers, Jones,
Kortenkamp, Leung, & Owens, 2016). Then, theories emerged that those thinking
levels may not be definite to obtain (Lehrer et al. 1998). eikample, Wang and
Kinzel (2014) evaluated use of mathematical terminology through parallelograms
context. They studied with preservice elementary mathematical teachers and found
t hat vari ous reasoning types and di f fe
dscour ses. Forsythe (2015) investigated
geometry environment and types of dragging modes through van Hiele levels.
Using dynamic geometry software, it allows monitoring the change in the figures
and increase theeasoning process to observe relations between the kite and
rhombus.

In another perspective, studies were conducted about figural concepts,
figural apprehensiomand their dimensional constructions. In this context, these
researches support that students should learn beginning fredimession to twe
dimension and later solidthat are three dimensional objects (Duval, 2000).

Another perspective supports eriste of spaces for geometric warkthe
same context, Duval (1998) offers three kinds of cognitive processes for a
geometric activity that students involve in as; visualization, construction by tools,
and the last one is reasoning. He states that eablosd steps is connected to and
supports each other. He also stresses the importance of the visualization process
related to the solution processes of a geometry problem. He defined some different
approaches related to visualization process. Fischbed3) t@nsiders geometrical
concepts as they include two scbmponents as the figural the conceptual. The
relation between those two components cannot be separated and also students
should ground on a mental construction process. In the same rdspeotek
(2014) mentioned two interconnected planes as epistemological and cognitive

15



planes. Epistemological plane included support of materials, use of artefacts and
geometric definitions and properties. Cognitive plane was defined as combination
of visualization process, construction process (including use of materials) and
discursive process supporting geometric argumentation. In a later research; Gomez
Chacon and Kuzniak (2015) focused on the effects of DGS on relationships
between those three processes tigitalization, instrumental and discursive. These
studies exemplified use of combination of epistemological and the cognitive
dimensions effected geometric reasoning.

One of the more recent models about teaching and learning geometry has
developed as ckccénception, knowing, concept) (Balacheff 2013). This is a

perspective that focus on studentso

under

characteristics. In this respect, Gonzal ez

conceptions about congruency. They egd four conceptions as perceptual,
measurepreserving, correspondenaead transformation. The study conducted in a
high school and dynamic geometry environment and authors concluded that
concluded that measuring process did not supported transfornpatioess and
there was a need for a theoretical approach to highlight this issue.

Another recent understanding about geometry is discursive perspective
including argumentations. Recently, many researchers have supported use of
argumentations and discursigetivities. In this respect, in Massarwe, Verner and
Bshoutyds (2010) study, prospective
analysis of geometric ornaments and taught geometry by using this context to
mi ddl e school st ud e n eaianswiie dbddrved when theyo |
constructed new ornament styles, worked on problems including ornaments and
tried different ways to solve these problems. Rowlands (2010) offered a curriculum
initiative including history of Greek geometry. The aim was woenage discourse
which could provide opportunities for students to understand abstract proof. Owens
(2014, 2015) studied with different cultures about space and geometry. Data were
collected by interviews, questionnaires, field experiences, focus graups a
personal stories to provide a framework that is useful across a range of languages
and cultures for teaching early mathematics education. Ng and Sinclair (2015a, b)
used a communicational approach. For instance, Ng and Sinclair (2015a)
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investigated chd r e n 6 s | earning of refl ectional
geometry software. They conducted a classrbased instruction, they evaluated

the changes in studentso thinking about
argumentati ons s urptgnding bfesyimmetry. Nd &d Sisclair un d e
(2015b) investigated junior high school
shearing in dynamic geometry environment. The aim was moving students from
formuladriven and computational conception of area to gehceptual
understanding. They found that dynamic geometry technology that supported
student sé l earni ng, as wel | as the tea
argumentations.

Geometry interests in space and shapes (Clements, 1998). It studies spatial
objects such as shapes, their edges, grids; relations such as equality, parallelism;
and transformations such as reflection and rotation. To make these concepts clear
for students, teachers use various representations, such as drawings, schemes, and
graphsThese ways of representations give the contextual descriptions of geometric
concepts, may support the conceptual understanding of students, and help them to
develop their spatial reasoningdllowell, Okamoto, Romo, & La Joy, 2015)

The most emphasizedegmetric thought is spatial reasoning which is
defined as the ability to Asee, i nspect
relationships, and transformationso (Ba:
includes building and manipulating mental représgons of these objects,
relationships, and transformations, generating images, inspecting images to answer
questions about them, transforming and operating on images, and maintaining
images in the service of other mental operations (Clements & Batti3$2;

Cl ement s, 1998, Battista, 2007). For exar
shapes would result from cutting a square from corner to corner. Thus, spatial
reasoning provides not only an input for formal geometric reasoning, but also
provides citical cognitive tools for it. But, mny students have difficulties in

geometric and spatial thinkind@ mo | o , Ruttenberg Rozen &
These include, creating thre@nensional structures of urgstibes, making, and

working with twodimensional epresentations of threBmensional objects,

including plans and isometric diagrams, using and makingdimensional nets of
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threedimensional objects and comparing mathematical properties of- three
dimensional shapes. Therefore, it is necessary to useagte language to the
level of students as well as various activities supporting geometric thinking and
spatial skills (Kalbitzer & Loong, 2013).

As mentioned in the previous section, the reflections of the developments in
technology have brought mahanges to the classes. It is not expected that the
geometry, which constitutes an important part of mathematics, is excluded from
this effect. Geometry has a critical position in mathematics because of its
contribution to the physical world. It has beesed throughout history to explain
much mobility from micro worlds to macro worlds. However, research has revealed
that students do not develop strong conceptual understandings (Mistretta, 2000).

Denbel (2015) explains that, in traditional classrooms, g&gnessons are
performed by paper and pen. Similarly, geometry textbooks that students use just
give descriptions and figures afterwards. However, for some situations, those
illustrations may not be much comprehensive for not providing a visual descripti
of the geometric concept for the studentsao
general, requires a dynamic visualization of figures or shapes, but textbooks have a
static nature in themselvg€hristou, Pittalis, Mousoulides, & Jones, 2Q0BYy
working with textbooks, students are left to complete the dynamic visualization of
geometrical figures or shapes by their own mental processes (which can be
impossible for many times). Textbooks provide only one ideal and most common
form of any shae or figure, but students need to construct the whole forms of the
figure or shape in their minds. Thus, it can be concluded that, in general, those
textbooks are not appropriate with the construction process. In-pageencil
environment, it is possielto observe the last product of construction process on
the textbooks; but It i gnores student séb
Gonulates, 2016). Reversely, to provide a conceptual understanding of geometric
concepts, it is important for students &vdlop abilities for mental imagination of
shapes and figures (Baki, 2001). Because to get a conceptual understanding of such
as proofs, theorems and formulas, those require an insight and ability of mental
imagination related to flexibility of shapes oigures (Kondratieva, 2013).
Textbooks are far away from providing the dynamic nature of geometric concepts
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on paper (Hazzan & Goldenberg, 1997). Consequently, students often fail to
understand or fail to develop a conceptual understanding for the taunglepts
Because, it is difficult for nearly all students to visualize for instance, how to
produce the formula for the volume of a cylinder, to which knowledge they can
relate it while finding. Thus, to understand conceptually and internalize the concept
creates a mental challenge to students in the pencil and paper environment that is
the point what makes learning geometry difficult for many of them (Baki, 2001,
2002).

In addition, the Euclidean geometry, which is being taught in our schools,
cannot provile students with rich experiences and present research and exploration
environments (G¢gven & Karatack, 2005) . St
enriched experiences choose to memorize the rules, associations, examples, and
proofs when necessary. Margathers avoid using pencil and paper to form and
measure shapes in order to explore associations in geometry lessons (Goos &
Bennison, 2008). Because it takes a lot of time to form these shapes, measurements
do not give accurate results (De Villiers, 1996) addition, it is an issue in
traditional environments to create new forms for students to generalize through
i nduction (G¢gven & Karat ak, 2005). The r
geometry has recalled the ideate&ching other geometsanstead of Euclidean
geometry in many countries, especially
Perhaps, it was the dynamic geometry software, such as Cabri Geometry,
Geometerbs Sketchpad and GeoGebr a, t hat
field of eduation that saved the embedding of Euclidean geometry in the history
(De Villiers, 1996).

In the same context, Goods&spy, LynchDavis, Schram, and
Quickenton, (2010), studied with preservice teachers. By referring to Kennedy,

Ti pps, and Jexglanasion aselemept2rPséhdgl geometry should be
based on four basic areas including topological, Euclidean, coordinate, and
transformational; they constructed and organized their study and context around
those areas. They stressed that to be an eféetdiacher and to support their
students in getting conceptual understanding of geometry, at first hand, preservice
teachers should get that understanding themselves before they teach. Accordingly,
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they evaluated how can geometry method courses can bgnesio help
preservice teachers to get basic geometric concepts meaningfully; and how
technological tools may be helpful in this way. They supported the instruction of
the study with 3D computer graphics. At the end of the study, the results showed
that knowledge of preservice teachers increased in terms of basic geometry
concepts. The participated preservice tea
improved, and they felt themselves more proficient especially-Inhghd 3D
geometry and ready to teadtose contexts.

Reviewing literature, while some studies prefer to work with textbooks,
drawings and concrete materialdaflowell, Okamoto, Romo, & La Joy, 2015;
Thom & McGarvey, 2015)t is seemed that various studies are conducted by using
technology-specifically dynamic geometry environmentso eval uate studen
learning of particular geometric concepts and improve their conceptual
understandingdahner, Velazquez, Moschkovich, Vahey, & L-afaloy, 2012)to
evaluate their visualization skills arfteir spatial reasoning (Ng & Sinclair, 2015b;
Owens & Highfield, 2015; Sinclair & Moss, 2012), to enhance argumentations of
mathematics ( Morgan & Alshwaikh, 2012), and to evaluate effects of DGS on
student sé mat hemati zi ng0l8).Greefrat h, Hertl ei

For instance, Morgan andlshwaikh (2012) tried to understand the
di scursive resources may affect studentso |
They gathered data from an experimental teaching program, conducted as a part of
math project focusing on-B shapes. An instructi@l sequence was prepared
including dynamic geometry software to provide students make connections
bet ween static and dynamic contexts of dom
The study showed that supporting instructional activities with dynamic geometry
environment supported studentsdé6 participat
about related context and enhanced construction of argumentative classroom
environment. Similarly, Granberg and Olsson (2015), investigateghauof
Ge o Ge br a o nllabsrationdaadncteatide reasoning during mathematical
problemsolving activities. Students worked in pairs to solve a linear function using
GeoGebra. For data collection they recorded conversations, and computer
activities. Gathered data were analyzednugi Li t hner 6s (2008) frar
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imitative and creative reasoning. The results of the study indicated that the use of
GeoGebra supported collaboration by providing students a shared working area and
relatedly to think more creatively by this sharing anchexging ideas. Use of DGS
as an instructional tool , enhanced stude
the same respect, Lai and White (2014) designed a different study. In their study,
students worked in four groups collaboratively. The researclaast of a larger
project and students dragged the four vertices of a quadrilateral by using mobile
devices. The findings indicated that stu
indicator of their enhanced learning when compared to individual working

Looking at the literature, it can be deduced that recent trends about geometry
education has focused on use of collaborative learning environment including
classroom argumentations. Moreover, as mentioned above, the introduce of
Dynamic Geometry Softwar@®GS) to the teaching and learning of geometry has
become a possible solution to the defined problem above. Use of argumentations
which supports collaboration and communication among students and use of DGS
together may provide dynamic and visual repregémns of geometric concepts for
the students. The current research expl
guidance of an instructional sequence and the conjectured HLT by supporting DGS
and using it as an instructional tool. The detailed inforomawvill be provided in
the following sections of this part.

2.2 Solids

Geometry plays an important role in making correlations between
mathematical concepts and everyday life (NCTM, 2000). Therefore, the reason for
overemphasizing geometry teaching danasserted. Thus, there is a call for a
comprehensive geometry teaching and spatial reasoning in mathematics curriculum
(NCTM, 2006). The development and improvement of teaching and learning
theories is one of the main objectives of research in educ&amusing on this
process involves developing and refining theories, especially on geometry teaching
and learning, and applying more general theories to the properties of geometry

education.
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Compared to the other fields of mathematics, geometry is aiddiet
contains more abstract concepts in particular tdreensional shapes that require
students to think comprehensively wusing th
Most of the problems that students face with while teaching and learning are said
as solid shapes, polygons, triangles, geometrical ratio, and geometrical
transformation. They are generally identified as difficult concepts for students and
teachers (Adolphus, 2011). Since the solid shapes (ordimemsional shapes) are
defined as mblematic by students, it may be beneficial and significant to conduct
a research and evaluate the lessons based on thosalihreesional shapes.

By reviewing the literature, studies on thh@ienensional shapes, especially
based on studentso abil ity -dimensioeadt abl i sh
representations of threBmensional solids and also focus on the ability of
reasoning about thosethrdee mensi onal solids. The researct
generally drawings of solids (Lehrer, Jenkins, & Osana, 1998), drawing their nets
(Potari & Spiliotopoulo, 1992), recognition of nets (Bourgeois, 1986), description
of nets (Lawrie, Pegg, & Gutierre2000), construction of nets (Despina, Leikin, &
Silver, 1999) were examined. Studies about judgement skills were especially based
on examination of different structures formed with cubes (Battista & Clements,
1998; BenrChaim, Lappen, & Houang, 1985),dte nt s 6 r easonings are
according to Van Hiele levels (Gutierrez, Jaime, & Fortuny, 1991), students' spatial
thinking skills (Saads & Davis, 1997), and integration of the technology and
software to the teaching threémensional shapes (Markopoul&sPotari, 2005;
McClintock, Jiang & July, 2002). Also, a variety of studies examined the preservice
teachersdé under st asdidishapey which is also isnpoaantifor at i on o f
teaching those concepts (G°kkur té6 kahi n, E
Markopoulos, Chaseling, Petta, Lake, & Boyd, 2015; Pittalis, Christou, & Pitta
Pantazi, 2012).

Potari and Spiliotopoulo (1992) aimed to
about nets o$olids and relatedly, their ability of visualization of charastérs of
solidsaccording to their nets. The participant students were asked to draw the nets
of the given objects as matchbox, toilet roll and sardine tin. Also, they were

interviewed to explain their drawings. Moreover, the study included whole class
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dscussions on relations between the o0bj ec
explored the ways of <childrends i maginat
given to them that revealed children's understanding of space. They found that the
physical objectand classroom discussion supported students understanding and
drawings relatedly. In Gutierrez (1996), he outlined the importance of visualization
in geometry learning, especially in three dimensiawdids. He discussed about
roles of mental images andibty of visualization in learning and reasoning on
mathematics. He pointed that usage of technology would be helpful to gain those
abilities.

Similarly, Lehrer, Jenkins, and Osana (1998) designed a -yiegae
longitudinal study and examined the studéntsc oncepti ons - of t wo
dimensional shapes, the measurement of length and area, mental manipulation of
drawings and graphing. For the study of thdegmensional shapdsolids) the data
were collected through drawing and spatial visualization td$tesstudy found that
curricular practices promote the conceptual change. They suggested that for
learning geometry, a systematic instruction should be provided especially for later
years of students.

McClintock, Jiang and July (2002) reported the fowd&ges were carried
out for four years. Those related studies investigated the middle and high school
student so devel opment of geometr-ic t hin
di mensional visualization. The study was
is one of the DGS. They constructed the dynamic representation of those solids.
The study followed a constructivist approach and found that DGS provided
opportunities for students and has a positive effect on them.

Similarly, Marcopoulus and Potari (19990, 2005) studied on a part of
the project, s t u d edmeersiénal sdids mand iprogertiea bfo u t tr
those solids. They used three different contexts for the study. First one was with the
studentsdé usage of physsi odelf i maetde rtihalosu,g ht t
interactions in a computdrased environment and the last one was formed by
studentsd visualization abilities concer
Each report explained the one phase of the project. The projedudeddche
importance and support of the materials used in the geometry lessons related to
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studentsdé <conceptual understanding. Those
dynamic materials and dynamic software. As a result, although not all the students

reache an advanced level of thinking, the context designed with the support of

dynamic objects both physical or on computer increased the development of most

o f the students6é geometrical thinking. I n
evaluated the studies abotite importance of visualization in understanding

geometry, she discussed the importance of visualization skills especially in context

of 3-D solids; as a last point the place of computer technology in geometry teaching

and learning. She underlined theeaxh state that in conceptual understanding of

geometric concepts and relations, visualization is the critical point in the

instruction. Especially, in learning of2, 3-D and transformation geometry, those

skills are very crucial, and usage of compuéshnology has a positive effect on
studentsdé | earning.

Cheng Meng and Idris (2012) explored effectplasebased instruction
by usihngGeomet er 0s Sketsdthupleecht § GSR)eomatric thi
achievement in solid ge omthigkingldvlley used v
The study was a case study. The illustrated that use of GSP thorougtbpbade
instruction could support the participant st
terms of solid geometry.

Marchis (2012) conducted a research on-gmeice primary school
teachersé mastering some notions and proper
elementary level. The research illustrated that there were students who could not
recognize basic geometrical shapes or solids. Most of the studeidsnot state
correct definition for geometrical shapes and they could not explain the basic
properties of the shapes. Regarding geometrical solids, most of the students
coul dndt dr asiménsiomal representationt of thewalids and most of
them di dndét know how to draw the net of them.

Huang (2012) examined effects of comptiiesed curricula in terms of
volume measurement concepts in fifffade geometry lessons. The research also
evaluated how did the computeased curricula effectonstudend abi | ity to sol
volume measurement problems that demand mathematical explanations. The

instructional approach included an environment in which students could
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representing and communicating their solutions, reasoning about explanation,
evaluating measament claims, and clarifying their mathematical thinking. The

context of the instruction was about volume of a unit cube, geometric properties of

a 2D shape and a solid, transformation ehRd 3D figures, differences between

area and volume. Findingsdicated that guided argumentative and comph#sed

i nstruction enhanced studentsd acqui sitic
likely to show gains in explaining mathematical thinking for volume measurement

when they exposed to that kind of emed curriculum.

Latsi and Kynigos (2012) studied with six graders in a public school of
Greece. The participating classroom included 23 students involved in 16 teaching
sessions for two months. The students worked collaboratively-DnsBapes
through tleir dynamic manipulations and transformations by using 3D turtle
geometry. The results indicated that use of turtle geometry provided more
constructivist approaches for students and enhanced collaboration among them.

In Kalbitzer and Long (2013), they gpared opemnded tasks based on
three dimensionaolids They used multiple representation methods to tealatis
including computer applications. They taught year 5/6 mixed ability class by this
way. The study showed that students like to engagetivites that differ from
traditional methods. Also, they observed that usage of concrete or technological
mani pul ati ves and tool s wa s directly r
understanding of three dimensional shapes since they provide studené ment
visualization of the context.

Knci kabé and Keél ée- (2013) , conducted
evaluate the conceptual knowledge of thdéaensional solids in primary school
level. For this reason, they prepared a diagnosis test that cornsistefjuestions
related to conceptual knowledge of cube, square prism, and rectangular prism. 272
students participated to the study and 12 of them were chosen for the interview.
Data analysis were conducted both quantitively and qualitatively. The results
showed that most of the students cannot name the solids and cannot tell their
features, very few of them could. Additionally, it was obtained that students have
some misconceptions about geometric concepts in solids. Students often confused

threedimensimal objects with the names of tvdimensional shapes. Moreover,
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some participating students couldndét provi c
prove their own claims.

G¢-1ler, Hegedus, Rodxamdneduhe gxpetiendesaf ki w, (20
fourth gradestudents. They involved in a dynamic geometry environment and
explored the characteristics of 3D shapes. This dynamic-moltial environment
supported semiotic mediation and provided social interaction since students worked
in groups. The researchersmMam f ocused on studentsd disco
Results showed that wuse of technology by ¢
the potential to present students with the opportunities to explore 3D objects
through multiple perceptions, supporting meaningiatourse as students engage
in mathematical activities such as exploring, conjecturing, negotiating meaning,
and sensemakingo (p. 97).

Chang, Wu, Lai, and Sung (2014) developed a system to facilitate learning
of 3-D geometry by supporting spatial thinginThey developed that system based
on Duval's four critical elements of geometric learning that, perceptual
apprehension, sequential apprehension, operative apprehension, and discursive
apprehension. The idea of the system was based on supporting lighssatients
learning of 3-D geometry problersolving. Also, it offered an approach for
manipulating spatial figures to develop the students' visualization skills and
conceptualization of images. 58 students participated from different classes. The
experinental group learned by mentioned system and the control group used
traditional pencHandpaper method. The findings indicated that proposed system
increased students understanding @ §eometry and enhanced their spatial and
visualization abilities.

In this respect, Markopoulos et all., (2015) examined primary and early
childhood preservice teachersd geometric tIl
three dimensional shapes. Authors stated tHatshapes were very complex to
visualize and require impved spatial abilities Researchers studied with 289 pre
service teachers. Results of study indicated that it was difficult for students to
decode and encode the visual information. They found difficult to identify and
understand the relationship betweet {two-dimensional) representation of solids

and their 3D mental constructions. Incorrect ideas were occurred incorrect ideas
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related to volumes of solids. Study was
for developing their visualization and conaggdtzation of 3D objects. Moreover,
two-dimensional learning was inadequate for teaching and learning of solids in
terms of providing preservice teachers information and activities to help them
develop their spatial abilities.

Kotsopoulos, Zambrzycka, amdakosz (2017) conducted a study whether
there were visuaspatial gender differences in twearold children. They also
evaluated environmental and cognitive factors that affect and make any
contributi ons -dpatial skiisi Moctover g9 Isoked fos geralér
differences for these factors. 63 children were assessed on theirspatial skills
including works based on intelligence, quantitative reasoning, working memory,
and home spati al activity engrageenent . A
assessed in terms of mental rotation skills. The study questions were mainly about
chil drenbds gett i rignensional dbjects,ctbys, and tshapes. hr e e
Findings of the study indicated that ther
visualspatial skills at age two.

When the national curriculum of mathematics course is examined, it is seen
that besides geometrical shapes, geometrical objects are also included. The students
have the knowledge of cube, rectangle prism, cylinder, spteme, and pyramid
beginning from first grade through fourth grade (MoNE, 2013). When the student
reaches the fifth grade, it is expected that the students explain the properties by
specifying the names of the geometric objects. Later, at the middle detebl
students are expected to acquire deeper understanding of those shapes including
their nets, surface areas, and volumes, since they move to-legikethinking
skills (MoNE, 2013).

Il n this respect, the current study st
dimensional solidsspecifically prisms and cylindeby conducting a desigbased
research. For this aim, an instructional sequence and HLT was prepared including
basic featuresfqrisms, their surface area, basic features of cylinder, its surface

area and volume by supporting the process with argumentations and DGS.
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2.3 Classroom Mathematical Practices

For many years, researches have focused on the sociological side of the
teaching and learning of mathematics. Specifically, the focus is cooperative
learning by forming classroom mathematical practices (Ball & Bass, 2000; Cobb &
Bauersfeld, 1995; Cobb, Stephan, McClain & Gravemeijer, 2011; Stephan &
Rasmussen, 2002). In genethey prefer to focus on the social side of the teaching
and learning of the mathematics, since mathematics is considered to be learned in
community by doing mathematics (Cobb, Yackel & Wood, 1992; Yackel & Cobb,
1996). The studies in the literature hafeezused on the different sides and
definitions of classroom mathematical practices. For example, Bowers, Cobb and
McCl ain (1999), def i nedfocudesxon shetdimveaysat i c al pr
of acting and reasoning mathematically that become institalized and hence are
beyond justificationo (p. 28).

There are some researchers that define and use the term mathematical
practices from different perspectives. For example; Font, GoamuoGallardo
(2013) defines the mathematical practices from two perspectiviest one is
operative side which is the reading mathematical texts and production of
mathematics, and the second one is discursive side which is about reflection on the
former activities. Moschkash (2002), brings a different point of view to the term
and distinguishes it in two groups. First one is defined as activities such as shopping
and ordering. The second one is academic practices which are about the academic
side of the mathematic that accin school environment such as performing
mathematical talks, involving in mathematical activities like problem solving etc.

In Moschkovich (2004), she describes goals, meanings and focus of attention of

those practices. In Moschkovich (2007), she aredydiscourse practices of a third

grade classroom. In that study, she distinguishes school and professional
(academic) practices. Because, she thinks that school mathematical practices do not

reflect the practices that mentioned in the mathematicaltliteraShe points out

that most of the mathematical classrooms do not produce the practices that

explained by mathematicians. As a last point, GadBaianeroand Font (2007)

states that mat hemati cal practice is fdany
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otherwise) carried out by somebody to solve mathematical problems, to
communicate the solution to other people, so as to validate and generalize that
solution to other contexts and probl emso
In here, they highlighthe role of mathematical activities by using in construction

of mathematical practices.

Classroom mathematical practices occur while arguing specific
mathematical ideas and it is a way of sharing, arguing, reasoning of those ideas
(Cobb, Stephan, McClai& Gravemeijer, 2011). The definition that produced by
Cobb et al . (2011) as Afa conjectured | «
envisioned sequence of classroom mathematical practices together with conjectures
about the means of supporting their eviolstn f r om pri or practi ce
2011, p. 125). A similar definition is made Bpwers, Cobb and McClain (1999)
as the ways that Athe teacher and student
practices involve means of symbolizing, arguing, &alidating in specific task
si t uat 8. mhe startihgopoints of those definitions are the individual and
social views of learning process. As it is stated in the definitions, the mathematical
practices imply takeasshared ways of reasoning, discussing, and arguing
mathematically. Cobb, Wood, ¥kel and McNeal (1992) defined the takers
shared ways as a process that performed by arguing on mathematical explanations,
justifications, symbolizations etc. which end up with emergence of classroom
mathematical practices. Accordingly, it can be conetlithat the emergence of the
mathematical practices is strongly related to the social interaction among classroom
members. By creating a socially active classroom environment, students can be
motivated to involve in process of mathematics teaching andiheamore
voluntarily (Cobb & Yackel, 1996).

By reviewing the explanations and definitions, it can be understood that
classroom mathematical practices are just formed by cooperative learning in the
classroom environment. The formation of classroom matheshgiractices is
influenced by the individual studies and activities of students as well as by
collective learning environment. Hence, it is not possible to ignore the individual
work of students in the formation of classroom mathematical practicesrifiba c

point in the process of development of classroom mathematical practices is to
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eval uat e t he ways of student séo participal
environment and trying to make some contributions to that environment (Cobb &
Yackel, 1996).

The formation of classroom mathematical practices is mentioned as when
the classroom practices become takeshared Cobb, Stephan, McClain &
Gravemeijer, 2011)To make classroom practice takamshared, there is a need
for students should make some tdnutions such as sharing ideas, giving
examples, making justifications, proving solutions etc. Those activities are products
of students own mental processes and this is the point why the individual
participation of students has that much importance.bCad Yackel (1996)
underlined the same point by stating that there is an interrelation between those
studentsdé individual and soci al participat
permanent contribution to the classroom mathematical practices during they
reorganize their own individual works and activities and participating to the
classroom mathematical practices force them to reorganize their works permanently
(Cobb & Yackel, 1996). Relatedly, Cobb and Bowers (1999) stated that to provide
the individual larning of students, it should have provided them opportunities in
which they can participate the social context of classroom by sharing their ideas
(Cobb & Bowers, 1999).

As mentioned above, mat hemati cal pract.
understanding, »laining, justifying, refuting, reasoning of a specific
mathematical context, and make them taieshared by the classroom community
(Bowers Cobb& McClain, 1999; Cobb et al., 2011; Stephan, Cobb & Gravemeijer,
2003). To identify classroom mathematipat act i ces, studentsod ways
and their reflections are taken as starting point. The reflections of students occur
during the classroom argumentations and the activities on a specific content
(Stephan, Bowers, Cobb & Gravemeijer, 2003). Thusiab¢earning including
individual practices of students are the focus of the classroom mathematical
practices. Accordingly, the data about the learning environment including
classroom discourse and usage of the learning tools are collected by sociél side o
the classroom which is the formation of classroom mathematical practices (Stephan
& Rasmussen, 2002).
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By patrticipating to the classroom activities including classroom discussions,
students are forced to develop social and spw@thematical norms in the
classroom environment which support the development of mathematical practices
(Akyuz, 2014; Cobb et al., 1997; Stephan & Akyuz, 2012). Detailed information
will be given about these norms in the following sections. These norms are
important since they shae st udentsdé classroom mat heme
constructed by takeasshared ways of ideas. Additionally, while these norms
support the formation of classroom mathematical practices, they also provide
information about the features of classrootetiaction between participants of the
classroom community (Cobb et al., 1997).

According to the information above, there are two critical elements of
classroom environment in which learning take place and those social and individual
sides of learning. Thi is the same perspective with the one that social
constructivism states. Accordingly, learning take place in the classroom
environment with the equal effect of those two sides of the community. In the
current perspective, slopmdneafmahématicealeer st an
evaluated throughout both their individual works and their participation to the
classroom discussions and activities in which classroom mathematical practices
emerge (Cobb et al., 2001; Cobb et al., 2011). Additionally, thispeetise
embraces two consecutive parts that each student makes some contributions to the
classroom community by their individual works and that classroom community
forms the classroom mathematical practices by the support ofssisgtrared ways
of studens (Cobb et al., 2011). Thus, in the current study, those perspectives of
social constructivism are considered as a path to obtain and evaluate the classroom
mathematical practices since they emerge by the students social and individual
contributions to thelassroom community. Also, parallel to the current study, Cobb
et al. (2011), it is stated that in the literature, the studies focusing on evaluation of
classroom mathematical practices generally use a dbaggd approach to link the
theory and practicdt is possible to see various studies conducted to evaluate the
classroom mathematical practices in different contexts (Bowers, Cobb, & McClain,
1999; Cobb et al., 2011; Stephan & Akyuz, 2012; Stephan et al., 2003; Stephan &
Rasmussen, 2002).
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Bowers, Cbb, and McClain (1999) defined classroom mathematical
practices as classroom mathematical practices have students' ways of interpreting
and solving specific instructional activities. Specifically, they explained classroom
mathematical practices include¢ceh er and studentso discussi on
their solutions. Additionally, those classroom practices should be constructed on
explaining, justifying, symbolizing, questioning, and arguing about specific tasks
or contexts. In their study, as an illustoat interpretations and solutions that
i nvolved counting by oneds was established
of the school year in participating secegrde classrooms. During the experiment,
some students from those classes could be ab#fevelop solutions related to
conceptual understanding of units of ten and one. After doing that, students were
obliged to explain and justify their interpretations of number words and numerals.

At the end of the school term, solutions based on such iatatipns were taken as
selfevident by the classroom community. Doing the interpretation of number
words and numerals in the related context was beyond justification and accepted as
a classroom mathematical practice. This example serves to illustrade drelysis

of classroom mathematical practices focuses on shifts in ways of acting and
reasoning mathematically that become institutionalized and hence are beyond
justification (Bowers, Cobb & McClain, 1999).

Bowers and Nickerson (2001) designed a sttalyestablish preservice
teacherdéds mat hematical practices in a dynan
preservice teachers involved in teaching se
In an undergraduate course, their social norms, suoeihematical nons, and
mathematical practices are evaluated. Learning environment was constructed on
classroom discussions. The study was performed by designing, testing, modifying
and retesting the conjectured | earning tre
collective learning activities were examined through social and soaihematical
norms and mathematical practices. The study obtained four mathematical practices
by using framework of Cobb et al. (1997).

In the study of Stephan and Rasmussen (2002) the clasaratimmatical
practices were examined during-deek classroom sessions. They used the RME
theory for the study and the participants were university students. The instructional
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sequence was designed through the context of differential equations for engineer
Studentsdé | earning of di fferenti al equat
classroom argumentations which are designed and guided by a learning trajectory
and an instructional sequence. Toul minods
the structureof the classroom discussions. To determine the takehared
mathematical ideas which form mathematical practices, emergent perspective and
a threephase scheme were used. There have been six mathematical practices
obtained that formed during the expeent. The researchers state that according to
the results of the study, it is critical to form the classroom mathematical practices
through the time and structure concepts.
Andreasen (2006) conducted qualitative study at an undergraduate
mathematics edutian course for 16 elementary school teacher candidates. The
study investigated classroom mathematical practices on the concept of place value
and whole number operations. A deshiased research approach was used for
formulating the study with an HLT amalstructional sequence related to place value
and operations. The emergent perspective that aim to coordinate both individual
learning and the social aspects of the classroom was used for data collection and
analysis. Data analysis for the establishmdrdiassroom mathematical practices
was conducted using Toul mi-phas ampmoaghu ment at
described by Rasmussen and Stephan (2008) and Stephan and Rasmussen (2002)
was used to determine classroom mathematical practices. The studye@rovid
insights for the refinement of the HLT and in defining an instructional theory for
preservice teachersod understanding of pl
Roy (2008) conducted a destpased research to evaluate preservice
t eacher so tbdmatisa practices inmahole number concepts and
operations. For this study, the researcher used the revised learning trajectory of
Andreasen (2006). To obtain and analyze the classroom mathematical practices the
same met hods wer e uentation neodel andiRasmussenandls ar g
St e p h a nghase methodelegy (2008)here have been Four classroom
mathematical practices evaluated.
Similarly, Stephan and Akyuz (2012) examined the classroom mathematical
practices of a seventirade classroom with a desipased research. They also
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used the RME theory for the framework of the study. Through the classroom
sessions of the participatindassroom, classroom mathematical practices were
evaluated via testing and revising an HLT in the context of integer addition and
subtraction. The instructional tools that used for the study were financial tables and
vertical number lines. With the guidanoé HLT and instructional sequence,
classroom mathematical practices were evaluated through 19 class sessions in the
context of addition and subtraction of integers. To analyze the experimental
process, Krummheuer 6s (2015f%onmatledwasati on of
used. By this way, the obtained logs that were used to identify the collective
activities of the students that form the classroom mathematical practices. To obtain
the classroom mathematical practices, a tptesse approach was used whish i
described in Stephan and -d&8shareduwdsasiathe ( 2002) .
context of addition and subtraction of integers and the argumentation process of the
studentsdé construction of the conceptual u
revealedhe classroom mathematical practices. Results showed that there have been
five mathematical practices obtained through the classroom sessions of the addition
and subtraction of the integers. Additionally, researchers appliepgogtests to
theparticipat students to obtain and evaluate the
achievement. The quantitative data from those tests implicated that with the support
of instructional sequence that are prepared in the integers concept, students
developed and impreyd their conceptual understanding on the related context more
effectively.

Akyuz (2014) examined the classroom mathematical practices under the
framework of RME and by using a desibased research approach. The
participants were ten students from uniwtgrsvhich were from department of

mathematics teacher education program. Also, eight of them were juniors and two

of them were senior grade student s. The
experimento course which i s aprmograms.ecti ve <co
Through the concept of circle wunit, the p

practices were evaluated with the guide of a conjectured HLT by testing and
revising it. The instructional tool that used of the study was GeoGebra which is a
dynamic gemetry software. The experiment continded five weeks and four
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hours in each week. The classroom environment was constructed as an inquiry

based and technologupported. To analyze the classroom argumentation of

student s o, t he T o odelmasmused Toaobtajnuandedatérmirtei o n

the takemasshared ideas of students which form the classroom mathematical
practices, emergent perspective and the scheme described in Stephan and
Rasmussen (2002) were used. Findings from the study showed thdtakerbeen
occurred three sequential classroom mathematical practices according to

complexity levels.

Uygun (2016), documented preservice

(PMSMT) classroom mathematical practices on instructional sequence about
triangles during sixweek. A conjectured hypothetical learning trajectory and an
instructional sequence were planned and prepared for the experiment. By
considering both collective learning activity of whole class discussions which
constructed the social side thfe classroom and also individual learning of each
students, classroom mathematical practices were evaluated and analyzed. To
determine the mathematical practices,
for extracting takerasshared ideas of the partiaipts. At the end of the study,
three classroom mathematical practices were obtained based on the triangles
concept. Results of the study showed that PMSMT improved their conceptual
understanding of the triangles with whole class argumentations and disthevit
support of other geometry concepts such as transformation geometry and geometric
constructions.

Moyer-Packenham, Bolyard and Tucker (2014), conducted a study to
understand the nature of children's mathematical practices better with an
exploratory eamination of the practices of seceghders. The participant
students were involved in activities based on rational number concepts. 25-second
grade students were asked to complete three fraction tasks during structured clinical
i ntervi ews. s, &tintengews anadyzed and ikterpreted to determine
the data which is beneficial for explaining the classroom mathematical practices of
students. Constructs, themes, and patterns were used for the analysis process. A
variety of mathematical practicesere obtained during the study. Classroom
mathematical practices were formed by students as a product of efforts to solve
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specific mathematical situations and also developed during the classroom

interactions. The study provided some insights about how matiwl practices

occur and what kind of activities promote the development of those practices.
Similarly, ¥zdemir (2017) wused RME theot

evaluate classroom mathematical practiceniRME based learning environment.

The stu¢ conducted with preservice teachersbéo

pyramid. A fiveweek instructional sequence which is designed by a hypothetical

learning trajectory about cone and pyramid was applied to preservice teachers. Five

preservice middle sclob mathematics teachers participated to the study. In this

qualitative research, the social learning environment of the classroom evaluated by

Rasmussen and Stephands (2008) three phase

according t o Toul mdeh ¢eur naathegmaticed praciides o n m

emerged during the instructional sequence. The study showed that emergence of

those practices supported by RME based learning environment. In that kind of

learning environment, participating teachers had chances to exgirass, criticize

their own and othersdé ideas to reach the a

Additionally, study implicated that RME supported learning environment may be

helpful for emergence of mathematical practices by developing conceptual

undestanding of content by providing a collective learning community.
Pei, Weintrop and Wilensky (2018) conducted a study in aihoome,

urban public high school. They implemented a computational learning environment

called as Lattice Landgevaluated effdc o f t he mi crowor |l d on

mathematical practices and observed whether it promote computational thinking

practices in higkschool mathematics classrooms. Lattice Land was a program that

provide students to explore geometrical concepts by manipuladitlygons on a

plane. The microworld provided opportunities for learners to use computational

thinking practices and develop mathematical practices such as experimentation,

pattern recognition, and formalizing hypothesis. This study was an indicator of

desgning computational learning environments can support meaningful learning

and enhance studentsd production of mat hema
By reviewing the literature, it can be observed that studies evaluated the

classroom mathematical practices in diffetexels and on different contexts. Also,
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since studentsd6 having challenges in
critical to find out what kind of practices do the learners form during the geometry
learning process. Additionally, as mathematezghing is considered to be a social
activity, for determining the mathematical practices, their relation to social and
sociomathematical norms should be considered as other dimensions of
interpretative framework. Moreover, with the support of technollogyathematics
education, it becomes critical to understand how usage of technology affects the
formation of classroom mathematical practices (Akyuz, 2014). The technological
tools can make it easier for students to develop different practices than timey do
pen and pencil environment. Furthermore, there are still gaps in literature designing
studies about using technology as an instructional tool. Thus, there is a need for
evaluating classroom mathematical practices with the support of technological
instructional tools (Akyuz, 2014). Accordingly, the current study was conducted
for evaluating classroom mathematical practices of eighth graders with an HLT and
instructional sequence under the RME theory for teaching-thmeensional solids
using DGS.

Theresearch of Johnson (2013) examined mathematical practices through

notations and symbols which were different from others mentioned above. In the

| ea

study, studentsé | earning was evaluated

changes and making implicat®nThe context was symmetries of an equilateral
triangle under the RME theory. Additionally, the students evaluated the notations
and symbol s. Anal ysi s wer e mad e by
Rasmussen and St-ghpsk methodology@8).08) t hr ee
As a different perspective, Font and Planas (2008) focused on mathematical
practices by emphasizing meaning of mathematical practices explained by Godino,
Batanero and Font (2007). In that sense, it is important to put forward efforts while
working on mathematical problems by discussing. They used ansemtic
approach to evaluate mathematical practices, swoeihematical norms and
semiotic conflicts (as different from other research). They focused on cognitive
conflicts while evaluating the rtfamatical practices through discussing about

solution of a mathematical problem. Learning said to occurred related to changes

Tou

positioning of participantso. Accordingl
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conflicts, semiotic conflicts were explored. In taraf sociemathematical norms
and mathematical practices, learning emerged through efforts of understanding
ot herds i deas.

Harel (2017) brought a viewpoint by studying cognitive and instructional
analyses of mathematical practice through discussions aboubdistt! activities
with in-service secondary mathematics teachers and students. They defined specific
field-based hypdtesis to find answers to the research questions that aimed to
observe | earnerso mat hemati cal behaviors
Explanation of mathematical practices included cognitive and instructional
analyses of teaching and learning sessionghdnstudy, researchers organized
specific hypothesis around four focus practices and evaluated the mathematical
practices of learners in this respect.

In the literature, it is examined that there are various perspectives about
evaluation of mathematicafactices. Moreover, related to difficulties that learners
having with geometry in terms of understanding it, it is critical obtain how and what
kind of practices can students produce in geometry concepts. While thinking about
mathematical practices, it ahid be considered the close relationship between
social and socimnathematical norms since they emerge in a collaborative and
social learning environment. Evaluation of classroom mathematical practices
during the subject of thre#imensional shapes was &by using argumentations
and dynamic geometry software as instructional tools. In this respect, it was also
important to plan a hypothetical learning trajectory to organize instructional
sequence including activities and those tools. Moreover, ittisatrio observe the
ongoing process in terms of its meeting the needs of learners.

2.4 Hypothetical Learning Trajectory

In a desigrbased research, a hypothetical learning trajectory (HLT) is used
as a guide and basis for developing instructi@emuences. Simon (1995) first
introduced the term Hypothetical learning trajectory (HLT) as a tool that is helpful
for planning and describing the pedagogical thinking for teaching mathematics
meaningfully. According to himhte t eac her 0s videgadireciong go al
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for a hypothetical |l earning trajectory. |
prediction of the path in which learning may occur. The reason for being
hypothetical is of the unknown feature of the actual learning trajectory is i
advance. Thus, it is about an expected pl
similar ways in general. Accordingl vy, ar
regularity in a way that the classroom community often produces mathematical
activities in apredictable way in which most of the students in the same class may

benefit from the same mathematical task. Preparing a hypothetical learning
trajectory is a good way to provide a rationale for the teacher with the choice of a
particular instructional ds#gn; while preparing an HLT, Simon (1995) suggested to

try to make best predictions for how can learning of a specific content may occur.

Although Simon used the term hypothetical, recently mathematics
education researchers prefer to use learning toajest Addressing learning
trajectoriesConfrey, Maloney, Nguyen, Mojica, and Mydrs2 0 0 9) st at ed t h
researcheconjectured, empirically supported description of the ordered network
of constructs a student encoutiotal,r s t hro
Corcoran, Mosher and Rogat (2009) mentioned that learning trajectories shows
student séb progression of cognition, and
trajectories in terms of students learning and reasoning mathematically. They
definedlearm g tr ajectories as fia hypothesized
sophisticated ways student thinking about an important domain of knowledge or
practice develops as children learn about and investigate that domain over an
appropri at e s paa,Mosbdr, & Rogane@9, p.8H.r c o

In the body of research, there are various explanations and definitions of
HLT (Clements & Sarama, 2004; Gravemeijer, 2004; Simon, 1995; Simon & Tzur,

2004), it can be deduced some common features for them. For exaompéepf

them state that learning trajectories are constructed on a specific mathematics
domain (DaroMocher & Corcoran 2011), underline the importance of using tasks
and tools for emergence of communication between students in terms of
mathematical carepts (Battista, 2004; Wilson, Sztajn & Edgingtd&013b),
include an ongoing revision and refinement process called validation (Confrey &
Maloney, 2011; Duncan & HmelSilver, 2009). ConfregndMaloney (2011) add
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that learning trajectories aimto evdlua devel opment of student si
understanding and thinking. They also examine the starting point of students
mathematical reasoning and the point they have reached. To sum up whole
explanations above, it can be deduced that most of them agreehgétiT
includes three aspects as the learning goals, the instructional sequence of tasks to
support those learning goals, and the expected developmental progressions of
students (Andreasen, 2006).

Il n contrast to Simondés ( B@0®004) approach,
express that some of the researchers give importance to the developmental
processes of learning which is called as hypothetical learning process by Simon
(1995). Clements and Sarama (2004) believe that those aspects are very important
for them,and they have power to inform mathematics education with studying
appropriate research aims, studies and contexts. In this sense, they realize those
aspects and different views have a strong interrelation. They define learning
trajectories as a descriptianf st udentsd6 thinking and | earn
content. Additionally, they see it as a conjectured route constructed by a set of
instructional tasks which are designed to
achievement on specific domains in mathtosa(Clements, 2002; Clemengs
Sarama, 2004).

Some researchers (Carpenter & Moser, 1984; Griffin & Case) 5p@cify
learning models that define developmental progressions in a limited age range and
in a specific culture. That is what resear
learning that is sufficiently explicit to describe the processes involvedein th
construction of the goal mathematics across several qualitatively distinct structural
levels of increasing sophistication, complexity, abstraction, power, and generality.
That is what researchers constitute a cognitive model of the learning of thastuden
so that they are sufficiently clear to describe the process of establishing
mathematical goals at qualitatively different levels of structure, such as complexity,
abstraction, and generality (Clements & Sarama, 2004). This constructivist
understandingf learning trajectory distinguishes it from previous instructional
design models that used reductionist ways to divide an objective into according to
an adultdos perspective. Fusonodos (1997) <curr
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constructed basedanhi | drends solving of word prob
difficult types of word problems. This theory states that when learning occurs
consistent with that kind of natural developmental processes becomes more
effective and generative for learners whempared to the learning that does not

follow these paths (Clements & Sarama, 2004).

Additionally, Wilson, Mojica and Confrey (2013), asserted that as used in
designing learning environments for students, it also could be useful at the level of
curriculum cevelopment, assessment design, and in teacher education. They
reported about t wo studi es i nvestigati
practicing uses of a | earning trajectory
rational numbers. Findings indicatatiat designing a mathematics learning
trajectory supported teachers in terms o
restructuring their own understandings of mathematics.

Wil son, Szt ajn, Edgington aedcMgeséds
learningppf t wo fr ameworks those were for stud
and for broad studermentered instructional practices. They analyzed 19 lessons in
which teachers participated in for professional development that designed to
support their undstanding of learning trajectories and stueestered
instructional practices. Findings of the study explained brought together these
frameworks to construct and enact I nstr
mathematical thinking in classroom. Also, thesults supported that learning
trajectories could be a referent for studesmtered instructional practices and
studentsdé thinking styles of specific dol

For the current study, the HLT is prepared initially as a framework of
instructional sequenceith expectations of how the class may involve in thinking
and learning with the participation to the instructional activities. The HLT provides
a basis to make decisions about the instructional tasks of the content. The learning
goals of HLT are helpfuln determining the instructional tasks which may support
those goals. During the implementation of the instructional sequ&tephan
2015), the content is determined or modified by considering the learning that
occurred during the preceding content arigetlier they matched or did not match
with the expectations. Completing the teaching experiment, the instructional
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sequence refined and revised through a cyclical process of analyzing used content,
the teacherds rol e, st u drmEng.t Thedclassmoami v i du al e
environment is evaluated for the realization of the HLT during the instructional
sequence and necessary changes and instructional sequence are done in HLT for
later iterations. The HLT is not an exact and scripted lesson plan, ¢eigtad and
suggested as a framework prepared for the usage of teachers by adopting
instructional sequences that fit with their own conditions and needs of students
(Andreasen, 2006; Clements & Sarama, 2004; Simon, 1995; Simon & Tzur, 2004).
Thus, the latdsversion of the HLT of the current study can be used by revising,
adopting according to different environments in later researches or teaching
experiments.

As a first step of development ofl 8ILT, the developmental progressions
of the participating clasoom were considered. The HLT for the thdémensional
solids was constructed related to prior research that is an indicator of mathematical
development for the specific domain being evaluated. This feature distinguishes
HLT from other instructional degn models in a way that giving importance to
studentsé devel opment al progressions rathe
Sarama, 2004). To reach this feature of the HLT, with the support of the knowledge
of research teamods i ualsdevglépment andfwithcphiar| dr en 6 s
research, an HLT was developed to support
understandings of thredimensional solids. These formed a basis for the
development of the HLT used in the current study.

The researchonthecore pt u al devel opment of student
threedimensional solids then was used for informing and designing the
instructional sequence in determining the manner and sequence. Tasks of the
instructional sequence are designed including tools ifspky dynamic geometry
software for this study) and actions to support the mathematical practices in which
students are expected to involve in during the instructional process. The sequence
of the tasks is designed intentionally based on the expecteglogdmental
progression of students. During the implementation process of the instructional
seqguence and analysis of individual and co

tasks are modified, and the sequence evaluated to determine whether any changes
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in the HLT that may have taken place as a result of the implementation of the
sequence. The revised instructional sequence may be altered for future use. The
HLT and instructional sequence were implemented in this cyclical manner,
completed with constant rision and review, until a local instructional theory was
developed (Clements & Sarama, 2004; Gravemeijer, 2004; Gravemeijer & Cobb,
2013). With this aspect, HLT can be claimed as a powerful tool for curriculum
development by which various mathematical ¢spian be developed and tested in
classroom using desigmsed research in this manner. By revising and refining
these kind of learning trajectories and instructional sequences, it can be established
mathematics curriculum by this way. This can take placall education levels
starting from elementary level to the university level (Andreasen, 2006).

Learning trajectories are defined as being very useful for assessment
(Battista, 2004). Moreover, by evaluating the effects of argumentations, they are
expected to provide information about the nature of classroom environment which
is designed based on a social constructivist perspective to evaluate the classroom
mathematical practices. Those mathematical argumentations provide opportunities
to the researchsito obtain and analyze the way students share their ideas, accept,
or refuse otherés thinking in classroom
di scourse may support the studentsod part.|

Accordingly, the lessons ohé current study designed with the support of
the HLT by considering the usage of mathematical argumentations during the
instructional sequence. By testing the classroom sessions in a hypothetical manner,
it was expected to create powerful learning envitents for students. Moreover,
mat hemati cal argumentations were expect ec
concepts of thredimensional solids more effectively. In other words,
mathematical argumentations may direct the students in a way to mateimgas
on threedimensional solids. By argumentation, the students could reason on how
properties of those solids were formed by relating reasons. In this respect, students
could construct the conceptual understanding of tdneensional solids in a social
constructivist learning environment including an instructional sequence supported
with a conjectured HLT. Also, by evaluating the nature of the mathematical

argumentations occurred during the stud
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learning activitiesit can be provided critical data about the process of teaching and
learning session and identifying the classroom mathematical practices relatedly
(Stein, Engle, Smith & Hughes, 2008y this way, this study may offer powerful
and supportive learningdgsns t o the | iterature to provic
conceptual understanding of threééenensional solids.

As a summary, in the current study, to evaluate the classroom mathematical
practices an instructional sequence was prepared with the help oLThthé&t is
based on the social constructivist theory and RME. The social learning environment
in which classroom mathematical practices were formed, also identified the social
and socie mathematical norms of the classroom and supported by mathematical
argumentations. In the following section, the place of argumentation in

mathematics classes will be mentioned.

2.5 Argumentation in Mathematics Classrooms

The interrelation between interaction in mathematics classroom and
learning of mathematics has taken attention (Krummbheuer, 2015). By conducting a
designbased research, it becomes important to evaluate how learning occurs in a
social community and interaon (Cobb, 2000). Participation to the classroom
discourse, provide opportunities for students to think aloud and make explanations
about the ways how they think (Yackel & Cobb, 199%&)gumentativelearning
environments support students to interact witier people in that environment to
get a meaningful understanding and learning. SeeftTzur, (1994) explain this
process as creating confusions during the interaction with other people in the
community and make them modify their own thinking schemeddearning occurs.

The positive effects of communication by interaction with teashetent and
studentstudent occur inevitably on students learning (Lampert & Cobb, 2003).
With argumentativeelassroom both the teacher and the students may benefit from
that environment. While the teacher can create multiple ways for construction of
mathematical understanding of students, students have chances to explain, judge,

challenge, clarify and justify their ideas in related topics (Yackel & Cobb, 1996).
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There arevarious definitions of argumentation in the literature. van
Eemeren et al . (1996) defined argument at
reason aimed at increasing (or decreasing) the acceptability of a controversial
standpoint for the listener or reagdeby putting forward a constellation of
propositions intended to justify (or ref
(p. 5). This definition involves construction of claims, providing evidence to
support that claims, and evaluation of such evideéogudge the validity of claims
(Schwarz, Hershkowitz, & Prusak, 2010). It is asserted that in the mathematics
classroom, the acceptable justifications are formed by negotiating - socio
mathematical norms (Yackel & Cobb, 1996). Specifically, studies about
mathematics education suggest that students' participation in that kind of activities
promote meaningful understanding and deep thinking of mathematical concepts
(Douek, 1999; Weber, Maher, Powell, & Lee, 2008).

Researches in mathematics education suggpdrte i mport ance of
participation to the classroom argumentations by generating and commenting on
other ideas (Balacheff, 1991; Ball & Bass, 2003; Krummheuer, 2007; Yackel &

Hanna, 2003).

In this respect, Yee, Boyle, Ko, and BleiRaxter (2018)evaluated effects
of uni versity st udenand devismg ont mathamatical , con
arguments. Fifyseven students of secondary mathematics methods classroom
from four universities participated in an instructional sequence to define a valid
proof through argumentations. Participants completed a jpetated task before
class sessions, worked in smal/l groups t
context, based on their evaluations, they agreed upon criteria for said arguments.

After class,they discussed and revised original argument to satisfy the common
criteria. Resul t s -ratingpestidely conrelated with thel e nt s 6
argument categories, which is an indicator of effects of involving in a communal
argumentation, creatirigeas, critiquingand r evi sing ot her 6s opi

In learning process, specifically, regarding the classroom argumentation,
both the studentsd participation and tea
of providing and producing quality arguments tthanhance conceptual

understanding of mathematics. While students form the structure of the classroom
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argumentation, teacher should guide the students in a way of supporting them to

participate in mathematical discourse. In addition to studies that sigtpdent

participation in the formation of the argumentative classroom environment and

positive effects of this participation on student learning, there are studies
specifically focused on teachersd knowl edge
(Kosko, Rougee, & Herbst, 2014; Mueller et al., 2014). Those studies evaluate

impacts of such knowledge of teacher on the construction of argumentation on
mathematics (Kosko et al., 2014). Research have evaluated the aspects of
argumentative classroom environméfyalon & Even, 2016; Conner et al.,2014)

and how the teacher might facilitate such environment (Forman, Larreamendy

Joerns, Stein, & Brown, 1998; Mueller et al., 2014). These studies assert that

teachers have critical roles in establishing norms of matheah argumentation in

the classroom. Teachers' roles are defined as listening to students, encouraging

students to provide claims and justifications, considering different ideas and
arguments of othersodo ( Kdekdcdnge$Smitadnd, 2014) .
Hughes (2008) offered five practices to help teachers to establish mathematical
argumentation in classroom and how maintain it effectively. They proposed

teachers to anticipate, monitor, select, sequence, and make connections between

student reponses, to establish an effective argumentation about mathematics.

These key practices wer e about t he teac
argumentations.
Yackel and Cobb (1996) investigated the

classroom argumentation. They stated that teachers have a critical role in
argumentation process by organizing the learning environment in this way. Also,
the results showed that teecial and socionathematical norms of the classroom
have a powerful effect on formation on structure of argumentation since they are
important for students learning process. In this respect, for the current study while
creating the argumentative learniegn vi r on ment , the |importance
orchestrating role and studentsd participat
mathematical argumentation was equally considered.

Yackel (2002), also investigated the teacher roles in terms of argumentation

starting from elementary to the college level. The results showed that the teachers
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should provide a good point to start classroom mathematical argumentations about
related concepts with the support of appropriate instructional tools. Moreover, the
teaches should orchestrate instructional sequence parallel with classroom
argumentations that critical for studen
mathematical topic. The result of this study was a good source for understanding

t he t eac herd sartingamhdeuiding thet cagsroosn argumentations.

Similarly, Van Zoest, Stockero, Leatham, Peterson, Atanga, and Ochieng
(2017) investigated attributes of 278 1in
during wholeclass discussions that were idé&atl as having potential to foster
studentsdé understanding of critical mat h
attributes that foster studentsoOo mat hema
pedagogical competencies that teachers should have herivattcally Significant
Pedagogical Opportunities to Build on Student Thinking [MOSTSs]. Findings of the
study revealed that teachers should give opportunity to students for sharing their
mathematical thinking in the classroom environment. MOSTs were séated
providing high opportunities to foster
mathematical ideas. Additionally, high linear correlation between instances of
student mathematical thinking and MOSTs illustrated that the importance of
t eac her s 0ortanitiesdot studegts to ghare their thinking with the class.

Kos ko, Rougee and Her bst intreafedl 4 ) st a
understandings of and achievement in mathemascsstrongly related to
argumentati on i n cl as sr o e meffectivé useyof assert
guestioning strategies is a key component of mathematical argumentation. More
specifically, this type of questioning requires students to explain and justify their
ideas and relatedly enhance their understanding. In the study, thechesgar
evaluated teachersd types of questioning
mat hemati cal argumentation and studentso
they obtained three types of teacher actions as; teacher statements, generating
discwssions, and teacher silence. These types of teacher seemed to decrease
mathematical argumentation. On the other hand, they obtained three types of

actions as, probing, orienting, and focusing. These type of teacher actions were
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identified as supportingslue nt sé acti ve participation to
and facilitative for argumentative classroom environment.

In the same way, Ayalon and Hershkowitz (2018) evaluated secondary
school mat hemati cs teacherso6 paegthahg attent.i
encourage argumentation. For this aim, 17 seventh grade teachers were asked to
choose three tasks from a textbook which they were using in teaching practices.
The choices were done according to teacher g
potentid to encourage argumentation. Then, the teachers were wanted to justify
t heir choices. Anal ysis of the teacherso
attentions were fall into three dimensions of attention about argumentation; (1)
mathematics in which th@rgumentation is constructed, (2) secidtural aspects;
and (3) studentsdéd ways of thinking. Addi ti
findings according to combination of those dimensions. Viewed collectively, the
teacher sé6 expl ateashers seansed to attenel ach didendiohsaof
argumentation. Mor eover, those di mensions
complex process of construction of argumentation in the mathematics classroom
and the teacherso r ol eRurther,ocombiration lofi t at e ar
dimensions of attention supported that use of argumentations in mathematics
classroom promotes learning.

Regarding the mathematics learning, mathematical argumentation is both a
pre-condition and also a desired outcome (Krummhe@15). In this respect,
mathematical learning can be claimed as argumentative process. This process is
based on studentsd participation to the pre
classroom environment which is supportive for learning of madtiema Thus,
learning mathematics is considered as learamparticipation (Krummheuer,
2015; Sfard, 2008). In mathematics classrooms, explaining is found both an
individual and also a collective activity of classroom community (Yackel, 1995).
Students ontribute to those collective activities in various ways and situations.
Thus, argumentation in mathematics learning is interest of both structure of course
and also the ways how the teacher and the students are involved in that collective

activities (Krummheuer, 2015).
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Relatedly, argumentation can be defined as a kind of mathematical
discourse regarding their participation to the classroom communication by
explanations, justifications and using them in classroom discussions. Thus,
construction of a qualitargumentation process in mathematics classrostrietly
related to conceptual understanding of mathematics (Lampert, 1990). By providing
a quality argumentation, students can improve reasoning skills on mathematical
concepts by engaging in classroameractions actively. This active participation
comes from the dynamic nature of argumentation that require students should
mentally involve in learning process by expressing, explaining, justifying, or
refuting ideas instead of memorizing the structumed les(Jonassen & Kim,

2010).

Il n his book AThe Uses of Argument o wh
introduced a model for argumentation including its componaat, claim and
warrant. Also, he proposed three more auxiliary elements as qualifieksng and
rebuttal which are not accepted by some researchers who are more critical and think
about essentials for an argumentation structure (Krummheuer, 1995; Rumsey,

2012).

There are various researchers that us

model n their studies in terms of mathematics education field (Krummheuer, 2007,
2015; Pedemonte, 2007). Furthermore, some of them used the model for analysis
and evaluation of the structure of classroom discussion (Forman et al., 1998;

Krummheuer, 1995, 2007025; Wood, 1999; Yackel, 2001, 2002).

Krummheuer was the first researcher t
used in his study. He explained the adopt
entitled AThe Ethnography of thhee bagsicnent at i
elements claim/conclusion, data and warrant in his study. Krummheuer (1995)
states that argumentation is a kind of social phenomenon in which students try to
express their ideas and thinking ways verbally related to their actions. This is the
social interaction said to be occurred in the classroom environment. In a later study,
he stated that argumentation Acould not
because they could not have produced the contributions of the other participants
baseda t heir idiosyncratic definitions of t
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There are various definitions for these terms in literature. Some of them will be
provided in theTable2.2

Table 21 Definitions for Elements of Argumentation

Element Definition

Facts we appeal to as the foundation of the clain
Data or minor premise (Toulmin, 1958, p. 101)

Undoubted statement (Krummheuer, 2015, p. 54

The facts that serve as the basis for the conclus
(Walter & Johnson, 2007, p. 708)

Conclusion of the argument (Toulmin, 1958, p.
Claim/ 101)

Conclusion
The statement of the speaker (Pedemonte, 2007
27)

The statement to be proven (Krummheuer, 2015
56)

The statement authorizing the move from the da
Warrant to the claim, or major premise (Toulmin, 1958, p
101)

The inference rule that allows data to be connec
to the claim (Pedemonte, 2007, p. 27)

Inference of an argument (Krummheuer, 2015,
p.56)

Further reason to believe the warrant (Toulmin,
Backing 1958, p. 101)

The statement that attempts to establish the
authority ofthe warrant (Walter & Johnson, 2007
p. 708)

Permissibility of warrant (Krummheuer, 2015, p.
56)

50



That kind of mathematical argumentations are expected to construct a
commonshared understanding of specific mathematical concepts in determined
domains. Constructing commhared understanding through argumentative
process, the students produce justifamas, modifications of the mathematical
concepts, statements and ideas used in mathematical discussions (Forman et al.,
1998). Krummheuer defined this kind of argumentation as collective activity
(Krummbheuer, 1995).

There are also several studies focused this collective feature of
argumentation (Rasmussen & Stephan, 2008; Yackel, 2002). Accordingly,
argumentations are very critical in obtaining the classroom mathematical practices
since they are wuseful to examinm the st
classroom mathematical practices when the ideas becomeaskbared way of
understanding by using the previous argumentations as a claim of later
argumentations (Cobb et al., 2011; Gravemeijer & Cobb, 2013).

Krummheuer 6s ( 2015 provales @ bagkgraundafdr theo n  mo d
current study. In that study, Krummheuer
scheme of data, conclusion, warrant, and backing. According to the scheme, the
conclusion is a statement that needs to be proven. Itis a dlame. gives a support
to the conclusion, that is data. Warrant is an explanation why the data are considered
to provide support for the conclusion. Backing refers providing further support for
the warrant with undoubtable convictions (Krummheuer, 2015k&a2001). By
this way, Krummheuer explains how an argumentation occurs as an interactive
construct of social community. According
statements that are related to each other in a specific way and that by thistake ov
certain functions for their interactional
Those statements are occurred as a part of the interaction of the environment in
which they are situated, so, it is not possible to predetermine the statements that
corstitute the data, conclusion, warrant or backing since they are negotiated by the
discussions in which students involve in (Yackel, 2001).

This is considered as a beneficial and helpful approach for documenting the
collective learning of a class in termméargumentation because it provides a tool

to show the changes that take place over time (Yackel, 1997; Yackel, 2001).
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Furthermore, it is a good way to show the relationship between the individual and
the collective participating. In more explicit words,is helpful to clarify the
relation between the explanations and justifications given by individual students in
specific context and the tak@sshared ideas which become the classroom
mathematical practices (Yackel, 2001). As, classroom mathematiaelices
become takeasshared in classroom community, they need something more than
justification as data, warrant and backing. Also, the statements given as data,
warrants, and backing for explanations and justifications are constructed bases for
the deelopment of takefasshared ideas in the classroom community.

Yackel (2001) gave as a sample analysis about the issue. It is an example
fromaseconyr ade cl assroomdés involving in thinki
of five plus six, students gave soexplanations based on the five plus five makes
ten. One student constructed her answer on six was one more than five, thus the
answer should be 11. After that, one student only expressed his/her idea by stating
five plus five was ten, thus the answer weé=sven. She states that, since there was
no questioning in the second type of explanation, it could be concluded that the
warrant and backing were in the earlier explanation, so it becomedakbared
in the classroom. Thus, through the explanationse takerasshared
understandings develop at the same time. As a final claim, this approach is useful
and helpful for analyzing classroom discourse by evaluating the contributions made
by participants during the process (Yackel, 2001).

There have been vaus studies related to classroom mathematical practices
by considering argumentation as a tool (Andreasen, 2006; Stephan & Akyuz, 2012;
Stephan & Rasmussen, 2002; Roy, 2008; Wheeldon, 2008). For example, in the
studies of Akyuz (2014), Andreasen, (200B)hnson (2013) and Roy (2008) the
classroom mathematical practices of participants were evaluated in collective
learning environment. In the analysis of collective learning environment and
determination of classroom mathématical
argumentation was used. Those classroom mathematical argumentations illustrated
how t he st udent sadshared.eAacther besearchrofeStephankaedn
Akyuz (2012)examined the classroom mathematical practices of a segeadb
classroom witha desigho ased r esear ch. They used the K
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adaptation of Toul minds model of ar gumen
st ud e n tassbared iddae n
In their study Giannakoulias, Mastorides, Potari and Zachariades (2010)
Il nvestigated teachersdo argumentation. The
about their inappropriate claims about calculus. With this aim, the researchers gave
18 secondary school mat hematics teachers
proof that constructed on invalid claims. The participating teachers obtained
possible mistakes of students and their way of refuting them. Interviews conducted
with two teachers. The data analysis was done according to the content and structure
of argumentation. Also, the type of counterexamples was at the focus of the
anal ysi s. Results indicated that teacher
inappropriate claims as using counterexamples and theory. For the analysis of these
argumentation process Toulmirs model was used and they o
reasoning in terms of structure of argumentation. This study showed importance of
teachersodo orchestrating role during argul
In the same respect, Pedemonte and Balacheff (2016) evaluatddesh t s 0
conceptions in geometrical problesolving through argumentations. The main aim
was to show relationship between studen
Additionally, they evaluated how student
proof. Datawas collected from a teaching experiment and analyzed through
argumentation of 15 pairs of student s. T
the data set that combined with the at@nception, knowing, conceptjodel. They
explained the reason forenricmn g Toul mi ndéds model with cKkoc
studentsdé6 knowledge base during the argu
characterization for elements in mathematical argumentation. The results revealed
that there was a continuity between argumenrtatind proof. Also, they identified
t hat use of argumentations during cl as
participation, collaboratigrand communication, and relatedly their understanding
of the context.
In the environments supported by argumeatest, usage of the instructional
tools is helpful on studentsdo | earning al

this way, it is possible to form quality and effective argumentations with looking
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and understanding of t heceddy dise usingtools.d ent s 6
Moreover, in conceptual understanding and learning of mathematical concepts,

DGS may be used as an effective tool (Athanasopoulou, 2008). In this respect,

Akyuz (2014) used GeoGebra as a tool for documenting the classroom
mathemécal practices observed in a university teacher education course related to

the circle topic. She used the Toul minods
interactions occurred in the classroom environment. The study was an important

one because it wasquiding information about learning in a social context with

the support of technological tools.

Also, there has been a research in the literature that examined the effect of
the usage of technological tools on the quality of argumentation formed by taken
asshared ideas in classroom environment. DGS said to improve the peer interaction
which is a critical element of argumentation. In this respect, Vincent, Chick and
McCrae (2005) studied with eiglgtaders by focusing on peer interaction. They
applied task to the students including working on proofs by using paper and pen,
and by using DGS. They obtained the quality of social interaction and relatedly
argumentation affected by quality of peer interaction in all tasks they applied.

Hollebrands, Conner and Smith (2010) evaluated the nature of the
arguments with the support of DGS. They studied with college students in terms of
hyperbolic geometrical tasks. The argumentations were examined in three groups
related to features of the wants of those arguments. The groups named as explicit
warrants without technology, explicit warrant with technology and warrant on the
screen. The results indicated that students who were working on tasks about
justification and proof did not use techngyo but in their arguments, warrants
appeared explicitly. Reversely, students used technology in their works, did not
provide explicit warrants in their arguments. Researchers pointed out that this
indirect relationship occurred because of the use of tdogywere not widespread
in the traditional classroom environment and that students were unfamiliar with that
kind of environment. Additionally, the results showed that the properties of
warrants were related to usage of technology. It was observed thattechnology
supported environment, students could produce qualified and effective warrants

when compared to netechnological environments.
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Similarly, in Lavy (2006), | ower gr a
examined by regarding the effectoftechno gi cal t ool s. The st ud
model of argumentation to analyze the content and structure of the arguments
occurred during the classroom sessions with the support of technological tools. The
findings of the study showed that technology had a gos ve ef f ect on s
understanding of the related content and producing quality warrants including
necessary statements.

Thus, it can be claimed that technological tools such as dynamic geometry
software may have a supportive role in
related context. By using technological tools effectively in learning environments,
it may provide studdn to produce clear warrant those understandable to others.
Relatedly, the current study used GeoGebra as a technological tool to support
learning environment in terms of enhancing the students learning of mathematics
by making them involve in classroom thamatical activities.

In Prusak et al. (2012), they conducted a study focusing on argumentation
with DGS support. They wused Toul minds ar
evaluated interaction of two preservice teachers in reasoning process during thei
argumentation. They focused on obtainin
argumentation model as conclusion, data, warrant and backing. The design of the
study included a conflict situation, a collaborative situation and a usage of DGS to
check conjectureof participants. The results indicated that those study situations
by checking hypothesis with DGS, promoted the argumentation in a productive
way. Additionally, Toul minds argumentat:
for observing dynamic chances iollective argumentation process. Hanna and De
Villiers (2008) mentioned important of dragging option of DGS. They explained
this option was critical since it provide opportunity to observe different positions
of a geometric figure dynamically. Dragging @&so important, because it is
accepted to provide evidence for student
2003; Healy & Hoyles, 2000).

Conner, Singletary, Smith, Wagner & Francisco (2014) studied about
collective argumentation and its effects ortimeanatical reasoning. Different from
others, they asserted that one perspective is not sufficient to explain all
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mathematical conversations in classroom environment. Thus, they constructed a
model by combining both Toulmin (1958) and Peirce (1956) arguatient
structures. They believe this may provide an insight into classroom argumentations
and I n student so reasoning. Combining t h
mathematics educator researchers to analyze various reasoning types emerge in
mathematicsclasses det er mi ne ef fects of different t
|l earning of mathematics, and examine studen
arguments in classroom environment.
Brown( 2017) studied on studentsd engagemen
socio-cultural theory. In the study, researcher used colleanggimentatioras
sociccultural approach.The collective argumentation was basetudent
engagement in thelassroondiscourse The aim of the study wase explore the
affordancesthat couldenrich student engagement with mathematigs using
collectiveargumentationThe design of thetudy was a teaching experiment and
conducted withprimary and secondary school teachesth their mathematics
classes.Data collected througinterviews, report writings, journal entries and
observational recordand were analyzethy using a participation framework.
Findings illustrated that collective argumentation can be used by teachers to
promot e sngagehent twiahd mathematicBy giving opportunties
explaining and justifying ideas in a wider community.
By reviewing the literature, there have been many powerful researches
about argumentations in the mathematics classrooms. Most of them concluded the
importance and positive effect of argumentagsionon st udent sdé by enhan
learning of specific contexts and by improving their academic achievement. Still,
there is need for evaluation of classroom mathematical practices formed with
argumentation of classroom community on the context of geametncepts.
Specifically, the current study evaluated classroom mathematical practices formed
with argumentation of classroom community by conducting a ddsgad
research using RME and social constructivism as frameworks on the concept of
three dimensioal solids. Thus, it is expected that the current study may improve

learning and understanding of eigigtaders through argumentations.
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2.6 Learning Geometry by DGS

When technology is used in appropriate forms in mathematical classes, it
deepens the mathematical understanding. Use of computers in mathematics
education develops mental skills such as research, reasoning, assumption and
generalization (Wiest, 2000).

Diff erent computer tools play different roles in improving students' thinking
skills. However, the main goal should be to recognize the opportunity to act as a
mathematician (Noss, 1988). For this reason, the purpose of the computer is to use
the computer as #ol that allows the student to make assumptions, test and
generalize; provide them opportunities to get the idea of mathematical outcomes,
as well as providing students with a unique style of thinking (Cuoco & Goldenberg,

1996).

Briefly, the proper usef a computer in mathematics education can be
expressed as a computer that helps students achievdewayicognitive skills
development. It is envisaged that dynamic geometry software which reflect the
rapid developments experienced in computer techydlmgeometry classes, can
help mathematics education to achieve these gGdlsi-Koh, 1999; Oldknow &

Tetlow, 2008).

In the literature, many studies stressed support of DGS in geometry lessons
(ClarkWi | s on, & Hoyl es, 2017; ;¢alebarands, Er doj a
2007; Leung, 20110ldknow, & Tetlow, 2008Sack, 201R Currently, DGS seem
to be one of the most popular types of software used by mathematics teachers
(Mariotti, 2001) and investigated by res
software seems to make the exploration of geometrical configurations and the
identification of meaningf ul conjectures

To give a definition for dynamic geometry software may mean imprisoning
it today ( G¢ Vv 8)nBedusKd tha technolpgy B @rowing with
gigantic steps, it is inevitable to take place in this technology for the changes.
Although avoiding giving definitions for DGS, researchers prefer to mention some

properties that characterize DASiI( MK e kcekaya, 2014
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Geometric shapes can be created very easily, measurements can be made to
determine the features of the shapes (angle, circumference, length, area
measurements, etc.). Shapes can be dragged and rotated on the screen, which allows
the studento change shapes while observing unchanging features and dynamically
changing previously measured quantities when the structure is njovedo &

Goldenberg, 1996With the help of this feature, hypotheses about the structure can

be established, hypothesscan béestedand generalizations can be made while the

change of structure is observed. All aspects of transformation geometry can be

studied (ChoKo h 1999 ; B% Inzxle,, 1996)s. di fficult to
visualization skills through traditnal learning environment in which students get

involve in classic board by trying to reflectCB objects on it. Because, classic

classroom board is only appropriate for drawings-Dfshapes. Trying to represent

those 3D objects on 2D environment is gry complicated and time consuming

(Christou, Pittalis, Mousoulides, & Jones, 2005)cordingly, the aim of DGS is

to enable students to construct geometric figures by observing their various

positions under different transformations in space; andrale them focus on

modeling those geometric situations related to their observa@ms{ou, Pittalis,

Mousoulides, & Jones, 2009n their study, Laborde, Kynigos, Hollebrands &

Strasser (2006), worked with secondary school students to evaluate their
understanding of geometry concepts by using DGS. The results indicated that DGS
supported student sé understanding of spec
providing opportunity to create shapes in different sizes and detecting the traces

and locus of them.

Similarly, Hanna and De Villiers (2008) mentioned importance of dragging
option of DGS. They stressed that this option as critical since it provides
opportunity to observe different positions of geometric figure dynamically. This is
also asimportantfeatr e since it provides evidence for
Villiers, 2003; Healy & Hoyles, 2000).

Dynamic mathematics software such@soGebra, Cahri and Geomet er 6s
Sketchpad at firsvas designed for secondary schools to support geometry learning
at first. Those software materials give opportunities for students to discover

relations and patterns in geometrical concepts, to explore and to test conjectures by
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their own mental construction process (Goldenberg & Cuoco, 1998; Hazzan &
Goldenberg, 1997Dynamic mathematics software is very powerful for teaching
and learning activities in mathematics and geometry; and it has been reported as
being supportive for studentsd conceptuas
teaching, making easier the visualimat of geometrical concepts, providing
opportunities for creative and higgvel thinking (Sanders, 1998). School students
can improve their understanding by using software because the dynamic
environment improves Vvisualization skills and also ability tocus on
interrelationships of the parts of geometric shapes (Clements, Sarama, Yelland &
Glass, 2008). With all these aspects, Battista (2007) argues that usage of DGS also
in elementary level geometry lessons makes much richer and more powerful
learning & geometry rather than pappencil method; gives chance students to
explain and justify their thinking and reasoning which supports classroom
mat hemati cal practices; and how it effecHt
in positive way which meansiancrease in their achievement at the same time.

Research has shown that geometric software with dynamic properties offers
students the opportunity to focus on much more abstract structures than commonly
used papepencil works (Hazzan & Goldenberg, 1992s it is mentioned before,
trying to represensolids on f | at surface | acks the
visualize thosesolids. Those flat surfaces are static and do not have any spatial
depth, thus they do not have any manipulation, adaptationrdeata provide
effective learning environment for students (Christou, Pittalis, Mousoulides, &
Jones, 2005). DGS provides those opportunities for students. In this way, the
imaginative power of the learner increases. The increasing power of imagination in
mathematics means the opening of the way of creation and exploration. When these
paths are opened, the student will be able to analyze, hypothesize and generalize.
This directly improves the problesolving skills of the students (Baki, 2001).
Dynamic georetry software offers geometry teaching by supporting and
researching student experiences. It offers new possibilities for the geometry taught
in the same way for many years (McClintock, Jiang & July, 2002).

Another research showed that dynamic softwacegpr ams make st ude

connecting algebra with geometry and dynamic graphics much easier (Ferrara,
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Pratt, & Robutti, 2006). In another study, it was obtained that, specifically low
achieved students choose to use the charts in solving math problemssand thi
dynamic software provided them to solve their algebra questions more quickly
(Yerushalmy, 2006). ClarkVilson and Hoyles (2017) stated that DGS supported
learning environment supports students in a way to share, discuss or accept/reject
ot her s oOarifiesdneathematicat doncepts through a planned instruction and
interaction; and also helps to develop usage of mathematical language to increase
shared understandings of students.

In the literature, a variety of researches are studied and discussegl on th
effect of usage of technology and relatedly usage of DGS in geometry lessons on
pres er vi c e Agyei,a&Bbnaings2015;(Pittalis, Christou, & PiRantazi,
2012)orinser vi ce teachersodo pedagogical content
and proiding effective learning environment for studerdsl(t ay | €, Konyal o]
Hezarcé, & Ka-Wisaenn&Hoyeb, 24y, Cl ar k

With the help of dynamic geometry program, students are able to learn the
geometry assumptions and produce mathematicalltseday testing these
assumptions (Hadas, Hershkowitz, & Schwarz, 2000). Many studies compared the
DGS and the traditional met hod of teaching
academic achievement more increased with DGS (Healy & Hoyles, 2002;
Hollebrands, 2003, 200AJ) b u z , I st ¢n, I&Mofer dndMiezgoda0 0 9 ) .
(2003), kindergarten students worked on patterns using pattern blocks both by
software and physical wooden pattern blocks, and with drawings. Results indicated
that students were more ctiga in constructing patterns by using software when
compared to the wooden blocks and drawings.

Hohenwarter, Hohenwarter, KreasdLavicza, (2008) evaluated that how
a calculus course can be designed by using GeoGebra. They also stressed that these
kinds of i nteractive applications would be
critical calculus concepts by integrating dynamic visadion of those concepts.

Marrades and Gutierrez (2000) evaluated how a geometry lesson would be
designed with Cabri application to have an
stated DGS with its dragging feature let students see various examplefort
time and get feedback at that time. By these exercises, this helped students to look
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for links between shapes and properties, understand specific properties which is
important for constructing a conjecture or justification for related issuelaBiyn
Andraphanova (2015) evaluated the GeoGebra as a tool that involve didactical
opportunities such as visualization and dynamics. She mentioned about the
opportunities of DGS in terms of differences from traditional methods in learning

and teaching gametry. She stated that features of GeoGebra would be helpful for

understanding <challenging concepts, gi v
mat hemat i d27yoftsoseconcepts. Ip a similar study, Almegdadi (2000)

i nvesti gat e dandingwfdsane geproetricahcdneeapts ity using DGS.

The statistical results showed a significant difference between the means of the
studentsd scores. The experiment al group

group regarding the posttest scores. Usage hfe Geomet er 6 s Sket ct

positive effect on studentsdéd understandir

helped to create more studeeintered instruction, supports cooperative learning,
and enhances teackstudent interaction (Almeqdadi, 2000)

MarinasandFurner(2006) conducted a study based on teaching geometric
concepts with the support of DGS. The participant group was chosen from
kindergarten to fourth grade. Withthestu@ye o met er 6 s Sket chpad
to students and content dgsed with it. The results indicated that DGS may be an
appropriate tool for K4 levels as well as for higher grades. It seemed to be helpful
for making students to understand the content meaningfully. The use of DGS at
primary level ensures or encouragésdents to take an active role in their own
learning. Such experiences form the basis for students' ideas for abstract
mathematical relations for future mathematics lessons. DGS can be used at all levels
of education, starting from primary school to unsmt. The use of DGS by
younger students plays a more prominent role in this progress, since students will
be technologically advanced as they age when compared to five or ten years earlier
(Marinas & Furner2006).

The study of Tutak, T¢rkdojan and Bi

W o

rc

studentsbé6 geometry | evel sxpbrigmentalanethog. Cabr i

In the experimental group, the participants learned the geometry lessons with usage
of Cabri softwareFor data collection process, a multigleoice preposttest were
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applied. Results indicated that there was no meaningful difference between students
learning by regarding information level, but understanding, applying, and analyzing
levels of the studestshowed statistically meaningful difference.
In the literature, DGS was seemed as a motivation tool for students in terms
of its providing various examples and supporting improvement in classroom
(Ruthven, Hennessy, & Deaney, 2005). Tabuk (2003) shohatdat 7th grade
geometry lessons based on the context of circle, spherical and cylinder, usage of
DGS in geometry | essons has positive effec
¥ z p € n aJ shawedOtttat7theise of DGS in geometry lessons increase and
supoort achievement, attitude and understanding of student. Sulak and Allahverdi
(2002) concluded the positive affect of DG!
sixth grade classroom. Furthermore, Hollebrands (2007) showed the relationship
between DGS usagad understanding of geometry concepts.
In Obara (2009), he stressed that it is important for students to observe the
relation between the surface area of a thd@mensional solid and area of its net.
To provide this understanding for students, he ootetl a study with support of
DGS in the context of the surface areas of square and rectangular pyramids and a
cone. Students stated that it was a great experience for them trying to construct the
formula of the surface area, and that was a new praciciém. They stressed
Geometerd6s Sketchpad was very helpful I n t
focused on DGS6 enabling students to constr
one, thus they can observe and understand interrelation between gearnegfis
and objects. Relatedly, Gonzalez and Herbst (2009) stated that when compared to
paper and pencil environment, DGS users involved hdejoth thinking of
geometric relations between concepts by evaluating them dynamically.
Yanéek (2013) studied with four prospect
teachers, to explore their understanding of geometric translations by using
GeoGebra as a pedagogical tool. Findings of that study confirmed that usage of
DGS supported the prospectivate her sd under standing of geom
More specifically, the study stated that dragging and measurement features of DGS

program supported prospective teachers to evaluate the properties of geometric
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translations, make conjectures, apply varistuategies, and construct new ideas by
this way.

Perry and Steck (2015) conducted a study to evaluate the effect of using
iPads in geometry education in terms of student engagement and discourse, their
achievement, selfficacy and meta&ognitive seliregulation. Students in the iPad
using classroom experienced get lower results in geometry scores but their
engagement and discourse, s#ffcacy and selfegulation were increased when
compared to noiPad users.

Greefrath, Hertleif and Siller (2018) imstigated the competence of
mathematising with 709 students. The test group worked with digital tools while
control group worked with paper and pencil on the same tasks duringlaegsan
intervention on geometric modelling tasks. Comparing results ofjtanaps, they
obtained a significant improvement of mathematising in both groups. This
devel opment was also investigated 1in
attitudes and programelated seHefficacy. They found that program related self
efficacy was a significant predictor of gaining competency while attitudes did not.

In accordance with these findings, to remedy shortcomings in the field of
education in our country, the curriculum was decided to renew in 2005. In this
respect, the constructivigpproach was taken as the focus, and aimed an education
without memorization in which students could make connections between math
subjects and daily life (MoNE, 2013). In addition to this change, the computer
technology classes were established to inersaisdent achievement as much as
possible in schools to disseminate the technology with the whole class. Apart from
this, it was added to the program as a preference of the usage of dynamic geometry
software regarding their support for implementation ofitiple representation
approach (MoNE, 2013).

Accordingly, current study used GeoGebra as a tool for instructional
sequence with argumentations in classroom sessions. The data collection process in
context of threalimensional solids was performed with theidance of the

prepared instructional sequence and HLT.
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2.7 Social Constructivism and Emergent Perspective

Gravemeijer and Cobb (2013) state that conducting a dbsiggd research
requires scientific interpretations of the data translation ways of classroom
observations. It is a necessity to use an interpretive framework to make sense of the
collected data fnm classroom environment. They stressed the importance of
explicating the data systematically based on the interpretive framework. There are
two key elements of an interpretive framework of the study, one for interpretation
of classroom learningenvironrment and one f or i nterpreting st
learning mathematics (Gravemeijer & Cobb, 2013). In the following section, the
framework is explained that is used for interpretation of classroom communication
and discourse, and later on, Realistic Mathgcs Education that is the domain
specific instruction theory which is used as a conceptual framework to interpret
studentsé | earning. Thus, social construct.
the current study.

The analysis of the mathematigahctices formed by classroom activities
and discussions and its effect on student learning was conducted through the
emergent perspective (Cobb, 2000; Cobb & Yackel, 1996; Stephan & Cobb, 2003).
Stephan (2003) states that the emergent perspective iaaadedination of both
social and individual perspectives on mathematics learning. Learning has a
psychological side on the part of the individual learner and also has a social side on
the part of the learning group or classroom environment (Stephan,. Z168)
Cobb (2000) adds fna basic assumption of th
that neither individual studentso6 activitie
be accounted for adequately except in relat
The emergent perspective makes students learning of mathematics placed in the
social context of the classroom (Cobb, 2003).

Additionally, the emergent perspective stresses the importance of the
analysis of classroom mathematical practices as it is sttuatclassroom social
context. Because the student so mat hemat i c;
coordination of psychological analysis of their individual activities and also social
analysis of norms and practices (Cobb, 2000). Thus, it is not possidpdocate
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the individual and the classroom communi
one depends on the existence of the othe
the social and psychological perspectives are equally important in organization of
the analysis of collective mathematical learning of the classroom community

(Andreasen, 2006). Table 2.1 shows both two perspectives.

Table 22 Emergent Perspective (Cobb & Yackel, 1996)

Social Perspective Psychological Perspective

Classroom socialorms Beli efs about
othersoé rol es,

nature of mathematical activity i

school
Sociomathematical norms Mathematical beliefs and values
Classroom mathematical Mathematical conceptions and
practices activity

T e a ¢ huederstainding of learning is a process of both individual and
social construction that provides them a conceptual framework for understanding
the learning of students (Simon, 1995). Wood, Cobb, and Yackel (1995) asserted
that teachers expected to constrtiet mathematical practices according to the
learning ways of mathematics. It is the main challenge that researchers and
mathematics educatorsspecially the mathematics teacher educafaxse with
(Simon, 1995). It is critical to reconstruct what it mgsknowing and doing
mathematics in school and accordingly how to teach mathematics in that way.

The importance of social constructivism comes from its being the emergent
perspective for the current study that developed the classroom mathematical
practices Social constructivism is said to be a kind of constructivism that specifies
the context socially and defines the culture and learning collaboratively (O'Donnell
& King, 1998). According to social constructivism learning occurs with social
interaction oflearning environment since it has some satitiural aspects. The
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idea of social constructivism developed rel
by considering the effect of language used between learner and other people, and

also the effect of thimteraction on the other people situated in that learning society

(Jones & BradeAraje, 2002). Thus, iis mainly intereseéd in the effects of

language, communication, and culture on the learning which is a continuous

process (Fosnot, 1996). Vygotsky adated that the level of individual learning

can be increased by interacting with the other people on the related issue. Thus, the

knowledge gained by interaction with other people may be much more than the

knowledge gained by working alone (Liang & Gal2€l05).

In studies conducted by taking the social constructivism as background, the
teachersdé role is defined as organizing | e.
By this way, they can support and improve skills such as analysis, critical thinking,
and deep understanding (Trigwell, Prosser & Waterhouse, 1999). Accordingly,
social constructivist approach has positive effect on learners by providing powerful
learning environments. Thus, it is beneficial to conduct design experiments by
using social condiictivism as a background (Woo & Reeves, 2007). In this way,
design experiments were used in the present study by organizing various instruction
and working by and on them systematically to provide a powerful learning
environment for the students. Moreoveesign experiments may be conducted to
provide effective learning environments for the learners. By using this perspective,
it was aimed to evaluate the studentsod cons:c
Thus, whole instructional design of the currehidy was organized around this
philosophy.

For the current study, social constructivism was used as framework. In other
words, to examine the mathematical practices that formed during the classroom
sessions, an interpretive framework was used for exjptenaf learning based on
psychological perspective and social perspective as mentioned above (Cobb, 2000;
Cobb & Yackel, 1996). According to emergent perspective, students determine
their mathematical understanding during the community works by making
cortributions for the emergence of mathematical practices (Cobb & Yackel, 1996;
Yackel & Cobb, 1996). In this respect, to identify and determine the classroom
practices both the working of individuals and the groups are considered equally
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(Cobb, 2000). For # analysis of classroom learning an interpretive framework
offered by Cobb and Yackel (1996) used as illustrated in Table 2.1 above.

This study aimed to examine social aspects of the classroom which were
supported by individual learning. As mentioned ahothe social perspective
interested in evaluation of the social norms, socahematical norms, and
mathematical practices of the classroom by considering the collective learning of
students in mathematics classroom. The social norms of classroomorefier t
takenass har ed ways of studentsd participati
term takerasshared was defined by Cobb, Wood, Yackel, and McNeal (1992) as
when student séo understandings, expl ana:
compatible with clasroom dialogue and activities, this is what they called those
interpretations and meanings become takeshared. Social norms may include
some processes such as studentsd devel op
explaining or justifying solutionsytyi ng t o understand ot her
asking questions to the arising misunderstandings or disagreements (Yackel, 2001).

The psychological aspect of the emergent perspective focuses on the
i ndividual 6s reasoning amss pvacyisf iocf ccoonntdel
interactions with the classroom communi t
ways of interacting with other members of the classroom community and how that
interaction supports and develops the individual learning is closely litokéte
social and socimathematical norms of the classroom. As mentioned above, the
social and individual aspects of the emergent perspective go parallel with in a way
that during the examination of social asfy
a contribution to the development of takesshared mathematical ideas since they
formed in classroom community. Also, during the examination of the individual
student s wunderstandings of mat hemat i cal
individualstd ent 6 s participation in the whole c
an appropriate and complete analysis process of classroom sessions, the social and
the individual aspects should be coordinated through its support of individual
st udent 0s cdlectave mathenmtica understandings (Cobb et al., 2001;
Cobb & Yackel, 1996).
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2.8 Realistic Mathematics Education (RME)

In order to produce the basic philosophy of a deb@sed research, you
must understand the innovative forms of education that you may wish to bring
(Gravemeijer & Cobb, 2006). Gravemeijer and Cobb (2006) accordingly states that
this is consistent with thphrase, "If you want to change something, you have to
understand it and If you want to understand something, you have to change it"
(p.17). Therefore, the RME has emerged because of the need for a change in
mathematics education.

Realistic mathematics adation is a domain of specific instruction theory
for mathematics (Van den Heuveanhuizen & Drijvers, 2014). According to
Gravemeijer and Cobb (2013), this theory has emerged as a response to teaching
approaches in which mathematics is used as a+madg product. Freudenthal
(1973), argued that mathematics should be a series of activities for students. A re
invention period in the guidance of the teacher, and subsequently, this mathematical
activity should ensure that students encourage the imagirdtioathematics as a
unit of knowledge. This requires that the starting points of instruction should be real
for students. This means that problem situations must be presented to students as
they can reason, and they can actively take part in the solufio®.main aim in
this process is that the mathematics developed by the students should be real for
them. In other words, one's learning of mathematics really depends on how much it
combines with real life (Gravemeijer & Cobb, 2013). In this study, thm ter
RealisticMathematicd€Education will be abbreviated as RME.

RME is offered to have rich and realistic context in mathematics learning
processes. The context may be everything that construct a source for the
development of mathematical tools and procesduand a context in which students
can progress step by step to another stage by applying the mathematical knowledge
in following step and going from informal knowledge to formal one. The real
world situations are stressed in RME and realistic contextaHaroader meaning
here. Realistic; it is not only the necessity to produce a problem from the things that
come from real life, but the students should be able to visualize the problem
situations in their minds which are presented to them. So, mathelnpatibéems
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can come from real life as well as imaginary world, as long as they can revive
students in their minds (Van den HeufAginhuizen & Drijvers, 2014). In this study,

the participant teacher used the instructional sequence (Stephan, 2015) that was
prepared based on the RME.

As mentioned above, RME was formed as a reaction to traditional
mathematics teaching approach in which students are static receivers of knowledge.
But, Freudenthal, thought and considered that mathematics would be an activity in
which students can actively participate in education process (Van den Heuvel
Panhuizen & Drijvers, 2014). Thus, according to RME, the mathematical teaching
and learning process should include both individual and social participation rather
than being taughin a closed system (Cobb & McClain, 2001; Van den Heuvel
Panhuizer& Drijvers, 2014).

Six principles of RME is offered in the literature (Van den Heuvel
Panhuizen & Drijvers, 2014). The first principleastivity principle. This feature
stresses the ace participation of students and the importance of learning
mathematics meaningfully depends on doing mathematics (Van den Heuvel
Panhuizen & Drijvers, 2014). In the current study, students actively participated in
each activity which were presented thgbuinstructional sequence both by
individually or by whole class discussion, by verbally or by written works. The
second principle igeality principle and it is about understanding what reality is. In
this principle, the students should face with problénms real world, and also the
instructional process should start from meaningful situation for students. For
instance, rather than starting the teaching process with giving definitions, students
may be put into informal process related to the contextotimer words,
opportunities should be given to students to mathematize the related context (Van
den HeuvelPanhuizen & Drijvers, 2014).

In the current study, each specific sidmain on the instructional sequence
was started with asking a question fromrisa world to the students; or by making
them to think about the realorld examples of the related domain. For instance,
while starting to the lesson of basic characteristics of prisms, teacher asked students
whether they had heard the term of prism, abdut the examples of prisms from
the physical world around them. Students gave examples for prisms from the
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physical world around them and tried to mathematize them by using appropriate
mathematical language. Third onelével principle which stresse$é students
passing through various levels while learning mathematics. Furthermore, these
levels may be passing from the informal knowledge to the formal concepts, starting
from concrete to abstract, making connections between concepts and strategies,
devdoping some shortcuts or solutions for the problems etc. The content should be
prepared according to this principle to pro
educational process (Van den HeuRahhuizen & Drijvers, 2014). For the current
study, thecontent was prepared step by step to provide this principle. The students
first faced with informal knowledge of prisms by giving daily life examples, then
they defined the prisms and related concepts, after that they learned the basic
features of prismby discussing on the given examples of prisms from physical
world. Later on, they related the concepts to the problems, used that concepts to
solve problems by also developing different strategies. The fourth principle is
intertwinement and itnderlines hat the mathematics have several domains as a
science and those are inseparable in it. For instance, students operate estimation, do
mental arithmetic, and use algorithms at a close connection (Van den Heuvel
Panhuizen & Drijvers, 2014). It the currentdyufor example, by formulating the
surface area of the prisms, they needed to use the features of prisms as well as
algebraic expressions at the same time. The fifth onetesactivity which is
mentioned above in the characteristics of RME.

RME consides mathematics learning as a social activity and wants students
to involve in whole class discussions or group works to share their ideas with others
to develop their understanding (Van den HetRahhuizer& Drijvers, 2014). In
the present study, each s$@oom session was performed with the active
participation of students by verbally or by involving in group works. The last
principle isguidanceprinciple that underlines the proactive role of the teacher.
According to RME, teachers operate the educatigmmacess by supporting
studentsé devel opment of meaningf ul under st
offered that educational programs should be prepared astdonglearning

trajectories (Van den HeuvBlanhuizen & Drijvers, 2014). In the currenidy, the
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instructional sequence was performed by a conjectured HLT with the guidance of
the participating teachand the researcher

Additionally, based on these principles of RME, various local instruction
theories and instructional sequences have occurred for many years (Van den
HeuvelPanhuizen & Drijvers, 2014). Specifically, in the last years, most of them
was developed by integmat) the technology to the theory. Similarly, Doorman
(2005) developed a local instruction theory in the context of early statistics by the
support of DGS. Gravemeijer (1994) elaborated the development of local
instruction theory, by forming with desigraed research. Also, it included
involving a cyclic process during the experiment, designing an instructional
sequence, and a retrospective analysis of the process.

Considering the explanations above, in the present study, six principles of
RME were usedby the researcher and the participating teacher to prepare an
instructional sequence with guidance of an HLT. Also, the current study aimed to
develop a local instruction theory including a cyclic process and retrospective
analysis during the experiment.eizelopment of local instruction theory and

retrospective analysis issues are mentioned in the method part.

2.9 Summary

By reviewing the literature, it can be concluded that learning mathematics
is a social interaction process in which students are s&eghéx do mathematics to
get a conceptual understanding of related issue. Doing mathematics refer to involve
in learning process by explaining, expressing, justifying, supporting, refuting ideas
of their own oOr ot her 6s i dad mrsguadeyin u s i
classroom community. As those actions become takesmared way of the
cl assroombs expressing their takeiplacei ng,
To support the formation of classroom mathematical practices, an argumentative
classroom environment is needed to be created in terms of sharing ideas in social
context. The relationship between classroom matherahtipractices and
argumentation of students in terms of social interaction, it requires the formation of

social and socimnathematical norms of classroom which are the aspects of social
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constructivism. The necessity of starting and guiding those argumentations from a
good and appropriate starting point, it is required to use the RME theory as a
framework since RME offers thave rich and realistic context in mathematics
learning processes. The evaluation of that kind of comprehensive environment is
needed to conduct a desigased research by organizing an instructional sequence.
A hypothetical learning trajectory guided thestructional sequence and
implementation of the study. It is formed by considering the learning objectives,
learning activitiesand learning process. HLT is planned by considering students

active participation to the classroom argumentations in terfosroing, analyzing,

testing, and discussing their mathematical ideas and reasoning in related context.

Dynamic geometry software is used as an instructional tool to support the students
learning and understanding of thv@ienensional solids. The DGS is eqted to
encourage students6 participation to
To sum up, the current study aims to contribute to the literature by providing
data about the students learning of thdemensional solids by involving in an
instructional sequence g@d by an HLT and by engaging in an argumentative
classroom environment by expressing themselves verbally in terms of their
reasoning and understanding of the concept. Moreover, this study is expected to
provide contribution related to the effect of usabdymamic geometry software as
an instructional and a technological

to the experimental process.
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CHAPTER 3

METHODOLOGY

A designbased research approach was used for the current study to provide
an accurate and deep understanding of the learning environment of eight graders
within the context of thredimensional shapes with the supporacjumentation
andDGS. This chapteincludes several issues related to methodology of the study.
First discussion was based on the characteristics and sequence ofbassign
research. By this way, detailed information was given about HLT and the
instructional sequence of the study. Iptetive framework of the study was
explained. Then the case of study type was discussed. After that data collection and
data analysis process were described. Finally, trustworthiness issue and limitations
were mentioned. This section was closed with atgwnmary.

3.1 DesignBased Research Approach

The emergence of desipased research as a new methodology for
educational research appears on the first decades of current century (Anderson &
Shattuck, 2012) and has shown a growing popularity through@utime (Barab
& Squire, 2004). Most of the weknown and qualified journals, respectable
authors and educator researchers identified the potential of desgd research
to increase the quality and leap for educational area (Anderson & Shattugk, 201
By giving this attention to designased research, this methodology has shown an
increasing attention in mathematics education (Cobb, 2003).

Anderson and Shattuck (2012) defineslesignbased researchas a

methodology that aims to increase the effect and transformation of education
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research into practice. Moreover, there is a strong emphasis for both practice and
research need building up the theory and developing some principles that guide
them in edoational contextsP| omp (201 3) definestodesign re
design and develop an intervention (such as programs, tedehiming strategies
and materials, products and systems) as a solution to a complex educational
problem as well as to advanoer knowledge about the characteristics of these
interventions and the processes to design and develop them, or alternatively to
design and develop educational interventions (about for example, learning
processes, learning environments and etc.) witlptinpose to develop or validate
theorieso (p.15).

Similarly, Anderson and Shattuck (2012) mentioned about characteristics of
a quality designbased researchby addressing the educational context and
developing intervention. First, they emphasized thatarebeshould be conducted
in an educational context which woulgrovide more valid results for research and
ensures those results can be source for other context to assess and improve the
practice. Secondly, they focused on the significant interventiamalithors noted
by referring to Brown (1992), an effective intervention should be applicable by
average classroom environments and should be supported by personal and
technological tools. Producing an intervention should be done by both researcher
and prattioner. First issue is assessing a local context. It should be supported and
informed by other context with appropriate literature, theory, and practice.
Moreover, it should be designed to find a solution to a problem or providing an
improvement in thabcal practice. Many examples could be given to intervention
as a learning activity, a different type of assessment or application of a
technological tool (Anderson & Shattuck, 2012). In the current research, the study
was conducted in an educationalntext by using an instructional sequence
including usage of technological intervention regarding the qualigsifjrbased
research

According to researchers, the lack of relevance between the educational
research and educational practice brought oneed for desigiased research
(Plomp, 2013). An important determination from the DedB@sed Research
Coll ective (2003) was that feducati onal r
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problems and issues of everyday practi@split that resulted in a credity gap
and creates a need for new research approaches that speak directly to problems of
practice and that | ead to the devel opment
Akker (199), it is stressed that traditional research approaches such asrexgeri
guestionnaire, and correlation analysis just provide prescriptions for design and
development problems in education. He argues that an important reason of design
research is rooted in the complex nature of educational reforms all over the world.
Radral reforms cannot be developed on drawing sheets in government offices but
calls for systematic research are made to support development and implementation
processes in various contexts. Similarly, Reeves (2006) mentions about traditional
research approhes as are studies that are poorly thought out and poorly conducted,
resulting in no significant difference or, at best, average effect sizes. In fact,-design
based studies should be conducted to investigate what is needed to solve the
emerging problems,ather than to investigate whether a method is better than
another method (Reeves, 2006). In this field, deb@sed research has been
proposed to allow researchers to test and generate various concepts in their natural
contexts (Brown, 1992). BaraandSegui re (2004) i fbasedo duce t
research is not so muemapproach as it is a series of approaches, with the intent
of producing new theories, artifacts, and practices that account for and potentially
impact learning and teaching in naturalisice t t i n2).sMbreoyep .t is
evaluated as a function study by concerning educational settings with their learning
process designs considering the complexity of them. It is expected to understand
the learning process and the main purpose should bevidop domain specific
theories. In this context, DiSessadCobb (2004) states that desigased research
should produce considerable theoretical inferences to sign the distances between
the educational theory and practice. Also, they claim that forrigésa and
discussion of educational phenomena, design research may provide new constructs.
DesignBased Research Collective (2003) stated some basic characteristics
of designbased research as; it is generally conducted in a single setting during a
detemined period; it includes cycles of design, application, analysis, and redesign;

documentation and connection of outcomes to the whole study process; researcher
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and participant collaboration; development of knowledge that it can be used in

practice Stated phases of design research are discussed below.
3.1.1 Phases

Testing and revising the assumptions of phenomena and developing theories
in this context can be defined as the basic characteristic of eessga research.
(Cobb, 2003). In Cobb etl., (2003), they suggest five features for dedigaed
research. First one is about developing theories about learning process as mentioned
above. Second feature is about the interventionist feature which provides
opportunities for researchers to evatuatiucational improvements in their natural
context. Third one is that desipased research is prospective and reflective. While
prospective side takes account of the possible ways of learning accompanied with
a hypothetical learning trajectory; refleaiside is about the several stages of
experiment like testing, refusing, generatingr testing again. These two
characteristics make the methodology have a cyclic process. The fourth, iterative
feature is composed of prospective and reflective featunesisaabout process of
cycling. And the last feature is that developing the theory during the experiment as
it should be applied in the real world (Cobb et al., 2003).

problem HEEEp analysis
/— design & develop
4 prototype

Revision
needed: Yes?
No? asp STOP

evaluation

Figure 3.1 Iterations of systematic design cyc{€somp,2013., p.17)
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All systematic education and training processes are cyclical because they
involve design, analysis, evaluation, and revision activities; and this process
continues until it reaches an appropriate balance of interesh§PR013). Also,
thereare authors illustrated this cyclic process in various ways (Bannan, 2013;
Reeves, 2000, 2006). Authors may use variety of illustrations for picturing the
details of desigibased research, but they generally agree on that it has several
phases (PImp, 2A.3). For example, Cobb et al. (2003) mentions those phases as
preparing for design experiment, conducting design experiment, and later
retrospective analysis. Also, a variety of researchers used same categorization in
their reports (Cobb, Gresalfi & Hodge009; Gravemeijer & Cobb, 2006;
Gravemeijer & Cobb, 2013)n this research, phases mentioned in Cobb et al.

(2003) were chosen for design cycésl they were explained below in detail.

3.1.1.1 Phase-Preparing for the experiment

According to first pmase of the desigbased research, it is stressed that a
local instruction theory can be evaluated and revised during the classroom
experiment. In the ongoing process, learning goals should be clarified, instructional
ending points and starting points shibbe determined. Determining the learning
goals could be through assessment, tradition, or history. It is important not to get
and use a school curriculum as itis given. Also, it should be examined, reorganized,
and identified in a most useful way foudents. The core idea of the content is also
another important point in here (Gravemeijer & Cobb, 2013).

The present study designed around the context of the basic features and
elements of prisms, the surface area of rectangular prism and the surfagedarea
volume of the cylinder. Looking at the history of the classroom, they were eighth
grade students and they had the knowledge of two dimensional shapes which they
could relate the context to the thhéienensional shapes. Moreover, they had the
knowledgeof what a prism is and what a cube is and about its characteristics. This
was an important issue for the current study since it was expected participating
students to call back their knowledge about the context and provide dialogues for

the classroom arguoentation regarding data, warrant or claim.
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In the literature, it is mentioned that traditional learning environment serves
pencitpaper learning process regarding geometry and specifically for three
dimensional shapes. Classical school textbooks proyvides t those fAdescri
il lustrations aboveo (Denbel, 2015, p.23).
the visualization of the concepts, they cannot provide comprehensive illustrations,
since the textbook are static. For this reason, it is suggestadetalynamic
geometry software | ike Geometeros Skechpac
provide accurate and comprehensive learning environment (Denbel, 2015).

Considering those issues, the learning goals which were already placed in
national curriculumwere revised, reorganized, and specified according to the
domain of the current study. Here, another important issue was determining the
starting points. For this determination, Gravemeijer and Cobb (2013) suggest
making assessment like written tests, mwiws, or performance assessments of
whole class. For the current study, a-fgst was applied to the classroom aligned
with the phase before the study started. After completing the identification of
starting points and ending points of instruction, haostep is to formulate a local
instruction theory (Gravemeijer & Cobb, 2013).

Explaining the local instruction theory, Gravemeijer and Cobb (2013) states
that kind of conjectured local instruction theory consists of assumptions about a
possible learningorocess and assumptions about possible ways to support this
learning process. Support tools include potentially productive instructional
activities and (computer) tools, a predicted classroom culture and the proactive role
of the teacher. The research teties to predict how students will develop their
thoughts and understandings in planned teaching activities. In this way, the research
team tries to accommodate the need for planning in advance and the need to be
flexible while developing the students'igting understanding as the design
experience continues. Design based researchers are expected to get ideas from
several sources while preparing an instructional sequence, but the important point
is to work in an advanced way. They must use materials el asupossible those
are available and adopt them to new applications (Gravemeijer & Cobb, 2013).
Accordingly, for the preparation process of instruction of the current study, the
classroom culture, available instructional tools that can be used incirmtal
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process like smart boards, dynamic geometry software, concrete learning materials
and worksheets were designed consistent with national curriculum according to the
student needs and integrated into the instructional sequence. Also, the plans were
left flexible that it could be possible to make any changes or developments in
context if it were necessary. The classroom culture and the proactive role of the
teacher were considered while formul ati n.
classroom normswhat kind of discussions could occur, what kind of activities
could motivate students to participate in whole class argumentation, how to
introduce the topic to the classroom by getting their attention, how to start and
conduct <cl| assr othebase guestiansfer foonolatingwhe design

of current study. To formulate the design of the study, also a hypothetical learning
trajectory (HLT) was created to follow as a pathway. This HLT was planned for

four and half weeks and seven lesson hoursdch week.

3.1.1.2 Phase-Enactment of thedesignexperiment

Second phase is to design experiment after completing the preparation of
the study. After all the end points and starting points are defined, local instruction
theory is formulated, design study can begin. This second phase starts with iterative
process othe design cycles. This cycles and analysis are critical for process of
testing, understanding, developing, and revising (Gravemeijer & Cobb, 2013).
Designbased studies consist of a circular cycle involving testing and redesigning
whole teaching activiéis. In fact, the research team evaluates how the interactions
between the teacher and the students will occur aligned with the planned

instructional activities during each lesson cycle.
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thought thought  thought  thought thought

exp. exp. 2xp. axp. exp.
A Y i Y i Y i Y
instruction  instruction Instruction instruction
exp. exp. exp. exp.

Figure 3.2 Cycling Process (Gravemeijer & Cobb, 2013)

Also, the research team tries to analyze the participation and learning of the
students, considering both the progressive educational activities that are already
taking place in the class and the retrospectotvities. Based on these analyzes,
the research team makes decisions such as the validity of the assumptions placed in
the classroom activities, the formation of certain norms related to them, or the
revision of the design from a specific perspective y&naeijer & Cobb, 2013).
Therefore, this is a cyclic process (Figure 3.2) including whole experiments of
thought and instruction (Cobb et al, 20085 introduced in Simon (1995), a
mathematical teaching cycle involves the learning objectives of the studeat
planned teaching activities, and a predicted learning process. Thus, it is possible to
t his the Si

teacher observes the current understanding of the students during their activities

associat e process to monaos
and makes necessary revisions. Therefore, this cycle emphasizes the importance of
research
2010, Cobb et al, 2003, Gravemeijer & Cobb, 2013). Relatively, a mathematical

teaching cyclean be defined as a process of conjecturing, testing, and revising the

anticipation and intervention in accordance with the dekigns e d

hypothetical learning trajectory (Gravemeijer & Cobb, 2006).
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3.1.1.2.1 Micremacro cycles,localinstruction theory and HLT

In designbased research, tmicro cycles introduced above, support the
development of local instruction theory. There is a reciprocal relationship between
those two concepts. While the local instruction theory leads the micro cycles, those
micro cycles of thought and instruction forms theory (Gravemeijer & Cobb,
2013). This reciprocal relationship has been shown in Figure 3.3 that is adopted
from Gravemeijer & Cobb (2013).

These micro cycles require that the research team involve in a continuous
analysis process. These may be individwadvities of the students, as well as social
communication processes that will influence the thinking skills in the classroom. In
this analysis process, short meetings with the participating teacher immediately
following the completion of the classroaativities have a critical importance for
the evaluation and reinterpretation of classroom sessions. It is also necessary to hold
longer meetings, which should be repeated periodically in addition to short ones.

Their overall focus is to evaluate the whiaeal instruction theory.

e
CONJECTURED LOCAL INSTRUCTION THEORY -

I ! i ! i

thought thought thought thought thought

exp. exp. exp. exp. exp.
A Y i Y A Y A Y
instruction instruction  instruction  instruction
EXpP. exp. exp. exp.

Figure 3.3 Reciprocalrelation of local instruction theory and micro
cycles(Gravemeijer & Cobb, 2013)
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It was previously explained that the lodaktructiontheory is a longer
process involving all the learning processes and activities were planned to improve
mental activities. Therefore, in a desigased study, two levels of conjecturing and
revision process can be defined for each classroom session afidrfstructional
process. For the current study, during fand half week in instructional sequence,
there werdive micro cycles occurred for each phase of the designed HLT. Each micro
cycle included necessary elements of cyclic process like holdiral sneetings
immediately after completing daily classroom session to make an evaluation of that
session.

Accordingly, in a desigibased study, in addition to the adaptation of the
general learning process, mactesign cycles can be defined that proddea from
the retrospective analysis of the study to other studies (Cobb et al., 2003;
Gravemeijer & Cobb, 2013; Gravemeijer & van Eerde, 2009). Therefore,
combination of micro cycles formed macro cycle (Gravemeijer & van Eerde, 2009).
Those macro cycleseave shown in Figure 3.4 adopting from Gravemeijer & Cobb
(2013).

B
EMERGING LOCAL INSTRUCTIONAL THEORY >
-~

i t

Long-term macrocycle Long-term macrocycle

A 4 Ti i i y YA , i Ti Ti v ¥

Daily minicycles Daily minicycles

Figure 3.4 Micro and Macro Cycles (Gravemeijer & Cobb, 2013)

In the light of those explanations, in the current study, there was one macro
cycle occurred andvie weekly micro cycles were in it. The Hiwasimplemented
in that macro cycle. Relatedly, the instructional sequence was examined and

evaluated as weekly mini cycles, necessary revisions were made on the HLT. In
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everyday meetings conducted after complgeach class sessions, the evaluation
of the daily instruction was made and with guidance of those evaluations necessary
revisions were made on the HLT for following classroom sessions. Also¢chfts
meetings provided data for the weekly long meetingse process continued
throughout the study and formed the ldegm macro cycle.

For the current studynadLT was planned on the basis of teachimgms
their basic elements, and their nets, surface area and volume of the cylinder
enriching the instrction with argumentations an@eoGebra. The main focus was
to develops t u d endetstwriling of the concept by working on activity sheets and
by involving in whole class discussions. Aligned with the requirements of the
design research process, HLT were constructed on some conjectures of the
researcher anthe participating teachefhose conjectures were drawn about the
studentsdé6 expected i deas, behaviors, cl a
instruction.

In the preparation process of HLT, national mathematics curriculum for
eighth graders, their textbooks used in lessolliterature review for the teaching
learning of three dimensional shapes were used for the current study. Activities
were shaped simultaneously with HLT since they hareciprocal relationship.
Whil e forming the0EBworknamedi 8sr f S¢ep Aarés
website ofthe Ministry of NationalEducation that includes tests for all classroom
levels,and studentsd textbook were used as s
sheet, students6é thinking | evauricuslumand | ear
were considered.

HLT of the current study planned as a whole learning process by considering
learning goals and teachubgarning activities. The learning practices proceeded
during four and half weeks and seven lesson hours each week.tlostaliearning
cycle was constructed based on HLT, classroom sessions consistedwywo
i nteractions between teacher and student::
knowledge. During the instructional sequence, revisions on the HLT were made if
necessary which is nature of cyclical process. The responsivity of the teacher during
the process was to select appropriate topics for whole class discussiotts and

provide an environment for those discussions aligning with the HLT. This was a
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requirement for proactive role of the teacl{@ravemeijer& Cobh 2013) to

develop studenfsunderstanding about the concept of three dimensional shapes.

This study included four learning objectives derived from national curriculum and

reorganized accomdg to educational needs of the students. These four leaning

objectives formed the five phases of the HLT. These learning objectives are defined

in the National Mathematics Curriculum as:

1 Identifies the right prisms and determines their basic featureseets, and

draws the nets.

1 Identifies the basic elements of a right circular cylinder and its net.

1 Constructs the formula of surface area of right circular cylinder; solves related
problems.

1 Constructs the formula of volume of right circular cylindenlves related
problems (MoNE, 2013).

As, it is mentioned above, these national objectives were evaluated and
reorgani zed according to studentsd needs (d
phases were explained in detail below.

The first phaséncluded two interrelated parts in it. First part was related to
understanding of construction of prisms and determining its basic elements and the
second part was related to displaying the surface nets of prisms. First phase of the
HLT included 10 activig sheets to assist instructional sequence. Accordingly, first
part of the first phase covered two worksheets and second part covered eight
wor ksheet s. The first partédés activity shee
common properties of prisms. Thanawas to construct an understanding and
identification of common properties of perpendicular prisms.

Constructing on the first part, second part of the HLT included activities that
derived and reorganized from Stephanodés (20
Ministry of National Education. The order of activities designed step by step to
provide an activity which would be the basis for the next one. It is important to
improve mathematical reasoning; construction of the activities should be in an
appropriate mder. The aim of these activity sheets was to create a basis for the net

of prisms by working with views of prisms from different ways.
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Table 31 First Phase of HLT

Learning Objectives Determining of basic elements of prism]
Nets of prisms

Planned Period 4 lessons

Student s06 [ Two dimensional shapes
Knowledge What a cube is
Common properties of cube

Context and Concepts | What is a prism?

Common Properties of Prisms
Types of Prisms

Edge, Topbottom bases, Height
Different views of Prisms

Tools Activity sheets
GeoGebra File
Unit cubes

Conjectured Classrooni Daily life examples for prisms
Discussion Conclusions on the basic elements an(
common features of the prisms.

This part of the HLT was prepared und
companyo. Each shape was designed with
understand those unit squares are the same as the length of the shape. In this second
part of the HLT, each #igity assisted by a GeoGebra file and after working each
guestion individually or in groups, classroom check was applied on the GeoGebra
file to make student construct the conceptual understanding of the context.
Moreover, the teacher gave unit cubesttmlents to construct the shapes given in
the activity sheet for helping them to develop their tiieeensional imagining
from various ways. In Table 3.1 first phase of the HLT was shown.

For the second phase of the HLT, six pages of activity sheet wparpd
related the | earning objective of Aconst
perpendicul ar prismso. For this(20p5art of t
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work was the primary source. By the end of this phase of the study, students are
expected to understand the surface area of perpendicular prisms and could be able
to solve related probleméctivities of this phase again designed step by step
constructing on each other. For example, first shapes of the activities were given
unitsquare on t hem and wanted students to find
candies by wusing wrapper papers?0 and fAhow
Working on those questions, the aim was to make an introduction to the surface
area of the perpendicular prismAfter being asked various questions about unit
squares, students worked on activities that included shapes without unit squares.
With those questions students were expected to make connection between unit
squares and length of the edge of shape. Wahstipport of GeoGebra files for
each activity sheet, students checked their solutions by discussing them in
classroom environment.

At the end of the activity sheet, students were asked to work in pairs to
produce a formula for perpendicular prisms. Afjering a certain time period to
them, they were asked to explain their answers with reasons and justifications. In
here the i mportant poi nt was studentsd abi
work into algebraic expressions. They worked on variousiies by solving them
and as a next step it was time to express the process by algebraically. This is a
challenging process and an issue for students to transform that kind of numerical
knowl edge into algebraic expranglesnglons, al so
with a letter or a character. For this process, the proactive role of the teacher and
the ways of operating it comes forward. In here, teacher should be as much as
supportive to make student overcome that transformation of knowledge in a
mathenatically meaningful way. For instance, she/he can remind the meaning of
algebraic expressions by asking a question.
asked a question as; "What is the perimeter of a square with an edge length of 5
cm?" Probably all saents can answer such a question. The teacher can change it
as; "How many centimeters is the perimeter
of 5 cm?" This discussion would be a guide for further steps to produce formula for
surface area. Thediscussiane b e devel oped with studentso
probably find the perimeter of that a squart
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each edge is Aao unit. What is important
have gained with classroom adti®s by combining the former information.

Second phase of the HLT was shown in Table 3.2.

Table 32 Second Phase of HLT

Learning Objectives | Constructing the formula of the surface area
perpendicular prisms

Planned Period 6 lessons

St udE®riot so Common Properties of Prisms
Knowledge Edge, Topbottom bases, Height

Context and Concepts| Surface area

Tools Activity sheets
GeoGebra File

Conjectured Classroon Wrapping equals to surface area
Discussion Unit squares equals to length

Process of finding the formula of surface are
of perpendicular prisms

Third phase was planned related to th
the basic el ements of cylinder, construc:
of the HLT was prepared with six pages of activity sheets. At the end of the phase,
students werexpected to construct the knowledge of basic elements and net of a
cylinder. The process started with the t
cylinder is and asking them to give daily life examples of it. This process was to

check the prior knowlige of students about cylinder.
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Table 33 Third Phase of HLT

Learning Objectives Determining of basic elements of cylinde
Net of cylinder

Planned Period 6 lessons

Student so6 Pr Knowledge of rectangle
Knowledge of circle
Radius, diameteR| number
Circumference of circle

Context and Concepts What is a cylinder?
Common properties of a cylinder

Tools Activity sheets
GeoGebra File

Conjectured Classroom | Wrapping a cylinder equals to net of it.
Discussion Is a cylinder also a prism?
Circumference of one base cylinder equ
to length of side edge on which it
wrapped.

The first question was about asking students to draw a wrapper of cylinder
candy which tried to evaluate whether students understood the aim of the question
which was fAwhat the net of a cylinder is?0
students aboutheir answers with reasoning and justification ways. After whole
class discussion session ended, the GeoGebra file was opened to check their
answers and to evaluate the relationship between changes of lengths of closed shape
and opened shape. After consting the knowledge of basic elements and net of a
cylinder, ot her step of t he activity she
understanding on circumference of one base cylinder which equals to the length of
the edge of its side surface on which it wasapped. Actually, this was a
conjectured classroom discussion about previous question. By constructing on it,
students were expected to use that knowledge as data for classroom discussion.
Another aim was to make students to transfer the knowledge betiweediiferent
lengths of the cylinder. For example, they were expected to be able to find the length
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of the radius if they knew the length of the edge on which it was wrapped or vice
versa. Throughout this phase students were expected to have knowleglder bas

the next phase which was about surface area of a cylinder. Activities of this phase

were reorganized from t he SThetildphases (201

of the HLT was shown in Table 3.3.

Fourth phase of the HLT was designed about thiaseiarea of cylinder. It

was prepared related to | earning objecti

surface area of <cylindero. This phase
sheet was critical for being the first step of the understanditigeasurface area.

The question was about wrapping cylinder shaped candies with their dimensions as
they were given. Since, students constructed the knowledge of wrapping a cylinder
equals to net of it from the prior phase, they were expected to understgnebuld

need net of cylinder again. In here, there was an additional point as the students
were given dimensions of cylinders. An expected whole class discussion that the
teacher would conduct was about AdAwhat
a time period to work in pairs on the activities and the teacher started the
argumentation process by questioning
reasoning on finding and understanding how to wrap those cylgtdgred candies

was critical forthe following step of forming a formula for surface area of cylinder.

Ne xt wor ksheet was about student séb

numerical work into algebraic expressions again. It was expected that students
would have had less difficulty in throcess than they would have in finding the
surface area formula of prisms in previous lessons. It was also expected that they
should have structured the preliminary knowledge of how to transpose algebraic
expressions from numerical data with classroostculsions which they do there.
After completing these activities and constructed the knowledge of surface area of
cylinder, following activities were based on strengthening this knowledge by
solving additional questions. Moreover, those questions werangepo practice

both prisms and cylinder altogether. The activities of this phase were formed from

studentsé textbook and Stephands (2015)

include GeoGebra files. Table 3.4 shows the fourth phase of the HLT.
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Table 34 Fourth Phase of HLT

Learning Objectives

Surface area of cylinder

Planned Period

5 lessons

Student sb

Pr i

o Net of cylinder

Basic elements of cylinder
Area of circle

Area of rectangle

Context and Concepts

Surface area
Area of circle
Areaof rectangle
Pl number

Tools

Activity sheets
GeoGebra File

Discussion

Conjectured Classroom

Forming the formula of cylinder

Last phase of the HLT was based on the |
the knowl edge of t hWhilerpeepaunythe autivitiesdfthis cy |l i nder
phase, students were expected to have the
Avol ume of cube and rectangul ar prismo si ni
sixth grade.

By constructing those knowledge base, teacher started the process with a
classroom discussion about Awhat is vol ume’-
about Ahow the volume of cube and rectangul

element do we need fonto s e

operations?o. This process

back the students6é former knowledge that

cubes that actually filled the inner zone when they found volume, but while doing

this calculation instead of counting tehole cubes, they multiplied the three

di mensi ons
can filll a

find vol ume

of

cyl
of

the prisms with each other.
inder with unit cubes since
t he cylciechfbm th@ studenhth kereans wer s

were the necessity to use circle segments instead of using unit cubes to fill the
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cylinder. Students would be able to figure out the volume of the cylinder by
understanding how they could fill the cylinder by placing the cindkeputting one

on another one at the height of the cylinder. Additionally, students were expected

to transfer the knowledge of the volume of cube and rectangular prism which can

be formul ated as Amultiplicati eadumef base
of cylinder by filling it with circle segments to the discussion and relating context

about the volume of cube and rectangular prism, the students were asked to
conclude that the volume of the cylinder
with the guidance of whole class discussions. To support this phase, GeoGebra files
were used to assist studentsd understand
of activities were included to construct the conceptual understanding of volume

task.Table3.5 shows the fifth phase of the conjectured HLT.

Table 35 Fifth Phase of HLT

Learning Objectives Volume of cylinder

Planned Period 4 lessons

Student sé6 Pr i o Volume of Cube
Volume of Rectangular Prism

Context and Concepts Base area
Height
Tools Activity sheets

GeoGebra File

Conjectured Classroom Forming the formula of cylinder
Discussion

3.1.1.2.2 Datggeneration andimplementation process

In designbased studies, data collection, generation, and procedural progress

depend on the theoretical intent of the dedigeed study from the very beginning.
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For example, if local instruction theory is being developed in a désiged study,

it would be appropriate to record all classroom sessions with the video camera, get
copies of the work of all students, and collect field notes while data is being
collected and generated. Generally, a large amount of data will be needed because
it is important andcritical to document the mathematical development of the
students, development of mathematical reasoning, and to evaluate the emerging
learning ecology (Cobb, Gresalfi & Hodge, 2009; Gravemeijer & Cobb, 2013). It

is also important to audigecord the resech group meetings. Because these
meetings provide one of the best opportunities for the research team to document
the learning process. Therefore, data generation and collection are a mechanism
consisting of processes such as review, interpretationsidecmaking and
organizing which continues throughout the study (Gravemeijer & Cobb, 2013).

For this study, the data collection and generation process included the
application of the phases of the hypothetical learning trajectory. This process
consisted ba macro cycle containingeekly micracycles. After a total of four
and half week and seven lessons per week, the study was completed. The literature,
the thinking and the learning levels of the studevesetaken into consideration
while preparing the instructional sequence and learning activities. The first form of
activities was applied to ten randomly selected students from another non
participating eighth grade. With the direction of these collected fdama ten
students, the research team made revisions on the worksheets and instructional
sequence and the main study had started with it. The revised HLT and content were
applied in the main study. However, during the process, there were some changes
that were done in instructional sequence, hypothetical learning trajectory and
activities for the following courses in accordance with the needs of the students.

The research team, consisting of the researcher and the participating teacher,
came together to fon the macro cycle of the HLT. This process went parallel to
the preparation of HLT. This process was completed in approximately in one week
(throughout weeldays). Throughout the instructional sequence, students went on
working individually and sometimes pairs. During these studies, the participating
teacher and the researcher checked students or study groups to determine the
progress of the studies, the way how students think differently, and the issues that
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may come up to discuss in class. After studiendividual or dual group work had

been completed, classroom discussions started and the different interpretations,
demonstrations, questions of the students had been evaluated together with their
reasons. This procedure had been followed at all stdgbhe HLT.

The first week of teaching began with the basic features and openings of
prisms as it was the first stage of the HLT. This week was critical for the social and
sociomathematical norms of the class which would begin to emerge. With leading
oft he teacher, the first | esson started w
prism iso0o and fAexamples of prisms from
studentso6é prior knowl edge of the prisms
features of the prissmwith the students' answers about the prism examples.
Moreover, students were expected to make judgements about what kind of objects
would be prisms and what could not be a prism by observing the examples of other
students. Relatedly, they were expectedniake conclusions about the basic
features of the prisms. With the help of the worksheets, the teacher tried to lead
them to think about Athese shapes have a
observed during the class discussion that studentsgléy had some idea wfhat
the prism was, but when looking at the prism examples, it was seen that some of
the objects that were defined by the students as prisms, were not prisms in real. For
example, an issue was about cylinrdbaped pencil cans @iin cans. Those were
among the given examples of prisms.

Also, other given examples were camp tents and roofs of houses. Students
were not sure about those were prisms or not. The problem with the tents and roofs
were about their positions. Some studehbught that they did not look like prisms.

This was an unexpected issue for the researcher and the teacher. At that time, the
teacher added the issue to the classroom discussion about those examples. During
classroom discussions, the teacher asked tidests to think about the basic
features of the prisms and explain their thoughts along with the reasons, starting
from the examples that are given. The features told by the students were noted on
the board and then discussed. Examination of prism examge written on the

board and were done through classroom discussion. The compatible ones were
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chosen; and then the teacher arranged the definition about basic features of the
prisms.

After writing those basic features of the prisms, a question arevssttier
the cube was a prism or not. They discussed about the issue. Additionally, the
teacher questioned about the camp tents and roofs of houses. They compared the
features with other prisms; and decided tents and roofs were also prisms. The
teacher exp@ined the shapes that being slanted was not an obstacle to be prisms;
and continued that when they change the position of any shapes they do not make
any changes in their feature, length, height, i.e. She reminded the transformation of
geometry and askeduslents whether they were doing any changes in a shape or
not. With this discussion, studems@wtheir own misconceptions in their minaisd
correced themselves under the leadership of the teacher. After lesson, the
researcher and the teacher talked ablmese unexpected questions and decided to
add HLT of the study. The issue about tents and roofs would be added as a
discussion issue for further studies; the cylinder was added to the phase of the HLT
with the learning objective of determining the feasliof cylinder.

In the following process, the activity paper consisted of sections related to
the nets of the prisms. At the beginning of the lesson, the teacher gave the first
activity sheet of the second section and informed the students how to piused.
paper was explaining that the context would continue by associating with the
wrapping part of a candy factory. Then in the following pages, the students had to
show how to make wrapping paper so that the candies in the given shapes could be
covered.Given shapes were prepared by unit cubes, to make students understand
the connection between those unit cubes and length of the edges. GeoGebra file
wereprepared for each of the activities there. The students were expected to work
individually for the fdlowing three pages. Also, the drawings were evaluated
during whole class discussions. The process progressed as it was planned. After the
students worked on the questions for each page, they were asked to comment on
the drawings and explain the reasons tfe different ideas. There were some
students that misunderstood the task. For example, they solved the questions by
counting the cubes that constructed the shape as it was a way of finding the volume.
This issue was noticed while discussing about thepamrses. To solve this
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misunderstanding, the teacher asked the class about their ways, and justified those.
With studentsdéd explanations, t hat probl e
period of the students' work, the requested students were givenbed to see the

concrete form of drawings. Later, the GeoGebra file on the smart board was opened

to check the evolution of each problem and the process was completed.

Last three pages of this phase were based on the relationship between the
closed and ogned forms of prisms. Students were expected to evaluate and find
out which point in the open form of the prism matches with the other point when
the prism brought into closed form. This was an issue related with spatial thinking
of students. There weredds about the issue, but it was challenging for students to
find out the matching points, so they needed to see the shapes on the GeoGebra file.
For these pages of phase, there were not a proper GeoGebra file, thus the researcher
opened the GeoGebra filbat was prepared to show the net of rectangular prism
and used that file to clarify the issue for students.

After seeing on the software, students could overcome the challenges using
this way. When the classroom session was completed, the researchndaotenb
a small aftedesson meeting and talked about the issue. This was a missing part in
the instructional sequence and should be added, so the researcher and the teacher
decided to prepare a GeoGebra file farsteguestions and added it into HLT o&th
study. Other activities were questioning the missing parts of a given prism in
opened form. The students did not have any difficulties for those questions, they
successfully found out the missing parts of the prisms without any need of a
GeoGebra file. Wh these activities, first phase of the HLT was completed with a
learning objective of determining the basic elements of prisms and their openings.

The second part of the HLT was related to the construction of the formula
of the surface area of the prisnThis part started in the first week of the study and
continued during the second week. The first page of the activity paper included
questions about how many wusijuare of wrapping paper should be used to pack
the prisms formed by unit cubes. In thgsestions, the visual spatial thinking skills
of students came forward. It is expected that the students would understand the
incomplete or invisible parts of their minds. Moreover, they would understand that
they cover the surfaces that actually appeatewgackaging. Thus, they made the
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procedure on the surface area. For this part, the teacher asked the students to think
over the questions for some time after they got their working papers. Later, they
started a class discussion here about what theylveanrg asked. The question that
starts the discussion was "how are you packing the candies given, what are the
measures of the paper you need to use?" Students explained their ideas on the
subject. When the statements made by the students were examiwraepiserved

that students in general understood what they would do and which way they would
follow. When it came to the other page, the first few questions were formed by unit
cubes, and the students again ansdeguestions without any difficulties. The
candy was given in the last question and the following two pages did not include
unit cubes. What was expected from the students here was that they must define a
unit length for each prism by relating with their previous experiences and continue
their pro@dures accordingly. While passing to those questions, students had
difficulty to understand how to do procedures without unit cubes. That was an issue
and a required classroom discussion. The teacher questioned the students about how
to transform the givedata from unit cubes to edge length. For this process, some
students wanted to see the a GeoGebra file or concrete materials. Thus, concrete
unit cubes were used to show this transformation. From this discussion, it was
obtained that some students neettedee a concrete material or a software to
clearly understand the process. Higure 3.5is from the activity sheet in which

students had difficulty to transfer the knowledge.

Students could calculate the surface area

[T T T 77 f/ /

[T T 7T
i

! | Bcm |

They had difficulty in calculating the
surface area

Figure 35 Students' difficulty
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After overcominghis issue, the classroom continued to work on other page
that was about forming a formula for surface area of prisms. This was a critical
point for students because they needed to create the formula in a mathematically
meaningful way in their minds. Theyere given a time period to work in pairs and
discuss how to express the formula in algebraic version.

During that process, the teacher and the researcher guided the groups and
listened their ideas and gave support to make them reach the result themselves
Moreover, during the process, if there were any critical questions arising, the
teacher made a whole class discussion. Looking at the process in general, students
were aware of what they were doing and what was the meaning of finding surface
area. Thisssue was clear for them at the end. But the problem was about how to
express their ideas or finding formulas. On the paper, there were clues for students
as examples of given formulas. Some of them developed ways to follow, but some
of them were not cleaa b o u t naming the edges. Eval u
expressions in whole class discussion, they reached the final version of the formula
of the surface area of prisms. After working on a few questions, this phase was
completed with the surface area of prssmvhich was aimed to construct the
knowledge.

The third phase of the HLT was about the learning goal which is about
determining the basic elements of cylinder and net of it. This phase started at the
second week of the study and continued at the thirdwidas phase of the HLT
was included on the seven pages of activity sheet. At the beginning of the lesson, a
discussion was planned about whether a cylinder is prism or not. As mentioned
earlier, at the first lesson students started to talk about pitiseysgave examples
of prisms in everyday life, some students gave examples to prisms as eylinder
shaped pencil boxes and tin drink boxes. Then, the teacher and researcher decided
to add the HLT that was prepared for cylinder to the lesson by having axgneeti
after lesson. After the properties of the cylinders were discussed and samples were
given, two separate columns were created on the board and the properties of the
cylinders and prisms were written. By looking at what was written there, the
students deded that the cylinder was not a prism. For example, the absence of the
edges of the cylinder base was the most distinctive aspect that students perceived.
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After a short discussion session, the issue was enlightened, and teacher
continued with activity sket. Teacher gave the first page of the activity sheets to
the students and gave time to read and understand the first question. This page was
questioning the how to wrap a given candy in cylinder shape with a wrapper. The
teacher asked to the class whayt understood from the expression. Whole class
replied the question as it was asking the net of the cylinder. They did not have any
difficulties in that question and they drew appropriate openings for the cylinder.
The remaining pages of this section weskated to matching the given parts of
cylinder; for example, finding an appropriate circle base for a given rectangle side
face, or vice versa; and finding other lengths of cylinder by giving a certain length.
Basically, the framework required the stutieto think as the same way but by
asking in different ways, it was questioned whether students would be able to
connect with each other or not. On the first type of questions, the students worked
in pairs. In this type of question, students were expectathderstand that one
length of the side face and circumference of the given base should be the same
length or vice versa; and to act accordingly. During this process, a question occurred
as whether they should use the long side of a given rectanglegavaund a circle
base. This was also an unexpected question and needed to be discussed. The teacher
questioned the classroom in this way. There was not a proper GeoGebra file for this
discussion, but one student used her notebook, tore a paper ardihg itiaround
at one time from the long side and at one time from the short side, justified her
answer, and completed the discussion. Through this process, there were not any
other challenging issues for students to overcome and they completed the proces
successfully. Constructing on this part, in the second part students worked on
missing lengths of the given cylinders. In this part, they worked individually
without any questions and finished this phase.

The fourth phase of the HLT, was about the surface area of the cylinder and
constructing the formula relatedly. This phase started at third week and continued
through two lessons of last week. At the beginning of the lesson, teacher questioned
about if thee was any unrealized issue from previous task and started the session
by giving the first page of the activity sheet. Students were asked to wrap the given
cylindershaped candies with appropriate wrappers and their measures. This was an
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easy task for stients because they did the similar activities at the previous lessons.
They completed the page by working individually without any difficulty. The
teacher asked about the activity th&yid that page and the answers gave the same
response as surface aréathe next page, it was time to produce formula for the
surface area of the cylinder. The teacher gave some time for the class to discuss in
pairs and try to produce a formula as they do while working on formula of the
surface area of the prisms. Duriihg working period, the teacher and the researcher
supervised the groups and supported for their method. After working on the sheet,
they started to talk about the responses. In general, similar to working on the
formula of the prisms, the same problenswrced as transforming the numeric data
to the algebraic data again. Most of the students were clear about what to do and
how to find the surface area of a given cylinder, but they were again not sure about
how to use letters to name it and construct enfda. By discussing it as whole
class, the researcher gave a clue by reminding the formula of the area of the circle.
After that time, most of the students could be able produce the formula of the
cylinder. Actually, they knew it numerically, but they alsonstructed it
algebraically. Afteflesson discussion, the teacher and the researcher decided that it
would be beneficial for the studento add a few examples with algebraic
expressions to HLT for further studies. Accordingly, after students worked with
numbers, and tried to find the surface area by that way, it would be a bit easier to
transform the numerical data to the algebraic expressions to construct the formula.
Having an overall look at the process, there were not any great challenges or any
necessity to use a GeoGebra file except for producing the surface area formula.
The fifth and the last phase of the HLT was about the volume of the cylinder.
This phase | asted during four | essons
the session by @stioning about the knowledge of what volume is. The students
had former knowledge of the volume from earlier grades. They had learned the
volume of the cube and rectangular prism at sixth grade level, and during the
discussion it was understood that tHead the conceptual understanding of the
volume that it means to fill inside of any shape. Moreover, to fill and find the
volume, they successfully remembered the usage of unit cubes. Actually, this was

an issue from the beginning of the process. As itmastioned before, while they
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were working on the surface area of prisms and wrapping the candies that were
given as constructed with unit cubes, some students misunderstood the issue and
they calculated the volume of the given candies by counting theuwimn#s. The
teacher reminded the process and a GeoGebra file was opened to show how they
were filling the inside of a cube or a rectangular prism and how they were
transforming the operation from counting each unit cube to multiply the edges with
each otherA whole class discussion started about what could be done to find the
volume of the cylinder relatedly. There were different ideas that were suggested,
but one of them was remarkable and it was
of prisms since its athreed i mensi onal shapeo. The idea
The teacher went over that response and wanted that student to justify and prove
his answer. The class thought about the issue, some offered to fill the cylinder with
water, but again the volunad the water was rising as an obstacle. The researcher
reminded the usage of unit cubes to fill prisms to show a different way and wanted
them to think how they can fill it by using concrete materials as they do in prisms.
One of the students offered tita of using circles to fill it and got the point. The
teacher went through that response by asking how to calculate the whole volume.
The student responded as by using as many cycles as that would be able to fill the
cylinder. The researcher questionédat how to find the number of those circles

and another student responded as it was height of the cylinder. Those responses
made the issue clear and the researcher opened a GeoGebra file and they evaluated
how to fill a cylinder with circles to find theolume. This time it was easy for
students to produce the formula of the volume except for a few of them. The teacher
continued with following pages that required calculation of volume of the cylinder
assisted with GeoGebra examples. After solving exangpl€seoGebra file, there

were not any questions left to ask about the task. This phase was the ending of the

process.

3.1.1.2.3 Preparation of HLT

The instructional sequence of the current study which was an application of
the planned HLT, continued dag four and half weeks and seven lesson hours for
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each week. The research team was constructed as a school research team by the

researcher and the instructor, and each lesson was observed by that research team.

The data of the studyere based on the undganding ofsolidsand they were

included the videgecordings of the lessons which include pair and whole class

di scussions

meetings, prp ost t est s,

s t u d eclads snéetings; weekly eesearchdeark s ,

and t he datasvaecollectee r 6 s

from various sources to provide detailed and accurate knowledge of classroom

sessions with the concept of thigienensional shapes. Design of the current study

was summarized on the followirkigure 3.6 (Gravemeijer & Cobb, 2013).

Preparation of
Instructional
Seguence and HLT

field
notes

Video-
records [

t Retrospective
Analysis
Macro Cycle
Classroom Sessions
Written Meetings Pre-post v "
works Audio- tests )
records
Weekly Cycles

Figure 36 Design of the current study (Gravemeijer & Cobb, 2013)

The current study included one macro cycle and weekly cycles from each

week. Throughout the study, five micro cycles occurred on the five phases of the

designed HII. To prepare the main instructional sequence which indltheeHLT

and activities of the study, the prototype of the activity sheet was applied to the ten

eighthhgrade students from another Rparticipating classroom whom were

randomly chosen. After thiapplication, necessary revisions were made on the HLT
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and the activity sheet, and the last form of the instructional sequence was ready.
Additionally, during the study process, necessary changes were made, or additions
were done when it was needed acouydo studeni@needs related to the nature of

designed based study. Thus, at the end of the study, a revision was made and

adapted to HLT again which would be a source for further studies.

3.1.1.3 Phase-Retrospectiveanalysis

This section explains the revisions that have emerged during the application
of instructional sequence which have been done according to the needs of the
students.

Since the aim of the design research study is to get information and to
understand about the relationship between
learning, it is a necessity to collect various data set from various sources and
eval uat e t hkeg madcasslderimd teeGtudy hyithis way (Gravemeijer
& Cobb, 2013). The main aim is to analyze the huge data set systematically and
accurately. To provide the credibility of the data analysis process, all steps of the
experiment need to be documentednféctures and claims should be done from
the beginning of the study, throughout the study and at the end of the study as
retrospective analysis (Gravemeijer & Cobb, 2013, Gravemeijer & van Eerde,

2009).

For the current st udy  dateaveere icdileited ment i o n e
through various sources and analysis of the collected data set was done during and
at the end of the study. This data set constructed the macro cycle of the study that
aimed to evaluate the mathematical practices emerging in an -gigiuié
mathematics classroom in the context sdlids which were supported by
argumentations andGS. With this process, some necessary changes were done on
the instructional sequence and the HLT.

The learning objectives of the study did not change; $eareh team found
it appropriate for the studentsodo | evel and
made in the activity sheet. Last three pages of this phase were based on the

relationship between the closed form of prisms and nets of them. Student were
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expected to evaluate and find out which point in the net of the prism matches with
other point when the prism brought into closed form. This was an issue related with
spatial thinking of students. There were ideas about the issue, but it was challenging
for students to find out the matching points, so they needed to see the shapes on the
GeoGebra file. For these pages of the phase, there were not a proper GeoGebra file,
for this reason the researcher opened the GeoGebra file that was prepared to show
the né of rectangular prism and used that file to make the issue clearer for the
students. After seeing on the software students could overcome the challenges by
this way. When the classroom session was completed, the research team conducted
a small aftedessam meeting and talked about the issue. This was a missing part in
the instructional sequence and it should be added. So, they decided to prepare a
GeoGebra file for those questions and add it into HLT of the study. Another change
was about the conjecturethssroom discussions during the process. There were
unexpected questions and discussions occ.l
of any prism or its features; whether a cube is also a rectangular prism at the same
ti me; whet her Iismh e Thase qugstionswere decided to aald tp r
the HLT for the following lessons and also for further studies.

The second phase of the HLT was based on the surface area of the prisms,
the students successfully completed process with the support oéti@zeGra file.
But at the last page of the activity sheet, there was no GeoGebra file that would
support the studentsd understanding, and
dynamic environment, so the research team concluded that a GeoGebra file shoul
be added to the activity related to those questions. The researcher pr@pared
GeoGebrdile about one of the questions for the next day and students evaluated
the question with support of that file, but because of the limited time, it was not
possible ® get prepared for the other questions. By adding it to the HLT, it would
be suggested to use it for further studies.

The third phase of the HLT was related to the basic elements and net of the
cylinder. The discussion about this phase came from thelfieste of the HLT. The
guestion was whether the cylinder was a prism also. In the meantime, the research

team had decided to add the discussion to the HLT and that addition was directed
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the third phase. The research team also concluded that it shoulddaetadHLT
and to instructional sequence for further studies.

In the fourth and fifth phases of the HLT, there were not any necessary
changes for research team, so they made a conclusion as the same as prepared

before.

3.1.2 Interpretive framework

Fordesignbased research, it is important to explain, how collected data can
be transferred into scientific interpretations. Thus, researchers need to use an
interpretive framework to make the data set scientifically meaningful starting from
the beginning othe study, throughout the study that on progress and while doing
the retrospective analysis. It is essential to maintain the process systematically to
provide the data set to make sense while making scientific interpretations
(Gravemeijer & Cobb, 2013). @vemeijer and Cobb (2013) suggested some key
elements for the interpretive framework of a designed based study. First one is
suggested for interpretation of the learning environment in the classroom which is
defined as emergent perspective (Cobb & Yack@96; Yackel & Cobb, 1996),
and the second one is suggested for studen
evaluated under the RME theory for the current study.

Current study used three domains of social aspect as interpretive framework.
Those domains wersocial norms of classroom, scomathematical norms of
classroom and as a last one mathematical practices of the classroom. As it was
mentioned in the literature review of the current study, social norms of a classroom
define the beliefs about the roles the classroom and also about the general
structure and nature of the activities of the instructional sequence. Moreover, these
social norms refer to the communication between and the students by the way that
teacher forces the students to explain the@as, to justify those ideas with
appropriate mathematical terminology, and to show their agreement or
disagreement in classroom discussions (Gravemeijer & Cobb, 2013). Relatedly, the
current study included some social interactions which occurred indbsr@aom

environment as studentsd participation to
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practices as individually, as working in groups and also as whole class discussions.
Individually they worked on their work sheets, or other type of questions. Ssudent
worked in pairs by discussing and sharing their ideas with another peer. After that
individual or peer works, whole class discussions were started in which students
shared their ideas, solutions, explanations, justifications, i.e. For the transformation
of these social norms to the scientific d
model was used which was developed by usi
The second emergent perspective is satahematical norms of the

classroom which can be sepadhtfrom social norms with being specific for
mathematics (Gravemeijer & Cobb, 2013). For example, different and acceptable
mathematical solutions, explanations, justifications, proofs, i.e. The teacher does
not offer any ways students to follow, instead téacher and the students develop
the sociemathematical norms of the classroom by participating in whole class
discussions (Gravemeijer & Cobb, 2013). Thus, it is essential to obtain the
mathematical practices that occur during the classroom sessiesilgise socio
mathematical norms are base for the formation of the classroom mathematical
practices (Cobb & Yackel, 1996). During the process of the current study, while
involving in the whole class discussions, all the participants shared their ideas,
solutions, explanations, justifications with others. For example, during the process,
some socianathematical norms emerged from basic features of prisms, basic
features of cylinder, producing the formulas of surface area of prisms and surface
area of cylimer, and while discussing on the volume of cylinder.

Eventually social aspect of interpretive framework is offered as mathematical
practices by Gravemeij@ndCobb (2013). As mentioned earlier, Cobb, Stephan,
Mc Cl ain, and Gravemeijer (2011) defined t
takenasshared ways of reasoning, arguing, and symbolizing established while
di scussing parti cull28yanthasa GravemeiferiacdaCbbbi d e a s
(2013) defined it as Athe normative ways
mat hematically at a given moment i n ti me
the classroom mathematical practices occurred from thigfawated participation
of the students. For the current study, to evaluate and obtain the classroom
mat hemati cal practices and to interpret
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argumentation model was used with learning of the concept of three dmans
shapes supporting with DGS, argumentations and daily life examples.
For the current study, studentso | earni |
theory as an interpretive framework. As it is explained in detail in the previous
chapter, the RME theoryllaws the researcher to focus on various learning
processes. It also examines whether students have produced their own solutions or
not, or whether they imitate the methods used by the teacher or other students. In
such a case, the student can look atvmeety of solutions. In this case, students
are expected to identify new routes when they have a solution. In addition, students
can try other procedures that are not compatible with the reinvention process when
they encounter a problem in the learninggass. In this case, according to the RME
theory, there will be a demonstration that the route they follow is not a natural
reinvention process (Gravemeijer & Cobb, 2013).
RME guided the current study by looking for answers to the questions such
as; whetler the students create their own ideas during the learning activities,
whet her the instructional activities suppor

process.

3.2 A Case Study

Case study provides tools and opportunities for researchers to study
complex phenomena within their natural environments and contexts (Baxter &
Jack, 2008). It also allows researchers to explore individuals or communities with
their relationships, communications, and programs (Yin, 2003). Thus, it seems that
case study is ree of the most preferred methodologies regarding those
characteristics (Merriam, 2009). This research becomes a valuable method for
educational research to evaluate programs and develop theories (Baxter & Jack,
2008). Qualitative case study is an approtwit facilitates investigation of a
phenomenon in its natural context using many kinds of data sources. By this way,
researcher ensures that the research issue is explored through a variety of lenses.
Thus, it will allow many facets of the phenomenon tddwend out evaluatecand
understood (Baxter & Jack, 2008).
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Yin (2003) states that, a researcher should take a case study into
consideration when the focus of the stuc
Awhyo questions; i f & hetveen the coetextrandtthec | e ar
phenomenon; or to see the context in its natural conditions to find the relations
between phenomenon and the context. Current research seeks for ways to find out
the relations between s-dinedsomltslsapes nnder st
geometry and classroom mathematical practices that they developed during the
instructional sequence. Moreover, this research wants to see how this process will

support the studentsdéd achievementse Thus,

study.

Whil e defining the case Miles and Hl
phenomenon of some sort occurring in a b
the question Awhat | want to analyze?0,

& Jack, 2008)For the current study, the case is the process for development of
mathematical practices in an eigigtade class while practicing the instructional
sequence that designed by researcher and the mathematics teacher.

Looking at the main approaches whichidguthe case study method, the
most common ones are offered by Stake (1995) and Yin (2003, 2006). They
proposed different types for the case study method. Stake (1995) defined case
studies as instrumental, intrinsic, and collective; while Yin (2003) ceigbit
descriptive, explanatory, and exploratory. Intrinsic case study was explained by
Stake (1995) that the researchers who want to understand the case better should use
this type of case study. The case represents other cases, but also it has its own
particularity. The case is at the center of the study itself.

Consequently, the aim of the current study is to develop content for three
dimensional geometric conceptsamghth gade mathematics curriculum by using
argumentations and GeoGebra dynamic ngetoy software, to develop an
instructional sequence, to obtain mathematical practices during this process and, to
test the effectiveness of this content; the case has its own particularity that the study

conducted around it, so this study is an intrimsise study.
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3.3 Participants

Related to features of a qualitative research study, the number of
participants was limited. Since the aim was not about generalizing the findings, the
study was conducted in a public elementary school in Yenimahalle thabven
of Ankara city. The current study was conducted in the school that researcher has
been teaching. This school and the participating teacher were chosen because of
their voluntarinesgheir availability and ease of accessibility (Fraenk#&allen &
Hyun, 2014).

For selection of the participating teacher, a purposeful method was applied.
The participant mathematics teacher has sgeam teaching experience with a
mast er 0 s wheatpocseto codpietng her PhD thesis. Moreover, her
research area i1s similar to the researcher
classroom practices like the researcher. Therefore, she is familiar with the research
met hodol ogy and has some i $heplacedimahe t he <cur
research team of the study. The research team consisted of two participants; One of
them is the researcher, other one is participating teacher.

The participating classroom consisted of 16 girls and 19 boys, 35 students
in total. It was bosen purposefully by the participating teacher regarding their
classroom communication skills and willingness for participating to classroom
activities and argumentati on. During t he
participation to the lessons was high.

The study was conducted in four and half week instructional sequence and
sevenclasshours in each week. Since a ckasair is 40 minutes, each weekly cycle
got 280 minutes sessions for the classroom. The participating -g@db
classroom learned in 8ocial environment which is designed according to
requirements ofargumentativeclassroom environment throughout a proper
instructional sequence in which they engaged in geometrical issues alone or with

their peers in small groups; after that by partitingain wholeclass discussions.
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3.3.1 Role of theparticipating teacher

The participating teacher was the main instructor of the classroom. She was
responsible foleading the teachiniparning session§he acted as an orchestrator
of the classroom activities including whole class and pair argumentations aligned
with the instructional sequence and HLTShe directed the classroom
argumentations to make students get the expected understanding of the. context
Additionally, she made them involve in argumentations about unexpected ideas and

situations to handle possible misconceptions.

3.3.2 Role of the researcher

Aligned with the nature of desigvased research, the researcher had an
interventionist role during the studyhus, shewas also a participant observer
during the study. She was responsible for obserfio of the instructional
sequence aligned with th#LT. Also, she opened GeoGebra files to show them to
the students when necessary. During the classroom worksteracted with all
the participants of the study as much as possible in their natural settings (Fraenkel
Wallen& Hyun,2014).She checked studentsd wor ks wit
feedbacks for them. Sometimes, she led classroom argumentationstuthents

needed more explanations, when they had some missing points etc.

3.3.3Physicalsetting of the classroom

The learnilg environment was the main classroom in where they were
attending all other lessons during school time. The design of computer lab was not
appropriate for using in a that kind of studie classroom included a teacher desk
and students desks in it. Thevas a smartboard on the watigure 3.7 shows the

physical setting of the classroom.
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Smartboard

Teacher’s table

HDDG

Students” desls

Figure 3.7 Physical setting of the classroom

3.4 Data Collection

The data corpus consisted of (a) classrdmaved data, which include
videotapes of all lessons, detailed field notes from the learning environment, and
copies of all the students' written work; (b) autkcords of discussions from the
meetings of schooksearch team and (c) gpresttests applied to the students before
and after the study to obtain whether th@ezeany changes in their achievement
scores or not.

The school research team shared their ideas and experiences through the
instructional sequence during the weekly meetings. Also, researchethand
participating teacherame together after completing the teacHaayning session
of each course as in tlubjectives which was defined in the national curriculum.
Those meetings were about what was happening in the classroom sessions
regarding the instructional sequences; were there any problems, potential
misconceptiog or any wrongearnings in the studentsvhat would be possible
solutions to those; was is necessary to remove any content from the instructional

sequence regarding the methodology of debigsed research. These headlines
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were critical for revising the process of instructional sequence. buthent study,
all the participants were mentioned by using pseudonyms.

The researcher started to prepare the instructional sequence nearly 6 months
ago before the main data collection. The researcher and the participating teacher
came together once orite a week and talked about the content of the instructional
sequence. They designed activities and arranged them in order according to the
courseobjectives of the national curriculum. While working on the worksheets,
they discussed about if there werg ahortcomings, something to add or any needs
to change in the order etc. After the researcher and the teacher arrived at a consensus
on the instructional sequence, four mathematics teachers from the participating
school evaluated and investigated the ltesagain. According to their claims, after
the last form was given, the instructional sequence would be ready. The
instructional sequence was applied to 10 eigjtdde students from different
classrooms which are randomly selected, and their undersgaoidihe activities
was evaluated. The aim was to evaluate appropriateness of the content for the
studentsd | evel. By evalwuating the resu
research team arrived at a consensus that it was ready for the experimerallWhen
the activities, instructional sequence and HLT were designed, the main study was
started.

At the beginning of the data collection process, the pretests were conducted
to the participating eightjrade classroom. Also, after the application of the pre
test finished, the research team came together to talk about the tests and the first
phase of the designed HLT. In the current study, to obtain and analyze the
mathematical practices of an eiglgtade classroom; an instructional sequence
designed for théasic elements and openings eD3hapes. Then, the data were
collected throughout classroom observations and fieldnotes were recorded from
classroom sessions, and meetings.

As Cobb, et al. (2003) states that dedigised research has an active nature
and to obtain the mathematical practices from classroom environment, it is required
to connect socikmathematical norms; the researcher tried to have detailed
information and deep understanding of the content of the study both during and
after the study. Tims, during all the processes of this research, it was critical to
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observe, collect, obtain, and analyze several types of detailed data for the
requirements of desigibased research (Cobb et al., 2003, Gravemeijer & Cobb,
2013). For the weekly cycles, thescussion issue was about the teacheagning
plans applied and also drawn consequences for following tealda@angng plans
of the study. For the big macro cycle, a complete instructional process was
evaluated.

Data collection started at the first week of May in 2Q@087 education year
and it was completed after four and half weeks with participant angarticipant
classroom observations, by taking fieldnotes from the classroom environment,
video records oflassroom activities, audio records of research team discussions
and students written works. The researcher was both participant apdmicipant
observer of the study. She not only acted as a complete observer but also
participated the instructional press. At first, she observed the classroom sessions,
took notes about the classroom routines, behaviors of the teacher and the students,
discussions, feedbacks, and tasks. Also, the researcher sometimes acted as a
participant observer by joining the classm sessions. She sometimes helped the
main instructor while teaching tasks by using GeoGebra, supporting students or
giving feedback, and starting a discussion about an important concept of the
sequence.

To obtain the mathematical practices, video camers used as a critical
data collecting tool. Each lesson was recorded with a video camera. To capture
accurate data from the learning environment, the camera was placed in several
places in the classroom. Also, it sometimes carried by a school guardtswide
do not attend any lessonthatdayo get better video records f
teacher instructions or peer discussions. Additionally, while peers were having
discussion on activities and worksheets, the guard student brought the camera and

captured the voices and written works.
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Table 36 Data sources

Data Sources

Classroom Observation Field Notes

Whole Class Discussion After-Lesson Meetings

Student Written Works Weekly Research Team Meetings
Individual Works PrePostTests

Group Works

Il n peer group discussions, the partic
discussion process and she supported them and gave feedback to them. Thus, the
data that came from the peer discussions provided information about how the
teacher got intaction with those groups and how these short group discussions
provided data to the whole classroom interaction throughout the instructional
process. All the video and audio records that were collected from the classroom
sessions, peer discussions andosthesearch team discussions were trahedri
by the researcher.

Anot her data from the study was t he
instructional sequence. Worksheets were constituted of the written works in
general. These worksheets were collected anl evat ed t o under st an:¢
understandings of the whole instruction process. By doing this analysis, the aim
was to see how the students worked together, how they discussed on issues, how
they produced ideas or ways for problems or tasks. Additiortakyresearcher
watched the records of the classroom practices after each lesson and took notes
about it to draw inferences for the following lesson plans and to discuss with the
research team. As an example, in one of the lessons while working on the
identfying different views of prisms that were made up of multiple cubes, a few
examples did not include GeoGebra files of those shapes. This was an issue for the
classroom because students wanted to see the example on the GeoGebra file and to

work with the hép of it. So, in the short meeting aftlasson, the research team

113



decided to add a GeoGebra view for that kind of examples to provide accurate
content for students.
In the meetings which were very critical for developing the instructional
sequence, thecbhool research team talked about content, accuracy, and order of the
instructional sequence. Those meetings were done generally every Friday, after
compl et i ng e a c-larning praktices. Thraghouh thosegmeetings,
the researcher and the pagating teacher who was the instructor of the classroom
came together and discussed the | ast weekds
for the following plans. Moreover- general/l
learning sessions, the researchat Hre classroom teacher had short discussions
about that dayoés performance, whether there
and any needs for change in instructional sequence. These small discussions also
provided data and solved the issue for theklyemeetings of the research team.
Moreover, those small discussions provided immediate feedback or solution for the
il ssues which werenot clear. As mentioned al
after lessons if it was necessary. Both meetings were apdibtoy the researcher
and were transcribed. Those transcriptions were used for the evaluation of the
classroom mathematical practices.
For the quantitative eval uapbsitesta of t he
were applied to the students at the beginning and at the end of the study. Because
of preparing those tests was time consuming and there were issues about validity
and reliability; tests were derived from the website of the Ministry of National
Education in an accordance with the level of students, learning objectives and were
prepared according to the instructional sequence and HLT. A pretest was applied to
the students at the firkesson of the process, and a posttest was applied at the last
lesson of the instructional sequentlese tests were the same. The test included
11 questions. Ten of them were multiple choice questions and one of them was

opentended question. The ppodtest was given in Appendix B.
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3.5 Data Analysis

The data thatverecollected from the current study included qualitative and

quantitative data. In this section, analysis of those data sets was explained in detail.

3.5.1 Analysis ofqualitative data

In order to analyze and identify mathematical practices in the classroom,
data analysis was done considering classroom discussions and how mathematical
thinking was structured through these discussions. Regarding the nature of
classroom mathematical ptees, the main point of the study was the class
discussions that took place through the collective participation of the whole class,
even though individual studies and individual learning were included throughout
the whole instructional sequence. Fordhalysis of the data set, two methods were
followed as analysis way which were collected from the classroom observations,
studentsodo written documents and field

Firstly, constant comparative method was used that dealoped by
Glaser and Straus(17) Researchers often reveal how their work is working, but
they are insufficient to give information about the analysis. The systematic
approach that can be used by researchers not only makes their work systematic, but
also increases the traceability of their work when they explain how they use and
apply this approach in research practice (Boeije, 2002). Constant comparative
method is a cyclic method that evaluates what the data tell about the study process
(Gravemeije®& Cobb, 2013) by making comparisons between old and new data. In
this way, it is possible to answer questions that arise from the analysis and reflection
of previous data. Then, the collected data is analyzed again and compared to the
new data. The cyclef@omparison and reflection is very old, so the new data can
be repeated for several times. This process continues until the new cases do not
provide new information to the categories. Gravemeijer and Cobb (2013) explained
and used this method with two ¢gs process. They explained the first round as an
explanation of what happened in the classroom and the second round as
identification of pattern by constructing on the results of the first round.
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Aligned with the explanations above, the current studyedino describe
the whole classroom learning process. A detailed analysis of classroom practices
was conducted to identify this learning process. To determine how classroom
mathematics applications were developed, the datxre put in order
chronologically.lf a mathematical practice is formed, it means that students will
not have a problem with it anymore, and there should not be any questions about
that practice. If a student involved in a mathematical practice that is determined
used the wrong explanati@n argument for it, and if the other students in the class
did not react to it or did not questioned, then it was necessary to revise the

mathematical application that had been determined.
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Figure 37 Krummheuer's model of argumentatigtiMA)
(Rasmussen & Stephan, 2008)

It also demonstrated that practices evolved and replaced the considered
mathematical practice. In the second round of analysis, these conjectures and
refutations were treated as a new set of data that must be analyzed. When analyzing
specific assumptionsnd confirmations in this section, some certain sections
became important. In this view, two or more prominent assumptions were made to

select the appropriate one (Gravemefje€obb, 2013)Furthermore, to document

and analyze classroom argumentation, Kmime uer 6 s (2015) ar gume
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met hod was wused that was adapted based o
used the Toul minds argumentation met hod L
conclusion, warrant and backing. Krummheuer (2015) defines #ia ds
Aundoubt ed s56)ainfezemoe oftthe @rguMmentation as warrant, and

Aper mi ssi bil i thye) o faswabrarceknitnsgss (bpa.sed on t
Figure3. s hows t he Kr ummheuer dhatwasadhgddframf ar g u
Rasmussen anStephan (2008). To analyze classroom argumentation by means of

this way, Rasmussen and Stephan (2008) have developed-althssemethod to

document takeias-shared ideas and mathematical practices. This method is useful

for organizing the data set,éan i t r eveal s hoagsharddédeapr oces s
become mathematical practices. Each phase required different actions in
themselves.

For the first phase, the process started by creating transcripts of each whole
class discussions. Then, the researalached all the video records and took notes
for claims (conclusions) that were made by the teacher or any of the students. Then,

KMA (2015) was used to form a scheme for each claim. To provide reliability, the
participating teacher also produced her cavgumentation log. Afterwards, the

researcher and the teacher come together to discuss about their works of analysis

and compared the two argumentation schemes., Tivey verified or refuted each

ot herdés anal ysi s. By di skingiasdswamagtissues, t he d
they came to agreement on the argumentation scheme at the end (Rasmussen &
Stephan, 2008).

Second phase sees the argumentation log as a data set itself; and looks for
whet her the mathemati cal t hiing thairdgas b e c 0 me
normally. To understand thiRasmussen and Stephan (2008) defined two criteria
as,; the first one i s when any backing o
explanations, this means no one in the classroom have a challenge about that
argument, the mathematical idea become aeedlient in the discussion; and the
second one, the use of a previously justified conclusion or claim as data in
subsequent discussions means that mat hem
the ways of expressirthoughts (Rasmussen & Stephan, 2008). Then, they draw a
chart to take notes about the mathematical ideas. This chart includes three columns
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that are (a) a column for the ideas that now function as if shared, (b) a column of
the mathematical ideas that weliscussed and that we want to pay attention to see
if they function subsequently as if they were shared, and (c) a third column of
additional comments, both practical and theoretical, or connections to related
strands of literature (Rasmussen & Steph@082p. 200).

For the current study, with using this chart, it became more systematic to
obtain the mathematical ideas which were needed to be discussed atakinbe
asshared i.e. Moreover, with this chart, it was possible to see which ideas came to
the first or second column from the second or third column by comparing the
previous and current discussion dialoguds1 example was providedor
mathematical ideas chart the Table 3.7 from current studyrirst column was
about the mathematical ideas that they emerged during the whole class discussions.
The second column was about the idea that emerged about cube and there was a
need to pay attention to it. The thirdlemn indicates the practical actions about

the context.

Table 37 An example of mathematical ideas chart

Ideas function as if  Ideaskeep an eye on  Additional

shared comments

Identification of basic Whether a cube is By giving

features of prisms prism examples from
real world,

A cubeis a identified basic

rectangular prism features of prisms
was examined
(RME).

This method also fitted with constant comparative method (Rasmussen &
Stephan, 2008) as mentioned above. By this way, the research team could be able
to make conjectures about current ideas whether they formed of as they were
shared, and also look for folving discussions if there were any data to construct
on the previous one to make it takesmshared.
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For the third phase of the analysis, by obtaining the taketared ideas,
relatedly classroom mathematical practices were defined and producededse id
from the shared chart and the mathematical ideas were reorganized by labelling
them as common mathematical activities if they occurred by the participation of the
whole classroom; and they were named as classroom mathematical practices
(Rasmussen & Spian, 2008).

3.52 Analysis ofquantitative data

Pretests and posttests were applied to the students. For the pre and posttests,
results were constructed as quantitative analysis of the current study.

Test questions were derived from the website of General Directorate of
Measurement, Evaluation, and Examination Service (which is a part of Ministry of
National Education). The questions were selected in accordance with the HLT that
was prepared for the ment study. The questions on this website are constantly
being updated in accordance with the national curriculum. Since, the conjectured
HLT has already been prepargdaccordance with the national curriculum, the
guestions have been adapted to theamdrif the study without deviation from the
curriculum.

The test questions were prepared based on the concepts of general properties
of prisms, their basic elements, understanding the relationship between open and
closed states, surface area of prismseggproperties of cylinders, basic elements,
surface area of cylinders and volume of cylinders. The number of questions was 11.

To provide reliability of the test, several ways were considered. For
instance, as the number of questions used in an exaeagss, in Most cases the
reliability of the total score obtained from that exam increases (Baykul, 1999). In
this study, the prposttest included 11 questions which were focused on related
content. Thus, it could increase the reliability of the testithathlly, test questions
were derived from web site of General Directorate of Measurement, Evaluation,
and Examination Service (which is a part of Ministry of National Education). The
guestions on this website are constantly being updated in accordathcéhevi
national curriculum. Thus, those questions were expected to be checked and
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assessed by experts of Measurement and Evaluation. Also, if the questions are
clearly understood and certainly answered, that increases the reliability of the score
obtainedrom that exam (Baykul, 1999). The questions in theapdposttest were
prepared in a way that the students could easily understand. Moreover, each exam
must be scored in objective ways. The answer key preparation increases the
objective rating (Baykul1999). The tests were scored by an answer key that was
prepared by the researcher. Furthermore, the duration of the test period should be
balanced. More or less time should not be given. The time for thgoptiests was

40 minutes which equals to onedea hour. Those methods could increase the
reliability of the testThus, by using those strategies the pre and posttests consired
as reliableFor the analysisofprpost t est s of s tsanplesiaf s6 scor es
t-test were applied to evaluate thefeliénce.

3.6 Trustworthiness

To provide trustworthiness of the current study, several methods were
considered. The first issue was about the triangulation vilngdthemg data from
various sources like classroom observations, fieldnotes from thainiga
environment, meetings, i.e. (Creswell, 20@®12. The triangulation can give
close or fareaching results, whatever the case, it is a useful method for the
researcher (Mathison, 1988). Denzin (2012) states that triangulation is not only a
validation method, but also increases the generalizability of findings. Moreover, it
is an approach to increase the confbf data set, provides a clear understanding
of the phenomenon, and opens new ways to get a deep and accurate understanding
of the specific problem (Mok & Clarke, 2015; Thurmond, 2001).

Aligned with the explanations of data that were collected througéraev
sources such as classroom observations and-védeods of those observations,
fieldnotes from the learning environment, qp@sttest results, meetings of research
team.

By membeichecking, the interpretations and transcriptions of data set went
bad to the participating teacher and provided her ideas and claims about those data.
As a last issue, the study continued duringfeeek and it also provided reliability
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of the study for the researcher to gain patterns in data accurately by collecting data

in a process (Creswell, 2009).

3.7 Limitations

There are some limitations about the current study, since a designed based
method is used. For being a designed based research, the findings of the study are
not much generalizable with the other contektaybe, by developing and using
the cycle of the study with other eighth graders from other schools can increase the
generalizability of the study.

Also, another limitation of the study would be conducting the study to base
on only one macro cycle. Befotlge main study, it would be appropriate to conduct
a pilot study to get more accurate data set. However, even though the pilot study
was not carried out, the instructional sequence of the study was prepared for a long
time by discussing with other mathetica teachers and by getting their opinions.
Then the prepared contemasapplied to ten other ngparticipant students in order
to measure thappropriatenesso that those work could fill the gap of a pilot study.

Moreover, the last version of HLT and instructional sequence from this
study can provide a source for further studies and can be used to conduct a new
design study with other environments which also would be able to increase the
generalizability of the sdy.

Another limitation about the study is usage of the DGS on the smartboard
by the participating teacher. During the instructional process, GeoGebra files was
shown to students by the researcher or the participating teacher, because the
s c hool 6 slabavasmat suitable for that kind of study. It would be beneficial
for students to evaluate GeoGebra files by individually or within groups to have
stronger understanding. But during the study, they evaluated the shapes from the
DGS on the smartboard amich as possible, and they did not have much challenge
throughout the process.

Anot her l i mitation about the study w
classroom discussions through the way she showed. Thigomssme degree
shaped the emergence of the classroom mathematical practices, but that
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participating classroom was an eigigitade classroom, students needed to be
guided by an instructor since they did not have idea about how to operate those

kinds of discussions.
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CHAPTER 4

FINDINGS

The main focus of this research was t
mathematical practices in[3 shapes during ammstructional sequence and HLT.
The instructional sequence was supported by aagumentative classroom
environment and instructional activities designed with daily life examples and DGS
to support i nstruction with the aim of

geometric concepts. In this chapter, the answers were provided tceit®Qs;

1. What are the mathematical ideas that support the mathematical practices

which students developed during this instructional sequence?

2 . Il s there any &effect of this ins;

achievement by using dynanmgeometry software in that context?

The qualitative and quantitative findings were explained in this way. To
explain qualitative findings, Krummheuer
was developed from Toul minds muogdhel was |
classroom mathematical practices in the context of #ii@ensional solids. The
guantitative findings demonstrated the scores obtained bygstéests results that
were prepared to eval uat e-diménsiona solidd.ent s 6
Preposttest results were analyzed by using paired samdss tFirst qualitative
results and then quantitative results were explained in order.

Classroom mathematical practices are defined as-te@&@sared ways of

student sd i de adasstotimaprocessesciruwhichdstudents dp not
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justify or prove the truth of the idea (Cobb & Yackel, 1996; Stephan & Cobb, 2003).

In identification process of classroom mathematical practices, first the

mat hemati cal ideasd6 <char ttenmasd ematl ueamaetdi cta
activities when the discussed mathematical ideas becameaakbared. Also, the

emerged classroom mathematical practice should relate to the HLT of the study

which guides the instructional sequence (Cobb et al., 2001). The HLTpate®i

the process of learning mathematics in classroom by conjecturing in which and

what kind of activities students may involve in that community. In this way, Cobb

et al ., (2001) states that Alt is feasible
consisting of an envisioned sequence of classroom mathematical practices together

with conjectures about the means of support
(p. 125).

Accordingly, the HLT of the current study was used as a basis to
demonstrate thexpectation of classroom mathematical practices that might occur
in classroom community. The mathematical ideas chart usedbygiside
(Andreasen, 2006) to analyze classroom mathematical practices that were
formulated through classroom discussions. Tdskg that support mathematical
practices and changes in the instructional sequence as practiced were identified to
determine the support to collective learning process. Identification of classroom
mathematical practices may be helpful for the identificatibactual HLT and with
this respect, it could be possible to make further revisions and modifications for
future implementations of the instructional sequence and HLT.

In this respect, the current study obtaifiedr mathematical practices that
occurredduring the process were supported by this HLT and instructional sequence
were (a) finding definition and properties of prisms, (b) finding surface area of
prisms, (c) finding surface area of cylinder and (d) finding volume of cylinder.
Additionally, it was explained that what kind of mathematical ideas made students
to produce those mathematical practices.

More clearly, the takeasshared ideas that supported by related
mathematical practices were explained. These classroom mathematical practices
were produced by students and takeishared ideas that supported those practices

were illustrated in th&able4.1
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Table 4.1 Four mathematical practices emerged from the study and

the takerasshared ideas supported those practices

Classroom mathematical practices with supported mathematical id

Practice 1: Finding Definition and Properties of Prisms

|l dea 1: Understanding roof of
Idea 2: Understanding a cube is a prism

Idea 3: Understanding the relationship between base shape anc
parts of a prism

Idea 4: Understanding a cylinder is not a prism

Practice 2Finding Surface Area of Prisms

Idea 1: Understanding wrapping means drawing net of a prism
Idea 2: Counting unit squares

Idea 3: Transition from counting unit squares to calculating area

Idea 4: Producing the formula for surface area of prisms

Practice3: Finding Surface Area of Cylinder

Idea 1: Structure of net of the cylinder

Idea 2: Relation between the circumference of the circle base anc
of its side face

|l dea 3: Cylinderds surface ar e

of circle bases

Practice 4: Finding Volume of Cylinder

Idea 1: Volume is about third dimension

Idea 2: Volume is about filling inside of a shape

Idea 3: Calculation of volume requires the knowledge of width, ler
and height

Idea 4: Volume equals to the multiplicatiohbase area and height.
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4.1 Mathematical Practice 1:Finding definition and properties of the prisms

The first mathematical practice occurred during the instructional sequence
on the concept of thred@imensional shapes; which determined the basic elements
of prisms to reach a definition and to provide a meaningful understanding. The
practice emerged witlihe guidance of conjectured HLT. This mathematical
practice emerged through the concept of the basic elements of prisms. This practice
emerged by the discussion of mathematical ideas from the first week and one day
from the second week. During the firsteke the issue was about the properties of
prisms and their main elements and nets of the prisms. The process was based on
the individual and peer works and also whole class discussions. After working
individually and in pairs, students got involved in sl@a®m discussions to
construct mathematical practices. The proce
the students about types of daily life examples of prisms and relatedly their
properties. The instruction continued with working on different vieysiems and
relatedly understanding the nets of them.

411ldea 1: Understanding roof of buildingsé

The first mathematical idea emerged in the first week of the instructional
sequence while the classroom was talking anahiegrabout definition, types, and
properties of prisms. The |l esson started w
At heir ideas on what a prism iso and Awhat

Following dialogue happened at the first lessothefinstructional sequence.

Teacher : e . What does the prism mean? What
prism? | want you to think and explain vy
start with Zeynep?

Zeynep: Teacher, | think about it is a thdimensonal version of a geometric
shape.

Teacher: You think about threkmensional version of a geometrical shape. Yes,

Buse.
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Buse: A thing that has edge, corner, and faces.

Teacher: Ok, any other ideas? Yes.

Aydén: As | r emembaeandatthebottdmas bases at th
Teacher: Yes. Another idea?

Hakan: Cardboard

Teacher: What do you mean by saying cardboard?

Hakan: We do it by using cardboard.

Teacher: What do we do by using cardboard?

Hakan: We do prisms.

Teacher: What kind of features do your shiapee done by using cardboard?
Hakan: (No reply)

Teacher: Any other idea? Hakan says we do it by using cardboards.
Selma: We use plastic to make them.

Teacher: What kind of shapes do you make by using plastics or cardboards?

At the beginning of this sdoh, teacher wanted to question students about
their ideas on prisms. Zeynep explained her idea by stating that a prism was a three
dimensional form of a twdimensional shape. Buse defined a prism with its basic
el ements. Aydeén ad dswdentdstated theiaideassby givinghen o't
examples from daily objects. The section
explanations to make students find appropriate examples to express their own ideas.
This dialogue demonstrated that the classroomsbatk idea about what a prism
is, but they did not know how to explain their thinking about the properties of a
prism and what kind of shapes could be defined as prisms. In other words, the class
needed the support of the teacher while guiding them howmavitat ways to think
about context and to express those ideas verbally in classroom. In this dialogue,
there was not a takeasshared idea, and the class continued to discuss the

examples of prisms from daily life.

Teacher : Ok . L e thibgs ares prigms2w tvant youktd tmntk aboutt  t
examples from daily life about prisms? Yes, Hasan.

Hasan: Milk boxes.
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Teacher: How milk boxes can be prisms?
Hasan: Rectangular prisms
Teacher: You say, it looks like rectangular prism.
Student: For example,gibookcase.
Teacher: The bookcase. Yes, you say for example, the bookcase in our classroom.
Are there any other examples?
Kaan: Matchbox.
Teacher: Matchbox. Another one? Yes, Yaj] mur
Ya] mur: Roof of the buildings and camp tent
Teacher: Roof of the buildings and tents. Another idea?
Harun: Cylindershaped pencil case.
Teacher: Yes, Mete.
Mete: Tin drink boxes.

Teacher: Tin boxes? Another idea?

With the section above, students tried to provide examples for prisms from
daily life related to their prior knowledge. Looking at the examples, students
seemed to provide appropriate examples for the prisms. This dialogue illustrated
that students have the idea of prism and able to give examples from the physical
wor |l d ar oun dexaniple aylindeshapedipentil case as a prism was
an indicator of their lack of knowledge about the properties of prisms and relatedly
confused with cylinder. A whole class discussion on cylinder will be mentioned in

the next sections. These dialogubs\g, did not include any statements defined as

cl ai m, dat a, or warrant. Al so, the exampl ¢
discussion.
Tuj-e: Can | ask a question?

Teacher: Yes.
Tuj - e: I think that roofs are not prisms, a
Teacher:Justami nut e. TujJ-e asked a good question.

the roofs are prisms or not.
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Tuj - e: Because, if we remember Aydénds c
bases, but roofs do not have that kind of equity.

Teacher: What sdoyoywru isdaeya?? Whhaet 6st at es bas
prisms should have equal bottom and top bases. But she says roofs do not
look like that.

Tuj - e: Roofs have bottom bases but other
dondt they?

Teacher: Yes, what dgou think? Are roofs prisms or not?

Students: No.

Teacher: Why? Why do you think like that? Any ideas? Yes, Kerem.

Ker em: | agree with Aydéen. As we | earnt |
and bottom bases. But when we look at the roofs, theyair appropriate
with this definition.

Teacher: | guess everybody have the same idea.

Class: Yes.

At the beginning of this section, Tuj -
by referring Aydénds cl aim t habutropfs i s ms st
do not have that kind of equity. In general, students remembered from prior
knowledge the prisms had equal top and bottom bases. But the problem was about
the position of the shape. This section showed a visualization problem of prisms.

Nearly, whole class was sure about roofs and camp tents were not prisms since they

did not have top and bottom bases. But they did not consider the position of those
objects. I n this section, based on the A
explain their idas but incorrectly. Students were having difficulty to understand a

tent , or a roof was also a prism. Thi s
visualization problem about position of a prism. They could not visualize in their

minds where the top and bottdmses while it was placed horizontally. Actually,

the teacher was aware of the situation ar

discussion to make them to see the position of roof and tents.
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Teacher: Letdos | ook at t hles youosamidndar f eat ur e
example, looking at the bookcase or a matchbox, what can you say? Think
about this. What are the common features?

Arda: They have corners.

Teacher: Good. They have corners. What else?

Berna: They have edges.

Teacher: Yes, they have edge

Yal -é&n: They have faces.
Teacher: They have faces. Letdbs compare th
faces? Tuj - e.

Tuj-e: At the bottom and at the top. And al
é
Kpek: Those bottom and top bases are parall
Teacher: Very good. She explained that top and bottom and top bases should be
parallel.
B¢e¢kra: They have heights.
Teacher: Very good. They have heights. You said top and bottom bases. Side faces.
Let s |l ook at your exampledaces20o0f and camp
Aydén: Yes. They have side faces.
Teacher: What about top and bottom bases?
Aydén: They dondédt have those.
B¢e¢kra: But, why we cannot say tents or roof
at both two sides.
Teacher: Yes, Ipleasst.en to B¢kKra, again
B¢ kKr a: I say, one side iIis a triangle in a r
Teacher: You say, it has two triangle faces. So, she asks why we cannot call it as a
prism?
Class: (Silence)
Teacher: Ok. | want you to observe this illustnat (Teacher opens a GeoGebra
file).
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While discussing about the common features of the examples given by the
students, they were able to express trul.
caught a good point as the parallelism of top and bottom bases, but the discussion
did not continuethus neither a student challenged the idea, nor the teacher
continued the issue. But, by referring t
idea of roofsé and tentsdéd as not being pli
equity of top and bottorbases of those object as two equal triangles. At this point,
the researcher opened a GeoGebra file that illustrates drran§ular prisrrshape
as in the following. The aim was to make students to understand the position of roof
and tent and relatedly hey 6r e prisms. Actually, t he
demonstration like this in the HLT of the study. During the wiobdess discussions,
the flow of the conversations required an illustration of roof and tent to clarify them
about those shapes were prisms.afterclass meeting, the researcher and the
teacher talked about the issue and decided to add demonstration of some prisms

from the physical world around us to the HLT.

Figure 4.1 GeoGebra file showing two positions of a roof

Teacher: Now, what dgou think about the issue? Do roofs and tents have top and
bottom bases. Are there any changes in physical features of this shape when
we turn it up?

Tuj - e: ltdés still a roof or tent, there |

Teacher: Yes, B¢ Kr a.
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B¢ kra: The s hfeapres wittaather texaraples thatrege on the board.
So, it has the features of a prism. It has two equal bottom and top bases, it
has height, and it has side faces.
Aydén: Those bases are parallel to each oth
Teacher: So, what is the decision abbet toofs and tents?
Aydén: They are also prisms.
Teacher: Yes, they are prisms. What kind of prisms are they?
Class: Triangular prism.
Teacher: Are there any missing points here? Is there any one that did not
understand?

Class: No.

The demonstration of the shape of a roof or a tent on the GeoGebra file made
the students catch and fill the missing part of their viewpoint. By this way, they
were clarified and confident about the roof and tent were prisms. In fact, students
had the knowedge that tent, and roof were prisms, only they needed an assistant to
help them realize that they had this knowledge. The GeoGebra file also undertook
this task. Relatedly, by understanding the issue, they had the chance to use that
knowledge for the fdbwing discussion which lead them to produce the
mathematical practice. Also, that action changed the direction of the discussion in
a positive way by making it easier for students to understand the common features
of prisms and the importance of lookirtgpgher shapes from different perspectives.
Anot her i mportant point was, studentsod pr ocg
another oneds i1idea and responding accordin
the shape on t he Ge o @mhbsritavasfaiprismwithddadé n made
from B¢gkra and a warrant from Aydeén. Duri nc
formed the mat hemati cal idea about dthe de:
the examples given by them and based on the comparisdros¢ examples
according to their common features to find out the basic features of prisms. The
process continued with the guidance of the classroom teacher and at the end of the
process, there was nobody that challenged the idea again. The structure of the
dialogue was made accordingktA (2015) and is illustrated as in the following.
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DATA CONCLUSION

Biisra: The shape has the same Avdin: They are also prisms
features with other examples that are

on the board. So, it has the features
of a prism. It has two equal bottom S
and top bases, it has height, and 1t
has side faces.

WARRANT
Avdim: Those bases are parallel to each other.

Figure 42KMAon di scussion of tentsd and roof si

After completing the discussion session, the teacher reorganized the
definition of the prism as based on the examples and features that were given and
told by students. By using this idea, students solved questions and involved in
whole-class discussionsithiout any challenge during the first week and second
week of the instruction.

In the following lessons, a similar discussion was developed by students
while evaluating the basic elements of the prisms on the GeoGebra file. They
mentioned the position dhe tent by stating that it was not a prism again. The
teacher demonstrated the construction of the prisms on the smartboard. At this
point, students were expected to relate the tent shape to the Figure 4.1. In the
following, firstly the Figure 4.1 was sha from the GeoGebra file and the section

was chosen from that discussion.

Teacher: éLook at this triangle prism. Wi
one side?

Hakan: Teacher, when we do that, it becomes a tent and tent is not a prism.

Teacheri t hink, we did a similar discussion
Think about the features of the prisms, or any other shapes. Do you think
the shape changes when you change the position of it? Is there any physical

operation to it?
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Mete: But, vihen we tilt it, it looks like a tent. It does not have the features of a

prism.

Teacher: Doesnot it ? What kind of features

Figure 4.3 A tent shape

At this part, the same issue arose related to the position of the prism. By
relating to the prior discussion, teacher wanted students to think about their
misunderstanding or missing the rule that changing the position of a shape does not
affect the features of that shape. Thus, the aim of the teacher was to make students
to undestand that issue, so she tried to direct the discussion in that way by
qguestioning students. Actually, students could observe a tent shape like in the
Figure 4.3, by this way, they would understand the relationship between different
positions of the samérape. Thus, the researcher and the teacher decided to show
a tent or roof figure from internet and add this example to the instructional sequence

and HLT at the aftelesson meeting. The section continued as following.

Mete: We defined that a prism has rectangle side faces. But a tent does not have
those side faces.

Teacher : Do you agree with Mete? Letds
think, we talked about the same things.

Buse: When we tilt that shape, it klike a tent or a roof. Those are not prisms.

Teacher: Are there any other ideas?
134

r

en



Selma: You demonstrated a triangular prism again. When we change the position
of the shape that time, we saw that it was a triangular prism.

Teacher: Yes, we did this disssion at the beginning of the instruction. Remember
the transformation geometry. If you turn a shape through any way, there is
no change emerge in any edge, height, angle etc. of it. Actually, by cutting
the shape vertically and horizontally, we obseswme shapes. For instance,
if you cut this triangular prism vertically, what shape do you observe?

Aydén: We see rectangl e.

Teacher: Yes, exactly. Ok. If you cut it horizontally, what do you see?

Beg¢egm: A triangl e.

Teacher: A triangle. So, we stated beftre way of naming a prism. How was it?

Aydén: Looking at bases. They are named

Teacher: Yes. Actually, we look at the cut faces. If you see a rectangle on the
vertically cut faces, it can be defined as a prism.| $epeat that a shape
does not change by changing its position.

Arda: They also have parallel bases. Then, a tent or a roof is a triangular prism.

This episode emerged in advancing hours of the instruction and
demonstrated the usage of knowledge ofuiesst of a prism as data without any
warrant in the whole class discussion. Mete stated that prisms should have
rectangle side faces that were a data from previous discussion. Thus, he seemed to
conclude that tent shape atenentafpgrallel s m. Al
bases as data agandnone of the students from the classroom challenged them.
This discussion was shown accordindgtdA as following.

CONCLUSION

Arda- They also have parallel
bases. Then, a tent or a roof 1s
a triangular prism.

Figure 4.4KMAon di scussion of tentsd and roof si
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Throughout the whole class discussions, the context of the arguments was
appropriate for social and soeamwathematical norms in terms of involving by
sharing ideas in mathematically meaningful way in the classroom environment.

Thus, the idea was confirmag became takesmsshared.

4.1.21dea 2: Understanding a cube is a prism

This idea became takesshared during the instruction in which the
classroom continued after talking about the daily life examples of prisms. When the
discussion process was cdetped, the teacher reorganized the definition of prism
and students wrote it to their notebooks. After giving the definition of the prism
based on the prior knowledge and daily life examples, the classroom continued with
the first two pages of the activigheet related to definition, types, and properties
of prisms. Students were asked to complete the gaps in given questions. They
worked individually on the papers. The following examples are given from the
activity sheet that students used the mathemaitieal of determining the basic
elements of prisms. First question is about the basic elements of a prism such as
edge, bases, height. Students used their knowledge that they developed during the
whole-class discussion about properties of a prisms. Duhiogettwo pages of the
activity sheet, the teacher and the researcher visited the students to guide their
works, but nearly none of them questioned or challenged about any missing points
or misunderstanding of the issue. These two pages were generatyg faskiasic
features and elements of prisms. Question samples from these two pages were given
in following parts. Figure 4.5 shows the first question of first page of the activity
sheet.

Before starting the second question, the teacher asked the shlumritthe
relationship between the shape of the base of a prism and its name. The discussion
was based on the first idea of the student
thinking on the concept of edge, face, height etc. Moreover, this process aought
new questioning of students about whether cube was a prism. The following section

starts from the teacheroés reorganizing the
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Asagidaki prizmanin temel elemanlanini belirleyin ve isimlendirin.

<

Figure 4.5 First question of the activity sheet about properties of prisms

Teacher: ......The geometric objects, whose side faces are made up of rectangular
regions and whose bottom and top bases are made up of any polygonal
regions, are called prisms. Do the side surfaces should be a rectangular?

Class: Yes.

Teacher: You say yes? So, leésnember what the cube is. You know cube from
the 8" class. Is it a prism? Does it maintain the features of prism?

Beyza: It does not. It has all square sic
a threedimensional shape.

Teacher: You say alldes are equal. So, all faces will be square, right? So, the cube
is not a prism. Say Zeynep.

Zeynep: It is a prism because itodos top a
surfaces are equal.

Teacher: There is another i mportant poi ni

Hakan: Its edges are equal.

Deniz: Also, all sides and faces are parallel to each other.

Teacher: Ok. But what does it say in the definition, the sides are made up of
rectangular regions. Then, how the square can be a rectangle?

Aydeén: Theeadwaaespsciadalr rectangl e, i snb

prism also.
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Teacher: Yes, did you remember from tiegBade, you should have learned it?
Class: Yes.

Teacher: So, the square is a special rectangle, and the square should be a prism.
Class: Yes¢

In this debate, the teacher reorganized the definition of the prisms, and then
started to question students about the si
discussion was extended by talking about cube. Beyza was sure that the cube was
a threedimensional solid, but she confused the issue about side surfaces. At first,
most of the students thought that cube was not a prism since side surfaces were not
rectangle. But | ater, Aydén reminded that
and thatdea was accepted by the classroom. Thus, the idea becamasaskemed
and used several times in following weeks. For instance, while working on the
surface area of prisms, there were some tbmeensional rectangular prisms
constructed by unit cubest #hat time, the classroom used the idea of cube is a
prism without any need for a warrant by the classroom. The structure of the idea of

cube is a prism is shown in following Figuré&4.

DATA CONCLUSION

Deniz: Also, all sides and Avydin: The square 1s already

faces are parallel to each a special rectangle, isn’t it?

other. 50, a cube should be a prism
WARRANT

Hakan: It's edges are equal.

Figure 4.6 KMA by reasoning on definition, types, and propertéprisms.

In advancing lessons, while students were working on surface area of
prisms, students worked on the cube as a prism and there was not any objection, or
challenging idea for whether the cube was a prism. The context was based on the
candy factoy concept and students were expected to draw wrappers for candies in

given shapes. The first shape was cube. The students were expected to draw a
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wrapper for a cube shaped candy. At the beginning, the context was introduced to

the students.

ResearcherYes, in this part, we have a factory concept. | want you to read the
introduction part yourselves, and after we will talk. (Students read the
introduction of this part). What do you want to say about your reading?
What did you understand? Yes, Arda.

Arda: As | understand, there is a wrapping factory for candies and we produce
wrappers for candies. Those wrappers have unit squares on them.

Teacher: Yes, any other idea?

Zeynep: Also, at the beginning, it gives us a cube as a basic prism to draw a wrapper.

Teacher: Yes, good. Is there any other idea?

In this section, the classroom read the beginning part of the surface area
context. They started expressing their ideas about the part and Zeynep stated that a
cube was given as a basic prism for them. Afterelxplanation or idea, there was
not any negative feedback, or any warrant, so it became adalstyared idea
among the classroom. This can be modelled as in the following according to

Krummheuer s argumentation model

CONCLUSION

Zevnep: Also, at the
beginning, it gives us a cube
as a basic prism to draw a

Figure 47 KMA by reasoning owlefinition, types, and properties of prisms.

In the following lessons, the classroom used the cube concept as a prism
while they were talking about calculation of surface area of a rectangular prism and
there was not any objection to the discussion. Tasscaccepted the cube as a
prism, and in the following lessons there were no discussions or questions about
this topic. Additionally, the students used this idea in advancing hours of the

instruction as data. For example, while they were working on ttiaceuarea of
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prism, one of the students supported her claim about cube is a prism, so finding the

way of the surface area of a rectangular prism could be found by this way. At that

conclusion, there was no warrant, or any opposite ideas, or misundergtéordi

the issue. Thus, this idea became ta&eshared and was not discussed anymore.

4.1.31dea 3: Understanding the relationship between base shape and other

parts of a prism

The 39 mathematical idea was emerged during the first week of the

instruction and continued to be used in later practices of the instruction of the

following weeks. This idea was constructed during the activities based on the basic

elements of prisms such as edgyeight, face etc. and based on the mathematical

idea of one and two.

The following question in the Figure8is the second one of the activity

sheets | t was

prepared

t o

obt ain

student séb

prism and the ability of relating those elements to the name of the prisms. The

students were asked to complete the missing parts of the given table related to faces,

edges, etc. Fst, they worked individually and then the teacher started the classroom

discussion. Following section illustrates the discussion conducted after completing

the question.

Asagidaki tabloyu doldurunuz.

Geometrik cisim

Yiiz sayisl

Kdse sayisi

Aynit sayisi

Tabanin benzedigi
cokgensel bolge

Kip

Kare dik prizma

Dikddrigenler prizmasi

Uggen dik prizma

Besgen dik prizma

Figure 48 Second question of the activity sheet about properties of prisms
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Teaher: We talked about the el ements of a
guestion. Is the first one cube? What do you say? How many faces does a
cube have? Burcu.

Burcu: Six.

Teacher: Yes, six. One from bottom base, one from top base and four freraside
six in total. Ok. How many corners does it have? Tuna.

Tuna: Eight

Teacher: Eight. Very good. Yes, look at the cube here (by demonstrating a concrete
cube). Four here at the top, four here at the bottom so eight in total. Ok. How
many edges does iate?

Tuj - e: 12

Teacher: How did you find it? Did you count all the edges?

Tuj -e: Yes, | counted all of t hem.
Teacher: Il s there another idea? What <can
Aydén: Top and bottom faces @arebasfeyual , a

edges and two of them have eight. Also, it has four heights and 12 edges in
total.

Teacher: Very good. Calculating the number of edges is easier. Are there any
probl ems with Aydénds way?

Class: No.

Teacher: What about the square prism?

Buse Number of the faces is six. Number of the corner is eight. Number of the
edges is 12.

Teacher: What is the shape of the base?

Buse: Il tés square.

Teacher: Yes, very good. The following is rectangular prism. Say Hasan.

Hasan: Number of faces is six, number of corners is eight, number of edges is 12

and the base is rectangle.

First part of this section was about the completing the missing parts of the
guestions that were given in the activity sheet. The classroom sfudbes

completed the missing parts by saying appropriate numbers with the given prism.
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This example was important for students to understand the relation between edges,

bases, heights and relatedly their names. The discussion continued as following.

Teacler: Exactly. Can you compare the three of those prisms?
Ya] mur: They have the same number of the ed
Teacher: So, why do we name them by using different terms?
Mete: But, they have different bases. As we talked before, it is related tbabes.
We name the prisms according to their bases. For example, cube is a special
prism related to it has all square faces.
Teacher: Good. Letds continue with the foll
Kaan: Five faces, six corners, nine edges and it has a triangle base.
Teacher: Great. Say the following one. Kpek
Kpek: It has seven faces, ten corners and 1
Teacher: Yes, we completed this part. | think you understand how to calculate
number of those elements of the prisms. Now, | wanttg think about the
relationship between the type of the pristheir edges, faces and heights.
Hakan: We name the prisms according to the shapes of their bases.
Teacher: l'tds true that we said before. B L
changesrelaed t o the type of the prism? ( Aft
Aydén: |1 think the number of the el ements i
Teacher: Can you explain with an example?
Aydeén: For exampl e, a tr iclatedly,litdhasphree s m has a
bottom edges, three top edges and three heights.
Tuj-e: Also, side faces increase related to

Teacher: Yes. That is the point. é

This section was a good illustration of how students constructed the idea of
the dements such as edge, height, and side face etc. At the beginning, they tried the
way of counting to find the missing parts of the question, but later constructing the
idea of relationship between the edges, faces and heights etc., they began to use that
way easily. They began to understand the relationship between the base shape of a
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prism and other parts. At the end of the
produced the third mathematical takesshared idea about the relationship

between base shapéa prism and other parts such as number of side faces, number

of edges etcThe idea was accepted by the classroom without any challenge or any
question. Also, they used this mathematical idea in the following parts of the
instructional sequence suchsasgface area of the prisms as data for many times.

The structure of the third idea was illustrated in Figure 4.9

DATA CONCLUSION
Avdin: For example. a Avdin: I think, the
triangle prism has a triangle number of elements
base. Relatedly, it has three increases related to the
bottom edges, three top shape of the base.
edges and three heights.

WARRANT

Tugge: Side faces increase with related to shape
of the base.

Figure 4.9 KMA on understanding the relationship between parts of a prism

In the discussion, they talked about the basic elements of a prism and
relatedly they worked on the second question. The mathematical idea 3 was
developed during this debate. The class used the mathematical idea while working
on the following question. Mero v e r B¢e¢kra extended the d
given example at the beginning of the instruction. In the following visual, the third

guestion and the discussion that occurred continuously was illustrated.

Teacher: éLetds continue with the foll ow
guestion? What is it about?
Harun: It is about their open forms.
Teacher: Yes, the question wants you to guess the type of the prism by looking at
its net. Look at the first @ What do you think?
Selma: 1 tdés a rectangular pri sm.
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Teacher: Why did you think like that?
Selma: Because it has rectangle bases. We name the prisms according to their bases.
Teacher: Yes. As we said before, we look at the bases. Another one?
Hasan:t 6s a cube. Because, it has all of the
Teacher: Yes, it is a cube. Another one?
Selim: It is a rectangular prism again.
Teacher: Thatods right. And the | ast one.
Beg¢ m: It is a triangle prism. Her e. We <ca
this triangle prism (shown in the Figure 4.10) has two triangle bases and
three side faces. It is related to base shape. It is easier to see those elements
in their open forms.
Teacher: Yes, you are right. Can you say that again?
Begg¢ m: N u mb ethe basé shapd determinas the number of side faces.

Asagidaki cokgensel bilgeler ile olugturulabilecek cismin adini noktall yerlere yaziniz.

Geometrik cismin adi Cokgensel bélgeler

........................................ i
........................................ HRRRRN

........................................ i
........................................ A A

Figure 410 The third question of activity sheet about properties of prisms

This time, the subject was related to the given question on the activity
sheet. The students completed the question as class discussion and there were not
any challenges about naming the shapes that were given in open forms. Students
successfully undersod the relationship between base shape of a prism and its other

parts.
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Figure 4.11 GeoGebra illustration of triangle prism

It i s possible to show the structure

model of argumentation as following.

CONCLUSION

Begiim: Number of edges of the
base shape determines the
number of side faces.

Figure 4.2 KMA on understandinghe relationship between parts of a prism

This idea became takeasshared and students used it two times in
advancing hours of the instruction. Additionally, the structure of the classroom
discussions was appropriate in terms of social norms and-s@tleematical
norms. The students involved ahass discussions by sharing their ideas and by
using mathematically acceptable language. Thus, the mathematical idea can be
concluded asakenshared in terms of constructing the mathematical practice of

definition and properties of prisms.

4.1.41dea4: Understanding that a cylinder is not a prism

The fourth takerasshared idea was occurred immediately after the third
one; while the classroom was working on the first two pages of the activity sheet

which was focused on basic elements and featurggeqdrisms. At the end of the
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question, Zeynep shared her idea about an example that was given by a student in
previous lessons. At the beginning of the instruction, the classroom was talking
about examples for prisms from daily life. It was about an gi@athat cylinder

shaped pencil box. The student had provided it as an example for prism, but at that
time there was not a discussion occurred on that issue. Now, Zeynep seemed to
have a challenge understanding the reason for it. So, she asked thatdssiaeted

a new topic to discuss.

Zeynep: Teacher. In the previous lesson, one of our friends said cydinaleed
pencil box as an example for prisms. It is not aligned with the definition of
prisms.

Teacher: Why? Listen to your friend. Do you thirkeliher?

Kaan: It is a prism.

Zeynep: But we said the prisms have edges, cylinder does not have edges.

Teacher: What do you say? Look at our definition. We wrote the properties on the
board.

Arda: Also, it does not have corners.

Teacher: Yes. We saiddbes not have corners.

B¢kra: There are not side faces.

Teacher: Yes. There are not side faces.

Aydén: There arendét edges.

Teacher: So, what is the decision?

Class: 1tdés not a pri sm.

B¢ Kr a: B u t-dimensibnalisdid. a t hr ee

Teacher: There is noodu b t about it But we s-ay, It i s
di mensional solid. I't6s cylinder. That 6s
issue?

In this debate, students completed the name of the prisms by looking at the
nets of them that was given in thqgestion. After completing their work on the
paper, at the same time the researcher opened a GeoGebra file illustrating the nets
of the prisms to make the content clearer for students. After seeing on the
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interactiveboard screen, students became mordfident with visualizing the
prism in their mind. The following illustration was shown in Figure 4.11. In the
later parts of the section, students tried to differentiate the cylinder from the prisms
by using the first three mathematical ideas. In this séineee was a common usage

of those ideas that meant the ideas became-adeimared. To support their ideas,

the students used the properties and basic elements of prisms.

At the end of the session, there was
cylinder was not a prism. B¢kra | ater cor
with her peer by comparing those shapes and features. One more discussion
emerged related to differences between prisms and pyramids. The whole class

discussion was stad when one of the students asked a question about the issue.

s I |ACY N v [iw T

Let's Create Prisms

Figure 4.1 lllustration of a triangle prism from GeoGebra file

The classroom teacher guided the process and in a similar way by using the
mathematical ideas that students produced, thdemolas handled successfully.
Also, the use of GeoGebra was a great support to make students to construct the
conceptual understanding of the content. It was important for students to see and
observe how the solids change by increasing or decreasingriieenaf the edges

of the base. Also, how changing the position of a shape affects the features of that
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shape or whether that operation influences those features. Use of GeoGebra was

critical for students to visualize the thrdenensional figures in theminds more

easily, develop some ideas about the discussion and express their ideas about the

subject related to those discussion issues. For example, by observing the GeoGebra

file givenin Figure 43, studentsdé6 minds became cl earer
number of edges of a prism also changes the number of side edges and number of

side faces at the same time. It was not possible to show them those changes on the

classic classroom board or by using any concrete material. Also, by evaluating the
illustration, students could produce solutions to the challenges in their whole class
discussions and reach the mathematical practice. For example, the illustration in the

Figure 4.12 was helpful for students who had difficulty to understand why a

cylinder was not ecepted as a prism and showed the reasons practically. After

evaluating a few prism types from GeoGebra file such as Figure 4.11 and Figure

4.12, the teacher wanted to ask student so

debate occurred accordingly.

Let's Create Prisms

properties

()

Figure 4.14 An illustration of cylinder on the GeoGebra file

Teacher: Now, what do you say about the cylinder? Is it a prism or not? Or do you
understand the reason for ités not being
Beyza: We learned the definition of the prism. We stated that prism has some basic

elements such as height, edge, corner points, side faces. When you increase
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the number of edges of the base shape, number of side faces increased, and
edges disappeared ridly. Thus, if there is no edge, it cannot be a prism.
Teacher: Is there anyone who wants to add something?
Hakan: | agree. It is not a prism.

I n this debate, the teacher wanted to
ideas about the cylinder. Beystated her idea as cylinder was not a prism. Also,
Hakan stated his agreement. At this point, GeoGebra file was very helpful for
students to make the reason clear for ¢
lessons, some of the students faced with sproblems with understanding this
issue. But observing the GeoGebra file helped them visualize the change of number
of edges and their disappearing related to increase of number of edges.

Al so, this debate was a good exampl e o
mathematical idea about understanding the relationship between base shape of a
prism and other parts. Because, Beyza used the idea as data in her argument by
stating the increaseumber of edges affected the number of side faces. Also, she
stated that this increase caused side faces and edges to disappear. This was the
acceptance of the idea of cylinder is not a prism and becamedakéared. The
structure of the idea accordimyt Kr ummheuer 6s argumentati on
in the following.

CONCLUSION

Bevza: ... Thus, if there 1s no
edge, it cannot be a prism.

Figure 4.5 KMA on understandinghe cylinder is not a prism

These four mathematical ideas were mainly emerged through the discussion
of basic elements of prisms and their properties; and constructed the basis for the
first mat hemati cal practicesd definition
those ideas weramportant for being bases for the construction of the second

mathematical practice which had takesshared ideas in it. To provide a
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conceptual understanding of the nets of prisms and the surface area of them,
students needed to have deep understanditigeofiefinition and properties of a
prism. Thus, for the second part of the instructional sequence in which students
studied on nets of the prisms and their surface area, they used these mathematical
ideas for several times as data or warrant during thelemtlass discussions.
Additionally, the social and socimathematical norms of the classroom was
supported the emergence of the first mat he
active participation to the activities individually or in peers or shariep itleas in

whole class discussions by using acceptable mathematical terminology. In the
following section emergence of the second mathematical practice was explained
with evidences and the related mathematical ideas that supported emergence of that

practce.

4.2 Mathematical Practice 2: Finding Surface Area of Prisms

The second mathematical idea was about surface area of prisms. It was
emerged mainly during the second and third week of the instruction. During that
process, students were involved @tivties based on visualization of nets of prisms
and construction of surface area of prisms by understanding formula of them. This
part of the instructional sequence was constituted the long part of the study and
continued during two weeks of the proceBBis was also related to importance of
constructing the concept of understanding the formula of surface area of prisms
instead of memorizing it. During this part, while using the knowledge from previous
part as data for this context, students also prediwnd extended new ideas that
became takeasshared and relatedly mathematical practice for the study.

For this part, the students worked both by individually and in groups. During
the instruction, the GeoGebra files supported the progression of their
understanding. Also, concrete unit cubes were used or given to the students that

wanted to touch and see the shapes physically.
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4.2.1 Idea 1: Understanding wrapping means that drawing net of a prism

This mathematical idea emerged during the second wofetble instruction.
For this part of the work, a wrapper factory concept was used to cover the candy
produced in certain forms. In this factory, the produced candy wrappers were priced
over the unit squares that were given, in fact, by this way both theftée prisms
and the calculation of the surface area were introduced. On the first page which was
given to the students, information was given on this subject. Figuges4rbm the
first page of this part of the activity. It was an introductionHat tpart of the
instruction by providing an introductory information about the progression.
Students were given some time to read the given information in Figueddl
then continued with the question that is shown in Figur&. £iludents worked
individually for the question. The researcher and the teacher visited the students

and then the answers were checked on the GeoGebra file.

KUP SEKER FABRIKASI

Uretilen tiim sekerlerin kiip seklinde oldugu bir kiip seker fabrikasinda
calisiyorsun. Bu fabrika yeni karamelli kiip sekeri Gretti ve sen de bu
iretilen sekerlerin paketlendigi bolimde gorevlisin. Her sekerin tek tek
paketlenecegi icin yaptigin arastirmalar sonucunda “Kare ambalaj kagich

fabrikasini” buldun. Bu fabrika cesitli olciilerde kare ambalaj kdgidi
iiretiyor.

AMBALAJ KAGIDI 1TL

Kare ambalaj fabrikasi her parca
ambalaj kagidini 1 TL den

ucretlendirmektedir.

Figure 4.6 Candy Wrapping Factory Concept
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After reading and understanding the concept of this part, the classroom

continued with the following question and the discussion related to it.

Size verilen kareli kdgidh kullanarak, asagidaki tek parca karamelli sekeri kaplamak icin
kullanabileceginiz ambalaj kdgidini cizin. isterseniz saglama yapmak icin ¢izimden sonra
makasla keserek kontrol edebilirsiniz.

lcm

Figure 4.7 Wrapping the cubshaped candy

Teacher: As you read, this question wants you to create a wgapaper for the
cubeshaped candy. What do you think about this?

Hakan: Actually, the question asks the net of the cube.

Beyza: Yes, it asks the net of the prism. We did it previous years.

Teacher: Exactly, it is about the net of the prism.

Thesectioé st arted with the teacherdds questio
the appropriate understanding about the question which was asking net of the cube.
The debate demonstrated that students understood the context. In this context
Hakan and Beyza replied tly@estion in this way. There was not any challenging
idea for the question. It was important for them to understand how to think about
the question. For this question, students worked individually. During the process,
the teacher visited the students toathand help if there was any challenge. For
this part, there were not any discussions including data, conclusion or warrant of
Krummheuer 6s model . The concept of cube wa:
previous years according to national curriculum. Tlxsept for a few students,
they successfully completed their drawings and all the students drew the net of the
cube. One of the student8&8d drawings is show
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Figure 4.8 A sample of student drawing

While working on the question, a festudents asked about the place of the
top and bottom bases while drawing the net of the cube. To handle this issue, the
researcher opened a GeoGebra file showing the net of the cube with different ways

of open it (Figure 49).

Figure 4.0 Different vews of net of a cube from GeoGebra

Evaluating that illustration, the classroom understood the place of a base for
the net of the cube. The illustration was showing the different views of the net of a
cube and also closed form of it. As mentioned above,abf t he st udent séo
were correct. But, there were changes in places of bases at the open form. Although
his drawing was true, one of the students seemed to have problem understanding

those changes and asked questions about it.
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Sude: Are there anyifferences when drawing those bases in different places?
Teacher: Ok . Letdébs |l ook at the screen agai
What do you say about your friendobs ques
Arda: When we look at the shape, we got the same cube from diffetsntSo, |
think, it is not important where to draw those bases.
Teacher: Sude, did you understand?
Sude: Yes.

Sude, asked whether any change of bases in net of a cube influenced its
closed form. To handle this problem, the teacher wanted them to olgésvent
views of its net and closed form. Students understood the missing point after
viewing the GeoGebra file again. There was not any discussion about the issue
anymore. The classroom continued the discussion with a related question. This

section maily focused on understanding to wrap a shape means that to draw its net.

A. ikitane karamelli seker

17

Figure 420 Second question of this part

Teacher: éLetds continue with the second qu
Beg¢m: Do we draw their nets again?
Teacher: What did you understand? It wants you to draw a wrapper for those two
candies.
Beg¢egm: It wants its net.
Teacher: What do you think about that shape? What type of prism is it?

Hakan: It looks like a square prism.
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Teacher: Hakan says it is a agel prism. What do you think?

Kaan: It is made up with unit cubes and a cube has square faces.

Beg¢ m: By a dudii cobgs to daeh othex, ove have a square prism
because, the whole shapeds side faces

Teacher: Ys, so you are expected to draw a wrapper for that square prism.

Zeynep: Its net, actually.

Teacher: These questions ask nets of the given prisms, you are right. | will check
your drawings one by one.

During this section, students tried to understaedjitien shapes by relating
the wrapping activity to their nets. Beg;y
asked to draw nets of the given shapes. Actually, she used the knowledge as
conclusion here. Structure of s{2018) di scus

argumentation model is shown in FigurgX.

CONCLUSION

Begiim: It wants its net.

Figure 421 KMA onunderstanding wrapping means that drawing net of a prism

The students were sure about working on nets of the given shapes, there was
not any problem about that. The probleemner ged during the tea
student s. They werenot sure about how tc
understand the shapes constructed by unit cubes. After the shapes became more
complex, some students could not draw the nets of new shapssucted by unit
cubes. For instance, one of them was the shape which was shown in F2§ure 4.
To handle those problems, each shape was checked on the GeoGebra file as
mentioned in the instructional sequence. The net of the shape asked in FAQure 4.
is shown in the Figure 422 It was viewed in GeoGebra and was presented from
top view hereViewing GeoGebra files after each activity made students clear about
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their drawings and they had chance to check their works while the instruction is

given. This isvery essential for learning geometric concepts.

Figure 4.2 GeoGebra view of the question

Following questions were in the same context with the previous one. Those
guestions were prepared to construct the basis for the surface area of the prisms
since that was related to the understand side faces of a prism. In general, the
classroom completethe process successfully. They could draw the nets of the
given shapes without any challenge except for a few students. The problem was
solved by using GeoGebra file to show students the shapes on the interactive board.
By this way, the students who hadoplems with the questions completed the
missing parts of their drawings. During this process, they never questioned about
the relationship between wrapping and net of shapes. Thus, the idea seemed to
become takefasshared. Furthermore, they used thisigethe following context.

After completing this part, the activity sheets were given to the students including
guestions about drawings of candy wrappers from only one side of the shape (view
from top, from right side, from left side etc.). For that psttidents stated that the
guestions were easier than the previous one. They stated that they knew this kind
of drawings from the previous seventh grade classroom, but they were not aware of

the aim of those drawings. Some of them asked the reason of tiieirgame
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procedures again. The researcher replied those students by stating that those were

important steps for understanding the surface area of prisms.

Aydén: These are the same as we did previ
Researcher: What did we ghreviously?
Aydén: We drew wrappers for the given pr|
Researcher: What was the meaning of drawing a wrapper means mathematically?
We talked about it.
Aydén: We said its net.
Researcher: So, these are again nets of the prisms, but by lookingrantliffews.
Aydén: So, why do we do same things agai |
Researcher: (By showing the shape in Figure 4.21 from GeoGebra) What do you
see now?
Aydeén: |l 6m | ooking from front.
Researcher: How many squares do you see?
Aydén: Two
Researcher: Think according wrapping now. How many squares do you need to
wrap that side?
Aydén: Two
Researcher: Do you see? Doing these practices helps you to observe each side

particularly. This is a step we use for our other context.

I n this debate, A ywdrking oravwsdpperd agailmley r eas o
looking at different views of the given shapes. He thought that was unnecessary to
do the examples. Researcher explained that both practices were important because
they are preliminary steps in understanding the surface adeth@y are important
to show the net of the prisms. Additiona
of wrapping was meant to be net of a prism. The structure of the argumentation

according to Krummbheuer (2015) can be shown as in the following.
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CONCLUSION
Avwdin: We said its net.

Figure 423 KMA on understanding wrapping means that drawing net of a prism

According t o student so explanations an
researcher and the teacher decided to change the place of this part and prior part in
the HLT for following studies. That was because students easily completed the last
part in which they dne the one side of the wrappers when compared to the prior
one in which they drew a whole wrapper for each shape. Moreover, the teacher and
the researcher found it more appropriate to work firstly on partial, one side drawings
and then to continue with whelshape. By this way student would understand
drawing of net of a prism by constructing on drawing each side of a whole shape.
Foll owing figure shows a sample from the st
they drew one view of the given shape. After caetiph the session, view of each
shape was controlled from the GeoGebra file to make students sure about whether

their drawings were true.

L

Figure 4.20 A sample drawing of students

For the following part of the activity sheet, students worked on a shape

constructed by unit cubes and they were asked to draw from different views of sides
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again. While working on that question, students could successfully draw the asked
views of the shapwithout any challenging idea. There was not any argumentation
occurred during the process according to emergent perspective and argumentation
model. GeoGebra was helpful again for students to catch a few missing points. It
enabled the students to obsetlie given shape differentially. Figure 4.22 shows
how GeoGebra helped the visualization of the given shape in the instructional

sequence from different views.

Sha Shape Right Right side view

Figure 4.5 The given shape and its view from the right side

These kinds of questions constructed by unit cubes planned to be bases for
understanding the nets of the prisms and their surface area directly related to the
surface. Understanding these concepts requires understanding what the surface of a
shape means drwhat it contains. So, those questions were expected to be helpful
for students by construction of nets and surface area concepts.

Following step was about drawing wrappers for given candies in different
shapes such as triangular prism, pentagonal pasth hexagonal prism. The
students were given approximately ten minutes to draw the wrappers for those
solids. The researcher and the teacher visited them while students were working on
the question. After the classroom completed the process, they chtéwked
drawings from GeoGebra (Figure 8)2 During the process the following
conversation occurred between students and the teacher.

Teacher: In this page, you are expected to draw wrappers for candies in given

shapes. So, what does it want you to draw?
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Arda: Their nets again.

Teacher: Exactly, right. You are expected to draw their nets.

One of the questions asking to draw GeoGebra view of a triangular
prism wrappers for different prisms

Figure 4.5 Triangular prism and GeoGebra file view

The section continued through the process. In this part, one student asked
about the absence of unit cubes #radr providing easiness for drawing the nets of
the prisms. But this was not the critical point of the discussion. The teacher asked
whether the classroom knew what to do. Arda stated that it was asking about the
nets of the given shapes. Thus, the idearapping a shape means to draw its net,
became takeasshared among the classroom environment. By understanding this
context, they are expected to construct the base for surface area. Figuteod2
the analysis of the dialogue according to KrummheGes ar gument ati on mod

CONCLUSION

Arda: Their nets again

Figure 4.2 KMA onunderstanthg wrapping means that drawing net of a prism

In following lessons, the classroom worked on activity sheet that included
these kinds of questions again while the teacher introducing the surface area of the
prisms. The content was about to understand the surface area by looking at the faces
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of candiesconstructed by unit cubes. Students were expected to calculate the area

of the wrappers to cover the given candies. This was a transition to the surface area.

While classroom was working on those candies, they used the concept of unit cubes

as data and catusion without any warrant or any challenging idea. This meant that
studentsdé understanding of the meaning o
was correct. The process was also constituted the second step of the mathematical

practice by reasoningn area of rectangle.

4.2.2 Idea 2: Counting unit squares

This idea emerged during the third week of the instructional sequence and
became takeass har ed. The process was started v
about the studentodés ideas about the meani
work from the instuction, most of the students had the idea of what a surface area
of a shape means. During the previous part of the instructional sequence, students
worked on a wrapping factory concept aiming to introduce students with the surface
area concept. This paof the activity sheet was constructed related to the same
context. In this part of the worksheet, the aim was not only to design one piece of
wrapping paper for candy, but also to calculate how many square units of the
wrapping paper there was. The candieg were given to the students for this part
were originally built using unit cubes. In later steps, it was asked the need of
wrapping paper of unit square for each prsinaped candy constructed without
unit cubesStudentsvere expected to realize ththey actually calculated 1 square
meter of space for a unit cube, and from there they were expected to switch to
calculation of surface area without using unit cubes. During this part of the
instruction, students did not need to use or observe any Geo@elto provide
help for questions, since this part did not include much questions or figures, they
needed usage of visualization skills. GeoGebra files were opened for one or two
times at the beginning of this part to show the students the back arfdcadeof
prisms with unit cubes. The first page of this part was given to the students and they
worked on it and then the classroom started to discuss on the page. The teacher

wanted students to tell their answers and explain their reasons for thosesanswe
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Teacher: Yes Aydeéen.

Aydeén: | found 66.

Teacher: How did you arrive to that conclusion? What was your idea while doing
your operation?

Aydén: | thought about the visible faces of
each unit squares of eaclcéa

Teacher: So, you counted each face and each unit squares.

Aydén: Yes. | counted each of them.

Teacher: How did you count? What did you look for?

Aydeén: Now. Can | show it on the board? (
GeoGebra file is ready on the smartboard). | counted this, this, and this side,
and then | multiplied the result with two since there are two for each surface.

Teacher: Yes. You arright. Is there another idea or any different ways?

During this dialogue, the teacher wanted to get the ideas about the first
guestion. Aydén explained his idea that he
squares of each face. He counted each fadereen he multiplied the result by two
(Figure 4.28)Aydénds i dea mat hematicall-ag acceptab
shared it needed to be accepted and used normally by other members of the

classroom.

Yizey Alani Nedir?

Asagidaki sekillerin paketlenmesi iin, toplam kacar tane birim karelik ambalajlar kullaniimas
gerektigini bulalim. Cevabimizi kanitlayalim,

Pty T ) 4 B 1L

[ [ o 48

t

1.

Figure4BAydéndés solution to the first question
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Aydénds solution was a way of <calcul at
unit square. Teacher continued to ask about any other ideas. The dialogue did not
i ncl ude any el ement of Kr ulbbomih evasear 0 s ar ¢
demonstration of studentso6 understanding
idea, most of the students agreed with the idea and still offered their own ideas.
Most of the students stated that they counted the unit squares of eacindace a

multiplied them by two since there were two for each face.

3

Figure 4.2 Another question of calculating unit squares of wrappers

Teacher: | want to listen your solutions. Yes, Arda.

Ar da: | counted squares | i lkd8udtwqlaEes. Her e,
on the front side. And at the back si
of the shape there are six times four there are 24 and 24 from the bottom.

There are 48. On the right side, four times three, there are 12 and at the left
as he same. 24 in total. And totally, there are-L@& squares.

Teacher: Yes, you did the same as Aydeén
there anything wrong?

Selin: Also, | counted squares.

In this debate, for another question, the classroom started to talk about the
solutions. Arda stated that he wused the
guestion. This was an indicator -asf that
shared accordingmmer gent perspective and Krummhevu
model. This can be shown as in figure 4.30
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DATA CONCLUSION

Arda: I counted squares as Selin: I also counted
Avdin_ ... squares.

Figure 430 KMA on counting unit squares

This debate was not the last example of counting unit squares to calculate
wrappers. In most activitiesf this section, students chose to use counting unit
squares. Their ways of solving question were mathematically acceptable and this
idea became takessshared in classroom environment when evaluated according
to emergent perspective. Thus, it was cotketlithat usage of counting unit squares,
became a takeasshared idea (as a step for surface area of prims), while
calculating area of wrappers. Following debate shows a different viewpoint of one

the students.

Beyza: But, | found it 36.

Hakan: No, itis 66

Some students: It is 66.

Teacher: Listen, Beyza says something. Repeat please.

Beyza: | found the result 36.

Teacher: How did you do it?

Beyza: | counted one of the faces. There ararliPsquares. Then, | multiplied that
with three because theage three. So, the answer is 36.

Teacher: Can you explain again please?

Beyza: First, | counted the top face. There ar@rdisquares. There are three rows
in the shape which is height. So, 12 times 3 makes 36.

Teacher: Why did you do that?

Beyza: Beause, there are dhit squares and three rows, it makesu88 squares
in total.

Teacher: Do you agree with Beyza?
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This dialogue was a demonstration of misunderstanding of the context.
Beyza explained her idea in return for
number of the unit squares which was the volume of the prism. The teacher wanted
her to understand hemistake with classroom discussion. To eliminate this
misunderstanding the teacher wanted to show a concrete form of the main idea. She
used a concrete cube and a squared paper. She wanted Beyza to wrap the cube by
using that squared paper and after B@yza understood the context. This small
demonstration made most of the students got the deep understanding of what the
surface area was.

After this practice, the classroom continued to discuss on following
guestions constructed with the same conceptth@sprocess was going on, new
solutions occurred in the classroom environment. Thus, related to new solution

ways, new ideas emerged on the way to become-@ksimared.

4.2.3 Idea 3: Transition from counting unit squares to calculating area

This ideastarted to emerge immediately after the previous idea. In previous
section, classroom was working on finding area of wrappers that were appropriate
for candies in given shapes. They preferred to use counting unit squares to find area.
While the instructio and whole class discussions were going on, the students

produced easier way of finding unit squares. Following section shows this process.

Teacher: Can you explain your way to your friends?

Mete: | thought that instead of counting all the unit squaress a shorter way, we
can multiply edges with each other like we do while calculating area of a
rectangle. This is easy and quicker. For instance, in this example, |
multiplied three by five according to these edges (By showing his paper in
Figure 4.18) It is 15. The result is the number of unit squares of this face,
so it is the area of this face. And then, | multiplied 15 with two, because
there are two same side faces, and it is 30. For the top and bottom faces, |

multiplied five with six and | foun®0, then | multiplied it with two, | found
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60. Lastly, | multiplied three with six, | found 18 and | multiplied it with
two, it is 36. When | summed up 30, 60 and 36, it makes 126.
Teacher: Yes, here what did he do? Who wants to repeat? Whatli§erence of
Met ebs solution from the previous way.
count squares. Yes. Tuj - e.
Tuj] - e: I think there is no difference. He
counting, he multiplied according to faces.
Teacher: Yes, are treeany other ideas about this solution? What does it remind to
you?
Aydén: Actually, he found the area of one
Kerem: We can think like tiling on a ground. We said something like this. The
number of tiles gives us trerea of that ground. So, actually, we find the

area of the rectangle on each side.

In this debate, Mete started to explain his way of solving the question by
using the area of rectangle. He mentioned that he multiplied each edge by each other
and multipled with two and summed up those results to each @fgure 4.3).

During that time, everybody was doing the same thing but in a longer way. By this
way, he reminded that they were actually trying to find the area of each face. He
calculated the surfacea of each face, but they did not name it as surface area at

that time. But it was a step to capture the idea of surface area.

Figure 431Met eb6s solution to the question
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Thisdi scourse of the students was obtai
argumentation modeMoreover, those arguments were appropriate for social and
sociocmathematical norm®y exchanging ideasvith appropriate mathematical
terminology and using mathematigaacceptable solutions. This structure can be

summarized as following.

DATA CONCLUSION

Kerem: We can think like tiling Mete: I thought that instead

on a ground. We said something of counting all the unit

like this. The number of tiles squares, we can multiply

gives us the area of that ground. edges with each other like

S0, actually. we find the area of we do while calculating the

the rectangle on each side. area of a rectangle.
WARRANT

Avdin: Actually, he found the

area of one face.

Figure 432 KMA oncalculating surface area

After this time, in the following questions, the students often used the area
of rectangle in their solutions. Thus, discussions mdodused on that concept.
Following section is chosen from the same lesson with the previous one. While
students were working on the other questions, this dialogue occurred.

Teacher: Yes, who wants to solve the question?

Yajmur: To find the area of rectangle on
12. And then, | multiplied the two with four to find the area of another
rectangle. It is eight. To find the area of bottom rectangle, | multiplied four
with six. Itis 20. Then, | summed up them, | found 44. But there are two for
each side. | multiplied 44 with two and the answer is 88.

Teacher: Yes, good explanation. What do you think? Are there any other ideas?
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Tuna: | did the same things. But, | first found the arkbaeotangles and then |
multiplied each area with two. At the end, | summed them up.

Teacher: What are the differences between two solutions?

Kaan: Actually, there are no differences. They do the same thing but in different

order.

In this debate, the question included a rectangular prism constructed by unit
cubes. Yajmur explained her way of thinking
solution and explained his way. Both of them did the same things but in a different
order. Thus,Kan confirmed that the solution was ac
the data from the previous discussion about rectangles area as conclusion. Tuna
added his explanation as data and then there were not any challenges or warrant for
the discussion. Actuallyhe class started to understand that they were calculating
the area of each face by doing those calculations that they referred in a short way.
They started to transfer their thinking from counting to the calculating. Thus, the
classroom seemed to acce tisage of rectangles area for finding the surface area.
Accordingly, whent he di al ogue was evaluated accord

argumentation model the following figure could be drawn.

DATA CONCLUSION

Tuna: I did the same things. But, Yagmur: To find the area of

I first found the area of rectangles | rectangle on front face. I

and then I multiplied each area multiplied two with six_ Ttis 12.
with two. ..

Figure 4.3 KMA oncalculating area

In advancing lessons, the clemsm continued to the instruction with
calculation of surface area of given prisms without unit cubes. For that goal,
students were expected to use the knowledge of area of rectangle again. After doing
various examples, the classroom started to work osetlkands of questions. In

following question, the classroom worked on the area of wrapper for candy which
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was constructed without unit cubes. After, the following discussion occurred during

the solution process of mentioned question.

Teacher : qéestion| yes. This tinse you are asked to solve the question
without unit cubes. The shape is given in centimeter. Who wants to talk
about this?
Kpek: |l thought about the area of each r
back face is also 60. ¥ 120. Side face is 24, adding 24 to 24, it makes 48.
For the bottom and top faces, | summed up 40 and 40, it is 80. It is 248 in

total.

/

Fad T

Bcm l

dcm

10 cm

Figure 4.3! A question from surface area context

Teacher: Very good. In the question, the same thing is asked but by using numbers.
Are there any problems?

Researcher: Can you explain again, why did you follow the same way as you did in
previous ones with unit cubes? You could count unit cubes in those
guestions, but here there are none. What was your opinion?

Kpek: 1 thought that each centimeter as

Researcher: You thought 1 cm as 1 unit.

Kpek: Exactly, So, here is 6, and here is
the area of &h face.

Teacher: Yes, Aydén. You said something.

Aydéen: Actwually, when we found the area,
base and height, we find the area.

Teacher: Which area?

Aydén: Rectangl ebds area.
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While talking on the question given in Figu4.3}, the classroom met a
prism constructed without uni t cubes. The
explained her way. She stated that she concluded that each one unit is equal to one
centimeter and she continued her solution by this way. She steggsadhe area
of rectangle is calculated for each side and she reached the answer this way. After
her explanati on, Aydén stated that those ¢
rectangle and accepted Kpekodés caofocl usi on. T
this discussion.

DATA CONCLUSION
Avydin: Actually, when we found Ipek: I calculated the area of
the area, we found unmit square. |~ | each face.

When we multiply base and
height, we find the area.

Figure 4.3 KMA on calculating area

Following question and the related discussion shows another argument

about using the idea of rectangle to calculate area.

12cm

1cm

2cm

Figure 436A question about calculating wrappersb?é6

TeacherLet 6s | ook at another question. Who wan

your solution at the same time.
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Kerem: Aaaa. Ok. Now. | calculated the area of each rectangle. | found front side.
| found the area of this rectangle. It is 12 times two equals tuVih.the
other side, it is 48. Area of this top base is two times one, it is 2. With the
other side, it is 4. And right side is 12 times 1, it is 12, with the left, it is 24.
| summed up all faces and it is 76.
Teacher: Yes, t hat 6dsthgre angdatherldea?y ou wunder s

Class: No.

CONCLUSION

Kerem: Aaaa. Ok. Now. I
calculated the area of each
rectangle. I found front side. [
found area of this rectangle.

Figure 4. KMA oncalculating area

This debate was about the solution of the given question in Figuse 4.3
Kerem explained his way by calculating the area of each rectangle on each face of
the given shape. Aftehe found the area of each face, he multiplied with two as
many other students did. At the end, they summed up all of the results to reach total
area. During the solution process or after it was completed, there was not any
argument on the solution. Thigas because the classroom started to use the idea
normally while working on calculating area of wrappers that produced for given
candies.

After working on this question, the classroom worked on eight questions
about the area of wrappers for candies that the area constructed without unit cubes.
For discussions of each questions students used the area of rectangle as a way for
solutions in reehing to the answers. Thus, the classroom concluded that the area of
rectangle was used for surface area of rectangular prisms and/or area of cubes.
Furthermore, this idea became taleershared by involving in classroom activities
and discussions by exm®ng ideas in a mathematically acceptable way. This was
a requirement of social and soc¢imathematical norms of emergent perspective.

These questions were prepared to make them to be ready for reaching a
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generalization and producing a formula for theatefarea of the prisms. Following

step continued with producing the formula for prisms. More clearly, this time the
students were calculating the surface area of shapes that were given to them. But
they did not name it while calculating surface area afnpsi Now, it was time to

express it in mathematical language.
4.2.4 ldea 4: Producing the formula for surface area of prisms

Following step of the instruction was working on producing a formula for
surface area of prisms. The classroom was given fifteen minutes to think and work
on the page which was constructed based on the thinking on formula of the surface
area of the prism3.hey worked in pairs and the teacher and the researcher visited
them during this process. At the beginning of this section the teacher introduced the
context to the students and explained what they were asked to do. This time, the
classroom was good antling the surface area of the given shape by using the area
of rectangles of each side of the prism. But while working on finding a formula, it
seemed challenging to them. They could not understand how to generalize this work
into algebraic expressions. lfving dialogue was from at the beginning of this

part.

Teacher: Here you will think about a formula for surface area of the prisms. For
example, think about the area of a square. What do you say for the area of
square?

Class: &

Teacher: Itismultipl cat i on of two edges, i snodt
like that. What did we do to this time? What were the questions that you
worked on?

Tuna: Area.

Ay kK e: Surface ar ea

Teacher: Surface area, yes. Here, you are expected to produce a formula, a
genealization for the surface area of prisms. So, related to the example of

square, what can you use for that kind of procedure?
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é .
Teacher: By looking your works, | see a misunderstanding for the process.
Researcher: We gave the square example before. $égwthe area of a circle.
Bege¢m*i It i s
Researcher: How do you name it? You use
to do same thing. You can use letters or symbols. This time, you proceeded
with numbers and this time it wants you to express poocedure in letters
or symbols. Look at the examples of three students. They are given to

provide examples to you. You can get

This debate was about the introduction to the producing formula to the
surface area of prismstghe beginning, students could not understand what to do
and how to reach a formula. The teacher and the researcher tried to explain the way
for them by relating the context to their prior knowledge. The students had already
known the formula of square aircle from previous years. The teacher and the
researcher tried to make them understand what to do by mentioning about the
formula of area of those shapes. More clearly, these were (formula of area of a
square and area of a circle) all wietiown formula by the students. The aim of the
teacher and the researcher was to remind students the way to express a formula for
a given shape. More clearly, how to use algebraic expressions while producing a
mathematical formula. By this way, most of the studentewetgarer about the
content, what to do and tried their way.

The students started to work on producing their formulas. During the
process, the teacher and the researcher visited the pairs and helped them in their
works. The teacher and the researched titehelp students, how to express their
ideas algebraically. Actually, they did many practices and solved many questions
in the related context, but it was a new thing for students to produce a formula for
a geometric structure. In traditional lessonsytusually get ready for formulas and
apply them on the questions. The researcher and the teacher wanted them to think
about those practices they did until that time. Especially, student formulas given on
the activity sheet were helpful for students bywvimg examples for them.
Additionally, there was a part below the question which was expected to provide a
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clue for students. This part showed some
for surface area of prisms. But not all of them were true. Aftelesiis worked on

their formula, they were also expected to discuss on those solutions (Figd)re 4.3

In general, pairs could produce some ideas (right or wrong) and tried to write
something about formula. After working on the page, the teacher startetidle

class discussiononitooki ng at the studentsdé wor ks,
produced related to previous numerical questions. Some of the students used
numbers to write formula again, some of them used letter but in wrong ways. But

in general, tey seemed to get support from the formula of rectangles area while

working on the page.

Sezen'in formiili: t:taban, h: yiikseklik ve g: genislik olmak izere 2th+2tg+2hg

6th

Riza'nin formiilii: t:taban, h: yiikseklik olmak tizere

Ceren'in formiilii:  Ag: On yiizey alani, Ag: Ust yiizey alani ve A Sag yiizey alani olmak

lizere

A0+ Au+ As

Figure 4.8 The part that was expected to provide clue for students

Moreover, they seemed to be aware of finding the surface area which
requires finding area of whole faces of the prism. Accordingly, they focused on

finding a formula for each face of the prism and tried to generalize it. In the

following visual, samplesérm st udent sd work and di scussi

(This dialogue occurred between the teacher and Zeynep while they were working
on producing formula and discussing with peers. They were sitting on their desks

and the teacher wanted Zeynep to explainsb&rtion)

Zeynep: Teacher. | drew a square prism. | said these edgearata, and the
area isw . Then, | said for this rectangle face, this eddedad the area of
this rectangle face sb. This edge i and this one ia again. The area is
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aband 2abin total. The same thing is for square top base and there the
same at the bottom ad? in total. | summed them up and multiplied with
two since there are two for each of them.

Teacher: You did it for square prism.

Zeynep: Here | drew a rectangulprism and | named the edgesabandc. This
f a c e 0 sab.&hisaraa i9dcsAnd here isaand here i€, so the area is
ac. | summed them up and multiplied with two since there are two for each
face.

Figure4®Zeynepods work for finding surface ali

In this section, Zeynep explained her idea on how to produce formula for
the area of a prisrfFigure 4.39) She stated that she worked on square prism and
on rectangular prism. She explained how she naheeglquared prism and how she
found the area, and also the way how she worked for a rectangular prism. Her
naming the solids and finding area of each face of them had made her to produce
an accurate formula for prisms. After working process was compléedeacher
wanted students to explain their i1 deas ol

In the following section, his solution and his explanation were given.

Teacher: Yes, Aydén explain your way.

Aydeén: I n a mebdandtichTeen,éodng aresa ofeeach ractangle as we
did before. One face is ba, and there are two, so it is 2ba. Other face is cb,
there are two, so it is 2cb. And this face is ca with the back side, it is 2ca.
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Teacher: Then you summed all up.
Aydén: Yes. heimlksethismmmed up t

Aydén foll owed the way as he did while
questiongFigure 4.40) He used the same things in the same order. He calculated
area of each face, then he multiplied with two, and at the end he summed all them
up to produce his formula. After his explanation, Zeynep came to the board and
explained her way. Thieigure4.41and the discussion is about that part.

Figure 440Aydénédés formula for surface area of pr

Figure 4.41 Zeynepods formula for the surfac

Teacher: Yes, Zeynep. We are listening to you.
Zeynep: | named these edges ds e, For example, since these faces are rectangle,
if this edge is a, this one is also a. This one is b, and this one also b. This
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one is ¢ and this one also c. And others are also like this. If | found this area,
this is ac. This is bc and this is ab. Thare two faces and for those faces |
multiplied the result with two. We were doing this last year in algebraic
expressions. | used common multiplier parenthesis.

Teacher: What is the difference between
there any dferences?

Zeynep: Aydénods formula shows more clear
summed all them up. Maybe mine is confusing for some friends. | first found
each area and then | thought that there are two for each face. Then |
multiplied each multiplicatiowi t h t wo. There is no diff
thing.

Teacher: Is there anyone who wants to add something?

Begg¢ m: Actually, there are cross signs [
friends did not remember that point.

Teacher: Yes, this is an immgant point. Is there any problem with this point?

Class: No.

Teacher: Do you agree with these formulas? Is there any other comment?

Class: No.

Aydénds and Zeynepbs explanation abou
accepted by classroom since there waseany challenges, any warrant, or any
guestion about it. She used the rectangles area as conclusion here and there were no
objection to her. Most of the students tried to understand the solution (idea). For
most of them, it was difficult to transfer tkeowledge from numerical expressions
to algebraic expressions. The discussion process was mathematically appropriate in
terms of using mathematical language and offering acceptable solutions to the
situations. Thus, it can be concluded that the idea becakenrasshared.

Actually, this was clear with later usages of students in their solutions.
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CONCLUSION

Zeynep:é There are two faces and for those faces |
multiplied the result with two. We were doing this last year
algebraic expressions. | usesimmon multiplier parenthesis.

Figure 442 KMA on producing the formula for surface area of prisms

After completing and discussing on whole class study, the teacher
reorganized the formula of surface area for prisms. Then, she started a whole class
discussion for finding the surface area for different prisms such as square prism,
triangular prism, pentagonal prism, hexagonal prisms etc., since they studied on
cube and rectangular prism. The teacher wanted Zeynep to explain her work on
square prismhiat she explained to the teacher while working in peers as in Figure
4.39. She came to the board and did same thing as she did in her paper. She

explained her way one more time for the classroom.

Teacher: Yes, while you were working, Zeynep tried to veork square prism and
produced a formula for it. She will explain it to you. So, this may be a clue
for you. Yes, Zeynep.

Zeynep: | said these edges ar@nda, and the area i» . Then, | said for this
rectangle face, this edgelhsnd the area of this rectangle facabis This
edge i and this one ia again. The area @b and2abin total. The same
thing is for square top base and there the same at the bottd®e?and
total. | summed them up and multiplied with two sincedtae two for
each of them.

Teacher: Yes, as you see, we did the same things. The only difference is on the
base shape. It is a square here. So, instead of finding the area of a
rectangle, we work on the area of a square. Now for example, what do you

think about the area of a triangul ar

After Zeynep explained her formula of square prism, they discussed on

whether they should follow the same way for finding their surface area different
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from those cube and rectangular prism. The classwas clear about what surface

area was and they successfully produced ideas about the issue. For instance, they
could think that finding surface area of a triangular prism requires that finding the
area of triangle bases and area of rectangle side faces.

Tuj - e: It is related to base shape. We f|
top and bottom bases. And we sum them up.
Teacher: Very good. Yes.

Thus, it was clear that the classroom understood the idea of what a surface
areawas and howtocalcmat e it. Tuj-e offered a good
of a triangular prism. Now, the whetdass discussions were constructed on social
and sociemat hemat i c al nor ms. So, Tuj] - eds i de
understanding of what a surface area wasi@nchlculation. The structure of this
idea can be shown according to Krummheu:

following.

CONCLUSION

Tuj - e: 't i s r elfithe
area of side faces and we find area of top a
bottom bases. And we sum them up.

Figure 443 KMA on producing the formula for surface area of prisms

After they completed to work on producing the formula for surface area of
prisms, they continuedtsolve the following questions about surface area. The
following question was chosen from the questions about exercises after talking on

surface area of prisms.

179



4 br
5hbr

4 br

2 br

12 br

Figure 4.4 The question that the studert:nfused

The classroom started to work those questions. These questions were a
bit challenging from the previous ones. After they completed the process, the
classroom started to talk about those. Especially, one of them was problematic for
the students. During the discussion, students were al@aut how to find the
surface area, but the structure of the question confused them. Their usage of
rectangles area stated that the idea became-te@drared, but the classroom
needed to understand the construction of the shape which is shown iguhe Fi
4.44.

Some students tried to divide the shape vertically and some of them divided
horizontally. But also, there were wrong solutions which meant that students were
having visualization problems. Figure 8.4hows a right approach but an
incomplete shlution. During the discussion about the question, the classroom used

the idea of rectanglebs area as sol uti
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Figure 460ne of the studentédés solution of th

Following section emerged during the solution process of the question. The

shape was drawn on the board.

Beyza: | found each rectanglebds area and
5 with 2, 10.

Teacher: Write it on the board.

Beyza: | multiplied8 with 5, 40.

Teacher: Yes.

Beyza: 4 times 2, 8

Teacher: Ok.

Beyza: 2 times 7, 14.

Teacher: Good.

Beyza: Here, 4 times 7, 28. There are two for each face, so | summed up these
numbers for each one. It is 200.

Teacher: Yes. What do you think about Bey
wrong?

Class: No.

Beyza divided the shape vertically and constructed her solution based on
finding the area of each face. After that, she summed up each area for®f@ tim
another face, and at the end she summed up all numbers to find whole surface area.
Here she used the idea of rectanglebds ar ¢
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any objection, or a warrant from the classroom. Thus, this dialogue can be @valuate

according to Krummheuerdéds argumentation mod

CONCLUSION

Bevza: [ found each
rectangle’s area and summed

up them at the end. I
multiplied 5 with 2, 10.

Figure 4.4 KMA on producing the formula for surface area of prisms

Her idea was good and appropriate, but there were missing parts. She forgot
to consider left side of the shape. Thus, she did not add that side in the surface area
calculation. Similar missing parts occurred
clear alout using the area of rectangles but there were missing parts in their
procedures. The teacher and the researcher were aware of this situation, and also
the teacher wanted them to notice this point by themselves. During the break time,
the teacherandthree sear cher di scussed about the stud
and their need for an illustration of the shape.
The researcher prepared a GeoGebra file during the break time and they
decided to show it to the students in the next lesson. Figuiesha@ws the
GeoGebra file. Also, the research team decided to add it to the HLT and also to
instructional sequence. After evaluating the illustration on the GeoGebra file,
students became clearer about whole faces of the shape. GeoGebra provided an
illustration of each unit square and relatedly the area of each face. They could
clearly observe back, front, right, left, bottom and top faces. Moreover, they had a
chance to compare the results from the procedures and the real shape.
In the following lesson, whileatking on the illustration in Figure 44
following debate emerged in classroom environment. The issue was about the
question in Figure 44which students could not visualize the different views of
the given shape. In the following debate, the reseamghated to make them to

handle that visualization problem by observing the GeoGebra file.
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Figure 4.47 The GeoGebra file prepared to control the solution of the question.

Researcher: It was confusing for you to work on those questions. Tpnepared
this GeoGebra file. Now, |l et ds evalua
your activity sheet. Here, this is the top base. Look from the top side. Can
you see? Length of this edge is five, this one is two. Base is 12 units. From
here, height i$our units. Now, think according to this illustration. We will
|l ook at each side and calcul ate each
look at top side (Figure 434

Figure 4.8 Top view of the illustration of the shape in Figure*.4

ResearchenWhat do you say about this illustration? What would you do, if you
tried to find area of this shape?

Kaan: We would only find the rectangles area. 12 times two, it is 24.
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Researcher: Yes, this was the top view, think about the bottom view (the researcher
shows the bottom view). What do you say?

Tuj - e: l't i s the same. Same view. They seen
views.

Researcher: Do you remember? At the beginning of this activity sheets, we were
working on finding areas of different view$ given shapes and some of
you asked the reason for doing those practices. Do you understand the
reason now? Thus, what do we do while finding the surface area of these
kinds of shapes?

Burcu: Do we follow the way as we do for normal prisms?

ResearchemMormal prisms?

Burcu: Like we do for example for a rectangular prism. Because we will see the
same view from right side and left side, and also the same for front and back
sides. We will calculate each area that we see, and we will multiply with

two.

The debate emerged after observing the illustration in Figurd. 4.4
GeoGebra file helped them to handle those visualization problems since it provided
them to observe the same shape from different views at the same time. Thus, they
realized the same view od opposite sides (like right and left). By this way, they
also noticed the relationship between calculating surface area of a rectangle prism
and surface area of this kind of shape. Most of the students were aware of what to
do and which way to follow osuch a shape. Kaan stated that he saw a rectangle
and to find the area of it, he would follow the same steps as they did before. Burcu
and Tuj-e added that the opposite side of
they stated they would calculate like thdigt for other shapes.
After this process, this part was completed. While working on remaining
questions, the students often used the surface area as conclusion and data without
any warrant. Thus, according to Krummheuer 6
perspective the idea become taleesshared among classroom. Furthermore, those
ideas that occurred during this part of instruction, supported emergence of the

mathematical practice of surface area of prisms.
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DATA CONCLUSION

Tugce: It 1s the same. Same Burcu: Actually, like we do
view. They seem like the for example for a rectangular
same shape’s top and prism. Because we will see the

same view from right side and
left side, and also the same for
front and back sides. We will
calculate each area that we
see, and we will multiply with
two.

bottom views.

Figure 4.8 KMA on producing the formula for surface area of prisms

4.3 Mathematical Practice 3: Finding Surface area of cylinder

The third mathematical practice was about finding the surface area of
cylinder. This practice emerged at the end of the third week anoigdine fourth
week of the instruction. In this process, the classroom studied pages of the activity
sheet that were based on the net of the cylinder, its basic features and elements and
the surface area. The instruction was prepared according to comrstrasts for
studentsdé6 wunderstanding of surface area
drawing a wrapper for a cylindshaped candy. The aim was to make students get
ready for the surface area. After this part, they worked and discussed on net of the
cylinder and its parts. This step was important for students to understand the relation
between the circle bases and rectangle side face of a cylinder. After working various
examples and questions about this context, students continued to find area of the
given cylinders separately. Then, they moved on to think about the surface area of
a cylinder and to produce a formula for it. For all processes, students were given a
time period to work and then they started to discuss on related issues to come up
with a commonly shared idea which is takasshared idea and relatedly a
mathematical practice according to emergent perspective and argumentation model.

For this section, the students worked both individually and in groups.
During the instruction, the GeoGebra files supported the progression of their

understanding. By observing net of a cylinder on the GeoGebra, they could easily
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relate the circle base amectangle side face. The detailed information is provided

in the following parts.

4.3.1 Idea 1: Structure of net of a cylinder

In previous lessons, the classroom worked on surface area of prims and
related questions. Now it was time to think about rcdir. The HLT and
instructional sequence were prepared first based on basic elements and properties
of it. The context was the same as with prisms. The factory concept continued in
this part again. At the beginning of the first lesson of the cylindertetheher

questioned classroom about daily life examples.

Teacher: Ok. | want you to give examples for cylinders from the physical world
around us.

Mete: Bottle.

Zeynep: Pencil cases. At least, some of them.

Beyza: Glasses

Teacher: Yes, good.

Arda: Jar

Kaan: Bin

This section was about the daily life examples of cylinder and it was
il lustrated that students had the idea of
examples that were given by students were appropriate for cylinder. After this
section, the students wegeven the first page of cylinder concept. It was about
designing a wrapper for given cylindgnaped candy box. Students were given
approximately five minutes to work on the question. During the process, the
researcher and the teacher visited the studmmischecked their drawings. In
general, they were successfully completed drawing wrappers without any difficulty.
Then samples from studentsdéd drawing were s

their work, they had a small classroom discussion on the context.
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Figure 450Sampl es of students6é drawings for wi
Teacher: Your drawings were good. So, what did you understand from this
guestion? What is the main idea?
Burcu: It is questioning us about which pieces a cylinder includes.
Teacher: Yes. Any ber ideas? Say, Kaan.
Kaan: We can see that a cylinder constructed by circle and rectangle.
Teacher: Yes, anyone else?
Begg¢ m: It is about the net of the cylind:
Teacher: Yes. You are both right. The question wants you to see the parts of a
cylinder and its net.
In this small section, the classroom got the main idea of this part of the
instructional sequence. The students were clear about the drawing of a ioapper
a cylindershape candy box. Furthermore, they successfully completed the
drawings without any error. This section provided data according to the
Krummheuer s argumentation model as il | u:
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DATA CONCLUSION

Kaan: We can see thata Burcu: It is questioning

cvlinder constructed by —— | us about which pieces a

circle and rectangle. cylinder includes.
WARRANT

Begiim: It 1s about the net of the cylinder.

Figure 451 KMA on structure of net of eylinder

After this session, the teacher continued with the definition, properties, and
elements of a cylinder. A GeoGebra file was opened by the researcher including an

illustration of cylinder (Figure %2). The following section is from that part.

Teacher: Yes, we have a cylinder shape on the GeoGebra file. We will talk about
the properties and elements of a cylinder. This is the height of the cylinder.
These are called as bases. Top base and bottom base.
Berna: Do we call thetoponeasabase &aiwhy ? |1 sndét it a ceil i ncg
Teacher: In geometry, these kinds of solids such as prisms or a cylinder have top
and bottom bases, not a base and a ceiling. Ok?
Berna: Yes.
Teacher: Yes, here are top and bottom bases. What are the shapes in the top and
bottombases?
Classroom: Circle
Teacher: So, what are the important parts of a circle?
Classroom: Radius.
Teacher: Yes, or diameter. So, here is the radius. And the same one is at the top
base. Yes, now, write the definition of
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Figure 452 An illustration of cylinder from GeoGebra

The section showed that students had a prior knowledge about the cylinder,
since they had some idea about their elements and properties. Some students
confused naming top and bottom bases of the cylinder. Besked the reason for
not calling the top base as ceiling. Most of the students were calling the top base of
a prism and cylinder as ceiling. This could be related to their previous knowledge
and/or developing some misconceptions about some terminologgoohedgric
concepts. But teacher handled it by explaining. After they talked about the
properties and elements of cylinder, the teacher told the definition of cylinder and
students wrote it on their notebooks. This debate did not include any argumentation
element of Krummheuer, but it was critical for the next step of the process which
was based on understanding net of a cylinder. Because, understanding height of a

cylinder means to understand an edge of

side face. Meeover, understanding radius of circle base means to understand its
circumference and relatedly another edge of the rectangle at the side face.

Later on, first page of the activity sheet of this part was given to students.
The context was candy wrappingcethe students were expected to draw a wrapper
for a candy that was given in cylinder shape. The students worked individually and
i n peer s, and they successfully compl e
have problem with drawing wrapper for thegn cylinder candy. Moreover, they
stressed that the question wanted them to draw net of cylinder. During the process,

the teacher and the researcher visited the students and controlled their works. After
189
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the session, their drawings were controlled onGleeGebra file. In the following

visual, the GeoGebra file and related discussion is given.

Figure 453 Net of the cylinder from GeoGebra

Teacher: In general, your drawings were right. So, what do you see as the basic
elements of net dd cylinder?

Deniz: It has two circle bases and one face.

Selma: The face is rectangle.

Teacher: Yes, as we mentioned before, it has two bases and a side face. Does the
side face have to be a rectangle? Can it be any other shape?

Tuj] -e: Yes.

Hasan: Nowhile you were rolling the cylinder on the smartboard, | saw a square

also.
Tuj] - e: Li kewi se. I meant that it should be
Teacher: Why?
Tuj -e: When we roll it, the corner points s

possible with a qudrilateral shape.
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Researcher: Very good point. Is there anyone who wants to talk about or add

something to Tuj-eds i1idea? Or, Tuj - e
Why do you think like this?
Tuj -e: Hmmm. Aaaa. Can | explain it on G

Teacher: Otourse.

Tuj-e: (By showing net of the cylinder) I
circles, we need two points that come together. Two points for top base and
two points for bottom base and four points in total.

Teacher: Yes, and what do four pts mean?

Tuj - e: I f we combine four points, we get

Teacher: That s right. Good, Tuj - e. l s t
who does not understand?

Class: é. (Silence)

In this debate, the classroom was talking about net of cylinder after seeing
the illustration of it on the GeoGebra file. First, the students completed their works
and then the researcher opened the GeoGebra illustration on the smartboard. As it
is clearedrom the dialogue, most of the students were able to draw correctly. This
may be related to their prior knowledge from earlier grades.

Observation of GeoGebra illustration on the smartboard provided a source
for students to check their drawings in a megful way, since they could see the
reason on the screen. The dynamic nature of the GeoGebra allowed students to
follow the change from closed form and i
and critical point for net of the cylinder. She explained th@ars on f or si de f
being a quadrilateral. She stated that a cylinder shape was constructed by two circle
bases and if someone wanted to wrap those circles, he/she needed to combine two
points. She stated that there were two circle bases and two owmtagd the top
base, two points to wrap the bottom base, so it was four points in total. She stated
that it was called as quadrilateral, formed by four joint points with the line
segments. Thus, this was a takesshared idea which emerged while the
classoom was working on structure of net of a prism. Afterwards, the idea was

normally used in questions and discussions which was an indicator ofasken
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shared idea. The examples were provided about this idea in the following sections.

This explanation comisuted an introduction for the following steps. In advancing

lessons and in exercises, students worked on that concepts and discussed on it. This

section was a good example of using social and suoethematical norms in

whole-class discussion. Thus,accdi ng t o Krummheuer s ar gume
and emergent perspective, this debate can be summarized as in the following

section.

DATA CONCLUSION

selma: The face 1s rectangle. Tugge: Same. [ meant
that 1t should be a

WARRANT

Demiz: It has two circle bases and one side
face.

Figure 454 KMA about side face of a cylinder which should be quadrilateral.

Afterwards, the teacher questioned the classroom about height of cylinder.
She tried to make them aware of how the height of a cylinder change related to the
lengths of side face edges and also related to the circumference of circle top and

bottom bases. e discussion about the following section is given below.

Teacher: Now, | want you to think about height of the cylinder. Our GeoGebra file

will help you. Look at that opened form of the cylinder. Where is the height

of the cylinder? Actually, which lenlg indicates the height of cylinder?

Yes, B¢ Kr a.
B¢kra: Looking at the shape, we see that th
Teacher: What is that edge?
B¢ KkKr a: It is the short edge of the rectangl
Resarcher: Do the short edge need to be the height of the cylinder? Is it always

okay? What do you think?
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Zeynep: If we have a long cylinder, height will be the long edge. It depends on the
given lengths and circle bases. We cannot conclude that the sberised
height of the cylinder.

Teacher: Yes, good. Did everybody understand? Are there any problems?

Class: No.

In this section, the classroom evaluated relation between closed and opened
form of a cylinder by support of GeoGebra file. Moreover, they evaluated how one
element of it placed in opened form, or vice versa. Students could easily understand
the change ofieight as one edge of rectangle that is side face of cylinder. The use
of GeoGebra in this process allowed students to observe the transition of the
cylinder from opened to closed form. In this way, students had a chance to
understand easily in which pdsih an element of the cylinder placed in both cases.
When B¢kra explained change in the heigh
side face, the classroom did not react to that explanation positively or negatively.
This was another idea that heiglfttioe cylinder is depends on the lengths of the
side face. Thus, according to emergent perspective, it becameats&ieared and
when analyzed according to Krummheuer 6s
summarized as iRigure 4.55.

This part of the study was completed with this activity, but it was not the
end, since the context had an interrelation with itself. For instance, the students
often used the basic elements of a cylinder and ideas emerged during they were
working on its ng its construction and also surface area. The usage of the ideas in
the following lessons were indicator of that they became takshared. Thus, in

following sections these relations will be mentioned accordingly.
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DATA CONCLUSION

Biisra: It 1s short edge of the Zeynep: If we have a long
rectangle. Actually, 1t 15 the cvlinder, height will be long
height of the cylinder. edeoe.

WARRANT

Zevnep: It depends on the given
lengths. It depends on circle bases.

Figure 4.% KMA on height of theydinder depends on the lengths of the side face.

4.3.2 Idea 2: Relation between the circumference of the circle base and edge

of its side face

This idea occurred after the classroom completed working and discussing
the definition, basic elements, andusture of its net. The first part of this section
was about thinking and talking about features and elements of the cylinder. At the
beginning, the teacher asked the students about their prior knowledge about
cylinder and about its daily life examples. éabn, the classroom discussed and
learned the basic knowledge about this solid, then evaluated those elements both on
closed form and opened form. The classroom discussions indicated that students
had some prior knowledge thinking their examples fromyddé and also from
their reactions to the whole class discussions.

After completing this process, the classroom continued with questions about
combining parts of net of given a cylinder. During the process, the students mainly
worked on questions abooet of cylinder. The context was based on producing
candy boxes. This type of questions constituted the big part of this section; which
was related to their importance for understanding surface area of cylinder. These
were also important with their relatido the previous mathematical idea which was
about the structure of net of the cylinder. For the construction of second
mat hemati cal idea of this section, fi
understanding. During the process, students oftentheeelements of a cylinder
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in their solutions or in their discussions, since it was inevitable to use these parts in
the solution of questions.

The first question (Figure 46p of this process planned as whole class
discussion to make students clear fa way to follow. This would make easier for
them to understand the main aim of the questions. As it was mentioned above, the
content was about understanding the relation between the circumference of the
circle base of a cylinder and edge of its side falsieh is generally a rectangle. To
construct this idea, the teacher started the whole class discussion and it continued
approximately for ten minutes. They first talked about the content, the given data,
the relation between given parts and the possibie wafollow. The question they
worked on and a&ectionfrom this whole classroom discussion is given in the

following dialogue.

Teacher: Yes, you read the question. What did you understand? Who wants to

explain it? Yes, Kpek.
Kpek: It asks how we can construct a cyl |
Teacher: Good. Another idea? Yes, Tuj-e.
Tuj-e: Actwually, it is about the parts ol
is appropriate for the given circles.
Teacher: Yes. Very gal. You should find the appropriate rectangle for those
circles. So, which way will you follow? Arda.
Arda. The area of the rectangle should b
Teacher: Arda says that the area of this rectangle should be equal to tbé area
circle base. What do you say? Is it right?
A few students: No
Beyza: The area is about whole shape. There is no relevance.
Researcher: Letds | ook at our GeoGebra f

circle together. What is the relation betwélense two? Can you see Arda?
Arda: Yes, the side face is surrounding the circle.
Teacher: So, what can we say about that relation?
Kaan: Both two lengths should be equal. Circumference of one circle base should
be equal to the length of the side face.
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Teacher: Yes, we can conclude that both the circumference of the circle base and
the |l ength of the rectanglebds edge

them together.

Akaj édaki di kd°rtge
alt ve ¢st daire p
bir keker kutusu o
sayfa da dahil).

Ek bil ai: Neve iht

El€

18.84cm

ClassPak-127

Figure 4.% The first question of net of cylinder concept

In this debate, the issue of discussion was the first question that constructed
on understanding its basic parts. Students thought on understanding those basic
parts and the way to combine them. The idea lwkiadents were expected to catch
was that the circumference of the circle base of a cylinder equals to the length of
the one edge of the side face which is generally a rectangle. If they got the idea,
they could solve the following questions easily withany challenge.

The teacher wanted to learn whether the students understand the main idea
of guestion. Kpek replied the teacher
cylinder. It was a good idea since they were expected to combine those decomposed

parts by finding appriate shape for given circles. Actually, those given parts
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were net of the cylinder in real and according to their reaction, students were easily
understood this issue

The teacher continued with getting
the areaof circle base should be equal to the area of rectangle side face. The
classroom showed a negative reaction towards his idea by stating that the idea was
wrong. Beyza gave reaction to this explanation by stating that area of a shape was
about its coveregart. To help students to understand, the researcher opened the
GeoGebra file that was illustrated in FigurBldand Figure 42. By evaluating its
motion between its net and closed form, most of the students handled the problem
with this issue, includingArda. To show the main idea and reorganize it in
appropriate words, the teacher directed the way of discussion by saying the last

sentence. After all, the students started to solve the question.

Figure4%Zeynepods solution

According to argumentation model the section is evaluated as following. In
this debate, there was not a warrant produced by students to support the conclusion
of the Kaan. He constructed her cl aim
was surrounithg the circle base. Moreover, the students often used in their
discussion the elements of the cylinder such as its bases and its height which is also

one edge of side face. This is an indicator of they produced the mathematical idea
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about relation betweehe circumference of the circle base and edge of its side face,

by constructing on the mathematical idea about structure of net of a cylinder.

DATA CONCLUSION

Arda: Yes, the side Kaan: Both two lengths should be

face 15 surrounding the equal. Circumference of one circle

circle. base should be equal to the length of
the side face.

Figure 4.8 KMA about the relation between the circumference of the circle base

and edge of its side face

After students worked on the question, the teacher started classroom
discussion about solutions of each question.
Teacher: Letds start with talking about qgu:
here Beyza. You will solve the question A. And Zeynep come.h¥éou
will solve the question B. Divide the board from the half.
Zeynep: | wrote that the circumference of the circlg‘is. We get’ number 3,14.
When we multiply the result is 6,28, and it is more than 6. Thus, the
rectangle in B is not fits withhe circle.
Teacher: Did you understand Zeynepds sol uti
you do Beyza? Explain your solution.
Beyza: As Zeynep said, circumference of the circle should fit with one edge of the
given rectangle. So, | said that circumference of the circle should be equal
to the 6. The formula is* L “ number is 3,14 and r is 3, when | multiply
them it makes 184 This fits with A.
Teacher: Thank you. Your friends explained very good. Are there any problems?

Class: No.

This section was about studentsd sol utic
This part included the solutions about for only shapes in A a#dIBs o , Zeynepo6s
solutions for the whole question were given in Figurd 4lhove. They explained

their solution in order. Zeynep stated that she had found the circumference of the
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circle pieces to compare with lcuatedgt h of
the circumference of the circle by using the formgilai. She found the result 6,28

which was longer than 6. Thus, she stated that those two lengths did not fit with
together. Then, Beyza explained her way for the shape in A. Beyza also m@&ntione

about the necessity of equality for the circumference of the circle base and one edge

of rectangle. She followed the same way to compare those two lengths. In this
debate, Zeynep and Beyzads explanations f
each oh e r according to Krummheuer 6s ar gume|
discussion was an example of construction of social and-swaileematical norms

in terms of involving whole class discussions by using appropriate and acceptable

mathematical terminologyrhus, the structure of argumentation can be shown as in

the following.

DATA CONCLUSION

Bevza: As Zevnep said, Zevnep: | wrote that the

circumference of the circle __ | circumference of the circle 1s

should fit with one edge of the 2mr. We get m number 3,14

given rectangle. When we multiply the result 1s
6,28, and 1t 15 more than 6.
Thus, the rectangle in B 1s not
fits with the circle.

Figure 4. KMA the relation between the circumference of the circle base and

edge of its side face

In another question, the concept was similar to the previous one. The

students were again asked to find the appropriate circle base for given rectangle.

Researcher: You will get °~ valwue as 3.
Teacher: Yes, | etds stamBtegtton.t al k about
Beg¢m: As we talked before, the circumfe]

one edge of the rectangle. First, | found circumference of each circle. For

this circle (by showing the first one), r = 2.5 and the formula of

circumferenceati s s2°2r.tiSnes 2.5, It is
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times 3 is 15. For this circle (by showing second circle), the circumference
is 45 and for the last circle the circumference is 60. When | look at the given
rectangle, the appropriate one is the finisé. Because its circumference is
15-units and the one edge of the rectangle iaub#s.
Teacher: Yes, thatodés right. Your friend exp
understand the solution? Or are there any different ways to reach result?

A few students: Same.

Asagidaki dairelerden hangisi

govdesi verilen silindir seklindeki
seker kabinin alt ve st kapagini
olusturabilir?

r=75cm

Figure 460 Question about the relation between circumference of circle bases and

the side face

In this debate, the classroom was working on the second question. It was
again prepared on the same concept. They tried to findpjpriate circle base
for the rectangle to construct a cylinder.
formula of circumference of a circle and by comparing the results with length of
one edge of the given rectanglusedtheWwhi | e exp
idea as conclusion without any challenging idea or any warrant. Thus, her discourse

can be analyzed as following
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CONCLUSION

Begiim: As we talked before, the circumference of
the circle should be equal to the one edge of the
rectangle. Both two lengths should be equal.

Figure 461 KMA about the relation between the circumference of the circle base

and edge of its side face

After this time, students got the idea of circumference of the circle base
should be equal to the one edge of side face in a cylinder by working and reasoning
on questions about net of the cylinder. In advancing hours and in following
questions, studentdten used this data for their solutions. It was not only in this
same context, but also by working on surface area of cylinder. The classroom did
not question or challenge the idea anymore. Thus, according to emergent
perspective and Kton maoddl, ¢he mathérsatical idgawaloetn t a
the relation between circumference of the circle base and the length one edge of
side face, became takasshared among classroom.

4. 3.3 I dea 3: Cylinderdés surface area col

area ofcircle bases

In this section of the instructional sequence, the students produced three
mathematical ideas to reach a mathematical practice. In the previous part, students
worked on net of the cylinder and the way to construct it. They mainly focused on
understanding equality of circumference of circle bases and rectangle side face.
This was the critical point and main idea of the previous part.

While working and deliberating on area of rectangle and area of circle,
students developed this idea to pragltite mathematical practice of surface area
of cylinder. For this part, the classroom mainly worked on finding area of circle
bases and rectangle side face of cylinder. In this process, they reasoned both on net
of the cylinder and on closed form of it. Asfinal point, they tried to produce a
formula for surface area of cylinder. This section of the instructional sequence

continued through fourth week of the study. In the initial questions, the closed form
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of the cylinder was given with height and radioformation. By using that data,
students tried to find the area of circle and rectangle, radius, or edge length. In this
section questions were prepared based on the previous section which was about
understanding the relation between circle bases arsiddéace. The questions had
some given data on closed form and were asking about their nets and vice versa.
They were given approximately ten minutes to work and then they started to talk

about solutions. The following question and the part is from dedios.

Figure462Deni z6s solution to the question

Teacher: Deniz will come for the first one.

Researcher: Please explain your reasons while solving the question.

Deniz: We find the area of circle by usihg . “ number is 3. And radius is 0,5.
Then, fis 0,25. Thus, when multiply them all, it is 0,75.

Teacher: And that area?

Deniz: And to find area of rectangle, we need the short and long edge. The area is
found from their multiplication.

Researcher: So, whdid you do?
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Deniz: As we talked previous lessons, we find the long edge by using circumference
of circle base. Thus, it will be find by 2. It is 3. Hight of the cylinder is
short edge of this rectangle. Thus, 3 times 2 is 6.

Teacher: Isthereanycone nt on Deni z»6s way?

Kerem: As we did in previous lessons, we have two circle bases and one
guadrilateral side face. If we think like wrapping as candies, we need to find
area of wrappers. Actually, we wil!/|

Teax her : Kerem supported Denizdos cl ai m.

Class: Yes.

In this debate, the teacher chose a student to solve and explain the first
question of this section. At first step, Deniz found the area of circle. And then, he
stated that to fid the area of a rectangle, he needed to find the short and long edges
of it. Thus, by using the previous mathematical idea which was about the relation
between circumference of circle base and length of the side edge, he calculated the
long edge of the réangle by circumference of the circle base. And he stressed that
the short edge of the rectangle was the height of the cylinder. So, here he used the
mathematical idea about the structure of net of a cylinder. Since one idea emerged
based on a previousgne Deni z6s argument provided
Furthermore, Kerem supported his claim by stating that a cylinder is constructed by
two circles and one quadrilateral side face. Additionally, he used one of the previous
idea as side face of a cylier should be a quadrilateral shape. This usage was
important to show that it was also used after the idea emerged. There were two more
questions about the same concept. While working on those questions students used
similar ways as explained above. Theyrid area of circle bases and rectangle side
face of cylinders given in opened forms (by working on their nets). The aim of these
guestions was to prepare (actually, they were calculating the surface area, but they
did not name it at that time yet) studefdr the surface area of cylinder. Thus, they
could evaluate the main idea of calculation of surface area of cylinder by deducing
from its net. Also, in this process, the usage of previous ideas was important to get

a conceptual understanding of what date area is and how to calculate it. After
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completing the problersolving process, classroom continued to the discussion as

in the following.

Researcher: Why did we do those things? Why did we calculate those parts of
cylinder? Where do you use it?
Ya]j mur: They are basic elements of cylinder
Hasan: Is it surface area?
Teacher: How it will be? Tell me.
Hasan: We calculate two circlesé areas and
Teacher: Did you hear your friend? He says it is surface area. Odax?i These
are pieces of cylinder, arenod6t they?
Class: Yes.
Teacher: What do you actually find by finding these areas?
Kaan: Surface area of cylinder.
Beyza: Wrapping a cylinder.
Researcher: Actually, to wrap something means its surface area. Why do we
continue step by step?
Metin: Volume.

Researcher: Metin says it is volume. What do you say?

Beg¢gm: Volume is about filling something. T
Teacher: Metin. What do you say? Why did you think like that?
Met i n: | d o ghbitshoklshbe wolumd. t h ou

Researcher: Wait. Please. Can you give us an example for volume? Not only you.

Any of you can give an example. It can be a daily life example about

volume. You know this issue. Yes. Ok.
Yaj mur: For exampl dfwaterv(loylshowirey hev Watetbbtiles bot t | e
Teacher: Yes, are you okay now, Metin?

Met i n: | see. Thatodos ok.
Researcher: Let 6s |l ook at it agai n. You f
rectangledbs area. When you know those, w

A k éSurface area.
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The teacher directed the discussion to make them to relate those areas to the
surface area. Ya]j mur reminded that those
Hasan added that by finding those two circle areas and one rectangle area, they
calculated the stace area of cylinder. Kaan stated they worked on surface area and
Beyza supported by stating it is wrapping it. Metin expressed his idea by adding it
was about volume of cylinder. Actually, this was an unexpected situation or claim
about surface area. Bagse, the classroom worked about surface area about prisms
and there was not any claim occurred 1in
corrected him by saying volume was about filling a shape, it is not about wrapping.

The researcher wanted him to correistwrong idea and made him to see his fault

himself. Thus, the researcher directed the discussion in that way and wanted to think
them about the daily I|life examples of v
corrected himself. &Adtaerl detachen dlsueixen ar
his idea as it was a calculation of surface area. During this section, a new idea
emerged and became takamshared later about volume is about filling something

and surface area is about wrapping a shape. This ideaiwaortant for
understanding the meaning of surface area and relatedly for the calculation of it. In

their discussion, students supported each other in context of surface area of
cylinder. According to emergent perspect

model this dialogue can be summarized as following.

DATA CONCLUSION CONCLUSION
Yagmur: Basic Hasan: [s it surface | | Akin- Surface area.
elements of area’
cylinder.
WARRANT WARRANT
Kaan: Surface area of Begiim: Volume is about
cylinder. filling something. This 1s
about surface area.

Figure 4.63 KMA aboutsurface area and volume
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For the following part, students worked on closed form of cylinder (An
example was provided in Figure 4)6They were expected to design wrappers for
cylindershaped candies given in closed forms. They were asked to calculate the
surface area of each cylinder. In previous questions, they worked and reasoned on
net of cylinder and for this part, they were exted to use that information in closed
form. The process started with studentsod w
After they completed their works, the teacher started a class discussion on the

context.

Teacher: Who will come for first question?i@e here, Buse. Explain us your
solution? What did you do? Yes, listen to your friend!

Buse: Teacher. | did this operation to find the long edge of rectangle. | tised 2
since it gives long edge, and it is 2 times 3, 6 and 6 times 5, 30. Height is
short elge. By multiplying 30 and 7, it is 210.

Teacher: Please draw the rectangle and show the place of each number.

Buse: Here, it is 30. Height is 7, so to find area of rectangle, | multiplied two of
them. It is 210. With using , | found circle.

TeacherDraw the circle. Yes, we have two circles.

Buse:*6 n u mb eiris 258nd Bis 75. There are two circles at the top and at the

bottom. It is 150. Then, whole surface area is 360.

Figure 4.61 The question that Buse solved and her solution

In this debate, Buse explained how she solved the question given in Figure
4.62. She drew the net of the cylinder on the board. First, she calculated the area of
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the rectangle. By using circumference of the circle, she found the long edge of the
rectangle. Ad then she stated that height of cylinder was short edge of rectangle.
Thus, to find area of rectangle she multiplied those two lengths. For the following
step, she calculated area of circle bases and at the end she summed all areas to find
surface area atylinder. In her discourseshe used mathematical idea which was
about the structure of net of a cylinder, she used the idea that circumference of circle
bases of a cylinder equals to the length of the side face. Additionally, she used the
idea about théength of the height of the cylinder depends of one edge of side face.
After she completed her explanation, there was no disagreement with her or any
idea needed to be explained. Thus, she used her expressions as conclusion

according to Krnatommogle,er 6s ar gume

DATA CONCLUSION

Buse: Teacher. I did this Buse: Here, it 1s 30. Height 1s
operation to find long edge of 7. so to find area of rectangle,
rectangle. I used 2mr since 1t I multiplied two of them. It is
gives long edge, and 1t 1s 2 times 210. With using w2, I found
3, 6 and 6 times 5, 30. Height is circle.

short edge.

Figure 4.6 KMA onthe discussionornycl i nder 6 s surface area

The instruction continued with two more similar questions. In general, the
students used same ways while solving questions, and the whole class discussions
focused on areaf circle and rectangle. After this process was completed, it was
time for working on formula of surface area of cylinder. The researcher gave the
related page (Figure 4pto the students to think and try to produce a formula for
surface area of cylindefrhey were given approximately ten minutes for reason on
context. After they completed their work, the teacher started whole class discussion.

The following section is chosen from that part.
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Formller formdller!

Bu kadar drnekten sonra bir formile ulagma vakti geldi. Arkadaginla birlikte silindirin ylzey
alan igin geligtirdigin formala agagidaki bosluga yaz. Sonra tartigahm.

Yizey Alani:

Figure 4.6 The page of activity sheet about producing stefarea

Teacher: Yes, who wants to express his/her idea?

Aydeén: I have an i dea.

Teacher: You have an idea. Ok, Aydén. Come
Researcher: Draw the shape and explain on it. Place the lengths on the shape.

Ay dén: Th¢*® THisesr.gAncthisiasea i Oh. Area of one circle is

“1 and there are two, so itis‘?2 . And surface area is this.

Figure4&Aydéendés formula for surface area of <cy

I n this debate, Aydén dr ewtheawayhect angl e a
thought about the formula of cylinder. He placed the algebraic expressions of each
length on them. And then he organized his formula that he produced according to

those lengths and according to problems they solved previoDsiyng this
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discs si on, Aydén used the previous mat hema
of circumference of one circle base and long edge of rectangle, and also equality of
height of cylinder and rectangl ebs short
formula by reasoning on area of circle and area of rectangle. His discourse can be

summari zed according to Krummheuerds ar g

CONCLUSION

Avwdin: This length 13 2mr. This 1s h. And this area 1s
2nrh. Area of one circle 1s wr” and there are two, so
it i 2 mr®. And surface area iz this.

Figure 4.8 KMA on area of circle and area of rectangle

But, there was an objection to Hasan to his explanation. The dialogue

continued as in the following.

Hasan: Can | ask something?

Teacher: Yes.

Hasan: Teacher. He wrote 2 befér@a u mb e r . Doesndét he find a
way?

Teacher: Why do you thinlke this?

Hasan: He multiplied number with 2. He multiplied“2andi

Teacher: Is it wrong?

Hasan: Yes, teacher. Can we putumber in front of parenthesis?

Teacher: Now, I coul dndét understand. What

Hasan: | put in front of parenthesis and summediupndi in the parenthesis.

Researcher: Come here Hasan. Show us your idea. Yes. Hasan also will tell us about

his way.

According to Hasan, “ ay2was &rmeanmgldss i pl i c
operation. He couldh o t understand the reason of A
¢* x E © EMoreover, he offered to find summationiof andi , and to place

them in parenthesis. After, he multiplied that expressiorf hyumber. In the
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following figure, atthe top, itisAy@n 6 s f or mul a and at the bottc

is shown.

Figure 460Aydénés and Hasandés formula together

After two ideas were written on the board, the classroom discussed on those
two ways. The classroom was in a consensus about the place of algebraic
expressions of each length. The problem was about expressing their way for
formula. To handle this confusipthe teacher and the researcher directed the way
of discussion to the formulas. They started to discuss about which one was true as

surface area formula.

Zeynep: Can | say sometOtimes?ltisAayed ®nods oper s
rectangle, isnoét it?

Teacher: Aydén. Is it area of rectangl e?

Aydeén: Yes. I del i berated according to our
circumference of circle equals to the | o

height equa to short edge of rectangle. We find the area of rectangle by
multiplying short and long edge. Thus, | thought like this.
Zeynep: Then, he should be right. Because, we need to sum up whole areas to reach

surface area of cylinder.

This debate wasaboAty déendés formul a that he produce

cylinder. Zeynep asked whether he tried to find out each area and sum up hem at
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the end. After Aydeéenodés explanati on, she
was the idea about producing formula bytimg formula of area for circle bases

and area of side face separately.

DATA CONCLUSION
Aydin: Yes. | reasoned according to our Zeynep: Then, he
previous questions. We said that the should be rnight.
circumference of circle equals to the long Because, we need to
edge of rectangle. And cvlinder’s height sum up whole areas to
equals to short edge of rectangle. We find reach surface area of
the area of rectangle by multiplying short cylinder.

and long edge.

Figure 470 KMA on area of circle and area of rectangle.

After a few minutes more whole class discussion, Burcu offered to use
distributive property over addition and stated that by this way they would have had
two“i , and by summing them up they hadi2 .
Burcu: Actually, if we use distributive propetyv er addi ti on i n Hasa

we have' i 1 . So, multiplying it by 2 is the same thing as summing
two of them. They're the same thing.

Hasan: | tried to express, but I did not write like that. But | was thinking like Burcu.
Here, | wanted te@xpress that there were two circle bases and there should
be two areas for those bases. Therefore, | wfeté in the parenthesis.

Teacher: Exactly, this is the relation. Those formulas state the same things, they are
the same algebraic expressions. yQiou needed to see the distributive
property over addition in the second formula. Now, is it okay?

Class: Yes.
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Figure 471 Bur cubés reorganization to the Hasanoés

After Burcuds explanation to the Hasanos
consensus about both Aydéndés and Hasanodos f
actually, they were the same. Thus, the teacher recovered whole process and stated

again formula of surfae area of cylinder. Accordingly, this idea can be shown in

terms of Krummheuerds argumentation model a
DATA CONCLUSION
Hasan: Here_ I wanted to express Burcu: if we use distributive
that there were two circle bases property over addition in
and there should be two areas for Hasan's formula, we have
those bases. Therefore, I wrote ar® + ors. So, multiplying
r*+r? in the parenthesis. it by 2 is the same thing as
summing two of them.

Figure 4.72 Discuusionon distributive property over addition
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There were no challenging ideas, any missing pmirny objection to the
produced idea. Thus, the idea became talsshared among classroom according
to emergent perspective. The samples chosen from students work also showed that
most of the students produced formula in similar ways which alsorétest that
the idea became tak@ssharedln advancing hours of instruction, students used
the mathematical practices that emerged from the beginning of the instruction
together while working on some questions. For example, at the end of the surface
areapart, there were questions forcing students to reason on both surface area of
prisms and surface area of cylinder. I n t
those mathematical practices together including the ideas that constructed those

mathematial practices.

Yizey Alan:

2 7

Figure 473 udent sé wor k about formula of cyli

The following part was chosen from that section. First, the related question
was illustrated below. The question was about wrapping cost about a cube and a
cylindershaped candy box. Students worked on the question for five minutes and

then the classroomistussed it.

Teacher: Letds | ook at the question. It
to talk about 1t? Yes, Yal-én. Come hi
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Yal - én; Fi found the surface

before, we found the surface area by multiplying area of each face with two.

rst, I

Here, we can find it by finding area of one face. Each face of a cube is equal
squares. Thug,found area of one face by multiplying 3 with 3, itis 9. And

there are 6 faces 9 times 6, it is 54.

o5 =
h=3cm
3cm
: e
3 - LS
Kip seker \m‘” 5 ¥
5 %2525
:I'V:S,'ZO
3L 9xb=sl i
Ky 2=TJ RO = 2 =
- 2345 \3.50
Gredns AU
Plrdebuna bak! S.5=0% L0 SO

Figure 474 The question about surface area of cube and cylinder

This debate illustrated the usage of mathematical idea that cube is a prism
and maliematical idea about transition from counting unit squares to calculating
area. While talking on the question given in Figure84.7 Yal - é n
of solving it. First, he stated that he could use the surface area of prisms, since cube
was also a prism. He justified his solution by using the idea of cube was also a prism
Yal

data for another step. In another step, he started to solve the question and he used

during the beginning parts of the instructional sequee . -én wused
the idea of calculating area of prisms by finding area of each face, summing them
up and multiplying the result with two. In this way, heetithat, surface area of a

prism can be found by 2(ab+bc+ac). Moreover, he stressed that cube has equal faces
and it can be calculated by multiplying area of one face with 6. Thus, his discourse
can be illustrated according to emergent perspective andnKrheuer 6 s

argumentation model as following.
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DATA

prism.

Yalcin: Cube 1z also a

CONCLUSION

Yalcin: As we talked before,
we found the surface area by
multiplying area of each face
with two. Here, we can find
it by finding area of one
face. Each face of a cube 13
equal squares.

Figure 4.5 KMA on use omathematical practiceaboutsurface area of prisms.

The discussion continued as following.

Teacher: Then, and what about the second one? Cylshdged candy.

Yal
Teacher: How did you do it?
Yal

-én:

-én: |

times 2,25 is 6,75. There are two bases. Thus, 13,50 is total area of bases.

used

red of Hottonn hade 2#5.

t' ih .eThea,r=4,5 and $quare iofrites2,85. 3 | t

Teacher: Yes, bottom and top basdsen?

Yal - én: Ther e

edge of rectangle equals to circumference of circle. | gs€xlt is 9. And

S

a

side face. I

by multiplying 9 with height, | found 27.

t

i s

Teacher: Yes, there also a height. 9 times 3 is 27. Yes. What did you do later?

Yal - én: |

S ummed

up

13,5 and 27,

t

Teacher: Yes, surface area of cylinder candy is 40,5. When we compare the two

surface areas, which one do you think cost less?

Yal - én;

Il n this

Cylinder

sect i

costs |

on

ess.

of debat e,

Y al

-eén

a

S

area of cylinder candy. He mentioned that he used the area of circle and area of

rectangle to find the whole surface area. Thus, he used the third ratita¢m

practice in his solution without any doubt. He used those practices as data for
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support for his solution. His discourse can be summarized according to emergent

perspective and Krummheuer 6s argumentati on

DATA

Yalcin: [ used the area of
circle. It is mr®. Then, =1.3
and square of 1t 15 2,25 3

DATA

Yalgin: There 1s a side face. [t
15 a rectangle. I found the area
of rectangle. Long edge of
rectangle equals to
circumference of circle.

Figure 4.6 KMA on wse ofmathematical practicaboutsurface area of cylinder

After this process, the classroom continued to work on other questions about
mixed questions including context of surface area of prisms and cylinder. They used
the produced mathematical ideaelatedly mathematical practices without any

doubt, any objection, or any questioning.

4.4 Mathematical Practice 4: Finding Volume of the Cylinder

Fourth mathematical practice was emerged about finding volume of the
cylinder. This section of the instruction continued during three lessons of last half
week of the process. During the instruction, the classroom worked on last two pages
of the activity dieet. This section constituted the shortest part of the study in terms
of both lesson hours and page number of activity sheets.
This part was prepared based on the | ear
knowl edge of the vol uneparingthe dctivibesafthisi nder 0.

phase, students were expected to have the
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Avol ume of cube and rectangul ar prismo s

sixth grade.

4.4.1 Idea 1: Volume is about third dimension

The fird mathematical idea became talagshared during the discussion
of volume. The teacher started the session by questioning about the knowledge of
what volume is. The students had the knowledge of the volume from earlier grades.
They had already learned tkielume of the cube and rectangular prism at sixth
grade level, and they were expected to have the idea of volume and its conceptual

understanding.

Teacher: Now, we will talk about volume. What do you understand when we say
volume? Do you have any idea?

Kaan: The place that a shape covers on the earth or in space.

Teacher: The place that a shape covers on the earth. How? Give an example.

Kaan: Teacher. For example, a bottle of water. It has its own place in the space.

Teacher: So, you say it is volunfny other ideas? Previously, we discussed about
area. What is the difference between area and volume?

Zeynep: For example, we find the area of a rectangle. But, it does not have a

volume. Because, it is flat.

In this section, the teacher asked studehtait the meaning of the volume.
Their responses showed that they had some prior knowledge about volume, but they
were having difficulty to express themsel
example of volume, but hdahomlatlsoddzeynep ex pl ai
stated that it was possible to calculate the area of a rectangle since it was flat. Her
idea was a step to understand the transition freh @lculations to the -B
thinking. Thus, the teacher wanted to direct the discussion inwtagt The

discussion continued as following.
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Teacher: You say, volume is about its place that cover in space, and Zeynep says
the area is about flat shapes. | want you to make more clear explanations.

Mete: One of our friends had given an example wiidewere working on surface
area of prisms. We can think like tiling on a ground. For example, this
classroombs ground has an area and we ca
area. We were saying something like this. The number of tiles gives us the
area 6 that ground. This is area.

Zeynep: And also, we did wrapping the candies. They were about area. The volume
includes the inside of the shape.

Kaan: For this reason, the area is aboutdimensional shapes. Volume is about
threedimensional shapes.

Tec her: Good. Yes, Tuj-e

Tuj - e: Thatdés why we <calcul ate area of a r

volume of a cube, or a prism.

With this section, the students started to express their ideas more clearly.

Mete reminded the example about tilingr@und that had been given while they

were working about the surface area of prisms. This was an example of expressing

the main idea of area. Also, Zeynep stated the work about wrapping candies that

they practiced, was about the area, again. By discussinp er 6 s i deas, they

the idea of twedimension and thredimension. The idea of volume is about three

dimensional shapes emerged during this part but used in later sections of the

instruction in students discourses normally. Thus, the structuhesasection can

be illustrated according to Krummheuer 6s ar
The idea of volume is about third dimension supported emergence of other

ideas relatedly and used as data or conclusion in places. Thus, it can be concluded

tha the idea became takasshared. The examples were provided in following

sections. For example, following section was provided from the later hours of the

instruction.
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DATA CONCLUSION

Mete: We can think like tiling Kaan: For this reason,
on a ground. For example, this the area 1s about two-
classroom’s ground has an dimensional shapes.
area and we can cover this "1 | Volume is about three-
place according to 1ts area. We dimensional shapes.

were saying something like
this. The number of tiles grves
us the area of that ground.

This 1s area.

WARRANT

Zevnep: And also, we did wrapping the candies.
They were about area. The volume includes the
inside of the shape.

Figure 4.77 KMA on volume is about third dimension

Teacher: | want to ask yoursething. According to your explanations, what would
you say about the volume of a piece of paper? Can we calculate it?

Melisa: No, it is two dimensional.

Teacher: Yes, it is two dimensional. What do we need?

Melisa: It should be three dimensional to have a volume. There is no height of it.

Teacher: Yes, good.

In this debate, teacher wanted to see whether the students understood the
idea of volume and third dimension. She asked about some objects and shapes and
about their dimensions. This part was chosen from that section of discussion. The
teacher questionettdt whether a piece of paper had a volume. Melisa responded
by saying that a piece of paper was a-thmensional shape, they needed a three
dimensional shape to calculate volume. Thus, the idea becameatadiegred and

can be illustrated as followinggiire.
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CONCLUSION

Meliza: It should be three dimensional to
have a volume. There 1s no height of 1t.

Figure 478 KMA on volume is about third dimension

4.4.2 Idea 2: Volume is about filling inside of a shape

This idea emerged immediately after the previous discussions in the same
lesson. The classroonominued to talk about meaning of volumEhe teacher
directed the discussion in that way. Later on, she wanted the students to think about
requirements of calculation of volume of a thdeémensional shape. Following

discussion occurred in this process.

Teacher: Yes, as most of you stated thlewe is about the whole shape with inside
and surface. But area is about surface. As you mentioned, we worked
previously about the surface area on your activity sheets. We were wrapping
surface of candies with wrappers. Those were all about the caloutdtio
surface area. Now, | want you to think about this classroom. How would
you assess the volume of this classroom?
Aydeén: We need to count the number of t hini
things should be equal.
Teacher: What are those things?
Aydeén: | forgot their name. We used them in
Teacher: Unit cubes.
Aydén: Yes. Unit cubes. I f we find the numb
it gives us the volume of this classroom.
Kerem: This is why we call itthre;ei mensi onal isndét it?
Teacher: Yes. This is the meaning of the volume. This is the reason for saying that
the place that a shape cover in space.
Beg¢gm: This is similar to tiling a ground.
about volume. Yes, | see.
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Teacher: Did you see the relation now? Or difference?

Class: Yes.

In this debate, the issue of discussion was the meaning of volume again. The
teacher directed their discourse to rela
relation to third dimension. At the beginning of the argument, the teacher confirmed
the previais discourse that students produced related to the meaning of area. She
reminded again their works about wrapping shapes were about calculation of
surface area. Also, after understanding the difference between area and volume, she
wanted students to gratye idea of calculation of volume accordingly. She wanted
them to think about finding the volume of
filling inside of the classroom could give them the volume. He could not remember
the name of the unitcubesandtht eacher remi nded him. Ker e
claim by providing evidence by reminding the third dimension was about that
thinking a shape as a whol e. I n this wa
reminding and connecting the examples of tiling a groamdl filling inside of a
classroom. Thus, students could relate t
reached to the meaning of wvol ume. When e

argumentation model the structure of this discussion can be illustsafteltbaving.

DATA CONCLUSION
Kerem: This 1s why we call it Aydin: Yes. Unit cubes. If we
three dimensional isn’t it? find the number of unit cubes

that fill this classroom, it gives
us the volume of this
classroom.

WARRANT

Begiim: This 1s similar to tiling a ground. That
was area, filling here with cubes i3 about volume.

Figure 4.© KMA on volume is about filling inside of a shape
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The process was showed that students started to get the conceptual
understanding of vol ume. This can be suppo
those ideas in their discoersvhile producing formula for volume of cylinder and
working on related questions. In the following sections, the classroom started to
think and discuss about the calcul ation of

formula for that calculation.

4.4.3 Idea 3: Calculation of volume requires the knowledge of width, length
and height

In the previous sections, students involved in whole class discussions related
to the meaning of the volume. They produced ideas and those ideas became taken
asshared by | istening and commenting on ot
calculation of volumeaquires the knowledge of width, length, and height, emerged
after they completed to discuss on the meaning of volume. The teacher wanted the
students to think about the requirements of calculation of the volume.

Teacher: Hmm. Ok. You got the idea of vole . Now. Letdés think al
calculation of volume. What do you need to know? Yes, Beyza.

Beyza: We need width, length, and height.

Teacher: Why do you think that?

Beyza: Because, three dimension means that width, length, and height.

Teacher: What doou calculate with width and length?

Beyza: It gives us area. We calculate area of a shape by multiplying its width and
length.

Teacher: What is the role of height? Yes, Arda.

Arda: It gives the third dimension. For example, if we multiply that area withh
it gives us the volume.

Teacher: Can any of you give an example for this?

Mete: For example, we can again think about this classroom. If we tile whole
ground of the classroom, we find the area of ground. But if we multiply that

result withheight, it gives us volume.

222



In this debate, students realized the requirements of the calculation of
volume. They easily caught the idea of multiplication of width, length, and height
to calculate the volume. But, this would be related to their previcuslkdge from
previous years. Because, after the teach
the requirements of calculation for volume, Beyza asserted about the necessity of
width, length, and height. The teacher wanted them to understand why they used
them in the calculation. For this purpose, she wanted them to give an example for
the explanation. Based on that, Mete provided an example about the volume of the
classroom. He stated that after calculating the area of surface of ground, the
multiplication that area with height would give them volume of the classroom.
Moreover, Ardadés explanation was i mporta
for Beyzads claim and for also being an
vol umeds r el amensom Totewvaluatewhethierithie studlents grasped
the conceptual understanding of the volume, there was a need to observe the usage

of idea while the instruction was in progress. Thus, it can be illustrated as following.

DATA CONCLUSION
Mete: For example, we can Beyza: We need width,
again think about this length, and height.

classroom. If we tile whole
ground of the classroom, we
find the area of ground. But if
we multiply that result with
height, 1t g1ves us volume.

WARRANT

Arda: It gives the third dimension. For example,
if we multiply that area by height, it gives us the
volume.

Figure 480 KMA on calculationof volume requires the knowledgiewidth, length,
and height
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After this section, the teacher started to direct the whole class discussion to
the volume of cylindefThe aim was tonake transition frongalculation of volume
of prisms to calculation ofolume of cylinder. Students were expecteddanect
prior knowledge to current conteXollowing part is chosen from that section.

Teacher: Yes, we talked about the volume of the prisms and as we mentioned you
had that knowledge from previous yearau learned that subject in the
sixth grade. Now, |l et ds think about the
the volume of prisms and you have the idea of volume. What do you want
to say?
Kaan: We find the volume of the prisms by multiplying width, length, lagight.
So, we do the same thing for cylinder.
Teacher: What do you say for Kaandés cl ai m?
Tuj - e: But, cylinder is not a prism and it
Teacher: Good point. A cylinder is not a prism and it does not have a width and
length.
Kaan: Ahhh. Yes. Sorry.

Teacher: So, then, what do we do?

In this section, the classroom started to discuss the volume of cylinder. They
constructed their discussioon their previous knowledge about the volume of
prisms they learned in sixth grade. The teacher wanted the students to remind that
knowledge again and wanted them to relate that knowledge with volume of
cylinder. Kaan asserted that they found the volafngrisms by multiplication of
width, length, and height of the given prism. Thus, he stated that they would follow
the same way for calculation of cylinder. His claim about the calculation of volume
of a prism was correct but his idea that using the same for calculation of
cylinder was wrong. Tuj-e identified this f
a cylinder did not have any width and length. The idea that calculation of volume
requires to the multiplication of width, length, and height, Kaan ¢l ai m can be

illustrated as following.
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CONCLUSION

Kaan: We find the volume of the prisms
by multiplving width, length, and
height.

Figure 481 KMA on calculation of volume requires the knowledge of width,

length, and height

4.4.4 Idea 4: Volume equals to the multiplication of base area and height

This idea emerged immediately aftee discussion about the multiplication
of width, length, and height. In the previous section, after the problem was handled
about the Kaandés claim, the teacher want e
finding the volume of cylinder. Also, in advangi parts of the whole class
discussion, GeoGebra was used to make students to understand the way of

calculating volume of cylinder. So, the following part emerged in this process.

Teacher: Now, you said that while you are finding the volume of prismsys®u
the multiplication of width, length, and height. What was the aim of
multiplication of width and length?

Ya] mur: Area.

Teacher: Which area?

Yaj mur: The surface area.

Teacher: Yes, surface area. Remember we call it as base area. Okay. What is the
later step, then? Mert?

Mert: Multiplying the surface area by height.

Teacher: Very good. So, we can say that, remember it. The volume is, we say,
multiplication of base area with height. Now, is it the same for cylinder?

Zeynep: It should be the same.

Mete:Same. Because, it is thrdanensional.

Teacher: We wi | | see. Letds | ook at t his
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This section was about relating the stud
situation. Students had the knowledge of volume of prisms from previous years.
The teacher made them to remember this knowledge by discussing and reorganizing
their knowledge in this way. In this discussion, the teacher made them to involve
in this discussion to call back their knowledge about the knowledge about prisms
volume can befind by multiplication of base area and height. Actually, the
classroom knew this knowledge, but maybe related to the time passed, they forgot
the way of expressing the formula. With suj

expressed the formula. The stture of this section can be illustrated as following.

DATA CONCLUSION
Mete: Same. Because. it 1s Mert: Multiplying the surface
three-dimensional. area by height.

WAERRANT

Zevnep: It should be the same.

Figure 482 KMA on volume equals to the multiplication of base apd height

And then, the teacher asked about whether the same way could be followed
for the volume of cylinder. The researcl@ened a GeoGebra file (Figur&2). at

the same time with the following discussion. This GeoGebra file was based on the

idea of filling the cylinder. The goal was to show students how filling inside of a

shape was related to the formula.

Teacher: You said, it is the same as finding the volume of prisms. We will multiply
the three elements that width, length, and height. But then, you said there is
not width and length of a cylinder. We can say there is no edge. So, what is
the solution?

Kerem:“ i

Teacher: Why?

Kerem: To find that circle?
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Teacher: Which circle?

Kerem: Cylinderds circle
Teacher: You mean base area.

Kerem: Yes. Base area.

Teacher: So, then why do you need to multiply with height?
Mete: To find volume.

Beyza: Because, fght brings the volume concept, it provides third dimension.

\

Figure 483 An empty cylinder illustration

This section was an introduction to whether the multiplication of base area
and height gives the volume of cylinder as it gives in prisms.t@&eher started
the whole class discussion in this way. The GeoGebra was opened on the
smartboard and the classroom discussed the issue. This section did not include any
idea that became takesshared, but it was critical in terms of being first step of
understanding t he vol ume of cylinder 6s
continued as following. The researcher continued by indicating the GeoGebra file
in Figure 483 and 484.

Researcher: Now. You said we need base area, but we need a height to get the third

dimension. You can think here like, we were counting the number of unit
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cubes that fill the prism to find the volume of the given solid. So, here we
can count the number wfhat?

Tuj-e: Circles.

Researcher: Yes, think about that what will happen when you place an infinite
number of circles over on others?

Arda: Cylinder

Teacher: Yes. So, what do we count then, to find the volume of the cylinder?

Arda: Number of circles.

Teactler: Yes, the number of circles. Do we count the number of circles for every
time when we want to calculate the volume of a given cylinder? What is the
number of these circles? (By filling the cylinder on the GeoGElgare
4.84)

Zeynep: | t @lamelisenultgplication ofdase area and height.

Teacher: Exactly. So, this is the reason of the formula.

Figure 484 Observation of filling the cylinder o GeoGebra

The answers expected from the students here were the necessity to use
circle segments instead of using unit cubes to fill the cylinder. Students would be
able to figure out volume of the cylinder by understanding how they could fill the
cylinder via plaang the circles by putting one on another one at the height of the

cylinder. Additionally, students were expected to transfer the knowledge of the

vol ume of cube and rectangular prism which
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of base ar ea tkenidcuskianiorgvioltinie of thé/cylinder by filling

it with circle segments and the discussion about the volume of cube and rectangular
prism, they wanted to conclude that the \
base area and idamdegfiwihoke classhdiseussiort. Thas, aftar the
teachero6s and researcherdos directions, Ti
using circles. By putting her idea, Arda added that putting those circles was about
construction of a cylinder. At trend, Zeynep obtained those number of circles that

were put on each other, gave them the height of cylinder, and that was the idea of
formula. The observation of GeoGebra file with filling the cylinder by using circles,

provided students to observe the nembf circles gives the height of the cylinder.

Thus, illustration of this situation dynamically, supported the emergence of the idea

that number of circles gives the height of the cylinder. The structure of this section

can be illustrated as following.

DATA CONCLUSION
Arda: Number of circles. Zevnep: It's height. So.

volume 1s multiplication of
base area and height.

Figure 4.8 KMA on the idea volume equals to the multiplicatiobage area

and height

In this way, the classroom produced the mathematical practice of finding
the volume of cylinder. After whole class discussion completed, the teacher
repeated the formula of cylinder and the reason and they started to work on the last
two pages of the acity sheet. During their works, students used the mathematical
practice of finding volume of cylinder including the takesshared ideas which
were supported the emergence of that practice. Following an example from

guestions about volume of cylinder wasem.

Teacher: Letds | ook at the question. Hei

the volume?
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Ya] mur : I f the diameter i s 3 ¢cm, radius 1is
Teacher: Yes.

Yaj mur: Multiplying the“ base area and hei gh
Teacher: Yes. Wait. Okay.a] mur again pl ease.

Yaj mur : Badk e isd rSm,a isild times 1,5, it is 2,25. Height is 4.

So, the result is 9.

Yiiksekligi 4 em ve capt 3em

olan yandaki silindirin hacmini
nastl bulabiliriz? (n'yi n
olarak almiz)

Figure 4.8 An example from activity sheet about volume of cylinder

In this section, they worked on the given quasin Figure 4.81. It was a
practice about application of the formul a
explained her solution successfully and showed that the mathematical practice
about finding the volume of cylinder. She used the idea of volume ofdeylcan
be found by multiplication of base area and height. There was not any objection or
any comment about her c¢claim and solution. O

as following.

CONCLUSION

Yagmur: Multiplying the base area
and height, I found 9

Figure 4.8 KMA on volume equals to the multiplicationbzse areaand height
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The qualitative part of the findings of the current study obtained four
mathematical practices based on mathematical ideas that students produced during
the instructional sequence. Those instructional sequences were carried out with
support & a conjectured HLT. The instructional sequence continued through four
and half we ek . The GeoGebra files suppo
helped them to visualize the given thinensional shapes. Students did not use
GeoGebra, but they observptepared illustrations. Those illustrations provided
support for students to get conceptual understanding of some concepts (especially
the ones who need visualization abilities) and produce mathematical ideas relatedly.
During the instructional sequencde.Hwas applied and discussed by the teacher
and the researcher in terms of its missing parts or strong features. Those missing
parts discussed to be changed for following applications. The quantitative findings

of the study were mentioned following.

4.5 Quantitative Results

In this section quantitative findings of the study were explained. This study
aimed to develop content for geometric concepts (solids) located in 8. Grade
mathematics curriculum with the support of the GeoGebra dynamic geometry
softwae, to develop an instructional sequence with guidance of a conjectured HLT,
to obtain mathematical practices during this process in an argumentative classroom
environment and, to test the effectiveness of this content in an -ggith math
class. Theacot ent i s expected to i mprove student
related issues.

To test the effectiveness of the content on students learning dh@pes,
pre-posttests were applied to the students. Test questions were derived from web
site of Geweral Directorate of Measurement, Evaluation, and Examination Service
(which is a part of Ministry of National Education). The questions were selected in
accordance with the HLT prepared for the current study. The questions on this
website are constantly ing updated in accordance with the national curriculum.

Since, the conjectured HLT has already been prepared in parallel with the national
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curriculum, the questions have been adapted to the content of the study without
deviation from the curriculum.

The test questions were based on the concepts of general properties of
prisms, their basic elements, understanding the relationship between open and
closed states, surface area of prisms, general properties of cylinders, basic elements,
surface area of cylindeesd volume of cylinders. The number of questions was 11.
Ten of them were test questions and one of them was areopled question.

For analysis of prposttests scores of students, pasathples-test was
applied to evaluate the difference. Follogitables shows thetatisticalanalysis

of the preposttest results.

Table 42 Paired sample statistics of goesttest results

Paired Samples Statistics

Std. Error
Mean N Std. Deviation Mean
JPair 1 Pretest scores of

45,83 35 21,809 3,686
students
Posttest scores

66,23 35 23,662 4,000
of students

A A p aamplesdtest was conducted to compare meaning of pretest
results and posttest results of eight graders. There was a significant difference in
the scores for pretest (M=45.83, SD=21.80) andttest (M=66.23, SD=23.66)

scores 0

Table 43 Paired sample correlations of gresttest results

Paired Samples Correlations

N Correlation Sig.

IPair 1 Pretest scores of students &
35 911 ,000

Posttest scores of students
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AA pai r e dtestsf@eunipthiseddference to be significat(34)=
12.34, p=0.000

These results suggest that application of instructional sequence which was
prepared for the current study in guidance of a conjectured HLT, had a positive
effectons udent s & a c-b shapes &pediitally,atfcan de concluded
that if this instructional sequence is applied to the students in terms of understanding
3-D shapes, their conceptual understanding increase.

4.6 Summary of Findings

By conducting adesignbased research, an instructional sequence was
prepared with guidance of a conjectured hypothetical learning trajectory designed
for eighh grade studenissolids Thr ough the analysis of e
mathematic discussions emerged dgrthis instructional sequence, to evaluate
their geometrical understanding otD3shapes (specifically surface area of prisms
and cylinder and volume of cylinder), the classroom mathematical practices were
obtained i n t e rassharen fvgs of thinkihg and condimunicating n
by wusing mathemati cal | anguage. Al so, €
understanding of geometrical concepts, especially those required visualization of
the given shapes. To identify classroom mathematical practicesrieaged during
the instructional sequence, Krummheuer 6s
was adopted from Toul mi-phases methdddldp of wor k)
Rasmussen and Stephan (2008) was used as an interpretive framework of the study.
Classroom rathematical practices documented classroom collective learning
activities mostly included whole class discussions. During the application of the
instructional sequence and throughout the whole class discussions, thefewvere
mathematical practices thamerged related teolids

The first mathematical practices emerged in terms of finding definition and
properties of prisms. It was obtained from four takesshared ideas which
supported the emergence of this mathematical practice. Those were (a)
unders anding roof of buildingsd and tentso
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is a prism (c) understanding the relationship between base shape and other parts of
a prism. And (d) understanding a cylinder is not a prism.

Second mathematical practice enegt@bout finding surface area of prisms
and it was supported by four takasshared ideas that are; (a) understanding
wrapping is means that drawing net of a prism, (b) counting unit squares, (c)
transition from counting unit squares to calculating atggioducing the formula
for surface area of prisms.

The third mathematical practice emerged about finding surface area of
cylinder and it emerged around three takeishared ideas that; (a) structure of net
of the cylinder, (b) relation between the cineference of the circle base and edge
of its side face and (c) cylinderos surface
area of circle bases.

And the last mathematical practice emerged about finding volume of
cylinder and it was supported by four takesshared idea among classroom that;
(a) volume is about third dimension, (b) volume is about filling inside of a shape,
(c) calculation of volume requires the knowledge of width, length, and height and
(d) volume equals to the multiplication of baseaasiad height.

Additionally, a pretest and posttest were applied to the students at the
beginning of the instruction and at the end of the study. The statistical analysis of
the preposttest results implicated that the instruction had a positive effect on

student sb6 a€lshapes.e ment on 3
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CHAPTER 5

DISCUSSION, CONCLUSION, AND IMPLICATIONS

The overall purpose of this study was to evaluate the mathematical practices
emerged in an eightrade mathematics classroom. More clearly, the aim was to
obtain the mathematical practices which emerged in the social and collective
learning environment ahe classroom and the way those practices occurred and
how they became takeasshared while the instruction was on progress. To obtain
those practices, an instructional sequence was prepared with the guidance of a
conjectured HLT in the context of threéémensional shapes. The instructional
sequence was put into practice with the support of argumentative classroom
environment, dynamic geometry software GeoGebra, and daHgdsed content
(prepared based on RME theory). By this way, the current stowgdaio provide
a view to the geometry lessons in terms of titi@eensional shapes concept and to
enl ighten t he possi bl e ways t o enhance
understanding of this content. Moreover, the study was conducted as-blasegh
resarch in a natural classroom setting to make the participants involved in that
learning community (Cobb, 2000).

Four major mathematical practices were determined including mathematical
ideas which supported the emergence of those practices. (a) findimgareaind
properties of prisms, (b) finding the surface area of prisms, (c) finding the surface
area of the cylinder and (d) finding the volume of the cylinderethe determined
mathematical practices of the current study. These were determined as
matematical practices after the students started to use those practices in their
solutions or in their explanations while involving in whole class discussions without

having any challenges. To transform the collected data into the scientific
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explanations and 0 extr act classroom mat hemat

(2015) argumentation model was applied

model of argumentation. This model helped to clarify the conclusions, the data and

warrants were provided by the students.

5.1 Discussion of Social and Socimathematical Norms

The current study used the emergent perspective as one of the interpretive
frameworks, the analysis of the mathematical practices was formed by classroom
activities and discussions and its effecstudent learning were conducted through
the emergent perspective (Cobb, 2000; Cobb & Yackel, 1996; Stephan & Cobb,
2003). Stephan (2003) states that the emergent perspective includes coordination of
both social and individual perspectives on mathemagiaming. Learning has a
psychological side on the part of the individual learner and also has a social side on
the part of the learning group or classroom environment (Stephan, 2003). Also,
Cobb (2000) adds AA basic ass, thengidrei on
that neither individual studentsoé acti
be accounted for adequately except in
The emergent perspective makes students learning mathematics plaeszbiciah
context of the classroom (Cobb, 2003).

For the current study, the important social norms were; giving examples,
explaining, or justifying those examples or solutions with using appropriate
language, constructing the conceptual understanding oftieod or specific
concepts, and asking questions. These norms were valuable, and the participating
teacher was the main instructor of the study who supported to increase their
development (Yackel, 2001). For example, while the classroom was working on a
question as an introduction to the surface area that was including a rectangular
prism constructed by unit cubes, they involved in a whole class discussion about
the related question. One of the students explained her way of thinking for the
solution and aother student accepted her solution and explained his way. Both of
them did the same things but in a different order. Thus, a third student confirmed
that the solution was accepted by them. Consistent with the nature of
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argumentation, the students acceptgdu st i fi ed anot her dés i dea
own explanations on others. This process was about the construction of social norm
of the classroom that explaining and |
processes, and also making sense of other student s ol uti ons (YacKke
Actually, the class started to understand that they were calculating the area of each
face by doing those calculations that they referred to in a short way. They started to
transfer their thinking from counting to the calculgtiwhich was a step for
construction of mathematical practice about finding the surface area of prisms. This
finding was also consistent with Vygots
individual learning can be increased by interacting with the othepl@em the
related issue. Thus, the knowledge gained through interaction with other people
may be much more than the knowledge gained by working alone (Liang & Gabel,
2005). Thus, it can be concluded that construction of classroom social norms during
an irstructional process may enhance students learning and understanding through
producing mathematical practices.

The classroom socimathematical norms refer to the specific criteria for
mathematical solutions that may be different or unique and also, vayabenan
acceptable mathematical explanation and justification (Yackel, 2001). In the
present study, the valuable scomathematical norms included the development of
different solutions and making acceptable mathematical explanations. Moreover,
the partcipating teacher supported the development of those -smatlbematical
norms in the classroom context. For example, as an introduction to the surface area,
the instructional sequence was prepared to include shapes constructed by unit cubes
as a first stedn later questions, the shapes were not constructed by unit cubes. The
aim was to make students understand the idea of one edge of a unit cube equals to
the one unit of measurement (such as one centimeter). By arguing and exchanging
ideas which were crital to forming social norm of the classroom, students also
made appropriate and acceptable explanations for mathematics. For instance, they
stated that instead of counting all the unit squares, they could multiply each edge
with other like they do while deulating the area of a rectangle. Thus, this was

mathematically acceptable and an appropriate solution for formation of socio
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mathematical norms as stated in the literature (Cobb & Yackel, 1996; Yackel,
2001).
Additionally, as mentioned before, the sd@ad individual aspects of the
emergent perspective go parallel with a way that during the examination of social
aspects, each studentodés individual | earning
takenasshared mathematical ideas since they formedldaascoom community
(Cobb & Yackel, 1996). Social and soemmathematical norms were proceeded to
be established during the study process.

5.2 Discussion of HLT

Consistent with the tenets of a deslmased study, another important aspect
of the study was to implement and modify the proposed HLT and instructional
sequence and prepare next iteration of HLT and instructional sequence according
to the st utdas mpostant toobtairdtise.ways that the conjecture HLT
and Il nstructional sequence facilitated t h
understanding of thredgimensional shapes. According to the collective learning
activities that took place inthe cas oom envi r onment and rel at
needs that emerged while the instruction was in progress, the revisions were
obtained. These changes were done, while the instruction was in progress. There
were some points needed to be revised that emergedydbarapplication of the
HLT and instructional sequence. These changes and the differences between
conjectured HLT and the actual HLT will be discussed in the following sections.

The research team conducted their meetings at the end of each week, and
after a class session in which they encountered an unexpected situation about the
HLT and instructional sequence. During those meetings, the teacher and the
researcher discussed the learning goals of the prior week, the determined problems,
or missing parts tbandle, and the possible changes for future learning goals related
to HLT. The decisions were made at these research team meetings and they helped
to develop a new learning trajectory that students created and to correct the
hypothetical learning trajeatp and instructional sequence for the future
implementation of the teachers' goal of developing a teaching theory for learning
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situations. The research team discussed the areas in which social ard socio
mathematical norms were established, as well as paraledevelopments that

were present or absent. The changes in the sequence were made on a daily basis
when required and weekly meetings conducted at the end of each week. Aligned
with the prior research, planninglger an HLT
teaching, establishing studesgntered (Wilson, Sztajn, Edgington & Myers, 2015)

and argumentative environment and making
Mojica & Confrey, 2013) to make necessary changes in her teaching ways and in
instructioral sequence.

The argumentations i mproved student s
understanding of three i mensi on al shapes (G¢-ler et a
the beginning of the instruction, while discussing on and defining prisms, some
students provided inappropriate examples and asserted mathematically
unacceptable definitions for prisms. By involving in argumentation process during
the instruction, they identified the missing points and inappropriate examples about
prisms that they provided, and theyriected themselves by expressing,
commenting on, and justifying or refusin
teachero6s directions. When the whole | eart
threedimensional shapes was considered throughout pioglumathematical
practices, the students improved their conceptual understanding of solids by
participating in argumentations through instruction. In the literature, there were
researches that were consistent with these findings (Fukawaelly, &

Silverman, 2015; Kosko, Rougee, & Herbst, 2014; Mueller et al., 2014).
Additionally, the research supported the conducted whole class discussions
including argumentation between members of classroomEAMona & Abd-El-

Khalick, 2011; Duschl & Osborne, 2002; rdbautSaul, 2005), improved
participantsd way of commenting on ot her /¢
& Bernhardt, 2016; Osborne, Erduran, & Simon, 2004); the way of justifying and/or

refusing those ideas and conceptual understanding of redstesl (Cramer, 2011;
Driver, Newt on, & @kikandrereea)., 2000, 0obassen)& mEe n e
Kim, 2010; Wheeldon, 2008). By supporting the instructional process with

argumentation in whole class diseussions
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dimensonal shapes was enhanced. Since, it was supported in the literature that
geometric concepts could be learned by argumentation (Kosko, Rougee & Herbst,
2014; Wiley & Voss, 1999; Prusak et al. 2012), skills such as arguing, supporting,
justifying, and proung could be improved relatedly (Asterhan & Schwarz, 2007;
Sadler & Fowler, 2006).

Consistent with the nature of argumentation and with the requirements of a
collective learning environment, also, students were free to express themselves
while working indivdually, in peers or while involving in whole class discussions.

When students felt confident during the instruction, this supported the emergence
of new and different ideas that were mathematically appropriate and acceptable.
Thus, aligned with the litature, this kind of approach might be particularly
effective for promoting student thinking (Boaler, 2016; Fujita, Kondo, Kumakura,
& Kunimune, 2017; Yackel, et al, 1991).

Additionall vy, the teacherod6s role was i
classroomargne nt ati ons and enhancing studentso6 p
activities. During the study, the participant teacher tried to establish norms of
mathematical argumentation by listening to students, encouraging students to
provide claims and justificatits, considering different ideas and arguments of
ot hersdé (Kosko et al ., 2014) . Mor eover, S
argumentations in a way of constructing mathematical practices in the related
context. These activities of the teacher were comgistith the prior research
(Conner et al.,2014; Forman, Larreameddgrns, Stein, & Brown, 1998; Mueller
et al., 2014) in terms of her facilitating argumentative classroom environment and
mai ntaining it. Addi tional | wnestaplishinppr r esear
argumentation in the mathematics classroom and how to facilitate argumentation
(Asterhan & Schwarz, 2016). Consistent with Wood, Williams, and McNeal
(2006), the current study implicated the im
stucents opportunities to share their mathematical thinking in the classroom.

The use of GeoGebra as an instructional
understanding of threg@imensional shapes. During the study, students had the
chance of visualizing the apes from different views. This observation about the
practices of shapes with the support of GeoGebra, provided students to catch the
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missing points that they could not get on paper and pencil environment, and by this
way, they could produce ideas relatedjiven context which would become taken
asshared to produce classroom mathematical practices. For example, while the
classroom was working on producing the formula for the volume of the cylinder,
they were talking about the idea of multiplication of®area and height that came
from the volume of prisms. They were discussing that whether it was possible to
apply the same formula for the volume of the cylinder. So, to check and confirm
the appropriateness of that idea, the researcher opened a Gell&etreh was
illustrating how to fill a cylinder. By observing that illustration, the students
confirmed the idea of multiplication of base area and height would give the volume
of the cylinder. Thus, they got the support of GeoGebra file in terms dbiging
the idea and relatedly mathematical practice of finding the volume of the cylinder.
Thus, it i's clear t hat usage of dynami c
geometrical thinking and supported the emergence of mathematical ideas that
constructedemergence of classroom mathematical practices (Pei, Weintrop &
Wilensky, 2018). Moreover, consistent with the literature, usage of DGS made
learning of geometry much richer and more powerful rather than paper
method (Battista, 2007); gave chancealsfuts to explain and justify their thinking
and reasoning which supports classroom mathematical practices (Wilson & Hoyles,
2017) ; and by this way it affected stud
positive way which provided an increase in their acbiment at the same time (Ng
& Sinclair, 2015b; Owens & Highfield, 2015; Sinclair & Moss, 2012). Furthermore,
use of GeoGebra in |l essons supported st
activities. During each lesson, whole class discussions were ceddocta short
or long time. Students were expressing their ideas in related context, justifying their
solutions or refuting othersé thinking.
support their ideas as verbally expressing themselves and to feel mbdeigbin
this process. Thus, it was consistent with the prior research that use of DGS
enhanced classroom mathematical argumentations by providing students visual
proof for their ideas (Ng, 2015).

The context of the study was about the thae@eensional shapes and

specifically, it was about the surface area of prisms, the surface area of cylinder and
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volume of the cylinder. The study was formed according to argumentations, but
there were some errom misunderstandings among students about definitions,
properties of the prisms or cylinder. For example, they provided inappropriate
shapes as examples for prisms such as pencil cases, or they could not understand

the shape of a tent was a prism. Anotiveample was a misconception about the

orientation of the shape. It was a research

2012). Al so, studies state that students?o

their concept image about the related geomatsbape (Vinner & Hershkowitz,
1980). Students may have problems in recognizing different geometrical shapes if
they are in a nostandard orientation (Marchis, 2012). For instance, as a most
common misconception, a square is not a square if its basaet isorizontal
(Clements & Battista, 1992; Mayberry, 1983). Many students have difficulties with
classifications of shapes (Feza & Webb, 2005; Mayberry, 1983). For example, a
square is not rectangle (Marchis, 2008), a rectangle is not the parallelograan, and
square is not rhombus (Clements & Battista, 1992). Also, students may have
problems with understanding of solids and relatedly they cannot draw nets of those
solid shapes (Pittalis, Mousoulides & Christou, 2010).

The last version of the instructionalgsence included some changes
according to studentsod6 needs in order of
participants with the decisions of the research team that was constructed by the
participant teacher and the researcher. To provide an e#eictsiruction, the
research team concluded to change the order of some content. For example, in the
applied instructional sequence, the different views of the prisms were coming after
drawing wrappers for them. Aclklamswkieng t o
decided to be changed. Al so, there were
visualization and students stated their need to visualize that shapes from different
views. In this respect, the research team decided to prepare and add to the next
version of the instructional sequence. During the process, there were some errors
of students related to their previous knowledge or lack of their visualization. In this
respect, when the teacher and the researcher realized them, they directed the flow
of the discussion in that way to make students to understand those errors

themselves. In this way, new knowledge was constructed by correcting prior ideas,
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by putting on othersé ideas under the gu
For example, propesds of prisms were understood in this way. So, it is important
for researchers and teachers to realize
correct them throughout and effective argumentative social learning environment
(G kkurt, kahi 8015%pyl 6t &d®woifad, errors ma
for construction of a new knowledge in a most effective way.

Thus, according to the findings which illustrated the emergence of-taken
shared ideas and relatedly emergence of mathematical practicesytibipgrd
students improved their conceptual understanding of-tirmensionakolids.This
was supported by argumentations about related context and usage of GeoGebra as
an instructional tool during the process. The results of this study can provide
sugestions from the perspective of the st

get a meaningful and conceptual understanding of-irmensionakolids

5.3 Discussion of Classroom Mathematical Practices

By conducting a desighased research, an ingttional sequence was
prepared with the guidance of a conjectured hypothetical learning trajectory
designed about thredimensional shapes that eigighade students performed.
Through the analysis of eight gradersdé cl
during this instructional sequence, to evaluate their geometrical understanding on
3-D shapes (specifically the surface area of prisms and cylinder and volume of the
cylinder), the classroom mathematical pr
takenasshared ways of thinking and communicating by using mathematical
language. The classroom mathematical practices are defined as the-spetsint
mathematical ideas, the time when they become takshared for the classroom
community (Cobb & Yackel1996; Yackel, 2001). In the current study, the
classroom mathematical practices were established throughout the implementation
of the instructional sequence in the context of Huiegensional solids. In this
respect, the current study obtained four madcal practices occurred during the
process which were supported by this HLT and instructional sequence were (a)
finding definition and properties of prisms, (b) finding surface area of prisms, (c)
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finding surface area of cylinder and (d) finding voluofeylinder. Additionally, it
was explained that what kind of mathematical ideas made students to produce those
mathematical practices. More clearly, the taksishared ideas that supported the
related mathematical practices were explained.

The first mathematical practices emerged in terms of finding definition and
properties of prisms. It was obtained four takesshared ideas which supported

the emergence of this mathematical practice. Those were (a) understanding roof of

buil dings$0asdape i s the prism, (b) under s

understanding the relationship between base shape and other parts of a prism and
(d) understanding a cylinder is not a prism. This phase included two interrelated
parts. The first part wasleged to the understanding of the construction of prisms
and determining its basic elements and the second part was related to displaying the
surface nets of prisms. In the conjectured HLT, learning objectives of the first phase
were determining of basideenents of prisms and understanding nets of prisms.
The mathematical ideas about the roof
the second idea was cube is a prism emerged during the first part of this phase of
the HLT which was related to the wrdtanding of the construction of prisms and
determining its basic elements. While these two ideas emerged at the first week of
the instruction, they were used from the beginning of that time to the end of the
prisms, since they were the main knowledgeualtize context. During the process,
the students discussed daily life examples of prisms, they asserted ideas related to
features to be or not to be a prism, and by this way, they produced the definition of
prisms and got the understanding of main elemants features of prisms. To
produce a definition for prisms and understanding of other content, the whole class
di scussion including argumentation was
finding consistent with the prior literature that mathemét@&aumentations
enhanced and supported their knowledge about the definitions of prisms (De
Villiers, Govender, & Patterson, 2009; Tsamir, Tirosh, Levenson, Barkai, &
Tabach, 2014).

The second part of the first phase was about nets of the prisms aimjlearn
goal of the conjectured HLT was understanding nets of prisms. During this section,
the third idea was, understanding the relationship between base shape and other
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parts of a prism, and understanding a cylinder is not a prism, and the fourth idea
was, understanding a cylinder is not a prism was emerged related to this context.
The aim of these activity sheets was to create a basis for the opening of prisms by
working with the views of prisms in different ways. This part of the HLT was
prepared under the oncept of Acandy wrapping ¢o0mg
designed with unit squares on it to make students understand those unit squares are
the same as the length of the shape. In this second part of the HLT, each activity
was assisted by a GeoGebra file aftdravorking each question individually or in
groups, classroom check was done on the GeoGebra file to make student construct
the conceptual understanding of the context. Also, argumentations supported the
construction of mathematical ideas through the rgerece of mathematical
practices. For example, they studied different views of given shapes which were
constructed by unit cubes. The students tried to draw wrappers for those shapes
which were actually about drawing their nets. At first, students workkddually,

and in pairs, and then they checked the drawings on the GeoGebra files by
argumentations. By this way, the students could visualize the shapes from different
views which helped them to develop their thd@mensional thinking through
drawing ad understanding nets of prisms. By checking their drawings on the
GeoGebrafile, the students had a chance to control those solutions dynamically that
could not be provided on paper and pen environment. Moreover, by reasoning on
this second part which wasepared based on the first part, the students got the
understanding of the definition, basic elements of prisms and their differences
between other thregimensional shapes. This was also important for the next stage
which was about the surface area aéms since the students needed to use the
knowledge they got from this part in the following subject. Use of DGS and
argumentations together was an issue of various researches in the literature
(Hollebrands, Conner & Smith, 2010; Lavy, 2006; Prusak et2@ll2; Vincent,

Chick & McCrae, 2005). Consistent with the prior research, the results of the study
supported the use of DGS and argumentations together in geometry classes which
enhance studentsd geometri cal t hiynki ng (

emergence of mathematical practices.
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Second mathematical practice obtained from the study was finding the
surface area of prisms. This practice emerged through the support of understanding
that wrapping means drawing the net of a prism, counting wuiarss, the
transition from counting unit squares to calculating area and producing the formula
for surface area of prisms. For the second phase of the HLT was prepared related
to the learning objective of constructing the formula of the surface area of
perpendicular prisms. Consistent with the proposed HLT, students produced
mathematical ideas by putting one another through finding the formula for surface
area. In this section, the classroom passed from views of prisms to the way of
wrapping them which agtlly meant to be surface area. They first tried to wrap the
given that was prepared with unit cubes. By discussing on the context, the students
understood how to transfer the knowledge of unit squares on the measurement.
Usage of unit cubes was benefidiad students to relate the unit squares of surface
area. They used as an example tiling the ground of their classroom to get the
understanding of the surface area. In the literature, there were examples that offered
usage of unit squares and shapes coasd by unit cubes to teach the main idea
of surface area (Be@haim, Lappan, & Houang, 1985; Bonotto, 2003; Clements,
2003). Thus, in the light of literature and results of the current study, it can be
concluded that usage of unit squares is beneficilie teaching area. In addition
to the example of tiling ground of the classroom surface, students tried to wrap a
unit cube with a piece of paper to see a concrete experiment of wrapping. Both
those examples were appropriate for nature of RME that wa®fothe theories
underlying the instruction of the current study. The instructional sequence of the
study was prepared aligned with the requirements of the RME theory. The questions
or examples were chosen from rifd examples as much as possible. Thus
studentsé giving examples from daily Iife t
an important finding in their learning. Usage of daily -lf@sed examples in
mathematics lessons was stressed in literature before (Bonotto, 2003; Van den
HeuvelPanhuizn, & Drijvers, 2014). Thus, it can be concluded that usage of daily
lifecbased examples in geometry | essons are e

understanding and learning of the related context.
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The third mathematical practice was about finding théasararea of the
cylinder. It emerged around three talasshared ideas that; the structure of net of
the cylinder, relation between the circumference of the circle base and edge of its
side face and cylinderds surfdcaane@arear e a
of circle bases. This practice emerged during the third and fourth phase of the
proposed HLT. The third phase was planned related to the learning objective of
determining the basic elements of the cylinder, constructing, and drawing the net
of it, and the fourth phase was prepared related to learning objective of constructing
the knowledge of the surface area of the cylinder. At the beginning of the section,
the whole classroom discussion was conducted based on daily life examples of
cylinder consistent with the RME theory. After, the activity sheet was asking the
students to draw a wrapper for a cylindbaped candy which was actually net of
the cylinder. At that example, nearly whole class successfully drew an appropriate
drawing for the gastion. This would be related to their knowledge from previous
years. Then, the content was based on understanding the relationship between
elements of the cylinder. To make students understand that relation, GeoGebra was
supportive again for them. For tasce, to solve the problem about the shape of the
side face of a cylinder, one student explained that when someone wanted to wrap
something around these circles, there was a need for two points that come together.
Two points for the top base and two psifdr bottom base and four points in total.
Thus, the student concluded the side face of a cylinder should be a quadrilateral.
GeoGebra was very effective to show students about the requirement of four points.
By involving in a whole class discussion, thpyoduced the idea of equality
between the circumference of the circle base and edge of its side face by this way.
Moreover, by producing this idea, they got a step into the surface area of the
cylinder. As a result of the work done up to that time, stisdenderstand the idea
of surface area was related to the net of the given shape. So, they were aware of
calculation of surface area was related to its net. After producing the previous idea
about equality of circumference of circle base and length oftside, it was time
to produce the idea for calculation of the area of two circle bases and side base.
Argumentations about this context made students produce the idea of calculation
for the surface area of the cylinder. This finding was consistent witlpribe
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research (Akt¢ men, Baltaceée, & Yeldez, 2011;
of usage of DGS in lessons and strengthen the instruction withfeeekamples
and questions. Thus, it can be concluded that argumentations, usage of DGS and
suppoting the instruction with redlfe context are effective in the understanding
surface area of the cylinder (Lai & White, 2014). Furthermore, while producing the
formula for surface area of the cylinder, the classroom involved in a discussion
based on thevay to express the way of area calculation in algebraic expressions.
Also, in GeoGebra file, students observed the formula of surface area of the
cylinder. Additionally, they could observe changes in given length clearly in both
dynamically and algebraidgl There was a research in the literature that supported
usage of DGS to enhance the understanding of the relationship between geometry
and algebra (Atiyah, 2001; Davis, 1998; Edwards & Jones, 2006). Thus, usage of
GeoGebra was effective in the understagdf algebraic expressions of formula
(Erbas, Ledford, Orrill, & Polly, 2005) for the surface area of prisms and cylinder.
The fourth mathematical practice was about finding the volume of the
cylinder. It was supported by four takesshared ideas among classroom that;
volume is about the third dimension, the volume is about filling inside of a shape,
calculation of volume mguires the knowledge of width, length, and height and
volume equal to the multiplication of base area and height. This practice emerged
during the last week of the instruction. The practice occurred parallel with the last
phase of the HLT that was based the learning objective of constructing the
knowledge of the volume of the cylinder. The main process was started with the
qguestion fAwhat volume is?0. Whil e this que
emerged related to the differences between area aluing. To explain and
understand these differences, the examples were provided by students about tiling
ground of classroom and filling the classroom with unit cubes. With this discussion,
the students understand the meaning of area and volume cleady.aflsther
di scussion task is about Ahow can the wvolun
cal cul ated and what el ement do we need for
conjectured to calll back the students6é kno
manyof the unit cubes actually fill the inner zone when they find the volume, but
while doing this calculation instead of counting the whole cubes, they multiplied
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the three dimensions of the prisms with each other. These steps were also offered
in the previos research teaching volume by using unit cubes and teaching area with
using unit squares (Battista & Clements, 1996, 1998;-Geam, Lappan, &
Houang, 1985; Cohen, Moreh & Chayoth, 1999; Fujita, Kondo, Kumakura, &

Kunimune, 2017). Additionally, other aritc a | guestions were fAho
cylinder with unit cubes since it does n.
vol ume of the cylinder?0 The expected a

discussion was about the usage of circle segments iredtaashg unit cubes to fill
the cylinder. To make the issue clearer GeoGebra file opened that was prepared to
illustrate filling of a cylinder shape. By observing the illustration of the cylinder,
the students were able to figure out the volume of thedst by understanding
how they could fill the cylinder by placing the circles by putting one on another one
(that is the height of the cylinder). Additionally, students transferred the knowledge
of the volume of the cube and rectangular prism which cafotmeulated as
Amul tiplication of base area and height
volume of the cylinder by filling it with circle segments and by relating the context
to the volume of the cube and rectangular prism, the last conclusion wiasoma
that the volume of the cylinder is fAmul ti
guidance of whole class discussions. Also, filling of the inner zone of the shape was
an appropriate example for daily life context. Moreover, there were resetrahes
supported these findings (Enochs, & Gabel, 1984; Hirstein, 1981; Livne, 1996). In
this respect, it can be stated that usage of DGS, argumentations and daily life
examples are effective to teach the volume of the cylinder.

The aim of the current stychimed to evaluate the classroom mathematical
practices emerged during an instructional sequence that directed by a conjecture
HLT. The learning environment supported by GeoGebra file as instructional tools,
argumentations in whole class discussions aily tife examples that consistent
with the requirements of RME theory. According to the findings of the study, it can
be stated that the participant students could involve in the instructional activities by
reasoning, justifyi ngleasandploducemmideasbyng on
constructing on other ideas. By this way, they could develop a conceptual and
meaningful understanding (Hallowell, Okamoto, Romo, & La Joy, 2015) of-three
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dimensional shapes (specifically for prisms and cylinder for thidystlAlso,

results of the study supported that studen:
improved with the support of DGS and argumentative classroom environment. The

mathematical practices of this study can open a window for other researchers who

want to study about surface area and/or volume of tineensional shapes in a

similar learning environment.

5.4. Conclusion and Implications

The current study was conducted to make some contributions to the
l i terature about eifthteedimgnsiend shapesandwhater st andi
kind of tools can be enhanced of this understanding. The study was conducted by
using an instructional sequence with the guide of an HLT and with the support of
argumentations, DGS, and daily life examples. This instnuctan be used in any
school while teaching eight graders thoemensionakolids hapes. Student sod ©
correct and incorrect thinking ways that emerged during the study were obtained.
Moreover, the solutions were explained clearly to handle their errors and wrong
thinking. This can be helpful for teachers and teacher educators t@hadea
about the reactions and thinking styles of their students about the content that they
will teach.

To evaluate studentsdé understanding and
was prepared with the guidance of an HLT. This context was appliedstutients
during four and half weeks by providing an argumentative collective learning
environment that was supported by DGS and daily life examples. To evaluate
student sé under st andi ndgnensionalsolid €hapesn i n g abou
mathematical praates were determined including mathematical ideas that
supported the emergence of those mathematical practices. Thus, the process
brought some revisions according to student
HLT and instructional sequence and were exrgld in the study. By considering
those first and last versions of the HLT and instructional sequence, and also

generalizing them according to their conditions and culture, teachers and
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researchers can design theirtandibgsbomdar ch t o
the related issue.

Use of argumentations are effective in students understanding of geometry
and specifically irsolids(Hollebrands, Conner & Smith, 2010; Lavy, 2006; Prusak
et al., 2012; Vincent, Chick & McCrae, 2005). In the current sttity students
learned the conceptual understanding of the surface area and volume of the three
dimensional shapes through argumentations (Latsi & Kynigos, 2012) by sharing
i deas, justifying, ¢ or mefusing tthem. gVhem these t h e r 0 ¢
positive effects of argumentations on students learning are considered, it can be
used by teachers while designing lesson plans for geometry lessons. While
considering this argumentative environment, it is important to guide those whole
class discussions accandito the aim of instruction. Thus, the role of the teacher
is critical as an orchestrator of the flow of the discussion in terms of underlining
important points, determining misconceptions or errors of students, and changing
the direction accordingly. Byhis way, the teacher is also responsible for the
construction of students understanding and learning of the related context. In this
respect, the teacherdéds knowledge and r ol ¢
2002).

DGS is an effective instational tool for teaching and learning of geometry
(Agyei, & Benning, 2015; Pittalis, Christou, & P#Rantazi, 2012). In the current
study, the students did not use GeoGebra software individually, instead, they
observed the ready files on the smartboatdis, another study can be conducted
by providing opportunities to the students to use GeoGebra or any other dynamic
geometry software individually, and in this way evaluate their learning and
understanding. Moreover, an argumentative classroom envirorgaerbe added
to that kind of study, and their effect can be evaluated together. Furthermore,
studentsdé mat hemati cal practices can be
themselves.

This study used the emergent perspective as a framework that incluges thre
dimensions as social, soamathematical norms and classroom mathematical
practices. This study made a detailed analysis of mathematical practices, other
dimensions were not the focus of the study. Thus, a research can be conducted to
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evaluate those dimesions of social and socmathematical norms in detail

(Andreasen, 2006; Roy, 2008). By this way, a complete viewpoint may be provided

for studentso | ear ni ndmemnsiond shapesl with $hé andi ng
application of instructional sequence. Mover, RME was one of the theories that

underline the examples of the study but there were questions related to traditional
techniques. It is possible to conduct a study based on RME theory that includes all

content of the instructional sequence. Usag®GE and argumentations can be

adopted in that kind of study and by this way, students understandifig sfi&pes

can be evaluated and their mathematical practices can be obtained.

The findings of this study emerged from the setting in which this study wa
carried out. The study conducted in a public school in Turkey. Thus, it can be
considered to be applicable for similar conditions. Some implications can be offered
for teachers. The current study developed and tried an instructional sequence under
the gudance of a conjectured HLT. Some changes were made in the content
regarding the studentsd needs and their |
eighth-grade classroom by doing appropriate changes according to the conditions.
The mathematics teachecan use the instructional sequence and design their
lessons accordingly. They can add any other instructional tools except for DGS and
argumentations. The participating classroom included 35 students and
argumentations could be constructed during the @ibthe lessons. Thus, the crowd
of the classroom was not an obstacle for usage of argumentations. Reversely,
argumentations can make students involved in classroom activities more actively.
When the teacher provides opportunities for students to expeissdieas freely,
students will have a chance to share their ideas in the classroom environment which
construct a meaningful learning. Moreover, use of GeoGebra as an instructional
tool can make them more interested in the context. In the current studgnts
did not use the GeoGebra individually, but only observed ready files of the
smartboard. But even thimade studentgive moreinterestlessonsand better
understanding. If the teachers have a chance to use a computer lab in their geometry

lessonsthey can use GeoGebra as a main instructional tool of the instruction.
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APPENDICES

A: INSTRUCTIONAL SEQUENCE

SURFACE AREA AND VOLUME OF SOLIDS

1. Name the following prism and determine the basic elements

Fill in the blanks below.

Tabanin benzedigi

Geometrik cisim Yiz sayisi | Kose sayisi | Aynt sayisl cokgensel bélge

Kiip

Kare dik prizma

Dikddrtgenler prizmasi

Uggen dik prizma

Besgen dik prizma
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Write the appropriate name for each solid given in opened fo

Geometrik cismin adi

Cokgensel bolgeler

i
A

A

The ATCiulbieci ousao

You work for the Cubalicious Candy Company, a candy company that packages
all their candy in the shape of a cube. Guio®us is ready to introduce a new
Caramel Cube, and your department is in charge of wrapping the individual pieces
searchi
supplies

ofthecandy. AR r mu c h
Companyo that

squares of sizes of centimeters.

Wrapping PapetTL

ng

Candy

you
wrapping

onesheetaf hei r

The Square Paper Company charges you 1 TL f
Asquar eo

W 1

289
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Using the sgaredpaper,you received, draw the wrapper paper you can use to
cover the following single piece caramel candy. If you want to check, you can
check it by cutting it with scissors after drawing.

l1am

Your Wrappers

What is the cost of packaging the following sugars? Draw your own packaging
design. If you want to build candies, you can ask for cubes from your teacher.
Let's check iflGeoGebra

A. Two caramel candies

B.Three caramel candies
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C.Four caramel candies

[ SGQa RNI ¢

For each of the following candy packs, draw the wrapping paper covering the
FRONT, BACK, RIGHT, LEFT, BOTTOM and TOP sides of the squares on the
sides. Let's check iGedGebra
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Look at this!

Draw the following shapes from the front, back, right, left, bottom and top. Let's
check inGeoGebra
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PACKING TIME
These candies are very cool!

Our cube sugar factory is now renewing itself and producing candies in different
shapes. We have only one problem. The wrapping papleisifactoryis for cube
candy We need to design new wrapping paper. Do you have new packaging
papers for the followig candie® Let's check in Geogebra.
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Find it!

If the given shape is closed as a
triangular prism, which points poin
A and B match with?

H =
o]

A1 s
D= <
A B

Which point, the point X given in
the net of the prism match with in
the closed form?
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Lost Wrappers
Deniz, one of the employees at CuH&ious was making wrappers for these new
candy cartons. The wrapper parts were on her desk, but when she went to lunch,
Derya, the practical joker at Cubdicious, stole one of the wrapper parts from
each candy carton. Can you figure out which wrapper part is missingerom

carton below?

Carton A Carton B
Carton C Carton D

o QQ%
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Sam and Sue’s Dilemma

E

10 inches

10 inches 1o inches
12 imches
=
= - =
8 S S
& ] B

Sam said that these shapes could be used to wrap a triangular
prism. Sue said that they could not. Who do you agree with and
why?

Write the name of prisms given the nets below.

Asagida aginimlari verilen geometrik cisimlerin adlarini altlarina yaziniz.
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Surface Area

To package the following shapes, fiodt how many pieces of squauait
packages should be used. Let's prove our answer.

AR A4
y A A A
R

\ \ ‘ e (
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Calculate surface area of each shape below. Prove your answers.

el e e e

6cm

4cm

10cm
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No unit squares

Calculate surface area of each shape below. Prove your answer.

3cm A
2cm
15cm
12cm
B
6cm
1icm
c 2cm
4cm
9cm
9cm
D
7cm
12cm
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Calculate surface area of each shape below. Prove your answer.

Qo

6o

Cdom

gcm

5cm

3cm

Sem
B
3cm
14 cm
| D 1rr1|]
1 meter
12 m
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Fantastic Formulas
Have you discovered your own formula for surface area of rectangular prisms?
Write down all your c¢classmateds formul as

valid. ncl ude the formul as that Mr . Kl ausod c

Student formula:
Student formula:
Student formula:
Student formula:

Pollyds formula: 2bh + 2bw + 2wh where b
the height, and w the width

Ri c har doé s hwhere mstahda for thé length of the base, h the height
Carladés formula: BF + BT + BR where BF si

BT stands for the Area of the Top Base and BR stands for the Area of the Right
Face.

Result:
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Find thesurface area of eashape

8cm
2cm
12cm
“4cm
5cm
4cm
2cm
12cm
6cm
12cm
6 6cm
74
2cm
16 cm
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Net of cylinder and surface area

Below is a cylindricatandybox. You design a wrapping paper to cover this
candy box. All parts of this box need a drawing for the design paper. Let's make a
drawing of the packagingaper you designed. Let's check our results at Geogebra.

R
]
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Which of the following rectangles would make a candstonwith the top and
bottom below? (TWO PAGES)

18.84 cm

5cm

6cm 3cm

5cm S5cm
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ClassPak-127
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éJaisiued Apued ayy jo woijoq/dol ayil aq pjnom
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Jimmy said that theectangle below will wrap around to make the body of a
cylinder with top and bottom shown. Do you agree or disagree? What is your

evidence?

25cm

7 cm

Top Bottom
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Find the missing parts.

A) B) mm
(=0 D

h=11lin h=1
=1lmm
_ Area =
r=? ?
? ?
Area 3 ?
=7
Area=?
0 N/ e
h=2in
\__/ ’
Area=? ?
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Surface area of cylinder
Draw and label all the parts tife wrapper for each shape below, including the

dimensions! How many square units would it take to make each wrapper?

el

/_’_\ h=10cm

h=10cm

s N S B
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Formula page

I f you haveno6ét already, create your own

Surface area:
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Choose the cheapest!

You are trying to decide which shape candy we want to make into a pack and sell.
The business department has told us to make the one that will cost the least to
distribute. Given that each pack will have the same number of pretewhich

shape of the candy would require the least amount of material to wrap? Write your
evidence below.

d=1in
T
/ S A
.l 1in
Linfie
Lin  |idjn
v

Look at this!

Surface area of a cube equalizes the sic
face area of the cylinder. The length of t
cube is equal tthe height of the cylinder
and a height of 5 cm. Find the radius of
the cylinder.{ o
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Find the name of indicated elements of cylinder belc

The cylindrical cupboard made of steel has a
radius of 3 cm and a height of 9 cm. Létsl
out how many square centimeters of steel is
used to make this cup.
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Volume of Cylinder

1) Letés estimate the volumes of the cylinders below which are given t|
base circles and whose height is 12 br. Then calculate the voluthesef
cylinders and compare the results to your estimdtes. @

yd AN
I/ \\
/ \ TN
/ N\
0 0
\, /
\ / N
N\ /
AN %
~ _

2)

Find the volume of
the next cylinder, 4
cm in height and 3
cm in diameter.
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3)Find the volume of the cylinder with a
cm.

4) Ali will fill half of the side of the cup with water. If the
diameter of the cup is 4 cm and the height is 6 cm,
how much water will be used for this process?

5) The height of the water in the cylinder is 4 cm. If the radius is 3 cm and the
height is6 cm, what is the volume of the void in the cylinder?
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B: PRE-POSTTEST

20

Prizmalarin Temel Elemanlan ve Acmumlan

Kazamm Test m f
1. Agagidakilerden hangisi bir dik Gggen 2 5
prizmasinin aginimi olabilir?
c d

A) ' B) a\ /b

Yukanda aginimi verilen iiggen dik priz-
manin adlandinimis kenarlarindan han-
gisi ayni aynta ait degildir?

A) ailed B) cilek

C)& D) /] C)ellen D) mile h

2. Tabami diizgin beggen olan dik prizma-

nin kag yizeyl vardir? o
- Agadidakilerden hangisi bir liggen dik
A S B)6 07 D)8 prizmanin aginimi glamaz?
5 A) 4 B) 2
" Kare dik prizmanin kag tane kges! I 4 2 4|2
vardir? g o Tl
3 3
N6 B8 C10 D12 i g
: 2‘2
C 3 D) 42
4. )}‘/3 : ){‘4 L2
6 ml 10
4
k3 A\, /4
Sekilde bir ambalaj firmas: tarafindan ta-
sarlanan Gggen dik prizma seklindeki kutu
verilmigtir,
Bu kutunun yanal ylzeyini kaplamak
igin kullamlacak kagit agagidakilerden
hangisi olabilir?
A) 2tcm B) 24cm
- e
20 em
D) _3em
20 em
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7 Yandaki  dikdért- Kin agagidakile-
£ q‘kmmlmm: 9. J i\ mﬂwsm
lerden hangisidir?
Nt i ) 6 kdsesi vardr.
r'n’ b @ %‘f *T*[* ‘bl ‘ B) 12 tane ayri vardir.
I F [ [ "”_.1‘\‘ ) Bebirne e 2 dogen ve Gg tane
o N B dikddrtgenden olugur
O a D) c D) Cisim kégegeni yoktur,
[5 LER] a |b b.
10.  Kare dik prizma Igin agagidakilerden
hangis! yanhgtir?
A) 8 kdgesi vardrr.
| 6tane yizeyivardr B) 12 aynt vardr.
Il. Yan yizeyleri birbirine egittir. C) 6 ylizeyi vardrr.
Ill. 8 tane kogesi vardi. D) 8 tane ylzey kbgegeni vardir.
Yukarida ozellikler! verilen geometrik
cisim agagidkilerden hangisidir?
A) Kare dik prizma
B) Uggen dik prizma
C) Dikdortgenler prizmasi
D) Altigen dik prizma
11.

Yanda yaricap ve yikseklik uzunluklan verilen dik dairesel silindirin
aginimini giziniz (x = 3 aliniz.).

dem
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C: ASAMPLE PAGE FROM CONJECTURED HLT

Phase 1
Grade 8evel
Mater ®hlper, penc |, act v ty sheet, dynam

ObjecsStwdents construct pr sms, determ ne

Lesson Pl an:

StarBehgre start ng the | esson, teacher ask
-What does pr sm mean?

-Wh c¢ch shapes can be descr bed as a pr sm |

Expected:Agmnawemusn, refr gerator etc.

Not es:

M ddl e:

Teacher g ves the act v ty sheet to student
F rst quest on s for show ng the concepts

Students work on the ma n parts of a pr sm.
Second quest on s f or hdelnpe nnsg otnhael m tnoa gd env e
Students work on the open ng pr sms.

They try to understand the pos t ons of bas

Teacher says that he/ she s aware of three
and t S easy t o rsoenemetnht .s n a dynam c enyv
Teacher opens the geogebra f | e. Th s f 1e

at the same t me .
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Students can eas |y see the pos t ons of

Not:es
End:
After these work ngs, students have mor e
They | earn the r names, base components
These act v t es are essent al to g ve f

Expected d scuss ons
Teacher waotshsmkdemoést tt he common proper

Teacher tr es toilkeasetbhlemped havekaabasd
has anoealct. tude

Unexpected s tuat ons (F Il dur ng the |
St udeskesd the d fferenzm Hhet ween pr sms a
A d scuss on about camp tents and roofs

A d scuswhemhaboatcube S a pr sm or not .

Add t onal comments about | esson

There are some misconceptions to handle about properties of prisms. Students
dondt know some properties.
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D: SAMPLE INFORMED CONCENT FORM -FOR TEACHER AND

STUDENTS

ARAKTI RMAYA G¥N,| LL; KATI LI M FORMU

Bu -al ékma, Orta Doju Teknik |} niversites
DOJRUER taraféndan ye¢r¢tel mektedir. Bu forn
bil gilendirmek i-in hazeérl anmékter.

¢al ékmanén Amacé Nedir?

Bu -alékmanésénémelmaamamaé&i 8. m¢gfredat énde
Geometri k kavramlar ve uzamsal d¢kenme i1 e
i -eri kl eri Geogebra wegoumedamak yae éd emef kiud il a
mat emati ksel prati kleri saptamak, bu i-erik

Bi ze Nasél Yardémcé Ol manézé Ksteyece]i z

Araktérmaya katél mayé kabul ederseniz, 2
I Ki nci d°nemi nde mapladlanarGepraetrie Gjsimndes i nce S ¢ r me
cnhitad®irmi kazanéemé boyunaemé fdem sd edres Ige rridnij i ni
araktéermacé taraféndan tasarlanan ve birlik
-er-evesinde y¢regtmeni zdir. Ayréca araxktern
kl mayéep, derslere aktif olarak katélacaktéer

Sizden Topladéjemez Bilgileri Nasél Kul I

Arakt érmaya katél éménéez tamamen g°ng¢l | ¢l
¢al ékmada sizden kimlik veya -al éxkxteéejénéz Kk
bilgi istenmemekté i r . Cevapl arénéz tamaméyla gizli t
arakteéermacélar taraféndan dejerlendirilecek
bilgiler toplu halde dejerlendirilecek ve ©b
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Sajl adéjénéz ver il eatopmrRankinlik bigilekiidet el em f or |
ekl ektiril meyecektir.
Kat él éméeneéezla il gildi bil meniz gereken]
¢al eékxkma, genel ol arak ki ki sel rahatseé:
i -ermemektedir. Ancak, katéléem sérasénda
nedendea °t ¢r ¢ kendini zi rahatséz hissederse
-ékmakta serbestsiniz. B°yle bir durumda
-ékmak istedijinizi s°ylemek yeterli ol ai
Araktérmayla ilgili daha fazla bilgi
Bu- al eékmaya kateéeldéejénéz i-in kimdiden
daha fazla bilgi almak i-in kule KAHKN D
sule_sahinn@hotmail.commd r e s i ile iletikim kurabilir:
Yukar éedaki bil gileri okudum ve bu -al

katéel eyor um.

(Formu dol durup i mzal adéektan sonra uy:

Adé Soyade Tarih Kmz a
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tar
-0C
b ak
al é

E: SAMPLE INFORMED CONCENT FORM -FOR PARENTS

Veli Onay Formu

Sevgili Anne/Baba,

Bu -al ékma k¢gkegfe Ni hal Ortaokul u mat ema
a Doju Teknik | niversitesi doktora °Jren
aféndan yg¢r et el mektedir.

Bu -al é&kmanén amacé nedir?

Bu -alékmanésénémelmaamanaé& idBan m¢gfredat éndae
metri k kavramlar ve wuzamsal d¢kegnme il e
rikleri Geogebra geometri yazéléemé kull a
emati ksel prati kleri saptamak, bu i-eri
érl anan ein-carlieklier igreo®njert ri k d¢kenme ve il
enmel erini geli ktireceji bekl enmektedir.
temin, mat emati k der sl eri I -in 1 -erikler
ékmal ara da model ol masé ama-|anmaktadeér
¢ocuj unwkzau €l eémcé ol arak ne yapmaseéné i si
Bu ama- dojrultusunda, -ocujunuzdan yapn
inlik yoktur. Onlar normal ejitim °jJreti
ékma i-in gerekli verilerermatMama&tsi amyder s
esince matemati k dersleri -alékmayé dg¢ze
aféndan izl enecek, notl ar al é&nacak ve vi
ujunuzun katéel emcée ol maseéeyla il gild@ i zin
| amadan -c€ujgnwihamkd&atéel éméyl a il gildi
nacaktér .

¢ocujunuzdan al énan bilgiler ne ama-1a v
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Derste toplanan veriler tamamen gi zl i
KAHKN DOJRUER taraf éndan etekbilgilerlsaglecel i r i | e c

bil i msel ama-la kull aneéel acak, -ocujunuzul
hi-bir kekilde kimseyle payl akél mayacakt
¢t¢ocujunuz ya da siz -al ékmayeé yaréda |

yapmal ésénéez?

Katéel ém séraséthdanahedandgigibiir bakdkwa b
n

-ocujunuz kendisini rahatséz hissettii]ini
arakteérmacé -ocujun rahatseéz ol dujunu °n
tamamlanmadan ve derhal son verilecektia y et si z - é6és@zunuzun r
ol dujunu hibh%gleelebisendazrumda -al ékmadan s«
-ocujunuzun -al ékmadan ayrél maséne isted,i
Bu -alékmayla ilgili dathal dgramdya bi |l gi
katéel éeménézeéen saniadagéndasobwl aaleamaywylazé
cevaplandérelacaktér. ¢al ékma hakkéenda d:
DOJRUER i | e sulk gahidn&@hoyail.cdraail adresi yoluyla
il etikim kurabilirsiniz. Bu -al ékmaya kal
Yukareéedaki Dbilgileri okudum ve -ocujumun
onayl éyLogrtumen al ttaki i ki se-enekten biri
Evet onayl éyorum__ _Hayeér, onayl améyor um_

Annenin (ya dayRakanén) Adeé

¢ocujun adé soyadeée:

Buge¢negn Tari hi: Kmz a:

—_—— e —_— e ==

(Formu dol durup imzaladéktan sonra aracxkt
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H: TURKISH SUMMARY /T RK¢E ¥ZET

Girik
Ok ul matematijinde geometr.i °Treti mi °n

d¢kegncenin en °neml bopati asaziakedvaveggametr i

nl ar é - dex incelémiektir (NTGM, €Q00). Geometri derslerinde,
°Jrenciler geometrik kekiller ve yapélar ar
¢al eékxkan, 2013) . Geomeekiye efketmebi P nemk
Ter si dur umd a, °Jrenciler anl amaya -al é@ékma
form¢gll eri ezberl emeyi tercih ederler (Fuys

Baki (2001) , °Jrencilerin uygun probl em
fizi kssedyéd¢anl ayar ak v e anl atar ak geometr
belirtmektedir. Fizi ksel d¢nyameéez sadece
a-ékl anamaz. ¢¢éenkg¢ kull andéj émez, gerd¢j ¢

e
ol dujumuz her «kKey ¢- skady pttliv de&gygmetnr ivike Kiors ¢
n

Ayné «kxekil de, Pittalis ve Constantinou (2
me k ©n s al i mgel er yaratmal aréné ve -exitli
mani p¢gl e etmel erini saj |l ay a roeliimektediz i hi ns el 3
(s. 191). Sack (2013) bu ifadeyi Kekil, boy

nesnenin veya s¢grecin anl améené el de et mek
bir - odtbeullgues ( NCTM, 1989, 2000) , tem °jJrenc

gelec&k t e K i kariyerlerinde °nemli ve yararl e ¢
gel i ktirmek i -in g°rsellextirme yoluyla ¢-
sahip ol mal ar @éneén gerekl il iJini belirtmik

yetenekl|l erikniem macémiayr @amaaf éeéndan mat emati ks
arasénda diBen&md irajastmet i kakgenl er , S-gen
geometri k oran, kgeaamhatrei K ] d emjcrdtmme tvaea af én

°JTrenme a-éséndalnarak stoa uabiula amsnasdon &idleao.

bu kavramlaré anl akél masé zor ol arak taneém
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ar akt arzmansar , yeteneklerrmmey gun °jrenme deneyi ml
°Jrenil ebil ecejini g ° s R@T, Ganesh, Wilhelth ¥el ga ht a
Sherrod, 2009; Marchis, 2012).

Bu bajlraameda,n,® Yackel ve Cobb (1996)
-al ekmayé hem de t¢m sénéef tartékmal ar én

toplumda a-éklayarak ve hakl & g°sterere

ederl er. Ay r é c a (Bauergeld] Krummheueg K &a@ign d98& r d a

Cobb, Boufi, McClain ve Whitenack, 1997; Giannakoulias, Mastorides, Potari ve

Zachariades, 2010; Muel |l er, 2009) , mat e
ol ukturul masénén ©°nemi ve sghetf eeenmoer ml ar
arg¢mantasyon s¢re-leriyle karakterize
matematijin Dbir al t al ané ol ar ak, tarte
uyar |l amak uygundur . Bu sayede °Jrencil e
araseéenkialker ii | fiikkir al exverikinde bulunar
ol ar ak, bili msel tartéekma s¢recini tarte
tart ékmacé i -erijin derin kavr amsal anl
Dahasé, -earttarbemmaceombaménén bakkal ar ¢

vV e el ektirerek mat emati jin veer t ge dme Eniet
desteklemektedir (ABEI-Mona ve AbdEI-Khalick, 2011; Jonassen ve Kim, 2010;

Osborne, Erduran ve Simon, 2004; ZemibBau | 2005) . Bu baj
°Jrencilerin kavramsal anl ayekéné artter
dahi | etmek yararl e olabilir.

Yine ayné kapsamda, uzun yéllar boyun

ve °Jreniminin sosyolegifki komligamrealbdadkdalnr

matematikseu y g u | aarlad ratr ier ar ak iywi bsiajllisgkmak °glrneu
(Ball & Bass, 2000; Cobb & Bauersfeld, 1995; Cobb, Stephan, McClain ve
Gravemeijer, 2011; Stephan ve Rasmussen, 2@72). - a | éenehaldak r |, g
matemati k ©°Jreti mi ve °Jreniminin sosyal
- ¢ nk¢  nmMa,tneataraatik yaparak todhk i - i nde daha ivyi ° 7
savunul ur (Cobb, Yackel, & Wood, 1992, Y
-al ekxmal ar , eggeflf amaltaerneantéink f ar k1| & y°nl
odakl anméxkt ér . ¥rnejin, Bower s, Cobb Y
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uygul amakar ebar évienéwoel ayéséyla gerek-el endi
mat emati ksel ol arak harelkei negde¢lkne dodej iakkiénhl e

odakl anmao ol arak tanémlaméxkter (s.28).

Séenef mat emati ksel uygul amal arée belirli
ortaya -ékar ve bu fikirlerin paylakeél maseé
yoludur (Cobb, Stephan, McClain ve @Gra me i | er , 2011) . Benzer

Bowers, Cobb ve McClain (1999) taraféndan iq
ve -9°%z¢:;ml eri tartékteéeklaré yollaro ol arak t
duruml arénda simgelektirménétarteikma (sve 289D

tanéml ar émo kbtaakllaarnég,é -°J r enme sy%eediri ni n bir e\

Tanémlarda da belirtildiji gibi, matemati ks
yér ¢t me, tartékma ve tarteéexkmdaYackeiveor t ak vyol
Mc Ne a |l ( 1 9 anzfikirleri, p asyel naekf ésl a | mat emati k uygul a
-ékmaséyla sonu-lanan matemati ksel a-éeékl am
ol arak tanéml ar. Buna g°°r e, mat emati k uygu
cyelemisendaki sosyal etkilekim ile g¢-1¢ b
var élabilir. Sosyal a-édan aktif bir séneéf

°Jreti mi scavei dah& ag®h ph hgmotivé dabilia k °© ] r en me
(Cobb ve Yackel, 1996)

Bel irl i mat emati ksel f uygulamdlaeortaya t ar t é Kk € r |

1
(o]l
=

maktadeéer . Yukaréeda bhupghlamaldi | difjriengi beyr i m
el irli bir matemati ksel bajl amé anl ama, a-
c¢ré¢tme we -omlarié sénef topluluju tarafénc
Bower s) . & Cobb, 1999; Cobb vV e arkadack|

vemei jer, 2003). Sénéf matemati k uygul an

=~

I yéréetme yoll argobkteasyéancléavadlar @1 draad .an

—hmOA\<U
o))

irl eri ve akel yeéeréetmeleri séenef tart e

(7]
(o]l
—

asénda ortaya -ékar (Stephan, Bower s, C
°fJrencilerin bireysel luy°gjurleammad ar€amm@é fd ama t-e
uygul amal ar @énén odak noktaseéeder . Buna ge°r

ara-lareéenén kull anéeme da dahi l ol mak ¢zere
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mat emati k uygul amal arénén ol uktuurul maseée

(Stephan ve Rasmussen, 2002).

Tasatr @manmla&kt ér mal arén ©°zell ikl eri Il e
kavraml ar a- idalymmesayemme yol u il e Dbir
hazéerl anmaseé, °Jrencilerin i-erik hakker
°jJrenmel erine yardémceée ol abilir. Dahasé,
dest ekl emek, °Jrencilerl akmihirdkamgsédmna ba
ol acakVing r deegel.i r | i bir i -eri k hakkéndaki
aktareéelan fikirlerin, mat emat i ks an uygul
fikirler olarak ortaya -ékmalkdhievesajl ar
Whi tenack, 1997). Bu bajl amda, mevcut
ol ukturduju mat e m&taitdéisseil ml ay g ud ammuad lar Kk ap
dejerlendirilmiktir.

MEB (2013) , mat emati k ve geometri der
° 7 r en cdig¢lkeirni nme vV e mek ©n s al yetenekl erini
Geometri °Jrethkant & Gi-sibmdyelrda b °Birre nidmik k
i -ermel i dbu. kmzeprki bkl extirme beceriler
bir geli kKi me esGhaim,papmivenHadureyd1®88), ort&okul ve
l'ise ©°Jrencilerine wzmsaldg¢:isdgmadrijn | bak&rud
Kekilde °Jretilip gelikuibal]lgadmdance]j iemi,
teknolojinin uygun fhkaisrene€tr atmajtie malt afjak |
geometri °T renim vV e °Jretiminin et kil i
i nanmaktader (vblulgR002).t ock, Ji ang

Geometriderslerinde ul | anéledbimeeadaxK,enkci ve el ekHt
gbibir -eektloijikelmall ar varder. Ancak, di

-al ékmada DGY ol arak keésalteél mékter) dat

ol ukturmak i -in daha et kil:@ biveLiuar a-teér
2008). NCTM (2000)geometmin etkili brk e ki | de °jJrenmesi ni S
somut nesneler -1 zi ml er ve dinami k geometri y a
° neml i ol dujunu belirtmektedir. DGY' yi e
bil gi sayar ekranéna aktararmmkad&n ryeamxéll aer
araséndaki il i kKkil er.i dejerl endir mek, hi
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m¢ mK ¢ n hal e gel mi ktir ArGgwteear miaec eKar at abxGY '

°Jrencil ere di nami k °©zell i kl edkalemnl e yaygerl
-al ekma-lak échalmam soyut vyapélara odakl anma f ¢
(HollebrandsreOk u mu k , RygulagdlaP jBuwe nei hende canl andérn
kullané ma raérntétBea Er e Kk s ez g i yolunu a-ar ve bu
°Jrenci analiz edebilir, hi potez ve genell
problem -°zme becerilerini geli ktirecektir

deneyim ve °Jretmengéamétiiniksieni ydbest glel ¢épe

Kekilde ©°jJretilen geometriye alternatif ol
Geometri °Jretiminde, di nami k geometri y
geometri k -izimler ol uktur abanldinamkveya ©°7Jr e
geometri k kKekiller ¢zerinde etkilexki mli ar é
sayede °jJrencilerin geometri °Jrenmeleri DCGC

ederek desteklenebilir (Algahtania & Powell, 2017).
Ger - ek- i mat mateaatik ¥ada@ j 9 2elmi bir ©°Jretim te
(Van den HeuvePanhuizerve Drijvers, 2014). Gravemeijer ve Cobb (2013) 'a

g°re, bu teori matematijin hazeér bir ¢ré¢n o
bir cevap ol arak ort @y3n bu-teokymsaxkunhagak, . Freude
matematijin °ncelikle °Jrenciler i-in bir
¥Jretmenin rehberlijinde yeniden Dbir bul ux
etkinliklIler °Jrencil erin mat dkmelédcekk hayal C
Kekil de ol mal edeéer . Buna g°re i-erijin bacxl
ol mal edér . Daha a-¢ék ol arak, problem durun
mant éKk yeéeréstebilecekl eri vV e -%z¢mde aktif
sunuléemal é8u s¢re-teki t emel ama - , °J renc
mat ematijin onl ar I -in ger-ek ol masé gere
mat emati k °Jrenmesi ger-ek hayatlvea ne kadar
Cobb, 2013) . Bu i lbarfd,amda.,er i°H r eamak k €én d a d
tartékacakl aré, i1ifade ettikleri fikirlerini
bi-imlerini kabul ettikleri veya reddettiKk
y°r¢ngesi ve etkinldkzdsizil éei Rifjreneréeerej
ortamé sajlamak i -in tasaréem temelll: bir ar
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Bu bajlamda, -al ékmayeé y°nlendiren ar

1. ¥Jrenchdzé&rnlnanan s@yaeénoma dgei sKti
mat emati ksel uygul amal aré destekl eyen maf
2 . Bu i-erik kapsaménda hazeéerl anan °
I -eri kte dinami k geometr.i yazél éméneé kul

et ki sde@vwvar mé

Y°nt em

Mevcut arakteéer mada, arg¢maantteasyioni mlee
kapsaménda seki zinci sénéflarén ©°jJrenme
anl akél masé i-in tasarém tabanl é bir ar al

Ejitim araktérmaoa@aolioejiin gletna & khmiltréa srae
arakteérmanén ortaya - yeé&klélkaér, e nme vdceunt k  ygeezly
(Anderson ve Shattuck, 2012) ve bu s¢re |

(Bar ab vV e Squire, 2004) . Saygéamci der gi |
araktermacél aréen -o0j] u, ejitim alanlareéend
arakteérma potansiyelini kekfetmiktir (AN
met odol oj i nin Kull anéména mat emat i k ej

g% st er Cdobm20Q3).i r (
Tasaréem Tabanl e ¢al ekxmab daidpa wtl arf ma n(én0

bazé temel ©°zellikdemelnlii kKlI°g | Reliifraldenenrn mi
tek bir ortamda ye¢r et el ¢r g tasar ém, uygul
ierir; t¢em -al éekma s¢grecine 1 likkin belge
ve katéel émcé ik birliji ve pratikte kull

Cobb ve arkadaxl ar e, (2003) , tasaréem
°nerirler. Bibéehici sil, enyukjar @€dme s¢reci
gel i ktirmektir. Kkinci °czel li k, araktern
ortamlarénda dejerlendirebil meler:i i -in
i lgi i dir. l - ¢NnNcCcésSé, it laesrairyeen dC%rmak |l & e an
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ol masedeéer . Kl eargaydmhascd ydle@cmame y°r ¢sgngesin
ederek °jJrenmenin olasé yollarenée dikkate

cretme veya tekrar t est e t nodidir.gBu ki deneyl er

°czel l ik met odol oj i nin d°ngg¢sel bir s¢rece
yinelenen ©°zell ik, il eriye d°n¢gk ve yanseét
s¢re-le il gili diygulamas\eer asend& zekbr kyi ger - e
uygulanab | e c e kg leikk tl idreme kt i r (Cobb ve ark., 200
Tasarém ar aktér mas é, ejitim pratijinde |
temel | i -%z¢mlerin geliktiril mesi ile i1 gil
teoriler gel i ktirmeyiakvadar . doJasha@émmy é akh e
amacé ne olursa ol sun, arakterma s¢reci h
s¢re-lerini i - ¥imej tas arPd m mpr, a KtOELr3ma s é , ar akt
-%z¢ml erion gel i ktiril mesi il et @rdmalardém .
ayréenteéel ar éné r@ge°ated kulkardbikiler, antak gemellikla | i
-eki tli akamal ara sahip olduklarénée kabul €
ark (2003), tasarém -al ékmaseéné hwgezérl|l ama, -
d°n¢gk anali z ol arak bu akamal ardan s°z etm

raporl arénda ayné kategor iveglodgg 200B;anméxkl!| ar d
Gravemeijeve Cobb, 2006; Gravemeijere Cobb, 2013).

Tasarem temelli a@anakg@remangear ¢ll kbiak aijarse
sénafygul amaérmaas€éenda dejerlendirilip g°zd
vurgul anmaktadér . Devam eden s¢re-te °jJrent
bakl angé- ve bitik noktal ar éelirlerenkesi,r | enmel i d
dejerlendirme veya tarih yoluyla olabilir.
kull anél mamasé ©°nemlidir, °Jrenciler i -1in
dé¢zenl enmel i ve tanémlanmal edeéer . K-erijin e
(Gravemeijer & Cobb, 2013).

Bu -abékmmanén temel °czellikleri ve el e
al ane, silindirin y¢gzey al ané °Jyea& emanemi bafj
ge - mibkaikred deéj énda, sekizinci sénéf ©°jJrencil
ile ilikkilendirebilecekl eri K boyutl u K
vardeéer . Dahasé, bir prizmanén ne ol duju vVve
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hakkénda idolidrg.i Buhmédvcut -al ekma i -in ©°n

kat el émcé °Jrencil erden konu hakkeéenda
katéel abil mel er i ve matemati ksel uygul ama
ol duk|l arkélnabilmelegibh ¢ lelr € h mi. Kk Bakl angé- noktase

i -Gnavemeijer ve Cobb (2013) b¢gtéen séneéef
perfor mans dejerl endirmel eri gi bi dej er
Mevcut -al ékma I -1 n, - al ek mayPan Dbtaekslta ma c

uygul anméxkt ér .

Yi ne, mevcut -al ékmanén hazérl anma s¢r
di nami k geometri yazél eme, somut ©°jJrenme
°JTretim s¢grecinde kull anél abi ineentegie mevcut
edilerek, °Jrenci i1 htiya-1laré ve g°re ul
Ayr éca, pl anl ar, ejer gerekliyse, i -eri|
yapmaneén m¢ mK ¢ n ol abil eceji Kekil de esn
ed | irken sénef k¢l tegreg ve °Jretmenin pro
nelerne te¢r tarteékmal ar ol abilir, ne tg¢r o a
kat el maya motive edebilir, konuyu di kkat
nas | bakl atabilir ve uygulayabiliro mevc.l
i -in olukturulan temel sorulardeé. Ayreéca
bir y ol ol ar ak i zI| & y edbal 9l pnrkeékn me - iyn°r yage
ol ukturul mukty®rr.;nBes?®jremmpe amda d°rt bu-
i -in yedi ders saati ol arak planl ande.

Tasarém tabanl é arakteéerma modelinin

di zi sini na vlePyaleeBamgém®r ¢ngesinin uygul an
(Gravemeijerve Co b b, 2006) . Bu -al ékma 1i-1in, ver
var saykEdjalenmme y°r¢gngesinin akamal ar énén
s¢rheaf,tmalngk d°ng¢beydknegeen bolrukuyor du. 5
dersten ve toplam d°rt bu-uk hafta sonr a

°Trenme aktiviteler:i hazérl anérken yapél
°Jrenme d¢zeyl eri di kkatel earl ,6 nkm&tka léa@ mc &K | c
sekizinci sénéftan on rastgele se-ilmik ©
bu veriler dojrultusunda, arakterma eki!l
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czerinde revizyonlar yapteée egme°dgmae n-nel ék ma |
yere¢gngesi ve i -erik ana -aléekmada wuygul ani
di zi si ndea, dvaayrask aeynemme y°r¢ngesinde vV e sonr
etkinliklerinde °jrencilerin ihtiya-I|laré d
ol muktum .di¥firseitiboyunca °jJrenciler bireysel
-al ekmaya devam ettiler. Bu -al ékmalar séra
-al ékmal ar én Il erl eyi kini, °Jrencil erin n
tartékabi ll@aaceklbeerlii rk e@me k I -in °Jrenciler:i
kontrol etmiklerdir. ¥Jrencilerin bireysel
sonra sénef tartekmal aré bakladé ve °Jrenci
nedenl er i yl éendiildi.r Buiskétree -td¢ery e - al &€ K ma boyunca
edi |l mi ktir.

Tasaréem tabanl é bir -al @ékmanén son akart
yapéel ér . Bu b°l ¢ m, °Jrencilerin i htiya-1a
ygul anmasé sérasénda ékrdtaanakt aéllean mTawsviaz ¢ o
-al @ékmanén amaceée, bil gi edinme ve ©°jJrenme
araseéendaki il i kkiyi anlamaya y°nelik ol dufj
setlerini topl amak vV e bu - al éenedima Séraseéen
dejerl endirmek bir xeCouwnbl,ul2uWklt3ur. (AGraa vaemae-i, ]
veri setini sistematik ve dojru bir kekil d
geveni b irl i Jini saj |l amak i -1 n, deneyin t ¢
¢al é kbmawmleamngeécéndan itibaren, -alékma boyun
-al @ékmanén sonunda dejer | envdCobm20L3er yapél m:
Gravemeijevevan Eer de, 2009) . Buna g°r e, -al e Kkme
boyunca ve mhmigkki ol arg&r iayakd®r macé ve katel e
dejerl endirmeler yapélarak °jJrenci i htiya-|
yapél mekter.

Kat el @émcél ar

Ni t el bir arakteéerma -alékmasénén °zell il
sénelrmeéék tkéar . Ama- bul gul arén genellextirilm
Ankara ili, Yenimahalle il -esinde bir devl e
-al ekma, araktermacénén -alexkteéejé okulda g
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°Jretmeh¢fg%hpberinden ve kolay erikilebil
Wallen,2014).

Katél émcé sénef, toplamda 16 kéz ve 1
katéel émcé °Jretmen tarafeéndan, séneéef i -1
tartt@umama katél maya isteklI:i ol mal aréna g

Veri Toplama

Toplanan veriler; (a) te¢m derslerin v
ayrénteéelé alan notlaréené ve ©°jJrencileri
veriler; (bekiobkiult oaprlaaknttéérlnaar e ndan gel en t
(c) bakaré puanl arénda herhangi bir dej
-al ekma ©°ncesi ve sonr assoén °tjersetn csiol neur-el auryé
Veri Analizi

Senéf tartmewmavy@&néanmadligeleda mek i -1 n, )

g°re wuyarl anmék Krummheuero6in (2015) ar

Rasmussen ve Stephan (2008), séneéef tart
mat emati ksel fikirleri veelknait-eimmatd-k saed a ma
y°ntem geliktirdiler. Bu y©°ntdeémc év eoliupky¢

ve paylakéelmek fikirlerin matemati ksel

-eékareéer .

Verilerin analizinin ge-er | ijri vV e g
kull anél mékteéer . Veriler sénéf g%zl emler.i
zengin kaynakl ardan topl andé. Ver i kodl
kontr ol yapéelarak wverilerin anal i zi net
Ayrama,l i z sonu-|l aré ayreéntelé ve zengin

¥Jrencilersgaon °tnestesdsonu-1ar éneén anal

dejerl endirmektestn eyxyfgekanmékmer. t

Séneéerl el ekl ar
calekma ile il@gmliabbkl 8eberl eédk&kmaac
bul gul arén fazla genellexktirilemiyor ol m
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okul |l ardaki sekizinci sénéflarda wuygul anma

Ayr éca, -al ekmanén biyébsadacseéher| ammase d
dayandérmakter. Ana -al ékmadan ©°nce, daha d
-al éekxkma yapél masé uygun ol acakt e. Ancak, p
-al ekxkmaneén °Jretim dizisi, didgree ve mat emat i
gor ¢kl erini alarak uzun bir s¢rede hazeéerl a
uygunlujunu ©°1 - mek i -1 n katéel émcé ol mayan
uygul anmékter, b°ylece bu -al ékmalar bir pi

Sonudayvyée ékma

Bu arakteérmanén ana odak noaktdaasyéal ébi r ©
°fJrenme y°r¢ngesinin uygulanmas&aseéraseéenda
cisimlerdemat emat i k uygul amal aréenée -ékar makt é.
geometri k kavramlaré anl amal aréné gel i ktirn
arg¢eg¢manveB@ybe tasarl anmék tartékma ortaml al

taraféndan destekl enmi ktir.

Buna g°re, mevcut -alékmanén °jJrenme y°r
gel ebi |l ecek mat emat i k uygul amal ar énén g°s
kull anél mékter. Mat emati ksel fikir kemaseé@,
sénéf matematarkaluiygué tamahk air€ine kul |l anél méxkt

Bu bajl amda, eldb adilende Ir & k maadtae mat i ks el uygul
prizmal arén tanémé ve ©°zellikleri, (b)) priz
bulma silindir ve (d) silindir hacmi bulndaéEk ol arak, ©°Jrencilerin
uygul amal aré ¢retmel erii I -in hangi mat e mat
Bu matemati ksel uygul almad tawre @b wt wunycgiul |l earmat | aarr a

destekl eyen payl alkeblaog H¥d e&ke irll mirkt iark.a] édaki
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Tablol¢ al ek mada ortaya -éeékan d°rt matemati k

destekleyen fikirler

Matematiksel uygulamalar ve destekleyici fikirler

Uygul ama 1: Prizmal arén taném
Fi kir 1:- aBién alr&garn@&m ve kamp -
anl akeéel masé

Fi kir 2 Képeéen prizma ol dujun
Fikir 3: Prizmal arén taban kel

anl akél masé

Fi kir 4: Silindirin prizma ol
Uygulama2 : Pri zmal arén Y¢gzey Al an
Fikir 1: Bir prizmayeée kapl ama

Fikir 2: Birim kareleri sayma

Fi kir 3: Birim kareleri sayeéem

Fi kir 4: Prizmanén yg¢zey al an

Uygulama3 Silindir Y¢gzey Al ané Bi

Fikir 1: Silindirin a-é€&l eéeméne

Fi kir 2: Silindirin daire ta

araseéendaki N

Fi kir 3: Silindirin y¢gzey al

taraféndan ol ukur

Uygulama4Si | i ndirin Hacminin Bulu

Fi kir 1: Hacim ¢-¢nce¢g boyutl a

Fi kir 2: Hacim bir keklin 1i-1i

Fi kir 3: Hacim hesapl amasé, C

gerektirir.

Fi kir 4: Hacim, tabam elkan tve

KIl k mat emati ksel uygul ama, pri zmanén
prizmal arén genel ©°zellikleri il e 11 giydi
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prizma hakkéndaki ger ¢kl eri al enarak vyol a
boyuncapr i zmal ar é tanémlamak i-in gerekl: el enm
czell i kl eri belirl endi. Bu akama birbiriyle

KI k kesém ©prizmal ar én yapéseéeneén anl akeé

belirl enmesi il e séeémgiplriidzimal aeéni kypecey ka-
g°steril mesi ile i Lgilidir. Bu bajl amda or't
kamp -adérl arénén «keklinin prizma ol dujunu

prizma ol dujunun anl akél masédeéer .

Bu iki fikiruygul amanén il k haftasénda ortaya - €
boyunca kull aneéel dél ar , -é¢nke¢e bunl ar i1 -erik
°Jrencil er, prizmalarén g¢nl ¢k yakam °rnel
prizma ol maseé yai plaolohammaémager akem %zadl | i k| e
°ne séi¢rméekl er ve bu Kekilde prizmalarén t
unsurl ar é Ve °zelliklerinin anl akél maséne
cr ek me di jer i -eri klerinnafnl ak &l ntasrét éikmian
°Jrencilerin d¢kegncesini y°nlendirmede et ki
bul gu i di ve matemati ksel tartéekmal ar , proi
i gili ol ar ak bil gilerini gGovendertve r d i ve d
Patterson, 2009; Tsamir, Tirosh, Levenson, Barkai ve Tabach, 2014).

Kkinci késém prizmal arén y¢zey a-€el émlar
i-¢é¢nce fFikir, bir prizmanén taban Kekl. i [
anl amak we fd%rid¢nocl arak bir silindirin pri
ortaya -éekte. Bu et kinlik sayfal aréenén a
g°re¢negkleriyle -al ékarak prizmal arén a-eéel ér
y°r¢ngesinin bu kedmdbriikakén pgaksesebéem alteé
Sorul ardaki her bir Kekil birim ke¢gploer k u
°Jrencilerin her bir birim karenin, Keki |
anl amal aréné sajl amaktér .| ¥Mmgredene GEoGalpresi
dosyasé taraféndan desteklenen her etkinlik
sonra, °jrencilerin i-erifji kavr amsal ol ar &

dosyasénda séneéf kontrol ¢ yapkedfdider Ayr éca,
matematikseb y gu |l amaflt ayan - ekékéné destekl emiktir.
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taraféndan ol ukturul muk verilen kekiller

Keker paket. -izmeye -al exker ken, °J renc
-1 ziyorl arde. KI'k bakta, °jJrenciler bire)
sonra sénef - tartékmal ar ve GeoGebra
ettiler. Bu sayede °jJrenciler, °Jrencil e
cziemde - al ékér ken, onl arén a-él éemlaréneé -
geli kmesine yardémcé ol muktur. GeoGebra
°Jrenciler kO©]jét ve kalem ortaménda sajl
kontr ol estanmei pk aonlsdéunlaar . Ayr éca, il k késeéem
i Ki nci keséem ¢zerinde yapeélan tartékmal a
prizmanén t emel unsurl aréné ve dijer ¢-

kavramékl|l azaagnmandBuy, baym@Il ¢mden el de etti

y¢zey alané ile ilgili olan bir sonraki a
DGyYve sénef - tartékmal arén matemati kt
-eki tli ar akt ér(Roldbramds Cokrem&uSmibh| 2010k Liawy,r

2006; Prusak vV e ar k. , 201 2, Vincent , |
arakteérmalarla tutarl é ol ar ak, Ki mdi ki -
DGY ve tarteéekmal ar én birli ktet rkiukl | dnd mae
becerilerini (Granberg ve Ol sson, 2015)

-ékekene destekl emi ktir.

¢al ekxkmadan el de edilen ikinci mat emat
alanéené bul maydé. Bu uygul amgnéni omésaiyai F
onun a-éeél éméné -izmek, Dbirim karelerin sa
hesabéna ge-il mesi ve prizmalaréen yg¢zey
destekl enmesi yl e ol muktur . ¥neril en °Jr
°“ renciler, yé¢zey alanénén formegl ¢gneg ¢r e
czerine inka etmiklerdir. ¥nce birim k¢pl

paketlerin alanénén hesabénén y¢izey al a

czerindexatrak, °Jrenciler birim ©Kkare b
aktaracakl arénée anl adél ar . Birim ke¢gplerin
karelerini birbirleriyle ilikkilendirmel
anl akél maséna saphkbBédmakénén zeminini faya
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kull anméxkl arder . Literatg¢rde, yé¢zey al anl a
k¢e¢plerin olukturduju birim karelerin kull e
Chaim, Lappan, & Houang, 1985; Bonotto, 230Clements, 2003). Bu nedenle,

l'iterat¢r ékéjénda ve mevc bitimkareldri@k manén sor
o

kull anéménén jretim alanénda faydaleée ol duj
d°kKeme zemini °rnejine ekr aoméanréa ks o Mutr emlcdrl a
g°rmek 1 -in Dbir birim k¢gpeneg bir kO] et par -
de mevcut -al eékmanén alténda yatan teoril
ejitiminin doj as e i -in uygun ol muktur . ¢ a
matemati k ejitiminin teorisinin gereksiniml
Sorul ar veya °rnekl er m¢ mk ¢ n ol abil dijinc
se-i I mi ktir. Byl ece, °Jrenciler g¢nl ¢k yat

fikrini °jJrenmel kobusgogdu. Matemati k der sl
temel | i °rneklerin kullanéemé | iteratg¢rde de
Van den HeuvePanhuizen ve Drijvers, 2014). Bu nedenle, geometri derslerinde

genl ¢k yakam temelhi®°Preaed&illeen inn klkud VvV aamsngn é

i gili i-erijJji °Jrenmede et kild/ ol duj u sonu

l-¢nce¢ matemati ksel uygul ama, silindirdi
uygul ama payl akélan ¢- fi1 ki mé m@&ynaapféésnéd,a or t a
daire tabanénén -evresi il e yan y¢zegnegn ken

i | e dair e t aban al ané taraf éndan ol ukturu

bakl angécé, t¢m sénéef tartékmaseée, ger-ek-i
siindiri -in verilen g¢nl ¢k yakam °rnekl erine d
sonr aki akamada etkinlik sayfasé, °Jrenci l
ol an, silindir Kekil | bir Kekerl eme i-1in
neredeysendfithakareyl a uygun bir -izim yapmn
yéll ardaki °Jrenmel erine bajlé olabilir. D
unsurl ar é araséendaki i kKki vyl anl amaya da
kavramal aréndaé GgaGeemae dos as ¥rnejin, b |
yézeéenegn kekliyle 11 gili probl emi -%zmek i -
Key sarmak istedijinde, bir araya gelen iKki
taban i -in i ki noltae abplaaabandP+itnniokit ano
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bir silindirin yan y¢zeéenegn de°rtgen ol mas
dosyasénda silindirin a-élér kapanér har

yan yé¢zeyinin nedennid®°gtgear mdanasa&- geéred

B¢t en séeneéf tarteéekmaséna katel ar ak, - emb
araséndaki eki tlik fikrini b u Kekil de ¢
silindirin y¢zey alanéena belrarmdeéml ak mall
neticesinde, °Jrenciler yézey al anénén
anl adel ar . ¥nceli kl e, silindirin daires
uzunlujunun exi tlifjJi hakkéenda fiekel r ¢r et
al anl arénén hesapl anmaseéna ge-il di . Bu
silindirin y¢zey alané i-in hesapl ama fi
°nceki araktermalwiYeEbhdeéAkt 2Mhé d,; Bahteawar
2007), D& nin der sl erde Kull anémé, i -erijin
sorularl a destekl|l enmesi bajl aménda tutar
DGY' nin kull anéménén ve °jJretimin ger-ek
silindirin yagadayeakahenél dajamsonucuna V.
2014). Ayréca, silindirin y¢zey alaneée i -
cebirsel olarak ifade etme yolunu temel

GeoGebra dosyaseédnidrai,n °yj¢rzeenyc ialeaneésiflornmg | ¢

Ek ol ar ak, verilen uzunl ukt aki dej i ki kI i
g%zl emleyebildiler.
Literatg¢rde, geometr.i il e cebir araseért

i -1 Wkbh&l anémenar deséeimalegenvardé (Ati yah

Edwards ve Jones, 2006). B°ylece GeoGebre
alan form¢gl ¢negn cebirsel ol arak i fade ed
(Erbas, Ledford, Orrill ve Polly, 2005).

D°gdc¢ matemati ksel uygul ama, silindi

tartékmal arda payl akeélan d°rt fikirle de:

bir «kxeklin i-ine doldurma ile i1l gilidir,
yé¢ksekl i kr ok tligriisri nve gleaci m, taban al ané
eKi ttir. Uygul ama, °Jrenme y°r¢gngesinin

ot

°Jrenme hedefine dayanan son akamaséna p
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Ahacim nedir?0ésoBussyglayaak]aeatdl ere sor
hacim araséndaki farkl éleklar 11e il gild@ b i
a-éklayabil mek ve anlayabilmek i-in, ©°jJrenc
birim k¢gpleri yl enddao |°drunreukl I nears és uknodnuulsaur ve b
tartéxktel ar. Bu tartéekma ile °Jrenciler al
Ayr éca, bakka bir tartéekma konusu da fAkg¢peét
nasel hesapliaknlaemf €n veegladrEueené a htviar ? 0 Kekli
ol uUKmuktur . Bu s¢re-, °jJrencilerin bir cisn
asl enda bu birim k¢p sayéséneén O Ccismin

°Jrenmel eri ni hatéerl amal arée pl anidmanméxt ér .
kepl eri saymak yerine <cismin ¢- boyutun -
hatérl amal aré beklenmiktir. Bu kekil de bir
al an vV e haci m hesabeénén yapél maseéneé °ng?o
bul unmakt a&@emenfsBLadb,t1998; Bemhaim, Lappan, & Houang,

1985; Cohen, Moreh & Chayot h, 1999) . Buna
Afkenarl aré ol madéjéna g°re bir silindiri ©bi
Asilindirin hacmini Kaasglt 6dahabal ekl éd&rn?Pe Iig
silindir Keklinin doldurul maséné g°ster mek
a-el de. Bu hareket]! i g°rsel.i izl eyerek, sil
silindirin yé¢kseklijJinde |l eairelgeriektg$ini
anlayabil miklerdir. Bu sayede, °Jrencil er

olarak form¢gle edilebilen k¢gp ve dikdortg
aktarmék ol du. Ayreéca, kKkeklin i- Mm°lgesinin
uygun bir ©°rnektir. Dahasé, bu bul gul ar é de
(Enochs, & Gabel, 1984, Hirstein, 1981; Li
- tarteéekmal ar vV e genl ¢k yakam °rnekl eri
°Jretmkedeoktdbju s°ylenebilir.

Araktér maneén bul gul ar éna g°r e, kat él ém
gerek-elendir me, yorumlama ve dijer fikirdl
yoluyla °jretim faaliyetlerine katéelabil ec
Kleil Il erin (°zellikle bu -alékma i-in prizrm
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anlamlé bir °jJrenme ger-eklextirebilirle
2015).

Ayr éca, -al eékxkmanén sonu-1| ar e, °Jrenc
ortaménén |gedtiejkgheyai ilixkkin gerek- el
destekl emektedir. Bu -al ékmanén matemat.
ortaménda y¢zey alanée vel/lveya ¢ - boyut |
I steyen dijer ar acka-éabmalciérl.ar 1 -in bir pel

343



I: CURRICULUM VITAE

PERSONAL INFORMATION

Surname, Name: KkKkAHKN DOJRUER, kULE
Nationality: Turkish (TC)

Date and Place of Birth: 12 October 1984, Gaziantep

Phone: +90 543 290 68 70

email: sule_sahinn@hotmail.com

EDUCATION
Degree Institution Year of Graduation
MS METU Elementary 2009
Mathematics and Science
Education
BS Hacettepe University 2006
Elementary Mathematics
Education

High School G° 1 baké Anado 2002
School, Ankara

WORK EXPERIENCE

Year Place Enrollment
2007Present MoNE Mathematics Teacher
20062007 G°| baké A Der Mathematics Teacher

FOREIGN LANGUAGES

Advanced English

PUBLICATIONS

Articles Published in National Journals

kahin Dojruer, Kk, l keksal, M. & Ko-, Y. (20
S°yl em | zer i ne BGazianepuUnvenrsity@euina ef ma s é .
Social Sciences, 14), 299322. DOI: 10.21547/jss.256779

344



Conferences

Presentations in International Conferenceand Published in Proceedings

kahin Dojruer, k. (2014) . Ef fects of pa
learning: how does the education level of parents effect their involvement?

The Eurasia Proceedings of Educational & Social Science3}-&9.

kahin Dojruer, k. & Aky¢z, D. (2018). Sup|]
Surface Area and Volume of a Cylinder Purp@s&h International

Conference on Educational Science2@850-2653.

Presentations in National Conference and Published in Proceedisg
kahin, k., | K gW1O0)Ble K i Mci &SKo€f ¥]Jrenciler
Sénef S°yl emlerinin Kncel enm®s i lzer

Matematik Sempozyumts.9293.

kahin, k., | ké&kleBli,r M.e k& nka- ,Séwh.e,f ¥jretm
Mat emati ksel Séneéef S°yl emi Kul l anémé |,
¢al ék'nvbasteemat i k-il er Dernej s.780. Mat em
79.

345



JTEZ FOTOKOPK KZKN FORMU

346



