REDUCED ORDER MODELLING FOR MULTIPHY SICS PROBLEMS

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY

FATMA GULER EROGLU

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR
THE DEGREE OF DOCTOR OF PHILOSOPHY
IN
MATHEMATICS

DECEMBER 2018






Approval of the thesis:

REDUCED ORDER MODELLING FOR MULTIPHYSICS PROBLEMS

submitted by FATMA GULER EROGLU in partial fulfillment of the requirements
for the degree of Doctor of Philosophy in Mathematics Department, Middle East
Technical University by,

Prof. Dr. Halil Kalipcilar
Dean, Graduate School of Natural and Applied Sciences

Prof. Dr. Yildiray Ozan
Head of Department, Mathematics

Prof. Dr. Songul Kaya Merdan
Supervisor, Mathematics Department, METU

Examining Committee Members:

Prof. Dr. Mustafa Tiirkyilmazoglu
Mathematics Department, Hacettepe University

Prof. Dr. Songul Kaya Merdan
Mathematics Department, METU

Prof. Dr. Biilent Karasozen
Mathematics Department, METU

Assoc. Prof. Dr. Canan Bozkaya
Mathematics Department, METU

Assoc. Prof. Dr. Murat Uzunca
Mathematics Department, Sinop University

Date:



I hereby declare that all information in this document has been obtained and
presented in accordance with academic rules and ethical conduct. I also declare
that, as required by these rules and conduct, I have fully cited and referenced all
material and results that are not original to this work.

Name, Surname: Fatma Giiler Eroglu

Signature

v



ABSTRACT

REDUCED ORDER MODELLING FOR MULTIPHYSICS PROBLEMS

Giiler Eroglu, Fatma
Ph.D., Department of Mathematics
Supervisor: Prof. Dr. Songul Kaya Merdan

December 2018, pages

Proper orthogonal decomposition (POD), as one of the most commonly used tools to
generate reduced order models, has been utilized in many engineering and scientific
applications. The idea of POD consists of extracting the dominant features of a data
set, which are naturally assumed to represent Galerkin finite element solution of a
partial differential equation. In this way, POD reduces the complexity of systems.
Despite the widespread use of POD, it can perform quite poorly for turbulence flows.
Projection-based variational multiscale (VMS) method is one of the best approaches
that increase the numerical stability. The basic idea in VMS is adding artificial vis-
cosity only to smallest resolved scales instead of all resolved scales to eliminate small
scale oscillations. The usual finite element discretization sorting of scales is compli-
cated, but in POD, basis functions are sorted in descending order with respect to their
kinetic energy. Thus, the POD is suitable to the VMS methodology. First, we propose,
analyze and test a post-processing implementation of a projectionbased VMS method
with POD for the incompressible Navier—Stokes equations. We present a theoretical
analysis of the method, and give results for several numerical tests on benchmark

problems which both illustrate the theory and show the proposed method’s effective-



ness. Second, we extend POD reduced order modeling to flows governed by double
diffusive convection, which models flow driven by two potentials with different rates
of diffusion. We present a stability and convergence analysis for it, and give results
for numerical tests. In the last part of the thesis, we present a VMS reduced order
model based on POD for the Darcy Brinkman equations. The proposed scheme uses
VMS type stabilization in POD. For the temporal discretization of the system, Crank
Nicholson is utilized. The numerical analysis for the VMS-POD is carried out and

numerical studies are performed to verify the theoretical findings.

Keywords: Proper orthogonal decomposition, reduced order models, projection-based

variational multiscale, post-processing, double-diffusive.
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COKLU FiZiK PROBLEMLERI iCIN MERTEBE DUSUREN
MODELLEMELER

Giiler Eroglu, Fatma
Doktora, Matematik Boliimii

Tez Yoneticisi: Prof. Dr. Songul Kaya Merdan

Aralik 2018, sayfa

En yaygin kullanilan mertebe diisiiren modellemelerden biri olan uygun dik ayris-
tirma metodu (POD), bircok miihendislik ve bilimsel uygulamada kullanilmaktadir.
POD metodunun temeli bir kismi diferansiyel denkleminin Galerkin sonlu eleman ¢6-
ziimiinii temsil eden veri kiimesinden en ¢ok kinetik enerjiye sahip olanlarini ortaya
cikarmaktir. Bu sekilde POD, sistemlerin karmagikligini azaltir. POD metodu yaygin
olarak kullanilmasina ragmen, sayisal stabilizasyon olmaksizin oldukca zayif bir se-
kilde davranir. Projeksiyon tabanli varyasyonel ¢oklu dlgek (VMS) yontemi, verilen
sistemin sayisal kararlili§in1 artiran en iyi yaklagimlardan biridir. VMS’deki temel fi-
kir, kiigtik 6l¢ekli salinimlar: ortadan kaldirmak icin tiim ¢oziilmiis 6lgekler yerine ya-
pay viskoziteyi sadece en kiiclik ¢oziimlenmis dlceklere eklemektir. Sonlu elemanlar
discretizasyonunun olgeklendirilmesi karmagiktir, fakat POD’da, temel fonksiyonlar
kinetik enerjilerine gore azalan diizende siralanmistir. Bu yiizden POD metodu VMS

metodolojisi ile uyumludur.

Bu tezde ilk olarak, sikistirllamaz Navier-Stokes denklemleri i¢in POD ile projeksi-

yon tabanli VMS yoOnteminin bir islem-sonrast uygulamasi onerilmis, analiz edilmis
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ve test edilmistir. Tkinci olarak, uygun dik ayristirmali metodu farkli ¢ziinme oran-
larina sahip iki potansiyel tarafindan modellenen cifte ¢oziiniimlii konveksiyon denk-
lemleri icin genisletilmistir. Indirgenmis model i¢in kararlilik ve yakinsaklik analiz-
leri sunulmustur. Teorik sonuglar sayisal testlerle dogrulamak icin bir 6l¢iit problemi
kullanilmustir. Tezin son boliimiinde, Darcy Brinkman denklemleri icin POD’a dayali
bir VMS indirgenmis modeli sunulmustur. Sistemin tamamen ayrigtirilmasinda, za-
man degiskenleri i¢in Crank Nicholson zaman ayrimi ve uzay degiskenleri i¢in sonlu
elemanlar yontemi kullanilmistir. VMS-POD metodunun sayisal analizi gercekles-
tirilmigtir ve en uygun hata tahminleri kanitlanmistir. Son olarak, teorik bulgular

dogrulamak i¢in sayisal caligsmalar yapilmisgtir.

Anahtar Kelimeler: Uygun dik ayristirma, mertebe diisiirme modellemeleri, projeksi-

yona dayali ¢ok Olgekli varyasyonel metot, islem sonrasi, ¢ift difiizyon
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CHAPTER 1

INTRODUCTION

Nowadays, the capacities of computers used for numerical simulations of many engi-
neering and physics problems increase, as a consequence the amount of data produced
also increases. Therefore, millions of degrees of freedom are needed to analyse this
large amount of data. This causes a burden on the computational resources. Thus, ef-
ficient methods are required to approximate solutions. Utilizing reduced order models
(ROMs) is an efficient method for lowering the computational complexity in such set-
tings. The proper orthogonal decomposition (POD) approach has proven to be quite
successful for generating reduced order models that capture many dominant flow fea-
tures. POD reduces the complexity of systems, often by orders of magnitude, by
representing it with only its most energetic structures. Some examples for the ap-
plication of the POD consist of image processing in [80], optimization and control
theory in [52]], inverse problem in [95], signal analysis in [1]], data compression in

[2], random variables in [72]], oceanography and meteorology in [76} 61} 25].

The soul of POD can be found equivalently in statistics, matrix theory, and signal
analysis. The equivalent names in these areas are Karhunen-Loéve decomposition,
singular systems analysis, principal component analysis, and singular value decompo-
sition, respectively. Although these methods were presented by Kosambi [49], Loéve
[S9]], Karhunen [46]], Pougachev [75]] and Obukhov [/0], POD method was firstly in-
troduced by Lumley [60] in the context of turbulence. Recent studies show that it
is an efficient approach for Boussinesq equations [8, [83) [84]], convection dominant
convection diffusion reaction equations [36], Navier Stokes equations [37/]], neutron

diffusion equations [85]], and also for magnetohydrodynamics flow [[78]].

This thesis is concerned with the utilization of the POD-based reduced order modeling



for the multiphysics problems. There are two major contributions of the thesis. The
first consists of developing a modular POD-based reduced order modeling along with
projection based stabilization for the Navier Stokes equations (NSE), (I.3.1T). The
second includes studying POD for the Darcy-Brinkman equations, (1.3.15).

The NSE are one of the common multiphysics problem and derived from conserva-
tion of mass and conservation of momentum. These equations are used to model
many important phenomena, such as airflow around the airfoil [6} 43], 90], weather
forecasts [71, 188]], flows in pipe [17, 81, [82], pollution analysis [15, [19], and blood
flow [38, 167, [74]. NSE is obtained by applying the laws of conservation to fluid
motion. These equations can be considered as generalizations of the famous Euler’s
equations that define the frictionless fluids and incompressible flows. In the 19** cen-
tury, Claude-Louis Navier introduced NSE by adding a Newton viscous term to the
motion equation, [68]. George Gabriel Stokes made the equation more credible by
developing the analysis of the NSE with a different description of the internal friction

in the fluids, [92]].

Although NSE were introduced a century ago, their estimates and results have not
been fully understood. The difficulty comes from the nature of NSE. It is known that
due to the wide range of scales in many complex fluid flows, simulating these flows
by a direct numerical simulation (DNS) can be very expensive, and sometimes is even
infeasible from the Kolmogorov 1941 theory, it is known that a resolved DNS requires
O(Re®*) mesh points [9]], where Re is the Reynolds number in NSE. To make the
situation even more difficult, in the engineering design process, flow simulations must
be run many times, e.g. to perform parameter studies or for system control purposes,
which multiplies the DNS cost by at least several times.

NSE includes an important control parameter [Ze. It is given as a ratio of inertial

forces to viscous forces as
Re=—, (1.0.1)

where v = 11/ p is the kinematic viscosity, y is the dynamic viscosity, p is the density,
L is the characteristic length scale, and U/ is the characteristic velocity of the flow.
Viscous terms dominate inertial terms for low Re, in which laminar flow occurs.

For high Re, the convective term become dominant and flow behaviour becomes
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turbulent. One of the difficulties in solving the NSE is the instability caused by these
large changes in Re. When NSE is solved by the standard finite element method,

stabilization methods are used to obtain physically correct numerical approximations.

In the literature, there are different stabilization methods as residual based and projec-
tion based. In recent years, utilizing projections to make the system stable is getting
more common. One of the popular projection based stabilization method is varia-
tional multiscale (VMS) method. VMS was introduced in [35] in a variational set-
ting. Guermond [31] developed this idea by adding artificial diffusion which only
affects small scales. To recover the inconsistency caused by extra terms, Layton [55]]
expanded the Guermode’s method by adding and then subtracting artificial viscosity
term. It (and its variants) has been studied extensively in the finite element frame-
works for NSE [40, 41]] and convection-diffusion equations [42]. However, the sep-
aration of scales is the challenge in this method. The combining of VMS with the
POD method has been successful to solve this challenge. In POD, the hierarchy of
small and large scales is presented naturally. That is, basis functions are ordered with
respect to their kinetic energy content. Thus, the POD is particularly suitable to the
VMS methodology. Using VMS in POD was pioneered in [36, 37,79, 21], and their
studies showed this could increase numerical accuracy for convection-dominated con-
vection—diffusion equations [36]] and for NSE [37, 79, 21]]. Furthermore, in [36, 37],
analyses were performed to show optimal error bounds (in terms of mesh width, time

step size, and eigenvalues and eigenvectors removed from the system)

Another multiphysics problem of interest is Darcy-Brinkman equations with double
diffusive convection. In this system the flow is driven by two potentials with different
diffusion rates. The detailed derivation of the system (I.3.13) can be found in [69].
The physical model uses the momentum forced by heat and mass transfer. In this

model, a Darcy term accounts for the porous boundary.

Double diffusive is of great important in many applications such as oceanography, ge-
ology, biology and chemical processes. In particular, when the oceanography sample
was examined, temperature and salt concentration gradients and diffusivity drive the
flow of salt water. It was seen that the temperature is distributed faster than the con-

centration (salinity). In fact, double diffusion convection in oceanography is a vertical



operation, and there are two modes as salt fingers and diffusive. The salt fingers mode
of double diffusive were first noticed with pumping cold, less salty and dense water
with a tube from the deep of ocean to the its surface [93]]. The cold water moved up-
wards and continued to rise, the opposite direction being similarly expressed. On the
other hand, diffusive convection has been observed that occurs when cold and fresh

water is above from saline and warmer water.

The physical mechanism of double diffusive effects was studied in several works,
e.g., [45, 91]. Due to the coupling between fluid flow, the heat and mass transfer
equations, different boundary layers are formed. As a result, Darcy-Brinkman equa-
tions are solved numerically by varying a variety of numerical techniques. Many
researchers were interested in solving numerically the scheme (I.3.15)) by using the
finite volume method (FVM) [64} 4, 163]] and the boundary element method (BEM)
[51,150]. This model was also studied with finite element method (FEM) in different

flow configurations in a cavity [26] and in a porous medium [4/, 48, 66].

Although tremendous development of computing power is available, solving Darcy
Brinkman equations accurately and efficiently remains a challenge for the computa-
tional fluid dynamics community. Furthermore, the use of full order methods lead
to large algebraic systems and high computational time. Hence the extension POD
methodology to Darcy-Brinkman equations with double diffusive convection is sig-

nificant.

In this system, heat transfer is expressed with Rayleigh number (a) which is defined

as

_ gﬁT (Tbottom - ,I;}op)L?’
vy

Ra (1.0.2)

where g denotes gravitational acceleration vector, S denotes thermal expansion co-
efficient, L denotes the vertical length, v denotes kinematic viscosity, v denotes ther-
mal diffusivity, 7pot0m and 13, denote the temperature in the bottom and in the top,
respectively. The magnitude of the Ra indicates whether the flow is laminar or tur-
bulent. For high Ra, the instability occurs due to the emergence of convection cells.
Thus, the behaviour of the flow becomes turbulent. In such a case, the VMS method

can be used to eliminate the oscillation and stabilize the convective terms.
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This thesis has three main objectives. As recent work with POD has shown that the
approach can work well on multiphysics flow problems, the first objective is to extend
the novel ideas of [S6] to the POD setting for NSE. In particular, to create a VMS-
POD, stabilization is added as a completely decoupled second step in a time stepping
scheme for incompressible flow simulation. That is, at each step there is a two step
procedure at each time step: the first step evolves with a standard POD (i.e. unstabi-
lized Galerkin POD), and then the second step is a weighted POD projection that adds
(in a sense) extra viscosity to the lower POD modes. The method can thus be easily
incorporated into a standard (or legacy) Galerkin POD code, since the approach adds
an uncoupled and a separate postprocessing step. The second objective is to introduce
POD methodology for Darcy-Brinkman equations with double diffusive convection
and apply the post-processing VMS-POD idea only for the momentum equation in
this system. As the Ra number increases, the convection cells emerge and the insta-
bility occurs in the system. Thus, the third objection is to develop the POD method
by adding a coupled projection-based VMS method for Darcy-Brinkman system. In
addition, to obtain a fully linear system at each time level, the nonlinear terms are

treated with the extrapolated Crank Nicholson method.

1.1 Outline

To achieve these objectives, mathematical preliminaries and continuous variational
formulation of the NSE and the double diffusive Darcy-Brinkman system are pre-

sented in the next section. The remaining chapters are organized as follows.

Chapter 2 is devoted to a review of POD-based reduced-order modelling. First, the
essentials of the continuous and discrete POD are described in details. Then, the POD
spaces and POD Galerkin formulation of the incompressible NSE are introduced.
Note that, to derive a priori error estimation, an optimal approach of the true solutions
on the POD spaces are needed. In this thesis, for this purpose, the L? projection of
each variable is utilized. Some error estimations of L? projection to be used in the
error analysis are stated. Afterwards, the VMS method used to increase the effect of
the POD method is introduced. At the end of the section, POD preliminaries, POD

spaces and POD formulations of the double diffusion system are given similar to the

5



NSE case.

Chapter 3 focuses on proposing, analyzing, and testing a post-processing implemen-
tation of VMS method with POD for the incompressible NSE. The projection-based
VMS stabilization is added as a separate post-processing step to the standard POD ap-
proximation, and since the stabilization step is completely decoupled, the method can
easily be incorporated into existing codes, and stabilization parameters can be tuned
independent from the time evolution step. A theoretical analysis of the method is pre-
sented with the backward Euler and BDF2 temporal discretization. Several numerical

experiments are performed on benchmark problems.

Chapter 4 extends the POD methodology to flows governed by the double-diffusive
convection, which models the flow driven by two potentials with different diffusion
rates. The stability and convergence analyses of the POD Galerkin formulation which
is given in Chapter |I| are performed with backward Euler temporal discretization.
Then, for high Rayleigh number, the POD method is combined with decoupled VMS
method similar to Chapter [3] Especially, artificial diffusion viscosity gets added to
the smaller R velocity modes in a post-processing step. The numerical analysis of the
VMS-POD formulation are given. The numerical tests on a benchmark problem are

illustrated to test the efficiency of the reduction model in this setting.

Chapter S presents stabilized POD formulation which is defined in Chapter 4| with
coupled VMS method for the Darcy Brinkman equations with double diffusive con-
vection. The system is equipped with a Crank Nicholson temporal discretization and a
finite element method for spacial discretization. The nonlinear terms are treated with
the extrapolated Crank Nicholson method, to get a fully linear system at each time
level. Numerical analysis of the VMS-POD formulation is presented. The analytical

results are verified with numerical experiments.

Finally, the thesis ends with conclusions of this dissertation and the discussion for

future research directions in Chapter 6]



1.2 Mathematical Preliminaries and Notations

In this section, some mathematical notations and preliminaries which will be used

throughout this thesis are introduced.

1.2.1 Sobolev Spaces

We assume that Q2 ¢ R¢, d = {2, 3} is a polygonal or polyhedral domain, with bound-
ary 0. Let g : Q — R? be a function. Partial derivative of order || is defined
by

8‘a|g
D%g = 1.2.1
g 0x1°1 01992+ 0x,, ¥ ( )

where o = (a1, ag, -+, g) is a multi-index of non-negative integer numbers and its

length is defined by |o| = ay + g + -+ + ay.

Definition 1.2.1 Let g € C'(2), Then

supp(g) ={z: g(x) # 0} (12.2)

is the support of g. If supp(g) c Q compact in R¢, g has compact support in S.

Definition 1.2.2 The space C$°(X2) is defined by

C?(Q) ={g € C=(Q) : g has a compact support in S2}. (1.2.3)

Definition 1.2.3 The Lebesgue spaces consists of functions that pt" powers are inte-

grable and they are denoted by

LP(Q) ={g: gis Lebesgue measurable function andf lg(z)Pdz < 00}, (1.2.4)
Q

forall 1 <p < oo.

The LP(2)-norm is defined by

1/p
ol = ([ lgraz) ™, 1<p<o (125)
Q
loli- = esssuplg(@)l,  p=co. (126)

7



Specially, for p = 2, we get L2(£2) which is a Hilbert space equipped with the follow-

ing inner product
(9.:) = [ g@)h(@)da, gl =g, (127)
0
The zero-mean subspace of L?(€2) is given by

L2(Q) = {g e L2(Q) : fgdx:O}. (1.2.8)

Definition 1.2.4 Sobolev spaces are defined as
WmP(Q)={geL’(Q): D*g e LP(Q), V|a| < m} (1.2.9)
foranymeN, 1< p<oo.

The norms in Sobolev spaces are given as:

1/p
lglwmey = (2 [1D%15) " 1<p<o (1210
()
lolwnm = 3 [ esssup|Dgl, p=co. (1.2.11)
lal<k 3 we

Sobolev spaces are Banach spaces with these norms, e.g., see [23|]. The interested

Sobolev spaces in this thesis are

o form =0, Wor(Q) = Lr(Q)
e forp=2 Wm2(Q) = H™(Q) is Hilbert space equipped with the norm | - || .
e The closed subspace of H'()) is our special interest,

H3(Q) :={veL*(Q):Vve L*(Q), v=00n00}. (1.2.12)

We denote the dual space of H}(€2) by H~! with norm

£, = sup 20

vex Vol -



Definition 1.2.5 For all (scalar or vector valued) function v(x,t) € Q x (0,T], the

following norms are used

T 1/m
[Vlleop = €85 sup [v(-; )5, [[Vllmp = (f loC )5 dt) :
0<t<T 0

where T represents to end point. The following notations are utilized for discrete

norms
M 1/m
1llloop = maxc [0, [[[olllnp = (Atnzg ||U"|;n) :

where At is the time step, we denote variables at time t"* = nAt, Yn =0,1,2,..., M

using superscripts, e.g. v(t") = v™

Definition 1.2.6 Let A € R™" be a matrix. Then matrix 2—norm of A and A is
given by

A
|Allz = max | X”2=,0maa;, (1.2.13)
x#0 x|

where ppq. IS largest singular value of A.

Definition 1.2.7 (see [|73|]) Let F be a functional defined as F : D — R, for any
manifold D representing functions f. Then for any function 0(x), the functional

. . SF -
derivative 57 s defined as

i FL + 0] - [ f] :{

a—0 o

d §F
@}“[f+a6]}a=0: m@(x)dw. (1.2.14)

1.2.2 Important Inequalities

Some useful mathematical inequalities and lemmas that are used in the numerical

analysis are given below.

Young’s inequality: Let o, 8 be non-negative finite numbers, then the following in-

equality holds

hSESY

af < Sar s éq 89, (1.2.15)

p

1 1
forany £ >0,1<p,g<ocoand —+—=1.
p

q




Ladyzhenskaya inequality [54] (2d): For any Vf € L?(Q2) and f € L*(Q2) with

compact support, there is a constant C' satisfying for (2 ¢ R?

[f s <CVIFITVAL (1.2.16)

Proof It is enough to prove the inequality (1.2.16] only for 2 = R2. From (1.2.5]), we
get

Hinz;(Rg)=[f4dxs[r%?xf2dx2[r%%xf2da:1. (1.2.17)
Q —o0 —00
We also have that
maXfQ(%,@)=2f|ffa:k|d$k- (1.2.18)
Tk

Using (1.2.18]), we get

4foof|ffx1|d$1d$2f]o|ffm2|d$1dxz

—00 =00 —00 =00

4f f2dx[ For fon dx. (1.2.19)
Q

Q

IN

|17 oy

IN

Applying Young’s inequality (1.2.15) to second factor of the right hand side of (1.2.19)),

we get

IN

2 [ frax [ (2 f2)dx
2 fQ F2dx fQ (V)? dx. (1.2.20)

|17 ey

IN

Taking the fourth root both of sides in (1.2.20) results in (1.2.16).

Sylvester’s determinant identity: Let A € R™" and B € R™™ be matrices. Then
det(L,, + AB) = det(I,, + BA), (1.2.21)
where [,,,, [, are identity matrices with order m and n, respectively.

Proof Let C be a matrix as

C = . (1.2.22)



Since I,,,, I, be invertible matrices, then det C' can be expressed as

det = det(I,,) det(L,, - (-A)I.' B) = det(L,,, + AB).  (1.2.23)

B 1,
Also, det C' can be written as

L, -A
det = det(IL,,) det(I, - BI;X(-A)) = det(I, + BA).  (1.2.24)
B I

n

This gives us the stated result (I.2.21).

Lemma 1.2.8 (Discrete Gronwall) If o, By, Vn, On, K and ¢ are nonnegative num-

bers for n > 0 and

M M M
O+ KDY B <K Y 0pan+K Y yo+c  for M>1 (1.2.25)

n=0 n=0 n=0

then if Atd, <1 foreveryn=1,2,.... M,

M
an+KZBn§eXp(Kzl Atd)(KZ%ﬁ—c) for M >1. (1.2.26)
n=0 n

Proof For the proof, see reference [34]].

Lemma 1.2.9 (Hélder inequality) For any f € LP(S) and g € L1(2)

[fglr <[ flzellglLa, (1.2.27)

1 1

for all finite p,q > 1 with — + — = 1.
p q

Proof For either | f|z» = 0 or |g|lz« = 0, (1.2.27) is satisfied trivially. Otherwise,

lettingé =1, o = ‘f("l’f)l and b = |g(f)| in (1.2.15)) gives

F@e@)] _f@F | gl .
7Tz lolen < pIFT " alalts (1:2.28)

Integrating (1.2.28]) over the domain €2, we get

Tnls | Vel o ”f”p [ rpra

q||g||q f|g(x |9dx. (1.2.29)

11



From the definition of Lebesgue integral (1.2.5]), we have

1
”f”LPHg”Lq [’f(x)g(x)‘dx< Ty (1.2.30)

Using + + < = 1 and multiplying | f| z»| gz« results in (1.2.27).

Lemma 1.2.10 (Cauchy-Schwarz inequality) Let f, g € L?*(2), then

[(F <1119l (1.2.31)

holds.
Proof Substituting p = ¢ = 2 in (1.2.27) gives the stated result (1.2.31]).

Lemma 1.2.11 (Poincaré-Friedrichs’ Inequality [11]) Suppose Q c F = {(x1, 29, ) :
0<x; <Cy,}. Then

[£1 < Colv £l (1.2.32)

holds for any f € H}.

Proof To prove (1.2.32), it is sufficient to show f € C5°(Q2) since C§°(2) is dense in
H}(€2). One can write

T Of (xy, 2,
.f(xlaan'"yxn) = f('r].?an"',O) + / f(xl al;

0

f e H} and we set f =0on F \ Q. Applying (1.2.31)) for (1.2.33), we get

) 4 (1.2.33)

1@ ([ 12da) ([ 19w 0)f da)
0 0

Cp

<(c [ VS (1,20, 0) da) (12.34)

0
Integrating over the x,, coordinates gives

Cp

f|f(:(:)|d$n < Cp( f IV f ()P dxn)l/Q (1.2.35)
0 0

12



Integrating over the other coordinates gives
) 1/2
[ 1lax<c,( [ virax)
F F

Lemma 1.2.12 The following inequalities satisfies,

[ Fah <1 lgl ol Pl e,
Q

1 1 1
where 1 <p,q,7 < oo with —+ —+— = 1.
p q r

Proof Applying (1.2.27) gives

Q[fghs(ﬂffp)‘l’(gf(gh)m) ,

3

(1.2.36)

(1.2.37)

(1.2.38)

1 1
where — + — = 1. Applying the (1.2.27) again for the second term of the right hand
m

p
side of (1.2.38|), we have

[oons ([ 2V ([ (1)

1

(1.2.39)

Substituting mn = ¢ and mr = r in (1.2.39) results in (1.2.37) with — + — + — = 1.

p q

Lemma 1.2.13 Let w(t,x) be a function and t"/? = tnﬂTﬁn Then for w, wy, Wy, Wy €

C(0,7,L%(Q)) and Vt* € (to, T) following inequalies holds

” w(t™) +w(tm) |
At
w(t )2"' w(t") _ w(tn/z)H

Kwe(t7)]

|| KA [wy (1)

IN

3w(t™)  w(tn ! *

H g ) 3 (2 ) —w(tn/Z)H < KA |wy ()]
w tn+l +w tn *
Dl o)) < kAR )]

for simplicity we use w(t") instead of w(x,t").

Proof This can be proved by using Taylor series expansion of w(x,t).

13

(1.2.40)
(1.2.41)
(1.2.42)

(1.2.43)



1.3 Full Order Models of Navier Stokes and Darcy-Brinkman Equations

Finite element method (FEM) is successful in analyzing and solving differential equa-
tions. Complex geometries can be easily modelled in FEM. Also, the incorporation
of boundary conditions is easy. FEM can be applied in many fields such as chem-
ical engineering, acoustic wave, heat transfer, electromagnetic, electrostatics, mag-
netostatics, multiphysics, CFD, etc. In this section, we focus on the Galerkin FEM

discretization of two multiphysics equations:
¢ the incompressible Navier-Stokes equations (NSE)
e the Darcy-Brinkman equations with double diffusive convection
1.3.1 Galerkin FEM for the Navier Stokes Equations
First of all, we deal with the discretization of the time dependent incompressible

Navier-Stokes equations by the standard Galerkin FEM. The incompressible NSE on
a polyhedral domain Q c R? d € {2, 3} with boundary 952 is given as

w—-vAu+ (u-V)u+vp = f inQx(0,T],
V-u = in Qx[0,77,
u =0 inoQ2x[0,T], (1.3.1)
u(x,0) = uy in€,
[pdx = 0 in (0,77,

where u(x,t) is the fluid velocity and p(x,t) the fluid pressure. The parameters in
(T.3.1) are the kinematic viscosity v > 0, inversely proportional to Reynolds number
Re = O(v71), the prescribed body forces f(x,t) and the initial velocity field uy(x).
The term, (u- V)u is called the convection term, which describes the heat energy
transmitted by the bulk motion of particles in a fluid. The term, Re 'Au is called
diffusion term that describes the random movement of particles in a fluid from a

highly concentrated region to a lowly concentrated region.

The continuous velocity and pressure spaces are denoted by X := (H{(Q))9, and

14



Q = L3(92), respectively, and the divergence free space
V = {veX:(V-v,q)=0, VgeQ}.

Multiplying (1.3.1) with test functions (v,q) € (X, Q) and integrating over the do-

main €2 results in variational formulation as: Findu : (0,7] > X, p : (0,7] - Q

(ut,V)+(VVU.,VV)+((u-V)u,V)—(p,V'V) = (f,V),
(Q>v'u) = 07

for all (v, q) € (X, Q). For the nonlinear term in (1.3.2)), we use the following vector

(1.3.2)

identity: For any u,v,w e¢ V
1 1
u-Vv-w= §V-(u|v||w|)—§|u||v|v-w (1.3.3)

It is clear that (u- Vv, v) = 0 from the (1.3.3), as u,v € V i.e., then u-n = 0 on 0

and V - v = 0. The convective term is defined as
1 1
b(u,v,w)z5((u-v)v,w)—§((u~v)w,v). (1.3.4)
The form of convective term (I.3.4) is the skew-symmetric and satisfies the following

properties.

Lemma 1.3.1 Let the trilinear form be defined by (I.3.4). Then it satisfies the fol-
lowing properties for constant C' = C(2):

b(u,v,w) < Cv/ul|vual|vv]|vwi], (1.3.5)
b(u,v,w) < C|vul||vv]||vw], (1.3.6)

forallu,v,w e X.

Proof Substituting p =7 =4 and ¢ = 2 in (1.2.37)) results in
(u-vv,w) < Clu|ps|Vv|rz|w]|ra. (1.3.7)

Using (1.2.16)) gives (1.3.5) and applying ((1.2.32)) gives (1.3.6).

Let II;, be an admissible triangulations of the domain €). For the discretization, a

conforming FEM is used for both velocity and pressure spaces (X", Q") c (X, Q)

15



satisfying the inf-sup condition (see [28], 32]): There is a constant 5 such that inde-
pendent of the mesh size / such that

(‘]’”‘L'Vh)' > 3> 0. (13.8)

inf sup
aneQ" v, exh || Vvy, || ” dn |

In this thesis, we use the Taylor-Hood element pair (X", Q") = (P2, P,,_1) which

are defined as

& {uy, € X :up|x € P4(K)}, (1.3.9)
Q" = {gneQ:qulx € Pna(K)}, (1.3.10)

for all K € II;. As noted in [29], for k£ > 2, the element pair (1.3.9)-(1.3.10) satisfies
the inf-sup condition (1.3.8)).

The finite element spaces have the same inner product and norm with (X, ) and
generally, they are chosen as piecewise polynomials of degrees at most m and m — 1,
respectively. Additionally, we suppose that the spaces satisfy the following interpola-

tion estimates given in [39,[12]]: For any u € X n H™*1(Q2) and p € Q n H™(£2)

in)f(} (|(a=vp)|+h|Va=-vy)]) < CR™|u]mi, (1.3.11)
vpeXh
inf [p-aqul| < Ch™|p|m. (1.3.12)
aneQh
We denote the discretely divergence free space by
Vi={v, e X": (V-vp,q) =0,Yq, € Q"}. (1.3.13)

The inf-sup condition (1.3.8) implies that the space V" is a closed subspace of X"

and the formulation in X" is equivalent to V", [39].

Thus, the Galerkin FEM approximation of (1.3.2) in V" has the following form: Find
uy, € V' satisfying
(uh,t, Vh) + (VVuh, VVh) + b(uh, uy, Vh) = (f7 Vh)7 (1314)

for all v, € V..

Picking a basis in V" and expressed uy, in terms of the basis, the equation (1.3.14)
turn into a nonlinear ordinary differential equation that depends on the time. Thus,
to obtain an approximate solution, the temporal discretization is required. We use

the backward Euler and the backward differentiation (BDF) formula to discretize the

equation (1.3.14) in time.

16



1.3.2 Galerkin FEM for the Darcy-Brinkman Equations with Double Diffusive

Convection

Secondly, we now consider the Darcy-Brinkman equations with double diffusive con-
vection, in a confined porous enclosure 2 ¢ R% d € {2,3} with polygonal boundary

0f). In dimensionless form, the system reads as:

w, - 2vV-Du+ (u-V)u+ Datu+Vp = (67T +PcC)g inQx(0,7],

V-u = 0 in Qx (0,7],
u =20 in 9Q x (0, 7],
T,+u-vT = ~AT in Qx (0,7],
Ci+u-vC = D.AC in Qx (0,7],
T.C =0 onlI'p,
VIn=vC-n = 0 on 'y,
u(x,0) = wuy, in 0,
T(x,0) =Ty, C(x,0) = Cy in €.
(1.3.15)

Let Iy be a regular open subset of the boundary and I', = 9€2 \ I'y. The functions
u(x,t), p(x,t), T(x,t), C(x,t) denote the fluid velocity, the pressure, the temper-
ature, and the concentration fields, respectively, and the initial velocity, temperature
and concentration fields are given by ug, 7y, Cy. The dimensionless parameters
are the Schmidt number Sc¢ = v/D,, the Lewis number Le = Sc/Pr, the Darcy
number Da = k/H?, the buoyancy ratio N = (ScAC)/(BrAT), Prandtl number
Pr = v/, and the thermal and solutal Grashof numbers Gry = (g8 AT H?)/v? and
Gre = (gB8cACH?3)[v3, respectively. The parameters in are the kinematic
viscosity v > 0, the velocity deformation tensor Du = (Vu + Vu?)/2, the Darcy
number Da, the thermal diffusivity v > 0, the mass diffusivity D, > 0, and the gravi-
tational acceleration vector g. The thermal and the solutal expansion coefficients are
Br and B¢, respectively. Here H is the cavity height, k is the permeability, 7 is the end
time interval and A7 and AC are the temperature and the concentration differences,

respectively.
As in the NSE case, the continuous velocity and pressure spaces are given by
X = (Hy()' Q:=Lj(%).
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Similarly temperature and concentration spaces are given by

w

{SeH(Q):S=00nTp},

v {®e H'(Q):®=00nTp}.

The variational formulation of (1.3.15) reads as follows: Find u : (0,7] - X, p:
(0,71 > Q,T:[0,7] > W and C : [0,7] — ¥ satisfying

(ut7 V) + QI/(DU,]D)V) + bl(u7 u,V) - (pa V- V)

+(Da'u,v) = Br(gT,v) + Bc(gC, v), (1.3.16)
(V-u,q) =0, (1.3.17)

(T3, ) + bo(u, T, S) +v(VT,VS) =0, (1.3.18)

(C,, ®) + by(u,C, ®) + D(VC, V) =0, (1.3.19)

forall (v,q,S,®) € (X,Q,W, V), where

b (v, w) = %(((u«v)v,w)—((u~V)W,V)), (1.3.20)
by(,T,S) = %(((u-V)T,S)—((u~V)S,T)), (1321)
by(u,C, D) = %(((u-V)C,Q))—((u-V)CD,C’)) (13.22)

represent the skew-symmetric forms of the convective terms. These forms satisfy the
properties in Lemma [[.3.1]

In this part, we consider a conforming FEM for (1.3.16)-(1.3.19)), with spaces X" c
X, Q" c Q, Wh ¢ W and ¥" c W such that II;, is an admissible triangulations of

the domain 2. We also assume that the pair (X", Q") satisfies the discrete inf-sup
condition (I.3.8). It will also be assumed for simplicity that the finite element spaces
Xk, Wh, ¥h are composed of piecewise polynomials of degree at most m and Q"
is composed of piecewise polynomials of degree at most m — 1. In addition, we as-
sume that the velocity and the pressure spaces satisfy the interpolation approximation

properties (I.3.11)-(1.3.12)). Similarly, the temperature and the concentration spaces

satisfy the following interpolation estimates:

inf [T-Su| < K™Y T|me1, (1.3.23)
SheWh
inf [C =@ < Kh™C|ma, (1.3.24)
(I’hE\I’h
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for T e W n H™(Q) and C' € ¥ n H™*1(Q). The finite element formulation of
(1.3.16)-(1.3.19) is given as: Find (uy,, T}, Cp,) € (VW Wh) satisfying

(uh,t,vh) + QI/(DU}L,DV}L) + bl(uh, uy, Vh) + (Da‘luh,vh)

= Br(gTh, vi) + Bo(8Ch, Vi), (1.3.25)
(Tht, Sh) + ba(up, Ty, Si) + v (VTh, VS,) =0, (1.3.26)
(Chit, @n) +b3(up, Cp, @4) + De(VCH, V) =0, (1.3.27)

for all (vy,, Sy, @) € (VI Wh Wh),

Choosing a basis in (V*, W" Wh) and expressed (uy, Ty, C}) in terms of the ba-
sis, the equations (1.3.25)-(1.3.27) turn into a nonlinear ordinary differential equation

that depends on the time. Hence, to obtain an approximate solution, the temporal dis-
cretization is required. We use the backward Euler and the backward differentiation

(BDF) formula to discretize the equation (1.3.25)-(1.3.27) in time.

It is well known that if problems (I.3.1) and (1.3.15)) are solved by using finite el-
ement methods (1.3.14) and (1.3.23)-(1.3.27) respectively, due to the complex be-

haviour of the fluid flow, the finite element solution may exhibit nonphysical oscilla-

tions [30, |65]. This causes a poor and inaccurate approach. The use of stabilization
techniques prevents the problems resulting from the dominance of the convection
term. Thus, to get an efficient, robust and accurate numerical approximation in this

thesis, a projection-based VMS method is implemented to the systems.
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CHAPTER 2

REDUCED ORDER MODELLING WITH POD

Simulating complex fluid flows by a direct numerical simulation (DNS) can be very
expensive, and sometimes is even infeasible due to the wide range of scales. In par-
ticular, in the engineering design process, flow simulations must be run many times,
e.g. to perform parameter studies or for system control purposes; this multiplies the
DNS cost by at least several times. In addition, using full order models such as fi-
nite volume method (FVM), finite difference method (FDM), finite element method
(FEM) cause to large algebraic systems and high computational times. The concept of
reduced order models was introduced as a way of lowering the computational com-
plexity in such settings. With the emergence of the ROM method, such as Krylov
subspace based methods, moment matching methods, proper orthogonal decomposi-
tion, balanced truncation, the computing time is reduced and more reliable solutions

are obtained.

The POD method is the most efficient technique in complex flows for lowering the
computational complexity. The basic idea of the POD is to get new basis functions
such that these basis functions cover the space and has lower dimension than the finite
element. The method aims to seek good representation of the snapshots and project
each one onto POD basis functions which are belong to an inner product space. In

this thesis, the POD basis is defined in the Hilbert space.

In the process of obtaining POD basis, we need an ensemble of data. As the exact
solution cannot be obtained in NSE type flows, the discrete solution is acquired by
recording hundreds of snapshots at a constant time interval. Then to derive optimal
POD basis, the obtained experimental data are analysed by revealing dominant struc-

tures and snapshots correlation data matrix is constructed. To decompose this matrix,
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the singular value decomposition is utilized and the POD method is established as a
constrained error minimization problem. Hence solving the minimization problem by
using Lagrange multiplier method yields the low dimensional POD basis. Using this
new optimal basis, the full order model is projected with the Galerkin projection onto

the low-dimensional subspace.

The performance of the POD method can be improved with the optimal choice of
the snapshot set. Since the POD basis contains as much information as the snapshots
contains, the success of the POD method depends on the selection of the snapshot
set. There are many successful methods that provide better selection of snapshots
such as the sequential proper orthogonal decomposition (SPOD), trust-region proper
orthogonal decomposition (TRPOD), the centroidal Voronoi tessellation (CVT), etc.
In SPOD, snapshots are selected in equally distributed in the space [44]. However,
TRPOD gives better results by using the trust region philosophy to select the snapshot
set [3,24]. Another better choice of the snapshot set is developed by creating a special

Voronoi cluster of snapshots in CVT [13]].

The POD performance also depends on POD modes number. As the number of POD
modes increases, more information is retained, but the computational cost increases.
To find optimal basis, one of the approaches is the principal interval decomposition
(PID) method. In PID, the dominant POD modes are extracted over the time subinter-
val [10]. Another method used for same purpose is the principal interaction patterns
(PIP) method in which the optimal POD modes are obtained by a nonlinear minimiza-
tion procedure [33]]. However, in nonlinear problems, the optimality of POD modes
might not reduce the computational time of the approach sufficiently. For such prob-
lem, the efficiency of POD method is increased by using the empirical interpolation

method (EIM) [7]] and discrete empirical interpolation method (DEIM) ([16, 152, 96]).

In this dissertation, the efficiency of POD method is increased by variational multi-
scale (VMS) method of [36, 137] which is based on locality of energy transfer. The
idea of the VMS method is to improve the approach by adding an artificial viscosity

term to only resolved small-scales.
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2.1 POD-ROM Preliminaries for NSE

In this section the essentials of POD are described in continuous and discrete setting.

2.1.1 POD in Continuous Setting

The aim of the POD is to find a low-dimensional ordered, orthonormal basis functions

{,,%,,...,1,} by solving the minimization problem of
T r
argmin [ Ju(,6) = Y (D), ()|t
T i=1
subject to (t;, ;) = dij, (2.1.1)

where 0;; denote Kronecker delta function, a;(t) denote time varying coefficients,

1<4,7 <randr << d. The best approximation for u is given by

> (a0, 0) 012

i=1

in Hilbert space theory. Hence the time varying coefficients are represented by

a;(t) = (u(-t),9;(-)) (2.1.3)

Inserting (2.1.2)) in (2.1.7)), the optimization problem becomes

T r
i 1) - L), 1,(), ()] de,
gmin [ () = (a0, 9,000
subject to (v;, ;) = dij, (2.1.4)

Rearranging (2.1.4)) by using properties of inner product gives

argmin [ (w(.0) = S0 0.8, 006,00 1) = S35, 00,0

1oy wr

- e;prgmﬁf ((u( ), u(,0)) - (u, Z(u( RICHONTIO)
—(;<u<-,t>,¢i<->>wi<->,u<-,t>)

SONCEORTOIACE gmc,t),wj(-))wj(-))) at @.15)
Using (1b;,%;) = 0i5,1 <4, j <1 gives
argamin [ (012 33 a0, 6,0 e 2.1.6)
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Since the first term is independent of POD basis functions, the problem (2.1.6) is

simplified as

e [ 3 (a0 91 ()P e

ar
'(»bl 7777 d)r
subject to (9;,1;) = 0;j, 1 <i,j <7 (2.1.7)

To solve this optimization problem, Lagrange multiplier functional can be written as
T r ror
Fprtn, - 1,:0) = [ VI, = X D As(W03,) = 03),
i=1 i=1j=1
where (©),; = A\jj and © € R™", 1 <4, j < r,. The constraint problem is solved by

finding the values that make zero the derivative of F with respect to 1), and A; i.e.,

oF oF o
81#2-_0’8T¢j_0’ 1,7=1,...,m. (2.1.8)
Using the Gateaux Derivative, the solution of the system (2.1.8)) forany i = 1,...,r
becomes
af - lim fOT(u7¢i +a¢)(¢z +O_/¢),Ll) B (u7¢i)(¢i7u) dt
o, a0 «
i A (W, + 0o, 9,) - (9,,9)))
—lim
a—0 o
Z;=1 )‘ji(('lpju Y, +ag) - ("f’y T/’z))
—lim : (2.1.9)
a—0 o
Reorganizing (2.1.9), we get
6f - lim f[)T(uv wz)(a¢7 11) + (11, O{¢) (’lpzv u) + (u7 Oz¢)(0z¢, 11) dt
oY, a=0 a
—lir% i )\ij(ad)a"vbj) +)‘ji("/)j704¢). (2.1.10)
a— a

Taking the limit gives

oF
op;

r

2 fOT(u, V) (W, @) dt = " (Nij + i) (%, D)

=1

T T
(2[0 (u,zpi)udt—Z(Azj+Aji)1/;j,¢)=0. (2.1.11)

j=1
Hence we get

T

T 1
[y ude= 2
0 2j:1
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Note that the problem
T r .
fo (u,’l,bi)udt:j;)\i’(/)jVZ:1,...,7‘. (2.1.13)

is equivalent to (2.1.12) where \; = \;;, [27]].

As the formulation fOT(u, u) is proportional to kinetic energy, in the literature it is
thought to represent kinetic energy. Hence to obtain energy, we use the properties of

inner product as follows.

fOT(u, u) dt

T@(u,mwi, gm, ;) dt

-

S R CBICRBITRBE!
D) R CEB ALY
= Z f (uw)udt¢) (2.1.14)

Inserting (2.1.13) in the (2.1.14) produce the energy as
T T
f (wu)dt = YA 2.1.15)
0 i=1

Then the captured energy by POD modes is defined as

TN
E, = ?Aj Aj (2.1.16)
j=17Yj

Thus the basis functions {);}"_; correspond to the first r largest eigenvalues, i.e., the

most energetic structures in the system.

2.1.2 POD in Discrete Setting

Consider the finite number of the discrete solutions,

Ry = span{u(-,t1),...,u(-tr)}

attime t; =iAt, i =1,..., M and let At = =, where rank(R;) = d. In what follows,

M,
these discrete solutions will be assumed to come from a DNS computed with a finite
element spatial discretization. For simplicity, we assume snapshots are calculated

using equidistant time steps.
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Let {1),,%,,...,1,} be the low-dimensional ordered POD basis functions to approx-
imate these time instances. Since snapshots are calculated as finite element solutions
of the system, the velocity and POD basis terms can be expressed in terms of nodal

basis {as(x)}Y, with a;,(X,,) = O as

N N
u(s, ) = Y u(xs, te)a, ¥;(-) = > () o (2.1.17)
s=1 s=1

Then (2.1.13)) becomes

M N
ZZ(us,kawwi(xs)as)u&kas = uuTBwizsa)
k=1s=1
= A\, o (2.1.18)
where u, ;. = u(x, ), @ = {ar,...,an}, ¥, = (P;(x,))Y, denotes the coeffi-

cients vector of the POD basis with respect to the nodal basis {as}Y,, the matrix

B = [oj]nxn With ;; = (a4, ;) and the snapshots matrix U € RV denotes

1 2 M

u, u; ... u
1 2 M

u u R 0 §
2 2 2

U= (2.1.19)

1 2 M

llN uN llN

where U;; = u(x;,t;) = ul. Hence, (2.1.18) turn into an eigenvalue problem as
UUTBY,, = Nty (2.1.20)
Multiplying by B'/2, and using the symmetry property of B produces

B1/2uuT¢iS — BI/QUUTBT/QBl/QwiS

= NB'p, . (2.1.21)

Notice that
BY2yu* BT? = B\Pu(BY*u)T (2.1.22)

is symmetric and positive semi-definite matrix. Hence all eigenvalues are nonnegative

real numbers and descending order, i.e. A\ > Ao > ... \,..

Applying Sylvester’s determinant identity (1.2.21)) gives characteristic of UUT B ¢

RM*M js same with U7 BU € RN ( see [57]]). Solving the eigenvalue problem with
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the matrix U7 BU is cheaper than the eigenvalue problem with the matrix UU™ B, as

N << M. Hence the matrix U™ BU is used instead of U™ B in this method.
The matrix U7 BU can be written as

U BU = (BV*U)T(BYU). (2.1.23)
Applying singular value decomposition method (SVD) for BY/2U gives

Y 0
BYPY=Y wT. (2.1.24)
0 0

Thus, applying SVD for the matrix " BU produces
T 0
U'BU = (BT (BY*U) =W W, (2.1.25)
0 0
where diag(T) = {\1, A2, ..., A\ }. Thus, one gets

T 0
B2UUT BTPW =W . (2.1.26)
0 0
The eigenvalues of the matrix 7 BU denote energy [57], corresponding POD basis

functions

1 M
P,(-) = —= Y (¢)u(,t;), 1<l (2.1.27)

V=i
become most energetic structures in the system. Here (¢;); is the i*» component of
the eigenvector ¢; of the snapshots correlation matrix.

to+T d
Remark Since the energy is defined as + [ [u(-,¢)|?dt = ¥ A, (see [94]), the
relative error is given as ’ "

to+T

R COES I CICHRTMO) OIS P
JoN— to"fT =ml (2.1.28)
%tj Ja(-, t)[2dt mzﬂAm

By the definition, the relative error is decreasing, i.e., 0 < .y < E,. < 1.

The results of the following lemmas will be applied to bound the POD projection

CITOI.
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Lemma 2.1.1 [/53)] The error estimation satisfies

TOLICAEDNCTARTHONTHOTESD P YNGR R

m=r+1

Proof Let A ={u(-,t1),...,u(-,ty)} be a snapshot matrix and A satisfies

1
— AATY,, = : 2.1.
A7 A U = Antm (2.1.30)

Then the error in POD projection with L? norm can be obtained utilizing properties

of inner product, the definition of A and (2.1.30) as

1 M T )
M ¢ Z [ ) - Z (u( ), ¥ ()P0 ()]

1 M

= LSS )b OFF

k=1 m=r+1

= M%( > (0 t), 1 ()Y (), Z (u(-,tk)ﬂbn(-))%(-))

m=r+1 n=r+1

= MZ Z Z (k) ¥ () (s 1), P, () (), ()

d d M
- 33 (1 B B0 ,0) w0,
- 33 (Gaare <>wn<->)<¢m<->,wn<->>
- S bt @ OB M= S A 213D

Let

X" = span{|, ¢y, ..., 1, }, (2.1.32)

be the POD-ROM space, then POD-Galerkin (POD-G) formulation of the NSE is :
Find u, € X" satisfying

(g, ) + (vVu,, Vo) + b(ur, v, ) = (£,4h), Ve X (2.1.33)

Note that the POD-G solution of the NSE is constructed by writing,
u(x,t) & u(x,t) = ) a;(t);(x),
i=1

28



where a;(t) are just point values of approximate solutions. To carry out the error
analysis, we state and prove the following error estimations. Let M, , and .S, , denote

the POD mass matrix and stiffness matrix, respectively, with
(Mup)iy = [ wyabidx
(Sudis = [Q Ve, - Vb, dx
Note that, since we use L?({2) to generate snapshots, My, = Ir«. Our analysis will
utilize the following POD inequality.
Lemma 2.1.2 /53] For all u, € X", we have

1
[V, | 3 [, (2.1.34)

IA

S|
[

1
3 IV, (2.1.35)

IN

[ue |

where | - |2 denotes the matrix 2-norm.

T
Proof Letu, := ¥’ (u,,%;)v;, and x = ((ur, ),... (a,, @DT)) be a column vec-
tor. Then, from the definition of 2—norm (I.2.13)), we get

[vu,|? XTSu,TX < ||SU7TH2XTX

IN

”Su,r (P ”M;,}ﬂ ”2XTMW"X = HSU,T| ”2

2| M,

2w

The second inequality (2.1.35)) is obtained analogously as

XTI My x < | My, |2xTx

2| Sk

|la,

IN

| M r

2XTSu,7"X = ” Muﬂ‘ |

2 So 2] v,

The fact that M, , = M;}. = I,..,, gives stated result (2.1.34) and (2.1.35).

The finite element error estimate consists of the splitting the error into an approxima-

tion term and a finite element remainder term.

Lemma 2.1.3 [37] The error in POD projection for the snapshots uy(-,ty), k =
1,..., M satisfies

1 M r d
MZ”uh('vtk)_Z(uh('>tk)a":bm('))¢m(')“2: > nlirm.  (2.1.36)
k=1 m=1 m=r+1
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Proof Let A = {u(-,t1),...,un(-,tp)} be a snapshot matrix and the necessary op-
timality condition (2.1.30) holds for A. Note that, the approximate velocity function

uy, can be expressed in terms of basis function as in (2.1.2)). This yields

L 3 (et - > (n ), () (2

=1
1M

= 72l Z (W (1), 0 (D), ()12 (2.1.37)

kl m=r+1

Applying the properties of H' norm and inner product gives

1 M - 2
37 22 1) = 2 () 2, ) O

= Z( 22 (wn (1), 9, (), (), Z (uh('atk)7’¢n('))¢n('))

= |

n=r+1
d

= Z:: > Z (Wa (- tr), ¥ () (W (5 1), 0, () (0, (), 0, ()1

k=1 m=r+1n=r+1

~ Sl=

= Z(AZZ(uh 1), W () un (- tkw())w ()% (M

m=r+1n=r+1

Utilizing the definition of A, (2.1.30) and the fact that (4,,(-), %, (-)) = dm.n, for

1 <m,n < d produces

1 X - 2
i kZl |un (- tr) - m;(uh(-, ) Yo (D) ¥ ()11

_ mzm;l(iAATwmc),¢n<'>)<wm<->,¢n<->>1

= ) Z(Amwm,«p())w (), P ()

m=r+1 n=r+1
d

> )i A (2.1.38)

m=r+1

To decompose the error term we use the L? projection of u, which fulfills certain
interpolation estimates. Lemma [2.1.4] estimates the error between the snapshots and
their L? projection into X". Let P, , denote a projection operator P, , : L? - X" that

satisfies

(u- P, u,,)=0, Vb, eX". (2.1.39)
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Lemma 2.1.4 For u” the true NSE solution at time t", and u € L*>(0, k; H™+1(Q)),

the difference u" — P, ,u" satisfies

1 i 2 2m+2 2 d
7 2t = Pu P < O(R 2 ullf s+ 30 A), (2.1.40)
n=1

1=r+1

1 M
17 21T = P2 < O((h 5 1 Lah )l s + <3, 2141

where €, = / Z I, 12\

Proof Using the definition of L? projection and (2.1.39), we have

ju" - P,,u"|?* = (u"-P,,u",u"-PpP,,u")

n

(u"-P,,u"u"-vy), VvieX".

Applying the Cauchy-Schwarz inequality produces
[0" = Poyut[ < fu” - vy

Decomposing u" — v = (u" - u}') + (u} - v?*), we obtain

rl

[u” = Ppu| < u” —uj] + |y -

Letting v}' = P, ,u} and summing over the time steps gives

—ZHU Pul? < Z(Hu =y + Jup - Puug])?

Note that estimation for | u"—u| is similarly obtained by using interpolation estimate

as it is shown in [77]]:

1 Y . .
17 2 o - wifF < OnPr Z [ |7, (2.1.42)
n=1

Picking P, ,u} = Z(uh,w )1, and using (2.1.29)), we get

ZHuh Py,u? = ZA (2.1.43)

i=r+1

Finally, using (2.1.42) and (2.1.43)), leads to the following estimation:

d
—ZHu - u,,un||2<o(h2m+2 Z||u”|| at YA,

i=r+1
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Similarly, we get the following bounds by using Lemma[2.1.2] and Lemma[2.1.3]

1 M ) 1 M
B 210 = o)< 4 319G )] 190 - P
n=1 n=1

2
[ (Payup - Puyu®) |)

<c(wn ZHu“H le 2+ 1Sur b ZHPwuh Pa’|?)
M
<o(wn znunu zluw 30 + | Surlo = zl|uz—u"||2)
1=r+ n
<c(wn znu"n 0t 3 A 1S, o L z|\u"\|m+1)

i=r+1

Assumption 2.1.1 We also assume that,

IN

d
C(h™24 3 \)  and (2.1.44)

i=r+1

Ju"™ - P a” ”2

d
C(h2m+ ||Su,r||2h2m+2 " Z ||¢Z||%)\Z) (2.1.45)

i=r+1

“V(un - Pumun) “2

IN

are satisfied.

We note that Assumption [2.1.1]is very common in error analysis for POD type meth-
ods [37,97]. Basically, it assumes that the estimations in Lemma[2.1.4] are similarly

valid in a single term.

2.1.3 Projection-Based VMS Formulation for POD

In turbulence simulation, the eddy viscosity concept is commonly used. The VMS
method is one of the most popular eddy viscosity model. In the VMS method, vari-
ational projections are used instead of filters and small scale modelling is performed
by preserving consistency. Therefore, many difficulties arising from inhomogeneous,
non-commutative, or complex filters are removed. VMS aims to model unresolved
scales by adding an artificial viscosity to only resolved small-scales. Hence, the os-
cillations in small scales can be removed. As this stabilization method is acting only
on the small modes they do not pollute the large scale components of the approxima-

tions. In this respect, one can formulate the POD setting in the VMS framework by
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choosing the appropriate finite element spaces and adding to projection in the POD

formulation, (see [37, 36]] for details).

The method that we propose in the next chapter adds one uncoupled modular projec-
tion step for the VMS eddy viscosity. In the VMS-POD setting, the eddy viscosity
model is introduced only to the small resolved POD modes {tp.1, ¥ p.o,---, ¥, }
with R < r. R represents the number of POD modes used in the projection operator,
which is required for VMS-setting. In the projection-based VMS method, besides
the standard finite element spaces representing all resolved scales an additional large
resolved scale is needed. For VMS-POD setting, the following spaces are used for

R<r:

X" = XfeX?® (2.1.46)
XE = span{tp,,1,,..., g}, (2.1.47)
X% = span{p,, Yreos - P ), (2.1.48)
L? = vXf:=span{Vi,, Vi, ..., Vg}. (2.1.49)

Note that from the construction, we have X2 c¢ X" ¢ X" ¢ X. Since POD basis
functions are sorted in descending order with respect to their kinetic energy, we can
consider the space X% as large resolved scale i.e. basis functions corresponding to
low energy and the space X° as small resolved scale, with R < r. The L? orthogonal

projection Pg : L? - L% will be needed in the VMS formulation, and is defined by
(Ll - PRU,VR) = 0, VVR € LR. (2150)
and the initial condition u,.(+,0) is given by orthogonal projection of u® on X,

u,.(-,0)=u?:= Zr:(uo,’(pj)'lj;j(x). (2.1.51)
i=1

The projection of u, onto X% are denoted as uf? , it represents large resolved scale
and the projection of u,. onto X* are denoted as u?, it represents small resolved scale.
They are defined as
RN 5 Y
uf =Y aap, uf= Y a,. (2.1.52)
i=1 i=R+1
Note that u, = uf + u’. The coefficient of the artificial viscosity term is denoted

by vp. It can be chosen element-wise constant or nonconstant even nonlinear. In the
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case of nonlinear v, more complex mathematical theory is required due to the strong

monotonicity, see [87]].

2.2 Double Diffusive POD-ROM Preliminaries

In this section the essentials of POD-ROM are described for double diffusive system.
The notations, and the POD-ROM spaces (2.1.32) for velocity equation are the same
with NSE case. Similarly, consider a finite number of the instances for the tempera-

ture and the concentration, respectively,

Ro

Span{T('7tl)7"'>T('7tM)}7 (2.2.1)
span{C(-,t1),...,C(-,tm)}, (2.2.2)

Rs

at times t; = iAt;, i = 1,..., M and let At; = 37, where rank(R;) = d;, j = 1,2,3.
In what follows, these time instances will be assumed to come from a DNS com-
puted with a finite element spatial discretization. The goal of the POD is to find low
dimensional bases {¢1, ¢, ..., ¢, } and {9y, n2, ..., 7, } approximating the R, and

R 3, respectively, by solving the minimization problems of the form

min% 2 TCt) - :il(T(-, ), ()i, (2.2.3)
min 37 2 [CC. 1) = (CC1). D), 224

such that (¢;,¢;) = (;,m;) = 0;j, 1 <4,j <rjand r; << d;, Vj = 2, 3. The solution of
the problem (2.2.3)-(2.2.4)) is obtained by using the method of snapshots [89]. Then

solutions become

Mz

o) = (S)iT(t;), 1<l<ry, (2.2.5)

Mz

77[() = (@l)ZC(,tz), 1 < l < s, (226)

3= 3~
0

~
Il
—_

where (.5;); and (®,); are the i* components of the eigenvectors S}, ®; corresponding
to 1, &, which are the eigenvalues of the snapshots correlation matrices. We note
that all eigenvalues are sorted in descending order. Thus, the basis functions {¢; }.2,
and {n;}:2, correspond to the first 5 and r3 largest eigenvalues, respectively. For

simplicity, we will denote POD-ROM spaces using just r instead of ry, r5 and r3.
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However, in the analysis, we are careful to distinguish that these parameters can be

chosen independently.

Let W™ and U” be the POD-ROM spaces spanned by POD basis functions:

WT‘

Span{¢1a ¢27 s 7¢7”2}7 (227)

v span{mi,na, ... Ny }- (2.2.8)

Note that by construction W” ¢ Wh c W and ¥" c W' c U,

Let the POD mass and stiffness matrices for the temperature and the concentration

are respectively given by

(Mry)i; = [¢j¢ia (S7,)ij fV¢j'V¢z'7
0

Q@ (2.2.9)
(MC,r)i,j = /77]'771'7 (SC,r)i,j = /V??j-Vm-
Q Q

Note that M, , = Mr, = Mc, = I, since the eigenvectors are created to be L?

orthogonal, see [37].

After these preliminaries, we can now state the POD-Galerkin (POD-G) formulation

of the Darcy-Brinkman double diffusive system. Given
ge L*(0,k; H1(2)) and ug € (L*(Q))?, Ty, Co € L*(). (2.2.10)
Find (u,,T,,C,) € (X", W7 Ur) satisfying

(uyt, vp) + 2v(Du,, Dv,.) + by (u,, u,, v,.)

+(Da ", v,) = Br(gTy, v,) + Bc(gCy, v,), (2.2.11)
(T 50) + bo(w,, 1, S,) + (VT VS,) =0, (2.2.12)
(Crs ®,) + by (1, Cr, B,) + Do(VC,, VD,) = 0, (2.2.13)

for all (v, S, ®,) € (X", W7, ¥T).

In order to prove an error estimate for the error between the true solution and the
POD solution of the double diffusive Darcy-Brinkman system, we first recall the main
estimates for projections. For the error assessment, we use the L? projections of T,

and C,, respectively. The L? projection operators Pr,. : L? > W", Po, : L? - U™ are
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defined by

(T - PT,rTa Qbr)
(C - PC’,TC7 777")

0 Vo,eWr,
0 Vn,eUr,

(2.2.14)

We now state the L? projection error estimates. For a detailed derivation of these

estimations, the reader is referred to [21, 37].

Lemma 2.2.1 Let T € L>(0,k; H™1(Q)) and C' € L>(0, k; H™(Q2)) be fulfilled.
For any (T",C™) € (W, V) and their L? projections Pr,T™ = 1", and P, C" = cn

in (W7, U") at time t", the following inequalities are provided

—ZHT” TP K ZHT"H S Y w21
nO i=ro+1
1 M d
LR K(wree zncnu at Y &), @l
n=0 i=r3+1
1 M ~ 3
37 LIV =T < K0+ Sl b2 DT s + 5 )22.17)

M
DIV =M < K0+ Sl h I s + <) 2218)

where St .., Sc., are the POD stiffness matrices and

d
Z |l o= X Inili& (2.2.19)

i=ro+1 i=r3z+1

denote POD contributions for the temperature and the concentration, respectively.
Proof It can be proved similar to (2.1.4).
The following assumptions are needed for the analysis to follow.

Assumption 2.2.1 We assume that the following estimations are also satisfied.

~ 1
=T < K(h2m+2Mz\|T”n A Y m) (22.20)
zr2+1
lom =P < (W” |on|\ ar Y8 (2:221)
i=rz+1
|9 =T < K07+ Sz, 0,072 57 ZHT”HmHmT) (2222)
[v(cr-Cm))? < ((hQ’” |Scr|h2m+2) ZHC"H 1+520).(2.2.23)
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Basically, it assumes that similar estimations as above are valid in Lemma @ for
the single terms of the temperature and the concentration, respectively. While from
experience this is expected to hold in general, it is possible that some diabolical coun-
terexamples could be created. However, even in such a diabolical case worst case, the

estimates would hold but with an M/ ~! on the right hand side.
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CHAPTER 3

A MODULAR REGULARIZED VARIATIONAL MULTISCALE PROPER
ORTHOGONAL DECOMPOSITION FOR NAVIER-STOKES EQUATIONS

This chapter describes a post-processing implementation of a projection based VMS
method with POD for the incompressible NSE given by (1.3.1)). First, the standard
POD solutions of NSE are obtained. Second, the projection-based VMS stabilization
is added as a separate post-processing step to the standard POD approximation. The
post-processing implementation gives us some advantages. One of these, incorpora-
tion of the method into existing codes is getting easier. Another one is stabilization
parameters can be set independent from the time step. In the stabilization step, the
artificial diffusion terms are added, then subtracted to recover inconsistency similar

to [55]. Hence the artificial diffusion terms act only on fluctuations.

This chapter is structed as follows. Section presents the post-processing VMS-
POD method for the NSE based on backward Euler and BDF2 time discretizations. In
this section, the stability and the convergence analyzes of the method for the backward
Euler discretization are performed. In addition, the stability analysis of VMS-POD
with BDF2 is established. Section [3.2]includes several numerical tests on benchmark

problems which show the effectiveness of the proposed method.

3.1 Numerical Analysis of Post-Processed VMS-POD Schemes

In this section, the considered algorithm introduces a projection based VMS method
as a post processing step. For simplicity, in Section [3.1.1] and Section [3.1.2] we
analyze the backward Euler temporal discretization. In Section [3.1.3] extension to

BDF?2 time stepping is considered.

39



In that analysis that follows, we denote variables at time t” = nAt,n=0,1,2,..., M, T :=
M At using superscripts, e.g. 7 := £(¢"). The two step VMS-POD scheme equipped

with backward Euler time stepping reads as follows:

Algorithm 3.1.1 Let f € L2(0,T; H1(Q2)) and u = w0 be given with L? projection

of ug in X". Given u? € X" compute u*! by applying the following two steps:
Step 1. Calculate wi*! € X" satisfying Vb € X",

(W;Hl —u”

A ”’b) PO WL ) 4 (TR V) = (£, 9). (B

Step 2. Post-process wi*! by applying projection Pg to obtain u?*! € X", Yip € X7

W) (- Pryve), (312)

+1 +1
w —ur
At

,w) - (wr(I - P)¥

In our analysis, we assume that the eddy viscosity coefficient v, is known bounded,
positive and element-wise constant. The results can be extended in the case v is non-
constant even nonlinear. The consideration of a nonlinear v requires more complex

mathematical theory due to the strong monotonicity, see [87].

We note that Step 1 is the standard Galerkin POD method, and Step 2 is completely
decoupled VMS stabilization step. The projection in Step 2 is not a filter but con-

structed to recover VMS eddy viscosity term as in [S06].

_ Gwrttapth)

2

Note that if we let ¥ n (3.1.2), the numerical dissipation induced from

Step 2 is immediately seen to be

(wpr! s up)

2
5 ‘ : (3.1.3)

HW;L+1 “2 _ ||uf+1 “2 + 2up At H([ - Pr)V

3.1.1 Stability of Algorithm 3.1.1]

We now prove stability of Algorithm|3.1.1

Lemma 3.1.1 The post-processed-VMS-POD approximation is unconditionally sta-

40



ble in the following sense: for any At > 0,

M-1 n+1 n+l) (12
a2 + Z [2VTAt H([_ PR)VW + wnt - g2
n=0

+VAt||VWZ?”II2] < Ju* + v I -

Proof Letting b = w?*! in (3.1.1)) and using the polarization identity yields
1 1 1
sl WP - g I P+ o Wi - P+ v ow 2 = (8w (3.1.4)

2At H 2At 2At° T

Substitute (3.1.3) in (3.1.4) and multiply both sides by 2A¢, which provides
2

(wit + )
2
+2u At Vw2 = 2At (£, wit). (3.1.5)

r

n+l

a2 = +2VTAtH<J—PR>v T

Bounding the forcing term in the usual way, and then summing over the time steps

gives the stated result.

The result of Lemma also establishes the stability of w/.

Corollary 3.1.2 (Stability of w)

M-2 n+l | ynl) |2 M=t
et 2ore 3 (1= Py S e
n=0 n=0
oo 12 < T e 316

Proof Expand the summation in Lemma forn = M —1 and use (3.1.3).

3.1.2 A Priori Error Estimation

In this section, we present the error analysis of the true solution of NSE and VMS-
POD approximation (3.1.1)-(3.1.2). The optimal asymptotic error estimation requires
the following regularity assumptions for the true solution:
ue L>(0,T; H™1(Q)) peL=(0,T; H™(Q)) wuye L*(0,T; H(Q))
fel?20,T,H(Q)) (3.1.7)
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Theorem 3.1.3 Suppose (3.1.7) holds and ur* and w? given by Algorithm[3.1.1] For

sufficiently small At, i.e. At <[Cv=3|Vulg, o]7! we have the following estimation:

M-1 1
o -y le“’TW - PRV - (s wr ) 2)|?
n=0

d
AT - WZ?“)H2] c c[h2m+2|||u|||§,m+1 Y

g=r+1

d
+u((h2m 18 l2h2 2 B+ Y 19 ||%Aj)

j=r+1

d
+u-1|||w|||%,o((h2m 18 12h2m 2l + D 18 H%Aj)

j=r+l1
con{ (127 15 10 e
d d
SR YR N P W FA L R
j=R+1 j=r+1

d
x((hm o Y 11 S 7 ||%Aj)

J=r+1
+ 2| pl13,m + v (A ug ||%2(0,T;H1(Q))]

where C'is independent from At, h,v and vr.

Remark Under the assumptions of Theorem [3.1.3| and the finite element spaces
(X", Q") with piecewise polynomials of degree m and m — 1, respectively. We obtain
the following asymptotic error estimation:

M-1

1
o - a2 Y [meu - PRV (- (i) 2)|

r
n=0

b e (Rt C AR LR TR

d d
DI (YD SR CR (N 3PN
j=R+1 J=r+1

Proof We begin the proof by deriving error equations. From (1.3.2), we have that
true solution (u, p) at time level ¢ = t"*! satisfies, for ¥, € X",

11n+1 —u”
At

_(anrla V- ¢r) + E(uawr) = (f(tn+1)7¢7~)7 (318)

71/)T) +v(vu™t vap,) + b(u" uttt )
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where
. un+1 —un
E(u,¢) = (u? - Tﬂb)-

We define the following notations:

WU, gl SUT, O U, el = ut o), el = ut - w],

r T

where U™ is L? projection of u” in X".

Subtracting (3.1.1)) from (3.1.8)) yields

n+l _ An
(%@b) (Ve vap,) +b(ur g, )
_b(wg+l’wg+l’ vvbr) - (pn+l’ V- 77[;7") + E(uall/)r) =0. (319)

Substitute €” = " — " and " = " —O” with 1) = ¢"*" in the last equation we obtain

At At
(T, w, g ~b(wr W @) ] - (V- 677) + B, 6.

r

n+1 n
_ 0 n+l _ pn
(¢—T : ,¢¢“) |V - (—" . ,qﬁ”) (v, 9!

From the definition of L2 projection (2.1.39), we note that (5", ¢"*') = 0 and (g"*!, ¢"*) =
0. Using this along with the polarization identity and that ¢! € X" c V. we obtain
the bound

1

S (162 = [0717) + vV |2 < (™, v )|

+|b(un+17 un+1’ d);ﬁ—l) - b(W;H—lv W;Hl? ¢?+1)|

H" ! = qn, Vo) + |E(u, )| (3.1.10)

The first term on the right hand side of (3.1.10)), and the pressure term, can be bounded

using Cauchy-Schwarz and Young’s inequalities,

(vt vt

IN

v n+
Cv|vn™! |+ v | (3.1.11)

IN

+ n+ C n+ v n+
L et P e SR AR )
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For the nonlinear terms, first add and subtract terms to get

b(un+17 un+17 ¢?+1) _ b(W;Hl,W;Hl, ¢:1+1)
= b(uhumt ) S b(wit w9 ) + b(wyt utt )

T

—b(wyt, w9

= (e un )+ b(w et )

_ b(nn+1’ u.n+1’ ¢?+1) _ b((p;ﬁ-l, un+1’ ¢?+1)
+h(wy ). (3.1.13)

Now using Lemma [I.3.1] Young’s and Poincaré’s inequalities, the terms in (3.1.13)

are estimated as follows:

CVm v [var | [ver|

Co o n+l nely2 Y n+12
J— +_
e [ R Ll
C\/qu?+1 lIver vt ver |

C\ o netyo n+lg4 , YV n+12

JR— +_

A L A L
CVwrtlvwe | [vn ™[ vert|

Cn n+l ntl2 , Y n+12
e L [ R L

[b(n™ ! w7 )|

IN

IN

b(¢r " um, )

IN

IN

b(wy ™ @)

IN

IN

The consistency error in (3.1.10) is estimated by

un+1 —un

C
E n+1 < Zlqnt! -
B, 7 < gt -

v T+
2+ Iver|? (3.1.14)

Collecting all bounds for the right hand side terms of (3.1.10) and multiplying both
sides by 2At gives

(1877 2 = 1671%) + v ALV * < Cvat| o™ 2 + —[n™ ! [[vn™ [ vu|?

CAt, ., N CAt, . " " CAt,
T e & At ”H4+—V Wit [vwr o™t + THp g
CAt utl —un
+ [ S —— 3.1.15
SR - 3.115)

We next get a bound for | ¢”*"|2. Write (3.1.2) by adding and subtracting the true

solution projection 4™*! on both sides to get

n+1 _0n+1 n+1 9n+1 2Z/{n+1
(¢T At - 7¢) = (VT([—PR)V(QST + 7"2 + ),(I_PR)V¢)7 (3116)
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and then choose ¥ = w in (3.1.16)) to obtain

+ n+ 1 n+ n+
lor > = |6; 1H2+§AWTH(I—PR)V(¢T Lo
+At(vp(I = PR)VU™, (I - PR)V(™M +07)). (3.1.17)

Noting Y"1 = u"*! — n"*! and inserting (3.1.17) into (3.1.15)) results into

ey

1
2O+ S A1~ PR (B + 0+ vAL T

< CvALvyE . —= " [ [V [ var
CAt

v3
At (vr (1= PR)V(u™! =), (1 - Pa) V(¢ +67™)]
+At(vp(I - Pr)V(n™t —u™h), (I - PR)V((,b:Hl + 0:}+1))

+

n+ 1 n+l | g+
I\Vu”“||4[||9r P+ S At | (1= Pr)v (e + 077

CAt CAt
=W oW o —=[p" - g
CAt u™t!l —u»
+ R 3.1.18
1 -1
Assume now At < 0 [ HV;;H‘*] . Then, we can bound the remaining right hand terms
of (3.1.18) as follows :

O At 2 n+ n+ 1 n+ n+
(y3) vr [V (T = Pr) V(7 + 07| < cAtvr (1= Pr) V(] + 67|

Similarly, using the preceding bound and Young’s inequality we get

C(Aat)? n+ n+
%”VUNHW(VT(I— PR)V(un+1 _,',’n+1)7 (]_ PR)V(Qbr 1 + 970 1))|

CAtKl/T(] — PR)V(un+1 _ nn+1)’ (] _ PR)V((ﬁ:}H + 071}+1))|
OAtVTH([ _ pR)V(uml _ ,r’n+1)||2

IN

IN

1
+§AtVTH(I-PR)v(¢¢+1 +0"h)|?, (3.1.19)

and

At(vp(I - Pr)v(n™ —u™"), (I - PR)V(e)* +01))
< CAtwr|(I-Pg)v(n™!' -u™h)|?

1
+§AtyTH([—PR)v(¢;“1 +0" 2. (3.1.20)

Substitute the bounds (3.1.19)-(3.1.20) into (3.1.18) and sum from n = 0 to M — 1.
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This gives

M-1 1 .
6 3 | g1 v o 0P vt vy 1
n=0
012 & n+1] 2 At n+112 n+1| 2
< 0RO [varmn - Ao gy
n=0

At
At (1= PR)Y (! =) [ S o w9

At At u™t!l —u»
+_ n+l _ 2 + = ntl _ & 7 |2
R vl
CAtM ! -
oAt W T (3.1.21)
n=0

Note that since u? = &Y, the first right hand side term in (3.1.21]) vanishes. The second

right hand side term is majorized using Lemma[2.1.4] as

vAl z [ 12 < Col(1m + 15,122l + 3 L3, ).31.22)

J=r+1

Third term is bounded by using Assumption (2.1.1) as follows,

Z&t M-1
S X v v
th M-1
< S0 X vttt P 1 bt )l + > v, 2)

g=r+1

< v Ivull o (A2 + 15012k 2) [l e + Z lp,13%)  (3.1.23)

j=r+1

AN

To bound the fourth term, one can proceed as follows. Using | (I - Pg)Vn"™+!|| <
|vn™+1| along with Lemma leads to

M-1
Atvr ) (I = Pr)v(u™! —n™ )|
n=0

M-1 M-1

< Atvp Y [(I=Pr)va™|*+ Atvr 3, (1= Pr)vn™|?)
n=0 n=0
M-1
< Atyr Z (|vu™! = Pryu™?|? + Atvp Z |v|? (3.1.24)

For the first term on the right-hand side of (3.1.24)), we use (2.1.49)) to find that

M-1 1 M-1
Atvp 3 [vu™ - Ppyar!|? < Cvp— 37 inf [vurt - v ?
n=0 n=0 VR eX
1 M-1
< Copoz 3 [Vu™ VUt (3.1.25)
n=0
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where Uy, is the large scale representation of the projection. Now using Lemma[2.1.4]

the final estimation for (3.1.24)) becomes

M-1
Atvr Y (I - Pr)v(u™! —n™)|? (3.1.26)

n=0

< CVT((W # (I8ale + 15,122 ) ull e

; 4,12, + Z I, HQA)

Corollary [3.1.2] the stability of w, and Assumption (2.1.1)) provide an estimation for
the fifth term in the right-hand side of (3.1.21):

At M-1
— 2 W wE vt
n=0

AtM 1
C— 2 [vw P v

n=0

IA

Cr (a2 + v 1B ) (B2 + S, Lah®™ [l 1

d
+ ) I l)- (3.127)

g=r+1

The estimation of sixth term in the right hand side of (3.1.21)) uses approximation
property (1.3.12)) to find

At "S!
— Z Ip™* = qn? < h2m|||p|||2m (3.1.28)

Finally, for the last term in the right hand side of (3.1.21), Taylor series expansion
with remainder in integral form is used along with Cauchy Schwarz and the triangle

inequality to obtain

At M- . un+1 —un ~
A et - 2 e o A ey (129
n=0
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Collecting all the bounds (3.1.22))-(3.1.29) for (3.1.21]) yields

M-1

1 + n+
l6" 1%+ > [gAtVT‘([_PR)V((prJrG? DI +vAt|ve) 1|2]

n=0

d
< ol (s 15t i+ 33 )

j=r+1

d
+v-1|||w|||%,o((h2m 18k 2 B+ Y 19 ||%Aj)

j=r+1

o (1274 15l + 1513l

d

d
+ 2 pslin + X2 |¢j\%)+V‘2(HUQ\2+V‘IIIIfI||§,1)

j=R+1 j=r+l

d
x((h2m+ 10 Lok ) IllE s + ||¢j|%Aj)

j=r+1

-172m 2 -1 2 2 (7ZXt & 4 n+1/2
2 R+ A Pl s + 5 2 IVl

-1
Again using the assumption that At < %[u‘3|||Vu|||ﬁo,0] allows us to apply the

discrete Gronwall inequality, which yields

M 1 n n n
102+ [gmuﬂu—PR)v(@“+eﬁ1>/2||2+mt|v¢ﬁ|2]
n=0
d
< ol (o 15T i+ 33 )
J=r+1
d
+u-1|||Vu|||%,o((h2m 1812k 2 B + 3 19 ||%Aj)
j=r+1
+w((h2m + (ISRl + 1S, 12)2*2 )l s
d d
D PYEEDY |w]-||%Aj)+v-2(|u9||2+u-1|||f|||§,_1>
j=R+1 J=r+l

d
x((h% 1Sk 2 B + Y 19 H%Aj)

j=r+1

AV [l + v (AL [uy ||i2(o,T;H1<Q))]-

Finally, the triangle inequality is applied to produce the stated result.

3.1.3 Extension to Second Order Time Stepping

We now consider an extension of Algorithm [3.1.1[to BDF2 time stepping.
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Algorithm 3.1.2 Letf € L2(0,7; H'(Q2)) and initial conditions u® and u;! be given
in X". Then for n=0,1,2,...
Step 1. Calculate wi*! € X" satisfying Vi) € X",

n+l _ n n—1
(3Wr 4u? +u?

rmat] OB RO CER TS

= (f™1,9) (3.1.30)

Step 2. Post-process w1 to obtain u*' € X" satisfying Vip € X7,

W77}+1 _ ll?+1 W;Hl + u?-f-l
(T,zp) = (vr(I - PR)V%, (I - Pr)Ve). (3.1.31)
We note the post-processing step is exactly the same as in the backward Euler case.
Also as in the case of the backward Euler method above, without Step 2, Algorithm
[3.1.2) reduces to the classical POD-G formulation for the NSE, although now using
BDF?2 time stepping.

We now prove stability of Algorithm [3.1.2] A convergence result can be obtained
by combining the ideas of Algorithm [3.1.1]s convergence proof with the stability
proof below. Such a proof is thus long and technical, but produces the expected
result (i.e. same convergence as Algorithm but second order in At instead of
first order). This expected second order temporal convergence is illustrated in the

numerical experiments section below.

Lemma 3.1.4 The post-processed VMS-POD approximation is stable for the eddy

viscosity term vp < 4v in the following sense:

2

WM+1+u]V[+1
Jud T+ 20800 w2 ¢ 2] (1 Py 0
VTAt M _ Athl
R w3 2w s () Y [
n=1 n=1

VTAt _
< g+ 12w+ w) )+ == [Vug [* + 20 £l -

_ (wpttvupth)
=t )

Proof Note that if we let ¥ in Step 2, the numerical dissipation induced

from Step 2 is given by

2
(wp s up)

5 (3.1.32)

w2 = w12 + 2uTAtH<f Po)Y
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Letting 1» = w?*! in (3.1.30) and using the identity

a(3a—4b+ c) = %((a2 )+ (20— D) (2 )+ (a-2b+c)?)

yields
1 T 2. 1 )
n+ n 2 n+l _ .on|2 _ 2 n_ ..n-1)2
AW - g e+ g (12w -~ 2wy - u )
+4At HW;Hl 21,1 +un 1“2 +vawn+1H2 (fn+1 ?+1). (3133)

Substitute (3.1.32)) in (3.1.33), multiply both sides by 4At¢, add |2u?*! — u?|? to both

sides, and then apply the Cauchy-Schwarz inequality to get
(w4 urtl) 2
2

12wyt = = 20 - ) + (20 - - 20 - wr )

[ = | + 207 At [(1 = Pr)v

+[wrH —2u? + ul % + 2v At ywit?
< Cv At 12, (3.1.34)

We now consider the term |2w?+! — u?|? - [2u?*! — u?|? in (3.1.34) . By using the
properties of L? inner product, the equality (3.1.32)) and rearranging terms gives

[2wy = up | - f2ut - up?

— (2wn+1 —u® 2Wn+1 n) (2un+1 u” 2un+1 _ un)

T T T T T
n

= 8(wpt - =) (w2 - )

(v )

= SupAt((I- Pp)V 7(I_PR)V(_U§))

2
n+1 n+1 n+1 n+1
+8VTAt((I _ PR)VW’ (I- PR)VW)
n+1 n+1 n+1l n+l _ 40
— SupAK((I - Py W) 2* W) (1 pyyv 5 ur)
Wn+1 + un+1 —u”

= At (I - Py = 22

uy (Wit +upd - )

). (3.1.35)

—8VTAt((I PR)V(—7) (I PR)V 9

Inserting (3.1.33) in (3.1.34) and applying Cauchy-Schwarz and Young’s inequalities

gives

a2 = ] + 20 - = 20 - u?‘1||2

(wprt + ) |

+21/TAt B

(I - Pr)V + Wit —2u? + u 2 + 22U At vw |2

< O AL|E2, + 20r AL (T - PR)V(%)HQ.
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Adding and subtracting terms for the last term in the previous inequality with the use

of |[I - Pg| <1, we get

a2 = [ + 20 = = 2w - u?‘l I*

(wpet s up)|”

- Paye - 2ur w2 2 e

2
-1 n+1)2 W+ uy VTAt 2
< Cv A2, + 2upAt||( - Pr)V( 5 [(I - Pr)vVw]|
-1 n+1)2 wy +uy VTAt n|2
< Cv'AHIE™ 2, + 2urAt||(I - Pr)V( [vw||*.

Summing over the time step n = 1,---, M gives

2
(Wi + uf+)
2

At At Ml
I/T ||V M+1H2+(4V VT)_ Z van+l”2

a2+ 20 -t | + 20r At

‘(I_PR)V

M
+ 2 [wit = 2up a2
n=1

(wi+ud)||”

At
s ||uiu?+|2ui+u9|2+”TTvaiu%zwAtH(f—PR)v :

+2v HII£]115,

With the assumption w? = w! = 0 and |/ — Pg| < 1, we obtain the stated result.

3.2 Numerical Studies

This section gives results for two numerical experiments. In all cases we use Algo-
rithm [3.1.2] i.e. the scheme with second order time stepping. Our first test considers
the predicted convergence rates of the previous section, with respect to varying R and
At. For the second test, we compare accuracy of the proposed VMS-POD scheme
compared with the usual Galerkin POD method (i.e. unstabilized POD, computed
by eliminating the post-processing step of the VMS-POD) in 2D channel flow past a

cylinder.

In this study, we use the test problem of 2D channel flow past a cylinder. Here,
the domain is a 2.2 x 0.41 rectangle with a circle radius = 0.05 centred at (0.2,0.2)

(see figure [3.1)). The test problem uses no slip boundary conditions for the walls and
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2.2

-k

0.2

Figure 3.1: The channel flow around a cylinder domain

cylinder, and the time dependent inflow and outflow profiles are given by

u1(0,y,t) = u1(2.2,y,t) = y(0.41-y),

0.412
u2(0,y,t) = us(2.2,y,t) = 0.

The kinematic viscosity ¥ = 1073, and there is no forcing (f = 0). The POD is
created as described in section 2, by taking snapshots from an extrapolated BDF2-
finite element DNS simulation using Taylor-Hood elements, after a periodic-in-time
solution is reached (a more detailed description of the set up is given in [14]). The
tests with the cylinder problem use the projection of the 7" = 7 DNS solution as the

initial condition, and run for 10 time units.

3.2.1 Numerical test 1: Convergence in R and At

We now test the predicted convergence rates of the previous section. This is a partic-
ularly difficult task for this problem, as the parameters are the spatial mesh width h,
time step At, POD cutoff r, and VMS cutoff R. We assume the spatial mesh width
is sufficiently small so that this error source is negligible. Our particular interest here
is the scaling of the error with the VMS cutoff R and with time step At. In order to
see convergence with respect to a particular parameter, it must be part of the domi-
nant error source. Hence, in our tests, different parameter choices are made to see the

various scalings.

To test the scaling of the error with R, we fix

At =0.002, vy = 0.0003
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and perform the computations for varying R and r. The error estimates depend on R

by means of
d
e=y| 2 leilir
j=R+1

and | Sg|2. We investigate the scaling with e. For sufficiently large R, ||Sr|2 become
sufficiently large so that it becomes a dominant error source. Results for this test are
shown in Table [3.1] and we observe the expected convergence rate of approximately
1/2 in the L2(0,T; H'(£2)) norm, and seemingly a higher rate in L>(0,7’; L%(Q2)).
We see that the velocity error decreases when R increases, which means that stabi-
lizing fewer modes with VMS produces results closer to DNS solutions. However,
for larger R, we see a deterioration of the rate, and by R = 11 when r = 12, the error

increases (which is expected, due to increase in | Sg|2 with R).

Table 3.1: Convergence of the VMS-POD with BDF2 for varying R

r | R 5 At | [u-u|pe(r2)) rate | [V(u-w,)|2mi)) rate
20 | 3 | 18.1674 | 0.002 0.0310 - 1.3550 -

20| 7 | 4.7608 | 0.002 0.0029 1.76 0.4377 0.84
20 | 11 | 1.2920 | 0.002 0.0013 0.61 0.1633 0.75
20 | 15 | 0.3703 | 0.002 2.80e-04 1.22 0.0738 0.63
20 | 19| 0.1183 | 0.002 2.63e-04 0.06 0.0728 0.01
16 | 3 | 18.1674 | 0.002 0.0280 - 1.3192 -

16 | 7 | 47608 | 0.002 0.0041 1.43 0.4502 0.80
16 | 11 | 1.2920 | 0.002 0.0017 0.67 0.2289 0.52
16 | 15| 0.3703 | 0.002 0.0010 0.42 0.2228 0.02
12 | 3 | 18.1674 | 0.002 0.0294 - 1.4059 -

12| 7 | 4.7608 | 0.002 0.0075 1.02 0.7039 0.52
12 | 11 | 1.2920 | 0.002 0.0089 -0.13 0.7580 -0.05

To test the scaling with respect to At, we evaluate the error in POD solution for

r = 8, 14, 20 and varying R and At. Here, the case » = R means that no mode is
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stabilized with VMS. Hence, this situation is described as POD in Table [3.2] In this
test, we also aim to compare POD and VMS methods in terms of convergence rates

and process time, which are given in Table [3.2]

We observe that the rates are consistent with second order BDF2 in Table Fur-
thermore, as seen in Table VMS method improves the convergence rates. In
particular, when r = 8, the convergence rate in POD is not close to 2, whereas VMS

method increases the rate to 2 if one chooses R = 5.

3.2.2 Numerical test 2: Error Comparison of VMS-POD Versus POD-G for 2D
Channel Flow Past a Cylinder

We now consider error comparison of the VMS-POD again the standard POD-G
method. The statistics of interest are the maximal drag and the maximal lift coef-

ficients at the cylinder. The reference intervals are given for cg,q, and g, 1n [86],

el ¢[3.22,3.24], ¢ €[0.98,1.02] (3.2.1)

Cdmam Cl mazx

and recent computations of [14]], as well as our DNS that created the snapshots, are in
agreement with these numbers, as seen in Table @ We compute with r = 8 modes,
and find that the POD method is not good, and in particular we observe in Figure [3.2]
that the energy is growing (seemingly) linearly with time. But at 7" = 10, a significant
increase in energy has occurred, leading to very inaccurate lift and drag predictions

as well.

Plots of each time evolution of the energy, drag and lift match the DNS results of
[38]] and [86]. The VMS-POD does a much better job with prediction of energy, lift
and drag, however. Shown in Figure is the energy, lift and drag with R = 5.
We first remark that in Algorithm 1 and Algorithm 2, the parameter v is obtained
by minimizing the difference between energy of DNS and energy of VMS-POD at
final time 7" = 10 by using bisection method. Based on these ideas, we compute the
optimal choice of vy = 0.0003 to within £ 0.000005. We note that with POD, such a
parameter optimization is quite cheap. Hence this is an excellent example of how the
post-processing step of VMS-POD can remove the nonphysical energy growth that

occurs with POD-G, and provide good reduced order solutions.
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Table 3.2: Convergence Rates with respect to At

r R At | |u-uier@)) rate
8 5 032 0.434386

8 5 0.16 0.358107 0.279
8 5 0.08 0.126142 1.505
8 5 0.04 0.029191 2.111
8 POD 0.32 0.434369 -

8 POD 0.16 0.360112 0.270
8§ POD 0.08 0.153357 1.232
8 POD 0.04 0.053046 1.532
14 0.32 0.434345 -

9
14 9 0.16 0.358689 0.276
14 9 0.08 0.129811 1.466
14 9 0.04 0.023926 2.440

14 POD 0.32 0.434346 -

14 POD 0.16 0.358686 0.276
14 POD 0.08 0.129705 1.468
14 POD 0.04 0.027324 2.247
20 10 0.32 0.483072 -

20 10 0.16 0.379032 0.350
20 10 0.08 0.133079 1.510
20 10 0.04 0.023843 2.480

20 POD 0.32 0.493442 -

20 POD 0.16 0.381596 0.370
20 POD 0.08 0.133928 1.511
20 POD 0.04 0.025196 2410
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Table 3.3: The maximal lift and the maximal drag coefficient for varying I?

Cdmax Clmazx energy

3.2343 | 1.0162 | 0.5484
3.2249 | 1.0086 | 0.5484
3.2376 | 1.0180 | 0.5490
3.2288 | 1.0072 | 0.5486
11 | 3.2298 | 1.0105 | 0.5486
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Figure 3.2: Energy, lift and drag for DNS, POD and VMS-POD.

56



CHAPTER 4

POD-ROM FOR THE DARCY-BRINKMAN EQUATIONS WITH
DOUBLE-DIFFUSIVE CONVECTION

This chapter studies reduced order modelling based on POD approach for Darcy-
Brinkman with double diffusive convection. As it is described in Chapter |1} the sim-
ulation of Navier Stokes type systems leads to large algebraic system and requires
high computational time. Therefore, combining heat and mass transport equations
to NSE make the situation worse. Hence the numerical studies in double diffusive
system become very important. For high Ra numbers, the numerical experiments
suggest a stabilization method for POD solution of Darcy-Brinkman equation. Based
on our experience in Chapter 3] we support the POD method with post-process VMS
method.

This chapter consists of three sections. Section presents the discretization of
the double diffusive Darcy-Brinkman system (1.3.15) based on POD method. The
numerical analysis of the POD-G formulation including stability and a priori error
estimation of (.1.1)-(@.1.3)) is also given in Section Section [4.2] is devoted to
the numerical analysis of VMS-POD extension of the double diffusive system. The
analytical results and the comparison of the methods in Section .1 and the Section

are illustrated with several numerical experiments in Section

4.1 Numerical Analysis of Double Diffusive Darcy-Brinkman System with POD

This section is devoted to a derivation of the a priori error estimation of (4.1.1)-@.1.3).
The presentation mainly follows an approach developed by Rannacher and Heywood

[34]]. Recall that in Chapter 2] the POD-G formulation of the Darcy-Brinkman double
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diffusive system is given by (2.2.11)-(2.2.13). For simulations, we must equip the

system (2.2.11)-(2.2.13) with a temporal discretization and a finite element method

for a spatial discretization described in Section [I.3] For simplicity, we consider a
backward Euler temporal discretization for our analysis in the next section. The fully
discrete backward Euler POD-ROM is given at time t* = nAt,n=0,1,2,..., M and
T = MAt, by

u:'H—l B u;} n+1 n+l [ n+l
—y +2v(Dul*, Dv,.) + by (u ul ™ v,)
+(Da'u™t v,) = Br(gT™* v,) + Be(gCrtt, v,), 4.1.1)
Tn+1_Tn
(#,ST)+b2(ujf+1,Tf+1,Sr)+7(vT[‘+1,vST) _ 0. (412
C;Hl_oﬁ +1 +1 +1
@ by (w L G @) + DU(YOIT VR,) = 0, (413)

for all (v,., S,,®,) € (X,, W,,¥,). The goal of the POD is to find low dimensional
bases for velocity, temperature, concentration by solving the minimization problems.

The solution of the problem is obtained by using the method of snapshots. We note

T1

that all eigenvalues are sorted in descending order. Thus, the basis functions {%;}.,,

{¢:}:2, and {n;};2, correspond to the first rq,7, and r3 largest eigenvalues {\;};!;,
{mi}i2,, {&}i2, of the velocity, the temperature, the concentration, respectively. For
simplicity, we will denote POD-ROM spaces using just r instead of ry, 7o and r3.
However, in the analysis, we are careful to distinguish that these parameters can be

chosen independently.

In the numerical experiments, we use second order time discretization, namely BDF2

method as follows.

+1 -1
(Suﬁ —4u” +u?
,

2At
+(Da™tap*t v, = Br(gTit, v,) + Be(gCrh ve), (4.1.4)

3Tn+1_4Tn Tn_l
( r ZA; +17 ,Sr)+b2(u77}+17T7f1+1’ST)+’)/(VT7?+17VST):0’ (4.1.5)

(30;”1 —4Cn + Cr1
2At

,vr) + 2(Du™ Dy, ) + by (u url v,

, <1>T) +by(u, CmL @) + D(VC™, v, ) = 0. (4.1.6)

We remark that, although we analyze only the backward Euler method, the results are
extendable to with the usual technical details. For the error assessment, we use the

L? projections of u,, T, and C,, respectively. The L? projection operators P, . : L? —
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Xy, Pr,: L2 > W,, Po, : L? - VU, are defined by (2.1.39) and (2.2.14). We first
prove the stability of the solutions of (.1.1)-@.1.3).

Lemma 4.1.1 (Stability) The POD-ROM approximation (4.1.1))- is uncondi-

tionally stable in the following sense: for any At > 0,

M-1
a2+ > (fJurtt =l + 20 At Dul*t |2 + Da~ At|ur*!|?)
n=0
< aol?+ O g% (B2 Tol? + BED| Col?), 4.1.7)
M-1
ITM?+ Y 288y VT < | To?, (4.1.8)
n=0
M-1

|G + ZO 2AtD | VCR(? < [ Coll?, (4.1.9)

where C* = min{v~!, Da}.

Proof Choosing S, = T"*! in (4.1.2) and using skew symmetry property, we have
Tn+1 —Tn
(;,Tf+1)+7(va”,VTT"”) =0, (4.1.10)
At
and multiplying both sides with At yields
[T + v A VT2 = (T, T ). (4.1.11)
Applying Cauchy-Schwarz and Young’s inequality gives

[T + 29 AL VTR < |77, (4.1.12)

and finally summing over the time steps produces the stability result (4.1.8). In a
similar manner, setting ®, = C?*! in (4.1.3) yields (4.1.9). Letting v, = u?*! in
(ELT). we get

n+l _ qn
(T ur) + 20D, Dup) + (Do w )
= Br(gTy! arh) + Bo(gCrt,uph). (4.1.13)

Using the Cauchy-Schwarz, Young’s, Poincaré’s inequality, polarization identity (a —
1 .
b,a) = 5 ([lall* = 5] + la - b[*) gives

1
CyviL N el L

2At 2At
]. — mn n
< gl + Kligle 7 STIVTT® + Dafe | VOTIP). (4.1.14)

Da™!

n+l _ uffH2 + UHID)un+1H2 +

; 4 )
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Multiplying 2A¢ and summing over the time steps n =0, ..., M — 1 and using (#.1.8)

and (4.1.9) gives

M-1
[ 2+ 3 (et = w2 + 20 A Dug* |2 + Do  Atfup|2)

r
n=0

< ol + Klgls (v 8307 Tol* + Dafg DI Col?).  (4.1.15)

The result follows from (4.1.15]) by taking minimum of »~! and Da.

The optimal asymptotic error estimation requires the following regularity assump-

tions for the true solution:

ue L0,k H™1(Q)), T, CeL>(0,k; H™'(Q)),
uy, € L2(0,k; HY(QQ)), Ty, Cye L0,k H(Q)),
pe L=(0,k; H™(2)). (4.1.16)

Theorem 4.1.2 (Error Estimation) Suppose regularity assumptions and As-
sumption[2.2.1|holds. Then for the sufficiently small At, i.e.

At < min{(v[[Dullls o + vVl 0

D[V ) (v B8l %) T (v AR lgl%) T (4117

the error satisfies

[ = w2+ [T = T2+ | O - G2

< K(l +h*™ + (A)? + (1 + || Surllz + |Strll2 + | S l2) B2™*2

d d d
teELHER LT D N+ D it Y fi). (4.1.18)

i=r1+1 i=ro+1 1=r3+1

Remark A similar result to (4.1.18]) is expected for the BDF2 case, but with the
At? replaced with At?, following the same general steps and using the usual BDF2

analysis tools and regularity assumptions.

Proof Subtracting from (1.3.16)), (1.3.18), (1.3.19) to @.1.1)),(#.1.2),(.1.3) at time
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t"+1, respectively we have

(u;“rl W,V,) +2v(D(u™! —u™), Dv,) + by (0™, u" v,)
“bi (gt ve) + (Da” (- apt), ve) = (0", Vve)
= Br(g(T - T7*),v,) + Bo(g(C - CF* ), v,), (4.1.19)
(Ttn+1 _ %;Tﬁ, Sr) o (U™, T S,) — by(ui*h, T S))
+y(V(T" =T, vS,) =0, (4.1.20)
(PT) +b3(u™, O™ D) - by(ut, O B,)

+D(V(C™ - O, vd,) =0.(4.1.21)

On+1 - Cn
n+l _ —r T
(Ct At

Define

u™l — u;”l (un+1 _ ﬁn+1) _ (u7a}+1 _ ﬁn+1) _ ,’72,+1 _ ¢ZJ;1,

T+l - Tnvl = (Tl - Tml) — (T - Tn+1) = ! ¢n+1 (4.1.22)
Cn+l _ O’,r‘z+1 (On+1 _ C’n+1) _ (C;H—l _ C’n+1) — 772*“ gﬂ’-rlj

where (an*!,7n+1 Cn+1) are L? projections of (um*!,Tn+1 Cn+1) in (X, W,, ¥,)
at time t"+!. We rewrite the temperature equation (4.1.20) as

(Tn+1 _Tn Trn+1 _ Trn
At At
+(ﬂn+1 _

Sr) + bQ(un+1, Tn+17 Sr) _ bg(u,’}”,Tﬁ“, Sr)
Tn+1 _ Tn

At

Using (4.1.22)) and letting S, = ng”*l 1n ( gives

Sp) +y(V(T™ =T, vS,) = 0. (4.1.23)

n+1 ¢Tr . . . 77”?” _ 7]T 1
(T )+’7(V¢TT7V¢ ) ( At ¢
(VI V) + by(u, T, gl
Tn n+1
—b ( n+1 Tn+1’¢n+1) (Tn+1 —,¢n+1 . (4124)

Adding and subtracting terms to the nonlinear terms in (#.1.24)) leads to

b ( n+1 Tn+17¢n+1) b (un+1 T:L+17¢n+1) bQ(nunJrl Tn+17¢n+1

1
_b2(¢24; ,TTHI, gL{rTI) +b2(un+1’77Tn+1,¢n+1) b2(un+1’ %7;17 %jrrl .

Note that by(uptt, ¢3'h, ¢47!) = 0. In addition, from the definition of L? projection

(2.1.39) and (2.2.14), the ﬁrst term in the right hand side of (4.1.24)) vanishes. Using
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Cauchy-Schwarz and Young’s inequalities, we obtain

n+1(2 2 n+112 n+1 n+1
e e R 2 R
+b (,r'un+1 Tn+1 ¢n+1) b2(¢n+1 Tn+1 ¢n+1)

u,r
Tn+1 Tn

+b2(u77}+1 n+1 ¢n+1) (zﬂtn+1 —7¢n+1 ) (4125)

Next, we bound the first term in the right hand side of {#.1.25)), by using Cauchy

Schwarz, Young’s and Poincaré’s inequalities:
V(™ Ver) < Ky|vnr™t |+ || Vo | (4.1.26)
To bound the nonlinear terms we use Lemma|[I.3.T)and Young’s inequality,

b (nun+1 Tn+1’¢n+1

IN

K,y—luvnurwl“2”an+1”2 Hv(erlHQ (4 1 27)

b2(¢24;1’Tn+17 ¢n+1 < Ku~ 17—2 ” ¢)n+1|| ||VTn+1H4 ||]D¢n+1||2
HW"“\P (4.1.28)
b2(u?+1, n+1’ ¢n+1 < K’Y IHVH;L+1H2HVUT7L+1H2 Hv¢n+1H2 (4 1 29)

For the last term in the right hand side of (4.1.25)), we apply Cauchy Schwarz, Poincaré’s

and Young’s inequalities along with the Taylor’s remainder formula as

Tn+1 Tn Tn+1 _ Tn

(jvt'rH—l ’¢n+1 < K”}/_IHTWH _ At H Hv(bn+1”2
< K / t—tn) Ty dt]? + 22
7t K Aol [Tt mnw u

Inserting (4.1.26)-(4.1.30) in (4.1.25]), multiplying by 2A¢ and summing over the time

steps produces

M-1

|3, 12 + vt z [t < 6%, 12 + K At(y > oo

7 Z IV, P IVT P + vy Z [ 2 Tt

n=0 n=0
M-1 Y
- n n n+
SR DN o4t Vs el A 77l Z | Db,
n=0
A T 20 ot ey ) (4.1.31)
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By using Lemma[2.1.4] Lemma[2.2.1] Lemma.1.1| Assumption[2.2.T]and regularity
assumptions in (4.1.31)) results in

670, 12 +vAt Z |90 12 < 165, 2+ K (12 + (| Susl,
St R34 ef + ef + v VT 0 A Z [k
yAtM ! e
- 2 Dol S (an?). (4.1.32)

Similarly, the error estimation for the concentration is given by
|é¢:I* + DAt Z IV I? < g 1% + K(hgm + ([Surl,

Sl )h* ™2+ e + e + v DIV O[5 0 At Z g2

At M-1
+”— X D2 + (At)?). (4.1.33)
B . . . . _ n+1 - .
y using similar arguments as above, letting v, = ¢, in (4.1.19), the velocity error

equation becomes

n+l
(P52 0t 20Dt D) + (D 01 1)
n+l _ pn
= Brle(T =T, 61) - Aole(C -0, gty + (T )

+2v(Dn," ", D) + (Da™'n, ™, i) + bi(n,  u™, ¢t
(G g + byl G - (L v gl

n+l _ 4qn
F(upt! - %,w*l). (4.1.34)

Apply the polarization identity to get

n ]' n n - n
||¢ w - ||¢ A7+ ol = Ol l® + 20 DG + Dat |2

n+ n+ n+ n+ "73+1 B T]u n+
|5T(g(T T, )| +18e(8(C - O, s + (=2, @3
+2v|(Dn,™, Dy )| + Dal(m," ", i)l + b (0, u ”” b))
+or (@it w0 @+ by (wpt m, ™ ot D+ (0" - g, V- B

U?"?

un+1 —u” e
+(urt - — duhl. (4.1.35)

n+l _ pn
Note that (n"Ttn“, (,bZ;,l) = 0 due to the definition of the L? projection. Each of
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the terms in (@.1.33)) can be bounded in manner similar to what is done above

Br(g(T =T, i)l < Kv ' Blgl2 (I P + 1655 1°)

—||D¢"“||2 (4.1.36)
Bo(g(C - CY), oih)] < KV‘lﬁcHgH?(||77”“||2 et )
||D¢””|| 4.1.37)
V|(Dnpt, D) < KV\|ID>"7’“1|\2 HID><15””H2 (4.1.38)
Da” [y, )| < KDa ' nit )2+ —— o, |7, (4.1.39)
(R R A R +—HD¢"”H (@140
n+l _ unt! - n+1 < “1f 1 u™! —u” 2
K =z -
|(u} At < Kvu A7 [
HD¢”“H (4.1.41)

The nonlinear terms are bounded by

bi(ny w"™ o) < KvH Dy P Dutt? + HD¢”“H2, (4.1.42)
bu(¢h, ™t @) < Kv |yt P[Dutt )t + IIqu"“IP (4.1.43)
bl(u?+17n3+1;¢n+l) < KI/_IHDU?+1H2HDT]Z+1”2 HD(bn-HH . (4144)

We now insert (4.1.36)-(4.1.44)) into (4.1.33)) and use regularity assumptions (2.2.10)

to get

o 1P = e, P + 5o 1ol - o, 17+ vIDey 1 + Da_l
2At 2At 2At

K (v g2 (821051 + 5216w 2) + v [Dum ! ||¢n+1”z
+H?7””H2 et + D, (1 + [Du 2+ Dzt )
un+1 _un )
-~ 1)

A

[ 112

n+1 ”2 n+1 n+1

+|n, + ™ =] + g (4.1.45)

Dropping the third term in the left hand side of (4.1.45) and summing over the time
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steps and multiplying by 2At gives

[l 12 + At Z (201Dl 2 + D 90 1?)

< g, 2+ KAt(v gl Z(BT\|¢”*1||2+BCH o 1)+ Z [Du 4|2

M-1
+ Z (12 + e 1) + 30 (Dm0 + [Du™ | + [Dup*t|?))
n=0
12 1 2 ! 1 un+1_un2
N @140
n=0 n=0

Using Lemma [2.1.4] Lemma [2.2.1] Lemma [4.1.1| Assumption 2.1.1]in (.1.46) and

applying regularity assumptions leads to

|l 12 + At z (2vIDgy ! |2 + D675 )
< |u9—a0||2+K( A Y z ot 2+ v B2 g 2 A z o2
+h2™ + AL + 22 (1 + || S, ] ,) + Z A + Z i + Z & +e2
i=r1+1 i=ro+l 1=r3+1

+v7[Dul|I%, o At Z |¢"”Il2) (4.1.47)

Finally, we add (#.1.32)), (4.1.33)) and (#.1.47) to get

M-1

[P I + 167517 + 02017 + 3 (uAtHng"”” + Da™ At g2 )

n=0

+YAt Z [Ver I? + DAt Z [Vos I < up = a°)? + |70 - T°)?

+\|C?—é°||2+K( 7l At Z lo7 12 + v Belgle At Z loe: 12

M-1
(W2 Dulll% o + vy 2V T e + v DIVl ) AL 3 95 2
n=0

+RPT + (A1) + B2 (1 + [ Suply + 181l + 1Scill,)
d d d
YNt Y it Y relren+en].
’i=7”1+1 i=T2+1 i=7‘3+1
Application of the discrete Gronwall Lemma (I.2.8) requires an assumption on the
time step size @.1.17). The final error estimation can be obtained by using the as-
sumption (u?,79,C0) = (a°, 70, C?), the triangle inequality, Assumption and

T T

Assumption[2.2.1]
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4.2 Numerical Analysis of Post-Processed VMS-POD Schemes for Double Dif-

fusive Darcy-Brinkman system

In this section, the POD method is combined with VMS method similar to Chapter
VMS aims to model unresolved scales by adding an artificial viscosity to only
resolved small-scales, as noted in Chapter|[I] We consider adding the decoupled VMS-
ROM stabilization from [21]], where in effect additional viscosity gets added to the
smaller R velocity modes in a post-processing step. Specifically, we post-process

u”*! by solving the algorithm:

Algorithm 4.2.1 The post-processing VMS-POD approximation for double diffusive

system ({1.3.15) given as:
Step 1: Find (wnt! Trtl O+l e (X, W,., U,.) satisfying

Wn+1 —u”
(#, v,) + 2v(Dw™ Dv,.) + by (W witl v,
+(Da™'wit v,) = Br(gT, v,) + Bo(gCr vy, (4.2.1)
T;Hl - T;z +1 +1 +1
(T?ST)+b2(W? 7T7:n 7Sr)+’7(vTrn 7VS’I‘) :07 (422)
C;"H—l _ Cn

( L 3,) + by (WL, O™ $,) + D(VCT, vd,) =0, (4.2.3)

At

forall (v,,S,,®,) e (X, W,,¥,).
Step 2: Findu™!' e X, Vv, € X,.:

n+l _ yyn+l n+1 n+1
(%,vr) - (VT(I - PRW(““;QW"), (I- PR)er), (4.2.4)

where P is the L? projection into X g, which is the subset of X, that is the span of

the first R (< r) velocity modes.

This section states two important results; the stability and convergence of the algo-

rithm @2.1)-@2.4).

Lemma 4.2.1 (Stability) The post-processed VMS-POD approximation (4.2.1)-{.2.4)
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is unconditionally stable in the following sense: for any At > 0,

M-1 witl 4 g+l 2
M 3 lQuTAt H(I— PRW%
n=0

r

+[wrt —a”|? + 2vAt|[DWH |2 + Da Tt At wiH |2]

< Juol? + C*|glZ (B M Tol* + BED M| Col?). (4.2.5)
M-1
TP+ > 28ty |VTR)? < | To?, (4.2.6)
n=0
M-1
[CMI?+ 3" 2AtD|VCr|? < [ Co?, (4.2.7)
n=0

where C* = min{v~!, Da}.

Proof Letting S, = 7! in (4.2.2)) and using skew symmetry property and applying

Cauchy-Schwarz and Young’s inequality produces
[T + 29 AL VTR < | T2, (4.2.8)

and finally summing over the time steps yields the stability result (4.2.6). In a similar

manner, setting ¢, = C*! in (4.2.3) yields (4.2.7). Finally, choosing v, = w?*! in
(4.2.1)), using the polarization identity, and multiply both sides by 2A¢ yields

(w2 = a2 + Jwitt = )2 + dv At Dwy 2 + 2Da™ At w2
= 20t Br (8T with) + 2At B (gt wih). (4.2.9)
Note that if we let v, = L;u?ﬂ) in (4.2.4), we have

(wp! +up)

5 (4.2.10)

2
w22 = g 2+ 2 (1= Pr) |

Insert (4.2.10) in (4.2.9), and apply Cauchy-Schwarz, Young’s inequality and Poincaré’s

inequality, which provides

(wpr+upe) |

2

wirtt w20 AL Dw |2 + Da”t At w2

< C'|lgl% (BTALVTI | + BEAL[VC?) (4.2.11)

||u:z+1||2 _ ||u:}||2 + 21/TAtH(I - PR)V

where C* = min{r~1, Da™'}. Summing over the time steps yields the stated result

@2.5).
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The optimal asymptotic error estimation is given as follows with its proof.

Theorem 4.2.2 (Error Estimation) Suppose regularity assumptions holds.
Then for the sufficiently small At, the error satisfies

[u™ -} ||+ | TY - TM|* + [CM - CM?
< K(1+h2m+(At)2+(1+||Su,r|2

[ Surllz + 18|z + [Scrl2)*™

d d
+ > (bl + DX+ Y (il + D
i=r1+1 i=ro+1
d d
+ > (mli+ D&+ Y !z/)iH%Ai). (4.2.12)
i=r3+1 i=R+1

Proof We begin the proof by deriving error equations, subtracting from (1.3.16)),
(1.3.18), (1.3.19) to (4.2.1), (4.2.2), (4.2.3)) at time t"*!, respectively we have

na1 Wi —uap n+l n+l n+l - on+l
wt - gV +2v(D(u™ - w™), Dv,) + by (u™,u", v,)

~bi(wihwih ve) + (Da”H(u = wp ), ve) = (0" V)
= r(g(T-T""),v,) + Bo(g(C - O, v,),(4.2.13)

(Tt"“ - # sr) by, T S,) = by(u, TP S,
+y (VT =T v S,) = 0,(4.2.14)

,@) +hy(u, O ) — by, O B,)
+D(V(C™ - C), v ,) = 0(4.2.15)

Cn+1 _ Cn
n+l _ —r r
(Ct At

The notations that are used in the proof are defined as

-— n Lp— n Lp—
ng = u-U", @, = wpr-Uu", 6,,.=u-Un,

n — n __ n n — n __ n
ey, = u'-uy, ey, = u"-wp,

n+l  _ n+l _ n+l  ._ n+l _ T+l
77T = T - T7 ¢T,r - Tr -T ;

n+l  _ n+l n+l . n+l _ (In+l
Ule] = e ™ Cr = O ¢

where (U™, Tm+1, Cm+1) are L2 projections of (u*!, T+ Cm+1) in (X, W,, ¥,) at

time t"+1.
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Letting S, = T**! in (4.2.14)), and reorganizing it similarly (4.1.31)), we get

0 2 KAt & n+1|2
<oz, * + v Z [ Vo™

|67, 12 HV
1M ! 12 12 1 2 1 14
— n n — - n+ mn
+y Z [V, FIv T + v Z [pus 12 IvT |
n=0

M-1
7 2 Vet P e + Z IDg |2
n=0

AV A T2 a1 0y ) (4.2.16)

By using Lemma[2.1.4] Lemma[2.2.1] LemmaM.1.1 Assumption[2.2.T]and regularity

assumptions in (4.2.16) results in

|67, + At Z [V I* <67,

(P2 + (1Sl

Sl )W 4 e+ e+ v VTl 0 A Z [ 12

VAtM 1

L [De;

2). 4.2.17)

Similarly, the error estimation for the concentration is given by
|éc:I* + DAt Z Vo I < g 1% + K(hzm + ([Surl,

W2 el v e+ v D[V O [ oAt Z [ |2

+||SC,T 2

At 'S
+”— Z D! |2 + (At)?). (4.2.18)
In a similar manner, setting v, = qb’”l in the (4.2.13)), we have

¢n+1 _ On
( u,rAt u,r7¢n+1) + 2VH]D¢”+1”2 + Da‘1||¢"+1|\2

n+l _ pyn
— (nu At nu’¢n+1) +2V(D’r] n+1 D¢n+1)
+[b(un+1 n+17¢n+1) b(wn+1 n+17¢n+1)] n (Da—l n+17¢n+1)

" " un+l —u” "
—(pm V) + (ut+1 T,Cﬁlﬁl)

+ﬁT(g(T"+1 Tn+1) ¢n+1)+ﬁc(g(cn+l Cn+1) ¢n+1). (4219)

Note that, we get (n2,@%"') = 0 and (9, @.') = 0 using the L? projection

(2.1.50). Using this along with the polarization identity and that qbﬁ;} e X" c Vi,
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and inserting all bounds (3.1.11)-(3.1.14) and (4.1.36)-(@.1.37) for the right hand side
terms of (4.2.19) and multiplying both sides by 2At gives

(I 12 = 105, 17) + vAL[ VL + Dat |y |1* < K(Mtl\vnﬁ”ﬂ2

+ A gV | Va2 + Da” gt + H¢”+1|| [va

n+l _ 0
Y lAtHWTLJrlH HVWTL+IH an +1H2 Ny lAthnJrl QhH2 Ny IAtHuTL+1 TuH2
+v7 BE gl % (1 + 10 1%) + v B2 g % (™ 17 + o2 12 )) (4.2.20)

To get a bound for | ¢"*"|2, write (4.2.4) by adding and subtracting the true solution
projection ™*! on both sides and we have

n+1 n+1
(qbu,r -6

n+1 n+1 n+1
At M,?#)Z(VT(I—PR)V((ZS * Sy + 2

2

(I - Pr)VY), (4.221)

(¢n+1 0n+1)
and then choosing v = % in (4.2.21)), we get

lour I? = 6517+ AtVTH(I Pr)V (o + 0D’
+At(yT(] Pr)VU™ (I - Pr)V($t! +6031))). (4.2.22)

Noting "1 = u™*! — n7*! and inserting (4.2.22)) into (4.2.20)) results into

|65 17~ 165,17 + Atw\l(l Pr)V(u, +0u,)|* +vAt|vey:|?
-+l)a_1qu"+1”2

IN

CAt
CvAL v * + —[ng [ vng™ [y )?
C’At

I8 + Al (T - P)V (gl + 03)?

+At(VT(I—PR)V(u"+1 e, (- Po)v(g, +00)]

+At(vr(1 = Pr)V(nit —u™h), (I - Pr)V($y) +63)))

— W oW e ng P - — 1 - anl®

C’At i un+1_un _ - .
=i - =" + v Bzl (P + [0 1)
+ B2 gl (et P + e 1P )) (4.2.23)

1 -1
Assume now At < @[”VV‘;”“] . Substitute the bounds (3.1.19)-(3.1.20)) into (4.2.23
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and sum from n = 0 to M — 1. This gives

M-1 1
|61+ > [gAtVTH(I—PR)V(cb?”+9?”)H2+VNHV¢?”\ + Da”'| oy |?
n=0
M-1
< |gP+C Z lvAtIIV'O"“H2 ||Vu”“\| [vni?
+Atvr| (1= Pr)v(u™™ = nih)|? + HW’”1 [vwi [ vmg|?
At At unl — u”
+ = n+l _ 2 n+1 2+ -1 02 2 n+1 2 n+1
e e R = (Tl e

ZX M-1
RN v ler e @22

+v el (me™ |17 + o 1” )]

Collecting all the bounds (3.1.22)-(3.1.29) for (4.2.24)) and using Lemma[2.1.4] Lemma
2.2.1] Lemma [3.1.1) Assumption [2.2.T]in (4.1.46) and applying regularity assump-

tions leads to
M-1

1
D> [gmwuu - PRV (@ + 07|+ vAL g

n=0

d
D 1 B Ko (7 + 1S+ 35 1,180

g=r+1

d
+u-1|||w|||%,o((h2m 1Sl b2 2l e + D 18 ||%Aj)

J=r+1

+w((h2m + (18w nla + [ Surl2) B2 ™2 Y[l e

Z e, 1A; + Z ;1A )+V2(HUQHQ+V1HIf|H§,1)

Jj=R+1 j=r+1
d
x((fﬂm [Sur bk 2 )l s + ||¢j||%xj)
J=r+1

VT RIS + v (A [0 T2 0 1 ()

d
s B g (B2 N s+ D )

’i=7"2+1

d
Wl (5 e+ 3 )]

1= 1”3+1

+Kv B[ g% At Z [ |° + Kv™ 8o gl o At Z |6 1

n=0 n=0

KAt M1 nt
Y (A (4.2.25)

Applylng Gronwall inequality for sufficiently small time step,
At <min{(Kv (v 2+~2+ D)) (Kv ' B2) L (Kv152)t ) (4.2.26)
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and adding and (4.2.18) to (4.2.25)) we have

M-1
24 Y (vAtD 2 + Dot At] ¢ )

| P ” + 167517 + |02,
n=0

M-1 M-1

+yAt Z |VeT, |* + DAt Z v |2

< Juy - al* + IITS—T0||2+||C?—C’°|2+K( “rlgls At Z 675 1
+7 B8l At Z [65: 1% + (2 IDul o + v IV T s

+7 DIVl ) At Z [ 12

n=0

+h?" + (AE)? + B2 2 (1 + | S|y + STl + 1Ser |

d d d
+ >N D it Y §i+52+5?p+5%).

i=T1+1 i=T2+1 ’i=7‘3+1

4.3 Numerical Studies

In this section we present results of numerical tests using the POD-ROM studied
above. Here we use (#.1.4)-(@.1.6)), which is the BDF2 temporal discretization with
POD-ROM.

4.3.1 Problem Description

For our numerical tests, we consider a test problem from [18, [62]. The domain (2 is
the rectangular box [0, 1] x [0,2], the time domain is from ¢ = 0 to ¢t = 1, and we

consider the boundary conditions
u = 0 on 0f),
T=0,C=0forx=0,
T=1,C=1forx=1.
VI'-n=0,vC-n=0fory=0,y =2,
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We run tests using Lewis number Le = 2, Prandtl number Pr = 1, and buoyancy
ratio N = 0.8, and test the method with different Rayleigh numbers: Ra = 104, 10°
and 10%. We consider the case of Darcy number Da = oo, which corresponds to
Ra B = Ra-N

JZ

. The initial conditions are ug = Ty = Cy = 0.

no porosity. We take kinematic viscosity v = 1, By = -
1 1

— D= ——
Pr Le- Pr

’g:GQ’

Pr

f)/:

Largest eigenvalues of velocity Largest eigenvalues of temperature

1010

10°°

10°1°
0

2 4 B 8 10 12 14 16 18 20
n

Figure 4.1: The eigenvalues for the velocity, temperature and concentration for dif-

ferent Ra

The fine mesh solution used to create the snapshots for each Ra was computed using
a BDF2 finite element scheme, using a time step of At = 0.00025, and with a 30 x
60 uniform triangulation that was further refined near the boundary. This provided
a total of 59,255 degrees of freedom with Taylor-Hood velocity-pressure elements,
and continuous quadratic elements used for the transported quantities. Solutions at
each time step (i.e. snapshots) were saved, and following the procedure described

above (see e.g. [14] for a more detailed description), the matrices of snapshots were
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decomposed into the eigenvalues and eigenmodes.

Plots of the eigenvalues of the snapshot matrices for the different Ra simulations are
shown in Figure and we see a fairly rapid decay for Ra = 10%, a slower decay
for Ra = 105, but for Ra = 105 we observe that even the 50 largest mode has
a corresponding eigenvalue that is only three orders of magnitude smaller than the

largest one.

4.3.2 Convergence Rates with Respect to At and the POD-ROM cutoff

The dominant error source in a POD-ROM typically comes from the basis truncation.
The convergence rates in the velocity, the temperature and the concentration are given

in Table[4.1] To scaling this test, we fix 7' = 0.1, Ra = 10°.

Table 4.1: Convergence rates of velocity, temperature and concentration for varying
At.

r At IV(u-w)| 2y rate | [V(T=T) |20y rate | [V(C =Cy)| 2y rate
10 2.5e-04 6.7080e+02 - 0.6141 - 0.8925 -

10 | 1.25e-04 3.9079e+02 0.78 0.3444 0.83 0.4662 0.94
10 | 6.25e-05 2.5724e+02 0.60 0.2222 0.63 0.2896 0.69
10 | 3.125e-05 1.3594e+02 0.92 0.1235 0.85 0.1483 0.97
10 | 1.5625e-05 46.7776 1.54 0.0455 1.44 0.0529 1.49
10 | 7.8125e-06 14.8303 1.66 0.0195 1.22 0.0212 1.32
20 2.5e-04 5.3497e+02 - 0.4975 - 0.7248 -

20 | 1.25e-04 3.3729e+02 0.67 0.3132 0.67 0.4428 0.71
20 | 6.25e-05 2.0351e+02 0.73 0.1772 0.82 0.2289 0.95
20 | 3.125e-05 1.1922e+02 0.77 0.1027 0.79 0.1277 0.84
20 | 1.5625e-05 48.6892 1.29 0.0498 1.04 0.0531 1.27
20 | 7.8125e-06 10.6756 2.19 0.0147 1.76 0.0173 1.62

We observe that as the number of POD basis 7 increases, the error in the velocity,
the temperature and the concentration decreases, that is, more modes used for POD
gives more accurate solutions. In addition, we note that the convergence rates in ve-

locity error for varying At are consistent with second order for r = 20. In a similar
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manner, as 7 increases, the convergence rates in temperature and concentration in-
crease, however, they are not close enough to second order even for high r in Table
A.1] Our analysis predicts that temporal and spatial error are negligible compared to

the POD truncation errors, €,, €7, £c. Thus, we only pay attention convergence rates

for varying R, which are evaluated in Table [4.2] Table 4.3] and Table [4.4]

Table 4.2: Convergence of velocity for varying r.

T Eu |V(a-u,)|rzm) rate
3 | 35.646 0.5215 -

5 | 13.524 0.2254 0.87
7 | 64511 0.1087 0.99
9 | 3.2584 0.0697 0.65
11 | 1.8444 0.0408 0.94
13 | 0.9870 0.0286 0.57

Table 4.3: Convergence of temperature for varying r.

| oer V(T -T) |2y rate
3 | 2.0381 0.0501 -

5 | 0.5569 0.0211 0.67
7 1 0.2836 0.0122 0.81
9 | 0.1364 0.0068 0.79
11 | 0.0553 0.0048 0.39
13 | 0.0255 0.0040 0.23

The error contributions of the velocity, temperature, concentration defined by (2.2.19).
In the analysis error (in L2(0,7; H*(€2)) norm) will scale like O(si/2 + 5;/2 + 52/2)
when temporal and spatial error are negligible. In Table d.2] Table [4.3|and Table 4.4]
we compute errors for Ra = 10* using At = 0.000015625, T" = 0.01, and varying r
(fixing 71 = ro = r3 = ). Here we take the solution of the fine mesh BDF?2 finite el-

ement scheme as the true solution, calculate ,, €7, €¢ for each r, and display these
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Table 4.4: Convergence of concentration for varying r.

r £ IV(C = Cy)|l2(ary rate
3 | 2.1881 0.0706 -

5 | 0.8746 0.0283 1.00
7 | 0.4369 0.0168 0.75
9 | 0.2646 0.0113 0.79
11 | 0.1244 0.0080 0.46
13 | 0.0541 0.0053 0.50

quantities and the scaling of the error with respect to them in the tables. Note that,

the rates in the tables consistent with the 0.5 rate as expected by analysis.

4.3.3 Captured Energy with Respect to the Different POD-ROM cutoff

In this test, to create POD basis, 4000 snapshots are used in the time interval [0,
1]. The correlation matrix are constructed using snapshots. Captured energy for the

velocity (F,), temperature (£7), concentration (E¢) can be defined as

Y T g
Fue 2PN 100 ppo 200 g 2 g0,
j=1 N =1 Hj g=157

The percent of captured energy with respect to the different POD modes number for

the velocity, temperature and concentration are shown in Table 4.5 Table {.6] and

Table respectively.

When we select POD modes number r = 12 for Ra = 10* and r = 20 for Ra = 10°,
99.999% of the total energy is captured. On the other hand, for Ra = 10, and it
would take many more modes than this to capture a sufficiently large portion of the
system energy; hence for this test it was necessary to use a stabilization to get good

numerical results.
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Table 4.5: Percent of captured energy for the velocity, temperature and concentration

with Ra = 10* varying r

E, Er Ec
99.7151 | 99.9782 | 99.9809
99.9608 | 99.9987 | 99.9963
99.9911 | 99.9997 | 99.9990
10 | 99.9979 | 99.9999 | 99.9997
12 1 99.9994 | 99.9999 | 99.9999

o N A~

Table 4.6: Percent of captured energy for the velocity, temperature and concentration

with Ra = 10° varying r

r E, Er Ec

8 [ 99.8173 | 99.8942 | 99.9304
12 | 99.9781 | 99.9845 | 99.9852
16 | 99.9939 | 99.9966 | 99.9955
20 | 99.9985 | 99.9992 | 99.9985
24 1 99.9995 | 99.9997 | 99.9994

Table 4.7: Percent of captured energy for the velocity, temperature and concentration

with Ra = 10° varying r

r E, Er Ec

8 | 93.0866 | 97.6547 | 97.4737
16 | 97.4949 | 99.1031 | 98.9494
24 | 98.9831 | 99.5758 | 99.4581
321 99.4980 | 99.7838 | 99.6876
40 | 99.7096 | 99.8793 | 99.8065
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4.3.4 POD Performance for Different Ra

We consider now the ability of the POD for Ra = 10%, Ra = 10°, and Ra = 106. The
computation times for full order solutions, POD basis functions and POD solutions
for varying Ra are presented in Table 4.8 The following speed-up factor can be used

as a measurement for the computational efficiency of the POD over DNS

Process time in DNS

Speed-up = )
peec-up Process time in POD

The computed speed-up values are listed in Table 4.8 For this test, we fix 7" = 0.01,
At =0.00025, and r = 7.

Table 4.8: CPU times (in seconds) for DNS, POD basis and POD, and speed-up of
POD for different Ra

Ra DNS POD basis POD Speed-up
10% | 1186.973710 | 869.562297 | 62.812477 18.89
10° | 1285.602149 | 967.813853 | 66.644541 19.29
106 | 966.318515 | 860.485202 | 135.498313 7.13

We see that the reduced order model is significantly faster than the full order model for
Ra =10* and Ra = 10°, however, the efficiency of POD slightly drops for Ra = 10°.

Note that, the computational cost decreases remarkably for all Ra.

In the next test, we aim to show the decreasing behaviour of L? and H! errors for
varying Ra. Hence, we calculate the errors at each time step and plot them versus

time. We choose 7 = 20 for Ra = 10* and Ra = 10°, r = 40 for Ra = 106.

The variations of L? error and H' error with respect to time are shown for Ra = 10*
and Ra = 10° in Figure [4.2|and Figure 4.3 respectively.  As seen in Figure 4.2/ and
Figure 4.3| the L? errors and the H'! errors become close to zero as the time increase.
It gives that our solution matches DNS for Ra = 10* and Ra = 105. We also observe
the error plots for Ra = 10° to be significantly larger than for Ra = 104, so it is no

surprise, as Ra increases, more modes are needed to obtain a good solution.
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Figure 4.2: The L? error in the velocity, temperature and concentration for Ra = 10*

and Ra = 10°.

We also check the ability of the POD for Ra = 10 by comparing with DNS solution
in Figure 4.4 First column indicate the DNS solution, second column indicate the
POD solution. We observe no visual difference in the ¢ = 0.5 solutions. We note that
POD solutions matches the DNS solution qualitatively quite well. We consider also
the same numerical test with Ra = 10° in the Figure We obtain same results.
POD solution matches well with DNS solution.

For a final test, we consider the same test but with higher Rayleigh number, Ra = 10°.
Here, even with 40 modes, the POD-ROM is unable to give a good solution (see
Figure [4.6] and Figure [4.7)), which is expected since Figure [4.1] shows a very slow
decay of the eigenvalues of the snapshot matrix. We use Algorithm [4.2.1] which is
obtained adding the decoupled VMS-ROM stabilization, then the effect of additional
viscosity is added to the smaller R velocity modes in a post-processing step. After
running several tests to optimize parameters 12 and vy, we found that R = 20, vy =1

is a near optimal choice that gives a much better solution than the unstabilized POD-
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Figure 4.3: The H' error in the velocity, temperature and concentration for Ra = 10*

and Ra = 10°.

ROM, see Figure [4.6) and Figure 4.7 We note that no stabilization was added to the

transport equations in these results.
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Figure 4.4: Shown above are Ra = 10* solution plots for the simulations using DNS

and POD using 8 modes at ¢ = 0.5.
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Figure 4.5: Shown above are Ra = 10° solution plots for the simulations using DNS

and POD using 10 modes at ¢ = 0.5.
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1.3
12
1.1

1600
1400
1200

—POD
— —VMSPOD

1000 0.0
800 0.8
= =or gl !
= 600 = i
3 = o6 ]
E] =2 It
= - |
400 0.5
AL
04 h
Y
i
200 os | #
[ 0.2 0.4 0.6 0.8 1

o] 0.2 0.4 06 08 1

Figure 4.7: The H' error in the velocity, temperature and concentration for Ra = 106.
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CHAPTER 5

THE EXTRAPOLATED CRANK NICHOLSON VMS-POD METHOD FOR
DARCY BRINKMAN EQUATIONS

In this chapter, we extend [22]] with VMS-POD methodology for the Darcy Brinkman
system. The scheme obtains POD solutions with a projection based VMS stabiliza-
tion introduced in [40, 55] for the fluid velocity, temperature and concentration. The
finite element method is considered for space variables and Crank Nicholson time
discretization method for time variables. In addition, to obtain a fully linear system at
each time level, the nonlinear terms are treated with the extrapolated Crank Nicholson

method of Baker’s [5]].

This chapter is arranged as follows. In Section 2, the full order model for Darcy
Brinkman system is introduced. A review of POD and VMS methods are given in
Section 3. Section 4 is devoted to the numerical analysis of the VMS-POD formula-

tion. In Section 5, analytical results are verified with numerical experiments.

5.1 Preliminaries

In this section, some preliminaries are given about VMS-POD setting for Darcy-
Brinkman with double diffusive convection. The artificial diffusions are added to the
smaller Ry, Ry, R3 velocity, temperature, concentration modes affecting only small

scales. Therefore, the following spaces are used for VMS-POD setting

Xr = span{¥}',, Lgu VX = {Vap, 1
Wg = span{p}12, Lrr = VWg={Ve,}2,
\I/R V\I/R = {V’I?k}kle

span{m.}1%, Lnc

85



with R; < ry, Ry <ryand R3 < r3. Here R;, Ry and R3 denote the POD modes num-
bers for each fluid variables used in the projections for VMS method. The following

relations between finite element spaces and POD spaces are provided by construction,
XpcX,cVycX, WrcW,cW,cW, and VYgrcVW,cV¥,cV.
In the VMS formulation, we will use the L? projection operator
Pu,R (L > LR,ua PT,R (L~ LR,T7 PC,R (L > LR,C
which are defined as
(u-P,pu,vg) = 0, (T-PrgT,Sg)=0, (C-PcrC,(r)=0, (5.1.1)

for all (vg,Sgr,Cr) € (Lru, Lrr,Lrc). Therefore, VMS-POD formulation of the
(1.3.15]) with a Crank Nicholson temporal discretization becomes: Find u,. : [0,7] —
X,, T,:[0,7]=>W,, C,.:[0,7] >V, forevery (v,,S,,®,), (X, W,,¥,)

n+l _ qn
(uv) +20(Duy Dv,) + b (X (), w v,)

At
+a (1= Pog)Duy’®, (1 = Py g)Dv, ) + Da (uf?, v,)
= Br(gTy” v,) + Bo(gCH v,), (5.12)
Tn+1 _Tn
(TTtT, ST) F (VT2 98,) + by(X(u™), T2, S,)
+ao((1 = Pr)VIH2, (1 = Pra)vs,) =0, (5.1.3)
n+l _ (Mn
(%7 <r) + Dc(VC:L/Q, Vgr) + bg,(X(u,’}), C;}/Q, Cr)

+as((1 = Por)VC, (I - Pop) Vs ) = 0. (5.1.4)

where P, r, Pr r and Pc g are the L? projection into (X g, Wgr, ¥5) and

1 n+1 n Tn+1 Tn
() = Sup - gyl 2 W i DL

Crl 4+ Cn
rogorm 2T 2 2 '

ol =
’ 2

Note that in algorithm (5.1.2)-(5.1.4), the linear extrapolation of the velocity, temper-
ature and concentration are used, [20]]. Thus, the solution of the system requires one

linear system per time.
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5.2 Numerical analysis of VMS-POD double diffusive Darcy Brinkman scheme

In this section, we present the stability analysis and convergence result for the solu-

tions of (5.1.2)-(5.1.4).

Lemma 5.2.1 The VMS-POD approximation - is unconditionally stable

in the following sense: for any At >0

|| + 4w At Z IDu?|2 + 2Da At Z |ur/?|2

M-1

20, At Y (I = Py g)Dup?|?
n=0
< Juf?+ K HgH2 (Brv=' TP + BEDaD | CR)?) (5.2.1)

M-1
ITM2 1 2y At Z VT + 2008 Z I(I = Ppp) VT2

< TP (5.2.2)
M-1

HCMH2+2D At Z HVCH/QH +2C¥3At Z ”([ PCR)VCn/QHQ

< |cr)? (5.2.3)

Tn+1 +Tn
Proof Letting S, = T," 2o 2t Tor in(5.1.3), and using the skew symmetry, we

2
get by (X (u?), T, T**) = 0. Then (5.1.3) becomes

[T 2 + 29 AL VT | + 20A8 (T = Prp) VI = | T (5.24)

Summing over the time steps n =0, ..., M — 1 yields

M-1

ITM)2 + 2y At Z VT2 + 20 At Z (I - PTR)VT"/2H2 <|ITP|2. (5.2.5)

Similarly, setting ¢, = C}’ % in lb and summing over the time steps produces

M-1

|CM|2 +2D, Atz HVC”/QH+2asAtZH(I Pog) VO |2 < |CO12. (5.2.6)

Choosing v, = u* and using by (X (u?), u’? u’?) = 0in (5.1.2) gives

Jum | + dvAt|Dul? |2 + 200 AL| (I - Py g)Dul’?|? + 2Da ™ At ul’?|2
= |u?|? + 28, AL(GTI? u?) + 280 At(gCl? al?). (5.2.7)
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Applying Cauchy-Schwarz inequality and Young’s inequality yields

[ui | + v At Dy |2 + 200 AL|(1 - P, ) Dy’ |2 + 2Da™ At a2
< up? + K |gl% (830 AtV + B2 Dadt|VCr2 ) (5.2.8)

Summing over the time stepsn =0,..., M — 1 gives
M-1 M-1
JaM | +4vAt 3 D)2 + 200 At Y (I - Pog)Dup?|?

n=0 n=0

M-1 )
2Da'At Y [upl?)?
n=0
M-1 ) M-1 )
< JudlP+ KlglZ (83w AL Y VTP + BEDalt Y [9CrP|?)(5.2.9)

n=0 n=0

Inserting (5.2.4) and (5.2.6) in (5.2.8)) gives the stated result (5.2.1).

Hence the method is stable without any time step restriction. The next question is:
how fast approximate solutions converge to true solutions. To answer this question,

we now consider the error analysis of VMS-POD.

Theorem 5.2.2 (Error Estimation) Suppose regularity assumptionsw, T, C € L*(0, 7; H™+!),
p € L*(0,7; H™) holds. Then for the sufficiently small At, the error satisfies

- w2 4 T - TP 4 OV - CM PP
< K(l + ¥+ (A + (1 + [ Surl2 + | Surll2
+|Strllz + [S7.8ll2 + [ Scr 2 + [ Se.rl2) 7™

d d d
+ 20 (pili+ DA+ 3 (il + D+ 3 (Il + D&

i=r1+1 i=ro+1 i=r3+1
d d d
+ > llihi+ Y e+ Y ”771“%51) (5.2.10)
i:R1+1 i:R2+1 i:R3+1

Proof We begin the proof by deriving error equations, subtracting from (1.3.16),
(1.3.18), (1.3.19) to (5.1.2), (5.1.3), (5.1.4) at time #"/2, respectively we have

un+1 _1qn
r

(u?/2 - Tur,vr) + 2y(]D)(u”/2 - uf/Q),]D)v,.) + b (u? u? v,)
~by (X (u), w” v,) + (Da  (u? - wp),v,) - (p" L,V - vy)
+ay (1 = Pog)D(u"? = w’?), (I = Py g)Dv, )
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= 5T(g(Tn/2 - Trn/2)7 Vr) + BC(g(Cm/2 - C:L/z)a Vr)
+ay (1 = Pog)Du'’?, (I = Py p)Dv, ), (5.2.11)

Tn+1 —Tn
T’N//Q _ r r
( ! At

by (X (W), T2, 8,) + as( (1 = Prp) V(T = T7), (I - Prp)vSs,)

: S,«) V(T2 = T12),98,) + by (a2, T2, S, )

= ax((I = Prg) VT2, (I = Pr)vs,), (5.2.12)

n+l _ (n
(0 - S0, ) + D(w(C = ), 9, b, O, )

—by(X(u), O™, ®,) + ozg((f CPap)V(CM? - ) (1 - PC,R)W)
= a3((I = Per)VC"2 (I - Pog)Vs,). (5.2.13)

for all (v, S,, ®,) € (X,., W,., ¥,.). We use the following notations for the decompo-
sition of the errors.
ng = out-ut, ¢y, = up-uh,
mp o= Th=Tr g o= TR =T (5.2.14)
e = Cn=Cnog, = Cr-Cn

Hence the errors can be denoted by

Cur = Ma=bup O, = WO, =gt G219
where 1", T”, C" are L2 projections of u”, 1™, C™ in X,., W,., ¥, at time t", respec-
tively.

We first derive the error estimation for the temperature. To do that, the error equation

for the temperature is rewritten as

T(t1) - T(tn) Tn+t-Tr ) n/2 n/2
(% oS (V@) - 1), v8,)

+hy(u(t"l?), T(t?), 8,) = by(X (), T, ,)

+ao((1 = Pr)V(T(E) = T7"), (I - Pr.g)vS, )
T(t1) - T(t")

T,(t"?) - S,
(L") )
= ax((I = Prp)VT ("), (I - Pra)vs$,), (5.2.16)
Adding and subtracting
T(t"1) + T (t) T(t") + T(t)

Y(v( ), VS,) + aa( (I - Pr)v( ).(I- Pry)vs,)

At At
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terms in (5.2.16) and utilizing (5.2.14)) and setting S, :gb;{f in (5.2.16)) gives

( n+1 qu
'
—7

At
n+1

n _77 n n n/2
< gD+ Al(vn”, v

Al PELTE ) e

oo (u(t/2), T(A7%), 6302) — ba (X (ul), T72, 6317)|
vanl((I = Pra) Vi, (1 - Prg)vey?)]

AT ey, )

+aol (1 = Pra)VT ("), (I - Prp)VS,)

T(t71) + T(7)
At

) A1+ ol (1 - Pr) Ve

+as| (1= Pr.a)v( = T(t"2)), (I - Prp)Vs,)(5.2.17)

Using the fact that (', ¢7'') = 0, and (97, ¢it") = 0 from the definition of L2
projection in (5.2.17), we get

SO 17 oIV + (1 - Pr) 9o

< sxclo |+ olon, vo) e oo (RO o) gty
oo (u(E72), T(1772), 6517) = ba(X (uy), T2, 670))

+CY2|<(I—PT,R)V77T (- PTR)V¢n/2)|

+ao|((I = Prp)VT ("), (I - Prp) vy} )

Tt ) +T(t")

+asl (1 = Pr.g) v =T (1)), (I = Pra)vey’)

At
T tn+1 ~T(t" n
AT - n). . (52.18)
Adding and subtracting terms
T +T") .,
ba(a(t2) + () + 2 (agrr), LT ey

to the nonlinear terms in (5.2.18) leads to

bo(u(t"’2), T(t"2), 63/2) — bo(X (u)), T2, 67%)

= ba(X(u), " %) — ba (X (ul), 657, 6717)

T +T(") .
(e, ), LD ey
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T(m+1) + T(t7) .

( )2 _Tn/2’ T{f)
T+ T .,

ho(u(r2) - ae(u(ery), LT, ey

T ) +T(t") o
9 ) T,T)

+b?(u(tn/2)7

+hy(u(t™?), T (t?) -

Note that by(u"/2, ¢!, ¢11!) = 0. Using Cauchy-Schwarz and Young’s inequalities,

we obtain

n n/2 n/2 1 n
2At”¢ 2+ VR + sl (1 - Prop) Ve 2| < sz 1971

T(tn+1) + T(tn) (tn/2)) V¢n/2)|2

+9|(Vne"?, V¢"/2)| +7](V( AL

), ) ¢ el ), DL
R A )]

() - 2 (u(eey), LD, gy

a2y, ey - T oy

+042|((I—PT,R)V77 (1= PTR)V¢n/2)|

+a2|((1 - PT7R)VT(tn/2) (I PTR)V(bn/Q)l
Ty + T(t)
At

- T(t2), 972, (5.2.19)

+a2|((l — PT7R)V(
X (T(t"“)A - (")

= T(t"), (I = Pr)vests)]

Next, we bound the second and third term in the right hand side of (5.2.19), by using
Lemma|[I.2.13] Cauchy Schwarz, Young’s and Poincaré’s inequalities:

Wm 29D < KAlvm B+ LveilE (5220

(L) + T ()

(v ( Iy ST(?), VO < KyAt|VTa(t)|?

elvelP 522D

The first nonlinear term right hand side of (5.2.19) can be rearranged adding and

n/2

subtracting the term by (X (u(t")), nr"/2, ¢7')) as

bz(?f(u?),n:r"/z, ;3) < |bg(élf'(773)777T"/27 ;,3)|+|b2(‘/¥(¢u,r)anT”/2 n/2)|
+Hb2(X (), nr"2, 617) (5.222)
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To bound this nonlinear terms in the right hand side of (5.2.22)), we use Lemma[1.3.1]

and Young’s inequality

(X )0 Gy < Ky (ID P + [P ) vy
+5lvar?
(X (Gur) e G < Ky (10, 12 + 90 1) [
+2Ivory |
o (")), me2, 670 < B (IDu P+ [Du(e)l? vl P

n/2
Hvaﬁ ok

Using similar techniques for the other nonlinear terms in the right hand side of (5.2.19),

we get
Tt ) +T(t™)
(e ey, LT ey
_ n e P e Tt +T(t™)
< Ky (D + D |2+ k(i 12+ o)y (FETLE T
e
Tt + T(t n
by(aer2y, LT sy ooy,

2
< Ky A D) [P VT ()] + HV¢"/2H2

T +T") w2

o)) —u(perty, T oy
n+1 n
< Ky 9 —u(e) oL T e T g e
|b2(u(tn/2),T(tn+l)2+ T(t ) T(tn/2) ¢n/2)|
< Ky AC|Vu(?) P IVTL () + 2|91 (5.2.23)

The ninth, tenth, eleventh terms in (5.2.19) are bounded by using the fact that |(/ -
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Prp)Vwl|? < |Vw]?

T(tm+1) + T(tm)
At

+042|(([—PT,R)V77 (1 - PTR)V¢H/2)|

sl (1 = Pr)V( =T(t"2)), (I - Pra)veyts)]

+042|(([ PTR)VTW/2 (I PTR)V¢H/2)|

042\|V77n/2||2 + ool (I = Pr.r)VT™?|* + au At*|(I = Pr.r) VT

||(I Pr.p)Voy?|? (5.2.24)

For the last term in the right hand side of (5.2.19), we apply Cauchy Schwarz, Poincaré’s,
Young’s inequalities and Lemma [[.2.13] as

T(tn+1) - T ()

( = ST(t72), 6517) < Ky AR T (#) [ + ||v¢"/25225>

Inserting (5.2.20)-(5.2.23)) in (5.2.19)), multiplying by 2At¢ and summing over the time

steps produces

M-1

|63 (1% + v At Z Vo212 + ant Z |(I = Prr) Vel |? < |6,

n/2
e e TR

+KAt((7+Oz2) S Iom 2 4 S (g,
n=0 n=0

M-1
Y (L D2 + D 2) 92 +7_1(||]D)773||2 U
n=0
+h (160 17 + lew )1 ) + A1t4((7 +yH IDa(E ) P IV T ()
7 Do (8 + o[ (1 = Prr) VT (t) H2) + aof (1 - PT,R)VT(t"/zlﬁ?%-zﬁ)

By using Lemma [2.1.4] Lemma[5.2.1] Assumption [2.2.T] and regularity assumptions
in (5.2.26) results in

M-1

o7l + yat Z IVorsI* + asdt 3 (1= Pra) Vel

< lob It K(fﬂm e (IS0, + |Snal b2+ 22 + 22

(L + B+ [ Sup [ 72+ e, ) (W27 + | S, B + €7,

M-1
FAD 7S (o 2 + o 2) 9 rP). (5227
n=0
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Similarly, the error estimation for the concentration is given by

M-1
[o¢ I + DeAt Z IV + st X 17 = Pen) Vo1

< o1+ K (th + (IScully + 1Sc.rl )h*™* + ¢, + €t g

H(L 4227+ [ Supll 2272+ €, ) (B + [ Sl B2 + €8,)

M-1
(A0 D X (ol P+ [0 1)1 95 (5.2.28)

To obtain an estimation for the velocity we use similar arguments as above. Thus, in

a similar manner, for the velocity we add and subtract

20U ) ¢ (Do (ML,
P )

2
+ay (I = Par)D(

—ﬁT<g(T(t””);T“")> v,

bl(u(t"/Q) + X (0,") + X(u(t")),

u(t”*l) +u(tn

D).(1- Pur)Dv,)

) be(a( T )

u(t") +u(t?)
2 V)

to (5.2.11) and letting v, = ”/ 2 in (5.1.2), and applying the polarization identity to
g pplying P y

get

n+1 2 n+l _ n |2 20D n/2 2
MtHcﬁ 12 - 2Atnqsmu Mtucb ou,|? +2v Dy
+on |[(I = Py r)D@/2 |2 + Da™t |l 2

< 1Br(g(my?), o) + 18 (g(nd?), du2)] +18r(g(632), 22|
HBo(a(6142), 1) + 18r(g(LE T gy gz

2
] (g CL D

+2u|(Dn, "2, Dy?)| + 2v|(D(

—Cm), )| + |<"7“ LTEN

n+1 n
u(rr) rut >> —Du(t"/2>,m>¢ﬁ{f>|

u(t"tt) +u(t) ) -
2
von|(( = Pug) Vi, (I - Pug)DGLY)

+au|((I = Py p)Du(t"?), (I - Py )DL

+Da”|(n,"2, ¢/ + Da™'|(( u(t"’?), 937l
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u(t™) +u(t")
2

#lbr (X (u), ma™, |+ 101 (X (1),

o (g, S ey

u(t"!) +u(t") —u(t?) ¢ﬁ/3)|

2

(@) - (e, D g

+|(p(tn+1)2+p(tn) —p(tn/g) n/2)|

) p(e)
2

+an|((1 = P ) u(t"’2), (I - Py p)De? )|

u(tnt! )+u(t”) n/g
. )

+|b1(u(tn/2)7

)l

VS (M ) (5.2.29)

At

n+l _ pn
Note that (n“Ttn“, qbﬁ/f) = 0 due to the definition of the L? projection. Each of

the terms in (5.2.29) can be bounded in a similar manner. Thus, one gets

Br(g(n), U2 + 18 (8(l?), ouH)| + |Br(g(672). $2/2)]

(a0, 62 + e o) g
o) + C(t)

+Be(g( ; = C(t"), 917
< Kv g2 (B2(ny 12 + 67712 + At T (-, )2
B2 + [0 1? + ALICu(t)ID)) + 1 IDSZ (5:230)
2|, D))+ 2L i) pg)
< Kv(IDni|? + At |Dua(- DI?) + T IDS I, (5.2.31)

Da (i, )]+ Dt ( (M “‘““) u(?), ¢i2)
< KD ([P ¢ At ) ?) + 2o L2 (5:2.32)

|(p(tn+1)2+p(tn) _p(tn/2)’v.¢ﬁ7/3)| n |(p(tn+1)2+p(t ) —qn, V- ¢n/2)|

oot

p(t™t) + p(t")

< Kv (At pu(t)]” + 5

(5.2.33)
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|(un+1 B u

LU < Ku At fag, ()] + Hqu”/Q . (5234

“(t”“); W) ), (1 - Pur)D)

ronl((1 = Pur) Vi, (I - Pug)DGLY)

co|((1 - Pug)Du(e2), (1 - P )DL

ol (1 = P )Y

< Kon(At'|(1 = Pyg)Duy(t)|* + |V |? + | (I = Por)Du(?)|?)
+SH(1 - Pur) DI (5:235)
The first nonlinear terms are organized as
b1 (X (u) ™2, Gul)] < [or (X (u(E)), ™2, 637
o (X (), ", S+ o (X (S4,) 0™, 000D (5:2.36)
The nonlinear terms in (5.2.36)) are bounded as before:
b (X (u(t")), "2, 60))
< Kv ' ([Du()]? + [Du(e) %) [Dnu"/)? + HD¢”/QH2
b1 (X (), 1™, S0
< Ko (D + Do ) Do ™2 + HID>¢"/2 I”
b1 (X (0, mu"2, )]
< Kvrth (16,2 + 100 17) D2 + \|1D¢>"/2H2
Similarly, the other nonlinear terms can be bounded as
(), LD gy o), ML gy

n+l1 n
< Ku-l(nDnﬁn? O (L R el ) | GG R GRS

!|ID>¢”/2H2

u(t i )2+ u(tn) _ u(tn/2)a¢ﬁ/2)|

< Kv At [Du(t"?) | [Dug (8] + I\D¢"/2|\2

Ibl(U(t"/Q)y

bi (X (u(t) - u(t"’?), “(tn+l)2+u(t ) "/2)|

< KB —u(e) pE Ly Vg s 237)
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We now insert (5.2.30)-(5.2.37) into (5.2.29) and use regularity assumptions to get

- 2Atr|¢>w|\2 T
D + 2 H¢”/2H2 1H(I—Pu,R>D¢"/2H2
K(v gl <5T||¢“/2||2+ﬁc||¢"/2|| ) 212 + [l
Flna 212 + D 21+ (D + D )
w8 ) g, 12 + s )
ronl (I - Po)Du(et) 2+ |2 ”)2”’( D g
7 g AL (B2 T, D)2 + B Cu(t)]?)
o+ 07 D) )AL Dug B[P + Dat At g ()

IN

+ (D2 + D

T A [pa(8) 7+ v A g (8)

+AF 0 [|(1 = Py r)Du(#)]2). (5.2.38)

Dropping the third term in the left hand side of (5.2.38)) and summing over the time
steps and multiplying by 2At gives

17+ ALY (201DG1 + D L1+ sl (1 - DT
< ||¢m||2+mt( g2 Z(BT||¢"/2|I2 B216212)2)
+ Z 12 + 212 + a2 )2)

+ Z [Dn, 22 (1 + [Dag | + [Dng~ %)
n=0

M-1 n+1l n
et 3 (jomy e (UL R g, 12+ 0 )
M-1 n+1
+ay Z ”(I PuR)Du(tn/Q ”2 Z ”p(t )2‘|‘p(t ) qhH2
M-1
#A (v gl 3 (FHITu (DI + B Cu(t) )
M-1 N M-1
# 2 (v v [Du(E ) ) [Bu (DI + Da™t 3 ()]
M 1 M-1
2 ()P40 B Ju(t)] z [(1 = Pup)Dug (t" >|2))

Using Lemma 2.1.4] Lemma [5.2.1] Assumption [2.2.1]in (5.2.39) and applying regu-
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larity assumptions leads to

M-1
[ |* + At Y (20D |* + Da [ $7]%)

n=0

M-1 2
+or 3 (1= Pur)Doul |
n=0
< r¢%mu2+K( gl At Z 87717 + v B2l gl At Z I$e71?

d d
+h2m+(1+||Sw||2+||Su7RH2)h2m+2+5i,r+5i7R+ Yo+ Y

i=7"1 +1 i=7’2 +1

d
+ 20 G+ (A + (" + (ISurly + [Surl) 2™ + €5 ,)

i=r3+1

M
+y‘1h‘1(h2m+||Su7r||h2m+2+5ur |]Du||2)2(|¢ﬁ7r||2)). (5.2.39)

Finally, we add (5.2.27), (5.2.28)) and (5.2.39) to get

M-1

[l 12 + 104 12 + [0, 2 + 3 (2vAtIDeL? |2+ Da™ At [?)

n=0
ALY VAR DAY, [V s (1 - P DO

M-1

Fast Z |7 = Pra)voill1? + asht X0 |7 = Per) Vol

IN

~ - ~ n/2
Jup = a°|? + |77 - T°)° + IC?—C°||2+K( 67 g) %At Z o722

w7 B gl At Z [ 17+ 2™ + (1 Surly + 1Surly + 1570l + 157,81

*[[Scrlly + 1Sc.rl )R ™2 + ey, + €4 g+ €T, + ET g + €0, + €0 R+ (AL)!

H(R 4 | Sup B2 2 4 €8 ) < (B2 + (1Suglly + 1Smielly + 1Se, 1) R2

d d d
VT SET S EED YYD IR S

i=ri1+1 i=ro+1 i=rz+1

(0t DI (1Sl + ISt + [,

M-1
v g, + 9 e, + Dy e, + [Dul2) Y ||¢ﬁm||2).
n=0
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We remark that the application of the discrete Gronwall inequality requires an as-
sumption on the time step size. The final error estimation can be obtained by using
the assumption (u?, 79, C?) = (a0, 7°, CY), the triangle inequality, Assumptionm

T T

and Assumption

5.3 Numerical Experiments

In this section, the numerical experiments for the linearly extrapolated schemes de-
scribed by (5.1.2)-(5.1.4) are illustrated. The numerical experiments include a con-
vergence test experiment with respect to VMS-POD modes R and a comparison test

experiment by considering POD and VMS-POD solutions.

5.3.1 Problem description

In the numerical experiments, we choose the same test problem with Chapter ] We
also select the time step At = 1.5625¢ — 05, POD basis number 7 = 12, the kinematic
viscosity v = 1. Recall that we use snapshots come from DNS obtained by finite
element spatial discretization. Thus, to get fine mesh solution for snapshots, we use
BDF?2 finite element method with Ra = 10* and At = 0.00025 with 30 x 60 uniform
triangulation. In this case, one gets 59,255 total degrees of freedom for Taylor-Hood

elements and piecewise quadratics for both temperature and concentration.

5.3.2 Test 1: Convergence rates with respect to R

We evaluate the convergence rates of VMS-POD solution to measure the effect of
the error sources. POD and VMS cutoffs become dominant sources when the spatial
error and the temporal error are neglected. Our special interest is the scaling of the
error with respect to R. The VMS contributions for the velocity, the temperature, and

the concentration are defined by

d d d
5u,R=\’ o 13N, 5T,R=\‘ > losl2e, 50,3:\‘ > nsl2¢;
j=R+1 j=R+1 j=R+1
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We choose the artificial viscosities a; = 2, ag = %, o3 = % for the velocity, the

temperature and the concentration, respectively. The results of this test are shown in

Table 511
Table 5.1: Convergence of the VMS-POD for varying R

r | R Eu IV(u-u,)|r2(my rate er IV(T =T,)| 12(zry rate
12| 4 | 21.8237 0.63196 - 1.5694 0.01427 -
12 ] 6 | 8.8818 0.22636 1.14 | 0.4319 0.00823 0.42
12| 8 | 44168 0.13008 0.79 | 0.1842 0.00416 0.80

r | R Ec HV(C_CT‘)HLQ(Hl) rate

12| 4 | 1.5529 0.02991 -

12| 6 | 0.6768 0.01468 0.85

12| 8 | 0.3858 0.00927 0.81

As seen in Table the rates of error in L2(0,7; H'(2)) consistent with 0.5 ex-

pected by the analysis.

5.3.3 Test 2: Comparison of POD solution and VMS-POD solution

In this test, we check the ability of VMS method. We fix R =5, a; = g = a3 = 1073,

Figure shows decreasing behaviours of L2 errors in the velocity, the temperature,

and the concentration. These figures indicate that the L? errors in VMS-POD solu-

tions improve the behaviour of the errors for each fluid variables compared with the

POD solutions.
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Figure 5.1: L? errors of stabilized and unstabilized solution

For a final test, we consider the similar test with Chapter |4| but with even higher
Rayleigh number, Ra = 105. Here, even with 40 modes, the POD is unable to give
a good solution (see Figure [5.2), which is expected since Figure {4.1] shows a very
slow decay of the eigenvalues of the snapshot matrix. As seen in the Figure for
Ra = 109, unstabilized POD did not matches with DNS solutions, but VMS-POD

gave good qualitative results.
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DNS POD VMS-POD

(r =40) (r =40, R =20)
Speed Speed
250
250
200 200
200
150
150 150
100 100 100
50 50 50
0 0 0
Temperature Temperature Temperature
. 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
Concentration Concentration Concentration
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 04
0.2 0.2 0.2
0 0 0

Figure 5.2: Shown above are Ra = 106 solution plots for the simulations using DNS,

POD and VMS-POD using 40 modes at ¢t = 0.75.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORKS

In the first part of the thesis, we proposed, analyzed and tested a VMS-POD method
for incompressible NSE simulation, where the stabilization is completely decoupled
into the second step of a two step implementation at each time step. Decoupling of
the stabilization has the advantage of easily being incorporated into existing POD-G
codes, and also that stabilization parameters can be adjusted only in the stabilization
step (and not as part of the evolution equation). We rigorously prove an error estimate
for the model, in terms of the number of POD modes r, the stabilization parameters
R (number of modes not to add stabilization to) and v, as well as the time step size
At and the mesh width h of the underlying FEM simulation that produced the POD

modes.

Results from several numerical experiments are provided that how effective the method
can be. In particular, we show for 2D channel flow past a step, POD-G has an energy
growth that causes poor lift and drag prediction, especially for longer times. The pro-
posed VMS-POD is able to fix this by stabilizing so that the energy matches the DNS
energy, which in turn leads to excellent lift and drag prediction, even up to ¢ = 10 (and

from the plots, it appear the accurate predictions can continue for even longer time).

In the second part of the thesis extended the POD-ROM methodology to the Darcy-
Brinkman double diffusion system is presented. Under the usual assumptions, we
proved stability and convergence results for the POD-ROM scheme, and gave results
of several numerical tests. Our tests showed very good results for Rayleigh numbers
Ra =10*, 105, which were accurately simulated with » = 10 and r = 20, respectively.
For higher Ra, POD-ROM did not perform well without stabilization, but with a
VMS-type stabilization developed in Chapter 3] the stabilized it gave good qualitative
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results.

In the third part of the thesis, we presented the extrapolated Crank Nicholson VMS-
POD method for Darcy Brinkman equations with double diffusive convection. We
performed the stability and the error analyses for the proposed scheme. The approach
uses reduce order modelling by POD approach and increases numerical stability by
adding artificial diffusion term with a projection based VMS method. Numerical

experiments verified the efficiency of the algorithm (5.1.2))-(5.1.4).

This research will include some inspiring future directions. One of the possible di-
rection is to work on selection of eddy viscosity coefficient vp. We carry out our
analysis in Chapter [3]and Chapter [5| for bounded, positive and element-wise constant
vr. The nonlinear vy produces more complex mathematical theory due to the strong
monotonicity. Hence, the nonconstant and the nonlinear case of v, should also be

examined.

Another direction is the choice of optimal snapshots. It plays an important role in
improving the performance of the POD method. One could increase the success of
POD method by using the trust region philosophy in TRPOD method or creating a

special Voronoi cluster of snapshots in CVT method.

The problems studied in this thesis are nonlinear. The POD method can not decrease
the process time of the nonlinear equations sufficiently. Therefore, the efficiency of

the POD method must be increased by using empirical methods like EIM and DEIM.

We showed that POD is an effective approach for simulating NSE and Darcy-Brinkman
with double diffusive convection. Also, the POD ideas herein should be applied for
other multiphysics problems. For turbulence case, the optimal stabilization strategies
should be used. In such a case, the post-processing VMS method may be used to
support the POD method similar to Chapter 3] The stabilization step could be imple-

mented as coupled or decoupled.

104



REFERENCES

[1] V. R. Algazi and D. J. Sakrison. On the optimality of the Karhunen-Loe¢ve
expansion. IEEE Trans. Inform. Theory, 15:319-321, 1969.

[2] C. A. Andrews, J. M. Davies, and G. R. Schwarz. Adaptive data compression.
Proc. IEEE, 55:267-277, 1967.

[3] E. Arian, M. Fahl, and E. W. Sachs. Trust-region proper orthogonal decom-
position for flow control. ICASE report no. 2000-25, NASA Langley Research
Center, Hampton, VA, USA., 2000.

[4] J. P. Songbe B. Goyeau and D. Gobin. Numerical study of double-diffusive
natural convection in a porous cavity using the Darcy-Brinkman formulation.

Int. J. Heat. Mass Tran., 39(7):1363-1378, 1996.

[5] G. Baker. Galerkin approximations for the Navier-Stokes equations. Harvard

University, 1976.

[6] B.S.Baldwin and H. Lomax. Thin layer approximation and algebraic model for
separated turbulent flows. AIAA 16th Aerospace Sciences Meeting, Huntsville,
AL., pages 78-257, 1978.

[7] M. Barrault, Y. Maday, N. C. Nguyen, and A. T. Patera. An ‘empirical inter-
polation’ method: application to efficient reduced-basis discretization of partial

differential equations. C. R. Acad. Sci. Paris, Ser. 1, 339(9):667-672, 2004.

[8] M. Benosman, J. Borggaard, O. San, and B. Kramer. Learning-based robust sta-
bilization for reduced-order models of 2D and 3D Boussinesq equations. Appl.

Math. Model., 49:162-181, 2017.

[9] L. Berselli, T. Illiescu, and W. Layton. Mathematics of Large Eddy Simulation
of Turbulent Flows. Springer, 2005.

[10] J. Borggaard, A. Hay, and D. Pelletier. Interval-based reduced-order models for
unsteady fluid flow. Int. J. Numer. Anal. Model, 4:353-367, 2007.

105



[11] D. Braess. Finite Elements: Theory, fast solvers, and applications in elasticity

theory. Cambridge University Press, 2007.

[12] S. C. Brenner and L. R. Scott. The Mathematical Theory of Finite Element
Methods. 3rd edn. Springer-Verlag, Newyork, 2008.

[13] J. Burkardt, M. Gunzburger, and H. C. Lee. POD and CVT-based reduced-
order modeling of Navier-Stokes flows. Comput. Methods Appl. Mech. Engrg.,
196:337-355, 2006.

[14] A. Caiazzo, T. Iliescu, V. John, and S. Schyschlowa. A numerical investigation
of velocity-pressure reduced order models for incompressible flows. J. Comput.

Phys., 259:598-616, 2014.

[15] Q. Cao, D. Y. H. Pui, and W. Lipinski. A concept of a novel solar-assisted large-
scale cleaning system (SALSCS) for urban air remediation. Aerosol Air Qual.

Res., 15:1-10, 2015.

[16] S. Chaturantabut and D. C. Sorensen. Nonlinear model reduction via discrete

empirical interpolation. SIAM J. Sci. Comput., 32(5):2737-2764, 2010.

[17] S. Chen, C. Foias, D. D. Holm, E. Olson, E. S. Titi, and S. Wynne. A connection
between the Camassa-Holm equations and turbulent flows in channels and pipes.

Phys Fluids, 11:2343-2353, 1999.

[18] S. Chen,J. Tolke, and M. Krafczyk. Numerical investigation of double-diffusive
(natural) convection in vertical annuluses with opposing temperature and con-

centration gradients. Int. J. Heat Fluid Fl., 31(2):217-226, 2010.

[19] F. D. Deffenbaugh and F. J. Marshall. Time development of the flow about an
impulsively started cylinder. AIAA Journal, 14(7):908-913, 1976.

[20] F. G. Eroglu and S. Kaya. An extrapolated Crank Nicholson VMS-POD method
for Darcy Brinkman Equations. Applied Mathematics: Advanced Topics,
Springer (submitted).

[21] E G. Eroglu, S. Kaya, and L. Rebholz. A modular regularized variational mul-
tiscale proper orthogonal decomposition for incompressible flows. Comput.

Methods Appl. Mech. Engrg., 325:350-368, 2017.

106



[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

F. G. Eroglu, S. Kaya, and L. Rebholz. POD-ROM for the Darcy-Brinkman
equations with double-diffusive convection. J. Numer. Math., to be published,

2018, doi:https://doi.org/10.1515/jnma-2017-0122.

L. C. Evans. Partial differential equations. Graduate studies in mathematics,
vol 19, 2nd edn. American Mathematical Society, Providence, RI, pp xxii+749,
2010.

M. Fahl. Trust-region methods for flow control based on reduced order mod-

elling. PhD thesis, Universititsbibliothek, 2001.

F. Fang, C. C. Pain, I. M. Navon, M.D. Piggott, G. J. Gorman, P. A. Allison, and
A.J. H. Goddard. Reduced-order modelling of an adaptive mesh ocean model.

Int. J. Numer. Methods Fluids, 59(8):827-851, 2009.

K. Ghorayeb and A. Mojtabi. Double diffusive convection in a vertical rectan-

gular cavity. Phys. Fluids, 9 (8):2339-2348, 1997.

S. Giere. Numerical and Analytical Aspects of POD-Based Reduced-Order
Modeling in Computational Fluid Dynamics. PhD thesis, Freie Universitit,
Berlin, 2016.

V. Girault and P. A. Raviart. Finite element approximation of the Navier-Stokes

equations. Lecture Notes in Math., Vol. 749, Springer-Verlag, Berlin, 1979.

V. Girault and P. A. Raviart. Finite element methods for Navier-Stokes equa-

tions: Theory and Algorithms. Springer-Verlag, 1986.

P.M. Gresho, R.L. Lee, S.T. Chan, and R.L. Sani. Solution of the time-dependent
incompressible Navier-Stokes and Boussinesq equations using the Galerkin fi-

nite element method. In: Approximation Methods for Navier-Stokes Problems.,

pp. 203-222. Springer, Berlin, 1980.

J. L. Guermond. Stabilization of Galerkin approximations of transport equations

by subgrid modeling. M2AN, 33:1293 — 1316, 1999.

M. Gunzburger. Finite element methods for viscous incompressible flows: A

guide to theory, practice, and algorithms. Academic Press, Boston, 1989.

107



[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

K. Hasselmann. PIPs and POPs: The reduction of complex dynamical systems
using principal interaction and oscillation patterns. J. Geophys. Res. Atmos.,
03:11015-11021, 1988.

J. Heywood and R. Rannacher. Finite element approximation of the nonstation-
ary Navier-Stokes equations, Part II: Stability of solutions and error estimates

uniform in time. SIAM J. Numer. Anal., 23:750-777, 1986.

T. J. R. Hughes. Multiscale phenomena: Green’s functions, the Dirichlet-to-
Neumann formulation, subgrid-scale models bubbles and the origin of stabilized

methods. Comput. Methods Appl. Mech. Engrg., 127:387 — 401, 1995.

T. Iliescu and Z. Wang. Variational multiscale proper orthogonal decompo-
sition: convection-dominated convection-diffusion-reaction equations. Math.

Comput., 82(283):1357-1378, 2013.

T. Iliescu and Z. Wang. Variational multiscale proper orthogonal decomposi-
tion: Navier-Stokes equations. Numer. Meth. Partial. Diff. Egs., 30(2):641-663,
2014.

V. John. Reference values for drag and lift of a two-dimensional time-dependent

flow around a cylinder. Int. J. Numer. Meth. Fluids, 44:777-788, 2004.

V. John. Finite Element Methods for Incompressible Flow Problems. Springer

Series in Computational Mathematics, 2016.

V. John and S. Kaya. A finite element variational multiscale method for the

Navier-Stokes equations. SIAM J. Sci. Comput., 26:1485-1503, 2005.

V. John and S. Kaya. Finite element error analysis of a variational multiscale

method for the Navier-Stokes equations. Adv. Comput. Math., 28:43—-61, 2008.

V. John, S. Kaya, and W. Layton. A two-level variational multiscale method for

convection-dominated convection-diffusion equations. Comput. Methods Appl.

Mech. Engrg., 195:4594-4603, 2006.

D. A Johnson. and L. S. King. A mathematically simple turbulence closure
model for attached and separated turbulent boundary layers. AIAA Journal,
23(11):1684-1692, 1985.

108



[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

[53]

[54]

B. H. Jgrgensen, J. N. Sgrensen, and M. Brgns. Low-dimensional modeling of
a driven cavity flow with two free parameters. Theoretical and Computational

Fluid Dynamics, 16(4):299-317, 2003.

A. Komiya K. Tsubaki, S. Maruyama and H. Mitsugashira. Continuous mea-
surement of an artificial upwelling of deep sea water induced by the perpetual

salt fountain. Deep Sea Res. Part [ Oceanogr. Res. Pap., 54:75-84, 2007.

K. Karhunen. Zur spektraltheorie stochastischer prozesse. Ann. Acad. Sci. Fen-

nicae, Ser., A1:34, 1946.

M. Karimi-Fard, M.C. Charrier-Mojtabi, and K. Vafai. Non-Darcian effects on
double-diffusive convection within a porous medium. Numer. Heat Transfer,

Part A: Appl., 31 (8):837-852, 1997.

J.P. Kelliher, R. Temam, and X. Wang. Boundary layer associated with the
Darcy-Brinkman-Boussinesq model for convection in porous media. Physica

D., 240:619-628, 2011.

D. D. Kosambi. Statistics in function space. J. Indian Math. Soc., 7:76-88,
1943.

J. Kramer, R. Jecl, and L. Skerget. Boundary domain integral method for double
diffusive natural convection in porous media saturated with compressible fluid.

AIP Conference Proceedings, 1048:332-335, 2008.

J. Kramer, J. Ravnik, R. Jecl, and L. gkerget. Three-dimensional double-
diffusive natural convection with opposing buoyancy effects in porous en-
clousure by boundary element method. Int. J. Comp. Meth. and Exp. Meas.,
1:103-115, 2013.

T. Kiiciikseyhan. Optimal control and reduced order modelling of FitzHugh-
Nagumo equation. PhD thesis, Middle East Technical University, 2017.

K. Kunisch and S. Volkwein. Galerkin proper orthogonal decomposition meth-

ods for parabolic problems. Numerische Mathematik, 90(1):117-148, 2001.

O. Ladyzhenskaya. The Mathematical Theory of Viscous Incompressible Flow.
Gordon and Breach, New York, 1969.

109



[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

W. Layton. A connection between subgrid scale eddy viscosity and mixed meth-

ods. Appl. Math. Comput., 133:147 — 157, 2002.

W. Layton, L. Rohe, and H. Tran. Explicitly uncoupled VMS stabilization of
fluid flow. Comput. Methods Appl. Mech. Engrg., 200:3183-3199, 2011.

S. Ling. Numerical Investigations of Reduced Order Models for Convection-

Diffusion Equations. Master thesis, Freie Universitit, Berlin, 2016.

Y. Liu, L. Zhang, X. Wang, and W. K. Liu. Coupling of Navier—Stokes equations
with protein molecular dynamics and its application to hemodynamics. Int. J.

Numer. Methods Fluids, 46(12):1237-1252, 2004.

M. Loéve. Functions aléatoire de second ordre. Comptes Rendus Acad. Sci.

Faris, page 220, 1945.

J. L. Lumley. The structure of inhomogeneous turbulence. In A.M. Yaglom
and V. I. Tatarski, editors, Atmospheric Turbulence and Wave Propagation,

24:166-78. Nauka, Moscow, 1967.

Z. Luo, J. Zhu, R. Wang, and I.M. Navon. Proper orthogonal decomposition
approach and error estimation of mixed finite element methods for the tropical
Pacific Ocean reduced gravity model. Comput. Methods Appl. Mech. Engrg.,
196:4184-4195, 2007.

R. March, A.L.G.A. Coutinho, and R.N. Elias. Stabilized finite element sim-
ulation of double diffusive natural convection. Mecanica Computacional,

XXIX:7985-8000, 2010.

J. Marshall, A. Adcroft, C. Hill, L. Perelman, and C. Heisey. A finite-volume,
incompressible navier—stokes model for studies of the ocean on parallel com-

puters. J. Geophys. Res., 102:5733-5752, 1997.

M. A. Medebber and N. Retiel. Numerical study of double diffusive convection
within the annular region of two concentric vertical cylinders. In Defect and

Diffusion Forum, 374:1-17, 2017.

H.G. Melhem. Finite Element Approximation to Heat Transfer Through Com-
bined Solid and Fluid Media. PhD thesis, University of Pittsburgh, 1987.

110



[66] A. Mojtabi and M.C. Charrier-Mojtabi. Double-diffusive convection in porous
media, in: Handbook of Porous Media Part III. Taylor and Francis, 2005.

[67] M. Miiller, S. Schirm, and M. Teschner. Interactive blood simulation for vir-

tual surgery based on smoothed particle hydrodynamics. Technol. Health Care,

12(1):25-31, 2004.

[68] C. L. M. H. Navier. Mémoire sur les lois du mouvement des fluides. Mém.

Acad. Royal Society, 6:389-440, 1823.
[69] D.A. Nield and A. Bejan. Convection in Porous Media. Springer, Berlin, 1992.

[70] A. M. Obukhov. Statistical description of continuous fields. Trudy Geophys.
Int. Aked. Nauk. SSSR, 24:3-42, 1954.

[71] T. N. Palmer. Towards the probabilistic earth-system simulator: a vision for
the future of climate and weather prediction. Q. J. Royal Meteorol. Soc.,

138(665):841-861, 2012.

[72] A. Papoulis. Probability, Random Variables, and Stochastic Processes. New
York: McGraw-Hill, 1965.

[73] R. G. Parr. and W. Yang. Density-functional theory of atoms and molecules.
Oxford Univ. Press, New York, 1989.

[74] C. S. Peskin. Numerical analysis of blood flow in the heart. J. Comput. Phys.,
25(3):220-252, 1977.

[75] V. S. Pougachev. General theory of the correlations of random functions. Izv.

Akad. Nauk. SSSR. Math. Ser., 17:401-402, 1953.

[76] R. W. Preisendorfer and C. D. Mobley. Principal component analysis in meteo-

rology and oceanography. Amsterdam: Elsevier, 1988.

[771 A. Quarteroni and A. Valli. Numerical approximation of partial differential

equations. Springer Ser. Comput. Math., 1994.

[78] S. S. Ravindran. Real-time computational algorithm for optimal control of an

MHD flow system. SIAM J. Sci. Comput., 26:1369-1388, 2005.

111



[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

J. P. Roop. A proper-orthogonal decomposition variational multiscale approxi-
mation method for a generalized Oseen problem. Advances in Numerical Anal-

ysis, Volume 2013:1-8, 2013.

A. Rosenfeld and A. C. Kak. Digital Picture Processing. New York: Academic,
1982.

D. D. Holm E. Olson E. S. Titi S. Chen, C. Foias and S. Wynne. Camassa-Holm
equations as a closure model for turbulent channel and pipe flow. Phys. Rev.

Lett., 81:5338-5341, 1998.

D. D. Holm E. Olson E. S. Titi S. Chen, C. Foias and S. Wynne. The Camassa-
Holm equations and turbulence. Phys D, 133:49-65, 1999a, Predictability:
quantifying uncertainty in models of complex phenomena (Los Alamos, NM,

1998).

O. San and J. Borggaard. Basis selection and closure for POD models of convec-
tion dominated Boussinesq flows. Proceeding of the Twenty-first International
Symposium on Mathematical Theory of Networks and Systems, Groningen, The
Netherlands, pages 132-139, 2014.

O. San and J. Borggaard. Principal interval decomposition framework for POD
reduced-order modeling of convective Boussinesq flows. Int. J. Numer. Methods

Fluids, 78:37-62, 2015.

A. Sartori, A. Cammi, L. Luzzi, and G. Rozza. A multi-physics reduced order

model for the analysis of Lead Fast Reactor single channel. Ann. Nucl. Energy,

87:198-208, 2016.

M. Schifer and S. Turek. Benchmark computations of laminar flow around a

cylinder. Wiesbaden: Vieweg, pages 547-566, 1996.

L. Shan, W. Layton, and H. Zheng. Numerical analysis of modular VMS meth-
ods with nonlinear eddy viscosity for the Navier-Stokes equations. Int. J. Numer.

Anal. Model, 10:943-971, 2013.

A. Shapiro. The use of an exact solution of the Navier—Stokes equations in a
validation test of a three-dimensional nonhydrostatic numerical model. Mon.

Wea. Rew., 121(8):2420-2425, 1993.

112



[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

L. Sirovich. Turbulence and the dynamics of coherent structures. parts I, IT and

III. Quart. Appl. Math., 45:561-590, 1987.

P. R. Spalart and S. R. Allmaras. A one-equation turbulence model for aero-
dynamic flows. In Proceedings of the 30th Aerospace Sciences Meeting and

Exhibit, Aerospace Sciences Meetings, Reno, NV, USA, 6-9 January, 1992.

M. E. Stern. The ”salt-fountain” and thermohaline convection. Tellus,

12:172-175, 1960.

G.G. Stokes. On the theories of the internal friction of fluids in motion and of
the equilibrium and motion of elastic solids. Trans. Cambridge Philos. Soc.,

8:287-319, 1845.

H. Stommel, A. B. Aarons, and D. Blanchard. An oceanographic curiosity: the

perpetual salt fountain. Deep-Sea Res., 3:152—-153, 1956.

Z. Wang. Reduced-Order Modeling of Complex Engineering and Geophysical
Flows: Analysis and Computations. PhD thesis, Virginia Polytechnic Institute
and State University, 2012.

C. Winton, J. Pettway, C.T. Kelley, S. Howington, and O. J. Eslinger. Applica-
tion of proper orthogonal decomposition (pod) to inverse problems in saturated

groundwater flow. Adv. Water Resour., 34:1519-1526, 2011.

D. Xiao, F. Fang, A. G. Buchan, C. C. Pain, I. M. Navon, J. Du, and G. Hu. Non—
linear model reduction for the Navier—Stokes equations using residual DEIM

method. J. Comput. Phys., 263:1-18, 2014.

X. Xie, D. Wells, Z. Wang, and T. Iliescu. Numerical analysis of the Leray
reduced order model. J. Comput. Appl. Math., 328:12-29, 2018.

113



114



CURRICULUM VITAE

PERSONAL INFORMATION

Surname, Name: Giiler Eroglu, Fatma
Nationality: Turkish (TC)

Date and Place of Birth: 05.04.1991, Elmali
Marital Status: Married

E-mail: fguler.eroglu@gmail.com

EDUCATION
Degree Institution Year of Graduation
B.S. Siileyman Demirel Universitesi 2012

High School Elmali Anatolian High School ~ 2008

COMPUTER SKILLS

Proficient in Matlab, LaTeX, Scientific Workplace, Microsoft Office Packages

PROFESSIONAL EXPERIENCE

Year Place Enrollment
2013-17 Middle East Technical University, Mathematics Departments Research Assistant
2017-18 Bartin University, Mathematics Departments Research Assistant

115



TEACHING AND TUTORING EXPERIENCE

Year Semester Course Code Course Name

2013-17 Fall MATH 119 Calculus with Analytic Geometry

2013-17 Spring MATH 120 Calculus of Functions of Several Variables

2017-18 Fall MATH 117 Calculus I

2017-18 Fall MATH 219 Introduction to Differential Equations
PUBLICATIONS

e F. G. Eroglu, S. Kaya and L. Rebholz, "A Modular Regularized Variational
Multiscale Proper Orthogonal Decomposition for Incompressible Flows", Com-

puter Methods in Applied Mechanics and Engineering, 325, 350-368, 2017.

e F G. Eroglu, S. Kaya, and L. Rebholz, “POD-ROM for the Darcy-Brinkman
Equations with Double-Diffusive Convection, 2019, to be published,
doi:10.1515/jnma-2017-0122.

e F G. Eroglu, S. Kaya, "An extrapolated Crank Nicholson VMS-POD method
for Darcy Brinkman Equations”, Applied Mathematics: Advanced Topics, Springer
(submitted).

PROCEEDINGS

e Fatma G. Eroglu, Songul Kaya and Leo G. Rebholz, "Variational Multiscale

Proper Orthogonal Decomposition with Modular Regularization”, Proceedings
of the 17th International Conference on Computational and Mathematical Meth-

ods in Science and Engineering, pp. 854-857, July 4-8, 2017, Cédiz, Spain.

e Fatma G. Eroglu, Songul Kaya and Leo G. Rebholz, "A Numerical Investiga-

tion of VMS-POD Model for Darcy-Brinkman Equations", Proceedings of the
World Congress on Engineering, Vol I, pp. 7-11, July 4-6, 2018, London, U.K.

116


https://doi.org/10.1016/j.cma.2017.07.017
https://doi.org/10.1016/j.cma.2017.07.017
https://doi.org/10.1515/jnma-2017-0122
https://doi.org/10.1515/jnma-2017-0122
http://www.iaeng.org/publication/WCE2018/WCE2018_pp7-11.pdf
http://www.iaeng.org/publication/WCE2018/WCE2018_pp7-11.pdf

SCIENTIFIC MEETINGS

Presentations in International Scientific Meetings

Fatma G. Eroglu, Songul Kaya and Leo G. Rebholz, "Variational Multiscale Proper

Orthogonal Decomposition with Modular Regularization" CMMSE Spain 2017, July
4-8, 2017, Costa Ballena, Rota, Cadiz, Spain.

Fatma G. Eroglu, Songul Kaya and Leo G. Rebholz, "A Numerical Investigation of
VMS-POD Model for Darcy-Brinkman Equations", WCE 2018, July 4-6, 2018, Lon-
don, U.K.

Presentations in National Scientific Meetings

Fatma G. Eroglu and Songul Kaya, "Numerical Aspects of POD-Based Reduced-

Order Modeling for Darcy-Brinkman Equations" BEYOND: Workshop on Computa-
tional Science and Engineering, 20-21 October, 2018, METU, Ankara-Turkey.

Fatma G. Eroglu and Songul Kaya, "Sikistirllamaz akislar i¢in projeksiyona bagl ¢ok

olcekli varyasyonel uygun dik ayristirma metodu" AMG Turkey 2017, 12. Ankara
Matematik Giinleri, 25-26 Mayis, 2017, Hacettepe University, Ankara, Turkey.

Fatma G. Eroglu and Songul Kaya, "Projeksiyona Bagli Modiiler Regiilarizasyonlu

ve Ortogonal Ayristirmali Metodun Sayisal Analizi " AMG Turkey 2016, 11. Ankara
Matematik Giinleri, 26-27 Mayis, 2016, Ankara University, Ankara, Turkey.

AWARDS AND SCHOLARSHIPS

11/2018 "Best Student Paper Award of The 2018 International Conference of
Applied and Engineering Mathematics", The International Association
of Engineers.

2013-2018 2211-Doctorate Scholarship Turkish Scientific and Technical Research
Council (TUBITAK).

06/2012 Siileyman Demirel University Undergraduate Courses Performance
Award (The most successful student in the Undergraduate Program of

the Faculty of Arts and Science in 2011-2012 Academic Year).

117



	ABSTRACT
	ÖZ
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	introduction
	Outline
	Mathematical Preliminaries and Notations
	Sobolev Spaces
	Important Inequalities

	Full Order Models of Navier Stokes and Darcy-Brinkman Equations
	Galerkin FEM for the Navier Stokes Equations
	Galerkin FEM for the Darcy-Brinkman Equations with Double Diffusive Convection


	Reduced Order Modelling with POD
	 POD-ROM Preliminaries for NSE
	POD in Continuous Setting
	POD in Discrete Setting
	Projection-Based VMS Formulation for POD

	Double Diffusive POD-ROM Preliminaries

	A Modular Regularized Variational Multiscale Proper Orthogonal Decomposition for Navier-Stokes equations
	Numerical Analysis of Post-Processed VMS-POD Schemes
	Stability of Algorithm 3.1.1
	A Priori Error Estimation 
	Extension to Second Order Time Stepping

	Numerical Studies
	Numerical test 1: Convergence in R and t
	Numerical test 2: Error Comparison of VMS-POD Versus POD-G for 2D Channel Flow Past a Cylinder


	POD-ROM for the Darcy-Brinkman Equations with Double-Diffusive Convection
	Numerical Analysis of Double Diffusive Darcy-Brinkman System with POD
	Numerical Analysis of Post-Processed VMS-POD Schemes for Double Diffusive Darcy-Brinkman system
	Numerical Studies
	Problem Description
	Convergence Rates with Respect to t and the POD-ROM cutoff
	Captured Energy with Respect to the Different POD-ROM cutoff
	POD Performance for Different Ra


	The extrapolated Crank Nicholson VMS-POD method for Darcy Brinkman Equations
	Preliminaries
	Numerical analysis of VMS-POD double diffusive Darcy Brinkman scheme
	Numerical Experiments
	Problem description
	Test 1: Convergence rates with respect to R
	Test 2: Comparison of POD solution and VMS-POD solution


	CONCLUSIONS AND FUTURE WORKS
	REFERENCES
	CURRICULUM VITAE

